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LOI NOI PAU

Trutc khi vi€t mdt chuong trinh mdy tinh, cho di don gian nhat,
bét ct ai, di & trinh d¢ nao, cang déu phai suy tu it nhisu v& THUAT
TOAN. Trong tdng th8 kign thuc ve TIN HOC, cic Thuat todn
{Algorithms) cang véi Cau triic D ligu (Data Structure) duge xem
la nhing tri thitc quan trong hang dau va khong thé thisu doi véi bit
ky ngudi 1ap trinh (iing dyng hay he théng) niac muén dat myc dich
vOi hidu qua cao nhat,

Tuy nhién, cho dén nay, trong hau hét cic 4n pham va gido trinh
Tin hoc, cdc thuat todn deu trinh bay & dang qud “ném na” hay
rudim rh qua vai vi du bing 16i hay cdc luu do (flowcharts); hoje lai
qué tritu tugng khi diing dén céc khai ni2m ciia Iy thuy#t va 4o phuc
tap thuat toan. Do 46, ngudti doc cling nhu ngudi 14p trinh déu cam
thiy thi€u cic ciin aif tin cily vé cac thuat todn - nhing “didm tya”
witng dé€ tao ra thé gidi cic chudng trinh, phan mém ... nhu thé nha
béc hoc Archimede ¢8 xua titng mo wiic ding cho “don biy” n Ang
béng ca trii ddt. Cdc khitm khuyét d6 da duge khic phuyc tron ven
trong cudn sich niy. N6 duge djch tron tit nguyén ban tigng Anh
cuiin “Algorithms™ [cia Robert Sedgewick, Princeton University
(USA), Second Edition}, do Addison-Wesley Publishing Co. tai ban
nhiéu [an; vh nghy nay da trd thanh mdt trong céc tu libu “kinh
dién” cA vé Iy thuyét iin thyc hanh, cho nguisi lap trinh trén the Jutsi®

Muyc tiéu chii chot ciia cudn sach nay 1a tdng hgp c6 he théng cac
phudng phap cd ban, tit nhidu lanh wye ing dung riéng bigt, nhim
cung cAp cAc giai thuat tot nhat da duge kiém chung va cdng bs, 48
giai cde bai todn cy thé bang may tinh.

Cudn sich gom 45 chuung, chia thanh tim phan theo edc pham
tri wing dung Idn. Cac chuong duge trinh bay theo trinh ty tir cin



ban dén cao ciip. Tuy vay, ban doc of thé s dung titng phan twdang
ddi dpc lap, theo nhu cau rigng cia minh.

Cubdn sich duge djch v xuit ban thanh hai tap:

e Tap I (da xudt ban) : Cac thuat todn thong dung, gom 23
chuong, thudc bon phin dhu céa nguyen bin;

e Tap II (thp nay) : Cac thudt todn chuyén dyng, gom 20
chuong trong bon phiin cudi cia nguygn ban [cic chuong
44 vh 45 da ké & myc lyc cia Tap I ehing t6i khong dua
viio Tap II vi xét thily khong thigt yéu cho déng dio ban
doc - Nhom bién dich].

Cuén sach duge ding cho céc sinh vien nganh Tin hoe hoac cic doi
tugng khac da lam quen véi mdy tinh va c6 k¥ ning nhat dinh v lap
trinh. Ho ¢an bidt van dyng mdt ngd trinh nao 46, it nhit 1a Pascal
chuiin, vi cic thuit toin & diy duge trinh bay duéi dang “tya
Pascal™). Sich cling hitu ich cho cdic thiy va trd cde trubing Trung
hoc hé dlo tao chuyén Tin.

Véi tu cich mdt thi liéu tham khio nghitm tic, cudn sich cing
hiu ich cho cic cin bd nghién edu nghnh khie, hay cho nhing ai c6
nhu ciw phit trién cic phan mém h¢ théng hojic cac trinh ing dung;
bdi 18, ngoai ndi dung thuft todn né con cung cip chi tiét cic thong
tin hitu dung vé cii dat va hidu qua sit dyng ching.

Mac dir nhém dich thuit da ef ghng bam sit nguyén ban, song
khdng khoi con thigu s6t (nhit 1A vé cde thuat ngd tieng Viet con
nhiéu ban cai); song ching toi vi Nha Xuit Ban van hy veng cudn
sach s2 dip wng ding nhu chu va duge dong dio ban doc quan tam
dén Tin Hoe don nham, nhu mét cudm Cam Nang tra cu.

TP.HCM, 30/4/1995

Gs.Ts. HOANG KIEM
Cv.Ks. NGUYEN PHUC TRUGNG SINH
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CAC PHUONG PHAP
HINH HQC CO BAN

May vi tinh nghy cing dvge sit dung phitu hon 48 giai quyét cac vin
d& c6 quy md 18n vé hinh hoe. Cac d&i tugng hinh hoc nhy diém,
duting thing, da gisc 1a nguon gbc clia mot tap ding ké cic bai todn
va ciic thuit todn.

Cac thuat todn hinh hoc rit quan trong trong cac hé thdng phan
tich vh thiét k& kidu d6i tugng vat 1y. Mot thict k& vien tam vige vai
chc 431 tugng vat 1y o6 tryc giic hinh hoc kb o6 thé diip Ung trong
may vi tinh. Nhiéu dp dyng khdc lién quan tryc tigp dén viee xit ly
dd ligu hinh hoc. Nhigu uing dung khic trong tosn va théng ka, ve
cde linh vige ma trong d6 c6 nhigu loai véin dé o6 thé dua ra mdt cach
ty nhién bang hinh tugng hinh hee.

Hiu hét cic thuat tosn ma ching ta da nghién citu deu tap trung
vao van ban va cic con s8, ching duge thist k& va xi 1y sin trong
phan ldn cic mdi trumg 1ap trinh Thyc vay, cdc phép todn ed ban
cin thigt deu duge cai dat trong phan cing cia da s cic hg may
tinh. Ching ta s thiy d&i vdi cic vén dé hinh hoc thi tinh hutng
khic hén, ngny ca cic phép toan so oip tren didm va doan thing
cung c6 thé Ix mot thich thie vé tinh todn.



2 PIEM, BPOAN TILANG VA BA GIAC

Céac van dé hinh hoc thi d& hinh dung, nhung chinh didu dé lai o6
thé 1a mét trd ngui. Nhidu bai toan o6 thé giai quyét ngay lap tic
bang cach nhin vio mot manh gifly (vi du nhu: mét diém o6 nam
trong mot da gisc hay khéng) lai doi hoi nhing chuong trinh khong
dan gian. Dai véi cdc vén dé phuc tap hon, trong nhiéu ding dung
khdc nhau, phudng phdp dung trén mdy vi tinh c6 thé hoan toan
khac véi phudng phap st dung bdi con ngudi.

‘Ban chat thiét k& cia hinh hoc ff dién vi cac ung dung hitu ich
da vt phd bign Jam cho ngudi ta ¢ thé hoai nghi ring cic thuat toin
hinh hoc phéi c6 mot eh sirlaw did. Nhung that sy hau hét cic cong
viée trong lanh vye nay lai hoin toan méi. Tuy nhién, cdng trinh cia
c4c nha toan hoe ¢ dién lai thuong rit hiu ich trong viée xay dyng
cac thuat todan cho midy tinh hign dai. Cde giai thuét hinh hoc la mot
lanh vyc rilt dang nghien cdu bdi vi ngit canh lich st manh mé ctia
n6, vi cde thuat toan ciin ban vin con dang duge phat tridn va vi
phitu dng dung quy md 1dn, quan trong cin cdc thut toin nay.

PIEM, DOAN THANG VA BA GIAC

Hau héit cdc chuong trinh chiing ta sé nghién ciu thye hién trén cdc
ddi tugng hinh hoc don gian trong khong gian hai chiéu, tuy nhién
ching ta cling s& xem xét mit s6 thuit toan khéc trong khong gian
nhiéu chitu. Doi tugng cd s6 la mot diém, ma ching ta sé xét bang
mét ciip 88 nguyén - toa d6 cua didm do trong he tryc toa 4o Descart
thutsng ding. Mot doan thiing Fx mot cip diém duge ndi vi nhau bai
mot phin ¢ia duiing thing. Mot da giic Ja mit danh sich cde diém,
vdii hai diém canh nhau duge ndi bdi mdt doan thing, va diém dau
noi vii di€m cudi to thimh mot hinh dong.

Lam viée v6i ciic ddi tugng hinh hoc nity, chuing ta cin phai quy#t
dinh the hien ching nhy thé nho. Thong thudng, ta ding mét mang
da bifu digén mdt da gide, di tiing trong mét s6 truong hgp chiing ta
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c6 thé ding danh sach litn két hay cic kifu khdc. Hau hét cdc
chuong trinh cua ching ta d diy sé dung ki€u luu trit don gian, dé
hiéu nhy sau:

type point = record x, y ! integer end;
line = record pl, p2 : point end;
var polygon : array [0.Nmax] of point;

Chu ¥ rang cic diém dugc gidi han Ja ¢6 tea 46 nguyen. Cing o6
thé sit dung kidu real (s6 thye) nhung ding tea do nguyén bum cho
cac thufit todn higu qua va don gian hon, ma ching eing khdng dén
néi han ch& nhu ta tudng. Nhu da dé cap & chudng 2, lam vige vdi cac
s& nguyén khi ¢ thé chinh la sy tigt kigm thti gian dang ké trong
nhi¢u méi trudng tinh todn, bdi vi cic phép tinh s8 nguysn thuting
higu qua hon cdce phép tinh trén kitu chdm dong. Do d6, ching ta sé
st dung cac sd nguyén khi ¢6 thE & khang phai lam phie tap hoa
viin da.

Nhigu doi tugng hinh hoc phide tap s& duge biu dién dua trén cac
thanh phin ca si nay. Vi dy nhu da gidc 1a mot mang céce didm. Dé
¥ riing néu dang mdt mang cic doan thing sé lam cho mdi dinh cla
da giic duge luu tri hai [an (db rhng cdch nay c6 thé lam bidu dién
ty nhitn hon trong mét s& thulit toan). Trong mot vai ung dung, dé
tién lgi hon, ta cing c6 thé them thong tin cho méi diém hay doan
thang bang cich thém vao truiing info trong record.

Chuing ta s& diing tap hgp cac diém trong hinh 24.1 trang sau dé
minh hea cho thao tie cia nhiéu thuat giai hinh hoe.

Trong d6 16 diém bén trdi duge dinh diu biing cic ky ty don dé
giai thich cac vi dy, chiing o6 céc toa dd nguyén trong hinh 24.2 (cic
ky ty gin cho cic diém theo thit ty khi nhap diém vao). Chuong
trinh thuting khong tham chigu cic diém bing tén, ching chi don
gian huu trt ching trong mdt mang va tham chidu dén bang chi s&



4 GIAO CAC POAN TILANG

.G

Flinl 24.1 Cdc tdp dich mdu cho nbhuing thudt toan hinht hoe
tudng vng. Thi ty cic diém trong mang o6 thé Ja quan trong trong
mét 56 chuong trinh, vige sip thi ty cic difm theo mot kidu nho dé
cling la myc tidu cia mdt 8 thuit giai hinh hoe. Bén phai hinh 24.1
la 128 diém, duge tao ra mdt cdch ngu nhién vdi toa dd nguyén
trong khodng tit 0 dén 1000.

Mot chuong trinh tigu bidu ding mdt mang pf1..N] cic diém, va
don gian nhip vao N ciip s8 nguyén, gan ciip thu nhit cho x v y cliia
pl1l, cap thit hai cho p/2),... Khi p biéu dién mot da gige, & thuan lgi
hon thi thusng dung thém cdc gia trji “linh canh”: p/0]=p[N] va
pIN+1]=p{1] '

GIAO CAC DOAN THANG

Trong baj todan hinh hoc s¢ ¢iip dhu tién, ching ta sé xét xem 2 doan
thing c6 gino nhau hay khéng. Hinh 24.3 minh hoa mot s5 tinh
huéng c6 thé cb.

Trong truong hgp diu tién, cde dogn thing giao nhau. Truing
hop 2 thi mdt diém dau cia doan thing nfim trén doan thing kia,
ching ta s& xem nhy Ja gino nhau ndu xét dogn thing la “déng”
(nghia la 2 ditm diu ciing th mot phiin cta doan thing). Khi d6 cdc
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inh 24.2 Toa d6 cac didm mdw 8 theo bén tréi ciia finh 24.1

doan thing c6 mdt diém dau chung la gino nhau. Trong ca 2 trutng
hdp cudi, cic doan thiing khéng giao nhau, nhung chiing khac nhau
khi ching ta xét d&n giso diém cila cic dudng thiang do cic doan
thing x4c dinh. Trong truong hgp 4, gino diém nay rai trén mot
doan thiing, con truting hop 3 thi khong. Ngodi ra, cac dubing thdng
con cb thé song song nhau (mdt trudng hgp dic bigt thudng xay ra
Ia khi 1 hay ca 2 doan thing chila 1 diém).

XA /A

1linl 24.3 B0 e hop gino nhou ctia hai dogn .'hrfng

Mat phuong phip dé hidu d& giai quy&t bai todin nay la tim giao
diém cua cic dutng thing xac djnh bdi cac doan thing 46 rai kifm
xem né ¢é nim gita 2 didm dau cia ci 2 doan thing d6 hay khang.
Mbt cdch dé dang khdc 6 co s3 dya trén mdt s8 cdng cu ma sé rit
hdu ich sau niy, nén ching ta s xem xét chi ti€t hon. Cho 3 diém,
ching ta mudn bigt rang néu di tit diém thd nhat sang diém thd hai,
roi diém thi ba thi nguge hay thuan chigu kim déng hé. Vi dy xét
hinh 24,1, ndu 3 diém la A, B va C thi cAu tra Isi 12 nguge, con A,B,D
thi thuan. Ham nay riit d& tinh tir cic phudng trinh dubng thing
nhu sau: :
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function ccw (10, pl1, p2 ! point) ; integer;

var dxl, dx2, dyl, dy2 : integer;

begin  dxl'=plx; dyl:=pl.y-pO.y;
dx2:=p2.x; dy2: =p2.y-pOy;
if dxl * dy2 > dyl * dx2 then ccw:=1;
if dxl * dy2 < dyl * dx2 then ccw:=-1;
if dxI * dy2 = dyl * dx2 then
begin
if {dx1 * dx2 < O} or (dyl *dy2 < 0) then ccw:=-1
else
if (dx1®dxl + dyl*dyl) >= (dx2*dx2 + dy2*dy2)
then cow; =0 else cecw:=1;
end;

end: '

Dé hiéu duge chuong trinh thye hién nhy the nao, dau tien ta gia
sU tat ca cac gid tri dxl, dx2, dyl va dy2 deu dusng, Sau dé nhan xét
rang d) déc clia duting ndi p0 véip1 1a dyl/dxl, cha dussng ndi pO véi
P2 la dy2/dx2. Do d6, ndu dp ddc cla duting thi hai l6n hon cila
duting thit nhdt thi di ti& p0 sang pI rdi p2 la ngugc chidu kim dong
ho; nguge lai la thuan chidu kim dong ho. So sinh do dde trong
chudng trinh hoi bat tign boi vi duing thing c6 thé theo phudng
ding (dxl hay dx2 = 0), ching ta tinh tich dxl*dx2 dé tranh truong
hgp nay. Do d6, d6 dée khong can phai duong mdi ddng. Tuy nhién,
néu d9 déc hang nhau (3 didm thing h:mg} mai ngudi 6 thé ty dat
ra nhiéu kiéu gia trj tra vé cho cew. O day, ching ta chon 3 gid trq:
thay vi diing true hay false, ching ta ding 1 va -1, d8 gia tri 0 cho
truimg hop khip2 6 trén doan thing ndi p0 va p1; néu 3 diém thing
hang vap0 & gitap2, p1, ching ta cho cow biing -1; ndu p2 & gitra po,
p1, ching ta cho ccw bang 0; va néu pl & gita p0, p2, ching ta gin
ccw bang 1. Cach lya chon nay lam don gian cic chuong trinh sit

- dung cew trong chuong nay va chuong ké.
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Chiing ta cd thé ding tryc tiép cew dé cid dat ham intersect (xét
gino nhau). Néu ca 2 didm dau cia mdt doan thing & hai “bén”
duting kia (nghia la o6 gia tri ccw khéc nhau), thi ching phai giao
nhau.

function inifersect (11, 12 : line} : boolean;
begin
intersect: =((ccw(ll pl,i1.p2,12.pli*cew(il pl,ll.p2,12.p2))<=0)
and ((cew(l2.pl,i2.p2,11.pli*ccw(i2,pl,i2.p2,11.p2)) <=0}
endd;

Gidi phap nity o6 vé da dimg mbt 88 lugng I6n tinh todn chi dé giai
quyét mot bai toan don gian. Ngudi dec hay manh dan tha tim mdt
phuang phép don gian hdn, nhuang phai chid § bio dim xét du tht ca
cac trudng hop. Vi du néu ca 4 diém dau (cia 2 dogn thing) théng
haing thi oo tit ca 6 truing hop xay ra (khong ké khi 4 diém trung
nhau) ma chi c6 4 trong s dé 1a giao nhau. cic trudng hgp dac biét
nhy viy chinh la nhing khé khan clia cde thut todn hinh hoc, .
chiing ta khong thé tranh khoi nhung c6 thé lam giam téc dyng theo
kiéu nhu trong ccw.

N#u xét nhitu dusng thing, tinh hudng tré nén phitc tap hon
nhitu. Trong chuong 27, ching ta s& thdy mdt thuat giai ric r8i
dung 48 xic djnh hai duiing thiing bit ky trong tip hgp N dutng
thing cé gino nhau hay khéng.

PUGNG KHEP KiN DON

D& thily duge dac diém riéng cla cdc bai todn ting véi tap hop cic
di€ém, chiing ta xét bai toan tim mot dutng di, qua mit tip hgp N
diém xéc dinh, qua tiit ca cic diém, khong giao nhau v cudi cing trd
ve difém bat dau. Duisng di nhu trén goi 1a dung khép kin don. Ta
¢6 thé nghi ra nhieu tng dung cho bai todn nay: cdc diém c6 thé



3 PUCING KIIEP KIN BON

tugng trung cho nhing can nha, vi duting di tim duge la con dudng
ma ngudi phit thy o6 thé dung dé di dén méi cin nha ma khéng phai
di qua duimg da di. Hay la ching ta c6 thé don gian mudn tina mot
cach vé cdc diém biing plotter sao cho hgp ly. Bai todn hay rit od ban,
bGi vi né chi doi hdi mot dudmg di khép kin bét k¥ néi cic diém. Bai
ton tim con dudng t5t nhéit trong nhitng con dudng nhu trén thi lai
rét khé, goi lx bai todn “hanh trink cia ngudi ban himg”, v ching
ta s xem xét n6 cy thé hon trong vai chuong cudi cung. Trong
chuong ke, ching ta sé xem bai todn tuong ty nhyng dé& hon nhieu
la tim dutng di ngin nhit qua N didm xdc djnh. Trong chuong 31,
ching ta s& thily lam th& nao d& tim duge con duting ngén nhat két
ndi mdt tap hop cic didm.

Mot cdch dé dang 48 giai quyst ngay bai todn oo bin trén 1 nhy
sau: Chon mdt trong cdc diém lam “didm goc”. Sau dé tinh goc tao
bang cich vé mdt duisng tir mdi diém trong tap hop dén gde, roi tir
g8c v& ra theo phiong ngang. Sau dé, sép thit ty cic diém theo thit
tyf ting dan clia gbc tudng Ung. cusdi cing néi cdc didm canh nhau
lad. Két qui chinh Ia simple closed path néi cae diém, vidy nhu hinh
24.4 1a ding vdi csic dim trong hinh 24.1. Néu chon B lam digm ghc

1

Hinh 24.4 Eneong khép kin dom
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thl cdc diém s@ duge sip theo thd ty nhu sau:
BMJLNPKFIECOAHGDB
vii ta tao duge mit da gidc dong don.

Goi dx, dy la khoang cach tir difm gic d8n mot diém khdc theo
truc x (hoanh) vi y (tung), thi gbc can tinh trong thudt giai nay la
tan-1 dy/dx. Mac du arctongent th mdt ham thiét k& siin cia Pascal
(vh mdt s méi trudng lap trinh khac), nhung né o6 vé cham, va dan
tdi it nhat hai didu kién khé chju khi tinh la: dx c6 bang 0 hay khéng
va di#m dang xét niim trong géc vudng (phan tu) nio. Bai vi géc chi
dung d& sAp thd ty trong thuit todn njy, nén ching ta c6 thé s
‘dyng mdt ham khic d& tinh hon nhung vAn o6 cing thudc tinh tha
ty nhu ham arctongent (cho nén khi sdp th ty, chning ta vAn nhan
duge ciing mot kit qua). Mot hiaim kha t5t 6 thude tinh nhu trén la
dy/idy+dx). Viee kiém tra cac didu kign ngoai 12 vin ¢an thist nhung
don gian hon. Chuong trinh sau diy tra v& gia trj trong doan 0 dén
360, khong phai 1a goe tao bdi pI vi p2 so vdi phudng ngang, nhung
o6 cing thuge tinh thyd ty nhu gdc dé.

function theta (pl1, p2 : point} : real;

var dx, dy, ax, ay : integer;

begin dx=p2x-plx;, au= absldx);
dy;=p2y-ply, oyv:= as(dy)
if (dx=0) and {(dy=0) then £ =0

else t=dyffax+ay);

if de<0 then £:=2-t
else it dy<0 then £:=4+¢;
theta ;= %900

end;

Trong mdt 6 mdi trudng lap trinh, vide st dung cac chuong
trinh nhu vy thay cho cic ham lugng gidc chufin 6 thé khong dang
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k&; trong cic mdi trumg khéc thi né o6 thé tao ra sy tiet kiem dang
k&. (Trong mot & trudng hop, vige thay @i cho theta o6 gis tri
nguyén, tranh vige phai diung hoin ton cic s8 thue, c6 the it of ¥y
nghia),

PIEM NAM TRONG DA GIAC

Tigp theo, ching ta s& xét mdt bai todn rat ty nhién: cho mot &iém
va mpt da gidc bidu dién biing mdt mang che &:’m, xdc djnh xem
di€m nim ben trong hay bén ngoai da gidc. Mot giai phap d& hidu cho
bai todn nay la: v& mdt dogn thing dai bht dau tit diém dé, theo mét
hudng bit ky (dai dé di cho diém dau odn lai phai bao dam nhm
ngoai da gidc) va dém s Iugng doan thing tao dude do né okt qua da
gidc. N&u la sd 18, digm d6 nim trong da gidc, néu chin thi diém nhm
ngohi. Bitu nay dé thay néu ching ta theo doi nhing gi xdy ra khi
di tir diém dau doan thing bén ngoai da gidc: sau dogn thing thd
nhat, ching ta & bén trong da gidc, sau doan thdng th hai, talai s
ngoai da gidc v.v.. Néu ching ta thyc hign trong 8 Ian chén, diém
ma chung ta két thic (nghia la diém can xét) phai & ngoai da gide,

Tuy nhién, khéng phai chi don gian nhy thé, bdi vi mot s§ giao
diém o6 thé tring véi dinh cia da gidc. Hinh 24.5 dua ra mt 83 tinh
huéng phai duge x( ly. Trubng hgp dau tién ro rang Ia “ben ngoai™;
* trutng hop thu hai thi dé& thdy 1a “bén trong”; truding hgp thy 3,
doan théng dé kiém tra két thic tai mdt dinh cia da gisc (sau khi di
qua 2 dinh khdc); va trong trudng hop thi tu, doan ki€m tra trung
khdp véi mdt canh cla da gide trude khi k&t thic, Trong mdt s&
truong hop khi doan kiém tra giao véi mdt dinh cia da gific, né phai
dugc dem la mot giao diem vdi da gisc; nhung trong cic trugng hgp
khéc, lai phii d€m 1a 0 (hay 2). Ngusi doc c6 thé giai tri bhng cdch
thit tim ra mdt cich kiém tra don gian ¢ thé phan bigt duge cac
truting hgp nay trude khi xem tiép tye.
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Ninh 24.8 Mt s tinh luidhg phai duoc ai  bang thudt fodn
Nhu cau xit Iy cde tinh hudng khi cic dinh cua da gide rdi trén
doan thing kiém tra bude ching ta phai lam nhizu hon la chi dém
s6 doan thing do da giac giao vdi doan kiénm tra. Thye chit, ching
ta mudn di vong quanh da gidc, ting mot bign dem khi nao ta di tu
mbdt ben cia doan kiém tra sang mdt bén khac. Mot cach @& thye

hign 1a don gian bd qua cac diém roi trén doan kiém tra, nhu trong
chuong trinh sau day:

function inside (E:point) : boolean;
var count, i, j : integer;
it, Ip : ling;
begin  count:=0; j:=0; p[0]:=p[N]; pI[N+1]:=p[1];
Itpl:=t Itp2:=t; it p2.x;=maxint;
for i;=1 to N do
begin  Ip.pl:=piif; lp.p2:=pli}
if not interscet (ip,it) then
begin  Ip.p2:=p{jl j:=§
if intersect(ip,it) then count: -count+1
end;
end;
inside:={fcount mod 2}=1);
end;

Chudng trinh nay ding dudng thing kiém tra theo phuong
ngang dé dé tinh toin (cho ting hinh 24.5 quay 45 d9). Bign j dudc .
diing @& huu tr chi s8 caa diém cudi ciing cla da gidc ma khong nam
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trén doan kiém tra. Chuong trinh gia st rang p(1] 1a diém o6 toa 3o
x nhé nhat trong s& tat ca cic diém cs toa 40 y nhd nhat, vi vay nsu
p{1] nam trén doan kiém tra thi p/o] khong thé. Cing mot da gide
o6 thé biéu dién bing N mang khéc nhau, nhung digu nay cho thay
vide dp dat mét quy luat chudn cho pl1] ddi khi lgi tién lgi (Vidy nhy,
Vi cling quy luat nay, p/17 réit thich hgp dé lam digm gdc cho thd tyc
néu trén dé tim mot da gisc déng don). Néu dism k& ti€p trén da giac
ma khong nam trén doan kiém tra, § ciing mot phia nhu diém thue
J d6i véi doan kiém tra thi chiing ta khong can phéi tang bign dém
giao diém (count), Nguge lai, ching ta c6 duge méc giao diém. Ngusi
doc c6 th€ kiém tra thuat tosn hoat ddng chinh xéc trong cac trudng
hgp cia hinh 24.5.

Néu da gidc chi ¢6 3 hay 4 canh, thuting gap trong nhidu ng
dung, thi mét chuong trinh phdc tap nhy vay se khong duge st
dung, mot thii tye don gidin, d5t od s5 trén viée goi ccw sé thich hop
hon. Mot trudng hep dic bist quan trong khéc la ddi vdi da gidce lai,
dugce xét trong chuon g k&, né cb dac diém Ia khong c6 doan kiém tra
n&o c6 hon 2 giso ditm vdi da gidc. Trong truding hgp nay, mot tha
tuc nhu tim nhi phan ¢6 thé dung 48 x4c djnh trong OrlogN) budc d&
biét duge diém o6 d ben trong hay khang.

BAN LUAN

Chi tit mdt vai vi dy, thi sy khé khan trong viéc giai quyst cédc bai
toan hinh hoc rieng bigt trén mady tinh rit dé bj danh gia thap. Con
c6 nhigu tinh todn hinh hoc so ciip khac ma chiing ta chua ban luan
t8i. Vi dy nhu, chudng trinh tinh dign tich cia mét da giac cing la
mbt bai todn ding chd y. Tuy nhién, cic bai toan ching ta da xét
cung cAp mot s cong ey od ban ma sé rét hiu ich trong nhitng phan
sau 48 gidi quyst cic bai todn khé hon.

Mot 8 thuat todn chiing ta sé nghién ciiu ham chita vige xay
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dyng céic ciu trdc hinh hoc tif mdt tip xdc dinh cac diém. “Da gise
dong don” Fa mdt vi dy cd ban. Chiing ta s& can phai lya chon trong
céc cach bidu didn thich hgp cho cic cfiu tric nhu vay, tao ra céc
thuat toan dé xay dung ching, xem xét cdng dung cla ching trong
cic ung dung ritng bigt. Thong thudng , cac vin dé nay lin vao
nhau. Vi du nhv thuat todn ding trong thi tuc inside ctia chuong
nay chi y&u dya trén cach biéu dién da gidc déng don bing mét tap
hp cic didm co thu ty than la mdt tip cac doan thing khong thya
tu).

Chiing ta s& nghién cifu nhiéu thuit todn vé truy tim hinh hoe:
ching ta mudn bigt ¢iém nho trong mot tip hgp ka gan véi mot diém
cho trude, hay diém niao rdi trong mét hinh chit nhat, hay diém nao
la gan nhéat so vai mdt diém khac. Nhidu thuat gidi tuong ing cho
cac bai toan truy tim nhy viy lign quan mit thiet vai cac thuat giai
da nghién ciu trong cdc chuong 14 - 17, Sy tuong ing kha rd rang.

Mot vai thuat todn hinh hoc 6 thé duge phan tich chi tig’t 4€ dua
den cac khiing djnh chinh xdc vé tinh nang cia ching. Nhu ching
ta da thay, thoi gian thyce hién cia mot thuit toan hinh hoc o6 thé
phu thude vio nhiéu thii: sy phan bd cha cde diém, thi ty cla ching
trong dif lidu nhip, vh cic ham luge gide duge sit dung oo tac dong
ddng ké trén thdi gian thyc hién cta cic thuit todn hinh hoe hay
khong. Tuy nhién, thong thutng trong cic tinh trang nhu vy,
. chiing ta sé dua ra cdc thuit todn tot cho cic 4p dung riéng biét.
Ngoai ra, nhidu thut todin xuiit phait tf nhing suy nghi phic tap va
duge thidt ki cho viee thye hién tit nhiing trudng hdp xfu nhilt,
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BAl TAP

L. Xiie djnh gia trj cla ccw cho ba trudng hop khi hai diém Ia dong
nhit (vh diém thid thi ba thi khac), va cho trudng hgp khi tat ca
cac diém trung nhau.

2. Viét thujt '3 nhanh & xdc dinh hai doan thiing Ia song song hay
khéng, khong dung bit ky mdt phép chia nao.

3. Vit thuiit giii nhanh dé xic dinh b8n doan thiing o6 tao nén mét
hinh vudng khong, khong dung bit ki mot phép chia nao.

4. Cho m{t mang cic doan thing, lam th& nio dé kidm tra xem
ching ¢6 tao thanh mét da gidc déng don hay khong ?

w1

. V& cde da gide déng don o6 duge khi dung A,C, va D trong hinh
24.1 lam difm gdc trong phuodng phdp néu tren.

6. Gid st ring ching ta ding mot didm tay ¥ Lim “didm gic” cho
phucng phip néu trén dé tinh mot da giic déng don. Hay dua ra
cac didu kign ma diém phai thoa dé phudng phap thye hitn tét,

7. Ham interscct tra vé gid tri gi khi duge goi vdi hai ban sao cia
cling mot doan thang ?

8, Inside goi dinh cua da gidc Ia bén trong hay bén ngoai da giac?

9. Gia trf t0i da co thé dat dude cho connt I bao nhidu khi inside
duge thyc hign trén mdt da gidc ¢6 N dinh 7 Cho mdt «f A thé
hién cau tra 1gi cia ban.

10.Viét mot chuong trink hidu qua d8 xic djnh mot diém cho trude
cé nim trong mot tf giic hay khong?
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Théng thutng, khi xd Iy mot s& ldn cde diém, ta chd 3‘! d&n bién cia
tap cac didm nay. Ding trude bidu d6 cic digm duge vé trong mdt
mat phing, ngui xem sé khé kh#n khi phan hiét nhitng diém “nam.
trong” véi nhiing difm trén bign. Pay cing ia thude tinh cd sd dé
phan biét cic tap diém; trong chudng nay, ta sé xét cdc thuat toan
dé lay ra “bién ty nhién” cta cac diém.

Phuong phap todan hge dé dinh ra bign ty nhi2n ciia mdt tép diém
thi dya vao mdt tinh chét hinh hoe - tinh Ibi. Day 1a mdt khai niém
don gian ta da ghp trudce day : mot da gidc 16i o6 tinh chat 1a bat ky
2 diém pao nim trong da gisc nay thi dean thing ndi 2 diém trén
phai nam hoan toan trong da gidc dé. Vi dy, da gide don khép kin ma
ta xét trong chuong trude 1a khong [di; mat khdae, migi hinh tam gide
hay hinh chit nhat 1a Iai.

Trong toin hgc, bign ty nhién cia mot tap diém duge goi 1a bao
1oi (convex hull). Bao [6i clia mot tap diém duge dinh nghia 1a mt da
gidc [6i nhd nhit chita toan b tap diém nay. Mot cach tuong dudng,
bao 16 1a dusng ngdn nhAt bac quanh mdt tap diém. Mot tinh chat
hién nhién ciia bao Ioi 1a cac dinh cia da gidc [6i xac djnh bign thi
thugc vao tap diém di cho. Bai todn & diy 1a: cho tap N diém, tim tap
con cac diém x4c dinh bao Ioi cia N diém da cho. Trong chuong nay,
ching ta sé khao sit mdt s& thuat todn quan trong dé tim bao lbi.
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16k 258.8 Bao I6i ciia cac tdp diéim & hink 24.1
Hinh 25.1 cho thiy cac tap diém va bao [bi ciia ching. C6 8 diém
trén bign clia tap it diém (bén trai) va 15 didm trén bidn cia tap
nhidu diém (bén phai). Téng quat, mdt bao [6i 06 thé chia t&i thidu
3 diém (xdc djnh mot tam gide chia tat ca cac didm khac) va t3i da
1 toan b tip diem (néu tit ca cdc diém cia tap nay Iam thanh mot
da gidc foi). 83 cic diém trén bao [6i ciia mét tap diém ngiu nhién,
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nim dau d6 & cic diém ngoai ciing, nhuy ta sé thiy sau nay. Mot of
thuat todn lam vige tot khi 6 nhieu diém trén bao foi; mot s8 khac
lam vige t6t hdn khi chi c6 it diém trén bao [6i.

Mat tinh chit cd ban cla bao 10i 1a bit ki duting thing no nhm
ngoai bao, khi duge ddi vé phia bao, s& cham bao tai mét trong cée
dinh clia né. (Day 1a mot djnh nghia khic vé bao [oi: i tap diém ma
mbi diém duge cham t6i bing cich doi mt dudng thing tir xa v han
vao) Trong thiyfe t&, 6 thé dé dang tim vai diém chéc chén niim trén
bao [0i bang quy téc trén vii nhing dudng thdng ngang va doc:
nhing diém o6 toa do x hay y 1én nhit va nhé nhat déu nim trén bao
Ioi. Dieu nay duge dung lam khéi difm cho vigc xem xét cdc thuat
toan dudi day.

CAC QUY LUAT TiNH

Bau vao clia thuiit todn tim bao [6i di nhign 13 mdt méang cic didm;
ching ta c6 thé dung kidu point duge dinh nghia trong chuong
trude. Diu ra la mdt da gidc, cing duge biéu difn bing mot mang
cAc diém vdi tinh chit 1a khi lin theo cic difm vdi trit ty ma ching
xudit hién trong mang sé do lai vien cia da gidc trén, Dieu nay o6 vé
doi hoi them mot dieu kién va trat ty khi tim bao [bi (tai sao khéng
tra vé cic diém o6 trat ty bit ky cia bao ?), nhung 16 rang 1a dau ra
o6 siip xép s dé sit dung han, va ta sé thiy rfing cic tinh toan khong
dé y dén trit ty cdc diém cing khong dé dang gi hon. Khi xét cic
thuat todn, $& thufin tién ndu dung phép thay thé : mang ding cho
tap diém ngudn cing duge ding d8 Iuu cdc k&t qua. Mat cich don
gian, cac thujt todn nay sip x&p lai cic didm trong mang ban dau,
bao I6i s& 1a M diém diu tien (06 thyt ty) trong mang.

Tt nhing didu trén, o rang viee tinh bao [6i o6 quan he gan gii
vdi viéc sip xip. Thye t&, thut todn tinh bao [6i ¢6 thé ding 46 sép
x&p nhu sau day. Cho N sg dé siip, ta chuyén chiing thanh cdc diém
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{trong toa dd cyc) bang cach xem céc s nhu 1a cde goe véi modt ban
kinh khong d8i. Bao I6i clia cac diém nay 1a mot da gisc N dinh chia
tit ca cc diém. Vi két qua Ia duge sfip theo thit ty xuit hién cic dinh
trén da giac, nén kit qua nay o6 thé ding @8 tim thit ty ca N s6 da
cho.

K&t qua trén khong phai I co sd dé cho ring viéc tinh bao bi 1a
dé dang hon viée shp x8p; vi dy phai k& d&n phi tén cho cac phép tinh
lugng giae khi chuyén céc s8 thanh diém. So sanh thuat toan tim bao
i (chita cdc phép tinh lugng gide) véi thuat todn sép x8p (chda cac
phép so sanh khod) ciing gitng nhu so sdnh trii tdo véi trai cam.
Nhung ta sé thay rang o6 thujt todn tinh bao léi c6 dp phic tap co
NliogN nhu thufit todn sdp x¢p (du ring cic phép tinh la hoan toan
khic nhau).

Thyc t&, cic thuiit todn tim bao [6i khomg phite tap hon vige sép
xép: ©6 nhiéu thuiit todn c6 thai gian thi hinh ti 12 véi NlogN trong
trutng hygp xiu nhat, Tham chi, nhigu thuat todn con dat t6i muic
thisi gian thi hanh c6 i 18 nho han N, vi thai gian thyc hién cla céc
thuiit toin nay phu thudc vio sy phan b8 coa cic diém va vio 8
diém trén bao.

Cting nhu nhi¢u thujt tosin hinh hoc khac, ta phai chu ¥ dén cdc
trutng hgp dic bigt 06 thé cé trong dau vio. Vi dy, ndu cie didm nim
trén ciing mot duting thing thi bao [6i Ia gi? Tuy theo Wng dung, bao
[oi €6 thé la tit ei cic diém, 6 thé Ja hai diém bién & 2 dau, hoac la
mjt tap diém bit k¥ 6 chia 2 diém bign. Mac di day 6 vé 1a mot
vi dy cye doan, vigc o6 nhiéu hon 2 diém roi trén cing mot canh ciia
bao [61 cua tip diém da cho thi khong phai Ia hiem.

Trong cic thuit todn dusi day, ching tai khong nhiin manh vio
truting hop cac diém d trén cing mot canh ciia bao, vi phai lam
nhizu viéc hon (chung tai sé trinh bay khi ¢6 djp thich hop). Mat
khéc, chiing tdi cing khdng bo qua ching, vi c6 thé phan tich tinh
trang nay khi o6 ybu cau.
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Ilinh 25.2 Thudt Toan Boc Goi

THUAT TOAN BOC GOI

Thuét toan tim bao [6i ty nhién nhit, giéng nhu cach mot ngusi vé
bao [6i cua tap diém, la phuong phap “bao quanh” tap diém da cho.
Bat dau tit mot diém chic chin nim trén bao [6i (c6 thé lay mot
trong cic diém c6 tung dd y nho nhdt), duing mot tia quét nguge
chiéu kim dong hd cho dén khi dung mot diém khac : diém mdi nay
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phai thudc bao. Lay diém vita tim dugc lam chét va ti€p tuc “quét”
cho dén khi dung mét diém khéc... cho téi khi “géi” duge “boc” hoan
toan (gap lai diém dau tién). Hinh 25.2 cho thdy cach tim bao theo
thuat toin nay. Diém B la diém c6 tung d6 nho nhat va la diém bt
dau. Sau @6 M la diém dau tién bj tia quét cham phai,...

Di nhién, ta khong ¢an quét tit ca cac goc c6 thé, ta chi lam cac
phép tinh t5i thiéu dé tim diém bj cham k& ti€p. Véi mdi diém thude
bao, ta can xét cac diém chua duge dua vao bao. Nhu vay, phuong
phép nay hoan toan tuong ty viéc sip x&p bang cach chon: ta chon
lién ti€p cac diém “tot nhit” con chua duge chon. Sy di chuyén cia
dd ligu duge md ta trong hinh 25.3: dong thit M cho biét tinh trang
sau khi diém thd M duge chon vao bao.

Chuong trinh sau tim bao Ibi clia mang p/1...N] cic diém duge
biéu dién nhu trong phan dau Chuong 24. Co s ciia viée cai dat nay
laham theta (p1, p2 : point) duge trinh bay trong chuong trude, tra
lai goc gita p1, p2 va truc hoanh. Cai dat sau la trye tiép tit cic dieu
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Winh 25.3 Dich chuyén dit ligu trong thudt toan Boc-Géi
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vita dugc xét. p/N+ 1] duge diing lam bign cAm canh.

function wrap : integer;
var i, min, M integer;
minangle, v : real; t : point;
begin
min=1;
for i:=2 to N do if pf{i] y<p{min]y then min:=i;
M:=0; p{N+1}=p{min]; minangle:=0.0;
repeat
M:=M+1; t:=p/M]; piM}=p{min]; pImink=t;
min:=N+1; vi=minangle; minangle:=360.0;
for i:=M+1 to N+1 do
if thetarpfM]pfi]) > v then
if thetalpfM]p{i}) < minangle then
begin min:=i; minangle: =thetalp{M]plmin])

end;
until min=N+1;
wrop:=M;
end;

Pau tien, ta tim diém o6 tung dd y nho nhat va luu trong p/N+1]
d8 lam chd chim dutt vbng lap (sé néi sau). Bign M cho bigt sb diém
thudc bao, va v la gid trj hién thi cua gée “quét” (la géc gida tryc
hoanh va duiimg thing ndi pfM-1] va p/M]). Vong lap repeat dua
diém vira dugc tim vho bao bing cich d6i ch8 diém nay véi diém tha
M, va dung himm theta (G chudng trude) dé tinh gée gita truc hoanh
va duding thang néi diém trén vdi mdi diém cdn lai chua dua vao bao,
tim diém 6 gée nho nhat trong 6 cic gée 16n hon v, Vong lap két
thic khi diém dau tién (thye ra [a ban sao cua diém dau tién duge
dua vao p{N+1]) duge gap lai.

Chuong trinh nay cé thé tra lai hoac khéng tra lai cdc diém roi
trén mot canh ctia bao [di. Tinh th8 niy xay ra khi ¢6 nhigu hon mot
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diém 6 cling gis trj theta véi p{M] trong qua trinh thyc hién thuat
todn; sy cai dat trén tra lai diém dau tien duge gip trong s8 cac didm
nhir vy, mac dut ¢6 thé o6 nhing diém khac gan véi p{M] hon. Khi
cAn tim cdc diém 1di trén mot canh ciia bao foi, ta ¢6 thé thay ddi
ham theta dé 1y khoing cich gita 2 didm da cho trong 461 s8 cia
ham va gan gia trj nhd hon cho diém gan han khi 2 diém nay co cling
mot gc')hc.

Nhuge diém chinh cda thuit todn “boc goi” la trong truding hgp
xAu nhét, khi tat ca cac diém deu thude vao bao, thiti gian thi hanh
8@ ti 1¢ vdi N*N (giéng nhu vige sip x&p bing cich chon). Mat khdo,
phudng phap nay o6 thé téng quat hoa cho truong hgp nhigu chigu
hon. Bao [ai ctia mét tap diém trong khong gian k-chigu 1a mét hinh
[oi nho nhét chia tap diém nay (mot hinh 181 I hinh ma nioi doan
thing ndi 2 difm trong hinh thi hoan toan nim trong hinh d6). Vi dy
bao [oi cuia tap diém trong khing gian 3 chizu Ja mét vat thé v 3
chi¢u cé cic mat bén la phing. Bao Toi dugc tim bing cach “quét”
mdt mit phing cho dén khi cham bao, 161 rho cic eanh ban cha cdc
mat phang. chét cic dutng bién khic ciia bao cho d&n khi “gdi” duge
“boc” (6 e trong nhitu thuit todn hinh hoc, giai thich didu téng
quét thi dé hon Ia b8 sung ).

PHUCONG PHAP QUET GRAHAM

Phudng phip sau cia R.L.Graham (1972) ding chu y la vi hau hét
cac tinh todn danh cho viée sip x€p: thuit todn co chita mt sdp x&p
khong tom kém Iim. Thudt todn bat dau bang viée xay dung mét da
giac don khép kin tir cde diém da cho. Viee xdy dyng nay dung nidt
ham cta chitgng trude: sp cic diém theo khoa 14 gid trj cia ham
theta tuong ang vdi goe gita trye hoanh va duting thing ndi méi
diém vdi diém chat pf 17 (diém o6 tung do y nhé nhat), va khi fan theo
PLILPL2],.  pIN], p{1] ta s duge mit da giac khép kin,
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Hinh 25.4 Viii breoe dédie tién crig phép quét Grahimn

Bao 6i duge tim bang cich di vong: thit dat modt diém vio bao va
kigm tra nhing difm trude dily cd con thude bao hay khong. Vi dy,
ta xét cac diem theo thd ty EBMJILNPKFIECOAHGD; vai
budce dau tién duge chi trén hinh 25.4, Khi bit dau, ta bigt B, M 1a
thude bao. Khi xét J, né dude dua vho bao va tao thanh mot hinh tam
gidc. Sau d6, khi xét L, ta nhan thay ring J khong thé thudce vao bao
(vi no lot trong tam gidc BML).

No6i chung, khomg cé khé khain trong viee kiém tra c6 logi mdt
diém khoi bao hay khong. Sau khi thém vio mdt diém, ta sé lan
quanh cic diém da dua vao bao va xét xem o6 logi diém nao hay
khong. Khi [an quanh bao, ta chs sy queo trai 3 mbi dinh cia bao.
Tai diém mdi thém, néu ¢ queo phai, thi ta loai diém nay vi da gide
161 dang cd da chita trong ditm vita thém. Chi ti&t hon, ta s3 ding
thi tuc cew trong chuong trude A8 kidm tra viee loai mdt didm. Gia
sit sau khi xét cac diém p/1...i-1], ta da xde dinh duge pf1...M] la bao.
Khi xét diem mdi pfi], néu-ccwip{M], p{M-1], p{i]) la khing am, ta
loat pfMJ ra khoi bao. N&u khong, pfM} vin thude bao.

Hinh 25.5 cho thiy qua trinh thye hién cich xit 1y nay trén tip
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diém. Mai diém mai duge xi 1y nhu sau: difém mdi nay duge dua vio
bao va ding lam “nhan chiing” cho vide logi b cac didm o6 sin trén
bao. Sau khij L, NvéPduqlcth_évabaD, P bj loai bd vi khi xét tai
K (vi NPK la mt queo phai), 16i F va I duge them vho. Khi xét E,
diém I bj loai vi FIE la mot queo phai; roi F va K bj loai vi KFE va
NKE i céc queo phai. Nhu vy, o6 nhidu hon mét diém bf loai khi
xét mot diém mdi. Tiep tyc theo cich nay, sau cling thuat todn quay
vé diém B.

Sy siip x&p ban dau bio dam mbi didm duge xét Tan lugt déu ob
kha nang thube bao, vi moi diém dugce xét trude 46 ob gid trj theta
nhé hon. Méi dutmg thiing néi pf1] va pfij, ton tai sau cdc phép logi
tr, c6 tinh chat Ia moi diém duge xét trude d6 deu nim vé cling mdt
phia cia dutmg thing nay. Vi vay khi xét téi didm p/N7 (ciing phaj
thude bao do thit ty sfip x&p), ta da tim di chc diém trén bao.

Nhu phudng phép boc-géi, cic diém trén mét canh ciia bao 6 the
duge hope khong duge ké deén din rang ¢6 2 trutng hop 451 vai cac
diém chng tuyén. Trude tien, néu c6 2 didm cong tuyén vdi p{1] thi
nhtt da néu, viée sip x8p dang ham theta cb thé hoiic khéng thé lay
chiing theo thit ty ciia ching trén dutmg thing chung. Cac diém
khong ding triit ty sé b logi trong qua trinh quét. Tha hai, c6 thé
xuiit hién cic difm cpng tuyén trén cde bao thit nghiém (va khong
thée khit céc diém nay).

Viéc chi diit khong o6 gi phic tap, nhung cin chi ¥ mét s chi
tiet. Dau tien, diém cé gia tri x 16n nhat trong s8 cic diém c6 y nho
nhit duge d6i chd vdi p[1]. Sau d6 shellsort duge dung d€ sdp i cic
diém (hay bit ki phép sfip xép nao cing duge), bang cdch dung gia
trj theta cda cdc diém ndy vai p{1]. Sau khi sip, p/N] dugc chép vio
pl0] d& lam bign cAm canh trong trudng hgp pf3] khdng thude bao.
Sau cung, tién hinh vige quét nhu da néi trén. Chuong trinh sau tim
ko [0i ciaa tip diém p/1.. N
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Winh 25.5 Qua trinh thiee hién cach xii Iy ciia phép quét Graham
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funciion grahamscm : integery
var i, j, min, M : integer;
L: line t: point;
begin
min:=1;
for i:=2 to N do _
if pfily < pfmin]y then min:=i;
fori:=1 to N do
if (pfily=plminly)and (pfi]x>p[min]x} then min:=i;
t=pfll; p[1k=plmin); pimin]:=t;
stellsort;
pltil:=pfN];
M:=3;
for i:=4 to N do
berin
while ccwlpfM], pfM-1], pfi]) = 0 do M:=M-1;
M:=M+1; .
L=pfM5 p{Ml:=pfil; pfi]: =t
end;
grithamscun ;= M;
end:

- Vong lap luu gitt bao trong mang pf1...M]. Vi mbi gi tri i dang
xét, M duge giam néfu c6 cac digm bi loai khoi bao, sau do dwa p/i] vio
hao bang cich dbi chd véi p/M +1]. Hinh 25.6 cho thay noi dung ciia
mang p s mdi fan xét mot didm méi.

Thuat todin nay 1y thd d chd né la mdt dang don gign cla
backtracking - ky thuit thiét k& thuat todn kidu “thi am mét diéu
gl d6, néu khing thanh eong thi laj thi mot didu khéac”.

LOAI BO PHAN TRONG

Hau nhy myi phuong phip tim bao [6i 06 thé duge cai tién nhicu
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Winh 25.6 Di chuyén dit ligu trong phép quét Graham
bang cich ding mot ki thuat don gian dé nhanh chéng loai bo ngay
tir dau phan 16n tap diém. Y tudng tdng quat rét don gian: 1ay 4 diém
da bigt trén bao, 10i bo di moi diém bén trong ti gidc do 4 diém trén
tao thanh. Diéu nay lam giam kha nhiéu s6 diém phai xét, sau d6 cac
diém con lai duge xu ly bang quét Graham hay ky thuat boc-géi.

Bén diém da biét trén bién nén dude chon theo céc thong tin vé
tap diém da cho. Néi chung, viée chon cac diém t&i wu phai phi hgp
véi sy phan bd nhing phan ti cta tap diém da cho. Trong hai tap
diém vi du trén hinh 25.7 cho thiy ky thuat nay loai bo da so céc
diém khong thudc bién.

Khi cai dat viée loai bo phan trong, cé mot vong lap dé kiém tra
mdi diém cua tap diém da cho ¢6 niim trong tit gidc kiém tra hay
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Ilinh 25.7 L.agi b6 pitdn frong
khdng, Toc dd thuit todn ed the tang nhanh hon mat chiit bAng cich
ding mét hinh chit nhat o6 cic canh song song vdi trucx vh y. Dé 1
hinh chit nhitt 1én nhét chia trong ti gide néi trén. Ta dé dang tim
toa d6 4 dinh cua hinh ch nhat nay tir cdc toa dd dinh cua tu giac
trén. Dung hinh chi& nhat nhy, s8 diém trong bj logi it hon, nhung
lam tée dé kidim tra nhanh hon,

KET QUA THUC HIEN

Nhu da luu y trong chudng trude, cdc thuit toin hinh hoc thi khé
phin tich hon cic thuit toin trong nhing linh vwye khiac ma ta da
nghién ciu; vi khé mo ta dic diém cta dau vio (va dau ra) hon. Cde
thuiit todn da xét phy thude vio dic diém phan b cia cae didm va
nhu vay khong thé so sinh cie thuit todin véi nhau; béi vi sy so sdnh
ching yéu cau c6 mot sy hidu bist vé cac tic dong qua lai rit phite
tap gida cic dic tinh duge hidu bigt it 6i cia cdc tap diém. Nhung
cing co mot. vii didu vé vige thye hign cac thust todn trén, citip ta
chon lya thuiit toin thich hgp trong cic ing dung cy thé.

Tinh chit 25.1 Sau khi sdp x&p, quét Graham la mot tién trinh co
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thai gian fuyén tinh.

Can phai suy nghi dé ching minh tinh chat nay la didng, vi c6 mot
“vong lap trong vong lap” trong chuong trinh. Tuy nhién, dé thay
rang khdng diém nao bj “loai b6” hon mét fan, nhu vay phin ma
trong vong Iap kép duge Lip lai it hon N [an. Thai gian tdng chng dé
tim bao [8i biing phudng phap nay 13 O(NlogN), nhung vong lap
trong ty ban than né la mot phép sép x&p, o6 thé duge lam higu qua
hon bing nhimg ki thuat trong cde chuohg 8-12.

Tinh chit 25.2 Néu bao cé6 M dinh, thi thudt toén boc-gdi yéu ctu
khoang MN bicéc lip.

Biu tién, ta phai tinh N-1 gdc dé tim goc nhd nhat, [an 1ap k& tigp
chn N-2, rdi N-3,.. nhu viy téng chpng sd phép tinh goc la
(N-1)+(N-2) +...+(N-M+1) = MN - M(M-1)/2

Tinh chiit 25.3 Phép loai bo phitin trong I tuyén tinh ve thoi gian
trung binh
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BAI TAP
1. Gi& st ban 44 bi&t trude bao 61 ciia mot tap digm 1a hinh tam gide.

Tim mdt thujt todn d& xac djnh nhanh chéng tam gidc nay.
Tudng ty, tim bao 15 ndu biét trude né 1a mdt tif gidc.

2. Tim m{t phudng phép hidu qua dé xic dinh xem mbt diém ¢ nam
trong mét da gidc [6i hay khong.

3. Hoan thién thujit toAn tim bao [6i giéng nhu thuat toan sip xép
chen, dung phuong phap cia ban trong bai tap trude.

4. Trong quét Graham, ¢6 that sy can thigt bit dau tit mdt didm
duge bigt chic la 6 trén bao? Giai thich tai sao o6, tai sao khong.

3. Trong phuong phap boc-goi, o6 thit sy can thiét bt dau tir mot
diém duge biét chie 1a & trén bao? Gidi thich tai sao o6, tai sao
khong.

6. Tim mdt tip ditm sao cho phuong phdp quét Graham tim bao [bi
mat higu qua.

7. Phuong phap quét Graham co tim duge bao i ¢iia mét tap diém
tao ra cdc dinh cin mot da gisc don bit ky khong? Giai thich tai
sao va cho mot phan vi dy ching to tai suo khong.

8. Tim 4 diém dé ding cho phudng phip loai bo phan trong néu tap
diém duge cho la phin bé nghu nhien trén hinh tron.

9. So sdnh theo kinh nghiém phuong phap quét Graham va phuong
phip boc g6i chu mot tap nhitu diém véi cic toa dd x, y trong
khoang 0 dén-100.

10. Cai dat phusng phédp kht phan trong va xic dinh theo kinh
nghiém N nén lén bao nhieu dé loai duge khoang 50 diém khi
dung phuong phip niy trén tap diém vdi x vh y xAp xi nhau trong
khoang 0 vi 100.
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Cho mot tap diém trong mat phing, mot cAu héi ty nhién la tim cie
diém rdi trong mdt ving da cho nao d6. “Liét ke tit ca cic thanh phd
trong pham vi 50 diim ké tif Princeton” 13 mot ciu hoi thude loai nay
véi tip diém la cdc thanh phd trén bin da My. Khi dang hinh hoe clia
viing tim dude gidi han 14 hinh ch@ nhit, vin dé nay dé dang duge
md rong cho cie b todn khéng hinh hoe. Vi du, “Ligt k& nhing
ngudi tit 21 dén 25 tudi véi thu nhap ti 60000$ dén 100000$” tim
nhitng “diém” trong tap tin A lidu chiia tén-tudi-thu nhap rvi trong
mat phiing tudi-thu nhap.

Vite md rong ngay trudec mit la cho nhidu chidu hon. Néu ta
mudn ligt ké tit ca nhdng ngdi sao trong pham vi 50 nam anh sdng
t{r mit tréf, ta oo b todn 3 chiéw, Va néu ta mudn tim nhing ngudi
ginu od tré tudi nhu trén ma lad cno vh 1h phai nit, ta o6 bai todn 4
chizu, Trong thyc t&, 50 chiéu clia nhiing bai toan nhu vy o6 thé rit
cao,

Tong quat, gia su ta co mot tap cic ban ghi vdi nhing thude tinh
nhat dinh co gia tri sip xép duge (doi khi duge goi Ia co s di lién,
dit nhitng dinh nghia hon chinh va chi tiét hon cho thuat ngd quan
trong nay da dude trinh bay). Tim kiém vang I tim tit ca nhidhg
ban ghi thoa man cac han ché pham vi cho trude trén mot thp cic
thude tinh. Bay la mot bai todn khé va quan trong trong cdc dng
dung thye t&. Trong chudng nay, ta sé tip trung trén bid toan hinh
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hoc 2 chitu; trong 46 cdc ban ghi la cac diém va cac thube tinh 1a cic
tryc toa dd cta diém.

Ta s& xét mdt phuong phap duge tdng quat hod tryc tiép tit cic
phuong phap da bigt vé viec tim kiém theo nhitng khod don (mot
chigu). Ta coi cic chu hoi 1a dude dut trén cung mdt thp diém, nhy
vay bai toan o6 thé chia lam hai phan : ta ¢an mdt thuit toan ti2n xi
Iy d€ dua cac diém da cho vio mdt ciiu tric hd trg 6 hidu qua cho
vige tim ki&m ving v mét thuat toan tim ki®m ving, dung ciu tric
trén dé tra vé cac diém rdi trong vang (nhiéu chiéu) da cho. Sy phan
biét nay la d& so sanh cic phuong phap khac nhau vi tdng chi phi
khéng chi phy thupe vaio sy phan b8 cia cac diém ma con vio s8
lugng va ban chit cia céc cau hoi.

Bai todn tim theo khoang nghia la tim tit ca cic diém rdi trong
khoang cho trude. Diéu nay o6 thé lam duge bang cich sip cac diém
va dung phép tim nhj phan d& db cdc di¢m cudi cla khoang da cho,
T6i tra lai tat ca cac diém roi trong khoang trén. Mot bign phéap khic
Ia xay dung chy tim ki€m nhj phan v thye hien mdt phép duyét dg
quy trén ciy, tra vé cdc diém trong khoing tim va bd qua cic phan
cia cAy nam ngoai khoang tim. Trong chuong trinh & trang sau o6
chia mdt phép duyét ciy dé quy don gian (xem Chuong 4). Néu
diém cudi bén trai cia khoing tim roi vho bén trid cfia mit goe, ta
tim (dé quy) theo chy con bén trai, va tuong ty cho bén phai; vai mbi
mit ta gap, kidm tra xem gia trj cia nit o6 rdi trong khoang tim hay
khong.

Chuong trinh 6 thé dugc cai tién hi¢u qua hon chit it bing cach
dung mét bign tohn cyc int & lvu khoang tim hon I truyén bién cho
cac l6i goi d& quy mi khdng thay ddi gid trj clia né. Hinh 26.1 cho
thiy cac diém tim duge khi chuong trinh van hanh trén cay vi dy.
Chii y riing cic diem tra vé khong cin lién thong vdi nhau trén chy.

Tinh chiit 26.1 Tim kiém theo khoang cé thé duge thite hién voi
O(NlogN) bide xit Iy trude va O(R+1ogR) d& tim kiém viing, @ diy
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type inferval = record x1, x2 ;intcger end;
procedure freerange (4link, int:interval);
var fx], ix2 : boolean;
begin
if t< >z then
begin
txl:=tt.key >= intxl;
x2 =ttt key <= intx2;
if tx1 then treerange(t t .1, int);
if &x1 and x2 -
then t.key is within the range
if #x2 then freerange(t t.r, int);
end
end;

R lu s6 cée diém thic sic rdi trong khoang tim.

Nhitng dizu nay tryc tiép ¥ cac dac tinh oo ban cia ciu tric tim
ki¢m (xem Chuong 14 va 15). N&u mudn, ta cing o6 thé diing cay
can bang.

Muc dich cua chiing ta trong chudng nay la sé& dat tdi cung thai
gian thyc hién nhu trén khi tim kigm trén viing nhidu chigu. Tham
s8 R riit quan trong : tao thuan lgi d& sinh cic cau hdi viing, ngudi
diing c6 thé dé dang phit biéu nhitng cAu hdi yéu cau tit ca hofic hau
hét cic diém. Kidu cau hoi nay duge ding trong nhidu dng dung,

Elinh 26.1 7 theo khodng (gt chitéu) béng mt edy fim kiém nhi phdn
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ngoai ra sé khong can dén cic thuat giai phuc tap néu moi cau héi
thudc vio kitu trén. Ta sé xét cic thulit toan duge thidt k& o6 hidu
qua cho cdc cau hoi khéng tra vé mdt s& ldn cic diém.

CAC PHUGONG PHAP CGO BAN

Trong truting hop 2 chidu, “vang” Ja mét mién phing. D& don gian,
ta sé xét bai todn tim tit ca cdc diém b toa 49 x, y rdi trong cac
khoang cho trudc; nghia la ta sé tim cic diém rdi trong mot hinh cha
nhat cho trude. Nhu viy, ta s& gia thigt rhing ki€u rectangle la mot
ban ghi ciia 4 8 nguygn cho cice diém cudi theo chigu doc va chidu
ngang. Thao tic co ban ctia ching ta 1A kiém tra xem mot diém ob
rdi vio hinh chd nhit dia cho hay khoéng, nhu vy ta sé dung ham
insiderect{p:point; rect:rcctangle) d& kiém tra didu nay, tra vé true
néu didém p rdi trong rect. Muc tidu cla ching ta la tim 4t ca cic
diém 1oi trong hinh ch@ nhit da cho, ding cang it 13 goi ham
insidercet chng tot.

Phuong phip don gian nhat dé giai bai tean nay la tim kigm taan
tu: quét tat ¢ cac diém, kiém tra xem mbi diém o6 rdi trong khoang
da cho hay khong (biing cich gol insidcrect cho ting diém). Trong
thye t&, phueng phap nay duge ding trong nhiéu g sd dit lidu vi né
dé dang dugc cai tién bang cich “lm thanh dgt” cdc ciu hoi ving,
kiém tra nhiéu cAu hdi khic nhau trong cing mit in quét qua cice
ditm. Trong cd sd dit lidu ritt 1dn, noi mi cic di ligu duge luu trong
ciie thitt bi ngoai va thai gian doe di lidu 13 vugt xa chi phi cho cic
cau hoi, eac cia hoi duge gom lai trong bd nhd trong va tim cie didm
thod cde cau hoi trong mdt fan duyét tap tin dit litu ngohi. Tuy
nhién, ndu cich im thanh dgt khong thuin tien hay co sd dit litu
nho hon, thi ¢6 nhing phuong phip t5t hon nhiéu.

Mét cai tién don gian daw tién eia phudng phdp tim kigm tuan ty
la ap dyng tryc tip phuong phip cho viing mét chigu trén cic chidu
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1linh 26.2 Tim theo khodng hai chitu
duge tim kidm. Hinh 26.2 cho mdt vi dy tim cic diém trong mdt
hinh chi nhit.

Mot cach lim Ia tim cAc diém c6 hoinh d6 x roi trong khoang tim
x ctia hinh chit nhat, 1oi kiém tra tung 49 y cia cac diém nay & xét
cac diém o6 thude hinh chit nhat da cho hay khéng. Nhu vy, cée
diém khéng thudc hinh chi nhit, do hoanh dd x cia ching & ngoai
khoang tim, s& khiwmg bao gits duge xét dén. Ky thuat nay goi la phép
chiéu; 16 rang ta cing 6 thé ding cich trén cho tung 46 y. Trong
vi dy, ta kiém tra cic diém E C H F va I khi chigu theo x va ta cing
ed thé kitm tra O E F K I’ N va L khi chigu theo y.

Néu cac diém phan bo deu trong mdt mién hinh ch nhat, dé tinh
duge sO trung binh cac diem duge kiém tra. Phan cic diém ta mudn
tim trong hinh chit nhit da cho la ti 83 cia viing hinh chi¥ nhat vdi
toan mién; phan cac diém ta kiém tra theo chidu x la ti s8 gida be
rong cia hinh ch@ nhat vii chieu rong cia toan mién; va tudng ty
theo chiéu y. Trong vi dy, ta dung hinh chi nhat 4x6 trong mién
16x16 nghia li ta trong c6 3/32 diém trong hinh chd nhat, 1/4 ching *
trong phép chitu x vh 3/8 ching theo phép chiéu y. R rang, dudi
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nhing tinh hudng nhu vay, tot nhat la chigu lén tryc dng véi chidu
ngin hon cla hinh chit nhit. Néi cich khdc, ta d& dang xay dyng
nhing tinh hudng trong d6 ky thuit chigu la t& hai; vi dy, néu tap
diém o6 dang L vh vigc tim kiém véi vang tim chi bao duge cic didm
3 gan géc cla “L”, sau 46 phép chidu trén ca hai truc loai bd chi duge
mot nua cac diém,

Nhin ludt qua [an dau, o6 vé 1a ky thuat chidu duge cai tign dé cho
cAc diém rdi trong khoang tim x vi cac diém rdi trong khoang tim
y la “ciit nhau”. Hay b gfing lam didu nhy ma khdng xét téi truang
hgp xau nhat 1a tit ca cic diém trong khoang tim x hojc tit ca cdc
diém rdi trong khodng tim y, s& gitp hiéu 10 hon cic phuong phap
phuc tap ma ta nghién aiu sau day.

PHUONG PHAP LUGI

Mot ky thuat don gian nhung hifu qué la duy tri quan h2 ghn nhau
gitta cac diém trong mitt phiing dé cilu tric thanh mot Wudi, chia
ving duge tim thanh nhitu 6 (vi dy, k¢ thuat nay duge ding trong
khio ¢6 hoc). K& tiép, khi cic diém niim trong hinh ch nhat tim
kigm duge xét, ta chi xét cac d cb giao vdi hinh ch@ nhat. Trong vi
dy, chi cic didm E, C, F va K la duge xét (nhu trong hinh 26.3)

Trong viée cai dat phitdng phaip niy, digu quyét dinh chi yéu la
xAc dinh kich thude cia ludi : ndu qua to, mbi & ludi sé chia qua
nhiéu diém, v néu qud nhd, phai tim ki€m trén qua nhidu & ludi
(phén 1én cde 6 1h rbéng). Mot crich nhiim vio syt can déi giira hai cyc
doan trén la chon kich thude 6 sao cho s6 cac 8 1a mdt phan s0 trén
ting s cic diém. Nhu vy si cic diém trong mét & duge by vong Ja
xiip xi mot hiing st nhd nio 6. Trong vi dy, ta ding 1udi 4x4 cho tip
16 diém nghia 11 mbi 6 c6 thé chia mot diém.

Sau day Fr m{t cai it don giin cta chuong trinh xay dyng lusi
chifa cic diém trong mang pf0...NJ cic diém theo type duge djnh
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Winh 26.3 I'lucong phdp Lici dé'tim theo khodng
nghia trong phan dau Chuong 24. Bién size ding dé x4c djnh o3 cia
6 lusi. D& don gian, ta gia thiét cdc toa dd cia diém trong khoang 0
va mot gia tri max nao do. Vi bien size duge 14y lam ¢ ciia & ludi nén
ta c6 (max/size)*(max/size) 6 uéi. D& tim 6 ludi chia mot didm nao
do, ta chia cic toa dp cia diém cho size, nhu trong cai dat d trang
sau:

Chuong trinh nay dung cich biéu dién danh séch lién két chudin,
véi nit rong z & cudi. Bign max duge cho lam bign toan cuc, cb gia
trj ban dau la gia trj toa 49 l6n nhit trong s cac didm duge nhap
vao.

Nhu da mo ta & trén, gia tri bien size phu thude vao s8 céc diém,
lugng bd nhd sit dung v ving eice gia trj toa do. Mot cach ude chimmg,
dé c6 M diém trong méi o, ta nén chon size la s§ nguyén lén nhit gan
véi max/sqre(N/M). Diéu niy din dén c6 khoang N/M o. Sy uée lugng
nay khong chinh xiic cho cic gii trj nho ciia cac bién, nhung né diung
dugc trong hau hét truong hgp, va nhing uée lugng tuong tu c6 thé
dé dang cong thic hoa trong cic ung dyng dac bigt. Gia trj ude
Iugng trén ¢6 thé khong can chinh xdc va trong cai dat nay, ta dung
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const maxG=20;
type link =node;
node = record p:point; next:link end;
var grid: array [0.maG, 0..maxG] of link;
size: integer; z: link;
procedure preprocess;
procedure insert (p.point);
var tlink; :
begin
new(t),
ttp:=p; .
t4.next := grid [p.x div size, p.y div size];
grid [p.x div size, p.y div size] := £
end;
begin
new (2}
size ;= 1;
while size*size < max*max/N do size ;= size+size;
for i:=0 to maxG do
for j:=0 to maxG do grid{ijl=z
for i:=0 to N do insert (pfi]}
end; .

size 1a luy thita cia 2 bing cich nhan va chia véi size, s8 hi¢u qua
hon it nhitu trong hau hét cic mdi trutng 1ap trinh,

Mot cach chon théng thuimg la liy M =1 va ta diing gia tri M nay
trong cai dat. N&u khoang trong qua nhidu, o6 thé 1y gia tri M I6n
hon, nhung gia tri M nhé hon thi it duge dung ngoai trit trong nhidng
tinh hutng dac biét.

Liic nay, ta da nfim duge hau hét cong viee dé tim kigm viing theo
chi muyc trén mang grid:

Thiti gian thye hign clia chuong trinh nay ti 12 véi s8 b duge xét.
Vi ta da than trong sp x&p sao cho médi & chia (vé trung binh) mot
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procedure gridrange (rect ; rectangle);
var & link; ij:integer;
begin
for i:=(rect.xl div size) to (rect.x2 div size) do
for j:=frect.yl div size) to (rect.y2 div size) do
begin
Li=grid{ij};
while t<>2z do
bepin
if insidercct (¢} p.rect)
then point tt.p is within the range
t:=t(1.next;
end
end
end:

hang st cic diém vA s8 cic 8 duge x6t cling ti 18 (vé trung binh) vdi
s6 cac diém dude xét.

Tinh chiit 26.2 Tinh trung binh, phiong phip i c6 thii gian
tuyén tinh déi vdi 58 che digm trong viing tim, va buyén tinh d6i véi
téng s& diém trong truing hop xiu nhit.

Néu so diém trong hinh ch@ nhat tim ki#m la R, thi s & duge xét s&
t11¢ vai R. 56 b duge xét, ma lai khéng roi tron trong hinh chi nhat
tim kigm, chic chiin s& nho hon R; nhu vay tdng sd thoi gian thue
hién (vé trung binh} la tuyén tinh v8i R. Véi R 1dn, s8 cac didm
khéng roi trong vang tim, ma vin dude xét, thi kha nhd: tat ca
nhing diém nhu viiy rdi trong ede 8 o6 phan giao vdi hinh chi nhat
tim ki#m va 0 nhang d nhu thé ti 1 véi can bac hai cda R khi R 1on.
Chu y lia lap ludn nity ¢6 phin sai néu cic 8 qua nho (cé qua nhidu b
rong trong hinh chd nhat tim ki#m) holic qua 1én (chda qué nhidu
digm trong czic & niun trén chu vi cia hinh chd nhat tim kigém) hodc
néu hinh chd nhat tim kiém manh hon cic 8 (nd 6 thé giso vdéi
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nhizdu & nhung chi ¢6 it diém roi trong d6).

Phudng phap Iudi lam viée tot néu cac diém rai deu trong viing
tim, nhung sé tbi t& néu cdc diém cum lai thanh dim (vi dy, tit cA
cac diém c6 thé roi trong mét &, nghia la cde 8 khic sé khong chida
gi ca). Phuong phép duge xét k& tigp lam cho truong hop xiu nhat
néy khéc han di bang cich chia uhd khéng gian tim theo nhigu cach
khac nhau, pha hgp vdéi tap diém.

CAY HAI CHIEU

Cay hai chidu 1a mdt ciu tric dif lidu ddng, 14t gidng vdi chy nhj
phan ngoai trit didu 14 n6 chia khéng gian hinh hoc theo mot cach
thuan tign cho vige tim kigm ving. Y tutng & day 1a xay dyng cay
tim ki#m nhj phan véi cic di€m duge chita trong cic mit, ding cdc
toa db x va y cua cic diém nhu 12 ede khoa theo mét trinh tu thay d6i
nghiém nght.

Ciing ciing mt thuat gidi duge dung dé chen cic diém vio ciy
2D nhu trong cay tim kigm nhj phin thong thuong; nhung & nit
goc, ta dung tung 46 y (néu diém duge chen c6 tung dd y nhd hon
diém & nait goic, thi sang trdi; néu khong sang phai), sau d6 & mudc
tiép theo ta diing hoanh 6 x, r6i & muc ti€p theo nia thi diing tung
ddy, ... e luan phién nhu vay cho dén khi gip mit ngoai cing. Hinh

Hinh2o.4 Mt edy hai ehid (20))
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26.4 cho thily cy 2D tuong ung vii tap diém trong vi dy.

Sy ding chu § cla k¥ thujit nay la vide chia mat phiing mdt cach -
ddn gian: tit ca nhitng di#m dudi nit gée thude eiy con bén trdi, tat
ca nhitng diém & trén thudc ciy con bén phai; sau d6 tit cA nhing
diém J trén nut gdc va ¢ bén trii diém thudc ciy con bén phai thi
thujc cy con ben trdi cua ciy con bén phai cla mit gbc, ...

R
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160h26.5 Chia nho mdt phing bdng mé edy 20 (bt diu)

Hinh 26.5 va 26.6 cho thiy mit phing duge chia nhd theo cfiu
tric chay trong hinh 26.4. Trudc tien, mot dubng ngang duge vé qua
diém A (la nit dau tién duge dua vio). Sau d6, vi B & dudi A, ta
chuyén sang ciy con bén trdi A, vi mita mat phing dudi A bj chia bii
duong thang doc & hodmh db x clia B (so do thi nhi & hinh 26.5). K&
tiép, vi C g dudi A, ta qua trai mit gic, vavi C 6 bén trdi B, ta qua trai
B va chia phan mat phing & dudi A va bén trii B bing duiing thing
ngang tai tung do y ctia C (g0 44 thit ba § hinh 26.5). Vigcchen D 1a
tudang ty, k& tiép 1a E duge chen d bén phai Avi E 8 trén A (so do dau
tién trong hinh 26.6), ...

Mabi mit ngoai cliia chy tudng ing mot hinh chi nhit nao 46 trong
mdt pbAng. M&i viing tuong ung vdi mot mit ngoai clia cay; mbi
di#m nhm trén mdt doan thing doc hode ngang xic dinh phép chia
tai didmdo

Trinh xiy dung cay 2D 1A mdt thay ddi don gian cta trinh tim
ki#m trén cay nhj phan chuan d¢€ thay déi vige tim theo x va y tai mdi



42 CAY HAI CHIEU

I )

Hinh26.6 Chia nhé mat phang bing mét edy 2D (cdc bude tiép theo) =
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muc

type link = Ynode
node = record p:point; Lr :link end;
var & head, z: link;
procedure itreeinsert (p:point; t:link);
var f. link; d, td : boolean;
begin
d = true;
repeat .
ifd thenitd:=px it px
elsetd:=py ttpy
fr=8
iftd thent:=tt.l
else t:=tt.r;
d:= not d;
until ¢t=2z;
new ft; et p:=p;tYl:=zttr:i=2z
itftdthenft.i:=telseft.r:=14
end;

Nhu thuting 18, ta ding mot mit dau head vdi diém gia (0, 0). Nut
head “nhd hdn” niwi mit khac d& chy i qua lién k8t phai cua nit
head, va nut gif z duge dung dé bidu dién moei mit ngoai. Lai goi
treeinsert (p, head} chen mdt niat mdi chia diém p vho cdy. Bign
logic d diing dé thyc hién viée kiém tra luin phién cic tea ddx va y
khi di xudng trén cay. Ngoai ra, thi tuc nhy I gidng nhu thu tyc
chuin d Chuong 14.

Tinh chiit 26.3 Viec xay dimg ciy 2D tit N diém nglu nhién doi
hoi trung binh ZNInN phép so sanh.

Thye viy, véi cic diém phan bd nghu nhién, chy 2D cb cling cich
biu ditn dac trung nhu cay nhj phan. Ca hai toa dd gid nhigm vu
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Hinh 26.7 Tim theo khodng nho mér cdy 2D
nhu la cdc khod nghu nhién. D& tim kiém viing biing cay 2D, trude
tién ta xay dyng cay 2D tif cic diém trong giai doan tien xi ly:

procedure preprocess;
function initialize:link;
var ¢ : link;
begin
pl0].x := 0; p[0].y := 0; p[O].info := 0;
new(t); tt.p :=p[0]; tt.r:=z
initialize := §;
end;
begin
new(z); head := initialize;
for i:=1 to N do treeinsert(p[i],head);
end;

Tiép theo, dé tim kiém viing, ta kiém tra diém & mdi nit vdi ving
tim vdi chiéu duge dang dé chia mat phing cia nit d6. Trong vi dy,
ta bit dau biing cach qua phai & niit géc va qua phai & nit E, vi hinh
chi nhat tim ki€m hoan toan & trén A va & bén phai nit E. K& d6,
nit F, ta phai [an xuéng theo ca hai cay con vi F rdi trong viing (theo
chitu x) xac dinh bdi hinh chi nhat (chi y cin than ring diéu nay
khong dong nghia véi F roi trong hinh chi nhat). K& tiép, cc cay
‘con beén trdi cia P va K duge kiém tra, tuong Wng vdi viec kiém tra
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1hiah 26.8 Tim theo H:rm'ng it mgt civ 20 (chin nhd mat phang}
cdic vang phu len hinh chit nhat tim kiém. (xem hinh 26.7 va 26.8).

Viéc cai dat tién trinh nay 12 dé dang vdi sy md rong don gian tit
tha tuc range 1D da duge xét ¢ dau chuang nay:

proccdure range (t:link; rect:rectangle; d:boolenn);
var {1, 2, txl, tx2, tyliy2 : boolean;
begin
if tz then
begin &l :=rectxl ¢t pax; te2 =t px rectxl;
tyl ;= rectyl tt py; ty2:=t}py recty2;
ifd then begin tl := ixl; 12:=tx2; end
else begin 1 )= tyl; £2:=ty2; end;
if t1 then rangel(t 1.1, rect, not dJj;
if insidercct (t1.p, rect)
then point ¢t .p is within the range;
il £2 then range (¢ Y., rect, not dJ;
end;
cnd;
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1inh 26.9 Tim tiico khodng nhd mét cdy 20 lom
Thi tyc niy fan xuéng hai cAy con chi khi dutng phan cich cit
ngang hinh chit nhat, diéu nay thuting khong xay ra véi nhitng hinh
ch@ nhat tusng doi nhé. Hinh 26.8 cho théy cac [an chia nhé mat
phang va cac diém duge xét trong cic vi dy.

- Tinh chéit 26.4 Tim kiém ving biing cay 2D ding khodng R+logN
bude dé tim R didm trong cdc khoing tim trong midn chita N didm

Phuong phap nay vin cdn dang duge phan tich va tinh chit néu trén
la mbt udc dodn hoimn toan kinh nghiém. Di nhién, sy thye hien (va
sy phan tich) ludn phy thude vao kifu clia ving duge diing. Nhung
phuong phap nay rit ding ké so vdi phuong phap uéi, va phan nao
it phy thudc vao “tinh ngiu nhién” cda tap diém. Hinh 26.9 cho thay
ciy 2D clia truting hgp oé nhicu digmn, :

TiM KIEM TREN VUNG NHIEU CHIEU

Phudng phap 1wdi va ciy 2D tdng quat hoa tryc tisp duge cho nhisu
chitu han: sy md ring don giin cia cde thuat todn trén tie khic cho
cac phuong phip tim kiém lam viée trén ving ¢6 s5 chidu lén hon 2,
Tuy nhién, ban chit cua khong gian nhigu chigu doi hoi phai than
trong va tinh nang cua cic thuiit todn nhy c6 1@ khé ma néi truse
duge cho mot ding dung cu the nao dé.

D chi dat phuong phap ludi cho vige tim kim trén viing k chigy,
ta tao mét ludi la mang k chitu v ding mot chi myc cho méi chizu.
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Vin de chinh Ia tim mét gia trj hgp 1y cho bign size, Van dé nay hoan
toan ro rang khi % 16n: kidu ludi gi duge ding khi tim kigm trén ving
10 chiztu? Ngay nhu néu ta chi*diing 3 lan chia cho mbi chiéy, ta
cing ¢an dén 3 lay thita 10 8 ludi, hiu hét cic 6 nay la réng véi
nhing gia tri N binh thuting.

Viée tdng quét tit ciy 2D thanh ciy kD cing don gian: xoay vong
Tan lugt qua céc chigu (nhu ta da lim trong trudng hyp 2 chidu bang
cach thay 461 luan phién gica x va y) khi [an xubng cay. Nhu tién,
trong truong hgp ngiu phién, chy két qua o6 cung cdc dac trung nhu
ciy tim kiém nhj phan. CGng nhu trén, ¢d sy tudng dng ty nhién
gita cdc cay va cac xi 1y hinh hoe. Trong trubng hgp 3 chigy, sy
phan canh & mbi mit tudng ing véi vide diing mdt mit phang cit
mien tim kidm 3 chieu; mot cich ting quat, ta cit mién &k chieu bang
mot sieu phiang (k-1) chidu.

Neéwu k rit Ion, o6 sy chi ¥ nhiéu vé sy khong cin bing cla cay kD,
vi ciic tap diém cu thé o6 thé khong 4 16n d€ bieu 1p duge sy nghu
nhién trén mdt s5 1dn cac chicu, Pac bigt, tit ca cac diém trong mot
ciy con ¢ the s& 6 cing mdt gid trj trén nhitu chizu, din dén mot
s& cac canh mbt hudng trong cay. Mot cich lam giam vin dé nay, la
thay vi xoay vong qua cic chitu, ta lubn chia cic di€ém theo chidu tot
nhat. Ky thuat nay cing ap dyng duge cho ciy 2D. Né doi hai o6
thong tin mé rong (dé chen chidu) duge luu trong mdi nit, nhung né
lam giam sy khong can bang ciia ciy, dic bigt Ia trong cdc ciy co s8
chiéu cao.

Tom lai, mic da dé o6 duge sy tdng quit cdc chuong trinh nay
trong bai toan tim ki€m trén ving nhiéu chiéu, nhung bign phap
nhu viry khé ap dung hitu hiéu cho mét ung dyng lén. Nhitng cd s¢
it Yidu 16n, vdi nhigu thude tinh trong mdt méu tin, b thé I nhang
d6i tugng ritt phic tap; va mot sy hiéu bist ro rang vé cic dac trung
cua cd 5d dif ligu 1h didw can thigt dé phat trién mdt phuong phip tim
kigm viung c6 hidu qua cho mét dng dung cy thé. Day 1 bad todn rat
quan trong vAn con dang duge nghién ciu.
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BAl TAP

I,

4,

Vigt ban khong d& quy cho chuong trinh tim kifm trén ving 1
chiéu

. Viét chuong trinh in tit ci cac diém trong cay nhj phan ma cic

diém nay khéng rei trong khodng tim

. Cho s6 1dn nhit vit nhé nhit cac 6 duge xét trong phuong phip

ludi nhu la cie hiim theo s8 chigu clia lwdi va hinh chit nhat tim

Jagm,

Khao sét y do tranh sy tim kitm & cfic 6 réng bang cach diing danh
sich lien két: méi 6 ludi cd the lien k&t véi mot & khong réng k&
tiep cing hang va mdt & khong ¥ng k& can ciing cdt. Dung so db
nht vily anh hudng nhu thé nho dim kich thude cia 8 ludi ?

- Vé ey vit ciie [an chia mat phiing néu ta xay dyng cay 2D cho tip

diém bt dau véi dusng chia doe. (Nghin I, goi range véi tham
bitin thit ba la false thay vi frue)

- Hily cho mt tap diém din dén cay 2D xau nhat, trong d6 khang

mit nao ¢6 hai con; hiy chi ra cdc Ian chia mat phing

- Mb ta ciich thay ddi nhu the nio trong mdi phuong phap dé tim

cic dieém roi trong mot vong trdn cho trude.

8. Vdi tat ca hinh chit nhat tim kigm tron g cung mot viing, dang nio

9.

1am cho méi phuong phiip c6 sy thye hign kém nhat?

Phuong phap tim kiém ving nao duge ua chudng hdan khi cac
diém co cum thanh cic ddm 16n cich xa nhau

10. Ve cay 3D do viee chen cie didm (3,1,5), (4,8,3), (8,3,9, 6,2,7),

(1,6,3), (1,3,5), (6,4,2) viro ciy réng ban dau
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GIAO CUA CAC POI TUQONG

Mot bai todn thuing gip trong cac ing dyng lién quan dén cac di
lizu hinh hoc la: “Cho mot tap N ddi tugng, c6 hai ddi tugng nko giao
nhau khong ?”. “Déi tugng” c6 thé 1a duting thing, hinh chit nhat,
hinh tron, da gide hay bat ky kifu d8i tugng hinh hoc nao. Vi dy,
trong he thong thiét k& va xt ly mach dign tich hgp holic in céc tim
mach dién, diéu quan trong la xét xem ¢6 hai day nao giao nhau ghy
ra sy doan mach khong. Trong nghién cdu sin xuit, cdng thiic toin
hoc caa nhieu van dé quan trong cing din dén bai todn gino hinh
hoc.

Giai phap hién nhign cho bai todn tim giao 1a kiém tra maj cap d6i
tugng o6 giao nhau hay khong. Vi o6 khoang N%/2 cap d6i tugng, thai
gian thyc hién cia thuit todn nay a ti 18 vai N2, Véi mot vai ap dung,
didu nay khong ddng ké vi c6 nhing he s8 gidi han s8 d6i tugng duge
xu 1y. Tuy nhién, nhitu dng dung thong thuding khac, phai gidi quyst
hing tram, hang ngan va thim chi hang tri¢u d6i tugng. Thuat todn
thé thign cd N2 thi 16 ring khéng thich hgp cho cac ung dung nhu
viy. Trong chudng nay, ta s@ nghién adu mdt phusng phip tdng
quit dé xdc dinh o6 2 déi tugng gino nhau hay khong trong mot tap
c6 N doi tugng; phuong phip ndy dya trén cdc thuit todn cia
M.Shamos va D.Hoey,

Trude tién, ta sé khao sit thuit todn tim tat ca cdc cip giao nhau
trong tap cic dogn thing doc vy ngang. Didu nay lam vin dé o6 vé
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dé hdn (cac doan thiing doc va ngang Ja cde ddi tugng hinh hoc don
gian} va kho hon (tim tit ca cde cip giao nhau khé hon 1a x4c dinh
xem ¢6 cip niao giao nhau khéng). Ta sé cai dat thuat toan nay bang
cich dng dyng cay tim kiém nhj phan va trinh tim ki#m viing da xét
6 chugng trude trong cung mot tha tye d@ quy kép.

Sau do, ta sé xét bai toan tim mot ciip giao nhau trong tap N doan
thing cé phuong ty do. Chign luge téng quat dude 4 ap duyng o day la
tudng ty nhu chién luge trong trudng hop cic doan thing
doc-ngang. Thyc ra, v1ec tim giao cla céc d6i tugng hinh hoc khie
duge thyc hign theo cling mot ¥ tudng cd ban. Tuy nhién, véi cic
doan thing va cic @6 tugng khac, vise mé rOng d€ tra vé tit cA cdc
cap gino nhau thi hoi phic tap han trudng hgp céc doan thing
dgc-ngang.

CAC DUGNG THANG DOC VA NGANG

Dé bit daw, ta gia thigt 1a tit ¢i cdc doan thing 1 doc hofic ngang:
doan thing dudc xde dinh bang hai dau mut hoac 6 cung hoanh 48
hoiic cd cing tung dg (xem vi dy trong hinh 27.1). (Digu nay thuin g
duge goi liv hink hoc Manhattan vi thanh phd Manhattan gom nhiéu
duting ngang v doc). (i thidt han ché vé cde doan thing khong lam
bai toin trd thinh vo nghia. Thyc vy, sy han ¢h® nay ki nhim viao
cic ing dung cy thé: vi dy, vige thist k& cic mach dign tich hgp rit
16n. Trong hinh 27.1 bén phii, cic doan thiing tuong d5i ngdn la dieu
thuting xay ra trong nhieu ing dung (di thng c6 thé o6 mét s5 doan
ritt dai).

8o do tong qudt clia thuit tein tim mét giao diém trong tap cdc
doan thAng la dung mot duting thing ngang quét tit dudi 12n trén.
Chidu len duiing quét nhy, nhitng doan thfing doc bisn thanh cace
diém va nhitng doan thiing ngang bign thinh cic khoang. Khi duing
quét ngang di tif dudi lén, cic diém (bidu didn cic doan thing doc)
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_ Iinh 27.1 Niuing bdi toén giao ctia hai dicong thang
xuit hién roi bign mat va cAc doan thing ngang thi xuat higén cich
quang. Giao diém xust hién khi mdt khodng trén dudng quét (bicu
didn mot doan thing ngang) chia mét diém (bidu dién mét doan
thing doc). Bang cich nay, bai toin 2 chidu tim giao didm cia mot
cap dubng thing dudc thu lai thanh bai todn tim kigm ving 1 chigu,

DI nhién, khong thyc sy can thiét phai quét duding thing ngang
qua toan bo tap cic doan thing. Vi chi can thao tdc véi nhing diém
cudi cia cic doan thing nén ta bit dau bang cdach sfip xép cic doan
thiing theo tung do y, roi xit ly ching theo thd ty nay, Néu gap dau
thap ciia mot doan thing doc, ta thém hoanh d3 x clia doan thing
nay vao ciy tim kiem nhj phin (8 diy goi ta ciy x); ndu gap diu cao
ciia doan thang doc, ta xoa dban thing d6 khoi cay va néu gap doan
thang ngang, ta thyc hién vide tim kigm ving theo 2 hoanh db. Nhu
ta thiy, cAn mot 56 chi y khix{ 1y cic diu nuit doan thing c6 tog d
bang nhau.

Hinh 27.2 cho thily cic bude dau tién cda vige quét tim céc giao
diém trong vi dy bén trii hinh 27.1. Viéc quét bit dau tir diém oo
tung dd y thilp nhat, la dau thip cia dogn thiing C. Sau dé tdi E, roi
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Wiah 27.2 Cde brede ddu tién ciia viée quét fim cae giao didin
D. Hinh 27, 3 cho thiy phan con lai ciia tign trinh: doan thin gngang
G duge xu 1y ke tidp, duge kiém tra o6 gino véi C, D va E hay khéng
(Ia cdc doan dec cit duang quét ngang)
DE cai dat viee quét, ta chi can sdp cic diém cudi chia cde dogn
thing theo tung d¢ y. Trong vi dy, ta duge danh sich
CEDGIBFCHBAIEDHF

. Trong danh sich nay, méi doan thang doc xuat hién 2 [An va méi
dutng thing ngang xuft hién 1 fan. Danh sach da sép nay duge coi
nhu mot day cAc kenh insert (khi xét dau thip ciia cic dogn thing
doc) va delete (khi xét diu cao cia cic doan thing doc). Tat ca
nhing “lenh” nay 1a cde i goi don gidn dén cac thi tuc cily nhj
phan chuan trong Chudng 14 va 26, dung hoinh 46 x lam khod.

Hinh 27.4 cho thay viéc xir ly cilu tric ciy x trong sust qud trinh
quét. Mdi nit trong cdy tuong dng véi mot doan thing doc va trong
qua trinh ciu tric ciy, khod duge ding la hoanh d x. Vi E & bén
phai C, né la cay con bén phai clia C. Dong dau tién trong hinh 27.4
tuong ung véi hinh 27.2 va phan cdn lni tuong ung véi hinh 27.3.

Khi gap mdt doan thing ngang, né thusng duge dimg d€ thue
hién vigc tim ki®m viing trén cay : cic gino diém s& tudng ung véi tit
it doan thing doc & trong vung tgo bdi dogn thing ngang. Trong vi
du nay, ta tim duge gino diém gita E va G; roi L, B va F dugc them
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Hinh 27.4 Cdu miic dit ligu trong qua tring quét : kién thiéi cdy x
vao. Roi C bj xo4, H duge them, va B bj xo4. Liic nay, A duge xét va
vigc tim kiém viung trén khoang xac dinh bdi A duge thue hien. Viee
tim ki#m nay phat hién giao diém gitta A v6i D, E, H. Sau d6 khi xét
dén dau muit cao cua I, E, D va F, cic doan doc nay bj xod khoi ciy.

CAl PAT
Trong cai dat nay, bude dau tién la sip cac diém cudi ciia cac doan
thing theo tung do. Nhung vi céc cy nhj phan, sé duge dung dé duy
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tri trang thidi elia cic doan thing doc ma vin gi® nguyén cac doan
thing ngang, cic ciy ndy cing duge diing d& khdi tao cho viée sip
xép theo y! Dic bigt, ta sé ding 2 ciy nhj phan “gidn ti€p”, vdi nit
dau iy va kux. Cay y s& chia tat ca diém cudi cic doan thing va cac
diém nay duge xi 1y timg cdi mot theo thu ty trén. Cay x chia céc
doan thing dang cit dubing quét ngang. Ta khdi tao hx va iy o6 khod
12 0 v& cAc con tro chi d&n mot nut rong (nhu trong Chuong 14}, Sau
d6, ta xay dyng cay iy bang cach thém vao tung dd y cia cic doan
thiing doc va ngang:

procedure buildytree;
var xl, v1, x2, y2 : integer;
begin
hy := bstiniticlize; N:=0;
repeat
N:;=N+1;
reael (x1, y1, x2, y2j; if eoln then readin;
linesfN]plx:= xi; linesfNjply:= yl;
linesfN]p2.x := x2; lines{NLp2.y := y2
bstinsert (N, v1, hy);
it y2<>yI then bstinsert (N, y2, hyy
until cof: :
end;

Chuong trinh nity doc nhom 4 3 (tuong dng véi mit doan thing)
va mang cac s8 niy viio mang lines va vio ciy tim ki#m nhj phan
theo y. Ta dung tha tuc chuan bstinsert trong Chuong 14, vii khod
la tung dd y, va lap chi myc cho mang lines theo trugng info. Hinh
27.5 minh hog vige xiy dung chy.

Bay gits, vide sAp x&p c6 hitu qua theo y duge thyc hign bing cich
ding thu tuc duyét cay theo thit tif gida (xem chuong 4 va 14). Ta
thiim tit ci ciie nit theo thi ty y tang biing cich tham tat ca mit caa
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ciy con trii, tham goc va tham tAt ci nit cla chy con phai cta cay
hy. Cing lic, ta duy tri mot cay khace (g6c 1a hx) nhu da néi trén, d8
Iam phép duydt theo duting thang quét ngang.

procedure scan (next : {ink);
var {, xl, x2, y1, y2 : intcger; int ; interval;
begin . .
if next< >z then
begin
scarcfnext/\l};
xl1:=linesfnext t.infolpla; yl:=linesfnext t.infolpl Y
x2:=lines[next t.infol p2.x; y2:=linesfnext }.infol.p2.y;
if x2<x! then begin t:=x2; 22:=x1; x1:=# end;
if y2<yl then begin t:=y2; y2:=y1; yl:=t; end;
if next t.key=y1 then bstinsert(next t.info.x1.hx);
if next t.hey=y2 then
begin
bstleleternext t.infoxl hx);
intxl:=xl; int.x2:=x2;
bstrangethx 1.r, int);
end:
scan (nextt.r);
end;
end;

T md ti trém, dé dang viét thu tuc tham mot nit. Pau tign, cdc
toa dd cia diu mut doan thing tuang ing duge My lai tif mang lines
(da 1ap chi myc theo truting info cia mit). Koi dem so sanh truong
key ctia mit v6i cAc toa d nay @8 xdc djnh xem nut niy tuong dng
véi diu cao hay diu thip cia doan thing : néu I dau thip, nit nay
duge dua vio ciy hx vi néu la diw cao thi xo4 khoi cay hy; sau 46 ta
tién hanh tim kim viing. Csch cii dat hoi khac véi mod ta nay & ch8
céc dogn thang ngang duge chen thyc sy vao cay Ax, i dude xod
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Wink 27.5 Sdip xép dé quét bdng ciyy
ngay lap tite va vige tim kiém ving duge thye hign cho khoang “dai
1 diéem” ciia chc doan thing doc. Dieu nay lam chuong trinh van
hanh diing ddn trong ca trudng hgp cac doan doc phii lén nhau (duge
xem la gino nhau),

Céch tigp cin tron cic thii tye d2 quy thao tac trén x va y la rét
quan trong trong cac thuit todin hinh hoe. Mot vi dy khac 1a thuat
toan cay 2D trong chuong trude, va ta sé xét them mét vi dy trong
chuong sau.

Tinh chiit 27.1 C6 thé tim tét ca giao diém ciia N doan théng doc
va ngang trong thoi gian ti 1@ v6i NlogN + [ (v6i 1 13 58 giao didm,).

Tinh trung binh, thi gian thao tdc trén cay ti 1 véi logN (néu cay
chn bing duge diung, trudng hop xdu nhit ton thai gian d logN),
nhung théi gian tiéu t&n cho bstrange ciing phy thude vao téng s8
giao diém. N6i chung, s8 gino diém c6 thé rét ldn. Vi dy, néu ta cb
N2 doan thang ngang va N/2 doan thiing doc duge shp theo kidu cac
duting chéo song song, thi tdng sd giao diém Ia N2,

Cung vdi tim ki®m viing, néu da biét trude s8 giao diém Ja rit 16n,
thi mjt s0 ti€p can don gian ciing nén duge ding. Dién hinh, cic ung
dung thude kiéu “md kim ddy bién” cd rit nhizu doan thing duge
kiém tra nhung chi 6 vai giao diém.
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GIAO CUA CAC DUGNG THANG
TONG QUAT

Khi cho phép céc doan thing o do ddc tuy ¥, tinh the tr3 nén phuc
tap hon, nhu trong hinh 27.6. Pau tién, cic doan thing 6 phuong
tuy y dan dén sy can thiét phai kiém tra tudng minh xem mét cap
doan thing la o6 giao nhau hay khong - ta khong thé tim giao diém
chi baing mot phép kiém tra khodng don gidn. Thi nhi, quan h thy
ty giiia cac doan thing trén ciy nhj phan la phic tap hon trude day,
vi né phy thudc vio viing y dang xét. Thu ba, cac giao diém bat ky
lam nay sinh vidc thém cdc gi4 trj y mdi ma o6 thé la sé khac vdi tap
cac gid tri y ta Ay tif cac dau it doan thing.

Thanh ra nhirng vin dé niy ¢6 thé xit Iy trong mdt thuit todn vai
cung ciu tric eo ban da néu. Dé vige thao luan duge ddn gian, ta s&
xét thuit todn xic dinh ¢d hay khong mot cap giao nhau trong tip
N doan thang va thao luim viée md rong thuat todan nay nhu the nao
dé tim tit ca gino ditm.

Nhu trén, trude tién ta sip theo y dé& chia khéng gian thanh cic
dai khong chua cac diu muit doan thing. Rbi ta ciing duyét qua danh
sdch cdc diém, thém cde doan thing vio cay tim kiém nhj phan khi
gap dau mat thip vit xed né khi gap diau niit cao. Cing nhu trén, cay
nhj phan cho bigt thif tu cic dogn thing xuAt hién trong dai ngang
gitta hai gid tri y lién tiép. Vi dy, trong dij gida dau thap cia D va dau
cao cua B trong hinh 27.6, cic doan thiing s& xuft hién theo thi ty
F BD H G. Ta gii =@ ving khdng 6 gino diém nio trong dii ngang
dang xét: myce tiéu cua ching ta la gitt nguyén ciiu tric chy va dung
no dé tim gino diém.

Dé xay dyng ciy, ta khimg thé chi don gian ding hoanh dé cha
cie dauw nuit dogn thing lam khoa (trong vi dy trén, thye hién dign
nay s& liim sai tha ty caa B va D). Thay vao d4, ta dung mdt quan hé
tha ty phite tap hon: mdt doan thing x duge dinh nghia 1a 6 bén phai
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Winh 27.6 Hai bai iodn giao cria cic dwdng thing 16hg quar

doan thing y néu ca hai dau miit cia x déu & cliing mdt bén cia y nhy
la mt diém xa vé bén phai; ta cing dinh nghia tuong ty cho bén tréi.
Nhu vay, trong sa do trén, B d bén phai AvaBaoben phai C (viC &
bén trdi B). Néu x khdng d bén trai ma cang khong & bén phai y, thi
ching phai giao nhau. Thao tic “so sinh doan thing” téng quat
dugc cai diat bang cach diing tha tuc cew & chuong 24. Cace thi tuc
v& city tim ki€m nhij phan chuin cang duge diing (k& ca cy can bang
néu can thit). Hinh 27. 7 cho thay sy thay d6i clia ciy khi gip doan
thing C, 16 gip D. Thute t& mdi thao tic duge hoan thanh trong
subt thii tuc xi 1y cay la mot phép kiém tra giao dim cic doan
thiing: néu thi tyc cay tim kiém nhj phan khong thé quyst dinh sang
trdi hay phai thi cic dogn thing nay la phai giao nhau.

Nhung diy chua phai Ja tit cd, bi vi thao tic so sanh tdng quat
chua duge chuyén doi. Trong vidy trén, F dbén trai B (vi Blad ben
phai F} va B la ¢ ben tvai D, nhung F khdng & bén tréi D, Can chd
¥ digu nay, vi thi tuc xoa trén ciy nhj phan gia thiét ring phép so
sdnh la da thay doi: khi B bj xoi trén ciy cudi cing trong day trén,
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Hinh 27.7 Cdit miic oid licu (edy X} trong bai todn f6ng quat

ciy trén hinh 27.7 duge tao thanh méa khdng cd bit ki sy so sinh
tutng minh nao cta F va D. D& thuit todn tim giao diém nay lam
vige diing ddn, ta phai kiém tra tusng minh cdc phép so sanh la hgp
1& mébi khi ta thay ddi cdu tric cay. Pac bigt, mbi lic dat lidn két bén
trii cia mit x chi d&€n nut y, ta kiém tra mot cich o rang theo djnh
nghia trén xem dogn thing tuong ung véi x a 6 & bén trai doan
thing tuong dng véi y hay khong; va tuong ty cho ben phai. Di
nhién, sy so sdnh nay duge dung dé tim giao diém.

Tém ki, dé tim mot giao diém cda N doan thing, ta dung lai
chuang trinh trude, ngogi trir 161 goi range duge bé qua va md rong
thii tyc cay nhj phan bing cich dung sy so sinh téng quat nhu da
néi. Néu khong cé giao diém nao, ta bit dau bang ciy réng va két
thiic bang mot ciy rong khong 6 viée tim bat ki nhing doan thing
nao khong thé so sinh duge. Néu o6 giao digm, thi 2 duéng thing
phai duge so sinh véi nhau trong tién trinh quét va sé tim duge giao
diém.

Tuy nhién, moi khi tim duge gino diém, ta khong thé chi chu y va
hy vong tim duge mdt giao digm khic, bdi vi hai doan thing gino
nhau sé doichd theo thd ty ngay lap ticycich xi 1y vandé nay
la dung m{t hing chd 6 do uu tién thay cho ¢y nhj phan trong viee
sap theo y: dau tién, dat cdc doan thing vio hang dgi ¢6 wu tién tuy
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theo toa 40 y cua céc diém cudi cia chiing, r6i chuyén dan dudng
quét 1én bing cich iy lién tigp toa 4) ¥ nhd nhit tir hang chis va thye
hién vige thém, xoa ciy nhj phin nhy da néu. Khi im thiy giao
diém, cic thanh phan mdi dugc them titng cii mdt vio hang chi,
duing giao diém nity 1am diém thip hon cho mbi cii.

Mot cach khdc dé tim tit ca giao diém, chi thich hgp néu khong
co qua nhidu giao diém, 1a chi don gidn bd di cic doan thing giao
nhau khi gino diém duge tim thiy. Rai sau khi vige quét hoan tit, ta
biét riing tit ca cjip giao nhau phai dinh liu d&n mdt trong cic doan
thang do va ta c6 thé diing mét phuong phap don gian d2 ligt ka tit
ca giao diém.

Tinh chét 27.2 Té ca giao diém cua N dogn thing cb the tim
trong thai gian & 1@ vdi NlogN+1, d day 1 It s8 coc giao diém.
Diéu nay dugc suy tryc ti¢p tif cic thio luan § trén.

Dac diém thu vj ciia thi tuc trén 1 né o6 thé duge lam thich hgp
bing cich chi thay ddi thi tuc so sanh téng qusit 48 kidm tra sy ton
tai cia mot cip giac nhau trong tip cic dang hinh hoc tdng quat
hon.

Vi du, ta chi diit mdt tha tyc so sinh 2 hinh chit nhiat ma cac canh
cua chung la doc hoac ngang. Hai hinh ch@ nhit duge so sanh theo
quy thc binh thuong ka hinh ch@ nhit x 13 & bén trai hinh chit nhat
¥ néu canh phii cia x & bén trii cia canh trai cia y. Nhu vy ta o6
thé diing phuong phdp trén d€ kiém tra sy giao nhau clia tip cic
hinh chit nhiit nay.

Véi duing trom, ta o6 thé ding hoanh 49 x cia tam 42 sip thit ty
va kiém tra tudng minh sy giao nhau (vi dy, so sinh khoang cich
gitta haj tam vh tdng bin kinh ctia ching). Lan nda, néu tha tyc so
sanh nay dude dung trong phudng phip {rén, ta 6 mot thuit toin -
tim gino diém trong tip cic duing tron. Bai todn tim tat ca giso
diém trong nhing truimg hgp nhu vay thi phdc tap hon rit nhidu
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mie dit phuong phip don gidn d2 cap trong chuong trude vin ding
dugc n&u chi ¢6 vii giao diém. Mot tigp cin khic di diing cho nhizu
ing dung khdc 1a xem xét nhing d6i tugng phnic tap nhu tap cic
doan thing vi dung thi tyc tim giao diém céc doan thing.
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BAl TAP

1. Tim cach x4c dinh hai tam gidc cé gino nhau khong? Hinh
vudng? Da gide n canh vdi n>4?

2. Trong thuit todn tim giao cac doan thing dge-ngang, & trutng
hgp xdu nhit c6 bao nhidu cip duge kiém tra nhung khdng cé giao
diém? Cho mdt so d6 minh hoa cau tra 18i cia ban.

3. Didu gi xay ra khi thid tuc tim giao cic doan thing doc va ngang
duge 4p dung cho tip cic doan thing o6 phuong tuy §?

4. Viét chuong trinh tim s6 cap giao nhau trong tap N doan thing
doc v ngang ngiu nhién, mbi doan thing duge tao vdi cac toa dd
nguyén ngiu nhién tir 0 d&n 1000 v mdt bit nghu nhién dé phan
bi¢t doan thing la doc hay ngang.

5. Hay cho mét phuong phap dé kiém tra xem mdt da giic 1a don hay
khong (da gidc khong ty cit)?

6. Hay cho mdt phuong phap dé kiém tra xem mdt da gidc ki cé chia
mot da gisc khac?

7. Giai bai todn tim giao cla cAc doan thing tdng qudit vai gia thist
sy phan cach tdi thidu gita hai doan thing Ia chidu dai 16n nhit
cua ching.

8. Cho ciu tric city nhi phan khi ding thuit todn tim giao cac doan
thing cho tap cic doan thing trong hinh 27.6 duge quay 90 do.

9. Cac thu tyuc so sanh cho cic vong tron va cic hinh chi nhat
Manhattan nhy mé ta trong chudng nay 6 chuyén ddi vdi nhau
dugc khong ?

10. Vi&t chudng trinh tim cAc cap giac nhau trong tap N doan thing
ngau nhién, mdi doan duge tao vdi cic tog 46 nguyén nghu nhién
tir 0 dén 1000.
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Cac bai todn hinh hpc thudng xét d&n cac khoang cich gita cic
diém. Vi dy, mdt bai todn quen thude trong nhidu Ung dyng Ii bai
todn tim lang giéng gin nhét: tim diém gan nhéit clia mot diém cho
trude trong mét tap cho trude. Didu nay c6 18 bao gom vigc kiém tra
khoang cach ghia diém duge cho vdi mbi didm trong tap diém da
cho, nhung c6 nhitng cich gidi quyst khéc t&t hon. Trong doan nay,
ta s& xem xét mdt vai bai todn khéc v khoang chch, mdt thuit todn
méu va mdt ciu tric hinh hoe od s8 labidu do Voronoi duge ding
6 higu qua trong cac bign thé cita nhing bai toin nhu vay. Céch tigp
ciin cua ching ta la sé thao lvan mét phudng phép téng quat dé giai
céc bai todn diém gan nhat thong qua viec xem xét ky ludng mot chi
dat mau giai quy&t mdt bai toan don gian.

Mot 36 bai todn trong chuong nay tudng ty vdi cic bai todn tim
ki&m ving ciia Chuong 26, via cic phuong phap luéi, phuong phap
cAy 2D cung dugce trién khai thich hgp cho bai todn lang giéng gan
nhat va cac bai toan khde. Tuy nhién, thi¢u s6t 16n nhat cda nhing
phuong phdp nay la ching dya vao tinh nghu nhién cia tap diém:
ching sé lam viéc riit €61 trong trudng hgp xAu nhat. Muc dich
ching ta trong chudng nay la khao sat mdt tigp cn tdng quat khac
ma vim bio dim sy thuc hig¢n tot trong nhigu bai toan, khong phu
thuge 6 libu viio. Mot vai phuong phap qua phuc tap dé cai dat day
du, va ching dbi hoi thng phi di 4 cac phuong phép dan gian hon
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lai ¢6 the lam vige t5t hon trén nhiing tAp khong 16n lim hoac khi
tap diém nay duge phan tin da t6t. Tuy nhién, sy nghién cdu céc
phuong phap nhu vay véi vide thye hign trong nhidng trubng hop
xéu nhéit sé cho thiy mot vai dae tinh co ban can duge hidu 15 cia
céc tap digm, ngay nhy néu cdc phuong phap don gian 1a tot hon
trong cAc tinh huéng dac bigt.

Ta s& xét mdt {i&p cAn téng quat, diing cic thi tuc d@ quy kép 4é
lién két cac x1 1y theo hai tiyc toa 9. Hai phuong phap trudce da xét
(cay kD v giao diém) dya trén chy tim ki€m nhj phan; phuong phap
& day la “chia dé trj” dya trén mergesort.

BAI TOAN TIM CAP DIEM GAN NHAT

Bai toan cap diém gan nhat tim hai diém gan nhau nhét trong mot
tap diém cho trude. Bai todn niy c6 quan ha véi bai todn tim lang
giéng gAn nhit; mac da khéng duge ing dung rong rii biing.

Co vé nhu ta phai tinh khoAng cédch gitta moi cap diém dé tim
khoang cdich nhé nhat : cho N diém sé 6 thai gian thye hign ti 18 vi
N2, Tuy nhién, ta ¢4 thé ding mdt thuit todn sip x&p d& chi phai
tinh chitng NlogN khoang cich trong trudng hdp x4u nhit (ve mit
trung binh s& it hon nhigu) va thii gian thye hign trong trudng hop
x&w nhdt 1a NlogN (vé mit trung binh s& t3t hon nhigu). Trong doan
nay, ta sé xem xét chi tigt mot thuit toan nhu vay.

Ta s& diing mét thuét toan duya trén chign lude “chia d8 tri”. ¥
tudng & day a sip x8p cdc diém theo mdt tryc toa d9, nhu truc x
chiing han, v9i ding thit ty nay d€ chia tap diém thanh hai phan.
Trong toan bd tip didm da cho, cap di€m gan nhat hoxc Ia ciip gAn
nhiit trong cung mot bén nao 46, holic 13 mdt cap diém cit ngang
duting thing phan gidi gida hai tap diém thanh phan. Di nhien,
truting hop dang chi ¥ 1 khi cip ¢iém gan nhat cit ngang dubng
phan gidi. Cap diém ghn nhit trong mdi nia bén 6 rang 1 tim duge
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bang cic Idi goi d& quy, nhung cbn nhiing cip o6 mbi diém & mdt bén
dudng phan gidi s& duge kiém tra nhu thé nao?

Vi dang tim caip diém gan nhat trong mt tip diém, ta chi can xét
nhimg diém trong khoang cdch min d hai bén dudng phan gidi, véi
min la khoang cdch nhd hon gita cac cap diém gan nhit & mbi nita
bén. Tuy nhién, sy nhin xét nay Ja khéng di trong truong hgp xiu
nhét, vi o6 thé c6 nhidu cap diém gan véi duding thing phan giti; vi
du tat ca cdc diém 6 mbi nita béy o6 thé sip thanh mot hang ngay
canh duong thing pban gidi.

P& x1t ly nhitng tinh-hudng nhu vay, cé vé nhu can phii #Ap cic
diém theo y. Vay thi, ta cd thé gidi han s& cac khoang cach phai tinh
nhu sau: xy 1y cac diém theo chitu ting clia y, kiém tra xem mdi
dién1 c6 nhm trong dai ddng chita cic diém trong pham vi min ké tir
dutng phan gidi. Véi mdi diém trong dai trén, tinh khodng cach gida
digm nay véi cic diém cling trong daj va ob tung 4o y nhd hon tung
dd clia diém dang xét nhung khong nhd qua min. Do khoang cich
gitta cac difm & mdi nia ben 4 thiéu Ia min nén s diém phai kifm
tra s& it hon.

Trong tap didm & bén trii hinh 28.1, du’dng phan t;lch thing
ditng tudng tugng & ngay bén phai diém F; ¢ 8 diém & ben trai va
8§ diém ben phai dudng phan cich. Cap diém gan nhét & nad trai Ta
AC (hoac AQ), cap diém ghn nhit 3 nia phai la JM. N&u-cic diém
dudc sip theo y, thi cap diém ghn nhét b chia bai- du’cng‘phﬁn gidi
duge tim bang eich xét cic cap HI, CI, FK (ciip gan nhdt trong toan
bd tap diém), va EK. Vi tap nhidu diém hon, dai chia cic caip diém
gAan nhit cit ngang duting phin gidi 52 hep hon (xem phan phai cia
hinh 28.1)

Mac du thuit toin niay don gian, c6 mot vai chi ¥ & cai dat cb
hiéu qua. Vi dy, co thé s& tra gia dit 48 sip cic diém theo y biing mot
thi tuc d quy. Ta da xét nhidu thuat todn o6 théi gian thi hanh duge
mbd ta bang bidu thic quy nap Cyy = 2Cyp + N, din dén Cylatile
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Hinh 28.1 Tiép cdn “chia-dé-nri” dé’tim cdp diéin gdn nhat
véi NlogN'; néu ta sép theo y thi biéu thic quy nap sé 1a
CN = 2*CN/2 + NlogN, din dén Cy ti 1¢ vi Nlog2N (xem Chuong
6) . D& loai bo diéu nay, ta trdnh sip theo y.

Loi giai van dé nay thi don gian nhung tinh vi. Phuong phép
mergesort trong Chudng 12 dya trén viéc chia nhiing phan tit duge
sap, ciing giong nhu viée chia nhitng diém da néu trén. Ta c6 hai van
de va c6 chung mot 18 giai cho ching, nhu vay ta c6 thé giai ching
dong thai ! Dac biet, ta sé viét mot tha tuc dé quy dé vita sip theo y
va vifa tim cap diém gan nhét. Thi tuc nay sé chia doi tap diém, roi
goi lai chinh né dé sép hai nita bén theo y va tim ciip diém gan nhat
trong méi nita, sau d6 tron hai nita bén d& hoan tat vise sip theo y
va ap dung lai thu tyc trén dé hoan tit viéc tinh ciip diém gan nhat.
Trong cich nay, ta tranh duge chi phi cho sy thém viec sép theo y
bang cich tron di lieu duge yéu cau trong viec sip x&p vdi di lidu
dugc yéu cau khi tinh cap diém gan nhat.

Khi siip theo y, viéc chia ddi c6 thé duge lam bing bit ky céch

nao, nhung véi phép tinh ciip diém gin nhat, viéc chia dbi yéu cau c6
mot nita bén c6 hoanh dd x nho hon nita bén con lai. Piéu nay dudgc
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chi dit dé ding bing cach sdp theo x truée khi chia doi tap diém.
Thyc t2, ta c6 thé dung cang thi tuc nay dé shp theo x ! Khi da hidu
dy djnh tong thé, viéc chi dat khong con khé khin nita.

Nhu da luu y & trén, viee chi dit s8 diing cac thd tyc sort va
merge dé quy ¢ Chuong 12. Budc dau tién la thay d8i cac cfiu tric
danh sdch dé luu cdc diém thay cho cdc khod, va thay ddi thi tyc
merge dé kiém tra bién toan cuc pass ding cho viée chon céch so
sanh. Néu pass=1, ta sé so sinh hoanh d x ctia hai diém; néu
pass=2 taso sdnh tung dd y gita hai diém. Trinh merge duge cai dat
nhy sau:

function merge (a,b : link) : link;
var ¢ link; comp; boolean;
hegin
o=z
repeat
il pass=1
then comp = at px < bt pa
else comp = at py < bt.py;
if comp
then begin ¢t .next:=a; c:=a; a:=a?t .next; end
else hegin ¢t .next: =b; c:=b; b:=b }.next; end
until ¢=z;
merge:=z t.next;
zt.next:=z;
end;

Niit réng z 9 cuéi danh sich fam diém cAm canh vdi toa dd x, y
gia. Ta ding mjt thi tyc don gian khac dé kiém tra khoang cach
gitta hai diém da cho 6 nho hon bién toan cuc min hay khong. Néu
nho hon, bién min sé luu lai khoang cach nay v cac didm nit duge
luu vao bai bign toiin cyc epl va cp2.
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procedure check(pl, p2 : point);

var dist : real;

begin if (pl.y <>z} py)and (p2.y <> z1.p.y) then
begin
dist:=sqri((pl.x-p2.x)*(plx-p2.x)+(plyp2.y)*ply-p2.y);
if (dist < min) then
begin min:=dist; cpl =pl; cp2:=p2; end;

aehd;
end;

Nhu vay, min ludn chita khoang cich gita cp 1 va cp2, 1a hai diém
gan nhat duge thay t6i hic nay.

Budc thit hai 1a thay d6i thu tyc sort d¢ quy 8 Chuong 12 dé tim
diém gaAn nhat khi pass=2 (Xem chuong trinh ham sort & trang
sau).

Néu pass=1, day chinh la thi tuc mergesort dé quy & Chuong 12:
né tra lai mdt danh sich két néi cac diém duge sip theo hoanh do x
(vi merge dugc thay d6i nhu da néu trén dé€ so sanh theo x trong
passl). Diém hay cua cai dat nay 1a khi pass=2. chudng trinh khong
chi sip x&p. theo y (vi merge duge thay déi nhu da néu trén dé so
sanh theo y trong pass2) ma con hoan thanh viéc tinh diém gan nhat
sé duge mo ta chi tiét sau.

Trudc tién, ta sdp x&p theo x, roi sip x&p theo y va tim cap diém
gin nhét bing 16i goi sort nhu doan trinh thy hai & trang sau.

Hinh 28.2 Cdy d¢ quy trong viée tinh cdp diém gan nhdt
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function sort (c:link; N:integer) : link;
var ab:link; i:integer; middle:real; pl,p2,p3,p4:point;
hegin
ifct.next =z
then sort:=c¢
else begin a:=g
for i:=2 to N div 2 do e:=c t .next;
b:=ct.next;ct.next:=z
if pass=2 then middle:=b1.p.x;
¢ := merge(sort(a,N div 2), sort (b,N-(N div 2)));
sort ;= ¢
if pass=2 then
begin a=c;
pli=z%.p; p2:=2t.p; p3:=zt.p; pd:=2z1 .p;
repeat '
if abs(a 1.p.x - middle) min then
begin  check(a t.p,pl);  checklat pp2)
check(a t .p,p3); checkiat p,pd);
pl:=p2; p2:=p3; pd:=p4; pd:=al p;

end;
a:= at.next;
“untila = z
end;
end;
end; +

new(z) z t.next:=z;

2t . px:=maoxint;

zt.py.=maxint;

new(hl k1 .next; =readlist;

min; =maxint;

pass:=1; ht.next:=sortfh t.next, N);
pass:=2; b1 .next:=sortth $ .next, Nj;
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Sau d6, hai bién toan cuc epl vacp2 (trong thi tuc check “tim cai
nhé nhat”) chia ciip di€m gin nhat.

Vin dé then chét trong chi 43t nay la thao téc sort khi pass=2,
Trude khi vao cic I5i goi d@ quy, cic diém dé dugce sip theo x; trat tu
nay duge ding dé chia doi cic diém va tim hoanh 3 x cia dudng
phan gidi. Sau cic loi oi dé quy, cdc didm dugc sip theo y va khoang
cach gida cdc cap diém trong mbi nita bén 1 16n hon min. Trat ty
theo y duge dung dé€ quét cdc diém & gan duding phan gidi; gia tri min
duge dung d8 gidi han s& difm kiém tra. M3i didm & trong pham vi
min k& tit duiing phan gidi duge kiém tra véi titng didm trong 4 diém
trudc d6 va 4 diém nity cling J trong pham vi min k8 tix duting phan
gidi (doc gia e thé ty kidm tra lai dieu nay). Sy kiém tra nhy bao
dam tim ra cap diém gin nhau hon min va méi diém nim & mbt bén
clia dudng phan gidi. Ta bt ring cac diém roi vao cling mdt ben cia
duting phan gidi cach nhau mot khoang t&i thidu la min, nhu viy s8
cdc diém roi vao ving tron cé ban kinh nin sé duge gidi han lai.

Hinh 28.2 cho thily ciy bidu difn cic 10i goi dé quy, mb ta sy hoat
dong cua thuat todn trén mot tip diém. Trén cAy nay, nit trong biéu
dién dubng phan gisi chia tap diém vio cay con trai va phai. Cdc nit
dge dinh 86 theo thi ty cic truc ding duge diing dén trong thuat
todn. Sy ddnh 8 nay dung véi cdch duyét trén cay theo thit tu trude
- boi vi duting phan gidi duge ding dén sau cac 1oi goi dé quy trong
chuang trinh va la mét cach don gidn dé xem xét trat ty cia cdc [an
trén duge thyc hign trong sudt qua trinh dé quy clia mergesort (xem
Chuong 12)

Nhu vay, dau tien la duting thing gita G va O dugc xét va cap GO
duge luy Lai nhu la mdt cap gan nhit duge tim thay. Sau dé, duiing
thing gita A va D duge xét, nhung A va D qud xa - khéng lam thay
déi min. Rbi dudng thing giita O va A duge xét va cac cap GD, GA
va OA Jan lugt 1a cac cap ghn nhit. Trong vi dy nay, cho tdi khi cap
cudi cung FK duge kiém tra trong [an chia cusi ci ng, ta khong tim
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duge cip nao gan hon.

Ban doc chaim chii c6 thé thiy ring ta da khong cai dat thuan tuy
thuit toan chia dé trj duge mé ta & trén - ta khdng thyc sif tinh cip
gan nhat trong hai nita bén, i iy cip gan hen trong hai cip o6
duge. Thay vao dé, ta don gidn chi tinh cap gan hon gida hai cip gan
nhit bang cich ding mot bién toan cyuc min trong sudt vide tinh
todn dé quy. M6i [An ta tim dude mdt cip gan han, ta c6 thé xét mdt
dai ddng hep hon quanh dudng phan gidi dang xét

Hinh 28.3 cho thily chi tiét cia ti#n trinh. Hoanh dd x trong cic
s0 d6 nay duge phéng to d8 nhian manh chidu x cia tign trinh va chi
ra sy song song trong mergesort (xem Chuong 12). Ta bét dau bang
phepséptheoybﬁ'ndlémtra.l nhit GOAD (shp GO, i sip A D,
roi trom lai). Sau khi tron, vidc sip theo y duge hoan tat, ta tim chip
duge gan nhiit AO bic ngang duong phan gidi. Sau ciing, cic diém
duge shp theo chitu y vi ta tinh ra duge cip gan nhit.

Tinh chit 28.1 Cip diém gan nhiit trong mt tip N didm c6 thé
duwoce tim trong NlogN butoc,

Ve ban chat, sy tinh toan trén duge lam trong thai gian cho hai lan
mergesort {mdt theo truc x v mjt theo truc y) chng vdi phi tdn cho
vige tim duting phan gidi. Phi tdn nay dude cho bai biéu thie de quy
Ty=Typ + N (xem Chuong G).

Céach tiép chn tdng quat - dung & daty cho bai todn tim cap diém
gan nhit - c6 thé duge diung cho cde bai todn hinh hoe khae, Vi dy,
mdt vin dé thi vj khac Ja bai toan tim 4 cd ling giéng gan nhdt:
voi moi diém ta tim di€ém gan nhAt clia né. Bai tedn nay co thé giai
bing cich ding mbt chudng trinh tuang ty nhu trén wii viec md
rong xif 1y theo duting phan gidi: vdi mbi diém xem ¢6 hay khong méot
diém & ben kia dutng phan gidi gan vdi né hon la diém gan nhat &
ciing bén. LAn nita, viée sip theo y gitp ich cho qud trinh tinh todn
nay.
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BIEU PO VORONOI

Trong mdt tap cho trudc, tap cac diém gan voi mot diém cho trude
hon cac diém khdc, }a mot ciu tric hinh hoc dac biégt - goi la da gide
Voronoi cua ditm dé. Hop it ca da gisc Voronoi trong mdt tap diém
goi 1 bidu db Voronoi ciia tap diém d6. Day 1a nguyén the co bn
trong tinh toin diém ghn nhAt; ta 55 thiy hau hét cic bai todn gip
phai, bao gom cic khoang cich gilta cc diém, c6 1o giai thd vi vaty
nhién dya trén bidu d6 Voronoi. Cac so dd - trofig tap diém vi dy
trén- duge chi trong hinh 28.4,

Da gisc Voronoi cho mét diém duge dyng bang cic dudng trung
truc cua cac doan lién két diém nay vdi cic diém gan nhit. Dinh
nghia thye si clia nd Ix mét cach di vong khic: Da giac Voronoi duge
dinh nghia Ia chu vi cia tap diém phing gan vdi diém duge cho hon
cac difm khdac trong tip diém nay, vi mdi canh ciia da gidc Voronoi
ngin cich diém da cho véi mdt diém “gan nhit” cta né.

Doi ngae ciia bidu dd Voronoi duge chi trong hinh 28.5, tao ra
mdt sy tuong ng ro rang: trong ddi nghu, mot dudng thing duge vé
gitta mbi diém va tit ca di¢m “gan nhat” cia diém nay. Hinh nay
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Hinh 28.4 Bicu dJ Voronoi
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cing duge gpi la hinh ba canh Delaunay. Néi cich khac, x vay Ja lign
"thong trong ddi ngfu Voronoi néu da gise Voronoi clia ching cé mét
canh chung. :

Biéu do Voronoi vi hinh ba canh Delaunay o6 nhigu d3c tinh din
dén cic thuat todn hiéu qua cho bai todn didm gAn nhat. Dac tinh
Iam nhitng thuit todn nay hidu qua la 56 duing thing trong c4 bidu
db va d6i ngiu la tf R v6i mot hhng & nhd N. Vi dy, duing thing néj
ciip diém gan nhit phai la d6i nghu, nhu vy bai todn cia phan tnide
¢ thé dugc giai bang cach tim d5i ngiu va sau d6 chi con tim doan
thing ngin nhit trong s5 cac doan thing d8i nghu. Tuong ty, dusng
thing ndi méi diém vdi ling gieng gan nhat cia né phai 1a d8i ngiu,
nhu viy bai todn tim tAit ca king gieng gan nhat thu gon lai thanh
viéc tim d6i nghu. Bao déng ciia mét tap didm mdt phan cua d&i
nghu, nhy vay vige tim di nghu Voronoi cling 13 mdt thuat todn
khac tim bao [6i. Chiing t8i s& chi mot vi dy khac trong Chudng 31
ma né dude gidi quydt hidu qua bing cach trude tien tim 45 nghu
Voronoi.

Sy djnh nghia ciia bifu d6 Voronoi him chia vige né duge dimg
dé giai b todin ling gieng ghn nhat : 48 x4c dinh ling giéng gan nhat

Wioh 28.5 I finh ba canh Delounay
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cia mot diém trong mot tap diém, ta chi cin tim mot da gisc
Voronoi ma diém d6 rdi vao. C6 thé t8 chic cic da giac Voronoi
trong mot cAu tric nhu cay 2D dé cho sy tim ki€m c6 higu qua,

Biéu do Voronoi c6 thé duge tinh bang cich dung mdt thuat todn
vii cling mot cilu tric nhy trong thuat toan tim cap diém gan nhét
& trém. Trude tién, chc diém duge shp theo hoanh o x cia chiing,
Sau d6, trat ty nay dudge dung d2 chia ddi tap di€m, dAn d&én hai 1oi
goi d& quy dé tim biéu dd Voronoi cho médi nita tap diém. Cung lic,
cac diém duge sp theo tung 4 y; cudi cung, hai so do Voronoi ciia
hai mia bén duge tron lai vii nhau. Cling nhu trén, sy trdn nay (duge
thyc hién vdi pass=2) 6 thé khai thdc sy kién cac diém duge sdp
theo x trudc cac 1t goi d¢ quy va cic diém duge sip theo y va cic bidu
do Vorenoi ciia hai nita dude xay dung sau cdc 16i goi de quy. Tuy
nhién, ngay véi nhing sy giip 43 nay, vide tron ciing di lh mdt cong
viéc hoan toan riic 15i va viee thyc hitn mét cai dat day da la ra
ngoai pham vi cudn sach nay.

Biéu do Voronoi tat nhién 1a mot ciu tric ban chit clia bai todn
diém gan nhit, va vige hidu cac dhe trung cia modt biai todn theo
nghia bicu dé Voronoi hay d6i ngfu cia né la mot bai toan dang gia.
Tuy nhién, trong nhitu vin da cy thé, mot cai dat truc ti€p dya trén
sd do tong quat da cho trong chuung niy ¢6 thé ta da thich hgp. Sd
dd nay la dG manh dé tim biéu do Voronoi, va cing 4 cho cic thuat
giai dua trén hiéu do Voronoi, va né 6 thé cho ma higu qua hon, don
gidn han, nht ta da thiy trong bai todn cip diém gan nhit.
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BAI TAP

1. Vit chudng trinh giai bai todn lang gleng gan nhat, trude tién
diing phudng phap ludi, sau dé dung cay 2D.

2. M@ ta diéu gi xdy ra khi thi tyc tim cp diém gan nhat duge dung
cho mdt thp diém roi trén cing mjt duimg thing doc va cach deu
nhau.

3. Mb ta digu gi xay ra khi thi tyc tim ciip diém gan nhit duge dung
cho mot thp diém roi trén ciing mét duding thing ngang va cach
deu nhau.

4. Cho tap o6 2N diém, mot nita o6 hoinh 9 x duong, mat nwa cb
hoanh d& x am, tim ciip diém gan nhat véi mdi digm niim & mét
bén.

5. Tim cdc cap diém lién titip duge gan trong cp! va ¢p2 khi chuong
trinh trén duge thuc hién véi tip diém trong vi dy va da bo di
diém A. '

6. Kiém tra tinh hiéu qua cua viéc cho bign min ia bign toan cuc
bang cAch so sdanh sy thyc hién trén mét tip ngdu nhién nhisu
diém cua chi djt da cho vdi chi dat dé quy thuan tuy.

7. Cho thujt todn tim ciip gin nhit trong mdt tap dudng thing.

8. Vé so do Voronoi va ddi nghu cla né cho caicdi@fm ABCDEF
trong vi du,

9. Cho mot phudng phaip thd thién (o6 thé can thai gian thyc hign ti
la voi N2y dé tim sd do Vorenoi. '

10. Viet chuong trinh, cing dung cfiu tric d& quy nhu trong cai dat
tim cap diém gan nhat, dé tim bao Ioi clia mét tap didm.
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CAC THUAT TOAN CO BAN
VE PO THI

Rit nhieu bai toan o6 the didn dat dudi dang nhitng @8i tugng va cac
dubing ndi chiing vdi nhau. Vi dy, trén mot ban dé dung hang khong
ciia mien dong Nude My, chiing ta cin tra 1oi cic ciu hdi chiing han
nha: “Mudin di tit Providence dén Princeton thi dutng bay nao
nhanh nhéit?” Hogac néu ching ta quan tam dén chi phi hon la thoi
gian thi ching ta ki can chon duiing bay nao ré nhit khi di tir
Providence dén Princeton. D& tra 16i nhing cau hoi nhy thé ching
ta chi can cdc thong tin vé cac dutng ndi (duting hang khong) gita
cac ddi tugng (cac tinh) véi nhau,

Cac mach didn cing 1d mot vi dy khic ma trong d6 cic dubng ndi
déng vai tro chinh, Cae thitt bj dién nhu béng ban dfn, dien trg, dién
dung duge méc véi nhau mot cich phite tap. Cac mach nhut the c6
thé dige bidu difn va xtt Iy trén midy tinh 42 tra 1i tir cAc ciu hoi don
gian nhu: “Tat ca cAc thigt bj o6 duge ndi lai voi nhau hay khéng?™
cho don nhing cau hoi phiic tap nhu: “Néu mach nay duge chg tao,
né s& hoat ddng nhu thé nao ?” Trong tinh hudng ny, tra ioi cho
cawu hoi dau tign chi phu thude vao tinh chit clia cic duong ndi (day
dign), trong khi tra i cho cau hoi thit hai lai yéu chu thong tin chi
tidt ca vé cic dudng ndi 1an cde d8i tugng ma ching ndi lai.
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Mot vi dy thit ba la “Bang disu phsi ebng vige”, trong trudng hgp
niy cic dai tugng la cac cong viée cAn phai thyc hign (vi dy trong
mot qui trinh san xuAt), va cic duding ndi cho bist vide nao nén lam
trude cac vige khic. D6i vai vi du ndy ta dan trd I3 cdc cau hoi gidng
nhu: “Mdi cong viee nén duge thue hién vao lic naoe?”

D Thi 1a mt cong ey todn hoc xfy dyng md hinh cho cdc vin da
ndi trén. Chuong niy sé diém qua vai tinh chiit oo ban ciia d5 thj va
cAc chuong sdp tdi s8 nghién au cac thudt todn khic nhau giai
quyét cde chu hoi o6 dang nhuy trén.

That ra, ching ta cing da gip cac do thi trong nhing chuong
trude. Cac cAu tric dit ligu lign két chinh 1 sy bidu dién cia cac dd
thi, va ching ta s& thay ring mot vai thuat toan va do thi lai tuong
by vdi cac thuat todn da gap d6i vdi cay va cde cau tric khae. Vi dy,
cac mdy trang thai hitu han trong Chuong 19 va Chuong 20 da dugc
thé hién dudi dang cic ciu tric da thj.

Ly thuyét do thj 1 mot nhanh quan tron g clia toan hoc t8 hop da
dugc nghién cuiu shu sfc trong hang tram nam. Nhieu tinh chét
quan trong va hitu ich cta cic do thj da duge ching minh, nhung
cling con rit nhieu van dé kho chua giai quyét xong. O day, vdi myc
dich tim higu v& cdc thuat todn oo ban cia do thi, ching ta chi phéc
hoa s6 qua mét s3 viin dé trong lanh Ve niy.

_ Ciang gidng nhu cic vih d& khac ma ching ta da nghién cvu, cac
~dt thj chi dude xem xét dudgi goc 4o thudit todn trong nhin £ nAm gan
day. Bén canh mdt vai thuit tosin cd bin 1iit ¢d la nhisu thuit toan
1y thi da duge kham pha trong vong muti nam 44 lai. Ngay ca
nhitng thuit todn da thi tam thuing can g dua dén cic chuong trinh
mdy tinh thi vi, va cic thuiit todn khong €am thuin g (mic di ¢ the
kho hiéu) ma chiing ta s trinh biy s& 11 cic thuit toan dep va thi
vi nhat,



CACTHUZT TOAN OO BAN VE DO THT 3

THUAT NGU

Cé rat nhizu thuit ng lién quan dén cdc dd thj. Chiing ta s& [an hugt
dinh nghia hau hét cic thuat ngit nay, mac dio mot s8 thuat ngd o
thé chita duge sit dung ngay.

Db thi la mot tap hgp gom cic dinh va canh, Céc dinh la cac 46i
tugng don gian duge dit tén va gin thém mot s8 tinh chit khac; mt
canh la mot dudng ndi gita hai dinh. Nguoi ta o6 thé ve mdt do thj
bing cach danh ddu cac dinh boi cac diém trong mat phing va vé cac
canh ctia db thi bAng cac doan thing ndi cic diém vdi nhau, nhung
can phai nhd ring mot d thj ludn duge dinh nghia dde lap véi bidu
dién caia no, Vi dy, hai ban vé trong Hinh 29.1 biéu dién cing mdt
do thi. Ching ta dinh nghia do thj nay bing cdch néi ring né gom
mot thp hgpdinth ABCDEFGH IJKLMvamottaphcipcanh
AG AB AC LM JM JL JK ED FD HI FE AF GE.

Trong mt vai ung dung, ching han nhu dudng hang khong
© trong vi dy néi trén, cd 18 khang nén sip x&p lai cac dinh nhu trong
Hinh 29.1. Nhung vi mdt s5 ing dung khac, ching han nhut cde
mach dién, thi tot nhit 1 chi tip trung viao cic canh, cic dinh va
khong phu thudc vio bat ki mot vi tri hinh hoc cu thé nao. Mot vidu
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Winh 290 flai theé hidn ciia ciing mot de thi.
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khace la cac mdy hidu han trong Chudng 19 va 20 ciing khong ¢an ban
d&n vj tri hinh hoc cia cac nit. M&i quan hé gi¥a cac thuat toan db
thi va cde bii todn hinh hoc sé duge thao luan trong chi tist hon
trong Chuong 31. Bay git ching ta s8 tap trung vao cée thuat toan
do thi “thuin tiy” lam viée trén mdt tap hgp don gian gom céc canh
va nut.

Buung di tit dinh x t6i dinh y trong mot d6 thj la mot danh sach
cac dinh ma hai dinh lién tiép nhau trong danh sdch 46 dudc ndi béi
mot canh cua dd thi. Vi dy, BAFEG la mjt duding tit B tdi G trong
Hinh 29.1. Mot db thi duge goi 1a lien thdng néu hai dinh bt ky cia
no ludn o6 dudng di tir dinh nay tdi dinh kia. V2 mat true gidc, néu
tudng tugng cdc dinh la cic do vat va cdc canh 1a day ndi ching véi
nhau, thi mot do thj lien thong s& gif nguyén mdt chitm (khéng o6
vat nfwo bi rdt ra) n&u ta nhic bt ky mdt vt 1én. Mot do thj khong
lien thong boo gom cdc thanh phin lien thang; vi dy db thi trong
Hinh 29.1 ¢6 ba thanh phan lign thdng. Mot duimg di don la mot

Hinh 29.2 M1 d thi lin va edy 161 dgi ctia né
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dudng di ma khong 6 dinh nao duge lap lai. (Vi dy BAF EGAC
khéng la dudng di don.) Mot chu trinh 12 mot duting di don ngoai
trit dinh dau tien va dinh cudi cung phai trung nhau (nghia 1a mot
duong di khéi dau tit mot dinh va trd v chinh né), vi du dubng di
AFEGA 13 mdt chu trinh.

Do thj khong o6 bit ky chu trinh nao duge goi la mot ciy (xem
Chuong 4). Mt nhém cay (trong dé khong e hai cay nao duge ndi
vdi nhau) dude goi 1a mot riung. Cay bao trium cia mjt do thi la
mot 1a mot do thi con chifa tit ¢ cic dinh nhung chi chua_vita du
mét s canh dé tao nén mit ciy. Vi dy, céc canh AB AD AF DE EG
tao nén mot cay bao trum cho bd phan 1dn cia do thi trong Hinh
20.1, Hinh 29.2 minh hga mét do thj 16n hon va mdt trong cac chy
toi dai cua no.

Chu ¥ ting néu ching ta them mdt canh bit ki vao mdt cay thi
& 6 mot chu trinh (bdi vi da e6 sin mdt duting di gida hai dinh la
cde dau nil cta canh thém vho). Nhu da thily trong Chuong 4, mot
chy 6 Vdinh sé oo chinh xac V-1 canh. N&u mjt db thj ed Vdinh ma
it hon V-1 canh thi no sé khong litn thong, néu do thj c6 nhiéu hon
V-1 canh thi né phai cé mot chu triph.

Ching ta sé ky hleu so dinh trong mot do thi da cho 14 V, s8 eanh
Ia E. Chu § rhng E 6 thé Ay gia tri bat ky tit 0 dén V(V-1)/2. Mot do
thi cd tit ca cic canh cb thé ¢6 (tafe 1a V dinh va V(V-1)/2 canh) duge
goi 1a do thi day dh. Do thi co it canh (nhé han V!agV) dugc goi la
da thi thata. Do thi ma hau hét cie dinh déu duge ndi vdi nhau duge
goi la do thi day.

Sy phy thudc vao hai tham s6 canh va dinh lam cho viéc nghién
otu s0 sanh cde thuiit todn vé dd thj phice tap hon nhidu so vdi nhisu
thuat toan mi ching ta da nghién ciu, bdi vi nhieu kha niing o6 thé
XAy ra. Vi du mot thuat toin A cb thé can V2 bude, trong khi mot
thuit toin It (giai quytt cing mdt viin d nhu A) lai can (E+V)logE
budce. Thuat toin B o6 thé tit ddi vdi eic do thi thua, nhung thuiit
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toan A ¢6 thé duge chudng hon déi véi cac do thj day.

Cac db thj da duge djnh nghia & trén dude goi la cae db thi vd
hudng, diy 1a dang do thj don gian nhat. Ching ta cing khao sat
cac do th phic tap hon, 06 nhiéu théng tin ghn vdi cdc dinh va canh,
Trong dd thi ¢ trong s, cic s6 duge gin véi mdi canh duge goi 1a
khoing cich hay phi tén. Trong db thj o hudng, cac canh hudng
theo “mdt chibu”: mot canh o6 thé di tif x tdi ¥ nhung khéng di
nguge laj tir y tai x, Cac do thj vira 6 trong s& virta ¢6 hudng dai
khi duge got 1a cac mang ludi, Ching ta sé thiy ring cdc thong tin
thém vao nhu trong lugng va huéng lam cho cic thao thc phic tap
hon céc thao tac trong do thi vo hudng don gian.

BIEU DIEN cUA D6 THI

bé xit ly cic do thi bang chuong trinh may tinh, trude tién ching ta
phai tim cich dé bidu dién ching trong may tinh. Ching ta s& xem
hai phuong phap bidu dién thong dung nhat, vige lya chon gita hai
phuong phap ndy thy thuge vie do thi day hay thua, mat khic tinh
tiy nhidén cua cic thao tic sa dong mdt vai trd quan trong.

Bude diu tien trong viee bidu dién mot do thi la ddnh s& cic dinh
cua né bang cic s8 nguyén tir 1 tdi V. Ly le chinh d& lam didu nay la
chiing ta c¢in truy xuat nhanh thong tin lien két vdi méi dinh bing
cach ding chi s¢ mang. Bat ky mot phudng phap tim kigm nao (da
trinh bay trong cic chudng trude) cling o6 thé ap dyng vio van de
niy; vi dy ching ta c6 thé chuyén cdc tén dinh thanh cde s8 nguyén
gita I va V bang cach duy tri mot bing bam hay mdt cAy nhj phan
sa0 cho ¢6 thé tim kiém mot 6 nguyen dudng tuong ing véi mot tén
dinh bat ky. Bdi vi chung ta da nghién ciu cie k¥ thuat nay, ching
ta s& gid s ring c6 shin mdt hiun chi mue dé d8i tir cdc tén dinh
thanh cdc 53 nguyén gida 1 va V, va mot ham tén dé dgi nguge lai
tu cac sd nguyén thanh cie tén dinh.
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Hinh 29.3 Biéu dién db thi bang ma tran ké

ABCDEFGH!JKLM
1t 000 0 000000
11 00 00000000
r o 1 o 000 00000
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Dé céc thuat todn don. gian hon, chiing ta ky hieu taén mi dinh

bang mot chit cdi, chd thi i trong bang chit cai sé duge tuong dng
véi s6 nguyén i. Do d6 viée cai dat hai ham tén va chi muc sé trd nén
tam thutng ddi véi cdc thi dy ciia chiing ta, c6 thé dé dang md rong
cdc thuat toan dé xit 1y cic do thj c6 tén dinh that (trong thuc t&)
bang cdch dung cdc ky thuat trong cic Chuong tir 14 dén 17.

Phuong phap biéu dién tryc quan nhit duge goi la bidu dién ma
tran ké. Ching ta dung mot méang hai chieu kich thude VxV, méi
phan ti cia nhiin gia trj boolean, trong d6 afx, y] nhan gi tri true
néu c6 mot canh tir dinh x ndi t6i dinh y va nhan gia trj false néu
nguge lai. Ma trin ké cla do thj trong Hinh 29.1 dugxe trinh bay
trong Hinh 29.3 (1 ¢6 nghia la true va 0 co nghia la false).

Chii y rang mdi canh duge biéu dién thyc sy bang hai bit, mot
canh ndi x va y dugc biéu dién bing gid trj true trong ca hai phan tir
cua mang alx, y] vaaly, x]. Miie dir ¢6 thé tigt kipm bd nhé biing cach
chi hutu trid mot nita cia ma tran doi xing nay, nhung dé cho cac
thuit todan don gian nguti ta thuting qui ude biéu dién biing ma tran
day. Tuong ty, ching ta thuing qui ude c6 mdt “canh” ndi tir mbi
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dinh tdi chinh ng, do d6 ¢fx, xJ ludn nhan gid tri 1 véi mei x ti 1 tdi
V. (Trong mdt vai trueing hgp thi cic phan ti dudng chéo nay duge
gia st nhén gia trj 0, chiing ta ciing tu do lam nhu vay khi thay thich
hop.)

Mot do thi duge dinh nghia bing mét tap hgp dinh va mdt tap hap
canh néi cac dinh vdi nhau. D& nhap mot d6 thj vio may tinh, chiing
ta phai quy dinh mot cdch thdc dé nhap cic thanh phan cia né,
ching han chiing ta c6 thé ding ma tran k& € nhap da lidu, nhung
giai phap nay khong thich hgp d6i véi do thj thua. Ching ta eing 6
thé diing mdt cach thuc nhap tryc ti€p hon nhu sau: trude tign doc
cac tén dinh, k& dén fan lugt titng ciip dinh tao nén canh d6 thj. Nhu
da chd y & trén, mét phuong phap ¢6 thé thye hign dé dang la doc tén
cdac dinh vao m{t bang bam hay ciy nhj phin va gan cho tén mébi
dinh mot s& nguyén d& dung trong viéc truy xudt chi sd dinh gitng
nhu ma trin ké. Binh duge doc lan thd i ¢6 thé duge tusng dng véi
s0 nguyén i, Dé cac chuong trinh don gian, chiing ta doc Vva E
trudc tién, k& dén 1a ede dinh va cde eanh. Mot cach lam khéac ia di
litu nhap duge sip x&p nhd vao cdc diu cach gida dinh va eanh,
chuong trinh c6 thé xdc dinh V va E bang cach dya vao di liéu nhap.,
Tht tiy xuit hign eic canh déng vai trd khong quan trong, né khong
anh hudng dén dang ctia do thi va ma tran k&, chuong trinh 3 trang
sau cho phép nhjp do thj vio may tinh.

Kiéu ctia V1 va V2 khong dugc ndi tdi trong chuong trinh nay, va
doan chudng trinh cho ham chi 8 cing duge bé qua. Ty thudce vao
bigu dién di ligu nhip, ching ta sé xdc dinh cy thé, ching han cé thé
chon kiéu char cho v, v2 v ham chi s& chi don giin 12 ham ord cia
ngdn ngt Pascal.

Biéu dién ma tran ke chi thich hgp v6i db thj day: ta cin V2 bit aé
Ittu tr ma trin va V2 bude dé khdi tao né. Néu s8 canh (tic 14 s8
lugng cic bit 1) trong ma tran xap xi V2 thi bidu dién ma tréan ké phi
hap bai vi ching ta can khoang V2 bude dé doc cic canh cia db thi.
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program adjmatrix(input, output);
const maxV=50;
var j, x, y, V. E : integer; a: array [1.maV,1.maxV] of boolean;
begin  readin(V.E}
for x:=1 to Vdo for y:=1 to V do afx,yj:=fuolse;
for x:=1 to V do ofxxj:=true;
for j:=1 to Edo
begin  readin(wl,v2);
x:=index(vl); y:=index(v2);
alx.yl:=true; ofyxj:=true;
end;
end;

Tuy nhién ngu do thj thua thi vigc khdi tao ma trén sé tén thoi gian
nhiau so voi toan bod thai gian chay ciéa thudt todn.

Bay gits ching ta hay xem mbt bigu dién thich hgp hon cho cac do
thi khong day. Trong bidu dién cfiu tric k&, tit ca cac dinh duge
néi ti mot dinh trong do thj duge dat vio danh sdch k& cia dinh
d6. CAu tric niy cb thé chi djt dé dang biing cach diing mdt x4u lign
két, chuong trinh dudi day sé xay dung cfiu trdc k& cho do thj mau
ctia ching ta. Cac xau lién két duge tao nhut thudng 1@, véi nit k&t
thic 1a z (tro tdi chinh nd). Cac niit bt dau xiu duge huu trong mang
adj va dat chi mye dya viio cic dinh. D€ thém vao mit canh ndi dinh
x tdi dinh y trong bidu dién nay, ching ta them x vao xau k& ciay
v them y vio xAu ké cia x nhy trong chudng trinh & trang sau

Né&u nhap cic canh vao theo thi ty AG AB ACLM IMJLJKED
FD HI FE AF GE thi chuong trinh s tao nén ciu tric xau ké nhu
mb ta trong Hinh 29.4, Mot [an nita chiing ta hiy chi y rfing méi
canh dude biéu dién hai lin: mat canh ndi x vay duge biéu dién bang
mdt nit (chiia x) ndm trong danh sich ké ciia y va mdt mit (chia y)
nhm trong danh sdch k& ciax. Viec luu trid hai [an nhu trén vt quan
trong, bdi vi néu nguge i thi cdc ciu hoi ching han nhu “cdc niit
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program adjlist(input, output);
const maxV=1000;
type link= 1 node;
node= record viinteger; next:link end;
var j,x,y V, E:integer; t, z: link;
adj : array {1.maxV] of link;
begin  readin(V.E;  new(z); 2} next:=z;
for j:=1to V do adj[jl:=z;
for j:=1to E do
begin  readlniui,u2);
x=indexivl); y:=index(v2);
new(ti t1.v:=x; t t.next:=adjfy]; adjly]:=t;
new(ty t1.vr=y; tt.next:=adj{x]; adj{x]:=t;
end;
end;

ndo duge ndi trye ti€p t6i nut x ?7” sé khong duge tra Wi nhanh
chéng.

Trong biéu dign nay, thit ty xudt hién canh trong dit lidu nhap va
cung quan trong. Cing vdi phuong phap chen vao xau duge diung,
tha ty nfy qui djnh mdt thd ty cla cic dinh trong céc x4u ka. Do d6,
cing mot do thj c6 thé bidu dién nhidu cich khae nhau biing cAu tric
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x4u ké. That ra, rit khé o6 thé tien doan xaAu k2 nhy the nio néu chi
dya vao cic canh, bdi vi mdi canh phéi ¢an hai [4n chen vao xau Ke.

Mit khic thit ty xuit hign cic canh trong x4u ke anh hudn g dén
thit ty cac canh duge xd ly trong cic thuiit toin. Trong khi mbi
thuét toan nén cho ra mot ciu tra 15i ding bit chip tha ty cdc canh
trong xau ké, né lai phai tim cAu tra 13i nhis vio cac day hoan toan
khac nhau cta céc tinh todn cho cdc thi ty khae nhau, va néu cb
nhiéu han mot “cau tra 18] ding”, thi cac thit ty nhap vao khéc nhau
c6 thé din t6i cic két xuit khac nhau.

Mot vai thao tic dan gian khang duge cung cAp sin néu chiing ta
diing cich bhidu dién nay. Vi du ngudsi ta mun x6a mdt dinh x va tat
ca cac canh ndi v8i né. N&u chi xda cac niit khdi xau ké ciia x thi s6
khéng ddng, boi vi mbi nit trong xau Ké cia x 1ai qui dinh mét dinh
khac mh xau ké ciia dinh nay phai duge duyét toan bd d8 xéa mot nit
tuong ing véix. Van de nay o6 thé duge gidi quyst bang cdch lign k&t
tit cA cde nut tuong tng vdéi mot canh cy thé va tac mdt xdu kép. Khi
d6 néu mdt canh dude xéa thi tit ca cdc nidt tuong dng vdi canh d6
6 thé duge xéa nhanh chéng. Di nhién ring cdc lien kit thém vao
nay sé cong kénh va khéng nén dung ching trir khi cdc thao tac
gidng nhu thao tic xéa ndi trén thye sy la can thict.

Céc khao sit néi trén dua dén cau héi Ia tai sao ching ta khéng
diing mot bidu dign “trye ti&p” cho edic db thi: mot ciu tric di lidu
méa md hinh héa do thj mét cich chinh xdc, trong @6 cac dinh duge
biéu ditn nhi cic mau tin dwge cip phat va cdc danh sdch canh chifa
cde litn két tdi cac dinh thay vi cdc tén dinh. Lam the nho dé thém
canh vao mit d6 thj duge bidu dikn bang phuong phap nay?

Déi véi ciic d6 thi c6 hudng va o trong s& ta bi€u dién ching bang
cde ciu trie tuong ty nhu trén. Vai do thi cé hudn g, moi vigc déu y
hét, ngoai trirt moi canh duge biéu dién chi mot Ian: mot canh tir x téi
¥ dudce bidu dién bing gia tri true trong phan ti afx,y] cla ma tran
ké hay mot Jan xudt hien clia y trong xau k& cia x néu dimg cfiu tnic
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ka&. Do d6 mdt da thj vd hudng o6 thé duge xem nhua mdt do thj cd
hudng ma vdi moi cap dinh x, y néu 6 canh (vd hudng) ndix vay thi
sé ¢6 hai canh c6 hudng, trong dé mdt canh ndi x tdi ¥ va mit canh
ndi y tdix. Vdi do thj o6 trong, moi vide cing y hét, ngoai trit ching
ta s& dat cdc phan td trong ma tran ke vai cdc trong lugng thay vi
gid tri bool (quy udc trong lugng khong dn tai boi gia trj false); ndu
dung &u truc Ké thi ta thém vio mot truting (d€ lun trong lugng
canh) vao mdi méiu tin cla xiu ka,

Théng thuding cac théng tin khac duge k&t hgp véi mdi dinh cua
d6 thj s& rit can thigt khi md hinh héa ede ddi tugng phuc tap hon.
Thong tin thém vao mdi dinh 6 thé duge luu trit duge dit chi'sd boi
chi s8 dinh hay tao mot mang adj gom céc méu tin trong bidu dién
ciu tric ke, Thong tin trg gitp cho mi canh ¢6 thé duge diit vio cac
put cha xau k& (hay trong mot mang a gém cdc miu tin trong biéu
difén ma tran ké); hoae trong mang phy duge dit chi s8 bang chi sd
canh (truong hgp nay cin phai dinh sd canh).

TiM KIEM UU TIEN DO SAU
(DEPTH-FIRST)

Trong phan dau clia chudng niy, ching ta thiy nhitu ciu hoi nay
sinh trong vige xu ly mot do thj. Do thj c6 lién thang hay khong?
Néu khong hay cho bigt edc thanh phin lign thong clia do thi? Db thj
c6 mdt chu trinh nao khang ? Nhiing ciu hoi nay va nhiéu van d2
khac c6 thé duge giai quydt d& ding bang mét ky thuat duge goi la
tim kiém wu tien 4o siu, day I mdt phudng phap ty nhién @&
“vigng tham” mdi nit va kiém tra mdi canh cha do thi md cich 6
he théng. Trong chudng nay, ching ta sé thiy cac bién dang ddn
gidn tong quat héa cda phuang phap niy co thé duge dung dé gidi
cAc bai tofin do thi da dang.
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By gits ching ta sé chu ¥ vio cic oo ché duyét dé thj mét cach cb
t6 chetc. Chiing ta bat dau v6i mdt chuong trinh viét cho cic db thi
duge bidu didn bang xau ké:

procedure listdfs;
var id, k ; integer;  val: array [1.maxV] of integer;
procedure visit(k:integer);
var i:link;
begin  id:=id+1; valfk]=id; t:=adifk]:
- while t<>z do
begin  if valft-.v]=0 then visit(tt .v);
t:=f1.next
end;
end;
begin  id:-=0;
for k:=1 to Vdo vallk]:=0;
for k:=1 to V do if valfk]=0 then visit(k)
end;

Chuong trinh nay dat gia tri cho méi phan ti trong méang khi
viéng thiim mdi dinh cta db thj. M&i phan t clia mang duge khdi tao
gid trj O nén néu val{k]=0 nghia la dinh & chua duge viéng tham.
Muc dich ctia chudng trinh la vieng tham tit ca cic dinh cia d6 thj
mot cach o6 hé théng, qua trinh vigng s& dijt mot gi tri id cho phan
tir clia mang val tng vdi dinh duge vigng [an thy id, tron gddid=1,
2, .., V. Chuang trinh st dung mét thi tyc dé qui visit duyét qua tat
ca cdc dinh trong eling mot thanh phan lign thong véi dinh dude qui
dinh bdi doi s8 ciia thi tye nay. D& vigng tham mét dinh, ching ta
kiém tra tit cd cde canh cia n6 xem ching o6 dAn téi céc dinh chua
dugc vieng hay khong (nhd vao gii trj 0 trong cdc phan ti cia mang
val), néu ding nhy vay thi ta s& vigng tham ching. Trude tién tha
tuc visit duge goi cho dinh thid nhiit va két qua la cac phan ti trong
mang val (Wng vdi cie dinh duge néi tdi dinh thd nhait) s& duge dat
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Hinh 29.5 Tim kiéin wu tién d§ sdu bang d¢ quy
gid trj 0. Ké dén la duy@t qua mang val dé tim mot phan td 0 (tuong
ung vdi mot dinh chua duge viéng) va goi thu tuc visit cho dinh d6,
qua trinh sé tiép tuc cho tdi khi viéng xong tit ca cic dinh cia dé thj.

Hinh 29.5 minh hoa mdi buée trong qua trinh tim ki€m wu tién
dd sau trén thanh phan lién thong 16n cia do thj trong vi du miu cia
ching ta va cho biét méi canh trong thanh phan lien théng duge
cham dén nhu th& nao khi goi visit(1) (sau khi xau k& trong Hinh
29.4 duge xay dung). Thong thuting médi canh duge gip hai [an badi
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Hinh 29.6 Riing tim kiéin wu tién dg siu

vi méi canh duge biéu dién trong ca hai xAu Ké ciia hai dinh ma né
ndi. Mdi sa do trong Hinh 29.5 tuong wng véi mbi canh duge duyét,
canh “hign hanh” trong mbi so dé dugc vé c6 béng va nit ma cé xau
ké ctia n6 chita canh dang xét duge danh diu bdi mot 6 vudng bao
quanh. Hon nita, khi mot mit duge vigng [an dau tién (tuong ing véi
mot [an goi thu tucvisit), canh ndi téi nit dé sé duge vé dam len. Céc
nut chua duge tdi [an nao sé c6 bong nhung khong duge danh dau bai
0 vudng, va cac nit da duge viéng xong [an dau tién thi cé béng va
dugc danh diu bdi 6 vuong.

Canh dau tien duge di qua Ja AF, n6 chinh la nit dau tién trong
xau k& dau tien. K& d&n thu tuc visit duge goi cho nit F va canh FA
dude vieng boi vi A la nit dau tien trong x4u ké cia F. Nhung lic
nay nit e6 mot gi tri (tuong ing trong mang val) khac 0 nén ta 14y
canh FE la phian ti k& tiép trong xau ke cia F. K& d&n la canh EG,
GE duge vigng boi vi G va E la cic phan ti trong méi xau khac. Canh
GA dudgce vieng, qua trinh viéng dinh G hoan tit va thuat todn ti€p
tuc viéng dinh E duyét qua céc canh EF, ED. K& tiép la qua trinh
. viéng dinh D bao gom viec duyét qua DE va DF. Cusi ciing ching ta
trd vé A va duygt qua AC, CA, AB, BA va AG.
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Mot phudang phap khac dé theo dbi cdc burde trong tim kigm wu
tién dd shu ta vé lai do thi dang xét bang cach goi d2 qui tha tyc visit
nhy minh hoa trong Hinh 29.6. Méi thanh phan lign théng cho ra
mit ciy duge goi la cay tim Ki€m wu tign dd shu clia thanh phan
dé. Qud trinh duyét ciy niy theo phuong phdp thit tu triude cho ra
cac dinh cla do thj theo thi ty ma lan.dau tién ching duge gap
trong qua trinh tim ki€m; qui trinh duyét cay theo phuong phap
thi¥ tu sau cho ra cic dinh theo thi ty ma qua trinh vigng ching
hoan tat. Chd y ring ritng ciy tim kim wu tién d6 sau la mot
phudng phap don gian khac dé vé db thj; tat ca cic dinh va canh cia
dd thi duge kiém tra boi thuat toan.

Cac doan lién nét trong Hinh 29.6 chi ring dinh dude tim thiy
thiip hon (khi thuit toan hoat dong) nhim trong danh séch canh cia
dinh cao hon va chua duge vigng thim vao hie dé, didu nay dua dén
can mdt [an goi d¢ quy. Cic doan dut nét tusng ung vdi cac dinh da
dugc viéng, vi vily ditu kign cia lénh if trong thi tyc visit khong
thoa, v cunh khong duge “theo sau™ véi mot ¥enh goi dé quy.

Mot tinh chist quygt dinh cho cdc cay tim ki€m wu tién db sdu d8i
vii db thi c6 budng 1a cac lign k&t “dit nét” ludn di tit mdt mit dén
t§ tign cua né trong cay. Trong subt qud trinh thuit toan thuc hien,
cac dinh duge phan chia thanh ba 16p: mdt 16p gom nhitng dinh ma
thu tyc visit da hoan tit, mot ldp gom nhiang dinh ma tha tuc visit
chi hoan tit mdt nda, va mdt ldp gdbm nhing dinh chua duge thay
Jan nao. Trong tha tyc visit, ching ta sé& khong gap mot canh nao
hudng t6i bat ky mot dinh trong ldp thit nhit, v néu ching ta gap
moét canh hudng tdi mot dinh trong 16p thit ba {(canh lién nét trong
cay tim kigm wu tién 40 sia) thi mot 1enh goi dé quy sé duge thye
hign. Con lgi la nhiing dinh trong 16p thi hai, ching chinh Ia cac
dinh niim trén dudng di tir dinh hién hanh téi goe cia ciy, cic canh
tudng dng la cdc “litn két” ditt nét trong cay tim kidm vu tién 46
sau.
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Tinh chit 29.1 Thoi gian tim kidm wu tién d sta trén mot do thi
(bidu dién bing xtm k) xdp xi vdi V+E.

Chung ta dat gia tri cho mbi phan ti trong Vphfm tit cia mang val
(do @6 ¢6 thinh phan V trong V+E) va kiém tra mdi canh hai [an (do
d6 c6 thanh phan E). C6 thé gap mot cay qua thua véi E < V, nhung
n&u cic dinh ob lap khong dugc thita nhén (vi du ching duge khu bd
trong qua trinh tién xi 1y), ching ta xem nhu thoi gian can thiét cho
tim kigm uu tign d6 shu la tuyén tinh theo s8 canh.

Bhng cach ding thi tuc visit sau day, phuong phép vita trinh bay
o6 thé ap dung cho cac db thj duge bidu dién bdi ma tran ke.

procedure visit(k:integer);
var tLinteger;
begin id:=id+1; vallk]:=id;
for £=1to Vdo
if ofk,t] then if valft]=0 then visif(t)
end;

Vide duydt trén modt xau ke duge chuyén thanh vigc quét mdt
dbng ma tram k&, tim kifm cic gid trj true (tuong dng vii cAc canh).
Gitng nhu trude, bit ki canh nao tudng dng véi mot dinh chua thiy
s& dude “tiép theo” bai mot 1enh goi d& qui. Bay gid, cac canh (ndi téi
mbi dinh) dude kiém tra theo mot thit ty khac nhau, vi vily ching ta
o6 duge mot mot ring tim kigm ww tien dp shu khac nhu duge minh
hoa trong Hinh 29.7. Biéu niy nhin manh raing ring tim kigm uu
tien dd siu Ja mot bidu dién don gian khéc cua do thj, mot biéu dién
ma ciiu tric ey the cia né phy thude vao thult todn tim ki¢'m va bicu
dién trong duge st dung.

Tinh chit 29.2 Thii gian tim kiém wu tién do stu trén do thi bidu
didn bang ma trin k& xip xi voi V2.
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1linh 29.7 Redng tim kidin 1 tién d6 sdu (bidte didn ma trin k&)

Ching minh tinh chat nay cyc ky don gian, bdi vi méi bit tmng nma
tran Ke déu duge kiém tra.

Phuong phap tim ki€m wu tién d) sau c6 the giai tryc tidp mot s
baai toan xit 1y db thi co ban. Vi dy, s6 thanh phan lién théng caa do
thj la st [an goi thi tuc visit & dong cudi cla chuong trinh. Néu kidm
tra xem mot dd thi c6 chu trinh hay khdng ta chi cin stta chudng
trinh trén mdt it, mot do thi cé chu trinh n&u va chi néu mot phan
td khéc 0 trong mang val dugc tim thiy trong qué trinh duydt.
Nghia la néu ching ta chyn mdt canh ma hudng 6 mot dinh da
vigng thi dd thj c6 mdt chu trinh. Tat ca cic lien két “édiit nét” trong
cdc ciy tim kiém uu tién do sau deu thupe vé cdc chu trinh.

TIM KIEM UU TIEN p§ SAU
KHONG PE QuY

Tim ki€m uu tign do shu trén mot 4o thi 12 sy tdng quat héa clia thao
tac duyét cay. Khi xét trong mgt cAy thi phudng phap nay chinh la
duyét cay; trong cac dd thi thi phuong phap niy tudng dng vdi viee
duygt cay bao triim caa do thi. Nhu ching ta da thay, viec duydt
city phy thude vao db thj dude bitu didn nhy thé nao.

Sy d& quy trong tim ki®m wu tién 9 siu o6 thé duge khi bang
cach ding mdt ngdn x&p theo cich thite tuong ty nhu ching ta da
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khu d¢ quy trong thuat todn duyét cay § Chuan g 5. béi vdi cay, viee
khit d& quy sé cho chung ta sy cai dat khéc nhung lai don gian hon,
46 la thuat toan duyét khong d& quy. D8i véi cac dd thj, ching ta sé
thay su phat trién tudng ty 46 c6 cdc thuat todn duyét db thj tong
quét {trong Chuong 31).

V6i kinh nghiém cia Chuong 5, ching ta o6 ngay mdt cai dat dya
trén ngan x&p nhu sau ;

procedure listdfs;
var id, k : integer; val : arvay [1..maxV] of integer;
procedure visii(k:integer);
var t:link;
begin  push(k);
repeat k: =pop; id:=id+1; valfk]: =id; t:=adjlk];
while t<>zdo
begin  if valft }.vj=0 then
begin pushit 1 .v); valft} vj=-1 end;
t:=t1.next
end;
until stackempty;
end; )
begin  id.=0; stackinit;
for k:=1 to V do valfk]-=0;
for k:=1 to V do if valfk]=0 then visit(k)
end;

Céc dinh da duge gap nhung chua duge vigng sé dude lua trong
mot ngan xép. D& vigng mot dinh, chiing ta duyst qua cdc canh cua
no va dit vho ngin x€p bit ki dinh nio chua duge vigng v chua c6
trong ngin x&p. Trong chi dat dé quy, vite danh d¥u cac dinh “dude
viéng mdt phan” duge che gifiu bing mot bign cuc bd ¢ trong thi tue
d¢ quy. Ching ta c6 thé cai ditt dieu nay mot csch tryc ti€p nhd vao
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Hinh 29.8 Tim kiém wu tién d¢ sdu (dira vao ngdn xép)

duy tri cic con tro (tuong ung véi ¢) vio cac xau ké. Thay vi lam nhu
vily, ching ta chi can md rong y nghia cia cic phan tif trong mang
val @& danh dau cac dinh da duge diat vao ngan x&p: cac dinh ung véi
cic phan ti cia mang val ¢6 gia trj 0 la cic dinh chua duge gap,
nhiing dinh @ng vdi cac phan ti am la cac dinh da & trén ngan xép,
nhitng dinh ing vdi cac phan ti duong la nhing dinh da duge vieng
(la nhing dinh ma tit ca cic canh trong cic xau ké cia ching da
duge dat vao ngan x&p).

Hinh 29.8 cho thay lan lugt cic thao tac cta thu tuc tim kigm wu
tien d6 shu dya ngan x&p khi duyét qua bon nit dau tién trong do thj
méu ciia ching ta. Mdi so do trong hinh nay tuong ing véi viec viéng
mot nit: mit da duge vieng duge danh dau boi mot & vudng, va tit
ca cac canh trong xau ké duge lam bong. Giong nhu hic trude, cic
nit chua duge gip sé khong duge danh dau va khong duge danh
béng, cac mit duge viéng xong sé dugce dinh dau va khong duge danh
béng, va moi nit (vi dy nit x) duge ndi béi mot canh to dam noi téi
nit lam cho nit x duge dat vio ngan xép.
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Hinh 29.9  Ngi dung ngan xép trong qua trinh tim kiéin

Nit duge vieng dau tién la A: cdc canh AF, AB, AC va AG duge
duyét va cic dinh F, B, C va G duge dat vao ngan xép. K& dén G duge
lay ra (chi y rang G 1a niit cudi cing trong xau ké cia A) va cédc canh
GA, GE dugc duyét, két qua la E duge dat vao ngan xép (A khong
duge dat vao ngan xép mot [an nira). K& téi EG, EF va ED duge
duyét va D dugc dat vao ngan x&p... Hingh 29.9 minh hoa noi dung
cua ngan xép trong sudt qua trinh tim kiém, va Hinh 29.10 cho thiy
céc bude ti€p theo ciia Hinh 29.8.

Co 1e doc gia da nghi ring chuong trinh trén khong viéng céc
canh va mit theo thi ty giong nhu truong hgp cai dat dé quy. Nhu
trong Chuong 5, diéu nay c6 thé thdy duge nhd chi y vao thi tu cac
canh duge dua vao ngan xép, trong chuong trinh trén ching ta
viéng canh trong xau ké ciia mdi nit nguge lai vai thit ty xuit hien
cia ching trong xAu. Néu ching ta duyét xau theo thit ty dao thi
thu ty viéng tham cdc mit gihg nhu trong cai dat d& qui. (Giéng
nhu Chudng 5, lic d6 cay con phai duge dat viio ngin x&p trude cay
con trii trong cai dat khong dé qui.) Tuy nhién d8i véi cac do thi
khong nhat thiét phai tuin tha nghiém ngit vao thit ty duyét canh
trong cai diit dé qui, bai vi nhu da thiy, nhiéu nhan t6 khac cing anh
hudng dén thu tu duyét canh. Trong Chuong 31 chiing ta sé thily c6
rit nhiéu lya chon cho phép ching ta Igi dung kha nang linh dong
nay vao cac thuat toan.
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Hinh 29.10 Tim kiém wu tién dg sdu (diea vao ngdn xép)

TiM KIEM UU TIEN BE RONG
(BREADTH-FIRST)

Giong nhu duyét cAy (xem Chuong 4), ching ta c6 thé ding mott
hang dgi thay vi ngan x&p lam cu tric di liéu d& luu cac dinh. Digu
niy dua téi mot thuat toan duyét do thj o dién thi hai duge goi la
tim ki€m wu tien beé rong. DE cai dit thuat toan tim kiém nay,
chiing ta can thay d6i cic phép toan trén ngan xép bang cac phép
todn trén hang dgi nhu sau:
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procedure listbfs;
var id, k :integer; val: arvay [1.maxV] of integer;
procedure visit(k:integer);
var tlink;
begin pui(k);
repeat k:=gei; id:=id+1; val[k]:=id; t:=adj[k];
while t< >z do
begin if valft ¥.0}=0 then
begin put(t t.v); valft t.v]:=-1 end;
t=tt.next
end;
until guencempty;
end;
begin  id:=0; queueinitialize;
for k:=1 to V do valfk]:=0;
for k:=1 to V do if valfk]=0 then visit(k)
end;

Viée thay d6i cfiu trmic di ligu bing cach vita trinh béay s& anh hudng
dén thi ty vigng cac nit. Trong db thj miu cia ching ta, cac canh
dugc vieng theo thit ty AF AC AB AG FAFE FD CA BA GE GADE
EGEF ED HITH JK JL JM KJ LJ LM MJ ML. Hinh 29.11 cho thay
ndi dung cua hang doi trong sudt qua trinh duyst.

Tuong ty nhu tim ki€m wu tign 43 sau, ching ta o6 thé djnh
nghia mét ritng nhd vao cdc canh din téi méi nit nhu trong Hinh
29.12. Tim kigm uu tién dp rong tudng ing vai viee duyst cay trong
ritng niy theo thi tu tang.

Trong ca haj thuat todn, c6 1& chiing ta thay cac dinh duge chia
thanh ba ldp: cic dinh d4 dugce viéng, cac dinh ven (k& véi cic dinh
da duge viéng nhung chua duge vigng) va cae dinh khong duge thay
(chua duge gap [in nho). Néu néi mbi dinh (43 duge vigng) tdi canh
lam cho né dugc thém vao ciu tnic d@ ligu (cde canh dam nét trong
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Hinh 29.11 NGi dung hang dgi trong tim kiéim wu tién bé rong
Hinh 29.8 va 29:10) thi cidc canh niy tao thanh mot cay.

DEé tim mot thanh phan lién thong cla do thj (cai dat mot thi tuc
visit), ching ta bat dau véi mot dinh ven, tit ca cic dinh khang duge
thiy, va thuc hién thao tac sau day cho téi khi tit ca cac dinh duge
vieng xong: “di chuyén mot dinh (goi né 1a x) tit tap cac dinh ven vio
tap cic dinh da dugc viéng, dat tat ca cic dinh khong thay ke véi x
vao tap cac dinh ven”. Cac phuong phap duygt do thj khac nhau &
chd ching quyét dinh dinh nao nén duge di chuyén vao tap cac dinh
ven vao tap cdc dinh da duge viéng. Véi tim kigm uu tién do sau
ching ta mudn chon mét dinh tit tip cac dinh ven dugc gip lan sau
ciing, didu nay tuong ing vdi vidc ding mdt ngan x&p dé luu cic
dinh ven. Vdi tim kiém uu tién bé rong ching ta muén chon mot
dinh tit tip cic dinh ven duge cham téi trude nhit, didu nay tuong

Hinh 29.12 Riing fim kiéin e tién bé rong
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Hinh 29.13 Tim kiém 1w tién dg sdu trong mt dé thi lon hon
ng véi viee dung mot hang dgi dé luu cic dinh ven. Trong Chuong
31, ching ta sé thdy anh hudng ctia mot hang dgi c6 dd uvu tien
cho tap hgp cac dinh ven.

Sy tuong phan gita tim kiém vu tién do shu va tim kiém wu tién
be rong sé hoan toan hién nhién khi ching ta khao sat mot do thj l6n

Hinh 29.14 Tim kiéin wu tién bé réng trong mgt do thi Ion hon
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hon. Hinh 29.13 minh hoa thao tic tim ki&m wu tién dd sau cho mbt
do thj In hon. Hinh 29.14 tuong ing véi tim ki€m wu tien be rong.
Trong nhing hinh nay, cic dinh va canh vigng xong duge to dam
len, cac dinh khong thiy s& duge 1am béng, cide dinh ven c6 mau
trfing. :

Trong ca hai trudng hgp, qua trinh tim kiSm bit dau tir ntit traj
3 dwdi day. Tim ki€m wu tién 46 sau “di sau” vao db thij, Ivu mat s&
dinh vao ngin x&p; tim kigm wu titn ba rong “quét ngang” db thj va
nhd mdt s8 dinh vao hang doi. Tim kiSm wu tisn d0 shu tim cde dinh
méi cich xa dihh bat dau; né chi chon cae dinh gan hon khi khi gap
diém cyt. Tim kism wu tien b2 rong bao phi hoan toan ving gan
diém bt dau, no chi di ra xa mdi khi dinh ghin da duge nhin théy.
Mot fan nita, thy ty vigng cac mit phy thude nhidu vio thit ty xust
hign cic canh hic nhap vao va anh huéng cla thit ty nay vio tht ty
xuit hign cic dinh trong xau Ka,

Nhing diém khdc nhau vita néi dua dén khéc nhau od ban trong
cai dat nhing phuong phép nay. Tim ki€m wu tién do stu o6 thé cai
dat d¢ qui rdt don gian (bdi vi ciiu trde di ligu ma né ding 1a ngin
xEp) va tim ki€m vu tien be réng c6 thé cai dat don gian ma khong
can dé qui (bdi vi cau tric da litu ma n6 dung la hang dgi). Trong
Chuong 31 ching ta sé thiy mot ciu tric dg ligu duge dung cho céc
thudt toan vé do thi, d6 1a hang dgi co do vu tién, didu nay cho thay
sy phong phu clia céc tinh chét va thuat toan.

ME CUNG

Tim ki¢m vy tien d9 sau 6 nguén goe ljch st cach day hang tram
néim dudi dang tim duting di trong mot mé cung. Vidy, phia trdi cia
Hinh 29.15 la mot m& cung thong dung va bén phai ctia n6 1a db thj
duge tao bing cach diat méi dinh tai vi tri c6 nhisu duting giao nhau,
ke dén néi cdc dinh theo cic dubing di trong mé cung. Mé cung nay
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Hinh 29.15 Mgt mé cung va mét dé thi biéu dién ctia né

phiic tap hon so véi cac mé cung trude day trong cée vuon giai tri &
Anh quéc duge xay dyng bing cic con dubng xuyén qua cac bic
tutng rao cao. Trong nhitng mé cung nay, tit ca cic bic tutng duge
ndi tdi bifc tudng ngoai cling sao cho nhing qui éng va qui ba c6 thé
di dao trong d6 va nhitng ngudi khén ngoan c6 thé tim duong di ra
ngoai bng cich gii tay phai clia ho vao tuong. Khi xuit hién them
cac biic tuong doc lap d phia trong, can phai c6 chién luge tinh vi hon
dé di trong meé cung, day la Iy do dua dén phudng phap tim kiém wu
tien do sau.

Muén dung phuong phap tim kiém wu tién do sau dé di tir mot noi
nay dén noi khac trong mé cung, ching ta dung thi tuc visit, khéi
dau tir dinh cta d6 thj tuong ung vdi diém bat dau cla ching ta. M&i
khi thi tuc visit “theo sau” mot canh bdi mot [an goi dé quy, chiing
ta di doc theo con duting tuong ung trong mé cung. Diém cét 16i 1a
khi thi tuc visit hoan tdt mt dinh, chiing ta phai di trd lai doc theo
con duong vita di qua. Cach thic nay dua ching ta trd lai dinh ci véi
mot budc cao han trong ciy tini ki€ém wu tién d sau, sin sang do
theo canh ké& cua né. Tim ki#m wu tién @ sau thich hgp khi mot
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ngudi dang tim ki€m mot vat nae dé trong mé cung, tim kiém uu
tién be rong s& thich hgp hon khi ¢6 nhitu ngudi tim mét vat nho dé
trong mé cung bing cich chia ra di theo tit ca cic hudng.

BAN LUAN

Trong cic chudng sau, ching ta s& khao sit cic thuit todn da thi da
dang ding d& xac dinh cac tinh chét lién thang cho ca cac db thi c6
hudng va khong o6 hudng. Bay 1a cde thuat todn cd ban 4& xi 1y db
thi, nhung ching chi la md¢ dau cho cic thuat toin db thj. Nhigu
thuat todin hiu dung va ly thu da duge phat trién + ugt khai pham vi
cia quyén sach nay, va nhigu van de nghién cia thi vi vé cac thuat
toan vin chua duge giad quyét,

Mot s0 thujt toan rat hidu qua da duge phat trién nhung qua
phitc tap dén ndi khong thé trinh bay d day. Vi dy, xét xem mot do
thj c6 thé vé duge trén mat phéing ma khéng c6 cac doan thing giao
nhau hay khong. Bai todn nay duge goi 1a bai todn do thi phing,
bai todn khong 6 thuit giai higu qua cho téi khi R. E. Tarjan da phat
trién mjt thuat todn thoi gian tuyén tinh dya trén tim kiém wu tién
dd sau.

Mot st bai toan vé dd thi da ndy sinh mdt cach ty nhign, rét kho
va khong c6 thuit toan tot 48 giai chiing. Vi dy, khong c6 thuat toan
higu qua deé tim ra gia tri nho nhat khi duygt qua mdi dinh trong db
thi c6 trong. Bai todin nay duge goi la bai todan nha bubn di du
lich, n6 thuge lp cac bai todn khé ma ching ta s& khong thao luan
chi tigt, Hau h&t cic chuyén gia déu tin ring khéng tan tai thuat
todn hidu qua cho bai toan nay.

Céc bai toan db thj khéc c6 & cb che thuat todn hitu qua d8 giai
ching m#c du chua duge tim thay. Mat vi du 1a bai tedn ding céiu
do thi: xac dinh xem hai do thj bt ki c6 ddng nhit nhau hay khéng
neuy ta ddi tén céc dinh. D&i véi nhidu dang db thj dac bist, da o6 cdc
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thuat toan hidu qua d8 bai todn nay, nhung bai toan tong quat cling
cbn ma, _ .

C6 rit nhigu bai toan va thuat todn lign quan d€n cdc db thi va
cAc thult todn vé do thi déng vai trd rat l6n trong dng dung vao thyc
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BAI TAP

1.

Bigu dién nao cho 46 thj vb hudng 1a thich hgp nhat dé xsc djnh
nhanh xem mgt dinh cia db thj e6 cb lap (khdng duge ndi i bat
ky dinh nao) hay khang?

. Gia s\ thuat toan tim ki€m vu tign dp sau duge 4p dyng vho cay

tini ki&ém nhj phan va canh bén phai duge |4y trude khi roi mdi
mit. Cac mit duge vigng tham theo thd ty nhu the nao?

- Can bao nhidu bit dé luu trit trong bigu dién ma trin ke ciia do thi

¢6 hudng V dinh v E canh? Céan bao nhitu d&; véi bidu dign xau
ke?

- Hay cho vi dy mot do thj khong thé v& duge ra gifiy ma khéng o6

hai canh cAt nhau.

. Vigt mot chuong trinh dé xéa di mot canh khdi mot do thj duge

bigu dién bing xau ka.

. Viét mdt phién ban cia thi tyc adjlist 48 duy tri cdc xAu K& theo

thi ty cua chi s8 dinh. Thao luan vé wu diém cia cich ti€p can _
nay.

- Hay vé ra ring tim ki€m vu tién dp shu o6 dude (d3i véi vi dy

trong chuong nay) khi thi tuc dfs quét qua cic dinh theo thit ty

~dao nguge (td V t6i 1) chi ca hai edch bidu dién.

- Thi tuc visit dugc goi chinh x4c bao nhiéu fan trong tim kism wu

tién dd sdu trén mot do thi vd hudng (d€m theo s8 dinh V, s8 canh
E, 8 thanh phan lién thong C)?

. Hay cho biét xiu k& o6 duge néu cic canh cia do thi méu (trong

chudng niy) duge doc theo th ty dio nguge so véi thi ty da ding
@& tao nén ciu tric trong Hinh 29 4.

10. Hiy cho biét rimg tim ki®m wu tién 49 sau cho do thj mbu khi

thu tyc dé quy listdfs duge dung trén x4u K& cia bai tap trude.
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Trong chudng trude, chiing ta thiy cé thé sit dung thu tye tim ki€m
theo phudng phap uu tién dp siu (DFS - Depth first search) 48 tim
cac thanh phan lidn théng elia 46 thj; trong chuong nay, ta s& xét céc
thuat toan va cac vén dé lién quan dén tinh lién thong cua do thj.

Sau khi xét mdt vai wng dung tryc tigp ctia DFS dé lay cac théng
tin lién thong, ta s& xét sy tdng quat hod cua sy lign théng 1a song
lien thong. U day, ta chi y d&n truting hgp €6 nhidu hon mot duimg
dAn gitta hai mit. Mot do thi duge goi 1a song lign thong néu va chi
n&u vai mbi ciip dinh o6 it nhat hai duting din khéc bigt ndi cde dinh
nity v6i nhau. Nhu vay, ngay khi mdt dinh va 4t ca cic canh néi véi
dinh nay duge bé di thi db thi vin a lién thong. N&u trong ung dung,
bai todn lién théng la quan trong thi viec db thi van gitt duge tinh
lién thong cling la mdt bai toan trong yéu. Caich giai bai todn nay thi
phtic tap han thuat toan duyét trong Chuong trude, nhung van dya
trén DFS. '

Cé mdt trupng hgp dac thit hay gap @ tinh huéng dong cia bai
toan lién théng - trong A6 d6 thj duge them timg canh mét, la nhing
chu hoi nhu hai diém o6 thude cung mot thanh phan lien thong
khéng. Day 1a bai todn ding dé nghién citu, va ta sé xem xét ti mi hai
thuat toan kinh didn cho bai todn niy. Day khéng chi 1a cdc phuong
phip don gidn duge 4p dung ring rid, ma ching cdn minh hoa sy
khé khan cé thé gip khi phan tich mot thuit toan don gian. Van d2
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Wil 30.1 Nhuing cdti tmic dit g che cace thanh Phdn licn thong
nay doi khi duge goi la bai toan “tim hoi”, thuat ngd ndy cd tif dng
dyng nhirng thuiit todn lam cic thao tic don gian trén mot tap hop.

CAC THANH PHAN LIEN THONG

Bat ky phuong phép duyet do thi nio ciing c6 thé ding dé tim cac
thanh phan lién thang, vi tit ca phuong phap nay deu dya trén cung
mot chién luge tong quat Ia tham tit ca ce niit trong mdt thinh
phan lign thong trude khi chuyén sang nit k& tigp. Mot cach dé dang
d8 in ra cic thanh phan lign thang B thay dai trinh de quy DFS dé
in ra cic dinh dang duge thim (bing cich thém write(name(k))
ngay trude khi roi khéi thi tyc). Sau d6, ngay trude Isi goi (khong d&
quy} dén visit, ta in thong bio cho bigt thanh phan lién thdng mdi s6
bit dau (bang cach thém vio hai lenh writeln). Véi DFS dung cach
bidu dién danh sich k& can (§ hinh 29.1), ky thudt nay sé tao ra
output sau:

GDEFCBA
1H
KMLJ

Nhumng bi¢n the khic, nhu ma triin k& can, DFS dya trén ngan x&p,
va BFS (breadih first search), c6.thé dung dé tinh cac thanh phan
litn théng; nhung thy ty cic dinh duge in ra s khic.

Ta dé diing md rong dé lam nhing thao tic phic tap hon trén cdc
thianh phan lién thong. Vi dy, biing cich them invalfid] = & & sau
valfk] = id, ta s& duge cii “dao nguge” cia mang val, ma phan td
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thi id ciia mang invel 1a chi s cia dinh duge duyét [an thd id. Cac
dinh trong cing mot thanh phan lién thong la lién tyc trén mang
inval, mbi thanh phan lign thong c6 chi s6 1A gia trj cla id trong mbi
Ian goi visi¢. Nhitng gia tri nay o6 thé duge luu tr hosic d€ danh diu
cac ranh gidi trong méang inval (vi dy, phan ti dau tién trong mdi
thamh phan lién thong duge quy udc 1a sd am).

Vi DFS dung danh sich k& can da duge thay déi nhu a néu
trén, hinh 30.1 cho thiy cic gia tri trén cac mang trong vi du. Dac
biét, nhing k¥ thuat nhu vay duge dung 48 chia do thj thanh cac
thinh phan Lién thong trong cic chuong trinh réc réi khac, dé tranh
khdi nhitng chi tiét vun vt gap phai khi xét cac thanh phan khong
lidn thong. '

SONG LIEN THONG

D6i khi ¢6 ich @& thigt k& nhieu hon mot dudng di gita cic diém trén
mdt db thi, nhaim dy phong kha nang khong lién lac duge véi cic
dinh. Vi dy, ta c6 thé bay tit Providence d&n Princeton ngay nhu néu
New York cé tuyét bing cach di qua phia Philadelphia. Cac dutng
day chinh cia mdt mach dién thudng 1a song lign, nhy vay phan con
Iai cia mach diém vin o6 thé lam viée néu mot thanh phéin cua mach
bi hong. Mét tng dung khac (khéng thye t& lAm nhung la mdt minh
hoa ty nhién cho khai niém nay) la trong tinh trang chién tranh, ta
liun sao A& dich phai ddi bom it nhit hai ndi méi cit duge dudng tiép
van.

Nuit ban [& trong mdt do thj lizn thong la mot mit ma néu xod né,
sé tach db thj niy thanh 2 thanh phan. D6 thj khéng 6 mit ban [&
duge goi la song lién thong. Trong db thj song lién, méi cap diém 6
it nhat 2 dutmg din ndi ching v6i nhau. Dd thi khdng song lién, s
duge chia thanh cac thanh phan song lign.

‘Hinh 30.2 cho thiy -mt.f)t. dd thi lién thong nhung khéng phai la
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Hinh 30.2 Mdt d thi khéng song lién thong

song lién (d6 thj nay c6 duge tir do thi trong Chuong trude bang cach
thém cac canh GC, GH, GJ va GL. Trong vi dy, ta s& them 4 canh
nay theo thit tyf trén vao cudi input (d€ céc danh sdch k& can tuong
ty nhu trong hinh 29.4) va trong danh séch sé c6 8 thanh phan méi
biéu dién 4 canh vita duge them. Céc didm ban [a cia do thj nay la
A (vi A n6i téi B la phan cudi ctia do thi) va G (vi néu xod G, db thj
sé bi phan thanh 3 manh). C6 6 thanh phan song lign: AC G D E F,
G J L M, va cdc niit rieng lé B, H,IvaK.

Viée xdc dinh cdc nit ban [& trd nén mot mé rong don gian cia
DFS. Ta sé khao sat ciy DFS cho db thj vi du nay (xem hinh 30.3).
Xoa mit E khéng lam do thj mat lien thong vi G va D deu c6 cac
dutng ndi t6i mit F (& trén E) va lam thanh nhing duting din khac
tir ching tdi F (Ia cha cia E trén cay). Mat khac, xo4 G s& lam db thj
mat lien thong vi khong c6 duting din nao khae di tir L hoiic H dén
E (cha cua ().

Mot dinh x khong phai la niit ban & n&u méi niit con ¥ cé mdt nit
thap hon duge néi véi nit cao hon trén cay (theo cic dudng cham),
tir d6 cho mot lién két khic tir x dén y. Sy kiém ching nay khéng
ding cho mit gic cua cay DFS, vi khong e nit nio cao hon niit goc
(xem hinh 30.3). '

Nt gdc Ja mot mit ban [é néu n6 ¢6 2 con hosic nhieu hon, béi vi
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Iinh M3 DFS dé'vét song lién thing
duting dan ndi cic con cia nit goc phai di xuyén qua nit géc. Ta d&
dang dua nhiing sy kiém tra nay vho DFS bang cach thay d6i tha tuc
rode-visit o6 chic nang tra lai nit cao nhat trén chy (o6 gid trj val
thap nhat) trong qua trinh tim kiém.

funciion visit (k:integer) : integer;
var : link; m, min ! integer;
begin
id:=id+1; valfk]:-=id; min:=id; t:=adjfk};
while i< >z do-
begin  if vaift t.v]=0 then
begin m.=uvisit{t t.v);
it m<min then min:=m;
if ne>=valfk] then write(namelk));
end
else
it valft 1.v] then min:=valftt.v]:
t:=tt . next;
end;
visit: =min,
end;




i14 CAC THUAT TOAN TIM PHAN HOP

Mbt cich dé quy, thd tye nay tir cAc nit con etia diih % di doc
theo cde duting chiim da x:ic dinh nut cao nhit c6 thd vai d&n trén
ciy, viding thong tin trén 46 xac dinh & ¢6 1a nit ban 2 hay khong.
Thong thubng, sy tinh toin nay chi don giin 14 phép kiém tra nit
con (c6 gid tri val nho nhat) c6 la cao hon nit % trén cay hay khang.

Tuy nhién, ta can cd mdt phép kiém tra thém @& xdc dinh £ c6 a
g0c clia cily DFS (mot cich tudng duong Ja xét xem day cé phaj 1a [an
goi visit dau tign cho thiinh phan lien théng chita & hay khang), bai
vi ta dang su dung cung mdt chudng trinh d quy cho ca hai truting
hop. Phép kiém tra nay duge thyc hign bén ngoad visit va vi vay
trong doan ma trén khong cd phép kiém tra nay.

Tinh chit 30.1 cic thanh phin song lién cua mot db thi duoe tim
trong thoi gian tuyén tinh.

Mac du trinh nay chi don gian in ra cic nit ban 18, né d& dang duge
md réng, nhu ta da lam cho cdce thinh phan lien thang, 48 lam cde
xu Iy thém trén cdc nit ban [@ va cdc thanh phan song lign. Bai vi
day Ia mét thu tuc DFS, thii gian thye hién 1a ti 12 véi V4 E (n&u dya
trén ma tran k& can, mit trinh tuong ty s2 thye hieén vdi khoing
O(N'?) budc).

Trong cic logi Ung dung néu trén, tinh song lien duge dang dé
tang dd tin ciy, 06 ich dé phan ra cac do thj lén thanh cic phan quan
1y duge. Ro rang I trong nhigu vng dyng, cdc thanh phan lién thong
duge xU 1y titng cidi mdt; nhung thinh thodng cing can xd 1y ting
thanh phan song lién.

CAC THUAT TOAN TiM PHAN HOP

Trong mot s5 ing dung, ta muén biét dinh x o6 lién thong véi dinh
¥ hay khong ma khong nhit thigt phai xét dutng din cy thé nai
ching véi nhau. Véin dé niy duge nghién ciu ky luéng trong nhing
nam gan day; viee phat trién cac thudt todn hidu qua dang la mét sy
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chi ¥ bdi vi chuing cling duge diung dé xit 1y cie tip hgp.

Cac db thi tuong ing mpt cich ty nhign véi cie thp dbi tugng: cac
dinh tuong ing vdi cac ddi tugng va cic canh ¢ y nghia “trong cing
mot tap”. Nhu vay, dé thi vi dy trong Chudng trude tudng uing vdi
cactap ABCDEF G, HIvaJd KL M. Moi thamh phan lién théng
tuong dng véi mot tip hop khac nhau. Véi cac thp hop trén, ta chud
¥ d&n cau hoi “x c6 trong cung mdt tip hgp v6i y?”. Ro rang, disu
nay tucng Ung vdi cau hoi “dinh x cd lién thong vai dinh y?”

Cho mbt tap cac canh, ta xay dyng danh sich k& can cia do thj
tudng dng va ding DFS 48 gan cho mbi dinh mt gia tri 1a chi sd cua
-thanh phin lién théng chita dinh d6, va nhiing cau hoi dang “x ¢b
lign thong véiy?” b thé duge tra 1oi chi véi hai fin truy xuit mang
(d& 1y chi =6 thanh phan lién thdng cia x vay) vh mdt phép so sanh,
Hudng md rong nhitng phuong phép duge xét & day 1a tinh dong cia
ching : cac thudt toin nay cho phép thém cic canh méi trin l5m véi
cac cAu héi va tra loi chinh xAc cic cau hoi nay bang ciach dung cée
théng tin nhian duge. Twang tng vdi bai todn tip hgp, viée thém cac
canh mdi goi 1a thao tic union vh cic chu hoi goi la thao téc find.

Muc dich ching ta Ia vigt mot ham d€ kiém tra hai dinh x va y c6
trong cing mdt tip hgp (theo cach néi db thi, ¢6 trong cing mit
thanh phan lign thong) va ngu khong, thi dat ching trong cung modt
tap hop (them mot canh gita chung trong do thi). Thay vi xay dyng
mdt danh sich k& can hay madt bidu dién dd thj khde, ta s8 lam ting
tinh hieu qua biing cich diing mdt ciiu tric noi dic bigt, hd trg cic
thao tac union va find. C8u tmic ndi nay sé 1h mdt ritng cic cay, mdi
cay la mét thanh phan lign thong. Ta can cé kha nang ki€ém tra hai
dinh o6 thude ciing mbt ciy hay khdong va kha nang trjn hai ciy lam
mbt. Ditu nay din d&n kha nang cii dat hiéu qua cho ca hai thao tac
nay.

D& minh hoa thut todn lam viée nhu thé ndo, ta sé xét ciu tric
riung khi cac canh cia do thj (trong hinh 30.1) duge x ly theo tha
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1inh 30.4 Cac b bdt ddn cria vige tim phin hgi
ta AG AB AC LM JM JLJKED FD HI FE AF GE GC GH JG LG.
7 bugc dau tign duge chi trong hinh 30.4

Ban diu, tit ci cic mit & nhitng ciy tach 1t nhau. K& dé AG tao
ra ciy 2 mit vai A la niit gic, (Sy chon lya nay Ia tuy ¥, ta cling cb
thé chon G Yam gic). Cuing cdch trén, cdc canh AB va AC théem B va
C vao city nay. K& d6, cic canh LM, JM, JL va JK tao nén cay chia
4, K, L vd M; ciy nay ¢6 ciu tric hoi khéc (chi ¢ 1a JL khdng tao
thém gi, vi LM va JM dat L va J trong cing mot thanh phan)

Hinh 30.5 trang sau cho thay toin b tién trinh. Cac canh ED,
FD va HI tgo thém 2 ciy nia, thanh mot ring 4 cay. Ring nay cho
biét eic canh duge it Iy 0 thisi didém mé ta do thj o6 4 thanh phén lign
thong, hay mét cich tuong duong, lic nay cic thao tac union din
dén4tap {ABCG), {JKL M), {DEF} va{H I}). Bay gits, canh FE
khong gép thém gi vio ciiu tmic, vi F va E da cung thanh phan;
nhung canh AE két hdp hai cay dau tién; GE va GC khong them gi;
nhung GH va JG tao ra sy hgp nhit tit ci vio mot Cchy.
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Hinh 30.5 Todn bg cdc birde fim phdan hop
Can phai nhin manh ring - khong giéng nhu cic cay DFS - gitta
céc cAy union-find va do thj in phia dudi véi cac canh da cho, chi c6
quan hé la ching chia ciac dinh thanh céde tap hgp theo cung mot
phuong thi¢. Vi dy, khong c6 sy tudng ung giita nhitng dusng ndi
cac nit trong ciy va nhing dudng noi cic nit trong do thi.

Rat dé dang cai dat cac thao tic union va find bing cach ding
“lien két cha” cho cic ciy (xem Chudng 4).
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function find (x, y rinieger; union : boolean) : boolcan;
var i, j : integer;
begin  i:=x; while daidfij>0 do i:=dadfi];
Ji=y; while dad{j}>0 do j:=dadfj};
if union and (i< >j) then dadfjl:=i;
find:=(i<>=j)
end;

Mang dad{1... V] chita chi s5 dinh cha elia mdi dinh (thanh phan
¢4 gia tri 0 ding cho mit goe cia ciy). DE tim cha eia dinh J» tachi
don gian gin j:=dad{j] vh dé tim goc cla ciy 6 chita dinh j, ta lap
lai thao tdc nay cho tdi khi gap gid trj 6.

Ham find trd lai true néu hai dinh da cho )a thude cling mot
thanh phan. Néu ching khéng thudc cing mot thanh phin va cit
nnion duge bit, cic dinh nay sé ciing duge dat vao mot thanh phan.
Ta dung mang dad dé 13y giic cia cy chida mbi dinh, sau d6 kigm tra
cac ghe o6 tring nhau khéng. DE tron chy c6 giic j véi cay o6 gic i,
ta chi don gian dit dadfjj=i.

Hinh 30.6 cho thily néi dung ctia ciiu tric d@ lidu trong sudt tisn
trinh. Nhut thuiing 18, ta gid thigt ciic him index vi name chuyén dsi
gitta cac tén dinh va cde sd nguyén tir 1 dén V: méi thimh phan eda
bang (trong hinh) la tén cia thimh phin tuong ung trong mang dad.
Viduy, 181 goi hivm findfindex (x), indexty), false) s8 kidm tra dinh tén
x ¢6 cung thude mot thanh phim nhyu dinh tén y hay khong (khong
thém canh noi ching),

Thudt toin md ta trén c6 sy thyc hign €6i té trong trutng hgp
xflu nhat Ja khi cay thoai hod. Vi dy, 18y cic canh theo thit ty AB BC
CD DE EF ¥G GH HI 1J... YZ tao ra mdt chudi dai vdi Z chi dén Y,
Y chi dén X... Can thai gian ti 1& vdi V2 dé xay dyng ciu tric nay va
can thisi gian ti 1 vdi V(ho mot kiém tra tuong duong.

Nhiéu phueng phap duge de nghi @8 gidi bai todn nay, Mot
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Hinh 30.6  Cdi rric di licu ctia tién inh tim phdn hop
phuong phép tu nhién la thit lam mot diéu “hgp 1y” khi tron hai cay
hon la ap dit dad[j]=i. Khi cay co gnc i dugc tron véi cay co gocj,
mot trong cic nit nay sé van 1a nut gde va nit con lzu (va tiit ca con
cua né) phai doi xuéng mot muic trén cay. Dé giam thiéu khoang
cach tir goc dén da s8 nit, mdt cich tryc quan, ta lay nit goc la nit
c6 nhieu con hon. Y tudng nay, duge goi la can bang trong lugng, thi
dé dang cai dit biing cich luu kich thude clia méi cay (1a s con clia
gbe) trong mang dad cho mdi mit goc va ma hoa kich thude nay
thanh mot s khong duong (dé tim lai duge nit gde khi lan nguge
trén cay trong ham find).
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L3

Ve ¥ tudng, ta muén moi ndt duge chi tryc tigp tir gbc trén cay
cua nd. Khong c6 vin dé trong chieén Iuge ta ding; tuy nhién, vise
dat duge y do nay ddi hdi vige duyét it 1ihat b tit ca cde mit trén mot
trong hai ciy dude tron va dieu nay s2 lam rat nhigu phép so sanh
cho mot st nit lién hé trén duding din t6i ghic ma ham find thutng
xét dén. Nhung ta o6 thé it can 7 d6 nay bang cach lam tat ca cac
nut dude xét déu dugde chi dén tit goe | Méi nhin thi b vé day la mat
bude tio byo; nhung lai dé& lam va khén g cd gi khéng duge xam pham
trong ciiu tic eAc cdy nay : néu ciu tric cly o6 thé thay ddi dé thuat
todn 6 hitu qua hon thi ta nén thay di n6. Phuong phép nay, goi la
“nén duting din”, duge chi dat d dang biing cich thye hién mot
phép duypt trén mbi cay (sau khi dd tim duge gbc) va voi mbi dinh
bit ghp trém dudng din, ta dat dinh dé chi dén giic.

Sy két hop cie vige can bang trong lugng v nén dudng din sé
lam thudt todn thye hién rat nhanh. Viée cai dat sau cho thay trinh
md rong chi tri mot gia nho dé de phong cde truang hgp suy bign.

funetion find (x, y : integer; union ;! boolean) ! boolean;
var i, j, ¢ @ integer;
begin  ir=x; while dad/i]>0 do Lr=dadfi};
J:=y; while dad(j]>0 do j:=dad[j}:
while dad{x])>0 do
begin & =x; x;=dad{x}; dadft]:=i; end;
while dad{y]>0 do
begin &:=y; y:=dad[y]; dad{t]:=}; end;
if union and (i< >j) then

if dad{jl<dadfi}

then begin dmi{j}.':dad[j]+dnd{i}-1,‘ dadfij:=j;
end

else begin dad[i}-=dad[i}+dad[j]-1; dadfj]:=i;
end; -

find := (i< >j)
end:
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Mang dad duge khéi tao 1a 0 (trong chuong sau, ching ta & gia
s la didu nay duge lam trong mot thi tuc riéng findinity, Hinh 30.7
cho thily 8 bude diu tien khi ap dy ng phudng phip trén vio vi dy clia
chiing ta va hinh 30.8 cho thay sy hoam 5t tign trinh nay. Chidu dai
duting dan trung binh trén cay cudi cung la 31/13 = 2.38 (so sanh
vai 38/13 = 2.92 & hinh 30.5). V6i 5 canh dau tién, ritng tao duge la
tudng ty nhu trong hinh 30.4; 3 canh cudi cung cho mot cay “det”
chiia J, K, L v M theo nguyén tie cin bin g trong lugng. Rirng Ia det
thye sy trong vi dy nay, va tit ca dinh (c6 dinh dén trong phép
union } la d goc hay & ngay dudi gic - nén duding din khéng duge
dung. Nén duting dan vin git cay 1a det. Vi duy, néu thao tic union
chot 1a FJ thay vi GJ, thi sau cung F cing 1a mot con cia A.
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Winh 307 Niuing burcie defu ticn clio ticn trink fim phin hop (neomg hop c6
trong s3'vd nén diedng dény
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Hinh 30.8 [lodn tdi tién trinh tim phrfn hop

(treong hop co irong sé'va nén duong ddn)

Hinh 30.9 cho noi dung ctia mang dad khi ring dugc xay dung.
Dé bang nay dugc ré rang, méi thanh phan dudng i duge thay bing
chi cai thit i trong bang chit cai (tén cia cha me), va mdi thanh phan
am duge bd sung mot sd duong (trong lugng ciia cay).

Nhiéu ky thut khéc duge phat trién nhim tranh cac truong hgp
suy bién. Vi dy, nén duong dan c6 nhuge diém la yeu cau mat phép
duyét nguge khac trén cay. Mot ky thuat khac, goi la halving, lam
moi nit chi dén t8 tién cia nit d6 trén duong fan nguge trén cay.
Mbt ky thuat nia la splitting, tya nhu halving, nhung chi ap dung
cho tit ca cic mit khac trén dutng din. Nhing ky thuat nay c6 thé
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Winh 30.9 Cdu tric dii ligu ciia tién trinh tim phdn hgp

(trieong hop €6 1rong sé'va nén dwdng ddn)
duge dung két hdp vdi can bang trong lugng hay can bang chieéu cao
(ciing tuong ty nhu can bing trong lugng nhung dung chiéu cao
thay vi diing kich thudc cia cay dé quyét dinh phuong phdp tron
ciy).

Lam thé& naho d€ chon dudge mot trong cdc phudng phap nay ? va
cac cay tao ra sé “det” nhu thé nao ? Phan tich bai toan nay thi hoan
toan kho bdi vi su thyc hién khong chi phu thude vio cic tham s8 'V,
E ma con vao cic thao téce find va cii té nhit 1a theo trat ty xudt hién
cuia thao tac union va find. Khdng nhu trong viéc sip x&p, noi ma
cac tap tin thudng la hoan toan ngiu nhién, khé ma thiy cac mbd
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hinh do thj va cic mfu yéu cau 6 thé xust hien trong thye t& nhu
thé nao, Vi Iy do nay, cac thuat todn khong lam vige &t trong trutng
hdp x&u nhit thusng lai duge va thich hon thuat toan union-find
{va cdc thuit todn do thj khic) tuy nhign diy o6 16 1a mot cach tigp
cAn qud bao thi.

Ngay nhu n&u xét truting hgp xau nhdt, vise phan tich thuit todn
unton- find la cye ky phic tap. Dieu nay o6 thé thay ngay tir ban
chit clia két qua, khong cho ching ta dizu gi ro rang vé sy thyc hién
cua thudt todn trong mét tinh hudng cu thé.

Tinh chéit 30.2 néu viéc can bing trong lirong hofic con bing chidu
cao dige dinig d€ két hap voi vige nén, chia doi hoic phon ra, thi
tong s8 theo tic can ding dé xay ding md¢ ctu tric E canh la gon
nhue (nhumg khong hoim toan) tuyén tinh

Mat cich chinh xic, 5 cic thao tic ¢an ding 1 ti 1o vai EoE) véi
o) la ham tang chim n&u o E)<4 trit khi E qua lon thi 1Ay IgE, i
lay lg clia k't qua,... va Iap lai t5i da 16 [an khi vin con dugc mot si
nguyén ién hon 1. Theo R.E Tarjan, éng dé chi ring khong o6 thuat
toAn nao oo thé km 5t hon Eo(E) cho b todn nay (tir mdt 1op tong
quat nhat dinh).

Mat Ap dung cy thé quan trong cho thuat toan union-find la xac
dinh mdt do thj o6 V dinh va E canh 1a o6 lign thong hay khéng vdi
thoi gian t11¢ véi V va trong thii gian Bau nhu tuyén tinh. Bay lauu
diém so vdi DFS trong mot 5 tinh hudng: & d6 ta khéng ¢an phaj luu
cac canh. Vdi db thi ¢6 hing ngan dinh va hamg trigu canh, ta c6 thé
xac djnh duge sy lign thong cua né chi trong mdt [An duydt cic canh.
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BAl TAP

1.
2.
3.
4.
5.

8.

Tur do thj vi dy, xod canh GJ va them canh IK. Hay tim cic diém
bén fe va ci¢ thanh phin lién thong cla do thj mdi nay.

Vé cay DFS cho do thj trong bai tap 1.
Trong db thj song lien c6 V dinh, s6 canh nho nhéit 1 bao nhigdu ?
Vit chuong trinh in ra cic thanh phin song lién cua mt do thij

Va ritng union-find duge xay dung trong vi dy, vii ham find duge
thay doi 1a afiJ=j thay cho afjj=i.

(iiai bai tap trén o6 sit dung viée nén dudng dan.

7.Vé ritng union-find cb tit cic canh AB BC CD DEEF... YZ, wi gia

thist viee cin bing trong lugng khong o6 nén duting din, sau 46
lai Ix nén duiing din ma khéng oo cAn bng trong lugng.

. (iai baj tap trén, si dyng ca viéc nén dudng din va can bing

trong lugng,

. Chi dat csic bién thé union-find da md ta trong Chuong nay, va

xdc dinh theo kinh nghiém viée thyc hién cic phép so sinh cia
chiing cho 1000 thao tic union véi cac tham bign Ja nhing s8
nguyén ngiu nhién 1.,V

10. Vist chudng trinh sinh mot do thj lién thong nghu nhién 6 V

dinh bang cich sinh nghu nhién cic cap sb nguyén tit 1...V. Udc
lugng 56 conh cin thiét dé tao ra mot do thi lien thong theo V.
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Ching ta thudng muén md hinh héa cic viin d2 thyc t& bing cach sit
dyng dd thj trong d6 mbi canh duge gin mdt trong s hay chi phi
thich hop. Trong ban d6 hang khong cic canh &b thj tugng trung cho
céc tuyén duting bay, thi trong s8 ciia cic canh biu dién cho khoang
cach hofic gia vé. Trong mdt mach dién, thi cic canh tugng tring
cho nhing s¢i day dign, trong so thuting duge sit dyng 1a dd dai hay
chi phi. Véi mét luu do thii khéa bidu, trong 6 o6 thé tugng trung
cho thtii gian hay chi phi thyc hign hosic chis dgi mdt chng viee duge
hoan thanh.

Trong cic tinh hung nhu trén, vin dé cye tiéu héa chi phi tat
yéu niy sinh. Chiing ta sé danh chuong nay d& khao sit chi tiét cac
thuat toan nham giai guyét hai bai todn: "tim con dutng di qua tit
ca cac dinh do thj va 6 chi phi thip nhit* v *tim dung di noi hai
dinh cho trudce véi chi phi nho nhat®. Bai todn dau tién rd rang rat
hitu dung cho cac dé thj md phong nhing van d& tuong ty mach
dien, dugc goi 1a bai toan tim céy boo trim t68 tidy; bai toan that nhi
lai can thiét véi cic do thj bidu dién nhing vin dé tuong ty ban db
hing khong, duge goi la bai toin didmg di ngidn nhat. Cac bai todn
nity 2 tidu biéu cho nhieu vin dé khie niy sinh trén cac do thj o6
trong so.

Ciac thudit todn cda chiing ta lién quan d&n vige tim ki€m xuyén
qua dd thj, va ddi khi theo trye gide chiing ta thuting ¢6 khuynh
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Hinh 31.1 Mgt dé thi vé hieong c6 trong s6”
hudng xem trong so ctia mot canh nhu la khoang cach gitta hai dinh
tao nén canh dé. Nhung can nhd la trong s khdng bit budc phai thé
hién khoang cich, né c6 thé tugng trung cho thai gian, chi phi hay
mang mét ¥ nghia hoan toan khac. Khi tiong s8 that sy bidu dién
cho khoang cach, nhiéu thuit todn khac & thé thich hgp. Ching ta
sé thao luan diéu nay chi tiét hon & cudi chuong.

Hinh 31.1 cho thay mét vi du vé dé thj vé hudng cé trong s&. Khi
thé hién mot do thi co trong s5, trong ma trin lién hé sé luu tri cic
trong so cua cic canh chi khong chi la cic gia trj boolean cho biét
canh d6 ton tai hay khong; trong ciiu tric lién he bidu dién cho mbi
canh, ta phai them vao mot truong biéu dién trong s8. Gia si cac
trong s6 déu c6 gia trj duong. Mot vai thut toan c6 thé duge vist
thém nhing phan phy vao dé giai quyét truong hop trong s Am,
nhung ching lam cho vén dé trd nén phic tap hon rit nhieu. Trong
cac trutng hop khic, trong s8 am lam thay déi ban chit vin dé va
doi hoi nhitng thut todn tinh vi hon cde thuit todn ching ta xem
xét d day. Mot vi dy cho nhing khé khan c6 thé gip phai 1a do thj cé
chu trinh véi tong trong s cic canh trong chu trinh la am, khi dé
mot duting di ngiin nhit khong xAc dinh c6 thé phat sinh do di vong
chu trinh. Nhiéu thuit todn ¢§ dién da dugc phat trién dé giai bai
todn ciy bao trum tdi tiéu va dutng di ngin nhit. Cac thuat toan
nay la mot trong nhing thuit toin néi tiéng nhit trong cudn sach
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nay. Nhu ching ta da biét, cac thuat toin ¢ dién bao gids ciing cung
cip mdt cich tiép cin tong quat, nhung cic ciu tric di lidu hién dai
cho phép cai dat gon gang va higu qua. Trong chuong nay ching ta
sé xem xét cich st dung cic hang vu tién trong sy tdng quit cta
phuong phap du db & chuong 29 dé giai ca hai bai toan trén mot cach
hi¢u qua cho cic do thj thua; ching ta ciing xem xét m&i lién he gita
phudng phip nay vdi cac phuong phéap ¢8 dién cho cic db thi phic
tap; va cang xem xét mot phuong phap giai bai todn cay bao trum t&i
tiéu su dyung cach ti€p can hoan toan khac.

CAY BAO TRUM TOI TIEU

Cay bao trium tdi tiéu cia mdt do thi c6 trong s8 1a mot tap hgp cde
canh ndi tit ca cic dinh sao cho téng trong sb clia cic canh trong tap
hgp nay 1a nho nhit so véi téng trong s8 cla céc tap hgp canh khac
thoa dieu kign néi tit ca cac dinh. Cay bao trum t6i tiéu khong bt
bude phai la duy nhat: hinh 31.2 cho thiy ba ciy bao trum t&i tiéu
cua do thi vi dy ban dau, Cé thé dé dang ching to riing tap hop cic
canh ta viia dinh nghia @ trén phai tao thimh mot ciy bao trum: néu
¢6 bat ky mot chu trinh nao, thi eo thé xéa bdt vai canh trong chu
trinh mi vin ¢o tap hdp cic canh noi tiat ca dinh do thi vdi tong
trong sO nho hon.

Trong chuong 29 ching ta da thiy nhiéu thu tuc xic dinh mot
cily bao triim cua do thij. Liéu ching ta e6 thé siip xép moi viee doi

Winh 31.2 Cdy bao irim 161 thiéu
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véi mpt do thj o6 trong s dé cay bao trivm xac djnh duge chinh 1a cay
bao trum t5i tiéu? C6 nhidu cach 48 lam duge dizu d6, tit ca deu dya
trén tinh chit téng quat sau day cia cdc ciy bao tram t5i tidu.

Tinh chéit 31.1 Néie chia tit cd cde dink clia db thi theo bét ky cach
nao thanh hai tip hop dinh, thi cdy bao trim t6i tidu sé chita canh
ngin nhit trong s6 cic conh ndi mpt dinh trong tip hop nay vdi
mot dinh trong tgp hop kia

Vidy, ta chia cic dinh trong do thj & trén thanh hai tap hop A B
CDvaEFGHIJIKLM Wi d6 hiun ¥ DF phai 6 trong moi ciy bao
trim t3i titu. Co thé d& dang ching minh tinh chat niy bang phan
ching. Goi canh ngan nhiit ndi cic dinh gida hai tp s, gia s s
khong d trong mot ciy bao trim t5i tiéu. Bay gits ta xét d&n da thj
duge tao bing cich thém s vio mbt ciy bao tram t3i tiéu cda 8 thj
goe da xdc dinh duge trude d6. Do thji méi nay o6 mdt chu trinh;
trong chu trinh do mot vai canh khde s phai néi cic dinh trong hai
tap dinh. Néu xda bdt canh nay trong db thi méi thi ta s viin b cay
bao trum nhuny trong $8 nho hon va chua s (vi s c6 trong 5 nho
nhilt trong s6 cic canh ndi hai tap dinh), vay dieu dé trdi vai gia thidt
ban dau, suy ra s phai nim trong ciy bao trum t&i tidu.

Vi vily chiing ta e the xAy dyng city bao trim tdi tidu biing cfich
khdi déw tir mot dinh bitt ky va luon fuon tim dinh k& ti€p "ghn nhat”
d5i vdi cic dinh da xde djnh trude dé. Néi each khie, ching ta tim
canh ¢6 trong s6 nho nhit trong s cdc canh ndi gida mot dinh trong
s0 cic dinh di duge xic dinh thude vé ciy vdi mot dinh trong tap
dinh etm lai cua do thi, va thém canh @6 vio chy. Tinh chit 31.1 bao
dam méi eanh duge them vio ding la mét phan ciia ¢y bao trivm i
titu,

Hinh 31.1 cho thiy bdn buse dau khi thyc hign chi€n luge nay
duge dp dyng cho dd thi vi dy ca ching ta, bit dia bhng dinh A.
Dinh giin vii A nhiit (duge ndi vdi A bing canh ¢6 trong sd nho nhiit)
1a B, vi vily AB thudc vé ey bao trium t&i tidu. Trong tit ca cic canh
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lidn thong véi AB, canh BC cé trong 5 nho nhat, vi the né duge
thixm vao cay va dinh C duge xét tidp theo. Sau dd, dinh gan nhit ddi
vdi A, B, C }a D vi the BD duge thém vio cay. Hinh 31.5 thé hién két
qua cudi cing.

That sy ching ta thye hién chién luge nay nhu thé nao ? Dén bay
gids doc gia chac hiin da nhan ra cdc ciu tric oo ban cia ciy, bia va
cac dinh khang dudge xét da duge dé cap dén trong chién lude tim
kiém sAu va tim kigm 1dng & chudng 29. Héa ra ching ta c6 thé si
dung cing mdt phudng phdp, s dung hang dgi vu tién (thay cho
stack v gqueue ) dé luu trit cice dinh trong tap bia.

TiM KIEM THEO PO UU TIEN
(PRIORITY-FIRST SEARCH)

Tir chuong 29 ching ta da biét viée tim kigm trén do thj c6 thé mo
ta nhu 14 viee chia cic dinh thanh ba tap hgp: cde dinh chy (tree), la
ciie dinh Ung véi cic canh da duge xem xét; cic dinh bie (fringe), Ia
cac dinh dang chd dude xd 1y vh dang duge luu trd trong mdt ciu
tric d lieu nao dd; va cic dinh khong nhin thdy (unseen), la cic
dinh chua duge xem xét dén. Phuong phap tim kiém cn ban trén db
thj mh ching ta st dung dya trén cic bude "chuyén mot dinh x tir
tap bia sang tap ¢y, sau 46 dit vao bia mot dinh bilt ki ke vdi x va
chua duge x¢t”. Ching ta =i dung thudt ngd priorvity-first search dé
néi dém chitm luge 1ong qudt st dung hing ddgi c6 vu tién (priorvity
queue) dé quyét dinh dinh nao sé 1y tit fringe ra dé xi¥ 1y. Diéu nay
cho phép mot sy linh dong ding ké. Nhu ching ta da thiy, nhigu
thuat toean ob didn (hao ghm cd tim kigm su va tim kigm ring) chi
khie bigt trong cdich chen sy uu tién.

Dé xdc dinh ciy bao triam t8i tiéu, d6 vu tien cia méi dinh trong
tap bin nén 11 do divi cia conh ngéin nhit noi dinh d6 vao ciy dang tao
Iap. Hinh 31.4 thé hitm ndi dung cla hing dgi wu tign trong sudt qua
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Hinh 31.3 Cac biede khdi ddu xdy dung cdy bao trim 16t tiéu
trinh tao dyng cay bao trum t8i tiéu duge minh hoa & hinh 31.3 va
31.5. Dé 16 rang, cic phan tit trong hang dgi duge thé hién trong
trinh ty da séip. Sy cai diat hing dgi wu tién theo kidu danh sdch duge
sfip nay 6 thé thich hgp véi cic do thj nhé, nhung nén sit dung heap
cho cice do thj 1dn dé bao dam tit ca cdc thao tic dude hoin thanh
trong OtlogN) bude (xem chudng 11).

Trudc tien ching ta xem xét cac do thj thua biéu bién bing mot
danh sich ké. Nhu da nhiic tdi 6 trén, ta théem trutng trong sd w vio
ban ghi edge (va stta chita chuong trinh @ng vdi doan nhap trong s8).
Sau dg, su dung mot hang dgi wu tién cho tip bia, ching ta c6 doan
chuong trinh & trang sau :

Dé xdc dinh cay bao trum toi tiéu, thay thé ca hai lan xuit hién
cua priority bang t1.w Cac thu tyc pqinitialize va pgremove la
nhing thu tuc xu ly hang dgi vu tién nhu da mé ta trong chuong 11.
Ham pgupdate duge cai dat them vao tap cic tha tue xu Iy hang dgi
vu tien nham dam bao mét dinh da cho xuit hien trong hang dgi vai
toi thieu mot do wu tién cho trude: néu dinh dé khong trong hang
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procedure listpfs;
var id, k: En.t('gcr"; val : array [1. macV] of integer;
procedure visitih:integery;
var t: link;
begin
if pqupdate(k,unscen) then dadfk}:=0;
rcpeat
id:=id+1;
k:=paremove; valfk}:=-vaifk}:
if val{k]=unscen then valfk]-=0;
t=adj{k];
while t< >z do
begin
if wedff ¢ .0]<0 then
If pqupdate(t t v, priority) then
begin valft t.vi:=-priority; dadft v} =k
end;
tr=t1 . next
end:
until pgempty
end;
begin
id:=0; pginitialize;
for k:=1 to V do valfk]:=-unscen;
for k=1 to Vdo
i€ valfh]=-unscen then visitth)
ond;

dgi, thu tye pginsert duge thi himh: néu dinh nim trong hang dgi .
nhung c6 46 wu tign ldn hon thi thi hanh thi tyc pgchange 2 thay
doi 4o wu tien. Bat ky mot sy thay d6i nao xAy ra cing lam cho
Pqupdate tri ve gid trj true, Dieu nay cho phép chuong trinh trén 6
thé @it cic mang val vadad hien tai (current). Mangvel ty né c6 thé
thit sy giv hang dgi wu tién theo kidu gidn tidp; trong chuang trinh
trén chung ta & tich 10 cic thao téc trén hang ddi m cho 16 rang,
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Ngoai vige thay d6i ciu tric dir lidu thanh hang dgi vu tién,
chuong trinh trén gidng cic chuong trinh st dung cho tim kigm
rong vi siw, vdi hai ngogi 1e. Trude hét, ¢in dén mot thao tic bd
sung khi canh duge xét da nam trong tip bia roi: v6i tim ki€m rong
v shu, cic canh nhu thd duge bd qua, nhung trong chuong trinh
trén ta cin phai kiem tra xem canh mdi ¢6 lam giam @) uu tidn hay
khong. Didu nay bao dam ching ta ludn xét dén dinh ké tigp trong
tap bia thoa dieu kién "gAn" véi cay nhit nhuy mong mudn. Thi dén,
chuong trinh nay git vét cla ciy mdt cich tudng minh bing cach
duy tri mang dad mang luu tri cha clia moi nit trong ciy tim kigm
uu tien (tén cla mit khign cho nit d6 duge dua tit tip bia vao tap
ciy). Ciang thé, véi mdi nit & trén ciy, valfk] la trong s8 clia canh ndi
oiita k v dadfk]. Cic dinh trong tip bia duge dinh diu bang céc
trong s6 Am nhy & phan trude; cic dinh khéng nhin thay duge danh
difu bing gid trj -unseen thay vi 0. Ly do cla sy thay ddi nay s t13
nén ro rang dudi diy.

Hinh 31.5 cho thiy k&t qua hoan tiit cua viée xiy dyng ciy bao
tram toi tiéu, Nhu thudng 1&, cic dinh duge khoanh trong hinh
vubng la cac dinh trén bia, cic dinh duge khoanh tron vh ¢ nhéan la
céc dinh trén ciy, va cdc dinh duge khoanh tron, khong nhan la cac
dinh khong nhin thily. Cic canh cua cay 1a cde dubng den day, canh
6 bong 1 canh ngdn nhit ndi mdi dinh trén bia vao cay, Bbe gid nén

[€]
[@12 [9)2 ) 1
B {Fl2 [Flz (B [z [E]2 [E)2
[Fl2 {E]+ [E)« [E)2 (E)2 (3]s [z @] [ (v (i)
(4] [Gls [Gls {G]s [G]s [Cle s [G)s (2 [Ma fi)s [@a {i}=

Hinh 3.4 Ngi dung cria hdang doi i tién

frong tiéh winlt Xy dimg cdy bao trim 161 Hicu
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Hinh 31.5 Kéi qud hoan tdi ciia vige xdy dung cdy bao trim 16 tiéu
theo dbi qua trinh tao cay tir hinh 31.4. Dac biét, chu y cach thic nit
G duge thém vio ciy sau nhiéu bude @ tap bia. Dau tién, khoang cach
tit G dén cay la 6 (canh GA). Sau khi L duge them vao cay, GL lam
cho khoang cach tit G dén cay chi con 5, sau do E lai duge them vao
cay nén khoang cach chi con 1, va G duge thém vao cay trude J.
Hinh 31.6 thé hi¢n sy tao thanh cila cay bao trum tdi tiéu cho mot
do thi 16n va "hén don", véi chieu dai canh duge xem nhu la trong s8.

Tinh chiit 31.2 Tim kiém theo thiz tw wu tién trén do thi thua xac
dinh duwdc cay bao triom toi tiéu trong O((E+V)logV) buidc.

Ap dung tinh chit 31.1: hai tap dang duge quan tam dén 1a tap cic
nit dudc xét va tap cic mit khong duge xét dén. Tai mbi bude, ching
ta ldy mot canh ngin nhit tir mdt mit duge xét mit bia (Khong c6
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Hinh 31.6 Xdy dung mg¢t cdy bao trim 161 tiéi lén
canh nao ndi mdt nuit duge xét téi mit khong nhin thiy). Vay theo
tinh chit 31.1, mbi canh dugc 14y sé thudc vé cay bao trum tdi tiéu.
Hang dgi vu tién sé chi chda cac dinh: néu né duge cai dat nhu la
heap (xem chuong 11) thi mdi thao tie doi hoi O(logV) bude. Mbi
dinh dian dén mot sy chen, va moi canh din dén mot thao tac
pqexchange.

Dudi day chung ta sé thdy phuong phap nay cing giai duge bai
toan duting di ngin nhat véi dd vu tién duge chon lya thich hop.
Chiing ta ciing xem xét mot ciach cai dat khac ctia hang doi c6 dieu
kién c6 thé cho mét thuat toan V2, thich hgp cho cic do thj day.
Thuat toan nay tuong duong véi cic thuat toan ca tit nam 1957: véi
bai todn cily bao trum toi tiéu, ta ¢6 thuat toin R.Prim; véi bai toan
dutng di ngin nhit ta ¢6 thuit toin E.Dijkstra cho do thj day, va
thuit toan vira nhiic dén & trén goi la "gidi phdp tim kigm uu tién".

Tim ki€m uu tien la mot sy tdng quat héa cia cac phuong phap
tim kiém rong va tim ki€m siu vi cic phuong phéap nay ¢6 thé duge
dan xudt ti tim kim vu tién v6i do wu tien thich hgp. Nén nhé rfing
id tang tir 1 dén V trong sudt qua trinh xu 1y ctia thuat todn va vi thé
c6 thé dung dé gin mot ddru tién duy nhat cho cac dinh. Néu thay
priority trong listpfs bang V-id, ta sé c6 tim kiém sau, vi dinh vita
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mdi xét co dd wu tién cao nhit. Néu sit dung id thay cho priority ta
lai c6 tim kiém theo chiéu rong vi cic dinh vita mdéi xét xong c6 dd
uu tién cao nhit. Viéc gin dd wu tién nay lam cho hang dgi thao tac
giong stack va queue.

PHUGONG PHAP KRUSKAL

Mot cach tiép cin hoan toan khac dé tim cay bao trum ti tiéu don
gian la them mdi [an mét canh ngiin nhit hign hanh vao cay sao cho
khong tao thanh chu trinh. Néi cich khac, thuat toan bt dau véi
mot ring N cay: trong N budc, né két hgp ting hai cAy véi nhau (sit
canh ngin nhat c6 thé) cho dén khi chi con lai mdt ciy. Thuat toin
nay dugc Kruskal dua ra vao 1957.

Hinh 31.7 va 31.8 cho thiy timg budc thyc hién thuat todn nay
trén do thj vi du cua ta. Canh dau tién duge chon la canh c6 dd dai
nho nhit trong tit ca cic canh hign gits (1) trong db thj. Sau dé, cac
canh cd d¢ dai 2 duge thi them vao; chi y la canh FE cing duge xét
dén nhung khong duge chon vi néu thém né vao ciy sé tao thanh chu
trinh. Cac thanh phan roi nhau ¢6 thé duge dua vao cay k& tidp
nhau, khic vdi thuat toin "tim ki€m wu tién" xay dung ciy tang
truong theo ting nhanh.

Hinh 31.7 Nhuing biciic bt ddu trong thudt toan Kruskal
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Ilinh 31.8 Kéi qua hodn tdt trong thugt toan Kruskal

Viéc cai dat thuat toan Kruskal c6 thé ghép titng manh tir cic
chuong trinh ching ta da xiy dung. Trude tidn ta ¢an xét cic canh
theo thi ty trong s tang. Ching ta c6 thé don gian sip x&p chiing,
nhung héa ra sit dung hang dgi uwu tién lai tot hon, cha y&u la vi
ching ta khong phai xét tit ca cic canh. K& dén, chiing ta cin xem
canh dang dugc xét chon, néu thém vio ciy thi c6 tao thanh chu
trinh hay khong? Ching ta sit dung ciu tric unionfind da thao
luan 6 chuong trude cho cong viéc nay.

Bay gio, ciu tric dif lidu thich hgp cho do thj don gian 1 mot
mang edges v6i mdi phan t a mdt canh. Mang nay c6 thé dé dang
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xay dung tit danh sich ké hay ma tran k& cia do thj véi tim kiém
sau, hoic mét thu tuc don gian hon. Tuy nhién trong chuong trinh
dudi day, Chiing tbi chi tryc tiép khdi dong mang nay bing céc gia
tri nhap. Cac thu tuc gian tiép xu ly hang dgi uu tién pgconstruct va
pqremove & chuong 11 van duge dung dé bao tri hang dgi, dung cac
trudng trong s (w) trong mang edges lam cac d vu tién, va tha tuc
findinit va find & chuong 30 dugc sit dung dé kiém tra chu trinh c6
ton tai hay khong. Chuong trinh dudi day don gian chi goi thi tuc
edgefound cho mdi canh trong ciy bao trum; vdi mdt chit xi Iy nida
thi c6 thé xac dinh luén ci mang dad hay mdt ciiu tric biéu dién
khac.

program kruskal(input, output);
const maxV=50; maxE=2500;
type edge= record vl, v2, w : integer end;
var i, j, m,,y, V, E : integer; edges: array [0..maxE] of edge;
begin
readln(V,E);
forj:=1 to E do
begin  readin(c,d,edges[j]l.w);
edges(jl.vl:=index(c); edges[j].v2:=index(d);
end; '
findinit; pqconstruct; i:=0;
repeat m:=pqremove; x:=edges[m].vl; y:=edges[m].v2;
if find(x,y,true) then
begin  edgefound(x,y);
ir=i+1
end;
until pgempty or (i=V-1)
end.

Luu y rhing qua trinh xu ly c6 thé két thic theo hai cich. Néu
chiing ta tim thily V-1 canh, thi ching ta da c6 cay va cb thé dirmng.
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Néu hang dgi wu tién da réng, thi ching ta da duyét tit ca cac canh
ma khong xay dung dugc cy bao trim, dieu nay c6 thé xay ra khi do
thj khong lien thong. Thai gian thyc hién phu thufx vao thdi gian xi
Iy cac canh trong hang dgi.

Tinh chiit 31.3 Thuit toin Kruskal xic dinh cay bao trim t5i tidu
cua do thi trong O(ElogE) buidc.

Sy diing din cia thuat toan ciing dya trén tinh chit 31.1. Hai tap
hgp dinh dang duge quan tam la tap cdc dinh Ung véi cac canh da
duge chon dé xay dung cy, va tap cic dinh chua dung cham tdi. Méi
canh duge thém vao' la canh ngiin nhit gidta cic dinh & hai tap.
Trudng hgp xdu nhit la do thj khong lien thong, hic dé tat ca cac
canh déu phai duge xem xét. Ngay ca mot db thi lien thong, truong
hdp xiu nhit cing c6 thé xiy ra vi do thj o6 thé bao g6m hai phan ma
trong méi phan cic dinh duge néi véi nhau biing cic canh ngin, va
chi c6 mot canh dai néi lién hai phan, Khi dé canh dai nhit trong do
thj sé 6 trong cay bao trum t&i tiéu, nhung sé la canh cudi cung duge
lay ra khoi hang dgi wu tien. Déi véi cic do thj dién hinh, chiing ta
¢6 thé chis dgi ciy bao trum i tiéu duge hoan tat trude khi phai lay
canh dai nhat cia do thj (cay chi ¢ V-1 canh), tuy nhién luén can

Winh 31.9 Tim mot cdy W triim 16i tiéia Ion bang thudt toan Kruskal



PO T CO TRONG SO 141

thisi gian ti 12 véi E dé xay dyng hang dgi vu tién ban dau (xem tinh
chiat 11.2).

Hinh 31.9 minh hoa viéc tao dung mét ciy bao trum tdi tiéu 16n
hon véi thuat todan Kruskal. So do nhy cho thiy mot cach 1o rang cic
phuong phap lay tit ca ciac canh ngan nhit trudce tién: n6 sé them
cac canh dai hon vio sau cung.

Ban c6 thé khéng sit dung himg dgi vu tién, ma chi sfp x&p cac
canh theo trong s6, sau dé xu ly ching theo thu tu. Cang vay, viec
kiém tra chu trinh c6 thé thuc hién trong thoi gian ti 1& véi ElogE
vdi mot chién luge don giin hon unionfind, d€ duge mot cay bao
trum toi tiéu luon ludn phai trai qua E logE bude. D6 la phuong
phap nguyén thuy do Kruskal dé nghi, nhung phan trén ching toi
da dé cap dén mot phién ban hign dai hon véi sy stt dung hang dgi wu
tién va cilu tric unionfind nhu la thuat toin Kruskal.

DUGNG B! NGAN NHAT

Muec dich cua bai toin duting di ngiin nhit trong do thj cé hudng la
tim dutng di noi hai dinh x, y cho trude sao cho tong trong so cua tat
ca cac canh trén duting di la nho nhiit.

Néu tit vi cic trong s6 deu la 1 thi bai toan van con thi vj: hay

tim duong di co it canh nhit ndi hai dinh x, y cho trude. Ching ta sé
nghién ctiu thut todin tim kigm wu tien do rong dé giai bai toan nay.

HWinh 3110 Cay bao mim duong di ngan nhai
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Cé thé chiing minh dé& dang biing qui nap ring qua trinh tim kigm
uu tién do rong (khdi dau tir mdt dinh x) trudc tién sé viéng tat ca
cae dinh duge noi tdi x bdi mot canh trong do thi, k& dén la vigng tat
ca cic dinh ¢6 thé duge noi téi x bdi canh cia do thi... Do d6, khi y
duge gap [an dau tien thi duong di ngin nhat tir x tdi y duge tim thay
bdi vi khong 6 duting di niho ngin hon (xem lai hinh 29.14).

Noi chung, duting di tit x tdi y co thé qua tit ca cac dinh, vi vay
thong thuting ching xét bai todn tim dutng di ngén nhét ndi mot
dinh x da cho vdi tit ca cic dinh khdc trong do thj. Bay git thi bai
todn lai c6 thé giai quyét don gidn bang thuat toin duyét do thi theo
do uu tien da duge trinh bay bén trén.

Néu ching ta vé duong di ngin nhit tir dinh x t6i mdi dinh khac
trong do thj thi ro rang chiing ta sé khong gap bit ki chu trinh nao
va ching ta c6 duge mdt cay bao tritm duting di ngan nhiit, vidy
hinh 31.10 cho thay cac ciy bao trum c6 duge khi dinh x fan lugt 1a
A, GvaM. '

Hinh 3111 Cae bioe b déu xdy dung mgr cdy bao triim duworg di ngan nhdt
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Hinh 31.12 Kéi qud hoan tdi xdy dimg mot

cdv bao trim dirong di ngan nhdt

Viec giai bai toan nay nhd vao phuong phap tim kiém theo do vu
tien cing giong nhu giai bai todn cay bao trum t5i tiéu: ching ta xay
dung ciy cho mbi dinh x bang cich thém vao cic dinh "bia" gan x
nhit trong mdi bude (trude khi ching ta da them vao mot dinh gan
cay nhat). Dé tim ra dinh ven nao gan x nhat, ching ta ding mot
bi¢n mang val: véi mdi dinh k, valfk] la khoang cach tir dinh d6 téi
x doc theo dutng di ngiin nhit. Khi & duge thém vao cay, ching ta
cap nhat xau ké cia k. V6i mbi mit ¢ trong xau, khodng cich ngin
nhét tdi x xuyén qua tit t.v laval[k]+t.w. Do d6 thuat toan dudc cai
dat dé dang bang cich dung dai lugng nay lam dd uu tién trong
thuat toan tim kiém theo do uu titn.
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Hinh 31.13 NGi dung ciia hang dyi w tién trong tiéh rinh xdy ding
mit cdy bao frim drudng di ngdan nhdt

Hinh 31.11 cho thiy bin budc dau tién trong qua trinh tim cay
bao trum duting di ngiin nhét cia dinh A trong vi du. Trudc hét ta
tim ra dinh gin A nhiit, d6 la B. Ké& dén viéng C, F vi chiing cach A
khoang c:ich hai don vi... Qua trinh xit ly dugc minh hoa trong hinh
31.12 va ndi dung ctia hang dgi ¢6 dd vu tien trong sust qua trinh
tim ki#m duge cho trong hinh 31.13.

Hinh 31.14 minh hoa cic gid trj cudi cung ciia mang dad va val
trong vidy. Duting di ngin nhit tir A t6i H c6 trong s6 1a 8 (tim thay
trong phan ti val[8]) va di theo dusng AFEGH (tim thiy bang cach
di nguge theo mang dad khai dau tir H).

Tinh chit 31.4 Tim kiém dica vao dé wu tien trong mot do thi thica
tim ra cay duong di ngan nhét sao O(E + V)logV) buc.

Sy chinh xic cua thuat toin c6 thé duge ching minh bing phuong
phép tuong ty nhu Tinh chiit 31.1. Vi hang dgi c6 d wu tien duge
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Winh 3114 Bicu hign cdy bao iram duwong di ngin nhit
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Hinh 31.15 Xav dimg mot ¢y bao trim diweong di ngan nhd lon
cai dat dua vao cflu tric heap nhu chuong 12, thi thuat toan tim
kieém theo d6 uvu tién luén ludn bao dam thoi gian duge ude lugng
nhu trén khong phu thude vao vige dung d6 uu tién nao.
|

Dudéi day chiing ta sé thay mot ciach cai dat khac ctua hang dgi c6
dd wu tien dé c6 duge mot thuat todin cip V2 thich hdp cho cac do thj
day. Doi vdi bai todn tim dutng di ngfin nhit, didu nay dua dén mot
phuong phip c6 lé do E.Dijkstra tim ra vao khoang nam 1959.

Hinh 31.15 minh hoa mot ciy duting di ngén nhit 16n hon. Gidng
nhu lic trude, chiéu dai edc canh duge dung nhu trong s& trong do
thi nay, va ching ta can tim duge di ngiin nhit tir dinh ddy bén trai
tdi mdi dinh trong do thi. Sau nay chiing ta sé thao luin vé mot cai
tién co thé thich hgp cho cdc do thi nhu thé. Nhung ngay ca trong do
thi nay, co lé thich hgp hon khi ding cic gia trj khac lam trong s8:
vi dy, néu do thj nay bidu dién mot mé cung (xem chuong 29), trong
s0 cua canh ¢6 thé duge bi¢u dién bdi chinh cic khoang cdch trong
mé cung.
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CAY BAO TRUM TOI TIEU VA DUGNG DI
NGAN NHAT TRONG CAC PO THI DAY

Khi biéu dién dd thi bang ma tran ke, néu mudn thuit todn duydt
theo dd uu tién ob thifi gian chay la V2 thi tdt nhat 1a bidu dién hang
dgi wu tién bang mang khong thu ty. Didu niy o6 thé lam bng cich
8 hdp vong Iip ciip nhat do wu tien va vong lap tim gid trj cuc tidu:
mdi khi ching ta xén mét dinh khoi tip cac dinh bia, ching ta duyét
qua téit ca cac dinh, ¢iip nhat gia tri ¢ wu tién ndu can va luu gid gia
tri cuc titu duge tim thay, Qua trinh nay cho ta mot thuat todn
tay&n tinh d€ tim ki¢m thee 4o wu tién (ding d8 giii bai toan dutng
di nghn nhit va ciy bao trim ti thidu) cho cdc db thi day.

Dac bitt, ehing ta cid dit ciw tmic hing dgi vu tién trong mang
val (cing o thé cai dit nhu trong tha tuc Zistnfs nhu da thio lujin
trudc day) va cai 4t trye tiép e thao Uie trén ciu trmic nay thay vi
dung ciu tric heap, Dila clia moi phan ti trong mang val cho bigt
dinh tuonging & trin ciyy hay trong hang dgi. Liic dau thi tit ca cac
dinh diu ¢ trong hing dgi va c6 dd vu tien mdc nhién unseen, dé
thay doi do wu tien cho mdt dinh ching ta chi cin gin do vu tign mdi
vao phin i trong ming vael tudng dng vdi dinh d6. Sau khi higu
chinh chuang trinh h.s!;)fs ching ta cd chuong trinh matrixpfs &
trang saua:

Chil y ring gia trj unscen phid nho hon maxing mot it (boi vi can
co mot gid tri 16n hon dé dung lam "linh eanh" cho vige tim gia tr
nho nhit) va -unsccn phii ¢d nghia trong kifu nguyén dang si
dung. '

Néu chiing ta luu cic trgng s§ trong ma tegn ké va dung ofk,¢]
lam d6 uu tién trong chudng trinh nay thi s& cd thuit todn Prim (tim
ey bao trum tai tieu); Néu chung ta si dung valfkj+afk,t] nhu dd
rru tien thi s& co thuit todn Dijkstra (bai todan duting di ngfin nhat);
néu ching ta thim vai linh dé dung id Yam s6 dinh da duge duyét va
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procedure matrixpfs;
var &, min, £ infcger;
begin  for k:=1to Vdo
begin valfk] =-unscen; dad{k}]:=0 end;
val{(}); =-tunseen+1j); min:=1;
repeat
kr=min; valfk]:=-valfk); min:=0;
if valfk]=unseen then velfkl:=0;
“for t:=1 to Vdo
if vaift] <0 then
begin
if tafk,t]< >0} and (valft]<-priority) then
begin vallt]:=-priority; dadft]:=k; end;
if valft]>valfmin} then min:=t
end;
until min=0;
end;

V-id lam dé wu tién thi s& dude thuit todn tim kiém uvu tién do shu;
néu ding id thi o6 thuat toin tim kifm uu tién db rong. Chuong
trinh nay khdc vdéi chudng trinh trinh tim kigm theo d uu tién da
dugc vitt cho db thi thua vé mit bitu dién db thj (ding ma trén ké
thay vi xau k&) va cai dit himg dgi wu tién (ding mang khong thu ty
thay vi dung heap).

Tinh chit 31.5 Bai toan duimg di ngan nhit va cby bao trim i
tiou co the dwge giai trong khoing thii gian tuyén tinh doi véi do
thi thia,

Thsi gian hoat dong cia thudt todn xdp xi véi V2, méi [an mot dinh
duge vieng thi thuat tein duyét qua V phain ti trong mdt dong cua
ma tran ké dé kiém tra tat ch cic canh ke, cip nhit va tim gid trj nhod
nhat k& titp trong himg doi wu tién. Do @6 thoi gian chay sé tuyén
tinh khi E xap xi voi V2.
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Chiing ta vita xem qua ba chuon g trinh tim ciy bao triam t3i tiéu
vdi cic tinh nang hoian toan khde nhau: phucng phap tim ki€m theo
4% wu tién, thudt todn Kruskal vi thudt todn Prim. D& véi mit s
dang db thi, thuit tosin Prim ghn nhu nhanh nhit, nhung ddi véi cic
dang khdc thi ¢6 thé hai thuit tosn trude lai higu qua hon. Trong
truong hdp xdu nhit, thudt toin tim kidm theo dd vu tign doi hoi
thai gian fa (E+VilogV, trong khi thuit tosn Prim 1 V2 va thuat
toin Kruskal la ElogE. Thuit todn tim kiém theo dd wu tibn va
thuat todn Kruskal 6 thifi gian xip xi vai E d6i véi cac do thj thong
thuting trong thuc &, vai cac db thi thua thi thuit toin tim kigm
theo d9 wu tién sé hiju qua nhat, dii vai cac do thi day thi thuat toan
Prim c6 thai gian xap xi E.

CAC BAl TOAN HINH HOC

Cho trude N didm trong mat phimg, hay tim t1p cic dogn thing néi
tt e cac diém vai nhau suo cho téng do di cua chiing ngiin nhit.
Bai tadin hinh hoe nay duge goi 13 bisd todn ciiy bao teiim Euelid
toi titu. Bai tosn co thé duge gial bing cic thuat toan néi trén,
nhung ré rang cic thimg tin hinh hoe thém vio sé gidp ching ta tim
ra thuit toin higu qua hon nhiou.

Mot phucng phap dé gidi bad tosn Euclid néi trén Ia xay dyng mot
do thi diy A co N dinh va NrN-1 /2 canh, m0i canh ndi mit ciip dinh
va oo trong s6 Ia khoing cich gita hai dinh dé. Chy bao tram 81 tidu
o6 thé tim dude véi thisi gian x4p xi N2 nho chuon £ trinh matrixpfs.

Trong thite t& ching ta ¢6 thé lum tét hon, cau trmic hinh cho
rhép ching ta loai bd bat hiva hét cic canh tron g do thj day &d truse
khi tim ciy bao triom t&i tidu, Co the chitng minh ring cay bao trim
t5i tieu la tap con cia db thi chi £6m cic canh trong déi ngiu cla
biéu do Voronoi (xem chuong 28). Chiin g ta biét rang do thj nay c6
s& canh xfip xi N va o6 thé ap dung thuiit toan tim kigm theo dd wu
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tién hay thuit toin Kruskal cho do thj thua nay. Do dé trude hét
ching ta tim doi ngiu Voronoi (thisi gian xap xi NlogN') va ké dén s
dung thuit todn tim kiém theo 6 vu tien hay thuat todn Kruskal dé
tim ra ciy bao tritm 4 ticu, thoi gian phai tra tong cong sé xAp xi
NiogN . Tuy nhitn, viee vict phuong trinh d& tim doi ngu Voronoi
s¢ khong dé dimg (ngay ca doi vii mot lap trinh vién c6 kinh
nghiém), vi thé cich titp can nhy khong o6 ich trong thyc té&.

Mat tieép can khice la lgi dung tinh phin b6 cic diém ¢8 gidi han
sd canh trong do thj giong nhu cic & Tudi duge diung trong Chudng
26 cho bai todn tim theo khoing. Néu ching ta chia mat phing
thinh cdc 6 vudng sio cho mi  ¢6 thé chita khoang IgN/2 diém, k&
dén chi chon cic canh ndi mbi didm tdi cac didm trong cdc & vudng
lan can va diing thuat tean Kruskal hay thuit todn tim kiém theo do
wu tiémn.

Mot ¥ turéng tha vi Ix phan tich moi quan hé gida cic do thj va cic
thuat tain hinh hoo di trinh bay trong nhiing phan trude, Chic
chitn nhitu bid todn o6 the dua vé bai todn hinh hoce hay bai toin do
thi. Néu vj tri clia cie doi tugng Ji yifu 8 quan trong thi cic thuit
todn hinh hoc trong cic chuong 24-28 & thich hop, nhung néu mdj
quan hé gita ching la yéu t8 quan trong thi cde thuat todn do thj
trong phin niyy sé tot hon. Bai todn ciy bao trom Euclid t&i thidu
duting nhy nfun trung gian gitta hai cich tiep cin nay (A licu nhap
11 dt Jitu hinh hoc trong khi dit léw xeiit ki I cic mai néi cde didm).

Mot bai toin tuong ty I tim dudng di ngfin nhéit it x tai y trong
do thi gom eie diém trong mit phiing viv exie canh la cic dogn thim e
ndi chiing. Bo thi mé eung ching ta da dung la vi du cho logi do thj
nhy the, Loi giii cia bai tein nay 14t don ginn: dp dyng thuit todn
tim Kit'm theo do uu tiem, dat dd vu tien cho médi dinh bia duge ghp
la khoang cich trong ciy ticx tdi dinh bia d6 cong véi khoan g cich
tit dinh bia tdi y. Chuing ta ding khi y duge thim viho ciy. Phuong
rhap nay sé tim dutng di ngdn nht tie dinh x tdi dinh y it nhanh
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bdi vi né luon di "hudng va" y, trong khi cac thuit toan do thj chuin
phai “tim ki#m" y. Viéc di chuyén tit mdt goc d8n mdt goc khac trong
mdt mé cung ldn ¢d lé can phai kiém tra mdt sO dinh xAp xi can bac
hai ctia V, trong khi cAc thuat todn do thj chuan phai kiém tra gan
nhu tit ca cic dinh cua do thi.
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BAl TAP

1

2.

5.

- Tim mdt cdy bao trum t8i tiéu khac cla db thi trong vi du dau

chudng nay.

Hiy dua ra thuat toin tim ritng bao trim t3i tiéu ciia mot do thi

lién thong (nghia la méi dinh phai duge ndi bdi mpt canh nao dé,

nhung do thi cé dirge khong c¢an lien théng).

. C6 db thi nao V dinh va E canh ma can thui gian x&p xi (E +V)logV
khi tim ciy bao trium t4i tidu bing phuong phap tim kiém theo da
uu tién hay khong?

. Gia st chuing ta cai dat hang dgi wu tign bing mot xau o6 thi ty

ging nhu cai dat thuat todn duyét do thj tdng quat. Cho bist thoi

gian chay trong trudng hgp xdu nhat ? Khi nao thi thuat toan nay
khong thich hgp ?

Tim mot phan vi du d& cho thiy chign luge "tham lam” sau day sé

khong ching khi giai bai todn ciy bao trim t3i tiéu hay dutng di

ngfin nhit: "trong méi budc, viéng dinh chua duge vién g gan dinh

viin viéng nhit",

. Hay vé cic ciy duimg i ngdn nhét cho méi dinh ctia do thi vi du.

- Lam th niio d& tim cay bao triim t3i tiéu cda dd thj "khéng 1"
tqud Ién dén ndi khong thé chia né trung bd nhé chinh).

- Viet chuong trinh dé phait sinh cie do thi lien thang nghu nhién
V dinh, k& d6 tim duong di ngdn nhit va cay bao trum t5i tidu,
Hiy dung trong 6 ngiu nhién tir I dén V. So sanh trong s8 cic
¢y 06 dude thy theo cic gid trj cia V,

. Vitt chuang trinh dé phit sinh do thj day da c6 trong s& nghu
nhiét gom V dinh biing cich dat cde gia trj trong ma trin ké bdi
cic 50 ngiw nhién tf 7 dén V, Chay chuong trinh dé so sanh thuit
todn tim eiy bao trim t6i tidu cia Kruskal v Prim khi V=7 a, 25,
100.

10. Cho mt phitn vi du d€ thiy thuit todn tim ciy bao tram t8i titu

sau day =& khong diing: "Sip x¢p cic diém theo hoanh dp, tim ciy
bao trinm t0i ticu cho mot mita dhw tién v mat nda thi hai, k& dén
tim cunh ngan nhit ndi ching véi nhaw”,
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Db thi ¢6 hudng Ja db thi ma cic canh néi cde nit theo mdt chidu,
didu nay dua dén nhisu khé khan hon trong vige xAc dinh cac tinh
chét clia do th. Vigc xtt Iy cac db thj dang nay tuong ty nhu di dao
trong mot thanh phd c6 nhidu dudng mét chiu hay di du lich bing
dutng hang khong trong mot quiic gia, trong tinh huéng nay chiing
ta cin phai di tit mit vj trf nay dén vi tri khée trén do thi.

Thutng thi hudng clia canh s& phan 4nh mot ¥ nghia thuc t&
trong cac ¥ng dung dang duge mo phdng. Vi dy, d6 thi o6 hudng 6
thé ding &€ mé phong viec sin xuit theo day chuyén: cdc niit caa do
thi Ja cAc cong vide can phai lam va mot cang nai tir mit x dén nit
¥ €6 nghia la ebng viée x phai duge lam xong trude cong viec y. Phai
tién hanh cic cong viée nhu thé nao dé cic quy dinh khong bj vi
pham?

Trong chuong niy ching ta sé quan sat viee tim ki$m uu tién dd
siw trén cie do thi o6 hudng, cling nhu cie thust toan tim bao déng
lién thong, cic thudt todn sfip x&p topd, cic thuat todn tim csc thanh
phén lien théng manh (quan thm dén hudng cia canh).

Nhu da luu y trong Chuong 29, viée bidu difn cdc db thi oo hudng
chi Ia md rong (that ra la thu hep) don gian cia bidu dién cac do thj -
vO hudng. Trong bigu dién xiwm K&, méi canh xuit hign chi mot Jan:
canh ndi x tdi y dge bicu dién bdi mot mit chita y trong x4u lien két
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Hinh 32.1 M1 dé thi ¢é hieong
tuong ing véi x. Trong biéu dién ma tran ke, ching ta phai duy tri
modt ma tran day du véi kich thude VxV va dat bit 1 trong dong x cpt
y ctia ma tran néu ¢6 mot canh néi x tdi y.

Hinh 32.1 cho thily mot do thi cé hudng tuong ty véi mot do thi
vd huéng ma ching ta da thily trude day. Do thi niy gom cic canh
AG AB CA LM JM JL JK ED DF HI FE AF GE GC HG GJ LG IH
ML. Bay giis thi thu ty cua dinh trong mot canh sé rit quan trong:
ky hitu AG mo ta mot canh noi A t6i G, va khong phai noi G téi A.
Nhung cing ¢6 thé c6 hai canh giita hai nit, méi canh theo mot
huéng khic nhau (do thj trong Hinh 32.1 c6 ca hai canh HI va IH,
cing nhu LM va ML).

Chi y riing doi vdi ciac biéu dién nay thi khong c6 sy khic nhau
giita hai canh c6 huéng d6i nhau trong do thj c6 hudng va mbi canh
trong do thi vo huéng. Do dé, mot s thuat todan trong chuong nay
¢6 thé duge xem nhu tong quat héa cua cac thuat toan trong cic
chuong trude.

TiM KIEM UU TIEN B0 SAU

Thuat toan tim kiém wu tién dd siu cia Chuong 29 cling hoat dong
chinh xic doi véi cac do thj ¢d hudng. That ra cic thao tac lai don
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- Hinh 32.2 Riing fim kiém i tién dg sdu cho mét do thi ¢6 hirong

gian hon mot it so véi cic do thj vd hudng bdi vi chiing ta khong can
quan tam dén cac canh kép gida cic nit trit khi chiing duge biéu thj
tutng minh trong do thj. Tuy nhién cdc cay tim kiém sé ¢6 ciu tric
phic tap hon. Vi dy, Hinh 32.2 minh hoa ciu tric tim kiém uu tién
do shu dung dé md ta cac thao tic cia thuat todn dé qui trong
Chuong 29 cho db thi mau ciia ching ta. Giong nhu trude, day la
mot phién ban vé lai ctia do thi: cic canh lién nét thi tuong ung véi
canh da duge dung thyc sy dé viéng cic dinh do cac lenh goi dé qui
va cac canh dit nét tuong dng véi cic canh tro téi cac dinh da duge
viéng vao lic gip canh. Céc nit dugc viéng theo thi ty AF ED B
GJKLMCHI

Chi y rang hudng cta canh lam cho ritng tim kiém wu tién do sau
hoan toan khac véi ring tim kiém wu tién dd shu cho cic do thj vd
hudng. Vi dy, ngay ca do thj do thi goc lien thong, ciiu tric tim kiém
uu tien do shu duge dinh nghia bdi cic canh lién nét sé khong lién
thong: ciu tric nay la mot rimg chit khong phai la mot cay.

Dai vai cac do thj vo hudng, ching ta chi 6 mot loai canh duit nét,
loai canh nay ndi mot dinh t6i t& tien cta né. Dai véi db thj e6 huéng,
c6 ba loai canh diit nét: loai huéng len, ndi mot dinh téi t6 tien cia
n6; loai hudng xudng, ndi mot dinh tdi con chau ciia né; va loai vt
ngang, noi mot dinh t6i dinh khiac khong phai con chiu va cing
khong phai la t6 tién cua né.
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Cang gidng nhu cace do thj vb hudng, chiing ta quan tam dén tinh
chat lign thong cla db thi c6 hudng. Ching ta ciing mudn giai dap
cAc cau hoi vi du nhu: *Cé mot duting di 6 hudng tit dinhx dén dinh
y hay khong ?”, hay “Néu khdi diu tit mot dinh x thi co thé di tdi
duge nhilg dinh nio (theo mot dudng di ¢o hudng) ?”, hay la “Cé
ton tai mit duiing di ¢d hudng tir dinh x tdi dinh y va nguge Jai tir
dinh y téi dinh x hay khong?”. Ching c6 thé tra i cdc chu hoi 46
biing cich sita doi thich hgp thujt todn tim kiém uu tién do shu cho
do thj v6 hudng, mac di cic dang canh diit nét khde nhau sé Iam cho
viéc higu chinh eé d6i ditu phic tap.

BAO DONG

Trong cic (o thi vo hudng, cic dinh nfun trong cing mot thanh
phan lien thang ¢6 thé lien ke duge véi nhau bang cich duygt theo
canh. Déi vdi cde do thi ¢d hudng cang tudng ty, ching ta thuing
quan thm dén ap hop cie dinh o6 thé lign lac véi nhau bang cach
duydt theo eic canh co huting trong do thi. Bai todn cho do thj c6
huéng sé phdc tap hon tinh lien thong don gian cua do thi vo hudng.

C6 the dé dhng chitng minh ring thi tyc d2 quy visit vé tim kiém
tu tien do shu trong Chuong 29 sé qua tit ci cic nit o6 thé di tdi
dude tir mit khdi dau. Do 46, ndu chuing ta sita d6i thi tyc niy dé in

7 tit cA nhang nit mi né ding vigng (chiing han biing cich chén
them lénh writetnametks)). Cing can phai chu ¥ riing khong nhét
thiét la mai ciyy trong ring tim Kiém vu tién dd shu chia tit ca cice
nut mi o thé tai duge néu khdi diw tir gbe cia cy do: trong vi du
ctia chuing ta thi tit ¢ cac nut déu oo thé tdi duge ndu khéi dau ti
H hay 1. Dii 6 thé tai duge tit ca nhing nut (o6 thé tsi duge) khi
khdi dau tir mét nit, chiing ta chi can goi tha tyc visit V fan, mot [in
goi cho mai nut:
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for k:=1 to Vdo

begin  id:=0;
for j:=1 to V do val{j]:=0;
visit(k);
writeln

end;

Chuong trinh nay sé cho ra k&t xuit sau day khi Ap dyng vao db
thj c6 hudng trong Hinh 32.2. Tép hop cdc niit trén mdi dong phan
anh tinh chat ciu tric cua chinh ban than 6 thj: méi dong s& chia
nhing nit ma cé thé dén duge bang mot dudng di o6 hudng néu khai
dau tir nit dau tign trén dong.

AFEDBGJKLMC

B

CAFEDBGJKLM
DFE

EDF

FED
GJKLMCAFEDB
HGIKLMCAFEDBI
IHGJKLMCAFEDDEB
JKLGCAFEDBM

K

LGJEMCAFEDB
MLGJKCAFEDB

Doi vdi cic do thi vo hudng, qua trinh tinh todn nay s& cho ra mot
bang trong d6 mdi dong la tip hgp tit cd cdc mit trong cang mot
thanh phan litn thong. Dudi day ching ta sé nghign ciu sy téng
quit héa cia tinh chit lién thong trong d& thi vo huréng.

Nhu thuong 12, dudng nhién la ching ta muén lam nhing cong
viéc cd ich hon la chi liét ké céc dinh thanh mit bang. Vi du ching
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ta mudn thém vao mdt canh ndi trye tifp x tdi y ndu n tai mot
duting di o6 hudng tir x tdi y. Do thj o6 duge biing cach them tit ca
cac canh vio mot do thi c6 huéng theo qui tic vira néi sé duge goi 1a
bao déng cia dd thi da cho. Néi chung thi sé can thém vao rit nhizu
canh ném bao ddéng sé 1a mot do thi day va do d6 ching ta nén ding
biéu dién ma tran ka. Day 1a mot khai niem tuong ty véi cde thinh
phan lien thong trong do thj v& huéng; ching ta chi ¢an tim bao
doéng mdt [an, sau niy ching ta 6 thé trd iti rét nhanh cdc cau hoi
tuong ty nhu: “Cé ton tai mot duting @i tif x téi y hay khong?”

Tinh chét 32.1 Qua trink tim kitm 1 titn do stu c6 thé duve
ditng d& tinh bao déng cia mdt db thi co huwdng trong khoang
OVIE+V)) bude d6t véi mpt do thi thiza, va trong khodng O(V3)
bude déi vai do thi day.

Tinh chét nay duge suy ra trye tiép tit cc tinh chit oo sd trong
Chudng 29: ching ta thyc hién tha tye tim kigm 1tu tien 46 sau lan
lugt cho mbi dinh trong V dinh cia db thi. K&t qua tuong ty ciing
duing ddi véi trubng hgp tim ki€m uu tién chitu rong: nhu da chd y
¢ trén, thi ty ciac dinh dtrq}c viéng khong thich hgp cho viin dé cy thé
nay.

Néu dimg biéu dién ma tran ke thi bai todn tim bao déng o6 thé

giai quy&t bang mdt chuong trinh khéng dé quy don gian nhun g it
dang cha ¥ nhu sau;

for y:=1 to Vdo
for x:=1 to Vdo
if ofx,y] then
forj.=1to Vdo
if afyj] then a/x il =true;

S. Warshall da khém ph ra phuong phap iy vao nam 1962 bang
cach dya vio quan sat don gian nhu sau: “néu o6 mot dutmg di ti
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Phuong phap Warshall chuyén ma tran Ke cia mot db thj thanh
ma tran ké ciia bao déng ctia do thi. Mot phudng phap dé theo doi
thut todn la c6 thé xem thuit toan xd 1y mi [an mot dong clia ma
tran. Xu ly cho cit y 1a thay the méi dong cb gié trj 1 trong cdt y baj
chinh dong dé or luan 1y véi dongy. Hinh 32.3 cho thiy ma tran khdi
dong ctia vi du mAu va trang thai ciia ma trén sau khi hai oot dau
tién va mit nda oft thi ba duge x( ly: dén hic nay chi o6 dong C bj
anh huong. Hinh 32.4 minh hea trang thai ma tran trude khi mbt
val cdt cudi ciing duge xi Iy v trang théi cudi cling (tic la ma tran
cia bao déng).

Tinh chiit 32.2 Thugt totn Warshall tim dugc bao dong sau O(V3)
bisde,

Néu ma trin khdi dau hoan toan 1a 1 thi digu nay hign nhien vi
chiing ta c6 ba vong lap long nhau. Nhung ngay c cic db thj thua
cling cd thé duge dua nhanh vé trfmg hop nay - vi du néu niit dau
tién dude noi téi mbi mit khac thi ma trin sé duge 14p day bai cac bit
1 trude khi y nhan gia trj 2.

Vi cac do thj ldn, qua trinh nay 6 thé duge t8 chite sao cho cde
phép todn trén bit 06 the duge Jam mdi fan mot tir cla may tinh, do
do sé dua dtn tiét kigm ding ké treng nhisu méi truting,

TiM TAT CA CAC BUGNG Bl NGAN NHAT

V6i moi cap dinh x, y, bao déng cia db thj khang trong higng (o6
huéng hay vé hudng) tra loi cau héi “Cé tan tai dudng di tit x tdi ¥
hay khéng ?”. Véi edc do thj cé trong (cé hudng hay vd hudng), c6
the ngudi ta can xdy dung mot bang cho phép tim ra duong di ngin
nhit tif x d&n y cho mbi cap dinh ciia do th. Day chinh 1a bii toan
duiing di ngén nhiit cho tit ca cdc chip dinh. Vidy, trong da thij
co trong cua hinh 32.5, chiing ta mudn bit ring duong di nghn nhat
tie M tdi K co chieu dai 6, dutimg di ngfin nhalt tir J t6i F 6 chidu dai
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Hinh 32.5 DA thi ¢6 hudng va cé mrong
10 ... ma chi can tham khao bang da dugc xay dyng.

Thuit toan tim duong di ngin nhat trong chuong truée tim ra
dutng di tir mot dinh t6i méi dinh khéc cia do thi, vi vay ching ta
chi can chay thuat toan d6 V fan. Dieu nay dua téi mot thuat todn
chay trong O(EV+V2logV) bude. Nhung chiing ta ciing cé thé ding
phuong phip ciia R. W. Floyd giéng nhu phudng phap ctia Warshall
nhu sau:

for y:=1 to Vdo
for x:=1to Vdo
if a/x,y]>0 then
for j:=1 to V do
if a/y,j]>0 then
if (a[x,j]=0) or (a[x,y]+alyjl<a/x.j])
then a/x,jj:=alx,y]+alyjJ;

Céu tric cua thudt todn thi gan nhu y hét véi phuong phap
Warshall, nhung thay vi dung phép logic “or” dé theo dbi cac dutng
di, chiing ta théem mot it tinh toan cho mbi canh dé xac dinh xem né
c6 la bd phan clia dutng di ngin nhit méi hay khong: “dudng di
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Tinh chiit 32.3 Thu@ toin Floyd can O(V3 budc dé gidi bai toén
duwimg di ngin nhét cia cho mbi ciip dinh.

PHéu nay suy ra truc tigp tit Tinh chat 32.2.

Céac Hinh 32.6 va 32.7 minh hoa chi tiét tinh nang ctia thuit toan
Floyd trén vi dy cia chung ta, ching duge b tri chinh xdc nhy cac
Hinh 32.3 va 32.4 d& d& dang so sanh. Cac phan ti 0 tuong ing véi
v nghia khong 6 dubng di, cdc phin tuv khdac ¢ trong thuat todn
Warshall cho thily t6n tgi duting di gida cic dinh, cic phan t khac
0 trong thuit todn Floyd chiia d¢ dai cua duting di ngfin nhat. DPutng
di ngfin nhit clng c6 thé duge tim ra bing cach ding phién bin ma
tran cua ming dad trong cic chudng trude: cho phan ti trong dong
x et j nhan tén caa dinh trude trong duting di ngin nhét ti x téi
{trong doan chudng trinh trén chinh la dinh y d vong lap trong).

SAP XEP TOPO

Céc dé thi c6 chu trinh xuit hign nhidu trong cac ing dyng can dén
do thi o6 hudng. Tuy nhién, vi dy nhu néu dd thj trong Hinh 32.1 mé
hinh m{t day chuyén san xuit thi ta thiy ring cdng vige A phai duge
lam trude cdng vige G, ma G thi phai duge lam trude €, con C lai
phai lam trude A. Ro rang diy 14 mot tinh hudng khong nhit qudn,
khong phi hop vdi thuce t& Mot 8 ing dung sé cin cic dd thj khong
c6 chu trinh cé huéng, cic do thj nhu thé duge goi tit 1a DAG
(directed acyclic graph). Mot dag cling c6 kha nang 6 chu trinh néu
chiing ta khéng k& ¢&n hudng cia cic canh. Hinh 32.8 cho thiy mot
DAG tuong tyf vdi do thi c6 huéng trong Hinh 32.1, trong d6 mot s3
canh bj xéa bdt hay doi huéng. Danh sdch cac canh ciia da thi nay
gidng nhu d6 thi lien thong trong Chuong 30, nhung & day tha ty
dinh trong méi canh cé khac mot it.

Cac DAG hoan toan khic vdi cdc do thi o6 hudng tong quat:
chung la city timg phan, do d6 ehiing ta ¢6 thé Igi dung ciu trnic dac
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Hinh 328 H3 thi khdng 6 chu trinh ¢6 Iueong (DAG)
biét nay khi xi 1y ching. Khi nhin tit mt dinh thy ¥, mot DAG trong
giong nhu mot ciy; néi cach khdc, rimg tim kigm wvu tien do sau cia
mot DAG khong c6 cac canh hudng len. Hinh 32.9 cho ta thiy ring
tim ki€m wu tién do shu mo ta cdc thao téc ciia thi tyc dfs khi 4p
dung vao DAG trong Hinh 32.8.

Thao tdc co ban trén DAG la x ly cic dinh cla do thj sao cho
khong c6 dinh nao ctia do thj duge xi 1y truée dinh chi téi né. Vi dy,
cdc nit trong do thj trén cé thé duge xit ly theo thy ty:

JKLMAGHIFEDBC

Néu cic canh duge vé theo thy ty dinh nhu thé nay thi cic canh
ludn di tir trdi tai phai’Nhu da chd y & trén, diéu nay hién nhien c6
ung dung trong thyc t&, vi dy trong cidc do thj biéu dién xit 1y trong
san xuit. Thao tic xép thit ty cic dinh nhu trén duge goi la sép x&p
topo. .

N6i chung, thd ty cac dinh c6 duge tir qua trinh sip x&p topo sé
khong duy nhét. Ching han thit ty sau day cing la th tu tépd hop
1& doi vdi vi dy cla ching ta (duong nhién c6 thé c6 nhidu thy ty
khac) '

AJGFKLEMBHCID.
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Hinh 32.9 Rung tim kiém wu tién d¢ sdiu trong mét DAG

Trong cic uing dung vio day chuyén san xuit, hoan canh nay
xudt hién khi mot cong vige khong phu thude tryc ti€p hay gian tiép
vao cong viéc khéc va do dé c6 nhieu cdch thic dé tién hanh cong
vigc. _ _

Déi khi sé rat c6 ich néu ching ta dién djch céc canh cia do thj
theo cach khac: chéing han canh ndi x t6i y nghia la dinh x “phy
thuoc” vao dinh y. Vi dy, cic dinh ctia d6 thj biéu dién céc khai niem
duge dinh nghia trong mot tai lidu hudng din ciia mot ngon ngi lap
trinh (hay mot quyén sich vé thuat todn !), trong d6 mdt canh néi
tlr x t6i y néu dinh nghia cia x sit dung y. Trong trudng hgp nay sé
c6 ich Igi néu tim duge mot thit ty véi tinh chat mbi khai nié¢m duge
dinh nghia trude khi né duge dung trong mot djnh nghia khdc. Dieu
niy tuong ung vdi viee quy dinh vj tri cic dinh trén mot dong sao
cho cic canh ludn di tir phai t6i trdi. Mot thit ty topd dio cho do thj -
trong vi du la:

DEFCBIHGAKMLJ

Sy khac nhau (gita hai thi ty) sé khéng quan trong, bdi vi viee
sip x&p thi ty topd dao tudng duong véi viee sip xEp thu ty topd
trong do thj bang cich déi chieu tit ca cic canh.,
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Ching ta cing da thiy mot thuat todn sip thi ty topd dao: thd
tuc tim ki€m dé quy wu tien 4o sau trong Chuong 29. Khi do thj nhap
la mot dag, chi ¢an thay d8i thi tuc visit 4€ in ra dinh 4a dugc viéng
trude khi thoit (ching han nhu thém vio lenh write(namefk})) &
cudi), ditu nay sé lam cho thi tye dfs in ra cdc dinh theo thi tu topd
dao.

CAC THANH PHAN LIEN THONG MANH

Néu db thi chita mdt chu trinh o6 hudng (nghia Ia chung ta cd thé
khdi dau tit mdt dinh va di tré vé chinh né bing cach theo di theo
diing hudng cua cac canh) thi né khdng phai 1a mt DAG va khong
thé xép cic dinh theo thy tu topod, Trugng hop niy ching ta sé quan
tam dén tinh chit lién thong manh, nghia 1 c6 thé di tir mbi trong
dd thj dém mot dinh bat ky khic theo mdt dudgng di ¢6 hudng. Doi vdi
do thi khong lién thong manh thi cic nidt trong cing mét thanh
phin lién théng manh s& di dén duge ndt khac. Cac thanh phan lien
théng manh cia do thi 06 hudng trong Hinh 32.1 gom hai mit don
l& B, K, mot cap lien thong H I, mot bd ba lien thong D E F, mot b
sau lign thong A C G J L M, Vi dy, dinh A va F khong nam trong
cling mdt thanh phan lign théng bdi vi ¢é mot dubng di tr Adén F
nhung khdng cé duiimg nao di tie F dén A,

Cé thé tim dudge cic thanh phin lign thong manh bang cich thay
d6i thuat todn tim kighm v tién do sau, phucng phip ma ching ta sé
trinh bity da duge R. E. Tarjan khim pha nam 1972, Bai vi thut
toan dya trén phudng phdp tim kigm vu tién do sau, thoi gian hoat
dong caa né xap xi V+E, nhung né thye sy 1a mot phuong phap rét
théng minh. Chi can sta d6i mot it trong thu tyc visit co s0 cua
chiing ta thi co ngay thuat tofin nay, tuy nhién trude khi Tarjan tim
ra thuit todn thi khong cé mot thuit todn thai gian tuyén tinh nao
cho bai todn nay mic di c6 rit nhieéu ngusi nghién cidu no.
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Tuong ty véi chuong trinh ma chiing ta da nghién citu trong
Chuong 30 khi tim cdc thanh phan dong lien thong, cing c6 mbt
phién ban hiéu chinh cia phudng phap tim kifm wu tién 4o sau dé
tim céc thanh phan li2gn thdng cia d6 thj. Ham &2 quy visit duge cho
dudi day dung bién min d€ tim dinh cao nhit ma e6 thé téi duge tit
mdt chau chit bit ki cua dinh &, nhung gi4 tri cia min duge st dyng
khac mdt it khi in ra cac thanh phén lién théng manh:

function visitfk:integerj:integer;
var tlink; m, min: integer;
begin id:=id+1; valfk]: =id; stack{p]:=k; p:=p+1; t:=adj{k];
while t< >z do
begin  if valft t.v]=0
then m:=visitit?.v)
else m:=vaift t.v];
t:=t% next
end:
if min=val{k] then
begin repeat  pr=p-1; write(name(stack{pl));
valfstackfpfl:=V+1;
until stack{pj=k;
writeln
end;
visit:=min;
end;

Chudng trinh nay dat cac dinh vho nghn x@p khi vio thu tye visis,
k& d&n s& lay ching khoi ngin x&p va in ra khi vigng xong phan ti
cudi cing cia mdi thanh phin lién thang manh. Cuéi ciing néu
min=val{k] thi tit ca cac dinh da ghp (ngoai trir nhing dinh da duge
in} thupe viio cling mdt thimh phan lién thong manh véi & Chuong
trinh trén o6 thé duge sia ddi dé dang dé lam nhidu diéu thi vi hon
1 chi don gian in ra cdic thanh phan lién thong.
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Tinh chiit 32.4 Cé thé tim dude cdc thanh phtn lien thong manh
cua db thi trong khoang thisi gian tuyén tinh,

Chuing ta bo qua ching minh cia tinh chit nay.
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BAI TAP

1.
2,

Hay cho biét ma trin ka cia bao déng cda dag trong Hinh 32.8.

N&u ap dung thuit toin tim bao déng vao mt do thj vd hudng
bidu dién bing ma tran ké thi k&t qua nhu th& nao ?

. Hay viét mdt chuong trinh d€ tim s8 canh cla bao déng clia mot

dd thi c6 hudng bang cich ding bidu dién xau Ke.

. Hay so sdnh thuit toan Warshall véi thuat todn tim bao déng

bang cach dung ky thuat tim kigm wu tien do shu nhung sit dung
dang ma trén k2 cho thi tuc visit va khid bo d2 quy.

5. Hay cho bigt thi ty tdpd o6 dude d6i v6i DAG trong Hinh 32.8 khi

ding phuong phap da néi véi biéu dién ma tran k& nhung thi tuc
dfs quét qua céc dinh theo thit ty dao nguge (tit Vxudng 1) trong
qua trinh tim kigm céc dinh chua dugc vigng.

- Thuat todn tim dutng di ngin nhit trong Chudng 31 c6 ding d8i

vdi d6 thj c6 hudng hay khong ? Giai thich tai sao, va cho mdt vi
dy néfu né sai.

. Viét mdt chuong trinh d& kiém tra xem mot do thj da cho o6 a

mot DAG hay khong.

. C6 bao nhiéu thinh phan lién thong manh trong magt DAG ? Cé

bao nhitu thanh phin lién thong manh trong mat do thj c6 mot
chu trinh ¢6 hudng kich thude V ?

. Su dung chuong trinh trong Chuong 29 va Chuong 30 d€ tim ra

cac db thj co hudng nglu nhién véi V dinh. C6 bao nhiéu thanh
phan lien thong manh trong céc do thj nhu the ?

10. Viét mot chuong trinh c6 chite nang tuong ty nhu thi tuc find

trong Chuong 30, nhung chd ¥ cic thinh phin lién théng manh
clia do thi cé hudng (bai tiip nhy khong dé, chiie chin ban sz khang
thé c6 duge mdt chudng trinh higu qua nhy tha tuc find.)



DONG CHAY
TRONG MANG LUOI

Cac db thj c6 hudng va b trong s0 Ia cac mé hinh hdu dung cho cic
ing dung cin dén sy di chuyén trong mdt mang lugi. Mot vidu Ia
mang ludi gdbm cac dng dén dau vdi nhigu kich ¢3 khac nhau duge
néi lai rit da dang vdi cde odng tic dieu khign hudng di cia dau
trong 8ng tai cic diém ndi. Gia s& mang ludi 6 mdt noi bt ngudn
(chang han b chita dau) va mdt noi két thic (dd 16n) cho tat ca cic
8ng din ndi téi chiing. Lam thé nao d& lugng dau chuyén duge tif nai
bit nguon téi noi nhan la nhigu nhat ? Day la bai todn dong chay
trong mang lwdi, mot bai todn khong tam thuong.

Mot vi dy khic cho bai todn nay 1a ludng luu thong trén xa 1d va
hang hod can duge di chuyén qua cic nha mdy... Nhigu phién ban
ctia bai todn nay da dude nghién cliu tuong Ung vdi nhiéu tinh hudng
thyc t& khac nhau. Ré rang la ching ta can phai luu tAm nhidu dé
tim mét thuit todn hidu qua cho bai toan nay. Day 1a bai todn nam
trung gian gita khoa hoc méy tinh va linh vyc nghién citu ¥ng dyng.
Cac chuydn vién nghién ciu ung ddng thuting luu tam téi md hinh
toan hoc ctia cic he théng phic tap nhiim myc dich dua ra nhing
quyét dinh ¢ hidu qua trong thuc t&. Dong chay trong mang ludi 1a
mdt vi dy vé bai todn nghién ciiu ing dung, chiing ta s& tim hidu so
lugc vé mot s8 bai toin nghién eduing dung khdc trong cac Chuong
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42-43,

Trong Chuong 43 ching ta s& nghién cifu vé quy hoach tuy&n
tinh, day la mdt tiep can tdng quat A€ gidi cic phuong trinh toan hoe
phic tap c6 dugc tif edc md hinh nghién afu ing dung. Vdi cic bai
toan cy thé, chiing han bai todn dong chay trong mang lui da o cée
I gidi o8 dién giong nhu cic thuat todn d6 thi ma chiing ta da khao
ctu vi cb the cai dat rit dé dang. Tuy nhien khong gidng véi céc bai
toan khéc, day la bai todn vin cbn dang duge nghién ey, loi giai “tot
nhét” vAn chua duge tim th&y va nhitu thuat todn mdi vAn con dang
dude khdam pha.

BAI TOAN ’
DONG CHAY TRONG MANG LUG

Hay quan sat hinh v& Iy tudng cta mdt mang luéi nhd gom céc tng
dén dau trong Hinh 33.1. Céc 6ng c6 kha nang chua xap xi véi kich
thude cia ching va dau chi o6 thé chay theo hudng tir dinh 16i day.
Hon nita, ciac cdng thc 8 mbi moi ndi s& dieu khidn lvgng dau chay
theo moi hudng. Hg théng sé dat duge trang thai can bang khi lugng
dau chay vao dinh bang vdi lugng dau chay ra tir ddy (chiing ta muén
dai ligng niy 16n nhét) va lugng dau di vao mbi mai néi bang véi
lugng dau di ra khéi méi néi d6. Ching ta do lidng dau va sic chia
cua cdc &ng bang mot don vi nguyen (ching han gallon/s).

Hinh 33.1 cho thiy vige sit dyng céc cng tic tai nhing méi ndi
6 thé anh huéng téi kidng dau cyc dai. Trudce tien ta gia st ring
odng thc dieu khién duiing éng AB duge md, sau d6 13 BD va DF nhu
trong sd do ben trdi cia hinh. K& dén gia s &ng AC duge md va
chinh edng tic C 48 déng CD va md CE (c6 thé ngubi tryc tai cong
thc D da thong bio cho ngubi tryc tai cdng tic C rang anh ta khong
thé 13y thém dau niua bdi vi da ldy tir B), Két qua duge minh hea
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trong biéu do gita cia Hinh: cac éng BD va CE da day. Bay gio dong
chay ¢6 thé duge gia tang biing cach dua di dau qua dudng ACDF dé
lap day 6ng DF, nhung chiing ta lai c6 mdt cach giai quyét t&t hon
nhu trong s¢ dod thi ba. Biing cach thay d6i cong téc tai B dé doi
huéng mot lugng dau thich hgp theo 8ng BE, ching ta md éng DF
thich hgp dé cong tic C dua dau day vao éng CD da md sin. Téng s&
dau vao va ra trong mang luéi da duge gia ting biing cach diéu chinh
cic cong tic mot cach thich hgp.

Viée can lam cla ching ta la phat trién mot thuat toan dé didu
chinh cic edng tic. Hon nda, chiing ta muén bao dam ring khong cé
modt cach diéu chinh khac tot hon cach duge dua ra.

Tinh hudng nay c6 thé duge mod phong dé dang bang mot do thi
c6 hudng, tir d6 c6 thé dung cac chuong trinh ma chiing ta da nghién
ciu. Ching ta dinh nghia mang ludi 1a mot do thj e6 huéng c6 trong
va 6 hai dinh djc bigt: mot dinh khong 6 canh nao hudng téi né
(dinh ngudn) va mot dinh khéng c6 canh nho huéng ra ngoai né
(dinh dich). Trong lugng cua cdc canh la cic s6 nguyén khong am
goi la stte chita ctia canh. K& dén chiing ta dinh nghia dong chay

Hinh 33.1 Dong chay ciee dai trong mgt mang leoi don gidn



174 PHUONG PHAP FORD-FUILKERSON

la mot tap hgp khdc tuong ung vdi cic canh sao cho dong chay trén
mbi canh nhé hon hay biing sic chita, va dong chiy vho mébi dinh
hitng véi dong chiy di ra khoi dinh dé. Gid tri ciia dong chay duge
dinh nghia la dong chay di vao dinh ngudn (hay ra khoi dinh dich),
Bai todn dong chiy trong mang ludi 1a hay tim ra gia trj dong chay
l6n nhat d8i véi mbdi mang Wi da cho.

Hién nhién c6 thé bidu dién mang ludi bang ma tran Ke hay céc
xau ke ma ching ta da diing trong cic chuong trude. Thay vi mot
ching ta sé dung hai trong 8 cho mdi canh gom sc chia va gi4 trj
ludng chay qua canh. Hai trong s6 nay c6 thé bidu dién bing hai
truding trong moi nit cua xau k&, hay ding hai ma trim trong biéu
dién ma trin ke, hay hai trudng trong méi ban ghi clia nia tran ke,
Mic du mang ludi 1 mot o thj cé hudng, cic thuit toin ma ching
ta khao sit cing can phai duyét canh theo mt hudng “nguge”, v
vily chung ta dung biéu dién cia d6 thj vd hudng: néu o6 mdt canh
nii X tdi y voi kich thudc (suic chia) s va dong chay f, ching ta fuu
mét canh tiry tdi x vdi kich thude -s va dong chiy -f, Trong bigu dién
xau ke, can thiét phai duy tri cac lién k&t ndi hai nit trong danh sdch
mit bitu dién méi canh, sao cho néu ching ta thay d8i gia trj trong
dong chay mit canh thi o6 thé cip nhat duge gid trj nay trong canh
khac.

PHUGNG PHAP FORD-FULKERSON

Tiép ciin ¢ dién cho bai toan dong chay trong mang ludi duge xAy
dyng bsi L. R. Ford va D. R. Fulkerson vio nam 1962. Ho cung cip
mdt phudng phip dé céi tién bit ky mot dong chay hgp 12 nho (di
nhién la ngoai trit dong chay t3i da). Bit dau vdi mot dong chay 0,
ching ta s& 1ip di lip lai phuong phap nay. Sau khi phuong phap
duge ap dyung nhiéu fan, né cho ra mdt dong chity manh hon, néu
khong thé cii tién tidp thi tim thiy duge dong chiy t5i da. Thit ra
dong chay trong Hinh 33.1 ¢6 duge nhs dp dung phuong phap nay;
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bay git chiing ta sé thi nghiém phuong phéap nay cho do thi trong
Hinh 32.2.

D& don gian, chiing ta bd qua cdc mii tén, bdi vi tit ca ching déu
huéng xudong dudi. Phuong phap ching ta ap dung duong nhién
khong chi gidi han vao cdc do thj cé thé vé sao cho cac canh chi theo
cung mot hudng. Hién tai ching ta diing cic do thj nhu thé dé dé
dang hinh dung dong chay trong mang luéi dudi dang dung dich
chay trong cac éng.

Hay xem mot duong di ¢6 hudng bit ky xuyén qua mang ludi tir
nguon tdi dich. R6 rang dong chay c6 thé duge gia tang thém it nhét
la mot lugng biang vdi suc chia chua ding trén mbi canh cia duing
di. Trong su do bén trai cua Hinh 33.2, cach thic nay duge dp dung
theo duting di ABDF; ké& dén 1a so do gita, né duge ap dung doc theo
duong di ACEF.

Nhu da chi y trong phan trén, k& dén ching ta c6 thé ap dung
cach thic vita néi cho dutsng ACDF va tgo ra tinh huéng ma tat ca
cac duong di c6 hudng trong mang ludi déu c6 it nhit mdt canh duge
lap day bdi sic chia. Nhung cing ¢6 mot phuong phap khac dé gia

Ilinh 33.2 Dong chay e dai trong mdt mang i
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tang dong chay: chiing ta c6 thé xét cc dudng di tiy § xuyén qua
mang hudi ma cd the chuia cdc eanh chi theo hudng “sai” (ti dich
hudng dén ngudn doc theo duding di). Dong chay o6 thé dude gia
tang doc theo mot con dudng nhy the biing cach tang dong chay trén
méi canh tir ngudn hudng téi dich va giam dong chay trén céc canh
tu dich hudng téi nguon véi cing mét lugng da tang. Tron gvidycia
ching ta dong chay xuyén qua man g ludi c6.thé gia tang 3 don vi doc
theo dutng ACDBEF nrhu trong so do thd ba ciia Hinh 33.9. Bisu
nay tuong wung vdi viece them 3 don vi vao céc dong chay qua AC va
CD, k& d&n la lam lech di 3don vi & cong tic B tit BD t6i BE va EF.
Chung ta khong bi mat bot dong chiy qua DF béi vi 3 ddn vj dén tir
BD s& dén ti CD.

Dé don gian tir ngyd, ching ta sé goi cic canh ma dong chay xubi
tlit ngudn hudng téi dich (doc theo mot dudn g di) ia cic canh hudng
tGi v cic canh miadong chay nguge lai thi duge goi la cde canh quay
lui. Chu y rang dong chéy o6 thé gia ting vdi mot lugng bj gigi han
bdi dai hrgng cye tide cia ede phan khéng diung trong chc canh
hudng téi va dai lwgng eve tidu cia clia céc canh quay Iui. Néi cich
khie, trong dong chay mdi sé ¢6 it nhat mpt canh hudng tdi doc theo
duting di trd nén day hay it nhat mdt canh quay lui doc theo dueing
di trd ném rong. Hon nita, dong chiy khong thé duge gia tAng d6i véi
duting di ¢6 chia mot canh day hudng tdi hay mot canh réng quay
Tui. '

Tinh chiit 33.1 Trong mot mang lieéi, néu mbi duimg di tir dinh
nguon tdi dinh dich cé mot canh day hudng toi hay mot canh réng
quay lui thi dong chay la 1ot dai,

D& chitng minh tinh chat nay, hay di qua db thj via nhin ra canh day
hudng tdi hay canh ring quay lui thi nhit trén mai dudng di. Tap
hop csic canh d6 sé ¢t do thi thanh hai phan (trong vi dy cla chiing
ta, cac canh AB, CD va CE minh hga mét nhait cit nhy the). Véi mbi
nhit cit chia mang ludi thanh hai phin, ching ta ¢6 thé do dong
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chay ngang qua né: téng s8 dong chdy tién cdc canh di tir nguon
hudng téi dich. Trudng hgp tong quit céc canh o6 thé di theo ca hai
hudng xuyen qua nhat cit, phai bt di t8ng s6 dong chiy trén céc
canh theo hudng nguge. Nhit cit trong vi dy cda ching ta cé gia tri
12 bang vdi tong s6 dong chay trong mang ludi. Bit et khi nao gia
tri nhat cit bing tdng s3 dong chiy, khong nhitng ching ta bigt
dong chay 12 t3i dai ma cbn bigt nhat cit 1a t8i tidu (nghia la mbi nhat
cht khdc ¢ it nhit mdt dong chay ngang qua v6i mat dd cao hon).
Day chinh 1 dinh ly dong chay t8i da-nhat cht t8i thidu: dong chay
khong thé dat gid tri 16n hon va nhat cit khong thé dat gia trj nhd
hon. Ching ta bd qua ching minh chi tiét cia djnh 1y nay.

TiM KIEM TREN MANG LUGI

Cé thé tom it phuong phap Ford-Fulkerson nh sau: “bét dau vei
dong chay 0 va gia tang dong chay doc theo mbi duong di tir dinh
ngudn dén dinh dich ma khang c6 canh day hudng t6i hay canh réng
quay lui, tiep tuc dén khi khong con duding di nhy ths trong mang
ludi”. Tuy nhién, do phuong phap tim dudng di khong trinh bay cy
thé va cd the dung bit e duding di nao, vi dy dya vio tryc quan ta
o cam gide ring duong di cang dai thi mang ludi cang duge lam day
viv do dé chiing ta sé thich cic dubng di dai hon. Nhung vi du trong
Hinh 33.3 cho thiy can phai cAn thin trong mdt s8 truvng hop.

Trong mang ludi nay, néu duting di duge chon dau tign 1a ABCD
thi dong chiy chi tang 1én 1. K& dén chon dutng di ACBD, dong chiy
cing gia tang 1 va ta trd lai tinh hudng khdi dau nhung véi dong
chay trén cdic eanh bao ngoai tang 1en 1. C6 thé do dia vao dutng di
dai ta cdf tiép tyc vdi chién luge nay va phai can 2x1000 fan lip méi
tim ra dugc dong chay cyc dai. Néu cac s3 trén canh 1a 1 ty thi phaj
can 2 ty fan jp. Hién nhién day la tinh hutng khong nén d8 xay ra,
bai vi cde duting di ABC va ADC cho ra ngay dong chay cuc dai chi
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sau hai bude. Dé thuat toan hoat dong tt ching ta phai tranh kha
nang thai gian chay phy thugce vao do 16n cta site chifa. That ra, vin
dé nay c6 thé duge giai quyst bdi tinh chit sau day.

Tinh chiit 33.2 Trong phuong phép Ford-Fulkerson, néu ding
duong di ngan nhat tir dinh nguon dén dinh dich thi can it hon VE
lan chon cac duing di dé tim ra dong chay cuc dai, trong dé 'V la s
dinh va E la sé canh ciia mang ludi.

Két qua nay da duge ching minh bi Edmonds va Karp vio nam
1972, céc chi tiét trong chitng minh vugt khoi gidn han cia quyén
sach nay.

Mot phuong an don gian la chi can diing mot phién ban sita thich
hop cua phuong phap tim ki€m wu tién dd rong. Chan trén trong
dinh ly 33.2 ]a chan trén trong trung hgp x&u nhat, dsi véi mang
lugi thong thuting thi c6 thé can it lan lap hon nhiéu.

Dya vio cic phuong phap duyét do thi c6 @ wu tién trong
Chuong 31, chiing ta c6 thé cai dat mdt phuong phap khic duge de

Winh 33.3 Mang hidi ¢o thé doi hoi nhiéu lan Igp
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nghi bdi Edmonds va Karp: hay tim dudng di xuyén qua mang ludi
sao cho dong chiy duge gia tang nhizu nhat. C6 thé thyc hién digu
nay bang cich ding bién priority luu dd wu tign (gia trj duge chon
thich hgp) trong xéu K& hay ma tran Ké cia phudng phdp tim kigm
dua viio dd wu tien trong Chuong 31. Trudng hgp bidu dién ma
tran ke, ¢ thé tinh d6 uvu tién nhs vio doan chuong trinh sau,
truting hop bidu Jién xau K& ta o6 thé 1am hoan toan tuong ty,

if sizefk,t]}=>0
then priority;=sizefk,t]-flowfk,t]
else priority: =-flowfk.t];

if priority >valfk] then priority.=val{k];

K& dtn bdi vi ching ta mudén chon nidt vai gia trj dd vu tidn cao
nhit ching ta phai d6i thu ty so do 49 uu tién-hang ddi trong céc
chusng trinh d@ tra vé gia trj cye dai thay vi gid tri cyc titu hay 1
st dung chung biing cich sda priority thanh maxint-1-priority (vA
x1 1y ngude lai khi gia tri bi x6a). Chiing ta cing sifa chifa tha tuc
tim kigm dya vio dd vu tién d& dinh ngudn va dinh dich la cic tham
s8, ki dén bt dau mbi lan tim kigm tit &inh nguon va dirmg khi gap
dinh dich. N&u khong tim ra duge dudng di nhu thé, cay tim kiem uu
tien rieng phan dinh nghia mdt nhat cit t3i thidu cho mang ludi; néu
ngudc lai thi o6 thé cai tién dong chay. Cudi cung bién val cia dinh
nguon phii nhin g4 tr] maxint trude khi qua trinh tim kigm bt dau
véi y nghia la mot lugng tiy ¥ clia dong chay o thé dat duge tai dinh
ngudn (miac dil né bi giéi han bdi tong s6 sic chua cia tat ca cic éng
di ra trye tiép tit dinh nguon).

Bang cich ding thi tuc matrixpfs trong phan trude, viec tim
dong chay cye dai rat don giin nhu chuong trinh sau diy:
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repeat
matrixpfs(1,V);
y:=V; x:=dad[V]};
while x< >0 do
begin flowlx,y]: =flowlx,y]+va[V}:
flowlyx]:=-flow{x,y]:
yi=x xx=dadfy]
end;
uniil vad{Vi=I-maxint;

Trudce tien thuat toan gia tang doc theo dudng ABDF, k& dén doc
theo ACDBEF, thut toan da khéng chon dudng di thit ba 1a ACDF
vi dutng di nay chi gia tang dong chéy 1 don vj thay vi 3 don vj o6
shn trong dudng di dai hon. (Chu ¥ la ching ta dya vao Tinh chat
33.2 d& quyét dinh Ita chon nay.) K& dén can thém mot fan Iap dé
tim ra dong chay cye dai.

Mac du thuit todn nay dé dang cai dit va né heat dong tét cho
cac mang ludi nay sinh trong thyc t&, sy phan tich cia né tudng ddi
phic tap. Trude het tha tyc matrixpfs can V2 budc trong truding hgp
xfu nhit, n&u thay the bang tha tyc listpfs thi dan (E+V)logV bude
cho méi lan lap. Nhung ching ta phai can téng cdng bao nhiéu lan
1ap?

Tinh chiit 33.3 Néu ding phuong phép Ford-Fulkerson va gia
tmg dong chay voi mot irong 1om nhé thi s ditng di dioe ding
trude khi dong chay t6i da dicge tim thdy trong mang i sé nhod
hon I+logypa ™ trong dé f* la gié cia dong chay va M la s6 5
da cac canh trong moi nhat cdt cia mang ludi,

Gidng nhu trén, tinh chit nay duge chiing minh béi Edmonds va
Karp, né hoain toim vurgt khoi pham vi quyén sich nay.

Bai toan dang xét da duge nghien ciu rong rai va cdc thuit todn
phiic tap v6i truiing hgp xiu nhit tuong d6i t5t cia ching da duge
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Hinh 33.4 Tim r&)ng chdy cuee dai trong mét mang liedi lon hon
phét trién. Tuy nhién, thuat toan Edmonds-Karp nhu cai dat trén
da rat tot doi véi cac mang ludi nay sinh trong thyc t&. Hinh 33.4 cho’
thay hoat ddng cia thuat toan doi véi mot mang ludi 16n hon.

Bai todn dong chay trong mang ludi cé thé duge md rong theo
nhiéu hudng va nhiéu bi¢n dang cia né da duge nghién citu cin ké
bdi vi ching quan trong trong cac ing dyung thuc t&. Vi dy, bai todn
dong chay tong quat gom nhiéu ngudn, nhiéu dich va nhiéu dang vat
chat truyén di trong do thi. Trutng hgp nay bai todan khé hon nhidu
va can phai c6 nhiéu thuat todn nang cao hon. Cac md rong khic cia
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bai todn mang ludi bao gom viée dat sic chida 1én cdc dinh (¢6 thé
giai quyét dé dimg bang cach dua ra cic canh gia), cho phép cac canh
vd hudng (c6 the giai quyst bing cAch thay thé mdi canh vé hudng
bing mjt cap cunh 6 hudng), dua thém chan dudi che dong chay
trong moi canh (cach gidi quy&t tuong dsi phitc tap). Néu ching ta
gid su rang cac duting dng duge ghn vdi gia tion thi s& c6 b tedn
dong chay gid toi thiéu, mot bai todn rit khé trong linh we nghign
afu ing dung,
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BAI TAP

1

. Hay dua ra mdt thuat todin 8€ giai quy®t bai toan dong chay trong

mang ludi trong truing hdp mang ludi 6 dang mét cay nhi vao
x6a di dinh ich.

. Nhitng duding di nao duge di qua khi tim dong chay t5i da trong

mang ludi o6 duge bang cich them cicconh tt Bden Cva ta B
dén D vé6i trong lugng 3,

. Hay v& ra chy tim ki€m c6 49 wu titn o6 duge sau mdi [an goi d&n

thu tuc matrixpfs cho vi dg miu trong chuong nay.

. Cho bigt ndi dung clia ma tran dong chay sau mdi fan goi thu tyc

matrixpfs cho vi dy mau.

. Khiing dinh sau dding hay sai: khong thuit ton nho o6 thé tim

dugie domg chay tdi dai ma khong kiém tra mdi canh trong mang
Tudi,

6. Dieu gi xdy ra d6i v6i thuat todn Ford-Fullcerson khi mang tudi co

mdt chu trinh ¢6 hudng,

. Hay cho bigt mot phién ban cta thudt todn chan trén

Edmonds-Karp d6i vdi trusng hgp tit ca sic chita 1a O1).

. Tim mot phan vi du cho thiy tai sao tim kiém wu tién d6 sau

khong thich hgp d6i véi bai toan dong chay trong mang lusi.

. Cai dat I giai yim kiém wu tign dd rong cho bai toan dong chay

bing cich ding thi tuc sparsepfs.

10. Vit mot chuong trinh dé tim cic dong chay tdi dai trong cdc

nigng ludi ngiu nhién ¢6 V dinh v khoang 10V canh. Cé bao
nhidu Ian goi d&n thi tuc sparsepfs néu V=25, 50, 100.
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Mot van de thuting gap la “ghép cap” cae dsi tugng thich hgp véi
nhau theo mdt s quan h¢ nao d6. Vi dy, ¢an b& tri cde sinh vién ¥
khoa sip t3t nghieép vio cdc benh vien, Mbi sinh vign ligt ke ra cac
bénh vién ma minh thich va mbi bénh vién dua ra danh sach cac sinh
vién duge vu tien. Mot bai todn dat ra 1a hay bS tri cac sinh vien vao
cac bénh vign sao cho thich hgp. Bai toan nay can mét thuat toan
tinh xao, boi vi cAc sinh vién t5t nhit s& dude nhisu bénh vién ua
thich va cic benh vign tot nhit sé dude nhitu sinh vien wa chudng.

Vidu trén [ mét truting hgp dic bigt clia mbt bai todn khé va oo
ban cua lanh vye db thj. Cho mdt do thj, mot bd d6i sanh duge dinh
nghia gdm mét s& canh cla 45 thj sac cho khéng o6 dinh nao xuit
hi¢n nhiéu hon mdt lan. Nghia la cie dinh K2 véi méi canh trong hd
doi sénh duge ghép cap véi nhau, nhung cic dinh cbn laj ¢ thé
khong duge ghép cap. Ngay ca trudng hgp mat bb d8i sanh bao gom
nhidu canh nhit trong pham vi cho phép thi cdc phuong cach chon

canh khac nhau ¢6 thé dua d&n s8 lugng cac dinh khon g dudgc ghép
cip 1a khac nha,

Mot bér ddi siinh cwe dai 1h mot bd d6i sanh ¢6 nhisu canh nhat,
diéu nay tuvng dudng véi viee t6i thidu héa s3 cde dinh khang duge
dbi sanh. Trutng hdp t5t nhit ma chuing ta co thé hy vong la c6 mét
tap hop canh mia mdi dinh cia db thj xuat hien chinh xdc mdt Jan
trong tap hgp d6 {trong mdt do thj cé 2V dinh mot bd dsi sanh nhu
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Hinh 34.1 M¢t b¢ doi sanh cue dai (cde canh bong)
vy sé ¢6 V canh). Nhung khong phai lic nao ching ta cing dat duge
truting hgp tot nhat nay.

Hinh 34.1 minh hoa mét bd d6i sanh cyc dai (cdc canh duge lam
béng) trong do thi miu cia ching ta. Vi mot do thj gom 13 dinh
chiing khong thé c6 bd dai sanh nao nhiéu hon siu canh. Nhung cac
thuit toan don gian tim ra céc bd ddi sanh sé gap khé khan ngay ca
trong vi du nay. Vi du néu ching ta chon cic canh thich hgp cho viée
doi sanh khi chuing xuat hién trong qua trinh tim ki€ém wu tién do
sau (xem Hinh 29.7). Xem Hinh 34.1, ching ta chon dugc cac canh
AF EG HI JK LM, nhung ching khéng phai 1a mot bd ddi sinh cyc
dai. Nhu da chi y trude day, khong phai dé dang biét c6 bao nhiéu
canh trong mot bd doi sanh cyc dai cuia mot do thj da cho trude.
Ching han xem mot do thi con (cua do thi dang xét) gom 6 dinh tir
A dén F, trong do thj con nay khong ton tai mot bd doi sanh nao c6
ba canh. Trong khi dé chuing ta c¢6 thé tim dé dang mot bd d6i sanh
cye dai etua do thj ldn (vi duy, viée tim mot bd déi sanh cye dai cho do
thj “mé cung” trong Chuong 29 sé khong phai lIa mét bai todn kho).
Do d6, trong trusng hop tong quat viée tim b doi sanh cye dai cho
mot dd thi bat ki 1a mot van dé khé khan.
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Vi ba todn ddi sanh benh vign-sinh vien nhu da trinh bay & trén,
céc sinh vién vh cic bénh vién duge thé hign bang cAc nit clia do thi;
cAc sd thich cua sinh vién hay sy wa chudng cla bénh vién duge thé
hién bang cac canh cia d6 thi. N&u cic s& thich duge gin bdi cic gia
tri s8 (chang han dung ti 1& trong khoang 1-10), thi ching ta s& ¢
biii toan doi sénh cé trong: cho mot do thj cd trong, hiy tim mpt
tap hgp canh sao cho khong 6 dinh niio xuit hign hai [An trong tap
do v téng trong lugng cic canh trong tap d6 1a lén nhét. Dudi day
chiing ta s& xem mdt dang khde, trong dang nity chiing ta chi chii ¥
tdi cic s thich nhung khong doi hoi gan gid trj s6 cho chung.

Bai todn doi sanh da thu hit sy chd ¥ I6n lao clia nhieu nha toian
hoc bdi tinh ty nhién vh kha nang dng dung tdng rai cia né. Loi giai
cla nd trong trudng hgp téng quat la cac cdng trinh v2 toan hoc td
hgp rfit dep va rat phic tap ma hoan toan vugt khoi pham vi cla
quyén sach nay. O day ching tdi sé givp doe gia tiép cin bai todn qua
viée khao =it mdt vai trubng hgp dide bigt thi vi cing vdi phat trién
mot s6 thuat toin hitu dung.

PO THI HAI PHAN
(BIPARTITE GRAPH)

Nhu 44a luu y trong vi dy trén, vide d6i sanh ede sinh vién véi cac
bénh vién chic chin la mdt trong nhidu Wng dyng da dang cla bai
todn doi sanh. Vi dy chding ta ¢an ddi sanh cic dan dng va cac phy
ni trong mit djch vy hon nhin, cic ngdti xin vige vao cic xi nghiép,
cac cua giang day vao cde gid hoe. Cae d6 thj nay sinh trong céc
truting hgp nhu the duge goi 1a do thi hai phan, duge dinh nghia
ghm cic canh ndi hai tip hop dinh, Nghia la tap hep dinh duge chia
thanh hai tiip con vi khiing o6 canh nho néi hai dinh trong cling mt
tap con. Mot vi dy cua dé thi bai phin duge trinh by trong trong
Hinh 34.2. Co 1é dfe gia thich thd vdi vite tim mot bd 481 sanh eye
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Hinh 34.2 Mt do thi hai phdn
dai trong do thj nay.

Trong biéu dién ma tran ke cho cic db thj hai phan, hién nhién
ngudi ta chi can luu cac dong cho mot tap hgp dinh va cdc cbt cho tap
hgp dinh con lai. Trong biéu dién xau ke thi lai khong c6 thay déi
nao, ngoai ra phai dat tén cac dinh mot cich thong minh dé c6 thé
xac dinh tén cdc dinh thujc vé tap hgp dinh nao.

Trong cdc vi dy, ching ta sé& diing céc chit cai dé danh dau cic
dinh trong mot tap hgp va cic con s8 dé danh dau céc dinh trong tap
hgp con lai. Bai todn déi sanh cyc dai cho cac db thj hai phan c6 thé
phdt biéu don gian trong dang biéu dién niy nhu sau: “hay tim mot
tap con I6n nhit gom cic ciip chit cdi-s6 sao cho khéng ¢6 hai ¢iip ndo
trong tap con d6 c6 cung mot chit cii hay s6”. Mot bai tap thi vij 1a
cb ging tim ra mdt I6i giai truc tiép cho bai todn ddi sdnh trong
truong hop cic do thj hai phian. Nhin sd qua thi viin dé nay duong
nhu 6 ve don giin, nhung sy t& nhj lai rit cin thiét trong trutn hgp

niy. Chéc chéin sé c6 nhieu t6 hgp cic caip néu ching ta cf ging vét
can tit ca cac kha ning c6 thé: mot i giai phai da théng minh dé
c6 thé chon chi mjt vai phuong an c6 thé ghép déi cic dinh.

Chiing ta sé khao sat mot loi giai gidn ti¢p: dé giai mot vi du ey
thé cua bai todn dd sdnh, chiing ta sé& xay dyng mot vi du cta bai
toan dong chily trong mang ludi, dung thuat todn trong chuong
trude, ké dién dung Iai giai cho bai todn mang ludi dé giai bai toan d6i



POl SANH 189

Winh 34.3 Si7 dung dong chay rong mang liwéi dé'tim bg déi sanh cyee dai
sanh. Nghia la ching ta dua bai todn d6i sanh vé bai toan dong chay
trong mang ludi. Day la mot phuong phap thiét k& thuit todn dé tao
ra mot thuit toan nhd vio cdc thuat toan ho hang ctia né c6 sin tit
mdt thu vién chuong trinh con duge viét sin bdi ngudi 1ap trinh he
thong. Day la mot diém quan trong cd ban trong ly thuyét cia cac
thuat todn t6 hgp ning cao (xem Chuong 40). Bay git cach tigp can
nay sé cho ching ta mot 16 giai hipu qua clia bai toan déi sanh trong
do thj hai phan. :

V6i mot do thj hai phan cho sin, ching ta xay dyng mét mang
luéi bang cich tao mdt dinh nguon véi cic canh néi téi tit ca cac
dinh trong mot tap hgp cua do thj hai phan, k& dén them vao mot
dinh dich dudce noi tdi bai tat ca cic dinh trong tap con lai cta do thj
hai phan. Tit ca cac canh trong do thj c6 duge seduge xem la c6 sie
chua (kich thudce) 1.
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Hinh 34.3 cho thily mat mang dong chay tuong ung vdi do thi hai
phan trong Hinh 34.2, k&€ dén ching ta s8 dung thuat todn luong
mang ludi cua chuong trude. Chi ¥ riing tinh chit cia ds thi hai
phan, hudng clia ludng va tit ca cdc sic chifa clia 8ng deu a1 budc
mbi con dudng xuyén qua mang ludi tuong tng véi ding modt canh
trong by d6i sanh. Trong vi dy, ¢dc con dudng dude tim thay trong
bdn bude dau tign tuong ving véi bd ddi sanh con 14 A1 B2 C3 D5. Mbi
Tan thujt todn goi tha tyc pfs thi hosc n6 tim thdy duge mot con
duiing gia tang gia trj dong chay len 1 hofic né dung.

Trong bude thii nam, tat ca cic con duting thuin chitu xuyzn
qua mang ludi déu day va thuat todn phai ding eic canh nguge
chiéu. Con dutng duge tim thiy trong bude nay la 4A B2 2F. Con
dudng nay r6 rang gia tang gid trj dong chay nhu da mé ta trong
chuong trude. Trong ngk canh hién tqi, ching ta nghi vé cic con
dudng nhu tip hop cie chi thi d€ tao nén mot bd ddi sanh mdi (nhigu
hdn mdt canh) tir b doi sdnh hign himh. Vige xay dung nay theo tha
ty nhu sau: “4A” nghia la them cynh A4 vao bp d6i sdnh, “B2” nghia
ia x0d bét canh B2 va “2F” o6 nghin la them canh F2 vao bd d6i sdnh.
Do d6 sau khi xu ly xong con duung nay chiing ta c6 bs d8i sanh Al
B4 C3 D5 E6 F2. Thuit toin ket thuc khi gip F6; bdi vi tat ca cde
dutmg Ong khai dhu £ dinh ngudn va di vio dinh dich, vi viy ching
ta c6 mat bo dii sanh cyce dai.

Cé thé chung minh dé dang ring bo di sanh tim duge nhi vao
thuiit todn dong chay cue dai la mdt bd ddi sénh cuc dai ciaa do thj.
Trude nhitt la thudt todn lubn cho ta modt bé dai sanh hop 1&: bdi v
moéi dinh ¢6 mot canh vdi sic chia 1 di vao dinh dich hay ra khéi
dinh nguén, nhitu nhit modt don vi dong chay di qua méi dinh, nghia
1a méi dinh xudt hién nhidu nhit mot lan trong bd d5i sanh. Thi hai
la khong thé o mot bd d&i sanh nao cé thé co nhidu canh hon, bdi vi
bt ki mot bo dii sanh nio nhu thé s cho ta mét dong chay tét hon
dong chiy ¢6 duge tir thuit todn.
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Nhu viyy dé tim bd d6i séinh eye dai cho db thj hai phan, ching ta
dinh dang db thj sao cho né thich hgp cho vige nhap dit ligu vao thuat
todin dong chay trong mang 1udi cia chueng trude. Di nhién, cdc db
thi dudc bigu dién dya vio thuiit todn dong chiy nay trong trudng
hgp nay sé don gian hdn nhigu so véi cic do thj tong qudt ma thuat
todn duge thidt k& d& giai quyst bai toan dong chay cyc dai, chinh vi
th& ma trong trudng hgp nay thuit toan hoat dong higu qua han
nhiéu.

Tinh chiit 34.1 Mot b9 doi sanh cuwe dai trong do thi hai phon cé
the didge tim thdy trong OV budc néu db thi day va trong
OV(E +V)logV) bitde néu do thi thua,

Vige xay dyng trong phan trén bio dam ring mbi [an goi t6i thi tye
pfs s& thém mot canh vao bo dai sanh, vi viy ching ta bigt ring cé
nhiéu nhit 1a V72 Jan goi tdi tha tyc pfs trong sudt qua trinh thyc
hién cua thuat todn. Do dé thai gian can thiét sé xAp xi tdi mdt hé =8
V ldn hon thai gian ¢in cho moét fan tim kigm 43 thae ludn trong
Chuang 31,

BAl TOAN HON NHAN BEN VUNG

Gia st co N chang trai vii N o gii, néu mdi chang trai cho biét chinh
x4c cAm tudng cua anh ta v& mbi phy nd va nguge Igi mdi phu ni
cing cho bigt chinh xdc vé cam tudng cua cb ta déi vai mdi chang
trai. Viin dé can giai quydt la tim ra N cudc hén nhan dip ing y
mudn clia modi nguisi.

Lam thé nao dé thé hien s§ thich ? Mot phuong phip c6 thé ding
la st dung thang diém 1-10, mbi nguvi sé cho diém nguii khdc phai
mdt diém trong thang diém nay. Khi d6 bai todin hon nhan sé trd
thanh bai toan ddi sanh ¢6 trong, mot bii todn tudng d6i khé, Han
nda viée dung cic diém tuydt doi e thé din t6i sy khéng chinh xac,
béi vi diém s0 s& khang nhit quin 457 vai tit cA mbi ngudi (didm 10
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Hinh 34.4 Cac danh sach sé thich cho bai toan hén nhéin p
cta cd gai nay c6 thé tuong dudng vdi diém 7 ciia mot cd khac). Mot
phuong phap ty nhién hon la biéu dién céc s3 thich bang cach tao ra
cho méi ngui mot danh sach nhitng ngudi khac phai duge x&p theo
thu tu ma ho thich. Hinh 34.4 minh hoa cac danh sach sd thich cua
5 chang trai va 5 ¢d gii. Nhu thuting 12, ching ta gia si da dung
phuong phip bam hay mot cich khic dé chuyén tén that thanh cac
chi s6 (doi vdi cac o gii) va thanh cdc chit cai (d6i vdi cic chang
trai).

R6 rang nhiing s& thich nay thudng tranh chap nhau, vi du cd' A
lan B déu thich 2 nhat va khong ai thich 4 nhieu ldim (nhung mot
trong hai c6 thé phai k&t hon véi ¢d ta). Van de la chon cho mébi
chang trai mot co gii d€ dap Wng cdc sd thich cta ho cang nhiéu cang
tot, Mot tap cac cude hon nhan goi 1a khong ben viing néu ton tai
hai nguoi thich 1in nhau hon so véi vg/chong clia ho. Vi dy viée gin
Al B3 C2 D4 E5 la khong ben viing bdi vi A thich 2 hon 1 va 2 thich
Ahon C, do d6 dé ddp ing nguyén vong cia ho thi A nén bo 1 14y 2
va 2 nén bo C lay A.

Viéc tim mot 1oi giai ben vitng 1a mot bai toan khé, bdi vi 6 qua
nhiéu truding hgp c6 thé c6. Ngay ca xdic djnh xem mot 19i giai cho
trude c6 ben viing hay khong cling khong phai la vin de don gian,
trude khi doc doan van sép téi doc gia hay thit tim mot cap khong
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bén ving trong vi du trén sau khi da ghép A2 va C1. Néi chung c6
qua nhiéu trudng hgp vi ching ta chi can tim thady mot phuong an
(viée tim ra tt ci cic phuong 4n bén vitng 1a mét bai todn khé han
nhizu). ' '

Mot cach @€ tim ra 16i gifd ben vitng 1 fan lugt khit cac cap khéng
bén vitng. Tuy nhign phuong phép nay khong nhitng cham ma con
6 kha nang khong ditng ! Vi dy, sau khi ciip A2 va C1 da duge ghép
trong vi du trén (ngha la ta c6 A2 B3 Ct D4 E5), thi B va 2 tao nén
mot chp khong bén ving (B va 2 thich nhau hon so véi nhing ngudsi
di dude ghép) nén ta o6 phudng an méi 1a A3 B3 C1 D4 E5. K& dén
B va 1 tao nén mot czip khong bén vitng nén ta cé A3 B1 €2 D4 E5.
Cudi cling A va 1 lai tao nén mot cap khong bén viing va didu nay
din d&n phuong an tring vdi phuong 4n goe. Nhu vy cach lam nay
bi quan d8i véi vi dy dang xét.

Bay git chiing ta sé nghién ciu mat thuat toan xay dyng cdc cip
bén vitng dya trén § tudng gidng nhu doi s5ng thue clia bai toan. Mai
chang trai X s& chon cho minh mét ¢d dau, hién nhién 12 anh ta sé
chon b gii dau tign trong danh sach ciia minh. Néu od nay da hita
hén (da duge chon trude d6) véi chang trai khéc ma cb ta thich thi
anh chimg X phai chon nguti phu n k€ tiép trong danh sich cia
anh ta, qua trinh nay tiép e t6i khi X tim duge mot ob Y chua duge
hiia hon hay la ¢o gii thich anh ta. N&u Y chua dvge hita hdn thi co
ta s& duoc g cho X va ching ta s tiép tyc cho ngudi dan dng k& tigp.
N&u Y da duge hia hon thi sé héy bd cude dinh hon va gi cb ta cho
X (vi cd ta thich X), v chiing ta ti€p tyc vai anh chang vira bj ti hon.

Phuong phap nay ¢6 1é duge md hinh tit mot chu chuyén trong
cdc tiéu thuyét cia the ky 19, chiing ta s8 kifm tra cin than mdt 8
truting hdp dé thiy né cho ta phuong an bén ving. Hinh 34.5 minh
hoa tudn ty cic bude cla thuat toan. Trude tién chang A chon nang
2; k& dén B chon 1; k& dén C chon 2 nhung khéng duge vaanh ta lai
chon 3; ké dén D chon 1, vi 1 thich D hon B nén hiy bo sy hita hon
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inh 34.5 Gidi bai toan hon nhdn bén viing
clia B va 1, va ga 1 cho D; chiing ta bit dau lai véi chang B, B chon
2, vi 2 thich B hon A nén hiy bo sy hia hon cua A va 2, va ga 2 cho
B: k& dén A chon 5, chiing ta co mot tinh hudng bén viing tam thai.
Doc gia thit kiém tra tiép cho chang E. Chi y rang E déng vai 'trd
ngudi hon phu hai fan trong qua trinh xu ly.

Budc dau tien trong viece cai dat la thiét ke cau tric du lidu duge
diing cho cac danh sach sd thich. Day la cac xau don ma ching ta da
thay qua cac vi du ctia Chuong 3 va noi khéc, nhung viéc lya chon
mét bidu dién diic thit ciing ¢6 kha nang anh huéng d&n tinh nang
cua thuit toan.

B&i vi tit ca cac danh sich so thich co cung d9 dai, cai dat don
gian nhit la dung mang hai ch ieu. Vi dy prefer[m,w] la cd gii thit w
trong danh sich so thich cua chang trai tht m. Hon nida ching ta
¢an theo doi xem mbi chang trai da xd ly dén dau trong danh sich
ctia anh ta. Didu nay c6 thé duge thyc hién nho mot méang mot chidu
next, mang nay khdi tao dén 0 va next[m]+1 la chi s6 cua cd gii k&
tiép trong danh sach cia chang trai thi m; chi danh cua cd ta sé la
prefer[m,next[m J+1].

Véi mbi co gii, ching ta can theo doi vi hén phu cua cd ta
(fiancée[w] sé la ching trai da hia hon véi cd ghi w) va chiing ta can
tra 10i cau hoi “ngudi dan ong thi s co duge thich hon so véi nguti
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dan ong fiencée[w] hay khong?”. Cau tra 18i nay ¢6 thé duge gia

dap bing cach tim kigm tuin ty cho tdi khi s hode fiandefw] dude

fim thiy, nhung cach nay sé khong hidu qua ndu ca hai ngutii deu &

gin cudi danh sdch. Thay vi vy, ching ta s8 dimg mét danh sach

“nguge”: rank{w,s] la chi 6 cla chang trai thy s trong danh sdch sg

thich ciua cd w. Trong vi dy trén thi renkf{1,17 12 2 bai vi A (chang

trai thit nhat) dung thi hai trong danh sach cha sd thich cda o6 gai
thd nhit, rank{5,47 1a 1 béi vi D (chiing trai thi tu) ding dau tién

trong danh sich sd thich cua ob gdi thd nam. .,

Sy phi hgp cia vi hon phu s ¢6 thé duge xac dinh rit nhanh
chéng bing cach kidm tra xem rankfw,s] o6 nhd hdn
rankfw.fiancéefw]] hay khong Cic mang nay duge xay dung dé
dang va tryce tigp tif cic danh sich sd thich. D& khai dau, ching ta
diing mét “linh canh” la chang trai 0 dé khdi tao cho vi hon phu va
dit anh ta & cudi tat ca cdc danh sich 3 thich cla cac cd gii.

Vdi efiu trie di ligéu duge khoi tao bang phutong phap nay, viée chi
dat co thé thyc hién dé dang nhu sau:

for m:=1 to N do
begin  s:=my;
repeat
next{s]:=ncxt{s]+1; w:=preferfs,next{sf};
if rankfw,s]<rankfw,fiancéefw]] then
begin & =fiancéc/w]; fiancéefw].=s; s:=t end;
until s=0;
end;

Mbi vong lap 8 bit dau bdi mdt chang trai chua hita hén va két
thiic vdi mot cd gii chua hia hon. Vong lap repeat phai k&t thic bai
vi mbi danh sdch clia mot chang trai chida mbi cd gii va mbi fan lap
da tang thém danh siach ctia mdt chang trai nho dd, v mdt cd gii
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chua hita hon phai duge thiy trude khi danh sich clia mgt chang trai
hit ky duge xi Iy. Thuat todn sé cho ta cdc cude dinh hon ben viing
bdi vi mbi cd gii néu duge mdt chang trai nao dé thich hon vg chua
cudi cua anh ta sé duge ga cho ngudi ma ¢b ta thich hon anh ta.

Tinh chiit 34.2 Bai todn hon nhan ben wing co the duge gidi véi
thot gian tuyén tinh,

Nhu da chi ¥ & trén, mbi fan ip trong vong lap gia tang danh sach
sd thich cia mot chang trai nao dé. Trong trutng hgp xéu nhat it
ca cdc phén tit cia mbi danh danh sdch déu duge kiém tra (nhung
khdng ¢6 phin tif ndo duge kidm tra hai fan). That ra thuit todn c6
thé doi héi it thai gian hon né can 48 xay cic danh sach, b3i vi mot
phuong an bn vimg cé thé duge tim ra trude khi tit ca cic danh
gdch dudge xu ly.

Cé nhitu thién vi hién nhién trong thuat toan nay. Trude tian,
chang trai duyét qua cic cd gii trong danh sich, trong khi cac cb gdi
phai chés dgi mot chang trai “dung 3. Sy thign vj nay ¢o thé duge
hi¢u chinh bang eich thay déi thd ty nhap cia cdc danh sich s&
thich. Viéc lam nay sé cho ta phuong an bén viing 1E 2D 3A 4C 5B,
trong d6 mbi cd gdi déu chon duge ngudti minh thich nhat ngoai trit
cb thu 5 phai 1y chang trai thit hai trong sdch ciia minh. Néi chung
c6 theé cé nhidu phuong dn bén wing, c6 thé néi day la mét phudng
an “tdi vu” cho cie phy nit theo nghia khdng c6 mdt phuong 4n ben
viing nho khéc lam cho cdc cb gii e6 thé chon tdt hon.

Mot dac diem thién vj khdc cla thufit todn 1a thit ty ma cdc chang
trai duge chon lam hon phu: gida chang trai dau tign va chang trai
cudi cling thi ai nén duge phép chon trude? Cau tra 13i I thy ty nay
khong quan trong, Khi méi chang trai lya chon va méi cb gii dong
¥ nhd dya vio danh séach cua hp thi edc k&t qua se nhu nhau.
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Hai trutmg hop dite bigt ma ching ta vira khdo sat di cho thay sy rée
10i clia bai toan d6i sanh. Mac du cdc thuit todn cy thé nay cé ich
trong nhieu ving dung thyc t& nhung nhitu ing dung khéic c6 thé doi
hoi gial quydt tong quat hon.

Mbt s5 bai toan tdng quat da dude nghien ciu nhu: b todn dsi
sanh cyc dai cho db thj tdng qudt (khéng nhat thigt 12 do thj hai
phin); bid todn ddi sanh 6 trong cho do thj hai phian, trong d6 cic
canh da duge dit trong lugng va viee ddi sanh phai thye hien sao cho
tong trong ligng tim dugc la t6i da; va bai toan ddi sanh o6 trong cho
da thi tong quit.

Viée déi sinh ¢6 trong s3 cho cic dd thi hai phian va cic téng quat
~ hoa tuong ty c6 thé duge gidi quydt bing cich md rdong thuat todn
cho cie ting quat héa cia bid todn dong chiy trong mang ludi. Tuy
nhién d6i véi cic dé thj ting quit thi ki la mot ciu chuyén khée. Bai
todin hon nhin bén vitng 06 thé xem nhu mot cach dé né tranh bai
todn doi sinh c6 trgng cho da thj tong quat bang cich dinh nghia lai
bhi todn.

N&u can bin day dG hon vé viin dé 451 sinh trong cac db thi téng

quéat thi ¢o phii ¢an tron mot quyén sach, day 1a mot trong cic bai
todan duge nghién cdu rong rai trong Iy thuyét do thi.
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Tim tit ca cac bd ddi sainh nim canh cia d6 thj bai phin trong
Hinh 34.2. :

. Dung thuat toan da cho dé tim ra cic bd ddi sdnh cye dai cho cac

do thj hai phan ¢6 50 dinh va 160 canh. C6 khoing bao nhiéu canh
trong mdi b d6i sAnh?

. Xay dyng mot do thj hai phan gdm 6 nit va 8 canh ma ¢6 mot bd

d6i sanh 3 canh. Néu khong duge hay ching minh khong ton tai
d6 thi nhu thé.

Gia sl ring céc dinh trong mot dd thi hai phan biéu dién cic céng
vige va con ngudi, mdi nguti duge giao cho hai viée. C6 thé ding
thuit todn dong chay trong mang ludi dé giai bai todn nay hay
khéng 7 Ching minh tra 13i cia ban.

. Hay sta d6i chudng trinh dong chay trong mang ludi ciia Chuong

33 d€ 1gi dung cAu tric dfic bigt cia mang ludi 0-1 xuét hign trong
bai toan ddi sanh cia d6 thi hai phan.

Hay viét mdt chudng trinh hidu qua d€ xac dinh xem mdt phuong
an cua bai toan hon nhin b ban vitng hay khéng.

Co thé dé cho hai chang trai chon ¢b gii cudi ciing cia danh sdch
caa minh trong thuat todn hon nhan bén ving hay khong?
Chitng minh tra 1ii cia ban.

. Xay dung mot thp ¢de danh sich s& thich vdi N=4 cho bai todn

hon nhan bén viing trong dé mdi ngudi chon duge nguasi thit hai
trong danh sich sa thich cia minh hay ching minh ring khong
ton tai tip hap nhu the,

. Cho bigt ciiu hinh bén vitng clia bai todn hon nhan trong truiing

hgp cac danh sich sd thich cua cdc ching trai va cdc od gii la nhu
nhau theo thy ty tang.

10. Chay chuong trinh hdoa nhan bén vitng véi N=50, st dung cic

hodn vi nghu nhién cho cic danh sich s& thich. C6 khoang bao
nhigu cupe hém nhan trong sudt qua trinh thye hién thuat toin?
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Chuong nay gidi thidu cic thudt toin diing mdy vi tinh d& tao cde 8
nghu nhién. Mac di ching ta da gap cde s nglu nhién trong nhidu
phan cia quyén séch nay,nhung & diy ching ta bat dau thir xét xem
chinh xac ching la gi.

Thong thudng, trong cic cude doi thogi, ngudi ta ding thuat ngd
nghu nhién khi muén néi dén sy tiy y. Mot ngudi ddi hoi mot s6
nghu nhién, nghia la khong chd ¥ d6 la s8 mily, s8 ndo cing duge.
Ngudgc lai, 38 nghu nhién 1 mdt khai niém todn hoc dude dinh nghia
chinh xac: moi s6 déu cé kha nang xuit hién tuong duong nhau.

D& dap 1ing duge dinh nghia 58 nghu nhién néu trén, ching ta
phai gidi han cdc s8 duge ding vio mdt pham vi nhét dinh. Khong
thé c6 mot s& nguyén ngiu nhién, chi cd mdt s nguyén ngiu nhién
trong mdt mién xdc dinh nao do.

Thong thudng, trong hiu hét cic trudng hop khong chi can mét
s ngfiu nhién, ma can d&n diy s nglu nhién. Khi 6, toan hee dy
vao: ¢an ching minh nhitu mat vé ede thufe tinh cla day s8 nghu
nhién. Vi dy trong mot chudi dai cic s8 ngiu nhién cia mdt pham
vi nhd, ching ta c6 thé mudn biét gia tri vé s [an xuit hién.

Chubi 6 nghu nhién tuong ty nhu phitu trubng hgp trong tu
nhién va mot s6 lugng dang ké cac thude tinh cia ching da duge bigt
19. Dé thich hgp vdi céc sit dyng hign hiinh, ching ta s& xét dén cdc
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s& cua chudi nghu nhién nhy la cac 8 nglu nhién.

Khéng c6 cach nao dé tao ra cic 86 ngfu nhien thye syt mot
mdy vi tinh. Mot khi chuong trinh do chung ta viét, thi chéc chén
céc 58 n6 ta0 ra o6 thé suy luan duge, viy thl chiing ¢6 thé nao Ia
ngiu nhién ? Phudng phap tot nhit chung ta hy vong 1a viét cac
chuong trinh @€ tac ra cic chudi s ¢6 dude nhisu thuje tinh giong
nhut cdc s6 nghu nhién. Cic s8 nay thusng duge goi 1a cdc 8 gia nglu
nhién (pseudo-random). Ching khéng thye sy nghu nhién nhung
ching c6 thé hitu dyng nhu sy xAp x1 cia céc s nghu nhién (cing
nh céc s6 kiéu chdm dong duge ding 1a sy xAp xi cla cac s8 thuc)

Trong mdt vai tinh hudng, mdt it thudc tinh cda cac s3 ngiu
nhién thi quan trong trong khi edc thupe tinh ebn lai thi khéng can
thict. Trong trudng hop d6, can tao cdc s gan ngiu nhién, ching
chiic chiin ¢6 ce thuse tinh mong muén nhung khéng hita hen sé o6
cac thuge tinh khic. Trong mdt s8 ing dung, cic & gan nghu nhién
c6 thé chitng minh T thich hap hon cie s8 gii ngffu nhion.

Dé thay riing viéc lam cho gan ding thude tinh “méi s§ ¢6 kha
nang xuat hién nhu nhau” trong mat chudi dai vin khong di dung.
Vi dy, mdi 88 trong doan [1,100] xuiit hign 1 Ian trong chudi
(1,2,...100), nhung chudi nay khdng chic Ia hitu dung nhu mét chudi
gin tuong dudng chudi nghu nhién.

Trong thyc t&, trong mot chudi ngafiu nhien gom 100 s thude
mién xac dinh [1,100], thyc ra, mot vai s sé xuit hign hon mot Tan
va mot vai s khéac thi khéng 6 trong chudi. Neu khong dat dugc
dieu nay trong mdt chudi gia nghu nhidn thi nghix la da ¢6 dieu gi saj
s0t trong vige tao chudi, Nhitu phuong phép kiém tra phidc tap dat
o0 53 trén cic nhan xét kiéu trén di duge ap dung cho cdc phudng
phap tao chudi nghu nhien, a8 kidm tra xem 1 chudi &3 gia nghu
nhién dai cd mot s3 thude tinh cia chudi ngiu nhién khdng. Cach
- 30 s ngiu nhién ma ching ta s& xem xét &4 vugt qua rét 5t céc
kiém tra nhu vay, Chiing ta cing 58 xem xét mdt trong cic kiém tra
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quan trong nhat, dé 1a kiém tra Chi binh phuong (chi-square).

Chiing ta & ban kj vé cdc s& ngiiu nhidn phin bd deu, vdi cac gia
trf xem nhu tudng duong nhau. Cing tuong ty cho cic s nghu
nhign tuin theo cic phan phdi khong dong déu, véi mat s gid trj c6
nhieu han mit s6 khie, Cac s6 gia nghu nhién vdi phuong phap phan
phoi nor-uniform (khing dong déu) thutng bao gom bai thyc hign
vii phan phdi kiéu uniform tao thanh.

Da ¢4 cic dng dung trong quyén sich nay ding céc s8 ngiu nhién
phan bo déu. Nhu chiing ta & thay, khé ma thuyét phyc ring cic s8
ngAu nhién ching ta tao ¢d “tdt €a” cac thudc tinh cla s& ngiu
nhién. Day cing Ja mét vin dé quan trong d6i vdi cac phuong phap
phan phoi khdc.

CAC UNG DUNG

Nhu chiing ta da thay trong quyén sich nay, nhidu tng dung da sit
dung cdc s0 nghu nhién rat hiu higu. Mt trong s8 do6 1a trong thuat
todn mit ma, véi muc dich chinh 14 ma héa mdt thong digp @8 chi co
ngudi nhan méi doe duge chiing. Va nhu chiing ta da thiy ¢ chuong
23, mdt cach @& lim vidge nay la lam cho thong digp o6 vé nhu nghu
nhién bang cich ding mdt chubi gia nghu nhién dé ma héa va cung
véi chubi d6, ngudi nhan cé the gidi ma dudc.

Mot tanh vye khaic ciing it dyng rong rii cic sd nghu nhign la méd
phong. Mot simudation dic trung bao gom mdt chuong trinh 1dn
theo kiéu mot si khia canh cua thé gisi thyc: cic s8 nghu nhién thi
riit ty nhién, thich hgp lam di higu nh‘lp cho cac chuong trinh nhu

VAy. Ngly ca khi khong cAn cie s8 nghu nhién, simulation vin can
cdc s tuy y dung lam d@ ligu nhip, va diéu nay duge cung cAp réit
thuan Igi bdi cde chng cu tyo 3 ngiu nhién.

Khi mot s5 Iugng 16n dit licu dugc phan tich, doi khi chi can xit
ly trén mot tap con nhod clia né bing cich lya chon theo kigu thi
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ngiu nhién, 1a di. Nhitng 4p dung nhu vy rét phd bién, ding chu ¥
nhAt la viéc thim do chinh kign cia dan ching .

Ching ta thutng can phai ¢d mot sy lya chon gita céc phan ti
ma tit ca déu c6 vé tuong duong nhau, nghia la phai “tao mot quyét
dinh”. Vi dy nhu phuong phap 4p dung trong cac truting trung hoc
dé sip x&p phong ngt cho hoc sinh 11 mot minh hoa ciia vige dung
s0 nghu nhién trong viée tao quyét djnh hta chon. Trong trudng hgp
nay, trach nhiétm quyét dinh duge giao cho “s8 phan” (hay may
tinh}.

Ngay trong quyén sich nity cic ban cling o6 th? thdy vige sit dung
rong rai cdc s8 ngiu nhién trong viéc md phong: cung cip s6 ligu
nhiip ngiu nhién hay tily ¥ cho cdc chuong trinh. Mét dng dung
khac nia 1 viee tao thuan lgi biing cich ding cée s8 ngfiu nhién 48
thu hay gitip cho vige “tao quyét djnh”. Vi dy chinh la thuat toin
Quicksort va truy tim chudi Rabin-Karp (chwang 19).

PHUGNG PHAP DONG DU TUYEN TINH

La phudng phap néi tiéng nhét dé tao s8 nghu nhien, duge sit dung
gAn nhy doc chiém ké ti khi D. Lehner dua ra vio nam 1951 Boan
chuong trinh sau tao ra N s6 nghu nhién cho mang A:

al0] : = seed;
for i: = 1 to N do ofif:=(afi-1]*6 + 1 } mod m;

Vdi ba hing 8 seed, b vam.

Trong thuit todn nay, dé tao mdt sb nghu nhien mdi, ta ding s&
tritde d6 nhan vdi b, cong thém 1, va liy phan du trong phép chia
(két qua) cho 7. Nhu vy 8 nhan duge ludn nhm trong doan ti 0
dén m-1. Ditu nay rit thich hdp dé sit dyng trong méy vi tinh, bai vi
ham rmod thuting dé cai dat: néu ching ta khong xét dén tinh hudng



SONGAU NHIEN 203

tran trong cic phép toan s6 hoe, khi ma hau hét cac may vi tinh deu
load céc bit b tran va vi vay thuc hign rit hidu qua phép toin mod
v6i n bang mot s8 16n hon gia tri t8i da cia mdt word trén may. Hon
na, cic s& thi khong thyc sy nghu nhién, chuong trinh chi tao ra
cac s§ ma ching ta hy vong sé xuit hién nghu nhién cho vai tién
trinh khdae.

Trong thi cé vé don gidn, nhung phudng phap tao s6 ngu nhién
dang du tuyén tinh da 1a chi dé cla nhieu tip sich toan khé va chi
tigt. Ching cung cip cho chiing ta mdt s6 hudng din trong vigc chon
cAc hiing s3 seed, b va m. Vai nguyén tic téng quat duge van dung,
nhung trong trudng hdp nay sy tdng quat khéng di dé bio dam cac
88 ngdu nhign tot.

Trude hét, m nén lon, né cé thé a gia tri t8i da cia mdt word,
nhung cing khong can phai hoan tein 16n nhu viy néu khong tign.
Thong thuing, chon m 1a mot 1ay thita clia 10 hay 2 la thuén 1gi. Thu
hai & khong nén qud 16n hay qua nhd: mdt lya chon an toan la dung
mot 6 ¢ it hon m mdt chi s8. Thii ba, b nén la mot hiing s8 tiy ¥,
khong theo mdt mhu rigng nio o, ngoai triy nd nén ket thuc biasi
.x21, vdi x chiin, la yéu ciu cudi cing, mét djc quyén phai duge
thita nhan, nhung né tranh duge mdt vai sy o8 b thé xay ra ma cic
phan tich todn hoc con dé ha.

Cac quy luat néu trén duge phat trién bdi D.E. Knuth. Knuth
chitng minh ing cac syt lya chon nay lam cho phudng phép day dd
tuy®n tinh tao ra cac s§ ngiu nhién t5t, thda méan duge nhieu ki€m
tra théng ke phuc tap. Van dé c6 khi nang nghiém trong nhat, 1a tao
ra mdt chu ky nho so vdi mién xdic djnh cla né. Vi dy nhu véi b=19,

m=381, sccd=0, s& tao ra chudi 0,1,20,0,1,20,... mdt chudi khong
nghu nhign trong khoang tir 0 dén 380.

Dang tide la khong phai tit ca cde khé khan nhu viiy déu dé nhan
ra. Vi viy tdt nhét 13 nén theo cdc chi dan do Knuth dua ra, dé tranh
dirge cac cam biy tinh t& ma ang da khdm pha duge.



204 ' PHUONG PHAP BONG DU TUYEN TINH

Gid tri khéi dong béit ki nao cing 6 thé st dyng duge trong vide
tao cdc s8 nghu nhién ma khong cé Anh hudng gi dac bigt (di nhien
la ngoai trif vige gia trj khai dong khéc nhau thi tao thanh céc chudi
ngiu nhién khac nhau). Thutng thi khong can phai luu tria ca chudi
nhu trong chuong trinh néu trén. Nguge lai, ching ta don gian gig
lai trong mot bign toan cye a, khai dong véi mot gia tri nao dé, roi
cfip nhit bang phép tinh a:=(a*b+1) mod m.

Trong Pascal (va nhidu ngon ngt lap trinh khdce), chiing ta con
mot bude nita mdi co thé thyc hien duge, bdi vi cb ing ta khang duge
phép bo qua tinh trang tran: né duge dinh nghia la mét trusng hdp
16i ma 6 thé tao ra cac két qua khéng dy dodn duge. Gia st rang
may vi tinh cia ching ta cd word 32 bit, va ching ta chon
m=100000000, b=31415821, va khai dong a=1234567. T4t ca cac
gid trj nay déu nhé hon gia trj t6i da ciia mot s nguyén, nhung phép
toan dau tién a*6+1 da lam tran. Phan cia kit qua da giy ra sy tran
thi khong ¢é quan he vdi sy tinh todn cia chting ta bai vi chiing ta
chi quan tam d&n 8 ky s5 sau. Mot thu thuat dé loai b sy tran 1a
phén nhd phép nhan ra lam nhisu phan, D& nhan p va g, ching ta
vidt: p = 10%p 1+ pyvaq = 10%4+q,+q,

Do d6 két qua la: _
PY=(10%p1+pg)10%,+qy)=10% 1q1+10%p 19 +pogl, +Poge

Bay gits, chiing ta chi muén 8 ky s5 cho két qud, vi thé chiing ta
c6 thé bo qua 85 hang dau tien (104p,q,) va bd qua 4 ky s6 dau cia
s6 hang thu nhi (104 (P140+pyq1)} Dieu nhy din dén chuong trinh &
trang sau.

Ham mudt trong chuang trinh nay tinh {p*q mod m)khong bj
tran khi ma m nho hon 1/2 gia trj s3 nguyén t8i da. Ky thuat nay
hién nhién 6 thé dsp wng vdi cic gid tri m1 khdc theo nguyén tic

nmo=nl *mli,

Khi chay chuong trinh véi da ligu nhip N=10 va q=1234567,
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program random (input,output);
const n=100000060; m1=10000;b=3141581;
var i,aN:inlteger;
tunction multip,q:integer):integer;
var pl,pO,qg1,q0:integer;
begin
pl:=p divmli; pO:=p mod m1I;
ql:=q divml; qi:=q mod ml;
mult:=(((pO0*ql+p1*q0imod mij*mil +p0q0) mod my;
end;
function random:integer;
begin
w={multfab}+ 1) mad m;
random:=a;
end;
begin
reaillniN,a);
for i:=1 to N do writcin(random );
end. '

chudng trinh nay sé tpo duge 10 s8 nhu sau 35884508, 80001069,
63512650, 43635651, 1034472, 87181513, 6917174, 209855,
67115956, 59939877. Trong cdc s& nay, cb vai sy khong ngiu nhign:
vi du, cie ky s6 sau cing (hang don vi) xoay vong qua céc ky s8 tif
0 dén 9. Dé dang ching minh duge diéu nay sé xay ra tit cdng thic.
N&i chung cdc ky s6 bén phai khéng that sy nghu nhién, thye t& 46
la ngudn giic cia cdc 16 thong thuting v quan trong trong viée st
dyng phuong phidp tao s8 nghu nhien dong du tuyén tinh.

Chuong trinh sau day lh mdt chueng trinh dd, tao céc s§ nghu
nhién trong gidi han [0,r-1]:
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function randombad(r:integeri:integer;

begin w=(nuwltb.a/+1) mod m;
randombad:= o« mod r;

end;

Cdc ky s8 khdong nghu nhién bén phai la cic ky s duy nhat dude
st dung, nén chudi k&t qua chi cé duge it thupe tinh mong mudn.
Van dé nay o6 thé dé dang khic phuc biing cach ding cac ky s8 bén
trai thay thé.

Chung ta mudn tinh mjt con s& gita 0 va r-1 bang cdng thic a*r
div m, nhung mdt lan nda, I phai tranh tinh huéng b trin, nhu
trong phin cii dat sau.

function randomintir:integer):integer;
begin a'=inudtia b+ 1) mod m;

randomint: ={fa div ni1)*r)div m1;
end;

Mét kg thuit thong thuiing khic 1a tao s8 thyc nghu nhign gida
0 va 1 bimg cach xem cdc s8 tao nhit trén 1a phan thap phan vdi
cham thip phan ¢ ben trdi. Didu nay oo thé cii duge dé dang bing
cdch tra vé gid trj thue (real) o/m thay vi s nguyen a. Khi dé ngubi
sd dung o thé nhan duge mot 58 nguyén trong gidi han [0,r} bing
cach don gian nhin gid trf niy vdi r v cit ldy phan nguyén cia két
qua. Hay co the néi mot s5 thyc ngiu nhien gita 0 vi I 06 thd mdi
chinh la cic s8 cin thiét,

PHUONG PHAP BONG DU CONG

Mot phireng phip khac d& tao cde s& nghu nhién dat od sd trén “cée
thanh ghi djch chuyén hoi tiép tuyén tinh” duge st dyng trén cdc
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Hinh 35.1 Mot thanh ghi dich chuyén hoi tiép tuyén tinh 4 bit
may ma héa trude day. Y tudng bat dau véi mot thanh ghi chia mot
mau tuy y (khong phai tat ca 0), sau d6 chuyén sang phai mot budc,
bo vao cac vi tri bj tréng 6 bén trai (do chuyén) bang mot bit duge
xac dinh theo ndi dung cua thanh ghi.

Hinh 35.1 mo ta thanh ghi djch chuyén hoi tiép tuyén tinh 4 bit,
vGi bit mdi duge tao theo cong thic: bang eXclusive OR (XOR) cia
‘hai bit phai nhéit cua thanh ghi dé. Vi dy: Néu thanh ghi duge khdi
tao 14"1111 thi sau dich chuyén, ndi dung 12 0111 (0=1 XOR 1),tiép
theo sé la 0011, 0001, 1000, 0100, 0010, 1001, 1100, 0110, 1011,
0101, 1010, 1101, 1110, 1111. Khi ching ta nhan lai miu khdi tao,
tién trinh hién nhién da lap lai (xoay vong). Chi y rang tit ca cac
méu bit c6 thé c6 (khong phai 0) déu xudt hién: gia trj khai dau lap
lai sau 15 budc.

Tuy nhién, néu ching ta thay ddi cic vi tri “rit ra” (cdc bit dung
dé tinh gia tri cho hoi ti€p bén trai) thanh bit 0 va 2 thay vi 0 va 1
nhu trén (thy ty tinh tir phai sang trai) thi chiing ta nhan duge chubi
1111,0111,0011,1001,1100, 1110, 1111, khong phai chu ky day da
nhu trude. Chung ta lai muén bio dam rang luén nhin duge mot
chu ky day du.

Thong thudng vdi thanh ghi n-bit ching ta c6 thé sip xép @é
chiéu dai vong 1ap la 27-1. Vi vay, véi gid trj n 16n, cic thanh ghi n-bit
tao duge chudi ngiu nhien kha tot. Dién hinh, ching ta thudng hay
dung n=31 hay n=63.
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Cang nhu phuasng phip dong du tuyén tinh, cie dac tinh toan hoe
cua cde thanh ghi nay da duge nghien cdu rong rai. Vi dy, ¢4 nhidu
phucng an lya chon vj trf “rit ra” (d& tinh gia trj cho bit trai) ap
dung cho nhitu logi kich thude thanh ghi @8 tao duge tit ca cdc mau.
Vidy, véi n=31, ciic vj tri mit ra c6 thé la 0 va mot trong cac vi tri:
4, 7.8, 14, 19, 25, 26 hay 29.

Cdc gid trj lien ti#p cia thanh ghi khong hitu dun g nhu mot chudi
ngiu nhién, béi vi hiw nhu chi ¢6 mét bit gi 1bn nhau trong mot cap
gid tri lién tiep. Hon nia, thyc hign theo ki€u nay giong nhu tao mot
chudi bit nghu nhién (bit trii nhét cia thanh ghi), trong vi du néu
trén la chudi 1000100110110111. Nhy da de cAp d chuong 23,
phuong phiip nay thich hap vdi thao tac eryptography boi vi cé thé
tac ra cac chudi bit dad ¢ eic khéa nho.

Mat van d& cin chi y khic [a o6 the tinh todn mdi fan modt word
thay vi moi [an mét bit theo cung phuong phap d& quy nhu trén.
Trong vi du trén, néu si dung phép todn bit XOR cho hai word k&
tiép, ching ta tae duge mot word.sé xuit hién tai ba vi tri sau dé
trong danh sdch. Digu nay giip ta c6 duge mdt phusng phap tao s8
ngdu nhién co thé dé dang ap dung cho may vi tinh. Ding thanh ghi
dich chuyén hoi ti¢p vai hai bit 1y ra tinh todn la bit thi b va thi <,
cing gitng nhy dung cdng thic d quy sau:

alk]l = fofk-6]+afk-c]) mod m

D& thich hap véi phuong phip thanh ghi dich chuyén, phép toan
obng (+) trong cong thyc niy nén duge thay thd biing phép tosn
trén bit eXciusive or (XOR). Tuy nhién, didu nay chung to rang b
thé tao dwue cic 8 nghu nhién t3t ngay ca khi chi ding phép cong
s0 nguyén thong thutng ma thai. Phuong phip nay goi 1a dong du
cong (addditive congrucntial).

Bit phai nhat cua cic s6 trong phuong phap nay cling gibng nhu
cdc bit trong thanh ghi djch chuyén hoi tigp tuong ing. Do d6, s&
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budic dat duge trude khi bt dau Lip Ly, it nhat cing biing chigu daj
cua chu k¥ lap. Ngoai ra, mét s8 két qua cing da duge dua 1a v@ ce
s6 dugic tao theo kigu niy: v s6 € tin vio chiing chil y&u theo kinh
nghitm (ching vugt qua duge cic kiém tra théng ke).

Dé cai dat chuong trinh tao s6 ngiu nhién theo phudng phap
dong du cimg, chiing ta cin git mot bang gém ¢ phan t, ludn chda
¢ 50 duge tao gan nhit. Viéc tinh todin duge tidp tyc bing cich thay
theé mot trong céc s0 trong bang bing tdng hai s3 khac trong bang.
Khdi dau, bing nén gom cic 8 khong 1dn qua va ciing khong nhd
qui (mét cich tgo dé dang la dung phuong phap dong du tuysn
tinh).

Knuth khuyén nén chon b=31, ¢=55. Khi d5, ching ta cin phai
gitt lai 55 =0 dude tuo ghn nhdt. Céu tric d litu thich hgp 1a ding
hing dgi (quene, xem chuong 3), nhung béi vi kich thude cia bang
c8 dinh nén ching ta chi ding mdt méng kich thude a6, véi chi s6
xoay vong nhu sau:

procedure randinit(s:integer);
begin  of0):=s; j:=0;
repeat j:=j+1; afjf:=(multth,afj-11+1} mod m:
until j=54;
end;
function raidomintfr:integeryinteger;
begin  j:=(j+1, mod 55;
afjl:=e{(j+23) mod 55]+a/(j+54) mod 55} mod m;
randomint:=(fafj] div m1j*r) divml;
end;

Bién toan cyc a duge thay biing mdt mang vh mdt con tro chi s6
(j) trén mang. Dung lugng 16n cia bign tohn cyc (mang e) a mét
khuytt ditm cua phuong phdip tao niy trong mét s6 ing dung.
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Nhung no cing chinh la mt Igi diém, bdi vi no lam cho chu ki Iap
rit dai (it nhat 1a 2551 ngay ca khi m nhd).

Ham randomint tra vé mot sd nguyén gida 0 via r-1. Va di nhién,
ching ta cang c6 thé dé dang thay déi nhu phan trude @8 tra va mot
88 thye ngAu nhién gida 0 va 1 (afjiim).

KIEM TRA SU NGAU NHIEN

Thudng cb thé dé dang nhan ra mdt chudi khdng nghu nhién, nhung
that khé chning minh rang mét chudi la nghu nhién. Nhy da de cap
trude day, khong o6 chudi nao duge tao biing mdy vi tinh o6 thé thyce
s¥ ngiu nhién, nhung ching ta 6 thé ¢6 duge mdt chudi thé hién
nhidu dic tinh cta cic s6 nghu nhién. Rai thay, thudng khong thé
xdc djnh chinh xdc thudce tinh nao cia s6 nghu nhign i quan trong
doi vdi mét trinh vng dyng dae bigt, Hon nira, hic nho cling nén nghi
dén vige thyc hign mdt vai kidu kiém tra trén phuong phap tao s8
nghu nhién, d& dam bao ring khong c6 nhitng tinh hudng suy thoai
xay ra. Cac phuong phip tao s8 nghu nhién c6 thé rit tot, nhung khi
né xAu thi sé rit kinh khing.

Nhigu kiém tra da duge trién Khai @& xdc dinh mdt chudi 6 duge
nhi2u thuge tinh cia chudi ngfu nhien thye sy hay khong. Hau hét
cic kiém tra nay déu 6 co s thuc sy gid tri trong todn hoc va rit
nén xem xét thém chiing chi tiét ngoai pham vi cla quyén sach nay.

Trong sb dé, kiém tra chi-bink phuong, mdt kiém tra thong ke,
cd ban chat co ban, dé cii dat va hitu dyng trong nhiéu ung dung. Vi
vity, ching ta s& xem xét no chi tiét hon.

Y tuéing clia phuong phap chi-binh phiong la xét xem céc s8 tao
ra ¢b phan b8 m{t cich hgp Iy hay khong. Néu ching ta tao N s8
dudng ¢6 gia tri nhé hon r, thi ching ta mong muén nhan duge
khoing N/r s8 cho méi gia trj. Nhung, vh day cing chinh la oot 16i
cua van de, s [an xuit hidn cha tit ca cac gid trj lai khéng nén lic
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nao cing bang nhau, vi nhu thé thi khong nghu nhién !

Ditu nay diin dén viéc can tinh toin xem mdt chudi cic sd ob
duge phin bd gitng nhu mot chudi nghu nhign hay khong, don gian
nhu chudng trinh sau:

function civisquarefN,r.s:integeri:real;
var i.tinteger; f+ array{0..rmax] of integer;
begin  raninit(s; '
for i;=0 to rmax do ffi]:=0;
for i;=1 to N do
begin  f:=randomint(r); fItl.=f{t]+1;
end;
=0
for i:=0 to r-1 do t:=t+fFi7¥i)
chisquare: ={{r*t/{N}-N);
end;

Chiing ta don gian tinh tSng s& cia binh phugng tan s& (s [an)
xu-&:t hién cta mdi gid trj, chia cho tan s& mong muén (N/r), rdi trit
bét chieu dai chudi (N).

Con sb nay, gid tri thdng ké chi-binh phuong, cb thé biéu dién
theo todan nhu sau: .
i~k )2

N4

X2 =

Vdi 0<i<r. Néu théng ké chi-binh phuong gan véi r thi cic s6 d6
la nghu nhién, nguge lai, néu né xa r thi ching khong nghu nhién.
Khai niém gin va xa co thé duge dinh nghia chinh xdc hon: cdc bang
hi&n hitu thé hién chinh xic lam the nho lien he gitta sy théng ke véi
cac thude tinh etia chudi nghu nhién.

D3di vdi phuong phap kiém tra dan gian ma ching ta dang thuc
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hién, gia tri théng ké chi nén lech mot khoang 2 Vr so véi r. Dieu
nay chi ding néu N ldn hon 10r. D& bio dam, nén thyc hign kién tra
vai Tan, bdi vi né co thé sai 1 trong 10 fan kiém tra,

Phuong phap kiém tra nady cai dit don gian nén thich hgp cho
viéc két né vao bén trong mbi chuong trinh tao s8 nghu nhién, chi dé
dam bao ring khong c6 diéu gi ngoai dy tinh o6 thé gay ra céc vén
dé nghiém trong. Tat ca cic thuat todn “t8t” ma chiing ta da thao
lun déu vugt qua duge cde kiém tra nay, phuong phap “x&u” thi
khong.

St dung cie phuong phép tao néu trén cho 1000 s& o6 gis tri nhd
hon 100, ching ta c6 gia tri théng ké chi-square 13 100.8 vdi phudng
phap dong du tuyén tinh va 105.4 v6i phuong phéap dong du cing. Ca
hai déu dat trong ving léch 20 so véi 100 (nghia la trong
[100-20,100+20]). Nhung vdi phuong phip “xfiu” ma si dung' cac
bit bén phai tif phuong phép dong du tuygn tinh (101011), thi gia trj
thong ké 1a 77.8 hién nhién 1a vagt khdi mien xdc dinh tat (néu
trén).

Hinh 35.2 biéu dién thn s8 xufit hign clia mbi gia tri 100 trong ba
bang cia phuong phéip dong du tuyén tinh da dé eap. Ding cac bit
bén trai (bi¢u do trén cing) thi rit x4y, con hai bidu dd con lai th
khong khic nhau ldm: théng k& chi-binh phudng cung eap mot
phudng cich dé nhin ra duge phép nhan khong tot.

Wink 38.2 Jan sid i hign ciia mdi gia o 100 trong ba hang
cria phecong phap déng die tiuyén tink
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CAC LUU Y KHI CAl DAT

Mot s8 lgi diém thubng duge thém vao d€ lam cho céc thao téce tao
s8 ngiu nhién httu dung ddi v6i nhizu loai trinh Wng dung. Ngudi ta
thuting tao médt han, khdi dong nd, roi goi Lap lai nhigu [an, méi [an
tra vé mot s0 nghu nhién khic. Mot cich khic Ia chi goi mdt fan va
n6 tao ra day cdc 0 ngau nhién cho trinh ung dung. Trong ca hai
trutng hgp trén, nguti ta déu mong mudn nhin dude cic chudi
gidbng nhau trong cic 13i goi k& tidp (dé€ tim 16i hay so sinh cac
chuong trinh khae nhau trén cing di lidu nhiip) va tao duge mbdt
chudi tuy y. Tat ca cdc diém nzu trén deu doi hoi phai ding d&n
trang thai duge gid lai gita cdc i goi cia him tao s8 nghu nhién.
Bitu nay ¢o thé khéng thuan l¢i trong mdt s8 mdi trudng lap trinh.
Phuong phadp cong bat idi 1a ¢6 mot trang thai kha ldn (mang giff céc
word vifa taoinhung lai cd6 mot thuin 1gi 1a ¢d mét chu k¥ dai nhu
vay, ma o thé khong ¢an phai khdi tno.

Mot cdAch than trong dé tranb cdc sai lach xay ra trong thao tde
tao 88 nghu nhién la lidn két hai phuong phdp véi nhau (vi dy nhu
dung phuong phap dong du tuyén tinh dé€ khdi tao mang trong
phuong phap dong du cing). Mot cich thue hign phuong phip tao
két néi dé dang la dung phuong phap thi nhit tao mot bang va thao
tAc thu hai chon cic vi tri bang ngfu nhién dé 1y ra cic s6 cho két
xuat.

Khi tim 161 cho mot chudng trinh, nén ding trude mbt cich tao
30 nghu nhién bi thodi hod (vi dy ludn tra vé 0 hay chudi ¢é tht tu).

Nhu mot quy Iudt, cic cong cy tao 33 ngau nhign thi dé hong, va
chn phai xem1 X6t ¢An than, Néfu khong thye hign nhieu loai kiém tra
thong ke thi khé bao dim mot phuong phap tao s6 ngiu nhién la tst.
Trén nguyén tic, dé sit dyng duge mdt cdng cy tao s8 nghu nhién tst
thi phii lam hét sitc minh, diit co s6 trén cic phan tich toan hoc va
cac kinh nghiém khac; chi dé bao dam rling cdc s8 trong 6 vé nghn
nhién. Néu o6 gi sai sot, hay xét lai cic cdng cy tao sd nghu nhién.
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BAI TAP
1. Viet mit chusng trinh tao ra cie tir bén ky ty. Ude tinh xem
chudng trinh cua ban tgo ra dugc bao nhieu tir thi Iap lai.

2. Dya theo trd choi thay hai con xdce xéc 16i tinh tdng nhan duge 48
tao 14 56 bghu nhién, i phic tap thém bang cdch cho phép con
xuc xic khong chudn (co the o6 3 1,2,3,5,8 va 13),

3. Tinh chudi cic miu tao ra boi phuong phap thanh ghi djch chuyén
hdi tigp tuyén tinh nhu trong hinh 35.1, nhung vdi vi tri it ra la
bit dau tién va bit cudi cung. Cho miu khdi tao 1a 1111.

4. Tai sao khong dung OR hay AND (thay vi XOR) trong phuong
phép thanh ghi chuyén hdi tiép tuydn tinh.

5. Vi€t chuong trinh tgo ra mot hinh nghu nhién trong khéng gian
hai chitu (vi du: tao ra céice bits ngdu nhien, vé “*” néula 1, “ " ndu
la 0; Vi dy khaie: dung wic s6 nghu nhién nhy la toa d6 trong he
truc Descartes hai chiéu va ve mot ki tiy **” tai digm d6.

6. Ding thult todn tao s6 nghu nhign dong du cong da tao ra 1000
0 nguyén ngau nhién duong nhé han 1000. Thist k& va ap dung
mdt cAach kiém tra xem ching o6 nghu nhign hay khong.

7. Tuong tu bai 6 vdi phuong phip dong du tuyén tinh va cic tham
s6 ban ty chon,

8. Tai sao khong nén su dung, vi dy nhu =3 v ¢=6, vdi phuong
phip tao dong du cong ?

8. Gia tri cia phuong phip kiém tra chi-square la bao nhitu khi
thuit toin ludn tao m cic s& nhu nhau.

10. Ban lam thé nho dé tao ra eic s& ngiu nhién véi m ldn hon kich
thude word.
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Mac di dang c6 nhigu thay déi, nhung ly do dé ton tai cia nhigu hg
théng may tinh vAn la kha nang thyc hign nhanh, chinh xac cac
phép tinh trén nhitng con s8. May tinh da dugc ché tao c6 kha nang
thue hién nhitng tinh toan s3 hoc trén céc s& nguyén va sd thyc kiéu
chd&m dong. Vi du ngdn ngi Pascal o6 hai kiéu s8 13 integer vA real,
cling vdi tit ca eic phép tinh thong thudng trén hai kidu d6. Phuong
phap hign nay st dung cho cac phép tinh s8 hoc la mot phan trong
viée thigt ké va kign tao mdy tinh va khong phai la digu ma ching ta
quan tam téi 6 day (mac di mdt thuit todn mdi, nhanh dung cho
viee nhan hai s8 nguyén 32 bits viin ¢6 thé c6 tAm quan trong 16n).
Thay vao dé, ching ta s& thio luan vé mdt s& thuat todn ap dung cho
cac phép toan trén nhdng dai tugng todn hoc phic tap hon.

Trong chudng nay, chiing ta sé xem xét viée lap trinh bang ngdén
ngi Pascal nhing thuit tain cho phép tinh chng vi nhian trén cic
da thiic, 80 nguyén dai v ma tran. Nhing thuiit toan so cip trén cic
vin d& nay déu quen thupe, dé hidu va dé lam, nhung viée van dung
cac cilu trice dif ligu co s3 trong nhing trudng hdp dic biét cing la
mot vin d& diang nghién aitu. Ching ta sé khdng nhin manh dén
nhing ap dung nhu thudng 1&, mh s& xem xét tinh chat phie tap
trong tinh todn cua cic vin dé sd hoc can ban; bdi vi s8 hoc cho
chiing ta mot vi dy tuydt hao vé vige the nao 1a vin dyng dung dan
suy nghi thuat toan dé tao ra duge nhing phueng phap tinh vi thye
s\ hitu qua hon cie phugng phip so cdp. Nghién ciu nay thiit 1y thd,
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bdi vi ban chat lich sit ciia vin dé: cde thuat todn troeng viée thyc
hién nhitng phép tinh s8 hoc s0 cip nhu cong, nhan va chia co mot
lich st hét sic xa xua, bit ngudn tit nhitng nghién adu thuat todin
trotig edng trinh cua nha toin hoc ngudi A Rap al-Khowarizmi, véi
c6l Té nén tAng ¢hn shu xa hon nita tir thai nhung ngudi Hy lap va
Balylonia (mt d& quiic Tay Nam A).

Chuing ta sé thily, phép nhan da thiic va dac biét 1a nhan ma tran
cho ta nhing vi dy chuiin mye vé sie manh cia kidu “chia dé tri”.
Rui thay, nhimg thuat todn higu qua nay (véi ngoai 1& dac bigt quan
trong cua phuong phép da duge ban luan trong chuong 41) lai khé
thye hanh; nhimg phuong phap s cfip sit dung nhitng cu tric dit
lidu co 0 tat nhitn dude xem 1a t5t nhit, ngoai trir déi vai nhitng vin
dé qua rong.

SO HOC VE DA THUC

(Gia sit chiing ta mudn viit mot chuong trinh cong hai da thic, nghia
la muén thye hién nhing phép tinh nhu:

(1+2%-3x3+{2-%)=3+x-3x3

Mot cdch tong qudt, gia sit chiing ta mudn chuong trinh c6 thé
tinh rix)=p(x)+q(x), trong d6 p va g la cic da thie c6 N s§ hang.
Thyc hign vige dé it don gian vdi mdt biéu dién mang (array ).
Chiing ta luu trd da thic plX)=pytpc+..+py.xN-! bang array
plO.n-1] véi p[jj=pj ,v.v. Sau dé, phép cing khong ¢ gi ngoai
chudng trinh eo dong:

tor i:=0to N-1 do rfi]: =pfij+qfil;

Théng thutng, trong ngdn ngi Pascal (xem chuong 3} chiing ta
phai quy&t dinh trudc con 55 N s8 ¢6 thé 16n téi cd nao &8 khai béo
mang p, q var.
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Chuong trinh trén cho thiy khi da chon cich bidu didn cdc da
thic bang mang thi phép cong thye sy don gian, cac phép tinh khac
cling b thé vigt dé diang. Thi dy phép nhan da thic b thé thye hign
biing doan chuung trinh sau:

for i:=0 to 2*N-1) do r{i}-=0;
for i:=0to N-1 do
for j:=0to N-1 do r/i+jl:=rli+j]+pli]*q{j];

Ming r phai duge khai béo 16n gfp hai Ian s6 s6 hang ciia da thuc
tich. Mai s6 hang trong N 3 h.gng cua p duge nhan vdi ting s8 hang
trong N s hang clia ¢, vi vay s6 [an Iap cua thudt todn nay 16 rang
1a binh phusng st 88 hang cia da thite.

Nhu ching ta da thily ¢ chuong 3, viee bidu dién mot da thic
bang mot ming chita cic he s6 cia n6 6 lgi didm 1a dé dang tham
chiéu trye tiép mdt he s8 bit ky, nhung lai bit Ioi d chd phai khai bhao
dy tr chd cho cic con s8 nhidu han 8 lugng dan thist. Chéng han
nhu chuong trinh trén 16 ring khong nén dung d8 nhan hai da thie
sau:

(1+x lllllllil)( 142% lﬂ(JUU] =1+4+3x 1(}(}(]{)+2x2“|lllll

mac du, dit lidu nhip chi 06 bdn s8 hang va két qua xut chi 6
ba s6 hang.

Chung ta c6 thé biéu dién da thie bing cich st dung cie danh
sdch lien két (linked lists) va cdng ching nhy chuong trinh add &
trang sau.

Cac da thie nhip duge thé hién bing cice danh sach kit néi voi
moéi phan tii cia danh sdch tusng ung véi mot s han g trong da thie;
da thuc xuit 1a k&t quii cua thi tuc edng. Thao tic trén cic lien ket
hoan toan tudng ty nhu chung ta da thiy & cic chtrcing 3,8,14,29
vi nhing chd khie trong quyén ssich nay.
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function oddip,g:linkjlink;
var flink,;
begin =z
repeat
new(t ) .next); L=tV .next;
tte=ptetgt.ey
p:=p t.next; g:=q t.next
until (p=z) and (g=z);
th.next:=z; add:=z% .next;
end:;

Chuong trinh trén khong cdi tién thue sy ddi vai vigc biéu dién
mang, ngoai trit diém né khéo léo xit ly sy thitu mang dong
(dynamic array) trong Pascal (vi cing hao tn chd cho cic két ndi
trén titng 35 hang). Tuy nhién, nhu vi du trén cho thay, ching ta cé
thé I¢i dung kha nang o6 thé c6 nhidu s& hang la zero (0). Ching ta
cé thé tao nhitng phan tit cia danh sdch (list nodes) chi bidu dién
cho cac s hang 6 hé s8 khic 0 clia da thnfc biing céch ké ca bc cua
8 hang dugc biéu dién trong phin ti clia danh sdch; nghia la mbi
phan fi clia danh sach cinia cic gia trj cla ¢ vaj, € dai dign cho o
Khi d6, viée tich chiie nang: tao médt node v them node dé vio danh
sdach riat thuin tiém nhu dudi day:

type link="tnode
node=record credl; jiinteger; nextlink end;
tunctien listadd(t:link; creal; j:integer)link;
begin  ncwit t.nexty t=tt.next; t1.co=c ¢t ji=j
listadd:=1;
end;

Him {istadd tao ra mot node mdéi, gin cho node cde field dac ta
{c,j) va kit ndi vio danh sich sau node t. D8 ¢d thé thye hién cic thao
tie trén da thie mot cach 6 t8 chice, ede danh sich c6 thé duge sip
x&p theo thi ty ting din cta bje ().
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Bay gio, haim add trd nén ly thy hon, bdi vi né phai thyc hién mot
phép cong chi danh cho cdc s8 hang ¢ cing bac va dam bao rang
khong tac ra mit s& hang nao o6 gia tri 0.

Tunction addip,q.linkLlink;
begin
tr=g;
repeat _
iffptj=qtj/and ptc+gt.c<=>00)
then begin t=listadditp t.e+qgt.+ept )
p:=pt.next;g:=q % .next
end
else if ptyj<gty
then begin &L =listadd(tp }.cp 1 j); p:=p t.next
. end
else if gt j<ptj
then begin t:=listadd(t,g t.c.qt j)
g:=q % .next
cnd;
until (p=z) and (g=z);
tt.next: =z add =z 1 next
end;

X1t ly nay can nhidng thao tac tinh t& d€ giai quy&t nhing da thdc
bi kéo gidn do ¢6 nhiéu phan tir 0. Bdi vi, khdng gian va thii gian can
cho vige xit Iy cic da thide thi ty 1 voi 8 lugng s8 hang, chit khong
phai bic cua da thife. Cang cé nhing tiét kitm tuong ty nhu vay cho
cic phép tinh khic trén da thic, vi dy nhu phép nhan, the nhung
phai dé phong vi ¢ic da thidc oo thé bj “suy theai” sau mot s6 lugng
cac phép toan nhu vity duge thyce hign. Viee bidu dién bang mang sé
ot hon niu da thite ¢d it thinh phan cé hé s6 0, hoic néu bac khong
cao. Thee ching tai biéu dién nay 1a dé don gian héa viee midu ta
nhiéu thuit tein trén cic da thic sé duge trinh bay dudi day.
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Mot da thic o6 thé khong chi c6 mdt ma nhicu bign, thi dy dan
phai xit Iy cac da thuc nhu:

I +ioxd +yﬁz+ wz:'lxﬁllyflilziiﬂ +x lﬂllllzltlll(}

Trong nhitng truting hgp nay, dit khoat phai can dén cach bidu
dién bing danh sdch lien két: vide lya chon (cic mang nhigu chigu)
6 the doi hoi rat nhieuw chd. Md rong chuong trinh listadd & trén d8
xd 1y cac da thie nhu vay khong kho khan gi,

NOI SUY VA TINH GIA TRI BA THUC

Chung ta hiy xem tinh gid tri cia mot da thife tai mot didw xac dinh
nhu the niw. Thi du dé tinh:

(j=xd+ 336+ 2x+ 1
p

cho mot gia tei x bit ky, ta ¢é thé tinh x4, roi cong vdi 3x™...
Phuang phiip nay doi héi phai lap lai viée tinh cac lay thira cua x,
chiing ta ¢6 the hwu Ly két qua méi fAn tinh lay thita elia x, nhung
nhu theé lai cAn luu tri qua nhiéu.

Mot phuong phip don gian trdnh duge tinh trang lap lai nhigu
lan mot con tinh vh khing st dung qui nhizu chd lvu trit duge goi
la quy tde Horner: Tin lugt thye hien cic phép tinh nhiin vh cing
tuong wng, mot da thite bac N o6 thé tinh duge ma chi sit dung N-1
phép nhan va N phép cong. Phuung phap diat thira s chung:

pix)=xix{x{x+3)-Gi+2)+1

lam cho thy ty tinh todin rd rang:

y:=p{NJ;
for i:=N-I1 downto 0 do y:=x*y+pfi]:

Chuing toi da si dung mdt dang cia phuong phdp niy trong mot
ung dung thye hinh hét sic quan trong: tinh cde him bam ciia cac
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khéa dai tiong key, xem chuang 16).

Mot vin dé phuic tap hon 1a tinh mot da thdc & nhigu diém khsic
nhau. Nhiéu thuit todn khic nhau phit hgp tity thude vao viee ¢an
phai tinh bao nhidu gia trj va o6 phai thyc hién cing mdt hic hay
khong. Néu phai tinh mét s lwgng ldn cdc gia tri thi nén thyc hién
mdt vai “cdi tinh trudc”, chiing cd thé lam gidAm phan nio hao tén
phién todi cia cic phép tinh djnh trj v@ sau. Luu § rang phuong phép
cua Horner dbi héi khoang N binh phuong phép tinh nhan dé tinh
gia trf mot da thie bic N 3 N diém khsic nhau. Con o6 nhidu phuong
phdp ritc rdi, phiie tap hon nia da duge xay dung d8 giai quyst van
dé nay trong N(log N)bude va trong chudng 41 chiing ta s thily mot
phuong phip chi sit dung NlogN phép nhan cho mt tap hop N didm
xac dinh. '

Néu da thie chi o6 m{t phan t thi véin dé tinh da thie nay chi
con la vin dé liy thita: tinh x liy thita N. Quy tic Horner trong
trudng hdp nay giam cAp xuding mjt thut todin don gidn chi din N-1
phép nhim. Dé thily duge chiing ta o6 thé lam téit hon nhieu, hay xét
chudi sau day dé tinh x lay thim 32:

xx2xd B x16 32

Mbi m{t 53 hang o6 duge bing cich binh phudng s6 hang trude,
cho nén chi cin 5 pheép nhan thay vi 31 phép nhan.

Phueng phap binh phudng lién ti€p c6 thé dude md rong mot
cach dé dang cho mot N ting quait néu nhu cée gid trj tinh duge duge
luwu gi@ Iai. Thi du x lay thita 55 ¢6 thé tinh dugce tit cie gia trj ndu
trén, va thém 4 phép nhin nia:

R P TR g |
Thong thubng, cich bidu dién nhj phan c6 thé ding cho N 48

chon gia tri ndo da duge tinh dé dung lai. (Trong vi dy nay, boi vi
55=(110111) nén ngoai trir x®, con lui tit ca s duge sit dung). Cac
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phép todn binh phudng lién tigp o6 thé duge tinh va céc bits cia N
dugc kiém tra trong ciing mot vong lap (logp ). C6 hai phuong phép
thyc hién dugc didu ny ma chi sit dung mot accumulator (bien tich
lay) gibng nhu phuong phip Horner. Mot 1a thufit toan quét bidu
dién nhj phan cia N tif trai sang phai, khoi dong bién luu git bang
1. Tai mdi bude, binh phudng accumulator va dong thai nhan vdi x
néu gia tri bit tudng dng trong bidu difn nhj phan cia N bang 1.
Chudi gia tri sau day duge tinh bing phuang phap nay véi N=55:

1.1 x.x2x% 20 x 12 513 26 27 x54 55

Mot thuat toan néi tiéng khic thao tie tuong ty nhu vay, nhung
quét N tir phai sang trai. Bay ia mt bai tip nhiip mdn lap trinh
chufin. Miic di kha nang tinh todn trén nhing con sd 16n nhu vy
khé o6 ich lgi thigt thyc, nhung khi ban luin v& cic s nguyén 16n,
ching ta sé thay phuong phap nay déng mot vai trd trong viée chi
dat mat mi khéa cong khai cia chuang 23.

Bai todn “nguge” vdi thao tac tinh mot da thic bac N 8 N digm
1a vide “ndi suy da thite”: cho mét day N didm x1, x2, ., xN va céc gia
trj tuong ving lay!, y2, .., yN, hay tim da thic bac N-1 duy nhit thoa
PlXyY=yy, pixg}=ys ... PANI=YN:

Bai toan ndi suy Ja tim mot da thaic nhis vao mot diy cac diém va
cic gia tri da cho. Bai tadn djnh tri la tim cac gia trj khi cho trude
da thiic va cac diém (Bai toin tim cic diém khi cho bigt da thidc va
cac gia trj duge goi la tim nghiém).

Giai phap chuiin cia viin d& ndi suy dya trén chng thic cia
Lagrange, thutng duge sit dung dé chiing to rang mit da thuic bac
N-1 hoan tean duge xic dinh bdi N diém:

xX *xi

px)=% ¥ ]

175N 1=<isN %5~ %
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Cang thiic nay thogt nhin c6 vé ghe gém nhung thyc t& that don
gidn. Vi dy, da thic bic 2 o6 p(1)=3, p(2}=7 va p(3)=13 dugc cho
bai:
p(x)=3 x—2 x—3 +7x—1 -3 +13x=1 x-2
1-21-3 2-12~3 3-13-2

va it gon thanh:
itx+1

Vaéi moi x titx), % ..., Xy, odng thite duge xay dung the nho 48 b
pl)=y vdi 1 sx <N, bdi vi tich s6 déu 1a 0 trit khi j=k, khi tich la 1.
Trong thi dy nay, hai s6 hang cudi la 0 khi x=1, s5 hang dau va cudi
14 0 khi x=2 va hai s3 hang dau la 0 khi x=3.

Chuyén mdt chng thic tit dang dugc md ta theo cong thidc
Lagrange sang cich biéu dién s hang chudn cia ching ta khéng d&
lam chiit nao. [t nhat phai o6 NZ phép tinh, khi c6 N phan ti trong
tng 55, Mbi sd hang la mot tich vdi N thia s3. Thyc sy, dé thye hién
mét thuat toan bic hai, can o6 it nhigu linh ddng, bdi vi cic thita s
khéng chi la nhimg con s6 méa con 1A nhing da thdc bac N. Hon nia,
modj phan tv riit giong phan ti di trude. Nguii doc hin thich thd
kham pha rang c6 thé lgi dung diém nay nhu the nao & thyc hién
thuit todn quadratic . Bai thp nay cbn mot vin dé Ia sy danh gia ban
chat dac bi¢t cua viee viet mdt chuong trinh thye hién tinh todn theo
mét cong thide toin.

Cing giong nhu vige dinh trj da thic, o6 nhizu phuong phap
phic tap co thé gidi quyst bai toAn trong N(logN) budc, va trong
chuong 41, chiing ta s& thily mot phuong phap chi diang NlogN phép
nhan cho mot tap hgp N diém.

NHAN PA THUC

Thuat toan s6 hoe phic tap diu tién cia ching ta danh cho bai toan
nhéan da thie: cho hai da thie p(x) va gix), hay tinh p(x)g(x). Nhu da
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kre ¥ & dau chudng nay, cac da thdc bac N-1 o6 thé ¢6 N phan
(tinh ludn hiing s8), va két qua can tinh o6 bic 2N-2, vdi 2N-1 phan
tr. Thi du:

(1 +x+3x2-4x3) 1 +2x-5x2-3x3)=(1 + 3x-6x3-26x4 + 1 I+ 12x6)

Thuit todan chin phuong, gian di giai quyét bai todn nay trinh bay &
dau chuong dbi hai N phép nhan cho cic da thic bac N-1: mdi mdt
phan td trong N phan tit cia p(x) duge nhan vdi ting phan ti¥ trong
N phan tid cia ¢(x).

D& cai tién thuat todn chan phuong niy, chiing ta sé “chia 48 trj”.
Mot phuong phdp dé phan mjt da thic ra lam hai }a chia ddi céc s
" hang: cho mdt da thuic bc N-1 (v6i N s8 hang), ching ta o6 thé phan
n6 ra thanh hai da thic véi N/2 s8 hang (gia st riing N chia chén cho
2): mit da thate s& gom N/2 s§ hang bac thip va mit da thic khac s&
gom N/2 s5 hang bac cao. Véi plx)=pg+pyx-+...+py. 1xN -1 ta djnh
nghia

pl(x}=p0+p1x+...+pN,2_1xN»"2°l
PRI=pNg PN i+ APy E

Sau dé, ciing ding cach d6 @8 tach q(x) ra, ching ta cé:
plx)=py(x)+xN2p, (x}
glxj=qx)+xN2q (x)

Bay gits, dya vao nhing da thic nho hon, kit qua dugce tinh béi:
PG =py(2)qyx) + (Prieigu)+ qixip ) N2+ p, (g (0N

(Chiing ta da sit dung cich chia nay trong chuong 35 @& tranh
vin dé tran.)

Bay gitr, didm méu chdt cia viée iam nay 13 chi ¢An c6 ba phép
nhan dé tinh duge cdc két qua (thay vi 4 nhu theo cdng thic trén)
béi vi néu ching ta tinh
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M) =pyxqyx), ryfxj=py(xigy(x) v

Fm(X=P\X)+pL{x))q)x/+qyu(x)) ching ta ¢6 thé dat duge ket qua
bang cach tinh;

POGUEI=ri )+ (1 (- rifa)-ryp(x) N2+ pp (0N

Nhing tiét kiém o6 duge o6 I khong thé thay rd tit vi du nhd nay.
Phuong phdp dya trén co s& phép chng da thiic doi hoi mt thuat
toan tuyén tinh, va phép nhan da thic brute-force 1a binh phudng, vi
vy nén thyc hién mét it tinh cdng (&) d€ giam duge mot phép tinh
nhan (khé). Ching ta sé xem xét ciin ké hon vé nhing tigt kiem ma
phudng phap nay e6 thé tan dung.

Trong vi du néu trén, v6i plo=l+x+32403 va
qlx)=1+2x-5x%-3x* chiing ta c6:

nx)=(1+x}1+2x)=1+3x+2x2

rplx)=(3-4x)(-5-3x) =-15+ 1 1x + 12x2

Pl %)=1{4-3%)(-4-x)=-1G+ 8x + 3x2

Do d6, ta c6 rylx)-ri(x)=-2-6x-11x2, va két qua duge tinh nhu la
tong clia ba s§ hang theo cong thic trén:

plxiqixy=(1+3x+2x2)

+(-16+8x+3x%)
+(-15+11x+12x2)
=1+3x-6x3-26x%+ 1 1x7+ 12x6

Phuong phap chia-dé-tri nay gial quyst v&n de nhan mot da thie
o8 N bang cich gidi quy&t ba bai todn con od N/2, ding vai phép tinh
cong da thic dé giai quy&t cac bai tosn con va két hop cic két qua
lai. (N&u N=1 thi két qua tinh dugc chi 1a mét sin phim vd hudng

cua hai s hang 14 hiing). Vi vay, thi tuc nay o6 thé thyc hign dé dang
biang mjt chudng trinh d¢ quy nhi & trang sau.
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function multp,q:array[0..N-1] of real; N:integer)
s array [0.2*N-2] of redl;
var pl.ql.ph.gh,tl.t2: array [0..(N div 2)-1} of real;
rt.rm,rh; array {0.N-1] of real;
i.N2: integer;
begin
if N=1
then mulif0]:=pf0j*q[0]
else begin . N2:=Ndiv Z;
for i:=0to N2-1 do
begin plfi]:=p(i}; qli]:=qli] end;
for i:=N2 to N-1 do
begin phli-N2J: =p[il; qh{i-N2]:=q[i}; end;
for i:=0 to N2-1 do t1fi]:=pi{il+phli};
for i;=0 to N2-1 do 2[i]:=ql{i]+qh{i];
rov=mndirtl (2. N2);
rl:=nudtipl.qgl N2);
ri:=multiph,gh N2j;
~for i:=0 to N-2 do nult{N+iil:=rh[i];
multfN-1}:=0;
for i:=0 to N-2 do mult{Ni}:=rhfi];
for i:=0 to N-2 do
multiN2+ 1 =multfN2+i]+ rmfi}-(rifi}+rhfil);
end;
end;

Mac dir doan chuong trinh trén md ta rd rang va ngin gon
phudng phiap nay, nhung khong may mAn, no lai khong la mot
chuong trinh hgp & cia ngdn ngd Pascal bii vi cie ham khong thé
khai bdo mang kiéu nhu viy. Van dé nay c6 thé chuyén sang ngbn
ngit Pascal biing cich biéu dién cic da thic bang cic danh sach lien
két; ching toi dé lai cdng viée nay nhuy mdt bai tip cho nguai doc.
Chudng trinh trén gii thigt N 1a mot bi s5 cua 2, mac du cdc chi tiét
dsi véi N ting quit c6 thé giai quyst mot cdch dé dang. Nhing phie
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tap chu yéu la dam bao duge sy 48 qui k&t thic ding lic va cic da
thite duge phan chia thoa ding khi N khong chia chén cho 2.

Tai sao phuong phap chia-dé-trj nay lai 1A modt cai ti€n ? D& tim
duge cau tra 1, ching ta cAn gidi quyst mdt cdng thie d& quy can
ban, chi hdi phitc tap hdn mdt chiit so véi cdng thitc trong chuong 6.

Tinh chit 36.1 Hai da thite bge N ¢b thé nhan vdi nhau bling céch
su dung khoang N phép nhin.

Tit chuong trinh dé quy, ré rang ring s8 hugng phép tinh nhan s8
nguyén can dé nhan hai da thic cip N bang vdi s& lugng cac phép
tinh nhan d& nhan ba ciip da thie ¢8 N/2 (Luu ¥ ¥ang, d6i véi vi dy,
dé€ tinh ry(xxN khong cin mdt phép tinh nhan nao, chi ¢an chuyén
dit ligu) Néu My 1a s8 lugng phép tinh nhan can lam d& nhan hai da
thic ciip N, chuing ta co:

My =3Myy+1 cho cic N22 véi M, =1
Vi vay, M(2)=3, Mr4)=9, M(8)=27,... Nhu trong chuong 6, ndu
ching ta cho N=2" thi ching ta cé thé 4p dung mjt [an nia sy lap
lai cia chinh né dé tim ra két qua:
M2rj=3M(2n-1)=32M(2n-2)=33M (23} = |, = I0M(1) = 30
Néu N=2n thi 3n=2!g 3m=2nlg 3.-Nlg 3 Mac du lvi giai nay chi
chinh xdc véi N=2" , nhung néi chung trudng hgp téng quat ta vAn
o0 MN =NI& :.’.;Nl.ﬁﬂ_
rd rang tict kitm hon so vdi phuong phép ¢ {(do phic tap N2).

Luu y riing néu ching ta @i st dyng hét bdn phép tinh nhan
trong phudng phip chia d& trj don giin nay, thi $8 06 thao tac thye
hién y nhu phuong phap so cip béi vi 86 [an lap s2 1a M(N)=4M(N/2)
cho giai dap M(2n)=4n=N2,

Phuong phap niy minh hea rit t6t cho ky thuat chia-dé-trj,
nhung hiém khi duge sit dung trong thye t& bdi vi 6 mdt phuong
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phap chia vh trj t3t hon nhidu ma ching ta sé nghign cdu téi trong
chuong 41. Phuong phap nay thuc hién bing cach chi chia bai toian
g0c ra lam 2 bai toan nho, véi mpt it xid 1y them. Né din tdi sd lugng
phép nhan can c6 tinh theo cong thie d@ quy cla chia va trj chufin
la MN=2MN."2+N va cho két qUé MN fjﬁn b?mg NIgN.

CAC PHEP TiNH SO HOC V&I CAC s6
NGUYEN LGN

Mot s& nguyen lon co thé xi Iy nha mét da thic, véi hhing rang
budc han ché trén nhing phan tit. Thi dy s6 nguyén 28 chit s6
0120200103110001200004012314
c6 thé tuong ung véi da thifc:

%264 2x 254 2523 4 5204 3 1B 4 1T 4 5 1642124 2 114 4B 4 x4 2%3 4+ Bx 24 x+4

Khi dé, s6 nguyén chinh la gi4 trj cia da thde v6i x=10. Nguge
lai, bit ky da thie bac N-1 nao vdi cic hg s& duong nho hon 10 déu
tudng @ng chinh xdc véi mdt s& nguyen N chit 6,

Do do, ching ta c6 thé sit dung cic phép tinh trén da thic d& xi
1y ciic s nguyen 1dn, Khi d6, ching ta ¢6 thé bidu dién cac s6 nguyén
mét cach don gian bang cic mang, 19i sit dung edc thao tac tinh toan
thong thuting, chi nang cao cic thao tdc nay khi nao mang luu tra
da thie. Thi dy, dé nhan hai s nguyén 100 chi s, chung ta c6 thé
st dung thuit todn trén dé tinh duge mot két qua 200 ch sd.
Khuy&t diém cua céch tinh niy la céc he s& trong k&t qua tinh duge
khong phii hic nao cing nho hon 10. C6 theé digu chinh digu nay
trong mot tinh hudng cd bigt: bit dau véi i=0, chng pfi] div 10 cho
pli+1], thay thé pfi] bang p{i] mod 10, rdi tang i 1en, ti€p tuc cho
dén khi khong con hé s6 nio khic 0.

Co thé sit dung mdt cd 5 1on hon 10. Thi dy, con s& 28 chit 88 néi
trén cang oo the tuong ung voi da thic :
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120x5+2001x5+31 Ix4 + 2% + 200022+ 401x + 2314

Tinh trj da thitc nay vdi x=10000 s& dugc s& nguyen néi trén.
Diéu nay cho phép s8 nguyen dugc bidu didn vdi it bp nhé hon {trong
vi dy nay la 1/4), the nhung cic hé s lai c6 kha ning tran trong cac
tinh todn xut Iy trung gian. Toan hoc da nghién cdu cfin than van da
c6 thé st dung mbt oo s5 1dn d&n c5 nao, nhung trong thye t& vin
con chit ft thi¢t hai khi vi cin trong ma ding mdt cd 8 nhb.

Doi véi mat ma RSA (Chuong 23), ching ta khong chi can nhan
céc sb nguyén 16n, ma con phai liy thira va chia. Dac biét, ching ta
can tinh MP mod N khi M, p, va N deu Ia nhing s8 nguyén lin. B
khong phai 14 mot tinh todn don gian d& thyc hign, nhung ching ta
o6 thé phéc thao mét phuong phép. Dau tien, phép tinh liy thira co
thé thyc hién bang nhing phép nhan lién tiep nhu da trinh bay &
trén, do 46 chi cin xem lam theé nio 4€ tinh MM, mod N véi M 1Mo
va N déu Ja nhing s8 nguyén lén. Piém then chat trong viée thyc
hién tinh toan phép mod la tinh 10P mod N cho moi s3 10P nhé hon
6 nguyén 16n nhit o6 thé gip. Sau d6 thi mot phép toin mod dac
biét nao cing la mot lien két tuyen tinh cia nhing gia trj nay, Mot
©0 56 I6n hon sé gidm duge téng s6 nhimg tinh todn can thiét. Trong
cac thulit ng toan hoc, phuong phap nay phi hgp vdi vige tinh,
ching han:

0120200103110001200004012314 mod N
‘bitng cich tinh:

12068 mod NJj + 200" mod N) + 311(x* mod N)
-+ (x* mod N} + 2000(x2 mod NJ + 401(x mod N) + 2314

véi x=10000. Céc gid tri 10000P mod N ¢6 thé dude tinh trude va
luu vao trong mot biang, hoge tinh them khi éan, nhu trong thuat
todn tim chudi Rabin-Karp trong chusng 19.
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s® HOC MA TRAN

Cai dat cic phép toan trén ma trén cing o6 nhitng vén da tudng tu
nhu d8i véi cac da thuc da ngu trén. Vi du nhu cdng hai ma tran
cling don gian bdi vi chng ma triin chinh 14 chng timg phan t mot,
giong nhu cic da thic.

Nhan ma trin cing khodng ¢6 gi phiic tap. Néu goi r Ja ma tran
tich cla hai ma tran p va g, thi rfi,j] (phan & c6 dong la i, cit 1a )
chi don gidin la téng clia cdc tich timg chp phan ti
pli,01%qf0j}+pfi, 1]*q{1,j]+... +p{i,N-1J*q[N-1j], nhu trong
chudng trinh saw:

for i:=0 to N-1 do
for j:0 to N-1 do
begin  £:=0.0;
for k:=0 to N-1 do t:=t+p[i,k]*qlkj};
rfijl=t
end;

Ngudsi doc ¢ thé thi qua vi dy sau a8 kiém tra lai chuong trinh
néu trén véi trudng hop:

1 3 -4 8§83 0 17 256 -18
1 1 -2 [3 10 2] = 11 g =10
-1 -2 5| (02 &6 -14 —-13 26

M&i phim tif trong s8 N2 phan tif ciia ma tran tich duge tinh bai
N phép tinh nhan, vi the can khoang N3 phép todn dé nhan hai ma
tran N dong N cht.

Ciing nhy trong cde da thic, cdc ma trin thua (nghia la co nhidu
phan tit bing 0) ¢6 thé x{ Iy nang dong hon bang cich ding céc danh
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séch lien két. Dé git nguyén ciu tmic hai chiéu, mdi phan t khac 0
cua ma tran duge luu trong mjt nit cda danh sich chia gia tri va
hai lien két, mot tro tdi phan tu khdc 0 k& tiép trén cung dong vh
mot tro tdi phan tif khac 0 ké ti€p trén cing cbt. Thuc hién trén cac
ma tran thua theo cach nay cling tuong ty nhu ddi véi da thie thua,
nhung bj phie tap ¢ chd mdi nit xuat hién trong hai danh sdch.

Ap dung k¥ thuat chia dé trj trong bai toan s hoc ndi tiéng nhat
14 phuong phéap cia Strassen trong van d2 nhan ma tran. Chiing ta
82 khong dé cip chi tigt & day, nhung ching ta ¢6 thé phdc thao
phuong phip, bdi vi no riit gidng v& oo ban véi phuong phap nhin da
thic vira nghién cdu.

Phuong phdp binh thutng 48 nhan hai ma trin N dong N cdt dbi
hoi N3 phép nhan vd hudéng vi mbi phan t& trong N4 phan ti¥ cia ma
tran tich k&t qua cadn N phép nhan. Phuong.phdp cia Strassen la
chia biii todn ra laim hai, ttng véi vite chin ma trfin ra lam bén ma
tran N/2 dong N/2 cit. Bai toan con lai cang biing véi viéc nhén hai
ma tran 2x2 cing gidng nhu ching ta ¢6 thé giam s& phép nhan tit
bin xuiing ba biing cich lign hé ciac phan £ véi nhau trong bai todn
nhan da thic, Strassen cling tim duge mt cich lign k&t cic phan ti
v6i nhau dé giim 85 phép nhan khi nhan hai ma trin 2x2 tif tim
xudng bhay. Viec sip xép lai va cic thanh phan yéu cau kha phic tap.
Tinh chat 36.2 Hai ma trim NxN c6 thé nhan véi nhau blng cach
st dung khoong N*81 phép nhan.

Theo trén, ching ta cb 3 phép nhan cAn thigét dé nhan hai ma
tran bang phuong phap Strassen duge tinh theo cdng thic dé quy
chia dé tri : M(N)=7 M(N/2)

N6 cé két qua Ih: MINj=N18 T=N2.81

K&t qua nay thit sy bat ngd khi né xufit hién lan dau tién vao
nam 1968, bdi vi trude 46, tat ca deu cho rang dé nhan hai ma tran
NxN, tat nhién phai dung N* phép nhan. Vin de da duge nghign ciu
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shu trong nhing nam gin day, va ciac phudng phap hai t&t hon
phudng phap-cia Strassen da duge tim ra. Nhung thuat tedn “t&t
nhét” cho phép nhan ma tran vin chua tim duge, va day 1a mjt
trong cdc bai todn ndi ti¥ng nhat cbn dé lai cta Tin hoe

Mgt chd y quan trong Ia ching ta chi d&m s8 phép nhan. Trudc
khi lya chon mdt thuét todn cho mdt ap dung trong thyc hanh, cbn
phai quan tam dén hao phi do cic phép chng va trif them vao 8 lien
ket cac phan tif va do cic 101 goi d@ quy. Cic hao phi nay phy thude
ning vio may va cdch cai dat rieng. Nhung tong phi nay lai lim cho
thuat giai Strassen kém hidu qua hon phuong phap chuin d6i vdi
cdc ma trin nho. Ngay ca trong cic ma trén 16n, tiy theo s8 thanh
phan cia d liéu nhip, phuong phap Strassen ciing chi thyc sy cai
thi¢n trong khoang tit N1 dén N141 D cai tién niy khong ding ké,
trir khi N that 1dn. Vidy nhu, N phai 16n hon 1 tri¢u thi phuong phap
Strassen chi dung 1 phan 4 s8 phép nhin so véi phuong phdp chuédn.
Vi the thuat gidi nay chi 1a mdt sy déng gép ve mat 1y thuyét chi
khong phai thye hamh,
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BAI TAP

1.

C6 thé biéu dién da thic dudi dang ry(x-ri)(x-ro)...(x-ry). Lam thg
nao dé nhan hai da thic trong biéu dién nay ?

. Viét chuong trinh Pascal € nhan hai da thic thua (hau hét cac

he s3 déu bang 0) biing cach dung bidu dién xau Lién k&t khong
chiia cac hé s6 0,

3. Vit chuang trinh Pascal dé€ gin gia trj v cho phan tif tai dong i va

cOt j trong mot ma trin thua. Gid sit ma tran dudc biéu dién bang
xiu lien két chia cac phan td 0 cha ma trin.

. Hiy dua ra mdt phuong phap tinh gid trji mdt da thic da bist

trude cic nghiém ry, ry ..., ry va so sinh véi phudng phap Horner.

. Vit mot chuong trinh @8 tinh gia tri da thic bang phuong phap

Horner, trong d6 da thitc duge bidu dién bang xau lien két. Phai
bao dam chudng trinh ctia ban hoat dong higu qua d8i vdi cic da
thuc thua.

. Viét mot chuong trinh cai dit phudng phip nji suy Iag'range o]

thoi gian chay N2

7. Cé the tinh 2 ma chi ding it hon chin phép nhin hay khéng ?

. Ligt ké tat ca cic phép nhan da thite duge thyc hign khi diang thi

tuc mult trong chuong niy dé binh phuong da thic
T4x+x?4x3+xt+ai+afaT 428,

. Can khoang bao nhigu phép nhan khi 4p dung thd tuc muds dé

binh phuong da thic 14+aN ?

10. Cai diat mét phién ban cia thi tuc mult, trong d6 ding bidu dién

xau lien két cho cic da thic.
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Mot trong nhing tinh todn cd ban nhét la giai h¢ phuong trinh.
- Phép khit Gauss, 1a thuat todn cd ban d& giai he phuong trinh nay,
thi tudng a1 ddn gian va o6 thay d8i chit it k& tit khi né duge kham
pha ra edch day 150 nim. Thujt todn nay trd nén dé hiéu dac bigt
trong 20 nam qua, do d6 ngudi ta rit yén tam khi diang né.

Phép khit Gauss la mdt vi du vé mot thuit todn dude cai dat sin
trong hiw hét cac thu vién chudng trinh; that vay, né 1h mt thanh
t5 oo ban trong mdt sO ngdn ngd may tinh, vi dy APL va Basic.
Thuét todn co ban thi d& hidu va dé cai dat, tuy nhién, mdt s5 tinh
hudng dac bigt da phat sinh khi ngudi ta mudn cai dat mdt phién ban
o6 thé sita d6i durge ciia thuat todan ché khong phai 1a thi tye chuin
binh thudng. Phuong phap nay cing ding dé nghién cdu nhu mdt
trong nhimg phudng phap sd quan trong nhit duge si dung thuting
Xuyén.

Cing nht cic tai lidu todin ma ta di nghién cdu tir trude tdi gio,
chiing ta sé chi tap trung gidi quydt cic nguyén ly cd ban. Doc gia
quen vdi dai s tuyén tinh khong doi h6i phai hidu phuong phép co
ban. Chiing tai sé xiy dung mdt ban cai dat don gian bang Pascal,
céch nay 6 thé dé hidu hon 2 mot thu tyc trong thy vign cho cac
ng dung don gian. Tuy nhién ching tdi cling 06 trung ra cic vidy
vé cac kho khan khi gip phai. Di nhién 1 d8i wii nhing ding dyngldn
hay quan trong c¢in phai o6 ban cai dit chuyén siu hon.
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Vi DU PON GIAN
Gia sl c6 ba bién x, y va z va ba phuong trinh sau:

x+3y-42=8 x+y-22=2 -x-2y+5z=-]

Muc ti2u coa ta la tinh gid trj cia cic bién sao cho chiing thoa
dong thisi ba phuong trinh trén. Tuy ting he phudng trinh ma bai
todn c6 thé khong o6 Ioi giai (vi dy vdi he o6 hai phuong trinh mau
thufin nhau, shu x+y=1, x+y=2) hojic ¢6 nhitu It giai {(vidy, ¢t hai
phuong trinh gidng nhau hay téng 5 bign nhiéu hon téng s6 phuong
trinh). Gia sit rang s bi¢n va s§ phuong trinh béing nhau, ta sé thiy
ring lii giai ndu co thi duy nhat.

DE d& md rimg obng thiic, ta dat tén bign o6 kem chi s& (d6i tén
bign x, y, z thamnh xy, x,, x3):

X1+ 3xy4ay=8 xy+x52x3=2 -x1 -2xg+5x3=-1
. Deétranh viét 13p lai cAc tén bidn, ta ding ky hitu ma tran dé bidu
dién h¢ phuong trinh:
1 3 -4)|y 8
1 1 -2 Xyl = 2
-1 -2 5|x3 -1

Cé thé 4p dat nhieu thao tic len h¢ phuong trinh trén ma khéng
lam thay d8i nghiem: .

D3i chd lan nhau gitza coc phuong trink: vé rang vang thi ty vist
cic phuong trinh thi khong anh hudng d&n nghiém. Trong phép
bigu di&n ma trin, thao téc nay tuong dudng vdi bign d6i theo dong
trong ma tran (va trong vector bén phai).

DL tén bién: tuong dudng vdi bign dbi theo ct trong phép bidu

dién ma trim. (Néu cbt i vij déi chd nhau thi cic bign x;, x; cing phai
d6i chd nhau).
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Nhan phuong trinh vdi mét himg s& tuong dudng vdi nhan mot
hiing trong ma trin (va phan td cla vector bén phai) véi mot hiing
s0.

Cong hai phuong trinh: Thay th€ mdt phuong trinh bhng tdng
cua ching,

Can phai suy nghi mdt chit dé ty thuyét phuc rfing cic toan tu
nay, dac biét 1a todn ti cudi cliing, khong anh hudng dén Isi giai. Vi
du: Lay mdt hé phuong trinh tudng duong véi hé trén bang cach
thay thé phuong trinh thy hai biing hitu cta hai phudng trinh dau
tien:

1 3 ~4}([x 8
0 2 -2||x| = | 6
_1 _2 5 IR _1

Lwu y rang diéu nay da khit x1 ra khdi phaong trinh thu hai.
Tudng ty vay, 6 the khit x1 ra khoi phuong trinh thy ba biing cich
thay the phudng trinh d6 bang téng clia phudng trinh thi nhit va
thi ba:

1 3 —-4) % 8
0 2 -2 Xyl = 6
0 1 1 Xy 7

Bién x1 da bj khit & phuung trinh thit hai va ba. Theo eich nay ta
o thé bign ddi h¢ phvang trinh gic thinh he phuong trinh don gian
hon ma o6 cling 16i giai. Vdi vi dy trén, chi can mét vai bude két hgp
hai trong nhitng todn ta trén: thay th& phuong trinh thi ba biing
cich trir cai thu hai v6i hai [an cai thd ba, diéu niy khign tit ca cae
phan t& nam dudi dubing chéo chinh trd thinh zero, lic nay he
phuong trinh trd nén riat dé giai:
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x4+ 30, —dxy =8
21'2—2.1'3 =6
—4.13 =-8

Phuong trinh thit ba cé nghigm 1 x4=2, thay gia trj niy vho phuong
trinh thi hai, tinh dude x2 la:

2rg—4 =6
xz =5

Tuong ty, thay hai gia trj cia x2, x3 viio phuong trinh thy nhat dé
tinh x1

x+15-8 =8
X1 =1
va hé phuong trinh duge gidi xong.

Vi du nay minh hea hai pha co ban trong phép khit Gauss, Pha
thu nhilt 1a pha kiui-tién, trong dé hé phudng trinh ban dau duge
bign d6i, mdt cich c6 he thong dé khi cdc bign ra khdi phuong trinh,
thimh hé o6 toim zero dudi dubing chéo, Tign trinh nay goi la tam
giac hoa. Pha thu hai la pha thay-nguge, ding ma trin tam gidc vita
duge tao 6 pha mdt dé tinh cdc gia trj bien.

TOM TAT PHUONG PHAP
Téng quat, giai he N phuong trinh véi N &n s&:
a.11x1+t1.121‘.2+--- +O‘1NIN =bl

n21x1+a2212+ van +a2N.‘rN =b2

(IN 1.1:1+(TN2'[2+ i +O’.NNIN =bN
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Ha phudng trinh nay duge viét dudi dang ma trin nhu mdt
phucng trinh duy nhat;

Ty O N X by
ay1 @y ... Oy [ [|%2|  |by
aN1 en2 - anN| [*3 by

Hay vitt don gidn Ax=»b, trong dé A la dai dién cho ma trin, x dai
dién cho cdc bign va b dai dién vé phai cua phudng trinh. Vicic dong
cua A dugce thao tac doc theo cic phan ti clia b, @& tign lgi xem b nhu
la cHt thit N+1 ciia va dung mang Nx(N+1) € chita chung.

Pha kturtién duge tom tAt nhu sau: trude hét khi bign dau tien
trong moi phucng trinh trit phuong trinh thi nhit bang cach efng
phudng trinh thi nhit (da nhan véi mot haing s6 thich hop) vdi timg
phuong trinh con lai, k& dén khu bién thd hai trong mei phuong
trinh trit hai phuong trinh dau tién bang eich cong phuong trinh
thit hai (34 nhan véi mdt hiing 6 thich hop) véi tirng phudng trinh
k& tit phuong trinh thy ba dén phuong trinh thd N, k& dén khit bign
thu ba trong moi phuong trinh trit ba cdi dau tién, v..v.. D& kh{ bign
thy i trong phuong trinh thd j (vai j nhm gida i+1 va N) ta nhan
phudng trinh thit i véi aj/ay; va trit né ra khéi phuong trinh thi ;
Tién trinh nay duge mod ta nghn gon hon qua cic dong lénh sau:

for i:=1 to N do
for j.=i+1 to N do
for i:=N+1 downto i do
afj.kj:=aljk]-aft.k] * ofjilfafi,i};

Doan ma ¢6 ba vong lap, thoi gian thye hién ti 1& véi N3. Vong lap
thu ba truy nguge len dé tranh pha hity ndi dung cia off,i] trude khi
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ding né dé dieu chinh gi4 tri cia cic phan ti khac trong cing mot
dong. Boan ma trén qua don gian @& ma co thé ding hoan toan: afi,ij
c6 the 14 0, vi vity 06 thé xdy ra trudng hop chia cho zero. Tuy nhién,
diéu nay dé sita vi o6 thé ddi chd bt ky dong nao (i i+1 dén N) véi
dong thi i d& ofi,i] khéc 0 3 vong lap ngoai cing. Néu khéng cé dong
nao nhu viy, thi ma trin nay 1 ky dj: khéng c6 nghiém duy nhat.
{(chuong trinh nén thong bio tung minh trutng hgp nay, hoac o dé
16i chia cho zerv xay ra.) Can vigt thém mét doan ma d8 tim dong
thip han o6 phan ti & oot i khic 0 va d8i chd dong nay vdi dong i.
Phan ti ofi, ], cudi ciing duge diing d& khit cac phan tif khac 0 dudi
dutng chéo trong oit thy i, duge goi 1a phan a2 tru.

That sy, t6t nhat nén dung dong (tit i+ I dén N) ma phan td & oot
£ 06 cb gid tri tuybt d6i lon nhit, Ly do 1a o6 the x4y ra 15i sai ndu gia
trj pivot diing dé chia qua nhd. N&u ofi,i] qui nhd thi két qua cia
phép chia afj.if/afi,i] duge dung dé khit bien i ra khdi phuong trinh
J (w6i j v i+1 dén N) & riit 16n. That sy, nd o6 thé 16n nhy vay ta d&
kéo cic hé 50 qfj, k] vé mét dicm ma tai d6 gid tr] off,k] trd nén méo
mé do “16i sui”.

Néi cich khace, cic s khae bigt nhidu v dp 1dn khang thé duge
coug hay trie mot esich chinh xic theo s§ ddu chiim dong, hé thong
thutng ding dé bidu dién cic sd thye, va viee dung mot phan ti¥ tru
nho lam ting dang k& kha nang nhing phép todn duge thye hién.
Dung gis trj lén nhat trong ot i ti dong i+1 dén N s& chie chin
rang k&t qua clia phép chia trén luon ludn nhé hon I va sé tranh
duge 181 sai nay. C6 thé nhim dén vige nhin trude ept i 48 tim phan
tw Idn nhat, Ngudi ta da ching minh riing o6 thé dat dugc ciu tra Ioi
dung dan ma khong can dung bién phdp phite tap nay.

Bogan ma sau minh hea pha khii-tign, Vai mdi i tir 1 d6n N, ra
xudng cit i dé tim phan t 16n nhit (trong nhing dong thd i+ trd
1en). Dong 6 cnta phan 6 niy duge ddi chd véi dong i, va bign thi
i bj khu khoi trong cic phudng trinh tir i +1 dén N;
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procedure eliminate;
var ijhinteger; treal;

begin
fori:=1to N do
begin
max:=i;

for j:=i+1 to N do
if abstafj,i]i>abstafmax,ij} then ma:=j;
for k.e=ito N+1 do
begin t:=afi,k}; ofi,k]l=amax.k]; ofmaxc,k]:=t end;
for j:=i+1 to N do
for k:=N+1 downto i do
afj.kl:=afj kl-afi, k]*alj,i]lafi,i];
end
end;

Mot & thuat gidi o6 yéu cau phan t{ try ofi,i] phai duge ding 4é
khit bién thu { ra khoi mai phuong trinh ngoai trit phuong trinh tha
i (khong chi |a thd i+1 dén thd N).

Sau khi thye hién xong pha khit-tién, mang a ¢6 nhing phan ti
nam dudi duitng chéo 1a 0, k& dén thyce hign pha thay-nguoce. Sau day
la doan ma cia pha nay:

procedure substitute;
var j.k:integer; treal;
begin
for j:=N downto 1 do
bhegin
i:=0.0;
for k:=j+1 to N do t=t+afj,kj*xfk};
x(jl:=aj.N+1j-t)ia(jj);
end;
end;
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Goi lenh khit, tiep theo goi lenh thay-ngugce @8 tinh nghiém clia
mang x ¢6 N phan tit. Doi véi ma tran ki dj (singular ) viéc chia cho
0 vAn c6 thé xay ra- phai co mdt ham thu vign kiém tra ngoqi 12 nay.

Tinh chiit 37.1 Mot hé N phuong trinh dong thai c6 N bién phai
ding NY3 phép nhan va cong dé giai nghiém.

Thai gian thyc hign thi tuc thay-nguge 1a O(N2), vi the hau hét cace
chng viee duge thuce hign 1a trong tha tuc khit. Duyét lai tha tye d6
cho thay ring mdi gia trj cda i, thi k duge lap N-i+2 lan vaj lap N-i
[an: digu niy nghia la vong lip trong ciing duge thyc hién tdng cac
s0 hang (N-i+2)(N-i) véi 1, gia trj clia tdng nay a N¥Y3 +ON2). Gia
trj cua -afj,i}/afi,i] co the tinh & ngoii vong lap &, vi thé vong lap
trong cung chi con mdt phép nhan va mot phép cong.

Mot cach khac, sau khi thi tyc khit tao cic so 0 dudi duting chéo
thi dung duing thi tyc nhy dé tgo cdc sb 0 trén duding chéo: trude hét
tao cht cudi cung thanh O ngoai trir phin tit o/ N,NJ bang cach cong
voi fN,NJ (sau khi da nhan ofN.NJ véi mot hiing s thich hgp), k&
dé thute hign y nhu viy cho ¢t k& cbt cudi ciing, ... Nghia la ta xoay
tirng phan mot lan nia, nhung trén phan khae cia mbi obt. thue
hién nguge 1én qua cac cft. Sau khi ti€n trinh nay (tén 13 Rat gon
Gauss-Jordan } hoan tét, ta sé chi ¢d nhing phan ti & dutng chéo 1a
khdc khong, lic hé phuong trinh ¢d loi giai tam thuong. Tuy nhién
st phép toan duge dung trong tién trinh nhy 16n han nhitu so véi
tién trinh thay-nguge.

Lai do tinh todn l ngutn quan tAm chinh trong phép khit Gauss.
Nhu da ndi ¢ trén, ta nén thin trong trong nhidng tinh huéng dd lén
cla cdc hé s6 khic biet nhau nhigu. Dung phan ti 16n nhat o sn
trong it fim phan tu try d2 chic chén riing cdc he 8 16n s& khong
dudc tao ra mdt cich tiy ¥ trong tign trinh xoay, nhung c6 thé sé
khong luon ludn tranh duge 16i nghiém trong nay. Vi dyu: nhing he
sb rat bé sé tré thanh ldn khi hai phudng trinh khéc nhau 6 hg s
gan nhau. Tuy nhién, ngudti ta o6 thd xic djnb trude khi nao thi vin
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dé nhy viy 52 gy ra nhimg 131 giai khong chinh xdc. Mbi ma tran o6
mot s5 lugng s8 dugde két hop goi la s didu kign, 8 nay o the duge
ding d8 danh gia tinh ding dAn cua i gidi clia mdy tinh. Mot tha
tuc thu vién tot cho phép khit Gauss sé tinh duge s3 dizu kign cua
ma trin cing nhy tinh duge Ivi giai sao cho tinh ding din cia 13 giéi
6 thé duge bist. Mot giai thich cin ké cho viin d2 d6 vugt qua pham
vi cha sich nay.

Phép khit Gauss véi vie xoay timg phan s dung phan ti try ldn
nhét 6 sin 1a “bio dam” san sinh cic két qua co 16i sai vé tinh todn
nhé nhat. Cé nhung két qua tedn hoc duge tinh todn cin thin cho
théy rang loi gidi hoan toan ding, ngoai trit nhdng ma trin c6 dizu
kién xiu (c6 thé 1a do hg phuong trinh hon 14 do phuang phap giii).

Thuit giai nay da ting la chd dé clia nhizu cong cude nghién ciu
1y thuydt kha chi tiét va cd thé duge gidi thitu nhu la mdt thi tuc
tinh todn cuaing dung rong

NHUNG BIEN BOI VA MG RONG

Phudng phap vita mo ta thi thich hop nhét véi ma trin NxN véi N*N
phan ti khic 0. Nhu ta da thiy d6i véi nhing bai todn khice, nhiing
k¥ thuit dic biét thi thich hyp voi nhing ma tran thua trong d6 hau
hét cac phan tid 1a 0. Tinh trang nay tuong dng hé phuong trinh ma
mbi phuong trinh chi c6 it 5 hang.

Néu eic phan td khic 0 khong o6 ciiu tnic dic bigt, thi bigu dién
xan lien két da ban & chuong 36 rét thich hgp, v6i mdi nit 1a mt
phin tit khac khdng cia ma tran, duge xau Jai vdi nhau theo dong va
cbt. Phuong phip chudn ¢d thé duge cai dat bang bidu didén nay, vdi
nhing phic tap do nhu cau tao va hiy cic ph an td khac kheng. Ky
thuat nay o6 thé khong ding bd cong 1am néu c6 ¢ bd nhd dé chita
toan bd ma trin, vi né phic tap hon nhidu so véi phucsng phap
chuin. Cang vy, ma tran thua trd néa it thua hon trong tién trinh
khu Gauss.
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Mot s6 ma trin khéng nhimg chi c6 vai phan ¥ khéc khong ma
con co mot cily tric don gién, do vay x4u lign két 1a khong can thiét.
Vi dy pho bign nhat cha loai ma tran nay 14 ma trin band, trong 46
cde phan tif khéc khong hiv hét & gan duting chéo. Trong truong
hgp nay, vong lap bén trong cia thuat giai khit Gauss chi ¢an lap vai
lan, vi the tong thdi gian thyc hién (va bb nhé can thist) thi ti & véi
N, chy khéng phai N3,

Mot truting hgp dac bigt 1y thi cia ma triin “day” }a ma trén “ba
duting chéo”, trong dé chi nhitng phan tif trye ti€p ngay & trén, truc
tiep 6 ben trén hay tryc tiép d dudi dudng chéo Ia khac khong. Vidy,
dang tong quat cia ma tran “ba dudng chéo” véi N=5 [a
;e 0 0 0
@y g a3 0 0
0 ayy a3 a3 0

0 0 ay3 a4 ay5

¢ 0 0 054 a5n

V@i nhitng ma trin nhu vy, phap khi-tign va thay-ngudc chi
con mit vong lip:

fori:=1to N-1 do
begin
ofi+1N+1:=a/i+1.N+1]-afi N+ 1]*afi+1,i}/ali,i];
a{£+1,i+1}:=n[£+1.:‘+'1]‘a{£.£+1J*w’i+1,i}fﬂ[i,£};
end;

for j:=N downto I do
x[il:=(afj N+ 1]-aff,j+1]*x{j+ 1alj g7

V6i phép khi-nguge, chi trutng hop j:=i+1 va kr=i+1 can duge
80p vao vi ofi,k]=0 v6i k>i+1. (Trudng hgp k=i cb thé duge bd qua
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vi né gin zero cho mdt phan t mang ma phan ti nay khong bao gids
dugc xét lai - sy thay dai tudng ty nay o6 thé duge tao thing trong
phép khi Gauss.)

Tinh chiit 37.2 Ma hé "ba dudng chéo” cic phiuong trinh dong
thoi co the duge gidi theo thii gian tuyén tinh.

Di nhién, mdt mang hai chiéu ¢6 kich thudéc NaN sé khong duge
dung dé chia ma trin “ba dudng chéo”. B) nhd can cho chuong
trinh trén o6 thé 1a tuyén tinh theo N biing cich ding bdn mang
thay vi mot ma trén: méi mang chita mot trong ba dusng chéo khac
khong, muang eudi cing chua cpt thit N+ 1. Cha y ring chuong trinh
nay khong can thiét phai xoay phan td o6 sfin Idn nhat, vi khong c6
bao dam niw cho vige chia cho 0 hay sy tich 16y cac 16i sai tinh todn.
boi vai mét vad logi ma trim ba dudng chéo dieu nay xay ra thudng
xuyén, tuy nhién, nguti ta da ching minh ring n6 khéng phai 1a ly
do dé quan tam,

Phép mit gon Gauss-Jordan cé thé duge cai dat vdi tidn trinh
xoay diy du thay thé mét ma trim bdi nghjch déo cia né. Nghich dao
cuia ma tran A viét AL c6 tinh chit sau: hé phuong trinh Ax=b o6
thé giai duge biing cach thye hién phép nhan x=A-1, Cang vay, can
N3 phép toin dé tinh x véi b cho trude. Tuy nhién, cb cach tign xu Iy
ma tran vl philn ra nd thanh cic phin sao cho e6 thé giai he phuong
trinh tuong dusng véi bat ki v phai nio trong thii gian ti 1 vdi N2,
nhd vige luu thim 55 N qua mai Jan ding phép kha Gauss. Pai khii,
didu niyy lién he dén sy nhd cic tic i thyc hitn trén cdt thad (N +1)
trong pha khu-tién, vi the k&t qua cia khu-tién trén obt tha (N+1)
méi eé the duge tinh mot cich 6 higu qua, k& dén thye hién pha
thay-nguge nhu binh thudng.

Vige gini hé phuong trinh tuyén tinh cho thily vé mit tinh todin
tuogng duong vdi phép nhin ma trim, da cé nhing thuat giii (vi dy
phép nhan ma tran cia Strassen) o6 thé giai hg N phuong trinh 6
N an 58 trong thii gian xap x1 N28%, Nhit phép nhan ma trin, diing
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-phuang phip nhu vay khimg ding trir khi bé phuong trinh rét lon
duge xu 1y nhu 1@ thudng (néu cé). Nhu da néi thai gian thuc hign
phép kbt Gauss lign he dén s8 dd ligu lidu nhip la N3/2, thoi gian
nay kho cii thign hon nia.
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BAl TAP
1. Tim ma trin duge tinh bdi pha khu-tién cia phép khi Gauss khi

ding dé gidi cic phudng trinh x+y+2z=6, 2x+y+32=12 va
dx+y+33z=14.

2. Tim he ba phuong trinh véi ba 4n s8 sao cho ba vong lap for clia
pha khi-ti&n sai, ngay ca truiing hgp o6 16i giai.

3. Can bao nhi2du dung luong b nhd cho phép khit Gauss trong
trubng hgp ma trin NxN o6 3N phan t& khic khong ?

4, Mb ta ditu gi xay ra khi phép khi thyce hign trén ma tran ¢é6 mot
dong toin bang khéng ?

=]

. Mo ta diéu gi xay ra khi phép khi thye hién trén ma trin o mdt
cht toan bang khong ?

6. Co bao nhidu tic td toin hoc ding trong phép thu gon
Gauss-Jordan?

7. Néu hodn vi cae cdt trong ma trdm, o6 anh hudng gi 48 he phuang
trinh tudng duong ?

8. Lam th# nio kidm tra nhing phuong trinh mau thuin khi ding
phép khi ? Con eic phuong trinh dong nhit thi sao ?

9, Néu dung phép kh Gauss cho hé M phuong trinh véi N dn s& khi
M<N hay M>N thisuo ?

10. Cho vi dy chaing to ¢an phii pivot tren phin td c6 sfin lén nhit,
dung nguyén ly thin thoni clia may tinh nghia 1A cic s8 6 thé biéu
dién dudi dang hai ky s8 (moi s0 phii 6 dong x.y * 10%, trong do x,
¥ va z la cdc 30 nguyen mot ky so).
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Thuat ng khép duding cong (curve fitting) hay ditu chinh di lidu
duge dung dé md ta bai toan tdng quat cta vide tim cde ham khdp véi
mdt tip cic gid trj dang duge quan sat ing vai mdt tap didm. dac
bigt, cho cic diém

X1 Xy weeny XN

va cAc gid trf tuong ving

Y1 Y2 oo YN

Muc dich la tim ciac ham sao cho

ﬁ.‘[]):_yl. ﬂx;,):yz, e s f(xN)zyN

va sao cho flx) duge gia sit “hgp Iy” & nhing diém du ligu khac. Cé
thé rang mot x va y duge lign hé bdi ham flx) 4n danh nao d6 va muc
tiéu cua ta la tim ra hiim 46, nhung, dinh nghia cta tir “hgp 13" phy
thudc tirng ing dung. Ta sé thily ring thuong thi xdc djnh ham
“khong hyp ly” thi dé& hon.

Khdp duiing cong o6 ing dyng hién nhién trong sy phan tich cde
d lizu thude thi nghiém va'con nhiu vng dung khdc nita... Vi dy,
né co thé duge dung trong d6 hoa méy tinh 48 san sinh ra ddng
cong “eoi duge” ma khong can phai luu mot s8 luong I6n cic didm
vé. Mot ing dung 6 lién hé la ding chinh duting cong € cho ra mét
thuat giai nhanh trong tinh todn gia trj clia ham chua bigt ¢ mdt
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di€ém bat ki: GiZ mot bang nho chia cde gid trj chinh xde, sy higu
chinh dubng cong sé suy ra cic diém khiic.

Cé hai phudgng phap co ban duge dung d8 ti€p cén bai todn nay.
Phuong phap thi nhét la phép ndi suy: tim mdt ham lién tuc khép
vdi cac gid tri da cho, Phudng phap tha hai, diéu chinh di ligu binh
phudng nho nhit (least-squares data fitting), duge ding khi cic gia
tri c6 thé khong chinh xdc va ham tim duge khdp cang nhitu cang
tit.

PHEP NOI SUY

Ta @a thay phuong phap giai bai toan ndi di ligu: néu bigt £1a da thic
bac N-1, ta c6 bad todn noi suy da thite & Chudng 36. Cho dit ta khong
o6 hidu biét dac bigt gi vé f, ta ciing o6 thé giai bai todn ndi da lidu
bang céch cho ffx) la da thuc ndi suy bac N-1 trén nhing didm v4 gia
tri da cho. Didu nay o6 thé duge tinh toan bing cach dung cac
phuong phip duge phic thao & Chugng 36, nhung ¢6 nhidu ly do d&
khong ding phép ndi suy da thic cho ndi di ligu. Vi mdt lugng 1dn
cdc phép tinh ¢ lien he. Vi dy, tinh mét da thide bac 100 dubng nhu
pha hiy phép ndi suy duting cong qua 100 diém.

Han ché chinh cla phép ndi suy da thic I do cic da thite bic cao
Ia nhing ham tudng déi phiic tap ¢6 nhing tinh chit khéng dodn
trude dude, khéng thich hgp cho ham ndi. Mot k&t qua tiY toin o
dién (Iy thuy&t xdp xi Weierstrass) n6i ring cd the xap xi bit ky ham
bang da thic (bic di cao). Khing may, cde da thie bac kha cao oo
khuynh huéng dao ddng nhiéu. Cho di hau hét cic ham duge xap xi
hau hétt khilp ndi trén mot khodang ddéng béi mot da thide ndi suy
nhung luim ludn ¢d nhitng chd ma sy xip xi trd nén khong chip
nhin duge. Hon nita, 1y thuyét niy gia st ring cdc gia trj d ligu la
cAc gia trj chinh xdce iy to mdt ham dn nao 46, nhung trong thye t&
cac gid tri do thutmg la chi xap xi. Néu nhing y Ia nhing gid tri duge
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XA xi tif mot s& da thie dn bic thép, ta hy vong cic he s8 cho s3 hang
bic cao trong da thite ndi suy 1a 0. Cach nay it duge dung, thay vao
dé, da thitc ndi suy thi dung cdc s6 hang bac cao dé gitp dat dvge sy
ndi chinh xac. Nhitng anh hudng nay khién céc da thic noi suy
khong thich hgp trong nhiéu ung dung ndi duéing cong.

NOI SUY SPLINE

Clng vay, cic da thiic bac thip la nhing dubng cong don gian duge
su dung rong rai trong ndi duling cong, Manh la huy bo tu tudng tha
tao mot da thiic di qua tit ca cac diém vi thay vi diing cdc da thiic
khéc nhau dé ndi cac diém ke nhau, ndi cic doan sac cho that mjn.
Mot truong hgp dic bigt kha t& nhj litn he sy tinh toan tuong ddi
tryc tiép, duge goi la ndi suy spline.

Spline la mot thidt b co hoe dude cac ngudi vé so do thidt k&
ding d& vé cac duding cong dep, ¢6 thim my: ngudi vé xdec dinh tap
hgp cdc dieém (mit} roi bé cong mét giai plastic hay miéng gb linh
hoat (spline} quanh ehing va 1y vét chiing dé tao thainh mot dubng
cong. Noi suy spline thi tuong duong vé mat toan hee vdi tién trinh
nay va cho ra cing mdt k&t qui. Hinh 38.1 minh hoa mdt spline qua
10 diém.

.—-""ﬂ"“‘_

\/

Elinh 3%.1 A spline que 10 niit
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Cé thé thiy rang hinh dang cia mdt dusng cong tao bdi spline
gitra hai it ké nhau Ia mot da thite bic ba. Trd lai bai todn néi da
ligu, diéu niy cé nghia 1a ta nén xem duting cong la N-1 da thuc khae
nhau ¢é bic ba,

si()=apS+baltcxtd,; i=12.N-1

Vdi s;(x) la da thic bac ba xdc dinh gita khodng x; vax;, ;. Spline
c6 thé dugce bidu dién trong mdt mang bdn chigu (hay trong 4x(N-1)
mang hai chigu). Vigc tao mdt spline gom vide tinh cdc he s8 a, b, ¢,
d tit cic diém x vt csic gid trj y da cho, Viée bé cong mt spline vé mat
vit Iy tudng ing véi viée gidd he phuong trinh véi nghigm 1a cic he
s. Vi dy, Hién nhién ta phii c6: sic)=y; vasg, 1 (x;4 1) =y, Vi i=1,
2,..., N-1 vi spline phai cham céc nit. Khdng nhimmg né phai cham
cic it ma dubng cong di qua cic ndt d6 phai mjn, khong git. Ve
méit todn hoc diéu nay nghia I cde dao ham bac nhit cua cde da thic
spline phai bang nhau & méi nit (8", ;(x;)=8"j(x;} véi i=2, 3, ... N-1).
That sy thi cic dao ham bic hai clia ¢ic da thde cing phai bing
nhau & moi mit. Cac diéu lign nay cho ra 4N-6 phuong trinh vdi
4(N-1) hé 50 la 4n. Can xdc dinh thém hai dieu kién nda 88 mé ta
tinh trang & hai diém cudi cia spline. Cé nhigu cach: dung cai goi la
spline "ty nhien’ dude rit ti s “fxy)=0 vi1 s "y_(xy)}=0. Céc didu kién
nay cho ra mdt he day di % 4N-4 phuong trinh véi 4N-4 &n s5, he
phudng trinh nay gidi duge bang phép khi Gauss vdi &in 1a cdc hé 8.

Tuy nhiién, cing cing mot spline nhung c6 thé tinh todn kha
hiéu qua han vi that sy chi 06 N-2 an: hiu hét cac didu kige cla
spline la thita. Vi dy, gia si p; la dao ham bac hai cia spline tai diém
X, vis%gfxy=s"ifxy=p; voi i=2, 3, .., N-1 vii p;=py=0 néu biét
trude cdc gid trj p; v py, thi tit ca hg sd q, b, ¢, d c6 thé duge tinh
trén cac dogn spline, vi ta co bon phudng trinh véi ban dn sd trén cac
doun: vdi i=1, 2, ..., N-I ta phaico :
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si(xy) = ¥;
8i(*i41) = Yisy
"i(x;) = py
s"i(Xi41) = Pisy
Cac gia tri x, y da cho trudc, dé xac dinh day da spline chi can tinh
CAc gid trj py,..., py DE tinh duge, ding digu kién dao ham béc nhit
phai biing nhau: cé N-2 ditu kign dng véi N-2 phudng trinh can 48
giai N-2 4n, theo p; Dé dién ta cic he s8 g, b, ¢, d theo p, cic gia trj
dao ham bic hai, ta thay cic biéu thiic viio bon phuong trinh trén
trén mbi doan spline, ditu nay din dén mdt sd bidu thde phic tap
khong can thiét. Thay vi dién ta cac phuong trinh trén ting doan
spline § dang chuin lign hé dén it 4n s& hon, Néu ta thay cic bign Ia
te=(x-2)f(x; . 1-2y thi spline dugc biéu dién nhu sau

Sft)=ty; Ity + (g, - (B tpy o - (143 - (1-))p,)/6

bay gitt mai spline duge xac djnh trén soan [0,1]. phudng trinh nay
dd “gh# hon” 1a hinh thie bén ngoai clia no, vi ta chi quan tam dén
hai diém nuit 0 va 1 vi hode ¢ hodic (1-#) bang 0 & nhitng diém nuit
nay. Cédch bitu dién ndy dé kiém spline duge ndi suy va lién tuc vi
s D)=si0s=y; véi i=2, ..., N-1, né chi hdi khd chning minh dao ham
bac hai lién tye vi s“1)=s", 1(0)=p;,,. C6 cic da thic bac ba thoa
nhiing diéu kién nay tai cic diém nit, vi thé chiing tucsng duong véi
cdc doun spline mo ta d trén, Néu ta thay thanh £ va tim hé sb cla
x%,... thi ta s c6 cung biéu thdc dn laq, b, ¢, d theo x, y vap giéng nhu
ta ding phuong phap dude mo ta d doan trude. Nhung khong o6 1y
do g lam nhu vy, vi ta-da kidm ring cac doan spline nay thoa cac
digu kién cudi, va c6 thé lugng gia titng spline & bat ki diém nao
trong doan cliia n6 bang cach tinh ¢ va dung cdng thie trén (khi da
bigt p). '

D& tinh p, ta gin cde dao ham cip mét cla.cic doan spline bang
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cde digm cudi. Dao ham cfip 1 (theo x) cla cac phudng trinh trén la;

s'ilt)=z;+ (ii+ 1-171}. ( (3¢2 -I)piy + (30182 -1) pi )6

‘Trong do z;=(y;; 1-yiflxj4 %)), K& d8n gan &-1(1)=s"i(0) véi
i=2, .N-1, ta s& c6 hé N-2 phudng trinh:

(i VUps1 + 2041705 Up; + (xy4 1 -Xp 4 =60z12; )

Hg phuong trinh nay thudc dang tam gidc don gian ding phép
khi Gauss ¢ Chuong 37 dé giai. Vi dy, néu dnt uy=x;, -x;
di=2(xi+ 1-Xi- l), va wi=6(zi—zi+ 1), ta o6 hé phlfljng trinh véi N=7:

douy 0 0 0 |(py Wy
ug dyuz 00 ||py Wy
0 uy dyug 0| py| = |wy
0 0 wuy dsug||ps wy,
0 0 0 .“5 dg| |Ps we

That sy, he tam gidc déi xing nay cd nda dudt bing vdi nita trén
cia duting chéo chinh. N6 duge xoay trén phan ti ¢6 sin [én nhit
néu khong can tim 1vi giai ding cho he phuong trinh nay.

Phuong phdap duge ma ta g doan trén dé tinh spline bac ba duge
dé dang viét dudi dang Pascal nhu tha tyc makespline 3 trang sau:

Céc mang d vau la dai dién ma trin tam gidc ma ding chuong
trinh & Chuong 37 d¢ gidi. Trong chuong trinh d6 thay afi,if bing
dfi], afi+1,i] hay ofi.i+1] bang ufi] va /i, N+1] bang z{i].

Tinh chit 38.1 Mot spline bgc batrén N diém cb thé thue hién theo
thoi gian tuvén tinh.

Di¢u niy hién nhién eé duge tit chuong trinh

Vi dy xiiy dung mdt spline bac ba tit nam diém;
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procedure makespline;
var i:integer;
begin
readin(NJ;
for i:=1 to N do reodin(xfi] yfi});
for i;=2 to N-I do dfi]:=2+(xfi+1]-x{i-1]);
for i;=1 to N-1 do ufi]:=xfi+1]-x{i];
for i:=2 to N-1 do
wlil:=6.0%(yli+ 1]-yli}uli] - (lilyli-1Duli-17 );
pl1l=0.0; p{N]:=0.0;
for i:=2 toN-2 do
begin
wii+ 1 =wfi+1]wlif*ufijid{i];
dfi+ 1] =dfi+ 1] ufij*ufi]id{i];
end;
for i:=N-1 downto N-I do
plil=twliJ-ufi]*pfi+ 1])dfi};
end;

(1.0,2.0), (2.0,1.5), (4.0,1.25), {5.0,1.2), (8.0,1.125), (10.0,1.1)

(Cac diém trén iy tie ham I+ 1/x). Cdc tham s8 spline tim duge
bang cich giai hg phuong trinh:

620 0)[p, 2.250
261 0|lpy 450
018 3|[pa| | .150
003 10] [p, 075

véi két qua
P9=0.39541, p3=-0.06123, p,=0.02658, p5=-0.00047

Dé lugng gia spline cho bit ky gi trj x nio trong khoang fxy,xy/,
don gifn ta tim khoang fx;x;, 1] 06 chifa x, 1oi tinh ¢ va dung cong
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thie trén cho six) (rdi lai ding ham nay @& tinh p; va p;, q).

function evedfureal):real,;

var Lreal; ilintegery

function fix:real):real;

begin f=x*c*x-x; end;

begin
ir=0; _
repeat i:=i+1 until v/i+1];
tr=fu-xfiufi};
eval:=t*y[i+1]+(1-t)*y[i]+u[i]*u[i]*(ﬁt)*p[iflj+ﬂt-1)*p[i})!6.0;
end;

Chuong trinh nay khong kiém tra khi v khang nhm gida x/17 va
afN]. Néu 0 dogn spline nhicu (mghia 1a N 1dn) o6 mét s§ phuong
phap tim c6 hi¢u qua hon § Chuong 14 duge ding dé tim khoang
chia v,

C6 nhidu thay di vé tu tudng diéu chinh dudng cong bang cach
rap céc doan da thuc sao cho that mjn. Vige tinh toan céc spline
thude linh vife nghién citu da phat trién rét t5t. Cac kiéu spline khac
lién e d&n cac chuiln Jam min cing nhu cdc thay d8i khac nhu ndi
long dieu kién cic spline phai cham ding vao mdi diém di lidu. Va
mat tinh todn, ching lién he cing mdt s8 bude xae dinh cac hé s6 cho
mbi doan spline bing cach gidi he phuang trinh tuy&n tinh it i cac
gici han duge dua ra trén sy kien chiing dude néi vdi nhau nhu thd
nao.

PHUONG PHAP BINH PHUONG NHO NHAT

Khi nhitng gid tri dd li¢gu khong chinh xdc, thudng ta an phai tuéng
tugng ra hinh dang cta ham khdp vdi di lisu. Ham nay 6 thé phy
thupc mot s8 tham sd
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. ﬂx}:ﬂcl, €9y vees TNy xj

va thu tuc digu chinh dutimg cong 13 tim cich chon cdc tham s nho
khdp nhit vdi cac gid tri quan sat duge § cac diém da cho. N&u ham
1a mot da thiic (véi tham s& la nhing heé $8) va cac gis trj a chinh xac
thi day chinh i phép ndi suy. Nhung ta dang xét nhing ham tSng
quat hdon va dir ligu khong ding. Dé don gian hoa van de, ta tap
trung vao viéc ndi nhitng ham 14 t4 hop tuyén tinh clia ham don gian
han, véi cdc tham s8 An 1a cac he 8

Axi=e filx) + cofulx) + ... Fopfuix)

Ham nay bao him hiu hét cac haim ma ta quan tim. Sau khi
nghién ciiu xong trutng hgp nay, ta sé xét dén nhing ham téng quat
hon

Mbt cach phd thong d€ do mude do t6t ctia ham néi 1 tidu chudn
binh phuong téng quit. U diy sai 38 duge tinh biing cich them vio
binh phudng sai s& & mdi diém quan st dwoc:

E =3 (flx)—y)*

1=j=<N

Day 1a mot phép do rét ty nhién: binh phuong duge thyc hién dé
khi céc ude luge gitta cdc sai 8 voi cic diu hitu khdc nhau. Hidn
nhién, ditu ngudi ta mong mudn nhit 1a tim ra mot phép chon céc
tham s sno cho téi tiéu héa E. Dieu nay khign phép chon o6 thé duge
tinh c6 hi¢u qua; diy 1a phuong phéip binh phuong nhé nhat, phusng
phap niy ding nhy djuh nghia cia né. D€ don gian héa dao ham, xat
trudng hop M=2, N=3. Gia s ¢6 ba difm x,, x, x4 va cac gia tr
tuong Ung yy, v, y; thoa ham eé dang : flx)=c,f1(x))+ cyfylxk Ta
phai tim mt phép chon cac he s8 ¢y, ¢, 2 sao cho t3i tigu héa sai 56
binh phuong nhé nhit.

E=(e\f1(x)) +eofylay) - y1)2 +(eyf)(x2) +eyfylxy) - yo)2
+Heyf)fxy Feofalxy - yy)?
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D& tim cAc phép chon cia ¢ va ey sao cho t6i tidu héa sao sd nay,
don gian chi cAn gin zero cic dao ham dE/dey vadE/dcy Véi ¢y ta cé:
dEf;dcl= 2(c Ifl(x 1) + szzfxl) - yl)fl(xl)

+2(exfy(xy) + Cofyfiy) - yofiey)
+2(cyf\(xy) + cofalxg) - yyfiy).
Viée gan dgo ham biing zero cho ra phuong trinh o6 bign lac; va

)

¢y phai thoa (fifxy), ... 1a cde “hing s8” ¢6 tr] bigt trudce)

crffile i) + fileglfi(xg) + fixyfiixy)
teplfalxfifxy) + flxolfilxy + folxy)fiixy)
=y1(xy) + yofilxg) + yafrixy)

Ta o6 phuong trinh tuong ty, khi gin dao ham dE/dc2 vé zero.
Nhitng phudng trinh nay trong co vé ghe gdm nhung ¢6 thé don gian
chuing bang cach dung ky higu vector v todn td tich v hudng Néu
dinh nghia vector x={x,x,,x4/ v y=(y1,y2,y3) thi tich vd huéng cla
x vi y 1A mot sd thye duge dinh nghia bai:

Xy=X1yytagyg gy

Bay git, néu ta dinh nghia cic vector fi=(fi(x1).f1(x).f1{x:y)} v
fo=(fofx 1 hfulxghfalxy)), thi phuong trinh véi hé sb cl, ¢2 ¢6 dang don
gian nhu sau;

efifitefrfo =y cifpf1tefofa=yla

Cac phudng trinh nay c6 thé gidi bing phép khit Gaus d€ tim cac
hé $6. Vi du, gid sd cb cac diem du lidu:

(1.0,2.05) (2.0,1.53) (4.0,1.26) (5.0,1.21) (8.0,1.13) (10.0,1.1)

khdp vii ham c6 dang ¢ +¢y/x (cac diém nay hoi khéng chinh xéc
khdp véi ham I+1/x.) Trong trudng hgp nay, f1 1a hiing

f1=01.0,1.0,1.0,1.0,1.0,1.0) va £,=(1.0,0.5,0.25,0.2,0.125,0.1),
vi vty ta phai giai h2 phudng trinh sau



KHEFP DUCNG CONSG 259

6.000 2.175) ic; 8.280
2175 1.378] |ey|  {3.623

va 6 dap 0 11 ¢ =1.054 v cy=0.998 (ca hai déu xAp xi bang 1 nhu
mong nuom).

Phuong phép trén dé dang duge tdng quat hod cho trudng hgp
nhitu hon hai he s8. Dé tim cic hang ¢,¢y,...,c trong
flxi=c filxi+egfylxl+.. +opfpfc)
lam t8i tiéu héa sai s8 binh phuong nhd nhit cho céc diém va cae
vector
X=X, Xy, oy XN/ Y=V 1y o0 YN

trude hét ching ta tinh cic vector thinh phan cia ham

f1=(f1(x1), fl(.l‘z_f, reay fI(JTN))
‘f2=|'fle'(.r lJ‘ ﬁz(.tz}, vars lerl.fN)U

=Mty fuf®ys -0 fafXnd
Va 6 hé phuong trinh tuyén tinh MxM dang Ac=b vdi az=f;f;
bi=f,.y, 16i gifi cua h¢ phudng trinh nay Ia cac he s& cAn tim.
Phuong phap nay dé dang chi dat biing cach ding mang hai chigu
cho ecic vector f, va coi ¥y nhu vector thd (M+1) thi mang
af1.M,1.M+1] ¢6 thé duge dien diy bai doan chugng trinh:

for i:=1 to M do
forj:=1toM+1 do
begin =00
for k:=1 to N do t:=¢t+/1L,R]% kT
alijl=t;

end;
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va gidi bing cdach dung phép khi Gauss & Chuong 37.

Phuong phap binh phuong nhé nhit 6 thd duge md rong cho
nhing ham phi tuyén (vi dy nhy ham flxj=c e—c2x sincqx) va né
thudng duge dung cho logi Wng dung nay, V2 co ban thi tu tudng
giong nhau, nhung c6 thé khé tinh dao ham. Ngudi ta thudng dimg
phudng phap lap: dimg mot s8 ude lugng cho cic bé s, roi sit dung
cac ude lugng trong phitang phap binh phudng nhd nhat d8 tinh cic
dao ham, do vty can phép udc lugng cde hg s§ 5t han. Ngay nay
phudng phdp co bin nay dang duge dung rong rii, mot phuong phdp
duge phéc thao bdi Gauss ngay tit thap nien 1820.
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BAI TAP

1

4,

&

. Xap xi ham lgx bang da thuc ndi suy bic bén & cac didm 1,2,3,4 va
. Udc lugng chit Igng khdp bing cAch tinh téng binh phuong cia

cdc sai s tai 1.5, 2.5, 3.5va 4.5

- Gii bai todn trén vai ham sinx. Ve do thj cta ham va x4p xi trén

may tinh clia ban, néu c6 thé.

- Giai cdc bai todn trén dung spline bjc ba thay vi mat da thuc noi

suy

XAp xi ham Igx bang spline bic ba & cdc niit 2N véi 1<N =10 Thi
nghiém d nhing vj tri khac nhau cia cée nit trong cling mién xéc
dinh d& 13y nhimg I gisi t5t hon.

. Didu gi xdy ra trong phép ndi binh phuong nhd nhat néu mot

- trong nhung hiim 1a ham fj(x)=0 v6i i ndo d6?

8.

. Dung phép ndi dusng cong binh phudng nho nhét tim cdc gia trj

cua a vit b sno cho cho ra cong thie t&t nhat & dang aylnN+by dé
maé ta tong s6 cdc chi thj duge thye hién khi Quicksort dang thue
hign trén tip tin nghu nhién.

. Gia trj nbo cua g, b, ¢ ti tiéu héa sai s& binh phuong nhd nhat

trong viéc sit dung ham flx)=axlogx + bx + ¢ 48 xfip xi f11)=0,
fi4)=13, fi8)=41 ?

C6 bao nhiéu phép nhan (gom ca pha khit Gauss) lign quan trong

viée dimg phuong phap binh phudng nhd nhat tim M he s6 dl,ta
trén N diém quan sat duge?

. Trong tinh hudng nao mdt ma tran trong ndi duding cong binh

phuong nho nhat la ki dj ?

10. Phudng phap binh phusng nho nhit e6 dung duge khong néu hai

difm quan sit khac nhau duge md ta bi cing mét didm ?
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TINH TICH PHAN

Tich phéan Ix phép toan giai tich can ban thubng ti€n hanh trén cac
ham dude xi 1y trén méy tinh, Ching ta can tim "dign tich gi6i han
boi mot duiing cong” mdt cach hidu qua va vdi m(')t 30 chinh x4c hgp
1y. Trong chudng nay, chung ta 58 xem xét mot sU thut todn of dién
diing d& gifi bai todn tinh s& can ban nay.

Trude hét, ching ta sé xét trudng hgp cdc ham s8 duge cho sin.
Khi #y, ¢6 thé thyc hién phép tich phan hinh thic (symbolic
integration) d8 chuyén sy biéu dién cho mdt ham thanh mot biéu
dién tuong ty cho tich phan. Dieu nay thich hgp khi him s8 duge xd ’
1 nim trong mdt I6p hep cdc hivim s& ma tich phén cia né cho sfn
& dang giai tich, hojic nam trong pham vi cua cic hé thdng ma no xu
Iy cac bidu dién nhy vy clia cdc ham s.

Mat khdc, haim s& c6 thé xac dinh boi mdt bang, khi gia trj cia
ham s& chi o6 thé xac dinh tai mdt 8 it cdc diém. Trong trudng hop
nhy vay, ngudi ta chi 6 thé cho duge mdt gia trj xap xi cua tich
phan, dya trén nhing gia dinh vé& dang diéu cla ham sb gilta cac
diém. Tinh chinh xac¢ cla tich phan hAu nhu phy thudc hoan toan
vao tinh dung d4n cia cic gia dinh.

Hau hét cdc trudng hop thong thutng nam gida hai loai ham 8
duge néi & tren: Ham s8 duge tich phan o6 thé tinh duge gid tr tai
bit k¥ diém nao. Cing nhy trude, tinh chinh xdc cla tich phan phy
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thube vio cdc gid dinh vé ding digu cla ham s5 & gia cde didm ma
ta lya chon d€ tinh todn. Muyc dich ctia né la d€ tinh toan mdt x&p xi
tich phan hgp Iy ma khéng phai tinh qua muc s& hrgng gia tri ham
s8 tai cdc diém. Sy tinh toin nay thuing goi 1a phép ctm phuong
(quadrature} bang giai tich s&.

Trong chuong niy chiing ta s& xem xét nhicu phép cau phuong.
Cac phuong phap nay rat sd cdp, muc dich 1a dé thu thap mdt s8 kinh
nghiém nhu Ja cac phuong phap s co s3. Nhizu ap dung thye st 06
thé nit ra tif cic ky thuat co ban ma ta xet, tuy nhign cic phuong
phap giai cdc bai toan khé hon, dic bigt 1a giai o8 cac phucng trinh
vi phén, lai quan trong hon trong ing dyng.

TiCH PHAN HiNH THUC

Mot vi du dan gian 1a tich phan cde da thie. Trong chuong 36, chiing
ta da xem xét ciic phuong phap *hinh thic héa® (symbolically} cach
tinh tong va tich cia cic da thic, st dung mdt chuong trinh tac
dong len bidu dién clia da thie (va vi phan) ciia cdce da thiic o6 ths
Iam bing cdch nay. Néu mot da thite:

PE) =pe+pix+pyat+ + py-q 2N-1

duge biéu dign don gian biing cich dua cde he 58 vao trong mdt mang
larray ) p thi tich phin c6 thé tinh toin d& dang nhy sau:

for i;:=N downin } do pfij:=pfi-1]fi; plo):= 0

Chudng trinh trén ap dyng céng thuc gquen thupe néu i >> 0.
Mbt ¥ép ham réng hon 1ap ham da thue cling c6 thé tinh toan hinh
thite néu ta thém vio mot s3 quy tie. Chiing han, quy téc tich phan
timg phén. '
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wdv =uyv —[vdu
il J

néu dude si dung s md réng kha nhitu tip hop cdc haim sb cé thé
lay tich phan.

Tuy nhién, do s8 quy tic c6 sin cd thé diing dé tinh tich phan cho
mét ham dac bigt rit nhitu, nén viée tinh todn hinh thie thye su gip
khé khan khi phai lya chon cic quy tic, ngudi ta chi vita mdi phat
hién ra modt thuit toan gidi quyét viin dé nay: hoae tinh duge tich
phan (hinh thifc) hosc tra 16i duge ring k&t qua tich phan khong thé
bigu dién bing cic s8 hang cla nhing ham sd cip. Sy mé ta thujt
toan dé vugt qua Lhudn khd cudn sich nay.

DA nhién, ky thuat hinh thic (symbolic techmiques) ¢6 nhing
gidi han cain ban do nhizu tich phan (trong cic dng dung) khdng thé
tinh duge bang k¥ thuat nay. Trong phan sau, ta s xét qua mdt s&
k¥ thuat khaic.

CAC PHUONG PHAP CAU PHUONG
DON GIAN

Cé 1é phuong phidp hifn nhign 42 tinh xip xI mot tich phan la phudng
phédp hinh chi nhat. Vige tinh mdt tich phan gidng cich tinh phan
dién tich gidi han bdi mot duing cong, va ta c6 thé ude lugng phan
dién tich nay biing cich cdng dién tich cda edic hinh ch nhat nhé ma
né nam siat ngay dudi dung cong, nhu hin]}; 39.1.

Chinh xdc hon, gia sit ching ta éan tinh [f3)4 va gia st khoang
fa, b] duge chia thainh N phan, gidi han boi 84c digm x4,..., x4 1. Khi
d6 ta c6 N hinh chi¥ nhiit véi chitu rong cia hinh chit nhat thi i
(1<i <N) I (x;, 1- x;}. Chidu cao cia hinh ch@ nhat nay o6 thé chon
1a fixy) hay fix;, 1), tuy nhién, hinh nhw két qua sé chinh xédc hon néu
ta dung gia tri cia f tai diém gida cic khoang
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Ta c6 cong thite cau phuong:

X;+x: 1
r= 3 @n0f |20
I=j=N
Trutng hgp tat ca céic khodng chia ¢6 do dai bhng nhau, dat

Xjp 1% = w, tacOajq + x5 = (2i + 1) w, viy xip xi r tinh duge d8
dang.

function intrect(a,b:real; N:integer): real;
var i : infeger; w, r ; real;
begin  r:=0; w:=(b-a)/N;
for i:=1 to N do r:=r+w*flaw/2+i*w);
intrect:=r;
end;

Di nhign la khi N 1dn, 13i giai sé chinh xac hon, Hinh 39.2 cho
thiy két qua cia viee xit dung cac khodng co 4o dai nho hdn s0 vii
cAc khoang trong hinh 39.1.

Duéi day 1a mot vi du dinh lugng hon @8 tinh gis trj cha (ma ta
bigt I In2=0.6931471805599 ...} khi dung intrect (1.0, 2.0, N) vdi
N=10, 100, 1000: '

10 0,69283536G94100
(100 0,6931440556283
1000  0,6931471493100

Khi N=1000, 15i giai cla ta chinh x4c d&én bay ch¥ s sau dau
phdy.

Sy xem xét cach danh gid s8 thuing goi ¥ cho cic phudng phap
chinh xac hon. Khai trién Taylor ham f trong mbi khoang (x;, 1, x;)
tai diém gitta clia né, tich phan, 16i cdng tit ca cac kheoang lai. Ta
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inh 39.1 Plucomg phaip hinh cful nliit
khong di vio chi tigt, k8t qua cudi cing cho thiy:
flydx = r + wiey + wies + ..

a :

Véi w=0 - @)/N vi eq phu thude vio gid tri cia dao ham bac ba
cha f tai trung diém cla khoang (X;4+ 1 %;)-.. {thOng thutng thi dd la
mot xAp xi t&t vi hau hét cdc ham thong thutng dau 6 cic dgo ham
bac cao khong 1én am). Vi dy, néu ta chon w=0,01 (tudng dng vdi
N=200 trong vi dy trén), cong thic nay cho thay sy tinh todn tich
phan chinh xdc dén siu chit s§ sau diu phiy.

Mot phuong phap x&p xi tich phan khic la chia phén dign tich
cong thanh nhiang hinh thang (xem hinh 39.3). Nhic lai rhng dién
tich hinh thang i tich ciia chigu cao véi trung binh cdng cla hai ddy.

Phitong phap hinh thang din dén cong thife chu phuong.
flxg) +(xi41)

2

t= (Xy—Xy)
1=i=N

Hinh 39.2 Piucong phap findy clut nhi vai khodng chia nho nhon
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| | -t ]

Ihinh 39.3 Phtrong phap hink thang :

Trong trudng hop db dai cia tit ca cac khoang (x;, x;, 1) 1a nhy
nhay, ta ¢6 chuong trinh sau:

function inttrapla,b:real; N: integer):real;
var iiinteger; w,t:real;
begin  £=0; w:=(b-a}N;
fori:=1 to N do L=t+w*(fla+(i-1*w)+ fla+i*w))/2;
inttrap:=¢;
end;

Sai 8§ cia phuong trinh nay c6 thé tinh tudng ty trudng hgp
phudng phap hinh chi nhat.

f(x)dx =t ~ Zwde, — dwde, + ...
a 3 h

Viy sai s8 trong phuong phap hinh thang nhidy gdp hai sai s§
trong phudng phip hinh chit nhat. Tinh tich phan [7 9% ta o6 th c6
k&t qua sau;

10 0.6937714031754
100 0.6931534304818
1000 0.6931472430599

Mot phudng phap khic 1a cau phudng spline: phép npi suy spline
da xét trong cac chuong trude va bay gits tich phén duge tinh bang
cach 4p dyng trén timg doan ky thuat ldy tich phan hinh thie cho
cac him da thie da duge ma ti & tren, Phuang phap nay riit gan véi
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Hinh 3.4 Plucong phap hink thang voi khodng chia nhé nhon

phuong phép hinh thang va phuong phip hinh chit nhat, nhu ta sé
thiy dudi day.

PHUONG PHAP PHO! HOP

Xem xét cic cong thic dung dé tinh sai s6 trong phudng phap hinh
ch nhat va phuong phip hinh thang, ta tim duge mat phUdng phap
don gian c6 &) chinh x4c cao hon, p}‘uang phéap Simpson. Y tudng
chinh dya trén sy khit s¢ hang dau tién trong phan sai s8 ban g cach
k&t hop hai phuong phip. Nhan cong thie diing dé tinh sai s8 ciia
phuong phip hinh chit nhit vdi 2 19i cdng vai cbng thie tugng dng
ctia phudng ph“l.p hinh thang dem két qua chia 3 ta ¢6 cong thde:
f flx)dx = 1 (2r + t — Zwes + ..)
3

86 hang w3 bj khit, vily cong thie cho ta mét phuong phap dat duge
k&t qua véi sai 56 cd bing kit hop cic cong thie cau phuong tudng
ting: '

s—dE(—T;—(f(x)Hf( ) + )

Néu chia dogn [a, b] thanh cic khoang 3 0.01, thi phuong phap
Simpson cho két qua chinh xdc vho cd mudti- chi s& sau diu phiy.

Chuong trinh tuong ding'é trang sau nay dbi hoi tinh ba gia trj
clia ham 83 trong méi vong lap trong, nhung k&t qua thi chinh xdc
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hon k&t qua ela hai phudng phap trude:

function intsimp(ab.real; N:integerkreal;
var iinfeger; w.s:real;
begin  &:=0; w:=(b-aJIN;
for i:=1 to N do
s:=stu*(fla+(i-1)Yw+4*Aa-w/2+i%w)+fa+i*w))/6;
intsimp:=s;
end:

10 0.6931473746651
100 0.6931471805795
1000  0.6931471805599

phudng phap Simpson thye ra chinh 1a phuong phap tich phan cic
hiam ndi suy bic hai titng manh. Didu thd vj 2 bon phudng phap
ching ta vita xem xét déu c6 thé xem nhu phuong phap tich phan
cac ham néi suy: phudng phip hinh chit nhat (da thic ndi suy cap 0),
phudng phip hinh thang (da thuc ndi suy edp 1), phuong phép
Sympson {(da thic ndi suy cip 2} va chu phudng spline vdi da thie
bac ba.

PHUONG PHAP THICH UNG

Mot phan ldn thidu sot trong cic phudng phip ching ta da xem xét
cho dén gits 14 cde sai 88 phy thude khong chi trén do dai cac khoang
con (cia phép phan hoach) ma con phu thude vao d lén cia dao
ham cip cao cda him s§ 1y tich phan. Cac phuong phdp nay sé
khéng tdt cho vai him s8 (¢6 dao hiim ciip cae ldn). Tuy nhién, chi
©6 mot s6 it ham o6 dao ham eip cao 16n & moi didm. Dizu hgp 1y la
ham 16n vi ciic khoang (eda phan hoach) nho & ché cée dao ham nhd.
Mot phuong phap thyc hign didu nay mdt cich c6 he théng goi la
mt phuang phip cau phuong thich ing.
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linb 39.5 Phicong phap cdu phuong thich timg

Phuong phép téng quét 1a sit dung hai phuong phap ¢iu phuong
khdc nhau trén méi khoang con, so sdnh k&t qua, vi chia nhé
khoang nay ra néu sy sai khdc qua l6n, Di nhign ta can phai cha y
mot ti vi néu hai phuong phap st dung deu kém, k&t qui (ciia hai
phuong phép) c6 thé khong chénh léch nhung lai 1a mdt kit qua
kém. Mot cach dé tranh ditu d6 Ia chon mét phuong phap luon luén
cho k&t qua 16n hon gia trj chinh x4c cla tich phén (trén khoang con
dang xét) va phudng phap kia lai cho két qua bé hon gia trj chinh xéac
nay. Mot cich khdc dé tranh dieu d6 1a bio ddm cho mbt phuong
phap chinh xdc hon phudng phép kia. Cach thd hai nay sé duge md
ta trong doan trinh dudi day.

function adaptia,b:real):real;
begin
if absfintsimp(ab,10)-intsimia,b,5))) < tolerance
then adapt:=intsimp(ab, 10)
else adapt: -mfrpt(m{a+b)}2)+miapt((a+b) 2,b)
end;

Ca hai cich tinh tich phan déu Ja phuong phap Simpson, tuy
nhién mdt phan hoach c6 s§ doan nhigu gip ddi s doan cia phan
hoach kia, chi y&u, mdt phuong phéap cla chudng trinh dung dé
kiém tra do chinh xéc cia phuong phép Simpson trén mit khoang,
néu két qua chua tot thi chia nhd khoang ra nita.
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Trong cdc phudng phap khac, ta quyst dinh s8 lugng cic bude ¢an
phai thyc hién va nhan két qua (di ¢6 chinh xdc hay khong). Tro ng
phuong phiap ciu phudng thich dng thi o chinh xac duge quan tam
téi, con s6 lugng cac bude thyc hién lai khong dinh trudc. Do d6,
tolerance can phai chon cfin thian dé chuong trinh khong bj lap ma
khéng thoit ra duge. S8 cac bude can thist phu thude rat nhidu trén
dang ctia hamg dugc 14y tich phin. Mat ham s8 bign thién nhidu thi
s0 lugng cic bude sé nhidu, tuy nhién két qua sé chinh x4c hon nhigu
so vdi cic phuong phdap trude. Hinh 39.5 cho'thiy sy phan hoach cia
doan khi ding ciu phuong thich ung (dya trén ebng thic hinh
thang) cho ham sd trong cic hinh 39.1 - 39.4. Chii y : cac khoang l6n
khi ham s& thing va tron, cac khodng nho hon khi ham d&c nhanh.
Mot ham s8 nhu trong vi du clia ta o6 thé duge tinh vai mdt s& bude
vira phai. Bang sau cho thily cdc gid tri cia ¢, két qua tich phan tuong
ng va sb [an st dung d&n chudng trinh con trén dé tinh tosn

0.00001000000 ~  0.6931473746651 1
0.00000010000  0.6931471829695 o
0.0000000010¢  0.6931471806413 13
0.00000000001 ~ 0.6931471805623 33

Chuoug trinh nay c6 thé cii tién bang nhiéu cach. Trude hét, chic
chiin la khong cin goi intsimp (q, b, 10) hai lan. Thyc ra, cic gid tr]
ham cho chudng trinh con nay di duge tinh mot phin trong intsimp
(a, b, 5. Tht hai, gia trj folcrance 6 thé lien quan chit ché hon véi
d% chinh xac cua loi giai néu né duge xét theo ti 12 @5 dai khodng
dang xét vdi do dai toan khodng. Cudi cing, mdt chudng trinh con
t&t hon 6 thé duge thyc hien biing mt phudng phap t5t hon phuong
phip cau phudng thich dng bing quy the simpson (tuy nhien, theo
mbt quy Iudt ed ban cia dé quy (recursion), mdt chuong trinh con
thich iing khic khong phai la mot y hay). Mot phuong phip cau
phuong thich éng tinh vi cé thé cho ra két qui chinh x4c cho cdc bai
toAn khong giai duge bang cich khdc, tuy nhién nén chd ¥ dén loai
ham sb dang xu ly dé tim phuang phdp thich hgp.
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BAI TAP

1.

3.

&

Viét mot chuong trinh d¢ tich phan hinh thic (va dao ham hinh
thite) cdc da thic x va Inx. S dung d¢ quy trén cd sd tich phan
tirng phan.

. Phuong phap cau phuong nao cho két qua tst nhét khi tich phan

cac ham sau: flx) = &x, fix) = (3 - x)4 + x), fix} = sinfx) ?

St dung bdn phuong phip cau phuong (hinh chit nhat, hinh
thang, simpson, spline) d8 tinh tich phan ham y = Ijx trong
khoang [0.1, 10].

. Lam bai tap trén véi y = sin x.

- Ditu gi xdy ra khi phudng phép thich ving duge sit dy ng dé tinh

tich phan ham y = 1/x trén khoang [-1; 2.

6. Lam bai tap trén véi bon phuong phip ¢au phuong cin ban.

9.

- Tim cdc digm phan hoach khi ¢iu phuong thich dng ham y=1Ih

trén khoang [0.1; 10] i tolerance Ia 0.1,

- So sdnh d% chinh xdic ciia k&t qua tich phan bai trude khi dang

rhudng phip cau phu‘dna thich tng dya trén quy tic simpson va
khi dimg phuong phip c¢u phudng thich dng dya trén quy tic
hinh chit nhit.

Giai bai toan trén véi y = sin x.

10. Tim mét vi dy cho thily 6 la phuong phip cau phuong thich nghi

cho két qua chinh xic han han & phuong rhap khac.
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CAC THUAT TOAN
SONG SONG

Hau hét cac thuat toan chdng ta da khio sit qua déu e6 kha nang
wng dyng rat thiét thyc. Phan lén cic phuong phap nay da ton tai
khodng mdt thap nién hodic lau hon, trii qua nhidu thay d6i quan
trong vé phan aing va phin mém trén mdy tinh. Cac thist k& phan
cing mdi cing nhu cic kha nang mdi cia phan mém chéc chiin cé
thé tac ddong rit nhitu d&n nhing thuit todn da 6, nhung hau hét
cac thuit todn tSt trén nhimg may cf, cling 1A nhing thuat toan tdt
trén cac miy mdi.

Mot 1y do clia hign tugng nay la thidt k& nén tang cla cde may
tinh it thay d6i trong nhiing nam qua. Thiét k& clia rat nhitu he
théng may tinh déu dya trén cing mdt nguyén 1y od ban duge phat
trién bdi nha todin hoc Von Neumann duge xiy dyng tit quan diém
heu trd di ligu va chi thj trong cing mdt ving nhd, va mdt b xit Iy
l&y titng chi thi tif by nhd, xi 1y tuin ty mdi [an mét chi thj. Nhieu
co ché da duge xiy dung mot cach cdng phu ti mi nhivm lam cho may
tinh trd nén ré tien hon, xit Iy nhanh hon, kich thude vat 1y nho hon
mé kha ning luu ti¥ Igi 16n han, nhung kign tric cta hiwu hét may
tinh chi ¢ thé xem la nhing bith the tit md hinh Von Neumann.

Tuy nhién thai gian gan diy, cdie tidn bd vé kj nghe phan cing
lam cho gia thanh cia cic by phin mdy tinh t16 nén thiap hon, cho
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phép ching ta c6 thé nghi dén kha nang phat trién nhing mo hinh
nidy khac, mot trong s8 d6 1a mAy tinh c6 kha nang xi 1y mot s
lugng 16n cAc chi thj trong cling mdt thai didm; hay céc chi thi dude
cing héa (wired in) 4 tao thanh may chuyén dung c6 kha nang giai
quy#t mét van dé; hay mdy tinh gdm cdc may nhd hon hgp tace vdi
nhau dé giai quy&t cung mdt van dé. N6i ngén gon, ching ta o6 thé
nghi d&n vige cho may tinh thyc hign déng thai nhigu thao tac thay
vi mdi hic chi Exm mét thao téc. Trong chuang nay, chdng ta sé xem
xét higu qua tiém tang trong cic y tudng nhu thé, trén mét s3 vin
dé va thuat toan ta da nghién aou. Mot cach rigng, chiing ta cing
xem xét hai cach ti€p can thigt k& may tinh c6 thé thich hop vdi sy
phit trién cha cdc thuat toan song song: perfect shuffle va systolic
array.

CAC CACH TIEP CAN TONG QUAT

Cac thuit todn cd sd rit thuimg duge sit dung, va khi dung chiing
trong cic bii todin 1dn thuting o6 khuynh hudng thye hign cie thuat
todn ndy trén cdc mdy tinh lon hon vi manh hon. Két qua cla
khuynh hudng nay la mét loat cic "sidu mily tinh" ra dgi biéu hign
cho k§ thuiit mdi nhat, ching ta chap nhan mjt s8 nhugng bp d3i véi
khai nié¢m cd s Von Neumann nhung vin duge thigt k& thanh mot
mdy da nang va hitu dyng d6i vdi t4t ca cdc chuong trinh. Céch tidp
can chung d& s dyng loai mdy nay cho cac vin dé thudc loai chiing
ta dang quan tAm bit diu tif nhimg thust todn t8t nhat trén cic may
quy udc va sita'ddi ching cho phit hgp véi nhimg dae tinh nho 46 cia
mt may mdi. Rd rhng hudng ti€p cin nhy khuy&n khich vige duy tri
cAc thult todn va kign tric ci trong may mdi.

Cac bd vi xii Iy vdi tiem nang tinh todn ddng chi § gan day da 6
gid thanh ha hon. Mot cich ti€p can hién nhién la thi sit dyng nhisu
bd vi xit Iy nay d€ giai quyét ciing mot viin da. Mat & thuat todn cé
thé thich wing tot vdi cdch xit Iy phan tan nay, s5 con lai don gian i
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khong thich hgp vdi cach thiic cai dat nhy.

Sy phat trién cla cdc bd xi 1y tuong dai hitu qua ma gid & da din
dén sy xudt hien clia cic edng cy da nang ding trong viée thist k&
va xay dung cde b xit Iy mdi. Ditu nhy, dén Iugt né lai din dén cde
hoat dong gia ting trong viée phat trién cac may chuyen dung a8 xi
Iy cAc van dé rieng bigt. N&u khoéng c6 sfn mot may tinh thich hop
cho sy thi hanh mdt thuat todn nao d6, ta o6 thé thidt k& mét may

nhu thé! Vay cdc mdy tinh thich hgp vdi nhidng bai tedn khac nhau
6 the duge thidt k& va xay duyng vira vin trong mét vi mach.

Mot y tudng (,hung trong tat ca cie cach tidp can nay la ed ché
song song: ching ta ¢8 gliing tigt kiem thai gian béng cach d& nhisu
viée khdc nhau duge xay ra cling mot lic. Y tudng nay o6 thé dan
dén sy hén dpn néu nhu né khéng duge thye hign mbt cach trit ty.
Dudi day, ching ta s& xem xét hai vi dg minh hoa cho mét =& ki
thuat nhiim dat duge mutc dd cao cia ed ché song song trong mot sd
cdc 1dp bai toan. Y chinh 1 gia sit chung ta khong chi c6 mét ma la
M bd it Iy trén dé o6 thé thye hien chuong trinh cla ching ta. Vi thé
néu moi didu Iam viee tot, ta o6 thi hy vong chuang trinh ctia ching
ta chay nhanh hon trude dé M [an.

Céac van de trude médt lién quan d&n vide t8 chie cho M bb xt Iy
lam vidc cling nhau nha thé nio dé giai cing bai toan. Didu quan
trong nhdt 1 cic bo xi 1y nay ]1hdl lién lac duge voi nhau theo mot
cich nao do: phai eo cic mach néi lien ching vit m{t oo che duge dac
ta dé truyén di lidu trén cic mach niay. Hdn nda, ¢6 nhang gigi han
vat 1y trén kidu k&t ndi duge phép. Vi dg gia s cde b) xu 1y cua
chiing ta la cic mach thich hgp 32 duimg két ndi. Ngay ca chiing ta.
o6 dén 1000 b x1t Iy nhu the, thi mdi bo xit 1y chi c6 the ndi lien 32
b xut 1y khic. Vige chon Iya each k&t ndi cie bd xit 1y véi nhau Ia ditu
oo ban nhit trong xu Iy song song. 1Ton nda, cAn phai nhd la lya chon
dé phai duge quyét dinh tit trude: mdt chudng trinh o6 thé thay déi
hoat déng ciia no tuy timg thé hion clia bai todn, nhung mdt cii mdy
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thi khong thé thay déi cach két néi gita cdc phan clia n6é v6i nhau
dugc.

Trong m&i mdt ¥ tudng vé cic kitu may mdi vita duge nhac dén
& trén, quan difm téng quat vé xit ly song song theo nghia mjt sd bo
xu ly dde lap cang vdi mdt 58 cich két ndi of dinh duge 4p dung nhu
sau: mot situ may tinh ¢é nhidu b x Iy rit chuyén dyng va cic mau
két ndi co tinh nguyén ven d&i vdi kign tric cua né (va anh huéng
d&n nhigu khia canh trong vidc van hanh cia né); cac bd vi xi 1y
dude ndi lién véi nhau bao gdbm mdt sb tuong ddi nho cac bd xu ly
manh va sy k&t ndi don gifn; v mot mach tich hgp (VLSI) bao ghm
mdt s& khd 16n cde by xit ly don gidn vdi nhitng két néi phic tap.

Nhigu quan diém khac vé xt ly song song da duge nghién aifu
rong rai tir thdi Von Neumann, dang duge quan thm trd lai vi da co
thé «in xuit cac bd xit Iy véi gia thanh thip. Viec dé cip dén tit ca
cac quan digm dé nam ngodi myce tiéu cua cudn sdch nay. Thay vao
d6, ching ta s& xem xét hai logi may duge dic ta cho mot s0 bai todn
quen thude. Khi khao sat cde nuiy nay, chung ta sé thily duge hidu
gua cla cau tric mdy tinh trén vife thigt k& thuat todn. J day c6 doi
chit phy thude 1An nhau: chic chiln khong ai thiét k& mdt may tinh
md mi khong nghi d&n ding né viw myc dich gi, va at cing muén
chon loai méay tinh t6t nhat ¢6 the d& thyce hign cic thuit todn quan
trong nhit,

SU XAO TRON HOAN TOAN
{PERFECT SHUFFLE)

DE lam sang td mot 6 viin dé dang ghy tranh cii lign quan dén vige
‘thue hign cde thuit todn nhu mot mdiy thay vi mat chuong trinh,
ching ta sé xét dim mot thuiit toan tron thich hgp cho vide thyc hién
bang phian cing. Nhu ching ta sé thiy vé sau, c6 thé phat trién mt
phuong phap tdng quat giong nhy the vio trong ban dd 4n vé may
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"thuat giai® logi may hgp nhit mot mbu néi két dé dat duge sy thue
hién song song cia M bd xi Iy trong vige giai quyét nhidu van de
khdc ngoai bai todn trdn (nierge).

Khéc bigt cd ban gida vide viét modt chudng trinh va thist k& mot
méy dé giai quyét van dé Ia chuong trinh c6 kha nang thich ¥ng vdi
nhing thé hign dac bigt clia vin d8, trong khi may phai duge thist
k& mach (wired) tit trudc, do 46 ludn thyc hign céc thao tic trong
trinh ty dinh trude. Ta hiy cing xem lai chuodng trinh sép x&p dau
tién sortd trong chuong 8 dé thiy rd sy khac bigt nay. Da di ligu 1a
ba s8 nguyén xuiit hign trong thi ty nao, chuong trinh sort3 vin
thyc hign [an lugt ba thao tde "so sinh - hodn d6i” ddng trinh ty da
dinh trong chuong trinh. Khong o6 thuat todn nao khdc trong cac
thuat todan sip x&p ching ta da gap o6 tinh chat nay. Day cdc thao
tac so sdnh ching thyc hién ludn phy thude vao két qua cia lan so
sanh trude, vi the thé hién nhidu vin de trong viéc cing hda.

Truong hop dic bigt, néu ching ta o6 mdt thigt hj phan cing gom
hai mach nhiap v hai mach xuit cé kha nang so sanh hai s nhap
vao, va hoan vi ching khi can thiét, thi ching ta 6 thé méic ndi ba
thi&t bj nhu th& véi nhau nhu hinh 40.1 d8 tao ra mdt mdy sip x&p
voi ba di lidgu nhap (phia trén ciia hinh v&) va ba dif liéu xuat (phia
dudi clia hinh v&). O day, hop dau tien hodn vi C va B, sau d6 hop thu
hai hodin vi B va A, sau ciing hp thy ba hoan vi C va B dé cho ra két
qua cudi cing. Mdy nay sAp x¢p dude bit ki hodn vi nao duge nhap
nao (nhu chudng trink sort3 lam).

Di nhién con nhiéu chi tigt can phai duge ban luin ky ludng hon
trude khi 06 thé xdy dyng duge mit siip x&p that sy dua trén so do
ching ta vita thi€t k& & trén. Vi dy, phudng phip ma héa dif ligu
nhap van con chua duge ditc ta. DE gidi quydt vin de, ta c6 thé nghi
dén vige xem mi6i mach trong so do trén nha mdt kénh véi da duang
truyan dé ed thé truyen mt bit trén mot dudng truyen. Cing c6 thd
nghi dén phuong an dé cho bd so sanh chuyén d8i doc tirng bit di
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Hinh 40.1  May sdp x@p ba phdn n#

lieu tir mot dudng truyen don (bit diu trude tién). Van da thsi didém
cling can phai ban thém: phai ¢6 mot co ch& dé dam bao khéng c6
thao tac so sanh hoan chuyén nao duge thue hién trude khi c6 da
liéu nhap san sang. Ching ta khong c6 kha ning di siu hon vao chi
tiet clia nhing vin dé vé thist k& mach nhu th&, ma sé tap trung vao
cac van dé cip cao vé viee néi lien cac b xit 1y don gian thanh bd xi
1y so sanh hodn chuyén dé giai cic bai toian rong hon.

DE bt dau, ta quan tam dén bai todn tron hai tap tin da duge sép,
st dung mot day cac thao tac so sanh hodn chuyén doc lap véi dit lidu
can trdn, vi thé thich hop cho viee thuc hign bang phan cing. Hinh
40.2 cho thay thao tac ciia phuong phap nay trong viee tron hai tap
tin da sip c6 tam khoa thanh mét tap tin da sép.

Trude tién, ching ta viét noi dung hai tap tip theo hai hang
ngang, moi tap tin naim trén mot hang, va thing hang véi tap tin &
trén. Trén ting cot cua hai hang da ligu nay, hoan vij hai s6 trén hai
tap tin néu can, sao cho s8 16n hon niim dudi s6 nho hon trong cung
cbt. Tiep d6, chia doi tirng hiing, chen them hai nita méi vao bang va
thyc hién cic thao tic so sanhhodan chuyén nhu trén cho cac cip s0
& hang hai va hang ba (luu y ring vige so sinh edc ciip s6 trén nhing
hang khdc la khong can thiét vi lan sép truée da lam). Theo cach nay
cac dong va cpt cia bang deu duge sip. Day 1a mdt tinh chit co ban
cua phudng phép, ban doc ¢6 thé mudn kiém ching nhung dé dwa ra
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Hinh 40.2  Ti¢n co tinh chi tich va chen
mdt bang chitng chinh xac la mot bai tap doi hoi nhidu "manh khée"
hon la chung ta c6 thé nghi dén.

Hoéa ra dac tinh nay duge bao ton béi ciing mot thao tac chia dai
mbdi dong va chen cac nita dong mdi nay vao bang, va thyc hién so
sanh hoan @6i tirng cap phan ti ké nhau trén cling mot edt ma trude
d6 cac phan tir nay thude vé hai dong khic nhau. Sau méi bude s§
dong sé tang doi, s§ cot giam di mot nita va cic dong, cht nay vin con
dugc sap. Dau tién ching ta ¢6 16 cot va 1 dong, sau @6 1a 8 cot va
2 dong, sau d6 1a 4 dong va 4 cpt, 2 dong va 8 cot, va cudi cung la 16
dong va 1 cbt da duge sip.
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Tinh chit 40.1 Viée trin hai tap tin da duoe sdp véi N phin i ¢é
thé duve thire hidn trong khoing IgN budc xit ly song song.

Néu N=20 thi phuong phap chi thyc hién chinh xdc n bude, mbi
budc doi hdi it han N/2 phép so sinh ddc lap. D& ching minh rang
phuong phip nay sip x¢p dude, can phai ching minh céc cdt van con
dudc sip, cic ban hiy thu lam viee nay nhu mot bad tap. V&i cic kich
thude khac, khi xit 1y don gian 1a them vho mdt s6 khéa gia.

Thao tic cd ban "chin ddi mdt dong vi chen thém cac nira” duge
md ta & trén dé dang thily duge mot cich trye quan trén gidy, nhung
lam céch nao d& ¢6 thé chuyén dat ¥ tudng nay thinh viée ndi mach
cho mot may ? C6 mot ciu tra 13i tinh t& va ding ngac nhién cho van
dé nay 6 thé nit ra duge ngay bing cich vitt lai bang theo mdt cach
khde. Hon la vigt lai bang trong mdt mang hai chiéu, ta sé viét lai
ching nhu mot danh sich cic s3, t6 chite theo thi ty cot: dau tien
dat mdt phan ti vho ot 1, sau d6 dat cic phin ti kia vao cic bt 2,
3... Vi thao tic so simh chuyén ddi chi xay ra vdi mot cap phiin i ke
nhau trong cing mét ¢ot, néi vdi nhau theo thao tdc "tach va chen”
can cho viee dua cie cap phan td vio hop so sinh chuyén doi.

Hinh 40.3 thé hidén tudng tng nhimg md ta vé i dung cic bang
& trén, ngoai trir tit ci cace bang duge vidt theo thd ty et (bao gbm
mit biang khdi déng kich thude 1x16 véi mot tap tin, va bang khéc
cho tip tin con lai), Pée gid o6 thé kiém chung sy tuong ing gidta luu
do nay va cac bing da cho trude dd. Cac hdp so sdnh hoan déi duge
vé 1o, va ciac dong dude vé cho thidy cic phan t djch chuyén trong
thao tac "chia ddi va chen tham”. Ding ngac nhien la khi bidu dién
theo cich nay, mbi thao tic "chia doi vi chen thém" duge bign déi
mdt cdich chinh xde va dan gian thinh mdt miu két nsi. Miu két noi
nay duge goi la perfect shugfle vi ciac mach that sy duge chen vao
theo kidu ngudi ta x:do trdn eac quin bii.

Phuong phép nay duge dat tén 1a tron chin lé do K E.Bather
phat minh ra vho nam 1968, Nét die trung cd ban cua phuong phdp
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nay la tit ca cic thao téic so sanh hodn di trong cing mot giai doan
duge thyc hign song song. Nhu da de cap trong tinh chét 40.1, né
dang dudc chid ¥ vi 16 rang n6 ching t6 hai tap tin N phan ti ¢6 thé
duge tron trong logN budc song song, sit dung it hon NlogN hop so
sanh hoan d6i. T méd ta & trén thi nhan xét nay 6 vé nhu dude rit
ra dé dang, nhung thyc t& vin de tim kigm mot mdy nhu thé da
thach thic cdc nha khoa hoe trong mot thai gian.

Bather ciing phat trién mot thuit todn tron khac gan nhu vy
(nhung khé hiéu hon), tron doi mot din dén mot loai mdy khac con
don gian hon nhu duge thé hién trong hinh 40.4. Phuong phép nay
c6 thé duge md ta chinh xdc bing céc thao tic "chia doi va chen
thém" trén céc bang nhu & trén, ngoai trir viee bat dau véi tap tin
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Hinh 40.3  Trdn chdn I¢ bing phicong phap xdo trén hoan todn
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thit hai trong thy tu sip nguge va ludn ludn lam dong tac so sanh
hodn d&i gitta hai cip phan ti ké nhau trong mot cdt ma cdc phan ti
nay trude dé ¢ cing mot dong. Ching ta sé khong ching minh
phudng phap nay lam viée tot, ma chi trong dén khia canh khéc:
phuong phip bitonic merge da khic phyc duge sy ray ra trong
phuong phap tron chdan lé la cac hop so sanh hoan ddi trong & giai
doan dau sé bj dui di mdt vi tri so véi goe khi & cac giai doan sau. Nhu
hinh 40.4 cho thiy, mbi giai doan cua phuong phap binotic merge
déu c6 cung s8 bd so sanh va cuing mot vi tri.

Bay gitt khong nhing ¢é quy luéit trong sy k&t ndi ma con c6 quy
_ luat trong céce vj tri ciia cac bd so sanh hodn déi. Cé nhiéu b so sanh
hoan déi hon so vé6i phudng phap tron chin 1é, nhung d6 khong phai
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Hinh 40.4 Trén doi mgi bang phieong phdp xao trgn hoan todn
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la véin dé, vi chi cAn cing mét s budce song song nhu & phuong phap
cti. Diém quan trong cla phudng phdp I né tryc tiep dua dén cach
thic thyc hien phép trdn ma st dung N bd so sénh hodn 46, y tudng
la don gian mo phang cac dong trong bang trén bing hai dong, vi the
tao ra mot may chu ky (cycling) duge méc ndi cing nhau nhu trong
hinh vé 40.5. Mt may nhu vay co thé thyc hign logN chu ki so sanh
hodn ddixdo t1Pn, mdi thao téc cho mot giai doan trong hinh vé.

Cha y ciin than ring day khong phai 1a cach thyc hidn song song
Iy tudng: vi ching ta c6 thé tron hai tap tin N phan ti véi nhau chi
su dyng mit bd xu 1y vdi s6 bude tile N, chiing ta cé thé hy vong thye
higén phép tron dé vdi mot sd bude b dinh sit dung N bd xit ly. Tuy
nhién, trong trudng hgp nay chitng minh duge 1a khang thé dat duge
mide do Iy tudng va cie may md ta d trén da dat duge cach thyc hién
song song tot nhat cho viéc tron su dung cac bd so sanh hoan ddi.

Kiéu két ndi perfect shuffle thich hgp cho nhitu van de khac
nhau. Vidy, ndu modt ma trin 2020 duge gilt trong thia tu dong, thi
perfect shuffle s& chuyén vi né (chuydn né vé thi tu cit). Mot s8 vi
du quan trong hon bao gom phép bign dsi Fourier nhanh (s& xét &
chuong sau), sip x&p, ude lugng da thite, va mot s van de khac. M&i
bai todn trém b thé giai quydt bang cich sit dyng mdt mdy cycling

“'-‘- -"’-
EREE. /

EHind: 4.8 Afdt miy vdo trdn hoadn todn
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perfect shuffle véi cich thic két ndi giong nhu sd dd & trén nhung
cac bd xu 1y phuc tap hon. Mot vai nha nghién cifu con tinh dén viee
ap dyng kiéu két noi perfect shuffle cho cic may da nang.

CAC MANG SYSTOLIC
(SYSTOLIC ARRAYS)

Mot véin dé cia mé hinh perfect shuffle la cin cac day ndi dai. Hon
nita cé nhiéu day ndi giao nhau: mot shuffle n day néi c6 s didm
giao nhau ty 1& véi N hai dac dién1 nay lam cho vige xay dyng mét
may perfect shuffle that sy tré nén khé khan hon: day néi dai dan
dén vige tri hoan thasi gian, céc diém giao nhau lam cho chi phi k&t
ndi cao va khong thuén tién.

Mot cach ty nhién d8 tranh khéi hai nhuge diém trén 1 chi ndi
cac bd xut ly vdi cdc by xi Iy c6 vi tri vat 1y ke né. Nhu da néi 3 trén,
chiing ta thao tic dong thisi cde bo x4 ly: tai mdi bude, mdi bd xit Iy
doc dit lizu tir by x(t Iy “hang x6m"* clia né, thyc hign cde xit 1y va xuit
k&t qua vio cic "hang xém". Héa ra dieu nay cing khong can thist
phai gi6i han, v vao nam 1978, H.T.Kung chi ra ring mét méng cac
bd xtit 1y nhu thé, mi dng goi la systolic array (vi cich thde d ligu
di chuyén trong ching ggi nhé dén nhip tim dip), cho phép sit dyng
cAc bd x( Iy kit hiew qua cho nhijgu vim dé co ban.

Chiing ta sé xem xét vite s dun g cdc systolic array cho bai toan
nhan ma trin vdi vects nhu mdt tng dyng dién hinh. Gia sit cé thao
tdc nhin ma trin vector sau

1 3-4 1 8
1 1-2! |5 =] 2
-1-2 5| (2 -1

Viée tinh toin xu ly ndy s& dude thye thi trén mot dong cua cic
bd xut Iy don ma mdi b) xit ly o6 3 dong nhip va 2 dong xufit nhu
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Hlinh 40.6 MGt mdang systolic
trong hinh 40.6. Chiing ta sit dung 5 bd xt 1y vi dang biéu dién dit
litdu nhap va doc dit lidu xuat trong cich thie tinh todn thsi gian ki
luvdng nhu mé ta dudi day.

Sudt mbi bude, mbi by xit 1y doc mét At lidu nhap tit bén trdi, mot
tit trén va mot bén phai; thye hién mdt thao tdc tinh todn don gian;
v ghi mot d@ léu xuiit ra bén #réi, va ghi mdt dd lidu xuit ra bén
phai. Theo diac ta, di ligu xuéit bén phai nhan bat cd ndi dung gi cta
dit lieu nhip béen #réi, va dit lidu xuit bén phai nhan két qua cla
phép cong tich cia phép nhan di litw nhap trdi va trén, véi da lidu
nhap phai. Mot dac tinh quan trong cla cdce b xi 1y nay 1a ching
ludn thye hi¢n mot sy bign doi dpng tit di litu nhap sang di lidu
yufit; ching khong bao gid phai ghi nhé céc gia trj da tinh toan (Pidu
nay cing diing cho cde bd x Iy trong may perfect shuffle). Pay la
mét luat nén tang do sy khéng ché & nute thap thidt k& phan cing,
vi viéc bd sung thém bo nhd c6 thé it dat.

Boan vita roi da dua ra mét "chudng trinh" cho may systolic, 88
hoan it viée ma 1 thuat todn, ching ta cing can md ta chinh xdc
cdch thic dua di@ litu nhip ndo. Vipe ip k& hoach nay 1a mot dac
trung can thitt cho mdy systolic, né nhian manh sy tuong phan véi
may perfect shuffle, b mdy ma tat ca cie dit lizgu nhip dau duge dua
vao cing mét lie, va cae i ligu xudt déu co thé sit dung dude & mdt
thii diém sau d6.

K& hoach tong quat & day 1a dua ma tran vio tit cic dong nhap
phia trén cua cic b xit Iy, phan chiéu (reflected) xung quanh dudng
chéo chinh va quay 45°, va vector duge dua vao tif dong nhap bén
trdi ctia bd xd 1y A, sau d6 truyén sang cdc bd xit Iy khae. Céc két qua
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trung gian duge truyén tit phai sang trdi ctia mang, voi output
eventually xuit hign bén dong xuiit phia trai cia b xit Iy A. Hinh
40.7 cho thay tig budc thye hign trong vi dy ban dau.

Vector nhip duge dua vio qua dong nhip #rdi clia bd x& Iy A tai
cic bude 1,3,5, v sau 46 truyén sang phdi dén cac bd xit Iy khac &
cAc budc sau. Ma tran nhip duge dua vao cho cac dong nhap frén g
bude 3, d6i xing lach dé cac dudng chéo phai sang érdi cla ma tran
c6 thé duge dua vio § cac bude ke tidp. Vector xuit hign nhu di ligu
Xuat trai cua bd xt 1y A & cac budc 6, 8, 10. (trong luu db, vectd nay
xudt hién nhu mot dw lidu nhap phii cia mot bd xi 1y tudng tugng
§ bén trai clia A, b xt Iy nay thu nhan dap 4n).

Cé thé theo vét vige tinh todn thit sy bang cach theo cic da lidu
nhép phai (dd lidu xudt trdi), ching di chuyén tit phéi sang tréi cha
mang. Tét ca viée tinh todn déu cho ra k&t quéa 0 cho dén tan bude
3; sau budc 3, b xt Iy C ¢6 1 cho dong nhap #r¢i ciia né va 2 cho dong
nh@p #rén, vi thé né tinh todn duge k&t qua 1, két qua nay duge
truyén qua cho bg xi Iy B nhu la di ligu nhap phdi cho budce 4. §
budc 4, bo xit ly B c6 ba gid trj nhap deu khac 0, va né tinh todn duge
gia trj 16, d8 truyen qua cho bd xt Iy A & bude 5. Dang hic 8y, bd xi
ly D tinh toin gid trj 1 cho bd x& 1y C sit dung & bude 5. Sau dé & bude
5, bo xt 1y A tinh todn duge gid tri 8, gid tri nay duge xem nhv A ligy
- xudt diu tién & budce 6; C tinh todn gis tri 6 cho B s dyng g buée 6,
va B tinh todn gid trf dau tien khdae 0 (-1) cho D st dung & budc 6.
Vige tinh todn gid tri da li¢u nhip thi nhi duge hoan tit bdi B & bude
6 va truyon qua cho A d€ xuiit & bude 8, va viée tinh todn gia trj dix
litu nhap thd nhi duge hoan tat béi C ¢ bude 7 va truyén qua cho B
va A d& xuit & bude 10,

Mot khi qua trinh xit 1y da duge mo ta & muic do chi tigt nh trén,
phifang phap titf nén dé higu han & miic cao hon. Céce 8 trong phan
gitta cua hinh 40.7 (trong hinh chit nhat) chi don gidn 1 ban sao cia
ma tran nhip, duge quay va phan chitu nhu da doi hai dé thé hign
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Hinh 40.7 Nhdn ma trdn voi vecio bing mdng systolic
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cho cic dong nbap trén cia cie bd xu Iy, Néu kiém tra cac s8 & cac
dong nhap tuong ¥ng vdi cdce bd xit Iy nhéan ma trin, ta sé nhan thay
ba ban sao cua vector nhap duge dat ding vao vj tri phai vd ding
lugt 38 nhan véi cac dong ma tran. Khi d6 céc dong xuat phai cda cac
bd xu Iy thé hién cdc k&t qua trung gian cho mbi phép nhan mdt
dong ma trin vdi vectd. Vi dy, phép nhan vector vdi dong gitta cia
ma tran doi hdi cdc phép tinh con sau:

1*1=1, 1+1*5=6 va 6+(-2)*2=2, vh cAc k& qua niy xuidt hién
trong cac hinh chit nhat chia sd 1, 6, 2 (doc chéo, dudi hang 1 1 -2
mdt bude). Mot may systolic quan 1y sip x&p mei vige 48 mdi phan
tU cua ma trin "gap" dugc vector nhilp va cac tinh todn thich hep tai
bd xit Iy ma né la dit lidu nhap, 48 né cb thé phoi hgp chat chg véi cde
thanh phan khdce d& cho ra k&t qua ting phan.

Phudng phdp nay cé the md rong dé thyc hién bai todn nhan ma
trim NxN vdi vector NxI su dyng 2N-1 bd xut Iy trong 4N-2 budc.
Ditu nay dén gan vdi tinh hudng 1y tudng ¥ 48 mdi bd xi¥ 1y thye
hién mpt cong viee hiru ich tai mbi budc: mdt thuat todn bac hai
duge giium xudng tuyén tinh st dung mot sd tuyén tinh cdc bd xu 1y.

Nhu trude diay, ching ta chi mdi md ta mot phuong phdp chung
cua tinh todn song song. Nhigu chi tigt trong thigt k& logic can dugc
lam sdng to trude khi ed thé xAy dyng mot may systolic nhut trén. Tit
vi dy nay, ban c0 thét dianh gid vhng systolic arrays cung lic don gian
va hau hidu. Vécto xuit duge dua va hiu nhu do Ao thuit. Tuy nhién,
moi bd xu 1y rieng ré chi thye hién cic thao tic tinh todn ddn gian
nhu vira md ta & trén: phép la nhim 3 sy k&t hop va sdp x&p thai gian
thé hien di ligu nhap.,

Cung nhu voi may perfect shuffle, systolic array cb thé duge s
dung trong nhizu loai bii todn, bao gom ddi sinh chudi va nhan ma
triin ciung nhitng van dé khic. Va cling nhu vdi may perfect shuffle,
mét viii khoa hoe gin dy tinh sit dung miu néi két nay cho cdc may
song song da dyng.
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TRIEN VONG

Qua viéc nghién ciru may perfect shuffle va may systolic array tada
thay dugc thigt k& phin aiing cé thé tic dong dang chd ¥ trén vide
thiét k& thudt toan, vi mot dy dodn 16 ring la cdc thay ddi cé thé
dem dén nhing thuat toin méi thd vj va mdt hing khdi mdi cho
nhing ngudi thiét k& thuat todn.

Trong khi day dang con la mét linh vyc nghién edu 17 thu va hiia
hen nhiéu két qua trong tuong lai, ta phai dua ra mot vai ghi chd
tinh tdo. Truée tién, can phdi c6 nhitu f géng vé ky thuat 48
chuyén @6 cic so db téng quit duge phac thao & trén thinh cce may
thit sy c6 kha nang vin hanh t&t. D6i voi mot 8 ving dyng, phi tdn
tai nguyén khong the bien minh duge vi mdt mdy thuat giai vdi bp
vi xif Iy truyen thong thuc hign trén mpt may truyéen thdng vén c6
thé giai quyst & t6t vin de. Vidy, néu mot n gudi ¢6 nhitu thé hidn
clia cing mét van dé vh c6 nhigu bo vi x(t Iy d€ giai quyst viin de d6,
thi y tudng xit 1y song song cé thé dat duge don gian bing cach dé
mbi bd vi xit Iy (sit dung thuit todn truyen thdng) thao téc trén mot
phién ban, ma khong can ndi két cic bo x¥ 1y nay véi nhau. Néu ¢6
N tap tin can sfip x&p va N bd xi 1y d6 siip xEp chiing, tai sao khéng
dé don giin ding mdi bo xi 1y cho mét viee sip x&p hon la ép chiing
cing lam vige vdi nhau ?

Rat khé lugng gid hidu qua cda cac chién hude xi ly song song
khac nhau trén vige thye hien thuat todn. Tt ca cdc van d8 da ban
cil & chwang 6 va 7 cAn duge xem xét lai, vai mot sy phiic tap bd
sung, mot may fif no trd thinh mt bién. Céch d& nhat va phd bign
nhilt dé so sanh hai may Ja cho thyc hign cing mét chuong trinh
trén ca hai mdy, lai ¢o thé danh lia ching ta hoan toin néu thuat
todn cd s¢ cua chuung trinh lién quan chiit ché dén kit tric cta
mét trong hai may. Lic dé may cé kién tric phit hgp vdi thuat toan
sé thye hién chuong trinh tét hon nhieu so véi méy kia. D€ so sdnh
chinh xdc hai m4y, can t4p trung vho viin dé can duge giai quyét va
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xen1 xét thuiit todn t&t nhit cho van da 46 trén ting may. Lidu kitn
tric may mdi cé cho phép chiing ta giai quyst cic vin de khong thé
giai quyét trén kign tric mdy ci ?

Cac ky thuit ma ching ta vita ban luin dén trong chudng nay
hién nay chi ly gidi duge vu diém cho cic ung dyng véi yéu chu thai
gian hay khong gian djc bigt. Trong vige nghign citu nhiéu sd do
khic nhau cua xtt 1y song sung vi hidu qua cia chidng trén sy thuc
hién cAc thuit todn, ching ta cd thé trong chd sy phat trién mdt may
song song da dyng c6 kha nang thye hién duge cai ti€n cho nhigu 1p
thuit todn hdn.
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BAI TAP

1.
2.

Phéc hoa phudng phap song song cho thuat todn Quicksort.

Ching minh phuong phap tich - v - chén bao dam céc cbt duge
sfp xép.

- Vigt chudng trinh Pascal d& trdn tép dya vao phudng phép cia

Batcher

- Vigt chuong trinh Pascal dé tron tep dya vao ph:.tdng phép cta

Batcher nhung khong thyc hign bit ky xdo trén nao

. Can bao nhitu perfect shuffle 48 mang tit ca céc phén ti trong

mang kich thude 2™ tr6 vé cac vi tri gbe cia ching ?

- Hay vé mot bang gidng nhuw Hinh 40.7 48 minh hoa thao t4c cia

phép nhan ma tran v vector systolic cho bai tap sau

2 1 4 3 3
3 0 1 1l =1 8
1-1 3] |-1 ~1

. Viét mot chuong trinh Pascal gia lap thao tdc mang systolic diing

d€ nhan ma trim NxN va vectd NxI.

. Cho bigt lam thé nao dé chuyén vj ma tran béng phuong phéip

mang systolic.

. Can bao nhigu by x{ 1y va bao nhiéu budc khi dung mdy systolic

dé nhin ma triin MxN va vector NxJ.

10. Hay trinh bay mjt s do song song don gian d& nhan ma tran va

vectd bing cich ding cic bd xit ly o6 kha niing "nhd" cde gia trj
tinh duge.
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Mat trong nhitng thuit tedn s& hoc duge st dung ripng rii labién doi
Fourier nhanh, mdt phuong phap hitu higu d€ tién hanh cac tinh
todn can ban, Bién déi Fourier nhanh o6 tam quan trong 16n trong
giai tich todn hoc va Ia d6i tugng cua nhidu sich nghién cdu, Sy xuit
hién cta phudng phap tinh toan hiéu qua la mdt bude ngodic trong
lich st tinh todn.

Bign d5i Fourier cé ritt nhidu dng dung. N6 la co s8 cua nhigu
thao tdc cd ban trong xd 1y tin higu, Hon nda, nhu ta & thily, né
cung cip mdt phudng phdp thuin tién dé chi thign hiéu qua cia cic
thuat todn s hoc thong thuting. Mue dich cta phan nay la phac qua
od s toan hoc cha bién d8i Fourier va néi tdng quat vé nhitng ap
dung ciia nd. Ching ta sé xem xét djc tring cla thuat toan can ban
nay trong khudn khd cic thuit todn ma ta da khao sét.

Dac bigt, chiing ta sé xem xét phuung phip sit dung thuat todn
nay d& rit gon thyc sy thoi gian cin thiét 4é nhan da thie, bai toan
da khao sat § chudng 36. Chi can mot so it kién thde vé giai tich
phiic, ta c6 thé cho thdy bing cich nao bign d6i Fourier c6 thé sit
dung d& nhan da thic va c6 thé danh gia duge thuat todn bign ddi
Fourier nhanh.
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TINH GIA TRl - NHAN - NOI SuY

Chién luge chung clia phuong phap cai tién viée nhan da thie ma ta
da xem xét nhd diém thuan lgi 1a mot da thiic bac N-1 duge xac dinh
hoan toan bai gia tri cua né tai N diém khde nhau. Khi ta nhan hai
da thiic citp N-1, ta duge mjt da thie bac 2N-1; ndu ta 6 thd tim
duge gia tri cia da thic tich tai 2N-1 diém thi né hoan toan dude xic
dinh. Mat khdc, gia trj ciia k&t qua tai mot diém bat ki duge tinh
bang tich st hai gid trj cua hai da thitc ban dau tai didm dé.

Do trén, ta 6 so do tdng quit sau d€ nhan hai da thifc bac N-1.

Tinh gia tri hai da thic ban dau tai 2N-7 diém khac nhau.

Nhéan hai gid trj tim duge tai mdi didm.

Nbi suy 4 tim két qua ma céc gia trj da tinh tai cic diém da cho.

Vi dy, dé tinh rix)=plxiqtx) vdi ploi=1+x+x2 q(x)=2-x+x2 ta o
thé tinh p(x;, gx/ tai nam diém bét ky, chin ghan -2,-1,0,1,2 dé duge:

[pt-2), pC-1), pt0), p(1), p(2)] = (3,1, 1, 3, 7]

{q-2), q(-1), q(0), q(1), g(2)] = (8, 4, 2, 2, 4]
Nhan ting s§ hang tuong wing ta cé:

[r(-2), r-1), 1(0}, /(1), 1(2)] = [24, 4, 2, 6, 28]

Theo cong thic i suy logmngg: _y
’ —-2+1 -2-0=2=-7T =-2=32
+4 x+2 x—-0 x-1 x-2
—I+2 -T-0-1-T —1-2
" 2x+2 x+1 x—-1 x-2
T2 0+¥T0-10=-2
x+2 x+1 x-0 x-2
I+ Z2T+T 1072
+98%t2 x+1 x—0 x-1
ZHZ22¥T 2021

+6
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Ruit gon ta duge:
rx)=24x+2x2+x?

Nhur da néi tif trude, phuong phdp nay khong phai 1a mét thuit
todn hap din vi cic thuat todn t5t nhat cho hai cong vibe tinh gia trj
(&p dung phuong phap Horner) va ndi suy (céng thic Lagrange) doi
hdi N2 phip todn. Tuy nhign, vin c6 hy vong tim duge mot thuat
todn t8¢ hon néu ta tim duge 2N-1 diém d& tinh gis trj va ndi duy dé
nhat.

CAC CAN $O PHUC cUA DON VI

Ta nhéc Iai mt s8 kién titc vé giai tich phite. $6 i=V ~1 mdt s&
do . Mot 5 phie bao gom hai phain thye va o, thuting duge viet 1a o
+ bi vdi a, b 1a hai s8 thyc. D& nhan hai s& thye, ta ti#n hanh binh
thutng vh thay i%=-1. Vi du:

(a+ bijc + di} = (ac - bd} + (od + be)i

Trong khi nhan ¢dc 8 phic, ddi khi phan thyce (hay phan 40) o6
thé mat &i. Vi du:

(1-401-i)=.2i
(1 +i)t=-4
(1+if8=16

Chia phuong trinh cusi cho 16=v2", ta co:

1 i A&
7ty =1

N6i chung, ¢t nhidu s8 phuc khi liy thia 1en ta dugc s6 1. Nhing
s& nhy vay goi 14 can cita don vi. Thyc ra, véi méi N, c6 ding N s5
phtic Z sao cho ZN=1. Mét tron g ching, dit tén ka wy, goi 1a cin bac
N chinh cua don vi, cde bac N khic nhan duge bing cich iy thita
len'bac k, k=0, 1, 2,..., N-1. ChAng han, ta 6 thé ligt k2 ra cic cin
bic tdm cia don vi nhu san:
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wy', wyl, we?, wy?, wel, weh, wyb, wy7

Can s0 dau tidn, Weg, 1 s& 1 va can o5 thit haj wi s 12 ¢an bac N chinh.
V6i N chin, ta ciing o6 1a -1 {vi khong quan trong. Chiing ta sé chi
ding cac tinh chit can ban cua cin bac N dya trén dinh nghia cta
can bac N. '

TINH GIA TRI TAI CAC CAN CUA DON VI

Diém khé khan cia ta la mdt chudng trinh dé tinh gia trj ciia mot da
thic bac N-1 tai cde cin bac N cla don vi. Chuony, trinh nay d6i N
he s6 xac djnh da thic thanh trj tinh tai cdc can bac N cia don vi.

Budc dau tién cia qua trinh nhan da thic tde 1a tinh gia trj cla
mdt da thuc bac N-1 tai 2N-1 diém. Tuy nhién, ndu ta xem da thuc
bac N-I nhu la mot da thite bac ZN-2 vdi N-1 hé 5 (clia cac s§ hang
e6 bac cae nhiit) la zero.

Thuit toin duge sit dung d& tinh gia tri cia da thvic bac N-1 tai
N diém sé dya trén mot chign luge xG Iy “"chia 48 try’
(divide-and-conquer). Khong gidng nhu viéc chia da thic & giGa
(rshu thuit toin nhan § chuong 4), chung ta s& chia da thic thanh
hai phiin: mot phiin gom cic s8 hang bic 18, phan con lai gom cde s
hang béac chan. Vidu véi N=8, sy séip x&p cac sd hang duge thyc hién
nhy sau;

p(x) =po+p prla+pyed+paiep pd+paed+pexb+poal
=(po+pa+pat+pl) + x (pytpa?+prt+pad)
=pe(x?)+x py(x?)

Can bic N cta don vj ritt thich hgp véi kiéu phan tich nay vi néu
ta binh phuong mét can cua don vj, ta duge mot ciin khic cia don
vi. T6t hon nta, véi N chiin, néu ta binh phuong mbt can bac N clia
don vi, ta sé duge mdt can bic EN cua don vi. D& tinh gia trj cia da
thic véi N hé s tai N diém, ta chia ching thanh hai da thdc ¢b
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1N he s8. Cac @a thic nay chi can tinh tai éN diém (tai cdc can bc
2.N cua don vj).

D& minh hoa, ta hiy xét vigce tinh mot da thitc bac 7 p(x) tai cic can
bac 8 clia don vi,

WB:wRU, W31, LU32, wa?', ws“, wgﬁ, waﬁ, w37
Viwg'=-1, day s& trén la:
] y
WH:wHH! I.Ugl, w82} waﬁ, _wall’ _wsl’ _w82l 'wRB

Binh phuong méi s¢ hang cda day tien ta duge mét day {W,} céc
can bic 4 cua don vj..

Wy, wel, we? wed wed, w,), w2, we
Bay gity, dang thitc
Plx)=px2)+xpyx?)

cho ta ngay cach tinh p(x) tai tim gid trj cin bac tdm cia don vi. Pau
tién, ta tinh p,(x) va pfx} tai cic can bac 4 clia ddn vi. Sau d6 ta o6;

P =p () + 1% o10,")
PwY=pq(i04 )+ 0y pyfwg)
Plwy®)=p (w42 +wy?p 4%
Pwy)=pow )+ wgpolws?)
Plwyt)=pofiw )+ wyipo(w?)
Pwg®)=p(wy ™ Wefip g )
plwybi=p w1+ wefp o)
PlwgT)=pfwyT)+wyTp fw,)

N6i chung, dé dénh gia p(x) tai can bac N clia don vi, ta tinh mat
cich d2 quy trén can bic p,ix) va pix) tai ciin bac E.N cua don vj va
ti€n hanh N phép nhan nhu trén, Cach nay chi tigén hanh duge khi
N chan, vay d& lam bing dé quy dugc, ta gia sit N 1a mot liy thita cia
2. Qua trinh 4@ quy dirg khi N=2 va ta ¢6 p,;+px can duge tinh tai
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1 vh -1 vdi cAc kit qua pg+p va pyp.
Tinh chit 41.1 Mt da thize bae N-1 ¢6 thé tinh gia tri tai cée con
biic N cua don vi véi khoing NigN phép nhan.

Tinh chat trén c6 thé thiy duge néu ta ding cbng thic
M(N)=2M(N/2)+N(M(N) Ix s8 phép nhan can thiét d6 tinh gia tri
cia céc da thite bac N tai cic ciin bac N cia don vi). Dang cong thic
4 & chuong 6, ta c6 M(N)=NIgN.

NOI SUY TU CAC CAN PON Vi

Bay gitf ta da c6 mpt cach tinh gis trj cia da thuc kha nhanh trén
mét tap hop dac biét cie diém. Ta can mdt phuong phap nhanh 48
ndi suy mit da thiie trén ciing mdt tap hgp. Ti dé ta sé cd mdt cich
tinh phép nhan da thic nhanh. Digu ngac nhién i, vigc chay chudng
trinh tinh toAn cdc gia tri da thuc tai cic cin don vj sé cho ta phép
ndi suy. D6 chi la mét vi dy clia phép bign ddi Fourier nguge.

Chéng han, véi N=8, bai tosn ndi suy 1 tim mot da thic:
rxt=ro+rx+ractrptdradtrad Hrad 4727
vii cac gid trj
?'(IUR{JJ':SO r(w31)=sl r(w82)=32 r(w83)=33
riwgt)=s, rlwgd)=s; rwg®)=sq rwy)=s¢

Khi cac diém duge xét la cac cin clia ddn vi, th ye sy bai toin ndi
suy la bai todn "ngugc” cia bai todn tinh todn. Néu ta dit:

S(x)=80+8 1 X+ 5502 + 5403+ 5,04+ 5570+ 510+ 5 77
: 0T ST ST T ST 8L+ 8y &*

thi ta 6 thé nhan duge cic he 88 r; (i = 0, 1, ..7) bang céch tinh
gia trj cua da thuc sfx) tai nghich dao cia cin bae N cia don vj.

A W . 5 - -
Wy LiogSwy LwyZwgdwg iy 3wy 8wy

nhung d6 chinh la day vdi thi ty d6i khac:
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Wﬂ-l_.wﬂﬂ’wg'."!wﬂﬁ,waﬁ,wgﬂi‘wn:i’ws:!lwal
N6i khac di, ta co thé st dung cing mt chuong trinh cho phép
ndi suy va phép tinh gia tri: chi don gian la sip x&p lai cac diém ding
dé tinh gia trj.
Chiing minh céc 1y luan trén ¢an vii tinh toan cho cée tdng hitu
han; cée tinh toan duge thyc hién nhu sau:

s(wg!) = > si(wi 1Y
=j=N

= (2 ) (rogty
Eb;( A (Nt

0=3=

> ri(wl)itwgty

0=)sN UO=i=N

= > raoig—t

0FEN 0<i=N

Trong tinh todn trén, ta sit dyng cdng thic:

—oN_ g
2 w{&i't) =L =0

th=j<N wi—t-1
Chi ¥ rang mét thita s§ duge them vho la N. Day chinh la "d¢jnh
1y nguge® cho bign doi Fourier roi rac. Tit day ta cé:
Tinh chit 41.2 Mot da thic bic N - 1.6 ths ndl suy tai céc can bic
N ctia don vi vdi khoing chicng NigN phép nhin.
Céc ly uin todn hoe néi trén o6 vé phic tap. Tuy nhién két qua

lai rat & ap dung, d€ ndi suy mot da thic theo céc diém can bac N
cia don vj, ta stf dung cing mdt chuong trinh nhu khi tinh gia tr,
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sAp x&p lai k&t quA ta s c6 duge he s§ cia da thic.,

CHUONG TRINH.

Hién tai ta dé c6 timg phan thut todn nhan hai da thie chi sit dung
khoang NigN phép toan. So do téng quat la:

Tinh gia tri cua da thic nhiip vao tai cdc cin bac (2N - 1) ela
don vi.

Nhan hai gia tri tim duge tai méi didn.

Noi suy dé tim k&t qui bing cich tinh gid trf ciia da thic xde
dinh chi bdi cdc s8 duge tinh tai cic ean bac (2N - 1) oda ddn vi.

Sy md ta trén c6 thé chuyén trye tidp sang thanh mét chudng trinh
trong d6 si dung mét thii tyc (procedure ) d8 tinh gia tri clia da thic
bac N-1 tai cac can bac N ciia don vi. Tuy nhién, cdc phép todn nay
thyc hién trén s& phitc ma trong Pascal lai khong c6 xAy dyng kiéu
s8 phute. Do d6, ta ¢im 6 mt thi tue d8 x4c dinh kidu si phic cing
nhu cic phép todn trén cac s8 niyy. Vi gia dinh 1a kidu s§ phic da co,
ta co chuong trinh tinh gid trj sau:

evalip,ouiN,0);
evally,outN,0);
for i:=0 to gxan do rfi}] =pfiJ*qfi];
evalir,outN,0);
for i:=1 to N do
begin ¢ =r/i}; rlif:.=rfoutN+1-i]: rfodN+1-if:=¢; end:
for i:=0 to autN do rfij-=r{i}fioutN + 1)

Trong chuong tri nh nay, ta gia si bien toan cye outN 14 2N-1 va
P ¢ r lacic mang s phic dinh tit 0 t6i 2N-1. Hai da thie duge nhan
P- q 06 cip N-1 va cic he s§ thém vao dé dugce mang 2N-1 phan t
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Hinh 41.1 S dd “khiong xdo orén I nedng” cho FFT
11 céc s& khong. Thi tuc eval thay cdc hé s8 da cho nhu Is bign tha
nhit cia da thite bdi cac gia trj cia da thide tinh tai cdc can cua don
vi. Bi¢n thi hai x4c dinh béc ctia da thite vA bigén thit ba sé md ta dudi
day. Chudng trinh trén tinh tich cia p. g vk dé két qua d mang r.

Nhu ta da thiy tir trude, chuong trinh d@ quy ¢6 cic mang c6 thé
gay khé khin khi cai dat. Ngoai ra, con mot bii todn thong thutng
1a quan ly ving chia (storage) biing cich ding lai né mot cich thong
minh. Dieu ta dan & day 1a ¢6 mdt tha tyc d& quy dua vao mit mang
N+1 hé s8 va cho ra N+1 gis trj trong cling mdt mang. Tuy nhién,
qua trinh d& quy lai bao gom viec x 1y hai mang rii nhau: cic he s&
1& va chéin. Sy xdo tron Iy tudng (perfect shuffle) cia chudng trude
la cdi ma ta can. Ta c6 thé dua cdc hé s6 1é vho trong mdt ming con
(nita dau) va cde he s8 chin vao mdt mang con (nilta sau) bang cach
thue hién sy "khong xdo trém ly tuéng” (perfect unshuffle) cia dd
lidu nhéap, nhu so db trong hinh 41.1 véi N=15.

Di nhién cdc gid tri can 36 phlic ciing can chi dit. Ta cé.
wly = Dos( ) + ;sm(N__FI)

S dung cic ham lugng gidc quy uéc ta o6 the tinh dé dang gia trj
WNj Trong chuong trinh dudi day, mang .y duge gia djinh 1a chua cac can
bac (otN+1) cua don vj.

Ta c6 chuong trinh sau cia FFT (Fast Fourier Transform : bién
ddi Fourier nhanh).



Jim CHUCNG TRINI

procedure evallvar p:poly; N, krinteger);
var i jinteger;
begin
ifN=1
then begin &=pfi ) pli=plk+1} plkI:=t+pl; plk+1]:=t-pl;
end
clse begin
for i:=0 ta N div 2 do
begin j:=k+2%; #i}- =pfjl; tfi+1+N div 2} =pfjl+1;
end;
for i:=0to N do pfk+i] =tfi};
cualip N div 2,k);
evalfp,N div 2k +1+N div 2);
Je=(outN+1) div (N+1j;
for i:=0 to N div 2 do
begin L=wli%*pfk+(N div 2i+1+i}
Hil:=plk+i]+t tfi+(N div 2)+1):=pfh+i]*t

end;
for i:=0 to N do Pl =tfi]
end;

end;

Chuong trinh nay chuyén da thie bic N vio méng con pfk... & +
N] bang cich dung phuong phap dé quy da néi qua & treén. (D& don
giAn, ma nay gid s rang N+ 1 I mot 1y thira cla 2, mac dau dieu
nay bo di dé dang). Néu N=1, ta d& dang tinh gia trj tai 1 va -1, Vai
N=1 thi tuc nay dau titn sé xdo tron ( shuffles), réi goi d& quy chinh
n6 d& chuyén sang bai toan cho NJ2, sau d6 két hop cac ket qua tinh
todn nhu da mé ta d trén, Dé nhin duge ede cin vj can thist, chucng
trinh chon tir méing tai mot khoing xdce dinh bdi bign i. Vi dy, néu
autN=15, ciic ean bic 4 clia don v tim thay trong w(0}, wi4), wf. 8],
wl12]. Ditu nay aim gism bét s tinh todn cAc can cua don vj sg
dung.
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Tinh chit 41.3 Hoi da thuic cip N cb thé duge nhan vdi
ENigN+O(N) phép nhan phic.

Nhu da néi, sy ap dung cia FFT rong hon nhigu so véi phép todn
nhan da thic chi ra § day; va FFT di duge sit dung manh mé va khao
sat trong nhiéu lish vye khac nhau. Tuy nhign, cdc nguyén thc
chinh trong cic dp dung cling tucng ty nhy trong viée nhan da thie
duge xem xét ¢ day. FFT la mot vi dy b dién v& phuong phip
"chia-dé-tri" (divide-and-conquer).
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BAl TAP

1.

Cé thé cai tién nhu the nao thuat todn tinh gid trj - nhan - ndi suy
d& nhan hai da thic p(x), grx) v6i cic nghigm da bigt pg, py, ... py
Vaqg q1-PN ?

. Tim mot tap N s6 thyc ma gid trj cta da thade bae N tinh tai d6 o6

88 phép todn it hon N2,

- Timy mot tip N s0 thuc ma phép ndi duy da thuc bac N trén tap

d6 dung it hon N2 phép toan.

4. Gié trj cla wyM véi M>N la gi ?

- C6 nén sit dung FFT d& nhan céc da thic cé nhidu he s§ bing 0,

6. Chuang trinh FFT ba [an goi evol, tuong ty nhu thufit todn nhan

7.

¢ chudng 36 ba [an goi madt. Vi sao cai dat FFT hiéu qua nhisu
hon ?

Tim mét each nhan hai 88 phite s dung it hon 4 phép nhan,

8. Vung chita bao nhi¢u & duge sit dung bai FFT nou ta khéng ding

bai toan quan 1y viing chia vdi sy xdo tron 1y tudng (perfect
shuffic}.

» Vi sao khong thé dung cac ki thuat nhu sy xdo tron 1y tudng cho

cac mang khai bio déng (dynamically declared arrays) trong thi
tuc nhan da thite ¢ chuang 36 7

10. Vigt mdt churang trinh hiéu qua dé nhan mot da thide cap N véi

mét da thic cip M (khong nhit thigt 1a cac liy thita clia 2).
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QUY HOACH DONG

D6i vai nhidu thuat todn ching ta da tim hiéu & cde chuang trude,
nguyén 1y "chia d& tri" thutng déng vai trd chi dao trong vide thidt
k& thuét todn: dé giai quy&t mdt bai todn Idn, ching ta chia né thanh
nhitu bai todn con cd thé duge gidi quyét doc lap. Trong phuong
phap quy hoach dong, viéc thé hign nguyén ly nay duge ddy dén ey
dd: khi khong bigt chic can giai quy&t bai todn con nao, ching ta giai
quydt tat ca cdc bai todn con va luu trit nhing I5i giai nay véi muc
dich sir dung lai ching theo mét sy phai hgp nao 46 dé giai quyét chc
bai todn tdng quat hon. Cich tiép cin nay duge sit dung rong rai
trong linh vyc van tri hoc. Thuat ngd "quy hoach" ma ching tai st
dung & day ngy 7 néi dén qua trinh dua bai toan ban dau vé mét dang
nao d6 o6 the sp dung phuong phap nay dé giai. D6 1a ca mdt nghe
thuat, do vay ching toi s& khéng di sdu viio chi tiét ma chi xem xét
mbt vai vi dy d& qua d4 gidi thigu cing cic ban cich ti€p cin nay.

Khi stt dung phuong phap quy hoach dong & giai quy&t van de,
ta c6 thé gap phai hai khé khan sau. Mot 14, khong phai lic nho sy
k&t hop 1¢i gidi cla cac bai todn con cing cho ra 1ui giai cua bai toan
16n hdn. Hai la, s8 lugng céc bai tedan con can giai quyé&t va huu trd
dép an o thd rat 1én, khong thé chiip nhian duge. Cho dén nay, chua
ai xac dinh duge mot cach chinh xédc nhimg bai todn nao o6 thé dugc
giai quyét hidu qua bang phudng phip quy hoach ddng. Cé nhing
van dé qud phic tap vir kho khan ma xem ra khong thé ung dung
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quy hoach dong dé giai quyét duge, trong khi ciing c6 nhitng bai todn
qua don gian khién cho vige sit dyng quy hoach dong dé giai quyét
lai kém hiéu qua hon so véi ding céc thuat toan kinh dién.

Trong chuong nay ching ta sé khao sat mot s& bai toan c6 thé
dung quy hoach dong giai quyét mot cach higu qua. Nhing vin de
nay déu lién quan dén bai toan tim phuong 4n t&i wu dé thyc hién
mbt cong viée nao dé, va chuing c6 chung mét tinh chat la dap 4n tat
nhét cho mot bai toan con vin dugc duy tri khi bai tosn con d6 tré
thanh mdt phan trong bai todn 16n hon.

BAl TOAN CHIEC TUI XACH

Mot tén trdm sau khi m& duge mot két sit thi nhan thiy trong dé
chita dyng N loai d6 vat c6 kich thude va gia trj khac nhau. Nhung
hén ta chi c6 mdt chiéc tui xdch c6 dung lugng M (c6 thé chia duge
"mot s& do vét sao cho tdng kich thuéc cia cic db vat nay nho hon hay
ding bang M). Vay vin dé dit ra cho tén trom la hin phai chon lya
mot danh sich cic do vat se mang di nhu thé nao d€ cho téng gi4 tri
ldy cap duge la 16n nhat.

Vidy tén trom c6 mot tiii xiach dung lugng 17, va trong két sit
chia dung cac do vt thude 5 logi khic nhau ma kich thude va gia trj
dugc ligt ke trong hinh 42.1. Khi d6 tén trom c6 thé mang di 5 do vat

H I
size :
4 5 10 11

value

name A B c D e

Hinh 42,1 MJrvi du vé "bai 10an chiée mii xdach”
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k o3 b5 6 7 8 Y 0H 2 L i 15617

J=1

costikl U U 4 4 4 4 3 8 1220216 16 16 20 20 20

besifkf A A A A A AAAAAAAAAA
1=2 .

costlk U0 4 05 3 8 Y HO ¥ M Ly l6 17 iy 20 2122

bestth) A BB AaBB ABBSBABSBARDRB
1= '

costikf O 0 4 5 5 S 10012 14015 06 18 2020 22 2

bestikf ABBACBACCACCACTC
jet |

costikf O 0 4 5 3 8 Q11121156 1820222

bestik] ABRACDACCACCDOC CC
4=5

cost{k} OO &5 5 8 {01 i3 1415 17 (820 21 23 24

testik] ABBACDECCECCDTEC

Hinh 4.2 [.G1 gidi cho "bai toan clide i xich”
loai A (khong thé 6) vdi tdng gid trj 1a 20, hay hén cb thé chat day tdi
xdach vdi mot d6 vit loai D va mt do vat loai B vdi tdng lugng i 6 thé
dat dude Ia (costfi-sizefj}]+valfj] (vi do vat j thém vao sé lam day
phan cbn lai cta tii xach o6 dung lugng I). N&u gia tri mdi nay vugt
qua cost{i] (gia trj Jdn nhat tii xdch dung lugng i c6 thé dat duge khi
khong 6 do vat j) thi ching ta s& cAp nhat cost/i] va best/i].

Hinh 42.2 minh hoa titng budc qua trinh tinh todn trén vi dy cia
ching ta.

Nbi dung that sy eia phudng dn t8i uu {danh sach cic dd vat can
bb vao tii xdach) oo thé tim lai duge dya vio cic gia trj trong mang
best. Theo dinh nghia, best/M] cho biét do vat cudi ciing phai them
vao tiii cich, vay do viit vita duge bo vio tiii xdch trude dé 1a best
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[M-size[best{M]]], ci [an ngude nhu vay ta s& c6 danh sich cac da
vat trong tui xach vdi téng gia tri 16m nhat. D&i vdi vi dy cla ching
ta d trén, best{17}=C, sau d6 ta o6 best{10]=C vh best{3]=A

Tinh chiit 42.1 Thai gion gidi quyét bat toén tii xéch bling phitong
Phip quy hooch dong ty 16 véi NM

Do vay bai todn tii x4ch c6 thé giai quyst d& dang khi M khéng qia
1on, nhung thai gian thi hanh chudng trinh sé trd nén khé chip nhan
khi M lén. Hon nda, c6 mpt diém c8t y&u khong thé bo qua duge dé
la phuong phdp khong thé thye hign duge néu M va nhing kich
thude hay gid tri ctia cic do vat la 83 thye thay vi s§ nguyén. bay
khong phai 1a mot réic 161 nho, ma la mot khé khan chinh. Chua cé
mdt giai phdp t3t nao cho vin dé nay duge bigt dén, va ching ta sé
thiy & Chudng 45 nhiéu nguwi tin ring mot giai phap nhu vay khéng
ton tai. Nhan thuc 16 khé khan ciia vin de, ban doc o6 the s& mudn
thu nghiém phuong phip véi truting hgp tit ca cde loai @b vat dou 6
gia tri 1, kich thudc j vi M=N/2,

Nhung néu dung lugng, kich thudc va gia tri ciia cac db vat deu
1a 88 nguyén, ching tac6 duge mit nguyén 1§ cd ban 1a quyét dinh
t61 vy, khi da duge chon thi khang éan thay ddi. Mot khi da bigt cich
tot mhiit dé bo do vao cic tii xich c6 kich thudc bat ky véi j db vat
ban diu, ta khong can xem xét loi nhitng vin dé d6 nita, bat ké cde
do vat s& chon tiép theo la gi. Khi ndo nguyén Iy téng quat nay con
hoat ddng duge, thi phuong phip quy hoach déng con dng dung
duge, Trong trudng hap ndy, nguyén ly hoat dang duge vi véi cac gia
tri nguyén ta co thé chon duge mét quydt dinh chinh xdc, t&i wu.

PHEP NHAN TO HQP NHIEU MA TRAN

Mét ing dung c6 dién cia phudng phap quy hoach dong Ia tim cach
eye tiéu hoa 53 lugng cie phép tinh phii thuc hién khi can nhan mét
loat cac ma tran khic kich thude véi nhau.
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Gia stt 6 6 ma tran can duge nhan véi nhau.

a)) Gy Ci1

by b1y by ey eyl (f11f12 f13
oy G C. a5ty
20922 |, 21| [d11 212

21 by by eg1 ez | | far fag fos
@31 932 €31

Di nhién, & phép nhan hgp 1&, s5 cbt clia mdt ma tran phai bang
véi s dong cia ma tran ké tidp. Nhung tdng s cdc phép nhan vo
hudng phai Jam thi phu thude vao thi ty thye hién phép nhan ban
dau. Vi dy, ching ta ¢6 thyc hién phép nhin theo thad ty tir trii qua
phai: nhan A vdi B ta o6 mot ma trim két qua R1 4x3 sau 24 phép
nhan v hudng, sau do lai 1ay R1 nhan tiép vdi ma trin C ta duge ma
triin két qua R2 4x1 sau 12 phép nhian vd hudng. Nhan tiép tyc R2
v6i D ta co ma tran két qua R3 4x2 sau 8 phép nhan vd hudng nua,
tigp tuc nhu the nay cho dén hét diy ma tran, cudi cung ta nhan
dude ma tran k&t qua R 4x3 sau tong cdng 84 phép nhan vd hudng.
Nhung néu cing thyce hién phép nhin trén theo trinh ty tir phai qua
trdi, ta sd co cing kit qua chi sau 69 phép nhan vd hudng.

Ro rang Ia con nhidu thi ty khdc d€ thyc hién bai todn nhan ban
dau. Thy tu thye hitn cic phép nhan o6 thé thé hién bing cip ddu
dong, md ngoac () vi dy ta o6 thé thyc hiém theo trinh ty
({(((A*B)*C)*D}*E)*), hay trinh ty (A*(B*(C*(D*(E*))))). Bat ky
moét trinh ty hgp i@ nao cing cho ra két qua ding, nhung trinh ty
nio s& ¢an it phép nhan vé hudng nhit dé cho ra két qua?

Né&u tim duge trinh tu t8t nhat d& thye hign phép nhan, ta sé tiét
kiém dude it nhidu: ndu cdc ma tran B, C vi trong vi dy & trén, mdi
ma tran cb kich thude 300 thay vi 3, thi thyc hign theo trinh ty trai
qua phai doi hoi 6.024 phép nhan v hudng, trong khi trinh ty phai
qua trai can d&n 247.200 phép nhin vd hudng (6 day ching tdi xem
nhu chi sit dung phép nhian ma trin thong thudng, mdi phép nhan
mot ma trin pxq véi ma trim gxr sé cho ra mot ma trin pxr, va tdng
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cac phép nhan vd hudng phai thyc hien 1a pgr)
Mot cich tdng quat, gia st N ma tran duge nhan vdi nhau:
MMMy My

trong dé ma tran M; thoa dieu kign o6 kich thude r; dong va ry,
cbt, v6i I<i<N. Myc tibu cia ching ta }a tim ra trinh tit thye hién
phép nhan cdc ma trin trén sao cho dung it phép nhan vo hudng
nhét. R6 rang la cich thit nghiem tét ca cdc trinh ty d€ rit ra trinh
ty t6t nhat I khong thyc t& (S8 lugng cdc trinh tu ¢6 thé thyc hign
duge la mbt ham t8 hop duge goi la s8 Catalan: S8 csch k&t hgp N
bién bang cdc ddu déng, md ngolic Ia vao khodng AN-YNVEN),
Nhung thit ra ciing ddng md rong vai nd lye dé tim phudng an t&t
nhat vi N ndi chung thuting di nhd so véi s§ lugng cdc phép nhan
can thye hion.

Nhu da néi ¢ phan trén, dp dung phuong phap lap trinh djng
nghia la ching ta s giai quyét viin deé theo kidu "bottom up”: Iuu tr
i giai cho ting phiin nhé cia vin dé dé tranh phai tinh todn lai khi
can giai quyét ca bai todn. Trude hét ta nhan thily chi 06 mot cich
dé thyc hign edc phép nhan tirmg cip hai ma teiin M *M,, My*M.,,...
My ) *My;, chiing ta sé tinh todn s8 phép todin éan thue hign cho mai
phép nhan (phi tén) hai ma trin nay va luu tri cac k&t qua trong
mang cost. K& tigp, ta lai tinh toan cdch t6t nhit 48 nhan cic b0 ba,
st dung lai nhitng théng tin vé phi tdn nhan hai ma trin da duge gid
lai & bude trén. Vi dy dé tim tha ty t3t nhit thye hién viéc nhan b
ba MM ,My, trude tien ta thit tinh phi tén dé nhan (M, *M.)*M., phi
ton nay bang tong phi tén nhan M,*M,, (da duge luu tri) va phi tén
nhan két qua thu duge voi M. K& dén kai tinh toan tuong ty phi tén
cho phép nhan M %(M,*M ), so sanh hai phi tdn vira tinh duge vi lun
gill Iai phi ton nho han. Tigp tye tien hanh nhut vay véi tat ca cac bd
ba hop 1¢, ta s& c6 tat ¢4 cic phuong An tot nhat 48 thyc hien phép
nhén cde bo ba. Sau dé lai tinh toin tigp cho cac b bin ma trén...
cudi cling ching ta sé ghi nhin duge trinh ty t&t nhit dé nhan bd N
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ma tran vai nhau. Ap dung thuiit todn ta co chitong trinh

fori:=1toN do
forj:=i+1 to N do cost{ijl:=maxint;
for i:=1 to N .do cost{i j]=0;
for j:=1 ta N-1 do
for i:=1 to Nj do
for k:=i+1 toi+j do
begin
t:=cost{i,k-1] + costfk,i+j] + rliJ*rfkPPrii+j+ 1]
if t<costfi,i=j} then
begin cost{i,i+j]: =t bestfi,i+j]-=k;
end;
end;

Mye dich cin chiing ta 1a tinh phi t6n thip nhat cho vidc thye
hién phép nhan cac b j ma tran

MMy ... My,

vdi 1 =) =N-j. Cing nhu trong bai todn tii xach, ta can d&n hai
mang dé luu trir dAp an cho tirmg vin dé con. costfi, i +jJ] cho biét phi
tén nho nhit dé thye hién phép nhan j ma tran tir ma tran thi i dén
ma trdn thu {+/ trong diy ban dau.

Mot béd j ma triin c6 thé duge nhéan theo & trinh ty khac nhau, n&u
viét lai phép nhan trén theo cich:

MiMi+]."' ﬁfi+j = Mi ﬂfi*-l "‘Mk-l *MkMk-!-l Ml+_] i+1 k 1+J

thi phi tén dé thyc hien mot phép nhan nhu vay la téng phi ton
thyc hién phép nhan bé ma trin M; My, My 1 (ma trén két qua cd
kich thudc ri*ry), va phi tén thyc hién phép nhin bd ma tran My
My 41 ... M;{(ma trin két qua co kich thude rk*r i+j+1), chng vdi phi
tén nhan hai ma trén két qua véi nhau. Goi £ 1a phi tdn nhan bdj ma
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tran vdi dau md ngoc dat 6 vi tri &, ta o6
t = costfi,k-1] + costfk,i+j] + rlif*r{i+j+1]

trong 46 cost{i,k-1] va cost{k,i-+j] 1a phi ton it nhit d& thyc hign
phép nhan cic b k-1-i v i+j-k ma trén da duge tinh todn va luu tri
lai & bude trude. Nhu da néi qua d phan trudc ta bigt ring phi tén dé
nhan mdt ma trin r*re Vel mt ma trdn ntriggey B
rli*r{kI*r{i+j+1}. N&éu gia tri ¢ vita tinh duge nhé hon gid tri
costfi,i+j] hién thoi thi ta cip nhat lai cost{i,i +j], ddong thdi cAp nhat
best{i,i+j] luu trd vi tri k& cAn nhém cic ma trén. Vay khi j=N-I1
{(i=1) thita tinh dugc s3 phép nhan vd hudng it nhit phai lam 4é
nhan bd N ma tran, hic d6 dya vao ndi dung mang best va su dung
mbt thii tuc 48 quy nho dudi day ching ta sé biét duge trinh tu that
sy can tién hanh phép nhan.

procedure order(i j:integer);

begin

if i=f

then writeinamefi))

else hegin
wirite(f);
orderti, best{i,ji-1); write(*’}; order(best{i jl);
write()');
end;

end:

Hinh 42.3 cho thity cac k&t qua trong qua trinh tinh toan vdi vi
du ctia ching ta. Vi dy dong A ot F cho biét cd 36 phép nhan v
hudng can thic hign khi nhan bd 6 ma trin td A..F. D& c6 thé dat
dugc kit qua d6 cAn ti€n hinh nhan theo trinh ty
(A*B*C)*(D*E*F). Ma d& nhan (A*B*C) theo trinh ty t&t nhit ta
xét cot A dong C va od duge tht ty A*(B*C), tuong ty cd (D*E)*F.
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Binh 42.3 Ldi gidi cho bdi 1odn nhdn ma rdn
Vay thu ty cudi cing 1a A*(B*C)* (D¥E)*F

Tinh chit 42.2 Thei gian giai quyét bai todn tii xéeh bling phirong
phip quy hoach dong ty l¢ voi N va phi t8n khong gian ty 1@ N2

Mot [an nia, dieu nay 06 thé nit ra tryc tiép ti chuong trinh. Phi tén
khong gian ldn han so vdi bai todn tii xdch & trén, nhung so ra vin
khéng dang ké so vdi sb lugng phép todn tiét kiem duge.

CAY NHI PHAN TiM KIEM TOI UU

Trong nhiéu Wng dung st dung thao tac tim kiém, cic khéa o6 th
dugc truy xulit véi nhing fan s§ khde nhau réit nhidu. Vi dy, mot
chuong trinh kiém tra chinh tid mdt van ban ti€ng Anh ¢ thé
thuting xuyén gap cic tif "and" va "the" hon la cdc tit "dynamic” va
"programing”. Néu di ligu duge luu gitt trong mdt ciy nhj phan tim
kigm, thi ro rang sé ting toc.dd tim ki¥m khi dua cic khéa o6 tan s
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Elind 42.4 Mot ody rhj plidin tim kiéin kém tdn sudi
xuit hién 1dn 1én phia ngyn cla cay. Ta c6 thé 4p dung mot thuat
toan lp trinh dong dé xdc dinh mot phuong céch b tri cic khoa
trén cay sao cho tdng chi phi tim kigm la thip nhét.

Trong hinh 42.4, mbi mit cia cay duge gin cho mdt con s8 duge
gia thigt la ty 12 véi thn suit khéa o6 thé duge truy xudt. Nghia la, vdi
18 [an tim kiém trén cay, ta chd dgi s& ¢6 4 Ian truy xuat dén A, 2 Tan
cho B, 1 lan cho C... Mi [an truy xudt d&n A ta phai duyét qua hai
nit trén cay, truy xudt den B phai mit ba fan truy xuat dén cic nit
truwde B.., nhu da djnh nghia trong chudng 4, ta goi s6 nat phai truy
xudt trude khi dén duge mit X 1a khoang cach tir gde dén X. Ta ob
thé d& dimg tinh dudge chi phi clia mdt ciy theo cdng thic:

cost = 2 flil=d[i]

I=i=
trong d6 f7if ka fan suit cua rlmt i, va dfi] 1a khoang cach tit gée
dén ndt I.

Gia trj cost nay dude goi la dé dai dubng di trong o6 trong s cia
cay. Poi vdi cay trong hinh 42.4 ta o6

cost=4%242¥3+1%1+3%34+5%4+2%2+1*3=51

Vdi tip cic khoa dirde cho ban dau, chung ta can tim mot cay nhj
phan tim kiém ¢d cic khda duge phan bS suo cho do dai dutng di

trong cd trong s6 cua ciy 1 nho nhét trong tit ¢i cic ciy cb cing tap
khéa.
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Vin dé dat ra & day tuong ty vdi cic bai todn tim dd dai dutmg di
ngodi o trong s& nho nhit ma chin g ta da titng xem xét trong phin
nghién cdu v@ phép ma héa Huffmann (chwong 22). Tuy nhién,
trong bai toAan ma héa Huffmann, khong can thiét phai duy tri tha
tu clia cac khéa, con trong ciy nhj phan tim kiém, ta ¢an bao ddm
tinh chit cua chy: tit ca cic khéa cla ciy con trdi phai nhé hon khoa
cia nit gic, va tit ci cic khéa clia cay con trii phai lén han khéa
cia mit gic. Yéu c¢hu nay lam cho véin dé trd nén rit gidng vdi bai
toan nhan diy ma triin ma ta vira xem xét & trén,

Gia st x6t truding hap dc bigt 06 N khéa K < Ky < ... < Ky voi
cac tAn suit tuong dng larg, ry, 1y, ..., ry. Ching ta cin tim mdt ciy
nhi phan tim ki®m sao cho chi phi truy xuit dén cac mit cia ciy ta
thap nhat.

Tuong ty nhitng bai todn trude, cach ti€p cin quy hoach dong &
gidi quydt bai todan nay 1 tim kidm phucng an toi wu dé xiy dyng cic
cay con j khéa KK, j,... Kj4j vt luu tri¥ lai ddp an nhy md ta trong
chudng trinh sau:

for i=]1 Lo N do
for j:=i+1 to N+ I do cestfi j}=maxint;
for i:=1I to N do cost{i,il:=fli};
for i;=1 to N-I do cost{i,i-1]:=0;
for j:=] to N-1 do
for i:=1 toa N-j do
begin  for k:=i+1 to i+jdo
begin &= cost{ik-1] + costfk+ Li+j];
if t<costfi,i+j] then
begin costfi i+ =Ebest{i i+l =k; end;
end;
t=0;
for k:=i to i+j do t:=t+flk};
costfi,i+j]l + &
end;
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_ Hinh 42.5 Cdy nhi phén fim kiém 161 i

V6i méi gia trj j, ta sé thi chon nhing nit khac nhau lam géc va
su dung lai cic két qua & bude trude dé xac dinh cich tét nhat xay
dung ciy con j khéa. Trong tap cic ciy con j khéa KKy 10 Kiy
nhu la nhénh phai cia mit goc K. D dai duong di trong d6 c6 trong
- 0 clia cily con mdi dugc tinh Ia tong d9 dai dung di trong c6 trong
s0 ctia hai nhanh cong vdi tong tan suit cia cic nit trén cay (vi mdi-
nit trong ciy mdi sé xa goc thém mot budc).

D& y rang tdng tan suit ciia cic mit duge chng vao tit ca céc gia
tri cost, vi vily khong can d€ y dén ching khi tim kiém gia trj cost
nho nhat. Hon nia, ta phai gin cho cost[i,i-1] = 0 dé khong ché kha
niang mot nit c6 thé chi c6 mot con (khong co tinh hudng tuong tu
trong bai toin nhin ma trin).

Cing trong bai toin trudc, cin dén mot chuong trinh dé quy
ngin dé phuc hoi ndi dung that sy cia phuong an tir cic gia tri duge
Itu tri trong mang best. Hinh 42.5 cho thiy cay t5i wu xiy dung
duge ty tap khéa trong cay & hinh 42.4. Do dai duong di trong c6
trong s6 cua cay la 41.

Tinh chit 42.3 Thoi gian gidi quyét bai toan tii xach bing phicong
phap quy hoach dong ty l¢ voi N3 va phi ton khong gian ty 1& N2.
Mot [an nia, thuat todn lam vieée véi mot ma tran kich thude N2
va tiéu ton N thoi gian cho méi entry (?). Thit sy ¢6 thé giam thoi
gian xudng N néu dé y ring vj tri 16i vu cia gic khong thé qua xa
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vj tri 51 vu clia gbc trong ciy con it khéa han, vi the & khong can 3y
da gia tri trong mién fi,i+j].

A o 3 * .y
YEU CAU THOI GIAN VA KHONG GIAN
Tit cic vi dy & trén ta o6 thé nhin xét dude la cic dng dyng cia
phuong phsp 13p trinh dong o6 thé doi héi vé khong gian vi thisi gian
riit khdc nbau, tiy thujc vao higng thdng tin v cic bai todn con. Véi
moéi vin dé, o6 the thay riing chi phi thisi gian thuong lén hon mét
thita sd N so v3i chi phi khéng gian.

Kha ning ing dung phuong phip lap trinh ding trong thyc t&
14n hon nhitu so véi Gic vi dy minh hoa cia ching tdi dua ra & day.
Theo quan diém cia quy hoach ding, thi d& quy "chia-dé-trj" oo thé
xem nhy mot truding hop dic bigt ma mdt lugng 18i thidu cic bai
todn con dugc xic dinh can phai giai quygt vaa luu tri d4p dn, va tim
ki¢m toan dign (ta s xem xét d&n trong chudng 44) ob thé xem nhy
mét truing hop dac bigt ma mot lugng t3i da cic bai tofin con duge
xic djnh can phai giai quyét Ia huu trd@ dip én. Quy hoach dong b
'mét ky thuat thigt ke ty nhién xuit hién dudi nhieu hinh thic 48 giai
quyét cic had tin trong mign dng dyng nay.
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BAl TAP

1. Trong vi dy da trinh by vé bai toan chige tii xich, cic phan ti
duge shp x€p theo kich thude. Thujt todn con ding hay khong
néu ching xuat hién theo tha ty tiy .

2. Sua dé6i chuong trinh chiéc tdi xich (Knapsack) bhing cich dua
vao mdt mang numf1..NJ chita s§ phan ti ob sin trong mdi loai.

3. Chuong trinh Knapsack s& nhu thé nao ndu mdt trong cac gia tri
bi am ?

4. Cho biét dieu khéng dinh sau ding hay sai: Néu mét day cac ma
tran o6 chiia phép nhan ma trin Ixk va kx1 thi loi giai t8i vu la
phép nhin nay duge thye hign sau cimg.

5. Viét mdt chuong trinh nhian N ma trin bing mot phuong phéap t8i
wu. Gia sif cic ma tran duge u tri@ trong mdt mang ba chizu
matrices{1.. Nmax,1..Dmax,1..Dmax] , trong 46 Dmax 1a chiéu }on
nhit vi ma tran thy i duge lwa trong matricesfi,1..r{i}, 1..r{i+1].

6. Vé ciy tim kigm nhj phan t8i uwu cho vi dy trong chuong nay
nhung tat ca cdc tan s8 déu tang len 1.

7. Viét chuang trinh xiy dyng cay tim ki&m nhj phan t5i wvu.

8. Gia swt chung ta da tinh chy tim ki€m nhj phén t5i vtu cho mdt tap
khéa v tan si vay snu d6 o6 mot {4n s6 niwo dé tang len 1. Hay vist
mét chudng trinh dé tinh cay i vu mdi.

9. Tai sao chiing ta khong giai bai todn chidic tii xach bang phuong
phaip nhat day ma trén v cay tim kiém nhij phan ? Nghia la tim
cyc tibu «ia tong gia tri tit nhat cta thi xdch kich thude & va gia
trj tot nhat cun wii xdch kich thude M-k, trong d6 & iy gia trj tit
1 dén M.

10. Ma rong chuang trinh coa bai todin dubng di ngin nhit bang
cich thém vio thi tyc paths(ij: integer) dé dpt céc gia tri trong
mang path dutng ngin nhit tir { ti j. Tha tyc nay can thoi gian
xAp xi chitu dhi duting di mdi khi né duge goi, dung mot ciu tnic
dit ligu trg giip dé xiy dyng mot phién ban hiéu chinh ciia chuong
trinh trong Chuong 32.
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QUY HOACH TUYEN TiNH

Nhieu bai todn thyc tién cé nhitng mdi lién quan phuc tap va o6 rit
nhiéu dai lugng. Mot trong cic vi dy loai 46 1a bai toan mang dong
chay (network flow) da xét d chuong 33: dong chay trong cic dng
khdc nhau-cin phai tuan theo céc dinh luat vat 1§ cia mang, Mot vi
du khac Ia lap lich biéu cho nhisdu cong viéc cia mdt qua trinh san
xudt theo mnde dé wu tién, han chét (cia céng viee)... Can phai dua
cac bai todin nhu viy vé mot dang chitt ché hon va ¢an phal phat
trién cac odng thic todn hoe chinh xac dé giai quyét cdc vin de nay.
Qua trinh tim cic phuong trinh ma nghigm ciia né giai cdc bai toan
thye tién goi la quy hoach toan hoc (mathematical progranmming).
Trong chuang nay ta xét mot quy hoach tedn hoc dac biét, quy hoach

tuyn tinh, vi mbt phuong ph-lp hi¢u qua 48 giai, phlrdng phip don
hinh.

Quy hoach tuyén tinh vh phuong phép don hinh 6 tAm quan

trong can ban vi mot 16p it rong cac bai todn giai duge biing phuong

_ phdp nay. Vi mot sd bai toan dac bigt, ngudi ta con co cic thuat tosn

t6t hon, tuy nhién chi mot s6 it ki thuat c6 thé 4p dung rong rai nhu

ky thuit quy hoach tuyén tinh. Mot thu vien cac chuon g trinh

(routine) cho phuong phip don hinh la mét chng cy can thict dé giai
quyét cic bai toin phic tap. :

Sy nghitn aitv vé quy hoach tuyén tinh rit manh ma, va mat sy
hidu bict diy du tat ci cac van de dbi hoi nhidu kign thic Vgt qud
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khén khd cudn sdch nay. Tuy ths, nhing y tudng cin ban rit da
hiéu, cdn phuong phép don hinh thi khéng qua khé khi cai dat, nhu
ta 56 thily dudi day.

Ciing gidng nhu phép bign dsi Fourier nhanh & chuong 41, ta
khong c6 y dinh cho mdt chuong trinh day di ma chi nghien citu
m{t s8 tinh chat cin ban ciia thuit todn va quan he clia né véi cic
thuit todn khac ma ta da khao sat.

QUY HOACH TUYEN TiNH

Bai todn nay gom m{t tap hgp cdic bién lien he véi nhau bi cdc rang
bude (phuong trinh hay bit phudng trinh) va mét ham muye tidu
{ohjective function) cAn phai cyc dai héa.

Bai todn quy hoach tuy#n tinh sau tudng ing véi bai toan mang
dong chay d chuang 33.

Cue dai héa xag+x 4 theo cic rang bugc:

XAp= 6 «x cp= 3
Xac =8 Lo =3
Appn= (i XnF =8
Xgr=d xgp=6
YAB+XRE=XAB
XeptICE=¥AC
Xgp+Xcp=XpF
*gE HXCE=XEF
X AB-XAC-*BD XBE-¥CD-YCE-XDF-XEF = 0
Cé mot bign trong bii todn quy hoach nay tuong ung véi mbi
dong trong 6ng. Cac bién niay théa hai loai quan he: bit ding thuc,
tuung ung véi rang bude dung tich ciia Sng, va ding thic, tudng ing
véi rang bupe cua dong chay tai cic niit.

Vay, chfmg han, biit ding thiic x ;5 <6 cho bigt &ng AB o6 dung
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tich 6, va phuong trinh xgp+xpp=x,5 cho biét dong ra phai bang
dong chay vaho tai nit B,

R& rang day I mdt phat bidu todn hoc cia bai todn mang dong
chay: nghiém cua bai todn nay sé }a nghigm cua bai todn dong chay
mang. Ta s thily 1a ky thuit quy hoach tuy&n tinh khéng chi ding
A€ giai bai todn trén ma cdn dimg 46 giai nhidu bai todn khac. Ching
han, néu ta téng quit bai todin mang dong chay dé bao gom vige tinh
toan gid ca thi dung bai todn cing s& khéng khac nhidu,

Bai todan quy hoach tuy&n tinh c6 mjt ¥ nghia 16n, déng thai cé
mét phuong phap hiéu qua (thuit todn don hinh) d8 gidi bai toan
nay. Vi vai bai todn (ching han bai toin mang dong chay), c6 thé
tim duge mét thuat todan dac bigt danh rieng cho né, thuat toan nay
o6 thé x( 1y tét hon phudng phap dan hinh. V&i mot s6 bai todn khac
(bao gom ci cic ndi rong cla bai todn mang dong chay), phuong
phap don hinh ki t6t hon. Tuy nhién, ngay ca khi ¢6 mdt thuit toan
6t hon, no 6 thé phife tap hay kho chi dat, trong khi qua trinh xa
Iy véi mot thu vién chudng trinh con don hinh (simplex library
routine) thuting nhanh hon. Tinh linh hoat vé phudng dién sit dyng
ring rai cia néd. Tuy nhigén phudng phiap nay cing khéng phai la van
nang, khong nén lam dyung né, ddj vdi bai toan (nhiéu bai toan nhu
vy da dude khao sat trong sich niy), viée sit dung phudng phap nay
khodng mang lai hi€u qua can thiét.

BIEU DIEN HINH HOC

Quy hoach tuyén tinh ¢6 thé mé ta bang hinh hoc. Bai todn sau dac
bi¢t dé hinh dung vi né chi o6 hai bién:

Cyce dai héa x| +x, véi cac riing bube:

—x;tx,=h xq+4x, <45
2tl+x.- =27 3r1—4:r2£24 xi.‘r220
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Bai toan nay tuong uing vdi trudng hgp hinh vé trong hinh 43.1.
Mbi bt phuong trinh xic djinh mot nia mat phing trong d6 chia
cac nghi¢ém cua bai toin quy hoach. Vi dy x;=0 nghia la bt ky
nghiém nao cua bai toin quy hoach déu nam bén phai tryc Xg, VA
—x;+x,=5 nghia la cic nghi¢m can nim phia dudi cia duong
—x+x,=5 (ndi tir (0,5)) dén (5, 10). Nghiém cua bai toan phai thoa
tat ca cac rang bugce nay, vily né naim trong phan giao cia cic nia
mat phiing nay (xem hinh), D€ giai bai todn, ta can tim diém & trong
mién nay dé ham muyc tiéu x,+x, dat cyc dai.

Mot mién xdc dinh bdi giao ciia cic nita mat phing luon ludn loi
(dieu nay da dugc néi tdi & chuong 25). Mien [oi nay dugc goi la mot
don hinh, lam cd s§ cho mot thuat todn tim nghiém cta bai todn quy
hoach tuyén tinh. :

[0.5]

[0.0]

Hinh 43.1 Mt dun hinh hai chiéu
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Mot tinh chét cd ban clia don hinh dugce khai théc bdi thuat toan
1a: ham myc tidu dat cye tidu chi tai cie dinh clia don hinh; vay ta
chi tinh cac dinh chi khéng tinh tai cac diém trong. D€ giai thich
diéu nay, ta hay xem hinh 43.1. Ham nwyc tiéu c6 thé duge xem nhu
mdt duiing thing da bigt dp dde (truong hgp nay la -1) nhung chua
bigt vj tri. Ta chi y t8i digm ma dubng thing (49 dac -1) dyng vao
don hinh khi ching duge ddi song song tif vo cyc téi. Diém nay 13
nghidm cia bai todn: né théa tit ca cie rang budc va né la cye dai
ctia ham muyc tiéu vi khong cé gid trj nho 16n hon. Trong vi dy cia -
ta, duttng thiing gip don hinh tai (9, 9) vA haim myc tiéu o6 gia trj cye
dai la 18.

Cac hiim muyc tidu khac sé tuang dng vdi cic dudng thing véi do
déc khac nhung ludn ludn 6 cye tri d cic dinh cia don hinh. Ta sé
tim mdt thuat todn dé c6 thé thir cic dinh clia dan hinh 48 tim ra gid
trj nho nhit. Trong trutng hop hai chiéu, c6 riit it cich chon, tuy
nhién, trong triing hgp nhiéu chitu hon, bai todn phic tap hon
nhiéu.

Tir hinh 43.1 ta cung thily rhng néu haim muyc ti2u 1 phi tuyén,
thi dubng cong biéu dién no o6 thé dung vio don hinh doc theo mot
canh chud khong ¢ dinh don hinh. Néu hon nita néu cic rang budc 1a
phi tuyén, khi do ta khéng vé duge mot don hinh nhu hinh 43.1. Do
d6 quy hoach toin hoc trong truiing hgp phi tuyén cyc ki phic tap.

Tryc giic hinh hoc lam 16 nhiéu truding hgp bét thubng o6 thé
xay ra. Vi dy, néu ta thém diéu kién x;=<13 vao vi dy trén, tit hinh
43.1 ta thay riing gino cla tit ca cic mat phing s& rdng. Mot chuong
trinh quy hoach nhu vay goi I khong kha thi: khong 6 diém nao
thoa tat ca cic rang bude. Mat khae, bilt ding thicx ;=13 Jathia vi
don hinh nhm gon trong nlita mat phiing nay. Céc bat ding thic du
néi chung khong anh hutng dén kit qua tuy nhién ching 6 thé
duge xét dim trong qua trinh tim 100 giad.

Mgt van dé nghiém trong khie fa don hinh o6 thé khong bj gidi
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han, trong trudng hgp nhu vay Ioi giai c6 thé khong dinh duge.
- Trong vi du cia ta, néu bo bit déng thie thit hai va thi ba ta sé gap
trudng hgp nay. Néu don hinh la khong bj chan, vin ¢6 thé cé céc
ham muyc tiéu c6 1vi giai, tuy nhién mot thuat toan dé tim két qua
nay sé gip nhing trd ngai 16n do tinh khong bj chin ciia don hinh.

Can phai nhiin manh réing, mac dau bai toan c6 vé dé dang trong
vi dy ctia ta, bai todn tong quat véi nhigu bign va nhieu rang budc
thyc sy phic tap. Khi d6, sy logi trif céc truong hgp bit thutng trén
12 mdt viée c6 y nghia trong tinh toan.

Trutng hgp s6 bién nhiéu hon hai, tryc gidc hinh hoc ciing tuong
ty. Trong trudng hgp ba chiéu, don hinh la mot khéi 16i xac djnh béi
giao cua cdc nia khong gian. Vi dy néu ta thém bat ding thuc
x320 vao vi dy trén, don hinh trd thainh kh&i nhu hinh 43.2

Hinh 43.2 Mgt don hinh ba chicu



QUY HOACH TUYEN TINH 327

Bay git ta ldy mot ham myc tigu: xy+x,+x4 N6 xdc dinh mdt
mit phing vudng goc véi dudng x,=x,=x3. Néu ta dbi mat phing tir
v cue doc theo duding nay, né sé dung dun hinh tai (9,9, 4}, n6 12
nghiém cia bai toan.

Trong trusng hop n chidu, ta giao céc (n-1)-situ phing 4€ duge
mdt don hinh n chitu, rdi ta mang mbt (n-1)-sidu phing tir vo cye téi
dung don hinh tai mot diém (nghi¢m cua bai todn). Céc ly luén trén
khong thé chinh xac hiéa vi n6 doi hoi nhieu kign thic vé dai s6 tuyén
tinh vugt qui khudon kh8 cudn sach nay. Tuy thé, tryc gidc hinh hoc
vin gitp chiing ta hidu duge cac dic diém chin ban cia phuong phip
don hinh.

PHUONG PHAP DON HINH

Phuong phap don hinh ia tén chung dé chi cho cic phuong phép
téng quat giai bai todn quy hoach tuyén tinh biing phuong phap xoay
try (piveting), giong nhu phép khit Gauss (Gaussian elimination).
N6 tuong tng véi thao tac hinh hoe chuyén tit dinh nay tdi dinh khéc
cun don hinh d& tim 1ot gidi. Cac thufit todn chi khédc nbhau & thi ty
cac dinh dude xét dén. T "thuiit toin” trong bai todn nay o6 mot ¥
nghia cu thd hon lh mét phuong phip chung ma c6 thé tién hanh
theo nhigu cich khic nhau. Ching ta da gip trutmg hop nay, vidy
phép khit Gauss (chudng 37) hay thuét todn Ford-Fulkenson
(chudng 33).

Trude hét, ro rang la bai todn quy hoach tuyén tinh ob thé o6
nhitu dang. Vi dy, bai todn mang dong chiy 6 cac ding thic lan cac
bat dAng thite, nhitg vi dy hinh hoc trén chi sit dyng cac bit ding
thirc. D& liim giam bdt 8 dang 6 thé ob cla bai todn, ta s& xét mdt
dang chuin, trong dé tit cA cic ring bude lh ding thic, ngoai trit
mét s6 bilt dang th e bidu thi cho cic bién deu Ja s khong am. Dang
chudn nay dudng nhu qua chiit ché, tuy nhién ta o6 thé chuyén bai
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todn tdng quat vé dang nay. Bai todn sau I dang chudn cda vidy 3
chigdu trong hinh 43.2.

Cyc dai hda x;+x,+x3 vdi cdc dieu kién.

=X +xp+y=5  x;+dxy,+y,=45
2x ) +xy+yy =27 3y ~4xy+y, =24
x3+y5=4 X1 XpX3.51Y9.¥3¥45520

M&i bit dang thiic o6 hai bién trd lén chuyén thanh dang thic
bang cach them vao mot bign. Cac bign y goi la cic bign phy thém
(slack variable). Ngoai ra, bling cich déi bién ta c6 th8 chuyén cac
bat ding thitc mot bign thanh loai rang budc khong 4m. Vf du mdt
rang bubc nhut xg3<=-1 chuyén thanh dang chuén 2’320 voi
x'3=—1-x3.

Dang chudn tao ra mot tuong dng gida bai todn quy hoach tuy&n
tinh va giai h¢ phuong trinh tuyén tinh, Ta c6 N phuong trinh véi N
an (s8 dwong). Trong trudng hop nay, chd § 1a ta ¢ N bign phy
thém, mdi phuang trinh mat bign (vi ta bt dau véi mot hé toan bat
déing thitc). Néu M >N thi hg phuong trinh c6 nhidu nghiem: vén da
la tim mdt cai Iam cho ham muyc titu cye dai.

Trong vi dy cia ta, cic phuong trinh rang bude o6 mot nghié¢m
tAm thuing x;=xy,=x3=0, cbn cic bién phu thém Y1¥2:¥3.Y4.Y5 thi
lay céc gia trj thich hop. Didu nay xay ra vi (0, 0, 0) 1a mét diém cia
don hinh trong vi du nay. Trong trugng hgp téng quat, didu nay
khong dung, tuy nhien ta sé gidi han sy chil y vio cdc bai todn nhu
vy cling con rit 1én: vi dy, néu tit ci cdc 88 & v& phai cia cde bt
ding thiic 1a dudng va tit cA cac bigh phy tham 6 he s3 duong (nhu
trong vi dy cta ta) thi 16 rang ta c6 nghiém tam thudng (nhu trong
vi dy cua ta) thi trd Jai truemg hop téng quit sau.

Cho mot nghiém véi M-N bign 1a 0, ta c6 thé tim cdc nghidm khéc
véi cung tinh chit hinag cich si dung mét phép toan quen thupe,
1ap (pivoting). N6 gitng phép khir Gauss: mot phian t aip,q] duge
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chon trong ma tran he s3, roi Iy hang thi p nhin vdi mt so thich
hop va chng vdi tit ca cae dong khac dé lam cho cpt ¢ trd thanh 0,
ngoai tril gia tri tai giao di€m cua hang p va cdt ¢ la 1. Hay xét ma
tran sau (bi¢u dién bai todn quy hoach trén).

R L B (R N TRy TR YT D) 000 oo 000
(—Lt!l OG0t g oo 0o Doy SO0
L 300 000 a0 L0 000 000 OO0 4500
[ 200 100 000 000 000 100 Do 000 T

] IO -0 GO0 000 00 000 U 0Ny 240
oo .00 LOO 000 000 000 000 LoD 44w /

[ I—

Ma tran (N+1a(M+1) nhy chéa cic h¢ s§ ciia bai todn dang
chufin, v8i cdt thi (M+1) chia cdc s8 & v& tay phai ca cac phuong
trinh (nhy trong phép kint Gauss) va hang zérd chida cic h s cia
ham muyc tiéu, vdi dia dio ngage. Y nghia clia hang z8rb sb dugx xét
sau; cbn bay gidf ching duge xv 1y nhu cic hang khic.

Trong vi du nay, ta chi thuc hidn cic tinh todn chinh xéc d&n hai
chit 50 sau diiu phay. Nhu vy, ta bo qua cic viin dé 4 chinh xic cia
tinh todn va sai 8§ tich liy (accumulabed error). Gitng nhy trong
phép khi¥ Gauss, cic van dé nay rit quan trong.

Céc bién tudng Wng vdi mot i gidi goi 1A bign co sd (basic
variables) va cdc bién duge chuyén thanh khéng thé giai goi 1A bign
khong od s3 (non-basic variables). Trong ma triin, cic cht tudng ding
v6i bién khong oo so tuong dng vdi cic cdt ¢ nhitu phian ti khic
khéng hon.

Gia s ta mudn try (pivot) ma trin nay vii p=4, g=1. Ta chng
dong thy tu (nhin vdi cic 88 thich hgp) vii cic dong khac 38 tao
thanh bt thi nhit ob tit ¢ 1a 0, ngoai trir 5 1 § hang 4. Qué trinh
nay cho két qua & bang s trang sau.

Phép todn nay bd cdt thit 7 khoi oo s3 vi them cdt 1 vio casd. Mot
cich chinh xic, mét cft od s0 da duge chuyén.
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Theo djnh nghia, ta c6 thé nhan duge mdt nghiém ciia bai todn
bing cach cho tit ci cic bién khong cu 83 thanh 0, 1oi ding nghiem
tam thuong cho trong cd s3. Trong vi dy trén, ta chox, vixg 1 0 vi
chiing la bién khong cd G viix) =8, vy ma trin tudng ing véi diém
(8, 0, 0) trong don hinh (chiing ta khong chi ¥ dén gia trj cia cdc
bién phy thém). Chi y ¥ rang goc trén bén phii ciia ma tran (hang 0,
cth+1)chﬁaglatnmahammuct1éutmdlemnay

Bay git, gia sif ta thyc hién phép todn xoay travii p=3, g=2

(om <233 -100 000 000 000 033 000 3.00

000 DO0 000 100 OO w9 D27 000 [4060
000 000 060 000 (.00 145 N6t D0 214y
000 100 000 000 ON0 027 kg oo 3 |
1.00 000 000 000 QD0 B W 000 12.00
000 000 100 0.00 000 000 000 1LOO 400

000 000 100 NOO B0 D63 -UDy DODD Iﬁlll] :

N6 x6a cjt 6 khoi co 53 v thém oft 2 vio. Bing cich che cic bign
khong o s 1a 0 va gidi cic bi€n oo 53 nhy trude ta thiy ma tran nay
tueng ing véi diém (12, 3, 0) cia don hinh, gia trj clia ham myc tigu
tai d6 la 15. Chd y kh gia trj cia ham muctleutangnghlém ngit.
Ditu nay sé duge giai thich.

Ta lam céch nio d& xic dinh p va g d€ thyc hién phép todn ma gia
trj ham mnjc tidu s2 tang n ? Hang s8 0 s& duge ding d8 xdc djnh
P. 9. Tasé chon ojt q & vj tri m giao diém ciia ot ¢ va hang 0 1a mdt
0 am. Sau d6 hang p s& duge xic dinh sao cho phan ti cia hang &
ot g v cdt M+1 la cic 55 khdng 4m. Trong thi tyc tim p, g nay, o6
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hai khé khan. Thii nhat, diéu gi xAy ra néu khdng o6 phin t& nao cia
cdt g 1a s0 dudng ? d6 1a mt truting hgp méu thuin: phin t¥ dm ¢
cht g, hang 0 cho thiy him myc titu o6 thé tang len dugc, tuy nhién
lai khdng o6 cach dé tang len, truting hgp nay xiy ra khi vi chi khi
don hinh la khéng bj chim, vay thuit todn o6 thé kit thic va béo kit
qués. Mot kho khan tinh 8 khac b phan ti & cpt (M+ 1) cia hang 83
chon (véi phan ti dudng & obt ¢) 1a 0. Hang nay o6 thé si dyng,
nhung gia tri cia ham muyc tiéu khong ting 12n. Néu o6 hai hang
nhtt vy ta s& gap truing hdp thuit todn Ep vd han. Ching ta o6 thé
trdanh nhiing khé khan nhi vy néu md ta phudng phip thit ro rang,
nhung c¢an nhin manh rang cic trutng hgp suy yéu nhu viy ob thé
xay ra trong thyc t&. Cé nhiéu phudng phép dé trinh bj lap. Mot
phuong phap lh ngig mdt cich nghu nhién. Mt phudng phap khic
chong bj Eip s& md ta dudi day.

Trong vi dy cia ta, ta c6 thé lam mot [an nda vdi g=3 (vi gid tri
3 cbt 3, hang 0 1a -1<0) va p=5 (vi chi ¢ 1 I gia trj duong & cdt 3).
Ta dugc ma trin sau:

0o0 A00 a0t 000 00D 084 -000 100 1900
poo 0DOo0 D00 JO00 000 0OV 027 000 140D
o0 000 00 0D 100 -t45 064 000 2100
000 100 000 000 0DD 027 -018%8 000 3180
1.00 OO0 0O 000 000 036 009 000 12.00
DO OO 100 000 DOO OO0 OO0 100 400

N6 tuong ing vii diém (12, 3, 4) trén don hinh, gia trj ham myc
tiéu ¢ trutmg hop nay Ja 19,

Néi chung, o6 nhi2u cich chon phan t¥ am & hang 0. Chiing ta
dang thyc hién theo phuong phip phé théng nhit, phuong phap
"tang nhanh nhit" (greatest-increment): ludn luém chon cjt o6 phan
ti¥ nho nhit d hang 0 (gia trj ldn nhat theo trj tuyét d6i). Néu cich
chon cht nity két hop vii sy chon céc hang (tinh tir sy thay ddi caa
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bt c6 chi sd nho nhat cua o s5) thi sy Iap s& khéng xiay ra (phuong
phap nay do R. G. Bland tim ra). Mét kha nang chon cit khic 1 tinh
cac gia tri caa ham muyc tidu ing vai mbi cpt roi s dung cbt niwo cho
két qua I6n nhit. Phuong phap nay goi lh phuong phsip "déc xuéng
nhat® (steepest-descend).

Cudi cang , thyc hién mot lan nia véi P=2, q=7, ta dugc nghitm:

w000 DOO oo [ R G431 000 14 22.00
000 CO6 000 1w -043 071 GO0 000 500
0.0¢ 0.00 0.06 v 157 —-229 104 000 33.00
[OO0 100 O 000 €29 -0l Q00 000 9.00
o 000 0w wen _h g 057 000 000 900
\uw o L oo DO 0 Qe Lo 40

N6 tuung ing vai diém (9, 9, 4) trén don hinh, haim myc tigu dat
e trj tai gia trj 22. T4t ca cic phan ti cia hang 0 bay giv 1 khong
am, vay sy tiép tuc chi lam giam gia trj cia ham nmiye tiga,

Vi du trén cho thiy so qua phueng phép don hinh. N6i tém tat,
néu ta kit dhiu mot ma trin he s5 tudng dng vdi mot ditm cua dan
hinh, ta c6 thé thyc hién cic bude lign tiép trén cac dinh cta don
hinh dé tang dan gia trj cia ham muce titu cho tdi lic cyc dai dat
duge.

CAl PAT
Vigc cii dit phuong phap don hinh trong truting hop dia md t4 ia

hoan toan trye tigp. Dau tien ta can mot tha tye dung Iam phép khi
Gauss nhu 6 chuong 37.

Chuong trinh pivot & trang sau cing boi s8 cia hang p vai méi
hang d¢ dude mot cht g 6 tit ca cic phan tid 1A O trir s | & hang p.
Giong nhy trong chuong 37, can phai gl cic gid trj clia a/p,q] khdng
thay doi trude khi ta két thic viec s dung né.
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procedure pivol(p,q:integer);

var j kiinteger;

hegin
for j:=0 to N do

for k:=M+1 downto I do
if j<>pjand (k<>q/ then
aff k]:=afj,k]-afp.k]*afj,qlialp.q);

for j:=0 to N do if j < >p then off,ql=0;
for k:=1 to M+1 do if k<>g then alp,kl:=afp.kjlalp,ql;
a{P!Q}.':I,'

end;

Khac vdi phép khit Gauss dung gidi he tuyén tinh, thuat todn don
hinh chi bao gom viée tim gid tri cia p v ¢ nhu da md ta 18§ goi
pivot, Iap lai qud trinh nay t6i khi dat duge cye tri hay 1a téi lic don
hinh duge xie dinh 11 khong bj chan.

repeat
¢ =0; repeat g:=qg+1 until (g=M+ Doraf0,q]<0);
p:=0; repeat p:=p+1 until (p=N+ Ljor(alp,q]>0);
for i:=p+] to N do
if afi,q}>0 then
if (of i, M+ 1Jiafi.q})<(afp,M+J/ofp,q]) then p:=i;
if (g<M+1)and (p<N+1) then pivotip,q);
uniil fg=M+ 11 or (p=N+1;

Néu chuang trinh k&t thic véi g=M +1 thi mot nghiem t8i vu da
dude xic dinh, cuc dai cia him mue tidu sé h ofOM+1] va gia trj
cac bién o6 thé tim tir co s§. N&u chuong trinh két thic vi p=N+1
thi niién don hinh I khong bj chin.

Chuong trinh nay bd qua cie vong lap vd han. D8 cai dat phuong
phap Bland, can phiii ghi nhd cic cbt sé rési khdi co sd. Dieu nay thyc
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hien d& dang bing cich dat outhbfpj:=q sau méi vong lap. Sau db,
vong lap dé tinh todn p 6 thé duge thay doi dé dat p:=i néu ding
thic xdy ra trong tidu chuin ti s8 v outb{pJ<outb{q]. Mbdt cich
khac, mét phan tu nghu nhign o6 thé ding @2 sinh ra mét bign nghu
nhién va thay thé mang o/p.qf (hay ofi,g]) bang df(p+x) mod
{(N+1iq] (hay ofti+x) mod (N+1),q]). Muc dich cia phép nay la
cling tim ki#m & oft ¢ nhu trude, nhung bat dau bang mot diém
ngiu nhién thay cho theo thit ty. Ta o6 thé sit dung cing k¥ thuat
d& chon mdt ¢t ngiu nhién (vai phan t Am & hang 0) d8 tinh tean.

Chuoang trinh va vidu trén chi dung d& mé ti cic nguyén 1y chinh
cua thuat toin dan hinh, cac trugng hgp phifc tap ¢6 thé nay sinh
trong ap dung duge bo qua, Chudng trinh yéu cu ma tran phai o6
mét cd sd thich hgp, Chuong trinh bat dau vdi gia thiét: ¢6 1 nghigm
vdi M-N bién trong ham muyc tigu i 0 con NxN ma tran con gdom cic
bién thém vio ¢d thé chuyén thinh ma trin don vj. Néi chung digu

: nay khong ding cho cae truting hgp téng quat. Néu ta tim duge mot
nghigm, ta ¢o thé dang mot phép bign ddi thich hgp (chuyén difm
nay, tic nghiém nay, thinh gic toa d9) dé chuyén ma tran vé dang
y&u ciu, tuy nhién, thong thudng ta ching bigt la baj todn nhu vay
o6 mot nghieém cin thiét hay khong.

Thute ra, vide chi ra ring bai todn o6 nghigm hay khong cing khé
khan nhu vige tim ra duge nghiém t6i wu. Vi thé ta khdng nén ngac
nhién khi k§ thujt ding d8 chi ra sy ton tai nghidm cing chinh ka
phuong phip don hinh ! Dac biét, ta thém vao mot s8 bién s, sy, ..,
sN va them bitn s; viio phuong trinh thi i. Né duge thye hign bing
céach thém vio ma trin N odt Kip diy vdi ma trin don vi. Né cho tic
khie mét cef s thich hgp cho médt chudng trinh quy hoach tuyén tinh
mai. Ditu khon khéo d day 1A chay thudt todan trén vdi ham muye tidu
-81-8y ... -8y N bad todn diw e6 mot nghiem thi him myc tiéu nay
cb thé cye dai héa tai 0. Néu eye dad dat dude tai mot didm khae 0
thi bai todn quy hoach tuyén tinh ban dau 14 khéng thich hgp. Néu
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cyce dai 1a O thi truding hgp binh thudng la s,, .., sy trd thanh cde bign
khong oo sd, viy ta c6 thé tinh duge mdt co s3 thich hgp cho bai toan
ban dau. Trong truong hop suy bién, vai bién them vio o6 thé cbn
trong cd s, viy ta cin thi&t phai thuc hién ti€p qua trinh lap 46 loai
cic bign nay.

Tém lai, mét qua trinh gom hai buéc thuting duge st dung dé giai
bai todn tuyén tinh téng quat. Thit nhat, ta gidi bai todn quy hoach
tuyén tinh vdi cic bign s them vio d& nhan duge mét diém trén don
hinh cta bai todn ban d4u cia ta. Sau d6, ta bd cdc bi€n nay roi dua
. vao hiaim muc tiéu cla bai toan ban dau 48 tim oi giai.

Viée phin tich ddnh gia thoi gian x Iy cia phudng phéap don hinh
cye ki phiic tap va thu duge rét it k&t qua, Khong ai bigt duge mot
phuong phap lap t6t nhét vi khong co mot két qua ndo dé ta cd thd
tinh duge bao nhitu bude cAn lam trong mdt 16p bai todn ob ¥ nghia.
C6 the xay dyng cdc vi dy cho thiy thisi gian xu 1y c6 thé it 1dn, Tuy
nhién, tat ci nhing ngudi da sit dung thuit todin nay trong ing dyng
déu nhat tri coi tibu chudn kiém nghigm la hidu qua trong eac bai
todn thyc &,

Dang don gian cia thuat todn don hinh da dugc xét la mdt phian
cua mét cing oy todn dep va téng quit, né cung cip mot cong cu day
@i d€ c6 thé dung dé giai cdc bai todn phong phy trong ing dung.
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BAl TAP
1. Ve mt dun hinh xdc dinh bdi cac bit dhng thic
Xy 20xy 2004200 + 20y <20 va x+xy+x4<10.

2. Tinh toin lai vi du trong ly thuyét néu cot ¢ duge chon theo
nguyén tic: ¢ la s0 lén nhit trong cic cpt ma of0,q] am.

3. Lam lai vi du trong Iy thuy&t vdi ham muc tigu x;+5cy+x4

4. Diéu gi sé xay ra néu thujt toan don hinh chay trén mot ma tran
véi mot ept gom cac 6 0,

5. Thujt toan don hinh cé sit dyng cung sd bude néu cdc hang cia
ma tran dua vho hoén vi khong ?

6. Cho mot phat bidu dang quy hoach cla vi du bai todn tdi xach
(knapsack problem) trong chuong 42,

7. Bao nhitu budc liip la can thiét dé gidi bai toan: “cye dai héax; +
+ apy vOi cde riing budcxy, ., xy < 1 vhxy, L, xy20"?

8. Xay dyng mdt bai todan gom N biit dang thie hai bign ma thuat
toan don hinh can it nhitt N/2 budc lap.

9. Cho mot vi du v& bai toan quy hoach ba chitu d8 cho thily sy khae
nhau gitta phudng phdp "tang nhanh nhat" va phudng phap "déc

xudng nhit".

10. Thay &5i chuong trinh cai dit cia ly thuyét dé viét ra cdc toa b
cua diém ti vu.
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