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LOI NOI DAU

Quyén bai 1dp nay trinh bay 10i gidi ciia cde bai tdp dd ra trong
quyén TOAN HQC CAO CAP tdp hai, phép tink gidi tich mot biéh s&
cua tdc gid Nguyén Dinh Tri, Ta Vin Dinh va Nguyén HS Quynh.
Mot 56" bai tdp khdc da dugc bS sung vao. O cudi sdch cé b sung
thém mot s6 bai 1dp hén hop c6 tink chdt 16ng hop va ndng cao.

Nhie chiing 1a dd biét, trong hoc todn, gita viéc hiéu sau sdc Iy
thuyét va lam thanh thao cdc bai tdp c6 mot méi quan hé mgt thiét.
Chinh trong qud trinh hoc 15 thuyét réi lam cde bai tdp, tr nhitng bai
tdp van dung don gidn Iy thuyét dén nhitng bai tdp ngay cang khé
hon, chiing ta ddn ddn hiéu dugc cdc khdi niém todn hoc mdi, nim
dugc cdc phiong phdp co bdn, nhé dwge cdc két qud co bdn.

Boi vdi cde ban sinh vién ding quyén sdch ndy, ching 6i khuyén
cdc ban hdy n¢ minh gidi cde bai tdp dd ra trong gido trink va chi
xem Lot gidi trong quyén sdch ndy dé kiém tra lai, t¢ minh dénh gid
két qud hoc tdp ciia minh. Mong rdng quyén sdch nay giip cde ban
hoc 16t hon va rim dwge nhitng 1oi gidi hay hon.

Quyén sdch nay viét ldn ddu nén khdng trdnh khdi cdc sai sot.
Chiing 161 mong nhdn duge y kién déng gop cia djc gid. Xin chdn
thanh cdm an.

CAC TAC GIA
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Chuong 1
sO THUC

A. PE BAI

1. Ding ki hi¢u tap hop, biéu dién cdc tap sau :
1) Céc s6 nguyén duong bé thua 12 |
2) Céc s6 nguyén duong 13 bdi s§ cia 4 vA bé thua 43

3) Cdc phan s6 ¢6 tir s6 12 3 va mau s6 1a mot s6 nguyén duong bé
thua 9,

2.Cho F:=1{1,4,7,10) v G : = {1, 4, 7). Héi cdc ménh dé sau
day, ménh dé nao ding :
DDGcF
2) Tap {1, 7} la1ap con thuc sy cha F
3) Tap {1, 4, 7} 1a tap con thue su céa G. _
3. Li¢t k& mot tap con clia céc tap sau :
© Dilabel: 2){1,2,3.4).
4.Cho A:={a,b,c);B:={1,2,3}:C: ={b,c, a}; —I3,2.1I.
Hoi :
DA=C? 2)A=B? 3) A wong dvong B?  4)B=D?
5. Xét xem cdc tap cho duéi day, tap nao vo han, tap nio hire han :
1) Tap mei s¢ nguyén duong 16n hon 100
2) qu moi s6 nguyén duong bé thua 1 000 000 000



3) Tap moi diém nim trén doan thang ndi lién hai diém phan biét
A, B.

6.ChoA:={q.r,tu);B:={p.qsu}vaiC:={Luv,w}

DTimAN{BWC va{AnB) u (A M C). Ching cé bang nhau
khong ?

2) Tim AU (B C) vi(Aw B n(Aw(Q). Chung ¢6 bidng nhau
khong ? '

7. Cho A, B 14 hai tap hitu han, ching minh rang
card (A s B) = card (A) + card (B) — card (A m B).
8.ChoA:=1{0,1,2};B:={1,3].
DTimAxBvaBx A _
2) Tinh card (A x B) ; card (B x A) ; card (A x A): card (B x B).

9. Xétanhxaf:R—-> R : x.—)-~—2—§-2—; f ¢6 la don dnh ? toan 4nh ?
l+x

Tim f(R) ?
10. Diing lap luan phan chifng, chimg minh ring J3 1as6 vo i
11. Diing phuong phidp quy nap todn hoc, ching minh ring

n{n+1)

D1+2+..+n=

n{n+1D(2n+ 1)'
6

12, Xét xem da ding tien dé nao trong cic tién dé vé s& thuc dé
chifng minh cdc hé thire dudi day :

2) 12422+, +n% =

1)5+3=3+5; 2)9+0=9:
3)-3+40=-3; : D3+ D+T7=-3+E+7);
50+0=0; 6) (-1)(1) =1 |

73 +[==3]=0; - 8) 4[%]4



13. Dung dinh nghia "1dn hon”, "bé thua”" va cdc tién dé thif ty, ching
minh (gia thiéta,b,c € R) :
IDNéua>bvic>0thiac> be
2YNéua>bthia+c>b+c¢
3INeua>0thi-a<0

4) Néu a =0 thia’ > 0
S)Néua>bthial>b> (véia>0,b>0).

14, Giai cdc phuong trinh va bat phuong trinh :

) [x+3|=7; 2) |2x~6]=14 ;
3) |x~4}<7; 4) |sx-1}<4;
5) |4x~2|>4; 6) |5+9x|24.

15. Cho A c R ; Bc R, dinh nghia :
A+B:={xcR|Jac A,dbe B x=a+b}
={xeRj{Ja €A, 3b e B, x=ab}

nghia Ja A + B 12 tap cdc s6 thuc cO dang a + b, vGia € A va
b e B; ABiat4p cdc 56 thuc cd dang ab, vdia € Avab e B.
1) Gia sit A, B bi chan trén, ching minh réng :
sup (A + B) =sup A + sup B.
2) Gia sit A, B bi chan trén va A « R*, B c RY, chiing minh ring :
' sup (AB) = (sup A)(sup B).
16. Xét su hoi ty clia diy x,:=(-1)" n_+1

17. Chimg t0 ring cic diy sau day héi tu va tim gidi han cilia chiing,

n=1:
n+l
1} xy:= ; 2) Xpi=—:
) Xn n ) Xa n+l
1 n
3 xy:= ; 4) X, =
" 4 a2y



18. Tim gi61 han cia cdc day sau (néu hoi ty) :
1) xn:=n~\1'n2—n ;! 2) Xq:=+n{n+a)—n ;

3 n ., nn
3 x,i=n+Vl-n" ; 4) X, 1 =—sin— ;
) X ) Xn 2 2

1l

sinZn — cos- n

3) x4

n

19. Xét diy x,:=%x,_| + VO X, = 1.

Xn-1
1) Chiing minh rang x, khong c6 gi6i han hitu han.
2) Chimg minh ring lim x, =+e.
n=3+ee
20. Xé1 diy x,, : =z—", Véi ag:=2a, ¢ +3by_
n
byt =ap_; +2b,_y, véia, >0, b, > 0.
1) Chimg minh rang a, > 0 ; b, > 0.
2) Tinh x,, | theo x,,. .
3) Tinh x, 4 | — X;, va ching 16 ring day x, don diéu, suy ra {x,}
6 gidi han doc lap vdi ag, b, o

21. Xét sy hgi ty va tim giéi han (néu c6) clia diy
Xg:=——+1 véix, = L.
Xn-1

22. Cho hai s6 a va b thoa 0 < a < b, xét hai day _
|
Xo = V¥a-i¥n-1 5 Ya =5 (Ko +¥n-1)

viix,=avay,=b. _
Ching minh rang hai day trén hoi tu v ¢6 chung gi6i han.
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23. Xét sy hoi ty cia day :
CXp =1+ X0 L V6 X, =3
24. Bat x,: = [ va x,, thod hé thic
B+ x-px,+1=0.

Ching 16 rang x,, hoi tu va tim gidi han cda x,,.

B. LOI GIAI

LDfneN |n<i2)
2)ineN|n=4k:k=1,2,..,10)

3) {2
n

2. 1) ding ; 2) ding ; 3) sai.

n=123,.., 8}.

3. 1) {a,b,c}; {a, b} {a,cl; (b, el s {a); {b); {e) 5 d.
2){1,2,3,4):{1,2,3} 5 {1,2,4} 5 {1,3,4} ; {2,3,4}; {1, 2} ;
11,3}:{1,4};{2.3i;I2,4}:l3,4i;{1}:12I;{3l:{4};¢-

4. 1) ding ; 2) sai ; 3) ding ; 4) diing.

5. 1) v0 han ; 2) hitu han ; 3) v6 han.

6. )BuUC={p,q,s,u,t v, w}
AnBuC={qtu};AnB={q, u}
ANC={Lu},(AnB)UANC)={q 1t u}. Vay
ANBUC)=(ANB)U(ANC) |

: 2)BmC={u};AuB={q,r.l,ﬁ._p,si
'AuC={q,r,t,u,v,wl,AQ(BﬁC)= {q. 1. t, uj.



(AuB)n(AvC)={q,rt, u}. Vay
AuBnNnO=AUBN(AUQ).
7. Goi card (A) = m ; card (B) = n ; card (A N B) = p. Khi dé, vi
AUB=(AnB)YUBN AYU{(ANB)nén;
card (A w B} = card (A g) + card (B m K) + card (A N B)
=(m-p)+(n-p)+p=m+n-p
nghia la card (A U B) = card (A) + card (B) — card (A m B).
8. 1)AxB={(0, 1), (0, 3), (1, 1), (1, 3), (2, ). (2, 3)}
BxA={(10),(1,1)(1,2),3,0), (3 1) (3, 2)}.

2) card (A x By = card (B x A) = 6 ; card (A x A) = 9 ;
card (Bx B)=4.

X 5=y luén cé
+X
hai nghiém, f cliing khong toan dnh vi véi |y1>1 phwong trinh

9. f khong don dnh vi v6i 0 <| y | < 1, phuong trinh

x2 =y yx®-2x+y=0 (4n 12 x) vo nghiém. Ngoai ra, theo
T+x .

bt déng thic Cauchy :
1+x? 22|x|, dat d4u = khi |x|=1, do d6 luon c6

-1< 2"251 vaf(R) = [~1, 1.
1+x° |

10. Gia sit v/3 12 mot s hitu ti, khi d6 c6 thé viet V3="m. n
n .

2 568 nguyén duong chi ¢b udc s6 chung 1a 1 5t d6 : m’ = 3n° ; do
dé rn2 chia hé&t cho 3, do dé m chia hét cho 3, va cé thé vitm =3k
vdi k nguyén duong ; suy ra m’ = 9k% = 3n2, nghia la n* = 3k2, n2
chia hét cho 3 ; do d6 n chia hét cho 3 ; nghia 1a m va n ciing ¢6
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udc s6 chung 1a 3 ; va diéu d6 maw thuln vai gia thigt, Vay NERH
mot s6 vo .
11. 1) Hién nhién cong thiic diing v6i n = 1 ; bay gi¥s gia sit cong thiic
ding vdi n = X, s& ching minh ring cong thic cling ding véi
n =k + 1. That vay, vi cong thirc diing vdi n = k nén cé
1+2+..+k= @

suy ra

1+2+...+k+k+1=5(5§—11+(k+1)

2 . 2
2) Cong thirc hién nhién ding véi n = 1 ; gia sir cong thic ding .
véi n = k, nghia la gia sirc6 :
k(k + )2k +1)
6

12422 4 +k? =
Khi d6 -

124224 k2 (k)P =1‘-(511—)65315-*;9+(k+1)2

=(k+l)(@+(k+l)}

(K +1)(2K? + 7K +6)
' 6
_(k+D[2k(k +2) +3(k +2)] _ (k+D(k+2)(2k +3)
6 6
Heé thirc cudi cling ching t6 réng cong thitc cling ding vdin=k + 1.

12. -1) Giao hodn ; 2) DOng nhdt ; 3) Dong nhdt ; 4) Két hop ;
5) Dong nhit ; 6) Déng nhat ; 7) Nghich dao ; 8) Nghich dao.
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13. l)ac—-i:)c=(a—b)c (két hop) _

a>'b:>a—b‘>40,(a—b)c>0(tiéndé8).

2)Lufmcéa—b=a+c_—c~b=(a+c)—(b+c)
a—b >0 (theo gia thi€t) > (a+c)—(b+c) >0

—a+c>b+c

3) Theodinh nghia: -a<0& 0-(—a)=2a>0.

Tir gia thiét a > 0, suy ra két luan.

4)Né’ua>0:3a?>0;né;ua<0:>—a>0:>az>0.

5)a” > b% <> a* = b2 > 0 <> (a - b)(a + b) > 0, biit ding thitc cudi
cling hién nhién ding vi a > b (gia thigt) vaa + b > 0.
14. D) [x+3|=Tex+3)? =7 o (x+32 -72 =0

SE+I-DE+3+N =0 x-Dx+10)=0 ex, =4 ;

[l

X2 =-10,
2) {2x~6|=14 e 2x~6)" =(14)° o x, = -4 ; x5 = 10,

D [x-4]<7 o x-#<7? o x-92-7'<0 o
'(xh4—7)(x~4+7)<0c::>(x—ll)(x+3)<0<:>—3<x<ll.
4 5x-1<4 o x-1 2 42 o x-D2-4'<0 o

.—ESXSI.
5
5) [4x—2|>4¢(4x—2)2>42<:>x<—% hodc x>-§~-

1
6) [5+9x|24 & (5+9x)? 242 > x <1 hoic xz-o.

© 15. 1) Theo gié thiét, A, B bj chan trén, do dé 16n tai supA va supB ;
via A + B < supA + supB,

12



do d6 sup(A + B) < supA + supB (
Mat khéc, theo dinh nghia cén trén ddng, ¢6 :

-

SUPA < A + g
supB.< B+eg,
vai €], &, 1a cdc s6 duong di bé, do d6 :
supA+suchA+ B+a,-v6i E=g)+ &
do dé6 supA + sup B < sup (A + B) (2)

So sanh (1) va (2) suy ra sup(A + B) = sup;A + supB.

2) Ciing 14p luan tuong ty cu 1 ; (supA)(supB) Ia can trén cla tich
AB; (A >0; B> 0), ding dinh nghia c4n trén diing suy ra

sup (AB) = (supA)(supB).

16. n+l>n=>thl

>1=5|x,|>1. Mat khdc x, < O khin 1& vax, > 0
n

khi n chdn, do d6 khong thé ton tai lim x,, d3y {x,} phan ki,

n—eq
n+1 1 - . e . o p
17. 1) x, = =1+— ; ddy {x,} giam v& bi s6 1 chan dudi, do d6
n n _ \
{x;} hoi tu.
n  n+l-1 1 '
2) X, = =- =]--—— ; ddy {x,} tang va bi s8 1 chan
T+l n+i n+1 -y{ o} tang ' o

trén nén {x,) hoi tu,

1
3) Xy =-—5—, {x,) giam v 0<x, <l,d0 dé {x,} hoi w.
n2+l 2

n 1

4) x, = = » miu 33 clia x,, tang v6 han, do d6 {x,} hoi
L

n

t dén 0.

13



2 2

18. 1) x, =— :/“2”“:__ L 1 _,%
' n+y¥n-—n n[l+\j1——J
n
2) x n? +an—n? an N
0= il
\/n(n+a)+n (I+Jl+3]
n
3 x =n+3l_n3_(n+\)l— )( m/l n +\j(1 n ))
" n —n\/l-n +J(1—n )2_
n®+1-n’

= = — 0

n’ —ng’jl -’ +;‘/(l—n3)2

4) Khi n = o thi sinl’zﬂ khong xdc dinh, do d6 day x,, = %smﬂzE
phan ki.
s 2 3
- 2
5y xg = SERCOSR 2
Il n n—yee

19. 1) Tir dinh nghia suy ra {x,} tang ; x, > 1, ¥n ; gid s lim X =4,

n—eo
{{ > 1). Khi dd, theo dinh i vé gi¢i han va theo biéu thic ta c6 :
=+ ! = L =0.
[
Phuong trinh %=0 v nghiém, do d6é x, khong th€ cé gidi han
hitu han.
2) Vix, > 1, va{x,} ting nén

lim x, =+4ee
n—+oa

14



20. 1) T¥ cdc bi€u thic dinh nghia, ¢6 :
ap=2a,+3b,>0,b; =a,+2b,>0(via,>0;b,>0).
suy raa, >0, b, >0, ¥n.
| 2) Theo dinh nghia :

n+l zan +3bl'| _ 2Xn +3

x =
R T
T . 2%, +3
(chia tlr va m&u cho b, > 0) ; do d6 x,, =="0-=,
_ Xp +2

3) xo i —x —2x“+3hx _(xﬁ-xn)(\ﬁ+xn)
mH T T 42 Xp +2

Vi x, -~b—>0 nén ddu ciia X, — x,, 13 ddu cfia V3 ~x; n» MAat

khic, tir cau 2), c6 ;

S 23— Zno1 +3 J_xn[+2f 2Xp1 =3

l'l1+2 1+2

C6 thé viét tlr s§ cha phan s6 trén thanh
«ﬁxn_, —Xpog + \qun_, +3-3
= (3= xy + V30 -3+ B -x,
= (V3 -1)xpoy V3 +B - x, |
=(B-x, U +1-3) = (V3 —x,_ }2 - V3.
Do vay, ddu ciia /3 — Xo la diu cla 3 —Xp-1 » ti€p tuc suy dién,
c6 ddu cha V3 —x,, 12 ddu cia V3 - x,. Khi dé

* Néu V3-x,>0=|x,} tang va bi v3 chan trén do do {x,) hoi
tu, hon nita, tir hé thixc

15



_(B-x)0B+xy)

Xp+] — X
n+] i
Xp +2

suyra lim x, =+3.

n—so _
* Néu V3-x,<0=>{x,} gidm va (x,} bj V3 chan dusi, cing
suyra lim x, =+/3. - "
n-—ee .
* Néu \/g—x0=0=>xn =J§_.
Viy trong moi trudng hgp cé

. lim x, =+/3.
n—ee .
21. Truéc hét &€ ¥ ring néu Xn €6 gidi han 1a ! thi tir hé thic dinh
nghiasuyra:
2

=241,
i

Hon nfta vi x, =1 nén x, >1, do d6 suy ra / 13 nghiém duong ctia
phuong trinh bac hai

i —-1-2=0,
Nghia la!=2.
By gid ta s& ching minh ring diy {x,} hoi tu.

That vay, ta bidu dién Xp+ theo x

n-1 -
2 2 2%, _
Xap = —+l=—s— s =0l y
Xn N+ Xp-1+2
Xn—1|
Xp-1 42 N —xﬁ_l +Xp 2
Xpal = 2= Vd Xpt) —Xp1 T

Xni +2. Xn-1 +2

"

Do dénéu x,_1 >2=x,,, >2.
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Hon nita, ddu cha x,, —X,_; 12 ddu cda tam thic bac hai

—xﬁ_] +Xpy+2. Suy ra néu x,.;>2 thi X, <x,. va néu

Xn—1 <2 thi x4y >x,_;. Nhu th€ diy con {xpp} tang (theo p) va

bi s6 2 chdn trén vi x; <2 va ddy con {xpp,1} gidm va bi chan

duéi bdi s6 2 vi x| =3. Ca hai ddy xen k& nhau va ¢6 chung gi6i

hanla lim x, =2.
n—eo

22. S& chitng minh rang {x} ting va ly,} gidm : -

a X1 a

yi—a=b-y, =3'i“—a>0 (vi0O<a<b).

Suy ra x, <X; <y; <Yy,

Téng quit hod

Yn-1"%p-1 =

' 1
vi ¥n1 = 5("11—2 + Yn—Z) i Xpe] T 4fXp-2¥n-2

“Xn-1 4 ¥n-l Lo Yol

¥n > >

- f /.2
nghia la Yn<¥n-1- Xq =+Xp-1¥a-1 > yXn-1»

nghiala x, >x,.

Cuéi ciing

2
. Yn-1 Xn-1
=X, =| /=, = >0.
¥n .xn [\’ 5 \’ ) J

A<X) <Xy <...<Xp <Yy <Yy <..<yp <b.

Vay:

ZTOAN HOC CCT2ZA

(V2 = xnz)
2
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Day {x,} ting va bi chin trén bét moi y,,, do d6 céegidi han,
~ {yn} gidm va bi moi x,, chin dudi, cling c¢é gidi han, ngodi ra, goi
L, /1an lugt 13 cdc gii han, ta c6
L+
L=+LI va I:TI:»L:!.

23. Ta s& chiing minh ring {x,} gidm va bi chin dudi :

X =\H+\/§ <Xg, Vi xo*——ﬁ

x2=\/1+x1 <\/1+x0 Jtre 1a xp <xy.

Gié st X, <X ,_, khi d6

X4l =J1+xn <'\/l+xn_]' VI X < Xqop tre 1a x4 <X

Miit khdc x, > 1, x; > 1, gid sir x, > 1, khi d6

xn+1=,ll+xn>ﬁ=xn>l, V.
Vay x, ¢6 gi6i han 1a 7 thod /=+1+1, tic 1a 7 13 nghiém 16n hon 1

cua phuong trinh

_1x5

2t-1=0; 1
2

1+5

2

Dodo =

24. Bang quy nap, c6 thé ching minh ring x, <0, n> 1, tir d6, x,, gidm

theo n ting, !xn|s 1, do vay x, >—%. tir 46 suy ra {x,} hoi tu, va

néu goi / = lim X, thi/la nghiém 1én hon —% clia phuong trinh

n—ee
x2 +3x+1=0.
- V};}y nl]_];n xn=f=.__3;\/§.
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Churong 2
HAM SO MOT BIEN SO THUC

A. bE BAI

L. Tim mién xic dinh ciia cdc ham s6 -

1) y=(x~2) 1+x 2 y= sin\/;;
—-X
3) y=\/cosx2 : 4 y:lg(sini} :
) _ X
2

3 y= J; ; : 6) y =arcsin X

sin X - 1+x
7) y =arccos(2sinx) ; 8) y =Ig[cos(igx)] ; °

9) y={lg(gx).

2. Tim mién gi4 tri cha céc ham s6 :

D y=v2+x-x2 ; 2) y=Ilg(l-2cosx) b

2x ¢
: ' 4} y =arcsin| lg— |.
1+x% )Y m[_glo)

3) y =arccos

3.Cho f(x) : = 1gx?, tim f(-1), f(~0,001), £(100).
4. Cho

2 khi x>0
Tim £(=2), (-1}, f(0), (1), £(2).

1+X khi—w<x<0
f(x)::{



5. Cho f(x): :i—}%, tim (), f(-x), fix + 1, {6 + 1, f[%}

vi —-

f(x)

6. Tim ham s6 f(x) ¢6 dang f(x) = ax + b, biét rang f(0) = -2 va
f(3) = 5 (ndi suy tuyén tinh).

7. Tim ham s6 f(x) = ax’ +bx+c, biét ring f(-2).= 0, f(0) = |,
~f(1) = 5 (ndi suy bac hai).
8. Ham s6 y = sgnx (doc 12 dau cla x) dugc dinh nghia nhu sau :
-1 néu x<0 |
sgnx : =40 néu x=0
1 néu x>0
V& d6 thi clia ham s6 d6 va ching minh rang :
|x|— XSgnX.

9. Gia sir ham so f(u) xdc dinh khi 0 < u <.l tim mién x4c dinh cla
f(sinx), f(lnx).

10, Cho f(x) : = %(ax +a™),a>0; chitng minh réng :

f(x +y) +f(x — y) = 2f(x) . f(y).
11. Gia sir f(x) + f(y) = f(z). Hay xdc dinh z néu :

1) fix) = ax ; 2) f(x) = arctgx, {|x}<!1)
)=+ ; ) ) =1g X
X -
12. Tim £(E(x)), g(g(x)), f(g(x)), g(f(x)) néu
D) = x2; g(x)=2%; 2) fx)=sgnx; gO=—;
X
Y 0 kh;xgo_ 0 khix<0
MOO=1  khix>0’ gx)= —x2 Khix>0
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13. Tim f(x), néu :

) fx+1)=x% —3x+2

2) f x+lJ=*2+L2 (|x|22)

3)f—]=x+ 1+x2 (x>0)
X

4y f| = ):xz.

X+1

14, Tim ham s8 nguge cia cac ham sé :
yy=2x+3

2) y=x2: (@) ~oo<xS0 ; (b)) 0 X <+oo

X (x=-1)
+ X

Hy= 1 |
4) y=m: (a) -1£.x£0 ;_(b)O'SkSl
5) y = shx, voi shx : =%(ex —e %), —o <X < +oa,

15. Ham s6 f(x) xdc dinh trong mot khoang d6i xing (-1, /) dudc goi

13 chdn néu f(x) = f(-x), /¢ néu f(x) = —f(~x). Xét tinh chin & cic
- ham s¢ :

1) f(x): =3x~x> 2) f00: = Y- x? + ¥ +x)?
3) f(0 : =2 +2~* (a>0) 4 f(x) : ==
1+x

) £(x) : =ln(x+\’l+x2).

16. Ching minh rang bat ki mot hdm s6 ndo xdc dinh trong mét
khodng d&i xing (—, {) ciing cé thé viét duge dudi dang téng mot
ham s6 chdn vid mot ham sd 1€,
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17. Xét tinh tuan hoan v tim chu ki cdc ham s6 :
1} f(x):= AcosAx + BsinAx

2) f(x):=sinx+ -l—sin2x +lsin 3x
, 2 3
. X X
3) t(x) : =2tg5—3tg§
4) f(x) . =sin’x
5) f(x): =sinx?
6) f(x):=.Jtgx
N f(x):=sinx+sin(x\[2-).
18. Viét cac ham s sau diy dudi dang ham sé hgp :

1
)
D y=03x2-7x+1)3%; 2) y=2 \¥

3) y=ln.(tg—;*) ; : 4) y=vx+x

’ X
S)y= i .
} y = arcsin Ty

19. Diing phuong phdp v& timg di€m, v& d6 thi c4c ham s6 :

1) y=sin(x+%] y . 2) y=cos3x ;
X x 1
3) y=cos— ; 4 y=3", 5) y=logy—
3 X
B. LOI GIAI

1. 1) Mién x4c dinh 12 tAp {x

1+
XS 0} , nghia 12
1-x

(i+x)(1-x)20xz2)e-15x<1.

g
i~



2) Mién x4c dinh 12 t3p {x | x =0 ; sinvx 20} ; nghia 13 :
2kn SVx<Qk+Dn; k=0,1,2, ...

o 4P <x <k +1)27%; k =0,1,2, ..

3) cosx? 20 & x? S%, hoac —§+2kn5xzsg+2kn < |x|5\/§

hoc ,}g(4k-1)s|x|s,/g(4k+1), k=1,2,.."

2y sinZ >0 2k < T < 2k + D hoac

X X
s ' 1
-2k+ 2D <—<-QCk+ D <X <—
X _ 2k+1 2k
hoac — ! <K< - »k=0,1,2,..
' 2k +1 2k +2 :
5) sinmx#0, x20<x>0,x#n,n=1,2, ...
R X 10
6) ~1s- gl oo {IFX
T2 2 _1<o
Ll+x .

| Xx<-1 hoacxz—-%

—-1<x<1

<> —leSI.
3
- . | 1
N -—lSZsmx.Sl«:-—ESsmxSE@

_E+anxSE+kn, kelZ
6 6 '
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. 8)coslgx >O<:>——g+2k:n:<lgx <g+2krr

[21:—1]:: [2k+—]rr
<10 2/ «x<10 2 , kel

%) lg(lgx)zﬂﬁtgleég+kn5x<“§+kn, keZ.

2.1) 2+x-x% 20, 2+x—x> dat cyc dai khi x—% dodé 0<y<

2) 1—2005x>0 COSX 2 — 1<:>0<1—2cosx<3=>—m<y41g3

2x 2<1:>0<y<:rt
I+x

3) -ig

X kL8
4) -1glg—<]=m—-—=<y<—.
) glo 5 y

L

3. f(x): =lgx?; f(-D=1g(-1)2 =1gl =0
f(—0,001) = Ig(—0,001)* = 1(0,000001) = 1g10~® = -6
£(100) = 1g(100)% = 1g10* = 4. )

4. f(-2)=1-2=-1; f(-)=1-1=0; f0)=1+0=1;
f(l)=21 =2, f2)=2 =4

-0 _ —{—x} I+x
=——=1; f(-x)= -
o +0 (=x)= 1+( x) 1-x

1-(x+1) X

f =
(x+h)= 1+(x+1) Xx+2

f(K)_H=l—_x_|_1=1~x+l+x: 2
1+x .. l+x 1+x
1

X 1+i X+1

) X

24

Alx.o



L _ 1 _l+x
f(x) 1-x T 1-x
'1+x

6. f(x)=ax+b, f{(NH=-2=-2=a0+b, b=-2.

f(3)=5=a3+b=3a-2=3a=7: a:%.
7
Vay f(X)=-3—X—2.

7. f(x):ax2 +bx-_|-c
fih=1=a0+bl+c=c=1
f(-2)=0=a(-2)> +b(=2) +c = 4a—-2b+1=0

fl)y=5=a( +b()+c=a+b=4.
Tit hé hai phuong trinh

4a-2b=-1 7 17
= a=—; b=—.
a+b=4 6 6
Vay f(x):zx2 +£x+1.
X, x20 1
8- 'xl={ x<0 Y=5gnX
-—x’
x>0: |X|=x=x5gnx O X
\ — -1
x<0: |X|"—'—x=xsgnx y=sgnx
Vay IXl:ngnx' | ' Hinh 1

9. Theo gia thiét f(u) xdc dinh v6i 0 < u < 1, do dé f(sinx) xdc dlnh
voil<sinx< 1 o 2kn<x<(2k+l)n kel

f(Inx) xdcdinh vdi0<Inx <1 I<x <e.
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10. Theo dinh nghia f(x) :

[~

fx+y)= (a’”’y +a~(x+))

fx-y)= (ax_y +a~x9),

M= o

Suyra:

fx+y)+fx—y)= %a’((ay +:¢1_)')+%a_x(ay +a” )

= %(ay +a )@ +a %) = 2F()E(y).

11. 1) f(x) = ax ; f(y) = ay ; f(z) = az. _
fx)+f(y)=f(zy>ax+ay=az=>z=x+y.

2) Dat arctgx = u ; arctgy = v => lx LA tg{u+v)=

X+
v+ v = arcig y _ arctgx + arcigy = arctgz (vi f(x) = arctgx va

1—xy
f(x) + f(y) = f(z)) ;do dé
2=22Y . x|<l
- l—xy
1 1 1
X)) = =5 f(y)=—: f@)=—
X y z - _
£X) + F(y) = f(2) = ~ 4= b = XY
- XYy z - X+y

1 1
DI = g £(9)= lglf—; H@= g FRO+)=1@)

1-4-)(+1 1+y=I 1+z

=1
—x fioy B,

=1 (1+x)(l+y)=lg1+z_
(I-xX1-y) -z
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(1+x)(l+y) l+z
(l x)(]—y) -2z

, Vi viy

(1+X)(1+Y) (I=x}1-y)_x+y

(1 +x}1+yy+{l~x)}l-y) l+xy

12.1) f(x) = x> = f(f(x)) = (F))° = (x5 = x

- g(x) =2" = ge(x) =

S0 _

4

2%

f(g00) = (g))? = 22 = 2%

f(x) _ Ax?
gf(x)y=2""= 2%
2) f(x) = sgnx = f(f(x)) = sgnf(x) = sgn(x)
B(X) = + = g(g(x)) = —— = x (x 2 0)
X gxy .
f(g(x}) = sgn(g(x)) = sgnx (x # 0)
1
f(x)) = — = .
g(f(x)) = f(x) y—~ sgnx ()_{ #0)

0, x<0 '
3) f(x)={)-( i)o:f(f(x))={

f(f(x)) = f(x)

0, f(x)<0
=
f(x), f(x) >0

0,x<0 - [0, gx)<0
g)=y , 0 = g(g(x)) = '

X2 —(g(x)?, g(x)>0
Vig() 0= g(g(x))=0
0, g(x)<0
fi = -
Gy = 4 TS0 0.xs0
. x)) = _ _ |
* -0, fx)>0 |-x2. x>0 = g(f(x)) = g(x)
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13. DPatt=x+ 1, x=t— L, f(x+1)=x*—3x+2 =
) =(—1’-301-1)+2=t*-5t+6:ticix
f(x) = x> - 5x + 6. |
2) Ciing c6 thé dat t = x+l rdi gidi x theo t nhu bai 1, nhung &
_ i g

day, dé ¥ rang :

1 i\
x2+— [x+-) -2, dodd
X

x2
| . .
f[x+l)=x2 +i=(x+1) —2=t>-2
X x2 X
" nghia Ia fix) = x> - 2 (|x|22).
3) C6 thé viét '

2 2
— x%-1- -1
X+ 1+X2=x 1-x = .
x—v1+x2 x—\/l+x2
Chia ca tir 14n miu cho x (x> 0) :

1

x+V1+x2 =——X . Nhu thé

f(_].:—_; ()= — ., (x> 0).
) fL“ 1-vx? +1

2

X .

4)Dat t=—
1+
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14, 1)y =2x + 3, x=%(y—3), ham ngugce la

y =%(x—3)-

2)y=x2; X ==y, v6i x <0 him nguge 1a y=~—\/;

vit v&i x 2 0, ham nguogce 1a yzﬂ.

HTy =l—_x‘ gidi x theo y va dugc
1+x

x=27Y 4o d6 ham ngugc 1 y ==
l+y l+x

, X #-—1.

4) Gii x theo y ti phuong trinh y=v1-x2 duge x =1y1-y?
do d6 - |

(a) —leSO,.h:‘amngum:lhy:— 1-x?

(b) 0<x <1, ham ngugc la y=m.

5) yéshx=%(ex—c_x) ; goi chx=%(ex+e_x), dé thdy ring

(chx + shx)(chx - shx) = chzx - shzx = 1. Suy ra
l+y e +cx , do dé y+w=ex, suy fra

X= ln(y+ l+y )dodohamngudcla

y ln(x+ 1+x)

15. 1) f(—x) = 3(=X) — (=x)° = x° = 3x = —f(x)
= f(x) 1A ham 1é.
29



2) f=0 = Y1 - () + Tt + (02

=Y +x? +J0-x? =f(x) = f(x) Ia ham chin,

3 f(—x)=aX+a TV =gX 475 = f(x) = f(x) 12 ham chdn.

o (1=t=Y_ xY_ (1)
4) f(—x)—ln(——l+(_x))—ln(l_x) ln[l—_x] =

1+x

I-x
+ X

5) f(-x)= ln(—x+\h+(—x)2)=ln(\h +x? -x)
2.2 '
=In(l+x .—x J=lr{ ! Jz—ln(x+dl'+x2)
x+\/l+x2 ):£+\/I+::{2

f(—x) = -f(x) = f(x) 1a ham 1&.
16, Luén c6 thé vigt

=-In

X)) =-f(x)= f(x) 12 ham ¢.

f(x)=%(f(x)+f(—x))+%(f(x)—f(—x)).
Goi g(x): = é(f(x) FECx)),

hix): = %(f(x)-— f(—x)).

Hién nhién g(x) ta ham chén va h(x) ia ham &, do d6
f(x) = g(x) + h(x) 1a téng chia mot him s6 chin vA mot ham s& 12,
© 17.1) f(x+T) = Acos(Ax + AT) + Bsin(Ax + AT)

= AcosAx +BsinAx: V¥x o
= A(cosAx ~cos(Ax + AT)) + B(sin Ax — sinfAX +AT)) =0, ¥x
=> cosAx - cos(Ax +AT) =0, ¥x
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SINAX —sin(AX +AT) =0, ¥x

= cosAX =cos(Ax +AT), sinAx =sin(Ax+AT)= T = i—n

N N . 2n
Ham 56 d& cho tudn hoan vdi chu ki ~7:-

2) Ding két qué'béi 1 5 sinx ¢é chu ki 2n ; sin2x ¢6 chu ki &
va sin3x ¢6 chu ki Z?R Do vay chu ki cia ham s6
f(x)=sinx+~;—sin2x +%sin3x la bdi s& chung nho nhat clia ba

chuki2n, nva ?1;, nghialachu ki T = 2x.
3) D€ ¢ ring ham s6 tghx ¢6 chu ki T néu :
tgA(x + Ty = 1ghx & tg(Ax +AT) = tghx = tg(Ax + 1)

m . . S . X .
<:lT=n=>T=I, A#0. Do do tgi cé chu ki 27 ; tgg <6 chu
ki 37. Do d6 ham s6 - ' '

X ., X
f(x)y=21g—~-31g—=
| (x) | g5 —oteg
¢6 chu ki T = 6 14 boi 56 chung nhéd nhat clia 27 va 3.
4) C6 thé viet sin’x —%—;—cmZx do vay ding két qua ba1 1, suy
ra f(x) = sin ’% 1a mot ham s6 ¢6 chu KiT= m.
S)Péf(x)= sinx ¢6 chu ki 12 T > 0, phai c6
sin (X + T)2= sin::(:2 = sin(x2 + 2m).
Suyra: x2 42Tx + T2 =‘x2+2n.
titc 1a T 1a nghiém cla phuong trinh bac hai chifa tham s6 x :
T + 2xT- 21 = 0.
31



Di nhién, nghiém T cia phuong trinh dé phu lhuéc X, do vay
f(x) = sinx> khong phi 13 mét ham s& tudn hoan.

6) th(x +T) = Jigx = J1g{x + m).
Suy ra f(x)= '\/tgx tudn hoadn v6i chu ki «t _
7y sinx ¢6 chu ki 14 2r ; sin(x\/_) c¢d chu ki n\/_ Vi ta khong

tim dugc 56 nguyén n nao dé€ cho nx la boi s6 chung nhé nhét cla
2w va Tt\E nén f(x) khong tuan hoan. ;

1

18. Dy=v’, u=3x*=Tx+1 ; ) y=2";u=tgv; v=—;
: X
3 y=lnu;u=tgv;v=%; 4) y‘=\/u_; u=x+\/;;
S) y=arcsinu; u=vv; v= X
y ) ' ’ 1+x

19, 1) Tt tinh tudn hoan, chu ki T = 2r va tit bang mot s6 gid tri cla
ham s&, ¢6 thé v& d6 thi timg diém :

-~ 0

I
2| m

o
m|§7,
m|‘;7| P~
o

=

y =sin(x+n/4)

.............

Hinh 2
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2) Ham s6 c¢6 chu ki T :_2511:' va dudi day cho mot s§ gid tri dé vé
ring diém d6 thi cia ham s6:

n s It l b 2m
X e e 0 - - — —
3 6 6 3 2 3
cos3x | -1 0 I 0o -1 0 1
¥

Hinh 3

3) Ham s ¢6 chu ki T = 67 va tir bAng m6t s& gid tri cho ducn day
c6 thé vé d6 thi timg diém :

X | -2 -m 0 i3 2n 3n 4n
X 1 l 1 1 l
COS— - - 1 - — -1 -—
3 2 2 2 2 2

Y

_H:‘nh 4
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4) Tir bang mot sd gid tri
ham s6 cho dudi day cé thé
v& d6 thi ham s : :

x!() i 2

3" 1 39
5) Bang vai gid tri ham s6 :
X -l— 1
2

lo l
B2 0

Hinh §

Hinh 6

ITOAN HOC £CT2.8



Chuong 3
GIGI HAN VA SU LIEN TUC
CUA HAM SO MOT BIEN SO

A. DE BAI

1. Chitng minh ring day {x.}, x, : = nCD’ khong din tdi vo cling
nhung ciing khong bi chan. '

2. Tinh lim I + I +...+ ,l .
n—e| 1.2 2.3 n(n+1)

3. Tim céc gidi han :

2_ 520 2 n_
1) lm (X" =-x-2) : 2) limx+x +..+X -n
x-2(x3 - 12x +16)'¢ o1 x—1
100 n n n-1
- 1 - - -
3 limxsg 2X + : 4) lim (x" —a'} n32 {x a)'
= X7 —2x+1 X2 (x-a)
‘4. Tim cic gidi han :
. x+\1'x+\/; . \/;+é/;+‘\t/;
1} lim ———— ; 2) lim ————.
x—=4e0 Wfx+1 x40 2x+1

5. Tim cdc gidi han :

9+ ox — U1
1) lim Vi+ax -y B 2) lim
x—={ X x—{)

Yl+ax Yl1+px -1 .
X

a5



6. Tim cde gid1 han :

. Sinx—sina
D lim— ;

X—a Xx—a

3 lim
x>0 I—cosx

7. Tim céc gisi han :

-2
1) lim 2\/_
x—4x2 _5x+4

8. Tim céc giéi han :

X3

2_ 1—x
X=teol 2x + X+ 1

3) m ¥1-2x
x—0
5) lim (sinx)'8* ;
x—=
ax _eBx

7 im—-
s—0sinax —sinPx

1 -cosxcos2xcos3x

Jl+lgx —V1+sinx

2) lim
x>0 X2
. Jeosx —cosx
4) lim —
x—0 sin“x

2) Hlm (\J'x +x? —l-x)

K—r+eo

x—1

2'._ x+1
.2) lim "2 1
X0l X7 +1

4) lim Yeosvx

x—>+0

6) lim [sinln(x + 1) —sininx].
Xy oo

8 lim n2(¥x "), (x> 0).

nN—teo

9, Cho dé thi clia ham s6 lién tuc y = f(x), cho trude diém ¢é hoanh
d6 x = a, cho truée s6 & > 0, hay tim s6 & > 0 sao cho khi

lx—a|<8 ch If(x) f(a)|<8

10. Diing dinh nghia "¢

_ §" dé chimg minh ham s& £(x) = x° lién tuc.

tai diém x = 5 va dién vio chd tréng bang dudi day :

£ - 1 0,1

0,01 0,001

. 0
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11. Cho ham s6& f(x) : = x + 0,001E(x), lrong dé E(x) la phidn nguyén
cua x (xem thi du (d) muc 2.1, chuong 2, sich da dan). Chimg
minh ring v6i mdi € > 0,001 c6 thé tim duge § : = 8(e, x) > 0 sao
cho khi [x'-x|<8 ¢6 |f(x)—f(x)]<e va v6i 0 < & < 0,001 thi véi
bat ki gi4 tri nao clia x cling khong tim dugce 8§ thoa mian yéu cdu
trén. Ham s6 f(x) khong lién tuc tai nhitng diém nio ?

12. Xét sy [ién tuc clia cac ham s6 ;

D f(x)=|x]

2y f(x)= {(xz -4)/(x-2) i‘lé‘u x#2
A néu x=2

.1 :
3) f(x)ﬂxsm;, néu x=0

0, - n&ux=0
1

4 f(x)={e "'2, néu x# 0

RO, néu x_=0
fu<x <l

5) f(x) néu X
2 X, néy l<x<2

sin7tx, néu x hitm ti
6) f(x)= ' )
0, néu X vo i

13. Cho f(x)=1{¢ * Deux<0
a+x, néux>0

Hay ch.on s8 a sao cho f(x) lién tuc,

14. Cho f va g 13 hai ham s6 lién tuc trén [a, b] va gia str f = g tai moi
diém hitu ti cia [a, b]. Hi c6 thé két luan f = g dugc khong ?

15. Dung phuong pghap phan déi, tim nghiém duong ciia phuo‘ng trinh
1,857 - &in10x = 0 v6i sai s6 tuyét déi khong vugt qua 1070
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16. Xét xem trong ba ham s6 f=Xx, g= x% va h = cosx”, ham s6

ndo lién tuc déu wen R,

B. LOI G1A}

1. Vi (-1)" bing —1 hay +1 tuy theo n 1& hay chdn, do d6 diy [x,}

. i I
14y cdc gid tri xen k& nhau — v n, do d6 khong thé ¢6 s6 A > 0
n-

dé 0" > A, vnthodn > n, nao d6, va ciing khong thé tim duge
s6B>0 dé n(_”n < B, Vn thoan > N nao do6. Do vay {x,} khéng
dan t6t vo cung nhung cling khong bi chan,
o ) 1-
2.Cothévier —— 2170 1 1 phods:
nin+1) nn+1) n n+1

1

I.2

— | —
b | —

LI
2.3 2

L) | pt

1 1 1

(n—l)n._n_—l n

1 l 1

n(n+I)_n n+1.

Cong v€ voi v€ cic ding thifc trén ta dugc
1 | 1 1

et = .
1.2 2.3 n{n+1) n+1

Vi

— 0 khin — oo nén;
n+1l '
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. I 3|

lim + +..+ =1.
n_>+m[1.2 2.3 n(n+l)]
3.1) D&y ring

x> X 2= (x+ D(x=2) ;% - 2%+ 16 = (x = 2)%(x + 4).
Do d6 :

(x2—x-2)%° _ P xe
(0 -12x+16)10 (x40 0x~2)0  (x+4)10

Va po 0 =x=20 _@en® 320
& m 0 W0 10
X=22(x" —12x +16) 2+4) 6

A -

x+x2+...+x“—n=(x—l)+(x2~ 1)+...+(xn—l)

2) C6 thé viét

SE-DI+ D+ +x+ Db+ 4 2 x4+ 1)),

Do dé6 ;

2 n_
lim 22X TP TN D4 (O o X D)]
x—l x—1 x—l :
=1+2+43+...+n= nnt1)
3) C6 thé viét
50 50

X -2x+1=x —x~(x¥l)

=x(x49~ D-x-1

47

=(x - Dxe x4 rxeDox-

={x - l)[x(xd'8 +x7 4 e tx+1)-1]

(ding cong thite x" = I = (x - D" +x" 2+ ... 4+ x + 1),
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Tuong tu :

xloo —2x+1=(x~— 1)[}((){98 + xg? + +x+ 1-11
Dod6: _
. X0 _2x+1 98 1
lim —————=—=2—
x—1 x50_2x+] 48 24
4) C6 thé viet

—1
x"-a"-na" (x-a)=

—1 -2
n n—2

=(x —a}x +ax v anrl) - 1'1an_1 (x —a)

=(X— a)[(xn_1 + axn_2 + ..+ an_l) - na"_l}
va
xnr‘l rax™ P ta oma s
=M - A+ (ax" 2 - P N (xa® % - a1l
= (x - )" 2+ "+ ax" 2 - a4+ 2" 2(x — a)

=(x - a)[(xn—Z A an_z) + a(x“rg' 4o.4a D+t a 2].
Do dé:

1—1
X"—a"-na" (x-a)=

= (x ~ (" 2 & H 4 a4+ e+ |
vi
n i n-1
. X —a —na x—a) n{n—1) -7
lim ( )= ( )a“ Z
X-—a (x-—a)z 2

4. 1) Chia tir va miu cia phan thitc cho Jx vh duge
- 1+ ’L+ {-1—
Jx+yx+dx x> Vx*

Vx4l : 1’1+—l-

' X
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Khi x — +ee thi l—->0; L—)0; L—>0, do d6

X 2K
o x+Yx+X
lim —————=1.
O Vvx+1

2) Ciing nhu bai trén, chia ti va mau cho Jx va chuyén qua gidi
. han,cé

lim ———u-—=—
Koo 22X 41 \/5

e+t 1 VT
2
5.1) Dé y riing : |

W1 +ax -1 “‘\/1+.:m—1'OL
X ax

Dung k&t qua ciia thi dy (b) trong muc 3.2, cdc tinh chat gidi han,
trang 72 sich Todn hoc cao cép tap I1 (cla ciing tic gia) suy ra:

. W+oax-1 «
lim L&
x-0 X m

Va bay gir, ¢4 :

Vi+ax~g1+px _ . (V+ox -1~ @1 +Bx - 1)

lim

x=0 X x=0 X
_o B
- m n

-

2) C6 thé viét
Y1 +ox 1 +Bx — 1 = (Y1 +ax ~DY1+Px +@1+px - 1).
Do d6, diing k&t qua bai trén, suy ra :

-lirn W+oaxY1+px -1 —E.,.E
X

x—0

m n
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1)Tacd:
9 X+a , x-a
sinx —sina _ cos ) s 2 1
Xx—a X—a 2
2
Pé ¢ rang
. X—a _
s , . X+a .
T —a — 1 khix — ava cos — cosa khix — a,
2
do d6 nmwzmsa_
Xx—a X-—a
2) C6 thé viét
\/1+tgx—\fl+sinx_ 1 +tgx ~1—sinx
x3 x3(J1+tgx+Jl+sinx)
_igx {l —cosx) 1
X x? JT+tgx +/1+sinx

Nhu ta da biét

- 1 ]
tim B o1 fim 12X L L (4ch da din, trang 75)
-0 X x—0 x2 .2

va lim(Jngx +41 +sinx)=2.
x—0 .

Do d6

lim J1+tgx —\ﬁ+smx 21.

x-—0 x3 4

3) C6 thé vigt
1 — cosxcos2xcos3x = (1 — cosx)cos2xcos3x + (1 ~ cos2x)cos3x +

+ (1 — cos3x),



dé ¥ ring

l-coskx 1-coskx 5
5~ 33 'k
X k“x
nghia la
2

lim 12 0SKX _ K™ o em bai trén)

x—=0 xz 2
vi lim cos2x = lim cos3x = lim cosx =1.

x—0 x—0 x—0
Do d6 -
1 —cosxcos2xcos3x
1- ' 2
lig L= SOS X cos 2x cos3x - lim X =14,
x—=0 1 -cosx x—0 1 —cosx
x2
4) C6 thé viét
Jeosx ~ Ycosx _ (\cosx — 1)—(%/005)& -1

sin®x sin?x

Tacé:
cosx—1

veosx -1 cosx~1 B x2 '
sin’x sinZx(+/cosx +1) sin“x(vcosx + 1)
2

X

Khi x —» (0 thi :

-2
cosx—1 1 sin“x
- —— —1; Jeosx +1 2.
x2 2 xz

Do d6 :

Jeosx -1 _ 1

lim Y28 70 _ 2
x—0 Sinzx 4
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Tuong tur :

. 1)

v’%cosx~l cosx —1
sin’x sin x(\/(cosx) +Ycosx +h
Do dé: .
| \f3cosx—1_ i
x—={ Sin2X d]
. Vcosx —3cosx 1 1 I
Vay : im ———— =y =
=0 sinZx 46 12
Vi-2 k-2 (x+2)
x> =5x+4  (x=4)x-1 (Jx+2)
L (x-4) _ 1 |
(x=Dx-Dx+2)  (x—D(x +2)
Viy :

Jx -2 1 1

m ——=lim —— = .
x4 x? 5% +4  xob(x-D(Vx +2) 12

2) \/3 x3+x2_—1—x—

44

=(%/x3+x2—1

—0FE +x2 =12 4333 422 <1 4x7)

(%/(x3 +x?‘—1)2 +x%/x3 +x2 —l+x2)

:(3+x2—l—x3

E+L-—%——-E—+L+\/l+—l~—L+l
X x? x3 x4 x® x  x?

lim (\!x +x% - —x)_

X—>+oo



3

8.1) 2=k x4 ——.
I-x l-x
3
Khi x — +ee thi — —oo. Do d6 khi X = +<o thi
- X
B X3
3xZ —x +1 |I-% . {3]"m
2. il Y
2x5+x+1 2
x3
R BRI
—x+] ==
nghia 13 ; tim 3"T’i— =0,
. X—tee| 2X° +x +1
2 . B '
2 him o m 22l
x—00 x2 41 x—oo X + 1
x—1
{2 1 Yxal
. — 1 Ix+l
Viy: lim xz =1,
o Xl X7+

: 1
HPpac: A:=¥1-2x=(1-2x)%, dod6

oA = In(t —2x) —(=2). ln(l—2x)‘
X

—2x
Diing cong thitc (3.17a) trang 89 (sdch da dan)
Jim PUFX)
x—=0 X
C6: limInA = lim(=2y. 18220 _ o
x—0 x—{) ~2x
Vay lim A = lim ¥1-2x =e 2.

x—0 x—0
1

4) DA A : =Yeosvx = (1 +(cosvx —1)*. Khi dé
In(t +(cos&— 1)) _ In{1 +(cos\/;— 1)) cosJ;— l’

InA=
X (cos\/;—l) X
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Dé ¥ rang :

lim SOSvVX =1 _ lim *lﬂ = _% (bai 6.2)

x—0 X x—0 (\/;)

. In{l +(cos\/;— 1)
m =

va 1§

1.
x—0 (cos&—-l)

Dodé limilnA= 1 va cudi cung
x—0 2

1

lim Ycosvx =e 2.
x=0

5) Dt A = (sinx)'®* =[1+(sinx — 1)]'&,

_ In(l +(sinx - 1)) _

“InA =tgxIn(l +(sinx ~ 1))

cotgx
_In{l1+(sinx-1)} sinx-1
sinx —1 cotgx
sinx—-1 . sinx—1]
va =S X- .
colgx COSX
L .. smmx-—1
Do dé lim =0.
1 cotgx
Cudi cling

lim InA =0, nghiala:
14 .

X
2

lim A = lim (sinx)'8* =¢° =1.
18

R
X—= Xx——
2 2



6} sin In(x + 1) — sinlnx =

= 2cos{%'(ln(x +1}+1In x)}sin[%(ln{x +1)— lnx)]

_ 1 Ll x+]
.-2cos[2ln(x(x+l))}m[zln[ . )]

. Xx+1
va In
X

—1n1=0 khi X — o do dé :

lim [sinln{x +1)—sinlnx]=0.

X—yoo
7) D€ ¥ ring
. eax ] el‘)‘.x _1
lim = lim a - =q
=0 X x=0 ax
vi
e -1 &P
X —Px G —l)-i-(l—eﬁ")= x  x .
sinax —sinBx sinoX —sin 3x sinax _sinpx
' X X
Do dé
ax _ _Bx _ '
lim———¢ . 9=B_,
x>0sinax —sinfx a-B
8) C6 thé vidt

_ 1 1 1 1
n?(Yx - "*fx)=n? [x; —me=n2 . xm(x“(““} -1

1 1 1
_ x.l.j_i.f xn(1'1+l) -1 _ xm[xn(nﬂ) _J
1 n+l 1

n? n n{n+1)

J
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l .
1
n _(Xn{n+l)_l)

- x B+l
n+l 1
n{n+1)
Bay gits dung cong thire (3.18) trang 89 (sdch da dan) :
: a_
lim =lpa (a> Q)
a—0 @
tacd:
L — 0 khin - oo,
n{n+1)

1

x5 1 khin -3 oo,
1
xn(n+l) -1
|
n{n+1)

Shx{x>0khin>e

va cudi cing : .
lim n?(Yx - n+lfyy = Inx.
e

: F
9. Ham s6 y = f(x) lién tuc, c6 Y

d5 thi 1a mot dudmg lién

(hinh 7), trén dé thi dé chon

diém M (a, f(a)). 2| f@)
Tir M ha MQ, MP lin lugt,

vuong gbéc véi truc toa do.

L4y P la trung diém, rén truc

tung ldy doan RV = 2¢ véi P Q
& > 0 ty ¥ cho trude. Tix R 0 § a W
va V v& cdc dudng song song ——

) N - Cél
v&l truc hoénh, chiing Hink 7
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d6 thiy = f(x) tai N va L. Tr N va L ha NS vad LW vuéng géc vdi
truc hodnh, khi d6 dat 256 =SW ; va nhin hinh vé ta thiy rang khi
X 1ot vao doan SW thi f(x) lot vao doan RV va diéu d6 chimg 0

. \
rang, véi 8=TR thi khi (x-a)<d= §%V—, s€ ¢6 |f(x)—f(a)|<a.
10. Mudn ching minh f(x)=x? lién tuc tai diém x = 5 ta phai chifng
minh ring v6i bat ki £ > 0 cho trudc ludn tim duge 8 > 0 sao cho
| x=5|<8=|f(x)-£(5)| =} x2 = 5? | <.
That vy, ¢6 thé vigt

|x? — 52| =|(x=5)x +5)).

Vi ta chi xét nhitng gié tri x rdt gén X = 5 nén c6 thé gia thiét,
ching han |x +5|<10.

Do dé ' 2'-52!<|.x—5|10 vi mudn |x2—52|<8-, chi cén

10|x—5|<£, nghia la |x—5[c~1%-

Do d6 chi ¢cdn chon- &= -i% va nhur the ¢6 :

£ i 0,1 0,01 0,001

& 0,1 0,01 0,001 | 0,000i

11. Theo gia thiét, ta ¢6 ¢hinh 8).
Vdi x=neZ thi _
f(n+ 3 -=f(n—-0)=0,001,
Véi xe¢Z thi
f(x+0)=f(x-0).
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Vay v6i £>0,001, luon tim duge

Y o (e, x)>0 thoa [x —x|<8

= f(x") - f(x)| <& V6i e < 0,001 ;
S S tai x = n e Z thi 8(g. x) = 0, do dé
f(n-0) + ----- . khong 16n tai 8 thod yéu cdu. Ham
/" . s6 f(x) khong lign tuc tai x =n € Z.

: x,x20

% 12. D) f(x) =| x| =
-x,x <0
O n '

Di nhién f(x) lién tuc tai moi x # 0 ;
tai x = 0, taciing c6
£f(0) = 0 = lim x = lim{—x).

x—0 x—0

Hiuh 8

Do d6 f(x) lién tuc v6i moi x.

2_
2)C6é tim = 4 e limx+2)=4.

-2 X—2  x52

Do vay néu A = 4 thi f(x) lién tuc tai x =2 va néu A # 4 thi f(x)

. gian doan tai x = 2,

50

. ' . ! N L
) Vi lim f(x) = lim xsin—=0 v x, sin— lién tyc tai mo1 X = 0
x—0 x—0 X X

va theo gia thi&t f(0) = 0 nén f(x) lién tyc v4i moi X.
| .

4) lim f(x)= lime X’ =0 va f(0) = 0 nén f(x) lién tuc v6i moi x.
x—0 x—0 '

5) Theo gia thi€t f(x) xdc dinh trong doan [0, 2] va f(x) lien tuc

trong cdc khodng [0, 1) va (1, 2]. Ngoai ra lim f(x)=2 ;°

x—1-0

lim f(x)=1, vay f(x) gidn doan tai x = L.
x—1+0

6) f(k) = sinkn =0, Yk € Z; f(x) #0. Vx 2k, k € Z. Ngoai ra
f(x) = 0 khi x vo ti, do d6 f(x) gidn doan tai moi x # k, k € Z.
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13. Hién nhién f(x) lién tyc tai moi x # 0 ; ngodi ra

lim f(x)= lim e*=1 va
x—=0-0 x—0-0

lim f{(x)= lim (a+x)=a.
x—20+0 x—0+0
Do d6 f(x) lién tyc tai x = O khia= L.

14. Goi X, 1a di€m v6 ti, x, € [a, b], goi o Ia s6 thap phan hitu ¢
x4p xi dudi clia x,, viét dén 107", vi f = g tai nhitng diém hiu ti :

f(a) = g(a), do dé léri_lz;i n, € Nsaochokhin2n,c6a € [a, b]:
f(xg) — 8(x,) = f(x,) — f(a) ~ (g(x,) — g(a)).
Vi |x, ~al < 107 nen ve > 0, 3n; € N sao chon 2 n; =

| fexg) — ey | < % va lg(x,) - g(o) | < %

Do d6 If(xo) - g(xy) | < g,
Vi g latuy ¥, suy ra f(x,) = g(x,) = f(x) = g(x).

15. Xét ham s6 f(x) = 1,8x2- sin10x va tinh : £(0,69) < 0 ; £f(0,7) > 0,
do d6 nghiém cla phuong trinh f(x) = 0 ndm trong khoang [0,69, 0,7]

Xét x, = % (0.69 +0.7) = 0,695, £(0,695) < 0 ;

Xét x, =% (0,695 +0,7) = 0,6975, £(0,6975) < 0 :

Xét x; = %(0,6975 +0,7) = 0,69875, f(0.69875) < 0 ;

Xét x4 = % (0,69875 + 0,7) = 0,699375, £(0,699375) < 0 ;
Xét x = %(0,699375 +0,7) = 0,6996875, £(0,6996875) < 0 ;
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X6t xg = -;—(0,6996875 +0,7) = 0,6999375, £(0,6999375) < 0 ;
Xét xq = %(0,6999375 +0,7) = 0,69996875, f(x7) <0

Xét xg = %(0,699968?5 +0.7) = 0,699984375, f(xg) < 0.

@ =0,69999 £ 0,00001. -

16. Khong gidm tinh téng quét, c6 thé gid thi€t 0'< x' < x" va xét xem
khi Ix"-x1<8 c6 kéo theo [f(x")—f(x) <& véi moi & >0 cho
trudc hay khong ?

Véi ham 6 f(x) = Vx, taco

T ok Yl

Mudn Vx" - Jx duong va bé thua € ; chicin x" - x' < 2edx’ , hay
12 néu My x' = x, > 0 vdi x,, ¢6 dinh thi chi cin x" — x' < 2ex, . do -

néu x' > 0.

d6 &=2¢4/x, , d0 46 ¢6 sy lién tuc déu trén [x,, +00),

Ngoai ra, vi f(x) lién tuc nén-cﬁng lién u_lc_déu trén doan [0, X,]
va do d6 f(x) lién tuc déu trén .[0, +o0),

Vi ham s6 g(x) = x2, xét hiéu :

x2ox? = (x"-x) (x"+X)> 2" - x).

Khi d6, ddu 1a x” — x' < 8, v6i & khd bé ciing khong dam bao

x"2—x'2 < g Wi, ching han,

x"-x' =§, X' >l=:>x"2+—x'2 >1.
2 by

Vay g(x) khong thé lien tuc déu trén [0, +oo).
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Cu6i cling, xét h(x) = cos xz, h(x) khéng don diéu nén khong thé
1ap ludn nhu hai trudng hgp trén duge nhung do h(x) ludn cé cuc
dai va cuc tiéu lién ti€p nhau (tinh chét clia him s6 cos (), ¢6 :
cosx> =1 véi x% =2kn ;x=+2kn,keN

cosx? = ~1 véi x% = Qk+Dr ; x=/2k+D)r, k € N.

Bay gig dat : x" = 2kn , X’ =\/(2k +Dn thi

: 1
X"~ X' < — ~»0 khik = o
N2k
va [ h(x™) = (x| =2,

va diéu d6 chiing 15 riing h(x) khong lién tuc déu trén [0, +eo),
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Chuong 4

DAO HAM VA VI PHAN
CUA HAM SO MOT BIEN SO

A. PE BAI

1. Cho f(x) : = (x - D(x —2)2()( -3y ; tinh (1), f'(2).,1'(3)?

2.Chof{x):=x+ (x - l)arcsinJ il ,tinh £(1) 7
X

3. Tinh dao ham cdc ham s6 ;

1) y=x+\/;+§/;;

3) y=§jx‘2—%;
X

3

1—x3

.2
sinx
Ny==—

:
sinx? ‘

5) y=3l+x

X X
9y y=tg——colg— :
Yy 82 COg2

11) y=ln(x+\}1+x2);.

54

1

2 y=y+ . "I

4y y =" _ )M (14 x)0

6) y =Vx+yx++/x |

1
cos™x
1
10) y=x;

8) y=

12) y=¢"Insinx



-~
[

13y y= log3(x2 —sinx); ‘ 14) y = 318X

15) y=e*
.4. Viét phuong trinh tiép tuyén véi dudmg cong
y=x3~3x2 -Xx+35
tai diém A(3, 2).

5. Chimg minh rang doan tiép tuyén clia dudng hypebon xy = m gém
giifa cdc truc toa do bj ti€p diém chia Iam hat phén béing nhau.

6. Tim dao ham va vé dé thi ctia ham 56 va clia dao ham cdc ham s6 :
1)y=|_x|; _ 2)y=x|x|; 3)y=ln|x].

7. Tim dao ham cdc ham sé :

'l—x, khi—-=~<x <1

1) y=<(1—x}¥2~x), khi 1€£x<?2

- (2-%),  Kkhi 2<x<+oo

x2e™ | khi | x|<1
2) y=4

1 khi |x|>1.
L€

8. Tinh y' néu (véi f 12 mot ham kha vi)
) y=fx%); 2)y= f(sin’x) + f(cos?x) ;  3) y = f(e*)el ).

9. Cho f(x) : = x(x — 1) (x = 2) ... (x — 100). Tinh £ '(0) ?
10. Véi diéu kién nao thi ham sg
f(x) : = x" sinia khix =0
0, khix=0
Dliéntyctaix =0
2)khavitaix=0
3) ¢4 dao ham lién tuc tai x = 0.
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11. Ching minh ring ham s6 f(x) : = |x — aj @(x) trong d6 ¢(x) la mot
ham s6 lién tuc, ¢(a) = 0, khong cé dao ham tai diém x = a.

12. Xét tinh kha vi clia céc ham s6 :
Dy=lx-Dx-2%x-3°; 2)y =|cosx|.

13. Tim dao ham trdi f_(x) va dao ham phai f (x) clia cdc ham s6 :

iy = Ixl; 2) f(x) = Vsinx? .

14. Tim vi phéan cdc ham s :

1 1
Ily=—; )y ;—arctgi,(aatO)
: X a a

,'(a;tO) 4) y=ln|x+\}x2+a|

3) y=—In| 222
2a [x+a

S5)y= arcsini, {a = 0).
a

15. Cho u(x), v(x) 12 hai ham s kha vi, chimg minh ring
1)d(Cu)=Cdu, Clahdngs6; 2)d(u+v)=du+dv

3) d{uv) = vdu + udv ; 4)d(£] _ ydu—udv
v v

16. Tim

b d(xe®y; 2)dval +x2 |
3) d(-—-——-)f-——w); 4y dln (1 - x%).
Wl - x2

17. Tim
1 (:l3 (x3—2x6—x9) : 9 d2 [sinx] :
d(x”) d(x“)\ X
d(sinx)
d(c'osx)
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18. Diing cong thitc s6 gia cia ham s& kha vi, tim gid tri xdp xi cdc
biéu thitc :

D .02 ; 2) sin 29";
3)lgll; 4) arctgl,05.

19. Chiing minh cong thifc xap xi
\J'az-+x =a+-§-, (a>0)
2a

v6i | x| << a (he thitc A << B véi A, B > 0 ki hidu A r4t bé so véi
B). Ding cong thic trén.tinh cdc gi4 tri x4p xi cla

D5 D434 3) V120,

20. Tim y”, néu

l)y=xw.f1+x2 i 2)y= X ;

1-x

3 y=e ; 4) y = Inf(x).

21. Tim ', , ¥",x cGa ham s6 y = f(x) cho dudi dang tham s&
1)x=2t—12,y=3t—t3; '2) X = acost, y = asint ;
3) x = a(t — sint), y = a(l -~ cost). '

22, Tim dao ham c4p cao cic ham s§ :
2

8) 1+x 100
1)y=—1_ vy - Qy= Nk Ly
3y =x2>, 20 &)y =xZsin2x, y©°0 9

23.'1“1rny()né'u .
1 1
Dy= : 2 y=———
x(1—x) x2-3x+2
X .
3) y=%/m; 4) y = ¢ sinbx.
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24. Dung phuong phip quy nap, chitng minh ring

Y™ 1
— n _
(x“-‘lex] iy

+
x"l

- ' 1 3 m Jm}
25. Cho da thic Legendre : P(x) : = [(-x -1 ]
: 2™ m!

m =0, 1, 2, ... Chitng minh rang P,,(x) thoa phuong trinh

(1 = %) Py (x) — 2xP', (%) + m(wh + P (x) = 0.

26. Cho da thitc Tchebychev — Hermite _
2 2

Ho(x) = (-1)™e* (¢7* )™ m=0,1,2,..

Chitng minh rang '
H"(X) = 2xH' () + 2mH,(x) = 0.

Tim biéu thic hién ctia H_(x).

B. LOI GIAI

1. f'(x) = (x—2) (x — 3) +2(x—2)f1(x)+3(x—3) f5(x) trong dé
fl(K)“(X—l)(K—3) fz(x)—(x—l)(x 2)
Do dé f(l)=(1—2) (1—3) +0+0=-8
f'2)=0+0+0=0
f'3)=0+0+0=0.

2 £'(x) = 1 + arcsin | —— +(x—Dg(x)
x+1

vai g(x)= [arcsin X J
X+1
n

Dodé: f'(ly=1+ arcsin§=1+z-
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K3

11
A Dy=x+ Vx+Px=x+x2 +x3

1 > I i 1 1
y=1+—x2 +-x3 =l+—F=+

2 3 2% 33x2'
| 1 2 4

2) y=—t——t—e=x"T4x 24x 3

)y X \/; ‘3'/;

2

1
3 y=%{;2‘—-}——~=x3-—‘2x 2
. X

2 '2__1 1
)"=§X3 +(—2){ 2

__]x’"‘ -2 L
O AN
m n

4) y = m-.,.d(l_x)m(l_'_x)n =(.1_xl)m+n(1+x)m—+l;-

Iny = L[mln(l —x)+nln(l +x)].
m+n

Dé ¢ ring (In(1+ x))' = L n-x)y=-—.
1+x I—x

Do d6 14y dao ham hai v€ biéu thirc Iny, duge :

m+n l+x_l—x _(m+n) (1-xX1+x)
Suyra:
. 1 -(n—m)—(n+m)x=

Y =Y mtn (-0U+x)

y_ 1 ( n m) 1 (-m)-(i+m)x
y
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=(n—m)—(n+m)x( -

m+n

tifc 13

(n-m)—(n+m)x

1
1-x)m+n (1 4 x)mn

e

L

y'-_-
{m+n)

1

’ 3 33
5)y=3l+x3= 1+x3 -

1-x 1-x
Iny = %[ln(1+x3)—lh(l-x3)].

) 2 2 ;

.Y_=l 3x + 3x =X2[ 13+' 13].
Yy 3|1+x* 1-x° 1+x3 1-x

y._ 2)(2 1+X3 |X|#l
1-x8 ¥V1-3"~ ’

{m+n

1 .
6) y=yx+Vx+Vx =u2 ; u=x+Jv ;
V=X+ \/; '

1 .
—~1
Y'=lu2 u';u'=I+—-—1—-v'; vi=1l+ l

2 N
1

ey et}

e

=) (1 +%)™

L (e Y )
-2\/x+«fx+\/§ l+2J_x+J;J[1+2JI) |

Cudi ciing : ‘

ye 1+ 2VX +20x +x +axVx +x

8J;\lx+&\/x+wjx+\/;
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‘- (sinzx)'(sin xz) - (sinzx)(sin x? )
{sin x2 )2

Ny

. L2, .
Tacd  (sin"x) = 2sinxcosx,
.2 2
(sinx”)' = 2xcosx”.
Cuéi cung :
. .2 . 2
,_ 2siInX(cosXsinXx” — xsinxcosx”)

sin®x2

R)y= =(cosx) ", y.‘= —n(cosx)™" (= sinx)

cos"x
nsinx

(.‘OSIH-‘l X

' X X
9) y=tg——cotg—, y'=
))’_ 82 82 ¥

h | =
[ %]
[ %]
b

112
X = s
2 sin2 Xcos? X sin“x
2 2

y:

1 _ .
10) bé ¢ ring ham s§ y=xX khong thubc dang as (Vi x khéng
phai 12 hing s6), ciing khéng thudc dang x® (vi 1 khong phai
X

hing s&), do d6, mudn tinh y' nhat thiét phai 15)! léga clia hai v& va
khi d6 ¢6 :

my=imx
X -
v
L=_%lnx+li.l=%(l—ln}0.DOdé:
¥ X X X x
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1

Y _x*
¥ ——z(l—lnx)— 3 (l-Inx).

X X
11) y=ln(x+\ll+x2)=lnu, u=x+~f;; v=1+x2.
y'=l-u';u'=l+ L vy v =2x
u 20
Vay:

y'— 1 .[1+ ! .2}(}—
x+\/1+x2 2\/1+x2
1

X 1
x+\jl+x2[ \/1+sz \/l+x2

12) y = ¢"lnsinx, y' = e Insinx + "(Insinx)’

(lnsinx)' = Cf)sx.
sinx
Do dé: _
y' = ex(lnsinx + cotgx), sinx > .
2 .
13) y = 10g3(X2 —- Sinx) :M = ..l._lnu;
In3 In3

2 .
u=x" —six

, 11
y'=-——.—.u';u =2x - cosx
In3 u _
= LZ; (2x —cosx) = 2 —zcosx ’
In3 x4 _ginx (In3)(x“ —sinx)
x2 —sinx > 0.
14)y= S2TCIBY eu’ 0= arctgx‘
1 u 1 ' 1
y=e .0, u=

l+x2
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1
1 5 emlgx .
1+x

15)y = ¥ =e", u=xX,
y=eu .
D¢ tinh u' ta phai Idy l6ga biéu thic cla u:
Inu = xlnx.
Pac ham hai v€, duge :

L]

u 1
—=Ilnx+x-—=1+Inx,
u X

Suyra:
u=x" (I + Inx).

Theé gi4 tri v’ vao biéu thic cha y', duoe :

y'=e* (1+Inx)x*.

4. Phuong trinh ti€p tuyén tai diém A cé dang :

Y= YA=Y (Xp)x - Xa)
C)daycé:y=x3~3x2-—x+5,suyra:

Y =3 - 6x-1,y'(xs) =332 -63-1=8.

Vay phuong trinh tiép tuyéntai A (3:2) 13
¥—2=8(x - 3) hay y = 8x — 22. '
Goi Ko, B) 1a tiép diém chia doan
t€p tuyén cia dudng hypebon Xy=m
Xy = m ; ti€p tuyén nay cit truc

hoanh tai A v tryc tung tai B, Cin B
phdi ching minh ring 1A = IB (xem

hinh 9). 1(-P)
That vay, phuong trinh tiép luyen tai x
ti€p diém I 1a 0 A -

Y- B=y(e)(x-a). Hinh 9
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Suyra: xg=0vayg=f-ay'(a)

va yA=0véxA=0.—y'l(a)-

Mat khdc, phuong trinh hypebon xy = m ¢6 thé viét y =g, suy ra
: X

r

y'==-— nghiala: y'(@)=-—> va p=="
X7 o o
Thé gi4 tri cda B vA y'() vao céc biéu thitc clia x, va yg duge :

2
m [0
XA =0——|——1=2a

m m m 2
=03-a} — =_+_,_=_=2 .
yp =P [ 21 B

a‘ .
Suyra:
XA +Xp _20.+0_a
2 2
Ya*tys =0+2B=B .
2 2

Ta thdy ring trung binh cdng cédc toa do clia A va B tring vdi toa

do cha I(a, P) va diéu d6 chimg to ring 1 1a trung diém clia AB:

IA =1B.

_ x,x20 - , I, x>0
6. l)y=|x|= -X x<0,suyray - -1, x<0

¥

Tai x = 0 thi y'_ (0) =-1; vay', (0) = 1, do d6 tai x = 0 ham s&
khéng 6 dao ham va : y' = sgn(x) ; x;_eo. :
x2, x20 {Zx, x20

2) y=X|x|={“x2 <0 suyra:y' =

nghia la
-2x, x<0

y'=2|x|.
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Inx, x>0

1
suy ra '=—-, x#0,
In(=x), x <0 yray

3) y=In|x | ={
Duéi day cho d6 thj cic ham s6 va dao him céc ham s6 da cho
trong cdc bai tap trén. :

Y
y=Ixl y=2Ix

- - .
- - -

- -~ - Y
- .

_ S
0 :, O
—~|-1 ;
|
------ - y=xlx!
Hinh 10
1-x, x<l1
T.1D)y=¢(1-x¥2-x), 1<€x<2,
—(2-x), x>2
-1, X <1
y'=<2x-3, 1<x<2.
1, x>2
( 2—){2 | | 2
X“e x|<1 -x 2
' . | 2xe 1-x“)1x(=1
2)y={3 Y= ( )l | .
-, Ix[>1 " |0, o Ix]=
le

8. 1) y' = 2xf'(x%).
2) y ' = 2sinxcosxf '(sinzx) — 2sinxcosxf ‘(coszx)
= 2sinxcosx(f '(sinzx) -f '(coszx)).
3y "= (€)™ + f(eM)e ™t '(x)
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y' = et () + £ O,
9. F'ixy=x-1}x-2)...(x- 100) + g(x)
voig(x) =x(x—-2)...(x - 100) + ... Suy ra
£'(0) = (-1)(-2) ... (-100) + g(0) ;
Vig(®)=0nénsuyra:

f'(0)= 100!
.-x"sinl xz0
10, Xét f(x)= X'
' _0, x=0

1) RO rang f(x) lién tuc v6i mei x = 0 ; tai x = 0 phdi cé
lim f(x) =0, nghia la :

x—0
. oono. 1
lim x" sin—=0.
x—0 X
.1 . . A - .
Vi [sin-|<1 nén limx"sint=0 khi lim x =0 nghia 13 khi
X x—0 X x—=0

. .1 ; .
n>0thi lim x"sin—=0 va f(x) lién tuc tai x = 0.
x—0 X

2) Dé xét tinh kha vi cia f(x) tai x = 0 ta lap s& gia

Af = f(0 + Ax) - f(0) = (Ax)" sinﬁ* 0. Suyra

1
(AX)" sin—
lim Af_ lim ~— 2% _ |im (Ax)™ sinL-
Ax—0AX Ax—0 Ax Ax—0 AX
Vi sinL <1 nén:
Ax

fim 2L = fim (Ax)" ' =0 khin-1>0,
Ax—0AX  Ax—0 _
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Mat khdc theo gia thiét f(0) = O nén, vdin - 1 >0 téc fan > 1 ham
0 f(x) kha vi tai x = 0.

DVEixz20,tacd:

. 1 X" 1
f'(x)=nx" Lsin— - “—cos—
X x2 X

-1 . 1 - 1
= nx"!sin— - x"2 cos—
X X

- .11
=x"2 nxsmv—-cos—}
X X

Theo céu 2, ta o6 f(x) kha vi tai x = 0 va £(0) = 0 nén dé f(x) lién
tuc tai x = 0, phai ¢6
5 1 H n-2 : l l
lim f'(x)= lim x nxsin—-—cos— |=0
x—0 X— X X
va diéu d6 chi xdy rakhin ~ 2 > 0 = n > 2. N6i khdc di khin > 2
thi f(x) c6 dao ham lién tuc tai x = 0.

(x-a)p(x), x2a
11. f(x)=]x- = =7
) ]x a|cp(x) {(a -x)p(x), x<a
Suy ra
p(x)+(x—a)p'(x), x>a

véix#a céf(x)= .
' {"'(P(X) +(a-x)¢'(x), x<a

Tt d6 - . _
f',(a) =p(a); f'_(a) = -o().

Theo gia thiét ¢(a) # 0, do d6 f (a) # f_(a), ham f(x) khong cé
dao ham tai X = a, do d6 khong kha vi tai x = a,
(x-Dx~3Px-2?, (x-DEx-3)20

12. 1) y=lx-1x-2%x -3/ =
~(x~IXx =3 (x—=2), (x—1}{x~3)<0
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yl

Vi(x-1)¥x-3)20khixz1hoacxz3,
(x—I)(x-3)<0khil<x<3.
Suyra:
Vdix<1lhodcx>3:
3 2 2 2 3
=(X-3yX-2) +3(x-3)(x-DXx-2Y +2(x - 2(x - 1Xx-3)".
Vot l<x<3:

y' = ~[(x - 3P = 2)7 + 3(x - 3Y%(x - Dx - 2)* + 2x - 2)(x - 3)°1.

~Suyra:y.3)=y-(3) =0 = ham s ¢é dao ham vA dao ham

68

bing 0 tai x = 3.
Taix=1¢é:

y.(=-(1-3°1-27%=8, .
y_(D=(1-31-2%=-3.

Viy' (1) # y'-(1) nén y khéng c6 dao ham tai x = 1, do d6 khoéng
khd vitai x = 1.

cosX, cosx 20
2) y=|cosx|={

—cosX, cosx <0

Nhu the y ¢6 dao ham tai moi x sao cho cosx # 0va y' = — sinx néu
cosx > 0, y' = sinx néu cosx < 0. Tai nhimg gid tri X sao cho cosx = 0,

nghia 13 tai x =(2k+ 1)-:— thi sinx = sin(2k + 1)% =+] phu thudc k
chin hay 1€, do 46 :

Y's [(2k + 1)%] 2y ((2}; + 1)%). |

Vay ham s6 khong kha vi tai x = (2k + 1)3 keZ



PR
S
?ea

13. 1) Tir bai 6.1 suy ra
P =f_(x),x#20;f'x)= sgn(x), x # 0.
F0=1;f(0)=-
2)Ham s6 y = \/sm7 xéac dinh véi moi x thoj :
m5|x|sm, keN.
Tuy nhién khi X2 = 2kr hoic = (Zk + 1) thi sinx’ = 0
do d6 : Véi V2kn <|x|< 2K+ D, k e N thi :

XCOS8 X2

£'_(x)=f",(x)= ok
<2
SN x

Khi x — 0 thi sinx” ~ xva Vsinx? ~|x|.

Do dé .

V6ix=0thi: f(0)=-1;f,(0)=1.

Cu6i cling, véi x = +2kx hotc x = +J(2k + I)m, c6
'3 (V2kn) = £o0, keN*

f'e(J@2k+Dr)=tc0, ke N*,

14. 1) dy-d(lj (ljdxh—%dx.
X X

2) dy= d( arctg J:[—amtg de: 2dx2,a¢0.
a

a +x
1 ' dx
}=[—2-;ln ]dxzxz_az.a;to

4) dy = (In X +a) (ln|x+\1x2+al)l-dx=

*

X—a
Xx+a

3) dy = (ZL

X+a

x2+a

5) dy= d(arcsm—] (arcsm J dx =—qx—'(sgna), a#(,
a? —x2
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15. 1) d{Cu) = (Cu)'dx = Cu'dx = Cdu.
2)d(n + v)=(u+ v)dx =u'dx + v'dx = du + dv.
3) d(uv) = (uv)'dx = u'vdx + uv'dx = vdu + udv.
4 d(£)={g] gy AVow L dx—uv'dx _ vdu—-udv‘

i 2 2 )

16. 1) d(xe") = (xe*)'dx = (¢* + xe*)dx = e*(1 + x)dx.

xdx

\Ja2+x2.
X x ) dx
) d(\/l—xz)=[\ll—x2J dx“_'—"—y IX|<1.

(1-x%)2

2) d(va? +x2)=(va2 +x2)"dx =

2x

4) d(In(1 — x2)) = (In(1 - x2))'dx = — dx, [x|< 1.

1—x2

17. 1) dx” - 2x% = x%) = (3x% — 125" — 9xPydx,
d(x>) = 3x%dx,

(3x% —12x°> - 9x8)dx

d
—3(x3 -2x6—x9)= 3 =1-4x> -3x8.
d(x”) 3x“dx
2) d{smx]= xcosxz—smxdx, d(x2)=2xdx,
X X

d (sinx 1 .
3 =— (xcosx —sinx).
d{x“)\ X 2x

d(sinx)  cosxdx
d{cosx) —sinxdx

=—cotgx, x £ kn, ke Z.
18. Nhic lai cong thic tinh x4p xi :
f(x, + Ax) = f(x,) + f(x )Ax.
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Muén ding cong thic xdp xi phdi chon dugc ham s6 f(x) ; chon
Xg» Chon Ax.

1
1) Chon f(x)=4x =x3; xy = | ; Ax = 0,02. Khi d6 :

Y02 = 314002 = M =——- ax =1+ 29 <1 007;
33xg 3.1

theo bang tinh thi 31,02 = 1,0066.

13,1416
2) Chon f(x) = sinX ; X, =%, Ax =_1_g6= %0

,1416
sin29° =sin(30° —1°)=sin [E _3 ] =
6 180

LR n ( 3,1416
=sin—+| cos— || ———— |=
6 6 180

1 \/5(_3,1416

2 21 180

}:0,4849;
2 2

theo bang tinh thi sin 29° = 0,4848.

3) Chon f(x) = 1gx ; x, = 10; Ax = 1. Khi d6
=1+ 1 .
i0.1nl0 10.1n10
Theo cong thic trang 81 (sich da ddn) :
In10 = 2,302585.

lgll =1g(10 + 1) = 1gl0+

Dodé:

1
10 . 2,302585

theo bang thi lgll =~ 1,041.

lgll=1+

L] [}

4) Chon f(x) = arctgx ; X, =1 ; Ax = 0,05
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arctg(1,05) = arctg(1 + 0,05)
~ arctgl+—— 0,05 = % 4 205
1412 a2
nghia Ia arctg(1,05) = 0,8104 =~ 46°26' ;

theo bang thi  arctgl,05 ~ 46°24".

19, Xét ham s6 £(x)=va? +x: |x|<a, a>0
Chonx,=0;Ax=x-x,=x-0=x.
Ding cong thic xdp xi :

f(xo + AX) = f(x,) + F(xo)AX.
ta dugce : '

1

2\!a2+0
\/az+x ==a+21, a>0.

a
Dung cong thic x4p xI niy ta dugc :

1)J§=m=2+%=2,2s;

theo bing thi V5 = 2,24.

2) 34=36+(2) = 62+(-—2)=6——%=5,833;
tinh theo bng s6 thi 34 ~5.831.

3) V120 = 121+ (=1) = 112 + (1) ~11-—=109545

tinh theo bang s6 thi /120 ~10,9546.

\/a2+x=\/az+0+ X

142 +9x2
20.1) y=x 1+x2,y‘=__x2, (€ x3)_
Ji+x 2
. (1+x?%)2
X ' 1 " 3x
2)y=J 2sy= 3,y= 5.|x|<1_
1-x = . 5
(1-x%)2 (1-x2)2
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°

2 2
y=e, y=-2xe™F, yr=2eF (24221,

P PR = (%))
4 Inf = ,
)y = Inf(x), y' 00 y 200
21 1) dx = (2 - 2t)dt = 2(1 - t)dt

dy = (3 - 3t%)dt = 3(1 ~ P)dt

f()O

2
—t“)dt 3
'x=_5‘..!=§(l_t__}_=__(l+t)
dx 2(1-tydt 2
oody 33,
y XX =ﬁ_=5(l+t)l-tx =_2_tx.
dt 1
dx 20-1)

3 1 3
Viy y'yy==- 21
2 2(1-t) 41-1t)
I
asint ’

Vidx=2(1-t)dt = t

2) dx = —asintdt, t, =—

X

dy = acostdt, y '.x =—cotgt.

' 1 1
=—{cotgt),.t', = - =— ;t#km keZ.
e = ~{cotgt, sinzt[ asint} asin-t

1

3) dx = a(l - cost)dt, t', = a(l-cost) 2asin? L
2

. .t
dy = asintdt = 2asmEcos%dt

=

A t
2asin—cos—dt
Y'x=”_=_“2_“t*—=00t8'2'
X Dasin? gt

=9
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R
0y, A

g _dly —[cotgtj oo 1 1
S N altxTT =
dx 2 2sin? & 2asin2£

1
=- [,lqt?,kn;keZ.
dasin® —
2
2 2
2.1) y== =) —(1+x).
1-x I—-x 1-x
S. ® 8 1,(8
y():[-l-_—] —(1+X)( }=((1—x)_ ){)—Oz
= (-D=DEDH-Da (-1 =8+ DD - ————
(1—x)1+8
'
y(s)— 8t 5 xz1.
(I—-x})
| L
2) y = =1+ x)(1-x) 2.

JI-x

Ding cong thiic (uv)(n} (quy tic Leibnitz, trang 125, sdch da din)
co:
1 1

y1%0 = (1 - x) 2)3%0 (1 4 x)+100((1 - x) 2)V(1+x)
va d€ ¥ ring :

[ 1 (n)
- '5] =(2n—1)!!. 1
(=) 2" (1-x)"V1-x

Thay 14n lugt n = 99 ; n = 100 vao bidu thic 100
199! 1+x 1971
2100 (10 7 " 2%
19711
210[](1 x)lOO\/—

ta duge
100

a-x0"V1-x

(399 -x), x<L.

(100) _
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3y= ezxxz, dung cong thic (uv)(") o
20— (2X)200,2 | 902 (19 (x2) ey 202-:9(62)& J18) 2y
dé ¥ ring (e2X)(M —pn 2% .
Lén luot thay n = 18, 19, 20 vao biéu thic y2° duge :
y(20) = 920:2% (42 4 20x +95).
4)y=(sin20)x’.
y{SO) =(sin 2x)(50) x2 + 50(sin 2)()(‘49)();2 Y+ 5—()::;ﬁ(sin 2x)(48) (x2 )"
DE ¥ ring
(sin2x)C0 =250 (=1 sin 2x =270 sin2x,
(sin2x)(49) =2% (—1)24 cos2x =2% CcOos2x,
{sin 2x)(48) =248 (—1)24 sin2x = 2% sin2x.

Thé céc gid tri cac dao ham cdp cao cha sin2x vao y(SO) :

)’(50) =20 (—xz sin2x + 50x cos2x + 1225 sin2x ]

1 _x+0-x)_ 1 1

x(1-x) x(1-x) 1-x x

(n) (n)
y(n) =[ 1 } +(l] =nl! 1 +(-'l)n '
1 —-x X (l _ x)I'l‘|'l xn+l

1 1 _@-0-(0-»_ 1 1
2-3x+2 (1-x2-x) (-x)}2-%x) l-x 2-x

-'y(“)=[ 1 )(n)_[ 1 J(n)=
1—-x 2—x

=nl ! . ! N , X#£1, x#£2.
. (l - x)n+ (2 _.X)ﬂ.‘f‘ .

2. 1) y=

D y=
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1
=(1+x) 3x;

X
2 y=31+x

’ 1 (Il) 1 (n) 1 (I'I.“l)
y(“)={(l+x) 3xJ =((1+x) 3) x+n[(1+x)_5) ;

dé y ring :

o3 o2

3 3

n+—
(1+x) 3
.__(_1)“.L(1.4 . (3n-2)) .
3“ n-'l'-l
(1+x) 3
Do d6:
- _1 n_l
y(n}=%(l.4---(311_5))(:3_11-’-_25%"1122; x#-1.
3 . n+—
(1+x) 3

4)y= e™sinbx

ax .
y' = ac” sinbx + be* cosbx.

b a
—_ cos(p o —
Ya? +b2 Va? +b?

y' =va? +b% ¢™(sinbx cos¢ + cosbxsing)
1
=(a% + b%)2 ™ sin(bx + ).
Cé thé ding phuong phdp quy nap suy ra :

Né&u dat sing= thi:

n .
y™ = (a2 4+ b2)2 . 2 sin(bx + ne).
That vay, cong thifc trén da ding cho trudmg hgp n = 1 ; bay gidy
gia st cong thide ciing diing cho n =X, nghia la tacé :
k
y®) = (a% +b%)2 e™ sin(bx + ko),



Ta sé& chlfm!g minh ring :
k+1
g0+ 2 +b?2) 2 e®™in(bx +(k+ 1) ;

va muén thé, 14y dao ham 2 v& biéu thidc cha y(k) co:
. . 5
gD o (y(k)) =(a2 +p2)2 e**[asin X + beosX]
trong dé X : = bx + ke.
Mait khdc, lai c6 :

asinX +bcosX =vaZ + b2 sin(X + @) =
1
=(a® +b?)2 sin(bx + (k + 1)o).
R6t cude, ta duge
_kil
y*™ = @2 +b?) 2 ™ sin(bx + (k + 1)),
24. Hién nhién cong thitc da ding v6i n = 0, gia sit cong thic diing
cho n =k, nghiala cé :
|

( NG !
k-i ;) _ 1k _e*
e =D xk+l'

Ta s& chitng minh ring cong thite cling ding v6i n =k + 1, nghia
14 phai chitng minh ring

!

( 1 )(k+l) _ 2
k.x —_pk+ &
x“ex =D xlc+2 ’

That vay, tacé :

1 \(k+D 1 \(k+D
[xkc") =(x.xk'le")

1 (k+1) 1 (k)
=(xk"le") x+(k+1)(x“‘1ex] .
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Mat khic :

| \(k+) [ | (k)] 1y
— - X
[xk‘le*) = (xk'le") = -1k =

xk+l

(theo gia thi€t quy nap)
i

_ kel _e* (1
—(—'I) W(;+(k+l)]
Thé céc gid tri chia biéu thiic vira tinh dvge vao biéu thitc dao ham
cdp (k + 1) ta dugc :
1 k4D 1 1
( ‘] x 1 eX
xKex = (~1)kH! e—[(—+(k + 1)]x:|+ (k +1).(-1)¥
X

xk+2 xk+l

1 1

= (- i—;[l +(k +1)x = (k + Dx] = (-1)**!
X .

ox
xk+2
25. Dé cho gon ta dit
1
2™ m!
Pox) =Lu™ ;P (x) = La™D; pr_(x) = La™*P
Vi cde ki hiéu mdi nay, biéu thic cdn chimg minh tré thanh :

I:=

U =(x2 —1)™. Khi d6, ta c6, theo dé bai ;

(1= x>l L 250 ™D 4 em + Dul™ = 0.

Bay gi¢r ching ta s& chiing minh hé¢ thitc nay, muén th€ 14y dao
ham u' va duge

u'=2mx(x% - ™!

suy ra
(x2 —Du'=2mxu.
P n(0)=Lu™: pr(x)=Lul™D)
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L4y dao ham (m + 1) 14n ding thic trén :

((x2 = DY) = 2mn)™*D (1)
Mat khéc, cé :

2m(xu)(m+l) - Zm[u(m+l)x+(m+ l)u(m).l]

2m(xu) ™Y = 2mxu ™ £ 2mm+ U™ Q)
va
((x2 = D)™ =y M2y rm+ Dut™ 2 Sy
= ™D (x2 _ 1)+ 2x(m + Hu(™D +—m(“;+ Dy (3
Cuéi cling, thé cdc biéu thic (2) va (3) vao (1) sé duge he thite cdn
chitng minh.

26. Dé cho gon, ta dat

2
Ar=(-D"; u:=e*

va khi dé :
2 2 2
Hy (x)=(-D)Te* (e ™ = pAe* ul™),
2
H' (x)=2xH,, + Ae® ui™tD

2 2 -
H"(x)=2H,, +2xH', + 2Axe* a{PHD 49 A X" (Mm+2)
Hé thitc cdn chitng minh sé trd thanh

2
2Ae® ™2 2xa™HD L om+ ™) =0,
Vay, muén ching minh hé¢ thitc da cho chi ¢in ching minh hé thic :

0™*2) L 2xut™D) L om + Dul™ =0,

X

2 .
That vay, vi u=e " nén ldy dao ham hai v¢ :

x2

u'=-2xe "~ ,wiclau +2xu =0,
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Liy dao ham lién ti€p (m + 1) 14n hé thirc u' + 2xn = 0 ta dugc
@)™ £ 2(xn) ™D
tife 12 a{™+2) L 2xn (™D 4 o0m 4 )™ =,
‘Muén tinh H,,(x) dué6i dang tudng minh ta &€ ¥ ring
(e_"2 Y+ - _2[')((3—:(2 Y m(e_xz )=y,

Do dé :
Hip a1 () = (<D™ X (227 )™ _om(e™ =)
Hp (%) =2xH, (x) - 2mH,,_ (x).

~Suyra: '
Hy(x)=1; Hy(x)=2x;
“Hy(x)=2xH; (x) - 2.1H, (x) = (2x)* = 2.1 ;

H3(x) = 2xHy (x) - 2.2H; (%) = (2x)° - 6.(2x)

3(3 1)

= (2x)° -2 (2x)> 2

Hy(x) = 2xH3(x) - 2.3 Hy(x) = 2x)* —12.2x)* + 12

— (%) - 4(41 1) 202+ 4(4—1)(42—'2)(4—3) x4
Mot cach téng quat : |
. ~1Ym~2)m-3) .
H, () =(20)™ - mm — l)( 2x)2 o= B(m~2)(m 3)(2x) -4 _

2!
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Chuong 5 |
CAC PINH Li vE"_ GIA TR] TRUNG BINH

A. DE BAI
1. Xét xem dinh li Rolle ¢é 4p dung duge cho ham s&
f(x) 1= (x = 1)(x = 2} (x — 3) khong ?

2. Ham s6 f(x) : = 1 — Yx2 triét tieu khi x; = —1 vax, = 1 nhung
£'(x) = 0 véi | x| < 1, diéu d6 c6 mau thuin véi dinh 1f Rolle khong ?
3. Chitng minh ring n€u moi nghiém clia da thirc

Pix):=a,+a;x+...+ax ;a,20

vGi a, e R;k=0,n, lathuc thi cic dao ham PL(x), ...s Ptgn_l}(x)
ciing chi ¢6 nghiém thirc.

3

4. Tim trén dudng cong y = x> cdc di€m c6 tiép tuy€n song song véi

day cung né6i 2 diém A(~1, -1) va B(2, 8).

5. Chimg minh réng_ trong khodng 2 nghiém thuc cia phuang trinh
f(x) = 0 ¢6 it nhdt mot nghiém (thue) clia phuong trinh £'(x) =

6. Ching minh ring phuong trinh x" +px+q=0, vSi n nguyén

duong khong thé c¢6 qud 2 nghiém thyc phan- biét né’u n chin,
khong qua 3 nghiém thuc phan biét néu n 1é.
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7. Gidi thich tai sao cOng thitc Cauchy khong dp dung duge d6i véi

cdc ham sé

f(x):=x2;g(x):=x3;—lSxSl.

8. Chimg minh cic bat ding thic

1) |sinx—siny}£ |x-y|
2).|arctga—arctgbts |a—bl

a-b a

3) <lng<a_b.0<b<a.

a

9. 1) Cho f, g, h 1a ba ham s¢ lién tuc trén [a, b] va kha vi trén (a, b).

Vé6ix e {a, b]; dat |
f(x) f(a) f(b)

F(x): =lg(x) g(a) g
h(x) h{a) h{b)

(i) Chiing minh ring tén tai ¢ € (a, b) sao cho
Fic)=0.

(ii) Chiing to rang vdi cich chon g va h thich hgp thi tir (i) ¢6 thé
suy ra dinh li Lagrange.

(iii) Chitng t6 rang vdi cdch chon h thich hgp thi tir (i) ¢6 thé suy
ra dinh li Cauchy. '

2) Cho f 12 mét ham s6 lién tuc trén [a, b] va kha vi trén (a, b) va
f(a) = f(b) = 0. Ching minh ring véi moi a € R, tén tai mot diém
c € (a, b) sao cho f '(c) = a f(c).

3) Cho f 1a mot ham s6 kha vi trén {a, b] va d 1a mot s6 & gilta
f'(a) va {'(b). Chimg minh ring t6n tai ¢ € (a, b) sao cho f '(¢) = d.

10. Tim cdc gi6i han
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RN
e“&

1

eX —cos— -
3y lim — X 4y lim (1 +atg®x "™ a2 0.
X—sen 1 x—0
- f1-— |
X

11. Xdc dinh a, b sao cho bidu thic sau day c6 gidi han hitu han
khix —»0:

1 1- a

sin’x  x° X
12. Cho f(x) 1a mot ham s6 thyc kha vi trén [a, b] va ¢6 dao ham f'(x)
trén (a, b), chitng minh ring ¥Vx € (a, b) ¢d thé tim duge it nhat
mot diém ¢ € (a, b) sao cho :
f(b)~f(a)
b

flx): =

_ (x—a)x-h)

f(x)—f(a)- (x-a) £ (c).

13. Cho f(x) : = x'® = 3x® + x% + 2, tim 3 6 hang ddu cita khai trién
Taylor tai x, = 1 ; 4p dung dé tinh £(1,03).

14. Cho f(x) : = x8 - 2x? +5x° -~ X + 2 ; tim 3 sd hang diu cla khai
trién Taylor tai x, = 2 ; 4p dung dé tinh x4p xi f(2,02) va f(1,97).

15. Tinh xdp xi cdc gid tri sau va ddnh gid sai 56 :

1) cos10°; 2) In(1,5).
16. Khio sét tinh don diéu cdc ham s6 : _
1)y=x3+x; 2) y = arctgx - x.

17. Tim cuc tri cdc ham s6 :

2
4
Dy=2x>-3x%; g)y_-_?’x_z";‘“_*';
X+ x+1
3)y=xVx? -2 : Hy=x-In(l+x);
1+ 3x
5)y= .
4+ x?
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18. Khao sdt va vé d6 thi cdc him s4 :

2 — x? ' 3 5

1yy= T 2)y=3x -x°-x+1;
1+x™
.
x" +8 : x-2
Ny=— ; Hy= ;
X7 +1 x2 +1
3 . _
5yy= L2 6 y=1 x4y
= —_— - - X .
A Y X +3

19. Khao sdt v& d6 thi ham s6 )
r=a+bcosp,0<ax<h,
20. Dong phuong phdp Newton, tinh gin ding nghiém cha cic

phurong trinh sae vdi sai s6 tuyét d6i khong qua 107°

1) x - sinmx = 0 2) 2lgx —%+1=0.

B. LOI GIAI

1. Ham s¢ fi(x) = (x - D(x - 2){(x - 3) thod min moi gia thiét cla
dinh ii Rolle trong cdc khoang ¢6 cdc mit 13 nghiém clla phuong
trinh f(x) = 0. :

2. Tai x = 0 ham s6 khoéng cé dao ham, do vay tai x = 0 ham s& f(x)
khong thoa min gia thiét vé dao ham cla dinh Ii Rolle do vay
khong c6 mau thuéin gi v6i dinh If Rolle.

3. Xét da thitc bac n :
Py(x):=a,+ax+..+ax", a, 20,2, eR,k=0,n;

theo gia thiét, phuong trinh P (x) = 0 ¢6 n nghiém thuc phan biét
hoac ¢6 mot s6 nghiém boi, khong giam tinh téng qudt, goi cic

34



nghiém thuc dé la X|, X2, «y X k £ 0 5 xét da thiic dao ham
P’ (x), da thitc nay ¢6 bac 1 (n —1) ; khi d6, vi :
. pn(X]) = Pn(}(2) = _..= Pn(){k) = 0}

nén da thic P (x) thod cic gia thi€t cia dinh li Rolle trong
cic doan [xq, x; L [x1. %3] s [xpp, xx]. do dé, t6n tai
Xi"e (X;_p, Xj), 1 = 1,k sao cho

PLix;H=0
He thifc nay chimg 15 da thitc dao ham P, (x) ciing chi ¢6 (n — 1) nghiém
thuc phan biét hodc tring nhau. Lap luan tuong t, c6 thé két luan cic
dao ham P;,‘ (x), o P,(ln"”(x) ciing chi cé nghiém thue.

4. He 56 goc k ciia day cung néi hai diém A(-1,~1) va B2, 8) Ia

8- _9_,
2-(-1) 3 7

k=

Bai todn trér thanh : Tim trén dé thi cha him s6 y= x> mot diém

ma tai d6 ti€p tuy€n cla dé thi cb he s6 géc 1a 3 diéu dé din dén
viéc tim X sao cho y' = 3 nghia [a

3x —3:>x—il

Suyradlémphaltlmlax——l y= (—l) vix =1, y—(l) tirc 12
cdc diém A(-1, —1) va C(1, D).

5. Theo gia thiét, goi 2 nghiém thuc phan biét cla phucmg trinh f(x) =0

la x| va x5, nghia 12

f(xy) =f(x,) =0
Khi d6, n€u ham s6 f(x) lién tuc kha vi trong khodng (x;, x5) thi

theo dinh 1f Rolle, tén tai ¢ € (x|, x,) sao cho f'(c) = 0, diéu dé c6
nghia 12 phuong trinh f '(x) = 0 ¢6 it nh4t mot nghiém thye.
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6. Goi P(x) : = x" + px + q.
Khi d6 P',(x) = nx" !+ p. Pa thitc P,(x) c6 n nghi¢m thwc hoac

phiic, phan biét hodc tring nhau va da thic P, (x) ¢é (n — 1} nghiém
thuc hodc phitc, phan biét hojc tring nhau, dac biét, nghiém cla da

thife dao ham 1a nghiém ciia phuong trinh x!

=-2 ; phuong trinh

: n
nay chi c6 1 nghiém thuc khi n chin va c6 khong qud 2 nghi¢m thyc
khi n 1. Do d6, n€u n chan va néu P (x} c¢6 3 nghiém thuc phan biét
X1, X595 X3 thi 4p dung dinh Ii Rolle vao [xl, xz] vi [xz, X3] S€ suy ra
da thire P (x) ¢6 it nhat 2 nghiém thue, va diéu ndy mau thudn véi
diéu khéng dinh trén ; trudng hop n 1é cﬁng 18p ludn tuong tu.

7. Gia thiét cta dink i Cauchy doi hoi g'(x) # 0 ¥x € {~1, 1] ; 0 day
g(x)= 3x2, vag(x)=0khix= 0, do vay khong thé ap dt_mg dugc
cong thie Cauchy d8i véi cac ham sé

f(x):zxz;g(x):=x3;xe [-1,1].
8. 1) Xét ham so f(t) = sint trén [x, ], theo cong thirc Lagrange ta ¢6 :
f(y) - f(x) =y -xf(c), c € (x, )
tic la siny — sinx = (y — X)Co0sc ;
suy ra
'Isinx-—siny|=|y-x”coscl
vi \coscl < 1nén suy ra ;
.|sinx —siny| S|x - yl.

2) Xét ham so f(x) = arctgx, x € fa, b]. Ham s6 nay thoa cic gia
thiét cia cong thitc Lagrange, do d6 :
arctgb — arctga = (b — a)(arctgx),_. ; ce (a, b), nghiala:
86
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Vi T
c"ea

arctgb — arctga = (b — a)

l+t:2

4|b—a|.

|arclga—arctgb| =|b-al- 7 <
+c”

3) Xét ham s6 f(x) = Inx, x € [b, a], b > 0. Him Inx thoa moi gia
thiét ctia cong thic Lagrange, do dé ¢6 :

f(a) - f(b) = (a - b)f(c) : b<c<a,
tac la‘i_:

lna - Inb=(a - b)l,
TC

a 1
In—=(a-b)-
b ( )c

Vib<c<anén

Suyra:

a b b

9. 1. (i) Theo gia thiét va theo céch tinh dinh thide, suy ra F(x) lién

tuc trong [a, b] va kha vi trong (a, b). Hon nita, theo tinh chat cla
dinh thifc, suy ra : ' :

F(a) = F(b) = Q.
Vay, theo dinh li Rolle, t6n tai ¢ € (a, b) sao cho F'(c) = 0.
(ii) Chon g(x) = x va h(x) = 1, ta ¢6
fix) f(@) f(b)
F(x})=| x a b
1 14 1
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|k

-

S

o

Do vay (di nhién, g v h thod gia thi€t cla dé bai), theo tinh chat
cia dinh thitc ¢6 thé viét:

fx) f(a) f(b)-f(a)
F(x)=! x a b-—a
1 I 0
Suy ra -
F(x) = (b - a)f(a) - aff(b) - f(a)] - (b — a)f(x) + x[f(b) - f(a)].
Suyra:
- F'(x) = —(b — a)f '(x) + f(b) — f(a).
Diing phén (i) da chimg minh & trén suy ra, ton tai ¢ € (a, b} sao cho
F'(c) = 0 = —(b — a)f(c) + £(b) — f(a).

Tir d6, suy ra (id). |

(iii) Chi cdn chon h(x) = 1 va 1ap luan twong ti phén (ii) s€ suy ra
k&t luan coa (iii). '

2. Ta xét ham s8 .
g(x) : = e”*f(x), Va. R ; x € [a, b].
Vi f(x') lién tuc trén [a, b}, kha vi trén (a, b) nén. suy ra g(x) cﬁngllién
tuc trén [a, b] va kha vi trén (a, b). Hon nifa, vi f(a) = f(b) = O nén
g(a) = g(b) = 0.

Vay ham s& g(x) thoa mén gia thiét cia dinh Ii Rolle, do d6 tén tai
¢ e (a,b)ysaocho '

g(c)=0
ciing tifc 1a ;

—ae % f(c) + e % f ()= 0.

Vie ¥ 20Va,c,suyra:

f'(c) = a f(c).



3. Xét ham g(x) : = d(x - a) — f(x).

Vi f(x) khd vi trén [a, b] nén g(x) cling kha vi trén (a, b) va :
gx)=d-1'(x); x € (a, b).

Vid lamét s6 & giita f '(a) va f '(b) nén dinhiend #f'(a) ; d = £ '(b)

va f'(a) # £'(b). Do d6 g'(x) khong thé duong véi moi x € (a, b) va

g'(x) ciing khong thé am v6i moi x € (a, b), vay tén tai ¢ € (a, b)

saocho g'(c)=d - f (c)=0

Suy ra f'¢)=d.

10. Hyx + Vx + vx J_- x4+ Jx

Vervkeds 4k

l+—l-

&
\/HJHJ;

+1
X

Dung cong thic khai trién hitu han (5.21a), trang 149)
Ni+x = l+%x—%x2 +0(x2)

c6 thé viét, ching han
]+L—1+l L_l l,;.o(l]
Jx 2 Jx 8 x X
Suy ra :

Tim- (x+\lx+ —«/_)

X—r4o0
2)Taco: a = e’d"a = 1+ xIna + o(x)
(diing cong thic (5.18a), trang 148)
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Y .-:*2!3!

v a* —b*  1+xIna+xo(x) -1 — xInb — x0y(x)
X

X
= ln% +01(x) — 0,(x); tai lan can x =0,
X X
Do dé: fim =2 2

= Iln—-
x—0 X

3)Tacé:

Do d6 : khi x — oo, ¢ thé viét

x 1 l+l+1+o[l)l+—I +o[lJ
eX —cos— T Ty 1| =5 i~ Il Ty
X _ X 2x% x2 2x2 2

= X
| i 1
I—Jl—;z- 1—l+—2+02{—2)

2x X
c; ~ OS5 — -1-
va lim L = lim & = +oo.
X— oo 1 1 x—oo 1
x2 2x2
4) Ding céc cong thic
2

ln(1+x)=x—%+ol(x2),x—>0

3
. X
sinx = x —?+02(x3), x>0



. : 1.
vadat A:=(1+atg’x)*sinx (a6 -

_In(1 + atgzx)

InA -
Xsinx
1
a[g2x - —aztg4x +0j (aztg4x)
= 2 » (tai 1an can x = 0).
X3 3 '
X x—§+02(x )
Suy ra
2
lim InA = lim 28 % _ 5
x—0 x>0 x
1
Do d6 lim A = lim(l +atg2x)"5i“" =e?,
x—0 x—0
1 i a b x- sin3x(1 +a.x + bxz)
11, f(x)=——~?——2~——= T3 .
sin"x  x X X X7sin”x

Tai lan ¢4n x = 0, ¢6 thé viét

x> 3
sinx = x—-3—!+o(x ).

Do d6, mau s6 clia f(x) c6 thé viét :

3 x3 3 ’ 4] 6“
X x—;+o(x) =x +0o{x”)

sin3x(l + ax + bxz) = x> + ax? +(b - —;—st +cx8 + o(xs),

trong dé ¢ 12 hé s6 cha xﬁ,
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ax4 + (b - %)xs + cx6 + o(xﬁ)
f(x) = : .

' xﬁ + o(x6)

Do d6 d€ 16n tai giéi han hiru han cla f(X) khi x> 0, phdic6a=0 -

vab= l
2.
12. bat
(%) : = £(x) ~ f(a) ~ O 7f@ oy Koalxob) L
b-a )

Liy X, € (a, b) ; xdc dinh A tX diéu Kién :
f(b) — f(a)

- -b
P(x,) = f(x,) - f@a) - ——(x, —a) — (Xo —a)Xx, )

A =0
b-a yA

Khi dé, cé o(x;) =p(a)=¢b)=0

Theo gid thiét va theo dinh nghia ham @(x), suy ra ¢ lién tuc, kha vi
trén [a, X, |, do d6 @(x) thod gi thiét dinh I Rolle véix € [a, xo]
do dé, Wntaic, € (a, x,) sao ch0(p(cl) 0.

Hoan toan tuong tu, tén tai ¢, € (x4, b) sao cho ¢'(cy) = 0. Mt
khéc, tir dinh nghia, suy ra:

f(b) - f(a) J\.[x _a +b}

) =Xy - — — 5

Theo gia thiét f(x) ¢6 dao ham c4p hai, suy ra @ ciing ¢6 dao ham-

cp 2 va Vi ¢'(c;) = ¢'(cy) = 0 nén, ciing theo dinh 1i Rolle, 16n tai
¢ & (¢, ¢p) sac cho @"(¢c) = 0, nghia la

¢(e)=f"(c)-r=0
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va h¢ thirc trén dan dén
f(b) - f(a) {x-—a)x - b)
b-a

f(x)—f(a) - >

(x-a)= -f°(c), c € (a,b).

13.£'(x) = 10x° — 18x° + 2x ; £ (1) = 6.
£(x)=10.9.x5 - 18.5x* + 2 F(1) = 2.
fllh)y=1-3+1+2=1.
f(x)=1-6(x -1+ (x-1)"+..
£(1,03) = 1 - 6(0,03) + (0,03)* ~ 0,821,

14. £(x) = x° - 2x” + 5x% - x +2
f(2) = 320. _

F'(x)=8x" —14x%+30x° - 1 £'(2) = 1087

£(x) = 56x° — 84x> + 150x* ; £'(2) = 3296,

f(x) =320 + 1087(x - 2) + 1648(x - 2)*+ ...
£(2,02) = 320 + 1087(0,02) + 1648(0,02)° = 342,399 ;

£(1,97) = 320 + 1087(~0,03) + 1648(~0,03)” ~ 288,873.

15, 1) Dung cong thic

xz 2
cosx»-l—? véisais8d<x"cd;

10. 3,1416}2 ]

cos10® =~ 1 -( 30 3= 0,985 voi & < 0,001.

2) Dung cong thirc

2 X3

X
In{l +x) ~ X = — +—
( ) 2 3

pe 3 .,
vdisais@ d < x” ¢hd
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2 3
In(1,5) = In(l +0,5) = 0,5 — (0'% L 05

~ 0,42
3
vdi sai s6 & < 0,01.
16.l)y=x3+x,y'=3x2+1. ‘
y' > 0 ¥x, ham s6 tang véi moi x.
1 2
2)y=arctgx ~x; y' = 2—1= xz.
1+x 1+x
y' < 0 ¥x, ham s6 gidm véi moi x.
17. Dy =2x> = 3x%, y' = 6x% - 6x = 6x (x - 1) ;
y=0khix=0,x=1.
Ymax = ¥O0) = 0 yin = y(1) =-1.
2 ' _
2)y=3}(2+4x+4=3+ 2x+l Ly 2x.(x-i-Z)2
X“+x+1 X +x+1 x“+x+1D

x2+x+1>0\fx;d§u y' la dau —x(x + 2),
y=0khix=-2,x=0.

8
Ymin = ¥(=2) = 35 Ymax = y(0) = 4.

3) y = xV¥x% - 2 ; mién xéc dinh : |x| = V2.

L 2% -
y'= ——
x° =2

y' = 0 khi x = + 1, nhitng di€ém ndy khong thudc mién xéc dinh.

y' =4 khi x =12, y' khong d6i dau khi x qua céc gid tri
X =2 .
Vay ham s6 khong c6 cuc tri. .
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4) y =x —1In(l + x) ; mién xéc dinh : x > —1.
1 X
te ] - = )
4 l+x 14x

y'=0khix=0vay"(0)>0,dodé:

Ymin = ¥(0) = 0.
1+ 3x .
5) ¥ = ——==; mién xdc dinh : V¥x.
Va4 + x?
v 12-x
V.S
(4 +x2)2
y'=0khix=12;y"(12) < 0,do d6 :
. 37
= y(12) = ——
_Ymax m
2

18. ) Hamsé y = 2- xdc dinh véi moi X vi 14 mét ham s6 chin ;
1+x

d6 thi d8i xing qua truc tung, do viy chi cin khao sit trong
khoang [0, +c0).

4

4 _ 442 _
Dao ham e 2x(x 4: > 1).
(1+x7)

Déu y' 1a ddu clia tich s&8 x(x4 —4x’ - 1), mat khdc vi c6 thé viét
x* —4x? -1 =[x2 —(2+\/§)][x2 —2+\/§]

=(x—\}2+\/§)(x+\}2+\/§)(x2—2+\/§)

vi x%2-24+4/5 > 0vx nén, ddu y' tr& thinh dfu cla

x(x -2+ \/g)(x +y2 + \B), do dé ¢6 bang d@'u y'
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_';05.‘

;Jo i 4oo

y' | 0 - 0 +
Nhu thé ta ¢é :
J5
Ymax = YO =2 Ymig =y(i 2+J§)=]_7,
Ngodira:
y=0khix*~2=0=x= /2.
Ta lai c6 '
2
lim y = him X +42=()
X-3e0 x—es |+ X

nén tiém cin ngang la truc hoanh Ox.
Dudi day ia bang bi€n thién va d8 thi wong tng :

Xjme 2445 2. 0 2 m oo

yl - 0 + | +0 - | - +

o\ =2 0 SN o \1-£/o

T— 1- %5:\“—/_

Hink 11
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2)Ham s y = ij/x3 ~x? - x +1 xéc dinh véi moi X, ¢ dao ham

1
X—=Djx+—
L 3x%-2x-1 ( )[ 3J

y'= =
3 §/(x3 ~x2—x+ 1)2 3Y(x - *x +1)2

lim y' = e ﬁhu‘ng y' khong déi ddu khi qua gid tri x = -1 ;

x-——1

mic khic lim y' = * o0 v2 déi d4u khi qua gid tri x = 1, do Vay ¢ :

x—1
1Y =24~
¥max = Y(*EJ = 53 4

¥min = y(1) = 0.
D€ tim ti¢m cfn ta vi€t y duéi dang

Y=\J'3x3~x2—x+l=%jx3(l—l——12—+—13-J
X o x X
1 1 1
y=x§[l+_u,u=—————+—
x x2 %
1
hay 1a y = x(1 +u)3,

Diing cong thite khai trién hiru han (5.21) trang 149, sich da dan -

1
(1+u)3 =1+-§u+o(u2)

ta dugc :

-x_1+o(l)
y 3 X

Vay, tiém cin xién ;: y=x-—.

TTOANHQC CCT2A
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-t/

Hinh 12
Ngoai ra, ta c6 \

y=0khix’ - x> - x+1=0=(x-1)> (x+1)=0
nghia la khi x = +1,
Duéi day cho bang bién thién va do thi :

X | —= -1 L 0 i +eo
3
y o+ 0 - 0 - | =+
1 23 I
— 0 23 =
y |x 3/ / 3\{_\ 2 \ /x 3
x4
3)Hams8 y = 3 xdc dinh véi moi x = -1,
" +1

XAt 4x - 29)
(%3 +1)?

Déu ciia y' 12 ddu ciia x% + 4x - 24, vatacé:
x*rax-24 =x*—16+4x-38
=(x' - 16) + 4(x - 2)
= (x -2 +2x%7 +4x + 12).,
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Ta viét Xt r4x-24 = (x - 2)g(x)
véi g(x) = x> +2x% +4x + 12
Vi g(x) 1a mot da thidc bac ba va vi: '

g(x)=3x° + 4x + 4> 0, Vx
nén g(x) chi ¢ mot nghiém thuc duy nhét o : g(a) = 0, hon nifa vi
£(x) déng bi¢n va g(0) = 12 nén nh4t thiét nghiém a < 0, cu thé, ta ¢6

g(-2,5)=-1,125<0; g(-2,4)=0,096 > 0
do d6 ¢6 thé ldy a =~ —2,4, va c6 thé viél
gx)=x" + 2 +4x + 12 = (x + 2,4)(x> - 0,4x + 4,96).
>0

Tém lai, ¢6 thé viét
(x* +4x = 24) = (x = 2)(x + 2,4) (x* - 0,4x + 4,96)
va diu y’ chinh 1a dau cla tich s6 (x — 2)(x + 2,4), suy ra :

8
Ymn=ﬂD=—;ymxzﬂ44yb_

Bay glodéyrangkhlxa ~] = y > oo, tiém can diing lA x = -1,
ngoal avi:

x*+8 8~x
= =X+ .

x> +1 x> +1
Suy ra khi X — oo thi y = x 13 tiém can xién. Duéi day 13 bang bién
thién va d6 thi :

X | —oo -2.4 -1 0 2 +ca

y’ + 0 - - | - 0 +

y x /—3,2 \

—a

NS Nows
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B/3

-1-3.2

Hinh 13
4) Ham s6 xdc dinh v4i moi x.
o 1T+2x
3
(1+x2)2

y=0khil+2x=0=> x=—%

1
Yimin =y[—EJ=—\/§-
— |
y"= —L;S[d,xz +3x-2]
1+x“)
y" =0khi4x%+3x-2=0= x, =—3+;‘mz—1,1s,
Ja1-3

X = 3 = 0, 43,
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X = X[ VA X = X, 12 cdc diém u6n cha d6 thi ;
y(x;) = =206 ; y(x9) = —1,46.
y=0khix=2.

Viy= x=-2 _ x—2

Jiex X JHL
Xl

nén lim y=-1= tiém cin ngang y = —1
X——=

va lim y=+1= tiémcéin ngang y=1.
X—>ton

Du6i day 12 bang bién thién va dé thi :

X | —oo 1,18  -12 0 0,43 2 oo
y' - | - 0 + | =+ 1 + | +
y" - o + | +  + 0 -~ | -
vl -1 ™S =206 ™S5 2 7146 " 0 7 1
by
1 y=1
18 -05 | 043 2 ~"x
i O )
' : y=x_2
Yl+x2

Hinh 14
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5) Ham s6 xdc dinh véi mot x > 0

L1 JT+x
y'=—- (2x-1)
2 xvx
1 .. " 1
y=0kh12x—1=0:x=5.

1) 3
}'min =Y(5J=§J§ﬁ 2v6-

3Wx
Y S——r—=(x+1), y">0, Vx>0,
2x3\/l+x

Cé thé vist

3 )
Il +x[2 1+x ( 1)5
= = =(1 = .
y T (1+x),f X (1+x) 1+x
L

Dang khai trién hiu han cia (1 +1]2, ¢6 :
X

Do d6, c6 thé viat

1 1 1 1
y=( +X)['l+5;+o(x—2n=l+x+5+o(;}

Vay khi x — oo thi y—->x+§  tiém can xién y=x+-§—-

Khix—rOthiy—>+oo:tiemcandt’mgx=0.
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5%
ey

Béang bién thién va do thi cho
dudi day :

x [0 12 oo
sl

3 O :
6) Ham s y=1- x+1’ X 2
I+x

xdc dinh khi
XB+x)z20;x#-3
Do d6 mién xdc dinh la x < — 3 hofic x 2 (.
. , 1 X 9+42x _

=—]e— .
y 2V3+x  3+x

Hinh 15

Khi x<-3:
y=0khix=-4.
y>0véi-4<x<-3
y<0viix<-4
Ymin = Y(-4)=13.
Khi x = 0, phuong trinh y' = 0 v0 nghiém, do d6 y' < 0 véi x > 0.
Gidatri 16n nhdt caay khix 2 01lay(0) =1.
Khix - -3 -0thiy — +es.
Ngodi ra, ¢6 thé viét

—l—x+|x|‘/ “1- x+|x|(1-—J

]2 duge :

Dung biéu thic khai trién hitu han cia [1 I
X
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1

( 3 JE 1 3 3 )
l-— " =1—=. +o
3+x 2 3+x 3+x

' 3
Do d6 y=1—x+|x|—l-—~|—x-l—+o _§_)
' 2 3+x 3+x
Suyra: _
Khix—)—m:y:l—x—x+%, y=~2x+% 12 tiém can xién.
. 3 1 |
Khix > 4o =>y=1-x+4x- 5:—5, y=~5 1a tiém can
ngang. Khiy=0thi x= 5+;h_3 = 4,3,
Du6i day cho bang bién thién va d6 thi :
X oo —4 -3 0 43 +o0
y’ -0 + \‘\% - 1 -
_2x+§\ /+°° \1 \AO Il
N 2
Y
13
y=l=x+ Stx
5/2
-4 |-3 é 4,3 X
LA/ —_—
~1/2 \ y=-112
Hinh 16
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19. 1) Bé thdy ¥ nghia hinh hoc

cia phuong trinh (d6ng thoi
ciing 12 ban chat hinh hoc cla
duong cong)

r=a+ bcosgp

ta ¢6 thé v& mét dudmg tron cé
dudng kinh 1a b, 14y mot diém
trén dudng tron lam géc cuc O
va v€ truc cyc OP di qua tam C
cua dudng tron (xem hinh 17).
Khi d6, hién nhién mét diém
M’ bat ki trén duong tron déu thod r = beosg, tir d6 suy ra,
mudn ¢ di€ém M cha d6 thi chi cin nSi OM' kéo dii va ldy
MM=ax<h.

Ngoai ra, ¢6 thé thdy ring ham s6 r = a + beosp (0 < a < b) xfc

Hinh 17

b
dinh véir20; |@| <a; véi o = arccos [——] ; dudng cong kin,
a

d6 thi d6i xing d6i véi truc cue, r dat gié tri 16n nhét r = a + b khi
¢=0var=0khi ¢ = za.
2) Ham s8 xdc dinh khi
cos3¢p > 0 nghia 1a khi

&
B
2 i okn<dp<l+2kn I
2 2 o .
tifc 12 khi > . -8
. "'\."-5 ‘..a Q
| (pl <X v
6 v a -
10
hoac - 1"16 . ‘a 2
Q7 AN
T 5n _ o e
2 lof<% E
il
véi chu ki T =2%. 9
3 Hink 18
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r dat gia tri nhd nhatkhip=0,va ¢= i%;l vikhidor=a.

~ D4 thi c6 1iém can 1d cac tia
s S5m

cp=t— p=x

T
=+— —
*=>% 2 6

.

Xem d6 thj ¢ hinh 18.

19. 1) Xét ham s0 f(x) : = x2 — sinnx
Dé ¢ ring £(0,75) = 0,5625 - 0,7071 = -0,1446
| £(0,85) = 0,7225 - 0,4540 = 0,2685.
Nhu thé khoang (0,75, 0,85] chita nghiém cla phuong trinh
x2 — sinnx = 0. '

Ngoai ra, dao ham f '(x) khong d6i ddu trong khodng déng [0,75, 0,85]
‘nén khoang d6 chi chira mot nghiém cha phuong trinh da cho. Hon
nira vi

f'x)=2+ nzsinnx

va £'(0,85) = 6,4808 > 0
nén ta chon nghiém ban dau x, = 0,85.
Dung cong thic 1dp :

1

Xpel =Xp — f'(x )f(xn)
1]

véi %o = 0,85
ta dugc
. 2
x; = 0,85~ 0,2685 =(},7903
4,4992
X =0,7903 - 0.124 0,7598
4,0702

va (0,7598) = — 0,0482.

Do d6, ta ¢6 thé ding thi tuc 1ap va 14y nghiém xdp xi 1a x = 0,7598.
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8%
eog

2) Xét ham s6 f(x)=21gx~%+1. PE ¢ ring
£(0.38) = — 0,0304 < 0

£(0,40) = 0,4041

va f'(x)=3—'0,5 khong d6i dau trong khoang déng [0,38, 0,40],
X

do d6 phuong tinh 2lgx —% +1=0 c¢6 moét nghiém nim trong
10,38, 0,40]. Ngodi ra, vi f'(0,38) = — 13,85 < 0 nén chon nghiém ban
dau 1a x, = 0,38 va ding cong thic lap

Xn+l =X — f(x n)f(xn)

ta ¢§ lan luot

<038+ 20304 _ 6 3864
4,7632
Xo = 0,3864+ 0.0191 4 3905
4,6760
X3 = 0,3905 + 0.0120 3047
4,6216
x4 = 0,3947 + 0,0048 _ ) 3058
4,5671
0,0031
=~ 0,3958 + —t—— ~ 00,3965
xs 4,5530
0,0018
= 0,3965 + ———— = 0,3969
%6 4,5441
x7 = 0,3969 + 0.001L_ 4 3971
4,5390 _
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0,0007

xg =0,3971 + 65 =(),3973

0,0004
4,5340

%0 = 0,3974+ 20992 _ 6 39745
4,5327

xg = 0,3973 + =(,3974

bl

o= 0,39?45 + 0'0002
4,5321

=1{),39754.

i £(0,39754) ~ 0,00006 > 0

nén ta cé thé dimg & x4 va chon nghi¢m x4p xi 12 x ~ 0,39754.
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Chuong 6
NGUYEN HAM VA TiCH PHAN BAT D|NH

A. PE BAI

1. Tinh céc tich phéan

2 .3
I Ixz(s—x)4dx : 2) J‘[%*_%.—F%de :
: X X
x+I _ 4) J.[I—Lz}/x\/; dx
X
2x+1 5)( l
K I ) '[c +1 dx ’
7 J‘\/H-x —\/x X 8) I\11+sin2x dx, (OSXSEJ :
\jx -1 2 '
9)_[ 10) Iz d;‘
o —JX
(5x - 2)2
dx dx
11) ; 12) .
I\/2—3x2. I 3x2 —2
13) j(sinSx—sinSy)dx . 14) I_‘“‘__
2
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) J'I+cosx ’ 1) J'1+smx;

dx
: 1)) | ————;
”)I 2X )j(1+x)J£
Ch 5
dx dx
19) [—=—: 20) [—F
2 l
XVx©+1 (x2+l)2
xdx e*
21)_[ 5 22)'[ dx ;
2 2+e
(x2 -1)2
dx
23 : 243
) J-e"-+e_x jsm 2y +2cos?x
i +l
25) jJ‘“_“’;_dx : 26) j" 1
c0s’X X +

—_dx ; 28 | ——;
| +x0+2 ) J(::c +2)x +5)

29) | f" 5 30) jsinzx dx ;
(x+a)y (x+b)
3D Jsin xsin(x + y)dx ; 32) cosicosidx.
2 3
2. Tinh céc tich phan
1+ cosx
: 2)
1) Iarctgxdx ; -[smx 1
3) j 4) _[\/e"—l dx ;
tg X
+2

3 Isin6xcos4xdx; 6) J.—)E-—dx;

slxz ~5%+6
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7) j'—XdL—: 8) _[x\/—x2+3x—2dx;

x2 +x+2

9) jsinsxcos3xdx; 10 J_z__(;f_"g;? ;
(x° +2x+

arctgx
1) [sin™ ! xsin(n +tyxdx 12) jm :

g Al
(1+x2)2
dx ' dx
13) = . 14) ;
J1+x3 '{1+x6
2 .
15) jmax(l, x2)dx ; 16) j{l1+x|-|1—x|} dx.

3. Tinh cdc tich phéan :

DI =] 9X  heN; tinh L, Ty, I, va lap cong thic truy héi

cos"x
dé tinh I.. _
+1
21 =1x"e*dx; 3 L-*dx;
) 1o J ) -[Ux—l
4) J'C-Zx cos3xdx ; 5 Ixz Inxdx ;
dx
6) | ——
J.J)TH/E
B. LOI GIAI

1. 1) J'x2(5—x)4dx =jx2(54 ~4.5x+6.5%x% - 4.55% +x*)dx
= J(54 x2 —4.5%x3 +6.52x% —4.5%% + x6)dx

4 6 7 .
= 3 st aesx —4s5 v X
3 6 7
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‘]
<k

[ U

2 3

=y1n|x|—yY—y—+C.

2x2

| 1
3) jx—”dx _[(x2 +x 2)dx=—§x X +2vx +C.

3 3 2
4 I[I—Lz}fxﬁ dx:_[(x4 ~x 4)dx=4();4—\/i?)+c
. X X

2"*‘ 5"‘ 1 1(1Y
o [P Jls) 53 Jo-
X X
=_L[l) . [l) +C
n545/)  5In2\2

3x X 2x _ x
6) J-ex +ldx= (e +1)e e +l)dx

et +1 1+e*

=—é—e2x e +x+C.

J1+x —Jx2 - [ 1 | 1 ]
D d = - dx =
'[ x -1 J \'/xz—l \(x2+1 ’
x+\/x2—1
x+\h(2+1

N . 2 . .2 . 2
8) Vil +sin2x = cos X + 2sinXxcosx + sin”x = (sinx + cosx)

nén I= I\)(sin X +cos x)2 dx = I|sin X +cos x|dx

112
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9
Ic‘ e

ViOstg nén

I= i + d ='\j§ i +"T‘E')d =
j(smx cos X )dx jsm(x p) X

=—\Ecos(x+g]+C.
| s
9)j X 5_=~§I(5x—2) 2d(5x—2)=—-———2—3+C.
(5x —2)5 15(5x —2)2
10) [ L.[ dxv®) 1 2 exB]
2-3x2 3 2,—(\/5:()2 V6 (V2 - x\f_

dx

. IJ2—3x2 ='[\/2—(J§x)2 i
d(+/3x) 1 . [3
I ~ (\/:,:x ﬁarcsm(x 5J+C

d(v3x) 1 .\ X;;_
12) IJ‘ f-[ T 7_E.’-mlx 344352 — 2|+ C.

13) _[(sinSx —sinSy)dx = —é—cosSx —xsin5y+C.

d(Zx +£J
) 4
J

sm2 [ZX + I
4

H

dx _1

m2(2x+J 2
4
(o)

15) dx =J dx =‘[ 2 _ X

X X
1+cosx 20032-— cos2 X 2

14) I
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lé)I dx =_[ dx __J- d(%_x)

1 +sinx [n: Jh (TI: ]
l1+cos| ——x 1+cos| ——x
2 2

=_[g[g_§)+c.
dx 2 X
17) j =2J =2th(5)+c.

22 T2l
2 2

dx d(\[;) _
3) J'(1+x)\/;=2-[1+(\/;)2 —2arctg(\/;)+C.

—dx

19) IXJ:;H:'[LZ(:M):_JJ[ITH:

._.
[=%
P
o —
e

20) DE ¥ ring | | =——1 (xem bai tap s 16,
N 2

x2 +1)2

chu'(mg4), cb

IL I(Jx J e

(x* +1)2

3 |
=é—j(x2 ~1) 2do - 1) =————+C.

2”J yon
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22)[ jda+°) In(2 +e*)+C.
2 +e* 2 +e*
e®dx d(e™)
23 = = =arctg(e* )+ C.
)‘[e +e* Jll-?—(ex)z ‘[1+(ex)2 ctgle”)
dx

dx coszx _ [.d(igx)
24) 2 2
sin”X + 2c0s2x 2+lg X 24187

| tg ]
= —=arctg +C.
V2 LE
95 sinx 3 2
) dx=- J.(cos X} “d(cosx)= +C.
Veos? x CosX

fX2+1 r[l+-l?}:.ix (l+L dx-
— X _
26) dx= | _I

Ixt 41 2,
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X - 5 2
28) {—————dx = - d
)J(x+2)(x+5) * J[3(x+5) 3(x+2)j| *
Vi- X _ A + B A= -2 __2.
(X+2)(X+5) x+2 x+5 2+5 3
__ 3
—5+2 3
Cudi ciing
5
I;dx=—n(x+5) +C.
(X+2)(x+5) . 3 |(x+2)?

20)DE yrdng:vGia=b:

1 _ 1
(x +2)2(x +b)? _[(X+a)(x+b)

11 17
(b—a) [x+a x+b

(x+b)—~(x +a) ]2

} =|:(b—a)(x+a)(x+b)

t | 1 1 I
= —2. - +
(-2 |(x+a)?  (X+a)Xx+b) (x+b)?
=1[1_2.1(1_1]+1'
(b-a) |(x+a)2 ~ b-alx+a x+b) (x4+b)?
Dodd, voia#b:
I dx _
(x +a)*(x +b)?
2 (1 1 1
- + d
(b a)z.[[(x+a) b—a(x+a x+bj (x+b)2j|'x

X+a

1 I 1 2
=- + + n
(b—a)’|X+a x+b b-a
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dx dx h -4
= = {(x+a) "d(x+a)=
I (x +a) (x + b)? I (x+a)* J
Mx+a)

30) Isinzxdx = 1 I(l —cos2x)dx = lx - lsin 2x+C,
2 2 4
~31) Diing c6ng thitc lugng gidc

sinasinb = %[cbs(a —b)-cos(a+ b)]
. ‘[ N 1
c6  [sinxsin(x + y)dx = > J-[cosy —cos(2x + y)]dx =

1 1 ¢l
=— —— |=cos(2x + y)d(2x +
2:u:osy 2-[2 { y)d2x +y)

1 .
= —2-xcosy - %sm(Zx +y)+C.
32) Dung cong thitc lugng gidc

cosacosh = %[cos(a +b)+cos(a— b)]
cé Jcosicosi(:b;:l‘[ c(-)ss—x+cosi dx =
2 3 240 6 6
3.

=—sm5—x+35in5+C.
5 6 6
2. 1) bBiat u = arctgx, dv = dx, ¢é

i
1+x

du=

2d}n(; vV = X.
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Do dé6
xdx
Iarctgxdx=xarclgx— J 2
1+x
1 2
=xarctgx—§ln(1+x y+C.
2) Viet l'+cosx= - 1 + .cosx
sinx—1 sinx—1 smx-1I
va dé ¥ ring
d(sinx — 1} = cosxdx ; sinx = - cos [x +E)
taco:
(iteosx . _ [ dx [COSX_ .
Jsinx -1 Jsinx—1 Jsinx-1

dx v [d(sinx—l)
J [ n] J sinx-—1
1+cos x+5

2 4

3) V& nguyén tic, v6i bai ndy 6 thé thuc hién phép ddi bién tgx =t ;
nghia 1a viét

= ln|sinx—1|-tg[§-+£)+c.

dx

de _ Icos2x _f_dagx) _r dt
tg3x tg3x th3x(1+tg2x) Jt"’(l+t2)
cos?x
Mait khéc, tacod :
I G et S SR

Ba+2y 2a+22) & 11+)
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i N ) St o SR
(+t2) I+ U 1+62
nghia la
1 1 1 t
B B3 1 1.2
t(1+t%) 7t 1+t
t
-3—d—2= %—ln|tl+iln(l+t2)+C
C1+t7) 2t 2
do dé
~(13i=— ! —1n|lg‘x|+lln(l+tg2x)+C.
w’x 2 2
Tuy nhién, ta ciing c6 thé dung phép d6i bién sinx = t nghia 1a viét
d;{ _ }‘coszx dx = Jcoszx.:osx dx
g X sin"x - sin”x
ain2 2
=F:%iwuﬁ=rl;hl
sin”x t
. BN ]
t t 2t
- 1 i ’
Vay ? = 2—h$mﬂ+C
Ytg'x  2sin“x
- x_
4) [Ver-1ax= [ L ax
“Vet -1

Thyc hién phép déi bien u” + 1 = e*, duge

2udu

=dx
u2+l
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120

va je"—ldx=I du 2_[[1— }
1+u? 1+u? .
= 2[u ~ arctgu] +C=2[\!ex~1 —arctg\-‘ex-l] +C

5)Tacé:
. 4 . 2 2..2.2
510 XCo$ X = (5in"Xcos“x) sin“x

_ +l—(sin22x)2 (1 -cos2x)
16 2

2
= i ——1 — 0084)‘} (1—cos2x)
32 2

=L d-2cosax+ cos?dx)(1 - cos 2x)
128

! (3 —4cos4x + cos8x)(1 — cos2x)
256

=-—/3-cos2x — 4cos4x+3cos6x+0038x—lc0510x
256 2 2
do dé

Isinﬁxcos4xdx=
3 1 1
=I 3—cost—4cos4x+Ecosﬁx+c058x—5c0510x —dx
1

3x-—lsm2x sm4x+—l~sin6x+lsin8x—Lsin10x +C.
256 2 4 8 20

X+2 2x—-5

clx~— dx+(2+ }
\J -5 +6 \! 2 -5%+6 '[\l 2 -5x+6

J 2x 3 dx=J'f5dt (vit=x% - 5x +6)
-5x+6

= 2Vt =2Vx? —5x +6.

"



Ngoai ra, vi
2 2 2
x2 ~5x+6= x—E +6— 3 = x—i _L
2 2 2 4

dy

\/x2—5x+6 \j 2
y [
‘ 2 1
+ I
Y y 4

4
/
x—%]+\!x2—5x+6. +C.
Cudi ciing, ta c6

\
J‘ 2x+2 dx = 'x2—5X+6+%m x_.;_J+\!x2_5x+6 +C.

nén :

. 5
4] = —_——
(voiy=x 2)

=In +C=In

X“=-5x+6
7 J' 2x+1 II dx
x2+x+2 \lx +x+2 \fx +x+2

=V exezoo [ -
T

(x+%J+\lx2 +Xx+2|+C.

=vx? +x+2 —lln
2
8) C6 thé viét
xV—x2 +3x — =——;—(—2x+3)\/~x2 +3x-2 +%\/—x2 +3x-2

do dé

Ixx/—xz +3x-2dx=
=-% v-x2 +3x-2(-2x+3)dx+%_[\l-x2 +3x—2dx.
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Tich phan thid nhit cia v€ phai clha hé thic trén s& 1a
, .
5 2 . . PR .
Jtzdt = 3 3, véi t=-x® +3x~2. Vi tich phén thtt hai tacé :

jm [ {Hx_;f "
i) o3

X—— Xx-=

e
:—il— —x2 43x-2 +%amsin-i—2~+c

2
= _(2,2; 3) m + %a.rcsin(Zx -3)+C.

Cudi ciing, ta dugc :

jx\/—xz +3x —2dx =—% N2 +3x-27 +
+%(2x —IV—xZ +3x -2 + %arcsin&x ~3)+C.

9) sin”x cos xdx = Isinsxcoszx cosxdx =
= jsinsx(l - sinzx)cosxdx = Jts(l —t? ¥dt, (vé@i t = sinx)
= j(tf' —t7)dt e lec

6 8

= l sin®x — lsinsx +C.
6 8
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10) Vix® +2x + 5= (x + 1)> + 4 nén

-[ _ J dx _ J‘ dt
(x2+2x+52  J(x+ 12442 Y+ 4y
viit=x+ 1.

Bay gi d€ ¥ ring c6 thé viét

2 Sl D N W
2 +42 42 +4) T4 2 4a (1% +4)?

do do :
[ dt ”lj I S
W +4? 4244 (@ +a)?
11 t 1p 2
=—.—arctg——— dt
4 2 2 4I(t2+4)2
t2
G011=Iz ~dt, taco
(t“ +4)
yo L t-—-a-zt—zdt=ljt d(t? +4)
27 P+ 270 (1P 4a)?
=_t( - 1 zdt =_12; L gt
t+42t+4 2¢%44 2 2 2
Vay ta cé
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Cu8i cling, ta dugc
( dx 1 (x+1) +1a.rct x+1
== —arctg—+C.
J(x2+2x+5)2 8()(?‘+2x+5) 16 2

11) Vi sin{n + 1)x = sinnxcosx + cosnxsinx nén

Isin“—l xsin(n + Dxdx = Isin nxsin™ ! x cosxdx + Icos nxsin"xdx.

Bay gid goi I= jsin nxsin® ! xcosxdx thi vi:

-1

d(sin"x) = nsin"" xcosx nén :

1. ] 1F . . .
[=— [sinnxd(sin"x) = —[sm"x sinnx—n Icosnx sin"xdx
n n

1. ] .
= —sin"xsinnx - Icos nxsin"x dx.
n
Theé gi4 tri ciia I vdo biéu thic ddu tién ta dugc

. o-1_ .« 1. A
J.sm“ 1 <sin(n +1)xdx=—sin"xsinnx+C.
n

12) Thuc hién phép déi bi€n t = arctgx ta dugc

d
X=tgt; xz=clt;\/l+x2 ——*\[1+lg2l=-l—-
c

1+x oSt
Do dé :
arctgx :
e dx . .
r—-—3 = jel sintdt = Ism d(e")y =
(1+x%)2
ot _ t t.: ty _
=¢ sint- Icostc dt =¢ sint - Icostd(e )=
=e'sint—e' cost— Iet sin tdt.
Suy ra:

Je‘ sintdt = %e‘ (sint ~cost)+C, nghiald:
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arctgx

Iﬁ’_dx o Loamex (x-1 -
3 2 2
(1+x2)2
13) D€ ¥ ring ¢6 thé viét :
2 2 2

1+x

1 1-x°+x X lw)(2 X
— — + =

2 + 1-x
37 3 3 3

1+x 1+x T14x3 146 14x3 1-x+X

Do vy

dx )
I= =1 +15.
J1+x3 12

) x2 1¢ 3x? 1 3
vai Il=_[1+x3dx=§‘l'mdx=§lnll+x |+C

1 2x -1

1—x
L=[——dx=—m [ -2 dx+=
2 Ixz—x+1 2 xz—x+l Iz—x«f-l

1 1 d(x_%)

= ——ln(x% — e =/

2ln(x x+l)+2j 7 3.
X——| +—
( 2], 4

\[?: 2x—1

1 2
2 i ) 3 g \/5 :

«  Cufi cling :

\E 2x-1

1 3] 1 )
I==Inll+x7|—=In(x* —x +1}+—arct +C.

14) C6 thé viet
11|t - -1
1+x% 2| 1+(H?

1[ x +1 -1

2| (20 -x2 +%%) (2 +1)(1-x2 +_x4)

7
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T
- 0

L T

x* —x2 +1+x2 x2 -1

1
2| +na-x2+xhy xP-x? 41

1——
_1 + x> _ x?
2114x% 14?2y, 1

2
A X
Vay
dx 1
= 2 L1y
1+x5 2
trong 46 :
II:I dx2=arctgx+C1
1+x
2 ' 3
X dx I dx 1
12=J. 3.2 ="-[ ( 3)2 =—arctg(x3)+C2
1+(x"y 391+(x°) 3
1—L . d[x+l] .
x2 X
X2 1+ iy
X2 [x+';J -3
1 x2 ~\3x+] '
= In 7 +C3
23 [ x2 +43x+1
Cugi ciing

1 Inxz— 3Ix+1
43 X2 43x+1

I= la.rctgx +%arctg(x3) - +C.

2

L lx|<1
15)V‘1max(1,x2)={ x|

x2,|x]>1
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e

nén max(1, x%) 1a mét him s6 lién tuc véi moi x € R. Do dé, ton

tai nguyén ham I(x)= Imax(l, x%)dx va cu thé Ia

[1ax, |x|<1
I(x) =
szdx,|x|>l

x+Cy, |x]<1
Vay I(x) =4

3
=R
]
Tuy nhién, vi I(x) 1a mot ham lién tuc nén phai c6

){3
lim (x+C;)= lim ?+C2

X1 -1
' x3 '
va lim(x+Cy)=lim| —+C,
x—1 x—=1| 3

biéu kién (*) cho

—1+C1=—§+C2

tir dé, chon CI ={, suy ra C2 = —%.
Tuong tu, diéu kién (**) cho
N ,
1+C =—+C
1 3 2

va néu chon C'I =0,suyra C°2 =%.
Két hop céc trutmg hop trén, c6 thé vigt
x|x|<1
I(x)=4,3

—é—+%sgn(x),|x|>l

(*)

(**)

trong d6 sgn(x) 1a ham d4u cila x (xem bai t4p s& 8 chuong 2).
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16) Ta cé
|l+x|= I+x:x2-1 '|1—x|= l-x;x=1
-1-x;x<-1" —T+x;x>1.

Suy ra bang gid tri

X -1 1

1+ x| -1-x 0 1+x [ +x

=1 1-x | I-x 0 —l+x
[1+x] - |1-x]| -2 | 2% | 2
Vi lim 2x=-2, lim2x =2

x——1 x—1

nén ham s6 f(x):=1+x| -1 - x| lien tuc vdi moi x € R do d6 f(x)
¢6 nguyén ham 1a I(x) :

J—2dx; x<~1
160 : = [ +xl- 11 - xbax = Jaxdx: ~1<x<1
Jde; x>1
Suy ra :
2x+Cjix<-1
I(x)={x? +Chi—1<x<l
2x+C3;x>1
Mat khac I(x) 12 mot ham lién tuc nén phai c6 :

lim (~2x+C;)= lim (x> +C,)
x——1 x——1

va lim(x? +C,) = lim (2x + C3)
x—1 x—t
Tir cdc diu kién trén suy ra
C;=C3=0;C,=1; Cp=1
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3 aé.
Qs

va cudi ciing c6 thé biéu dién I(x) dudi dang :

I(x): = I(|l+x|—|1—x|)dx=%[(l+x)11+x|+(l—x)! 1-x[].

3.1) 10=Idx=x+C.

ca::»s[x +E]dx d(tg[iwLE]]
_f 2 4)- _{ 2 4
e (51 o5
sinf —+— |cos’| —+— —+=
4 2 4 2 4
_ .z
=In tg[2+4] +C.

Iz:-[cos N Id(lgx) 1gx+C.

Véinz2ch:
d
= [ = e
€os X cos” x cos?x a
= tgx2 —J‘tgx(cos}“x)'dx
cos"° x
sinx 'sinzx
=— —(n=-2) | dx
cos”" x Y cos"x
b2
_ sinx —tn-2) | I—cos xdx
cos™ 1 x 4 cosx
sinx 1
= —(n-2) [ ]dx
cos™ Ix I cos"x cos“—zx
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I, = — —(n=2)I, +(n-2)I,_,. Suy ra céng thirc trgy héi :

1 sinx n-2

(n-1) cos™!x n-1

2) I, = Ixnexdx = jx"d(e"):x“e" -n jx“_lexdx tife 14 :

= In-2-

_.n.x
I,=x"¢e —nl _;.

3) Ed —I X+ J‘J:z"_ldxfj\&‘i"

=x? —1+1n|x+\1'x2 - ‘+C

4) Cé thé dung céch tinh tich phan ttmg phin théng thudmg dé
tinh, ching han viét :

I e 2% cos3xdx = —-;— Icos 3xd(e™2*)
réi tiép tuc..., nhung & day, do tinh chét cia ham s6 e cosbx nén
ta cé thé tinh bdng cach dat :
Ic_zx cos3xdx = e 2* (A cos3x + Bsin3x) + C.
Dao ham cé hai v&€ d6i vdi x, ta duge
2 cos3x = e 2* [(—2A + 3B) cos3x — (3A + 2B)sin3x].

-2A+3B=1
3A+2B=0" _
Giéi hé hai phuong trinh trén, tim duge

Suy ra : {

A=—£ va B=i-
13 13

Vay :

9 . e—2x
jc_ X cos3xdx =
' 13

[2cos3x + 3sin3x]+ C.
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S)yPatu=Inx;du= lClx rdv = xz_dx, v= %x3.

X

x2 Inxdx = %x3 Inx —% Ix2dx = %x3(3lnx -H+C.

6) Dt 12 = x, ¢6 Vx =t7; ¥x =2 dx = 6t3dt.

.[J; jl+1 J~: +1-

=6I(t2—l+1)dt—6jti—tl

2 2
=6 ———+t |—6In{t+1)+C
3 2 |

=2x - 3x +68x -6 +¥x)+C.
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Chuong 7
TiCH PHAN XAC DPINH

A. DE BAI

1. Ding dinh nghia tinh cédc tich phan :

2 b 1
1) Je*dx: 2) jd—;,0<a<b; 3) Iaxdx,a>0.
1 a 0

2. Udc lugng céc tich phén :

ol
1 1M *dx; 2)

(= a AL

3. Tinh céc dao ham

1) %Tetzdl; 2) %]'etzdt; 3 —J'
X X

o2 \’l+t4.

4. Dung dinh nghia va c4ch tinh tich phan x4c dinh, tim céc gidi han :

1) lim L+ L + L +.o.+— ! y(@>0,p>0)
noes| Dt D+ no+20 nc +(n— 1D

2) lim UH 1‘l+ +.. +1f1+*J
n—ses 0N
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3) 1

5. Tim céc gidi han :

sinx

1) lim
x—>+0 gx

_[Js?dt

. {1 (2n)!}
m [ — 1D .
n—ee| N n!

I gt dt

X
J (arctgt)? dt
2) lim &

X x2 41 .

6. C6 thé dung cong thic Newton — Leibnitz dé tinh c4c tich phan sau
day duge khong ? Tai sao ?

L]

1 2 4

1) jd—: ; 2) Jx 1-x%dx; 3) j—-——g-}f—z
1% o (2+1g°x)cos"x

7. Tinh cdc tich phan :

[ [ %, khi 0<x<l
D [|inxax; 2) [fdx, vei fo =%+ K O=x<
4 5 2-x khil<x <2
[+

1
3)_[ 9-4x2dx :

dx )
4x% +4x+5

L
—
—_—— <

B3 | -

do
3cos2Q+ 4sin%0

L |
e
O G b | N

X
4 j(x3—2x+5)e 2dx ;
0

t dx

) ——;
g\/(1+x2)3

6

+ | A

. 8) _[tg“ﬁdﬁ ;
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x x
2 1+sinx Z

9) Iln dx; 10) Ic_os“x cosnxdx.
! 1+ cosx 5

8. Chitng minh rang néu f(x) lién tuc trén [0, 1] thi:

n

1) [ fesinx)dx = jf(cosx)dx

0

c'—-—,mln

T

"
) n .
2) gxf(sm x}dx= Eif(sm x_)dx.

9, Thye hién phép ddi biént:=x + 1 tfnh tich phan
. X

A
1+x-=je Xdx.

m
m|.—t—-.m

10. T¥ cong thiic tinh J; : = | sin"xdx (thi du (b) muc 7.6, trang 265

@ b | A

séch dd din) va tir bat ding thitc hién nhién (7)

x n x

2 2

Jsin?‘““xdx < Jsm Ny dx < {sin®"xdx
0 0 )

ching minh cong thitc Wallis :

r . [ et P o1
—= lim . :
2 e Cn-1N 2n+1
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11. Chitng minh ring n€u f(x) 14 mo6t ham s& lién tuc trén R, tudn
hoan, cé chu ki T, thi v&i moi a, ludn cé :

a+T T
I F(x)dx = J'f(x)dx.
a 0
12. Tinh tich phén :
3o 2
J —-ﬂ)-(—)—-dx, trong dé f(x)= M

1+ £2(x) X (x-2)

-1
13. Cho f(x), g{x) 12 hai him s6 kha tich trén [a, b], gia sit f?‘(x),

gz(x) va f(x). g(x) ciing kha tich trén [a, b]. Ching minh bt déng
_thic Caonchy — Schwartz (véi a < b) :

b 2y b .
jf(x)g(x)dx] S[Ifz(x)dx][ng(x)dx :

14. Ding cong thic hinh thang va céng thic Simpson, tinh gén ding
cdc tich phén sau :

5
1) J’ld—" (chia [2, 5] thanh 6 khoing bing nhau).
nx
2

2) | +cosx dx, (chia [O, -g] thanh 10 khodng bing nhau).

O et [ A

15. Tim dién tich hinh phang giéi han boi :
1) Dutng cong y = X (x 2 0) va cic dudng thing x =0,y =4
2) Dﬁbng parabon y = x° + 4 va dudng thing x -y +4=0
3) Dutng bacbay = X (x 2 0) vi cdc dudmg thing y = x, y = 2x
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Ry
it

4) Pudng frbn X2 + y2 = 4X vi parab6n y2 = 2x
5) DBudng = azcos2(p.
16. Tinh thé tich chia vat thé 13 phin chung cha hai hinh tru
}(2+yz=a2\e@1y2+zz=a2 (a>0).
17. Tinh l!lé tich vat thé gisi h’a_m bdi mit paraboloit z = 4 — y2, céc
mat phang tea dd va mit phang x = a.

18. Tim thé tich cia vat thé trdn xoay tao bdi hinh phing giéi han béi
céc dufmg

l)y +x —4 =0 x = 0 khi quay quanh truc Oy
2)xy—4'y—0'x= 1 ; x = 4 khi quay quanh tryc Ox
Ny= x? . ¥ =4 khi quay quanh dudng thing x = -2
19. Tim d6 dai duodng cong -
1) 9y2 =4(3 - x)> gom giita cdc giao diém ciia né véi truc Oy
D2y=x>-2 gom giifa céc giao di€m clia né véi truc Ox.
20. Tinh dién tich mat trdn xoay tao béi dudng axtoréit :
x= acoth ;Y= asinst, a>0
khi quay quanh truc Ox.
21. Xét sy hot tu va tinh (trong trudmg hgp héi tu) céc tich phén sau :

, oo -

1) Ixexdx; 2) Jcosxdx;
T dx . 2 x>

(e b e

i
dx .
5)_£ﬁ ’ { —rl
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1 _ 2
7 lenzxdx; 8)_[ dx
0

22, Xét su hoi tu cua cdc tich phan sau :

oa oo 2
In(1+x) e .
1)] dx 2)]1' > dx ;
3) J[l»congdx; 4) ‘[1+x dx ;
1 X 1 X
1 1
dx dx
5) ; 6 :
‘(I;c%{;_l -({tgx—x
7 ; x2dx i ; \/_dx
).[3 5 ' )J sinx*l-
04(1-x2) 0¢

B. LOI GIAI

1. 1) Xét ham s6 f(x) = ¢*, x € [1, 2] ; ham s6 nay lién tuc trén [1, 2]
do d6 kha tich trén [1, 2]. Chia doan [1, 2] thanh n doan bing nhau

boi hé¢ phan diém x, = 1 ; x; = 1+i, . xi=l+l,

.y
n

n . : i 2-1
K =142=25 Xigp =X === ——=Ax;.

Chon &; =x;, khi d6 tdng tich phan Ia
e

0
g1

i=1 i

1

=T_.

i
el

n
=1
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n i

. - - ) e—1
v lim o, = lim -—Ze“ =e lim
n—eo n—yes N oy n—es
- el —1
1
n
1
n
e —
Vi lim =1
n—eo 1
n
2
nén lim o, = Iexdx =e? —e=e(e-1).
n—oo

1
2) Xét ham s& f(x)'——iz, x€[a, b], v¢i 0 < a < b, ham s6 nay kha
X

tich trén [a, b]. Chia [a, b] thanh n doan bing nhau bdi hé phan
diém :

Xo =2, X) =a+Ax), X3 =a+24x;, .., X; =a+iAx;, ..,

Xp =a+nAx, =a-i-n.b_a =b
n
b—a
trong d6 Ax) = Axy =..=Ax, = = Ax.
n
Chon &; & [xj, Xjp1] 2 & = JxiXjy1.
Nhu thé
1 1
(&)=

T XiXin (@ +iAx)(a+(i+ DAx)
Khi d6, téng tich phan
n—{ n-1 1

on =i§‘0f(§i)Axi zg‘o(a+im)(a+(i+l)m)'m'
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£

Theo dinh nghia tich phan xic dinh, ta c6 :

b

dx 1
I=1—=1 = lim

.[2 o On = &):—)Oz(ﬂ+lAX)(a+(l+l)AX)

Vi c6 thé viét :

t (1 1
(a+iAx)(a+ (i + 1)Ax) _E}:(a+iAx _a+(i+1)AxJ

nén :

b
dx 1 1
I=|—= lim
;!:xz Ax—)Oz{"}(a+1A){ a+(i+l)Ax]

3) Xét ham s6 f(x) = a*, x € [0, 1}, ham s& nay khi tich tren [0, 1].
Chia doan [0, 1} thanh n doan bing nhau b&i hé phan diém :

Xo =0, x; =0+ AXy, ..., X; =04iAx;, ..., X, =0+nAx,

. - 1
\"6'1 AXI =AX2 =...=Axn =u=—.
n n

Chon &; =x;, khi d6 f(&;)=a"t va tdng tich phan o, 1a:

on = ) FEDAX; = 3 a%iAx;
=1 i1

an -1

lim ¢, = lim -—Za“ = lim

1—ee n—yee I II—poe

1
n
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2%

Vi lim 2! 1na
n—yce -
1
¢ ~1
nén I=lim o, =Ja“dx=3__.
n—ee 0 Ina

2. 1) Vi 0<sinx €1 nén

2
1€ <

va I r,
2 2
2) Dé ¢ ring :
COSX_|< <(10)2: x€[10,18].
Vi+xd | J1+a0)?

18
Do dé : OSXdx|<10.a0y2 =0y

10 1+x

¥ x
2 2
3.1 2o dt=~i_[e‘ di = —e*
dxx dx

Y

2 2

2) ije‘ dt=ev .
dy

X

dx'[ 1+t4 T IJIH '[\/1
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vdi a sao cho him s6 f(x)= J1_4 kha tich trong [xz, a] va [a, xa].
1+t

Khi dé6 :

3_}]3 dt =_‘(‘i"_[ J‘ dt '
dxxz\}l+t4 dx L V1+t? T S v1+t?
Mat khiéc, ta cé :
2

i’] . d J- A |2y o 22
X \/1+t4 d(x?) % \/l+t " \/l+(x )* \/1+x8
“ i’] d__ d f LI FEN
d"a\/1+t4 d(x?) El\/l+t4 ’
_ 3x2 _ 3x2
J+e3? 1422

x* 2
Vay : da dt 3x

J‘ _ + 2x
dxxz\/l+t4 J1+x2 148
4, 1) C6 thé viét
1 1 1 1

Gy i=—+ + +..+
" na na+P na+2p no+{n~1)B
Y S S SN B
ne c:L+E a+g[—3- t:t+(n—l)E
n n n

Bidu thic nly goi ¢ xét ham s6 :

f(x):=

1
Bx,xe[O, 11.

141



Khi dé, ¢6 :

n—l
o, = Zf(&_,i)Axi
i=0

Vol E; =0+£; i=0,n-1.
n

1-0 1 2
AX; =AX, =..=AX, | = =-— Mat khdc, theo gia thiét, a. >0 ;
: n n

B > 0 nén ham sé f(x)= l
o+ px

dinh nghia tich phan x4c dinh, ta c6 :

kha tich trén [0, 1], do d6, theo

2) bit

1 1 2 n
Gy =—(1’1+—+Jl+—+...+1’1+-]
n n n n

va xét ham s6

f(x)=+1+x, x€[0,1].

Khi d6 cé :
n
g = X F(x)AX;
i=1
i 1-0 1
v X; =0+i; Axi =AX1 =,.,=Axn = ——
n ) n n

Ham s8 f(x) = +1+x kha tich trén 10,1], do 46 theo dinh nghia
tich ph&n xac dinh, c6 :

1
lim o, =IJ1+xdx=%(2\/5-l).
0

n—yeo
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)l

n)!

Op = lW(n +D(n+2).(n+n) :d(n *1 J(n +2}"(n i n]
n n n n

.

k=1

vi cé thé viet

3)bit o, =

Ldy 16ga co s6 e ciia hai v& biéu thic cia o, ta duoc :

Ins, =iln[lﬂ[(1+§n

k=1

1 < k
Inc,=—> In[1+=|
nkzl n

Biéu thitc cudi ciing nay goi ¥ xét ham s&

fx):=In(1+x); xe[0, 1].
Ham s¢ f(x) = In(1 + x) kha tich trén [0, 1], do vay néu diung hé
phan diém déu wén doan [0, 1], véi X, = 0; x4 =0+—1+, -

n
k ,
Xk =0+—s 00 xn=0+n. vdi Ax) =Axy =...= AX, Ax_l -0 l
n n n
va chon f(}; ) f(x;) thi v& phai ciia bi€u thitc cda Ino,, chinh I3

t8ng tich phan, nghia 14 :

DO dé .

Jim (lney, )= ind.
n—reo e



Cudi ciing, ta dugc :

. 4
lim o, =—-
n—ee <]

5.1)Tacé

lim \ftgx = lim «sinx =0.
x—+0 x—=+0

Nhu thé, gidi han cdn tim cé dang %, ta ¢6 thé ding quy tic
De L'Hospital va dugc :

\

sinx sinXx
j tgt dt j tgt dt
0 = lim ~2 :
x—+0 18X x—+0 (tgx
I‘\Jslntd{ -I- ,Sintdt
0 0

/

- lim Jtglsinx) -1

x—3+0 :}sin(tgx)

2)Tacéd:
X X ‘
J(amtg[)z dt I(arctgt)z dt
lim —‘1——2—'——= lim ~2 :
X—rtoo x* +1 X—>+oo ( x2.+1)
2 2
fim CTBY) i, (eretex)”
A—d-4co X X0

X
x2+1 |x[\} +1/x%

1
a\  x?
= lim (arctgx)zz(a—) =—
X oo 2
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o
@

6. 1) Ham s6 f(x):—lz— — +oo khi x — 0 do d6 khong ding cong
X ,

thitc Newton — Leibnitz dugc.

2) Vi I - x> 2 0 khi {x|<1, do d6 ham s6 £(x)=xv1-x* khong

xdc dinh trong khoang (1, 2] do d6 khong thé dp dung cong thitc
Newton — Leibnitz.

1
2

3) Ham s6 f(x)=——2———-—
(2 +tg“x)cos“x

xdc dinh, lién tuc trén [0, ﬂ

nén cé thé ap dung cong thitc Newton — Leibnitz.
7.1)Tacd

|lnx|— Inx, Inxz0ex21
B —Inx, Inx<0&ex<l1

Do d6, c6 thé viét :

e 1 e
I=j|1nx|dx=—jlnxdx+‘[lnxdx.
1 | 1

[+ [

Vi-flnxdx =x(nx —1)+C nén

1 e 1 |
[==x(lnx-1)|; +x(lnx—1)|l =2[l——}
e

€

2) Ham s6 da cho lién tuc v6i moi x € [0, 2], do d6

2 1 2
: t.2 _lap 1. 2)2_5
1_£f(x)dx_£x dx+_l|-(2—x)dx—3x 0=7@-%) |1—6-

3) Jo—4x2 =J(%-—x2)4=2‘]%—x2.
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I= J\/9 4x2dx = ZJ,J —x%dx =2 ,’—«-x +9arcsm2—x
8 3

J_ 9 2

= —— +—arcsin —-
4 3

2
4) D€ ¥ ring, c6 thé viét

X X
_[(x3 —2x+3)e 2dx=¢ 2(Ax® +Bx2+Cx+D)+K
trong d6 c4c hing s& A, B, C, D thoa diéu kién

0

X X :
(x> ~2x+3)e 2 =(e 2(Ax" +Bx? +Cx+D)) o
Nghia 12 phai ¢6 :

—%A=1=>A=—2; 2B—%=+2=>C=——44

3A-——]2§=0=>B=—12 ; C——2D—=5=>D=—98.

Cué'i cting, duge ;
' X X
o —2x43pe 2ax=e 2267 - 1263 - ax-98)+ K.
Do 86 :

X X

_[(x3 “2x+3)e 2dx—e 2(=2x3 —12x% — 44x ~98)|‘ =38
0 e
Q
1 1 _ 1
S)? dx _12J- dx 12,[
2 Ta =7
AT AxeS 4__1x2+x+§ 4~l +1
2 2 4 7 2
1
t[ )2 T
= —arctg| X +— =—
& s
2
146

10 TOAN HOC £CT2B



dx

1
dx
6) = (x=tgt)
'([\/(1+x2)3 £(1+x2)\jl+x2
T
4 T
=Jcos[dt=sint 4 =£-
0 o 2

x
2
K '([ 3cos?

9)

o S |

do

-]

v

o
3
=4
==]
It

In

|

1]
Ot = St Ay S

it
0 M

(2

It

L&A
|
Wi

1+sinx
14 cosx

dx =

0+ 4sin20

|
+

O St | 2

[-25 «=t0)
03+4[

tgzﬂsinzﬂ dé

cos“0

tg26(1 - cos20)d(1gh)

t2 [1—%}11 (t:=1gd)
1+t

1 1
—-—Z]dt = [-1—t3 —-t+ arctgl]
1+t 3 /

0

In(1+sinx)dx — | In{l + cosx)dx. -

O Sy b3 | 2

147



n

2 R

Pat J =_[1n(1 +cosx)dt va dat x = %—:
0

thi s& ¢6

kLo EiY

0 2 2

= —Iln(l +sint)dt = Jln(l +sint)dt = jln(l +cosx)dx.

T 0 0
2

Cudi ciing

i k1Y kLY

. 2 2
Jin "2 g = fin(1+ sinxx - [ Inct+sinx)dx =0.
d l1+cosx 0 0

cos™x cos nxdx

O bl | 5 O gt | A

10) I,:= cosnxld(s'm nx)
n

P Y P

b

24
0

L]

1 N -1 . .
=—C0s Xsinnx cos ' Asinxsinnxdx.

n

cos"_lx[cos(n — 1)x — cos(n + Dx]dx

p | —

O b | 5 D Ryt | A

x
1 13
=3 cos" 1 x cos(n — 1)xdx —chos“'lx cos(n + 1)xdx
0
x
1 13 o
= E-Iﬁ_l —chos x [cosnx cos x —sin nxsin x}dx
1]
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Xét tich phan :
n-1 [ : : ] _
cos  xlcosnxcosx —sinnxsinx|dx =

I
2
1

If

O b [ O b | A

cos"xcosnxdx — | cos" " xsinxsinnxdx =1, - I, =0.

= |

Viy, taco

1
I,= -2—In_l, suy ra

1
Lo ="2"In—2
1
I _EIO
X
2 T
IO = Idx = 5.
0

Nhan v€ véi v&€ (n + 1) ding thifc trén suy ra :

z
2
I, = Icos“x cosnxdx = ¥4
2]’1‘1‘1
0
8. 1) Dé ¥ ring vdi x E[O, g] thi sinx va cosx gém giita 0 va 1 do «
theo gia thi€t f(x) lién wc trong [0, 1] suy ra f(sin x) va f(co:

lién tuc véi x € [0, %] va f(sinx), f(cosx) kha tich tren [0,-f

Hon niia, ta c6 :



% 0 .
6[f(sinx)dx =— If[sin[«-;w— lJ]dt [x = % - t)
w .

2

T b
2

2
Co= If(cost)dtz jf(cosx)dx.
0 0

2) Thyc hién phép d6i bién x=n—t, ¢6:

T 0
Ixf(sin x)dx = —I(n - t)f(sin(n - l))dt =
0 x

1 T T
= I(n— Of(sin t)dt = jnf(sim)dt - J' tf(sin t)dt =
4] 0 0

T

n
= Inf(s‘m x)dx - jxf(sinx)dx.
0 ]
Chuyén vé, ta dugce ;

n - T
| 2jxf(sin x)dx = njf(sin x)dx.
0 0

T n
Suy ra : jxf(sm x)dx = gjf(sin x)dx.
0 )]

9. Truée het, dé ¥ ring khi x tang 1 %dé’n 2 (khodng 14y tich phan

déi véi x l1a l:%, 2]) thit: =x+-l- khong bi€n thién don diéu :
X

X =.;- thit= % 1x=2,1= % Ngoai ra, xét sy bién thién cha t

theo x, ta thdy
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Suy ra i<0khixe l,l
dx 2

ﬂ>0 khixe[l, 2).
dx

:—t=0khi x = 1. (Khong lay gid tri x = -1 vi gid tri nay khong
X

nim trong khodng 14y tich phan d6i v&i x. Nhir thé, ta ¢6

Vdi x tang tir % dén 1, t giam wr % dén 2,

Véi x tang tir 1 dén 2, t tang tr 2 dén %

Do d6, ta c thé phan tich tich phan I cén tinh thanh hal tich phan
ltng v&i hai khoang bién thién don diéu clatt :

1) __
1=j 1+x——Je xdx=1; +1,
X
1

2

trong do :
X

1) =
(l+x—— e Xdx ;

-
]
| — t—y —

1 X+—
l+x—-—{e Xdx.
X

o]
[ o]
|
— ey b0
o

Bay gi®, v6i mdi tich phan I}, I, ta c6 thé xi If theo quy tic ddi
bién trong phép tinh tich phan xéc dinh théng thudmg vi ta ¢6 : tir

bi€u thifc t = x+-!~ suy ra:
X
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Vi xe| 51| thi
. L2

i t-Jit-4-4

l+x——=t+
A t-vit -4
24t -4
2
t-vViZ—4-4 |[ViZ-4-1 |
Il=_[ t+ ede
5 t—\/t2—4 et -4
2
3
‘2[ t-veZ—d4-4 || Vi2-4-t t
=—||t+ e dt.
! t—\/t2—4 N
Vdi xe[l, 2] th
1+x_l t+Jt -4- 4 Jt — A+t

dt
X t+ V2 - 2312—4
5
IZ:T[HH t2_4_4][\h2_4“]e‘dt
2

t+ve2 -4 N
Dodé:
3
2 5 3 3
I=]+I, = jtetdt=e‘(t—l) 2=2e2 —¢?
2 2
2
10. Véix € [o,g] thi 0<sinx <1 ; do dé :
sin?™* x < sin®®x <sin?® 1 x.

152



Suy ra : Tons1 < Jon <Top-y

v&i J @ = |sin"xdx. Mit khic, theo cong thifc & thi du (b) muc 7.6

O e b3 | 5

. . _ 2n!! 2n-DIt =n
trang26533chdad5n,taco.12n+1~(2n+1)”, W=,
Do dé, tir bt dang thitc kép trén suy ra
1 - it
2nl! <(211 1)...E<(2n 2)“tl'rclé:
(2n+ DI 2n!! 2 (2n-DN

zmt Fo1 o m [ 2w Tt
@n-D| 2n+1 2 |@n-DY| 2n

Suy ra hiéu giita hai biéu thifc bén phai vi bén tréi :

I [ 2a! ]2

1
Qa+1em| @o-D1t| “2n

z
2

Hiéu ndy ddn 5i 0 khi n — o do d6 -g Ia gidi han chung cta ching,
nghia la

" 2
T et T
2 noee| 2n~DI| 2n+1

11. Theo gia thiét f(x) lién tuc trén R, nén véi moi a thue, ludn cé

thé viét
a+T 0 T a+T
I f(x)dx = j f(x)dx +jf(x)dx+ J F(x)dx.
a a 0 T
a+T
Xét tich phan thi ba : J f(x)dx, vé&i tich phan nay, thl;c hién
T

phép déi bi€n x =t + T, cé
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an(x)dx = ]‘f(t +T)dt = ?f (x +T)dx.
T 0 0

Mat khéc, f(x) cé chu ki la T nén : f(x + T) = f(x) do d6
a+T a

J' £(x)dx = jf(x +Tydx = ?f(x)dx.
T 0 0

Tré lai biéu thie tich phan d4u tién, ta ¢6

a+T 0 a T
j f(x)dx = J'f(x)dx + jf(x)dx + If(x)dx
a a ] ' 0
tire la
a+T T
j f(x)dx = _[f(x)dx.
a 0

12. Vi ham s6 f(x) khéng xdc dinh tai cdc diém x = 0 vd x = 2, nén
phai tdch tich phan cdn tinh thanh 3 tich phén va c¢6

3

f'(x)dx
I= =1} +I, +1
_'[11+f2(x) 1 ?
trong do ;
o ., 2, 3,
I _J' f'(x)dx I _J-f(x)clx - _If(x)dx.
Ve PP 2 1e R
-1 0 2
Mt khdc, d€ ¥ rang
f'(x)d d(f
J (xg X =j ( )2 =arctgf(x).
1+f°(x) 1+f

x+1)*x~1

Do d6, véi f(x) = 3
X(x-2)

154



1%

I, = arc:tgf(:()|?1 = arctgf(0) — arctgf (-1}
n
= arctg(—eo) — arctg(0) = _5

I, = arctgf(x)ﬁ =arctgf (27 ) — arctgf(07)

= arctg(—oo) —arctg(+oo)

va cudt cling
I = arctgf(x)B = arctgf(3) ~ arclgf(2+)

= arct 2—a.rsz:t (+00)
g 27 g

32 =
=arctg___
27 2
T T
Vay : I=1)+I, +I3 =———q+arctg— ——
1Y 1+l +15 2 pls gz’7 >

I= arctgg -2m
27

13. Vi cdc hing s6 o, B bat ki, luon 6 :
(af +Bg)? = 0.

"~ Do d6, ludn ¢6 :
b

I(uf+[3g)2dx >0, (a<b)

Mat khdc :

b b
_[(af+ﬁg)2dx = -[(cﬁf2 +20pfg +p2g%)dx
a a
b b b
= az‘[fzdx + ZQﬁIfgdx + szgzdx.
a a a
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Vay, luén ¢d : (v6imoi o, e R)

b b b
o? [12dx + 2ap fgdx + B2 j‘ g2dx > 0.
a a a
V& trdi cia bat dang thiic trén 13 mot tam thirc bac hai d6i véi «
hodc f3, tam thiic nay ludn khéng am do 36 ludn ¢é

b 2 rp b

Ifgdx - szdx Igzdx <0
a a

a

14. 1) Dudi day cho bang gid tri cha x va f(x) = IL tuong dng :
nx

X f(x) = L

Inx
X =2,0 Yo = 1,44269
X =25 y; =1,09137
X2 =3,0 Yy = 0,91024
x3=35 y3 = 0,79823
x4 =4,0 yq =0,72135
X5 =4,5 ys = 0,66486
Xs =5,0 y6 = 0,62133

5

. . 1

Goil: = ax va luu ¥ rang ham s& f(x) =-—— khong c6 nguyén
5 Inx Inx -

ham c6 thé biéu dién duéi dang cic ham so cip, tuy nhién néu goi

It, I 1a céc gi4 tri x4p xi cia I tinh theo c6ng thifc hinh thang va
cong thifc Simpson ta duge ;

.\ _
It =O,5[y° 5 Yo *y1t+tya+yatyy +Y5:|
=0,5[1,03201 + 4,18605] = 2,60903
156
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5-2
va  Ig =%—[(yo +¥e) T4y +¥3+¥5)+2(yp +¥4)]

= %[2,06402 +10,21784 +3,26318) = 2,59084

{15 - I7|<0.019.

2) Duéi day cho bang gid tri x va f(x) = Vcosx tuong Ung :

x (d0) f(x) = Jeosx
X = ¥, = 1,000000
x; =6 y; = 0,997257
Xy =12 y5 = 0,980130
X3 =18 y; = 0,975218
X4 =24 y4 = 0,955796
x5 =30 ys = 0,930605
Xg =36 Yo = 0,899450
x7 =42 y7 = 0,862060
xg= 48 yg = 0,818000
Xg =54 yg = 0,766670
X1o = 60 Y10 = 0,707110

L4

3
Goi Iy 1a gia tri x4p Xi ¢ta [ =J\lcosx dx theo cong thitc hinh
o

thang va I la gid tri xdp xi theo cOng thirc Simpson ta ¢6 :

_6.3,1416

T _T[(YO +¥10)/2+(y; +y2 +..+¥g)]

= (0,10472)[0,853555 + 8,194069]
= (0,10472)(9,047624) = 0,9475
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v
Is=(0,0349D[(y, +¥10) + 4(¥1 + Y3 + Y5+ ... + Yg) + 2(¥3 + ... + yg)]
= (0,03491)[(1,7071 1) + 4(4,537705) + 2(3,662559)]
= (0,03491)[1,70711 + 18,15082 + 7,3245 18]
= (0,03491)(27,182448) = 0,9489.
15 —I7|<0,0014

4
_ 2 1416
15. 1) S—gﬁdy—gymu—?

1
2) s:J'(x +4—(x? +4))dx =
0

(1.2 1 33 1
*[2’{ 3XJ|0_6

1 V2 Hinh 19
3) S= j(zx — x)dx + j (2x - x3)dx
0 |

=—x2|1 +[x2 —lx4)|\5 = E (xem hinh 19),
0 4" I 4
4) Véi xef0,2] thi 4—x2 > 2x, do dé:

2
S= 2-[(‘\‘4)( -x% - \/2*x)dx
0

2

2
=2[|:(2_x)\1'4x ~x? +garcsin2;x] -\E%}“/;IEJ
0

=2n—-—
3
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5) Vi & d6i xitng, ta c6 :

(xem hinh 20) |y
ks
4 g
1 | S -
ZS_Ean cos2odo ‘ .
o< D
2 o2
a a
=—sin2gp|* =~
¢ o 4
Vay S = a’
' ’ Hinh 20
. 16. Hinh 21 cho thdy hinh
a OABCD la mét phdn tam
cia vat thé tao thanh bdi
: phén chung cia hai hinh try
Lo 18n lugt ¢ phirong trinh
cl S 2,02 .2 o
NOK \\ . X“+y“=a‘vih
: - 2,.2_.2
\ vy +2° =a%.
: o
\\ y Mot difm M tén truc
B: N\ hodnh Ox, ¢6 hoanh do
‘-._) ----

Hinh 21

la x ; qua M dung
thi€t dién vudng géc vdi
truc Ox, 46 13 hinh
vuong KLMN cé canh

MN = va® —x? | do vay dien tich S(x) cfia thiét dién 13

.S(x) —a?— x2.

Do dg, theo cong thitc tinh thé tich ctia vat thé ting véi thiét dien

cé dién tich S(x) 12 :

a
V= 8_[ S(x)dx =8
0

(Cong thidc 7.82 trang 283 sich di din).

A
_[(a‘2 —x2)dx = 13?33.
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17. Theo coéng thitc (7.82) sich Toan
Cao cdp tap II (clia cling tdc gid) thé
tich V phai tim la

V= TS(x)dx
0

véi S(x), theo dé bii (xem hinh 22)
l1a

Z 3
2 16
s = (4~ yhry =y - L [0 =2

Hink 22
0
t16 . 16 16
a
Viay V=Ih—dx=—-—x0——a
3 3 3
0
18. 1) y2 =4-x, x=0=>y=12.
F f 512
Ve f@-y)Pdy=anf@-y?ay =2
-2 0
4 16
2) xy=4, y=—; y2=—3.
X X

4
V= njﬁdx =12n,
2
1
3) Tinh tién gdc toa do dén diém (=2, 0) thi phuong trinh y = x°
trong hé¢ toadfmdi s AY = (X - 2)2 =X =2+-Y, dodé

4 ;
v=n_[[(2+~ﬁ)2 —@2 YY)y =287
0
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19. H)Khix=0 = y=+2J3; x=3= y=0.

3
L=2_[ 1+y2dx,
0

8] day : 9y2 =4(3 - x)3

18yy'=—12(3 - X)z. y =- i(3'— x)z. :
3y

4
2 : x)4=4(3—x) =3

y' =—(3— =
9y? 43-x)°

l+y2=143-x=4-x

3
Vay L=2J.J4—xdx=23§-
0
1 .
2) Y=5"2-1: x=0=y=-1; y=0=x=+/2.

V2 v
L=2 [ Jl+y2dx=2 [ VI+x2dx
Q 0
=6 +In(v2 +3).

20. Ding cong thic :

B .
S= ZTI:Jy\’x‘z-r-y'z dt.
[+

Vi 18 d6i xitng (xem hinh 23)¢6

-%-S = 27|:Ty\]x'2+ y'2 dt
0
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Vix= acos3t
.3
y=asin t
o 2.
nén x' = — 3acos tsint

g . 2
y' = 3asin"tcost.

X%+ y’z = 9azsinztc0$2t.
-Thé vao biéu thifc tich phan va dugc :
Y z
a 1 2 . 3 .2 . 2 2
—S=2n_[asm ty/9a“sin“tcos“t dt
2 0
b
X 2
—a 0 a = 211_[ asin>t.3asint costdt
0
(vite [0, E] nén sint, cost = ()
La 2
. _ 6 n
Hinh 23 _ =3
Cudi ciing :
S=12m?,
5
21. 1N batx=-t,taco
0 0 oo .
1= _[ xe¥dx = — I (-t ~"dt = — I te™'dt
—eo +oo ' 0

+W ..
thi1c6 dang [ xP~'e dx, véi p = 2 do d, theo thi dy (d) trang 302

0
sdch dadin, ] hoi tu va

I=eta-Dp =1
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2) Theo dinh nghia ta ¢6 :
+oo A A
= Icosxdx: lim jcosxdx = lim smx|0 = l:m sin A.
0 A—>+oo0 Ao A—34oo
Vikhong ton fai lim sinA nén| han ki.
A—tee S
T ’ﬁz‘” d
HTacs: 1= [T o=2f
SLEEADT g d+xd)

Xét tich phan

a +eo

too
J- J- dx "'_[ dx )
! (1+x )2 o U+x3? Y (14522

véi mot a > 0,
Dé ¢ ring

: <—-, X€[a,+)
a+x? x0T

M -
Theo thi du (d) trang 293 sach da din, ta c6 j d—;‘ hoi tu, do d6

a
oo

d o
J‘ —==— i tu va do d6 I hoi tu. Bay gid ta tinh I, mudn the,
> (1+x2)

thue hién phép d8i bién : x = cotgt, ¢6 :

n

7
’ I=2Jsinzldt =-g--

4) Diém bat thudng ciia tich phan Ia x = 2, thuc hién phép déi bién
2.
X =t cd

2 4
2wt
o V4- o V4t |
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Diém b4t thuéng clia tich phan mdi 1a t = 4, tich phan nay hoi ty
(tiéu chudn hoi ty trang 301 sdch da din) va d€ tinh tich phan nay
ta thitc hién phép déi bién 4 -t = uz, di dén :

2
6
at=[4-v?)?du =%-

2
1=lj i
20 Jat

5) Tich phan

, .
= I o dx
o Jx(1=x)
la trudng hop riéng ciia thi du (a) trang 302, sdch d3 din v6i cic
diém bat thutmg 1A x =0 va x = 1, do d6 I hoi tu va
I=n
6) Tich phan
2 !
dx
l = =
| £(x —1y? I

o(x

2
dx dx
+
~1y? ! (x=1)>
Ca hai tich phan & v& phai déu ¢6 diém bat thumg la x = 1, 1a

truong hop riéng cia thi du (d) trang 299, sdach da dz"m vl o =2,
do dé phan ki.

7) Truéce hét, dé ¥ ring :

In? X
lim xZIn? X = lim——=0
-0 -0 b
x2
s Inx
va lim x2 Inx=hm——=0,
x—0 x=-3{ l :

Bay gidy, theo dinh nghia ta viét
' § _ 1
I= Ixinzxdx = lim | xIn®xdx.

0 a—-0 .
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“':‘Qu’ifj

|

1 I
a a
2 32 l]
=—-ln2a+—lna+J‘—xdx
2 2 2
a
2 2 2
-’(3)=—a—ln2a+a—]na—a_+l_
2 2 4 4

Tir hai h¢ thirc gidi han trén suy ra :

l
I=lim Ja)=—-
im J(a) 1

i a—0
8) Tich phan
Z 4 _
[= | —"— c6 hai diém bat thutmg 1a x = £1.
5 X -1
-1 2
_ dx + dx +_{ dx
—J .2 2 2
Sx -1 Ixf-1 yxt -l
Tl 2 1 1
d d dx
Vi fx =J' zx ’ 2x =2.[ 2
X -1 9xt-1 - 5xf -1 xf -1

Ca hai tich phédn bén phai hé thic trén déu c6 thé dua vé dang cia

bai tap s6 20.5 & trén nén I phan ki.
In(l1+x) 1

22. D) Vi >, X>e

X X
4o

a d% phan ki (thf du (d) trang 293 séch da din) nén tich phan

1
da cho phan ki,
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P A

2 2
2)Xéthams§ y=e™™ ,c6 y'=—2xe”¥

y' < 0 khi x > 0 nén y nghich bi&n khi x > 0 do d6
: 2

e r 1

< —_—

X Xz

2
e <1 khix>0vavithe

oo
Tich phan I % hoi ty (thi du (d) trang 293 s4ch dd din) do d6 :
X

1

iy c
J dx hoi tu.
1

K2
+oo 2 +oo
3) Tacé j[l—cos—]dx:stinzldx
X d X
: +eo
Vi sin2-1—<—1~ khi x di 1én, do d6 J (l—cosz)dx hoi tu.

X xz | X

A VEix > 1 taludn cé
1+x2 1 1.1

=t

x3 x3 X X

T1+X2

'y dx
Nhu d3 biét j‘ == phan ki, do dé —dx phan ki.
X : ' X

1

5) Vi -31— 12 v6 cling 16n c6 bac 2 so véi 1 do d6, voi diém
VX _1 3 X

dx
X

hoi tu.
e%/_ -}

1
bat thudng X = 0 thi tich phan J'
D

6) Diém bat thudng 1ax =0 vakhi x - 0 thitacé cO bic 3 so

Igx~Xx
1

o 1 <o
vO1 — do d6, tich phan I
X 0

dx
gx ~x

phan Ki.
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5
2
<2

7) Thye hién phép déi bign x* = 1, tacé:

x“dx 5 3
1 =I—=—Jt2 (1-t) 3dt.
! 3/(1 _x2 )5 2 5
Tich phan nay c6 di€ém bat thudng t = 0 va ¢6 thé viét dudi dang
' 1 3 1 1 2

I 1151 Ga=Llfi 20-n 3
==t —-1) dt=—1}t -t t
R T

0 0

1 .
tich phan thudc 16p tich phan c6 dang jxa_l(l ~x)’ldx véia=1

]
va b = _%, do 46 thi du (c) trang 302, séch-da dAn, tich phan'T
phan ki.
8) Vi x = 0 1a diém bat thudmg va vi
Jx Jx X 1
| : ~E L x50
_ eSX 1 sinx X \/;
nén ———— lamot vo cling i6n khi x — 0 ; hon nifa, v0 cing 1on
e -1 ’ ‘
. 1
: d
nay cung bic vdi L, do d6 tich phan I \/; X héi tu.
J; ! eSInE _|
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A. DE BAI

Chuong 8
CHUOI

1. Khdo sdt sy hoi tu cia cdc chudi s6 c6 s8 hang tdng quit san day :

2n2+1
1) Uy =———

n“+n+1
21

n2+1

3) u, =arctg

(n+D{n+2)
Hu, =—n-————2
" nz(n2 +3)

7) u, =ln{1+tg—-l—2—J ;
n :

9),u ——.-__dn(n-!-z) .

- ¥

n2 +3nn

2. Cing cAu héi nhu bai 1.

1) u, =%(ei—l) ;

kl'l
3 uy=— k>0);
n .

168

2) u, =vnf+n-n

2" +n
4) v, i ——
3"+4+3n+3

' 1
6) u, =1-cos—
n . fn

1

| I
8) u, =;sm\/2—n

_2+cosn

10) u, = (a>0).
n
2
2) un=lnrl +\/;tg—-15,1122
: n —n n
) " @50
4y u, = {a>(, b>0)
! n+b" '



1
1 \/; dx
Dug= dx 8) u, =
‘£\Il+x2 ',[ x4 41
2
9) u, =cos 3 1 ; 10) u =na‘/E {a=0)
n“+an+b

11) u, =§jn3 +an —\jn2 +3.

3. C4c chudi s6 ¢6 56 hang téng quét sau day c6 hoi tu khong 7 Tinh
t8ng clia ching khi chiing héi tu.

1 )i
NDuy=——— Du, =
" @n-1)2n+1) ) tn n +n
3) u, =7211*L2 ; 4) u, =(_1)“+IM
n“(n+1) n(n+1)
| n
5) u, = arctg ———— ; ) uy,=————
. n2_+n+1 " n? +n2 +1
i sin l N
Nuy=ln|1-—| n22; 8 u,=——>@*D
n? _ | 1
C0S—,COS
n n+l
9 u, =In 2c0s— —1 . ae(—i,ﬁ]
an 313
13) u, = Inn + aln{n + 1) + bln(n + 2).
4. Cing c&u hoi nhu bai 1.
1 2
Du, =—— . 2) u,. =
" @n-122 1 ) Ua =

169



2
_ _2.4.6..2n)
.3) u"_2“+n’ 4) u, = i
a® 202 -1).
5)u, = ,a>0; 6) u, =| —
" n® +1 N (3n2 +2}
- n—1 nlnn l'n
7t :-(2;1—1) ! B z[wgﬂ
o @y?
9 = ;
) ¥ (2n)!
10) u, =1g" a+l L 0<a<Z b>0
n? 2
n® . - n‘ 2
n 4" (n')
) U (n-’i—l) ) Un n)!
- n. _Iyn
13) un=[1_§1£flj . 14) u,, )
2 n nlnn

15) u, =sin(rvn®+1) ; 16) u, =s-m[l+n]n
n

2 _1\0 ‘
17) u, =(-1)" n_. 18) u, =M‘l
(Inn)" l+n
-t (-1
1%9uw,=—-"—:; 20) u, =————
PR Vn+ (-

n-1
e } a>0.

21) uy =yn+(=D" —v/n ; 22) un=1n[l+ .
) n

5. 1) Khao st s hoi ty cha hai day ham s8 {f,}, {g, } xdc dinh bdi
X nx
f:R,-»R, x— R, - R, x
n + X+n Bn - B+ 14+nx
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6. 1) a) Ching minh ring chudi ham s8 E

a) trén doan [0, 1]

b) trén khodng [1, +o0).

2) Cho diy ham s6 {f,} xac dinh b

I.'! .

1[0,2) >R, x> 1, (x)—

1+x"
a) Khao sét su hoi tu ciia day {f,}. Su hoi tu &y c6 déu khong ?

) 2
b) Chiing minh ring lim J' £ (x)dx =1
n—yeo?

3) Ching minh ring diy ham s6 {f, } xdc dinh b&i

n
X
fo:Ri =R, x> f,(x)= (IHEJ néu x &[0, n]

0 néu x>n

hoi tu t6i mot ham s& f. Sy hoi tu &y c6 déu khong ?

n
- 1[2x++21] hoi tu déu
12 X

trén doan [-1, 1].

C . . B
b) Chiing minh réng chudi ham s6 3" vn xe™* hoi tu déu wen R,

n=1

¢} Khao sét sy hoi ty clia chudi ham s6 Z( Hin~*,
n=1

2) Chitng minh réng chudi ham s8 vdi s6 hang téng quét
2, .

u,(x)= (—I) hﬁl tu déu trén moi doan [a, b], nhung khong

n?
hoi tu luyet ddi.
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7. Ching minh ring chudi ham s6 Zne_“x hoi tu déu trén khoang
n=| .
[a,+e0} v6i a > (0, nhung khong hoi tu déu trén khodng [0,+w).
Tinh t8ng ctia chudi ham s6 8y v6i x > 0.

8. Cho cdc ham 56

x" lnx néu 0<x<1
X u,(x)= 0

néux=0

1) Chimg minh ring chudi - ham s6 2 (-1)"u,(x) hoi ty déu trén
"n=0
doan [0, 1].

2) Chiing minh ring chubi ham s6 ZUD(X) hdi ty khéng déu
n=0
trén doan [0, 11.

o0

9. Chifng minh rang ham s f(x)= E
- n(n+x)

xac dinh, lién tuc va

kha vi trén R™.

10. Cho chudi ham s& E
n=1 1+x"

Khéo st sy hoi tu clia né. C6 thé néi gi vé su llcn tyc va kha vi
ctia nd,

11. Tim mién hoi tu clia cdc chudi luy thira ¢6 s6 hang téng quat sau :

D u =y ) _x=9"
) up{x)=(-1) . ) uy(x) 7

(Y on = ()"
)} uln(x)_[2n+1) x=2)"; 4) u,(x) ={(nx)
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Lt
¥

‘ea

5) v, () =x"1Inn ; 6) un(x)=(5:3
n xn
7) Uy (x) =, o >0; 8) u, ()= (-1 2
n® : n!

9) u,(x)=a,x", trong d6'0<a0 <g‘ a, =sina,_; Vn=1.
12. Tim mién hoi tu va tinh tdng cia cdc chudi luy thira ¢6 s6 hang
tdng quit sau :
1) u,(x)=Gn+Dx>", n21
2) u, (x)=2" +3")x", n>0

2 n
3) un(x)zn_-i-iin___l'x_, n>0
n+3 n!

- 4) u,(x)=chnax®, a>0, n20

-1
5) ug(x)= (-1 X

=

13. Khai trién ham s6 f(x) = 1 thanh chudi Taylor & lan can diém
X
=3

14. Khati trién thanh chudi 1uy thira & lan can diém x, = 0 cdc ham s6
sau

) fx)=chx;: D) = x5
3) f(x) = sin’x ; A= —
. X°—=3x+2
__ .
5f(x)= ln(_x2 ~-5x+6); 6) f(x) = jcos(lz ydt
0
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llnl+—x néu .x £Z0
NIX)=<x 1-x . ; 8) f(x) = e cosx.

2 néux=0

15. Chiing minh rdng ham s6
1

f(x)={e * nfux=0
0 néfux=0
khong thé khat trién dugc thanh chudi Taylor & lan can diém x = 0.

16. Tim bén kinh hét tu.cia chubi lu§ thira cé s6 hang tdng quit 1a

2
l n
u(x)= (1 +(-1)" —] .x™.
n

17. Cho hai chudi Iuy thira » a,x", 3 b,x™, c6 bén kinh hoi tu
n=l n=1
theothittr 1a R, R'.
1) Ching minh ring néu cé mot s6 nguyeén duong n, sao cho
|a_n| < |bn‘, Vnzn, thi R2R".

2) Chitng minh ring néu |a,|~|b,| khi n > thiR =R

3) Tink bén kinh héi ty cia cdc chudi lug thira cé s6 hang téng
quat sau :
a) uy,l x)=-¥-x“

sh®n-

n

¢) u,(x)=(Wn+1 —¥n)x"
d) ug(x) =cos(zvn® +n+1)x".
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S

18. Tinh cdc s6 sau vdi dé chinh xdc 0,0001 :

D Ve 2) 3Lt ; .3) In(1,04).

1
19. 1) Tinh Ie'x2 dx vdi do chinh xdc 0,001.
0
1
2) Tinh Ish(xZ)dx v6i d6 chinh xdc 0,0001.
0
20. Tinh cos18° véi do chinh xdc 0,0001.

21. Khai trién thanh chudi Fourier ham s68 f(x) 1, tu4n hoan v6i chu
kKi2n, bingn —xvdi 0 <x <.

22. Khai trién thanh chudi Fourier, ham s&8 f(x) chain tudn hodn v&i
chu ki 2n, bing | - = v6i 0 € x < . Suy ra gid tri téng cla
oo
chudi s6

2;2.

S@n+1)

-23. Khai trién thanh chudi Fourier ham s& f(x) tudn hoan cé chu ki

2
2z, bing l—x—2 vOi —7 £ x £ 7. Suy ra gid tri cha céc chudi s§
' n

el S o1
Z§¢ Zn_:g: 2_4'
n=1 n=l n=1

24. Khai trién thanh chudi Fourier ham sé f(x) tudn hoan cé chu ki

2m, bing sin% véi-m <X < R.

25. Khai trién thanh chudi Fourier ham s& f(x) tudn hodn cé chu ki 2,
bing cosax v6i —x < X < m, trong 46 0 < a < 1. Suy ra déng thic

t ——I—+Z§~ L
cotgna = "

1a T _
n=12 n
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26. Khai trién thanh chudi Fourier ham s6 f(x) tuin hoan c6 chu ki
21, bang e®vai-l1<x <l

27. Khai trién thanh chudi Fourier ham s§ f(x) x4c dinh trén doan
[0, ], cho bdi : ' :

T . Tm
—néu—<x<n
2 2

e, 3
28. Cho ham s6 fx)= Y,
e n!
1} Chimg minh ring ham s6 f(x) lién tuc va kha vi lién tuc trén R.
2) Khai trién ham s6 f(x) thanh chudi Fourier. Suy ra bidu thic
clra f(x).

B. LOI GIAI

202 +1
nZ+n+l

diéu kign cin cia sy hoi tu cda chudi s6 suy ra ring chudi s6

Zun phan ki.
n=I
2) u,=vn®+n—n=—ual ~-“—=%;e0 khi n—> <. Vay

n4+n+n 40

1. 1) S6 hang t6ng quét u, = ddn 61 2 # 0 khi n — co. Tir

chudi s8 di cho phan ki.

2_
3) u, =arctg“2 — arctgl =E¢0 khi n — e, Chudi s6 di cho
n” +1 4
phan ki.
n n ) o n
4) u, =ﬂ—~(2] khi n —9ee. Vi Z<11 chudi s6 E(EJ
3Mend+3 \3/ 3 3

n=1

hoi tu, nén chudi s6 di cho hoi .
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010042 L i nsee,
n“(n“+3) n

Su, =

1
6) u, =I—cos%=2sin2m~g

khi n — oo,

31 1a chudi 56 diéu hod, n6 phan ki. Do d6 chudi s6 da cho

D un=ln(l+lgL2J~tgL2—-—12- khi n-— e, Vay chudi s8 di

n n n

cho hoi tu.

8) ul.l—l J_ \/_ 3 khi n —ce. Chudi s6 Z— hoi tu.

Vay chudi s& di cho hoi tu.

9 u, = ynn+2) 1 khi n— o, Chudi s6 di cho phan ki.

n
n? +3lnn 0

10) Vi~-1 <cosn <1, ¥YneN, nén —I&—Sun S—%—, VneN.

n

Cac chubi s6 z 2——— cong hdi tu néu a > 1, cing phan ki

1n n—1“

néu o<1, Vay chudi s6 da cho héi tu néu a>1, phén ki néu

a<l.

2. 1) u, =%(C;—1)"'—J~——-—'=—I* khi n— oo,

Vay chudi s6 d4 cho hoi tu.

12 TOAN HOC CCT2A
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2YKhi n—> <, tacé

n2+\/H [ n+\/H] n+\/H n 1 1 1
=ln|1+ ~ -~

In

2 2 2Ty ¥ 2T 7

n° —n n“—n nz—n n2 Tt

Do dé

Uy —-% khi n - o,
n
Vay chudi s da cho hai tu.
kl'l
3)Néuk > 1, u, =—— — 400 khi n— oo, vay chudi s6 phan ki.

nk

Neuk=1,u, = 1 . Chudi s& da cho 12 chudi s8 diéu hoa, né phan Ki.

Néuk < 1, tacé n?uy, =n>¥. k™ =0 khi n— . Vay v6i moi s&

C > 0 cho trudc, t6n tai s6 nguyén duong n, sao cho v6i n2n, tacd

I'l2 2
n

n,<C=uy, < £
Chudi s6 2% hai tu, vay chudi s6 da cho hoi 1.

n=11
Tém lai chudi s8 da cho hodi tu khi k < 1, phin ki khi k =2 1. Bai .
ndy ciing ¢6 thé gidi duge bing cich diing quy tic Cauchy. Ta c6

k ——Inn :
Yu, =—k=k.e B 5k khi n—ooeo, vi -E-lnn—-)Okhi n—> oo,

nn
Do d6 chudi s6 di cho hoi tu khi k < 1, phan ki khi k > 1 ; con khi
k = 1, ta ¢é chudi s6 didu hoa, né phan ki.
’ n
4) Giasitb> 1. Khidé n + b" ~b" khi n=> o, do d6 u, ”(”2‘] :
Viy chudi s6 da cho hoi tun€u a <b, phAn kinéna > b.
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¥

n al'l

—~— khi n— o, Chudi sd di cho hdi
n+b n

tokhia<1,phankikhia>1.
Tém lai chudi s6 hoitunéu{a<bvib> 1) hoac(a<1vabsl).

Neub< 1, thi u, =

1
sin—=
3 u, =lnL—lnsin—=—ln—-£-

Vo vn L
Jn

Theo cong thic khai tri€n hitu han ctia ham s sinx, ta cé

7{3 3
sinx =x——6—+o(x ),

trong do 0(x-3) Ia mot vo ciing bé bic cao hon x3 khi x = 0. Vay
khi n > e

1

%_6 J'“{ ~l/"] 1
=g X2 00 “1 nvn =—1n(l—a{+o[ln

u

n

n

vn

Do dé
i
u, ~—ln(l—— ~ L
6n/ 6n

Chuébi 56 1 han ki, vay chudi s6 d3 cho phan ki.
6n P

n=}

6) Ta cé
n%, =n®?Inn—0 khi n > néu a<2.
Ldy mot s6 « sao cho 1 < a0 < 2. Vi 1%, -0 khi n—eo, nén

t6n tai mot s6 nguyén dwong n, sao cho khin > n,
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1
n“u, <1 u, <—-
o
n

Chuéi s6 Zml}; hoi tu (vi d chon o >1), nén chubi s6 da cho
n=11
hoi tu.,

Ciing ¢6 thé nhan xét ring chudi s6 c6 s6 hang téng qudt
Inn 1

Uy =—

=— — 12 chudi Bertrand véi a.=2>1, né héi tu.
n n“(Inn)

1

7y Tacé

1 1

n n —
OSu,l:I x de_[\/;dx=%x2

0 4]

\}l+x2

Vay chuéi s6 di cho hoi tu,

&) Tacéd
1

"3
dx 1 1
Osunz £—. +
',[ \[x4+1 2 \fn4+l
vi ta cé Vxe[n, n-!-%]

i ]
<
\/x4+l \/n4+l

Nhimng khi n — o0
1 1

2
n*+1 n

Vay chudi s6 di cho hoi tu.
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A%
% 20
t‘ea

9) Ta ¢6
n2 —1- an+b
n2+an+b n? +an+b
Do do6
T . an+b .{m an+b
u, = Cos| 1-——5-—+~—~— =sin = —p———|.
2 n® +an+b 2 n“+an+b
Khi n—w, néu a = 0 thi un~32”"—+b~3. chudi s6 da
2p°+an+b 2n
mb

cho phan ki. Néua=0,b # 0 thi u, ~ khi n-—» o, chudi sé

. 2n?
hoi tu. Néu a = b = 0 thi u,, = 0, chudi s6 hoi tu. Tém lai chudi s§
da cho hoi tu khi va chikhia=0.

10) u, = na‘/;(a >0).

Néu a 2 1, u, 9> +~khi n—es, viy chudi 56 phan ki. N&u
Jnina

O<a<l1,viu,=ne vavilna<0,tacéd

nu, = n3e‘/;lrlzl — 0 khi n— ee,

Vay tén tai s6 nguyén duong n, sao cho véi n > n, ta ¢

1
112uﬂl <l=u, 5—2-
n

Chuéi s6 ziz hoi ty, do d6 chudi s6 > u, hoi tu.

n=1 n=1
Tém lai chubi s6 da cho hoi tu khi 0 <a < 1, phan ki khia > 1.
1 1

11) u, = Y03 +an —yn? +3 =n(l+i)3 ‘B[H,}_]z
n2- n2
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<%
My ot

Ta c6 cong thifc khai trién hitu han
afa—=1) »

(1+x)°‘=l+ax+Tx +0(x?)

trong dé o(xz) 12 mét vo ciing bé cdp cao d6i véi x% khi x— 0. Do
d6 khi n— e

[ a a2] [ 3 9) 2a-9 81-8a2
u, ~n|l+———|[-nf1+ - = + .
2

3n® 9n* n? 8ot 6n 72n3

a » chudi s8 d3 cho phan ki ; con
n

Vaynéu2a-9=0thi u, ~

néu2a-9=0,ticlaa= %, thi u, ~ -13, chudi s6 da cho hoi tw.
8n

Toém lai chudi s6 da cho héi tu khia = %» phan ki khi a# %

3Dy = ! ~ khinoe. Vay chubi s8 di cho hoi
Qn-D@n+1) 452
tu. Ta co
1 1 1
uﬂ = — - .
2\2n-1 2n+1
Do dé

n
0. 1y if1 1 TaR 1
S, = = 1o= [+ 2= |4t = - =
n =2, v 2( 3] 2(3 SJ 2(211—1 2n+l]

k=1
__1{1_ !
2 2n+1
. 1
Vay S=lim §;, =—
_ n—ee 2
1 1 .
2) u, ="‘2—“"—2 khi n— ee,
n“+n n
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Vay chudi s¢ di cho hoi tu. Ta cé _
1 1

U, =—-— N
“n n+l
Do dé
S, = l—l+~l——l+ +—l-~ l )zl— 1 '
2 2 3 n n+l n+l1
S=lim S, =1.
oo
Syu =2 2 hinoe,

nz(n + 1)2 n’

Chubi s& da cho hoi tu, Ta ¢6

g =1
" 02 (n+1)?
Do dé
1 11 I i l
So=] 1o |4 e || -
" [ 22J [22 32J (nz (n‘+1)2] (n+1)%
S= lim S, =1.
N—e0

4) Chudi s§ 2(-1)"“& 14 mét chudi s6 dan dau,
o n{n+1)

i+1 . e .
lun|= 0% gidm khi n tang, gidm t6i 0 khi 1 - oo,
nn+1)
Vay chudi s6 dy hoi tu theo dinh I{ Leibniz. Ta cé
| 2041 11
nn+l) n n+1

Do do
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S=lim §; =1.

n—oe

3} up =arctg— 1 ~— 1 L khi n— . Viay chudi
n“+n+l n“+n+l n

56 dd cho hoi tu. Ta cd

1

Uy =arclg— ! = arctg nn+1)
n +ﬂ+l 1+ 1
n{n +1)

1
= arctg— —arct .
gn gn+l

Do d6

1 1 1 1 1
S, = [an:tgl ~amtg-2-]+(arctg——arctggJ+...+[arclg——arctg—)=
n

2 n+l1

= arctgl — arct L
L

S=HmSn=mmg=%-

n—3oe0
6) un =—4*-—P—2'—-*"‘L3 khi n— .
n+n“+1 n
Do d6 chudi so da cho hoi ty, Ta ¢6

n4+n2+l=(n+1)2—n2=(n2—n+1)(n2+n+1).

Suy ra

n _l[ 1 _ 1 ]
n*+n%+1 2 n*-n+1 n®+n+l

2lp?—n+l @+1)%-(+D+1



o e |

(n+1)* —(n+1)+1

1 1
=—|1-
2{ (n+1)2—(n+1)+l:|

S=lim §, =—
n—e

7 ug =ln{1-n%}“-n% khi n— e,

Do dé chudi s& dd cho hoi tu. Ta cé
@D+

.=
n n2
Suy ra
k+ 1
lnH(k 1)( 1) lnn+
k=2 2n
) 1
Sy = lim §; =ln==~In2,
n—eo 2
. 1
a1 1
B ug= — 20D 1 s
1 2
COS— - COS
n n+l

Do dé chudi sd di cho hoi tu. Ta cé
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2%
LA

Suy ra

Sp=1tgl—t lj+(t l—t i)-b +[t -l——t LJ
Y A P Y Rl K

=1gl

n+l
S=lim §, =1gl.

n—pes

9) Ta co Vae[—g—,g} Ynz0

2008 = —1=1-2| 1-cos-> |=1-4sin2—%_ >0,
21‘] 2]’1 2l'l+1

Do dé

2 2
u, =In| 2008 -1 |~ 42 =%
211 22n+2 4n

Vay chudi s6 di cho hoi tu. Ta cé Vxe (—% 375)

2cos2x +1
2co8x-]1=——m8—.
2cosx+1
Suy ra
n w  2C08 :L] +1
— & _ 2 —
S, = Zln(Zcosz—k—l)—Eln—-a—_
k=0 k=0 2cos—+1
21(
2cos——+1
z k-1 2o+
=1nH 2 wancos o+l
o
k=0 2cos—+l 2cos——+1
2K 2n
2 +1
S= lim §, =In 2282 +1

n—eo
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K3

13) Taco *

n+1=n(1+l), n+2=n[l+3}
n n

u, =(1+a+b)lnn+aln{l+£]+bln(l+z}-

Do dé

n n

Theo cong thifc khai trién hitu han cla ham s6 ln(1+ x), ta c6

m(1+1)~l-L
n/ n 2q2

Suy ra
u, —-(1+a+b)1nn+a+2b—a+fb-
n n
Vay chudi s da cho hoi tu khi va chi khi
a+b+1=0
{a+2b=0

Giai hé phuong trinh iy, ta dugc a = -2, b= 1. Vé6i céc gid tri 4y,
ta dugc

S, =(Inl - 2In2 + In3) + (In2 - 2In3 + In4) + (In3 - 2In4 + In5) +
: “+ ...+ [lon - 2In(n + 1) + In{n + 2)] =

2+ 22

n+l

S= lim §, =-1n2.
n—ree

4. 1) Ap dung quy tic D'Alembert, ta c6

Upei _@n-1).22"" 2n-1 1
u,  @2n+1).22"1 2n+1 4
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Do dé

lm "n+l=il' 2Zn-1_1
n—ee U, 4dnoe2n+l 4

Vay chudi s6 da cho hai tu.

2YTacé
2 2
Upyp _(n+1) __n_!_ 1 (n+1) _
U, (m+D)! 2 n+l 42
Do d6
lim 204t _p <],
[—3co U“
Chudi s6 di cho hoi .
3) Tacé
2 2
v, = n ~£~khin-—)oo
2"+ 27

n <
Bat vy =—: tacod
2!‘!

Yast 10417
Yn 2 n2
Do dé

fim Yot -1 g
n—e Vg 2

Vay chuéi s¢ Z vy héi ty, nén chubi s da cho héi tu.
n=1
4) Ta cd
Upy _ 2(n+1) n_ 2

u,  (m+1)™! " h[ lJn'

14—
n
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Do do

lim 2ot =2 )
n—ee Ug e
Vay chubi s6 di cho hoi tu.
5)Tacd
Un  (n+1)?+1
Do dé
lim S0+l _,
n—ea Uy

Vay chubdi s dichohditunéua< I, phankinéua> 1. Néua=1,
1

n2+1 n

~ L khi n— ee, chudi s6 hoi tu.

u, = 3

6) Ap dung quy tic Cauchy, ta cé

2 —l
Yug ==

3n® +2

Do dé
lim Yo, = 2 —<1.
. N—eo 3
Chuéi s6 da cho héi tuy,
1) Tacd

Do dé

1 Inn
lim fu,, = lim [—] =0<1.

n—e N—yoo

Chudi 56 da cho hét tu,
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X
A%

8) Tacod

'llJun =arctgl.
n
Do dé
Iim §u,, = lim a.rc[g—1-=0<1,
fi—yoo nN—sen n
Chudi s¢ da cho hoi ty.
9) Ta cd
Upyi [ +D!I? (2n) _ n+l
up  @n+2)! [P 2(2n+1)
Do dé
i o+ 1
n—ee Uy

Chudi s6 di cho hoi tu.

190

13) Ta ¢

tu, = lg(a +—bi}

n
Do do

lim Yu, =tga.
n—ee

Vay chubdi s& da cho hoi tu néu tga < 1, tic 1a a< %, phan ki néu

T . n .
tga> 1, titc 13 a>Z.Néu a=z,taco

l+lgi
4 n’ l—tg—bf
n

Khi n—>e thi Hu, =1, nhung vi Hu, >1, ¥n, nén u, khong
dan toi 0 khi n— e, chudi s& phan ki.



‘g

11) Ta cé

Khi n— oo, tach

~n%t ln(l +£] ~-n%7L. 1_ -n*2,
n n

Nén a>2 thi —n® 2 - khi n—se, vay Ufu, »0<1 khi

n - oo, chudi sd di cho héi tu.

Néu a=2 thi -n® 2 =~ vay Qu, —>l <1 khi n— e, chuéi s¢
e :

di cho hoéi .

Neéu o <2 thi -n®% 50, vay Yu, —1 khi n— e, chua thé két

luan duoc gi. Ta viét u, =e**, trong d6 v, =n®In 1+l
n b1 n

Do cong thirc khai trién hitu han ciia ham In(1+ x), ta duge

v, =-n" l-L+c{—1— =
" n 2n? n?

=—p*! +%n°‘_2 +0(n®2) khi n— se.

Véi a<l, vy >0 khi n e, dodé u, =e"" =120, nén chudi
s6 phan ki.
, . 1 _—_
Véi a=1, vy — -1 khi n—>ee, do dé u, > —#0, nén chudi s6
e
phén ki.

Vail<o<2, tacd

| o .
_pa-t 30 Fo(n?) - s a2
u, =e el . ~e khi n > vi n%7“ 50,
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. 2| .
n‘w, =e — 0 khi n — o,
do d6 t6n tai mét s6 nguyén dwong n, sao cho véi n > n, tacé

| I
0w, <1 w, <—.
n2

Viy chubi s6 Z w,, hoi ty, suy ra chudi s6 2 up hoi tu.
n=l n=l

Tém lai chudi s6 da cho hoi tu véi « > 1, phan ki véi a.<1.

12) Tac6

pyy _ 4" +DY?  @n) 2042
Uy 2n+2)! 41 2n+1

Do dé

lim 20th =
—eo Uy, _
Theo quy tac D'Alembert, chua thé két luan duge gi. Nhung
Ell"i=2—n--£>1, VneN, do d6 v,y >u,, VneN, day s6 {u_},
u, 2n+l '
la diy tang, u, khong thé dn t6i 0 khi n - oo, Chudi s§ di cho
phan ki.

13) Ta cé
3 lnn
nu =l___
. \/_n— 2 n
Do 46
lim 8fu, =1
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Chua thé két luan duge gi theo quy tic Canchy. Ta ¢6

n!n(l—%-ln—n]
u, =e n

Vay chuéi s6 da cho hot tu.

14) Chudi s6 c6 s6 hang t8ng quit u, =(-1)" 12 mot chudi

ninn

s6 dan dau. Vi |un|_—~1—— gidm khi n tang va dédn téi O khi
ninn

n-»eo, nén chudi s6 &y hoi tu theo dinh li Leibniz. Vi chuél 56

Z Jua|= Z

n= 2 .
kl. Vay chudi s6 dia cho bdn héi tu.
15) Tacéd

U, =sin(nm+ Vo +1m-nm) = (~)" sin{a(Vn? +1 -n)] =
13

= (~D)" sin——o—-
: Vn? +1+4n

Vay chudi s8 Zun 12 mot chué: s¢ dan dau. Wi

n=l

la chubi s Bertrand véi aa=1.p=1, né phan.

|un|=s'm; gidm khi n ting va din tGi 0 khi n — o, nén
Vn“+1+n

chudi s6 4y héi tu. Khi n > o0 tacéd
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fug] ~ =
_ 2n

do d6 chudi s6 Z|u | phan Ki. Vay chuébi s8 did cho ban hoi tu.

n=1

16) Tacéd

1
u, =sin[—+ n]n =sin[£+nn]=(—l)" sin 2.
n n - n -
Chudi s6 di cho 12 mot chudi s6 dan dau, thod min céc diéu-kién
ctia dinh 1i Leibniz, do d6 nd hoi tu. Vi

]t.tn|=sil1~1.£—-E khi n=3ee
n n

nén chudi s6 Z]UHI phén ki, chudi s& d4 cho ban hoi w.

n=1

17) Ap dung quy tic Cauchy vao chudi s6 ¢6 s hang téng qudt ta

|u l— s tacd
-2- 2lnn
n n
n n|=n_=e
Inn Inn
2
.2 . —lon
Vi lim <-Ilnn=0, nén lime" =1, dodd
n—eoa I1 e
fim Yug[=0<1.

n—yoo

Vay chudi s6 Z|u | hoi tu, chudi s6 Zun héi ty tuyét d6i.
n=2 n=2
18) Tacé

Un=Vn+Wn
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trong dé
- I Jn
V. =— W, = --i n—-—.
“ y4n " b
Chudi so z o Ia mét chudi 56 duong phan ki.
I n Vo . .
Chuéi s6 E(-—l) —— ]2 mét chudi s6 dan dau. Khi n tang
= 1+n
thi ]wn|=£ gidm (v hdm s6 y= J; c6 dao ham
T+n 1+x
e
y'=—2YX 2 <0, Vx>0) va ddn t6i 0 khi n— e
(I1+x) :

Chudi s6 4y hoi ty. Chudi s6 di cho cé s6 hang tong guit 1a

© g, =V, + w,, né phan Ki.

Chi y ring trong bai nady khong thé lap ludn nhu sau : Vi

Uy~ (D" = khi n—vee, ma chudi s6 3 (-I"—= l1a mot

1
A 20
chudi s6 dan dfu hoi tu theo dinh 1f Leibniz, nén chudi s6 di cho

hot tu. $& di nhu véy, vi dinh 1f so sanh chi ding v6i cdc chubi s6
dwong, ma chudi s6 di cho khong phai 12 chubi s¢ duong.

19) Ta c6 bing cach diing cong thitc khai trién hiru han
R S Vil R il B
n+(-D*" n n
_1yn _ n‘+l
_D [1 =D +0(1]]‘= S
n n n

o g 0y
vn=-( D ’wn=L+°[_J“L khi n o=

n?) n?

~ trong d6
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Sttt

Chudi z( D 1a chudi s6 dan d4u hoi tu theo dinh 1i Leibniz,
n
n=l1

chudi .an' [2 chudi s6 dwong hoi tu vi w, ~ —I? Vay chudi s§
n=l n

da cho hdi tu.

20) Ta c6

-1
D" e e
“a+@)™ Va vn

eyt eyt (1 J
= 7 (l—r \/H +0[JH _)—vn+wn,

trong dé
n
vn=( D ,wl.l=l+o[l)~l khi n— ce,
Jn n o/ n
Chudi Y, v, 12 chudi s6 dan dfu hoi ty, chudi 3wy, 12 chudi s6

n=i
phéan ki vi w, ~ 1 Vay chudi s6 da cho phan ki.
n
21) Ta c6 '

n -1)"
=Vn+(-D" —-Vn =] 1+ 1| =

|-

trong dé
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Chudi ) v, 1a chudi s§ dan ddu hoi ty, chudi Y w, 1a chudi s6

n=1 n=l
hoi tu vi wy, ~——1—§~- Vay chudi s da cho hoi ty,
| 8n2
22) Tacé
v, =1n[1 +(;l)(:1_1 J= (_l):_' - 12 +o[ ! J=vn +w,
n n 2n“% n®
trong dé

y (=t o o] +o( 1 J__ 1
n n® n 2n2c¢ n2u 2:12“

khi n—»e. Chubi Zvn la chudi s6 dan d&u héi ty, chudi

n=l

n=1

- o 1 o
2 wy, hoi tu khi vachi khi 2a>1=a >‘5- Vay chubi s& di cho

hoi tu véi a>%-

X

»taconéux=0,f(0)=0, Vn, nén
X+n

5.1) Véi £,(x) =

lim £, (0) =0 = £(0).
Nn—¥ca
Néux >0, lim f,(x)=0="f(x). Vay tai moi diém cia doan [0, 1],
n—yo
diy ham s6 {f,(x)} hoi tu t6i 0. Vi

I, ()~ 0] =|—

Sl, Vxe[0, 1],
x+n| n
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ma  lim —£=0, nén f,(x) h¢i tu déu trén doan [0, 1] t6i 0.
n-+ee N

V6i gy(x)=—2, ta c6 lim g,(0)=0, cdn véi x > O thi
1+nx n— : .

lim g,(x)=1. Vay trén doan [0, 1], day g,(x) héi  t6i
n—yoo '

0O néux=0

Bx)= {l néu0<x<1

Cic ham s6 g (x) lién tuc trén doan [0, 11, hoi tu trén doan d6 t6i

mot ham sé gidn doan, vay ddy ham s6 g (x) héi tu khong déu
trén doan [0, 1] t6i ham s& g(x). . ,

Dé thay ring diy {gn}- hoi w déu t6i g(x) trén doan [a, 1] véi
D<a<l. '

b) Tren khodng [1, +eo), day f,(x) hoi tu t6i 0. Nhung

suplfn(x)* 0| = sup X . =1,

xz1 x21X

nén f(x) héi ty khong déu trén khoang [1, +oo) tdi 0.

Vai xz1, lim g,(x)=1, cén
n—ea

1 1
su Xx)—1=su =—— 20 (n—> ).
x;ﬂg“( -1 Plinx l+n ¢ )

Vay go(x) hoi tu déu_ trén khodng [1, +o0) téi 1.

xll

I‘I, XE[0,2].

2) Xét day ham sé {f,(x)} véi f,(x)=
1+x

a) Trén doan [0, a] v6i 0 < a < 1,ta c6' O<f,(x)<x"<a". Vi

a” = 0 khi n— o, nén f,(x) hoi tu déu trén [0, a] t6i 0.
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Néux=1, fn(x)=£» ¥n, nén lim fn(l):l=f(l).

Contrén doan [b, 2], véil < b < 2, tacd

f,(x)-1
f | 1+x" 1 bh

nén f,(x) hoi ty déu trén doan [b, 2] t6i ham f(x) = 1.

Nhu vay tai nhitng di€m cba doan [0, 2], day f (x) hoi tu t&i ham
s gidn doan

0 néu 0<x<«l
f(x)= %- néu x=<1
l néu le<x<?2

Céc ham 6 f(x)} déu lién tuc trén doan [0, 2] vay su hoi tu cia
ddy {f,(x)}6i f(x) 1a khong déu tren [0, 2).

2
b) Dat I, = [f,(x)dx ~ 1. V6ia cd dinh, 0 < a< 1, ta c6

5 |
—a I+a 2 l+a
_[ adxt [ fuax+ [ (6, -Ddx- _[dx
0 1-a 1+a
l-a l+a I+a _

=)< J'fdx+ [ fadx|+ J’(f ~1)dxj+ J’dx (*)
l-a l+a

Vi f,(x) hoi ty déu t6i O trén doan [0, 1 — a], nén vdi s6 £>0 cho
trudc, ton tai s6 nguyén duong 0, 520 cho v6i n2n, ta cé

‘j £ (x)dx <§-
0
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Ciing nhu vay, tén tai s6 nguyén duong n, sao cho véi n2n; tacé

2
[ [Ea0-1]ax|< E.
14a
Vi |fn (x)‘ <1, Vn, nén tri tuyét d6i cla hai s6 hang cdn lai cia v&
phéi cha (*) khéng vuot qué‘ % Viy v6i n2max(n,, n), ta ¢é
II,|<€, dodé lim I, =0. |
Nn—pcc

Chi thich. Vi f_(x) hoi tu khong déu trén [0, 2] téi f(x) nén khong
thé suy ra

2 2 :
Iim an (x)dx =j f(x) dx.
(¢

n—3co
0

' ' - n nln(l——")
3) Gia sir x, €R,. V6i n>x,, fn(xo)=[ -—J =e nJ,

X

° khi n—eo. Vay f(x) héi tu ti f(x) = ¢  tai moi
diém x,eR,. D€ khio sdt sy hoi tu déu cha ddy f (x), ta hdy
dénh gid nll{ax|f“ (x)—f(x)|. C6 dinh s6 nguyén n > 1. Dat

+ i ) ’

fa(xg)—e

g =f(x) - f(x)=¢ " - (1—%] , x€[0,n].

Ta cé

n-1
x \*~! l:lnn[l—i] +x ]
: g'(x)=—e_"+n(l—_) =e *le n -1
n .

n-1
du cla g'(x) Ia ddu cia h(x) = lnn[l —EJ +x. Vih'(x) = 1-x .
n n—-x
nén h(x) ting trén [0, 1], gidm trén [1, n]. Nhung h(0) = Inn,

h(x) — — khi x —n", do d6 tén tai s6 a (1, n) sao cho
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. 1) a) Trudc hét ta chd ¥ ring ham s6 f(x)= )
X

' h(x)20 trén [0, o], h(x)<0 trén {a, n).
Vi g'(x) c6 ddu cia h(x) nén g(x) tang trén [0, o] va giam trén[a, n].

Nhung g(0) =0, gn) = ¢ 20 nén

Vxe[0, n], 0<g(x)<gla) véi g{a)=0.

n—1
Vay chi cdn danh gid g(x). Vi g'(a)=0, nén (lugJ =e &,
n

do dé

n-1 :
gay=¢" —[1—5) [1#9—}5{“ (*)

n n n

Ham s6 X+ xe ™ dat cuc dai tai x = 1, nén xe™* S% trén R,.
Vi vay, tr (**) suy ra

Oﬁg(x)Sg(a)Si Yxe[0,n] -
Hay

|f(x)— £, (x)| < L vxero.nl

: ne
Bit dang thic &y ciing ding Vxe&[n, +e0), do d6 né ding
VxeR,. Vay f (x) h¢i tu déu téi e " trén R,.
2x +1

xdc dinh .

Vx#-2, c¢6 dao haim f'(x)=

3 > >0 Vx#-2. Do d6 khi x

(x+2)
tang tr —1 dén +1, thi f(x) tang tir -1 dén +1. Vay
+1
24 ) vxel-L 1)
X+2 _
Do dé ta cé '
fay +1 )
L (2 1] <1, vxel-11].
21'].—1 X+2 2[1‘"1
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N
L

e ) e .
Vi chuéi sd Zn—l hoi tu, nén theo dinh 1i Weierstrass chudi
2 ' :
. n=] :
ham s6 da cho hoi ty déu trén doan [-1, 1].
b} Trudc hét ta xét su bign thién ciia him s6

2
X > 1, (x) = Jnxe ™™ vsinco dinh. Ta cé
2
up (x)=vVne ™ (1 -n%x).

. 1 \ e
Vay u' (x)=0 khi x= — - Ta c6 bang bién thién
n

o

1
n?
u',,(x). T+ 0
U, (X) 0 / \ .

Do dé ta cod

. ¥xeR".

|un(x)| Suy (_12“"} =

1
n 3
en?

Vi chubdi s8 2-1—3 héi tu, nén chudi ham s& di cho hoi tu déu

=1
"= en?
rén R
¢} Néu x <0, up(x)=(-1)"n"* khong dén t6i 0 khi n—» o, chudi
ham s& phan ki.
Néux>1,tacéd
i 1
u,{x)=~—-
ool ==

Chudi ham sd hoi tu tuyét dsi.



Néu 0 < x € 1, chudi ham s6 1a mot chudi dan dau thoa mén cdc diéu
kién ciia dinh li Leibniz, nd héi tu, nhung khong hoi tu tuyét déi.

Goi R (x) 12 phidn du thi n cla chudi him s6 dang xét véi x > 0.
Vi d6 12 mot chudi dan d4u nén ta ¢

Rp(x) € up (x)=
[Rp (0)] |n+lx|. @+

Néu x2a >0 vl acd dinh, ta céd
1
(n+1)°

Vi moi 56 £>0 cho trudc, ta chon n sao cho

IR, (x)|<

1

1 [1}:
- <gen+l>j—1 .
n+1? £

1

PP 1 ,
Do d6 véi moi n2n0=[—)a—l, ta co
g

R x)| <€, Vx2a. -
V4y chudi ham s& da cho hoi tu déu trén khoang [a, +o0) véia >0
c6 dinh.
2) Chubi ham s& véi s6 hang téng quét

2~I-Il

up(x) = (-1 ==
n
véi moi x € R 12 médt chudi dan ddu, thod man cdc diéu kién cha
dinh 1{ Leibniz, nén né hoi ty rén R. Goi R, (x) 12 tbng riéng
tha n clia nd, ta cé

2 +(n+1)

Ratolsipael=5 50
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fi

g

bat M=max(|a[,]b|). Ta co

M2+(n+l)

( +l)2 steta,b]
n

IR, (x)|<

V& phai dén 161 khong khi n— e, vdi moi xe€[a, b], viy chubi
ham s& di cho hdi tu déu trén doan [a, b].
Vay chubi ham s6 di cho hoi tu déu trén [a, b].

x2 +1
n?

vi Jup(x)| = —é khi n->eco, nén chudi 3 |u,(x)| phan ki.
n=1

Do d6 chudi ham s6 da cho khong hoi tu tuyet déi.
7. Néu x e[a, +), trong déa >0, ta cé

ne ™ <pe ™,

Chudi s& Z“ne;“a la chudi s6 duong hgi tu vi theo quy tic
n=1 '

D'Alembert

(n+1)e~(atha

—ha
ne o

n+l _
= e a-

—e <l

khi n— co. Do d6 chudi ham s6 )" ne™™ hoi tu déu trén khodng
. n=1
[a,+c¢). Chudi 4y khong hoi tu déu trén {0, +o0) vi tai x = 0,

chudi 4y trd thanh ) n, n6 phan ki.

n=|

Néu x > 0, chudi ham s8 Zun(x), trong dé u (x)=e™ " 1a mot
n=] :

c4p 56 nhan i v6 han, c6 s6 hang ddu la e * va cong boilae *
204

L



Sy

-X
Chudi ham s6

do d6 né hoi tu va c6 téng la
: 1-e”

Zu;, (x) = —z_ ie” ™ hoi tu déu trén [a,+e°) v6i moi a > 0 nhu

n=l n=l .
ta da thdy & trén. Vay véi x > 0 ta ¢6 thé 4y dao ham timg s6 hang

chudi haim s§ Z up(x). Ta dugc

n={

-X

ine—nx =__i uh(x)z_{i Un(x)] =_[ € ] __f
n=1 . ‘n=1 n=1

X

1-e™* ) (&*-1)?

- 1) Véix e (0, 1], ta ¢6 ug(x) <0, vay chudi ham s& da cho 1a mot

chudi dan d4u, thoi man cdc diéu kien cla dinh If Leibniz, né héi
tu. Tai x = 0, v, (0)=0, chudi ciing hoi tu. Goi R, (x) 13 phin du
thit n cia chuédi vdi x € (0, 1], ta cé

[Rat (0] g (0] ="* nx].
Xét ham s6 x — u (x)=x" Inx v6i n ¢6 dinh. Ta c6

U, (x)=x"[14(n+Dinx]

, 1

u'a(x)=0 khi x, =e M+,

Ta c6 bang bi€n thién
X ‘ 0 X 1

' (x) - 0 +

up(X) 0 \ / ’

Do dé ta ¢6
_r
un e l'l+l

IR,y (x| < fu, ()] < . Vx € [0, 1].

1
e(n+1)
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Vdi € > 0 cho trude, ta chon n sao cho

1
<geEnrn,=—-—|
e(n+1) eg

Do d6 véi n > n, ta ¢6

R,_1(0)| < &, Vx e [0, 1]

Tém lai chudi Y (~1)"u,(x) hoi ty déu tren [0, 1]

n=]

n=0

2) Vi 0 <x < i, chubi E x™Inx 1a mot ca’p s& nhan v6 han cé
s6 hang d4u 12 xInx, cong boi 12 x, nén

0 né’ux:Ol

Eun(x)—

lnx nfu<x<l1

0 néux=1
Nhu‘ng lim xlnx

=-1.
PO B ¢

Vay tong cia chudi ham s6 da cho 12 m6t ham s& khong lien tuc
trén [0, 1], do d6 chudi ham s6 &y khong thé hoi tu déu tren [0, 1]
9. Tacé

! - Sla VXéR+.
n(n+x)| p2

Chudi s6 2— héi tu, do d6 2

nln

hoi tu déu trén R,
n(n X)
Céc s6 hang

cita né ciing lién tuc trén R', do d6 ham s&
n(n +x)
f(x) xdc dinh vi lién tuc trén R
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1
- Ta ¢ u'q(x)=—

1
SV Juy <=
nn+x) . n(n+x) l ‘u (X)l n

bat u,(x)= 5

¥x € R*, nén chudi ham s6 Y up(x) hoi tu déu trén R*, do d6 ham

n=1
o0

6 () kh vi tren R* vata c6 £'(x) == 3
2
n= D{0 +X)

I

10. bat v, (x)=
1+x"

- Néu |x|<1 uy(x) khong dn t5i O khi

n— o, vy chubi hdm s§ Zun(x) phan ki. Néu |x|>I ta cé
n=1

2 (x) hot .
& n=l
Vay mién hoi tu clia né 13
{xeR:|x|> 1}.
Ta s& chiing minh riing chudi ham s6 di cho hsi tu déu trén moi
doan [a, b] nam trong mién héi tu chia né. That vay, ta xét trudmg
hopl<a<x<b. Tacé

1+x“~xn_khi n — oo,

lu

Vay khi n dii Ién

|1 +x"| 1
|x "
. n
Do d6 |1+x“|>ﬁ>%.
Suy ra |un(x)|— ll | ; Vxela, bl.
+X

Do l<1 chu61 s8 E— hot tu, nén chudi ham s6 Eun(x) hoi
n]a n=1 :
tu déu trong doan [a, b). Ta ciing chimg minh tuong tu tridmg hop
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4t
P

a<x<b<-1. Nhu vay tdng cha chudi ham s6 da cho la lién tuc
vai |x|> 1.
Biy gi%s ta xét chudi him s6 cé s6 hang t6ng quéit 13
n-1
n,(x)=———
§ (1+x")?
Chubi &y ciing héi tu vdi |x|> 1, vi

o’

1

Sur héi tu déu cia né duge ching minh nhyu d6i véi chudi ham 56

Zun(x) Xét trudng hop 1<a<x<b. Véin da lén

n=|

n-1

!u'n(x)| < » ¥x e[a, bl

n-1

bat vy =——.Taco

a

v n+l b b . '
H—HI—T*-)*E- khi n > es,
Vi n a a

Vay chudi s6 3, vy, hoi tu néu —%-4.1. ticc 1a
n=| a

b<a?

*)
Do dé chudi ham s6& Eu'n(x) hot ty ‘ddu wen moi doan
n=1

[a, b] c[l, +0)thoa min diéu kién (*), di€u ndy luén thuc hién
duge vi a > 1. Trong trudng hop a<x<b< -1, cling chiing minh
tuong ty. Tém lai téng ciia chudi ham s6 da cho khi vi véi | x| >1.
C6 thé chimg minh duge ring tdng ciia chudi ham s6 4y kha vi vo
han 1dn véi |x|>1.
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4 TOAN HOC CCT2.A

I1. 1) vy(x)=a,x", trong d6 a, =(~ l)n+1 - Tacé
n

| l"I+1|__‘l L_l

lim
N—yoo |an| n—een+1

Do d6 ban kinh hoi ty cia chudi luythimlaR=1.Taix =-1, ta

. = — ' o
¢6 chudi sd —Z—, né phan ki. Tat x = 1, ta ¢6 chudi s6
n
n=|

3 (~™! L, 46 1a chudi 55 dan déu thod man céc diéu Kien cia
n

n=1 .

dinh 1f Leibniz, n6 hoi ty. Vay mién hoi tu clia chudi lu§ thira 1a

~-l<x<1.

! Vi 11m| l!—1 nén
JH N—ee |a|
R=1.Chudiluy thirahéituvéi -1 <x-4<1,ticla3 <x < 3.
n

2) uy(x)=a,(x—4)", trong d6 a, =

* Tai x = 3, ta ¢6 chuéi s& dan dau z% nd héi ty. Tai x = 5,

ta ¢ chuél s& né phan ki. Viy mién hm tu ciia chudi fu§
\/_ p

thira 14 3sx<5.

\n
““) , X=(x-2)% Tacé
2n+1

n+l 1

3) uy(x)=a,X", trong dé a, =(

lim 2 an|—11m
oo now?2n+l 2

Do d6 R = 2. Chudi lug thira hoi ty véi | X|<2, tic 1a (x - 2)° < 2,
hay 2-2 <x<2+2. Khi x=2£+2, ta ¢6 chudi s6 |

- n
2(2]’11’2}.

2n+1
n=1
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¥

$6 hang t6ng quat cla né c6 thé viét la

n nln l;]
} —e 2n+l )

( 1
1+
2n+1

khi n =, nln(1+

)~ L pods
2n+1 2

2y 3
lim [L) —e2 0.
n—oeo 20+ 1 :

Vay chubi s6 &y phan ki. Mién hoi tu clia chudi luy thira 13

2—«fi<x<2+x/5.

4) u,(x)=2ayx", trong 46 a, =n". Tacé

lim fa|= lim n=oo.

n—yeo n—oco

2n+1

Do d6 R = 0.
5) un(x)=a,x", trong d6 a, = Inn. Ta c6

Inn+ln[l+1]
B/

g .Y I GV
n-oo [anl n—eo Inn
Do dé R = 1. Tai x = =1 vd x = 1, ta c6 theo thit wy cdc chudi s6

2‘(—1)n Inn, Zlnn, chiing phan ki vi s6 hang téng quét cia
n=2 n=2
chiing khong dén téi 0 khi n— c. Vay mién hoi tu cha chudi luy
thirala -1 <x <.

1]
6) up(x)=a,x", trong dé a, =5—1—' Tacé
n!

lim laﬂ‘-l— lim —— =0,

n—ee lanl n—dee N+ |
Do dé R =ce. Mién hoi tu cha chudi luy thira 1a o < X < 4o,
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WX
0

F) un(x)zanx", trong dé a, :—%- a>0. Tacé

n
o
lim ‘ n+1|— lim — =1,
n—o |an| n—oo (n+1)c'L

Do d6 R = 1. Tai x = -1, ta ¢6 chudi s6 dan ddu ¥ (~)" —» 16

n=I n

hoi tu theo dinh 1i Leibniz. Tai x = 1 ta ¢é chudi s6 dwong z—

oy
né hdi tu néu o >1, phan ki néu a<l. Vay néu a<l, mlén hot
tu cha chudi luy thira 13 —1<x <1, con nféu o >1, mién hoi tu cha
néla -1<x<1.

8) u,(x)=a,x", trong d6 a, = (~1)"! —IT Tacé
n!

jim 2ol

11—y |a | n—)ﬂon+l

=0,
Do d6 R =ee. Mién hoi tu clia chubi lu§f thira [A —eo < X < +o0,
9) Vi 0<«a, <g. nén 0 < a; = sina, < a,. Bing quy nap, c6 thé

chifng minh duge ring a, <a,_;, Va. Do d6 ddy s6 {a,} don di¢u

giam, né lai bt chan dudi bot 0, nén ddy s 4y din téi mot gidi han
1 khi n — eo, Tir he thic

a, = Sina,_q,

suy ra ring / = sin/,
dodé =0, vi 051<—2’5. Vay {a,} 1a mot ddy s giam ddn va din
16i 0 khi n ting dédn dén . Ta cé

| | sina
lim = lim ~—-&
n—oo |3.n| n—ee  Ap

=1.
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-t

A

Dodé R = L. Tai x = -1, ta ¢6 chudi s6 dan ddu Y (-1)"a, hoi

n=0

ty theo dinh I Leibniz. Tai x = 1, ta c6 chudi s6 duong Y a,. Ta

n=|

¢6 a, >al, Vn. Ta s& ching minh ring chudi s6 Za% phan ki,

n=1

do d6 chudi s6 3 a, phan ki. That vay, tir cong thiic khai trién
n=I1 .

hiru han clia ham sinx, suy ra

2

SInx =1—%+0(x2} khi x —> 0.

. X
Khi n—eo, a; -0, do dé khi n— s,

: . 2 2
o SinAn m{ _h}_a_n_
a 6 6

n
Vi vy dé khao sdt sir hoi ty clia chudi s§ Y aj . ta xét sy hoi ty
. n=l1

sina,

" clia chudi s6 Zln

. Tacod
n=] 4n
c sinay (al az a:1+1J Ap+1
koL 22 Zarl | Znel
k=1 ag Ay 8y ay 24
n . -
lim Y In 222K o jim pn sl o _
n——)mk=! ap n-—oa a,

Do d6 chudi s6 . In>"% phan ki, nén chudi s6 3. a% phan ki,
a

n=| n : n=|
‘suy ra chudi s6 Zan phin ki. Vay mién hoi tu ciia chudi luy

" n=]
thiralad —~1<x <1,
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12. 1) (3n+ Dx™ la dao ham cha x°"*!. Chubi c6 s6 harig téng quat
la x**! 13 mot cdp s6 nhin cong boi x°, do d6 n6é héi tu véi
x3| <1, nie 1a |x|<1. Vay mién hoi t cia chudi lu§ thira dang
xét ciing 1a |x|<1. Tacé
2 Il _ 42 3n_’ x*
x _—._
n=1 x

Do d6 v6i |x| <1, ta cé

o 4 Y 43 .6
Z(3n+l)x3n=( = 3J=4x =

oot A-x* ) a-x3)?

2) @"+3"x"=2x)" +(3x)". Chudi Y (2x)" 1a mot cdp s6
_ n=0
nhin c6 cong boi 2x, né hdi ty néu ]2x|<l. tic 1a Ix | <% vi co

12 - Chudi Y (3x)" 1a mot cfp s6 nhan ¢6 cong boi
—zX
n=0

téng la

< pa ’ s | 1 :

3%, n6 hoi tu néu [3x | <1, tic la |x|<§ va cé téng 13 T Viy
' -3x

"mién hoi tu cha chudi lu¥ thira di cho 12 |x|<%- Téng cha nd la

1 1
—+ .
1-2x 1-3x
3 )—' LS t d‘.
}u(x)=|n o —J—vn(x)—wn(x), rong dé
n l xﬂ
va(x)= ’ wn(x)—m F
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*B
k98

n—1 -
Chubi Zv (x)= z Z(: D1 hoi ty Vxe R va ¢é
téng la xe”.
Ta cé
l xI'l+3 l l tn+2. l X tl'l
Wn(X}=——3-*-—"—-—'— —3‘[ : dt__BIlz —dt.
x° n+3 n' 4 n! Xy n!
Do dé

Vi chudi lu§ thira 2 —_ héu tw Vx € R vicé tdng 1a e nén ta duge
n—O

X
EWn(x)— 3Jt Z dt 3J.tzetdl, vxz0.

n-'[)
Bing phucmg phép tich phan timg phan ta ducc

an(x)——w[e (x> =2x +2)~2].
n=0

Toém lai chudi luy thira da cho hoi i Vx#0 va cé tOng la

xe* [e (x% —2x+2)-2].
X

4) uy(x)= anx“, trong d6 a;, = chna. Ta c6

1 —(n+1
I n+l| = lim elttha 4 ~(ntDa oy

lirn
e |a | n—w @Ml 4 o N

Dodé R=e"2.VGi x=%e 2, tac

. na —na
|“n‘:1*3"-'ha )I =e¢ Mchna=e ™ !%] - % #0
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khi n - e, Chuéi phan ki. Vay mién hoi tu cia chudi luy thira da
chola (~e™®, ™),

Ta ¢6
u,(x)= %(e“a +e My = %[(eax)“ +(e )"

Véi |x|<e™, taco le*xl <1, le*x|<1. Chusi tuy thira da cho 1a

téng cia hai cap s6 nhan vé han c6 cong boi e’x va e “x, ching
hoi tu va 6 16ng 13 1 1 va 11

1-xe® 2 ]-xe?
Vay tdng ciia chudi lu§ thira da cho la

1[ 1 1 ]_i 2-x(e* +e*)
a

il + =
2l1-xe* 1-xe™] 2(1-xe’)(t-xe™)
1—xcha

" 14x? —2xcha

Sj u (x}=a x%!, trong dé a =(—1)“'i-l- D& dang thdy ring
n n g n n

R =1.Tai x = —1 ta cé chubdi s& zl» nd phanki. Taix = +1, ta
n

n=l

¢6 chubi 56 dan dia 3" (-, n6 hoi tu theo dinh 1i Leibniz,
n
n=l
Vay mién hoi tu clia chudi luy thitadacho la —1<x<1.

Goi f(x) 12 16ng cha chudi luy thira véi [x|<1. Tacé
20 .3

: n-1
X x° X 1 X
fy=1-—+2 -2 4yt i
(x) I (-
Do d6

2 .3 .4 _ n
xf)=x-—+2 2t i

2 3 4 n

= In(1 +x)
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6 *
.'c.o.c’_?t'

Vay

f(x)= LI'_I_(I*I-_K)_

13. Tacd

x=3+(x—3)=3(1+x—;§J

-1
1 -1 x-3 .
—=371+22210
X ( 3 }

Ap dung cong thic khai trién ham s6 (1+X)® thanh chudi uy
thira & 14n can X = 0, ta duoc & lan cinx=73

11 x-3 x_—32_(x—3)3 _n(x—S]" }
Ir(x)_x‘3[l 3 f('3] 3 ) P eV ) e

14. 1) f(x) =chx = %(ex +e *) =

-2 n 2 n
=i[l+1+x_+...+.x_+...J+£[l_3+x__...+(-_1)nx_+...J=
2V 12 n! 20 112 n!
x2- X4 x2n
=1l+—+—+ = oo

v + o,
2t 4 2n)!

. 2 n
2) f(x) = x2e* =x2(l+i+-§—+---+x—+---)=

1 2t n!
3 4 n+2
=x_2+x_+~x_.+...+ +, R =00,
I 2 n!
3) f(x) = sin?x = LTO0S2X _
2
2 4 2n
=_1_[1_(l_szx_u@_...ﬂ_l)n@_+...]]=
2 2! 4! 2n! /
2 3.4 n-1_2n
SELSNES SRS il SN
21 41 (2n)!
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.q
L

Lo
6:‘_33\

1 _ 1. _ L1
~3x+2 (X-D{x-2) x-2 =x-1

4) f(x) =

[3%]

X

——=1+x+x% 4.+ x4 Vi x| <1

et ()

1 1 1134 1 n
f(x)—5+[l—?]x+(l—2—3}x +...+‘[l—2n+l]x LPTORN

x2 —5x+6=6(1—£)(1—5).
2 3

Do dé
£(x) = In(x2 - 5x +6) = ln6+ln[l—%)-+ ln(l—%)-

;

. 5 " .
2 2\2 n\2

. 2 n

X x 1fx 1{x
l_n l-»— =—— | — —_—a —— — ey .
( ) 3 2(3) n(3) * |K|<3

Nhung
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i a8

Vay
1 \n
f(x)=In6 - Z [2—n+3—n) , |x[<2.
4 .8 4n
6) f'(x) = cosx —l*x—+x——---+(—1)n X 4t R=w
2t 4! (2n)!
Do dé |
5 .9 4n+l
f(x)=x_x_+x__...+(—])“~—x—-——+---s R = oo,
215 419 (2o} (4n+1)
7) Ta c6 véi 1x] <1 |
2 3 n
X X -1 X
In(l+x)=Xx———+——" +(=D"T =
(1+x) T (-1} -
2 3 n
In(l-x)=—x—— -2
3 n
3 3 2o+l
lnl+x=ln(1+x)-—ln(1—x)=2[x+x—+x—+-—-+x +}
—X 3 5 2n+1

Do d6 véi |x|<1, x =0 tacé

2 4 2n
f(x)=-1—1n1+x =2[l+-x—+x—.+---+ X +]
1-x 3 5 2n+l
C3 hai v€ déu lién tuc tai x = 0, déu c6 gid uri bang 2 tai x = 0. Do
d6 khai trién trén cling dung tai x = 0.

8) Tacod

e* cosx = Re(e!1V%),

LA
Patz:=(1+i)x= V2e 4x. Ta duge

_ (f)e"*x_ (f) AN (\F)“
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Do do6

e” cosx = z 2) cosﬂx“, Vx € R.
| 4 -

Ta ciing dugce

. oo |
e*sinx = Im(e!'*V*) = z (—J—E)—sinﬂx“ ¥x e R,
n! 4

15. Ham s6 f(x) khd vi v0 han l4n tai moi x # 0. Nay ta xét tai x = 0.
1

Khix = 0, - Lz—)*-o.o, f(x)=e x? — 0=1(0), vay f(x) lién tuc
X
~tanx =0. E
Pé xét xem f(x) ¢6 khd vi tai x = 0 hay khong, ta tim
: .

) -f(Q) . 1 77

llmw=h e B —llm— (& day ta da dat l-l)
h—0 h h—0h t—300 e‘ h
RS rang gidi han cling tén tai va bang 0, vay f(x) kha vi tai x = 0
vaf'(0)y=0

Ta lai xét xem f '(x) c6 kha vi tai x = 0 hay khong. Ta cé
1

_ f'(x)z%e x nfux 0
X

1
limf_(h_)_.___{@= limie h lmz%=0.
h—0 h h—0 b 1300 1

Vay f(x) ciing kha vi tai x =0 va {'(0) = 0.
‘Bay gig ta chl’rﬁg minh bang quy nap ring Vne N

l
£ (x) = P, (%Je X néux#0
0 néux=0
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+E
A7
Az

1 L
trong d6 P, (—) la m6t da thitc nao dé (khong nhat thiét bac n)
X

clia —- Gia sir diéu d6 ding véin, Tacod Vx 20
x :

' "1 1
-— 0N 2N~
e 5 a3 )
X X X/\x X
. 1 1, {1 1 My
trong d6 Py, | — [=——=PY{ = +2. —Py| — | cing 1a mot da
. X X X X X

- L] 1 . I’
thifc clia —- Ta lai ¢é
X

0.

I = lim—P, |~ le P = tim -2

TP -1 ©) 1 (1} -5 (Pt
h—0 h h-0h toeo I

. c
vay f*D0)=0, d6 la diéu cn ching minh. Tém lai ham s&

~ f(x) ¢6 dao ham moi cdp tai x = 0 va £™0)=0 V¥n € N. Do dé
néu ham s6 f(x) c6 thé khai trién duge thanh chudi Taylor & lan
can x =0 thitacd

fx)=Y 0.x" =0,
n=0
1

didundyvolf,vie X >0 Vx#0.
2

. _ n
16. un(x)=anx", trong d6 a, =(l+( D J . Tacd

n

n n
“|an| =(1+ﬂJ .

n

. \2p
Néu n = 2p, ZP/iazp| =(l +21_p] — e khip — o,
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. 2p+l I
- [ |
Ncun=-2p+1,2P+1/|a2p+||=[l—2p+lJ -= khip — .

Vay chua thé két luan duge gi.

Bay gid ta xét riéng hai chudi luy thira Zaszzl’, va zazp_lxzp_l .
p=1 p=1
bBat -
. 2 4 2
Op =aX” +24x" +...+apyx“P

o', =ax +agxo +..+ a_zp_lxz"'l.

Ding cong thic khai trién hire han ciia him s6 In(l + x), khi x = 0,

ta duge
1 af 1 1 1}
ap? In| 14— 47l ———=+o|—=
P [ 2PJ [29 8p° (pz
azp =< =¢ *
Do do
2p—l+o(l} -1

a,=e 2 ~e 2%,

Suy ra

1

aszzp ~e 2(ex)?P.

Vay chudi luy thira Easzzl’ hoi w khi |ex |<1, nfe 1 |x|4~1~,
. <
p=1 -
phan ki néu | x| >1
€

Tuong ty, ta duge
-3 1) -1 _(xVPN
azp-1 ~e Ze P » Agp X P ~(—;J khi p — o,
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A

Vay chudi luy thira Zazp_lxzp'] hoi tu tuyet d6i néu |xj<e,
p=! .

" l - 3 + N
phan ki néu lx | =e. Nhir vy : Néu |x|4—* cdc tong riéng o, va
- e
', dén tdi nhitng gidi ban 6, o' hitu han khi p — ce. Néu goi S,
la t8ng riéng thit n ciia chubi lu§ thira di cho thi Syp=0p 407,
dan 161 6 + 6" khi p = o1 Sy, =0, +0Gp,y cling dintéi 0 + &
khi p - w. Do d6 chudi luy thira Y a,x" da cho hoi tu.

n=]

Néu 1x|2%, aszZP khong ddn t6i O khi p — o, vay a, khong
dén t6i 0 khi n = o, chudi da cho phan ki.

. . . l
Vay bédn kinh hoi tu ctia chudi lu§ thiradichola R =

£ .

17. 1) Néu |x|<R’, ‘chudi 3 byx" hoi tu tuyét d6i. Nhung vi

n=1

lag|<|bg| ¥n = n,, nen la, fIx"}<[b,11x"], do d6 chudi

Z a,x" ciing hoi tu tuyét d6i. Suy raR' < R.

n=1
2) Vi |ay|~Iby| khi n — o=, nén tén tai s6 nguyén duong n, sao

cho véit n2n, tacod
I
E|an|s1bn|£2lan|.

Do 1), tir bat ding thifc ddu ta c6 R' < R, tir bt ding thic sau ta ¢6
R<R.VivayR =R.
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3)a) uy(x)=ayx", trong dé a, = Ta cé

sh’n
n
2 :
an~2§' =— khin — co,
€ _n e
2
bat b, =—, tacé
cn
. |bn+i| 1
lim ———=—,
n—oa ‘bn‘ c

VayR =e.

1
b} u,(x)=a,x", trong dé an=arccos(l-—2]. Khi n - <
n

: 'arcoos(l«-v—l—}—>0, do d6
n2

1 . 1
arccos[l——z}*-sm{arccos(l——2)};—
n n
: I
1 2\2
= Jl—coszarccos(l——EJz 1_(1__1_] =
nc 1'12'

1
V2 1z V2 1 i N
=—|l-— [T =—[l-——5+o| 5 ||~ —
n n n n
Bang quy tic D'Alembert, dé dang thdy ring bén kinh hoi tu cia

5 « V2 \ : , 5
chuéi luy thira Z—{-x" bang 1, vy ban kinh hdi tu cia chudi
n
n=1

lu§ thira di cho bing 1.

¢) uy(x)y=a,x", trong d6

an =¥nt1-¥a ~IU~I—1J =_eF'"“.($-'“("‘ﬂ - J
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o, 0

1 . —l»lnn 1 1Y .
Khin = e, —lnn—0, nén e —1. Vi —ln(1+—-)—>0 khi
n . _ n n
n — =, nén

1 1 . '
-In[H—)
e[] n _l~lln(l+l)a-i2.
n n n

n

=|><
[*]

Vay ap ~ LZ khi n = oo, ma bdn kinh hoi tu cla chudi Z
n ‘ ’ =1
1.

bang 1. vay bdn kinh héi tu cha chudi luy thira da cho bang
d) uy(x)=a,x", trong d6

1

E-‘n=C‘:'s(ﬁ\fn2-i-n+l)=cos 'ﬂ:l’l(l+l+i]5 .

n n2
Nhung

1 2 2

{1 1Yy 11 1Y 1/1 1 (1 1Y
l+—+— | =l+=| -4+~ |-=|—+—=] +o||—+—
n n2 2\n n2 _ 8 n2 n 1'l2

Do dé

a, =cos nn+£+3—n+o(lJ ~ (—1)““3—1T
_ 2 8&n n Sn

3n

khi n — co. Ban kinh hoi tu cba chudi luy thim 3 (~1)™*! -
n

n=l1

bing 1, vay bdn kinh hoi tu cGa chudi luy thira dd cho bang 1.
18. 1) Ta c6 cong thic
2 <"

x X X
et =1+t — b —
n 2! n!
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) 1 1(1 4 s 111 4 9 3
=1+=(0,D+—=|[=2]. == - -= oD’ +...
14350 sz(s)[ 5](0’” +3!(s)[ SJ( 5](01) ¥

15 TOAN HOC CCTZA

Néu ta tinh gin diing bdi cong thiic

thi sai sO tuyét d6i pham phai 1a

£
_ & n+l
IR“(X)l_(ml)![xl

L]

trong d6 £ = 0x, 0 < 8 < 1. Thay x-=%,ta co

{l)_ & 1 .3 1
"2/ (m+D!gntl (4Dt e+l

1
R —
“[2]

N3 1
Ry| = [<—ez—u;
4(2]{ 5125 1280

Rs{ L j<—=—L _<jot.
2) 6128 15360
Viay taldy n= 5, do dé
Jeml4b Lt L1
12 2122 3123 4124 5108

= 1,00000 + 0,50000 + 0,12500 + 0,02083 + 0,00260 + 0,00026
= 1,6487.

Ta cdn xdc dinh n dé <107% Tacé

1
2) Ap dung cong thirc khai trién (1+x) véix=0,1, ta duac

1
JL1i=a+0,1)5 =

=1+0,02 —0,0008 + 0,00004 —...
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Vi ta ¢6 mot chudi s6 dan dfu thod mén cdc diéu kién coa dinh I
Leibnitz, ma s6 hang thi trr da nhé hon 0,0001, nén

.1 =1+0,02-0,0008=1,0192.
3) Ap dung céng thic khai tri€n In(1 + x) véi x = 0,04, ta dugc
In(1,04) = In(1 +0,04)=0,04 - %(0,04)2 + %(0,04)3 -

= 0,04 — 0,0008 + 0,00002 — --

Vi ta dugc mot chudi s6 dan ddu thod min cic diéu kién cia dinh '
1f Leibniz ma s6 hang 0,00002 d3 nhd hon 0,0001 nén ta chi cén
tinh téng cia 2 s6& hang diu. Ta dugce

In(1,04) = 0,04 — 0,0008 = 0,0392
19. 1) Tir cong thite khai trién him s6 e”, ta cé

5 2 4 6 2n
e =1- L et R
2t 3 n'
Do d6
1
2
Ie_x dx:1_14.“_!____L+,__+(_1)“—+"_
0 _ 3 215 317 ni{2Zn+1)

VE& phai 1a mét chudi s6 dan diu thod midn cdc diéu kién cua dinh
li Leibniz, nén néu ta tinh gin ding nd bing téng ctia n 58 hang
ddu tién thi sai s§ tuyét d6i pham phat |Rn1 duge xdc dinh boi
|
Rols ——1 .

(n+1)!(2n+3)
Cén x4c dinh n dé

I

— <107 Dodén>4. Vay
(n+D12n+3)

I
2
Je_x clle—-l—+~1——-i-!-L
5 3 10 42 216
= 1-0,3333 + 0,1 — 0,0238 + 0,0046
= 0,747.
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2) Tacéd

x3 xS x2n+I

shx=x+—+—+--4 +
3t 5! Zn+1)

Do do
6 10 4n+2”
sh(x y=x2+ el X +
3t 5! 2n+1)!
Vay '
1
jsh(x )d::c-l ! —+ 1 ot ! + o (*)
5 3 37 51! Cn+D!(4n+3)
1 .
batuy,=—— . Tacé
(Zn+D4n +3)
u!’l+l _ 4l'l+3. 1 <
Uy 4n+7 2n+2)2n+3)
< L < L =
2n+2)2n+3) 2+2)2+3)
=~l— Ynzl.
20
Do dé

n-1

0, u,_ u 1

un=_“n—-—n'l—---_2'UIS(_*_ ul_
Up-1 Up2 1 20

Neéu goi R, 12 phén du thif n ciia chudi s6 (*), 1a c6

oo @ k-1
Rn = 2 Uy S'UI.Z (E%J i
k=n k=n

T 19.20)2

Nhung 1——l~_1 nén R, <— Lt
317 42’ "~ 798.(20)"2
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A
Ao

Néu ldy n = 3, tacé

<7.1073.

Ry <
15960
Vay

1

J'sh(xz)dx=l+—l—+-~1~——+;
342 1320 75600

0
=(,33333+0,02381 +0,00076 + 0,00001
= 0,3579
20. Tacd
2 4 n
cosx=1~——F——u+(-1)" 4oy R = o0,
2! 4l (Zn)!
Do dé

cosl18® = cos1 =
10

2 4 2n
1{=n I{mn n | n
- 1__[_] +_(_) _'"+ (-_l) _[_) +
21010 41 10 (2n)I\ 10

V& phadi 12 mot chudi s6 dan ddu thod man cédc didu Kién cia dinh

61{10
hang diu cia chuédi s6 trén. Ta cé

2 3
[1] ~0,09870 ; (i) =0,03101
10 )

6
1i Leibniz. Vi l[i] <0,0001, nén chi cén tinh téng cha 3 s§

0,09870 + 0,03101
2 24
21. D4 thi cha f(x) duge cho & hinh 24. Him s6 £y thoa min céc diéu
kién ciia dinh Ii Dirichlet, nén c6 thé khai trién dugc thanh chudi

Fourier. Viham s6 f(x) lé néna, =0,n=0,1,2, ...

Viay cos18°% =1 - =0,9519.
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4 ¥

n L}
-am —31:\5—21‘: —RY H\EZ‘E 31“ i
N - . . .

Hinh 24

Ta tinh b,. Bing phuwrong phép tich phan timg phﬁn. ta durge

T R n
b, = Z_[(':t —~ X)sin nxdx = 2Jsin nxdx — ZI xsinnxdx =
Tt 0 T

- cosnx |r —El—x oS nNx Icosnxdxil _
n 0 n 0
— n 1
=£[1_(_1)n] +3[ﬂ( l) "Slﬂ;lx Tl:]:_g‘ 0= l..2' 3, .
n n n nc 0] n

Vay

f(x)= 2[

sinx sm2x sin nx
+ .4 + ere
l' 2 n

vdi X # 2nn. Tai x = 2nm, tdng cla chudi Fourier Ay bing

%[f(Znn +0)+f2nr-0)]=0.

22. D6 thi cba f(x) dugc cho & hinh 25. Ham s6 f(x) chin, nén b, =0,
n=1,2,3, .. Tinh a,, ta dugc '

T

“=0
0
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X
.%31

-

230

Hinh 25
i T Y
a, = ‘2"_[ 1 _2_x cosnxdx = -Z—stmdx - ijxcosnxdx =
T n) L5 72 0

. T
4 SIANX | Ism nx
= X

2 n lo
n 0

4 ( cosnx)

n°n n 0 g

% 4
282 néunlé
n“n
0

dx {=

n

7~ CD11=

Vay

néu n chin.
8 | cosx cos3x cos(2n+ Dx
=== 2 Tt 2)
T 1 3 2n+1)

vx e R, vi f(;() lién tyc tai moi x € R. Cho x = 0, ta dugc

Do 46

)

“on+1? 8



23. D& thi cha f(x) dugc cho & hinh 26. Ham s6 f(x) chén nén b, = 0,
n=1,2,3,.. Tinha,, ta dugc

n 2 3
a =—2-j 1-X d)(—2 x-»-x—
° S 1> n 3n2

n 2
2 X
a,=—||1—— |cosnxdx

0 n

= 4

3

Ding phuong phép tich phan timg phan hai lin dé tinh tich phan
ay, ta duge

2 T o) n
a, =—Icosnxdx ——?Ix cosnxdx =

"
0 0
2 sin nx
=-— JZ dx =—stmnxdx—
n T DU

F1 9
T Cosnx
0 +J dx |=

nn n

-5t —-4x =31 -2 -m O = 2n 3x 4t Sn
Hink 26 '

Vi f(x) thod man cic diéu kién cia dinh 1i Dirichlet va lién tuc tai
moixe R, néntacé Vx e R
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LY
s

f(x)zl_x_zg_iz'(_l)n COS NX *)

Thé x = 0 vao hai v€ clia déng thitc (¥), ta duge

2 4 -D" (- n?
1=‘*"—'-‘— oo ] = ——
3 “2 2 2 nz=i nz 12

n=t 0

Ap dung cong thiic Parseval vao ham s6 f(x)=1 ~X dugc

24. D4 thi cia f(x) duge cho & hinh 27. Ham s& f(x) 1é nén a, = 0,
n=290,1,2, .. Tinh b, ta dugc

2% . x 271 1 1
b, =—Isin—sinnxdx =—I—[cos[——n]x—cos(—+n]x] dx
Ty 2 Tt02 2. 2

sin[e——n)xln sin[%+p]x|
moo Lo Lin 10
| 2 2
—sin E—nn sin E+nr:
1 2 3 2
ool L
| 2 2
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_1lcosnn  cosnm —l(+1)“[ 2.2 ]
ml 1 1 T 1-2n [+2n
E—n E+I1
_8 ntl 101
_;(nl) I
n° -1

Hinh 27

Ham s6 {(x) lién tuc va c¢6 dao ham lién tuc taji moi x = (2n +1)m,
né thod man céc diéu kién cba dinh Ii Dirichlet nén khai trién
duge thanh chubi Fourier. Ta cé Vx # 2n+ 1)1t
X 1 n .
f(x)=sin—= —)™ ——sinnx.
()=sinz=23 (- |

n=l 4112 -

Tai x = (2n + 1)x, tdng cha chuébi Fourier 4y bing 0.

25. D6 thi cha f(x) duge cho & hinh 28. Ham s& f(x) chén, nén b, =0,
n=1,2,..Tinh a, ta dugc | '

T . .
a, =£Icosaxdx =3[s_max] % _,sinma
T
0

0 mna

n a

2 £
a, = —Icosax cosnxdx
RO
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‘Q'g

dx

ET cos(a + n)x +cos{a—n)x
T 0 2

_ l[sin(a +n)n . sin{a — n)n}
P

a+n a—-n
Nhung
~ sin(a+n)n =sin{a—n)n =(-1)" sinan, VneN
Do dé
a, =(<1)° sinan( 1 + 1 ) =(_1)n~2a25‘i_n—“2. n=1,2, ..
n \a+n a-n n(aZ - n?)

Ham s6 f(x) thod man cic diéu kién cha dinh 1i Dirichlet, lién tuc
trén R, néntacé ¥vx € R

na
vv
-2 -7 O T 2}{ X
- Hinh 28

sin®a 2asm1taz( 1" cosnx

ra a? —n?

f(x)=

n=1
Thé x = n vio hai v€ cha ding thic &y, ta dugc

sin7a N 2asinrwa i (-1)" cosnn

32—n2

cosma=

ma T
n=]

Nhung (~1)"cosnn =1, nén néu chia hai v&€ cho sinax (¢ 0 vi
0 <a<l),1aduge

cotgna . L
M = — + —— —
‘ma m A2 g2



[V

K

g

26. D6 thi ciia f(x) dugc cho & hinh 29. Vi f(x) thoi man cac diéu
kién cha dinh i Dirichlet, nén tai moi x # (2n +1){, & d6 f(x) lién

, a, o nmx . DEX .
tuc, ta cé f(x)= 7" + Z[an cosﬂl—— +b, smT) . trong dé

n=1
/ !
1 e —-e
a, =—jexdx=

{ i
-1

1
a, =7jcx cos#dx, n=1,2,..
I

I
¢ x . nmx
bn—jjle sm——l——dx, n=1,2,..

p

-3 -1 O 4 3 s

Hinh 29
bat
nmx . nnx
I, = Jex cos—dx, I :=Ic" sin——dx.
{ l
—i . -
Ta cé
xf_mtx! I 5 . nax !
I,=¢"—sin—1| - |—¢ sin—dx=-—1I, =
nn I Imt ot |
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2
o5

4
n,

i !
! ! nrx ! nmx
=——— —e* —cos +— le*cos——dx | =
: ] nm !

1Y A
=[—] (elr cosnfr—e"cos(—mr))_(_J I,.
nn : nn

P nt g 42
In| 1+ |= (D" —e ) ——

nr n2n2
ﬂ
I, = (-1 (el —e~)—___
" ’ :’2 + n2n2
n
Jo=—(-D"( —ehym—2 .
" !2 + nz'ﬂ:2

Suy ra

!
a, =(-)"e' —e ) ———— n=1,2, ..
n ) 2+ o2l

by=—(-D™e! —e yn—2  n=1.2. ..

2 +n?n? o
Vaytacéd Vx=(2n+1i
nmtx
e!' _ e—l p ; i N COST
f(x)= +He' ey ) ——>~t— -
2 n=l 12 + n2‘.l't2
. nmX
I { i n nsmT
—-ne’ —e ) ) (-1)
n=1 2 +n’n?

Tai x = (2n + 1)/, tdng cﬁa.chuﬁi Fourier &y bing

10
—(e" + =chl.
> (' +e )=c
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27. D6 thi ctia ham s6 f(x) dwoc cho & hinh 30. Ta biét rang c6 vo s6
céch xay dung ham s& g(x) tudn hoan cé chu ki 16n hon hay bing =,
sao cho g(x) = f(x} Vx € [0, n]. Trong i giai ohy, trudc hét ta
thédc trién chin him s& f(x) bing cich dat

f(x):={

rdi goi g(x) 1a ham s& tudn hoan cé chu ki 2r, c6 gid tri bang f(x)
néu —n<x<n. Ham s g(x) &y thoi cdc diéu kién clia dinh Ii
Dirichiet va lién tuc trén R, do d6 c¢é thé khai trién duge thanh

chudi Fourier trén R. Vi g(x) chin, nén b, =0, n =1, 2, ... Tinh

f(x) néu0<x<n

fl—-x)nfu —n<x<0

a,, ta duoc
Y
Frrrosesee +7t/2
—x -2 0 2
Hinh 30
x -
. T
2 2 3n
a0=-Jf(x)dx=— dex+j£dx =5
b n 2 4
0 0 n
2 d
—E -
2 ﬂn
a,=— xcosnxdx+j-—cosnxdx =
T z .
o - r
L 2 A
[ L
' | 2 . . T
21 sinnX|=T T sinnx
'.I'th nofo M 2 n |2
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|
X
Y

xl2n 2 a2 o n

nx

2 0 4sin 7

=— cos—~1|=- 5
a0 nn

Dodé, taco ¥x e R

sin® an
I 4 3
a(x) =t 2 24 COSNX.

8 Rl‘l=l wn

'Nhung g(x) = f(x) n€u x € [0, n], nén chudi Fourier trén c6 téng
1a f(x) n€u x € (0, n].

y
"TD"Z
x -n2 . P
E O 2 T X
i -rmz
Hinh 31

Ta cling ¢6 thé thc trién 1é ham s6 f(x) bang cdch djt
- f(x) nfu<€x=n
f(x):= ) -
~f(-x)néer —t=x <0
(hinh 31, goi h(x) 14 ham s& tudn hoan c¢6 chu ki 2x, c6 gid tri
bang f(x)néu —x < x < 7. Ham s& h(x) &y ciing thoa min cic difu
kién cia dinh }i Dirichlet, nén ciing c6 thé khai trién dugc thanh

chudi Fourier, d6 ciing 1a chudi Fourier clia ham 56 f(x). Nhung vi
h(x) ¢ gidn doan loai 1 tai x = (2n + 1)%, nén he s6 Fourier cia

nd 14 nhitng v6 cling bé c6 cip cla 1 khi n — oo, sir hoi tu clia né
n

chim hon sy hoi tu caa chudi Fourier xay dung & trén.
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28. 1) Bit u,(x) =

sin’nx

- Tacd

Jun (x)] = sin’ "xls VxeR.
n! n!

Chubi s8 z__ héi tu (do quy tac D'Alembert), nén chudi ham sé
n=i "

Zun(x) hot tu déu trén R. Cde s6 hang u,(x) lié¢n tuc trén R, do
n=[
dé f(x) lién tuc trén R. Ta cing ¢é ¥xe R
|3$i112nx cos nxl < 3 _
(n—1)! _ “{n-1)

Iu;(x>|=

Chubi s6 z héi tu, nén chudi ham s6 ZU;,(k) hoi tu

(n— I)'
déu trén R, do dé f(x) kha vi trén R va ta cé

3sin? nx cOSnx
= Zun(x} ]121 (n-1)t

Hon nfra, vi cde s6 hang u' (x) lién tuc trén R nén fi(x) cung lien
tuc trén R.

Ban doc c6 thé chitng minh ting ham s6 f(x) ¢6 dao ham moi cap.
2)Tacé

n=|

3 emx e Inx
S NX =| ———— | = —(6isinnx —2isin3nx) =
2i 8 -

3. 1 .
=—sinnx — —sin3nx.
4 4

Do dé-

3 sinnx [ <= sin3nx
f(x)= > _L :
x) 4% n! 4nz—l n!
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V€ phii cla dang thiic trén chinh 13 chudi Fourier ciia ham s6 f(x),

trong doé b, ——-% néun#=3k,keN
.n!

3 1.
by, = ——— viinz1.
4.(3n}! 4.n!

D€ tim bi€u thifc cia chudi ham s 2 sinnx

n=1

, ta nhén xét rhng

_ sin X = Im(eix).
Do dé

ismnx Esmnx [Z(e”‘)“}

n=1 n=0 :

Datz = e, ta duge

=0 n! =0 n!
Vay
i Sinllflx _ Im(ecix )= Im(ecosx+isinx) _ Im(ecosx.eisinx)
n=1 n:
= Im[em“(cos(sin X)+ isin(sinx))]
= "X sin(sin x).
Tuong tu
i_sin@nx) =e“** sin(sin 3x)
el n!
Suy ra
f(x)=— COSX sin(sinx) — 4 83X sin(sin 3x).

240

2

b
A%



MOT SO BAI TAP HON HQP
Bai 1
1) Cho day {u,}, n > 1 dinh nghia bdi he thitc truy héi

- 3
Upyg =g —2up

v6i u cho trudc va thod 0 < u; < L
V2
) Ly s 1
Chitng minh rang 0 < u, < —=, Vn2 1.

V2

Chimg minh ring ddy {u,}, n 2 1 héi tu vi tim gidi han cia day dé.
2) Xét day {v,}, n 2 1 dinh nghia bai
1

1 .
vp = -——vinz1l.
Upyp Uy

a) Chimg minh ring day c6 s6 hang téng qudt V., :
VI'I=V1 +V2+ ...+Vn

dan tdi +oo,

b) Chilng minh ring v, < P u, vasuy ra ding di¢u cta diy

¢6 s6 hang téng quat

Sa=up+up+ .t

3) Chiing minh ring day {w_}, n > 1 dinh nghia bdi :

1
W, = 21 —— hoi ty dén 4.
Uns1  Up

4) a) Ching minh ring néu mot day {a,} ; n > 1 hoi tu dén / thi
day {b,}, n 2 | dinh nghia béi

8 TOAN HOC CCT2A 241



¥
_30?,“

bn =l(al +as +...+an)
n

cing hoi tu dén/;,
b) Suy ra

lim 2Vnu, =1 (nghia 1 u, ~L).

n—yon 2\/5

Bai 2
Cho x> g(x) 1a mot ham s6 I, xdc dinh va 4 14n kha vi trén
khoang [-a, a] vdi a > 0, c6 dinh.

1) Xét tinh chén, 1é cia g', g", g{?’}, gm} va tinh cdc gid tri g(0) ;

g0 : g¥(0) 2
2) Chitng minh réng t6n tai mot sd ¢, 0 < ¢ < a sao cho
4
Y ' a4
=2[g'@)+ 220 - g* (o).
g@) = [g@+2'O)]- ¢

Goi ¥ : ¢6 thé xét ham phu :

4
Xr .. \ X
000 = (0 - {2’00 +28(0)]+—-A

vOi A 1a mot hing s6 dugc chen sao cho ¢(a) = 0, 16i tinh @,

L1} 3
® ,(p( )

Bai 3

1) Viét khai trién hifu han dén bac 3, khi x = 0 cia biéu thic
x
e {gx.

2) Xét ham s6 f(x) x4c dinh trén I : =(—§, +%) véi f(x) = e*tgx.
Ching minh ring trén I, fkhavi vO han lAin va f'(x) >0, Vx € L.
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Suy ra f ¢6 ham nguge g : t > x = g(t) kha vi vo han l4n trén R va
¢6 khai trién hitu han & moi bac khi t — 0. Viét khai trién hitu

- han clia g dén bac 3 (ding hé thie f(g(t)) = 1).

3) Cho n € N, chitng minh ring trong khoing {nn—g, mt+-g—)
phuong trinh exlgx = I chi ¢6 m6t nghiém va ki hiéu nghiém dé 13

nn+a,. Biéu dién o, theo ham 56 g da dinh nghia & trén.
Chiing minh ring o, ~e ™™ khi n — 4o,

Pat B, : =e*"(a, —e™™); ching minh ring B, 6 gidi han hire
han / va tim / ; viét mot biéu thite wrong duong véi B, 1.

4) Téng qudt hon, cho f(x) 1A mot ham s6 kha vi v6 han 14n trén
moét khodng J : = [a, b), a < 0 < bsao cho f(0) = 0; f'(0)#0.
Ching minh ring trén mot khodng K:=(a, B), a <0< nao dg,
f c6 mot ham nguoe g va g cling 6 khai trién hitu han & moi bac

tai 1an ¢an 0. Hay néu céch xdc dinh Khai tri€n hiru han dén bac n
cila g(t) khi bi&t khai trién hitu han cia f(x) cling & bac n.

Bai 4

Xét ham 56 f(x) : = In(1 — 2acosx + az)
trong do a 1a mot s6 thue cho trude sao cho |a | #1,

1) a) Xét sy bign thién cita ham s6 1.

b) Tim mot can trén va can dudi cha tich phan :
n
g(a): = If(x)dx
0

suy ra:

limg(a)=0.
a—0
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2) a) Chiing minh cédc hé thifc
2n
gla) =g(—a); J f(x)dx =2g(a); g(a)= %g(a:2 )
0
b) Chitng minh ring néu |a|<1 thi g(a) = 0.
c) Tinh g(a) khi ]a|> 1.
3)Giasta>0.

. ix |2
a) Chitng minh ring véi moi xeR: |la— e[ = ef).
. n=l
by Dat P, : = H[l—zacosgﬁ'fmz}
n
k=0
. a 2
Chimg minh ring P, =la" -1l
¢} Tim lim {lln P, )
n—eo i M
d) Suy ra, voi a=#1, gid tri cha tich phan
2n
j In{1—2acosx + a’ X,
G

Bai 5

1) Cho hai chudi s§ ducmgzun, zvn. Gia sit t6n tai mot s6
n=l1 n=l
nguyén duong n, sao cho ta cé

u v
_n_+]£n_+'1 VnZno'

u v

n n

Chimg minh ring néu chudi s6 2 v,, hoi tu thi chuéi s& Eun hoi
n=1 n=l
ty, cdn néu chudi s6 > u, phan ki thi chudiss Y v, phanki.
n=l n=1
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‘o

2) Cho chudi s6 duong Z u,. Gia sirrang khi n—

n=l
u, n n,)

trong dé a€R. Béng cdch so sinh v6i chubi s6 Zvn, trong dé

n=]

-

1 L % : ’
n=—r @ >0, hidy chitng minh rdng chubi 5_16 Eun héi tu néu

n n=l

a> I, phan ki n€u a < 1 (quy tic Duhamel).

3) Cho chuébi s duong Zun. Gid sirring khi n — oo
n=1

Up n g2 G

trong d6 aeR,beR. Bing cich so sinh vdi chudi s@ Zvn.

n=l

» c€R, hdy chiing minh ring chudi s& Zu“

n=}

trong d6 v, = _l|_
n—+c

hoi tu n€u a > 1, phan ki n€u a<1. (Quy tic Gauss).
4) Khio sat sy hoi tu cia céc chudi s6 ¢6 s6 hang 16ng qudt u,, sau :

o ofL4:7-Ga-2) ’
n 3.6.9...(3n)

pnafoe-D .. (ac—n+l) o

b) u, =(-1) eR\N
n!
2
1.3.5...2n~1)
c} up= .
2.4.6..2n
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Bai 6 )
1) Chitng minh ring véi |t|<l, xeR tacéd

tsinx — t7 . : '
arctg—————= Y —sinnx (*)
gl—tcosx ngi n

Tinh

tsinx
arctg————sinnxdx

L. =
n 1-tcosx

= )

v6i n nguyen duong, [t|<1.

2) He thatc (*) c6 con dhing khi |t|= 1 khéng ? Goi f(x) 1a ham s&
tudn hoan chu ki 2n xdc dinh boi

f(x) = Z smnx_
) ' n=1 n

Tim bi€u thic cda f(x) khi 0 < x < 2. Chiéng minh ring chudi
ham s6 trén khong hoi ty déu tren R, ciing khong hoi tu tuyet dsi
trir tai x =kn, ke€Z, nhung hoi tu déu trén doan [8, 2n—58] vdi
0 <3 <m Bang tinh todn truc ti€p hdy khai tri€n ham s6 f(x)
thanh chudi Fourier.

3) Gia st

no.
Sa(x)= Z su:(kx vai x (0, m).
k=1

Tim nghiém duong nhé nhét x,, cia phuong trinh
S (x)=0.

Chimg 6 ring x,, 12 diém cyc dai clia S, (x).
4) Tinh téng cla cdc chudi Fourier

ad COsSNX
a) H(x)=) —-
: n=1

n
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‘90

sinnx
3

b) f3(x)=

n=|

o) fax) = Z cos4nx_
n=1

LOI GIAI
"Bail
1) V&in = 1, hé thic truy héi cho :

uy =g —Zuj” =ul(l—2u%).

1 2
Vil<uy;<—,suyra 0<1~2uf <1, dodé :
1<zt !

O<uy <uy <—=-
2 i \E
Bing lap luan quy nap va gia sir Oéun<—-1—, nzltacd

J2
o< <%; 0<1-2u2 <1 va
0<u,yy =un(l—2u,21)<un <L-

V2
Vay ddy {u,} giam, bi chin dudi béi s6 0 va bi chin trén boi L

5

do d6 {u,} hoi ty va

n—doo \/5

Mat khdc, ham s6 f(x)=x~2x> lién tuc, va hé thic truy héi cho
khi n—>eo;

lim u, =/, v6i 16{0-, L)

l=l—213suyraf=0.
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1 1 1 1 1 1
2)a) V, =-1———+l~—+---+———+—-»——
: U U uz up Up Up-1 Mpy Uy
vl L
Upyp Wy
Khi n— oo, uy,; = 0%, — +4oo Vi
: Upyy

Vo=vi+vy+..+v, = +oo.

11 _1-a-2u}) 2u

b) v, =—-—— n_.
“up-200 w o ou (1-202) 1-2u2
n n n n n

viu, 20

Nhu da bi€t O<u, <u;, suyra:

0<ul <u?, —u? <—u§, 1—2u§ >1—2u12.
1 1
Viy: 0« < va O<v, < u,-
1—2u,21 1—211% " 1—2u12 "
Suy ra
o 1-2u?
u, >kv,, v6i k=——>0,
Vay :
Sp=uptuy+o+uy >kVy, v6i V) o oo,
Do d6
lim S, =+ece.
n—-4es
3y w. = u,z, —uﬁ_,_l _ u%—uﬁ(1—2uﬁ)2 _ 4(1—‘11%)
. n 2.2 2 2.2 2.2
UpUng up{1-2uy) (1-2uy)

Khi n— +ee; uy >0 dodd

lim w, =4.
fi—eoa
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4) a) Theo gid thi€t lim a, =/ nén c6 thé dar a, =!+a,; véi
Ni—jeo

n
oy ~> 0 khi n— oo, Khi d6 : bn=l+~1—2ak : Vi &y =0 nén dé
n
k=1

ching minh diéu khing dinh cia ménh dé chi cdn ching minh

1& -
“Z“—k - 0.
n
“ k=1
That vay, véi n2n, +1, tacé

w gy ool 3 o

k =n,+l

[Sal <= Z|ak|+— Z o |

k~n,,+l

£
Ve>0, 3n, saocho nzn, ——:»lak|<—, suy ra
YA
n

R

=[1

K| o
A
(SRF

va dn; saocho n2n =— 2|ak| <— > , vOi n, ¢ dinh.
Ic 1

Vay, véi n2n; = max(ng, n;) =>|Sn|<s dodé S, -0 va:

. 1]
an—)f::sbn:lz‘ak -1
n
k=]

b) Ap dung két qua a) vao diy W, iVl wp —4

1 1{ 1 1
Zp=—(wW+wyt..+w,)=— - |24
n M uh uj
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¥
LN

Vi u%+l—>0+ va _A khi n - +eo nén :
Unt1 U1 Hpy
2 ) 1 i
nu ~— —_—— » ha
m T e T ) Y
3 1
u, - —.
T 4n

Viy, > 0,soyra:

1PN ""T9 n— +eo,

2+/n
Bai 2
1) g(=x) = —g(x) = —g'(-x) = —g'(x), g'(-x) = g'(x)
Vay g' 1a ham s6 chin.
Ciing vay : .
| —-g"(—x) = g"(x) = g" la ham s& 1&.

(3}

Tuong ty : g+’ chdn va g(4) 1é.

Tir biéu thic g(~x) = —g(x), v6i x = 0 suy ra
g(0) = —g(0), vy g(0) = 0.
Twong ty : g"(0) = 0 va g*(0) = 0.

4
. , , X

2) Gol ¢(x): =g(x)~ Ze' () + 28O+ A

trong d6 A 12 hing s& dugc chon mét cich duy nhdt sao cho

¢(a) = 0, phuong trinh (vdi 4n A) :

at

a ' ' .
ga) —;[g (a)+2g(0)) + 7

A=0 1)

4
¢é nghiém duy nhét vi % # 0.
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[

Vi A da dugc chon, ta tinh cdc dao ham ;

v — ! _l t 1 _i n x_
o'(x)=g'(x) 3.[g(x)%-2g(0)] 3g(}ﬁ)+18A

x3

=2 -g O -2g 0+ AL

3 3 13
2

bt 2 oty — Lomeny X g3 ey 4 X
¢ '(X)=—g"(x} 3g(x) 38 (x)+6A

3

=ilg"(x)—xg(3’(x)1+52—A
3 6

1
[P(S}(x) = g[g(3)(x) _ g(3)(x) _ xg(‘”(x)] + %A

=§[A—g“”(x)l.

Dé thay rang:

3

9(0)=¢'(0)=@"(0)=0. Ap dung cobng thitc Taylor d€n bac 3,

déi vdi ham s6 ¢ trén khoang [0, a] duge :
a2
o(a) = ¢(0) +a¢'(0)+— fP"(O) +
vai ce(0, a).
Suy ra

a3

(4)
0= 3 3[A g ()

Via#0; c#0 suyra A=g(4}(c).

The biéu thite A bdi g (c) vao (1) ta duoc :

4
(a)——[g (a)+2g (0)1-— Me): D<c<a.

(3)((:)
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_.91,',0

Bai 3
1) Ta b€t riing khi x 2 0:
2
cx=l+x+x7+o(x2)

x3
tgx=x+?+o(x3). Do d6 :

3

2, 9% 3
+—+o(x
6 ")

eftgx =x+x

(Chii ¥ ring trong khai trién ciia ¢* khong cdn viét s& hang x> vi
e*tgx 12 v cling bé bac nh4t khi x — 0).

2) f'(x)=e tgx+e*(1+1g%x)>0 Vx, vi da thic u’ +u+1 luon

duong, do d6 f ting trén [—g g] (xem bang dudi day)
X I 0 r
2 2
+oo
£x) D

Viy f ¢6 mot ham nguge g xdc dinh, ting trén R va g(0) = 0.
Mit khic, f 13 tich cla hai ham s6 khd vi vo han l4n trén

I:=(—-g-, +g],do d6 ban than f ciing kha vi vo han l4n trén I

Ngodira, t = f(x) &< x = g(t) nén ta ¢6 g'(t) = x4c dinh trén

R,vif(x)>0,va:
£(x)
f2(x)

g'm=-
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f

ban than g" ciing kha vi v.v.., cif thé tiép tuc, suy ra g(t) kha vi vo
han 14n trén R, do d6 c6 thé khai trién hitu han g(t) dén mei bac
khi t =0, va ding cong thic Maclaurin ta dugc : -

2 n
5(t) = 8(0) + 12°(0) +%g"(0) +...+%g(“)(0) +o(t").

Vi g{)=0, g(0) = (l 3" =1 nén khai trién cia g(t) c¢6 dang

gt)=t+ at2 + bt3 + 0(13)

Dé xic dinh cdc he 56 a, b ta c6 thé ding cong thitc clia khai trién
Maclaurin, tuy nhién, dé don gian hon, ta tin dung tinh duy nhét
ctia khai trién va viét

5
fg) =g +£’ O+ =g’ O +o(r’)
=t+at® +bt? +(t? +23t3)+%t3 +o(t>)
=t+(a+ Dt +(b +2a+%)t3 ot )=t

Suy ra (béng cdch cho triét tiéu cdc hé s6 cla 2 va t3)

a=-1,b =Z
6
va cudi cling duoc :
gty =t —t> +%t3 +o(t?) (1)
3) a, dugc dinh nghia tir biéu thifc :
enMa“tgan =1, e"riga, =e™ ", vay '

—nm -nn

a,=gle”"™), vi ayel. Khi n—> 4o, e ™ 50 va o, ~e

theo (1). Khidé : B, =ezm(an —é_"n)ziz[g(t)—t],
t

M50

g(t)—t~~t? (theo (1)) v B, - —1=1.

néu t=e
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2
%

Cuéi cling

| 2. 17 7

=B, +1==[g) -t +t°]~—.—~t" ==t.
Viy :
7 _
—{~=e,

Ba ”
4) Néu f kha vi vo han lan trén J : = (a, b) va f'(0)20, { lién tuc
tren T va t6n tai mot lan cin cha 0, ching han

K: =(at, B), a<a<0<fB<b, sao cho f' khong déi dfu vi cling ddu
v6i £'(0) trén K, do dé f don diéu trén K va ¢é mét ham nguge g.
Ciing 14ap luan nhu cau 2), ¢6 g'(t)= L, g'(ty=— ')

f'(x) £2(x)
suy ra g kha vi v& han l4n trén (f(a), f(B)) vavi f(O) 0=0=g0)
va g c6 khai trién hitu han & moi bac :

, V.V

g = by (1) 4+ byt? +...+ b t™ +oft™).

Ta s& ding céc hé 56 a; clia khai tri€n ciia f r6i diing phuong phép
déng nhét hé s6 dé xdc dinh cdc hé s6 by, ta c6 :

f(g(t)) =a;(byt +byt® +..4 b t") +a5(bFt? +2b;byt> +..)

+ag(bit? +3b%byt + ) +...+a bl +o(t") =

Tir d6 rit ra :

ajby =1, ajby +a,b7 =0, atbz +2a,biby +a3bi =0 vv._,
suy ra ldn luot :

by = by =—22, V..
a aj
Bai 4

1) a) f xdc dinh khi 1 — 2acosx + a2 > Q.
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Vi1 - 2acosx + a° = (a- cosx)2 + sin°x 20 va bidu thifc nay chi
triét tiéu khi cosx = a va sinx = 0, vd vi a# £l nén diéu d6 1a
khong thé, do vdy mién xdc dinh cha f1a R.

Vi f chin, chu ki 27 nén chi cdn khao sét trén [0, ), ta cé :

£i(x)= 2asinx .

1-2acosx+a

Ddu ciia f'(x) 1a ddu cha akhi a#0 va x e (D, n).
{0 =f(m)=0,

Vaia=0, f(x) =0 ¥x.

Véi a=0 c6 2 bang bién thién tuy theo ddu cha a :

a>0
X 0 kid n
2
f(x) 0 + + 0

f | 2nlt-al > 10402y 2in|14al

a<Q

X 0 11

d
2

f'(x) 0 - - 0

fx) | 2]t -al T I +a2) T 2ln|1 + a|

Mudn c¢6 d6 thi ddy dii cia f chi cdn 1dy d6i xing ciia dé thi vng
vai [0, n] qua truc y va tinh ti€n theo truc hoanh 2kx.

b) Theo bang bién thién trén, f(x) gém giwa 2In|1 - a| va

L

2ol +al, vay g(a):_[f(x)dx gdm gita 2xinfl-al va
0

2n1n(1 + al va mbi can nay din t6i O khi a— 0. Vay

limt g(a)=0.
a—0
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2) a) Co
L
g(-a)= Iln(l +2acosx+a’ Jdx
]

Thyc hién phép ddi bién x = n ~t, duge

0 .
g(-a)= J In(1-2acost+a)(—dt) =

n

n
= jln(l —2acost +t2)dt = g(a).

0
Ta viét
2n n 2n
J’ f(x)dx = J'f(x)dx + j f(x)dx = g(a) + @(a)
0 0 b
2n
vii opla): = I In{l -2acosx + a’ ddx.

n

Thyc hién phép déi bién x =& +a ta dugc

T
pla) = J In(l + 2acosu+ a2 ydu = g(—a) = g(a).
0
Suyra:

2n
_[ f(x)dx = 2g(a).
0

Cudi cling, so sinh g(a’) va 2g(a) ¢6 -

ki
g(az) = Iln(l —2a’ cosx + a4)dx
0
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2g(a) = g(a) + g(-a)

Inf{l1 —2acosx + a? }1+2acosx +a2 Hdx
x

In[(1+ a’ )2 - 4a2c052x]dx = Iln(l +a* - 2a2% cos 2x)dx
0

In(1 + a2 —2a% cosy)dy = g(az) vdi2x =y,

]

I
Sl D% H O =N

Vay : @ = 25a?)

b) Véi |a| <1, ta viét :

Loyl L4t 11 s
gla) 23(3) L 53 78@)
Bing quy nap don gian suy ra :
g(a)ng(azn)Vn. Vi khi n— o0, 2™ — oo, L—-)0. z’L2n -0
2[1 211
(vi |a|<1).

Vay v6i Ja| <1, ¢6

g(a)= lim —g(a?')=0
NN

) Véi |a|>1, dat a=%. khi d6 |b|<1 va

T 2 n
b% —2b
ga)= [in 2 —2bcosx+l b‘;"” *dx = g(b)~ [Inb2dx = ~21n| b]
0 0

vig(b)=0, suyra:
g(a)=21'tln| a|.
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al,
4\',*.1\*.‘

X ..
3)a)a—-e =a-— cosX — ISINX

1a e”‘L =(a—cosx)? +sin’x =el®),
n-} k“ 2 2
b) Pn=na—e o Hla akl —H(a ay) -
k=0 k=0

Vivoik=0.1,2, ... n-1.cic « la nhitng can béc n cha don vi,
n-1
nghia 12 n nghiém ciia da thic 2" -1, do vay, bang [[(z-ey)

k=0
vataco:

n—{
H(a—ak)za“ -1
k=0
Vay
P, =la® —1‘2.

¢) Goi u, =-InP, = Zinla" 1|
n n

véi [a|<1 a® -0, " <1/ 51, Wl — 15 0. 250 va u, 0.
n

Véia> 1, a" —1— 400, In(@a" —1)— 400 vd u, ¢6 dang v6 dinh ;

tuy nhién In(a" —1)=tna" +ln{1 -LnJ vi
a

1n(1—ln)—>0 In(a™ =1}~ Ina" =nlna.

a
Suyra
u, -—Enlna:Zlna
n
va lim u, =2Ilna vgia> 1.
n—yca
258
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L

d) Néu ta dung hé phan diém x, =2k-=. k=0,n—1 va chia
n

{0, 2x] thanh n khoang nhoé bing nhau, va :

2n 9 2]
[ foodx = 1im <2 f(x,)
n—oe 11
0 k=0
n—-1
=2n lim l ln(l —Zacoszﬁ+a2}
n—ee R T - n

=2n lim (—I-lnPn)=27r lim u,.

fA-3oel 11 n—soo

(ding ki hi¢u & ciu c)).

Vay, khi
2n
a<l, Jln(l—2acosx+a2)dx=0
0
27
ax>l, Iln(l—23msx+a2)dx=4nlna.
0

Hién nhién, 1a thdy lai k&t qua & cau 2).
Bai 5
1) Khéong giam tinh tdng quat, ¢6 thé xem n, = 1. Ta ¢6

Wy
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at
Faact

Nhan céc bat déng thic dy timg v& mot, ta duge

=

v u
:uns—]
A

a1 I

vy Vo2l Dodénéu 3 v, hoituthi ¥ uy
l -

n=1 n=1

= s

hoi tw ; néu )" u, phankithi ) v, phan ki.

n=| n=1

—L
Vn+l =(l+}—] .
¥n n

Ap dung cong thirc khai trién hitu han, ta duoc :

Yo+l :1—E+o(l) khi n - .o,
Va n n

2) Ta c6

Do dé

u v o—a 1 )
ntl _ Cetl o +0o|— | khi n—ee.
Uy, Vi n n

Néu a > 1, ta chon s6 « sao cho | < & < a. Khi d6 véi n di 16n ta

Cé ul'l."‘l < er,_]
Un Vn

Chudi s8 Zvn = EL& hoi tu vi & > 1. Do 46 theo két qua ca

n=1 n=1 01

cau 1} chubi ZUH hoi tu.
n=1
Néu a < 1, ta chon s6 o sao cho a < o0 < 1. Khi 36 v6i n dli I6n
Un+l o Yot -

u v

n 1

Chudi s6 ) v, = Zia phan Ki vi «t < 1. Do d6 theo két qua cia

n=1 n=1

cau 1) chudi sé Zun phan ki.

n=|
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3) Trong cau nay chi cdn xét trudng hop a = 1. Céc trudng hop
khdc di duge giai quyét bai quy téc Duhamel (& cau 2). Vay khi
n —> o<, 12 c6 theo gid thiet

hﬂ:l_l+£+0 _1.._ .
up n n2 2

n
Mat khdc, khi n >
-1
v]‘l+l=(l+ 1 J
\ n+c
1 1 1
=1- + 510 3
n+c (n+c) [(n+c)]
-1 -2
=1—~1—(1+E) +L2(I+EJ +0 1 5
n n n n (n+c)
=l—l|:l—£+o(-l—]]+Ll:l—£+o{l)]+o L 2]
n| n nj{ n2 n n (n+c)

1 ¢+l (1]
=1——+—2+0 —*-2- .
n p

1]
Dodékhi n— e

Upel Vo _ b—(c+]) ( 1 J
— = 5 + —_
uy Vn n

n2

Fa chon ¢ sao cho
b—(c+1)>0e=c<b-1.
Khi d6 véi n dd lén

Untl o Yo+l
Up Vi

Chudis6 Y v, =zn—i-— phan ki, do d6 chudi s6 Y. u, phanki.
c

n=] n=] n=1
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2

2
4)a) u [1 4.7. (3n—2)J _
3.6.9..(3n)

Do dé

o X
lim Zntl _ lim[3n+l) =1.

e Uy noeel 3043

Vay néu dung quy tic"D’Alembert, ta chua thé ket luan dugc gi.
Nhung ta cé khi n— oo

. 2 2
In+] ={1— 2 J = 1—i+o(i) =1—i+o(l}
u, 3In+3 3n n 3n n

Theo quy tic Duhamel, vi a= % >1, chubi sé 2 u, hoi tu.

n=l

X alfce—1)...(c—n +l)

n!
Truéc hét ta chi ¥ ring bat ddu tir mot =6 hang nio d6 trdy di, ddu
clia cdc s6 hang clia chudi khong d8i, vi

Upey __@-n_ o+l a+l+0(l)

b) u, =(-1

=]~
u, n+l n+l n

n

Khi n — . Theo quy tic Duhamel, chudi s6 dd cho héi tu néu
a+l>l, tﬁclﬁa>0,phankiné'uu+l <l,ticlaa<0.

C)u_135 .2n-HY
n 2.4.6..02n)

Ta co

unﬂ_(g_ﬂ_f_l_ 1Y
u, 2n+2 2(n+1)

2
=[1_L+o[in = 1—l+o[l] khi n —co.
2n n n n ‘
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Trong trudng hgp nay. quy tac Duhamel chua cho ta ket luan

dugc. Ta sé& tim khai trién hitu han dén cdp 2 cia 2L, Ta ¢6
Un
- -2
M:l...l(l.*l) +L(l+}_] +0 L
Up n\ n/ 4520 n n?
1 1 1 1
=1 ——(l ——+o(lD+—2{l —E+o(}~n+o[—2J
n n n 4n n n n

—I_..l_+_5_+o[L)
n 4p? ‘\n?

Vay chudi s6 da cho phan ki theo quy tic Gauss.

Bai 6
1) Him sé t— F(t) = .'1.rctg~~-t-‘-r‘;IL c6 dao him la
1—-tcosx
F() = 1 _ ’(1~lcosx)sinx+tsz.inxcosx
tsinx ) (1 —tcosx)”

1+ ——
1-tcosx
SN X

_t2~21005x+l'
Mau 58 12 mot tam thiic bac hai déi véi t ¢6 2 nghi¢m phiic lién
hop 1 cosx + isinx = ¢ix v cosX — isinx = e, Do d6 ta cé thé
phan tich

Fi) = sinx =L( 11 ]
(t_eix)([_e—ix) 2 l—eix t_e—ix

e-ix 1 eix 1
= - - + - - -
2i (l—te"“‘) 21 [l—le"‘J
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1
-z

Néu |z|<1 thi 1 13 t8ng cla cdp s6 nhan 2 z". Do dé véi
n=0

|t|<1, tacé |te_ix| <1, ilt’:ix [ <, vivay

e o n_—inx eix < n_inx
F(I):"‘ % Zle +EZte
n=0 n=0

1 - np i(n+1)x —t(n+i)x
=— 2 tle -8
21:1:0 [ !

= t"sin(n + x.
n=0

Béng céch 14y tich phan theo t timg s6 hang vé€ phai ta durge

o+l
F(t) =F(O)+ 3, ——sin(n + 1)x.
n+l
n=0
Vi F(0) = 0, ta duoc
o0 tn+1 =,
F{t)= m(n+1x= » —si .
(1= 3, ——sin(n +Dx = 3, —sinnx
n=0 n=1
. tsinx N . e
Ham s& xl—)arcth 12 mot ham s6 tudn hoan véi chu ki
—1008X

2m, thoad min céc didu kién cda dinh i Dirichlet. V€ phai clia
cong thitc (*) chinh 1a chuéi Fourier clia ham s6 &y. Do dé

2 " "

=l =—=I; S

T n 2n
2) V@i t = 1, chubi s6 & v& phdi cha hé thic (*) dugc viet 1i

3 E00R  chudi dy hoi ty vi cdc he 56 — duong, gidm ddn 16 0
n n

n=1

khi n ting t&i «. T8ng f(x) ctia chudi ham s& &y 14 gidi han cla
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tsinx
1-tcosx

khit—>1".

Vdit = -1, ta duwge chudi

o (—D)"sinnx < sinn(x + )
s _ 5 st o)

n
n=1
Ta lai tro vé trudmg hopt= 1.
Ta cé
¢si .
f(x)= lim arctgﬂ =arct Smx -
1™ l—-tcosx I—cosx
2sin icosi
et 22 _ ( EJ _
= arctg =arctg| cotg— |=
. 2X 2
2sin” —
2
=T _arccotg| cotgX | =X - X
2 Bl%3)72 72
véi diéu kién 0 < % <m, tic la 0<x <2x.
e \ _— o §innx )
Ham s6 f(x) 12 téng clia chudi ham s& Z » t6ng f(x) khong lién
n=l
sinnx _
tuc trén R (xem do thi clia né & hinh 32), céc s6 hang lai lién

tuc trén R, vay chudi ham s6 Ay khéng thé hoi tu déu trén R.
Chudi ham s& 4y cling khong hoi tu tuyét d6i trir tai x =kn vi

, ma chudi 2‘_21_ phan ki, con
n

n=1

|n | sin? nx _ 1-cos2nx
| n | n 2n
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11
A

.. % Cos2nx .. . . .
chuéi E hoi ty v6i x#kn (vi hé s6 — cha né giam din
n=I 2n 2n

tGi O khi n ting ddn ti =), vi vay chudi z Sin an phén ki.
n=1
Y
2
-2r *TE\ 0 3n~
""""""""""" iy, R
Hink 32

Ta dp dung tiéu chudn Cauchy vé hoi tu déu d€ ching minh ring

.. = sin . . .
chuéi Z__nx héi tu déu trén doan [o, 21— 06] v6i o e(0, n).
n
n=I

Gia sir p, q 14 hai s6 nguyén sao cho 0 < p < q. Tacé

d 1 J 1

z- CoOs| N—— [X—cos| n+— =

ap ! 2

1 1 1 1 1 1 1
=—COos{ p—— |X——cos| q+— X+ ———— |cos|n—— |x

p 2 q 2 PTRC I b 1 2

n=

Do détacé Vxelg, 2n—o]
q . 1

sin
P B

1.1
n=p n zsiﬂ% P9 n=p+I
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)
W

1 1

P q

1

n n-1

Nhung day so (l] giam dan t4i 0 nén z

n=p+1

q .
vivay [) s 10 ¥x e[, 21— o). Vdi moi s £>0 cho

p=p O psin—
2

» ta duroge

trudce, néu chon ny >
gsin—
2

q .
sinnx
E <g ¥nzn,, Vxefo, 2n-ocl.

i n
I|=p

Ham s6 f(x) tuin hodn c6 chu ki 2m bing ? trong khoang
(0, 27) nén co thé khai trién dugc thanh chubi Fourier. vi f(x) 1€, nén

a,=0,0=0,1,2,..

T
bn=%£“_

Bing phuong phdp tich phan timg phén, ta dugc

X .
sinnkdx, n=1, 2, ...

COsSnx

—(n x)

17 i
—— | cosnxdx [=—-
|0 n-([ _ n
Do d6 ta duge k€t qua da biét
o Sinnx
f(x)= —

n=1

3)Tacé

n n .
Sy (X)= Ecoskx = Re[z e'n]_:
1

k=l k=



¥

eix -1 koK
Nhung
. X :
1Y ( 1) x | . IJ . X
e —& < =cos| n+= |x—cos—+i| sin| n+— |[x ~sin=|
pA 2 2 2
ko x
e2 ~e 2 =2isin~.
2
Do dé

) 1 X
S“{“"’E)X‘S“‘E singcos(n+l)i
1 2 2

S n(x): = - .
2sin— sin—
2 2

Vivay §'(x) = 0 khi _
E=lvc1rz, tic 1a x-—-?k—n
2 n

_ Zk+Dn

hoac (h+1)§=(2k+1)%. tic 1 x . Nghiém duong

nho nhdt ciia phong trinh §' (x) = 0 2 x,, = %
n .

Tacé S,(0)=0,8,(x)>0 Vxe (O, E] vi khi dé tt ca cédc s6 hang
n

sin kx

déu duong. Vi vay x, 1a diém cyc dai cita S, (x).

4) Ta di thdy ring chudi Fourier

f(x)zi\‘sinru;

n
n=
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hoi tu déu trén moi doan [o, 2n—-oc] vdi oe(0, 1) va hoi tu tai

x = 0. Vi vdy ta ¢6 thé ldy tich phan tung s& hang chudi ham s¢ dy
tir 0 dén x véi x (0, 2n). Ta duge

m—X Sll'll'lX i COSNX | X
.[ dx “ZJ - 2

0 n=lg n=l D 0
2 -] -]
X X cosnx 1
Do d ===y +Y =
- 2 2
2 4 n=l B n=11
2 .
Nhirag z =? (xem bai tap 23 chuong 8 hoac dung ding
n—lrII
thitc Parveval), ta ducc
2 2
cosSnX X X W
fy(x = —t+—
2(x)= z R IA

n=1

Dé& dang chimg minh ring chudi z
n=1 n
vay c6 thé 14y tich phan titng s6 hang chudi ham s6 dy. Ta duoc

x X{ 2
Ifz(x)dx = J[‘%‘““"‘E—}dx _ z‘[cosnx
o

0 n=lg

hfn tu déu trén R, vi

hay x——1*:)(—+ﬂ—x=zsmnx=f3(x).

Cing nhu vdy, bang cdch 14y tich phin timg s6 hang chudi ham
trén, ta dugc

4 3

cosnx X X 2 X5 ®
f4(x)= E m e T — T e s
400 S 4 12 12090
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MUC LUC
Trang

Ly néf ddu
Chuong 1. SO THUC

A. Dé bai

B. Lo giai
Chitong 2. HAM SG MOT BIEN s THUC

A. Dé bai 19

B. Li giai 22
Chitong 3. GIGI HAN VA SULIEN TUC CUA HAM 86 MOT BIEN SG

A. Dé bai 35

B. L& giai 38
Chuong 4. DAO HAM VA VI PHAN CUA HAM SO MOT BIEN s6

A. D& ba 54

B. Livi giai 58
Chicong 5. CAC DINH Lf VE GIA TR] TRUNG BINH

A. Dé bai 81

B. Lai giai 84
Chuong 6. NGUYEN HAM VA TfCH PHAN BAT PINH

A. Dé bai 109

B. L gidi 1l
Chirong 7. TICH PHAN. XAC DINH

A. Dé bai 132

B. Lon gidi 137
Chuomg 8. CHUOI

A. D6 bai 168 -

B. L gidi 176
Mot s6 bai tap hén hop 241
LA giai 247
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Chiu trdch nhiém xudt bdn :
Chi tich HDQT kiem Téng Gidm déc NGO TRAN Al
Phé Téng Gidm doc kiem Tang bieén tap NGUYEN QUY THAO

Bién igp ldn ddu -
NGUYEN TRONG BA

Bién tdp td! bdn :
NGUYEN XUAN BINH

Bién tdp kT thudt -
NGUYEN LIEN HUONG

Swwa bdn in :
LE HONG VAN
Ché bdn -
PHONG CHE BAN (NXB GIAO DUC)
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BAI TAP TOAN CAO CAP - Tap hai
Ma sd: 7K281T7 - DAI

In 5.000 ban, khé 14,3 x 20,3 cm, tai X{ nghiép in Ha Tay.
S6in: 705/DAI; S6 xudit ban: 11-2007/CXB/219-2119/GD.

In xong va ndp luu chiéu théang 1 nim 2007.
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H.I CONG TY CO PHAN SACH DAl HOC - DAY NGHE
HEVOBCO
(@] || Dia chi : 25 Han Thuyén, Ha Noi

TiM BOC SACH THAM KHAQ DAI HOC
B0 MON TOAN
CUA NHA XUAT BAN GIAO DUC

1- Giai tich ham
2- Bai tap giai tich ham
3-Topo dal cuong- Bo do
va tich phan
4- Giaitich1ap 1, 2
5- Dai so dai cuong
6- 54 Jdai so
7- Hinh hoc vi phin
8- Giai tich so
4- Phueong trinh dao ham riéng
10- Co s phuong trinh vi phin
va Ii thuyét on dinh
11- Mo dau i thuy¢l xac xuat
va ung dung
12- Bai tap xdc sudl
13- Li thuyét xac suat
14- Xic suat thong ké
15- Phuomg phap tinh va ¢ac thudt todn
16- Todn hoc cac ciip - Tap 1, 2, 3

17- Bai tap todan hoc cao cép - Tap 1, 2, 3

18- Tir dién todan hoc thong dung

-

Nguvén Xudn Liém
Nguvén Xudn Liém

Nguvén Xudn Liém
Nguvén Xudn Liém
Nguyén 1l Viét Hung
Hodng Xudn Stirh

Boan Quinh

Nguyén Mint Chuong{CRB)
Nguyén Minh Chiong

Nguvén Thé Hoan - Pham Phu

Pdang Hing Thdng

Pdang Himg Thang

Nguyén Duy Tién - Vi Viét Yén
Newvén Van Ho

Phan van Hap - Lé Pinh Thinh
Nguvén Dinh Tri (CB)

Nguvén Dinh Tri (CB)

Ngd Thiic Lanh (CB)

J

Betit dee 06 thé tine s tai edc Cang 1f Sdoh = Thist bi triidng hoc o cde dia phieong

e ecde Crive heang sedeh era Nhe ict ben Giao due

Fui Ha Noi - 25 Han Thuyén, 81 Tran Hung Pao, 187B Gidng Vo, 23 Trang Tién

Tut Dd Néng - 15 Nguyén Chi Thanh

Teit Thinh phed Ho Chi Minh » 104 Mai Thi Luu, Qudn |

8934980]7591?2.

Gidg: 14.600d
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