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LOT NOI PAU

Gidi tich Todn hoc cd mot dia vi quan trong dge biét trong
chuong trinkh Todn cao edp cia cde khoa ty nhién cde friong
dai hoc su pham, dai hoc tdng hop va cdc truvng dai hoc ki
thugt.. Do la mot mon hoc khé. Nguoi hoc luén gap nhing
tinh huéng thay déi, nhing gid thiét phic lap, sy dan xen cdc
cdu fric toan hoc. Hon nita chuong trinh Gidi tich lai dai va
nang, sinh vién thuong phdi lam viéc véi mon hoc nay trang
ba hoc ki. Khéong it nguai da té ra lLing tung, cang vé sou cdc
kién thic bi don nén cang tré nén roi va kho hiéu. On tép, hé
thong cdc kién thic dé hoc mét cich déu din sé giup ban hoc
tiép cac phan sau cia chuong trinh dé hon, nhanh hon va chéc
fon. Nham gidm bdt kho kRhan cho ngudi hoc, ching t6i dé cé
gang dé cap dén cdac khdi niém moi mét cich tu nhién, trinh
bay cae van dé mot cich mach lge, sing stia va tan dung moi
co hoi lam ré tinh frue quan cia céc vdn d¥ duge xét.

Mot vai diéu luu y vé cic chuong cia gido trinh :

Chuong I gém hai phin : 81 gidi thiéu cdn trén vh cin dudi
ciia mot fGp hop s6 thyc. Cac khai niém nay dd duge hoc trong
Dai so tuyen tinh va Hinh hoc Gidi tich. Tuy nhién do la
nhitng vdn dé quan frong cin duge 6n lai mot céch cdn than.

N2 gidi thi¢u thém mdit phuong phdap xdy dung cde s6 thuc
dé ban doc tham hhdo. Véi cde ban doc moi lam quen vdi Gidi
tich, day la mot vdn dé kho va tritu tugng. Ban chi cin ném
cdc y chinh khong can di sau vao cdc chitng minh. Sau mét
thin gian, khi da c¢6 mét vén hiéu biét 61 hon vé Gidi tieh, doc
lat phan nay, ban sé thdy thdat ra né khéng khé nhu ta tudng.

Trong chuong IV, chung téi dé gidi thiéu day vhudn téc,
nhing phép phan hoach mét doan, tit dé dinh nghia tich phan
xac dinh nhu la gioi hgn cia mét day sé thuc (ddy téng tich
phan). Theo chung toi, dinh nghic nay dé tiép nhén va tién
dung. Lt thuyét tich phan la mot Ii thuyér hay va dep. Ngoai
viéc nghién cdu cde ching minh dinh li, ban doc nén hé thing
cdac két qud da thu duge, dgc biét la cic két qud lién quan dén
dinh nghm tich phan xdac dinh, diéu kién khd tich cia mot
ham s6, cdc Idp ham s6 khd tich, quan heé gitta tich phan xée
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dinh va nguyén ham... V& ham cde s6 so cdp, chiing téi da gict
thiéu ham s6 légarit trude sau dé maoi dén ham 36 ma, ham
s6 nguge cna ham sd logarit. Cach lam ndy gon nhe, tiét kiém
ditge thoi gian. Phén idén cde gido trink Gidi tich xudt bdn ti
cudi nhitng nim 60 dén nay déu trinh bay céc ham 36 so cap
theo trinh ty nay.

Chuong V tuong doi kho, tritcu tuong. Tuy nhién, dé cé nhitng
hiéu biét tot vé khéng gian RV, vé gidéi han va tinh lién tuc
cia edc anh xg trén khong gian R', ban doc nén dau tu mot
cich thich ddng thoi gian va céng suc cho chuong nay. Khi
hoc tiép edc chuong sau, ban doec van nén doc lgi chuong nay
nhiéu lan, Nhing cé gang cta ban sé duge dén bit : Ban sé
tu tin, khong ling ting khi gap cdc ham s6 nhiéu bién sé.

Mot sé diém khé trong gido trinh dd duge danh ddu "
Ban doc chi clin nam duge nhitng ¥ co bdn cia vdn dé, céng
nhén cge két qud.

Gido trinh duoc bién seqn cdn thin vdi mong mudn cia tdc
gia la nhiéu bgn doc ¢é thé diung né lam tai lidu i hoc. Cac
thay, cé gido s dung gido trinh nay ¢é thé huéng dén sinh
vién e doc mot sé phén, nhu vay sé cé thai gian t@p trung
vao cae vdn d@ trong tém va cde diém khé cia chuong trinh.

Tric chuong 1, danh cho. 6n tép va tham khdo, sau méi
chuong déu ¢6 nhiéu bai tgp. Cde bai tap dugc chon lue mot
cach cong phu sé gitip ban doc cung c6, dao séu i thuyét va
bdi- duéng mot s6 ki nang quan trong can thiét. Cée bai tap
khé dd duge danh ddu "**. Cac bai tdp déu cé ddp sd, hudng
dén hode loi gidi. Dé nam vitng mén hoe, ban doc nén lam it
nhdt mot nita s6 bai tdp trong gido trinkh.

Chiing t61 xin chan thanh cdém on cac gigo sy Doan Quynh,
Vii Tudn va D6 Hong Tan dda doc ki bdn thdo, gop nhiéu y
kién b3 ich vé cd noi dung l&n hinh thic.

Chiing téi cing xin chan thanh cdm on TS Pham Phu dé
doe cdn than phan bai tdp cta bdn thdo, giup tic gid kiém tra
lgi loi gidi cde bai tdp va gop nhidu y kién xde ddng.

Cudi citng chung toi dac biét cam on TS Tran Phuong Dung
dd bién tap téf va khdn truong bdn thdo, dong thoi da giup
tac gid khdc phuc moét s6 so sudt trong viéc bién sogn no, nho
vdy gidgo trinh nay da dén vdi bgn doc sém hon.

Thang 8-1997
TAC GIA



Chuong I
TAP HQ'P SO THU'C
§1. QUAN HE THU TU

N6i dung chd y&u cha muc nay la can trén, can dudi, cén
trén dung va cdn dudi dung cta mét tap hop sd thue, nhitng
khai niém cd moét vai tro dac biét quan trong trong Giai tich.
‘Muc nay gan nhu khéng cd lién quan gi véi §2.

L.1. Dinh nghia. Gid st X la. mot tap hop, < 1a mét quan
hé trong X. Ta goi < la mot quan hé thd tu trong X néu

D2 £ x vl moi x € X,
ii)x <« yviy<z=x< yviimoixy z€ X,
i) x €« yviy<x=x=yviimozxyecX

(X, €) goi 12 mot tap hop sdp thid tu. _

Néu x € y va x # y thi ta vist x < y.

Quan hé x < y c6 thé viét dusi dang y = x.

Vi du 1. Trong tap hgp cdc s6 thue R quan hé théng thudng
x € y la moét quan hé thd tu.

Vi du 2. Gia s& X 1a mét tap hop, P (X) 1a tap hop cac tap
hgp con cia X. Quan hé A C B trong P (X) la mot quan hé
thi ty.

Vi du 3. Trong tap hop cdc s nguyén duong N* ta dua vao
quan hé m ! n'(m chia h&t cho n). D6 la mot quan hé tha ty.

1.2 Tap hop sdp thit tu toan phin

Dinh nghia. Tap hop sap thd tu (X, <) goi la foan phan
néu vGi hai phén tit bdt ki x, y cia X, ta od
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x < y hoac y £ x.

NGi maot cach khac (X, <€) goi la mot tap hop sap thy tu
toan phan néu nd la mot tap hop sap thd tu trong do hai phan
tu bat ki déu cd thé so sanh duge

Trong vi du 1. R 12 mét tap hop sip thu tu toan phan. Cic
tap hop sap thd ty trong haj vi du 2 va 3 khong phai la nhing
tap hgp sap thd ty toan phan

1.3. Cdae dnh xq tang, gidm

Dinh nghia. Gia st X va Y la hai tap hop sap thy tu. Anh
xa f: X — Y duge goi 1a

it tang néu x| < x, = fix)) = flx,),

i} tang nghiém ngit néu x; < x, = f(x;) < flx,},

iii) giam néu x, < x, = f(x)) 2 fix,),

iv) giam nghiém ngat néu x| < x, - fix} > fix,),

v} don diéu néu f 1a tang hodc gidm,

vi) don diéu nghiém ngat néu f la tang nghiém ngat hoac
giam nghiém ngat.

1.4. Cac khodng trong R

Gia s a, b 1a hai phdn t& cia R, a < b. Ta ki hiéu

fla,bl = {x € R :a <x <b}
{(a, b)) = {(xe R:a<x <bl
[a, b) = {x € R:a<x <b}

Cac tap hgp nay goi la nhitng khoang, a va b goi 14 hai
diém dau cua khoang, a goi la diém gbc, b 1la di€m cuéi caa
khoang. [a, b] goi la mét khoang ddng hosec mdt doan t(hoac
mét khoang compéc), ta, b) goi la modt khoang md, [a, b} va
(a, b) goi 1a nhirng khoiang nda md

Ta ki hiéu .
[a: +°°] = { = R X = a}
(a, tw) = {x € R : x > a}
(-, a]l = {x € R:x £ a}
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(-, a) = {x € R:x < aj
{—--x,’--l- w) = R
Cac tap hdp nay cing duge goi 1a nhitng khoang

Mot diém cta khoang khace hail ddu cda khoang goi la mot
di€m trong cua khoang

Can trén, can dudi. Can trén dang, can dudi dang.
Gia tri lén nhat, gia tri nhod nhit.
1.5. Pinh nghia. Gid si X 12 mdt tap hop sap thd tu, A C X

a) Phan t a € X goi }& mot ean trén (hodc chan trén) caa
tap hop A néu

x € a vei moi x € A

b) Phian td a € X goi la moét cgn dudi (hoac chan dudi) cda
A néu

a < x vdi moi x € A.

Vi du. Gia s X = R 1a tap hop sap thi tu bdi quan hé <
théng thuong. Khi dé A = [0, +«) khong cd cén trén. Mot s6
bdt ki a < 0 déu 1A mot cin dudi cia A.

Tap hop A goi la bi chdn frén néu nd co mot can trén, A
goi la bi chgn dudi néu nd cd mdt can dudi. Tap hop A goi la
bi chdn néu nd via bi chan trén via bi chan dudi.

1.8. Pinh nghia. Gid si X la mot tdp hop sap thd tu va
A C X Néua € A va ala mdt can trén cuia A thi a goi &
phan & lon nhdt ctia A va dudge ki hidu la max A.

Phan td 16n nhit ctia A 1a duy nhit.

That vay, néu a va a’ 1a hai phdn t4 l6n nhidt cua A thi
2 < avaasxa. Dodda = a

Phan td nhé nhét cda mot tap hgp duge dinh nghia tudng ty.

Phian t nhdé nhat cta tap hgp A duge ki hiéu 1a min A
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Vi dy. Gid st X = R, A = [0, 1). Khi d6 A la mot tap hop
bi chan trong R. Phdn ti nho nhidt cia A 1a 0 ; A khéng c6
phdn tid lén nhat.

1.7. Dinh nghia. Gia st X ta mot tap hop sdp thd ty, A C X

a) Phan t0 a € X goi la ecén trén ding (hoac can trén)
cua tdp hop A néu nd la phén td nhd nhdt (néu cd) cha tap
hgp cdc can trén cua A

Hién nhién can trén ding cia A n&u cd 1a duy nhit.
b) Phan tt a € X goi la cgn dudi ding (hoac can dusi) cia
A néu nd la phan ti l6n nhidt (néu cd) cda tap hop céc can
dudi cha A.
Céan dudi dung cia A néu cd la duy nhét.
Can trén dong cua A dudc ki hiéu la sup A

Can dudi ding cia A duge ki hiéu 1a inf A.

1.8. Dinh Ili. N&u a la phdn ti ldn nhat (nhd nhat) cia A
thi nd la can trén ding (can duéi ding) cta A,

Chiing minh. Gid st a la phdan ti lén nhdt cia A.

Theo dinh nghia 1.6, a € A va a 14 mét can trén cua A.
Néu b € X 1a mét can trén cia A thi x £ b voi moi x € A.
Dic biét a < b. Vay a la phan t0 nhd nhidt cta tap hdp cic
can trén cla A, tdc la a = sup A

Vi au. Ldy X = R, A = (0, 3]. Khi d¢

max A = 3, sup A = 3, inf A = 0 ; A khong ¢d phan tui
nhd nhit.

Hi€n nhién diéu kién cdn dé mot tap hdp A ¢6 cin trén
ding (trong tip hgp sap thd ty X) 12 A 1a mot tap hop bi chan
trén. Noi chung dd khoéng phai la diéu kién dd. Tuy nhién sau
nay ta =& thay rang méi tdp hop khong réng bi chan trén trong
R déu co mét can trén ding va méi tap hgp khéng réng bi
chan dusi trong B déu cd mot edn dudi dung.
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1.9, Can ¢érén diing va cdn dudi ding cia mot tip hap khong
bi chan trong R.

Gia st A la mét tadp hop con cia R Né&u A khong bi chian
trén, ta ndi rang cén trén dang cia A l1a + «. N&u A khong
bi chan dudi, ta ndi rdng can dudi ding cia A la - .

Vai cde quy udc ndi trén, mdi tadp hgp con ciia R déu co
moét can trén ding va mét cin dudi dung hitu h.gn hoac vo cuc.

1.10. Dink li. Gia st A ]la mdt tap hgp khdc réng cia R,
a € R hoac a = + . Khi dd a = sup A néu va chi néu a
théa man hai didu kién sau :

a) x € a véi mei x € A,

b) Véi méi b € R, b < a, tén tai it nhat mot phin td x € A
sao cho x > b.

Chitng minh. Hi€n nhién didu khang dinh la ding néu A
khéng bi chan trén.

Gia st A bi chin trén vi a = sup. A. Khi d6 a € R. Vi a
la moét can trén clta A nén a thdéa min diéu kién a) ciia dinh
li. Vi a la can trén nho nhat trong tdt ci cac can trén cua A
nén néu b < a thi b khong phai 1a mdt can trén cia A. Do
dd tén tai it nhdt mét phan td x € A sao cho x > b.

Dao lai, gid st tdp hop A bi chian trén va a thda min hai
diéu kién a) va b) trong dinh li. Hién nhién a = + « khong
thoa min diéu kién b). Do d6 a € R. Diéu kién a) cd nghia
la a la mét can trén cia A. T b) suy ra ring a la can trén
nhé nhit trong cdc can trén ciua A, tdc la a = sup A.

Tuong ty ta cd

1.11. Dinh Ii . Gia st AC Rvia € R hosca = - . Khi
dé a = inf A khi va chi khi a théa man hai diéu kién sau :
a)x = a vli moi x € A,

b) V6i méi b € R, b > a, tdn tai it nhdt mot phan td x € A
sao cho x < b.

1.12. Dinh nghia. Gia si A la mét tap hgp bat kiva f: A -R
Ia mot ham sé xdc dinh trén A. Khi dd inf f(A) dugce goi la
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can. dudi dung eia f trén A va sup flA) duge goi & can {rén
ding cta £ trén A,

Céan trén ding va can dudi dding cda f ludon luon ton tai Do
la nhitng s6 hitu han hoac vo cue, theo thi tu, duge ki hiéu
la sup fix) va inf f(x}.

NE A XE A

Ta ndi rAng ham sd f bi chan trén (dudi} trén A néu tap
hogp fiA) bi chﬁn trén (dudi). Ham s6 f goi 1a bi chan trén A
néu ndé via bi chan trén via bi chan dudi trén A

§2. XAY DUNG CAC SO THUC

Ta sé xdy dung tdp hgp cac s6 thue R ti tap hogp cdc sb
hitu ti Q.

2.1. Dgt vdn dé

Mot 86 thue cd thé xem nhu gidi han cia mét day sé thap
phan. Mat khie, trong giai tich, nhiéu s6 thuc duge xem nhu
la gigi han cia mot ddy s6 hitu ti, chang han s6 e 1a gidi han
n

j
mét s8 thuc la mot day s6 hitu ti. Cach lam nay chua théa
dang vi hai day s6 hitu ti ¢ cung mot giéi han phai xem nhu
xdc dinh cing mot s6 thyc. Goi E 1a tap hop cdc day s6 hitu
ti cd gidi han hitu han. Ta dua vao E mot quan hé tuong
duong R : Hai day 6 hitu ti hoil tu (tic 1a hai phan td cia
E) duge goi ta tudgng duong vdi nhau néu chung ed cing mébt
2idi han. D& dang thdy rang d6 la mét guan hé tuong duong.
Mot cdch ty nhién, ta dinh nghia mét sé thuc 12 moét phan tu
cua tap hop E/ R tic la mét 16p tuong duong.

, 1 -
ctia day s6 hitu ti {(1 + E) . Diéu nay ggi y ta dinh nghia

Duong nhién, khi xdc dinh tap hop E va quan hé tuong
duong R ta chi duge dé cap dén cac s6 hitu ti vi cac s0 thue
dé&n nay coi nhu chua dugc biét.

Ta thi dinh nghia tap hop E. Khi nao mot ddy s6 hiu ti
{r,} co giéi han hitu han 7 Mot cach truc gidac, ta thdy diéu
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d¢ co nghia ]a vdi ciac chi 36 m vaA n rat lan. 11‘;11 -r trd

nén rdt nho. Mét cdch chinh xde, diéu do co nghia la

n

Vai mét s6 duong bdt ki € nhé tuy y, |r, - r | < ¢ khi m
vA n vugt qua moét s6 nguyén duong N nao dd iphu thudc vao ¢
Ta thi dinh nghia quan hé tuong duong . Khi nao hai day
56 hiru ti {r, } va {r')} c6 cung mot gidi han hiau han ? Mot

cach tryc gidce, ta thdy diéu d6 oo nghia 1a |r, — " | trd nén

|

rdt nho néu n rat lon. Mc‘)t‘céch chinh xde, diéu d¢ cI:J nghia la
Vai mot s6 duong bar ki € nho tay y, |r, — ' | < € khin

vugt qua mét s0 nguyér. duong N nao dé (phyu thude vae ).
Ta da phac qua cach xay dung tadp hop E va quan hé tuong

duong ‘R. Chi ¥ rang chung ta sé chi st dyng cdc s6 hiu ti
dugng € vi dé&n nay coi nhu ta chua bist gi vé cde sb thue.

Ciing cdn nhac lai rang “4t ca nhitng diéu ndi trén déu chi cd
tinh chdt gdi y, khong ¢6 gia tri gi trong cdc lap luan ti€p theo.

2.2. Pinh nghia. Day s6 hiu ti {r } goi la mét day Cosi
(Cauchy) (hoae mét diy co ban) néu vdi moét s6 hitu ti bat ki
£ > 0, déu ton tai mot sé nguyén dudng N sao cho

‘m 2 NvanzN=|r -rf <ec

2.3. Dinh nghia. Goi E 1a tap hgp cac ddy sé hitu ti Cosi,
{r.} va {r } la hai phan t4 cua E. Ta ndi rang day {r;} cd
quan hé R voi day {r’ } néu véi mét s6 hiru ti duong cho trude
¢ bat ki, tén tai mét s6 nguyén duong N sao cho

nzN=|[r -r] <ec

Dé dang thﬁ.'y rang quan hé ‘R trong dinh nghia trén 1a mot
quan hé tuong duong. Hién nhién nd 14 phan xa va déi xing.
Ta ching minh né la bac cdu. That vay, gia sd {r b, v} va
{r”.} la ba phan tu cta E, {¢' } R {r}, {r"} R {r} varla
moét s6 hitu ti duong bat ki, Khi do, tén tai cdc s8 nguyén
duong N, vd N, sao cho
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£
nz N =|r —r| < 5
£
nzN,={r -1r]|«< 9
bat N = max {N|, N, }. Khi do
n = N-=
£ 11 E E
v, =l < [y -0+, -1 < 3ts=¢

Vay {r” } R {r}

2.4. Dinh nghia. Goi R (~) 1a quan hé tuong duong ti‘ong
E. bat R = E/ R

Cdac phan td cua R goi 13 cic s6 thue.
2.5. Phép cong cac 86 thue

a) Néu {r,} va {s_} la hai phan t& cia E thi day {r_ + s, }
ciing la mot phan tu cua E.

Chitng minh. Giad st £ lA mot s6 hitu ti duong bat ki. Khi
d¢é ton tai cac s6 nguyén dudng N, va N2 sac cho

3 £
m?,vaanaNl=>|rm~rn|<§

=2 N 3 = N I | £

m 2N, van =N, = s, -sf <35

Dat N = max {N,, N }. Khi d¢
m=NvanzN=
£ £
|(r’“ tsyy (1, +Sn)| s |rm_rn| -l—".sm_snt < 2 * 3 = £

Vay {r, + s } la mot day Cési, tic la {r, + s} € E.
by Néu {r' } ~{r} va {s"} ~{s,} thi

{ry +s b ~ {r, +s.}.

n n
Chitng minh. Gia sd £ la mét s6 hitu ti duong bdt ki. Khi
dd ton tai cdec s6 nguyén duong N, va N, sao cho
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nz N = [r, —rl ;
= 5’ 3 | €
n,N‘,==~|:.n—:,n¢§

bat N = max {N,, N,}. Khi do

nzN= [r' +s ~(, +s)| < |, -rl +]|s, ~s

Vay -{1."’n + s’n} ~ Ar, + sn}.

Ti dd ta cd dinh nghia sau :

c) Dinh nghie. Gid st x, y € R. Goi {r} 14 mot day Cosi
nhitng s6 hitu ti thudc 16p tuong duong x va {s_} la mot day
Cosi nhitng s6 hitu ti thude 1dp tuong duong y. Khi dé {r, +s.}
la mot phan td cia E va 10p tuong dudng chia day {r  + s}
chi phu thuée vao x va y. Ta ki hiéu lép tuong duong dd la
x + y. 80 thue x + y duge goi la tdng cia hai s6 thue x va y.

d} e Gid st x, y, z € R va {r }, {s }, {t } 12 dai dién cia
X, ¥, 2. Khi d6 (x + y} + z la lop tuong duong chia day
{{r, , sy + t,} va x + (y + z) la 16p tuong duong chia day
{r,+ (s, + t )} Vi

' (r, +s )+t =71, + (5 +t)
x+y)l+z=x+(y+ 2.
Nhu vay phép cong trong R e tinh két hop.
e Tinh giao hoan cta phép eong duge ching minh tuong tu

e Hién nhién 1p tuong duong chia day Cesi (0, 0, 0, ...)
la phédn tU trung héa d6i véi phép céng. Phan td nay dude ki
hiéu la 0.

® Sau cung néu x la mot s6 thuc bat ki va {r } la mét dai
dién cta x thi {- r } € E va l6p tuong duong chia day {- r_}
duge ki hiéu 1a -x. D& dang thdy ring

x + (-x) = 0.
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T{a did chung minh
R uwdi phép céng la moét nhom giao hodn.
2.6. Phép nhan cac s6 Fhue
al Néu {r,} € E thi t6n tai mdt 6 hitu 11 K sao cho
vt < K véi moi n.
Chung minh Vi ir, b la mot day Cosi nén tén tai mot _s(:i
nguyén duong N sao cho

m=NvangzN=|r, -r

m < 1.

|"||

Dac biet, [r, — ryl < 1 véi moi n = N. Do d¢
e, <|enl + 1 v6i moi n = N.

Dat K = max {|r|,... [ry ;. {ryl + 1}. Khi dd
fr,l = K voi moi n.

b) Néu {r } va {s | 12 hai phin ti cia E thi day {rs,} la
mot phan tu cua E.

Chitng minh. Gia st € 12 mét s6 hiw ti duong bat ki. Khi
do tén tai hai s8 hitu ti duong K va L sao cho

v, = K va |s,| € L v6i moi n.

itheo 2.6.2) - Vi {r } va {s } 1a hai day Cosi nén tén tai
hai 36 nguyén dusng N, va N, sao cho

. ; £

m 2 N vanzN = jr, -}l < 5T

m=N.vanz= N, = Isn.1 -5 <« L

- - 2K
Dat N = max (N N.}, ta co
m = NwvanzN-=

= oy T 1'nsnl :|r|11'51n - s, + (rm - ryls,
E |r'[11| Ib‘I]I_- rsl'll + |1‘|11 - ]‘T'Il |S[I|
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Vay (rs 1 € E.

n'n

c) Néeu {r' } ~ {r } va (s} ~ {s,} thi {r &} ~ {rs}

”SI'I
Chuing minh. Theo 2.6.a), tén tai mét s6 hitu t duong K
gao cho

Ir.) = K, Ir] s K [s| = K |s| s K v6i moi n.

Han nita, t6n tai hai 36 nguyén duong N, vd N, sao cho

n=N =|r,-rl| < SR
n = N, = |{s -5 < %
Dat N = max {NI, NJ}. Khi do
nzN=|rs - sl =0, —s) + (, - s,
< [ |18, = s, + 1, = rlls)l
<K-%+2—EK-K:£.

Vay {r’ s’} ~ {r s,}-

n mn

Tu d0 ta cd dinh nghia sau :

d) Pinh nghia. Gia st x. y € R. Goi {r,} va {s} la hai dai
dién cua x va y. Khi do {r s } € E va lop tuong duong chia
day {r,s.} chi phu thuéc vao x va y. Ta ki hieu lop do la xy
vA goi né 1a tich cha hai 46 thue x va y.

Lap luan tuong tu nhu doi vdi phép céng, ta thdy rdang

e Phép nhan trong R c¢o tinh két hyp, giao hoan va phéan
phoi déi véi phép cong.

e Lop tuong duong chuya day Cési (1, 1, 1.0 14 phan tu
trung hda d6i vdi phép nhan. Ta ki hiéu lgp 4o 1a 1.



Ta da ching minh

R la mét vanh giao hodn o6 dan vi.

Ta 36 ching minh R la mét truong.

2.7. Bo deé. Gia st x la mot s6 thue khac khéng. Khi dd tén
tai mot s6 hitu ti @ > 0 vd mot dai dién {r,} cua x sao cho
hogc r, 2 « vdi moi n, hoac r, € -« voi moi n.

Ching minh. Giad st {s,} la moét dai dién cda x. Vi x = 0,
day {s } khéng tuong duong vdi day {0, 0, ...}. Do d¢

19, Tén tai mot s6 hitu ti ¢ > 0 sao cho véi moi s6 nguyén
duong N, t6n tai mét 50 nguyén duong n = N v6i [s, ~ O] = &

2. Vi {s.} 1a mét day Cosi nén tén tai mot sé nguyén duong
P sao cho

&

= & = 2 - p
m=Pvanz=Ps=|s snl<2,

Theo 1°, tén tai mot 5 nguyén p = P sao cho |s | = &
Né&u cdn thi thay x bdi -x, cd thé coi s, » £ Khi dd, theo 2°,
ta cd

£
mz>P=|s - sp| <3 -
Tit dé suy ra
£ _ & .. T,
smasp~]sm—sp! 2 & -5 =5 véi moim = P.
Dat r, =g voin <P var = s v6in 2 P. Khidé day so

™

{r,} 12 mot dai dién ctia x va r, = 5 voi meoi n.

!

2.8. Dinhk li. R 12 mét trudng.

Chiing minh. Ta ching minh R = {0} va mdéi phan t¥ khac
khong x ctia R déu 1a kha nghich. That vay, hai day s6 (1, 1, 1,...)
va (0, 0, 0.) khdong tuong duong vdi nhau nén 1 = 0. Gid =¥
x 14 mét phan tu khac khong ctia R. Theo bs dé 2.7, t6n tai
mot s6 hitu ti duong « va mot dai dién {r,} cia x sao cho

16



|r,| = a v6i moi n. Khi d¢ {1';1} € E. That vay, vi {r} 1a
mot day Cési nén vdi mot s6 hitu ti duong £ bat ki, t6n tai
mét s6 nguyén ducng N sao cho

m=NvanzN-=|r, -r|f <ga?.

Khi do

. ] l‘rl'l‘l - rl"ll 8(12

= g & —— =
Irgl Trl 7 42

Vay {r;l} € E. Hién nhién lép tuong duong chda day {rr:l}
la phan ti nghich dao clta x. '

2.9. Déng nhdt cac s6 hitu ti vl nhitng s6 thyc

Voi méi r € Q, (r, r, r, ...) 12 mét diy Cési. Goi p(r) 1a lop
tuong duong chia day s6 dé. ¢ : @ — R la mot anh xa td Q
vaio R. Dé dang thiy rang ¢ la mét déng cdu vanh tu Q vao
R. Néur, s € Q r = s thi hai day s6 (r, r, 1, ...) va (s, s,
s,...) khong tudng duong v4i nhau. Do dd o(r) = ¢(s). Vay ¢
12 mét phép ding cdu tit Q lén trudng con ¢(Q) cia R. Hién
nhién @(0) = 0 va (1) = 1.

Ta déng nhit méi s6 hiru tl r v4i anh ¢(r) cta né trong R.
Trudng @ trd thanh mot trudng con cua R,

So sdnh cac sd thuc :
2.10. Pinh nghie. Ki hieu R_ chi tap hyp cdc s6 thuc ¢
modt dai dién {r } sao cho r = 0 véi moi n.
2.11. Dinh li. Tap hop R, ¢6 cac tinh chédt sau :
a)R, + R, CR, ; RR CR,,
by R, N (- R,} = {0},
¢ R, U (- R) =R
(-R, = {~x:x € R}
Chitng minh. a) suy ra ti dinh nghia cia R_.
b) Gia sit x € R, va x € - R,. Khi d6 -x € R,. Tén tai
méot day s6 hitu ti {r,}, dai dién cia x sao cho r >0 v4i meoi n.

17
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Tuong 1u. ton tai mot dai dién 8.1 cua -x sao cho s = U vdi

n -
moi n. Vi hal day s6 {- s} va tr,) cuny thuge lop tuong duung
x nén {r ! « {-s} Do dd vdi mét s0 hitu ti duong bat ki &
ton tai mot s6 nguyén duong N sao cho
nzN=|r -( s <.
Do d¢
nzN=|r| <z

Tiu d6 suy ra {r”} - (0, 0, ). Vay x = 0.

¢} Chi cdn ching minh ring néu x € R thi x € R, hoac
x € - R,. Hién nhién diéu do dung v4i x = 0. Néu x # 0
thi, theo b dé 2.7, t6n tai mot s6 hitu ti duong « va mot dai
dién {r } cta x sao cho r, = « v6i moi n hosc r < - «a vdi
moi n. Tu dé suy ra x € R, hoac -x € R,.

2.12. Né&u x la mot s6 hitu ti va x > 0 thi p(x) € R,. Dao
lai, néu x la mot s6 hitu ti va ¢(x) € R, thi x = 0.

{Nhé lai rang ¢(x} la 16p tuong duong chua day 86 (x, x, LY
x va p(x) dude coi 13 dong nhit (xem 2.9))

Chitng minh. Néu x = 0 thi tit dinh nghia cia R, éuy ra
p(x) € R,. Ddo lai, néu x 1a mot s§ hitu ti va p{x) € R, thi
x = {4 That vay, nédu x < 0 thi - x > 0. Khi dd - p(x} =
p-x) € R, Do d6 pix) € - R_. Tu 2.11. b) suy ra p(x) = 0.
Diéu nay la vé Ul vi day s6 (x, x, ...) v#i x <0 khong tuong
duong vai day st (0, 0,..)

2.13. Dinh nghia. Giad s0 x va y 12 hai s6 thue. Ta viét

y = x hoadc x < y
néu y-x € R_.
Pac bist
x 2 0 néux € R,
Tt dinh nghia trén va ti 2.12 suy ra
2.14. Néu x, y € Q thi
ply) 2 pix) =y = X

18-



2.1%. Pinh /. Quan hé < néu (rong dinh nghia 2.13 la mot
quan hé thu ty trén R. Hon nia R 14 mét tap hop sap thi ty
toan phéan.

Chitng minh. Hién nhién dd ia quan hé phan xs Quan hé
doé 1a bac cAu. That vay, néu x < yvay < zthiy - x € R,
vaz -y € R, Do dd

z-x=(tz-yl+i{y-xre€ R +R, CR,_,
tic la x £ z
Néux s yvaiy <xthiy-x € R, nt(- R,

Do dd y - x = 0, tic la x = y. Viy = la mot quan he
thd tu.

Néu x, y € R, thi, tit 2 (Ile), taed y -~ x € R, hoac y -
x € -R, Do dd x € y hodc y s x. Vay R 1a mét tap hop sap
thd tu toan phan.

2.16. Pinkh Ii Giasu x, x', v,y € R.
a) Neux < yvax < y thix+x <€ y+y,
by Néu x = 0 vay = 0 thi xy = 0.
Chiung minh. a) Ta cd
Fty)-x+x)=@F-x+y -x)eR +R CR,
Do d¢ x+x sy +y.
b) suy ra td bao ham thic R, R, C R_.
Tu d¢ dé dang chitng minh duge moi quy téc vé cac phép
toan thong thudng ddi voi cdc bat dang thuc.
2.17. Gia tri tuyét doi cda mot s8 thue
Pinh nghia, Gia st x € R. Gia tri tuyét doi ena x, duge ki
hieu 1a [x| va duoe xac dinh bdi

||—[ ¥x néu x =
X _']—x néu x €

0
0.

Xem nhu bai tap, ban doc hdy ching minh cac bat diang
thic thuang gap vé gia tri tuyét dai
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Chuwong II
GIOTHAN

'‘A. GIOI HAN CUA DAY SO

§1. DINH NGHfA GIOI HAN CUA DAY SO.
CAC BAT DANG THUC VA CAC PHEP TOAN
TREN CAC DAY SO HOI TU

Ta nhédc lai dinh nghia cha mét diay s6.
Ham s6.u : N* — R goi 1a mét day s6 thuc.

Dat u, = u(l), u, = w(2), .., u, = u(n),..., day sé duge viét
dudi dang {u_ } hoac
Wy, Uy, oy U,
u, goi la s6 hang tdng quat cua diy s6 u = {u }. _
1.1. Dinh nghia, Ta ndi ring day s§ thuc {u } cd gigi han
! € R khi n dan dén vo cyc, va vist
limu, = { hodc u, = khi n —» «,

= o

néu vl mét s6 duong £ cho trudc b4t ki, tén tai mot s6 nguyén
duong N sao cho

(¥ne€ N)Yn = N=|u -1 <z
Day 6 thuc cd gigi han goi 1a mét day hoi tu, day s6 khéng
c6 gidi han goi 1a mét diay phan ki.
Vi du 1. Day s6 {u_} vdi s8 hang tdng quat

~2n+1
Yn = n+1
20



e6 gidgli han I = — 2 khi n — o,
Thay vy, gia sit £ la mot s6 duong cho trude bat ki. Ta cd
~2n +1 3

Iun_lllef‘_l_'-'-z =n+1€£

3
véi n > = — 1. Vay néu N la mét s6 nguyén ducng idn hon

&
3 .
T 1 thi
nzN=|u -2 <e&
. —2n + 1
Vay lll‘l‘l—W= -2.

n—aL

Vi du 2. D& dang thdy rang ddy s6 thuc {u }, trong do

u, = a v6i moil n, a € R, 1a hoi tu va limu = a.-

n-—o
Vi du 3. Day s6 {(-1)"} khong cd gidgi han.

1.2. Dinh Ii. Néu day s6 thuc {u } cd gidi han thi giéi han
do 1a duy nhit.

Ching minh. Gi4 st limu = a va Him u, = b, a, b€ R va

n— K n—=x
£ 14 moét s6 duong bat ki. Khi dd ton tai hai s0 nguyén duong
N, va N, sao cho

n‘.le——*-Iu“—a[ < €
n>N,=lu -bl <¢

Dat N = max {N,, N,}. Khi d6 v6i n > N, ci hai bdt ding
thuic trén déu duge thoa man. Do do

la - bl < |a-ul| + |u, - bl < 2¢
Vi bt dang thic trén ding vdi moi & >0, tit dd suy ra
[a = bl =0, tdc 1a a = b.

Day s6 thuc {u } goi 1a bi chan né&u tap hgp 86 thue {u }
bi chan, tdc la tén tai mot s6 M sao cho :

ju,l € M vai moi n.
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1.3, Dink fi. Diay s6 thde {u_} héi tu thi bj chan.

n
Ching minh. (Gia sd limu, = ¢ Khi d¢ ton tai mdt so
i1 x

nguyén dudng N sao cho
nzN=|u -/ < 1.
Do du

[u | <7 + 1 véi moi n = N.

bat M = max {[u|. [u,],.. luy = ls 12l + 1}, ta duge

- Iun| < M véi moi n.

Chu y. Diéu nguoc lai hién phién khéng ding. Chang han,
day s6 {(-1'"} bi chan nhung khong hoi tu.

Day dan diéu. Day con

1.4. Ddy s6 thuc {uj} goi la tang néu u; < u, <.., tang
nghiém ngat néu u, <u, <., gidm néu u, = u, = .., giam
nghiém ngat néu u; >u, >,

Day sb thuc tang hoac giam goi 12 don diéu, tang hoac giam
nghiém ngat goi la don diéu nghiém ngat.

(Day, 1a truong hop riéng cia dinh nghia 1.1.3)

1.5. Dinh nghia. Giad sit u = {u,} 12 mot day s6 thuc va

k: N* - N’
n — kin) =

la mét day s0 nguyén duong tang nghiém ngat.

k -u
Day sa v = uwk : NN —— N ——R,
v, = vint = uk) =

goi la mét day con cua day sé {u].

Vi du. Day so



1 1 1
Lg g gmoi
la nhitng day con cua day so6
1 1 1
1,5"‘3‘?"' ;3"‘

Néu {u, } 1la mot diy con cua day s6 thuc {u} thi vi k, 2 n
vdi moi n,nnén ta cd :
1.8. Néu day s6 thyc {u } héi tu vad cd gidl han / thi moi
day con {ukn} cia nd déu co giogl han [
1.7, Dinh Ii. Gid st limu =/
n—s =
a) Néu ! >a thi tén tai mo6t s6 nguyén duong N sao cho
nz N=u > a
(Ta ndi rang u, > a voi n dd 1on)
b) Néu ! < b thi tén tai mot s6 nguyén duong N sao cho
nzN=u <b
(Ta ndi rAng u, < b v4i n da 16n)
Chitng minh. a) Dat £ =1 - a, ¢ > 0. Tén tai mot s nguyén

dudgng N sao cho

b} dude ching minh tuong tu,

1.8. Dinkh . Néu limu, = U, limv, =V va

n—x n—x
u, < v v0l moi n,
thi U =< V.

Chitng minh. Gia st U > V. Goi « 12 mot s6 thuc sao cho
V <a <U. Theo 1.7. a), tén tai mot s6 nguyén duosng N, sao cho

n = N|=>u“ > .
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Theo 1.7. b), tdn tai mét s6 nguyén dugng N, sao cho
n'z N, = v, >a.

Dat N = max {N,, N,}. Khi d6, véi n = N, ta co v, <a < u
Diéu nay trai voi gia thiét.

Chii y. a) Dinh li vin ding néu didu kién "o, € v, vdi moi
n" dugc thay bdi diéu kién v, € v, k& td mét chi s6 n, nao
dé trdg di"

b) Néu u, <v_ v6i moi n, ta vin cd thé ¢d U = V. Chang
han, v4i u_ =2 Y0 = o ta c6 u, <v_ vdi moi n nhung

limu, = limv“ =0.
n—c n—
Tu dinh i 1.8 suy ra

1.9. Hé¢ qud a) Néu limu, = Uvau, < a véi moi n thi

n—x

U< a;

7

b) Néu limu_ = Uvau_ 2 b véi moi n thi U = b.

i1 ]

1.10. Pink i, N&u

=
i
L
i
g

n 1] n (1)
v&i moi n, va

lim u, = hmcun = [,

M= n—*ow
thi limv.r]1 =1 .
n—«

Chitng minh. Gia st £ 12 mét s§ duong bat ki. Tén tai mot
s6 nguyén duong N, sao cho
n?N|==-Iun-£1<£=>£—£<un<l+E (2)
Tén tai mét s6 nguyén duong N, sao cho
n2N2=v|wn—l|cE:I—Ecwnéﬁ+E (3
bDat N = max {N,, N, }. T (1), (2), (3) suy ra
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nz N=1[-¢<v <i+Eg
tic la
nzN=ly -! <e¢
Vay limv =1L
no =
1.11. Dinh li. Néu limu, = £ thi lim|u = ||
n— % n—+x

Ching minfh. Cho £ > 0 bat ki. Tén tai mét s6 nguyén duong
N sao cho

nzN=|u-I <c¢
Vi jlu | - | < tu, - ¢, nén tit d6 suy ra
nzN= iyl -l <e
Vay limfu} = [ .
Hes % R

1.12. Pinh li. Gia sit limu, = U va limv, = V. Khi do

n—+ = n—m
a) lim(u, +v)=U+V

n=—+x
b) lim(uyv) = U .V

=

Dac biét, néu ¢ € R-12 mot hdng s6 thi lim(cu )} = cU.

n—+x

. , s ypen U
¢) Néu ngoai ra V = 0 thi lim— = -

n—s+=x N

Chiung minh. a) Cho £ >0 bat ki. Tén tai cac s6 nguyén
duong N, va N, sao cho

n >N = |u -Ul <

n?N2=~|vn—V| <

Bl b

bDat N = max {N,, N,}. Khi dd



n = N = |tu“ v -l o+ VI o= ll.un - Uy + v, - Vi

< |u

~ Ul + v, - V] <

b |

r

Vay i (u + v) = U +V

n-—=
bi Theo 1.3. ton tai mét 36 duong M sao cho
fol = M, [v

Cho ¢ >0 bat ki. Tén tal mét s nguyén duong N sao cho

o€ M ovdl moi n, [T o< ML {V] s MUY

nzN-=|u - U %vgj\,n_w {:ﬁ
Do da
n == N= |un n uvy = llun - U v, + Uy, - V|

la, - Ullv,] + U] v, = V|

= + _
o MM o=
Vay lim (u v) = UV .
n-»x
. . . ) o1 1
¢t Trude hét ta ching minh lim — = v
n—=x N
Vilimv, =V 0 nénlim|v | = 1V] > 0 Tén tai mot
n=+x n—x
80 nguyén dudng N, sao cho
V|
nz N = |[v| > 5
Véi n = Nl_. ta co
1 iv. — V| 2lv, — V]
| = et e
v, lv, | 1V V2

Ton tai mét s6 nguyén duong N, sao cho

{0 Tan e e st M, vl My s chie u | < M Q= M, vl maoi o

X0 Moo= mux EMI, AL 1N 1] ‘m M Hm. mm ehe didu Kign i nde,
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n=N,=|v -V <

o
bat N = max {N,, N,}. Khi do
1 1 il gl
n?-N==~l—— _\_f‘ . g & E
: Vi NE =
Vay ligg = = v Tu do suy ra
n-=+2x N
i li L OIS
m =i e Gy = 1o by & leei Sl W=
v n v ) n v vV A%
n—x N n-—x n n— x n—x N

2. TINH TRU MAT CUA TAP HOP Q.
TIEU CHUAN COSI

Néu ban doc da nghién cidu viée xay dung tap hgp R nho
lat cat, biét rang tap hgp Q tru mat trong R va méi tap hop
s6 thue khdc réng bi chan trén (dudi) déu cd mot can trén
(dudi) dung thi ban c¢d thé bo qua muc §2 va doc luon §3 va
sau do 83", 6 do tiéu chuidn Cési duge gigi thiéu voi mot phuong
phap ching minh khac.

O,

2.1. Dinh Ili. Méi s6 thuc déu la giéi han cia mot day s
hiru ti.

Ching minh.” Gia st x € R va {r,} la mot day so6 hiru ti,
mot dai diéen cta x. Ta ching minh limr = x (tde la

n-—=

lim ¢(r ) = x , trong do ¢(r) la ldp tuong duong chua day so
n—!x *
hiu ti (r,, r...), cho € > 0 bat ki. Theo b6 dé 1.2.7, ton tai
mot s6 hitu ti @ >0 va mot dai dién {s,} cua € sao cho s, =«
vei moi n. Do do 0 < « < & Vi {r } la mot day Cosi nhitng

s6 hitu ti nén toén tai mot s6 nguyén duong N sao cho
muesNronez Nesso—g 5 F e 1o <

m n

Dé két thue, ta ching minh



n =N, =|v -V <«

2
Dat N = max {N,, N.j. Khi d¢
1 2 ¥V
n?N*l—"'\—f‘&—:"-—‘j"‘(
. Vi V- =
Vay lim — = v Td do suy ra
n-+x 0
lim - = 1i 1 im L =u- L=l
im-— = lim {u -—3} = lmu_ . lim— = s =
v n v n \Y v v
ne-+x I - = n n— = n—x N

2. TINH TRU MAT cUA TAP HOP Q.
TIEU CHUAN C0S1

Néu ban doc da nghién cdu viée xay dung tap hgp R nho
lat cat, biét rdng tap hgp @ tri mat trong R va moéi tap hop
s thuc khic réng bi chan trén idudi} déu o6 mot céan trén
(dudi’ dung thi ban cd thé bdé qua muc §2 va doc ludn §3 va
sau dd §3°, d dd tiéu chudn Cosi duge gidgi thiéu v6i mot phuong
phap ching minh khae.

2.1. Binh Ii. M6i 86 thue déu la gigi han cua mat day s6
hitu ti.

Ching minh.” Gia st x € R va {rn} A mot day s6 hiru ti,
mot dat dién cda x. Ta ching minh lim r, = x (g la

n--+x=

fim ¢(r,) = x, trong dd ¢ir)) 1a lop tyong duong chua day so
n—!x .
hitu ti (r,, r....), cho € > 0 bat ki. Theo b dé 127, ton tai
mét 56 hitu ti @ >0 va mot dai dién 5.} cua € sao cho 5, 2 «
vai moi n. Do do 0 < a < & Vi {r } 12 mot day Casi nhing

s6 hitu ti nén tén tai moét s6 nguyén ducng N sao cho
m N.nzN=-a <r -1, <1

D& két thuc, ta ching minh



1112N=>|rm—x £ £
(tde la |ptr,} ~ x| < @),
That vay, day s6 hiu ti(r,, - Ly Ty = Ty b — 1,0 A
mdt phan ti cua lép tuong duong r_ - x (tdc 1a 16p tuong
duong ¢ir } - x). Dat

oy N=1,q, = r -1 voin z N

q, = 0 vdin =1

Day s6 {q,} tudng duong vai day s6 (rpy = Iy By ™ Taees
th = T nén {q } la mét phdn td cua 16p tuong duong T, X
Hién nhién -a <q_, <a v6i moi n. Do dd -~ a < T, - X € a

viim 2 N, tic la [r - x} €sa<evéim = N
2.2. Dinh nghia. Diy $8 thuc {u,} goi la mét diy Cési néu véi
mot $6 duong £ bat ki, t6n tai mot s6 nguyén duong N sao cho
m =N n=N= |y, -ul| <=
Néu w_ 1a nhitng s6 hitu ti, dinh nghia 2.2 tuong duong véi
dinh nghia 1. 2.2, Day Cési cdn goi 14 mat day co ban.

2.3. Dinh li. (Tiéu chuéin Cési). Day sé thuc {u,} 14 hoi tu
khi va chi khi nd la mét day Coési.

Ching minh., Gid st lim u =1 va £ 1a mot s6 dudng b4t

n—x
ki. Tén tai mét s6 nguyén duong N sao cho
nzN=lu - <%-

Khi d¢

m=2N,n=N=|u -ul < fu -+l <e

N i m

Vay {u } 12 moét day Cosi.
Dao lai, gia su {u,} la mot day Cési. V&i moi n, tén tai mot

e . 1 o . .
$8 hifu ti v sao cho |4, - r | < - Ta sé ching minh {r_} l1a

mét day Cosi. That vay, vai moi m, n, ta cd

< |rm B lel

1 1
< E+|um _unl +E'

|rm - rnI + l“m - unl + [un - rrlf’
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Cho ¢ >0 bat ki. Tén tai cac s6 nguyén duong N va N,
sao cho

£
m 2z N,n 2N, = [y, —u | <3
13 Fa
D?NZ =‘-‘>E{§
bat N = max {N, N,}. Khi d¢
& £ £
mzN;n2N=>1rm—rn|.<§+§+§:£.

Vay {r } 12 mot day Cosi. Goi x 1a 6 thuc ma {r} la mot
dai dién. Trong ching minh dinh 1i 2.1, ta da chi ra
limr = x.

n-—+«

Do do
1
lu, - x| < |u -r| +|r, - x| < H+|r

khi n — .
Vay lim u, = x.

n—o

2.4. Hé qud. Moi tdp hgp s8 thue khdc rdng bi chan trén
déu co mdt can trén ding.

Chitng minh. Gia st E 134 mét tAp hop khdc réng bi chan
trén trong R, a_ 1a mét phén ti cla E va b, la mdt can trén
cia B, a, <b_ . (N&u a, =b_ thi b, la can trén ding cha E).

a, + b,
Né&u —a lA mét c4n trém cia E thi ta dat
a, +b, a, + b,
b = — vd a, = a, Néu —3 khong phai la mdt cén
trén cia E’ thi tén tai mot 6 thuyc a; € E sao cho
a +bhb
(A [ %]

a, > 5 - Dat b, = b, Nhu vay ludn tén tai hai 3 thue

a;, b, sao cho
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o £ E. b Ja mot can reén cun B

®a < a, < b] £ b

oby —a; € T

Bing quy nap. ta nhan duge hai day s6 thuc

e {a | la mor day tang nhitng phin ti cia E,

e {b | la mot day gidAm nhing can trén cua E.
l)l1 - al! .. .
o0 <« b —a € ———- v4i mol n.
1 n g . :

Cho & >0 bdt ki Toén tai mét s6 nguyén duong N sao cho

%] (Al

N{:“’U m =z n = N thl
= = =
aN = a = am = bN

Do do

fa, -a,l sby-ay<evsimsznzN

Vay {a,} la mot day Cosi. Theo dinh i 2.3 (tiéu chudn Cési),
day {a_} hoi tu : ima, = a. Vi lim (b, —a) = 0 nén ti d¢
n-——= n—e %
suy ra lim b, = a .
n— =«

Néu x € E thi x < b, vdi moi n. Do do x € a Vay a la
mét can trén edaa B Néu M a4 mot cian trén cua E thi a, <M
véi meoi n. Do dd a € M. Vay a la can trén nho nhat caa E,
titc 14 a 12 can trén dang cta E.

2.5. Ilé qud. Moi tap hgp s6 thuc khdc réng bi chan dudi
déu ¢d can dudi dong.

Chung minh. Gia su E la mét tap hop khac réng bi chan
dudi trong R Khi d6 - E la mot tap hgp khdc véng bi chan
trén trong R THéu can ching minh suy ra ti hé qua 2.4,
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§3. PINH LI BONZANO - VAYOXTRAT
(BOLZANO - WEIERSTRASS)

3.1. Pinh li. a Day sb thue {u,) tang va bi chan trén thi
hoi tu va gisi han ciia n6 bang can trén dung cda tap hop {u,}.
by Day s6 thuc {u} gidam va bi chan dudi thi hoi tu va gidi

3 - = & - - o, - 1

han cfa no biang can duéi dung cia tap hop {u}.
Chitng minh a) Theo hé qua 2.4, tap hop {u } cé mot can
trén ding a € R . Cho & >0 bat ki. Tén tai mét phan tu uy

ctia ddy s6 sao cho uy > a — & Vdi moi n = N.

a—E<uNsu = a.

n .
Do do
lu, - al < & v6i moi n = N.
Vay lim u, = a.
n—x

b) Néu {u_ } la mdt diy giam va bi chan dudi thi {-u } la
mét day tang va bi chan trén. Didu cin ching minh suy ra ti a).

'3.2. Bé6 dé vé ddy dean bao nhau (Canto = Cantor;.

Gia su {[a,, b ]I 14 mot diy doan bao nhau

[a;, bl D [a, b, ] D ..

va lim (b, —a) = 0 . Khi dJ, tén tai mét dieém duy nhat
n—«<
¢ € [ap, bn] véi mol n.
Chitng minh. Gia si n a4 mot s6 nguyén duong bat ki C8
dinh n. Ta cd

a, € a, €. € a3 €. b, voi moi k.

Day {a,} tang va bi chan trén nén hoi tu : lima = c€ R
k—x
Via, < b vaimegi knénc<b. Viec=sup{ajnéna <c
k
Vay a, < ¢ < b tdc lac € (a,. b1 v8i moi n.

1
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¢ la di€m chung duy nhit cta cac doan [a,, b ]. Thay vay.
néu d cing la mot diém chung clia cdc doan do thi

[c - df n = a, véi moi n.
Vilim (b, —a) = 0 nén t¥ dd suy ra ¢ = d.
n—e o

3.3. Dinh Ii (Bénzané — Vayoxtret). Moi ddy s6 thuc {u,} bi
chan déu cd mét day con hdi tu.

Chiing minh. Goi K la tap hgp tdt ca cac s§ nguyén duong
k sao cho u, 12 mét can trén cua tap hgp {u,y, o .t Néu
K la mét tap hop vé han thi goi k|, k,, ... la nhitng s6 nguyén
thugc K sao cho k; <k, <.. Tl dinh nghia cia K suy ra

= = =
ukl = uk_' e llkn

Day s8 thyc {u, } gidm va bi chan dudi nén hoi tu.

2 ...

Néu K 14 mét tap hgp hitu han thi tén tai mot s6 nguyén
dudng k, 16n hon moi s6 nguyén thudc K. Vi k, & K nén tén
tai mot s6 nguyén k, >k, sao cho ug, > U Vi k, & K nén

tén tai mot s6 nguyén k; >k, sao cho ug, > “k,,’ ... Day {ukn}
tang va bi chidn trén nén hoi tu.
Sau diay la mot dang khac cda dinh i Bonzané - Vayoxtrat.
3.4. Dinh nghia. Gia st E 12 mot tap hgp s6 thue (E C R).
56 thue x, € R goi 1a mét diém ty cia E néu véi s6 duong ¢

bat ki, khoang (x, - & x, + £) chda it nhdt mot di€m cta tap
hgp E khac x,

(tue 1a (x, - & x, + 8 N E N} = D).
Dé dang thdy rang diéu kién néu trong dinh nghia trén tuong
duong voi diéu kién sau :
M6i khodng (x, - € x, + € chia vo s6 diém cua tap hgp E.
Vi du 1. V6i E = [a, b) C R, méi difm x € [a, b] déu la
mét diém tu cua E. Cac di€m cua tap hop R\ [a, b} déu khéng
phai 12 nhitng difm tu cia E,
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Vidu 2 Vi E = {'Il—l :n € N7}, x = 0134 diém tu duy nhit
cua E trong R.

Diém tu cha tap hop E c¢d thé thuje E hoidc khong thuje E.

3.5. Dinh li. Di€m x, €R 1a mot di€m tu cva tap hgp E C R
khi va chi khi tén tai mot day di€m {x,} cia E déi mat khac

nhau sao cho lim x, = x

n— =

o

Chitng minh. Gid si ton tai mot day di€m {x } C E doi

mot khac nhau sao cho lim x| = %, va £ 12 mot s0 duong bat

n—+x

ki. Khi d6 tén tai mot s6 nguyén dudng N sao cho

nzN=|x, -3, <ege=x € (x,-& x, +8).

nl
Khoang (x, - & x, + ¢ chda v6 s6 phén td cda tdp hop E.
Vay x, la mot diém ty cha E.

Dao lai, giad sd x, |4 mét di€ém tu cia tip hgp E. Khi do
khodng (x, - I, x, + 1) chia v6 s6 difm cda E. LAy mft diém

x, € (x, -1, x, + D N (E\x_}). Khoang (x, - -;—, x, + %) chda

1
v6 s§ diém cua E. Liy modt di€m x, € x, — 2 X0 + E) n

(E\ {x,}) va x, # x|. Bang quy nap ta dugc mét day diém {x}
1. 1

cia E doéi mét khac nhau sao cho x, € (x, — — » x, + —} v6i
n n

moi n. Hién nhién lim x, = x

n-e

0

3.6. Dinh li (Bénzandé - Vayoxtrat). Moi tap hogp v6 han va
bi chan E € R déu ¢d it nhit mot di€m tu.

.Chung minh. Tap hgp E 1a vo han nén tén tai mot day di€m
{x,} cia E d6i modt' khdc nhau. Day {x_ } bj chdn nén, theo
dinh li 3.3, c6 mat day con {x, } hoi tu : limx, = x, € R

n—«
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Hi€n nhién cac phan tu cua day {x, } 14 d6i mot khac nhau.
Theo dinh h 3.5, tit dd suy ra x, 14 mot diém tu cia E,
3.7. Diém c¢o6 lap

Dinh nghia. Gid sit E 12 mét tdp hop s6 thyc. Diém x, € E
goi 1a mét didm cé lgp cha tap hop E néu né khéng phai la
mit difm tu cta E.

Hién nhién, x, € E 12 mot di€m c6 lap cha E khi va chi
khi tén tai mdt s6 duong £ sao cho {x, - &, x +&) N E = {x_}.

Vi dy: Cho E = (0, 2] U {3}. Doan [0, 2] 12 t3p hop tat
cd cic di€m tu cha E ; 3 12 difm c6 lap cha E.

§3’. TIBRU CHUAN COSI

Céc ban doc d4 bd qua muc §2 va did nghidn ciu muc §3,
xin hay doc tiép muc nay.

3’.1. Dink nghia. Day s6 thuc {u,} goi 14 mot day Cosi hoic
ddy co ban n&u v8i mét s6 duong ¢ b&t ki, t6n tai mét s8
nguyén duong N sao cho

m2Nvan2N=|u -ul <&

3'.2. B6 d&. Day Cosi 12 mot tdp hdp bi chan.

Ching minh. Gid su {u, } 14 mot day 0031 Khi d¢ t6n tai
mot s8 nguyén ducng N sac cho

m =N, n>N=|u -ul| <L
Dac bigt, fu - ugl <1 véi moi n = N. Do dd
lu | < lugl + 1 v6i moi n = N. .
Dat M = max {{u}, |u|, .., luy _ I, [uyl + 1}.
Khi d6 fu | < M véi moi n.
3.3, B de. Gid st {u,) 1& mot day Cosi va {u, ) la mot
day con cia day {u,}. Néu lim u, =1 thi lim u, = L

n—x n—=
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Chung minh. Ton tai mot 6 nguyén duong N, gao che

n3N|=="|Uk"”<£

5
Toén tai mot s6 nguyén duong N, sao cho

m= N, nzN,=[u -ul| <

ol <y
Pat N = max {N,, N,}. Khi dd, vi k, = n nén

nzN=Ju-U<|u -yl +|uk"—ll

[T
[TE0)

Vay limu = 1

n—ex

¥.4. Dinh li (Tiéu chuin Cosi) Day s6 thyc {u,} hoi tu khi
va chi khi nd la mot day Cési.

Chung minh. Gid s day {u } hoi tu : limu, = L Vﬂi mot

n—x

s8 duong bdt ki &, tdn tai mét s8 nguyén duong N sac cho

n?N::-!un~£|<%.
Khi d6
m 2 N, a2 N=ju -ul < |a, -1 + ]I -y,
£, ¢
{2+§—8

Vay {u } & mét day Casi.

Dao lai, gid sit {u;} 12 mdt day Coési. Theo bd d& 3.2, {u}
la mét day bi chén. Theo dinh li Bonzan6 - Vayoxtrat, né o6
mét diy con {u, } héi tu : limw = I Theo bd dé 3" 3 tit d¢

n
n—* s

suy ra limu =/

n—«
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$4. GIO1 HAN vO cucC

4.1. Dinh nghia. a) Ta ndi rang day s6 thue {u,} cd gidi
han + = khi n dan dén vo cyc va viét
lim u = +o hoac u, — +» khi n > =
n-—s o
néu véi mot s6 thue A bat ki, ton tai mét s6 nguyén ducng N
sao cho '
nzN=u >A
b) Ta ndi rang day s6 thuc {u } cd gidi han - « khi n dan
dén vb6 cuc va vidt
limu, = —« hogc u, =+ - @ khin —» «
N
néu véi mét s6 thue A bat ki, tén tai mot s6 nguyén duong N
sao cho

n = N=u <A

Cha ¥ rdng +o va - chi la nhitng ki hiédu chi khéng phai
la nhitng s6 thyc. Chi cac diy sd thuec cd gidgi han hitu han
(tdc la gidi han 14 moét sd thue) mdi goi la nhitng day héi tu.

Hiép nhién néu lim u, = +o (-) va {u } la mot day con

] B
bdt ki caa day {u } thi lim u, = +e (—w).

n—e o

4.2. Néu lim u, =_+® (-«) va {v_} 1a mot day héi tu hoac

n-—+x
lim v = +oe(—%) thilim (u, + v} = +o (-} .
n— = n—x
Mot cdch t8ng quat, néu lim u, = +w (~e) va {v } 1a mét
f— =
day bi chan dudi (trén) thi lim (u, + v,) = +o (-») .
n—+ <
That vay, cho A >0 bat ki. Goi m 12 mét can dudi cha {v }.
Khi d6 tén tai mét s8 nguyén duong N sao cho
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=
W

N==~un>A—1n.
Do dg

n=N=u +v, A -m+m = A
Vay lim (u, + v) = +e.

n—x

4.3. Chti y. Néu lim u, = += va lim v, = —» thi ta chua

n--+ & n—o=

thé ndi gi vé gidi han cua day {u, + v }.

Vidy I Véiu =n+—,v = -ntacslimu = +o
: n s o0
li a li + li L 0
imv, = -« valim(u, +v) = lim— =0
=0 n—*wx o— o
2. Vai u, =n2, v, =-n, ta cé lim u = teo , limv = -
n—< n— =
va lim (u, + v ) = lim n(n — 1) = +=.
n— o n—cc
" 2 PR
3. V4l uw, = n, v, = -n% ta ¢ limu = +w
n— o
lim v, = —» va im (u, + v,) = lim [-n(n - 1)] = ~w,
== 0, n— n—.
Néu lim u; = +® va lim v, = —» va néu ta xét u_ + v,
n— oo n—o%

khi n -» « thi ta ndi rdng cd dang v6 dinh =« - . Viéc tim
lim (u, + v ) (néu cé) goi la khit dang vo dinh.

n—os
Dé dang ching minh duge

44. o Néu limu, = + valimv, =a € R, a >0, hoac

n— x n— o
lim v, = .+°° thi lim (un vy} = tFe
n—e o ]

¢ Né&u limu = 4« va lim v, =a €R, a <0, hoac
n—% n-—»
lim v, = —o thi lim (u,v,) = —o.

n— oo n—x
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Tuy nhién, néu lim u = +w va lim v, = 0 thi ta chua thé

n—oc n—x

néi gl vé gidi han cta day {u v }.

, 1 s
Vidyl V6iu, =n, v, = e ta ed lim (u v)) = 1
T =
” 1 - .
2. Véiu, =m, v, =, tacslim(uyvy)= llm; =0.
n n— o n— %
i 2 1 - :
3. Véiu, =10 v, = 7 ta ¢d lim (u v,)) = limn = +o
n— o n—m
Né&u lim u, = £ » va limv, =0 vataxétuyv khin—sw
n—+to n—e e

thl ta ndi rAng cé dang vo dinh «. 0.

1
4.5. Néu lim u, = * « thi lim — = 0.

n— n—+mx It

Chitng minh. Cho € >0 bit ki. Tén tai mét s6 nguyén duong N
1
sao chon 2 N = |u | >5-

&
Do dd

n=N== ! < E
ful =%
Vay lim-1*=0.

n—+ow N
Dé& dang thfy ring néu limu, = 0 vA u >0 (u, <0) vdi
n—»o
meoi n thi lim LI (—).
n—m 1

4.6. Né&u lim u, = 0 va lim v, =0 hoac néu

1= 00 n— &«
imuw =% o v limv, = * « thi ta khong th& nci gl vé
n—+= e 00

gidi han cha day {;E}

n
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Ban doc hay cho cdc vi du.

Trong cdc trudng hop nay, ta ndi ridng cd dang vo dinh

o

va =

o= N

4.7. N&u {u_} 14 mét day s6 thuc tang va bi chan trén thi
nd héi tu va lim u, = sup {u }. Nu nd khéng bi chén trén thi
n

o
= [+
nl.l..mw u, +
Vay mot diy s8 thuc tang bao git ciing cé gi6i han hiu han
hodc + =, bing cin trén ding cua ng.
Tuong ty, moét diay s8 thuc gidm bao gi¥ cing cé gi¢i han
hitu han hodc -, bing can dudi dung clia nd.

4.8. Néu {u_ } 12 mot day sd thuc bj chan thi, theo dinh li
Bénzandé - Vayoxtrat, né cd mot day con hoi tu.

o Né&u day {u_} khong bi chin trén thi nd c6 mot day con
{ukn} sao cho lim u, = +w.

n— o "

Thiy vay, tén tai mét s6 hang uy cia diay sac cho
u, > 1. T:é’p dé tén tai mot s6 hang Uy, cia day véi k, > k
sa0 cho U > 2,... Bang quy nap, ta duge moét day con {u }

cua diy {u,} sao cho u, > n vii moi mn. Vay lim u = +o,

]
11— oo

Tuong tu, néu diy s6 thuc {u,} khong bi chan dudi thi nd
<6 mot day con {g, } sao cho lim u = .

n-—= o
Vay mot ddy s6 thyc bt ki {u } bao gid cung co mobt diy
con cd gidi han hitu han hosic v8 cuc.
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5. GIOI HAN TREN VA GIOI HAN DUGI CUA MOT
DAY SO THUC

5.1. Dink nghia. Néu day s6 thuc {u,} c6 mot day con
{u } sao cho lim v, =17 thi I goi la moOt gidi han riéng cda

n—co

day {u,}, ! ¢ thé hitu han hoac bing .

5.2. Dinh nghia. Giéi han riéng 16n nhiat (néu c¢d) cua day
s6 thuec {u,} goi la gidi han trén cua day {u,}, ki hiéu la
lim supu_ hoac l_i_n—1 w, -
fn—=x n— o
Gioi han riéng nho nhdt (néu cd) cta diay s thuc {u } goi
la gigi han dudi cha day {u }, ki hiéu la
lim infu_ hoac lim u,.

n—=m n— o
Hi€n nhién, néu limu =1 (! € R hoac ! =% o) thi
’ n—oa .

lim supu, = lim infu = I

[ ] n— %

5.3. Dinh Ii. Moi day s6 thuc {u,} déu c6 gi6i han trén va
gidi han dudi va

lim supu, = lim sup fuj,u, 4o} (1)
n— o T~
lim infu, = lim inf{u,u_,, ..} (2)
n—* & n—
véi quy uwdc "Néu sup {u, u,,. } = +eo véi moi n thi
lim supf{u_, u  , ,...} = +o. Néu inf {ug, U,y o } = -0 vai
N—* oo
moi n thi lim inf{u_ , uw ,,...} = —«"
n—m i
Ching minh. V6i moi n, dat a, = inf {u_, u_ ...},

b, = sup fu, u -} Khi dé {a,} 12 moét day tang, {b } la’
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mot day gidm va a_ < u, < b, v6i moi n (a ¢6 thé bing -,
b, c6 thé bang + ~}. Hai day {a,} va {b } déu cd gidi han.

1. Néu limb, = —e thi vi u, < b, v6i moi n nén
n—wx
lim u, = —c. Vay lim supu , = —» = limb_ .
n—'x n—x n— %

2". Néu lim b_ = +w thi b, = +w v6i moi n. Day {u_} khong
n— =
bi chan trén. Do dd lim supu, = +o = lim b
n—x n—x
3°. Gia st limb_= b € R, Ta ching minh b la gi6i han
n— =

riéng 16n nhat cua day {ug}.

That vdy, néu ! 12 mot gi6i han riéng cia {u_} thi tén tai mét

day con u, cia day {u } sao cho limw, =1 Vi < b védi

n—s

n

mei n nén qua gidi han, ta duge I < b. Vay chi can ching té

rang b cling 14 moét giéi han riéng cda day {u,}. That vay, ti

dinh nghia cia b, suy ra rang tén tai mot phan t& u, cia day
|

{u,} sao cho b, - 1 < u € b. Gia st j, la mét s nguyén

lén. hon i,. Vi b, = sup{u.,u , ...} nén ton tai mot sé
1 iy ISR '

l =
nguyén i, = j, sao cho bj -5 <Yy < bj. Bing quy nap, ta

nhidn duge hai day sé thuyc {bj} va {u; }, nhitng didy con cua

1
b} va {u,} sao chob —— < u = b vdi moin = 2
In n 'n Ja

i 1
Hién nhién lim by =lim (b -~} =b Do dd limu =b.
n-oc n n—oce . n n—=o "

Vay b la mot gidi han riéng cda day {u }. Ta di ching minh (1) ;
(2) duge ching minh tuong tu.

5.4. Dinh Ii. Day s6 thuc {u_} cd gi¢i han (hitu han hoac
* ) khi va chi khi lim infu = lim supu_ . Khi d¢

-+ = n— o
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lim v, = lim infu, = lim supu,
Hn— o n—x n— =
Chitng minh. Diéu kién cdn 1a hién nhién, da dude néu &
trén va d4 duge s dung trong ching minh dinh K.
Néu lim inf u, = lim sup u, = 7 thi theo dinh li 5.3, ta c¢
- % n-—=«
lima =17valimb =1{ Via <u < b, v6i moi n, nén tit
n—x n—>

dd suy ra lim u, = 1 O

n—+x

B. GIOI HAN CUA HAM SO

$1. DINH NGHIA. TINH CHAT
CAC PHEP TOAN. TIRU CHUAN COSI

1.1. Pinh nghia. Gia st X 13 mo6t t4p hdp s thue (X C R),
x, € R 12 mot di€m tu cia X, f a2 mét ham s6 xdc dinh trén
X. Ta ndi rdng s6 thuc [ 12 gi6i han cda ham s8 f khi x dén
dén x, (hodc tai diém x)) va viét

lim f(x) = { hosc fix) — ! khi x — x,

X—X

néu véi mo6t sd duong £ cho trudc bat ki, t6n tai mot s6 duong
4 sso cho
Wx € X) 0 < |x - x| < d = |fix) -l <&

Chi y. Khong duge quén didu kién |x - x| > 0, tic la
x # x, Ham s6 f cd thé xdc dinh tai di€ém x, hosc khong .
Trong trudng hop f xdc dinh tai x,, gi6i ban ! cia ham s6
khong c6 quan hé gi véi f(x ).

1.2. Dinh (. N&u t8n tai lim f(x) thi gidi han d6 12 duy nhAt.

XK,
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’. Ching minh. Gid su lim {(x) = a va lim f{x) = b. Khi d¢

X=X, X-+X,

v6i &€ >0 bt ki, ton tai 4, > 0 va §, >0 sao cho
(vx € X) 0 <{x - x| <3, = [f(x) ~a|] <g
(Vx € X) 0 <|x - x| <4, = {fx) -b] <&
Dat 6 = min { 4,, 4,}. Khi d6 & >0 va
la = bl s |a-f@ | +16x) -bl <2 1)
voi moi x € X ma 0 <[x ~ x| <d. Vi (1) ding véi moi £ >0,
tit d¢ suy ra a = b.
Tuong tu nhu d8i vdi cic day s6 thuc, 4p dung dinh nghia
giti han cia ham s6, d& dang chding minh duge hai dinh U sau :
1.8. Dinh li. N&u tén tai lim f(x) thl t6n tai mot s§ duong

X—Xx
(3]

4 sao cho ham s8 f bi 'chan trén tdp hop
XN {x, -3 x, + H\x,}).

1.4. Dinh Ii. Gia st X 12 mot tap hop s6 thue, x, 1a mot
difm tu cua X, f ]Ja mot ham s6 =xdc dinh trén X va
lim f(x} = '

XX,

a}) Néu ! > a thi t6n tai mot s6 duong & sao cho
VxeX) 0<|x-x] <d=flx) > a
b) Néu I < b thi t6n tai moét s8 duong & sao cho
Wx € X) 0 < |x-x)| <d=flx) <b
Dinh H sau day cho th&y méi quan hé giia giéi han cia ham
s6 va gidi han cha day s6 :

1.5. Dink 6. Gia sit X la mot tap hop s6 thuc x_ & moét
diém tu cia X va f 1a mdt ham 86 xdc dinh trén X Khi do
im f(x) = { khi va chl khi

x_.xl)
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(v {x, b C© Xvix b lim oz, = x = limfix) =1 (1)

n-—*x n—:x

Ching mink. Gia st lim f(x) = 7 va {x} 1a mét day sé thuc

XX,

thuoc X\{x,} sao cho lim x, = x,. Ta ching minh lim f(x ) =1

n— =< n— x

That vay, cho £ >0 bat ki. Tén tai mdt s8 & > 0 sae cho
WVxeX)0 < {x-x]| <3=[fx3-1 <.

Vi lim x, = x, nén tén tai mot s6 nguyén duong N sac cho

n—:x

< 4.

Vi x, # x, v6i moi n, nén tit d6 suy ra

nzN=|x -x|
nzN=|fix)-I <e

Vay lim f(x ) = £

o=

BPao lai, gid s didu kién (1) duge théa man. Ta chiing minh
lim f(x) = { bang phan ching :
X_“KI‘ .

That vay, gid st f(x) » ! khi x — x_. Khi d¢ tén tai mot
$6 duong £ c¢é cac tinh chdt sau :

V& >0, 3 x5 € Xsaocho 0 <|x; — x| <6 va [f(xg5) -1l 2¢
Do dd

" 1
Vvn € N, 3 x, € X sao ¢cho 0 < |[x,~x| <= va
- n

[f(x ) =il =«

Ta dugc mot day s6 {x,} € X\Mx_.}, lim x, = X, nhung flx ) »»i

h— %
khi n — =. Didu nay trai véi gia thiét. _

Ap dung dinh nghia gi6i han cia ham sé hoac d4p dung dinh
1i 1.5, dé dang ching minh dugc cic dinh li 1.6, 1.7, 1.8 sau day :
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1.6. Dinh /i, Gid s x, la mét di€m tu cha tap hgp s6 thuc
X, f; va f, 1a hai ham s6 xic dinh trén X, lim fi{x) = 7, va
XX,
lim f,(x) = I, Néu

X—X
"

fiix} < f,(x) véi moi x € X\{x},

thoae v6i moi x € X di gan x, va khac x) thi /, </

.
“

1.7. Dinh 7. Gid st f, g h la ba ham s6 xac dinh trén tap
hgp s6 thue X, x 14 moét diém tu cua X. Néu

fix} < g{x) < h(x) voi moi x € X\{x“}
(hoze voi moi x € X du gdn x, va khic x ) va

lim f(x) = Hm h(x) = {

XX XX
thi
lim g(x) = L

X—X

1.8. Dinh li. Gia sk x, 1a mot di€m tu cda tap hop s6 thye
X, f la mot ham s6 xac dinh trén X. Néu lim f(x) = ! thi~
. X—rX

lim |fx)| = |1].

X—Xx
O]

1.9. Dinh li. Gia st f, f, 1a nhilmg ham s6 xdc dinh trén tap
hgp s6 thyc X, x, la mdt diém tu coa X. Néu lim Lixy = {

X—rX
1

¥

lim f,(x) = 4, thi
X=X

™

a) lim {f\(x) + f,(x)}) = {, + 1, ;

x—*x‘

b} lim {f,(x) f,(x)] = 7,4, ;
X—'XO

dac biét, nfu ¢ € R 124 mdt hing s6 thi
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lim cf'(x} = (:II ;
EX,

c) néu ngoai ra {, # 0 thi
lim &-(—}?— = -I-|- .
cay 12X b

1.10. Tiéu chuﬁn Cosi vé sy tdn tqi gicol han cha mot ham s8

Dinh li. Gid st f lam modt ham sé xdc dinh trén tap hop
s6 thue X va x, la mot di€m tu cia X. Khi dd, tén tai
lim f(x) khi va chi khi
X=X '

Vai mot 86 £ > O bat ki, tdn tai mot s § >0 sao cho

v e X, ¥ e€X)0 < |z -x| <4 0<|x"-x] <d

= |fix') - f®x’")} <& . (1)

Chiung minh. Gid st lim f(zx}) = I € R. Khi dé¢ vl mot s6

X—Xx

£ > O bét ki, t6n tai mot s6 4 >0 sao cho
Vx € X) 0 < |x - x| < &= fx) -1 <5

Khi dd
(Ve X, Vx" €X) 0 < |x -x) <480 < |x’-x| <6=

) -t s [fa) -2l + 11— fa)] <5 +5 =&

Dio lai, cho £ >0 bat ki, Goi d 12 mét sd duong théa man
diéu kién (1) néu trong dinh li. Gia st {x } la moét day phén
tli cia tap hogp XMx_} sao cho lim x, = x . Khi dd tén tai mot

n—e

s6 nguyén duong N sao cho
n=N-=]zx ~-x]| <4
Khi dg, vi x, = x, v8i moi n nén
m > N, n 2N = {f(z ) - fix)| <&

- 46



Vay {f(x))} la mot day Cosi trong R. Theo tiéu chudn Cosi
vé didu kiénm hoi tu cia mot day sdé thuc, {fix,)} 1a mot day
héi tu : lim fix,) = ! € R. Ta chiing minh lim f(x) = 7 .

n— o .‘("",‘(”

Thay vy, voi moi x € X ma 0 <|x - x| <d va véi moi
n = N, ta ¢o '
fx) - fiix )| < e {2)
Trong (2), ¢ dinh x vA cho n —» ®, ta dude

If(x) -~ | < & v6i moi x € X ma 0 <|x - x| <d.

Vay lim f(x) = 4 []

- X

“32. GIOI HAN MOT PHia

2.1. Dink nghia. a) Gia st X 12 médt tap hop s thuc, x, €ER
la mot di€m tu cha tap hop X N [x, +=), f ]2 mdt ham s6
xdc dinh trén X. Ta ndi rdng ! € R 1A gidi hgn phdi cia ham
s6 f khi x dan dén x, (hoac tai x ) va viét

' lim f(x) = ! hofic f(x) ~» I khi x — x_

+
X—X

[13

néu vdi mot s6 duong ¢ bat ki, tdn tai mot s6 duong J sao cho
(vzx € X) x, <x <x, +d = [f(x) -~ I| <&
Gigi han phai cia ham s6 f tai x, duge ki hitu la f(x, + 0).

b) Giad st X |2 mét tap hop s6 thuc, x, € R Ia mét difm
tu cia tap hop X N (-e, x ], f 124 mdt ham s8 x4c dinh trén
X. Ta ndi rAng I € R la gidi hgn trdi cia f khi x ddn dén x|
(hodc tai diém x,) va viéi

lim f(x) = [ hodc f(x) ~ ! khi x — x_

X—x
T
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néu vdi mot s6 dugng ¢ bat ki, t6n tai mot s6¢ duong J sac cho
Wx € X) x, - & <x <x, = [f(x} - Il <e.

Gi6i han trai cia ham s6 f tai x, duge ki hiéu la fix, - 0)

‘Dé dang thdy rang

2.2. Néu x, € R la mét diém ty ctia cac tap hop X N Ix, + =)
vad X N (- w, x } thi ham s6 f cd gidi han tai diém x, khi va
chi khi f ¢d gi6i han phai va gioi han trai tai di€m x, va

fix, + 0) = f(z, - O

D6i vai 'giéi han phai va gidgi han trai cia ham =6, ta cing

¢é cac dinh li tuong ty nhu céac dinh )i da néu vé gidi han cua

ham sé.

2.3. Pinh I{. Gia st f : {a, b) — R la mdot ham sd tang trén
khodng (a, b).

a) N&u f bi chan trén trén (a, b} thi lim f(x) = sup f(x).
c—b X € {u, b)

b) Néu f bi chan dudi trén (a, b) thi lim f(x) = inf f(x).
: xauT X E(ab)

Chitng minh. a) Dat I = sup f(x). Vi f bi chan trén trén
XE (D)

(a, b nén I € R. Cho £ > 0 bat ki. Khi do, tén tai x, € (a, b)
sao cho f(x,) » I — £ Dat § = b — x, ta cd § >0 va
(Vx € (a, b)) x, =b -8 <x < b= flx) s flx) £

=>1l-c< fix) sI=|fx -1 <c¢

Vay lim f{x) = L

x—=h

b) Duge ching minh tudng tu.
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$3. GIOI HAN TAI VO CUC VA GIOI HAN VO CUC

Gidi han tai vé cuc

3.1. Pinh nghia. a) Gia sd X 1a mét tap hgp s6 thuc khong
bi chan trén va f 13 mét ham sd xdc dinh trén X. Ta ndi réng
88 I € R la giéi han cta ham sd f khi x didn dén +e (hodc
tai +ew) va viét

lim f(x) =  hoac f(x} — I khi x — +
¥— +oc
néu véi mot s6 duong £ bdt ki, ton tai mdt s6 duong A sac cho
(VxEX)_x>A=>|f(x}—ll€£. ,

b) Gia si X la mét tap hop s6 thuc khong bi chan dudi va
f 12 mo6t ham s6 xac dinh trén X. Ta ndi rang s6 { € R 1a gidi
han clla ham s6 f khi x ddn d&n -« (hodc tai -«) va viét

lim f(x) = ! hoac f(x) - —{ khi x — —
X=—s —o0
néu vdi mot s5 duong £ bat ki, tén tai mot s6 dudng A sao cho
vx € X) x <- A= |fx) ~ I} <&

D& cho tién, néu tap hgp s6 thuc X khéng bi chan trén, ta
goi += 12 mét didm tu cta X. Tuong tu, néu X khong bi chan
dudi, ta goi -« 1la mét di€m tu cha X.

Vi du. +o la diém tu cia tdp hop cdc s6 ty nhién N, +w
va —« la cdc difm tu cia tip hop chc s6 nguyén Z, +oo la mét
di€ém tu cta tap hgp cdc g6 hiiu ti duong.

Xem nhu céc bai tap, ban doc hay phat bi€u va chiing minh
cic dinh li tuong tu nhu cac dinb If 1.2, 1.3, 1.4, 1.5, 1.6, 1.7,
1.8, 1.9, 1.10 cho trudng hgp gidgi han cda ham s8 tai vé cuc.

Chéng han tiéu chudn Coési vé sy t6n tai gidgi han cia ham
sé tai +oo duge phat bi€u nhu sau :

3.2. Dink Ii. Gia si X 1a mot tap hgp s6 thue khong bi chan
trén va f 14 mot ham s8 xdac dinh trén X. Khi d6, ham s f ¢6
gidi han khi x — +e khi va chi khi

V&i mot s6 duong £ bat ki, ton tai mot s6 duong A sao cho
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(Vx’ € X, ¥x” € X) x’ > A, ¥’ >A = |f(x) - fix")| <&
Gidi han v0 eyc
3.3. Dinh nghia. Gia st X la mot t&p hop 36 thuc, x, € R
la mot diém tu cda X, f & mot ham s6 x4c dinh trén X. Ta viét
a) lim f(x}) = +« hodc f(x}) —» +» khi x — x
X""Xn .
néu v4i mdt s6 duong A bat ki, tén tai mot s6 duong S sao cho
vx € X) 0 < [x - x| <8 = fx) >A
b} lim f(x) = —o hodc f(x) ~—» -« khi x — x,,
X—*X_
néu véi mot s6 duogng A bét ki, tén tai mét s6 duong 5 sao cho
vx € X) 0 <|x - x| <6 = f(x) <-A
3.4. Dinh nghia. Gid st X 12 mot tap hop s6 thue khong bi
chan trén, f 14 mdt ham sé xdc dinh trén X. Ta viét

a) lim f(x} = +o hodic f(x} —» +o khi x -~ +oo

Xx— +@

néu voi mot 88 thuc A b4t ki, tén tai mot 86 thuc B sao cho
_ (vx € X) x > B = fix) >A.
b) lim f(x) = —o« hodc f(x} —» ~o khi x —» +=

x— +o0

néu véi mot s6 thue A bat ki, tén tai mot s8 thuc B sao cho
VxeX)x>B = flx) < A
Ban doc hay phat bidu cdc dinh nghia
lim+f(x) = +=, lim f{x}) = 4+, lim f(x) = +o, ..

X—+ —ix
X=X, xX—*x

va néu céc tinh chét cla gidi han v6 cye cda ham s tuong tu
- nhu trong truong hgp cic day s¢ thuc.

3.5. Ta biét ring néu f : {(a, b) -+ R la mét ham s6 tdng
va bi chsn trén thi lim f(x) = sup f(x).

Kb X€ (4. b)
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Né&u f tang va khéng bi chan trén trén (a, b) thi dé dang
ching minh duge rang lim f(x) = +w = sup f(x)

x—b XE (. b)

Do dd
Néu f : (2, b) — R 1a mdt ham s6 tang trén (a, b) thi

lim f(x) = sup f(x).

x_.hu XE (H, h)

Tuong tu, néu f tang trén (a, b) thi

lim f(x) = inf f(x).

x—al X € (a,by)

§4. CAC DANG VO DINH

4.1. Vo cung bé va vé cing lon

Pinh nghia. Gia st X 12 mot tap hop s6 thgc, x, la mét
difm tu cia X (x, € R hoac x, = t=) hodc x; € R 12 mot
di€m tu cta t4p hop X N [x, +o) hoac X N (~», x ] va f la
mét ham sd xdc dinh trén tap hop X.

a) f goi 1a mot vo cung bé khi x — x_ {(x —~x] hosic
x —x ) néu lim f(x) = 0, '

X—X
+

(x—x,

X—x)
b) f goi 1a mot vé cung lon khi x — x_, (x —x] hoac

x —x]) néu lim |fx)} = 0,
X=X,
(x—-x:

x—x)

4.2. Cing nhu d6i véi cdc ddy s6 thyc, v4i cac ham sé ta
thudng gap cic dang vé dinh sau :

0

@
—-;;O_w;w—w.

0 ¥
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. . 1-c
Vi dy I. Tim lim — ———-

x>} X
.0 . l-cos2x 2sin’x
Ta cd dang vo6 dinh — . Vi - = vOi moi x # 0
. 0 2 2
x X
. .. sinx )
va lim — = 1 nén
=i}
.1 —cosZx
lim — =
x—i X
Vi dg 2. Tim lim (V1 + x — V¥x)
X—+o

Ta ¢d dang v6 dinh « - =. Vi

_ _ (T +x V)T +x +Vx) 1
VI +x —¥x = TiTs iv% G TR

vdi moi x >0 nén

lim (W1 +x — V¥x) = 0.

x— +s=

$5. CAC HAM SO TUONG DUONG

5.1. Dinh nghia. Giad st X la mét t4p hop s6 thuc, x, la
mot di€m tu cia X (x, € R hoac x, = 1), hoac x, €ER1Ia
mot di€m tu cla tap hgp X N [xn, +w) hoac X N (—oo, x.), f
va g la hai ham $6 xdc dinh trén X. Ta ndi rdng f tuong duong
v6i g khi x = x, (x = x,, x —>x) va viét

-+

f ~gkhix—>x (x—>x],

X = Xx.)
néu tén tai mot ham s6 h trén X sao cho

f(zx) = g{x)h(x) va lim h(x) = 1. (1)

Néu g(x) #-0 véi |x - x| duong du nhé thi (1) tuong dudng vei
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fxy _
e B

. + —
(XX . X% )

Vi du I. Ta co

lim

ginx ~ x khix —= 0
. .. sinx
vi lim — = 1.
x=»i)
Vidy 2. Gia st P(x) = ax"+a_x"'+ . +a véia =0
12 mét da thdc bac n. Khi dd

Pix) ~ anxn khi x — +o.

That vay, ta cd

ah-; t a, -2 1 1
~ 4+ . _2 4+ o — _)
n X 4 X a, "

= (ax")h{(x), véi moi x # 0,

P(x)

va lim L= lim h(x) = 1.
x—xm A X X—+ ke

P(x) = ax" (1 +

5.2. Dinh li. Quan hé

. + -
f ~gkhix—=x (x—+x ,x>x)

la mdt quan hé tuong ducng.

Chitng minh. Hién nhjén f ~ f. Néu f ~ g thi g ~ f. That
viy, ta od f(x) = gixthi(x), x € X \ {x,} va lim h(x) = 1. Do_dd

XX
3]

hix) > 0 vdi |x - x| duong d& nhé. T dé gx) = f(X}'%’

h(x)
fx) = gk (x), gix) = hx)k,(x), x € X\{x.}, lim k(x) =

x_b.‘l\

1
x € X\{x,} va limi;— =1 Néau f ~ g va g ~ h thi
X

1
X
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= lim ky(x) = 1. Do dd fix) = hix)[k(x)k,(x)], x € X\ {x },

X x-']

lim [k (x)k,(x)] = 1. Vay £ ~ h khi x —»x, O3

X_'K“
5.3. Dinh li. N&u lim fx) = limgx) =7/trongdé €R
X—*Xn X=X,
x—"x;_. x—xt . .

! # 0thif ~gkhix —»x, (x -—bx+,x—rx;).

fx) 1

Chung minh, Vilim —-+ = ;= 1mnén f -~ g
X—>%o g(x) TIT
X=X .

Chi y. Trong dinh li 5.3, diéu kién 7 # 0 va ! # ftw la

khong thé€ thigu. Ta hay xét cdc vi du sau :
1. Voi f(x) = x% gx) = x' ta ¢6 lim f(x) = lim g(x) =

x—0 x—+{

Rt} = li 1_ +o0,

nhung lim im =
X+ &x) x—0 x?
. 1 1 - -
2. Véi f(x) = g’ gx) = —, ta cd lim f(x) = lim g(x) =
' X x—0 x—0
nhung lim =) = limx = 0.
o+E 8(x) +
X x—0

5.4. Dinh Ui Néuf~gkhix¥»x{, (x — :,x—bx)va
Jdim f(x) = I ¢ € R hoac ! = + o) thi lim gx) =

tiad S XX,
X=X . .

Chiung minh. Dinh Y suy ra ngay ti dinh nghia.

55. Dinh i, Néu f ~¢ va g ~y khi x — x|
'(x—-x:,x—rx;) thi

fg ~ ey
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va néu g(x) hoac y(x) khac khdng vdi |x - x| dusng di nho thi
Ef-%khix——*xn(x—-x:,x—-x;) (1)
Chung minh. Ta ching minh (1). Ta cd |

) _ e L @ e
B2 e =R e e ) T v

X— X

x-’x
Vidy 1. Ta cd tgx = —— ~—khix —» 0, vi

sinx ~ x vA cosx ~ 1 khi x — 0. Vay tgx ~ x khi x —0.

£ - 1_
Vi du 2. Tim lim _L:x‘
=0 gip -

_ 3
Ta c6 :
X . X .2
2gin® = 2(=
1-cosx= 2 ~ (2) =Exkhix—-0
in X in X x 2
sin 3 sin 3 3
Do d6 limm=lim(§x)=0.
, X 2
: x—=0 5“1-3. x—+0

Chi y. Néi chung tt f ~ ¢, g ~ % khi x — x_, khong suy

o
raf+g ~ p+yhoicf-g~p-y Cﬁcvidusaudéy
ching td diduw dd.

1) Vi f(x) = x + x°, px) =x + x>, glx) = y(x) = -x, ta ed

f~tpvag~¢khix—*0

nhung f(x} + g(x) = x? khong tuong duong vii plx) + rp(x) = x>
khi x — 0.

2) Vai f(x) = cosx, p(x) = 1, gx) = ¢(x) = 1, ta cd
f ~ ¢ vag ~ ¢ khi x — 0, nhung
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gx) - f(x) = 1 = cosx = 2sin” )2_: khéng tugng duong vai

P(x) ~ p(x) = 0 khi x ~» 0.

§6. PHAN CHINH CUA MOT VO CUNG BE

Gia st ham s f la mot v cing bé khi x — x, (x, € R

hoac x, = *w) hoac x — x_, hosc x — x_. Khi d¢
lim f(z) = 0.
X—*Xn

+ -
(XX . X=X, )

1 .
Néu dat t = {x - x| voi x, € R va t = = vdi X, = %o

: X
thi t — 0 khi x — x_. Do dd ta sé chi xét trudng hgp x — 0.

Hi€n nhién v6i s6 nguyén duong n, x" d4n dén 0 cang nhanh
khi x din dén 0 ndu n cang 1én. Vi vay, ta sé so sanh cdc vd
cung bé véi vé6 cing bé ax", trong dd a € R la mét hing s8
khdc khong. :

6.1. Dinh li. Gia s ham s6 f 12 mét vo cung bé khi x — 0.

Néu f(x) ~ ax" khi x — 0, trong dd a 1a mét s6 thuc khdc
khong thi a va n duge xdac dinh mét cich duy nhdt,

Ching minh. Gid st f(x) ~ bx™ khix -0, b & R, b # 0
vd m nguyén duong. Khi dé ax” ~ bx™ khi x — 0. Do dé

n

lim =limex""™=1 Vay phaii <6 n - m = 0 va
= bx™ x—{

a

g =L |

6.2. Dinh nghia. Néu fix) ~ ax" khi x — 0, trong d6 a € R,
a# 0 van & N thi ax" goi la phdn chinh cta f(x) va f(x)
goi 14 mdt vé ciing bé biac n.
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. . 1 .
Vi du. 1) sin-g ~ 7 X khi x — 0. Vay sin % la mot vé cung

; 1
bé bac 1 (khi x — 0) vdi phén chinh i& 3 X

2 1 1 ;
2) 1 - cosx = 2sin’ % ~ 3 x> khix —0; 3 x° 1a phédn chinh

ciia vd cing bé 1 - cosx vA 1 - cosx cd bac hai (khi x -» 0},

1 1 1, ,
3) 3 *-x ~ 3 x* khi x — 0. Vay 3 x' 1a phén chinh

, U S 1y s
cia vd cung bé 3 X —x khi x — 0. Bac cua 3 X —X la 4.
Bac ctia vo6 cling bé cang cao, vd cung bé cang din dén 0

nhanh hon.

6.3. Doi khi ngudi ta cling ndi téi phan chinh cda vo cung lon.

. 1 1 .. 1 < :
Vi du. cotgx = tax 3 khi x — 0 ; ol la phan chinh
cta vo cung l6n cotgx khi x — 0.

§7. CAC Ki HIEU o VA O

7.1. Dinh nghia. Giad si X 1la mét tdp hop s6 thue, x| la
mot di€m tu cua X {x, € R hoac x, = +) hoac x, 12 mot
difm ty cia tap hgp X 0 {x, +»} hoac X N (-, x }, f va g
12 hai ham s8 xdc dinh trén X. Ta ndi rang f la4 khéng dang
ké ddi véi g khi x — x, (x —*x:, x — x) va viét

+
07

f = olg khi x =-x, (x =>%,, X =X,

néu tén tai mdt ham s6 h xdc dinh trén X sao cho

f(x) = gxh(x), x € X\ {x,} va limhx) =0 (1)
. St

+ -.
(x_'Xn KK )
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Néu g(x} = 0 voi x = x, 44 gin =z thi (1) tuong duong véi
o ) _
x—bxﬂg(x)
x—+xt x—x)

Vi du, Néu m va n 13 hai 86 nguyén duong vd m >n thi
x™ = o(x™ khi x — 0

va
x" = o(x™) khi x — #w.
Véi g(x) = 1, f = o(g) = ofl) khi x — x_ khi va chi khi
fi
lim (x) = 0. Tt d6 ta cé ménh dé say :

X=X,

7.2, Gia sit x, 1a mé6t diém tu clia tap hop sé thue X hosc
x, € R 12 mét difm tu cia tap hop X N [z, +x) hoac
X N (-, x ], f vd g 1a hai ham s6 xdc dinh trén X. Khi d6

f = o(l) khi x — x_ (x--x;,x—-x_)
khi va chl khi lim f(x) = 0, tic 1 f 12 mot vd cling bé khi x —» x
(x—:‘x}_,:—-m)
(x;-x:, X —X,).
D& dang thdy rdng

f=o(g) =f=gol(l) khi x - x_ (x —-x:,x—-bx_)

7.3. Dinh nghiz. Gia sd X la mét tap hgp s§ thue, x, la
mot di€m ty cla X, hodc x, € R 12 mot di€m tu cda tap hop
X N [x, +) hoaan(m Xl fvégiﬁhalhamséxéc
dinh trén tap hop X. Ta viét

f = O(g khi x - x (x --x:, X —x)

néu tén tai mot ham s6 h xdc dinh trén X sac cho
fix} = gxhix), x € X
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va h bi chan voi x # x_  di gan x|

Néu gix) = 0 véi x € X, x # x, dd gin x th1 dinh nghia
trén tuong duong voi

é la bj chan véi x € X, x # x, di gin x,.

1
Vi du. Véi f(x) = xsin 3 g(x) = x, x » 0, ta cg
= O(g) khi x = 0

% = sin % bi chan trén R \ {0).

C. HAM SO LIEN TUC
§1. DINH NGHIA, TINH CHAT, CAC PHEP TOAN

1.1. Dinh nghia. Gi& st X la mot tdp hop s8 thye, f 14 mot
ham s6 xac dinh trén X. Ta ndi rang

a) f lién tuc tai di€m x, € X néu vé6i mot s duong £ bat
ki, ton tai mot s6 & > 0 sao cho

vx € X) Ix - x} < d= [f@ - fx)] <&

b) f lidn tuc trén tap hop X néu f lién tuc tai moi di€m
x € X,

Ham s6 f khong lién tue tai di€ém x_ goi 1a gian doan tai
di€m nay.

Hién nhién néu f la mdt ham sé xac dinh trén tap hgp s8
thye X va x, € X 1a mot difm cod lap céa X thi f litn tuc tai
difm x.

Chi y. Trong dinh nghia trén, diéu kién {x - x| < & thay
cho diéu kign 0 <|x -~ x| <& trong dinh nghia lim f(x) =

xh’xl\
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Vi du. 1) f(x) = a, trong d6 a € R 13 mét hang <3, 1a mot
ham s6 lién tuc trén R.
2) Ham s6 f(x) = sinx lién tuc trén R. That vay, gia
st x, € R. Vai moi x € R, ta ¢6

x+x, X—x,
|sinx — sinx | = 2 | cos — sin 3 |
-x
. o
< 2 |sm—--2-| < |x —x ).

Vot £ >0 bdt ki, ta ldy § = ¢ Khi dd

vx € R) |x - x| <3 = |sinx - sinic(_)| < E.
Vay f lién tuc tai x, do d6 lién tuc trén R.
3) Goi D : R — R |4 ham s6 xac dinh boi

0 ngu x la vo ti

Dix) = .
1 néu x la hiru ti.

Xem nhu bai tap, dp dung dinh nghia, ban doc hidy ching
minh riang ham s D gidn doan tai moi di€m cia R.
1.2. Ham 30 lién tuc mot phia

Dinh nghia. Gid s ham s6 f xac dinh trén t4p hogp X nhiing
96 thuc. f goi 12 lien tyc phdi (trdi) tai diém x, € X néu véi
mot s6 duong £ bat ki, tén tai mét sé duong J sao cho

Vx € X) x, = x < x,+d = [f(x) -~ flx,))]| <&
x,-3d < x €x)

Hién nhién ham s6 f lién tuc tai diém x, khi va chi khi f
lién tue phai va lién tuc trai tai x

Dé dang ching minh duge hai dinh i sau

1.3. Dinh Ii. Gia st f 14 mot ham s8 xac dinh trén tap hop
s6 thyc X. Ham s6 f lién tuc tai difm x, € X khi va chi khi

Vix} C X) lim x = x = lim f{x)) = f(x ).

n—x n— =
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Chu y. Trong dinh li trén ta khong doi héi diéu kién x = x

1.4. Dinh Ii. Gid st X 12 moét tdp hop s6 thue, x, € X la
médt didm tu cha X, £ 1a mdt ham s6 xdc dinh trén X. Khi d6 -
f lién tuc tai difm x, néu va chi néu

lim f(x) = f{x}

X—"Xn

Ap dung dinh nghia 1.1 hoic dinh K 1.3, khéng khé khan
ban doc cd thé ching minh duge hai dinh Ii sau :

1.5. Pinh li. Néu ham 6 f : X — R lién tuc tai diém x, € X
thi ham sé [f] lién tuc tai x,. _ _ _
1.6. Dinh Ii. Gia st X 1a mot tap hop s6 thue, f, g la hai
ham s6 lién tuc tai difm x, € X. Khi d6 cic ham s6
f+ g fg cf (¢ € R 1a mét hing s6)

lién tyc tai diém x .
. f
Né&u ngoai ra gix,) # 0 thi ham sé § lién tuc 'tai diém X,

1.7. Tinh lién tuc cia ham s6 hgp

Dink li. Gia st X, Y la nhitng tap hop s6 thue, f : X —= Y va
g :' Y — R 14 hai ham s6. Néu f lién tuc tai di€m x, € X va
g lién tyuc tai difm y = fix,) € Y thi ham s6 h = gof : X =R
lién tuc tai di€m X, T

Ching minh. Vi f lién tuc tai di€ém x_, nén

Vi{x,} € X)limx, = x, = lim f(x)) = fix,) =y,

n—w« n—o«

Vi g lién tuc tai di€m ¥, nén ti d6 suy ra

lim h(x } = lim glf(x)] = g(¥,) = glf(x)] = h(x).

n—> n— o

Vay ham s§ h = gof lién tuc tai di€m x
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1.8. Ham s6 lién tuc déu

Dinh nghia'. Gia st X la mot tap hgp sé thuc. Ham s6
f: X ~ R goi 1a lién tuc d2u trén X néu véi mot 86 duong £
bat ki, tén tai mot s8 duong J sao cho

 (¥x;, x; € X) Ix, -~ x| < & = |fix) - f(x,))] < ¢

Hi€n nhién n& ham s6 f lién tuc déu trén X thi nd lién
tuc trén X (téc 1a lién tuc tai moi di€m cia t4p hogp X). Ta
sé thdy rdng diéu ngugc lai khong ding

Vi du 1. Gia sit I la moét khoang bét ki (md, déng, nia md
bi chan hoac khéng). Ham 86 f : I — R goi 12 mot ham sé
Lipsit {Lipschitz) (ho3c théa méan diéu kién Lip-sit} n&u tbén tai
mébt s6 k sao cho

| f(x’) - fx’) < k [x’ - x”| v6i moi X’, x” € L

Hién nhién ham s8 Lipsit f 1a lién tuc déu trén L

Vi du 2. Ham s6 fi(x) = x2 lién tuc trén R. Tuy nhién f
khong lien tuc déu trén R. Thét v8y, néu f lién tuc déu trén
R thi tén tai mot s6 & > 0 sao cho

(¥x,, x, € R) Ix, - le < & = lxl —-le <1 (1)

- 1
Lﬁyxl=é-,x2=a-+§-.Khidd

- x| = § < & nhung

( 3

2. HAM 80O 51.IEN TUC TREN MOT DOAN

2
|xf—x§| = =1+ é—:vl trai vai (1),

2.1. Dinh Ui (Vayoktrat). Néu ham s6 f : [a, b] — R lién
tuc trén [a, b] thi

a) f b chan trén [a, b] ;
b) f dat dugc gia tri lon nh4t va gi4 tri nho nhdt trén [a, bl.
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Chitng minh. a) Gia sd ham s6 f khong bi chan trén [a, b].
Khi dd vai moi s8 nguyén duong n, t61_1 tai moét x, &€ [a, b]
sao cho [f(x )| > n. Day {x,} 1a bj chan ({x_ } < [a, b]) neén
theo dinh }f Bonzant - Vayoxtrat, né ¢ mot day con {x, } hoi
tu: limx, = x, € [a, bl. Vi flién tuc tai x_ nén tif d6 suy ra

X—+ o0

Hm fx ) = f(x,) (1)

n— o
Mat khac, ta co |f(x, )| > k, v0i moi n. Diéu nay mau thuin
vl (1). Vay f bi chan trén [a, b).
b) Vi f bj chan tren [a, b] nén M = sup f(x) 12 mét s hitu
n€&fab
han. V&i mét s6 nguyén duong n bat ki, t6n tai mot s§ thuc
x, € [a, b] sao cho

M—%-:f(xn)sM (2)

Day s6 thuc {x,} bi chan ({x.} < [a, bl) nén cé mot day
con {x, } hoi tu : lim xkn = X € [a, b]. VI f lién tuc tai 3

n—a%

nén it dé suy ra

lim fix, } = f(x) ' (3)
N a
Mat khde, tir (2) suy ra lim fix ) = M. Do dd
n—s
lim f(x, ) = M (4
n-+m, "

T (3) va (4) suy ra f(x ) = M. Vay f dat gid trj 16n nh4&t
trén [a, b). Ching minh tuong ty, f dat gid tri nhé nhét trén
[a, bl _

2.2. Dinh Ui (Bonzand - Cosi) Gia si f 12 mdt ham sé lién
tuc trén doan [a, bl va a la mot s8 ndm gitta f(a) va f(b). Khi
dé tén tai it nhét moét di€m c € [a, b} sao cho f(c) = «a.
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Noi moét cach khde, f ldy moi gia tri trung gian gita fia)
va f(b).

Chitng minh. Gia su fla) < fib) va o € [fla), f(b}]. Néu fla)
= f(b) thi hién nhién dinh li ding. Gia su fla) < o < fib).
bat '

E = {x € {a, b] : fix) € «a}.

Via € Enén E # @. Vi E bi chan trén bdi b nén né cd
can trén ding hitu han. Dat ¢ = supE. Ta ching minh f(ec) = «.
That vay :

e Né&u fic) < a thic # b, do dé ¢ < b. Vi { lién tuc tai

- ¢ nén lim+f(x) = f(c) < a. Do d6 ton tai mét s6 duong é sao
X+

choc+d € b va fix) <« ¢ v8i moi x € [c, ¢ + 4]. Dac biét

fle +48) <« . Dodé ¢ + & € E. Diéu nay vé li vi ¢ 13 mot

cdn trén cua E.

e Néu fic) > a thic = a;dodésc > a Viflién tuc tai

¢ nén lim f(x) = f{c) > «. Do dd tén tai moét s6 duong & sao
x—*c_ .

cho ¢ -d = avaf(x) > a vdi moix € [e - &, ¢l. Vi ¢c = supE

nén tén tai x;, € E sao cho ¢ - < x, < ¢ Tu dinh nghia

cia E suy ra f(x,) € a. Ta di dén mau thuin Vay f(c) = a.

2.3. H¢ qud. Gia st f 1a moét ham s6 lién tuc trén [a, b].

Né&u f(a)f(b) < O thi tén tai it nhiat mét di€m ¢ € (a, b) sao
cho fie) = 0.

Chitng minh. a = 0 la m6t s6 nam gita f(a) va f(b). Tt dé
suy ra diéu can ching minh.

2.4, Dinh Ii (Canto). Néu ham sd f lién tuc trén [a, b] thi
nod lién tuc déu trén [a, b]. '

Ching minh. Gia s¢ ham s6 f khong lién tuc déu trén [a, b].
Khi d6 t6n tai mét s6 dugng £ cd tinh chat sau :

Véi mot s6 & > 0 b4t ki, tén tai x'y, x5 € [a, b] sao cho
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1875 — x4 < & va {f(x;) — f(x’5)] = ¢

1
lay & = pl n =1, 2,... Khi dd. vdi moi n nguyén duong,

ton tai hai diém x-n, X-r; € [a, b] sao cho

1 .
N RS o va |[f(x’ ) — f(x" )| = ¢ {1)

Vi {x'“} C [a, b} nén, theo dinh i Bonzand — Vayoxtrat, no
cd mdt day con (x|} hd' tu : lim x|, = x, € [a, b]. Vi
n R n

. 1
|x", — x| « 7= = 0 khi n - « nén lim x”, = lim x’, = x
n

" n kn n {‘.
. mnm—x n—w
Do f lién tyc tai x,, tit dé suy ra lim f(x’)) = f(x)) va
lim fix” } = f(x)). Do do lim [f(x’, ) — fix" )| = 0. Diéu nay
n—s n n—x n n

mau thuan vai (1).

$3. TINH LIEN TUC CUA HAM SO DON DIRU

“3.1. Pinh Ii. N&u f la mot ham sb tang trén doan [a, b] thi
vdi moi x, € (a, b), ta cd
fla) < fla+0) < fix, -0) < f(x) <flx, +0) < flb-0) < fib).
Chitng minh. Ham s6 f la tang trén [a, x ] vA bi chan trén
bai fix )} trén doan nay nén
lim f(x) = sup f(x) < f(x ), tde 14 fix, - 0) < fix).
¥ —= x“_ X & |1 X”)
Vi [ tang trén [x, bl vd bi chan dudi bai fix ) trén doan
nay nén

lim f(x) = inf f(x) > f(x) tic la fix, + 0) = f(x )
+
XK XE{x.b|
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Vi fixy £ fix, — O vdi moi x € fa. x ) nén

fta + Oy = lim__f{x) < fix, — O

Nt
Bit dang thie fix, + O+ < fih - 0) dugc ching minh
tuong tu.

Ban doc hay phat bi€u dinh ii tuong tu cho trugng hgp {'la
mot ham s6 giam trén [a, bl

3.2. binh Ii. Gia st f 13 mot ham s6 don diéu trén doan
{a, b}. Khi do f lién tuc trén [a, b] nén va chi néu fi[a. bD la
mot doan.

Chiing minh. Gia st f la mot ham 36 tang trén [a, b]. (Néu
f la mot ham 36 giam trén [a, b} thi ~f i3 tang trén doan nay).
Hién nhién, ta c¢o fifa, by C [fiay, [ID]. Néu f lién tuc trén
doan [a, b] thi. theo dinh li Bénzand - Cosi. f 18y moi gia tri
trung gian giga fia) va fib). Do dd
fi{a, b}y = [fla), fib)) (1.

Dao lai néu f tang va thoa man dang thuc (1) thi f lién tuc
trén doan [a, bl.

That vay, gia st f gian doan tai di€ém x, € ta. b». Khi dd,
ta ¢ it nhit mot trong hai bat dang thdc sau

fix ) < fix, + O, fix -3 < fix )
Gia s fix,) < fix -+ 0) Khi do
Hix ), fix, + 0n N fila. b = & 123,
vi fix) € fix) néu x < x, va fixy 2 fix + 0 péu x > x|
Mat khdc, vi fia) < fix » < fix + 00 < fib) nén
(fix ), fix + On C ifray, ] = fifa. b 3y

Co mau thuan gita (2) va +3). Truang hop fix - 0 < fix )
dude ching minh tudng ty. Viy f lién tuc tai moi diém cla
doan [a, b}

3.3. 'ﬁ?{]m s6 nguoe cua mot ham so lién fue don diédn

b
nghiém ngat
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Dinh 17 Gia s f - [a. b] —= R 1a mot hium sa lién tue v tany
tgiam) nghiém ngm trén [ bl Khi do t1a mat song anh 11 [a b)
lén ffia), fib] (ffiby ftar), Ham =6 nguuvi”' o, fik] = a. b]
of ! [{iby, frar] — [a. b)) 14 lién tye va tang (giam) nghiém
ngat 14 [{rar, fiby] (ffihy, flah lén |a. b

Ching minf. Ta ching minh dinh §i cho trugng hop f 13
mot ham s6 tang nghiém ngat (N¢a f Ja giam nghiém ngar thi
- Ia tang nghiém ngaty. D¢ dang thay rang f I3 mot don sdinh. Vi
f lién tuc trén {a, b] nén, theo dinh } 3.2, fila, bl = [fia), fib]

Vay f la mgt song anh tit [a, bl'lén [fia1. fiby]. Do d6 [ e ham
s6 nguge ¢ = { |t |fiar fib)] 1én [a. b}, Ham s6 g la tang
nghiém ngat trén [fta), fib)]. That vay, gia su ¥ ¥, € (fra), fib)]
vay, <y, Dat x;= gy, x,= gly,). Khi do vy = fix by, = fix,p
Néu gty ) = giy,), tie la x| = x, thi fix) = fix,), tdc la ¥ E V.
trat vai gia thigt. Vay giy ) < giy,yt. Ta da ching minh g la
tang nghiém ngat trén [flan fib] Vi gi{fta), ] = [a. b)
nén, theo dinh i 3.2, g lién tue trén [frar, fib]

BDinh If sau day cho didu kién d& mot ham sé lien tue la
don anh.

3.4. Dinh I Ham s6 lién tuc £ : [a, b] — R 1a mét don
anh khi va chi khi f 1a don diéu nghiém ngat.

Chitng minh Hién nhién néu { 1a don diéu nghiém ngat thi
no 1A moét don anh. Gia sit f la mot don dnh lién tue. Ta ching
minh f 1a don diéu nghiém ngat. Néu khong nhu vay thi ton
tai ba diém x|, x, x, € [a, bl X < X, < X, s80 cho

fix,) < fix)) va fix) < fixy th
hoic

fix,) = ftxr va fix, > fixg {2

Gia su (11 dude théa man. Néu fix v < fixp thi ftx,) < fix) < fix,

Theo dinh i Bonzandé - Cosi, tén tai mdt 6 thue ¢ & tx,, N
sao cho fle)y = fix) Vi X, < ¢ nén f khong phai la mét dun
anh. Diéu nay trai véi gia thiét. Néu fix;1 > fix,r ta clng =é
gap mau thuan. Truang hop 12) duge xét tuong ty
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s4. CAC LOAI DIEM GIAN DOAN’

4.1. Pinh nghic. Gid s ham s6 { xdc dinh trén doan [a, b
va x, € {(a, b) 1a mot di€ém gian doan cua f. Ta goi x, 1a mot
di€m gidn doan loai mét néu

f(x

3]

+0) = lim fix) € R va fix, — 0) = lim f{x) € R.
x—>x:— x—*x:

a goi 12 mét di€m gian doan loai mdt néu nd la mot di€m
gian doan cta f va fla + 0) € R.

b goi 14 mot di€m gidn doan loai mét néu no la mot didm
gian doan cua f va fib - 0) € R.

Diém gidn doan cta f goi la mot di€m gidn doan loai hai
néu né khong phai 12 mot diém gian doan loai mét cda f.

Diém gian doan leai moét x, € (a, b) cua ham s6 [ : {a, b] =R
goi 1a bo duge néu

fix — O
Vi du 1. Ham =8

flx, + 0 = fix,).

]x'vc’iix < 1

f(x)

l2vaix =1

gian doan tai di€m x = 1.
Vi fil -0 =1
loai mot caa f.

Vi du 2. Ham s8

- f(1 + 0) = 2 nén 1 la di€ém gian doan

J}( voi x = 0

fix) =

l0 vol x = 0

gian doan tai di€ém x = 0. Ta c6 lim f(x) = +e. Vay 0 la diém
x—ut

gidn doan loai hai cla f
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Vi du 3. Ham s6

1 néu x hitu ti
Dix) = | .
I 0 néu x vo ti

gidn doan tai moi di€ém cua R Moi diém x € R déu ]a mot
-diém gian doan leai hai cia D vi khéng tom tai lim Dix} (cing

X—=X
khéng tén tai lim Dix)).
.\C'."‘.\':—
Vi du 4. Ham sé
( SInx néu x = 0
fxy =1 %
l 0 néux = 0
gian doan tai diém x = 0. Vi lim S 1 nén f{0 + O) =

x—=(}
fl0 - 0 = 1. Vay 0 la diém gian doan bo dugc cua f.

Tit dinh 1i’ 3.1 suy ra

4.2. Ham s6 f : [a, b] — R don diéu trén [a, b] chi cd cac
di€m gian doan loai mot.

4.3. Pinh L. Gia st f : [a, b] = R la mét ham sd tang trén
[a, bl va x,,.., x,, € (a, b) 13 nhiing diém gian doan cua f.
Khi d¢

m

2 Hx, + 0 - fix, — 0)] < f(b) — f(a). (1)
k=1
Do do vai mot s6 duong & bat ki, tap hap

Dy ={x€(a,b):fix+0 - fix -0 = &
la moét tap hgp hite han.
Chiung minh. Gid su x| < %, < .. < x . Khi dd

fla) < fix, — 0) < fix, + 0) < fix, - 0 < fix, + O = ..
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= fix . -0 < ftxm + 0 = fiby,

Tu dé suy ra bdt dang thdc can chung minh.
Gia s 1), 1A mot tap hop con vo han cua [a, b, Khi do véi
mol n nguyén duong. ton tai cde diem x,. .| x,, dai mot khae
nhau thuoe D, Vi frx, + 0 - ftx, —0) =2 & véi k = ]

i}
S ltx, + 0y = fix, — O] = nd.
k-1

Tu (It suy ra
(thy - fia) = nd vdéi moi n.
Diéu nay la va li. Vay D; la mot tap hdp hitu han

4.4. Dinh li. Tap hop cdc difm gian doan cia ham so don
diéu f : [a, b] — R 1a httu han hoac dém duagc.

Chung mink. Chi cdn ching minh cho truvng hop f la mot
ham 56 tang Goi D la tap hop cdc diém gian doan thuée ta, b
coa [ Ta co

D= {xeta b :fix+0~-fix -0 > 0

x

Dé dang thiay rang D= U D,

=1y

frotig do D = { xEa. by fx+0)~fix—0) =
n

hop htu han (theo dinh i 4.3). Vay D 14 hitu han hodc dém

duge. Do dd tap hop cde diém gian doan cia £ thuoe |a. bl 13

Aidu han hoac dém duge.

=N

]. 1a nhing tap

$5. CAC JIAM SO NGUOC CUA CAC HAM SO
LUONG GIAC

a.§. Ham s6 v = arcsinx
Ham s6 y = sinx liér tue trén R nhung khong don diiu
S n ; - r i T [ .
ngbiém ngat. Thu hep nd trén doan i T3 Bj ta duge han
e = -



=6 1 [— ; ;} — [-1. Il lién tue. tang nghiém ngat ma tap
hop cae gia tri 1la doan {-1., 1] Do dd  co ham s6 ngudc
-1, 1] - [— ; . ;—r] lién fyc v tang nghiém ngat tu

x o a . f oy A :
doan {-1. 1] lén doan [— 5 E] Fa ki hiéu no 13 v = arcxinx.
o Ta cd
J X = siny
¥ = arcsinx < _'1-;_‘,5:{
12 Ve

. - - g T . . N
arcsinx la cung thuéc doan [— PR E} co sin bang x.
Hién nhién arcsin{—x) = -arcsinx.

o Bang bién thién cda ham s6

« | o1 ¥ _yz 1 . 1 ¥z 8
2 2 2 2 2 2
| _x _z _z _axa o =2 z 2 1
¥ 2 3 4 6 6 4 3 2
o Do thi cia ham so . Y

y = arcsinx nhian dude tu
dé thi clia ham s6 v = sinx
(—%sxs%] bang
cach lay déi xdng qua duong
phén giac thd nhat y = x

thinh 1 >

5.2. Ham s0 v = arccosx
Thu hep ham s0 v = cosx
trén doan [0. 1. ta duge
ham o6 f : [0, 7y — [}, 1]

fien tue va giam nghiém

Fhatr !



ngat vdi tap hop cac gia tri 1 doan [-1, 11. Do dd f ¢d ham
80 nguge 1. 1-1. 11 = (0. x} liéen tuc va giam nghiém ngut
td doan [-1, 1] lén doan [0, x]. Ta ki hiéu ham s0 dd la

¥ = Arccosx.
e Ta co

[x = cos
y = arccosx < ! Y
{0 Sy S =x

arccosx 1a cung thude doan [0, x] ma cosin biang x.
Hién nhién
arccos{—x) = A - arccosx.

¢ Bang bién thién

x|l -¥8 _y2 1, 1 Nz Y3
2 2 2 2 2 2
bt 2 2t & % 4 T,
Yyt e Y 3 2 3 4 6
e D6 thi cia ham s6 y = arccosx d6i xdng véi d0 thi cda

ham s6 y = cosx (0 € x £ x) qua dudng phén giac thd nhat
(hinh 2).
Chu y. Dé dang thiy rang

. T L. .
arcsinx + arccosx = 3 véi moi x € [-1, 1].

5.3. Ham s0 y = arcigx
Ham =6 f(zx) = tgx la lién tyc va tang nghiém ngat trén

khoang ( ) vOi tap hop cac gia tri 1a R Do d6 nd cd

L3
2’2

ham sd ngudge £' : R — (- ) lién tuc va tang nghiém

rolH

K

[N

. %) Ta ki hiéu ham s6 do la

bl H

ngat tt R lén khoang (—

¥y = arctgx.

-1
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J ®x = tgy
® y = arctgx <= _ 7 a
' T et
arctgx 1la cung thuée khoang (- ; %) cd tang bang x.

e DBang bién thién

1 1

X - _ﬁ -1 _T‘_.j- 0 ﬁ' 1 ﬁ +oe
_% _A _x _i o & A a7

y 9 3 4 6 6 4 3 2

e DO thi cia ham s8 y = arctgx d6i xing vdi do thi cua

ham s6 y = tgx (— % < x < '%) qua dubng phan giac tha
nhat (hinh 3).
4 Y
Y
T
_______________ 2 oo--
0 Lx
X
B B
2
flinh 2

2 flahy 1
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Chirong 111
PAO HAM
s1. DINH NGHIA. Y NGHIA HINH HOC

1.1. Dink nghin. Gia s f 1A mét ham s6 xac dinh trén
khoang a. bi. x, € ta, by, Néu tén tai
fix) — f(x“)
lim -—

X —X
XX N

€ R

thi gigi han do goi 14 dao ham cua ham =6 f tai diém X,, va
duge ki hiéu la fix )

Ham s6 { cd dao ham tai diém x_ dugc goi 1a kha vi tai
diém x .

Bat h = x - x,. Khi dd x = x_ + h va

fix, + b) —fix )
fix) = li
X)) 1m b
f—1{1 ¥

1.2. Y nghia hinh hoc

Giasa M (x . fix 1} i)
va Mix. [ixv 1a hai
diém thuoc dé thi (C)

riua ham =6 f. Né&u fx. )
x # x, thi o 35 —
T
(tx) — fix, )
© --——— |a hé 36 gde
X —X

cha duong thang M M. |
Ham 36 f ¢6 dao ham ’

fhiede 1
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fis ) tai digm x| khi va chi khi (C) c6 tiep tuyén tai div M
vai hé s6 goc fix b
Phuung trinh tiép tuyén cda do thi «Ci cla ham s6 f tai
diem M  la :
vy - fix o= fix ) x - x )

1.8. Pgo ham trén méf khoang. Gia st ham s f xac dinh
trén khoang ta. bi. Ta ndi rang { ¢6 dao ham trén (a, bl néu
nd c¢d dao ham tai mei diém x € a, by Khi dd ham =0

- 1a, by = R
Cx o= X
goi 1a dao ham céa ham z6 f trén khoing 1a. b

Néu {* lién tuc trén (a. br thi ta cing noi rang f kha vi lién
tuc trén {a, b) hoac f thuée lap C' trén ta, b

1.4. Dink li. Néu ham s6 { ¢6 dao ham tai diém x thi

fix, + hh = fix, + fix th + othy khi h = 0
(tde 1a fix, + hy = fix ) + {ix th + hotl} khi h — 0).
Cong thuc dung ca trong truong hgp h = 0.
Chitng minh. Dat
fix, +h) ~fix }
h
Ta ¢6 lima ¢thy = 0. Do dd

h—{)

fix + h) - f(xn) = f’('x‘ih + heath)

- f{x)) = ah)

tidce 1a
ftx + h) - ftx ) = f'tx }h + hotl} khi h — 0.

1.5. Hé qud. Néu ham 53 f ¢6 dao ham tai di€ém x thi no
lién tuc tai x .

Chung mink. Tiu 14 suy ra limfix, + h) = f(x,). Vay f lién

fres i

tue rai didm x .

Diéu nguoe lai khong ding. Chang hun ham 36 fixr = | x|
lién tuc tai diém x = 0 nhung khong cd dao ham tai diém nay

-

iy



§2. MO RONG KHAI NIEM DAO HAM

2.1, Gid sau bam s6 f xiac dinh (rén khoang ta, b,
X, € ta, by, Néu

fix) —fix }
lim ————— = 4=
X —x

XN i
thi ta noi rang dao ham cta f tai x, bang + va viét fix ) = +w.
f’t x} = - « duge dinh nghia tuong tu.

1

Vi du. Cho ham sd f(x) = x* x € R. Vdi x = 0, ta ¢o :
!
lim M@ = lim-:’ii = lim—;l— = 4w
xon X70 x—=u o0 V2
Vay £(0) = +o.
2.2. Pao ham mét phia

Dinh nghia. a) Gia s ham s& f xac dinh trén khoang [x . b).
Né&u. ton tai

f(xy —f(x )
lim ——— &
+ XX

X=X
3

3]

thi gigi han dé duge goi la dgo ham phdi cia f tai di€m x
Dao ham phai cta f tai diém x, duge ki hiéu la f'(x + 0).

Dao ham trai caa ham =26 tai mét di€m dude dinh nghia
tuong tv. Dao ham trai cia ham s6 f tai diém x, duge ki hiéu
la f'ix - 01

Hién nhién ham 6 f : 1a, bt = R ¢d dao ham tai diégm
x, € ta, by khi va chi khi né co dao ham phii vad dao ham
trai tai didm x, va fix + 0 = fix ~ 0

TH



Néu ham =0 f co dav ham
phéai va dao ham trai tai
di€m x_ nhung fitx + 0) #
fiix - 0) thi M x , fix )
goi la mét ofidm goc cua do
thi cia ham s6 f. (hinh 5)

Hink 3

§3. CAC QUY TAC TINH DAO HAM

3.1. Pinh li. Gia st cdc ham s6 u va v cd dao ham (hau
han) tai di€m x, Khi dd cdc ham s6 u + v, uv, cu (¢ € R la
mat hiang s6) ¢d dac ham tai diém x, va

a) (u + v¥i(x ) = uix) + vix)
by (uvy (x ) = uwix ) vix) + uix ) vix ),

c) (cu)’ (X)) = ew{x }h

. .. s L . U . N .
d) Néu ngoai ra v(x,} # 0 thi ham s6 — c6 dao ham tai
v
diém x va

VXWX ax VLX)

[vix )
D& cho gon, ta viét cdc cong thuc trén dudi dang
altu + vy o= u + v ; b) tuv) = u'v + uv'
. , , U, vu — uv’
¢) {cu} = cu : d) (-} = —7——
W v

CiAc cdng thic nay di duge ching minh 1rong Giai tich 12,
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3.2. Dao fam cia him =6 hop

Dink ;. Néu ham 56 ;G b — (o0 d) ca dao ham tas diém
te. )y —= R co duao ham tai diém

X, € (a b vd ham =0 g
u, = fix ) tht ham =6 hop h = gof © . b -+ R ¢6 dao ham

tal difm x va

hirx p = ghiu b fix v = o1 x M rox
Chung minh, Vi hiaom =0 ¢ co dao ham a0 didi u, = tix r&
€ . d) nén. theo dinh 1 1.4, véi moi u € te. do,
ghur - ga o= sa - u ) gl ) +otu - ou) e,
trong do  limefuy = 0.
ioon

Do do val mot x € ta. by,
hix) —hix ) = glfix)] - g[fix »)
= [lixy = fix )l gou ) + [fixy — fix ) - il (D

Vi f cd dao ham tai X, nén lién tuc tai x . Do do

limfixy = fix 3
LN

Vay Hmeifix)) = 0 Tu D suv T

TOXTX
hix) - hix )y fix) —tix ) fx) - fix )
S — = e .. g‘[_l,i ‘] + e | f(x)}
X=X, X X, : X =X,

Ix 1. Do do

Eal

val moi x € ia, b

hix) —hix )
Hm - - - -
X

XX

= M opgitu) + fix ). 0 = gu)fix)

Vay h cd dao ham tai divm x va

h".\'“.’ = g.[flxl]llf.ixﬂl.

-1



Hé gua. Néu ham 36 f @ ia. by - te. &y co dao ham trén
khoang ta. by va ham 56 g : te, &) — K g dao ham 1rén khoany
te. dy tht ham =6 hap h = gof co dao ham trin khoang 1a. by v

h = gy = 127 Ot
3.3. Dgo ham cira ham s6 ngitoc

Dinh I f: (a, b — (c. db 13 mot ham =6 lién tue don diéu

nghiém ngat trén khoang 1a, by v ¢ = £ 1a ham =0 nguge
coa { xac dioh trén khoang (e, db = ffra. h]

Néu f ed dao ham tai didm x, € a, b va fix b = 0 thi g

vo dao ham tai diém y = fix r va
) 1
o ' =
b()n) f!tx“)
Chitng minh. V8i moi y € te. dh, ¥y # y . ta co x = gy
= giy b tde la x # x . Khi do
glyy—gly ) X —X, 1
y—y, Iy —fix)  fix)—fix)
C T

Khi y — y, thi vi g lién tuc trén te. & nén giy) — giy o
fix) —fix )

tic la x — x . Do do — fix 1. T d6 co ding thuc

X — X
LRl
can ching minh.

3.4. Chu y Gid ¥ f'{ x ¢ = G Néu chang han [ I3 mgt ham
) oty - fix )
50 tang nghiém ngat thi — > 0 vai moi x € 1a, b,
X — X
it

2(y) — gy}

x # x . Do do lim— — = 4= Vay vy oy = +x. Tudng
" . qe A LU Il
VY v Yo
ty néu fix) = 0 va f ]Ja mot ham s0 giam nghiém ngat thi
. . . . . 1

gty ) = —oo Vi vay, ta ¢d th€ coi cong thic gy ) = Cx) vian

TIY -

1

ding trong truong hop niy.
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$4. DAO HAM CUA CAC HAM SO
LUGNG GIAC NGUOC

i

4.1. {arcsinx) = === -
V1 -x?
arcsinx la ham =6 nguoe cua ham s6

80 y
lién

Vi

That vay. ham

siny tuc

LT
.)].

272

yix) =
Vi -3
Vay y'(x,) !
ay y'(x, —E—
\I_l —x;

4.2, (arccosx) = —

nén ti 4.1 suy ra

1

(arccosx) = —(aresinx)

tang nghiém ngat

Theo dink i 3.3, v6i moi x, € (=1, 1}, ta cd
1

. That vay, vi arceosx =

4.3. (arctgx) = —.
1 +x~

That vay, y = arc tgx 1a ham 38 ngude cua ham 36 y ~—x = tgy
TooA .
A ) Do dsg,

litn tuc va tang nghiém ngat trén khodng (—

v6i moi x, € R,

yix)) =

80

trén doan

A P
5 —arcsinx,
2 ;

-3

-

2
1
1 +Xi

1
- o= cosy, =

1+tey,



§5. CAC DINH Li VE GIA TRI TRUNG BINH

Ta sé& dng dung dao ham, nghién ctiu moét s6 tinh chat khic
cta cde ham s6. Cac dinh li trong muc nay chi r6 néu mat ham
56 thdoa min mot s6 diéu kién nao do trén moét khodng thi tén
tai it nhat mot diém cta khodng nay tai dé ham s ¢ mét
tinh chdt nao dd. Chung duge goi 12 cac dinh i vé gid tri
trung binh.

5.1. Dinh nghia : Gia st f : X —= R la mdt ham sé xdc dinh
trén mot tap hgp s6 thuc X € R. Ta ndi rang f dat cyc dai
(cduc ti€u) tai difm x, € X néu tén tai mdt khoang (a, b) sao
cho x, € (a, b) C X va

flx) = fix) (fx} = {( x))) v6i moi x € (a, b).

Diém cyc dai va diém cuc ti€u x, cia ham s6 f dugc goi
chung la di€m cuc tri cta f.

5.2. Dinh I (Phécma (Fermat)). Néu ham s6 f ¢d cuc tri tai
di€m x_ va cd dao ham tai di€m x_ thi f'x) = 0.

Chung minh. Gid s¥ f xac dinh trén tip hdp 6 thyc X va
dat cyc dai tai diém x, € X. Khi dd, tén taji a, b € R sao cho
x € {a, b) ¢ X va

i

f(x) = f(x,} v6i moi x € (a, b).

fx) —f(x,)
e Vdia < x < x,tacd ————— =0 Do ds

X “—XU

f(x) —f(x_)

f{XlJ = ]il’l’l_"—-}'{"‘;-';("—— = (1}
x_-x” (8}
fix) —f(x,,)
® Vai x, < x <b, ta e6 ———— < 0. Do ddg
' X7X,
fix) —f(x)
fx) = lim ————— < 0 (2)
+ X7X, )
X—X

Ti (1) va (2) suy ra fi(x) = 0.

& GTGTLT-T1 51



5.3. Dinh I{ (Ron (Rolle)) Gia sd ham s6 f : [a, b] — R lién
tuc trén doan [a, b] vA c¢d dao ham trén khoang (a, b). Néu
fla) = f{b) thi tén tal 1t nhdt mot didm ¢ € (a, b) sao cho
f’lc) =0

Ching minh . Vi f lién tuc trén doan [a, b] nén, theo dinh
li Vayoxtrat, f dat gia tri 16n nhat M va gia tri nho nhidt m
trén doan nay.

o Néeu M = m thi fix) = m = M v8l moi x € [a, bl. Do
do f'(x) = 0 v8i moi x € (a, b}y. Cd thé ldy ¢ 14 mdt digm bAt
ki ctia khoang (a, b).

e Néu m <M thi fla) = m hoac fia) » M. Gia st chang
han fla) = f(b) = m. Theo dinh i Vayoxtrat, ton tai it nhat
mot diém ¢ € [a, b] sao cho flc} = m. Vic # a vic # b nén
¢ € (a, b). Theo dinh li Phécma, ta ed f{c) = 0.

5.4. Dinh li (Lagrang (Lagrange)). N&éu ham s6 f lién tuc
trén doan [a, b] va cd dao ham trén khoang (a, b} thi t6n tai
it nhat mo6t di€ém ¢ € (a, b) sao cho

fib) - fla) = f{c) (b - a). (1)
Ching minh. Ta dp dung dinh i Ron. Xét ham s6
-~ f
p(x) = fx) = f@) ~ 2P (¢ —a) x € [a, bl

Dé dang thiy ring ¢ théa man cdc gia thi&t cda dinh If Roén :
® ¢ lién tuc trém doan [a, b],

® ¢ cd dao ham trén khodng (a, b),

f(b) —f(a)

px) = fi(x) - =
e pla) = pb) =
Do dé tén tai it nhit mot di€m ¢ € (a, b) sao cho ¢’(c) =

, , f(b) - f(a
P () = f'{c) '—% = 0
T¥ dé suy ra diang thitc can chdng minh.
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9.9. Dang khac ciia cong thite (1) trong dinh li Lagrang

bat a = x,, b = x, + h. Khi do, ta cd ¢ = x, + 6h, trong
ds 0 <6 < 1 va codng thide (1) duge viét duagi dang

fix + h) - f(x)) = hf {x.+ 6h)

86 thuc h cd thé duong hodc am vi (1) vAn dding néu b <a.

Dinh li Lagrang con dugc goi 1a dinh i vé s6 gia hitu han.

5.6. H¢ qua. Gid sit ham s6 f lidn tue trén doan [a, b] va cd
dao ham trén khoang (a, b). Khi dg :

a) Néu f'(x) = 0 v4i moi x € (a, b) thi f 14 mét ham hang
trén [a, b] ;

b) N&u f'ix) > 0 (f'(x) < 0) v6i moi x € {a, b} thi f tang
(giAm) nghiém ngat trén [a, b]l.

Ching minh. a) Gid st a € x; < X, € b. Theo dinh li
Lagring tén tai it nhat mat didm ¢ € (x;, X,} sao cho

flx;) - flx,) = f(e) {x, - x).

Vi f'(c) = 0 nén ti dd suy ra flx,) = f(x,).

b) dudc ching minh tuong tu.

5.7. Dink Ii (Cosi). Gia st f va g 1a hai ham s6 lién tuc
trén doan [a, b]l, ¢6 cdc dac ham trén khedng (a, b). Néu
g'(x) # 0 v6i moi x € (a, b) thi tén tai it nhat mot di€m ¢ € (a, b)
sao cho

fb) ~fla) _ f(c)
g(b) —g(ay  g'(c}

Dinh li Lagrang la mét trudng hop dac biét cua dinh i Caési.

Trong dinh 1i Cési, néu ldy g(x)} = x, thi ta duge dinh l{ Lagrang.

Chitng minh. Trudc hét ta d€ y rdng ham s6 g théa min
cac gid thiét cua dinh 1i Lagrang. Do dd tén tai mot diém
£ € (a, b) sao cho g{b) —~ gla) = g'(E}(b — a). Vi g'(!) # 0 nén
ti do suy ra g(h) - g(a) = 0.
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Xét ham sé

f(b) — f(a)
g(b} — g(a)
¢ théa man cdc diéu kién cua dinh 1i Ran :

plx} = f(x) — fta) — lgix) — ga)l, x € [a, bl

e ¢ lién tuc trén doan [a, b) ;
® ¢ c6 dao ham trén khoang {a, b} :
fih) — fla
P = £ = i ),
o pla) = pb) = 0.
Do dd tén tai it nhdt mdt di€m c € (a, b} sao ¢'(c) = 0.
T d6 suy ra ddng thic cdn ching minh.

$6. PAO HAM CAP CAO

6.1. Dink nghia. Gid st ham s8 f cé dao ham trén khoang
(a, b}, Khi dd " : (a, b) — R
x +— (%

12 mét ham s8 xdc dinh trén khoang {a, b). N&u ham sd ' cd
dao ham (f')’( x ) tai di€m x, € {(a, b) thi 8 thue (f)'(x ) dugc
goi 12 dao ham cdp hai cia ham s6 f tai difm x, va duge ki
hiéu 1a £°( x ) :
7(x) = (£)(x).

Mot cach téng qudt, ta cd dinh nghla sau

Gid st ham s0 f ¢d dao ham cdp n - 1 trén kh'oéng (a, b).
Khi d6 "V . (a, b) — R
) x — "D

la mét ham s6 xdc dinh trén khoing (a, b). Néu ham s6 g1
cd dao ham tai diém x, € (a, b) thi dao ham dd dugc goi la
dac ham cdp n ctta ham s6 f tai x, va duge ki hiéu la f(n){xo}‘

fCx ) = ¢y (x ).
Pao ham ecta ham $6 f dugc goi la dao ham cdp mot cua f.

Ta quy udc dao ham cip khaong cta ham sd f ]a chinh f.
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Vi du : Cho fix) = sinx. Ta cd
fix) = cosx = sin(x + )
'(x) = cos x + %Y —sinfx +2%
) = cos (x +5) = sin 5)

bo |5

Bang quy nap, ta dugce

Mz = sin(x +nZ

2),xER.

Tuong ty, ta dudc

RN ) i
(cosx) —cos(x+n2>,x€R

6.2. Ham s6 thugc ldp C"

Gia st n la mot s6 nguyén duong. Ham s6 f xdc dinh trén
khoang (a, b) goi la thudc lép C" néu f od dao ham cdp n trén
{a, b) va f'™ lién tuc trén khoang nay.

f goi la thudc 1gp C” trén khoang (a, b) néu f lién tuc trén
(a, b} ’

f goi 1a thudc 16p C™ trén (a, b) néu né cd cac dao ham moi
cdp trén khoing nay.

6.3. Pinh li. Gia st v va v 12 hai ham s6 cd cac dao ham
cip n tai di€m x . Khi dd ham s6 uv cd dao ham cdp n tai
diém x, va

(@)™ (x) = > Chu® (=) v" ™ (x) . (1)
n=Ii}

(1) goi 14 cong thic Laibnit (Leibniz}.

Chitng minh. Ta ching minh céng thdc bang quy nap. Hién
nhién didu khing dinh dung véi n = 1, (uv) = uv’ + w'v. Gid
st (1) ding voi n. Ta chiing minh nd ding vdi n + 1. Lay dao
ham hai v& cua (1) ta duge

n
(uv)(n‘H} — E Ch (u(k} V[I‘I—k‘H) + u(k‘H) V(n_k)_)
k=1
i ) n—1 . .
C LT G R LS G G 00 ey g
k=1 k=1



n—1 n
. : kK {(k+i} (n Ky k=1 (ky _{n+l-k) .
Ma co ZC ——ECnuv (3)
k=0 k=1

Thay (3) vao (2), ta duge

fn
™ = D b S (0 Gy g I
k=1

n
EEFSTY 4 +] 1k k) (nti-k antl (it .
= nﬂu()v(ﬂ )+zcn+!u()v" )+(J2+|“{ byl
k=1
n+1
K k +1-k
= Z Cyy u® w078,
k=10

§7. UNG DUNG bAO HAM VAO VIEC TiM GIOI HAN.
QUY TAC LOPITAN (L’ HOPITAL)

0
Dang vé dinh 5

Gid st f va g la hai ham sd xdc dinh trén khoang {x,, b}
(trén (a, x_)), lim f(x) = 0, lim g(x) = 0 va ta phai tim
. : +

X_’Xq ,‘(_“.‘(”
(x—x,) x=x,)

. f(x) el . ) N
lim —-: Khi d6 ta ndi rdng ta cd dang v6 dinh —. Néu cac
x—x B(x) 0
(—x)

ham s6 f va g déu cd dao ham trén khoang (x, b) (trén (a, x,))
thi trong nhiéu trubng hdp, ta co thé tim duge gigi han trén

qua giéi han cha —,—. M&t cach chinh xdc, ta cd

()

7.1. Dinh Ii (Qui tac Lopitan). Gia st f va g 14 hai ham s3
xdc dinh va 6 cdc dao ham hitu han trén khoang (x , b) (trén
ta, x 1. Néu
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a) lim fix) = lim g(x) = 0,
: - +

X—’X” X_’hn
(x=>x) (x—=x)
£
b} lim —,(.i) =1 (Il € R hoac! = % =}
x—x, B{X)
(x> )
' fi
thi lim+ fx) = [
cox 8%
(x—x )

Chiing minh. Ta ching minh dinh li cho trudong hap x —>x:.
Trudng hep x — x| dugc lap lai tuong tu. Dat fix)) = glx) = 0.
Véi moi x € ( x,, b), cdc ham s6 f va g lién tye trén [x,, x]
va o6 cac dao ham hitu han trén khoang (x,, x). Ngoai ra
gty = 0 véi moi t € ( x, x) (v&i x da gén x). Theo dinh li
Cési, ton tai it nhat moét didm ¢ € (x, x) sao cho

() O -1x)  pe

gx) g —glx) g0
Khi x — x, va x >x_, thi ¢ — x, Theo gid thiét, ta cd

E,(—c*)——rl. Do dé lim @ =1
g ) T )

Tu dinh U trén suy ra

7.2. Pinh li. Giad st f va g 1a hai ham sé xac dinh va co
cdc dao ham hitu han trén khoang ta, b) \ {x,}, x, € (a, b).
Né&u

a) Ilmf(x) = limg(x) = 0,

X=X X—*X
i (3]

f,
b) lim o3 = 7 (0 € R hose [ =+ o,
gix)

,‘(_“.‘(‘

thi HIm—= =
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. N t — X
Vi dy I. Tim lim s —
x —sinx
x—=1)
Ta cd
1
— =1 N
(tgx —x)'  cosx _ l —eosx 1 +cosx
{(x —sinx)’ 1 ~cosx (1 —cosx_]cos"'x cos?x
khi x — 0.
tgx —x
Vay lim & — =
X —sinx
X—X

Trong vi du sau ta ap dung quy tadc Lopitan nhiéu lan.
Vi du 2

.1 —cosx . {1l —cosxzy' .. sinx . cosx 1

lim ;- = lim——————— = l1m--2—— = lim—— = 3
2 . X

x—=u X x—0 (X9 X— 0} x—=0

binh 1i 7.1 vdn ding trong truong hop x, = * =

7.3. Dinh [i. Gia st cac ham s8 f, g xdc dinh va ¢6 cdc dao
ham hitu han trén khodng (a, +=) (trén (-, b)). Néu
a) lim f(x) = lim gx) = 0,
Xx— te X—+w
(x— —x) (x— —)

) o
b} lim ,(x)
x—a+ocg(x)
(x> —2)
. fi
thi lim T =
x— +x: g(x)
(x— —%)

=1l e Rhoac! = + =)

Chung minh. Gia sit hai ham 36 f, g xdc djnh trén (a, +=).
1 .
Dat t = . Khi dd x — +w khi va chi khi t — 0",

1 .
bat F¢t) = f(;-), Gty = g(%), ta co
limF(t) = 0 va limG(t) = 0,

-
[—=1 1=l
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t-
o1
i U , r'{ t ) i f'(x)
im — = lim ———— = lim —/—=
; Gt v a1 + B(x)
t—=i t—0 g (t_) L=}
. i ) ~ - . I?(t) .
Theo dinh li 8.1, ti dd suy ra lim =— = { Do dd
. G
(=1
f
lim “E) =
X +‘xg(x)

Dang vé dinh %

Dinh li sau day cho phép ta \ing dung dac ham dé tim gidi
han thudng cda hai ham s cd dang vo dinh g

7.4. Pink Ii. Gia st cic ham s6 f, g xac dinh va ¢d edc dao

ham hitu han trén khoang (a, x ) (( %, b), {a, b) \ {x} trong
do x, € (a, b}).

!

Né&u
a) lim f{x) = £ e, lim g{x} = + o,
X_‘X”— )(__3'.‘(‘:-
{(x—=x, .x—bx“) (x—x, XX
. P .
b) lim —— =1 {({ € R hoac Il =z =)
oy E(X)
AR
{(x—=*x _x—X )
. ff
thi lim =) =
ceax” B(X)
+

{(x—x, XTI

Ching minh.” Ta ching minh cho trudng hop x — x: (Truong
hgp x — x, dugc chuing minh tudgng tu. Trudng hop x — x,
suy ra tu hai trudng hgp daw. Ta sé lian lugt xét hai trudng
hop : 1 € R va ! =% =,
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1" Gid 4 / € R. T b suy ra vdi mot 0 duong bst ki ¢,
ton tai mot s6 duong x4 sao cho x,+t# < bva

bat x, = x, + . Khi dd theo dinh 1i Cési, 16n tai c € {(x,.x))
sa0 cho

gx) —g(x))  glo)

._ f'ic) £
Vi o <5
nén
fix) — f(xp] £
g gy | T2
tuc la
. fix,)
f(x) £(x) ¢
g exy Y| C 2 W
e
Tt dé suy ra
f(=))

0 _ b fw e |, [0 i)
B(x) T | ax) g()ﬁ)1 g(x,) gx) —g(x))
g

<|pxy + g vai x| < x < x,, (2)
trong do
1 f(x]] f(xz) g(x,)
fx) i, ) fx) g
: = == (] = L) = ]
P00 = g (1 gx) ) = g glx)
g(x) ' g(x}
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f_(x])

. f
Vi lim 8 1 nérn tu (1} suy ra &) bji chan vdi
+ glx,) g(x)
XX, —
g(x)
x # x, di gan %, Do dd LU (3) suy ra lim @(x) = 0. Vi vay,
,‘(_:’X:—
tén tai mot sa duong & <y sao cho
x, < x < x, td = [px)] < —;-
Cudi ciing ta cd
f(x) £, €
Pt e
{(Vx) xn<x‘:x“+6=~‘g(x) l|c2 5 = & i
f(x)
Vi lim =
i + 8(x)
N—X
29 Gia sy l = + oo,
. f f
Vi lim ,[X) = nén “ﬁ > 0 vlix - x, ducng da nhd.
+ 8'(x) g'(x)
XX, )
Lo (X)) . O e g
Khi dd {'(x) = ¢ va lim Py 0. Theo truang hogp 1%, tu do
x—-xr_
E®) gx) o
suy ra lim = 0. D& dang thdy rang > 0 vl x - x,
+ f® f(x)
KX,
fxy _
duong dd nhé, Do dé llm 2 - +a0

7(_“.‘(‘

Chi y. Dinh li 7.4 van dung trong trudng hop x, =1 «.

1
. t cos*x 1 cos3x, ;2
Vi du. lim —2 = lim - = glim (T =3
L tegdx . 93 ., \ COSX
x—3 N 3 N
4 2 cog~3x 2
. . cos3x — 3sindx
Vi lim = lim ———— = 3.
., COosS . —sinx
X X
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o e pe LX) f(x)
Chu y. T lim —- = { khéng suy ra lim ~—% = /
sy BLE) gx)
: e g 2.1 .
Vi du. Vai fix) = x‘sm;  gx) = X, x # 0, ta cé
lim f—(i{l = lim xsin— = 0,
< o 8%) X->0
nhung
L 1
F(x) . _bc:.m; C‘:’j_i
g'x) 1

khong cd gigi han khi x — 0.

§8. CONG THUC TAYLO (TAYLOR)

D& tinh .gia tri cda moét ham da thite tai mot di€m chi cén
thic hién cic phép todn cong, trit va nhan. Tuy nhién viée tinh
cdc gia tri cia cAc ham sd khac nhu cdc ham s6 lugng gide,
ham s6 mi, ham ldgarit,.. khong dé dang nhu vay. Trong muc
nay ta sé chi ra ring nhiéu ham s6 cd thé duoe xap xi bdi
nhiing da thic vdi sai 86 nhé tuy y. Cd nhiéu phuong phap xdp
xi mot ham sé bdi mot da thuc. Mot trong cde phuong phap
duge su dung rong rdi nhat la 4p dung céng thic Taylo. Dinh If
sau day la md rong cia dinh 1i vé gia tri trung binh (Lagring).

8.1. Cong thic Taylo - lang (Taylor-Young)

Pinh . Néu ham sé £ : (a, b) — R cd cac dao ham den
cdp n tai diém x, € (a, b) thi

f?{X“] f-n[x(,) f(n)(

fx,+h) = fx )+ —ih £ b e R ) ()




(1) goi la cong the Taylo—Ilang, h"st(1; = oth") goi 14 phdn
du dang lang.

Chiing minh. Geoi «ih) la bam s6 cdac dinh béi

Pix,) ) e
n- m 3
f(xo + h) = f(x‘])+_‘1!—h+.,.+w'h +_1’1““{ {x{‘)+(;(h)]_
Ta chung minh lim a(h) = 0. That vay, dat
h—1
£ix)  x) £ x, ) ]
—_ — — - —_ n-
f(x,th) —f(x ) BT o1 h 7(11_1)!
p(h) = "
n!

ta duge ath) = pth) - f"4x ). Vay chi cdn chdng minh
lim gm'h) = f{”)(x”),
h-=+0
That vay, ta gap dang vo dinh 0 Ap dung quy tac Lopitan
n-1 lan, ta dudc
f(“_})(x0 + h) — f(”_l)(xu}
h

lim ¢(h) = lim
h—0 h—1

vi theo gia thiét, ham s6 f cd dao ham cdp n tai diém x

= (x|

"Cong thdc Taylo-Iang cho thdy néu thay f(x_ + h) bai da thuc

f(x) fM(x )

P_(h) = f(x) + ——h +

n
i ittt h

thi sai s§ cia phép tinh gin dding 14 R (h) = h"(1) (h — V).
D6 1a mét vo cung bé khong dang k€ so vdi vo cung bé bac n
khi h ~= 0.
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Cong thde sau day cho phép tinh phdn du mot cach chinb
XAC, _

8.2, Pinh 1i 1Taylo). Gia s ham s6 { ¢ cdc dao ham dén
cdp n lién tye trén doan I = [, ] vA o6 dao ham cdp n+l
trén khoAng («, #). Néu a, b € [ thi tdn tai modt s8 thuc ¢
gilta a vA b {c € (a, b} ndu a < b, ¢ € (b, 4) nfu a > b} sao

cho

f,, Ll
fib) = f(a) + -—~(—-) {b—a) +— (a) (b —a)y + . +
f(n)(a) . gin+ n( c) e
*— -(b—a)-i—{ TR (1)
Ching minh. Goi K 1a s6 thue xac dinh bdi dang thic
(b—a)""! ()._‘ _f’___ R _@@ .
1)t K = f(b)—f(a)— a) (b—a) — o (b—a)"'(2)

Ta ching minh rang t6n tai m(f)t s0 thuc ¢ gilta a vA b sao
cho ™) = K.
Thit viay, xét ham s6
f(x) £ (x)

pth} = fb) = £ — —77(b = x) =~ (b — x
f(n)(x) K n+ 1
BT L e A Rl A

Ham s6 ¢ théa méan cac gia thiét cta dinh i Rén trén doan
fa, b] igiad st a < b) : » lién tuc trén [a, b], c6 dao ham trén
(a, b) v pla) = ¢ib) = 0. Do d6 tén tai mét ¢ € (a, b} sao
cho p’te} = 0. Ta co '

”{ ) £(x)

£ .
p(x) = =P+ Fo) — 7 (b—x)+ 11—(b—x)-"‘g(n‘:g(b—x}2—
f(n}(x) n— | f{ ”[ X}
+ (—ﬁ—:ﬁ(b‘—x] - "_'___—(b (b x)
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= T -x)"

Vi ¢c) = 0 nén K = ™).
8.3. Cong thuc (1) duge goi 1a cong thitc Taylo, bigu thie

)
n= (n+1)T'(h"a)n+|

duce goi la phan du dang Lagrang. C6 nhitng dang khac cia
phan du. Trong muc nay ta sé chi dé cap mét dang khac nita
cia phan du, dd la dang Cosi.

Néu ham s6 f thoa man cdc gid thiét cia dinh 1{ 8.2 thi tén

tal mot s6 thuc gilta a va b sao cho

fib)y = fla) + fﬁl) (h—a) + f~2(;32 (b - a)z + ...+
ny,
N @) gy + R, o
n!
trong do
f(n+l)
R, = 711.@ (b—a)b-&)" (2)

Bigu thic R_ trong (2) duge goi 12 phén du dang Cosi.
Cong thie (1) dugc ching minh tuong tu nhu céng thic (1)
trong dinh H 8.2, chi ed diéu khac 1A : v& trai ctia (2) trong

bh—a

8.2 duge thay bai K va d vé phai caa (3) trong 8.2, s6

n!
o L. b—x
hang cudi cing dugc thay bdi —ﬁ—l——K
8.4. Dang khdac cua cdéng thirc Taylo

Trong cac coéng thde Taylo véi phan du dang Lagrang va phan du
dang Cosi, dat x, =a, h = b-a tadugcb =x ,+h,c = x, + fh,
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trong d6 0 < 6 < 1 vA § = x, +8hvai 0 < ¢ < | Cong thic

Taylo duue viét dudi dang

fix) ix,) fVx )
fix, ¥ hy = fix ) ¥ b+ —r-h 4+ + —h" R

trong do :

f‘“"”)(t:c” +hy t

- n+ - . A
R, = e h tphan du dang Lagrang),

f(n+l}(X“ +Hsh) .

hoge R, = —————1 ~@Y"h""! (phan du dang Cosi).

Phan du dang Lagrang va phdn du dang Cési dudng nhién
la bang nhau tuy ching ¢ dang khiac nhau. Ty theo tirng
truong hop ta sé st dung cong thic Taylo vdi phan du dang
nay hoac dang kia.

Véi n = 1, phén du dang Lagrang cd dang f'(x + 6h)h va
cong thiuc Taylo trd thanh céng thite s6 gia hitu han.
~ 8.5. Cong thitc Mac-Lérank {(Mac-Laurin). Gia st ham s6
f thoa man cic gia thiét cta dinh i 8.2 trén doan [0, x] (vai
x > 0) hoac trén doan [x, 0] (v8i x < 0). Trong cong thic
Tayle vdi phin du Lagrang, thay x, boi 0 vda h bdi x, ta duge

o)

11 ﬂ) n+l)
f) = f0)+ Sy + T 2y oy 0) o, £200%) o

1! 2! n! m+1) *

0 <f <1. Céng thuc trén goi 1a cong thic Mae-Loranh.

8.6. Ap dung céng thitc Mac-Léranh dé viét cong thite khai

trién cia ham sé

1) fix) = sinx.
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Ta c6 f7(x) = sin(x + n%) Do dé £2Y(0) = sinknr = 0

f2*10) = sin ( kr + J—;-) = (-1)*. Ap dung cong thic Mac-Loéranh
vdi n = 2k, ta dugce

3 5 2k-1

) X X -1 X
51nx=x—§!-+g!——m+(—1)"1W+R2k(x),xel{
) @0 oy B x
vdl RZk(X) = "(mx = @k—_'_l)!61n(9x + kx + E)

2) f(x) = cosx.

Ta c6 fV(x) = cos(x +nZ

2 )- Do d6 £29(0) = coskn = (-1)*;

2
vdi n = 2k + 1, ta duge

(B gy = cos(k:rr + 1) = 0. Ap dung cong thdc Mac-Léranh

x2 x4 xb 2k

k X
cosSx = 1—--2—!4- E—E!-+ .+ (- m-& Rynxrx€R
trong dd

(205) gez _ 7
Taen® = TErayr T T @k

B.'?.IAp dung cong thitc Taylo dé tim cuc ri ctia ham s6

cos(@x + kz + =m).

Dinh li, Gia st ham s6 f cd dao ham dén cép n tai diédm x,
) = x) = ... = D) = 0 va Mx) = 0.
Khi dé :

a) Néu n chin thi ham s6 f co cuc tri tai diém x,

. ‘néu fMx o) > 0 thi f cd cyc ti€u tai x|

e néu i(“)(x ) < O thi f ¢6 cde dai tai x,

1

b) Néu n 1é thi ham s6 f khong cd cuc tri tai diém x .
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Chitng minh. Khi ndi ham s6 f ¢6 dao ham tai digm X, -ta
hi€u rang f xac dinh v6i x do gén x_, tdc la f xac dinh trén
mot khoang di nhd chia diém x_. Theo gia thist, ham sé f c¢
dao ham cép n tai di€m x . Nhu vay ham s6 va cac dao ham
ctia no f, £, .., 7Y x4c dinh trén mot khoang dd nhé chda
diém x. Ap dung cbng thic Taylo - Iang, ta dugc

tx,)

fix) ~ f(x,) = - & - x )" + o((x — x)™ khi x = x

Vi Wz ) = 0 nén v6i x di gan X, va x # x_, ddu cua

t("}(xn_)

fx) - f(x,) 12 ddu clia s6 hang ——(x - x)" & v& phai ciia

déng thdc trén n&u s6 hang nay khac khéng.

a) Néu n chin thi x - x)" > 0 vdi moi x = %,. Do dd :

e Né&u f(")(xo) > 0 thi f(x) - f(x;}) > 0 v6i moi x dd gén X
Vay f dat cuc tigu tai diém x.

o Néu fM(x) < 0 thi f(x) - f(x,) < 0 véi moi x dit gén x,,.
Vay f dat cuc dai tai di€m x .

b) Néu n 18 thi (x - xo)n < 0 vdix < x, va (x - xu)“ > 0
vii x > x,. Do dé f(x) - f(x ) d6i ddu khi x qua dim x,. Ham
s6 f khong cd cuc tri tai di€m X,

§9. HAM LOI

9.1. Dinh nghia. Gia st [ 12 mot khoang bat ki trong R
(I cé thé la mot khoing mé, ddng, nda mé bi chan hoac khomg),
f: 1 —- R la mé6t hAm s6 xdc dinh trén L.

f goi & mot ham I10i trén I néu véi moi X, x, € 1 va véi
moi A, 4, € [0, 1] sao cho 4, + 1, = 1, ta déu <6

fiyx, + 4,%5) < Af(x)) + A,f(x,).
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9.2. Y nghia hinh hoc

Gia sd x|, x, la hai Y
s6 thuc bdt ki thuoc I, (©)
X < X, M, = (x|, f(x,)),
M, = (x, fix,))

)

Phudng trinh tham sé
cia doan thing MM, la

x = x, +(x; — x, 1 iM, ;

ly = f(x,) +1fx) — xR, E i

IO £l =1 5 ;1 - ; X
Datd, =4, 4, =1 -4,

ta dlI(_ic Hink 6

x = Ax, + A%,
y = Alf'(xl) + ;{zi'(xz),

G, 3, €10, 11,4 +1, = 1)

Nhu vay ham s6 { la 16i trén I néu vdi moi Xy, x;, € [ sac
cho x; <x,, cung MM, cua d6 thi cta ham s& f nim vé phia
dudi dogn thing MM, (M, = (x,, fx)), M, = (x,, f(x,)).

Ta cing ndi rdng d6 thi (C) cia ham 6 f quay bé lom vé
phia trén. |

f goi la mét ham I6m trén khodng I néu -f la mét ham 18i
trén 1.

Ta cing ndi rdng dd thi (C) cia ham s6 f quay bé lom vé
phia duéi.

9.3. Dink li. Gid sq ham 3§ f cé dao ham hitu han trén
khodng I khi dé f 14 mot ham 16i trén I néu va chi néu £ la
moét ham s6 tang trén I. _

Chiing minh. Giad st f 1a mét ham 16i trén I ; X, X, € [;
X < X%, 1 M| = (x,, fix))), M, = (x,, f(x,)). Goi k 12 hé s6 gdc
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cia dudng thang MM, Gid si x la moét s6 thyc bat ki cua
khoang (x|, x,), M = (x, f(x)). Khi dd hé s goc cua dudng
thing MM la

(%) — (x,)
— = k

. (1)
X =X,
va hé s6 gdc cha dudng thang MM, la
f(x) — f(x,)
——— = k. (2)
X — X,
Tu €1) suy ra
' f(x) - f(xl)
fix) = lim ——— < k
v XX
K"“"XI
Tu (2) suy ra
f(x) — f(x;)
f’(xz) = lim ——__;'"'-' = k
X=X, 2

Do dé f'(x;) = f(x,). Vay {" la tang trén 1

Dao lai, gia sit £ 1a tang trén L Goi x,. x, 12 hai s6 thuc
bat ki thudéc I, x; < x, va y = ax + b la phuong trinh cia
dudng thdng MM, (M, = x|, fix}), M, = (x,, f(x,)). Ta s€
ching minh rédng v6i moi x € {x;, x,}, p{x) = f(x) - (ax +b) < 0.
That vay, ta cd ¢(x,) = p(x,} = 0. Hién nhién ¢ cd dao ham
hiru han trén [x,, x,]. Do d6, theo dinh H Ron, ton tai mot s6
thue ¢ € (x;, x;) sao cho p'(c) = 0. Vi ¢'(x) = f(x}) - a la
tdng trén I nén :

e Vdi moi x € [x, cl, ¢’(®) € ¢'(c) = 0. Do dd ham s6 ¢

la gidm trén [x,, c]. TU dd suy ra p(x} < ¢lx)) = 0.
® Voi moi x € [c, x;], ¢’(x} 2 ¢’(c) = 0. Do d6 ¢ 1& tang
trén [c, x,]. TU dd suy ra ¢(x) € plx;) = 0.
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9.4. Hé gqua. Giad st ham s6 f ¢d dao ham hﬁu han trén
khoang I. Khi dé { la mo¢t ham 18i trén I néu.va chi néu

fP{x) = 0 vii moi x € [. :
!

9.5. Pink . Gia s f 12 mdt ham lﬁi. cd dao h&:_:m hitu han
trén khodng I Khi dd véi moi x, € I, tiép tuyén cta d§ thi
(C) ctia ham s6 f tai di€m M_(x, f(x,}} nim vé phia dudi dé
thi (C).

Ching minh. Phuong trinh tiép tuyen tai di€m-M_ cta dé
thi (C} lay = f(x_} + f(x)) (x - x,). Ta ching nnnh

o

px) = fix) — f(x)) - C{x)E —x)) = 0 v6i moi x € L

That vay, ta cd p(x)) = 0. Gid st x > X, Khi do theo dinh
i Lagrang, tdn tai ¢ € (x, x) sao cho f(x) - f(x ) = f’(c) x - x).
Do dd p{x) = [f{e) — £{x )] (x - x.,}. Vi £ 14 tang trén I nén
th ¢ > x, suy ra f(e) 2 fix ). Do dd p(x} 2 0. Trudng hgp
x < x, duge chding minh tuong tu.

Vi du. Ham s6 f(x) = x2 1a 16i trén R vi £°(x) = 2 > 0 véi
moi x € R.

§10. VI PHAN

10.1. Vi phén ciaa ham 86 tai mot diém

Pinh nghia, Giad sd f : (a, b) = R cé dao ham tai di€m
x, € (a, b). Dang tuyén tinh trén R

h — f(x)h

goi la vi phan cta ham s§ f tai diém x, va duge ki hiéu
la dfx,).

Nhu vay dfix)}) : R — R 13 4nh xa tuyén tinh xéac dinh bdi
@fx.)) (h) = f(x )k '
Vi du. Cho ham s6 f(x) = x°* - x + 2. Ta 6
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f'(x) = 2x — 1 ; (-1} = -3. Vi phédn ecda ham s6 f tai diém
x = -1 la dang tuyé&n tinh trén R xac dinh béi.
df(-1)(h) = -3h, h € R.

10.2. Quan hé gifte s6 gia cia ham s6 va vi phin
Gia si ham s6 f cd dao ham tai diem x . Khi dd, ta cd
f(x, + h) - f(x) = [(xh + o(h) khi h — 0
tue la
fix, + h) - f(x,) = df(x_).(h) + o(h) khi h — 0.

Nhu vay v6i mot s gia nhd h chda ddi 8, s6 gia ctia ham
s6 f tai di€m x_ x8p xi bang gia tri tai h cha vi phan cba f
tai di€m x .

Néu f'(x)) = 0 thi

fx_ + h) - fix) dftx )h khi h — 0.

'Chu y ring ta da diong ki hidu dfix ).h d€ chi gia tri tai
diém h cta vi phdn cia ham s6 f tai dlé’m %, thay cho ki hiéu
(df(x_}(h}.

10.3. Y nghia hinh hoc ciia vi phan (xem hinh 4)

Goi (C) 1a d6 thi cia ham s8 f, M (x, f(x))), Mx, + h,
f(x, + h)) 1 hai di€m caa (C).

Goi T va N, theo thi tu, 1a cdc giao di€m cila dudng thang
x = x_, + h vai tiép tuyén tai diém M, cia (C) va véi dudng
thing y = f(z). _

Khi d¢ df(x)h = NT.

10.4. Vi phon cia moét ham sé

Dink nghia. Gia st ham s8 f c6 dao ham trén khoang (a, b).
Vdi mbi x € (a, b), goi df{x) ]la vi phan cua f tai difm x.

Anh xa

ot

x — df(x)

td khoang (a, b) vao tép hop cdc dang tuyén tinh trén R goi
la vi phan cta ham sé f, ki hieu la df.
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Vi dy. Cho ham s6 f(x) = x, x € R. Ta s& tim vi phan cia
ham s6 nay va ki hidu nd 1a dx. Ta ¢6 f'(x}) = 1 vdi moi x € R.
Vol méi x, € R, ta ¢6 df{x)h = 1h = h, h € R, tic la

dx(x)h = h, h € R,
Nhu vay dx(x,) khong phu thufc vao di€m x_. Ki hiéu dx
thay cho dx(x), ta duge :
dx(h) = h. (1)
Vay dx la dang vi phan trén R xdc dinh bdi cong thic (1).
10.5. Dang téng qudt cia vi phdn cia mot ham s6 '

Gia st ham s6 f ¢ dao ham trén khodng (a, b), df(x) la vi
phan cia f tai difm x € (a, b). Dd 1a dang tuy&n tinh trén R
xac dinh bdi

dfix).h = P(x).h = fx)dxth), h € R
Do dé

df(x) = f(x)dx

Chit y. Cong thic trén gidi thich i do cdéa viéc ding ki hiéu

df
- dé’ chi dao ham cta ham s6 f. D¢ 1a ti 6 giia hai phﬁn tu

df(x} va dx cia khdéng gian lién hop dai s6 R cia R,

Vi du. d(e) = 0 (¢ € R A mét hing s8)
d(sinx) = cosxdx
d(cosx) = — sinxdx

dx
d{tgx) =
& cox
dx
d(cotgx) = -
g sin%x
d(arcsinx) = dx
\, 1 —x?
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dx
Vi- x2
dx
1 +x2

d{arccosx) =—

d(arctgx} =

10.6. Cdc quy tac vi phan
Tu dinh nghia cta vi phin suy ra :
Gia s u va v la hai ham 86 cd dao ham trén mét khodng.
Khi dg )
diu + v) = du + dv
d(cu) = edu
d{uv) = vdu + udv
Né&u ngoai ra v = 0 thi
u vdu — udv
d7) = —a
10.7. Vi phén ctia ham s6 hop

Gia st ham s6 x : (@, f) — (a, b} cd dao ham tai di€ém
t € (a, ), ham s§ f : (a, b) = R ¢d dac ham tai didm x(t).
Khi dé ham s6 hgp F = fox cd dao ham tai diém t va
F'(t) = flx(t)]x’(t). Do d6 vi phan cda ham sé F tai diém ¢t la

dFW) = PlxB)Ix()dt = Plx(t)]dx(t).

10.8. Ham s6 khé vi

Ta dinh nghia vi phan ciia mdt ham s tai mot diém qua
dao ham cia ham s6 tai di€ém d6. Ham s8 cé vi phan tai mét
di€m chi khi nd cé dao ham (hilu han) tai di€m dé. Vi vay,
n& moét ham sd cd dao ham tai mot diém ndo dd, ngudi ta
ciing noi réng ndé kha vi tai difm dé. Ham s6 cd dao ham lién
tuc trén mot khoang goi 1la kha vi lién tuc trén khoang dd.
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Chuong IV
TIiCH PHAN

A. TICH PHAN XAC DINH

Trong chuong nay ta $é nghién cdu tich ph&n cGa cdc ham
s6 trén mot doan trong R.

§1. DINH NGHIA TiCH PHAN XAC DINH

1.1. Phép phan hoach mét dogn. Téng tich phan. Téng Décbu
(Darboux)
Gia sd f la mét ham s6 x4c dinh trén doan [a, b] (a, b € R,
a < b). Chia doan [a, b] thanh c4c doan nhd boi cdc di€m chia
X, X - X, trong dé
a=%x,<%x < ..<x =bh
Phép chia nhu vdy goi 1&a mét phép phan hoach doan [a, b],
ki hidu la IT. Hién nhién phép phan hoach [T duge hoan toan xde
dinh bdi cac di€m chia. Vi vay, d€ cho tién, ngudi ta thudng viét
I = {x, %, ... x,} @ = x, < x < .. <x =h
Ta ki hiéu Ax; la doan [x; _,
Nhu vay Ax, + Ax, + ... + Ax, = b - a. D6 dai cda doan 1é6n
nhét trong cdc doan Ax,, ..., Ax_ goi la duéng kinh cia phép
phan hoach T, ki hiéu 1a d{ID. ’
d(IT) = max Ax, = max (x; — X, - ()
i=1....n i=1l....n

, X;) va ch d¢ dai ciua doan nay.
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Trén méi doan Ax, = [x -1» 1 ta lay mét di€m bat ki &,

Tang i .

6 =06l ; &, .., &)= f(.fl)Axl. + (& ax, + .+ f(§ )Ax
goi l1a téng tich ph4n cia ham s6 f ing véi phép phan hoach
11 cia doan [a, b] va v6i cdch chon cac difm £, ., &, trén
cac doan Ax|, ..., Ax .

n
Bay gis gia si f 12 mot ham s8 bi chan trén doan [a, b].
Dat
m; = inf f(x}) ;M = sup f(x) ,i=1, ..,n
x€x_ %] XERE k]

Cic t8ng

s = s(I) = m AR, + myAx, + . + mAx

S = SID = MAx| + MAx, + ... + MAx_,
theo thd ty, duge goi la tdng Dacbu dusi va t8ng Dacbu trén
cia ham s6 f dng véi phép phan hoach TI cia doan [a, b].

R6 rang voi mot phép phan hoach cho truée TI ciéia doan
[a, b] chl cd mot téng Dicbu dudi va mot téng Dacbu trén cda
ham s6- f nhung ¢6 v6 s§ tdng tich phan cia f. (Vi v6i méi
cach chon céc diém §, € Ax;, ta duge mot téng tich phéan caa f).

Dat m = inf f(x) , M = sup f(x) , ta duge
xE[a,b]. x € [a. b}
m(b - a) < (I < o(IT ; £, .., E) S 8D £ M (b -a), (1)
vai moi cach chon cdac di€m § € Ax;
1.2. Dinh ii. Gia sit f 14 mét ham s§ bi chan trén {a, b]
va Il 14 mét phép phén hoach doan nay. Khi d¢

a) T8ng Dacbu trén S(II) cia ham s6 f dng véi phép phan
hoach TI la cfin trén ding cta tap hop cac téng tich phan cua
f dng vai [1.

S(IT) = sup 6(IT ; E1von &)
giEAxi
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b) Téng Pacbu dudi s{I) cua ham s8 f dng vol phép phan
hoach 1T 14 can duéi ddng cia tap hgp cac téng tich phan dng
vgi 1.

s(l) = info(fl ; £§,..., §)-
seax

Chitng minh a) Theo (1) trong 1.1, ta cd

6 ; &, .., &) < S(D
v6i moi cach chon cac diém £ € Ax. Cho € > 0 bit ki. Vi
. . £
M, = sup f(x) nén tén tai § € Ax; sao cho f(§) > ML_ T

xEm;.l
i=1, ..., n. Do dg

o5&, 8) = f(-si)A’-(i > (Mi - bia) Ax; =
i=1 i=1
Tt c T ~ _
_iglMiAxi -5 igl Ax, = S(ID) - &
Vay SImn = supo(ll ; &,, ..., &)
§ €

b) _duc_!c ching minh tuong tu.

1.3. Gia st [T va IT' 1a hai phép ph&n hoach doan {a, b]. Ta
ndi rAng I min hon M n&u I C IT’, tdc 1a méi di€m chia cia
IT déu la mot didm chia cta IT°.

1.4. Gid st f 14 mo6t ham s6 bi chan trén doan [a, b] ; TI
va IT' 13 hai phép phén hoach doan [a, b]. Néu IT’ min hon
1 thi

51’y = 8 ID ; «(I1') = s(ID (1)
Do dg
S(I1") ~ s(IT") < S(M - s(ID). (2)
Chitng minh. Chi cdn ching minh cho trudng hop IT' nhan
duge tit 1T bAng cdch thém vao mot diém chia. Gia su
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I1:a=x, < x, < .. <xi”__I <xi“< e <X =

M:a=x, <% < .. <X _;<¢<¥x <. <
%1

Nhu vay I’ = IT U {e}, trong dé ¢ € (x; _,, X; ). Ta co

.
S(n) = 2 Mi (Xi - xi'|)’ .
i=1
S(IT) = z M, —x_p t M: (c —x _) + M;’ (x; — c),
ey ) - a ) 4 n ™
= sup f(x) ; Ml = sup f(x) ; Mi” = sup f(x)

trong dé M, =
XE[x - x| " xE[xin_,l.c] xE[c‘in]

Hién nhien M, < M, va M, < M,;. Do d¢
M;o(c - xio_]) + M;;(xio —-c) s _
£ Min[(c - xio—l) + (xio =) Miu(xio - xin_]).

T& d6 suy ra
S(M’) < 2 M, - x_) .t Min & - xin—l) =

l#lo

n
= > M - x_,) = S(D.
i=1
B4t ding thdc thd hai trong (1) duge
1.5. Ddy chudn téc nhing phép phén hoach
Dink nghia. Gia sit (T} la mot day phép phan hoach doan

[a, b).

ching minh tuong tu.

l'[n:a=xl_|<xl<m<xpn=b
{I1} goi la mot day chudn téc néu lim d(ll) = 0.
%

108



Vi dy. V6i méi s6 nguyén duong n, goi [1_1a phép chia doan
{a, bl thanh n doan bang nhau

b - - b—
n,={a, a+__ni, a+ 2¥, wat (n— 1) na,b}

{1} 1a mot day chuén thc vi d(I,) = ——= — 0 khi n —w.

1.6. Dinh nghia tich phan xdc dinh

Gia st f 12 mot ham s8 xdc dinh trén doan [a, b], a, b €R,
a < b. Goi {II} la mét day chuln tdc bdt ki nhitng phép phan
hoach deoan {a, b].

Hn:a=x0<xlc...<xpn=b‘

Liy céc di€m bat ki §, € Ax; = [x,_,,x1;i=1, .,p, va
lap tong tich phan

P
6, =06 ;& ..., gpn) = _2 f§)ax, n = 1, 2, ...

Dinh nghia. Néu ton tai mot s6 I € R sao cho vdi mot day
chuan tac bat ki {I1 } nhitng phép phan hoach doan [a, b] va
v6i mot cach chon bt ki cdc diém § € Ax, i = 1, ., p,, ta
déu c6

limo, =1
n—so

thi I duqb goi 12 tich ph&n x&c dinh cda ham s6 f trén doan
[a, bl, ki higu la

b
f f(x)dx.
d
Né&u tich phan trén t6n tai thi ham s6 f duge goi 1a kha tich
trén doan [a, b].

f duge goi 1a ham s8 dusi d&u tich phan, f(x)dx duge goi la
bigu thie dudi diu tich phan, a goi 1a céan dudi, b 13 can trén
cua tich phan.
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Vi du 1. Cho f(x) = ¢, x € [a, b}, trong d6 ¢ € R la mdt
hiang s8. Gia s {[1} 14 mét day chudn tac bat ki nhiing phép
phan hoach doan [a, b].

i

n -2 =X, < %X <

Liy cdc di€m bat ki & € Ax, i

a, =

i,

pn
6y 5 &ps o Bp) = z f(E)Ax, = . cAx,

i=1
P,
= cz.&xi =

i=1

i=1

elb — a), vdi moi n.

Do dd lim 6, =

cb — a). Vay ham s6 da cho kha tich trén
Con—,
[a, b] va

b b
f fix)dx = f cdx

= ¢(b - a).

a

Vi du 2. Xét tinh kha tich ctia ham sé Diriclé (Diritchlet)
trén doan [0, 11. _

1 n&u x hitu ti
D) = 0 néu x vo ti.

Goi {I1,} 12 mot day chufn tac bdt ki nhitlng phép phan
hoach doan [0, 1.

Hn;0=xn<x1< .<xpn=1.
L&y cdc di€m hitu ti bat ki & € Ax, i = 1,

oy Py
Khi dg

P, P
O = 2 f¢)ax; = Z l.ax,
F=1 =1

va lim 6, = 1. '

—*oc

1 voi moi n,

Ldy cdc diém vo ti bat ki 5, € Ax, i

=1, .., p, Khi d¢
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Py Pa
En = 2 f(’li)Axi = 2 O,axi = 0 vai moi n.

i=1 =1

Do dd lim 6, = 0. Vay ham s3 D khong kha tich trén [0, 1].

n— oo

§ 2. PIEU KIEN KHA TICH

2.1. Dinh Ii. N&u ham s6 f : [a, b] — R kha tich trén doan
fa, b] thi nd bi chan trén doan nay. '

Chitng minh. Gia st f kha tich nhung khéng bi chan trén [a, b]
va {II,} 1a mét day chuén tic nhitng phép ph&n hoach [a, b].

Hn:a=xn<xl¢:.,'<xpn=b.

Khi dd ton tai it nh4t mét doan Ax, = [1@:1i —1s %] trén d6 f
khéng bi chan. Trén doan nay cé tl:é' tim ndugc c;ié’m £, sao
cho l f(§i0)| 16n thy ¢. Ldy cdc di€m b4t ki &, € Ax, vai io#r i,
va chon di€m gi“ € Ax; sao cho

lo b = le(m, ; &, ..., Epn)l > n.

Day {o,} khong hoi tu. Do d6 f khéng kha tich trén [a, b].
Diéu nay trai véi gia thist.

Chu y. Dinh 1f 2.1 chi cho didu kién cdn dé ham 5§ f kha
tich trén [a, b]. D6 khong phai la didu kién du. Ching han,
ham sé Diricle D bi chan trén [0, 1] nhung khéng kha tich
trén doan nay.

Dinh l 2.5 va 2.6 36 cho ta diéu kién cdn va du dé mét
ham s6 la kha tich.

2.2. Dink U. Gia si £ 12 mot ham s6 bi chan trén doan
[a, bl, {IT} 12 mét day chudn tdc bat ki nhing phép phan
hoach doan [a, bl ; S()) va s(T ) la cdc tdng Dacbu cda f dng
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v6i phép phan hoach T1 . Khi dd, cac day {S(I1)} va {s{[1)} déu
hoi tu va gisi han cia ching khong phu thude vao day (Il i.
(N6i mot cach khac, néu {I1 } va {11’} 1a hai day chudn téc
bt ki nhitng phép phan hoach doan [a, b] thi
lim S(IF' ) = lim S(I,) va lim s(IT") = lim s(TF ).

H—* o fH— < n— = n—x
Ching minh, Truéc hét ta ching minh rdng néu 11 12 mét
phép phan hoach bit ki doan [a, b).
M:a=t <t <..<f=0>
thi
lim sup S(I1) < S(II) (1)

Ni—+w

S(I) 1a téng Dacbu trén cia ham s8 f dng véi phép phan
hoach TII1.

! !

(8N = E Kat, = 2 Kt —t_)) K; = sup £(x).

j=1 j=1 xEAl}.

pn Pﬂ )
S(I1) =.2 Max, ; s(Il) = 2 mAX,, M, = sup f(x),

i=1 i=1 X E Ax,
m; = inf f(x))
X € Ax

Ta chia téng S(,) thanh hai téng 3 Max; va >, Max,
S6 hang M.Ax, thudc téng thd nhdt néu Ax; chda trong mét
Atj nao dé. Cdc s6 hang con lai thudc tdng thi hai. Trong téng
th hai >, , méi Ax, chia it nh&t mét diém chia t; ndo d6 cia
11 (hon nita Xy <t < x) Vi vay téng thd hai ¢d khong qué
! s6 hang. Ta cd _

S() = 21 MAx, + Ez MAx,

= > Max + 2., max; + 2, M - msx, (@)
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D& dang ching minh
EIM.,&X,. + 22 mAx, < ST

Ngoai ra, dat M = sup f(x) va m = inf f(x), ta ¢6

X E [a. b] XE[ab]
M.

C-m; € M- mva Ax, < AT, i

(3)

=1, ., p,
trong d6 d(I1 ) la dudng kinh cda phép phan hoach 1. Do dd

22 (M, — m) Ax; < (M - m)d(IT) (4
T (2), (3), (4) suy ra
S(I1) < S(M) + M — m) d(f1,) v&i moi n.
Khi n —. thi 4d1,) — 0. Do d¢
lim sup S(I1) < S{ID.

(5)
n—+m=
Bay git gia st {IT } cing la mét day chuéin tic nhiing phép
phan hoach doan [a, bl. Tu (2) suy ra

n—ms

lim sup S(I1) < S(IT") véi moi k.
Do dd

lim sup S(H) < lim inf S(IT’).
n—cc k—+o

Thay dgi vai trdo cia {[} va (I’ }, ta dude
* lim sup S(ITy) < lim inf S(I1).

] n—+«

Nhu vay, ta cd

lim sup 8(IT )} < liminfS(IT") < limsup S(IT'y) < liminf$(I)  (6)
n— o k-—=om - k—= n—+w«

Tu d6 suy ra lim sup S(IT} = lim inf B(T1)). Vay day {S(I1)}
| Rl n—«

hoi tu. T¥ (6) cling suy ra lim S(IT ) = lim S(I1 ).
n—-sa n—o

8 GTGTLT-T1
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Ching minh tuong tu, day {s(Il ot hfﬁ tu va
lim &(IT° ) = l1m s(T1 ).
n— o n— o

2.3. Tich phan trén va tich phan dudi

Dinh nghia. Gia st f 14 mot ham s6 bi chan trén doan [a, b].
Goi {Il} la mot day chudn tdc b&t ki nhing phép phan hoach
doan [a, bl, {s(M )} va {S(IT )} 12 ddy cac tdng Dacbu dudi va
diy cac tdng Dé.cbu trén ung vai day {I1 }. Khi dg

f f(x)dx lim s(IT) ,

n— =

f fix)dx = lim S(1I) ,

theo thu ty, goi la tlch phan dum va tich phan trén ctia ham
s0 f trén [a, b].

e Chu ¥ ring theo dinh li 2.2, moi ham s5 bi chan teén
mot doan déu cd tich phan trén va tich phan duéi trén dean
do va ching khéng phu thudc vao day {m}.

e Vi s{ll;) < S(II,) v6i moi n nén

b b
[ fxydx € [ fz)dx

2.4. Dink.li. Néu f 13 mot ham s6 bi chan trén doan [a, b} thi

b b .
a) s(Th < [ f(xydx < [ fx)dx < S(II) véi moi M € P;

b
b) [ fx)dx = sup s(M) ; [ fix)dx = inf ST ,
a Me?P a MeP

trong dé Pla tap hop tdt ca cac phép phan hoach doan [a, b].
Ching minh. a) Ta viét lai bat dang thdc (1) trong ching
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minh dinh 1i 2.2 : lim sup S(I1)) = S{1) voi moi 1T € D

n— oo
Vi lim 3(I1)) = f f(x)dx , tit dd suy ra
n— o ) a .
b
J fxydx = S(IN) (D

a
véi moi I € P. Ching minh tuong tu, ta cd
b
s(lM < [ f(x)dx
a .

véi moi IT € P. T dd c6 bdt ddng thdc trong a).

: b
b) T (1) suy ra [ f(x)dx < inf S(IT) . Ngoai ra, véi mét day
a MeP
b

chuin tdc {I1_} € P, ta ¢d lim §(M ) = [ fx)dx. Do dé
a .

n—*ob

b
| f(x)dx = inf S(H) .
. a Mef
Ching minh tuong tu, ta duge ding thuc thid nhit trong b).

2.5. Didu kién khid tich
Dink i, Ham sd f bi chan trén doan [a, b} 1a kha tich trémn

doan nay khi va chi khi
b b
f f(x)dx f f(x)dx (1)
a a

Ching minh. Gia st f théa man (1). Goi {N_} 1a mét day

chudn tic bAt ki ophung phép phan hoach doan [a, b],
= o(I; &§,-, &) 1a tong tich phan cia ham s8 f dng véi

n
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phép phan hoach Tl va cdc di€m bat ki & € Ax, i = 1,..., p_
Khi dg

s(lMM) < &

n n € S(IT) véi moi n.

I

f(x)dx = [ f(x)dx. Vay f kha tich trén
21

mL—35'

Do dé Iim 6, =

n— %%

{a, b] va

b b . h
[ fodx = [ fxydx = [ f(x)dx

b h
Bay gis gia st [ f(x)dx < [ f(x)dx. Theo dinh i 1.2 t6n tai
] a

1
cde difm &, € Ax, i = 1, ., P, sao cho 6, — s(Il ) < .

Do d¢ lim 6, = lim 5(I1,) = [ f(x)dx. N&u chon cdc diém
’ d

n—e o H— %

' P
. A T ] 1 » \ ¥
& € Ax, i=1.., p, sao cho 5(I) —5n<;(an= 2 f(¢ i)Axi)

v h
thi lime6, = lim 5(11) = [ f(x)dx. Vay tich phan [ f(x)dx
N =+ o0 n—*os a a

khong ton tai. _

2.6. Dinh li. Ham s6 f bi chan trén [a, b] 13 kha tich trén
doan nay khi va chi khi véi mot s6 duong bat ki €, tén tai mét
phép phéan hoach IT doan [a, b] sao cho

S - s(I) < & (1}

Chung minh. Gid st {f kha tich trén [a, bl va {,} 12 mét
day chudn téc nhung phép phian hoach doan [a, b] Khi dg
lim [S(TT,)) ~s(M )] = 0 . Do d6 S(I1 ) ~s(I1,) < £ v6i n di lon.

n-—+x
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Dao lai, néu véi mot s6 duong bit ki £, tdn tai Il thoa méan (1)
thi ti bat ding thice
b b
s(Th = f'f(x) dx < f f(x)dx < S()

suy ra
tr b _
0 < [ fydx — [ fx)dx < S(I) ~ s(M) < ¢,
] i | .

vdi moi € > 0. Do dd hai tich phan trén va dudi cha ham s6
f bing nhau. Theo 2.5, tit dd suy ra rang f kha tich trén [a, b].

Xem nhu mot bai tap, ban doc hiy ching minh dinh li sau :
b

27. [ f(xydx = I € R tuong duong voi didu kién :
il

Voi mot s6 duong £ bat ki, t6n tai mot s6 dudng & sao cho
vii moi phép phan hoach = doan [a, b) :
mia=%,< X <...<x =Db
va vl moi E e Ax = [x_), x), i =1 n

aney ,

d(r) < & = | f(&)Ax;, — 1| < &
i=1

Trong mot s6 gido trinh giai tich, didu kién néu trong dinh
i 2.7 dugc ldy lam dinh nghia cta tich phan xdc dinh.

§3. CAC LOP HAM SO KHA TiCH
3.1. Pinhk Ii. Ham s6 f lién tuc trén [a, b] thi kha tich trén
doan nay.

Ching minh. Vi f lién tyc trén [a, b] nén lién tuc déu trén
doan nay. Do dd vdi € > 0 bat ki, ton tai & > 0 sao cho
(¥x’, x” € [a, BD [x - %" < & =
= |f(x) - f(x)] < g“%; -
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Gia sd IT1 la mot phép phan hoach doan [a, b] sao cho dill} < &,
n:a=x‘)€x1<.,,<xn=b.

Khi d6d M, - m, < b;a ;1 =1, .., n,
(Mi = sup f(x) ; m, = inf f(x))' . Do d¢é
x € Ax XEAx
n
S - s = DM -m) Ax < ;o 2 Ax, = ¢ .

i=1 1—]

Vay f kha tich trén doan [a, b’] (dinh i 2.6).

3.2. Dinh 6. Gid st f 1a mot ham sé bi chin trén doan
[a, b]. N&u f chi ¢d mot sd hitu han dlem gian doan thi ng
kha tich trén [a, b].

Ching minh. Ta chdng minh dinh H cho trudng hgp f chi
cé mét di€m gian doan ¢ € (a, b). Cho £ > 0 bat ki. Dat
M = sup f(x) , m = inf f(x) . Hién nhitcn M > m. Goi d va e

XE [a,bi xXE [a.b]
lahaisdthucsaochoa<d<c-<e<bvée—d<-—.—§-—.
3(M - m)
Vi f lién tyc trén hai doan [a, d] va [e, b] nén f kha tich trén
hal doan nay. Do d6 t6n tai mot phép phan hoach N, cta [a, d]
va mét phép phan hoach I, cia {e, b]

nl:a=x0<xl<..‘¢xm=d

.Hz:e=y0{y1(...<yn=b
gao cho . .

S - s() < 55 ST - sy < &

Khi d6 11 = I, U I, i4a mét phép phan hoach doan [a, b]
M:a=x,<x <. <3, =d<e=y <y <. <

<y, = b, va '

Sy - s(I) =< S{l'[l} -s{lp) + (M - mMe - d) + S(I1,) - s(I1,)

£ £ £
<3tM-o-may s T3

Do dd, theo dinh 1i 2.6, f 12 kha tich trén [a, b].

3.3. Dinh li. Ham s8 f don diéu trén [a, b] thi kha tich trén
doan nay. B

= £ .
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Ching minh: Gia s ham sé f tang trén [a, b] va f(b) >f(a).
(N&u f(a) = f(b) thi f 14 mot ham hang trén [a, b]. Néu { gidm
“trén [a, b} thi -f tang trén doan nay). Cho £ > 0 bit ki.

Gia st 1 la m6t phép phan hoach doan {a, bi

Mm:a=x,<%x,<..<x,=h
Khi dd
M, = sup f(x) = f(x) ; m; = inf f(x) = fx,.),i=1 .., n
X € Ax X € Ax

n
S - s = Y [f(x) - f(x;- N Ax,

i=1

> i) — £ )1 d(Im)

i=1

M

d(Im) 2 [f(x) — fx;_ D1 = (M) [f(b) — f(a)] .

1=1

Néu I la mét phép phan hoach doan [a, b] sao cho
£ . ) ,
d(m (W thi S({IT) s(Il) < &£ Vay, theo dinh 1 2.6,
f kha tich trén [a, b].

s4. CAC TINH CHAT CO BAN
CUA TiCH PHAN XAC DINH

4.1. Dinh Ii. N8u ham s3 f kha tich trén doan [a, b] thi nd
kh& tich trén m6t doan bat ki [e, 8] C [a, bl.

Ching minh. Vi f khi tich trén [a, b] nén v4i £ > 0 bat ki
ton tai mot phép ph&n hoach TI cua doan [a, b] sao cho
S(M - s(IT) < £ Khi d6 IT" = M U {a, B} 14 mét phép phin
hoach doan [a, b]. Vi II’ min hon Il nén, theo 1.3, ta cd

S(IT°) - s(IT’) < ST - s(IT) < &£

H, = II' N [, f] 14 mot phép phan hoach doan [e, Sl Hién
nhién S(H]] - s(ﬂl) < S(IT") - s(IT’) < &£. Vay f kha tich trén [a, §].
- 4.2, Dinh li. Gid st a < ¢ < b. Néu ham 8 f kha tich trén

cac doan [a, ¢} vA [c, b] thi nd kha tich trén [a, b} va
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b L b
f f(x) dx = f fix) dx + f f(x) dx (1)
H H} LN

Ching minh. Trude hét ta ching minh f kha tich trén [a, b].
Cho £ > 0 bat ki. Vi f kha tich trén [a, c] nén tén tai mot
- phép phan hoach IT doan {a, c] sao cho S(IT) - s(II') < % .

Tuong tu, ton tai mot phép phan hoach M doan [c¢, b} sao cho
Sy - s(”) < & |

2
R =P U " ]a mét phép phan hoach doan [a, bl. Hién nhién
SUD - s = SUT) - s(I0) + SU1”) - s < £+ £ = ¢

Vay f kha tich trén [a, b].

Bay gid ta chiing minh dang thac (1). Goi {IT’ o) va I},
theo thd tu, 14 day chudn tdc nhitng phép phan hoach doan
[a, ¢] va [c, b]. Khi d¢ {,} = {Ir n Y I } la mét day chuidn
tdc nhiing phép phan hoach doan [a, b} va S(TT) = S(T,) + S(IT).
Do do

b C b
J fx)dx = lim S(11,) = lim S(IT )+ Eim 8(IT” ) = | f(x)dx+ [ f(x)dx.
A’ n—oo n —oo [ =+ a <
4.3. Dinh li. a) Néu f va g 1a hai ham s6 kha tich trén
doan {a, b] thl ham so f + g khé tich trén [a, bl va

f (fix) + g(x)ldx = f f(x)dx + f g(x)ydx , (1)

b) Néu f kha tich trén [a, bl va « € R la mét hang s6 thi
b b
f af(x)dx = a f f(x)dx .
a d
Ching minh. a) Gid st (IT .} 12 mot day chudn tic bat ki
nhitng phép phin hoach doan [a, b],

ﬂn:azx“cxi':“.cxpn:b_
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Liy cdc diém bat ki & € Ax; = [x_, x]. Goi 6,0, 6,8,
6.(f + g) theo thd tu la cac tong tich phan cda cac ham s8 f, g,
f + g tng véi phép phan hoach TI| va cac digm &. Khi d¢

Py 5™ Pn
o (f + )= UE)+ g Ax = 3 fE)Ax+ Y gE)ax,
i=1 =1 =1 .

o, (f) + 6 (g)

Do dd

b b :
limo (f +g) = limg (f) + limo (g) = f f(x)dx +_f gix)dx.
d ]

n—es n—>= n—+x

Vay f + g kha tich trén [a, b] va

b b b
[ 1fx) + g0ldx = [ fxydx + [ gx)dx .

b) Dude ching minh tugng tu.

4.4, Nhan xét. Goi Rla, b] 12 tap hgp cac ham sé kha tich
trén [a, b]. Dinh 1i 4.3 ¢é thé dugc phat bi€u dudi dang

binh U

a) R[a, b] 12 mét khong gian tuyén tinh thuc

; b
b) Ham s6 Ria, b] 3 f — f f(x)dx € R 14 mot dang tuyé&n
da

tinh tren Rl[a, bl.

4.5. Dinh li. N&u f va g la hai hAm s6 kha tich trén [a, b]
thi ham s& fg kha tich trén doan nay. '

Chitng minh. Vi f va g la hai ham s6 kha tich trén [a, b]
nén chung bi chan trén doan nay. Do dd, toén tai hai sé thue
K va L sao cho |[f(x)] < K va |g(x)} < L véi moi x € [a, bl.
Gia st (I} 12 mot ddy chudn tic bit ki nhitng phép phan
hoach doan {a, bl.

ﬂn:a=xu<x1€.‘.<xpn=b

V6i moi x’, X7 € Ax, = [x;_, x], ta c6 -
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| fx)g(x") —f(x ")ex ) = x")g(x)) —f(x)gx") Hix)g(x’) —f(x")g(x")
< | g )= 12" + | x| | g(x)— g(x™)]
< L ) - fix'™)] + K|gx') - gix™)
s L IM{f) - my(f)] + K [Mi(g) - m;(g)]
. trong dé M(f) = sup f(x) ; m, (f) = inff(x) . Ki hidu Mg} va
XE Ax XEAx
m;{g) e6 ndi dung tuong tu. T dd suy ra

M (fg) — m,(fg) < LIM(H) — m ()] + KIM(g) —m(@),i=1, .. p,

Nhan hai v& cia bit ddng thic trén v6i Ax, réi cong p,, b4t
déng thdc, ta duoc

S(fg; M) - s(fg; N o S LISU; 1) - s(f; D]+ KIS(g; 1) -
-s(g; I )} trong d¢ S(fg M) va s(fg ) la cic téng Décbu
trén va ducn cia ham sd fg dng vdi phép phan hoach . Vi f
va g 1a kha tich trén [a, b] nén v€ phai cia bat ding thtic trén
dén dén O khi n — ». ‘Do d6 v& trsi cuia bat ding thic cing
din d&én 0 khi n — . Vay ham s6 fg kha tich trén [a, b].

4.6. Dinh li. Néu f va g 1a hai ham s6 kha tich trén doan
[a, b] va f(x) < g(x) vdi moi x € [a, b] thi

b b i
J fx) dx < [ g(x) dx (1)

Dac biét, néu f kha tich trén [a, b] va f(x) > 0 v&i moi
x € [a, b] thi

b
[ fx)ydx = 0 (2)

Ching minh. B&t ding thdc (2) suy ra ti dinh nghia cda
tich phan xdc dinh. N&u f va g kha tich trén [a, b] va f(x) < g(x)
¥0i moi x € [a, b] thi-ham s§ g - f kha tich trén {a, b] va
gx) - fix} = 0 v6i mei x € [a, bl. Do dé
b
J lgx) - f0)] dx = 0 . Tir d6 ¢6 (1)
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4.7. Dinh [i. Néu ham s6 f kha tich irén [a, b] thi ham =6
| f| cGng kha tich trén doan nay va

b b
J f(x)dx| < [ el dx (1).

Chitng minh. Cho £ > 0 bt ki. Vi f kha tich trén [a, b]
nén tén tai mot phép phan hoach T doan [a, b] sao cho
S(f;TI) ~s(f ; I < g, viill :a € x, < x < .. <x, = b ;

n f
S(€; M = XM @®Ax ; sf 3 ) = Ym@Oax ;
i= 1=
M(f) = sup f(x) ; m; = inff(x) , i =1, .., n.
X € Ax x € A

Véi moi x’, X7 € Ax, ta cd
£ - [E=)H < [#x) - fx)].
T dd suy ra _
M) - m(f) € M) ~mD, i =1 .., n
Nhan béat déng thuc trén véi Ax, réi cong n bdt ding thdc,
ta dugc

S(f| ;) -s(fl ;T < 8¢, M -s(f; M < &
Vay ham s8 |f| kha tich trén [a, bl
Bay git ta ching minh b4t ding thie (1). Ta c¢o
)] = fix) < | f(x)| v6i moi x € [a, bl.
Theo dinh Ui 4.6, bdt déng thic trén kéo theo

bt b b
— [ i) ax < [ fx)dx s [ [f(x)} dx .

Tit d6 cd bat ding thic (1).
4.8. Pinh Ii. Néu ham s6 f kha tich trén doan [a, b] va
fix} > 0 vai moi x € [a, b} thi
h
f flx)ds > 0.
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Ching minh™ Vi fix) > 0 trén [a, b] nén theo dinh I 4.6,
b

ta co f fix)d= =2 0 .

I

Gia su f f(x)dx = 0. Trudc hét ta ching minh rdng voi mot
A

s6 £€ > 0 bat ki, tén tai mét doan [, Bl C [a, b] sao cho
p-a<&vaflx) < e vii moi x € [a, Bl
t
That vay, vi [ f(x)dx = 0 nén inf SUH = 0 (P Ia tap
d _ Mef
hgp cdc phép phan hoach doan [a, bl). Do d6 tén tai moét phép

n
phan hoach M doan [a, b] saoc cho S(H}:E M;Ax; < g(b —a)
i=1
(ﬂ ={a=x,x;,..,x,=b}, M, = sup f(x)), Tén tai it nhiat mot
X € Ay
i sao cho M; <&, vi néu khong thi

n n
S = Y ¢.Ax, =£ 3 Ax, = £(b ~ a) ,
i=1 i= I
diéu nay mau thudn véi bat ding thic vita néu & trén. Ta goi
doan Ax, = [xi_], x;] dd la [a, f]. Khi d¢
M; = sup f(x) = sup f{x) < £ = f(x) < £ v6i moi x € [a, Bl
X € AX X € [ex. f]

Cd th€ ldy doan [«, f] sao cho B - a < &£ vi, néu cén, cg
thé thay doan nay bsi mot doan bit ki c6 d6 dai nhé hcn £
chia trong {a, f].

Theo diéu vita ching minh, véi £ = I, tén tai mot doan
fa;, b,] C [a, b] sao cho
b, - a < 1l vafix) <1 voi moix e [a,, b]
Vi
) b i, b, b b,
= ff(x)dx = ff(x]dx + ff(x_}dx + ff(x)dx = ff(x)dx =0
i i

i b, iy
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h]

nén f f(xydx = 0 .
iI.I

Ta ap dung diéu vita chding minh che ham s6 f trén dean

1 .
la,, b]. Véie = 7 tén tai mot doan [a,, by] & {a;, b,] sao cho
1 o
b, —a, < 5 v fix) < 5 vOi moi x € la,, b,].

Bang quy nap, ta dugec mot diy doan [.an, b 1 ed céac tinh
chat sau
(i) [a, ] 5 {a, )] D .. D [a, bl D ..
1
(ii) b, - a, < —

1
(iit) fix) < 5 vai moi x € [a, bl

Theo bd dé.Canto, tit (i) va (ii) suy ra réng ton tai mot
di€ém duy nhdt ¢ € [a,, b, v8i moi n. Ti (iii) suy ra
1 . .
0 < f{c) <« 5 vdi moi n.
|
Digu nay khong thé xay ra vi s f(c) v6i n da lon.

b
Vay [ f(x)dx > 0
b |

4.9. Dinh Ili. Néu hai ham s8 f va g 14y cdc gia tri bang
nhau tai moi di€m caa doan [a, bl tri ra tai mot s6 hitu han

diém «), .., a vA moét trong hai ham s6 kha tich trén [a, b}
thi ham s6 kia cing kha tich trén doan nay va

b b
J feydx = [ gxydx .

Chung minh. Gid si ham s8 f kha tich trén [a, b]. Khi d¢
g=f+{g - va px) = gx) - f(x) = 0 vdi moi x € [a, b] \ .
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May, .., agt. Ta chdng minh ¢ kha tich trén [a, b] va
_]' p(x)dx = 0 . That vay, dat L = max {|fla), ..., [fle)}l} va
3

goi {I1 .} la mot day chudn téc bat ki nhitng phép phan hoach
doan {a, b], 6(I1 , &) 1a tdng tich phan cia ¢ dng v6i phép
phan hoach IT  va cac difm &, € Ax,, i = 1, ., p, Ham s6 ¢
khdng dong nhédt bang 0 trén nhiéu nhét 1a 2k doan Ax,. Do dé

oM, &) < 2Lkd(H ) v6i moi n. Do dd lime (11, 5)
n— o

b
Vay [ p(x)dx = 0
Fi

§5. CAC DINH Li VE GIA TRI TRUNG BINH
CUA TiCH PHAN

5.1. Dinh li. Néu ham s6 f kha tich trén doan [a, b] va
m < f(x) £ M v6i moi x € [a, b] thi tén tai mot s6 4 € [m, M]
sao cho

ff(x)dx =pb - a).

5.1 goi la dmh H vé& gid tri trung binh cta tich phan,
Chitng minh. Ta cé
b b b
mb —a) = [ mdx < [ fx)dx < [ Mdx = M(b - a) .
a a

d

Do do
b

1
ms——_~—ff(x)dx£M.
a
. )
56 thuc y = —— f f(x) dx théa man k&t luan cda dinh 1.
d

126



5.2. H¢ quda. Néu f la moét ham s6 lién tuc trén [a, b] thi
tén tai it nhdt moét difm ¢ € [a, b] sao cho

b
f fx)ds = fc) (b — a) .

Ching minh. Dat m = min f(x) , M = max f(x} . Khi d¢ vi

b XE[a,b] X E [a.b]

J f(x)dx € [m, M) nén theo dinh 1i Bonzano-Cosi,
a4

#=p-a
tén tai it nhdt mot sd thuc ¢ € [a, b] sao cho f(c) = pu.

5.3. Dinh li. Gid st f va g 12 hai ham s§ kha tich trén doan
fa, b]. Néu '

a)m <€ fix) € M vii moi x € [a, b],

b) g(x) khong ddi ddu trén [a, b),
thi t6n tai {t nh&t mot $6 thue 4 € [(m, M] sao cho

b b

[t gx)dx = ¢ [ gx)dx .

5.3 goi 1a dinh I vé gis trj trung binh md rong cia tich phan.
Chitng minh. Gid si g(x) = 0 v6i moi x € [a, bl. Khi dd
tit bat ddng thic trong a) suy ra
mgi(x) < fx)g(x) < Mg{x) véi moi x € {a, b].

Do dd
b b b

mf gxdx < [ fx)gx)dx « M [ gydx . (1)
a a d
b
e Néu f g(x)dx= 0 thi tit bat ddng thic (1) suy ra

b
f f(x)g(x)dx = 0. Cé th€ ldy x 1a mét s8 bdt ki cta doan [m, M].
4 .

b
e N&u f g(x)dx > 0 thi tit (1) suy ra

-
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I

f f(x) g(x) dx

b
J fix) gx) dx

S6 thyc u = ————— théa man ket luan caa dinh I

f g(x)dx

Trudng hop gx) < 0 v6i moi x € [a, b] duge ching minh
tuong tu.

5.4. Hé¢ qud. Gia sd f 1a mot hAm s8 lién tuc trén doan {a, b]
va g la mot ham s6 kha tich trén [a, b]. Néu g(x) khong déi
ddu trén [a, b] thi tén tai it nhdt mot s6 thue ¢ € [a, b} sac cho

b b
J =) gx)dx = f(c) j g(x)dx .

Chung minh. Dat m = min f(x) , M = max f(x) . Khi do,
X E [a,b] xE{a, b
tén tai mdét s6 4 € [m, M] thoa man déng thde trong b) cia
dinh 1i 5.3. Vi f lién tuc trén [a, b] nén, theo dinh li Bénzand -
Cosi ton tai it nhdt mot s6 thuc ¢ € [a, b] sao cho f(c) =
Tu dd cd ding thic cidn chitng minh.

b
§6. TICH PHAN [ fx)dx VOI b < a
. 4

b
6.1 Cho dén nay, ta chi xét | f(x)dx véi a < b. Vi a = b,
ta cd cdc dinh nghia sau :
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al f fix)dx = 0 v4i a € R,

b) Véia, b e R, a > b,
b

f fx)dx

- f f(x) dx.
b

6.2. a) Dinh i 4.2 van ding véi ba s8 thuc a, b, ¢ sép dat
theo mot thd tu bat ki mién 13 ham sd f kha tich trén cac
doan dugc xét

h C b
_f f(x)dx = f f(x)dx + f f{x) dx.

That vay, néu ching han a € b < c¢ thi, theo dinh If 4.2 va
dinh nghia 6.1, ta cd

b

J fxydx = [ f(x)dx

+

J fxpdx .
b

Do dd

C b
[ fxydx + [ fexydx.

t

h c <
: f fix)ydx = ff(x) dx — J' f(x) dx
H o b

b) Dinh }{ vé gis tri trung binh cua tich phan cing vdn duing
trong cic trdong hop a = b.

§7. NGUYEN HAM. QUAN HE GIUA TiCH PHAN
XAC DINH VA NGUYEN HAM

7.1. Dinh nghia. Gia sd f va F la hai ham s6 xac djnh trén
khoang I C R. Ta goi F la m6t nguyén bham cia f trén [ néu

F'(x) = f(x) véi moi x € I
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7.2 Dink li. Néu ham s6 F la mét nguyén ham cda ham sé
f trén khoang I thi cac ham s6 F + C, trong d6 € € R 1a mot
hing s6 bat ki, 1a tdt cA cdc nguyén ham cta ham s6 f trén L

Chiing minh Ta ¢d [F(x) + C]' = F'ix) = f(x) vdi moi x € 1.
Vay F + C vdi C 14 mét hang s§ bat ki 1a nhing nguyén ham
cia ham =6 f trén L

Ddo lai, néu ham s6 G la moét nguyén ham cta ham s§ f
trén I thi

(Gx) -Fx)y = G'x) —F'(x}) = f(x) — f(x) = 0 v&i moi x € L

De dé G(x) - F(x) = C khong d&i vdi moi x € L Vay
G =F +C.

Tit dinh li trén dé& dang suy ra

7.3 . Néu ham s6 f ¢6 nguyén ham trén khoang I, x, € I
va y, la mot s6 thyc bat ki thi ton tai mét nguyén ham duy
nhiat G cda f trén I sao cho G(x,) = y,,.

Quan hé gida tich phan xic dinh vi nguyén ham

7.4. Gid sd f ]a moét ham s6 kha tich trén doan [a, b]. Khi
dé vdi moi x € [a, bl, f kha tich trén doan [a, x], tic 1a tén
.- x N . -

tai tich phan [ f(t)dt .
P I

[a, b] D x — F(x) = { f(t)dt € R

la mot ham s6 xdc dinh trén doan.[a, bl.

7.5. Dinh Ii’ N&u f'la mot ham s§ lien' tuc trén doan [a, b]
thi ham sé

_ I .
Fix) :'f fitydt ,'x € [a, b], - -
'I_J

124 mét nguyén ham cta ham 's§ f trén [a, bl
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Chirng minh. Gia st x 1a mot s0 thuc bat ki cua [a, b] va
h la mo6t s6 thuc sao cho x + h € [a, b). Khi dd
v+h X

Fix + b - Fx) = [ fiydt — [ ft)dt

H
xth

= [ fitydt .
X .

Theo dinh i vé gia tri trung binh ctia tich phan, ton tai c
x+h
gila x va x + h sao cho _f f(ty dt = hf{c) . Do do
X

F(x + h) - F(x) = hf(c).
V3t h = 0, ta ed
F(x +h) —F(x)
h
Khi h — 0 thi ¢ — x ; do do f{e) — f(x) (vi f lién tuc trén
[a. b]). Vay Flix) = f(x).

= fic) (1)

7.6. Pinh li. Néu f la .mét ham s6 lién tuc trén [a, b] va
ham s6 G la mo6t nguyén ham cda f trén [a, b] thi

b L :
J fxydx = Gb) — G(a). (1)

a : o o

. . : ".x . ’
Chung minh. Vi F(x) = f_f(t.) dt vd4 G 1a hai nguyén ham

ciia ham sé f trén {a, b] nén tén tai mot héng s6 C Sao. cho
Fx) = G(x) + C v6i moi x € [a, bl.

Dac biét; F{a) = G(a) + C. Vi F(a) = 0 nén C = -Gta). Do dd
F(b) = G(b) - Gla), tic la | D

ol
[ fx)dx = G(b) - G(a). -
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¢11 goi 1a cang thic Nivton-Laibnit (Newton). Nguai ta thuong

. .. A ST, v . -

dung ki hicu G{x) F dé chi hieu Giby - Gl va 11 duge vidt
il

dugi dang
b |
[ fxydx = Gex) |

Trong thye hanh. nhu sé thiy. bing nhing phuong phap
khac nhau, ngutti ta tinh duge khd nhiéu nguyén ham. Cong
thue Niuton-Laibnit cho phép tinh cdc tich phan x#dc dinh nho
cac nguyén ham. '

> :
Vi du 1. fcnsxdx = sinx I‘: = sin% - s5in0 = 1.
1 !
Tdx 1, 2
? le.xzz(._;) ll__fu{'”__

7.7. Tich phan khong xdc dinh

Ta biét rang néu f 1a moét ham sé lién tuc trén doan {a, bj
X
thi ham s6 x -—’f fitydt , x € [a, b], }4 mét nguyén ham cia
ham s6 f trén [a, b]. Vi vay ngudi ta dung ki hiéu ff'{x)dx dée
chi mot nguyén ham bat ki cda ham s6 f. Mot nguyén ham cia
him s6 f eing duge goi la mot tich phan khéng xic dinh cua f
I
Chu ¥ rang ki hiéu fﬁx}dx biu thi mot =6 thue con ki hiéu
ff'{x}dx bi€u thi vé 36 ham sé : cic him s6 nay doi mot khac
nhau mot hang so.

Tit dinh nghia cia nguyvén ham suy ra

7.8. Dinh 1i. Néu f va g 1a hai ham 3 lién tuc trén mot
khoing va « € R la mot hang s6 thi
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1) f[f{x) + wix)|dx = fl'{x}dx + fg[x;dx :
I f cefixydx = o f fixydx.

$8.-PHEP DOI BIEN SO. TiCH PHAN TUNG PHAN

8.1. Phép dai bién s6 dya trén nhan xét sau .

Gia sd I va J 1a hai khoang, ¢ : T = J (x — u = px) 1a
mot ham s6 cd dao ham lién tuc trén I va f:J — R (¢ — flun
la mot ham sd lién tue trén J. Néu F 1A mdt nguyén ham cua
f trén J, tuc la

f.f(u) du = Fiu) + C . C la mot hang s6 bat ki, thi Fup la
mét nguyén ham cia (frye’ trén I, tdc la
Jtlpx)] ¢'x) dx = Flpix)] +C . x € 1
That vay, ta ¢ Ftur = flu) véi moi v € J. Do dg

d
e Flp(x)] = Fllpx)]¢'(x) = flpx)) ¢’ (x) vai meoi x € L.

Vi du 1. Tinh I(x) = f sin"xcosx dx . Xx € R,
" Ta ¢d I(x) = [sin”x(sinxydx . Thuc hién phép d6i bién s6
3
u = sinx, ta dudc fuzdu = o + C . Do dd

3
sin’x
lx) = —5— +C.
Trong thyc hanh, d&€ cho tién, ngudi ta thudng vist
fsi_n_?'xcosx dx = fsinzx d(sinx}). Dat u = sinx, ta duge
3 3
I(x) zfuzdy=u§v+c= b“:;x + C.

Cha y rang day chi la mot cach viét hinh thac. Ki hieu dx
trong tich phin xdc dinh cing nhu trong tich phan khong xac
dinh khéng lién quan gi dén vi phan caa ham s6.
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: ; dx
Vi du 2. Tinh I(x) = f——
N (X —a)‘

Ta cd dix - a) = dx. Dat u = x - a, ta dugc

1
a-x

+ C.

d(x — a) du i
{x) f « _a)z f =z .

8.2. Trong nhédn xét 8.1, néu ngoai cac diéu kién da néu, ¢
la mot song dnh va
| flpx)]p’x)dx = G(x) + C
thi
J ftwdu = Glyw)] + C,

trong dé ¢ : J — I 1& ham s6 ngugc cua ¢.

Vi du . Tinh Kx) = [Va? - x° dx (a >0).

Ta thuc hién phép d8i bién s6 x = @t} = asint,
—% £t < % . Ham s6 cd dao ham ¢'(t) = acost lién tuc trén
doan [—g—, %:l Hiam =6 I bién thanh ham s6 J xdc dinh trén

TR
72 2]

1 1, 1,
=3 azf(l + cos2t)dt = ~2~a‘t + Ea‘sintcost + C.
; " . . . . n X N
Ham s6 ¢(t) = asint la moét song anh ti [~§, EJ lén
X
[-a, al. Ham s6 ngude y cla ¢ la : t = px) = arcsing .

- a =< x £ a Do dé

134



[

= = ssin = + = his — +
I(x) 5 @ arcsinz +2a 3 1 - c

[ ¥]

1 . 1
=3 azarcsinz + ‘éxdaz - x2 +C, x € [-a, a].

Cing nhu trong hai vi du trong 8.1, trong thyc hanh mgudi
ta thudng viét mdt cach hinh thuce :

bat x = asint, —% €t = % , ta duoec dx = acostdt. Do dd

fVa? — x% dx = [ acost.acostdt = ...

1 2 1 ? .
= — + = + G
zat Za sintcost + C

1 X 1
= —a’aresin— + Ex\’az — %2 + C.

2 a

8.3. Phép ddi bién s6 trong tich phén xéc dinh
Néu ¢ : [a, f1 = d ( t — p(t)) 12 mét ham s6 cé daoc ham
lién tuc trén doan [a, ], J 12 mot khoang trong R va f : J —R
mét ham s6 lién tuc trén J thi
(&) B
J fyax = [ flptN ety de .
(1) a
That vay, goi F 1a mot nguyén ham cta ham s6 f trén khoang J.
Khi d¢ theo 8.1, Fop 12 mit nguyén ham cua ham s6 (fop). ¢’
trén {a, 8]. Theo cong thdc Niuten-Laibnit, ta co
B

8
[ flp®l @’®)dt = Flp@] - Flp] = [ f(x)dx.
@ p(e)

P
Vi du I. Tinh I = f sin’x cosx dx .
0 '

Dat u = sinx, ta dudc :
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el
ol —

Vi du 2 Tinh I = [ Y1 - x* dx .

Dat x

sint, 0 < t <

a

2
cos’t dt = %f{l + cos(2t))dt
1}

ro b

i

i=

Il

e b2 | H

t 1 .
J (-2— + Zsm(2t)) I" =

Tich phan ting phin
Dé dang chdng minh dugc

8.4. Gid s0 u vA v 14 hai ham s6 c¢d dao ham liéen tué trén
khoAng [. Khi dé

JuvEdx = u@vx) - [ vixwxdx.
D& dé nhd ngudi ta thudng vist cong thdc trén dudi dang

fudv‘: uv — fvdu .
Tu cdng thic trén va coéng thic Niuton-Laibnit suy ra

8.5. Gid st u vd v 1a hai ham s6 ¢d cdc dao ham lién tuc
trén doan [a, b). Khi do
b b
fu(x)v’(x)dx = u(b)v(b) — u(a)v(a) - f v(x)u'(x)dx.
a4 i
Nguai ta thudng viét cong thic trén dudi dang
b b
f udv = uv lh ~'f vdu |
o 4 A

Ap dung

8.6. Cong thic Taylo véi s6 du dagng tich phan

Dinh It. Néu ham s6 f cd cac dao ham lién tuc dén cdp
n + 1 trén doan [a, b] thi
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f () £'(a) .
fib) = fa) + —p7- (b — a) + 5 (b — a)° +

R

}”+f x) £n 0 dx. (b

(1) goi la céng thic Tayle vdi s6 du dang tich phan.
Ching minh. Vi n = 0, (1) tré thanh

b
flb) = f(a) + | Pxydx .

D6 1a cong thde Niuton-Laibnit. Gia su (1) ding véi n, tuc
1a f ¢d edc dao ham lién tuc dén cdp n trén [a, b] va

f(b) = f(a) + «f"—{-?l( a) + rz(a) (b —a)t + . +
n—1)
+ H(b - —1i + f [b X) f(")(x) dx {2)

Ta ching minh (1). That vay, gia st ham s6 f c6 dao ham
lién tuc dén cdp n + 1 trén doan [a, bl Ap dung céng thic
tich phan timg phdn vae tich phan & v& phai cua (2}, ta duge

b _en—i N b . _n
/ (b(n i{)1)! (0 dx = — o 100 N o O 0 D ax

7 (a b -
= __n(' )( a)" + f ( ) £n+ Dixy dx.
Thay vao (2}, ta duge (1).
8.7. Céng thic Oalit (Wallis)

a

5
A

Voi mbi n, dat [ = f sin"x dx .
0
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Ap dung céng thdc tich phan ting phin, dat

u = sin" 'xdx ; dv = sinxdx, ta duoc
du = (n - D)sin™ “xcosxdx, v = —cosx.
£
Ed 2 _
I = —sin" 'xcosx |2 + (n - 1) [sin" " 2 xcos’x dx
0
I

=

2
= (n — 1) { sin" "% (1 — sin’k)dx , hay
o

I,=m-DI_, - (n- DI Do ds

I, = o [,_,voin =z 2

1) Vi moei n = 1

2n -1 2n—-1 2n-3

L, = 2n Lip-z = 2n 9n-—2 2n—4 =

_2n-1 2n-3 1
T 72n " 2n-2 "2

I, .

1.3.5..(2n—1)

= A

T _ z
Vil =Jac=gnenly, = ———— 35 O
2 Vaimoinpn = 1,
i _ 2n i _ 2n 2n——2I _
m+tl ™ 2n41 20717 Zn41 2n—1 2n73 7
_2n 2n-2 EI
T 2n+1 2n-1 737!
2
Vi Ii=fsinxdx=1nén
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I . 2.4.6.2n 2)
a1 T {3 5. @n+l) )
Tir (1) va (2) suy ra
Ln 1.3.5..(2n-1)2 7
= (2n + 1) 5 . (3)
L+ [ 2.4.6..2n ] 2
Vi 0 < sin®™'x < sin®"x < sin®™!

. . b4 ;
x vii moi x € [0, §] nén

1 < I2n+l = IZn s LG—l‘
Do dao '

Ln- 9n +1 1
1 < 20 £2"l=n =1+ — vdi moil n = 1.
La+1 L+ 2n 2n

I

2n

lim
n— = 2nt ]

Tu (3} va (4) suy ra
1.3.5...(211—1)]2 o

=1. {4)

lim [

n—x

|
7

2.4.6..2n

Dang thic trén goi la céng thie Oalit.

B. HAM SO LOGARIT. HAM SO MU. HAM SO
LUY THUA. CAC HAM SO HIPEBOLIC

Dai s6 11 va Giai tich 12 da gidi thidu cac ham s6 mi, ham
s¢ l6garit va ham s6 liy thua. DAau tién ta da nghién ctiiu ham
s6 mi sau d¢ 1a ham s6 lagarit , ham sd ngudc cua ham s6
mi., Ham sé ldy thita duge dinh nghia qua ham s6 mi va ham
50 légarit. Trong phin nay hai ham s6 logarit v ham s6 md
sé duge trinh bay theo moét thd ty khdc. Cach lam nay gon,
nhe va tidt kiém duge thai gian.
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s1. HAM SO LOGARIT

. 1
1.1, Dinh nghia. Ham 56 x — " lién tuce trén khodng (0. 4w,
Véi mdi x > 0, ta dat
X
dt
Inx = f — .

It

56 Inx dwge goi la logarit tu nhién hoae logarit népe cta s6
duong x.

Tu dinh nghia suy ra ngay Inl = 0.

1.2. Dink &. Ham s6 In : (0 , +») — R cd dao ham, tang
nghiém ngat trén (0, +w), nhan moj gid tri trong R va c¢6 cic
tinh chéit sau :

a) dafx]) = % vai moi x » O,
b) Inixy) = Inx + Iny, x > 0, y > 0,
X, '

JInf{~} =Inx -1 0 0,

c) n(y) nx —Ilny,x >0,y >

d) Inix") = rinx véi moi x > 0, r € Q.
) 1
Ching minh. Ta cd (Inx) = 5 > 0 véi moi x > 0. Do d¢6

ham s6 In tang nghiém ngat trén khoang (0, +oo).

a) Hién nhién ham s6 x In|x| xdc dinh véi moi x = 0.

Néu x > 0 thi (In|x|»

f

, 1
tlnxy = =~ |
X

Néu x < 0 thi (Inlx|) Un(-x))’ = — (-1) = .

1
Vay (Inlx|)y = " véi moi x = 0.

b) C6 dinh y > 0 va xét ham s6 x — Inixy). Ta cd
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Hpixy )’ = — y = — vdi moi x > 0.
X X
Do dd _
Inxy) = Inx + C. x > O,
Vai x = 1, ta duge C = Iny. TU dd cd dang thie can ching minh.
l 1
¢) Trong cong thie by, vai x = v ta ¢ In v —iny . Tu
dd suy ra
X = n(x. Inx + In- = Inx — |
- o= =3 = lInx n~ = Inx — lny .
n v n [.x y) y y
d) Néu n 1a mot s6 nguyén duong thi tu b) suy ra
Inx" = In(x.x...) = Inx + Inx + ... + Inx = nlnx, x >0.
N
n thia so

Néuy = VYx . x > 0thi y" = x. T dé nlny = Inx : do do

1
lnw = ;lnx .

Néu r la mot 36 hitu ti duong, r =

el ]

trong d6 p, q la hai
50 nguyén duong va x > 0 thi

l‘

1
Infx’') = In(x) = a n & = P Jox = rinx .

=

Néu r 1a mot s6 hiu ti am thi r = - r' trong dd r’ la mét
s6 hifu ti duong.

1. .
ln(x')=ln(——;) = =lnx') = —-rlnx = rlnx .
-

Ham s6 x - Inx khong bi chan trén (0, +20). That vay, ta
cé In2 > Inl = 0 va In2" = nln2 véi mei n nguyén duong Vi
ham s0 In tang va khong bi chan trén nén

lim {nx = +oo,
L



Vi lnx = —ln;{- vai x > 0 nén

liminx = —e |
x—=1

Vi In la mot ham s6 tién tuc trén RS = (0, + «) , tit dd suy
ra In(R}) = R .

1.3. Nhan xét. Ham 56 In : RY. — R la m-+ phép dang
cdu ti¥ nhdm nhan R% cac sd thuc duﬁng lén nhom cédng cac
s6 thue R.

Viln : R, — R la mét toan dnh ting nghiém ngit nén ti
1.1.b) suy ra nhan xét trén.

1.4. D6 thi cua ham s6 y = Inx

Bdng bién thién

4 ¥
x| 0 1 +oo
y ‘_0‘3_..-- 0 .+ ye i
LS . - 1 A » .
¥ =*-—2-.<0v01m(_)1
’ X
x > (. 0 1 . x
Ham s6 la lém trén
(0, +w) .
1.5. S6 e

Hinl 7

Vi In la mot song danh ti (0, +w) l&n R. nén ton tai mot so
dudng duy nhat, ki hiéu Ia e, sao cho

Ine = 1.
e goi la co sd clha logarit népe. DS 1a mot =6 siéu viet, Li
thuyét chudi sé cho ta cach tinh s6 e ; e = 2 718281828...
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Légarit véi co 36 a
1.6. Dinh nghia. Gid sd a lAa mdt s6 duong khac 1. Khi dé
lna 14 mot 86 thue khdc 0. V8i méi x > 0, dat :

Inx |

IOgHX = *1*1'1':1

Ham s¢ log, xdc dinh trén (0, +w) goi 1a ham s& logarit voi
co sO a.

Hi€n nhién log.a = 1 va log, l1a mét phép ding c&u ti nhom
nhan R) lén nhdm cdng R.

Tit dinh nghia trén va dinh { 1.2 suy ra

1.7 a) {log,|x}y = dna X > O

b) log (xy} = logx + logy, x > 0, y > 0.
c) logd(z) = logx —logy ,x > 0,y > 0.
d) log,(x) = rlogx, x > 0, r € Q.
1.8. Logarit thap phan _
Trong tinh todn ngudi ta thudng dung l6garit véi co s6 a = 10.
Logarit co s6 10 dudc goi la l6garit thap phan va ki hiéu la
lg. Nhu vay, v6i x > 0, lgx -= log x.

§2. HAM SO MU

Ham s6 ma vdi co sd e _
2.1 Dinh nghio. Ta biét rdng ham s6 In : R}, — R 1a mot
phép didng cfiu t¥ nhém nhan R, = (0 «) lén nhém cong R.
Anh xa nguge (nv! TR — Ri ciua ham sé ln duge goi 1a ham

s6 ma va duge ki -hidu la exp.
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Hién nhién ham =0 x v expx 1 mot phép dang cdu tit nhom
cong R 1én nhom nhan R, . tie la mat song anh va
expix + y) = expx.expy voi moi-x, y € R.
Bd la mét ham s6 tang nghidm ngat trén R,
2.2. Voi moi r € Q. expr = e,
That vay. td 1.2.d) va dinh nghia cia 36 e suy ra rang vii
moi r € Q,
Intexprt = r = rlne = In(e’).
Do dd vi ham s6 In lA tang nghiém ngat nén
- expr = e
Diéu nay goi y ta dung ki hiéu e* trong dd x la mét sd thuc
bat ki d€ chi s6 thyc expx :
X

e = expx, x € R. _
Nhu vay ham s0 x =» ¢*, x € R la ham s6 ngugc cda ham
s6 logarit x — Inx, x € R
X — e goi 1a ham s6 mi véi co sb e.
Tiu dinh nghia cia ham s mi suy ra
23 aly = ¢ < x = Iny v6i moi y > 0.
b) ™ = x vai moi x > 0.
o) InieY = x vdi moi x € R.
Vi x — e% la mét ham s8 tang nghiém ngat xdc dinh trén R
va lay moi gia tri cda khoding (0, +=) nén ta cd
24 Gime* = 0valime' = +o .
X— - x X-»+x
2.5. Pgo ham cia ham sé6 mi

@)’ = e° vdi moi x € R.

Il
»

That vay, dat y = fix) = e', g = ' Khi dd gy} = Iny

v
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1 i 1
€ =f(x)=—=-—=7=y=¢.

2.6. Vi ham s mi x ~ ' la ham s6 ngugc ctia ham s6
logarit x - Inx nén dé thi cia ham s6 ma d&i xing véi d6 thi
cia ham s6 logarit qua
dudng phan gidc

thid nhat. 4y y-e
Bdng bién thien
X 1-—::0 0 4o
¥y =eX| 0O - 1 L +c /1
: 5 .
Vi () = e* > 0 véi
moi x € R nén x »» &*
]A mdt ham sd 16i trén R.
Hinh 8

Ham s6 ma vdi co sé a (a > 0)
2.7, Dinh nghia. Gid s a > 0. Véi mdi x € R, dat
expx = a° = &ne
Véi a # 1, ham s6 exp, goi 1a ham &6 md véi cd s6 a.
e Véi a = e, ta dugc ham sé¢ ma x — &~

e Vai r € Q, ki hitu a" bi€u thi mot s6 y da biét.
(Chang han néu r = % , trong dé p va q la hai s nguyén
q
duong thi a" = Ya” ; néu r 13 mét s6 hitu ti am thi
.

1
a =F)
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Tit 1.2.d) suy ra Iny = rlna. Do dé y = ™.

2.8. Him s6 x — a* (a > 0, a # 1) 1a ham s6 ngudc cla
ham s6 x r> log.x, x > 0.

That vay, véi moi x € R,

. 1 Ina
y = a° = ™ hay log’yzﬂ*z{———

- Do dg

e Vdi a # 1, ham s6 x ~» a* la mot phép ding cfu ti
nhém cong R 1én nhém nhan R

® Vdia > 1, ham s6 x — a* 1a ting nghiém ngat trén R.

e V3i 0 < a < 1, haim s x — 2" 12 gidm nghiém ngit trén R.
29 Néua=>0Db>0 x, vy €R thi
a) (a*) = a'Ina,

b) a¥¥ = a¥a¥

c) (ab)* = a*b*

d) @)Y = a®.

Ching minh. a) (a¥)’ = (™)’

= e (xlna) = e¥™ng =

= a’lna.

b) Ta cg
ln(a"+-") = (x + y)lna,
In(a*.a¥) = In(a¥ + In{a’) = xlna + ylna.

T dd suy ra dang thic trong b). Ciac ding thdc con lai duge
chiing minh tuong tu.

2.10. D6 thi cia ham s6 ma

Véi moi x € R, ta ¢6 1* = 8™ = o°
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Vgi 0 < a # 1, d6 thi cia ham s6 y = a* d6i xing vai dé
thi cia ham s6 y = log x qua dudng phan giac thi nhét

y=a* 2Y y=a (8> 1)
(D<a<t)

) Hinh ¥
2.11. M¢t vei gidgi hen ding nho

+
2 lim2AED
x—{ X
Do dd
In{1 + x)_ ~ x khi x — 0,
1 ' :

b) lim(l + x)* = e .
x—0
Do do
. 1.n
nlgl:o(1+n) =e.
Chitng minh. a) Daoc ham cia ham s6 f(x) = Inx tai diém

=11a (1) = 1. Do do
f(l1 +x) - (1
lil( X) f().

x—={)

Tit dJ suy ra ddng thic cén chding minh,
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by Ta co

] i
- ~Inil + %

(1 +x)% = &5 vai moi x # 0 va x > -1,
Vi ham s6 mid lién tue trén R nén
| CoIngl
- lhim— —‘ —
lim (l + X)" = " ’ = (—il = ¢
X =it

§3. HAM SO LUY THUA

3.1. Gid st « € R. Ham s6 x = x* = "™ xdc dinh véi
moi x > 0. Tap xac dinh cha ham s6 lay thita vdi s6 mé o« € R
bdt ki la (0, +eo).

Ta biét ring néu n 1a mot s6 tu nhién thi ham s y = x"
xac dinh trén R, néu n 13 mét s6 nguyén am thi ham s6 xac
dinh vdi moi x = @ :

Néu n la mét s6 nguyén duong lé thi ham sé tang nghiem
. ' [

ngat trén R. Ham s6 nguge cia né la y = x" = ¥x .

Néu n 12 mot sd nguyén duong chan thi ham s6 tang nghiém
ngat trén [0, +«). Khi d6 ham thu hep cla né trén [0, +co) cd

ham s6 nguge 13 ham s6 y = ¥Yx , x = 0.

O day ta s6 chi xét ham sé liy thita véi s6 mié o bat ki
trén khodng (0, +4w). Khi d6 v6i moi @ # 0, ham s6
]
f(x) = x" ¢d ham sé nguge € '(x) = x* |

3.2. Pao ham

Ham s6 y = x” ¢d dao ham véi moi x > 0 va

yy = ¢ xl'.!'_]

That vay, ta cd

(e L 0y
= {e )

(x" - efrlnx

= («Inx) = x =ax""!.

L]
1
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3.3, Nguyén ham

o+
X

ar Vai « = 1, J-x'dx = 3 +C .

d
by f <= = nlx] +C.

3.4. Su bién thién va do thi ctig ham s6

it

o Viia =0, y=x"=1;viia=1y = x.

Ta 3¢ chi xét sy bién thién cha ham s6 vdi « = 0 va « # 1
a) Truong hop « > 0

o y = ax‘!
agat trén (0, +»)

> 0 vai moi x > 0. Him sd tang nghiem

-t e . r
e y' = afec — I)x" " > 0 vdi moi x > 0 néu « > 1.
y

¥y < 0véi moi x > 0néu 0 < ¢ < L.

Vay ham 30 16i trén (0, +®) néu « > 1|, lém néu 0 < o < 1.

e limy =lime'™ = 4+ ; limy = lim '™ = ¢
Xx— +3x% L - x_..||+ x—1)

vi limlanx = — =),
.‘.
x-*0

Vi lim+f(x) = 0, thic trién ham s6 1én 10, +=). bang cach
X =i} .

dat {0y = 0, ta dugc maol ham s lién tuc 1rén [0, +o).
f(x) — f(0) x" I _ |0 néu«>k

Vi lim = lim — = linx"“ "' = .
+ x—0 + X e} l+°¢' néy 0 =< < 1
X-=1 x—{) X

nén

® Vi « > 1 do thi cda ham =0 nhan truc hoanh la tiép
tuyén tai di€dm 0.

e Vdi 0 < « < 1, tryc tung 12 tiép tuvén cta d6 thi tai
digm 0.
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Bdng bién thién

x| 1 + oo

y |
Poé thi {xem hinh 10}

b) Truong hop « < 0
o Y =ax” ' <0 véi moi x > 0. Ham s6 giam nghiém

0 _
o . -1 "t

ngit trén khodng (0, +<).
oy’ '=.a(a — 1)x" 72 > 0 véi moi x > 0. Ham s6 16i trén
(0, +w). '

o limy = lime*™ = 0 ; limy = lim e®'™ = + .

+ +
x— te= X—+ +o0 =1 x—0

D4 thi cia ham s& nhéan hai truc toa d6 1a céc dudng tiém can.
Bdng bién thién '
+oo -

X | 0 o1 : '
y [J+e =1 —. 0

-

Do thi (xem hinh 11).

Hinh 10 Hink 11
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Vi véi moi @ € R, @ # 0, ham s6 f(a) = x* ¢6 ham s8
. . | ‘
nguoe 1a f7(x) = x7 nén cac d8 thi ctia hai ham s6 y = x" va
| _

y = x_ d8i xdng voi nhau qua dudng phan giac thd nhat.

§4. CAC HAM SO HIPEBOLIC

4.1. Pinh nghia. Cac ham sd

b f+e™ N -
= M s =
chx 5 ; X 3
shx X —e™¥ 1 e“+e®
thx=‘£=ﬁ; COthx_W"-x _x,x:‘-'O,
e +e X e —e

theo thd ty, dugc goi la cosinhipebdlic, sinhipebélic, tanghipebdlic
va cotanghipebblic.

T dinh nghia suy ra . :
. ¢ch(-x) = chx ; sh(-x) = —-shx ; th(-x) = -thx ;
coth(-x) = -cothx, x = 0. : -
ch 12 mdt ham sd chén, sh, th va coth 12 nhiing ham s6 lé.

D&i voi cdc ham s6 hipebolic, ta cd cdc cong thic tuong tu
nhu d48i vai cde ham s6 lugng gide.

4.2. Vi moi %, y € R,
a) ch’x - sh’x = 1.
1
ch’x
¢) chix + y) = chxchy + shxshy,
d) shix + y) = shxchy + chxshy,

thx + thy
1 —thxthy

b) 1 — th%x =

e) thix + y) =
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Ching minh. a) Tu dinh nghia cdia shx va chx suy ra

chx + shx = ¢

X

, chx — shx = e

- X

Nhan hai dang thic véi nhau ta duge ding thic a).
b) Chia hai v& cia a) cho ch’x, ta duge b).

X

¥ -y

ef+e™ te¥ et & -¢
¢} chxchy + shxshy = 3 ) + T 5
Xty 4o 1Y)
=278 — = ch(x +y) "
2
Cac cong thic con lai duge ching minh tuong tu.
4.3. Dgo ham
Dé dang thi lai cac cong thic sau :
(chx)’ = shx ; (shx) = chx ;
1 . 1
(thx)’ = —— =1 = th*% ; (cothx) = - , x = 0.
obx e

4.4. Sy bien thién ciia ham s6 y = shx
® y' = chx > 0 vii moi x € R. Ham s8 tang nghiém ngat

trén R.
@ limy
X-—=—
lim y

X—++m

.y"=

= +a .

shx = 0 vdi moi

x 2 0, y' < 0 vdi moi
x < 0. Ham 86 lam trén

{-w, 0] va 18i trén [0, +x).
Bdng bién thién. D3 thi
(h.12)
X |"°° 0 4o
¥y | —co 0 = 4o

Y4
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4.5. Sy bién thién ciia ham 6 y = chx _
¥y =shx ; ¥ <0 vdix < 0.y > 0vdix>0; yuh =0
Ham so giam nghiém ngat trén (-, 0] va tang nghiém ngat
trén [0, +o). Ham 36 dat cuc
tiéu tai diém x = 0. Y

limy = +o ; imy = +w
N X—+ t+x y=chx
LAl

¥y’ = chx > 0 vdi moi
x € R. Ham s6 16i trén R. 1

Bdng bién thién. Do thi
rth.13)

X ‘—oo ] +0
yli+oo . 1 . tw

4.8. Sy bién thién cia Hinkt 14
ham sé y = thx
1

y = ;2; >0 vii moi x € R. Ham s3 tang nghiém ngat trén R

-1
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limy = -1 ; limy =1

K= x— +w
vy 2 k) . 1 LR L -3
y’' =.(1 - thx)" = —2thx. —— 5,y € 0veix. 2 0va
ch“x

y* > 0 v6i x < 0. Ham s6 16i trén khoang (-, 0] va lom trén
khoang [0, + )
Bdng bién thién. D6 thi th.14)

Cac ham s6 hipebélic nguge

4.7, Ham s y = argshx

¢ Ta biét ring ham s6 y = shx lién tuc tang nghiém ngat
trén R va 14 moét song anh t& R lén R. Do d6 né ¢d ham s§
ngugc lién tuc tang nghiém ngat va 14 mot song anh t R lén
R. Ham s6 nay duge ki hiéu 14 y = argshx.

Ta ed o
e y = argshx <= x = shy.
1
e (argshx) = T5— voi moi x € R. (1)
x“+1 .

That vay, ta cd

, 11
(argshx) = (?EF = Ei.l;

Vich’y = 1 +sh’y = 1 +x° va chy > O nén chy =Y1 + x2.

Tu d6 suy ra (1),

e argshx = In(x + Vx2 + 1) v0i moi x € R. (2)
That vay, dat y = argshx. Khi dd shy = x ;

chy:dl,{_xz ; ef = shy+chy= X+d]_-.+x2 . Do da
y = Inx + V1 + x?) , tic 1a ta ed (2).
o D6 thi (xem hinh 15a)
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4.8. Ham sé y = argchx

e Ham s§ y = chx lién tuc tang nghiém ngat trén khoang
0, +) , y(@) = 1, limy = +o, nén nd la mét song anh ti
. X— +w
[0, +) lén khoang [1, +=). Do d6 nd cd ham s0 nguge lién
tuc va tang nghiém ngat tit [1, +e) lén [0, +oo). Ham s0 ngude
cia ham s§ y = chx duge ki hi¢u la y = argehx

Ta co
e vy = argchx =x = chy, y 2 0.
1
e (argchx) = ——— v0i moi x > 1. (1
& sz-l

That vay, ta cd
1

(chyy ~ shy
Vish2y=ch2y—1=x2—1véshy.20(doy-“;ﬁ)nén
shy = ml . Tt do suy ra (1) '
® argchx = In(x + m} vii moi x = 1.° (2)
That vay, dat y = argchx, = = 1. Khi dé chy = x va
shy:\IXT:_I.Doddey=x+m.Ti(d_dsuyra(2)‘
‘s Do thi (xem hinh 15b)).
4.9. Ham sé y = argthx

(argchx) =

¢ Ham s6 y = thx lién tuc, tang nghiém ngat tit R 1én khodng
(-1, 1). Do d6 nd cd ham s6 ngugc lién tuc tang nghiém ngat
tu khoang (-1, 1) lén R. Ham sd nay dugc ki hiéu 1a y = argthx.

Ta co

e y = argthx < x = thy. .

e {argthx) = véi moi x € (-1, 1).

1 —x?
That vay, ta cd

1 |

thy) 1 -thyy  1-x2

(argthx)’ =
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1 1 +x

o argthx = . In T vai moi x € (-1, 1

2 1
That vay. dat y = argthx, -1 <

x <-1. Khi dé

e —e ¥ ¥ —1
x = thy = ———— = -— .
e +e? e+ ]
b l +x 1 +x l l +x
T dg et = —2 . 2y = ——Z Vv = - — e
g e ]_x_.Zy ln. T Vay y zlnl_x_ttu'
la ta co dang thdc edn chung minh.
o D6 thi (xem hinh 15c)n.
$y 4y
¥y = argchx
y = argshx
X
0 x 0 1 o
a) b}
y
y = argthx
1 0 1 X
)
Hiute 15

156



$5. CAC DANG VO PINH MU

Gid st {a, b) 14 mot khodng, ~» « a < b € +o, X, € ta, b
thoac x| = a, hoac x,, = b), u va v 1a hai ham 36 xic dinh trén
tap hop (a, b) \ {x }, trong d6 uixy > 0 v6i moi X € (a. b) ix, 1.

Khi dé y = fix) = [wx]™™ la mot ham sé xac dinh trén
(a, B\{x}. Gia su
lim u(x) = « vi lim vix) = g
X""'x“ x_‘x"
{x—=+x x—+x ) . {x-+x x—x )

Khi d6 0 £ ¢ € +o vi o € 8 < 4o,
Ta viét ham s6 trén duéi dang
y = M|
Néu khi tim gigi han cia ham s6 z = vix)lnfutx)] khi x —x
x —=>x ,x X,). ta gap dang vo6 dinh 0., tdc la xay ra mét
troﬁg cac trudng hop sau
a) f = 0, a = 4
=0 a=20
I = 2o, 0 =1
thi ta ndi ring cd dang vé dinh
, 17
Viéc khi cdc dang vo dinh nay quy vé viec khit dang vo

0
dinh o Ta sé& xét mot s6 vi du.

Vi du 1. Tim lim (%)'gx .

x— ' X°
Ta cd dang vo dinh «” khi x — 0. Ta viét ham s6 da cho

dudi dang (_Iz_)lgx = e 1gx|nx2 = e AEXInix| _ e 2 véi
X
z = tgx Inix|. Khi tim lim z, ta gap dang v6 dinh 0 «.

h i)

155



Ap dung quy ‘tic Lbpitan, ta dude

1
) . Inlx] i x ~ sin’x
limz = lim = lim T =~ lim = 0.
X-—*{) x—= COtgx x—{ — X =0

sin

1
Viy Hm —z)lgx=e°=1.
x—=0 "X

Vi dy 2. Tim lim x° .

x—+[1+
Ta gap dang voé dinh 0° khi x — 0'. Ta cé x* = &™
Ap dung quy tic Lopitan, ta dugc

1
- . Inx . X .
lim xlnx = lim — = lim = =~limx = 0.
+ 1 +_1 +
X+ x—=0 - x—=[} __2 x-+{
X x
Vay limx* =" = 1.
+
x—{

§
Vi du 3. Tim lim x! 7%
x-_'l
1 1
—Inx

Ta gap dang v6 dinh 1° khi x — 1. Ta ¢6 x! 7* = ! 7%

Ap dung quy tdc Lopitan, ta duge

= -1

1l
3
Il

lim 1 —=

1
Inx . X
Xx—1l x—t _1_

® | -
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§6. CONG THUC KHAI TRIEN HAM SO LOGARIT VA
CAC HAM SO LIEN QUAN

Trong muc nay, ta sé ap dung céng thic Mac-léranh (I11.7.4)
dé viét cong thic khai trién cta ham =6 légarit, ham s6 mi
va ham 36 liy thua.

6.1. Ham s6 fix) = &

Ta ¢ fV(x) = € vdi moi x € R va v6i moi n.

f™}(0) = 1, véi moi n. Do dd
%2 ' <" sl
T= bt by e
S=larg HTYSTY L
vii moi x € R, trong d6 0 < 8 < 1.

6.2 Ham s6 In(l + x)

Ta c¢é f'(x) = L =(1+x7; ME = (1 +x7?%;
fMx) = (- 1)"‘1(:. - 1) 1 (1 +x)°". Do dd
2 3 n+1
In(l+x)=x -G+ - +(-)" > +( Hn = L

n+1‘(1+6x)“”
véi moi x > —1, trong d6 0 < # < 1. '

6.3. Ham 36 (1 + x)% (a € R) _

Taecd £(x) =a(l +x)“ '; £'(x) = afa - 1)(1 + )72
%) = ala -1 .. (@-n+1d +x°"". Do dé

(O =1, =a; .. ;%) =ala~1) .. (@ -n+ 1.
Ti d6
_1 .
Q+x*=1 +'%x + %‘Lz_!_)xz + o+
afa—1) .. (a—n+1) '
+ — x" + R (x) (1)
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vdi moi x > -1, trong dd

afae — 1) ... fx —n) -n— .
R (x) =- (n + 1 (1 +oxy" """ 0«6 <D
{phan du dang Lagrang)
hoéc
a1y .. (a— -
Ryx) = = @ Jn! =8 g - ) (1 + xR g0
0 <& < 1)
(phan dv dang Cosi)
hoac

R (x) = o(x") khi x — 0 (phdn du dang Iang).
Néu n la mét s6 nguyén duong thi

+ n(n —1) 244 n(n—l)...lxn
2! n!

véi moi x € R vi R (x) = 0 véi moi x € R. D6 la cong thic

khai tri€n nhi thic Niuton da biét.

(1 +x)" =1 + nx

Ta xét moét vai trudng hgp dac biét.
o Viia =-1, ta co

1
1+x

=1l —x+x -2+ L4 (D% 4 ox") (x - 0).

¢ Thay x boi - x, ta duge

1

T = l+rx+ + L +x" +ox) (x ~ 0

Ta xét thém mdt vi du khdc,

e Viét khai tri€n cla ham s6 f(x) = ¥x theo cac ldy thua
cia x - 1 vdi n = 3.
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1

x — 1, ta duge ¥x = \[1—-?; = (1l + _\/')E :

1 .
= = , ta dugc

bat vy =
Ap dung cang thic (1) trong 6.3 vai «
3

Sl N SR A N
ﬁ+_y—l+2 s T 1g T o)y =0

-1 ~ 1)° -1y :
ol o B s - 1)) - 1

= +
vx 1 2 8 16

6.4. Tinh gan dung gia tri cia ham sé

Ap dung cong thic Taylo, e thé tinh gian ding gia tri cia
ham s6 véi dé chinh xac cao tuy y néu s5 du R, dan dén 0

khi n — =, '
1 vac cdng thic (1) trong 6.1, ta dude

1 1 o
0 <8 < 1. (1)

1
2+§+3_!+“‘+n!+(n+_1)!‘

Vi du. Thay x =

.e =
Truée hét, ta ching minh e < 3.
1
=nm(1+—)“ (xem 2.11.b))

n

_Thz?lt viy, ta oo e

n— = )
Ap dung cong thic khai trién nhi thic Niuton, ta cd
-1 -2
n{n —1}(n —2) “1._+ .

1 1 n-—-1) 1
(1+5)"= L+n. 420z 1,
n n 2 n 3! n}
nn—1}..(n—-n+1) 1
+ : —
n'! "
1 1 1
<Zrtytmtety
1 1 l
< 244 e+ o< 8
2 2t 2 2"
£ 3 Trong (1) v0i n = 6, ta co

vdi moi n. T dd suy ra e
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11-GTGTLT-T1



PR S R T D
c=lt gty tatata Tt

e = 2+ 05 + 0,16667 + 0,04167 + 0,00833 + 0,00139
e = 2,718086.
C e - 99 s ¢
Salsomataphamphéllaﬁ,o46< 1 Vil<e « 3
1 & 3
nénﬁc-,?—!<ﬁ.Tfrdo’suyra

2,71826 < e < 2,718686.

e duge tinh vdi d6 chinh xac dén ba chit s6 thap phan. 86 n
cang lon, d6 chinh xdc cang cao.

6.5. e la mot s6 vo ti.

Ta chidng minh diéu nay bang phan ching. Gia st e = % ,
trong dd m, n la4 hai s6 nguyén duong. Ta c6
&
m 1 1 1 e
E*E—2+E+3—!+.H+H+(n—+—i‘j~!—_l,0{g< 1.

Nhan hai v€ cia didng thdc trén véi n!, ta duge

o= (242 4w+ ¢

mn = D= (24 50+ opnl 4oy
eﬂ

s - N ) " |

Mt dd suy ra ] la mot sd nguyén. Vo li !
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C. PHEP TINH NGUYEN HAM

§1. NGUYEN HAM CUA MOT SO HAM SO HAY GAP

—

.1. Bdng cong thiic cdc nguyén ham da bidt
) f 0dx = C |
) f ldx = x+C ,

by =

xa+1

3.J‘thdx =m;a¢—*1,

d
4. {2 x| +C,
X

(Cong thic 4. ding v6i moi khodng khéng chia diém 0)

5. fsinxdx = —cosx + C |
6. [ cosxdx = sinx + C ,
dx
7. f - = tgx +C |
cosx
. dx
8. 5 = —cotgx + C ,
sin‘x
dx
g = arcsinx + € |
f Jl—x2
dx
10. - = arctgx + C |
f I +x° B
11 [ fdx = & +C,
ax
12.faxdx = — +C,a >0 a =1,
Ina
13. [ shxdx = chx + C .
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14. { chx dx = shx + C |

dx ——
15. — argshx + C = In{x + \fx* + 1y + C .
f Vx™ +1
1.2. Nh& phép ddi bién s6, dé dang chung minh duge cac
cong thice sau :

dx X
1. f = - = arcsin. + C (a > 0)
a” —x" a
dx 1 X
2 [ ——— = = arctg= + C (a > 0),
a” +x° a a
dx 3 . 4
3,_[- _ = In(x + ¥x2 +a) + C ta > 0).
x“+a

Ta ching minh cong thdc 3.

S
dx 1 dx Wa)
il v v
\f(ﬁ) +1 (va) *1
xln(%+ .xa_2+1)+c

= Inx + x> +a) + C .

e Ta biét rang
dx il - "y v
fﬁ: argchx + C = In{x + \'x“—]) + Cvaix =1
X" —

{Xem cac céng thic (1) va 2y trong B .4.8).

Vai x < -1, ta co

X
PR —— 1 + e
R x + V% — 1) Vi — 1 1
(nlx + Vo = 11y = S L 5 = 7=
x+Vel -1 x+V¥xi -1 Vx -1

Do do

164



d -y——
f }E--.=In|x+\[x‘—1|+Cv6i|x|'>1_

=

x~—1
T 6 nhd mét phép d8i bién 56, dé dang ching minh duge
ring voi a > 0, ta co

f—% =In |x + Vil —al +C i |xl »Va. (1)
dx"—a

Ti cong thuic 3. va (1} suy ra

4. | —_1n|x+dx+a‘+(,aeR
!Jx +a
Hai c6ng thdic sau cang la nhing céng thic hay gap trong
thyc hanh

5. fﬁ_xjdx-——x\ra_:? Q—aarc51n\f—+c,a>0

6. [ Vx* +adx=%x0x2+a +éaln|x+@+a‘+c,

a € R.
Ta ching minh cong thic 5. Céong thdc 6 ducc ching minh
_tuogng tu.

Dat I(x) = [ ¥a — %2 dx . Ta co

a—x

o0 = [ [ e
= aarcsin xa + [xd(¥a - x%)

X
= aafwesin— + x\(; -x - I(x) .
Va

Tl d6 suy ra céng thdc cdn ching minh.
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§2. NGUYEN HAM CUA CAC HAM SO HUOU Ti

2.1. Ta nhéac lai ring ham s6 hitu ti 1a thuong cua hai da

Px)

thuc A va moét ham sd hitu ti bao gig ciing bi€u didn dugc

dudi dang tong ctia mot da thic va modt s6 hitu han phan thic
don gidh, tic 13 nhing phan thic cd dang

A Ax+B
x-a)" (< +px +q)"

, n nguyén dudng,

trong dé A, B, a, p, q la nhiing hdng s6 va p? - 4q < 0.

Vi vay viée tim nguyén ham ciia cdc ham s8 hitu ti quy vé
viéc tim nguyén ham cua cdc phan thdc don gian.

2.2. Nguyén ham cia cée phén thiuc don gidn

a) Vai n = 1,

A _ e L x—a) "
(x-a)ndx —Af(x —.a) d(X a)—A —:W+C
oA Y e
_ ol k-t
Véin = 1,
f A dx = Aln|x —a} + C .
X—a
+
b) DE tim [ xtB 4 (1)

{xz +px +q)"
trudc hé&t ta tinh

dx
L =) —— v a >0
n f (x2+az)n

&p dung céng thuc tich phan tung phdn, ta duge
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2 2 2 dx 1 .x 2x

1 fx +a“ —x 1 4
s |—dx== =5 —5———dx =
a?” (x*+ad)" a’ (x2+az)“_l a?” 2 (x% +a%)" i
1 1 X 1
= =1 _,~=]=z4d]- .
a2 T 2 f 2 [ (n—l}(x2+a2)n_1]
1 X 1
I = —1I _.,+ - .
noog2 T 2n -a?x*+aH)" ! 2m-1)a? " :
1 b Z2n -3
I = + n—-1 (2)

© 2m-Da® (& +ad)'T! 2m-1)a’

1
Ta biét rang I, = S are tgz + C . Nht eong thic truy héi (2)
ta tinh duge I, I, ..

Tré lai nguyén ham (1). Ta co

4 _—
x2+px+q=(x+~§—)2+q4p
Dat t = x + ? at = 4q—p2 ta duce
- - 2 3 4 ] o
_P
Ax +B A(t 2) +B
o . andx= J‘# dt =
(x* +px +q)" (t* +a%)"
A  d? +ah) Ap dt
== [ —= + - = —
27 @ +ad)n (B-%) (% +a%)" @

C4 hai tich phan & v& phai cua (3) ta déu da bist c4ch tinh.

ZH2x+
2.3. Vi du. Tinh 1 = | 2x 2"2 132 dx .
(x—2)(x"+1)

Ta bi€u dién ham s6 dudi ddu tich phan dudi dang téng cua
cdc phan thice don gian
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2x° +2x+15 A Bx+C Dx +F
- — + —— = + -

E-DEE+1) X2 a4 1)f

Ta tinh cdc hé s6 A, B, €, D. E bang phuong phap hé s6
bét dinh '

9x° + 2% + 13 = A2 + 17 + (Bx + O)x - 2ix® + 1) +
+ (Dx + E)x - 2

= (A + Bix* + (-2B + Cx* + (2A + B - 2C + Dix* +
+(-2B +C ~ 2D + Exx + A - 2C - 2E.

Déng nhdt cdce hé sd cita hai da thite ¢ hai vé& cia déng nhat
thic trén, ta dude hé phuong trinh

A +B =0
- 2B + C =0
2A+B -2C+D = 2
-2B+C -2D+E =2
A - 2C - 2E =13

Giai hé phuong trinh nay, ta duge
A=1,B=-1,C=-2 D=-3E = -4

Vay
2x* +2x+13 1 x+2  3x+4
(x —2) (xz+1)2 =2 241 xR +1)°
J- Cdx j- x+2 3x+4 X
2+1 x* + 1y
1 > 3 -d +1 d
I1=1in|x-2| —§ln (x*+1) - Zarctgx-—E —(7)( ------- ) _ 4 - *
A1) 1y
1 3 .
= Inlx - 2| — 5 Inx" + 1) — 2arctgx + ————— - 4L, (D
2 2(x% + 1)

Ap dung cong thue truy hai (2) trong 2.2, ta cd
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. dx X 1
I —

o B + +\ 1 =
(x~ + 1y 2ix~+1) 2"

X

1
= Cyoe g aretgx .
2x-+1 =

Thay vao (1) va rut gon, ta dude

3 —4x 1 (x—2)

ra = In— - — darctgx + C .
2+ 2 x4+

$3. TICH PHAN CAC HAM SO vO Ti

Trong muc nay ta sé chi ra ring bing mot phép d6i bién s6
thich hgp, trong mét s6 truong hop, ¢ thé bign d6i tich phan
cia mot ham s6 vé ti thanh tich phan c3a moét ham s& hitu ti.
Phuang phap nay goi 1A hitu ti hoa tich phan,

3.1. Nguyén ham

n
JR(x, Z:E ) dx voi ad - be # 0,

trong do (x, y) — R{x, y) }a mét ham s§ hitu ti hai bién.
Thuc hién phép ddi bién ad

¢ - "’ ax +b
- ex +d

{ex + dit™ = ax + b,

ta dugce

b —dt"

= ¢(t), ¢ 12 mot ham s6 hiru ti.
et —a

¥ =

Tich phan da cho trd thanh

I Rip(t . te'(tydt.

Do 1a tich phin cia mé6t ham s6 hiu ti.
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, , +V2x =3
Vi du. Tinh T = f 225

dx .

_ t2 +3
Dat t = ¥2x — 3, ta duoec x = 5 dx = tdt.

t2 +2t+3 2t — 2
1= o tdt*f(t+2+t2+1)d

2
5 T 2t + In(t*> + 1) ~ 2arctgt + C,
trong dé t = ¥2x — 3.
3.2. Nguyén ham
fR(x, Vax? + bx + ¢)dx ,
trong do (x, y} — R(x, y) 12 m6t ham s6 hitu ti hai bién.
a) Néu a > 0, ta thyc hién phép déi bién s6
Vax2 + bx + ¢ = (t — x)Va.

Khi dd
ax’ + bx + ¢ = at? — 2atx + axz,
_ at? —¢ _ ¢
= Zat+p - O

Tich phin di cho trd thanh
TR, te'vat.

b dac —b% -
b) Gid st a< 0 Ta co ax2+bx+c:a(x+ﬂ)2+—-§za— .

Ta chi xét trudng hgp 4ac - b° < 0 vi n&u khéng thi tam
4ac —bf
thdc ldy gid tri 4m vdi moi x. Khi d6 2 =

™ > 0 Ta
thue hién phép d6i bién sé
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Khi da

b2 b \? b
L3 = L IV L
a(x+2a] +1 x+2a)t 2ﬁ[x +za]t + A,
it b
X = - — = ft).
Z_.  2a p(t)

Tich phan da cho trd thanh tich phan cia mdt ham sé hiu ti.
Hai phép d6i bién s8 ndi trén goi 1a nhitng phép thé Ole.

. dx
Viduy I, Tinhl = | ———
fx\}xz_2x
Ta ¢6 ax? + bx + ¢ = x?2 - 2%x. Via =1 > 0 nén ta st -

dung phép déi bién s8 trong a),

1 ¢
2 _ . 42 2 - .
Khi dd x 2x = t 2tx + x° ; x 3 t-1°
12 -2t
dx = & dt
2 (t~1)?
- L ¢ 1t8-2t
xt = 2x 2t-1_2 t-1
2 2 2
I=fZdt=--"4+C=-——===+C
Itz t x+\}x2—2x
QZ_
QP k2 P
X
. . 6 —x?
Vidu2 Tinh I = [ —= dx.
\J4x—x2
Tacd ax’ +bx +¢c = x> +4x,a = -1 < 0. Ta su dung phép
d8i bien s6 trong b). Ta ¢ -x* + 4x = —(x - 2)*> + 4. Dat
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Vox + dx = f(x — 23 — 2,

Khi dg “in - 21+ 4 = (x - D2 - 4ix - Dt + 4

4t 41 —t7)

x = —— + 2 = -—-——- dt
S +1 (t=+ 1)

—— At~ 2 1t -1

‘)I'X _ XE - : —_ 2 o ___(...‘ ]

t-+1 t~+1
16t 16t° -2

1= [2 — . ] - dt
1+6 1+ 14e

d(1 +t3) t2+1 -1
= 6[———= + 32 [ ——— dt
J.{1-&1»,3)3 I (1 +1t3)3
16
— —dgretot — 39 —
favctgt 1+t3+3 (f 1+tJ~ / 1+rhl‘)

Ap dung cong thic (2) trong 2.2.b), ta dugc

_4t-16 8t
T+t (LR
\Elx—x_2+2
véi t= ———5—— .
x—2

I = (%x+3)\r4x—x—+c

¢} Chu y. Gia st tam thic ax” + bx + ¢ ¢d hai nghiem thue
phan bhiét A va ¢. Ta co
ax® + bx + ¢ = alx - A)(x - ).

Dé& hitu ti héa tich phan, ta c¢d thé si dung phép d&i bién
30 sau

Vax® + bx + ¢ = (x — At

Khi dd alxy - ANz - u4) = (x - S



- — an e :
X = . o= op(n) \rax— + h\ + ¢ = (pil) — A,
- —a

Tich phan da cho trd thanh

I Riptty, ity — Htye'(tydt.

di Néu R(x, Yax- + bx + ¢) ¢¢ dang ——r——mm—
\[ax +bx +¢
trong dd Pix) 1a mot da thde thi cd thé tinh tich phan da cho
gon hdn nhg nhan xét sau
Néu Pix} 1a mot da thde bac n thi ton tai mdt da thde Qix)
bac n - | va mot hang 6 K sao cho :

J————dx=QuVal+bx + ¢+ Kf ——
\Jz1x~+bx +c ax'-+bx+c
Cac hé s06 cua da thie Q(x) va hang s6 K duge tinh boi
phuong phap hé 36 bat dinh sau khi 18y dao ham hai vé& cua (1)

Ta ldy lai vi du 2 trong 3.2.

) 6 —x-
In f Vix—x* x
Ta ¢ _
G-X‘z —_ dx
[ o dx = (Ax + B) Ygq — 52 + K [

\} 4dx —x- \‘ 1x — X“

LAy dao ham hai vé cha dang thie trén, ta dugc

6 —x- — —  (Ax+B)2-
X = A ﬁx — e+ (____._)_(__..\ 3(] 4+ e K

Vix —x7 4x - x* Vax —x°

6 - x° = Aldx - x°) + {Ax + Bu2 - x1 + K,

-x2 + 6 = -2Ax" + (6A - Bix + 2B + K.
Tir dé



§4. TICH PHAN CAC HAM SO HUU Ti CUA &
= [ R(e"dx,

trong d6 t ~ R(t) 1a mét ham s6 hitu ti.
Ta co

I=J'R(e) edx _J‘R(e)d()
e*

Bat t = e taduqcI:f—E@dt

Vi dy. Tinh I = f dx

1+
Taco I-—-I—-*:efg-x— Dat t = € ta duge
(1 + &5
t e"
B ?(T??) J._"J-1+t= Pyt C= 0

§5. TICH PHAN CAC HAM SO HUU Ti CUA CAC
HAM SO LUONG GIAC
51.1= f Risinx, cosx)dx,
trong dd R 13 mét ham sé hitu ti hai bién =6,
Bao gig ta cung ¢6 thé hitu ti héa tich phan nay nhd phép

d3i bién s6 t = tg 3 . Khi d¢
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2dt
X = Zaretgt ; dx =

14t

) 2t 1 —t4
ginx = ; COSX = 3 -

2 +¢2 1+t

Tich phan da cho trd thanh

S R( 2 1-t2, 2

, dt.
1+2 Tre) Toe
, . dx
Vi du. Tinh I = [gem——o—0o
Dat t = tg % » ta duge
6t —t2 246t 4+
i+ doons < LAd-th 4 +6t+4
1 +¢2 2 dt
1= ' e
A2 46t +4 1 +t2 ~267 +3t +2
i 1 1
=gf(;j‘t_—_z)dt'
2
t+1 t x+1
1 : 1 %33
TN RT TS Tyt ha- T
| tgg — 2

Tuy nhién trong mot s trudng hgp, nhd cic phép d8i bién
88 thich hgp, cd thé gidm nhe tinh toan.

5.2. Néu

R{sinx, cosx) = ¢p(sinx)cosx (1)

trong d¢ ¢ 1a mét ham s6 hau ti mot bién thi thyc hién phép
d6i bién s8 t = sinx, ta duge
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. f Ri=inx. cosxydx = f gt1dt,
Hién nhien. néu Resinx, cosxd ¢d dang (1) thi
Risinx. ~cosx) = —Risinx. cosx). (2)

Dao lai, néu Resinx. cosx) théa man 12 thi Risinx. cosx) 13
mot ham s6 1é doi vdi cosx. Do dd t6n tai ham s6 hou ti hai
bién iu, vi — R tu, v} =a0 cho

Risinx, cosx! = R (sinx, COSTXJCOSX = R tsinx, 1 - sin~xcosx
= ¢isinx)cosx
tic 1a R théa man (1),
5.3. Tuong tu. néu
Hisinx, cosx) = ¢lcosxlsinx (N

trong dd ¢ la m¢t ham s6 hitu ti mot bién thi st dung phép
dai bign s6 1 = cosx, ta duge

f Risinx, cosx)dx = — f p{tydt.
R thda man (1t khi va chi khi
R.(-sinx, co.sx) = -Risinx, cosx!}.
5.4. Néu
Risinx, cosx) = ¢ltgx) (n

trong dd ¢ 1a mot ham sé hifu ti mot bién thi thuc hién phép
déi bién s6 t = tgx, ta dude

f p{tgx)

(1 + tgtx)dx =
1 +tgx

f Risinx, cosx)dx = f plgxydx

J- (,ﬂ_(tlj dt.
1+t
Hién nhién néu R thoa man 1) thi
Ri-sinx. -cosx) = Risinx. cosx) 2}
Pao lai néu R thoéa man (21 thi

Risinx, cosxxt = Rogxeosx, cosx} = R (tgx. cosx).
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rrong dd tu, vio— Rpuo vi 1a mot ham 56 huu ti hai bién va
R ttgx. —cosx} = Ritgx (—cosx), ~cosx) = Ri-sinx, —cosx) =

= Risinx, d¢osx) = Riftgx, COSX ).

Vay ham s6 R (tgx, cosx) la chan déi vdi cosx. Do do tén
tai mot ham s6 hitu ti hai bién R, sao cho

R, (tgx, cosx) = R,(tgx,cos’x) = Rz(tgxr 1+tgx) = p(tgx).

Tu d6 suy ra (1).
Vi dy 1. Tinh I = [ sin"xcos'xdx.
Dat t = sinx, ta co |
I = [sin’x(1 — sin’x)cosxdx = [ t31 — t9dt =

3t sin’x  sin'x
5 3 5

I
|
|
|

+

Q
I

-+ C.

Vi du 2. Tinh I = fsinxcos2x

[ - sinxdx J- sinx dx
sin’xcos2x (1 = cos?x)(2cos’x — 1)
bat t = cosx, ta dudc

dt
I = - =
! (1 —t3(2t2 = 1)

I +ty2
T-wz |

ln‘ |+ |

o] —

1 1 +V2cos .
1n|tg%| + 5 In \T—l_ 2COS§| + C,

—
Il

Vi dv 3. Tinh I = [ —4
s51n xCO:: X

Dé dang thiy rang ham 86 dudi ddu tich phan la mot ham
g6 hitu ti cta tgx. Do do ta sit dung phép ddi bién 56 t = tgx.
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dx

cosx [

to'xcos’x

(t2+1)2
t

_2 1
t 3¢l

1
i = tgx — Zcotgx — 3 cotg’x + C.

D. UNG DUNG CUA TiCH PHAN

s1. DIEN TiCH HINH PHANG

1.1. D6 do Giodedan (Jordan)

Gia st D la mdt tap hgp bi chan trong mat phing, tuc la
D 1a mét tip hgp con ctia mot hinh tron (hoac moét hinh chi

nhat) nac do.

Ta lay modt hinh chit
nhat R chia D va chia R
thanh mot s6 hitu han hinh
chit nhat AR, AR,, ..., AR
sao cho hai hinh chit nhat
khdc nhau bdt ki hoac
khéng c¢6 digm chung hoac
chi e6 chung mét doan
thdng. Méi phép chia hinh
chit nhat R nhu vay duge
goi 14 mot phép phan hoach
hinh chu nhat R, thuing

—

S

8/

i

\ FiSETTS

I
=

L
il

e

———,

duge ki hisu 1a IT. Ta vist H = {AR ;.

Hinh 16

. AR, }.

Gol =111 14 tdng cdc dién tich cdc hinh chi nhat AR, chida
trong [} Né&u khong ¢ mét hinh chd nhat nie chda trong D
th ta dat &1 = 0 Gol S(Ih la tdng cac dign tich cac hinh
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chit nhat AR, ¢ di€m chung véi D). Hién nbién s(ID) < S(I).
Téng guat hon, néu I1 va IT" 1a hai phép phan hoaeh bat ki
hinh chit nhat R thi () =< S(IT"). Goi P (R) 1a tap hop cac
phép phan hoach R.

s;; = sup s(IT} goi 1a dé do trong cua tap hop bi chan D,

Me Pw)
S;y = inf 8(TT} goi 1A d6 do ngoai cia tap hgp bi chan D.
Me Pr)

Mot tap hop bi chan D cia mit phéng .bao gio ciing cd dé
do trong va d¢ do ngoai. Dd la nhung s8 hitu han khdong am.
Hién nhién s, < 5, Néu

sp = Sp
thi tap hop D dudge goi 1a do duge theo nghia Giodedan va gia
tri chung ctia hai d6 do trong va ngoai cia D dude goi 12 d6
do Giodcdan hodc dién tich ctia D, ki hiéu la #(D) hoac |D|.

Cd thé€ chiing minh duve ring s8 #(D) duge xdc dinh nhu
trén khong phu thudc vao kich thude va vi tri cGa hinh chit
nhat R va dién tich cac hinh tam gidc, da gisc, hinh tron theo
dinh nghia nay la trang véi dién tich da biét cta cac hinh dd -
trong hinh hoc so cip. .

1.2. Y nghia hinh hoc cita tich phan xdc dinh

© (GiA st f 13 mot ham so
bj chan va khong am trén Y
doan [a, b]. Goi D la tap

hgp trong mat phang gidi

han bdi truc hoanh, dé thi /

cia ham s y = f(x) va

hal dudng thang x = a,

x = b

D={x,¥y):a < x < b, -
0 <y < fx) ) a X9 Xz Xz b 2

Khi d6 néu ham so f

kha tich trén [a. b} thi D Hinte 17

179



1a mdt tap hop do duge ttheo nghia Giodedan) va dién tich cla
D la

|

Dl = [ fix)dx.

That vay, ta biét rang tich phan dudi cia ham so [ trén
[#, b) 1& can trén dung cda tap hop cdc tong Dacbu dudi cua
f trén [a, b] (xem dinh Ii IV.A.2.4). M6i tong Dacbu dudi cua
f la téng cac dién tich cua cac hinh chi nhat chda trong D.
Do dd tich phan duéi cia f trén [a, b] khong vugt qua do do
trong cia D.

[A]

[ fxydx = s, (L

Tuong tu, tich phan trén cha f trén [a, b] khong nhé hon
dé do ngoai cua D

b
[ fx)dx = S, (2)

: b b b
Né&u f kha tich trén {a, bl thi [ fix)dx = f fix)dx = [ f(x)dx .

Do dg tu (1) va (2) suy ra s, = 8,;. Vay D do dugc theo
nghia Giodedan va dién tich cua D 1a :

I+

ID| = [ fix)dx.

1.3. Néu f 1a mot ham kha tich trén doan [a, b] va f(x) <0
véi moi x € [a, b] thi dién tich cua tap hgp D xdc dinh béi
a<xsb flx) £y € 01]a

Ial
ID| = - fixidx.

e Mot cdach téng quat, ndu f la mét ham s6 kha tich trén
fa, b} va f 18y c& cdc gid tri duong va am trén [a. b] thi dién
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tich eia tap hop D gidi han béi truc hoinh. dé thi eda f va
)

hai duimg thing x = a, x = b 1a [D] = f | fizy] dx.
Hi

1.4. (Gia s f vi ¢ la hai ham 36 kha tich trén doan [a, b],
fix) < gix) trén [a, b}, Khi do dién tich tdp hop D trong
mat phing gigi han bdi cde do thi cda hai ham s6 f, g va hai
duiing thang x = a, x = b (1) = {ix, y) 1 a £ x = b, fix} <
v s gix)t) 1a

I+

Dl = f lgx) — fix))dx.

That vay, nfu 0 < f(x) < gix}, x € [a, b] thi

I ' I+ Al

ID| = [ geadx — [ fixydx = f [gx) — fx)ldx

Néu [ lay ca cac gia tri am thi ldy mét sé thyce € sao cho
fix + C = 0 vadi moi x € [a, b]. Khi d¢
b b
D} = [ [gx) + C — (fix) + O)ldx = [ {g(x) — fx)ldx.

2. THE TICH CAC VAT THE

2.}, D¢ do Givdedan trong khéng gian

Gia st T I3 moét tap hgp bi chan trong khong gian, tic T
l]a mot tap hop con cia mot hinh cdu (hoac mét hinh hép chi
nhit) nao do.

LAy mét hinh hép chua nhat P chia T va chia P thanh mét
s6 hitu han hinh hop chu nhat AP,, AP, .., AP_ sao cho hai
hinh hép bat ki khac nhau hoac khong cd di€m chung hoac chi
¢d chung mot hinh chit nhat. Méi phép chia hinh hép P nhu
viay goi 1A mot phép phan hoach hinh hép P, thudng duge ki
hicu béi chit T1 Ta viét TI = {AP,, .., AP }. Goi v(Il) la téng
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thé tich cdc hinh hop chu nhat AP, chda trong T. Né&u khong
ed mdt hinh hép AP, nao chua trong T thi ta dat v(ll) =
Goi V(IT} la t8ng thé tich cdc hinh hép chi nhat AP, ¢d diém
chung v&6i T. Hién nhién v(IT) = V(II). Téng quat hon, n&u IT
va I’ 1a hai phép phan hoach hinh hép chit nhat P, ta luon cd
v(ll} s V(IT’). Goi PP (P) la tap hop tidt ca eac phép phan hoach
hinh hép P.
v = sup v(II} goi ld d¢ do trong cia tip hgp bi chan T
e Rm '
trong khaong gian,
V., = inf V(IT) goi la d6 do ngoai cua tap hop T.
Me Rp)

Mot tap hgp bi chan T trong khong gian bao gity cing cd do
do trong va doé do ngoai. DJ 1a nhitng s6 hiru han khéng am.
Hién nhién v, < V.. Né&u
'_ vy = Vp
thi tap hgp T dugc goi la do duge theo nghia Giodedan trong
khong gian va gia tri chung cda hai 46 do trong va ngoai cia
T goi la thé tich hoac dé do Gloocdan cia T va duge ki higu
12 |T| hoac u(T).

S6 | T khong phu thuoc vao kich thudc va vi tri cia hinh
hop chu nhat P chda
T. Dé dang ching ty
minh duge ring thé
tich ciéa m;j)t hinh tru
ding od dién tich day B
va chiéu cao h bang Bh.

2.2, Thé tich khoi
tréon xoay

Gid su I la mot ham
s6 kha tich khong am
trén doan [a, b]. Goi
D ]a tap hop trén mat

Hinh 18
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phang Oxy gidi han bdi truc hoanh, d6 thi cta ham so y = fix}
va hai dudng thing x = a, x = b,

D={&xy:asxzx<b 0sy=s fix)}]

Thé tich ctia khéi tron xoay T tao bdi D khi quay quanh
truc Ox la

b
vV = frf #(x)dx.

Ching minh. Goi {II } 13 mét day chudn tac nhitng phép
phan hoach doan [a, b]

Hn:a=xn<x]<‘..cxpn=b.

Dat m; = inf f{x} ; M; = sup f(x).
xEX o x] XEfx _.x]

Lap cac tdng

P Py .
v, = 2 Jl:mizAxi ; vV, = 2 :rMizAxi (Ax, = %, — %_,)
i=1 =1
‘v, 1a téng th& tich cic hinh try tron xoay chia trong T, V14
téng thé tfoh cdc hinh tru tréon xoay ma hgp chia T. Cac sd
v, va V_ cing chinh la cac tong Dacbu dudi va trén cha ham
s6 xf° trén doan [a, b] Ung v4i phép phan hoach I,
Vi ham s8 xfZ kha tich trén [a, b] (do f kha tich trén
[a. b]} nén
h
limvy =limV = I af?(x)dx.
n-— o n—+ “
Vay khoi tron xoay T do duge theo nghia Giodedan va thé
b

tich cta nd la V = z | fx)dx.
Téng quat hon, ta ching minh duge
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2.3. Dinh I (Cavalie = Cavalierit. Gia su V 1A mot var the
(ttie 1A mot 1ap hgp trong khong gian) nAm giga hai mat phang
x = avax = b vi vdi méi x € [a. b). mat phang vuong goc
val trae Ox fai di€m x cat vat thé theo mét thict dien o dieén
tich 8tx). Néu 8 ]a mot ham s6 kha tich trén doan [a. b] thi
thé tich viat the V la

I

V = [ Sx)dx.

‘Z
ll
1
y H
]
0 ; X R X

Hide ]V
Vi du. Tinh thé tich cia clipxoit gisi han bdi mat

X
—+

.|N
]

+ = 1. i1

[=n
-
[

tot Ta
I
b..ll [

a

Mat phang vudng géc vai truc Ox tai di€m x. —a <€ x < a
cat mat (1) theo dudng cong ma phuong trinh la
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Da la modt elip ma hai ban drue s b \’ 1 - X: Vi

H

N

¢ 1 - E’%' Dién tich cua hinh phang gidi han bdi elip dé 1a
a”
.\ ) X"
Bx) = ;Tl)l'f( 1 - ).
Py

Him s& 8 lién tuc trén [-a, a] nén kha tich trén docan nay.
Thé tich cua elipxéit la :

Bl q a
V = [ Sx)dx = abe | (l—x—j)dx
=i - a”
92b 1 27be  x° 4
= 2xbex — - -
|n as 3 |‘.
V = 4+ xabe

3

§3. DIEN TICH MAT TRON XOAY

Gia st f la mot ham s6 lién tuc va khong am trén doan
[a. bl, (Cy la do thi cia ham 36 y = fix). Cho duing cong (C}
quay quanh truc Ox, nd sé tao nén moét mat tron xoay, Ta sé
dinh nghia dién tich cua mat tron xoay va lap cong thic tinh
dién tich dd.

3.1. Dinh nghia dién tich mat tron xXoay

Goi {IT} la moét day chudn tic nhing phép phan hoach doan
fa, b]

H,ta=x, <x < .. < x, = b.
Cac dubng thang x = x. i = 0,., p,. cAt dudmg cong (O
tai  cde diem, A. M. . . l\f'l.P _y- B. Duong gap khic
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Hinkt 20

AM, .. M, B 6 cic dinh ndm trén dudng cong (C) dude goi

la dudng gdp khic néi tiép trong (C). Goi S, 1a dién tich cua
mat tron xoay tao bdi dwong gip khic quay quanh truc Ox (8
la t6ng cac dién tich cde mat xung quanh cia céc hinh nén cut
tron xoay). 86 n cang l6n, dusng gdp khic noi ti&p trong (C)
cang ép sat vao (C), mat tron xoay tao bdi dudng gdp khue
cang €p sdt mat tron xoay tao bdi (C). Mot cach tu nhién ta
di dén dinh nghia
Né&u tén tai :
imS =S e€R
n—
vd 5 khong phy thude vao day chugdn tac {lI,} nhiing phép
phéan hoach doan [a, b] thi S goi ia dién tich ctia mit tron xoay
tao bdi dudng cong (C) quay quanh truc Ox.

3.2. Cong thuc tinh dién tich mat tron xoay

Dinh Ii. Néu ham s6 f khing am va cd dao ham lién tuc
trén doan [a, b] thi dién tich éfia mat tron xoay tao bdi d6 thi
(C) cua f quay quanh truc Ox la

. b
S =2t [ fx) y1 + 2(x) dx. (1)
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Chung minfi. Dda vao dinh nghia 3.1, 1a sé tinh dién tich
8, cla mat tron xoay tao bdi duf‘mg gdp khuc noi ti€p trong
{C) quay quanh truc Ox, sau do tim giéi han cta day {8 }.

Doan thang M,_,M, quay quanh truc Ox tao nén mat xung
quanh' ctta moét hinh ndn cut tron xoay ma dién tich la

SMi—lM. = alf(x, =) + f(x)IM, M, i = 1,., p,

M, M, 1a d¢ dai cua doan thang néi hai di€m M,_ (x,_,, fix,_,))
va M, (x;, fix)). D6 dai cla doan thing dd l1a :

Mo M =V, = x_ )% + [fx) — fix; - )P

Theo dinh li Lagrang, tén tai mdt s6 thue £ € (x,_,, x)
sae cho

fix;) ~ fx_ ) = £EIx; - & P = Fx)Ax,
Do do
M,_ M = \Jl_-t-?&@ Ax;,
SM.‘—M.' = affix;_ ) + ()] v1 + f'z(gi) Ax,.

Py P,

S,= X Sy _w =7 Ux_) + () V1 + £ Ax,

=1 i=1

Dat
P,
0, = 21 3 fE) V1 + £ Ax,
i=1 :

6, 1a t6ng tich phan cia ham s6 x — 2rf(x) V1 + fx) lién
tuc trén doan {a, b]. Do dd )

b
lim 6, = 2 [ f(x) VI + fi(x) dx.

n—
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BDé ching minh dang thue 10 chi can chi ra ring

lim (8, - 06) = 0

n—#x

That vay. ta cd

0
By 0, =T Z (€, )+ fix) — 2iEp) ¥ + fiz) A%
1=

Ham 28 x — \11 + f-(x} lién tuc trén [a, b) nén bi chan
trén doan nay hay tén tai mot 6 dudng K sao cho

Vi + fix) < K véi moi x € [a, b).

Do dd
I
IS“ - ﬁl’li = 1K Z ”f{x,‘ - - f‘[él}l + If(xi] - f{EI}iJAXi_
=

Vi f lién tuc trén [a, b] nén nd lien tuc déu trén doan nay. Do
dd vdi £ > 0 bat ki, tén tai 8 > 0 sao cho

t¥x', x7 € [a, b |X,—X”I < g = |f(x’) - f(x”]f < :)IE_{(I)_:;;

Vi lim d(f1 ) = O nén toén tai mét s6 nguyén duong N sao cho

n— =

n = N :-»dlllnl < &,

Po d¢ vdi moi n = N,

Vay . Hm (5, - 6) = 0.

Vi dy 1. Tinh dién tich chém cdu thee ban kinh r cta mat
cau va dudmg cao h cua chom cau,
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5
D

0 a
i JX__ . x
Of r-nliy 0 "
|
Hinh 21 Hink 22

Chém cdu ndi trén la mat tron xoay tao bdi cung tron
y =V — g, r~h € x € r, quay quanh truc Ox (hinh 21).

Dién tich chom cdu 1i : = 2z f y \J + y 2 dx.

, X

Ta co y:—ﬁ.Dodo

= 21 j\I '\‘ = 27 [ rdx = 2arh.

r—h

Vi du 2. Cho hinh tréon x° + (y - a)® < r° (r < a) quay
quanh truc Ox. Khéi tron xoay nhéan duqe_goi la mét hinh xuy#n.

Hinh tron giéi han bdi  hai nta dudng irdon
y=a+Vp2 — g2 viy =a— ¥p2 _ 32

Thé tich hinh xuyén la

r r
V:HI(&‘FJr:-nxz):d}{"ﬂf{a—\Jrz—xz']zdx_—_
~r —r

-

.

= 4xa f Vit — x2dx = Zva.ar.
<



Dién tich § cia mat xuyén 1a téng cac dién tich cia hai mat
tron xoay tao bdi hai nila duding tron quay quanh truc Ox.
xZ

' —X

r rr—— s e
+2¢f(a—\(?‘—x2) 1 +

e -
-r . T X

dx =

= 4dma _f —=m== dx = 2ma. 2ar

ﬁ-—a

Chueong V

KHONG GIAN RP, HAM LIEN TUC TREN
KHONG GIAN RP

_§1. KHONG GIAN TUYEN TINH DINH CHUAN

1.1. Dinh nghia. Gié st X 1a mot khéng gian tuyén tinh thyc.

Haimsd || || : X - R
x — |[x}

dude goi 14 mot chudn trén X néu né théa man cac diéu kién sau ;

A izl = 0=x =0,

by [[Ax|| = |a] x|l véi moi A € R va véi moi x € X,

o) fx +yll < lixli + llyll véi moi x, y € X.

T b) suy ra |j 0|}

Khong gian tuyén tinh thue X cliing vdi mot chudn trén nd
goi 14 mot khong gian tuyén tinh dinh chudn.
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1.2. Trong khong gian tuyén tinh dinh chuan X :

a) Ixll = O véi moi x € X

n n
b} || Z’lixi“ < Z Al %, || vai moi A}, ., 4, € R ; > S
i=1 =1
x, € X

c) |HXI| - ||y||| < llx - y]| v6i moi x, y € X.

Chung minh. a) Véi moi x € X, ta c6

0= 1fol

Ix + (-0l <l +l1=xlI =
b=l + =t = 2§ =f
b) Bang quy nap, ti diéu kién ¢} trong dinh nghia 1.1. suy ra

It

n n
” Z.Y.- ” < 2 Il vl v6i moi n.
i=1

i=1

Do do tif diéu kién b) trong 1.1 suy ra biat dang thic can
ching minh.

c) Vot moi %, y € X,
fxll = lx -y +yll < llx -yl + [yl
Do dg

=l - 1l¥ll = lIx - yfl
Tuong tu

Iyl - f=ll < lly - =l = IIx - yll.

T hai bat dédng thdc trén suy ra bdt ding thic cédn
chiing minh.

Vi du 1. R 1a mot khoéng gian tuyén tinh dinh chudn vdi chuén
Ixll = Ix]. x € R.
Vi du 2. RP la mot khong gian tuyén tinh dinh’ chudn

virl chudn
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x = E g =l = Vs ;

Dé dang thay rang ham =6 || }} - R — R viia néu thoa
man hai diéu kién . by trong dinh nghia 1.1, Ta kiém tra
diéu kién o).

Néu x = 15, ., ,EP}_, ¥ o= Wy o qpl e RI' thi

x + yll = lIxfi + (¥l

Ea| =—

i P P P N
= D@t e Y r2(XE) (Xt 2
i= i= el i=1 i=1
It .l‘ il 0 !
= 2 Gl s (Z ET)“ (EI "31’:)"
i= i=1 i=

Bat dang thuc cudi eing chinh 1a bat dang thie Bunhiacopxki
(Bynawopcxuit) da biét.
Vi du 3. D& dang ching minh duge rang cic ham sé

a |l I, : R" - R

P
X = L ) Dl = Y1

br | Il,: R = R

x o lxll, = max (&0, o D

12 nhitng chuan trén RP

1.3. Trong cdc vi du 2, 3, ta da trang bi che ciing mdt khéng
gian R ba chudn khac nhau || ||, |} |}, va I ||2 @uan hé giua
cac chuin dd duge néu trong cac bdt ding thic sau :
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v x € R lIxli, < lIxll s #=ll, = p Iz,

-
P
1| tixi =1 /1 lixity = 1 1| 1xll; =1
-1/— 0\ . -1 o 1, -1 0 .
\ 1 \ / 1
-1 -1
-1
Hinh 23 Hinlt 24 Hinh 25
1.4. Gia st }| |[, va |} Il 1a hai chudn trén cing mot khong

gian tuyé&n tinh X. Ta ndi rang hai chuin dé lA tuong duong
v3i nhau néu tén tai hai s6 duong M -va m sao cho

m |Ixll, < [Ixlf, = M [Ix]l; vai moi x € X.

Tit bat didng thdc trong 1.3 suy ra rdng ba chudn || ||, || I,
va || 4, trén Khong gian tuyén tinh RV la tuong duong véi
nhau. _

Cé thé chdng minh duge ring trén mot khong gian tuyén
tinh hitu han chiéu moi chudn déu tuong duong véi nhau.

§2. KHONG GIAN METRIC

2.1. Pinh nghia. Gid st X 1a mot tap hop. Ham s6
P:XxX—-R

goi 1A mét métric (hodc ham khoang cdch) trén X néu nd thdéa
man cac diéu kién sau :

a) pix, y) 2 0 voi moi x, y € X,

Pix, y) = 0 ex =y,
b pix, y) = Ply, x) voi mei x, y € X,
¢} pix, z)

i)

Pix, y) + Ply, z) voi moi x, ¥, z € X.
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Tap hogp X cung voi modt métric £ trén X goi la mat khéng
gian métric. :

Céc phéan tt cha X goi 12 cac di€m cua X. 86 pix, y) goi la
khoang cach gitta hai diém x va y.

Diéu kién a) goi 1a tién dé ddong nhat, b) 1a tien dé d6i xing,
c) la tién dé tam giac.

2.2. Gia st X la mét khoéng gian tuyén tinh dinh chuin. Véi
x, y € X, dat

Pxy) = lx -yl (D)

Dé dang thdy ring £ 14 moét métric trén X.

Nhu' vay khéng gian tuyén tinh dinh chudn 13 mét khéng
gian métric.

Métric (1) la bdt bign d6i véi phép tinh tién tuc 1a

Plxt+a y+a) = pPx, y) vdi moi x, y, a € X.
That vay, ta ¢6

P +a y+a) =](x+a)-(+a) = lx -yl véi moi
X, y,a € X
Ta ludn ¢d : [[x] = p(x, 0) véi moi x € X, tie 1a chu:in

cha phan ti x 13 khodng cdch tit x dén phdn t& .0 caa X.
Tiu 2.2 suy ra

2.3. a) B va C la nhitng khong gian métric vdi métric
)O(x) y) = |X . Y|

b) RP 13 mot khong gian métric vai cac métric sau :

B
e pPlx, y) = llx -yl = (2 ¢ — ’Ii)z)E

i=1

p :
"f’l(x,y)=||x*-y[|| = > ¢ — 7

i=1
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hd joz(xs y) = “X - Y”: = IllaX(lEl - 7:{;' PR 1‘511 - '?p[).-

X = (&, L EN Y = O,y € RP

2.4. Khong gian con
Dinh nghia. Gia st (X, 2 12 mdt khong gian métric va L
12 mot tap hop con cda X. Dé dang thdy rang ham so

Pl_:LXL—*R

xdc dinh bdi 2 (x. y) = px, y) véix, y € L,
{tuc fa P, = F l} la mot métric trén L.

I
Khong gian métric (L, £,) goi la mét khdng gian con cua
khong gian métric (X, £) ; £, goi la métric cam sinh bdi métric p

trén L.

§3. SU HOI TU TRONG KHONG GIAN METRIC

3.1. Pirh nghia. Gia st (X, ) la mot khéng gian métric,
{x,} la moét day phén t& cta X. Diém x, € X goi la giéi han

cua day {x,} néu
lim 2(x_ . x ) = 0,
n—x
tde 1a véi mot s6 £ > O bat ki, t6n tai mot s nguyén duong
N sao cho .
nz N= px, x,) <t
Ta viét '
limx, = x, hoac x, — x, khi n — o,
n—«
Ta eiing noi rang day {x,} héi tu dén phan td x,.
Hién nhién néu limx, = x, vd {x, } la mot day con cta diy
M= )
{x,} thi limx, = x_
n—x "
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3.2. Day hoi tu trong khong gian métric ¢d mat gidi han
duy nhét. '

Chung minh. Gia st limx, = a va lim x, = b trong khong

n->x n— x
gian métric X. Khi d¢
Fla, b} = Pla, x) + pix, b) vdi maoi n.

Vi limgp(a, X)) = Ovalimpx, ,b) =0 +tit dé suy ra -

n—ex n—x
Pla, b)) =0=a="h
3.3. Gid sU (X, p) la mot khong gian métric, {x,} va {yn}
12 hai day phén tit eia X. Né&u

limx, = a € X va limy, = b € X,

= x n—+x
thi
limp(x,, y) = P, b).
n— o
Chung minh. Ta co
Pla, b) < pla, x) + P(x, vy} + Ply,, b
Do d¢
- Pla, b) - plx, y) < pla, x) + Ply, b} voi moi n
Tuong ty, ta cd :
PX ) - Pla, b) € plx, a) + pb, y) v6i moi n.
T hai bdt dang thic trén suy ra

|Px,, ¥ = Pla, b < px, &) + Py, b) véi moi n.
Vilimp(x,, a) = 0 va limp(y_, b) = 0 nén tit bat ding thuc

n—+x n-——=x

trén suy ra dang thic cdn ching minh.
3.4. Sy héi tu trong khong gian RP

Dinh I. Gid st {x } 12 mot day phdn ti cta khéng gian RP
va x € RI :
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x, = (&M, . Ef,'”) X = {E s €

Khi do '
limx = x ﬁlim{’:‘i(") =, i=1, ., p
n— % n— o

Chitng minh. Ta xét khong gian RP' vdi chuidn
B 1 '

=i = (X 8)2.

i=1

Khi do

p i
Py, %) = iz =2l = (3 @ - 52
=1
Hién nhién
lim "Xn - X" = {} - lim {El(n) _ 5,) PN

n— a« n—+=

= 1lm& =% i=1, ., p
n— x
Ngudi ta ndi riang su h¢i tu trong khéong gian RP 1a sy héi
tu theo cdc toa dé.

Chii y, Vi cdc chusin trén khong gian RP déu tuong duong

- v6i nhau nén néu day {x } hoi tu dén x d6i v6i mot chusn nao d¢

thi day dd cing hai tu dén x d6i voi mot chudn bat ki trén RP.
3.5. Su hoi tu trong khong gian vecto hitu han chidu

e Gia st E la moét khdng gian vects thyc hidtu han chiéu

va (e, .., ep) la mot co s0 cia E. Khi d6 méi phan ti x cua
E duge bi€u dién mot cach duy nhat dusi dang
x = §e + ..+ ‘Epep’ E,, .fp € R.

Dé dang thdy ring anh xa
& {-‘p) —x = fe + ..+ {,-'pep

la mét phép ding cdu (tic la mot song anh tuyén tinh) ti RP
lén E. Ba chudn da bist trén RP xdc dink ba chuidn tréen E.
Cac ham s6
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p {

=3 b el = (3 &)

1=1 =

p
x — =zl = > &l

x = [Ixll; = max(tg)l, . |&)

la nhitng chudn trén E. Cdec chuan trén mot khéng gian hi
han chidu déu tuong duong.

e Tu dinh 1i 3.4. suy ra rang
Néu {x } 12 mét day phidn t¥ cta E Vi x € E,

X, = ‘EE")el + fgn)ez + ..+ Sén)ep, =1, 2, ..
x =&, +Ee, + L+ §pe|,,

thi
limx = x =lim'§§") =& i1i=1,.,p

n— o n—-o

e (Gidi han cda day khong phu thuéc vao viéc chon co sO
(e, ep),

That vay, gia st (f, .. f) 1a mdt co sd khic cita E va
= plm (n) (n} =
qf+73f+,..+qpfp,n—1,2,
x = qf +f, + .+ qpfp‘

Goi (al.j) la ma trén chuyén ti co s8¢ (e, .., ep) sang cd sd
f), ., £). Khi do

7 = g+ et o+ o+ aipgfn} n=12

p ¥ ¥ ¥ ¥
g = ougdy teagds alpfp, =1, .., p.
Do d6 néu lim&™ = & thi limg{™ = 5, i = 1, .., p.
] n— = )
Thay d&i vai trd cha te, .., ep} va {f,, ., ,fp}, didu ngugce

lai cling duang.
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s4. TAP HOP MO VA TAP HOP DONG

4.1 Dink nghia. Giad sa (X, p) la mot khdong gian métric,
x, € X, r 12 mdt sé duong.

a) Tap hop
Bx, ) = {x € X : p(x, x) < r}
goi la hinh cu md tam x_ ban kinh r.
b) Tap hop
Blx, rl = {x € X : px, x)) < r}
goi la hinh cdu ddng tam x, ban kinh r.
Trong khong gian tuyé&n tinh dinh chudn X, || ||},
B(x_, 1)

e X:|x-xll <r}
Blx,rl = {xe X:|[x-x]|l ==

!

e Trong khong gian R, hinh cdu mé B{(x_, r) 12 khodng md
(x, — 1, X, + ), hinh cfu ddng Blx, r] la doan [x, -, x, + 1]

e Trong khong gian R? v6i chifn
X = (51, 32) — x|l = dE% + 5% )

B(x, ) la hinh tron tdm x_  ban kinh r khong ké dudng
tron cing tam va ban kinh, B[x, r] 12 hinh tron déng tam x|
ban kinh r ké ci duang trdon cung tdm va ban kinh.

e Trong khong gian R3 v6i chuin x = €. &, E) —
xll = VE2 + & + E2, B(z,, r) 1a hinh cdu tam x_ bin kinh r
khong ké mat cdu cung tdm va ban kinh, B(x_, r] 12 hinh céu
tam x, ban kinh r k& cid mat cfu cing tdm va ban kinh.

4.2. Dinh nghia. Tip hop con A cha mot khong gian métric
X duge goi 13 tap hgp md néu vioi mdbi diém x &€ A, ton tai
mdt s6 dudng r sao che Bi(x, r) C A

Tiu dinh nghia trén suy ra
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4.3. Dinh Ii. Trong mot khéng gian metric X bat ki,

a) @ va X 12 nhing tap hop md,

b} Hgp cia moét ho bat ki nhitng tap hop md la mot tap
hop md,

¢) Giao ciia mat ho hitu han nhiing tap hgp md la mot tap
hop md. '

Chitng minh. a) va b) la hién nhién.

¢) Chi cén ching minh cho trudng hgp hai tap hgp. Gia si
U, va U, la hai tdp hop md trong X va x la mot diém bat ki
cua tap hop U N U, Khi dé x € U va x € U,. Tén tai cac
s6 duong r), r, sao cho Blx, r)) C U va Bix, r;) C U,. Dat
r = min (r, r;). Khi d6 Blx, r) ¢ U n U, Vay U, n U, la
mdt tap hgp mé.

4.4. Trong moét khéng gian métric bat ki, hinh cau md la
mdt tap hop mé. '

Ching minh. Gia sit Bix, 1
1a mdt hinh c8u md trong khong
gian métric X. Ta 3& chi ra rang
vOi m6éi x € Bix,, r), ton tai
mot’ s6 dudng r sao cho
B(x, r)}) C B(x, r}. That vay,
ta c6 pPlx,x) < r. Do dd
ry =r - Px x) > 0. Néuy
€ Blx, r,) thi p(y, x) < r|. Do d¢
Py, x) € Py, x) + px, x,) ' Hink 26

<r +tpPx x) =1

Vay y € Blx, ; 1.

Tap hop dong

4.5. Dinh nghia. Tap hop con A cua rﬁ@t khing gian métric

X goi la mét tap hop ddng néu phdn bi cia né CA = X VA
1A mét tdp hgp md.
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4.6. Pinh li. Trong mot khong gian métric X,

ay @ vi X l1a nhirng tap hop dong,

b) Giao cia mét ho bat ki nhing tip hop dong 1a mét tap
hgp ddng,

¢) Hop cia mdt ho hitu han nhiung tap hgp ddng 14 mét tap
hop ddng. '

Chiing minh. Ta ching minh b). Gia su {F} . | la mat ho
tap hop dong trong X va F = M F, . Khi ddg

e
CF=X\F=X\{("F)=UXV¥) =UCF,.
LT teT te’l’

Vi CF, 12 mé v6i moi t € T nén tit dang thic trén suy ra
CF 1a mét tap hop md trong X. Do dé F 1a mot tap hop ddng
trong X. '

4.7. Dinkh Ii. Tap hop con A cia mét khong gian métric X
12 mot tap hop ddng khi va chi khi vdi mot day bat ki {x,}
nhitng phan td cda A,
limx, = x, € X = x, € A
R n—=e .
Chitng minh. Giad su A 14 mét tap hop dong trong X, {x }
C A, limx_ = x, € X. Ta ching minh x, € A bang phan ching.

n—«
Gia stt x, € X VA Vi X VA la mé trong X nén ton tai mot
s6 duang £ sao cho Bi{x, ) € X VA Vilim&x_ , x) = 0 nén

n—«

o

ton tai modt s6 nguyén ducng N sao cho
nzN=pgax,6 x) <t
Do d6 x € Bz, €. Vay x; € A voi moi n = N. Diéu nay
mau thuin vai gia thiét.
Dao lai giad st A khong phai 1a mdt tap hgp déng trong X.
Khi dd X \ A khéng phai 12 mét tap hgp md. Do dd tdn tai
mét diém x, & X \ A sao cho
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Vr > 0, Bx, r N A =0@.
Do da '

' 1
Vn nguyén duong, B (xn, ;) M A=O

. 1
Vay vOi mdi n, tdn tai mot X, € A sao cho P(x_, x) < .

Ta duge mot day {x,} € A ma limx, =x, ¢ A

n—o

T¥ dinh H trén suy ra

4.8. Trong mét khéng gian métric, hinh cdu déng 12 mot tap
hgp ddng.

Ching minh. Gia st Blx,, r] 12 mot hinh cfiu déng trong
khong gian métric X va {x } 14 mot day phén t¥ cia Bix,, rl,
limx, = x € X Khi dd p(x, x) € r v6i moi n. Theo dinh }

n—r %

3.3, ta ¢d limpP(x,, x) = A%, x) Do dd plx, x,) < r, tic la

. n—e o
x € Blx,, r]. Vay Blx_, r] la mét tap hop dong.

Cha y. Trong khong gian métric ¢d nhung tip hgp khong
md cing khong déng. Ching han trong khéng gian R , [a, b)

khong phéi 1a mét tap hgp md, cing khéng phdi la mét tap
hop dong. '

§5. LAN CAN CUA MOT DIEM. BIEN, BAO DONG VA
PHAN TRONG CUA MOT TAP HOP

Trong muc nay ching ta sé nghjén ciun mot sd khai niém
lién quan dén céc tap hop md va ddng trong khong gian meétric.
Ta s& thdy chdng rét tién dung va gidp ta hi€u sau hon vé céc
tip hgp md va ddng.

5.1. Dinh nghia. Gia si (X, p) 1a mot khong gian métric.
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. a) Néu x € X thi mot tdp hop md bat ki chia x goi 1a mot
lan cAn cua didm x{),

b) Difm x € X goi 12 mot di€m trong cia tap hgp A C X
nfu tén tai mot lan ean cua x chida trong A

c) Didm x € X goi 1a mir 1i€m ngoai cha tap hgp A C X
néu tén tai moét lan can U cia diém x khéng chia mot diém
nao cha A (twe 1a U ¢ CA).
« d) Diém x € X goi 132 moé6t diém bién cia tdp hop A C X
néu mdi lan cn U cua x déu chia nhiing di€ém clia A va nhitng
diém khéng thuoc A (tic A U N A = @ va U n CA = @),

Chd ¥ rdng vdi moét tap hgp A C X cho trude va mot diém
x € X cho trudc chl ¢é thé xAy ra mot trong ba trudng hop
b}, ¢), d).

Tu dinh nghia cia diém trong suy ra rang

Tap hop A € X 14 md khi va chi khi méi di€m céia A déu
la mot di€m trong cia A.

Vi du. Trong khong gian R cho tap hop A = [0, 1) U {2}.
Khi d6 m8i di€m thuéc khoang (0, 1) déu 12 mot di€ém trong
cia A ; 0, 1, 2 Ja nhitng di€m bién cia A, mébi di€m cua tap
hop (—=e, 0) U (1, 2) U (2, +») déu la mdt di€m ngoai cia A

5.2. Dink nghia. Gia s& A 13 mét tap hop con cia khong
gian métric X. Tap hop tdt ci cac di€m bién clia A goi 1a bién
cua tap hop A va duge ki hidu la A

Trong vi du vita néu, ta cd 90A = {0, 1, 2}.

5.3. Pink li. Gid st A 1a mot tap hgp con cua khéng gian
métric X. Khi dd

a) A = (X \A)
b) 9A la mét tap hgp ddéng trong X
Chitng minh. a) suy ra ngay ti dinh nghia cua bién.

(1} Trong nhifu giao trinh. n cin cus didm x dude hidu 15 mor tap hap chita mot
tip hop md chita x. '
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b) Ta ching minh X %\ 5A la mot 1ap hop ma. That vay, néu
x € X «~JA thi x & mdt difm trong hoac di€m ngoai cua A.
Gia sU x la mot diém trong cia A. Khi dd tén tai mot lan can
U cta x sao cho U C A. Vi méi diém cia U déu la mot didm
trong cia A nén U N JA = @ Do dd U C X \ DA Vay x la
mjt di€m trong cua X \9A. Tuong tu, néu x la mot di€m ngoai
cita A thi x eclng la mot di€m trong cia X \ 9A. Vay X \ A
la mot tap hgp ma.

5.4. Dinh nghia. Gia st A 12 mot tap hop con cua khong
gian meétric X. Tap hgp A U 5A goi 14 bao déng cha tap hdp
A, ki hieu la A hodc Cl A

= A U JA.

5.5. Dinh li. A 1a mdt tap hop déng va la tap hop dong nho
nhét chia A.

Chitng minh. Dé dang thdy rang CA 12 mot tap hop md. Do
dd A la méot tdp hgp dong.

Giad st F 12 mot tap hgp dong chida A. Néu x ¢ F thi CF
12 mét lan cén cia x khong ¢6 diém chung véi A. Do dd x la
moét di€ém ngoai cda A. T dd suy ra A C F.

- 5.8. Dinh Ii. Gid st A la mot tap hgp con cua khéong gian
métric X va x € X. Khi d¢

x € A néu va chi néu tén tai mot ddy phdn tu {x } cia A

sao cho lirnxn = x.

n—=x
Chitng minh. Néu {x,} C A va limx_, = x € X thi tit dinh

n—*=

li 4.6 suy ra x € A
Dao lai, néu x € Athix € A hoac x € A,
e Néu x € A thi ldy x, = x v6i moi n.
e N&u x € 0A thi

1
B (x, H) A # @& véi moi n nguyén duong.



. 1 .
Voi mdi n, ldy x, € B (x, B—) M A Khi dd {x } C A va

1 .
Pix . x) < = vdi moi n. Trong ca hai trudng hgp ta déuw ed

limx, = x.
n—+x .
5.7. Dinh nghio. Gia st A la mot tap hgp con cda khong
gian meétric X. Tap hgp tdt ca cac didm trong cia A goi la
phin trong cia tdp hgp A, ki hiéu 12 A hosc Int A.
Phin trong cia mot tap hgp cd thé bang &.

5.8. Pinh li. a) Phin trong A cua A la mot tap hop md va
la tap hgp md lon nhit chda trong A.

by A = A \JA.

Chung minh, Néu x € A thi x la moét diém trong cua A.
Do d6 tén tai mot 1an can U cia di€m x sao cho U <€ A Vi
mdi diém cua U déu la moét di€m trong cva A nén U C A.
Vay x la mot di€m trong cia A. Do dd A la mot tap hgp ma. -

Néu V la mét tap hop md chita trong A va x € V thi x 1a
mot diém trong cia A, tic 1a x € A. Do d6 V © A, Nhu vay
A 1a tap hgp md lén nhét chdia trong A.
by 1a hién nhién.

Vi dy 1. Ta 8y lai vi du sau 5.1 ; A = [0, 1) U {2}]a mot
tAp hdp con cbua khéng gian R. Dé dang thdy rang

A= (0, ) va A=1(0 1] U {2}

Vi du 2. Trong khéng gian R? hai hinh tron dong va mé

Blx,, r] v& B(x, 1) déu cé bién 1a dudng tron
Six, rt = {x &€ R*: [|x - x| = rh

i

déu cd bao dong la B{x , r] va phdn trong la Bix, 1)

5.9. Dinh nghia. Tap hop con A cia mét khong gian métric
X duge goi la tru mat trong X néu A = X,

Vi du. Tap hop Q cdc s6 hitu ti 1a tré mat trong khong
gian R.
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$6. TIRU CHUAN HOI TU CUA DAY DIEM
VA BO DE VE DAY HiNH CAU DONG BAO NHAU
TRONG KHONG GIAN R’

Trong muc nay ta sé6 md rong tiéu chuidn Cosi va bd dé -
Canto vé day doan bac nhauw trong khéng gian R sang khong
gian RP.

6.1. Dinh nghia. Day phan ti {x } cia khéng gian métric
"X goi la mot day Cosi (hoac day co ban) néu
limpx ., x,) = 0,

m-—>o
n—* o
titc 1a véi mét s6 duong € bat ki, tén tai mot s6 nguyén duong
N sao cho
(Wmne€N)m=2NnzN==px_, x)<ec
6.2. Day hoéi tu trong mot khéng gian métric bdt ki 1a mot
day Cosi.
Chiing rhinh. Gid si {x,} 12 mét day phdn td cia khéng
gian meétric X, limx_ = x € X. Khi d6 v6i £ > 0 bdt ki, ton
n— e

tai mét s6 N nguyén dudng sao cho

nz=N=px x)<£.

2

ne
Do dg _
m 3z N n>2N= px 6 x) < pPkx, x)+pPxx)<e
Vay {x,} 1& mot day Cosi.
Cht y. Khong phai trong mot khong gian métric bat ki, ménh
dé dao déu dung. Ching han trong khong gian Q cic s8 hiu
ti, khong gian con caa khong gian meétric R, day {x } vai

xn=(1+%)n,n=1,2,.‘.

1a mot diay Codsi nhung khong hoi tu. That vay, ta cd
limx = e € R nhung e & Q.

nh—*x
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Tuy nhién, trong nhiéu khong gian métric, moi day Cosi déuw
hoi tu. Ta da biét trong khong gian R diéu dé ding. Dinh 1
sau cho thiy d6i vdi khong gian RP véi p = 2, diédu d6 van dung.

6.3. Tiéu chudn Cosi trong khong gian RP

Dinh li. Day phén ti {x } cia khong gian R" hoi tu khi va
chi khi nd la mét day 0051

Ching minh. Diéu kién can suy ra tii 6.2. Ta chdng minh
didu ki¢n dd. Gia si {x_} 12 mot day Cési trong RP.

= ¢, - )0 =1, 2

Cho £ > 0 bat ki. Tén tai moét s§ N nguyén duong sao cho
m=zNmnz2N=[x; -xli <t

tic la
1
(m) _ gln)2 My _ g(nh2\3
(g EM + @ gp))zc.a
T dd suy ra _
6™ — &0 <&, ., |8 -0 <&
vii moi m = N, n =2 N, Vay
{& (“)}n_ s e {S{"')}“_1 la nhitng day Ceési treng R.
Theo tiéu chudn Cési trong R, cdc day nay héi tu :
imé&™» = ¢ € R; ; lim g = L, ER
n—os n—=
bat x = (&, .., é‘) ta ¢cé x € RP. Theo dinh li 3.4, tu dd
suy ra limx, = x. Véy day {x,} héi tu trong RP.
n—=

Nh mét tinh chdt quan trong cia khéng gian RP duge dac
trung béi dinh H 6.3, c6 th€ mé rong b8 dé Canto trong khong
gian R sang khong gian RP.

6.4. B4 d¢ Canto (vé day hinh cdu ddng bao nhau).

Gia sit {Bla,, r ]} 14 mot day hinh cdu dding bao nhau trong
khéng gian RP. '
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B[a]. r1 2 Bla, r,]1 O ..

va limr, = 0. Khi d6 cdc hinh cdu cé mdt di€m chung duy nhat.

n—»=

Chitng mind. Day {a ) cdc tam hinh cdu la mot day Ceosi

trong RF. That vay, néu m > n thi Bla, r )} C Bla, r ]. Do

dé |la,, - ol < r, Vi limr, =0, ti dd suy ra
n—x

limfla - —af = 0 Theo tiéu chuin Cosi. day {a } héi tu

—x

trong khéng gian R!' : lima, = a € R'. Ta ching minh a la
. n— %
diém chung cia moi hinh cdu Bla, r 1. Thit vay, v4i méi n,
{a ,tr=, la mot ddy diém cia tdp hop déng Bla, r ] Vi
lima ,, = a nén tr dd suy ra a € Bla,, r].
K—x

Di€m a la di€m chung duy nhit chda cde hinh cau. That vay,
néu b cing 12 mét diém chung cia cac hinh cdu dd thi

Pla, b)Y € Pla, a )+ Pa, b) € r, +r = 2r v4i moi n
Ti d6 suy ra Pla, b) = 0 ; do dd a = b.

§7. TAP HOP COMPAC

7.1. Tép hop bi chdn

Binh nghia. Tap hogp con A cia mdt khong gian métric X
duge goi la tap hgp bi chan néu nd 14 mot tap hgp con cua
mét hinh cdu nao dd,

Dé dang thdy rang néu A la mot tap hop bi chan va x la
mot diEm bat ki cua X thi co thé tiry duge mot hinh cau (déng
hoac md) tam x , chita A, Trong khon;: gian tuyén tinh dinh chuin
ngudsi ta thuong chon di€ém 0 A tAm cua hinh cdu chya A.

Nhu vay néu A la mot tap hgp con cua khéng gian tuyin
tinh dinh chuan X thi A 1a bi chan néu tén tai mét s6 M =~ 0
sao cho A C B[0, M]. tuc ]a
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VxeAlxl|l «M
Hién nhién tap hop con cta mat tap hop bi chan la bi chan
vaA hop cia mdt ho hitu han tap hgp bi chan 132 mot tap hgp
bi chan.

7.2. Dinh nghia. Tap hop con A cia mét khong gian métric
X duge goi 1a tap hop compic néu mot day bat ki {x,} nhilng
phén tit cia A déu cd mot day con {x, } hoi tu dén mot phén

ti cla A. |
Tu b6 dé Bonzand - Vayoxirat trong khong gian R suy ra.

Mot tap hgp déng va bi chin trong R la mét tap hgp compic
trong R.

Dac biét doan [a, b] 1a mot tdp hgp compic trong R. Ta sé
chi ra rang tap hop ddng va bi chan trong khong gian RP 1a
mot tap hgp compéic. Dinh i sau day cho thdy ménh dé dio
ding cho méot khong gian métric bat ki

7.3. Dinh li. Trong mét khﬁng gian métric X bat ki, tap hdp
compidc A C X la dong va bi chan.

Chitng minh. Gia st {x } C A, limx =x€ X Vi Al

n—
mbt fap hgp compac nén tén tai mot day con {x_ } cua day
{x} sao cho limx, = y € A Ta ciing cd limx, = x. Tu dg
n—m n—e o n

suy ra x = y. Vay x € A ; do d6 A la mot tap hop dong.

Ta ching minh A 1a mét tap hop bi chan bang phdn ching.
Gid st A khong bi chin. Liy x; € A Khi d6 A ¢ B(x,, 1). Do
dé tén tai x, € A sao cho P(x,, x) 2 1. Ta cing cd A ¢
B(x,, 1) U B(x,, 1). Do dd tén tai mét phan ti& x; € A sao
cho p(xy, x;} = 1 va f(x,, x,) = 1. Bang quy nap ta dugc mét
day {x,} phén td cia A sao cho P(x , x ) # 1 v6i moi m # n.
Hién nhién day {x,} khéng cd bit e’ mot day con nao hdi tu.
Diéu nay mau thudn vdi gia thiét A 1a compéc.
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7.4. Dinh li. Tap hop A C R" la compic khi va chi khi A
la dong va bi chan. :

Chitng minh. Didu kién can la hé qua cua 7.3. Ta chung
minh diéu kién du cho truong hop p = 2. (V&i p > 2, cach
chdng minh khéng cd gi thay d8i, chi cé diéu la viéc st dung
cac ki hieu c¢é d6i chut céng kénh hon). Gia st A 1a mét tap
hgp déng va bi chan trong khéng gian RP. Khi dd tén tai meot
s6 M sao cho

[]] €« M véi moi x € A.
Gia su {x,} € A Dat x, = (&, n,) ta cd

&) < Izl = M va l7,] < M v6i moi n.

{£,} 12 mot day s6 thue bi chan. Theo dinh li Bénzans -
Vayoxtrat, tén tai mét day con {Ej} cua day {£ } sao cho
lim ‘—Ej = ¢ € R Tuong ty, vi day {qj} bi chan nén ndé cd mot
n— o n n
ddy con {y } hdi tu : lim 7 = n € R Day {x, } =

*n Con—m® ' In

{(Ek‘ , ’ij )} 1 mét- day con cha day {x }. Difm x = (£, ) 1a

mot phdn ti¥ cia RZ Theo dinh i 3.4, ta cd lim x, = x. Vi

n—roe n

{x, } C A va A la mét tap hop ddéng, tit d6 suy ra x € A Vay
A 12 mét tap hop compéc.
Di€m tu. Tap hgp dén xudt

7.5. Dinh nghia. Gid si A 12 mét tAp hop con ctia khong
gian métric X. Diém x, € X goi la mét di€m tu cia A néu
mot Mn cdn bat ki cia di€ém x, déu chda it nhat mot diém
cua A khic x,,. '

Diéu kién néu trong dinh nghia tueng duogng diéu kién sau :

Mot lan can bat ki cia di€m x, chda vo s6 phdn td cia A

Tap hop tat cd céc di€m tu cia tap hop A dugc goi la tap
hop d&n xuit cua tap hop A, ki hiéu la A’
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(Chu ¥ rang dinh nghia. 11.3.4 la mot trutng hgp dac biét
cua dinh nghia nay. Dicm x, € A goi 1A mot diém cb lap cia
A néu x, & A" Hifn nhién x € A la mot dieém co lap cia A
khi va chi khi tén tai mét lan can U cua % sao cho

Una = ix}

Vi du. Trong R cho A = [0, 1) U {2}. Khi d6 A’ = [0, 1]-
va 2 la difm c¢o lap cha A

7.6. Dinh i, Diém x, € X la moét di€m tu cia tap hgp A
trong khong gian métric X khi va chi khi tén tai mét day
{x } d6i mét khdc nhau cua A sao cho lim x = x

n—x

[

Ching minh. Hoan toan tudgng tu nhu chung minh dinh
1i 11.3.5.

7.7. Dink li. Tap hdp con vo6 han A ciia mot tdp hgp compac
K trong khong gian meétric ¢d it nhdt mot diém tu.

Chung minh. Goi {xn} la mot day phan ta déi mét khac nhau
cia A. Khi d6 tén tai mét day con {x, } cda day da cho sao cho

lim x, = x, € K Theo dinh li 7.6, x, 1a mét diém tu caa A

1
T
n-—

7.8 Hé qud (Dinh li Bonzand - Vayoxtrat trong khoéng
gian R

Tap hop A vdo han bi chan trong khong gian RF g it nhat
maot diém ty.

Chiing minh. A la mot tap hgp con cua mét hinh cau ddng
Blx, r} trong R". Thec dinh li 7.4, B[x, r] la moét tap hop
compéac. Do d¢ tit dinh i 7.7 suy ra diéu cdn chding minh.

Pinh I Huaino - Boren (Heine - Borel).

Dinh li sau day cho ta moét tinh chdt dac trung cua tap hop
compac. Trong topd dai cuong ngudi ta lay tinh chit nay lam
dinh nghia cua tap hop compac. Trude hét ta gigi thigu mot
vai thuat ngit sé duge dé cap dén trong dinh .

211



7.9. Gia st A 1a mot tap hop con cha khéng gian X va
{Ei} ey 12 mot ho tap hop con cia X, Ho {E}, e goi l& mot

phi cda A néu A C U E, .

1€7
® N&u T la mot tap hgp hitu han : T = {1, ., m} thi ho
tap hop {E, .., E_} goi la mét phd h@u han caa A,

e Néu {E;}, o 12 mot phd cua A, T, C T va {E} o cing
la moét phd cta A thi {E} ¢ duce goi 1a mét pha con cla
~phu {E) e

e Néu X la mét khong gian métric va cdc E, déu la nhing
tap hgp ma thi {(E} ., goi 1a mét phdt mé cia A.

7.10. B6 dé¢ Néu {K;} 12 mét day gidm nhitng tap hgp
compac khac @ trong khéng gian métric X,

K 2K, 2> ..
thi NK =0
n=1 '

Chitng minh. V6i méi n, ldy x_ € K . Khi do {x_ } la mot
day.phdn ti cla tap hop compac K,. Do dé né cé mot day con

{x, } hoi tu trong K, : limx, = x, € K,. Véi moi n, ta cd
n n—* n .
plf::c xkn+p = X, Vi {x"'n+p}l’=‘ C K, va K, 1a mot tap hop dong

o
nén tir dd suy ra x, € K. Vay x, € N K.

n=1

7.11. Dinh li Haino - Béren. Tap hop con A ctia mot khong

gian metric X la compéc khi va ¢hi khi méi phu mé {Ul e

cua A déu cd mot phu con hitu han (tdc 12 tén tai ty, ot €T
m
sao cho A C U U, ).

i=1 !
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Chung minh.” Gia st méi pht md cia A déu ¢6 mét pha
con hitu han va A khong phai la mot tap hgp compac. Khi d6
tén tai mot day vo han phan ti {a } cia A khong cd moét day
con nao hoi tu d&€n mot phdn td cta A. Do dd méi phan ti x
cid A c6 mét lan can U, chi chéa mot s6 hitu han phan tu
cua day {a }. Ho {U} . , 1d mét phd md cia A Theo gia thist,

m .
ton tat x|, .., x,, € A sao cho A c U U, . T bao ham thue
N
nay suy ra rang tap hop A chi chia mét s6 hitu han phan td
cua day {a )} C A Diéu nay la vo li. Vay A la mét tap
hgp compac.
Ta s& chi ching minh ménh dé dio cho truyng hop

X = R" v6i p = 2. (Trudng hop p nguyén duong bat ki duge
ching minh tuong tu} Gia si A 14 mot tap hdp compic trong
R? va tén tai mot pha mé (U} ... cia A khéng cé mot phu
con hitu han nao. A 13 mot tadp hgp déng va bi chan nén A
chia trong mot hinh vuéng Q@ = [a, b] X [¢, d] nao do. Chia
hinh vuong Q thanh 4 hinh vudng bang nhau bdi hai duong

+b +d ‘
2 5 Y = £ 5 - Trong 4 hinh vudng d6 c¢d it nhat

thang x =

mot hinh vuong @, = [a,, b,] x [c,, d,] sac cho khong thé phu
tap hop A; = A N Q, bdi mot s6 hitu han tap hap U,. D6 dai

canh cda hinh vuong Q, 1a —g—i Ta lai chia Q, thanh 4 hinh
a +b, ¢, +d,
vudng bang nhau bdi cac dudng thing x = 7 Y=g

Trong 4 hinh vuéng dd, cd it nhat mat hinh vuong Q, = {a,, b,} x
X [e), d,] sao cho khong thé phd tap hgp A, = A, N Q, bdi
mot 36 hitu han tap hop U. Do dai canh chia hinh vuéng Q,

[
Ia _Ta ; A, vd A, 14 nhitng tip hop ddng va bi chan trong
) 2

R’ nén la nhiing tap hop compic. Tiép tuc nhu vay, ta dude
mot day tap hop compéic {A} cd cdc tinh chédt sau :
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1" A D A DA, D
2" A, C Q v0i moi n, Q_ la hinh vubng ma canh ¢d do dai
. h=a
Ia - .
2!’1
3" Khong thé phi méi tap hop A, bdi mot s6 hétu han tap
hop U,

Theo BE dé 7.10, tuv 1° suy ra (1A = @ Liy

n=1

x
x, € M A, Vix, € Anéenx, < U v6i mét i naocds ciha T

n=1
Tit 27 suy ra x, € Q, véi moi n. Da dé vi U 14 mét tap hop
. 2(b—a)y __ .
mé& va dudng chéo cia Q bing E(—;———) dan dén 0 khi n —»
. 2 .

nén Q C U, v6i n di lgn. T 2" suy ra A, C U voi n 4G
3

16n. Didu nay mau thuin véi 3. Vay mdi phua md cua A déu
¢d mot phd con hitu han.

§ 8. TAP HOP LIEN THONG

8.1. Pinh nghia Tap hop con A clia mot khéng gian métric X
duge goi 13 tdp hop lien théng néu vei mébi bidu dién cha A
dudi dang

A= B uC,
trong dd B va C la hai tap hgp khic @ khdong giao nhau, ta
déu co
BNC% @ hacCnNB =G

tNGi mot cdeh khde, tap hgp C chda it nhat mét diém tu
cia tdp hop B hoac tap hgp B chia it nhat mot difm ty cua
tap hgp C).

Dac biét, mot tap hgp déng la lien thong néu no khéng phai
1a hop cda hai tap hgp ddng khac rdng khoéng giao nhau.
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8.2. Pinh Ili. Trong khong gian métric, bao déng cua mot
tap hop lién thong la mot tap hop lién théng.
Chiing mink. Gid su A la mot tap hop lién théng va
A =B U C, trong d6 B va C déu khde @, B N C = J. Hién nhién
A= ANB UANOvaANB NANC =J.
1"Néeu ANB =@ vaANC= @ thi vi Ala mot tap
hop lién thong nén
ANBNANC = Ghiac ANCNI(ANB) # 0.
Tu dd suy ra
BNC#@hoacCNB = Q.

2°Néu AN B =@ thi Ac CCA Dodd
EOB=B;t@,Tuongtu,né’uAnC:chiB

Vay A la méat tap hop lién thong.

C
N

=l

va
.

ol ||

Hién nhién & la mt tdp hop lién thong.

Ngudi ta ching minh duge ring

8.3. Trong khdéng gian R ngoai tip hdp O, cac khoing va
chi cac khoang 13 nhiing tap hgp lién thong.

Cac khoang & day dugc hidu 13 cdc khoing mé hoac dong
hodc nia md, bi chan hodc khong bi chan. Tap hgp mot di€m
dugc xem 14 moét khoang dong ma hai di€m dam va cudi trang
nhau. (Hién nhién tap hdp mét diém 1A mot tap hgp lien théng).

§ 9. GIOI HAN CUA ANH XA TRONG CAC
KHONG GIAN R’

DE dé tap trung, trong phidn tiép theo cla chuong nay, ta
sé chi dé cap dén cac 4nh xa trong cdc khong gian RP (p nguyén
duong), tuy rang mot s6é khai niém va tinh chdt cé thé duge
md réng moét cach tu nhién vao cac khong gian tuyén tinh dinh
chuidn va cdc khong gian métrie.
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9.1. Cac ham s6 thanh phan. Cac phép chion va phep nhung
chudn tac

al Dinh nghia. Gia st X 1a mét tap hop trong khéng gian RV
f: X —=RH
X —y = fix)
lA mdt anh xa xdc dinh trén X va lay cdc gia tri trong khong
gian RY (q nguyén dudng). (f ciing duge goi 1a mot ham. Néu
g = 1 thi { dugc goi 1a mot ham sé thuc, goi tat 1a ham sa).
Véi méi x € X, y = fix) = (5, s rgq) € RY. Cac ham sé
f,: X - R
x = p,.k=1 ..,4q
duge goi 14 cdc ham s6 thanh phan cia ham f.
Co thé viét ham f : X — RY duai dang
x — f(x) = (f (0, .., fq(x)), x € X.
Hién, nhién viéc cho ham f : X — RY tuong duong véi viéc
cho q ham 6 thanh phan f,, .., f,: X =R
Vi vay, ngudi ta thugng viét
f =, . f,).
b) Dinh nghia, Cic ham sd
Py R" - R
X = (gla ey ‘En) — PL(X) = ‘Eks k = 1'.' TP L
duge goi la cac phép chidu chuin tac khong gian R" léen khong
gian R.
Dé dang thiy rang cac phép chidu chudn tic 1a nhitng dang
tuyén tinh trén khéng gian R"
¢) Gia st X la moét tap hop trong khéng gian RP, f : X —= R

la mot ham ; f,. ..., fq la cac ham s0 thanh phdn cta ham f
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Khi dad
fk = pk“f, k = 1, e g,

trong do p, : R' — R 1a cdc phép chiéu chudn tac khong gian
RY lén khéng gian R.
f I
X—R!l— R
x — fixt = (fi1x), .. fq{x)) — fax}
d) Pinh nghia. Cdc ham
ve t R — R"
Eo— (0, ., 0. &,0 .,0 k=1, ., n
thak -
goi 12 cic phép nhiung chufn tic khong gian R vao khong
gian R™
Dé dang thdy rang cac phép nhung chuin tic 14 nhitng don
anh tuyén tinh tit khéng gian R vao khong gian R".
e) Cho X ¢ R va ham f: X —» RY.
D& dang ching minh dugc

4
£ =) vopef,
I

trong d6 p;, .., p, 14 cdc phép chiéu chudn tic RY lén R, v,
- ¥, la cdc phép nhung chuin tic R vao RY.
Vi du 1. Cho ham

f:00, 22] —R
x +— fix) = (cosx, sinx}.

f goi la ham mot bién s6. Hai ham sd

£, : [0, 2 7] > R, f,: 10, 27] - R

x > fi{x) = cosx x — f,(x) = sinx
la cac ham s thanh phan cia f.
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Anh f ([0, 2]} cta ham f trong khong gian R’ la dudng
tron tam 00, 0) ban kinh 1.

Vi du 2. Cho mot s6 duong R va ham
f:1[0, 22] x {0, x] - R*
o, 8) — flp, &) = (g, 1y, ) =
= (Rsinficosp, Rsinflsing, Rcos)
f goi la mot ham hai bién s6. Ba ham sd
f, 10, 2] x [0, x]1 = R : £, {0, 27] x [0, z] - R
¢, 8) — fi{p, ) = Rsinbcosp ; (B) — f{p, #) = Rsinbsing
va
f; [0, 27] x [0, 2] - R
(p, &) = {(p, ) = Rcosh
la cdc ham s6 thanh phan cda ham f.
Vigi + 93 + 75 = R? nén anh £[0, 27} x [0, n]) cha ham
f trong khéng gian R® chda trong mat ciu tam Q(0, 0, 0) ban
kinh R. Sau nay ta sé thay anh cla f la mat cdu nay.
Gigi han cia ham tai mot didm
-9 2. Dinh nghia. Gia s X la mot tap hdp trong khong gian
R, x, 1a mot di€m tu cia X (x, € X), f : X — RY 12 mot

ham. Ta goi L € RY )a gi6i han cua ham f khi x ddn dén X,
(hodc tai difm x) va viét

lim f(x) = L hoac f{x) — L khi x — X,

X=*X
[1]

néu v6i mét s6 duong £ bat ki, tdn tai moét s8 duong, sao cho
v € X0 0 < |x - xﬂ]l < 3 = [[ftx) - L} < &

Tuong tu nhu ddi v6i ham s6 mot bién s6, ta cd

9.3. Dinh U."Gia st X C RP, x, € X*. Néu ham f : X — RY
cd gidi han khi x didn dén x, thi gi6i han d6 la duy nhat.
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Chirng minf. GiA s lim f(x) = L va lim f{x) = M. Cho¢ > 0

MY XX

tuy ¥. Theo dinh nghia 6.2, ton tai céac sé duong &, va 4, sao cho

Wx eX) 0<lx-xll <3 =l -1l <35

0 < ix-xJ)l <8 =1fx)-Ml < g
bat 8 = min (6], 62). Khi do

vx € X) 0 < |Ix-x)]|]| <d=
£ 13
= |IL - M|l < L - t@l + 1fo - M|l < 5+t5=¢
Vi bdt ding thuc déng vdi mét s6 dudgng bit ki &, ti do
guy ra

L - M|| =0, tite la L = M

9.4. Chu y. Vi cac chudn trong RF ciing nhu cdc chuan trong
RY 1a tuong duong nén trong dinh nghia 6.2, néu ham f cd gidi
han L tai di€m », d%i vdi mot cap chudn nao d¢ trén RP va RA
thi né cing cé gioi han L d6i vai moi cdp chudn trén RP va RY
Trong nhiéu trudong hop. ngusi ta thudng st dung chuin sau
trén khong gian RP. I

el = N, £l = max A&1, o 1&)
Khi d6 néu X I[a mot tap hop trong RPY,
X, = (E(l-”), o 5:::'}) la mot didm tu cda X va
f: X—R

x = o £y = ) = (E, . B
14 mot ham s6 xac dinh trén X (f duge goi 12 moét ham so p

bién s&) thi lim fix) = L. € R néu vdi mdt dugng € cho trude
X—X

bat ki, tén tai mét s6 duong & sao cho
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S E € XN ix 0 1E -8 <4,
f":f[, _ h:“” < d = |fiE, . E,p) -L| < =

Dinh li sau duge chitng minh tuong ty nhu d6i véi ham sd
mot bién s6.

9.5. Pinh Ii. Gia st X C R, x, € X, f : X — RY }]a mét
ham. Khi d6 lim fix) = L khi va chi khi

X=X,

W izt C XNV Dlimx, = x, = limfix) =1L

"
n—x n—x

9.6. Dinh li. Gia st X C R", x, € X, f : X — RY 1a mot
. ham vdi cdc ham s6 thanh phan f), ..., f, Khi dé

limf(xy= L= (L, .. Lq-} <= limf(x) =L, .., lim fq('x_) =L

XX, XX XX

'h

Chiung minh. Theo dinh li 6.5
lim f(x) = L

X=X,

= [( Vi o X N\ (x ) lim x, = x, > limfix) = L] (1)
i T n—x n—sx

Ta viét ddng thie (1) dusi dang

lim (fl(xn), fq(xm)) = (L, .., L) (2)

Y
n— x
Theo dinh 1i 3.4, dang thde (2). tuong duong vai
lim f(x ) = L,, .., lim fq(xn) = Lq,

n—x n—x
Tu dé suy ra diéu can ching minh.

Ap dung dinh nghia giéi han cha ham sé hoac dinh H 6.5,
dé dang ching minh
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9.59. Dinp L. Gia st X C R x| 1a mot di€m tu cua X,
f, g . X — RY 1a nhitng ham x#c dinh irén X.

Ncu lim fix) = L va lim g(x) = M thi

XX, XX

a) lim [fix) + g(x)] -~ L+ M
X_‘Nn

b} lim Af(x) = AL (4 1a mét hang s6)
X—x

¢) Dac biét néu g = 1 thi
lim f(x)g(x) = LM

X—*X
Néu ngoai ra M = 0 thi
fx) L

lim _é(T) M

x‘-’x(\
9.8. Tiéu chudn Cési vé sy ton tqi giéi han ciia mot ham

Dinh Ii. Gia st X C RP x, € X’ vaf: X — RYla mot

ham xac dinh trén X. Khi d6 tén tai lim fix) € RY khi va chi
X=X

khi v&6i mét s6 duang € bat ki, tén tai mot s6 duong & sao cho

(Vx' € X, ¥x”7 € X) 0 < f[x" - ¢ || <4,0 < [[x" - xll <&

= || fix) - fix’)] < ¢ ' (1.

Chigng minh. Dinh H dugc chitng minh hoan toan tuong tu
nhu d6i véi ham s6 mot bign s6, trong dd dfu | | duge thay
béi ddu || || (Xem ching minh dinh ) 1.B.1.10). Tuy nhién ta
$€& trinh bdy ching minh diéu kién dd cua dinh I vi trong lap
luan ed mot vai chi tidt can duge giai thich.

Cho € > 0 bat ki. Goi § 1a mét s6 duong théa min diéu
kién (1) néu trong dinh li. Gia st {x,} 12 mot day phan ti¥ cta
tap hap X \ {x } sao cho lim x, = X, Khi dd ton tai mét s6

n—* =

nguyén ducng N sao cho
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nzN=[x -x/l <&
Theo gia thiét. ti dé suy ra

m =N, n2z N-= [[fix) - fx )l <¢

Viy {f(x )} 12 mot ddy Cosi trong khong gian RY. Theo dinh i
6.3, t& do suy ra day {f(x )} hoi ty trong R% : lim f(x}) = L € R'.

n—x
Ta chitng minh lim f(x) = L. That vay, ta co
X—+X
Ny - fix )l < € (2)

véi moi x € X sao cho 0 < fix - x|l < & va v6i mgi n = N.

Trong (2) ¢6 dinh x va cho n — «. Theo dinh i 3.2, ta ¢o
im || f(x) — fix)ll = | f(x) — LIl. Do dd

n—x
Wx € X0 < [lx -x,J] <d=[fx)~LI =&

tue 4 lim f(x) = L.

X=X
(3]

Vi du 1. Gia st (a, .., ap) € R, k,, ., kp 1a nhitng s6 tu
nhién. Theo dinh li 8.7.b), ¢}, ta co :

. k
lim Ax]‘ xkr‘ = la

Ky
P L
(%) xp)—-(a!. - ill_‘)

. akp,
p

Tit d6 suy ra rang néu Pix,, ., xp} la mot da thic p bisn thi

lim Pgx,, ..., x,) = P (a,, ., ap).

(Trong ding thic trén, dudi ki hiéu lim ta viét x| —a,. ..

xp) - {a;, ... a)

X, > a, thay gho (X b

i | R

Tuong ty. theo 8.7. néu R ix,, ... x) ]a mot ham s6 hitu ti
p hién thi '
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véi diéu kién ham s R xac dinh tai didm (a;, .., ap) (tic la
mau cia R khac khong tai di€ém nay).
Vi du 2. Ham s6 hai bién =5
(x, y} - x¥
x4ac dinh trén tap hgp (0, +») x R. Néua > 0 vA b € R thi

lim ¥ = a®

X—a
y—b

That vay néu (x,} 1a mot day s6 duong bat ki va {y,} 1a

mot day s6 thuc bat ki sao cho lim x, = a va lim ¥, = b th
n— = n—» =
¥ ‘v Inx ] i
x'=¢e" " — &M = aP khi n > w.

Theo dinh li 8.5, tif d6 suy ra didu can ching minh
Vi du 3. Ham s6 hai bién s6

Xy

x2 +y2

x, y) —

xdc dinh trén tap hop R \ {(0, 0)}. Ta sé chi ra rang gidi han

. Xy
lim 3 p
=0 x"+vy
y—0

khong ton tai.

. \ 1 1
That vay. hai day diém {x_, y )} = {(;, H)} va {(x’ , y' )}
. ] 2 1 o - x P y e *a . .
= '(n n)l déu hoi tu dén (0, 0). Tuy nhién fix,, y,) = 5



2

fix’ .y )= 3 vl moi n. Theo dinh 1li 8.5, ti dd suy ra ham

50 duge xét khong co gidgi han tai di€m (0, 0),

Vi du 4. Tim gigi han

»:
lim ——.
x—0 X" +y°
—
. .
Ta ¢o _l,XY!, < = v&i moi (x. y) # (0, 0). Do d6
X" 4y 2 .
Xzy 1 . ] 2' . .
|j —| = 5 |x| véi x* +y° > 0. T d6 suy ra
X2 +y* 2 .
lim —— = 0
x—=0 x° +y°
y—A
- §10. GIOI HAN LAP
10.1. Ngoai giéi han cia ham s6 fx) = f(§,, .., &,) khi
x = (£, .., §) —a = (a;, .., a;), trong nhiéu trudng hop ta

phai xét gigi han cia ham 8 thudc mot loai khde. D6 1a gidi
han cua ham sé f(§, .., _Ep} khi céc bign £, k& tiép nhau dan
dén a, theo mdt thd tu nao dd. Gisi han loai nay dugc goi la
giéi han lap.

D& don gian, ta chi xét trudng hgp ham s6 hai bién s6.

Gia sit X, Y 1a hai tap hop s6 thuc X, Y € R ; a, b theo
thd tuy la digm tu cia X va Y. Khi d6 (a, b) la mét didm tu
cia X X Y (a, b ¢6 thé thudc X, Y hoac khéng ). Gia st f la
modt ham s6 zdac dinh trén X x Y \ {{(a, b)}.

Néu v6i méi y € Y  {b}, ham s6 mét bién s6 x »» f(x, y)
cd gisi han khi x — a thi ndi chung gigi han d¢ phu thuéc
vao y
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lim f{x, y)

X o+l

= iy}

¢ la mot ham =6 xdc dinh trén tap hgp Y N\ {b}. Do d¢ cd Lhé
x6t gidi han cua hadm s6 ¢ khi y — b. Ta viét

Hm oe(y) = lim lim f(x, y).
v-+h v—=+bh x—a

Gidgi han lap lim

lim fix, y) duge xét mdt cach tuong tu.
x—ua v—=h

Khong phai bao gio hai gigi han lap ndi trén ciing tén tai

va néu ca hai déu ton tai, ching khong nhit thiét bang nhau,
Vi du 1. Xét ham sé '

X -y +xt+y°
flx, y) = I TX Y

x+y
trén tap hop (0, + =) x (0, + <), a

Vai méi y > 0, ¢ly)

0,b =0

= limf(x,y) =y - 1,
Xx—=1}

lim ¢(y) = lim lim f(x, y) = -1.
y—i0 y—=0 x—0
Voi méi x > 0, p(x) = lim f(x,y) = 1 + x,
v—=il
lim p(x) = lim lim f(x, y) = 1.
X )

X—0 y—i)

Vi du 2. Ham sé

1
f(x, y) = xsin—
xac dinh trén tap hop R x (R \ {O})

Vai mdi y = 0, p(y) = lim f(x, y) = 0. Do do

x—={)

lim ¢(y) = lim lim f(x, y) = 0.
_\r—+|]

v x—0

15- GTGTLT - T1
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Vai méi x = 0, lim fix, ¥} khong ton tai. Do dd khong ton
v=i
tai lim lim fix, ¥).

X—=0 vl

Tu bidt dang thuc

1 .
Ifix, yi| = |xsin§ < |x!] vdi moi (x, y) = (0, O,
suy ra
lim fix, y) = 0
x—0
v )

Vi du trén cho thay sy tén tai gioi han cia ham so { tai
di€ém (a, b) khéng kéo theo su tén tai cdac gidi han lap tai di€m
nay. Tuy nhién, ta co

10.2. Binh I; Giasi X, YCR,a€ X, be¥Y ;a becR
va f 1a mat ham s6 xdac dinh trén tap hgp X x Y & {ta, b},
Né&u

a) limfix, y) = L € R,

!
b) V4i méi y € Y * {b}. ton tai gidi han
' ely) = lim f(x. y) € R,
X-*a
thi tén tai gi6i han lap lim ¢y} = lim lim f(x, y), va
vl v—>h x—n

lim lim f{ix, y} = L.

Vb oxe

Chitng minh. T at suy ra rang vdi mot ¢ > 0 bat ki, ton
tai 4 > 0 sao cho

(vx € X v{a}, Yy € Y L {b} |x - al < 8,
ly - bl <8 =|fix, y» - L| < &
C3 dinh y € Y - {b} thoa man diéu kién |y - bl < & va
cho x — a. la duoe lim f{x. y) = ¢ty). Do do

e |
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lptyr = L] < £ v8i moi y € Y (b} ma {y - h| < &

tue la lim py) = Lo

v = h
Né&u ngoal hai diéu Kkién a). bl diéu kién sau cing dude
thoéa man
Vadi mbi x € X v {a}, tom tai gidgi han
yixd = Iim f{x. y)
y=rh
thi tit diéu via ching mirh suy ra sy tén tai giéi han lap
lim p(x) = lim lim fix. y)
X—* X—a v—=h
va
lim lim fix, vJ = L.
X—=u v—h
Trong trudng hop nay, hai gidi han lap tai didm (a. b} da
bing nhau.

Tu dinh 1i trén suy ra rang ham so6 f trong vi du 1 khong
cd gidi han tai didm 10, 0}

$11. HAM LIEN TUC TRONG KHONG GIAN R

11.1. Dinh nghia. Gia st X |4 mét tap hgp trong khong gian
R f: X — RY {3 mot ham.
a) f goi 1a lien tuc tai diem x, € X néu véi mot s6 duong
£ cho trudc bAt ki, tén tai mét sd duong § sao cho
Wx € Xb lIx - x Jl <8 = |lfix) - fix )|l < &
b f goi la lién tuc trén X néu f lign tue tai moi diem x € X,

Ham f khong lién tuc tai didm x € X goi Ja gian doan
tai x .



Hién nhién ndéu x, 1A mét difm co lap cua tap hep X thi f
lién tuc tai diém x .
Tu dinh nghia trén suy ra

11.2. Dink Ii. Néu x, € X la moét difm tu cla tap hop X
thi ham f lién tuc tai diém x., khi va chi khi

hm fix} = f(x ).

XX
2}

Dinh i sau day duge chdng minh tuong tu nhu déi vdi ham
s6 mot bién sé. _

11.3. Dinh L. Gia s@ X C RP, f : X — R% 12 mot ham.

f lién tuc tai diém x,, khi va chi khi

(¥ix,} C X} Jim x, = x = lim f(x ) = fix,).

Ap dung dinh 1i 11.3, d& dang chding minh dugc hai dinh

li sau : :

11.4. Dink Ii. Cho X € RP. Néu f, g : X — RY1a hai ham
lién tyc tai diém x, € X (trén X) thi cdc ham s6 f + g va if
Ia nhitng ham s6 lién tuc tai x| (trén X}. (1 € R la mot hang s6}.

Dac biét, néu g = 1 thi ham s6 fg lién tuc tai x .
‘ f
Né&u ngoai ra gix ) # 0 thi ham s6 ;g; lién tue tai x .
115. Dinh i, Giast X CRLYC Ry, f: X =Y, g:Y—=R
la hai ham. Néu f lién tue tai diém x, € X va g lién tye tai
difm y, = fix ) thi ham hop g.f : X - R’ lién tuc tai diém X,

11.8. Dink Ii. Gia st X ¢ RP. Ham f : X — RY lién tuc
tai diém x, € X khi va chi khi cac ham s& thanh phéan f,, ... fLI
cta f lién tuc tai x .
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Chung minh. { lién tuc tai diém x|

=¥ {x,} € X) limx, = x,= lim f(x) = f(x)

n—- = n—x

= (v {x} C X) limx, = x, = lim ({{x}}, ..., fq(xn)) _

[ 2= n— =

= (f(x) s ffx )

=V {x} € X) lmx, = x, = limf(x) = fix);

n—% -+ o
k=1 .,q

<> | lién tuc tai x, ; k = 1, ., q.

11.7. Pink H. Chuidn

| Ih:R" — R
x — |z

la mot ham s lién tue trén RP .

Chitng minh. Tinh lién tuc cta || || suy ra tit bat ding thic

| =l — lyll | < ||x - y|]| v6i moi x, y € RP.

Vi du. Tiu dinh li 11.4 suy ra ring ham sé

k k
(X5 s xp) — Axpo X Py

trong d6 ki, .., kp € N la mét ham s6 lién tuc trén RP.
Tt 40 suy ra
e Da thic p bién P(x,, ..., xp) 1a mo6t ham sd lién tuc trén RP.

¢ Ham s6 hiu ti p bign Rix,, ., xp) la mdt ham sé lién
tuc trén tap xdc dinh cta nd.

Pl dinh Y 11.5 suy ra
Ham s6 (x, y, z) =— sia(x’y + 3z°) lién tuc trén R’

11.8. Pinh . Gia st £ : RY — R 1a mot ham sé lien tuc

trén RP va « la mot s8 thuc cho trude. Khi do
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ar Cac tap hop
F = {x € RP : fix) = )
va

F, = {x € R - fix) < e}

la nhirng tap hgp ddng.
b} G = {x € R': fix} >
va
G, = lx € R': fix) < a}
la nhiing tap hop md.
et E = {(x € RV : fix) = o} la mot tap hop dong.
Chitng minh. a) Ta ap dung dinh 1i 46. Gid st {x } C F,

limx, = x, € R". Khi dd fix) = « v6i moi n. Vi f lién tuc

= x

tai x, nén fix) = lim f(x,) 2 «. Do dd x, € F. Vay F la mot
n—+x

tap hyp dong.
Thay f béi -f, ta duge F, 14 modt tdp hgp ddng.
b) Ta cd G = RP\VF, va G, = R'\F. Do dé G va G| 1a
nhitng tap hyp ms.
c) Tt dang thic E = F N F, suy ra E 1a mot tap hogp dong.
Vi dy. T dinh i trén suy ra

{tx, y} € R : X—,} + % < 1} la mot tap hop ddng va
a“ b
) xz y2 +
{itx, y) € R* : — + = < 1} la mét tap hop md trong R-.
a“ b

11.9. Chi y. a) Vi cac chuiin trén cac khong gian RFP va

R? déu lién tuc nén trong dinh nghia 11.1 tinh lién tuc cia
ham f khong phu thude vao cac chuin trén hai khong gian dg :
Néu f lién tuc tai di€m x, € X daj véi mot cap chuin nao dd
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trén RY v RY thi nd lién tue tai diém x  d0i v6i moi cap chudn
trén hai khéng gian nay.
Néu trong RI' ta ldy chudn

s = e o gl = max I
=1 I

thi dinh nghia 11.1 duge phat biéu dudi dang sau :

Cho X ¢ R' Ham f : X - RY lién tuc tai diém
x, = (", ..., &) néu véi mot s6 duong £ cho trude bat ki,
tin tai mot 36 duong ¢ sao cho

p 1

Vx = (£, . §) € X g - & <5 g, - §) < 5
thi |[f(x) - fx )| < & :

b) Gia sit £ : X — RY lien tuc tai diém x,= &V, ., &)
€ X.

Dat X, = {{, € R: (&, &, .., 5{;')) e X). Dé dang thdy

rang ham mot bign s
e, X, — R
'EI — ‘f’](§|) = f(&l : ‘,E(:“)s S ggﬂ)

lien tuc tai diém E(I-”} € X,. Ta nodi rang f lién tue tai diém x,
theo bién &,. Tuong tuy ham f lién tuc tai diém x, theo méi

bign £, .., &

v
Nhu vay néu ham f lién tuc tai diém x_ thi nd lién tuc tai
di€m x , theo méi bién £, .., §

P
Vi du sau day cho thay diéu ngudc lai khéng ding .
Ham s6
Xy ..
S v (x, y) % (0, 0)
fix, y) = { x~+y-

0 wvai(x,vy=1(0,M



gian doan tai diem (0, 0), vi lim f(x, y) khong ton tai. Tuy
X-=il
y—=1
nhién f lién tuc tai di€m (0, 0) theo mébi bién x va y vi
fix, 0) = 0 vdi moi x € R va f(0, y) = 0 v&i moi y € R.
Ham s6 lién tuc trén tap hop lién thong
Trude khi dé cap dén tinh chdt ctia ham sd lién tuc trén
mot tap hgp lién thong, ta xét mot truong hgp riéng thuong
gap cua tap hgp lién thong. Do la tap hop lién théng cung.

11.}10. Dinh nghia. Tap hgp X ¢ RY goi 1a lién théng cung
néu vai hai diém bdt ki a, b € X, tén tai mét ham lién tuc
v : [0, 1] — X sao eho p(0) = a, p(1) = b.

Ham lién tuc ¢ goi 132 mét cung ndi hai diém a va b, a goi
1A diém dau, b goi 1a di€m cuéi cia cung.

Ngudi ta ching minh duge rang tap hdp lién théng cung la
moét tAp hop lién thong. Ndi chung diéu nguge lai khong ding.
Tuy nhién néu X 12 mot tap hop mé trong khong gian RP thi
X la lién théng khi va chi khi nd 1a lién thong cung.

11.11. RF la moét tap hgp lién théng cung.

Ching minh. Gid s a, b 13 hal di€m bdt ki cia RP. Ham
e : [0, 1] = RP

A (1 ~Da + b
lién tyc trén doan [0, 1], ¢(0) = a, ¢(1) = b. Theo dinh nghia
9.10, tit d6 suy ra RP 13 mot tap hop lién théng cung.

11.12. Hinh cdu trong khong gian RP 1a mot tap hop lién
théng cung.

Chitng minh. Gia sd a, b 1a hai diém cta hinh ciu ma

Bix, 1} trong RY. Khi d¢ fla - x || < 1, {b - x,/ < r. Ham

o

e [0, 1] = RP
’ A — (1 —Da + ib
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lién tuc tréen [0, 1], Ta ching minh o0, 1); C B{XU, £,

That vay,

vi e [0, 11, I pth) —x |

it

(1 —-Da+ib—~(1 -x, —ax |
< (1 —Mlla—-xll +ifb-x]
< (1 = +Ar = 1.

Do d¢ ) € Bix , r) véi moi 4 € [0, 1].

Chdng minh tuong tu, hinh cdu déng trong RI' la mot tap
hgp lién théng cung.

Sau day la sy md& rong dinh Il Bonzané ~ Coési da biét sang
ham s6 nhiéu bién.

11.13. Dink . Gia s0 X la mot tap hop lién théng trong
khong gian RP, f : X — R la mét ham s6 lién tuc trén X ;
a, b € X. Khi do, néu « a4 mot 36 nAm gitta fia) va f(b) thi
tén tai it nhat mst diém ¢ € X sao cho fic} = «.

Diéu dd cé nghia 1a { 1y moi gia tri trung gian gitta f{a)
va f(b}.

Ching minh. Chi cin ching minh cho trudng hop f{a) = f(b).
Gia s f(a) < « < fth) va fix) # a v moi x € X,

Dat A = {x € X : fix) < a}, B = {x € X : fix) > a}, ta
0 X =AUBvAANSB =@ Vi X la mot tap hgp lién thong
nen AN B = @ hoac A N B 2 . Néu xdy ra truong hgp dau
vi d € A N B thi tén tai mét day {x } nhing phan td cdaa A
sao cho lim x, = d. Khi d6 fix,} < « vii moi n. Vi f lién tuc

n—=

tai d nén f(d) = lim f(x,) < «. Mat khdc vid € B nén fid) > «.

n—-x

Ta di dén mau thuin, Viy o & fiX).
Ham lién tuc déu
11.14. Dinh nghia. Gia s¢ X la mot tidp hdp trong khong

gian RP. Ham f - X-— R goi la lién tue déu trén X néu vdi
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mot =6 dudng ¢ cho trude bt ki ton tai mét s6 duong 5 sao
cho 1vx', x7 € Xo ||x" - x7|| < 6 = JIfix) - x| < ¢ D&
dang thay rang

11.315. a) Chuin || || : R"' = R
x — |fx]|

by Cic phép chidu chuan tac

p, : R' =R
X = (&, ., 5[,) —op (%) = £ k=1, ., p)
¢) Cdc phép nhing chudn tac
v, - R — RY
& Vk(._’:'] = {0 .,0 & .0 ...,.0

i &
la nhithg bam lién tue déu.

§12. HAM LIEN TUC TREN TAP HOP COM PAC

12.1. Dinh li. Néu X la mot tap hop compéc trong khéng
gian RP, f : X — RY ]a mot ham lién tuc thi £X) la mot tap
hop compéc trong khéng gian RY.

Noi gon lai, 4nh lién tye céia moét tdp hgp compac la moét
tap hdgp compéic.

Chung minh. Gid st {y |} = ‘f(x))} la mot day phan tu
cua tap hop ftX). Vi {x } la moét day phdn t¥ cia tap hop
compdc X nén nd cd mot day con {x, } sao cho lim x, =x, €X.

n—x
Vi f lien tuc nén tit dé suy ra lim fix, ) = fix ), tic la

n
= x

limy, = fix) € fiX). Vay fiX» Ja mét tap hop compéc trong R

n— =

Hai dinh li sauw 1a sv md rong cac dinh li Vayoxtrat va Canto
d6i v6i ham s6 mot bién s4 sang ham nhiéu bién s4.
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12.2. Pinh 1 WVayoxtraty, Gia sa X 1a mat tap bop compac
trong khong gian R" va { : X — R la mot ham =0 lién tuc trén
X. Khi do

a) f bi chan trén X,

by f dat duge gia tri 16n nhat va nhd nhat trén X.

Chung minh. a) Theo dinh i 12.1. £iX) 1a mot tap hop
compéc trong R. Do dé fiX) la mot thp hgp bi chan trong R.
Vay f 1a mot ham sé bi chan trén X.

by Td a) suy ra m = inf fiX) € R va M = sup fiX) € R.
Vi tap hgp compac fiX) la mot tap hgp ddng trong R nén
m € fiX) va M € f(X).

12.8. Dinh Ii (Canto). Gia st X la mot tap hop compac trong
khong gian R" N&u ham f : X — R lién tuc trén X thi nd
lien tuc déu trén X. '

Chitng minh., Dinh 1i duge ching minh tuong ty nhu trutng
hop ham s6 mét bién s6. Gia s f khong lién tuc déu trén X.
Khi d¢ ton tai mot s6 duong £ cd tinh chit sau :

V6i mot s6 nguyén duong n bat ki, ton tai haj diem x", x” € X

sa0 cho

3 1 . » . .
I, =7l < = va ey - faopl = & (D
Vi {x’ } € X compdc nén nd cé mot day con ix’, } hoi tu

trong X : lim x. = x. &€ X. Tit bat dang thuc
g kn 0 g
n— %

T

. 1
R R B e T N R el N

k'I'I-
suy ra lim x”, = x, = lim x" . Do f lién tuc tai x, tr dd suy
n

n—>x " n—x

ra lim fx', ) = fix)) va limf(x”, ) = fix). Do do
n—-s % r : n

tim || fix', ) — fx" )l = 0. Didu nay mau thuan véi (1.

—— " n

1o
s
P}



Chuwong VI

DAO HAM CUA HAM MOT BIEN SO
DAO HAM RIENG CUA HAM SO NHIEU
BIENSO

A. DAO HAM CUA HAM MOT BIEN SO

Trong phan nay ta s& md réng khai niém dac ham cing nhu
cdac két qua da co d6i vdi ham s¢ mot bién s6 sang truong hap
ham mét bidn 54, tic 134 ham xdc dinh trén mot tap hop X C R
va ldy cac gia tri la nhiing vects. Dac ham cia ham mot bign
co nhiéu dng dung quan trong trong hinh hoc va co hoe.

§1. DINH NGHiA. CAC TINH CHAT DON GIAN

1.1. Dinh nghia. Gia st f (a, b) = R11a mot ham, x| € (a, b).
Néu ton tai
f{x) —f(xt_‘)

lim ——--
X — X,

K‘—)‘X.
thi gidi han dd goi 1a dao ham cta ham f tai diém X, ki hiéu
la fiix ).

fix) ~ fix )
Cha ¥ rang ~————— va [ix) déu la nhiing phin t cia
X
khéng gian RY.
1.2, Neu ham f ¢ dao ham fix ) tai di€m x_ thi

fix, + - fix v = h[f’{x“'l + oil)] (1
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trong do otl) 13 mot veelod dan dén khong khi h — 0.
Ching minf. Néu [ co dao ham fix ) tai diém x_ thi
fix +hy—f{x)

lim b = fi(x).
h—=t),
fix, +h) —fix)
Dat ehy = S -— — {'(x}, ta duge

fx, + h) - fix)) = hif(x)) + )],

trong dd &£(h) 14 vects dan dén khong khi h — 0.

Néu ham f : (a, b) — RY 6 dao ham tai diém x € (a, b)
thi tl dang thyc (1 trong 1.2 suy ra
lim [fix, + h) — f(x )] = 0. Do dd
h—0
1.3. Néu [ ¢d dao ham tai di€ém x, thi nd lién tyc tai x
1.4. Dinh &1, Gia su |, ..., f, 1a ciac ham s6 thanh phén cia
ham f : ta, b) — R4

flx) = f (x), .., fq(x)), x £ (a, b).

f ¢d dao ham tai di€m x, € {a, b) khi va chi khi cic ham soé

£, o fLJ déu co dac ham tai x,. Khi dé
Pixy) = (&) — xN) (1)
Chitng minh. VOi moi x € (a, b) \ {x_},
f(x) —f(x ) flx) —f(x) fq(x} —ftl(x“)
Cx-x, N x-x, _TLT')'
Tu do suy ra rdng ham f c¢d dao ham tai di€m x, khi va
chi khi cac ham s6 f,. .. f, déu c6 dao ham tai x,. Khi dd.

ta cd dang thue (1).
1.3, H¢ qud. Gia st ham f : 1a, b) — RY ¢¢ dao ham trén
(a, bi. Khi dd f 14 mat ham hang trén {a. b) néu va chi néu

(%) = 0 vdi moi x € (a, b}
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Cheng mink. £ mot him hang trén ta. by khi v chi kbi

fio .. f'q la nhing ham 20 lay gia tri khong do6i trén a. by, tdc
Ia f-llx} = 0. ... (:I{x] =0 v0i moi x € i,
e {1ty = (0 vdi moi x € a. h

1.6." Gia st A 10 mar khéng gian afin lién két vai khang

gian vectd hiu han chicu E va
M:ta b — A
X — Mix)

la mot dnh xa tu 1a. b vao A

Néu chon mot digm O € A lam diém goe thi cd thé déng
nhat anh xa x ~— Mix) th 14, I vao A vdi Anh xa x — fix) =
Mix) = O ta ta, by vao E. Nou f ¢6 dao ham tai diem x| € (a, b}
va. fix = L thi ta ndéi rang anh xa x ~— Mix) ¢d dao ham
tai diém x| v& vectd L duge goi la dao ham cda anh xa M tai
diém x,, ki hiéu la M'ix ). Vecto M'x ) khong phu thude vao
viée chon di€m . Thit vay. ta cd

fix) —fix ) M(x} - O - (Mix ) - O) M(x) - M(x )

XX X—X X—X
1 L§]

voi moi x € ta. by + {x }.

Chu ¥ rang dao ham ctia mot Anh xa ldy cdc gia tri trong
A 1a mat vectd chit khong phai la mot diém cia A

§2. CAC QUY TAC TiM DAO HAM

2.1. Pgo ham cia méf tong. Néu £ 1a, b — RY «a
gt bl = RY 14 hai ham ¢6 dao ham tai diém x,, € ta. b
thi ham { + g 1a, by — R cung ¢6 dao ham tai diém x,, va

o + gx ) o= ex )+ glix)

Ching minh. Vai moi x € a0 by {x ),



i+ @ = (f+oix,) iy — fix ) g — 1ix)
- e e = . - + -
XX, X X, X —x,

Vi hai =6 hang cua vé phai dan dén fix ) va gios ) khi
X — X, nen vé trai dan dén fox )+ glix ) Do do f 4+ g eo dao
ham taj diém x , va
o+ grx v o= fix )+ giix )
2.2. Néu ham f : ta. b} — R"Y va ham s6 4 : ta, by = R déu
cd dao ham tai difm x| € ta, b) thi ham
Af : a, by — R
x = Afnxr = Joofix
cing ¢o dao ham tai digm x, va
Afix b= ix fix b+ lix px ) i
Chitng minh. Vi moi x € a, by x }.
A0y —Afx)  Ax) —Alx) fizx) —fix, )

X —x, T T e

Cho x — x . ta duge

Ax) —A(x )}

fix) —fix )

—— — {x .
x xl\

fix) — fix 1
Do dé vé€ trii cia dang thue trén ddn dén A'x pfix ) +
+ Aix Mhx ) Vay Af ¢d dao ham tai dicm x . vA ta co dang
thue 11, '
2.3. Gia =u¢ E la khong gian vecto ecic veets ty do trong
khong gian thong thuing,
- -
Vit —-E va V, =t b - B

-‘;3' —_—
X e \/][x) x — Vixj
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l4 hual ham ¢6 dygo ham tai diém x, € (a. by, Khi do ham =0

— — X

V..V, {a bb = R

—_— — —=
X — {VI .V:)(x} = Vl(x)_Vz(X)

— — R el fd
(Vi(x} Vo(x) Ia tich v6 hudng cta hai vects V (x) vad V,(x})) cd
dac ham tai diém x va

—3 . —
—

(VI 'VE),(XUJ = V‘I{xn)‘ E{IXU] + Vl(xu) : vé(xs's)‘
Chung minh. VOi moi x € {a, b) \ {x,}, . |
(.V|-V2)(X) —(V,.Vy)x) Vi) -Viix)

= - Vo (x) +
X=X, X ~x <

(A3

VZ(X) *Vl(xn) ]

-+

Viz,)

X—x,
Khi x — x,

Vix) - Vitx) =
— - V}(xn):

XX
(B

VE(X} - VZ(XU) -

— V.(x \
x —x(I 2( l'_))

GTZ{X) - \_TZ{XU)‘
Do dd vé trii caa ding thuc trén d4n dén
V.l(xn) .V.‘:(X”) + VI(XUJ ‘ Vé(xla)‘
Tu dé suy ra diéu cdn chdng minh.

2.4. Dac hiét, ta co

—

(v:‘v]-)‘(xﬂ) = 2\7)] (XEJ)'V‘I(XH)‘

Tu do suy ra
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Néu V - ta, b) ~— K ¢6 dac ham trén (a b) thi ||?(x) i 1a
mét hang s4 trén (a b} khi va chi kh1 V(x)V(x) 0 v4i moi
X € (a, b), tue la V(x) truc giao véi V(x) vol moi x € (a, b),

2.5. Néu V, : (a, b) > E va V, : (a, b) — E la hai ham c6
dao ham tai di€m x, € (a, b) thi ham

—

V,AV,:(a b >E
x — (Vi A V)(x) = Vix) A Vyx)
co dao ham tai diém x va
(VI A VZ)’(X) = V}(X(_}) A VZ(X{J) + VI(XU) A Vé(x{:lj'
(\7](;;) A vz(x) l1a tich vectd ctia hai vecto —\-f:(x) va \_?’)z(x)}.
Céng thic duge ching minh tuong tu nhu 2.3 va 2.4,

2.6. Néu ham s6 u : (a, b) — {c, d) ¢6 dao ham tai diém
X, € (a, ' vd ham f : (¢, d) - RY ¢d dao ham tai di€m
u, = ulx,} thi ham hop h = fou : (a, b) = RY ¢6 dao ham tai
diém x, va

b(x) = (fow)(x)} = flu(x )lu'(z).

(Chu y rang flu(x )] la mot phdn ti cha RY va vix) la
mot 6 thuc. Do dd h’(x) 14 mét phdn td cia RY).

Céng thuc duge chdng minh tuong tu nhu [11.3.2.

§3. DAO HAM CAP CAO

3.1. Pinh nghia. Gid sd ham f : (a, b} = RY ¢6 dao ham
tai moi diém x € (a, b}. Khi do

f : (a, b) -» RH
X — f(x)

14 mét ham xac dinh trén (a, b).
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Néu {7 ¢d dao ham (f7vix ) tai didm x| € o by thi dgo ham
do duge goi la dao ham cap hai cta ham § tai diém x . ki hiéu
la ix p te 1A ik o= o ix

Gia st ham f - ta. by — RY ¢d dao ham " Pix) cip n - 1
tai moi didm x € ta. b}, Ndu ham 77 ¢ a, by — RY d dao
ham «ft"™ “l"{xnl tat didm x, € ta, bt thi dao ham do duge goi
la dao ham ciAp n cia ham f tai diém x va duge ki hieu la
{1} .
£ )

Mk = T k)
f* duge goi 1a dao him cip mot, f duge goi la dao ham cap khong.
3.2, Gia su f. ... f, : ta. b) = R la cac ham =6 thanh phin
cia ham f : wa. bl — RY
fixy = fjixn ., fql’x)), x € {a, by
Dé dang ching minh duge rang

Ham f cd dao ham ecdp n tai difm x, € (a. b) khi va chi
khi cac ham so f, .., fq c6 dao ham cép n tai x_. Khi dd, ta co

£V = (00, £0x))

$4. CONG THUC TAYLO - IANG

Dinh li. Néu ham f : (a, b) = R' ¢6 dao ham cdp n - 1 trén
khoang ta, b) va cd dao ham cdp n tai di€m x, € ta, b) thi

f(x,) (x|

fix, + h = fix) + 7 h + o1 he + ..

My f"x,)
o+ I{'___h + ¥ — h" + oh™
khi h — 0.

Cong thyc trén duge gei 1a comg thic Tayle - lang.
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Ching minh. Goi 1, .. 1"| la eac

ham =0 thanh phan cun

ham . D¢ 1a cac ham s0 xdc dinh trén ia, b co dao ham cip

n - t tal moi diegm cean kheoang nay va od dao ham cap n tai

diem x_. Ap dung cong thie Taylo - lang cho trusng hop ham

%6 mot bién =8 ixem dinh i 1117

21, ta duge

f(x,) £(%) .
filx, +h = fixp + - 11 T h- + ..
f”‘]{x ) ] flm[x .
- W+ + ——— K"+ h”E (h]
I! n'!
. f2(x,,) X))
fax, + hy = faix i + T —r—h”
f¥x,) £ (x,,)
I + B T "
i h + o h h'"e, th
fy( )
f“‘)(x ) f{“)(x
kg Y e e
k! E( ).
trong do &;h) — 0, ., Eq{fhl — O khi h — 0.
{(ik}{'xn:' k I{L:"}(x”) X
k! ' k!
C
{a cdc toa dé caa vecty R h* (k = 1, ..., q.
va
£thy, eqh)

14 cac toa d¢ caa vectds £ihh

Vi g;(h) > 0, .. £ (h) — 0 khi h — 0 nén &th) — 0 khi

h — 0. T¥ d¢ cd cong thie can

ching minh

2434



B. PAO HAM RIENG VA VI PHAN CUA HAM SO
NHIEU BIEN SO. HAM AN VA HAM NGUOQC

31. PAO HAM RIENG

Trong muc nay ta sé nghién ciu dao ham theo méi bign cla
mot ham s8 thuc nhiéu bién s5. Ta eciing sé thigt lap cong thuc
Taylo d&i v6i ham s6 nhidu bién sd.

1.1. Dmh nghia. Gia sat U la mét tap hop md trong khong
gian R’

f: U ——R
M= I(x vy, 2) —m—f{M) = f(x, vy, 2)

la mdt ham s6 xdc dinh trén tap'hqp U M, =kx,vy,z2,) el
Vi U la mét tap hop md nén voi 4 > 0 du nho, ta cd (x, y, 2,)

€ U vdi moi x € (x. - », x_ + n). Néu ham s6 mot bién =6
0 f [} 'E

g x, -, x, t ) — R

X _ gx) = flx, y,, z,}
cd dao ham tai di€m x_ thi dao ham dd duge goi 14 dao ham
rieng cta ham s6 f theo bién x tai diém M = (x, v, z,) va

duge ki hiéu la fx(Mo) = f(x
D f{X“, 1’ zﬂ)

o

.U .
¥.» Z., hoac &(xn, ¥y Z, hoac

Cac dao ham riéng

. o uf
fy(xn’ yn’ z()) hOEj.C . (X

oy Ko Yo Z,) hoac Doflx y. 2z,

’ _of
f?.(x('m? y“: Z”) hOa.c —

Uz (xn’ yo’ ZU) hOé.C DSf(xn’ yn’ Z“)

duge dinh nghia tuong tu.

244



Né&u 17 1a mot tap hop mdé trong khong gian RP va f . U —R

la mét ham s§ xdc dinh trén U, M = {x?l')), x::’)) e U thi
cac dao ham riéng

: 1 ’ v )

fx]{x(;”, xi(:J), vy fxp(x(;), v xfjl)

ctiia ham sé f tai diém

Vi dy 1. Ham s6 f(x, y, z)

f(x. ¥y, 2) =

M, dugce dinh nghia tuong tu.

X + y + z, xac dinh trén R’

1, f.‘:(x: ¥, z) = 1, f‘_:(x, y, z) = L.

Vi du 2. Ham s6 f(x, y) = x¥ xdc dinh trén tap hop
{0, +=) x R. : :
Ta co fx’(x, y) = yxy_l,
f\j{x, y) = x'Inx.
Vi du 3. Cho f{x, yy = x. Ta cd

fx’(x, yl =1, f_‘:(x, ¥ = 0 vdi moi (x, y) € R?.

Vi du 4. Gia si f(x, y,

z) = ¢ voi moi (x, y, 2) € R?. Khi do
f(x,y, 2) = 0,£(x,y,2) =0, f,

0, fz(x, y,2) = 0 véimol (x,y, 2) € R’

Vi du 5. Ham s6 f(x, y) = arctgi xdc dinh trén tap hgp
(R \ {0h) x R.
_
Ta cd f;(x,y)=—- X = - ,y 5!
1+ (X)z x“ +y
X
!
1 X X
(6 y) = —— e = =
v A 2 2
SYEEEE
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1.2. Y nghiv hinh fioe

Gia = hiom 56 f @ U — R xdc dinh trén tap hgp ma U C R-
via vo dao ham riéng I';(x“, ¥, tai diégm x|y )

Hinh 27

Goi mat S la d6 thi cia ham s6 z = fix, y), C Ja giao
uyén cta mat S v4i mat phang y = y,. Khi do £’ (x . y ) 1a he

—

s6 goc vida ti€p tuyén P T cla dudng cong C, tai diém
WXL ¥ flx oy o tae 1A £lix, v} = tga, trong do « la goc

jav!

I 0

tao bdi tiép tuyén P T véi truec Ox. Dac ham riéng f"_\ix“. v,
cing ¢6 ¥y nghia hinh hoc tuong tu

1.3. Chi y. Ham s0 nhiéu bién sd cd thé 6 ciac dao ham
riéng tai mot di€m giin doan eta ham s6 dd. Ta lay lai mot
vi du da biét. Ham s6
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’ J_,’iy Loval (2, ¥y = (0, 0)
fix, ¥) = lx“ +y°

0 vai {x. y) = (0, O)

gian doan tai diém (0, 0) nhung ¢d edc dao ham riéng tai digm
nay. 240, ) = 0 va £ (0, 0) = 0 tvi fix, 0y = 0 va RO, ¥y = 0
vol moi x. y € R).

1.4. Gia st U la mot tap hgp md trong khong gian R’ va
f 12 mat ham sé thuc xde dinh trén U. Né&u { ¢d cac dao ham
rieng ', f',, {7, tai moi diem cha U va ', ', {', 12 nhiing
ham s6 lién tuc trén U thi ta ndi rdng ham s6 f cd cdc dao
ham riéng lién tuc trén U. Hién nhién néu f va g 14 hai ham
sé thuc cd ciac dao ham riéng lién tuc trén U thi f + g, fg la
nhitng ham s6 cd cac dao ham riéng lién tuc trén U. Néu ngoai

. . f . .

ra g khac khong trén U thi ham 86 _ cd cac dao ham riéng

[
lien tuc trén U,

Dago ham cia ham 56 hop

1.5. Pink Ii. Gia si U la m6t tap hgp md trong khaong gian
R‘:, f: U —-R {a méot ham sé cd cac dao ham riéng lién tuc
trén U 3 u, v : I — R la hai ham s6 xdc dinh trén khoang
I € R sao cho {uit), v{t}) € U vdi moi t € I. Néu u va v ¢d
ciac dao ham u'(t)) va v'(t) tai diém t € I thi ham so

F{t) = flut), vity, t €1
cd dao ham tai di€m t  va
Fr) = fgu(t), vie 't + £ guge ), V£V,
Ching minh. Vi (ult ), vit ) € U va U la mot tap hop mg
nén tén tai mot s6 duong y sao cho
¥x, y € Ry |x ~utt)f + |y - vit)] < = &, yr € U

Do u v v lién tuc tal di€m t_ nén 16n tai mdt so6 dugng o
zao cho
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Wit e DIt -t | < 3= Jult) — ut)} + {v() - vt )| < 5

Trong sudt ching minh nay, ti day ta luén gia s |t - t,| < 8.
Ta ¢o

F(t) - F(t)) = flu{t), v(t) - flult ), vit)) =

flu(t), v(t) ~ flut), v{t)) +

+flult), v(t)) - flult), v{t )

véi moi t € 1. Ham s6 x f(x, v(t)) ¢cd dao ham trén doan
v4i hai d4u la u(t} va u(t) nén theo dinh li Lagrang,

flu(t), v(t)) - flult)), v(t)) =
= fu(t) - u(t )M (utt) + 6, (ult) - ult)), v(t)

vii 0 < 6, < 1. Tuong tu, ham s6 y — flu(t,), y} cd dao ham

trén doan véi cac dau la vit,) va vit). Do d6 t6n tai #, € (0, 1}
sao cho

flut,), vith - flult), v(t.)) =

= [v(t) = vit I (ult ), viE) + 6,(v(t) - vit ).

Do dé, véi moi t # t,, ta cd
F(t) - F(t'n) u(t) - 'I.l(to) s
tot = oo Llulty o (ut) - udt), vty +

v(t) —v(t)
T Lt V(L) + By(v(t) ~v(t))).

Cho t — t , ta dugc
a(t) —ult) () = v(t)

t—t - wl T

%) L

— vt ),

ut) > ut), vty = vit,).

Vi f, va f; lien tyc trén U nén
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F(t) —F(t)

_t_—T— -y lt )f(u(t gy vit )+ v (tnjf},{u{t“_}, vit ).
Viay F c6 dao ham tai diém ¢
- minh.

Vi du. Gid s% t — ult) va t — vit} 12 hai ham 6 xac dinh

trén khoang I, u(t) > O v6i moi t € I. Khi d6 ham s t s u(t)*V
xac dinh trén I va ¢d dao ham

va ta cd cong thdc cdn chung

Fi) = viu®"" ') + wit)"Olnuit)vit), ¢ € L
Tu dinh i 1.5 suy ra

1.6. Hé gqud. Gia s¢ U va V la hai tap hdgp md trong khong
gian RE, f: U — R lda moét ham s0 c6 cdc dac ham riéng lién
tuc trén U,

x: V>R vi y:V =R
(s, ty — xi{s, t}

(s, t} — yi(s, t)
la hai ham s6 xac dinh trén V sao cho

(x{g, t), y(s, t) & U vai moi (5, t) € V

Néu x vd y c¢d cde dao ham riéng tai di€m (s, t,) € U thi
ham sd hgp
' F:V >R

(s, t) — F(s, t) = fix(s, 1), yis, t))
cd cac dao ham riéng tai diém (s

(s , t )} va
it i
ok it .
;3. (b(1’ tn] = :;;(X{ o n) Y(Snr “)} 0, t”) +
1
+ @ (x(bn’ n) ){ﬂlp {1])__( (A t'n)
oaF  of ix N of Oy
ot T oax ot Uy ot
Vi du I. Cho ham sé z = (3x - yln&x~ + y"i. Tinh
z;( va z;f. Pat u = 3x - y

., vo= x° + y;_. ta duogce
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# = ulnv

. u . . 2x({dx — ¥)
72X, ¥ = dlnv 4 - 2x = Blnext 4 oyT) o

: v X~ +y

. u . - 2yvidx —¥)
z2{x. ¥) = =lnv + = 2y = —lInix~ + y7) + —-"——-;——-:'S-—.

A v bl +)r"‘

vai moi (x. v1 o= ()

Vi du 2. Gid st ham s6 z = ftx, y) ¢d cdc dao ham riéng
Hén tue trén R, (1, ) 14 toa d¢ cue cua didm x, y). Khi dd

z = fircosy. esing),
iz if N af 0z af N af
T T COR — SN, -— = —-— TSl —— rcosp.
tr ¥ 7 Yy P Hhip 1354 or dy ¥

Hé qua 1.6 cd thé duge md réng cho truang hap f 1a mot
ham 06 cua p bién s6 x,. ... I la nhitng ham so
q bign s0. trong dd p va q {4 nhiing 56 nguyén duong bat ki,

1.7. Gia sa¢ U, V la nhing tap hdp md trong cic khong gian
R" va R,

f: U —=R

X, . xwl — f{xl, xp)
lda mdt ham s6 cd cac dao ham riéng lién tuc trén U,

:V—=R. .., x ¥V —=R

XI " i

1L L L YU LIS o
la nhing ham 56 x:ac dinh trén V sao cho

X, Lt Y, .. ox it

. w1 E U vdi moi 1t .., £t eV,
4 P 4 ! Y

Khi dé néu x. ... X, cd cic dao ham riéng tai diém ¢, ., t,
thi ham sé hop

F:V-=R
Fotpo g = foqlt ot gttt
cd e dao ham riéng tai didm L PP t'*l' vit
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ar af X af % ol X
B e e e _|_ s e + e
,n! N ;JI.I. ax, utl ax i
i= 1. ... q
Pao ham ridng cdp hai
1.8. Dinh nghia. Gia st U la mot tap hdp md trong khong
gian R*. f: U = R 1» mof ham s6 cd cae dao hion rienyg trén T

of  of  af ~ . .
— - -, — la nhitng ham s6 xac dinh trén U

Khi d6 —. - -,
ax ooy iz
NV . .,
N —, €6 cde dao ham riéng
X
ooof g, af a af,

T ) X Y 200 oy (:\-) X, Yo 2.h o -F*x.) (x,. ¥, Z)

tai diem x , v, . 2'“1 & U thi ching duge goi la nhirmg dao ham
riéng cip hai cia ham s f tai di€m ix. ¥ 2,0 va theo thu
tu duge ki hiéu bai

atf ot E

Al I g Zn}’ Ux“y_(xn’ yu" Z“].

E_’;i-]-?:. (xll’ -\-'.n’ zll)

hoac
Ly Y LR
fx;[x(‘, Yoo %) fx.\_[x”, Yoo Zo) L (X ¥, 20
Cac dao ham riéng
k Yy T

for fore f, ¥8 D, f00 €

vty nol
duge dinh nghia mdt cich tuong tu

Vi du. Ham =6 fix, y) = x> xde dinh trén tap hgp (0. +=) x R.
Ta co

f = v . = x'Inx,
fvomoyly - x5 o= x4 oy flnx.
X o h% v
fo = ¥x nx + xM7r = xMa
% v



Ta thay f“ = f“ Két qua nay khéng phai Ja ngdu nhién.
Nd¢ duge suy ra ti dinh li sau :

1.9. D{.’nh 1 Sun’ri {Schwarz). Gia st U la mét tap hop mad
trong khong gian R°. Néu ham s6 f : U — R c¢6 cac dao ham
riéng f; v f\: lien tuc tai diem (x,. y,) € U thi

LK)

fx_\-{xts’ -Y:s) = f_\nc(xn? yn]‘
Ching minh. Dat
P = f[_xl'j + h’ yn + k) - f(xn + h’ -Yn) B f{x(‘, yu + k) + f{xi'!’ yn)’

th, k 132 nhiing s6 thuc di nhd sao cho doan thdng ndi hai
di€m (x, y,) va x, + h, y, + k) nadm trong U)

plix) = fix, y, + k) - flx, y) (1)
piy) = fix, + h y) - fix, y) (2)
vél x, y da gan x, y,. Ta tinh ® theo hai cach
D = pix, + h - p(x) (3)
¢ = gy, + k) - ply,) (4)

Tu (1) ta ed
p'(x) = fx‘(x, ¥, t k) — fx‘(x, Y-

Ap dung céng thitc s6 gia hitu han vao (3), ta dugc

® = he’lx, + 0 h) =

= h{fx(x“ + 8h, y, + k)~ fix, + 6h, y )l

Lai ap dung cong thdc s6 gia hitu han, ta ducge

® = hkfix, + 6,h, y, + 6,k (5)

trong d6 0 < 6, < 1, 0 < 4, < 1.

T (25, ta co

iy = f.\__ixu + h, yi — f.\,(x“, y).



Ap dung cong thic s6 gia hitu han vao 4), ta duge
P = ky'ly, + 6,k =

= XIf)(x, + h, y, + 6,k - fix, y, + #:k)]
b = khf_w(x“ + 8,h, y, + 8k 16)

trong do 0 < 6; < 1,0 < 6, < 1
Ti (5) va (6) suy ra, véi h = 0 va k = 0,

fw(xn + 6h, ¥y, + 6k = f_‘_,x(x“ + 6,h, y, + 8:k).
Cho (h, k) = (0, 0). Vi £, va f, lien tye tai diém (x, y,),
ti ddng thic trén suy ra
fx}r(xu’ y[.'l) = f_\'x(xu‘ y::}'

Chit y. Né&u ciac dao ham riéng f;: va fV; gidn doan tai diém
(X, Yo} ching cé thé khdac nhau tai diém nay.

Vi du. Ham sb

2_ .2
Xy u véi x° + y2 = 0,
fix, y) = %2 +y2
0 vl (%, y) = (0, O
lién tuc tai di€m (0, 0). Cdec dao ham riéng edp mét cia [ 1a ;
, f(x, y) ~ (0, - xt—y?
£0, y) = lin‘nL—X-)--;—a(--—)—Q = lim (y > y2> = -y,
x—1) X x—1 X +y

: ey —fx0 o Xy
fy(x, 0 = IIHIT = lim (x—— )

y—0 y— " X +y°
£,(0, 0) = 0, £(0, 0) = 0. Do dg
(0.9 ~£0.0)

f’t(O, 0} = lim -1,
¥ g

Y- 0
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- f\‘f.x-- m - 1‘\‘{1}_0]
I\\{“ My = lim e e =1
A3
N o .

Ta thay cac dao ham rieng £ v [\\ khie nhau tai dicm (0, 0n
1.14. ¢ thé md rong dinh H 1.8 cho ham =6 p bién 30,
trong dd p la mot 20 nguyén duong bat ki
Neéu U la mot tap hop md trong khong gian RY va ham =6
f: U —-R

e X

[XI, . XE" —s fix
cd wic dao ham riéng cAp hai lién tuc tai diém (x|, .., x;;) elU

thi

t-“;-‘i = r‘.‘. tai dicm nay.
That vay, vai i = 1, } = 2 chang han,

; L LB
X, %50 = fix), %, x5, . xp)
la mdt ham 56 hai bién s0. Hai dao ham riéng ndi trén cing
4 hai dao ham riéng cta ham sd nay.
Bao ham riéng cap cao
1.11. a) Cac dao ham riéng ciap 3, 4, ... n cua mot ham s6
duagce dinh nghia bang quy nap.
by Gia st f @ U — R la mdt ham so xdc dinh trén tap hgp
ma U trong R-. Néu f co cac dao ham riéng lién tuc dén cap
3 trén U thi

[
R
i



(e dao ham rieng noi ivén cdng duge ki hicu

g W it g

AR BT
T piX';J)-‘ rIXr}y_ !i)-"
¢} 1201 vai ham 86 p bién

X xp} o ftxlf xl‘r‘

dae hium rieng téng quat nhat duge vict dudi dang
(R + K, ot K )

bk, %
X
hoac
- 4- L . 4. .
;JL‘I + L: to LI‘ f
”xl;! E)xE: Elxkr
- I
vii diéu kién cac dao ham riéng cho dén cdp k, + ... + kp el

f déu lién tuc.

d) Gia st U la moét tip hop md trong khong gian R Ta
noi rang ham sé f : U — R thuoc 16p C'"" néu no cd cic dao
ham riéng cho dén cdp n lién tuc trén U. Ham sa f lién tuc
tréen U dude goi 1a thusc 1op CV

Dgo ham clp cao ciia mot ham sd hop

1.12. Gia st U 1la mot tap hop md trong Rz, hamso f: U —=R
cd cdc dao ham riéng lién tuc dén cédp n trén I, cdc ham s6
x,y : I - R cd dao ham dén cdp n trén khoang ] va

ixit), yithy € U vl moi t € 1.

Khi d¢ ham 36

F:I—-R
t — Fit) = fix(t), yit))
cd dao ham dén cap n trén [ va

™t = fx(x(t), ylenx'itr + f_\__t_xttja, yithy'it),
F'ity = fxf(xi_tl, yitix i) + 21;_\'1){{'1'1. yltnxgthiy'tty +

+ D), Yty S+ L T + it yiny U,
Cong thie tinh dao ham ¢ip n > 2 kha phuc tap.



Ta xét mot trudng hgp dac biét.

1.13. Gia s ham =6 f : U — R, (x, y) — f(x, y} ¢0 cac dgo
ham riéng lién tuc cho dén c¢dp n trén tap hop ma U C R“},
X, ¥, & mot diém cda U. Khi dé ham sé hop

F() = f(x, + ht, y, + kt),

trong dé h va k la hai hing s8, ¢cd dac ham cdp n trén mot
lan cdn cta difm t = 0 va
-n
F(n)(t) Z c] h]"l Ikl (X” + ht, y + kt)
=) Efx
Dé dé nho cong thic trén, ta dua ra mot ki hidu hinh thdc :
M) = (Lh+ Ly" + +
P = (gh Wy k) f(x, + ht, y, + kt).

Ching minh. Vi n = 1, ta ¢é

f
F(t) = hf— + k—-
rJy
.2 -2
P = 2 4 oope L 4 2
% dxdy EJyz

Gia sd cong thic ding cho n - 1. Ta ching minh né dung
cho n.

Ta cd
n-.l —I'I_lf
FI™ D) = » ¢l p" i ,
,2{] ox"! _ldy'
Do do
o o " o
n — noi- Y n—1—iy i+1 -
Fi(ty= > C._h k +ZC T T
=10 ax Jy
o"f Do 0
= C“hn — E C l‘l"_I K — +
= ox" oy’



-1
n anf

+ 3 CIR TR — +
i=1 dX Ir)yl
a"f
* G
dy
n -1
. . a''f
= 2 Ch"K iad
i=0 gx” oy
vi CL ll + C' Cin.

1.14. Cong thitc trén van ding cho truvng hgp ham sé f oo
p bién s6 v4i p > 2. Ching han ; néu f : U — R la moét ham
s6 c6 cdc dao ham riéng cdp hai lién tuc trén t4p hgp md
U c R® va (x,, v, %, la mot difm cia U thi ham s6

F(t) = f(x, + ht, y, + kt, z, + 1),
trong dé h, k, / 12 nhing hing s8, ¢ dao ham cdp hai trén
mdt l&n c4n cia diém t = 0 va
13 _ 2 LR 2 1y 2 ¥ kil L} thl
F(t) = h: + kfyz +1f: + 2hkf,, + 2hif,, + 2kif ;.

‘Dao ham theo hudng

1.16. Dinh nghia. Gia st ham s6 f : U - R, (x, y) — f(x, y)
%x4c dinh trén mot tap hgp mé U C R?, (xp ¥o) € U va p 12
mot tia di qua diém (x,, y,) ma phuong trinh 12

x =x0+at,y=yn+ﬁtvéit30,a2+ﬁ2 =1
Néu tén tai giéi han '
- fix, +at,y, +8t) —f(x, ¥,)
lim ‘€ R

1—0 t

thi gi6i han dé duge goi 1a dao ham theo hudng p cda ham s§
f tai diém (x_, y,) vd duge ki hidu la

of )
'(E(xn’ yo) ho:‘gc Dpf('x(!’ yn) hoac fp(xn’ yn)'
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of :
_Jp (%, ¥, 1a dao ham cia ham s6 hgp
t — F(t) = flx, + at, y, T Bt
tai difm t = 0. '
df

VGIO{II,ﬂ 0,@

(%, ¥,) tré thanh dac ham riéng
of , " :
T (X, ¥, (theo hu'dng duong cta truc Ox). Véia = 0, § =

af :
ip (%, ¥,) trd thanh dao ham riéng — oy (%, ¥,) (theo hudng duong
L

cua truc Oy).
1.16. T céng thic trong 1.13 suy ra

Néu ham 6 f c6 cde dao ham riéng f;‘ va f; lién tuc trén
mdt lan cén cia diém {x, ¥, thi né ¢ dao ham theo moi
huéng tai diém nay va

af af
0’ yo) ox (xa’ yn)a t y (xo’ yu)ﬂ'

1.17. ¥ nghfa hinh hoc

 Goi mat S la dé

"tht cfta ham s6
z = f(x, ¥), = 1&a mat
phang di qua tia p
vad vudng gde voi
mat phang Oxy, (C)
fa duing cong giao
tuyén cla = va S.
Phuong trinh caa
(C) la

z = f(x, +at,y, +pt), :
. (X9, ¥o) I
. P

fiinh 28
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Néu tén tai dao ham theo huéng p cia { tai di€m {(x, y) -
thi duong cong (C) cé tifp tuyén tai diém P (x, y, z,) va
af b . . .. s i
E)—F;(xo, ¥,) bang tgy, trong do ¢ la goc tao bfb‘l tia p va tia tiép
tuyén P_T.

Chd ¥ rang vectd 1 = (@, /) 12 vecta don vi chi huéng céa
tia p. Mot cach téng qudt ta cd

1.18. Dinhk nghia. Giad st U 12 mét tip hop md trong khong
gian RP,'f : U — R la mdt ham sé xdc dinh trén U,

—
M (x], ... xg) l1a mot di€m cha U, u = (), .., ay) 12 mot vecta

e
don vi trong RP. ( > al = 1), Néu tén tai gigi han
T
@] et xg +at) - f(x7, ..r xg)
lim
1—0 t

R

thi gigi han d¢ dude goi la dao ham theo huéng u cia ham s&
f tai di€m "M, va duge ki hiéu la

af ,
-a-E—,(x‘l’, - xg) hoac Da..f(x‘f, . xg) ho#c Lu.(x'i’, oy xg).

1.19. Tuong ty nhu 1.16 ta cd
Néu ham s6 (x, ..., xp) — flx,, .., xp) cd cac dao ham riéng
lién tuc trén mot lan can cia di€ém M (], .., xg) thi né cé dao
ham theo moi huéng tai diém nay va
of F, of
— (M) = — (M )a..
a?( 0) jglaxi( 0) '
Cong thic Taylo . |
1.20. Gia st U la mét tap hop mé trong khong gian R?
f: U —=R 124 mdét ham s6 c¢d cdec dao ham riéng lién tuc dén
cdp n trén U, M _(x, y)) va M(x, + h, y, + k) 14 hai diém cla
U. Khi s8 thuc t bién thién tir 0 dén 1, diém M, +tMM =
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(x, +ht, y, + kt) vach nén doan thdng M M. Ta ldy h va k du
nhé sao cho doan thing nay nam tron trong U.

Dinh Ii. Véi cdc didu kién néu trén, ton tai mot s6 8 € (0, 1)
sao cho . '

f(x, + by, + k) = fx, ) + hi(x, y) + kf(x, y) +

T

1 2
+ k +
ay ) (xo’ yn)

2

zaf o°f

+ 57 (h 2 + Zhko o
3 -3
7 f af

—5 H ok 3R+ ) (kv *
ox ox“oy axdy ay

1 o W
n-— i i
* (n— l)ligoc ih k- ax" 17y (X ¥o) +

I
+ — > Ch" 'K (x, + 6h, y, + 6h).

n!ig n axn |ay a

Céng thdc trén goi 14 cdng thdyc Taylo d6i v6i ham 8 hai
bién s6. D€ dé nhd, ta viét cong thic moét cdch hinh thie

dudi -dang
n -
fg + b Yo+ B = 3 7 (h% + k%)'f(xo, v +

1 ) )
+ *n—,' (h'z‘—; + k@

Chung minh. Xét ham s6
F(t) = f(x, + ht, y  + kt) trén doan [0, 1].

Tu gia thiét suy ra ham 88 F ¢d dao ham cdp n trén [0, 1].
Theo cong thde Mac - Loranh d6i v6i ham s6 mot bién s6, t6n
tai mot sd & € (0, 1) sao cho

1} (]‘1_1} (I"I)
PO PO, | F%0)  F7e)

F() = FO) + =77 + =~ + - ¥ oy o

(1
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Ta da biét
F0) = f(x, + ht, y,, + kt)!l o = Hx ¥,

F,(O) h_(x(,’ yn) + k (X“, yr\)’

L o o , o%f
F7(0) = h —-(xn, y,) + 2hk- xpy o Yo T K —)y—z(xl,, Yo

n—1l g1
F{n—l)(.o) = : C hl’l l"‘lkt___*___ X, Y
120 dxn 1— |[)y ( Oy (l)
S ipn—ing Of |
FVE) = 3, Ch" 'K ——(x, + 6h, ¥, + 6k).
=0 Ux Y

Thay vao (1) ta dude gong thic cdn ching minh.

Trong trudng hop n = 1, ta ¢d

1.21. Pinh I (Lagrang). Gid sd ham s6 f : U — R ¢6 cdc
dao ham riéng lién tuc trén tap hgp mé U < R%, M (x, ¥,
vd M(x, + h, y, + k) 12 hai diém cia U sac cho doan thing

M_M ndm tron trong U. Khi dé tdn tai mét 86 6 €7(0, 1)
sao cho

fix, + h, y, + B = flx, y,) +
of of
+ ha_x(x“ + th, y, + 6k) + kg("n + 6h, y, + 6k).

Ti d6 suy ra ring néu ham s§ (x, y) — {(x, y) 6 chc dao
ham riéng lién tuc trén mét lan can cia diém (x,, y,) thi nd
lien tuc tai di€m (x, y)-

1.22. Cong thde Taylo d6i v4i ham s p bién s6 duge ching
minh tuong tu nhu trudng hop ham s6 hai bién s6.

Gia sit U la mét tap hop mé trong khéng gian RP, f:U >R
}2 mot ham s8 cd cac dao ham riéng dén cdp n lién tuc trén U,

5 - x“P) va (x] +h, .. x‘; +h) la nhitng diém cia U sao
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cho khi t bién thién ti 0 dén 1, difm (x] + ht, ., x‘[; + hpt.)
€ U. Khi dd tfn tai mdt s6 8 € (0, 1) sac cho

f(x] + h,, .., xg + hp) =

"< | hll] hlzj h aif 0 o
= 2 2 — T T _— (Xt, . Xp) +

i! it it i ool
=0 it =i t2 pooox) ,.,dxﬁ».

|<F

h} hz

i .
hlg (Jnf o o
+ 2 Iy vy o (x{ +6h;, ., X, + th).
i1 +_ %i=n ll. 12. lp. axlll axlﬁ'

P

D& dé& nhd, ta vist cong thic Taylo d6i véi ham sé p bién
s mot cach hinh thic duéi dang

f(x{ + hy, .., x; + hp) =

n-1
1, 8 d d 1}
_ 2 . (&;h] + -0 h o+ Ephp)f‘f(x‘f, .

i g &+ 9 (M) 0 | o
+ ( —hy + ——h, + -+ &;hp) fx) + 6hy, ., x5 + th)

(Ta biét rang v6i p s6 thuc a, a,, ., a, bat ki va vdi i

nguyén duong bat ki, ta co

. it . _
(@ +a, + .. +a) = S ————ala} .. a
i1+i2+.._+ip=i

§2. VI PHAN

Ta biét rang dang tdng quit cla cdc dang tuyén tinh trén
khong gian RF la cac ham s&

(hy, hy, .., hp) — ah, + ah, + ...+ aphp,

trong dd a,, .., a, la nhiing hing s6 thue.
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Ta bat diu bang truong hgp p = 3. Truong hop p nguyén
duong bat ki 14 hoan toan tuong tu. :

2.1. Dinh nghia. Gid s U |a mét tap hgp md trong khéng
gian R> f: U — R 14 m6t ham s6 cd cac dao ham riéng lién
tuc trén U, M = (x, v, z) 12 mot di€m chia U. Dang tuyén tinh

- of af of
— — — + —
(h, k, I) I (Mh + oy M)k oz (M)t
tren R® goi 1a vi phan cta ham s6 f tai diém M va dugc ki
hiéu 13 d,f.
Nhu vay dyf : R® — R 12 ham s6 trén R xac dinh boi -

of of of
dyflh, k, ) = - (Dh + - Dk + 2 (ML

Vi du 1. Cho ham s6 f(x, y, z) = x°y - 2xyz + 1.

Ham s6 f cd cdc dao ham riéng lién tuc trén R>. Ta co

of of . 2 of
= (x,y, 2) = 2xy — 2yz P (x,yfz) = x* — 2xz, P ¥ 2) = —23y.

af of
& LY =-8 5012 =2

of
g(l, -1, 2) = 2,
Do dé

dq, -1 pfth, k, 1) = 2k - 3k + 20

3
Vi du 2. Ham 66 f{x, y) = I; cd cdc dao ham riéng lién tuc

trén tap hop R x (R \ {0}).

[ 3]

- X
3
(3, 1) =6 £3,1) = -9

) 2 ]
G ) =5 i y) =

Do do
d(3‘ l)f(h, k) = 6h - 9k.
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2.2, Quan hé gia s6 gia va vi phan eciia mot ham so

Gia s0 U la mot tap hop md trong khong gian R*, ham sé
f: U —R co cac dao ham riéng lién tue trén U, M =+(x, y, z) € U.
Khi dé
. fix +h y+k 2+ - fix, y, z} =
of of
= (M)h + -
ox gy
dyfth, k, D + ol|] + [X| +])
“ khi (h, k, ) — (0, 0, 0). .

Nhu vay vdi cdc 6 gia nhé h, k, ! cia cac bi&n s8, gia tri
cta vi phan df tai (h, k, !) ]a gia tri gdn ding cta s6 gia
ctia ham sé.

af
(Myk + -,(;—Z(M)£+ of|hj + |kl + [Z])

xz

Vi du. Ta tré lai vi du 2 cua 2.1, f(x, y) = 3 Ta co

dg3 1yfh, k) = 6h - 9k. Do dg :
f3 + h, 1 + k) - f(3, 1) = 6h - 9k + o(lh| + |k|) khi

(h, k) — (0, 0). Nhu vay vdi h, k nhé, f(3 + h, 1 + k) - (3, 1)
- x4p xi bang 6h — 9k. Ta thi kiém tra didu nay. Ldy h = 0,007,
k = 0,004, ta co

dgy, (0,007 ; 0,004) = 6 x 0,007 - 9 X 6,004 = 0,006,
£(3 + 0,007, 1 +0,004) - £(3, 1) = 9,006002 ... - 9 = 0,006002...

Ta thdy v6i cdc s6 gia nhd cla cdc bién s6 cd thé thay s6
gia cia ham sé bdi vi phan cta ham sé.

2.3, Vi phén cita mét ham s8

Dink nghia. Gia st f 1 U — R c¢6 cdc dao ham riéng lién
tuc trén tap hgp md U C R>. Anh xa

M — dyf, M € U

goi 1a vi phan ciia ham s6 f va duge ki higu la df.
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Vi du. Gia st f: R* — R la ham s6 duge xac dinh bdi
fix, y, z) = x. _
Ham s6 cd cac dac ham riéng lién tuc trén R,

of of of
5;()‘3 y, 2) = 1, E(x’ Y, Z)“Osgz-(x’yv z)y = 0.
Vai moi diém M = (x, y, 2z) € R>. Vi phan dM;f cua ham s
ma ta ki hidu la dyx la dang tuyén tinh trén R :
dyx(h, k, ) = h, (h, k, D € R®

Nhu vay d,,x khong phu thude vao diem M. Ki hiéu dx thay
cho d,,x ta duge

dx(h, k, ) = h.
Tuong tu
dy(h, k, I} = Kk,

dzch, k, 1) = L

2.4. Dang téng qudit ciia vi phdn

a) Giad st f la mdt ham s8 c¢6 cac dao ham riéng lién tuc
trén tap hgp md U trong R> Vi phan cta ham sé f tai diém
M = (x, y, z} € U la dang tuyén tinh trén R® xac dinh béi

of of of .
dyflh, k, 7) = fd;(M)h + E(M)k + o (M) =

= (%(M)dx)(h,k,l)+ (%(M)dy)(h,k,l)+ (%(M))(h,k,l)

Tu d6 suy ra

of of of
dyf = E}—;(M)dx + E(M)dy + 5-2—(_M)dz

b) Néu U 1a mot tap hop md trong RF, f : U — R 12 mdt
ham s8 ¢é cdc dao ham riéng lién tec trén U, M = (x,, .., xp)
€ U thi vi phan ctia ham sé f tai difm M cd dang
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of of
trong do dx,, .., d::;p la nhitng dang tuyén tinh trén R’ xac

dinh béi dx, (b, h) = h,,
dx, ¢h,.., b)) = h,
dxp (..., hp) = hp,

2.5. Trong IT1.10.5, ta da cho cdc cong thdc tinh vi phan
tda mét 86 ham 8 thudng gap. O day ta sé cho cac odng thic
tinh vi ph#n cia m¢t 86 bam s5 thudng gap khac.

d(chx) = shxdx,
d(_shﬂ =  chxdx,
dx

ch’x
d(argshx) = v% ;
X
’ d
d(argchx) = V"zx_l ,
x% —
1

d(thx}) =

d(argthx) = 2 |

dix +y) = dx + dy,

dixy} = ydx + xdy,

d (5) _ ydx — xdy ‘
y 7

2.6. Vi phan cira mét ham sé hop

Dink li. Gid st U va V la nhing tap hop md trong cac
khong gian RF va R% ' '
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p  J—V

t, .., tp) — plt,, .., tp) =
=yt o b)), L Xt t)
12 mét ham ma cdc ham s6 thanh phan Xy, o X, déu cd cac
dao ham riéng lign tuc trén U, ham s6
f:V—HR
xy, .., xq) — f(x,,..., xq)

cd cac dao ham riéng lién tuc trén V.
Khi d¢ ham s6 hop.
F=f§fp: 0 ——R
(tyy oo tp) ——Fl, .., tp) = flpls,, .., tp)],
Ft,, .., tp) = f(x(t,, .., tp), vy xq(tl, vy tp))
oo cac dao ham riéng lign tuc trén U va

of
(xl,‘ 5 Xdx, + (xl, - Xg)dxy + - +dx (xy, - q)d.xq

Chiung minh. D& don gidn ta ching minh cho trydng hop

p = 2, q = 3. Trudng hgp tdng quat dugc ching minh mot
céch tuong tu.

Gix su
p: U —V
(s, t) F—p(s, t) = (x(s, t), y(s, t}, z(s, t)),
f:V ~— R

(X, ¥, z) I_.f(x! ¥, z)
F=fgp:U—>R

(s, t) ——=Fis, t) = f(x(s, t), y(s, t}), z(s, t)).
Ta ching minh
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of
d_F = 1};{ (x(s. t), yis, 1), z(s, t}) d
I -

(s.1) (5. (Y~

T
+ E (x{s, t), y(s, t), z(s, 1)) d(h._ WY

of
+ 9z (x(s, t}, y(s, t}, z(s, t)) d(s_ 0z

That vay, ta cd

oF It H
}_( s, t) = fg (x(s, t), y(s, t), z(s, t)) 3(5, t) +

+—(X(S t), y(s, t), z(s, t))— (s, 1) ‘*‘—(K(S t), y(s, t), z(s, 13)) (5 t),
%Ig—('s, ty = — (x(s t), yis, t), z(s, t)) ——(s, ty +
of = i
+ 0—)}; (x(s, t), y(s, t), z(s, 1)) % (s, t) +

+2€(xst (s t), z(s, t E}E(st
az (! )!Y k] )! i )) Ut 3 )

Do dd
de, oF = (s tyds + — (s t)dt
af ux ox
= &) (E(S, tyds + E(S’ t)dt) +
L = ds + X s, pat) +
ay(x, ¥, 2) ( (s, t)ds (s )t)

+ g—f(x ¥, 2) (—(s t)ds + — (s t)dt) =

= (x ¥y 2 px + = (x Y2 gy t (x ¥, 2 2
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2.7. Dinh li 2-6 cho ta quy tdc thuc hanh d€ tinh vi phan
cua mdt ham s6 hgp. Gia st ham sé (x|, .., xpd = flx), L %)
ed vi phan la

: of of X
()l = E("If o Ry dxp Ao 4 5};(’{" - Xp) dxy (1)
Néu x,, .., X, 124 nhing ham s6 cila cac bién 86 t, .., t,
X, = ¢, (t, ., tq), I tq), thi d¢€ tinh vi phan
ctia ham s hop (t,, .., tq_} ~— F (&, .., tq) = flp(t), .. t.q), -
wp(tl, vy tq)) ta thay x, .., Xp bdi ¢ \(t, .., tq), cey {pp(tl, vees tq)
va dx, .., dxp bdi d(‘r lq)‘Pl’ . d(ll'"" Iq)(pp.

2.8. Cdc quy tdc tinh vi phan

Gid st uw, v 14 hai ham s6 o6 cdc dao ham riéng lién tuc
trén tidp hgp md U c R Khi dg

a) d{u + v} = du + dv,

b) d(Au) = Adu {1 la mot hing s6 thuc),

c) d{uv) = wvdu 4+ udv,

d) Néu v # 0 trén U thi

u vdu — udv
d(—) = ——

v 7

Chitng minh. a), b) suy ra ti dinh nghia cta vi phan,

c} Ta biét ring d(xy) = ydx + xdy. Do dd tiu 2.7 suy ra
d{uv) = vdu + udv, '

X, _ ydx—xdy

d) Tuong tyu, ta cd d(y) y2 vai y = 0.

Do dd, vai v # 0, ta cd
d(%) - vdu -;udv ‘
v
2.9. Co thé tinh cac dao ham riéng cia moét ham sé tit vi
phan ciua ham s6 dd.
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Vi du. Cho ham 6 f(x, y) = —— .
X" +y

Véi moi (x, y) = (0, 0), ta c6

_ (x2 + yz) dx —xd (x2 + yz)

d

(x. )" .7 (xz +y2)2
_ (2 +yH)dx — x(2xdx + 2ydy)
(& +y?)
JGiesh o 2y
T2 o2 2 4 52
(x" +y%) (x“+y%
Td dd suy ra

of y? - x° of —2xy
KBV = s (X Y = o
ox (xz + yz)z ay (xz + yz)z

§3. CUC DAI VA CUC TIEU CUA HAM SO NHIEU
BIEN SO

3.1. Dinh nghia : Gi& st Q la mot tdp hop con cia khong
gian Rz, f: Q@ —= R la mét ham s8 xic dinh trén Q. Ta ndi
rang : :

a) f dat cyc dai tai difm M = (x, y) € Q néu ién tai
mét lan can V cha diém M, sao cho V. C Q va

fix, ) = fi(x,

b} f dat cde ti€u tai diém M = (x, y) € Q néu t6n tai
mét lan cAn V cia di€m M sao cho V C Q va

fx, y) » fix,, vy, véi moi (x, y) € V.

¥,) v moi (x, y) € V.

Cuc dai va cue ti€u duge goi chung la cuc tri.
3.2. Pinh li. Gid st ham s6 f : Q@ — R dat cuc trj tai diém

M, = (x, y,) € Q Né&u ham s8 cd cac dao ham riéng tai diém
M, thi

270



af
(Xp ¥} = 0 va —=

By G Yo) = 0.

Iix
Chiing mink. Hién nhién ham sé m(‘)t bién s6 x r— fix, y,)
dat cuc tri tai diém x_. Do dd 5 (xﬂ, ¥, = 0. Tuong tu
af
Xp Yo = 0.

Dmh nghia 3.1 va dinh Il 3.2 dé dang duge md réng cho
mot ham s6 p bién 6 v4i p & mot sé nguyén duong bat ki.

3.3. Néu cac dao ham riéng ciia ham s6 f déu bing khéng tai
di€m M, = (x, y,) thi M, goi 14 mot di€m ditng cia ham sé f.

Tw 3.2 suy ra rAng néu ham s6 f cd cdc dao ham riéng tai
di€m M, = (x, y.) thi diéu kién céin d€ ham sé e¢d cyc tri tai
diem M la M, 13 mét didm ding cia f. Vi du sau cho thay
do khong phai la diéu kién dua.

Cho ham s6 f(x, y} = xy.

of of :

Ta co x (0, 0) = 0 va 7y (0, 0) = 0; (0, O la diém ding
cia ham $§ Tuy nhién ham s6 khong dat cuc tri tai di€m nay
vi f(x, y) > 0 v6i x, y ciing ddu va f(x, y) < 0 véi X, y trai d4du.

3.4. Didu kién di dé ham 56 ¢é cue tri

Gia s U la mot tap hop md trong khéng gian R® ham sd
f: U —> R cé cac dao ham riéng cdp hai trén U, (x, y) € U.
Bigu thuc

2 2 .2
o o f o°f 2
AN =5 E N S &N~ (Gay B 9)

goi 1a bist thdc cia ham s6 f tai diém (x, y)

Dinh h. Gid st ham 6 f : U — R ¢6 cdc dao ham riéng
cdp mot va cdp hai lién-tuc trén tiap hgp md U c R va
M.(x,, ¥,) € U la mét di€m ding caa f. Khi do
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1" Né&u Alx_, y,t > O thi ham s6 cd cye tri tai di€m (x, y,)

Ngoai ra
. 9°f - . s
a) néu ? (X, ¥,) < O thi f co cuc dai tai diém (x, y,),
L}
L e e e
b) néu ; (X, ¥,) > 0 thi f cd cyc ti€u tai diém (x, y ).

ox
2" Néu Az, y,) < O thi ham s6 f khong e cuc tri tai diém
(2, ¥,) '

3" N&u A{x_, y) = 0 thi chua thé ndi gi vé sy tén tai cuc
L3l yl‘) gl

tri cua ham sé tai di€ém (x, y ) -

Chitng minhk. Ta viét coéng thde Taylo trong trudng hop
n = 2,

f(xu + h’ Yo + k) = f(xu’ yn} + hfx,(xn’ yo) + kf;"(xu’ yn) +

1 ¥ :‘! L)
+ § (hzfx; (xo’ yu) + thfxv (xu’ yu) + sz\f: (xr.r’ yu)) +
+ oth? + k%)  khi (h, k) = (0, 0).
Vif' (x, y) = 0va £’ (x,y,) =0 nén ti dé suy ra
Cf(x, +h, y, +h - fix, y) = '
1 1y LR
=3 (hzfx;’ + 2hkf," + sz,f ) (% ¥ + ofh? + k5.1

Né&u s6 hang thd nhat trong téng & v& phai cta (1) khac
khéng thi ddu ctia nd cing la ddu cle v& trai cua (1) véi h, k
dd nho.

1" Néu Az, y,) > 0 thi 27" (x y,) &t phai
déng thoi khac khong va cing ddu. Ta viét (1) dudi dang

o yn) va f_\{:” (x()’

fix, +h, y, +k - fix,y) =

1 LAl LA d
=~ — (b2 + k£ ) + KA (x
2 2(x,, 5,) ’ ’

y) + oh® + k).
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Bicu thic trong dfu ngoac “[ 1" duong véi h® + k% > 0. T do

y) < O thi fix, +h, y, +k - f(x, y,) <0

L

a) Néu f;z(x
véi h, k dd nhdé. Do d6 ham 36 cd cuc dai tai diém (x, y ).
b) Néu f:(x, v,) > 0 thi fix, +h, y, + k) - fix, y) > 0
v6i h, k di nhd. Do d6 ham s6 ¢6 cuc ti€u tai diém (x, y).
2 Gia su Alx,, y,) < 0. Dat k = ht, (1) trd thanh
fx, +h, y, +ht) - fix, y) =

h(£> + 26t + f;:’ (%, ¥,) + o(b? + h%t?)

|

Dat F(t) = £ (x, YO+ 26 (X, ¥+ £ (%, ¥).

Biét sé cta tam thuic bac hai F(t) la
A = (fx.‘/ (xu’ Y 0))2 B f;: (xﬂ’ yn) fvz (xﬂ’ yo) = _&(xn’ yo) > 0.

Do d6 ham s t »» F(t) 18y ca gia tri duong va am. Gid su
F(t,) > 0 va F(t;) < 0. Khi d6

1
f(xo + h, Yo + htl) - f(xo, yo) = Eth(tl) + O(h')z > 0
véi h # 0 dd nhé va

hZF(t,) + o(h?) < 0.

2o -

f(xo + h’ yo + htz) - f(xn’ yn) =

véi h = 0 di nhd. Vay f khdng cd cue tri tai di€m (x,, y).

C6 thé ching minh dinh i nhd 4p dung dang todn phuong
xdac dinh. '

Ham s6 o : R? — R xac dinh bdi
wh, ) = B2 (x, y) + 20k fi (&, y) + K 2 (x, ¥)

12 mot dang toan phuong.
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1" Gia su

{;‘_‘ (Xo, y(,) fx\,r (xni‘ yn)
Alx, y,) = >0

f,:;(xw ¥o) f;; (x, ¥,

a) Néu £: (x,, y) > 0 thi & la xdc dinh duong. Do do
wlh, k) > 0 v6i moi (h, k) = (0, 0). Viy f cd cuc ti€u tai
(xO, yo).

b) Néu £1(x,, y,) < 0 thi w 1a xac dinh Am. Do d6 w(h, k) < 0
voi moi (h, k) # (0, 0). Vay f cd cuc dai tai (x,, ¥,

2” Néu A(x, y,) < O thi dang toan phuong w la khong xdc
dinh. w(h, k) idy c& cdc gia tri duong va am trén mdt lan can
bdt ki cia (0, 0). Vay f khong ¢6 cuc tri tai di€m (X, ¥.)

Vi du 1. Tim cyc tri cia ham s6 f(x, y) = x° + lyz, A= 0
Ta cd fx’(x, ¥) = 2x, [';(x, ¥} = 2y,

£,(0, 0) = 0 va £(0, 0) = 0,
folx, y) = 2, £3x, y) = 24, Gz, y) = 0,
- ’; ): _ n 2 _
Az, y) = £2 fy_ (fj{y) = 44,
Do dé

19 Néu 4 > 0 thi vi f;z,(O, 0) = 2-nén ham s6 da cho dat
cuc ti€u tai diém (0, 0).

2° N&u 4 < O thi ham s6 khéng cd cuc tri tai di€m (0, 0).

Vi du 2. Tim cuc tri ctia ham s6 f(x, y) = xzyz_

Ta ¢6 £ {x, y) = 2xy2, £, ¥ = szy,

3

f(%: ¥)
f;(x, yy=20

(0. ¥ va (x, 0), x, y € R. 1a cac diém diing cia ham s6 da cho.

- [0
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fx:,(x, y) = 2y:: f;:’(x, ¥) = 2x°, fx_v(x, y). = 4xy

Ax, y) = 4x%y" - 16x%y" = —12x%°

Alx, O = 0 v6i moi x € R, A{0, y) = 0 v4i moi y € R,
Do d6 khéng thé ap dung duge dinh li 3.4. Tuy nhién f(x, y) =
= x’y* 2 0 = f(x,, 0) v6i moi x € R va fix, y) = f(0, y_) v6i
moi y € R. Vay ham 86 d4 cho dat cyc ti€u tai cic diém ix, O)
va (0, y) vdi moi x, y, € R.

Vi du 3. Xét ham s6 fx, y) = x° + y°.

. s _ 2 \ _ L3 } _ 5: N
Ta e6 f)(x, y) = 3z, f}, (x, y) = 2y, fxz = bx. fy_ = 2,
f = 0. Diém (0, 0) 1a diém ditng céa ham s& f. Vi A0, 0) = 0
nén ta khdéng d4p dung duge dinh i 3.4. Tuy nhién ta cd f(x,
0 >0 =f(0, 0) vai moi x > 0 va f(x, 0) < f(0, 0) vdi moi
x < 0. Do dd ham s8 khong cd cue tri tai diém (0, 0).
3.5. Gig tri Ién nhdt va gid tri nhé nhét ciia ham s6

Giad st Q. 13 mét tap hgp compic trong khéng gian RP,
f:Q — R la mit ham s6 lién tuc trén Q va cd cic dao ham

0
riéng trén phadn trong Q clia Q. Theo dinh li Vayoxtrat, ham
s6 dat gia tri 16n nh4t (nhé nh&t) tai it nh4t mot didm
o

M, = (x, .., xg) € Q Néu M, € Q thi M_ 1a mot diém ding
cua f. Ham s8 ciing c6 thé dat gia tri 16n nh&t (nhé nhét) trén
bién 9Q cia Q. Vi vAy muén tim gid tri 16n nh&it (nhé nhat)
cia ham sd trén Q ta tim gia tri cda ham s8 tai cac di€m
diing cia nd va gid tri cha ham s8 tai edc difm bién cia Q.
Gia tri 16n nh4t (nhd nh&t) trong ching 132 gid tri lén nhat
(nhé nhét) cla ham s f trén Q. Ta hay xét cac vi du sau :

Vi dy 1. Tim gia tri 16n nhit va gia tri nhé nhat cia ham s6

f(x, y) = sinx + siny - sin(x + y)

trén tam gidc gidi han bdi hai truc Ox, Oy va duong thang
x +y = 2xn :

TN
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Ta co fx’(x, ¥y) = cosx - cos(x +y}; f\:(x, y) = cosy - cosix +y).

Trén phan trong cda tam gidc

_2n
£ y) =0 SO 2
{f_‘.’(x, y) =290 y = 2n
3
(% , %) la di€m ditng duy nh&t cta ham s f trén phdn
3v3
trong cda tam gidc. Ta co f(% ) ?‘_;;E) = __é\[__ Bién ctia tam

giac gom ba doan thing {(x, 0) : ¢ € x < 2a}, {(0, y) :
0 sy 2zt va{(x,y) :x+y=2nx2 0,y 2 0}.

Ham s6 bang khoéng tai moi di€m thudc bién cta tam gidc.

W3

-Do dé gia tri ldn nhit cla ham sé trén tam gidc 1a 5 v

gid tri nhoé nhdt cia ham sd trén tam giac 1a 0.
Vi du 2. Tim gia tri 16n nh4t cia tich
| u = xyzt
cia bon s6 khéng am bist ring tng cla ching khong déi :
x + ): +z+t =c
Tacdt=c-x~-y - z
u = xyz{ie - x ~y - z).
u 12 hdm s6 ba bién s6 xac dinh trén tap hop
Q={xy.2 :x20y20220x+y+z < c}

Q 14 mdt ti dién giéi han béi cdc mat phdng x = 0,y = 0
z=0vax+y+2z=c Tacd

u’x=YZ(C-zx-y—z),u’v=zx(c—x—2y—z),

u’z = xylc - x -~y - 2z).

]
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Trén Q

w (x, y, z) = 0,
wx, y, z) = 0, = x=y=z=§'
uwix, y, z) = 0
Cc Cc c = . 17 - ]
—v i Z lé diém dung duy nhit (trén Q) cia ham sé. Ta
6 u (= = (5)* Bien cia Q bé - cua td
¢ u(444)—(4). ién cua gébm bén mat cia t
dién. Vi trén 9Q ham s6 lay gia tri khong nén gid tri lan nhét
cfia ham s6 trén Q la (%)4.

Ta d4 chung minh ring néu bén s6 khong 4m x, y, z, t cd
tong bing ¢ khong d6i thi tich cda ching khéng ldn hon
Crd e o ’
(4) . Tt do
x+y+z+t

<o =
W €g= g

téc 14 trung binh nhan cia b&n s6 khéng am khong ldn hon
trung binh coéng ctia bdn s6 dé. Dé 1a bit ding thic Cési cho
bdn s6 khéng &m. Ta biét rang d6i voi n s6 khong am bit ki,
cing o6 bat ding thdic twong tu.

$4. HAM SO AN VA HAM NGUGC

Dinh nghia va sy tén tai cia ham s6é &n
4.1. Dinh nghia. Cho phuong trinh
f(x, y) = 0 (1)

trong dé f : Q@ — R 1A mdt ham s& xdc dinh trén tap hogp Q
trong R?. N&u tén tai mot ham sd ¢ : I — R xdc dinh trén
mét khodng I C R sao cho : :
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(x, p(x)) € W,

f(x, pix)) = 0 véi moi x € 1,

thi ham s6 y = ¢(x) goi 1A m6t ham s6 4n xac dinh bdi phuong
trinh (1),

Vi du 1. Cho phuang trinh

x* +y* = L. : (2)
Khi 6y = a(®x) V] — 2 voi -1 < x < 1,
trong dd alx) = £ 1 vdl moi x € [-1, 1], 12 mot ham s6 dn

xac dinh bdi phuong trinh (2).

Néu khong dit digu kién "ham s6 4n phai lién tuc trén
{-1, 13" thi véi méi x € [-1, 1] cd thé cho a(x) mét trong hai
gia tri -1 va 1 mot cach tiy y. Nhu vay cd vo s6 ham sé &n
xac dinh bdi phugng trinh (2).

Chu ¥ ridng trong vi du nay, gid tri y cia ham s dugce cho
bdi mot bi€u thic cia bi€n s6 x. Ngudi ta ndi ring ham sd &n
duge cho dudi dang tudng minh.

Vi du 2. Cho phuong trinh

v'o- 4yt +axyt -5 =0 (3)

Vai méi x € R, ta duge mot phuong trinh bac 5 theo y.
Phudgng trinh nay c¢d it nh&t mot nghiém thuc. Vay tén tai mot
ham s6 4n ¢ : R = R, x — y = p(x) x4c dinh bdi phuong
trinh (3). Tuy nhién ta khéng biét cdch bi€u dién ham s8 &n
nay dudi dang tudng minh.

Vin dé dat ra 14 : Cho (x, y,) la mot nghiém cua phuong
trinh (1) tdc la f(x, y,) = 0 V8i cac diéu kién nao déi véi
ham so f, phuong trinh (1) xdc dinh mot ham £6 3n duy nhat
¢ x, - a x, + a) > R cé dao ham lién tuc trén mot lan
cén (x, - @, x, + @) (a > 0) cia'difm x, ?

278



4.2, Dinh li. Cho phudng trinh
flx, y) = 0 (1

trong do f : U — R 14 mdt ham sd ¢d cdc daoc ham riéng lién
tuc trén tap hop mé U C RZ, (x,. vy, € U la mét nghiém cua
phuong trinh (1), tuc la f(x_, y,) = 0. Khi d¢ néu £ Xy ¥o) *

0 thi v4i mot s6 § > 0 bat ki di nhd, tén tai mot s6 o« > 0
c¢ cac tinh chédt sau :

a) Véi méi x € (x, - a, x, + @), phuong trinh (1) ¢ mot
nghiém duy nhat y € (y, - 8, vy, + f),

b) Né&u ki hiéu nghiém nay 14 ¢(x) thi ham s6 y = p(x) la
ham s6 4n zdc dinh bdi phucng trinh (1). Ham s ¢ cé dao
ham lién tuc trén (x, - a, x, + a) va

’ £ p(x)
X) = — 4/—————
PE =T et
voi mol x € (x, - a, x, + a).

Chitng minh.” a) Cd thé gia thiét f(x, y,) > 0 vi néu
f) (x, ¥,) < O thi ta thay f bsi -f. Vi f,” lién tuc trén tap hop
md [J nén ton tai moét s6 5 > 0 sao cho

'y >0
Vi X, - < x <X, tpy, - <y <y, ty

Néu 0 < g < g thi ham s6 y — fl(x,, y} ¢6 dao ham
£(Xp ¥) > 0 trén doan [y, - B, y, + 1. Do d¢ ham s6 ting
nghiém ngat trén doan nay Vi f(x, y) = 0 nén

fix, y, - B < 0 va fix, vy, + 8 > 0 (2)

Cac ham sd x ~ f(x, y, - ) va x — f(x, y, + §) déu lién
tuc tai difm x n&n t¥ cic bat ding thde (2) suy ra :

Tén tai ¢ > 0 sao cho
fix, y, -8 « O0vafx y, +8 >0 (3)

volt moi x € {x, - a, x, + a).
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Véi mét s6 thuc bat ki x € (x, - a, x, + «), ham s6
y — f(x, y) lién tuc trén doan [y, - 8, y, + f1. Ngoai ra céc
bdt diang thudc trong (3) duge théa min. Do d6, theo dinh Ui
Bénzan6-Cési vé gid tri trung gian cda ham sé lién tuyc, tén
tai mot s6 thuec y € (y, - §, y, + f) sao cho f{x, y) = 0. Vi
ham s6 tang nghiém ngat trén {y, - f, y, + f1 (do
f(x,y) > 0 v6i moi y € [y, - B, y, + B nén y 1a duy nhdt.
Ta da chdng minh a).

b) Dat gia tri y tuong dng véi x la p(x), ta dugc ham s6
y = ¢(x) xdc dinh trén khodng (x, — «, x, + a) thda min
phuong trinh f(x, ¢(x)) = 0.

Vay ¢ : (x, - o, x, + @) =y, - 8, y, + /) 1a ham s6 &n
duy nhat xdc dinh bdi phuong trinh (1).

Trudc hét ta ching minh ham s6 ¢ lién tuc trén khodng
(x, = @, x, + a). That vay, gid st x| € (x, - «, x, + @) va ¢
1a mét s6 duong cho trudc bit ki. Dat y, = ¢(x)). Khi d6 y,
€ (y, = B ¥, + B va flx, y) = 0. Theo a), v4i moi S, >0
di nhé, ton tai @, > 0 sao cho ham s§ { xdc dinh mét ham
s6 dn duy nhdt ¢, : (x - a, x, t o)) =y, - B, y, +B) Ta
chon §, a; théa mén cic diéu kién sau :

17 B, < ¢,

2°(x, ~a, X, ta) Xy, -,y +B) C&x, —a x, +a)x
X (.Yn - ﬁ! yU + ﬁ)'

Hién nhién ¢ (x) = ¢(x) v6i moi x € x; - a,, x; + a)).
Do do

Ix - x;] < a; = |lpx ~ px)| = lp,® -y < B, <€

Vay p lién tyc tai diém x,.

Gia st x va b la nhiing s6 thyc sac cho x, x + h € (x, - a,
x, + a). Khi dd f(x, pix)) = 0 va f(x + h, p(x + h)) = 0. Theo
cdng thdc s8 gia hitu han, ton tai mot s6 thuc 8 € (0, 1) sao cho

0 = fix + h, p(x + h)) ~ f(x, eix) =
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= (h 7+ (p(x + h)'— N 1x + 6h, p(x) + Hptx + h) - pE)).
Do d6 v6i h = 0, ta c6

p(x +h) —p@x) I xF6h pix) He(x +h) ~plx))
h - [, (x +6h, o(x) +8(p(x +h) —pN '

Cho h — 0. Vi f’ va f’ lién tuc tai digm tx, ¢(x)), ¢ lién

tuc tai diém x, nén v& phai cda dang thuc trén dan dén
£(x, p(x)) ) o
— =————— . Do d6 ham s3 ¢ cd dao ham tai diém x va
£, ()
o = - F )
X) = — Ty ———
i [ x, 9(x)
Vi £, f)_,’ vad ¢ déu lién tuc nén ¢’ lién tuc.
Vi du 1. Trd lai vi du 2 sau 4.1, cho phuong trinh
f(x, y) = y5 - 4y4 + 4xy2 -x% =0
Tac f(1, 1) = 0; £ = 4y — 2x; f) = 5yt — 16y° + 8xy ;
(1, ) = -3 =0. Do dé tén tai mét ham 6 duy nhit y = o(x)
sao cho
(px)’ - alpE)? + dx(px)* - x* = 0.
vai |x - 1| va lp(x) - 1| d& nhé. Khi do

+ —fx’ (%, ¥) 4y’: —2x
X)) = o = Ty 3 .
L x y) 5y — 16y + 8xy
Vi ¢(1) = 1 nén
PO =373

Vi du 2. Cho phuong trinh
fx, y) = x°+y - 3xy = 0



Tap hgp cac
di€ém (x, y) théa
mén phuong trinh
trén la mot duing 3z
cong goi 1a 14 Deécdce
(Descartes)  (xem
hinh bén). Ta co

f; = 3)’2 —.3x. \
f)(x,y) # 0 véi 0 Vo

N
X # ¥y

Dutng cong da
cho cat parabén

X = y2 tai hai ' \

diém 00, 0 va

‘v_) Trén

lé.n cdn dd nhoé cita mébi dlem (X, ¥, thudc duvng cong khac
O va A tén tai mét ham s6 duy nhat ¥ = p{x) sao cho

Hinh 29

X + (p(x))® - Bxp(x) = 0 (v6i |x - x ol valy -y, | di nho).

V6i méi x € (0, V4) c6 ba diém trén dudng cong cd cing
hoanh d¢ x. V&6i méi x < 0 hoac x > W chi cd mét di€m trén
dudng cong cd hoanh dé x.

4.3. Chu y. Néu trong dinh H 4.2 diéu kién £ Xy ¥) = 0
dugc thay bdi diu kién f’ (x, y ) = 0 thi phuong trinh (1) xac
dinh mot ham s6 4n x = p(y) vai |y ~y,| va |x - x| du nhé.

Néu £ (x, y,) = 0 va /(% ¥,) = 0 thi khong thé ndi gi vé
sy ton tai cia ham s6 4n xac dinh bdi phuong trinh (1) trong

dinh li 4.2. Diém (x, y,) théa man déng thdi hai dang thic
noi trén goi la mot di€m ki di cda phuong trinh f(x, y) = 0.

o

Vi dy. Ta ldy lai vi du da bi6t. Cho phuong trinh
fix, y) =x2+y2—1 =0
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(1, 0) ta mét nghiém cua Y
phuong trinh da cho.

(1, 0) = 2, £i (1, 0) = 0

'Véi-a > 0 nhd tiy y, khong
ton tai ham =28 y = ¢(x) trén - . - =_

0 1-u T+a
khoang (1 — a, 1 + a) sao cho
2 2 _
4+ (px)” -1 =0
Tuy nhién tén tai ham s6
= = '\’ — 2 3 d
x = ¢©) 1 - y° xdc dinh Hink 30

trén khodng (-1, 1) théa mdén

WyN? +y* -1 = 0 va g0 = 1.
4.4. Tiép tuyén va phap tuyén cua duong cong fix, y) = 0.
Trd lai dinh i 4.2. Gia si f’y(xo, ¥,) # 0. Khi dé phudng
trinh f(x, y) = 0 x4c dinh trén hinh chit nhat (x - @, x, + «) x
X y, - B, yo + A mot dudng cong I' cd ti€p tuyén tai méi
diém cila nd. Phuong trinh ti€p tuyén cia T tai diém (x, y) 1a :
fo(xy

TF e &

Y-y-=

tic Ia

X -,y +F -y =0

Néu f' (x, y,) = O thi lap luan tuong ty, ta ciing duge phuong
trinh trén.

Phap tuy&n cta [ tai di€m (x, y) song song v8i vectd
(Fx (x! Y)? f’y (X? y))’

4.5. Ham s6 dn nhiéu bién s6

Tuang tu nhu d6i vdi ham s6 dn mot bién ta cd dinh H sau :
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Dinh Ii. Cho phuong trinh
| fix, y. z) = 0, 83

trong dd f : U — R |la mét ham s0 ¢d cac dao ham riéng lién
tuc trén tap hgp ma U trong R, X, Yo 2,0 € U 14 mot nghiém
cia phuong trinh (1} (tuc la f{xu_ ¥ 2,0 = 0). Khi dd, néu

£(x, ¥

o

z) # 0

thi v6i mét s6 § > 0 bat ki di nhé, tén tai mot s6 « > 0 co
ciac tinh chat sau :

a) Voi méi x, y) € (x, - a, x, + a) X ty, - a, y, + a),
phuong trinh (1)} ¢é mét nghiém duy nhdt z € (z, - 8, z, + 8.

~ b} Néu dat nghiem dd la z = p(x, y) thi ham s8 ¢ cd cdc
dac ham riéng lién tuc trén (x, - a, x, +a) X (y, - a, y,, + @),

va

Fe (x5, p(x. )

£, %,y p(x,y))’

P %, y) = ~

: £, (% ¥, 9(x,¥))
V’_\.r (x, Y) = - f}_.‘ (x, Y, @(X_, y)) ’

g(; duge goi 1& ham s6 4n xac dinh bdi phuong trinh (1) trong
mét 14n edn cla diém (x, y, z,).

Chi ¥. 1) Néu £)(x,, v, 2) = 0 hoac f\ (X, ¥y 2,) = O thi
ton tsai ham s6 4n x = x(y, z) hoac y = ylz, x) xac dinh bdi
phuong trinh (1) trong mot lan cin cta diém (x,, y, z.).

o

2) Ta cd dinh li tuong tu d6i véi phudong trinh
flx,, ., x

Hé ham s6 #n

4.6. Cho hé phuong trinh

y} = 0

P
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r| (xl, ceny Xp, er Ly ytl) = 0!
(I] f: (x], veey xp’ yp tery yq) = 0"

fq (xl, e K Yo v yq) = 0,

trong do f,, .., fq la nhitng ham sé cd cac dao ham riéng lien
tuc trén mot tap hop md U trong RP'Y. Dinh thie

of,  of] o,
E)y 1 E’Yz B ¥ §]
of, of, of,
ay, oy, oy,
gy, Oy, '-’.Yq

goi 14 jacobian ctta hé ham s6 TP fq doi véi cac bién s6 Yir
s Y ki hidu la
D(f,, ... fq)
Dy, - y—q) .
Véi cac gid thi€t va ki hiéu trén, ta co
4.7. Dinh . Gid st M, = (x, ..., xg, Y o ya’) € U la mot
nghiém cia hé phuong trinh (I). Né&u
L
— # \
Do, vy Mo * 0

th1 voi mét s bat ki £ > 0 dd nhd, tén tai moét s6 « > 0 cd
cdc tinh chat sau

a) Vi méi (x, .., ) e (xl —a %X ta) X .. X
(x“ - a, xp + a), hé phuong trinh (I} ¢d mét nghiém duy nhat
Wi oo ¥y € O =B ¥ +8) x . x Oy =By + 8
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b) Néu dat nghiém dd la

(¥, - yq) = (p(x;, -\ xp], - tpq(xl, ey XP)),
thi cdc ham s6 ¢, .., Pq cd cdc dao ham riéng lién tye trén
tap hop

(= ~ a, foa) X .. X (x‘[‘;—a, xg + a).

Cac dao ham riéng ctia edc ham s6 dé nhan duge bang cach
14y dao ham riéng cac phudng trinh cia hé (I) theo cac bién

s6 x;, trong dé y, .., ¥q la cac ham s6 ¢, .., Py
U%; dy, ox, e Z}yq 9%, ?
4 1 T S
of ay_ oy of oy o
—'+,—g—_'"-1'+.‘.+‘,—9“‘,—“('1‘=0 (121,,}'))
Ux; dy| 9%, . dyq ux;
Hé phuong trinh (II) 12 moét hé Crame {(Cramer). T dé ta
tinh duge T, s T
ax. Ux.

1 1
Ta thia nhén dinh li nay.
P oos pq) goi 12 hé ham s8 4&n xdc dinh bdi hé phuong trinh
(I) trong moét lan can cha difm M_ = (x}, ., xg, Y o yg)‘

4.8. Ap dung
Gia st U la mot tap hop md trong R?,
u=ux y) vav=vixy
1a hai ham s8 ¢6 cic dao ham riéng lién tye trén U, (x, y)
€ U, u, = ulx, y) v, = vix, y,) va
D(u, v)
D(x, ¥)
Xét hé phuong trinh

(Xy ¥o) = 0.
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D jf(x, Y, 4, V) = ux,y) —u =20
[g{X, Y, U, V) = v(x,y) —v =0

f va g I3 hai ham s6 cd cic dao ham riéng lién tuc trén tap

“hap U x Rz, Xy Yo Yp Vo' 12 mdt nghiém cia hé phuong
trinh (I).

D(f, g)

D(u, v}
D(x; ¥) (xo’ Yoo U v(m) =

(x‘.], Y()) = D(x’ y) (x(-), y()) # 0.

] »
e Yy

] :
Vx V),

Theo dinh Ui 4.6, vai mot s6 B > 0 bat ki du nhd, tén tai
mot 8§ a > 0 cd cdc tinh chit sau -

a) Vai méi (u, v) € (u, - a, u, + a) x v, - a, v, + a),
h¢ phuong trinh (I) (v6i cdc &n 6 x, y) ¢ mét nghiém duy
nhit (x, y) € (x, -8, x, +8) x (y, - B, y, + B).

b) Dit nghiém d6 la (x, y) = (x{u, v}, y(u, v)). Cac ham s
x = x(u, v} vd y = y(u, v) ¢ cde dao ham riéng lién tuc trén
tap hop (u, - «, u, + @) x (Vo = a, v, + a).

Ldy dao ham cdc phuong trinh cia hé (I) theo u va v, ta duge
uwx, +fwy, —1=0,
v,x, + v_v’yu’ =0
%X twy o =0,
v X, + vy, —-1=0.
Tit hai hé phuong trinh trén suy ra

Dy, D
DE:, 3 (x(u, v}, y(u. v)) DE:, i;

voi moi (u, v} € (u, - a, u, + &) X (v, - q, v, + a)

That viy, ta cd

(u, v) = 1

xu: X\,’
yLI, y\-"“

D(u, v) _ Mz, v _
D(x,y) D(u,v)

H ¥
e

H 3
Ve Yy
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ux!x‘.lv + uy'!y[[? ux!xv! + ll.\r!yv!
Vx’Xu’ + vy)yu! Vx‘xv, + v.\!!yv)

|t o

‘lo 1| =1

4.9. Ta van gi¥ cac gia thist va cac ki hiéu trong 4.8. Goi

F : U — R? 1a anh xa xdc dinh bai
F(z, y) = (ulx, y), vix, y)).

Hién nhién F lién tuc trén U. Dat W = (u, - o, u,  + a) %
X v, —a, v, + a), V = [(xn - B, x, + By x y, - 5, Yo +
1 N FL(W). Khi d6 V va W, theo thd ty, la lan can cia cdc
diém (x_, y,) va (u, v ) (bdc 1a tap hgp md chia (x, y,) va
(u vn))?l). Tit 4.8 suy ra rang anh xa

o

(x, ) — Fix, y) = (v, v = {ulx, y), vix, y))
la mot song anh vA anh xa nguge cGa nd
¥v=0!' W—V
(u, v) — (x, y) = (x(u, v}, y(u, v))

¢d cidc ham s6 thanh phan x, y 14 nhitng ham s8 cd cac dao
ham riéng lién tuc trén W.

Cac két qua vita néu dugc md rong cho trudng hop p > 2.
4.10. Dinh li v® ham nguge '
Gia st U la mot tap hop md trong RP va
F:U—RP
X = (xp vy xp) — Yy = (.vp Ty yp) = WI(XI) vy x]}” ey YP(xly srey xp))
12 mot anh xa xdc dinh trén U sao cho cdac ham sd thanh phan
Yoo Y cé cdc dao ham riéng lién tuc trén U, M, =

= (XT, ey XB) € U, y? = yl(x?, . X(F:), ey y; .= yp(x?, cey XE) Néu

(1) Vi F la mot dnh xa lién tue vi W 13 mot 14p hdp o trong R? nén co thé chilng
minh duge ring !’-"I(W} 14 mot 14p hdp me trong RY
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gy, oy, oy
X E.ixz E)x”
Oy, iy iy
D(y), - ¥,) ) I . .
ﬁ{:ﬁ)&‘l‘,-‘m:xp (x), - Xp) = X, X, :#xp (Xl, iy xp) = 0
Fp PP
x| dxz inp
thi tdn tai m6t lan cdn V ciia didm M = (%', .., x!") sao cho
8] I* P

W = F(V) 12 mot lan can cua diém F(M,) = (y), .., y;:), ¢ = F|,,
la mot song anh t V lén W va dnh xa ngudec cda nd
W=ad' WV
(¥ oo yp) — (X, xp} =
= Xy, yp), s xl‘{yl, N yp}}
cé cac ham sé thanh phan x,, .., X, 124 nhiing hiam s0 ¢d cdc

dao ham riéng lién tuc trén W, Hon nita

D¢y, ‘,,,yp) ‘ D(x, - xp) .
_D(Xl, s xp) (x](YI! st yp)a Tty xp(yp Tty y[‘)) D(yl, ,yp) (yl) ey yp) -

véi mei (y,, .., yp} e W.

BAI TAP CHUONG Il VA
LOI GIAI - HUONG DAN - DAP SO
GIOI HAN

1. Ap dung dinh nghia gid¢i han ching minh ring
n!
lim — = 0.
n-—+x 1
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2. Tim gidi han cua day s6 thuc {u,} v&i cdc s6 hang tdng

quat sau :
3= 5
n? sinn?
¥ = T o
YW, =73 T3 3 n(m+1)’
) _ 1 + 1 +...+_m_.l_..u
% =12 3234 nn + ) +2)

3. Ching minh ring day sé thuc
a, = Voo +8",n =12 ..
trong dé 0 = o < § hoi tu va tim gidi han cta day s8 dd.
4. Chiing minh rang day sé thuc {u,} xdc dinh bdi
hoéi tu va tim gigi han cua day.

5. Cho day s6 thuc {u,} xdc dinh béi

1 a
un+l=§(un+a—),n;=1,a>0,u] > 0.
n

Ching minh ring day héi te va tim giéi han cta no.

6. Cho day s6 thuc {u,} xdc dinh béi

2 1 -
U, = un+§,n31,u1-—l.

a} Ching minh rang u , < u + —.

b) Tt dd suy ra riang day héi tu vA tim gidi han cda nd.
7. Ap dung tiéu chudn Cési ching minh ring day s§ thuc
{u,} véi

290



.= 1,2, ..

o=

n
4 = X
k=1

la phan ki.
8. Cho day 6 thuc {u,} théa man diéu kién -
" lu -u

I_|| < k|un—un_!|,n?2,0< k < 1.

n+ |

Ap dung tiéu chuidn Cdsi ching minh ring day hoi tu.

9. V4i cde gid tri ndo cia a va b, day s6 thuc {x,} voi
X, =a x,=1+bx ;nz=0

hoi tu.
10.* Cho diy s6 thuc {u,} vai
u, = h, u = urz1 + (1 - 2aju, + a’, n=1 2 ..
Véi cdc gia tri ndo cia a va b day da cho hoi tu. Khi dd
hay tinh gidi han cua day.
11. Gia sd day s6 thuc {x,} hoi tu dén 0. Ching minh ring
x tx,t+o +xn

lim = 0.
n-— o n

12. Gia si hai day s6 thyc {x_} va {y,} hoi tu dén a va b.
XY, Py, o ey

Chiing minh rang lim o = ab.

n— %

13. Cho hai 36 thuc a va b, 0 < a < b. Gia sy {u,! va {v }

14 hai day s6 thyc xdc dinh béi u, = a, v, = b,
u, + v,
un+] = uunvn ! Vn+1 = 2 : nz0

Ching minh rang
a) V4i moi 86 nguyén n = 0, ta cd

- =
4, = u, < Une < Voer < Yo SV
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bi fu } va [v. i la hai diy hoi tu va co cung gidi han.

14. Gia su {u | 1A mot day so thuc sao cho Im (u 4, — u ) = 0.

[
- . N . Y,
Ching minh riéng lim — = 0.
n—+x
15." Cho hai ddy s6 thuec {u} va {v_} héi tu dén 0. Gia su
tén tai mot 86 « > 0 sao cho

1]
> ivl =« véi moi n = 0.
k=1

Ching minh rang day sé thuc {w_ } v&i

hoi tu dén O

18.° Gia st {a,}, {b,}, {c,} 14 ba day s6 thuc vdi a|, by, ¢
1A ba s6 dugng cho trude,

T R e SN SO SO

ag,) = 3 » Phyy = Yabe, s . =3 + 5 + c

(a,,» boepr €y p theo thu tu, l2 trung binh cdng, trung binh

nhan va trung binh diéu hoa cta ba s& ducng a_, b, c).

a) Ching minh rng
a, = bn ER vai moi n > 1.
b} Ching minh rang cdc day {a,} va {c_} la don di¢u va cd

cung mot gisi han A. Tim giéi han nay néu ac, = bf.
17. Ching minh ridng cic day sé {sinn} va {cosn} la phan ki.

18. Cho mét tap hop E ¢ R. Dat M = supE, m = inf E.
Ching minh rang ton tai hai day {a,} € E va {b,} C E za0
cho lim a, = M, lim b, = m.

n—= = =%
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19. Ta ndi rang day s6 thuc {u,} ecd tinh chat T, (T.) néu

t6n tai mot chi s6 p (q) sao cho

u, = supu, tu, = infu,).
n 1]

Chitng minh rdng néu {u } la moét day s6 thue héi tu thi
nd ¢d it nhdt mét trong hai tinh chat T, T,.

20. Cho hai day s6 thuc {a,} va {b,}. Ching minh riang néu

a, < b, vl moi n thi
o < &
lim supa_ < lim supb,.

n—x

lim infa < lim infb, ;

n--+x =

n—x

21. Cho mét day sd thue {x,} vd mot s6 thuc a. Ching

minh riang
liminf(x, +a) = liminfx_+a ; limsup(x, +a)= lmsupx, +a
= x n—=x

n—x [

22. Cho mét day s6 thuc {x,} va mdt sé6 thuec a. Ching
minh rang

a) Néu x| < a v6i moi n thi lim supx < a,

n—«
.b) Néu x> a v6i moi n thi lim infx, = a.
n—x

23. Ching minh rdng v6i moi day s6 thuc {x} bat ki, ta cd

limsup(—x,) = —liminfx, ; liminf(-x) = —limsupx
n— =%

n—=x

n— o fy—> oo

24. Tim gigi han duéi, gidgi han trén, can dudi ddng va can
trén dung cla cac day sd thye sau : '

a) a = (—1)”(1 + %), n=z 1,

b b, = 2"[l + (-1)"], n = 1,

'I"I
-33", n = 1.

c) ¢,
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25, Gia st f 1A mot ham s6 thuc xac dinh trén R sac cho
fixy) = xflx) + yfly) vdi moi x, ¥y € R.
Ching minh rang f(x) = 0 vai moi x € R.

26. Gia st f, g, h 14 ba ham s6 thuc xdc dinh trén mot lan
cdn clta diém x, € R (tdc la mét khodng md chia diém x.).
Ching minh ring néu

g = off) khi x = x_ vd h = o(g) khi x — x_
thi h = o(f) khi x — X,

27. Gid sua f, g, h 1a ba ham s8 thuc xdic dinh trén moét lan
can cua diém x, Ching minh ring

a) Néu g = off) khi x - x_, h = oif) khi x — x thi
g +h = off) khi x = x_, -

b) Néu g = o(f) khi x = x, h = o(g) khi x — x_ thi
h = O(f) khi x - x,

28. Tim nlirr;(cos-;—coégi cos%) , x€ R

29. Voi méi s6 thuc x, ki hiéu {x] chi phin nguyén cia x :
xle 2 x-1< [x} = x

Tim tap hop cdc di€m gidn doan cia cde ham s6 f{x) = [x]
va g(x) = x - [x]. o
30. Cho ham s6 f : R — R xac dinh bdi
1 voi x € Q,
fx) = . e Q
Oviix € R\Q.

Chdng minh rang f gidn doan tai moi difm cta R.

31. Gia su f la mot ham s6 thuc lién tuc trén khodng I C R
sao cho f{r) = 0 vdi moi r € I N Q. Chung minh rang f{x) = 0
voi moi x € 1.
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32, Gid st f va g la hai ham s6 lién tuc trén-khoang 1 C R.
Ching minh riang cac ham sé max (f, g)’ va min {f, g) xac dinh
trén 1 béi

max {f, gz} = max {f(x), glx)),
min (f, giix) ,= min (f(x), gix})
la nhitng ham s6 lién tuc trén I
33. Ching minh ring phuong trinh

x —cosx = 0

co mot nghiém thudc khodng (0, %)
34. Ching minh rang moét da thdie bac 1é ¢d it nhit mot
nghigm thuc.

35. Gid st f : [a, b] — [a, b] 18 mot ham sd lién tuc. Ching
minh ridng tén tai it nhat mo6t digm c € [a, b] sac cho fie) = ¢

36. Gia st f : [a, b] — [a, b] l& mot ham =8 thoa man
diéu kién
[fz) - fix)] < |x; - x,| v6i moi x;, x, € [a, bl.

Chding minh réng f lién tuc trén [a, bl. T d6 suy ra rél;ng
phuong trinh

fix) = x
cd mot nghiém duy nhit.

37. Giad st ham =6 f 12 mot song anh lién tuc trén doan [a, b].
Ching minh,rang néu f(a) < f(b) thi f 12 ting nghiém ngat
trén [a, b].

38. Cho ham =8 f xac dinh trén R béi
L
sin— v&i x = 0,

f =
) 1 véi x = 0.
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a) Ching minh rang ham =68 f gian doan tai diédm 0.
b) Cho ham-s0 g xic dinh trén R bai

1
l—sin— vii x = 0
x

Y=
Blx | 1 veix=o0

Ching minh rdng néu £ va g &y hai gia tri A va B thi ching
lay moi gia tri trung gian giita A va B.

c¢) Ham s0 f + g ¢d tinh chit d¢ khéng ?

Tu d¢ suy ra rang tinh "chuyén ti mét gia tri sang maot gis
tri khac nhal thiét phai qua méi gia fri trung gian it nhit mét
lan" khong dac trung cho cdc ham s6 lién tuc.

39. Ching minh rang néu f 13 m6t ham s6 thuc lién tuc va
tudn haan trén R thi nd bi chan trén R.

40. Xét tinh lién tue déu cta ciAc ham sd sau :
a) fix) = x + sinx trén R,

b} fix) = Inx trén (0, 1].

, . . 1
41. Ching minh rang ham s8 f(x} = X lién tuc déu trén

c-Ioan [a, 1] véi moi a € (0, 1) nhung khéng lién tuc déu trén
kKhoang (0, 1].

| sinx|

42. Ching minh ring ham s6 f(x) = lién tuc déu trén

mdi khoang (-1, 0} va (0,- 1) nhung khoéng lién tuc déu trén
tap hop (-1, O) U (0, 1).

43. Gid st f 12 mot ham s6 thuc lién tue tvén khoang (a, b),
.Ching minh rang ton tai mét ham s8 thue F ligén tuc trén deoan
[a, b] sao cho Fi(.-.,h) = f khi va chi khi f lién tuc déu trén
kheang (a, b).

44. Gia sd f la mét ham s8 thiue lién tuc trén doan 1 = [0, 1]
Vai mai x € I, h € [, dat
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I, = {t:|t] £ hvax+1t€l}
Goi g : I — R 1a ham s0 xdc dinh bdi
g(hy = sup [sup |fix + 1) — f(x)]]
x€l 1€,
{g goi la médun lién tuc cta ham s6  trén I).

a) Ching minh ring g lA mét ham s6 tadng khong am trén
I va lim gth) = 0.
h—=i
b) Ching minh rang v6i moi h, h, € (0, 1] saocho h| + h, <1
ta déu co

glh, + hy) < glh) + gthy.

I R i . m
45, M&i s6 hiu ti x déuw duge vigt dudi dang x = 5 » trong

dd m va n la hai 36 nguyén nguyén to cung nhau, n > (. Néu
x = 0 thi ta ldy n = 1.

Goi f 14 ham s6 xdc dinh trén R bai-

0 nfu x € R\Q,
fix) =11 ©m
— nfu x = —.
n n
Ching minh rang f lién tuc trén R \ Q, gian doan trén Q
va méi di€m gian doan cla f déu 12 mot diém gidn doan loai 1.

46." Gia st f la mot ham s6 thuc lién tuc déu trén [0, +e«)
va lim f(x + n) = 0 v&i méi x = 0 (n nguyén dudng).

N2 .

Ching minh rang lim {(x) = 0 .

Cox— Fom
47. Cho day s6 thuc {u,} xdc dinh béi

u = arctg u_, u, > 0.

i
Tim lim u, .

n-»x



48. Giai phuong trinh
arctg~ + arctg— — + arctg—i— =
aretg L +arctg o + arctg o =

biét rang phuong trinh ¢6 mét nghiém nguyén.

e |

49. Ching minh riang ham s6 f(x) = sinx’ khéng lien tue
déu trén R.

80, Gid s f 1a ﬁl@t ham s6 lién tuc trén doan [0, 1],

fl0) = f(1). Ching minh rang véi mdi n nguyén duong, ham

1 ; .
86 g (x) = f (x + -I;) — f(x) triét tiéu tai it nh&t mét didm cua
1
[0 ; 1= ~n-:| . (Ching minh bing phan ching).

51. Cho f la moét ham s6 lién tuc trén [0, +w) va
lim f(x}) = b € R .

Xx— +ox
a) Chung minh réng f bji chan va lién tuc déu trén [0, +w).
b} Ching minh rang f dat duge it nhdt mot can ding cha nd.

52. Cho f la mot ham s lién tuc trén khoang [a, +w) va
lim f(x) = + « . Ching minh ring f dat gia tri nhé nh4t trén

Tx— tow

[a, +=).
BAI GIAI VA HUONG DAN
. n! 1 . . ] .
1. 0 < — < = v6i moi n = 1. Sau dd 4p dung dinh nghia
n
gidi han.
2.a) 0;bY1,;

1 1 1 1
OREFDR+?) "%k K+l T 2RID

k = 0. Do d¢
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1 1 1 . 1
un = Z — 5(—1‘1—;—-15 -+ §a-.+§)- ., n = 0 N nlﬂ].:r' un = 4

3.8 <'a, <= #V2 v8i moi n. lima, =43 .

n—a«

4. Day {u,} tang va bi chan trén (u, < 2 vdi mei n). Dat
a=limu“;a=ﬂ2+_a;limun=2.

n— =L n— o
5. u,,, = Va v6i moi n = L.

Day giam va bi chan duéi nén héi tu. Dat I = lim u_ ;

n-— o
1 a
= — + — - i = R
L= g (14 5) i dmu, =V
6. b) Tu a) suy ra
1 1 y
un+]<.un+2n_H<un_l+§ 21’1+1 <
4 1 + 1
<11| EE "'+2n+1

1
Uppy < uy + 3 véi moi n = 1. Day tang va bi chan trén

nén héi tu. Tu ui+1=u§+—nsuy Ta
uz—u2+1-u-u2+~l—~ cud = ul + - Dod
2 = H 9 73 7 2 2*"‘=un'_un—] n—1 0 do
2 2
1
1 — —
2 1 1 2n \
u, =1+ 5 + ..+ = - 2 khi n — =, Vay
2 AR
lim u, = V2 .
n— s

7. Véi moi N nguyén dudng, lay m = 2N, n = N.

2N
1 1
[u_ ~-u]| = E = > = .
m n L:N+1k 2
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kl'l"l
[—k /Y2 7w

9. x, =1 +b + bY + .+ b4 ap”

8. Vdim = n. |u

m o ur|| =

Vai b = 1, day {x ) phin ki. V&i b = 1,

1 -p" N o 1
e T C Rl vy
Day {x_} héi tu khi va chi khi {bl < 1, 2 bat ki hoac b = 1,
1
a = ]_—'_H .

10" u o= u +iu, - a)” (1) = U 24, Day tang. Gia
st limu, =7 € R = Qua gigi han diang thic (1) ta dugc

n-sx
=1+ - a)2 = [ = a. Vi ddy tang nén u, € a v6i moi n.
Do dd
u,, < a @ui (1 = 2ayu, +a® < a voi moin
“a -1 <u <a véi moin.
Dac biét a-1l<uy <aticlaa-1=<bs=sa (2)

(2) la diéu kién can d€ day {u,} héi tu. Dd cing la diéu
kién du.
Khi do lim u, = a .

n—

X + .. +xn
11. Dat u = —

- - Cho ¢ > 0, AN nguyén duong sao

xN“ r + .. +xn
I n iy
!XN|}+|+'..,xn| Xy + ot xy

n >N ; — L, T <% Vi lim T == =0nén3IN> N

x| + .+ XN.-.-

chon = N, = 1an <

b ™

5

(SR

n»r=

|x1 + .. +xN l

saochon 2 N= ——-— «

. Vay lu | < &véin =N
n

o™
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X ¥ +X2yn— | o +xn‘\-;l

12, D‘at Z” = n . ){” =

¥, = b+v, . Khiddlimu =limv = Gva

- x n—x

jav]
-i-
=

a(v, +... +v) .\ b{u, + .. +u) u v t.tu v

= =3 al) + — T T

H n : n n
{v,} hoi tu nén bi chan : 3M > 0 sao cho v, | s M vdi
moi n. -
lu v+ +a v, - ful . u
I 'n n ol 1 n . » A N .
- € M ———— . T két qua cna bai
n n .

fu| +.. +jul
tap 1 suy ra lim = 0 . Do dé lim z, = ab.

n—» o n n—r
un+vn - zﬁm vn_un
13.b) 0 < v |, —u ;= —— A < 5, n > 0
(vi Yu v, > Vo u, = un) . Do d¢
v —u g mit %t Tam2T ez Yo
n-n 2 92 = on

v6i moi n = 0.

14. V¢ > 0, 9N nguyén duong sao cho n 2 N, =
Ju ~ul] < £

n+i mn g

vn > N, lu b < Jugl +Tu —ugl,

£
hu — uan < [uNnH—uN”l + | un 4™ uN.,+'1 +otfu—u < (n- AN

&
gl < foy |+ L, — gl < lug b+ =Ny 5

|un| IUN“t . 1UNJ
— + . Vi lim
n n "

= 0 nén IN = N sao cho

il

o ™
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|UNI ¢ iul
<-‘2 Dodo——;{_cavdlmolnzN.

n =z N=

15." Day {u,} héi tu nén bi chin. Do d6 3 > 0 sao cho
lu,l < B vai moi n. Vi lim u, = 0 nén 3N,

n— o

sa0n cho

€ . .
|un| < 54 vl moi n 2 N|.

lim v, = 0 = 3N, sao cho {v,|

n=—* 0

£ P .
< ——— vifi mgi n = N,.
2N, i 2

N, -1

n
= Z W Vm;*Zu
k=N

k=1

Lay N > N; + N,. Khi dd v8i n = N, ta cé

N—i
&
!E“Vn—k|~<~ﬁ2|"|“-ﬁN ZN_E’
k=0 j=n-N +1
va
n—N1
£ ] el o2&
]E“kn—k!‘f Wl gy T g
k=10
Do dé {w,| < & v6i moi n = N.
16.° b) T a) suy ra
a,+b, +c,
A4 = T3 S A, voi n = 2. Vay {a } la mot
diy giam.
3 1 + 1 . 1 - 1 + 1 N 1 3 o
—_— = — T - = T - — = — = C = L
+ |
Cn+| an bn cn Cn Cn cn c N "
voi n = 2. Vay {c } tang. Ta cd
a, 2 a, 2 .. 2a =2b 2c 2c z zc
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T d6 suy ra cac ddy sé {an} va {cn} hoi tu : lim a, = a.
N x

a, +bn +c,

lin‘ic c, = c. Ti dang thdc 8,4 = Tz suy ra day {b_}

n—b

hoi tu : limb, = b va

11—+ %
a+b+
a = —a— (1)
Tt a) suy ra a=zbz=c (2).

T (1) va (2)suyraa =b =c Datl =a =b = c.
Trong trudng hgp téng quat tim A kha khd. Gia sa ac = bf,
Khi d6 4 = b, Ta ching minh diéu nay bang quy nap :
(Vn) by = b, = .. = b (3

o
That vay, véin = 2, tacs b, = Va be, = Vb = b, . Gia
sit dang thic (3) ddng véi n. Ta ching minh né ding véi n + 1.

Tu dinh nghia cia a_, b, ¢ suy ra

a5 +bn-—l +cn—l % b (4)
a c. = a_ _ N A .
non an-lbn—1+bn—1 cn—] +Cn—l a'n—l T T
Vi b, = :%Ja.n_llzan_]cn_1 va b, = b, nén
- 1.2 — 12 ,
an 1% - _bn—l _bn (5).
Tu (4), (B) suy ra
= = bl d6b_,, = 3 = b =
ancn =a, 6 = n Do d¢ n+l — anbncn e T l:'I'

17. Phan ching. Gii sd lim sinn =/ € R . Khi dg

n—a%

lim [sin(n + 2) — sinn] = 0 = lim cos(n + l)sinl = 0

n—* fn—=x
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= lim cos(n + 1} = 0 . Vi cos(n + 1} = cosncosl — sinnsinl
M- .

va lim cosn = O nén limsinn = 0 . Do dd

n— = h=s %

lim (sin'n + cos’n) = 0 . Vo i !
n— %
18. N&u tap hop E khong bi chan trén thi M = supE = +e.
Vn, Ja, € E sao cho a;, > n. Ta ¢ {a}t C E va
lima, = +eo = M

n—x

Néu E la mdt tap hap bi chan trén thi M € R va

' 1
¥n nguyén duong, 3a, € E sao cho M - 5 <A S M.

1

19. GidA s limu, =/ € R

s
17 Néu 3u, sao cho u, > I thi 3N nguyén ducong sac cho
n > Ns=u <u, Goi u, l& s6 1on nhat trong cac s6 u, ..., uy.

Ta co u, = sup u, .
n

2" Ching minh tuong tu néu Ju, sao cho w, < [ thi Ju

sao cho : u, = inf u, -

n

3% u_ = [ v6i moi n.

ot G

24. a) liminfa, = — 1, lhasupa, = 1, infa, = -2, supa, =
n—« fh— n n

b) liminfb, = 0, limsupb = +w, infb = 0, supb = +,

n— x n—= n n
¢) liminfe = — o, limsupe = + «, infc = —», supe, = +eo
n—=rc n—*x n n

25, Lay x = 1, vy = 1, ta duge {1} = 2f{1). Do d6 {il) = 0.
Vx = 1, vy = 1, fix) = xflx). Tt dé suy ra fix) = 0.
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13 T X . X X o i
28. Dat a = cosscos-— o cos— . Ta co
’ n 2 9 Yh
. 5 X ., X 92 X X X
sing = Zcos - sinz COS5C08 —7 §in - =
2 2 2 22 92
" X X X . X
= 2 COSEC(}S__‘ C()S"E Sl]’l_n .
2 2 2
e Néu x = 0 thi a, = 1 véi moi n. Do dé lima, = 1 .
fn— x>
. . i 1 R 4 X .
e Néu x # 0 thi a, = sinx - —- - . V] sin— ~ -— khi
X n n
Zn Sln—n 2 2
2
i . no. X . sinx
n — o« nén lim 2"sin-— = x . Do do lima, = —
n—% 2” fl—* X X

29. Tap hdp cac diégm gian doan cua f va g la Z.

32, max {f, g) (x) = fx) + gh(_)f,)‘f; f(x) — g(x)|

+ g(x) — o
min(f, g) (x) = f(x) + g(x) 2' f(x) - g(x)| xel

34. Gia st n 1a mét sd nguyén ducng lé va

Pix) =ax"+ax"" '+ _ +a .a = 0
o L ; nt o
Néu a, > 0 thi im P(x) = — o va lim P(x} = += . Do d¢
N— — X ¥--s b

Pie) < 0 véi o < 0 di nhé vA P > 0 vai 4 > 0 du lan.
Theo dinh li Bénzano—Casi, ton tai ¢ € («, ) sao cho Plel = 0.

30, Ham s8 gix) = f(x) - x lién tuc trén {a, b] ; gla) = 0
gitby < 0 vi fiay 2 a va f(b) <b Theo dinh Ii Bonzano-Cos
ton tai ¢ € [a, Bl sao cho gley = 0.

36. Hién nhién f lién tue. Tu két qua cta bai tap 35 suy
ra tén tai 11 nhdf mét ¢ € [a, b) sao cho gler = ey - ¢ = 0
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Ham =0 g giam nghiém ngat trén [a, b]l. That vay, néu
a € x, < x, £ b thi
gix|) - gixy) = [fix) - fix,)] + (x, - x).
Theo gia thiét |f(x) - f(x,}| < [x, = x,|. Do dé d&u cua
glx|) - g{x;) la ddu clia x, - x;. Vi vay ¢ la duy nhat.
37. Trudc hét ta chung minh néu a < ¢ < b thi

flta) < f(c) <f(b). Vi f la mét song anh nén fic) = f(a) va
fle) = fib).

Xét ham sé gix)= f(x) - f(a), x € [a, b]. Néu fic) < f(a)
thi g(c) = f(e) - f{a) < 0 va gb) = f{b) - fla) > 0. Ham s&
g lién tuc trén doan {c, b] nén theo dinh li Bénzans—-Cési, tén
tai d € (e, b} sao cho g(d) = 0, tic la f(d) = f(a). Didu nay
méu thudn véi gia thigt £ 1a mét song anh. Vay f(c) > f(a).
Chitng minh tuong tu, f(c) < f(b).

Gia st a < x| < x, < b. Khi dd f(a) < f(x,) <f(b). Ap dung
diéu via ching minh trén doan [x,, bl, ta duge
fx;) < f(x;} < f(b).

40. a) lién tuc déu ; b) khong lién tuc déu.

41. V8i mbi a € (0, 1), ham sé6 f lién tuc trén doan [a, 1]
1 2

Do dg f lién tuc déu trén doan nay. Liy x_ = ToVa= .02 2

. 1 . n
ta cé |y, — x| = = —»0 khi n — o, [f{y ) — f(x )| = 5 — te
khi n — o. Do dé f khéng lién tuc déu trén (0, 1].

43. Gia st f lién tye déu trén khoang (a, b). Ap dung tiéu
chudn Cosi vé su ton tai giéi han clla moét ham s6 dé dang
ching minh dugc ring tén tai lim f(x) = « va lim f(x) = §,

+ j—
X—*4a x—b

a, B € R. Ham s8 F xdc dinh trén [a, b] bdi

f(x) véi a < x < b
Fx} = <« a vii X = a
vdi x=5)

=1.

lién tuc trén [a, b] va F e
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44. a) Hién nhién g tang trén I. Vi f lién tuc trén [ = {0, 1]
nén lién tyc déu trén 1. Do d6 véi méi € > 0, tn tai § > 0 sao
cho(Vvx € [, Vtl x +t €T valt] < 6= |fix +1) - fix)] < &

Do do
Vx € I, sup [fx+t) — f(x)] <€ = gid) < ¢
Ielxé :
Tu do
(WVh € I) 0 <« h <« 8§ =g < gd s &

Vay lim gth) = 0 .
h—s0

b) Tu dinh nghia cta gih) suy ra : néu h, h, > 0 va
h, + h, € T thi vdi moi £ > 0, tén tai x, € I sao cho
sup  {f(x, +t) — fix)| > ghy + hy)) — £ .
te ]xu. (hl +h:)

Do d¢ tén tai t, sao cho x, +t, € I, Ity = h +h, va

| f(x, + t) - f&x)| > g(h, + by - & (1)

Ta viét t, dudi dang t_ = t, +t, trongds t, £ h
x, +t; € L. Khi d¢

| f(x,, + t)) - fix )| = [fix, +t + ty - fx, + tp| +

t, <h

12 22

+ 1z, +t) - fx)]| <
< gth,) + g(h) (2)
T (1) va (2) suy ra
gh, + hy) ~ & < gh) + g(h,) véi moi £ > 0.
Tt d6 c6 bat dang thdc cén ching minh.
46." Cho £ > 0. Vi f lien tuc déu trén [0, +w) nén tén tai
d > 0 sao cho

(Vx', x” 2 0) |x - x| < & = |fx) - fix’)| < —;- .
Chia doan [0, 1] thanh mot 6 hitu han doan nhd bai cac
diém chia x, Xy, e X :
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210 cho |:»<i

- X ]f < 4,00 o= 0, 1. m. Theo gid thiét,

Im fix; +m)y = 0.1 =0, L .. m. Do ds 16n tai N sao cho

11—+ =
F[xi + 1) o<

x = N. ton
iHi&n mhién

Tu do |{ix)

5 VOl moi n 2 N.i =20 1 .. m Khidd v moi

tai n nguyén duong sao chon s x va x - n < 1.
X - x, - nf <o

n = N} Do dd tén tai x, sa0 cho

- fix, + n}| < ‘CE = |fix)l = [fx, + m)} + % < £

vdi moi x = N.

47. {u)

la mot day giam va bi chan dudi ; lim u, = 0.
n—%

1 1 1
48. Dat « = aretg— ; f = arctg—— , ¥y = arctg—— .
B x—3 77 x+3

Ta cd

Ddp 56 :

tglee + 8 + ) = tg% = 1:

Ctge +otgh +otgy — tgetghtgy
1 - (tgetgd + tgfitg + tgytgy)

s - 3% - 12x + 10 = 0.

x = 5, %

1 . 0 . L2 .
m (y, — x,) = , fim | siny; - sinx

no+x n—

8. Gia

st t6n tai mgt s6 nguyén duong n sao cho g tx) # C

1
véi moi x € [0__ 1 - -];] . Khi dd g, gitt ddu khong d&i trén

. 1
doan nay. Néu g (x) > 0 trén [0. 1 - n] thi

H08
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R 1l n
. . ok k-1 k=1
== 3 () -] < Sk (5 e
k= k=1
{(MTral vai gia thigt),
31. a) Cho ¢ > 0 tuy y. Tdn tai x, > 0 sao cho x 2 x, =
| fix}) — b] < -;— . Vi f bi chan trén [0, x] nén toén tai M, > 0
sno cho |fix)] = M, vii moi x € [0. x,J. Do do

[}
& .- .
Tj vai moi x 2 0.

| fix)] < max (‘M“, |bj + 3

Vi f lién tuc déu trén [0, x,] nén tén tai & > 0 sao cho

vx', x7 € [0, x/.1) |x* - x7] < & = |fix) - f(x7)] < % )

Khi do (¥x’, x* € [0, +=) |x' - x7] < & = [fix) - fixy| < &
b Dat M = sup f(x) , m = inf f(x) . Gia st M > b vi got
x =1 X =4

@ la mot s6 sao cho b < « < M. Tén tai x; > 0 sao cho

fix) < ¢ v6i moi x = x,. Khi dd sup f(x) = M. Do dd ton tai
xZ[0.xd

it nhit mot & € (0, x,]1 sao cho f{£} = M. Ching minh tuong
tu néu m < b thi f dat can dudi ding cta no trén [0, =) Néu
M = m = b thi f la mét ham hang.

BAI TAP CHUONG III VA LOI GIAI - HUONG
DAN - DAP SO

' BAO HAM

1. Cho f 1a mot ham s6 xdc dinh trén R bdi f(x) = |x[7,
¢ 12 mot sd hitu ti dusng. Ching minh ring £ cd dao ham tai
digm 0 khi va chi khi « > L

2. Cho { 132 mdt ham 86 xdac dinh trén R bat
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JO néux € Q
‘ lndfux e R\ Q

Ching minh rang ham gx) = xzf(x), X € R chi cd dao ham
tai mdt diém cua R.

3. Gia su f 12 mot ham s§ cé dao ham trén (-R, R), R > 0.
Ching minh ring néu f 12 mot ham s6 chén (18) thi f’ 13 mot
ham s6 Ié (chdn), néu f ; R — R 13 mét ham s6 tudn hoan vai
chu ki T trén R thi f cing la mot ham s& tudn hoan véi chu
ki T trén R.

4. Gia st f ]a mot ham sé ¢ dao ham trén R, a, b 1a hai
s6 duong. Ching minh réng

lim f(x +bh) — f(x — ah)
im
P (b+a)h

fi(x) =

= f'(x) véi moi x € R,

5. Gia st f la moét ham s xiac dinh trén khoang (a, b)
x, € (a, b) va tén tai

f(z, +h) —f(x, —h)

lim 5i =f.(x)€R.

Gi6i han trén goi la dao ham d6i xing cia ham 6 f tai
diém x_ )

a) Ching minh rang néu f ¢ dao ham trai va dao ham phaj
tai difm x thi nd cd daoc ham déi xung tai X,

b) Goi f la ham s6 xdc dinh trén R bdi

L
fx) = xsmX néu x = 0

0 néu x = 0.

Ching minh rédng f khéng cd dao ham trai va dao ham phai
tai di€m x, nhung f cd dao ham déi xdng tai di€m nay.

6. Ching minh ring ham sé
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¢6 dao ham tai moi diém cia R va [* khong lién tuc tai diém 0.

7.% Gia st (a, b) la mot khoang chia di€m 0, f 14 mo6t ham
s6 xdac dinh trén {a, b), lién tuc tai 0, ft0) = 0 va

lim%(—x)—zmel{,

x—=1 x

Ching minh rang f cd dao ham tai diém 0.

8. Tim dao ham clia cic ham s6 sau :

X . b)Y f(x) = arccoswh ~ %%

a) f(x} = arcsin

1 +x
X = 2 . X
¢) f(x) = arctg i d) f(x) = xVa?2 — % + a“arcsin— ;
1-x* a
e) f(x) = arcsinVsinx ; f) f(x) = arccos (cosx) ;
) f(x) = arctg
g) f(x) = arctg el

9. Tim trén parabol y* = x diém gin dudng thAingx -y +5 =10
nhit.

10. Ching minh ring néu ham 6 f : R — R théa man b4t
dang thic

[fx) - fp) < |x - 5]’
v6i moi x, y € R thi f 1a mot ham hang trén R.

11. Cho f la ham s8 xdc dinh trén R bédi

3 —x? .
- néu x < 1

f(x) =

néu x = 1.

Ml bo

Ching minh ring f théa man cac gid thiét cta dinh li vé
s6 gia hitu han trén doan [0, 2] va tim tét ca cac diém ¢ € [0, 2]
sao cho f(2) - f(0) = 2f'(c).
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F2. Gia =17 ham s6 f 6 dao ham trén khoang (a4, by ta, b € Ry,
Ching minh rang néu  khong bi chan trén (a, b) thi cung
khang bi chan trén khoang dd.

13. Gia s@ f la mdt ham s6 xAc dinh trén doan {a, b]. f goi
la thoa min didu kién Lipsit (Lipschitz) néu tén tai mot s6 k > 0
sao cho

Ffx) - £ty = kilx - y| voi moi x. y € [a, bl.

a) Ching minh ring néu f ¢d dao ham laén tuc trén [a, bl
thi f théa min diédu kién Lipsit.

b Gia sit f ed dao ham tvén [a, b] va [ théa man diéu kién
Lipsit. Ching minh ring f* bi chan trén [a, bl

14. Gia su f 12 moét ham s6 ¢ dao ham trén khoang (0, 1],
| Fix)| < 1 véi moi x € (0, 1] va {u,} la mdt day 36 xac dinh

bai u, = f(h) » n = 1. Ching minh rang day {u,} héi tu.

15, Gia st ham s6 f : [0, 1] — [0, 1] lién tuc trén doan
{0, 11, 6 dao ham trén khoang (0, 1), 1) = 0, f{1) = 1. Chuing
minh rang _

a) Ton tai it nhdt mét diém ¢ € (0, 1) sao cho fic) = 1 - ¢ ;

b)) Tén tai cic s6 thue a, b € (0, 1) wao cho a = b va
flay ) = 1.

16. Gia st f ]Ja mot ham s6 cd dao ham trén khoang (a, b).
Chung minh rang f 1a tang nghiém ngat khi va chi khi f(x) >
0 véi moi x € (a, b} va tap hop

P={x € (a b fix) > 0}
tri mat trong (a, by,

17. Gia st ham 88 f ¢6 dao ham trén R ; a, b € R, a < b,
¥y la mot s6 thue nam gifia £(a) va bl y = £(a) vay = b,

a) Ching minh rang tén tai h € t0, b - a) sao cho

fita + h) — f(a ,
“wr h ® f'ra) 1 < | Pta) — yl
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fthy —=fib —h
._.{._)____(.1___)_ — f'{b} ] < [f"(h) _ \.rl

h
T Q(i suy ra rang y nam giita f(:'}--f--h—li—_- fta) Vi f(_h_)—[fl(h*_m
b} Gt;i_ v la ham =0 xac dinh trén R bdi
r{x) = f(—xih; L) th e R, 0O < h <h - a)
Chung minh rang tén tai x € {(a, b - h) sao cho rix) =y
¢} Tu dd suy ra rdng tén tai x € ta, b) sao cho '(x) = y.

18. Gia sd f la mot ham s6 lién tuc trén doan [a, b] va cd
dao ham trén khoang (a, b).

a) Chung minh ring néu {* khong triét tidu trén (a, b thi
f dan diéu trén [a, b].

b) Gia si f cd dao ham phai tai 2 vA dac ham trdi tai b.
Ching minh rdng néu f'{a + O.f(b - 0) < O thi f ldy gia tr
0 it nh&t tai mét diém cda (a, by, TW d6 suy ra rang néu
fla + 0) = (b — 0) thi £ 148y trén (a, b) moi gid tri trung
gian gita f{a + &) va (b ~ 0. (Nhu vay dao ham cta mot
-hadm =4 trén mot khoang cua R théa man dinh li vé gia tri
trung gian ngay ci trong trudng hdp no khong lién tuc).

19. Gia st ham =6 f: [0, 11 — [0, 1] ¢d dac ham lién tuc
trén [0, 1) va |€i(x}] < 1 v6i moi x € [0, 1]

a) Ching minh ring phuong trinh f(x} = x cd mét nghiem
duy nhidt a thudc doan [0, 1],

b} Gia s@t {u;} la day s6 xdc dinh b&i u_, | = flu ), n > 1,
u; 1A mot sé thyc cho trude thude [0, 1]. Ching minh rang tén
tai k € (0, 1) sao cho

lu,,, -« < klu, -~ «| voi moi n = 1.

Tii dé tim lim u,

R
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20. Gia sd ham s6 f cd dao bham trén doan [a. b]. Ching
minh rang néu f cd n nghiém thude [a, h], n = 2 thi  co
n - 1 nghiém thuéc doan dd.

21. DPinh 1i R6n mé rong.

Gid st f 14 mot ham s§ lién tuc trén [a, 4w}, ¢d dao ham

trén (a, +o) va lim f(x) = f(a) . Ching minh rang tén tai il
¥ ==+ +20 '

nhat mot 88 thuc ¢ > a sao cho f'{c) = 0

22. Ching minh cde bit ding thitc sau :

a) sin{x + h) <« sinx + hcosx véi 0 < x < x + h € =,

2
v 4 4 4
)ﬁ—,,-:tg[)'—tga-cﬁ = Vc’IiO<a<ﬁ~:£r2-,
cos"¢ cosf3
-
¢) sinx >x-—Ev6i moi x > (.

23. Cho n s6 thyc a,, a,, .., a,. Tim x € R sao cho t6ng

> (x — a,)° dat gia tri nho nhat.
k=1

24. Gia su hani s6 f ¢ dao ham trén [a, b] (a > 0). Ching
minh ridng ton tai it nhdt mot di€m ¢ € {(a, b) sao cho

1

ik = f{e) — cf’(c).

f(a) f(b)

25. Gia st ham s6 f ¢6 dao ham cdp n trén [a, bl. Ching
minh ridng néd f triét tiéu tai n + 1 di€m phan biét thuse [a, b]
thi £™ triét tiéu it nhat tai mét didm thude (a, b},

26. Gid s ham s6 f lién tuc trén fa, bl, c6 dac ham cap
hai trén (a, b), fla) = f(b) = 0 va ¢ 1&a mot di€m cho trude
cia {a, b). Ching minh rdng ton tai it nhit mdt diém d € (a, h)
sao cho

fle) = (¢ - a¥e — b) -~£d)
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1
———" Ching minh rang
'Jl +x°
P x)
—
(1+x5" "2

27. Cho ham s6 fix) =

fMx) =

trong do P _{(x) 14 mot da thde bae »n.

Tim hé thic gita P, ;(x} va P (x).
28. Cho g, la ham s6 xac dinh bdi

“ - (=1 1

g.,(x) = (—1)" 15-1}——% sin (narctg;), x = 0

(1 +x%)2
a} Chdng minh rang
(arctgx)™M = g (x) vdi mei x > 0.

b) T d6 suy ra hé thuc giita (arctgx)™ va g.(x) voi x < 0.

29. Biing cdch 4p dung cong thdc Laibnit d€ tinh dao ham
cta -ham s6 P(x) = (x - a)(x - b)", hay ching minh cong thdc
2n(2n-1) . {(n+1)

n! '

(€O + (CYHY2 + .+ (€Y =
30. Cho ham s6 f lién tuc trén [a - h, a + h} va co dao
ham trén (a - h, a + h) (h > Q). '
a) Ching minh rang tén tai 8 € (0, 1) sao che
fla + h) ~ fla ~ h) = h[f'(a + 6h) + f(a - 6h)].
b} Ching minh rdng tén tai T € (0, 1) sac cho
fla + h) - 2f(a) + fla — h) = hif'(a + th) - f'{a - Th}].
c) Gia si ham s6 f ¢6 dao ham cdp hal tai diém a. Hay tinh
fia +1) — 2f(a) + —t
Sty - 2@ +ia-t)

li
=) tz




31, Gia s [ 1a mot ham 30 ed dac ham cdp n + 1 lién tue
trén doan {a — u, a + ul (w > O va (" 2 00 Khi dé vdi
0 = p = n, edng thie Taylo vdi phan du Lagrang ¢é dang

. . fay
fia + h1 = ftay + {lath + --—2—'—-h" + -+
(1) P+ by
P et A N L L pl
! (p+ 1y

G = f.thy € 0, 1,

Chitng minh rang lim f,(h) = néu "D = 0

h—1} P +17

32, Gia su ham s0 f od dao ham moi cdp trén R thoa main
cac diéu kién sau

a) Ton tai L = 0 sao cho

| £Mix)] < L véi moi x € R,
.1
b} f(ﬁ) = 0 v&i moi n.

Chung minh rang

£M00) = 0 v6i moi n,

fixy = 0 vl moi x € R.
33. Gia st ham 36 [ ¢d dao hiim cdp hai trén [a. b] va tdn
tai mot s0 k > O sao cho
[f'(x)| = k vdi moi x € (a, b).

Chung minh rang

< _|_f(b) — fia)} . h-a

Fixi T R -5 véi moi x € [a, b].
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34. Gia st ham s0 f cd dao ham cdp hal trén doan [0, 1],
fily = ft1y = 0 va min {{x) = -~ 1. Ching minh rang

0= |

sup ['(x)] = 8

=x=s|

35. Tim cac gidi han sau :

s 1 i
a) Hm [ x — 5 tgx by lim { — — ——
\_,11 ( 2 ) & . x -~ {} ( x‘ thx )
oo 1 _ . 2x —cosx
c) hm( ST T ) ta = 0; 4 lim ———-
x—u ' x°—a® X770 - x—+ = x° +sin{2x)
arcsin(2x) — 2Zaresinx xcotgx — 1
e) lim n( )_; : f) lim 7% )
x—=0 X x—=0 x”

36. Gia st f la mot ham 16i trén khoang I € R. Chdng minh
rang néu A, 4, la nhing s6 thuc khong am sac cho

ey

3]
2’“ =1 va x,, .., x, € [ thi
S

T

£, Ax) < > Af(x)
=1

=1

37. Ching minh rang n&u f 14 mat ham 16i trén khoang 1 thi

v3i moi n nguyén dudng va vdi moi x,, .., x,, € I, ta déu <o

] (xl + ... +xn) B fix; +.. +fix,) |
n n

38. Gia sit ham s6 f cd dac ham hiu han trén khoang L
Ching minh rang néu tiép tuyén cta dé thi cia ham sd f tai
méi di€m cia nd déu nam vé phia dudi cua dé thi thi f la mot
ham 16i trén 1.

39, Cho f la ham s6 chan trén R xac dinh bdi

fix) = (x — 2" véi x = O
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Chding minh rang f la mét ham 16i trén (—e, 0] va [0, +w)
nhung khéng phai 132 mot ham 16i trén R.

40, Gia st f 12 mot ham 161 trén doan [a, bl

a) Ching minh rdng vdi moi ¢ € (a, b), ta cd

f(c) —f(a) < f(b) — f(a) - f(b) — fic)
c—a = h—-a = b-eg

b} Ching minh néu f 14 mét ham 16i trén [a, b] thi f théa
man diéu kién Lipsit trén mot doan bdt ki [e, §] C (a, b).

41. Ching minh ring néu f 14 mst ham 16i trén (a, b) thi
f lién tuc trén (a, bh).
42, X4ac dinh cac hé 88 a, b, ¢ sac cho ham sd
fx) = x° + ax® + bx + ¢
fa 161 trén [0, +o) va ldm trén (—es, 0].

43. Tuy theo cac gid tri cia a va b, hay xét tinh 16i cua
ham s6 f(x) = ax” + bx trén R (a = 0).

44. Gia st f la moét ham s8 cd dao ham cdp hai trén R,
I fx)] < 1 va [f"x){ < 1 véi moi x € R. Ching minh ring
[fx)| < 2 v6i moi x € R.

45. Gia st f 1a mot ham 8 ¢d dao ham moi cdp trén [a, b],
0 € [a, b] va k 1a m{t s6 duong, .

£™0) = 0, sup |fP(x)| < k"n!, véi moi n € N°.
X € [a.b]
. . . e 1
Ching minh rang f(x) = 0 vdi moi x € {——
suy ra rdng f(x) = 0 véi moi x € [a, b].

46. Gia st ham s6 f ¢6 dgo ham cdp hai lién tuc trén [0, 1],
a € {0, 1) vd g la ham s6 xdc dinh béi

~f—(§)—“ f(a) néu

gix) = x € [0, a) U (a, 1], gla) = f{a).

Ching minh rang g ¢ dao ham tai diém a va tinh g'(a).
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47. Gia st f 12 mét ham s6 cd dao ham cédp hai lién tuc
trén doan [0, al, a > 0, f(0) = 0 va {u,} la mot day sd thuc

1]
k 1
xdac dinh bsi u,= 2 f(_z)’ no > . Ching minh ring
k=i D '
e PO
o W E Ty

48. Gia s ham s6 f ¢é dao ham moi cdp trén khoang (a, h)
vd tat cd cdc dao ham déu khdéng am trén (a, b).

a) Chung minh rang néu f bi chan trén (a, b) bdi s8 thuc
M thi v8i moi x € (a, h) va vdi moi 86 thue r > 0 sao cho
x+r & {a, b), ta déu cd

- 2Mn!
(vn nguyén duong) fVx) < "n .
r

b) Ching minh rdng vdi moi ¢ € (a, b), tén tai mot s€ r > 0
sao cho

n Lk
f(x) = fla) + lim Z %f(k)(a)

M=o k=l
vai moi x € (¢ — 1, @ + 7).

49. Gia s f la mo6t ham s6 6 dao ham cdp hai lién tuc
trén R. Chung minh ring

2f (x + 3h) — 3f (x +2h} +f(x

1o 26 +8) = 36 (x + 28) + £(x)

Jim a0 = {"(x).

50.° Gia st ham s6 f cé dao ham cdp hai £(x) > 0 véi moi
x > 0 va d6 thj cia f cd tiém cén xién y = ax + b khi x — +a.

a) Ching minh rang ham s6 gx) = f(x) - ax - b cd dao
him g'(x) = 0 véi moi x > 0.

b) Ching minh rang d6 thi cia { ndm vé phia trén cda tiém
cdn {(v8i x > O0).
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. BAl GIAI VA HUONG DAN

2. g ¢d dao ham tai diém 0, g0y = 0.
g, (xFPB) = fix —ah) _ fx+bhy - ) - b
) (b +a)h B bh b+a
fix —ah) - {{x) a
+ -
—ah “bra

Khi h — 0 vé& phai cia dang thdic trén ddn dén
. b , a ,
f(x)m + f'(x) i)‘:}'_cl = f(X]

7. Cd thé dua vé truong hop m = 0 bing cach xét ham sd
plx} = fix) - mx, x € {a, b). Cho ¢ > 0 bat ki. Ton tai & > 0
sac cho (=28, 28) C (a, b) va

0 < |x] < 8 = |1i2x) - fx)] < ¢|x|.

| x|

Vi‘O<—n¢<§v6i0< x| < & va véi moi n, nén
2
X ; X X
| f(- ) i (—) ‘ < e‘-l----JA vimoin = 1 va 0 < |x| < &
2|1—1 211 21‘1

Do dd

X

o0 = £ ()] < [t = r(5) [+ () ~C(5)]

+ |f(2n E)—f(;‘ <
< &lx] l+ _1'+ + — ) <¢|x| véi moi n
(3% 5%+ )
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Vi f lién tuc tai didm 0 nén limf ( XT) = f{0) = 0. Trong
r-+ x 2] .

bat dang thuc trén cho n — «, ta duge
[ x| = g|lx] vai 0 < x| < 4.
Vay £0) = 0.

_Jgnx (x| < 11

1
8.a}—m(x>0), b)m ;

1 +x° S
— d 2al -

C} »
1 —x* +x°

COSX

e) —/— (0 <sinx < 1) ;
2\] sinx —sin“x

2sign{sinx) . cosx 1
£} — ; g) , (ax # 1).
VJ 1 +cos™x 1 +x°
3
9. (5, 3).

10. [fix + h) - f(x)]1° < |h|® v6i moi x, h € R. Do d¢
+ _—
wﬂ\}hl vi moi x € R, h = 0 =

h
fix +h) —fi
il"nl-—(}-*--lz—fjEl = 0= f'{x) = 0 vdi moi x € R = f(zx} = const
h—0
voi moi x € R.
|

12. C6 dinh x, € (a, b). V6i moi x € (a, b), tén tai c = x,+

+ 6(x - x,), # € (0, 1) sao cho f(x) - f(x,) = f{c)x - x,). Tu
dd suy ra
| f(x) —fi(x,))
ficY = TR e
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14. V8i moi n, p nguyén dudng,

ey =l = [ (5750 = F(3) ] = 1l (5 535 ):

1
_l'l—"l'“];<c <— Dodolu

chudn Cosi vé sy hoi tu cua day s6, suy ra day {u b hoi tu.

| .
np T u| < o TU do, theo tieu

15. a) Ham sé ¢(x) = f(x) + x - 1 lién tuc trén doan [0, 1],
e{0) = -1, p(1) = 1. Do dd, theo dinh 1i Bonzand - Casi, tdn _
tai ¢ € (0, 1) sao cho p{c) = 0. Tu dé6 ta ¢d f{c}y = 1 - c.

b) Theo dinh li Lagrang, tén tai a € (0, ¢) vA b € (¢, 1)
fic) - f(0 - - s

e L L C B

T& d6 suy ra £@FDm) = 1.

sao cho f'(a) = e = 1%

16. Néu f tang nghiém. ngat trén (a, b) thi f'(x) = 0 .vdi moi |
Xx€(a b (Vr,ye(a b)x <y=1{x < fly). Tén tal ¢ € (x, y)

f(y) —
sao cho f{c) = (Y) (X) > 0. Vay P tru mat trong (a, b). -

Pao lai, néu f’(x) 2 0 thi f tang trén (a, b). Néu f khéng
tang nghiém ngit trén (a, b) thi tén tai x, y € (a, b) sao cho
 x < yva f(y) = fix). Khi dd f'(t) = 0 véi moi t € (x, y). Diéu
nay mau thuin vdi gia thiét P tri mat trong (a, b).

18. a) Né&u f(a) = f(b) thi tén tai ¢ € (a, b) sao cho f{c) = 0.
Diéu nay trai vai gia thigt. Vay f(a) = f(b). Gid s¥ f(a) < f(b).
Bang phan ching dé dang ching minh duge ring khi dd f ting
nghiém ngat trén doan [a, bl. N&u fta) > f(b) thi —f(a} < -f(b).
Do d6 —-f tang nghiém ngat trén [a, bl. T dd suy ra f giam
nghiém ngat trén [a, b].

b) Phan chung : Gia st f{x} = 0 vdi moi x € (a, b). Khi
dé f don diéu trén [a, b]. Néu f tang trén [a, b} thi f'(a + 0) = 0
va f{b ~0) = 0. Dodo {fla + 0) f'(b - O) = 0, trai vdi gia
thist.
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Gia s f'(a + 0) < (b - 0) va o € (f'la + 0), (b - 0)).
Khi dd ham =6 gix) = fix) — ax ¢d dao ham trén (a, b} va ¢d dao
ham phai tai a, dao ham trai tai b. g(a+0)=1(a+0) -« <0,
gh -0 = (b -0 -« > 0 Do dd tén tai c € ia, b) sao
cho g'{c) = 0. Tu d6 {{c}) = «.

19. a) Vi £ : [0, 1] —= [0, 1] lién tue nén phuong trinh fix) = x
¢d it nhdt mot nghiém « € [0, 1] (xem bai tap 35 chuong II).
Ham s6 pix) = f(x}) ~ x giam nghiém ngat trén [0, 1] +i
e(x) = iz} - 1 < O véi moi x € (a, b). Do d6 nghidm « cua
phuong trinh f(x) = x 13 duy nhét.

b Ju |~ al = [flu) - fla)] = [y, - )| = kfu ~eaf,
v6i ¢ nam gitta a va u, k = max |f(x)|. Hién nhién k < 1.
S h=sx=l
Bo dd
lu, - al = klu, - «f,
luy - al < kfu, ~a| < k2|uI - al,
lu, ~a| € K" 'u, - al >0 khi n — w.

20. Ban doc nhé dilng bd qua trudng hgp f cd nghiém boi
thuoc [a, b]l. Néu x, 14 mét nghiém bai k cha f thi nd 1a mot
nghiém bdi k - 1 caa f. '

21. Néu f(x) = f(a) v8i moi x > a thi ldy ¢ la mot s6 bat
ki 16n hon a. Gia s& tén tai b > a sao cho f(b) # f(a), chiang
han f(b) > f(a). Goi x la mot s6 thuc bdt ki thuédc (f(a), f(b)).
Theo dinh li Bénzand - Cosi, tén tai « € (a, b) sao cho fla) = u.
Vi limf(x) = f(a) < 4 nén tén tai d > b sao cho fid) < g. Lai

X+ -
theo dinh li Bonzans - Cosi, tén tai 8 € (b, d} sao cho f(f) =
# = fla). Do dd, theo dinh li Ron, tén tai c € (a, ) sao cho
ficy = 0.

Co thé ap dung kél qua cda bai tap 51 chueng II : f bi chan
trén [a, +«). Dat m = inf f(x), M = sup f(x). {t nhat mét trong

XEa Xz
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hai gia tri m, M khac fal, ching han m =2 fla). Tén taic > a
sao cho fic) = m. Vi f cd dao ham tai ¢ nén fiic) = 0

1 I
23. = — a, .
. X nkglak

, R
94, Ap dung dinh i Cosi vi hai ham s6 u(x) = o

T v(x) = ;

trén doan [a, b).

25. Ching minh bang quy nap. Ap dung dinh li Rén.

) o fle) ;
26. Dat gix) = (x — a){x — b) (c —a)c =D}’ x € [a, b]. Ham
s6 g lien tue trén fa, bl, gla) = gb) = 0, gle) = fle) ;
i f(c) .
gixy = (c —a)(c —b) (2x —a —b), x € (a, b}

Xét ham s6 pi(x) = f(x) - gix), x € [a, b]. Ham 80 ¢ lién
tuc trén [a, b]l, pla) = @le) = @bl = 0,

') = Plx) - g, x € (a, b).

Theo dinh li Rén, t6n tai ¢« € (a, ¢} vAa 8 € (¢, b) sac cho
@@ = ¢(B) = 0. Vi ¢’ lién tyc trén [a, 1, ¢’ cd dao ham
trén (¢, B
_ 2M(e)

c ~a)c —b)’
nén theo dinh i Rén, tén tai d € (a, ) sao cho ¢'(d) = 0.
T dd suy ra ding thuc cdn chdng minh.

p’x) = P(x) ~ g7x) = {7(x} ~ x € (a, b)

¢

27. Chiang minh bang quy nap.
P, x) = (1 +x)P (x) - 2n + xP (=)

28. a) Ching minh bang quy nap.
b} (arctgx](”) = (—l)ngn(x] voi x < 0.
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29. Khai trién (x — a)” va (x - b)". Tich cia chung, Pix) 1a
mot da thic biac 2n ma 6 hang bac 2n la x*" - POz 13 mot
da thdc bac n ma s8 hang bac n la

2ni2n - ). (n + )x" (1.
Ap dung cong thic Laibnit, ta dugc

PMx) = z Cﬁ((x — a)nj(k)((x _ b)n)(n—k}
K= 0

= > Ca@m-1).. (6 —k+HE-a" . nn-1) . (k+1x-bt
k=0

= n! > (CHx —a)"Fx - bk
k=10

S8 hang bac n cia Pi™(x) 1a
n
(nlz (cr‘;)z) %" (2).
k=10 '

Ti (1) va {2) suy ra

ol > (CH? = 2n@n - 1) . (n + 1),
k=0

T# d6 ¢6 ding thic cdn ching minh.
30. a) Ap dung dinh li Lagrang cho ham s

p(x) = fla+ x) - fla - x) trén doan {0, hl.
b) Ap dung dinh li Lagrang cho ham s§

y(x) = fla + x) + fla - x) trén [0, h].

¢) Theo cong thic Taylo - Ilang, ta cé

-
P

fla + t) = fla) + tf'(a) + %f”(a) + ta (t),
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+
“

t 5
fla - t) = fla) - tf@) + 5 (a) + tf(L),

trong do «ft) ~» 0 va gt} — 0 khi t — 0. Do do
fla +t) ~ 2f(a) + fa - ©) = t2f(a) + t*[alt) + BD].
fla +t} — 2f(a) +f(a — t)

= f(a) + ait) + gt} vai t = 0

£2

Do dd
+t +f(a —
lim f(a ) Zf(za) fa —t) - £a).
10 t
p~D
31. fla + h) = f(a} + fla)h + e (?) i+ L+ # (al) hP~l 4+
2! p-1
£ +6 h
+ Mhp’
p!
: : fp=D _
fla + h) = f(a) + f(a)h + &?)hz + (al) hP™H +
2 ®-1)
f(P)(a) p f(p+1)(a +8P+ih) pri
(p+ 1) ’
vdi |h| < u, @, = 6.(h) va By = (6,,,(h) déu thuse (0, 1)).
Tiu hai ding thuc trén suy ra
1
0@ + 6.h) - (Pla) = mffF‘“)(a + 6, h. 9

Theo dinh 1f vé 86 gia hitu han, tén tai T € (0, 1) sao cho
fPa + 6.h) - (Pla) = § bt Na + 1 h). (2)

Tu (1) va (2), ta cd
B

ptl) _
8,80 + 78.h) = o

(@D + gpﬂh), (N
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Vi £P'D lign tuc tai diém a nén

lim f* D@ + 0 h) = lim D@ +6 b = (V@) = 0.

h—=0 h—0
. s . 1
Do dd tit (3) suy ra 111n:]6’p(h) = o+l

1
32. Vi f lién tuc tai difm 0 nén f(0) = limf (H) = 0. Theo

n— o
1 Y
n+1 0. Vi

f* lién tuc tai diém 0 (f lién tuc trén R) va limx = 0 nén

n—a®

; . 1
dinh i Ron, tén tai x, € ( : }I) sao cho f(x.)

f(0) = limf(x } = 0. Gia si tén tai mét diy diém {a } gidm

== o0
nghiém ngat cia R sac cho lima = 0 va f(k}(an) = 0 va&i moi
=
n. Khi dd., theo dinh li Ron, tén tai «, € (a,,, 2, sao cho
f(kﬂ)(an) = 0. Hién nhién limea, = 0. Vi £f&* D lien tuc tai diém

n— oo
0 nén f¥*D0) = limf* @ ) = 0. Vay f*(0) = 0 voi moi k
n—x
. W (ex
z 0. Ap dung cong thic Taylo, ta duge f(x) = %lx"
o ) 3
(0 <8 < 1), véi moi x € R. Do dd |f(x)| = L o vl moi
o " N
n. Vi lim—— = 0, tit dd suy ra f(x) = 0.
n—=c b '

33. Gia st x € (a, b). Ap dung cong thic Taylo, theo thd
tu, trén [a, x] va {x, bl, ta cd :

Y
fix) + {a - x}f'{x) + (aTx)r’(x + 6,(a — x)),

(b —x)°
2

f(a)

f(b) fix) + (b - ) (x) +

f7(x + 6,(b — x)),
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#,. A, € 0. 1), Tu dd

. h -~ xy

fiby — f(a) = (b —a)(x) + -(—'—--—TZ—-X} iz + 8.(b —x)) ~

_ {8 ;x)- P + 6,(a — x))
gy = @ Zf@ 1 e -

f'(xy = b —a + 20 < ) [(a O x + H (a X))

— (b = )(x + 6,(b ~ )]

Do dd

. | f(b) —f@)! k 2 2

|f(X]i = —b:"—a—"l‘Q,—(b:?)[(a_X} +(b—X] 1

Vita-x"+-x? < (b -a? nen tit do suy ra bat dang
thic can ching minh. Vi { lién tuc trén [a, b] nén bat ding
thic dung véi cA x = a vA x = b.

34. Vi f lién tuc trén {0, 1] nén tén tai X, € (0, 1) sao cho
f(x) = -1.

P(x,+6(x —x,))
2

¥z € [0, 1], f(x) = f(x,) + £(x)(x —x,) + (x—x,)%

: f”(xU +8(x — X))
2

fix) = -1 + (x —x)% 0 <8 <1

Do dg

il
-

X

0 = f0) = -1 + fx, + 6,(~x)) 5,

(1-x,)?
J = f(]_) = —]_ + f”(X“ + 61(1 - X“)) ““_2
2 2 :
Ty dé ix, + 8. x)) = -— va flix + Al = x ) = ———.
X" {1 -x,)
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Ta cd it nhiat mot trong hai bat dang thic 0 <« )I(“ =

0 <1l-x, <

bS] —

, , s 2
Do d¢é cd it nhiat mot trong hai bat dang thuic — = §,

Xl‘
L-x)
Tu dd suy ra bit diang thic cdn ching minh.
1 1 1
= P — A . —_—— . . . -
356. a) -1 ; b)3, c) o d) 0; e l; f]g.

36. Tru6e hét ta ching minh bang quy nap rang néu x;, .., x,, €1

4]
n
va Ay, .., 4, l1a nhing s6 thyc khéng am sao cho E A, = 1 thi

1=1

n .

Z Az, € L. That vay, hién nhién diéu khéng dinh ding vdi n

R

= 2. Gia st diéu khang dinh ding v6i n. Ta ching minh nd

ding v4i n + 1, tdec 1a néu x|, .., X, E 1 va 1, ., A, 14
n+i n+l

nhing s6 thuc khéng Am sao cho 2 A, = 1 thi Z Ax, € L

=1 i=1

n
That vay, néu > A, > O thi

n
4 el
Z Ax, = (E fli) e b x| VI S

Tu gid thi€t guy nap suy ra



Al An
y = - x + - +

%

=] i=1

anI.

n+l n n
Do dd X Ax = (2 A}y +Apx, €L Néu 3 4, =0
i=1 1=1 i=1
n+l _
thi A, = 1 va 2 A, = x 4, €L
=1 :

Ta cing ching minh bit dang thic trong dé bai bang quy
nap. Hién nhién bit ding thic ding v6i n = 2. Gid st b4t
ding thidc ding v4i n. Ta ching minh nd ding vdi n + 1. That
vdy, gid st x|, .., x,, € I va l, ., 4 la nhing s6 thuc

nt+l
khéng am sao cho 2 A = 1

n+l

4]
e N&u > A, > 0 thi

f(jlg:ﬂixi) - f[(i L) 4 a
| | 24 24

i=1 =1

Xn +An+1xn+l] =

X, + -+

SE DL

=1 1=1

X, | * A e fE ) (D

Theo gia thiét quy nap, ta cd
A A, A A

|
f X, + -+ - X < n—f(XI) + ot n—nf(xn). {2}

n

i Sa | 3 34

i=1 b= i=1
Tu (1) va (2) suy ra
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ntl

£ 2 Ax) < Af(x) + o+ A, (3.

i=1

n

¢ Hién nhién bit dang thdc trén duing néu 2 i, = 0.

37. Ap dung bai tap 36.

=1

38. Gia su x,, x, € [, x; < x,.

Ta ching minh trén doan [x, x,1, d6 thi (C) cta ham s0

f ndm vé& phia duai
doan thidng noéi hai
diém M (x,, f(x,)) va
M,(x,, f(x,)), tic la

flx) <« Ax + B
véi moi x € (x;, Xx;),
trong dé ¥ = AX + B la
phuong trinh cda dudng
thang M M,

That vay, gia su
x-€ {x;, x,). Phuong
trinh ti€p tuyén tai diém
Mix, f{x)} eta (C) la
Y = fix) + X - x).

Vi tiép tuyén nam vé
phia dudi ctia (C) nén

Hinh 31

fix) + f(x)(x, - x) € Ax| + B,
) + fx(x, - x) € Ax, + B

Tu d6 suy ra

f'ix) =

flx) - Ax, - B

; (1)
X - X,
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Pix) € ———— @

Do dd
fix) - Ax, - B
i D
X - X > S

= flx)x,,~ x +x - x} € (Ax, + Bitx - x) + (Ax| + Bix, ~ ¥
= filx) < Ax + B.
Ban doc ¢ th€ ching minh hoan toan bang hinh hoc :
Gia st x|, x, € I, x; < x,, M{x, f(x)), M,(x,, fix;)) 1a hai
diém clda (C} Vé&i méi x € (x|, x,) goi M va N la céc giao
di€m cua dudng théng X = x vdi d6 thi (C) va doan thang
M M,. Ta ching minh y,; < y,, (xem hinh 31} Goi N, N,,
theo thé ty, 1a giac didm cta ti€p tuyén tai di€ém M{x, fix))
cua (C) vdi hai dudng thing X = x, va X = x, Vi tiép tuyén
5 & phia dudi cg & thi (C & < = . T
nam vé phia dudi cda dd thi (C) nén N, = YM YN, < M, Tu
d6 suy ra ring doan thing N\ N, nidm vé phia dudi doan thang
M M,. Dac biét, ta co Im < Y
40. a) ¥c € (a, h), 31 € (0, 1) sao cho ¢ = da + (1 - A)b.
Do do
fle} = Af(a) + (1 - AHb) = flc) - fla) < (1 - Hfb) - f{a)].
_ Q- f) _ (- k) - fa)]l _ b} — f(a)
e-a  (1-Hb-a ~  b—a
- by Lidy a; € (a, a); by € (B, b} V6i mot cap sd bat ki
X,y € [a, fl sao cho x < y,tacda <a < x <y <b <h
Do dd, theo a),

a-a  y—-x  b-h

|f(a|) - f(.a)l ]f(.b) - f(bt)l

Dat k = max a - a , b= b,

, ta duge
| fiyy ~ fix)] = kly - x|
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41. ¥Vx € {a, b), Jua, § sao cho x € [a, f] € ta. b, Theo
bai tap 40b), f thoa man diéu kién Lipsit trén [, 3]. Do dd f
lién tuc taj x. -

42, f’{x} = 6x + 2a v&i moi x € R. Ta phai cd

j6x+2a_:30v6imoix20 - =0 b ety ¢

"6x+2a~<ﬁ0véimoix50 a =5 b eryy

43. Néu a > 0 thi ham s¢ i6i trén {0, +o), lom trén (-, O].
Néu a < 0 thi ham s8 181 trén (—o, 0], lom trén [0, +co).

44, Ta co

“i(x + 26
flx + 2) = fix) + 2 (x) + fi%-z—)-zz, v6i moi x € R,
Do dé
1
Pix) = 5 (fx +2) — fx) = 20(x + 2, 0 < 6 < L.

T dd |f(x)] < 2 vdi moi x € R.

£y K" n!
45. f(x) = i'x) "= | fx} = n? [%|™ = (k|x[)" ~ 0 khi
5 | x| < : Do dd f(x) 0 vdi ix € Ll
— o - = -, =
n vii | x - Do do f(x vdi moi x ( - k)'

1 1
Do f lién tuc trén [—-]; 3 -l;jl, tlt dd suy ra f(x) = 0 vadi moi
1 1 '
X € [_E ) E]‘ Chia {a, b] thanh cdc doan nhd c6 d6 dai khong
1
vugt qua = Tiu d6 chung minh f{x) = 0 vdi mei x € [a, b].

f'(a +H2(x - a)} x - a)z vbi

moi x € {0, 1]. V8i x = a, chia hai vé cho x - a, ta duoe
f’(a +6(x —a))

46. f(x) - fla) = f(a}x - a) +

gix) = gla) + 5 (x —a), 0 <d < 1 Tiu dd suy
f‘),
ra.g‘(a} = éa)‘
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47. Ap dung céng thuic Mac - Léranh.

48, a) ¥n € N°, 3% €-(x, x +r) sao cho

fix + 1) - Hx) = 2
k=1

(I R S ORRY

PO Y
Vi moi dao ham cta f déu khing am, ti dd suy ra

(o
~—I=1-(,x—)r" € f(x + 1) - fx) < 2M.

Tu d6 co bat dang thic cin ching minh.

b} Ly r > 0 dd4 nhd sao cho [« - 2r, @ + 2r] C (a, b). Dat
M = sup [f(x)]. '

XE [z = 2rer t2r]

VxeEdoa—1,a+r),3E =a+0x-a)y0 <686 <1 saocho

~ M) ARG n+
f{x)—f(a}*k:I ! x—a)l‘:m—!(f —ay" L
| n k)
VD < m—i’r%?lnén | f(x) — f(a) *‘S_‘,t{ kfa) (x-a)f| <
k=1

r

- n+1
< 2M L'x al l — 0 khi n — «. Tit d6 suy ra ding thic
ng minh.

cdn ch

50. a) Ta ¢d lim g(x} = 0 va g"(x) = £7(x) > 0 vdi moi x > 0.

R -
Gia s tén tai mot s6 thue x, > 0 sao cho g'lx ) > 0. Khi dé
1 bl
gx) = glix) + gx)x - x) + Eg"(xu +8x —x ) - x)5

vii moi x > 0 (0 < # <« 1). Tit d6 suy ra lim g(x) = + o, trdi
X+ + oo

vdi gia thist lim gx) = 0. Viay g'(x) < 0 vdi moi x > 0.

x—=1 2
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b) Ta ching minh gix} > 0 vai moi x > 0.

Néu tén tai x; > 0 sao cho g(x)) < 0 thi vi g giam trén
{0, +o) nén g(x) < gx)) < 0 vl moi x = x,. Do dé gix} —0
khi x -» +o. Didu nay trai v6i gia thist. Vay g(x) = 0 véi moi
x > 0. Néu ton tai x, > 0 sao cho gl(x,) =0 thi gix) < gix,) =0
vol moi x = x, Do dd glx) = 0 vai moi x = x,. T d6 g”(x)
= 0 v4i moi x = x,, diéu nay trai voi gia thiét,

BAI TAP CHUONG IV VA LOI GIAI -
- = - e
HUONG DAN - DAP 8O

TICH PHAN

1. Ching minh ridng ham s8 x ~— [x] kha tich trén doan
2 .

[0, 2] va tinh [ [x)dx.
0

2. Giad si n 14 mo6t $6 nguyén duong va f 14 ham s6 xdc
dinh trén [0, 1] béi
2
f(x) = E
1 véi x = 1.

—
-'3|’U

Ching minh rang f kha tich trén [0, 1} va tinh f f(x)dx.
0

3. Ta viét x € [0, 1) duéi dang

a b 1
— — _.+. = = —
x_10+100 c,abeN O0Osab<9 0gc«

Ching minh ring ham s6

fo) = —= 4 2y 0, 1
) =70 TTotexel D
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!
kha tich trén [0, 1] va tinh f f(x)dx.
0
4. Gia sd f J]a mot ham sd lien tuc trén [0, + ),
lim f(x} = {,{ € R, I > 0 va fi0) + f(1) + ... + fin} = O vai

x— + 2

mei n. Ching minh rang

lim o i v vy | !

n—oc

5. Cho f la mot ham s6 lién tuc, giam, khong am trén [0, +w}.
Vdi méi n nguyén duong, dat

u, = > fk), I = fi f(t)dt.

k=1
a) Ching minh rang
ntl

fndt < fm) < [ fyde,
n n—I

vl moi n = 2.
‘b) Ching minh rang
I, - f®) s u, - f0) < I,-
véi moi n = 2. Tu dd suy ra rang hai day {u_ } va {I } cung
hoi tu hodc cung phan ki
6. Gia su f, g, h la nhing ham s6 lién tuc trén [a, b}. Ching '
minh rang

b b b
[ Ifx) ~ g1 < 2 [ [f(x) ~hx)]%dx + 2 | [gx) — h(x)]*dx.

7. B4t ding thuic BunhiacOpski (ByHsakosckui)

Gia sd f va g ]a hai ham s6 kha tich trén doan [a, b]. Ching
minh rang
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b s B

( f f(x)g(x)dx ) ‘< f [f(x)]"dx f [g(x)] dx. |

8. Cho f 14 mét ham s6 kha tich trén [a, b]. Chitng minh rang
] b |

‘ I fx) dx | < Vb - a (f fz(x)dx)i,

9. Gid st { va g 1a hal ham duong, ¥f va Vg 13 nhiing ham
s0 kha tich trén [a, b] va fx)g(x) = 1 vai moi x € [a, b).
Ching minh ring

b b
f f(x)dx . f g(x)dx = (b — a)’.

10, Gia s ham s6 f ¢ dao ham f lién tuc trén [0, 1] va
f(t) - f(0) = 1. Ching minh ring

N
Jite)ldx = 1.
0

11. Gia su f la mét ham s6 lién tuc trén [0, 1],

X
2

i
[ ttydt = vai moi x € [0, 1],
X

va F la moét nguyén ham cha f trén [0, 1]
a) Ching minh rang
[ 1
F(I) = [ xfix)dx + [ P(x)dx.
0 0
h) Tt dé suy ra
|
f- xf(x)dx =
0

Cal —

cal —

1
va f fP(x)dx =
0
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12. Gia st f la mot ham s6 lién tuc khong am trén [a, bl
va ton tai x, € [a, b] sao cho fix )} > 0. Ching minh rang

b
f f(x)dx > 0.

13. Che f la mdt hém 85 kha tich trén [a, b] va
b :
f f(x)dx > 0. Ching minh riang tén tai it nhdt mot doan
d

[a, B] C [a, b] sao cho f(x) > O vii moi x € [«, f].
14. Gia st f }a mot ham s6 kha tich va khong am trén [a, b}
b
Ching minh rang néu | f(x)dx = O thi tap hop
: A
P ={x € [a b] : f{ix) = 0}
tri mat trong [a, bl.

15, Cho f 14 mét ham sé lien tuc, tang trén {a, b} va
X

F(x) = [ f(t)dt, x € [a, b]. Ching minh ring
da

¥ (x+y) < F(x);—_F(y)

5 vdi moi x, ¥y € [a, b]l.

16. Gid =0 f la mdt ham s6 lién tuc tfén [a, b]. Chiing
minh rang

b h
|ff{x) dx| = [ 1fx)ldx

khi va chi khi fix) = 0 hode f(x) < 0 vdi moi x € [a, bl
17. Tim
1

n
lim [ V1 + x"dx.

n—=u (}
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18. Ching minh rang day so

1 dx
un=f o= 1, 2, ..
o I +x"

héi tu va tim giéi han cha nd.
19. Ching minh rang day sé
fﬂ?fdx, n=12 .
hai tu.
20. Ching minh rang

gint
f——t-dtz()vc‘iimoix z 0.

21." Gia st ham s6 f ¢ dao ham lién tuc trén [a, bl,
fla} = f(b) = 0. Ching minh ring t6n tai it nhdt mot di€m
X, € [a, b] sao cho

4 b
Ifx )| = 5 J 1 fx)ldx.
(- -
- 22. Giz st ham s6 f ¢ dao ham lién tuc trén fa, b]. Chiing
b
minh rang lim ff(x)sinnx dx = 0.
n—o, 4

23." Ching minh rang néu ham s6 f lién tuc trén [a, b] thi
b by .
lim [ f(x)sinnxdx = 0 va lim ff(x)cosnx dx = 0
n—=o n—+e: ,
24. Gia sd f ]a mot ham s6 lién tuc trén R va F ] ham s6
. xd¢ dinh béi
xti

Fix) = 5 [ fithdt,  x € R.
x|
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a) Ching minh rang F ¢d dao ham trén R va tinh dao ham
cia nd.

by Cho £{t) = |t|. Tim P.
¢),Cho lim f(t) = € R. Ching minh réng lim F(x) = L
| —+ % K=+ oo

25. Gia s0 f 14 mét ham s6 don diéu nghiém ngat, cd daoa
ham trén fa, b}l vaA x = gi(y) 1A ham sd ngude cta f Ching
minh rang n&u F la mét nguyén ham cia f trén [a, b] thi ham
s& G{y) = ygly} — Flgiy)] 1A mét nguyén ham cua g.

26. Cho ham &6 f lién tuc trén R, a, b € R, a < b. Ching

b

minh rang ham s6 F xac dinh bdi F(x) = f f(x + ticostdt, x ER
d

cd dao ham trén R va tinh F'(x).

277 Cho f la mo6t ham 16i va bi chian trén [a, b]l. Ching
minh rang

“a+b
£ (a
28. Gia sd f la mot ham s& lién tuc trén [a, b], g 1a mot

_.ham s8 don diéu va cd dao ham lién tuc trén [a, b]. Ching
minh riAng tén tai mét di€m ¢ € [a, b] san cho

b
)(b —a) < [fx)dx < w(b - a).

Al C b
_f f(x)g(x) dx = g(a) [ fix)dx + g(b) f f(x) dx.

29. Chung minh ring néu £ 1a mot s6 duong cho trude thi

sin 4
|f-?—(dx\ <gvdib>a> 2,
30. Gia st f va g 1&a hai ham s6 lién tuc cung tdng hoac

cing gidm trén [0, 1]. Ching minh riang
[

I I
f f(x) gx)ydx = f fix)dx fg[x) dx.
0 0 0
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31. Gia su f la mot ham =6 lién tyc, g la mdt ham sd don .
diéu ¢6 dao ham lién tuc trén [a, b]. Chiing minh rang tén tai
it nhat mot diém ¢ € [a, b] sao cho

I+

[ fg'x) dx = f(c) [g(b) — g(a)).

32. Gia st ham s8 f cd dao hiam cip hai lién tuc trén doan

[x, — t, x, + r], r > 0. Ching minh rang-tén tai
c € [x, -1 x, + ]
sac cho
x,tr
) 3
) = = [ [fx) — f(x,)]dx.
rm x-r

33. a) Tinh tich phan

I xzarc sinx

_ p Xarcsinx,
5oV +x?
by Chdng minh ring

i

2
sin"xdx = f cos"xdx.

Q0

34. Gii st f 1A moét ham s8 lién tuc trén [0, x].

a) Ching minh rang

f(sinx)dx.

o
fxf(sinx)dx =Z
0 ) 2

<

b} Tinh

J- xsinx
0 1+0052x

35. Tinh cac tich phan sau :

dx.

ra b

jo 3
2 3 _ -
cos'X Vsinx
a}fidx ; b) f.—dx;
] ] VYsinx +ﬂcosx :

: .3
c:osax +sinmx
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o
1+ (tg)'?

¢}

e

U

36. Tinh cac tich phan sau :
1
D -5y 1
ayl= | Tdx ;b)Y Jd = [ cos¥l — xdx
| »

X

3 4
37. Tinh cac tich phan sau :
c 1
a) f (nx)’xdx, m € N, m = 1 ;b f xtefdx ;
[ 0

| X

X
o) [ 2.8%.5%dx ; d) 1 = [e¥cosBtdt va J = [ e sin3tdt.
0 n 1]

38. Cho

x n
t
[(x) = ] -—=—=dt, a € R, n € N.
N ~1'1.*Jt,2+.e12

a} Chuing minh réng

- nl(x) = Vg2 g% - {n - l)azln_z{x) véin = 2.
2 t5
b) Tinh [ - dt,

0 Yt +5

39. Ching minh ridng v6i moi R > 0, ta déu cd
J¥
F
-Rsinx RN _ R
_(j:e dx =< 2R(I e ).

40. a) Tinh tich phan

¥ a2
Liy) = fln(l +—E)dx1

Fi X

trong dd y, z > 0, a > 0.
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b) Chitng minh rang tén tai gidi han cda I (y} khi z — 0 va
tinh gi6i han I (y) d¢.

¢) Tinh lim I (y).

yo—+t =

41. Cho ham s0 f xdc dinh trén R bdi

1 2T oar
f(x) = x[l +§sm(lnx)] vl x # 0,
0 wvwii x =0,

Ching minh ring f lién tuc, don diéu trén R va f khong cd
dao ham tai di€ém 0.

42. Cho n s§ duong a;, a,, .., a,. Ching minh ring
X X 4. x 1
. al + az + + an ;
lim ( ) = Vaa, .. a,.
x— 0 n

43. Gia st f 12 m6t ham s8 lien tue khong am trén [a, b].
1

b _
Dat M = sup f(x), u, = (j f“(x)dx)", n=12 ..

X € [a.b]
a) Ching minh ring
' 1
u, < M(b — a)" véi moi n.
b) Ching minh rdng vdi moi £ > 0, tén tai & > 0 sao cho
1
u, = "M - g

Tt d6 suy ra lim u, = M.

n— o

1
44. Cho f(a) = | V1 — x*dx, a > 0.
4]

a) Ching minh ring f ting nghiém ngat trén (0, +e«).
b} Ching minh rang
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- - H

x

L-x" < V1 -x" <1 -5 v6i moi x € [0, 1]
¢) Td dd suy ra
+ L
fay < o 2
at 1 - (a)<a+1‘

45. Bat ding thuc Iang (Young).

1 1
Cho hai s6 thuc p, q > 1 sao cho » + a = 1 {(p. q) goi la

mot cap s0 mi lién hgp). Ching minh rang
p q
X y . .
Xy € — + — vl moi x, y = 0 ;
y P q y

cé ddng thdc khi va chi khi xP = yY,
46." Bit ding thdic Hondo (Hilder).

Gia st (p, q) la mot cap s6 md lién hop, p, g > 1 (xem bai
tap 45). Chiing minh rang néu f, g 1a hai ham sé lién tuc trén
[a, b} thi

f b g L
Jlix)gx)idx < (j|f(x)|de)F’ (flg(x)rldx)‘t

47." B4t dang thitc Mincopxki (Minkowski).

Gida st p > 1, f va g la hai ham s6 lién tuc trén [a, b].
Ching minh rang

b 1 1 [

b _ b _
(flf(x) + g)lPdx )P < (f{f(x)lde)P + (flg(xw‘dx)“,

48. a) Ching minh ring

.nx |, (n+Dix
gin 5 sin ——F—

2 2

sinx + sini2x) + - + sin{nx) = "
sins
2
v8i moi x = 2ka.
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b} Ap dung dinh nghia tich phan xic dinh, tinh

ki
I = fsinxdx.
0
49, Ap dung dinh nghia tich phan xdc dinh, tinh
23
I = [Inl - 2acosx +adx, @ 2 0, « # 1,
0
50. Tinh cde giéi han sau :
1 1 1

a) limn ( + -+ . F —_——),
n~e ‘nf+1%  n*+2° n? +n?

1 ' n n n o
b}nlﬁ‘jc‘ﬂ(l+'\jn+3+\[n+e+"‘+ a3 1) )
51. Cho

1 t 2t -1

T, == (sin—-+ sin ~ + - + sinu), n=12 .,t>0
n n n n

Tim lim T, .

n— o

52.. Cho ham s6 f lién tuc va duong trén [0, 1]. Chiing
minh rang

i I 5 " jlni’(x)dx
i G (R (3) -

53." a) Ching minh rang v8i moi n nguyén duong, ta déu cd
) 1

2E>1+ln—2.
n
b) Tim

2 "
1‘ n N 2!‘1 211
misy T Tt T
: n+ n+-—
2 n
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a, = nla_, + 1) n=z2
Tim
n 1
nlfl; k=l(l +;};)
T(i+1y - 1 : 1+
) =00+ 5)

55. Cho ham s6

f(X) = e v3i x > 0,

0 vdi x = 0.
a} Ching minh rang f ¢d dao ham lién tuc frén R.
b) Ching minh ring f ed dac ham cfip n trén R (n nguyén
duong bt ki) va fM(x) cd dang fV(x) = fx)P,, (%) néu x > 0,
trong dd P, 1a mot da thic cd bac n va fV(x) = 0 ndu x < O.

Xac dinh don thitc cd béic cao nhat déi véi % cia da thdic P,

X
c) Dat I(x) = ff(t)dt, x > 0. Ching minh ring
0 _ :

3 .
Ix) = f(x) [% + o(x3)] x — 0).
36. a) Gid s f vA g la hai ham s§ cé dac ham cdp n lién
tuc tai diem x, va

f(xil) = f” (XU)

=) =0
E] P — 1
g(xﬂ) = g(x”) = ... = g(n )(xn) = 0 , g(n)(xﬁ) # O‘

Ching minh riang
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. f(x) _ 7, )
o, 80 )

b) Tim

X _ 31X

lim , a>0b>0c¢c>04d>40
x—=0 g

57. Ching minh rang

x x? x"

¢ = lim (1 + 37 +3; o)

n— oo

58. Gia st ham s8 f xdc dinh trén mot 1an can cta di€ém 0
(hodc trén (a, 0], @ < 0 hoac trén [0, 8), § > 0). Néu trén
cac khoang dd f duge bifu dién dudi dang

fx) = a, +a,x + azxz + .. +tax”+x"ol) x =0 (1)
trong d6 a_, a,, .., a, la nhitng hang s6 thi (1) duge goi la
khai trién bac n cia f trén moét lan céan cta 0 (trén {(a, 0] hodc
10, B)). _

Ching minh rAng néu f ¢ mot khai tri€n bac n trén cic
khodng ndi trén thi khai trién dd 1a duy nhit.

59. Gia st f ¢6 khai trién bac n trén mot lan can cua di€m 0 :

fx) = a, + aix + azx2 + ...+ anx"' + x"otl)} (x — 0).
Ching minh rang

a) Néu f 12 mot ham s8 chan thi

|
o

a]=0,a3:0,ai—
b) Néu f la mot ham s6 18 thi
a, = 0,a, =0,a, =0 ..

60. Chung minh rAng n&u ham s6 f ¢d khai trién bac n trén
mdt khoadng chiia diém 0 hoac cd mot déu la 0 :

fx) = a, +ax+ azx2 + ..+ anxn + x"o(l}) (x = 0
thi a, = f(0), a;, = f{0).

347



61. Gia su hai ham s6 f va g cd khai trién bac n trén mot
khoang chua diém 0 hoac ¢d mdt didm ddu 12 0 -
fix) = a +ax + azx: + .+ ax" + x o),
gix) = b, +bx +bx’ + ..+ bx"+x"otl) (x> 0.
a) Chung minh rang
fix) + glx) = a, +b, +{a +b)ix +.. +
+ (a, + b )x" + x"o(1) {x — 0).
b} Gid s¢
¢, tex + czx2 + ..+ c2nxzn
2 khai trién cata tich
(a, + ax + ax’ + .+ ax"b, + bx + bx? + ..+ bx".
Ching minh rang
f(x)g(x) = ¢, +c;x + czxz + ..+ cx” + x"o(l) (x —= 0).

Ap dung. Vist khai tri€n bac hai cta V1 + x cosx trén mot
lan can cda diém O.

62. Gia st hai ham s6 f, g ¢6 khai tri€n biac n trén mot
khodng chia di€m O hoac ¢6 mét di€m ddu la 0
- flx) = a, + ax + azx2 + .. +ax" + x"o(l),
gx) = b+ bx + by’ + . +bx" +x"0(l) & -0,
trong dé b, = 0. Dat '
Pix) = a, +ax + a2x2 + ..+ ax"
Qx) = b, + bx +bx* + ... + bx"

Chia P{x) cho Q(x} theo cdc 36 hang cd bac tang dan cho
dén n, ta duge

P(x) = Qx)S(x) + x™'Rx),

trong dé S(x} ia modt da thie ¢d bac nhé hon hoic bang n va
Rix) 12 mat da the. Ching minh rang néu

S(x) = ¢, +ex + czx + ..+ cnx",
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thi
f(x)
’ g(x)
Ap dung. Tim khai tri€n bac 6 cua tgx trén mét Ian can
cua 0.

63. a) Gia su

= ¢, Fex+ o+ cnxn + x"o(1) ix — 0)

fx) = a_ +ax +ax" + .. +ax"+x"o(l) {x — 0).

12 khai trién bic n ctia ham sd f trén mdt ldn cin cha diém
0, g 1a mot ham s& xdac dinh trén mét lan cdn cda digm 0 va
lim g(x) = 0. '

x—10
Gia su
g(x) = bx +bx?+ . +bx" +x"0(1) (x>0
12 khai trién bidc n cia g trén mot lin can cua 0.

Hiy tim khai trién biac n cha ham s6 hgp fog trén moét lan
can cha 0.

b) Ap dung. Tim khai trién bac hai cta Yeosx trén mét lan
¢an caa 0.
64, Gia sd ham s6 f cd dao ham moi cdp trén mét lan can
ciua 0 va
fix) = a, +ax + a2x2 + ...+ ax" + x"o(l) (x —= 0
la khai tri€n bac n cta f trén mot lan can cta 0.
Ching minh rang
f(x) = a, + 2a,x + ... + nanxn_' + x" o) (x = 0)
la khai trién bac n — 1 ecta . '
65. Tim khai trién bac n cia In{l + x) trén mot lan can
ciua 0.
66. Tim khai tri€n cua arctgx trén mat lan cin cta 0.

67. Viét cong thde khai trién cua arcsinx trén mot lan can
cua 0.
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68. Cho ham s6 f(x) = a + bx + ce'™,

a} Ching minh rang tén tai mét s6 thuc duy nhit & € (0, 1)
khéng phu thude vac x sao cho

fix + h) - f(x) = hf'(zx + 6h).

b) Viét bi€u thidc # thea h va vigt khai tri€n biac hai cha 6
trén mot lén cdn chaa O

69. Vist khai tri€n bac hai ctia ham s6 f(x) = Inx trén mot
lan cdn cta difm a > 0.

70. Viét khai trién bac 4 cia In(x + Ycosx) trén mot lan can
cua 0.

71. Xac dinh a > 0 va b € R sao cho ham sé
fix) = Infa + x) + bya + x

lA mét v6 ciung bé ¢d bae cao nhat khi x — 0. Khi d6 hay tim
phdn chinh cta vo cling bé.

72. Ching minh ring
' 1 1 x

- -2 2 -
e - x 3 + x“.o(1) (x 0).
73. Cho fi(x) = V2 + x + 1. Ching minh ring
1 31 i
f(x)=x+—2—+—8;-;+;.0(1) (x —1‘+oo):

74. Cho ham sd
£(x) x4 L venr
x) = - =, X ,
x+2+yxf+4 2

a) Tim phdn chinh cta f(x) khi x — 0, x — 4o, x — —o.
Xic dinh phéin chinh cua vd cung bé hodc v6 cling 16n trong
ba trutng hgp trén.

b) Tim dao ham cita f. Tim cac tiém can cua 48 thi cta f
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75. Cho ham s&
1
= 2 -
f{ix) = x“arctg T+x' 2 % |
a) Tim lim f(x}) va lim f(x).
x—v(—l)_ x—b(—l)+

b) Viét khai tri€n cia f trén mdot lan edn cla +e {(-e), tiic
12 v8i x > 0 dd 1én (x < 0 dd nho} dudi dang
c 1
f(x)=ax+b+—+o(—) khi x — 4o (x — —).
X X .
Td d6 suy ra rang do thi cta f ¢d mot tiém cdn. Xac dinh vi
tri cia d6 thi d6i v8i tiém can nay trén lan cédn cda +o (—c).

76. a) Tinh
{ = xﬁ—l:}l[(l—laxmé - ehxz) cotgzx] ca b c R

b) Vist cing thdc khai tri€n bac 3 trén mét lan can cua
didm 0 cia ham s6 f xdc dinh bai

1

f(X) = < 1 -—axz

i nfu x = 0.

- ebxl> cotgx néux = 0,

c) Tim tap hop cac diém (a,. b) sao cho khai tri€n trén khong
chda =8 hang cé bac hai

77. Gia st f 1a mot ham sé lién tue trén (0, +o) dudc biéu
dién dudi dang

fix) = ax +b o+ = +—rx),
X X
trong dé lim r{(x) = 0. Ching minh ring tén tai cac so thuc «,

Xx—+ w
B, vy sao cho
x T

4 X
dix) = { fit)dt = ax + S + ;f;- +PLX.J_,
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irong do lim p(x)y = 0.

x—+ x
. 1 1.
-78, Tim lim ( ] )
x— b sin‘x x~

79. Tim lim ——5—.
x—1] 1- ‘JF

80. Tim cac gigi han sau :

hx +27 -3
a) lim ———— ; b lim x({x? + Y —1 -~ xV2).
x—0 VX 16 ~2 Ty~ )

x—+m

81. Tim cac gidi han sau :

Intgx — tg (x-—%)

; . o L BEIE D
a)xli?:} tg})(x_%) ,b)xlir%[msxln(x+1 2)]

¢) lim[(lnx — Dinfx — e|].
X—¢

82. Tim cac gidi han sau :

a) lim [3x - x°In (1 + %)] : b) lim | x[¥™.

K+ x x—1

83. Cho ham s8 f xac dinh trén (0, +o) bdi

In|x — 2|
fix) = In}x|
-1 véi x = 1.

vdi x = 1,

a} Tinh (1}
b} Ching minh rang f ¢d dao ham litn tue tai didm x = 1.
84. a) Tim

. nx™ !~ (n+ 1"+ 1

; n € N°.
x| (x- 1)
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b) Cho ham s6 P (x} = 1 + 2x + 3% + ..+ nx® ''x € R.
Chung minh riang néu n la mot s5 18 thi P tx) > 0 voi moi
x € R, néu n {a mot s6 chdn thi phugng trinh P_(x) = 0 cd
modt nghiém thyc duy nhit.

85. Tinh cac tich phan sau :

bx —1 i : dx ' dx

; C .
—1) 1 +x° (x* = 1)°

86. Tim cdc nguyén ham sau :

a) f\‘xm dx

al

¥
-

(x +2)%(x

¢
Ux
: b)fzmdx,

: a f o
vx+1—\{x+1, Vx—1+yx+1°

o f

87. Tim cac nguyén ham sau :

153 X .
a) J‘_,_Jlﬂi dx e Vx

;i b)) ———dx; ¢ ) ——=dx;
L R e S s

H X
arcsine
G e
e

dx ; o 3> Vgx £ [xInE + 3x.

88. Tim cdc nguyén ham sau :

J- 2 + sinx ] b) J- sinx + sin‘x
sinx(1 + cosx) cos2x.
¥ »
sin“x — eos™x sinxcosx
c) f —4*'“-——4* dx M d) f —"""_1—‘ dx y
Sin'x +cos'x 1 +sin™x

:dn\r_ +co§\f_ 3
@)Im—d ) f)fxtg"xdx,
o) J- cosBx — cosTx hy J- X +co:=x

dx

"1 + 2cosHx ’ 1 +sinx smx
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89, Tinh cdc tich phan sau :

X X

dt ch3t

» | v zant b [ e
c) fch‘?’xdx ; d) fsh"'xdx
90. Tinh cac tich phan sau :

z .

44 . dt .

a) f3 5x : b [ 20422 2 ’

p o F deosx o a®+b° —(a” —b") cost

(a >0 b >0 x € (0, m))
x .
4
sinxdx sint + sin’t T

c) {l+cosx+cos2x’ d)f  cos2t dt, x € (O’Z) !

X 3 5

t -+ t

o) [ 5 a x € (0, m)

7 sin“t +sin’t

4

) dx
[

o sin“x + 2sinx cosx — cos’x

t € (~arctg(V2 + 1), arctg(V2 — 1)).
91, Tinh cdc tich phan sau :

a) [ cos’xdx ; b) fsinzxcos4xdx ;

x -
non dt
o [tgtdt, xe (-Z-=);4d) [ — .
{ ( 2 2) { sin't
2
92, Tinh tich phan
X
dt
il — r, x € (0, + ).

1 z
(2t + 1)° — 2t + 1)?



93. Tinh c4c tich phan sau :

b

a) f V(x — a)(x — b)dx ; f

'J +2x+5’

X
. Bt+2
o f : dt , x € (0, +w).
0 (b + VL2 +3t+3

94. Tinh cac tich phan sau :

‘ 3t +
a)f——~——-4——a——dt, x € (3 4);
31J—t§+6t—8
dt
b) j » x € (0, 1)

b (t—DV—t2 42t +3
95. Tinh dién tich hinh phing gi6i han béi cac dusng sau -
a)y:x,yzx+sin2x,x=0,in,
by y2 = x%a® - xH, a > 0,
Ay = |lgx],y =0;x=01;x = 10,

By = x+ DL x =sinty, y=0 (0 <y < 1)

96. Tlm ti 88 cdc dién tich hal phin caa hinh trén {x,y) € R?:
x° + y < 8} do parabon y = 2x chia ra.

97. Tim thé€ tich cta vat thé giéi han bdi cdc mat sau :

a)x+y+z2=1,x=0,y=0,z=0;

2
b)%+ﬁ=1,z=£x,z=0,a,b,c>0;
a b a
C)zz=b(a—x},x2+y2=ax,ayb>0-

98. Ching minh rang thé tich khéi trén xoay sinh ra bai
hinh phing

{x, » ER*-a sx5h 0<ys= yx)}
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trong Jdo x »—s yix) Jad mot ham 80 lién tuc trén [a, b], quay
quanh true Oy la :
I
V = Zﬂrfxy['x)dx.

W
99. Tinh dién tich mat tron xoay sinhk ra bdi parabon
y‘?‘ = Zpx (0 £ x <€ a)
quay quanh tryc Ox.
100. Tinh dién tich mat tron xoay sinh ra bdi dudng cong
y = tgx (0 £ x € i)

quay quanh truc Ox.

BAI GIAI VA HUONG DAN

1. Ham 8 x + [x] bi chan trén [0, 2] vA cd hai di€m gian
doan 1 va 2. Do 46 ham s6 kha tich trén [0, 2]. Ta cd

2 1 2
fxldx = [ [x]dx + [ xldx = 0 + 1 = 1.
0 0 1

2. Ham s6 { bi chan vA ¢d mot 86 hitu han di€m gian doan :

1 2 -1 .
— B . i Do d6 f kha tich tren [0, 1] va
11+|
n-1 n n—i 2 :
i -1D@2n -1
) ll—i] P p.——l] n n = Gn
n
3. Ta co
100
= [10x], b = [100x] - 10f10x], ¢ = x — LTOOLI

~
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i 1

L
1 1
{f(x)dx = 100 {f] [10x]dx + id{ ([100x] — 10[10x])dx +

| |
1
+ [ xdx — — [ [100x)dx =
! 100

1

l 1
9 99 |
= { xdx + 755 { [100x]dx — 5 { [10x)dx =
L R R A R v
=3 %156 100! )
ﬁ k i 1 + 2 + o 4 9 . l
100 = 10 ¢ )=

4. Vi lim f(n) = ! nén

n—x

R0y + (1) + - +f(n)
lim - = [
n— n

Theo dinh i vé gia tri trung binh cia tich phan, tén tai
t, € [0, 1], t, € i1, 21,.., t, € {n -1, n} sao cho
n 1 2 n
[ fwyat = [ feydt + [ ftydt + ~ + [ ftyde =
] 0 | n—1
= f(t;} + flg,) + ... + fit).
Vi lim f(t,)) = I nén

n—*

f(t)) +£t,) + - +Hf(t)
=1

lim
n—x n
Do dd
n
I fitydt
0
lim —-— — = I
n

n—=x

Tit do suy ra diang thuc cdn ching minh.
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5. b) Vi fu,} va {I_} 1a hai day s6 tang nén diéu cédn ching
minh suy ra tit bat ddng thic trong b).

7. Vi moi t € R, ta cd
[tfix) + gx)FF = 2f2(x) + 2tf(x)gx) + g2(x)

v8i moi x € [a, b]. Do dd
Iy
tzf f‘(x) dx + 2t f f{x) g(x)dx + f gz(x) dx =

vei moi t € R. Tu dd suy ra
b

(f fseax)” < (f Feoax) (S @eoax).

8. Ap dung bdt dang thic Bunhiacopski (xem bai tap 7), dat
(x) = 1, x € [a, b],

b LI LI b
| < <Jf2(x)dx)2 (Ilzdx)2= m(‘rfz(x)dx) .

9. Té gia thigt suy ra f va g kha tich trén [a, b] va
Vi)g(x) = 1 v6i moi x € [a, b]. Ap dung bit ding thuc -
Bunhiacdpski (xem bai tap 7), ta dugc

R =

b

b b b
[ fxydx . [ gxydx = [ (VIzo )2dx - g =

|

b b
(J Vijemdx)” > (fdx)z = (b - a)’

10. Theo dinh li Niuton - Laibnit, ta cd

[ Peydx = (1) - £(0) =
0

Ap dung bst ding thuc Bunhiac6pski cho hai ham s6 f va
x s gix) =1, x € [0, 1], ta c6
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! 1 1 t
1= (J @) 1dx)’ < [ Peldx . [ s = [ i£0eldx
u 1] { 1

11. a) Ta ¢ F'(x) = fix) véi moi x € [0, 1]. Do dé
| | |

[ xfx)dx + [ Fydx = [ xF'(x) + Fx)ldx =
0 &

0

|
= f [xF(x)}dx xF(x) Ll] = F(1).
]

1
b} Ta co f f(t)ydt = F(1) — F(x). Do d¢ ti bdt ddng thuc da

X
cho suy ra

-

F(l) - Fx) = 2" " véi moi x € [0, 1]

1 1 1 2
1_
= [ Fydx — [ Fedx > [ —— dx
Q { 0
|

F(1) - f Fx)dx = L (1)
4]

3

T (1) va bdt ding thic da ch
1

fxf(x)dx = -1-

0 3

~ Ap dung bat déng thic Bunhiacépski cho hai ham sé f va
x — g(x) = x, ta duge,

ing minh trong a) suy ra

(} xzdx) (_j; f‘z(x)dx) = (} xfl(x)dx)z,

\] 0

1! 1,3
g{f‘z(x)dx > (5) :

Tu dé cé bdt ding thdc cdn ching minh.
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13. Phan chdng : Gia st v4i moi |, £l C [a, bl, ton tai
x € [a, ] sao cho fix) € 0. Goi 1,1 1a moét day chuidn tac
nhing phép phan hoach [a’ bl

l'[n:a=x“<x]<_,.~<xpn=b.

Ton tai it nhat mot & € [x_,, x| sao cho fi&}) < 0

i-]n
1 =1.,p,;6,= 2 fi&)Aax, < O voi moi n. Do do
t=1
I
S f)dx = lim 6 < 0. Diéu nay trai voi gia thiet.
) 14. Ta ching minh véi mei @, # € [a, b], tén tai £ € [«, ]
sao cho f(£) = 0 (gia st « < f). That vay, néu khéng thi t6n
tai @, § € [a, b] (@ < ) sao cho f(x) > 0 voi moi x € [a, f#].
Khi do
I+ Ih’
J fxydx 2 [ fodx > 0.
El ot

15. Ta ¢6 F'(x) = f(x) v6i moi x € {a, b]. Vi I ting trén
[a, b] nén F 1a moét ham 16i trén {a, b). T d6 cd bit ding
thie cdn ching minh.

16. Hién nhién n&u f(x) > 0 véi moi x € [a, b] hoac f(x) < 0
véi moi x € [a, b] thi ta ¢d ddng thic cdn ching minh. Gia
s tén tai X;, X, € {a, b} sao cho f(x}) > 0 va f{x,) < 0. Khi d6

| fx} = fix) va [f] = f, |[fix)| = ~f(x) v [f] = —f trén
[a, k]

T bai tap 12 suy ra

il 13 o} I+
[ fx)ldx > [ fx)dx va J Ifldx > - | fx)dx.
o o 0 ]
8] I+
Do d6 | [f(x)|dx > ‘f s |.
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r o _
17. Ta ¢ | V1 + xdx < J ¥2dx = % vl moi n € N".
0 0
Gigi han cdn tim la 0.

18. Ddy {u_} ting va bi ch4n trén bdi 1 nén hoi tu. Ta co

n

a = (1 - —x——-)dx —1-f ¥ dx,

0 1 +x" p 1 +x"
| n 1 Xn+! | 1
0 < dy < dx = 0 kh
‘!;1.,_)(!1 }];X n+l|u n+1 th=e
Do dé lim u, = 1.
n— oo
19. Ta ap dung tiéu chudn Cési
n+p
"sinx 1
Upsp — U, = f ——-——-dx: - f ;d(cosx) =
n
+
cosx ntp ; Pcosx
X 2
n n X

n+p
__cosn  cos(n +p) J. cosx

o n+p 2 dx.
n+p
1 H dx
|1.1n+p‘_l1n| $E+n+p+ { X—2 =
_1, | 12
" n ant+p n©w  n+p n

20. Vai moi 86 thuc x = 0, t6n tai mot a6 tu nhién n sao
cho 2nx < x < 2(n + 1)z. Bing quy nap ban doc hiay ching minh
ng ¢
sint
/ 1+tdt 2 0 vdl moi n € N.
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e Néu x € {2na. (2n + 1)x] thi
. sint a7 sint "~ sint
{ o de = { rp at +2{, T dt=0
vi c4 hai tich phan & v& phai cda dang thic trén déu khong am.
e Néu x € {((2n + D, 2(n + L)x) thi

C 2An+ D Xn+w |

X
. sint sint sint
= —_— — = 0
{ dt { t+1 de { t+1 dt

vi tich phan thd nhidt d v& phai cia ding thdc trén khéng am va
o+ D .

sint
_!: t_:-_l dt € 0.

21. Vi { lién tuc trén [a, b] nén tdén tai x, € {a, b] sao cho

1Pyl = sup [P)] = M.
X E [ b}

Vai moi x € (a, b], tén tai ¢ € (a, x) sao cho

fix) = f{x) - f(a) = f'{e)(x - a).
Do dd |
[fix} = M(x ~ a). 8}
Voi moi x € [a, b), tén tai d € (x, b) sao cho
-fix) = fib} - fix) = £{d}b - x).
Do do
[fx)] < M - x). (2)

Ti (1) va (2) suy ra
. at+h

no 7 b

[ lfldx = [ |feolds + [ [fe)ldx <

El a a+h

2
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4+ b

2 b

< fM{x—a)dx=fM(b ~ x}dx =

#th
2
M(b — a)?
—
22. Ta co
b I+
[ f(x)sin(nx)dx = — % [ () d(cos(nx)) =

I

b
+ % f f'(x)cos(nx)dx =
i d

1
= -3 f x)cos(nx) )

I

= % if(a)cos(na) — f(b)cos(nb)] + % f f'(x)cos(nx)dx.

Vi f va f’ lidn tuc trén [2, b] nén ching bi chan trén [a, b] :
Tén tai M > 0 sao cho |[fix)] € M va |P(x}} € M v6i moi
x € [a, b].

Do do

b
1 M —
_af fsinundx | < = (@) + (B + _Qn_i)

23. Cho £ > 0 bat ki. Vi f liédn tuc déu trén [a, b] nén tén

tai § > 0 sao cho
3 'y s EH] L . b €
(¥x’, x” € [a, b)) |x x’| < & = |[fx’) - f(x™)| < 2(b ~a)’

Goil = la mét phép phan hoach {a, b] :

a=x”(xl<...<xp:b

sac cho d{IT) < &. Khi dd
X

I p !

L, = f f(x)sin(nx)dx = z J- f(x)sin{nx)dx =

P=1%_
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PN

P= %

-

= =1

Vi f lién tuc trén [a, b] nén tdn tai M > 0 sac cho | fixi|

véi moi x € [a, b] Do dd

h

by

‘ f f(x)sin{nx)dx | z Z,(b——-aj
|cos(nx,_,) — cos(nx)|
+ M -
. n
i=1
2pM
11| < & vai 2= < £ tic 1a e

2 ¥

24. a} Ap dung cong thue Niuton — Laibnit, dé dang chéng

minh dude rdng

F'x) =

o] —

b}y @« Néux -1 = 0, tiic la x =

=

1, thi

x+1

[ tdt = x.

v |

Fxy = 5

+1 < 0, tic la x <

-1, thi
1 xt+ i
-3 .f

e Néux -1 <« 0 <« x +1

F(x) =

1 >
F(x) = B (x= + 1)

‘(

z f ffxy - fix)sin(nx)dx + z f(x;) f sin{nx)dx .

=M

n > —_—

£

[fix + 1} — f(x — 1)] v4i moi x € R.

, tic 1a -1 < x < 1, thi

¢) Ap dung dinh 1i vé gid tri trung bmh cua tich phan.

26. Thuc hién phép d8i bien 6 u
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x 1t

Fix) = f f{u)cos(u — x)du =

Xto
x+h . x+h

= cosx f flujcosudu + sinx f f{u)sinudu .
LR ] x b

Fix) = cosx [f(x + bieos(x + by - ftx + ajeos(x + a)] +
+ sinx [f{x + blsinix + b) - f(x + a)sin{x + a)] -

x+th X +th

- sinx f fluycosudu + cosx f f(u)sinudu .
x+a xta

I+
f(x + bycosk — f(x + a)cosa + f f(x + t)sintdt .

F'(x)

I

27, Ham s& f la 16i trén (a, b) nén lién tuc trén (a, b). Ngoai
ra f bi chan trén [a, b]l. Do -d6 f kha tich trén {a, b]. VI v&i
mei x € [a, b],

Xx—a b—-x X—a

. b—x
X = b—ab +b~a a nén f{x) < -mf(b) +mf(a)'

Do dd
§]

b h
f fix)dx < f(b)q f (x —a)x + bfL_E_l)g J ® - xydx =

b —

L fa) + fib

> (b — a).
D& ching minh bét ding thic trai, ta su dyng phép déi bién
62 = 210 4t Kni dg
b
P j a+h “ a+h
{ f(x)dx = hf-;..f (—2-—— + L) dt = F[mnf'(—-z—- + t)dt +
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Iy —

= {[f(a;b—-t) +f(a-£t1+t)]dt. (1)

Vi a;h—%(a’;b—)+%(a;b+t) véi  moi
t € [O,b;a] nén

f(a;b) s%f(a;b - t) +%f(a;b *t). @)

T (1} va (2) suy ra

h—a

I

- |
{ fx)dx > 2 { f(.a;b)dt = f(a;b)(b - a).

28. Goi F la mot nguyén ham cta f trén [a, b]. Khi dd
b b b
Jfgydx = [ goF(x)dx = Fx)g(x)

o o .

d

b
- [FxgEdz. (1)

Vi g don didu trén [a, b] nén g'(x) khéng d8i diu trén doan
nay. Theo dinh i m3 rong vé gia tri trung binh cta tich phan,
ton tai ¢ € [a, b] sao che

3] b
f Fxgdx = Fo) [ gdx = Fle)lgh) ~ g@)l.

Thay vao (1), ta duge
b

| fogxydx = F(b)gb) -~ Fa)g(a) ~ Fic)gb) + Fo)gla) =
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Il

g(a)[F(c) - F(a)] + gb[F(b) - F(o)l =

Il

g(a) f f(x)dx + g(b) f f(x)dx.

. 1
29. Ap dung bai tap 28. Dat f(x) = sinx, g(x) = X € [a, bl.

Ham s8 g gidm trén fa, b] (0 < a € b). Do dd tén tai c €
[a, bl sao cho

c b

|{si:x dxl = |;{sinxdx+%{sinxdx| =

—

1 1
a (cosa — cosc) + — (cosc — cosh) |

L 4
< E, tchlaa>E‘

30. Gia s0 f va g clung tang trén [0, 1] (Néu f va g cing
giam thi ~f vA -g cing tang). Ta ching minh
1 1

{ tgxdx — [ fxydx [ gxdx = 0
0 0 0

. §
Tén tai ¢ € (0, 1) sao cho [ f(x)dx = fic).
L]

1 h 1 1 1 :
[ fg@ydx - f fxydx . [ gxydx = [ [fx) - f(c)lgx)dx =
L] 1§} } 0

1
= [ [fx) — fi0)lgmdx + [ [fx) - f(O)lgx)dx. (1)

U] c
Vi f(x) — flc) £ 0 v4i moi x € [0, c] va f(x) - flc) = O vdi
moi x € [¢, 1] nén theo dinh li md réng vé gia tri trung binh

cha tich phan, tén tai a € [0, ¢] va b € {c, 1] sao cho
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I fxy — fegxdx = ga) [ Hx) — fie)ldsx, (2)
4] [1
! ) |

I Ifx) — fielgds = gy [ If(x) — fe)ldx. (3)
Dé .d:‘ang thay rang
i v
f lf(x) - fic)ldx = —  [f(x} — fic))dx. (4)
n

T (1), 12), (3), (4) suy ra

f fix)g(x)dx — f fix)dx - f g(x)dx = [g(a) - g(b)] f [fix} —fc)ldx =

H n

32. Ta co
(x —x,)°
fixy ~f(x )= D{x ) x —x ) +(x, +8(x X)) 5 0<<l
vol mol x & [x0 ~rox, t r]. Do dé
X, +tr x tr (x — XU)Z
J ol - fa)ldx = f fx, +6x — x)) — 3
- X —r xj—r

Theo dinh li mé réng vé gia tri trung binh cta tich phan,
tén tai s6 thuc ¢ € (x, - 1, x, + 1) sao cho

(x = x,)" S0 - x)
f iz, + 6x - x“j)T“ dx = f(c) f 5 dx =
x” o xl? -r
e
= P’(C) § . (2)

T (1) va {2) suy ra déng thic cdn chung minh.
33. a) I = 0 vi ham s6 dudgi ddu tich phan 1a 18 trén [-1, 11

"

34. b) [ =

SR

-
J. sinx _
g 1+ ccszx
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i K A
35.{1)23})}4,(?4

Chye hién phép doi bién s6 x = 35 — t Chang han véi a),
ta co
1 .
2 3 0 cos’ (:4 —t)
Ccos'x 2
I= f — - --—— dx = —f -— - dt =
0 COSX +sin“’x T pos (irr'. -t ) + sin’ (JI —t )
5 2 2
T
2 .3
sin' t
== - dt.
i sin’t + cos’t
Do dg
a Sl T
2 cc.)sj'x g sin’x 2
. T
2] = f —— dx + f —— dx = f dx = =.
3 I i3 et 2
g cosx +sinx ¢ Sin'x + cos 0

36. a) Ta co

L |

!

(x—x“)' i
— dx = f
i
3

X

|
e

BN =

!

D&i bién s6 t = i’ — 1, ta dugc I = 6.

X
b) D&i bign s t = ¥I — x,
a

J = 2 f teostdt = v — 2.
0
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Hibg

39. Ta c¢d sinx = x vdi moi x € [0 } Do dg¢

NI-:

—, b M
sl
|
.
Ed
[=H
]

e—"RmrD( dx <

e, kN

- . _ R
= 3R (1 —e ™)

n |

40. a) Ap dung

ng thdc tich phan ting phan, ta duge

cbn

a’ a’ y z
Sl R + = L tg—.

5 ) zln ( 1+ ) + 2aarctga 2aar{,tga

L(y)=yn {1+
. Z

b) Vi lim zln(l +a—) = 0 nén

=i

. a y
= = + — ] + tg =
L) 211_1;1}] L(¥) = yln ( 1 2 ) 2aarctg S
b 2 2
c) Vi lim yin (1 + %) = limy -—a—z = lim = = 0- nén
y—+x ¥ y— t ¥ y—-+my
lim [y} = X {22 = ma.
¥yt
42, Ta cd
aj = eXindy ~ 1 4 xlna;, .., al ~ 1+ xlna_ (x — 0).
Do do
aj +a, +- +a’ x(lna, +- +1nan)
~l A Y
n n
=1 +xn Ya a x -0,
i
ay +.. +a) . !
im j———1| = lim (1 + xIn Va,..a,)* =
x—+0 n x—0
— eln ATF-:; - r\l{al L a
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43. b) Ton tai x, € {a, b] sao cho fix) = M. Vi { lién tue
tai x, nén véi moi € > 0, ton tai & > 0 sac cho

(vx € [a, bD |x - x| =8 = [fx) - fix )] < e
Gia su x, > a. Khi dg
J < I [

x.l - T - -
u_ = ( I [f{x)]r'clx>r1 = ( J M - E)"dx)n = (M - g)3"
" x, — ¢ x, =4

véit moi n. Nhu vay, ta co
1 J

M - &d" < u, < M(b ~a)" v&i moi n.

Do do
M - ¢ < lim infu, £ lim supu_, € M vdi moi £ > 0.
n-—+x n— o
Néu x, = a thi xét tich phan cta " trén Ix, x, + J).

45. Hién nhién b4t ddng thde can chiéng minh ding véi
x = 0hoaicy =0 Gidasitx >0,y >0 Vaiimdiy > 0 c§
dinh, xét ham =8
P 4
IR A Xy, x > 0.

x — f(x) = q

1

Px) =x"1 -y, Px) =0 = x=y""
i
Dé thay f dat gia tri nho nhdt tai diém x = y* ' Do dd
l
fix) = f yp_lzl =0 vdi moi x > 0,
Co dang thiec khi va chi khi’
1

x = yp—l — %P = yq_

46. Né&u f(x) = 0 hodc gix) = 0 v6i moi x € [a, b] thi hién
nhién bit dang thic cdn ching minh ding. Gia su fix) va gix)
khéng déng nhat bang khong trén {a, b] Khi do
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1 l B _I

i = ( |f{XJ|de‘)h > 0vallgl, = (flgelix)?> o

: o . el e
Ap dung bat dang thdc lang cho hai =6 el va el
P Y

ta dudce
1 | gef

]l
feob el 1 |f(X)|p L1 X
b, ey = a9 gl

H

vii moi x € {a, b]. Do do

b I

1 .
m f if(X)g(X)ldx € — f |f(_X)|de ¥
I U

£1°
el
1" 11
+—— [ lg®l¥dx = =+~ = 1.
qll gl - P

T dd suy ra bat dang thic cdn chding minh,

47. Hién nhién bat ding thde ding voip = 1. Gia st p > 1
va gol g 14 560 md lién hgp cha p. Ta ¢6 '

| f) + geo| P < el fo + g™+ | gGoll fix) + g P
vl moi x € [a, b). A'p dung bat dang thuic Hénde (xem bai
tap 46). ta duge

I h

Tl + golldx < [ [l + geolP7 dx +

h
+ [ gl fx) + gx|P ldx <

T 1 h 1

= (_J‘If(x)“'dx )I‘ (flf(x) + g(x)ﬂl“')qu)ﬁ +

b 1 &l l

+(f |g(X)|"dX)’_‘ (] 1 + g(x)iip—l}qu)ﬁ_

5]



Do dg

I I i I L

S 1) + gl dx < (flf(x) + g} dx ) g [ (f | f(x)} Pdx )-b' +

A |

+ (f |g(x)1|‘dx);],'

[}

o Néu [[fix) + g(x)!"dx > O thi chia hai v& cha bat dang

b 1
thitc trén cho (f|f(x) + gl’_x)|pdx>‘|, ta dugc bit dang thdc

|
can ching minh.
h
e Néu [ |f(x) + g(x)|Pdx = 0 thi hi€n nhién bat ddng thic

cdn ching minh dung.

48. a) N&u goi S la téng & v& trai ctia ddng thuc cén ching
minh thi

X X . X o X
28sin 5 = Zsinx sin 5 + 2sinZxsin 3 + - + Zsinnxsin 3 =

((-os% - cos 3—2){) + (cos3-—x - €os SX) + o+

= Zsin - sin —
b) Dé dang thdy rang nfu ham s6 f kha tich trén [a, b] thi
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I»

ff{x}dx = hm — z f(

; rres o i=1
Do do ti a) suy ra | =
49, Ta cd

= lim — E in (1 — Zacoszzk

n== k=

¥ n

!(b ~—¢1)

+a2)

)

2 2k
= Hm — In ( na —2acos——l-l-— +a)),

n—-)-:xn k=1

Vdia # 0 va a # 1.

1*2&(:05%?:—-%32:(0:—9“)(0:—9 ”),

257
€ n la nhitng can bac n cia 1.

2
I = lim — In(" - 1)°

n—
Déng thdc cing ding véi « = 0.
® Néu 0 € @ < 1 thil =
® Néua > 1 thi I = 4xlne.

. 1
50. a) limn( > + — q+m+___) -
n—sw ‘nf+1%2  n?+22 n® 4 n?
1 1 P dx 7
:“lirl:c_Eu—kw;=f1+;=Z'
k=1 1+(_) 0
n

1.

by lim ==
n—e 0 1' 1’ O
n
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1 t

n
k- 13t 1 1 —cost
51. limT, = — lim — 2 sin .(__._......,l- = cos

t

e t”_’“nk=: n t

|
J sinxdx =
0
53. a) Bdt dang thuc cdn ching minh la moét trudng hop
dac biét cua bdt ding thdc
2% = 1 + xin2 védi moi x > O,
Bé ching minh bdt didng thic nay ta xét ham s6
fix) = 2% - xIn2 ~ 1 trén {0, +w).
Ta co
fx) = 2In2 - In2 = (2 - 1)n2 > 0 voi moi x > 0.

Ngoai ra f lien tuc trén [0, +«). Do dd f(x) > f(0) = 0 véi _
moi x > 0.

K L3
n 2n R ) 1 n 2n
b) Dat 8 = z T ta cd S =— 2 I
k=1 — k=] —
1'1+k 1+kn
Ta chiing minh
k
k-1 =
2I1 -
2" « T < 2n vii k = 2.
1+-R—H-

Bidt dang thuc phai la hi€n nhién. Ta 4p dung bat dang thic
trong a) dé ecing minh bat ding thidc trai,
k' 1

In2
o K1 g L N k-1
- = n 1>2“ 1>2" vii k =2 2.
1+kn 1 kn 1+kn
- e . - . k...l k
Theo dinh li Bénzané - Cosi ton tai £ € ( —— ;) 5a0
!
3 1]
cho 2™ = 1 , k =2 2. Do dd
1+E_n-
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l.
14—
n
Tit do dé dang suy ra : lim 8= [ 2%dx = L
o e T f In2’
54. Tu gia thidt suy ra
1 a +1 A+ |
]_ + — = — . = - —
a, a, (k + 1)a,
n i A Tnat
nm{1+-—3 =" = +.
k=|( ak) e (k¥ Da, ~ m+1)!
Bang quy nap ta chitng minh duge rang
a =n+nn-1!+nn-1in -2+ .. +n!
Do dd
qnr1 1 N 1 VRS SR
(m+1)!  n'  (n-1)! 1
* 1 . n 1
Vay T1 (1 +*) =1lim T (1 +—) = e
) n= a, n—+xkg=1" ak
_ 1
, 2 : on e
85, ) '(x) = — e * vdix > 0, £'(x) =0 v6i x < 0.

'%

b) Ching minh bing quy nap. Don thic ¢ bac cao nhat cta

oo o Lo 2
P, déi vai _ la (;) :
x L
c) Dat Jth) = [ e Udt, 0 < h < x; ta ¢d I(x) = lim J(h),
h h—-{}+
h ] ! L X 1
N P N S LI PSR P
J(h]—Z{td(‘.e )—2xe —2he 2{te dt,
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Ifxy =

Ap dung dinh 1i md réng vé gia tri trung binh cta tich phan,
ta dudgc

. ]

X _ he [

Jtve Vdt = (ox)* f e 'dt = "xUx). B € [0, 1] (2

0 0

1 3
Tu (1) va (2) suy ra I(x) = 3 f{x)
+ 222
1 26‘

Vi lim -—— =1

o>} P al 2

1+ > a8 x
3 3

-4 X
nén I(x) = f(x) 5 (1 + o(1)) = fix) [— + o(x )} (x — 0.

)
)

in
XX #na - blnb
56. b) lim = = fj &inaz bln (

=0 = d°  x—0 Mne— d¥nd n (

oo | ool

58. Gia su
fx) = a, +tax + .. +ax"+ x"o(l),
f(x) = b, + bx + ... + bnx" + x"oll) (x — 0),
va k la s6 nguyén bé nhit sac cho a, = b, Khi d¢
0 = x"(a, = by F (4, - b )x + .+ (3, - bx"*] + x"o(1).
Véai x = 0, ta co
0 = (a, —b) +(a,, - b )x+ ..+ a, - b)x™ "+ s o)
ix — O
Cho x — 0, ta duge a, — b, = 0. Vo 1i !



59. a) Néu f la mét ham s6 chan thi

fix) = fl-x) = a -ax+ alzz:(2 - agx'ﬂ’ + .+ D%+ xo(l)
(x — ),
Theo bai tap 58, tif do suy ra : a, = -a,, a, = -a,, a; = ~8s,...

Vay a; = 0, a; = 0, a; = 0,..

61. b) Ta co
x"ol)a, +ax + ... +ax™ = x"o(l),
x"ot)b, + bx + .. + b x" = x"o(l),
x"o(1)x"0(l) = x"o(l) x —= 0,

(@, +ax + ... + anx")(b0 +bx+ .+ bnx") =

=c,tex+ ..+ cz-nxzn =c,+ex + .+ cx" + x"o(l)
(x — 0).
Do do .
fx)g(x) = c, +¢x + ... +cx” + x"o(l)  (x —0).

Ap dung. Ta cd

T+ —1+3‘-'-§E+ 2o(1
X = 2 8 x“.0o(1),
xZ
cosx:l—E + x7.0(1) (x — 0.

Do do

— 5
VT Fxcosx = 1 + ; -5 X+ 2ol (x> 0)

62. Ta co
fix) - x"o(l) = fg(x) - xo(D]ISx) + x™ Rx),
fix) = g(x)8x) + x"o(l) - S(x).otl) + xR(x)] (x — 0),

;{(_?) = S(x) + x" Eg’%—;. Vi XIE gx) = b, # 0 nén

378



f(x) n n ;
' g(—x) =c¢, tex + .+ C X + xo(l1) (x — 0}

Ap dung. Vi x ~— tgx la mot ham s6 1é nén chi can viét
khai tri€n bac 5 cua ham s§ (xem bai tap 59). Ta c6

sinx = —§i+£+ ®.o(1
sinx = X 8 190 x .o(1),
XZ x4 5
cosxtl——2-+éz+x,o(1) (x — 0).
x| o x
*T % T 139 2 %4
) -—.xg+5’5i +K3+2X—J
* T gty *T8 715
2 x
3 30
- 3 fl_j
3 6
2
15

(Ta da khong viét cac s6 hang ¢6 bac 16n hon 5 trong cac
phén du cia phép chia).
Vay
x° 2%°

tgx=x+§+—l"g+xo,0(1) (x — 0).

63. a) Trude hét ta tim cong thic khai tri€n cda mét ham
s6 hgp. Gia su
fix) = a  +ax + azx2 + ..+ ax" + x"o(l) (x = O
la khai tri€n bae n cia ham s6 f trén mot lan can cia diém
0, g 12 mét ham s6 xdc dinh trén mot 1an can cia diém 0 va
lim g(x) = 0. '

x—{
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Khi dd ham s¢ hgp fog xdc dinh trén moét lan ean cda 0.
Gia so
gx) = bx + bx* + . +bx" +x"o(l)  (x =0
la khai tri€én biac n clda g trén mét lan can cha O .
Khi dd

fig(x)) = a, + agx) + azg‘j(x} + .+ oa g'(x) + glx)o(l)
(x — 0}

Vi
g = x(b, + byx + . +bx™ '+ x" o)) = x0(1) x — 0),
trong dd O(1} la mdét ham s6 bi chan trén mét lan can cia
G nén )
gx).o(l) = x"O(D.o(l) = x"o(} (x — 0).

Vi vay mudn tim céng thic khai trién biac n cua fog, chi
¢ln tim cong thuc khai trién bac n cda ham sa

x —a, +aglx) + ... +agix)trén mot lan can cia 0.

b} Ta cd
Veosx = V1 +(cosx —1). Dat t = cosx - 1, ta cd limt = Ova
x—={
t ot
Veosx = ¥1+t =1 +§ i) + t“.0(1) t —= )
2
X 2
cosx = 1 — 5 + x°.0(1) (x — 0),
§ = 2 {cosx — 1) = —Z' + x“.0(1)
a9 2 XZ A 2 b
t° = (cosx — 1)° = (—E + x .0(1)) = x"0o(l) (x — 0}
Do dg
Veosx = 1 — : + x2.0(1) x — 0.
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64. Theo dinh li Taylo - lang. ta cd

(0 200y ™0
fx) = f{0) + £ Dy + -------‘-(—)- X+ + (0 D ofl) (x — 0).
] 2! n'
Do tinh duy nh&t cia khai tri€n (xem bai tap 58), ta cd
£(0) f%)(0) £7(0)
=3 f{o) y ;1| 3 T LR ak i ""l'('i' Bl B an = n! .

Vi f ¢d dao ham moi cidp trén mot lan can cta 0 nén [ o
khai tri€n bic n - 1 trén mét lan can cua 0. Gia su
fix) = b, +bx + b2x2 + ..+ bn_lxn_i +x"lo(l) (x — 0).
Khi do
P £ 0y Kt Diag,
KTk T K k!
k =901, .,n- 1

= (k + Da ),

H

De do _
f{x) = a; + 232)( + 333}:': + .+ na"x"*] + x”_].o(l} (x — 0}

65. Trong bai todn 57, néu thay d6i vai trd cta f va f, ta
sé duge ménh dé sau :

Néu f la mot ham s6 cd dac ham moi cdp trén mét lan can
caa di€m 0 thi khai tri€n bac n + 1 cta mét nguyén ham cua
f nhan duge nhd ldy nguyén ham ting s6 hang cia khai trién
béc n clia f khong ké sé hang héng 36 (56 hang hang duge xac
dinh trong cde truéng hgp cu th€. Cha y ring ham s6 f cé vo
s0 nguyén ham).

Trd lai bai todn dang xét, ta cd (In(l + x))’ = 1 i Ta biét
rang ﬁ =1 -—x+x°~x 4+ + (=% + x"o(1) (x — 0).
Do ds
NI N
In(l+x)=Ad+x- 5+5-F o+ (-1 + 3" o1y
(x — 0).
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{x

Viln{l + 2} = 0 vgi x = 0 nén A = 0. Vay
2 3 4

n
4% = x= 7+ 5 - 3 DT+ K o(]) = 0
66. Ta cd
(aretg) = —
arc = — ,
& 1 +x
1

= 1-x+ = x"+ -+ (- + M ol) x = 0).
1 +x?

Vi arctgd = 0 nen

3 5 7 Zntl
arctgx = x — 7w + - — + -+ (—l}né-r—l—ﬁ + x-2n+2,0(1)

- 0).

' 67. Ta c6 (arcsinx) = :
a cd (arcsinx) m ;

1
-2 1
=l —-x) 2=1+=% + 3y

2 2 8

1—-x
1.3.5..(2n-1)
2.4.6.(2n)

Vi aresin0 = 0 nén

"+ gy x = 0).

@1 x-m

3 o 3 .
x> 3x 2n+2
*35 T @t zer X oD

3

arcsinx = x +

DI b

— 0).
88. Ta ¢6 f{x) = b + cte'™
fix +h) - f(x) = a + bx + h) + ™M - (a + bx + ce™) =

= bh + ce®™ ("' - 1)

Theo dinh li vé s6 gia hiu han, tén tai 8 € (0, 1) sao cho

fix + h) -~ fix) = hf'(x + 6h).
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Do dd
bh + ce™ (' -~ 1) =

— elh _ 1 — hteﬂlh

h(b + Ctel (x +Hh]~'

(1).

# khong phu thudc vao x. Vi ham s6 x — e la tang nghiém

ngat trén R nén 8 1a duy nhdt.

by Tl (1) suy ra :

th

th
po_ e -1 1 er-1
= 0= (T )
22 33 44
- = + + h. — (),
e~ 1= th+ 5 * 5 thl) -0
o =l +5 * 5 +51 +hlel)
eth—1 th  th®  &n® .
(=) =7 * 5 * e tHeb -
1,th  t?h®  th3 >
“5(3 v tar o)+
1 ,th  th*  th® 3 g
+ §<—2~* —6— + E‘ + h 0(1)) + h 0{1)
th  t°h? 3 ,
1 th F
= = — + h~ —
6= 5 + 34 + hlo(l) (h — 0).
69. Dat t = x — a, ta cd
t
Inx = In(a + t) = Ina + ln(l + ;)
(2
= |lna + 2 I3 + tz.o{l) (t — 0

2a-
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Do do

Inx = Ina + —— — (x “‘:1)_ +(x — a)yo(l) tx — a)
a 2a*
70. Ta co Yeosx = VI +(cosx — 1),
. % ! 1,

cosx — 1 = — + 57 + x7.o(1) {x -= 0).

Dat ¥y = cosx - 1,
! 2 '
Veoss = (1 +y)% = 1 +% - % + y2o(l) (y — OV,

= +§(__2_+EZT4+X ,0(1)) - g(—§+24+x .0{1)) +x".0(1)

X2 +4

Yoost = L =G - gg r ) o

2
2 X4

X
x+\JCCIS.5{:]+x-———

—_—— -l s ——
1 96 + x"o(l) (x 0).

2 3
At =x - = X 4
_Dgl. t = x I 96 + x".o(1), ta duge

_ S A A
Inx + Veosx) = In{l + t) = t — Ttg -t ol -0
S 3% T 13t .
In(x + \E[)sx} = x — e + 5 " 91 + x"ofl) (x — 0},

71. Ta co

. X X X 1 )
Infa + x} = lna + 1n(1 + 2—1) = Ilna + P + x-.o(l),

f | =

h\{?a+—x=b\5(1+

|

- . X . 2
= b\‘—a (1 + E; — éa:i ) + x 0(1)

)

ix — 0.
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Do dd

: bya +2  bya +4 ,
Infa +x) + b¥a +x = Ina +hva + ——‘—J—Za—x - _}f‘_a___;___ x> +x%.0(1)

-

8a
tx — Q).

Ham s6 { 1a mét vé cung bé cd bac cao nhit khi x — 0 khi
va chi khi

lna + bya = 0

2
— Al = =
bVa +2 =0 < oas=eb= -0
Khi do phan chinh cua vo cung bé 1a : - x - 0).

1
72. Khi x -—» 0, —
tgx

. 1
— & ., Do dé ham s x — — khéng
tgx
. ' 1
cd khai tri€n trén mét lan can cta 0. Tuy nhién x tex —- 1

N . . o X . . n . N .
Vi vay cd thé& khai trién tax trén mot lan can cha 0. Ta cd

2 4
o E L
i_cosx_l 2 +24+X'0(1)
tgx ~ sinx e _ ;
X -5 + x4.o(1)
X3 1 X2 3
x X -5 + x7.0(1) ) 1 ) + x7.0(1)
tgx <3 - <2 ’
- = 4 _ 3
:n_{ 5 + x".0(1) 1 5 + x".0(1)
X Xz H N
— =1-" +x —
tex 1 3 x".o(1) (x 0).

Tit dd suy ra dang thic cdn chidng minh.

73. Dat t = , ta dugc

e
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1

1 1. 1 ~
f(x) = St 1l =(1+¢t+t) it —0),
Nz Ty t

1
5 t 3
1+t +th? =1 +§+§t2+t2.0(1) (t - 0).
Tit d¢ suy ra ding thic cdn ching minh.
74. a) Khi x — 0,

1
Tl 21+ 22 4 5 4 o
XHd = 2(1 470 =24+ x(l),

P
x+2+ x2+4=4+x+i;—+x2,o(1),

2

2
+ 1
X 4 =——%+E+x2.0(1),
x+2+Vx% +4
x  x2
f(x) = -2 + = +x%0(1) (x — 0.
16
Phin chinh eila v6 cling bé f khi x — 0 la : ~%
1 . N
Datt=; Khi x = 4w, i = 07,

l

Vi +4 (1 + 4t2) %(1 + 2t2 + t2.o(1)),
2
x+2 +Vl+4 = L+t 2 + t2o(1)),

V2 +4

x'+24;4x2+4

+ 2+ tPo(l)  (t — 0),

o] e

.1
=2
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R I L ( +)
- 2 2X xz xz'o( ) X ¥
1 1 1
fix) = —5- + = + S.0(1) (x — +=x).
) v KZ X2
3 3 ¥ - B n 1
Phan chinh cda vo cing bé la " 9% (x — too),

Tuong tu khi x -» —eo.
X 3 1
fix) = —3 ~ 1 - 5% + ;.0(1),

V6 cung 16n chinh 13 : —%, (X — -=).

1
75.b)Datt=;.Khix—b+oo,t—10,

1 . 1
1+x "1+t

= t1 —t + & + t2o(1)
=t -t°+ 2+ o) (t - 0.

Dat y = t - t2 + t3 + t20(1,) ta duge

1
arctgl—_'_; = arctgy = y —§ + yz‘o(l)_ (y — 0).

=t -t 4 gr‘ + tPo(l)  (t — 0).

Do do

1 2 1
: xzarctg1 T X 1+ 3% + ;-0{1) (x — oo},
Duong thang y = z - 1 1a tiém cén cia d6 thi. D6 thi nam

vé phia trén cla tiém can khi x — +® va nim vé phia duéi
cua tiém can khi x — -oo.
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1 3 . .
76. a) Ta ¢ -~ -7 ~ 1+ ax® 1w — ), ™ ~ 1 4 bx
1 —ax” :
. _ . . co¥x )
f(x > 0). Néua = bthi!=1lm(a —bx~ . —5— =a ~b Ta
, =+ sin“x
vAn co két qua nay néu a = b.

b) Vi f ]a mot ham s8 chidn nén chi cdn viét céng thic khai
trién bac 2 ctda f trén mot lan can cua 0. Ta co

1 “ 1 L
—- = 1 +ax* + ax' + x.0(1)
1 —ax"

b .
23- + x7.0(1),

k]

e™ = 1 + bx® + -

1 - Nl

—e™ = (a - bjx* + (a" —- ')XJ +x.0(l) (x =0

-
1 —ax~

tg’z cosx 1 +cos2x
cotg'™x = —7 = —— ,
sinzx 1 —CDSZX

T

2% = 1 22+_2_ _ir;+? i
cos2x = X 5 % 45:( x".o(1),

2 4 4 5 7
3% IEX + x".0(1),
2 4

i _ 2 - = 4 1] 7
1 cos2x = 2x 3 X + 45 + x".0(1)

- 2x* +

]
(]

1 + cos2x

1—2+X—4—i"+"’1
. X 3 45){ Xx.o{l)
cotg'x = 3 -
2 _ i(__ + _2_ LI 7 1
X 45x x .o{l)

& 4

x>t — xt+ % + x".o(1) 1— x*+ )—;— + x o(1)

x‘zcotg:x = 3 = - -,
xz--§-+3x(’+x?ol' 1—£+£x4+x50(1)
3745 (%) 3" 45 ‘
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] X4 Xz 2 El
Pox 4oy | -3 %35
x"‘ 2 4 } 2 2 ]. 4
1 3 +45 1 3 X + 15 %
2, 13,
-5 X +4gx
2
2 4
i + —
3% T 9*
1 4
15
22 25,1 4 s
xcotgx = 1 3% +EX + x.o(1),
tfx = = — 2 + S’ + xlo(l) (x — 01, Do do
cog‘x—x2 3 5% x".o(l) (x - Do do
f(x) = [(a — b)x* + 2 b e[ 24 L 2o
(x)—[(a )x (a 2)x x°.0( )J[x2 3 tigx tx.of )}
2 _ B2 2 .3
={a—~b)+[a——2——§(a—b)}x + x".o(l) (x — 0).
c) Khai trién trén khong chia s6 hang c6 bac hai khi va chi
b2 2 |
khi a® - 5 ~ 3@ —b) = 0. Tap hop cdc didm (a, b) d6 la

hipebdn

2 1
9 9
7. Voi moi x > 0,

xt1 t
d(x) = f(at + b +%+ E(t—z)dt

X
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+1
a 1 T
= ax + = + + =y o4 [ 22
ax + 3 b+cln(1 x) { n dt.,.

1 1 1 1 '
ln(l + —) == - — + —.0(l) (x = +e).
X X 2> x°
Theo dinh 1i md réng vé gia-tri trung binh cta tich phan,
to6n tai 8 € [0, 1] sao cho

xt+1 x+1

r(t) ' T dt 1
{tdt r(x 9){t r(x+6)ln(1+x)
1 1 1
= r(x + 9)(; "~ o3 + ;.0(1)) (x — +=).
Do do
1
¢(x)=ax+%+b+E+;[—§%+%.o(1)+

LI %.o(l))] (x — +)

+r(x+6‘)(1 9%

' a
Ta c¢é ddng thitc néu trong dé bai v6i a = 2, § = 3 th

y = e
. 1 (x +simx)(x — sinx)
8. Ta o0 fx) = —— — — = )
=) sin® 2 x%sin®x

[P

3
Vi x + sinx ~ 2x,x—sim=%—+x3.o(l) “'%khix—ro

2x . x°6 1 1
nén f(x) ~ = = (x = 0). Vay limf(x) = -
) xz . x2 3 Y x—{ ( ) 3

79. Dat x = 1 + ¢, ta cé

Vox—-xt = V201 +t) - (L+t)! = V2+2t~(1 +4t +to(l)) =
1
= (1 -2t +to(l))) =1-t+to(l) (t—=0),
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1
= t
Vx = (@1 +9> =1 +5 +to(l) (¢t =0)

\sz“x = = _%t + to(l) (t = 0)
4 P 3
1 -V =1 -+t = —St+ to(l) (& — 0)
Do dd
=y :
fx) = z’iixﬁ%ﬁi%:%q t=0). Vay limf) = 5

BO. a) 32/27 ; b) 0.

81. a) +o ; b) -1 ;.¢) 0.

1
a)Data=x—%,t=tga,tadu9c i

tgx=tg(£+a

1+ tg
4 ) = .

= Totga ~ L TOA -9 =

1+l +t 4+ to(l) =
=1+ 2t + t.ofl) t —= 0)
Intgxk = In (1 + 2t + to(1) = 2t + to(l) (t — O),

n
lntgx*tg(x" Z) _ 2t +t.0(1)—t. -l (t — 0). Do
tg’(x - ) v -

it

f(x) =

d6 lim f(x) =
)l(—-E

4
82, a) % ; b) 1.
84. a) Ap dung quy tac Lopitan lién tiép hai lin, ta dugc

gi6i han cdn tim bang _n(nz—-i-l)
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by Ta ¢ Pix) = (1 +x + x° + .+ x"

N e g
= (——_____._1_..__) — il . e L Vi x = 1
. X B
. n{n + 1)
P(1) = g
Bing cach xét sy bién thién cda ham s6 fix) = O

- {n + x" + 1, tit dd d& dang suy ra diéu cdn ching minh.

a T
o N __— T
95. a) 5 = f{x + sinx - x)dx = fsm'xdx = 12—
i )
b)Y x° (a® - x5 2 0 = x| < a. Vi d6 thi cua ham s5 da
cho d6i xing qua cdc truc toa dd nén

1

S = 4fxla’—xdx = -2 [ (a® -x}? d(a® = x})
1} 4]
4 _ 4
L
- §(az_x.,)z = ,_3_33‘
1 1 10
e) 8 = [llgxldx = — [lgxdx + [ lgxdx

0.1 0.1 1
1 ) 10

= 1ge[—jlnxdx+ f]nxdx] = 9,9- 8,1llge
0.1 1

d) Ta chon y lam bi&n s6. Hinh phang gigi han bdi cdc duong
x=-1+1Vy, x =sinmy, 0 £y < L
Dién tich hinh phing la
|
S = f [simry =-(-1+ \f}_!)]dy =

it

| b
=

-+

=

96, Parabdén cat dudng tron tai hai didm (2, -2) va (2, 2}
Parabén chia hinh trdn thanh hai phan. Got S, la phin hinh
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tron nam bén phai va 8, la phédn

hinh tron nim bén trai. Dién tich 4
S, 1a
- . 2 y: ; . 4
S, :fj(\JS—y — jdy =27 +3
-2 X
Dién tich hinh tron la : § = 8. 8, ]

Dién tich S, la @ 5 -5 =

4 . )
= 6x — 5 . Ti sd cac dién tich hai

3
phdn hinh tron do parabén chia ra
) S| 3z +2
la: g~ = 5”35 Hink 32

2]

97. a) Vat th€ nAm trong gdc tam dién vudng x = 0, y = 0,
z = 0, giéi han bdi cdac mat phing toa do va mat
z = V1 ~x —y. Thiét dién cda vat thé cit bsi mat phing vuéng
gée voi true Oz tai digm (0, 0, 2z} (0 £ z < 1) la mdt tam
giac vudng cin ma dé dai canh gée vuéng la 1 - z°. Dién tich

1 )
thiet dien d6 la S(z) = (1 - z°y?. Thé tich vat thé la

{ 1

1 ) 4
V=fS(z)dz=§f(l - 2z° + 2hdz = —
1} 0

15

b) Vat thé gioi han bdi mat tru ding ¢d dudng chuian la elip

X : .
— + % = 1 trong mat phing Oxy, mat phing di qua truc Oy
22

. ¢ . ,
va dudng thiang z = PR trong mit phang Oxz vA mat phang

Oxy. Vat th€ dé6i xing qua truc Oy.

Xét phan vat th€ niam vé phia trén mat phing. Thiét dién
cua vat thé cat bai mat phiang vuéng gde vai true Ox tai diém
(x, 0, O la hinh chit nhat ma dé dai hai canh la 2y va z,

393



,r.’.__.._.:y_'_____
: ;’,0 y
,/"x
a
X
Hinh 33
2
y = b 1 - -)-{- ,y 2 = EX
- az
Dién tich thiét dién do la
2bc xz
S(x)—ZYZ———a*X 1—;.
Thé tich vat th€ la
a |
4b. 2
V = 2fS(x)dx = —cfx 1 — = dx
0 a9 a?
1 3
a 2 — 2 2 =
X5\ 2 x 4 x“,7,0
V=-2 - = 1-—=) =5ab -—
| abc{(l az) d?( az) 3ac(l 82) L
4
V = §abc.

c) Vat thé gigi han béi
e Mat try trdom xoay ma dudng chudn la duong tron

a2 a?
(x - §) +y = 7 trong mat phang Oxy,
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e Mat tryu ding ma
duong chuén la parabdn
2

x=a-— % Vat thé dsi

xing qua mit phdng Oxy. Wab
Xét phan vat thé nam vé /
phia trén mat phing Oxy

(0 < z < ¥ab).  Thiét v
dién cia phin nay cét ’ .
b&i mat phing vuéng gdc i ’
vii trye Ox tai di€m X
(x, 0, 0) 1a hinh chit nhat A
ma d¢ dai hai canh 1a
2y va z, Hinh 34

y = yax—x ,z = Vb(a —x) .
Dién tich thiét dién dd 1a : S(x) = 2yz = 2Vbx(a — x).
Thé tich vat thé la

f'y4

a a .l_ E
V=4[(a - xVbxdx = Wb [ (ax? — x%)ds,
0 ¢

16 ,
V=E Vab.

98. GiaA si {IT} 1a mot day chufn téc bdt ki nhing phép
phén hoach doan [a, b]

a=x0<x1€‘..<xpn=b.

Goi A, 1a hinh phéng giéi han bdi dé thi cia ham s6 y = y(x),
truc hodnh va hai duong thing x = x_,, x =x,i=1, ., p_
bat M; = sup y(x), , m= inf y@x),
CXEX—.%] XE . x]
Hinh phang A, chda trong hinh chit nhat ¢6 canh 1a doan
thiang x;_x; va dudng cao M, va chia hinh chi@ nhat cd canh
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X %, va dutng cao m_. Cho hinh phiang quay quanh truc Oy.
Khéi tron xoay sinh bdi hinh phdng A, chua trong khéi tron
xoay. V; va chia khéi tron xoay v, sinh bdi hai hinh chi nhat
da néu. Thé tich V, cia khéi trom xoay V, bing hiéu cac thé
tich cia hai hinh try tron xoay :

Vi = )M, - ax M, = aMux, + x_)Ax, € 27MxAx,

|
Tuong tu thé fich cua khéi tron xoay v, 1 :

.= . . ) o= 925 . 1l o=
v, am (X, + x)) Ax, 2 Zmmx, | Ax, 1 1, ... Py

Khai tron xeay sinh ra bdi hinh phang da cho chda trong
Py L Py I,
U V. va chia U v,. Thé tich cta cac vat thé U V, va U v,
i=1 i=1 i=1 i=1

theo thd tu, la

I’ P, b,

2 V., =n z Mi(xr + x,_ A%, < 2n z Mixim‘i’ (1)
i=1 i=1 i=1

P Py Pa

z\r]. = .TEZ m(x; + x_)Ax, = 231:2 mx,_ Ax,.  (2)
i=1 1=1 i=1

Cac téng & v& phai eta (1) va (2) la téng Dacbu trén va
dudi cua ham sé x — 2axy(x} trén doan [a, b] Ung vdi phép
phan hoach IT,

Vi ham s8 x — 2axy(x) kha tich trén [a, b] nén hai day
téng Dacbu cta nd dng véi day {z,} déu hsi tu dén
b
2z [ xy(x)dx. Do dg
I P b
lim ( Vi) = lim (Z vi) = 27 [ xy(x)dx.
Y .

..‘(—"‘Ei_ K—"xi=|

Vay khoi tron xoay sinh ra bgdi hinh phing da cho quay
gquanh truc Oy la do duge (theo nghia Giodedan) va thé tich

cua ho la
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I~
V = 2 fxy{x)dx,

99, S = &rfy(x}h + [y'(x)]°dx (1.
. ,_P . o2_ P _® ~
2yy = 2p=>y = y v 2px o Thay vac 11), ta duge
S=2nf\'§i)_£ \‘1+F2-P£dx=21rﬁf@+pdx,
0 0
2 \(_2— A
S=?[(2a+p)p+2pa—p].

7 z

9

100. S =27ftgx{f 1 +—
n COSJX

4
dx = 2:1[ tgxd 1+(1 +tg’x)"dx =
0

s

_ H} V1+ (1 +tgx)?

d(l + t .
J L+t (1 + tg’x)
- D8i bign 6 u = 1 + tg°x, ta dudc
AR e
== u = x| ———du,
I " 1 u\)1-+u2
. udu : du
S == + 7| —V——— (h
{Vl+u3 '{-u\ll+u2
2 udu P _
1) > = V1 +u? =¥5 —y2 {2)
1 V1 4w ‘I
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=t ”2—)2”3 b)) 3).

Thay (2) va (3) vao (1), ta duge
N (1L +v¥2)(¥6 - 1)
S =nx [ﬁ -¥2 +1n > ]

BAI TAP CHUONG V VA LOI GIAI -
HUONG DAN - DAP SO

KHONG GIAN R’. HAM SO LIEN TUC TREN
KHONG GIAN R

1. Gid sd¢ T 1ad mét tip hop, B(T) la tap hop cdc ham sd
thuc bi chin trén T.

a) Ching minh ring B(T) 12 mét khong gian tuyén tinh vai
phép cdng va phép nhan vo hudng xdc dinh nhu sau :
Néu x, y € B(T) va A € R thi
(x + y)t) = x(t) + y(t),
Ax)) = Ax(t), t € T.
(Nguoi ta ndéi rang hai phép toan ndi trén duge xdc dinh
mét cadch thong thudng).
b) Ching minh ring
B(T) 3 x — }ix|| = sup|x®)|
teT
14 mét chudn trén B(T).
2. Goi Cla, b] l1a tdp hop cdec ham s6 thuc lién tuc trén doan
[a, b]. Ching minh rang
a) Cla, b} 1a mot khong gian tuyén tinh véi phép eéng va
phép nhan v6 huéng xac dinh mot cach thong thuong,
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b) Ham 6 || |} : Cla, b} = R

x +— sup |{x(t)|
L |a b

12 modt chudn trén C[a, bl.

3. Goi E 1& tap hop cdc ham s6 thuc lign tuc trén {a, b].
Ching minh ring ham s6
lil:8—-R b

x — x| = [ Ix(t)dt

12 mét chufn trén E, !
4. Ching minh ring

a) Ham sé

Plx, y) = Iarctgxl - arctgy|, x, y € R

la mét meétric trén R,

b} Ham so

X
d ! = ]' - * H € R) 1 > 0
(x,y) |n(y)|xy X, ¥
la mdt métric trén (0, +oo).

5. Cho khéng gian métric (X, p). Ching minh ring ham s6

_ _Px,y)
d(x,y) = THpR.y)

la mdt métric trén X.

x, y € X

6. Cho khéng gian métric (X, p).
a} Ching minh ring ham =68
d(x, y} = min {Px, y), 1}, x, y € X

la mét métric trén X,

b} Ching minh réng tdp hop con U cia X 1a mé ddi vei
métric £ khi va chi khi nd 1a md d6i v6i métric 4.

7. Gid st X la mot tap hgp va £ 12 ham s§ x4c dinh trén
X x X bédi
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_|1 néu x # y.

PRLy) = [0 néu x = y.

al Chung minh rang £ la mdt métric.

Cap (X, P, trong dé X 1a mot tap hop, £ A métric xac dinh
nhu trén goi la mot khong gian métric roi rach

b) Ching minh rang trong mot khoéng gian métric roi rac,
moi tap hgp déu vua mé vlia doing.

8. Gid s¥ a 1a mot s6 thue. Ching minh riang

G, = tx = &, . ) € RV | & > a)

la mot tap hop mé trong RF

9. Cho a;, ., a, € R. Ching minh rang tap hop

G=1ix =1, ,t)e RM | & > a,i=1,., p

1a ma trong RI.

10. Cho a;, ., a
Chéng minh rang

U = {X = {-gp oy El‘l) = RP I al' = Ei < b'7 i = 1: T P}

bl’ feny bp (= R, a] < bl’ i = ]_. ceey p

"

la mot tAp hop md frong RP.
11. Cho a € RP. Chung minh ring
Fio= {x =&, ., &) € RV | & = a)
la mot tap hop dong trong RV

12. Cho a, .., a, b, ., b, € R, a < b, i=1 .., p

Chung minh rang
Fo=ix=(f,.,5) €R | a <& <bi=1 .. p
la mot tap hop ddng trong RY.
13. a) Cho day khoang mo I = (-—--—

w
trong R. Giao M [, cd phai 12 mot tap hgp md khéng ?

no=
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. 1
by Cho day khoang md J_ = (0, n) n =1, 2

Cieg

==

Jy 2 d, D .. 5 d, > .. Tap hgp M J_ cd phai la mot tap

n
n=1i

hop md khac réng trong R khang ?

1 1 1
a = {1: = =5 o vmy 3 1 13 5,
14. a) Tap hgp A l ] 53 - } cé phai la mst
tap hdp dong trong R khéng ?

. 1
b} Tap hgp B = {n +H:n = 1,2,,,.}cdphéi la mét tap

hgp dong trong R khong ?
15. Trong khdéng gian R cho tap hop

E={—:n———1,2,‘..lU [2, 3].

Tim phan trong, bao dong, bién va tap hgp din xuét cua E.

16. Tim phén trong, bao dong, bién va tap hgp din xuit
cua cac tap hop Z va Q trong R.

17. Tim phédn trong, bao ddng, bién va tap hgp din xuit cua

a) tdp hop A = (0, 2] U {3} trong R,

b) tap hop B = {(x, y) € R* : x° + y* < 1} U {(x, 3) :
0 < x € 1} trong R,

18. Gid su A la mdt tap hop con cia khdéng gian métric
(X, £), x € X. 86 thyuc khéng am

d = inf px, y)
A

vE
goi la khodng cach ti diém x dé&n tap hop A, ki hiéu la dist (x, A).
a) Ching minh ring d = 0 khi va chi khi x € A.

Td d6 suy ra rang néu A 13 mot tap hgp déng trong X thi
d = 0 khi va chi khi x € A.
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1) Cho mét vi du trong d6 x & A nhung dist (x, A) = 0.

19. Gia st A, B la hai tap hdp con cia khdng gian métric
X. Ching minh rang

a) nfu A C B thi A C B.

WAU B=AU B,

AN BCAN B

Trong ¢) cd thé thay ddu C bhdéi ddu = duge khong ?

20. Gia st A la mot tap hop, U la mét tap hop md trong
khong gian métric X. Chung minh ring nfu U N A = @ thi
UnA=g@.

21. Gia st A la mét tap hop con cua khong gian métric X.

a) Chitng minh rang néu x € X \ A thi x la mét difm tu
cia A khi va chi khi x 1a mét diém bién ecta A.

b) Tit d6 suy ra réing A = A U A, v

A la mét tap hgp déng trong X khi va chi khi moi di€m tu
cia A déu la nhiing phan t¥ cha A.

22, Ching minh ring tap hop ddn xudt A’ cia tap hop A
trong khong gian métric X 12 moét tip hgp dong trong X.

23. Gia st A va B la hai tap hgp con cha khéng gian métric
(X, £). 88 thuc khéng am )

: ' d(A, B) = inf pPx, ¥)
XEA
vEB
goi 1a khoang cach giita hai tap hgp A va B.

Ching minh rdng néu F 1a mot tap hop ddng, K la mot tap
hop compdc trong khéng gian métric X va d(F, K) = 0 thi
F N K # ¢ Néu K chi 1A mét tap hgp ddng chd khéng phai
la mot tap hop compdc thi k&t luan trén cd con ding nia khong ?

24. Trong khong lg;ian métric (X, ) cho hai tap hdp compéc

A va B. Ching minh ring t6n tai hai difm a € A vi b € B
sao cho
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Fla, by = d(A, B).
d(A, B) la khoadng cach gilta hai tap hdp A va B (xem bai
tap 23).

25.7 Gid sit { F} 1a mat day tap hop déng trong khong gian
R sao cho khong cd mét tap hgp F, nao chda mot tap hdp
md khdc rong (Ching han F, 1a mét diém hoac mot dusng
thing trong R va G la mot tap hop md khac réng.

a) Ching mink rang néu x, € G \ F, thi tén tai mot hinh
cdu ddng Blx,. rl. 0 < r, < I, sao cho B[xl, r] C G va
Blx, r1nF, =2

b) Ching minh ring néu X, € B(x,, r}) \'F, thi t6n tai mot

hinh cdu dong Blx,, r), 0 < r, < % sao cho B[xz, r,l C B(xl, r,)
va Blx,, ;)] N F, = @&. '

¢) Ti€p tuc qua trinh trén, ta duge mot day hinh cau ddng
{Blx,, r,]} cd cic tinh chit sau :

(i) B[xl, rn]l D Blx,, D .. D Blx,, r,] o

ey
P
0 <r < — voi moi n.
n n

ii} Blx,, r] N Fn = J v81l moi n.
Ching minh ring tén tai mot diém X, € N Blx,, r ] Tu

n=1

o0

do suy ra rvang G ¢ U F,

n=1\
26. Cho a, b € R, a* + b? > 0. Tap hop
{(x, y) € R®:ax +by + ¢ = 0)

goi 1a moét dudng thing trong RZ. Ching minh rang R’ khong
phai 14 hgp ciia mot ho dém duge dubing thang.

27. Ta dinh nghia trén tap hgp cac s6 thuc R quan hé R
nhu sau :
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x Ryex-yel
a) Chung minh rdng R 1a mdt quan hé tuong duong.
b) Goi C, la l6p tudng duong chia sd thue x. Ching minh
rang C, la mot tap hop ddng trong R.
o xty
28. Tim lim —

x—= X - Xy +_y2

y— %

29. Tim lim (1 +

N
y—a

30. Tim lim (x> + ¥y
x—A)
y— 00

31. Tim lim (xz + }'2} e__(x"'.\’).
X— =
y—>tx

32. Tim edc gigi han lap sau :
¥ Y
) va lim ( 1im+ ),
¥ —+ to y—»(‘.‘ ]_ '|'X-“r

a) lim ( lim
\'—'0+ x— +x 1 + x

Xy
1 +xy

1
b) lim ( lim — tg

Vo x—1)

A 1 Xy
) va Jim (i Sy BTy )

c) lim (lim log (x +y}) va lim_(lim+logx (x + y))

y—+0 x—1 x—1 y—=U

33. Cho ham =6

fix, y) =
Ching minh riang

xX-y
xty

: x>0,y >0

lim (lim f(x, y)) = 1, lim(limf(x, y)} = —1,

Xx—*0 y—=(} y—10 x—0

nhung khong ton tai limf(x, y).
x—={)
y—=0
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34. Cho ham sd
o1 1
f{ix, vy} = (x + y)sm;sm;’- x> 0,y > 0

Chung minh ring c4 hai gigi han lap lim{limftx, y)) va
X—=0 y-=1)
lm (lim f(x , y)) déu khéng t6n tai nhung tén tai lim f(x, y).

¥yl x—ll § ()
_\.'—b(}

35." a) Cho s6 thuc « > 0. Tim tap hgp xac dinh cta ham s6

Lr

fix,y) = , x>0,y € R.

1 —2ycosx +y~

b) Vai cdc gia tri ndo cta o ham s6 f cd gi6i han tai diém
(0, 1 ?

36. Trong khéng gian R‘ cho tap hop U = {(x, ¥y} : x > 0}

a) Ching minh rang U 13 mét tap hop mé va ham sd
f: U — R xac dinh bdi f(x, y) = x¥ lién tuc trén U.

b} Ching minh ridng f khéong cd gioi han tai didm (0, 0.

37. Cho ham sd f xdc dinh trén R? bai

——-— néu (x, = (0, 0
f(x, y) = IJ(2 ‘l-y;l ( y) ( )

0 néu (x, y) = {0, ®
Ching minh riang f(x, y) — (0, 0} = 0 khi (x, y) ddn dén
{0, 0) theo mét dudng thing hat ki x = «t, y = St, nhung f
khong lién tue tai diém (0, 0).

38. Xét tinh lién tuc céa ham 6

&f — oY
fx, y) = \?:'5‘ new (x,9) = (% %)

&  néu (x,y) = {(x,x)

tai diém (0, 0).
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39. Tim cac diém lién tuc cua ham s6 f xdac dinh trén R’ bai
y2 néu x,y € Q,

néu x € Q hoacy ¢ Q

40. Gia st f, g : RFY — R la hai ham s& lién tuc tai diém
a € RP. Ching minh ring cdac ham s6 sau

fx, y) =

= 4

S
\

x — max {f(x}), g(x)} ,
x v min {f(x), g(x)}, x € RP

déu lien tuc tai diém a.

41. Gia st X 1a mot tap hop con cia khéng gian RP, f : X =R
la moét ham s6 lién tuc tai di€m x, € X, fix,) > 0. Ching
minh rang ton tai mot lan can V cda di€m x, sao cho

fix) > 0 v6i moi x € X N V.

42. Gia st f : R* — R 1a mot anh xa lién tuc. Gei

g, g : R — RF 13 hai anb xa xac dinh béi
g,(x) = f(x, 0}, g,(x) = (0, x)}, x € R.

Chiing minh rang g, va g, 14 nhilng ham s6 lién tyc trén R.

43. Gia s, f, g;, g, 12 cdc snh xa duge néu trong bai tap
" 42, Hay ching td ring ti tinh lién tuc cia g, va g, tai di€ém
0 cua R khong suy ra duge tinh lién tuc cia f tai di€m (0, 0).

44. Cho ham s6 f : R? — R. Gia st vdi méi y € R, ham
s6 x w» f(x, y) lién tuc va ton tai mot s6 duong K sao cho

|fix, y) - fix, ) < Kly' - y"l,
€ R. Ching minh rdng { lién tuc trén RZ.

K}

voli moi x, v, ¥
45. Cho ham sd f : R’ — R. Gia st f lién tuc theo bién s
x (tdc Ja véi mdi. y € R, ham s86 x ~— fix, y} lién tuc trén R)
va lién tuc theo bién s6 y déu doi véi x (tde 1a vdi moi € > 0,
ton tai § > 0 sao cho
ly =yl < &= [flx, y) - fx, y)| < ¢
véi moi x € R). €hing minh rang f lién tuc trén RZ.
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46. Gia st f, g : RP — RY 13 haj anh xa lién tuc Ching
minh rang tip hap

A= {x € RV flx} = g(x)}
la dong trong RP.
47, Ching minh rang tap hop cac di€m gidn doan cda ham
s6 f : R? — R xac dinh bdi

1
' xsin — néu = 0,.
fx, y) = y Y '

0 néu y = 0

khoéng phai 13 mot tadp hop ddng cing khong phai la mét tap
hdp md trong R’

48. Anh xa f : R — RY goi 14 tudn hoan néu tén tai mét
s8 p > 0 sao cho f(x + p) = f(x) v4i moi x € R.

Ching minh ring mét anh xa tuin hoan li&n tue thi bi chan
va lién tuc déu trén R.

49, Chitng minh rdng ham s6

fix, y) = 22 -3y + 5
lién tuc déu trén RZ.

© 6. Ching minh rang ham 56
e, y) = Vx® + 52
lién tuc déu trén R°.

51. Chitng minh rdng bam s8
flx,y) = arcsin=~
» ¥ ¥

lien tuc trén tap hop xac dinh @ € R? cda né nhung khong
lidn tuc déu trén Q.
52. Chdng minh ring ham s
' fix, y) = sin(x® +'y2}
lién tuc nhung khong lién tuc déu trén RZ.
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53. Gia st X ¢ RI' va f : X — RY la mdt anh xa lién tuc
déu trén X. Ching minh rang néu {x } la mét day Cosi trong
X thi {ftx )} la mot day Coési trong R'.

. B4. Goi B Ja hinh cdu md don vi vd B, la hinh cdu ddng
dan vi trong khong gian RF :

B =B 1) = {x € R\ : |Ix]l < 1}, B, = BIO, 1] =
= {x e R": ||x]| = 1}

a) Chéng minh ring B = B,

b} Cho danh xa f : B — R'. Ching minh ring tén tai mét
anh xa lién tuc F : B, — RY sao cho F|; = f khi va chi khi
f lién tuec déu trémn B,

55. Ching minh ring trong mot khéng gian métric, moi day
Cési déu bi chan.

56. Gia sd B la mét tdp hop bi chan trong khong gian RI
va f : B = RY 14 mat 4anh xa lién tuc déu trén B. Chung minh
rang f la bi chan trén B (tuc 1a fiB) 1a mot tadp hap bi chan
trong R,

Hay ching t6 rang két luan trén khong con diang nita néu
B khong phai 1a mot tap hgp bi chan trong RP.

'5%. Gia st f : R" — RY la mot anh xa tuyén tinh. Chdng

minh ring ton tai moét s6 duong K sao cho
|l fix)ll = K x|l véi moi x € RP.

58. Ching minh rang danh xa tuyén tinh f : R — RY Ia lién
tuc déu tréen RP.

59. Gia st K 1a mot tap hop compic trong khéng gian RP
va f : K — RY la mdt anh xa liéen tuc trén K. Ching minh
ring tén tai x; € K va x, € K sao cho

sup || f)ff = || fix)ll,
KER
inffl feoll = I fix)l
XEK
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60. Gia su f: RV — RY 1la mot a&nh xa tuyén tinh. Ching’
minh rang f la mot don anh khi va chi khi tén tai mot s

m > 0 sao cho. ‘
el = m |l x]] voi moi x € RI. _

61. Ching minh rdng moi chudn trén khong gian R déu
tuong dudng. '

82. Gia st X 1a mot tap hgp, P (X) 1a ho tdt ca cac tap hap
con cua X, T la mét ho tap hdp con cia X, tic la T ¢ P (X).
C goi la mot topd trén X néu nd thda maén cdac diéu kién sau :

a) @ e C XeTT

b) Neu U € TvalU,e CTthiU nNnU, e

c) Néu {Ul }IET la mét ho tap hgp con cia X va U € T
voi moi t € T thi U U, € C

e

Cap (X, T) goi la mot khong gian topo. Méi tap hop U e €

goi la mot tap hop mé trong X.

Gia su (X, 2 la mot khong gian métric. Goi T 1a ho tdt ca
cac tap hgp mé trong X. Ching minh rang Cla mot tépd trén X,

(Nhu vay ecdc khong gian métric 1a nhitng khong gian topd),
63. Cho X = {a, b, ¢, d} va T = (X, @, {a}, {c. d}. {a, ¢, d}}.
a) Ching minh rang C la mét topd trén X.

b) Néu (X, C) la moét khong gian té6po thi mot tAp hgp con

F cia X goi la tap hgp ddng néu phdn bi X \ F cua F la mot
tdp hop mdé. Hiy tim cdac tap hgp dong trong X

¢) Tim céc tap hop con cta X khong phai la mét tap hop
mdé cing khong phai 1a mét tap hop déng.

64. Goi T 13 ho cdc tap hgp con sau day cia N

@, U, ={nn+1L,n+2 .},n=201 2 .
a) Ching minh ring (N, € ) la mot khong gian topé.
b)Y Tim tdt ca cac tap hgp md chya sé 5. '
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BAI GIAI VA HUONG DAN

¢ :

5. Ta ki€m tra tién dé tam giac. Ham =8 p(t) = Tt ? 0

tang (nghiém ngat) trén [0, +ew) vi p'(t} = ——LH; > 0 vdi moi
(1 +t)

t =z 0 Do dé vdi moi x, y, z € X, ta 6

Lz PERDTPY, )

A D = T o,z S THPE, ) 0, 7)
. PRy PeD
L+px,y) 1+p(%y,2)
= d(x, ¥y} + d(y, z).
8. Gia st x, = (&, &) € G,. Khi d6 & > a. Do dd

r=£ —a>0 Ta ¢ B(x,, ) C G,. That vay, néu
x = (&, .., &) € Blx,, r} thi

1
I —xll = [¢ -8+ +¢& -&Hi|z<r=
_=I§1_§l;| <r=§ - < -a=f >a=>x€ G
Vay x, la mot di€m trong cia G,. Do dé G, 1a mdt tap hgp
md trong RP.
9. Pat G, = {x = (&, ., §) € RP : & > a), i = 1, p.

G, .. G, la nhing tap hop mé trong RP. Do dd

-G =1 G, a2 mét tap hop md trong RP.

11. Vi F, = RP\U,, trong d6 U, = {x = (&, .., £) € RP:
£, < a} la mot tap hgp mé trong RP nén F, 1a mdt tap hop
ddng trong RP.

Co thé ching minh biang ciach khac :
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Gia s x, = ¢V, .., &), n = 1, 2, ., 1a mot day diém

cia F), lim x, = x, = (¢], .., &) € R". Khi do lim £" = &,
n—x%x n—e

Vi a;-'(l") 2 a v6i moi n nén ti d6 suy ra §] = a. Do dé x, € F|.
Vay F, 12 mét tap hop ddng trong RP.

oo oc

13. a) Ta c¢é ) I, = (0}, Do d6 () I khong phai la mat

n=] n=1

tap hgp md trong R.

BN J =@

n=1

. 1 -
14. a) Vi lim 3= 0 & A nén A khong phai 1a mét tap

n—+ %

hgp ddng.

b) Vi R \B 12 m¢t tap hop md nén B la mét tap hop déng
trong R. '

L8 _— 1 ].
15. 8 =(2,8;E={0,1,5 -] U [2,3];
1 1
aE={2,3,0,1,5’---,—,---};}3’={0} U (2, 31.
Tt
13.£=®;Z=Z;HZ=Z;Z’=Q§,
O —
Q=2,Q=R; =R;Q =R

J
17. a) A = (0, 2 ; A0, 20 U (3} ; vbA = {0, 2, 3} ;
A = {0, 2.

={x,y ER? :x*+y> < 1} ;B = {(x, y) € R? .
xX“+y s 1} U {x 3:0<x =5 1} ;
B={xVeEeR K*+y¥=11U{x 3 :0=zx<l};

B = {x, y ER‘2:1(2+y2 £ 1} v {(x,.3):0 £ x £ 1}.
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18, a) Néu d = 0 thi tdn tai moét day phan ti {y,} cua A
suo cho lim p2(x, y ) = 0, tde la lim Yo = % Do dé x € A

o+ n—x

Dao lai néu x € A thi tén tai mot day phan ti {y,} caa A

sao cho limy = x, tde la limpx. y) = 0. Vid < pix, y ) vai
n-— % n-«x
mei o, ti do suy ra d = 0.

¢) Trong R ldy A = (0, 1), x = 0. Khi dd x & A nhung
d = dist{x, &) = 0.

19. a) Néu A C B thi A ¢ B. Vi B la mét tip hop ddng
chia A va A la tap hgp déng nhé nhidt chda A nén A C B.

b) ViACAUBDNMN ACAUB.

Tuong tu. ta cd B C AU B.

Do do AUBCAUB ()
Mat khac, tacd ACAvaBc B Dods Au B c A UB.
ViA U B la mot tip hgp déng nén ti dd suy ra
AUBCAUSR (2)
Tu (1} va (2) suy ra dang thdc cidn ching minh.

“c) Ta e AN B C A Do d6 AN B c A Tudng tu
ANBCRDodéANBCARNE. Vi du sau cho thdy khéng
thé thay dau C hdi ddu "=". Trong R ldy A = (0, 1), B = (1, 2],
ta cd ANB =0 AnB=g, A =10, 1], B = [1, 2],
AnNB =11}

20. Tit déng thte U N A = @ suyra A C X \U. Vi X\ U
la mét tap hop dong trong X, ti d¢ suy'ra A € X VW U. Do dg
UnA=g.

21. by Tt a) suy ra
A"NVA = DANA
Do do

AUA = AUMANVA = AU (WASA = AU JA = A
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22. Ta ching minh X Y A’ 14 mot tap hop md. Gid sd
x € X \A’. Khi dd t6n tai mot lan can U cua x sao cho (UMx})
N A = Tu dd suy ra mei diém cia U déu khong phai la
di€m tu cia A, téc la U ¢ X VA’ Vay z 13 moét diém trong
cia X Y A"

Cach ching minh khac : Gid su {x,} C A’ sao cho
lim x_ = x € X. Néu U ]a mét lan can bdt ki cha x thi x, €U
n—s o
voi n du 16n. Vi x € A’ va U la mét lan can cua x nén U
chia v6 s6 phén tit cia A. Do d6 x € A’. Vay A’ la mot tap
hgp ddng. '

23. Néu d(F, K) = hi tén tai {zx} €K {y,} CF sao
cho lim p(x_, y} = 0. K la mdt tap hop compic nén {x }
n— o
¢ mdHt day  con {x,} sao cho lim x, =x, €K Vi
n n—s n .
hmﬂ(xk,yk) = 0 nén tit dd suy ra llmﬁ(yk, x,}) = 0, tde la
n—o n-» %

lim Yo = Xy Do dé vi F la mot tap hop déng va y,} CF

n— %
nén x, € F. Vay F n K = @&.

. Vi du sau cho thdy k&t luan trén khéng cdn ding nita néu
K chi 12 mét tap hop déng chi khong compic :

Trong R, K = {(x, 0) :x € R }, F = {(x,%) x> 0}

déu la nhitng tap hop déng, F N K = & nhung d(F, K) =

24, Tén tai {x,} C A va {y,} € B sao cho
lim p(x .y} = d(A,B) = inf p(x,y). Vi A la mot tap hop compic
XE A

n— o
ve B

nén {x n) ¢ mdt day con {x }sao cho lim X, =ac€ A Vi B

n-*o N
la mét tap hop compéc nén {y, cd mot day con {y- } sao cho

lim v.
n— 2 ]k

= b € B. Khi do p {a, b) = llm_P(:J(T ,y] ) = d(A, B).

n-—— %
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25. a) Theo gia thiet G \F, = @ Vi G\F, = G N (X \F))
nén G \ F, la mot tip hop mé. Do dd néu x, € G \F, thi tén
tai mdt s6 r, € {0, 1) sao cho Blx,, r,] € G\F,

b) Tu gia thiét suy ra B(z, r) \F, # &. Vi Bix, r) \ F,
la mot tap hop md nén néu x, € B(x|, r)) \ F, thi tén tai mot

1
s6 r, € (0,5) sao cho B[x,, r,] C B{x,, r)) N F,.

¢} Theo b6 dé Canto, tU (i) suy ra radng tén tai mot phan
an

ti duy nhat x, € N Blx,r ] Tu dé (i) suy ra x, & F_ véi
n=1t
"

moi n. Dodox & U F_. Mat khae, vi x, € Blx,, r,] € G nén

n=1

Fn), Vay G ¢ UF,.

n=1

xOEG\<U

n=1}
26. Ap dung bai tap 25 : Lay G = R%
27. b) Gia st {z,} € C, sao cho limz, = z € R. Khi dd

. n—*x
- x € Z v6i moi n va lim (x +v)) = z. Do d¢
n—e x

lim u, =z = x. Vi {u,} la mét ddy s6 nguyén nén tu dd dé

n—x
dang suy ra z ~ x € Z, tic la z € C,. Vay C, 1a mét tap hop
dong trong R.

u, = Z,

28. Ta cé x> - xy +y* 2 |xyl v6i moi x, y € R. Do ds

x + x + | 1
Ty | 1 y|=—-—~+—~—vc’1imoix¢0,
R FRF
y¢0.
Ti d6 suy ra
x +

x—+= X" — Xy +y
_\,r—-ao
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29, Ta co

X X
(1 +%)‘+" = ((1 +%)")“-\’ v6i x € R va |x| du 1dn.
Do do
xl
EXEEIEE
Vi

1
30. Ta cd x%y* < Z(:a«:2 + yH? voi moi x, y € R. Do d6 véi
3 L4
Ry —x +y)
0<x+y" < 1,12 + )Y ?(x2+y2)4( :
Dat t = x? + yz, ta duge

b 1}

o+ B ! Int
—IX ¥ - bl
lim (x> + y9)* 7 = lim t4 = lime* = ¢&° = 1.
x—0 1—0 1—0
y=0
12
Vay lim (x* + y¥¥Y = 1.
x—0
y—0
31. Véix > G, y > 0, ta cd
2 P
0< @ +yhe & N = T _ 4 Y <x—+ﬁ.
STY T STY &
XZ y2
Vi lim (— —) = 0 nén tit dd suy ra.
x> +oo ex e)’
y-—b+:¢
lim (x* + yH)e &Y = o
X—» +oo
¥y tw
¥ “xY
32. a)y V6i y » 0, lim =1 Do délim{ lim —-——) =1
x—+e 1 +x¥

\-’—“U+ x—+w] +x7

415



. X 1 , A 1
Vai x > 0, lim —— = 5. Do dé lim ( lim — ) = =
1 +x 2 Xx— +x 1+ % 2

4
Lk |

b) Vai y = 0, 1g 1—-’53 .y %y khi x 0. Do dg

_+_
1 Xy 1
lim — tg——— = 1. Vay lim { lim — tg ———)} =
x—0 XY &7 +xy ‘y_\._.,, (__,{, £ 1+xy,
y _ . Ao xyY
Vaix = 0, Vlln‘:c tg1 tgl. Do dd van:: tg T+xy =
Vay lim { lim — tg —2 ) —
W e (ylnl xy ©1 + xy)
| +
c) Ta cd log (x + y) ——¥vﬁlx>0 x#=lLx+y >0
In(x +y) _ e . L
Voiy > 0, lim— ekt Do dd 11m+{ limlog (x +y))=
x—1 ’\-’—bll x—=1
In{x +
Vai 0<x <1, lim—M = 1. Do do lim (lim log, (x +y)) = 1.
nx R
y—0 x—+1 y—0
33. L4 . = 1, 2 d
_ . y X, ¥,) = (;a H)’ n o= 1, 2, .., ta duge
lim(x,, y,) = (0, O va f(x, y) = 0 v6i moi n. Lay (x.,y,)
n— x
2 1 . v :
=(E: ;), n = 1, 2. ta dugc nl_l_?l(xn’yﬂ) = (0,0) va
fx,y) = 3 voi moi n. Vay lim f(x,y) khang tén tai.
x—+0
y—=0
. 1 !
34. Véi y = o k nguyén dudng, ysm; # 0. Cac day {x_}va
1 1
{x,} véi x = — | x ' = ———F . b = 1, 2, ... déu hodi tu
o 207 +3

dén 0.
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1
Ta cd f(x,, y) = 0 voi moi n va f{x',y) = (x;) +y) sin;

1 .
—s-ysin; khi n — . Do d¢ khong tén tai lim f(x, y). Tuong
x-*t)
tu lim f{x, y) khfmgtén tai. B4i vay cad hai gidi han lap déu khéng
y—0
tén tai.
Tuy nhién, vdi mei x > 0, y > 0,
' Hxy) | < Ix +y < |x] + ]yl
T dd suy ra lim*f(x, y) =
x—={
y—0

35. a) Ham s6 f xac dinh khi va chl kbi
1 - 2y cosx + y* = 0 (1.
V& trai cda (1) 12 mot tam thiic béc hai theo y. Biét thdc
cia nd la
Aly) = cos’x - 1 < 0 véi mot x > 0.
Néu cosx # + 1 thi tam thic duong v6i moi y € R. -

@ N&u cosx = 1 «>x = 2ka, k = 1, 2, ... thi tam thidc trd
thanh (1 - y)°. Khi d6 f xac dinh v6i y = 1.

. ® Néucosx = -le=x=QCk+1ln, k=01, 2, .. thi tam
thdc trd thanh (1 + y)°. Khi dd f xdc dinh vai y = - 1.

Viy tap hop xéc dinh cba f 14 :

({0, + ) x RIN({(2kr, 1) :k =1,2, .. } U { ((Zk + D)x, - 1) :
k=01, 2.}).

b) Gia st lim f(x,y) = { € R. Khi do ! = lim §(0,y) = 0. Ta
x—0 y—I
y—I

x” — 5

cung cd 0 = lim f(x 1) = l1m s ———— = lim x* , vi
0’ +2(1 —cosxy )
L7 ¢4
x == “ =2 khi x — 0,
2(1 — cosx) .2 X
4sin 3
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T do suy ra @« - 2 > 0 Vay diéu kién cé&n d€ f cd gidi
han tai diém 0, H la : « > 2.

Ta ching minh dé cting la diéu kién du. Cho £ > 0 bat ki.

Khi do [f(x, y)| < & e

5 <€ (2).
1 — 2ycosx + ¥y

Vi v6i (x, ¥} thude mot lan can du nhd ecta (0, 1) va (x, y)

# (0, 1), ta 6 1 - 2y cosx + y > 0 nén bit diang thic (2)
tugng duong véi

x* < &1 - 2y cosx + yz) =y’ - 2yecosx + £ - x* > 0 (3),
Biét thic cia tam thdc bac hai theo y & v& trai cia (3) la :

A' = £(x" — esin’x).
Vi v8i « > 2, lim .“
x—+{) £sin"x
0 <« x « & kéo theo A” < 0, do dé kéo theo (3), tic la

| f(x, y)] < £ v6i 0 < x < & vA véi moi y € R. Vay vdi a > 2,
lim f(x,y) = 0.
x9)—(0.1)

= 0 nén tén tai § > 0 sao cho

36. a) Néu (x,, y,) € U thi x, > 0. Vi

lim fixy) = lim ¥ = [Iim "™ =
)0, ¥) ey)—=(x.¥) V&)

- evolmo = X n = f(xn, y‘o)
nén f lién tuc tai diém (xo, ¥

b) Day {(z,, y,)} = { —» —)} ddn dén (0; 0) khi n — o,
!
n

in 1
] = = oo,
nlgl; f(x,, y,) nlin:ce 1. Day {(x;, y,)} {(e n)}
i
-n.—
ddn dén (0, 0) khi n — o, lim f(x_, y,) = lime " = e\
n— o« n—x

Vay f khong o6 gidi han tai diém (0, 0).
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32 ¢ t
37. Ta co flat, pt) = —F ;= 2“’32 =+ 0 khi t ~0.
attt+ g o+ g

Tuy nhién néu (x, y) — (0, 0) doc theo parabén x = y° thi

'y = 57— =3

¥+ y
han tai di€ém (0, 0). Vay f gian doan tai di€m (0, 0).

38. Ta cd (0, 0) = e = 1. Véi x = y, ta cd

4
1
Y 4 0 khi y — 0. Do d6 f khong c¢d gidi

o~ o = x - y)ev+9(x—y), 0 <0< 1,
f(x, y) = 9\""9("“.")‘

Dang thic dung ca voi x = y. Vi
Him f(x,y) = lim &/ 270 = & = 1 = £(0,0),
x—+1} x—={
y—+{ y—10

nén f lién tue tai di€m (0, @)

39. Diém (0, 0) 1a diém lién tuc duy nhit cta ham s6 da cho.
40. Tinh lién tuc cda hai ham s6 dude xét suy ra ti hai

ding thdc sau :
' atp, la—p

max {a, f} = 5 2 )
min-{a,ﬁ}:azﬁ—lazﬁl, véi moi a, § € R.
41. Vi f lién tuc tai difm x_ nén tén tai § > 0 sao cho
fix)
Wx € X) |Ilx - x|l < &= [f(x) -~ fix ) < 3
fix,)
= fix) - fix) < 5

f(x )

= f(x) > 3 >0 vl moix&E XNV,

trong dé V = Bix . é%.
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" 42. Goi w:R—-R" wva », :R—>R?
x4 (x, 0) x — (0,x)
la hai phép nhq.’{ng ch'ué.’n tic khong gian R vao khéng gian R
Ta biét ring v, va v, 12 nhilng anh xa lién tuc. D& thdy
gl- = fov, va g, = fov,. -
Vi g, va g, 1a hgp cla hai 4nh xa lién tyc nén ching lién tuc.

43. Goi f : R* — R 1a ham s8 xac dinh béi

xy
néu (x,y} = (0,0,
fx, ) = {2 + ¥ )
' 0 néu (x,y) = (0,0).
Ta biét réng f gian doan tai di€m (0, 0). Tuy nhién, ta co
g (x) = f(x,-O) = 0 v6i moi x € R,

g,(x) f{0, y) = 0 v8i moi y € R.
g, va g, déu lién tuc tai di€m 0.
44. Gia st (x, y,) € R? va £ > 0. V6i moi (x, y) € R?,
| f(x, y) - fx_, y ol <.[(x, y) - fix, y )| +[f(x, y)) - fix, y )|

- Vi ham s3 x > f(x, y) lién tyc tai difém x_ nén t6m tai
n > 0 sao cho

£
Ix - x| < g = |fx, y) - fix, )| < 5

2
Theo gia thiét,
| flx,y) - fx, y)| < K |y - y,] v6i moi x € R.
De dd

fx, y) - fix, y)| < % vei K |y -y, | < ‘% . tie 1a

£
IY‘Y(J < K

Pat 6 = min {7 %} Khi d6

Ix - %0 <8 ly-y| <d=|fx, y - fx, y)I <&
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45. Gia si (x, y) € R* va ¢ > 0. Véi moi (x; y) € R?
ta ¢6
|fx, y) - fix,,, y,)| < {ftx, y) - fix, y )l + 1fx, y ) - fix, y I

Vi ham sé y — f(x,y) lién tuc tai difm y, déu d&i voi x nén
tén tai 5, > 0 sao cho '

ly - y,) <&, = |flx, y) - f(x, y M < % vii moi x € R.

Vi ham s6 x — f(x, ¥, lién tuc tai diém x_ nén t6n tai

3, > 0 sao cho

Iz - x| <8, = |ix, y) ~ flx, y ] < %

V4i 3 = min { J,, J, }, ta co _
lx = x5 < 8, Iy = y5| <8 = |flx, y) - fix,, y)| < &

46. Gia sit {x,} C Avalim x, = x, € RP. Khi d6 f(x,) = gix_) -

n—ex

voi moi n. Vi f va g lién tuc tai x, nén lim f(x) = f(x,) va

n—m

im g(x,) = g(x,). Tu dd suy ra f(x,)) = g(x,). Vay x, € A va
n—*x .

A la mét tap hgp dong trong RP.

47. Dé dang thdy ring ham s6 f lién tuc tai moi di€m
(x, y) € R? véi y # 0 va tai diém (0, 0). Ta ching minh f
gidn doan tai cdc di€ém (x, 0) v6i x € R, x = 0. Thay vay, gia

. -, 1 1
st x, € R, x, # 0. Vai xn-=xo+;, Yo =7 ta el
= + 2nn
2 .
1 .
(& ¥ — (%o 0) va f(x, y) = x, + 7~ %o khin — = Nhu

vay f(x;, yo) — f(x,, 0) khi n — «. Vay f giin doan tai di€m
(x, 0). Tap hgp cac diém gidn doan cua f la

A={x 0 :xeR, x.» 0}



Vi (0, 0) la mot didm bién cia A va (0, 0) & A nén A khong
phai 12 mot tap hop dong trong R? Hién nhién mot di€m bat
ki ciia A khong phai 13 mot di€m trong cia A nén A khong
phéi 12 moét tap hop md.

49, Cho £ > 0 bat ki. V6i meoi x, X, v, ¥ € R,

|f(x, y) - f&’, y)| = [2x -3y + 5 - (2x’ ~ 3y’ + 5

< 2lx - 2’| + 38ly -~ y'|.
V6i § = % , |
lx -%] <8 ly -yl <8 = |fxy) - fx, y)| < &
0. Cho £ > 0. Vdi moi %, x', y, ¥y € R,
Iz, y) - £, ¥ = (V2 + 2 ~ Va2 4572
| _ x% - x'2 + y2 y -
_lﬁ +y +4x’2+y’2| h
{x + x’|
Va2 +y2 +Vx? +y?
ly +yl
‘sz +y2 + -st2 +y'2

ta co

H

{x — x|

+ 1y - ¥l <

i

lx - x| + |y - ¥l
T bdt dang thic trén dé dang suy ra tinh lién tuc déu cua f.
51. Tap hgp xdc dinh ciia f 1a

= {(xy) € R® : |x| <lyl, y = 0}.
Dé dang thdy ring f lién tuc trén Q. Vdi hai day diém cia Q
1 1

= (X, ¥ = (%’ %) va Mn, = (xn’, yn’) = (E, _E)’

n=12,. ta cd

1 1

MM, = \’ G-a)* (3*a)

2
— —= 0 khi n = o,
n
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nhung | fix,, y,) -f(x.’, ¥,)] = |aresinl ~arcsin «-1) | = Zacrsinl =x
vdi moi n. Vay f khong lién tuc déu trén Q.
52. D& thdy f lién tuc trén R% V6i hai day diém cia R
M, = ., y) = (Ynx cosa, sma)

M' =&,y = (\’ n+ JI cos a, \‘ n+ JI sma}

n=1 2,
trong dé « la mot gdc sao ch00<a<2,tacd
MM® = Vx - 5P + @5 — y.) = +3\ 0 v =0
n*n X~ X)) On— ¥,) (H 2)51' nr
khi n — =, nhung
1 .
| f(x,, ¥,) - fx,, y)| = [sinnx —sin(n +-§)JI =1 wvai

moi n. Vay f khong lién tuc déu trén RZ.

54. a) Vi B C B, va B, 14 mét tap hop dong trong RP nén
B cC B,. Mat khac, né’u x E B, thi ix]l <€ 1. Goi {A,} 1a mét
day sd duong nhoé hon 1 sao cho limi, = 1. Khi d6 1 x € B

- o

v6i moi n va limix = x. Do d6 x € B. Vay B, € B. T hai

n—ew

bao him thic di ching minh suy ra B = B,.

b) Gia si t6n tai moét anh xa lién tuc F : B, ~ RY sao cho
F|,, = f. Vi F lién tuc trén tap hop compac B, nén F lién tuc
déu trén B,. Do d¢ f lién tuc déu trén B. Dao lai gia st f lién
tuc déu trén B va £ 12 mot s6 dudng cho trudc. Khi d6 tén tai
& > 0 sao cho

Vx’, x” & B) ix’ - x7|l < & = |[fx) - £ < &

Neu x, € 9B thi llx || = 1 va
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. 0]
(vx,, x, € B) ||xl - x|l < 3 hx, - x Il <

_

BN @

I fix) - fix)] < & vi §x, - x,1 < & Theo tiéu chudn Cési,
ton tai lim f(x) € RY.
x‘_'xn

Goi F : B, — RY 1a anh xa xdc dinh bdi

f(x) néu x € B,
F(x) =
lim f(u) néu x € B

u—x
F lién tuc trén B, va Fi; = f.
55. Gia si {x,;} 14 mdt day Cosi trong khong gian métric
(X, ). Khi dé tén tai mét s6 N nguyén dudng sac cho

m =N, nz2N=px,x) <L

m,
Dat r = max (Pl xp)y Plxys %9), - PR Xk 1}, ta co6
{x} C Blxy, 1]

56. Ta ching minh bing phan chdng. Gia si f khéng bj chin
trén B. Khi d6 v4i méi n nguyén duong, ton tai x, € B sao cho

lex)l > .

Vi B 12 mét tap hop bi chan trong RP nén day {x,} cd m¢t
day con {x, } hoi tu : lim x, =%, € RP. Do dd {xk} 1a mot

n-»@ "

day Coasi trong B.Vif: B — RY1a mot anh xa lién tuc déu,
tit dé suy ra {f(x, )} 1a mot day Cési trong R? (xem bai tip

53). Theo bai tap 55, {f(x, )} la mat tap hop bi chin trong RY.
Mat khic, ta o5 || £(x, )i > k, v6i moi n. Ta di dén mau thuén.

87. Goi

A 2 -+ Bpp
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la ma tran cta anh xa tuyén tinh f trong cdc co sd tu nhién
.da RP va RY Khi dé, néu x = (§, ., §P) e RP _thi

i) = (1 - 1) VO

£

i?

= 2 Ay i Lo q
i=

Ta co

P

q ! 4 !
Il = (X o) = (2 (X ag)): O
i=1 i=1 =1
Theo bat didng thdc Bunhiacdpxki, ta cd

(i ag)’ < (i aizj)(_:sz) = (i ay) Ix %@

=t i=1 [ i=1

Ta (1) va (2) suy ra
1

y P -
Il = (X X a) =l
i=1j=1
a P 1
Ta duge bt ding thitc c4n ching minh véi K= ( 3 > af)®
i=1j=1

58, Theo bai tap 57, ton tai moét hing s6 K > 0 sao cho
I fell < Kix|l voi moi x € RP.

Do do .

(vx’, v € RP) {|fix) ~ fx)|| = |l fix’ - x| < Kz’ - x|,
T ac ruy ra tinh lién tuc déu cua f.

59. Vi | I : RY = R la mé6t ham sé lién tuc trén RI va

x — ||x

: K - "1 ]a mdt anh xa lién tuc nén dnh xa hop

f . 11
"D xr—— fx) € RY—— |Jfx)] € R

la mot 1 1 88 lién tuc trén tap hop K. Do K 14 mét tap hgp
compic nin tdn tai x,, x, € K théa man hai ddng thic néu
trong dé bai.
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60. Gia su t6n tai mot s6 thue m > 0 sao cho
Nl = milx|l voi moi x € RP,
va x;, X, € RP, x| # x, Khi do
[ fix) — flx ) = |l fix, ~ fx ) = mllx, - 5[l > 0.
Do do f(x,) = f(x;). Vay f la moét don dnh. '

Déo lai, gia st f la mét don 4nh tuyén tinh. Goi S la mat
cfiu don vi trong RP :

I
p !
S=tx=0¢ 5 e R :xll =( ¥ )2 =1
i=1
Vi 8 ia mot tap hop dong va bi chan trong RP nén nd la
mdt tap hop compéc. Theo bai tap 58, f la mot anh xa lién tuc
trén RP. Do dd 8 2 x — |[fx)]| € R la mot ham s6 lién tuc
trén S. Theo bai tap 59, tén tai x € S sao cho

(4]
inf [|[fx)|| = | fx ll. Vi f 14 mét don &nh va X, # 0 nén
XES

m = ||'f(x0)]| > 0. V&i moi x € RP, x # 0, ta cd X e 8,

| =l
Do ds || £ (W’;—”) | = m Tu d6 suy ra llfoll > ml|xl. Hién
nhién bit dang thdc ding vdi x = 0.
61. Goi || || : RP — R 1a chuén trén RP xac dinh bdi
x — |Ixll

p. 2
Il = @ o I = (X&)%

i=1
va N : RP — R {2 mo6t chudn bat ki trén RP. Ta ching minh

x —» Nix)
N tuong duong véi {| {}, tuc la ton tai hai s6 thuc duong a va
B sao cho '
allxl = N@&) < gllx|| véi moi x = (¢ SP_] € RP.
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. ) P
Goi (e}, .., 8) 1a co 83 ty nhién ctia R”. Khi dd x = D ke va

P p . p 1
NG < 3 151Ny « (3 8)2 (2 N%e))2 = gl «dl,

=1 i=1 =1
p i _
véi f = (Z Nz(ei))Z. Ti bat déng thic trén suy ra
i=1 .
¥, x” € B |N&x) - N&)| < N&' -z < glix - x|,

Vay N : (RY, || i) = R la m¢t ham s8 lien tuc. Mat clu
don vi

S={xeR:Uxl =1}

14 mot tdp hop compdc trong khong gian (RP, || [|). Ham s6

S ® x ~+ N(x) lign tyc trén S nén tén tai x, € S sao che

N(x,) = inf N(x). Vi N la mdt chudn trén RP v& x = O nén
xES

a=N(x0)>0.V6imgixERp,x$0,tacd“x?l € s.

Do d6 N (“}x_lf) > a Tu d6 suy ra Ni(x) = aflx|l.

Hién nhién bét ding théc ding voi x = 0. Vay N tuong
duong véi )| {].

63. b) Cac tap hop ddng trong X la
@, X, {b, ¢, d}, {a, b}, {b}.

¢} Cac tap hop sau day khdéng phai 1a tap hop ddng cing
khong phii 1a t4p hgp md trong X :

{c}, {4}, (&, ¢}, {a, 4}, (b, c}, {b, d}, {a, b, ¢}, {a, b, d}.

84. b) Cdc tap hgp md chda 36 5 1a -

N, U =1(1,223, ..},,U, = {2, 3,4, .}, Uy = {3,4,5,..},
U, = {4, 5,6,..}, Ug = {5, 6, 7,.}. '
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BAI TAP CHUONG VI VA LOI GlAl -
HUONG DAN - DAP 50

DAO HAM CUA HAM MOT BIEN S0.
DAO HAM RIENG CUA HAM SO NHIEU BIEN SO

1. Che f : [0,2z] -» R® la anh xa xac dinh béi
fity = (t, cost, sint).
Ching minh rang ta khong cd céng thic s6 gia hitu han
¥ . 4
' t‘(§) - f(0) = 5f(c), ¢ € (0, 2).
2. Gid st 4nh xa f : (a, b) = R> cd dao ham tai diém

xe(a,b)véa<an<x<bn<bv6in= 1, 2,... Ching
minh ring néu lima, = limb, = x thi

X—= 00 . X
f(b,) — f(a,)

lim
n—w bn —a,

3. Ta déng nh4t khéng gian tuyén tinh thue C vai R? va
goi f, g 14 hai ham s6 phdc x4c dinh trén khoang (0, 1) béi

= f'(x).

Bl -

f(x) = x,.g(x) =x + x°
, f(x) . P(x)
T ? Mew

4. Cho f : (-1, 1) - R la 4nh xa x4c dinh béi
f(t) = (sint, tgt, In(1 + ©)).

Viét cong thic khai tri€n bac ba cia f trén mét lan can cua
diém 0.

5. Goi E 1a khéng gian tuyen tinh cac _vecto ty do trong
khong gian théng thudng, x — V (x), x — v, »x), X V3(x) la

ba anh xa ti khodng (a, b) vao E, od cac dao hiug tai _elérn
X, ‘€ {a, b). Ching minh rAng ham s8 x — [(V,(x), V,(x), Vi(x))
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c6 dao hém-tai x, va tinh dao ham do ((\_J}I(x), \7’2()(), \_f;(x)) la
tich hén tap cia ba vecto \_fbl('x), vz(x), \7;(;;)).
6. Gia st f la mot ham =8 lién tuc trén doan [0, a], a € R,

a > 0. Tim cdc dao ham riéng eGa ham s F xdc dinh trén
[0, a]l x [0, a] bdi

: v
| sht
Fix, y) = [ (x — t)? dt.
{ Vi+¢?
7. Gia st U la mot tdp hop md trong R, X : U = R? 1a
anh xa x4c dinh bai
X(x, y, 2) = (P(x, y, 2), Qx, y, 2), R(x, y, 2)),

trong dé P, Q, R Ia nhitng ham s6 ¢6 cdc dao ham ridng lién
tue trén U. Ham s6 xdc dinh trén U

oP 0Q _ oR
&, y, 2) = ‘(x, y, 2 oy x, y, 2) 0y 5 Y 2

goi la divécgiang cia danh xa X, ki hiéu la divX
Gia sit X la anh xa xéc dinh trén R’ \ {(0, 0, 0)} boi
Xz o yz
X{(z, y, 2}y = (— ’» =
¥ ( LiP 4 iyt
trong dé ham s6 t cd cdc dao ham riéng lién tuc trén
R’ \ {(0, 0, 0)}.

Xac dinh t sao cho t(x, y, 0) = In(x? + y9) va divX = 0.

'+ t(x, y, 2)),

8. Gia si f, g 12 nhitng ham s6 ¢d dao ham cdp hai trén R ;
x, y 12 hai ham s xdc dinh trén R* bdi

x(u, v) = fluleosv, ylu, v)'= g(u)sinv. Tim f va g sao cho
= _w o _ Y% - -
™ (u, v) = p {u, v), v (w,v)= ™ (uw, v), fl) = 1, g0) = 0.

HD. Ngudi ta ching minh duge ring moi ham sé f théa méan
f'(x) = f(x), x € R déu cd dang f(x) = ¢,e* +c,e ™ ¢, vA c, 1a nhitng
hiang s6.
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9. Cho ham sé
ulx, y) = 2x° + 5y°, (x, y) € R,
ham s f cd dao ham lién tyuc trén R sao cho
flux, y)] + x> > 0O vdi moi (x, y}) € R?
v him s8 g x4dc dinh trén R? bdi

gx, y) = V2 + flux, ).
Ching minh rdng tén tai hai s6 thuc a va b sao cho

1) i)
ay’s(, ) 5o (%, ¥) + br'g(x, ) 52 (x, ) = %y trén R

10. Gia st f ]2 mdt ham s6 cd cac dao ham riéng cdp moét
va cfip hai lién tuc trén RZ thdéa man phuong trinh

CX3x, ) + 2xvi(x, 3) + yHEx, 3) = O
véi moi (x, y) € R% Goi g 12 ham s6 xac dinh trén R? béi
glx, u) = fix, ux).
Chdng minh rang
g;z’(x; u) = 0 véi moi .(x, u) € R*
11. Cho ham s6 f xdc dinh trén R? b
Xy

xz +y2

0 néu (x, y) = (0, 0).

a) Ching minh rang f lién tuec va cd cdc dao ham riéng lién
tuc tren R? \ {(0, 0)}.

b) Chding minh ridng f gidn doan tai di€ém (0, 0).
¢) Tinh cidc dao ham riéng cia f tai digm (0, 0). Xét tinh
lidn tuc cda cdc dao ham riéng cua f tai di€m (0, 0).

2 .2
. ) . o f *f
d) Cac dao ham riéng cdp hai ayox (0, 0) va p

néu (z, y) = (0, 0),
flx, y) =

(0, 0) cd
ton tai khéng ?
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12. Cho f 1a ham s6 xdc dinh trén RZ bdi
4

néu (x, y) = (0, 0),
flx, y) = { x* +y2
0 néu {x, y) = (0, 0).

a) Ching minh rang f ¢6 cdc dao ham riéng lién tuc.
b} Ching minh ring £_ (0, 0) = £, (0, 0).
13. Ching minh ring ham s6

xy
f(x! Y) = Xﬁ +);
L) n&u (x, y) = (0, 0)
gian doan tai di€ém (0, 0) nhung cd cdc dao ham riéng lién tuc
tai di€m nay.
14, Gia st f la ham s6 xdc dinh trén R? béi f(x, y) = g(x),
trong d6 g : R — R 14 mét ham s6 khéng cd dao ham tai mei

néu (x, y) = (0, 0},

di€ém cia R. Ching minh ring f); lien tuc trén R’ nhung
t;:(x, y) khong tén tai tai moi difm (x, y) E RZ.

15. Chdng minh rédng néu ham s8 f cé cac dao ham riéng
lién tuc va bi chan trén R? thi f lien tue déu trén RZ.

16. Gia st ham s6 f : R — R lién tuc theo bién s6 x (tuc
(x, y) — f(x, y) .

Ia v6i mbi y € R, ham s6 x — f(x, y) lién tuc trén R) va ¢4
dac ham riéng f; bi chan trén RZ. Chtng minh ring f lién tuc
trén R2.

17. Cho 0 < x < y. Goi f 12 ham s6 xdc dinh béi
¥
f(x, y) = [e'Intdt.
X

Tinhk cic dac ham riéng cfp hai cva f.

18. Xac dinh mot. da thdc ding cdp bac ba hai bién s§ P
(P € RIx, y]) sao cho
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T o? _
"——i(x, )+ o5&y = 0 voi moi (x, y) € RZ,
1) 4 Jy

19. Gia sd f 1a mot ham s6 cd cac dao ham riéng cap 1 va
cdp 2 lién tuc trén R>. Dat

N N
axt oyt ez

f goi 1a mot ham s6 diéu hoa trén R® néu Af = 0.

a) Ching minh ring néu f la mot ham s6 diéu hoa trén R?
vi f cd cdc dao ham riéng cdp ba lién tuc trén R® thi

yf, — xf, 1a mot ham s diéu hda trén R’.

by Ching minh rAng néu ham =8 diéu hoa f cd cdc dao ham
riéng moi cdp lién tuc trén R? thi cac dao ham riéng d¢ la
nhitng ham s6 diéu hoa trén R

20.Giasif: RPR—>R1a mot hdm s6 cd cac dao ham riéng
cdp mot va cdp hai lién tuc trén R’ Datu = x + y, v=XxX-Y%
va goi F la ham sd xdac dinh trén R? bai

ut+tv u-v

F(u, v) = f(—z—s 3 )
Ching minh rdng f théa man hé thic
) .2 2
trén R? khi va chi khi F théa man tréen R’ hé thic
PF
—5 (4, vy = O

21. Gia s0 ham s6 f cd cac dao ham riéng cdp mét va cdp
hai lién tuc trén R’ sao cho

o 1 o
Y — s @ y) =0 (1)

% cz f']yz
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véi moi (x, y) € R’ trong do ¢ 1a mdt hang s6 thuc. Dat
u=x+c¢cy v=x-cy fix, y) = glu, v).
a) Ching minh ring
—2
q::.u)v (W, v) = 0.
b) Tit dd suy ra rang nghiém téng quat cua (1) la
fix, y) = X(x + cy) + Yx - cy), |

trong dé X va Y la nhitng ham s8 tuy ¥y cd cdac dao ham cip
hai lién tuc trén R.

22.Chohﬁms&u=ﬁ,xz+yz+zz>‘0‘
x“ + +z
Tim
_ (Juy2 CLRY: U2
Au = (UX) (dy) (dz)
va
2 2
7“u d o
Tt T

23. Gia s ham s8 u f\r) cd dao ham cdp hai trén R,

\Jx + % + 22 . Ching minh rdng
2u
Au="—2';+3-+"—‘2‘—1=‘(r)
% dy2 Iz

va tim F(r).

24. Gia sit f : R®> - R ]a mot ham s déng cfip bic n va
o6 cdc dao ham riéng cdp m lién tuc trén R®. Ching minh rang

(x%-}-yai‘zd—) f(x y,z)—n(n—l) (n_-m+l)f(x,y,z)

v3i moi (x, y, z) € R? (m < n).
(f goi 12 didng cdp bac n néu
fitx, ty, tz) = t"f(x, y, z) v6i moi x, y, 2, t € R; (1.
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25. Cho ham s6 f xdc dinh trén R® bai
f(x, y) = sinxsiny.
Ching minh ring

fix, y) = P(x, y) + ol(x? + y)H W +_y2 =0

trén moét Mn cAn cta digm (0, 0), trong dé P 1a moét da thuce
bac 4. '

x
1 +xy

26. Viét khai trién clia ham sd f(x, y) = arctg trén

mot lan cdn caa diém (0, 0). )
27. Cho ham sé f(x, y) = x> - y%, (x, y) € R®. Tim dao

ham cta f theo hudng p tai di€m (1, 1), p 1a tia di qua diém
{1, 1) va tao véi truc hoanh gdc 60°.

2 2 .
28. Tim dao ham cda ham sd fix, y) = 1 — (X—2 + !-2—) tai
a b
b .
di€m M (%! \fi) theo huéng cia phdp tuy&n trong tai diém
Mc&aelipx—2+-y—2= 1.
a b?

29. Gia sit ham s6 (x, y, z) — f{x, y, z) ¢d cdc dao ham
riéng lién tuc trén mot lAn cén cha diém M =(x, ¥, 2z, € R,
e_: = (cosa, cosf3,, cosyl), 3’2 = (cosa,, cosﬁz, cosy,), €3 = {cosa,,
cosfl;, cosy;) 14 ba vecto don vi déi mét truc giac vdi nhau.
Ching minh rang

af 2 of 2 af 2

(U_Ebl(Mn)) + (@(Mn)) + (E(Mn)) =

of 2 of 2 of 2

= (M) + (G M)+ (5, M)"

30. Tim ham s6 f zdc dinh trén R® thdéa man cde diéu
kién sau : ‘

df 2 ot . 2
@(x,y) = x° + 2y véi moi (%, y) € R,

fix, x3) = 1 voi moi x € R.
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31. Tim nghiém (x, y) > zi(x, y) -caa phuong trinh
"2

Xy

théa man cac diéu kién : zix, 0) = x, z(0, ¥) = y° voi moi
x, y € R. (Ham s6 z ¢6 cédc dao ham riéng lién tuc trén R

=x +vy,

-2
. o

32. Tim nghiém z = z(x, y) cia phuong trinh —2 = 2 thoa
ay

mén cac diéu kién : z{x, O) = 1, z, {x, 0} = x vdi moi x € R.

33. Tinh d(arctg%) va dx").

34. Tinh d(z¥) va d((xy)%.

35. Cho ham s6 f x4c dinh tren R® béi
flu, v) = sin(u® - v%
va 4nh xa g : R? - R? xac dinh bdi
glx, y) = G +y x -y
Tinh d, ,,(fg). |
36. Ki hi¢u (R* chi khong gian lién hop dai s6 cua khéng
gian R3, tdc 1a khong gian cdc dang tuyén tinh tren R? ; (R%)"
la mdt khong gian tuyén tinh thuc véi phép cong va phép nhan
vé huéng xdc dinh moét cdch thong thudng : Néu ¢ va y 13 hai
dang tuyén tinh tréen R* va 1 12 mot s6 thuc thi
(p + ¢ M) (M) + (M),
(Ap) (M) Ap(M) véi moi M = (x, y, z) € R>.
Gid st U la mét tap hgp md trong R’ ; P, Q, R 1a nhitng
ham s6 xdc dinh trén U. Anh xa « : U — (RM" x4c dinh bai
M= (x y z) —wM) = PM)dx + Q(M)dy + R(M)dz

dugc goi la mét dang vi phan-trén U.

(Dang vi phan w(x, y) = P(x, yidx + Q(x, y)dy trén mot tap
hop md trong R? duce dinh nghia tucng tu).
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Cito dang vi phan
w = xdy - ydx. _

Dat x = rcos#, .y = rsint. Hay tinh w theo r, #, dr va df.

37. a) Gia st w = Px, y)dx + Q(x, y)dy 12 mét dang vi
phan, trong dé P va Q la nhitng ham 6 cd cdc dao ham riéng
lidn tuc trén mét tap hop md U caa R?. Ching minh ring néu
w 12 vi phén clda mot ham s8 f cd cic dao ham riéng cip mot
va cdp hai lién tyc trén U thi

apP -0 o - :
oy x y) = = x, ¥) voi mot (x, y) € U.
b) Cho dang vi phan

2%y 2%
H = + dx — + —
fo = (y xzer;!) x - (x x7-+y2)dy’
trong dé z = z(x, y) la mdét ham s5 thuc lidn tuc va cd cac
daoc ham riéng cp moét va cdp hai lién tuc trén tap hop md
(0, +=) X (0, +=), Ching minh ring diéu kién cén d& w la vi
phan cia mot ham s6 cé cdac dao ham riéng cdp mot va cép
hai lién tuc trén U la z 13 nghiém cia moét phuong trinh chia
o
x’-Y? z? E’,t, ay
¢) Goi phuong trinh d6 1a (1). Ta thuc hién phép d6i bién
56 x = rcosd, y = rginf v4ir > 0,0 < 48 -:%. Dat Z(r, 6) =

ma ta sé& xdc dinh.

= z2(x, y). Ching minh ring phuong trinh (1) nhan dugdc trong
b) trd thanh

7z =0 @)
or

d) Ching minh ridng cdc nghiém Z{r, 8) cia (2) duge xdc
dinh bsi [Z(r, 6))* = (6) - 1°, trong dé f 12 mét ham s cd

dao ham lién tuc bft ki trén (0, %)

38. Cho dang vi phan
w = (1 + e ¥)dx + (x - 2)dy.
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a) w co phai la vi phan cia mot bham s6 thue f ¢ cde dao
ham riéng cdp mot va cdp hai lién tuc trén R? hay khéng ?

b) Xac dinh mét ham 88 y — g(y) ¢d dao ham lién tuc trén
R sao cho g{(0) = 1 va g(y)w la vi phan cia mét ham sd xdc
dinh trén R

¢} Tim cdc ham s8 f sao cho df(x, y) = glylw.
39. Gia su
w = P(x, y, z)dx + Qx, y, 2Mdy + R(x, y, 2)dz

la mét dang vi phan xdc dinh trén moét tap hgp md U trong
R’ trong dd P, Q, R 1a ba ham s6 lién tuc va ¢ cdc dao ham
riéng lién tuc trén U. Ching minh rdng néu tén tai mot ham
s6 f lién tuc va ¢d cdc dao ham riéng lién tuc trén U sao cho
f(x, vy, 2).w 12 +i phan ctia mo6t ham 8 F thi :
)] R gR WP P 0Q
fP(az —Ty') +rQ(ax - az) +fR(a“ dx) =0
trén U.

40. Xdc dinh cdc ham s6 x = x(8), y = y(6), z = z(@), 9 € R
sao cho :

(x - 2% +y> =1vadx +dy = 2dz.
- 41, Tim cac digm cuc tri clia ham s6
fx, y) = x> +y° - 9xy + 27, (x, y) € R%.

42, Tim cuc tri cia ham s6 .

flx, y) = x3 + y3 - 3xy, x, ¥y) € RZ.
43. Tim cuc tri cia ham sd

fix, y) = x* + vyt - xt - 2xy - ¥ (x, y) € R

44, Xét cuc tri cia ham sd

fx, y) = 1 — V22 + ¥ tai digm (0, 0).

45. Tim cyc trj clia ham sé
fix, y) = (x> + yhe & *Y), (x, y) € R

437



46. Gia sg U la mot tap hgp md trong R‘_ va f: U —-=Rla

mot ham s6 ¢d cic dao ham riéng lién tuc trén U Vectd
of - of of
(5r OO o M) o (D)

goi la gradian cua ham s6 f tai diem M = (x, y, 20 € U, ki
hieu la (gradf)(M).

Xac dinh tap hop mé U trong R’, trén d6 ham s6

fix, y) = Infix - a)* + (y - )4

¢d ciac dao ham riéng lién tyc. Tinh gradian cva f tai mdi diém
M e 1.

47. Gia sit U la mot tap hop md trong R,

X:U ——R
. M=%y, z) —— X(M) = (P(M), QIM), R(IM))

la mét 4anh xa, trong dd P, Q, R 12 nhitng ham s8 cd cac dao
ham riéng lién tuc trén U. Vecto

R

> P

s A Q =

dy

K R

Uz
_ R 9@ 0P R 0@ P
B (ay M) = 5, M) - ) — () o () ay(M))

goi 1a réta cha X tai di€ém M, ki hidu 13 (rotX)(M).

Ching minh ring néu U la mét tdp hgp md trong R>va f:
U - R la m¢t ham 36 6 cdc dao ham riéng cdp mét va cdp
hai lién tuc trén U thi

rot (gradf} = ¢ trén U

48. Tim cac difm (x. y) € R’ sao cho phuong trinh
X - siny = 0 xic dinh trén mét l4n cin cha di€m d6 ham sb
X = yix) cd dao ham lién tuc.
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49. a) Chyng minh rang phuang trinh
fx, D=y +x+y’+x +y’ s 0

xac dinh trén mét lan can cia di€m 0 mét ham 56 y = p(x)
sao cho ¢(0) = 0

b) Viét khai trién bac ba ciia ¢ trén mét lan can cia didm 0.

50. Ching minh ring phuong trinh

fix, y) = xy* ~ x> +y =0

x4c dinh mot ham s6 4n x — y = ¢(x) trén mét lan can cha

di€ém 0 va tinh hé s6 gdc chh tiép tuyén ctia dé thi cha ¢ tai
diém (0, 0).

51. Tim cdc diém (x, y) € R? sao cho phuong trinh
xZ + xy + y2 =3
xdc dinh trén moét lan cén cia difm d¢ mét hadm s 4an
x =y = p(x). Tinh ¢’'(x) va ¢’ (x).

52. Chuing minh rdng phuong trinh

xz-xy+2y2+x-y+l=0

xdc dinh trén mét lan cén cda di€m {0, 1) mét ham sd dn
x — y(x).

Tinh y°, ¥”, ¥'” tai di€m 0.
53. Ching minh ring phuong trinh
f(x, y.2) = 2> - 8xyz - a> = 0 (1)
xac dinh trén mot lan cén cta di€m (x, y, 2) ((x, y, z) 1a mot
nghiém. cia phuong trinh (1) va zZ = xy) mo6t ham s§ &n

(x, y} v z(x, y). Tinh cdc dao ham riéng cdp mot va cdp hai
cia ham sé6 z.

54. Ching minh ring phuong trinh
f(x, y, 2) = xy +xz+yz+2x +2y -~z = 0

xdce dinh mét ham s§ an (x, y) — z = ¢{x, y) trén mot lan
can cua di€m (0, 0). Tinh cdc dao ham riéng ¢’ va p, tai diém
{0, 0). ' '
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§5. Tim cdc di€m cuc tri cia ham s6 4n z = z(x, y) xdac
dinh bdi phudgng trinh
f(x, y, z) =2x2+2y2+zz+8xz—z+8= 0.
56, Gid st U la mot tap hgp md trong R? ; f, g la hai ham
s6 ¢6 cdc dao ham riéng lién tuc trén U sao cho
afix, y) +bgix, y) = 0véimoi x, Y EU,a, be R, a =0
Ching minh ring
ot of
ox oy
9 %8
X dy
57. Gia s (x,, ¥, 2, la mét nghiém cia phuong trinh

=0 trén U.

flx, vy, 2) = 0 (1)
trong dé f 14 mot ham s§ cé cdc dac ham riéng lién tue trén
mot tap hop mé U trong R, /(M) = 0, {;(M,) = 0, f, (M) = 0

(M, = (x,, ¥, 2. Ching minh rAng phudng trinh (1) xic dinh
_trén mot ian can cia di€ém M cic ham s6 4n (y, z) — x(y, 2),
(x, z) — y(x, 2),(x, y) = 2(x, ¥} cd cac dac ham riéng vi lién
tuc trén lan can dd, ta cd

ey =L
58. Gid st (x,, y, X, 12 mot nghiém cda hé phuong trinh
fx,y,2) =x +y +z =0
g(x, y, z)=x2+y2+zz= 1.
Ching minh rdng h¢ phuong trinh trén xdc dinh trén mét lan

can clia didm M, = (x,, y, z,) {y, # z, mét hé ham sé &n
X — y(x), x — z{x} of cdc dac ham lién tuc. Tinh y'(x) va z'(x).
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59. Ching minh rang hé phuoung trinh
« + _y2 = %
Xty tz=2
xac dinh trén mét lan cidn clda di€m M (1, -1, 2) mdt hé ham
s8 4n z r» x(z), z > y(z). Tinh cic dao ham riéng cdp mot va
cdp hai cda hai ham s6 d¢ tai diém z, = 2.
60. Gid st x = x(u, v}, ¥y = y(u, v) la nhitng ham s6 cd
cdc dao ham riéng lién tuc trén mdt tap hop mé U ciha Rz,
(u, v,) € U va

n?

D(x, y) _ ’ﬂ: x:r

D, v) ~ |y

J(u,v) =

=0 tai diém (u, v).

Tim: cdc dao ham riéng cia ecac ham sé thanh phdn cda
ham nguoc
x, y) — (u, v) = (ulx, y), vix, y))
cia ham
{u, v) — (x, y) = (x(u, v), y(u, v))
trén mét (an cdn di nhd cha didm (x, y,) = (x(u,, v ), y(u,. ).
_81. Tim cdc di€m (x, y) € R? sao cho trén mét lan car cla
diém dd ¢ phuong trinh
X = u+v,y=u2+v2,z= wd + v
oz oz

xdc dinh z 1A mo6t ham s6 cia x, y. Tinh — va —.
o vy

BAI GIAI VA HIUONG DAN

2. Ta co : '
f(b ) — f(a,) , b)) — f(x) b, ~x
T, MO [T T
A(x) — f(a,) x— a
Ta_n—; - f’(x)] 'S;"'_"*;; . (1')
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b-x X —ag b—x
+ o .
b—a b —a = 1. DoO‘::bn anclva()cbn_an

nén vé& phdi cia ddng thdc (1) din dén O khi n — «,

x-—an

< 1

p .
3. Ta cd (x) = ! ; vOi moi x € R, x = 0.
' (x) 1 +xe'®

w[ =

{xe' | = |x] = 0 khi x — 0. Do dd lim——= fx) = 1.
‘;—'0()
fx) 1

g(x) 1 +2xe® — %em{

R N L

= |;_—1—2x| voi moi x € (0, 1).

w2
Do d6 lim | 1 + 2xe’™ --;e"'x | = +ow. Vay lim )

= 0.
X~} -’D (X)
4. Ta co

. t2 t3
f(t) = £(0) + t£(0) + 5 17(0) + =17(0) + 2o} (t - O

trong dé £(0) = (0, 0, 0), £(0) = (1, 1, 1), £°(0) = (0, 0, -1),
£70) = (-1, 2, 2)..

—

5. (V) A V@) = Vix) A Vix) + Yy A Vo),
(VA V).V = (V, A V). Vi + (V) A V) . V) =
= (V/(x), Viyx), Vy(x)) + (jf:](x), V), f_}("” +
) + (V;(x)- VZ(X), V_x‘(x))

véi moi x € (a, b},
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Ry = J 20— ) ar | Flxy) = -y
,y) = - t)y ——=dt , Y= XY —.
* 0 Vi+¢ ' {14y

oP

7 _ z + 2x°z _ 29__ _ 4
T oo xz-i-yz+z2 (x2+y2+zz)2’ dy ) x2+y2-4-z2
2%z
. Y

(xz -l-y2 + 22)2 ’

2 2z(x% +y° gt
divX = — 2 5 + 2z(x yiz + = Vi vay divV = 0
X4yt +2d Pyl 2
. 2
+ .
khi va chi khi - = 22 _ 2 +y) . Do d6
dz )(z-i-yz-!-;!2

(1{2 + y2 + 22)2

2
X+
t = Inx? + y> + 2% + v

s 4 5 + x’Ya
xz-l-yz-f-z2 P )

¢ 18 mot ham s6 bAt ki cd cde dao ham riéng lién tuc trén R
Vi t théa man diéu kién t(x, y, 0) = ln(x? + yz) nén ti dd suy
ra p(x, y) = -1 véi moi (x, ¥y) € R’ Do dd
. 2 | 22 :

t = InGx* +y* +2) - ————voix? +y* +27 >0

X +y2 +z

o _ B pupsinv, . = gsiny, & =
8. .= f'(u)cosv, 5 = f(u)sinv, e g’ (u)sinv, Ty g{u)cosv.
Theo gia thiét, ta cd

f'(u)cosv

—flu)sinv =

g(u)cosv £'(u)
—g'(u)sinv =

E(u)
g'i(u) = f(u)

Do dé f’(u) = f(u). Theo hudng din trong 4é bai, dé dang
. tim duge f(u) = chu va g(u)

= shu.
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9. Ta cd

i
og _ 2x + ;‘; f[u(X, y)] 2x + f’[u(x, y)]ux’(x} y) x + 3x2f°[u{x, y)]

ox Z\sz + flu(x, y)] - 2\‘ %% + flufx, y)] B sz + flu(x, y)] ’

gg _ P yMGEY) 1570 (ux, y)
By 2Vx? + flu(x, y)) 2d x° + fTu(x, ¥)} .

Thay vao phuang trinh da cho trong dé bai, chuvén v& va
rit gon ta dugc

(a - Dxy’ + (3& +—1—2§b) £ [u(x, k& = 0.
Tit d6 ta tim dugc a = 1, b = _%‘
10. Ta co é;(x, u) = fx’(x, ux) + f;(x, uxju,

g;E(x, u) = f;z'(x,-ux) + ZE;:;(x, ux)ﬁ + f;z’(x, uxju’.

Dat ux = y, ta dugc u =§v6ix# 0 va
. n‘ _ o LR y 3 yz _
golx, w) = £270, y) + 260,(x, M) T + L20x, ¥) 5 =
: ? X

1 1 11 LR ]
5 B y) + 20800, v) + YL, ) = 0
X - ¥

A

vai moi (x, u) € R%, x # 0. Vi gx, lien tuc trén R° nén tu d¢

suy ra g2(0, u) = 0 vdi moi u € R. Vay gix, u) = 0 véi moi
(x, u) € R~

¢ -
1. ¢) Ta «od i(O 0y =0, (0 0) %(x, ¥) =
Ty 2x2y of * ¥) x 2xy” &
= - Sy T (X, = — -
oy @y W T e (2
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x, ¥) # (0, 0). Vi — (x y) va —(x y) khéng cd gidi han tai

. df L . .
diém (0, 0) nén 7 va e gidn doan tai diém (0, 0).

of

—(0,y) — —(0 0)
& Vi lim & - lim > = tw
y— 0 y ’ y—=
"2 —}2
nén khong ton tz_u (0 0). Tuong ty khong ton tal (0 0).
4 4xiy® +2y°

2xy
12. a) Ta c6 f(x,y) = — x ¥y =
" o
vii (x, y) = (0, 0. Wi hm L y)=0=£0,0 va
x==10)

y—=0
lim fv(x y) = 0 = £,(0, 0) nén £, va £ lién tuc tai diém (0, 0).

x—{ -
y—~0

0,y) -£(0,0)

b) £.(0, 0) = lim 509 & )=o;
- y—-o() y

£,(x, 0) - £,(0,0) _

X

£,(0, 0) = lim
x—=0

15. Theo gia thiét, tén tai mot s6 thuc M > 0 sao cho

If;(x, Vi £ M va If;(x, y) € M véi moi (x, y) € R
Theo dinh li Lagrang, ton tai mot s6 6 € (0, 1) sao cho

' of
: f(xz, ¥2) — f(xl,yl) = {x, —11)70; (x, +6(x;, —x), y, toy,—y)) +
of
+ o, - Yl)@(xl +6(x; — %)), ¥y *6(y; ~ y)-
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Do do

[ f(x,, ¥, - fix, 21)1 s M(x, - xll + 1y, — y,}) voi moi
(x;, ¥ (x5 y3} E R

Tit dé dé dang suy ra rang f lién tuc déu trén RZ.
- 18. Theo gia thiét, tdn tai mdt s6 M > 0 sao cho

[ (x, y)l < M véi moi (x, y) € R®
Gia st (x_, y,) € R? va £ 1a mot sé duong cho trude bit
ki. Vai moi (x, y) € R?,
| £z, y) - fix, y ) < |8x, y) - fx, y ) + | fx, y,) - fx, ¥,
Theo dinh 1i vé& s6 gia hitu han, ton tai 6 € (0, 1) sao cho
fix, y) - f(x, y,) f W& Y, T O~ y)) -y

Do dd
l6tx, y) - fix, y )| < Mly -y,

£ £
> | f(x, y) - f(x, yo)! <3 néun ly - y | < M

Vi ham s6 x — f(x, y) lién tuc tai x nén tén tai 5, > 0

sao cho _
Ix - x| < & = |f(x, y) - fix, y) < %

bat & = mm{zM,é } Khi do

Ix - x] <6 1y -yl <3 = [fx 5y - fix, y)| <&

17. f;(x, y) = —e"lnx ; f;(x, y) = &lny ;
1

—e" (lnx + i) ; f;z’ = e (lny + ;) :

£7(x, y)

L hE ) = xy) =0
18. P(x, y) = a(x® - 3xy) + b3x% - y°), a, b € R.

1
22, bat r = \sz + y;1 + zz', ta duoc u = T Ta cd
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i ! ’ L.z X Tudng tu
e n
ox 2 x 2 T I gty
du y dJu Zz
ay B3 vz 3
Do dg¢
2
x4+ + z 1
Au = y‘ —-I'
r’ T
2%u 1 ( 3), 1, 3
—— = = -2 f{=-—jr, = - =+ —
ox* r e roor
?*u 3y  #*u 1 377
s T T3 Y T3 = -5t Do dg
oy T r vz r r
3 3(x2+y2+z2)
Au=-—+—"—" =
3 5
r r

24. Lady dao ham theo t ddng thde (1) trong dé bai, ta ducc

n of of of
1
= +
nt’ f{x, y, z) (x x 7Y ay + z 2 ) (tx, ty, tz) =

_ 2 PR
= (x o Ty o ay z az) fitx, ty, tz),

2 2 of o*
n(n — Dit" “f(x,y,2) = ( +y2—+z —)(tx ty, tz) +
ax y2 dz
42 . -2 42
o°f o°f 0 f
+ + —
(2xy ayox 2xz P + 2yz ) (tx, ty, tz) =

o i 42
= (x-,—+y-,(—-+za) ftx, ty, tz),
ntn - 1) .. (o -m+ D" ™(x, y, 2) =

i U m
= — +y — +
(x =t e z dz) f(tx, ty, tz).

441



Thay t = 1, ta duge ding thie cdn ching minh.

25. Ta co f;(x, y) = cosxsiny = sin (x + g—) siny. Bang quy

nap ta chiing minh duge

(m

!

", v) sin (x + m %) sin (y +p %) Do d6

(m 0 ) sinm = sinn = ; f(m+n) (0,0 = 0 néu m
x ) 2 2 Xy

hodc n chén ;

0,0 = sinler + F)sin(in 4 §) = (-1,

Ap dung cong thic Mac-Loranh cho ham s6 hai bién sd,
ta dudc

4
1 ; 3k
f(x,y) = £0,0) + 3 57 (x 70 + y%)kf(O, 0) + o((x* + y?)
k=1
(i + 3% =0

fx,y) = xy - % i+ )+ o + v (I +y -0

26. Ta cd arctg —E—;—i = arctgx — arctgy

(arctgx)’ = 5= 1- Z+xt— x4 o+ (1% + ox" Y
1+x
x — 0
: 3 5 7 Zn+1
arctgx = X —_% + ’—‘5— - % + .+ (D" it ox*"* %
x —0
5 7 n+i
y .y Y ot
arctgy =y — g +F - % o+ (D 5y 1 + oyt
y—0
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Do do

1 : 1 1 -
o byt SR S0 WRETs Y4 B s e

arctg Ty

a0 et conidy sy Aty 2542 o)

2h'5 1
27. Ham s6 f cd cdc dao ham riéng lién tuc trén R’ :
f,:{x, ¥)ie= 28 f;(x, y) = —2y.

Eif Ll P 3 ¥ o ¥ .

= (1, 1) = f(1, 1)cos60” + f (1, 1)sin60° = 1 — V3.
28. Phuong trinh tiép tuyén cua elip tai diém (x, y.) 1a :

o Mo

= 1. Hé s6 gdc cua tiép tuyén tai difm M la :

a’ b?
YL i Lpes 5 = Vecto don vi chi huéng ctia phdp tuyén trong
aa elip tai diém M 1a : & - = (t
cua elip tai diém TAE T E—— = a
G e W e,
ldy ddu — vi d6 1a phdp tuyén trong).
of of b of a
OO S m® (T e he® T
of V2@ +1)
™ = ab i

29. Vi f c6 cdc dao ham riéng lién tuc trén mét lan can.cﬁa
di€ém M  nén

s of of of
;)e_l M) = P (M)cosa; + P (M)cosg, + = (M )cosy,,
of of L 2 af
e, (M) = == (]'.\1(,)(3050:.2 + % Meosp, + o (M()cosyz,
il of of of
5;; M) = P (M )cosay + @ (M )cosf, + o (M, )cosy,.
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De dd

1 : 1 1 -
—x—y—§(x3- yh+ g(xs -y - 3‘(X7—y’J+'“

arctg T+xy

o LD qan _ antiy il 4 Aty (2 + 42 50

2n+1
27. Ham sd f ed cde dao ham riéng lidn tuc trén R* :
fx, y) = 2x; f(x, y) = —2.
% (L, 1) = £(1, Deos60" + £(1, 1)sin60” = 1 — V3.
28. Phuong trinh tiép tuy&n cla elip tai diém (x, y,) 1a :
X%, Y¥,

= 1. Hé¢ s6 gdc cna tiép tuyén tai didm M la :

a’ b?
yil, 1) = - e Vecto don vi chi huéng cta phdp tuyén trong
ia elip tai diém M la : n o 2 )(t
cua elip tai diém rh = | — r = = a
( Va? + b? VaZ + b2
1dy ddw — vl dd 1a phap tuyén trong).
of af b of a
wm M= 5™ () ™M)
oy = V22 + 1)
n N ab '

29. Vi f ¢ cic dao ham riéng lien tuc trén mét lan can.cﬁa
diém M nén

of of of of
E (M) = % (Mn)cosal + ;)—5 (M )cosf, + > (Mo)cosyp_
EJ;; (ML\) = "d,; (MD)COSG; + '@ (MO)COSﬁZ + ‘a—£ (M(Jcosyz,
of of of of
5(';3' (M) = P (M )cose, + 5 (M cosf, + P (M, )cos y,.
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Do do
of 2 uf

2 Jf
(o, M)" + (G, M))°+ (G M))° =

= (% (Mn))z(coszo:1 + coszaz + cosza3) +

of
+ (;—y(Mo))z(coszﬁt + cc)szgf)’2 + coszﬁ3) +

of 2 - 2 i
+ (E(M‘J) (cosy, + cosy, + cosy;) +

+ 2 — (MO) " (MO) (cosacosff + cosaycosf, + cosascosf,) +

df
+ 2 — (MO) — (Mn) (cosacosy; + cosa,rosy, + cosa,cosy;) +

af f
+ 2 :)_y (M) P (MO} (cosfcosy, + cosf,cosy, + cosfcosy,).

cos al Cos az cos a3

cosfl; cosf, cosf,
COSY, €08y, COSY,

14 ma tran chuyén co s& truc chuén (7, 7, K) sang co sd truc
chudn (ET, 6;,' E;) nén nd la mét ma tran truc giao. Do dd cac
vectd dong clia ma tran la moét co sd trde chudn cha R® Tu
d¢é suy ra dang thic c¢An chdng minh.

30. Ta ed f(x, y) = xzy + y2 + plx) v8i moi (x, y) € R’
trong dd ¢ 14 mot ham s6 bt ki cua bié’n s6 x xdc dinh trén
R. Theo gia thiét, ta cé f(x, x°) = x°.x* + (x0)* + plx) = 1 véi
moi x € R,

Do dé- o(x) = 1 -~ 2x* Vay

f(x,y)=xy+y—2x4+1, (x,y}ERZ.
Uz

31 T phudng trinh -:—~ (E) =x +y suy ra
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B : ,
%—:; =3 + yx + p(y), trong dé y +— p{y) 12 mét ham sé lién
L)

tuc trén R. Do dg
Xy xyz Y
ax,y) = 5 + 5+ [ pmdy + ) voi moi (x, y) € RY,
0

trong dé x + ¢(x} 1A mot ham s6 lién tue trén R.

T phuong trinh z(x, 0) = x suy ra p(x) = x. Vi vay

Z(x, y) = ‘le + x—%’z— tey) tx, vl moi (x, y € Rz,

y = ¢,(y) 1da mét ham sé lién tuc trén R. Td phuong trinh
z(0, y) = y° suy ra ¢, (y) = y*. Vay

2

X X ]

z(x, ¥) =—él +~2— + x + y® voi moi (x, yi € R°.
y&

32, z(x, y) = +xy + 1 v6i moi (x, y) € R".
1 2 dx —xd
33. d(arctg§)=-—d(§)= 2} Z‘quxy=
¥ 1+(§)2 Y Xty y°
¥y
dx — xd .
= YETET i 1, y) = (0, 0).
X+ y

dx) = yx¥"ldx + ¥lnxdy (x > 0, y € R).

34. 42" = 2%mnzydx + 2%nzxdy + xyz¥ 'dz,

dlxy)} = 2(xy)* Mdixy) + (xy)nixy)dz =
= z(xy) lydx + xdy) + (xy)¥In xy)dz =
= zx"" lyfdx + zx'y* " ldy + (xy)In(xy)dz (xy > 0).
of of
35. d(u_v)f = (u, vidu + . {fu, vidv =

= Zucos(u® - vz)du — 9veos(u? - vz)dv,

di (o8 = 2(x + yicos{(x + y)° - (x - yld, ,(x +y) -

(x. ¥)
- 2(x ~ yicosfix + y)© - ix - y]“]d(_x_ .\'J{X -y =
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= 2ix + yicosidxyHdx + dy) - 2(x - ylcosi4xyrdzx — dy) ;

d(x_ 9 (f.gt = 4dycosidxy)dx + 4xcosd(xyldy.
36. w

rcosAdirsind) — rsinfid(rcosfy =

= rcosfisinfdr + rcosfd#d) — rsinf(cosfdr - rsingdd),
w = r*dd.

37. a) Néu v la vi phan cia mot ham sé f trén U thi

J uP
—_ (X, .YJ = P(Xa Y) » T ( y Q{X YJ = _{—7‘ (Xr y) -
:J Q -
- L}ydx o ) axuy ( ¥
e e

i —— va —— déu lién tuc trén U nén ching bang nhau
dxoy 0 dyux
trén U. Do dd

P y

[,—' = {—9- trén U

oy ax
b) Diéu kién can d€ « }a vi phan cda mét ham s8 f trén U la

2 . 2

i Z°X
,i(+ ‘Y )=—,fo+ )vf}imoi(x,y}EU,
oy Xz + yZ ax | Xz +y2

2.2 _ 2
- 2
P+ EE YD yzjz\,’=—(1+

22{372 —xz) + 2xz
& +y: 4yt

l -y bl Z ’
= 2(xz, + yz)) +x° +y = 0. (1)
0z 0z U% dz. o ..
> {. = ( . -{ : 't_l = z 'cosé + z.sinf),
r X U‘I‘ iy or X ¥
WL S
Tor T %R TR

Thay vao phuong trinh (1) vA rut gon ta ducc phuung trinh

Y/ ’ .
Z - +r =10 (21
ar



da(r. ﬁ') 1 4

d) Vi Z o =2 (Z4(r, ©)) nén’ thay vao (2) ta duge

j’; [Z3r, 6)] = ~2r.
Ti d6 dé dang suy ra diéu cAn ching minh.

38. a) Vi,E—) (1l +e™ = —¥ = 1 (x ~ 2) = 1 nén w khong

phai la vi phan cua mot ham s6 f c¢6 cdc dao ham riéng cdp
mét va cdp hai lién tuc trén R

b Dleu kién can d¢ giy)w 1a vi phan ena mot ham s6
trén R’ 1a

J—; [g(x)1 + e™)] = i lgy)(x — 2)1 voi moi (x, y) € R°,

é’(y)(l +e ") - glyle Yr= gly)

g)

gy) |

Tit diéu kién g(0) = 1 suy ra C = 0. Vay gly) = ¢, y € R.

=1 = g{y}:e-v-l'c.

¢) Ta sé ching minh ring d6 cung la diéu kién du. That vay,
df(x, y) = g(y).w = df(x, y} = (1 + e dx + &’i{x - 2)dy
—({E(x,y)=e.»"+1va‘15§(x,y)=ey(x—2) (1)
véi moi (x, y) € R% Ti phuong trinh thi# nhat cia (1) suy ra
flx, y) = xe¥ + x + piy) (2)
trong dd y « ¢{y) la moét ham 8 cd dao ham lién tuc trén R.
Tiu phuong trinh thy hai cua (1) va phudng trinh (2} suy ra
of v , v ooy
Uy (x.y) = xe' + ¢’(y) = x&' ~ 2¢
- Ply) = 2 = oly) = -2 + C.
Vay fix, y) = e'(x - 2) + x + C, C la mot hang =6 thuc.
40. Toén tai ¥ € R sao cho x - 7 =

;= cos#, y = sin# Phuong
trinh dx + dy = 2dz kéo theo 2z = x + y +C
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:z_y“:x_z.yc:cosb‘+C=>z=sinﬂ+cosH+C.

x = z + cos¥ = sinf + 2cos8 + C, C 1a moét hang so thuc.
(’}f a2 (Jf
41. - (x,¥) = 3x~ — 9y ; @ (x,¥) 3y° — 9x.
of x =0
Ux (X, y) =0 - { ¥y = 0
of -0 [ x =3
.2 .2 .2
o°f o f o°f
—E®Z V=6 ; —Xy)=86y ; - &y = -9,
2y 7 (x5} = 8y 5 g &)
2 2 2
1 f )°f af
12(0,0)=0 ;;(0,0):0;__ 0,0y = -9 ;
X iy 9yox
Ta ot o°f
— (3,3) =18 ; — (3.3 =18; — (3.3) = —-9.
ox* E)yz ) dyuxr ( )
. 0 -9 N . i
e Vi A0, 0) = _9 0| = —81 < 0 nén ham s& f khong
cé cue tri tai diém (0, 0).
: 18 -9 o’f
e Vi A(3, 3) = >0 vh —(3,3) > Onén f cd
-9 18 a2

cuc tidu tai di€m (3, 3).

42. Ham s6 f ¢d hai diém ding : (0, 0) va (1, 1) Ham so
khong cd eue tri tai didm (0, 0y, Ham s6 c6 cuc iiéu tai diém
(1, 1)

43. f; (X, ¥} = 4x* - 2x — 2y ; f; (x,y) = 4y - 2x - 2y

Giai hé phuong trinh

foix,y) =0 2% —x —y =

s = 3

f, (x,y) = 0 2y —x ~y =0
ta thdy f ¢d ba diém ding : (0, 0y ; 1, 1) ; (=1, -1}.
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f(xy) = 12x° - 2 fyl'(x.y) =12y - 25 fxy (x,yy = -2

10 -2 ] »
A1, £1) = 2 10|=96>0,fx-{il,i])—10>0.
Ham s8 f cd cyc tidu f{+1, +1) = -2
-2 =2 . . . .
A0, 0) = 9 9| = 0. Chua két luan duge f ¢d cuc tri

hay khong tai di€m (0, 0). Tuy nhién, ta cé (0, 0) = 0. Vai
y ==x #0,f(x,y) =2x>>0.Vdix =y, f(x, y) = 2x°(x2 - 2) < 0
néu 0 < |x| < V2. Vay f khong ¢6 cuc tri tai diém (0, 0).

i X ’ y 2 2
4. L xy) = =—=; L xy) = ——— ;¥ +y >0
fx 1‘x2 +Y2 ¥ "x2+y“
Ham s3 f khong 6 di€m dung. Tuy nhién (0, 0) = 1, fix, y) < 1
vdi moi (x. y) # (0, 0). Vay f cd cuc dai tai didm (0. 0.

I

45, fx’ (x,y) [2x — 2x(x* + yz)]e_(x-"'-"u),

f_‘: (% ¥) 2y — 2yix* + yz)]e'(-“: +_vﬁ‘

Dé dang thdy réng diém (0, 0) va cic diém (x, y) € R? sao
cho x> + y? = 1 la tdt ca cic diém ditng cua f.

i _ 2 2 3 P
f2(x,y) = 4203 + y) — 102 — 2y + 2]e” € *Y),

P x y) = [y (2 + 5% - 10y - 22 + 210" ¥V,
» _ 2 ¢ )
f (% ¥) = dxy(x® + y* — 2)e”@ *Y :

2 0

A0, 0) = 10 2’ =4 >0,£:(0,0) = 2 > 0. Ham 6 { c6
cuc ti€u tai diém (0, 0).

« C6 th& lap luan gon hon : (0, 0) = 0, fix, y) > 0 vdi moi
(x, y) = (0, 0). Vay f ¢6 cuc ti€u tai di€ém (0, 0).
D€ xét cuc tri cua ham s8 f tai cac diém (%, y) € R” sao
cho x% + y2 =1, dat ¢t = x? + yz, ta duge z = fix, y) = te’|,
t = 0. Ta xem z la ham s6 mot bisn s8. )
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2= (1 -t ;2 =0

a1

27 = (t - 2)e’' ;27 (1) = ~e

= t = 1.

< 0. Ham 86 z c¢d cue dal

tai digm t = 1. Do d6 ham s6 f cé cuc dai tai cdc di€m (x, y)
1.

thude dutng tron x + y‘3 =
la e !

Gia tri cua [ tai cdc di€ém nay

46. Ham =0 f xac dinh trén tap hgp U = R’ Y {{a, bi}.

2(x —a)
(x —a)° +(y —b)*

f,: (x.y) =

2y —b)
(x —a)’ +(y —b)*

vdi moi (%, y) € U ; f; va f: la hai ham s¢ lién tuc trén U.

2(x —a)

(gradnix, ) = (

vl moi M = (x, y) € 1.

(x—a) +(y—b)

2(y —b) )
x ~a)? +(y —by?/’

47. (grad)(M) = (f,(M), f,(M), £,(M)), M € U.

o
ox
9
iy
]

0z

= (fzy - fy?‘ f\u - f?x’ f_vx

rot(gradf) =

N ST, W,
H

1

— £y =0 tréen U,

Xy

vi cac dao ham riéng cdp hai cta f déu lién tuc trén U.

49. a) (0, " |2 mot nghiém eia phuong trinh di cho.

H 2 k] 1 . ¥ -
f (x,5) = 2x + 3x°, fy(x,y} =1 + 2y + 3%, f, va f_v déu

litn tuc trén R*

; f\: (0,0) = 1 # 0. Vay phuong trinh da cho

xdc dinh trén mot lan cadn cha diém {0, 0} mo6t ham s8 4n vy

= plx) ¢d dao ham lién tuc.
b) Ta cd

RN
2 6

pxy= () + ¢’ (0O)x + X+ x3,0(1} (x — 0).
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Liy dac ham phuong trinh da cho theo x, xem y la ham s6
cua x, ta dude

2x + 3x° + (1 + 2y + 3y?y’ = 0 (1)

Vi y(0) = 0 nén thay x = 0 vao phudng trinh trén, ta duge
y'(0) = 0. Liy dao ham theo x phuong trinh (1), ta dugc

24+ 6x +(2+6y)y? +(1 +2y +3y)y" =0 (2
Thay x = 0 vao (2), ta duge y(0) = -2.
Lidy dao ham theo x phuong trinh (2), ta dudc
6 + 6y + 12yy'y” + (2 + 6y)y'y” + (1 + 2y + 3yY)y = 0.

Thay x = 0 vao phudng trinh trén, ta duge y''(0}) = -6.
Do do .
2 3

plx) = x° - x* + x*.0(1)  (x — 0)

fx (x,y) 3){2 —y4
f; (x,y) 4xy +1

50. ¢'(x) = - L PO = 0.

51. Gid:su (x,, y,) la mot nghiém cia phuong trink da cho.
Ta ed fx,(x,y) = 2x +y, f\:(x,y) =x + 2y ; f; va f‘: déu lién
tuc trén RZ f‘: (x,y) # 0 <=x = -2y. Khi dd phuong trinh da

cho zdc dinh trén moét lan can cia diém (x, y.), x, = -2y,
mét hAm s8 dn y = @(x) ¢6 dao ham lién tuc.

(x) f %, ¥) 2x +y
piX) = — T = o
foy  FTH
p(x) = — Z+H2y@+y) - 2x+y)(1 +2y)  3xy’' -3y
(x + 2y)° (x+2y)
_ Sx(2x t+y) 5
ry X+2y Y -18
prE) = 5 = Z
(x +2y) (x +2yy
0 = 0 vy o 2 gy 2
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53. f\ (X, ¥, z'}.z —3yz, f\j (x,y,z) = —3xz, f,. (%,y,2)= 3z° —3xy ;

’ LU 1 o 1sa . 3 s o :
£, f_v , f, déu la nhitng ham sa lién tuc trén R”. Gia sd (X Voo 2,0
la mét nghiém cua phugng trinh da cho.

’ 2 il
f?. (XU 4 y{l) - 320 - 3x\ )yn & 0 R Zn * x(y(l‘

Khi dd phuong trinh dd che xac dinh trén moét lan cén cua
diém M & = (X ¥, 2,) mot ham s6 &n (x, y) — z(x, y) ¢d cac
dao ham riéng lién tuc va

* ( ) fX (x! ys Z(x, y)) -_ 3yz yz
Z Xl y = = N = - = s
" f, (x, ¥, 2(x, ¥)) 322 -3xy 2i-xy
¥ ( ) f‘. (x! y= Z(X, Y)) — 3XZ XZ
Z IX,¥) = — R = - = ,
’ £, (x, ¥ 2(x, 7)) 32° —3xy ' -xy
) (2t - zy)yz, —ya(2zz, —y)
z2 (%, y) = -
" (#* —xy)*
2 2 ¥z
2 ’ Z—V(xy+z
_ yz—y(xy+zz)zx _y y (xy ) zzwxy
(z* - xy)* (2 —xy)*
ra 2
20 (5 y) = - —23"’% ,
(z° —xy}
3\7; xy = - 72XSYZ :
: (2 - xy)®
e (2 —xy)(z +yz,) ~yz(272, —x)
Z, (X, y) = =
o (z* - xy)’
P S . 3.
70— (xy" tyz )z, 22 —xy
(2% - xy)? (z* —xy)*
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z(z4 — 2xyZ* ~ xzyz)

(2 —xyy’
54. f  xy, 2z =y +tz+2 ; f (xy,2 =x+z+2;

2o (%,¥) =

f(xy.2) =x+y —1;(0,0 0 1a mét nghiém c¢da phuong trinh
da  cho ; £, £, f déu lien tuc trén  R?,
f7(0,0,0) = —1 = 0. Do d6 phuang trinh da cho xdc dinh trén
mot lan can cia di€m (0, 0, 0) moét ham s6 4n (x, y) — z(x,
¥) 6 cdc dao ham riéng lién tuc. Lay dao ham riéng theo x va
y phuong trinh da cho, xem z la mét ham s6 cla x va y, ta
duge

1l

y+tz+xz' +yz] +2 -z 0 (1)

x txz’ 4z 4y +2 -z =0 (2)
Véi (x, y) = 10, 0} ta ¢d z(0, 0) = 0. Thay vao phuong trinh
1) va (2), ta duge
2(0,0) = 2 ;27 (0,0) = 2.
55. Gid su (x, y, z) 12 mét nghiém cda phuong trinh da cho.
T_a co .
£ (%, y z) =4x +8z; fy’ (x,y,2)=4y; £ (x,y,z) =22 +8 — 1;
1
£, fv’ , £, déu lién tuc trén R3, £ (%,y,2) # Oz = —4x+ 5

Khi d6 phuong trinh da cho x4c dinh trén mét lin can caéa
diém (x, y, 2z) mét ham s6 4n (x, y) = z(x, y) cd cdc dao ham
riéng lién tuc.

’ o £ (% ¥ 2(x,5) _ _4x+8z
Y)Y ) 8x+2z-1"
2, (%,y) = - b Coyeeny) 4y

y %y f (yzixy)  Sx+2z-1°
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Ta tim céc didm ding cda ham s6 z = zix, y}). Giai hé
phudng trinh

| fix,y,2) = 0, fix,v,2) = 0,
| ZX’ (X; y} = 05 — 4x + Bz = y =
\ z, (%, 5} = 0, iy =0
(X, ¥, z) = ('—2, 0, 1)
16 8
(X, ¥, Z) = (7 s O — -,}' )

16
ta tim duge cdc di€m dung cia ham 36 z : (-2, ) va (-,}—,0).

Lay ciac dao ham riéng cdp mét va cdp hai theo x phudng
trinh da cho, ta duge

4x + 22z, + 8z + 8xz, — z, = O,
- 4% + 8z % (2z + 8x - L)z, = 0 (2)

4 + 8z, + (22, + 8)z, + (2z + 8x — 1z = 0.

- .. - 4 s+, 16 28
T d6 ta duge : 22(-2,0) = 3£ ; 22 (T’ 0) = - {65
L4y dao ham riéng phuong trinh (2) theo y, ta duge

8z, + 2zz, + (22 + 8x — Lz, = 0.
16 '
Ti dd suy ra : 2.°(-2,0) = 0 ; 2.7 (7, 0) = Q.

Ldy dao ham riéng cdp mot va c¢dp hai theo y phudng trinh
d{_i cho, ta duge

4y + 22z, + 8xz, -z, = 0,

= dy + (22 + 8x — 1)z, = 0
4+ 2z) + (22 + 8~ 1z = 0.
- 1 4 17 ]6 - 28
Do do zYl(_z,O)_i- y £ 2 ('72",0) —_m

5%
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| -

5 ° '
Vi A(-2, 0) = ‘ 4 | » 0 2:(-2,0) > 0 nén ham s6
h
° 15
z = z(x, y) ¢d cuc ti€u tai diém (-2, 0).
28 0
, 16 -2 s, 16
VjA(7.-0): 105 28 >0véz;(1—7~,0)€0
0 105 X

16
nén ham s6 z = z(x, y) cd cuc dai tai djém (T, 0)‘

58.
&y z) =1, (xy2 =1,g xyz =2,
g (X, ¥y 2) = 2z

Cac dao ham riéng cda f déu lign tuc trén R3,

D(f, g) 1 1
Dy, =) = 2y 2z =2z — )
D{f, g)

D(y, ) (X Yoo 2,) 2 0 vai zu_#& Yo

Do d6 hé phuong trinh da cho x4c dinh trén mét lan can
cia di€m M mét hé ham s6 &n x — y(x), x v z(x) cd cac dao
ham lién tuc trén mot lan can cua difm x,.

14y dao ham hai phusng trinh cia hé da cho (xem y, z la
nhitng ham s8 cla x), ta duge

1+y +2 =0
2x + 2yy’ + 222’ = 0
, 2(x) —x , yx) —x
X) = ", ) = ———— .
YO = S w0 Y T 1w v
89. M, = (1, -1, 2) )Ja mét nghiém cta hé phuong trinh
da cho. _
Hé phuong trinh da che tuong duong vdi heé

Ll
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22_0
2_$

2 =0

(1) fx,y,2) = x* +y* =

gx.y,z) =x +ty +z

' (xy.2)= 2x; f, (xy.2)= 2y; g (xy,2) = 1; g’ (xy,2) = 1
Céc dao ham riéng cta hai ham sé  va g déu lién tuc trén R>.

Dt g _
D(x, y)

2x Zy
I 1

= 2(x — ¥}

D .
D((i f,)) (1,-1,2) = 4 # 0. Do dd hé phuong trinh da cho xdc

dinh trén mét lan cin clia diém M, moét hé ham s6 an z — x(z}),
z +— y(z} cd cdc dao ham lién tuc. Liy dao ham hai lan hai
phudng trinh cia hé (I) theo z, ta duge

2xx + 2yy' —z = 0,

?

12}(’2 + 2xx” + 297 + 2yy” - 1 = 0,
(I1T) . -
1 x7+ ¥y o= 0
Thay (x, y, z) = (1, -1, 2) vao hai hé (I} va (III), ta duge
2x’ — 2y’ = 2, , _ , .
{x’+y’=-—l, = x(2) = 0, y(2) = ~1 ;
{Zx” - 2y” = _1} ¥ ] _ l 1 - 1
1 xn + yn = 0, = X (2) = - Zi ¥y (2) — z

60. Theo dinh 1i v& ham nguge, tit gia thiét suy ra ring ton
tai mét lan cidn V cua diém (u,, v,) va moét lan can W cia
. diém (x_, y,} sao cho anh xa

(u, v) — (x(u, v), ylu, v)) (1)

14 mot song anh tit V lén W va cac ham sd thanh phdn cia
ham nguge cia (1)

(2, y) — (u, v) = {ulx, y), v(x, yi)

¢ cde dao ham riéng lién tuc trén W. Ta co
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dx = x ./ du + x/dv,

dy = y,/ du + y,/ dv.
Tit do
' dx x/ x, dx
l dy vy, | |yu’ dy |
du = ————— , dv = —=———
x“’ X IJ&l XV,
yu’ yv’ | yu, ¥y
. 1

dx — xdy) - dv = e (—y ,
du = STR) (wdx - x/dy) ; dv = T ) (—y,dx + x,/dy)

Do dd

1
wWxy) = (Fam W)Uy, v&y)

, 1

wix,y) = — ('jku}v)
: o1

WY) =~ (Fo Yo )y, v ) ;

x, ) (u(x, y), vix,y),

1 .
WY = (Fay W) EEY), V).

. Ox _, - 9y _
6l. Ta cd o (u,v) = 1, o (u,v) = 1, - {u,v) = 2u,
a >
7)% (v, v) = 2v. Cde dao ham riéng ndi trén déu lién tuc trén R~
i
D(x, y) 1 1 '
(0, v) = D(u,v} ~ | 2u 2v| — 2tv = u).

Jlu, v} # 0 e=v 2 u
Vi(v—u)2=2(u2+v2}—(u+v)2=2y—x2nén
<2

= .
v u — ¥y = 2
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Theo dinh 1i vé ham ngude t6n tai mot lan can V cua di€m
(u, v vA mot lin can W cta difm (x, y) = (u + v, o+ vy
sao cho ham

(u, v} — ix, y) = {u + v, ut + v
la mét song danh ti¥ V lén W va cdic ham s thanh phén caa
ham ngude

(x, y) = (u, v) = (u{x, v). vix, y»

c cac dao ham riéng lién tyc trén W. Ham 86 (x, y) — zi(x, y}
xdc dinh trén W bdai

z(x, y) = [ulx, y)° + [v(x, )

la ham hgp ctia hai ham ed cde dao ham riéng lién fuc nén nd
ed ciac dao ham riéng lién tuc trén W. Ta co

dz = 3u’du + 3vidy,

jdx = du + dv,
ldy = 2udu + 2vdv

Giai hé phuang trinh trén, ta duge

| idy v 1 1
du= = gy g @vix —dy)
' 2u 2v ‘
\ 1 dx
2u dy 1
dv = 1, = 2 mm (—2udx + dy),
l 2u 2v |
@ - 3% oeax - d Y (—2udx + d
Z = Z(V_‘U) ( vax y) 2(\" { uax y)

3

dz = —3uvdx + = (u + v)dy.

Tu do suy ra
thz

Gy Ko ¥h = SBulk v ) f y) = 5 [ux,y) + v(x,y)

[SE v

vl moi (%, ¥ € W,

464



§l.
§2.

§l.
§2.
§3.
§4.
§5.

§1.

§3.
§4.
§5.
§6.
§7.

&1

o

§3.
&1,

MUC LUC

CHUONG 1@ TAP QP S0 THUC

Quan h¢ thit
Xay dung cic sd thuc

CHIFONG {1 : GIOT HAN

A. Gidi han cia ddy s&
Dinh nghia gidi han cla day so
Tinh trd mat cia tap hop Q. lidu chudn Cosi
Binh nghia Bonzand - Viayoxirat
Gidt han vo cue .
Gidi han trén va gidi han dudi cha mét day sd thuc

B. Gidi han cia ham sé
Dinh nghia. Tinh chét
(idi han mor phia
Gidi han tai vo cue va gidi han v cyc
Cac dang vo dinh
Cac ham s3 1dong duong
Phin chinh cta mét vé cing bé
Cac ki hicu o va O

C. Ham sd lién tuc

Dinh nghia. Tinh chil. Cic phép todn
lam s0 lién tuc trén mot doan
Tinh lién tuc cua ham sd don dicu
Cac loai dicm alan doan
Cac hidm s0 ngude cla cac ham sd lugng giac

CHEFONG (1 - PAO HAM

[3inh nghia vii ¥ nghia hinh hoc

M rang khai niém dao him

Cie guy tac tinh dao ham

Eyan ham el che ham so lidng gric

frang

10

2
27
3l
36
40

42
47
49
51
52,
56
57

59
h2
05
Hi
70



§5.  Cac dinh i v& gia tei Lrung binh 31
§6.  12a0 ham cip cao 34
§7. l-]'ng dung dao ham vao viéc lim gidi han

" Quy tic 1.opitan : H6
§8. Cong thic Taylo 92
§9. Ham I&i 9]
§10. Vi phan 101

CHUONG 1V ; TICH PHAN
A. Tich phdn xdc dinh

§i. Dinh nghia tich phan xic dinh 105
§2. Didu ki¢n kha 1ich ) 111
§3. Cac 'dp ham s6 kha tich 117
§4. CAac tinh ch@ cd ban cida tich phan xac dinh 119
§5. Ciac dinh |i vé gia 11 wung binh cia tich phin 126
b
§6.  Tich phin J f(x)dx vdi b £ 2 128
Ed
§7. Nguyén ham. Quan he gida tich phan xic dinh va
nguy<cn ham 129
§8. Phép d&i bién s6. Tich phan ting phén 133

B. Ham sé logarit. Ham s¢ mi. Ham sé liy thaa,
Cdc ham s6 hipebilic

§l. Ham s5 logarit- ’ ) 140
82, Ham sd mi 143
§3. liam sO Iy thia . 148
§4. Cic ham s0 hipebdlic : 151
§5. Cac dang v& dinh mi 157
§6. Cong thilc khai trién ham s5 logarit va

cAc ham s6 lién guan i59

C. Phép tinh nguyén ham

§1. Nguyén ham coa mdl s6 ham s6 hay pgip 164
§2. Nguyén ham cba cac ham s8 hilu 1l 166
§3. Tich phan ciia cic ham s6 vo (i 169
§4.  Tich phan cic ham s3 hiu 1 cia 174
§5.  Tich phan cac ham s6 hitu 1 cia cac 174

ham 86 lugng gidc

D. [}“ng dung cda tich phdn

§!.  [3ién iich hinh phing : 178
82 Thé tich cic vat 1hé 181
§3. Dén tch mil tron xoay 185

466



CHUGNG V¥ 0 KHONG GIAN R', HAM LIEN TUC
TREN KHONG GIAN RP

§1. Khong gian tuyén tinh dinh chudn 190
$2. Khong gian métric 193
$3. Sy héi ty 1wrong khéng gian métric 95
§4. Tap hop mo va 1ap hop déng ' 199

§5. Lan é3n clia mdt didm. Bién, bao dong Vi }'lhdn trong clda mdl tap hop 202
$6.  Ticu chuidn hdi tu cda day didm va bd dd vé day hinh cau dong

bao nhau trong khéng gian RP ‘ 206
§7. Tap hop compac 208
§8. Tap hop lien thong 214
§9. Gidi han cba anh xa trong cac khong gian RP 215
§10. Gidi han l3p 224
§i1. IMam lién tue trong khong gian R® 227
§12. Ham lién luc trén tdp compic 234

CHUONG VI : DAO HAM CUA HAM M(II‘ BIEN SO.
PAO HAM RIENG CUA HAM SO NMIEU BIEN sO

A. Deo ham cie him mét bien &

§1. Dinh nghia. Cac tinh chdl don gian 236
§2. Cac quy tic tim dao ham 238
§3. Dao ham cdp cao 241
§4. Cong thdc Taylo - lang 242

B. Paoe ham riéng va vi phin cia him s&
nhi¢u bién s6. Ham dn va ham nguoc

§1. Dao ham riéng 244
§2. Vi phan 262
§3. Cyc dai va cyc tidu cha ham sd nhidu bidn s8 270
4. I1am sd in va ham nguGc 277
Bai 1p chudg 1 Lai gidi - hudng din - dap so 289
Bai t4p chudng [ L giai - hudng din - dap sd 309
Bai 1ap chudng IV. Ldi gidi - hudng din - dap sd 335
Bai t3p chuong V. 1.8t gidi - hudng din - dap sd 398
Bai 1ap chuong VI L& gidi - hudng diin - dép s& 428

467



Chiu trdch nhiém xudt bdn :

Chii tich HPQT kiém Téng Gidm déc NGO TRAN AT
'Ph6 Téng Giam doc kiem Tong bien tap NGUYEN QUY THAO

Bién tdp noi dung :
TRAN PHUONG DUNG
Sta bdn in :
LE THI THANH HANG
Ché bdn : :
PHONG CHE BAN (NXB GIAO DUC)

GIAI TICH - TAP |
Ma s6 : 7K182y9 — DAI
in 1.000 cuén (QD: 02), khd 14,5 x 20,5 cm. In tai Cong ty C4 phan In Phiic Yén.
Dia chi ; Budng Tran Ph, thi xa Phic Yén, Vinh Phic.
S8 DKKH xust ban : 04 - 2009/CXB/302 ~ 2117/GD.
In xong va nép luu chidu thang 1 nam 2009,



| CONG TY c6 PHAN sAcu DAIHOC - D




	GIẢI TÍCH. GIÁO TRÌNH LÝ THUYẾT VÀ BÀI TẬP CÓ HƯƠNG DẪN. TẬP 1
	MỤC LỤC
	CHƯƠNG 1. TẬP HỢP SỐ THỰC
	CHƯƠNG 2. GIỚI HẠN
	CHƯƠNG 3. ĐẠO HÀM
	CHƯƠNG 4. TÍCH PHÂN
	CHƯƠNG 5. KHÔNG GIAN Rp. HÀM LIÊN TỤC TRÊN KHÔNG GIAN Rp
	CHƯƠNG 6. ĐẠO HÀM CỦA HÀM MỘT BIẾN SỐ. ĐẠO HÀM RIÊNG CỦA HÀM SỐ NHIỀU BIẾN SỐ

