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Noi dung chinh cria cudn Phwong trinh Todn I nay dang dugc tic gia
giang day cho sinhk vién cdc khoa Todn, Ly va cde nganh ky thudt co lién
quan cua Truwong Dai hoc Khoa hoc Tu nhién — Dai hoc Quéc gia Ha Noi.
Ngodi ra, cudn sach duoe bé sung vé stra doi dé dap ving nhu cau hoc tap
cua sinh vién cdc triecomg Pui hoc Khoa hoc T nhién va cde trueong Dai hoc
KV thudt trong ca nuwoc.

Mai lién hé gitva cde dai heomg vit 1y trong tu nhién 1& phire tap nhung
co quy Iudt, muc dich cua chung ta la im ra duoc cdc méi lién hé cé quy
ludit do. Cho dén nay. nguoi ta phan loai cde dang phicong trinh todn Iy theo
mon hoc Phuong trinh dao ham riéng, vi né phit hop voi phieong phdp gidi
Cu thé, c6 ba dang phuong trinh dao ham riéng co ban: phuong trinh
Hyperbolic, phuong trinh Parabolic va phuwong trinh Elliptic. Noi dung cua
cuén sach bao gom:

— Chwong I trink bay viée phdn loai cac pheong trinh dao ham riéng
cdp 2; tém tdr cach giai phwong trinh vi phdn cdp 2, khai niém chudi
Fourier va bicu dién cdc todn tir vi phan trong cdce hé toa di cong truc giao.

— Chirong Il trinh by vé phuong trinh Hyperbolic, con duoc goi 1a
phuong trinh song. N6 dwoc thiét ldp trén co so nghién civu cde dao déng
cua ddy, mang mong. séng dm. song tao ra do thuy tri¢u, song dan hoi,
song dién tir truong. ..

— Chirong I trinh bay vé phuong trinh Parabolic, con dwgce goi la
phuromg trink truyén nhiét. Phuicong trinh Parabolic khéng chi ddc trung cho
quit trink frnyén nhiét ma con mo ta cdac hién tuwong khuéch tén nhu khuéch
tan chdt khi, chat long.

— Chuweong IV trinh béy vé phueong trinh Elliptic, dgc bigt la Iy thuyét thé.

= Chuong V dé cdp dén cic phép bién doi tich phan, lé cong cu quan
trong dé giai phicong trinh phuong trinh vi phdn dao ham riéng.

— Chueong VI trink bay vé phcong phdp ham Green.



— Chuong VII trinh bay cdc ham déc hiét nhr cde da thire truc gido,
ham Gamma, ham tru, ham cau, ham siéu béi... va tinh truc giao cua chiing.
Cuédn sdach cé dwa vao mét s6 bai gidi mdu va bai tip cé hudng dén.
Mdc du, tdc gid dd c6 nhiéu & gdng trong qud trinh bién soan sao cho
néi dung kién thiic trong cudn sdch mang tinh khoa hoc va thic tién cao
nhdt. Tuy nhién, cuén sdch khong tranh khii nhitng thiéu sét. Tic gia rdt
mong nhdn dicgc nhitng y kién déng gép cia doc gid dé ldn xudt bdn sau
cudn sdch duoe hoan thién hon. Thie tit xin giti vé dia chi- Cong 1y C6 phdn
Sdch Dai hoc —~Day nghé, 25 Han Thuyén, Ha Noi.
TAC GIA
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§1. PHAN LOAI PHUONG TRIiNH BAO HAM RIENG CAP 2

1. Phwong trinh dao ham riéng cép 2
Phuong trinh dao ham riéng cip m 1a phuong trinh ¢6 dang

u  du d'w Ju O%u
Fl xu,—, .. =, T —[=0.
ox, 6x ox] T oxdx, Oxf..oxk

trong d6: £ 14 ham nhiéu bién; x = (x,,xz,...,x”) la vector trong khing gian
Euclide n chiéu R”; u (x) 12 ham chua biét; &, +k, +...+k, =m.

Cép (bac) cua phuong trinh 1 cdp cia dao ham cip cao phét trong
phuong trinh. Phuong trinh tuyén tinh cé thé viét dusi dang Lu =b(x),

trong d6 todn tir tuyén tinh Lco dang

) " e &t
L=a,(x)+ Z gk (Y2
0 k k
e 2 P
k. k20 . .
btk + ok, =k

Néu b(x) =0, phuong trinh dugc goi la phuwong trinh thudn nhdt.

Nghiém téng quét cua phuong trinh phu thude vao ham tuy ¥, khac voi
phuong trinh vi phan thuong la nghiém téng quat ciia phuong trinh vi phin’
thuong phuy thude vao hing sb tay y.

Trong cac bai toan vit 1y, phuong trinh thudng gip la phuong trinh vi
phan dao ham riéng cip 2 (m = 2).
Vi du I: Xét phuong trinh
ou
Ox
trong mt phang (x,y) né c6 nghiém téng quat w(x,y)=f(¥).

=0

Phuong trinh vi phin dao ham riéng cap 2 vd&i hai bién doc lap x,v la
hé thitc 1ién hé giira ham chua biét » (x, y) va dao ham riéng ctia n6 dén cip 2:

F(x, Yo Uy U U LU, U ,},u».)=0. | ™)



a0
a¥e

Trudmg hop sb bién doc lap [dn hon duge mé ta twrong tr.

Phuong trinh vi phan (*) duoc goi 1a tuyén tinh doi voi dao ham cdp 2
néu né ¢d dang

@y + 20+ agu,, + F(x,y,uu . )=0. (1.1
trong d¢: a,,, a,, a,, la ham cia x va y.

Néu céc hé sb a,,, a,,, a,, khdng chi phu thude vao x va ¥ ma con phu
thude cd vao x, y. u, u,, u, gidng nhu Fy thi (1.1) duoce got la pheong
trinh chudn tuyén tinh.

Phuong trinh (1.1) duoc goi 1a tuyén tinh néu n6 tuyén tinh ca véi dao
hamcp 20w, u,, v, vadaoham cdp 1: v . u, cGané, tirc 1a nd ¢o dang

gt +2a,u  tanu, +bu +hu +cu+ f=0, (1.2)
trong do: ay,, a,, ¢y, b, by, ¢, f la cdc ham chi phu thudc vao x va y.

Néu cic hé sb cua phuong trinh khong phu thudc vao x, y thi nd la
phwang trinh tuyén tinh voi hé s hing 6. Phuong trinh dugce goi 1a thudn
rhdt néu f(x.y) = 0.

Nh& phép déi bién: &=¢ (x,¥), n=y (x,p) va gia si ton tai phép
bién ddi nguoc, s& nhan dugc phuong trinh méi tuong duong véi phuong
trinh xudt phat. Buong nhién, vin dé dit ra 12 cé thé chon bién méi nhie thé
nao sao cho sau khi doi bién phwrong trinh méi ¢é dung don gian nhat?

D¢ tra 1o cau hoi trén, xét phuong trinh (1.1)

ayu +2a,u, +aynu, +F (x,y, u, ”.u”.,) =0.
Sau khi dua vao bién mdi, cde dao ham riéng co dang
U, = ul +umnu, =ul +um,
u.rr = ”‘__f_‘f:f + zu&né_rnx + u111'|n3 + uﬁé.\’x +u T].r.r

: (1.3)
Uy = uééé-‘xéy + uf,n (E-‘-rn.v * é.vnx) + uﬂnnxn.v + uién + uv.n-ry

ui:v = uéééi + zuénérny +u\m-r|_i * u&_é}:v + u“n.w
Thay cdc gia tri dao ham (1.3) vao (1.1) thu duogc phuong trinh méi
c6 dang

a i, +2a,ju§n+anum+}‘:=0, (1.4)
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trong do:
ay = ”n*;ai +2a,5 8 + azzi; :
ZFI_’ = al 1é.rn.r + alE (E-*\Tln + n.\’é} ) + aEEE—‘_rn_l-‘ )
a,, = auni + 2%ﬂm_v + azznf-;
F 12 ham khong phu thude vao dao ham cép 2.
Nhién xét rang, néu phuong trinh xudt phat tuyén tinh, tirc 12
Jr‘*--(x._y,u,.v,arx,ar_1 ) =bu, +bu +cu+tf,
thi F ¢o6 dang
(é U, U, u ) B, +B,u +yu+3,
tirc 1 phuong trinh van tuyén tinh, Chon bién & va n sao cho mét trong cac hé
5O hé s6 7 T bang khong, phuong trinh s€ ¢6 dang don gian.

2. Phan loai phwong trinh dao ham riéng cép 2

Ly thuyét phuong trinh dao ham riéng dé chi ra rang, déu cua biéu thirc
a, —a,,ay, xéc dinh loai ctia phuong trinh

a, u,. +2alzul‘(_l,+a‘22 u, +F=0. (**)
Phuong trinh (**) tai diém M duoc phéan loai nhu sau:
~ Logi Hyperbolic néu al, —a a, > 0;
— Logi Elliptic néu a, ~a,a, <0;
— Logi Parabolic néu al,—a,a,=0.

Dé dang khing dinh dugc tinh dang dén cua hé thire :
as —a,d,, = (af2 - a“.‘JH)D2 ,
véi D=En, -
T d6 suy ra tinh bat bién cua loai phuong trinh khi thuc hién phép déi

blen vi dinh thirc ham Jacobian D trong phép dbi bién 1a khac khong. Tai

mdi diém khac nhau trong mién da cho, phuong trinh c6 thé thuoc cac loai
khac nhau.

Xét mién G. tai cac diém trong vung nay phuong trinh ¢4 cling mét
foai. Nhu vay, qua mdi diém ctia mién G sé& ¢6 2 dudng dac trung :

- Hyperbolic co 2 dudng dic trung thue va khic nhau;
~ Elliptic ¢& 2 dudmg diic trung phirc va khac nhau;
= Parabolic ¢6 2 dudng dac trung thuc va tring nhau.
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Trong mdi trudmg hop trén, dua duoc phirong trinh vé dang don gidn sau :
a) Phuwong trinh logi Hyperbolic
Néu a’, —a,,a,, >0, dat

E=0(x,y}), n=w(xy),

dua phuong trinh (1.1) vé dang (i.4). Chia hai vé cta (1.4) cho hé s cua
u,, phuong trinh thu duoe ¢6 dang

7
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uf_‘n = (D(éanyuqué*uﬂ), trong dé (I) -

D6 1a dang chinh tic cha phuong trinh loai Hyperbolic.
Ngudi ta thuomg st dung dang chinh tic thir hai cua phuong trinh loai
Hyperbolic nhu sau :

Dat E=o+B,n=0-p,thrcla: a=

bl B= Sl , frong d6 o va B
2 2
ta cdc bién méi. Ta c6 dao ham riéng ctia ham u theo céc bién maéi 1a
1 1 ]
uﬁ = E(Ha + uB ),u,l = E(MG - uB ),u&n = Z(Huu - uﬁ‘ﬂ') .

Thay vao dang chinh tic cia phuong trinh loai Hyperbolic & trén

phuong trinh (1.1) ¢ dang
Uy — gy = O, ,trong d6 O, = 4D (1.5)

D6 12 dang chinh tdc thit hai cla phuong trinh loai Hyperbolic.

b) Phuong trinh logi Parabolic

Neéu ajy —a,,a,, =0 suy ra a, = \Ja,,a,, . Dit: £=o0(x,y), n=n(xy),
khi cac hé s6 bién doi thanh

- 3 2 3 2
a,=a& + 2“12@#&:_1- + azz‘;;- =a,&, + 2a1|azzixé; +a22‘);y .

=(Vay &+ g, )
Vi a;, = \/a,a,, suyra
a, =aq) &N, ta, (émy +&.m, ) +a,Em,

:(ﬁgx +\/g§y)( 4 N, Ty le..)=0.

Cubi ciing chia phuong trinh (1.4) cho hé sb cia u . tanhin dugc dang

chinh tic ctia phuong trinh loai Parabolic
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u,, =D(Enuu.u ), (1.6)
trong d6 @ = —;— .
dyx
¢) Phwong trinh loai Elliptic
Néu al, —a,a, <0, dat: £=0(x,y), n=¢=*(x,y). Nhuw vay, phuong
trinh loai Elliptic s& c6 dang gidng nhu phuong trinh loai Hyperbolic.
Dé khong gdp bién phic, ta dwa vao bién mdi o va B vai

a=319* 5 P79P* oo cho: E=a+if, n=a—iB . Trong truong hop

£=
2 2i
nay ta co:
1 - 2
a] [éx + EGIEéxCJ_n' + al'_’g_r -

_ 2 2 2 :

= (a“()‘._\_ +2a,0, 00, + a0 )_ (aan + 2a|2B.rB_\- + azzﬁ; )"'
+ 25(“[ !CL_\-B.\' + all (G'\B v +a va ) + aEEGy'B v ) = 0"

tac la @, =a,, v a,,=0.

Phuong trinh (1.4) sau khi chia cho hé s0 cia u, cOdang

(1.7)

I3t —

) F
Uy, + U, = CD(a,B,u,uu,uu), trong d6 O=- a
22
Ta nhan dugc dang chinh tic clia phuong trinh loai Elliptic.
Nhu vay, do tinh phu thudc vao ddu cua biéu thire afz —a,,a,,, ta co thé
dua phuong trinh (1.1) vé cac dang sau:
~ Néu a}, - a,,a,, >0 (loai Hyperbolic): #, —u,, =® hay u =®;

- Néu a’, —a,,a,, <0 (loai Elliptic:  u  +u,, =®;

~Néu o}, - g,,a,, =0 (loai Parabolic): u,=®.

Xy

3. Cac vidu
Vi du 1: Pua phuong trinh sau vé dang chinh thc
Xu,~yu,=0.
Giai: Theo nhu phuong trinh (1.1) ta ¢o
| a, =x°, a,=0,a, =—y, F=0, aé —a,,dy, =x'y’ > 0.

Do d6 phuong trinh thudc dang Hyperbolic. Lap phuong trinh dic trung
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'S (a’y)2 ~y (a’x)2 = 0= (xdy+ ydx)(xdy ~ ydx) = 0
Xy + ydx = U y x Iny+Inx=InC,
=
xdy — ydx = O dy dx _0

Iny-Inx=In(,
Yy x
Ta ¢6 hai ho dudng cong dac trung:

Xy = Cl
Y_e
X

Thue hién phép ddi bién mdi: &= xy, n=2.
X
Tinh cdc dao ham riéng theo cic bién cii qua cac dao ham riéng theo
cdc bién méi:
1
;:L?’ u, = ui_Fv_r + unn)_ = Hi,x + Uy ;;
uﬂzi[u:y_u 1)2.@y2_2ﬂ-_&’;+?;?;y_;+2?£13;
T Ox og” oEdn x* o' x én x
8 1y &% , du u 1
U, =—lux+tu —|=-—x"+2 -
v\ ) T e o' )
Thay cic gia tri dao ham cip 2 vao phuong trinh vi phan da cho ta duge
2 2 2 1.2 2 b 2
x’ 5_£:y3_2 Ou yﬂ +_6 Ii%-+2a—u-l:— —y alfx3+2 9 H-+a—1j—lb, =
%, 6§Cfr] xT oy x on x o5* &on an’ x
O L 0uy c0s du 16u 1 0 Su 1 du

_4.__ —_——=0= e
dEan” Lom x 0<§5Tl 20mxy dom 2En
tre la phuong trinh duoc dua vé dang chinh tic, ‘
Vidy 2: Bua phuong trinh sau vé dang chinh tic

&z . o'z , 0%z
—=sin’ x - 2ysinx

ox’ Oxdy a N

— = -
o=ul +un =uy-u

Gigi: Ta ¢6
a, =sin’x; a,=-ysinx; a,=y'=a}—a,a,=y"sinx -y sin’ x = 0
Viy phuong trinh da cho thuoc dang Parabolic. Phuong trinh dic trung
co dang:
a,dy’ = 2a,dxdy + aydi® = 0

10
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= sin® xdy” + 2y sin xdxdy + y'dx’ = (sin Jc'a’y+ya’x)3 =0
= sinxd}’+ydx=0:>£‘1i+—g—w—0:>lny+lr1tg—— InC
Yy sinx 2
X -
= Jt'J—-:(__r
)&2
la duong cong tich phan dac trung.
Thuc hién phép déi bién:
. x e
S=ress n =y (ham tiy y).
Tinh cc dao ham theo bién mai:
Ry B_xoom_, ;.
Ox Qsin";f’ ay 27 Ty
Oz G2k &om L& y &z 0 Gon_oz x o
ox GEor mor 20v 2X'dy dy onody IR
> )
&z 18z y 18z y x 0z 9z, ,x 7z  x 0z
Rrier e = g tg’ = g —+——-;
Ox” 43¢ sin® 205 g2 % 2 % 6@ 2 %on 2 0Oy
2 2
&z 1(&z x ¥z y oz1 1
— = g+ g
axdy 2\ 88 T2 9Edm sin? ¥ 6&2
2 2
62 2
z B vao phuong trinh dé cho ta duge:
Toxdy” @y
1632})2 sin’ x l?-z'ytgzsm"x [62}=£+_f_‘; }y sin x,
2 2 2
0z ysinx &z ,x &z x &z
- —5t tg =+ = |=
& sin? 8&_, 2 %0 2 O
Lo VeSS X 5% 4 ysin &z oz .
2o - -, x10<:>y - =—_—sinx
205 sin’ > m gsinzi on

11
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Vi sinx = —--—~—2—, g —= 5 =sinx = 225"” -, ta ¢6 dang chinh tic
[+tg° = 2. &+
2
cua phuong trinh 1a
8’z 28 Oz

Giai: Trong trudmg hop nay
ay=la,=-1a,=2=a,-a,a,=-1<0.
Phuong trinh thude dang Elliptic, ¢6 phuorig trinh dac trung
dy’ +2dxdy + 2dx' =0 = " +2y' +2=0
S(V+1) +1=0= Y +l=di=s y'= 14/
Ta nhén duge 2 ho dac trung ao:
V=-lticody=(-1ti)dc= {j:i;ii:i;
Thue hién phép ddi bién: £ = y+x, n=x tadugc
é‘_z_ 6‘26§ oz 0n 6z+8z oz 626%’; dzon_ oz

Ox agax omox & on @z 6§6y noy o’

&z [azzang &z anJ (622 %, azr?r]] &z, &z s

&' \0&ax dEAméx ) \dEmax ot ax) o’ ae;aq ot

'z 626?; 826‘7] 0'z az &'z azzag z on_ az

axdy O ox omox & Bon a7 dy aaanay Tal

Thay cdc gia tri cia dao ham riéng vao phuong trinh d3 cho ta thu dugre
62f+2 o'z +alf_2azz_2 622 62 0= 822 8’z 0.
& “ogom on’ oE agam 3@ o

Dé la dang chinh tic cua phuong trinh Elliptic.

12
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§2. GIAIl PHWPONG TRINH VI PHAN CAP 2

Ching ta nhic lai mot sb cach giai phuong trinh vi phén thuomg. Xét
phuong trinh vi phin tuyén tinh ¢6 dang

" n-1

d d -
L)=a,() ) ra (0 Feora ()L raly=F(). (19

trong d6: a,(x), a,(x),..., a,(x) 12 cac ham lién tuc trong khodng a<x<h
va a,(x)= 0 trong khoang u < x <b . Cach chung dé gidi phuong trinh (1.8)
la: truée hét giai phuong trinh thuén nhat cdp »# 1a L(y) =0, thu duge mot
tdp nghiém co bdn {y, (x). (x),...,y"(x)} , nghiém tdng quat y. cua
phuong trinh thuan nhét 1a mét  hop tuyén tinh cta tip nghiém co ban:

V. =Cy(x}+ Gy (x)+..+C,p, (x), (1.9)
trong d6: C,, C,,...,C, la cac hing sb tiy v.

Tiép theo, tim bét cr nghiém riéng y, ndo cua phuong trinh vi phan
khong thudn nhét L(y) = F(x). Dé giai phuong trinh nav, ta thudng duing
phuong phéfn hé sb bat dinh hogc phuong phap bién thién hing s& dé tim
nghiém riégng. Khi d6 nghiém téng quit cta phuong trinh (1.8) s& la
y=y.+y,.

Trong cac bai toan ing dyng, nghi¢ém phuong trinh vi phén (1.8) doi hoi
phai théa min cac dleu kién bd sung nao dé. Sé diéu kién nay trong hdu hét

cac ung dung bang cdp cao nhat cia phuong trinh. Vi dy, d8i véi phuong
trinh vi phéan ¢ép 2:

2
a(,(x)c—;;—};-+al(x)%+a2(x)=0, a<x<h (1.10)

bi 1é thudc boi diéu kién bd sung tai x =« ¢6 dang:
y(a)=o. y(a)=B,
véi o, B 12 cac hang sb.

Phuong trinh vi phén véi didu kién bd sung dugc xem nhu 13 mot bai
toan cho trude gia tri ban dau. Bai toan gia tri ban dau thuong c6 nghiém
duy nhat. Khi phuong trinh vi phdn (1.10) bi han ché bdi hat diém khac
nhau. tirc la ta) x =g va x = b phuong trinh ¢6 dang

cy(a)+e,y'(a)=a, ¢ +c, #0
e, y(b)+cpy'(b) =B, ci +c3, 20
trong d9: ¢,,. €;5x €)» Cyor & VA B 14 céc hiing sb.

(1.11)

13
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Diéu kién bd sung (1.11) duoc goi la diéu kién bien.

Phuong trinh vi phan (1.10) véi diéu kién bién (1.11) duge gol fa
hai todn hién. Nghiém cta bai toan bién phu thuoc vao diéu kién bién. Bai
toan bi¢n khong chi ¢ mét nghiém, ma néd ¢6 v6 s6 nghiém. Didu kién bién
co dang

Czly(b) + C:zy’(b)*' Czs}’(a)*'cz-*.y’(a) =B
trong d6: c,.i=1.2.j=1.2,3,4 va a, B la cac hang s6; duoc goi 1a didu

{CHy(a)+C|2J”r(a)+C13.}’(b)+014y’(b) =0

ki¢n bién hin hop.
Bai to4n bién hon hop thudng kho giai. Xét phuong trinh tuyén tinh cp 1

av
L) =25 p(r)y=g(x). (1.12)
B¢ giai phuong trinh (1.12), truéc hét g giai phuong trinh thuan nhat
(y)‘——-—+p( )y=0 (1 13)
de thu duge nghiém téng quat y.. Ta ¢6 thé tach bién phuong irinh (1.13)
¢o dang
dy
Yo p(x)dx. (1.14)
Y
Dat
) .. dP
P(x) = J.p(é)dfg vé — = p(x)‘ (1.15)
5 dx
Tich phan (1.14) thu duoc
Iny=-P{x}+C
= 6“” —e Pla)+e —e -f'(.\‘)ef' == Ce—!’[r] ¢ = e('
! .C .

Vay nghiém tdng quat (1.13)1a y_=Ce ",

Dung phuong phép bién thién hang sé va gia thiét mot nghiém riéag ¢6
dang y, =u(x)e”™ trong do C, & trong nghiém téng quat di duge thay
thé bing ham chua biét u(x), nghiém gia dinh nay c6 dao ham I

v, i) au i
=#u{xje “|—-plx}|+——c .
o 1@ p(x)) o
JfJ

{ . .
Thay y, va (j:— vao phuong trinh khéng thudn nhat (1.12) ta ¢
{x

14
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. + P(x)yp = q(x) — a';e = q(x):> = u(x) = [Jfl(i)ef‘(i)dé .

Suy ra nghiém riéng
y, =" ]'q(a)e”“da .
&}
Nghiém téng quat cta phuong trinh (1.12) ¢6 dang
Y=y 4y, = e“’"-"[q + ]‘q (g)e"‘“dg} (1.16)
5
Mat phuong phip khac dé giai phwong trinh tuyén tinh cdp 1 (1.12) Ja
nhin phuong trinh voi thira sé tich phan ¢ véi P(x)= ]p(ﬁ)d@ dé thu
0

dugce phuong trinh vi phan

ady
PRI NORLES

dx p(x)yze;‘mq(x).

- v d}, Py d fx
trong dé e’”-—-—-+e” x)y=—/(e"™y Suy ra
g e p(x)y dx( ») suy

;’i(e””y):e”"']q(x).

Phuong trinh nay dé dang tich phin dé thu duoc nghiém cho boi (1.16).

1. Phwong trinh vi phan cédp 2

Xeét phuong trinh vi phan tuyén tinh thudn nhét cap 2 ¢6 dang (1.10).
Gia su {yl (x).y, (x)} 2 t3p nghiém co ban cda phuong trinh vi phan tuyén
tinh thuan nhat cap 2

5

d” dy
L{y)= aU(x)—c-ix{ +a, (x);i%wtaz(x)y =0,

Suy ra nghiém téng quat co dang
y. =Cy, (x)+(.'2y2(x). (1.17)
trong d6: (), €, 14 cac hiang sé tay y.

Dang phuong phap bién thién hang sb tim mdt nghiém riéng cua
phuong trinh vi phan khéng thuan nhét

L(y)=uu(x)%?+al(x)§f+ag(x)y=F(x) (1.18)

15



c6 dang y, =u{x}y,(x)+v(x)y,(x) (1.19)
trong d6: u(x) va v(x) la cac ham thay thé hang sé C,. C, trong (1.17).

Cac ham w.v can tim dé thoa man hé phuong trinh

u' (x)y, (x)+v' (x)p, (x)=0

) ) a0
Diing quy tic Cramer giai hé (1.20) déi véi o' va v ta duoc:
0 _yz(x) yl(x) 0
Fx) 0, () £
w(x) = du _|a{x) ) v (x) = ifE:__}_L(_M3,__,..ﬁ%_(x_)_
dx iyl (x) yz(x) | dx yj(x) yz(x) |
y(x) W(x) nix) W(x)
di_nDFE) v n()F() -
i T al ) b a () 1
w(x) wle) o .
trong d6 W (x) = (x) v (x) la dinh thitc Wronskian,

Céc phuong trinh (1.21) sau khi tich phén s& thu duge cic ham u(x)

va v(x):

(1.22)

trong d6 o 14 hing sb nao do.
Nhu viy. nghiém cia phuong trinh vi phan khéng thudn nhit c6 mot
nghiém riéng tim dugc 1a

e ) n(E)F ()
Y, =, (x)=n(x) ] "+, (x )Imdé .

16
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Vay nghiém tbng quat ciia phuong trinh da cho 1a

(&) -y (X)) (E]F (&)

y=y. +y,=Cy (x)+(12y2(x)+"[[ ¥, (%)

dg
; p(EW (<)
(1.24)
Mét trong nhitng phuong trinh vi phn clp 2 ¢6 cach giai don gian 1a
d F +AF=0. (1.25)

Phuong trinh ndy xudt hién do viéc nghién ciru nhiéu phuong trinh vi
phan dao ham riéng trong toa do Dé-cac (Descartesian) déi véi cac hién
tugng vat 1y va k¥ thuat. Phueong trinh vi phan (1.25) chra tham s6 A, vi thé
ta s& xét 3 trurémg hop cua tham sb : am, duong va bing khong.

« Truong hop I L =-0’ (0>0)

Phuong trinh vi phan c6 dang

d’F
dx”

~@'F =0,

1a phuong trinh vi phan cap 2 voi hé sé hang s6, vi thé nguoi ta co thé gia

thiét né c6 mét nghiém mi F=e™; ta ¢6 phuong trinh dac trumg 1a

2 . v . - m=o 2 ~ s 2 1

m* - =0 v&i nghiém dic trung { va tdp nghiém co ban la
m=—0

{e““, e"“"}. Néu biét dugc 1ap nghiém co ban cia cac nghiém, cé thé tao

nén mot 16 hop tuyén tinh ciia cic nghiém nay va sinh ra mét tap v han cac
nghiém khac

F( )=Ce“’"+C e ™

trong do C|,C, lacac hing s thy ¥, n6 phu thude vao cac didu kién bd sung
14 diéu kién ban diu hodc didu kién bién.
Tir tinh ty ¥ cua C.] ,C, ¢o thé viét nghiém dudi nhidu cach nhur:

F(x)=Ce™ +Ce™

Fx)=Ce™ ™ 4 Cem )

F(x}=C shox+C,chox;

F{x)=C sho(x-x,)+C,cho(x—x,),
vai C.C,,x, 1a cac hing sb tiy y.

2-PTTL A
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]
)

o Truecng hop 2: ,.=0

L

Nghiém phuong trinh vi phén C:; F ( co cac dang sau:
X

2 =

F(x) =C +Cyx;
F(x) =K +K, (x-xu).
o Truong hop 3. =0 (0>0)

3 e

y P + @’ F =0 13 phuong trinh vi phén ¢dp 2 véi
%

Phuong trinh vi phén

hé s6 hing sd, vi thé co thé gia thict né ¢ mdt nghiém mii F =e™ . ta ¢
m =i

phuong trinh dac trung m’° +@’ =0 véi cic nghiém dic trung { _
= -l
va tdp nghiém co ban la {e“"", e""’“} . Néu biét duge tap nghiém co ban ¢

thé tao nén mot to hop tuyén tinh cua cac nghiém nay va sinh ra mot tdp vo
han cac nghiém khac
F(x)=Ce" +C,e™™,
trong d6 C,,C, la cac hang s6 tiy ¥, n6 phu thude vao cac diéu kién bd sung
la diéu kién ban ddu hogc diéu kién bién. |
Tir tinh thy y cua C,,C, c6 thé viét nghiém dudi nhidu cach nhur sau :
Fx)=Ce™ +C,e™;
F(x)= Ce™ ) 4 Cge"""('r_"”};
F(x)=Csinox+C,cosox;
F(x)=Csino(x-x,)+C,cosm(x—x,).
v6i C),C,.x, 14 cdc hing s tay v.
2. Phwong trinh Cauchy - Euler
Phuwong trinh Cauchy — Euler 1a phuong trinh ¢6 dang

d’y dy
—t+ax—+a,y=0, 1.26
dx” " dx 2 ( )

a
X
trong do: a,.a,.a, 1a cac hing s6 thy v.

Thuc hién phép bién d6i ¢ = Inx va bién ddi dao ham:

18 2-PTTL B
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dy _dydi _ éz[i)
dx  dt dx drf\ x

dy_d d}:‘[_l,,] __ci}_'(—_lj+_l_ff_z}_"
dxc dx| dt\x dt\ x* x° df”

dua phuong trinh (1.26) vé dang
d’y
dy 5

 dt

Gia sir phuong trinh (1.27) ¢o nghiém duéi dang mii y=¢™, ta cd

dy
+(a1*an)—;—t+azy:0. (1.27)

phuong trinh dic trung:
am’ +(a,—a,)m+a, =0, (1.28)
Phuong trinh nay cling co thé duge suy ra ngay tir (1.27) bang cach
gia su nghiém ¢6 dang v =x" = y=e™ =¢""" = x". Nghiém cua phuong
trinh dic trung xac dinh loai nghiém ¢o thé tdn tai do dang ciia phuong trinh
Cauchy—FEuler. X¢t cac truong hop sau:

o Trudmg hop 1. Néu phuong trinh dic trung c¢6 hai nghiém thuc-
phén biét m = o va m = thi phuong trinh vi phan (1.26) ¢6 tdp nghiém co

ban la (x°, xP‘}, vi thé nghiém téng quat cé dang y=Cx*+C,x", voi
C,,C, 14 cac hang sé tiy y.

e Trieong hop 2. Néu phuong trinh dic trung ¢6 nghiém thuce kép
m =0 thi tdp nghiém co ban cta phuong trinh (1.27) c6 dang {e*.fe*'}.
Phép bién ddi 7 = Inx cho tép nghiém co ban {x“, x"In x} cua phuong trinh
{1.26). Nghiém téng quat c¢é dang y=Cx*+C,x"Inx, trong 46 C,,C, la
cac hing sb thy v.

o Trucng hop 3: Néu phuong trinh dic trung ¢ nghiém phirc dang -
m=o+Iif, m=a—if thi tip nghiém co ban cia phuong trinh (1.27} cé

dang {e‘” cosfz, ™ sin Bt}. Phép bién doi r=Inx cho tdp nghiém co ban
{em cos(Binx}), ¢* sin(Bn x)} ctia phuong trinh (1.26). Nghiém tong quat
¢6 dang y=C,x* cos(Blnx}+C,x"sin{Plnx). trong d6 C,,C, la cac hing

$O tuy ¥.
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§3. KHAI NIEM CHUBI VA TiCH PHAN FOURIER
1. Khai niém

.. . \ . HTX HTX s \ - A .
Tap cac ham l,sm—L—,cos—[— fa cdc ham riéng truc giao nhau

trong khoang (-7.L). Ham f(x) dwoc goi 1a tron fimg kinic trong mot
khoang nao d6. ¢6 nghia 12 khodng niy ¢6 thé chia ra nhiéu khoang nho, ma
trong mdi khoang nhé dé, ham S(x) va dao ham f"(x) lién tuc. Tap cac
ham tryc giao & wén ¢6 thé ding dé bidu difn ham tron timg khc 7(x)

dudi dang chudi

f(x)=a, +Z[an cosi}‘-’f+b,, sin ""Lﬂ) (1.29)

n=l
dwuoc goi 1a chudi luong gide Fourier biéu didn ham f(x) trong khoang
(~L,L). Cac hang sb a,,a,va b, dugc goi 1a cdc hé 56 Fourier ctia chudi.
v L . . - ., ATX X . F . " 4
T tinh truc giao cua tap {l,smT,cosT} c6 thé tim duoc cac hé so

Fourier q;,a, va b, nhu sau:

(f1y) 1°¢
ay =——==— { f(x)dx;
T a0
[ ,cos—%L } |
4 === [ (x)eos = (130
05 X :
COS5 I
T _E'[f(x)sm—m it
sin —— !
L

Vi du I: Tim biéu dién chudi luong gidc Fourier ctia ham f(x)=¢e
trong khoang xac dinh {-£,1).

Giai: Theo cbng thire (1.30), cac hé sd Fourier cua khai trién trén
¢ dang:

20
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z ;
da, —(éf 3) 1 7 lshL ;

(11— L

[f'_,cos%t'xj I 2L(—1)”ShL
a,=-————st=— te'cos——dx =2
naxll” . S+ aTm
COS 'L—
.nﬂnx
J -3 j S ~2mt(—1)" shi
==l =— |¢ inZ = .
! U +ntn’
sin X

Do do biéu dién chudi luong giae Fourier ciia ham f(x)=e" trong

khoang xac dinh (~L,L) c¢6 dang

S Z[zL( V'L pmx 2nm(=1)'shL _ nnxJ_-

. sin
par “n’ L L+ n*n’ L
Vi dy 2: S1r dung chuong trinh Mathematica khai trién ham fix)=x
bing chudi Fourier voi d6 dai L = 2.
Gidi:
L = 2;

Binh nghia c4c ham co s& Fourier

flm(x)z\j%sinhme va f2 (x)=\/%0052—z—mx

flix_,m_] :=8qrt[2/L) Sinl[{(2 Pi m)/L x];

f2[x_.m_] :=8qrt[2/L] Cos[(2 Pi m) /L x1;
Gia sir chon ham khai trién 1a f(x)=x

flx 1 :=x ;

Céc hé s6 khai trién duoc tinh theo cong thirc:

an—J—If( ) £2, (x)dx = ( cos—-—xdx

3 by
b, = \E,{ F(x)f1,{(x)dx = \E | xsin%xdx.

iy
#2
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acoff[n_] := Sqrt[2/a]

Integrate[f[x]*£f2([x,n],{x,-L/2,L/2}]
becoffn_] := Sqrt[2/a]

ntegrate[f[x]*fl[x,n],{x,-a/2,a/2}]
Biéu dién chudi Fourier c6 dang

1 o 2nm s, . 2pn
x=—da,+ ) a,cos——x+ Y b sin——x
2 n=l L n=1 L
Sau d6 vé 40 thi klu #, =3, n_, =10 va n
Flns
max

max

=100, ta thiy ring véi
cang 1on thi khai trién chudi Fourier cang gn sat gia tri thye cua ham
_f(x):x.

four[x_,nmax_]

1/2 acoff[0] +

Sum[ acoff[n] £2[x,n],{n,l,nmax}] +
Sum|[ becoff[n] £fl[x,n],{n,l,nmax}]

nmax=3 ‘

Plot[Evaluate[{four[x,3],£[x]}1,{x,-a/2,a/2}]

0.5 Y
s
- \'-.
I\-.
1 ot r ]
I\\ ) L - '/
Y vy
K -5
4

Hinh 1.1. Khai trién ham f{x) = x bdng chudi Fourier véi n =3
nmax=10 '

Plot[Evaluate{{four[x,10],£[x]}]1,({x,—-a/2,a/2}]

4
1

!

Hinft 1.2. Khai trién ham f(x) = x bang chudi Fourier v&i n =10
29
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o

max=100
Plot[Evaluate[{four[x,100],f(x]}],{x,-a/2,a/2)}]

. y

Q.57

; -1
l

Hinh 1.3. Khai trién ham f{x) = x bing chudi Fourier véi n =100

2. Cac tinh chat cua chudi lweng giac Fourier

1) Piéu kién Dirichlet dé tdn tai mét chudi Fourier la :

— Ham f{x)phai Ja don tri va tudn hoan v&i chu ky 27

— Ham f(x) c6 mot s hiru han cac cuc dai va cuc tiéu, mot sé hiru
han cac diém gian doan trong khoang (~L,L).

2) Gia sir khodng (~L,L}1a khoang Fourier ddy du cia ham f(x).
Chudi Fourier xac dinh & didm x ngoai khoang Fourier ddy du cua
ham f(x}. khi d6 cho phép khai trién tuén hoan ham £ {x) xéc dinh ngoai
khodng Fourier dy du.

3) Déu bing (=) trong bidu thirc (1.29) ¢6 thé dugc thay bing diu gin
bing (=), cd nghia 1a "trong dwong véi", boi vi chudi bén phai khong phai
héi tu thanh ham f(x) di véi moi gia tri ciia x. Chudi Fourier chi biéu
dién ham f{x) trong khoang Fourier day-du. Mot cdch chon khac, ngudi ta
¢6 thé xac dinh ham f(x) 12 mo réng cia ham f(x) bén ngoai khoang
Fourier diy du. Nhu vay, ]’(x) A m& rdng tudn hoan cia ham
f(x), =L<x<[L cotinhchdt f(x+2L)= f(x), nguoc lai ham f(x) déi

véi moi x khéng phai 1a ham tudn hoan.
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4} Ham f(x) goi 13 ¢é mét bidu dién chubi Fourier khi céc hé sé

a,.a, va b, duoc tinh cu thé. Do d6, c6 mét sO ham khdng c6 bicu dién
x. . , Ly 1 1 . AL X %
chuoi Fourier, vi du nhu cac ham: -, -5 khdng ¢o biéu dién chudi luong
X X

gidc Fourier trong khoang (—L,L). Chu ¢ rang, ciac ham nay khong xac
dinh & mét hodc vai diém trong khoang (—L,L).
5)Ham f(x) dugc goi 1& ¢6 budce nhay gidn dogn tai diém x, néu

f(x[}) = lin}(}f(x” —8) # .f(x[;): {151[} f(xu +8)-

gx0 £l

Néu ham f(x)} va f'(x) la lién tuc ting khtc trong khoang (-L,L)
thi biéu dién chudi Fourier ctia ham f(x)thoa mén cac diéu kién:

~ Hoi tu v& ham £ (x) tai diém ma ham £ (x) 1a lién tuc;

— Hai tu vé& doan mé rong tudn hoan cta ham f(x) néu x & ngoai
khoang Fourier ddy du;

— Tai diém x, c6 budc nhay gian doan hiru ban thi biéu dién chudi

. N I X l + - \ ' . .
Fourier cia ham f(x) hdi tu ve E[f(xo )+f(xu )} la gié tri trung binh
cla gidn han trai va phai cua budc nhay gidn doan.

. A . X crs L a .-

6) Ham S, (x)=aq, +Z[an cos% +b,sin %Jdugc goi la téng riéng

n=]

thiz N, n6 bieu dién tdng cia N sb hang dau tién. Ngudi ta thuong vé xap
xi ham S, (x) khi biéu dién chudi Fourier bing 4 thi. Him f(x) bét ky
¢6 mdt diém bude nhay gidn doan thi ham S, (x) ¢6 dd thi tai lan cén budc

nhay gidn doan 13 dang ham dao ddng. Hiéu {mg nay duge goi 1a hiéu wrng
Gibh. Hién img Gibb ludn co mit khi ngudi ta ding mot chudi ham lién tuc
dé biéu didn mdt ham gian doan, hiéu (mg nay vin ton tai cho du tang gia tri
N rét lém.

7) Chudi 6 dang

c6 thé viét dudi dang
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2ng

trong d6: C, =+/a, +b. duoc goi la bién dg; ¢, = arctg[:

Ll

] duge goi 1a

pha; s6 hang thir n: C, sin(ﬂ?E +(p”] duoc goi 1a dao dong diéu hoa thir n.
Dao dong didu hoa thir nhdt (n=1) duge goi la dao dong diéu hod co bn.
3. Ham chén va ham lé

Ham f(x)} dwoc goi la ham chén ctia x néu f(-x)= f(x) véi moi
gia tri ciia x, ham chin dbi xung theo truc y . Ham f(x) duge goi la ham
lé cua x néu f(-x)=-71(x) voi moi gié tri ciia x. Céc tinh chét sau cna

ham chiin va ham 1é cho phép don gian biéu didn chudi Fourier
[)Néu f(x) 1a mot ham chdn cua x thi

jf x)dx = 2J'f (x)dx.
That vy, vi f(x)1a ham chin nén f{-x)= f(x),dodo
J.f(ﬁ)dé If(é)dé+ff )dé = jf( & da+jf da=2f'jf(é)da.
2)Néu f(x) laham lé cua x, titc 1a f(-x)=-/(x) thi 0
[ £ (x)ae=
That\éiy !

ff(s)dé j/(a)dujf(é dé = If( dé+[f(§ d% = 0.

3) Tich cua hai ham chéin la mdt ham chén, tich cha hai ham 1¢ 1a rn(f)t
ham chin, tich cia mdt ham chan vé&i mot ham 1€ 1la mot ham lé.

- Néu f(x) 1a mét ham I¢, biéu di€n (1.29) ¢6 dang

f(x)zibnsinﬁ?, O<x<L,

n=l

2
trong d6 b, = — J sm—
L 0
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~ Neéu f(x) 1a mdt ham chin, biéu didn Fourier cnia né 1a

f(x)=q, +iancos£‘?‘_ O<x<L,

n=l

trong dé: a, va «, dugc xac dinh theo cdng thuc:
aozzjf( o _—I}‘ cos—dx

- -x, —L<x<(
Vidu I Tim chudi Fourier cua ham f{(x) ={ * 0 < rL
X, <X <

Giai: Vi f(x) la ham chan, nén chudi Fourier Ia chudi cosin:

) = ATX
S(x)=a,+ Za,, 005—1“ ,
n=1 *

vin cac hé so:

g L
= dx— xee =
J7 = =
I I
I (,cns——afx—3 xcosﬂidx——gL—[—H(—l)"}
; L I nn

0

H

1
L
2ir
L

Suy ra biéu dién chudi Fourier theo ham cosin ciia f(x) la:

2“—2[1— Jcos—}T—x.

"=l
Cong thire trén cho phép xac dinh ham £ (x) trong khoang (0.1).
Vi du 2. Tim khai trién chudi sin Fourier cuia ham fix)=x véi
O<x< L,
Gidi: Zb sin
voi cdc hé sb:

.. _ "L
—If sm—a’x—2 xsinf—gdx:il-l——.
L L nmw

Suy ra biéu di€n chudi Fourier theo ham sin cta b ( x) cO dang
- _1 m+l
-2 z (—)——sin f{i .

F) — n
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Vi du 3. Tim khai trién chudi Fourier cho ham song hinh vudng

,0<x<lL
& day f{x) & mot ham 1€ cia x.
Tim khai trién chudi sin Fourier ctia ham f(x).
Giai:
f(x)=>6, sin-’? ,

w=l

I
trong dd A, =2 I(i)sin%dx :%[1 —cosnm]= %[l —(—1)”].

0

Viy khai trién chudi sin Fourier cua f(x) c6 dang

f(x)= ii[l—(—l)”]sinﬂz-x—.

n=| L
Mot dang viét khidc cita chudi Fourier nay 1 thay lai chi sb tong
. 4 1 . (Zm +1 ) X
x)=— sin
f( ) TEE’}m+1 L

wr=ll =

47 mx 1 . 3mx 1 . S5mx 1, Tmnx
=_—|sin— 4+ —-sin——+—sin ——+—sin——+... |
s 3 L 5 L 7 L

Goi tdng thir # cta chubi 12

4 1 . (2m+1)nx
S =— .
"(x) n;2m+lsm L
Vi du 4. Xét ham ¢6 dang
2, -2<x<0
' =  f 4) = vx.
1) =12 T =)

Dang biéu dién chudi Fourier clia ham nay 1a

- nmx . AmX
f(x)=a,+ ;(a” cos—~ +5, sm—z—},

trong do:

a, = x fjf(.ﬂd,t = % i[f(x)dx = %[124&4— ;[xdxil = %;
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1] 1
L IQcosn—niafx+ jxcosﬂdx =—_,i)[1—(-1)”];
2 2 ; 2 nn

. . Hnmx
b, =— j_f (x)sm—L—dx— {J‘ZSm?—drﬁtjxsm-—de

Tir d6 suy ra biéu dién Fourier

3 & 22
x)=5+§;3n—2[1—(~ :’cos—+Z—sm—~—.

n=1 AT

D6 1a téng cua hai ham chin va Ié ;

F(x)--+z 21 (1) eos ™™
G{x)= Z—smﬂf—x.

p=) HT L

4. Cac dang biéu dién cia chudi Fourier

aj Biéu diéy Fourier dwgi dang liwong gide
Biéu dién Fourier dudi dang luong gidc c6 dang

- (x): ay +Z(GH COS—[_+b,, Sinf?), ~L<x<l y

n=1

v cac hé so:

L)1 .
a, = W—Z_!f(x)dx,

7, COSE?TX /
L ! nmx
> =1— jf(x)cos—L—dx;
)

Cos

= 5 =J—::- j sm———dx
-1

Dai khi ngudi ta con biéu dién dudi dang déi ximg sau:
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f(x)= I;" Z(A cos—L—+B sm—-LE], -L<x<l,

=1

trong dé: =— I fx cos ——_—dx

1 nmx
B, = E_'!‘f (x)sm—z—dx
Mot sb truomg hop ham £ (x) xdc dinh trong khoang a <x<o+2L,
voi f(x+2L)= f(x) c6 biéu difn dudi dang chudi luong gidc Fourier
nhr sau

f(x)=a,+ Z(a” COSEEX—-Fb” sin %ﬂf],

n=I
vot cac hé so duge xac dinh theo cong thire:
1 e+ 24

a, = — I,f'(x)dx;

Dang phire cua chudi Fourier duoce xac dinh bang dong nhét thire Euler

LY

: AMX . ATX
e =cos +#sin it =1
L L .
m:t\ _tnmy mr{.\' _ e ( )
A e 4+e * . hmx el —g F
=5 COs = . sIn = :
L 2 L 2i

b) Biéu dién Fourier dudi dang mi
Tir (*) ta ¢6 khati trién chudi Fourier dang mii

f(x 0 +Z[ ;( i h, —mrm'f.)_f_j;&(emmﬁ __e—rmu,"f ):|
A S (B LS i e

Hl

Céc hang sb dwgc xac dinh nhu sau:

A1 If(x)dx;
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I3

G2, i8,) = j{ f (x)cos———;)"(x)qm—}d
I

—H.l“'\ J’
X,

1
20
( ,,=%(An+1'8 :—lz :!.[ Jcos: f+ff( )qm—n{{)dx

e ! " )rrrm'_.'f_ B
ey _'!‘_f (x)e™ " dv.
Nhu vay

f(x) = C'f) + i Cv”emm’.'i + i (-,_”e_,,mr_l_ / ’

n=1 n=t

Thay tong cudi ciing » bang —-n tacd

( + Z( e . + Z IN"L\ I
0

n=l =

Biéu thitc nay la dang phirc ciia chudi Fourier

f(x) — i Cr”em‘.llr.-"f. .
n=—r

r hl ] f’ EREETE A TN
trong d6 ', = 57 jf(x)e Tdx.

§4. CAC HE TOA PO CONG TRUC GIAO

Gia st x. y, z 14 toa d6 Pé-cac ciia mdt diém nao do, con x,.X,.x, latoa
do cua h¢ 10a do cong trire giao ciing ciia diém nay. Xét yéu td khoang trong
hé toa 6 Pé-cac va hé toa do cong true giao

ds® =dx’ +dy’ +dz’ = hldx} + Rldx] + hldx: .

trong do h = ft + G4 + E ,i=12,3:1a cac hé 56 Metric hay
ox ok, ox,

!

con duge goi 1a 4¢ 50 Lame.

Cac he toa dd truc giao dwoc dic trung day du biang ba hé s6 Metric
hy,hy k. Ta dua vao biéu dién céc toan tir grad, div, rot va toan tr Laplax
A trong cic hé toa do cong truc giao khéc nhau, dang téng quat cua chiing
co dang:
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Ou Ju S

-l ~—{hhA Y+ —(hh A, <= hh AN
h1h3h3 a’Cl( hha I) aXE( v ')+ax3( " ‘)}
ki, hi, b,

-~ 1
rot 4 = —— J 9 0

ik | & A,  ox, |
WA hdA, hA

I [o(mn 0 a(mn 8 & (hh o
Au = ] — | ~— + _ + —] —= — .
mih | ox\ h ox ) o\ h ax, ) ox\ h o,

trong do: ;;-':1: 14 vector co sé& ¢o do dai br?mg don vi; A =(A,,A3._A3) la

vector tiy yi w=u{x.x,.x,) 1a mot ham vd hudng; 4, = 4, {x,.x,.x,),
k=1273.

1. Hé toa d6 Pé-cac
Cac truc toa dd cong trung vdi hé toa dd Bé-cac vudng gbe:
X, =X

X,=yr=>h=1Lh=01h=1.

X, =z

Céc toan ty grad, div. rot va toan t Laplax A trong hé toa do Dé-cic
vubng goc duoc viét:

~ 04 04
divd="r 4 +8A-"

grad i = L }+@f;;

trong d6: 7, 7,k 1a cac vector chi phuong cta cac truc x, ), z.
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2. Hé toa dé try

Xéthé toa dd cong x, =r,x, = ¢,x, = z lién hé véi hé toa 46 Dé-cac boi
cac hé thic x =rcos@.y =rsin@.z =z, cac bé mit cua hé toa dd cong nay
khi r=const 12 mit try, khi ¢=const 12 mat phang, khi = =const la mat
phang, vi thé con dugc goi 1a #é toa d6 tru. He sé Metric h =1, hyo=r.h =1,
do do cac todn tr grad, div. rot va toan tr Laplax A trong hé toa d6 try
duoc vidt:

Su- 106u- Ou-

rady = —i +—— @ +—1.;
& ar ' dop° &z
divﬁzl—a—(m,)+-l‘ o4, +@1:
r or r op 0Oz
ook
Y P A
rior ¢ &z
A A, A,

104, 04,)- (o4 84 (1 o 1 84, \-
e e — . me |1| + ——l e d .;2 .+_ e —— (.y"/f2 ) _— e — !3:
rop oz oz  Or ror r o

1 a( 8u] | &' &
Au=——lr—l+——S+_.
ror\ or) r*op &z

3. Hé toa do ciu

Xéthe toa d6 cong x, = r,x, = 0,x, = ¢ lién hé v6i hé toa dd Dé-cac boi
cac hé thirc x =rsinBcos@,y =rsinBsing,z=rcosB, cac bé miét cua hé
toa d0 cong nay khi » = const la mat ciu, khi (¢ = const |la mat phéng, khi
z=const 12 mit nén, vi thé con duogc goi 12 hé toa d6 cau. Hé sé Metric
h=1h =r h =rsin@, do d6 cac toan t grad, div, rot va toadn tir Laplax

A trong hé toa do tru duoe viét:

Su- 10u- 1 ou-
gradu = —i +——fp + —————|;
or r o0 rsin o
- R _ o4
diVAszi(r‘Al)+ : £(51n9A2)+ L o4,
reor rsin 66 rsing@ oo

32



“rg
1

i ri, rsindi
rot ‘,Z — 1_1_ _6_ 2 .,_Q... —
rosin®} dr 0B o
A rd, rsinBd, |
L PR T | LN T P
rsin@| oo oo rlsin® dp o 7
2 42T,
rlor 77 00
Au = L @_[ )a_u] Tl——(q*[sme-@i)+-—;~l———?3;
Foor or ) r sin® o0 ) risin® 0 o
3-PTTLA
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Chuwong 11
PHUONG TRINH HYPERBOLIC

§1. KHAI NIEM VE PHUONG TRINH SONG

Phuong trinh soéng con duoc goi 1a phuong trinh Hyperbolic, nd dong
mGt vai trd quan trong trong vat 1y cfing nhu cac nganh k¥ thuit, duoc thiét
1dp trén co s& nghién clru cac dao donb ctia: day. mang mong, song am.
song tao ra do thuy triéu, song dan hdi, song dién tir trudng... Chuyén dong

song 1a su di chuyén nhiéu loan mot moi tredmg vat chit co quy luat, dudi

sw anh hudng cia mot ngudn séng nao dé. Trong qua trinh truyén séng.
ning lucm;: va moment cua hé duoc truyén tir ngudn song. Su di chuyen cua
song ¢é thé 1a doc. ngang hodc xoén.

Song duoc phan loai thanh séng co hoc va séng dién tir. Séng co hoce
doi hor méi truong vt chét dan hdi dé lan truyén, vi thé thuong duoe goi 1a
song dan héi. Moi trudomg dan hdi duge dic trung boi mot tip hop lién tuc
cac diém, ma tai 46 mét sy di chuyén ciia mét diém lap tire tac dong lén cac
diém lan can bai cac luc va phan luc. Phan lyc & cac diém lan can sinh ra do
chinh cée luc tac dong 1én ching, do tinh lién tuc cfia cac qud trinh ndy nén
su di chuyén ban dau truyén sang mdi trudng dan hdi theo cich céc diém lan
cin bi anh hudng nhu mét ham s cua thai gian. Song dién tir khdc vaéi song
co hoc & chd né o thé truyén qua chan khong.

Hinh 2.1a md 14 mdt soi day dai bi mot dd dich chuyen ngang luc ban
diu va sau do6 tha ra. tinh dan héi cua so1 day tao nén cédc luc ¢6 ging day dé
dich chuyen Lic ban dau cha diy vé phia sau dé phén déy bi dich chuyen lae
dau tré vé vi tri cdn bang. Cac luc nay anh huong truc tlep dén cac diém &
bén phai ctia do dich chuyén. Cac diém lan cin bi ddy xubng va vi thé d6
dich chuyén c6 xu hudng chuyén dong vé phia bén phai vai mot 1d¢ do nao
do va nd phy thudc vao cdce tinh chit vét lidu cla soi day. Dy 1a mot vi du
dién hinh ctia song truyén ngang, trong d6 do dich chuyén trong méi trudmg
dan hdi vudng goc véi huéng truyén qong

Hinh 2.1b mé ta céc khbi vat duge ndi véi nhau bang cac 16 xo dan hdi
dudi dang day xich. Cac khdi vat cé thé dic tring cho cac nguyén t, con o
xo dac trung cho luc giita cac nguyén tir. Khi mot khdi vat bi dich chuyén
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theo chiéu doc, gdy nén sy cang ra va nén lai cua 1o xo, tao nén cée luc tac
dung 1én khéi vat bén canh. Néu khdi vit sat phia bén trai bi mét dich
chuyén ban dﬁu vé phia bén phai, gy nén mot tac dong nén theo kiéu day
truyén cho cac khdi vat phia bén phai. Dy Ja mot vi du vé song truyén doc
hay séng do t&c ddng nén.

Sang dao d?ng vudng géc vir
Vi tri ¢an béng hwéng truyeén ndng lrong song

P8 16ch ngang Iuc ban dau

l Huréng truyén néng lwgng

Song doc

a)

I

Song ngang Song dao dfng song song véi
huréng truyén nang lgng séng

b) fﬁwmwwlmwm%
o

Hudng truyén ndng lvgng

o) — s T[T

—— ST TTTTTTT]

Hinh 2.1. Dao dng cia sdng doc va séng ngang

Hinh 2.1¢ md t4 mdt chat khi véi mét 46 p chira bén trong modt ng tru
tron, ¢o thiét dién 1a 4. Gia sir ¢6 mdt pit-téng (piston) b truyén mot xung
luc F, 1am cho pit-tdng dich chuyén véi tde d6 ¢ trong khoang thoi gian Az.
Su tac dong dot ngdt nay 1am nén chat khi & bén trong dng va sinh ra mot
song nén di chuyén vé bén phai. D6 1 vi du vé séng doc.

Song am ciing Ja vi du cta song doc, trong khi mét sgi diy dao d@ng la
vi du cua mdt séng ngang. Séng doc chuyén déng theo hudng ndng lugng
dugc truyén, trong khi séng ngang chuyén ddng theo hudng vudng goc vai
huéng niang luong duoc truyén, Mat song la bé mat chuyén ddng trong
khong gian 3 chiéu, trong khong gian 2 chiéu rut gon thanh mdt dudmg cong
va thanh mot diém trong khéng gian 1 chidu. Mt song dugc dac trung bai
tdc d§ song nhu nhau tai moi diém trén mat séng. Vi du, tir mot ngudn diém
& d6 ¢o6 thé tao nén mot song cau lan truyén theo tit ca cac hudng cia mat
song 13 mét hinh cau, trong khong gian 2 chiéu mat séng 14 mot hinh tron,
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con theo mét huémg mat song chi la mét diém. Néu ngudn song 12 mot
dudmg thang. mat song s& 12 mdt hinh try chuyén dong trong khong gian
3 chiéu va s¢ 12 mdt dudmg thiang chuyén dong trong khong gian 2 chiéu.
Néu nguén la mat mat phing, mat song la mot mat phéng.

y 4 Y 4 .
a) X b) X
y -
fx) \:"a
/\Q‘ Y =X - a)
vl v
_____ X ...
""""" s X, X
............. ]
c)

Hinh 2.2. Biéu dién hinh dang chuyén dgng cua séng

Truge hét, xét cac dac trung toan hoc ctia mét chuyén dong song. Xct
mat dudng cong lién tuc ty y y = f(x) dac tnmg cho mot vai dang song

hay 14 hinh séng tai mot thoi diém nao do. Mot dang song nhoé dugce cho bdi
dudng cong trén hinh 2.2a. Gia s hinh dang cta séng la khong ddi khi né
chuyén dong, diéu ndy s€ khong dung khi méi trudmg khong dong nhét hoic
di thudng. Bay gid tat ca cdc ky hi¢u trén db thi nay duoc thay thé x bang X,

y bang Y ¢ moi noi dé thu duoc hinh 2.2b. Dit db thi (X.Y) phia trén dq thi
(x.») sao cho truc ¥ nim trang voi dudmg thing x = @ nhu trén hinh 2.2c.
Chiing ta bi¢u dién dudng cong ¥ = f£(X) trong hé truc toa 46 x va y.
Theo hinh 2.2¢ ta thiy x=a+.X, y=Y. do d6 phuong trinh mé ta dudng
cong ¥'=f(X) codang y= f{x~a) trén hé tryc toa dd x va y. Khoang
cach a bang tbe do truyén séng b nhin voi thoi gian ¢, do d6 b =ar. Nhu
vay, duong cong y= j'(x—af) md ta song lruyén vé bén phai theo hudng
truc x. Tuong tir, ¢ thé mo ta mot dang song g(x) khi truyén vé bén trai,

sw di chuyén cua song duge déc trung béi ham y = g(x+ar).
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Xét mdt chuyén déng song tdng quat
u=u(x.t)=f(x-ar)+g(x+ar)

(2.1)

trong do: co mot dang song truyén vé bén phai, mot dang séng khac truyen
vé bén trai; ¢ 12 hing sb téc do truyén song; f, g 1a ham dac trung cho

dang séng tay y.
Pao ham riéng cua ching ¢6 dang

g = f'(x~a£)+g'(x+ar)
(%;—;—f:f”(x—ar)Jrg"(xﬁt at)
%}i=f'(x—ar)(»a)+g'(x+a!)(a) :%F”—a -
Tl;’;-;r.—’?-:f"(x—.:;r)arz+g,r”()c+ﬂr!)r::2
2
a g;: =f"(x—ct)a’ +g"(x+ct)d’
Vay phuong trinh séng 1 chiéu 1a
2 2
0 l:‘ 4 12} t: -0
ot ox”

(2.2)

Lap ludn tuong tu, trong toa dd Dé-cac phuong trinh song 2 chidu va 3

chidu o dang;

a’ oyt ot

trong d6: @ 1a hang s6 tdc dd, V? 1a toan tir Laplace 2 hodc 3 chidu.

QE _ az [al + al + _.a.:.EJ = a?'vzu.

(2.3)

Phuong trinh trén cé thé thém vao s hang dic trimg cho ngudn séng
phat ra, sd hang lam cho song tit dan lam thay ddi hinh dang séng. S6 hang

L. o1A C bAoA n A . . Ju ; . .
tat dan ty I véi toc do truyen sdng ¢é dang ~Ba—. Phuong trinh song c6
!

thé dugc viét trong hé toa do khic bing viée thay toan 1t Laplace V7 trong

cac hé toa dd cong khac nhau,

Ta ¢6 phuong trinh séng trong cac hé toa d9 khac nhau:
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Toa dé Py -——a Vou +q(x .z, .')
D.\ . alu__aﬁ (_}_?_4_8_ azu + (7( ;.2 !)
€-cac Py PR ay; Py gix. .z,
T Ou e 1 ¢{ ou . 1 6:u+f‘u (re .')
R R el PP e z,
“‘ at |y oo ) e o
& g'la[zau\ I a(. Gu] 1 &u
— = | B — e — sm@:—— ‘e
Ciu or e or 8}*} r sinQ o6\ &) rosinT 9 8g”
+q(r,9,(p, )

Phuong trinh séng cé trong rat nhidu bai toan vit ly. Ching ta s& xét
phuong trinh dao dong cua day, phuong trinh chuyén dong cua song am
trong moi truomg chat khi hodc chdt 16ng. phuong trinh chuyén ddng cua
sOng dién ..,

§2. PHPONG TRINH DAO DPONG CUA DAY

1. Phwong trinh dao ddng cua day

X¢ét mét soi diy co chiéu dai L, véi moi diém duoc cang ra theo
chidu dai cua truc x. M3i diém cua soi diy dai L c¢o thé biéu thi bang
hoanh d¢ x cua né. Ta md ta qua trinh dao ddng cia diy theo vi tri ctia moi
diém da cho cua soi day tai cdc thoi diém khac nhau, bang cach dua ra
vector dich chuyen cla soi day tai vi i x va tai thoi diém ¢ ¢6 dang

&:(u] (x,2).1, (x.2).u,(x,1)). D& dom gian, gia sir qud trinh dao dong cua
soi ddy chi nim trong mit phing (u,x) va sao cho vector dich chuyén
vudng goc voi truc x tai thoi diém bit ky. Nhu vy, viée md ta qua trinh
dao d6ng chi cfin mot ham u(x,r) dic tnung cho do dich chuyén vudng goc
val sgn day.

Xet sgi day nhu soi chi dan héi dé uon vé mat toan hoc. khai niém dan
hdi dé udn thé hién & chd suc cang xuat hién trong day ludn ludn huong

theo tiép tuyén voi dang dudmg cong tirc thot ciia no, diéu d6 biéu thi day
khong bi can trd khi udn 1 cong.

—Suc cang 1 tai méi diem khéng phu thuge thoi gian, That vay. dd lén
cla stre cang xudt hién trong ddy do dan héi ¢6 thé dugc tinh theo dinh lujt
Hooke. Xét dao dong nho cia ddy va bod qua binh phuong cta u, so voi 1:

(u,) << 1.
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Khi sir dung diéu kién nay, ta tinh dugc do dai dudng cong cua soi diy
khi dao dong trén doan (x,.x,):

S'= .rj,,’l-k(u_()zdx rx,—x =S

Nhu véy, trong gidi han coa bai toan ly tudng nay, c6 thé cho ring dd
dai cua sgi day khc‘mg d6i khi dao dér}g. Do do, theo dinh ludt Hooke, 46 1on
stre cang ¢ tai mdi diém khong thay déi theo thoi gian.

Tix + Ax)
uf PuiAx

Boan day dugc xét

Hinh 2.3. Dao dgng coa day

— Strc cing T tai mdi diém khdng phuy thude vao toa d x, tire 1a:
T(x)=T, =const

That vdy, hinh chiéu stic cang trén truc x va u ky hiéula 7 va 7, :

T{x
T.(x)=T(x)cos6 =(7)2 ~T(x);
1+(u,)
T,(x)=T(x)sin0=~T(x)igd~T(x)u,,
trong d6 O la goc gitra tiép tuyén ctia dudmg cong u(x,r) V&1 truc x.

Trén doan (x,,x,) cé tac dung cua luc sicc cing, ngoai luc va luc qudn
tinh, tdng hinh chiéu cta tit ca cac luc trén truc x cin phai bang khéng (&
déy gidi han chi xét cac dao dong ngang). Vi ngoai luc va luc quén tinh theo
gia thiét hudng doc theo truc # cho nén

Tt (x?.)_T;' (xl)z O = T;‘ (xl) = Tr (xl )'
Do tinh tily y cua doan (xy, x3), suy ra sitc cing khdng phu thudc vao x:
T(x) =T7,.
Pé cho thudn tién, ta dra vao cac ky hiéu:
u =u(x,r) 12 46 dich chuyén dao ddng ngang ctia day;
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p=p{x) la mat 46 khdi hrgng chidu dai cua soi déy;
T = T(x) la sirc ciing cda soi day;
w=w(x} la ngoai lyc tinh rén mdt don vi dd da1

2] .
U = %—1:- la tdc d6 dao dong ngang cua soi déy;

[

B 1a hé s6 tit din tuyén tinh, véi gia thiét luc tét dan t§ 1& v&i van
téc dao dong cua soi day.
Xet mot doan day vai mdt d9 p tinh trén mot don vi dd dai nim trong

.. L . e 5 o Ou(xa)
khodng gifta x va x+Ax. Trén hinh 2.3. cac dao ham e va

Ou (x + Ax.t
? (x_a___vcm) la d¢ débc cia tiép tuyén duomg cong & cac dau Ax :
X

tgd, = ai(it_%’jl_tgg] - gu_(_x,t) .
i Ox
Luc bén ngoai tdc dung Ién doan Ax bao gdm: ngoai luyc wAx va luc
lam séng yéu di (lue tat dén) Bu Ax, trong do luc tit dan ty 1& véi van tde
dao ddng cua diy va bod qua trong luc. Moi chuyén dong héu hét 13 theo

phuong thing dimg, do do stre cang theo phuong chuyén déng ngang trong
trang thai cn bang la nhu nhau tai moi diém:

1(x+Ax)cosO =T(x)cos0,=T.

Ap dung dinh luat Newton theo phuong thdng dimg ctia chuyén déng
dao ddng, tirc 1a khéi lwong nhén véi gia tde bing tdng hop luc tac dung 1én
day theo phuong thang dimg:

Ax
Ax 13, u[x + —2— ,t]
p[x+-—ij~—-7j——-n-- =
2 ot

Ax : 8zs(x+ —,IJ
=T (x+Ax)sin®, —-T{x)sin®, +\-v[x+?—JAx—BAx—-----~%

Ax
Ax 6u(x+ ?--._JJ
= T(:g92 -1g0, ) + w(x +—.2_.)Ax - BAx‘___at_“.____
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Chia phuong trinh trén cho Ax , rdi ly gidi han khi Ax — 0 va chi ¥ rang
f@u(a-ﬁ-!\xr) _Tﬁu(x,f)'

o o t
lim Ox ox |8 fpoulxn))
A0 Ax T ox ox
Két qua ta thu duge phwrong trinh chuyén déng dao déng cua day
Ou (. ou(xr) Su
X) oo = I———= +wlxt)-B—. 24
() o’ ax[ x ( ) b ot 24)

o Truomg hop [: Mat do p va stc cing 7'=7, la hang sb vai B=0,

_ T
w=0,Dit ¢’ ta thu duoc phirong trinh song 1 chiéu
P

(2.5)
o Truong hop 2: Mat dd p va ste cing 7 =7, 13 hing sb véi w=0.

Dit o’ = L s k= b ta thu dwoc phurong trinh dién bdo

P p
2 = 2
Tu O p0u (2.6)
ot ot ox”
o Truong hop 3: Mat dd p va sic cang T =7, 14 hdng sb v&i B =0,
w=-pg, trong d6 g la gia téc trong trudong. Dat o _fo ta thu dugc
. P
phicong trinh dao déng cuu ddy dudi tde dung cua trong luc
Ou , O
——tg=a —, 2.7)
ar BT o (

o Triong hop 4: Mat dd p va sirc cang T phu thude vao toa dd
p=r{x), T=a’p(x) va p=w=0, ta thu duge ,
d du_r(x)&u
| plx _ 2.8
é‘x[;( )ax) a 61 (=8)
Dé tim nghiém dudi dang tuong minh, can phai ¢6 cac didu kién bién
cho phuong trinh dao ddng. Céac dang diéu kién bién cho phuong trinh dao
dOng cua day thuong ¢ dang sau: _
1) Diéu kién bién Dirichlet: Su di chuyén cua cac dau day ¢o dang:

B(u) =u(0,6)=g (1)

B u)‘ L f) g,(r)
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2) Diéu kién bién Neumann: Dao ham cua cdc dau diy c6 dang:

B, = 200 - g o)
B, = 2D g )

3) Diéu kién bién Robin: con duge goi 1a diéu kién bién hén hop 1a
hop tuyen tinh ctia hai didu kién bién trén, tie 12 d6 dich chuyén va do dée

trén cac diu ddy co dang:
3
= [—M + hu]
x=i} an

B(u
B(u)| = [‘3” hu]

- trong d6 gﬁ =gradu.si , 7 14 vector phap tuyén don vi.
£]

=gs(f);.

x=0

=8.(1),

x=f

Diéu kién ban d4u cho bai toan dao dong cua day 1a hink dang ban ddu
va van tée ban dau:

u(x,(]) = f(x); = g(x). (2.9)

2. Nang lwong dao dong cla day

Xét yéu td nhd PQ ciia day trén hinh 2.3, d6 1a mdt cung hinh c6 do dai

2
ds = 1+(6“J o142 a—”j dx . 2.10)
ox 2\ ox

Cong thuc hign dé doan ddy dr dich chuyén tir vi tri y =0 lén vi tri PQ
c6 46 dai ds duge goi la thé néing cua yéu td PQ. Cong lam cing sgi day tir

dx thanh ds bing ll.l'{. stc cdng nhan voi khoang cach. Gid st lue stc cing

1a 7, thé ning cua yéu td PQ dugc viét 1a
v =T, {ds - d)_n—(f—ax“j dx. @.11)

Dong ning ciia yéu té PQ duge dinh nghia bang mot mira khdi luong
nhén v4i binh phuong cta tée dd dao dong cda doan day PQ:

1 ouY'
dT 2(pdx)( a{] dx . (2.12)
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Toan bd nang lugng dao déng coa day bang tong dong ning va thé ning
cua yéu to P2 sau do lay tich phan tir 0 dén L.

I I P
E=T4+V = de+dV:EJ‘{[aTu-] + [G”J :|dx (2.13)
; 27\ ot Ox

trong do a’ = L const .
p
3. Nghiém ctia phwong trinh séng la duy nhéat

Xét phuong trinh dao dong coa diy ¢6 lue tac dung va diéu kién bién
thuén nhat

2
Ou , Ou

;= i +w(x,1),0Sx< Lr>0:
R e
qu(0.1)=0,u(L,r)=0;
oul{x,0
o(5.0)= £ (1) 200 - g ),

Gia sw ton tai hai nghiém cia phuong trinh trén la u, (x,1) va u,(x,1).

!1iéu cua chang v(x.!) =u, (x,t) — U, (x_._t) phai thoéa man phuong trinh

OV _ 2 9Y 0<x<Li>0
or’ ox”
1v(0,6)=0,v(L,t)=0;
ovlx,0
v(x,0)=0, - K_?*—) 0.
ot

Vé mat vat ly, phuong trinh trén md ta trang thai cin bang cua diy
khéng ¢6 luc ngoai tac dong, vi thé diy dimg yén khdng chuyén dong. Ta cé

thé kiém tra phuong trinh ning lugng cta ham v (x.1):

i 2 2
E=T+V =P [@) +a2{@J dx
2 ar ox

2 3 L 2 ] 2., . x » ey
dt —p ov g--£+( o 8 LAp S mp‘{ﬁ‘i _51_;_”35_‘: dx +pa’ J‘g[a—‘a—‘de
dr 8t or B Oxar ot or ox” 5 Ox\ Ot Ox

hay la

— -

dE _ av(L.a)av(L,t) v(0,1) 8(0,¢) _o
P a o a x|
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Nhu vy, £ =const nhung £(0)=0, vi thé ning lugng £ bing khong
trong moi khodng thoi gian, Néu £ luén luén bing khéng thi v(x.¢) la hang
sb. Do v(x,0)=0 suyra

v(xt)=u (x0)-w (x0)=0; V6, 08x< L= u (x.0)=u, (x.1).

Viéy, nghiém cia bai toan dao ddng cua diy 1a duy nhét.

§3. GIAI PHUONG TRINH DAO DONG CUA DAY
BANG PHU'ONG PHAP TACH BIEN
1. Phwong trinh thuan nhét

Trong phin nay sé giai phuong trinh dao dfng cita day bing phuong
phdp tach bién Fourier. Xét phuong trinh thuan nhit:

w,=a'u ;0Sx<Li>0, (2.14)
voi didu kién bién 1a hai ddu day duge gin chat .
u(0,0)=0;u(L.t)=0 (2.15)
va diéu kién ban diu bao gdm: hinh dang ban diu va vén tdc ban diu;
u(x,O)zf(x);ul(x._O):g(x), (2.16)
hay 13 viét dudi dang
L(u)z%?—a 9—1“’_0 O<x<L,>0:
ot o’
u(0,0)=0,u(L,r)=0; (2.17)

Ou{x,0
(. 0)= /() 2D )
Biéu dién nghiém dudi dang u(x.1)=X(x)T{¢), ta thu du’qcr mot hé
Sturmi-Liouville, thay vao phuong trinh ta duge X (x)77(¢) = a*X"(x)T(¢)
va chia hai vé cho @’ X (x)T(r). két qua Ia

(1) _X'(x)

IO
Ve trai chi phu thude ¢, vé phai chi phu thudc x, nghia 1a cho du cac

blen sb thay déi, nhung ty s6 ludn ludn bang nhau. No chi c6 thé théa man
néu bing mot héng s6 duge chon 1a —A, véi A = const . Nhu vay
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f" ([) (t) = —%
AT X(x)
ta nhin dugc hai phuong trinh vi phén sau:
T"(1)+ 2T (£)=0,T(r)=0; (2.18)
X" (x}+2X (x)=0.X{x)=0. (2.19)
Cac diéu kién bién (2.15) cho ta
04)=X{0)7({1)=0
u(0.1) (0)7(r) = X(0)=X(L)=0 (do 7(r)=0).
u(L.)=X{(L)T(r)=0
Gidi bai todn don gian nhdt vé tri rieng: Tim gia tri cia tham s6 A dé
phuong trinh
X"+rX =0, X{(0)=X(L)=0 (2.20)
¢6 nghiém khéng tim thudng.

Sau khi bién ludn céc gia tri & thiy rang, dé (2.20) c6 nghiém khong
tam thuong thi A > 0. Khi dé ta cé:

X(x)=D, cos</x + D, sin Jix;
X(0)=D, =0, X(L)=D,sinvAL =0,
Suy ra phuong trinh tim tri riéng

sinvAL =0= f_---—. (2.21)

Do d6. bai todn chi ¢6 nghiém khong tim thuong khi gia tri riéng

A= z[.ﬁ’i‘.) =123, (2.22)
L
trong tmg ¢6 cac ham néng _
X, (x)=sin ”;“x . (2.23)
Vai tri riéng da cho, nghiém cda phuong trinh (2.18) theo bién ¢ 1a
7 {t)= A4, cos E-%a{ + B, sin FT;—M , (2.24)

vai A, va B, 1a cac hang sd tuy y.

Nghiém riéng cda phuong trinh (2.14) ¢ dang
u, (x.0)= X, (x)T, (1) =(A” cosfzgi!- + B, sin ”?-‘L-‘i‘-]sin-’% . (225)
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Nghiém téng quat 1a tong cua tit ca cac nghiém riéng ng v&i cac gia tri
cuan la

. nnx
u(x,t)= Zu”(rt) Z[A LOS“T+B n—{w) n—-. (2.26)

n=l1

Diéu kién ban dau (2.16) cho ta xac dinh cdc he s6 tiy y 4 vaB,.
Ta co:

(. Z A, sin 7%

u, (x,0 ZB @-qinT

Theo 1y thuyét chudi Fourier, ¢6 the tim duoc cac hé s 4, va B, theo
cong thire sau:

X ’
A :(”LX_L% Jf(g)sinnLiE"di;
(n ‘) 0 ! (2.27)
1{gX) 2 i 1S
- o ”XHz — J‘g(g)sm dE,

. nna
trong dé o, = -

2. Y nghta vat Iy cia nghiém
Xét mot nghiém riéng

HTor! . Rual . HNMX na . HRX
u,{x,1) = [A,, cos— —+ B sin . )smT: o, cos~—L—(t +8, )sin —

5 B
trong d6: o, =/ 4. + B’ ’nna_ , = —arctg A—”

d

M&i diém ctia ddy x = x, thyc hién mot dao dong didu hoa

U, (xo,r): ancos-m;_a(H_an)Sin r.'af;c0 ,

voi bién 46« sin ””E"O .
Chuyén déng cna day loai nhw thé duge goi 1a song dieng. Cac diém

x= m--fi (m=12,..n —1} tai d6 sin% =0 trong sudt qua trinh dao dong
4

thi cdc diém d6 duge goi la mir somg. Cac didm x=(2m+1)—L—
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(m=12,..,n—1), tai dé sinﬂz—x =+1 thyc hién dao ddng véi bién dd «,

cuc dai trong sudt qua trinh dao C;Qng ‘Ehi cac diém do duoc goi 14 bung sing.
Dang song dung tai thoi diém bat ky ¢ dang hinh sin:

u,(x.0)=C,(¢)sin ?
trong d6: C,(t}=a,cosw, (1+8,), o, =—=.

Tai thoi diém 7 khi cosw, (¢ +8,)=*1, d6 léch dat gia trj cuc dai, con
vén tde chuyén ddng bang khong. Tai thoi diém 7 khi cosw, {t+3, )— 0, dé

léch bang khdng, con vén tbc dat gia tri cwe dai. Tan sb dao ddng tai moi
diém cia day gidng nhau va bang

nra  nm T
UJ” el .

Nut séng

Ham dao ddng dieu hod thi n
=
1]
[ %]

Bung séng

Hinh 2.4. Ham dao déng diéu hoa cua day

Nang luong séng dimg cua dao dong diéu hoa thir » cho dao dong
ngang cua day la

i 2
E =1 p(gf‘ij +T[6u J dx
24"\ ar ox

LA

= % II:pwi sin @, (¢ +38, )sin’ f%x—-t- T(EEJ cos’ @, (1+38,)cos’ ?} dx
1

-

{

5

= %%{pmi sin’ @, (r+8”)+ T[%] cos’ o, (r +3, )]
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2 lL )
Thay T = a’p, ©, = ﬂ; suy ra £, = %-'fv)-’--’-— , ta ¢6 néng lugng dao
dong caa day thir »:

o'l 4, A+ B
E -— E_._”____’f_ = () M R _4__1. .

" H

trong d6 M = Lp . ta co dm co ban do day phat ra co dang o, = L —Z— , cac
am con lai dugce goi la cac hoa am. Bing phuong phéap tich bién Fourier giai
bai toan dac dong cua day, ngudi ta da giai thich duge co so vét 1y cua qua
trinh dao ddng cua diy phat ra am thanh bao gdm 4m co ban ¢d nang luong
16n nhat kém theo cdc hoa dm tmg voi cac chi sd # khac nhau biéu thi trong
nghiém ctia bai toan la mét chudi v6 han. Dua trén két qua nay gitp cho cac
nhi séang ché tao nén dm thanh trung thuc khi thiét ké cac thiét bi thu, phat
am thanh.

§4. DAO DONG XOAN CUA MQT THANH DONG CHAT

1. Phwong trinh dao dong xoan

Xét mot thanh tru tron. dong chit, chidu dai £, gia thiét thanh bj mot
dao dong xodn, tirc 1a khi dao dong xodn cac thiét dién ngang cia thanh
duge gitr trén mot mat phang va quay quanh truc cua thanh. Céc thiét dién
nay khong bj méo, tdm anh hudng dén cac thiét dién bén canh. Trong trudng
hop hinh tru trén, cac thiét dién khéng di chuyén song song véi truc cia
thanh khi xodn. O day chi xét dac dong xodn cua thanh v&i bién dd nho.
Ching ta sé chimg minh ring, géc quay cia thiét dién khi dao dong la ham
phu thuge thdi gian va toa dd thoa mén phwong trinh séng. Chon géc toa dd
- 1a mot trong cac dAu mat cda thanh, va chon hudng truc x doc theo truc cua
thanh. Gia sit mn va mpn, 12 hai thiét dién trong thanh, cach nhau mét
khoang «x, mdt moment xoin M dit vao mn giy nén mot goc xodn 8 so véi
thiét dién mn, (hinh 2.5).

Tinh moment xoén theo cach sau: Xét hinh tru mong ¢6 thiét dién do,
dudi tac dung cta moment xodn dat vao thiét dién nay, diém A4 cia doan
A4 bi di chuyén mét doan AB.

AB = rd9. (2.28)
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Hinh 2.5, Dao déng xoan cua thanh

Goi t la dd lon clia sic eing do doan 44, bi dich chuyén thanh doan
B4, , theo dinh luat Hooke ta c6
t1=Gp; p=AAB, (2.29)

trong do G la hzf.mg s6, duoc gol la sudt bién dang.
Nhan hai vé cia (2.29) vdi do tacd

tdo=Goedo,
do goc o= EB rit nho, ¢6 thé viét:
AB=o@dx, (2.30)
Suy ra =yr—,
y % i
. . 06
va do do tdcmG(pdc:GardG.

Néu goi dM la yéu té moment xodn tic dung lén thiét dién do,
thu duoc:
dM = ridoc = G@rzdo*.
ox
Moment xodn M tim duoc bing cach Iy tich phan trén ca thiét dién mn:
*
o’

M =G§£r3dc=w (2.31)

trong d6 J = H?’zdc 12 moment qudn tinh cha thiét dién mn.

mn

Ta ¢ moment xoan tai x + dx la

GJ@+GJ6 0
ox

dx

2

4-PTTL A
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va thu duge phuong trinh daoc ddng xoan

G790 4 - K%;—?dx,

&x
trong do K la moment quén tinh trén mét don vi d6 dai cta thanh.
o' L, ., GJ
T Td = vOl gt =—
0t d°x K
L& pueong trinh dao ding xodn cia mét thanh hink ru.

Suy ra

(2.32)

2. Dao dong cua thanh véi mét dau gin dia

X¢ét dao dong cua mot thanh ddng chét trong trudmg hop mét diu x =0
duge giir ¢0 dinh, dau x = L duoc gin m6t dia ndng véi moment quén tinh
K, quanh tryc cua thanh. Néu thiét lap phuong trinh tai ddu x =7 gin
moment quan tinh K, ta thu duoe didu kién bién tai ddu x = L

%9 - ®
o, ox|._,

Nhu véy. bai todn tros vé viée giai phuong trinh (2.32) ¢ didu kién bién

RS 0 ..
e =lf};--a{—2 =’ — i c=,GJ/K, , (2.33)
i =1 =1
va diéu kién ban diu
9
O = f(x),—a; = F(x). (2.34)
Nghiém cua phuong trinh (2.32) dudi dang tach bién la
8(x.0)=T ()X (x). (2.35)
Ta thu duoc cac phuong trinh sau:
T"(t)+a*\T(t)=0; (2.36)
X"(x)+1°X (x)=0. (2.37)
Dé ham (2.35) thoa man didu kién bién (2.33), suy ra
X(0)=0, *X'(L)-a™2’X (L)=0. (2.38)

Xet bai todn trj riéng ctia phuong trinh (2.37) véi diéu kién bién (2.38).
Nghiém phuong trinh (2.37) ¢o dang

X(x)=C cosix+C,sinAx.
Thay diéu ki¢n bién (2.38) vao nghiém ta ¢6
C,=0. (¢*hcoshL-a®A’sinkL)C, = 0.
Néu ¢, # 0 ta thu dugce phuong trinh siéu viét;

4PTTLB
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a*dsinhl —ctcosAL=0. (2.39)
Phuong trinh trén xac dinh trj riéng cho bai todn {2.37) va (2.38). Giai
phuomng trinh siéu viét (2.39) bang phuong phép do thi. néu dat

Lh=pn, p= Lc—z ELS (2.40)
a K
thi phuong trinh (2.39) ¢6 dang : \
psinp — peosp =0 {(p>0). (2.4
Dé tim nghiém cia phuong trinh ndy, chi cin xay dung db thi cua hai

lad

ham: y=cotgp va y=" v xic dinh cac diém cét nhau cua hai duong b

thi la M,.M,.M,...nhu hinh 2.6,
y = cotgp

M

Hinh 2.6. Biém cit nhau cha hai dé thi y = cotgu va y = wip
Ttr hinh 2.6, r0 rang la cdc nghiém p, tang [én theo gia tri ting cua k,

déng thii higu p, —{k =1} — 0. Tir d6 suy ra véi k i 16m ¢6 thé xem riing

M, =(k-1)x. (2.42)
Cdc tri riéng
2 =[%) k=123 (2.43)
tuong g vai cac ham riéng
Xk(x)=sin“—£. k=123, (2.44)
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C6 thé thiy cac ham riéng khong tryc giao. V&i A =X, , nghiém téng
quat cua phuong trinh cé dang

7, (1) =a, cos H-ifi +b,sin

Hat
] >
Vi a,. b, la cac hing sb tuy v.

Nghiém riéng c6 dang

nal Mg HyX
0, (x.1 ¢, COs——+ h, sin
()= cos 8 sin B i s

Nghiém tong quat ¢ dang
- Wt . u*a;f] X
B(x,t)= a sin =%, 2.45
(x.1) Z{ 4 C0s ==+ bsin = Jein = (2.45)

Tir cac diéu kién ban dau ta ¢é

. (2.46)
ae(x,o)zzpka . Ei_{zF(x) .

Hé cac ham {sm%} khong tryc giao trong khoang (0,Z), nhung

hé cac ham {cosﬁf} lai truc giao trong khodng (0,L)}. Ta s& chimg

minh ring
J BoX e = Leosp, cosp, Ha tgp.;—p:tgpn :
0 (“‘k _P;)
That vay:
i i
jcos HaX “” =— jcos +-1— jcos (H*—+E"——)—{ '
0 L ; L
I i
= = sin(u"_“”)x’ + = sin(“*Jr“”)x
2(w, -1, L], 2(n+n,) L
. L .
= sin(p, —p,)+————sin{p, +p,
2(m, ~p,) ( ) 2(p,+1,) (i, )
13 _
(Hf ML )sm(m —u,.)+Msin(uk +i,).
2l ) pI(THETY
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Do sin{axh)=(tgattgh)(cos acosh), suy ra

jcos X cos EaX cx
; L L

Lcosy, cos '
=—~?(—f"—3;i(2uk tgh, - tel, + ATl + e, - pel - 20, tgp,)
p‘k _p‘n
Mo 1BH —H, 18K, )
(Wi - k3) |
Néu p, va p 1a nghiém cua (2.41), torc 1a psinp— pcosp=0 thi

= Lcosp, cosp,

tgpzf.Dod(), néu k = n tacd

top, —1 t
ICOSMCOSMC{X: LCOSH;{ COSj.ln uk E’J‘: }'L:: g“’n :0
o L1 (mi - 1)

(do thay tgu= P ).
n

Néu k = n, xét gidi han theo quy tic L'Hopital

t -u t
lim Lcosp, cosp, ol gp; “;’ EMy
Hy =k, (“& _“”)
. K, SInp, COSP_ ~p, SINP, COS L,
uh-IH L R
. " u’}{ I'I'n
 lim L sinp, COSp, + U, COSK, COSH, + |1 siny, sinp,

By 2u,

”’ktgp’k B I'I'ntgl‘ln —

= Hm Lcosp, cosp,

(e
_— LSinLlH’ COSIJ'H +’J'n COS“H COS“H +un Sin I'ln Sin I’l‘n
2u,,
1
s 2“‘:: +lu'H 1
= L2 =~ (2, +sin2y, ).
2, d,

Nhu vay, da chimg minh duoe tinh trirc giao ctia hé cac ham {COSL;}

nhu sau:
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) 40, k?tn
X M X

[;[cos / cos ; dx L(2pn+sin2p,,), k=n

| (4

Bing cach dao ham cong thic (2.46) dya trén tinh truc giao cia hé cac

]

X ~ . P
ham {cos E}‘i—} nhu trén ta thu duge cde hé sé:

4

L ad
a, = ————— X Jcos ——dx;
¢ 2uk+sm2pk If ) L
4L
b, = L 4 F( )costx.
ay, 2;1,( +sin2p, 7 L

§5. DAO BONG VO' BIEN BO NHO
CUA MOT SQI CHI TREO MOT PAU

Xét mdt soi chi nho, déng chat, d& ubn véi mot khdi lugng nao do,
chidu dai £. So¢i chi duge budc chit mot ddu x = L va dao déng dudi tac
dung cua trong luc (hinh 2.7). P§ dich chuyén cuc dai tai ddu x=0 so voi
phuong thang dimg mot khoang 14 4.

Chon truc x theo hudng thing dimg, do do no tring voi vi tr ban dau
cla s¢i chi. Pat u =u(x,r) la d6 dich chuyén cva so1 chi khéi v tri cén
bing tai thoi diém ¢.

Xét dao dong véi bién d6 nhd, do dé cb thé bd qua binh phuong cia
dao ham Su/dx so véi don vi. Nhu vay

sina(x) = tgalx) _ awax  ow

\/i‘HEﬂ \/1+ Ou’ E}r) Cox

trong d6 w{x) la goc theo hudng duong gitra

X

true x voi tiép tuyén cua soi chi tai diém x va tai :1 $1
thoi diém ¢,
‘ Stre cang ¢ cua soi chi tai di‘ém N la x, nd
bang trong fuong cnia sgi chi & phan thap hon N:
T =gpx, 0 U

Hinh 2.7. Dao dgng cla mdt

vol p la mat 46 khoi lugng tuyén tinh cta soi soi chi treo mot diu

chi, g 1a gia tde trong truong.
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Chon mét doan tuy y cua soi chi MM, . ¢6 d6 dai dx, trong d6 doan
tuong \ing & vi tri cin bing la NN, . Thanh phin nim ngang cua téng hop
stre cang tac dung 1én cubi cua doan MM, biéu thi bang hiéu

R I G e G U
con thanh phan thing dimg bang
[gpxcosoa( ] —[gpxcosa( )] ~ gpdx
chu y réng, cosa(x)= S S i.
1+(8uox)

Chuyén dong cua doan MM, dugc xem la tu do vdi diéu kién ta vin
duy tri lye sire cing tai diém M va M,, dbng thoi tinh dén trong lyc hudng
xudng dudi bing gpdx . Thanh phén thing dimg cta téng hop luc sirc cang
[4 sy can bang cia lwc hdp din. Vi thé gia st rﬁng véu t6 sgi chi MM,
chuyen dong dudi sy tac dong ctia cac thanh phan nim ngang cua luc (2.47).
Néu can bang cac luc ndy voi tich cia khdi lugng pdx cha cac phin tir ciia

soi chi véi gia tde ctia né (82u/ or’ ), ta thu dugc phuong trinh vi phan cho
dao ddng cla sgi chi vai bién do nho duoc treo & mot ddu
%(r%)z%%, ar=\/§j (2.48)
Bai toan dao déng cua m(f)t‘ sdi chi treo mét ddu duge dua vé viée tich
phan phuong trinh (2.48) vai diéu kién bién
=0 (2.49)

U

x=L
va cde didu kién ban dau
du
= f(x), 2| =F(x). (2.50)
£ 0

Dé ap dung phuong phép tach bién Fourier giai bai toan (2. 48), (2.50),
ta bién d6i phuong trinh (2.48) bing cach dua vao bién méi

E=x =& = x,26dE =dx:>3[x@]=—‘3—(gz ou J:—l--a-[gg—g}.

o\ Ox ) 2E0% E08 | 48 OF
Phurong trinh (2.48) c6 dang méi
, .
193 i@u 126?. (2.51)
4@ a&_, o) a o
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Tim mot nghiém ctia phuong trinh nay dudi dang
u(&1)=(€)T(1),

thay vao phuong trinh (2.51) ta co

va thu dugce hai phuong trinh vi phan:

df. do e .
d_g[‘t’d_g}’l Eo=0; (2.52)
T"(1)+(ar/2) T(¢)=0. (2.53)

Phuong trinh (2.52) chinh 1a phuong trinh Bessel cip khong, nd ¢6
nghi¢m [a ham Bessel loai m{t va loai hai cip khéng

(€)= CJy (AE)+ O, 1, (RE). (2.54)

Vi ¥, (RE) > khi £ -0, dodé C, phai bang khong. Piéu kién bién

(2.49.) xac dinh tri riéng JU()L\/Z) =0. Goi p 14 cac khong diém clia ham

Bessel cép khong sao cho Jo(j.l) =0, d6 12 mdt s6 v6 han cdc nghiém thuc
MKy 1y, Suy ra cac tri riéng duge xac dinh bdi phuong trinh

A=/l k=123, (2.55)

Céc ham riéng tuong Umng vai tri riéng nay cé dang

w, (x)=J, [pk\/%]. (2.56)

(iai phuong trinh (2.53), nghiém ¢6 dang

t . t
T, (1) =4, cos ”’f + B, sin “’f

Két qua cudi cung ta ¢o nghiém tong quat cta phuong trinh (2.48) la
chudi vé han

u(x,t)= Z[AJE cos ”;‘" + B, sin “‘la[].fo{uk\/%}, (2.57)
k=l o+

& day cac hang sb A,. B, duge xac dinh théa min didu kién ban diu (2.50) va

F(x)= iAkJo[u&\E J (2.58)
k=]
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dr o SOy
g
G‘I?E.

Tir tinh trirc giao cua cac ham Bessel suy ra

1 y X
A, :m(ﬁ"f (x)‘]ﬂ[“k \/;]dx- (2.59)

Tuong tu ta eling tim dugc

2 X
o~ (uk)j (x)JO[pk\/;}dx. (2.60)

Néu dat A, =N, sing,, B, =N,cosq, co thé viét nghiém (2.57)

dudi dang
- ,x . Hat
x.t)=> N.J — |sin| ==—+ ¢, 1. 2.61
“(r ) ; X U[”‘k L} [2[, Pk) ( )

Nhu vay. dao ddng nho cda s¢i chi treo mét d4u 12 tdng hop ciia mot sb
v0 han cac dao dOng diéu hod. Chu k¥ cua tan s0 co ban cda dao dong

ndy la
- 27: 2r _4n (L (2.62)
o ap,; 2\/_ 1, -

Tir phuong trinh (2.61) cho thiy bién do cla dao dong diéu hoa thir &
bang khong & cac diém:

X X X
Jo[uk\EJ: 0= uk\];_ﬂli, uk\];:u,,...
2 2 2
% ={ﬁ] L, Xy :[P_EJ L,.._,xk_l :[MJ L, X, = L.
uk “’k u;‘

§6. PHUWONG TRINH KHONG THUAN NHAT

Xét phuong trinh khéng thudn nhit
u,=a'u, +h(x1),0<x<Li1>0,
véi didu kién bién:
u(0,0)=u(L,r)=0, 0<x</[
va diéu kién ban diu:
u(x,{)) =0, u (x,O) =0.
Hay la viét dudi dang
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2 2
L(u)=~—-~~;—a“ 3 =h(x,t),0 <x< L, t>0:

<u(0,)=0,u(L,t)=0; (2.63)

bay la loai pht.rcmg trinh khong thuén nhat, nhung diéu kién bién va
diéu kién ban diu thudn nhét, tie 12 ¢é mat ngoat lue tac dung vao soi day,
Dung két qua bai toan trirde va cé tinh dén céc ham riéng v&i didu kién bién
bang khong:

n

F (x)zsin%’f;nzl,z,a..
Gia sir nghiém cua phuong trinh (2.63) ¢6 dang

u-—-u(x,r)zi/ln( sm——z (2.64)

n=| n=1
trong d6 4, (¢) 1a hé s khai trién phy thude thoi gian va thoa mian céc diéu
kién ban dau:
4,(0)=0, 4(0)=0. (2.64a)
Thay (2.64) vao (2.63) ta thu dugc

i[A:(: )+, (1)]F,(x)=h(x.0)

ol (2.65)
n _md a=123..
L

"

Nhin ¢ hai vé clia phuong trinh (2.65) v6i F, (x), rdi tich phan hai vé
tr 0 dén L, ddng thai st dung tinh true giao cta tap hop céc ham {F”(x)}

trong khodng 0 < x < L ta duge

D[4+, (D](F, n,)=]h(x=r)ﬂ,(x)dx- (2.66)

Tinh tryc giao cia tp hgp cdc ham riéng {Fn(x)} trong khodng
0<x<L lam cho tich trong (F,,F,) bing khong trir gid tri khi » bing
m:(F,,F,)=|F, H do do phuong trinh (2.66) khi # bing m trd thanh

(47 (0)+ 024, (¢ )IF,

- Ih(x,r)Fm(x)dx. (2.67)
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Ta dua ra phuong trinh vi phan khéng thuin nhét dé xac dinh cac hé
$0 Am(r):

A:v ([)+miaAm (I) = Hnr (f) ! (268)

trong do
1.

%jh(x,r) F,(x} dx-—_[h x,t) smTa’x (2.69)

0

H,(1)=

Nghiem cua phuong trinh (2.68) voi didu kién (2.64a) duoc giai
bang phuong phép bién thién hing sd. Giai phuong trinh thuin nhét

Ar{r)+w. 4, (1)=0 ta thu duge nghiém 1a

m

A,(1)=C cosw, t+C,sino, !
Dé giai phuong trinh khong thudn nhét, gia sir ring nghiém cé dang
A, (t)=afr)coso,t+B(f)sinw, ¢, (2.70)
trong d6 o.(r).B(¢) thoa man hé phwong trinh
o'(r)cosm,t+B'(r)sinw,r =0
{a'({)(—mm sinw, 1)+ (1), coso,t)=H,(1).

Suyv ra

a'(;):__(_ﬂl_., H, {t)sino,t, (r)-—- JA)cosw, 1. (2.71)

Hr m

Tich phén (2.71) s& cho cac gia tri:

o= a(r I—*— )sino, £d¢ ; (2.71a)

f

B=pB(r)= j;:—_ H,(&)cosw, EdE, (271b)

[} nwr
v&i £ 14 bién lay tich phan.
Thay thé cac gia tri o(r),B(r) trong (2.71a) va (2.71b) vao phuong
trinh (2.70) ta co

A, ()=— .[H’" &£)(cosw, Esinwm, ¢ —cosw, Isinw, &) dE
U‘)m 0

=“-jH,,, sinw, (1 -&)dE.

mm ]
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Co thé thay ddi m thanh n trong cong thirc trén va vidt nghiém coa
phuong trinh (2.63) dudi dang

uﬂ

uzu(x,r) IH”(E Jstnw, (r-£)dE sme (2.73)

nU(l)

Ti 1ep theo ta hiy x¢t bai toan tdng quat hon c6 diéu kién ban dau khong
thuin nhét:

L(u)= ou - a-f; =h(x,1),0<x <L t>0:

o’ ox
w{0.0)=0.u(L,t)=0; (2.74)
du(x,0
u(x90)=.f(x);“lig—)‘g(x)-

Cha y rang, toan t
a? ) 2
L(u)z i‘ —a” 9 1:
or ox”
[ toan tir tuyén tinh, nén co thé viét nghiém cda (2.74) dudi dang
u(x.t)=v(x,0)+ w(x,¢). trong d6 chon v(x,#) thoa man phuong trinh

2 . 2
L(v):%?l_az 2; zh(x,!), O<x<L,t>0:
v(0,1)=0, v(L,)=0; (2.75)
v
v(x,0)=0; —ﬂ=0.
| ot

Nghiém cua (2. 75) cd dang (2.73)

jH 51nco é)dé sini?r—.

nU

Con w(x,#) théa méan phuong trinh

2 !
[,(w)z(}];1 ~-a’ 2 0w =0,0<x<L, t>0:
or o’
w(0.0)=0,w(L,t)=0; (2.76)
ow{x,0
w(x,0)= 7 25D - g )

Nghiém cua (2.76) ¢ dang

60

oﬁr":.



g

mtat . HATX
5INN——.
n=l L L

Bing céach tach ra tong ciia hai phuorng trinh (2.75) va (2.76). nghiém
cuia (2.74) ¢ dang

= nnat . HAmat ) . Hnnx
u(x,r):z A cos——+ B sin sin——+
n L n L L

=l

A cos + B,s
k

(2.77)

§7. SONG AM TRONG CHAT KHi HOAC CHAT LONG

Séng 4m la séng dan hoi theo chiéu doc, duge sinh ra do cac dao dong
ctia ddy, cua cdt khi hay cta bé mat nao d6. Tir "4m" theo da sd moi ngudi
hiéu c6 nghta Ja song dao ddng di chuyén sinh ra am thanh dé nguéi ta 6
thé nghe thay duoc.

Hinh 2.8 mé ta mdt phd 4m thanh \0’1 tin s6 f (sb dao dong thuc hlen
trén 1 gidy) do bang Hertz (Hz). Tan s f cua mot dao dong 1ién hé véi chu
k¢ dao déng theo cong thire £ =1/T. M6t s6 vi du con ngudi biét duge vé
phd 4m thanh nhu song dudi tbe dd am thanh 1a song sinh ra do ddng dat,
ngudi ta ¢ thé tao ra 4m thanh dé kiém tra cac mau vat chat khong pha huy
nhu cac khuyet tat trong kim loai, tim ra cac khéi u trong co thé con ngudi.
Séng 16m hon tde d6 4m thanh ding dé dap nho céc khéi da, rira vat lidu, pha
huy céc té bao séng hodc st dung trong cac phuong phap chfln dodn y hoc.

— >

Tan sb Tan 56 siéu am

duagi

khoang

nghe diroe

10 10? 10° 10° 1M 10,
| | I | | | | I I Jan st
It it v 7 T 10 %

Khodng tan sé Tér:r s0 dao dong
con ngledi nghe dugc cia nguyén

trong chat rin
Hinh 2.8. Thang loga cla phé 4m thanh
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Ching ta s& nghién ciru sdng 4m tir viée nén chét long hodc chét Khi ¢é
mat dd khoi fuong p. Gia st ¢o bé mit S bao quarh thé tich V' cua mdt chat
long nao do, xét mot yéu td thé tich dt = dxdy dz bao quanh diém (x.y,z)
bén trong thé tich d6. Xét cac lue tac dung 1én véu té thé tich nay. goi
P=P(x,y,z) 1a ép suit (luc tinh trén mdt don vi dién tich) huéng theo
phap tuyén tai mdi diém cua bé mat. Lay tong tit ca cdc lyc ap sudt qua bé
mit cua thé tich va thu duoc

—(ﬂP(x.y,z)ﬁdo',

trong d6: 7 1a vector phap tuyén ngoai déi voi bé mit duge xét; do 1a yéu
t6 di¢n tich bé mat.

Dinh |y Gauss cho phép chuyén tich phan mat thanh tich phéan ba lop
theo thé tich

—CﬂP(x,y,z)ﬁ do = —Iﬂgrad P(x,y,z)dr,
N [

trong d6 dt 1a mét yéu tb thé tich.
Gia sir luc ngoai dt 1én mbi diém cua yéu 14 thé tich ¢6 dang
F = ﬁ(x,y,z): F (x,y,z)?+Fz(x,y,z)_hﬂ(x,y,z)l;.
Bing cach liy tich phan cac diém bén trong thé tich, ta co téng Iuc
ngoal tac dung la H_[pﬁd’r. Ap dung dinh ludt I — Newton cho yéu t6 thé
k

tich, trong d6 luc tic dung 1én ching bao gdm gradient cua lue 4p sudt va
ngoai luc. Vector van tic tai diém (x, y,z) la

V=V(x,y,z)= u(x,y,z)i +v(x,y,z) j+w(x.y.2)k .

trong do: g—} = u,% = v,%j— =w.
Theo dinh luét 11 — Newton
H_[pcj{—fdt = H_[(pﬁ—gradP)dr . (2.79)
s :

Vi thé tich ¥ 1 tiy ¥, nén ta ¢6 phuong trinh
72N
pd— =pF —gradP . (2.80)
dt
Phuong trinh (2.80) ¢6 thé biéu dién duéi dang
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o5
ceg,

du Su  Ou I oP
—---+—-u+—v+—-u-’:Fl(x,y,z)————

ot Ox dy &z p Ox

Cv ) : 1
i—-+ﬁu+ﬁv+@)—w=Pé(x,y,z)——gi (2.81)
& o&x & Oz p Sy

ow Bw  dw  Ow 1 oP

et —— U ——v+-—~—w=1ﬂ(x,y,z)——~—

L Of  Ox cy oz ' p Oz

duoc goi la phuong trinh chuyén ddng Euler cho chit ldng va chét khi
ly tudng.

Lugng chat 1ong, hay chét khi di vao khéi thé tich ¥ bing lugng chit
long hay cht khi di ra khoi ching. Khéi luong chét long hay chét khi thay
ddi bén trong thé tich ¥ bang

.%zm%m. (2.82)

Théng lwong chat long, hay chit khi di qua bé mat thé tich I theo dinh
ly Gauss cho phép chuyén tich phan mat thanh tich phén ba 1ép theo thé tich

ﬂ~(pfﬁ)dc= J:ﬂ—v(pﬁ)dz, (2.83)

vat V la todn tir Nabla,

Ciing can nhic lai 1a toan tir Nabla V tac ddong 1én mét vo hudng la
toan tu grad, tic ddng ién vector 13 toan tir div. Toan tir grad ]a mét vector,
toan tt div 1a mot vo hudmg: Vi = grado, V.V =divy .

Nhu vay ta cé

H % +div(pﬁ)]dT - 0.

Phuong trinh trén thé hién dink ludt bao toan khéi luwong cho mot thé -
tich chat léng hay chat khi ¥ tuy y. Tir d6 ta duva ra phitong trinh lién tuc
cho chat long hay chét khi duoe xét

o . - op =
—+div{pV}=0 hay ——+V(pV|=0. 2.84
o Taiv(p¥) =0 hay v (o) (2.84)
Ngoai ra, ¢ mot phuong trinh lién hé gilta 4p suit va mat do 1a két quad
cua ly thuyet nhiét dong hoc vai gia thiét ring Entropi ciia hé 13 khong dbi

P=%£E]ﬂ=£? (2.85)
Pa C;

i
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trong d6: P, p, 12 ap sult va mit do e ban dau (khi hé chua bi tac dong);
C,.C, 1a nhiét dung cta chit long hay chat khi khi 4p sudt va thé tich
khong ddi; v 1a ty sb nhiét dung.

H¢ ba phurong trinh (2.81), citing véi hai phuong trinh (2.84) va (2.85) 1a
5 phuong trinh x4c dinh 5 dai lugng w, v, w, p, .

Tém lai, su chuyén ddng cua séng 4m duge mé ta bang hé cac phuong
trinh dic trung cho qua trinh nén chat long hodc chat khi.

Vo oo- . -
p[i—«rVVV] pF—-VP; (2.86)

ap v(p¥)= (2.87)

o)t

trong d6: P 1a ap suat; p la mat do: ¥ 1a van tde ¢6 cac thanh phin u,v,w cua
chit Iong hay chét khi duoc xét.

Céc hé 5 phuong trinh (2.86), (2.87) va (2.88) biéu dlen 5 dal lwong
chwa biét u,v,w,p,P. Cac hé¢ phuong trinh d6 1a phi tuyén nén kho giai
dugc, vi vy cén phii tuyén tinh hoa chiing dé dua vé dang d€ giai. D¢ lam
dicu d6, ching ta s€ dua ra mdt vai dinh nghia va gia thict sau:

1. Nong d6 chit khi hodc chit long dic trung cho d6 lofing hay dam dic
cua ching duge dinh nghia
PP

p[)
2. Gia sir cc thanh phan tbe dd ¥, mft d6 p va ndng do s la nho, do

do tich ciia cac hang thae VNV, sVV, V. Vp va s* 1 ntho va ¢6 thé bd qua.

s=s{x.y.z,0)= (2.89)

3. Khong o ngoai lyc tac dung F=0.
Vi cac gia thiét trén, rat gon phuong trinh (2.86) vé dang

Voo . -
p a—+V.VV1:pF—VP:>%=—lVP
ot ) ot P

ou __lor
ot p Ox

hay ov__1oF. (2.90)
ot p ey
e __Lap
ot p Oz
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Phuong irinh (2.89) rit gon thanh
p=py(l+s), (2.91)
vi thé phuong trinh (2.88) ¢6 thé biéu dién dudi dang chudi cua s nhu sau

- S‘z
P=P(1+s) = ﬂ,{l+y§+y(y—-l)a+...}.

Dang tuyén tinh cta phuong trigh trén thu dugc khi cat chudi dén sb
hang cap 2 va bd qua cac s6 hang cép cac hon la
P=P(1+7s). (2.92)
Thay phuong trinh (2.91) va (2.92) vao phuong trinh (2.87) thu duge
pO%{+pOVI7+pSV]'7+Vp.I7 =0.
y _

Bo qua cac hang thitc psVV, Vp¥ ta thu dugc phuong trinh lién tuc
cho ndng dd s

% v¥=0. (2.93)
Ot _ )
Thay phurong trinh (2.91) va (2.92) vao phuong trinh (2.90) thu duge
F 2
L A a® =const.
Po (1 + s) Po
Nhur vay, phuong trinh Euler diroc riat gon thanh phuong trinh tuyén tinh
ot Cx
g &» =—a’ 2 hay o =—a’Vs. (2.94)
ot Sy ot
ow 5 08
— = — —
o o0z
Tém lai, dang tuyén tinh ctia phuong trinh (2.86), (2.87) va (2.88) la:
W _ v gt =B (2.95)
ot Po
as ~
—+VV =0, (2.96)
ct
P=P{1+ys). (2.97)
trong do y = ;—’ 1a ty s& nhiét dung, s = P=Ps 1 ndng do chét khi hodc
i Po
chét long.
5-PTTL A
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Céc hé 5 phuong trinh (2.95), (2.96) va (2.97) biéu dién 5 dai lugng
chua biét u,v,w,p, P.

Bdy gi¢ vi phan phuong trinh (2.96) theo bién ¢ va chu y dén phuorng
trinh (2.95), ta c6 phuong trinh vi phdn dao ham riéng xac dinh nong dd
(chiy: V' =A);

";2 B 2 ., 2
93 OV e Vi e atas = & §-§+a—j+-‘?—§ (2.98)
ot~ o ox~ oy &z

Nong do s 1a mot nghiém cua phuong trinh séng 3 chidu. Chy ¥ ring. ta

c6 thé vi phan phuong trinh (2.97) dé thu duge

Or _py 25l ap
af oY ot r = = a’AP.
VP = PyVis

Ap sudt P = P(x,y.z.t) ciing théa mén 12 nghiém cia phuong trinh

song 3 chiéu, Tuong ty, ¢6 thé chi ra tbe do ¥ cting théa mén 14 nghiém cua
phuong trinh séng 3 chiéu

b V:_a V[é‘s

o’

Néu toe do V nhin duoc tir mot ham thé U = U(x,y,z.!) cd dang

ot

|--av(-v7)=av 7

V=V (xy.z.t)=—gradU (x,y,2,1) = -VU (2.99)
thi tir phuwong trinh (2.94) ta co

~a* [grad st +C = o grad( Isdt]+€‘, (2.100)
¢} 0

trong &6 € 1a hing sé tich phéan.
Cho gid trj ctia hang s6 C khi +=0
V{x., 2,0)=C= ~grad U (x, y,z,0)
vi thé o thé viét
V= —grac{U(.»c.y,:-_',0)+a2 jsd:} = ~gradU(x,y, :-:,r) =-VU (2.101)
0

noic

{ =U(Jc,y._z,t)=U(x,y.z,0)+.ar2 jsdt. (2.102)
1]
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Vi phan phuong trinh (2.101) va sur dung phuong trinh (2.96) suy ra
phuong trinh xac dinh ham thé U:

ou
- =as, a?ljr
ac;fU 5 == a*VU, (2.103)
— 3 a2 —S — _afvﬁ = —GEV(—-VU) - QEVEU
ot o

cling la phuong trinh song.

§8. SONG DIEN VA TU
Heé phuong rrinh Maxwell ¢6 dang:
V.D= p.
V.B=0,
Vx E = ——aﬁ,
Ot
VxH=J+ ap
ot

trong do : D ( coulomb;’rnz) la vector cam g dién trudng;
B (weberz’mz) 14 vector cam Ung tir trudmg;
E ( volta’m) la vector dién trudng;
H {ampere/m) 14 vector tir trudmg;
J (amperez’mz) la vector mat d dong;
p(coulomb/m*) 1a mat do dién tich.

Trong mét mdi trudng khong ¢6 dién tich hodic ngudn & trang thai dimg,
ta cod

D=¢,E, B=y H,
trong do: g, (farad/m) 14 hing s6 dién méi; p, (henry/m) la hang s tir moi

hay db tir thdm; hai hing s6 nay lién hé v&i nhau bai hé thire

1
by = >
C

& day ¢ 1a tbe b anh sang.
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Khi J=0.p=0 trong khong gian ty do, cic vector £ va H théa min

phuong trinh song 3 chi¢u. Thét vay, nhdn vector todn tr V véi hai phuong
trinh Maxwell cubi cling ta ¢o:

: oH o . ol  GE 1 O°F
Ux{VxE]=Vx| - - UxH)=—u Zle _
(V<E)- [ Ho 8.*] Ho 81( )=+ arl arJ ¢’ ar
- oF o . i OH 1 &°H
V VXH :VX 8]— =g V E =g —| — —_— =
(V<) (‘ar] 051V E) ”8:( o a:] o
(2.104)

Ding dong nhit thirc vx(vx )= hvzfiw(vj) = V4+divd ta
o thé dua phuong trinh (2.104) vé dang cua phuong trinh séng (chi ¥ ring
néu mdi trudmg khong cé ngudn divA4 =0}

5~:E =c’V3E, -ahH
ot o’

Nhu vdy, mbi thanh phan (E,E,,£) cia E va mdi thanh phdn

=¢'V'H . (2.105)

(H,.H,,H,) ctia H phai théa man phuong trinh séng.

_

X
Hinh 2.9. Sw chuyén ddng cia séng phan cye va vector tdng hai séng

Béy gid, xét sy chuyén dong dao dbng cua séng doc theo mot duong
ben vé hgn. Chl v, sdng duge goi la séng ngang khi d6 dich chuyén cuoa
song vubng gdc v&i hudng truyén ning lugng. Trong trudmg hop dac biét,

voi bai toan dao dong cua day, han ché chi xét trong mit phing (x.y), ta

68



néi chuyén dong song chi trong mién phén cuc phing hoic phin cuc tuycn
tinh vd mat phang duge goi 1a mar phang phdn ciee. Trong cung mot chuyén
ddng song do, xét thém mdt mat phang phan cue niva, goi 1a mit phing
(x.z)duge minh hoa trén hinh 2.9,

Néu soi day truyén séng chi véi mot mat phing phén cuc, sit chng chét
cﬁa cac song thire hién bang phép ly tdng céc vector cing chiéu. Nhung
néu mot soi ddy truyen hai hay nhiéu séng voi cac mat phdng phén cyuc khac
nhau, su chdng chit cua cac song phai ldy tdng dai sb theo cdc vector véi
cac huong khac nhau TrongD mrcmg hop ¢6 hai mit phing phan circ vudng
goée nhau, ta chi can lay tdng dai s cac vector vudng goc.

Chung ta d3 chi ra ring, trong khéng gian tu do véi p=0, J =0, dién
trudng £ va tir truomg A phai thoa méan phuong trinh Maxwell:
VE =0;VH = 0;
ol . O (2.106)

trong do dién trudng £ va tir truong H phai thoa mén phuong trinh ‘séng
(2.105):
2 2ry
6__ =c'VIE: 0 f[:czv?ﬁ; CEZL.
or’ or AT

Viét dién truong £ va tir truong A dudi dang cc thanh phdn
E=ET+E,j+Ek ;
{H =Hi+H,j+Hxk,

trong d6 mdi thanh phén {£,, E,,E,} cua dién traong £ va mdi thanh phin

(2.107)

{H.H, H,} cua tir truong H du théa man phuong trinh song. Nghiém
cia phuong trinh séng cho E va H khéng phai 1a séng tuy v khi'cac
phuong trinh Maxwell dat mot vai diéu kién lén dang séng. Vi du, xét mot
song phin cuc trong mit phing (x, ¥) chuyén dong theo hudng cua truc x.
Gia st nghiém cua phuong trinh (2.105) ¢6 dang

E = f(x—ct);H =F(x—ct);

E,=g(x-ct);H, =G(x-ct); (2.108)

E, =h(x—ct);H,=H(x—ct).

Cac ham nay khong thé tiy y va thoéa man phuong trinh Maxwell. Thit

vay, xét dang vo hudng cia phuong trinh Maxwell (2.106):
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(6E, OE, OF, _0H, 0H, oH,

+—=+—=0; + i —
& dv &z ox oy Oz
Ok, OFE, _ oH, OH, 0oH, OF

=0

1

a}} aZ - “’{] a{ k] ay az 0 at
Ok, OF, __ OoH, O0H OH,  OF,

= o Ma e o
OF, OE __ OH, 0H, OH __E

(2.109)

3

ax y aa y a

Thay cac thanh phin {£ £, E;} va {H, H, I} tir (2.108) vio hang
ddu cla phuong trinh (2.109), trong 86 VE =0, VH =0 ta cd
9 _o. oo
Ox ax
Nhu vdy f,F 14 cac ham khéng phy thuc vao x. Diéu d6 cho ta thiy

phuong trinh Maxwell khc’mg cho phép thue hiép cac s0ng c’ch (tirc 1la khong
cho phép £, va H, di chuyén theo huéng truyén sdng). Neu dat f=F =0
thi chi ¢é cic thanh phﬁn k.. E, va H, H,;cdn lai tao nén cac song ngang
vudng goc v6i phuong chuyén ddng ctia song. C6 thé ching minh, dai dién
cho £ 14 cac thanh phin E,,E, (cic séng phén cuc trén mit phing (x,¥)).
bat H, =0 voi H,, f, duge xéc dinh va tinh duogc:

E =0, E,=g{x—c1), E,=0. (2.110)

Xét dén hang thit ba cua phuong trinh (2.109), phuong trinh (2.109)
dugc rat gon nhu sau

[ 0-0=0, 0-0=0
- oH
0-0=-p, Loy 0T % (2111)
< ot ox da
oH
| dE ct Ox

trong d6 & = x—ct, phuong trinh (2.111) doi hoi H, 1a hing s, ¢6 thé chon
bang khong.
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Phuong trinh cho £/, ¢6 dang

oM, _lde oM, dg
o p, de ax Yde’
UMy Vs oMy de
S W, d&’ o  'de
Turdé suy ra
H——Lg=%£= Sog,
CHy 0
2 ]
trong d6 ¢* = —— = ¢g, =—-L= Zo
HoEq Ky Ho
Ta ¢6 cac thanh phan cua song
E =0 H =0
E.=g(x-c);H,=0 (2.112)
: g
E, =0 Ho=—g(x—ct).
“’(]

Ké tir day, phuong trinh Maxwell doi hoi ca song dién va tir phai ia cac
s6ng ngang cua cling mdt dang va mat phang phin cuc cta song dién phai
vudng goc voi mit phing phén cuc cla song tir.

Néu muén tim nghiém tuén hoan cta phuong trinh (2.105), co thé gia

thiét cac vector £ va H ¢o dang sau:
E(x,y,z,r)zg(x,y,z) e, H(x y,z.t)= H(x y.z)e™™ (2.113)

Tir d6 ta dua ra duge phuong trinh méi, bing cach ldy vi phin cip hai
hai vé (2.113) va chu v t&1 (2.105):
VE = E,VH=-c"0'H . (2.114)
Diéu ndy chimg t6 cic thanh phan E cua E va H cia H, voi
i=1,2,3 phai thda min phuong trinh Hemholtz
2 2 2
U Ou O pyep, k= (2.115)
ox* oy oz

Truong dign &l tuong (ng 14 phan thue cta cac dai tuong Ee ™', Fe ™ .

Céac thanh phé’m ctia vector dién E va tr H tao nén rpf)t song di¢n tur
truong, ching 1a nghiém cia phuong trinh (2.115). Diéu kién bién cua
phuong trinh Hembholtz 13 thanh phan tiép tuyén cta £ va phap tuyén cua
H triét tiéu trén bién.

71



§9. CHUYEN DONG SONG CUA CHAT RAN

Thi nghiém cua Hocke nghién ciru site ¢cing clla mot soi ddy kim loai,
¢6 thiét dién 4 nhur nhau bi mot luc 1am cdng ddy nhu hinh 2.11. B cang va
dd nén durge dinh nghia:

AL suthay d6i chiéu dai

— DG Cﬁng —gE=-— — .. ‘ :
L chiéu dai gbe
» . lu-‘
_Dc_)nén:czﬂ.__:%.
A diéntich

Dinh ludt Hooke: DO nén ty 1¢ véi d0 cang o = Eg , trong 46 E 1 hing
86 dO1 vai cdc vét liéu dong chét va dang hudng duge goi 1a sudt Young ctia
d6 dan hoi; ddi véi cac vt liéu khong ddng chét va diang hudng, £ = £(x)

12 ham cua toa dd.

P
—
— ™
x L+ aL )

w

Hinh 2.11. Thi nghiém cia Hooke
Phwong trinh Pochammer: Xét mot thanh ¢6 thiét dién A4 = A(x), suat
Young ctia d§ dan héi la £ = E(x). thanh ¢4 mat d6 thay ddi theo toa dd
p =p(x) nhu minh hoa trén hinh 2.12. Thanh chiu mét dao dong doc, do d6

tai thoi diém ¢ thiét dién tai 2 & diém x dich chuyén theo chiéu doc cua
thanh mét lugng u(x,7). Vi thé P chuyén sang diém P'. Biém Q bén canh

co toa d¢ x+Ax chiu mdt su dich chuyén la u(x+Ax,r) va dich chuyén

sang diém (. D3 cing tic dung lén yéu tb PQ tai thoi diém ¢ duge tinh bing

PO Ax Ax
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~‘905
‘eg,

P Q

h
>

X +u Ax + Au’ x=L

x=0
Hinh 2.12. Thanh v&i thiét dién thay déi PQ=AxP'Q = Ax+ Au

Cho Ax — 0, ta ¢o do cang tai thoi diém ¢ 1a

8u(x,t)
S 3 I e e
e=g(x,1) =
Do d6 do nén tai toa do x va tai thoi diém 7 c6 dang
u(x,1)

G(x,t) = E(x)a(x,{) — E(x)T |

Ap dung dinh luat IT — Newton vao yéu td PQ ta c6

p[x+%}m azu(x;},q = A(x+Ax)o(x+Ax,t)- A(x)o(x.0) =

cu (x,!)
' ' A(x)E(x) v
Chia hai vé cho Ax va lay gi¢i han khi Ax — 0, ta dugc phuong trinh
chuyén dong dao dong cua thanh
5} ou o’u
2 () EG) % | =p () 5F-
" D6 1a phweong trinh Pochammer. Khi A.E.p la hing s6, phuong trinh
nay rut gon thanh phuong trinh séng 1 chiéu
O’u _ ,0u o, AE

:A(x+m)h'(x+m)%§jx.—’0-

or’ s ox’ P p

Cac diéu kién bién dién hinh la:

— Diéu kién bién Dirichlet (cac dau c6 dinh):
u(0,0)=0;u(L,t)=0,1>0;
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~ Diéu kién bién hén hop (mét déu ¢b dinh, mdt dau dé tu do):
ou( Lt
u(0,0) = 0; 2EH)
: Ox
Cht y rang mot ddu thanh x = L dé tr do, tirc 1a tai do suc cing bing
khong:

Pidu kién ban dau c¢6 dang
u(x.0)= fx); %%: g(x), O<x<L|

Xét mét thanh tey voi thiét dién A va mat d6 p nhu nhau, ¢6 d6 dai I,
tai dau x =0 cd dinh, ddu x = L dé tu do. Kéo diu dé tr do ra dén khodng
cach L, roi tha ra. nhu vy thanh s¢ thyc hién dao dong doc. Hiy nghién
clru qua trinh dao dong cua thanh dé biét dugc do dich chuyéq va van tée
chuyén dong ctia mot thiet dién bét ky cua thanh. Nhur vay, can phai giai
phuong trinh '

Fu  ,u  , AE
FEd 5 a4 =
ot ox* p

L,
H(U,I) =10, az—f(ax_ﬂ =0

(2.116)

trong d6 u =u{x.t) 1a d6 di chuyén cia thiét dién tai vi tri x va tai thoi
diém 1.
Theo diéu ki¢n ban dau, dé cang cua thanh 12

L dx
va d dich chuyén Iic ban diu Ia

u(x,0)=¢ex, 0<x<L, (2.117)
Mot thiét dién thy ¥ lic ban dau ¢ trang thai nghi, do dé van tée ban

dau duoc viét
Ou(x,())
B
Nghiém téng quat cua phuong trinh (2.116) c6 thé tim duogc bang

phuong phap tach bién Fourier . Dat nghiém dudi dang

u(x,t)z X(x)T(I).

=0, O<x<l. (2.118)
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LA
3'.93

Thay vao phuong trinh, ta cé

T"(I) Xn(x) -,
e I e e = BT
a"T( ) X (x)
Chuy rang trong chuong mé dau chung t61 d& néu céc diéu kién cho tri
riéng A dé bai toan ¢6 nghiém khong tim thuémg, do dé chon dang thic

trén bing hing sé —A2. Tir d6 ta dua ra duoc hai phuong trinh vi phan

X"(x)+?u2X(x)=0; (2.119)

T"(x)+azsz(x) =0. (2.120)
Biéu kién bién mot diu thanh gén chit, mot du tr do duge viét:

X(O)zO,X'(L):O. (2.121)

Tich phén phuoﬁg trinh (2.119) ta thu dugc
X{x}=C coshx+C,sinkx.
Tix diéu kién bién (2.121), ta tim duoc
€, =0, C,AcosAL=0,
Gia st (', # 0 (néu khéng phai the, bai toan ¢o nghiém tam thuémg‘):
(2k+1)
cosAx=0= A, ==~ m—k 012

2L

Goi A, la cac tri riéng cé tuong ing cac ham riéng 1a:

(2k +1)mx

X, (x)=sin k=0,12,... (2.122)

]

Véi mdi A=A, , nghiém ciia phuong trinh (2.120) ¢6 dang

2k +1)mat 2k +1)mat
T,(r) = 4, cos (2k+lmar | B, sin (kr)mar o 1)
2L 2L
trong d6 4, va B, lacac hang sb tay .
Nhur vy, mét nghi€ém riéng cia phuong trinh (2.116) ¢6 dang:
2k + 1) rat 2k +1)nat 2k +1
w () =T ()X, (1)= [A coa( “—-Z—E)E?ﬁLB i (2 1)ma }sin( ;L)m

(2.124)
Nghiém tong qudt cla phuang trinh (2. l]6) 14 td hop tuyén tinh cua vo
han céc nghiém riéng duge biéu dién bang chudi

= 1 2
u(x.{) = Z [Ak COSM+B,‘ sin ( kﬂ)nw:lsin (Zk +1)m,(2.124)
k-0 2L 2L 2L

-
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Dura vao dleu kién ban déu v4 tinh truc giao cdia cac ham riéng, ching ta
thu duge cac hé sb

g 2
A = % J {x)sin g—;f-;l)——— dx;
0

)

;_ (2.125)
4 IF(x)sin (2k +1)rcx

]

(2k +1)ma

Mot 1an nita chitng ta nhén thiy rang, nghiém cua phuong trinh dao déng
doc ctia thanh 14 chdng chét cua cac dao dong didu hoa ¢t dang

e+l 2k +1
( ;_L ) Tlfx "sin {g_i_.)n‘?i + L ]:‘

&

M, sin-

T . o2 A
M, =4 +B, ;tgo, =E‘—

k

2L

(2k +1)nx
Dao ding nay co bién do M, sin Y va tan b

(2k+1) (2k+1)n E
ROy Y o

néu chon thiét dién cta thanh bang don vi. Am co ban cua thanh khi dao

ddng phat ra la:
r- 2 4L\F
W, E

Ap dung didu kién ban diu (2.117), (2.118);

Julx,
u{x,0) = ex; ﬁ) =0,
ot
ta thu duoce cac hé sb khai trién chudi
(- 1) 8L8

(2k+l)

Nhu vdy, nghiém cua phuong trinh dao dong doc cuia thanh mot dau gin
chit, mot ddu tw do véi diéu kién ban diu 13 kéo cang m&t dau dén 4o dai
xac dinh rdi tha tu do co dang chudi Fourier sau

2 (-1) i 1
u(xJ):SgHLZ ( ) COS(2k+ )narsin_(2k+ )Ttx

5 (2k51) 2L 2L

(2.126)
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§10. PHWONG TRINH DAO DONG CUA MANG

Xét chuyén dong dao dong ciia mot mang mong dugc cang ra trén mat
phing (x,y), cac dao dong chuyén dong ngang vudng géc v6i mét phang
cua mang dudi su tac dung cua luc ngoai (hinh 2.13).
ulx, y. 1)

0o X T
Hinh 2.13. Dao dong cua mang
DPua vao céc dai lugng sau:
B= u(x, y,f) la dai lugng md ta dao dong ngang cua mang tai (x, y.1):
p 1a mat do khoi luong trén mot don vi dién tich ctia mang;
T la suc cang tinh trén mot don vi dién tich;
w=w(x,.1) la ngoai lyuc tac dung tinh trén mét don vi dién tich;
F, =w(x,y,t)AxAy 1a ngoai luc tac dung 1én yéu t6 dién tich AxAy ;
ou £ e N T | r
E = BMAya_ la luc ham hay luc tat dan ty 1¢ voi vén toc dao dong

A

trén yéu té dién tich AxAy ; B 1a hé sb tat dén.
Xét mot phan nho ctia mang tai diém (x.y) nhu minh hoa trén hinh 2.14.

TAy Tax

I

TAX

1
L}
I
]
I
I
I
1
1

X-Ax/2 x+Ax/2 X y—Ay/2 y*r..-ly.fZ y
Hinh 2.14. Cac lwc tac dung lén yéu té cia mang
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Xét 46 dich chuyén nhd, trong d6 cie géc a,. o, B, B, 14 nho va téng
céc luc tac dung 1én yéu t6 cua mang theo hudng x va y la hinh chiéu cia
strc cang lén mat phing. ta co:

T T
Teost=—cimeee = " 2 T=T

i+ :J B
14| - -
Ox

Tcosa, =Tcosa, =T, T'cosf3, =TcosB, =T,.

Ap dung dinh luat IT - Newton. ldy tong cac luc theo hudng vudng gbc
vl yéu td cua mang:

& . : . :
pAXAY— ” =TAp(sina, —sina, )+ TAx(sin B, - sinf, )
o ) (2.127)
+w(x, 1) AxAy — BAxAy —(_; ‘
Chu y rang
ou :
Gno - 8% o 5%[51'} 0
o

\/1*‘1%2(1 B [611)2 ox
1+ -
ax
do d6 ta co

TAy(sinotz —Sina,) = _?:JAy[—gy—(xwLE-.y,rJ—@-(x—g,y,rﬂ;
X

2 ox 2
. . . Ou Ay du Ay
TAy(sinB, - = Toant ey 2 |- ey Y
v(sinP, —sinpB,) =7, L@v[x} - ] : (xy 5 H

Chia hai vé phuong trinh (2.127) cho 7,AxAy. rdi ldy gi6i han khi
Ax — 0, ta thu duge phuong trinh: '

T L) _p_{ du, E_‘?E‘__) ,

o'y T, e’ por
':_]3 a? 2
hay —‘-.2+—lf-+lu.»(x.y.:)= Ligu g ou) (2.128)
ox oy T, a \ o ot
trong d6: o = 2;--;k = E
p p

Phuong trinh (2.128) duge goi 1a phuong trinh dao dong cua mang.
Xét cac truong hop dac biét:
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.,w
ceg,

* Truong hop 1. Cho f=0,w=0 thu duge phrrong trinh song 2 chiéu
a 2 1 2
”+{’—*f=—252~";_‘. (2.129)
ot ay o o
» Truomg hop 2: Dao ding cua mang trong trang thdi dimg. suy ra
phuong trinh Poisson
-2 2
0 1
¢ 1,!+~ l: =———w(x,y). (2.130)
o T
Goi (' la duong cong dong kin. nd 1a bién cia mang nim trén mat
phiing (x. v}. goi # la vector phap tuyén don vi hudng ra ngoai dudmg cong
trén bién. Didu kién bién cua dao dong cla mang ¢6 cdc dang sau:
- Diéu kién bién Dirichlet duoc goi a didu kién bién gin chat

u(x,y,f)rm_=_f(x,y]. (2.131)
- Diéu kién bién Neumann duoc goi 1a didu kién bién te do
?1 = gradu -n = f(x,y). (2.132)
on xopel’ ‘

— Diéu kién bién hon hop bao gdm ca di¢u kién bién gian chat va diéu
ki¢n bién tu do, co dang

.Ji(x,ynf)\',_l-eﬂ = f(x,y)

(2.133)
ai:gmduﬁ =g{x.y)
-af'f xoyEd,

Diéu kién ban diu dao ddng cia mang la hinh dang ban ddu vi van tbe
ban dau tai moi diém trén bé mit cua mang khi ¢ =0, co dang:

u(x,0.0)=f(x»)
Bu(x.7.0 (2.134)
H();{y )_= g(X,y) .

§11. GIAI PHUONG TRINH DAO DPONG
CUA MANG CH(Y NHAT

Trong tiét nay, muc dich la giai phuong trinh dao ddng cua mang chit
nhét bang phuong phap tach bién trén mat phing (x,y) voi bién cé dang:

0<x<L.0<ysL,
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thoéa méan phrong trinh song

Ou az(g—zhah—”],osstl,Osysl,g,wo:

or’ ot
. u(O,y.!) = O.H(L,_.y.r) = O,u(x,{}.r) = 0.1!()&?., Lz,r) ={); (2.135)
, culx,y.0
u(x._y.O) =f (x,y), —(5—) = g(x,y).
Trong phuong phép tach bién, gia sir nghiém cé dang
u:u(x,y,t)=X(x)Y(y)T(!). (2.136})

Thay vao phuong trinh (2.135) ta ¢
) X))

2T(1) = X() + Y(y]- =%, . (2.137)
trong d6 A, 1a hiang sé tach bién.
Tir (2.137) ta suy ra hai phuong trinh
T"(t)—a’) T (1) =0;
Y9, r0)
| X{x) 7(y)
Téch bién cho phurong trinh thi hat:
A, W)
X(x) 7 Y(y)
{X"(x)—kzX(x)zo X{0)=Xx(L)=0
()= 00-1)Y () =0. T(0)=Y(L,)=0
ta thu duge 2 phuong trinh Sturm-Liouville v&i cac hé sb A, va A ~2,.
Chon hy == & —h, = (2.138)
ta co: :

X'(x)+o; X (x)=0, X{0}=X(L)=0
V() {y)=0.¥(0)=1(L)=0.

Gidi phuong trinh (2.139) ta thu duge ciac ham riéng va tri riéng saun:

2
U)f_[jnj . (x)zX”(X)ZSin?fj';"*'213293"‘
L t

[ J F()=¥,(3)=sin "

“ym=1,23...
Ll 2

(2.139)

(2.140)

[

w

a0

t

e
-.‘% r-.‘?..



bl

)
end

D6 1a tép hgp cac ham truc giao trong khoang xac dinh ctia mang.
2
: nm
A =0 = “{z_] 2 2
! L=, = [ﬂj +(ﬂ} =-\2 (2.141)
Licp ahids

&
mn
S )
Phuong trinh ham 7 c6 dang
T"(t)+ax.,T(1)=0 (2.142)

va c6 nghiém la
T(t)=T,,(t)= 4,,cosak,,t+B,, sinak,,t (2.143)

trong d6, A4,,.,B,, 1a cac hing sb tuy .

U1 U1z U1s

Usq Uaz Usa

Hinh 2.15. Dao dong mang vuéng

Phuong phap tach bién cho ta tich ctia 3 phuong trinh vi phan tuong
ung vai 3 bién doc lap la mot trong cac nghiém riéng sau

6-PTTLA
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1t
o
*\‘,Qj.b?»‘

”mn (x"y"f) = ?:rm (I)X“ (x) Ym (y) = .
HTTX | m?ty_

=(4,,cosak,,/+B,, sinak, t)sin —-sin ==

i HHE 1
| B

Theo nguyén Iy chéng chit nghiém., nghiém téng quat ¢6 dang:

(0:0) = X Yt (5.2.0)= 33 ()X, ()L, (+)

m=l =] m=1 0=

- - (2.144)
=ZZ (A,,cosal,t+ B, sinak,, ()sin X in MY

nm
m=F n—i -1 "2

Dleu kién ban dau cua phuong trinh (2.135), cho phép xac dinh cac
hingsb 4, B

ma Tmn

‘(}0) ZZA si ] mﬂ}*[(x})

ar—=| =l

(2.145)
(3 x y 0) &

ARX . mmy
ai,, B, sin—=sin—= = g{x, y).
33 Loy, e

Phuong trinh (2.145) m6 t4 khai trién cac ham f(x.y) va g(x,y) vao

chuoi kép Fourier. Duing tinh chat trye giao clia cic ham:

X, (x) :sin%; Y, () =sin ”l“y

”t
1 2

cmn=1273..

tim duge cac hé s0 ner sau;

((f X,) m BT
A, = N .2__ n L_ J!f sm I 51nL—2d§dn;
(( X ) y ) (2.146)
Bt n) nmn
B, = ] ’}m LL 7,,,} Jﬁ{g(g n sin”! I t,m L: ~dEdn,

trong d6: & va m la cac bién ldy tich phéan.

6-PYTLB
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§12. DAO DONG CUA MANG TRON

Xét bai toan dao dong cua mang ban kinh 7, v&i cac bién tron duoc
gan chit. Bai toan nay dan dén viée giai phuong trinh séng trong hé toa dé cuc:
u’Arm :'_g—?"i- L2 +Laa—ua

or° ror r ogp
=2 2
Ou_ oG, Lou, ila— (0<rsL). (2.147)
or or° ror op°
Piéu kién bién gfm chat duoc viét
u(L,(p,t):O. (2.148)
Piéu kién ban diu c6 dang
u(r.tp,O) = f{r.o). u,(r,0.0)= F(r,qo) . (2.149)

Bai toan ¢d hai diéu kién do1 hoi:

el
u,=aA

—Ham u(r.¢.t) can phai 1a ham tudn hoan don tri cia ¢ v&ichuky 2= ;
- Ham u(r,(p. !) cén phai hiru han tai moi diém cua mang, nhat'la tai
r=0.
Duing phuong phap tach bién, dat
u(r._(p,t) = T(I)V(r,(p) .
thay vao phuong trinh (2.147) ta ¢d

d'r v (r. v v
() S 4) T(t)[ (- 9),197(r0) 1 (:’(P)J. (2.150)
a’de’ or roor rop

Chia hai vé ctia (2.150) cho T (¢£)V (r,¢) ta duge:

(1) _ 1 g}fl/’(r‘(p)+18V(r,(p)+_1"62V(r,(p) St @5
a’T (1) V{r.e) or’ r  or rt 8¢’ ’ :
T () +a’2°T (1) =0, (2.152)

trong dé X 14 hang sé.
Nghiém tong quat cua (2.164) 1a
T(t)=C cosahs+C,sinaht . (2.153)
Phuong trinh d6i véi ¥ c6 dang
8 Vv o1ory 18 V

— -+ +AV =0,0sr<L, (2.154)
o r o P ae

83



o' B
oL
RAPASACY

thoa min diéu kién:
V(L,cp)z{); (2.155)
’V(O,(p)' <o ¥ {r.@}=V{r.p+ 27) ¥V (r,0) =V, (r.o+ 2m}.  (2.156)
Tim ¥ (r,¢) dudi dang V{r,¢)= R(r)®(9), sau 46 thay vio phuong
trinh (2.154) ta thu duge
(@) rR(r)+rR(r)+2R2FR(r) ,
= - - —p .
(o) R(r)
Suy ra cac phuong trinh vi phan sau va cac diéu kién tuong ng:

{@"(¢)+P3¢’(‘P)=0 . (2.157)
()= P(p+2n);d'(¢)=d'(¢p+2n) |

Y 1, 2 i -
{R (r)+;R (r)+(?x. -ngR(r)_O (2.158)

|R(0)<o0; R(L)=0

Giai phuong trinh (2.157) véi cac didu kién tudn hoan chi ¢o nghiém
khi p=n,vdi n nguyén:

®,(p)=4,cosne+B, sinng, n=0,1,2....
Phuong trinh (2.158) ¢6 dang

R"(;w)+lfa'(;»~)+[x2 -—’:-EJR(r) =0

r
dzR dR 2 2
=’ = +r;+[(kr) —n‘}R:O.
Ta duoc phuong trinh Bessel
d’R dR 2
Ar) —— +(Ar +|(Ar) -n" |[R=0,
) oy T 0 7y 10 =]

¢é nghiém dudi dang
R(r)=DJ, (A)+sY, (Ar).
Tir dieu kién cha phuong trinh (2.158) =3¢, =0, J, (A.)=0. Dat
A L=y, nhdn dugc phuong trinh xdc dinh p (con go1 la phuwong trinh xdc
dinh tri riéng): :
J,(M)=0=1 (n).
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¢6 mot tip hop cac sé vo han nghiém duong ctia phuong trinh nay la
w b a =012, m=1,2,
Vi AL=p,suyratrriéng
(r)

- ZHLL (m=12...n=0,1,2..}, (2.159)
twong tmg v&i moi tri riéng ta c6 ham riéng
ur
R(r)=1,| B2 ). (2.160)

Nhu vay, nghiém riéng cia (2.154) la

{n}

e
J A= |cosn
H[ L J ('P

Vo (7,0) =1 o m=123..,n=012..
uf ‘.
J . |sinwg
( : ) o
Két hop vai
()
COS“"’Ia
?:,,,,(I)= L n=0,1,2...m=12,..,
T |
sin
L

ta cd nghiém riéng cta (2.147):

()
u,, (.9, )= [{A €os “’"L + B, sm“L t}cosn(p

(2.161)
[C cOS “( J 1‘+D p(")aszinn(P:IJn(p_f:J_r} |
L L L
Nghiém tdng quat cia phuong trinh (2.147) ¢6 dang:
u(r,tp,t)=ii HA cos “(L} L+ B_sin “(:: Jcosmp
e (2.162)

(r) (#) {n)
+ C”mcosg’-"—-ﬁwLDmsinu’" at sinng |J, 7|
L L L
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Cic hésd 4,, B,,C,, va D, trong phuong trinh (2.162) duge xac

nam?

dinh tir diéu kién ban ddu (2.149). Ta ¢6

lU) (”}
u(r,(p._()):f(r,(p)z AOMJH[&} +Z[Z A, ”[“’” ]:l(:u:)swqhL

H=l | =l

=l | m=l

(r)
+ Z[ZCM . “'E ! Hsin ne;
o0 [n

1Og “(w ully '
u,(r,(p.O)zF(r,(p) B,, ——J1 & +Z ZBM ——J ’1 COS 1O

L n=l| m=]

- (n)
p‘ i !"I'm F H
+ D = | sin me,
;{; e H [ L 1} (p
Lin luot nhin vao bé ham riéng {1, cosng, sinng} rdi lay tich phan hai vé

ur dén 27w 1a cod:

—jf r0)do=3 Ay [ ::) ]

rr=1

(o)
ff r,@)cos npdp = ZAM {u’;’:r];

m=1

m=l

1 In u(n)r
j-f(f‘ (p)Smn(Pd(P Z(—‘nm "
R 4] L
vié phai la khai trién ham tuy y CD(r) vao cac ham Bessel J, {."‘.1 _] :

0SB e e

n

m=1

Chu y dén tinh truc giao cla cic ham Bessel

s ) 0, m#zm
L I‘ ..
J;J( o JJ{ Jdr- ro, :
H il {r) —
) L L 2Jrnl(um )’ m m

ta thu dugc cac hé so:
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£n {0y
4, _ﬁ j I 7(r.0) Jﬂ[“g ]rdrdcp

2 [T r(re)
LJ,,;,( ,,,jﬁ[ﬁ[f r,Q)/,

e

()
! r]cos nordrdg b (2.163)

i -

L

L

{"}
a Jsm nerdrdo

/'_‘\

Cac hé sb B,,.. 8, D, duge xac dinh tuorng tu:
i2n
H
By, = e F(r =2 rdrd
Om Lﬂl,l_if)f ( E::});J (P { J P
fan (n}
8, = 3 0 JIF (r (p ®— tcos aprdrd @ (2.164)
La“‘m L}ru+l(|l'l'u'r )
£ 2x
Dmu = H" s (r (P)J [ JSlnn(p?‘drdcp
T[Lau'm }Jn+] (u'm ) JI

C6 thé vidt lai nghiém dudi dang:

u(r,p.t) ZZMWJ[

n=0 m=1

)
uz r]51n(mp+1|1m)51n[“"}‘ar+ ”m] (2.165)

Cac hé sé M.y

et L ’ i

duoc xdc dinh bdi céc hing s6 4 B..C

rm wmt S am

va D . Dao ddng cia mang tron 13 tdp hop vé han cac dao dong ¢o thn sb

(n)
o, =tm ff—, (2.166)
L No

trong d6: 7, 13 cudng dd; o 1a mat dd khdi luong bé mit cia mang.
Khi (n,m) = (O,l) ,ta co dm co ban vai tin sd thap nhét

® . 2.167
(JI L G ( )

Cong thire (2.167) chi ra rang, trong truomg hop dao ddng clia mang
tron, song dimg cta cac tén sé khac nhau ¢6 cac dudng nit, dudng nut don
gian nhat duoc xé4c dinh boi phuong trinh:
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()
J(%r}:(}; sin(np+y,,)=0. (2.168)

Phuong trinh dau trong (2.168) xéac dinh (m—1) vong tron bao quanh
tdm mang c6 phuong trinh sau

(n) (n)
n=t-1, s T A =By (2.181)
Hom K, Ko

Phuong trinh thir hai trong (2.168) xac dinh n dudng kinh cta mang
vO1 phuong trinh:

TI: n—1)n
@, ==Yt o 0T T W ,(pz,:(i)-—ujjﬂ. (2.182)

et

(m,n)=(1,2)

(m, n)=(1, 3) (m,n)=(2,3)

Hinh 2.16. Hinh anh dao djng ctia mang trén vé&i cac (m,n) khac nhau
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§13. NGHIEM D'ALEMBERT CUA PHUONG TRINH SONG
1. Céng thirc D’Alembert

Trong tiét nay, ching ta dua ra mot phuong phap khac im nghiém cia
bai toan bién dbi vai phuong trinh loai Hyperbolic khac vé1 phuong phap
tach bién Fourier. Hay bit d4u vai bai toan day dai vo han

L(u):a? zau =0, —w<x<ow0:
ot a"a () 2.171)
ul x,
u(x,0)=o(x), o= v(x)

Pua phuong trinh nay vé dang chinh tic, bang cach thay bién moi, xét
phirong trinh dac trung
sy dx—adt=0=>x-at =C,
dx —adt"=0=
dx+adt=0=>x+at=C,

Nhu vy, ¢6 thé dua vao bien mai

E=x+at, n=x—af. (2.172)
Khi dé phuong trinh dao d¢ng coa day (2.171) chuyén vé dang
u, =0. (2.173)

That vay:
| u,—a’u, =0GE=x+al, n=x-ar
u, =uS, +unm, =a(u‘E —uq);
U, = a(uié T Uy )éf + a(uén L )Tl;
=d (“a: ~ Uy ) -a (uin T ) =a’ (uéé —2ug, +uy, );
u, = uggx +um, = (”z +un);
U = (uéé + Uey ) + (uin + Unn ) = (uéu‘, + 2“&\1 +unn);
= U, =0,
C6 thé giai (2.173) ta dugc nghiém
u, (&m)=/"(n),
trong dé: f*(n) 1a ham ctia bién 7.
Tich phan theo m v&i & cb dinh ta nhén duge nghiém _
= [ mydn+£(E)=£(E)+ £ (n). (2.174)

trong do: f, va £, 1a ham chi phu thudc vao £ va n.
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Do d6é (rt)zf]‘(x+a!)+f(x—ar) (2.175)

la tich phan tong quat cua phuong trinh (2.171). Gia su rang nghi¢m 1dng

quat ctia bii toan di cho ton tal. do 1a nghiém (2.175), ta xac dinh ham J, va

/5 sao cho thdéa min didn kién ban dau

x,0)=f + {1, = \
{”(Y' )= (X) & (T) ?(x) (2.176)
(x.0) = af (x) = af; (x) = w ().
Tich phin phuong trinh thir hai, nhin duge
(r) f (x) Il|!(0t)d(1+(
vai x, va C la hiing sé.
Tir tong va hidu caa J, va f, tathu duoe
filx)= L (p(x)+—l—- ].qf(a)du +—
’ 2 2a
| C 2177
f(x) =2 0(r) -2 fw(o)da-S
2 2a

Nhu vdy, da xac dinh ham f, va £, qua cic ham ¢@va y, thay vao
{2.175) thu dugce

n(xJ):(p(x+'ﬁ"‘r)+(P(-’f-£l{) 1 { — }

; Iq; o )do - I\p( o) da

X

X it

hay 14 ”(XJ):£|3(x+a1);'¢(x—a’)+7— J. w{o)de . (2.178)
o

Xl
Cdng thire (2.178) duge goi 14 cng thiee D'Alembert x4¢ dinh nghiém
cta phuong trinh song. Cong thire nay chimg t6 tinh duy nhét cua nghiém.

2. Y nghia vat Iy

Phuong phép tim ham u(x.r) duge xdc dinh boi (2.178) con duge goi
ta phuong phip D'Alembert |, cic duong cong dic trung duge cho bai ho cac
dudng: x -af =const, x+af =const. Chon diém (x,.1,) trong mat phing

(x.1}. thu duoc hai dudng cong dac mmg x +ar = x, + aty VA x—al =x,—af, .

Céc duong nay di qua diém (x,.4,) (hinh 2.17),
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x+a=L
t &
(%o, to)
R
1 - —
1 ! : X b
Xo—at Xo Xotot

Hinh 2.17. Mién phy thudc séng

Nghiém tai thoi diém ¢ =1, va vi tri x=x, chi phu thudc vao cac sb
liu ban ddu & gitra cac diém x,—af, va x, +af,. 86 hang dau tién cua
nghi¢ém D'Alembert la gia tri trung binh cia hinh dang song luc ban dau di
chuyén ve bén phai va hinh dang song lac ban dau di chuyén vé bén trai tai
(x,.1,). Hang thie thi hai la tich phin clia w gilra diém x, -af, va

x, +adt, . micn x, —at, <x <x,+at, duge goi la mién phu thudc.

MOT SO BAI GIAI MAU

1. Giai hé phuong trinh:
u =au,, 0<x<L,(>0:

u{0,0)=u(L.1)=0;
u (x,O) =0, u (x,O) = Sini—nx.

Gidi. Biéu dién nghiém duoi dang u(x,f) = X (x)7(r), suy ra
x'(x)  17(1)
X (x) azT(!)‘

Vi vé trai cua dang thic khéng phu thude vao x, con vé phai khéng

phu thude vao 7, do dé: T"/7 va X"/ X khoéng phu thudc vao x va ¢,
nghia la

(1)

X a7
Tir cac diéu kién bién, ta ¢o
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u(0,0)= X{(0)T()=0
(0.0)=X40)7 (1) = X(0)=X(L)=0.
u(L,t)=X(L)T(1)=0
Tim gia tri ctia tham sé A dé phurong trinh
X"+1X =0,X{0)=X(L)=0, 3)
khong ¢6 nghiém tim thudmg.
Sau khi bign ludn cac gid tri A, thdy ring (3) ¢6 nghiém khéng tim
thuong khi A > 0. Khi d6 ta cé: X (x)= D, cosix+ D, sinkx .
Theo diéu kién bién suy ra
X(0)=D, =0, X(L)=D,sinAL=0.
Vay phuong trinh tim tri riéng la
sinhl=0=x=""
L
Do d0, bai toan (3) chi c6 nghiém khong tim thuong khi g1a tri riéng

2 =a2 :(EE-J n=1,2,3..

tuong Umg ta c6 cac ham riéng
. ARX
X, (x)=sin—=.
L
Vi tri ri€ng da cho ta ¢ nghiém cta phuong trinh theo bién ¢ 1a

T (r)zA cos nmat . hmat

+ B sin

trong d6 A, va B, 1a céc hang sd thy ¥.
Nghi¢m ri€ng ctia phuong trinh di cho cé dang:

w,(x,0)=X,(x)T,(2) =[A,, cos A

Nghiém t6ng quat twong ung c¢é dang:

. hmat
+ B, sin

oz

w{x.)=3" u,(x1)= i(A cos m;at + B sin nzmjsinf-:—x.

n=| =1

Dicu kién ban ddu cho ta x4c dinh céc hé sé tiry § 4, va B, .
Theo 1y thuyét chudi Fourier, ¢o thé tim duoc cac hé sb A,vaB, theo
céng thitc sau:

2 2% . nmx
., —I sm =-—_[0.sm——alr =0;
“XH” L o L ¢ L
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i ~
B = 1 (K,X ) _2 -[g(x)sm—n dx =~ jSln 2m sin? = dy = L .
anda g L nma L L Zma

Viy ng:hlc-_:m cua bai toan di cho 1a

L . 2mat . 2mx
(xr)z S sin .

27 L L

2. Giai hé phuong trinh:
u,=a’u,, O<x<lL,1>0:

u (0.0)=0,u (L.t)+hu(L,t)=0

#(x,0)=0, u,(x,0)=1, #>0

Gidi. Theo phuong trinh

sit dung phuong phap tach bién, dat u(x ) X(x}T(r) suyra

X" T
1
Vi vé trai cua (1) khéng phu thudc vao x, con vé phai khong phu thude
vaor,dodé T"/T va X"/ X khéng phu thudc vao x va 1, nghia la
Xt T 2

S -A7 (2)
Tu phuong trinh (2) suy ra hai phuong trinh:
T"(1)+¥a’T(r)=0, (3)
X'(x)+2' X (x)=0. (4)
Phuong trinh d6i v&i X thoa man cac diéu kién
'(0)—0 X'(L)+hx(L)=0, (5)

Tim nghiém khong tim thudng cua phuong trinh vi phin cap 2 (4) thoa
mén diéu kién bién (5). Nghiém tong quat cua (4) la

X( )—ACOb?\.x+851n7\.x. _ (6}
Tir cde didu kién bidn (5) suy ra

[B=0

1A(—lsin AL +hcosAhL)=
Voi A#0 thi —AsinAL +hcosiL =0. Didu do xay ra khi Ate Al =h.

Phuong trinh siéu viét tg MJ:I Xdc dinh mét bd cac tri riéng A=X,,

k= 1,2.. Cac ham riéng co dang
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X (x)={cosh,x}.
Vi tri riéng da cho, ta c6 nghiém cua phuong trinh theo bién ¢ [a
T (t)=C coshat+ D, sindar |
trong d6: ', va D, 1a cac hing sb tay v.

Nghiém cua bai toan duéi dang 16ng quat 1a
w(x.0)=Y (A, cosh,ar+ B, sink,ar)cos i, x.

k=]
trong do cac hé s6 A, . B, duge xac dinh nhu sau:
| 3 . i
A =— 5 I(p(x)cosmkx dx, B, = ——
Hcos A, r“ 5 th., I‘cos Ay x

"

i
jqf(x)cos A x dr.

a

T diéu kién ban dau

1.
u(x.0)=0= 4, =0, u,(x,0)=1= B, = —l—,- Icos A x dx.
ak, [cosh x| '

Taco

; x=l

r 1. A

'fcos hx de=—sink x| =—sink, L= ﬁ, e

0 }'*k ot “k );; W +7\.;

IR
5 h
= JCOSA, X dr= - ——

; SN/
B I h 2h JF N

- ah, Hcoslkxﬁ2 xi \/hz +}kih B 7 A:[f PE +k§)+h} :

&

Nghiém tong quét ciia bai toan di cho co dang

u(x.!)z—zﬁi "h_-”%

el

L2y Kﬁ[L(hz +k;)+h

} SInA alcosh, x .

3. Cho s¢i day dai L v6i hai ddu 4y g
oan chat. tim nghi¢m cua phuong
trinh dao ddng, néu hinh dang
ban diu cua sol diy 1a mobt
Parabol dbi ximg ¢6 do cao bang
h. van tc ban diu bing khéng.
(xem hinh v&).

& = - :’--_
[ %]
-
w ¥
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Gidi. I'a can phai giai phuong trinh
,

u =du

i Xy

v&i cdc didu kién bién: 1(0.0=0, u(L.r)=0 va diéu kién ban diu:
u(xq()):f(x)zéii x(L—=x).u,(x,0)=0
Nghi¢m phuong trinh duge tin{ dudi dang:
u(x.t)y= .Zx(('JE COS? + D, sin
Pp

(Xem phwong phap tach bién dé tim dugc nghiém cia phuong trinh trén
trong §3 chuong 2).
Theo diéu kién ban dau. do van toc ban dau bing khong, suy ra D, =0.

knar] . kmx
s SIHT .

hé s6 ', duoc tim theo cong thi:
2 krx 84" oo . kmx
C,=— |/(x)sin—dx=— |(Lx—x")sin——dx .
L 5[ ) L L UJ. ( ) L

Su dung phrong phdp tich phan tirng phfin hai 1in ta duoc:

k g I(L—,.\')Losk\———- dx ,

]

s (1) 1] dodo
o U = 1)

Chu y rang
: 0, k=2n
C-{!
' -2, k=2n+l1
Vay nghiém tSng quat la

324 1 2n+1 2n+1
w{x, ()= Z((E?’Hl) co‘( n+L)TmtJ 2+ Drx )Tcx

L

4. Cho soi ddy dai L v&i hai ddu gin
chat, tim nghiém cla phuong
trinh dao déng néu hinh dang ban
ddu cua sgi day 1a mot tam g1ac ;
¢O do cao bing h. chin duing
cao tai x,. van toc ban ddu biang .

I3
knx
oday [(L-2x)cos——-dx=—
v fiL-20c0s ™

i

n=i)

ulx, by

khong. Tim ning luong cua dao 0 Xo L x
déng diéu hoa.
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Gidi. Ta can giai phuong trinh

H” = a ux.r
véi cac didu kién bién: #(0,)=0;2(L,1)=0 va didu kién ban dau:
&x, O0<x —‘;
u(x.0)=f ()= - 25 u(x0)=0.

—{(L-x), £SJCS L
L 2

Trong trudng hgp nay chan dudng cao la /2. Nghiém phuong trinh
dugce tim dudi dang:

<l kmat .
ulx,t)y= Z(Cﬂ_ cos.—’%er + D, sin
k=l ~

(Xem phuong phép tich bién dé tim duge nghiém cna phuong trinh trén
trong §3 chuong 2).
Theo diéu ki¢n ban déau. do vén téc ban diu bang khoéng, suy ra D =0,

kmat ] i kmx

hé s6.C, duoe tim theo cong thirc:

i
knx 4h knx

f.
_jf(x) =5 [xsin=Fder 3 J.(L—x)sin-k%dx
i L
2
8h . kn
Ty 2

Do d6 ta ¢ nghiém tdng quat 1a:

- k
u(x,ry= ZZ ! sm—;-ciskanxcos T‘t .

Chu ¥ rang, bang cach trén, néu ham f(x) ¢6 dang:

h .
—x  O<x<yx,

u(x,0)= fxy=d " Cu(n0)=0, O<x<l
(L-x) x,<x<L

L—x,

(Ilinh dang ban diu cfia soi diy khi dac dong ¢6 dang mét tam giac ¢o dd
cao &, chan duong cao dat tai x, ) ta tinh duge:

u(x,)=— -~2-{!£ z ! sin kmx, sin kmx cos knat .

wx,(L-x,) S k° L L L
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Niing luong cna dao ddng didu hoa thit # bang:

252
En:Mhz 7 2a:IZL Sil‘lz knxo’
o x, (L —x,) L

trong d6 M =plL . p 1a mat d6 khéi luong cia day.

5. - Cho s¢i ddy dai L, ¢é hai diu gén chat, gia sir ¢6 mét ngoai luc tac
dung p(x .¢) tinh trén mét don vi d6 dai. Phuong trinh dao dong cua day
dudt su tac dung cia ngoai luc la:

, 1
u, =au, +g(xt),gxt)=—p(x1).
p

Cac diu kién bién va diéu kién ban déu cé dang:
(u(0.0)=0,  u(L1)=0;
l(x,00 = £(x), 2,(x,0)= F(x)
Gidi. Nghiém duoc tim dudi dang:
u(x, £y =v(x,t)+w(x,t},
thay vao phuong trinh ta co:
v,(x)+w,(xt)=a’ [Vn (x,)+w,_(x, !)] +gixt),
hay v, (x,0)—a’v, (x,0)—g(x,t)=-w,(c.0+a’w_(x,1).

Ham v khoéng chira diéu ki€n ban dau, con ham w chira diéu kién ban
dau, chen w sao cho:

rw”(x, H=aw_(x.0):
w(0,1y=0, w(l,t)=0;
(w(x,0) = f(x), w,(x,0)=F(x).

Nhu vdy, phuong trinh va cac diéu kién bién cho ham v(x,¢) la:

Ao

v, (x,1)= avaLr (x,1}+g(x,t):
swW(0,6)=0, v(L,t)=0
v(x,0)=0, v(x,0)=0.

Cé thé néi bai todn tim v 13 bai toan tim dao déng cudng bic cla diy
khong c6 diéu kién ban dau, tirc 1a bai toan khong c¢d nhicu loan. Bai toan
tim w da gial ¢ §3 voi b ham riéng la:

{sin-@—{}, k=12...
L
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Ham v s& tim dudi dang khai trién vao bd ham riéng trén, ma hé sb
khai trién 1a ham 7, (¢) phu thudc vao 1

v(x.t) = Zz;(:)sin-k?;
K=l

S .k k
Z[?; (I)+(Dk1’;(t)]sm$ = g(x,t), o, :%_

k=i
Khai trién ham g(x,1) vio bd ham riéng, ma hé sé khai trién 12 ham
£, (¢} phu thudc vao 1:

- . knx
gix.t)= Zg* (¢)sin—-,
pr L
L
trong do g, (t) = 2 j’g(g,z)sinfﬂdg .
L) L
Tacd
[7," + i T, (0= g, (1), k=12,.. .
Tim v trong chudi ham 7,(¢) thoa man diéu kién: 7,(0)=0,7;(0)=0.

Nghiém ctia phuong trinh véi didu kién bién c6 dang:

I
.= L Ig,((t)sin(ok (t—-1)dt,
o, .

20 : kn
hay T.(n= —L—(I Ja’ra[g(éf_,._r)sm w, (/ —’c)sm-iéd?; . (*)

Diat bidu thirc vira tim duge vao chudi, ta tim duge ham v(x,f).
Nghiém cta phuong trinh ddi véi u(x,r)cé hai phin: nghiém cia phuong

trinh khong thudn nhit va nghiém cua phuong trinh thudn nhét;

ui{x,t)= Z ?;(t)sini? + Z{Ck cos kT;‘at + D, sin kiaszink—?c- .
kel k=l

trong d6 7, (1) duoc tinh theo cong thitc (*); con cac hé sb C, va D, duge

Xac dinh theo cong thire: .
2% kmx 2 ! kmx
C,=— x)sin—dx, D, =—— |F(x)sin——dx .
kLnj_f() - kkmﬂf() n
6. Giai phuong trinh

oo X
u, =a’u_+Ae’'sin—, O<x<l
' L

7-PTTL B
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thoa mén cac diéu kién:
u(0,6)=0, u(L,t)=0;
u(x,0)=0,u,(x,0)=
Gigi. Khai trién vao bé cac ham riéng Fourier
{X,c (x)= sinanx}, k=1,2..

Ham u dugce khai trién ¢6 dang:

ZT sm—

suy ra:

c . kmx
(x.1) =ZT;' sin—=;
L

3 = kna Y . knx
a u_“(x,t):—z A T, (t)smT‘

k=1
Thay vao phuong trinh ban dau ta c6

£ 2
> n"(f)-l-(m] T, {1) sin X7 = e sin ™
k=i L L L
Tir sy bang nhau ciia hai chudi, suy ra

{227 g 1

0, k=273...
hodc hai phuong trinh vi phin

T+ 2] 1) = e
) (kMJ L()=0  k=23.

Cée diéu kién ban dau cia ham 7, (x) 13

Tk"(O)zT(0)~O k=12,.

Phuong trinh vi phan cip 2 khong thudn nhét cé nghlem tbng quat cla
phuong trinh thuin nhét la

T( ) PCOST+Q a'n:t
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Nghiém tong quat cua phuong trinh khéng thudn nhat la tdng cia
nghi¢ém phuong trinh thuan nhat va mét nghiém riéng nao dé cua phuong
trinh khong thuin nhat 1a

T(f)=Me" + Pcos—{g::—tnL Osin
Theo diéu kién ban diu:

T{(0)=M+P=0 =>M=-pP,

: an' L
T(0)=-M+0Z -0mp-mL
(0)=-M+Q"-=0=0-M—

Thay vao 7, () ta co

T()=Me" -Mcosﬁg—r—M-L—sinﬂ’-‘i,

an
¢ day M dugc tim tir cac phuong trinh:

2
7 (r) = Me"' +M(-{“~ cos I g Wi O
an L L

2 2 2
T, (t) =['—a-£] Me™ —M[—L—) cosﬂ+M@sinﬂ
L an L

Cong hai phuong trinh trén, ta cé
r

Ae™’ z\j+(%) }Me_’+0+0 :»M=—A-—— .

Tir d6 suy ra

A . ant L . amt
Tl(r)zu—-—s— € —COS— +—sin— |,
1+(ﬂj L on L
L
T(1})=0,k=23,..
Nghiém cuéi cling c6 dang;
A
u(x )= —
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7. Cho mét thanh dan hoi (0< x < L ) duge treo thing dimg véi dau trén
X= 01 gan chit, con mdt dau tha tu do va E:ho réng tai £ =0 vén toc dich
chuyén cua thanh 1a v, hinh dang ban dau bang khong. Tim dao dong
doc cua thanh.

Gidi
» Cach 1. Phuong trinh dao ddng cua thanh c6 dang:
u,=a'u_+g, g=const, 0<x</L
thoa min cac didu kién:
u(O,t] (L )
u(x,0)=0, wu(x 0)
Nghiém dirge tim c¢6 dang:
u(x,t)=V{x2)+W(x,1);
v, ”ann -g=-W,+ asz .
Chon W, = a'W., v6i cac dieu kién:
w(0,1)=0, W (0,¢)=0;
W(x,0)=0, W (x,0)=v,.
Nghiém W ¢6 dang:

S 1
W (x.t) = z[a cos kI g o QGhtnar | (2k 1)
k=0 2L 27 27
Theo diéu kién bién ta co:
W{x,0)=0=>0,=0;
o (2k+1
Wf(x=0)=v0 =Py = b JSln b ) dx = 8ng
(2/( 1)110‘ 2L (2k+1) a
suy ra
W (x,0) = EM;VD i 1 sin (2k +1)mat i (2k+1)m
n'a i {2k +1) 2L 2L

Ham ¥V thda mén phuong trinh va céc diéu kién:
V,-a'V,.-g=0
V{0,0)=0, ¥, (L,t)=0;. (*)
V(x,0)=0, ¥,(x,0)=0
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Ham V ¢6 thé dugc khai trién theo bd ham riéng smT
c¢ dang:

2L

V“(x-r)—i{»@l—)'—’f—]n(r)smw-

Thay vao phuong trinh (*
V(x,0)=0=>7,(0)=

V,(x,0)=0=>T7(0)=0;

1 g k+1
g= ZKsin 2k+L)m:>K 28 _l'sin(2 - )m

_28 _._ e
A 2L T (2k+1)
ta duoc
2| .o [(2k+D)maT (k) & 4g . (2k+Dmx
%{ﬂ(’){ T A Y _§(2k+1) Y]
suy ra
(2k+1) _ 4g
n B -t o
Do do

T;{([): {)+Qcose.k_+2_}l)n—at+}zsin(2k—+l).fﬁ{.

trong d6 P, Q va R la cic hé sb dugce xéac dinh tir didu kién ban diu

L,(0)=0=2P+Q=0=0=-

T'(0)=0:~» (2k+1)m
g 2L

=0=>R=0.

3

T*(r): P_PCOS@H;‘#‘":P[]—CosMJ
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Cha y t&i (**) suy ra:

7 (0) = [(Zk + 1)na] Peos (2% -iz-i)nat _

2 2z
__4g _ (2k+1)na P po_ 16g;[ ‘
(2k +1)m 2L (2k+1) n'a’
Ham 7 ¢é dang:
: 2k+1
(2 +1) n'a’® 2L
Nghiém V' ¢o dang
P& 2k +1
V (x,0) = - 16gL 1 in( + ):rrx+
n'a’ ka(Zk 1) 2L
7 =
lﬁgL < (2k+1)rcar Sin(2k+1)nx
o ( 2k+1 2L 2L
Két qua cudi ciing ta thu duge
12 2k
u(x.r):—msg‘z Z ! 3sin( +1)7tx+
Ta k:0(2k+l) 2L
2 w
;g z (2k+1)natsin(2k+l)nx+
n'a’ &:o 2k+1 2L 2L
2 1
+81;v02 1 Zsin( k+1)na!sin(2k+ )x

e Cach 2: Phuong trinh ¢6 dang:
u,=da'u, +g, g=const,0<x<L:
u(0,6)=0, u (L,¢)=0,
u(x,0)=0, u, (x,0)=v,
Nghiém duoc tim ¢6 dang:
u(x,t)=V{x)+W(x,1),

do d6 V—~a’V.—g=-W +a'W_.
ff xx g 113 x
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Chon ham V' nhu sau:

V(x)=ox’ +Bx+y;V_“(x)=——%-12a >a =—2—g;
a a’

V(0)=0=y=0),(L}=0=20L = -p=p= 5=
a

::»V(x):%[z,u%}

Ham W (x,r) thoa man

v&i céc didu kién:
w(0,1)=0, W (0,6)=0;
¥ (00)= 7 (5:0) == £ 12|, Wi (x0)=,.
2}
Nghiém W ¢6 dang:

i 2k +1)rat . A2k +D)mar | (2K +1)mx
W(x,{):g{a&cos(——ig—+ﬁk5m( 2L) :fsm( 2L)

Tir diéu kién bién cta ham W (x,7) ¢6 thé xdc dinh duge cac hé sb a,
va (3, nhu sau:

2k+1 :
W{x,0)=0>a, 2 —gg[——L)sm( ! )nxdx— togl ;
L 2 2L a* (2k+1) o

|

.
m(x’o)zvujﬁk:“ﬂ"—jﬂn(zk-kl)nxdx: 8ng
(2)’1:+1)‘.fta0 2L (2k+l) a

Cht ¥ rang:

t 3
s 2k+1 oo 8L 5 16L
0
L

(2k+1)' 7 (2k+1)‘ 2
_ (2k+l)nxd _ar(A)

X5In X =

; 2L (2k+1)'n?
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Thit vay, dat
(2k +1)mx

i
I = j.x2 Sin ~—————dx .
; 2L

Ap dung cdng thire tich phan timg phin ta cé

3 x={, I
fy=— 2Lx cos (2k+1)7rx[ i _[xcosi(zkﬂ)mdx
(2k+1)n 2L | (2k+D)m;
4L e (2k+D)mx
(2k +1)n ijcos -

St dung cdng thirc tinh tich phan timg phin cho tich phén

! 2k +1
I, = _[x €Os (—: )E dx
; 2

ta duoc
LETS ;

I - 2Lx . (2k+lmx) o 2f fsin(2k+1)mdx
(2k+1)m 2L N (2k+l)n0 2L
() ap
(2k+)m (2k+1)'n°

Suy ra
_ 8Pl er
bo(k+1) Rt (2k+1)
i o
Tiép theo ta tinh I, = J‘xsin(2k+l)ﬂ§—dx:
]
=1
k 1 i

fj=~ 2L x 005(2 +)M| + 2L Icos(2k+1)mdx

(2k+1)n 2L | (2k+)m; 2L

20 2L(-1)  4r(-1)

(2k+1)m (2k+1)n (2k+1)2n2'

Nhu vay
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> ? 2k +1
x.t)=> })6“(’71' - 3005(2k+1)ﬂat+ gng 5 sin( +1)mat x

k=0| ( k+l) 2L (2k+1) na 2L

2k +1)mx

'5L

16ngi ( k+1)nat Sin(2k+l)nx

kU 2k+l 2L 2L
BL i i (2k+l)nat . (2k+1)nx

sin

Tfaku 2k+1) 2L 2L

Cung voi nghiém ¥ ta 6 két qua cuéi cung:
= 2k +1 2k +1
u(x,1)= 83'2‘[ ﬁ]llﬁgl Z ( + )narsin( +1)mx
2k+l) 2L 2L

+
o

| 8Ly, 1 . (k+nar  (2k+1)nx
Z - 51n s1n
T[ 2] k=0 (2k +1)~ 2L 2L

So sanh vai cach l'

. (2k+1)mx
ﬂja k=0(2k+1)3 2L
+16gfi 1 (2k+1)nar _

in (2k+1)nx

TI'(J) k=0(2k+1)3 2L ZL
SL v, 1 Sin(2k+1)nat sin (2k +1)mx
T"5'1‘3J(u(z,»"{+1) 2L 2L

Cach nao dtng?

+

2
g—f[L—ﬁJsin(zk+l)nxdr=— l6gl .
2L (k1)

e

P 2k +1

“8_71‘7_[1‘__}:‘_):_163?'[; Z : }sin( S0 L
2 Ta i (2k+l)“ 2L

o _2f.
S
LU

pE
Vay két qua trong hai cach hoan toan gidng nhau.
8. Tim dao d{ng ngang cua mang hinh chir nhdt 0<x<L,0<v< L, ¢
cdc mép duge gin chat, voi diéu kién ban dau:
u(x,y,0)= Axy(L -x)(L, -y}, u,(x,»,0)=0.
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Gidi, Gial phuong trinh
2
1{” =a (urx + M_\'_'l )
thoa méan cac diéu kién:

i

x=0 i

= HL=O =i

LT =1, = 0 ?

u(x,,0)= Axy{ L, -x)(L,- ), u,(x,»,0)=0.
Ham dao ddng xic dinh trong khodng 0<x<L, 0<y</[, Trong
phuong phép tach bién, gia sir nghiém ¢6 dang
u=u(x,p,0)=X{x)¥Y(¥)T(¢), (1)
thay vdo phuong trinh d4 cho ta ¢é
I"(t) _ X"(x)

=%, (2
a’T (1) X(x)+ Y(yy :
trong 6 X, 1 hang sb tach bién.
Tir (2) ta suy ra hai phuong trinh:
T"()-a’T{1)=0;
" " 3
X(x)+Y(y):7L]. (3)
X(x)  ¥(y)
Tach bién phuong trinh thir hai:
Xﬂ }Iﬂ' f
(), _T0)_,
X (x) r(»)
{X"(x)-lzX(x)z(), X{(0)=X(L)=0 @
Y'(y)-(r -%,)Y(¥)=0, Y(0)=Y(L,)=0
thu dugce hai phuong trinh Sturm-Liouville véi cac hé s 1a &, va &, —1,.
Chon hy=—0], A=A, = -0 . (5)
Hai phuong trinh (3) ¢6 dang:
X'(x)+w X (x)=0, X(0)=x(L)=0 ©
r'(y)+o3¥Y(y)=0, y(0)=r(L,)=0.

Giai hai phuong trinh nay, ta dugc cac ham riéng va tri riéng sau:

o = (@J C X (x)=X,(x)= g 1)

cn=01,2,...

L 1
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(2m+1)ny

ym=0,1 2.

miz{(_%m-f-l)n

T J Y(y)=7,{y)=sin

D6 1a tép hop cdc ham true giao trong khoang xdc dinh cia mang.

b= = {(_2@_1&}

Ll

2
A=A, = ~(0§ = _(MJ

L,

LA

Phuong trinh ham ¢ ¢6 dang
r(e)+a®,T(1)=0, (7)

Ll

2 2

va co nghiém:
T(t)=T,,(t)=A,,cosah, t+B, sinak ¢ . ®

I

trong d6 cac hé sé 4, B, la céc hing sb tuy y.

Duing phuong phap tach bién cho ta ba phurong trinh vi phin véi cac
nghi¢m:

u=u, (x,y0)=T, ()X, (x)Y, {(v)
2
=(4,,cosar,,t+B, sinak, ¢ )sin (2n+ ) sin (2 + )y
Ll LE
Theo nguyén ly chéng chét, thu duge nghiém tong quat:

u(xyt‘ Zzum(x}’f ZZ nm Y(y)

m=0 n=0 m=0 =0

LI (2n+D)mx  (2m+)my
= Z Z (A,,cosah, r+ B, sinak,, )sin sin :
0 L L,
bié n ban dau cta phuong trinh cho phép xéc dinh cic hang sé
B

2 & 2n+1 2m+1
ZZAmnSin( o )mSin( i )ny:'Axy(Ll_x)(LQ_y)
u(x y,0)— m=l n=l L| ‘
6u(x y,O) ZZ D B sin (2n;1)1txsin [2mzl)ny:
=l n=t I 2

)
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Dung tinh chit tric giao cua cac ham

Xﬂ(x)zsin£m'

?

1

¥ (»)<sin (2m+1)my

2
tim duoce cdc hé s6 nhu sau:

64 AL L
né(2n+1) (2m+1Y
ak,,B,, =0

nnar Hm

THH

Két qua thu duge:
¥ r2
u(xy) =220

cmn=0,1273..

i (2 l)mx . (2m 4 my

LE

- 2 2
x, 4 L, xcoslna!\/(2n+1) +(2m+1)'

e =0 (2n+1)}(2m+1)3

BAI TAP

2.1. Giat phuong trinh |

u,=au_,0<x<L,t>0:

u(O,{) = u(L,I) =0

u(x,O) = (p(x), u, (x,O) = lp(x).
2.2. Giai phuong trinh

u,=a’u,,0<x<L,t>0:
u(0,0)=u,(L,6)=0;

X 3Imx
30 =4, sO = sin— i "~
u(x,0)=x, u,(x,0) sin——+sin
2.3. (di phuong trinh
u =a‘u_,0<x<L,t>0:
u (0,0)=u(L,t)=0;

u{x,0)=¢(x), u (x,0)=y(x).

}_
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2.4. Gial phuong trinh
u, =au_,0<x<L t>0:
u_r(O,r)—u{(! r) 0,
u(x.0)=0(x). 1(x0)=v(x)
2.5. Gia phuong trinh
u, =au_,0<x<L t>0:
u(0.6)=u (La)+hu(L,1}=0;
u(x,0}=0{x), u,(x,0)=y(x), h>0.
2.6. Giai phuong trinh
w,=a’u_,0<x<L,t>0;
u {0.0)—hu(0.0)=u_(L,1)="0:
u(x.0)=0(x). u(x,0)=y(x), h>0.
2.7. Giai phuong trinh
u,=a’u,,0<x<L,t>0:
1 (0,0)—hu(0,6)=u (L,0)+hu(L,t)=0;
u(x,0)=0(x), u(x,0)=y(x), h>0
2.8. Giai phuong trinh
u, =a’u_+ f(x):
u(O,t) =0, u(L,t) =[};
u{x.0)=uyu, (x,O) =0.
2.9. Gidi phuong trinh
u,=a’u_+ f(x):
u (0.0)=o, u (L.t)=p;
u{x,0)=0(x). u,{x,0)=y{x).

2.10. Tim dao dong doc ctia mét thanh, ddu x=0 gin chit, con dau x=L
dé ty do véi diéu kién ban dau:
w(x,0)=kx, u(x,0)=0 khi 0<x<L

2.11. Tim dao ddng doc cuiia mét thanh dan hdi, vdi hai ddu tu do néu van
toc ban ddu va hinh dang ban d&u cda thanh 1a mét ham tuy y.
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W,

2.12.

2.13.

2.14.

2.15.

2.16.

2.17.

2.18,

2.19.

2.20.

2.21.

Tim dao déng cua mét thanh dan héi, v&i céc ddu dé tr do, tai thoi
diém ban diu ¢6 mot xung lyc 7 tic dung 1én mét dau coa thanh.

Tim dao dong doc cua thanh, mét dau cua thanh gén chit dan hdi, con
dAu kia dé tu do, véi didu kién ban déu tdy ¢.

Mot thanh dong chit véi mitdd p vadd dai L, cOmotddu x=0 gﬁn
chit, ddu x =1 bi mdt luc ¢6 stre cdng P tac dung, tai thoi diém (=0
luc tic dung bi bién mat. Tim dao ddng doc cuia thanh.

Hay giai phuong trinh dao dong x0dn clia mét thanh dbng chat, véi
mdt ddu x =0 dé tu do, ddu con lai x=1L gin mdt dia ¢6 moment
quén tinh 1& K, .

Hay giai phuong trinh dao déng X04dn ctia mét thanh dong chét, vii ca
hai ddu gin dia c6 moment quan tinh gidng nhau la X .

Giai phuong trinh dao déng cua day va thanh véi cac dau chuyén dong
HH = azu.\’.\' + «g(x")

trong d6: g{x,f) = —1-p(x,r) )
p

Biéu kién bién: u@.0y=x,(r), uw(L,ry=x/(t).

Diéu kién ban dau: w(x,0)= f(x), u(x,0)=F(x).

Giai phwong trinh dao déng cua day dudi su tac dung cia ngoai luc la:
u,=a’u, +Asinot:
w(0,0)=0, u(l.n)=0;
u(x,0)=0, u,(x,0)=0

Giai phuong trinh dao ddng cua thanh bj tac dong cua trong hue, vai

mot dau gan chat va mot dau tu do. Hy cho biét d6 dich chuyén cuc
dai cua thanh tai x = L.

Giai phuong trinh
u,=au,+Axe” 0<x<L:

u(0.0)=0,  u(L.a)=
u(x,0)=0,  u(x0)=0.

Giai phuong trinh
u, =au_+ f(x,t):



#(0,6)=0,  w{L1)=0;
u(x,O):O, u (x,0)=0.

2,22, (idi phuong trinh
X

u, =a’u_+ Ae” cos—:
u, (0,6)=0, u(L,1)=0;
#(x,0)=0,  u(x,0)=0.
2.23. Giai phuong trinh
u, =d’u, + [(x1):
u'(O,t):O, u_,(l,.r)zo;
u(%,0)=0.  u(x0)=0.

2.24. G1ai phuong trinh
u.,.=u,, O0<x<lrl:

w(0.0) =u(r). w(Le)=v(1);

w(x0)=9(x). u(x.0)=y(x).

2.25. (Giai phuong trinh
u,=u . O<x<n:

u(x,0)=sinx, u,(x,0)=0.
2.26. Giai phuong trinh
v, =u_, O<x<m:

u(0))=e", u(mt)=1¢;

u(x,0)=sinx cosx, u, (x,0)=1
2.27. Giai phuong trinh

u,=u_, O<x<m:

u(0.6)=¢, wu,(mt)=1;
u(x,O)zsin%, u (x.0)=1.

2.28. Giai phuong trinh
u,=a’u_, O<x<L:
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u (0.0)=0, u (L,t)=Ae”;

Aachi : A.ar:hi
u(x,0)=——4, u{x,0)=- a .
shZ sh
a a

" 2.29, Giai phuong trinh
u,=ca’u_+sin2t, O<x<L:

u {0,0)=0, u (L,1)= Esin&sinh;

a a
u(x.0)=0, u(x.0)=2sin2%.
o

2.30. Tim dao dong doc cda thanh 0 <x < L néu mét dau gan chat, con dau
kia tai thoi diém 7 =0 dat mét luc F, = const, cac diéu kién ban diu
bang khong.

2.31. Giai phuong trinh

u, =u, +sinfsin2nx, O<x<lI:

u(x,0)=0, u (x,0)=0;

u(0,/)=0, u(1,¢)=0.
2.32.Giai phuong trinh

u,=u . +1, O<x<l;:

u(x,(}) =0, u, (x,O) =

u(OJ) =0, u(l,r) =0,

2.33.Chimg minh ring véi phép dbi bién X=FrcosQ,y =rsing, toan tu

2 2
Laplace trong hé toa do Bé-géc: A, :58:?4- 0 sau phép ddi bién’

2

toan tu Laplace trong hé toa d¢ cue cé dang:
& 12 1 &
R e )
o ror r g
2.34. Tim dao dong ngang cuia mang hinh chir nhit 0<x <[, 0<y< L, cb
cac mép duogc gén chat, diéu kién ban diu:
#(x,,0)=0, u,(x,3.0)=Axy(L -x)(L,-y)

8-PTTL A

113



2.35.Tim dao ddng ciia mang 0 < x < L,0< y<L, bitac dung bdi xung Iy

2.36.

2.37.

2.38.

114

K tap trung tai {x,,y, ).

Tim dac ddng ngang cia mang tron ban kinh r = L, v&i céc bién gin
chat, gy nén boi dd léch va vén toc ban diu déi ximg xuyén tim.
Diéu kién ban diu c6 dang: u(r.0)=1(r); u,(r,0)=F(r).

Tim dao dong ngang cua mang tron véi cac bién gan chit, géy nén boi
do léch ban dau cé dang Parabol tron xoay va van tde ban dau bang

khéng.

o' L & 16u
s =d | -
or°  ror

] O0<r<1l;

< u(L,r)zo

u(r,o)zf(r):A[l—;—j]; u,(r,0)= F(r)=0

Tim dao djng ctia nude trong mot binh try thing dung, néu van tdc

ban diu 12 mét ham déi Xung xuyén tdm, cén ap suit trén mit nude
duoc gifr khdng dbi.

8-PTTL B



Chuong 111
PHUONG TRINH PARABOLIC

§1. PHUONG TRINH TRUYEN NHIET

Nhiét truyén tir noi c6 nhi¢t d6 cao sang noi co nhiét do thip theo ba
cach: qua trinh din nhiét, qua trinh burc xa nhiét va qua trinh déi lvu. Qua
trinh din nhiét bén trong vét la do sw chuyén ddng ciia cac phan tir bén trong
vét. Trong vt rin, dong nhiét chuyén tir noi ¢6 nhiét d6 cao (1a noi ¢6 mdt
s0 I6n phén chuyén déng c6 van tée lon hay ddng nang 1dn) sang noi c6
nhiét do thﬁp hon (1a noi ¢4 van tdc va ddng nang cac phin tr nho hon).
Qua trinh blc xa nhiét giira hai vat xay ra khi nhiét truyén qua khong gian
tir vat nong hon sang vit lanh hon (khéng tinh dén nhiét 45 khong gian gifra
hai vat), d6 chinh 13 chuyén dong nhiét dudi dang séng. Mt vi du 13 s
truyén nhiét d§ ctia Mat Troi cho Trai Dét. Nhiét truyén do dbi lwu xay ra
khi mdt sé loai chuyén dong nhiét di chuyén tr noi nay sang noi khac.
Cuong d6 cua dong ddi lwu xay ra khi canh quat théi dong nhiét tir noi nay
sang noi khac. Cé mét loai truyén nhiét khac duoc sinh ra do bay hoi hodc
ngung tu. T4t cd céc qua trinh truyén nhiét nay dugc nghién ctiru trong cac
mén hoc dai cuong va chuyén dé vé nhiét. Trong chuong nay chu yéu tap
trung nghién ¢tru qué trinh truyén nhiét trong vat din. Chung ta nhic lai
dinh ly Gauss thuong dung dé chuyén tir tich phén mit sang tich phan 3 lap.

Néu F = F(x,y.z,t) 1a mdt truémg vector lién tuc, xac dinh moi noi

bén trong thé tich ¥ v6i bé mit kin S bao quanh né, thi theo dinh ly Gauss
fI divﬁd1=quF.ﬁdc, (3.1)
v A

trong do: dt 1a yéu td thé tich va do 1a yéu 16 dién tich bé mat; 5 1a phép
tuyén ngoai cua bé mat c6 do dai bing don vi.

St dung dinh ly Gauss, dinh luit Fourier vé qué trinh truyén nhiét va
dinh ludt bdo toan ning luong dé xiy dung phuong trinh truyén nhiét. Theo
dinh luit Fourier vé qua trinh truyén nhiét

Q:—Kgradu=—|<Vu=—|<(a—u?+—aﬂf+?£/;} ' (3.2)
ox oy ox
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trong d6: ¢ 1a luong nhiét tmyén qua mdt don vi dién tich trong mdt don vi
thol gian; k 14 hé s6 din nhiét phu thudc vao tinh chét cua vét liéu khi nhiét
truyén qua; ham « = u(x, y, z) biéu dién nhiét dd cua vit.

Bé mit ¢6 nhiét dd khéng dbi u(x,y,z)=const dugc goi 1a mat dang
nhiét. Ta thay rang, vector gradient tring véi phép tuyén tai bat ky diém nao
trén bé mit va hudng theo chiéu tang cua nhiét dé. Vi dong nhiét hudng tix
nong sang lanh nén trong cong thire (3.2) cua dinh luat Fourier vé qua trinh
truyen nhiét 1ay dau trir. Nhur vay, dinh luat Fourier vé qud trinh truyén nhiét
c6 thé duge giai thich 1a dong nhiét truyén theo hudng tang cua nhiét do.
Dai luong g dugc goi la vector dong nhiét, bang lurgng nhiét truyén qua
mot don vi dién tich.

Su dung cac dai lugng nhiét sau:

¢=c(x,y,z) 14 nhiét dung cia chat rén ;

p=p(x,y.z) 1a mat 46 khi lugng tinh trén mdt don vj thé tich;

k = k{x,»,z) la hé 56 dan nhiét clia chit rin ;

g= Ej(x, y,z,t) la dong nhiét truyén qua mot don vi dién tich ;

H = H(x,y,2,t) 1a ngudn nhiét ty sinh ra trén mét don vi thé tich ;

u=u(x,p,z,t) la nhiét do tai moi diém ctia vat.

Viét dinh luat bao toan nang luong cho mdt mién tuy y Vvd bé mat kin
S bao quanh. Goi1 A, la lugng nhiét thay doi trong ¥ véi khoang thoi gian
At. H,. 1a luong nhiét di qua bé mat S trong khoang thdi gian Ar. H, la

hrong nhigt sinh ra trong ¥ trong khoang thoi gian As. Dinh luét bdo toan
dugce viet dudi dang

H=H.+H,=>H +H.,-H, =0 (3.3)
Luong nhiét ¢6 & trong yéu td thé tich dt cua V 1a cpud-. H, 1aluong
nhiét thay d6i trong ¥ trong khoang thdi gian Af c6 dang
%
= wcpudr . (3.4)

H,. 1a lugng nhiét di qua bé mit S trong khoang thdi gian Af, néi cdch
khéc 14 thong lieong nhiét di vao b mat S 1a

H.=qf-GAdo, (3.5)
5

trong dé dau trir dé ddi dau cho vector phap tuyén ngoai ¢6 do dai don vi 7.
Theo dinh ly Gauss, tich phan bé mit duge chuyén thanh:
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H,. = {[[-divgdr. (3.6)

Nhiét rong sinh ra trong ¥ duoc cho bét

H,; = {[[Hdx . (3.7)

Két qua tir céc cong thic (3.4), (3.6) va (3.7) cho phép viét dinh ludt
bao toan bdi phurong trinh

IIJ{‘diV‘?+H—§(CPH)}dr. (3.8)

Két qua trén cho mot thé tich V thy ¥ va thdi gian tuy y Ar, nhu vay sb
hang trong diu ngodc {} phai bang khong. Thay biéu thic cua g vao

phuong trinh (3.2) biéu thj dinh luat Fourier ctia qua trinh truyén nhiét ta thu
dugc phuong trinh truyén nhiét trong vét din

div(xgradu)+ H = vg;(cpu). (3.9)
Hodc c6 thé viét dudi dang md rong
E(KEJ-FQ KE +£[K£]+H=E(6pu). (3.10)
ox\ ox; oy\ oy} &\ &z | ot
Trong trudng hop dic biét, néu x 1a hing sb ta ¢6
div(xgradu)=V(kVu) =k Viu =x Au, (3.11)

V? = A duge goi 14 toan tir Laplace.
Khi cac hé s6 déu 1a hing sb, c6 thé vidt phuong trinh truydn nhiét
dudi dang
H
a—M=.f.1-""!,3u+Q, a= |, Qg=—, (3.12)
Ot cp cp

hé s a dugc goi la dg khuéch tan ctia vt lidu.

Néu hm-a— =0 thi ¢ thé ndi nhiét 46 & trang thai dimg hay 6n dinh.

I —wtr ar
Trong truong hop trang thai dimg %u— =0, trong phuong trinh (3.12) nhiét

do chi phu thude vao cac vi tri bén trong. Néu khéng cé nguon nhiét, tirc 14
@ =0, phuong trinh truyén nhiét tré thanh phuong trinh thuan nhét. Ta ¢

thé thiée 14p bang sau cho phuong trinh truyen nhiét trong hé toa dd Dé-cac.
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Bang 1. Cac dang khac nhau cua phwong trinh
truyén nhiét trong hé toa d6 Dé-cac

Cdc truong hop Dang todn tir Dang mdt chiéu
| . du 3( &u) Ot
TS At VixkVul+ H =pc— —[K— +H=pc—
weripelt | (S en=ped
) ) .  H pcdu Pu H 2
Vit liéu dong chat Vi L =P ——1j—+--—-=£)£~—i
K X Ot ax” K K &
5} Ju
T thai dir V(kVu)+ H=0 —| k= [+ H =0
rang thai dirng ( ) ax[ ax]
a1 dt gl , H :
T’r\"an.gﬂlhal du*ng;\vm v+ g d z: +£ ~0
vat fiéu dong chit K dx” x

§2. CAC DIEU KIEN BAN DAU VA BIEU KIEN BIEN
CHO PHU'ONG TRINH TRUYEN NHIET

Cho vat thé ¥ v&i mat S bao quanh, cac diéu kién bién khac nhau ¢6 thé
dat trén mit bién S nhu sau:

1} Piéu kién bién Dirichlet hay bai toan bién logi 1 doi hoi nhigt dd
duge xac dinh trén bién clia mién, ma tai d6 phuong trinh truyén nhiét giai
duoc. Loai didu kién bién nay c¢é dang

u(x,y,z,r)‘{_m_‘:}e_\,=j;(x,y,z,z), (3.13)
trong dé /, 1a nhiét d¢ da dugce xac dinh.

2) Diéu kién bién Neumann hay bai todn bién loai II ddi hoi dong nhiét
di qua bién duge xac dinh r5 trén bién ctia mién, ma tai dé phueng trinh
truyén nhiét giai dugc. Loai diéu kién bién nay ¢6 dang

du( x. y,z,r)l

, (3.14
an (3.14)

= grad u'ﬁl{x,y,:)e.\‘ =/, (x, A z,t)‘{

x,vz)es
!(.r,_}',:}e.\‘ )

trong d6 £, 1a dong nhiét da duogce xac dinh.
Chu ¢ rang, d8i voi bidn duge bao vé, tire 1a cach nhiét (khéng cho
dong nhiét di qua) thi
At

o = grad u.fﬂBién =0. (3.15)

Bién
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3) Diéu kién bién Robin hay bai todn bién loai 11l doi hoi dong nhiét di
qua bién va nhi¢t dd trao d6i véi moi truémg xung quanh duge xac dinh 18
trén bi€n cla mién, ma tai d6 phuong trinh truyén nhiét giai dugc. Loai diéu
kién bién nay c6 dang
Sulx,y.z.t )
—(a—y—)+hu(x,y,z,r) = f, (x,y,z,r)‘
" .

{x.v.2)es

trong d6: 4> 0 14 hing sé, /; 1& dong nhiét da duge xac dinh.

(ersjex” (3.16)

Chu ¥ ring, dong nhiét trao dbi véi méi trudmg xung quanh phu thude
vao ca nhigt 6 cia mai truong.

4) Diéu kién bién hon hop 1a két qua cia cac didu kién bién loai I va
loai I1.

§3. PHUONG TRINH KHUECH TAN

Phuong trinh truyén nhiét cling md ta qua trinh khuéch tan, cé khi
ngudi ta con goi ta phuwonyg trink khuéch tan. Trong céng thrc phurong trinh
truyén nhiét

o Cu o ou o{ ou o
ol ke | k= [+ | k= |+ H =—{epu),
ox\ Ox,) oyl &y ) &z\ oz ot

dé md ta qua trinh khuéch tan, ngudi ta thay nhiét d6 u(x, y,z,t) bing ndng
dd cia chét khuéch tan C(x,y,2,¢) tai diém (x,.z) va tai thoi diém ¢,
Dinh ludt Fourier cua qua trinh truyén nhiét duoge thay bing dinh luat Fick
cla qua trinh khuéch tan, duge phat bidu nhu sau: 7% 56 chdr khuéch 1in
truyén qua mot don vi dién tich cua thiet dién 1y Ié voi gradient ciia nong
dg chdt khuéch tin theo hudng khuéch tan. Dang cong thic cua dinh luat
duge viét:

J=—DgradC =-DV(, (3.17)
trong d6: J 14 khéi luong khi di qua tinh trén mét don vi dién tich trén mét
gifly; D 1a h¢ s0 khuéch tan hay d6 khuéeh tan; C 1a ndng do chat khuéch tan.

Dinh ludt Fick chi ¢6 gia tr1 doi vo1 chit ran, chat 1ong hay chat khi ¢é
mdi trudng dang hudng. H¢ s6 khuech tan D phy thude vio cac qua trinh
duge xét. Phuong trinh,khuéch tan 12 phi tuyén néu D 1a ham ctia nbng do.
Dai véi vat 1iéu phi tuyén, dinh luat Fick cé dang

J==Ji-J j-Jk, (3.18)
trong do:
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-J, :Dn“gx""'Dle;"'Dlsg
g =p,% . p, % p LY (3.19)
¥ x Ty Tz

—J. = D3|QQ“+D32§£+D33'6£
Ox oy Oz |
& day: D, (i,j= 1,2,3) la he s khuéch tan, n6 chi ra céc tinh chét khuéch
tan khz'}c nglau theo cédc k'uréfng’ khéc nhau. ‘ ' ’
Neu tat ca cac hé s6 khuéch tin D, 1a hang s6 thi phuong trinh khuéch

tan cé dang
o o’C o°C orC
—C:Du—z“"th + D,
ot ox Oxoy Ox0z
2 2 2
w0, IC  p Sl p IC (3.20)
Toxdy T oy = 0z0y
2 2 3
+D1]a('+D12aC+D3Ja(:'
T oxdz T oyoz oz”
. : s 0, i#j . I
l'rong trudmg hop déc bict, D, = . phuong trinh (3.20) tr¢ thanh
s 1=
2 el 2
% _p ZC,9C 5 pyec. (3.21)
ot ox° oy 0Oz -

Phuong trinh nay ¢6 cung dang v6i phuong trinh truyén nhiét khi ngudn
nhidt bing khong. Didu kién bién cua phwong trinh khuéch tan gidng nhu
ctia phwrong trinh truyén nhiét d& dugc xét trong §2. Diéu kién Dirichlet doi
hoi ndng d6 ciia chat khuéch tan xac dinh trén bién. Diéu kién Neumann doi
hoi dong chit khuéceh tan xac dinh trén bién. Diéu kién Robin yéu ciu xac
dinh su bay hoi trén bé mit véi mot ty 18 nao d6 so voi ndng dd trén bé mat
va ndng dd cua mdi trudmg xung quanh.

§4. QUA TRINH TRUYEN NHIET TRONG THANH,
PHU'ONG TRINH TRUYEN NHIET MQT CHIEU

‘Trong tiét nay, s& cu thé hoa phuong trinh truyén nhiét mot chidu bing
cach nghién ciru qua trinh truyén nhiét cia moét thanh mdng. Xét mdt thanh
dai L (hinh 3.1). Gia sir do¢ theo chiéu dai thanh ¢ su cach nhiét (tie 13
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khéng ¢6 sy trao dbi nhiét doc theo chiéu dai cia thanh), gia thiét thanh rét
mong lam bang vAt liéu ddng chit sao cho nhiét d6 khong ddi tai moi diém
trong mét thiét dién bat ky. Vi bé mit cia thanh cach nhiét, nén dong nhiét
chi di chuyén theo hudng true x. Xét dinh ludt bao toan ning luong trong
mét khoang tuy y Ax.

|

AT

Hinh 3.1. Truydn nhiét trong thanh mét chiédu

S dung céc ky hi¢u sau:
¢ 14 nhiét dung cua thanh;
p la mat do khdi lugng ctia thanh;
A la dién tich thiét dién thanh;
=u(x,7) 1a nhigt d cua thanh;
¢ la thoi gian;
Ax 1a khoang cach;
K lahé s dan nhiét cna thanh;
H 1a ngudn nhiét phat ra cua thanh.
Gid st ¢,p va & 12 hing sb, yéu tb thé tich cta thiét dién Ax 1a AAx
Theo dinh ludt bao toan néng luong, tdc d6 thay ddi nhiét lugng trong yéu

td thé tich nay bing toe do nhi¢t truyen qua cac dau thit dién. TSc do thay
ddi nhiét luong duoc trit trong yéu t6 thé tich gifra x va x+Ax 2

a x+Ar x+Ar au(x r)
Hi=— | ¢ Au x,¢ dx cpAd———=dx,
trong d6 cpu=¢ duqc goi la mdt do ning iuofng nhiét.

Chu ¥ ring

g“; - gradu./ =Z—if.(—f );%=gradu-ﬁ =%?-(?) :

Do d6, nhiét luong mét di & phin thiét dién bén trai va bén phai 1a

H. - m{@u(xwLAx,r) B au(x,r)}

o ox

121



Luong nhiét phat ra do ngudn nhiét nim trong yéu té thé tich 13
X+Ax

—AI xtdx

Theo (3.3), dinh luat bao toan ning lwong duge vidt
H.+H,-H. =0,
Néu sir dung dinh Iy trung binh tich phén

S+Av

ff F(x+08Ax)Ax ; 0<B<]

ta cod
KA':Bu(x+Ax,t)_6u(x,!} 8u(x+92&x,t)

ot

Ac=0

. :’+AH(x+Ble,t)Ax—cpA

(3.22)
Chia hai vé cua phuong trinh (2.22) cho AAx va lady gi¢i han khi

Ax > 0 ta thu dugc phuong trinh truyén nhiét mét chidu
2

(x,!)ch%- voi u=uf{x1),0<x<L, (3.23)
¢
hay la
2
% 26 d)veia = g1 (3.24)
ot cp cp

Dai luong «® duoce goi 14 do khuéeh tén cua thanh dong chét.
Néu tinh dén sur trao ddi nhiét vdi bé mdt cua thanh ma nhiét d6 cua
moi tmcmg bén ngoai bé mat l1a uy, ta thém vao lugng nhiét bj mat mat

trong yéu t6 thé tich dugce xét la
=B, (u—u, ) AAx
Binh luat bao toan ning luorng duge viét la: H +H,+H, -H =0,

Nhu vay, phuong trinh truyén nhiét tdng quét ¢6 tinh dén su trao doi nhiét
v&1 moi trudng xung quanh c6 dang

du 8
(; o al;——ﬁ(u—uo)+Q(x,t), (3.25)

trong d6 B = B 14 hang s6 trao ddi nhiét voi moi trudng bén ngoai.
cp
Dat U =u—u, 1a nhi¢t d cua thanh c6 tinh dén sy chénh 1&ch v6i mai
truong xung quanh, phurong trinh (3.25) ¢6 thé viét
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wowE,
r:‘fua,’

oU _ .8

=] —BU +0(x.1). (3.26)

Néu tinh dén sur ddi luu, tire 1a xét cac phan tir trong thanh chuyén dong

v&i van tde ¥ thi dinh ludt Fourier cha qué trinh truyén nhiét dwoc viét 13
G = —xgradu +cpuV . Thay § vao phuong trinh

- 0
—divg+ H - — di=0,
{H{ vg po (cpu)} 1
ta c6 phuong trinh truyén nhiét xét dén qua trinh ddi luu
div(KVu - cpuﬁ)+ H= gg(cpu).

Vi ¢,p,x 1a hing sb, nén phuong trinh truyén nhiét ¢6 tinh dén qua
trinh d6i luu 12

g_l::az[a"f _uv.ﬁuﬁ‘w}Q(x.r),

Ox

s H
trong do a” :—K-,Qz—

ep’ T ep |
Trudomg hop mot chiéu, véi ¥ 12 hing s6 tdc dd trung binh cua phén t
thi phuong trinh truyén nhiét ¢6 tinh dén qua trinh ddi luu c¢6 dang

ou L, 0u  Ou
—= -V —t ). 3.27
a A o O(x1) (3-27)

§5. PHUONG PHAP TACH BIEN CHO PHUONG TRINH
TRUYEN NHIET TRONG THANH HU'U HAN

Xét bai toan:
2
L(u)z-l?—u—azg—lfz(). D<x<L:
ot ox”

u(O,t)zu(L,t)zO; (3.28)

u (x._ 0) = f(x)
Bay 1a diéu kién Dirichlet xac dinh nhiét d6 tai cic d4u mut cia tharh

va f(x) 1anhiét o phan bd luc ban dau. Gia sit nghiém duge tim dudi dang
u=u(xt)y=X{(x)0(t). (3.29)
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Biéu dién nghiém dudi dang u(x,t):X(x)T(r), ta thu duge mdt hé
Sturm-Liouville, thay vao phuong trinh ta duoc X(x)T'(1)=a"X"(x)T (1)
va chia hai vé cho «’X (x)7(r), két qua la

T (!) _ X (x) (3.30)
a’T(1)  X(x)

Vé trai chi phu thudc ¢, vé phai chi phu thuge x, nghia la cho du céc
bicn 50 thay ddi, nhung ty s6 ludn luén bang nhau, N6 chi ¢6 thé thda man
néu bang mot hing s6 duge chon 1a ~A, véi A = const. Nhu vay

() _X"(x)

= = —7L ,
azT(t) X(x)
ta nhdn duoce hai phuong trinh vi phan sau:
I+ a’’T(1)=0,T()=0; (3.31)
X"{x)+0X (x}=0,X(x)=0. (3.32)

Céc diéu kién bién (3.28) cho ta
u{0,)=X(0)T(¢)=0
u(L.)=X(L)T(1)=0

Sau khi bién lugn cac gia tri A thay rang, d& (3.32) ¢6 nghiém khong
tam thuong thi A > 0. Khi d6 ta ¢6:

X (x)= D, cos\hx+ D, sinVax;
X{(0)=D, =0, X(L)=D,sinvAl=0.

Suy ra phuong trinh tim trj riéng

}:X(O):X(L)zo do T(t)=0.

sinvAL = 0= J‘:?. (3.33)
Do do, bai toan chi c6 nghiém khéng tdm thudng khi gia tri riéng
2
A=A =[ng L n=1,23... (3.34)

goi 12 phd rdi rac céc gia tri riéng tao nén mot tp hop cdc nghiém riéng.
Sau nay ching ta s& ¢ cdc bai todn ¢6 phd 1o rac cac gid trj riéng, trong khi
cac bai toan khac c6 phb lién tuc cac tri riéng tao nén cac nghiém riéng lién
tuc khi L — oo V6i méi tri riéng ¢6 mdt ham riéng twong tmg duoc vidt

X,(x)= sinfz"f. (3.35)
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Vi tri riéng d3 cho, nghiém cua phuong trinh (3.31) theo bién 1 1a

T (1)= Ane_(T] n=123.. (3.36)
véi A 1a céc hing so ty ¥
Nghiém riéng cua phuong trinh (3.28) ¢6 dang
u, (x,1)=X, (x)Tn(t):Ae_[T]‘smfzﬂ (3.37)
Nghiém tng quat 13 tong cua tat ca cac nghiém riéng mg voi cac gid tr
kha di cua n

o

w(x,0)= u,( ZAe[” J’qin%. (3.38)

H=l

Diéu kién ban du (3.28) cho ta xac dinh thy y A, . Ta cé:

u(x0)= F(x)=3 4, sin%. (3.39)

Theo 1y thuyét chudi Fourier, ¢6 thé tim dugc cac hé s& A vaB, theo
cdng thic sau:
,X

,, 2° g m‘té
= J‘ —2 45 (3.40)

AH
l

Chi y 1. O day coi tap cac hang s& cua nghiém cac phuong trinh vi
phan xac dinh ham X va T la bing 1. Gia sir, viét lai nghiém 1 mdt hing
sO tuy ¥ cd dang

X, (x)= Bsm[ ] (=7 [M-a]", n=123.. (3.41)

v la cac hing sb tuy y.

trong do:

Sau khi nhan céc nghiém u, (x./)=X, (x)7, (1) ta x4c dinh dugc mot
hing s thy y méi 8 =8y, . Didu d6 ciing giéng nhir viéc sir dung nguyén

1y chdng chit, nhin nghiém véi mot hing sb tay y va dat tén cho hing sb
d6. Cach lam nay thuén tién hcm vi tranh phai viét lai cac hing sé.

Chit y 2: Can nhan manh ring, & ddy ham X v& 7 khdng chi co mot
nghiém ma c¢6 mot s6 vO han cac nghiém X, va T, voi n=123..., vi thé

tich u =u(x.,r)=X(x)T(r) cling c6 v6 han cac nghi¢m va dugc viét la u,
v& n=1,2,3... Lap lufin nay s& thay ddi trong cac bai toan khac.
Chit y 3: Xét trudong hop dac biét cho mot thanh bing vang:
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K > 0.70 cal/em’s°C/em
¢ ~0.03cal/g°C = a* =5 ~1.209em?/s .

1 p
pP=193g/em’

Chon d6 khuéch tan cua vang Ja o ~ 1.209¢m’/s, chon L =n, didu
kign ban ddu f(x)=7Tx(n- x) . Thay vao cdng thitc (3.40) ta tinh duoe

‘ 1-(-1)"
A, = 2, J}‘;,x(nwx)sin nxdx = ﬂ—-(—sl—
n 0 T ¥
Vay nghiém ¢6 dang
H, 5 l_(“l)n 24\
Jg)y=—= ~1.20977t . 3.42
u(ox,r) - ”Z:; . exp( n )smnx (3.42)

§6. TRUYEN NHIET TRONG THANH CO NGUON NHIET

Xét phuong trinh truyén nhiét trong thanh ¢6 chira ngudn

_Ou L 0u_ .
L(u)_at a3 =g(x,t), O<x<L:
u(0,0)=u(L,t)=0; (3.43)
u(x.0)= f(x).

Dung két qua trong §5 dé gial bai toan nay. St dung tap cac ham truc
giao {X” {x) =sin E:—x} trong khoang (0,2} dé khai trién nghiém. Gia sir
ring, nghiém duoc khai trién tir bd cac ham trire giao trén la

u=u(x1)=3 B, (z)sin—”-i“i SR ()X, (x). - (.4d)
n=| n=1
Nhic lai tinh truc giao ciia ham X, (x):

L

5 X =% (345
s || X, S (349)

(X, X,) = [X,(6) X, ()de =],

Chu y rang, nghi¢m da chon thoa miin diéu kién bién, vi cac ham riéng
(3.45) da thoa man diéu kién bién nay. Gia st nghiém cho boi phuong trinh
(3.44) va cac dao ham cua né lién tuc trong khoang (0,L), vi thé chudi
Fourier c6 thé vi phan theo timg s6 hang, ta thu duge:
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LA
g,

(ou &dB, . mmx
= ) —F8In——ro
ot g‘ dx L
ou & nm X

] => B (t)—cos—— 3.46
= Z (1) oos— (3.46)
& u >~ Y . nmx

~==> B ({}] — | sih—
Thay nghiém (3.44) va cac dao ham (3.46) vao phuong trinh (3.43) ta ¢

as, (1) ,

3 X (x)= 3 [”MJ ()X, (x)+q(x.t). (347

n=| n=|

Pé tim ham chua biét B,(¢), dung tinh truc giao cua tap cdc ham
{Xn( ) =sin ~1—} trong khoang (0,L} theo cach sau: nhin ca hai vé cua

phuong trinh (3.47) véi X, (x)dx, c¢b dinh chi sé m va tich phan phuwong
trinh tir 0 dén £ ta thu duoc

o L

Za‘B Xm)+i[%qJB()(X X, )= [q(xa) X, (x)dx(3.48)

n=1 n=l| i}

Do tinh tryc giao cua tip cac ham {Xn(x)=sm T} nén trong cac

tdng bén trai chi khac khéng khi » c6 gid trj bang m . Nhu vay, khi n=m
ta ¢ phuong trinh vi phin
dB,, (1)
dt

2

+L"’;“] B, (1)=q,(1). (3.49)

trong do dinh nghia

L

' 2 . MTX
g,(t)= T Iq(x.r)sm f

1]

dx, m=123.... {3.50)

Phuong trinh (3.49) 1a phuong trinh vi phan tuyén tinh ¢4p 1, c6 thé giai
dugc. Thay chi s m bang » va giai phtrong trinh ta nhan duoc B,(1). Sau

2
khi nhin phuong trinh véi thira s6 tich phan exp H%J I} , phuong trinh

(3.49) tr& thanh
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Y, (may,
dh(!)e( g J'q»( ) (350

Tich phan (3.51) ta tim dugc

mt a\ nm

]dB,, (t)e j g, (x (3.52)

Nghiém cua phuong trinh (3.52) ¢6 dang
B,(f)= B,,(o)e'[_f-‘] el fa, (r)e("f-'] dr. (3.53)
0
Co the dung diéu kién ban dau dé tim hé 6 B,(0). h¢ s nay phai thoa
man diéu kién

=3 8,(0)X, (x)= -35,(0 sm—Lm. (3.54)

=l n=l

Céng thize (3.54) chinh 1a khai trién chudi Fourier theo ham sin cia
ham f(x) véi cac hé sb khai trién Fourier 1a B,(0) (xem miuc 3. §3
Chuong I). Suy ra

B,(0)= (f»X[;) =2 ]'f(x)sin[n—:i]dx, n=123.. (355)

Bai toan (3.43) bay gi¢ da duge giai va c6 nghiém nhu sau

u=u(x.t)= ZB,, t)sm—— —Z

n=l

trong dé
_fﬂ‘;" !; Sl ! LA
B,(t)=B,(0)e " "‘] +e { g ] Iq” [" J dt
vOi
q =—'2-I xr sm—dx n=1273..
g L; L

va
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§7. BAI TOAN TRUYEN NHIET HON HOP

X¢ét bai todn truyen nhiét trén mét thanh méng ¢6 ngudn nhiét va didu
kién bién khdng thuin nhét

rp(x)c(x)%l{i=§[K(x)%xu—]+Q(x,t), a<x<b t>0:
|ou(a,)-a, aug,:) = 4(1).Bu(b,1)+B, a"gz”) = B(t); (3.56)
u(x,0)= f(x)

trong d6: a,,a,.B,.B, 14 cic hang sb phu thudc vao bién x: ¢ = c¢{x) 1a nhiét
dung cia thanh; p =p(x) la mat d6 khéi lugng trén mot don vi thé tich cua
thanh; x = «{x) Ia h¢ sb truyén nhiét cua thanh.
D¢ giai phuong trinh trén, ta tim nghiém dudi dang
uzu(x,t)=w(x,r)+v(x,r). (3.57)
Thay vao phuong trinh (3.56), ta thu duoc: '

pe (8w+5‘v) 9 K QW~+QV—J +Q(x,), a<x<b,1>0:
or ot Ox ox Ox

Py

o, [w(a,r)Jrv(a,r):l—az[

x 0 o ]zA(I); (3.58)
By [ w(b, r)+vbr]+[3[ + ]=B(!);
| (x.0) = w(x,0)+v(x,0)= f(x).

Bai toan hdn hop trén dugc tach thanh hai bai toan riéng 1é, dugce goi la
bai todn 1 (chita didu kién bién khong thudn nhét) va bai toan 2 (thira

phuong trinh khong thuin nhit). Téng hop két qua hai bai toan nay sé 1a két
qua ctia bai toan hon hop.

Bai todn I: Dua didu kién bién khong thudn nhat gan cho ham v{x,1),

thod min cac diéu kién sau

%{K(x)?}zo,a<x<b,r>0:
' dv(a,1) ov{b,1) -39
vid, o
C(IV(H,!)"(IE*—ax'—'——_—A(f),BiV(bJ)‘f'Bz o =B(f)
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Tich phan phuong trinh ta c6
C
K(x)?=C, (e av=" o
x

k(x)

Tich phan mét lan nita ta duge
x dx

v=v(x,t)=C(¢) ‘[;C‘_)

trong d6: C,(¢). C,(¢) 1a cac ham tuy ¥ ctia ¢ duoge chon sao cho thoa man
diéu kién bién. Didu kién nay doi hoi:

G, (1),

0 C{1)-a, & (‘)) - A1)
) » dK(a c.(1) (3.60)
LB{C, (:)Jﬁ+c2(:)]+ﬁz O

HE phuong trinh (3.60) chinh 1a hé phwong trinh xac dinh C, (1), C, (¢).
Bai todn 2: Viée lya chon cac diéu kién cho bai phuong trinh (3.59)
l1am don gian hoa phuong trinh (3.56):

ow o ow ov
Rl I g e P My—pc—, a<x<bit>0:
P o 6x[K6x] O(xr)-pey ¥

<()Ltw_(a,f) zang )~0 Byw(bt)+ Bzawgz,r)zo; (3.61a)
[w(x,0) = £ (x)~v(x,0).

Dt q(x,t):Q(x,r)—pc%; h(x}= f(x)-v(x,0), phuong trinh c6 dang

pc% = a—i(x%}+q(x,1),a <x<bt>0:

] ,
a,w(a,!)—az—qw%l=0,|3,w(b,t)+[32 ang,l)zoé (3.61b)
kw(x,O)zh(x).

Dé giai phuong trinh (3.61b), trude hét giai v6i phuong trinh thudin nhit

ow _oOf ow
pc 5 W KE ,a<x<bh:
\ (3.62)

(), PN o g op, 280 o,

*PTTLB
130

vl
R
My 0»6-:5'1



%
E'gb

dé tim w=w(x,). Gia sit mét nghiém cua phuong trinh (3.62) Ia
w(x,t)=X(x)T(r), trong d6 cac bién Ia duge tach. Thay nghiém nay vio
phuong trinh (3.62) ta ¢6 phuong trinh xac dinh X (x)
d dX
dx[xg}+k2 (x)e(x) X (x) =0, a<x<b:
o, X (a)-a,X"'(a)=0,8.X (b)+B,X'(b) =0,
va phuong trinh xac dinh 7'(r)
T'(t)+XT (1) =0T (1) =™
trong d6 chon —A? 14 hang sé tach bién.
Phuong trinh dé tim ham X (x) chinh 1 bai toan Sturm-Liouville ¢6

3

cac trj riéng A, (n=1,2,3) tuong img v4i cdc ham riéng X, (x) truc giao

nhau trong khoang (a,b) thod mén dédng thirc

A 0, nEMmM
X.)- Ir(x)xn(x)xm(x)m{u o
(

N n=m
trong 46 r{x)=c(x)p(x) dugc goi 1a ham trong.

Vi mdi ham X, (x) théa man didu kién bién, cho nén dé tim nghiém
cta phuong trinh (3.61) ta chon nghiém dusi dang khai trién cia cac ham
tric giao X, (x) c6 dang

w= w xt ZB

Thay vao phucmg trinh (3.61) ta thu duge

o0 u x
$e(o() 2, (-3 5.0 [x(x L. gm0
Phuong trinh trén duqc don gian thanh

> r(x) 2 X, = 3B, (D (ALK, (5} ra ).

n=l

Dé tim ham chua biét B, (1), ding tinh truc giao ctia cac ham {Xn ( x)}
trong khoang (a,b) theo cach sau: nhan ca hai vé clia phwong trinh trén véi
X, (x}dx, cho mot vai gia tri ¢6 dinh cia chi s6 m va tich phan phuong

trinh tir 2 dén b ta thu duge
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dB, .,
M8, =0.(0) (3.63)

m m

trong do: Q

x)a’x

Nghiém cua phuong trmh (3.63) duoe tim dudi dang
B,(1)=8 L (0)e™ 4o jQ e e
Béy git thay m bing » dé xac dinh B (0) tir didu kién ban dau

u(x,0)=3 B, (0).X,(x)=h(x).
n=t
Céng thirc nay chinh 1a khai trién chudi Fourier theo cac ham sin coa
him /(x) voi ce hé 56 khai trién Fourier 12 B,(0). Suy ra

,0)= 0 P2, (e

Nhu vay bai toan 2 da duge giai, cling v6i bai toan 1 ta ¢6 thé tim dugc
nghiém cda bai toan hdn hop.

L

§8. TRUYEN NHIET TRONG THANH DA! VO HAN

1. Truyén nhiét trong thanh dai vé han

Bai todn truyén nhiét trong mdt thanh dai v6 han véi cac mat ngoai cda
thanh bj cach nhiét dugc phat biéu vé& mit toan hoc nhur sau:

Tim ham u{x,r) thoa mén phuong trinh truyén nhiét

2

U =au,, tz20,—0<x <+, (3.04)
véi diéu kién ban déu
u(x,0)=o¢(x). (3.65)
Ta s& tim nghiém riéng cua phuong trinh (3.64) dugi dang
u(x,t)=X(x)T{r). (3.66)

Thay (3.66) vao phuong trinh (3.64) ta ¢6:
T'(I)X(x) = azT(I)X"(x);
I'(e) _X"(x)

azT(l) B X(x)

3.67
e (3.67)
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Thr (3.67) thu dugce hai phuong trinh vi phén:
T'(1)+X°a’T(¢)=0;, > T(t)= g M
X"(x)+ 2 X (x)=0; > X (x) = Acoshx + BsinAx.

(3.68)

Céac hing sb 4 va B ¢6 thé phy thude vao A ticla 4= A(k) va

B = B(2). Nghiém ctia phwong trinh (3.64) ¢6 thé viét dudi dang
U, (x,0)= g e [A(k)coskx+B(k)sin)\.x:| ,
trong 46 U, (x,¢) 1a nghiém riéng ciia phuong trinh véi moi 4(3),
Tich phin theo 4 ta co:

U{x,t)= T U, (x,1)dr = Te-"’“z‘ [ 4(A)cosAx+ B(1)sinAx | dA;

U(0,x)=o(x I[A(k Jeos hx +B(% )sinkx}lk.
Dung phuong phap tich phéan Fourier :

x)= i T de f(g)e™ 9,
$f(x =— I:dk jf e,

f ‘lfx"ﬁldg.

TAATT
2 17

Mit khac, khai trién tich phan Fourier cua ham go(x) ta cod

=—~ d?&j(p JeosA(x—£)dE

—o0

- EE_i [cos lx_i @(&)cos AEE +sin kxj:(p(c";)cos AEE |dA.

So sanh (3.70) va (3.72) suy ra:

A(r)= i j(p(&)cos AEE

. 1 "7 .
B(M)= - fo(g)sinazde.
Thay (3.73) vao (3.70) ta dugc:

(3.69)

B(L).

(3.70)

3.71)

(3.72)

(3.73)
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u(x,1)= Te'll“z’ [A(?&)cos Ax + B(A)sin M]d?u

-

= 21_7( Idl qu(g)e"‘z"z* cosA(&-x}d§

1t ¢ Nl
- [dn Jo(E) ™" cosh(&-x)dE.
Q —o
Vay nghiém c6 dang
u(x,t)= 1 j'cp(ﬁ)d?; Ie"”:“z’ cosh(&-x)dA. (3.74)
n -3 [}

Xét nghiém tim dugc

+t0

u(x,1)= %Tcp(?’;)d?’; je“‘z“]’ cosA(&-x)dA.

a

ari =z —>dl=£; a\ =2

a\/;
DA ME-x)  ME-x)
ME=x)=pz === ===
+ + l +o0 >
suy ra e M cosh(E-x¥Mh=—= |e® cosuzdz .
Y 5[ (§ )d a\/; 5[ He

I +on .
Tinh —= | e™° cosuzdz.
avt f H

Pé tinh tich phan trén, dat

1 e s 40 , \/E
— e’ dz=—7x=J(n), J(0)= je " dz= -~
a\/;;][e cosuzza\ﬁ(u) ()G{e 2=~
R 2 d}'(u) +a r ) .
= |e” cospzdz=J(pn), ——==~ |e* zsinuz dz.
OI O OI
I o = 270 2 dJ(n)
=J{p)=—e" sinpzl +—~ |e ¥ zsinuzdz =-
(») M =0 OI * podp
. aJ o
Vay ﬂ:—&.}’(p) hay J (p)+EJ(u)=O
du 2
Suy ra M——Edu,dodo
S} 2
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u,,..
KK
E‘g_

Cubi ciing voi viée thuc hién phép dat

a?\,\/;—zv-)dk— a’r=z?

a\f

ME-x)=pz > p= Mgz_x) ) Ki:/;) ) (i:/;)

ta cod

g

—a*hk . 1 e 2t _ 1
6|.e cosh(&-x)dr = s J.e cospzdz —:J (1)

F o

=g 1

2a\/; - Za\/; ’

trong dé

0 o \/E _{“9_’;)2_
Jp)= “*eosh{E-x)dh = ot 3.75
(1) Je cosh (&-x) 20\/;(3 (3.75)

Vay ham u(x,r) ¢6 dang

s
e dai dé
t

()= ¢ folepzxs ()= fo(0

ey

2\/—jcp Ele " dt = Iq»(é (x,E.1)dE.

Ta thu dugec ham Green dbi voi qua trinh truyén nhiét trong thanh dai
vd han

-----

{u,—a ., —w<x<+m, 0<r <t

u(x,0)= f(x)

Gidi. Phuong trinh dugce viét dudi dang
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' B
ULy
oy

A o

oul(l.t) L, &ul(Ee) 1 .
—a > x e,
ot oF J2n
Tich phan theo & tir —oo dén +oo ta cb:
I 7 6u ey o e g

T el [

+e5

fJ
\/;Tci e ™ udE .

Tinh /, =a’

ou LY - Mdé _au

atfj

trong do u =

+c02

—thE
J_ j dE .
Ap dung céng thirc tlch phan timg phan suy ra
1 oul”" I T ou
2 e™ =  +dt =ik | e ™dE
N &, Ve J i
1 o @i .
N2n o
= I, = ~a* R u(h0).
Nhu vy

‘"d—u+a' kzu—O u(}\., =

—rhE
dt m ;[ (B.0)e e

4oz

2
=a

+ ire M

e 1 & *_a 2y J' -,
- V2n A 5

Khi t=0:

w(1,0)= \/_j £,0)edk = ij E)e"edg = f()

Gidi phuong trinh véi diéu kién d3 cho ta ¢6

(;—tﬁLﬂ’"l‘u =, u()h.{]):f( )—)u(x,f):uf_(k)e~uzllx'

Ap dung phép bién ddi Fourier nguoc suy ra
1 Ti— HYy
t e dh = —— e Me™dh
u(x.1) f—I frdh= o [T (e

thay E(A,r):7(7,)3-“1"’*,7(1):\/% [7(g)e™dz, ta dugc
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%

+a0

u(x’t)"%Tf(g)dé je_azme—m(g-x)dk'
u(x,;):%?f dé! e ‘cosh(Ex)dh .

Chay réng, tich phan trén chi lay trén truc thye, ¢on truc phire ta khong
tinh dén.

+0 . _@
J(p‘) = 6[{3_7\'(:"' COSl(g-x)dk = 21{?/;9 P

do d6 két qua 1a

u{x,r)=— If @)déj cosl( x)d)\.—

ix)

If(é g

2. Truyén nhiét trong thanh ban vé han

.....

Tim nghiém dudi dang :
u(x,t)=w{x,t)+v{x,t).

Ham w{x,r) thoa man hé phuong trinh

w,:azwu, O<x<+mw, t>0
w(0,0)=wy(t), 20
w(x,0)=0, x20

Con ham v(x,r) théa mén hé
v, =a2vx_r, O<x <400, >0
v(0,6)=0, 120
v(x,0)=0(x), x20

St dung két qua trong vi du trudce, ta co

137



@'3—',5.
_‘ﬁ f).c,on\‘.

1 = ,Ejﬂ
v(x’r):2a ! m(p(&)e “ @
E A =
=2a\/ahcp(é)e e dé+]<p(é)e o dg
1 = (g (gx) -
-2a\@[of¢( E)e dé+]<p N dE |3

§9. KHA! NIEM VE HAM GREEN

1. Ham Green cho phwong trinh truyén nhiét mét chiéu
(1ai h¢ phuong trinh
=a’u_, O<x<L:

! rx’

u(0,6)=0, u(L,t)=0;

U

trong do
i,
= % jcp(é)sin%é-d& :

Nhu vdy, nghiém c6 dang

u(xt)=> { I(p sin E“dc‘;} { g ] sin
=l L
Thay déi vj tri gitra toéng va tich phén ta cé

=:J‘P [Z—-sm-}ﬁsm Ixe[n?]!}di.

138



<
‘eq.

%..

. Pai luong nam trong dau ngoic [ J 13 ham e’gnh hudng cia didu kién ban
ddu, no biéu thi nhiét dd tai vi tri x, tai thoi diém ¢ do tac dong tir nhiét 46
ban ddu tai &. Dé thu dugc nhiét 4o u(x,r}, ldy tong (tich phan) toan bd
anh hudng cua tat ca cac vi tri ban dau.

Trude khi giai thich rd hon vé két qua nay, hiy xét phuong trinh truyén
nhiét tdng quat ¢6 ngudn nhumg diéu kién bién vin thuan nhét

u =au, +Q(x,t) ;0<x< L
u(0,6)=0, u(L,r}=0 (3.76)

u(x,O) = (p(x)

Ap dung phuong phap md rdng ham riéng chon nghidm c6 dang
u(x,t) Zu” sm—
Khai trién ham Q(x,f) vao theo bd ham riéng ta dugc:

an sm—

Thay vao phuong trinh (3.76) ta c6 phuong trinh vi phén cdp 1 & tim u, (¢)

), () )= a0 @7

dt L
Nghiém cida phuong trinh (3. ??) cd clang

=10 e Ty 0l
trong d6 u,(0) duge xac dinh tir diéu kién ban dau
o« I
- ; u,(0)sin i}’f = u,(0)= % (’][(p(é;)sin EE—E"— d§.
Cudi cing ta thu dugce

o(r)=3 {[j}p(a)sm%éda}[”?"f' ,
J‘{ jQ )sin = dé][ ]dr]smmf‘.

Sau khi trao déi thir ty giira tong va tich phén, thu duge
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u{x,t)= I(p(é)[i%sin’zrésinf?e{‘“)]Jdﬁ_,-i—

4

Loy foma , N
0HQ(& r)(;isin%‘ésinmfe [ )}I’cdg,
Vi thé ta dua ra ham Green G(x,5:€,7) c6 dang

G(x,6:€,1)= i: 7 sm_ES] n:x e{ T'] (1= |

Nhr vay nghiém ctia phuong trinh (3 76) c6 thé viét dudi dang
J(p G(x.6;E,0 d§+”-Q§'c (x,6:€,1)ddE .

Ham Green tai t=0 c6 dang G(x,£&,0) noi 1én sy anh huong cuia
nhiét d6 ban dau tai diém & 1&n nhiét 46 & vi tef x tai thoi diém 1.
Ham Green G(x,4E,t) noi 1én si anh hudng cua nhiét 46 1én vi trf x
tai thoi diém ¢ do ngudn nhiét Q(&.1) dattai vitri £ tai thoi didm 1.
Nhu vy, ham Green chi phu thudc vao thoi gian £ —t:
G(x,6:8,1)=G(x.0 - 1;£,0)
Mot nguyén ly nhin qua & day 12 su phin bd nhiét do hién tai la do

ngudn nhiét phat ra trong qua khir dnh huong dén (0 <t <), bét k¥ ngudn
nthi€t ndo phat ra trong tuong lai cling khong anh hudng dén hién tai.

2. Ham Green cla bai toan gia trj bién déi véi phwong trinh vi
phéan thwong

a) Phwong trinh truyén nhiét m@t chiéu tron g trang thdi dirng
Xét trang thai dimg cua phuong trinh truyén nhiét mot chiduy, ngudn
nhi¢t ¢ dang:

0(x1) = 0(x)i7 ()=~ 24
(x)@%z (x)
Cac diéu kién bién ¢6 dang: u(0)=0; u(L)=0.

Cach giai bai todn trén la tim nghiém cia phuong trinh truyén nhiét khi
cho théi gian tién dén vo han. Ta cé

O0=a°
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o, .

a

o(x)= Jo(©)0se 0 | L) ot o o

trong do: G(x,5,&.1)= i%sin m;?’; sm?e [ ] v )

=
Kbi ¢ o0, G(x,5£0) >0 vi sy anh hudng ciia didu kién ban déu
u(x,0)=@{x) s& bién mit khi 7—>w. Tuy nhién, ngay ci khi
G(x,58,7) >0 khi 5>, ngudn nhiét dimg van con ton tai khi # > .

That vay

!

ooy 7
; [_n‘n:a )2
L

do dé khi f — o, ham u(x,/) > u(x)= | f(§)G{x.5)dE, trong do

. AmE . AnX
> 9 sm—smT

G(x8)=-2~ ;
")

Ta thu duge su phan b nhiét dimg u(x) bing cich lay gi¢i han khi

f->c0 cua bai toin phu thudc thoi gian véi ngudn nhiét dimg
O(x)=-d’f{x). Ham G{x.,£) 1a ham anh huémg hay 13 ham Green cho
bai toan trong trang thai dimg. Chu v ring, ham Green c6 tinh chat dbi xtmg

G(r.8)=G(E.x).

b) Phuang phdp bién thién tham s6
Cé mot cach truc tiép hon dé thu dugc nghidm cia phuong trinh

2

LA £ (x) bang cach xét bai toan khéng thuin nhit tdng quat
dx’

L(u)=f(x)
xdc dinh trong khoang a <x <4, phu thudc vao hai didu kién bién thudn
nhét, trong 36 L 1a toan tir Sturm-Liouville ¢6 dang

L—i( ﬁii‘_}_
dx pdx
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Khi p=1, g=0 ta dugc toan tr ctia phuong trinh truyén nhiét trong

d’u

5 -

trang thai dimg L =

Phuong trinh vi phén thuc‘rng khéng thuén nhét luén c6 thé gidi bing
phuong phap bién thién tham sb, néu biét hai nghiém caa phuong trinh
thuén nhét u, (x) va u,(x). Theo phuong phap bién thién tham sb. nghiém
riéng cua phuong trinh L(u}= f(x) duwge tim dudi dang

U=V +v,u,,
khi d6 v, va v, 1a ham phu thudc vao x chua duoc xéic dinh. Phuong trinh
vi phdn gbc ¢6 mot ham chua biét, vi ring ¢6 mot bac tr do thém vao 1
dufdx . Néu v, va v, la hing s thi
du du, v du,
dx de  Codx
Vi v, va v, khdng phai 13 hing sé nén
av, dv,
w2 =
dx dx
Viphin L(u)= f(x) duoc théa man néu
dv, du, dv, du,
—Lp—l4 2 L= f(x).
dx P dx  dx p dx (*)

Phuong phap bién thién tham sé tao ra hai phuong trinh vi phéan cho céc

ham chua biét dv, /dx va dv, /dx la:

_=vl__

u 0.

ﬂ — _fuz - _fuz .
dx [ du, du,j c
Pluy—=—u,—
dx dx
dv, Ju, _&
dx p[u @;_u ﬂ":‘lj ¢
Y  dx
. duz dui T 4 | " \ i
trong d6 c=p u,—;——uzfd-x— , 'hang s6 ¢ tiy thudc vao viée lya chon
X

U va u,.

Nghiém tdng quét L{u)= f(x) duge cho bai u=uy +uy,, & diy
v, va v, xdc dinh boi tich phan cia dv, /dx va dv,/dx & trén.

Ta dinh nghia Wronskian W la dai lrong
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F IR A
L)

R/
fg

W =u, auy _ u, g-li
dx dx
N6 thoéa mén phuong trinh vi phan co ban
dw o d*u, u d’u, __ dpidx [u du, " ﬁ) _ _dpidx
dc ' det T dd p Ulde 7 dx p
trong d6, cdc phuong trinh vi phan thuén nhét L(x,)=0vaL{x,)=0 dugc
dung dén. Giai phuong trinh trén suy ra W =c/p hay la pW =c.
Vidu: Xét bai toan
2
% = f(x); u(0)=0,u(L)=0
Theo nhu trén p=1, g =0, ta ¢6 hai nghiém cta phuong trinh thudn
nhit twong tmg 1 1 va x. Néu chon: v, =x;u, =L—x, vi p=1,¢c=~L nén
thu duogc:

:(x =

Ly
L

j ENL-8)dE+c,,
. |
L

'J

] E)EdE +c,.

Day 12 hai cong thirc can thiét trong phuong phap bién thién hang sé
(v =wupw, +u,v,). Tir didu kién bién suy ra:

u=uy +uv,; u(0)=0->0=c,l;
I
u(L)=0-0= [f(E)L-E)dE+c,L.
0
Nghiém ctia bai toan bién khong thuin nhét ta

———Jf (L-¢) [r(e)eae,

1

hay u(x}= .‘I‘f(é)G(x,&)dé,

trong do
x(L-
T
x5
.
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Ta cling thy tinh d6i ximg ctia ham Green: G(x,£)=G(&,x).

Nhu véy. khi giai phuong trinh truyén nhiét trong trang thai dimg, ta
thu duge hat ham Green :

5 Sin nmg o HTE x(L-8) x<&
- 2 I L . - L
; Y’ v G(x£) E(L-x)
& i

Chiing xuét hién hoan toan khéc nhau, ¢t thé chimg minh ching hoan

\ - A \ . P \ o, -k . X . . HNX .
toan gidong nhau, vi d6 chinh la khai trién vao chudi Fourier {sm T} cla

= f(x) thda man céc didu

kién #(0)=0,u(L)=0 con cd thé giai truc tlep ¢6 dang

:J[Tf@ﬁﬁ}@+qx+g.

U

Ta cling suy ra

@ﬁﬁ

__If

3. Phwong phap mé rong tri riéng cho cac ham Green

0

O trén da sir duné phuong phap mé rong tri riéng cho viée giai cac bai
toan khong thuan nhét, ta ap dung dé giai phuong trinh vi phén khong thuén

nhat Sturm-Liouville tong quat: L{u)= f(x).
Gia thiét hai diéu kién bién la thudn nhét, ta dua vao mot bai todn tri
riéng tuong ung:
‘ L(¢) = -Aod
¢6 cung diéu kién bién thuan nhit, ham trong ¢ ¢6 thé thy y. Ta thudng tim
nghiém u(x) bang cach khai trién vao chudi Fourier ciia cic ham riéng;

-Sag,.

=]

Tac ddng todn tir L vao hai vé clia ding thirc trén, thu dugc

ianL( ” Zan o0, = f )

n=1 r=t
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Chu y rang, cac ham riéng truc giac nhau theo ¢bng thirc
0, nn

!Gd)" (x)d)"‘ (x)ax = f]cq)idx, nen’

[7(x)d,a
]-c)'(bf,dx

suy ra -ah, =

Nghiém cua bai todn gid trj bién cho phuong trinh vi phan khéng
thuan nhat 1a

u(x)= O EEE e LT e)6(x ).
B o

o

& k]

trong d6: G(x,£)= EM—@ G(x,8)=G(&,x).
A jc¢ dx

M5t 14n nita ta lai chi ra tinh déi ximg cua bai toan.
Vidu: Ap dung dé giai bai toan:
e F{x); «{0)=0, u(L)=0.

Gidi: Cac tri riéng va ham riéng tuong {mg 1a

2
X, :[—’EJ na=12,.. Xn(x)zsinm.
L L

Taco:  u{x)= Jf (8)G(x.E)

. Amx . nmg
2 w SI—— 81—

G(x8)=-72, L L
G

nd trung vai két qua cta bai toan phu thudc thdi gian khi ¢ —» o0 véi ngubn
nhiét dimg Q(x)=-a’f(x).
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§10. TRUYEN NHIET TRONG HE TOA PO TRU

1. Toa d6 tru xuyén tam _

Xét qué trinh truyén nhiét trong mat thanh try dai v&i thiét dién hinh
tron, gia sir nhiét 49 cua thanh c6 dang u =u(r,f) 12 ham cia bén kinh » va
thdi gian f:

ou L[ &u 16u

—=a’ | +-——[.0<r<y:

ot or° ror

u(r,1)=0; (3.78)

u(r,0)= f(r).
Gia sir ring nghiém co dang
u=u(r,t)=R(r)T(t). (3.79)
Thay vao phwrong trinh da cho ta ¢é
R(F)T'(1)= az[R"(r)T(t)%l—R'(r)T(t)}
r
R(r)T(£)=0
Tir diéu kién bién, suy ra R(r,)=0. Chia ca hai vé ciia phuong trinh
trén cho @R (»)7(¢) ta thu duoc

r(ry R()+-R{r)

R O (-80)
trong d6 A, la hang sb tach bién.
Tur (3.80) ta dua ra hai phuong trinh vi phén:
T'{t)-ra’T()=0; - (3.81)

R"(r)+%R'(r)—l,R(r)= 0, 0<r<n, R(r)=0. (3.82)
Phuong trinh (3.82) 1a bai toan Sturm-Liouville don gidn, trong d6 vaéi
A, =0,% =0’ nghiém khong ton tai. Khi A, =-w»’ ta c6 phwong trinh
Bessel cap khong. Nghiém tdng quét cia phuong trinh nay cé dang
R=R(r)=CJy(or)+C Y, (or), 0sr<y,C,C, =const.
Dé xac dinh nghiém trén bién, vi tinh chit hitu han cia nghiém, dat

€, =0, chon C =1, nghiém x4c dinh trong khoang 0 <r <r, ¢4 dang
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o |9é'q~‘;
LN
Cog

g,

R=R(r)=J,(or)}.
Gid trj @ dugce chon sao cho thoéa méan diéu kién bién

(0)
R(rn):Ju(mro)zJo(p,(OJ):():m:m, =E’—, i=1273,...
1

trong d6 p, ©) 1a cac khéng diém cua ham Bessel loai 1 (xem muc 1, §4,
Chwong VII). Vi méi tri riéng c6 médt ham riéng

{0)
R=R(r)=J{or)=1J (“f J:_l 2,3,. (3.83)
F
Cac ham riéng nay truc giao nhau trong khodang tir 0 dén r, voi ham
trong la r . Giai phuong trinh (3.81) theo bién ¢ ta c6
T=T()=e“",i=12,..
do do nghiém cta phuong trinh vi phan dao ham riéng (3.78) ¢é dang
u,=u,(r,t)=R(r)T,(¢)=J, (m{.r)e*m';“z' .
Vay nghiém tdng quat cta {(3.78) ¢6 dang
rt)=Y AJ (or)e (3.84)
=1
Diéu kién ban dau doi hoi
u(r.,0)=f(r)= Z Ady(or).

Do tinh truc glao cua cac ham Bessel (xem muc 1, §5, Chuong VII) ta
tinh duoc cac hé s6 4, theo cong thire

( (r),.]o((o,.r)) 2 i
A4 = = — |rf(r)J,{wr)dr. (3.85)
TS TS LA L
Do d6 nghiém cubi cfmg co dang

> Z Inf (n)J, (on)dn. (3.86)

Uf'

2. Toa @6 try khéng xuyén tam

Tim nhiét d6 cua éng tru tron dai vd han c6 ban kinh rg
(0<r<r;0<@<2n) néu nhiét d6 ban diu ¢é dang ul_, = f(r.9), biét
ring trén bé m3t try duy tri nhiét d¢ bing khéng.
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Phwong trinh ¢6 dang

ou =a {}“_Q(ra_ﬂj %a—,],0<r<r{},0 <Q<2m:
o ror\ or o~
u(#,0,6)=0; (3.87)
ul_, =7 (r.9)
Cac didu kién:
— Ham nhiét d3 tai mién duoc xét phai hitu han: |u(r,(p,:)‘ <o
— Theo bién ¢ ham nhiét d c6 tinh tudn hoan
u(r.o.)=u(r.@+2m1). '
Chon nghi¢m duoi dang tach bién u{r,,r}= R(r)®{¢)T(¢), thay vao
phuong trinh (3.87) ta ¢o

() 1 [R(r )]’+ 10(g)
a'T(t) - R(r) r r* o{e) - (3.88)
Chon: ®"(¢)=—n3:>®”(¢)+n ®{¢g)=0. (3.89)

®(0)
Nghiém cua (3.89) ¢6 dang
®{¢) = Acosnp+ Bsinng.

Do tinh tuin hoan ®(p+2n)=d(p) suy ra » phai nguyén duong
hodce bang 0, tire la #=0,1,2,... Tir (3.88) ta ¢co:

T'(t)+a’A’T (1) =0; (3.90)

PR (r)+ R (r)+(Mr’ - )R(r)=0. (3.91)

Phuong trinh (3.91) ¢6 nghiém 1a ham Bessel néu chon x = Ar :
*R"(x)+ xR (x)+ ()c2 -n ) R{x)=

= R(x)=0o,J,(x)+B,Y,(x).

Diéu kién |R| <o =P, =0 vi ham ¥,(0)—> —eo. Thay diéu kién ban

ddutacé R(r,)=a,J,(Ar,)=0, dinh sé cic khong diém ciia ham Bessel la

uo ,uf"},uz .. p* v k=012 00 A=}, ﬂ chinh xac dén mot

¥,
]
h¢ so hang s6, ham theo bién r ¢6 dang
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1, C..l?;
E‘gl

(r
R(r)=R,(r)= J”[E’i—r} (3.92)

&} ]
Phuong trinh (3.90) ¢6 nghiém: T'(¢)=T, (¢)=e [ I
Nghiém tdng quat cua phuong trinh (3.87) ¢é dang

n k=0 r(}

(e
]
u(r,p.t)= ZJ [“" JA cosnp+ B, sinnp)e * "/ . (3.93)

Do tinh truc giao cua ham Bessel va tinh truc giao cua cdc ham
{1, cosng, sinng} ta co:

erf(ErJduf;;Jf( )= 3 T ()

9 fo

, 0 n=v

L

Icosmpcosn'cpa’cp= 2t n=n"=0;

0 T n=n=z20

=3 ., {0 nEnvan=n=0
Ism nesin 7'edo = )

7 T n=n#0

Suy ra cong thire tinh cac hé sé 4, va B, la:

th2n n)
A, =—— _”rf (r.p)cosnpJ, [ }drdcp;
G

(3.94)

By =’ zrjzfﬂw)sm ”(uﬁ:’)rJdrd(p,
7, (1]

2
nr,

. l, n=0
val g, =
2, nz0

3. Toa d§ tru véi 6 dai hiru han

Tim nhiét d6 cta éng tru tron. dai hiu han, c6 ban kinh rg
(0sr<r;0<@<2m0<z<L) néu nhiét do ban diu c6 dang

ul_, = £(r,0,2), bibt ting trén bé mat try duy tri nhiét do bang khong.
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Phuong trinh ¢ dang
[ 2 2
@ch li[ra—uj+%a—t+a—f O<r<n,0<o<2n,0<z<L:
ot ror\ Or) r"op° Oz
)
(1y00,2.0) = 0 (7,0,0,6) = O5u(7, 0, L,t) = O (395)
ku]mo = f(r.9.2).

Cac diéu kién:
~ Ham nhiét d6 tai mién duge xét phai him han: }u(r,(p,z,t)’ <w
— Theo bién ¢ ham nhiét dd ¢o tinh tun hoan:
u(r,@+2n,z,0)=u(r,0,z,1).
Chon nghiém duéi dang tach bién u(r,e.f)=R(r)®(p)Z(2)T (1),
thay vao phuong trinh (3.95) ta ¢6

() 1 [FR'(’)]'+LG’"(‘P)+Z"(Z) A2

aT() R(r) r r’ o(e)  Z(z)

Chon:
v . 76
= . - Y -
(o) Z(2)
R
t [7R(r)] ATy = ahA = b o (3.96)
R r) r r
q)ﬂ
v ). ®“(¢)+n'®(@)=0 nén

O(¢) = Acosnp+ Bsinng.
Do tinh tudn hoan ®{@+2n)=®(¢) suy ra n phai nguyén duong
hodc bing 0 tire 14 n=0,1,2,...

Do ) _ o 2 ()42 (2) = 052(0)= Z(L) =0

Z(z)

=¥ =%T£;Z(z)= sinﬁgi;m =1,2,..

T (3.96) ta suy ra:
T'()+ a2 *T (1) =0; (3.97)
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PR'(r)+rR (r)+(c’r’ =n’ JR(r)=0. (3.98)
Phurong trinh (3.98) ¢6 nghiém 14 ham Bessel néu chon x=or:
X*R"{x)+ chi"()c)-!—(x2 - nz)R(x) =0;
R(x)=a,J, (x)+B,Y,(x).
Diéu kién |R| <%0 =P, =0 vi ham ¥,{0)-»-<o. Thay diéu kién ban
dauta co R(r,)=o,J, (o7} =0, danh s6 cic khong diém ciia ham Bessel [a

(n)

(") (") M

ud o n k=012 . 030=0, = chinh xac dén mot hé sé

hing s6, ham theo bién r cé dang

Phuong trinh (3.97) ¢6 nghiém: T(¢+)=7,(t)=e

(" Y
Vi =y +o suyra A2, —(mj B
L ¥

Nghiém tdng quat ctia phuong trinh (3.95) ¢6 dang

[[_Mﬂ]]
0 . . mmz i L
u(r,9.0)= z ZJ{ k ] ,‘cosn(p-f-Bmsmncp)xsmTe
m=l  nk=0
(3.99)
Do tinh tryc giao cia ham Bessel va tinh tryc giao cia cac ham
{1,cos ng,sinng} ta co:

o H o 2
rJY S ldr =2 ° J :
6[ v(ro J 2 v ( ) 2 v+1(p’)
n O’ n=n
Icos npcosn'edep=42n, n=n"=0
0 n, n=n=#0
o . 0, n&n’van=n=0
Ism npsin a'pdyp = ,

5 w, n=n=#£0

151



v
“iat
O

0 #*
‘]‘ mnz . m'nz meEm
sin——sin dz=<F -
3 L —, m=m
2
Suy ra céng thic tinh cichésb 4, , va B, la
28 o n {n)
A, = _”jrf rQ cosmpsm—J r ldrdodz |,
nlr J (p£ }H 000 ru
28 L mn ()
B . = - I_”rf (r,¢)sinngsin—-= Jn[“* }drdcpdz ,
nLr} J (p.(*"})] 000 L Ty

. l, n=0
val g, = .
2, ax0

§11. TRUYEN NHIET TRONG TQA B0 CAU

Tim nhiét 49 cia qua cdu ban kinh 7, (0<r<n;00<m0< < 2n)
néu nhiét do ban déu co dang u|_ = £(r.6,¢), biét ring trén bé mit ciu
duy tri nhiét 46 bang khong.

Phuong trinh ¢6 dang

(ou [0 200 1 8 Bu 1 8%
—=d| 5ttt SiNB— [+ ———s——— |t
ot o> rdr risin@o@ o0/ risin“6 o

< u{r,.0,0,1}=0
.o = 1 (18,0

Cac diéu kién:

(3.100)

)}(Os:%rn;OSBSn;OS(pSh)

~ Ham nhiét d6 tai mién duge xét phai hiru han [u(r,@,(p,t)! <o)
— Theo bién ¢ ham nhiét d6 cé tinh tudn hoan
u(r,0,0+2m,t)=u(r,0,0,t).
Chon nghiém duéi dang tich bién u(r,,t)= R(r)Y(6,0)T(t), thay
vao phuong trinh ta c6
1 dr 1 (dzR 2dRY 11 [ 19 ( aY] 1 a‘*y}__lz

2=yl B S ryall L ne——i+—— - 1=
a’T dt R\dr* rdr) r'Y|sind o /) sin"0 og
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bat l{L—i(s n()?—}:]-k ! auy}z—c, ta chon 0'=n(n+1) dé

Y| sin® 00 3 ) sin’0 d¢®
¢ nghiém la céc da thic
2
! i(sinG%J 1 a Lfn(net)y, =0, (3.101)
sin® 30 %0 ) sin’0 8¢’

Chon Y (0,¢)=©(0)®(¢) rdi thay vao phuong trinh (3.101) ta ¢é:

® -d(l E}— P El’—qz~|—n(11P'Hrl)P(II' 0;
sin® d0 d8 ) sin’@ d¢’

2
1_ i[smed— s 1A ) =0.
Psinf 46 d6 ) sin"0 D do’

1 d’0

Chon Pl —k*,ham @ thda min phuong trinh
®

O+ P=0 }:(D((p):{c?sk(p (3.102)
(¢) )

®(@+2n)= sin k¢
Ham phu thudc 6 s& ¢d chi sb k van:

2
——l—i(smeﬁ}t n{n+1)- kj P=0 (3.103)
Fel3) "0

sin® d0 sin
Nghiém ctia phuong trinh (3.103) la:
k dkP
= p¥) (x)= ( )2 d—f ,
« d" P (cos 9)
d (cos 9)

k<n;

P =P"(cosB) =(sin8)

Ta thu duge ham cau

r,(9.0)= Z(Akn005k¢+3k,,smkm)1’” cosB)= 3 €, ¥ (6.0).

m=0 k=-n
A,, m<0
trongdo C,, = .
B,, m>0

Cac phuong trinh ctia 7(r) va R(r) la

T(1)+ T () =05 (3.104)
d*R . dR ;
P (M7 =n(n+1)|R(r)=0. (3.105)
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, 2 A1 11 1Y 1
Ta ¢co: n(n+l)=n"+2-n+-—w—=|n+—| ——.
2" 4 3 2) "4
DatAr = x va thay vao phuong trinh (3.105) ta ¢
x”digx)+2xdf£)+[x2—n(n+1)]R(x)=0,
2 2
hay la xEdRgx)+2de(x)+[x2-[n+lJ +l-‘R(x)=0. (3.106)
dx dx 2 4
K(x) dR . d°R

bat £ = , sau do tinh — va roii thay vao phuo’n trinth
) Jx dx dx’ &
(3.106) ta co

x\/;i"ff_\/;%{{+_3_[(+2'\/;§£__1_[(+x\/;]{ -
r X

4x de Jx
1Y 1 1
—-lnt=| =K+——=K=0
[ 2} oo adx
hay la
3 2
L xz—d—f——xfi—K—wLEK+2xﬁ—K+ xz—(n+lJ K(x)+lK =0
el 7 det T a4 dx 2 4
Suy ra
7 2
x2d¥+xg§—+ xz—[n+l] K(x)=0. (3.107)
dx* dx 2

Nghiém cta (3.107) la: K(r)=CJ (Ar)+DY , (rr).

2 2

Do do
CK(w)

R(r)= " =~\/—;«[CJM;(7Lr)+DY1(M)]

=
3

Diéu kién |R| <= D=0 viham ¥ ,(0)— -o0. Thay diéu kién ban

nto
2

diu 1a ¢o R(rﬂ)ijl_—J {Ar,)=0, dénh sb cac khong diém cua ham
roonts
( | uy '
Bessel Ia g’ nd” 00”0 m=012.052%=%_ =" chinh xdc dén
_ ,

mét hé s6 hing 56, ham theo bién r ¢6 dang
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1 ny
R(r)=Rm(r)=—\/—;Jn+l —r |, (3.108)

ulrh

Phwong trinh theo bién ¢ ¢6 nghiém T(r)=7,, (¢) = e{ ° ] :

hi

Nghiém tdng quéat cua phueng trinh (3.100) ¢6 dang
{n)
Ho

: ]
(A, coskg+ B, sinkg) xP* (cos8)e [

u(r0.0.0)= 3 ZJ [

r.m=0 £=0
(3.104)
trong dé p‘;”) la nghiém cia phuong trinh J | (p(n'")) =0;cachésdb 4, va
n+E
B . duogc xac dinh theo cfmg thirc sau:

2 (m)
j j j f(r.0,0)r 5 1[E’i}sinef’"{“(cosG)sink(pdrdE}d(p
ot = 22( d ) ; 1(3.109)
nr, {n+k)! , ”
J
" (2n+1)(n- k)[ 2( )}

3 (m),.
”J‘f(f‘,@,w)rU ] [“” ]smBP( )(cos0)cos kpdrd0de
"+ r
000

2 ]

b L)

2

B .=

fHH:

,(3.110)

. {2k=0
YIETN, k=0

MOT SO BAI GIAI MAU

1. Giai phuong trinh:
u=au,, O<x<L:
u(O,r) = u(L,I) ={;
u(x,0) = Ax.
Giai. Gia st nghiém tim dugc dudi dang u(x,)= X (x)T (¢}, thay vao
phuong trinh ta ¢c6

1RR



., ot v T’(r) X"(x)
X{x)1 =a° 1 St =
()17 ()= )= 20 - T
Vi vé trai cua ding thue khong phu thude vae x, con vé phai khong phu
thudc vao 1, dodd ea T7/7 va X"/ X khéng phu thude vao x vat, nghia la
) X,
> = = .
a T(t‘) X(x)
TU céc didu kién bién cho ta
u(0.0)= X (0)T(1)=0
u(L,() = X(L)T(!) =0

(1)

}:X(O):X(L)z().

Bi dén giai bai toan doq gian nhét vé tri riéng: Tim gid tri cua tham s
h dé cho ¢d nghiém khdng tam thudng cia bai toan
X"+M°X =0, X(0)=x(L)=0. 2)
Sau khi bién ludn cdc gia tri A thdy ring: dé (2) c6 nghiém khéng tim
thudng thi A > 0. Khi d6 ta ¢6
X (x)= D, coshx+ D, sinAx;
X(0)=D,=0, X(L)=D,sinkL =0.
Suy ra phuong trinh tim trj riéng
sinAL=0= kz%.

Do do, bai toan chi ¢6 nghiém khéng tim thudng khi gia tri riéng

2 =2 =[’;—“]; n=123..

1

tuong ung ta ¢6 cac ham riéng
. HTX
X,(x)=sin—.
L
Giai phwong trinh d6i véi 7'(r) duge

1.2 2
[ )

T(r):T(r):e'A"g“l’ze 4 ;o o mn=1,2,3..

n
Ta tim dugc mét s§ v han cac nghiém cia phuong trinh vi phan dao
ham riéng la:
a*niat

u(x.r)=u”(x,r):sin(?Je_ i i on=1,2.3,... (3)
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Theo nguyén ly chdng chit, c¢6 thé nhan cac nghiém nay vdéi mot hang
6ty v va cong tit ca cac nghiém nay thanh nghiém tdng quit. Nhu vay,
nghiém tdng quat ¢6 dang

J S .

Diéu kién ban dau doi hoi hé s6 B, dugc chon sao cho

u(x,O) =Ax = iB" sin[%].

n=|

ZB sm[

n=l

» r 5 - A T . - “ - . " I
Day chinh 14 khai trién chuoi Fourier theo cdc'ham sin cia ham A4x vol
cac hé so khai trién Fourier [a B, . H¢ 30 nay dugc tim tir bicu thirc

T n
Vay nghiém cua bai toan da cho la

o (1Y et
u(x,1)= 2?4;( n) e ( r) 'nnzx :
2. Giai phuong trinh:
u, = aza*.if‘,lr +f(x)_. D<cx<l:
4 (O,I) =0, u, (L,I) =g,
u(x,O) = q)(x).
Gidgi. Bat nghiém dudi dang: u(x,t) = w(x)+v(x,!), thay vao phuong
trinh ta ¢6: v, (x.t) = a’v_ +a*w (x)+ f(x).
Chon w sac cho:

W (x) = =5 7 () = (5) == [ (2)az 43

il

w(x) =

L {]f(é)d&}dy + A+ B;

w(O) =0, w, (L) =q.
Tir cée didu kién cha w ta cé:
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= w(x)= —iz ']_f(g)dg}dy#‘?]‘_f(g)dg+qx .

Nhur viy, ham v thod min phuong trinh thudn nhét va cac didu kién
bién thuan nhét, Nghlem cO dang

T, (g 41)

B U el V28
_ZC 2L

51n
k=)

H¢ s6 €, duge xdc dinh tir diéu kién ban diu

2 1.
=7 [la()- v

:’sin (2k+l)‘n:xdx

Két qua:
u(x,t)= w(x)+ v(x,1), voi:
{7“1}«:@} ,

7
v{x,t)= ZC [ i sm-(-i;]-)ﬂ;
k=0

’f)——hf[ff dé]dy

o (2k+l):rtx
t do: ¢ .
rong d6: C, _[[(p(x) w( ]sm 2L~—dx

j f(8)de+qx,

3. Tim phan bd nhiét d6 cua mot thanh (0<x< L), véi cac bé mit clia
thanh cach nhiét, dau mut tai x =0 cling cach nhiét, tai diu mut x = £
c¢6 mot dong nhiét khong d6i Q di vao. Nhiét 6 ban diu bang khong.

u=au_, O<x<l:

1 (0.0)=0, u(L1)=0;
u(x,0)=0

Gidi. Chon nghiém c6 dang u(x,t) =W {(x.t)+v(x.1), rong dé W(x,t}
thoa man;:
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W(x,!) = (ouc2 +Bx)Q;
W.(0,1)=(2ax+B)Q|  =0->B=0; (1)

1
W'. L..f - 2 = = ——
& ( ) axQ‘,r:!_ Q —>a 2L

Giai (1) thu duoc

x2 aEQ
Wix,t}= . aW (xt)= . 2
(51) =220 W, (x)=2 @
Bay gi¢r ta can phai giai phuong trinh
v, :azv_u-n-,ahLQ,O<x<L (3)

thoa mén cac diéu kién
v.{0,1)=0, v (L,r)=0

(x.0) = ()22

2
~ . \ . e A =, . . . . . 1) ..
day chinh la khai trién chudi Fourier theo cidc ham cos cua ham g vl

2L
cac hé sb khai trién Fourier 1a €, dugc xac dinh nhu sau
2
C,=%C ¢ _0khi nzo0.
2L
Nghiém v(x.f) c6 dang
v{xt}=>T, (r)coé%. (4)
n=0
Tir diéu kién ban diu cta v(x,¢) trong (3) ta cé:
T, ('O)COS—M - X0
=0 L 2L
_ 1 9%, QL _ o
= ?;J(O)W—LXZ(-}I-de_“z—ﬁ—?__ 6 (5)
f 3
7,(0)=-% [xeos™ae= L, 2L Ly 2L g
R e e R
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Do T,

nén ta suy ra

v6i M la hing sb.
Tir didu kién ban diu ta co
L{0)=M.

' 2
Sosanh (I11)va (5)suyra M=——Q6—L.Véy To(l)z d QI—QL—.

Tr(9)suyra

Tir didu kién ban diu ta ¢
20L P

Thay vao (12) ta duoe

L{)=-
Nghi¢m bai toan ¢6 dang

(1) = x2§ aQ! QL 2(2@1 y A

201

Lyl
(kn)z( 1) e

hay la

a’t 3 - A& ( l)m e—[%{]zf nmx

u(x,f):Q£-+Q m + = P
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4. Gidt phuong trinh: w, =u_ +sin3nx, 0O<x<]

thoéa man diéu kién bién: u, {0,6}=0, u (1,£)=0 va diéu kién ban diu

u{x,0)=0.
Gigi. Chon bd ham niéng c6 dang:

{X,, = COSH TUC} , h=012...
Khai trién nghiém dudi dang

u(x.t)= iTn (r)cosnnx.

n=l]
Khai trién bam sin3nx thanh chudi

sin3nx = ZC,, COSHTX ,

w=0

thay vao phuong trinh #, =u_ +sin3mx ta cd

i[?: () +(nm)’T, (t)}cosnnx = i C, cos nnx
=f) =0

= T/ (1)+{m) T,(¢)=C

Gidl phuong trinh cho 7' ta thu duge:
T, {1)=C, > T,(t)=Cg +D,

)+ {m) T(1)=C,, n=12..
T()=T,(0)e ™ + S o102
(nm)

Nhu vy nghiém ¢é dang:

u(x.ty=Cyt+ Dy + 2{1’1, (0)9—(»::)2; +(f;)2}cos nnx .

Str dung diéu kién ban déu ta co:

o

u{x,0)= D, +Zl:Tn(0)+ <, 2}cosn‘.’tx—[)

0 (mt)

Do do: u{x,1)=Cy + i C, [1 —e'[m)z’}cos AmY .

2 ()

11-PTTL A

(1)

(2)
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Céc he s6 duge tim nhu sau:

"
sin3nx = Z C, cos nmx;
n=0

Két qua Ia:

u(x,f)=it+ > ; 12 n,'[1—e'"[m“)“]:i]cosmcx.
3n k=0(2k+1)-7t3|:9'—(2k+1)—:[

5. Tim nhiét d6 cua émg tru tron dai v6 han c¢é ban kinh r(0<r<r;

0 < ¢ < 27) néu nhiét do ban diu ¢6 dang u|_, = f(r.9). biét rang trén
bé mat tru duy tri nhiét d6 bing khong.
Gidi. Phnrong trinh ¢6 dang

du  L|108 au) 1 &'u
|| r— [+5—
ot ror\ or) ¥ oo’

thod min cac diéu kién

u(r,9,1)=0
{”Ln = f(r,(p)

Céc diéu kién:

— Ham nhiét @5 tai mién duoc xét phai hiru han: [u(r,(p,f)' < 00 .

~ Theo bién ¢ ham phiét do ¢6 tinh tudn hoan

u{r,g.0)=u(r,9+2n.1).

Chon nghi¢m dudi dang tach bién u(r,o,r) = R(r)®(9)T(t) thay vao

phirong trinh ta ¢6

r() _ 1 R 1 0(e)

azT(I)_ R(r) o rE(IJ—((p;)_:_'?L’
()

Chon —— =" = ®"(¢)+n'®{p)=0.

Nghiégm ®{¢) c6 dang

®(p) = Acosnp-+ Bsinng.

11-PTTLB
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Do tinh tudn hoan ®(¢+27)=®(¢) suyran=0,1.2,..
Phuong trinh dbi véi 7'(¢) va R(r) la:

T'(() + az?\.zT(!) = 0;

FR(r)+ rR'(r]+(12r2 - nz)R(r) =0.

Phuong trinh thir hai ¢6 nghiém 12 ham Bessel néu chon x = A :
xZR"(x)+x}'\”(x)+(x2 -nz)R(x)z 0;
R(x)=a,J,(x)+B,Y,(x).

Piéu ki¢n [R| <o =B, =0 vi ham ¥,(0) - —oo, tir didu kién ban diu

ta 6 R(r)=ua,J,(rr)=0, danh sb cac khong diém ciia ham Bessel la

Wp o k=020 0=, E(i)- chinh xéc dén mét hé sé

héng 56, ham theo bién 7 co dang

R(r)= Ruk(r)zJ"{B-iﬂr].

Phuong trinh theo bién  ¢6 nghiém

Nghiém téng quat cua phuong trinh da cho ¢6 dang

] Eifff’.]},
(r,0,1) Z J, [“* J A, cosnp+ B, sinng)e [ "
nk={}
Do tinh tryc giao ctia ham Bessel va tinh truc giao cta cdc ham
{1,cos rp,sin not

R 2
B By o 0 2
J —_— = — .
Ir V[r r}dr 5 J(p)= JM,( )s

L] 0

0 n=#

J.cosmpcosn'(pd(pz 2n n=n=0;
0 t n=n%0
o 3 . 0 nzn'van=n=0
Ismn(psmngod(p: )

: n n=#n%0
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Suy ra cong thirc tinh cac hé sé 1a:

A, = Cn ijrf (r ,0)cosnpJ,
w, [Jn ()] ¢
S S S

p

nrﬂz[.](
I, n=0
2, n#0

e
i ¢, {

( ")

G
(£

Jdrd(p;

0

BAI TAP
3.1. Giai phuong trinh:
u,=a’u,_, O<x<L:
u(0,6)=u,(L,1)=0;

u{x,0) = ¢{x).
3.2. Giai phuong trinh:
uy=au,, O<x<lL:
u (0.6)=u(L,t)=0;
u{x,0)= A(L~x).
3.3. Giai phuong trinh;
O<x<L:

u (L,t)=0

U,

xx’

x()

u(x,0)=U
3.4. Giai phuong trinh:
u=au, -Px, 0<x<l:
u(00)=u(L,t)=0;

u(x,0)= o(x).
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3.5, Giat phuong trinh:

u,=a'u_—Pu, O<x<L:
su{0,0)=u, (L,t)=0;

. TX
ku(x,f)) =sin_—.
3.6. Giai phuong trinh:
‘ Ju,zazun, O<x<L:
u(O,t):T, u(L,r)=U;
Lu(Jnc, 0) =10,
3.7. Giai phuong trinh:

. TX
u,=a’u,_—Pu+sin—, O<x<L:
L

1u(0,1) = u(L,r)=0;
u(x,O) =0.

3.8. Giai phuong trinh:
u,=u, +cosldnx, O<x<l¢>0;
u (0,)=0, u (1) =0;
u(x,0)=1,

3.9. Giai phuong trinh:

. X
u,=a'u, ~Bu+sin—, O<x<L:
L

u(O,r)=u(L,t)=0;
u(x,O) =0,

3.10. Giai phuong trinh:
u,=au_:
u(0,4)= u(L;r) =0;
u(x,0)=Ax; u, (x,0)=0,
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3.11. Giai phuong trinh:

tw,=ad’u_, O<x<L:
H(O,{) =0, u, (L,t) = de™’;
u(x,0)="T.

.

3.12. Giai phuong trinh:

u,sazu Qox<hb:

u {0,0)=At, u (Lt)=T;

u (x, 0) =Q,

3.13. Trong mot khéi 1ap phuong (0 < x,y,z < L) xay ra su khuéch tan vat
chit ma céc hat ctia chat d6 bt phéan huy véi van tdc ty 18 vai nong do
cua no. Hay xac dinh ndng d6 cia chat trong khdi lap phuong nay néu

ndng d% ban diu cia nd khdéng ddi va bing U. Ndng do cia chit dé
trén bé mit dugce gitr bang 0. .

3.14. Tim phén bd nhiét d6 cta mot thanh (0< x < L) voi céclbé mit caa
thanh cach nhiét, con cac dadu mut duy tri nhiét d¢ khong do61 ia: -
u(0,t)=U, =const, u(L,r}=U, = const.

Nhiét d% ban dau cua thanh bang f(x)=U, = const.

3.15. Tim phan bd nhiét dd ctia mdt thanh (0 < x < L) vdi cac bé mit cla
thanh ¢o sy trao d6i nhiét v&i mbi trudng bén ngoai theo dinh luat
Newton nhiét d6é cia mé: trudng bén ngoai 14 U, =const, cdn cac
diu mut duy tri nhiét d6 khong dbi bing

u(0,¢)=U, =const, u(L,7}=U, = const.

M

Nhiét do ban ddu cia thanh bing f(x). Hiy xét truomg hop khi
U =U,=0, f(x}=0.

3.16. Tim nhiét d6 cta éng quat tru dai v0 han c¢6 mét cit 1a mot hinh'quat
v&i ban kinh (0 <r <r,;0 <@ <@,) néu nhiét d¢ ban diu c6 dang

u|,, = f(r.@), biét ring trén bé mit tru va hai phin mat phang hinh
quat duy tri nhiét d¢ bang khong.
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| Chwong IV
PHWONG TRINH ELLIPTIC

§1. MO DAU

1. Phwong trinh Laplace va cac didu kién bién
Phuong trinh Laplace thuén nhét c¢6 dang
Vu=0; x,y.ze R, 4.1)
va dang khong thuan nhét la: V’u= f(x,5,z); xy.zeR. (4.2)
Phicong trinh Poisson hay 1a phuong trinh Hemholez ¢é dang
Viu+du=0;x.y,z€ R, A=const. (4.3)
Cac phuong trinh trén dugc goi 1a pleong trinh Elliptic luon 1udn tim
thdy trong cac nginh hoc khoa hoc va ¢ong nghé lién quan dén céac bai toan
dimg. Phuong trinh Hemholtz lién quan dén bai toan trj riéng Elliptic, trong
do tri riéng A dugc tim sao cho nghiém la khac khong. Cac phuong trinh
trén ¢6 thé cd dang khac nhau phu thuée vao dang cla toan tir Laplace trong
cac h¢ toa d khac nhau. Trong chuong nay, s& nghi€n ciru cac dang khac
nhau cua cdc phuong trinh trén mét cach ddy di va minh hoa cac ing dung
clia chiing trong mot vai nganh khoa hge va cong nghé.
Ta ¢6 bang sau mo ta dang cia phuong trinh Laplace trong cac hé toa
do théng thuong:

Toa dé 1 chiéu
L d u
Pé-cac Vzu(x) = o
Tru Vzu(r)zi-ti—#l@
dr ¥ dr
1 d( , du
Viulr)y=——ijr —
Cau u(r) dr, dr)
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Tou do 2 chidu
- ' Ou
Dé-cac Vai{x.y)=—+—
( ) Sx” &y
v:h’(!',“) = 8-1:' _1% + E’ﬁ
O ror  Oc
2 =] .-3:
TFI_J VEH(?",B) = a l: lﬂ Lﬂ
v~ rér r 8o
Veu(rg)s Ly 100, 1O
ors rdr r O
Vzu(e,q)) i(bi BEI-{]-T__I_.._ f?_it_',
C3 sing aHL o0 ) sin 0 ﬁ(p
au , \
") |r b
Vlz;(;-,{}):_]:w_fi_!r e fizq L 0__ |
: o Fdrl dr J " 5|nO 09\ aa |
Tou c?’r) 3 chicn
Peé-cac Vou(x y‘_.—/)—ﬂfg_?Jrg_'f;
- v i
A2 = o 2 T
Tru an(r,{-},z): il ,lﬂ _.I._ P__',:'r - ?__’:’;
......... or. rdr r 9 &z
. o 5
Cau Ve h’( .0, (P) = L__itr‘" d_u + %—'Lsin(}t— -—] + .___ml-‘.._ — _(E
I rodr dr}] risint oo B/ rsint 0 do”

Chung ta s& gidi chi tiét cac phuong trinh Laplace, Poisson va Hemholtz

voi ede didu kién bién sau:
— Biéu kién bién Dirichlet:
Blu)y=u=g(xy.z);¥x.y,z€ R,
— Diéu kién bhién Neumann:
Blu
( ) .:3?7

— biéu kién bién Robin:

St

=Vu-it=g(x,).5):Vx. y.c € 5%.

B(”)z‘l‘gﬂ“"ﬁu = g(x.y,z);‘v’x.y,ze R,
2

trong dd bing so o, va ham g(x,y,z) duoe xéc dinh: diéu kién x,y.z

ndm rén bién cuamién R duge viétla x,y.-edR, 0 day dRe R

Nhu viy bai todn bién cho phuong trinh Elliptic cé thé viét:
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(iiai phuong trinh

Vi
Lluy=+9 . = f{x.p ) xopzelR,
( ) Vo A ( ’ )

voi cic didu kién bidn: B(w) = e +Bu=g{x.yz):Vx.p.zedR:
én

— Khi u =0,8=1 ladiéu kién bién Dirichlet;

— Khi o = 1.p =0 la diéu kién bién Ncumann;

— Khi o # 0.p # 0 la diéu kién bién Robin.

Vi du- Nhiét dd coa mot vat dbng chit ¢o ngudn nhiét trong R thoa
man phuong trinh truyén nhiét
cit 1

o=aV U +q(x._)-’.:.!). U= u(x.)x_z,t), x.y.ceR.
Ot
Trang thai dimg cua phuong trinh trén cho ta phuong trinh Poisson

‘ =1
oy — qg_Y—'l; . ). = 3;(,‘(‘ y,:), X.)M.z¢e E.

u
Trang thai dimg cua phuong uinh trén khi khong c6 ngudn cho ta
phuong trinh Laplace

Viu=0, u= w(x,y.z), x.p.zeR.

Nhu vdy. phuong trinh Poisson va phuong trinh Laplace & wrén la trudmg
hop dac biét cua phuong trinh truyén nhiét khi ham » khong phu thudc vao
bién thod gian. dugce goi 1a trang thdi diung cia phuong trinh truyén nhiét,

2. Nghiém cua phwong trinh Laplace trong cac hé toa dé
Nghiém cua phuong trinh Laplace con duge gei la cac ham diéu hoa.
a) Nghiém plurong trinh Laplace trong tpa dp Pé-cic
Cho ham u =u(x.y.z). phuong trinh Laplace trong h¢ toa do Dé-cac 3
chidu ¢o dang: '
8 =Ry
3 1_; L u_ E:)__u 0
a8z
Dat u(x.p.z)=X ()Y (y)Z(z). taco
X'+’ X=0->X (x) = Ade™ + Be ™
PIBY =0 Y (y)=Ce® + De™

[DER TR |Z"-7'Z2=0—>Z(z)=Ee" + Fe™"

X" }/f.r Zu
—_—t—t—=0=
4
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iy P

Nhur vay: u(xyz)~ et et
Nghiém day du cua bai todn 1a
u(x.y.z)= X(x)Y(y)Z(z)=
= i (Amemm-‘- + Bme“mm.‘. )(C‘”{,’Jﬁ"'l + D”e_’ﬁ'-".l ) ( E {3‘?""”: + F {’_T"’"": )

i L

o=t
b) Nghiém phieang trinh Laplace trong toa dj tru
Cho ham u =u(r,¢.z). phuong trinh Laplace trong hé toa d¢ tru 3 chiéu

co dang:
A ) 5 -
ﬂu(r.(p.z):l —C—[J‘%J-rljc—1j+c—if-=0.
rory or) o rop’ @l
Dat u(r.¢.z)= R(r)®(¢)Z(z). thay vao phuong trinh ta co:
—1—(?’1‘?')! +l} P + z =0:
rR rmad Z
"+’ ® =0
:Z” (D”

:,i—(rfe’)'w? === k2 =0 )
€
.rzivf"+,?‘;r'i"+(k'}ﬁ“2 ~n2)R =0
Phuong trinh (*) 13 phuong trinh x4c dinh ham Bessel. Trong trudng
hop & =0 tac 1a khong ¢6 ham Z, phuong trinh (*) ¢6 dang
PR+ R -0’ R=0.

_ 4,4+ B,Inr
Nghigm R 1a R(r)=¢" :
Ar'+Br™"

~{N

Ham @ ¢6 dang
Co+Dyo
C,cosnp+ D sinng

o, (0)-]

Vay nghiém cta phuong trinh Laplace khi =0 1a

u{r.@)=4,+ B Inr+ Z(A”r” + B,,r'”)((l‘” cosnp+ D, sinng} .
H=)
Cong thire trén duge goi ta ham diéu hod try.
Trong trudng hop & > 0.taco nghiém ctia phuong trinh (*) 1a
R (kr)y=4J (kr)+BY, (kr).

Nghiém cta phuong trinh cé dang

u (?‘_. ¢ Z) = Z [A”’”Jn (kmr) + Bmu }/:: (krur )J eh”‘peu"’: .

e
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c) Nghiém phwong trinh Laplace trong tpa dj cdn
Cho ham u = u{r.6.¢). phuong trinh Laplace trong hé toa d¢ tru 3
chiéu 6 dang: '
1 & ou I ¢ ' it | &
Aulr.8.9)=— re Lr — §iNQ— |+ -~— —
ol ar) i sin® o 20) risin’0dp

biat u(r.0.¢)= R(;')P(B) (¢). thay vao phuong trinh ta ¢d:
1 2t 1

—1—(511'19}’ ) ¢ 0" =0
(rgRi . (sin 01’”), I @

Pr-sind O sin’ O

. + . -
R £snB sin"8 @
Pt

(FR) L o )

R =—m"
R &

sinQ P’ " )

| (sint )+ 1P
Psing sin“ 6 @

suy ra

PR A2FR - R =0,
O+ mDd =0, (*)

-l—i(sin eﬁ}r - |p=o.
smf:) 0 d0 sin” 0
dx

Trong phuong trinh (*) dit x=cos® = dx=—-sinBd@ => db = ——-

$in®
dP (0 N :
LA sino PO (e 2 \P(8)=0
sing d0 d0 sin” O

35-{(14)"38)}[;5_ mz_,]P(x):O. (*)

Chu y rang phuong trinh (**) 1a phuong trinh xac dinh da thie
chendre lidn két, phwong trinh s& ¢6 nghiém 1 da thirc Legendre lién két

néu A= n(n+1) (xem muc 3. §7. Chuong VII). Da thirc Legendre lién két
cé dang

tacd
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R

Ad" P (\) ] d”(x"‘ —I)H
PU(x)=(1-x") Sl p . AN
" (l) ( X ) (j,fm ”(x) 2H”! FIJJ‘_H 1
Do do c6 thé viét
| r dur+u 'l_XE "
P {x}= ( ) ( r“]3 -—-—-(--—---——--) m=012.-n<m<n,
. d,_xn.'-fr
Cong thac trén dLrQ’L goi la ¢ong thire Rodrigue.
0, k#n
jp{“' W (x)dx=14 2 (n+m)l ,
— AT k=g

2+l (n—m)!

»

Vi mdi n 6 n+l nghi¢m = riéng cva phuong trinh do Ia
i (] [+ . £
Pt opl ph, ung v m=0.1.2,...n.

o= » COS MHp ) B .
Vo1 mai ¢ap nghiém dJm((p): _ tuong ung vo1 # + 1 nghiém, ta
sin s
¢d 2n+1 nghi¢m cua ham ciu dée 1ap tuyén tinh nhr sau:

_P { P {cos0)coso {}L{ﬁ] (cosB)cos20 ]

ﬂ £ (cos0)sin o ‘ P (cost)sin2p

{ P (cosB)cos mp { P’ (cos0)cos ng

i {cos0)sin me e (cosB)sin ng

Theo ¢ong thire trén, ta quy ude 2r+1 ham cdu la:
[yt (cos0) = 2" {cos0)cos @
£ (cos®) = P (cosB)sing

b

{}[ " (cos0) = P (cos 0)cos mg {};{”} (cosB) = P (cosO)cos mp

1" (cosB) = B (cosO)sinme |4 (cosB) = P (cos0) sin e
Hodc viét dudi dang

Y“J](cos{]) P (cos0),

H

1,(8.0)= > (4,,cosmo+ B, sinmo) £ (cos8) = 3 €, ¥ (0,9).
-l
{. AH.I‘II }IT S 0
trong do €, = :
' B, m>0

!

M=—n
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i{am };fm([_l) =P (cos{]) khdng phu thudc vac ¢ duogc got 1a ham ddai.

tire 1a hinh cau duge chia thanh »#+1 mién vi tuyén, tai do dau cua ham doi

. . 1 o N 2 ~ $11 #7K¢
duoe bao toan. Xét ham Y{ = gin™ 0} - - l’”(() P
dr ey COSTIQ

trén hinh

cdu. boi vi sin0 bang khéng & trén cac cuc, cac ham Jsm e bz‘"ing khdng
lcos 10)
tai cac dudng kinh tuyén 2m .
V&i 2n+1 ham cdu true giao va chudn hoa ¢6 thé khai trién ham
7{0.¢) batky vao chudi cac ham ciu:

{0.0) Z Y, (0.0)= Z i(Am cosmo+ B, sinme) P (cos0).

st =l =l
Nhu vdy. nghiém cua phuong trinh Laplace trong toa d6 cdu cé thé viét

w(r.0.0)= Z Z ( +8 ']) ¥ (8,0):

[ERR VI T

Jaxn

”} HO.) Y (6.0)d2 = JJ} ) (6.¢)Y, 1k (0.¢)sin O 0dep =

LI

0 k, %k,
o |
CObk{pwsk(pd{p P[ } P” di = —{[(’—?Jrk)k =k, =k#0
2n+1(n=-k)! L
i k =k, =0
2n+1 '

Hay c6 thé viét gon hon

L] M 2 (H+k)
‘:,}” J[ﬂ} (6.¢ } sin 0dBdo = 5-—;—l-m (- .k)-'

g, =2, =1 khi £ >0,

Tinh tryc giao cua ham cdu co thé duoe sir dung dé khai trién mot ham
bat ky xac dinh trén mit ¢iu ¥

f(0.0)= Z Y, (6.9)= Z i (A,,cosmp-+ B, sinme) 2" (cos8),

n-l =l i)

trong do cde he sO duge xac dinh:
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ot o

I 1./ (6.9) p (cosB)cos mosin Od@d(p

/{””]!
|},, ;‘

I Ij‘f'(ﬁ. o) {cosB)sin mpsin @B

— i

I

H} [m},
2 l
LM+ R—m].

Nghiém tong quat ctia phuong trinh Laplace ¢6 thé viét dudi dang

u(r.8,9)= Z{ ] (6.9). khi r <«;

[IER¢]

a1
(r.0.9)= Z( ] Y (0.¢). khir>a.

==l

trong do: ¥, (6.¢) = i(u”m cos m+P,, sinmep) P (cos8).

eIt

§2. LY THUYET THE

Xét mét vat thé, trong dé ¢d mdt dai luong vector § = P’;(x._r_:) duoe
sinh ra tir mot vo hudng w = y(x,y,z) boi toan tr Gradien:
=V (x,y.2) = grady = Vyy , {44
hogic ky hiéu (=)} duge dimg: V =V (x.,z) = —grady = -V
Chon ddu (+) hay (=) tuy thude vao tinh chit cua cac dai luong trong
cde mdi trudmg khac nhau. Khi mot truamg vector ¥ = V{(x.3.2) duge sinh
ra tr mdt teudmg vo hudng w=w(x.y,z) thi truong vector nay dugce goi 1a
trwimg Gradien hay 1a trieomg thé. con ham y = y{x.y.z) duoe goi la thé

vo mrong. Toan ur Gradien trong cac hé toa do khac nhau ¢6 dang:
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& Vrn
35

! foa do

Vector dem vi ‘

trure giae !

I chién

bé-cac

e g o _@ . Ay . _ﬁ .
e O R R R |
Tru o N -
' 6.6 6. vy W Ay Dy
(r.g.z) (dpe) Vi (r.g.z)= P +’_fT(P—L Fad ‘
i
.k 1
Cau{r.0.¢p Co . ,-
( ) (e,.‘e“.em) Vip(r.0.9) = y F 1 (7\|; . ! _f:?_‘_l_’
or r ('8 rsing ap |

Piéu kién can dé V = L";(x.y,z) 1a mét trudng vector duoce sinh ra tir

mdt truong vo hudng w=wy(lx.y.z) la: rot) = VxV =0, hay [a xoay cua
g W=yix.y. ¥

truong biang khéng. Pidu kién nay khing dinh trudng vector la truong
khong xody. Truomg vector la trudng cam g néu div cia truwong vector

ndy bang khéng (V-F =0). Ta ¢o bang cac toan wr V¥, Vx ¥ trong cic

h¢ toa dd khac nhau:

. Vector don vi s
Toa do o 3 chiéu
triee glao :
De-cac (¢..¢..¢.) Loar v ar
(-\.- L,!:) . ) V‘L = o ) +-—v-~—-—:
) v A o
' e, e
s |6 @8 @&
Vxl — =
x &y oz
V\' Vl I":
Tru P 1 a 10V, ar
d + > N . 1 . OL .
(,:- 0 _) (L,-.Lm-ﬁ__) v.y=_ !,VP L n BF.
e F rdp  on
e, e, e
Vxl = e ¢ ¢
! rlor oo oo |
Wb '
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| Can 'E (¢,.6,.¢ ) I a, . (I ]
€on €y v. V—-_— o+ ~—(sing},
(r.6.0) o (p ) Fsind 88( )
1 av,
+ —
rsin0 2y
é.  ré, rsin Be, F
. 5 & 3
: V o I/ =1 I - i L (_I

FsinBlar 88
|
V.o vk, rsinl !

Nhu vay. véi mdt truomg vector V ola Khong xody va cam img. chung
¢6 cac tinh chit sau;

1. rotl =V xV =6; divil =V.V =0.

2. Truomg vector I duge sinh ra tir mot trudmg vO hudng y =y x, v. o)

V' =tgradys .
3. Ham thé y = w(x.y,z) 1 nghiém ciia phuong trinh Laplace:
VV=V.Vy=Vi=0
{-‘:-.H-::}
4. Tich phan dudng | Va7 1a doc 1ap véi duomg Iy tich phan néi
| R |
hai diém (x,.v,.z,) va (x,. Vazn).

5. Tich phdn duomg cta vector ¥ ldy quanh mot dudmg cong dong kin

C bd]'lL khong _
d v-dar=0

6. Vi = Vy - dF = dy 1a mdt vi phan.

Sau ddy la mét vai vi du cua truong thé

a) Triwong hap din

Dinh ludt Newton cua trudng hip din phat biéu rang: hai vat thé ¢o
khéi ugng M, va M, s& hit nhau voi mét lue F .

F=-GM

2 p_’
trong d6. cde don vi do 1a M (kg).F(N). G (Nm*/kg*) va p (m): ¢ la

hang sb hip din: p 1a khodng cach gitia hai khéi hrong.
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%300,
‘fg,

Néu dat M, =1 thi M, dugc goi 1a khoi luong thu, luc F c6 dang
F = g=-GM, e", duge goi 1 luc hffp dén (g (l\h’kg:-'m;’s2 ) ). Luc F laluc
o’

GM,M

duge sinh ra tir ham thé ¢ = 3 bang cach tac dong Gradien. Ta thiy

ham thé w 14 nghiém cta phuong trinh Laplace: Viy =0.
b) Sw di chuyén cita chiit long

Che mét chat 1éng khdng bi nén, chiing khong c6 xody va khoéng bi
cam ing:

rotﬁ:\?xlf’zo; divf:V-VzO,
trong do, vector /' 1a van tée cia chit long, vector ¥ duoc sinh ra tir mét
ham thé -
V =-Vy = —gradys.
Ham thé w 1a nghiém cta phuong trinh Laplace Viy=V-¥ =0,
¢) Trueong tinh dign
Trong trudng tinh dién, tir dinh tudt Gauss: V- E =p/e, va tr dinh ludt
Faraday: rot!/ =VxI'=0 ta suy ra vector dién trudng £ nhén duoe tir mot
ham thé w: E=-Vy=-grady, théa min phwong trinh Poisson
V- E=-Vhy= p/e, . Khi mat do dién tich bang khdng ta ¢é phuong trinh
Laplace: V- E = Vi =10,
d) Triwong tinh tir
Vi méit do dong bing khéng: J=0VxB=0 va V-B=0 ta duoe
vector B duge sinh ra tir mdt ham thé (TR
B=-Vy =—grady.
Ham thé y la nghiém cua phuong trinh Laplace: V'y=V-B=0.

§3. PHUONG TRINH HELMHOL.TZ

A - " A - 2 1 au

Phuong trinh truyén nhiét hodc phuong trinh khuéch tan V’u = pEiew

a” ot
mo ta nhiét dé u = u(x.y.z,r) ciia mién duge xét R nao do. Dung phuong

phép tich bién dat nghiém duai dang
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B
’Qw\‘*?-cv

n

u=u(x,y.z.t)=H(x.y,z)-T(1).
"Thay vao phuong trinh ta ¢6
) i ViH T ,
VIHT (1) =~ HT'(t)=> - = ( ) =-L".
o H a'l ({)
trong do A 14 hang sb tach bién.
Ta suy ra phuong trinh Helmholtz va phuong trinh cva 7
VIH+MH =0T (1 +7a'T (1) = 0.
- . . _— 1 Cu . ,
Tuwong . trong phuong trinh séng Ve = - 5 dung phuong phap
a o
tach bién. ta cling suy ra phuong trinh Helmholtz va phuong trinh cda 1
VH+MH=0 . T"(t)+ a'T(1)=0.
D1 vai céac phuong trinh trén, ta s& nghién ciru chi tiét phwong trinh
Hebmbholtz trong cdc hé toa dd khac nhau.

1. Phwong trinh Helmholtz trong hé toa dd Dé-cac (x, y, z)

Gial phuong trinh sau
&H o'H &H

VH A+ =21 1 —+—5+AH =0,
a’ gt 8’ (4.5)
O<x<a,0<y<h O0<z<c.
Tim nghiém dudi dang: /7 = [ (x,y,z)= X (x)V () Z(z).
Thay vao phuong trinh (4.5) ta ¢
XYZ+XY'"7 +’X}'Z" +AXYZ =0,
Thue hién tach bién cho tung bién
X"(r) }’"(y) Z"(z) -
X i e iy Y
X)) 2
= "..}.(.’5_)__ L ), ’,
X (x) Yiv) 2(z)
Tuong tu
}/" | ZN : rn i Z
! (}) DY ( ) - :>_}___£X_) = Z_L_) =h,—R = A,

r(y) 2(z) T A

Nhu vay. cac nghiém tach bién doi hoi phai thoa man céc phuong

trinh sau .
X" g Al
S I ) BN C NI

O R ) 6
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Chon cac hf‘ing 50 tach bién dudi dang thudn tién hon
k=o' <0, ky=pt >0, A, =2 -A=-v'<0.
Ta thu duge cac phuong trinh sau
X"(x) +o X (JL) =0,0<x<u
Y'(p)+p’Y(p)=0,0<y<b ;h=vi+p’ +o’. (4.6)
Z"(y)+v'Z{z)=0.0<z<c
Phuong trinh (4.6) ta dang Sturm-Liouville ¢6 nghiém

X,(x):sinf—q{; Ym(y)zsin—’??fy; Z”(z)zsinﬁ; I.mn=1273.
o c

Nghiém tdng quéat ctia phrong trinh Helmholiz 13 chdng chét cua cac
nghiém riéng

H=H(x.y.z ) ZZZ(WX ()1, (»)2,(2}, (4.7)

¢, lacac hé s6 hing sb.

Husier

2. Phwrong trinh Helmholtz trong hé toa 86 tru (r.¢.2)

Giai phuong trinh sau
v%:xn—39(£§J+liﬁ+Q§~xH:a
réor\ or ) rdp’ oz (4.8)

O<r<a, O<op<2n. O<z<e
Tim nghiém dudi dang: H(r,0,z)=R(r)®(9)Z(z).
Thay vao phuong trinh (4.8) ta cé
! C—;( rRY®Z + - 1 RO'Z + ROZ"+)RDZ =0.
¥ or r
Thure hién tach bién cho timg bién
() _rR"+rR YA

S T SR L SN I et =2
B () R '
= O"(¢)+1,P(0) =0, f—R—j-rR R +Art = A,
R Z
Tach biéncho R va Z tacd
PR 3y 2@
r°R r Z(z)
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Z"(z)+1,Z(2) =0,
PR IR 4 (A=) -2, R =0
Ta thu dugc cac phuong trinh:
PR R+ (h=2,)r" =0, [R=0, 0<r<a;
O"(@)+1,D(0) =0, 0<o<2m 4.9
Z"(z)+x,Z(z}=0, 0D<z<ec.
bicu kién bién trong hinh tru c6 dang

H(r,O,z)zH(r.2n,z), T é? i
Do d6 phuong trinh xdc dinh ®=®(¢) tr¢ thanh phuong trinh
Sturm-Liouville vi diéu kién bién tudn hoan, din dén két qua A, =0,
A, =0’ . Xét cac trudng hop didu kién bién sau:

a) Triwong hop 1: Cho A, =’ = const > 0, nghiém cta Z(z) c6 dang

Z=Z(z)=C cospz+C,sinpz . (4.10)
Do dé:
— Néu A - A, =% —p’ =v?, phuong trinh cho R ¢6 dang
rzR"+rR*+[v2r2—m3]R=o (4.11)

la phuong trinh Bessel.
- Néu A~%, = —p? =-v*, phuong trinh cho R ¢6 dang
PR R [ virt+ o’ |R=0 (4.12)
la phuong trinh Bessel bién thé.
b) Truong hop 2: Cho 1, = —1” = const < 0, nghiém cuia Z({z) c6 dang
Z=Z(z)=C chuz+C,shypz. (4.13)
Do dé:
- Néu A ~%, = +p’ =v?, phuong trinh cho B ¢4 dang
r*R"+rR' +[v3r2 —(92] R=0
14 phuong trinh Bessel.
—Néu A-%, = A+p* = —v?, phuong trinh cho R ¢4 dang
r*R"+rR' ~[v2r2 +m2] R=0

1a phuong trinh Bessel bién thé.

180

78
A

Ly P



" ‘03
e
£g

3. Phwong trinh Helmholtz trong hé toa dd cau (r.6.0)

VH +AH =0

I d [ N dH] | 0 ( an] 1 O H

Cy T r“ R 1 B ———- ___.__._. R + =

Foodr i7ig r SmE) 69 ot rosin” 0 do (4.14)

O<r<a. 0<B<n, O<@p<2m
Tim nghiém dwdi dang: H(r.0,90)=R{r)0(0)}®(e), thay vao
phuong trinh (4.14) ta ¢6
1
LElriont b 2 (sin0@)Ro+ Lo ROD"+AROD = 0
> or rsin© 00 #*sin” 0
Thue hién tach bién cho timng bién

®"(¢) sin’
() _sin” 9[ R+ 2R |+ 5“19‘-?! [ GE{—]JJ?‘ sin?0 =4,
O (o) R do
9P =0
- do’
s 0[ R+ 2R ] __smB —d—(sinﬁgg}+kr2 sin” 0 = A,
O doy db

trong do A, la hé’mg 56 tach bién, thue hién tach cac bién con lai », 0 taco
rRTEDR At = Kl— -—l—i(sm 60} =1,
R sin"@  ©sind Jo
PR+ 2R+ (A7 =1, )R =0,
]
I 4 [smﬁ d0)+[kq - —k——Jv‘E) 0
sin® 40 do T osin @

Nhu vay, cic nghiém tach bién cta phuong trinh Helmholtz trong toa
dd ciu H(;‘.B.(p) = R(r)@(B)CD((p) thda man cac phuong trinh sau:

’a R 2R, +{(Mr* =2, )R =0, 0<r<a
or’ ap i
) l o (s ng@}{kz__’k:__) =0, 0<0<m,
sin@ J0 do sin”
_‘i{;g?.”lcp:o’ 0<p<2n
do
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Nhan thiy. R thoa man phuong trinh Bessel, © théa man phuong trinh
xac dinh da thie Legendre lién két, con ham @ chinh ta phtrong trinh cho
dao dong tur diéu hoa mét chiéu, hay bai toan Sturm-Liouville véi didu kign
bién tudn hoan. Giai bai toan Sturm-Liouville ta ¢6 cic i riéng
Ay =m', m=0.1,2,3... Thuc hién phép bién ddi & =cosO phuong trinh cho
V' ¢ dang

PR e’ .
(1-¢’ )'E{'" g-— [ T ]@ 0, -1<&<l.

Day la bai todn Slurm—l,louvﬂle cua phuong trinh xac dinh da thic
Legendre lién két co trj riéng A, =n(n+1), n=012..:m=0.12... (xem
muc 3, §7. Chuong VII). Nghiém cua phuong trinh wén cho da thirc
Legendre lién két:

©=0(0)=F"(cos8), 0<0<m.
Suy ra phuong trinh cho R ¢6 dang

r’ @R +2r?£+[7u* —n(n+1):|R =0, O<r<uo
or” or
Dé giaj phuong trinh nay, xét cac truong hop sau:
a) Truwong hep 1: Cho A =-w’ <0, phuong trinh xac dinh R ¢6 dang
» O°R OR ) 2 ,
Fre—t2r—-lor +nn+1)IR=0,0<r<a. 4.15
or’ or [ ( ]] { )
14 phuong trinh x4c dinh ham Besel cau.
b) Trwong hop 2: Cho A =0, phuong trinh xdc dinh R ¢o6 dang
IR ?3+AR 0,0<r<a (4.16)
or’ r
la phuong trinh Cauchy-Euler.
¢) Trirong hgp 3: Cho & = w’ <0, phuong trinh x4c dinh R ¢6 dang
L +2r53£+[m ron(n+1)]R=0.0<r<a (417
p or
1a phuong trinh xac dinh ham Besel cau.
Qua cac bai toan giai phucmg trinh Helmholtz & trén, ta thiy: viéc lua
chon hé toa d9 phu hop vdi cac didu kién bién cho ta cac phuong trinh khac

nhau dé tim nghiém tach bién. Thuc chat phuong trinh Laplace 1a trudng
hop riéng cla phuong trinh Helmholtz khi 2 =0.
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§4. HAM DIEU HOA VA CAC TiNH CHAT

Bét ky mot nghiém nao cua phuong trinh Laplace ciing dugc goi 1a ham
diéu hoa hodc con duoc goi 1a ham thé. Ham diéu hoa v = u(x,y, z) kha vi
va lién tuc thoa man phuong trinh Laplace trong thé tich ¥ bi bao boi bé mat
S ¢6 cac tinh chit sau:

I. Tich phan theo bé mat cuia dao ham theo phdp tuyén bdng khdng
ou

do=0.

N an

2.Néu 1 =0 trén bién Sthi « =0 moi noi trén the tich V.
3. Gia tri cua ham #(x.y.z), x.y.z eV 1a duy nhit duge xéc dinh bang

. O Ty S R . Ou i e
¢ac gid iri da biét ctia ham u va - - uén bién S.
i

4. Néu N =0 moi noi trén bién S thi # = const moi not trong V.
on
5. Néu w 13 ham diéu hoa bén trong hinh cdu ban kinh p, néu § la bé
mat cdu ¢o tdm nam tai diém (x,,,.z,) thi gia tri trung binh cta ham
trén bé mat S co dang

”(xm oa-'u ""_4-}- X, 1,2

6. Néu (' 1a vong tron ban kinh  ¢6 tam tai (x,.y,) va cho ham u thoa

man phuong trinh Laplace bén trong va trén dudng tron C thi gia tri trung
binh ctia ham « trén dudng cong C co dang
u(x,.3,) = 41]t_r '[_.ur()cU +rcos8,y, +rsin®)rdo .

Tinh chét 6 [a truémg hop hai chiéu cta tinh chat 5.

7. Gia tr] cye dai va cuc t'iéu ctia ham diéu hoa # ludn ludn nim t\rén
bién ctia mién duge xé1. Tinh chat nay ap dung cho ca trudng hop 2 va 3 chicu.

8. Bai toan Dirichlet

Viu=0, (x,y.2)eV; u

{r.v.2)eN = g(x’ ¥ Z)
c¢6 nghiém duy nhat.

9. Cho du déi bién, mét ham diéu hoa vin ludn gilr tinh chdt 1a ham
diéu hoa theo bién mai.
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§5. PHUONG TRINH POISSON TRONG MIEN CH{’ NHAT

Xét phuong trinh Poisson trong hinh chit nhat:
Viu=f{xy),(x.y)eR= {x,y’ O<x<al<y< b} (4.18)
thoa mén diéu kién bién
u(x,y_)‘ =g(x.y). (4.19)

(voleaft
Nghiém cua phuong trinh (4.18) ¢6 thé tim dugce dua trén nghiém cua
bai toan trj riéng hai chiéu:

VIO+r0=0, (x,3)eR, (4.20)
thoa man diéu kién bién thuin nhét
D, e =0 4.21)

Gid s nghiém c6 dang ®(x,y}= X (x)¥{y). thuc hién phép tach bién
ta thu dugc cac phwong trinh vi phén cp hai

2 3 2 2
LOX LY T
X dx® Y dy X dx Y dy .
‘;’f “MX =0, X(0)=0, X(a)=0
de (4.22a)
— oy +(hrh)Y=0,7(0)=0,1(b)=0
%

trong d6 A, 1a hing s6 tach bién, dit A=-0', A+i =’ taco
2

B +(JJEX = 0 .
dx* So=0, =" X =./\’”(x)=51nf—ﬂ—)£ (4.23a)
X(0)=X(a)=0 y ¢
a, WY =0
dy? - p=um=%, Y:Y,,,(y)=sin% (4.23b)
Y{(0)=r{s)=0
Tririéng A ¢6 dang
2 2
A=A, =0 +ul = (EJ + (ﬂ] (4.24)
a b
trong img ¢o6 ham riéng
Q=0 (xy)=sin T sin f—?—g)j (4.25)
o

théa man phuong trinh
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VE-(I)“”} (x‘ /V) = _;"nmq)mn ( Y V) (426)
Céac ham riéng ¢¢ tinh truc giao:
0, (i.7)=(nm)

uh {4.27)

- ()= ()

Bay gid gia s nghiém caa phuong trinh (4.18) va (4.19) la
= ”(‘x y) ZZKIHHQ)HJH ‘x .y (428)

n=l o m=1

'[[? (Dum (x‘y) (l)u (x" J’)dx{j} =

H n

St dung tinh truc giao cia cac ham @, (x.p) tacé

[ u,dxdy = Z Z 4, [| @,,©,drdy (4.29)

=] =l
Chi ¢6 mét hang thire khac khong trong dau tong khi n =7 va m= j . vi
thé phuong trinh (4.29) rat gon thanh

HH ub dxdy =4

hoic thay i,/ bang n. m ta c6 thé viét
4 .
A= — [ w0, dxdy (4.30)

Phuong trinh (4.26) cho phép ta viét

1
(Dm” (X.,y) = LT v_cDarm (x" y) ?

it

do dé phuong trinh (4.30) duwoc viét

= uVi® dxdy . (4.31)
-1l

HHJ ah ?L U

I

Cong thie Green 2 chidu co dang

'”;f(v\/:u - zr\731f)d0 = I[ o _ E}:J

duoc dung dé ude liegng tich phéan (4.31), Thay v=a®@, vao phuong trinh

trén va viét cong thire Green dudi dang

[, @V, -0, Vu)dsdy = (D, -, Vu)-ids . (4.32)

HHE

trong d6 7 14 vector don vi phap tuyén ngoai trén bién cua hinh chit nhat.
Néu u thoa man phuong trinh

v?u = /{x.y) Y(xy)eR, u(x,y)lh\_r}em =g(x.y)
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thi phuong trinh (4.32) ¢é dang
I_L uV D, dxdy = “; @, f(x,y)dxedy +(j (g (x.y)Vo, - CDMVg) - Ay
(4.33)
Chi y ring. @, =0 trén = AR, do do phuong trinh (4.33) dugc viét don
gian la

_”;u\/'?'(l)wu’xafv = IL ®, f(x,y)dxdy +(j g{x.y)VO, -#ds. (4.34)

Suy ra hé s6 4, dugce udce lugng theo ¢ong thire

( 4 -
A == abkh [V, dxdy
n (4.35)
- abkm” I.[’d q)””-’-f-(x" }P) dXdy +(§ ‘g (x'-' }I) V(Dnm ’ .ﬁ("’.‘)’.

Tueng tu, ¢6 the ude lugng két qua nhu trén déi vol cac bai toan bién
Ncumman va Robin,

§6. CONG THU'C TiCH PHAN POISSON
TRONG MIEN TRON

Tim nghiém cua phuong trinh Laplace, ching han trong bai todn nhiét
dimg w=u(r.p):

_1 - -_, ; + +___;..._. "
rrdpT O ko r’ Op° (4.36)
ul{a. @)= f(p). —n<@<n, O<r<a
Dat nghiém dudi dang tach bién
u(r._(p)zR(r)ﬂ)((p)‘ - (4.37)
thay vao phuong trinh (4.36) ta duwgce
(PRY 1o PR R D
R Qe - o == A
R r @ R D
Suy ra hai phuong trinh vi phén:
G"+rD=0; rR"+rR" -2R=0.
Phuong trinh cho R 1a phuong trinh Cauchy — Euler, phuong trinh cho
@ la phuong trinh xac dinh mét dao ddng diéu hoa. Cdc nghiém u(r,(p)

thoa mén hai diéu kién sau:
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1) Nghiém phai hitu han trén bién va bén trong vong tron:
\u(r,(p)i <, F<y.

2) Nghiém phai thoa man diéu kién lién tuc va tuin hoan:

culr.—-m Su{r.m
“(r_ _'Tf) =} (r.‘ ‘th)‘ _( _._.._). = .. (___) .
op 5.0

Teudmg hep 2. ap dung cho ham @ la:

O(-1)=®(n): O'(-n)=D'(n).

Nhu vay, doi véi ham @ ta ¢6 bai toan Sturm-Liouville voi cac didu
kién bién tuin hoan. Xét trwdng hop A= -0, A =0. A =’ ta thu duge cae
ham riéng va tri riéng sau:

A=k, =0= ®=P, ()=
h=h,=n"= O=0 (p}=oa,sinnp+o,cosne. n=12..
Nghi¢m tuong Umg cho phuong trinh Cauchy — Euler ¢6 dang:
h=dk,=0: R=R(r)=c,+¢Inr;
A=k, =n: R= R(r)y=8,r"+Br ™" n=12..
Twong ang. ta c6 nghiém cho ham u(r.@) = R(r)®(¢):

uU(r.(p) =¢,+¢ Inr;

i, (rp)= (Bu”” +p3," )(OLU sin#p + o, cosng).
Xét nghiém hitu han trong khoang 0 <r<a tasuyra ¢, =0.B,=0 vi
gia tri tuy&t ddi cua cac ham Inr va r™" din dén v han kbi r dan dén 0,
Nghiém tdng quat cua phuong trinh vi phén s& ¢ dang

Ea

D r"( A4, cosng+ B sinng) khir <a

u(r.p)= ”:“ (4.38)
> r"(A4,cosng + B, sinng) khi r > a
n-i
ta nghiém bén trong va bén ngoai vong trdn.
Thay diéu ki¢én bién tai » =a ta c6
u(a,0)=> a"(A4,cosnp+ B, sinnp)= f(¢). (4.39)
1=l}
C6 thé khai trién £ (@) vao chudi Fourier nhu sau
. U, :
Bl 108 < ; 4.40
b ((p) 5 Z(u”(_osmp+[5”q1n mp) { )

- =1
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trong do: t, = ! Ij_f'(w)dq; :

n

L 'J'_;'(\p)cosmpdq,';
T -a

= L I'[f(qf)sin mu .
T %

So sanh (4.38) va (4.40) ta ¢6:

o o PR
Ay == 4 =72 B =[—3{ (Bai toan trong);

oL Ls . 5 -
A, = 2“ A, =od", B, =P,q¢" (Baitoan ngoai).

Nghiém cua phuong trinh ¢6 dang:

(r. (p)_ *o +Z[ J (o, cosmp+ P, sin ) (Bai toan trong):

u(r.o)= —+Z( J (o, cosngp + B, sinng) (Bai toan ngoai).

=]

Dudi day s€ dua ra ¢ong thire tich phan Poisson.
Xét bal toan trong. dat vao phuong trinh ta co

u(r.p)= IJ (y {——-FZ[ ] cosmpcosmp+sinmpsinmp}dlp

n=l

:____.J (v {—+Z[ }mw 9~ )}dq;.

H¢ thire trong diu moc {) ¢6 dang

! -f Z[ ] COS A (P l!,f __+ anl: m[fp l|] —fﬁ{lp \y]:l

-l Hl

1 1-¢ r
= - T . ’ =— < l .
21-2rcos(p—y)+£ a
Chi y ring, da sy dung cong thitc
Sh =" khi b<l.
wel l_b
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Do d6. nghiém c¢6 thé viét
jf\ﬂ

dd 1a nghiém cua phuong trinh Laplace bén trong vong tron va duge gol la
tich phan Poisson. Tlang thac

“(; q) d'l]l‘
~2urcos l|! +a

a’ —r
K (r.(p‘_a_. W)= T
- 2arcos l|J +a

duge gol la rhdn Poisson. Nhan x¢t ré’mg, K=0 khi r<a vi 2ar<a +r
Vay nghi¢m trong va ngoai hinh tron ¢6 thé viét

L% a —r
o . —dy. khi
w(r.p)=42m J:f (W) > Darcos l|J +a AR
/(). khi r =«
Jf T T roe s dy, khi r>a
u(r.p)= on o a —2arcosy + 7’
,f'((P)s . khi r=a

MOT SO BAI GIAI MAU

1. Hay viét nghiém cua bai todn bién thir nhét cho phuong trinh Laplace
bén trong vong tron va bén ngoal vong tron:
A u=0, 0<r<ag 0<p<2m;
u‘ = 1 ().

Gidgi. Phuong trinh Laplace ¢6 dang

1 af ou L 3’u .

A - - =0, (0gr<u), = .

ol = ror ( or ] roor ( ’ a) 4., =7 ((P)

Su dung phuong phap tach bién dat
u(r.@)=R{r)®(9).
thay vao phuong trinh ta suy ra

O dJ [ a’R] R d ® 1 d ( u’R] | d CIJ

. + - =0= - —| r - +--——- ={0.
rodrhodr >y Rr dr\ dr dr’

Chon —l- d(?
O dr-

4

Ll - - - d q) Ll
= —v~ nén ta ¢6 phuong trinh: e +vd=0,

2
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O(p+2n)= (o)
O (¢p+2n)=D (o)
Viy ©{¢) ¢6 dang

{v =n.n=012..

D, (9)= (¢, cosnp+d, sinno)
Phuong trinh ddi véi R(r) la

Ham @) 14 ham tudn hoan théa man {

PR +rR -n’R=0.

Chon nghi¢m ¢6 dang R = r°, thay vao phuong trinh trén ta dugc
olc-)+o-n=0=0c=1n.

. i . o<
Vay nghi¢ém R la: R =

Flrsua
Nghiém riéng cua u ¢é dang:

u, = R®, =r"(c,cosnp+d,sinng),r<a.
Nghiém tng quat 1a

w(r. @)= Z (e, cosnp +d, sinng),
n=tJ

trong dé cde hé 6 ¢ vad, duoce xac dinh tir didu kién bién.
Ter diéu kién bién ta ¢6:

-

FIER])

ula,p)= Z «" (¢, cosnp+d, sin ne)= f (0):
=]

¢, + Z a" (¢, cosnp+d sinnp) = 7

177 4,
. R d ] __._J;
(P) Ly o f;[/ ((P) M 5
¢, = l--”- _I_f'(tp)cos npde = —A:: A, = - "I";,' -‘J.,f'((P)sin Q@ = g}%
wa” s a ma" a
Vay nghi¢m cua bai toan trong la

u(r.g) = f-i{;‘-’--Jri 4

Két qua tirong tu cho bai toan ngoai:

u(r.@)= -f’-f)‘-i-+ i

(EJ (A4,cosnp+ B, sinng).
=1 ¥
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2. Cho mét'hinh tru ddn vo han. duoe tich dién dén thé:
v {I/l O<op<nm

V,, m<@<2n

Tim the cua trudomg di¢n tr bén trong va bén ngoai mit tru.

(siwi. Thé cua truong dién tr thod mén phuong trinh Laplace trong hinh
tru, tuy nhién do diéu kién bién khéng phu thude vao z cho nén dao ham

theo z bang 0:

o ) 18
A, U= Le (r-(-”}- 5 ” =0, {0<r<a)
* r 5?’( or ) For
. K. O<opan
u‘ =V =q
ne V,, m<op<2n

Str dung phuong phap tach bién u(r.g)= R(r)d)((p) ta co

D d ( R j R d°®
. Fo--- + e e =
Fodr

FTodr

| d ( dfeJ i d'O
= | e |4 e I {]
Rrdr'  dr Dre dr’

=0

dr

Dat
b dD . dd
e =y .....7.+\_J' (I):O
D o dr

Ham ®(¢q) Ja ham tun hodn thoa min {(D((p +2m)= (IJ((p)
Vay @(q) ¢6 dang
v=pn=0172..

{CI)” (¢)=(c,cosnp+d, sinnp)

Phuong trinh déi voi R(r) 1A
PR +rR -n'R=0.

Chon R =r" . thay vao (4)tasuy ra

0'((5—1)-1—0’-—-??"' =0=>a==%n,
A S

Do do: R, ={

ror>u

O (@+2n)= ((p)'

(1)

4)
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Nghiém cua {1) ¢6 dang
Jr” (¢,cosnp+d, sinng), r<a
e 1;’ (¢, cosnp+d, sinnp), r>a
trong dd cac hé s6 ¢, vad, duoe xac dinh tir didu kién bién.
Nghiém bén trong la
u(rapy=c,+ Zr” (c,cosnp+d, sinng).

n=1

Theo diéu kién biénta co

, V. 0
u(aq(p):(,U+”le“~(¢-”cosmp-!-d,,Sin??(P):V :{Vl, nizz;ﬁ

1 n 2n 1% /1
trong dé : = | ldo+V, {del=-- +I
1l 2t I M 2
I ] R

1 r 2a 7
¢, = - ;{H Ic:c:osn(pa’qhhV3 _{cosmpdcp =0
i h ;

s _

1 b . an .
d” = - ——]:V[ -[Slﬂ n(pd(p + Vl ISln n(pdcp
4] n

TEC."” |
T ]
= u”}’,‘ﬂ: a”nﬁ - (2;( + l)TEa” B
T -t I {_ n
Do '[Sin nodo = — ! cosng| =- - ( _____ 1 )__
0 " et n
kS e _1 " __1
jSiI‘l I](pd(p =— I cOs mp! = (_ _)__.__
X " E-i.?-‘-'l- A

& n

Vv, 2N -1 P Y sin(2k+1)e
= u(r.gp)=- '7 A W __Z(a ._ (_2](4- 1)

Tuong tu ta ¢6 nghiém bén ngoai:

TN P ¥ L P I el .
u(r.p)= WtV (Y, -11) (;;] sin(2k+1)o

2 n 2\ (2k +1)
Xét bidu thire
x g 1 1+:
Z e =—In—-
s (2k+1) al —Z
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2o

2 s qm 2k +1 ®_ 1 = gl (2 o g24e! o2
:)J:Z;-k ( ) {Z Z -

k=0 (‘)"‘T“Fi k=0 k=0 2k+1)

dat z=Ze" =Ecosp+iEsing suyra z° :ie"" =Zcosp—rEsing

=N I - R PR
i Z(2;I'c+l) k[,(2k+1) 4i | 1-z 1-z
2r§§m(p
1 1-& +2iEsing 1 1-¢
- ln - = - e [ n_____.._. f—
4i 1-& -2iEsing  4i - 21"; sing
1-&°
] g
D aretn 2850 1 e §i_ ’
i -& -
1 ).\' _ )—.\‘
Vi arcthx = }—ln : -'---{. thy = & L_ tgz = —ithiz
2 1-x e +e”

Két qua suy ra duoc:

4 2(V, ~V, 2ar si

————, r<a
7 :_ .
(_; (P) T a r
Vi+V, 2(V|—V1) 2arsing
— =L arct 5 . F>a
2 T re—a

3. Tim nghiém wu(x.y) cua phuong trinh Laplace trong hinh chir nhat
0<x<p,0<y<s thoa mén cac diéu kién bién sau:
a)u(0.y)=u (p.y)=0, u(x,0)=0,u(x.s)=f(x);
byu (0.¥)=u.(p.¥)=0. u(x.0)= 4, u{x,s)= Bx;

yu(0,y)=U, u(p.y)=0, u (x,0)= Tsin;—x, u(x.5)=0.
' p
Gidi. a) Ta giai phuong trinh Laplace

8u u
A, N 25
u(x y)=0e . +

-=0 a.l
. (a.1)

thoa min diéu kién:
WOs)ulpr)=0. &
u(x.0)=0,u(xs5)=f(x}) &

13-PTTL A .
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. 2k+1 T[r
{L‘X (x) - _KEX(X) Xk (x) = Sln(___z_p)
XO)=X (p)=0 ", (@)
i 2p

Nghiém ¢d dang
x )= 2 L ()X (x)
k=0
thay vao phuong trinh (a.1) ta co
O TS (1) () (1) =0
o’ oy i k k

=5, (3)- 20 () =0
(1di (a.2) ta duoc

Y, (¥)=A4,ch(h,y)+ Bsh{r,y)
Do d6 nghiém cua (a.l) la

u(x,y)= E[Akch(kky)-r- B*sh(l*y)])(* (x)

Tir didu kién bién u{x,0)=0 ta suy ra

(a.2)

iAkX,((x)r():bA*:O.

Vay : u(x.y) ZBSh?L*yX (x).

P
Tir diéu kién

u(x.5)= f{x)= ZBsh(ka)X,((x)
e e

B (i)

Kétqua la
= 2k+1 2k +1
ty ZBSh }Sin( )nx
k=0 [-7 2}7

trongdo B, =- - T—— J.f(.‘C)Siﬂ "'“",)__)_' .

13-PTT
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b) Giai phuong trinh Laplace

/_\“u x. 0<:>--_:._+__:
ulxy)= T 5

thoa man cac dicu kién

Y
ax”
L_rX(x) = -;\.EX(x)
= =
X(0)=x'(p)=0 |, _m

Nghiém c6 dang

.

u(x,y)= L1 (X, (x),

1=()
thay vao phuong trinh (b.1) ta ¢6

&*u du
ot = 2[4 (- )
=1, (¥)-2F,(y)=0

Xét cac trudng hop:

n=0=Y (¥)=0=Y=My+N,;
n>0=7Y,(v)=4,ch(r,p)+ B,sh{r,p).

Suy ra nghiém cua (b.1) ¢6 dang

u[x,y) =My+ N +Z[Anch(7\.ny) + B"Sh(l”yﬂ)(n (x]
=]
Su dung cac diéu kién (b.2) dé x4c dinh cac hé s6 M, N, 4, va B, :

u(x,0)= 4= N+ZAN AxX)=ADN=4,4 =0;

|

u(x.s)=Bx = Mc+A+ZBshks)X”(x)

H=l

"
iM5‘+A=BX—I-—deX='£E:>M _BE__}ﬁ
r; 2 28

(b.1)

(b.2)

(b.3)
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L\ 2B) % .
Bsh( sy="" _[x cos T dx = Psin ] L E. _[Sln T

P p AT P, HT P
_[ _p)} [(_ 1y’ "]J L __48;)
nm (2k+1Y
B ... .. ABp
" k 1
(2k+1) x R
P
Két qua la
2
(x ) (Bp A).V
7s
- 2 ) 2
NP S ST S D LN C S L
T "(”k+l) sh( k+1)rts P P
P

¢) Cach gidi twong tyr ta thu duge két qua nhir sau

\ 1 )
w(x)=U+ 2P| rsh 2 fen ™ 2V ran P en ™ Jsin ™ -
T 2p 2p ) p 2p 2p 2p

(2k +1)
& ¢ 2 (7k+l)m (7;’( +1)7tx
A Z s P h! gina L
T 2k +1 2p 2p

Tim phin bd nhiét dimg cua tdm kim loai cé dang hinh quat tron.
hai duomng ban kinh duy tri nhiét d6 #, , con phin cung tron duy tri nhiét
dé u,.
(iai. (nail phuong trinh:
5] O<r<R
A” = I [rgl*‘)_f_ 15 a_ji =0. u= u(r_(_p)_-‘
T orar\Cor) r oy O<p<a
. ulr,0)=ulr.a)=mn
théa man diéu kién (r0) = u(r.c) =1
H(R,(p) =u,
Chon nghiém dudi dang u(rx(p) =v{r.0)+u,. Tir cac diéu kién di cho
suy ra cac diéu kién tuong tng sau
{u(r.()):v(r,{))+u, =u =>v(r.0)=0

ul(r.o)=vir,al+=u = v(r,a}=0
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& Ty

2,
£

u(Ro)=v(Rop)+u, =u, 2 v(Ro)=u, -,
_ & {L[PQ)(Q):—-}LE(D((;)]

o

00”0 (0)=d(a)=0
. {tbn (0)= B sin™. 3 2 1o
o a,

Ham v(r.@) ¢t dang

Z L ()0, (o)

=i

2L () £ ()= =0 i 0<r<n
=< =
.fu(r )

)=r'° > o =%,

Tu diéu kién ban dau ta co

= . HT
= ZR “ B” sm——(E =u, —H,
H=I

_ p, = 2z w) Toin ™2 g < 4 —w) A

(IRU it

Vay nghiém v(#,¢) co cdng thirc 1

{2&1—}]1{
= WL (2k+1)me
()= Z 2k+l { R
Suy ra nghiém cua bai toan c¢in tim 1a
{2k+i)n
I () - (,- J_J'" . (2k+1)mo
u(r.@)=u+ " ;(2k+1) . sin=—
zn_R:E y 2R%ré sin T
< ulr.p)==1 " aretg - +—Zarctg——y— &
T 2R°‘r“ sin? " re ~Rea
o
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4.1,

4.2,

4.3.

4.4.

4.5.
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BAI TAP

Hay viét nghiém clia bai toan bién thir I cho phuong trinh Laplace bén
trong vong tron va bén ngoai vong tron:

Au=0, 0<r<ag 0<p<2n

Ou ,

o =)

trong d6: v- hudng phép tuyén ngoai dbi véi ving duge xét, trong
truong hop vong tron v=r

o H

r .
u{r.@)= 2 ——(4, cosnp+ B, sinng)+a .

n=| ha
Tim nghiém bén trong va bén ngoai ctia phirong trinh Laplace, néu didu
kién bién ¢6 dang:

a) uL: = Asing;

b)u‘r=u = Asin’ ¢+ B;

Asin g, O<op<m

r=u

cHu .
gAsm P, nN<Q<2N

Chit y rang: sin® @ = 3sing—4sin3¢

Gidi bai toan trong cua phuong trinh Dirichlet d6i véi mét vanh tron
a <r<bh, voidiéu kién bién:

= S(0), Ul = Flo).

Tim nghiém cia phuong trinh Laplace trong hinh vanh khuyén
a <r <}b thoa man cac diéu kién bién sau:

a) u(a,p)=0, u(b,¢)=cosg;
b) u{a,¢)= A, u(b,9) = Bsin20;

¢) u,(a.0)=qcosq. u(b.g9)=Q+Tsin2g.

2

Tim nghiém cua phuong trinh Laplace trong hinh quat
0<r <R, 0<¢<a thoa min cic diéu kién bién sau:

a) u(r,0)= u(r,a)=0; u(R,0) = Ag;
b)Y u,(r.0)=u(r.a)=0, u(R.0)= f(9).



.o‘
b otn
‘rg,

4.6.

4.7,

4.8.

Bién clia m6t thm kim loai mong co dang hinh quat r <R, 0<op<a
cho bai nhiét d6 sau:
u:{fﬁws r=R
0, ep=0p=«
Hay tim truong nhiét dimg ciia tim nay, xét trudmg hop riéng:

H

fo)=

1*

o
D<cp<—
M 2
u,, —<O<Q
2 > @

Tim dién trudmg bén trong mdt khdi tru dai v6 han ma mat cét cha khbi
try ¢6 dang mot mra hinh tron, phan dudng kinh tich dién dén thé V.

phan cung nira vong tron tich dién dén thé V,.

Gial phuong trinh Laplace bén trong hinh quat giéi han béi:
r=a,r=b,a<r<b, ¢=0,0=0, 0<p<au.

Cac dicu kién bién ¢6 dang:

Giai cu thé cho truong hop: f(¢) = o F(9)=0.
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ChuongV
CAC PHEP BIEN pOI TICH PHAN

§1. HAM BUWO'C HEAVISIDE VA HAM DELTA DIRAC

Ham budce don vi Heaviside dugce dinh nghia

L £>0
H(g)z{o 210 (5.1)

(ham béng don vi khi dbi s§ cua ham la dwong va bing khong khi déi sb cua
ham 13 am).

Hix - x,)

0 %, X
Hinh 5.1. Ham bwéc don vi Heaviside

Ham budce don vi Heaviside duge ding dé dinh nghia ham Xung:
. 1
(‘)t(x—xu)zE[H(x—xu)—h’(x—(xﬂ+a))}, (5.2)

1a ham c6 d6 cao 1/¢ trong khoang x, va x, +¢; va bing khéng & cac vi tri
khac. D& thi duge bidu dién trén hinh 5.2,
Ham Delta Dirac hoac ham xung don vi duoc dinh nghia _
B(x—xo)zlirrolﬁs(x—xo). (5.3)

Ham Delta Dirac khong phai 1a mét ham theo nghia théng thuoémg. Ham nay
biang khdéng & moi noi, trir tai diém x, ma tal d6 nod ¢ gia trt v6 han sao cho

?S(x—xo)dle. (5.4)
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e,

M6t tinh chat khac cua ham Delta Dirac 1a
J’o x-x)f{x)dx=f(x,). (5.5)
Thét vay. bang dinh nghia ham Delta Dirac ta ¢6 thé viét

Ié(r %), )dx—llm JS x=x,) f{x)dx=

A +E

= lim jo f(x)de+ j f( )dx + {0 f(x)
Dung dinh v gid tr1 trung binh trong tich phan chon 0 <0 <1 tacé thé viét

_[0 (x—x,) F(x d‘c—llmj f{x) d‘C-—llm f{x,+0e)e= f(x,).

L—l) T -)U

H(x - %,

Ted - - -
Hix - {x, *+¢)) .
e o X, +e X

LE b e

800 - %) X, X, 6 X
e+ - - —

X, X te X

Hinh 5.2. Ham §_{x-x;) = %[H(x -%g)—H(x~{x, +§:)”

Mt tinh chdt khac 13 dao ham cta ham bude Heaviside la ham
Delta Dirac:
dH(x—x
——(———-‘J—):B(x—xu). (5.6)
ux

That vay. diéu nay suy truc tiép tir dinh nghia dao ham
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dif(x-x) . H({x-x)-H(x-(x,+¢))

f{'(‘x N xU) dx A EI_I-E e _‘_6_______._........ s ‘
=3(x—x,)

Tich phan cac ham Delta Dirac duge
IE =] T 5.7
I (x-—xu) T H(x-x,). x>x,. -7

Ham Delta Dirac cfing ¢6 tinh chit dao ham:
IS {(x—x,) f(x)de=—1"(x,),
IB"(x ~x ) (x)dx = f"(x,).
I(S'"(Jc—xﬂ)_f'(x)dx=-f'"(x0), (5.8

87 =) f @)= (1) ()

Trong khéng gian 2 hoic 3 chiéu ta ¢6 cac ham Delta Dirac:

jf& X — xU y ¥, )dxdyzl;

=]Jj&mwd 3(r )8z 2, )y = 1.

—af —o —ao

Ham Delta Dirac nay c6 thé biéu dién trong cac hé toa dd khac nhau. Vi
du, néu chuyén sang h¢ toa dg cuc

=rcost
= F)S }dxdyﬂrdrdﬁ
y=rsinb

thi cong thiie 7, c6 dang: /, = I_[AS(r—- 3)8(6 -6, )rard0 =1; 4 -1
¥
U]
Do d6 c6 thé noi ring, khi chuyén sang hé toa dd cuc thi tir ham
7)8(8-9,)

F

. Néu c¢o tinh doi

. . o(r -
8{x~-x,)8(»-,) bién thanh ham (r

ximg dbi voi bién © thi tir ham §(x-x,)8(y-y,) bién thanh ham
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- g

3{r—n)

5 . Trong trudmg hop 3 chiéu, ham Delta Dirac duge biéu dién trong
r

cac hé toa dé cong nhu sau:

Toa do tru (r.0.z ) §(_ ) (9 9“)8( Z“)
v
L'i:(;i d;)__{rl.l_- (r 9 )co tmh den 5(-"_’11)5(3—20)
dm ximg theo E] 2nr
Toa d6 clu (r.e,(p) 8(r-1)3(8-8,)8(0 - )
—_—— . i ——— r-. Sin 0 —_ .
10(1 do cu ( +.8,p) c6 tinh dén 8(r ~1r,)8(0-0,)
dbi xung theo @ 2nrsin
Toa do cau (r 0 q)) co tmh dén 5(;-_;«0)
dbi ximg theo ca ¢ va O dqrt

§2. PHEP BIEN POI LAPLACE
Phép bién dbi Laplace &
F(s)=2Z{f (1)} Jf(r eVdt & f(1)= F(s) (5.9)

ton tai ndu tich phan 13 hoi tu. Ta hiéu phép bién déi Laplace 1a tac dong cia
toan tr & vao ham goc £ (¢} cho ta mdt ham anh F(s) i

1. Bién ddi Laplace clia cac ham théng thwong

. 0, r<0 L ks
Xétham goc u(r) = {1 0 phép bién doi Laplace
>

E

g{u(f)} = ’-]1 evdr =

-3

il
Tuwong tu d6i voi cac ham e, cosar, sinat va 1" :

e [ skt " 1
_cu} I \+u)rdr — s> —a;
s+.ar)|U s+a
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Z{cosar} = je'” cos atdt = - L—( scosal +asinar) =— i
U sT+a , S +a
.y I .
g{sin at} = _[e""" sinafdt = ;- ~o(-ssinal — acosaf )| = L N
0 §+a 4 S+ a
g!’f” o ,d{___;\.r"" -E-'*lr” | ._.-,rdr:_"ig f”_l -‘>01
! f‘ ”*'f‘f S{}‘
_ " n—1n- '
do do g{f }:5 5__ 5 { (f‘)} a_ul_' .5')0,.’?:1,2..-
2. Céac tinh chéat cta phép bién déi Laplace
Tinh cht 1. g{c,f,' (£)+en f, (r)} = ¢ F(s)+ e k()
Clurrg minh:
f] +c e (.f I +r, 1 ()]
0
=¢ J‘.f; (e Vdi +¢, J'.fé (e " dr
(¥ [
= F (s)+c, 5 (s).
Suy ra diéu phai chimg minh.
Vidy: I'im bién doi Laplace ctia bidu thire
u(t) =41 —3cos2+5¢ '
Giai Theo tinh chit 1 ta co:
g{4f—3c0s2t+53' } 49;0{ ?9{L052I}+)3’{ }
21 : .
_g s +5_1_:_8 3 5

s st +d s+l §T+4 s+

Tinh chdt 2: g{e"”’f(r)} = F(,_\‘ +a).

Chirng minh:

.g{e'”’f(r)} = -{[ e (r '”a’t If(t g F(.';+a).

o
Vi i Ap dung tinh chét 2 xac dinh bién doi Laplace ctia cac ham £{¢)

sau: coshs, sinbr va .
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.65'5",

Gidi: 529{.9"” cosb!} S ?-L-f{---- S8 -al
(s+a) +5°
g{e o -sinht} = - -b.-, SR 7
(s+a) +5°
g{e' ‘”f”} = " e 8§ > -
(s+a !
. f
Firem)- i
(s 3)'
. 0. ¢
Tinh char 3- g{,f'(f —a)n(f —a)} =e "F(s), v6i u(f —a) = {I ’ ii:

Chirng minh:
.,CZ{_}('(! ~a)u(r —a)} = jf(t —aYu(r-a)e Vdr

J}‘ (f - u et = _[}‘ Tl g = e yjf(x]e'“dx = e_'“F(.S‘)'.

Vidu: XaL dinh bién d01 Laplace ctia ham

J 2n 2n
cos[!— ﬁ] !> _3
J(t)= >

0, 1<

Gidi: Theo tinh chit 3 ta thu duoc

[g{cosf} = e
s +1

2w

] {funzigj"

s +1
Tinh chét 4: g{f(a:)} = I—F[—q] ca>0
a \a
Chimg minh. Theo dinh nghia cia phép bién déi Laplace ta ¢6
d\ {s
a.’ c.'f ¥ v 1> 0.
Z{s () jf ff( [a]‘

{
Vi dy: Ap dung tinh chét 4 xac dinh bién déi L. aplace cia ham i
i
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‘Ching mink: Theo tinh chét 4 ta cé

g{?‘_‘{”} — :g{_ff!‘?_‘?{}:_‘._g{?i‘lﬂ{} L arete @
!

& af 7 { o p
_, op[sinat } —
L °
Tinh char 5. Z{ 1'(1)} = sF (s)- £(0)
¢ hm?g mini: Theo dinh nghia cia phép bién déi Laplace ta co
Z1(0) jf et = ()| +.s'jf t)e™"dr =sF (s)- £(0).
5

Tinh chit 6: 8"{ "(1 )} = .5'2}"(5)—.gf'(())—j"((}).
Tinh f:hc?f 7.

O =5"F (s)=5 £ (0) =52 £/(0) .~ 14 0)
Vi du: Chirng minh cic cong thirc sau:

a) g{( ”’} _ L

S+a

b) g{smat} L

PR
Chiing minh:
a)Tacd  f(1)=e" = f(t)=-~ae™; 7{0)=1,

—ag{f(t)} ]

; 3’ . :g _ e—u.r - at _ .

suy ra {f (t)} { a } {S’g{f(f)}-—]:j {e } T
D6 1a diéu phai chimg minh.

b) Tacé:  f(r)=sinar; F(s)= 9{;‘(!)} . suy ra _
f'(t)y=acosat; (1) =-a’sinar: £(0)=0; r'(0)=a.
Theo tinh chét 6 cua phép bién ddi Laplace ta cé

{f (’)} { ~a: smar}:—a g{smat}:—azg{f(i)};
Z{r (t)}:.s"‘F(s)w.s'.O—a=szg{f(,f)}_a

= glsm ar} = Y Psla diéu phai chimg minh.
s al
. ! F
Tinh chér 8: :2"{ J-_f'(u)du} _ _-._(f),

L &
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“ceg

Chitng minh: Dat
g(f) = J.f(u)du . suyra g'(!) = _f'(r):_ g(O) =0.
4]
Theo tinh chit 51a ¢o

S’{g’(r)} =sG(s)-g(0)=sG(s)= g{f(!)} =F(s).

_ iy
Suyra G(s)=" -(s-)-.do do

Tinh chit 9: Z{" 1 (1)} = (-1)’ i F(s)=(=1) F""(s)

Chirng minh: Ta cd F(.s‘) = If(r)e" Ydr , do do
o

F'(s)= J';' (£) --;;e""’dr = a]lgf(:)e‘”dz =-Z{f ()}

Suyra: 9’{()"(;)} = —C—i F(s}=F'(s). Cong thirc nay dugc chimg minh

bang phuong phap quy nap. ding v&i #n=k suy rand dung véi n=k+1.
Vidu: Xac dinh bicf%n di Laplace cua ham ¢sinat va ¢ cosal .
Giai. Theo tinh chat 9 ta c6:
Z {tsinat} = - d[ 4 _} - ...__2'5'715.:.._};
dy :

s +a’ (5‘_+a._)

1 d?' 2‘ -6 »

Ta ¢6 bang sau:

) o Ry
u(t) l s >0
$
) 1
e —_—— 8 > =
I I R
cos af ;—--‘E e8>0
e § 4+ a o "_ ]
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s1n af

A .

4]

_[j(u)du

on=01.2.. T:I s3>0
¢
S N o ]
R e 8 > — (]
¢ “eoshr (5+a)‘+bJ
. e >_ I
s S ¢ >
¢ " sin bt (s+a)'+b
o e e
L D — § > —a
¢ . R 0..1‘_._.”. (‘s+u)ui
{cos uf ‘j,‘:“'c"z'j:_fss >0
(s +a")
S 5o C —
1sin ut e >0
(.5" +a")
chat - I S 5> ‘a(
9_ - {’I_ e —_
shat — >’a‘
. } L A R
w(r)=r() Lo R(s)
. _ . R e —
()= plr) L= P(s)>0
2 ] 3 s,
o/ (1Yot () ¢,F (s)+¢,F,(s)
¢ " f{r) Fs+ a)
1t —a)u(f - a) e ”F(s) |
flar) 1 F'(-S]
. a \_.a_ —_—— J— — . —_————— — e e —_
)‘{”](f) ‘n]—-(s)_sa lf(O) ffn--lj(o)

ant,



% 299
“eg,

ARy

. f(r) F(s)
10 () F()

! .
| 1o
F()=r(e+71) - Je f()ar
lim f(r) !_iIESF(S)
a lim f(!) l_ingsF(S)

3. Phép bién dbi Laplace nguoc

Phep bién 461 Laplace nguge duge dinh nghia nhu sau

Z{f(0)=F(s)= 7 (1)=L{F(s)}. (5.10)

4. Cac tinh chat cua phép bién dbi Laplace ngwec -

Tinh chat 1. e F (s)+c,F, (s)} = £, (t) + &, £, {1).

Tinhchdr 2: Z7HF (s+a)l=e f(1)=e "L {F(s)}.

Tinh chdr 3- ' F( } =e & F(s-a)}.

{Fs-a)f=e"Z7{F (s)}.

Tinh chat 4: &'

Vi du: Xac dinh cac bién dbi Laplace nguoe cua biéu thirc

sP=25+5
Gid. Ta ¢6: F(s)= = o p(s541)=—
' ’ s2-25+5 (5_1)%,23’ sS4

Do do:
3’"{F(s+1)}=-;~sin2t; 9"‘{5‘(@}:%5 sin 2t .
Tinhchdts:  Z7 e F(s)l = f(r-a)u(t-a).

iy

Y nghia: Dé tim bién ddi Laplace nguoc cia ham ¢6 chira thira s6 ¢~
ta thuc hién cac bude sau:
.

- Bo thira 56 ¢™;
~ Tim & ' ¢ia ham con lai;

14-PTTL A
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— Déi ham ¢ vira tim vé phia phai mgt doan bing a va cit bé phia trai
{néu a > 0).

Tinh chit6: & '{F(as)} = ! f[-‘) a>0.
aqd

o
Tinh chat 7:

& HF () =(-1) L {F(s))s
Z! {F(s)} = £-l)—ngl {F[”}(S)}.

Vi du: Tim bién dbi Laplace nguoe ctia ham F(s) =1In s—+:
.
Giai: Tacd F'(s)=- Lo suy ra
‘ oY s+1 s-1"

Z- {F'(s)} =¢'—¢ =-2sht

1y '
Theo cong thie 2~ {F(s)} =£-;,l_53’-'{ff‘“‘(.s-)} véi n 13 bic cua

!
dao ham ta suy ra

Z- {}*(s‘)} =@9f"' {F'(s)} 2257111‘
Tinh chdt 8:

ZHF(s) =12 {J‘F }

§3. PHEP BIEN POI FOURIER
Xét cac bd ham riéng khi sir dung dé khai trién Fourier
{cosnx:_ sinnx, n= 1,2...} .
Mét cach téng qudt, ¢6 thé xét khai trién ham thuc

f(x)zau+i(a,,sinnx+b”cosnx), (5.11)

n=|

véi x e[0,2n]; cac hé sb a,, @, va b, duge xac dinh theo cong thire:

14-PTTL B
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o vn
T
g,

|

4y _2_6[
711_; sm—dx
%j cos—dx

Cho y dén cong thirc Euler; ™ = cosnx +isinnx, ¢ thé khai trién ham
f(x) dudi dang

s o
flx)=a,+ Z a,sinnx +b, cosnx)= Z(cne’"’ +c_ne”"")= Z ¢, ,(5.12)
-t n=0 A=—ic
. a b a +ib
trong dé: ¢ =—* oo =2 B =a
n 2 H 2 1] 4]

hoica, =c, +c_; b,=i(c,+c_,).

Nhur véy, ham #(x) khi khai trién c6 dang

=S e (5.13)
Ch L. EJE m‘d 21'[, n= 0' s a
uyrang, ¢ dx = , SUY T
YIS 0, nm=tl22. "

1 In .
¢ =5 [£(x)eax. (5.14)

Ham f(x) tudn hoan véi chu ky 27, do d6 tich phan (5.14) ¢6

thé viét
¢ - j (x)e "y = — If e "dx.

" 2n
Ap dung cach khai trién trén, xét bd ham {l,cos nlr.r smf—E——} hay

tuong Ung vai nd xét ham {e T} tudn hoan vdi chu ky 27 xac dinh trong
khodng tir [-L.L]. Xét ham f(x) xéac dinh trong khoang trén va khai trién
né vao bd ham riéng trong khoang [-1,1]:

e

flx)= Zce" . (5.15)

Ha=—m
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o i 2L, n=10
Chtt ¥, vi [et ax= " ,
M 0, n=zx112..
suy ra
1 i m:tc_,
¢, = L d
=57 j S{E)e T de.
Thay hé sb vao (5.15)tacd
mn(.\ &]
f{x)= If(E_,)e

. 4 . L2 nwto,. ., .
Chia truc so6 theo cic diém A = Tvm cac doan Ak, = —

S S S Y

no‘n:27t17£

L L L L
+1
WPV (o) L . 3
L L L L
Nhur véy, ham f(x) duoc viét

:m:(r §]

jf(é)e bodt=

n=—c

Fx)= e tyE | (5.16)

H=—z :?'L
Chuyén sang gi6i han khi L -»> o, AX, > 0 ta co

w

el jf (&)™t ¥gE = — jdx [ 7(8)e" 9 (5.17)
Nhu vdy, bang phep thac trién L ra v6 han vé hai phia ta ¢6

f(xL ----- _fdl Jf(é Me-t) g

Vay ¢ong thuc (5. 17) co dang
1 L]
- :A_rdl —ikﬁd . B
1(x) —,_2“ _J;e {—,_h _;[f(g)e g} (5.18)

Pt f(x)=——\/;_ [7(&)e™at, mes

F@=fm, 3.

1=

1
f(x)-?

(k)e'hdl

31-—-.3
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Hodc viét duoi dang dbi ximg:

F0)= = [ Fe)e

I R
Fx)=—= | fF(R)e™dr.
ekl
Khi d6 / duoc goi la phép bién d6i Fourier cia ham £ . Sau day s& dé
cap dén cach lam dé nhan duoc ham thue cua phép bién ddi Fourier cua
ham f. Néuham £ la thuc thi
I P i x-3)
f(x)—gqldl_if(@)e dt,

- [ [r(e)cosr(x-e)az +-L an ] r(e)sin(x-2)de

=51_—T; Jar [ £(g)cosh(x-E)dE.

= 51;_0[(;05 zxdx_l f(&)cosrEde +51;isin A.xdl_l £(&)sinAEdE,
Néu f{(x) la ham chin, hang thizc thit hai s& bing khong, nghia la
u]f(é‘)sin AEAE=0.
Nhur vay, néu £ (x) la 1_1:‘1m chiin thi
Flx)= % u]coshdln]f(é)coslédﬁ :
o 0
Néu £(x) 12 ham I¢ thi
flx)= %Tsin l.xdk?f(é)sin LEDE,
: 0

Véy cac todn tir:

Fofilx)— £ (0)= \]%u]-j:.(ﬁ)coslédﬁ;

, P 27
Ffi(x)— f,(0) = \j; Iﬁ (&)cosAEdE ,
[
tuong img duoc goi la phép bién doi Fourier cosin va phép bién déi Fourier sin.
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Chu y ring: F? =1, I1a phép bién ddi dong nhat.
Ngudi ta goi phép bién d6i Fourier 1a:

o

F:[f(x);xﬂk] iy (s f(;\)*_;_ J‘}“(?’;)e"‘“‘dé;

—an

F FO) ko x |2 1 (2): f () = ;n;]_f"‘(x)e‘“dx;
FIF(0]= 70 [F)]= £ ().

Néu goi P 1a phép toan tir phan xa
P:f{x)— f{-x)
cé thé khéng dinh F~' = PF |
Vi du: Ching ta da dinh nghia ham Delta Dirac:
3(x)=0, x#0;

C]B(x)dx =1;

[r()8(x-y)dy=7(x).
Biéu dién tich phén ctia ham Delta
1%
5{x)=— |e™dy.
2n _;[ 4
Mot cach tong quat co thé dinh nghia phép bién dbi Fourier clia ham f(x):

(x zim " (x-¢) — =x E=x'
Fx) 2n_£dlif(§)e d& =[thay k= x,& = x']

a

- [av [ £Gresay = ﬁ [e(»)e a.

trong 46 g(y) = lﬁ jf(x')e""'-"dx'.
LS —i
Nhu vay, phép bién dbi Fourier 14 phép bién ddi:
Fof(x)—sg(y If(x)e " dx, [f(x)]:g(y)

P ()= 1 (x) == fe)emds - [e(3)]= £ (5).
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Trong trudmng hgp nhiGu chiéu, ta co:

‘i’(j;): Idgxf'(i)exp(—f}}}?); f(x)= _[*--'-—3~¢(§)exp(£!c?);

5() = j(—j;%E-cxp(fﬁ); [a' s (2)8(5 - 5)= 1 (5).

Céc cdng thirc trén rit can thiét dé bidu didn khdéng gian va xung lugng

trong co huong tir.

Tom tit céc tinh chét cta phép bién dbi Fourier:

Ham goc

Ham dnh

£ = [F0e™dn

T I AN
f(A):—z-;_!f(é)e dz

1

't . Wida
) ¢ o ¢
Gaussian
T 1ap H
Ze -pA
i .
4 of
o o
\ af "
Pao h - —iMf (A
aoc ham . ;f( )
8*f )
il —iA) FlA
o) () 7(2)
l ¥ o ’ ] ! -~
L T )RG-)a | F)e()
1
Ha . . 8 _ b
am Delta DIE:T {(x—x) 7
‘E)iﬂh l}" \ _ inp i
dich chuyén f(x-P) 1 (2)
Nhan v§i x xf (x) _;%
2a e
B P+l
g He | e
. |x‘<a T A
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Chuong VI
HAM GREEN

§1. KHAI NIEM

Dé dua vao khai niém ham Green, chiing ta bit diu véi cac todn tir vi
phan cép 2 ¢6 dang dong nhit véi ham Green. Moi toan tir vi phén cap 2
¢ dang

d’y dy
L_r(y]=au(x)?+a,(x)£-+a2 (x)y. (6.1)

Céc toan tir lién hop ddng dang vdi nd la;
. d’ d
L, (y) = dl I:atl (x)yJ - :i;l:al (x)y:] +a, (x)y

. d* . d ‘
=L (y)=a, (x);;);-+|:2aﬂ (x)-a, (x)}-£+ a,(x)y. (6.2)
Cho hai ham «(x) va v(x) 1a hai ham lién tuc tiy ¥ ciing véi dao ham

cap 1 va céip 2 clia né. Dung hai todn tir (6.1) va (6.2) dé xac dinh ddng nhét
thirc Lagrange cua hai ham «{x) va v{x) nhw sau

vL (u)-uL (v)= %[P(u,v)], (6.3)

X du dv
trong d6: P(u,v)= [au (r);}—c— +a, (x)u:[v — [a(, (x)a +a (x)v} u (6.4)
duge goi 12 ham song tuyén.
Déng nhét thitc Lagrange cua hai ham kha vi u(x) va v(x} duge xéc
dinh trén mién 7 ={x|a < x <5} Tich phan déng nhét thic (6.3) ta c6 déng

nhat thirc cac ham Green
b

J L (w)y=uL (v ]de=[ P(u.v)], (6.5)

o

trong do
[P(u, v)]: = [au (b)u'(b) *a () u(b)} v(b) -[au (5} () +4, (b)v(b):lu (5)-
-—[au (@)u'(a)+aq, (a)u(a)] v(a) —[aﬂ (a)v'(a)+d, (a)v(a]} u(a)
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“Cog!

Dinh nghia tich ham ctia déng nhét thire Green:
h

(v, L, (u)) = J‘I}L_r (u)dx . (6.6)

Tich phan timg phin tich ham thu dugce
(v,L ( )) (u L ( ))+ cac hang thirc trén bién .

Sir dung ddng nh_at thitc Green cho thich hgp dé tim nghiém phuong
trinh véi bién & hai diém nhu sau
L (y)=f(x)
B(y)=g2:B,(y)=g,

trong do: L la toan tir tuyén tinh cho boi (6.1); g,,g, la cac hing sb va

(6.7)

B,. B, la cc lo4n tir bién tuyén tinh dang Robin:

B0 2 a0

(s (6.8)
80002500
x=h
Vi du diing ddng nhit thirc Green dé giai bai toan bién Dirichlet
L(y)=71(x); (6.9)
B (y)=y(a)=0, B,(y)=y(b)=0. (6.10)

bé giai phuong trinh nay, d6i bién x trong phuong trinh (6.1) va (6.2)
thanh bién méi & va viét ddng nhit thirc Green theo bién moi

I[v(a)ia(u)ﬁ(a)ft;(v)]d&[P(u(a),v(a))l, (6.11)

Trong phuong trinh (6.11), bién & dugc dung nhu mdt bién gia cua
phép 1y tich phan va vi thé céc todn tir Z, va Z; 1 toan tir dao ham dbi véi £ .

D¢ giai phuong trinh (6.9) voi diéu kién (6.10), dat u(£)=y(&) la
nghiém cua phuong trinh (6.9) véi x thay bang & va u thay bing y trong
dong nhat thirc Green. Nhu vdy, trong ddng nhat thic Green (6.11) thay
L(y)=/1(&) taco

?"(é)f(i)dé“ FJLV(i)ﬂ?,(V)a”é = [P(y(é),v(é))]: (6.12)

o

trong dé
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[}"(y._v)]F [au(h)y (b)+a( )y(b)Jv(b) Lau(b v'( b)+at, ) (b)}y(f))—
[an(a)} a(a)y a)]v(a [ao (a)v'(a) +a(,(a)v(a)}y(a)
(6.13)
Chon 1(53) =G (@;x) la ham Green thoa man diéu kién
L (G (&:x))=8(x-2), a<t<h, (6.14)
no 1a phuong trinh lién hop véi dao ham trong L;_ (dao ham theo bién &),
8(x—&) la ham Delta Dirac ¢4 tinh chét

fovrg

[ »(2)8(—x)de = y(x). (6.15)

:;r--{:

Thay v(£}=G'(£:x) vao dong nhét thire Green (6.12), rt gon thanh

IG'(ﬁ;x)_f(i)r.ié—y(.r)z P(y(b),G‘ (b;x))—P(y(a),G‘(a;x))‘ (6.16)

Nghiém y(x) trong bai toan (6.9) ¢6 thé thu duoe bing két qua cia tich
phén (6.16). Chiing ta sé nghién ciru k§ hon tich phan (6.16). Ham f(&) da
cho tr phuong trinh (6.9), ham G"(&:x) thu duoc tir viéc gidi phuong trinh
(6.14) co dang 1 (" (£;x))=8(x—£). Theo diéu kién (6.10) ta c6

P[y(c_f).(_r"(5;?{)}f [ B)y' b)]G (b;x)— [au aly (a)}(: (a:x)
B,'[(?']:G“(é_:x)}:__ﬁzo, Bz[ ]:G (g;x);__u=0. (6.17)

Diéu kién bién nay duoc goi 1a didu kién bién lién hop. Tir do ta c6
nghiém cua (6.16) la

b
y(x) =[G (gx) £ (2)dE, (6.18)
trong d6 G (£;x) 1a ham Green thoa man phuong trinh
LG (&x))=8(x-8), a<&<h,
v&i cae didu kién bién
BG =G (ax)y=0. B[G"|=G (hix)=0. (6.19)
Nhu vay, dé tim nghiém cia phuong trinh (6.9), ta di tim ham Green
G“(i;x). Do chinh 1a phuong phap tim nghiém mdai, dugc got 1a phuong
phap ham Green,
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Nhiam muc dich xdy dung phuong phap ham Green, ta dua ra hai ham
Green G va ham Green lién két G” théa min cac todn tir L_ va L cho boi

phuong trinh (6.20) va (6.21) sau:
L_r(}(x;‘é)zﬁ(x—é), as<x<h, (6.20)
LG (xE)=8(x-E). asx<h, (6.21)
v&i cae diéu kién bien:
B/[G =G (a:x)=0; B[G|=G"(b:x)=0.
Trong cic phuong trinh trén, cdc vi phin 1dy theo bién x. Céc toan tir

(L..B.B,) ¢ dang lién hop cta n 1a (L, B/, B; ), diéu kién bién lién hop

duge chon la P(G,G')

"= 0. 1lam Green cho boi phuong trinh (6.20) va
(6.21) thoa min quan hé dbi xing ,

G (£} =G(&x). (6.22)

Pé¢ chimg minh tinh dbi xtmg trén, nhin phuong trinh (6.20) véi

G‘(x;r) va sau d6 thay bién & trong phuong trinh (6.21) bang bién ¢, rbi
nhén phuong trinh (6.21) véi G (x;£) ta thu duge:
G(x;r)L\_G(x;E,):8(x—é);

G{xEYLG (x0)=8(x-1).

Trir hai phuong trinh trén va sau d6 tich phén tir ¢ dén 4 ta thu duge
dbng nhit thire Green

: - ]’[6‘ (x:t} L (G(x:8))-G(x:E) L (G (x”)ﬂ -

(6.23)

P[G,G‘]

_ ]'[G'(x;r)6(x~é)*G(x;E_)S(x—r)]:G'(@;r)—G*(J;@)zd

(6.24)
Tir dé suy ra (6.22). va goi W tink chdt déi ximg ciia ham Green.
Nhu vay, aghiém cia bat toan Dirichlet (6.18) ¢6 dang

y(x) = }G’ (é;x).f'(é)dé = ]G(x;i)f(x)dx. (6.25)
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§2. TIM HAM GREEN
BANG PHEP BIEN BOI LAPLACE

1. Bai toan 1

Dung phép bién @i Laplace tim ham Green cho toan tir

d’y
L = ,0<x<h
) PR (6.26)

y{a)=y(b)=0
Ham Green gin lién vdi ton i vi phéan da cho thu duge tir nghiém cia
phuong trinh vi phéin

d’G
dx’
G(a)=G(b)=0

C6 thé coi phuong trinh vi phan (6.27) xac dinh trong khoang

0 < x <o, tuy nhién chi quan tdm dén khoang a<x<b. bat & 14 phép
bién ddi Laplace

=8(x~¢g), asx<h 6.27)

g{(}} = J.Ge"'“'a’x = C;(a) .
0
Thuc hién phép bién dbi Laplace cho hai vé phuong trinh (6.27) ta thu dugc
LG =Z{8(x-£)} = G -5G(0)=e". (6.28)

Chon cac dai luong chira biét G(0)= 4, G'(0)= B, giai phuong trinh
(6.28) cho ta

= A B e
Gls)=—+— .
()= 245 o5
Lay phép bién dbi Laplace nguoc ta thu duge _
G=G(x;8)= A+ Bx+{x~E)H (x-%), (6.29)

H(x-£&) la ham budc don vi Heaviside; A va B 1a cac hing s tay v.
Phuong trinh (6.29) cho thdy: néu a<x<& thi H(x-£)=0, do do
G =A+Bx. T dibukién G(a)=0,taco
’ A+Ba=0. (6.30)
Néu E<x<b thi phuong trinh (6.29) c6 dang G= A+ Bx+x—-E&, tir
didukién G(b)=0 taco
A+Bb+b-E=0. (6.31)
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Giai phuong trinh (6.30) va (6.31). thu duoc cac hé sé:
(k) N ol
(a—b)" a-b’
Vay, ham Green ¢6 dang
—b¥x—
G=G(x;é)z—(—ﬂi)+(x—§)1{(x~&_). (6.32)
(b-a)
2. Bai toan 2
Dung phép bién déi Laplace tim ham Green cho toan i
d (; d(_!
L (G)=

thoéa min diéu kién G(a) =G(L)=0.

+2G = B(x £}, 0sx<L, (6.33)

Bang phép bién ddi Laplace ta tim duge nghiém cé dang
[ -:} _(. —ﬁ} , _{ . _')( _é]
=G(x8)= 7 ";-2_;_ (e —t"“")+(c’- e )H(x—g)(6.§4)

€

Hoic ¢6 thé biéu dién dudi dang gon hon

G (x:&)= e'z“{g}(e@ —e"). x<t

G=G(xt)= . (6.35)
Vg £ e'_l
G, (x; R —[e"—e"). E<x
O e G0N
Xét ham Green lién két théa man phuong trinh
L(G")= 4G 349, +2G"=8(x-8), 0<x <L
dx’ dx (6.36)

G (a)=G"(L)=0
Duing phép bién dbi Laplace ¢6 thé tim duoc nghiém cua (6.36):
(1-2) H1-5)

G =G (x8)= [-*5 < J(L —e‘)+(e2‘-"‘“ e V) H (x-£).(637)
S

¢

[1odc ¢6 thé biéu didn dusi dang gon hon

1],
i (JI (X;é):— {%’J_—ljl(e —€ ) x<§ (6 ;8)
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Nhén thay: Néu trdo hai bién x va & trong bidu thire (6.35) ta c6 G,
diing bang G, va G, ding bang G, . Nhu vdy, c6 thé viét G(x:8)=G"(%;x).
D6 1a tinh déi xdng cia ham Green.

Giai phuong trinh sau véi dung v doi bién ldy dao ham

L;(G(é:x))z c;x(j +3—C§g+2(}' =5(5—x). 0gE<L

G(Ox)= G(L;x)zO

ta thu duoc phuong trinh

(“(P ) ¢ -1
sl&x)=
. {SI_E——H(eéhe‘E) x<§&

Vay G(E;x)=G"(x;£). Tuong tu, phuong trinh xac dinh ham Green
lién két ¢o dang: :
o d’G" L dG . .
LG (gx)) =42 399 106" —§(e—x), 0<e<L
(G (&)= 75 =37 —+26" =5(¢ - x). 0<¢
G (0:x)=G"(Lix)=0

nd co nghiém

Do dé: G (E_,:x) = G(x;c“;) )

Téng hop lai ta thy ring:

* G =G(x;£) thoa man phuong trinh L (G) =8(x-&) theo bién x;

o (=G (&x)=G(x;%) thoa man phuong trinh L(G)=58(¢~x)
theo bién £ :

¢ " =G (x:£) thoa man phuong trinh £ (G')z 8(x—£) theo bién x:

* G=G{4&x)=G"(x:&) thoa mian phuong trinh L (G‘):S(é—x)

I3
-

theo bién £
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Vi vy, ngudi ta c6 thé xét phuong trinh L (G)=8(x-&) hoac
L (G)=8(&-x) d¢é xdc dinh ham G(x:E).

Nghiém cua phuong trinh L G(x:8)=8(x-£), ¢<x<h cho trye tiép
tim ham Green G(x:£). Con nghiém cia phuong trinh £.G"(x;%) = Stx -£).
a<x <} xac dinh ham Green lién hop. Hodc cling ¢6 thé giai thich la:
G(x;E) thoa man phuong trinh £.G(x5)}=8(x~£), a<x<b theo bién
x, va cung thoa min phuong trinh xdc dinh ham Green lién hop
LG(x8)=58(5—x). ¢ <E<h nhung theo bién £. Ciing ¢6 thé ding haj
phuong trinh:

LG(x:£)=8(x-E). a<x<h
LG(xE)=8{E~x), as&<h
dé tinh ham Green G {x;£).

Trong triong hop L, a toan tir vi phén tuyén tinh cip 2 tir lién hop. ta
c6 L, =L, vithé G{x;&)=G (x:£). Trong truong hop nay. ham Green déi
ximg theo & va x. Vi G"(x:E)=G(Ex). nén suy ra G(x:8)=G(&x).

Tiép theo dung truomg hop riéng dé viét dudi dang tu lién hgp cho cac
phuong trinh tuyén tinh cap 2.

Xét toan tir vi phdn tuyén tinh ¢dp 2 tu lién hep L. =L, . Moi phuong
trinh vi phan tuyén tinh cép 2:

L) =a ()T ra () Lra (), a(x)=0

¢6 thé viét duai dang tu 1ién hop

L[v]- ﬂp(x)‘?i].f a(x)y 0.

edx
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Chwong VII
CAC HAM PAC BIET

§1. CAC HAM TRUC GIAO

1. Binh nghia ham tryc giao

Xet tich cua hai vector khac khong va thue hién toan tir 1a phép ldy tich
v hudng cua hai vector dé:

A=Ai+Aj+ak B=Bi+Bj+BKk.

Ta ¢d thé hiéu nhir sau:

—_— TOéntl}’ tich vé hwc’rng —_ A1 B1 + Asz + A353
- — (A . B)= — "
—> (A .B) 0 = A tryc giao v&i B

Xét toan ti ¢ap cta hai ham thire khac khong mot bién F(x).g(x):

W

4]
f(x) —| Toan t& tich ham Ir(X)f(x)g(x)dx
—(f.g)=

g(x)— (f. g ' a
i 0 = f(x) truc giao véi g{x)

Ham r(x)>0 dugc goi 1a ham trong sé hay ham frong cua tich phan.
Nhu vay, ta cé dinh nghia rodn tir tich ham
h
(/-8)= [r(x)f (x)g(x)dx. (7.1)
Ta ¢o toan tr tich ham cho chinh mét ham la
[

(f.f) = Ir(x)f2 (x)d_x = Hf

o

. (7.2)

Mot ham thue f(x)} cén phai théa man

:[r(x)fz (x)dx < +30. (7.3)
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Cong thuc trén not 1€n tinh hitu han cta ham /. Tuong tu. vdi tich vo
huong cua hai vector. ta néi rang f(x).g(x) truc giao nhau trén doan
(a.b) voi trong s& r(x) néu tich ham cia ching bing khéng. Tich ham
bing khong c6 nghia Ia dién tich bi bao boi dudmg cong y = r(x) £ (x)g(x)
trén doan x = a, x = b bang khong.

M0t tap hop hosic mot chudi cac ham

)L () (3o £ (%)
dugc goi 14 triec giao trén doan (a,b) voi diéu kién ham trong s& r(x) >0,

néu cho moi gia tri nguyén cla » va m (n = m) thi tich ham cta ham 1

"t

va f, thoa min diéu kién

(£, 1) = [r()f () £, (x)dx =0, m=n. (7.4y%

O day tich ham bing khong cho tat ca cac gia tri td hop cua m va »
véi n# m. Néu chudi cia cac ham {f;,(x)}, n=90,1,2... 1a mdt chudi truc

giao. ¢6 thé viét bidu thire tich ham cho cac clp sO nguyén m va »n thoa

man mot quan hé
, 0, m#n
08, = _ (7.5)
lf-nl ’ * m=n

Ol vOl moi gid tri » va Vx € (a b),

(£ 1)=

chudi ham { £, (x)} dugc cho la triec giao nhau trén doan {a,b). Nhan xcét

rang. néu chudi {g”(x)} truc giao thi ¢6 thé xay dung mét chudi ham truc

giao mdi { £, (x)} duge dinh nghiala f,(x)= Ig( )H
g, (

Vi dy I: Tap hop cac ham truc giao {sin mi‘f} véi n=1,2,3,... la tap
hop cac ham true giao trén doan (0.L) vdi ham trong s6 r(x)=1.
Giai. That vay, theo dinh nghia tich ham

i
. mNX . KATX mnx ., Anx
sin ,Sin—— Ism~ ~—8ln—— =
L L

a

15-PTTL A
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I
I sin _(_m - n)?tx

wo L (mn)

=0, m#n.
T Z(m-n) 2(m+n) .
Binh phuong chuin hoa cho méi ham duo‘c cho bon

I
X 2 ; MTX l 2mnx

f;ﬂ’ ffﬂ' = .f:ﬂ i = 1 d = (1 - Oc; ___]dx

(fur L) =1l = fsin* = I 5 S

4.
i L
2 4mn L ], 2
Ket qua nay duge viét trong ky hiéu tich ham nhu sau
- I 0, m#n
(Sin:’HE{,Sin ﬂj = P L (76)
# 2 —2 . m=n

Chit y rang, chudi {\Esin f?} cling 1a mot chudi trire giao.

Vidu 2: Cho n=123,... déi vé&i tap hop cac ham {l,cosﬁp—} la mét

L
tap hop cdc ham tryc giao trong khoang (0,L) v6i ham trong sé r(x) =1
Giai. Thét vay, theo dinh nghia tich ham:

i i
L L L

P » ??T[

=0 n=123,...

mmx I’ITIZX} Y ommx nmx
COS ——, 08 —— :jcos—cos—
[ L L L

1

sin ~——>%--
L

; { L (memEr ()

i
L
=0, }
Z(m—n) i 2(m+n) l} men

- {.
Binh phuong chuin hog 1a: | = Idx =

anx | 2 ATX
cos—|| =

§° —-dx = I (l—cos 2nm]dx
L 02 L

I
2{5 L . 2nnx :£; n=1,2,3...
2 4pm L 2
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Két qud nay ¢6 thé duge chuan hoa bing cach ding ky hiéu tich ham

0, m#=n
L L 2
L, m=n=0

Tép hop cac ham truc giao duoc viét {1,005”—?—} ddi voi n= 1,2.3,...

rd hon 1a dang duge viét {COST} dbi voi n=0,1,2,3,... bdi vi ching ta
mubn nhan manh ring trudmg hop #=0 c6 dang chudn binh phuong khéc.
Tich ham gén véi cac ham thye lién tuc f{x),g(x) va tap hop cac ham

thue { £, (x)} va {g,(x)} thoa man céc tinh chit:

D(f.g)=(g./)
D (¢f.g)=clg.f): (f.cg)=c(g,f), c=const, -
N(N+1-8)=(f.8)+{fnng): (f.8,+8)=(F.8)+(f.8); (78

4)[21& J Z (fi-2) (fzgk} ngk)

”fH=O néu va chi néu f=0.

2. Qua trinh trwc giao hoa Gram-Schmidt

Mot t hop tuyén tinh cia mot tp hop cac ham | FAx), £y (x)ses £,(6)]

duoc viét:
et (x)+ ¢, /s (x)+...+ ¢, f, (x) ,
trong d6 ¢,,¢,.....c, la cac hing sb tuy y.

Néu cac hing sé khéng bang khéng, trong d6 ¢6 thé tim thiy mot sb té
hop tuyén tinh cua ham {fm (x)} bing khdng thi tap hop cac ham nay 1a phu
thuge tuyeén tinh. Nguoc lai. néu chi mdt t5 hgp tuyén tinh bang khong véi
moi x. khi d6 ¢, =¢, =...=¢, =0, ta ndi rang tap hop cac ham {f (x)}

=1,2,....n la déc Iap tuyén tinh. Mét tap hop v6 han duge goi 1a dgc lap

tuyen rmh néu moi tdp hop hitu han 1a doc ldp tuyén tinh. Nhéin xét ring,
néu tap hop {fm (x))« ta mot tap hop truc giao thi nd s& 13 mot tép hop dée
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lap tuyén tinh. Dé chimg t6 didu do, gia sir ¢6 s6 hitu han . td hop tuyén
tinh ctia chiing bang khong:

afi(x)+efs(x)+.+e,f,(x)=0.
Nhan cd hai vé ciia phuong trinh nay véi ham r(x)f, (x). trong d6 &

14 s6 ¢b dinh va 1 <k < n. sau do thuc hién phép 1y tich phan ddi vai cac
ham tryc giao, ta co

(i T)+alfh f)+. e fifi)+re (£ 1) =0. (7.9)

Xét mdi tich ham cua phuong trinh (7.9) va chi chu y dén hang thire
khic khéng & vé trai ctia phuong trinh nay. Dé 1a hang thac thr & vai tich

ham khac khong ¢, (_f,( ,_fJE =c, ”fk ” . Phuong trinh (7.9) rut gon thanh
AR Hz =0,suyra ¢, =0. Tirdé cho k=1.2,...n taco thé chi ra tit ca cac
¢, 1a bang khéng, Chimg to tap hop trén 1a doc 1dp tuvén tinh.

Mot tdp hop truc giao cdc ham {g, (x)} 6 thé dwoe xdy dyng tir mt
tdp hop cac ham doc 14p tuyén tinh khdng true giao {j;, (x)} . Biéu nay duge
thue hién bz"mg cach dinh nghia cac ham :

g (x)=7{x): g(x)=1(x)-cog,{x),

trong do: ¢, duoe chon dé tich ham (g,.g,) bang khéng.

Ham tiép theo duoc dit

g:(x) = £,(x) - cngo (%)~ 08 ().

trong d6: ¢;,.¢;, duge chon dé tich cac ham (g,.£,).(g,.£, ) bing khong,

Ham tiép theo duoc dat

g:(x)= fi(x)~cug,(x) -8, (x) g, (%),

trong dé: ¢, ¢,,va ¢,, duge chon dé cac tich ham (g,.2:)-(g.8 )
va (g,.2,) bing khong.

Tiép tuc cich lam nhu thé cho ham thtt # ta c6

i1

gn(‘x) f:: zcmg& x)

k=0
M3i mét hing sb trong cac hing sé ¢, voi k=0.1.2,...n~1 duge chon
dé cho tich ham (g,.g,)=0,m=0.1,2,.. . Qua trinh nay mang tén la

qud trinh tryc gioo Gram-Schmidt. B'mg cach xét hang thirc téng quat. ta ¢6
thé doi héi tich ham téng quat bing khdng hoac
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(g’”’g”): [gm‘f;: (x)_zcmgk (X)J =0,

H-1

(g.,-2.)=(g..7)-D c.(g..8)=0.
k=0

By gi0 x¢ét hang thic dudi du téng va chi chu y dén hang thirc khac
khong, con lai trong tong ndy khi & = m, két qua la

(8,8.)= (8 /)= C0l _(80:7,)

2 = jckn - 2 .
A

Nhu viy, ta tim thidy mdi hé sb chua biét trong qué trinh truc giao
Gram-Schmidt dugc cho bai tich ham chia cho binh phuong cta chuan. -

Vi du 3: Tir tap hop cua cac ham doc lap tuyén tinh f,(x)=x";

gm k=0,1,2,...,n—1.

n=0.1,2,... ta xdy dung dugc mot tip hop cac ham tryc giao trong khoang
(=1.1) v&i ham trong r{x)=1. Bat diu tién trinh truc giao Gram-Schmidt
bang cach dat g (x)=f;(x)=1 va chu y ”1”’ =2. Tiép theo, dat
gi(x)=f(x)—cug,(x) vai ¢, duge chon sao cho (g,,g,)=0 ta dugc

(x1) _

g (x}=x-c, (1) véi ¢, =?—0,h05c g {x}=x voi

2 o A
‘x =(x._x)=:l[x a'xzs.
Nhén xét ring, hing s& ¢, dugc cho bdi tich hiam chia cho binh
phuong chuan. 86 hang tiép theo trong tdp hop truc giao la:
& (x) =/ (x)_cuzgo (x)_cl2gl (I);

2, (x) = x* — g1 —ep5x,

trong d6 hé s dugc chon sao cho ca hai tich ham (g,.g,) va (g,,g,) bing
khéng. Hé s6 nay tim dugce bai tich ham chia cho binh phuong chuin, tir 1a

B CRU I VR %)

02 = 1 3 |2="N:”T‘= .

Tir dé:
2=£
45"

, 1.
g:!(x):xh _53 VOl ”gz

S& hang tiép theo la:
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&3 (x) =/ (x)—c‘03g0 (x)_cl3gl (x)_czlgz (x);

1
2
=x’ -cml—cmx—cn[x -3 )

trong do:
3 3 x3,x2—l
(x ,l) (x ,X) 3 3
03=_"”"1_|E“:0; Cy = sz =§; 23 “—lz""z
xt— -
3
Viy
3 X 8
g3(x)=x3—§x va ”g;“z =ﬁ'§
Tiép tuc nhar trén, ta durge cac ham tiép theo:
_ 4 6, 3. 2=128
8 (¥)=x - oxt b 2 il | = o
10 ; 5 B 128
8 (1) =2 =T+ 20 i g - 43659

Téap hop cdc ham truc giao duoc dung dé xay dyng nghiém cla cac
phuong trinh vi phan dao ham riéng.

§2. CAC HE STURM-LIOUVILLE

He Sturm-Liouville ddy du c¢6 chira phuwong trinh vi phan tuyén tinh
thudn nhat

L(y)=%(p(x)%}+q(x)y=—kr(x)y (7.10)

xéc dinh trén khoang ¢ £ x<b chira mdt tham sd X va bi rang budc & didu
kién bién & mdi diém c6 dang

dy(b
|y(a)+Bz y.(x)_(}; Bsy(b)+ﬁ4—']—{czx(—)=0, 7.11)

trong d6: B, B,, B, va B, 1a cac hing sb doc lap cua A, cac cip (B,.B,) va
(B,.B, ) khong ddng thai bing khong.

Diéu d6 dugc biéu thj bang hé thire B2 +B2 # 0 va B2+p2 = 0. Phuong
trinh vi phan (7.10) ¢4 mdt tham sé A va mot todn tir vi phén ty lién hgp
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L(y). Cac h¢ s6 trong phwong trinh (7.10) & p(x), p'(x), g(x) var(x)
la thyue va lién tuc voi doi hoi p(x) >0, r(x) >0 trong khoang a<x<b.
Khi didu kién bién (7.11) duge thay thé boi didu kién bién tudn hoan
cO dang
y(@)=y(?), ¥(a)=y(P) (7.12)
thi tép hop (7.10) va (7.12) duoc goi la hé Sturm-Liouville tudn hoan. Két

hop voi phuong trinh (7.11), ta dua ra mt vai nhan xét, tinh chat va chu
¥ sau:

1) Chiing ta chi xét nghiém lién tuc khac khéng cho hé Sturm-Liouville.
H¢ Sturm-Liouville cho boi phuong trinh (7.10) ¢6 thé khong c6 nghiém, c6
mdt nghidm duy nhat hogc cé mdt s§ v6 han nghi¢m. Sé va loai cia nghiém
phu thude vao gia tri duge chon A. Tham s6 A s& dugc chon sao cho thu
duge nghiém khong am.

2) Gid tri cia A dé nghiém tn tai va khac khong duge goi 1a fri riéng.
Tép hop cac tri riéng két hop vé6i bai toan Sturm- Liouville duoc goi la pho
ctia bai toan. Néu tit ca cac tri riéng 1a thue va c6 mot s6 v6 han cac gla tri

rieng ky hiéu 1a A, A,,..., A,,... trong d6 X 1a tr1 riéng nho nhét ‘va
A, —> o khi n — o thi ham s6 khac khong tuong tmg voi céc tri riéng duge
goi 1a cac ham riéng. D61 véi mdi tri rigng A, tuong mg ¢6 mét ham riéng
duge viét 12 y,(x)=y(x;2,). Nhan xét rang, néu y, 1a mdt ham riéng thi
cy, ciing la mét ham riéng, voi hang s& ¢ # 0. D6i khi dé cho tién, nguoi ta
ky hiéu tri riéng nho nhét 1a Ay

3) Ham riéng y,{x),n=1,23 c6 n—1 khong diém trén khoang
as<x<h, :

4) Tap hop cac ham riéng trye giao nhau trong khoang (a,b) vl ham
trong la r(x), d6 la tich ham két hop v6i hai ham riéng khéc nhau théa mén

&

(v,.¥.,)= J-r(x)y"(x)ym (x)dx=0; num=n, (7.13)

va binh phuong chudn khéc khﬁng cho mdi g‘ié tri n
(¥ 7,) j r(x)yl(x)dx#0. | (7.14)

5) Céc ham tri riéng tao thanh maot tap hop day du. Gia sir ring f{x) 12
mot ham tron timg khiic va ¢6 thé coi nhu mét chudi c6 chira cac ham riéng
Vufx) €0 dang
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=Y e (x). (7.15)

H=n,
Céc tri riéng lam thanh mdt tap hop diy du néu

3
5

lim [f(x Zc »( de 0, (7.16)

kK —b
o

trong d6 n, la chi s bt dau co gia tri 0 hodic 1 phu thude vao viée danh sb
cac trj riéng.

Chudi vira biéu dién duoc g2oi 14 chudi Fourier tong quat con cac hang
56 ¢, duge goi la cic hang s6 Fourier. C6 thé chi ra céc hé sb Fourier duge

cho b&i mét tich ham chia cho binh phuong chudn, Néu »n =1, 2,3... tacé

thé vidt
h

r(x)f( X)J'n( )elx
c;,: % ). . . (7.17)
T "

6) H¢ Sturm-Liouville dwge goi 1 mdt hé ddy du néu cac hé sb trong
phuong trinh vi phan théa man p(x)>0, g(x)>0va r{x)>0 & moi noi,
va diéu kién bién (7.11).

7) Néu mot trong cac diéu kién day du da cho trong tinh chit 6 14 khong
duoc thoa mdén, thi hé Sturm-Liouville dugce gol la hé Sturm-Liouville don.
Vi dy, ham p(x) bién mit ¢ cic diém mut; hoic mét trong cic ham

P(x), q(x), r(x)co gid tr vo han & céc diém mit; hoic tht ca cac didu kién
bién bang hang sd, hoic bing khong; hodc mét hay ca hai diém mat «, & tro nén
v0 han thi h¢ Sturm-Liouville & trén duroc goi 1a mot hé Sturm- Liouville don.

Dé chimg minh tinh chét truc giao, bat ddu voi gia thiét ring, cho hai tri
riéng khac nhau 4, va A {mg vdi hai nghi€ém riéng khac nhau, khac khéng

Ya(x) vi y,(x) cla phuong trinh vi phan L(y)=-ir(x)y, trong d6
L{y) 1a toan tir vi phan ty lién hop duge xéc dinh trong cdng thire (7.10).
Vi the ¢d thé viét: :
L{yu (%)) =21 (x) 3, (x);
L{y,(x))=~A,r(x) 7, (x).

Dung dong nhét thite Green va thay u = y_ (x} va v=y, (x) thu duge

(7.18)
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bj.[y,,t(y,.,)—y,,,L(y,,)]d- = p(x)[ 3, () ()=, (x) ¥ (= )]h

e J‘[) lmr(x m

A
o (A, —A,) J’r

x)3,) o= p(a) 3, ()54 (4) = ()2 ()]

¥, (%), ()i = p(0)[ 3, (b) ., (B)- 3, (B) v, () ]-

+p(a)[y,,(a)y;,(a)—ym(w—i(aﬂ

(7.19)

V& trai ctia phuong trinh (7.19) ¢6 mét tich phén biéu dién tich ham ctia
hai ham riéng. Chang bang khong khi hai ham riéng nay truc giao (n# n ).

Xét cac truong hop sau:

Tricang hap

Diéu kign

1) p{a)=0,p(b}=0

2) p(a) = O;p(b) # 0

‘yn( )+ B4y:; (b) =
B (b) + B,y (b) =0
¥ (P) ¥, (6) =¥, (b) v, (b)=

3) pla)=0,p(h)=0

1}’”(0)+[},yn( ) 0
BL m( )+Bgy”( )20

v.(@)¥,(a)-y,(a)y,(a)=0

4y pla)=0;p(b)=0

By, (6)+B.y,(p)=0

By, (b)+B,y, (b)=0
¥, (6),(8)=5,(b)y, (b)=0

By, (a)+B,y,(a)=0; By, (a)+B.y, (a)=0

yo(a)y,(a) -y, (a)y.(a)=0

Ham f(x) tron timg khuc bi¢u dién dudi dang chudi ciia céc ham riéng

x)= i"u«‘”» (x)=cy{x)+cy(x)+cy, (x)+... (7.20)

n=1

Nhén ¢ hai vé véi r(x)y, (x)dx 1di liy tich phan tir ¢ dén b ta cé
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il

J‘r(x)f(x)ym(x)dx = (f,ym.) =c (y],ym)hf:2 (yz,ym)ﬂ-c3 (y3,ym)+...(7.21)

Tap hop cac ham {y,} truc giao nhau trong khodng (a,b), suy ra

(-f"“y”? ) = CHJ‘ (ym’ym) = Cm Iym i * (?22)
trong d6 cac hé s6 ¢6 dang
h
(f. J-r x (x)ox
) ' }’m =4 Tm=1,273. (7.23)
y".‘

_[r (x}y, (x)dx

1

'§3. HE STURM-LIOUVILLE CHO _
CAC HAM LUQNG GIAC VA HAM MU

1. Hé Sturm-Liouville trong khoang 0 <x < L
Xét bai todn Sturm-Liouville :
y'+hy=00<x<;
»{0)=0; y(L)=0.
So sanh v& phuong trinh  Sturm-Liouville (7.19) ta suy ra
p(x)=1, q(x)— 0 va r(x)=1. Yéu cau tim tri riéng A d& phuong trinh c6

nghi¢m khéng tim thuong, tic 1a nghi€ém khac khong. Xét cac trudong hop
cia A sau:

(7.24)

- Truong hop Diéu kién

Di=-0'=p"-0’y=0 | p(0)=0=Csh0+C,ch0=C, =0
y=C shox+C,chox y(L)=0=CshL=C =0
) h=0= " =0

0)=0=C,0+(,=C, =0
Ly=0=CL=C,=0

}!
y=Cx+C,

(
(

Nr=w' =y +0y=0 y{0)=0=C;sin0+C, cos0=>C, =0
(

=Csinox+Cocosox | y(L)=0=C,sinol = C, 20

. . nm
sinwl =0=sinnm = o, =-L-,n:1,2...

Nhu vay chi ¢6 trudng hop 3, khi
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vy, z

A=k, =0 = (f’i’-’-‘)_ L n=1.2,3.. (7.25)
thi phuong trinh m& cho nghiém khac khoéng. Do 1a nghiém
v, {x)=y{x.A, }=sinw x=sin f—zf:_ n=123.. (7.26)
2. Hé Sturm-Liouville trong khoang —-L <x< L

Xét bai 10an Sturm-Licuville

dF 3F=0, “Lsxsl
dx (7.27)

F(-L)=F(L), F'(-L)=F'(L)

Yéu ciu tim tri riéng A dé phuong trinh c¢6 nghiém khéng tim thudng.
X¢t cac trong hop cua A sau:

Tru‘&ng_vjr&;‘ Diéu kién
N k:_mzzgj_fn_m:}?:(] F(-L)=C sh{-oL}+C,ch(-ol)
dx = F{L)=C,sh(oL)+C,ch{oLl)
F=Cshox+C,chox g
2 F'(-L)=Cwch(-0L)+C,osh(~oL)
F'=Cochox+C,oshox
=C=0C,=0=F=0
2 n—0m LE g F'(-L)=C,=F'(L)=C,
oA F( LY=C,(-L)+C,=F(L)=C,L+C,
F=Cx+C, " =0,C, thy §.
ChQn F(x)=1.
3 A=’ dF _ F(-L)=Cscos{-0L)+C,sin(-0L)

=F(L)=C cos{wL)+C,sin({wl)

= 2C, sin{ol)=0;C, tuy ¥;
F'(-L)=-Cosin{-oL)+C,ocos(-oL)
= F'(L)=-Cwsin(ol)+Cucos(wl)
= 20, sin{wl)=0:C, tuy y

F=(C;cosox+(C, sinox

F'=-C,osinwx + C,mcosox

= sinwl =0;C,,C, tuy v.

sinpL=0=sinam=> 0 =0, :T,n=1,2

F{x)=C,cos E;— +(, sin fg

o e ¥ =




Tém lal. bai toan Sturm-liouvitle ¢ dang
{ st k=0, —L<x< L
(L) = F(L): F(-L) = F'(L)

cO cac trineng [a A, =0, ) (

/ ] =123 tuong img vii cac ham

‘m HXx . HTX _ - s . . - . ' 3 e
riéng {],cos—-g—-.sm---i } Cac tr1 riéng nay théa min cac diéu kién truc

giac nhur sau:

A
[1.sinf"i] - jsin-@dx =0, n=12.3.
) I3

i

L (7.28)

i
. HTX WX . ATX . mMRX
SN === 81 - | = jsm— -S ;
L L /
i

HTRY mnx HARX MY
COS——.COS - J‘cos——-— cos dx =0, nzm
L L M L L

:
HAxX . mr:‘r T MnX ;
COS——_§IN - e | = Icos—- sin dy=0, Yam *
1A L M L L
Binh phuong chuan cua cac ham riéng ¢6 dang

I

(1) = fax=2L

- I
;2 !
4[91nﬂn—x— smgtfx-J: siniﬂzl = jsmﬂ-sm «——-a’x:L (7.29)
L L | L o L L
HTX Amx | X : y HIX ATX
COS —- . €08 — [=[ICO§ ——| = Icos—-- Cos—dx = L.
L L j L L

-4 L

Déi voi cac him mii, mdt tap hop ham ¢ (x) duogc goi la truc giao néu
'h —_—
(d)” (x).9, (x)) = jr(x)(b” (x)9, (x)dx =0, khim = n (7.30)
trong d6 ¢_ ( x) la lién hop phire cta ham d, (x).
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Vi du cdc ham ¢,(x)=e * truc giao nhau trong khoang (-1.L) véi

ham trong r(x) =

¢ ¢' ) J ey f mr‘ua’d 0 khi?ﬂ;ﬂ'n
X =
2L, khim=n

§4. PHUONG TRINH VA HAM BESSEL

1. Phwong trinh va ham Bessel
Phuong trinh Bessel 1a phuong trinh ¢d dang
Xy axy +{(xT-v )y =0, (7.31)
trong d6 v 1a hang so.
Phuong trinh (7.31) ¢6 diém ky di tat x = . Tim nghiém riéng cua
phuong trinh dudi dang chudi
y=x ZaI Y {a, #0) © (7.32)
Dt chudi (7.32) vao phurong trinh (7.31) ta ¢6

(pl B v;)at}x" +[(p+ 1)2 'Vj}arxp“ +i{[(ﬂ+k)z - Vj]ak +a, 3},1:"'” ={)
=2

(7.33)
Chubi (7.33) chi bang khdng khi céc hé s6 cua x bing khdng. Tuc la
0120 (7.34)
[(p+1)" —vz]a, -0. (7.35)
(prk) =V o, +a,, =0. k2.3, (7.36)
T (7.34)ysuyra p=+v. -
Néu chon p = v, nhan dugc
7
a=0. a =—— -l (k=2734.). 7.37
] . k(2v+k) ( ' ) (7.37)
suy ra ey, =0, (k=0.1,2..,). {7.38)
Vay:
a
k=22, =——yt -
c 2 (v+1)I!
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a, a, a,

}'( = 4 - - = i = . ;
T T v T 2 (ve2)2l 2 (ve)(ve2)2
. a o 2
k=6~ v o= b e . .
T T T (avr6) T 2(ves)3t T 2 (val)(ve2)(ve3)3t
&
-1
k=2%k=a, =5 a(-1)

2% (v )(v2) (v AR
Chon a, cé dang
Uy = 077 .
P2 {v+l)
trong d6 I"(v) la ham Gamma xac dinh déi véi moi gia tri duong v (ciing
nhw x4c dinh di v&i moi g1a tr1 phirc véi phi‘m thue duong) ¢é dang

s

F(v) = je""x""cﬂr .

1]

['{x)

44

24

1
'
1
1
'
'
1
1
1
]
b
r
I
I
1
1

N

E 24

a

Hinh 7.1. B4 thi ham I'(v)

e

Khi chon a,. hé 50 a,, ¢6 thé viét dudi dang

_ (-1) .
T (v ) (v 2) v+ AT (v 1) (7:39)

Néu sir dung tinh chét cita ham Gamma C{v+1)=vT(v) c6 thé viét

(v+1)(v+2)...(v+k)l"(v+1):I'({»+k+l).
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Chu ¥ rang

(1) = j'e--*dx =1, C(k+1)=k!.
a

(C'dng thirc (7.39) c6 dang gon hon
&
e
2k 2ty *
PR (v k+1)

Thay cdc gid tri cia hé s6 a,,.a,,,, vao chudi ta nhin duoc nghiém
riéng ctia phuong trinh (7.31):

J,(x)‘g%[:%}l—l)‘

Nghiém nay duoce got & hdm Bessel logi | cd;v v. Chudi (7.41) hoi tu véi
moi x.

(7.40)

(7.41)

InlX)

L
0,8]
0,6;
04
0o

-0,2

-0,4

Hinh 7.2. D4 th] ham Bessel loai 1 J, (%)

Su dung nghiém thir hai p, =~-v ¢6 thé tim duoc nghiém thir hai cua
phuong trinh (7.31), né nhan dugc béng cach thay v bing —v. Boi vi
phuong trinh (7.31) chi chita v* nén né khéng thay ddi khi thay v bing —v .

Taco .
(=% (—”"(5]

SR (~v+k+1)

(7.42)
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Néu v khong phai s& nguyén thi nghi¢m riéng J, (x) va J_, (x) cia
phuong trinh s& doc {ap tuyén tinh, boi vi khai trién cac sb hang cta (7.37)
va (7.38) theo cac bic khac nhau cua x. Con néu v la s6 nguyén duong n
thi d& dang thay rang céc nghiém J_(x) va J_ (x) 1a phu thudc tuyén tinh.
That vay khi v nguyén. £ =0,1...,n~1 thi dai lugng (—v+k+l) nhin cac
gia tri nguyén am hay bang khdng, dbi voi cae gia tri nay F{-v+k+1)=
Piéu nay suy tr cac cong thirc

r (m + i)

I (m) b

= 1'(0)= 1_‘_{(}_’1_)_ =, T'(-1) :_F(Q_) = ~an,

Nhwr vdy » hang thirc diu tién trong khai trién chuyén bing khéng, do

do o »
IR 2)

— lﬁ(k +1)I( r.'+k+l)

Néu dit k =n+/ va thay vao cdng thitc (7.43) ta c6:

J(x)= .1)( 1)( JMM"M( . _(—1)"(3‘)”*”

P (ﬁ'+f+1)l(!+l) f-_(}}_;-.?_;l (!+l)

(7.43)

SO+ (n+l+1) (7.44)

suy ra

J(x)y=(-1)"J,(x). - (7.45)

Néu v la s6 nguyén duong # thi nghiém J,(x) va J .{x) 1a phu thugc
tuyén tinh.

Dé tim nghiém téng quat cua phuong trinh voi v bang s& nguyén » cén

phii tim mdt 6 hang khac doc 1ap tuyén tinh véi J_(x). Mubn vay ta dua

ham ¥, (x) vé dang

¥, (x)= 2t LT T (7.46)
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ey,

Chu v ring:
Y”(x) = hm}fv(x) = lim Jv (JC)CO.SVT[-.}_V (x) .
v vt 81N VI

Vi J_,(x)=(-1)"J,(x) cho nén khi lay gi6i han biéu thirc trén ¢6 dang
0/0. ap dung quy tic L'Hopital thu duoc biéu thirc tudng minh cia Y (x):

Y, (x)=2 7, () E-1¥ M[f_) )

! n 2 =n k=0 k! 2

N iE: 2 . o (7.47)
15 e, e

Y.fa)

i | | |
ol o - o
@ a [ S

Hinh 7.3. B thj ham Bessel loai Il Y, (x)
Khi n=0, ham
o x 2k
5]
¥, (x)= 20, (x)nX -2 2) Fk+l)
T 2 n& (k1) T{k+1)

R& rang ham Y, (x) nay cling 12 nghiém ctia phuong trinh (7.31), boi vi n6

la t5 hop tuyén tinh cua hai nghiém riéng J,(x) va J_ (x) cla phuong
trinh ndy. ¥,{x) dwoc goi 1a ham Bessel logi If cdp v hay con dugce goi 1A
ham Weber. J, (x) va ¥,(x) la hai ham dbc lap tuyén tinh, v6i v 1a s6 hiru ty,

" no6 tao nén hé nghiém co ban cua phuong trinh (7.31).
y=CJ,(x)+CY,(x) (7.48)

16-PTTLA
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2. Cac tinh chét truy héi ciia ham Bessel

Ham Bessel ¢é céc tinh chét: :
T =d ()=S0, (x),  X()=Yo(x)-TE(x) O
X
S ()= () + XJ‘, (x), Y(x)=-Y,, (x)+~Y,(x) (2)(749
X

Joa(x )— Jo(%)=Ja(x)s T (x) =T (x)=Y.(x) )

Ta chitng minh cOng thirc (2), that vay:

J,(x) (-1)" x* - (-1)" x>
dx[ } dxg[ ”“k!l"(v+k+1} Zz‘““‘ k- (v+k+1)

x*

Trong biéu thirc cudi, thay ong k bang k+1 tacod

d o 1* 2k~ - _l* k4]
%{ x" }22“*3‘"(& z)il“(v+k+1)_—zz““*'i!r)(v+l+k+1)
k=1 k=0 ’ .
vl+2k
1
WG e

Zok*F v+1+k+1) x"
Chu ¥ ring
il:‘fv (x)} _J (x)x" =vx"J {x) _ (x) v J,(x)=- Joa(x)
dx| x' X x’ xx¥ x"

= J ()=~ ()42 d (x), X (x)=~Y,. (x)+~F (%)
X X
D6 12 diéu phai chimg minh.
3. Mot vai trwong hop rigng cia ham Bessel

Trong vét ly — toan thuong gép cdc ham sau |

Jo(x): Ji(x)s Yy (x), o (x),
vl n nguyén. Hai ham d4u tién duge bidu dién dudi dang chudi:

2 4 6
X

X
J 1~— - el
. 0( ) 22 2 X42 22x42x62+

4 3

Jx)=2[1- X
2 2x4 2x4" x6 2x4°x6"x8

© {6-PTTL B
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2v

Tir cong thice truy hédi J,, {x} ==~ J (x)-J, {x), cac ham J,(x),
vl ¥ 1 2

J1(x)co thé duoc tim tix J, (x), J, (x).
Céc ham J, (x), J , (x) dugc biéu dién nhu sau

)
J% (x)= &u_"’l}_[% |

Theo cOng thic ctia ham Gamma ta cé

F[%+k] 1><'§><5x2k+>|< (2k+1) ( ] ( ] -
- 7.{11
=J 2 \/7;; 2k+1 \/—smx.
Tuong tw J_% (x)= \[gcosx

Ap dung cong thire J,, (x) = 2 Ax)=J,.,(x) tatim duogc:
X

J;-(x):\/g[_COSXJrSiixJ: é{Sin[x—gJ*Fi’COS(X‘“‘g]J;
Jg(x)z %x{—sinx+%]isin(x~g]+%cos(x—gﬂ}
:\]E[[l—xi]sm(x )+ Zeos(x- n)]

4. Ham Bessel ao

IQ

Xét phuong trinh
xjy"+xy'+(x3~v2)y=0, {7.50)
vGi x duge thay bang ix.
Néu x duoc thay bing ix, phuong trinh (7.50) ¢6 dang

(ix)2 dzyz +(fx) d}_))+[(ix)2-—v2}y=0 <=

d(;‘x) d(lx




=14 f{;{+x%+[ xz—vz}yzo‘:’xz dzf+xﬂ_(x2+vl)y:0
hay Xy xy = (64T y=0. . )

(*) dugc goi la thé bién dang ctia phuong trinh Bessel, nghiém ¢6 dang

y{x)=CJ,(ix)+CY, (ix).

= rfs]” Zu

T(v+k+1) & kIT{v+k+1)

R

- 1, (x).
Z k!r(v+k 1) I,((,k‘l"(v+k+1) ")

Chon K, (x) = ;L—%;@ ta ¢6 nghiém clia phuong trinh (7.31)

14 tdng cia cac ham Bessel 4o loai [ va 11, ¢6 dang

y(x)=Cl {x)+C,K, (x).

Nhur vay

Il

k=0

.t

MIH

o

Inlx)
Fi
5 B
it
&
i
—X
H 4 ]
Hinh 7.4. Ham Bessel 4o loaii | (x)
Kn(x)
.ﬂ?t

Hinh 7.5. Ham Bessel 4o loai Il K (x)
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§5. TINH TRU'C GIAO CUA HAM BESSEL

1. Tinh chat tryc giao thi nhit cia ham Bessel
Xét phuong trinh
xzy"+xy'+(k2'x2—v2)y=0, (7.51)
trong 6 & 13 hang s nao d6 khac khong. ‘
Neéu thay ¢ = kx, khi dé ta dua phuong trinh (7.51) v€ dang

t ==+ 0. 7.52
dr’? o dr ( )y ( )

(7.52) 1a phuong trinh Bessel bién sb ¢, vi vy nghiém co dang

y=J, (k) hay &’ d J;Y(zkx)+xd}"(kx)+(kzx2~v2).f\,(kx)=0. - (7.53)

Chia hai vé ciia (7.53) cho x ta co

%[xg‘%ga—)]+[k2x~§]-h(kx)=0-

Lay hai gi4 tri khdc nhau cia & va viét 2 phuong trinh tuong tmg:
d| a7, (kx)] 2

o x——&(x‘—)_ + {kfx —%}J, (kx)=0 [xJ, (k,x);
dl dJ, (kzx)_

2
a xT +{k§X“%JJ‘(k2x)=0 Iva(k]x).

Trir hai vé cla phuong trinh cho nhau, ta ¢é
, d : dJ (kx dl (k,x
(’1{22 —k; )XJV (klx)Jv (kzx) = ?i:|:va (kzx)'—ir]'_) -xJ, (k,x)—c(ix'—z—):[ .
Lay tich phan tir 0 dén L phuong trinh trén ta dugc _
I3
(k3 K2} [, (kx)J, (kyx)dx = L[ kJ, (kL) (ML)-kJ, (KL)J, (k,L)].
i

Cha ¥ ring, ndu v> -1, ham J,(x) cb tit ca cic nghiém thuc. Vi

theo (7.41):
(03]
= e k)

IT(v+k+1)

k=0
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s& c6 timg cip gibng nhau vé gia tri tuyét dbi, nhumg nguoe nhau vé dau,
nén ta chi xét cac nghiém duong. Gia sir £, =%, k, =%, trong do p,.u,

[ hai nghiém duong khac nhau cua phuong trinh J, (x)=0. Suyra

f.
X X
I = | S |de=0, 0 . 7.54
J v[u,L) V[u_,L] x=0,i#] (7.54)

Théat vy, gia s & =-E— véi p la nghiém duong cia phuong trinh

J,(x)=0. Trong cdng thic (7.54), thay k, =k, cho k, — k va coi k, nhu
la bién sb, ta cé

LkJ (k,L}J] (kL) |

L
Jva(bc)Jv (k,x)dx = oo

Khi k, — k. vé phai c6 dang bat dinh % . 4p dung quy tic 1.'Hopital ta ¢6

d ’
LK, (kL) (KL) S UL (kL) T (kL)
N
SR S
dk,
2 ' ' 7
i EHUEDI ) L oy
ko, —k 2k2 2
! ¥ L
Ve 0| u fde= 20 755
i 6{ "[“L] X 2 ( ) ( )

Tacéd

Jo() =T (1)

Nhu vay, cdng thirc (7.55) c6 dang
f. L2 "
oz Jas =22 0= £ 2 ).
3 L 2

Do d6, ta ¢ ¢dng thire truc giao

: 0, i
x x
va(u,- —) J, [u *]dx =40 (7.56)
0,[ L 'L ?‘]:2( )__ v+l( ) i=J
vOl p, va 1, la nghiém duong cua phuong trinh J, (x) =0.
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2. Tinh chét trwc giao thir hai ciia ham Bessel

Neéu cho diéu kién:

o, (x)+PBxJ! (x)=0, v>—I; (7.57)

2 , x “2 aZ_ﬁQVE )

ojx.fv[pﬂdx_ 5 [I+WJ.}‘, (1) (7.58)
N7

L
la hai nghiém duong khac nhau cta phuong trinh (7.57),

¢6 p la nghiém duong cia phuong trinh trén thi gia sir &, = L—;i, k,

trong d6 p,.u,
tire la:
aJ, (kL) +BkLJ (kL)=0;
o, (kL) +Bk,LJ, (k,L)=0.
Nhén phuong trinh trén v&i J,(k,L) va phuong trinh dudi véi
J. (kL) tdi trir cho nhau ta thu dugc
kS (KLY, (kL) = ko (kL) J, (K, L) =0.
Khi &, #k,

i .
J%7, (kx)J, (kx)ax = L[k, (kL) (K L)~ ko, (K L) J. (k,L)]=0.
i} .

Trong trudng hgp nay, ta cling ¢6 tinh truc giao clia cac ham Bessel

i

X : X
xJ —J — |ldx=0, i .
6[ \-’[“’rL] v[“’_; L] J

Chi ¥ rang, néu v > -1 va %+ v=0 thi nghiém cia phuong trinh 1a thuc.

Gid sir £ = % , trong do p 14 nghi¢ém cia phuong trinh (7.57), theo cong
thirc (7.58) ta dat &, =k, cho k, > k vacoi &, nhu la bién sb, ta c6 -
: L[ &I, (kL)) (1) - e () ) (K L)]

{Jva(kx)Jv(kzx)dx= s

Khi k&, > & vé phai cé dang bét dinh g, 4p dung quy tic L'Hopital

tacod

o ) [ () A0 (- )W)

2k

]
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Theo phuong trinh Bessel

-

5y L0 {125 )=

Nhén phuong trinh trén voi w/, (i) ta duge

; vy,
0 (02,6900 =+ 15 20
Nhu vay, cong thire (7.59) ¢d dang
!Iﬂz[pi]dxxL—z JH{u)+ l—-‘iz— JIW) |-
; v L 2 v “2 v
Tt phuong trinh (7.57), suy ra
JL(R) ==~ T, (1)
(1) === ()

Thay ngugc 1én trén, ta cd cdng thire tryc giao
0, i#j

i X x
xJ J ) dx = 2 2 _np,,2? =U, =U . ?‘60
6[ v[”r [) v(u; [J X = i (1 d A% ]J‘f(u)’{u u } ( )

sz-z f - j

§6. KHAI TRIEN MOT HAM TUY Y VAO CAC HAM BESSEL
Hay tim hé sb khai trién mdt ham tuy y vao chudi ctia cdc ham Bessel
J, [p‘. %] trén doan 0 < x < L trong 2 truong hop:

a)u, (i =1,2,...) 1a nghiém ctia phuong trinh J,(x)=0.
by, (i=1,2,...) 14 nghiém cia phwong trinh o/, (x) +PxJ, (x)=0.

. s . ; X . ) 2 "
Trong §5, da ching t6 cac ham J, (u, E] trie giao va chuén hoa trén
doan 0<x<L. Khai trién mét ham bét ky vao chudi cac ham Bessel

JV[ n ﬂ véi hé sb khai trién 1 g,

f(x)=ia,Jv(p,%), v>-1, 0<x<l .
i=1 ’

a) Néu p, (=1,2,...) 1a nghiém ctia phuong trinh J, (x)=0, theo cong
thirc (7.56) ta ¢cé
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! X X
xJ\.- HJ _]Jv []’l _de = : 4 "
! ( L 'L % )= S () i=

2
x
"L

x
a = 7 Jf+|( Ixf [p, E]dx.

Ngudi ta goi khai trién nay 1a khaz trién Fourier-Bessel
b) Néu p, (i=1,2,...) la nghiém cua phuong trinh

Nhan hai vé véi xJ . [p : J rdi 1y tich phén tir 0 dén L suy ra dugc hé s&

OtJv(x)+BxJ:(x):
Theo muc 2, §5taco
) 0, i#j
IxJ.(pi]J (p.f-]dx= I a’—Bv Y K==W =1,
P R B T
2 B u i=j

Nhién hai vé cuiia phuong trinh da cho véi xJ, (p; —E—J rdi lay tich phén

tr 0 dén L suy ra duogc hé sb
2

a = s ]xf(x)Jv[pfi]dx :
L2[1+U°—B:[32—V]Jf(u,) 0 L

f

Ngudi ta goi khai trién nay 1a khai trién Dyni-Bessel.

§7. DA THU'C LEGENDRE

1. Da thirc Legendre
Phuong trinh Legendre ¢ dang

di{(l jy}rxy 0, (7.61)
X
2
A=x)8Y 9P 5y =0
hoc L (7.62)
xzd—{}—d J;+2xﬁ—?&y=0
de’ dx dx

trong dé A la tham s6 nao dé, phuong trinh cé cac diém dic biét tai x = £1.
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Vian dé dit ra 1a tim gia trj clia tham sé A, sao cho phuong trinh tdn tai
nghiém khéng tam thudng trong doan [-L1].

Tim nghi¢ém cua phuong trinh Legendre dudi dang chudi

y= Za,,x" :

=0

Thay y vao (7.62) ta nhan duoc:

Z n—1)a,x’ —Z n-1)a,x" +2Znax —nZax =0.

n=2

Thay n=n+2 vaa sb hang thir hai ta thu duqc

[n(n+1)~?t]an —(n+2)(n+l)a =0,

hay la
BTl Vil (7.63)
) (n +1}n+ 2)
cac hé s6 a, va a, wy v,

Khi a,#0, a,=0 ta ¢6 nghiém riéng cua phuong trinh Legendre chi
chira céc bic chiin cua x. Khi a, =0, a, #0 ta c6 nghiém riéng cua phuong
trinh Legendre chi chira c4c bac 1é cua x.

Khi A =n(n+1) phuong trinh ¢6 nghiém dudi dang chuoi dén bac .
Tim nghiém tuong ting ctia phuong trinh

-:;[(1 —xz)%:]-kn(rwl)y =0,
hay

A’y dy
(1-x7) = Zxdx +n(n+Dy=0
¢6 dang chudi bac n.
Xé1 da thire bac 2n:
z=(x>-1)". -~ (7.64)
D¢ dang thiy ring, da thirc (7.64) thoa man phuong trinh vi phén sau
(x3-1)i"5—2nxz=0. (7.65)
dx
Dao ham hai vé ctia phuong trinh (7.65) » lan theo x, ta nhan duoc

[#1)

(1~x2)izx—+n(n+l)zf"”” -0 (7.66)
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Néu vi phén phuong trinh nidy mét lan nita theo x, sé& tim duoc z’ thoa
mén phuong trinh (7.61): '

[(1 —x) 2" e n(n+1) z‘”'”]’ =(1-x)z'"" = 2xz"V + n(n+1)z'" =0;

d,71 1} d7: "

1-x* ~2x——+nn+Dz'" =0.
(I-x7) T o (n+1)

Nhir vy, phuong trinh (7.62) ¢6 nghiém

y=Cz"'=C dix :1-)~— )
dx
trong d6 C 12 hing sb. Pat € = 5}—' ,tacé

(M

# I 1y

yP =D o020, (7.67)
2"t X"

Day la da thic Legendre, 13 nghiém cua phuong trinh (7.61) khi
A =n(n+1). M6t vai gia tri dau tién cua nghiém la:
. e - 1 2 . _ ! El
P(x)=1; B{x)=x; B(x)= E(3x -1} A (%)= 5(sx ~3x).
Chimg minh ring, cac da thitc Legendre vai bdc khac nhau truc giao va
chuan hoa véi nhau trong khoang (—1,+1).
Phuong trinh cua hai da thire legendre khac nhau la:
g—[(l =X)L (x) |+ 2,P,(x) =0,
; JAm=n).
A= [+, R =0
Nhan phuong trinh déu v&i P (x), phuong trinh thit hai v&i P (x), trir
hai phwong trinh rbi 14y tich phan 2 vé trong khoang tir (—l,+1) ta duge:

(h, ~ 1) [0, (s = | {P,,,m%[a A RACSIE xh&im]}dx

= ()[R, (B - POEW] =0.

1
Nhu vy (h, =2,) [B(0P, (x)dx =0,
-1

|
hayla [riop,xde=0 (m=n) (7.68)

tirc 1a cac da thirc Legendre truc giao nhau trén doan (~1,+1).
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Bay gio chuin hoa da thic bang cach xét binh phuong cua da thic
Legendre

1
H,= [R}(x)dx .
-1
St dung cong thirc twong minh cua da thic Legendre, tich phén trén
¢6 dang
]dn(xl _l)n du(XZ __1
u 2":;( I) . dxn dxn

Tich phan timg phan #n lan va cha y ring s& xudt hién mot hang thirc
bén ngoal tich phan bang khong ta cé

)dx.

d’(x* s Gl (2n) :
x)dx = ) —1y'dx .
Jl”() g i 2 (n I( y
Bietrang
' 2.4..2n
lnd 1!12“‘—__
Jor -y = - 35.(2n41)°
do d¢ P (x)dx =
o do I (x)dx = n+l

Nhur vay tinh truc giao va chuin hoa cta da thire Legendre trén doan
(—1,+1) la

| 0, m#n

j P (X)Pdx=1{ 9 (7.69)

"

1 PIH:‘

Pyixy Pyl Pix)

Hinh 7.6. D4 thj da thic Legendre
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Vi tinh true giao cia cdc da thie Legendre, ¢6 thé khai trién ham bét
ky vao chudi cac da thire Legendre
f(x) = ZGHRJ (x) d
n=0

trong dé

- 2”2“- [ £(x),(x)dx.

2. Cac tinh chat ctia da thirc Legendre

1y P(-x)=(-1)"F(x};
(-1 (2n)!
0)=0, P, (0)="5—20,
2) Plu—!( ) 0’ EH(O) 22;a(n!)2 ®
3) P(H=1, B(N=(D",

4} C4c nghiém cua P (x) déu thue va nam trong khoang (~1,+1).

3. Pa thirc Legendre lién két

Tim trj riéng va ham riéng cta phuong trinh

g;{(l—xz)f‘g-:lJr[k—lsz}y:O, “l<x<l 770)
‘y(il)‘«n
Nghiém dugc tim dudi dang
y(x)z(l—xz)%l/(x), V(£1)=0. (7.71)
Taco
dv ’” " » "

- :(I —xl)_i V'(x)—-{;i(] —xz)Tl ZXV(x):(l —x3)3 P"(x)—(l~x2)2 mxV (x);

dx

(l —x?')% = (I —)rl){g+I V'(Jrc)—(l—xl)g me(x);
d ]:(l—xl)%}:(l—xz);{(l—.\'E)V"(x)—Z(m+1)xV'(x)+ mzxz V (x)—mxV{x)

dx (I—x)

Thay vao phuong trinh (7.70), ta dugc:

i[(l_xz).d_y}[xu m’ ]y:(1—xf)V"-z(m+|)xr/'+[x—m(m+1)]v =0

odx elx 1-x*
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Vay phuong trinh (7.70) co dang
(1uxz)V"—-2(m+1)xV’+[7L—m(m+l)]V =0
Mat khac, vi phan m lan phuong trinh Legendre (7.61) ta co

L (1-x° )-"r—y~2x—dl+:«y =0.
dx” d ddx

X

=3 U i

r=i}
b € L 2 )

it{m—i}! 2

suy ra

4 [(1-x2)d'{’}d{2x-dl}+d [w]=0
dx” &’ | x| T ax ] de

dn:+" i+l #

m

(1“1' )a' ,,,‘{}—2(m+l)xixmf‘: +[k m(m+l)}uzo_

dx
So sanh (7.72) vai (7.73), suy ra

ar

Ta c6 nghiém
_ AT P (x)
pln ={1- )2 {_.___”___
£ (x) ( x ) dxm
tuong g vai tri riéng
A,=n(n+l), n=12..
B," (x) 1a ham Legendre lién két cAp m , voi m=0.1.2... va
BV (x)=£,(x):

P(x)0. m<n.

(7.72)

(7.73)

(7.74)

(7.75)

4. Tinh trwc giao va chuan hoa cta da thuc Legendre lién két

Nhén phuong trinh (7.72) véi (1-x*)" ta co

=) 1 = 2(m 1) (1= x2) 2 + T h (1) (1 = 2 "v=o0,
(m+1) (m+1)

trong do ¥ {x) va A duge xac dinh theo ¢ong thire (7.74),
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Thay m+1 bé’mg m , ta dugce:

(l —x )m ?"—2mx(1 —xz)m_] V'+[k-—m(m—1)1(] —xz)m | V=0;
%[(1_)(2);” L;Z} [l m m-i)](l— )m W

dm I[)

vél V{x)= i

Do do

Pua vao ky hi¢u

1 1 myy g
7, = [P ()R (x)d = [(1-x) E L 470,
"k _'I[ " (x) k (x) X -'][( ) " dxm X
L
Tinh tich phén L], = I (1— )m ddi dd Kty bang cach ap dung
x
-1

cong thire tinh tich phén timg phan, dat

y=(iox )md P B F— _I)Jd"r._m‘fn

dx” !
m ml
dvrd—idx :>v=d -2
dx” dx"”
Suy ra
wd"'P d"p | a" 'P d"']P
L, =(1- ) e T h— -1
- LA ﬂ_]
s d"'Pd"P, ! 'Y d”P d" P
=(l—x) o Tm"_ +[ n+1 —l JJ dx'”"k o dx
=[n(n+1)=m(m-1)]L7 = (n+m)(n-m+1) L.

Do d6
Ll =(n+m-1)(n-m+2)L7 .
Vay L7, biéudién qua 2/}’ nhusau
Ly, ={n+m)(n+m-1)(n-m+1)(n-m+2) 17
Tiép tuc cach lam nhu trén ta thu duoe cong thirc
Ly =(n+m)(n+m-1)..(n+)x(n-m+1)}{(n-m+2)..nL}, .
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Vi :
;(n+m)!
(n+m)(n+m—l)...(n+l)— L oy
'
) (n—re+1)(n—m+2)...n: (nfm—)*
suy ra = _[P“] P{”J 2
' Lo T+l
Viy
| 0, k#n
m {m [m]
L= J: ()7 (x)dx =1 2 (n+m), . (7.76)
2n+1( )'
Hay cong thic chudn héa cua da thire Legendre lign két 14
“ P 2_(nem). (71.77)
2n+l (n—m)!
§8. DINH NGHIA HAM CAU
1. Ham cau

Xét phuong trinh Laplace duoc viét trong hé toa do cdu
1 Y 2
Au:—,iai-[r-?f}sf L 9 (Mnﬁ 0 ]+%§3§-=0, (7.78)
dr ) r’sin0 o0 a8,/ rsin” 0 dg
trong do u =u(r.0.¢).

Dumg phuong phap tach bién dat
u(r,8,0)=R(r).Y(6,0). (779
Thay (7.79) vao phuong trinh (7.78) ta cé '

Y(B(p)(’)r[ L OR(r )}mi{smgaﬂe,@)}r 1 é’zY.(B,(p)

OF sin® 209 a0

Chia hai vé cho R(r)Y(0,0) ta co
2
L o8R0, 1 | L af g0%(0)) 1 &¥(09)] |
R(ryorl" or Y(0,0)
Choa:
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o
Qa o,

2
118 Sinan(B,cp) L] o’Y(6.9) _
Y(6.¢)| sin6 50 &0

sin® A’
Bang cach chon A cho céc biéu thire trén ta ¢6 cac phuong trinh sau

L df{ ,dR(r) _ ¥ dzR(r)+ 2r dR{r)
wal e

=A
dr (r) ar’ R(r) dr
2
va _1 ?—(sinegz]-t- _12 a—{-+k}’=0.
sin® 06 88 ) sin” 0 dp°

Ham R théa mén phuong trinh

r’R"+2rR ~AR =0. (7.80)
Nghiém cia R cé dang

R(r) =A4Ar"+ 5,

n+l ?

trong d6 » théa man phuong trinh A = n(n+1).

n

X¢ét bat toan ngoai, do » nguyén, 4 =0 suyra R =

nel "

Phuong trinh cho ¥ ¢6 dang

2
Ay Y +AY = _1 —q‘(sinea—y}+ _ 12 QX,HU’:O. (7.81)
* sin® 89 o0 ) sin” 0 dp°
Ham Y thoa man diéu kién

{Y(B,(p)—}’(ﬁ,(p-i-Zn)
|

7.82
Y(O,(p)‘<oo, Y(n,(p)J<oo (7.82)
Nghiém cua phuong trinh Laplace ¢6 dang

Kr (95 (p)
u(r’e’q}): Rn+| '
Ngudi ta dinh nghia ham cau 12 nghiém cta phuong trinh

.—1~——i[sin E’}Lj_f. . 17 6‘)} +n(n+1)Yn =0
sin© 66 00 / sin"O o
Y (8.0+2m) =¥, (0.0)]Y, (0.0)| < =it (m,0)| < o0

Phuong trinh trén con dugc goi 14 phuwong trink xdc dinh ham cdu. Dé
giai phiurong trinh ham cau, chon

(7 83)

17-PTTL A
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b
n'.qi e

Y(0.9)=06(8).D(vp). (7.84)
‘Thay (7.84) vao phuong trinh (7.83) ta c&:

® _5{-[ E}d—f} P, d_—q;+n(n+l)P(D=0;
sin0 d0 d9/ sin“8 do
d 2
- 1 ( OEI—P—J l, _l_d(l;) n(n+1)=
FPsinB Jo dB8 ) sin"0 @ do”
Chon 14 (I,) =-m’, ham @ thoa min phuong trinh
® dop”
Do =0 (7.85)
(o +2n) = D{p) '
va
d . m’
—7~l——[51n9££ + n(n+1) P=0. (7.86)
sin® 46 db sin”§
Dat x=cos8 = dx =—sinbd0, phuong trinh (7.86) duoc dbi sang
bién moi

—l—i sine—qﬁ)+ n(n+1)— m; =0
sin@ 46 d0 s5in- 0

& %{(1-x2)%}[n(n+1)—£—5}0 =0.

Day la phuong trinh xac dinh da thire Legendre lién két va da duoce giai
¢ §7. Nghiém cua phuong trinh nay la

P = (1-x L e
m di'—'f 8
hay P =P (cos8)=(sin®) _Lsm)‘
d{(cosB)

V&i mdi n o n+1 nghiém riéng cia phuong trinh d6 1a £, PV,

na

P P Vv6i mbi cip nghiém

D, () :{

trong tmg v&i n+1 nghiém, ta ¢ 2n+1 nghiém cta ham cau doc lap
tuyén tinh 13:

cosmg

sin mg
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L]
?gg

P (cosO)cos ¢ 2 (cos8) cos 20
Tr PP (cos )sin2(p,m

D (cosB)sing

P (cos0)cos m 2" (cosB)cos np
e cos@)smmp

pm (cos 8)sin me ’
trong dé m=1,2...,n, n=0,1,2...
‘Theo cong thire trén, ta quy ude 2n+1 ham cdu la
¥ (cos0) = P (cos®);

n

{Y‘ "(cos0)= P! ! (cos8)cos o

y" (cos8) = P (cos B)sino

125 (cosB) = P (cos8)cos mop
A (cos®)= R,("’J(cosﬁ)sin meo

"

{ ) cos8)=P (cosG)cosmp

"

rt )(cosﬁ) P( }(cose)smn(p

Viay nghiém cta phuong trinh (7.83) ¢ dang
Y,,(B,(p)= Z(A,m, cosmp+ B, smm(p P[ ") COSO z m}(e (p .
f=0) —
trong dé

Hert

1B om0

ma

{A m<0
Ham Y“]](G) P, (cosB) khéng phy thuée vao ¢ duoc goi la ham déi

tire 14 hinh cau chia thanh #+ 1 mién vi tuyen, tai d6 ddu cia ham dai dugc

bao toan.
Xét ham

* in k
K —sint o Cp (] (O
df rmcosn COSKO
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trén hinh cau, boi vi sin® chuyén biang khong & trén cac cuc, cac ham

sinkg P PRI WP 5
chuyén bang khong tai cac duong kinh tuyén 2k .
cosko

Vé&i 2n+1 ham ciu true giao va chudn hod c6 thé khai trién ham
7(6,9) bét k)‘; vao chudi cac ham cau

1Yo (0.0)°

1Y,%(0.9)1° 1Y,'(6.9)

1Y,°(0.9) IY2' 0.0 [Y2(0.0)f

‘e

1Y5°(0.9) IY5'0.0)°  IYS0.0)F Y 0.0

;‘
.
‘Re[Y"(0.9))°
Re[Y"(0.0)]" Re[Y,"(0.9))* Im[Y,"(0.6)]*
Re[Y,"(6.4)]> Re[Y"(0.9)]* Re[Y,"(6,0))’ Im[Y,"(0.6)]* Im[Y,"(6.)]°

A X

Re[Y"(0.0)]° Re[Y"(0.0)]" Re[Y,"(0,0)]° Re[Y"(O.H)° Im[Y\"(0.¢)]° Im[Y"(B.0)]° Im[Y"(6.4)]

¢ ¥ ¥ s

Hinh 7.7. Dang ham céu

%
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2. Dao déng riéng cua hinh ciu
Xét bal tean
Av+iv=0, v=0.

Thay toan tir Laplace trong toa do céu, ta co

—1—-2(1»'2 @J+—-1~;va+lv =0,

P Or or ) ¥°

trong do:

1 0 ( 6vj 1 a’v
AG,:pv Sin@— |+——-- ~——
sinB 9 B/ sin’f 6cp

Giai phuong trinh duéi dang tach bién

v(r.8,0)=R{r)¥(0.9),

thay vao (7.89) ta duoc:

Hi
dx dx 2 Aﬁ_tpy

—+hr 4+ =)

B ¥ +uY =0
) -3
roodx dx r

Giai hé phuong trinh (7.91) véi didu kién

‘YLHM <o, Y(8,¢+27)=Y(0,0)=>p= n(n+1).

V&imdi n c6 tuong tng voi 2n+1 ham ciu
£,"(0.0) = P,(cos8)
77 (8.0) = P (cos®)cos jo
Y, (0.0) = P (cosB)sin jo, (j=1,2,...n)

Quay vé phuong trinh voi R :

) e

R(r,)=0, R(0) <o

Nho cach dat bién méi R(r) = ZLL) suy ra:

Jr

(7.88)

(7.89)

(7.90)

{7.91)

{7.92)

(7.93)

(7.94)
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dR  <dy 1 -2 dR gy 1!
el Al S R i e i 2 A
dr dr 2 dr ar 2

2 sdy 1 sdy 1 -

dR d’y 3
—_—— r-_..._"_.!.._r-._______ ____r y;
dr dr dr- 2 dr 2 dr 4
1 2
J_}_i(,. “’R] ;3 dy
roodr oy
Thay vao (7.94) ta duge
1
dy tdy 1 +[k_n(n+ -)-Jy:()

dr’  rdr 47 Y

:Q+Jifz+ A — =
dr™  rodr r’
Phuong trinh (7.95) ¢6 nghiém la

Wry=as (Jar)+By  (Vir). (7.96)

H4 -
3

ly=0. (7.95)

Tir diéu kién bién suy ra:
‘R(O)f <= B=0;

R(?‘(J):U:btf I (\/Irﬂ):o
Iy

Ky hiéu ngr}‘v_, +..¥") 12 nghiém cua phuong trinh J  {v)=0,1taco

H+—
3

R
)\‘iﬂ Ll = {VLJ N (?-9?)
. P

el
() Y’
T .o v . . ‘n . P 1sn
Moi tririéng A, = ( —’f’—-} taco 2n+1 ham riéng. Pua vao ky hiéu

cdc tri riéng

y,(x)= X (x), (7.98)
2x
Khi d6 nghiém ctia phirong trinh (7.88) 1a
l*rJ
rJY,f"(e,cp)

\-"
rB.o)=y
i.m;( (p) ( F (?lgg)
(n:(].l,...; m=12,.., j=-n,..-1,0.., n)

&}
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X¢ét bai toan bién trong ddi vai phuong trinh song
Av+kv=0 vy, ]=f(0.(p). (7.100)

Lp"(k!‘) {f (9 (p) (?101)

Nghiém c6 dang: v{r.0,0)= Z Z f;:.r v (k )
n rU

n= j=—n

trong d6: £, 1a hé s khai trién £(8,¢) theo ham cau {I’f’ (G.q})} :

=33 £Y0.0).

n= r=-n

(7.102)

§9. TINH TRU'C GIAO CUA HAM CAU
Xét hai ham cdu Y, va ¥, trén bé mat T, véi cic gia tri luong g

A, va i, thoa man phuong trinh

AH {pYI +7L Y 0 AB,:pY?_ .+ kgyz - 0
L @ [ .0 ] 1@ (7.103)
A!—J_(p = sin— |+ ——mm ——-
sin o6 ) sin’6 oy’

Taco [, 5 d2=-|] {g}i%+ L MM (7,104
> 09 8 sin’0 6(p 6
trong d6 dQ =sin0d0dq .
That vay
- ok
( 1 95}1]4- L ¢ Y}mﬁdﬂd(p

J‘I‘Y,AHt Y]dQ:HY, _1 2 [ sinp %L
v Y 7| sinQ 29 o0 ) sin’ 0 o’
= HY %1n0——+{_0 9 : 0 i d0do
69 smﬂ ékp (7.105)
oy, Y o
__”' a} C 8 .CY dQ
o0 80 sin” 9 cp do
(dQ=sin0d0d o)
Trén bé mat hinh caw:
1 du.

o .
gradu = —i, +—~— i,;
0 sin 0 o

04,
divAz-—-'l— Ou (51n84 ) ¢ .
stnB| &0 6‘(p
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Nhr vay
J'j Yy, Y, dQ = ngadYgradY dQ, (dQ =sinfddg).

‘Ta ¢o cong thire Green d01 V&i todn tir hinh cau

.f:fjmwy YA,,Y,)dQ=0,
suy ra

J = —A,) jjwdg 0.

ViA,#A suyra

Inx

HYYdQ 0= | [1,(6.0)7,(0.¢)sin0d0dgp =0.

040
Nhu vay, da chimg minh dugc tinh true giao cta cac ham ciu tuong
Umg voi cac Ir riéng A khac nhau.
O §8 da néu lén ring: néu A=n(n+1) s& ¢6 2n+1 ham ciu

¥'"(8,¢0). D& tim tinh chudn hoa cta cic ham chu, xét hai ham ciu co

chung chi sé n 1a ¥ (0,9) va ¥*)(0.9) . Tich phan chung ta cé

H,*l (8,9) 7' (8,0)d2 = H}f“ .9) ¥ (0,0)sin 8d6do

= jcosk,(pcoskchd(pj‘Pm P )

0, k +k,
kY
_| 2n (n+k) k=k =k#0
<2n+1(n~k)' -
_4m k o=k, =0
2n+1 }

Hay c6 thé viét gon hon:
1 S .4 2 k)‘

yW| = r* (o in0d0dp = —° (4K ) 106

I it 6[6[ [ " ( ,(P)] sin (p 2n+1 TES.!; ( )

(n—k)!

trong do g, =2, ¢, =1 khi £>0.

Tinh truc giac cua ham ciu cé thé duoge sit dung dé khai trién mdt ham
bat ky x4c dinh trén mit cdu X
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4,
£g,

%

- i i ( AHJJP LOb m(P + B}H” bln m(p)P{ (COS e) 4

=0 =i}
trong do cac hé sd duge xdc dinh theo ¢dng thic:
Irn

I jf (0.9) p" (cosB)cos mysin 6d0d¢

D
r

A!HH - l
_{ If(ﬂscp) P (cos 8)sin mesin 0d0d o
_ J r :
Nghiém tong quat cta phuong trinh Laplace ¢o thé viét dudi dang:

z[i Y, (6.0). khir<a

u(r0.0)=1"""

Y(m}

H

(7.107)

- el
Z[ﬂ Y,(6,¢). khir>a
HEL] ¥
trong do: Y,(0.0)= i(am” cosmp + P, sinme) P (cos 0).
m=0

§10. Vi DU VE HAM CAU
Nghi¢m cia phuong trinh Laplace trong hé toa do cau c6 dang

u(r.0,0)= Z [ +——,) Y,(0,0), 7.108)
H=0
trong do }’”(O,q)) la ham diéu hoa cdu, né 1a td h0'p tuyén tinh cta 2n+1
ham cAu.
Néu xét bai toan trong r <a thi B,=0, con r>a thi 4 =0, cudi
cung trong ving o < r <b (tie 1a khong chira diém 0 va o) thi két qua c6

ca r¥va -

i "

Bai todn: Cho hinh cu ban kinh . dit vao tAm hinh cdu mét hé toa do
cdu (r,0.¢). xét 2 bai toan Dirichlet :

Au=0,r<a, u_=7{8¢); (7.109)
Au=0, r>a u_ =f{6,¢), _ (7.110)
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voi f = f(0.9}1a ham da cho trén bé mit hinh cdu. ¢6 thé khai trién vao
chudi theo cdc ham cu:

=

F(8.9)=> {4, cosmp+ B, sinmo} P (cos8).

H=0

Cachésd 4 va B duoc xac dinh theo cong thire:

,”f(e (P (COSB)COSm(psm B8d0de

0
e

“Y{m] 2

2

ij ,(p ) P (cos0)sin msin 840de
00

Nghiém cua bai toan trong c¢é dang

u(r,B,(p)=i (ijnﬁ(&tp).

n=ll

b2t

Y(J']i

Str dung diéu kién bién » =4 va tinh dén khai trién £(6.0) ta tim dugc
7,(6.0) =¥, (8.0).

Tuong ty dbi véi bai toan ngoai ta ¢d

. 4]
u(r.0,0)=> ( ] (6.0), rza.
n=0

§11. DA THUPC HERMITE

1. Ham sinh

Ham sinh cua da thirc Hermite ¢6 dang

yip.x)=e" —ZH (7.111)
n=0
Tir dinh ly Cauchy suy ra
o' . pl (s
Hn(x)=7w(? UL IW(M =’ = [Cmdg, (7.112)
o' | 2mi ¢ :

trong do: C la dudmg cong kin trong mat phing phirc bac quanh diém £ =0.
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Béng cach dbi bién z = x -, cong thirc (7.112) ¢6 dang

L

w2 on! e':) 2| n! e":z
H ={-1} &' dz = (- T e —— dzy, (7.113

o day C, la duong cong kin trong mit phing phirc bao quanh diém z = x.

Theo dinh ly Cauchy
IR A (S SR B | C)
f(z)&2m';,[ —zdc” 7 (z)_Zm':[ — 4,

0= ] P -2 ] L

Suyra

n! d Ie"zl & _d"(eﬂz)
2midx" [z -x Toax

Tir cdng thite (7.113) suy ra cong thirc vi phan

a4 d
H (x)=(-1)"e dx”( ‘). (7.114)
Cong thirc (7.114) chimg t6 ring H, (x) 1a da thirc bac », dong thoi
H,(-x)=(-1)" H,(x). (7.115)

Tir cong thixe (7.114) ta tim duoce
Hy(x)=1H(x)=2x, H,(x)=4x"-2,..

2. Cac cong thirc truy hoi

Vi phén ham sinh theo p vd x ta tim duge

w(p,x)=e" -
____(ezxp_e—pz)zz(x_p)w (7116)

w,—2py =0, y,-2{x-ply=0
Trong mdi ddng nhét thire (7.116), dat chudi (7.111) vao va dat cac hé
s6 cua luy thira p" ciing bac va cho cc hé sé bang 0, ta nhan dugc hai cong
thire truy hbi:
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= Q’rs. ]

H)(x)=2nH,_ (x); (7.117)
H,. (x)~2xH, (x)+ 2nH, , (x)=0. (7.118)
Cong thire (7.118) cho phép xéac dinh dang tuong minh ciia cac 4, (x):
Hy(x)=1H,(x)=2x,= H,(x)=2xH, (x)-2H, (x)=4x"-2
H,(x)=2xH,(x)-4H, (x)=8x" —12x,... |

L

Hy(v)
Hinh 7.8 . Ba thirc Hermite H,_ (x)

3. Phwong trinh xac dinh da thirc Hermite
Ta tim phuwong trinh théa min da thic Hermite A, (x). St dung cong
thire (7.117) va (7.118) ta co:
H,, -2xH +H =0
H —2xH -2H +H"=0;
H)-2xH +2nH =0
de\ dx
Nhu viy. da thire Hermite (7.119) la mot ham riéng trong -ing voi tri
riéng A =2n cua bai toan Sturm-Liouvilie: Tim trj riéng A, vdi tri riéng ny
phuong trinh Hermite

= d [e"‘: fﬁ]+2ne"‘2h’” =0 (7.119)

!

(e_'r:y') +hey=0 (7.120)

¢6 nghiém khéng tim thuong va tang khong nhanh hon so vai bac hiru han
cua x.
Bai toan dugce gidi néu tim nghiém dugi dang
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= 2n—h
=N a,, =k . 7.121
? ot A3 ey (n+2)(n+l)a” ( :

Tir cong thite trén, rd rang khi & =2# tét ca cac hé¢ & @, = 0. khi k>n
chudi s bj ngat tro thanh da thire.

4. Chuan hoa da thive 77, (x)

Ta hay chimg minh cac da thac Hermite truc giao voi nhau véi trong s6

Tt

e”" trén khodng —oo < x <0 va nd cé cdng thire chudn hoa la

RN INES (7.122)

Xét bidu thire
[H”( L (x)e dx = (-1 _[H (x Qz ( o )dx-
Ap dung cong thire tinh tich phin tirng phan ta co

; IH,,, :”l( .

-

L, =(-1) &, (x)"(i,i,;—r(f""‘j )

=

ni
n-1

L, =(-1) 2mj.Hm](x _ M(J"‘:)a’xz...

JJ r

2" m jH f( et

Do fI,{x}=1 nén

R d” el NS
Lm” = (—' l) 2 m !;l\;\.—”_m_t ((f )

x=w

=0, m<n

F=-or
i

L, =2"n! jL Cde=2nNn=H . m=n

—a

B, fJ_ H,(x)H, (x)e’"'ldx :{

0, m#Zn

2T, m=n

5. Ham Hermite

‘Trong cac ing dung, ta tlurfmg:, %‘.l:l’ dung:, ham Hermite:

(1) =y (x)e n) ()H
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tao nén mot hé ham tryc giao va chuén hod véi trong s& p(x}=1 trong
khodng —wo <x <o

- | -lwithixﬁﬂz{

Phuong trinh nay bang 0 khi x — #o0 va théa man phuong trinh
wi+(h-x")y, =0, A=2n+1

0, m#n

I, m=n

6. Bai toan (rng dung dao dong tir diéu hoa

Tim tri riéng va ham riéng trong truémg hop thé dao dong tir

V(x)z%mmzxz. (7.123)
Dua vao ky hiéu
k2 = 2’”2& : k - m’
h h
phuong trinh Schrodinger dugce viét dudi dang
d2u 2
E+(k2—k2x')u=0. (7.124)

. A1k , X o A a k
Gial phuong trinh trén bang cach cho rang tai ving tiém can |x‘ b -~

phuong trinh c6 dang
2 l?\.\’z
%— T, co (7.125)
Tim nghiém dudi dang
u(x)=e? v(x), (7.126)
thay vao phuong trinh (7.124) ta c6 :
v/ =20 + (K -1y =0. (7.127)
bat v(x)= Zaf.x-’ , ta c6 cong thirc truy hdi cac hé sb:
i=0
L2+ -k
A CTAL LI (7.128)

RN ITTENN
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. . 2 , N S .oz
Khi j > tacé a,,, =—a,, trong img vdi s6 mii ciia ham khai trién
' J

1 \
: - Ayt 2 3 :
¢™ . Nhu vay. nghiém u{x)=e? v(x) khéng thé dugc chuan hoa néu

chudi v(x)= Zujx" khéng chuyén thanh chudi ¢é sé hang hiru han. Dat
1=0

k? =A(2n+1), nhu vay
_2mkE mo

k= DA =
I h

2rriE = ﬂ(g(2n+l) > E= hm(nwtlj n=0,1,2..
B h 2

Ham riéng u,{x) 6 thé xdc dinh nho hé thirc (7.126) va chudn hoa
theo diéu kién

[l (x)dx=1. (7.129)

Mot sO ham riéng:

1
AV 1

~
Il

P ammmmaN
!

§12. PA THUPC LAGUERRE
1. Dang vi phan

Xét dathire L, (x) voi ham sinh c6 dang

Y(p,x)=—e . (7.130)

Khai trién thanh chudi:
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W) =3 L (x)p", L,(x)=—S— (7.131)
)=S0 L= 5
Su dung dinh ly Cauchy ta tim dwoe
)=k P, BN CAES)

trong do C la dudng cong kin bao quanh dlem £=0.

. L4 . X
Dua vao bicn mé: {=1->=dl = 3

1 e
= Lix)=e — |———dz, 7.133
”( ) zﬂitl(z_x).le ( ))
trong d6 C, 1a duomg cong kin bao quanh diém z = x . 1l (7.133) ta co:
l x a” no_o—-x -
L{x)=—e -é;(;,(x ™). (7.134)

oy SO s ()
() .fj(g_:),,'. 1) Enj(j(zwx),,+!

7?{1 (z ) !
Vi mop e —rdz f}”n (x e “) suy ra
2mi h (_7_ r) ox
| S AR,
L”(.\')Z};—!L" ax—“-(x € )._

nhu vay L (x) 1ada thicc bic n: L (x)=1, L( )=1-x.

2. Cac céng thirc truy hbi
(1-p) ¥, ~(1-p-x)¥=0: (7.135)

(1—-p)¥, +p¥ =0. (7.136)

D3t (7.135) va (7.136) vao (7.131) ta duoc:
(n+) L, —(2n+1-x)L, +nl, _ =0; (7.137)
L —L+1 =0. | '

{7.138)
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Céng thire (7.137) thiét 1ap mébi lién hé gitra cac da thuc L, L, L,
va cho phép xac dinh cdc L, .
Pura vao mdt hé thic truy hdi tiép theo:
xL+(n+1-x)L, —(n+1)L,,, =0. (7.139)

That vay, tor (7.137) suy ra
(n+2)L,,,-(2n+3~-x)L,,, +(n+1)L,=0.
Dao ham hai vé ctia phurong trinh trén ta duoc
(n+2)L,,—-(2n+3-x}L, + L, +(n+1)L) =0. (7.140)

i+l n+l
T (7.138) suy ra

L., =L
Thay vao (7.140) ta dugc
(n+2)(L, - L”H)—(2n+3—x)(L LY+L,  +(n+1)L) =0

e+l
=>xL +(n+1-x)L - (n+1)L

-L

nel?

' [
n+i Ln+1 Ln - Ln "

r.l+l

3. Phwong trinh Laguerre
Vi phén (7.139) theo x ta ¢o

xLy+{(n+2-x)L,—L —(n+1)L,, =0.
Thay L', =L —L vao phuong trinh trén ta dugc
xLl+(1-x)L,+nL, =0,
hay la
%[xe"‘%)-f-ne_ﬂﬂn =0. (7.141)

Phuong trinh (7.141) dugc goi 13 phuwong trinh Laguerre.
Nhu vy, L (x) 1a ham riéng tuong (mg véi tri riéng L =» cua bai
toan: Tim tri riéng A cia phuwong trinh

(xe™¥') +hey=0,0<x<o0 C(7.142)

dé phuong trinh ¢6 nghiém khong tam thuong. Nghiém hitu han khi x=0
va tang khi x — oo khdng nhanh hon bic hitu han cia x.
Phuong trinh (7.141) ¢ thé nhan duoc néu vi phdn n+2 l3n ham

z=x"e”" vasu dung cong thirc L, (x)= l'e" a—:(x”e"') .
H.

18-PTTL A
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4, Tinh trwe giao va chuan hoa cia da thirc Laguerre

Slre )

Xét: wj L,(x)L,(x)e *dx_“j A
]

L. d" (. . dl
U=L,(x)=>dU= d; d\:;dV—dx (x e )dx:>V—dx”_] (x e )

1, ad o 1%L, o
=, =EL'" o (x e )0 _;ﬁo T 2 (x e )dx
1 5d"L, d™"
[

:(-1)’"__

I m He=
'y dc" dx

(x"e"' ) dx.
Sau do a1 dat

U__CL au = deL’” dxe,dV = ar (x”e"')dx:> V= dr:": (
ax” ax™ dx™ dx"™"

suy ra

J""? :(_l) ; dxm a1xn—m -1

o ldnL, d w1 d™L @
A e Ry

( ) ; dxm+l dxn-\m—!

[}

L dm+le dm+'| I . a"’ ok
VI 23};:{%()‘):‘”;_9 e (x"e )]‘0
Trong truong horp m=n
" " % r : ]- 2
d ‘En =(-1) vaJ,, = I e ~*dx (nf__.)_zlz L (7.143)
dx ; n!
Nhur vdy da thire Laguerre triee giao voi nhau véi trong s e~
* 0, m=#n
L L Tdx = : 7.144
L (ea={) " (.14

5. Da thirc Laguerre suy réng

Khi nghién ctru chuyén dong cia dién ti trong trudong Coulomb, bén
canh da thirc Laguerre L, (x) ta con gip da thic Laguerre suy rong I (x).
Xét ham sinh

xp

P (p,x) = e'? s>-1. (7.145)

(1-p)"
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Khai trién (7.145) vao chudi theo béc cuia p

) =, " . 1 8" |
P (p,x):.g Ln (X)p . L”(X)zﬁap”\{! (p.,x) i (7]46)
= P

Lap lai cach lam nhv truong hop da thite Laguerre, ta duge

= b [ E X g e Ly e,
T c 2 ¢, (z — x)

tur do suy ra
L (x)= ix""e’r d
n! dx”

tic 1a L) (x) 1a mot da thire cfip », dac biét

Ly(x)=1, Li(x)=l+s-x,

(x™e), (7.147)

Khi dua vao ham z=x""e™ va vi phin né n+2 lin theo x ta tim
dugce phirong trinh
d’z

PN

xu' +(x+1-5)u’ +{(n+)u=0, u=
I

Tinh dao ham cua L) (x)= ;qu""exu va tinh dén phuong trinh déi voi
u , ta nhdn dugce ﬁhuong trinh |
x(L) ~(x—s=1)(£,) +nL; =0 (7.148)
théa min da thire suy rong L,(x). Thdy rang da thuc Laguerre suy rdng
L, (x) la ham riéng twong Ung voi tri riéng

A —n+—SLl
2

"

cua bai toan: Tim gia trj A & phuong trinh

xy"+(s+l—x]y'+[k—-b;—l)y=0,

hay 1a (x7e”y) +xe (k ~%1—]y =0 (7.149)

¢6 nghiém khong tAm thuomg trong Khodng 0 < x <o, nghiém hitu han khi
x =0 vatang khi x — <« khong nhanh hon bic hitu han ctia x .

275



Da thire (7.147) truc giao nhau véi trong s6 e “x":
. 0, m#n (s>-1)
J L)L (e xdr =i r(n+5+1)

a - Y mM=Rh
n!

Ta dua vao ham

v (x) =xlie_3!:(x),

l1a nghiém cua phuong trinh

l.\'
n

-,

Tir cdng thirc (7.147) rd rang 1a L) (x) =L (x), vl &, bang n+1/2.

§13. CAC HAM TRU'C GIAO PAC BIET

Trong tiét ndy, chiing t&i s& liét ké mot sé cac ham truc giao trén co s&
cdc ham dic biét duge dung rit nhiéu trong cic nganh khoa hoc vat ly va
khoa hoc cong nghé ngoai hai ham Bessel va da thie Legendre da nghién
ciru kha chi tiét & cac tiét trude.

1. Ham Legendre lién két P"(x),07" (x)’
Phuong trinh x4c dinh ham Legendre Iién két ¢ dang
2
(l—xz)d—¥—2xﬁ+ n(n+1)- m -
dx” dx I-x
Nghiém tong quat

2

]yzo, ~l<x<1. (7.150)

y=cf (x)+cZQ:' (x) ’
trong dé

(7.151)
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Cac ham trén dwoc goi 12 da thirc Legendre lién két, P,(x), Q,(x) la
cac da thirc Legendre loai I va loai 1I. C4c nghiém trén chi xac dinh trong
khoang ~1<x<1.

Tinh truc giao:
|

(B BEY= [PE(x)PE (x)dx=|PY] 5, - (7.152)
-1
Binh phuong chuan:
2 (n+k)
j (75.77) = 2n+l(n-k) (7.153)
Mt vat ham chon loc:
P‘( ):\/l—xl
) 3x\[ _____ Pf(_r)-—-fi(l - xz),
3,. 2 1 2 3 : 1332
&'(_r):-.z-(:)x“—l) [-x*, P (x)=15x(1-x%), Pi(x)=15(1-x")",

5., o, 15, - W2
P (x):g(?x“ —3x) 1 —-x',P‘I((x) = 7(717‘ —l)(l—xz), Rf(x] = lOSJr(l—x“)1
Céng thic truy hdi:

2(}{1T1)x

P (x)- St P (x)+[n(n+1)~m(m+1) | P7 (x) =0

Phép bién ddi x = cos® dua phuong trinh (7.150) vé dang

1 d m’
- = 0= 1y — ={) 7.154.
sin0 de[sm a'e){”(”” sin’ e}y (7139

voi cac nghiém xdc dinh £"(cos8) truc giao nhau trong khoang (0.7) va

véi ham trong sind:

i +m)!
(P’" (cos®), " (0090 j P (cos8) P (cosB)sin0d6 = _2 (n+m) 3,
: 2n+1 (n—m)!
(7.155)
2. Da thire Hermite #, (x)
Phuong trinh xdc dinh da thire Hermite ¢6 dang
d Y dy
052y =0 —wex<w, 7.156
i 5 T2 ( )
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Nghiém cua da thirc Hermite 13:

n e d
y=H (x)=(-1)e d”( ) (7.157)
Tinh truc giao:
(H,,H,)= j “H,(x)H, (x)dx=|H,[5,,. (7.158)

Binh phuong chun:

IH, [ =Vn2"n! (7.159)
Mt val ham chon loc: :
H, =1, H,=4x* -2, H,=16x' —48x* +12;

fl, =2x; H,=8x"-12x; H, =32x"~160x" +120x.
Céng thire truy héi:

H,.{x)=2xH, (x)-2nH, _ (x); n=123,..

3. Da thire Laguerre L (x)

Phuong trinh x4c dinh da thire Laguerre ¢6 dang

%{%}+(1——t)%+ny 0 O<x<om, (7.160)
Nghiém cua da thirc Laguerre:
d:r A .
y= L”(x)=—-e dx”( e™). (7.161)
Tinh tryc giao:
(Z,L,)= e L(x)L,(x)dx=|L,]'5,,. (7.162)
7
Binh phirong chuin:
LI =1. (7.163)
Mot vai ham chon loc:
L,=1; L, =,l(—x3+9x2—18x+6);
57 |
L =1-x L =—]——(x“—16x3+?2x3—96x+24);

Y
RS

L, =l(x2 “Ax+2); Lo=——{~x" +25x" —200x° +600x” - 600x +120).
P2 * 120
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Cong thirc truy hdi:
(P 1)L, (x)-(2n+1-x)L, (x x)y+nl, (x)=0.

4. Pa thirc Laguerre lién két [ (x)

Phuong trinh xac dinh da thirc Laguerre lién két ¢6 dang
d’y dy
x—5+(m+l-x}—+ny=0 O<x<wo,. 7.164

ot Jat™ (7.164)

Nghiém cua da thire Laguerre lién két [a:

L

y="L(x)= ﬁxﬁ, :T(xe) . (7.165)
Tinh tryc giao:
(L. Lf”)—oj[ "o I (x) I (x)dx = | L ” (?.166)
Binh phuong chuén: U
|Z] = (2.2, - LQemen) o0 (7.167)

Mét vai ham chon loc: _
L(x)= %(6—6x+x2); L;(x)=-é-(24—3<_<,x+12.-:c2 -x');
r (x):%(12—8x+x2); Li(x):é(60—6x+15x2—x3);

L (x):é(l20—90x+18x2 —x3).

Cong thire truy hdi:
(n+1) L7, (x)+(x =m=2n-1) L) (x)+(n+ m) L7 (x) =0.

5. Da thire Chebyshev loail 7,(x)

Phuong trinh x4c dinh da thire Chebyshev loai I ¢6 dang

(1-x )dy y l<x<l, (7.168)
dx’ dx
Nghigm cua da thire Chebyshev loai I: |
y=T,(x)=cos(narccosx). (7.169)
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Tinh true giao:

Tl dx {7.170)
I

l—x

n"

Binh phuong chuin

HTH ’ =(T:i’Tn)= (?1?1)
Ty n=123..

T T, Tdo
pe

T-(x)

Hinh 7.9. Da thirc Chebyshev loai |

MGt vai ham chon loc:
T, =1 T,=2x"-);
T =x; T,=4x* —3x.
Cong thic truy hoi:
M(x) 2xT ( )+T”_](x)=0.

6. Da thirec Chebyshev loai ll U, (x)

Phuong trinh xéc dinh da thirc Chebyshev loai 1T ¢6 dang

(1—x2)d_{”—3xd—y+n(n+1)y:0 (7.172)

dx” dx
Nghiém cia da thire Chebyshev loai 1I:

i 1
YU, (x)= sm[(n + )arccosx] 173)

sin (arccos x)
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Tinh truc giao:
1
(U,.U,)= [(1-2)U,(x)U,,(x)dx =|U, '8, (7.174)
-
Binh phuwong chudn:
U (Un,U,,)——g. (7.175)
M6t vai ham chon loc:
T, =1, T, =4x" -1,
T, =2x; T, =8x’ - 4x.
Céng thire truy hoi:
Uy () -2xU,(x)+ U, (x)=0,
U_t(l') ]
\ ’ Lyt
\,, Ustx)
\"‘. 2 ” U[ {1}
Y JUU .
N Sk .
-2
-4
_ -6
U_r\.(-\‘)
Hinh 7.10. Pa thdec Chebyshev loai Il
BAI TAP
. < _1)"‘ n+lk
7.1. Chimg minh rang cac ham Bessel J, (x)= ;m, n=12,

¢6 dbng nhit thire sau:
2
I (x) +J,., (x) = 7”.]” (x),
o (x)=J,,. (x)=2J!(x),
xS, (x)=-xJ,,, (x)+nJ, (x).
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7.2.

7.3.

7‘4.

7.5.

7.6.

7.7.
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Kiém tra tinh ding dén ciia biéu dién tich phan d5i voi ham Bessel ‘

=2 I_C(_)_Sff_d

Jl_—

Chung minh ring

Jo (x)=-J,(x),
x)z%[.)’z(x)—.]o(x)].

trong d6 o,B 13 cac hing s6, n> 1.
Tir biéu thirc tuomg minh ctia ham Bessel

i 1)"r xu+2k
= ”*”‘k'l“ (n+k+1)

hay chimg minh ring

J.,/z,(x)z\/gsinx ; J__Jé(x)z\jgcosx.

Chung minh rang khi thyc hién phép dbi bién x =cos® phuong ‘trinh
Chebyshev

(l-xz)v"—-xv’+n2v=0

c6 thé dua vé dang

trong d6 u(8) =v{cos8)}.
Str dung cbng thirc
cosnd =cos"9-C)cos"* Bsin’9+...,

chimg minh rang ham Chebyshev
e

la da thire bac ».

Hay chimg minh tinh truc giao va chuén hod cia da thirc Chebyshev

véi trong s6 \/17 trong khoang (-1,1}, tirc 1a
1-x’



G
?{!8

‘®:

0, m#Hn
1
f?:’(-ﬁ?:”(x)dxz . m=nz0
] l-x2 2
' T, m=n=0

1 am n_—x
L {x)= o ) e (x e ), n=0,1,..

12 nghiém cta phuong trinh Laguere:
xv"+(1 —x)v'+nv =0.
7.9. Chiéng minh ¢6ng thue tich phin

.‘Ixjﬂ(x)dx'zle(x); ()

].qu (x)dx =2x7J, (X)+(x3 - 4}:).]I (x).

7.10.  Cho ham sinh cua da thirc Legendre ¢6 dang:
1

J1+p° =2px
Ching minh rang:

a)(1-2px+p’ )y, —(x—p)y =0;
b)(1—2px+p” Jw, ~py =0.

(2)

w(p,x)=

7.11. Theo khai trién y(p,x)=>_ P, (x)p" va 2 cong thirc di chimg minh &
n=0 * :

bai tp 7.10, hdy chimg minh cic cong thirc truy hdi sau cia da thic
Legendre:

(n+l)P (x) (2n+l)xP( )+nﬂ_( )=0;
Pri(x)=xP, (x)-nF(x);
B (x)=xP_ (x)-nP, L(x)=0

Suy ra dang tudng minh cia da thire 2{x).
7.12. Chimg minh rang P, (x) la nghiém cia phwong trinh:

[(1 —xz)R: (x)] +na(n+1)P,(x)=0.
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HUONG DAN VA PAP SO
CHUONG I

2.1. Nghiém ciia phuong trinh la

u{x,()= i(a,‘ cos k

i

nat . kmat) . kmx
T +b&, sin sin—

k=0 L
trong do:
27 .k
a, :—EJ¢(x)SIHde,
2 I
b, =F6[w(x)sm—dx

2.2, Nghiém cia phuong trinh 1&
2k+1)mar  (2k+1)mx

sLe () |
u(x,t)==Y. —COS 57 s

mt 2 (2k+1)

2 mat . mx 21 Inat . 3nx
+——sin—sin — + ——3jn ——sin —
an 2L 2L 3am 2L 2L

2.3. Nghiém ctia phuong trinh la
el 2k +1)mar 25+ nat 2k +1
(an:osﬂ+b 'n( +l)ra )cos( e

+

u(x,1)=>" , i T 5T

h=0

trong dé:
(2k+1)mx

%5[ cos———-—dx;

£ 2k +1
2 ( +)1txdx

b =— = A S Sl
* (2k+z)naJw(x)C°S 2L

2.4. Nghiém cua phuong trinh 12
= knat .
u(x.t)=a,+byt + Z[a,‘ cc:us——T:Li +5, smk—n;?f—]cos—? ,

A=l

trong do:
. 1 i ! !
a-Lfo(x)as b= u(x)a
L) Ly ;
2; k 2 1 k
a, __E!Lp(x)cos_g_cﬁ; b* =m!\p(x)cos—dt
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“eg,

2.5. Tir phuong trinh u, = a’u,, , &t w(x,0)= X (x)7(¢) suy ra
% = ;—T = -2 > T (1)+Xa'T (1) = 0.
Nghiém X théa min hé phuong trinh:
X""(x)+K2X(x) =0
{X(0)=0.X’(L)+M’(L}=O
Nghiém X cna co dang
X(x) = Acosix + Bsin hx.
Tir cac diéu kién ban diu;
X(0)=0=4=0
{X’(L)-t»hX(L):O::» B(hcoshL + AsinAL)=0
l_cole +thsmAL=0=hghl=-A A, , k=12,
Vay nghiém riéng cita X 1a: X, (x)={sindx}.

r={

i
sin Mx"2 = jsirf A xdx :[%x— 4; sin 2?ka}
0

13

x=1l

£_sin2lkL_L(h2+l:)+h
2 4y 2R 1)

Viy nghiém cua phuong trinh la

u(x,2)= 3 (A4 cosk,ar+ B sink,ar)sinA,at

k=l

trong d6 cac hé s6 A4, va B, duoc xic dinh theo cong thire

1
ini, x dx
[sin o] !“’(")S'" W

l ! ‘
Lo ak, ||si11 ?L*X"z !w(x)sm hax &
2.6. T phuong trinh w, = a’u, 4t u(x,1)=X(x)T{¢) suyra
§=%:—12 =T ()« X a'T(1)=0.
Nghiém X thoa méin hé phuong trinh:
X7 (x)+22X (x) =0
X'(0)=0,X"(L)+hX(L)=0
Nghiém X cé dang
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X(x}=Acosix+ Bsinix
T cac diéu kién suy ra
X'(0)-hX{0)=0= BL—Ar=0
2
LX'(L}=0= B(--;;i—sin AL+ J\.cos)\.L] =

2

= —&h—sin A adcosAh=0=hctghl =d =X, k=12

Viy nghiém riéng ciia X la
X, (x)={X, cosk,x +hsin},x}.

Ta xét :

H,Yk (J:)H2 = Fj(?LA cosh,x + hsin A, x) dx

S LS o b Lsinta L fa | Lo SnZhL
2w 2% 2

L(M+#)+h

& k 4li

Z%(li+h2)+%[l*—:—2] cotgh, L wh 1
k

LA +H )+ h
o - )

Viy nghiém cua phuong trinh la

u(x,1)= i(A‘ cosh,at + B, sink at)(X, cosh, x + hsink,x),

k=l

trong d6 cac hé sé A, va B, dugc xac dinh theo cong thuc:

}A, cosk, x + hsink,x)dyx;

" H

|
—————— |y (x){A, cos A, x + hsink, x)dk,
al ”X )II o
voi JX ()] duge xac dinh theo (*).
2.7. Tir phuong trinh , = a’x,,, dat u(x,t}= X {x)T(r).suyra
xX'_r

X a T
Nghiém X thoa mén hé phuong trinh:

X (x}+X°X(x)=0
X(0)-hX{0)=0, X' (L}+AX(L)=0

W S T(1)+ 42T (1) = 0.

Nghiém X co dang
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X (x)=Acoshx+ Bsinhx
Tur céc didu kién suy ra .
X' (0)-hX(0)=0= BA-Ah=0= Az%B

2

X (L)+hx(L)=0= B[—%sinkL+}.coskL+lcole+hsin AL =0

2

s —%sin AL+ hcosAl +AcosAL +hsinil =0

Ty L

+2?u:0tg7\l.=0:>t.:0tg,7hl’.=l ——— =X, k=12,
2V h A

Véy nghiém riéng ciia X la
X, (x)={A, cosk x +hsink x} .

Ta xét : “X* (x)H2 = ;j()t,‘ cosh,x + hsin A, x)’ dv

0

caz| L SmEAL oy rl L sinta, L || Lo S02ME
274, 24, 7,

H
:£()\i+kz)+l[l*—£—] cotgh, L +h !

2 2 A, Jl+cotg®h, L l+cotg’d L
.,.E(Kz +h1)+h‘£.(}_ﬂi)_i%ﬁ
2Vt 2

. L{A +#)+2k
e
Vay nghiém cua phuong trinh la

¥

= “X(x)

u(x,t)=Y (4, cosh,at+ B, sink,ar)(x, cosh,x + hsin},x),

k=1

trong 46 cac hé s A, va B, duoc xic dinh theo cang thirc:

i
A =— A A hsin A, x) dx;
, H){(x)Hz o{(p(x)( . COS A, x + hsin A, x)
1 I
= — A A hsink, x) dx,
2 o “X(x)“z !w(x)( 4 COSA, x + Asink, x)

vai

|X (x)H“ duoc xac dinh theo (*). ‘
2.8. Theo phuong trinh 7, = ’u, +f(x). dav u(x,t)=v(x,1)+w(x}.suyra

v, =av, +aw, + f(x).

Ham v thoa man hé phuong trinh:

(*)
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Nghiém v <o dang

N _knat |, knx
= A _
v(x.1) ; , sin——sin—

trong d6 hé s& 4, dwoc tinh theo céng thic:

4 =—£]w(x)sink—mafr. | *)
* L : .L
Ham w thoaman:  a'w,+ f(x)=0=w,_ = _f'(zX) ;
a

w(0)=a,w(L)=B:

:——12-] EYdE + M,
)

wix)= —;-;[[[ f(&,)dg}WMHN.

Tir cac diéu kién cho w ta ¢6;

w(0)=N=a:>N=u;

w(l)= —%j{j f(&)dé]ﬂb+ML+a -p
B

a 17
Lat !(E;[
Nghiém ciia phuong trinh d4 cho 14

x (B-o)x
azuf[!f(@)dé]oﬂ/+ e
u(,\'.r)=v(x,t]+w(x)

S ot [ o [y 20

[FIR ] [t ]

= M=

‘Vay nghiém w ¢o dang

wix) = _% j/‘(g)d@].fw

trong dé A4, duoc tinh theo cong thic (*).
2.9. Tir phuong trinh w, = a’u, + f(x), d&t u(x,r)=v{x.0)+w{x), suy ra
v, =av, +a'w, + f{x).

Ham w c6 dang w(x):(alxz+B|x)a+(a3x2 +Bzx)[3,suy ra
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v vy
c‘!‘g'

w,(x)=(2a,x+B o +{2a,x+8,)p.

Tir cac dieu kién ta cé:

W_r(0)=|3|0'.+B2ﬂ=(1:>BI =1, Bz =0,

w (L)=(2a,L+ o +2a,8 =B = (20,L +1} =0
=2a,l=-1=a, = 1 l

2

, O, =—.
. 2L 2L
Nghiém w la:

w(x) = (—Elzxz +x]a+fz—z§ = (B;{z)x +ax.
Do d6 aiv, < B=9)

W
L

Ix

Ham v thoa mén phuong trinh

v, =a'v, +m—_f-)f—+f(x) =a'v, +F(x),

-
p)= L ),
St dung phuong phap tich b;cn d6i vé&i ham v ta thu duoc

r(x0) = 3 (1)eos 2

ZC cosf‘L—::C = L![EETQ)_+f(x)}ix;
C, =%:J1:(B—_E£+f(x)JcostEdr;

= H s
=53 liﬂ""(r)+(%q n(t)}cosk—?—=z C, cosanx.
k=0

Tir cac diédu kién cia u taco

trong do

u(x,O):v(x,0)+£E-_—ci~)x—2+ax

2L

At SlpYN
L 2L
suy ra:

19-PTTL A
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4, (x,0) = v, (x,0) = y(x) = v, (x,o):i T:(O)cosk—zx—:w(x);

=—J'\p x)dx, T, (0 =—j\|1(x]cos—L-dx
210, - w(x,0)=4kx, u(x,0)=0khi 0<x=<L.
Ta cén phai gidi phuong trinh u, =a’u,, voi gic diéu kign bign : 1 (0,0)=0 s (L,0)=0
va diéu kién ban dau :  a(x,0) = {x), u,(x,0)=wyix).
B?mg phueng phép tach bién Fourier, dat nghiém dudi dang : u(x,t) = X (x).T({) .
Thay vao phuong trinh dugc:
2T X(x)
Ta ¢6 hai phuong trinh vi phdn véi céc didu kién bién twong g :
T*(6)+ @ )T(t) = O;
X"(O+X X =0;
X(=0,XL)y=0.

-

Giai phuong trinh cho ham X (x) thu dugc tri riéng A, Qk—z‘—;:l}—n va ham riéng ¢

dang {chinh xac dén mot hé sé hing sb): X (x)= sinﬁi—l—bE . Nhu véy, nghiém tdng quat

clia phuong trinh cé dang

W(r.f) = i[q cos (2k +Dnat + D, sin (2k + Dnat Jsin (2k +Dmx .
. 2L 2L 2L
Pdy la phuong trinh co ban cho bai to4n dac déng cua thanh véi dau x =0 gin chat,
x=L ty do. Sir dung céac diéu kién ban dau thu duce D, =0,con €, dugc tim béng
céch 1dy tich phan :

I3
c, =2 Ixsini(ﬂ O
L} 2L
Ap dung cng thirc tinh tich phan timg phén ta cé
L
- (2k+1)m\ 4k j'cos 2k+Dmx
(k4D ETARN TN 2L

R

i

LB O +lmx|” SkLz -1y
2k + 1)’ 2L | Qk+1ynt

Phuong trinh dao déng cua thanh cd két qua cudi cing la:

w(x.0) = SkLZ (-1 cos (2k+l)ﬂ:atsin (2k+])1tx.

s (2k +1) 2L 2L
2.11. Giai phuomg trinh u, =a* u, vi céc diéu kién bién :
u (0,0=0, u(L)=0, {1

19-PTTL B
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va diéu Kién ban diu :
u(x,0)={x), u(x,0)=wy(x) khi 0<x<L.
Bing phuong phap tach bién Fourier, d4t nghiém dudi dang
u(x, )= X(x).T(), '
thay. vao phuong trinh duoc
a’T()  X{(x)
Ta c6 hai phuong trinh vi phdn voi cac diéu kién bién tuong Ung :
T'(6)+ @A T(0) =0,
XWO+MVX()=0;
X(0y=0,X(L)=0.
Giai phuong trinh cho ham X(x), truéc hét xét trudng hop A =0 véi didu kién bign da
cho cé dang la mt hing s& A, con ham T(¢} Ia
T(t)=4t+B, .
Nhu viy mét nghiém riéng trong trudmg hop A =0 13
u, (2, ) = X ()T (1) =M(At+ B)=At+B.
Trong truéng hop A >0, tri riéng c6 dang

LT
L

k . ; .
Suyra X,(x)= ms—:JE . nhu vy nghi¢m tong quit coa phuong trinh sé& c6 dang :

u(x,t)=At+ B+ Z

C,cos——+ D, sin 05— . 2)
k=1 L

[ knat . kmat Jc knx
L

Hé cic phén tir Fourier {l,cos %Tx}k =1,2... ¢6 tinh tryc giao sau :

].l.]dx=.-£
a

L kmx
Il £os——dr =0
; L

i 06, m=n

Icos cos—dx =1 [

0 . —, m=H
2

Nho d6 tinh duoc cac hé sé cua phuong trinh (2) 4, B, Ci, D;. Két qua cudi cing
thu dugce :

1 x
ulx,t) = % I[q)(z) + tw{z)]dz + Z[C,( cos kj;‘m + D, sin k—ia—!]cos%x—
L1} k=]

]
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trong d6 cac hé sé duge xac dinh theo cong thirc:
2 knz 2k knz
C,=— |p(z)cos—"dz; D =-—— zycos—dz ,
) Lojnp() - mﬂjw() .

2.12. Giai phuong trinh u, =a®u_, v&i c4c diéu kién bién
# (0,0)=0; » (L,6)=0,
va diéu kién ban diu :
u(x,0)=(x) =0,
0, 0<x<L-8
R T Y
5p

Chuyén gigi han khi & -0, ham y(x) c6 dang :
yix)= —LS(x—xo), O<x< L,
p

& ddy 8(x)} 14 ham Delta, ta c6 két qua sau khi thay x, = L

L 2L Z( ]) sin knat .

ux,t)y=—
0 pl  map T L L

Gyi y : Ta can phai giai phuong trinh u,=a’u,,0<x< L, v&i cac didu kién bién -

u (0,0)=0; u (L,0)+hu(x,0)=0 va didu kién ban diu :
u(x,0)=@{x), u(x,0)=y(x) khi 0<x<L.
Bang phuong phap tach bién Fourier, dat nghiém dudi dang :
u(x,8)=X(x).T{®),
thay vao phuong trinh ta duge :
aTy X&)
Ta c6 hai phwong trinh vi phan v6i cac diéu kién bién twong tng :
T +ad VT =0,
X0+ X(=0;
X'(M=0, X (LY+hAX(L)=10.
Nghiém phuong trinh c6 dang
u(x,0) = i(C» cosh,at + D sin} at)cosh x,

trong do: A, la nghiém riéng cua phuoog trinh AfgAL = 4 ham riéng X, (x) =cosA x.

Ham riéng thir n dugc chuin hod

f)( (x)dx = l +hL[M] }:£[;+__zh_z]
nL 2| L)

Cic hé b tim duoc tir cée cOng thirc :
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.:\éé'

I
jq;(z)cos hzdz .

n 0

I

C, = —12— Itp(z)coslnz dz; D = 5
Xl i,

2.14. Xét tyc P tic dung lén thanh tai thoi diém ban ddu =0, do dich ban diu
u(x,0) = f{x) ., dao ham cua d9 dich chuyén nay theo dinh luat Hooke ty 1€ v&i sirc
cang tac dung :

N
S =0
trong do: S 1a thiét dién bé mat. Cho diéu kién £(0)=0 taco

P
f(x)_Ex

tire la 4 dich chuyén cua thanh tai thai diém bt ky ty 18 v&i hoanh 88 coa né.
Nghiém cua bai toan tong quat ddi v&i trudmg hop mét dau (x = 0) gan chit, mét ddu
(x=L) wrdola:

k

u(x, 1) = z[q cos Bkt Dmat (2 H)nm]sin @+ s
k=0 2L 2L I

Ta tinh dugc
&
I sin(2k+l)mdx= 82PL (-1 _
LES ; 2L n ES (2k +1)

Vay, nghiém coa phuong trinh ¢in tim fa

‘=

x I3k
u(x,f) = S:PL 3 (-1) ICOS(2k+l)na:Sm(2k+l)M,
HAES ) (2k+l) 2L 2“:
trong d6 a:\]g_
)
2.15. Pap sé:
x, = co —1
;[ak L. J L
trong dé: a&_i___p_ﬂlg_.[f Sln——— ;
He P(P+l +F1k L

=2L P4 F()»Hx
aw, p(p+1)+p; 7

0 ddy p,,U,.1,,... [a nghiém duong cha phuong trinh
peosp + psinp =0 [pz%)OJ.

2.16. Dép sb;
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2.17.

294

trong do:
a, =$——-mjf [smvﬁ——&cosﬂ]cﬁ;
p(p+2)+u” L ow L
b, = J'F {sm-————ﬁcos “"x]dx,
R n L

& day p,,1,.1,,... 2 nghiém duong cia phuong trinh
2(:0tgu:£—£ {p -ﬁb{'}]
P M K,
Ta cén giai hé phuong trinh:
u, =au_+glx,1)
u(0.0) =y (), w(L.)=yx () n
u(x.0)= f{x), u(x,0)=F(x)

Trong truéng hop nay ta dua vao ham bd trg

W("J)Exl(’)“{h (’)_Xl(f)]%’
rd rang la w0,y =yx,{t), w{L.)=x/(¢).
Tim nghiém dudi dang tong
_ u(x,f):v(x,r)-irw(x,!) {2)
trong d6: v(x.¢) 12 ham méi chua biét, thoa man didu kién bién: v{0,/) =0, v(L,f)=0,
va diéu kién ban dau:

v(x,0)= u(x,0) = w(x,0)= £ (x)=1,(0)~[x:(0) - %.(0) ] 7 = i)s

v (1.0) =1 (,0) -, (x.0) = F ()%, (0)~[1:(0) - 6 ()] = K.
Thay (2) vao phuong trinh (1) ta ¢é

v, =a'v, +g(xr)+a’w, —w

"n-

Do w(x,t)le(f)+[sz(r)—xl(t)]%,suy ra v, =a'v, +g(x},

irong dé: g {xt)=glx1)=x (1)- [)(2 ()-x% (e‘)]i :

L
Nhir vy ta ¢6 bai todn cho ham v{x,z):
vri = azvxx +g| (X.,!)
W0, =0, w(L.1)=0
v(x,0) = fi(x), v,(x,0)=F(x)

Bai toan nay da dugc giai trong bai 7 (bai giai mau).



e aé 5'..

= .k
218, w{xr)= > T (0)sin—r,
P L
ham 7, {f) dugc xéac dinh theo cbéng thirc

Ia"t Ism wrsine, {r-1)sin —E“ ds;

ko

TL(f)*L

I

=2—"I smm'rsmwﬂ(t—‘r)dtj-sm édé,
Lo, ;

A[(_l) _l] 2wsinw,f - 20, sinw!

o, kT o' -} '
_ AL[(‘I)” B l} 2asin e, ¢ — 2w, sin ot
(kn)la oy _mk

. ka
trong dé: w=—-
L
. Thit vay, Iﬁy tich phan ta cé :

f

!cos[(m+wk)t—mkf]d1=

!

sinwr+sinm,f

sin[(m+mi)r—w*r]

W ®, O+,
r . ’ . »

. sinet—smna, !
J.cos[(w—wk)1+m*th= sm[(m—m*)wm,‘t] =k
p W -0, 0 W=,

. sinw+sine, s sinwf—sino, s 2wsine, s — 20, sinet
Tir L L k L]

S . , Cudi cting ta nhin dugc
®+0, -, W -0

2AL & osinw, !, sinwt
—“ﬁ*['—(—‘) }[ I ] ® * o,

’k’a ' -0} o -0

L=

w=a

AL & W, fcosm, I —Sino, f
[l-—(—l)} 4 & o \

wkla @,
Ap dung quy tic L' Hopital dé I4y gidi han, ta co
.| wsina,f o, sinof .| wtcosmd  sinws w,fcosw,l  Sinm ¢t
lim — ———— = lim - =-— -
N e _UJ; [ _w;

poey | 2, -2, 2w, 2w,

Xétkhi w= w,  tacé:

_{2k+V)mar (2k+1)na

wsin R sin we
(1) - A —
n? (2k + I)z a w’ *wipl W’ "’mim
. (2K +1)mart
44l sinor 44l ST

Rk 0l -0 2 (2h41 a0k, -0
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Cudi ciing nhan dugc nghiém khi o = Dyt

(2K +)mx - (2k+Ymat . (2k+1)mnx

$in . sin- sin -~
a4 . & AALw &

u(x.1)=—=sinwr L Alw L

n

Sk {0k -0") e & (k1) (0h, —07)

2.19. Giai phuong trinh:
u,=a'u +g:
u(0,6)=0,u,(L,1)=0
u(x.0)=0, % {x,0)=0

Nghiém dugc tim dudi dang w=v+w, trong 46 v 13 nghiém phuong trinh khong
thudn nhit thoa man didu kién bién:

v(0,1)=0,v (L,1)=0.
Con w la nghiém phuong trinh thuin nhét ciing thoa mén diéu kién bién
w (0,!) =0, w, (L,t) =0.
va diéu kién ban diu
w(x, 0) = f(x) = —v(x,O);
w,(x,0) = F(x) = -w,(x,0).
Tim nghiém v{x.r) duoi dang da thic cdp 2:
—v,+av, +g=0
v(0,1)=0,v (L,1)=0
Chon v{x,7)co dang: v{x,f}=ox’+Px+y, tc la v khdng phy thude vao ¢. Thay
vao phwrong trinh, suy ra

L
o =— sz gz,y ¢.
gx(2L -x)

Nhur vay V= 5
a

Theo diéu kién ban diu ta co:

w(x,0)= f(x)=-v(x,0)= _g_x_(L—x) ‘

w,(x,0}=F(x)=-w, (x,0)=0.

Bai todn déi véi w duoc giai nhu sau:

W(x,r):i Micos(_m_'_h; sin (2k+1)nar sin (2k+l)ﬂx
2L k 2

k-0 2L
Theo diéu kién trén:
‘ -2L 2k +1 :
M, :_Z_J-gx(x )sin( ¢ )mdx [6gL

o = =-— _va N, =0.
Tra(2k+l)
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Két qua cudi cing ta thu dugc
(2k+)mat |, (2k+1)mx
gx(zL_x) l6gL2 x COS— 2L sin 2L
a(x,!)= 7 T3 3 7
2a° na o (2k+l)
Tai x= L, nghiém co dang

(2 1)mar

l.k
u(L,)=EL _168L'$ 1) o7
? 2 3.2 3
2a Ta D (2k+l)

: . - L
Vé phai s& dat dwoc gié tri cuc dai khi = 2L ,suyra
a

2 2w f_1¥F
gl +16gLZ (-1)

™2 Wd T2kt
L
x _! i z
Chiy: (-1) =X suyra u,, =S
P (2f’(+!) a
, ; L2
Nhur vay, thanh dich chuyén d6 dai mt khoang tir L dén L +&5
43
2.20. Bap sb:
24L < (_I)M o kant L kamj . hkanx
“(x*’): sin——

Z 7 -[e —C0S——+ ——5In——
i k=l ka'n L ka?'t L
k| 1+ —l:--

2.21. Khai trién thee bé ham riéng Fourier
2k+1
{X*(x)zsin(—zmz‘—)-ﬁi}, k=0.2...,

ham u c6 dang:

()= 37, (i 2EEDT
Chii ¥ rng: "
f(x.t}= Asint = ka (,)sinﬁﬁl)_“
= £ (1) =%;If(x,:)sin@‘—+l)—mdx, k=0,1,2,...
u, (x.1) = iﬁ'(t)sin (2k+1)n;
= 2
a'u, (x,0) = _2[(2_*“:;_){‘5}2 7. (1)sin (221)7[.
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Thay vao phuong trinh ta ¢o

Z{?} (!)+[(2k : l)na] . (t)]sm(zk;)n % £ (s 27

k= k= 2L

Tir sy bing nhau ciia hai chudi, suy ra

(;)+["I"] OA)
Céc diéu kién ban d4u cho ham 7, (x) 1a
T, (0)=T,(0)=0, k=0,12,..
Phuong trinh vi phén cép 2 kh(‘)ng thuén nhit c6 nghiém:

7.(6) = Iﬂ sin (2k+\)na

51 (e—1}dr.

(2k+l

Cubi ciing thu dwoc

u(x,6)= ZLZ l [Ifk sin(zi;?ﬁ(t—t)dt]singfg—p-ni.

na £ (2 +1)

2.22. Khai trién theo bd ham riéng Fourier
2k +1
{X,‘ (x)= cos‘(——ﬁ)-n—x}, k=0,1,2...

him u co dang

Chu y ring :

Thay vao phuong trinh ta ¢6

Z{n--(:){(?%;)ﬁ] 7 (f)]cosﬁy‘_;)ﬁ: e
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Vsl

Tir sy bang nhau ciia hai chudi, suy ra hé phuong trinh

20 (28] 7 ()= e
7;;'(:){(2"—;1133]27; (1)=0, k=12..

Ca¢ diéu kign ban dau cho ham 7, (x) 1a:

L(0)=T7,(0)=0, £=0,12,..
Nghiém tdng quat ciia phuong trinh thudn nhit 1a

= mat Tat
T,it)= Peos— + Osin—- .
o(1)=Peo TRRAE)
Nghiém tong quét cua phuong trinh khong thudn nhét la téng ciia nghiém phwrong

trinh thuin nhét va mét nghiém rigng nao dé cua phuong trinh khéng thuan nhét.

Tt mat
T.(f)=Me" + Pcos—— + (Osin—
(1) 2L e 2L

theo diéu kién ban déu:
LO0)=M+P=0 =M=-P

. na 215
?},(0)=~M+ZQ=0:>Q:M-T;.

Thay vao phuong trinh ta ¢é

L{r})=Me" - I Mz—Lsin—Tﬂ.
2L na 2L
Do da
T (f)=Me' +M “—"J cos Z2E . pg T2 i 22
. 2 L 2L 2L
2 2 H
(3) 7.() M(ﬂ_a YT L TS LI,
2L 2L 2L 2L 2L 2L
2
= Ade’ =M ]+(EJ e M= 4
2L N
5)
Tir 46 suy ra '
A t
To(r)=—-——-2—[ e —cos Al 2L K—G-J
ua) L na 2L
1+] —
2L
Nghiém cubi cung ¢d dang
A - nat 2L . nat nax
u(x,1)=————5| e” —cos—+ sin—— |cos .
a 20 ma 2L ) 2L
i+ By

299



2.23. Khai trién theo b3 ham ridng Fourier

{Xk (x)=1, cos%“ﬁ}, k=12
ham # cd dang
u(x,r):At+B+iTk(t)coskTm.
k=1

Ham f{x,t) duoc khai trién cé dang:

f{x.t)=At+B, +iﬂ(r)cosk7nx;

Thay vao phuong trinh ta cé
x 2 3 .
Z{ﬂ”(:ﬁ[f—?] T, (t)}cos%mﬁ: At+B+> £, (:)cos%ﬁi :
k=1 k=]

Tir sy bang nhau cta hai chudi, suy ra

7022 1 0= 100

Vay nghiém ciia phuong trinh i3

xr)=}ﬁfo(&)d¢}dw—*[ fﬁ in"if(r-&)dé cos%’“,

trong do:
J'

:%-;[ (x.E)x; fi (& j (x, é)cos%—dx

0
2.24.Goi y:
Chon nghiém dudi dang
u(x,t}=V{(x,)+W{x.1).
Thay vao phuong trinh ta cé
V.+W, =V +W =V -V =W_-W

"

trong d6 W dugc goi léﬁham ganh diéu kién bién, nghia la n6 ¢6 dang
W{(x,t) = (o, x+B, Jufe)+(o,x+8,)v(e).

Thay céc diéu kién ban dau:

w(0,6)=pn{e), W(L.t)=v(r)

ta ¢o
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Néu chon:

W, =0=W, :[1—%];1" (r)+%v“(r) =0;
W(x,O):(l~%Ju(0)+%v(0);
W,(x,0)=[]—%]u'(0)+%v'(0).

Ham W co thé tim dugc, ham ¥ nhé d6 tim duge dé& hon vi didu kién bién [a khong
thudn nhit:
Vo=V

V(O_,f)=0, V(Lt)=0,
V(x,0)= q)(x)~W(x,O)=(p(x)—[l—%]p(0)+%v(0);
(3.0} = ()<, (0) =w(x) - 1- 3 (0)+ £ o).

L
2.25. Chon: u(x,t}=W(x)+¥V(x1),0<x<m.

Ham W co dang:

W(x,t):{l-i)rz + 2

n T
X Ix
Wiixty=2|1-=it+—¢;
(1) [ n) " n
2{1-3
W, :2[1-£}+Eﬁ=2—ux, W, =0.
n) on 2

Suy ra phuong trinh cho ham ¥ :

Vo=V, -W, =Vu—[2—2(1_3’)x].
L

Ham V' c6 diéu kién bién: ¥(0,1)=0, ¥ (m.r)=0.

Ham V c6 didu kién ban diu:
u{x,0) =W (x,0}+V(x,0) =sinx = J'(x,0) =sinx;
u, (x,0)=W,(x,0)+¥,(x,0)=0 =V (x0)=0.

Khai trién ham ¥ theo b ham riéng {)(Jz {x)=sin kr} k=12..tacé:

k(x,;)=§y; (1)sin i .
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2(1-3¢)

F{x0)=2- =3 £ (t)sinkx

. 2(1-3 4{u -1 k
:>f(.f)=3 2~—£ r)x sin kx dx = (3 )Ixsinkxdx +i_[sinkxdx
* 7 w Ty

i
0
12¢ % * x4 12t 4 -4 !
=——= —(=1y ——(- — = {1 = {1} 3t-1];
nk( ]) " ( ]) nk( ]) +nk nk( )+nk nk[( ) f ]

i[V;(:)+sz,[(r)Jsinkx:ifk sinkx = z-w[ - 3!-l}smkx
k=i k=l
Suy ra phuong trinh vi phan dé xac dinh 1} (¢) la

LAGREAUIE [( 1y 3-1].

- Giai phuong trinh vi phén trén, rat ra két qua

x __] k
u(x,{):[l-i]fz+%r’+sinxcos£—%§k—[{(-—])k 3r—l+coskt—( k) 3sinkr simkx .

2.26. Goi y: C4ch giai tuong tur bai tép 2.25.
Ta co thé chon
u{x,t) = W(x.r)+ V{xt),0<x<n,

Ham W dupc chon ¢6 dang

W{xt)= [1 -E-Je Xy

n T
Suy ra phuong trinh cho ham v

l/” = VU _'p‘)ﬂ' = i/.\'.\' +(£_ l]e_"
"

Ham ¥ c6 diéu ki¢n bién: ¥ (0.1)=0, ¥ (n,1)=0 va didu kién ban diu:
u(x, 0) =W {x, 0)+ V{x,0)=sinxcosx = V(x,Q) =sinxcosx;
u (x,0) =W, (x,0)+¥,(x,0)=1 =¥ (x0)=1.

Két qua cubi cong I

E 1,
u(x,f): ]-i e"+£f+—~sm2xc052!‘—-
T 2

B

.‘-!|l\-)

[e"’ + & coskt —(2& +%Jsin .-’a}sin .

K1+47)

3:(x,!)=W(x,t)+V(x,r). O<x<n

Ham W duoce chon ¢ dang

2.27. Ta co thé chon
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eR,,

W (x,e}=(ogx+B, )t +{a,x+B, )
W(0,1)=Pr+B, =t =0 =1p, =0;
W n,t):alr+a2 =l=o,=0,0,=1

=>W(x1)=x+1

Suy ra
W, (x.t)=1;
W, =0, W_=0.
Viy phuong trinh cho ham V ¢6 dang
V.=V

w "

Ham ¥ co diéu kién bién : #(0,6)=0, ¥ (m,1)=0 va didu kién ban du:
V(x,{]):sing——x; V,(x,0}=0.

Ham V ¢ dang

3 2
V{x.t)= Z[M* COS(IZ_kgM+ N, sin( i I)m};in (24 ;l)m .
k=0

Do diéu kién ban diu suy ra N, =0,con M, dugc tinh bang tich phan
¥ 2k +1 8(-1)"
M, =E’|‘(sin£—x]sin(——-—)~{dx:]—-g%.
ma 2 2 (2k+1) n

Suy ra nghiém

8 (-1)  (2k+)m (2k+1mr

i . x
u(x,f}=x+r+cos—sin=-= -+ COS sin
2 i (24 +1) 2 2

2.28. Co thé chon nghi¢m dudi dang
u{x, )=V {(x,0}+W(xt)= Vixt)+ f(x)e', 0<x< L.
Thay vao phurong trinh ta ¢é:
V,+W, =a' (V, +W,);
Vo+f(x)e" =a'V, +a* f (x)e;
V,=aV, +[a2f”(x)—f(x)]e".

Chon : [azf“(x)—f(xﬂe" =0= f (x ~::?f(x)
Ham f thoa mén cdc diéu kién sau:
W (0,)=0 = f(0)e" =0 = f(0)=0
WALt)=de" = f(L)e" = de” = f(L)= 4.

0.

Giai ra thy dugc: f(x):Mchf-+Nsh£.
a a
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st

Do d4:
f(x):£5h£+£ch£;
a a a a
f(O)—{-}—wush£+ﬁ(-chi] =ﬁ:0:>N:0;
a a a al., a
S =Mamloyo =2 - A‘i ch
a sh — sh= 4
d a
Nhur vay
' Aa x
W(x,r):f(x)e" = ch=¢’.
sh£ a
a
Ham ¥ thoa man c4c diéu kién sau:
Aach
u(x,0)=V(x,0)+#(x0)= L“:w(x,o):o;
sh—
a
Aach>
u, (%,0) =V, (x,0}+#,(x,0)= - =V (x0)=0.
sh—

a
Ham V' ¢6 nghigm béng khéng:

v, =av,
V{0,)=0, V(L)=0}t=> V{xt}=0.
¥ (x,0)=0,¥(x,0)=0

K&t qua cudi clng ta cé:

w(x, 6) =W{x,1)= fx}e" = Ai ch% -
sh—
a

2.29. Chon nghiém dusi dang
u(x,0)=v{x,t)+ W{x1t)= V(x,r)+f(x)sin 2 0<x< L.
Thay vao phuong trinh ta duge:
Vo +W, =a (V, +W ) +sin2s,
V, —4f(x)sin2t = o’V +a’f" (x)sin2¢ +sin 2s;
V,=a'V, +|df (x)+47(x}+1]sin2e.
Ca thé chon :
[a_zf“(x)+4f(x)+ lein 2t=0= f'”(x)+£2—f(x) = —% .
Ham f thoa man cac didu kién:
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-

"o

W (0,6)=0 = f (0)sin2r=0 = f(0}=0;
W](L,r)=£sin£sin 2t:>f'(L)sin2r=gsin-2—£sin 2f:>f'(L)=—2—sin£.
a a a a a a
Giai ra thu duoc: f(x)=Mcos—2£+Nsin2£+P,
[#3 i
trong 46 M, N va P 1a cic hé sb.
f'(x)=—Mzsin§—+Nzcos—2-—{:
a a a a
f'(O)z[—Mgsinz—x+Ngcos£] =2—A-]~=0:>N:0;
a g a aj., a
f'(L)z—Mgsinz—LzzsinE: M =*l:>f[x)=—cos£r—+P‘
a a a a a
Thay vao phuong trinh ta ¢6:
f(x)z—c052£+P;
a
f'(x)=—2-sin2—x;
a a
2
f (x)—i,cos—i,
a a
. 4 1
7 )=
%0052—x+—4—2(!’—c052—x]=——l{:}3=——1—.
a a a a a 4
Nhuy vy : W(x,r):—[£+cosz—x)sin2:.
a

Ham ¥ thoa min diéu kién:
W(x,r) = —(l + cosg—}sin 2t
4 a

= W(x,0)=0, W;(x,(})z—-21-~2cos££‘
- a

Tir diéu kién ta co:
u(x,O):V(x,(})+W(x,0)=0 =V (x,0}=0;
u, (x,0)=V,(x,0)+W, (x,0)=—2c05—2£:> v (x,0)=%.
g

Hé phuong trinh xac dinh ¥ 1a
V,=a'V,

V(0.4)=0, ¥,(L1)=0

V(x,0)=0, V,(x,0)=%
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= k . kmat k
= V(xt)=0r+ R+Z[S’Ji cos Tt +7, sin T;a Jcos—LE.
k=i -

Tir céc didu kign ban ddu cia ham V ta co:
V(x,0)=0:>R=S =0;
k:ira 1 1
-+ T = —_ T =0, =—
=0 Z L ;=T >

Ham ¥ tim dwroc la:
Két qua cubi cing, ta co

2.30. Cén phai giai phuong trinh :
u zazuu,o-(x(l.:

i

Fﬁ.

u(O,r) =0, u, (L,r) =2

u(x,0)=0, u (x,O) =0.
Két qua

Cos

(5) = A, SFLi -1y’ ,(2n+l)11:x (2n+1)nart
e T Esx 02n+1 21 2L '

2.31. Chon bg ham rigng {.X,(x) =sin o}, m=1,2...

Khai trién ham u(x,) theo by ham riéng ta dugc
u(x,t) = Zx:?:_ (I)X (x)
n=|
Khai trién ham f{x,¢}= sin:sin 2nx theo bé ham riéng ta ciing co

S{x,¢) =sintsin2nx = Zf Wi {x)= fi(f)=sint, £(1)=0, n=2.

Thay vao phuong trinh
Z [T }+ AT, )—fn(t)]sinmrx:O.

Suvra
T, (£)+4n°T, (1) = sin¢
TR ()= L)
T’ (t)+nn: {e}=0n%2
Nhur vy, néu n =2 voi cac didukién 7,(0)=0,7,(0)=0 tasuyra 7,{¢)=0.
Khi n=2 taco:
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g,

%

T, (r)=asin2nt + beos 2nt + esin¢;

7,(0)=6=0, T/ (0)=2na+c= o:m__zcm-
1

T.(t)= c(sin t —E;—sin 2m].

n
Thay vao phuong trinh:
T, () = -c(sint - 2msin 2ms) ;
47°T, (1) = {4’ sins — 2msin 2nt)
=T (()+4n’T, (1) = c(4:'tz —I)sint =sint
1

== ——,
4n? —1

Nhu viy

n()-

1 . 1 .
; sinf ~—sin2ns
4m° ~1 2n

[sin ¢ —~1— sin 2rrtJ sin 2mx.
2n

i
> u(xt)= PR

2.32, Cach giai twong tir bai 2.31.
Két qua bai toan la

u(x )z{

(rm

(1 —cosmtt)}sinnnx )

" Chu y ring
’ !

. 2
¢, =2 (sinnmxdx = ——-cos mmnx
: nm

Do dé
x,r):i 3 5 [l—cos 2k+l)m‘]sm 2k+|)1tx

2.33. Chumg minh: Trong hé toa d6 De-céc ta thay mét hé toa 46 mdi nhur say ;
X =¥rcosQ
y=rsing r>0, e [—n,n], zeR
z=z

(M

Goi u(x,y,z) ta ham dii tron trong hé toa d¢ Dé-céc, con ham v(r, g,z) twong ng &

trong hé tea dd cuc, tike la
v(r. 9.z} = u(rcosq,rsin 9,2}
Bigu thi Au(x,p,z) (va Au(x, y)) qua cac dao ham riéng v_,v_.v

pp? Vg

Vo VooV,

(2)
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Theo quy tic dao ham riéng ta c6 :
ou _ovor oL ov 3¢

o arox B o ;
Lo v )
g Bray op 3y

V1 thé cin x4c dinh cac dao ham riéng; _6_ i"i o % .Taco:
& o ay oy

2ra—r= 2x=2rcosg= gxt =Cos¢

12 H
SRS - N
2r—=2y=2rsm(p::>a=sm(p *)

Pao ham riéng hai vé cua (*) tacé :
%, . or . dp Jp  sing
—|y=rsing|< 0=—sino+rcosp— =T
3 [y =rsing] e O rCosQ m=> -
i[xerOS(p]c:»O—?—cos(p rsmq’@:}@_cosm.
Oy oy dy oy v

TUr phuong trinh (3) ta ¢6 :
v sing v _ K-

=
xS T T 5
5

Nhu vay
oK

u 8K or 0K 3¢ _ oK
Y E = —— — =coSQP— —singp—
&' o ox do &x ar
trong d¢:
K=cosnp@—sm(pﬂ;
or r ¢
8 d'v sing v sing &v

K
— = COSQP———+ :
(Parz rt g r  opdr
&K v v cos@ v sing Oy
——=-sing—+cosQp——-— —— -
%, oodr r do ro oo

ar
2 - - . a2 a l 2
E;L;=cosztpg_+2costgsm(p§v__251n(pcostp v | Sin {pg"_v_+51n2{p_(’7‘_1:; @
5 r 5,0 r or b roor TG

cosQ 8_M

2 -
_(?.__ oM & _p oM aq) Sin{p%+ .
Op

u-‘i":ay " dy aql y or r

& day:
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oM .mp“azv _€0sQ @+ cos¢p &y

—-—-—-—_S —

8v+cosq)ﬁ:> or ot o de  r Ordp

o r B oM v . dv  singdv cosp dv
—— =COSPp— +Sin - —+

g or arép r Oy r g’

2 2 . . . 2 2 , ,
a_‘:;-sinz(PC’ ‘:'_2C05<I351ntput3_v_+251mpc05tp Fy L cos (p@iﬂtcosz(pa_':-‘ (5)
ay ar” r dq r Br oy r RIS
Cong (4) va (5) thu duge két qua: -

v 1av 13
Au(xy)= o3 T ®)
ror r dp
v tov 13 &
Aul{x,y,z)=—t——t——+ — 5
(x:2:2) o’ ror r g o (7}
2.34. Dap sb:
. (2n+l)nx . (Zm+t)my
6441 12 & SIn T sin e
u(x,y,r)z ?I : Z ' 2 %
na o =0 2 2
: 3 [(2n+1)" (2m+))
(2m+1) (2n+1) 4 -
L L
2 ! 2
2n+l 2m+1
x 5in nar\/( - ) +( - )
L L
2.35. Dap sé:
aK . Siﬂ%sini—msinm—wf’_sinﬁf_y : .
()= ) ' . : L xsin{nar [+ m
nap L, L5 ori) PR C
FEAT
1 2

. ' (] ( )
236. Dapsé:  u(re)=) [ | COS GPL Ly B,, sin a“L tJJD[E'E—r),

=l
trong do p(o} la nghiém duong cua phuong trinh J, (1) =0 va cac hé sé duge tim tis
. & g o}
diéu kién ban ddu ;

)= A {u}

m=|

(s,

u, (r,0)= F(r) = ZBUM “’1 Jn(“z ]

m=|

o} '
Chi ¢ ring : er[ ] [E r}dr: 2 ew
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Cac hé sb co dang :

2,37, Dap sb:

{
H,
s J"[ { ] ng
u(r,t):SAz cos ’"L
L)
(Y ()
trong 46 ' la nghiém duong cua phuong trinh J o(1n)=0.
2.38. Goi y: Ta cén giai phuoeng trinh

u, =a"(u” +-l-urJ;0£r£r0.
r
thda mén cac didu kién:
‘u(O,r)’ <+w, u,(r,1)=0;
u(r.0)=o(r), u{r.0)=y(r).
Béang phuong phap téch bién ta thu duoc

rf :“I +n|1 dr+ZA [cos i + B, sin a, ’];{M],

% %o 4

trong d6 céc hé sb A4, va B, duge xéac dinh theo cbng thirc:

4, = [,;( N ] Ir(p pﬂ[un ]

voi i, |3 cdc nghiém duong cua phuong trinh J, (u)=0.

CHUONG Il
3.1, Ggi y: Nghiém cé dang )

_..(_“E'”}M] [ sin (2k + [)'.IT.I

u(x,t)=Y Cee { 2
L)
trong 46 C, dugce xéc dinh tir diéu kién ban diu :

(2k+l)nx
L

k=012,

i
C, = % [;[(p(x)sin
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“ceg,

3.2. Goi y: Nghiém co dang

[2l+l}w
' 2k +1
u(x,t Zc * ] cos(—”—E-. k=012,
trong d6 C, dugc xéc dinh tir diéu kién ban dau :
: 2%k 2k x| ™" 247 2k +1
C, =%-_[(L—x)cos( +l)n:xdx: 4L sin( ! )ml mgi_[xcos( +1)mx
L 2L (2k+1)m 2L | )
44L(-1)" :
) (-1) 24 xcos(zkﬂ)mdx
(2k+)m L] 2L
Ap dung céng thirc tinh tich phan timg phén ta cé
' x=t L
1 2 1
jxcos(2k+ )nxdx: 2Lx Gin (2k+l)fr.x‘ 27 Ism k+1)mx
; 2L (2 + ) 2L | (2k+D)m, 2L

20 ¥ 20 |
=(2k+l)n(_]) {(2“1)1:} '

Viy

44L(-0)' 44L& 84L 84L
« = - \'l) + T g 2
(2k+1)n 26+ (2k+1) n* (2 +1)'a’
Thay hé s vao nghiém ta duoc
{2k +ljma |

TRPRET D N LS

e ———
T S (2k+1) Coo2L

3.3. Goi y: Nghiém c¢ dang

= ‘[ﬂ]l’ kmx
x4)=Y Ce' "’ cos——
P L
trong d6 C, dugc xac dinh tir diéu kién ban diu :
C, =—2L£ cosk—nxdx 0 k=1,

L]

U
:Ia[

Két qua : u(x.1)=U.

3.4. Goi y: Néu dxt u(x,t}=ePv(x,¢), thay vao phwong trinh #, = a’u_ —Bu ta duoc:

BePv(x, 1)+ ey, (xt)=a'e Py, (xr)=BePv(x.1)
=V, (x’f) = azvu (x,f]

thoa man diéu kién:
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v(O,I) = v(L,I);
v(x,O)z(p(x).

Nghiém v cé dang :
knu
( ) ZCe[ ] sinf‘—-ni,
L
trong d6 C, duge xac dinh tir diéu kién ban diu

=— j(p sm—

Viy nghiém cila bai tean 12

‘e fi _(*_zm].:
u(x,t):%Z{J.(p(ﬁ)sm E“dr‘;] [L ] Jsink—fc—.

k=ti g

3.5. Goi y: Nghiém co dang

trong d6 C, duge xdc dmh tir diéu kién ban dau :
ZC sin 2k+ ) -sinﬁ
=C, =1, C, =0 khi k#O
_{[[%:;:m];r

Két qua : u{x,t)y=e ! sin—
3.6. Goi y: Chen:
u(x, 1) =v(x}+w(x1);
v(x)=T+2(U-T).

Ham v ganh c4c diéu kién bién khong thudn nhit.
Ham w thoa min ;

w,(x,t}=a’w_ (xt);

w(0.0)=w(L,t)=0

w(x,0) = —v(x)=-T- i-(u 7).
Ham w cé dang la:

w(x,r) = ZCke-'

k=1

trong 86 C, dugc xac dinh tir didu kién ban dau:
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o vo,
Ceg,

_2T[(_l)*_l}_2(U—T)" ok

i . 1=/

k k
Ixsin—-——dxknx :—I—“x—cos—m +k—ﬂj‘cos—dxﬂx =
[} L kﬂ L x=0 4] L

Do dé

Thay vao nghiém ta duge

'3 _rk_"ﬂ)
u(xr)= r%(u_r)%z%[u(_l)f -7t
3.7. Ggi ¥ Dat nghiém dudi dang :
u(x,t)=v(xt)e®.

Thay vao phuong trinh 4, = a’u, —Bu+sin —T;—-{ ,1ach:

. _ _ ) . X
ey ~BePv=a'ePv,_ -Pev+sin—
L

= v, =a'v_ +é” sin—
L
théa man diéu kién _
v(0,4)=0, v(L,1)=0, v(x,0)=0,
Phuong trinh cho v dugc giai bang cach dat
v(xt)= 37 (¢)sin K.
e L

Tir (2) ta c6:

Khaj trién ham e sin % thanh chudi ta dugce

(M

(2)
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x £} = e
e sin 2 = A (r)sink—“x::» £1(1)
L L
Nhur vy ta dua ra hai phuong trinh vi phdn che T

T (f){n—f)z T()=e"T(0)=0=>7 ()= Me"[?

L

[%T T ()= (ff)z Me_[%]:' + [EEJI Ne®

2 fray
T (1) = —[E) M.e_r‘TJ CiBN e

f()=0,k=]

Két qua :
_| _"."i\lhp]
ufx,t)= 1 ~<4l-e ("J sin—
B+ 24
%)
3.8. Ddp 56:
1 2
u(x,t)=1 [I—e'(h}’]coﬂm,
( _ ) t(h)z
3.9. Dép so:
e
u(x,1)= ~<1-¢ sin—
(%) L
L
3.10. Ddp s6:

3.11. Chon nghiém duéi dang
u(x,1)= f(x)e” +v(x,t}.

Thay vao phuong trinh ¥, = a’u_ tacé :
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o o
g

v—alv, =a’f"(x)e” + fx)e".
e O
£{0)=0, F/(L)=4

Chon : af'(x)e’ + f{x)

Nghiém cia phuong trinh 1a

f(x):Mcos£+ Nsin™.
a a

Tir diéu kién bién suy ra cic hé s M va N nhu sau:
F(0)=0=>M=0

2T 2d°0, (—])k A

cos—
[}
Vay
f(x)= 7 sin%‘
cos—
a
Ham v théa man :
v, =av,,
v&i cac didu kién:
v(0,6)=v, (L,£)=0;
v(x,0)=T- f(x)=T-—"sinZ.
L g
cos —
a
Nghiém phuong trinh ¢ dang :
|’(2i+|}m :
x N 2k +1}nx
u(x,f):ZC*el'- o sing.
o 2L
trong do C; duge xac dinh theo cong thirc
2! , {2k + 1)
C,=—NT- ad sinZ smL——de
; L a 2L
cos
a -
27 % (2k+1)x 2ad . x|
=— sm( ) dx - Ismismm*xdx=
L 2L Leosls @ Lo,
a

Chi y ring

L(l—azwkz) .
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L 1

. . 1 1
Imnismm*xdx:— cos[l—m*Jx—cos[——+m,‘)x dx
s a ; a a

2
a | a I
=% sin| -0, LT sin[Lre, |L
2(]~aw&)sm[a . ] 2(1+aw,‘)sm[a+w&]
(

a(-1)" L a —1)* L da(-1) L 1
S0 ——————C0s—=——— - C0sS—, W, #¥—.
2(l-a0,} a 2{l+av,) a (1_,92(0*2) a a
Vday nghié¢m ¢6 dang
x 3 _1
u(x,t): 4 e'sm~+z _’};_amk(z )2A e ™' sinw,x
cost a Liz| o, (l—aw,,)
a

trong 46 w co dang :

W (x,t)=(otx" +Bx )At+(a1x’+52x)7‘

Suy ra:
W (0,1)=BAt+B,T = At =P, =1,B, =0;
W, (L.1)=(20,L +1) Ar+20,LT =T
=20,L+1=0, o =——1—, o, :—]-.
2L 2L
Vay:
2 2 z
W(x,t)= r+xAr+Ti=i—(T—Az)+Atx,
2L 2L
2 2
W(x,o)zﬂ, W,=—2+Ax aW, = (T - a1)
2L 2L L

2 2
=aW, W ~—£+Ax+—-(T At)
2L L

2

2
=y —alv, =2 4 —Ax+a—(T—At).
2L L

Thay vao phuong trinh «, = o’ ta duge:
2 2

A2y =ty +£~(T— At);
2L L

2 2
v, - azvu = iix—— Ax+ a—(T -~ A!).
2L L

Khat trién theo bd ham riéng {cosi?—} ta ¢é:

Ax?

3L_-A +T(T At}= Zf;()cos——-.
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Hé sé £, (r) duge xdc dinh tir didu kién ban dau:

’1:——-—/4 +—- (7- At)]dx-—%é—ﬁ“-+fu;

2 ) L
2
k :Z‘;[{

A 20 2L )“23__;5_2)_[(_1)*_1}: 24L

L (kny (kn (emy

Chayring: / = I ¥ coskdex.
0

)]cos—k—%{dx, k#0

Ap dung céng thuc tinh tich phan tirmg phén hai lin ta dirge

Lx : knx 2L kmx 278

[ =— —dx——— in s e = —— (=1}
w0 IS' S ) (;m)z( )
! KTx -
Tinh tich phan stin——:
5 L
x={.
"j _k Lx  kme™ P knx r, o
xsin—-=——"¢ + —sin =-—(-1)
; L kn Lo (kn) L . kn
I
Tiép theo ta tinh tich phan I xcos——dx
[i]
=1 2 x=f
Ixcos——dx— k—m ———L— de= L zcoskm
k L =} kﬂo L (kn) L x=0
L [ %
_ -1 :
x4
Icosk—mc&:—L—sinfE— =0,
. L kn L,
Chil y diéu kién
2 F3
(x.0)= W(x.0)=—x7;:-=2?1(0)c05——
k=0
i 2 1.
= 7,(0) =+ [—”de;% Xy =-1E
L]\ 2L 210 6
2t [ STY  knx Lt kmx 27TL ‘
> T (0)=— - Ccos—dx=—— |x" cos—dx= -1} ;
(0=21-%; | )
2 2 x
j},(r):»iii a_T__ﬂ{ v, (x0)= ZT {t}cos—;
3 L L k=0
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03"2'.«

o ()=~ 229) 7 )oos

Thay vio pheong trinh ta cé:

;{ ()4 (k:rm)‘ (r)}cosk—z—{=iﬁ(r)cosi‘%{

3L L
2 2
::.Eﬁ,(r)h[—%{‘waf}—éi £ +0
Vi 7, (0} suyra Q=-— Viy
i 2
ﬂ(f)=[-£+ﬂ]f~m e Ik,
301 2L 6
kna 2AL —['%Tr
(o) L= "5 =T () =M(0)e' 7
(4w)
2TL f 2TL "
T(0)=——=(-1 Mo 1)
k( ) (k']'l')z( ) ( ) (kn)z( )
M’(f)e [*_;w]{_M( )[.kﬂa]z —[%in—M( )[m} e—(&TMJ: ZAL
L (k)
;[ RmeY ; ko s "ﬁ\!:,
::sM(t)zzA[;I'“dHR—L AL [,] +R= 2*":528(;.; VR
(kn) § (kn)' a* (kn) (kn)' a
240 2L 7L 240
M(0)= +R=— > R=- Sy -
( ) (kn)-laz (k?’[)Z( ) (kﬂ:)l( ) (k‘]“[)4 az
242 "™ o1 o 240
Viy: M= "~ B N A :
) (kn)' (;m)z( ) (k=)' &
3 (f.’,'"i‘.l; 3 _k_nulr
7.() = 2A:5.9L;,; ~ 2TL2(_[)*_ 2A4L e[,,]
(kr) & (k=) (kn) @
_(m\:’
= %{ALE [z +(-1) T(akn)’ Je ) }
am
Két qua - :
’ AL &T) Ad* , TL
W(x,r):-gz(T—Ar)+Arx, Tﬂ(r)=[_7+"L ],_ 2‘; rz_?;
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2L 6

2L & ] \ ] S Lyl .
+?;;kzuk—4{AL2“[AL-+(_I) T(akﬂ) :|€ * "J }COST.

3.13. Gpi y: Ta cin giai hé phuong trinh:
u =au_,0<x<l
u(0,0)=u(L,)=0
u{x,0)= f{x)=0,

Két qua : u(x,t):iA"e (7 ] ’sinELE,
n=|
. 2 H
trong d6: A4, = =7 If(x)sm—dx
i)
Khi u(x,0)= f{x)=U,:
{2k +1
PNPRI S
‘ no 2k +1

3.14. Gpi y: Ta can giai hé phuong trinh:
u=a'u,,0<x<L
u(O,t)zUl, u(f.,t):U2
u(x.O) = f(x) =U,

biat -

u(x,r)=w(x}+v{x,};
U,
o(s) 0y £(0,-0)).
Ham v thoa mén:
v, =a'v,, 0<x <L
v(0,¢)=0, v(L,£)=0

u(x,0)=f(x)—w(x)= U, =Y, _%(Uz ~U))

(1

(2)
(3)

(4)

(5)
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3.15. Tacin giai hé phuong trinh:
= a'u, —h{u-U,),0<x<L

u(00)=U,, u(L,1)=U, (N
u(x,O):f(x)
it : u(x,t)= Uy +w(x)+v(x,1}. : (2)

Chon ham v sao ¢ho :
v, =a'v, —hv .
v(0,6)=v(L,£)=0 3)
v(x,O) = f(x)—— w()c)—-U0
Do dé :
v, =d'v, —hveadw, - hw = w,, - ~:—2 w=0;
u{0.0)=U, +w(0)+v(0,/)=U, = w(0)=U,-U,;
u(L,t)=U, +w(L)+v(Le)=U, = w(L)=U, -U,.
Giai theo w ta dupc :

W, —izw=0. w(0}=U,-U,, w(.",):U2 -Uys
a

vh Jh

w{x)=Mch—x+Nsh—x=>w(0)=M=U, -U,;
[#) a : ¢
w(L)z(UI—Uo)chﬁLh\fshﬁL:Uz—Uo
a a
U —U ch-‘-‘—/EL
2 N="2rt-(U -U,)—%—;
sh-}@L sh \—[—EL
a a
Jh ‘ chﬂi, Jr
. u, -t h
wix)=(U, -, )ch +| == (U, ~ U —L— |sh——x
shﬁi, hﬁL “
a a
— [(UI -U,)ch ﬁxshl@.{—(b’, —U,,)ch—‘@mh £x+(U2 —U,)sh —‘@x
shﬂL a a a a a
Toa
h h
Ma (UI—Uo)chﬁxsh—‘[—f,~(ul—Uo)chﬁLsh—@x:(Ul—Uu)shﬁ(bx)
a a a a )
(U,—Uo)shﬁ(L—xﬁ(Uz—Uu)shﬁx
suy ra: wix)= ' a 7 a
sh—hL
a
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LA S
c‘g&‘

v{x./)= ZAe[ r .sm%,

nmx
-2 ey
Vi A, J'L )-w(E)-U, }sm / £.
Trong diéu kién U, =U, =0, f(x)=0,tach:
Jh Vh

sh—(L—-x)+sh*=x
w(x):-—Uu 4 a .

sh-\/—EL
o
2. shﬁ(L—-x)+sh£x
A= “I a a snfﬂdr
" JH
L h—L

I8
sh— L-x) +sh~\/£x sin 7% 2V, sin—= dx
a L L} L

- izwz:fz il 2 o]

a

" a‘n i
=2U0[]_(w1) J[L2h+azn2‘rt2 _:1;}

Chu y

fi:h—- L—x +sh-—\{_}—?-x]smn—dx

i L
= _{h— L— x)snn“dr+jsh£x51n@a&
a s a L
Tinh sh L\F J'ch—(— i HU [ h—l/-:hl] jsh[- sm dr‘
3 a L

I8 o

Ta co: éfe sinbxdy = aze+ = (asinbx—bcosbx).

Ap dung céng thac trén ta co:
LB Jl_r_
fsh—-——x inﬂidx je" sin —dx Je 4 sin- ~—~dr
2| ] L

7 nL(—l)‘ Jh
S Phrane T h

21-PTTL A
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¢
_'%Qf A%

i LR 3 Jh

Jh . 1 LU L
jch—xmniﬂidx:— j-e“ S|n£nidr+'[e 7 sin——dx
: a L 20, L By L

anL(-1) hJE . a'nl

me AT N dRE
Phyatnin? a Phya'nn®
=2L:’g,(l—(—n"chﬁa}
L'h+ann a

Tir hai tich phén trén suy ra

xsm-—--dr
a a a

L i
L\/_ ch— n%dx—( h l]js.h\/Z
f

[#)

L

2 2 "
:shLJExU anzLE 2[!—(—1)”ch££]+[ch£‘ﬁ»l}x anL{- ) h\/};
a a

S _—
hA+ann a Phyan’n® a

anl_ zsh[ﬁ{l-(-l)"ch[’lu(-l)” Jh (1)”]

Lh+ann a a a
atnl. \/E

e )

3.16. Dipss:  ulr.p.t)= Z 4, sinTL (ln ) -[*5"”')",
@,

k=1

trong do
4 T ()
A, = _”rf r.p) sin ﬂ(k )drd(p.
2 {1 a0 P v
(pﬂrﬂ [JH (A‘A % )] A
CHUONG IV
4.1. Ddp s6: Nghiém c6 dang u(r,@)=c, + ir" (c, cosnp+d, sinng),
LX)
trong do: zu = ina"" (c,cosnp+d, sinmp)= f{o);
¥ A=l
c, _[f cosnp d@ = %;
na"'n A

. B,
bz [ (@)snmadg =

a "

u(rp)=y, rH {4, cosng+ B sinap)+o

n=| HO
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.aé‘g;

4.2. Dép 56

Nghiém bai todn trong : Nghiém bai todn ngodi :

a)“(-":‘P):AI"SiN(P a)u(r,(p):Aﬂsin(p
o r

3}
By(r.0) = B+3A—smq) 4,4[3‘—) sin3gp byu(r.¢)= B+3A—sm(p 4A[£] sin3g
a v
cos 2k c052k(p
, =A—sm -— . c \ =A—sm -—
C)H(-"(P) ? nkl[ ) 4k° -9 )H(VLP) ¢ T[kl[ J
4.3. Pdp so:

u(r,(p)-—:i: [IA;- +f ]cosmp+[

mat

D, ]smmp}rﬁ' Inr+4,,
"

trong dé cac hé sd dugc tinh theo cong thic sau:

el gl Y g Fab
er—a | )

. a- FO -0
LA in 2n r e Ta In ] - ]
b -a b -a mZ
b
I " n =(2) npn
pER g (b B )a b 7 F s
C" - bzﬂ alri ’D" b n _aln sidg = a "
l]'lg

VoI

o L w17 L ‘
= [H(0)de s =— [ (e)cosnpdo, £ == [ f(o)sinmpdg;
2n Ty n

]
In

m_ 1 w_ 17 m_ 17 -
Fl =5 1 (0o g = [F(o)osnode, i =~ [F(p)sinnody

o 4]
4.4. a) Ta co6 phuong trinh Laplace:
2z

Awu:l ¢ [ 8u)+_1?6 d =0, a<r<b:

' rér\ or) r®ég’
u(a.0)=0, u(h.0)=cosox

o ; s

L, = o —5 L, P(9) = -1 ® (9} e> @7 (9) + 1’0 (0) = 0;

D@ +2n) =D}, D' (p+2n)=0 (p)>Ar=n (r=0.1,2.)
Déi vai nghiém R ta co:

d dR dR dR B,
=0=—|r—|=0 =M= =2 B I A
H = r[r dr] =r dr & :>RG( ) o [0 r + A

u(r,(p)zZHAnr" +%Jcosmp+[ i

D
:Jsinmp:]+80 Inr+4,.
-
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Tir cac didu kién bién ta co:
S ., B . DY
u(b,@)=cos@=Y [| A, +b—: cosnp+| C b +? sinng |+ B, Inb+ Ay;
n=!

= B Doy
u(a,q;):O:Z Ad +—2 |cosnp+| C,a" +—= [sinnp [+ By Ina+ 4,
a a

=1

B
Alb+i:l:> A :l——‘;
b

b B
B,
Aa+—=0= 4 =-—
a a
| B _ B _,_ b 1 8 b
L e N Y
Vay nghiém la
br a’

2
hay u(r,0)= e l—Jaz [r—%]costp.

b} Ta cd phuong trinh Lapiace:
2
. uzlﬁ ra_u +L,a 1: =0, a<r<b
ko) oy
u(a, @)= 4, u(b,¢)= Bsin2¢.

Cach giai tuong tu cau a.
Véy nghiém la

-
In— 2 4
b b‘B PR S
ulr, )= A——+ r°—— |sin2p.
( ('p) [nE b4_a4[ r.] [p

b

c)Ta cé.phucmg trinh Laplace:

=] 8[ au}_ l ﬁi:o, a<r<b;

H=— r— r
T rar\ or ) P ag
u{a, @)= A, u(b,0)= Bsin2e.
Céch giai twong ty cau a, cudi cing ta thu duge:

2 2 2 dq
u(r,@)=0+ a9 - [r—é_]cos¢+ br {r2'+a—2Jsin2(p.
¥ r

A

a+b a' +p

4.5. a) Ta c6 phuong trinh Laplace

1 2 ou 1 du O<r<R
ri == r—— [+ 5==5=0, T
ror\, or) r' oy O<p<a
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O LT H
‘eg,

u r.0)=u{r.a)=0
u= u(!‘. q)),4u(R,(p) - 4o
|7 (L))
" a0 | 0(0)=d(a)=0

= rzf,:’r(r)+rj:(r)—kifn(r)=0
u(r,(p)zgf,, ()2, (0)= [f,. (r)=r">0=42,

r:, O<r<R
=)=y .

reor>R

Nghiém ciia phuong trinh la:
u(r.o)=>r=8 sin 2. ;
el o

u(R.p)= A9 = u(R,p)= ER:B" sinﬁg—q—)- = Ag;

B = 2/,!"‘ _[Lpsinmdlp=~it—4%(—l)";
oaR* ¢ ¢ nmR
240 (—1)"+I LJ% . B
u(r.p)= . ; - (R sin~—=.

b} Ta cé phuong trinh Laplace

ror\ ar) oy’ O<p<a
( ){uw(r,(}):u(r,a)=0
u=ulr,p);
’ u(R,0)= /(o);
_ 2 jLP{e)=-1"D(9)
Tt |0 (0)=0(a)=0
=0,(¢)=4, COSM; A, =(2—k+—m£,k=o,1,2..,
2a 2

u(r0)= 3£, (1), (o)

- PR+ £ () -0, (r)=0
H(r)=r"=a=1%,

22-PTTL A
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’
eC

{2!(+1}n

= f(r)=

_(2k+l)'|
¥ @ r>R

e (2l o
Zr =4, sm( + o
2a

trong dé hé sé dugc xac dinh tir dléu kién bién nhir sau:

- {2k +l)m ) 2k +1 e
#(Rp) = f(9) =« (Ro)= ZR 4 sm(—a-ct)— = f{9)
k=0
2 N ]
= A= _[f(tp)smmdcp.
of o o

4.6. Ta cé phuong trinh Laplace

z O<r<R
A, (r, lP)‘—-@{f‘%]Jr"l—auﬂ,{ <ref

u(r,0)=u{r.a)=0 ; u(Ro)=f(o)
L {L 2 (0) = -2 '0(p)
"o @(0)= (o) =0

= O, (@) =B, sin— L YL
a o

u(r,m):gﬁ'(,)(pn(m):{"ff;(rﬁrf:(r)~l,,f"(r):0

PH|

:>f() , D<r< R

r “,r>R

Zr B, sin 229

n=|

Tir diéu kién bién ta co

u(R) =3 R* 8,50 2 - 1(9) = 8, = -2 [ (w)sin ™ o,
" aR*

Xét trudng hop riéng

u, O<(p<%

Sle)= «
ﬂz, —-2-<(|J<0‘.
3 a
= B, = fsin 2 g+ 2 Join ™ = 2Ly (1))
aR% 0 o QRF‘; @ nR e
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Chu y rang:
% mo o mel"r a
jsm dp= cos =,
; V3 HT o ||F0 Hi
o =a
J'sinmd(p=——q—cosm -—-—(i(—l)"
2 o HTL o ":E H
7 2
Viy nghiém cé dang
r (P)—%Z [u - u, ][—‘;Ju sin?
L1
Zhn {2k+1)m
_ 2{x, +H2)2L(L] " i 2k 2(u, —uz)i 1 (r) = i (2k +1)me
o 2% o X S2k+I\R o
hay 14
L. i 1=
v +u 2re o sin 0 —u 2:/*"(3t"‘sin£ﬂ—(E
u(r,p)=—=—2 arctg TR ‘n Larctg T
Ru —re Ra —pe

4.7, Ta giai phuong trinh:

1 8{ ou 1 Pu 0<r<R
A, =e—] == |t —=—— =0, :
#(r9) r 8r[r ] r gt {qu-cn

u(r,0) = u(r,n)=V,
u(R0) =V,
Chon nghiém c6 dang

Tir didu kign ta suy ra

Nghiém @
& |Lo(p)=-2'0(p) .
= ; B A= =12
s {(D(O):(D(n):(} (9)= B, sinngid, = mn

o 0<r< R
:L(f)= .
ﬁ(r):r :>c=il" r’r>R
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Suy ra

v(rp)= ir”B,, sin #g |

Tir diéu kién ta c6:

v(R.@)= ER”B“ sinnp=V, -V
n=|
2(¥, -

=8 = -

L I

T

VI)" i 4(V,—VI)
dip = ——-=
jsmmp ® AR (2m+l)

Do do

virg)= Vg [—’ij’zm‘”sin(zm .

n (2m+ LR

Nghiém u(r,¢) co dang

afy. —p Y = ] [2m+ly '
u(r,o)=V, + (Zn I)§(2m+l)(%} sm(2m+|)tp
2(r,=V)  Rrsing
i

PR

< u(r.o)=V+ arctg

E= —gradu.
4.8. Ta co phuong trinh Laplace:

- 2
A u(r,¢)=lﬁ(r93‘-]+%g—li=0, {O{r <R

rp

rarl o * dg? O<p<a
f(9), r=a
ulr,0)=ulr,a}=0; u{r.e¢)=
(.0) = u(ra) =05 u(r.0) {F(w)ﬂb
_ 8 [Lo(e) =20 (o)
* T [o(0)=@(x)=0
=@, (¢)=8,sin 2k, =25 n=l,2.
o o

u(r,0) = gﬂ.(r)%(w)
[ R

p (r)=r“ oo =/, (r)ZCﬂr: +Dﬂr_:

u{r.@)= E[Cnr'i‘- +Dy o ]s.inm )
n=] o
Tir cac diéu kién ta co:
u(a,p)= i((‘"a: +Da ]sin 2 - (o)
o

net
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u{b,g) = E{C”b_"_ +Dbh o }sin ? =F(9);

n=|

(.‘fr = N‘:: _azm.f;’ * D = buz{‘: _a:n"(}:;' a:b? 1
L% ~g= b_n_ _a“u_
trong dé:
.2 )
== ey
f== !f(tp)sm e
2 . @
F==[F me 4
= 5[ (o)sin )

o

b (L] !:.Ttl / ?
u(r.9)= 4::0 Z l —Z—F—if—-)—zw{[-?] +LEJ ]sinn—zsg, n=2k+1.

k=0 #
b

CHUONG VII
7.1. Thét vay

g, I( )+J"+|( ) —zj'j%_l_—l)!‘f‘g(_l)" -1k (kx_'i-ldk (l_ 1 ]

NWa-1+k)\k n+k

C2nl o xt & (—1)* X" _2n
__[2”n!+;2"'2*k!(n+k) )

X X

Cac cdng thire khac duge ching minh tueng tyr.
7.2. Goi - Vi

suy ra

j\/IT “g( ! @W! 1-r ’:m(*]) my )
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R

2% + 1)
7.4. Goiy: Vi F(k+l+%)=ﬁ( Y 4o 46

2Zi+tk!
Ea (_l)* xyld'* o x2k+| 2 .
J = = —sinx.
1) gzyz*“mr(mul) Mga( ' @iy Ve

Cong thire cho ham cos chimg minh tuong ty.

7.5. Ggi y. Cha ¥ réng, khi thay x=cos8, -1<x <] ta c6 c4c dao ham’ riéng thay ddi
nhu sau:

o_ 1 a8 & cos@ & 1 &

ox  sin@d® o sin 95 sin?0 90
Thay vao phuong trinh ta suy ra két qua.
7.6. Khi x =cos8 tacd

T,(x) =T, (cos®) = 2[(0059+:51n8) (cosG—isinB)"]

= %[e' +e™ ] =cos nd = cosnb—C’ cos" 2 Bsin” O +...
Suyra: 7,(x)=x" - Cix"?(1-x*}+... 1a da thitc béc n.
7.7. Goi y - Sir dung cdng thirc T, (x) =cosnd tacd

J‘T(x) i

x)
dx = {cosnlcosmBdB =0, m=n.
1 V'l I J-
7.8. Goi ¥ Su dung cong thirc Lepnitz ta cé:

ety detdty s )
zl n

Suyra
- ] - < & at N -k 1 =kl ] n-k -1 ] &
xL3(x)+H{1-x} L, (x)+nL, (x)= g(—l) [C,, E—C” (k_])!—c,, T -Cr ik
3 & xk LRI -k +
=§(-1) F[C" Cn—k)-Crt (k+1)] =
7.9. a} Chiing minh céng thirc (1)
Theo tinh chét truy hbi ciia him Bessel ta c6

1

()= Io(x)- 4, (3).

Suy ra Jo(x) = (x)+ 20, (x)
X
Do dé
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Ma :jx.f,'(.r)dx - ']xfu, (x) = %, (x)- ;[J! (x) e
suy ra IxJ Jdx =xJ,(x).
Vay IxJo (x)ee = xJ,(x).

. L]
B6 14 diéu phai chimg minh.
b) Chimg minh ¢ong thac (2)
Theo tinh chét truy hdi cia ham Bessel ta ¢6

Jix)=J, (x)—i.), (x) = J, (x)=J{(x)+%Jl(x),J,;(x)=—J,(x).

biat 7= J'x J d:: . SUy ra

!=x3Jl(x)-2]x2J, (x)dx.
Ta co: :ju(xdx Isz Yol = = (¥, (x) = ~x20y (x) 4 2 ()

fso (x)dx = jﬂ atx+jJ Yebe = xJ,x).

¢
Vay  T=x, (x)+ 2000 (x) - xd, (x) = 2020, (x) +{x* — 4x) J, (x).
Cudi ciing ta thu duoc
Jx’JU(x)dx =257/, (x}+(x" - 4x)J (x}.

]

D6 1a diéu phai chirng minh.

1
= (14p? -2
et

'
r—-

7.10. a) Taco y(p,x)=

suy ra
oy -2

% —%(sz -2px)

(29“21)2(1__2;;?)(“9)

:>(l-2px+p2)lpp -(x-p)y=0.
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=

. 1 P
b) Ta cd y(p x) = —mme————={1+p° —2px
(px) Ji+pt —2px ( )
Liy vi phan theo bién x ta dugc
By 1y - yp
— =——|l4+p” -2px} I (-2p)=—- ,
&x 2( P D) ( P) _(l—2pax+p2)
suy ra (l—2px+p2)l|;,~ptu=0‘
7.11. Ching minh cac cong thirc truy hi ciia da thirc Legendre.
¢ Chimg minh ¢dng thie truy hdi thir nhét:

Theo khai trién: wip.x}= i P (x)p
L
(1-20x+p" )y, ~(x-p)y=0; ()

9=3n(xp
Dao ham theo bién p ta dugce

=nZ:F:- (x)npn—l .

Thay n=n+1 tacd

A YC NG

Thay vao phuong trinh (1):

Z(”H) > L (xp” ZZ (n+1)xP, (x)p™" +

»=0 n=0
+Z(n+] (x}p™ - ZxP( +ZP =

Thay n+1=n vao sb hang thir 2, n+2=n vao sb hang thir ba va n+l=n vio sd
hang thi tu ta thu dugc

Z(““) o (TP = me’(x}ﬂ Z(’? DEAE fo’(x)? Z A3 =

i(” +1} P, (x)p" - Z (2n+1)xP,(x)p" + Znﬂ_, (x}p" =0;

=i n=-t n=0

(n+1) P, (x}-(2n+1)xP,(x)+ nP, (x)=0. . (@)
Déng nhét thitc ndy 1A cdng thire truy hdi ciia ba da thirc lién tiép.

Theo ¢dng thic

suy ra
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P( )—l P(x)—l%(x —1)?3(;
(n+)P, (x)~ (2n+])x!’(r)+nﬂ_](x)l=0
=27, (x)-3xR(x)+ A (x)=0.

Vdy cbng thirc tuong minh cua £ (x) 1a

1
P{x)=—=(3x*-1).
(=152
» Chirng minh cong thirc truy hdi thir hai va ba.
Theo bai tip 7.10 ta cé

(l—2px+pz)\pp—(x—p)w:0 xp

(1-20x+p* )y, -py =0 x(x-p)

’pw ~(x-p)w,=0

Mat khac 'Lp p,x) ZP r)p do d6 dao ham v theo bién x va p ta dugc:

=0

D RAG RS WG RN e IS

=it LET] m=-|

Thay vao phuong trinh py, —{x-p)y, =0 1aco

i”'pu (xpﬂ - xi R:(X)J" + iﬁ:(xbn-i =0
=t}

n=il n=1m

Thay n=nr-1 vao sé hang thir hai clia phuong trinh trén ta nhan duge

3o nE, (" xS R+ 3 (1 =0,

=0 n=0
Suy ra nP, (x)-xP/{x)+# (x)=0,do dé
FL(x) =xF/(x)=nF, (x)
= P/(x)-xP (x)-nP,_(x)=0.
Theao cong thirc truy hdi d chimg minh & trén ta c6
(r+1)} 2, (x)-(2n+1)xP,(x)+nP,_ (x)=0
Pao ham 2 vé cua cdng thic nay ta duoc
(r+1) P ()= (2 +1) P, (x)—(2n+1)xP (x)+ 1P (x) = 0.
Thay (3) vao ta dugc
(n+ )P (x)=(2n+ )P, (x)- (204 1) xP (x)+ mxP! (x) - n*P, (x}=0
= (m+ 1) PL(x) = (n41) £ (x) = (n+1) 2Pl (x) = 0
= P (x)-(n+1)P (x)-xP!(x)=0.
Vay Pl(x)-xP. (x}-nP,_{x)=0.10 ladiéu phai chimg minh.



Nhtr vay:
Pl (x)=xP/{x)-nF] (x);
P/(x)-xP. (x)-nP,_ (x)=0.
7.12. Tim phuong trinh vi phan dé xac dinh 2,(x).
De hai phuong trinh d3 chirng minh trong bai tép 7.11:
{%’-l (x) = xF}(x) = nF, (x)
Fi(x)=xF(x)-nF, (x)}=0
suyra
F(x)-xP._ (x)-nP,_ (x)=0.
Mitkhdc P, (x)=xP,(x)-nP,(x) nén
(1-x*) Pi(x)+ mxP, (x)~ P, (x)=0.
Do d6

2{(0-2) 3+ (x) -8, () =0]:

[(l —-x*) F:r’(x)}y +nP (x)+nxP(x)-nP_ (x)=0.

Vi £ (x)==xP, (x)-nP,(x) nénthay vao phwong trinh ta dugc

"

[(l —xz)ﬂ'(x)] +nP, {x)+ nxP)(x)—nxP!(x}+n*P, (x) =0

=[(1-5) B ()] +n(n+1) 2 (x) =0.

Céng thirc trén khing dinh da thie P,(x) la nghiém.
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