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Lot noi dAu

Gido trinh Co hoc lugng tu nay dicge bién soan theo chuong trinh
dao tao mdi xdy dung cta truong Pai hoc Su pham — Dai hoc
Thai Nguyén.

Néi dung cubn sdch nay chu yéu dua trén co sg cudn “Gido trinh
Ca hoc luong tu” cua tdc gid, da duove truong Dai hoe Sw pham — Dai hoc
Thai Nguyén luw hanh trong nhitng nam gan déy, déng thoi duge chinh li
va bé sung thém dé phiz hop vdi chuong trinh mdi.

Cuén sdch duge ding cho sinh vién cdc truong Pai hoc Su pham va

ciing c6 thé dung lam tai liéu tham khdo cho nhitng ai cdn dén Co hoc
Licong tiz.

Viée sogn mét giao trinh Co hoc lugng v vica dam bdo cde yéu cau co
ban theo chuong trinh chung cua Bé, vita mang tinh su pham, phit hop vii
dér tuong dao tgo la viéc lam khé khan, doi hoi nhiéu céng sie. Do vy
cudn sdch chdc chan can nhiéu thiéu sét, ching toi rét mong va cdm on sy
£op ¥ cua ban doc.

Tdc gia xin chan thanh cam on Gido su D6 Pinh Thanh, Gido su
Nguyén Van Thoa da ding gép nhiéu ¥ kién quy bdau cho cudn sich nay.

Tac gia



Chuong 1
SU RA BOI CUA CO HOC LUGNG TU

§1. NHUNG TIEN BE CUA CO HOC LUGNG TU

Bén cudi the ki thi XTX Vat 1 hoe da tich lug dude rat nhidu cac tu
liéu thye vghiém va kham pha ra hang loat cae sy kien méi. Li thuvét of
dién khong thé giii thich thoa man nhing sy kién do. Vao dau thd ki XX di
no ra cude khing hoang vat i hge rat trdm trong va anh hudng siu rong
dén cac nganh khoa hoc khac. Khé khan gav gat nhat Ia viée giail thich su
phan bS phé bae xa cta vat den tuvet déi. Tir I thuvét e6 dién Ravleigh va
Jeans da chiing minh mét cach chat ¢hé va rat ra edng thie:

P = a7 (1.1}

O dav: 14 hé so ] 18 2 1a bude somg: T 1a nhi¢t dé tayét dai.

Cong thie (1.1) cho thay ning sudt bire xa toan phan i 1é thuan vd
nhuét do tuvét dé1 va o1& nghich véi luy thia bae.4 cta bude song. Cong
thie nay chr ding véi viing o6 bude song dai & » A,,.. con khéne diung véi
ving ¢é bude s6ng ngin — vang ti ngoat. Nguoge lar. eong thie cia Wien chi
ding vdi ving ¢6 bude séng ngén.

€,
F

p,, =tie

O day e, e 1 ede hé sat e,

Ngoas va, Ii thuvét ¢d dign ciing bat lye trong viée gial thich nhiét
lrgng riéng caa vat ran 6 nhiét dé thap, sy tdn tai 5 bac tu do cta phan td
hui nguvén td ¢ nhigt do thudng, ...

Vao nam 1900, Planck da thoat ra khoi nhiing b tde trén biing ¢ich
dita va thuvet Tugng Wi, Ong cho ring sé di Ravleich - Jeans v Wien thét
bai trong viée gial thich nang sudt bde xq ctia vat den tuyét déi 1a vi cac
nha bac hoe do quan niém nang luong cta cae dao déng L ¢6 tinh lién tue,

Trat lat, Planck dua ra gid thuy€t ral cach mang: ning lugng ca cic dao

by



dong 10 ¢6 tinh eian doan nhu dién lugne. nghin 1a nang lugng cua mot
duo dong tu khong thé e gid trl At ki ma bao gid cang gip mot 86 nguyén
Ian nang ludgng nguyén 16 ¢ (g 1A luong 1d ndng lugng). Vai dao ding eo

14 =0 v thi
£ = hv (1.:3]
h = 6.6256.10""s 1a hang s6 Planck,
(éng thae Planck pha hop vé thue nghigm & mue dé chinh xie cao.

Dua vao cong thie nav, Planck da suv ra céng thde nang sudl blc xa toan

phan cun vat den tuvét 461

2he? 1
Py =7 e (1.

2
e]—u.i _ 1

(O dav: ¢ Ja van tée anh sang: k 1a hang 6 Boltzmann

("ae cong thae Ravleigh  Jeans va Wien 1a nhing trucng hop die
biér cua cong thie Planck.

B nim 1905, trén ed 86 phat tnén thuvét luong wi cta Planck.
Finstein da dua ra thuvét photén. Thuvét nay gmai thich duge day dd cac
hién tudng quang dién.

Cae thi nghiém cua Frank va IHertz da ching 16 niang lugng cta cic
nguvén tig ed tinh gian doan.

Nghién citu tinh chit glan doan cla nang ludgng dol vd hé nguyén ti
vl sU bife Xy eta nd, nam 1913 Bohr dé nghi stia déi cac dinh lnal ¢o dién,
lia chon va van dung thich hop dé1 vl hé nguvén tu bing cach dun vao
hing 6 Planck. Bohr dua va hal tién dé néi tiéng sau day:

Tién dé 1. 11é nguvén ta chi bén khi 6 trong cae trang thal dung
xae dinh. dng vé1 mot chudi cie gia i nang lugng gian doan hoac lién tuc.
Mot sy thay déibat ki vé nang Jugng déu gan lién vé1 sy dich chuyvén nhay
vot cua hé 10 trang thal ding nay =ang trang thii ditng khac.

— Tién dé 2: Bic xa dién LU chi xay ra khi hé nguvén i chuyén 1
trang thar diing niy sang trang tha ding khie. Bie xa Gng val sd dich
chuyén ta trang thail ¢6 mace ning lugng E, sang trang thal ¢é mic nare
lugng It 14 bie xa don séc va tan 8 dude xac dinh theo cong Lhic:



hv = - T, (1.3)
E,= L : Phatxa
5, < I4, : Hép thu

Bie xa ¢6 thé tu phat khi hé & eac mide nang lugng cao hon muce oo ban,

§2. TINH CHAT SONG - HAT CUA CAC VI HAT

1. Tinh chit song hat cta anh sang
Ludng tinh séng — hat cGa cac vi hat dau tién dude xac dinh d61 véi
Anh sang,
Tinh chat séng clia dnh sang dude thé hién qua cac hién tugng giao
thoa. nhiéu xa, phin cde... Ban ¢hat song anh sang la séng dién ti. Cac
dai ludng diac trung cho song la:

- » 1 o .
Tan s Vo T = o (1.6)
i
. . Zn
Bude séng:  # = * {1.7)
P - 2m o
S0 séng: k = -1 X
-I"\
{(rila vecto don vi chi phudng
truvén song).
~ - ok ) - N1
Phuong trinh séng: Gia su tal
diém 0 séng c6 dang x, = Acosot. sau r
o d - .
thol gian At = — (d=rcosa=rn) o
o E _ 0 M’ .
song lan dén diém M. 1 d§ dao ding . n
tai diém M’ giong i d6 tai diém 0. Hinh 1

V1 s0ng phang nén mit song &i

qua M va M’ dng thoi. Séng tai diém M' ¢ dang:

l) [ T
Xap = Acose (U — AL = Acoso(t — g) = Acos(ml — H—;g) = Acos{ot — ?— nrj)
v v .
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Vav o6 thé vidt bicu thie séng phﬁng cua anh =ing don sac dud dang:
X = Acos{ot ~ k¥)

Trong bidu dién phiic ham nav ¢é dang;
W(E t) = ATl (1.8)

— Tinh chat hat cua dnh sing duge thé hién qua cac hign tuong bue
xn nhict, quang dién. phat quang..... hat anh sang goi 1la phatén. Cae du

lugng dace trung cho hat la:

Nang ludng: L =hv =tw (1.9)
Xung lugng: P = 1k {(1.1)
e h - —41
O day h=-- =103010""]s

21

Ta thay: mdt photén véi nang lugng E va xung luong P xde dinh
tuong dng vai mot s6ng anh sang don sic ¢d tan 86 v va 86 song k xae
dinh. Vay khong nhiing 4nh séng ¢6 tinh chit séng — hat ma phétén cang

ed tinih chdt s6ng — hat.

2. Gia thuyét De Brogtie

Trén co s ludng tinh séng — hat cla anh sang. De Broglie dua ra eid
thuyét eho vang: Cde vi hat ciing co luwdng tinh song — hat.

Né1 dung gia thuyét nhu sau: Méi vi hat chuyén déng tw do ¢o ndng
lugng K va xung lugng P xdc dinh déu gdan lién véi mét song phing don
sdc lan (ruyén theo phuong chuyén ding cia hat, gidng nhu mét photon
gain lién vl mét song anh sang. Gitta cde dai liong dae triung cho song va
cac dat luong ddc trung cho hat ciing 6 cde hé thite lién hé gidng nhv gitta

photén va anh sang, nghia la:

E =ho (1.9)

P -4k (1.11)

Cac hé thue nay goi la cac hé thie De Broglie. Séng tudng tng vdi su

chuvén déng ctia vi hat goi 1a séng De Broglie, né duge biéu dién biing ham
=0 giong nhu déi vdi song anh sang:



1 .
vh e

P{rt)= Ae (1.8)

Trong mat s0 trusng hop o6 the tach wi o) = oyl eafty), Trong do
: ) ; i i
1

:||| i Cla
il )= A gy = e f

Cha thich: § day cie ki hiéu W, w ¢6 chung ¥ nghia,

Banh gia bude séng De Broghie: g1d s vi hat ¢4 khai lugng m chuvén
dong v van toc v. Khi chuyén dong ty do nang lugng cua nd 1a:
Lomv P ] h
IL = = -——. I docy A= -s o i
2 2m P J2ml
Gla =11 vi hat keleetron (didn wd) duge gia tée trong dién trucng.
nang ldong cua nd do cong eaa dién trwdng sinh ra. N&u hat dich chuvén
gida hat dicm o6 higu dién the 1a Ut eong A= I = e

" . h h 1 6.625.10 % 1
Pacdue 7o e = e o=

vZImel  (2me VU 910 e o™ VU

Khi U=1V - 2=1224; U=10'V > A =0,192A

fhdiv mn = 9010 ke TA kKBS Tuong cla eleetron
e = L6100 T dien tich et olectvon)

Gl el nay vao od bude séng cia tia Rontzen cang. DI nhicn m va 12
cang 1dn thi 7 cing nho. Thye L6 khong the do diude true LiEp bude sOng enn
anh =ang nbin thay. Vidu déi vii electron khi K = 1eV thue nghiém da trd
nén rat kho khan, khi 2 = 10 “em b eleetron chi cé nimg higng tuong tng
KU 1210 eV Mav gia tée hién dai Lang tée cho cac hat oo ning luong rat
tin. 0 the col 1 ngudn phat song cue ngan. Kh witng luigng chuyén déng
kin hon nang lugng tinh vl nhiéu K >> me” thi £ = Pe.

L ¢ o 1

Do do v=2- _ '

hon 2n T

3. Xac nhan tinh chat séng cua cac vi hat

P& chitng 16 oid thuvét eiia mrinh 1 ding. De Broglie da une gia
thuyet eaa minh dé chng minh tién dé luone ti hoa momen dong Judng
tmomen xung lugng) cua Bohe (Lién dé nay ¢é trude va da dude thuc

nehiém xac nhin tinh chat ddng din cta nd trong vide gidi thich quang

1



pho nguveén wd hidro), Vay ndéu gia thuvér De Broglie chiing minh duge
Licn dé etia Bohr thi gia thuyét do la dung dan. Néi dung tien dé Bohv
nhu sau; Trong nguvén ti hidro electron ehi chuvén déng trén nhiing
quy dao tron ding sao cho momen déng Iugng caa né bang mot 30 nguvién
1an hang =6 b

PPr — nh: n=1.2.3...... (1

De Broghie tap luan nha saw Thay cho electron ta hinh dung o6 mat

o1 =0ne lan truvén trén quy dao tron. gia =d bian kinh quy dao dd ién ¢
¢ e ap dung duge edng thiae dé vél song phing:

Poo2n

k =—
i ,

(2)

e biao dam mé quan hé don Lri gitia bude sdng va toa dd trén quy
dao teon thi dé dad dudng ron qui dao phal bang mét s6 nguyvén lin bude
=0T

2 = na ()

T (2 va (3) ta duge:

. . 2mh .

Ym = nh T n—— — Pr=n#

1)

Nehia 1a gia thuvét De Broglie
di ehing minh duge tién dé cua
Bohe. That vay.néu tén tai bidu thie
(1) thi dao dong cua séng tai diém Hinh 2
xudl phat & gong dao déng caa séng
ciing tai diém dé sau khi da lan hét

mot vong.

— Thi nghiém vé sy nhicu x;

rua cleetron

(114 thuvét De Broglie néu 1én

tinh chilt séng caa electron, néu

Hinh 3

quan =it duge hién tugng nhicu xa do

electron smh va thi ching to clectron
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c6 tinh chat séng, vi nhiéu xa 1a hién tugng dac thi ctia cac qué trinh séng.
Da biét hién tugng nhiéu xa chi x4y ra khi kich thudc cta cac khe cach ti
nhiéu xa ¢6 gia tri vio cd bude séng clia tia sing qua khe. Nam 1927 Davisson
va Germer da lam thi nghiém nghién ctiu su nhiéu xa cta electron. Da biét
bude song De Broglie vao ¢d bude séng cta tia X cing, vi thd mudh thay
electron nhiéu xa ta phai dung tinh thé, chiéu chum electron 1én tinh thé Ni
va ghi nhan cac electron bat ra theo cac gée 6 khac nhau. S6 electron bat ra
phu thudc vao géc 0 va 1a cuc dai khi thoda méan hé thec:

2d sinf= ki (d — hang s6 tinh thé
k — s6 nguvén)

Cong thic nay ding nhu cong thic nhidu xa ctia anh sang, vay
electron ¢6 tinh chat séng.

Vé sau ngudi ta tiép tuc lam thi nghiém quan sat hién tugng nhiéu
xa do1 vdi cac hat khac nhu ndtron, proton, cac phan tl, nguyén ti... TAt
ca cac k&t qua thu duge déu xac nhéan tinh chat ding ddn cta giad thuyét
De Broglie. Vay cac vi hat ¢6 ludng tinh séng — hat.

§3. HAM SONG Pi2= P + P

P2

Dé hiéu rd6 hon ban chat song — £ | -

hat cua cac vi hat, truée hét ta xét mot &

s6 thi nghiém sau:

Py P2

1. Thi nghiém X

— Dung mét khdu sting may bin

dan that vao mot tdm bia, s6 luong

Bia
dan dudc ban ra phan bd déu theo moi | 5

]

phuong. Khi ban qua khe 1 (bit khe 2) I Iyl

ta duge dudng cong p,, biéu dién s6 dan Tuong co hai
tring vao bia. Khi bian qua khe 2 (bit oS
khe 1) ta duge dudng cong p,. Khi dong :
thoi ban qua ca 2 khe ta duge du(‘:mg Sting
cong p;,, thi nghiém ching to

Piz= P17t py

14
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Vay s6 dan di qua 2 khe doc lap vdi nhau, chiing to xac sudt ¢6 tinh
chat tong.

— Thay sting bing ngudn sang don séc va thay bia bang man chan
sang. y, va y, bidu dién ham séng cia 4nh sang di qua tiung khe.

Iy, /* biéu thi cuong d6 anh W
sang trén man quan sat khi cho A
anh sang di qua khe 1.

ly.)* biéu thi cuong d6 anh
sang trén man quan sat khi cho

4nh sang di qua khe 2. J\/\ /\/\J Iy o)

\Wyof” biéu thi cudng do anh

Y

sang trén man quan sat khi cho
anh sang di qua hai khe.

i'li’||2 |"l"2|_

2

Y

 Thi nghiém ching to. |y .
= |y,[* + |w.°. diéu nay giy nén

bdi su giao thoa cua hai chum | |

anh sang ¢ phia sau khe. Anh | Man chan sang
sang tong hop 1a y., = y, + y, | 3
nhung do su léch pha vé dao [ I : 141 ]
dong gida hai chum tia nén Tu&mg ¢o hai khe

|\1l”13|2 =y * + . \\ ’?

— Thay nguon sang bang A Nguén séng

ngudn electron, thay man chan don sée

sang bang man phat quang. Méi
electron dap 1én man phat
quang s& cho mot chadm sang. Hinh 5
Cuong do sang tai mot don vi
dién tich trén man phat quang ti 1& véi sd electron dap vao don vi do trong
mot don vi thoi gian. Thi nghiém chiing to s6 electron duge phan bé trén
man phat quang giéng nhu su phan bd cudng do sang trén man chan sang
va \wl =y +owf

Tim cach giam s6 lugng electron di qua ting khe dén mtc chi con
tiing electron lan lugt di qua khe, ta thay : khi sé electron di qua khe con

15



it thi cac chdm =4ng tan man trén man gidng nhu trén bia 16 chd cac vt
dan, chi khi 56 lugng electron dap 1én man da 16n thi mdi quan sat duge
dfv du hinh Anh nhiéu xa.

Két qua cae thi ngluém trén cho phép két Tuan:

-+ Quy luat chuvén déng cta cace electron khiae quy luat ehuyén ddng
run cie vién dan, nghia a quy luat chuvén déng cua céace hat vi mé khae
quy luat chuvén déng cua cac hat vi mé.

- Xae suit Um thily hat duge biéu thi bang binh phuong modun eda
hiim =6ng. Xac suft tim thay hat qua khe 1 hoac qua khe 2 i két qui gino
thon cua cace s6ng v, va vy, .

— 80 lugng clectron tai moét vi tri nao d6 trong khong gian 1 1é v
binh phudng modun cua ham séng. quan niém nay cting phit hop véi cac

phatdn.

2. Tién dé vé ham trang thai

Dé1 vii mot hat tu do De Broglie gin cho mét ham song dién ta trang
thai chuyén dong cla né
. SliE-

Fir.tr=Ac *

Ta thita nhan nhu mét tién dé : Trong co hoc luong tu trang thdi cia
hat thay hé hat) khéng tu do duve biéu dién bang mot ham song nao do,
gidng nhu ham song cua hat tw do (goi tat 1 ham trang thai). Hai ham
song v va ay (a 12 hing s6) chi biéu dién cing mét trang thal, nd cach
khéc, cic trang thai khac nhau phai duge hiéu dién bang cac ham somg doe

lap tuvén tinh vé1 nhau.

3. Giai thich va y nghia

Trén cd s6 két qua cua cac thi nghiém trén va nhiéu thi nghiém khac
cho phép ta di dén quan nigm théng nhit vé séng De Broglie nhu sau:

Toan bd dién bién cha mot sy kién vat 1{ d&i véi cac vi hat dude xéac
dihih boi cac quy luat ¢6 Linh chét théng ké. Cach giai thich théng ké séng
D¢ Broglie do Born dua ra dau tién: Cudong dé séng De Broglie ¢ mot vi tri
nao do trong khong gian ti lé vdi xdc sudt tim théy hat ¢ vi tri d6.
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Cach giai thich nay hoan toan khée véi quan niém c¢d dién. Theo li
thuy@t ¢d dién: Gia tri cua ham séng hodn todn xac dinh trang thai caa
hat. Vi du. néu bién dé séng tai mét diém ndo 46 ¢o gia tri 16n gdp dai bién
d6 song tai diém khac thi nang luong s& gip 4 14n, va nhu vy trang thé
cua hat ¢ hai diém sé khac nhau. Nhung thea cd hoe lugng i cuong do
song De Broglie 41 1€ v6i xac sudt dinh vi [wi®. Do d6 van dé quan trong 1a 41
0 gitta cudng do séng tai cac diém khac nhau, néu ti s6 d6 khong thay dé
tal cac diém dé thi trang thai eta hat & cde diém d6 1a nhu nhau.

— 86ng De Broglie cho phép mé ta tinh chat théng ké ciia chuyén
déng cta cac hat, né xde dinh xac sudt tim thdy hat § 14an ean mét diém
nao dé trong khéng gian tai thoi diém cho truée. Néi cach khac, song De
Broglie 1a song xdc sufit, bi€t ham séng ta tim duge xac sudt. Do dé trong
o hoc lugng tit khai niém quy dao mat hét ¥ nghia, khéng thé néi tai théi
diém t hat 6 vi tri T xac dinh. Trong th€ gidi vi mé chi c6 thé néi tai thai
diém t toa d6 cia hat duge xac dinh v61 mét xac sudt nao dé thaoi.

— Chi trong nhiing trudng hgp dic bigt trang thii cla hat méi duge
dién ta bang song phang don sic. Trong trudng hgp tong quat la tudng
tugng séng De Brogle 1& séng rat phac tap (né 1a ham s& cia toa do va
thol gian). Ham séng néi chung 12 ham phic, song xac sudt tim hat |y’
Iudn luén la dai lugng viat 1i thue.

Xac suit dé thay hat 6 1an can mot diém nio dé trong khéng gian
phu thude vaoe kich thude cda viang duge chon. Xét mét vang rat nho bé ¢o
kich thudc nam trong khoang: x, x +dx: vy, v + dy: z. z + dz. trong vang
nay c¢é thé coi hAm séng khéng thay d6i, nén xac suit tim th&y hat trong
vang nay 6 thé coi nhu ti 1& véi kich thudc chia viing dé. Vay xac sudt tim
th&y hat & 1an can diém ndm trong viing x, x + dx; v,y +dy; z, z + dz la:

dw(x,y,z)=‘\|;(x,y,z)|zdv; dv = dxdydz (1.1

Pai lugng @ =

dw(x, y,2) _ W'(X)W(X) - Jw(x)‘z {1.12)
dv

2ol 1A mat do xac suit.
Theo dinh li cfng xdc suét, xdc sudt tim thiy hat trong toan khang

gian V la:
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Wixy,z) = [ dw(x.y,2z) = odv - [ yleof dv (1.13)

Bin than ham séng khéng ¢6 ¥ nghia vat i, ma chi [y(¥)" mé 6y
nghia 1& xdc suft tim thay hat trong mét don vi thé tich nao do.

4. Doi héi cha ham séng

— Chuin hoa: Néu tim hat trong toan khéng gian chtta hat thi chie

chan 1im thily né. Theo Ii thuyét xac suat dé 1& sy kién chic chdn va xac

sUAt e gia tri bang 1, chudn hoa khéng phu thude vao thai gian.

ur.

f ()W) = J-w‘\\pf()c)[z dv=1 (1.11)
— (id1 no1: Theo diéu kién (1.14) ham séng phai gidi néi, néu khéng
diéu kién chuan hoa khéng duge thod man.

— Don tri: Ham song phai don trl, néu khéng thi Gng véi mdi trang
thai sé ¢6 nhiéu xae sult tim thay hat, difu dé trai voi I thuvét xac suit.
Ham song phai tuan theo nhing diéu kién bién cho trude.

- Laén tue: Ham séng phai lién tue, vi [y khong thé thay déi nhay
vol. Dgo ham bac nhdt cua ham song cing phai lién tuc.

§4. BO SONG — VAN TOC PHA, VAN TGC NHOM

et bl

Trong biéu thiic ham séng W(x.t) = Ae thi dat lugng

a=kr ol (1.15)

gol 1a pha cia séng. Dé don gian ta xét hat chuyén dong theo phuong Ox,
ham séng theo phuong nay sé la:

Pl 1) = Aeior

va o = kx —wt {a=a,:k=k)

Ta xét mét pha xéc dinh kx — ot = hang 8. Tai thdi diém t pha nay &
viiri x. tai théi diém b+ Al n6 6 vi tri x F Ax. Tiz dé
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kx — ot = (x + Ax)k — o t + At } = hang 36, suv ra oAl —kAx =0
Vay pha nay 8 lan truvén vé van e

T (1.16)
Atk P

Ta thily, tral vdi séng dién ti. trong chin khong song De Broglie bi
tan sdc. nghia la van t6c pha cia séng De Broglie phu thude vao tin s6.

Néu van tde cta hat v << ¢ thi nang lugng E va xung lugng P lién he
vdl nhau theo hé thae:

'P o
2m

!- 2
Dodé o = K (1.17)

2m

116 thite nay biéu thi dinh luat tan sie song De Broglic.

Thay (1.17) vao (1.16} ta dugc:
U= {1.15)

Viy. $6 song cang 1dn thi van t8c pha cang 1én.

Mat khéae néu thay E = me? va P = mv vao (1.16)
CL’

tach u= =g viv <<
v

Theo thuyét tudng d81 clia Einstein moi van téc vat I ela hat déu
nho hon van tde anh sang. Vay van toc pha khong phéi 1a dai lugng vat i
thye. vi séng dan sic la séng li tudng - s6ng toan hoe, khong ton tai trong
thue t¢. Song don sdc 1a mét qua trinh tudn hoan khéng ¢6 #7161 han trong
khong gian va thai gian. Song hat vat chit bao ¢id ciing dinh xU trong mit

khoang khéng gian nao day.

e didn ta trang thai cia vi hat duge sat thue han nguot ta khéng
ding séng don sic ma dung nhom séng ¢6 80 séng bién thién trong khodne

Ak du nhd, tde 1A k dao dong quanh k,
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! i |
| I ]
ko — Ak =k =k, + Ak —k Ko +k

Su chong chat cae séng nay goi 1la bé séng va dude dién 14 bang ham
sOng:

i

W(x.t) = £ :k Ae'ovdi (1.19)

vi » 1a ham s6 cua k (theo (1.17) va Ak dG nhé nén ¢é thé khai trién o
theo luy thia ena z = k — k. ta ¢é:

dw 1 2w ., .
0= 4 [ e - = L P LT 1.2(}
() = 4, ( dk )kﬁ;;” (l\ kn) + 2( dk‘ )k:k,, (1 ku) + ( )

vl z nhd nén ta chi gig lai hai 86 hang ddu trong (1.20) va thay vio (1.19),
La duge:

T : "ill-r"l l
Ak 1ihf n:"-t]--lillul,—‘llk I(!r
‘1’(_x\t):A'r e " dz
-l
fileny i
{5k, o1 A oy !y‘
Al

LAy tich phan nay ta dude:

. ) d ek
sind{x — ("), t]Ak e M Y

Wx.t) = 2A < = Bt ! (1.21)
[x—(d(-!j). £
dk ™
o dayv dat: p=9A siny Ak y=lx - (dﬁ)n t]ak
¥ dk

B bién do cham theo thol gian (vi Ak nhd) nén ed thé coi la bién do,
nhung bign d6 nay ¢6 bién d6i. Tai thai diém L ham séng ¢6 dang nhu
hinh 6. B ¢6 cue dai chinh ¢ diém y = 0

dm

X . =(=),t
FITHES (dk )H



siny

b

vi =1

Sat v6i cuce dai chinh, B trét

tiéu G hal diém y=-nvd y=+=x

rn do
X]n‘ =t ('—_)Ut’
oAk dk
Céac cuce dai khac rdt nhé so v/\[) a/\ > x
iy C . e LA e a X, X, VX 0 VAR N
v6i cue dai chinh nén ¢d thé néi la - |
bé séng hiau nhu tap trung trong Hinh 6

ot khoang khéng gian gi6i han

2n
AX =X — X =-—
Ll It -\k
Van tée cla bé séng nay gol 1a van toe nhém, né béng van tdc cua cyc
dai chinh:
dx de

V;____L“":(

1.22
dt dk}" (1.22)

D&i véi song dién ti o = 2mv = ck, do d6 v = ¢ = u nghia 1a van 1dc nhém
bing van toe pha. D81 véi séng De Broglie trong truong hop v << ¢, ta co:

:nk~‘vay\,:ﬁ:£:v (1.28)

2m m m

O]

t{ic 1a van tée nhém bang van tée hat,

§5. NGUYEN Li CHONG CHAT TRANG THAI

Trong tiét trude ta da bift bo song 1a sy chéng chat cac séng don she.
D6 1a mot thi du vé trang thai chéng chit — mét trong nhiing cd sd cua cd
hoe lugng tu.

Trong nhing difu kién vat 1i cho trude hat cd thé nam & cac trang
thai khac nhau tuy thude vao viée ma hat roi vio cac diéu kién Av bang
ach nao. Vi du don gian phit 1& trudng hgp hat chuyén déng tu do khéng
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~hiu tac dung cua ngoai luc va cang khéng tudng tac véi cac hat khac.
Khi av hat ¢é thé nam trong cac trang thi khac nhau, duge xac dinh L
mot dat Jugng dice trung nao d6 (vi du nhu phudng ciia xung lugng), Tuy
nhién 6 thé tdn tai nhiing trang thai phde tap hon, thi du trong thi
nghiém nhiéu xa clia Davisson va Germer: chiim hat t61 dap vao tinh thé
bi tach thinh hé eac chum nhidu xa. cac cham nay lai ti€p tue truyén d;
trong khéng gian - dé 1a tap hgp gém tat ca cde séng ¢d phudng truyén
khae nhau.

Vay. khi ¢cho mgl chum hat 6 bude sdng va phuong truvén xac dinh
dép vao tinh thé ta khong thé thu duge mot séng nhidu xa riéng bigt nao
dé. ma lap tde thu dude tdt ca tap hgp cac song dé (thay cho song téi) ¢
cung 1 88 pha xée dinh d8i v6i nhau va do dé ching giao thoa véi nhau.
Tt cd tap hop do 1a mét truong séng duy nhai va duge biéu dién bang mét
ham séng ¥,

Tuy nhién trudng sémg nhu vay 1a tap hgp cdc séng De Broglie don
glan. mét trong cic séng nay cé thé bidu dién mot trang thél kha di cta
hat chuvén dong trong khéng gian.

Dudi dang don gian nhat, nguyén i chong chit trang thai rat vé hai
luan diém sau:

— Néu hat thay hé hat) & mét trang thdi nao dé duoe bidu dién bing

(=3
ham song W, va o trang thdi khdc duoe biéu dién bang ham song ‘P, thi né
cting oo thé ¢ trang thdi W la 16 hop tuyén tinh ctia ¥, va W,

Y =c¥, +c,',
Téng quit. khi hat & nhiéu trang thai khac nhau ta cé:

Y=o, (1.24)

d ddy: ¢, — cac hé s8, néi chung 14 phie. ching xac dinh bién 6 va pha cua
s6ng W, tudng ting.

Néu cac ham séng ¥, khac nhau rat it thi thay cho téng (1.24) ta 6
tich phan:

W= jc(n)‘Plltiv (1.25)



- Hai ham séng W va a¥ (a la s6 phie bdt ki) chi biéu dién cung
mét trang thdi cua hat. nghia 13 n€u nhin ham séng véi mét 86 phic
khiae khong bat ki thi ham séng mdi sé cung tugng dng vé trang thai do
¢ua hé.

T nguvén i chong chit trang thal suy ra: Néu coi cac ham séng mé
ta trang thal cua hat nhu cac vectd trong khong gian tritu tugng vé han
chiéu (trong toan hoc ngudi ta go1 1a khong gian Hilbert), va néu vectd
trang thai duge xae dinh nhu ham s toa dd cua hat thi su bidu dién nhu
thé vé& cae trang thai dudc goi 14 su bidu didn toa dd. Vi ¥ va a'¥ 1a hai
vectd biéu dién ctiing mét trang thai, vay trang thai clia hat c¢hi duge xac
dinh béi phudng cla vectd trong khong gian Hilbert chit khéng phai bdi dd
dil caa vecto.

Theo nguyén i chdng chat trang thai thi cidc phuong trinh ma ham
séng thod man phai 12 cac pbuong trinh tuyén tinh (nguyvén If ¢6 thé bi vi
pham trong khong gian ¢6 kich thude dail nhéd hon 10 Yem). Nguyén I
chéng chat trang thai phan dnh mot tinh chat rit quan trong cliia ¢d hoe
Juong 1 ma khéng ¢6 sy tudng tu véi co hoc ¢b dién: Vi du theo co hoc b
dién ¢6 cac dao ddng chdng chit véi chinh ching sé dian dén mét dao dong
méi ¢6 bién d6 16n hon hay nhd hon. Mat khae theo cd hoe ¢6 dién 6 tin tai
trang Lhai nghi, trong dé tai moi diém bién dd dao déng déu bang khéng.
Trai lai, theo ¢ hoc lugng tit khéng tén tal trang thai nghi va ham séng
chi bing khéng tai cdc diém trong khéng gian tuong vng véi su khong ¢b
mét eta trang thai.

Hai ham séng ¥, va ¥, biéu difn hai trang thai ¢6 xung lugng P, va
. x4e dinh. con ham séng ¥ = ¢ ¥, + ¢, ¥, hiéu dién trang thai khéng co
xung lugng xac dinh. Vay theo mét ¥ nghia nao d6 W 14 ham song trung
gian gitia ‘¥, va ‘¥,. Nhu vay co hoc lugng tu thira nhén nhing trang thaai,
trong d6 mot s dai ludgng vat i khéng ¢é gia tri xdc dinh.
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§6. CAC TAP HOP THONG KE LUQNG TU

Trong thye té& c6 hai loai bai toan dit ra;

— Bai toan thuan: Theo ham séng doan trude kit qua khi di cac phép
do d6i véi vi hat.

— Bai toan ngugc: Theo k&t qua thye nghiém xac dinh ham song.

Viée doan trude két qua do ludng bang cach dua vao ham séng. néi
chung mang déc trung théng k&, do d6 néu chi tién hanh mét phép do duy
nhdt nao d6 thi két qua do ludng dit ra van dé: su ¢ xay ra ding tin cay
nhiéu hay it, sy phén bé k&t qua do ludng chi mang tinh chat khach quan
khi lap lai phép do rat nhiéu 1an,

Diéu quan trong la trong linh vuc lugng ti ta khéng thé lap lai thi
nghi¢m déi véi cing mdt hat vi phép do, néi chung, s& 1am thay d6i trang
théi cua hat. Do d6 &€ lap lai mét s8 lan (N >> 1) cac thi nghiém déng
nhat, ta tudng tugng c6 mot s6 16n cic hat khéng phu thude vao nhau va
déu ndm trong cing mét trang thai duge bidu dién bang ham séng w. Mot
tap hgp gom céc hat (hay hé hat) nhu thé goi 1a tap hgp thudn khiét.

T4t ca xdc sufit va cac gid tri trung binh déu duge tinh t cac ham
sbng Gng v cac phép do trong tap hop d6. Vi du: xac sudt tim thiy toa dé
X 6 gan x bang ‘P(x')‘z dx. c6 nghia la khi t16n hanh do x N lAn thi c6 N’
lan tim thay x § gn x.

N’ 2L
N :\\p(x )\ dx (1.26)
Tuong ty khi do P, gAn P, M Ian thi cé M’ 1an tim thay P, gan I”'..

“dp', (1.27)

M ‘
H_‘C(p“)

Khi biét sy phéin bd cac két qua do ludng d6i véi x va P, thi c6 thé
tinh duge gia tri trung binh cua bat ki ham s8 F(x) va ¢(I>). Thanh ra.
khi bigt ham séng khéng nhing chi tinh duge xac sudt d6i véi x va I,

ma ¢dn ¢6 thé tinh duoe xac suit cta bat ki dat lugng vat li nao cia hat
(hay hé hat).
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R& rang. chi mot phép do duy nhat d6i véi mdt hat khong theé lap
duge ham séng. Phai biét su phin b két qua do ludng trong tap hgp mdi
¢6 thé xac dinh dude ham séng. Béi vay, khéng nhiing chi sy doan trude
k&t qua do ludng trong tap hop lugng tii. ma ngude lal. dic trung cua tap
hop hugng L déu cé thé duge xac dinh tit cac phép do. Do d6 trang thai clia
hat dude bidu din bdi ham séng cdn hiéu nhu la thude tinh cua hat déi vdéi
méLl tdp hop thuan khiét nhat dinh. Chinh theo y nghia nay ta dung t&
"trang thai" cua hat, cda hé hat..

Ta hay xét su tan xa cla electron trén nguyén tu. Giad su clectron o
xung hugng P. ham song Y(x)

“Hp{x) = Q])(X) + U(X)

G dav: ¢,(x) — ham séng dién ta trang thai ban dau véi xung hugng P
u{x) — sbéng tan xa.

Trong thuc t& tdn tai nhiing tap hop ngay tit ban dau cac hat da nam
& chc trang thai khac nhau, ngudi ta goi d6 12 tap hgp hén hgp.

Ham séng hay tap hop cic him séng can xem nhu cac dac tinh khach
quan khéng phu thude vao ngudi quan sat. Tuong tu véi quang hoc: Téap
hop thudn khiét iing véi séng két hgp, con tap hop hdn hgp dng véi cac
séng khéng két hop. Theo quan diém théng ké gitia tap hop thuidn khiét va
tap hop hdén hop ¢6 su khac nhau quan trong: Tudng Ludng ¢é mdt tap hop
chiia rat nhidu hat, tAt c& nAm trong cing mot trang thai. Néu tach ra mot
tap hop con va gia su tién hanh do xung lugng cua hat ta duge gia tri P, lai
tach ra mot tap hop con khac va cling do duge gia tri P,... Tap hgp nhu thé
la thudn khiét. Ngude lai, néu mdi lan tich ra mdt tap hop con dé do duge
P ta thu dude két qua khace nhau — day 12 tap hgp hén hap.
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Chuong 2
TOAN TU

§1. TOAN TU TUYEN TiNH

1. Khai niém vé toan tu

Cho ham s& w(x,. X,....). Néu tit ham 8 y(x,, X,....) ta thu duge ham s6
@(X,. X,....) ¢6 cung céc bién 6 dde lap bang cach dung mdt quy luat todn
hoe nao dé tac dung 1én ham 86 y(x,. x,....). Piéu nay cb thé biéu dién mot
cach tugng trung: tich clia ham s6 wix,.Xx.....) vl toan td tuong Gng cho

ham sd ofx,. X.....)
L“P(xl,xz,...) = p(x,,X,,...) (2.1)

G dav L )a toan ti. nd ¢6 thé 1a phép nhéan véi X(L = x}. phép 14y vi phan

|r' - \
theox | L= i
\ dx |

. phép khai can [ L= %f'_‘] e

1 | d ra ¥
i -»— la toan tu

Vidur ofx) =
dx  dx

ofX)=xy{x) — x 13 toan tu
2. Dinh nghtia toan tr tuyén tinh
Toan i L. goi la tuyén tinh néu né théa man tinh chit sau:
Lcl(wl(x) +e, (X +- )= C‘L\j,H (x)+ czfnpz(x) e

Hayv LZ c W, (x)= Z c, Ly, (x) (2.2)
G dav: g ixh Yoo ... 12 cac ham s6 tuy y

€. €y, ... 1a cac hé s tuy ¥y



hd - d - -~ K ~ F ~ r o n - &
Nhu vay: o la toan tu tuvén tinh, Qf khing phai la toan tu
X
tuvén tinh. .

Co hoe hugng ti chi dung céc toan tlf tuyén tinh, vi thé trong co hoc
lugng td ngudi ta chi nghién eftu cdc toan td tuyén tinh. Tinh chit cla
cong thie (2.2) ¢é nghia 1a tac dung cua toan ti L 1én t6ng cic ham s6
g (xh yo(x).... thi bAng toéng cac két qui thu duge khi toan ti 1. téc dung
lén ting ham 56 y,(x}), ye(x).... Nghia 13 doi héi viée Ap dung céc toan L
tuvén tinh khéng vi pham dén nguyén téc Léng.

3. Cac phép tinh vé toan tir

Cac phudng phap thiét 1ap cac toan t phic tap hon tit cac toan i
don gian dugde rit ra chinh tit dinh nghia toan t& va c6 thé xay dung dudi
dang quy tac da) s8.

a. Phep cong: C Wix) = Au;(x)+B\lJ(x)
C6 thé biéu didn C=A+B (2.3)

Vi du: A=x:B=9

Cl,{!(.‘{) = (A + ]%)u,r(}{) = {x -~ di ‘IU(X = xy{x) + dl_gg_x_
b. Phép nhén: C\;J(x) = A]A?vkp(x)
(6 thé bidu didn € =AB (2.4)

Tie 1a trude hél tic dung B 1én wix) sau d6 tac dung A lén két qua
vita thu duge.

. . d ] d
V, ,1 : A = M = — thi . = X ——— = !
idu x: B i hi Cy(x)=x = WX) = xy'(x)

c. Luy thira: Néu diing mot toan td tdc dung lién ti8p n 14n 1én mot
ham s8 thi ¢6 thé biéu didn dudi dang luy thita

A'—;‘Lé\;:\..,:ilp(x) = A”q!(x) (:

[~
hy |
Pl

d. Chi y:
+ Né1 chung tich cua cic toan td khong thoa man quy tic hoan vi,
nghia la:
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AR 2BA
. - - d d o
Vidu: A=x; B=— thi xd—qf(x) = xuy'(x)

dx X

i xwx) = ylx)+xy'(x)
dx

nghia la (-—- X - Xi)h!(}{) =y(x)=0
dx dx

A,

Goi ki hiéu [A B]=A Ala giao hoan tu
+Neu AB=BA— ARB- 1§A

tanéi A va B giao hoan véi nhau.

» 0 .0
Vi du: A=——1 B=—o—
oX, CX,s
ta co ec wix) = ﬁ W(X) ) © .2, (x)= 7(?1!(}()
ox, ©x ¥, 0%, dx, 0%, 0x,0%,

i

1 e @& 6 0
I'ie la: - o ——
ax, 6x Ox2 0x,

+ Néu AB=-BA tanéi A va B phén giao hoan véi nhau.
+ (cf;)w(x) = (:Llp(x) . & day ¢ — hang s6.
+ Toan ti ddn vi 14 toan td khi ding né tac dung 1&n mét ham s6

nao dé thi khéng lam thay d6i ham sd dé.
Vi du: (dd—xx - X -ac—l;)w(x) =y(x), \ng.hia la (f;x - xdi) =1

X
+ Toan ti nghich dao: L’ 1a nghich déo cta L, néu
I:qj(x)z ¢(x) thi L Pp(x) = yix)

+ Toan tii 1ién hop phite: L 1a lién hop phie cla 1. . néu

Ty (0 = o) thi L y'(x) = ¢ (x)



§2. TRIRIENG VA HAM RIENG CUA TOAN TU

Cho toan tit I. va ham s6 y(x) lién tuc, hitu han va dan tri v6i moi
214 Lr1 cua x. Néu tie dung toan t L 1én ham so wix) ta thu duge ham s6

madi chinh bing ham s8 w(x) nhan vdéi mot hang s8 nao dé.
[y(x) = Lys(x) (2.6)

thi ta goi L 1a tri riéng cla toan td I, va y(x) 1a ham riéng cua toan ti L

Vi du: I = di) Dwix) = cos(4x), Ta ¢d I’_\Ap(x)t——;l-h,-;cosdx = 16cos4dx, o day
15 3

dx
tri riéng L= 16 va ham riéng yw(x) = cosdx.

Tap hgp cac tri riéng cuia mdt todn L goi 1a phd tri réng cua toan LU
dé. Bai toAn tim phé tri riéng duge quyv vé viée tim ham riéng thoad man
cie didéu kién cho trude. Néu cac tri riéng L, g1an doan. ta nédi toan ta L o6
phd tri réng gian doan. Néu cac tri riéng L, lién tyc ta néi toan ti L cé
phé tri riéng lién tue. Khi toan td [, ¢ cac tri riéng Ly, L,,... L.,... tudng
ung va1 cac ham riéng v (x). wy(x).... yw,(x).... ta néi cac tri riéng L, khong bi
suy bign. Néu mét tri viéng L, tuong dng véi nhidu ham riéng, ta noi iri
rieng I, bi suy bién; gia s 1 tudng dng véi { ham riéng, ta ndi tri riéng I,
suy bién bac f.

v

Vidu chotoanta 1. =- el hay tim ham riéng va tri viéng cta no
o

val didu kién bign 0 < x = d va y(0) = yid) = 0
Giai: Theo (2.6) ta co: ——d*._,— = Ly(x)

dHp(x)

hav —

+Ly(x)=0

-1

tdx

A y(x)

“

Bat .=k taco + kM (x) =0

Gidl phuong trinh dac trung t2+ k%= 0 - t = 41k suy ra nghiém cua
g ; A g111¢

phudng trinh ed dang:
W(x) = A 1 Be™ = A (coskx + isinkx) + B, (coskx - isin kx)
= (A, + Bcoskx + 1A, — B))sinkx = Acoskx + Bsinkx
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Thay di¢u kién bién vao kétl qua trén ta cé:

W0)=0 5 A=0

ni
wid) =0 - Bsinkd =0 —» kd =nn —» k = d
) . . C L L IS oV i
Vay ham riéng cua toan tu ——— 1a yw(x) = Bsin{—x)
dx” d
. o . d'.‘. . ) v
va frl riéng cua -—— 1alL =k*= n j;[
dx® " d’

Chi ¥: Néu w(x)la ham riéng cta toan td L tdng véi tri riéng 1., thi
ays,(x) (a — hang $8) cling 12 ham riéng ctia L ing véi ciing tri viéng L.
Ching minh: I. Y (x) = Tp(x)
[‘(a.‘ljn(x)) =a f" Wn(x) = aLn \\Un(x)

Vay cac ham méng chi duge xac dinh véi dé chinh xde 191 mol hé s6
nao d6 théi. Hai ham 88 y,(x) v aw,(x) chi ¢6 gid Lri nhu cing mét ham
riéng  nghia la ching biéu dién cling mdt trang thai ctia hat.

§3. TOAN TU TU LIEN HOP TUYEN TiNH (Zodn tir Hermite)

1. Binh nghia

Toan ta 1, g0t 12 tu ién hgp néu néd thoa man diéu kién sau:
j\p;(x)]:\pg(x)dx = J\Jrr,z('x)(fﬂqg(x))*‘lx {2.7)

dx = dxdx.dx,... Tich phin iy irén toan mién bién thién cda cac
DI 88 X, X0 X .

{2.7) ¢6 nghia 1a khi toan t L thoa mian diéu kién L. = L' thi L la
toan tU tu T1én hop. G day L' 14 1ién hop cta L. Ung véi mbi todn 1@ 1, ¢o

the ¢6 mét toan L L' lién hop véi nd. néu thoa man diéu kién:
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I.\'.J:(){)]’:\Iu__,._(x)dx: I(I: yo () g, (x)dx
Chii ¥ Néu L. thod min difu kién LI.* = 1.'L = 1 thi T, g0l Ja toan
ty Unita (thudng ki higu bang chii U).
Wi(x) L yu(x) 1a cde ham 58 bat ki va thoa mén diéu kién binh phuong
kha tich. nghia 1a
J-\;rl(){)\p:(x)dx = ﬂ\pl(x)!zdx {on
(2.8)
f\lfz(X)ku;(X)dx = _ﬁwz(X)rdx (o
Cac tich phan nay 14y trén toan mién bién thién ctia cac bién =6, (2.8)
cO nghia 1y {x), w,(x) tién té1 0 rat nhanh tai mién giéi han.
2. Dinh i
Tri riéng cua cia cic toan ti ty lién hop 1a thuec.

Ching minh: chon mét ham riéng bat ki y, (x) trong sé cic ham riéng

cua toan ti L. ta cé:
- Theo phudng trinh tri riéng Ly, (x) = Ly, (x)
ta o f1|f|'l(x)1‘ng,rn(x)dx =L, jl|1:(x)\11[‘(x)dx (1
Theo dinh nghia cua toan i lién hap, ta ¢6
j\p ;(x)];\pn(x)dx = jlpn(x)ff\u;(x)dx =L ‘[W;(X)l;!
So sanh (1) va (2) ta thav L, = L, vay L, 1a thue.

(x)dx (2)

1}

3. Vi du

*

LL=x > L =x néuxlathyc thix=x, nghia la
Jltp:(x)fctp.z(x)dx = jx'lp:(x)tpz(x)dx = I(X\pl(x))*wg(x)dx

Ta thiv, d diy (2.7) duge thod man, vay toan t¥ % — todn LU cla cac
bién s& dde 1ap. 14 todn tid tu lién hop.

. - Id
N L__ld {

idx 7 idx
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J.I}I (x)LqJ (x}x =— J-\p (x) \u (x)dx

J'l dwl(‘()

——Lp]{x)q; (x)‘ g, (xidx = J(Ltp](x)) w,dx

l\p:(x)wz(x)‘ .:O(vi Wi{x) va yy(x) thoda mén diéu kién binh phuong
1 L

1d

kha tich). Vay toan ti % 1a ty lién hop.
1 dx
sp- 4L &
dx” Caxt

j 5 OOy, (x)dx = - jq; (x)~ -—x—--dx

dx

_ d'%‘ -[d W (%) dwz(x)
! dx dx

o d A

+a d:l
B d.::c1 wz(X)_‘_,__ !md

, d
Vay toan i e 12 tu hién hop.
X

S)wz(x)dx = I(I:wl(x))* y, (x)dx

§4. NHOUNG TiNH CHAT €O BAN CUA HAM RIENG

1. Tinh chit 1

Hai ham riéng y (x) va y,(x) tudng dng véi cac tri riéng I, va L, cha
toan tit Hermite (ty lién hop) la hé truc chufn, nghia la

=0néum=n

=]1lnéum=n (2.9)

_[141; (x)wp (x)dx =8

mn

O,y 14 ki hiéu Kronecker
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Chung minh (2.9):

a. BGi vai phé gian doan

* Trudng hgp trie giao: J\p C (g (x)dx =0 (2.10)
Theo phuong trinh tr] riéng:

]t\“l"rlll(x) = L]]ll‘ijl'ﬂ(x)

fon(x) = Loy, ()

(xa thigt L, « L, vi L 14 tu lién hgp nén L, = L', L, = 1.",. K&t hop
vdl tinh chat cua toan ©d ty lién hop ta o6

J‘tp:l{x)]ﬁ_;l.}“()()d}( =L, [‘i’:,(-ﬂ‘”n (x)dx (1}

J‘ll,r:n(x)Lt,rn(x)dx = !(T'J\u:“(x))*wn(x)dx

[3}] i

=L Jqf (x)u (x)dx = L. j\p;_ Oy (x)dx (2}

Tu 1y va () ratra: (1 - Lm)!q;:ﬂ(x)kp“(x)dx =0

ViL, =L, nén J.lpf* (x)y, (x)dx =0

m
* Truong hop chuén hoa : J-U_.‘:“(X)\Hh(x)d}{ =1 (2.11)
D& véi phé gian doan cac ham viéng y,(x) va w,(x) ludn ludn binh
phuong kha tich, do d6 ching ¢é thé duge chuin hoa téi don vi.
Vidu dél véi cac ham sd sinno va cosne, vi

T

T . . L ) o .
f sin” nede = J- cos" npde =1 do d6 néu nhan cic ham =6

. i o 1 i} .
sinne v cosno vel hé 86 — thi cic ham s6 —=sing,—cosp =& dudge
P : 7 [ — :
N 47T T

chuan hoa, nghia la:
1 o 1 pn
= J: sin® npdg = — I cos” ngpdgp =1
iy Ly T - T
Tém lai, gia st A 13 hang s6 chuin hoa thi:

el



1
= (2.12)

\I."I ‘-\;!:(X)‘;'I“(X)dx

:"-i;{ Jr‘if; (xhpe (x)dx =1 i,ﬂ

Viy dé chuvén ham chua chudn hod oy, (x) thanh ham chuin hoa
®,(x) Lthi nhan hé <& chuin hoa véi ham chia ehuin hoa. nghia la:
1

05}~ e ey, (X)

\."i [1|r?'l(x)1|rh(x)dx

*Truang hdp trl viéng suy bidn: Néu o mieng I., suy bitn, gia sd sav
bicn bae [Lwhe L, tdong dng véi £ ham vicng g (x) (k= 1. 2., M. Ta can

dus he eae ham s6 g, (5) vé hé tede chuan o, (x) thea man diéu kién:
J-(Pn]-;'(x)q)nlc(x)dx = Ej|=.'|< (213)

Toe 1 cie haim 56 ¢d ciing chi 20 n thi trde gino véi nhau v trye gine
Vil bt ki omét ham 56 1o khae eo ehi a6 m, O didy col didu kién (2.9) ludn
fudn duge thos man.

Trong ruong hop téng quait phdt col m va n khong phai ohi 1a mot
chi =6 ma la tap hop cae chi s6 dae tirung cho ham riéng, vi du thay cho m

vy v k' thav chon ba nova k.
h. D6i vai phé lién tuc
Rhi toin b Loed pho i viéng 1én tae thi cae ham sé phu thude vio
s tvn Lonhu Ia phu thude vao tham <6, nén od thé vist
ek oy {x, 1) (2. 11
Cae unh chat trde chuan caa hiom ridng thude phéd hén tue ¢o the
duge bieu dien nhd ham s6 Divac, ham =8 niy ¢6 cae tinh chat saw:

T . | =0néu 1. nam ngoal khoang (a. b
j f(LYS(L'- L)dl. '

| = ftLy néu L nam trong khoang (a, 1) (@15

O day (1) 15 ham DAL ki. Co the ching minh rang ham s6 ¢6 phé lién

tue pix, L ed ché dudge chaim hoa, sao chio

_[1|J (o Lyix L)dx = &(L- 1) (2146



Dang thic nav tuong tu nhu (2.9). vi i (2.18) suy ra, khi dat f(l.) =1
thi 8(1' — L) = 0 khap moi ndi, trix diém 1.' = L, & diy & ti€n dén vé cung.
Nhu thé, ki higu (L' — L) déng vai trd nhu ki hiéu §,,, trong trudng hop

phd gian doan.

2. Tinh chat 2

Hé cac ham riéng cta céde todn L0 wi lién hop khong nhing 14 hé true
chudn ma ¢dn 1a hé day dd (didu ndy da duge ching minh trong toan hoc).
Tinh chil nay cho phép biéu dién mot ham s8 bat ki, ciing xac dinh trong
mién bién Lhién cta cdce bién 86 va tudn theo cung mot loal didu kién bién.

dud dang chudi ciia cac ham riéng d6

wix) = Y c oy, (x) (2.17)

Nha tinh chat true chuén eta vy, (x) ta c6 thé xac dinh duge cac hi s8

T

¢, trong biéu thiic trén. Nhan 2 v& (2.17) véi

*

{x) valay tich phan trong

t

toan khong gian:

le':n(x)lu{x)dx :°ZcI1 j\p:“(x)q,-n{x)dx = ch 0., =C,

Vav. néu thay chisd m =n thi ¢, = Jq;;(x)w(x)dx (2.1%)

Do @6, néu biét wix) va hé cac ham s tric chuan w,(x) ¢ thé tim

duge tal ca cac hé s6 ¢, trong (2.17).

Trong trudng hop phé lién tuc. ta ¢b thé khai trién ham s6 y(x) theo
tich phéan. tugng tu nhu tich phan Fourier

y{x) = jc(L)w(x,L)dL (2,19
Pé tim cac hé s& ¢() ta nhan (2.19) vai v (x. 1) va 14y tich phan theo x

Jw e Lwx)dx = [e(LdL j ' (x, LOw(x. Lydx = j S(L'— Lic(L)dL = (1)
Thay ki higu L'=L.tacé: cl)= J-tpw(x, Diyxpdx (2.20)
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§5. BIEU KIEN KHA DI DE HAI TOAN TU CO CHUNG HAM RIENG

Cho hai todn £t N va M c6 cac tri riéng khéng suy bién. Gia s N
¢d Lr1 méng N, Ung vél ham riéng y,(x) va M ¢ tri viéng M, Ung v& ham
méng y, (%),

Diéu kién can va du dé Nva M 6 chung ham riéng 13 cac toan t N
va M phait giao hoan véi nhau

[N,M]:o (2.21)

Chung minh:
— Bicu kién can: N va M ¢6 chung ham riéng thi N giao hoan
vl M.

Gia s w,(x) 12 ham riéng chung cho cA Nva M. ta cé:
LiRNe -

Nq;n(x) =N,y (x) > M(Nw“(x)) = Mann (x)=N M vy, (x)

My, (x) - M w, (x) — &l(l\;’[\p“(x)) - NMHWH(X) =M N s (x)

Vay (NM - MN)y, (x)=0-> NM-MX =0
— Piéu kién di: N giao hoan véi M thi chiing ¢6 chung ham riéng.
Gia st w,(x) 14 ham riéng cla toan ti N, (e 1a L\Ahp”(x) =N wy (x)

ta c&n ching minh y,(x) ciing 1a ham riéng cta toan td M. tae la:

My, (0 = Moy, (0
vi NM = MN |, nén Nl\:ltpn (x) = X«']fﬁq,rn(x) = NI\(lep]](x))

Két qua nay chimg t6 My, (x) ciing 13 ham riéng cua toan td N dng
véi tri riéng N,. Theo gia thiét N, khéng suy bién nén ham s6 M, (x) chi
khac ham s6 y,(x) mdt hé 6 nao d6 théi, ki hidu hé s6 dé 1a M, thi 13 rang

My, (x) = My, (x). Vay w(x) cing 13 ham riéng cla toan td M.
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Chuong 3
CAC PAI LUONG CO HOC LUONG TU VA TOAN TU

§1. NGUYEN Li TUONG UNG. CAC TIEN DE CUA GO HOC LUGNG TU

1. Nguyén li tuong (g

Trong co hoe 8 dién, dé dac trung cho chuyén dong clla vt ngudi ta
dang ecdc dal lugng nhu toa d6, xung lugng. momen xung luong, nang
lugng. ... Cic dat Tugng d6 duge gol chung 14 céce bién s6 déng luc. Gitta cac
dal lugng dé ¢6 hang loat cac hé thdc lién hé véi nhau. Vi du, nang lugng

¢4 thé bidu dién qua xung lugng va ham toa do

. l o 1 1
I = . (PI+P +P )+ Uix,y.7)
2m
Hav cie thanh phan cia momen xung lucgng cé thé biéu dién qua céc

thanh phan caa toa dd va xung lugng

M, = vP,— 2P, ..

X

Chimg nao ma cd hee lugng tu duge xay dung mot cach tugng tu nhu
co hoc ¢b dién thi né ¢ing dung cac dai lugng vat 1f tudng tu nhu ¢o hoe ¢d
dién, nghia la cac dai ludng &y vin gid khai niém, tinh chit va ¥ nghia
nhu céc dai lugng ¢é dién. Tuy nhién ¢6 diéu khac nhau la trong co hoc ¢f
dién tai thoi diém cho trude cac dat lugng ¢d gia tr] hodn toan xac dinh, con
trong o6 hoe hugng ti ching chi dudge xac dinh véi mét xae suit nio doé thoi.
dong thai cae bién s dong lue trong co hoe Tuong 1 duge bidu dién bang
moL eong cu toan hoe mdl. dé 1a toan i, Cac todn td trong cd hoe lugng 1

wuan theo nguvén I tudgng dng nhu sau:

Gia cdc todn tu biéu dién cde dai lugng vat Ui trong cd hoc luong t
cing i ede hé thite lidn hé nhu gitta cac dai luong trong vét Ii o6 dién.



2. Cac tién dé cua co hoc lugng tdr

— Tieén dé 1: Mo: dai luong co hoe luong L (sau déy goi tdt la dai luong
lugng tw) dutge biéu dién boi mét todn w ti lién hop tuyén tinh xdc dinkh.

- Tién dé 2: Néu moéi ldn do mét dai lugng nao dé thu duge mét gid
tri Lo xde dinh thi gitra todn tiz L biéu dién dai luong dé, ham séng ¥ biéu
dién trang thdi cia hé v gid tri L lién hé vdi nhau bang hé thite (1.6):

Ly=Tw

Néi each khae, méi dai lugng ludng ti khong thé nhan bat ki gia tri ndo
ma né chi ¢6 thé nhan nhing gia tri 1a tri riéng cda toan td bidu didn né. Tinh
don tri 6 day rat quan trong vi hat ¢6 thé nim & cac trang thai, trong dé khi
do mot dai lugng nao dé ¢6 thé khong chi thu duge mot gid tri ma lai thu duge
nhitu gia tri khac nhau, mai 214 tri d6 ¢6 mot xAc suat riéng.

— Tién dé phu: Tép hop cde gid tri thu ditge khi do mét dai luong neéo
d6 tao thanh phd tri riéng cia todn tie bidu dién ne.

- Tién dé 3: Gid sit mét dai luong duge bidu didn béi toan ti L ¢6 cac
tririéng L,, L. ... L. ... tuong (ng véi cac ham riéng W, W, ... W, .. dua

vao Linh chit didv da va tryce giao eua hé ciae ham riéng ¥, ¢6 thé khal
trién ham ¥ bat ki thanh t8 hdp tuyén tinh cla cac ham riéng ¥,

s — L
V= ch iJn
n

Vay, khi hé o trang thdi bdt ki duwve biéu dién bcing ham ¥ithi xde sudt

dé dai luong L nhan L, lam tri riéng la W, = r|cn‘2 =c ¢ . Néu ¥ tro aung véi

n n’

Y, tic ¢,= 1dodé |cnij =1. thi xdc suft dé 1, nhan L, bang 1 (100%).
§2. GIA TRI TRUNG BINH VA BO LECH TOAN PHUONG TRUNG BINH

1. Gia tri trung binh
"G4 Lri trung binh” thudng diing véi hat ¥ nghia:

— Vidu do dé dai trung binh eda mét vat nao d6, khi do nhidu lan thi
g1a tri trung binh & gan véi gia tri thue.
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-~ (3ia st do chiéu cao trung binh cila mét nhém ngudi nao dé.

Trong ¢d hoc lugng t ngudi ta diang gid tri trung binh v81 ¢ nghia
thit hal nay (trong toan hoe goi 1a su ki vong).

Xét mot hat chuyén ddng trang thai elia no duge bidu didn bdi ham
song w* (¥,1), Gia tri trung binh cua ham s8 F(x. y, z) d61 vdi Loa d5 cua
hat va gia tri trung binh cua ham s6 F(P,, P,, P,) dd1 vdi xung lugng cua
hat. theo dinh nghia gia tri trung binh ctia dai ludng ngéu nhién trong 1
thuvét xac sudt. la

F‘(X.}’.Z)'— JF(X._\-’.z)‘i‘{’(x.y.z)!!dxd_vdz (3.1}
v diéu kién _I‘i‘i’(x._\_-'.z)|2 dxdvdz =1

PP P P)= [P P 1w, e 1) dpdp.dp, (3.2)

vl didu kién '[i‘}’(Px.P\,.P,{_ | dP.dP.dP, = 1‘

Tu tucng chu dao clia viée ng dung toan tii trong cd hoe lugng ti 14
mdi dai luong luong tit dude biéu dién bang mol todn L tu lién hop tuyén
tinh. difu nay cd thé ki hidu mot cach tugng trung L — L.

Né&u trong cd hoe ¢6 dién mét dai lugng nao d6 1a ham s cda toa dd
va xung lugng L = L(F. p) thi todn L (t.p) sé hiéu dién cac dai lugng
lugng L véi cac Linh chat tuong tu nhu cac dai lugng ¢é dién. Di nhién
khéng phai moi toan i ta lién hop duge cdu tao tir T va P déu bicu dién
cae dai lugng ¢é ¥ nghia don gian va tuan theo cae quv tde don gian nhu
cie dai lugng ¢d dién. Mdi 1ién hé gita cac toan ti va cie dai lugng dé sé
duge thidl 1ip nhd eong thie tinh gi4 tri trung binh L cta mét tap hop
(hat) & trang thai duge bidu dién bdi hAm séng W

L = J\P"'L‘Pdv (3.3)

(J day tich phan duge 14y trén toan mién bidn thién cta cic bidn s0.
VoW 1a cae ham chufdn hod . R0 rang (3.1) va (3.2) 1a cac trugng hap

riéng cua (3.3). néu dat [ = Fix,v,2) va L. =F(p,.p,.p,) vO1 dv = dxdydz.

Trén ¢d 53 cac tinh chit cua toan tl ty 11én hgp. ta o
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L = jwﬁ\y*dv Gy

Ching t6 L=L . nghia la gia wi trung binh cta toan t ty lign hop 1a
tri thue.

2. Do léch toan phuong trung binh

N6t chung, dai lugng AL = (1. = L)} = 0 nhung do L dao dong vé ca
hai phia d61 vél 1, nén ¢o thé du doan ¢6 trung hap AL = 0. that viy:

AL= [w AL ydv = jw"(f, -D)wdy = jkp*f}vdv — ¥ Twdy -0

Do dé khéng thé 1ay dai luong AL -L-1, dé dic trung cho do léch
d8i val L. vi AL ¢6 thé bang 0 ma khéng phu thude vao viée dd léch do lon
hayv bé, T dé nguot ta lay ALY > 0 lam dan lugng diae trung cho @6 léch déi
vl gid Wl trung binh, Vi ATZ > 0 nén né chi ¢6 thé tién téi 0 trong truong
hgp chinh ban than né bang 0. N61 khac di d6 1éch d6 16n hay bé khi cac
gia i L - 1. ¢6 xéc suit 1én hay bé.

Ngudi ta gol JaLl? = \/(L — L)* 1a thang gidng toin phudng trung
binh cua dai lugng 1.,

Ta thaly (ALY =17 —2LL (LY =17 - LY - (1)
Vay  AlZ=12-(L¥ (3.4)

§3. PHUONG PHAP XAC PINH GIA TRI BO CAC DAI LUONG VAT Li

1. Khi do mét dai lugng L nio dé déi véi hat 8 trang thai, duge mo ta
bang ham séng la ham riéng cla toan t L. thi gia trl do duge 1la hoan
toan xac dinh. Ngude lal, khi do dai higng L & trang thai dude mé ta bang
ham song khdng phai 1a ham riéng cla todn ti L thi gia wri thu dude sé
khong hoan toan xac dinh,

That viy, gia s toan ti I, ¢6 cac ham riéng la ‘W, Wo.... tudng (ng

v cac tri riéng L, L,..... theo phudng trinh tri viéng ta cé:

v — LW, Ly, =L, ..

|



Tae la khi do L ¢ trang thai ¥, aé thu dudge gia trl xae dinb L. va kin
do 1. ¢ vrang thal ¥, sé thu duge gia trl xde dinh L., ... Nhung theo nguyén
11 chéng ¢hit trang thal thi hat cing ¢6 thé nim & trang thal duge bidu

dién bdi ham W 14 t6 hop tuvén tinh cta cde ham riéng W, W, ...
W= et
Ré rang o dav y khong phai 14 ham riéug cta toan ti L., vi:

W =Lie W, )+, W, +- =0 LW, +c LW, v 2 LW

2. Khi hat ¢ trang thai dude biéu dién béi ham W 14 16 hgop tuyen
tinh cua cac ham riéng cua toan td 1. thi dai Wwong L trong trudng hop
nayv =8 khong ¢6 g1a tri xace dinh. Diéu do6 ¢6 nghia 4 Néu tudng tugng o6
mol tap hop gdm mot s6 16n cie hat ddng nhatl déu nam trong cling mot
trang thai dude biéu didn bang ham W, thi khi do dai hugng L. néi chung,
28 thu dudge cace gia tri khac nhau: trong moL s6 trudng hdp ¢ thu duge
oia uri L, trong mot s8 trudng hop s¢ thu duge gia tri L,.... Tuy nhién néu
phap do duge 1ién hanh rat nhidu 1an thi sé thu duge mot su thdng ké xac
dinh gia tri dé6. Vav, trong truong hgp nay tuy dai ludgng L khéng cé gia
tri x4c dinh. nhung 6 thé ¢hi ra mét xéc suit xac dinh téc 13 phép do
hoic cho L. hode cho T.,.... Dudi diy La sé Linh cde xac sult d6. Theo cdng
Lthae tinh tri1 trung binh (3.3):

L= ¥ [Wdv
Khai trién cic ham w' va w theo cac ham riéng eia toan ti T, (chi N
6 dav ham v da chudn hod)
Y= Zc.ﬁ‘{‘k =V +e M+
b (3.5)
W= chkl.): - C:L{J; - C:l}l; 4o

|
Thav (3.6} vao (3.3) ta cb:

L= J‘(C;‘{": ce W bt W+ Le W e, e L+ dy

non

=e,c L, I‘I"T‘{‘]dv +eje, L, (W Wadv+ o+ ele L [Ur‘fl Wodv + -
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Ap dung didu kién true chuln ta thay: cae sé hang khai trién ¢6 chi
% k =3 thi tich phan bang 0, ¢dn cac so hang ¢é chi s6 k = j thi tich phéan
bang 1. do dé:

L=ceL +cie,L,+ +cc L, +- (3.6)

Viham v chuan hoa, nén:

l—f‘{“l’dv [ + ¥, 4 4 Y W, + e, 4 CHCW 4 )dv
fo- (3.7)
Dat ‘cj_ =W va luu y dén (3.7). ta duge:

v
=le,[" + cy, +o+le

L=WL, +W,L,+-+WL_ +o=> WL, (3.8)
k

Két qua cudi cing ching to: Binh phuong madun cac hé s8 khai trién
ham v theo ciac ham riéng cla L dong vai tro xéac sudt khi do dai lugng L.

§4. DANG TUONG MINH CUA MOT SO TOAN TU

1. Toan tir toa dé

Ham séng biéu dién tr ang thai cua vi hat 1a ham caa toa dé, ma Loa
46 14 cac bicn s6 doc 1ap. do d6 toan ti cha cac bisn 56 ddc lap chinh 1a cac
bién 88 dé. Néng thai mét dal lugng nao dé chi lam ham ciia cédc bién b dde
1ap thi todn L0 tudng Ung cing chinh 14 ham sé& do. Nghia l4 khi tac dung
toan ta trén vao ham s6 dé thi két qua thu duge chinh bang ham s& niy
nhin véi dat lugng dé. Vay ta cé:

Y = xY¥ X=x
O = . — F (3.9
M=z ) -y
I;‘-(x,y,z)‘{J =U(x, v,2)9 -» U(x, y.z)=Ulx v, z) (3.10)
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2. Toan tir xung lugng

Trude hét ta tim toan tu P‘ sau dd suy tusng tu cho P, va f’x. Ta

biét ham sdng cua hat chuyén doéng tu do ¢6 dang:

TERE-xl, -y, b

Yix,v,z,t)= Ae *

Lay dao ham riéng ham sd nay theo x

("'}l}l(_x,y._%.;_t_) =i—l"Ae_;*m S —vb b ) :ipﬁ‘(x,_\_!,z,t)
% h o
hay: -1k —:W W(x,v,z.t)= P Px,v.2,U) (3.11)
ax

T (3.11) ta thdy: P, 1a xac dinh nén W(x, v. 2, t) 12 ham riéng cua
o] 1

. - . C . B & . - " -+ . >
Lodn ta —i— . vi —1}7—& tac dung 1én ¥(x. v. z. t) cho két qua chinh bang
% &

P, nhian vo1 Wix, vy, 2. t), vay

P = —ih—

Tuong tu P, = — P=—ihV (3.12)

P
-
|

|
—
o0~
1

[ R S
O V-;(—-1+q—]+ﬂ—k)
% €y Oz

3. Toan tir momen xung lugng

Theo cd hoe cd dién. ta co:

M, = P, - P,

M:[fxp] M, = 2P, — xP

x X

=
I

.= xXP, —yP,
M? = M+ M 4 M?

Trén cd 6 nguyén ! tudng Gng gita o hoe lugng tii va co hoe cf dién.
ta viet dude dang toan tu momen xung lugng:



dz oy
M= ;Ff' x fiﬁi .‘;'T\_ = z[:’\ - X},}? =-1h(z B X —i) (31
L 4 ' X Oz

"l "1
M —xP —}P —1!;(\;——\«-—)
ov X

M? = M - M2+ MY ‘(\,——?-—r (e x4 (k—— }-—) L (3,14
4 & X €% oy €X |
4. Toan tu nang lugng

a. Toan t& dong nang

Theo ¢d hoe b dien T - )—([’ “ P2+ P
m

Viy, theo nguyén i tuong img T = %(P’ + P“ + P?)
2m ’ )

hoo F¥ 2 o h? R
el A R LA (3.15)
2m X 8yt 077 2in Zm

b. Toan tir thé nang

Thé nang 1a ham cua toa da. do d6:
Utx. vz W = Ulx. v 2)'W 5 Ulx, v.z)=U(x.v.7) (3.16)

¢. Toan t néng lugng (toan ti Hamilton)

3

Py I T
Theo ¢o hoc ed dién: E = o + U(x.y,2)
m

Viay. theo nguyén If tudng tng toan ndng lugng toan phan cé dang:

"y

H:T+U:P—+'U(x._y,z):——{—i\.+U(x\ z) (3.17)

2m 2m
Trong hé toa dé cau biéu thic toan td Hamilton ¢ dang:

. i! ,, ’\ ‘\2
H:—»I—Jl—-- (r’ = ! --——(sm(} )+ — l - ]H Ur)(3.18)
2m Ir o o r ‘2inf 70 8 r’sin*0 dg” ]
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(r. 0. ¢ la céac bién 88 trong hé toa d6 cAu. cAe bién s6 nay lién hé véi
ciac bifn 36 x. v, 2z trong hé toa dd vudng gée: z = reosf: x = rsinfcoso:
v = rsindsing).

RBiéu thite (3.17) khong ap dung dude trong trucng hop Lrudng ngodid
phu thube vao van toc.

Toan t¢ Hamilton H1a toan ti guan trong nhat cua ¢o hoe lugng wd
vi moi bai toan trong cg hoc hugng Wi cudl cung déu quy vé viée tim ham

riéng va tri riéng cua todn ta H.

§5. DIEU KIEN KHA Di BE HAI DAl LUGNG VAT Li cO GIA TR
PONG THOI XAC DINH

Ta xél didu kién dé cac dai lugng vat H cé gla tri dong thoi xac dinh.
Dai luong L & ¢6 gia tri hoan toan xac dinh (A7 =0) khi ham séng ¥ clia
hé 12 ham riéng cla toan ti L. Tuong ty dai lugng M sé ¢6 gia tri hoan
toan xae dinh khi ham séng ¥ clia hé 14 ham riéng cua toan tu M. Vav
hai dai luong L va M sé ¢6 gia tri déng thdi xac dinh néu ham séng ¥ cla
hé 12 ham riéng chung cho ¢4 hai toan ti L va M.

Ta thav cac todn td thanh phian xung lugng PX.IE’V,P'z 38 doéng tho
thod man ciac phudng trinh tri riéng

: oy
P = —ihi— = P
X

: oY
Py-ih =P
. Oy . ]-(xl’x rvboal
P¥=-i—=P%¥ wvii Y= e’

: oz

Ta thay & day w chinh 14 ham riéng chung cua ba toan tu I;"X,P\,,i’z,
nghia la cac gia tri hinh chidu cua xung lugng trén ba truc toa do cd gia tri
dong thot xéc dinh.

Ta bidt didu kién cén va dd dé hai toan Ui ¢é chung ham riéng la
Hai toan ti ¢6 chung ham riéng thi ching giao hodn vél nhau, ngudge L

<}y



hai toan ti giao hoan véi nhau thi chung ¢6 chung ham riéng {ching minh
xem §5 chuwang 2)
Mot 16 thi du:
]-’ ) l”_‘_.Pz et chung ham riéng do dé chiing giao hoéan véi nhau
R

OVOX . o Cyix

Ching minh: PP - -

— P\f)\ - f’PA =0
Tuong tu PP, - PJP\ =0 P,P\ - P\P, =0

— Toan tu mét thanh phan toa dé va toan L mdt thanh phin xung
lugng khae tén thi giao hoan véi nhau.

Ching minh: Ta chon mét cap bat ki. gia su %P, sau dé suy tuong
tu cho ¢ac eap con lal.
o o G
P.x¥ = -1hx —

Ta ¢d: )}f’\_‘P = —1hix
' oy

— %P -P =0
Viay cac dai lugng x, P, ... ¢6 gia tri ddng thai xéc dinh.

— Todan td mét thanh phan toa dé va toan ti mét thanh phin xung
lugng cling tén khong giao hoan dude véi nhau;

Ching minh: ta chon cip %, f’x sau d6 suy tuong tu cho céc cap
con lai.

WIF
Ta ¢6: xP W=—1hx—:
ox
5 L0 2
P XW = - —(x¥) = -1V - thix —-
&% cx

Suy ra: xP, -P x=in

twong ty: j;f’}_ - P\ y=1h

o E

P -Pz=in

Vay. cac thanh phan toa dé va xung lugng ciing tén khéng c6 gia tri
déng thdi xac dinh.
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Két luan: Hai dai lugng duge biéu dién bdi cde todn ti tiong ung
giao hodn dugc véi nhau, sé c6 gid tri déng thoi xde dinh va do do, it nhdt
vé mdt nguyén tdc, chiing ¢6 thé do duge déng thoi chink xde. Ngitoe lai,
hat toan ti khéng giao hodn duge vdi nhau thi cde dai luong tuong vng
khing c6 gid tri dong thoi xdce dinh va do dé chiing khong thé do duoce déng
thai chinh xdc.

§6. HE THUC BAT BINH HEISENBERG

1. Thanh 1ap hé thirc

Trong tiét trudc ta da bigt: DI vai mét hé hai dai lugng duge biéu
dién béi cAc toan it khéng giac hoan véi nhau thi chung khong ¢6 gia tri
ddng thoi xac dinh chinh xac, nghia i, néu mét dai lugng c6 gia tri hoan
toan xac dinh thi dai lugng kia sé hoan toan bat dinh. Vay khi do dong
thoi ca hai daj luong thi gidi han d¢ bat dinh cho phép 14 bao nhidu ? Sau
dAy ta sé xétL van dé dé.

Dé die trung cho d6 bat dinh ta ding dai lugng dé léch toan phudng
trung binh. Xét cdp dai lugng x va P, sau d6 suy két qua tudng tu cho cac
cdp con lai. Theo edng thic tinh do léch toan phudng trung binh, ta c6:

AX? = X* — (%)’
(3.19)

AP? =P? (P y?

Cac k&t luan rat ra sé khong mat tinh téng quat cla né khi chon gde
cua hé toa do tai diém ¥ (tic la X = 0) déng thai gia sit hé chuyén dong

. a0 P s
VoL van toc v=— thi P_=0.
m

Tt d6 theo (3.19)

Ax® = ¢t

(3.20)

AP =P}
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Mat khae theo eéng thice tinh 214 trl trung binh (3.3). ta cé:

Axt =t = [ TWetwdy = [ x Wy (3.21)

______ - . d;‘\{_} o e

ADP: =P?= j VPAMdx = -4 o ——dx (3.22)
’ dx*

Dé thiét lap méi quan hé giita Ax” va AP® ngudi ta ding tich phan

bd trg sau:

ox‘ + (L\{i dx=0 (3.23)

X

Ly = '[-:

O day o — bign s6 bd trg thue bat ki khong phu thude vae x
Khai trién (3.23):

i(a) = f (ax'V + )(w{ P d:' Jdx -

X
.r *
:r XYY+ ax(P d—\P Li[’—dlp) —d‘P d—q’dx:
- dx dx dx dx
=’ [ XV Pdx+af X (‘P W dx + [’d: ‘;LP dx - (3.24)
X dx

bat A - f P wdx = AxE = %7

|7+ P wdx = 1

B = [ T =
X

i ) . 4 y ;
On [T AVIAL g dEy ey LYy AR
dx dx de 17 e gyt TERY

( Vi ¥ thoa man cace diéu kién binh phuong kha tich va chuan hod)
Thay cae gia tri A, B, C vao (3.23) ta dude:
l,=Aa - Bu+C=0 (3.23)

Day 14 tam thic béac hai ddi véi a. Mudn cho I(w) = 0 thi ét thie cia
tam thic phai khoéng dusng
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A= 4AC <0 - B = 4AC0

Ta thay A » 0 dude thoa man vi A — Ax* 20, thay cdc ma tri A, B, C

viie bat dang thie

B* = 4AC, La dudc:

1= AAx® ; Sy AxTAPY 2

fuong L AVT AP = (3.26)

At AP = ’1-

3av 14 hé thiie bat dinh Heisenberg dudi dang t8hg quat va chat ché

nhat, nd 1a mdt trong nhiing ¢d s6 quan teong nhat eta ¢g hoe lugng wi.

2. Y nghia cua hé thirc

— Tu hé thie (3.26) ta thay trong e hoe ludng tf khong Lhé tdn a
nhing tap hgp ludng 4a. trong dé wich gida cac d6 éeh toan phudng trung
binh cta toa d6 v xung lugng tuong ting lai ¢6 thé bing khéng, nghia la
hai dai lugng lién hop chinh tie khéng theé déng thoi o gid tri hoan toan
vace dinh, khi toa d6 x do duge cang chinh xae (Ax-> () thi xung ludng P, do
duge cane kém chinh xae (AP —>e), Vay trong the gid vi md khong thé
thue hién dude bat ki thi nghiém nao cho phép do duge ddng that chinh e

hia o Luong 1ién hop chinh tac.

- Moi su dinh vi bat ki cua hat déu ddn dén sy thay ddi xung lugng
(van tée thay déi), wic 1a toa  d6 xde dinh thi van (de s¢ bt dinh, do do
khéng the xae dinh dude quy dao cia hat. vay khai niém quy dao chuvén
ddug khdng eon y nghia trong cd hoe lugng 14,

- Hé thie bal dinh néu 1én ©idl han chinh xac cao nhat dé1 vét phép
do eac dot Tdgng lugng L. nehia la da cho edng cu do ¢6 tinh xa0 hoan hido

dén dau thi tich Ax.AP, khong thé nho hon . He thite bat dinh néu lén
2

¢161 han kKhi nae ¢6 the giai thich chuven ddng cia cac vi hat theo 1i thuvér
cér ditn va nguge lar, Khi nao trong phép do hode phép tinh ¢ thd bo qua
liang 36 b (Jugng Wi tie dung) thi ¢o (hé ap dung cie dinh luat ¢d dién cha
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cac vi hat, nguge lai, khi nao khéng thé bé qua lugng t tac dung h thi
phai giai thich theo cac quy luit cua cd hoc lugng tu.

— T nguyén li bat dinh quan diém duy tdm cho ring nguyén Ii nay di
khong phan anh duge tinh khach quan cia thé gigi vi mé. Tinh chat dé do
cac digu kién do quy dinh, ti d6 phong da1 vai tro ctia mayv do va dan dén
lap luén cho rdng khéng ¢6é may do thi ciing khéng cé d61 tudng nghién ciiu,
nghia 1a thé gidi vat chat ton tai phu thude vao cam giac cia con nguo.

3. Thi du minh hoa hé thirc bat dinh

— Gi4 st ¢6 mdt chtim hat chuyén d6ng theo phuong Ox d&i qua mét
khe hep e bé vong 1a Ay.

Trude khi di qua khe xung y M
lugng cua chung xac dinh P = P A dj
P.=P,=0.

Lic gqua khe toa do cua ching
l& bat dinh, ta chi biét 1a cac hat di

qua khe va xac suat toa dd cua

=V

chiing tai moi diém déu bing nhau.
Do d6 d6 bat dinh vé toa d6 cb thé coi
1a Ay.

Hinh 7

Sau khi gqua khe xung lugng
cla cac hat thay doi, vi xay ra nhidu xa tir hai phia d6i x(ing qua khe nén
P, =0, do dé c6 thé chon AP, = Psina.

Ta biét, tai diém M sé ¢6 dao déng cuce dai khi hidu quang trinh
d,—d, = kX = Aysinf3 = Aytgp = Aysino

(Vi khe hep nén c6 thé coi B a )

N kA AyAP, = kAP = kh
Vay Ay = — '
sino AyAP, > h
AP, =Psina k=12, ..

— Xéac dinh gian tiéD toa d clia vi hat bing kinh hién vi

Chiéu mdt chtim anh sang c6 budc séng A song song véi truc ox vao
hat ndm & diém x = 0.
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Anh sang tan xa sé dap vao vat kinh. p\_/
Theo 1i thuyét kinh hién vi, vi tri cia hat duge ;

vac dinh vé1 do chinh xac

A N . . .
Ax = ——, Z2g 14 goe nhin vat.
sine

Ta thay A cang nho thi Ax cang nho (toa
dd dude xac dinh cang chinh xac).

Tuy nhién khi tan xa thi xung lugng cua
phéotén thay ddi. hinh chiu cia né trén truc
ox thayv d&i tit —Psine d€n + Psine. Do dé khi

tao ra mot tap hop hat ¢6 toa d6 nam itrong

khoang Ax nhé thi c&n phéi dung cac photén
¢ nang lugng 16n (P 1dn), vi thé Ax cang nho
thi AP, cang 1dn

-

AxAP = Psine=41=h

51N €
hay Ax.AP, =2 h
— Xac dinh xung lugng cta hat theo t4n sd cua anh sang tan xa.

Dé don gian ta xét chuyén dong mét chidu. Goi P, va P 13 xung
luong cta hat trude va hat sau va cham, o va o la tin 88 cla anh sang
trudce va sau va cham. Theo cac dinh luat bao toan nang lugng va bao toan
xung lugng, ta cd:

ho — ho' :L(Pf' -P%)
2m

ho  he'
L _plp

¢ c 7
T hal phucng trinh trén rat ra;

w-w' ho+o'
P, =mec - (a )

0+o ¢

w-0' Ho+o')
C +

o+ 2c



Ta thay ndu bidt © va o' thi sé xac dinh duge P, va P nhung déng
tho1 ta khéng 1iét gi vE vi trl cua hat — vi tri tan xa hoan toan khéng xac
dinh. né ¢é thé xace dinh trong khodng Ax néu thay cho séng phang don sic
ta diing tin héu vél be rong Ax. Nhung trong tin hiéu nay la bao gOm ca

P . . A Zn
mot tap hop cac séng don sac c6 sd song Ak = ——-= -,
C Ax
Vi th& xung ludgng cua hat chi duge xac dinh v61 dé chinh xac

A T
AP, = hak = h22 _ 5 28
’ C AX

Viay Ax.AP zh

4. Nguyén li bé sung

Theo nguyén 1i bat dinh hai dai lugng lién hop chinh tic khéng thé
do duge déng thai chinh xac vi cde toan tu cta ching khéng giao hoan duge
véi nhau, O mot trang thal nao dé mdt dai lugng ¢b gia trj hoan toan xac
dinh thi dail lugng kia s& hoan toan bdt dinh. Nam 1928 Bohr dua ra

nguvén i bd sung nhu saw:

Coi hai dai lugng lién hop chinh téc 1ap thanh mdt cap bd sung cho
nhau. su md tA trang thai trong co hoe lugng tit tao thanh hai 16p bé sung
cho nhau. Vi trong co hoc lugng (&, dé md ta chuyén déng ctia vi hat khong
thé dung déng thdi tat ca cac hugng vat i nhu da dung trong cd hoc b
dién dé mo t4 chuyén dong ctia vat. Cu thé trong ¢d hoc ¢ dién dé md L4
dav du trang théai cta vat phai bidt ddng thai toa dd va van tic cta no tal
thdi diém da cho. Dua theo cac diéu kién ban dau, phuong trinh chuyén
d6ng cho bidt trang thai cha vat tai cac thoi diém tiép theo. Trong cd hoc
lugng t sy md ta nhu thé vé nguyén tic 1a khong thé duge (vi toa do va
an toe tuong ing khéng ¢6 gia tri dong thdi xac dinh). Thanh ra sy md
14 trang thal trong ¢o hoe lugng ti duge thue hién bing s6 dai lugng it
hon so0 vdi su mo ta cd dién. Vay dé mb ta diy da hién tugng vi md trong
cd hoe lugng ti cdn thist phai sU dung tdt ca cic dai lugng kha di mé
chung ¢ gia tri ddng thoi xac dinh. Céc dai lugng d6 14p thanh ndt bd du
(s dai lugng bing s6 bac tu do). Mac du trong cd hoc cd dién dé md ta
ddy du chuyén déng, ngoai cac dail lugng d6 con dang thém mét s6 dai
lugng khae nia,
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Trong bd da cac dai lugng néu 6 dai lugng nay sé khéng ¢6 dai lugng
kin. chang han ¢6 x 38 khoéng ¢6 P.. song x cung véi cac dai higng khac sé
lap thanh mat b du khac dé mé ta hé lugng td. Nhiing théng tin thu duge
1t ddi Lugng nghién cliu trong cac diéu kién khac nhau col nhu cde ngudn
théng tin bé sung cho nhau. Té hop tat cd cic théng tin dé thanh mét bie
tranh thong nhat sé phan Anh mdt mat ndo dé vé hién thue khach quan
cua do1 tuang nehién eldu.



Chuong 4

SU BIEN POI TRANG THAI VA CAC DAI LUONG
VAT Li THEO THOI GIAN

§1. PHUONG TRINH SCHRODINGER

Cho dén nay ching ta thiza nhan trang thai cta hé duge bidu dién
bt ham song (2.8);

—i( Fi-1Py
W(T.t) = Ae "

Khi nghién ctiu chuyén déng cia hé trong céc truong luc khéc nhau
nguoi ta van dung phuong trinh (2.8) dé biéu dién trang thai cia hé. Dén
day van dé dit ra l1a cln tim ham séng dé. déng thoi cAn nghién ciu su
bién déi cGa ham séng va cac dai lugng vat li theo thoi gian. Trude dayv ta
mdi chi nghién ctiu sy phy thude cia ham séng vao toa do, va cac Loan ti
da xét chi bao gdm cac toa do va cac ham theo toa do.

1. Phuong trinh Schrodinger d6i véi hat chuyén déng tu do

Trong trudng hop chuyén déng khéng tusng déi (v << ¢) niang lugng
cta hat chuyén dong tu do lién hé véi xung lugng bang hé thic:

E=T=_—— (4.1)

L&y dao ham bac nh4t cua (2.8) theo thdi gian, ta dudge:

P LAY .

LI [ VNG 7 A Sy 1V (4.2)
at h at

LAy dao ham bac hai ctia (2.8) theo toa d6, ta dugc:

-+

2 a2 2
0 +cj+5w)q,=vzq,=_
ox” &y 0z

PE

o

W (4.3)
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Két hgp cae phuong trinh (4.1), (4.2) va (4.3). ta duge

a2V . Ay 2 Y
—= _1!: AY hay = ;—A‘P {4.4)
at 2m ot 2m

(4.4) 1A phuong trinh tuvén tinh dé1 v61 ¥ va ¥ chinh 1a nghiém cua no, to
hop tuyén tinh cide ham W ciing 1a nghiém cta phuong trinh Schrodinger.
di nhién khéng phai mol nghiém cia (4.4) déu 1a ham séng, chi nhiing
nghiém nio thoa man céc doi héi cia ham séng thi mé la ham séng.

Trong cac nghiém cua (1.4) ¢6 nhing nghiém phu thude vao thdi gian bang
Lt

thira s6 don sace * . do d6 ¢6 thé tach ¥ thanh hai phén:
1351
i vz ) ="H{x y.z)e ¥ {4.5)

Thay (4.5) vao (4.4}, ta duge:

nto_, :
~ L VhW(x,y.2) = EW(x.Y,2) (4.6)
2m

Phuong trinh (4.6) ¢hi phu thude vao toa dd va nghiém cia nd la ham
toa do.

2. Tién dé vé phuong trinh Schrodinger téng quat
2
Trong phuong trinh (4.4) véu & —h—\/2 chinh la toan ti nang
2m

lugng cua hat chuvén déng tu do. Péi véi hat chuyén déng tu do thi nang
lugng E chinh bang déng ning T cla hat, do dé6 H =T nén phugng trinh
(4.1) ¢6 thé viet dudi dang
NS S
- =HY
ot
Ta thita nhan 1am tién dé phuong trinh cla hat chuyén déng tu do
cing dung cho hat (hay hé hat) chuyén déng trong truong luc.
Trudng hop bat chuvén dong trong trudng thé ning. ta cé:

-

L= T(9) + U(F) - [l = T + UF) = —;—'VE +U(r)
m

]
o ]



Vav phuong trinh Schrodinger téng quat ¢6 dang -
E N S -
1IJT:J——V“+L'(r)|LW {(4.7)

ct i Z2m ]

(4.7) 1a phuong trinh co ban trong cd hoe lugng tu (tuong L@ nhu
phudng trinh Newton trong ¢o hoe ¢é dién). ('ang nhu nhiéu phudng trinh
vat i eg ban khdc. phuong trinh Schrodinger khéng duge ching minh,
song tinh chat dung din cla né duge xae nhan bang cac kél qua rdt ra tu
phuong trinh nay phu hop vé1 thue nghiém.

() cace trang thai nang ludgng cé gia tri xac dinh thi him song dién ia
trang thdl cé dang (4.5). Thay (4.5) vao (4.7) ta duge
]I:-L}"(X._\_-’,Z)?E‘}'(X‘}'.Z) (1.8)

El

HY(x. y.z)z{_;—l;lvz - U

D& 1a phuong trinh tri riéng cua nang lugng. Trang thii, trong d6 nang
lugng ¢6 gid tri xdc dinh goi Fa trang thar diing va phuong trinh Schrodinger
tudng dng goi 14 phuong trinh diing. Vay khi gial c¢ic bal toan trong trudng
luc khéng phu thude thdl gian trude hét ta tim nghiém W{x, v. z) theo (4.8).
sau d6 ghép nghiém nay val thita s6 don sic o sé dude nghiém tong
quat \WPir. t).

Ta théy (4.7) la phucng trinh téng quat. cén (4.8) la trudng hop
riéng cla (4,7) vi moil nghiém eta phudng trinh (4.8) déu thoa méin phuong
trinh (4.7). nguoc lai khong phai nghiém ndo cua (4.7) cung thoa mén
(4.8). Ngoai cac trang thai diing, phuong trinh Schrodinger tong quat con
thita nhan nhiing ham séng biéu dién su chéng chit cac trang thai ding
cing 1a nghiém cua né.

3. Chu thich
Néu W 1a lién hgp phice cia W, ta cé:
20 LA
—ih (’f - BY¥ (4.9)
ol

Phuodng trinh Schrodinger 14 phuong trinh vi phin dao ham riéng.

nén caec nghiém cua nd sé thod min cac diéu kién ban dau va diéu kién
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bién cta bai toan da cho. Dé la phudng trinh vi phan bac nhat déi véi thai
gian nén chi cdn mot didu kién ban d4u la dG (vi du néu bist W(F,0) thicé
thé xac dinh duge W(r,t)).

Mét khac nghiém ¥ cla phuong trinh Schrodinger téng quat cing
thoa man diéu kién chuan hoa J“P'\Pdv =1, nghia la ¥'¥ phai biéu dién
mat d§ xac suit tim thiy hat. Do d6, su giai thich théng ké cia ham séng

van git nguyén ¥ nghia déi véi cic nghidm cha phudng trinh Schrodinger.,

§2. MAT DO XAC SUAT VA MAT DO DONG XAC SUAT

Néi chung ham séng thay déi theo thdi gian va khéng gian, nhung d6
khong phai la su thay d&i bat ki ma tuin theo mét quy luat nao dé. Cy thé
la tdn tai mot dinh luat bao toan nao d6. Trong thuy dong lue hoe va dién
déng luc hoc 6 dién c6 ton tai phuong trinh lién tuc

o +divj =0
ot

Trong do: p — Mat d6 chat 1ong ¢hay mat d6 dién tich)

J — Mat db dong chat 1ong (hay mat d6 déng dién)

Ta sé thay réng trong co hoc lugng tit ciing toén tai mét phuong
trinh lién tuc (v phuong trinh nay ciing biéu thj mét dinh luat bao toan
nao do).

Theo cach gidi thich théng ké ctia ham séng, n&u bi6t ham song tal
mét thdi diem nao dé thi s& biét xdc sudt tim thiy hat Gng véi thai diém
d6. C6 thé cu thé hoa cach doan nhén théng k& ham séng nhu sau: Gia sit
c6 mét tap hop gdm N hat (N >> 1) t4t ¢4 déu ndm trong mét trang thai va
khéng tuong tiac vé1 nhau.

Vi W'Wdv 1a xac suat dé th&y hat trong thé tich dv nén N ¥ '¥dy 1a
s¢ Ltrung binh hat trong thé tich dv va N W'¥ 13 mat d$ trung binh hat
trong thé tich dv.
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Tinh mat dé nay cho mét 6 1én cac diém ta-s¢ bist duge sy phin bd
mit dé trong khong gian tai thoi diém t nao d6. Gia s mdi hat mang dién
tich la e thi eN¥ W s& 12 mat dé trung binh dién tich va do d6 sé bidt duge
sy phédn b8 mat dd dién tich, hon nita dya vao phudng trinh Schrodinger
3€ biét duge su phu thudc mat dé vao thai gian.

Ngoai su phan b8 mat d6 ra. ¢6 thé biét rd hon vé chuyén déng ctia
hat néu biét 56 trung binh hat trong mot don vi thoi gian di qua mét don vi
dién tich dit tai mot diém biét trude chidu duong phap tuyén cia né. DE di
téi mue dich nay ta nhan xét rdng : chitng ndo ¥ con la ham lién tuc caa
toa d6 thi Y'Y ¢6 thé dudge ding dé dién ta mat d6 cia mét chat long
tudng tuong chiém toan bd khéng gian, b thé goi la chat Iong xac sudt.
(Chil long nay thoa man dinh luat bao toan vi lugng cda mét chatl long
tong quAt. nghia la J'l}i"t}»‘(jv khong phu thude vao thai gian: O ngi nay mat
dé tang 1én bao nhidu thi & ndi khac mat dé giam di bAy nhiéu, Ta hinh
dung chit 1ong xac suat nay chay tif ndi nay sang ndi khae. Véi quan niém
chat 1éng xéc sudt niy ta sé xay dung phudng trinh mat dé xac sufl va

mat d6 dong xé&c suit.

1. Phudang trinh

Trong ¢¢ hoc lugng t cling ton tai phuong trinh lién tuc tuong tu
nhu phuong trinh ¢é dién

80 .ol
—+divi=0 (4.10)
ot
Trong d6 w=%¥Y¥ — mat dé xac sult
T — mat do dong xéc suit

(6 thé ching minh phuong trinh trén bing cich dua vao phuong
trinh Schrodinger (vi ¥, ¥ thoa man phudng trinh Schrodinger tong quat)
(4.7 va (4°.9):

ﬁ:_i _£V2+U(f) g
& | 2m
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Ly dao ham dai ludng @ = ¥'¥ theo thi gian, la co;

VPN Y] s’
E{LP_LP) =\ (_} +qj(’ I
&t ot ot

Thay (4.7) va (4.9) vao phuong trinh nav. ta duge:
gt it 2 L h° ’
a1 ={—{-—h—A+ u(f)}tp—_f{-’—m U(f)}w =

ot ih 2m 1A 2m

;’ * * ; - * * T
= (PAY AP = —div{i(ww 7 V‘I’} = ~div]
2m 2m

Pat J=" (wve vy (4.11)
2m
SO .
Tém lai: G(l{:L-Q+divj =0 (D6 1a dicu phai chitng minh)
B

2. Y nghia cla phuong trinh

Ta s¢ thiy rd y nghia cta phudng trinh lién tue néu nhin xél riang
o =Y'¥ nhu mat d¢ trung binh hat va jnhu mét dé trung binh dong hat.
— Tinh j dé1 véi hat chuyén déng tu do.

Ham séng cua hat chuyén déng tu do ¢6 dang:

2 DU £
l‘IJ(X: t-) —e h“
W(x.t) eh[l",t Pt
Ta thiy ¥'¥ = 1
i . N |
J = ——--—(vak{-’ — l_[) V{.\_l)) _ l_lin .

2m

K&t qué trén 1a hop li. vi néu e6 N hat chuvén dong theo truc ox vdl
van tdc v trong mét hinh tru e6 it dién day 1a mot don vi dién tich (1cm?)
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thi =0 hat di qua day trong mot don vi that gian (1 giay) s€ tao thanh dong
hat Nv.

— Lav tich phin 2 v& phuong trinh (4.10), ta ¢6:

o]

& o
— { odv=- I divydy :C_j‘ J ds
- n
ot & - .
Niéu mé rong thé tich v — o thi ham ¥ va do dé mat do dong J sd

&y L6 khonye, nehta la

Ta thay xae 2udt dé thay hat trong tohn khong gian khéng phu thude
vio than gan.
- Nhan o va | vél m (khél lugng cta hat), ta dude:

p,.= Mo = my¥r

ap o .

N —% +divy, =0

- m_ (WYY T ‘V"I’} ¢l
a

I

Tuong td nhan o va I voi e (dién tich cia hat), La duge:

p.=cW Y
& Lo
—> ey div] =0
i/i . : at
I, = c(HVW - VYY)
Im
Tom L dinh Judt bao toan khot lugng v dinh udt bao toan dién tich

- - L. El
cang dung trong cd hoe lugng tu.

§3. TRANG THAI DUNG

Th biét trong trang thai ding ning lugng cha hé ¢é gid tri xic
dinh, ham s6ng dién ta trang thal ding 1d hivm riéng cua toan L0 nany
lugng va néd phu thude vao thol gian bang thia s6 don sée. nén co the

viet dudh dung:
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WE.t) = P(x.y, 2 f (1) (4.5)
_HE
f(t) - e—l{-Jl —¢ I

Ta sé tim nghiém cua phuong trinh Schrodinger dudéi dang (4.5).
Truong hgp toan td Hamilton khéng phu thuée vao thoi glan, ta cé:

A(EL1)

ik = HY(F,1)

Thay (4.5) vao phudng trinh nay:

in 2O W) = v (4.12)
1

Chia hai v& (4.12) cho tich f(t)¥(F). ta duge

ii @}‘(t) — L i ¥(T) {4.13)

f(1) & ¥(r)

Trong phuong trinh (4.13) v€ trai chi phu thudc vao thdi gian, vé

phai chi phu thuée vio toa 6, vay hai vé chi ¢6 thé bing nhau khi cé hai

vé déu khong phu thudc cae bién s6 T .t va cung bdng mét dai lugng nao
d4. gia su dai lugng d6 1a E, tir (4.13) it ra:

a3t (1) =

ih = Ef(t) > f(1)=Be ” (4.14)

HW¥(r) = E¥(¥)

K&t qud nay chitng t6 E va W(f)1a tri riéng va ham riéng cila toan ti
H. A ¢6 phd tri riéng lién tuc hodc gian doan, efing ¢6 thé ¢ phd hdn hap.
Trudng hop toan t H c6 pho gian doan thi him séng
k1

Y (E.O)=W (fle * (cho B = 1) (4.15)

Cac trang thai duge bidu din bing cic ham séng nhu (4.15) gol 1a
cac trang thai ding,

Nhian xét:
— Céac trang thai diing phu thude vao thdi gian theo quy luat tuin

A E
hoan véi tan s§ o, = —-.
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— Trong trang thai ding mét dé xac suit va mat dbé dong xac suit
khong phu thuge vao thaoi gian, that vay:

£t i

(. )=V I, OF(F. O =¥ (DHe W(f)e b = i\m)f

~ ih ) . ik . . -
Jyo=— PV V) = (P YY) =]
2m 2m
— Tri trung binh L = J‘P'L‘Pdv:{:onst (néu L khéng phu thubc
tudng minh vao thai gian).
— Xéc suit tim thiy gid tri xac dinh cta bat ki dai lugng nao khéng
phu thude vao thai gian. Ta biét xac sudt dé dai lugng L nhan gia tri L, 14
e, |' - Gia st toan ti biéu dién dai lugng L ¢d cac ham riéng ¥, tng vdi cac
tri riéng L, khi do L 6 trang thai bat ki khéng duge bidu dién béi cac ham
rieng ¥, tuy gia tri thu duge khéng xac dinh. song ¢6 thé tim duge xac
sudt Gng vdi phép do.
Taco W(L, .t)= {:;(t)c“ (t) = ‘(:“(t)i2
Khai trién ¥ theo cic ham riéng W,

i1

n

Y= ¢ ¥, @)= c, (O e " =3 c OV,
Trong dé ¢ {t}=c, (0)8- y

Vay WIL,.ty =, (0f =]e, )

§4. PAO HAM CUA TOAN TU THEOQ THOI GIAN

Trong co hoc ¢d dién mudn xét sy bién déi theo thdi gian cla mot dai
luong L nao dé thi ta 14y dao ham cta dai lugng d6 theo thdi gian.
dL _ . Lit+At)~L(t)

b
dt  m-o At
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Nhung trong co hoc lugng t dinh nghia nay mat hét y nghia. vi gia
sU tal thoi diém t, L ¢é gia tri xac dinh thi néi chung, d thoi diém t + At, L
¢6 thé trd nén bat dinh.

Trong ¢o hoe ludng ti, ngudi ta khao sat su thay déi cua dai luong L
theo thoi gian xuédt phat tif vide xét sy thay d6i gia tri trung binh cua dai
lugng L trong trang thai bat ki. Theo dinh nghia tri trung binh ctia dai
hiong lugng td, ta co.

L= ¥ [¥dv (3.8)
Lay dao ham (3.3) theo thai gian

a_ k3 —‘Pdv+j—L'~Pdw+[‘P £y (4.16)
dt at &

88 hang thit nhat ctia (4.16) cho tri trung binh

oL JL
¥ S wdy = =
at ot
Va s6 hang nay s& bang khéng khi L khéng phu thuée tudng minh
vao thoi gian.
Dé tinh hai 86 hang con lai cla (4.16) ta dua vao phudng trinh

Schrodinger

1‘}} o *
7 =H ¥

ih-—=HY . —ih

(Vi F1latylién hgp. nén H=H").
Thay cac dao ham nay vao (4.16), ta dugc:

(;It‘z%{t" % W (LH HL)\|:dv———-—+ _[\U {HL LH)WdV

— = ¥ *a—Lquwh[ . L]‘Pdv—j‘l’{}[t %[t‘i.ﬁ]}wv (4.17)
G

dr oL i

Suy ra =Y [H _1] (4177
dt &t
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Vay dao ham cua tri trung binh L. dude biéu dién bang phudng trinh
(4.177.

Nguti ta dinh nghia dac ham cta toan ti L

dL 13 tosn t duge xac dinh sao cho
dt

dl  dL . dl.
L gy
dt o dt dt
Nghia 14 dao ham cua tri trung binh theo thdi gian bang trung binh
cua dao ham theo thdl gian. D81 chiu v4i (4.17). ta ¢é:

dL E,‘.L i [I:I.I:,] (1.18)

dt di A

Ngudi ta gol todn tu %[ﬁi}z%(ﬁi—ﬁﬁ) la ddu ngoac Poisson
;
lugng ti.
(4.18) goi 14 phuong trinh Heisenberg. N&u toan tid [. khéng phu
thude tuong minh vao thét gian thi:
ér. dL

<=0 dods = 1[H1J (4.19)

Duya vao d&u ngoiie Poisson lugng tif ¢6 thé tinh duge téng va tich cua
todn ti dao ham theo thdi gian theo quy tac théng thudng

+ Téng [[=A+B:

%:M:l[f{,AjLB']TL[H‘AT ) LdA dB
dt v & I Sh Tard
+ Tich: L = AB

db_dAB) _Irg Al La[inl-%p, 498

dt dt fi- g 17 4 dt
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§5. PHUONG TRINH CHUYEN DONG TRONG CO HOC LUGNG TU

Khi tim dang tudng minh cda cac toan ti ta da dua vao nguyén i
tudng tng gitia cd hoe lugng td va cd hoe 6 dién. Didu d6 chitng to gitia co
hoc lugng i va co hoe ¢6 dién ¢6 tén tai nhiing méi quan hé nhat dinh. Ta
biét trong cd hoc ¢f dién cac phuong trinh chuvén doéng cho bigt sy bién
thién cua toa d6 va xung lugng theo thai gian.

Vi toa dé va xung lugng khong phu thude tudng minh vao théi gian,
do d6 theo (4.19) cdc todn t dao ham cua chung duge biéu didn qua diu
ngodc Poisson lugng td, tie 1a:

ﬂi:i[ﬁ.ﬁﬁ
dt h A
dr i[n:] & irg . |
I & > LA, 4.20
a ntot dt h[ ] (4.20)
@_lrpg)
dt 4 4
1 f.? ]
dt — al 7
d—lg i[}” P] d, ——i--[H f’] (4.21)
dt Bl dt  mL T '

& P —

di &

) S T
[Ap]

Cac phuong trinh trén tudng tu nhu phudng trinh Hamilton cé dién
va goi la cac phudng trinh Hamilton lugng ti.

Phudng trinh (4.20) cho bigt méi lién hé gitta van tac va xung lugng,
con (4.21) cho biét sy bién thién clia xung lugng theo thdi gian. Y nghia
cac phudng trinh lugng ti cling gidng nhu cac phudng trinh 8 dién. Tuy
nhién céc phudng trinh lugng ui duge viél dudi dang todn 1 va duge ap
dung d61 véi gia tri trung binh.

68



Bay id ta sé tinh cae dao ham trén, D& don gian trude hét ta tinh cic
dx dP,
v

thanh phan
dt t

csau dé suy Luong td cho cac thanh phan con la.

Bigt: S=x. v=v, 7=7

R 5 by
Ho = o+ U = o—(P7 + P + P71+ L. y.2)
2m 2m '
e dx T . 1 -, ~ p.
Nén: —=—(Hx—-xH)= —— (P x—xP7)=-%
dt k 2mh ' m

(Vi % giao hoan duge vol P:.[A’; va Ulx, v, z) chi tri ]32)

B N .. i - N Al -
O e —pin ot by
dt. & ' : fi ' ' ox
(Vi 13\ oo hoan dude v f’\lf’\"f; chi o 1)
Tom Far:

dx P ]|
T 1 !

dt n o

o e P

dy O v dr P g (4.22)
dt m : dt  m

dz P, .
_— i —= \.r_

dt  m ’

P g

dt ox '

1P U LI | A

an _ v [ ar, i N (2.23)
dt Oy vdt Or

b oU i

dt & '

Ta thay: toan (1 dao ham tea do theo thoi gian bang toan tu xung
lugng chia theo khéi lugng cia hé, tiic 1a bang toan ti van tde; toan i dao
hitnt xung lugng theo thot gian bing toan 1@ lue. (4.22) va (4.23) 1a cic

phuong trinh chuyén ddng cda hat trong cd hoe lugng tua.
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Theo ¢bng thic tinh tri trung binh, két hop véi (4.22) va (4.23) ta o

dx P

— = =y xwdx = — [w'b wdx = — 1.24
dt dl-{ xwdx '[ X m { :
o .
4Py _ 9 (yp wax :*IW-——Wd _F (4.25)
di dt 5

T (1.24) va (4,25) suy ra

md*x _ dP, ) U - _
= —— = (4.26)

dx?  dt ox *

Cac cong thie (1.24), (4.25) va (4.26) cho thiy sy tuong tu gidia cd hoc
luong ti va co hoe o6 dién, ching dién ta néi dung dinh li Ehrenfest.

Vay tri trung binh cae dal lugng higng ti trén day tuén theo cae cong

thete ¢6 dién Newton.

§6. TICH PHAN CHUYEN DONG

1. Dinh nghia
Trong co hoe lugng ti tich phan chuyén déng dude dinh nghia nhu sau:
Pai luong L 1a tich phan chuyén déng, néu:

di, LL i
= H,L 97
dt at h[ ] (.27

Trudng hop L khéng phu thude tudng minh vao thol gian thi:

dLi

- h[HL] 0 (1.28)

Vav. khi L khéng phu thude tudng minh vao thoi gian thi L s€ la tich
phin chuyén dong néu toan ti L giao hoan véi todn tit H . tuong tng véi

(4.28) ta cd:
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(lL 1 e

dt &

Bitu nay chung t6 L = const. Nhua vy diéu kién can va di dé o
trung binh 1. dudge bao toan 1a todn ti L. phai giao voi toan i H .

Dé thay ro han y nghia eta tich phan chuyén ding ta xét truong hdp
hé nam 3 trang thai dlr(i(' hidu dién bing hiim riéng cla toan tu .. Gid st

viil bat ki mol gia tri cda toa dd ta c6:
L= L

LAy vl phan biéu thite nay theo that gian ta dutge

L - O 7L i
€ 0 e
it ot &t ot
'}. ) o Pl . v
vi {—{-— =0 nén oL P - L— - ]J r_ =L -1, )_[
et r_?t L a
"_\LIJ . 1 L. o )
Thay —Z-—=—HY¥Y taduge —(LH - HIW : kit qua nav cho
¢t i 1h

thiv néu [ gino hoan véi tl thi LH-HL=0.

('.'}]-_1
Dodé — =0 - L= const.

ot
2. Thidu
— D@ vai hat ehuvén dong v do:

I hood- A nlt .
Tach Hs———, P=-ih— Yixy=c*, PWx)=PPx)
2m dx” %

Ta thay ¢ day H-T ma T gino hoan vé P nghia la HP-PH=0 do

0
da d{] : (0 -» P = const.
it

Truong hop khi hé & trang that dudge hicu dién bang ham riéng oin
toan te H thi IN=EY vi H giao hoan vé chinh né nén T =0, tir do

at
suy ra nang lugng & duge bao toan.



~ Khi hé nidm & trang thai duge biu difn bdi ham ¥ khéng phai ham
riéng clia toan ti L thi da1 lugng L khéng c6 gié tri xac dinh, song xac
suat dé L nhan gia tri L, khong phu thude vao thdi gian. That vay, theo
didu kién giao hoan HIL = LH thi 1, va H 6 chung ham riéng.

HL}JII = EHLPH

Cac ham riéng clia toan t H bidu difn cic trang thai ding, do d6 su
phu thudc cua ¥ vao thoi gian ¢4 thé bidu didn bing thita s6 don sic

-—-I‘ R
Qa I

Khai trién ¥ theo cac ham riéng cta H :

Wit = T e (O, (00 1 = Te, (0¥, ()

'R,
(Bt ¢, (t)=c_(O)e # ")
~Néeut=0- e, ‘2 = ‘C”(O)‘Z 1& xac sudt tim thay E, tai thdi diédmt =0
~-Néut=0— ‘cn(t)’2 1a x4c sufit tim th&y E_ tai thoi diédm t

cn(O)‘z,nghTa la xAc sudt tim thay E, xac dinh
khong phu thudc vao thoi gian.

Déng thar W(L._,t) =

Ré rang e, (t)[ =

0 1a diéu phai chiing minh).
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Chuong 5

PHUGONG TBiNH SCHRODINGER
vOI MOT SO BAI TOAN BON GIAN

§1. HANG RAO THE NANG CO BE DAY VO HAN

Trudce hét ta nhic lai rang:

— Thé& ning chi duge xae dinh téi mét hing s céng tuy ¥, nén c6 thé
chon tuy ¥ tri s6 cua thé nang.

— Néu trong mot mién nao do thé nang cé tri s6 khéng d6i thi hat st
chuyén déng tu do trong mién d6 : néu thé ning thay doi (nghia la ¢é luc
tac dung vao hat F=-vU)thi khi thé nang tang theo chiéu chuyén déng
hat s€ chiu tdc dung cua hyc can, nguge lai. khi thé nang giam theo chiéu
chuyén déng hat sé duoc tang toc.

1. Phuong trinh chuyén déng

Xét dong hat qua hang rao thé ning cé bé day vé han, mdi hat cé
khéi lugng m, ning lugng E. N&u hat chuyén ddng theo chiéu ting cha thé
nang ta ndi hat gip moét hang rao thé nang. Khoang thdi gian trong dé dé
thé ndng ting thyc t& 1a hitu han. D& don gian ta gid thiét tai x = 0 thé
ning ting mot cach dot ngdt tix 0 dén U,
Okhix<0 (5.1}
U, khix>0

Uix) =

Tai x = 0 hang rdo thé nang cé cb bé cao bang U, (hitu han).

Tt x = 0 dén x = oo, U(x) = U, = const ta né1 hang rao thé nang cé bé
day v6 han.

Vi hat chuyén déng tu do, mdt chifu nén phuong trinh Schrodinger
cho ting mién la:
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Pt véil mién L EEVIDY

d*¥,(x) 2m - Y
R —b‘}‘ () 5.2 B ‘v x 77777
i - =TT
N ‘ =+ M;{,LW_./ /’/ﬁ / / x
Paé1 vé1 mién 11 : L5 e e / A
- U V) e /K
W (x 2 .
‘A . <m W, (x)=0 (5.3) °
dx” Hinh 9
T
Dat. k, = vZmE mv, P
fi i h
I V2mE-U) mv, P,
<, — = ===
‘ H I h
d*y "
=1
ax:

(v,. v,, P,, P, 1a van tfc va xung ludng cia hat tuong dng ¢ mién I va
mién IT) thi (5.2) va (5.3) s& chuvén thanh:

W(x) + KO (x) = 0 (5.2)
Yo+ kI, (x)=0 (5.3

Ta thay rang (5.2) va (5.3) la cac phuong trinh vi phéan bac hai véi hé
36 khong d6i. Ham séng thod man cac phuong trinh nay chinh 1a nghiém
bik,x - tik,x

riéng cua chung va ¢6 dang e™" va ", ddu "+" (ng véi sbéng truyén
theo chiéu dudng truc ox va ddu

{ng v4i séng truyén theo chiéu nguge
lai. R6 rang dé 14 cac séng phiang De Broglie ¢ mién I va mién I1.
That vay. néu nhin chiing vdi thita s6 don séac. ta dude:
elkx.e—lml - e—l[:-]l—kxl

Nghiém téng quat ctia (5.2) va (8.3) ¢6 dang:
W (x)=ae"" +be (5.4)
W,(x)=a,e™* + be (5.5)

Céc bién db a,. by, a,, b, (161 chung 14 phic) 1a céc an 6 phai tim.
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2. Hé s& phan xa va hé sé truyén qua

Xét cu thé bai toan khi hat chuyén dong vt n°ién | sang mién I trong
hai trudng hop: E>U,va E < U,.

a. Trifong hop £ > U,

Trong trudng hop nay theo co hoc ¢6 dién chie chan hat vugt qua
hang rao va s8¢ tiép tue chuyén déng trong mién 11 véi nang lugng E - U,,.
Theo co hoe higng tu hién tugng xdy ra khéc : d gid1 han gita hal mién, tai
do6 thé nang thay do1 mot cach dét ngdt — hién Lugng xay ra giéng nhu Anh
sang khi gap gid han gitta hal méi trudng 6 chiét suét khae nhau. kh dé
mo6t phan Anh sang bi phan xa trd a1 mién T, mét phan khde xa qua
mién IT. nghia 14 ¢6 t6n tai xdc suit Lim tha&y hat phan xa lai d mién [ va
xac sudit tim thay hat khie xa 6 mién 11. Ta sé tinh cAe xac suit av.

O mién | ¢6 ci séng té va séng phan xa, d mién 1T chi 6 séng téi. nén
trong cic bidu thie (5.4) va (3.5):

L3

Thanh phan  ae™" ng véi song tdi

b,e”™* Ung vé séng phan xa
a.ze'k"" tng vdl song khue xa

ik.»

con thanh phan b,e " =0 vi § mién II khéng 6 séng phdn xa

:
1

Trong dé: a]!_ — hiéu dién cudng d6 song L

12 - x - PO P
!h,j — hieu dién cudgng d6 sémg phan xa
boogd -2 - E ~ " o« .
la,” — biéu dién cuong dd sdng khide xa

Muc dich cua bat toan 14 so sdnh cudng d6 song phan xa va séng
khuc xa véi cudng d6 song tdi, do d6 dé tién cho tinh toan ta chon a, lam
don vi. tite 1a cho a, = 1. M4t khac theo diéu kién bién (ham séng lién tuc)
cua ‘P va W', ta cé:

(0) = W (0) (5.6)
Y,'(0) = W,(0) (5.7}
Thav {5.6) va (5.7) vao cac phuong trinh:

Ky by x
VY (x)=ae" +be™

W, (x) =a,e’*
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ta duge 1+b, =a,

0.8
]__bI:a2 .l.(_.?:_J (L) )
k]
TfI'(HS)‘ b_ﬁ (5.9)
b2.8)suyra: b, = K +k. a.
_ 2k (5.10)
S k, +k, 2

Tién hanh tuong ty nhu quang hoe, ta tinh duge hé s& phan xa va hé
%6 truvén qua. Ki higu o :i‘{J|2 : mat dd hat

J=wv : matdd dong hat

— H¢ s8 phan xa (x4c suat phan xa):

R Jr (_t)rV| ‘b1‘_ ‘b 2 l(I _kE ( 11)
= = = = B _— = - 5_
I, ©,v, ‘a]_ : k, +k,
— Hé sd truyén qua (xac suat truyén qua):
I, o,v, l|a.| k, > k, 4k k,
D = = — = 3 — = a] — = = 3 (5.12)
T WyVv, ‘al k, k, 'kl + K,

Ta thay R + D = 1 xac sufit tim thdy hat trong ca hai mién bang 1
(100%), nghia la hién tugng phan xa va hién tugng truyén qua la chic
chan. T d6 rit ra:

’ - U,
-4 E (5.13)

0 3
] — - G
(l+ b ]

Vay, khi E = U, thi D = 0 tic 14 khong c6 hat di vio mién 11, didu nay
trai vdi co hoe b dién.

k, -k,

D=1-R= |- |2
k, +k,

b. Trudng hop E < U,

Theo cd hoe ¢d dién. trudng hap nav hat khong thé vugt hang rao vao
mién Il vi dong nang ctia né am (K - U < 0
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—Tinh hé s phan xa:

Vi E < U, nén k, = ik thuéan tuy o
A ! —
¢ day k = EV@m(U“ -E)

Ck -k k vik
k, +ik Kk, ik

1

Tc 1a cac hat bi phan xa hoan toan.
— Tinh hé s8 truyén qua D=1-R=0

Nghia la khong tim thay hat ¢ mién TF (két qui gidng nhu cg hoc ¢
dién). Nhung khac vdi eo hoce ¢d dién. mac du phan xa hodn toan. song xac
sudt tim thay hat ¢ mién IT van khac khong. ta cé:
2k,

- =0
Kk, +K,

Wixy=a,ct =a,e™ #0via, =

1. .
=2l s

3
_C I

Do vay o, =¥, (x)¥,(x) =|a,

Xac suflt ndy giam theo ham & ma (nd giam nhanh khi vaoc mién 11).

Vay su phan xa khéng nhdt thi€t chi xay ra d gidi han gita hai mién,
ma hat ¢6 thé di vao mién II sau dé6 méi trd lai mién 1.

3. Giai thich két qua

Hi¢n tugng vi hat tham nhap vio mién "bi cAm™(d61 véi cac hat vi
md) la tinh chat dac tho cta thé gidi vi mé. Didu nay ¢ su tuong tu véi
quang hoc. Theo quang hinh thi 4nh sang khéng thé di tir mél trudng nay
sang méi trudng khac kém chiét quang hon khi géc t61 16n hon gée téi han
{(4nh sing sé phan xa toan phan). Song quang Ii dd ching td rdng ngay
trong trudng hop do anh sang van thdm nhap vao mién kém chiél quang
hon réi sau dé mdi phan xa lai mién L

Hién tugng vi hat ¢6 mat ¢ mién II khi E < U, tuodng tu nhu déi véi
dnh sang. Nhung theo ¢ hoc ¢6 dién didu d6 1a vo 1i vi déng nang cua hat
am — trdi v6i dinh luat bao todn nang lugng. Nguge lai theo co hoc luong
tu. ta biét thé nang phu thude vao toa dd. con déng ning phu thude vao

van tdc {(xung tugng), theo nguyén li bat dinh xung lugng va toa dé tuong
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ung khéng thé cd gia tri dong thdi xac dinh. Vi th& néu xac dinh ning
lugng toan phan cia hat bang cach do riéng dong nang va thé nang la vé
nghia. Muon phat hién duge hat ¢ mién II ta phai do toa d6 eia né, nhung
may do bao gid elng tae dung 1én vi hat va truvén cho né mét déng nang
ndo dé. Phép tinh da chuang to déng nang dé 1én hon gia tri U, — E. do dé
déng nang cua hat ma ta tim thav ¢ mién [l 12 duong.

§2. HANG RAO THE NANG CO BE DAY HJU HAN

Xét dong hat chuyén déng tit U, i
trai sang phai gap hang rao thé nang
¢6 bé day d, mdi hat ¢6 khéi lugng m, Yy

E
nang lugng . Teuing the duge xie  ————F/ /// @)
dinh nhu sau: @
) khi 1 x = d Ed i / T
< : =
{0 1X=0vax ]r o g"/';*}" f

S

L) = | (5.14) 5 >
U.khi0<x<d 0 x

Phugng trinh Schrodinger cho Hinh 10

cace mién 1, T1, T1T:

2 )
d S S -0 (5.15)
dx~ -

d"W,(x) 2m
——+—(E-U)OW,(x)=0 (5.16)
dx* i -

d*W,(x) 2mE
et _}ll__z.,_ \{Js (x)=0 (5.17)

dx’
Nghiém cac phudng trinh trén ¢6 dang e™"™, ¢*™* ya ¢!

2mE % 2m(E-U,)

Ei dflv kz - k% = 5
. | 3 }?

b a

h-

Sy phan xa xay ra tai hai mién dng véi x = 0 va x = d, vi thé tai
mién T va mién 11 ¢6 song chuyén dong theo ca hai chibu, con ¢ mién 111 chi
¢6 séng di theo chidu duong. Do dé nghiém tong quat ¢ dang:
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L}"I(X}:ﬂlem.k‘f‘bie h.x (518)

W, (x) = a,e™ +be (5.19)
Wo(x) = ae™s (5.20)

Trong d6 thanh phin a,¢™" tng véi séng téi gip hang rio.
i g gap g
b,e”™ ¥ {ing v6l sdng phan xa bdi hang rao.
kv - PRE 2 - N
a,e"" Ung véi séng truyén qua hang rao.

PE tinh cac hé sd phan xa va hé s6 truyén qua, cAn xac dinh cac bién
d6 a,. b, va a,. S dung diéu kién bién:

W (0) = W.(0); Wa(d) = W.(d)
0 =0 PLu(d) = d)

Thay cac diéu kién bién nay vao cac phuong trinh (5.18 = 5.20), ta

riat ra (1ay a, = 1 lam don vi).
1+hb,=a,+bh,

1oby = (- by s

1

. . 5.21
a:e”"-d +b,e ol _ g alkid } ( )

=

1 —ik b
a,e™! —b,e =-£—ase”‘d

i

Trudng hgp E > U, két qua tinh duge déi véi R va D, truong hop

E < U, k&t qua tinh véi R, vé nguyén tic, khéng cé gi khac vdi bai toan

hang rao vo han. Do d6 ta chi tinh hé s8 truyén qua D trong trudng hgp
E<U,:

T @y vy |ay;

D Eop—— . . = |—— = ‘31'
Joo Wy Yy a]l

2

(vy=vy)

T (5.21) rat ra:

a. = 4klkze—1k,d
3 (kl + k2 )ze'lk';[] _ (k] _ k2)}lelk:_.cl
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¢ day k, = ik thuin tuy ao; k = l,!Zm(U[, -E)
h

Thay k, = ik vao biéu thiic ay, ta duge:

4ikk e
(k +ik)y? e —(k, —ik)*e™

. — 4ikk e
(k, —ik)?e* —(k, +ik)*e™

Néu dua vae cac ham s6 Hypecbolic:

chx = € e : shx _e -e.
2 2
. 2ikk e
T (& — k?)shkd + 2ikk ,chkd

thi

e ~2ikk ™
* 7 (k? —k?)shkd - 2ikk chkd

1K’k
" (k? —k?)’sh’kd + 4kk ch’kd

va D= dd

Latu ¥ ch®x - sh®x = 1, ta dugc:
4%k}

= i L . < 3 -+ r”22
(k2 + K)sh’kd + 4k°K’ ©.22)

Trong thuc t& thudng gip cic truong hop ma kd >> 1
kd

do dé: shkd ~ CT

4

1k kJ’I-.i
[ ] 4

Thanhra D=

vi e >> 4 va k vdi k, ciing bac

_?’;v.-'a,;;a“.-.:_s:a.l

D= D™ = Dee ! (5.23)
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Vay su thdm nhap cia hat qua hang rao thé€ nang phu thude theo
ham s8 luy thua vao bé day d

cua hang rao. Ux)

Trén diy dé don gidn hoa
ta xét trucng hgp hang rao cé
dang hinh ch@ nhat. Trong thue

t¢€ hang rdo c¢6 dang phttc tap /
hon thinh 11).

D-E‘r

Phan tich dién tich gidi

g . . Hinh 11
han bdi dudng cong véi truc

hoanh thanh cde hinh chit nhat nguyén t8, ta di t6i cong thie suy réng:

-£J°n1 JU-Edx
D=Dge* I (5.24)
Hién tugng vi hat chui qua hang rao thé ning (khi E < U,) 13 tinh
chdt dac tha cta vi hat, ngudi ta thudng goi 1a hiéu Gng dudng ngam.
Nhiéu hién tugng trong vat lf nguyén t11 hat nhan va cac hat cd ban khéong

thé giai thich duge bang li thuyét c6 dién, lai c6 thé dé dang gidi thich duge
trén cd s6 1i thuyét hidu ting duong ngam,

§3. HO THE NANG CO THANH CAO VO HAN

Xét vi hat c6 khéi lugng m, ning lugng E chuyén déng trong hé thé
mdot chiéu ¢6 thanh cao vo han. Trudng thé duge x4c dinh nhu sau

Okhio=zx<g
Ux) = { (5.258)
wkhix<Ovax>4d

Nhu vay 3 ngoai hg U(x) = w va & trong hd U(x) = 0, ta néi hé thée
nang ¢6 thanh cao vo han.

Theo 6 hoc ¢6 dién hat roi vao trong hé thé & c6 nang lugng lién tue,
tuy ¥ va ning lugng cue tiéu bing khéng.
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8
B

3 trong hé hat chuyén dbng tu do, vi

h& cé thanh cao v6 han nén hat chi tén tat & Uee j: g
trong hd. tai cAc mién gidl han cé nhing luc J -
16n v6 cang gii hat — néi cach khac hat bi D 5 @ L @b
nhdt trong hé ¢é thanh phan xa li tudng. N E ;
Xét bai toan theo cd hoc lugng tu : 2
, 3 ;
1. Phuong trinh chuyén ddng va Hinh 12

nghiém cla né
Vi hat khong thé thoat ra ngoal hé, nén xéc suit tim thay hat o
ngoai hé bing khong, do d6 ham séng & ngoai hd ¥(x) = 0, vay diéu kién
bidn etia bai toan sé la;
W (0) = Wy(0) = Wo(d) = Wa(d) = 0 (5.26)

Phudng trinh Schrodinger cho mién 11 (trong hé}

qulpi(_)fl + 2_T EW,(x)=0 (5.27)
dx* i il
. ) 1
Hay W,"(x) +kK®¥,(x)=0 ; dday k= n 2mE
Nghiém phuong trinh (5.27) ¢6 dang:
Y.(x) = ¥(x} = Asinkx + Beoskx (5.28)

Thay digu kién bién ¥(0) = 0 vaoc (5.28) ta dugc B=0

Vay W(x) = Asinkx (5.29)

Lai thay diéu kién bién W(d} = 0 vao (5.29), ta rat ra:

kd=nr :n=1,2 43, ..

B6 trudng hop n = 0 vi khi dé ham séng & trong hd s& biang khéng —
tral voi diéu kién dau bai.

Hé s6 A trong (5.29) duge xac dinh tir diéu kién chuin héa cua
ham ‘¥(x)}.
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i Jd d
1= ¥ (¥ )dx =|AL fsin? B xdx =|Al* 1 (1—003225()(1
! d Cl g d
0 1] 4]

S A

xd
|2I

:|A

Ta thidy A khéng phu thude vio n va néu A la thuc thi |A] = A

Tém 1?..11 M (X) - |=ig SIHETF X (529‘)
n Nl d d
Xac dinh nang lugng E: T cac két qua tinh & trén, ta cé:
YT 242
k:v’ZmE o e nh2n2
h d 2md
2K ,
hay S 117 (vi K phu thudc vao n) (5.30)
2md

2. Nhan xét két qua

— Nang lugng cta hat bi lugng td hoa vi E phy thuée vao n ma n 1&y
cac gla tri gian doan, x4c dinh; ching té phuong trinh Schrodinger chi
thoa méan cac diéu kién bién véi cac gia tri gian doan ctia n. Tinh chit nay
duge thé hién mét cach ty nhién, khéng doi hol mat didu kién phu nao ca,
né duge suy ra trigc tiép ti didu kién bién cla bai toan.

252
_Khi n=1 thi B =E,,=E= "~
9md

=0

Vay d trang thai cd ban (n = 1) nang lugng E, = 0, d6 12 hé qua cta hé
thite bat dinh. Cé thé ching té didu dé:
—Chon d¢ bdt dinh Ax=d ; Ap=p
2 2 2
vay P* 2% —> P—z h -
d 2m  2md

v AXAp 2 A

Két qua nay pha hdp mdt cach ban dinh lugng véi két qua trén.

. AE E ., -E  2n+1 AE 1
STty e S T e

n n

Khin - « thi AE, — 0 nghia 14 phd gian doan sé bién m&t va tién Ldi
phé lién tuc.
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Tém lai, nang lugng cla hat d trong hé thé 1dy cac gia tri gian doan,
xac dinh va nang lugng cuc tiéu B, = 0. Tinh gian doan cda nang luong
thé hién cang rd khi kich thude cita hd cang nhé. khai lugng eta hat cang
nho va khi sd lugng tiz n con dG nho. K&l qua nay hean toan trai nguge véi

cd hoe ¢6 dién.

— Ham séng W, (x) phu thudc vao toa d6 theo quy luat tuan hoan hinh

sin va phu thudce vao lugng ti s6 n.

W(x)

Hinh 13

ool

§4. HO THE NANG CO THANH CAO HUU HAN

Xét hat khéi ludgng m chuyén dt_‘m‘g
trong hd thé hinh chit nhat cé thanh cao
hitu han. Trudng thé duge xac dinh nhu
sau:

Okhi0O<x<d

U(x)={
Uskhix<dvax>d

(5.31)

Ta xét truong hgp nang lugng E caa
hat nhd hon U, : (B < U,).
Phuong trinh Schrodinger cho tiing

mién la:

84

Hinh 14

Jx) Iy
7 4y

@ /] Tl
% N
/ E R
/ Ul]
/ N
va »

X
Hinh 15



Mién I: d:ﬂ9)+m“EjU”w¢m=o (5.32)
e €
2

Mién 11: dZ?”+2;Ewgm=0 (5.33)
FI TS d_

Mién 111 47200 2mE-Uo)y, (g (5.34)

2 )

dx* h

Ki hiéu k::%JZmE k, =k, =ik kz%uQHKUD—Ey

Nghiém céc phuong trinh (5.32) — (5.34) ¢6 dang e***, nhung ¢ mién I
nghiém e * khéng thich hgp vi khi x — o thi né tang 1én vd han, ¢ mién
111 nghiém e* khong thich hdp vi khi x — o thi né tang lén 0. Nén, La co:

¥ (x) = a,c™ x<O
W) = 2,e%% + be (5.35)
Yaix) = a:;ekx x>0

Cac nghiém nay phai thoa man diéu kién bién:

PO =0y ¥ '(0) = ¥ (0)
(5.36)
Fuld) = ¥y(d) ¥'y(d) = ¥'5(d)
Thay cac diéu kién bién (5.36) vao (5.35), ta dude (chon a, = 1)
1l =a,+b,
k =1k,(a, — by)
. (5.37)
azelk‘._'d + bze—lkzd — a;;e_k[l
ikg(a2eik2" ‘_ bze--ikgd) — —kase_kd
T (5.37) rit ra duge:
k- ikz _ k+ ikz @ik
k+ik, k-ik,
k—ik, ., k+ik, ..
hay _'___ge oyl 2726 k. (538)

k+ik, k -1k,
Tir (5.38) ta duge (k* - k,»)sink,d = —2kk,cosk,d



2kk,

hay tgk,d = -
k? - k:

Thay k vi. k, theo ki hiéu ¢ trén, ta cé:

o JE(U. _E
tg(%./Q—mEd) _ _ﬁl (5.39)
T ald

Cubt cung trong bidu thite (5.39) chi eon E 13 bién s8, tap hdp céc gia
tri etia E tao thanh phé gian doan.

Dé lién hé véi bai toan hé the c6 thanh cao vo han, ta xét trudng hop
15 << U, Trong trudng hgp nay theo (5.39), suy ra:

tek,d = -2 [:_E
V Ul]

Ta thay tgk,d &m va khac 0 rat it. nghia l&:
k,d = nm

hay :} J2mE d =nn (5.4
;

A d
Vay: E xﬂh n®

* 2md?
K&t qua nay chitng té su phan bé cac mic nang lugng dudi trong hd
thé ¢6 thanh cao hitu han cling gidhg nhu su phan bd cic miic ndng lugng
cua hat trong hé thé c¢é thanh cao vé han.

§5. HO THE BA CHIEU

M rong bai toan hé thé mét chiéu cho h8 thé ba chifu. Trudng thé
duge xac dinh nhu sau:

Utx. y. 2) = OkhiO<x=<d,;0<y<d,;0<z<d, (5.41)
wkhix<Ovax>d,;vy<0vay>d,;z<0vaz>d,
O trong hd hat chuyén déng tu do, ngoai hd ham séng ¥ = 0. Phudng

trinh Schroedinger ¢6 dang:
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O(F) . SNY(F) . OH(E)

[ b 4
&xt oy €2

LRSS (5.42)
Nghidm W(x, y, z) = Asink,x.sink,v.sink,z (65.43)

Gday K +kieki=20

e
Thay diéu kién bién
W0, v, 2) = WX, 0,2) =¥Xx, v,.00=0
W(d,,y, 2) = ¥(x, d,, 2y =¥ (x. v,d) =0
viao {5.43), ta duge:
k,d, = mn, ; kod, = nn, ; k,d, = 7n,

Ny, Ny, Ny = ]-a 23 3

Hé s6 A tinh dude tir didu kién chuén hod A= | o

. 8 . Tn ., mn
Tém lai W (x,y,2)= sin—lx.sin—Zy.sin—2z
. A Y d,d,d, d, d, g d,

252 L2 n:
Nén ]lIdn E - T .1) + 24 S 5.44
glugng K, = FEIMPT di) (5.44)

P
n,

V381 mot bd gia tri khac nhau cua n,, ny, n, chi c6 mdt gid tri nang

lugng K dng v4i nhidu ham séng khac nhau — ta néi mic ning lugng nay
bi suy bién.

Néu d, =d, = d, = d (hop thé lap phuong) thi:

2.2
nh . ; .
“nogn, = m(nf + n; +né) n, n, Ty
) 1 1 2
¢ ddy néun, = n, = n, = 1 thi:
Y o 1 2 1
242
n“h
Elll E3 :mg 2 ]_ ]_

Muic nay khong bi suy bién (ing véi mdt bd gia tri duy nhat cia n.
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~ thQ
“ 9md?

Muice

Muc nay dng v6i ba b gia tri cila n va tuong Gng véi ba ham séng
Fr1s Wisy, Wop, nghia 1a mic E; suy bién bac ba.

§6. ELECTRON TRONG KIM LOAI

Dé ap dung két qua thu duge trong nhitng tiét trude, ta xét electron

nim trong trudng thé duge xac dinh nhu
hinh bén, vi du trudng clia electron nim
trong kim loai. Thyc ra d4y 1a trudng tuin
hoan duge tao bdi cac ion dudng ciia kim
loai. Trong phép tinh gin ding bac nhat cé
thé thay thé bdng mét truong trung binh
nao dé cé thé V bat bién trong toan kim
loai. Thé ndng cla electron 4m U, = — eV,
nghia 1a clectron trong kim loai bji giam
trong hé thé c6 bé sau 1a U,

M..

UO
A B
Hinh 16

Do viée chon gbc thé€ nang 1A Luy ¥, nén ta sé chon sao cho thé nang
cua clectron nam trong kim loai 1a duong, vi du bangU".

Hiéu U' — U"= U, chinh 14 bé sau
hé thé nang, trong d6 chita cac electron

cua kim loai.

Néng lugng E cia electron chuyén
dong trong kim loai I6n hon U" va hi¢u
E—- U" =T la ddng nang cia no.

Ta biét hat & trong hé thé ¢6 nang
lugng gian doan, xde dinh. Tuy nhién véi
kich thudc gidi han clla migng kim loai
thi khoang cach giia caec mite ning lugng

Ut

ck KL ck
T ............. e
U, e
T
' '

Hinh 17

rit nhd. Song sy ton tai d6 thé hidn ban chat ctia nguyén 1i Pauli. Theo
nguyén If Pauli trén méi mdc ning ludng cua kim loai khéng chita qua 2
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clectron. Ta hinh dung ban d4u trong ludi U
kim loai chi ¢6 cac ion duong. Hai clectron

ddu tién sé nam ¢ miic thap nhat, electron u iW
thi ba phai nam & miic ti€p theo cao 0 IEIT
hon.... vi s8 electron trong kim loai rat

nhiéu nén ching sé 18p diy cac miic nang
lugng. Mitc nang lugng trén cing trong sd
cac muc da duge 14p diy, khikim loaiddsé 0
khong tuyét dél, tao thanh giéi han ré rét
gitta cac muc di dude 14p day va céc mic

r
><!

Hinh 18

td do. Mdce trén chng nay goi 1a mic
chuin hay giéi han Fermi E,. R6 rang dé
giai phéng electron diu tién ra khdi kim
loai c4n cung cap cho né mét ning luong it
nhat bang hiéu U, - E;.

Dai lugng W = U, — E; goi 14 cong ; _
thodt cua electron khoi kim loai, thé hién 0 X X X

trong hiéu dng quang dién.
. , Hinh 19
Tuy nhién electron c6 thé thoat ra

ngoal kim loai khéng chi dudi tac dung clia photén, ma con dudi tac dung
nhiét va céc tac dung khac.

Thi du: dudi anh hudng cha dién trudng ngoai manh electron ¢6 thé
thoat ra ngoai kim loai véi nhiét d6 thap tuy y. Cé thé dua vao li thuyét cd
dién dé gidi thich hién tudng nay mét cach dinh tinh, nhung két qua thu
duge méu thuan véi thyc nghiém. Trai lai, hién tugng nay (goi la hién
tugng phat xa lanh) c6 thé dude giai thich thod dang trén co s 1i thuyét
hiéu tng dudng ngam ctia cd hoc lugng L.

Xét electron & gin mit ngoai kim loai. Thé nang ¢ gan mat kim loai
khi ¢6 trudng ngoai dude biéu dién bing duong gip khie KLMN {hinh 19).
Khi clectron 6 nang lugng E < U, theo ¢d hoe ¢8 dién, né khéng thé thoat
ra ngoal hiang rao thé nang duge. Song theo cd hoe lugng ti, do hidu iing
dudng ngdm electron c6 thé chui qua hang rao ra ngoai kim loai. Xac suit
truyén qua duge tinh theo céng thic:
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= F\.' \.?I; \rT(lx

ND=D, "

U 14 thé nang tai mot diém bt ki eta hing vao, Thay U = U, — edx

(G — eudng db cua dién truong ngom). dat x, = 0, ta oé:

f VU - Edx = f JU, —edx - Tdx

2 " 2 K1
=— (U, —edx, —E)* + - — (U, - )®
3ed ’ S0

d day s6 hang thi nhal (theo hinh vé) bang khéng, do dé:

1 \.-"_»Zln(l,'(,—l'la : I

D= D”C_:-:n.r.' ; — Dﬂe_"'
o 3
N TRy
Dit o= W2m(U, - I}
3efi

Chinh déng phat xa lanh phu thude vao cuong do cua trudng ngoil
nén kél qua thu duge pht hgp véi thue nghiém,

§7. DAO BONG TU BIEU HOA

Nhidu vin dé trong vt li hat nhin nguyén W ¢6 thé quy vé nhing
dao dong td diéu hoa tuvén tinh — nhiing dac dong nho xung quanh vi tri
cin bang (nhu dao déng hal nhin nguyén td, dao déng nhiét trong tinh
thé.. ).

Trong cd hoe higng ti néu mdt hat ¢é khél lugng m chuvén déng
trony truong thé

kx* 1 k= mo’: oli tan s& dao dong
thi né sé thyc hién cac dao ddng nho diéu hod tuyén tinh.

Toan LI nang lugng:

90



Phudng trinh Schrodinger ¢6 dang:

2 I @
d*'F{x) . 2m (E - mo

et x*)W(x) =0 (5.16)

D@ tién trong viée gidi phudng trinh nay ta dua vao cac bidn s6 méi:

).=2h; £ = Jox (o0=212
ho h

) (5.47)

d dde_ ~d &  d
(dx_da_dx_\/adéﬁdxz_adg:‘a)

V41 cac bidn s6 mdi phuong trinh (5,46) trd thanh:

d (&)

2
dg

+ (A= EP(EY=0 (5.48)

Dé giai phuong trinh nay ta nhan xét rdng: nghiém cAn tim phai
thoa man cac doi hoi gidi ndi, lién tue va don tri trong khoang ti —o dén
+a (—o0 < £ < o0). Khac v6i hai bai toan trude, ¢ day hat chuyén dong khéng
bi gidi han bai bie tudng nio ca. Vi thé di véi dao déng tit diéu hoa khong
¢t cac difu kién bién. Ddi hoi ty nhién d&i véi né 1a ham séng phai thoa
min diéu kién binh phudng kha tich. Phudng trinh Schrodinger (5.48) chi
thoa man diéu kién nay trong trudng hgp tri riéng A 18y gia tri hodn todn
xac dinh theo céng thie

A=92n+1 (xem phu luc §5) (5.49)
odayn=0,1,2, ..
Thay (56.49) vao (5.47), ta dugc:

E = hon + ;12) _E, (5.50)

muc ning lugng co ban.

min

Trudng hgpn=0,tacéd E, = %ﬂi =k
Nghiém phudng trinh (5.48) c¢6 dang:
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V()= Ane_é'Hn(g) (5.51)
Trong dé A, 12 hang s6 chudn hod. ¢é6 thé tinh duge tit didu kién
chuin hoa d61 véi W, (8), H.(&) 1a da thie Hermite — Trebusev bac n.
C4ac hé s6 cua da thde ndy duge xae dinh nhd eéng thic truy toan

N :£n+1)(n+2)

n 2n + 1 _ }\, 8‘1112 (552)

Coéng thic nay cho phép lan lugt tinh dude tat cd cac hé s6 khac theo
mdt hé sd da cho trudc.

__n(n—l)

H,(2)=a, {q rE nn l)fZ;?)(n " (5.59)
Choa,=2"; (n=0,13,2, . ) tach

H.(©) = 1. H,(&) = 2¢

H,g) = 48" - 2; H.(5) = 88" — 12¢

H,(E) = 168" — 4882 + 12 ; Ho(&) = 326° — 160E* +120¢

Da thic nay thudng dude biéu difn dudi dang:

d*(e™)

H, (&)= (-1)"e aE

Béng cach tinh dao ham ngudi ta rmit ra:
Hn-](&.ﬁ) = ZEI_In (é) = 2nH1\ l{é)

Nghia 1a tinh duge 86 hang thit ba theo hai s8 hang déng truée né.
Tinh hang s6 A,

1= [W o), (E)de =[A,

1
Riatra A = i/g
Tyn!2"

e THAEdE=|A, [ 2" n!\/;—

o

92



Thay n=0.1, 2, 3,..tatinh duge A, A,, A, AL L
Tém lart;

X’

W (5) = A 2H () = %e L= ()

E
[Lk-§

¥ E)=Ae THE)= S Baxe T =W, (x)
T

F
ux

wu(g)zAze'?Hz(Q):lE _(Zox® -1)e % =¥, (x)

Tt\,

* Nhdn xét:

— Nhiing diém tai d6 ¥ = 0 goi la ndt cia ham séng, s8 nat bing 56
lugng ti n.

— Xac sudt tim thay hat trong khoang dx xung quanh diém x la
W (%)l “dx, x4c¢ suat tim th&y hat & ngoal gidi han cd dién tuy rit nhd
nhung vin khac khang (xéc sudt c6 dién ti 18 nghich véi van tdc nén cue
dai & gidi han va cde tiéu d vi tri can bang). Khi n —> o thi xac sudt lugng
tU tién téi xac sudt b dién.

W(x) W)
\ K n=73 \ / £y = —Z—fim
\U\ ™~ / n="72 y\ / /‘\"““ by = —; hen
Yy n=0 : D 0= L hoy
Y] X -AL-A A, }5‘0“I A Aq

Hinh 20 Hinh 21

~ Nang hugng cua dao dong t diéu hod bi ludng tit hoa. Diéu d6 gay
nén do doi hoi ty nhién vé tinh gidi ngi cha ham séng trong toin khéng
gian. Cac mic ning higng cach déu nhau mét khodng Aow.
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— Nang lugng cyc tiéu ctua dao dong ti E,, # 0, ching té ngay khi
nhiét d§ tuyét 461 bing khong ning lugng cliia dao ddng tit vin khac
khoéng. D6 14 hé qua clia hé thie bl dinh, ta ¢6 thé ching minh didu dé:

- 2
Theo hé thite bit dinh  Ax’.AP? %

- b4
Tacé: Ax? =%* —(X)? =%° x= ﬂ\}‘ﬂ‘ xdx=0
- -2 — . —3 ) vi — 2
AP! =P, - (P)* =P, =P* P, = [lv,fBax=0
T 0o 54T X B 2
- pe 2z . D2 8 32
Nang luong E = 40O s hay E Z_P__ e F‘TQ
2m 2 2m 2 4P,
Tit didu kien —o_ =0
(D7)

ta tim dude K, =
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Chuong ©
CHUYEN DONG TRONG TRUONG XUYEN TAM

Trudng luc goi 12 xuyén tAm néu luc tie dung 1én hat chuyén dong

luén luén di qua mot diém x4c dinh (14m cta trudng) va chi phu thuge vao
khoang cach tit hat dén tdm cua trudng.

Trong cd hoc lugng tit toan ti momen dong higng dong val tro dae

biét quan trong doi véi chuyén ddéng ctia hat trong trudng xuyén tam.

§1. TOAN TU MOMEN DONG LUQNG VA CAC TiNH CHAT CUA NO

1. Biéu thirc
Trong chuong 3 ta da biét:

M, =yP, - 2P =-i(y ——z—

« = ybP, —zb 1h(y . Zay)
* I\Q/I—[%xf’] M, =zP —xP ——ih(z—?——xi) (6.1)
= < y x z x oz '

M, = xP, —yP ——1h(x——yi)

y x x
* NP =M+ M+ M | (6.2)

Do tinh chat déi x(ing cAu cua trudng xuyén tidm, nén dé tién lgi

ngudi ta dung hé toa do cAu. Cac toa dd cau lién hé vdi cac toa db vudng

gée nhu saw:
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. |r C 2 2
X = rsinb cose r=+X +y +2°

Z

¥ = rsinf sing 6 = arccos

z = rcosb 0 = arctg b

X

Chuyén sang toa do cdu, ta cé:

- 3l b5}
M. = 1A(sin— + ctgb cosqp —
« ( Pt e pa(p)

- 0 0
=—1h(cosp— —ctgdsing— (6.3)
M, =h(cose— —cteh mtpap)
M, = _inl
o
M = -V, (6.4)

. . 1 2
Trong d6 Vi = —}—0 : %(sm 85%) Lrerre (DEE
sin sin o

2. Cac tinh chat cda cac toan ti momen ddng lugng

-

MM, | =irM,

LY

YoM, M, ] = v

X (6.5)
[N/lz"mx] = lhmv
Cac toan tua IVL, ﬁy,ﬁz khong giao hodn v8i nhau, tde 1A cac thanh
phin momen dong lugng khéng c6 gia tri xac dinh dong thoi.
* M M,] = (M, ML) = [MF, M) =0 (6.6)

¥

Toan ti M? bao gid clng giao hoin véi cdc toan i thanh phén

¥ [M,.x]=[M,.y] = [M,.z] =0 (6.7)
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Céc toan td hinh chifu chia M va cac thanh phan tea dé cing tén
giao hoan véi nhau.

[Mx,y] =ihz)
* [sz = ihx > (6.8)
[MZ,X} = 1hy

4
Céac toan tu thanh phin momen déng lugng va cac thanh phan toa dé
khéc tén khéng giao hoan véi nhau.
* [M,.B]=[M, B, ]=[M,.P,]=0 (6.9)

Céc toan tU thanh phin momen déng ludng va cac toan ti thanh
phan déng lugng cling tén giao hoan véi nhau.

M., | =inP,
* M, P, |=inP, (6.10)
N1,.B, |-,

Céc todn tut thanh phdn cha M va cac toan ti thanh phin déng
Iudng khac tén khéng giao hoan véi nhau.

Tiic 12 toan tit M? va toan td ning lugng giao hoén vdi nhau.
Toan ti Hamilton H trong hé toa dd ciu:

~ A Hl1e,,00 1
H=T+U=—%|:?5 r“a)+?Vép}+U(r)

¥1a,,0, M
Tamral & omt O
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§2 . HAM RIENG VA TRI RIENG CUA CAC TOAN TU M’ VA 1\71,_

Trong cd hoe lugng td ton tal nhiing trang thai, trong 46 céc dai
luong M? va M, ¢6 gia tri déng thoi xac dinh, nghia la cac toan 11 M* va
M, c6 chung ham riéng.

1. Ham riéng va tri riéng cla toan tir M’
Pé tim ham riéng va tri riéng cha M? ta giai phuong trinh tri riéng:
M2W(r,8,0) = M*¥(r,9,¢) (6.12)

d day W{r.0,9) = R(x)Y(8,9)
hay —r*VE Y(0,9) = M*Y(8,0) > V; Y(8,0) + AY(8,0) = 0
2
dat a= L (6.13)
hu
Viét phudng trinh (6.12) dudi dang tudng minh trong hé toa d6 cau:

Il i(sin ] LY(Q, (P))+ . 1_} U‘Y(%’ ¢}
sinb &o B sin- 8 do”

+AY(0,9)=0 (6.127)

Phuong trinh (6.12") chi ¢6 nghiém thich hgp thoa mén déi hoi cua
ham séng khi A 14y gia tri xac dinh theo biéu thic:

A=10+1) (6.14)
trongdd 1=0,1,2, ..
So sanh (6.13) v (6.14) ta dude:
M* = #*1(1+ 1)
Vay toan td M” ¢6 phé tri riéng gian doan.

Céac ham riéng ctaa M? 1a nhing ham cdu phu thude vao eac s6 luong
td 1 m.

Y,,.0,0)=A, P (cos0)e™ (6.15)

i,m

. @anA-|jmpt e
gddy A, = 12 hang s6 chuén hoa tinh duge tix diéu kién
’ 4an(l +1mi)!

chuéin hoa d6i véi Y,..(0,¢).
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L d" [P (cosB)
p’(cos ) = (1 — cos® 6)* —~—-[ 1(cos6)]
d{cos )"

e 1 d r L2 1 Ny .
P (cosB) = ﬁd(—cogé)_lumb 6-1) } 14 da thiic Legendre

1=0,1.2,3.... —S&lugng tl quy dao.
m =0, £1, +2, +3, ... — 56 lugng tl t (phu thudc vao trudng ngoai).
Ung véi mbi gia tri cha 1 thi m 14y (21 + 1) gia tri. Nhu vay Ung vii
mot gia tri cua M* ¢6 21 + 1 ham riéng Y,,,(6,¢) (do m khéc nhau), ta néi
cac tri ridng M* suy bién 21 + 1 lan.

2. Ham riéng va tri riéng cta toan tir M_
Giai phuong trinh tri riéng d6i véi M,

F(r, 9, 9} = f(r, 0)¢(o)

M, ¥ = M, ¥ (6.16)
! !
hay —ihE:P- =MY¥Y — o =1mY¥ (6.16"
do o)
, 1
J day m:*\iz (6.17)
1

Nghiém phudng trinh (6.16" c6 dang:

Yir, 0. ¢) = {r,0)d(p) (6.18)
Thay (6.18) vao (6.16") ta duge:

d¢

¥ =im¢ > ¢ = Be"™

do

1 i1 » .
Trong d6 B= 1/5— tinh dude tir diéu kién chuan hoa déi vdi ¢.
T

Tém lai ¥(r, 9, o) = f(r, 0)¢(p) : M, = mh.
Nghia 14 tri riéng M, bi lugng tit hoA.
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Béy gid ta sé x4c dinh cdc gia tri cua lugng tid s6 m: vi cac toa do
(r, 8, @) va (r, B, ¢ + 2%) d6u biéu dién ciing mét diém trong khong gian va
ham séng phai don tri, do dé:

Y(r, 0, @) = W{(r, 6, © + 2m)

hay f(r, ©)o() = {(r, )¢l + 2m)
Nghiala ™" = gimtr2n
Suy ra e”™™ = 1 = cos2am + isin2nm
Vay m=0, 41, £2, £3, ..

3. Ham riéng chung ctia M* va M_

Vi f(r, 0) 13 ham tuy ¥ v m 18y gia tri nguyén nén M’ va 1";'1z cd ham
riéng chung ld ham cdu biéu dién trang thai trong dé cac dai lugng M? va
M, ¢6 gia tri dong thai xac dinh:

M| =ayl(1+1) va M,=him

Chuy

— Viéc chon M, 14 hoan toan tuy ¥, ta ¢é thé chen hoac M ,, hoic M.,
hoac M,. Cac dai lugng M ,, M,, M, khéng ¢6 gia tri ddng thai xac dinh. Vay
trong mot trang thai nao do moét dai lugng ¢ gia tri xae dinh thi hai dai
lugng kia s& hoan toan bat dinh.

— | m, /= 1nén|M|>|M,. Do dé gbc § phai luén khac khéng, nghia
13 vectd M khéng bao gid song song vi cac truc toa 4. Vi néu M trang
v31 moét truc toa dd nao dé va tu quay quanh truc dé thi M va cac hinh
chidu cia né sé c6 gia tri dong thoi xac dinh — trai véi két luan & trén (tri
truong hop duy nhat M,= M,=M, = 0).

—Cécham9(e)=A
va diy du, do d6 ham Y,
day du.

P (cos0) va §{(p) = €™ 1a cac hé ham truc chuén
(8,9) ciing lap thanh cac hé ham truc chuén va

lm

m

Dudi day 12 mdt s6 ham ciu da chudn hoéd:
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Trang

.- 1 m Y( e > P ) M Mz M,\‘! M‘.
tha: )
8 0 0 -1— 0 0 0
4w
3 ' : khdng xac
_ i I It
1 r sin B.e h\/z 1 dinh
3 i
p 1 0 — cosH nt 0 nt I
an ;
i
' -1 —-3— sinf.e™ nt —h nt
Br
¢ 15 2 o Q2 — o khong xac
2 o sin” B.e hJ6 dinh

‘311’19(:089(8“" nt h nt,

d 2 0 |, ﬁ (3 cos’6-1) nt 0 nt
-1 /— sin0cos0.e” nt ~h nt
8n
r’ . e
-2 "l_o sin® B.e 1" nt —~2h nt
327

-
'—l
U'l

\_,ﬁ,m

X Hinh 23
Hinh 22

Vi du & trang thai p, M ¢6 gia tri xac dinh 1a #J/2 dng véi 3 trang
thai W,, W, ¥.dod6 W =c, ¥.+c, ¥, + c_¥_:|cl?1a xac suit cla trang
thai va phu thudc vao diéu kién vat lf cua hé.
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Né&u muén bist hinh chidu cia M trén mét truc toa dd nao dé. ta
phai dac biét hoa true d6 (chang han dat trudng ngoai hudng doc theo truc
d6). Tac dung ctia trugng ngoai lam cho hé chuyén it trang thai chung
sang trang thai riéng.

Vi du d61 véi ba trang thai trén W, ¥, ¥_. néu ¥ — W, thilct?=lc,i*

v le, |2 =le | = 0. Néu do M, ta thu duge gia tri # nhung hoan toan
khong bidt gi vé M, va M,.

§3. CHUYEN DONG TRONG TRUGNG DO XUNG TAM

Xét vi hat ¢6 khoi luong m chuyén dong trong trudng thé U = Ufr)
(r 14 khodng cach tit hat dén tdm cia trudng). Trong hé toa dé cAu phuceng
trinh Schrodinger ¢6 dang:

R 1 . L oo 1
- )+ 292 W+ U)W = EY
2m | r’ 5r( ) r’ UJ +UG)
hay chy)wgmqi er [E-Um]¥=0 (6.18)

Ca thé tim nghiém cua phudng trinh (6.18) dudi dang tich cua hai
ham s&: mé6t ham chi phu thude vao ban kinh va mét ham cht phy thudc
vao gdc.

¥="F(r & ¢)=R(®YE, ¢ (6.19)

Thay (6.19) vao (6.18) va chia ea hai vé cho tich R(r)Y(8, ¢), ta dugc:

1 d | ,dR{r} Zmr 1 620
R(r)dr{‘" dr } —[B- U] - Vi YO0 =) (6:20)

Trong phuong trinh (6.20) vé& trai chi phu thudc vao r. v& phai chi
phu thudc vao (B, ®) nén chung chi c6 thé bdng nhau khi ea hai vé déu
khéng phu thudc gi vao cac bién sé r, 8, ¢ va ciing bang mét dai lugng A
nao d6. Vay (6.20) sé tach thanh hail phudng trinh:

— Phudng trinh ban kinh:
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dr | dr

d [ -d—Rm} 21;“ [E - Um]R(r) = 2R(@) (6.21)
i)

Phuong trinh nay phu thude vao Ur) nén chi ¢6 thé tim duge nghi¢m

cu thé ciia R(r) khi biét dang cu thé eaa Ugy).
— Phuong trinh gée:
Vi Y(0.0)+2Y(®.9)=0 (6.22)
Phudng trinh géc khéng phu thude vio UG va nd dite Lrung cho mol

chuvén déng trong Lrudng xuvén tim. D6 chinh 1a phudng trinh vé ham

cau ma ta dd bidt trong 618t trude. Ham Y@, o) phit tm chinh Ia ham caw

Y. 0.0)=A PM{cost)e™

Il

Va1 A cd e1ad tri hoan todn xdc dinh A =11+ 1) ; (1=0.1.

B

3...)
Néu bitt duge nghidm (6.19) ta ¢6 thé thn dude xae suat toa dd cia hat.
(tu thé xAc suAt tim thay bat trong yéu & thé tch dv L

(r.0.0) = [ (r.0.0) dv = R(r)|, Y(O.¢) dv (6.23)
Trong do:  dv = r*drsinfdtde = r*drdQ (dO = sinBdBdo)
- Xac sufit tim thay hat gitta had hinh eau c6 ban kinb v va r + dr 12
dWiry= 511{1‘)‘2 I'Edr[TEH!Y({-)Jp151(152 = I{(r]g2 Frdr (6.24)
Vai diéu kign [ f“\Y(o,(p);"' dQ=1
— X sudlt tim thay hat trong géc khd daQ 1a:
dW(0.9) = |Y(0.0) " dQ ["[R(1)]" r7dr =1Y(0. o) dO (6.253)

h

Vi diéu kién: LCI‘R{I‘)‘E r2dr = |

Z r
(6 thé bidu didén sy bién thién cua w(®) qua do Q
thi déc cue: Lay mdt doan OP trén niia dudng thang f 0 ;
OQ lam véi true oz mél goe 0, khi 0 bidn thién diém 5
mut P 58 vach mél dudng bidu dién, cho dudng biéu \

1=0
m={

Hinh 24

didn nay quay xung guanh truc oz sé duge mdt mit

1w dién xac sudt tim thay hat theo huwdng 0 .Vi du:
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O trang thais l=m = 0)
Y, ,(0.0)= —l~— — (0)="- -1——
n.oAb. @ v’zh? 3.9 A

O trang thaip 1= 1: m =0, +1)

i 3 ,
Yl‘{](ej([}) = '\{IIZTE COSG — }‘“(9) = %COS" 9

Y . (8.0)= 13 singetie —0,,,(0)= 3 gin? 8
Ven 8n

o)

§4. CHUYEN DONG TRONG TRUONG COULOMB

Mét hat tich dién chuyén déng trong trudng coulomb sé chiu tae
dung mét lyte ti 1& nghich véi binh phudng khodng cach tit hat d&n tim ctia
trudng. Trudng hop electron mang dién tich -e chuyén déng trong trucng
luc cua hat nhén ¢6 dién tich +Ze thi thé ning tuong téc (khéng ké dén

chuyén dfng riéng cua hat nhén) sé la:
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r

U(r) = _

(thé& hut)

Day chinh 14 bai todn nguyén ta hidro va céc ion tudng tuy.

Phuong trinh Schrodinger



5 O 2mr

( ek +Vo ¥+ 5—[E-Um¥ = (6.18)

c6 nghiém la W(r, 6, ) = RMY, .0, 0) {6.19)
§ day Y, ,,(6, ¢) 1a ham cau da biét.
R(r) 1a ham ban kinh sé tim duge tit phuong trinh ban kinh.

i(rz dR(r))+ 2m2r
dr dr h

(E )R(r)—l(l+1)R(r)
d*R(r) 2 dR(r) +£9|FE+ Ze*  B1(1+1)]

ha -
Y dr? r dr h? L r 2mr?

JR( r)=0 (6.96)

Pay 1a phuong trinh {ng véi chuyén déng thing theo ban kinh véi

thé niang hiéu dung: N

U
U':—Zi hl(l+1) E >0
r 2mr? -
—_—
Ta thay khi r 16n (r —» ) thi s6
hang thi nhat cha U' quan trong 0 I_"h

hon s8 hang thi hai:

U'<0valU > 0khir > o, E<0
Ngudge lai khi r nhd (r —» 0) thi s6
hang thd hai quan trong hon: U'> 0

va ' >0 khir — 0. Hinh 26

Nhéan xét: Khi E < 0 bai toan
nay ¢6 thé quy vé bai toan chuyén ddng cia hat trong hé thé ning, nguge
lai khi E > 0 quy vé bail toAn phan xa ctia electron bdi hang rao thé niang:
hat tit o dén gip hang rao rdi phan xa trd lai, chuyén déng niy khong
tudn hodn va phd nang luong 1a lién tue. Trudng hop E > 0 bai toan rit
phite tap vé& Ii thuyét cling nhu thuc tién ta khéng xét § day. Sau diy ta s&
giai bai toan trong trudng hap E < 0.

Dé gidi phuong trinh (6.26) ta dua vaoe cac bién s6 méi;

E 1
r me o=
-— . EU Z“W%_].L’;,DS (BV)




712 ¢ i R _
1 = s~ 0.53A m — Kh& lugng cua electron
me

e — Iién tich cua electron

Vi cae bién 6 mdi, phudng trinh (6.26) bién thanh:

R 2 dR |2 il
d ED)+_ (P)_’_[_Z_QEM ( ti)}R(p)zo (6.27)
dp”  p dp p P

(6.27) sé cho nghiém thoa man ddi hol gidl ndl cia ham séng khi e 14y cac
gia tri xac dinh theo biéu thiic:

c—Z_ (n=123 .) (xem phu luc §6)

on?

Tu day ta co nang lugng:

7

E, = E % (6.28)

n 2

Vay nang lugng cua hé bi lugng tit hoa va chi phu thude vaoe n.
Chu ¥: Khi n tang thi AE, giam van - « thi AE_ — 0.
Giai phugng trinh (6.27) tim duge nghiém:

o

Rul(p) = Cnie pIIJE:::i(p) (6A29)

(127 1a da thic)

Tém lai ta dugce:

Hé‘m Séng l:pnlm(rs 8) ‘*p) = Rnl(r)Y].m(Ol(p)

3 me” Z* A
Ning luong E, = ~ o T T - Q‘F
Cac lugng ti s6
n=1,2 3. — 88 lugng tit chinh
1=0,1,2...n~1 — 56 lugng tit quy dao
m=0, +1, +2, ... #l — 86 lugng tit tix

Vi cac mite nang lugng E, ¢hi phu thude 86 lugng tit chinh n, ¢on ham
song V., phu thudc ca ba sd lugng n, 1, m, do dé cac mitc nang lugng E, bi
suy bién, bac suy bién la:
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n |

f:Z‘(:21+1):1+3+Eim+-~+2n—1:nz
i=0

Su suy bién vé m la tinh ¢hit chung cia chuvén déng trong trudng
xuyén tam, né lién quan dén tinh ddi xing tam cua trudng av. Su suy bién
vé ] chi l1a dac trung clla chuvén déng trong trudng coulomb thuén tuy.
Thuc ra clectron trong nguyén tu hidro va cac ion tucng ty khong chi chiu
tac dung cta trudng coulomb thuan tuy ma con cé cac tudng tac khac ma
ta chua xét dén. Nghién ctu sdu hdn ngudi ta thdy nang luong cua hat
phu thude vacecanva l.

§5. NGUYEN TU HIDRO

Ta sé nghién ctu ki hon nguyén t hidro.
Trong céng thitc (6.28) thay Z = 1 ta cé:

me' 1 1
E =- . —.=—13,53—_) =
n 2hg nz n“( V)

O trang thai cd ban E, = ~13.53(eV)

3w

]
‘Vl,n_n(r.‘9:(P)=R1_U(I‘)Ynln(8,(p):_Qr 2g W

\/4_1; 1]

CA
G day Ry(r) = 2r,2e ™

]
Yi)‘n(o‘(ﬂ) = 7l

Ry 4

3

Tit do xéc sudt d W, ,(r)=[R,, (0| r*dr=4z;% "r*dr

dW,,(0.0)= ‘YU_(J (0.9)

240 = - d0
4m

Khi ¢6 su chuyén mic nang lugng tir cao xudng thap thi nguyén tu
phat ra 1 phéton c6 tan sé;
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E,-Ey me' 1 1 L1
V=T s () =R () @
h dnh ko0 . i
(n, < nj)

+

R'=2%_~397.10%s"
4wk

, v 1 R 1 1. 1 1
86 séng: s=—=—-=-—(—5-—5)=R"(5~-—)
C A Cc n; n; nb-( n‘[

R"= R’ =1,097374.10" m * goi 12 hing s8 Rydberg.

c
Rl‘ RH
s=———=T(n,)-T(n,)

T(n,), T(n) goi 1a cac 88 hang quang phd. Céc s6 hang ting vdi ciing

mét mitic hgp thanh mot 0 . E

dﬁ}r’ quang phf;. I —— e, e o
_ Déy Liman tng véi | T i E,
. a2 " . . Q E

su dich chuyén tit cdc mite —g s

¢c6 n > 1 vé mic n = 1: 2 E,
.1 1 50 LA A

v=R (1—,‘g —;—,5)‘ § Day Paschonts
— Day Balmer Gng vdi e YYY} o——FE,

su dich chuyén tit cdc muc 2 ay balmer

cOn > 2 vé mic n = 2;
o 1 1 ~13,53Y YYYYY _

v=R (22 —;.—2-)» eV) Day Liman E,
— Day Paschen ng Hinh 27

véi su dich chuyén tit cac
mceén >3 vé micn=3 ...

Quang phd cta cée ion tudng tu hidro nhu He', L™, ¢b cling mot
dang nhu quang ph8 hidre nhung cac vach dich chuyén v& mién cé bude
s6ng ngan han, vi bay gid trong cong thic (*) phai nhan thém véi hé s& Z°.

Bay gid ta xét sy phén bd xac suat. Trude hét ta xét sy phin bs
electron theo ban kinh r. O trang thdi cobdnn=1;1=0;m = 0
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—ir

dW(r)=4r"e " rdr

Zr

G day r,=— = 0,529 A 1a ban kinh qug dao Bohr thit nhét,
me

Li thuyét Bohr cho rdng electron chuyén dong xung quanh hat nhin
theo quy dao tron (hodc elip). Trén mdi quy dao dé6 momen ddng lugng cia
electron bang mot 88 nguyén lan hang s #. O trang thai cd ban electron
chuyén déng theo qu§ dao tron véi ban kinh bang r,. Theo ¢d hoc Wugng (I
electron chuyén dong xung guanh hat nhén va duge phaAn bd nhu mot
"dam may" quanh hat nhén, ¢6 chd xac sudt tim thay hat 16n, ¢6 chd xac
suft tim th&y hat bé, hinh dung nhu chd day dac, chd thua méng cia dam
may. O trang thai cd ban thi xac suét phan bd eye dai & mdt khoang cach
tdm 1a v, nghia 12 trén mét mat cau ¢6 ban kinh r,. Hinh 28 va hinh 29
biu dién xac suit phan bd theo ban kinh d6i véi mdt vai trang thai.

Tiép tuc xét sy phan bd xac suft theo goe, § trang thai oo ban xac sudt
phan b hat khéng phu thude vao goc. O cac trang thai kich thich do et 12 0
nén khong eon déi xing cdu. Thi du d trang thaip =1 vam = 0. +1) ing
vé1 ba trang thal Y, Y,,, Y, . Su phan b6 hat theo géc & ba trang thai
nay dude md ta d hinh 25,

o(r)
10

Hinh 28 Hinh 29
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§6 . ROTATO

M6t hé gom hai hat lién k&t chat ché véi nhau va thuce hién chuyén
dong quay dudge goi la rotato. Loai chuyén déng nay thudng gip 4 phan ti
hai nguyén ti.

Hai hat A va B ¢6 khoéi ludng tudng dng 13 m, va mp, véi th& nang
tudng tac gitia chuing la U(r) (r 12 khoang cach gidia hai hat) s& thuc hién
chuyén dong tuong d6i gidng nhu chuyén déng cta chit diém c6 khéi lugng

m,my,
m, +m,,

riat gon 1A m= va chuyén déng tinh tién gidng nhu chuyén dong

tu do cua chit diém c6 khai lugng M = m, + m,,.

Toan ti nang lugng H cho chuyén déng tudng déi ctia hé hai hat lién
két (nhu phéan tit hai nguyén tl1) trong hé toa dé cau ¢6é dang:

H=- il f—1—9—(‘3—)+1 Um}JrU(r)
r’

Qer dr  dr

Céc gbc 0, ¢ xac dinh phuong cha dudng thing néi hai nguyén ti.
Biang phuong phap phin 1i bién s6, ta tim duge nghiém cua phuong
trinh Schrodinger HW(r,0.¢) = EW(r.0 .49)

la W(r.0,9)=R{r)Y(9.¢)

Thay nghiém nay vao phudng trinh Schrodinger va sau khi bién déi
ta thu duge hai phuong trinh:

— Phuong trinh A4, Y(8,0) + AY(8.9) = 0 x4c dinh ham cdu chung cho
moi chuyén déng trong trudng xuyén tam.

— Phudng trinh ban kinh:

d L dR(r). 2mr?| h’
el + E—-U(r)--
dr (r dr ) h? l () 2mr?

I(1+ 1)}{@) =0 (6.30)

Dat V(r) = rR(r) va thay vao (6.30), ta dugc:

4>V .‘im{r U - l(l+l)}v_0 (6.31)

dr® 2mr’
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A+ 1)
2mr’
dung cta chuyén ddng theo ban kinh ¢6 dang

¢ day s6 hang ¢6 1hé coi 14 thé nang phy, do d6 thé nang hiéu

R+ 1)

W, (r)=U(r) + e

Hinh dudi (H.30) bidu din dé thi ciia W(r,), ta thiy:
+Khi 1=0 thi W) = U).

Trusng hop nay nang luong la lién tuc khi E > 0 va gian doan khi
E<@

+ Khi I>> 1 thi Wy(r) > 0 wn |
1 >>1
Truéng hdp nay {ng véi
i o . I
chuyén ddng quay manh : phin tu b \ '_

phin i thanh cdc nguyén tu A. B do 0
tdc dung eda lde i tAm 16n.
Do vay, ta chi xét trudng hgp
chuyén ddéng quay nhd, nghia la
trudng hgp Wi(r) khac U(r) rdt it, it
nhit 1a tai mién cge tiéu eta U)

(diém r = r)). Toa d6 cuc titu r, cta

w,(r) duge xac dinh ti diéu kién: Hinh 30
dw 1 2
wi(r) _ dU(r) & (141 =0
dr dr mr’

Khai trién Wy(r) theo luy thita cia (r — 1)

2
W,(r):Wl(r,)+l[&;(r)) (xr-r)+ (6.32)
21 dr \
hZ
trong d6: W, (r;) = U(r,) + — (1 +1)
2mr,

D¢ lién hé véi bai toan dao déng tit diéu hoa tuyén tinh, ta dua vio
ki hiéu:
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d*W, (r,)
dr?

szmf; mri =1, vd x=r-n
Vi ki hiéu m@i nay phuong trinh (6.32) sé 1a:

n 1(]+1)Jr

2mr;’

I Gl

W(r):W'](rl)+%mmfx2 b= U+

bl 1
1S

Thay biéu thiic nay vaoe (6.31) va dé ¥ dén biéu thic W(r), ta dudc:

2
d\; g gy - D L e =0 (6.33)
dx® 21, 2
Trong phuong trinh (6.33), néu dat:
2
I(1+1
E'= E - Ur,) — 24+
27,
ta co El___.z_{ gmnl(E.__mmzxz yW=0 (6.34)
dx he 2

Day chinh 14 phucng trinh cta dao dong tii diéu hoa tuyén tinh va
nghiém cla né cb dang:

|
:hwl(n_}-E) ; n=0,1,%,...

1, A1(1+1)

T dé B, =U(x)+ho(n+—)+ (6.35)
2 oI,

Trong phuong trinh (6.35) s hang thi nhat § v& phai la nang lugng
cua electron (ké ca nang lugng tuong tic coulomb ciia hat nhén khir = r).
86 hang thd hai 13 ning lugng dao doéng véi tn s6 w, cia cac hat nhan
trong phan t. S8 hang thit ba 14 nang lugng quay cua phén tit. Ta da biét
A1(1+1) 1a tri ridng cta M?, nén biéu thitc nang ludng quay cla phan td

2
trong cd hoc lugng tit ¢6 dang nhu trong cd hoce ¢f dién (%j :

Nhu vay, ning ludng ciia chuyén déng quay bi lugng ti hoa, khoadng
cach gitta hai mc nang ludng quay lién tiép la:
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il +1)
I

1

r"\]—a“] _E| =
Biét nghiém V(r) cia phuong trinh (6.34) ta dé& dang tim duge
nghiém caa phuong trinh (6.30), tit d6 tim dude ham song hiéu dién trang

thai ¢da Rotato
\Js l T
{ nlim (Ie(p) = - Vn[(l‘)Y]m (ea(P)
r

Ham nay dién ta chuyén déng quay va chuyén déng dao dong cla
phén ta hal nguyén til.

§7. DINH LUAT BAO TOAN TiNH CHAN LE

Cac dinh Juiat bao toan ma ta thudng gip nhu bao tean ning lugng.
bio toan xung lugng,... 1a nhing dinh luat lugng td tuong tu nhu nhiing
dinh luat ¢8 dién. Song trong cd hoe lugng tu ¢on ¢6 nhing dinh luat ma
khéng ¢6 su tuong tu véi co hoce ed dién, Mot trong nhing dinh luat do 1a
dinh luit bao toan tinh chan 16, lién quan dén phép bién 461 dao hé toa da.
tiic 1 461 dau cac Loa d6. Cu thé trong hé toa dd vubng goc:

X = X
Yooy —
Z—>—2Z

Hinh 31

Phép dao hé toa d tuong duong véi su thay ddi hé toa d6 phai bang
hé toa dd tran,

Toén t ning lugng A cia mdt hé kin (hé ¢6 1ap) 1a bat bién véi phép
bién ddi ddo. That vay, toan tl nay ¢6 dang:
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. e S
H=2%- - -Vi+2Uyp(f-15)

V4i thé ning tucng tac gitia hai hat chi phu thude viao khoang cach
gitta ching. Nang lugng E (tri riéng cta F1) khong thay déi khi f; = —F,.
Néu hé khéng kin md ndm trong trudng ngoai thi E vin bit bidn néu
trudng Ay la xuyén Lidm va ldy tAm lam gic cua hé toa da, vi ¢ day M chico
thém thanh phan ZU(rj) ma thanh phin nay cing bat bién khi dao hé
toa do.
Ta dua vao toan ti dao hé toa d6 I. nghia la:
IW(F) = ¥(-1)
hay W) = I¥(T)
O day T 1a tri riéng cua | tudng {ng v6i ham riéng W(T). tac dung 1
1én () lan niia.
PW(F) = PW(F) = W(F) (6.36)
Cha y ring khi dao hai 1an thi hé toa dd lai trd vé trang thai ban
dau. Tt phuong trinh (6.36) ta suy ra:
I'=1-51=%+1
Nhu vay [W(E) = W(-F) = +¥(¥)
Ta thay, khi ddo hé toa d§ thi ham séng w(i) c6 thé khéng ddi dau
(ham s6ng chin) hodc 461 ddu (ham sdéng 18). Ta ndi hé duge bidu dién bang

ham s6ng chiin thi ¢6 tinh chin 18 dudng, hé dude bibu didn biing ham
20ng 1é thi ¢6 tinh chan 1é Am.

Toan tii Hamilton 14 bat bién ddi véi phép bién déi dao, nghia 1a Fl
siao hoan vai 1 A,i1=0

Néu hé ¢6 momen xung lugng xac dinh thi né ¢6 tinh chin lé xac
dinh, vi toan td [ giao hoan véi cdc toan td M? va Mf (cling nhu st M_v)
vil cac toan ti nay khéng d6i khi dao hé toa d6. Theo dinh li chung tinh
chin lé 1A tich phAn chuyén dong. Nhu vay, néu hé da & trang thai chan
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{tinh chan 1& duong) thi khéng thé chuyén sang trang thai 1é (tinh chin 16
am}. Dinh luat nay chi ding vdi tudng tac manh va tuong tac dién ti, nhu
tuong tac gilta cac nuclon 1a tuong tac manh, Ludng tac lién quan dén cic
hat mang dién la tuong tac dién . Dinh luit nay khéng dung dé véi
tuong tac véu, nhu tudng tac gy nén hién tudng phéan ra cia cac hat nhan
la tudng tac yoéu.



Chuong 7
NGUYEN TU TRONG TU TRUONG NGOAI

§1. MOMEN CO VA MOMEN TU CUA ELECTRON

Xét electron chuvén dong trong nguyén ti hidrd va cac ion tuong t,
Electron ¢6 khéi lugng m, = 9,1.10"kg va dién tich ¢ = —-1,6.107°C.

* Theo cd hoc ¢8 dién, electron nhu mét chat diém chuyén déng trén
quy dao trdn, ban kinh r, véi van tdc v xung quanh hat nhén sé sinh ra
dong dién:

v

l=e

2nr

Trong d6: e 14 dién tich cta electron, 2—;:(1“ 12 88 vong quay trong mét
gidy.
Dién tich duge bao quanh bai dong dién: 8 = nr?
Khi chuyén dong trén quy dao electron c6 momen quy dao (momen cd)
M =[r xp]

viidolon M= mvr

va cdb momen tt p=IS= %evr (hé SI)

Néu dung hé CGS: p= L IS= L
c

5 evr, (¢ 13 van tdc Anh sang),
c

| hudng vudng gbée vdi mit phang qu¥ dao, cung phuong via nguge
chidu véi M. Vectd M vudéng géc véi mit phéng quy dao.

T két qua trén ta suy ra:

%:2; (7.1)
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Day 1a ti 86 tir hdi chuyén va gia tri nay khéng doi doi véi moi quy dao.
* Theo 1i thuyét clia Bohr, electron chuyén dong trén quy dao tron

trong nguyén 1 hidrd ¢6 momen quy dao bang mot s& nguyén lan hang s8 h

M =n#h n=1,2 3, ..

Va momen t¥ p= fin
2m,
. eh Y
Dai lugng p, = 5 ~9,273.107J/T (7.2}
m

©®

goi la Manheton Bohr

Electron ¢6 momen riéng goi la spin SZ%h

Déng thdi cé momen ti riéng p, = _eh =,
2m_
Ta thiy Hs-2 (7.3)
S m

T s nay 16n gép d6i ti s8 ti hdi chuyén.
* Theo co hoc lugng tu, electron chuyén dong xung quanh hat nhan
c6 momen dong lugng dudc biéu dién bang cic toan tid M? va M, , céc toan

ti nay cd tri riéng la

M2=n10+1) 1=0,1,2, ...

M,=hm |, m=0, 1, £2, ...

Theo quan diém cla cd hoc lugng ti electron ¢6 momen cd riéng goi
14 spin va spin la thudc tinh riéng cua hat.

S=hys(s+1 =h—2\/§ ; vol s:% (7.4)

h (7.5)

N3 |

Hinh chiéu ctia S trén truc z: S, = +

Ti 56 gilta momen tif vd momen quy daoc ciing giéng nhu trong cd hoc
¢6 dién, nghia 1a:
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B__ &
M 2m,
Vay p==t M= 05D = D = (7.6)
2m, Z2m,_
Hinh chiu trén truc z: p, = pym (7.7)

Con t1 86 gita pg va S ciing gidng nhu trong ¢d hec ¢d dién, tic 1a:

. h
&s_:_?__,usz_‘?_\/é:\/ﬁ_% (7.8)
S m 2m,

o

Xét quy tic eong momen dong lugng trong cd hoc lugng tit. Gia sit ¢
hal momen déng lugng la 1\71] va Mz. néu bé qua tugng tac lam thay d6i
momen ddng lugng ctia hé thi momen M ctia hé la:

M=M, +M,
D§ 16n cua chiing duge tinh theo cdng thiic

M=AJI1+1) : M, = im

M, =nJl1{1 +1) ; M,, = Am,

M, =hl(,+1) ; M,, = Am,

Néu biét 1, 1,, m,, m, sé tinh duge M va M,.
Do M,=M,+M,, =mh+m, #=mh

suy ra: m=m, + m,

Khi hai vects NII va MQ cting phuong taeé: 1=1, +1,, ..., |1, -1,
cae trudng hgp con lai thi 118y cac gia tri & trong khodng gitia hai gia tri
trén. Tt d6 xac dinh dugc 1, t4t ca 6 21, + 1 gia tri méul,> 1,). Vim,_,, =1,

do d6 gia tri cuc dai ctia 11a 1, + 1, va gié tri cute tidu cla llall,— 1 .

Vi du, d81 véi electron: momen d6ng lugng toan phén
J=M+8§; J,=M,+85,

D§ 16n cua M, S va J duge xac dinh theo ebéng thic:
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M=aJl0+1)
J3 1

S=hﬁ(s+1)=h? ;o (s=2)

— o 1 .1
Jd=hJyii+1) (eo gia tri: 1+§ va I_E)
Tudng ty momen ti toan phin eta electron:

B= Y1+

T
oy = MK + Ug Us=l-lo\/§

§2 . DONG DIEN TRONG NGUYEN TU HIBRO

Trudng lyc eva nguyén tit hidro c6 tinh chédt déi xing ciu, trong hé
toa dé cAu ham séng dién t4 trang thai clia nguyén t 6 dang:

W oam (1,8,0) = R (1)P" (cos8)e ™" = R(r)B(0)d(p)
Theo ham séng tinh duge mat do xac sudt va mat d6 dong xac sust:
w=¥Y¥
1h

Z2m

e

J:

(VY - ¥'vy)

T d6, néu nhan mat d6 dong xac suat J véi dién tich e cia electron
ta c6 mat dé dong dién:
the . .
Jea = (YV¥ —¥'v¥)
2m

“

Trong hé toa d6 cau M, = m#

=)
va % :2' A% :l_(;_ V = 1 i

Yoo Yrdd * " rsin® 8o
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Vi R(r) va 6(0) 1a cidc ham thuc nén J, va Jy bang 0, nghia 1a dong
dién doc theo ban kinh va doe theo kinh tuyén bang 0. Con dong dién doc
theo vi tuyén khac 0, vi:
ihe ok S C eh

_ _ - i) = |¥'m (7.9)
2m _rsind & &) m rsing'

J.- = BJ

Ta xét dong dién chay qua phén ti dién tich do cha mat phang kinh

tuyé‘§n
dl = J.do —eddo

Déang dién tron bao quanh dién tich S = ar®sin®0 tudng ducng vl mot
nam chidm. Nam chim nay c¢é dai lugng dac trung 14 momen t va hinh
chiéu ctla momen tf trén truc z

dp, =dLS =Judc58=£r§2@m\q’|2 do (7.10)

]

Lay tich phéan (7.10), ta dudge p,. Do d6 momen tir u (gidy nén bai
chuyén déng cQa electron) clia nguyén ti ¢6 hinh chiéu trén truc z la:

b, = jdpz = ;nrih :ﬂ‘}“EQRrsin 0do

Tich phan nay ldy trong toan khéng gian. Yéu td 2arsinfdc = dv
chinh 1a thé tich ctia Sng dong cé tiét dién do. Theo diéu kién chuén hoa

fefav =1
Tém lai:
;.Lz::;im:pn.m : m=0,=x1, £2, ..,
m‘.

Nghia 1a ta d& chiing minh dude biéu thie (7.7)

o £} ~ L e . . - ) » A g At
Ta thay t1sd H, __© trung vdi két qua cd dién.
M Zm

z
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Vi z 12 bat ki nén ti s6 nay cing dung cho

g[=

Vay, tri truong hgp m = 0, trong 4
nguyén td hidrd c¢6 dong dién chay
sinh ra momen ti: nguyén t gidng
nhu mét nam cham nhé. Hé qua cua
phudng trinh Schrodinger 14 & trang
thai cd ban momen ti¥ cha nguyén ti

bang khéng, tic 1a nguyén td khéng

iy

phan ng v4i trudng ngoai. Pidu nay
tral vér thuc nghiém, vi thye nghiém X
chitng t0 d trang thai ¢d ban momen tit Hinh 33

cua nguyén ti hdrd cé hal hudng xéc

dinh. S¢ di nhu vay vi phuong trinh Schrodinger chua dién ta mot thude
tinh quan trong cua electron — d6 la spin.

§3. PHUONG TRINH SCHRODINGER CUA ELECTRON TRONG
TU TRUONG

Cho t61 nay ta méi chi xét chuyén dong clia cac hat trong trudng the
vé hudng (F =-vU). Bay gid ta s m rgng phudng trinh Schrodinger che
hat mang dién e chuyén déng trong tit trudng. Gia si tit trudng ngoai cd
cuong d6 H=rotA, A la th& vecto. Trude hét tim dang toan t& Hamilton

trong trudng hgp nay. P61 vl trudng tinh dién ¢6 thé V, thi

H

Khi ¢6 ca dién trudng va ti trudng thi xung lugng toan phén la:

P-%A. Dods He—1 (P-2A)+eV
C 2m c

dday:  (P-SAY =P, -SA P+, -SA)2+(@® -ZA)
C C ' c C
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Chuyén sang dang toan tit;

H-= 2—( 1hV——A)2+eV (7.11)

(3

Trong dé:

Z a N ) . ? 3 2 - L iy
(~ihV - SAY = (cih— - ZA ) 4 (mih— -ZA ) +(—1ﬁ§—£AZ)‘
C oK oy ¢ &z ¢

Dé dua bidu thdc nay vé dang tudng minh, trudc hét ta bién déi
thanh phén theo truc x, sau dé suy ra két qua tuong ty cho céc thanh
phan con lai.

X A . 8 ) . -

Cu thé: (-ih— - EA,‘)2 ¥ o (in S _CA il S CA =

Jx X ¢ dx ¢

&y v e2 .

2] - n
= inE (A W)+ ih A, _Aly
ox cadx C c c“ '

D61 v6i hai thanh phan con lai, ta cling thu duge k&t qua tuong tuy:

- _ 2y n? .,
(<in 2 _CA yw- oY h——(A ¢y+inSA, L0 Arg

dy ¢ ~ oy c y ¢t

2. 2

in L A ywoplY h——(A wy+inSA Y & pny

dz ¢ az* c 0z C oz ¢

Cong 3 dang théc trén véi nhau va luu ¥ riang:

A‘ 8T+AV~Q‘£+A26—LP:3grad‘P
T ox T oy Jz

LA+ 2 A v+ LAy = dividw)
ox oyt et

Vay ta cé phuong trinh:

. i ik e’
HY= VY 4 {A grad‘}’+dlv(ALP)} AZ‘P+UL}‘ BY (7.12)
2m, Zme 2m ¢’

(dat U=eV)
Nhén xét div(A¥) = ¥ divA + Agrad‘}‘

123



Vi thé vects A chi duge xac dinh tai gradien cua mét ham vé hudéng
tuy ¥, nén bao gid cing ¢d thé chon divA = 0. That vay, néu A khéng thoa
min difu kién nay thi eting c6 thé thay bing vecto:

A'= A + gradf. § day f 12 dai luong vé huéng tuy ¥ va chon f sao cho
divgradf = —div A , khi dé:

divA' =div(A +gradf) = divA + div(gradf) = 0
Trong khi dé ti trusng H = rot A khéng thay d8i, vi:
H =rotA' = rot{ A + gradf) = rot A (vi rotgradf = 0)

Cuét cling phuong trinh (7.12) chuyén thanh:

- I ol

iy = 1/ie

ViYW 4 Agrad¥ + .
2m m_c 2m c°

& L i

AW+ UV =E¥ (7.13)

Vi tac dung clia tit trudng yéu hon tac dung cta dién trudng nhiéu,
nén trong trudng hop dién tit trudng yvéu, cé thé bd qua s6 hang chia A2
thanh ra:

2m_
;’:'2

viy +_~i£Agrad‘P+ (E- U)W =0 (7.14)
1ne

(7.14) 1a phuong trinh Schrodinger dién t4 chuyén déng ctia electron
trong dién ti truong yéu.

§4 . HIEU UNG ZEEMAN DON GIAN

Néu dat ngubn sang (hoi nguyén ti hidrd hay ion tuong tu) trong ti
trudng, ngudi ta thdy méi vach quang phé bi tiach thanh ba: vach gitia
khéng di chuyén, xudt hién thém hai vach & hai bén déi xtng ~ hién tuong

nay gol 1a hiéu ng Zeeman don gian, do Zeeman tim ra nam 1896,
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Av
Hinh 34
a. Quan sat theo phudng vudng goc eH 4 b. Cluan sat doc theo phugng
vdi phuong tir trudng Av = (s7) tir fruging
4nm ¢

Li thuy&t ¢6 dién clia Lorentz ciing giai thich dudge hidu dng Zeeman
don gian, 6 ddy ta giai thich hi¢u {ing nayv theo cu hoe lugng ti.

Gia su tir truong H 1a déu va song song véi truc z, ta cé:
H,=H =0:H,=H

Dd 16n cia H tinh duge theo thé vects A

H=roth - A =[x
2

r

Tudésuyra A, = —éHy, A, :—;—Hx, A, =0
- . ! l

Vay Agrad‘{r’:Axaa—lPJrA__a‘P A E‘.K—E( %_)_)

X

¥ + z
T oy dz

Chuy(,n sang toa db céu Agrad‘l’ = %a_&y

P

Do vay phuong trinh Schrodinger (7.14) chuyén thanh:

—U)=0 (7.15)

Ta tim nghiém cia phuong trinh (7.15) dudi dang:
¥{r. 0, 9) = R(r)0@)¢(e)

Trong d6 ¢{@) ¢6 dang e**?

Ly
Thanb ra %&)—zim‘i’ va e_Hﬂ: e—H—‘P

e O Ac
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Cudi cung ta dude:

vip o A0 g SMH L e s (7.16)
e 2m c
Pat  Eops
2m_c

tact VW4

2
M (B - U)W =0
h...
Day la phuong trinh quen thuéc c6 tri riéng E' 1a cac muc nang lugng
cia nguyén ti hidrd trong tit trudng. Cac mie E' lién quan dén cac mic B
boi phuang trinh:

E', =E, + 0,
2m_c
Trong 46 n=1,2 3, ..

1=0,1,2,...n-1
m=0,zxl, +2, ..., ] (t&t cd co 21 + 1 gia tri)

Vi m 14y 21 + 1 gia tri nén méi miec nang lugng E, (khi khéng c6 tit
trudng), tich thanh (21 + 1) mic E', (khi ¢6 tir trudng). Ta néi ti truong da
khit mit sy suy bién theo s8 luong tif m.

Tan s6 quang phé khi ¢6 tit truong dudgc tinh theo cong thice:

_E'J-—E'k _E]-—Ek eH eH

V. + Am=v, +———Am
k
! h h 4nm ¢ "% 4rm e

vy — tan 58 khi khong cé tit trudng. Theo quy téc loc lya Am = 0, +1

Al eH
Vay: Vo F———
7 d4mm,c
Vik = VOjk
eH
% 4am.c

Titc 14 méi vach v, tach thanh ba vach.
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{Chu thich: Trong hé SI Av = z“ﬁ . 3 day W, = 4n.10 " (Henry/mét)
nm

la h3ng 6 tir).

Hién tugng don gian nay chi quan sat thay trong mdt sd trudng hop
nhat dinh. Trong da s6 trudng hap su tach vach quang phd dudi tac dung
clia tl trudng phic tap hon va khdng thé gidi thich dude bing phucng
trinh Schrodinger, vi phuong trinh nay chua tinh dén spin ctia electron.

127



Chuong &
CO SG CUA Li THUYET BIEU DIEN

§1. CAC PHEP BIEU DIEN TRANG THAI CAC HE LUONG TU

Nhu da biét. trong cd hoc lugng tii khong tén tai nhing hé, trong d6
hai dai lugng lién hgp chinh téc c6 gid tri déng thdi x4c dinh, nghia la
khong dong thai do duge ching hoan toan chinh xéc.

Do dé, déi vé mbi hé lugng ti, tAt ca cac may do eb thé chia thanh
hai nhém. Mdi nhém phan loai hat theo d4u hiéu dic trung, cho béi mét
nhém may bt ki. khac nhau; ma chinh nhiing dau hiéu nay sé loa:l trit cac
dau hiéu dac trung cho bdi nhém may khac.

Vi du, mdt tap hgp hat ¢6 toa db trong tam 1a (x, y, z) thi ¢6 thé chia
cac may do thanh hai nhém: nhém thit nhat phan tich tap hop hat theo tox
dd (%, y, z) va cae ham ctia toa d6 F(x, v, z) (vi du theo thé nang U, v, 2));
nhém thit hai phén tich tap hgp hat theo xung lugng (P.. P, P) va theo cic
ham cuaa xung lugng §(P,, P,. P,) (vi du theo déng ning T(P,, P. P,

Cho d¢n nay ta mdi chi biéu dién trang thai ca hat bing ham cta
toa d W(¢). Vigc phan loai hat theo toa d6 T duge tiéh hanh bing cac
mday do cua nhém 1 s& loai trir viée phan loai hat theo xung hugng P duge
tién hanh bang cdc may do clia nhém 2. Song tudng tugng viéc phan loai
hat khéng theo toa d6 ¥ ma theo xung lugng P. khi d6 can chon cac may
do thudc nhém 2.

Tém lai, néu trang thai cua tap hop duge biéu dién bang ham cla toa
dd W(r) thi né cling c6 thé duge biéu didn bing ham cla xung luong ¢(P).
Trong trudng hgp thé nhit, ta néi trang thai tusng ung vdl nhém may
phan tich tap hgp hat theo toa d6. Trong trudng hgp thit hai, ta néi trang
thai ing v6i nhém may phén tich tap hgp hat theo xung lugng. No6i mdt
cach ngén gon: Trang thai duge cho trong "t " — bidu didn hay trong "P" -
biéu dién. Vay ta cdn tim mdi lién hé giita cac phép bidu dién.
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Cia s¥ cho ham s6ng ¥(L1) "F" — bitu dién). Khai trién ham
W(F,t)theo cac ham riéng cua toan td xung higng Wu(r):

(T, 1) = [e(P.)Wp(T)dp (8.1)
(P, t) = I‘l’{f,L)‘P;(f)dv (8.2)

Né&u biét dugc bién dd o(P.t) thi sé xac dinh duge ham W(r.1). Viée
cho trudc bién dé ¢( P, t) cho phép hoan toan xac dinh dude W(F,t).

Do dé, ¢(P.t)cé thé coi nhu ham séng 12 ham cta xung lugng va biéu
dién cung mét ¥ nghia vat lf trang thai cla cac hat nhu ham Ww(r,t). Vay
biéu thie (8.1) coi nhu phép bién d6i ham séng tit " P" — biéu dién sang "7 "
— biéu dién va bifu thie (8.2) coi nhu phép bién déi ngude lai, nghia la
bién d6i ham séng tit " ¥ " — bidu dién sang "P " ~ biéu dién.

Ngoai hai bifu dién trén dav. c6 thé bidu dién trang thai cia hat
theo cach khéc, vi du biéu dién bang nang lugng. Gia st toan ti nang
lugng 1 ¢6 cac tri riéng 1a E, E.... E, va cdc ham riéng I3
WO(EL W (F), LW (). O dAy nang lugng E duge chon 1am bién s6 déc lap.
Khai trién ham W(r.t) theo cac ham riéng ¥ (¥):

PR ) =D e, (W, (F) (8.3)

¢, (1) = [W(F, )W, (F)dv (8.4)

Viée cho trude cac bién 46 ¢, (i) cho phép hoan toan xac dinh dudge
w(r.t). Do dé tap hop tat ca cac hé s8 ¢ (t) c6 thé coi nhu ham séng biéu
dién ctng mot trang thal nhu ham W(F.t)cho trong phép bidu didn ning
lugng. trong dé bién s§ doc lap duge chon la E. Theo quan diém nay biéu
thite (8.3) 1a phép bién d6i ham séng it "E" — biéu didn sang "r" - biéu dién
va {8.4) 1a phép bign d8i ngude lai.

Tit cac biéu thic trén ta suy ra: xdc suidt tim thady mot gia tri xéc
dinh ndo dé cha cac bién s8 doc 1ap bang binh phuong médun ham séng
trong phép bidu dién tugng tng. Cu thé:

- XAc sudt tim th&y gia tri toa dé x nam trong khoang x, x + dx 1a
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Wi(x,t) = “P(x,t)}2 dx
— Xdc suft tim thay xung lugng P trong khoang P, P + dP la:
- Pz a2
W(P.1) = [o(P.0)|" dP

— Xac suft tim thdy ning lugne E_la:

W(E, .t) =le, () =[e(E,.0)".

§2. CAC PHEP BIEU DIEN CAC TOAN TU

D& viée midu ta trang thai ¥ theo cac bién s6 dde 1ap khac nhau dugc
day du, tong quat, ta cAn tim thém nhiing phudng phéap biéu dién cac toan
ti theo chinh cac bién 86 doc l1ap do. Cho dén nay ta mdi coi cac toan tit [
nhu la ham s& ctia toa dd, nghia 1a col L ¢6 dang L(—ith_‘r’), trong dé L
tac dung lén ham ‘¥(¥) cho ham méi ¢(r)

O (B =E(-1hV,, F¥F) (8.5)

Nhu vay ¢6 thé néi ta da chon L trong “r” — biéu dién.

Hay tim toan tif Ltrong biéu dién khac. vi du trong “E” — biu dién.
Gia sit toan ti Hcé pho tri ridng gian doan E, tuong tng véi cac ham
riéng W, (r). Tit d6 ¢6 thé khai trién cie ham F(7) va ¢(¥) theo cac ham
riéng ‘P, (¥)

W(E) =D o, W (F)
@o(r) = > bW (1) (8.6)

Tap hgp cde hé s6 ¢, cho bift ham 58 W(r) trong “E” — bidu dién.
Todn tit L @i hidn dédi ham W(r) thanh ham o) trong cung mét biéu
dién. dong thoi bién ddi ¢dc hé s8¢, thanh cac hé sd b,. Vay viée tim toan
ti T. c6 thé bidu dién tryc tiép chc hé 56 b, qua cac he 6 ¢, chinh Ia phai
tim toan ti L trong “E” — bidu dién.

131



Thé cac ham W(F) va ¢{r) ¢ (8.6) vao (8.5)

Y b, () =D ¢, LY, ()

Nhan 2 v€ biéu thiic ndy véi ¥, (f) va ldy tich phan theo ¥ (chuy
tdi tinh tryc giao cua cac ham W _(r¥)), ta duge:

b, = Z L_ e (8.7)

Trong dé L

e = YL ELY, (#)dv (8.8)

Khi biét dude cac yéu td L, theo (8.8) sé xac dinh dude cac hé s8
b, (biét duge @(¥) trong "K” - biéu dién) theo cac gia tri ¢, (bi&t duge
W(r) trong "E” — biéu dién). Vay tap hop cac phan ti L, duge coi nhu
toan td L trong “E” — bidu didn. Tap hop nay cé thé biéu didn dudi dang

mdl ma tran.

§3. TOAN TU VA MA TRAN

1. Binh nghia ma tran

Ma tran loai m x n 12 mét bdng gdm m x n con s8, dude sap xép
thanh mdt bang hinh ¢hii nhat ¢6 m hang va n cbt

dyp dyy .. 8y
Ayy By« . . Ayy

A= = |a,| (8.9)
aml a])12 o anm

Céac phan tr a, goi 1a cdc yéu td ma trén, néi chung la phic, 1 chi
hang, j chi cbt.

Hai ma tran dugc goi 1a bing nhau A = B khi tat ca cac yéu td a, = b,

Néu m =1 ta cé ma tran hang (a,,. a,.. . . . .a,,).
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Néun=1tacématrancot { a,,
8y;
aml

Néu m = n ta cé ma tran vudng, m goi 14 cip clla ma tran.

Ma tran vubng véi cac y€u t0 a; # 0 con tdt cd cac yéu t8'a, = 0 goi la
ma tran chéo

a, 0...0
0 a,..0
0 0. .a,

Ma trén chéo vdi cic yéu td a, bang nhau nhung khéc don vi gol la
ma trin vé huéng. Ma tran chéo véi tat cd cac yéu t8 a; = 1 goi 12 ma tran
don vi, ki hidu bang chit I hay chd E.

Néu cac y&u t§ a;; chuyén thanh cac yéu t& a; ta ¢d ma tran chuyvén
vl, ki hiéu A —» A°

Néu cac yéu td a; = a; ta ¢6 ma tran d6i xing
Néu cic yéu td a, = —a; ta c6 ma tran phan déi xting

N&u thay cac yéu t8 a, ctia ma tran A bing céc yéu t& a’,; ta duge ma
tran A" 14 ma tran 1ién hop phic cla A.

Ma trén l& thue néu tdt cd cac y&u t8 a; 1a thuc, ma tran 14 phie khi cé
it nhat mét y&u t& 14 phitc. Ma trin bing khéng khi moi y&u t8 bang khéng.

Ma tran (A" = (A} = A" goi 12 ma tran lién hop (ki hiéu A°)a ma
tran chuyén vi).

Néu A" = A ta ¢6 ma tran ty lién hop.
Néu AB = BA = E thi ta goi B ]a nghich déo clia A va ki hidu B= A"

2, Cac phép tinh vé ma tran
— Phép céng: C=A+B ticla ¢, = a; + by (8.10)
(o + BA=alA + BA

oA+ By =agA +uB
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a(BA) = (aP)A
(. B 12 s4c hang s6)
Phép cong ¢6 tinh chat giao hoan va tinh chit két hap.

— Phép nhdan: C=AB tucla c = Za. b (8.11)

g
tr

C=aA tiacla €, = aay
Ta chi thuye hién duge phép nhén hai ma tran khi sf c¢ft cua ma tran
thit nhat bang s¢ hang cia ma tran thit hai. Néi chung tich etda hai ma
tran khong cé tinh chit giao hoan, nghia 1a AB = BA. Néu AB = BA ta ndi

A giao hoan vé B.
Phép nhén ¢é tinh chat k&t hgp va tinh chit phan phéi
(ABYC = A(BC)
AB+Cy=AB+ AC
(B+C)A=DBA+ CA
Chiiy: (A=A
(A+B)Y=A"+ B
(AB)' = A*B*
3. M&i lién hé giita toan tir va ma tran
Cho toan td I, theo dinh nghia, tic 1a cho hé thie:
LY¥(r) = ¢(r) (8.5)
Mudn chuyén ham séng tit biéu dién tea dé sang mat biéu didn bat ki
F ta trién khai cac ham W(r) va ¢(f) theo cac ham riéng W _(f) cla toan
wi F. Gia st F eo phé’ gian doan (phé lién tuc cang tién hanh tudng tu
nhung thay ddu X bang ddu _[), ta co:
P(F) =Y ¢, W, (¥)
) (8.6)
¢(f) = %bnq’n(f)
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Tap hgp cdc hé s8 ¢, va b, cho phép xac dinh cic ham Y(7) va ¢(r)
trong biéu dién F. Cac tap hop dé thuong duge viét dudi dang ma tran

(c] A [/b] \!
< | b,
C=l . | B=! . |
!c b, i

n

Thay (8.6) vao (8.5) va nhan ca hai v& v61 W (F)tl bén trai rdi 14y
tich phén trén toan mién bién thién ctia bién 8 (chd ¥ dén diéu kién truc
¢huan). ta dudc:

bl‘n = ZLmncn (87)

Vol L, = [V, (F)LY, (F)dv (8.8)

Néu cho trude toan tit T, hoan toan xac dinh duge cic phan ti L
Hé thue (8.5) xac dinh truc ti€p phép bién déi ham W(F) thanh ham
@(T) dudi tac dung ctia toan ti L. Toan td 1. trong “F” — bidu dién duge
¢ho béng hé thie (8.8), nghia la cho dudi dang ma tran. Nhu vay cho ma
tran L tuong ducng véi viée cho toan tit L. Hé thic (8.7) ¢6 thé vist dudi
dang ma tran:

bl Ln L12 B &
bz - Lzl Lzz LRI (:2
bm Lml Lmi& v Coy
Hay viét dudi dang thugon B=LC (8.12)

Trong dé A va B 1a ma tran c6t, L 12 ma tran loai m x n.

Vi toan t L 1a tu lién hop nén ma tran L ciing la ty lién hgp. That
I‘mn = Ilym (f)LlP" (_I'.)dV
Vi theo dinh nghia clia ma tran lién hgp (L))" = L', ta c6:
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U = [0 0, )] 4

[Y O (®)dv = [W, (FILY, (F)dv

*

So sanh ta thay HL (dpem)

i
mn I" o

|
Vay cde dai ludng eo hoe hugng tit khéng nhiing dude biéu dién bing

cae toan tu g lién hop ma con duge bigu dién bing cde ma tran tu lén hop.

("6 nhidu cach biéu dién ham séng va toan ti bing ma tran vi ta cé
thé d6i hé o s6. N&u 18y cac ham riéng cla toan ti nang lugng hay todn ta
xung lugng lam hé cd sd thi ta ¢6 cach bidu dién theo ning ludng hodc
xung lugng. Dae bigt, néu 14y chinh cdc hiin riéng etia toan tit I, lam hé co

53 thi e6 phép biéu dién riéng

Lo = [Wo (LY, (Frdv = 1,3 (8.13)

mn

Trong phép bigu dién ribng ma tran ca toan 1z 1a moét ma tirdn chéo,

cite phan Wi nam wrén dudng chéo chinh 13 cac tri riéng cua Loan tu.

§4. PHEP CHUYEN BIEU DIEN

O day ta gidi han chi xét trong bidu dién Schrodinger. Néu phé tri
riéng cua cac toan i khéng thay déi theo thoi gian thi cé thé dung cac
toan tu. ma dang toan hoe etia né khéng phu thude vao thoi gian, Trong
trutng hap nay thi sy thay déi trang thai theo thoi gian duge xac dinh
bang su thay doi ctia ham séng theo thdi gian. Bidu didn toan ti va him
sdng nhu vay goi la biéu dién Schrodinger. Trong bidu didn Schrodinger su
thay déi cta ham séng theo Lhdi gian xac dinh béi phuong trinh
Schrodinger.

Trong trudng hgp ham séng khong thay d8i theo thii gian. con cace
LoAn i cta cde dal lugng vat 1i Didn d6i theo thoi gian ta cé bidu dién
Helsenberg.

Khi nghién ciu hé gom vai phian td tudng tac v6i nhau npusi ta
thudng ding biéu dién tugng Lac. Trong biéu dién niy toan td Hamilton

obm hai phan: H = Hr_, +V. Trong do6 f:I“la‘l toan ti khong tudng tae, Vl1a
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toan t& tudng tac. Biéu dién tuong tac 14 bidu dién trung gian gita biéu
dién Schrodinger va biéu dién Heisenberg. Toan til trong biéu dién tuong
tac nhu toan t trong biéu difn Heisenberg ctia hé véi toan tu IZIU, cOn sy
thav d6i cla ham séng theo thdi gian trong biéu didn nay duge thye hign
nhd toan ti tudng tac V .

Ngoai ra ngudi ta con ding nhing biéu dién khac nhu biéu dién
lugng tit hoa 14n thit hai (hay con goi 14 biéu dién lugng ti hoa thit cap).

Trudc khi xét phép chuyén bidu dién, ta tim hiéu mét s6 ¥ nghia
hinh hgc cua ham song.

1. Y nghia hinh hoc cia ham séng

Coi ham séng ¥ déc trung cho trang thai ciia hé nhu vecte ¥ trong
khong gian Hilbert v han chidu. Mdi dai lugng vat Ii L dic trung cho tinh
ch&t cua hé {ng véi mét hé truc toa dd xac dinh, dé 1a cac vecto cd so
W ()W, (), W, (T).... Cac vectd nay chinh ]a cac ham néng clia toan tu

. dng v6i cac tri ring L. L...., L,.... (Gid st phé céc tri ridng 1a gian

doan, song ciing ¢6 thé md réng cho trudng hgp phd lién tuc). Cac thanh

phan cua vecto ¥ trong hé toa d6 vita chon la céc bién d6 ¢y, cp..y €.

trong hé thac khai trién @y = 3¢, W, Ta dé biét cac bién df nay duge xac
n

dinh bang céng thic c, = J"-IJI:\Pdv, Mit khac ding thic nay ciing ¢d thé

col nhu tich vo hudng cua hai vectg ¥, va ‘¥. That vay néu ¢6 hai vecto
© :Zb“‘i‘n , ¥ = Zcu‘{‘“ thi tich vé hudng (¢, '¥) = Zb;cn ;néu @, lién

tue thi (@,¥) = J.(p*‘{’dv.

Tap hop cac hé s6 ¢, cho biét ham séng W(F) trong “L” — biéu dién.
Nhu vay tap hop cac thanh phéan cua vectd ¥ trong hé toa 48, ma nhing
vectd don vi cia chung 13 cac ham riéng ¥, cua toan tu L. chinh 14 ham
song W trong “L” — biéu dién. Hé cac vects ¢d sé W, ¥, . . . P, 12 hé cac
vectd don vi truc giao. Didu nay dude suy ra tit didu kién truc chudn cia
céc ham riéng cla L

IL}J*I'I * medv =(Lpn ! L}Jm) = amn
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2. Phép bién déi don nguyén

Trong §3 ta da xét phép chuyén tir biéu dién toa dé sang bidu dién F.
Bay gio xét mét cich téng quat hon, dé 1a phép chuyén tit mot bidu dién
bat ki nay sang mdt bidu didn bat ki khac. Pé thuin tién ta xét su chuyén
ti biéu dién F (trong d6 ma tran F ¢4 dang chéo) sang bidu dién D (ma
tran D cling ¢6 dang chéo). V& mit hinh hoc né ¢6 § nghia 1a chuyén tir hé
toa d6 cé céc vectd cd s6 14 W_(T) sang hé toa dd cé cac vecto cd sd 1a
¢, (r)trong khoéng gian Fhlbert. Cac haim W _(¥) v ¢, (F)1a cac ham
riéng cua céc toan tit F va D tudng tng.

DéE ¢6 cong thie bién déi toa dé. ta khai trién ham ¢, (T) theo cac
ham W _(¥) (Gia st phé tri riéng 14 gian doan).

@, ()= ¢, W, (T)=S,, ¥, () (8.14)

4} m
Trong d6 ¢, 1a cAc h¢ 8 khai trién duge xac dinh bdi hé thye:
¢ = [¥L (D)o, (F)dv
Dat ¢, =8,,= [¥, (), @)dv = (¥, ©).0,0) (8.15)

Tt he thie (8.14) ta thay: tap hop cac dai lugng S, lap thanh mot
ma tran goi 14 ma tran bién déi tir biéu didn nay sang bidu didn khac (hoic
bién déi tit hé toa d6 nav sang hé toa dé khac).

Trude hét, ta xét tinh chdt cia ma tran S. Chu § dén didu kién truc
chuin cta cac ham riéng W, (T) va @ (F), ta co:

Jo (Fg,(H)dv =35, (8.16)
Thé (8.14) vao (8.16), ta duge:

j('p:l (f)(p] (f)d\" = _[Z S:T]Il qu;(f)z Skl lPk (F)dv

m Kk

= Z Sl*'rmSk] J.lPl:] (_I:)lpk ( r)dv = Z Sr‘unsklﬁmk

m.k m.k
:ZS:nSkl = Z(S+)|1kski :811I
k k
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Hay viét dudi dang ma tran:
5'8=1 (8.17)
Trén day ta khai trién ¢, (f) theo W _(r), néu lam ngude lai tice 1a
khai tmén ¥, (r) theo @, (T). va cang tién hanh Ludng tu. ta duge:
85 =1
Tir phuong trinh (8.17) ta rdt ra:
S*=8"1
Ma tran S thoa mdan diéu kién vita néu trén goi la ma tran don
nguvén hay ma tran “Unita”. Nhu vay phép bién d6i ti hiéu difn nav sang
biéu dién khac duge thue hién nhd ma tran don nguyén, ngudi ta thuong
ol d6 1 phép bién A& don nguyén (trong vat li ¢d dién goi 1a phép bién do

chinh tdc). V& mat hinh hoe phép bién ddi nay Ung vdi mét phép quay nao
dé trong khing gian Hilbert.

3. Su chuyén biéu dién cla ham séng

Ta sé thidt 1ap méi lién hé tryc tiép gitia cdc thanh phin cla cung
mét vects ‘¥ bat ki trong céic hé toa d6 khac nhau, chang han gitta ¥, va o,
nhd ma tran don nguyén S.

Gid st W)=Y ¢, ¥, (F) =3 c,0,(F) =2.¢, 28, ¥, (1) =

= Z Z S[l\llclllanl (?)

in n

Vay €, =280, (8.18)
(vi theo (8.14) ¢, (H)=> S ¥ ()

K&t qua trén c6 thé bidu dién dudi dang ma tran néu col tip hgp céc
hé 58 ¢, va ¢/ 1a cdc ma tran et C va ¢
¢ =80 (8.19)
Nhan hai vé (8.19) v6i S* tit bén trai va chi ¥ dén tinh chit cua ma
tran don nguyén, ta co:
C'=8C (8.20)
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4. Sy chuyén biéu dién cua ma tran

Ta xem xét ma tran L trong mdt béu didn bat ki sé bién déi nhu thé
naoe khi né chuyén sang biéu didn khac. Gia sit trong “F” — biéu dién ta c¢6
hé thic:

bl = Z Limcm

hodc B=LC (8.21)
ddéy L, = [¥ (FLY, (F)dv

Khi chuyén sang biéu didn khac cac bién d6 b va ¢ tuc 1a cae ma tran
B va C sé bién thanh ciac ma tran B va (' theo cac bidu thite (8.19) va
(8.200. Theo (8.19) thi:

C=8SC'vaB=8B
do d6 (8.21) s¢ bién thanh:
B=LSC' =8K
Nhén trai hai v& biéu thite nay véi 8*, ta duge;
SLSC'=LC'=8
Nhu vay trong bigu difn méi ma tran L bién thanh ma trAn L'
L'=$'LS (8.29)
Hay duéi dang (L"), = Z(S*)mk LS,
k.l

§5. TRI TRUNG BINH DUGI DANG MA TRAN

Ta da biét cong thite tinh tri trung binh dudi dang toan tu:
L= [¥" (F.OLP(F. tdv (8.23)

Gia st trong biéu didn “F”, W.(T,t) 12 ham riéng Ung véi tri rnéng L.
Khai trién W(F t) theo cac ham riéng ¥,(r,0).
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W(ED = S e W, (F )

(8.24)
YED =Y el W (1)
Thayv (8.241) vao (8.23). ta cb:
L=S S ene, [WLE0T%,(F 00 = D6l (820

m 1}
m n

Né&u coi tap hgp cac hé s8 ¢, nhu ma tran cft, tip hdp céc hé s6 €,
nhu ma tran hang, thi (8.25) ¢6 thé viét dudi dang:

L=CIC (8.25)

§6. HAM RIENG VA TRI RIENG DUGI DANG MA TRAN
Phugng trinh tri riéng duéi dang toan ta:
LW(i.t) = LW(%,1) (8.26)

(trong d6 L va W 14 tri riéng va ham riéng caa I

Gia sit trong biéu dién “F”, L, va W (¥,t) 12 cdc tri riéng vA ham
riéng cla toan ti [*. Khai tridn ¥(¥,t) theo ¥ (f.t):

WL E) =Y ¢, W, (F,1)

Thay biéu thite nay vao (8.26), déng thdi nhén ca hai v& véi W, (f,1)
i bén tral sau dé 1ay tich phan theo bién s8. ta duge:

e, j\y,;(f,t)f,w,,(f,t)dv =LY ¢, [W, (F.0¥,(F.t)dv

- Z Cn L mn IZ ¢ |16 mn
n n

Hay Z(LITII‘I - LS mn )Cn = O (8.27)
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Day 1a hé vé han cdc phuong trinh tuvén tinh thuin nhit dé xic
dinh cac bién dé ¢, Theo dai s6 hoe. hé phuong trinh tuyén tinh thuin
nhit chi e6 nghiém khac khong khi dinh thdce duge tao thanh it cac hé s
cua hé phuong trinh bang khéng. Pinh thic nay ¢6 vé s6 hang va vé sd cot

LII_L IJIZ P Lln
L‘_’l LZ‘_’_L s L‘!n

=0 {8.28)
Lm] J—‘m2 e Lmn_ L

Phudng trinh nay dat va nhing diéu kién giéi han di v6i nhiing gia
tri kha di cta L. _

Day la phuong trinh bac cao v6 han déi véi L (phudng trinh siéu vidt)
va 56 c6 vO 84 nghiém L = L, Ly.... L,.... Trong dai s6 ngudi ta di chiing
minh nhing nghiém nhu thé nhat dinh la thue. Tap hgp cac gia tri 1., khi
glal phuong trinh (8.28) sé la tap hgp cac tri riéng cla toan ti L. Thay
mot trong eac nghiém dé (gia st L,) vao phuong trinh (8.27), ta tim dudc
cac nghiém e, tudng ang véi gia tri L, nay

IJ = Lu VE\?\ Cl = CI(]-Ju)s Cz = C‘_Z(Lu), sty Cn - Cn(LU)

Téap hgp cac gia tri tim duge ¢, c,..., ¢, cho bift ham riéng Y(E, 1)
cua todn tu L Gng véi tri riéng L = L,

Y, (F) =Y e (LW, (F.0)

Trong phép biéu dién riéng bat ki dai luong nao cang dudge biéu dién
bang ma trin chéo. That vay, néu Y (r) 1a ham riéng cia todn td L thi
ma trdn cua néd cé cac yéu to

I‘ mn = jLPJ: (r)I:\Pn (I')dV = L n J.L}JI:_' (})q}n (I:) = "namn

g day L, 1a tri riéng clia L tuong tng véi ham riéng ‘P (1),

Vay, c6 thé coi bai toan tim tri riéng clia toan tit L nhu bai toan dua
ma Lran L trong biéu dién bit ki v& ma tran chéo.

Chu ¥: Tri riéng cna ma tran khong phu thude vao vige chon biéu
dién. hay noi theo cach khac. phép bign déi don nguyén khéng lam thay
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dél tri riéng cua ma tran. Bai toan tim tri riéng cia ma tran dua vé phép
bien daél don nguyén. ma phép b1€n d6i nay dan ma tran vé dang chéo,
chinh cac yéu td trén duong chéo cia ma tran ia tri riéng can tim.

§7. PHUONG TRINH SCHRODINGER VA PHUONG TRINH HEISENBERG
DUGI DANG MA TRAN

1. Phuong trinh Schrodinger dudi dang ma tran
Phudng trinh Schrodinger tdng quat dudi dang toan ti:

¥ = ih oy

cé thé bidu dién dudi dang ma tran. Mudn vay ta khai trién ham ‘¥ theo
cac ham riéng W, cta toan tit F, tic la tim dang cta phuong trinh trong
“[” — bidu dién.

W1 =D e (D, (1)

Thay biéu thiic nay vao phudng trinh trén, ta cé:

fay e ip O o
> e, (O, (T) = 1h?ch(t)L}’n(r) =ihy
n (’t n I
Nhéan trai hai v& cia phudng trinh véi W (r)rdl 14y tich phan trén

toAn mién bién thién cta cac bién sd, ta dudge:

oo, (0P EHY, (Fdv =ik} a('l{"'n (O [W, (F)¥, (F)dv

Hay ZHmncn(t) = ihdicm(t) (8.29)
t

n

Trong d6 H

1

= W (FHY, (F)dv

Pac biét, khi xét phuong trinh Schrodinger trong biéu dién ning
lugng (tie ¥ (f)la ham riéng cla toan ti H), ta cé:
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= (W (HHY, (Fdv = E, [¥, ()¥, (F)dv = E, 8

n=onn

Nghia 14 ma tran H ¢é dang chéo. Khi dé phuong trinh Schrodinger
¢H dang:

d t
L"‘(—)- = Z E 3 c (t)=c (DE, (8.30)
T (8.30) rat ra:

dc (1) i Dt
Tm Y ___E dt t _ 0 J.l
o) pmdt it = e (O

2. Phuong trinh Heisenberg dudi dang ma tran
Theo phuong trinh (8.25):

I _zzcm mn n

t n

LAy dao ham theo thdi gian gia tri trung binh T,

al. dL « 0Ly,
E = a _ ZZ O o ZZ Lmn n + ZZ ||\ mm -
. . de;, 1 . dc]1 1
Tu (829), ta co F = —'1—h' 4 Hmkck . E = ;{;anck

, e oo dL
Thay cac dao ham nay vao trong biéu thie d—LJ ta duge:

dL

- L,
dt; _ZZ Cin at n 1hZZZHkaLLmnCn+_ZZZ moomm nl«ck

m n 1 n m n

Chi y tdi tinh tu lién hop cta toan tit H, = H,, va cha ¥ rang cac
chi 8§ m.n va k déu chay qua nhing gia tri nhu nhau, ta c6 thé viét
phudgng trinh trén duéi dang (trong sd hang thit hai déi chd cac ki hiéu k
v6l m va trong s6 hang thi ba déi c¢hd cac ki hiéu k vdi n).

dt —ZZ . an,n —ZZ N{ZLMH,‘“ ZHmLkn}

Chii y theo quy tac nhan ma tran

144



Z I"ml-\ hn (LH)IT!!'I 1 Z Hmk I-’kn = (HL)mn
Kk k

(8.31)

n

Tacd: = _ZZ .nﬁ mn -;_—:(HL LH)W‘}\C

" L

Trong dé: ;i(HL LH)_ =fZ(Hkak,, ~LH )= [H L] (832
i T

I¥ véu t6 ma tran cua déu ngoac Poisson. So sanh vdi edng thie cia tri
. o i .odL
trung binh. ta suv ra yéu to ma tran cuaa i la:
n

[d_L] _ Ly s (8.33)
dt ot h o

mn

§8. Ki HIEU DIRAC

Ham song w hay tap hop cac thanh phan eta né Dirac goi 1a ket —
vectd va ki hiéu - y> Ham séng v, bieu didén trang thai theo cic s8 huigng
td n. 1 m dude ki hiéu qua | nlm> Ham séng v’ lién hap phie véi v got la
bra-veeto va ki hiéu <y . con ham w ., duge ki hidu qua <nlm | .

Viée got bra va ket xuflt phat tit chi tiéng Anh “bracket” — diu
NgOAC < =,

Trong cac ki hiéu ma tran ket — vectd {ng véi mot ot ndo dé, con
bra — vectd Ung vé mot dong nao dé6. Tich v6 hudng caa bra—vectd
y, =<b ‘ va ket—vectg y/, = 'a> duge ki hidu < bla>, tic la;

_[\pz Xy (x)dx =< b[ a> (8.34)

Mat khéc, tich vo hu6ng nay c6 thé duge gidi thich nhu ham séng v,
trong “b" — biéu dién. That vay. néu khai trién:

Wy, (x) = jc;1 (bhy, (x)dx (8.35)

(d61 vé1 phd gian doan tich phan duge thay bang phép 14v téng Z }, thi
¢,(b) 1A ham trang thai <<a>> trong “b” — biédu dién
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e, (b)= J\p:‘(x)gji,(x){lx =< bla > {R.36)

Ham séng y,(x) tudng ting v3i trang tha <<a>> trong “x" — bidu dién

theo ki hidu Thrae 06 dang:
y.ix) = <xla > (8.37)
V&1 ki hidu nay (8.35) 6 thé viét lai dud dang:
<x‘a »= _[,< xib ><b‘a>db (R.38)
T {8.36) mit ra hé thic:

<b‘a >=<alb>’ (3.39)

(8.39) biéu thi mol lién hé ham trang thai <<a>> trong “b" — biéu
dién v6i ham trang thai <<b>> trong "a” — biéu dién.

HAm trang thai véi xung lugng cho trude trong phép bidu dién toa
do () theo ki hiéu Dirac cé dang:

@=Lt e = <ilp>
y,(r) = @e = <r|p (8.40)
Phép khai trién ham bat ki w(¥) theo séng phang viét nhu sau:
< r‘j\u > = J < r‘i}j =< 13!1;1 > dp (8.41)

hay <fi=léf'hi><f)‘>df> (R.12)
Ham riéng cla toan ti binh phudng momen xung ludng M trong
phép biéu dién toa dd theo ki hiéu Dirac, ¢6 dang:

Y, 0,0)=<8¢

I;
lm> =<; Lm > (8.43)

Ham =<2 |l.m > thue hién su chuyén tit “lm”- bicu difn tét “F "—
r

hiéu dién. Nguge lai ham:
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Y, 0.0 <l
r:

thue mien su chuvén L biéu dién toa dd tédi bidu dién goc. Trong trudng

hop nay. khi cac géc 0. v xac dinh phuong cua vects xung lugng thi ham:
P |
Y;m(“sip)=<9~<P|1sm>=~<"15\1,m> (8.14)

thye hién su chuvén ti “lm”- biéu dién tdi “P” - biéu dién. Né 134 ham
ridne cua toan 1 M? trong biéu dién xung lugng.

Yéu 186 ma tran F,, trong ki hiéu Dirae ¢6 dang:

Flm = J.lpllz\[:?ll"‘:dv =< b‘F!a = (345)

Cac s6 a, b, dac trung cho trang thai cua hé, ¢6 thé 14y tap hop cac
¢ tri gian doan hode lién tuc. Néu mAi mét trong cac trang that a va b
duve dae trung bai tap hdp cac s6 lugng ti, vidg n'. I'. m' van. 1, m thi yéu
t& ma tran thudng duge ki hidu F . . hay F3 ™ trong ki hi¢u Dirac ¢6

dang <n''m!| F| nim>.



Chuong 9
SPIN — HE HAT PONG NHAT

§1. SPIN CUA CAC HAT CO BAN. HAM SONG SPIN VA TOAN TU SPIN

1. Spin cia cac hat co ban

Hat cg ban la nhiing hat bé nho nhdt cdu tao nén vat chat. Tén goi
nav rit quy ude vi hién nay ngudi ta chua biét duge cdu tao bén trong
cua ching.

Trude day. ham séng biéu dién trang thai cla hat méi chi 1a ham cia
tog df va thoi gian ma chua tinh dén mét thude tinh néi tai eda hat - d6 1a
spin, nghia 1a phudng trinh Schrodinger chiuta bao ham thuée tinh nay,
nén chua giai thich duge day du tinh chat cia hat cd ban.

V31l mdy quang phd ¢é nang sudt phan giai cao ngudi ta thiy mdi
vach quang phd bao gdm mot s6 vach rat sat nhau. Diéu nay ching t8 cac
mic nang lugng cua hé khéng nhing phy thude vao cac lugng ti 86 n. | ma
con phu thude vao mét dai lugng phu nita — spin cia hat.

Su tach vach quang phé lam hai chiing t6 ¢6 hai kha nang dinh
hudng momen tit cua electron. Theo dé 16n clia db tach vach cé thé xac
dinh duge momen (it spin. Gia thiét vé su ton tai spin cia electron da duge
néu ra trude khi mén Cd hoc lugng tu ra doi. Mat trong nhitng thi nghiém
don gian nhat chitng té trye tiép electron ¢é spin 1a thi nghiém cia Stern
va Gerlach. Theo gia thuyét Ulenbeck va Goodsmith khi electron chuyén

dong xung gquanh hat nhan né ¢6 momen quy dao M :[fx P}, momen it

M va ¢6 momen riéng (chuyén déng tu quay) goi 14 momen spin

i_ =
i 2m ¢

S va do d6 c6 momen tif ridng (1. Néu ¢6 mot phucng wu tién nio div

(chang han oz - phuong cia t trudng ngoai), thi spin S va fL chi ¢6 hai

hudng xac dinh déi véi z, tdc la:
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Vatadabét tisd -=—- -~ con oo
5, me MooUmoe
Theo e hoe Idgng ti spin 1a thude tinh eta ciae hat ed ban. eang nhe
ihét lugng 13 thude tinh cta vat chat.

2. Ham séng spin va toan tir spin

Spin cun eleetron va ede tinh chidt edn 16 duge rae ra t8 11 thuvél caa
co hoe lugng D taeng dot tinh (Wee wd phuong trinh Dhrae). Song nhing
tinh ebat cua hat vat spin eon thu duge 1t ndd dune eaa ed hoe sy wi v
mot =0 sy kien thue nghigdm do Pauli dua viao eo hoe Tuong 4@ va xav dung
nén ed hoe hiong 1T cua cae hat ¢6 spin (19270, Li thuvél Pauli vé spin caa
eie hat I mdt 1 thuvdél ban kinh nghiém ¢d die tinh kbha don gian v cho
phép thu duge nhiing k&L qua quan trong. Song I thuvet Pauli cling ¢6
nhithg thict 56t e ban. Trude hét no khong e1ai thich duge su L6n tar cun
Spin ma pha thoa nhan trude, mat khae no khong tinh dén nhitng don hot

et 11 thuydt wiang doa,
a. Harn song spin
[Bay gid ta xét dang eta ham song khi ké dén spin cua hat:
v
=W S, 0

g dav 8, 1a hinh chiéu caa spin trén tryae 2 Cie gia wl gian doan cua 8, xie

dinli tinh ehdt cua hat so eip (hat cg ban).

Span aa dan bo phan eie hat =g eap 1 S+ nén hinh chicu cus =pin S,

o6 hai gin tri xac dinl, Do dé ed the tach ham =6ng thanh hai va ¢d thé

bitu dién dudi dang ma tran cou

h
P, ‘ilu-,_—;.t)
g = = (©.1)
j
¥, W2
: 2

(SF18



Nhu vay: !‘I‘iizdv Ja xic sudt dé thav hat tai thol diém t trong

- ~ Y . - S -t - - N h " L - .
nguvén to thé tich dv ¢6 hinh chiéu spin trén truc z 14 - va @ j°dv la xac

sudt dé thay hat tai thoi diém t trong nguvén t& thé tich dv ¢é hinh chiéu
. . L
spin lrén true 7 la -5

Ham song ¥ nay phai tuan theo diéu kién chuin hoa, nghia la:

Y lees, dv =1

N¢u hat ¢ trang thai ¢6 hinh chifu 8, x4c dinh (xac suét tim duge
khong phu thude vao toa a6 ¥) thi ham séng ¥ c6 thé tach thanh:

W(F.S, . 1) = W(T.0)e(S,) (9.2)

¢ N .
Trong d6 ¢oS,) = ( : W la ham séng spin; ¢, ¢, 14 hang s
S,

e . s s R PN o o g B
Va _‘(:]‘ . la xae suat dé thay hat c¢6 hinh chiéu spin S, 1a

C‘.f

. h
VA ——.

b. Toan t spin
Ngudi ta dua vae toan ti spin S dé bidu dién dai lugng spin S. Trong
- il . . . 3 - N ~ N - C
truong hgp tong quat khi toan tu spin tac dung 1én ham s8 ¢ :[ ! Wta thu
ey

duge ham s6 mdi ma cac thanh phan cla né Ia t8 hgp tuyén tinh cia c,. ¢,

P
[ a0 +ae,

)
(= |
Lamc‘ +3,.0C, )

ofie

¢
- -4 “ a5 e . a e,
Biéu dién toan t S duéi dang ma tran: A=| " ¢ ]
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n€ FaLt, w
i

nC 8,0, ;

Néu khong thé tach ham séng W(r, S,. tythanh hai phan W(r.t) va

¢(5,), thi:

Biél ham séng ¥ ¢6 thé tinh duge tri trung binh cia A d thoi diém t

chtoa dd v

A=W W
K3

Hoge biéu dien dudi dang ma tran:

A=WVAY

Trong d6 W+ = (\Pl*lp;]

Néu tri trung binh tinh theo mol vi tri ctia hat thi:

S
spin §

b

A= jw*ALPdv

au day ta sé xem xét dang tudng minh cua cdc toan tii thanh phan

S..S, va toén tl toan phan $*. Ta thita nhan cac toan ti nay ciing

tuin theo ciac h¢ thitc giao hoan nhu déi véi cac toan té thanh phan
momen xung ludng ]\”/[\,]\A/]\_‘]\?],, cu thé Ia:

*

o day:

.(SX ' S_\' ]

=S,

| =in8, ﬁ (9.3)
=inS, )

8 =l6 8 20 9.4)

Trong dé dudi dang ma tran:
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o F0-1 |

G, ! N . ol io, = i (9.5)
10 10! Lo-1;

5,.0,.0, g0t la cac ma tran Paul.

! e Tt !! . e ) 3 o 0} .
BT=80 SI:T—(G;+GT+G;)=——1’:‘;[ (9.6)
4 VR
* S, = hs, vil s, = :%

S5 = s(s + 1) voi szé

T ; .1 .
gol tat la hat cod spin -~ (thi du

Nhing hat ¢6 80 lugng Ll spin s =

| o

N Y TR S TR U

Nhiing hat c6 s8 lugng tid spin s = 0 goi tat 1a hat eé spin 0
(thi du - medon, K — medon).

Nhing hat c6 8 lugng t spin s = 1 go1 tat 1a hat ¢6 spin 1 (duy nhal

cd photoén v).

§2. HAM RIENG CUA CAC TOAN TU HiNH CHIEU SPIN

Trude hét ta xét d61 vér S_. sau d6 suy tuong td cho cac thanh phan
khac, D@ tim ham riéng clia toan ti S_, ta giai phuong trinh tri riéng:

1 C c
b( ]J:Sx( ‘W (9.7)
. C., c

NS

Thav 8. bang ma tran 8., ta ¢,
Yoo, g : %

nio e e,V hfe,) L (o
201 o)le, =5, e, :E c :6‘:\:,
LEy v 1 LGy

T dératra —c, =S,
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Tusng g dé v S, ova 8¢

, ey S
L st ":.E'(.i _.) ‘ ] i ]-’g'(._—i,]
o LD B NCRET
Vo plale o)

Trong do e, a. o o @ g 12 cdte =0 Lhe bat ki

§3. NGUYEN Li DONG NHAT CUA CAC HAT CO BAN

Xét he eae hat thude eting indt foad. vi du nhu ede hat electron, cae
hat proton... trong hé nay 6 xudt hién nhime tinh chat diie bigt ma ma
khisg ¢0 sy tudng wi vdit eo hoe ¢f dién, D@ thav va diae digm do ta hiy so
sianh i tinh va cham gitga had hat v mé va hai hat vi mé.

Trong cd hoe ¢d dién tnh chit cian mdi hat duge dae trung ban khan
luong eua nd. Neuw hai hat ¢o khad lugng bang nhau thi ¢6 thé coi Ia hoin
todn gidng nhau, Trang thai ein mdi hat ¢ thor didim ban didu (L= 0) duge
xAc dinh bdi diéu kién ban ddu. Trong khi chuvén dong theo quy dao xac
dinh. gid =0 tai thot diégm nao d6 ching va cham dan héi véi nhau trong
Khong gian. saun dé lar bay tdn di theo nhiing quy dao tudng ving xac dinh.
Néu bidt trude nhiing didu kien ban diu thi quy dao chuyvén dong cia mbi
hat =6 duge hoin toan xac dinh va ta o6 thé theo doi duge chuvén déng cun
chitng, Do dé. trong ed hoe ¢b dicn mie di eie hat 1A hoan toan gisng
vl song nd vin bdo Loan ¢a tinh cta né. nén luon ludn ¢é thé phin biét

duge I hat nao. sau khi va cham. di theo quy dao nio trong khong mian,



Troug cd hoe lugng 1 qué trinh va eham gita hai hat vi md xav ra
hoan toan khac. Gia st lie va cham. hai hat ¢ vi tri xac dinh nao do
trong khong gian (toa dé va cham dude xac dinh), nhung theo nguvén i
bat dinh thi xung lugng (do d6 van tée) cda chiing =6 hoan toan khong ¢6
gid trl xac dinh. Sau khi va cham ta ¢6 thé ghi lai quy dao cia chung (thi
du hail vét trong budng Wynson). Nhung rd rang hai hat nhu nhau. sau
khi va cham. hat nao chuvén doéng theo gquy dao nao. vé nguyén tice. ta
khong the xac dinh duge. Thi du: xét hé 26m hai nguvén i hidré. Néu
hai nguyén ti ¢ kha xa nhau ma cac dam may dién t&¢ khong cat nhau
thi méi eleetron dude dinh x@ xung quanh hat nhan etia minh. Nhung
néu hai nguvén t xich lai gan nhau dén mat e nao dé cde dam AN
dién tif cat nhau. nghia 14 tai mién cat nhau do xac sudt dé thav ha
cleetron cua hal nguyén ta la khae khong nhung khéng thé ¢6 mot
phudng phap nao cho phép phin biét duge clectron niao thudc nguvén L
nao. Nhu vay trong thé gidi vi md hai hat cang loai khéng nhtng chi
gidng nhau ma con hoan toan déng nhat véi nhau. Néu mudn thay déi
trang that ban dau ca hé bang cach hoin vi hai clectron cho nhau thi
trong hé khéng ¢6 mot sy thay dbi ndo vé mat vat 1i. cing nhu khéng ¢6
mdt thi nghiém vat 1i nao ¢6 thé phat hién duge sy thay déi dé. Vay cd
nguyén li ddng nhAt cla cée hat ¢d ban nhu saw:

Trong hé cdc hat dong nhdt, chi tén tai nhitng trang thdi ma nhitng
trang thdi nay khong thay déi khi hai hat bat ki cia hé hodn vi cho nhau.

§4. TRANG THAI DOI XUNG VA PHAN DOI XUNG

Xét mot hé gdbm N hat ddng nhat, ham séng caa he c6 dang:
l!,l(g]‘ é!‘ '21- ";:k""' E_;rn t) (98)
Trong dé & 1a tap hgp cac bién 56 khong gian va bién s8 spin cua hat
thit j.
NE&u hoan vi hai hat bat ki. chang han giiia hai hat thd j va hat thu
k. thi trang thai méi cua hé sé la:

fum—y
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"I’J.{E_,P \’;2. [ T C:j ..... S tr) ‘\98')

Theo nguyén 1i déng nhit cua cac hat thi trang thai mdi nay khéng
khae trang thai ci. nghia 1a W va ¥’ thue t& etung dién ta mét trang thai
cta hé. Mat khac. theo nguyvén li chdng chAt trang thai thi hai ham s0ng
cung ditn ta mét trang thai chi khac nhau mdt hang s6 nao d6 théi. tie 1a.

U DL B S Lo t) = A5 S, SR ORI B
Néu dua vao toan td hoan vi P, thi diing thiic trén c6 thé vit lai
P.Y=4 =¥ (9.9)
Bay 1a phuong trinh tri riéng clia toan t P Cho P tac dung 1én
' mét 1an niia. ta dugc:

Piy=32w=y =41

Nhu vay khi hoan vi hai hat déng nhit ham séng cla hé ¢6 thé giu
nguyvén khong déi dau (+) hodie déi dau (-).

Ham séng Gng véi & = 1 goi 1a ham séng ddi xung.

Ham séng ting véi A

—1 got 14 ham séng phan ddi xtiing.

Trang thai duge biéu dién bang ham s6ng doi xing goi 12 trang thai
dé1 xdng.

Trang thai duge bidu dién bing ham sOng phan dél xting goi 1a trang
th&i phan dé& xing.

Khéng c6 mét tac dong bén ngoai nao cé thé 1am thay déi tinh chat
déi xting ctia hé. Muén chiing minh diu dé ta phai ching minh tinh chat
d6i xding cua ham song la tich phan chuyén déng. nghia 1a:

B, —TIP, -0
Ta ¢o ]:{Plk‘{’ - 3HY

I)”H‘}‘ P (1!:—~—)_1h (P ¥ = AHY

(ih=" =H¥ - Theo phuadng trinh Schrodinger)



Vav 13’1klii - ILI]?’]]\_ =0  (dpom)

Tinh chat d61 xing cua hé duge xae dinh chinh bang nhiing hat sd
cap tao nén hé. Paul da ching to rang hat ¢6 spin nguyén (thi du photén,
7 — medon....) duge dién td bang ham séng ddi xing va tuan theo quy luat
théng ké Bose — Kinstein goi 1a hat Bose — Einstein hay goi tat 1a hat
foson. Hat 6 spin ban nguvén (thi du electron. proton. ...) duge dién ta
bang ham séng phan d81 xiing va tuan theo quy luit théng ké Fermi -
Dirac. goi 14 hat Fermi — Dirae hav goi tat 1a hat Fermion. Hé gédm nhing
hat déng nhat phiic tap thi cdn xac dinh spin toan phan cua hat phie tap,
thi du hé gdm nhiing hat « (2 proton va 2 notron) nén spin lodn phan cua
hat o la mét s nguvén, do d6 ham séng cia hé cac hat o 14 ham déi xing.

§5. HAM SONG CUA HE CAC HAT FERMION VA HE CAC HAT BOSON.
NGUYEN Li PAULI

1. Ham séng cua cac hat Fermion va cac hat Boson

Theo Pauli cac hat Fermion duge dién ta biang ham séng phan dol
xtng (¥,), cac hat Boson duge dién td bang ham séng déi xing (¥,). Xét
mot hé gébm N hat dong nhat khéng tuong tac véi nhau, toan tt Hamilton
cua hé la:

H:?l[———a + Ui )W

2m
d

Phudng trinh Schrodinger cua hé ¢ trang thai diing ¢d dang:

n 2
21:_";;}1 L\ +U()’- ):I\P(“:pév *** jn) F\{f(‘“)[\é)’ {; ) (910)

| F

Vi hé gom N hat khong tuong tde. nén nghiém cua phudng trinh nay
¢6 thé viét dudi dang:

Lp(‘i] ’i:ﬂ""’ E-n) = quJ (5-1 )kpk-_- (E-.). )"'lpk,, (in) (911)
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Trong do k, 14 tap hop nhung =6 lugng @i cua trang thai ma hat nam
trong do. Ham W, (3) 1a nghiém cta phudng wrinh Schrodinger déi véi mit
hat (hat tha )

1
A+UE) Y, )=k v, ()
2m ' l ' ot

1
|
I
L

Ta thay nghiém (9.11) khong thod man cac doi héi déi xtng. Vi (9.10)
la phuong trinh tuyén tinh nén 16 hop tuvén tinh cac nghiém (9.11) cing
s@ 14 nghiém caa phuong trinh (9.10). Do vay. cé thé chon cac t8 hop tuyén
tinh eta (9.11) dé thoa man cac véu cAu d6i xitng cin thiét. D& don gian.
trude hét ta xét hé gdm hai hat déng nhat khéng tudng tac. =au do md réng

cho hé gém N hat. (e ham séng chua duge dai xung hod cua hé hai hat la-
WG = W ()W, ()
V5. 8D =Y, G Y E)

Hai ham ¥, va \l', déu ting vdi cing mét gia tri nang lugng cia hé vi
ching déu 12 nghiém cia mot phudng trinh. T cie ham d6 o6 thé thiét lap
hai t6 hgp tuyén tinh sau dav. dng véi cung moét A tri nang lugng.

o=l WG (8) G, ()] ©.12)
Y, =c, ILLPk, E Y, (&,)- \Pk, (S, HJk, &, )j (9.13)
Cac hé 56 ¢, ¢, tinh duge ti diéu kién chuan hoa d6i véi cac ham
. N 1
¥, két qua thu duge e, = ¢, = —E .
\.If

Phucng trinh (9.13) ¢6 thé vigt dudi dang dinh thie:

NSNS
o= . (9.13)
P o) ¥
koot L (52

Mo rong cac cong thie (9.12) va (9.13) cho hé gdm N hat khong tudng
Lae. ta cé

— Dé1 vdi hé hat Boson



n, ...
Yo TGO () 6 ©.14)
VN " . .

n, la s6 hat d trang thai thit nhat... Téng duge 14y thee moi kha nang hoan
vi cua N hat, tdng dé biang N' (néu tat ci cac chi s6 khi 18V cac gia tri
i

P T T
) . L oaeinging i . . e . K .
khéng gidng nhauj. Hé 36 | 2" | xuat hién do diéu kién chuan hoa.

L] !
s i A

—1Bé1 véh hé N hat Fermon:
o G E) W, G
Y= LPk:. (S0 W, €. IPL__ (&)

{9.15)

WG W, (G W, (E)

BAy gi¢ ta xét hé gom N hat déng nh&t eé tudng Lac. gia sU tudng Lac
phu thude vao thol gian, vi tinh d6i xing 1a tich phan chuvén dong. nén
ham song dién ta trang thai cvia hé N hat tuong tac la:

W=D e (L)),
1

VY, = Z SHCHS SON
k

Cac hé s6 ¢{1). o {t) 12 cdce bién d6 xac sudt, Ui 18 véi xac sudt tim thay
hat 6 trang thal doi xing tha § va trang thai phan d6 xiing tha k. Vay
ham =0ng cua hé N hat dong nhat o6 tuong tac duge biéu dién gua ham
s0ng cua hé hat khong tuong tac véi cac tinh chat déi xing xac dinh.

2. Nguyeén li Pauli

Xét hé gom N hat Fermion. Gia st trong hé ¢4 hai hat nAm trong
cling mét trang thai chiang han k, = k.. nghia 12 hai hat cung dudge dac
trung béi 4 s lugng t tueng ng biang nhau (d61 véi chuyén déng trong
Lrudng xuvén tam thi cé cang n. L m. s, 0 dé véi chuvén déng ty do thi ¢o
cung (p,. P.. p <0, Nhu vay trong dinh thae (9.15) ¢6 hai hang giéng
nhau. do d6 dinh thiaze bang khéng. tite 1a W, = 0 didu nay trai véi diéu kién

bat toan. Vav. ¢d thé phat bidu nguvén 11 Pauli nhu sau:

159



Trong mdt nguyén ti khong thé cé hon mot electron dude ddc trung
bdt 4 56 lugng tu xde dinh.

Paub da thiét lap nguvén li nay trén co 86 phan tich nhiing két qua
thue nghiém vé phd cuia cae nguyén ti phiie tap trude khi ra doi mén Co
hoc hugng ta. Nhu vay nguyén 1i Pauli 1a hé qua truc tiép cua nguyén )i vé
su dong nhét cua cac hat Fermion. Nguvén I{ Pauli thudng duge phat biéu
dud dang khac:

Trong méi 6 cua khong gian pha, co thé tich (2nh)* khéng thé chita
qua mot hat vdi su dinh huwdng xdac dinh cua spin.

Nguvén i Pauli cho phép ta hiéu dude quy luat tinh cha cdu trac

nguveén wi phie tap va cua cac hat nhan phue tap.

§6. HAM SONG CUA HE HAI HAT BONG NHAT CO SPIN %

Xét mét trudng hgp riéng cia hé hat dong nhat — hé hai hat déng
nhat. vi du 2 electron hoac 2 proton.

Ham song cua hé hai hat la W(x,s,,.1,,8, ). Gia sit khéng cé trudng
ngoal va tudng tac gida hai hat khéng phu thude vao spin cta ching. Do
d6 ham s6ng cta hé ¢é thé bidu dién dudi dang:

“W(L,,s,,.1,,8,,) = F(¥ £, o, .s,,) (9.16)
Theo Pauli ham s6ng W cua hé phai 1a ham phan do1 xing. do vay:
Vo= Fap, hoac ‘P, = F,o, (9.17)

Trude hét ta xét ham spin ¢. Biéu dién ham spin toan phan dudi
dang tich cdc ham riéng cha cac toan ti 8*va 8, cia médi hat, nghia 13 tich
cua céac ham:

9, (1.0 (1), 0,(2). ¢ ,(2)

4 2

Ham ¢ tong quat sé 1a

(1. 2) = co, (D (2y+c,0 (L (D) +c,0, (Do V(2yrep (D (2) (9.18)

I}

160



Vi spin duge cong theo quy Lac cdng momen, nén s8 lugng ti spin
toan phan clia hé ¢ hai gia tri;

1 1
\,:q]+§._,2:f+..._—_—
2 2
1 1
va §=8 —8,=——-— ==
2 2

Tur d6 s6 lugng tiI s, {trén truc z) 14y cac gia Lri:
Véis=1this, =0, 1. Véis=0this,=0

Ham ¢ dién ta trang thai ciia hé vdi s va s, cho trude phai thoa mén
cac phuong trinh.

S¥p = fi’s(s + o

- 9.19
S, =hs @ (919

Cac hé s ¢, ¢, ¢, ¢, trong biu thic (9.18) phai duge chon sae cho
ham ¢ dong thdi thod man cée phuong trinh (9.19). Bing phép thi truc
t1€p ngudi ta thay ham spin cha hé Gng véi cac didu kién trén cé thé vidt
dud dang:

Py =4 (1)([)1 (2)

3 2

1 | N
®. =Py, =0 2 e, M, ) (9.20)

+

3
2 2 2 i

o =0, My (2)

-
|

(Pil = (D -

1
[n EI

L

o, Do (2 -¢ , W, (2| T (9.21)
2 2 2 P

Céc trang thail duge biéu dién béi cac ham (9.20) la déi xttng goi 1a
triang thai bd ba 6 spin cung chiéu. Trang thai duge biéu didn bdi ham s6
{9.21) la phan d61 xding goi 4 trang thai don ¢6 spin trai chiéu.

BBay gid ta xét ham toa d6 F. Néu hai hat khéng Ludng tac va d trong
¢de trang thai, duge bidu didn bing cac ham W, va W, La cd:

11-GTCH
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1 -~

F, (¥,%)= —\E-Lq;u(fl W (E) =W (B, (1) ] (9.22)
F (1) = %[‘P,,(fl Wy (E)+ W ()Y, (5,)] (9.23)
V2R ’ .

Két hop cac phudng trinh (9.20) v6i (9.22) va (9.21) vdi (9.23) ta dudge
cac ham song dién ta trang thai clia hé hai hat ddng nhat ¢6 spin. Xac suit
dich chuyén gilta cac trang thai bd ba va trang thai don la bi cAm.

§7. PHUONG PHAP LUQNG TU HOA THU CAP BOI vOI
HE CAC HAT BOSON

Mgt trong nhiing phudng phap quan trong thusng dude ting dung
trong co hoc lugng ti1 d&1 véi hé nhiéu hat 1a phuong phap lugng i hoa
thit edp (LTHTC). Trong phuong phap LTHTC ngudi ta chuvén ham séng
ti biéu dién toa d6 téi bidu dién mdi va chon s6 hat trong trang thai lam
cac bién s6 méi. Do viy, su dic trung cho hé hat bay gio khong phai 1A bai
toan cua ham séng y{(E£,.5,.....&, ,t) ma 1a bai todn etia ham song theo
bién 58 m&i C (n,, n,, ..., £). 6 dAy n,. n,.... 14 86 hat & trang thai thd nhat,
trang thai thi hai, ... va goi 1 cae s6 18p day.

Pai lugng: IC (ny. ny, oo, O (9.29)
1a xac sudt tai thai diém t ¢ trang thai tha nhat tim thdy n, hat, 8 trang
thél thd hai tim thay n, hat, ...

Viée chiuyén tir bidu dién thong thudng sang bidu dién LTHTC la mot.
trong nhing vi du ctia phép chuyén tit bidu didn nay sang bidu dién khac.

Xét mot hé pgdm N hat déng nhiat khéng tudng tac. Ki higu
R RUM (< I ynd8).... 1a tap hop cac ham trye chuén cia riéng mdt hat,
cie haim d6 tao thanh hé ham day d4. Trang thai duge ki hiéu béi chi s6 k
dac trung cho tap hep cdce 6 lugng tit dudge chon.

Trong phudng phap bidu din méi cic ham cg 88 1a tich et cac ham
dé1 xiing chudn hod w,(2). Ham séng cho trudng hap téng quat khi & trang
théi v, ¢ iy hat, ¢ trang théi w, ¢6 n, hat,..., ¢6 dang:
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3 . ', 3 . . ‘
UJ['[,]]_.,...('E—I":J';""""::n): B Tt j Zl-’:’kl(gl)lljkz(“i2)"‘l”k., (CJH) {925)
tong duge 1Ay theo tat ca cac phép hoan vi kha di cac chi 88 khac nhau k,.
K, ...

Nguol ta dua vao cac toan td 4, va &, tdc dung 1én ham bién s6 14p
day ¢ trang thai k:

ékwn_. o = n, w I T (926)
é‘ﬁq;u,,...n,_,... = \/nk +1 \P‘n,. [T S (927)

Toan ti &, lam gidm s6 hat trong trang thai k di 1, tite 14 n, giam
xudng n, - l: todn t 4; 1am téng s6 hat ndy lén 1. tic la td n,— 1 16n n,.
Ré rang viée 4p dung lién tiép cac toan ta 4, va a; khong 1am thay d6i s&
hat ¢ trang thai k, nghia la:

:ilzéi: ,‘ljnl...n- . = nk\i‘;nl....,t1|.... (928)

Vay 2;&, =n, ' (9.287
Yéu t& ma tran cua cac toan LU a, va a, cb daug

(n,,n,,..n -1 ...]ak‘n n,,. jee) = I v, =D (9.29)

(n,.n,.n +1.. ‘ak‘n N,,..n +1,..0)= (a )111!-1.1‘-1\ n, + 1 (9.30)

@a,),, =md, (9.31)

V& ¢ nghia &, va &7 goi I cac toan ti huy va sinh hat ¢ trang thai k.
A;a, golla toan LU cua s8 hat ndm & trang thai k.

Cactoantd 4, va 4] thoa man cic hé thic giao hoan:

8, =0 (9.32)

Ta sé biéu difn cac toan td trong biéu dién toa dd qua cac toan tu

sinh v& huy hat trong biéu difn LTHTC. Xét toAn ti L(&)tac dung len
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ham tog d6 cda hat thi 1 (toa dd ¢ day bao gém ca spin). Do cac hat déu

-~ N “ n " "

nhu nhau nén ta dua vio toan td L = ZL(F:,). Tim biéu thiic cua tcan ta
1=1

nay trong bi€u didn LTHTC. Y&u t& ma tran ciia L., thu duge nhd cac ham

cd 86 (9.25). Theo dinh nghia, ta ¢é:

L
Xét mat thanh phén trong téng nay:

fJ(E_i)‘nl""‘nk"") = Jklj;i

(m,,...,n,...|L|n,..n...0)=@0..n0n n,,..n,...){(9.33)

1

N -~
ZL(E..)

{n,,..n,...

L, . dg.dg)  (9.39)

1

Toan L(é';])chi tac dung l1én ham cae bién 6 cla hat thia 1, do d6é cé
thé vidt:
- n'.nt. Y -
L&, )‘lfn,_...‘nk,... = {ﬁj Z“l"k_. (&, )“‘]‘Ukl__ (£ MAE, )Wk,_ (&) (9.39)
Nhan (9.35) véu ll":],....n,.‘.. va 14y tich phan. Nhan xét rang cac tich
phan theo cac bién 6. trir &, . chi chita tich cha cac ham séng. Do su true
giao cua cac ham séng. tat ca cac tich phan trong d6 gém cac s6 nhan dang
y (€)W, (&) déu tién dén 0, tie la chia tich cac ham séng cla hat (trix
hat thi 1) 461 véi cae trang thal khac nhau. Chi ¢é cac s6 hang chia tich
cac ham séng ctia hat thd i, déi vél cing mot trang thai la khac 0. Tich
phan theo bién 86 &, ¢o dang:

-1

(LG = [y (6OLGE v 6)de,

Biéu d6 ¢6 nghia la khi 1 = k thi ¢é sy chuyén doi cia hat ti trang
thai k @&n trang théi 1. Do d6é. s6 hat & trang thai k gidam & 1. con 38 hat &
trang thai l ting 1én 1. Y8u t6 ma tran tuong Gng duge ki higu:

PN
(@, - 1.0, [LE ) n,m ~ 1) (9.36)

Chitng nao ma cac tean ta L&), L(E,).... chi khac nhau baoi chi sd
cla cac hat thi LAl ca cac v8u t6 ma tran, khac nhau bai chi 88 cda hat déu
bing nhau. Do dé d61 v61 yéu 16 ma trin (9.33) cia Lodn ti L, cudl cliing

cé thé vidt:
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(n, —1,n, |L1 n,n, -1)=(n, —1,n, n, -1}

-
> LEg)n
i=1

=N, - 1.n;iL{E, }‘ n,n —-1)= \jnkn] (LEM, (9.37)

Xét yéu 18 ma tran chéo. tie 14 khi sy phin bé lai s6 hat theo cac

trang thai khéng thay dai. bang cach tudng ty nhu trén, ta cé:

(nl._nz.,,‘L!inl.ng,.,.):an(L(F__))kk ' (9.38)
' k

Pua cac todn td &' va avao cac edng thic (9.37) va (9.38), khi do
wodn ti L, cé thé viet dudi dang:

L, =Y (LE, 474, _ (9.39)
k.l

(Mng bang cach Ay, ¢4 thé thu duge két qua tuong tu ddi vdi cac
toan ti tac dung 1én toa do &, &

N
-Ti )
‘:-_u

trong phép biéu dién LTHTC:

. cua hal hat:

> (1m|L(_,,H Arat A, (9.40)
kplm
¢ day cac véu L& ma tran bang:
Lm|LEg|kp) = fwi @, EILEE W, @y, E)deds’  (©41)

Nha hai eang thie (9.38) va (9.40) 6 thé vidt toan ti Hamilton cia
h¢ hat trong phép bicu dién LTHTC. Trong trudng hgp hé cac hat khong
Luong tae, nam trong trudng ngoai cho trude. ta co:

. N ] N h‘i .
H=YH =2 |T+Uc)]=} 54+ UE) (9.42)

i=1 1=1 i-1

¢ day U(&) - th¢ ning cha hat thit i trong trudng ngodi va T — toan ti
dong nang cua nd. Toan t@ (9.42) la trudng hop riéng cua L,. Toan tu
(9.42) trong phép biéu dién LTHTC ¢é dang:
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H =3 (H),.44, (9.43)
k.

Khi 14y v lam cac ham riéng ciia toan tit H clla mot hat, ta cé:
(H)y = _['*Vl GHy ()4 = E, 6,
¢ day E, — nang lugng cta hat ¢ trang thai k. Cudl cung:

H=>E.a;a, (9.44)
I

Dé v dén (9.31) nang lugng cua hé bing:

E=>En, (9.45)
k

Néu 1a8y w, 1am cac ham riéng clla toan ti ddng nang T1 ung véi cace
tri riéng g, thi (9.43) duge viét lai dudi dang:

H=2 588, + .44, [u;UEy,dz (9.46)
k k.1

Xét truong hdp hé cac hat ma gilia ching c¢6 ting cap tuong tac,

todn tu nang lugng tuong tac sé 6 dang —Z W L& e ).
9 i

iz

Khi st dung (9.40) ta ¢6 toan Lt Hamilton trong bigu dién LTHTC

: iin 1 fert oo n .
H=Y (H), 44, te Y (Im|W|kp)ajaja,a, (9.47)
L

Lot

kb1 ldy W, lam ham riéng cda toan td H , ta ¢o;

H= Z S ara, + 3 > (m|W|kp)a;a’a,a, (9.18)
S kplm
Vé y nghia tusng tac cap (thanh phan sau trong céng thic (9.47)) ¢
thé coi nhu su va cham nhe gifta hai hat nidm & cac trang thai p va k. Sau
tudng tac ching chuvén sang cic trang thai l va m.
Nhan xét ring eong thie (9.43) ¢6 thé thu duge nhd phugng phap
hinh thie sau: Trong biéu thic gla tri trung binh:
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H= [w' )y )dv,
ham séng dude thay bang toan ti trong khéng gian cta cac s6 14p day.

W(E) > WE) =Y ay, (E) (9.49)
k
Y (EY > U (E) =D ary(E) (9.49"
k

Khi dé & v&€ phal cua H ta co:

Ju @HwEdE > Y [a/ g EHap, E)de = > (H ), ara,  (9.50)
k.l kol

S0 sanh (9.50) véi {9.43) cho thay khi thay ham séng théng thudng
bang toan td. v& phai cua H tring vdi (9.43). Pidu nav c6 nghia 1a khi dé
6 thé thay mét cach hinh thie H bang H trong biéu dién LTHTC.

Viéc thay ham séng w bing toan L lién quan dén tén goi cua
phuong phap LTHTC. V61 sy LTHTC khéng nhing tat ca cac dai lugng
higng t dugde thay bing cac toan ti ma chinh ham song ciing dude thav
bang toan tii. Mac du sy LTHTC 14 phuong phap hinh thie, nhung no to
ra rit thuln 1gi 61 vé1 hang loat cac bai toan c¢aa co hoe lugng ti.

Bang cach tuong tu dé dang thu duge Hamiltonien ctia hé cac hat
tuong tac cap 461 xudt phat ti ebng thite

— o N . .
H= j‘-V (EHWENY, +§ JW (& (':—‘j)WJ(C-i"ij)“p(éi M(EAV, AV,

§8. PHUONG PHAP LTHTC DOI VI CAC HAT FERMION

Cac k&t qua thu duge d6i véi hé ciac hat Boson cling sé ding déi vii
hé cac hat Fermion. Tuy nhién cac toan t 4, va &) bay gid khéng thé thoa
man cac hé thic (9.32). That vay, dé1 vdi cac toan td¥ 4, vA a; tudn theo
céc cong thie (9.32), céc tri riéng cta tich 4; 4, bang cac s8 nguyén ducng
tuy ¥ n,. P81 véi hé cac hat Fermion cac 88 1ap dAy chi ¢6 thé bing 0 va 1
theo nguvén 1 Pauli. Cac toan tu 4, v &; béy g1 cAn phai dude xac dinh
sao cho céc tri riéng cua a, a, bing 0 hoae 1, tic 1a:
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L g 1

0
(4;4,) ., =n, :{ (9.51)

Diéu kién (9.51) s€& duge thod min, néu cac toan ti 4, vd &, tuin
theo cae quy tace phan giao hoan sau:

a,a

+
1
H

+A7A, =B, (9.52)

a.a, +a,a, =a,a, +a/a, =0 (9.53)

. w2 A n
{a,a,)" =a;a, (9.51)

That vay, md ngoéic v& trai va st dung (9.52). ta dude:

LA L - - 1 L - - LA L at sk

(a,a,) =aja,a;a, =84, (1-4,4)=4;4, -4;4,4,4; =4,4,

(vi &% =0, suy ra ti1 (9.33)).

Khi 18y cac yéu t8 ma tran chéo dédi vdi hé thic (9.54), ta tim duge
ni =n,. Pang théce nay chi ¢6 thé thod mén khi n,= 0van, = 1. Dua vao hé
thite (9.53) ¢6 thé tim dude dang tudng minh etia ma tran a,. Chiung nao ma
cac s6 ny chi 18y hal gia tri 0 va 1. thi chc toan ti a, va &) theo cic bién s8
nay 14 ma trén hang hai. Cac yé&u t6 clla ma tran tuong ting bang:

k-1
(ak)lﬂ :(a;)m = 1_[(]- _QH;) (955)
l=1

T4t ca cac y&u t6 ma tran khac déu biang 0. Trong két qua nhan dai
lugng (1 — 2n). 6 ddy 1= 1. 2. ... . k — 1, thu dude két qua +1 hoac -1 do su
phu thude vao gid Lri etia s6 14p day cac trang thai.

Phudng trinh Schrodinger trong phép biéu dién céc s& 1ap day, kh
toan t Hamilton duge cho bdi eong thide (9.47), chita trong dé dinh luat
bao toan s6 hat toan phan. Tuy nhién viée dua vao cac toan tit &, va 4],
biéu dién sy hép thu va sinh hat, cho phép khi suy réng tudng tng dé
nghién edu cac qua trinh, trong 46 6 hat cta loai da cho khéng dude
bao toan.
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Chuang 10
Li THUYET NHIEU LOAN

§1. DAT VAN DE

Trong cdc chuong trude khi van dung phuong trinh Schrodinger dé
gial mot 6 bai toan nhu dao déng tit diéu hoa, eleciron trong nguyén tu
hidro va cdc lon tudng tu.... ta thu duge nghiém chinh xac v& nang higng
va ham séng caa cac bai toan d4. Tuy vay ta cing da phai thue hién nhiing
phép tinh kha phic tap.

Hau hét cac bai toan clia co hoe lugng td déu dan dén cac phudng
trinh kha phiie tap ma khong gial duge mot cach hoan toan chinh xéc. Do
14 cac bai toan nghién ciiu cac hé nguyén LU phic tap (nguyén ti nhiéu
clectron, phan td,..)). Trong nhiing nim gan diy. nhd may tinh dién tu.
nguol ta dd giai duge bang s6 vd d6 chinh xac kha cao cae phuong trinh
ctia ¢0 hoc luong t&. Song viée nghién citu e phudng phap giai tich dé
giai gAn ding cac phuong trinh ctia cd hoc lugng tit 461 véi cac hé nguyén
1% thue (gAn gibng véi hé 1i tudng, ma hé nay da biét nghiém chinh xac)
van ¢6 tim quan trong dac biét. Mét trong nhiing phudng phap gan ding
dé 1a 1i thuyét nhidu loan.

Danh ti nhiéu loan bat ngudn tit thién van hoe. Co hoe Newton da
gial duge bai toan hai vat thé hoan toan chinh xdc. Thi du bai toan xét
chuyén déng ctia hé gém Mat Trai va Trai DAt hay Trai DAt va Mt Trang.
Song, khi nghién cftu bai toan ndy, néu chi chi ¥ dén tuong tac gitta hai
vat thé véi nhau. ma khéng tinh déh tuong tac clia ching vdi cdce vat thé
khac, thi trong mét s6 truong hop két qua I thuyét khéng pht hgp voi két
qua quan sat duge. nghia 13 quy dao 1i thuyét sai khice vdi quy dao thuc.
Hién tugng sai léch nay goi 12 nhiéu loan. Nhu vay. vaAn dé dat ra la phai
oidi bai toan nhiéu vat thé. Cac bai toan nay khéng thé giai dude chinh xac
ma phai ditng phuong phap gin ddng. goi 1a i thuyé&t nhidu loan.

Néi dung cua li thuyét nhiéu loan bao gom: trudc hél giai bai toan
hai vat, e 14 trong tap hgp cae lie tae dung 1én vat, ta tach ra nhiing luc
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chinh, giai bai toan trong trudng hgp nay va thu dudge nghiém chinh
Xac, go1 1a phép tinh gdn ding bac 0. Sau dé chu ¥ dén nhing lyc phu
va tinh s8 hidu chinh vao nghiém gan ding bac 0 d6. C6 thé tinh L6 56
hiéu chinh bac 1, bae 2,... cho dén bac n tuy y. Trong thién vin hoc
nguol ta dd thu duge k6t qua la: Trong phép tinh gan ding bic 1, ndng
lugng trong chuyén déng nhiéu loan bang nang lugng khi khéng cé
nhiéu loan ¢ong vdi the niang tuong tae nhiéu loan trung binh, tinh theo
quy dao khéng bi nhidu loan.

Troug od hoe lugng uit 1 thuyét nhidu loan cting thu duge két qua
tudng tu nhu trén.

§2. LITHUYET NHIEU LOAN DUNG KHONG SUY BIEN

Xél ¢d 56 1 thuydt nhidéu loan dung trong trugng hgp khong suy bién,
nghia Ia mét gia tri nang luong E, tuong ing vé1 mét ham trang thai ¥,
Nhu vay cin giadi phuong trinh Schrodinger diing:

HY, =E W, (10.1)
¢ day: H-H"+U’

o f-..’. - - - > . - - - =%
H" :{__L A+U" | 14 todn ti Hamilton khi khdng eé nhiéu loan.
Zm
U’ 14 Loan ti nhidu loan.
Pidu kign dé ap dung 1i thuyét nhidu loan 1a;

- Da giai duge chinh xae phuong trinh
T nURTTLL
H™W = E W (10.2)

— U nhé so vai 1", khai niém U’ nhd so véi H"nghia la tac dung
cua toan ti U’ 1én ham séng lam cho trang thai caa hé thayv déi rat it so
vé1 tac dung cla toan i H".

Vi U’ nhé nén dé tién cho 1 luan sau nay, ta dat U = cU" trong dé ¢
14 thong s6 rat nho khéng tha nguyén.
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‘Thay 1" va U’ vao (10.1), La c¢é:
(H'+eU")¥, =E_ ¥ (10.3)
Né&u £ = 0 thi phucng trinh (10.3) chuvén thanh phudng trinh (10.2).
vi £ nho nén W, va B, (clia bai toAn nhiéu loan) khac V) va K (caa bal

toan khéng nhicu loan) rét it, do do6 c6 thé kbai triégn ‘¥, va E, thanh chudi

theo &;

[ ! 11
Vo= W

R L =1 il
E , =E +E +E +..

Trong dé:
“Pﬂ = &:”‘P: : Eﬂ = S{JE:i 14 cAc gia tri trong phép tinh gan dung bac 0.
LP'I!‘_ =¥ EL = EIE: la cac gia tri trong phép tinh gan dang bac 1.
YU —*p" B! =¢°E 13 cac gia tri trong phép tinh gan dang bac 2.
O dav ta chi gidi han xét trong phép tinh gin ding bac nhat, nghia la
¢hi tinh dén s6 hiéu chinh bac 1 (tdc 14 chi gid lai 2 86 hang dau trong khai
trién trén).
_ ] I
Lpu - IlP‘n + L{Jn
n 11 I
Thé (10.4) vao (10.3), ta duge:
' U+ ) = (] + B +)

B6 qua cac 86 hang ti 16 véi ¢ va cha y H"W) = E'W) | cudi cting thu
dude phuong trinh dé xac dinh y! va E!
(B, = (8, - 0] 105)
Sau day s¢ tinh s6 hidu chinh vé nang luigng E. va ham song ‘Pfl .
a. Xac dinh s6 hiéu chinh vé nang lugng E.
Nhéan trai hal vé cda phucng trinh (10.5) véi "P:'vé lay tich phén

theo bicn 88, ta duge:
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JUr BNy = [#7(E] - U)¥idy (106

— Xét v& trai phuong trinh (10.6):
Bién doi vé trai (10.6) va cha y H' = H". E" =E". thu duge:
[¥rR v - [PUEIwdy = ™) wdv - B [wiidy

=E) [Wwidv - B [#0 %! dv =0
Nghia 14 vé trai (10.6) bing khang. do dé vé phai (10.6) bang khong.
- Xét v& phai phudng trinh (10.6);

0 W B - U dv = [¥VE Wldy - [¥r 0 yidy
=F ILE’:j*‘Pf:Liv' -
Tudé E =0 (10.7)
Vay, hi¢u chinh bac 1 vé nang lugng bang trung binh hugng (i cua
thé ning tuong tac nhidu loan tinh theo trang thai khéng ¢6 nhidu loan.
b. Xac dinh so higu chinh vé ham séng !
Khai trién w' theo cdc ham riéng cta todn 1t H° (giA si ¥ la ham

riéng cua HY), ta cé;

o= a vy (10.8)

k

Dé xae dinh cic hé s6 a, ta st dung phusng trinh (10.5). Thé& (10.8)
vao (10.5):

(H” - EDY a ! = (B - Uy

I
chuy I:I“Zakti"ﬁ = Zakﬂi}‘l’i :ZakE:q";z
k I k
thu duge D a, (B, -E)W, =(E - Uy (10.9)
%

Nhan tral hai vé eia (10.9)véi ¥ va 14y tich phan trén toan mién
bién thién cua cac bién s&:



0>, (B -EDwidy = Wi (B, - U dv
'3
- Zak (Ek E )Jl‘l"::WE j‘Pﬁ:E:JU:dV— I\UmU'U,!O dv
= Z ak(E{l; - E: )Bmk = E1116m]1 - U IImr:
k
=a, (B ~EY)=-U"

in nen

U U
ta du’(_j(:: ﬂm =-— mn 5 —. - [ -
‘E'm o En E], - Em

Thay chi 86 m = k, ta ¢é:

T
U kn

ST SR

(10.10)

Cudi eling, thay a, vao (10.8), ta dugc:

u :
\{Ji - kn LP::
28 -,

Dua vao (10.10) ¢ thé tinh duge tat ca cac hé s6 a, trit a,. T diéu
kién chuan hod tinh duge a, = 0.

§3. Li THUYET NHIEU LOAN DUNG CO SUY BIEN

Trudng hop ¢6 suy bién — Mét gia tri nang luong tuong {Ing vdi nhiéu
trang thai, gia su tri riéng E! suy bién bac ) e 14 B wiong ang v6i f ham
- 1 _
song ' (k= 1.2, ... 16,

Khi hé bi nhidu loan thi su suy bién 6 thé bi tude bo hoan toan (tr
riéng [ tach thanh EY mic. m6i mic B}, dng vdi mt ham ‘¥,,) hode bi
tde bo mot phan (bri riéng E! tach thanh E mie con, s6 muc con nay it
hen 26 ham W, ).

Sy suy bidn luon ludn gan hén véi tinh d61 xting ¢la hé. do dé, ohn
vd1 tinh dé1 xtng cua toan wi H_. tGe la gdn véi tinh d6h xting cta phudng

trinh Schrodinger. Vi vay, néu hé nam irong trudng c6 nhicu loan thi su
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ddi xting cGa hé & bi pha vd, din dén cac tri riéng I’ cla toan ti H
khéng con suy bién, hoac bac suy biéh bi gidm xudhg. Xét hé bi nhidu loan,
gia su muc K| tach thanh f mte con E!, nim gin nhau. m&i mte con nay
tudng ang vél mét ham séng ¥, (suy bién bi tude bd hoan toan). Coi
nhiéu loan la nhé va ta chi giéi han tim hiéu chinh bac 1 vé nang lugng va

bac 0 vé ham séng.
P& tim higu chinh nang lugng B! phai giai phueng trinh (10.5):
(H' -EHw! =(E! - Uyy"
DE tim hiéu chinh bac 0 vé ham sOng, ta nhan xét rang mdi ham P

la 16 hgp tuyén tinh cac ham riéng ¥, clia toan L H":

V= Ya, ¥, 0.1y
:
Thaw {10.11} vao (10.5), ta dudge:
(H'-E)Ww) = (EL - U0 a, ¥, (10.12)
k
Cac ham ¥, da bict trude, do d6 cin xac dinh cdc hé s8 a,,. Nhan

tral hai v& cua phuong trinh (10.12) véi ‘P:: roi Jay tich phén theo bién s6,
La oo '
1)

[¥ (A —EDwidv=3a,, W (ROt dv (10.13)
k

Ta thay vé& trai phueng trinh nay biang 0 vi H” 13 toan t tu lién hap.
Do d6 v& phai (10.13) bang khong:

>oa [¥E - U dv
k
=28, { [ B idv - [T P v =0
k r .

Hay D> (U, -E'3 Ja, =0 (10.14)
k

™k

i) b1

A T - gt "y gt a8 . ittt .
dday U - WO dv va 8, = W1 d

(10.14) 1a hé phuong trinh tuyén tinh o6 thé viét dudi dang tudng minh



(Ubu - Ei)am + Ullza

oy

T, ' 2Ly,
Lzldn] + (U‘ZQ - E‘n)an -

U,a,, +Uya, +--+ (U,

1™ ni

+ .-

~-Ela

+ U']fa =0

uf’

+Uya, =0

=1

ul T

(Gial phuong trinh nay sé tim dude cac hé sé a,,.. Ta biét hé phuong
trinh nay s8 ¢6 nghiém khac khéng khi dinh thitc cia hé phucng trinh

bang khéng:

(10.158)

(3iai phuong trinh (10.15) sé duge f nghiém déi véi E! . ti dé tim

U, SE U, U,
Ul-’l U-‘zz - EL T Ulzr
Ur'l UI{': o LT'H_
duge:
En‘l

1) 1
En2 = Eu + En?l

+E!

nk

F\ R AL
‘nk T

E, =
n

= E:: + EI[\l )
? (10.16)
E[.: + Ellul' J

Thay mét trong cie nghiém K! vio hé phuong trinh (10.14) sé tim

dude f nghiém do1 véi a,,.
Tam lain:
Khi khéng e¢d nhicu loan

L}I“

nl

l{}tl

nd

]_‘\i]
]

/N

\_IJ[.‘ ]

nf

Khi ¢é nhiéu loan

o Jt'l
F;n'l ‘i 1

1

DR I
lJn! q ni

F[J
—

/N

Enl' - :|




§4. TRANG THAI CO BAN CUA NGUYEN TU HELI VA CAC iON
TUONG TU

K&t qua I thuyét nhidu loan ditng khong suy bién ¢6 thé ap dung dé
khsao sat trang thai binh thudng cta nguyén ti Heli va cac ion tudng tu. O
trang thal nay ndng lucng khong suy bién. ¢on § cace trang thai kich thich
nang lugng ¢6 sd suy bién nén cAn phdi gidi thich bang li thuyét nhiéu
loan ditng c6 suy bién.

Nguyén ti Heli va cAc ion tuong ty 13 médt hé gébm hai electron
chuyén déng trong trudng ldc coulomb cla hat nhan mang dién tich
duong Ze. Khoi lugng ciia hat nhén rat ldn so vdi khél lugng cua electron
nén cé thé coi hat nhén ding yén so véi electron. Gia s cac electron ¢
khéi lugng va toa db tuong dng 1a m,, m, va 1, ¥, vd khodng cach gilta
ching la ¥

[ 24

=5 — 1.

Dut day, ta sé tim ndng lugng @
va ham song cua hé, muén vay can
giai phuong trinh Schrodinger:

HY, =E¥, (10.1) tZe .
Hinh 36
g day ¥, = ¥, (r, 6,, Py Tyo By, Oy)
. W i 7o' Zel o
H:H(rlnelﬁ(ppnj'e‘w(po):_. : Al_ ! '-A-J_ € - © +O
R 2m, 2m, = 1 r, I,

(Trong bitu thiic niyv bdé qua cic tuong téc khae nhu tuong tac
momen ti cia electron).

. TI0 IS Ze®
Pat HY =" A - 2%
2m, r,
- H Ze*
S (L
) 2m, r,
=
rl'z
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Ta c6 thé viét lai phuang trinh (10.1):

(H +H + U, =E W, (10.17)
Giai phudng trinh nay sé tim duge W, va E..
a. Xac dinh ¥, va E’

Trong phép tinh gan dung bac 0, tic 1a bd qua tudng tac gitta hai
electron U'=0, (10.17) chuyén thanh.

(H + )Y = E0y° (10.18)
Nghiém phuong trinh cé dang:

W(L2)= ()W (2) (10.19)
Trong d6 ki hidu v, (1,2) =y’ (x,,8,,0,.1, 0,.,0,)

Yo (D) = vi(r,8,,0,)

Yol2) =y, (1,.6,,0,)

Thay nghiédm (10.19) vao phuong trinh (10.18) va chui v H chi tac
dung 1én Wi(1), HD chi the dung 18n ¥ (2), sau khi chia ca hai v& cho tich
Y1) Wl(2), ta dugc:

—1¥'(1
l_]:,(::(l) 1 Il( )+LIU(2)

HOWO (2) = EVD+EN2)=E"  (10.20)

(Vi HW (1) = E°()¥°(1) ; HI%0(2) = E(2)9° (2))

Céc tri ritng E)(1) va E!'(2)chinh 12 nghidm cda bai toan nguyén ti
hidro ma ta da biét.

A
Bl =El@ =T L=
PO -

Eo=—-13,53 (eV)

va ham song ¥, (r,0,9) =R (1Y, (6,0)
0 trang thaicdbdn n=1va 1=0, m= 0, do do:
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E‘D(l) hu ‘)}:

Z3 _%?.

.

W oo (r,0,0) = Te
TII‘O

Cudi cung 461 vdi ca hé E] =E(1) + E}(2)=-2|E, |Z
Véi Heli Z = 2 E' = -2.13.53.4 = ~108.24 (V)

0 0 Zl _i?'[r’ﬂ:-')
len(1=2) =Y nn(l)l{'fmn(2)

4]
b. Xac dinh E!
Néu ké dén tuong tac gida hai clectron (U'#0), can phai tinh s&
hiéu chinh vé nang lugng. Theo két qua lf thuyét nhiéu loan khong suy
bién:

E: = [_J = JW?GUU llﬂljnndv = jr“ ,lpl[]t] ‘L dvldvz

12

~Eper [t dvay, (1020
.

n o] 12
Trong d6 !1"1_| = ‘f] - fg‘ cdv, =17dr, sin6,d0,de,
dv. - ridr, sin0,d0.do,
Két qua tinh toan thu duge:

Eizﬂlf_l?__z_ °IE,iZ
4 20" 40

Do véy ¢ trang thai cg ban nang lugng cua nguvén td Hell va cac ion
tuong tu trong phép tinh gan ding bac nhat 1a;

E, =

1

E) + B = -2k, |2 Ti

nys

VéiHeli Z=2 E,=—8|E,’ + §|EL,| = _74.42 (eV)



Trong khi d6 két qua thuc nghiém do duge E, = —78.62 (eV). Ta thay.
ndng lugng cua nguvén ta Heli trong phép tinh gdn dang bac nhat gan
ding véi két qua thue nghiém hdn so véi phép tinh gan ddng béc 0.

§5. TRANG THAI BAT Ki CUA NGUYEN TU HELI VA CAC ION TUONG TU.
NANG LUONG TRAO B0I

Trang thai binh thudng cia nguyén ti Heli duge gidi thich bing 1
thuyét nhiéu loan dimng khéng suy bién. Li thuyét nhiéu loan ditng ¢6 suy
bién duge van dung dé giai thich trang thai bt ki ena nguyén tu Heli.
Nguyveén td Heli 1a nguyén tit don gian nh4t trong si cac nguyén tit nhidu
electron. Hell va cac ion tudng tu Li*, Be™ ... ¢6 hai electron chuyén déng
xung quanh hat nhin mang dién tich Ze. Phuong Lrinh Schrodinger déi
viit hé (10.17):

() +H+ UnY, =E W

18

1. Trudng hgp khéng tinh dén spin clia electron

a) NE€u col nhi¢u loan 1a khéng dang k& (U'=0) thi trong phép tinh
gén dung bac 0 ham séng cha hé e thé viét dusi dang:
U= W(L2) =W (1) (2)
_ _ (10.22)
Wy = Wo(2.1) = W2 ()
o day ¥ (1) — ham séng cua electron (1) & trang thai o
L1’;;(2) - ham song cta electron (2) ¢ trang thai p.

Theo nguyén H dong nhét cla cie hat co ban thi ham song dién ta
trang thai cia hé hai hat khéng tuong tac phdi thé hién tinh chat d6i
xUng, tuc la:

P 1{;(3(1,2) = HIL}I? + 212\']‘3 (Vi a,=+xa,) ( 0.23)
Ning lugng ctia hé bang:

Bl =E' +E
" =F

s nfh

(E' -E! +E)
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Trong dé E! va E] 1a ning lugng cua electron trong nguyén tu hidro
g cAc trang thar o va B tudng iing.

Néu ké dén tucng téac gitia hai electron (U'= 0), ¢An tinh higu chinh
bac nhit vé ning higng E! va tinh ham séng ¥’(1. 2), nghia la can xac
dinh cac hé s8 a,, a, trong biéu thite (10.23). Ta nhan xét rang cic ham
séng W) va W) dién td cing mot trang thai tuong Ung véi cing mét gia tri
nang lugng E° (theo nguyén li déng nhét). Nhung cac ham ¥ va W) nay
khac nhau 13 do ¢ su trao d6i vi tri cua hai electron cho nhau, Do vay,
ning lugng ¢6 su suy bién va goi 12 suy bién trao déi.

DE x4c dinh gia tri EL va cac hé 8 a,, a, ta van dung Ii thuyét nhiéu
loan ditng ¢6 suy bién, cu thé 14 phai giai hé phudng trinh sau {xuit phat
L phudng trinh (10.14)):

(Uln ‘Ei)al "’Uluaaz =0 }

U,a, +(U,, -Ea, =0 (10.24)
Trong 46 U,, = [¥,U'¥ dv
Do tinh chit d61 xitng cia hé, nén U’ ::—2 khong thay doi khi hoan
vi hai electron cho nhau, nghia 1a khi ¥ < ‘Pgl," tir d6 ta cb:
U,=U,=K va U,=U,=L
Mait khac tit cac yéu t6 cua ma tran, ta thay:
U,=U, . U,=U, , U,=U, . U,=0U,
Nhu vay K va L 1a thuc. Vay (10.24) chuyén thanh:
(K- Ea, +La,=0
La, + (K~ ED)a, = 0 (10.25)

Piéu kién dé hé phuong trinh trén cé nghiém khac 0 la:
(K- E)) L

| K- T) =0=(K-E'Y-L'=0
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Suy ra: . E =K+L
E' =K+L (10.26)

E.,=K-L

Ta thAy nhidu loan da khit méat sy suy bién.

Bay gid ta s& xdc dinh ham song. Lan lugt thay cac gia tri E! |
E! ,vao hé phuong trinh (10.25), tim dugc a, = + a,.

Két qua nay cing da thu duge § trén khi dua vao cac tinh chit cia
hé hat ddng nhat. T diéu kién chuén hoa;

1= [W'Wdv =a] [(¥] + (P, +W¥,)dv = 2a’

tinh duge a, =+

<~

Tém lai:

Y=g (PO = }ﬁ [FLOPH2)  PUY () ] =F () (10.27)
W

Va nhiéu loan da tach d6i mic nang hugng E° :
1
J2
0 I r ; ‘
E =E'+K-Lo v - Eiwzmwg(z) - ¥DYHD)]

V& ¥ nghia, ¢6 thé coi K l1a ning lugng tudng Gng vdi tucng tac
coulomb gifia hai electron va L 1 nang ligng trao 481 (méi electron ¢
trong mdt trang thai ludn ludn c¢é thé déi ché cho cac electron khac).
Ning lugng trac d6i 1a mét thude tinh luigng tit ma khéng c6 sy tuong Ly
vdi vat i cd dién. :

E,=E +K+L > ¥ = =[ Vi)Y @)+ ¥V (D)]

(10.28)

2. Trudng hgp tinh dén spin cla electron

Ta thdy trong phuong trinh (10.17) toan td Hamilton khéng chia
véu t& spin, Khi ké dén spin. nghiém ctia phuong trinh (10.17) ¢6 thé viét
dudi dang:

W(E,, B, ) = F(F £)0(8,,8,,) (10.29)
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Ham toa &¢ F(s,,r,) da tim duge theo (10.27). con ham spin 0(3,,.5,,)
ta da bidt (thes (9.20 ) va (9.21) ~ xem §6 chuong 9) 1a ham dé1 xiing néu
khi hoan vi hai electron cho nhau, spin toAn phin cta hé bing 1 (spin
etiing chiéu) — trang thai bd ba; va 1A ham phan d8i xiing néu spin toan
phan cia hé bing 0 (spin trai chiéu) — trang thai don. Heli & trang thai
don goi 1a Para heli, con Heli & trang thai bd ba goi 1a Octo heli.

Vay trang thai binh thudng caa Heh 1a Para Heli. B6 ]a trang tha 1s
(n = 1.1 = m = 0) dng vdi ning luong F,. Néu hai clectron cing ndm &
trang thal 1s thi, theo nguyén li Pauli, ching phai 6 spin trai chidu. O
trang thai binh thudng nang ludgng cia hé bang 2E) néu bo qua tuong tac
gitta hai electron, va bing 2E) + (K + 1) n&u k& dén tudng Lac gita hai
electron.

Ham séng dién 14 trang thai cia cac electron trong nguyén tu Heli

vi céc 1on tuong tu 14 ham phan déi xtng:

LP,—\ = F:\(ps hay lP,-\ = qu):n

§6. HIEU UNG STARK

Sut tach cac vach quang phod dudi tac dung eQa dién trudng ngoal goi

14 hiéu dng Stark, do Stark tim ra nidm 1913. Cho dén nay hién tugng nay

vaAn chua duge nghién ciiu nhidu do nhitng khé khin vé thuc nghiém trong

viée tao ra dién trudng manh. Thuc nghiém chi ra rang dudi tac dung cua

dign trudng ngoai 1én nguyén ti Hidro va cac nguyén ti khac thé hién rat

. S N . . - ~ - 2 o 5 V ~ -

khac nhau. N&u cudng dd dién trudng khong 16n 1am (& <10°—) thi do

cm

tach vach trong day Balmer cia nguyén ti Hidrd ti 18 bac nhit véi cuong

d6 dién trudng, goi 1a hiéu Gng Stark bac 1 (tuyén tinh), con d6i véi cac

nguyén ti khac thi ti 1& bac 2 vd1 cuong do dién trudng goi la hiéu tng

. . o o . o e . . ~ Y "

Stark bac 2 (phi tuy@n).Véi cuong dé dién trudng 1dn (G =10° —) xuét
cm

hién su tach vach bé sung ti 1& bac cao vdi cudng d6 dién trudng (véi
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nguyén tu Hidré thi ti 18 bac 2). Duéi tac dung cua dién trudng manh (&

> 10° %) cac vach pho tach ra r6i md rong dén va cudi ciing bién mat.

Li thuyét cd dién khéng thé giai thich duge hiéu Gng Stark, song
hi¢u tng Stark hoan toan cé thé gidi thich dude thoa dang theo cd hoc
lugng ti1. O ddy ta chi gidi han xét hiu Gng Stark bac nhat d6i véi nguyén
ti Hidro va céce ion tuong ty. Li thuyét nhidu loan ding sé dude van dung
dé giai thich hién tuong nay. Xuit phat tir phuong trinh Schrodinger:

(H+ U, =F W, (10.30)

. 2 rp 2
Trong d6: H' = —;?—A _Ze ;

U’ 1a ton ti tuong tac nhidu loan
2m T

Chu y rang diéu kién dé van dung duge i thuyét nhidu loan la: Da
gial duge phudng trinh H"¥Y, = E°¥  (phan nay difn ta chuyén dong cta
electron trong trudng lye coulomb ctia hat nhan) va U' << H". Gia st dién
trudng ngoal hudng doc theo truc z (& = &, ; &, = f":v_\, = (). Nhu vay thé&

nang cla electron trong dién trudng 1a U’ = — ebz.
au’ >
Suyra F=F =-""=-2&6 (F =F, =0)
i 0z :
Coi U'= — ebz 1a phu hogp. vi dién trudng bén trong tac dung lén
- ~ N T e - 9 V f‘.'z . .
electron do hat nhan gay ra vio ¢ & = —=%5.10"— (r,=-—— la ban
Yoor, cm me”

kinh quy dao Bohr thit nhAt).
Trong khi d6 digén trudng ngoai (do cac thi nghiém tao ra) chi ¢6 thé

dat t61 ¢d 10" — 10° V. Nhiém vy cia bai toan 14 tim gia tri nang lugng:

cm
—_ o !
En - E’n + En
N N o N TR L. . ) .
va ham song ¥, => a, ¥ (E! va W la tri riéng va ham riéng cla toin
k
S & gV
ta 7).

8- . i L. A at N Iy N
Dé xac dinh E | va cac hé s a,, can gidi phuong trinh:
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Z(U;k -E8)a, (10.14)

k
Cu thé, ta xét trang thai vdéi n = 2. Vi trang thai cd ban (n = 1) nang
lugng khéng bi suy bién (chi xét trudng hop nang lugng gian doan).
a. Truong hop khdng co nhiéu loan (U'= Q)
Trong phép tinh gan ddng bic O ning ludng clia electron trong

nguvén t Hidrovdin =2, z=1 la;

._I
L__[Foe o (g,=—135 W)

E(]:_ - —
- 27 4

EL’]

Cac ham song tuong ang véi F,g la {trong hé toa dé cadu ham séng

l‘l')nlm(l',o.(p) = Rnl(r)Ylm(eacp) ):

n 1 I b
7|0 0 kIJ'in = lpig_:m = Ry (MY, (6.9))
2. 19 ‘}’3 = lpgw = RZl(r)YlU(e’(\D)
| 1 o 0 (10.31)
Wi =¥, = Ry (Y, (8,9)
-1 LP;' = LP;!—I =R, (r)Y,,{8,9)
_k
Trong d6 Ry -——e*(1-2))  ®at p=-1)
,,‘21‘3 2 Iy
' (10.32)
_P
Rm = . =€ Z-B
6r; 2

1 \
Yﬂ[) = m

(3 (10.33)
Y — Icose RS T

1 V4ﬂ >

'3

I = o af [
Y,., = \ 8 sinBe )
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b. Trudng hop co nhiéu loan (U 2 0)
Dé tinh E! va cac hé s§ a,,, ta giai hé phuong trinh:

(U, - E:‘ da, +Upa, +Upga, +Uja, =0

11504

Ul?.lanl + (UIZZ - E:, )ang + Ul‘zﬂan;. + UI‘.’.I‘ ni O
. | | | > (10.34)
U:clanl + U:52an2 +(Uy; - ‘E.la Ja,, + U:uam =0

. . . . o1 3
U4laul + Utl‘.{an?. +U-I3an3 + (U-M - E‘n ja,, =0 J

n4

biéu kién dé cho hé phuong trinh nay ¢é nghiém khac 0 Ia;

U, —E, U, U, U,

Vs Us — B, U U,

Uy U, U, - E U, =0  (10.35)
Yoo Ve U, UL-E

Khai trién dinh thiic (10.35), ta dugc phudng trinh bac 4 dé& véi E; .
Giai ra tim duge E! . Trude hét ta 1an lugt tim cac véu t6 ma tran:

Uy = [0 dv = - [¥7e ol dv

nk

Jok=1,2, 3,4;dv=r’drsindddde

Dé tinh cic yéu t6 U, ta chuyén cac him riéng tit hé toa d§ cdu
sang hé toa do Descartes (Chd y: x = rsinBcosg ; y = rsinfdsing ; z = rcosd),
ta co:

X+ 1y

sinBe = sinB( cosg + 1 sine) =

X — iy

sinfe " = snbB( cosp —1 sing) =

T d6 (10.31) chuyén thanh:

J 1 »
LP‘L] = L{J{zun =—"R,, =)
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3 X+iy R, - X+ iy F(r)

W=, = - sinB.e"R,, = _
T g Va2 V2
; 1 3 3 X - X =1y
w=wd = 7 sing.e 'R, = YR, =2T R
CTO Ve Ra \' an 2 AR

Nhan xét rang trong 16 y&u t8 ma tran cta (10.35) chi e U, = U, 2 0
con lai tat cdc cée yéu t8 khac déu bang 0, vi khi thay cde ham trén vao cac
véu t6 ma tran U, ta thay tdt ca cae tich phan déu bing khéng, tri hai

tich phan:
U, =U,, = - eé [[(r)F(r)z’dv

Tro lai cic bién s6 cau r, 0. ¢

U V3
U,., = U\, = _— i —_—
T 4n19r"

- & J: d(PF{OC; HamGdBI e (- p)dr

jr cos’Be (1 - E)Edv =
2°2

81{1‘
et |2n cos®Opm o' p
=— - Y| —e™P(1-2)dr
8nr,) ¢ O( '[ : ( 2

ek I| -p p

= "r - )dr
12r) J;

L&y tich phén titng phan tich phan trén, thu duge két qui:

[[rter (1—2—)dv — 3617

L)

Tém lal U'u = Ulzﬂl = 38(‘11'1;
Thay két qua tinh duge ctia cic yéu t8 ma tran trén vio hé phuong

trinh (10.34). ta co:
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~El a, +3cer,a,, =0
3edrya,, — Ela,, =0
- Ea, =0 (10.36)

a1 — 7
K a., = 0

11}

Va dinh thde (10.25) ¢é dang:

EL Jelir, 0 4]

3edr, - B! 0 0
) A B (10.57)
0 0 0 -E!

(3ial (10.37) ta dude
ELo=3efr,
(EDP (L ~9e* &2t =0 = | [, =-3ebr,
R G | —
l t‘nR - En4 =0
Vay nhiéu loan da lam giam bac suy bién
E21 - E[:; - 30&‘31”[]
LY — < E,=Ej + 3etr,

E, = E, = LY

(6 thé minh hoa hién tugng trén bang hinh anh so d8 miic nang lugng.

(T
% E,, = K, +3edr,
2 o pah

{ Ez:x - Eil — A4y
AU e
E, = E,- 3cir,
h "
E‘l‘ ¥ ¥ L 4 El
W AY A%
Vi | 1t 2
Hink 37

K&t qua la. thay cho mét vach quang phd Gng véi su chuyén ddi
FEJ' — ET: v, (trén hinh v&, sy chuyén doi bhiéu dién bang cic mii tén), ta ¢
ba vach dng véi cac dich chuvén:
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Ey— E': v,
Loy Eyy — El iy
E, - E:v,
D6 1a hién tugng tach cac vach quang phé trong dién trudng. Chu NG

ring dé cho don gian, ta chi xét su tach cua vach thi nhat thude day
Lyman, con Stark nghién citu sy tach vach cia diy Balmer.

Tiép theo, ta xae dinh ham séng trong phép tinh gan ding bac 0 (ng
vl cac mic nang lugng trén. Cy thé ta phai xdc dinh cac hé s6 a bing
céch thay lAn luot cac gia tri B! vao hé phuong trinh (10.36).
1.Vé E Ll = 3ebr, , ta ¢6 hé phuong trinh:
—dedérga,, + dedrya,, = 0
3etrya,, — 3ebrga,, =0
— 3eérya,, = 0
— deéra,, =0
Giai ra, tim duge a,, = a,, va a,, = a,, = 0.

Vay. trong phép tinh gan ding bac 0, ham séng:
[ l ]
=W ma, U ta, P = an (¥ +¥) = N (¥ +¥)h)
'

- l - . ] N = - A =t - '
Hé s6 a,; = a,, = .- xdc dinh duge tir diéu kién chudn hoa cta
2y

ham LP]['.
2.Vai E| | = —Besr,. ta co:
oq & g _
Jebrya,, + 3ebrya,, =0
Iy o _
3eGroa,, + 3ebrya,, =
38@1‘0811:} =
[0y
dewvrya,, =0

Giaira, tim dugc a,, = —a,, vaa, = a,, = 0.

Vay, him séng tuong (ng bang:
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i il L Lk ]‘
W=, =,V —a Y, = —

214 n1 TR P
i
VZ

1 - - - A v N - k] .
{a,, = -8,, =-== xac dinh duge tit diéu kién chuan hod cia ham W),
\I -

¥, ¥

1l

={} La cH:

=0

3.Vé k! = I

n
0.4, + 3edra,,

Jedrya,, + 0.a,,=0
O,y =0

oa, =0

ol

T hé phuong trinh trén, ta thiy: a,, = a,, = 0 edn a,, va a,, la bat ki.

nl

Do do ham séng tuong ang cd dang.
] 11 {1 il
Yy =Wy =a W +a, W,

f— . s . . - R . . L s
Fom lai, dién trudng ngodi di lam cho mic nang luong B! gldm suy

bién 1 bac 4 xudng bac 2.

§7. NHIEU LOAN KHONG DUNG

(3 didy La gid han xét nhiéu loan phu thudce vao thol gian — mot trong
nhitng dae Lrung quan trong cia bai Loan nhiéu loan.

Nhiéu loan phu thude vao thai glan e6 nghia 14 toan tif nhiéu loan 1a
hium s0 cta thaol gian U - U, Gia thiét rang cie trang thai dimg etia hé
khi khéng ¢6 nhidu loan da biét, tic la da hiét ham séng:

1l

WO W (g T
thoa miin phuong trinh khéng nméu loan:

E AR - .
i D e (10.33)
it
Ta gidi han xét trudgng hop hic dau khi trang thai cuoa hé khéng

nhiéu loan thude phd gian doan. Néu nhicu loan tiac dung 1én hé 1a nho va
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bidu dién bang toan td Uft) thi ham ‘P cla hé nhitu loan thoa man
phudng wrinh:
o
ifi— = (HU + U W (10.39)
&t
Phuong phap gan dang dé gidi phuong trinh nay di dude Dirac
nghién eftu va thuong goi 1a 1 thuyét nhiéu loan Dirac hav phudng phap
bién doi cac hang =6,
Trang tha) cua h¢ nhidu loan phu thude vao thai glan, con nang
lugng cua hé 1a tich phan chuyén déng (ning lugng dudge bao toan).
Bay gig bat todn cua chung ta khéng phai 1a tim cac Lrang thai ding
ma la tim cde han s6ng phu thude vao thii gian, Do dé phudng phap i
thuvét nhiéu loan cAn phii thay déi. Nghiém cta phuong trinh (10.39)
trong phudng phap bién ddi céc hing =8 duge bicu dién dusi dung khai

(r1én theo cace hiam riéng cia bai todn k héng nhidu loun:

Wik )= e (W (kL) (10.10)

Chimg nao ma cac ham séng W x. 1) tao thinh mdl heé day du thi
luom Tuom e6 the thue hién dude phép khat trién nhu the, Cae hé 86 khai

e e (b eht Ia ham caa thai gian, khong phu thude vao toa da.

Thiy (10,400 vae (10.39). ta duge:

R T .
f;Zl 'L{f" L)+, — (“)\ Y el + U (x, 0 (10.41)

[518 T

Nhuan (10,411 vii l;IiZ_{.‘{‘ D bén LAl rél By tich phan troug toan

khong gian, khi dC y dén (10.038) va tinh trye chudn cae ham rieng cun hé

khong nhicu loan. ta eé:

d(‘ U .
P (10.42)
Gy U7 - [ P OUN (adx T vEe Lo ma trin ena todn L0 nhidu loan va
]
' m ) [} [H] l )
k I s 3
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Hé phudng trinh (10.42) 1a chinh xic. Né tudng ducng vdi phuong

trinh xudl phat (10.39) chiing nao ma tap hgp cac hé s ¢, cho phép hoan
toan xac dinh ham séng ¥, Tuy nhién viée giar hé phudng trinh vo han
(10.42) khéng don gian hon viée giai phuong trinh xuit phat (10.39). Do d6
dé don gian hoa hé phuong trinh(10.42). ta gid st nhiéu loan Lac dung 1én
hé 14 nhd. Gid s lac dAu khi t < 0. hé nam & mot trang thai ndo dé vai
ham song la l}’|'1', Khi t < 0 trong khai trién (10.40). tit ca cac hé s6 déu
bang 0. trir hé s§ v6i chl 86 n. '

o) = 6y, {10.4:3)
BAL dau tit thot diem t = 0 bé chiu tac dong cua nhiéu loan nhd. Gia

L - n e - By - 1 * - Iy
AU vang do nhiéu loan véu nén ham séng W ' cua trung tha ban dau thay
do1 et it theo thal glan. Do dé ede hé =0 o (0 Ltad thol diém t > 0 sé ¢d dang:

c () =chy+el (y+el )+ (10.44)

g dav AL - (0)=6,,
K& higu chinh ¢} (1) €6 ¢ rét nho: ¢ (1) $0 hiéu chinh bac hai. ...

Tliav (10.44) vao (10.42). tim duge:

de) . _—
il —Il = Z U, emniel =u et (10.45)
dt N ' )

3 dav ta da bo qua cae s6 hidu chinh bac 2 va bAe cao hon.

[.av tich phan (10.43). thu dudge:

[ -
L= = U e (10.16)
11

Bing cach tuong wi ta ¢6 thé tim dude eae s8 hi¢u chinh bie 2 v bae
eno hon viao hiéu chinh bace 0. Thi du. do1 véi hiéu chinh bae 2 nguot wa thu
duce bidu thae:
oL [' U e e (Dt (1047
Cop = 0 Z i St € Yy at. )

h S

Néu nhiéu loan dia nho thi trong khai t11én ¢6 thé gidi han 18y cic

thanh phan hiéu chinh bac thip. Do dé. ham song tai thoi diem baL kit > U,

v& nguven tie, eo the tim dude véi dé chinh xdce mong muén.
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§8. SU CHUYEN DICH cUA HE BEN TRANG THAI MG DUGH
ANH HUONG CUA NHIEU LOAN

Néu tai thoi diém t < 0 hé ¢ trang thai c6 nang lugng xac dinh va
duge biéu dién bai ham séng WY, khi t > 0 duéi tac dung elia ton ti nhidu
loan U'(t) hé & § trang thai méi duge bidu dién bing ham séng (10.40).
Diéu nay c6 nghia 1a khi t > 0 ¢6 thé tim thiy hé  mét trang thai bat ki
trong s6 cac trang thai kha di cia né. Xac suit tim thdy hé 6 mot trang
théi lugng td m nao dé duge xdc dinh theo quy tée chung cta co hoc lugng
td bdi dai lugng ‘Cmi::' Vi & thai diém ban dAu t = 0 hé nim & trane thai
ding n. do dé .(;mi2 12 xac suit dich chuyén ctia hé tit trang thai n dén
trang thal m sau thai glan t, W, (1) = ‘Cm ({}!2 = cmn(t)‘:.

O @4y chi s8 thtt hai ki hi¢u trang thai ban dau cta hé.

Vay nhiéu loan 14 nguvén nhan gav nén sy dich chuyén cta hé ti
trang thal lugng td nay dén trang thai lugng ti khac. Nét dic tha cua
qua lrinh nay khong cé sy tudng ty trong vat i ¢é dién, theo vat i ¢d
dién thi nhidu loan da gAy nén su dich chuyén ctia hé tir trang thas dirng
vl nang lugng xac dinh dén trang thai mdi. trong do nang lugng khong
¢O @& tri xde dinh. Thudng ¢ cach hiéu cho ring dudi tac dung ciia nhidu
loan hé dich chuyén nhay vot dén mot trong céc trang thai néng lucdng
kha di. Song hidu nhu thé 1a sai 1dm va mau thuin véi cac ¢d 33 vat 1
cua co hoe lugng ti. Trong thuc t& trang thai cudi dude bidu dién béi ham
song ¥ chinb la trang thai xdc dinh.

Su dich chuyén t trang thai ban diu dén Lrang Lthai eudi khong thue
hién nhay vot ma dién ra theo thi gian. That vav. nhu s¢ thiy dudi day,
xac sudl dich chuyén duge xac dinh bl die trung cia nhidu loan va phu
thudc vao thol gian.

1. Xét hé L théi diem ban ddu t = 0 hiun trang than la \Mix, O) = Y (x)
vii nang lugng F = . Do tae dung caa bén ngoai hode do béi nguvén nhan
bén lrong trang thai cta hé sé ién doi theo thai gian. O thai didm t ham
song cua hé la Wi t). Do ¢6 bién doi nén nang hugng cla hé khong con
duge xae dinh nita. Tién hanh do ning lugng ta sé thu duge cac 214 Lri
ke nhau By (k ¢6 nhiéu gia tri) v6i xac suit tuong dng W (t). Ham song
c6 thé bidu difn duéi dang:
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WX ) =D ¢ {UW, (N) (10.48)
k

Trong d6 " (x) 12 ham riéng cun toan 4 H. Binh phuong modun c¢ic
hé¢ 6 khai trién e, (1) cho W, (t) 1A xéc suit dé do dude ga tri nang lugng E,,
d6 ciing 14 xdce suil dé hé dich chuyén tir trang thai cé néang lugng E, dén
trang thal ¢é nang lugng B, trong khodng thoi gian tir 0 dén (.

Bay gid cha y dén trang thai cudl W, (x). Xac sudt dich chuyén
trang thai ¥ (x) dén trang thai I, (x) trong khoang thai gian L 13 W_(t) va

11

d& chi rd Lrang thal ban dau ngudt ta ki higu;

\'an (I) = |Cm (t)

‘ -

Trong phép tinh gan ding bac 1. ta ¢o;

; 1., -
f‘:“{L)—'-_— l;mni‘l. "'Idl
i

2. Xét mot so trudng hgp dic biét

2.1. Trudng hop nhidu logn khéng phu thude vao thoi gian. Trong
trudng hop nay:

¢ 31 ( L ) - l ,[L'I :nn le.m. t d t ( 10. 49)
' 1h

Xae sudt dich chuyén ti trang thai n dén trang thai m trong klhoang
thoi gian t trong phép Linh gan dung bac 1 la:

1

; sin T
\Vlnn {t) = icl[ﬂ (l)_ = 4|UI|11||!_ '"_-_—2"' a (](]50)

R

inn
Xae suat dich chuvén tir brang thal n dén Lt cd cac trang thal khac la:

oy L
sin® b

- f_anhr ¢ : -
Wity =Y W, ()= |e (0] =4U, ] Z—ﬁ---,_;_’l_ (10.51)
k L s LGN
Néu cde trang thai cudi ¢ pho Hén tuc (E ¢6 gia tri lién tuc) thi thay
déu tdng bang d&u tich phan:
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Lyt
gin” &

172 p(E, Mido, |

ey

Trong dé p(F,) 14 mat do trang thai k. Khi tinh tich phan ta co1 p{ls)
khoéng o1 va si dung cong thiic:

4 -2
sin~ wx
j ———dx =
X
RS 1 SN R R
ta duge: W(U:—}E—|Ukn|z pUls, ) {10.52)
i

2.2, Trudng hop nhi&u loan tuan hoan (don sac):
Uy = U e™ (10.53)

Xac sudt dich chuyén ¢é dang:

sin’ (i, —0it

2 (10.54)
g, —m)

3

\an(” = !C:\- ({)I_ = 4!1“\“

Ta thiy khi o = o, thi xac sudt ¢d gia tri cye dar. Khi nang lugng fivy
ciia bie xa kich thich bang hiéu gitia hai mie ning lugng B, — E thi xac
audt dich chuvén tir trang thai n 1én trang tha k 13 cye dai. do 14 tinh chilt
eOng huong cua su bae xa.

Trudng hgp L — =, dua vio edng thie:

sin® Ax

[im “=-——=8(x)
R TAXS
. 5 ST T _ g =
Lo o W, (1) = }__ [’kn‘ (o, — o) (10.55)
! : )

Né&u tinh trong mét don vi thoi gian. ta cd:

dw “(L) o1 P
# - _;[!Uknl ol — )

Nhu vay khi xét trong khodng thai gian dai su dich chuyén chi xay
ra néu 481 56 cun ham Delta Divac bing khong, tde 1A hé thae B, - T = e
dude thod man (nang ludng bic xa kich thich ding bang hiéu gitta hai mie
nang lugng).
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Chuong N
Li THUYET TAN XA

§1. DAT VAN DE BAI TOAN TAN XA

1. Li thuyét tan xa 1a mdl trong nhilng bai todn rit quan trong cia
o hoc lugng t. G day ching ta khong di sau xem xét day du, cu thé toan
bo 1 thuyét ma chi gidi han xem xét H thuydt md ddu va trinh bay mot =8
phudng phap don gian.

Nghién citu cae dinh luat tan xa 14 mdt trong nhiing nguén théng tin
cd ban vé edu trie nguyén tid, hat nhan va cac hat cd han.

{yia sU ¢6 hat A (hat tan xa. vi du nguvén ti) va hat B (hat 161, ¢6 thé
13 mgt hat trong dong hat té) téi theo phudng z tudng tac véi hat A, Khi
tuong tace trang thai eia ching s& thay déi. Thit nhét, hat B sé thay déi
phudng chuvén déng, tha hai. né ¢o thé truyén niang luong € cho hat A.
Nau tuong tae néu £ = 0, ta nél va cham dan héi (chi thay dé& phudng
chuvén déng): néu ¢ = 0 ta ndi va cham khong dan hdi, § diy ta chi gidi
han xét va cham dan héi va khéng ké dén spin cia hat.

Théng thudng qua trinh tan xa dién ra nhu sau; hat A ¢6 khéi lugng
m, diing yén (¢6 thé 1a mét hat trong vat rin ding vén gol 1a bia), hat B o
khot lugng m, (o thé 1a mot hat trong dong hat t61) chuyén déng vé phia A
v van 16c v (hoae yung lugng P) hudng theo true Oz, Hat A goi 14 hat
gy ra tdn xa. hat B gor 1 hat tin xa. Sau qua trinh tan xa xung hugng
cua hat B bién thanh P, = m v . ¢on hat A thi bi giat lui. Nhu vay 14
hudng chuvén dong ciua hat B thay dé. Gol ghe f’l hgp vé truce Oz 14 6, va
uie phuong vi caa }5] la ¢,. Cac dai lugng nay do trong hé quy chidu ding
vén (hé quy chiéu phong thi nghiém).

Néu dung h¢ quy chidu gan vél khoi 1am ena hé hai hat (hé quy
chic¢u khét tAm) thi khél tim ding yén, hat B ¢6 van tée v'.
m, v m,v

V = Vv — =
m; +m, m; +m,
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Con hat A ¢6 van tée Y

m, + ni,

hudng theo chiéu nguge lai. Goe © xace
dinh hudng cia xung lugng hat B sau tan xa, khi do géc 6 trong hé khé
tam thl ¢ ma tri khac voi 8, do trong hé¢ phong thi nghiém:

(wh, _ mpsin® @0 (11.1)
m, +m, cost)

/ v
. omy m,

V =
m, +m,
v : . - 9, ) A Ao
— — . R :“IL phﬁ:}g
G114 m hi nehié
o1 khot tam 2 thi nghtém
1115 \
Vs
m,v .
- - -=V
m, +m,
. m, /
m,v m, v
m, +m, 20,0 L m, +m,
A : = hé
* » i e
m, m, khai tam

Hinh 38
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2. Tiét dién hiéu dung cila tan xa

Xét mdt chum hat ¢6 mat d6 dong (s8 hat té6 mdl don vi dién tich
trong mét don vi thdi gian) 1a N. Gia thiét rdng gida cac hat tdi khéng co
g1ao thoa va cic hat 6 bia 6 xa nhau dén mtic ¢6 thé xét riéng qua trinh va
cham cla dong hat tdi véi ting hat xac dinh cta bia. Goi dQ, 14 goc khai
nhé theo hudng xdc dinh hdi 6, véi phuong ban ddu ctia chim hat va bdi
gbc .. 56 hat tén xa trong goe khoi dQ, trong don vi thai gian s8 ti 18 véi
mat d¢ dong N va ¢d thé viét dudi dang:

dN = Noy(90,. @,)d0, = No(@, ¢)dQ) {11.2)

O day chi sd 0 chi céc dai lugng do trong hé phong thi nghiém,
G0y, ¢y) — tiét dién hi¢u dung vi phan cia tan xa, don vi thudng dung 1a
barn = 10 *'em?. Dai lugng 6,(8,.¢,)dQ, biéu thi dién tich tist dién ngang
cia chim hat ban dAu chita & hat bing s6 hat tan xa trong goc khoi dQ,.
LAy tich phan theo toan bd matl cAu ban kinh bing don vi ta duge tict dién
hidu dung toan phan ¥, cia tan xa:

2= jUn](en‘LP(})dQu {11.3)
Tiét dién hiéu dung trong hé khéi tAm va trong hé phong thi nghiém
lién hé v&i nhau qua hé thie:

A

(1+2ycos0+ /e

G[\(U‘].Lp”):—‘] +ycos[}i a8, ¢) (11.4)
o m,
VOl Y=—
l'fl._,_

Hé thie (11.4) ¢6 thé chitng minh dude xuélt phat L dang thitc
(B Pprsin0,d0,deo, = o(6. @)sinddddy
biéu thi sy bing nhau vé £6 hat tan xa trong gac khéy dQ, va dQ tuong dng.

Theo Ii thuyét ¢ dién thi su va cham coi nhu mdt qua trinh phu
thude tudng minh vao thai gian. Trong e hoe ludng i ngudi ta zem xét
bai toan ding tuong duong. gidng nhu khi nghién ¢ttu su chuyén déng caa
hat qua hang rio thé nang. Ham séng W(T) cla su tan xa la nghiém cia
phudng trinh Schrodinger. Trong hé khéi tAim phudng trinh nay ¢é dang:
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Vz‘i’-’-i—?(E—U)‘P:O (11.5)

4 day p 1a khéi lugng rat gon cua hé.

m, n,

l=—-

m, + m,

1J 1a thé nang tuong tac gitia hai hat va niang lugng B 6 ga tri la
E=E,6 =—>0 (11.6)

P la xung luogng cua hat ed khoi hugng 1 va van (6e V. van toc ban
dau hudng Lheo Lrue 2 nén P eiing hudng theo truc «.

ds

o

Séng 161

Séng tdn xa
Hinh 39

(5 khoang cach 16n ham séng mé ta trang thai cha hat chuyén dong
tu do. Cac hat tdi ma ta bdi séng phang:

P :be;ﬁ =be;‘m (11.7
) ,

Mat d6 déng cta séng nay tinh theo biéu thie:

i Mg gy o
1 },l. H 1 | .

Hat bi tan xa dude md ta bdi séng cau di xa tAm va c6 dang tiém can
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W= bAD.g) Lot (11.9)
r

Vay nghiém cta (11.5) ¢d dang:

fo
1+

L{JJI('IJ) - b{c“‘

,- +A(8‘{p}le"'v (11.10)
r

Va mat dé dong tan xa J . thanh phan xuyén tam cua J 1

AR AL L

2 ar ér !

_l]..'-

(11.1H)

T dé ¢6 thé suy ra s6 hat tan xa trong goe khéi A€ trong mot don vi
thai glan L
\e"‘b‘_iA(O.(p‘_I': oz T ‘
TPLEEETLT 40 - vbf | AL ) O (11.12)
. !

So sanh v (11.2) 1a e

a(6.0) = | AW©,0)* (11.13)
Hé 36 b ¢6 Lthé xde dinh tuy y. C6 thé chon b sao cho mat dé dong hat
1a1 bang don vi, khi dé b= N cang ¢d khi chon b =1,
'\‘Y

§2. TINH BIEN DO TAN XA BAN HOI BANG PHUONG PHAP
GAN BUNG BORN

Ta gidi han nghién effu tan xa dan héi va khong xét dén cidu tao bén
trong cua hat tan xa A. Tac dung clia hat A d61 vé bat I3 trong trudng hap
nay ¢6 thé col nhu tae dung cta tdm lue. Néu tam A c¢6 déi xtiing ciu Lthi
(rudng tao bdi hat A ¢6 thé coi nhu trudng xuyvén tam. Trong trudng dé ki
hitu theé nang cua hat Bla U(r) (r 1a khoang cach tir tim A dén hat B). Goi
nang lugng ena hat I3 1a K. Cho Ufr = o) = 0 thi K> 0, vi ta chi chu y dén

iruong hgp khi B véi nang luong F, ehuvén dong i = tdi A. Theo li thuyvél
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vé chuvén déng trong trudng xuvén tim thi cac trang thail nhu thé cta B
c¢hi ¢6 thé 6 khi B > 0.
Ki hiéu ham sing caa B 1a W(x. v. z), ta ¢6 thé viét phuong trinh
Sehrodinger dudn dang:
2m
AY 4 T E-hYP =0 (11.11)
fi”

(0 ddy m = my). Coi U(r) glam da nhanh theo r. Pua vao cac ki hidu:

poo2mbE P (11.15)
s i’

') 1]

-;'31 UGr) = V(r) (11.16)

.

Bay g6 (11.141) chuyén thanh:
A + KW = V(Y (11.17)
Ta chi chon nhitng nghiém thich hop véi y nghia vat If cua bai Loan.
e la v khoang cich v 16n thi cac nghiém ctia ¥ 1a tap hop clia cac s0ng
phing cun dong hat tdi va séng tan xa cua cac hat tan xa. Do dé 6 thé viét
Yo dud dang:
SR S ) (11.18)
Kihi¢w: 'V, = %" ¥, . =Q.
Dong hat L61 theo true z, nén:
1};!:2\_1;1 — IJ'Leikz_ (11.19)
N IR
(1. = 1dv theé tich)
Chuin hoa W' nghia 13 mat dd cae hat téi ‘4‘”!2 =1 (1 hat/ldy thé
tich). Khi dé mat d§ dong sé bang:

N= —I\j

) TLI R Vi"l"n|_ —y (1T.20)
m !

(v 12 van tde eda hat).
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Ham ¥, biéu dién trang thai cia céac hat tan xa, khi r ldn ¢ dang.

Y (r.0.0) = Q(r.8.0) = .J'\(U.‘p;—g-;: (11.21)

O day A(0. v) la bién dd song tan xa. 8 1a géc tan xa (géc gitia r va 0z).

Tinh doug hat tan xa khi v lén:

i I h ' El ‘-1 ‘: . i} ' 2
)= i ..|Q__C_Q__Q Qi _ ki A0 Iﬁ.: \..-_Iﬂ.|,\((_)_@)i- (11.22)
2m ll or ar | m bt r-

Tz dé dong hat di qua dién tich dS 28 1a:

dN =1 dS = vJA(8,9)| dO (11.23)
(dQ = dS)
-
dN

Suvra off.¢) - ‘A(G. (p)!! (11.24)

NdQ

Nhu vay dé tinh 1160 dién higu dung can phai hél bién dé song tan
xa AL, @), P& tim s6ng tan xa Q. ta col ivm V{r) 6 (11.16) la nhiéu loan va
ap dung phuong phap nhiéu loan dé gial phuong trinh (11.17). Thav 11.18)
vao (11.17) va bo qua 88 hang V.Q (s6 hiéu chinh bac 2), ta duge:

AQ + k*Q = Vy° (11.25)

Bay gid la cin tim nghiém cua (11.25) ¢6 dang tiém eian (11.21).
Xét ham:

DF ) =D, (Fle " (11.26)

O day © 1 ban kinh veetg cua di€m (x. v, ). t 1a thoi gian, o la tan
s6. (ol @ nhu thé vé hudng do cae dién Lich phén b déu trong khéng gian

gav ra vol mit, do:
p(f. 1) = py(Fle ™ (11.27)
Theo dién dong hue hoe. ta bigt thé nang thoa man phudgng Lrinh

d'Alambert;
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A S o g (11.28)

e 13 van tde lan truvén song dién tir,

Nghiém cua phuong trinh (11.28). nhu da biél, néu coi séng do cac
digén tich blte xg p(t'. t)dy' nam & didm ', thi thé tinh dién tai diém 7 ¢
thai diém t bing:

— {(11.29)
[

O dav !l"‘—- l‘l la khodang cach tit Giém ' (trong d6 o dién Lich pdv'y
tit diém 1 Thay @ theo (11.26) va p theo (11.27) vao (11.25). ta duge:

oy,
rter
v

O, (r) = [p‘--’ ( I‘ )"—‘-d\ (1130
i} r—r

Thav @ va p vao phudng trinh D'Alambert va glan ude voi e . ta
dudge:

kl

Ad,, + mj M, = —4np, {(11.31)

e
So sanh (11.31) vol (11.25) ta thiy chung tring nhau. néu dat :

(l)“ ;Q: %:kl [.)U =— '{1}]:[ V\_[J” (1 1 32)

T do dua vao (11.30). ta ral ra:

\/.( I:' )LP”(I-;I)CIKU‘-" ]
- s ....._.._..__—c

O(F) = _1]_ | I (11.33)

1 [F-F

chinh 1a nghigm cua (11.25), Ta thay khi dé QU(f) chi 1a séng tan xa. vi
(11.29) I3 nghiém Jdd vii séng biie xa.
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Nix, v, 7}

Hinh 40

Bay g16 ta tim dang caa Q(f) khi g xa tam A. Ki hiéu veets don vi
trén true Oz 14 4, vi vecld ddn vi trén phuong ¥ (phuohe tan xa} 1a n.
Trude hét bién doi if'—fﬁ. T hinh vé La Lhay:

2t ok B i - - [ '
|1" - 1"‘ =v™ +rf =20 e - ERS
Khi r >=>¢", ta dudc:

¥ —r=r—nr +F(=) (11.34)
"

- - —~ I" N - N - I.r - > - L4 ¥
U diy I'(—) la cac thanh phan — va cac bac cao hon. Thay (11.34)
r r
viao (11.33) vA 3 mau 86 bo qua 1r' so vdi r. ta thu duge biéu thie Q kht

7 1dn.

1 elkr

(JP)Y= ——- . Z.-
J¥) ;

A r

je R R Yy (11.33)

Thay ¥"(¢") theo (11.19) vao div va cha ¥ 7' = r i, ta dudgc:

Q(r'):—Li

kim =it i ' oy =
you— je V(#")dv (11.35)

So sanh (11.35) va {(11.21). ta ¢o:

A0, ) = LS Ie”‘“" Yy (11.36)
_ 4n

bat K =k(1i, -1) > ‘K] = k|ri, —1i| = 2k sin % = 4}—”5111 g (11.37)

Y
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va chil vy dén (11.16), ta dudc:

)
A(O.p) = _ 1 2m e MU v {(11.38)
A h*

Tu thay bién d§ tan xa ti 1& v4i thanh phan Fourier trong khai trién

ik

thé nang theo séng phang e
Thay A(B. ©) vao (11.24). ta cé;
N

_(_%m N I .
o0, ) = & J Ue Utr )dv} (11.39)

("6ng thae nay la ghn dung (gan ding bac nhit theo nhifu loan).
Trong i thuyél tan xa phép tinh gin ddng nay thudng go1 1a phuong

vhap HRorn,

& Liunq do tan xa

Q(r)‘ 4 gan tAm tan xa 1a nhé so véi cudng dé song
£ “IJ“ (r) That vay i (11.39) khi r = 0. cot trudng Iuc la xuvén tdm. sau
khi lay Llch phén theo 8, ¢, ta duge:

Q; zlm

L]J”

sin kr
kr'

||\|" ' 1
r'dr

IU( )=

Khi k— = thi tich phan tién tdi 0. Do d6 khi nang lugng cia hat da
t6n (k 16n) thi phudag phap Born lubn ap dung duge.

§3. PHA CUA SONG TAN XA VA TIET DIEN HIEU DUNG RIENG PHAN

Phudng trinh AW + k*¥ = V(v)¥ (11.40)
¢0 dang gidng nhu phudng trinh ban kinh cia bai toan hat chuvén dong
trong trudng xuyén tAm, né chi khae phuong trinh ban kinh Ldi thua
50 i:.n Do dé nghi¢m cia (11.40) (Gng véi nang lugng E = ;i—k]r; momen

M? = 1+ 1) va M, = mh) ¢d thé viét:



WL 0,0 = R (r)Y, (0.¢) (11.41)
Trong d6 néu dat R,= & thi t (11.40), ta o6,
¥
d” s 11+1
—Q,'J{kZ X . )}Q] = V(1Q, (11.42)
dr- r

Nghiém tong quat cta (11.40) ¢ thé bidu dién dusi dang khai trién
theo eac ham riéng trde giao W, (v, 0. ).

e

W(r8,0)=Y > ¢ R(1)Y, (8,0) (11.43)

1—id e =1
Nghia 1a nghiém téng quat biéu dién duét dang chdng chit cie ham
trang thii duge die trung b cac s6 lugng ti 1, m.

Dt véi bal toan tan xa ta ¢dn tim nghiém thanh phan ¢é dang
11ém can:
ki

Woo=e™ L AM.) S (11.44)
X

tie 14 gom thanh phin séng phing ban dau va sing tan xa. Nghigm nav ¢d
sy ddi xing xung quanh trye z. Do dé né khéng phu thude vao goc ¢, vi nd
khoug phu thude vac ¢ nén néu nhu trong tong (11.43) ta bo di tit ca cae
<0 hang vl m = 0. va vi Y0, ¢) chi khac da thie Legendre bdi thia s6
P(cos8), nén nghiém cdn tim c6 thé bidu didn duéi dang:

W(r,8)= Z(?[}'{](r)lz’I {cos ) (11.45)
T=0i

Dud day ta xac dinh cae bién d6 ¢, Trude hét xét dang tiém cin cla

nghiém (11.45). Khir - oo thi Ri(r) ¢d dang 2 Asilkr + ).
N

3! . L - . 1
Bat oy = Ty +7v, va chon hé 0 chuan hod caa Ry(r) sao cho A ==,

La duge:
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sin(kr — ’_‘j +y
R]U.‘)] .. :_71{‘—'___ (].146)
.

Nhu viiy ham Wi, ¥) ¢d dang tiém can:

| Il\I l"l'l‘.' Ik] ”‘! 1" H
: ! 2 I N -
Wir 0) . =S e P lcos0)d S _E (11.47)
Z(' om0y o 2irk !
' j

BAy gic ta chon cdc bé 86 ¢ sao cho (11.47) tring vé (11.45). Muén

vay ta khan trién sOng Dhi‘ing e = ™ theo da thie Legendre:
. cal
kA e 'y } n
ey 2+ e ---1 (kr)P(cos8 11.48)
,Z,{ VZkr -! : ) {

R . . N 1 - - . . L .
O dav 1 . 1a ham Bessel bac | +7. Y nghia cua viée khai trién nay
1. y

I su bidu dién cae song phang dudi dang chéng chit cae séng ciu dane,
LGe 12 khai trién cac hiom trang Lthal véi momen xung lugng khae nhau dé
val g0 tog dd (r = 0). M&i thanh phiin cla tdéng (11.48) chinh 1a nghiém
cua phudng trinh (11.40) vé V(r) = 0, the 14 d6i véi chuyén déng tu do vai

muomen xung luong cho trude. Khi r 1on La oo

—-

2 7Tl
lhl(l(l')l__“ = Vf—:rtkr sin{kr - E) {11.49)
e A -
Pat A =Y —LP(cosB) (11.50}
“= 21k

ta e the bidu dién ir,0), 0 dudt dang:

b . =l ]
a e 0 -1Lr1-|_ m
4 et e z Ae”
‘Wir,0). ZEPCOSO) 2l +1)e * - + = 11.51
0 = 2R e ™ s (1L5D)
L.

S0 sanh (1151 vdi (11.47), Lo el ra:
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1]
ce™ =21+ ])e’Z w
J‘ = A, = {2+ D{e™ - 1) (11.52)

ce ® =@l 1)+ A,

Do dé én d6 tan xa:
A(D) = EZ(zl + 1)e™ — 1P, (cos 8} (11.53}
FAL

Vi 0ét dién hiéu dung vi phan:

]

3 1 | i 3
c(0) = ‘A(U)‘ e 2(21 +1)(e”" ~1)P,(cosH ) (11.54)

1-0

Tiét dién hiéu dung Lan xa dan héoy;

4n < .y .
S 0) = jo(e)dgz-k-?_fz(zl +Dsin®y, (11.55)
.61
Ta thiy ti€t dign vi phan clng nhu tiét dién toan phan phu thuée
vao pha cua song tan xa y, . Dai lugng:
4mn

O = 2
Ay

(21 + 1)sin”y, (11.56)

I tidt dién hidu dung déi véi cac hat ¢ binh phudng momen xung ludng
M = 7101 + 1) dd1 véi tam lye, goi 1a LiéL dién hiéu dung riéng phan va y
|

o1 ja pha eaa song tan xa riéng phan.

§4. TAN XA BAN HOI BOI NGUYEN TU BOI VOI CAC HAT MANG DIEN
CHUYEN BONG NHANH

1. Ta s ap dung cong thic tiét dién hidu dung 461 vél mot 6 trudng
hop tan xa dan hdi boi nguvén td cua cac hat mang dién chuvén déng
nhanh. Trude diy ta gia st trude va sau va cham nguyén tit ding vén. Néu
van Lo cua dong hat téi rat 16n so vé1 van Lde nhiét ciia nguyén td thi ¢6

thé bd qua van tée cua nguyén ti trude lde va cham. Sau va cham chi ¢6
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thé bo qua van tdc ctia nguyén tit néu khéi lugng m cta hat téi rit nhod so
v61 khéi lugng cta nguyén td M. Néu céac didu kién trén dude thod man thi
ta c6 thé tinh tiét dién hiéu dung trong tan xa dan hdi.

Gia su hat t6i ¢6 khéi lugng m, dién tich e,. Ki hidu —ep(¥") 1a mat 46
dién tich do cac 1dp dién tl clia nguyén tif gdy nén tai diém ", gid st p 6
déi xting cau, thé tinh dién tai diém F sé 1a:

—CJMV” (11.57)
|lr " f‘

Thé ning cua hat bang:

Ulr) = o,0(r) = 29 e jf’(‘"") (11.58)
r [

Thay (11.58) (trong 46 thay r = r’) vao (11.38), ta dudc:

2m Zee, e’ 2mee p(r")dv"
A(0) = - dv' + 2 [y 11.59
=% 4ft'[r'v hz4n'{ I*"'\ (1159
Sau khi tinh toan kha phiec tap, nguol ta thu duge:
A(0) = __efl__{z F(0)) l,é (11.60)
2my’ sin’
sin K¥
Trong d6: F(6) =4n J:r——-p(r)r dr goila hé sd nguvén ti.
4 day: K:2ksing;2—m\isin9
2 h 2
Tu dé ta ¢o .
2 e’e? 1
o(B) =|A(B)] = — {Z F(O)}’ 5 (11.61)
sin’ 5

Dé tinh F(8), gi4 sit p gidm nhanh theo lu§ thita khi khoang cach tdi
hat nhan tang lén.

p =p,e* , ala ban kinh nguyén ti.
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Nor chung nguyeén L trung hoa vé dién, nén:

{ pdv =7

7
Tuadé p, = e
8rma’

Sau khi 18y tich phan. ta duge:

Z 7z
F G = . a5 =
© (1+K%a%)*

(1+4k*a®sin® 3)2

Cudi eting ta duge:

NRE

e“d;Z 1. 1 = 10 (11.62)
(1+4k*a*sin® )* |sin’

2 9

o(0)=—7—
4m-v

P61 v6i cac hat chuyén déng nhanh ka >> 1. nén ti (11.62) d&i vdi cac
g6e khong qua nho thi ¢6 thé b qua thanh phan thi hai trong ddu méc
cua (11.62), nhu vay:

2 2rge !
o(6) = ﬂ(sm" 9) (11.63)

4m*v?! 2

Cong thic nay tring véi cdng thide Rutherford.

2. Mt s thi du

a. Tan xa ctia cac hat «
Tabifte, = e, = 2e : m, = 4m, = 6.6.107ke.
(ia st déi vai cac nguyén ti nang M >> m,. Van tdc clia hat o trong
phong xa 1y nhién vao cd 10%m/s, tir dé suv ra k = 10"+ 10%em™!, a = 10-%cm
0

nénka ~10% sin o ~ 107+ 107
irp -1
Vay o_(0) = ef—.r{sin' g] (11.64)
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b. Tan xa cta cac hat electron

D& voi cac hat electron m, = 9,1.107%kg. ¢ = —1,6.107C nén chi ap
dung duge phuong phap Born dé1 véi cac electron 6 hang ludng vao ef vai
tram electronvon.

Khi E. = 500eV thi v, = 1.3.10%m/s; k = 1.3.10°¢m™ nén ka = 1. Do
vay khéng thé bd qua thita sd F(). nghia la:

AZ-FO) —— (11.65)
sin’ 9

o, (6)=

4111 v

F(0) 12 ham s8 cia K (F = F(K)).

Ngudi ta ¢ thé xac dinh K tit thue nghiém va tinh toan bang li
thuyét. K&t qua cho thay s& lidu thuc nghiém phi hdp véi 1 thuyét.

§5. TAN XA CONG HUGNG

Xét biéu thac 1t dién hiéu dung riéng phan (11.56);

Gl_

Ta théy o, khéng thé vudt qua gia tri cue dai.

o <o, = %1—‘(21 +1) (11.66)

(14 tri nay dng véi v, = -g .

Trong mél s§ trudng hgp ¢d mét séng riéng phan nao dé cd déng gdp
quan trong trong tiét dién tan xa. Véi gia tri pha v, = g . khi nang lugng cua
song B = [, dé1 vé song riéng phian dang xét, La ndi ¢d su tan xa cdng hudne.

- - . N v - . n
Ta xét sy phu thude cua v, vao nang lugng . Khi y, = 5 thisiny=1
do do ctgy, = 0. Phan tich ctgy, thanh chudi ¢ 1an can diém E=F,.
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u

o . 1
Khido =in” Y = e = X
1+etg™y,

2

A - B Y (k2

2
Thav biéu thic nay vao (11.56), ta dudge;
T2 )y
o - Xl }__[_,;__
(L-E ) (2 )
, 7
Trong d6 37 =—- . '
Ong | e A

(11.65) 1a e¢dng Lthiae Breit —
Wigner). nd bicu thi su phu thude cua
Y, vao g@a tri cdng hudng cua ning G
lgng.

7 ¢o nghia 14 Néu ning lugng I

(11.67)

(11.68)

B

khie @a el cong hudng mot luong
A K. thi tiét dign hidéu dung o )
Y ) ) ) Hinh 41

1A Ly
w21+ Fy"  2n2l+ 1) 1
L

72 k:‘. 2

(11.69

bang mot nda gia tri cue dal. Do dé ngudi ta gol y 14 bé véng cdng huang.
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PHU LUC

§1. SO PHUC

1. Binh nghia

Dai luong a + ib goi 1a s6 phe, ¢ ddy a va b 1a cdc s8 thue, 1= V-1 1a
dom vi 4o, a 1a phén thue, ib 14 phdn ao cua s& phiie.

84 phuc thudng duge bidu dién

bang d6 thi. Truc hoanh bidu dién
phan thuc -- tryc thye, truc tung
e -z P 5
hiéu dién phén ac — Ltruc ao,
Goi do 16n cua s6 phic 1a r. @ b
ta goe gitia true hoanh va vecld 1, ¥
ta ¢6 thé bidu dién s6 phie dud f
dang ¢dng thie hagng mac »
a Thuyc
ricosgp + ising)
Dung cong thie Kuler:
cosg + 1sino = et
ta o rleosg + ising) = re"
N - i ) Iy
T hinh vé ta thay: r=ya’+b o tgo=—
A

2. Cac phép tinh co ban vé sd phurc
a) Coéng:  (@a+i+c+idy=@+e) +rub+d)
Nghia 1a cong phan thue v8 nhau v cdng phan ao vdi nhau.
DY Nhdn:  (re" e y=rnpe’ 7
¢) Chua y:
e« a+ib=c+id nfua=cvab=d nghiala phan thue phai bing

nhau va phan ao cing phai bang nhau.
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e ut+ib=0 ntua=0vab=10
e 536 1ién hop phite;
7 lalién hop phic cla Z =a+ib. khiZ =a—ib nghiala a’ = a va

(ib)" = —ib, néi cach khac dé ¢6 7" ta phai déi dau cho 1.

§2. MOT SO KHAI NIEM VE Li THUYET TRUGNG

1. Dai lugng vé hudng va dai iugng vecto

Trong vat li cac dai lugng nhu nhiét 4§, Lthdi gian, nang lugne.... chi
bigu dién bing cde con s6 14 du. Nguge la1 cae dat lugng nhu van tée, gia

toe. lue. . phal bieu dién biing cae veetd (do 1dn, phuong chidu. diéin dau).

2. Truong vo hudng va trudng vecto

Truong dude biéu dién bing cic da lugng vo6 hudng 13 trudng vo
hudng nhu trugng nhiét dd, trudng thé ndang.... trudng duge bidu difn bang

cac dal lugng veerd 1a truong veets nhu truong lue, Lrudng van toe....

3. Cac dai luong déc trung cho trudng

Cho trudng veetd A ma cic thanh phéin etin A chi phy thude vioe Lan
dé (khong phu thude vio thot etan), do dé ed the vibl:
AN v, 2)
AT v 7
!
{A(x. v, 2)
- Beé dae trung cho dd phin Lan eua tradng vectd A npudi th dua viao
dat lugng:
oA A AN
ivA o= 4 s
X cy 74
Chu g rang A 1a dai lugng vects, nhung div A 1a dai lugng vo hudng.

div A cang 18n thl dé phan tan cang 16n vi nguce lai. khi:
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: A AL DA
diva -0 0T g
Ox o v

thi d6 phan tan cua Lruong bang 0.
Bé dae trung cho dd xodv cua trudng veets A . ngud! ta dung da

Tvicmy:
: A A . GA AL . AN gA
FOLA - (% - N l—-—Fh+(—-—")k

i Ox ax &y

r‘}\ (&4
(1. 3.k lacede vecto don vi trén ede true toa 46 x. v, 7)),

a1 khi dé dé nhé nguoi ta dung ki héu:

t ) k

. & e ¢
rotA = T A
ox v (7

A A, A,

Ry

- Trong trudng vd hudng. dé dde trung cho sy bién thidén cln moL dai
lugng. vi du U = Ulx.v.) ngudl ta dua vaoe dal lugng:

aU. 8U . &u

pradl=—1+—17+—k
X oy C,
—Toan tad Nabla V=—1+—)+-—k
ox av €z
- Toan tua Laplace:
1 i -
S 4 [ 8
V=V =+ oo
T €7
Trong hié toa do cauw:
L ¢ . ¢ ]
P - ety
I [ (9] ¥
- ; 1 o | o
Prong do A -m-- s8I0 - ) e e
oot el ¢ ams ) oy

- Chay:déy dén toan 10V ta thiy:
tnhan vo hudng)

divA =VA



gradlU = vU

rot A = [V x A ] {(nhan htu hudng)
viu, U,y =UvU,+U.VU,

divic A Y= udivA + A orada = aV A+ AV
diviA B) = BrotA — ArotB

rotgradi =0

divrot A = 0)

diveradl) = AU

$3. KHONG GIAN VECTO n CHIEU

1. Khong gian vectd 3 chiéu (V)

Trong hé toa d6 Descartes cho 3 vects don vi trén 3 true toa do 1a
¢,.6 ¢, . Mai didm M trong khong gian nay déu duge bieu dién biang mét
veetd © = a8 a6, +a,6,, khong glan nav ¢é cace tinh chit saw

— Céng:

dab eV

d-b=b (tinh chai gao hodn)

i+ (b+ )= 1 b)=¢ (tinh chit k&L hop)

- Nhan:

Ab 1 ¢y =db 1 e

na) = (A0a (tinh chal két hop)
AR 4 D) = 2+ D {(tinh chat phin bo)

(A+pya=ha+pd ; Avauldcic hé a0
3 3

Cie phép edng va phép nhin trén dav déu oo tinh chit déng, nghia {a
veeld cua ehing eling nam trong khéng gian nay. Néu khéng gian veclo ¢6

duge thém dinh nghia tich v6 hudng cta hai vectd 13 mot con s0, ndl riéng.
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va o6 dinh nghia tich vo hudng cua mot vects véi chinh né thi duge goi la
khong gian Buclide hay khong gian metrie. Khong gian 3 chiéu thong
thudng nav 13 216t khéng gian metric vai dinh nghia tich vo hudng:

Ab=ab +ab +ab,

2. Khéng gian vectd n chiéu

(o thé mdé réng khai mém khong gian 3 chiéu cho khing gian n
chicu. Néu ¢6 mot dai lugng duge dic tring bang n con 88 . dpa..... i, Lthi
dai luong d6 goi 1a “veetd” n chidu. Tap hgp tit ca cac vectd n chi¢u thanh
“khong gian” n chiéu. 'hép edng vecrd vt phép nhan veets v moL so thoa

man cac tinh chit saw

a. Phep cong

(‘hU X = ':X|-. ST -Xn:; V= :\‘1 ¥uo oo "vn;

thi xty =it oy xotvx v (3.1)
Phép edng nay phai ¢6 tinh ¢hil giao hoén v tinh chit két hgp.
b. Phép nhén voi mét s6

AX T AR, Ao AX,) {3.2)

Phép nhan nav phai ¢é tinh chal k&t hgp va tinh chdt phan ho. Ca
hai phép tinh trén phai ¢ tinh chét déng.
Mat khae trong khéng gian n chidu phat ton tad cae veetd zero (0).

veeld don vi (1), v veetd nguge (- x). thoa man cac hé thic:

w+0=x
1.x=xX
x+{(—x)=10

c. Chu thich

Tich vé& hudng ctia hail vecld ¢6 thé dinh nghia theo nbicu cach. Sau
day ¢ trinh bay 2 cich thudng gip:

+ Néu 2 vects x. v ¢ cac thanh phin tuong ing la x,, X,. X, V& v,. V..

vothi (X v) = (v x) = (X + 0y, xav).

216



+ Néu x, v 1 cide ham ctia bién s6 t H18n tae trong khoang (a. b) thi ta
c6 mot khong gian vo 8 chidu (vi t nhan vd s8 gia tri). Trong trudng hop

niy tich vé hudng dude dinh nghia nhu sau:
(x(t¥(D) = [ x Wyt 3

(6 thé tha lai rang dinh nghia nay hoan toan thoa man doi hdi eaa

tich vo hudng trong khong gian n chiéu.
(x. ¥} = (¥, x)
x+v)ze}=(x 2z + (. 2)
(A3, ¥) = A{X. y)
(. x)20 X x=0 < x=0
Mot khéng gian (hiu han hoae vo han chiéu) trong d6 hidu thiie (3.3)
duge thoa man gor 14 khong gian Unita hay khong gian Hilbert.
d. PO dai D cua mot vecto va goc ¢ gitia hai vecta trong khong gian ham

('ho khéng gian ham trong dé dinh nghia tich vé hudng (3.3) duge

thoa man. thi:

%) JJX (Oy(t)dt
cos ) =
MM \/“x(t)‘ ‘\/(t)‘ i@
Ham x(t) duge goi 1a chuin hoa thi |x}] = 1, nghia 1a kbi
_Ellx(t)lz dt =1

Chuin hoa mét ham x(t) tde 1a chuvén ham x(t) ¢o biéu thie:
f Ox(dt = A = 1
‘éang ham ¥{t) thoa man
f Y (Dy(LdL =1

T d6 suy ra: mudn chuin hoid mdt ham x ¢hi ¢an chia x cho ‘\! :

Hé ciac ham ¢, e, ..o ¢, duge goi 14 hé true chuan khi (¢, ¢} = 5,
®

ham Kronecker).
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3. Vai dinh li quan trong (khéng chirng minh)

Pinh 1 1: Trong khong gian n chiéu chi dn tai nhiéu nhat n vects
doc 1ap tuyén tinh véi nhau e, e,. ... ¢,. nghia

i ke =0

i
chi kht tat ca cae hé s6 k; déu biang khong.

Binh ¥ 2. Mot vectd n chidu déu ¢6 thé phan tich duge thanh mot

viv chi mot t6 hgp tuvén tinh cla n veetd doe 1ap tuyén tinh ¢y, e, .., ¢,
x =>Yke
AR § !

Eynh [ 3: Trong mét khong gian metric n chitu bao gig cang tao

duge mt h¢ veetd true chuan.

- Dinh [i 4: HE cic veets trge giao 13 mot hé veetd dée 1ap tuyén tinh
inguge lal chun chae da dang).

Hé¢ cie veetas dge 1ap tuyén tnh dung dé kha trién ede veets khae goi
14 hé cace veotd e 50,

Tu cac dinh I trén rat ra: trong khdng gian metric hao gid eliug o6
thé tin duge mot hé veetd true chudn lam hé co séd. Khi 8y,

X=X tx.e + o+ xe,

.\-" = .\-‘!191 + .VB(J‘.: + .t ‘YUOH

(V)= sy txv, by

. n

x| - \\] XD X

§4. HAM DAC BIET

1. Phuong trinh va da thirc Hermite
Phuong trinh Hermite ¢6 dang:
YO - 28y (B + 2ny(E) = O

n=0 1, %. ..



Nghiém cua phuong trinh nay:

| K
Ve TH@ =D e Do)
dz

gu1 la da the Hermite bienvér n =0 thill, =1
n=1thi H, =25 ;
Ap dung céng thde truy chitng:
HyEy=28H, ., -(n DH,_
ta ¢6 the tinh duge cae 86 hang 1ép theo H, = 48% 2

H,==8&" 125

Pya thtie Hermite ¢é tinh ¢hat sau;

[“ e’ H (E))[h(ié_ = nlJn
j e H (SH (£xE -0 vdin £ n'

2. Phuong trinh va da thdc Legendre
Phucng trinh Legendre o6 dang:

(1—8)y =26y +1(1+ Dy =0

Khi biéu thi £ = cos : 1 - &% = sin“0: d& = d{cost).
Phudng trinh trén trg thanh:

_] il—(Sin Bﬁ) +1l+ 1)y =0
sin{ d a6

Picu kién hitu han c¢da v trong khoang —1 = £ < 1 din dén didu kién
1=0.1.2, ..

Pa thie Legendre 1a nghém ctda phugng trinh Legendre. ¢6 dang:

iod
P& e (65 - 1) ]

pitag |
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) [ F
Néu thay thanh phan I( + 1)y bing bidu thic (1(1+1) - (1‘*’_C2)$ yta cb

phudng trinh l.egendre mg réng:

‘ [
(1-EHy "= 28y '+ 11+ 1) - lmé,—‘y: 0
1 — &7

hary =L ino- 1 n——mh’-rﬂk 0
sin 0 do do | 1

Nghiém cua phudng trinh Legendre md réng 14 da thie Le-gendre
md réng.

. - |:1}1 dm N
PrE)=(1-2)2 —P()
dg
Ba thie Legendre chi ton tai véi didu kién1=10, 1, 2. 3....

m=0, 1, +2, +3,...
vol—1 <& <1
Mét s6'phan tu da thie Legendre.

1 m D" (&)
0 0 P(E)=1
1 0 Pl =&
1
1 1 Pl =(1-¢&")

Nhiing da thiic Legendre trén chua duge chudn hoa. Con cac ham:

(21:1)(1—111)T .
0, (0)=+ [HFC-MIY
) 21+m) ! )

(Véi d&u + néu m < 0 va dau (-1)™ néu m > 0) hop thanh ho ham truc
chuan, day du.
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3. Phuong trinh va da thuc Laguerre
Pa thue Laguerre bace k ¢6 dang:
k

dr e
Lla('&) ERth dé—'l._—(';k&: )

Bao ham edp o cta da thite trén goi 13 da thie Laguerre md vong

a4 as [ odr o,
L) - ——L, (5= —|e — (e
n(‘b d-:-Ju [ -) d:f:” | dE:I-; (- ¢ ) !

Viesknennéuk=—0 1.2 thiae=0, b2 .k Dathe trén 1a
nghiém cua phuong trinh Laguerre

ST L k- =0,

Bya thie Laguerre co tinh chit:

e et g (k'y" .
R A e RIL S

o k—e)t : . :
Do do ciae ham % ¢ *E215(£) higp thanh hg ham truc chuan
<!

trong khoang (0. «). Sau day 14 vai phan wi da thie Laguerre:

1, =1 L, =2 15+ 2
o =—5+1 L, =28 -4
L, = 1 15 =2

4. Ham Delta Dirac suy rong

i nay do Dirae dua viao dé midu ta nhing khar mém val I truu
tuong. vi du nhu mat dé vat chat diém, hay mat 46 dién tich diém. Cac gia
tri cia nd khong phai duge xace dinh theo cac gia tri cda déi sd nhu cae
ham théng thudgng, ma bang cae bidu thie dinh nghia saw

. J(’J khix =0
o khix =0

_fhé‘)(x)dx:1 (talx=0)véia<(d<bhb
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T dinh nghia trén ta thav dé thy eua ham Delta khong duge xae
dinh. tuy vay ta ¢ thé bigu dién nd bing mét dudng cong bat ki ¢o chidu
eao vH cang 16n va chitu rong vo cling hep, sao cho dién tich gidi han b
dudng cong va true hoanh biang don vi,

FHiam 8(x) ¢6 tinh chAt cd ban saw

In
I f(x)800dx - [(0)  tal a<(<h
Val fixy Ta ham lién tue bt ki caa x. Nhu vay mudn 14y tich phan cua
tich 11)8(x) La ¢hi cAn d61 bién 6 etda ham f1x) bﬁng s 0,

Neuw dol s eta ham Delta b x - d. nghia la tinh tén aie hé tog do di

mot doan x — d, ta cd:

. Okhix=d
Sx-d) - ,
i kht x - d

r}i.ﬁ(x —dydx =1 vOi a<d<h
Vand cing eb tinh eh&t ¢g ban sau:
[ f080x - dydx = (e

Ham Delta eon e6 mot 8 Ltinh ¢hit khae:

B x) = 8(x) ; dlex) = ‘—]| a(x)
|

§5. GIAI PHUONG TRINH DAO BONG TU DIEU HOA

Phuong trinh Schrodinger déi voi dao dong (& didu hoa ¢6 dung:

2 SRR .
CE LI MO g .1
dx" 4 D
— ' 2 ‘.:
Pac S=Vux: o- moe : = }
h fin



it O VG o (5.1)
dZ

Nghiém cua phuong trinh (5.1") phai thoa mén diéu kién cta ham
song trong khodng (—o < £ < «). Chuyén déng ¢ day khong bi 5i61 han béi
bie tuong nao ca. do do do1 hoi ce nhidén dé1 véi dao dong tG didu hoa 1a
hiim séng phal ¢iél né1 va phuong trinh (5.1 ¢hi cho nghiém thoa man
dicu kién nay wrong trudng hep 2 14V cie @i e odn toan xée dinh.

Pé gidi thich tinh chat trén ta nhin xél dang Bém can caa T(E) khi

== T (1) ta el

Ny _
e, =0 {H.2)
[0 P
Nghi¢im cua phuong trinh (5.2) ¢4 dang:
- H t ;
li]{;—) - A&l‘(‘, 2
Trong d6 A la hang 6. 3 1 mét »0 gidi nd bt ki
Beé dim bao diéu kién gidi ndl vét cac gid 1l 2 16n. ta chon nghiém:
¢ ofvie ? o> okl g o),
Nhu viv ngliém cua (6.2) 1a
) = AHEG e ® (5.0

H(Z) Ja ham chua biet, ndé mang tinh chat nhu haan £° khi 2» o,

Thay veghiém (5.3) vio phudgng trinh (3.1, ta e

dHdl _
o ZH——’— +{r- ])H Y ({)."1)
z” th2
Chung nao ma didm 2 = 0 khong phai [ diém doe bidt eun nhudng
trinh (5.4) thi ta 6 the tim nghiém cua 1o dudi dang e luy thita:
X
. “n i - k -
H(;) =gl i an‘_l,_._‘n Ty ;1“|_'_.__:I L S Zaké (H.5)
k=1
B¢ dim hao tinh 161 nét cia nghiém. ta chon luy thita n <ac eho HiZ)

khong tién dén « 5 Jdiém ide ca,



Léav dao ham HE):

df] ; - v

— = na "t n+ Da,. 2 +(n+ Da, WL+ L

dg

d_['I _ oon 2 . en |, < . i
TT = ]'I(I] — 1) dn__, t (_I'l + l)“‘%-uﬁ + (I'l + 2)(1’1 + l)(111+'!.": t..
Jdz?

Thay ciae dao ham trén vao (5.1) va sau khi bith doi. ta duge:

ut - 1 a s m o+ Dnag, 7+ [+ 2)m -+ Dag,, ~ (2n+ 1—a,J8" = 0 (5.6)

-

Beé (5.6) déng nhat bing khéng thi cac hé 58 clia £ luy thita déu phii
biang khong. Vav tir (5.6) ta yil ra:

IO . L . n=
b1 véi 56 hang thinhal, nin- 1) =0 = {nl _

— 161 v6i 58 hang thi hai nn+1)=0= {n - O]
n=-1
Nghiém n = -1 khéng thich hgp vi bat ddu tir &' thi cAp s6 sé tidn
dén o khi g - 0.

- D81 vAl 86 hang thit ba

(n+ 2Mn ‘_]) .

(n2in+ Do, ,=Un+1 - A, =, = -
Mel-n

Lvs (H.7)
Cane thue (5.7) cho phép Tan lugt tinh duge t&t ca cdc s6 hang khac
theo mit a6 hang di cho.
VieAp a6 o6 the bl dau tit tuy thitan = 0 vl n = 1. do dé ¢6 Lhé Lich

(5.0) thanh 2 cap =6: mot cdp gbm toan cic 6 hang chan v mot oip ghn
toian che s6 hang 16

A+l gt (5.8)
Al asias o (5.9

Nghiln etiu tinh chit ctia cac cip =0 (5.8}, ta sé chiimg 16 rang véi &

da 1an thi (6.8) eling 26 thé hién cie Linh chdl nhu ham ¢ . So ganh (H.8)

viir heom o

Tabidt of 1+ 247 0o,



22 wd gl A g
v - i [ [
N{T‘T‘I o =1t 2 + 2 S C et t L3 4 -
I TEY My ey
. 1
S MR

Khi £ di 1dn thi cde s6 hang dAu khdng quan trong so véi cac 56 hang

¢6 56 Ml bac cao. Pat cie hé s clta £ v 277 1a by va b, ta 06

\;'.‘
b, Y1
b, (;+l)! :+1

Khi & dit idn thi ed thé bd s 1 & mAu 6. do dé:

Mat khac khi n du 1én thi ti edng thie (5.7) ta 6

am! 2
a,  n
b, b
Cho v = n, ta duge -2 = - = consl
aL,ooa
14 & n

Nghia 1a cae =6 hang bac cao cta edp s6 dang xét chi khac ede s6
hang bac cao cua ham =6 7 mdt hang 0 ndo dé. Difu dé ching 16 vo1 &
I6n thi H(g) sé tang Jén nhu ham ¢, Khéng thé chon H(E) nhu 14 ¢ip 50

vi nd khéng thoa man diéu kién gidl ndi. Song La =¢ thu dudge nghiém thoa

man dol hal g@idi ndd (nghia 1a W) = AHE) e ¥ s& gidl ndi khi £ «) néu
cip w0 (H.0) ditng Ta1 ¢ mot 56 hang nao dé, 1Ge ¢dp =0 quv vé mit da thie.
(i i, = 00 a, 2 U thl 0t e cae 38 hang ddng sau o, déu hane khong,
Khi d6 HEY quy vé mdt da thie bae n. Vay theo (. tasuy ra 2n + 1 = X
vt =00 102 (dpem)
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§6. GIAI PHUONG TRiNH BAN KIiNH
(CHUYEN DONG TRONG TRUGNG COULOME)
Tu phuong trinh (6.27) (trong chudng 6)

AR 2dR 122, M+Dip g 6.1
dp™ pdp | p pTd
. B . -me'
Gday e=—— B, =—=-13,53(cV)
2[E,] 21
. J-rl’ 0
p= L : Y, = A L, =003A
Y, me”

Phuong trinh nay phai cho nghigm thod man déi hoi gidi ndi cta
ham séng trong toan micn bién thidn ciua bién s6. Khi p— = thi R ¢6 dang
tiém cin va (6.1) bién thanh:

d*R
dp®

-2eR=0 (6.2)

Nghiém cua (6.2) ¢6 dang R~ o™ (B = J2e). Ta chon nghiém ™ vi
nghiém dau "+ khong thod man didu kién gidi nd.
Khi p— 0 thi hai yéu t& dau trong s8 hang thit 3 cGa phuong trinh

(6.1) khéng quan trong so vl 6 hang cudl, nén L (6. 1) ta cé:

4R 2dR 11+1). _
- +-———--(,—,)R:U (6.3)
dp™  pdp p*
Nghiém cua (6.3) ¢6 dang R ~ p'. v 14 6 ma chua biél. Thay nghiém
nay vao (6.3) tim duge phuong trinh:

iy+ D=1+ 1)

Phuang trinh nay cho 2 nghiém y = 1 vay=—- (I1+ 1). Nghiétm
v == (I + 1) khong thoa man doi hét gidi ndi eta hiom séng vi khi p - > 0 thi

R=p " "o Vay ta lay nghiém R = p.
Tom lay nghiédm cua phuong 1rinh (6.1) ¢6 dang:

Ripy = Cple™V(p) (6.4)



Trong dé ¢ {4 hing s6 nae dé. V(p) Id ham chua biét, Thay V(p) va
dao ham eiGa né vaoe (6.1). ta duge:
d*Vv  av

Po + (- Bp+ )+ 2V(Z—p—Pl) =0 (6.5)
dp”  dp

Pua viao bién s& méi & = 2Bp thi (6.5) chuyén thanh:

_d*v av
[ +

dg?  dg

(21+2—E_,)+V(—§~—1—1):0 (6.6)

Nghiém can tim phai thoa min ddi hdi giéi néi ciia ham séng khi & — 0
va £ — o, Nguol ta tim nghiém cta (6.6) dud dang chudi:

V{g) =D a,é (6.7)
k=i
Thay V(%) va dao ham cla nd vao (6.6) rdi tap hop cée s6 hang caa &
luy thiza cing bac, ta dugce:

e e 1@+ 2 Ka,  +(Z_101 ~k)ak—‘ -0 (6.8)
rul B ]

Pang thiic nay sé duge thod min véi cac g1a tri tuy ¥ cha & néu tap
hop céc hé s6 etia £ bang khéng. 1t d6 ta suy ra cong thite truy toan:

k+1+1--é
B

a " = - a, (69)
kDI 2+ k)

(4 thé ching minh vang khi & -» o thi cdp 56 (6.7) s& tang lén vé han
nhu ham e* (nhu bai tean dao déng td didu hod). Do d6 dé dam bao didu
Rién ¢i¢i ndi thi edp s6 (6.7) phai ditng lai 6 mét $& hang nae d6, nghia la
cdp 86 quy vé mdt da thire, gid s la da thde bac n, = k... T dé, theo (6.9)

suy ra:
a, #0 vd a, ,, a, ... déubang khong.
Picukign dé o, =0l
4
n.+1+1 :B =n (6.10)
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n=1,2, 3, ... 1a s luong td chinh

G dav
n, =0, 1,2 .14 s8 lugng 1 ban kinh
1=0, 1, 2, ... 1a 88 lugng ti quy dao
Ta thay nz(+1)van>n,
Vi nZEvéBZ\r‘%,
3
Zz
suy ra £E=— {dpem)
2n”

228



10.

TAI LIEU THAM KHAO

A.A Xokolov, L M.Ternov. Kvantovaia mekhanika i Atomnaia
Fizika, Idat. Proveshenie, Moskva, 1971.

AN Matvéev. Co hoc litong ti2 va cdu tric nguyén tw (tap I, 11). NXB
G1ao due, Ha Nai, 1975, 1980.

A3, Bavidov. Co hoc lugng tiz (tap I). NXB Dai hoc va THON,
Fla Noi, 1972,
P.1. Blokhinsev. Osnovi Kvantovoi mekhaniki, Visaia Skala,

Moskva, 1961,

K.V, Sponski. Atomnaia Fizika (tép I, 1), Izdat, Fizmat, Literaturu.
Moskva, 1963,

Nguyén Xuan Han. Co hoe luong tiz. NXB DHQG Ha Néi, 1998.

Phan Dinh Kién. Gido trinh co hoc luong tw. Truong DHSP Thai Nguyén,
1999,

Pham Quy Tu, D6 Dinh Thanh. Co hoc luong tiz. NXB DHQG

Ha Néi. 2003,

Bang Quang Khang. Co hoc lugng tz. NXB Khoa hoc va Ki thuat, Ha
NGi. 1996.

V.G.Levir, Iu.A.-Vdovin, V.AMiamlin. Kurc Teoreticheckoi Fiziki (Lap
D). 1zdat — Nauka. Moskva, 1971,

15 .GTCH 229



230

Chiu trach nhiém xudt ban:
Giam d6éc DINH NGOC BAO
Téng bién tap 1E A

Bién tap néi dung:
VU THANH HA
PAO THI L.E THUY

Kithuat vi linh:
DAO DUYEN

Trinh bay bia:

VIET QUANG

CO HOC LUQNG TU

I 1000 cuén, kha 17 x 24em, tai Xi nghiép in Thii Nguyén.
Ciiav phép xuit ban sd: 5-994/XB--QLXB. ki ngay 19 -7-2004.

In xong va ndp luu chiéu thang 1 nam 2005.



T 33 co boe lugng 1

IHED My

Q7082 201733
28.000 VNpD

|

Gia: 28.0004




	GIÁO TRÌNH CƠ HỌC LƯỢNG TỬ
	MỤC LỤC
	LỜI NÓI ĐẦU
	CHƯƠNG 1. SỰ RA ĐỜI CỦA CƠ HỌC LƯỢNG TỬ
	CHƯƠNG 2. TOÁN TỬ
	CHƯƠNG 3. CÁC ĐẠI LƯỢNG CƠ HỌC LƯỢNG TỬ VÀ TOÁN TỬ
	CHƯƠNG 4. SỰ BIẾN ĐỔI TRẠNG THÁI VÀ CÁC ĐẠI LƯỢNG VẬT LÍ THEO THỜI GIAN
	CHƯƠNG 5. PHƯƠNG TRÌNH SCHRODINGER VỚI MỘT SỐ BÀI TOÁN ĐƠN GIẢN
	CHƯƠNG 6. SỰ CHUYỂN ĐỘNG TRONG TRƯỜNG XUYÊN TÂM
	CHƯƠNG 7. NGUYÊN TỬ TRONG TỪ TRƯỜNG NGOÀI
	CHƯƠNG 8. CƠ SỞ CỦA LÍ THUYẾT BIỂU DIỄN
	CHƯƠNG 9. SPIN-HỆ HẠT ĐỒNG NHẤT
	CHƯƠNG 10. LÍ THUYẾT NHIỄU LOẠN
	CHƯƠNG 11. LÍ THUYẾT TÁN XẠ
	TÀI LIỆU THAM KHẢO

