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L3I NOI DAU

Su phdt trién nhanh chong ctia cong nghé thong tin va ky
thugt dién t@ da lam cho ky thudt sé xdm nhdp vao moi hoat
déng ciia con nguol, dgc biét trong cdc linh vuc: thong tin lién
lac, diéu khién tu dong, ky thudt dién va dién tu, cong nghé
théng tin, cong nghé ché tgo mdy, giao thong vdn tdi, an ninh
quéc phong v.v... Dé tim hiéu va ndm bét duoc cdc cong nghé
mdi trong cdc linh vic trén, sinh vién, nghién cizu sinh ciing nhu
nhifng ngudi lam cong tde nghién citu, thiét.ké' ché'tao v.v... phdi
ndm vitng cong cu todn hoc danh riéng cho ky thudi s6, do la
tedn hoc roi rac.

“Todn roi rgc cho ky thudt sé” la tai liéu duc két nhitng
thanh twu nghién citu co ban vé Ii thuyét tap hop, t6 hop, I
thuyét dé thi va dai s6. Néi dung cuén sdch diuoe chia thanh
muoi chuong. Ti chuong I dén chuong IX cung cip cho ban doc
nhitng kién thitc co bdn vé i thuyét tap hop, t6 hop va c6u tric
dai s0; dic biét di sdu vé dai s6 logic, dai s6 chuyén mach vector
theo quan diém hién doi. Chuong cuéi ciing (chuong X) gici
thiéu iong qudt nhdt vé li thuyét nhom, vanh va truing nhim
tao co sd cho nhitng déc gid muén di sdu hon vé link vie todn
ung dung. Sau méi chuong déu cé cde bai tap dé ban doc tu
ki€m tra iqi kién thic ctia minh.

Nhitng kién thic co bdn nay di cho sinh vién, nghién ciu—
sinh va nhing ngudi lam cong tdc nghién citu, thiét ké, ché tao
c6 lién quan dén cdc nganh todn ing dung, tin hoc, tu déng hoa,
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dién tiz, ky thugt hé théng v.v... tiép tuc di sGu vao cde linh vuc
todn hién dai ciing nhu ndm bt cdc théng tin mdi vé ky thudt sé
trong cde nganh tuong ung.

Cuén “Todn réi rac cho k§ thut s&® duge dic két o
nhiéu ndm gidng day va nghién cifu cia tde gia vé cdc linh vye
trén & Viét Nam ciing nhut  cde nude ngodi. Cudn sdch ra doi
nhdm hoan thién va bd sung thém vao cdc tai liéu trude day cua
tdc gid da@ xudt bdn nhu “Li thuyét mach logic va ky thudt $6”,
“Co s6 todn rdi rac va ung dung” v.v... Day cing la mot tai liéu
co ban dé dao tao sau dai hoc cho ky su cdc nganh k¥ thugdt vé
todn ng dung déng thoi cang la tai liéu tham khdo tot cho
nhitng ngudi lam cong tde nghién citu vé cdc linh vuc lién quan.
Tity theo mitc d6 yéu cdu ctia titng ngudti va ting nganh ma dje
gid c6 thé tap trung chi yéu vao nhiing chuwong nhét dinh cua
cudn sdach.

Vi pham vi cuén sdch c¢é han nén chéde chén con c¢6 nhing
khiém khuyét nhdt dink. Tdc gid xin chdn thanh tiép thu tét cd
nhitng v kién déng gép ctia ban doc. Thu gép y xin gui vé Nha
xudt ban Khoa hoc va Ky thugdt, 70 Trén Hung Dgo Ha Noi.

Cuéi citng tdc gid xin chén thanh cdm on NXBKH&KT va
cdc ban dong nghiép da gitp do tn tinh dé cudn sdch c6 thé dén
duoc vdi guy ban doc.

Tac gia
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Chuong I
TAP HOP VA MENH DE

1.1. MG DAU

Tap hop 14 mét trong nhitng khéi niém quan trong nhét cua
toan hoc. C6 thé néi ring “H thuyét tap hgp” 12 cai gbc, céi ré
clia cac nganh toan hoc khac nhau. Ching ta c6 thé xem viéc
nghién citu mdi nganh toan hoc 14 nghién citu tap hgp caa cac
d61 tugng loai nay hay loai khac. Vi du mét cach don gian ta cé
thé xem hinh hoc 12 mén hoe nghién citu cac tap hgp cia cac
diém, dai s6 14 mén hoc nghién citu céc tap hdp clia cée con s&
va cac phép toan trén cac tip hgp sd do, giai tich 14 mén hoc
nghién ciiu cha y&u cac tap hgp clia cdc ham s6 v.v... Bdi vay
chiing ta khéng ngac nhién khi ngudi ta xdy dung l{ thuyét tap
hgp trén cd sd cac tién dé chit khéng phai trén cd sd cac dinh
nghia cua nhing khai niém nao khéac.

Vao nua cudi thé ki XIX, nha toan hoc nguci Ditc Geory
Cantor (1845 - 1918), lan dau tién da nghién cdu cac tép hgp va
itng dung cta chung theo ¥ nghia 14 nén tang ca cic nganh
toan hoc (cac cdng trinh cong bé trong khodng tix 1871 - 1883).
Tit d6 li thuyét tap hop da théng nhat duge nhiéu quan niém
toan hoc tudng chiing nhu khéng c6 lién hé gi véi nhau ca va da
giip xdy dung cac co s logic cho nhiéu nganh toan hoc khac
nhau. '



Vay tap hgp 1a gi? Mot cach don gian 6 thé hiéu tap hop 1a
két hgp cac d61 tugng c6 ban chat (hay thudc tinh) tiy v, goi la
cac phan tit ctia tap hop. Mac dau tap hop 6 thé bao gdm nhitng
phén td cé ban chat thy ¥ nhung thudng mbi tap hgp cu thé 1a
toAn thé cac phan t ¢6 cing mdt sd tinh chit va dau hiéu
chung nao dé. Ching han két hop cac s6 tu nhién 13 mot tap
hgp, két hgp cac s6 nguyén trong khoang tii 1 dén 250 ma chia
hét cho mdt trong cac sé nguyén 2, 3, 5, 7 1a mdt tap hgp, két
hgp cac cdng trinh dau tu cia nude ngoai ¢ gia tri t 1 tridu
USD trd 18n iai Ha Néi treng 10 ndm gin day 1a mét tap hop
v.v... Tap hgp thd nhéit néu ra & trén bao gdm cac phan t ¢6
mot dau hidu diac trung (thude tinh) 1a: sd tu nhién. Tap hop tha
2 bao gém cac phin ti ¢6 3 thude tinh: s& nguyén, trong khodng
ti 1 dén 250, chia hét cho mdt trong cac s6 nguyén 2, 38, 5, 7.
Tap hop thi 3 bao gdbm cac phén t ¢é cung 5 thude tinh: cong
trinh déu tu, cla nudc ngoai, gia tri tir 1 triéu USD tro lén,
trong 10 nam gan day, tai Ha Noi v.v...

Ching ta ki hiéu {a, b, ¢/ d€ chi tap hop do cac d8i tuong (goi
14 phan t& hay thanh phan) a, b, ¢ tao nén. Mai tap hdp thudng
¢6 1 tén goi riéng. Chéng han chiing ta viét T = {a, b, ¢/ thi goi
dolatap hop T N ={1, 2, 3,...} 14 tap hop cac sd tu nhién. Tuong
ty nhu vay, tap hop cac chg & Ha Noi = {Dong Xuan, Mg, Hom -
Diic Vién, Hang Da, Béc Qua, v.v...} ¢6 tén goi 1 tap hdp céc chg
& Ha Néi. -

Pé chi d&i tuong ¢ 12 mdt phén ti cha tap hop T ching ta
viet @ e T, con phan ti d khong thudc tap hop T chiing ta viét
d # T. Mat khéc nguoi ta cling ¢ thé néi tap hop T bao gbm
phin tt e (T 5a) ma khong bao gdm phén tit d (T j d).
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Cén luu ¥ rang tap hop chi chita cdc phin tif riéng biét ma
théi. That vay, ching ta viét /a, a, b, ¢, ¢/ 14 cach biéu dién thita
cua tap hop {a, b, ¢/; Cac phén ti trong mét tap hodp khong can
phéi sdp x&p theo mjt thit ty nao ca, ching han {a, b, ¢/ valc, a,
b/ biéu dién su két hgp nhu nhau cta cac phan ti a, b, ¢. Vé sau
chung ta s8 dua vao khai niém nita c6 tinh dén thuge tinh “sép
x€p” cya céc phin ti goi 1A tap sidp xép.

_ Trén day 1a phuong phap mé ta cac thanh phin cia mot tap

hdp bing cach liét ké tit ca cac phan ti tip hop d6. Ching han
. A =12 4,6, 8, 10}, Negoai ra ngudi ta cé thé md ta cac thanh
phan cta tap hgp bang cach biéu dién tinh chit dac trung
(thudc tinh) ca céc phan ti cia tap hop d6. Chang han tap hop
céc con s6 & trén c6 thé vist mot cach khac nhu sau:

A={a lala mot s6 nguyén duong chan khéng 16n hon 10}

Mot cach téng quat ching ta ¢6 thé mé ta tap hop T véi cace
phan t& x nhu sau:

T={x | x ¢6 cac tinh chat dac trung ciia tap hop}.

Mot tap hop khong chida mot phan ti nao ca goi la tip hgp
trong va c¢6 ki hidu & hoac { }. Vi du “Tap hop cac nghiém thue
ciia phugng trinh 2% + 1 = 0” 13 mot tap tréng &; “Tap hgp cac
bai the do Nguyén Du sang tac trong thé ki XX” 1a mét tap
tréng <. -

Trd lai dinh nghia tdng quat vé tap hop ching ta thiy cac
phan ti cia mdt tap hop bat ki khéng bi mdt han ché nao ca.
Chéng han: T = {1,-2, Ha N6i, 3, Hai Phong, BAMBOO - 8088, 4!
ciing 1a-mo6t tap hgp, trong dé 1, 2, 3, 4 1a cac s6 nguyén va
dudng bé hon 5, BAMBOO - 8088 1a may vi tinh con cac phin ti1
con lai 1a cac thanh phd 16n 6 mién Béc Viét Nam. Nhu vay, cé
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thé trong mot tAp hgp cac phén ti khéng cé6 mot tinh chit
chung no ca. Néi mdt cach khéc, mot tap hgp nay b thé 1a mot
phén td cia mot tip hop khéc: Chéng han tap hap {la, b, d/, /d,
el, l cobaphan tila fa, b, ¢/, (d, e} va f. Tap hap {{a, b, ¢/, a, b,
¢/ ¢6 4 phan tu 1a fa, b, ¢/, a, b va c. Tuong tu nhu vay, tap hgp
{x, {x}, {{x}}} c6 3 phan t0 1 x, {x}, {{x}}. Tap hop (&I ¢6 mdt phan
td 12 tap hop tréng &, con tap hop (£ [£F} c6 hai phan tit 1A tap
hgp tréng & va tdp hop nhan tap hgp trong © lam phén ti cia
minh. '

Hinh 1.1.1 minh hoa tép
hgp cac s6 nguyén I dude chita
trong tap hop cac s6 hiiu ti zZ,
néi cach khac tép cac sd hitu
ti... nhan tap cac sd nguyén
lam phén ti cha minh, s6 di
nhu vay vi méi s6 nguyén

ciing 12 mét s8 hitu ti. Hinh 1.1.1

Téng quat, cho 2 tap R va 8, ta noi rang R 14 mét tap con
cha S néu mdi phén ti cha R eing 1a mét phén ti caa 8 va khi
dé ching ta ki hidu R c S. Mat cach khéac ching ta c6 thé viét:

R cSnéuvachinfuia eR =a 8 (1.1)

(O day ta ding ki hidu = ¢6 nghia 13 kéo theo).

Vidutiaphdp R=/a, b, c/latapconciaS={a, k, ¢, b, m, ¢/
nhung khong phai 1a tap con cua T = {d, e, a, b} va ta viét:
RcS RezT hayTHR.

Ta hiy 14y mét vi du khac. Cho 5 1a mét bd chil cai, 5, 1a
tap cua tdt cA cac ti (c6 nghia va v6 nghia) ¢é n chit cai trén 3
va ~ la tap cta tat ca cac tif dude cAu tao td 3. Vay 3, < 2. Tap
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5" edn duge goi 14 mdt ngdn ngi trén 2. Chéng han tap cua tat
ca cac tit tifng Viet ciu tgo ti tap X = fa, b,..., 2/ la mdt ngoén
ngil, d6 chinh 1a ngdn ngd tiéng Viét. Tuong td nhu vay, tap cua
t&t ca cac byte 12 mot ngdn ngil trén tap 2'= {0, 1},

Khi R =S ma R #S, nghia 1a ¢6 it nhat mot phan tit x ma
x € 8 nhung x # R, thi ta néi rang K 13 tap con thuc sy cua S.

Nhu vay R @ T khi va chi khi khong phai mdi mot phin tu
ctia tap R 13 mét phén tit cua 7', nghia 1 con tOn tai it nhat mot
phan ti trong R khong phai la phén ti trong T, nghia la:

R o T néu va chi néu: ¢6 mdt phan tit x sao cho x € K va

x eT.

Hinh 1.1.2 minh hoa cic trudng hop ma A < B. O day cac
tap A vA B duge biéu thi béng cac vong tron.

® ©OC

a) b) )

Hinh 1.1.2.
Cho A la tap tat ca cac s6 nguyén chia hét cho 3 va B 1a tap
t&t ca cac s§ nguyén chia hét cho 6. Ro rang 1a A « B vi ¢6
nhitng phin ti thudc A (vi du s& 9) nhung lai khong thude B.

Chc tap hop R va S bing nhau khi va chi khi chiing ¢6 cung
cac phan ti nhu nhau:

R = S khi va chi khi d&i v6i méi phén tit x:
reR=2xecSvaxeS=xekR
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M6t cach ngdn gon c6 thé vidt:
(R=S)<:>(Ax:xeR<:>xeS) (1.2)
O day ki hiéu < chi “khi va chj khi”, con ki hidu A ch? “véi

L)

moi”.
Vi du R 14 tap cac s6 nguyén chia hét dbng thdi cho 2 va 3
con 5 1a tap cic s8 nguyén chia hét cho 6, 15 rang R = S.
N6i mét cach khac cac tap R va S bing nhau khi va chi khi
R 1a tap eon cia 8 va nguoc 1ai 8 1a tap con cua R:
R=8)=>Rc8vaScR) (1.3)
Tt dinh nghia téng quat vé tap hdp ching ta ¢6 thé rit ra:
1. & cA: Tap tréng la tap con cua mét tap hop bat ki,
2. A cA: Cho A 1a mét tap hop bat ki thi A 1a tap con cha
chinh ban than né. Chy y ring {&F < {} nhung (& < {{&F).
3. NeuA cBvaB cCthid «C
(Hay ¢6 thé vist A B, B «C = A () (1.4)
4 A#B =>A zBhoicB zA (1.5)

1.2. TAP HU'U HAN VA TAP VO HAN

Nhu phén khai niém chung déd chi rd, mét tap hdp (goi
tat 1a tap) duge dac trung bing nhiing phan td ctta né, vi du
T=/{a, b,c di. Tap T ¢6 4 phan t& Khi néi nhu vay 1a chiing ta
dd dung dén khai niém “hitu han” cia tap hgp. Bén canh cac
tap hitu han 14 cac tap vo han, vi du t4p tdt ca cac & nguyén la
tap vo han. Dé dinh nghia chinh x4c tap hitu han va tap vé6 han
nguoi ta dua ra khai niém luc lugng tap hop. S6 lugng cac phin
tu phan biét cta tap hdp T ¢6 ki hiéu 1a | 7|va dude goi 1a luc
lugng cha tap hgp 7.
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Vidw: T,=/a, b c)= /T, /=3
T,={a, &b (A = [T,/ =4

Néi mot ciach khae ¢é sy tudng Gng mot - mot gifta cac phan
tid cua tap T va cac phén ti ctia mot tip con N, cic s6 ty nhién
nao d6. O day N, < N (tap tdt cd cac sb tu nhién) va n chi s§
tut nhién 16n nhat trong tap N,. Nghia latacé: |T| = [N, | = n,
vi du T, = {a, b, ¢/ tuong Gng v61 tap N, = (1, 2, 3}, ¢ day
IN.‘}! = |T| = 3.

Tap hop cd lue ludng 1a hiu han dude goi 1a tip hidu han.
Nguge lai, néu lde higng-ctia tap hop 14 v6 han thi ta cé tap hop
vd han. Vi du tap tdt ¢A cdc sé tu nhién N = {1, 2, 3,...} 1a mot
tip vo han.

Trong ldp cac tdp v6 han ngudci ta lai phén biét thanh hai
loai: Tap vé han dém dugc va tap vé han khong dém dude. Vi du
tap tdt ca cac s nguyén chin khéng sm A =/0, 2, 4, 6, 8,.../ va
tap tAt cd cac bdi s6 khéng Am cua 5: B = {0, 5, 10, 15,..} la
nhiing tap hgp vé han dém duge. Bén canh cae tip vdé han dé€m
duge 1a céc tap vd han khéng dém duge. Vi du tap R, cia tat ca
cac s6 thuc nim trong kheang tit 0 dén 1 14 mét tdp vd han
khong dém duge. That vay, gia si R, 14 mét tap vd han dém
dudc, nghia la ta c6 sy tudng Ung mot - mdt gitia tap R, va tap N
cla céac sd tu nhién. Do d6 ta 6 thé liét ké dude mét day s6 ké tiép
nhau trong khoang tir 0 dén 1 (theo hé s6 thap phdn) nhu sau;

S6'tha 1: 0,a; @ Gz .

Sé’ thﬁ 2: 0, azl‘ a22 a23.” azj-..

SG’ tha 3: 0, Ay Q3 Agy... a_?j... (1<6)
86 thi i 0,a; as as.. a;.



0 day a, chi chit s6 thil j trong sd thuc tha cua danh sach
vaa; €10, 1, 2, 3,..., 9}). Chung ta thiy ngay rang (1.6) la mot
danh sach khong chinh xac cha tap tat ca céac s0 thuc trong
khoang [0, 1]: Diéu nay trai vol gid thiét rang tap hgp nay 1a vo
han dém duge. That vay, gia sti chung ta cfu tao mdt s6 thuc
trong khoang [0, 1] nhu sau: ‘

OJ b] b2 bs... bi"'
\ 1, néu a; =9 .
9'_0'11, néuaﬁ =0,1,2,..,,8

Ro rang la b; khéac véi t&t ca moi s& nam trong danh sich
(1.6) 9 trén vi né khac vl s& thit nhit & chit 86 dau tién (a,),
Khéc véi s8 thit 2 & chit s6 thi 2 (@), v.v..., nghia 12 khong nam
trong danh sach (1.6). -

Tt nhiing khai niém trén.ching ta 6 thé di d&én mot khai
niém khéc sau hon la “mic dd vo han” cta cac tap hgp cing c6
thé khac nhau. Tuy nhién chung ta phai tam dung lai diy vi
khuén khé ¢6 han ctia cudn sach.

1.3. CAC PHEP TiNH CUA TAP HQP

Bing nhiing phuong phap t8 hgp khac nhau ching ta cé thé
tao nén cac tap hgp méi. Cac phuong phap td hop d6.goi 1a
nhitng phép toan cua tap hgp. Sau day chiing ta sé xét dén
nhitng phép toan cd ban nhét cha tap hop. :

1.3.1. Phép toan tuyén (hgp)

Tuyén caa hai tap hgp A va B, ki hiéu la A B, 13 mét tap
hop bao gdm cac phan td thude it nh&t mét trong hai tap hgp A
vA B. Néi mot cach khac ta ¢6 thé viét:
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(xeAUuBo(xedA va s B) (1.7
O day ki hiéu v dé chi “hosc”.

Vidul.d. /o, b vfed) ={a, b, ¢, d}
la, b} via, e, d} ={a, b, ¢ d
fa, bl & - =la, bl

Tuyén cta tip tat ca céc so
htiu ty va tap tat ca cdc 8 vo ty
la tdp cha tdt cd cdc s§ thye.
Tuyén cla tip t&t ca cac <o
‘nguyén va tap cla tat ca cae s
hitu ty 1a tap cha tat ci cac s
hitu ty.

Hinh 1.3.1

Né&u ta biéu dién tdp A va tip B bang nhiing vong tron nhu
¢ hinh 1.3.1 thi tAp A B 12 toan hé phan gach chéo trén 2 vong
tron.

1.3.2. Phép toan hai (giao)
Hé: cia hai tap hgp A va B, ky hiéu 1la A » B, 1a mét tap
hdp bao gom céc phan i thuse ci A 13n B. Ta o6 thé vigt gon:
(x eAnB) o(x A rx cB) (1.8)
O day ki hiéu A dé chi “va” (déng thai)
Vidu 1.2, (a, b} "/a, ¢ =g
fa, b nife, df = &
fa, bl » @& =&
Hoi cua tap hop clia tat cd cac s6 nguyén chan va tap hop
cla tat cd cac s6 nguvén chia hét cho 3 la tap hgp cua Lat cd cac
sd nguyén chia hét cho 6. Hai ciia tap tat ca cac 6 hitu ty va tap

clia tat ca cae 88 vo ty 13 mot tap tréng.
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Néu ta biéu dién tap A va tap B bing cac vong tron nhu &
hinh 1.3.2 thi héi A » B 14 phén dién tich gach chéo (chung
nhau gifta 2 vong tron). '

AR

Hinh 1.3.2 Hinh 1.3.3

1.3.3. Phép toan trir
Hiéu cua hai tap hop A va B, ky hiéu 14 A\B 13 mét tap hgp
bao gom cac phén ti thugc A ma khong thudc B. Nghia la:
(xcA\B) e>(xcA rx eB) {(1.9)
Vidul3. fa b ¢ \/af = {b, ¢/
fa, b, ¢} \ {a, ¢, d} = (bF
fa, b,ci \N{d, e/ ={a,b,c/
Hiéu ctia tap hdp tat cd cac s0 thuc va tap hop tat ca cac s6
hitu ty 14 tAp cta tit cA céc s8 vo ty.
Néu ta bidu dién cic tap A va B bing cac vong tron nhu &

hinh 1.3.3 thi hiéu A\B 14 tap hop duge biéu thi bing phin gach
chéo

1.3.4. Phép voan hiéu doi xirng

Hiéu d61 métng ctia hai téap hop A va B, k¥ hiéu 1a A @B, la
mdt tap hdp bao gom cac phan tli thudée A hodc thude B nhung
khéng déng thai thudc A va B.
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Nghia la;
(xcA @B oc(xcAvxeBaxeANnB) (1.10)
Vidul4. fa, bl @la, cl =15, c}
fa, b} @{F =la, b
{a, b} @la, b} = &
Neéu ta biéu dién cac tap hop A
va B bang céc vong tron nhu 6
hinh 1.3.4 thi hiéu d6i xttng A @B
12 tap hop dude biéu thi bang phan
gach chéo.

Chiing ta c6 thé tém tit bon
phép toan co ban & trén gita hai

. Hinh 1.3.4
tap hdgp A va B bang nhing dong
dué day: .
A UB.: ix| xeA vxeBl
ANB={x| xcArx B} (1.11)

A\B ={xlxcAx eB)
A@B={x|xecAvxeBaxegA B
O day: v ki hiéu “hoic” con A ki hidu “va”.
Cac tinh chit ¢o ban ciia cic phép toan trén duge dic két
trong dinh 1y sau day:

Pinh 1y 1.3.1. Cho 4, B, C va X la céc tap tuy ¥. Cac lugt
sau ddy dugc thoa méan:

- Luat giao hodm:
AuUB=BUA (1.12)
AnB=BA
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- Luat két hop:

AvuBulCl=(A B wC (1.13)
ANBNC)=(AnB)nC
- Luat phan phéi:
ABuCi=(AnB) u(ANC) (1.14)
AuBnNCi=(AUB) Nn(A Q)

- Cong thic De Morgan: .
XNAUB =X\ A X\ B) (1.15)
XNANB =X\ A)vu(X\ B)

Dinh 1y 1.3.1 ¢6 thé ching minh mét cach don gian can ci
vao dinh nghia cla tap hop va cac phép toan cha tap hgp (thuc
ra cac dinh nghia nay phai dya trén nhiing tién dé nhit dinh
ma vé sau ta sé noi).

That vay, gia si chiing ta phai chitng minh luat phin phéi:

ANnBuCi=(ANB) U(ANC)

Qua trinh ching minh bao gém 2 budc. Trudc hét ta
phai chitng minh ring A » (B v C) 1a mét tap con cla tap
A nB) v(A »n C). That vay, gid st x 1a mo6t phan tit caa
A (B v ) nghia la xe A dong thii x € B hoac x ¢ C. Néu
x eB. ticx e AnB.connéux e Cticx € A nC, do vay ta cé:

x e(ANB)UANC)

N1 cach khae A ~(B «C) la tap con chia (A A B) (A ~ ).
Bude thit 2 bing cach tuong i nhu vay ching ta chitng minh
nguge lai (A » B} (A ~C) la tap con cia tip A » (B v (). Gia
six € (AnB) (A NC),nghiala x e(A NB) hodcx e (A N C).
Nhu vay x thude vé A dong thai thude vé B hoic C:

x €A n(BuC)
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Do vay, ro rang (A N B) « (A ~ C) 1a tap con cua tap
A N (B v C). Ti'2 bude chiing minh nay ching ta ¢6 thé rat
ngay ra: '

AnBuC) =(AnB) vANC)

Khai niém vé phép tuyén va phép hoi c6 thé md réng cho
mbt s6 bat ky cac tap hop. That viy, néu ching ta goi ¢ 1la mot
ho cac tap hgp thi ta cé: :

US ={s|s&S véi mot S nao a6 € ¢} (1.16)

Sed
r;s:{slsesvai moi S e ¢} (1.17)
=

Binh 1y 1.3.1 ding vdi mdt s8 lugng bat ky cac tap hap.

1.4. CAC TIEN DE CUA PAI SO TAP HOP

Thuc ra tit ca nhiing khai niém lién quan dén tip hop ma
ching ta dd néu ra tit trudc dén nay cling nhu cac tinh chat
guan trong cta ching duge diic két trong dinh 1y 1.3.1 déu dua
trén hé théng cac tién dé sau day vé tap hop.

e Tién dé ddng tri: Néu céc tap hop A va B c6 cung cac phin
t% nhu nhau thi bang nhau (A = B).

« Tién dé tong: DL véi cac tap hop bat ky A va B ton tai mét
tap hop ma céc phén tl cia nd 12 tit ca cac phan tit cua tap A
va tit ca chc phan ti cla tap B, ngoai ra khéng chita mét phan
tu nao khac.

e Tién dé hiéu: D1 vGi cic tap hop bat ky A va B ton tai mot
tap hgp ma céc phan tlt cha né 1a cac phan t cia A nhung
 khéng phai 14 cac phan t& cua B, déng thdi khéng chita mdt
phan tii nao khac. - _

» Tién dé ton tai: C6 it nhat mot tap hop tén tal.
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Tién dé nay gidp ching ta giai thich sy tdn tai cua tap
tréng <. vi rang tap tréng @ xem nhu 13 hidu cha mét tap A bat
ky v6i chinh ban than no (A \ A).

1.5. PHEP TINH LUY THUA TAP HQP

Pinh nghia 1.5.1. Cho mét tap hgp A bat ky. Ly thita cua
tap hop A, ki hiéu P(A), ]a mét tip hdp bao gdm céc tip con cda
A, nghia la:

PA) = (X | X cA} (1.18)
Vidul3. A= 2=PA)=(D '
A= {a, b, ¢/

=P(A) ={{, la}, {b], [c}, {a, b}, {a, cl, (b, ¢}, {a, b, ¢/}

Nha phép lay thita ca tip hgp ma ching ta 6 thé ciu tao
nén nhiéu tap hop méi.

Dinh 1i 1.5.1. Néu tap hop A ¢6 n phan i thi tap lay thua
P(A) c6 ding 2" phan ti.

Chitng minh: MBi tp con cha tap lay thiia P(A) c¢6 thé
khéng chia phan ti ndo hoac chita 1 phan ti, 2 phan td,..., n
phén tlt cla tap hgp A. Theo phép tinh t& hgp ta suy ra néu tap
con ciia P{A) chiia i phan tid cta tap A thi s6 ldong tap con nhu
vay cua P(A} 1a:

. A
C T it )

Vay s6 lugng phan tu (tap con) cua tap ldy thua P(A), ky

hiéu 1a | P(A)} |, duge xac dinh nhu sau:

[P(A)| = ic;* (1.19)
=}
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Nhu chiing ta da biét, trong trién khai nhi thite Niuton sau
day:

(1+x)"= CP + Clx + C7x% +.. +C x"

néu thay x = I thi ta sé ¢6:

Qriyr=3er (1.20)
=0
Vay Pa)=3cr=2 (1.21)
=0

1.6. NGUYEN LY BAO GOM VA LOAI TRU

Trén ¢d s6 khai niém vé lue lugng cha cac tap hdp hitu han
chiing ta c6 thé rit ra mét o8 tinh chat sau day. Cho Pva @ la
cac tap hiu han bat ky, ta co:

Pul<IPl+1Ql
P ~Ql< min(|P|.1QD) (1.29)
\Pp-@lz Pl -1Ql
Po@l= Pl +1Ql-2IP QI
Nhing tinh chit néu ra & (1.22) ¢6 thé ching minb dé dang
nén danh cho doc gia thay phan bai tap.
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Tuong tu nhu vay chiing ta ¢6 thé suy ra céc nguyén 1y sau:

A, ALl = 4,] +14,] - 14, ~A4,l (1.23)
|A1 A, UAal :|Ar| + |A2|+ }A3|-|A; /"?A2|-|A; /"?A;;|
1A, n4,l + 1A, ~A, N A, (1.24)

O day A, A,, A, 1A cac tap hitu han.

Chung ta c6 thé kiém tra lai tinh chat (1.24) nhd hinh 1.6.1.
Viéc chitng minh dang thite (1.23) danh cho doc gia.

Vi du 1.6. Mot xudng dién ti lap rap 600 ddu video. Trong
s6 d6 ¢6 300 chiée c6 didu khién tit xa, 160 chiéc ¢6 déng hd thi
glan va 120 chiée ¢6 b phan ghi chiam. Dac biét ¢4 60 dAu video
¢b ca 3 tinh chat trén. Hél ¢6 it nhat bao nhidu ddu video khong
¢é mdt tinh chat nio ca trong 3 tinh chat trén.

(Gia st ta goi P la tAp tit ¢d cac ddu video ¢6 tinh chat thd
nhét (diéu khién tir xa), @ 13 tip tat ci cac diu video 6 tinh
chét thi hai (d6ng hd thdi gian), R 14 tap tit ca cac ddu video co
tinh chat thit ba (b6 phan ghi cham). Nhu vay ta cé:

[Pl =300, IQ|=160, |Rl=120
va  |Pn@Qn~R|=60
Theo tinh chit (1.24) ta cé:
P URr| = |Pl+ 1@l +IR| -|lP @l
-|PmR|-|QﬂR|+|PmQ/‘)R|
300+ 160+ 120 -|[P ~@Q| - [P R| - |Q ~R| + 60
640-1PnQ| - |PHR| - 1Q ~R]
Mat khéc ta ¢6 cac quan hé sau day:
1PHQ| =P QA RI=60
\PAR|2|PnQA RI=60

H
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Q@ ~RI > 1PHQ ~R|=60

Dovay: |P U@ UR| <640-60-60- 60 =460

Diéu nay 6 nghia rang c6 nhidu nhat 14 460 ddu video ¢ it
nhit 1la mét trong 3 dac tinh da cho (cé thé ¢6 2 hoac 3 dac
tinh trén mot ddu may). NG cach khac, ching ta c6 it nhét la
600 - 460 = 140 diu video khdng ¢6 mdt dac tinh nao ca trong 3
dac tinh da cho. |

Nguyén 1§ md ta & biéu thde (1.24) ¢6 thé md rong cho mot
s6 lugng bat ky hitu han cac tap hgp khac nhau. Trong trudng
hop tdng quat ta cb:

LA, LA, Ll LA, =S4Al- Y |A ~A Ly
i 1<i< j<n
* SIA AA AA| DA R A 04, (125

1wie juhin

bé ching minh dang thie (1.25) ching ta dang phudng
phap truy chitng toan hoc d6i véi s6 lugng tap hap béng n.
R rang rang bifu thic (1.23) da thyc hién bude 1 cia phép
truy chitng. Bude tiép theo chiing ta gia thiét dang thic (1.25)
dang 461 voi n-1 tap hop. Ap dung (1.23) cho hai tap hgp
(A, Ay L. WA ) va A tach .

A, VA, L. A= A, UA, L. uA,,;|+ | Al -

VA N4, VA L VA, (1.26)
Mait khac ap dung tinh chat phan phéi ta cé:
|A.~AUA U AL | = AR )UA AU DA, |

V6i id thiét néu 1&n & trén ta c6 thé ap dung (1.25) cho n-1
tap hgp la:

(A, NA), (A, NA,),..., (A, NA, ).
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Do dob ta co:
(A, NAY (A, NAY L. UANA,D] =
= |A, Al + A, n4A,l + ..+ A, NA,l
(A, NA) N(A, A - 1A, nA) N(A, NAY|

+ (A, nA) n(A, NA) A(A, NnAY] .,
+...
+ (D", NA) N(A, NAY N N(A, NALD
= A, ~A,| + A, nA] +. + A, AL
A, A, NA, - A, NANAY]
+ |A,1 NA; NA, mASl +...
+...
+((D"2A, NA,NA NA,, (1.27)

Mat khac ap dung (1.25) cho n-I tap hgp A, A,.., A,,
ching ta nhan dugc:

|A, UA, L. UA,, ] = LA+ 14,1 +..
) - |A,mA2|-|A;mA3|
B P
+ ()2 A, NA L PAL T (1.28)

Thay (1.27) va (1.28) vao (1.26) ching ta sé nhan dude biéu
thite (1.25)

1.7. MENH DE

Ménh dé 14 mét ciu tuong thuat ding hodc sai. Vi du "Hom
nay trdi ning”, “Xi nghiép dd hoan thanh ké hogch”, “Ngay mai
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sinh vién duge nghi” v.v... Ja nhiing ménh dé. Ngudc lal nhiing
cAu nhu; “Mﬁ'y gio r1?”, “Dé nghi g1t trat ty”, “Cho téi xin cdc
nuée " .. khong phai 1a nhiing ménh dé. 86 di nhu vay vi
ching khong phai 12 nhing céu tuong thuat va do d6 chung
khéng ¢4 day du nghia 48 co6 thé noi vé ching “dung” hay “sai”.

Ngudi ta thudng dung cac ky hiéu dé chi cac ménh dé. Vidu
ta gol P 14 ménh dé& “Ngay mai troi s& mua”. P co thé la dung va
cang cé thé la sai, diéu nay phu thudce vao két qua thai tiét ngay
mai. Do vay n_guai ta cing co thé noi rang P ¢6 thé nhan mot
trong hai gia tri la dang (ky higu T) va sa1 (ky hiéu F).

Hai ménh dé p va g 1a tudng ducng néu trong moi trudng
hop kbi p 14 ding thi g cing ]a ding, va ngude lal khi p 1a sa1
thi g ciing 1a sai. Vidu hai ménh dé, “Sang nay nude déong bang’
vA “Séng may nhiét do ngoal troi dudi 0°C” 1a tuong duong.
Tuong ty nhu vay cac ménh dé “Bac Hé sinh nam 1890” va “Bac
Hé vinh bist ching ta lae Nguol 79 tudi ” 1a tugng duong.
Nhung cac ménh dé sau khong phai 13 tuong duong: “Sinh vién
A hoc 161 nhit lop” va “Sinh vién A hoc toan diém 5" (hoc toan
diém 5 chua chic da gidi nhat 1ép); “x 14 mot s6 nguyén t&” va
“r khong chia hét cho 3" cling khéng phai 13 hal ménh dé tudng
dudng.

Vi cac ménh dé c6 thé nhan mot trong 2 gia tri T hodc F do
d6 ching ta hoan toan co thé dinh nghia duge cac phép toan
trén cac ménh dé. Tuy vay dé ban doc co thé hidu duge mdt cach

he thong chang to1 s€ quay trd lai cie phép toan cua ménh dé

sau phan tim hiéu vé dai sd Boole.
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BAI TAP

- Kiém tra xem céc quan hé sau day 1a ding hay sat:

AT e) fa, b <fa, b, ¢, {a, b, c}}
b) 3 e @, f) {a, b} {a, b, c, {a, b, ¢}}
¢) DT g) fa, b cla, b, {{a, b}
d) & € {JF ; h) {a, b/ € {a, b, {{a, bj}}
. C6 phai m6i ménh dé sau day 1a ding véi cac tap hgp bit ky
A, B, C khong?

a) NeuA e Bva B cC, thid eC
b) NSuA e BvaB cC, thiA cC
) NeWAcBvaBeC, thid eC
d) NeuA cBvaB eC.thiA cC

. Cho A, B, C 1a cac tap con cia U. Dé ¢6 duge cic ding thiice

ANB=ANnCva A "B= A ~Ccbein didu kién B = C hay
khong?

.a) Cho A ¢ B va C ¢ D; c6 phai luc nao ta cing ¢6 duge quan

hé sau day:
(AuClc(BuD)?
AnC)c(BnD)?

b) Cho W « X va Y < Z, ¢6 phai lic nao ta ciing c¢6 duge quan
hé sau diy:

WoYocXuz)?
WnY) c(XnZ)?

. Cho A, B, C la cac tap hgp, vdi diéu kién nao thi méi ménh dé

sau ddy la dung.
a)[ANB) UANC)=A
b) (ANB) VANC) = &



AANB) n(ANC) =&
DANB @ANC) =& .

6. Cho A, B, C1a cac tap hop bat ky, chitng minh:
AMANBNC=ANB UC)
DY(ANB)INC=(A\NC/\R
DANBINC=(A\NC\B\C)

7. Cho A = /&), B = P(P(A)), kiém tra xem céc quan hé sau day

1a ddng hay sai:
a) & eB; JcB
b) (&} eB; (&} B
) 1} € B; ({23} < B

8. Cho A = [, {a}}, kiém tra la1 cac quan hé sau ding hay sai.
a) fal € P(A); fa} < P(A); {{a}} e P(A); la)} c P(A)

b) Néu A = {a, /b//, kiém tra lai chc quan hé 6 muc a.

9. a) Trong mét 16p hoc e6 50 sinh vién, c6 26 sinh vién dat diém
A trong mén thi thd nhat, 21 sinh vién dat diém A trong
mon thi thit 2. N&u 17 sinh vién khéng dat diém A trong
mét mén thi nao ca thi ¢6 bao nhiéu sinh vién dat diém A
trong ca 2 moén thi.

b) Néu s6 lugng sinh vién dat diém A trong moén thi thi nhit
va mén thi thi 2 1a nhu nhau, téng s6 sinh vién dat diém
A chi trong 1 mén thi 12 40 va cé 4 sinh vién khoéng dat
diém A trong mot mén thi ndo cd, hay xac dinh s8 higng
sinh vién dat diém A chi & mén thi tha 1, s6 lugng sinh
vién dat diém A chi & mén thi thy 2 va 86 lugng sinh vién
dat diém A trong ca 2 mén.

10. Xéc dinh tap lay thita cia cice Lap sau day: fa}, {fa}!, | (&),
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Chuong I1
CHINH HOP VA 10 HOP

2.1. MO PAU

O chuong 1 ching ta da d& cap dén luc lugng ctia tap hgp
citng nhu khai niém vé tap lily thiva. Dinh 1§ 1.5.1 cho ta dinh
" ludng v& moi quan hé gidia lue lugng cita mét tap hop A véi hue
lugng cha tap liy thita P(A). Mot viAn dé duge dit ra 1a 6 thé co
bao nhiéu tap con ciing ¢6 méot lyc lugng 2 nhu nhau d\i()c'cé'u
thanh ti tdp hop A. Vi du mdt uy ban Olimpie ¢6 10 thanh vién
va do d6 chiing ta c6 thé thanh lap duge 2'° tiéu ban khac nhau
(lue IUGng cua tap PfA), ¢ day lAl= 10). Néu mbi tiéu ban
Olimpic bao gém 6 thanh vién va duge thanh lap ti 10 uy vién
trén thi ching ta c6 thé c6 210 tiéu ban khac nhau. Chudng nay
chiing ta danh dé nghién ciu nhitng van dé lién quan dén viée
ciu thanh cac tap hgp mdi trén cd so hoan vi va to hdp cac phan
ti ctia cdc tap hop da cho.

2.2. KHAI NIEM VE LUAT CONG VA LUAT NHAN

Khi nghién ciiu cac hién tugng tu nhién chfmg ta da biét cd
nhidu su kién ngiu nhién xuit hién véi nhitng kha ning khac
nhau. Vi du gieo m6t con xtc xéc trong d6 viée xuidt hién mot
mit nao d6 1a mot sy kién ngiu nhién va su kién nay cé 6 kha
ning khac nhau. Néu ta lai gieo 1 dong tién thi su kién ngau
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nhién xust hién bé mét @dng tién (Am hay duong) chi ¢6 2 kha
néang ma thoi.

Né&u cae sy kién nghu nhidn cling xudt hién déng thoi thi
két qué 6 ra sao. Sau day chiing ta nghién citu hai lut co ban:

o Ludt nhan: Néu mét sy kién xuét hién trong m kha ning
va mot sy kién khéc xufit hién trong n kha nang thi s€ com xn
kha nang xudt hién 2 sy kién déng thoi. , '

Vi du ta gieo déng thai con xiic xdc va dong tién thicd 6 x 2
kha nang khac nhau xuit hién

o Ludt cong: N&u mdt sy kién xuat hién trong m kha néng
va moét su kién khac xuft hién trong n kha ning thiseécom +n
kha nang xuét hién chinh xac mot trong hai su kién nay.

Vi du ta gieo 1an lugt con xtc xAc va déng tién thi ré rang c6
6 + 2 kha nang khac nhau xu#t hién chi mét mat xc xéc hojc
chi mét mat dong tién

Gid s ¢6 10 mén hoe budi sang va 7 mdn hoe budl chiéu thi
sinh vién sé c6 10 x 7 kha nang liga chon dé budi sang nghe 1
mén va budi chiu nghe 1 mén, déng théi c6 10 + 7 kha nang lya
chon dé sinh vién chi nghe 1 mén trong 1 ngay.

2.3. CHINH HOP

Chinh hop 13 mét trong cac khai niém quan trong cua phép
toan té hop. Chinh hgp m cha n phén tit 1 mdt tap con xép tha
ty gdbm m phén ti cha tap hgp gém n phan ti. Hai chinh hep
dugc coi 1a khac nhau ho#c do thanh phéin clia cic phan ti hoéc
12 do thil ty ca céac phén ti khac nhau.

Ta hay xét mot bai toan don gian sau diy. Gia si ta ném
14n Lugt (theo thi ty) 3 qua béng duge danh diu bang cac mau
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xanh, do va vang vao 10 cai rd duge danh s6 thia tu 1, 2, 3,..., 10
vl didu kién méi cai rd chi nhan 1 qua béng. Ré rang qua bong
xanh c6 thé lot vao 1 trong 10 rd ké trén con qua béng do chi cé
thé lot vao 1 trong 9 cai rd con lai. Tuong ty nhut vay qua béng
vang ném sau cung chi ¢é thé lot vao 1 trong 8 r con lai. Nhu
vay ching ta c6 10 x 9 x 8 kha ning khéc nhau ném béng vao
r8. Téng quét néu ta c6 m qua béng va n cai rd thi s8 kha nang
khéc nhau ném béng vao ré ki hig¢u 1a P(n, m), duge x4c dinh
nhu sau:

Pin,m)=nn-Dn-2)..(n-m+ 1) (2.1)
Hodc ta 6 thé biéu dién dudi dang khac nhu sau:
1
P(n,m)=-_"" (2.9)
(n-m)!

G day phép giai thita duge dinth nghia nhu thudng 18:

nl=nn-Dn-2)... x2x1vadl=1

Bai toan ném béng vao rd § trén thuc chat 14 bai tean xic
dinh chinh hgp chép m cla n y&u t6 ki hidu 13 P(n, m) duge xac
dinh nhu & biéu thic (2.2).

Vi du 2.1. C4 bao nhiéu kha nang dé 8 chie 3 cubc hop
khac nhau trong vong mét tuan (6 ngay) sao cho méi ngay cé
nhiéu nhat 12 1 eude hop. Dé giai bai toan nay chung ta hinh
dung 3 cuée hop nhu 3 qua béng con 6 ngay nhu 6 cai ré. Vay sb
kha nang t6 chite 14 chinh hgp chap 3 ctia 6 yéu to:

P(6. 3= ——E!—--_- =0xOx4=120
(6 -3

Vi du 2.2. €6 bao nhiéu cach phan b8 chi tidu di nghidn et
finh cho cac trudng dai hoe, néu chi ¢d 4 nghin eitu sinh phan
cho 10 truong dai hoc vét difu kién mbi trudng cé nhifu nhét 1a
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1 chi tiéu. Tudne ty nhu bai toan ném béng vao v6, & day ching
ta cé

I
100 18900
(10— 4)!

Béy gi0 chiing ta quay trd lai bai toan ném béng vao ro. Gia

Pin, m) = P(10,4) =

st chiing ta ¢6 5 qua béng, nhung trong d6 ¢6 3 qua béng cung
mau d3, 1 qua béng mau xanh va 1 qua mau vang. S8 béng nay
dude ném lan lugt vio 10 cai rd, hdi c6 may kha nang phéan biét
(khéng tring lip) cia su kién ném béng vao ré. Tt nhién cing
nhu trude day, mbi rd chi nhan 1 qua bong ma théi. Néu 5 qua
bong 1 5 mau phan biét thi ching ta c6 P(10, 5) = 30.240 kha
ning khic nhau. Nhung vi ¢6 3 qua béng cling mau do nén sb
l4n khéng phan biét dude khi két hgp vdi 2 qua béng khac mau
kia la bing 3 x 2 x 1. VAy cudi cung s6 kha nang phan biét cua
syt kién ném 5 qua béng trén sé 1a:

P105) (13?’5) = 5040

Mot cach tong quat, néu ta cé6 m qua bong ma trong d6 loai
mau thd nhat 14 C, qua, loai mau th hai 1la C, qua... va loal
mau thd k 1a C, qua; m qua boéng nay duge ném 1an lugt vao n
cdi r6 khac nhau sao cho mbi ré chi chita 1 qua. S$6 kha nang c6
thé xiy ra chia su kién nay sé la:
P(m, n)
C,'C,'.C,!

(2.3)

Vi du 2.3. Gia st ta ¢6 3 qua cam, 2 qua chudi, 3 cai banh
va 2 d8 choi chia déu cho 10 em bé, trong dé mdi em chi nhan
duge mdt tht ma théi. Hoi 6 mAy kha nang chia phin bigt -
nhau.
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Ap dung céng thic (2. 3) vao-truong hgp nay véi luu ¥ rang ¢
day m =n = 10 (10 em bé, 10 mbn qui), ta co 50 kha nang clia
su kién la:

PQ10, 10}

30! =25.200

-

2.4. TO HOP

Té hgp m phan tu cua tap hop n phan tit con go1 }a td hop
chap mcua n phan t 1a moi tdp hdp con gbm m phéan t cua
tap hop n phan td. Hai t& hop chi xem la khac nhau néu mit
phin ti nao dé cua t8 hop nay khéng cé trong t4 hdp kia. Nhu
vay thit tu cua cac phin td § day 1a khong quan trong. P4 la
diém phan bidt gida t8 hgp va chinh hgp. Suy dién tir ebng thic
(2.3) cho trudng hgp t8 hop chap m eua n y&u t&, ki higu Cln,m),
ta cd:

Clnymy = " ) (2.4)

‘(n m)* m!

Bay gio chung ta quay lai bai toan ném béng vao r6. Néu ca
3 qué béng déu son cung mot mau va ném 14n luct vao 10 cal rd,
mbi ré chi nhan 1 qua béng thi s& kha ning ném boéng vao rd
chinh 1a t& hgp chap 3 cua 10 yéu to:
0t ~ 10x9x8
31(10-3)  3x2

C(103) =

Tit cong thite (2.4) ching ta dé dang suy ra:
Ctn, m)=C(n, n-m) (2.5)

Vi du 2.4. H® dbng khoa hoc ¢6 11 uy vién trong dé co ong
A vi dng B, Hoi ¢ miy kha nang dé thanh lap mét tiéu ban
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gbm 5 ngudi ma trong d6 it nhit phai 6 mat mot trong hai éng
AvaB.

S6 kha nang dé thanh lap mét tidu ban gdm 5 trong s6 11
thanh vién cua hoi déng sé la:

1
ca1s)= B
511 5)!

Né&y tiéu ban 5 nguoi khong 6 mat dong thai ca hai 6ng A
va B thi kha nang lya chon chi 1a 5 trong s6 9 uy vién con lai:

C(9,5)

R I

Vay =8 kha nang thanh ap tiéu ban 5 ngudi trong dé co it
nh&t mot trong hai éng A va B (c6 thé c6 mat dong thdi ea hal
~6ng) la:

C(11, 5) - C(9, 5) = 1462 - 126 = 336

Vi dyu 2.5. Cho 1 hinh thap giac 16 nhu & hinh 2.3.1. Gia st
khong 6 3 dudng chéo nao cia hinh thép giac ¢t nhau tai méot
difm. Hbi c6 bao nhidu doan thing dude hinh thanh ti cac
dudng chéo do cac giao diém giita ching tao ra. Nhu ta biét
dudng chéo duge tao thanh gitia 2 dinh. Do vay tong s6 dudng
chéo ciia mdt hinh thap giac 1a: CQ10, 2) - 10 = 35.

(5 day ta phai trit bét di 10 ti t6 hop chap 2 cia 10 yéu td vi
phai bét di 10 canh cta thap giac. _

Ta lai biét cit 4 dinh thi tao thanh 1 giao diém cta 2 dudng
chéo. Nhu vay téng 8 giao diém giiia cac dudng chéo la:

C(10, 4) = 210

Mit khéac, néu trén mot duong chéo co k giao diém thi

dudng chéo dé bi chia thanh k + I doan thing. Vi méi giao diém
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lai ndm trén 2 dudng chéo nén téng s& doan thing do cac giao
diém tao ra trén cac dudng chéo 1a: 35 + (2 x 210) = 455.

c
b

Hinh 2.3.1

BAI TAP

1. C6 bao nhidu kha nang dé chon 2 s8 tif cac 88 nguyén 1, 2,...,
100 sao cho téng cta ching 12 mot s6 chan? mét sd 187

2. Ap dung phép toan t8 hdp chiing minh déng thie sau:

C(2n, 2) = 2C(n, 2) + n? |

3. C6 bao nhiéu kha ning dé phan chia 22 quyén sach cho 5
sinh vién sao cho 2 sinh vién ¢6 mdi ngudi 5 quyén va 3 sinh
vién con lai ¢6 mbi ngudi 4 quyén?

4. C6 bao nhiéu kha néng d8 chia 2n ngudi thanh n cap?

5. Chung minh déng thitc sau day

C2n+2,n+1D=C2n,n+1)+202n n)+C2n,n- 1)



6. Cho 2n d6i tugng, trong dé n doi tugng 1a gifng hét nhau. Cé
bao nhiéu kha ning dé chon ra n d6i tuong tit 2n dbi tugng
trén. _

7. C6 bao nhiéu kha nang dé chon 2 86 nguyén trong cic s6 1,
2,..., n.- 1 sao cho tdng cha ching 16n hon n.

8. C6 bao nhidu tit duge ciu tao ti tAp = (0, 1, 2, 3/ c6 chiéu
dai 1a 8 va “chii” dau tién la 0? Tudng tu nhu viy cd bao
nhiédu tir ¢6 chidu dai 8 va “ch@” dau tién khéng phai 1a 0.
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Chuong I11
QUAN HE VA HAM 56

Nhu chung ta dd biét tit ca cac ddl tugng trong thé gidi
xung quanh ta déu ¢é nhiing mdi quan hé nhit dinh véi nhau.
R6 rang khéng ¢6 mét ddi tudng nao ¢6 thé tdn tai tach rdi
(khoéng 1ién quan) véi thé giéi bén ngoai. Mat khac, méi déi
tugng lai chia dung rit nhidu mdi quan hé néi tai c@ia ban than
n6. Xét mdt nhém sinh vién trong cing mét lép, ta c6 thé noéi
rang hai sinh vién ¢6 quan hé véi nhau néu ho cling ¢6 mét qué
hudng. Xét mot tap hop cac s6 nguvén {1, 2,..., 15} ta ¢6 thé néi
ring 3 phin 1 ndo d6 cta tip hop nay ¢ quan hé véi nhau néu
téng clia ching chia hét cho 4. Néi mét cach khae, cac phin td
hay cac d61 tugng c6 quan hé chat ché vél nhau nhung mél quan
.-hé duge hiéu nhu th& nao la phu thude vao dinh nghia cta
ching ta.

Trong chuong nay chiing ta sé& nghién cu cac moé1 quan hé
trén cd sd 1i thuyét tap hgp. Trude hét chung ta nghién ciu cac
mdi quan hé hai ngdi trén hal tap hdp va trén eung mét tap hop,
ciing v6l cac tinh chit ciia cAc mdi quan hé dé. Tiép theo ching
ta s& xét dén cdc méi quan hé sép x&p va cac méi lién quan giita
tap hop, tap sip xép va cac dai sb. :

3.1. QUAN HE HAI NGOI GIUA HAI TAP HQP

Dinh nghia 3.1.1. Cho 4, A,,..., A,, fich truc tiép cia n tap
trén duce dinh nghia nhu sau:. :
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A, x A, x.. xA, ={la, as..., an)la, eA,..,a, €A) (3.1)

Vi du cho A = fa,, aj, B=1[b,, by, b3, tacd tich truc tiép cla
hai tap trén nhu sau:

AxB ={a, ad x{b, by, by =
= {lay b)), (@, by, (a,, by, (ay, by, (ay, by, (@, ha)t

Dinh nghia 3.1.2. Quan hé hai ngbi tu tap A dén tap B, ky

hidu R, 1a mét tap con cla tich truc tiép A x B
RcAxB (3.2)
& day, A goi 1a mién xdc dinh cda R con B la d6i mién xde dinh.

Vidu3.1. Cho A ={a, ay a; a/ 14 tap hgp cac sinh vién tét
nghiép con B = {b,, by, by by by, bd 13 tap hgp cac ¢d quan can
nhan sinh vién t6t nghiép.

Gid si: R = [(a,, by, (a3 b)), (@ by, (a, bl 1a quan hé tu
tap A dén tap B; R md ta cac cip sép x8p noi cbng tac cho mdi
sinh vién. Rorang 1A R <A x B.

Néu A va B 1a cac tap hop hiiu han, nghia la lAl=m
|B|= n ngudi ta dung phuong phéap dé thi dé md ta quan hé
B A % B. Cac dinh ctia d thi biéu thi cac phan tu cua A va B,
cdn cac canh 1a cac dudng ndi cac cap (a, b) € R (cd khi ngudi ta
viét tit dudi dang a; R b).

b, by b, by b, b b
a 7‘4 b a, | O 1 c ©o 0 0
Z
a, a, 0 0 0 0 0
a, Ea a, ] o o © o 0o 1
b5 a, | 0 0 O 1 o 0
a, B —
aj b)

Hinh 3.1.1
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Ngoai ra, ngudt ta ciing thuong ding ma trdnm x n dé bidu
thi méi quan hé R ti A dén B. Phén ti m; cia ma tran dude xac
dinh nhu sau:

Lnéu(a, b )e R
= (3.3)

O.néu(a, b,)e R

Quan hé R gida 2 tap hop A va B trong vi du 3.1 dude mo ta
dudi dang 46 thi va ma tran nhu 6 hinh 3.1.1.

Ban than cac quan hé lai lién quan véi nhau tao nén cac
quan hé mai. Ching han hgp thanh gitta cac quan hé la mot
hinh thie tao nén cac quan hé mdéi gitta cdc quan hé.

(i s ta ¢6 3 quan hé nhu sau: R cA x B, § c¢ B x C,
T < C x D. Hop thanh ctia 2 quan hé R va S duge dinh nghia nhu
sal: .

R.S={a,c) |vb :(a,b) R, (b,c) eSS} (3.4)
((3 day ki hiéu v b;: doc 1& “c6 mot b;ma...”)
Pinh li 3.1.1. Hgp thanh cha hai quan hé hai ngdi c6 tinh
chi't két hop:

(R.8). T=R. (5. T) (3.5)
Né&u R, v R, 14 cac quan hé hai ngdi tit A d8n B thi:
- Giao cua hail quan hé: R; "R,
- Hgp cua hai quan hé : R, UR,
- Hiéu d4i x{ing cua hai quan hé: R, ®R,,
- Hiéu cua hai quan hé: B, \R,

Cang 14 cac quan hé hai ngdi.
Pinh 1i 3.1.2.
a) Hop thanh cda cac quan hg c6 tinh chét phén bg déi véi

phép hgp, nghia la:
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(R, UR,). S =(R, S) U(R, S) (3.6)
R. (S, USy)=(R.S) (R Sy
b) Hop va giao clia cac quan hé b tinh chinh quy déi véi
phép bao gbm, nghia l1a: '
R,cR,va RycR, =R, UR;cR, Ry 3.1
R,nR;cR, "R,
¢) Hop thanh caa cc quan hé c6 tinh chinh quy déi véi cae
phép bao gbm cac quan hé. nghia la:
R,cR,vaS;,cS,=R, 8, cR,. S, (3.8)
Pinh nghia 3.1.3. Anh ctia mdt phén td @ A do quan hé R

giy ra la mot tap con aR cta tap hop B va duge dinh nghia nhu
sau: '

aR=1{b, eBl(a,b)eR ' 3.9

Anh ciia mot tap con A’ A do R gay ra 12 mét tap con AR
ctia B:

AR-= “\:ACIR (3.10)

Anh aR clia A do R gay ra goi la anh cha A,

D61 anh cta b € B do quan hé R gly ra la mot tap con bR,
caa A.

P& anh cta mot tap con B < B do R gay ra la mét tap con
B'R, cua A. D61 anh ctia B 1a tap con BR. cua A

Sau day ching ta sé dé cap dén mot vai tinh chét cla quan
hé hai ngdi R dén tap B.

Pinh nghia 3.1.4. Quan hé hai ngdi R ti tap A dén tap
B la:

a) Hoan toan xac dinh néu aR # & 4 véi mdi a € A (nghia
1a BR, = A);

41



by MéL quan hé 1én trén, néu AR = B;

) Mot quan hé ham 38, néu laR|<1d6ivéi mbia € A.

d) Mot quan hé mdt - mdt. néu \pR.|< 1 @61 véi mbib < B.

Mot quan hé hai ngdi ham s6 va hodn todn xéc dinh (theo
dinh nghia 3.1.4) dude goi 12 mot dnh xa hay mot kam sé. Mot
4nh xa 1én trén duge goi la mot tean dnh con mdt anh xa mét -
mot dude goi 1a mot don dnh. Mot anh xa lén trén va mot - mot
duge goi 1a mQt song dnh.

Pinh 1i 3.1.3. Cho mdt anh xa f, mot quan hé dao f, cting 12
mdt Anh xa néu va chi néu f1a mét song anh.

Trong trud. - ' nay f va f, duge goi la cac song dnh ddo.

3.2. QUAN HE HAI NGOI TREN MOT TAP HQP VA CAC
TINH CHAT CUA NO

Pinh nghia 3.2.1. M6t quan hé hai ngdi ti tap hgp A 1én
chinh ban than né goi i quan hé hai ngoi trén tap hap A. Vi du cho
A 1a tap hgp cac s6 nguyén, duong. Ching ta c¢o6 thé dinh nghia
mot quan hé hai ngoi R trén A nhu sau:

(a,‘b) e R néu va chi néu (a - b) 2 20. Nhu vay, chidng han
(26, 5) eR nhung (44, 25) ¢ R va (5, 26} ¢R.

Mét guan hé A, trén tap hgp A, trong doé:

An=((a, a) |a € Al (3.11)

g0i 12 quan hé duong chéo hay quan hé dong nhit.

Sau day 13 nhiing tinh chit c¢ ban cia mét quan hé hai
ngdl trén tap hgp A.

Pinh li 3.2.1. Quan hé hai ngdl R trén tap hop A la
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a) Quan hé phdn xa néu:

A, c R, nghia la (a, @) ¢ R 461 véimoia € A

b) Quan hé déi xiimg néu:

R=R,nghiala(a, b) e R =(b,a) eR

¢) Quan hé phdn ximg néu:

RAR.c A,, nghia la (@, bJeRvarb,a) e R =a = b

d) Quan hé bdc cdu néu:

R.RcR,nghialafa, b) €R, (b, cJeR=xa,c)e R

Vi du cho A la tap hgp cac s§ nguyén, ching ta dinh nghia
mét quan hé hai ngdi R, trén A: (@, b) e R, néu vh chi néu a
chia hét cho b. R6 rang R, 14 mot quan hé phan xa vi mdi s
nguyén chia hét cho chinh ban thin né. Néu ciing trén tap A ta
dinh nghia mét quan hé bai ngdi khac Ry (a, b) € R, néu va chi
néu g > b. Ro rang R, khong phai la quan hé phan xa,

Vi du khac, ta cho B 14 tap hdp cac sinh vién va R la mot
quan hé trén B duge dinh nghia nhu sau: (a, b) € R néu va chi
néu a & cang mét phong véi b. Nhu vay R 1a mét quan hé dol
xing con quan hé R, ma ching ta dinh nghia trong vi du trude
14 mdt quan hé phan xing.

I6u C la tap céc hoc sinh, mdt quan hé hai ngd T duige
dinh nghia trén C nhu saw: (@, b) € T néu va chi néu a va b
cung mét ho. Nhu vay T 1a mét quan hé béc cau.

3.3. CAC QUAN HE TUGNG DUONG VA PHAN HOACH

Dinh nghia 3.3.1. Mt quan hé hai ngdi trén mdt tap hop
g0i 14 quan hé tuong duong néu né la quan hé phan xa, déi xtng
va béc ciu.
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e f Vi du quan hé R cho
0 0 tréntépA={a b ¢, d, e f
o o dugcmd td§hinh 3.3.11a
0 o mét quan hé tudng dudng.

C 0 0 1
d o 0 0o 1 1 ’ Cho B la tap hop C.lfa
cac day s6 0 va 1 ¢6 chién
e |0 0 o6 1 1 g T ERANE ]
dai it nhit bang 3. Mot
f 4] )] 0 1 1 1 . ~ "
quan hé R trén tip B duce
Hinh 3.3.1

dinh nghia nhu sau:
(a, b) € R néu va chi néu cac diy s6 a va b c6 3 con s6 cudi ciing
nhu nhau. R6 rang day 1a mét quan hé tudng duang.

Dinh nghia 3.3.2. Mot phdn hoach ciia mét tip hop A la mbt
tap cac tap con cua A, ki hiéu (A, A4,,..., 4./, sao cho:

k
EJIAI' = Ava A r“\_AJ- =1, j €1, 2.,k

L2y

Céc tap con A; A ton gol la cde khoi ciia phin hoach.

ViduA =/a b ¢ d e f g h/, mdt phan hoach cua A cé
dang nhu sau:

m={fa, b, cl, [d}, le, f}, {g, h}}

Ngudi ta con viét cac khéi cia phan hoach dudi dang khac 1a:

n={abcdef gk}

Bay gi¢ ching ta hay xét dén méi lién quan gitta quan hé
tudng duong trén tdp hop A va phan hoach cia tap hgp d6. Tix
quan hé tudng duong trén tip A ta dinh nghia mét phin hoach
cua A sao cho méi cip hai phan tit trong cung mét khéi eé6 quan
hé véi nhau, ¢on cip hai phan tit bat k3 § hai khéi khée nhau
thi khéng ¢6 quan hé vdi nhau. Khi d6 méi khéi caa phan hoach
dudge goi 1a mat lop twong duong.
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Vi du 3.2. Cho A la tap cac 86 tu nhién, con n 1a mot S0
nguyén nao doé xac dinh. Ching ta dinh nghia mot quan hé hai
ngdi R trén A nhu saw: (a, b} € R. néu va chi néu cac s6 du doa
va b chia cho n la nhu nhau. Nhu vay R 14 m§t guan hé tuong
duong va R tao nén n 16p tuong dudng trén tap A. Lép thi nhit
bao gom céc s6 chia chin hét cho n (s du bang khong) 16p tha
2 bao gdm cac s6 chia cho n con du 1, 1dp thit 3 bao gbm cac s6
chia cho n con du 2... va 18p tha r bao gbm cac s6 chia cho n con
du n - 1. Hai 6 @ va b & cung mot 1dp tuong duong nhu trén
duge gc_ji 1a trwong duong véi nhau theo modul n, thudng co ki higu la:

a = b(mod n)

Pinh nghia 3.3.3. Gia st m, va 7, 13 hai phin hoach cua
tap A. Ching ta noi rang n, bé hon hodc bang ., (m, < M) néu va
chi néu mdi modt khdi cua phén hoach 7, nidm trong mot khoi
nhat dinh cua 7y

7 Sy AA € T, AA; € Tl A c A (3.12)

(Bibu thic (3.12) duge doc la: @; bé hon hodc bang n, néu va
ch} néu véi moi A; thude n, c6 mot A thude 1, sao cho A, 1a tap
con cua A).

Vi du 3.3. —{123 4,5,6,7,8 9

Chtng ta ¢6 ;< m;, con gifia m, va 7, cing nhu 7, va m, khong
¢6 guan hé so sanh nhu trén.

Dinh nghia 3.34. Phéan hoach w goi 13 tich cia hai phdn
hoach m, va m, (m = My T ,) néu va chi néu = 1a phan hoach ldén
nhét thda man didu kién © £ T, va T < My
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¢
Nhu vay néu R; v R, la cac quan hé tuong duong ting vdl
x,va m, thi R = R, nR;la quan hé tuong dudng ing vii n=T, . %5,
Pinh nghia 3.3.5. Phan hoach = goi 12 tong cda hai phdn

hoach m,va m, (m = m + n,) néu va chi néu 7 12 phéan hoach bé
nhat théa man didu kién =, vA T2 @,

Né1 mdt cach khae, phan hoach n ing v61 quan hé R=R R,
Hai phan ti @ va b d trong cung mdt khéi cua m, + s néu ton tai
mét chudi cac phan ti C,, C,,...., Cysao choa va C, 6 trong cung
mét khéi caa n, hodc C, va C; & trong cung mot khéi cua «,
hoac m,... va cudl cing G, va b & trong cung mot khoi cua m, hodc
n,. T vi du 3.3. ta cb:

nt+ 1, = 11,2,34,5,6,7.89}

Hé qué 3.3.5. Cho m, va m, 12 cac phan hoach ctia tip hap A.
MMy <D My By = Wy (3.13)
TI‘ETIZQQ‘_‘)TI{!’ T[Q:.T[Q

Ching han t tap A va cac phan hoach 7, va m, cho 6 vi du
3.3 ta cd

3.4. QUAN HE SAP XEP, TAP SAP XEP VA CAC DAL SO

Dinh nghia 3.4.1. Mdt quan hé < trén mdt tAp A goi la mot
sdp xép riéng rin A néu nd thoa mén cac tien dé sau day:
1. Tinh phdn xg: Ax = A, X £X

(ki hidu A x ¢6 nghia 1a “vé1 moi x”)
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2. Tinh phdn ximg: Néux,y € A, x yvay sxthix=y

3. Tiph bdc cdu: Néux, vy, - « A, x <yvay <zthix <z

Maét tip A ma trén dé dinh nghia duge mdt quan b sap x€p
riéng < duge goi 14 tap sap xép riéng.

Pinh nghia 3.4.2. Mot quan hé < trén tap hop A got la mée
sdp xép toan phdn ctia A néu:

a) n6 14 mot sap xép ridng;

b) né thda min thém tidn dé vé tinh lién théng {(4) sau day

4. Tinhliénthong: x,y € A =>x <y hodcy <x

Mét tap hgp A ma trén dé cd thé dinh nghia dude mdt quan
hé sip xép toan phan goi 1a mot tap sdp xép terw phdn, hay la
mot fdp sap xép don gidn hoic mol day.

Vi du 3.4. Cho A 1a tap cac s8 chia hét cas 36,4 = /1, 2, 3,
4,5 6,9 12, 18, 36}, chiing ta dinh nghia rmot quan né & niu
saw: “x <y" 14 quan hé “x 12 s6 chia h&t cua y". {uan " ] cd e
dude mé ta bing d6 thi ¢ hinh 3.4.1.

36

i
(Sl

—

1

Hinh 3.4.1 Hinh 3.4.2
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RS rang day }a mét quan hé sip x&p riéng vi khong phai tat
¢d chc phén tl déu théa méan tinh lién théng, ching han cac
phantii 4, 6,9, v.v...

Né&u A 1ai 12 tap céc s6 chia hét cia 27, A =1, 3,9, 27} va R
cing duge dinh nghia nhu § trén thi day 14 mét quan hé sap xép
toan phin va ta 6 mot day nhu d hinh 3.4.2.

Gia st B 12 mit tap con khong trong cua tap sip xép riéng
A va b, € B. Phan tl b, goi 14 phdn tit bé nhdt cia B néu b, <b véi
moi & e B. Phan ti b, dude goi 1a phdn i cuc tiéu cia B néu
khong c6 phan ti & nao ma b < b,. Nhu vay phin (G bé nhat
cting la phan t cuc tiéu nhung phan td cue tiéu khong nhat
thidt 13 phan t{f bé nhat vi quan hé sip x&p riéng khoéng kéo
theo quan hé lién théng. Tuong tu nhu vay ching ta ¢6 thé dinh
nghia dugc phdn ti ion nhdt va phan tir cuc dai.

18 12

Hinh 3.4.3

T dinh nghia d6 ching ta ¢6 thé suy ra rang mot tap con
hiiu han X ctia tap siap xép riéng P Juén c6 cac phan ti cyc dal
va cuc tidu.Trong mdt day (tap sip x€p toan phan) thi khai
niém vé phan ti 16n nhit va phan ti cuc dail cling nhu khai
niém vé phan td bé nhit va phan ti cuc tiéu 12 tuong dudng véi

nhau. Mot day hitu han ludn c6 mdt phan tu lén nhit va mot
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phan ti bé nhat, chang han day duge md ta ¢ hinh 3.4.2 ¢6 phan
{4 bé nhat 12 1 va phén t& 16n nhat 13 27. Mot tap con hiu hanp
mé ta & hinh 3.4.3 clia tap sap xép riéng A (md ta d hinh 3.4.1)
6 cac cuc ticu 1a 3 va 4 cdn cdc cyce dai la 12 va 18

Bay gi¢ ching ta hay dé cAp dé€n mét khai mém quan trong
ctia toan hoe hién dai, dé 1a khai mém vé ding ciu vi dong clu.

Trong 1y thuyét tap hgp thi hai tap hdp ding cau véi nhau la
hai mé hinh cu thé cha cing mot khai niém toan hoc tritu
tugng. Hai tap hap d&ng cdu véi nhau sé khaong khac gi nhau vé
phudng dién cac tinh chat duge mé La.

18 12
5@, 3
4
9 (]
1
) 3

b}

18, 5) (12, 53 (18,3 (12,3}

(3,1}

Hinh 3.4.4
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Pinh nghia 3.4.3. Cho A va B la hai tap hgp. Néu ton tai
sy tucng ung mot - mét gidta A va B thi sy tuong ing do6 goi la
ddng cdu. Tap A va B luc dé duge goi 14 ¢6 tinh dang ciu véi
nhau. Néu su tuong vng d6 khong phai la mot - mét ma la
nhidu 1én mot tii A dén B thi duge goi la dong cdu, con A va B go1
la c6 tinh dong c&u vdi nhau.

Vi du 3.5. Mot diy hiiu han k phéan ta la dang ciu voi mot
tap sép xép N, = {1, 2,..., k. O day k ]a cac sd nguyén, duong.
Néi mét cach khace luén luén ton tai mét anh xa f tii mot day C
6 k phan tit dén tap sap xép N,.

C&u tric dai s6 ctia mot tap sap x€p riéng cd thé md réng
cho mot tap cac tap sip x€p riéng. Dinh i sau day cho ching ta
thay ro diéu do.

Pinh li 3.4.1. Cho P la tich truc tiép cua hai tap sap xép
riétng A vd B. Ching ta dinh nghia mit quan hé bao gom nhu
sau: (@, b, <f(a, b, néu vi chi néu a, <a, trong A va b, <b,
trong B. Tap P ¢ quan hé bao gom tich nhu trén 12 mét tap sap
xé&p riéng.

Pinh i nay c6 thé md rong cho trudng hgp tong quat 1a tich
truc ti€p cha nhidu tap sip x€p riéng.

Vidu3.6.ChoA={1, 35/, B={34, 6,9, 12, 18/ 1a hai Lap
sip xép riéng duge dinh nghia theo tinh chia dude 8 hoc (x 1a s0
chia hét clia y). D6 thi mb ta cac tap sdp x€p riéng A, B va tich
truc tiép A x B tudng tng véi cac hinh 3.4.4 @, b, ¢.

P& phan biét va thiy rd mdi lién hé gida tap hop. tap sap
x&p va cac dai s6 ching ta sé dua ra cac dinh nghia vé cac phép
toan giao va hdp. Dong thai ching ta cang ching minh rang tap
sip x&p la soi day lién hé gitia tp hgp va cac dai s0.
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Dinh nghia 3.4.4. Cho mét tap sap xép riéng P va hai
phan t x, y ctia tap hgp A. Mot phéan td b e« P goi 14 gidi han
dudicha x vay néu b <xva b <y. Phan tii m e P goi 12 gidi han
dudi lon nhdt cuax vaynéum <xvam <y va b <m ddi véi moi b
mab<xvab<y. '

Ciing tuong ty nhu vay chiing ta ¢6 thé dinh nghia dude gigi
han trén va gidi han trén bé nhat.

Phan tU m e P goi 1a gige cha x va ¥ néu né la gidi han dudi
16n nhat. Phan t( e P goi la hop clla x va y néu nd la gidi han
trén bé nhat.

T cac dinh nghia trén ching ta thay déi véi x va y cho
trude thi giao va hgp cua chung 1A don tri, néu ching ton tai.
Déng thdi giao va hdp la cde doi ngdu sdp xép ldn nhau. nghia la
cac dinh nghia cla giao ¢6 thé suy ra tit cae dinh nghia cta hop
va ngudc lai bang cach thay thé quan hé x <y bang nghich dao
cua chung. '

Ngoai ra phép tinh giao va hgp cb tinh hdp thu, nghia la:

x N {x Uy =x (3.14)
xuUxmny=x

Ta ki hiéu O va I 14 cic phan ti bé nhit va lén nhat cua
mot tap sap x&p riéng (néu chung tén tai). Dén day ching ta ¢o
di cd 86 dé c6 thé dinh nghia dai s6 mdt cach tom tit nhu sau:

Pinh nghia 3.4.5. Cho 2 = {n,, n,..., n,/ 1a mdt tap hdu
han cac s6 nguyén khong am va A 12 mét tap nao do. Né&u {ing
véi mdi phan tl n, chaiag ta gan cho mét phép toan w, dinh
nghia trén Lap A th}-'e‘ﬁ"lmg ta cé mit cdu tric dai 56 A, 0, ©.,...,

®,. DAy 14 ciu tric dai s6 tdng hdp trén A véi mién toan tu 2
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Dé thay rd méi lién hé giita tap hop, tap sip x&p va cac dai
6 chting ta gidi thibu mét bang so sinh sau day (Bang 3.4.1).

Bang 3.4.1

[

Tap sap xép

Pai s&

Cac phep toan

X ¥: 1ap cac phan
cé trong X, trong Y va
trong ca hai

X U y: gidi han

trén bé nhat cla

Xvay

c: chira <: bao gém <: bat ddng thitc
Quan hé X< Y:Xchiratrong¥ |x<y.ybao a<b: bldn hdn
_ goém x hoZc bang a
L i tuyén iz hgp +: gidi han trén bé

nhat
a + b: gidi han trén
bénhitctaavab

“3; hoi
X ¢~ Y: tap cac phan td
chifatrongcaXva'Y

£ giao

X <y gidi han
dudi Ién nhat
claxvay

1. : gigi han dudi 16n
| nhat

a. b: gidi han dudi
ién nhatclaavab

Phan td

L.

A: tap hdp 18ng

i: phan ti idn
nhat

1. 86 1dn nhat

2 1ap hop trdng

O phan tr bé
nhat

0: s6 bé nhat

J

3.5. DAN VA CAC HE THONG DAI SO

Trong phin niy ching ta chi xét dén khia canh dai sd cta

cAc tap sdp x€p. do vay ching ta sé si dung cac ki hiéu cta cac
phép toan giao va hgp nhu § d.! 8. Trong céc hé thang dai b dé
chi phép toan giao chiing ta dung ki hiéu "7 hoéc “A” hodc
khéng c6 ddu cham, con dé chi phép hop chung ta dang ki hiéu
“+* hioac “v".Chang hana b=arb=abvaa+tb=avh N1
dung chu yéu cia phan nay la gi6i thieu mét khai niém co ban

cta dai &8 hién dai, d6 12 khai niém vé dan. Ti khai niém vE

dan ching ta sé xay dung cac hé théng dai s ma phan quan
trong nhit 1a dai s6 Boole. '
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Pinh nghia 3.5.1. Dan 1a mét sép xép riéng D ma trong db
2 phan t bat kix va y ¢6 ca 2 phép toan giao va hop.

a) b)
{a, b, c}
{b, ¢} ’ ‘ (@b}
{c} {a}
%] 9
Hinh 3.5.1

Chung ta ¢6 thé kifm tra mét cach dé dang ring cac hinh
3.5.1 @, b, ¢ 13 cAc dan. Dan ing véi hinh 3.5.1 ¢, xay dung tu
tap Iy thia cua tap hgp S = {a, b, ¢f.

T khai niém vé dan ching ta ¢6 thé dé dang dinh nghia hé
théng dai sé v61 hai phép toan tuong dng vé dan da cho. Chéang
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han hé thong dai s8 véi hai phép toan giao va hgp ling v61 dan 8
hinh 3.5.1 a cho 6 hinh 3.5.2.

Bing cach tuong ty nhu vay ta cd thé dinh nghia cac hé
théng dai s0 tuong Ung voi cac dan cho & hinh 3.5.1 & va hinh
3.5.1c.

¢ d e f
¢c d e f
e d e g
c g e f
g d g 9
e g € 4
f g g f
g 9 9 9

Hinh 3.5.2

Trude khi nghién ctu cac tinh chét cua dan chung ta hay
<6t cac tinh chat cua hai phép toan giao va hdp.

Tif cac dinh nghia ctia phép toan giao v phép toan hdp
ching ta c6 thé suy ra rang, trong mot tap sap x€p riéng A, néu
tén tai cac phép toan giao, va hdp ctia hai phan ti x, y € A thl
ching phai thoa man tinh chit sau: -

x <ynéuvichinfux. y=xx+y=Yy (3.15)

Biéu thite (3.15) ¢6 thé viét dudi dang ngin gon nht sau:

LY S Yy=LXHY=EY

Céc tinh chit co ban cha hai phép toan giao va hgp cé thé
tom tat trong dinh li sau:

Dinh li 8.5.1. Trong mot tap sip x8p riéng A, néu tén tai
céc phép toan giao va hdp gita hai phan td clia A thi ching sé
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thda man cac tinh chat liy ddng, giao hodn, két hop va loai trir sau
déy:

Dixx=x xX+x=2x% (3.16)
Dox y=y x X+y=y+x (3.17)
Dyx(y.zl=(x.yv.2z x+@+a)=(+y)+2z (3.18)
Diox.(x+y=x I+xy=x (3.19)

Cée tinh chit trén ¢6 thé dude ching minh mét cach dé
dang trén co so cac dinh nghia ciia hai phép toan giac va hgp.
Chéng han ching ta thu chl’mgl minh tinh chat két hdp (D,),
nghia la phai chitng minh:

x+y+zi=(x+y)+z
Giasttadatg=x+(y+2)vih=(x+y/+2
Vi g 14 hop cua x va (y + 2) nén:
x<gvaly+z) g

Vily+z)sgnény<gvaz<g

Vi hdp ciia x va y 1a gidi han trén bé nhit cia chung nén tit
cac bit ding thiic x <g v y <g ta cé:

(x+y} <g ‘
B4t dang thic trén két hop véi 2z <g chiing ta co:
(x+y)+z<g =>h<g

Bang cach tuong tu nhu vay ching ta chiing minh dugc
g<shvadodbg=~rh

Bay gic chiing ta haiy dé ciap dén cac tinh chit cua dan.

Pinh li 8.5.2. Trong mét dan bat ki, tat ea cac phan tli thoa
man:

a) bén tinh chat tix D, d&n D,

o
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b) tinh chdt bdo toan, nghia la:
XYy 22X 25y 2 x+z<y+z (3.20)

¢} bat dang thirc modul, nghia la:

X<z =x+(z.y) Slx+yhz (3.21)
d) bdt dang thitc phdan b, nghia la;

x(y+z)2{x y)+(x z) (3.22)

x+y. 2 <(x+y){x+z) (3.23)

Chitng minh: Tinh chit a) col nhu dudng nhién, cac tinh
chit con lai ¢6 thé chiing minh mét cach dé dang trén cd sd cac
dinh nghia cting vdi cac tinh chat cua cac phép giao va hdp. Vi
du ching ta thd ching minh tinh chat ¢):

Vi x<zvax <x+ynénx <f(x+y) 2 (3.24)
Vi Vz <z, yz Sy vay <(x +y)
nén: v.2 S(x+y)z (3.25)

két hop (3.25) véi (3.24) ta c6:
X+y. zs{x+y)z (3.26)

TU dinh nghia vé dan ching ta ¢6 thé suy ra la mét dan
hitu han ¢6 mot phin ti bé nhat va mét phan ti 16n nhit. Phan
ti bé nhit chinh 1a giao tl tat ca cac phan it eia dan, con phan
tit 16n nhat chinh 13 hop caa tat ca cac phan tud.

Dinh nghia 3.5.2a. Mot tap hop khong tréng véi cac phép
toan hai ngéi don gian théa man cac tinh chat ti D, dén D, goi
la nita din.

Pinh nghia 3.5.2b. Ndu P 1a mét tap sap xép riéng ma
trong dé hai phan ti bat ki ¢6 phép toan giao (hdp) thi P goi 13
ntta dan giao (nda dan hgp).
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DPinh li 3.5.3. Mot tap khang tréng D véi hai phép toin hai
ngdl théa mén cde tinh chat tiy D, dén D, 1a moét dan.

Dinh li 3.5.4. Tich truc tiép A, x A, x... x A, la mot dan néu
AL A, ..., A 1A céac dan.

T dinh nghia vé dan va cée tinh chit etia chang, ta thiy cé
thé chia thanh nhiéu I6p dan khac nhau. O day chung ta chi
quan tim dén 3 16p dac biét ctia dan, d6 1a dan modul, dan phan

bé va dan phéan bd bt (hay 1a dan Boole).

Trude hét chung ta hiy xét dén dan modul.

Dinh nghia 3.54. Dan D 13 mét dan medul ndu né thoa
man cac dﬁng thic modul:

Dinx,y,zeD x<z =x+ fy.2) =lx +y)z (3.27)
_ Dinh Ii 8.5.5. Dan D 1a mét dan modul néu vi chi néy 6
quan hé sau day:

(xSz,xy=2y,x+y=z+y) =x=z (3.28)

Ching minh:

Diéu kién cdan: Gia thidt dan D 1a mét dan modul, ching ta
phai ching minh rf"i_ng néu ba quan hé & v& trai cha bidu thiic
(3.28) thda méan thix = z. Gia st x, ¥, 2 € D ta ¢6:

X =x+xy(theo D))
= x + zy (theo gia thiét}
={x+y)z (theo D))
= (z + y)z {theo g4 thiét)
=2 {theo D)

Diéu ki¢n dii: Chang ta phai chitng minh ring ba quan hé ¢
vé trai cta (3.28) kéo theo x = 2, nghia la ta c6 quan hé (3.28),
thi dan D 1a mét dan modul (nghia 1a D phai thda méan tinh
chdt D). That vay:
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x +(y. z) =x+(x y (theo gia thiét)
= x (theo D))
= z (theo gia thiét)
= z(y + 2J (theo D)
= 2 (x + y) (theo gia thiét)

Vay d6 14 mot dan modul.

Maét 16p quan trong khac cua dan ja dan phdn bo.

Dinh nghia 3.5.5. Dan D 12 mét dan phdn b6 néu nd thoa
man cac phudng trinh phan bd sau d8i vé1 moi %, y, Z € D:

Dea: x(y + 2) = {xy) + {xz) (3.29)
Dg:x+(y.2)=(x+y). (x+2) (3.30)

Dinh 1i 3.5.6. Dan D 1a mdt dan phén b6 néu va ghi néu doi

vil moi x, ¥, z €D
{xy = zy v@ X+y = z+y) = x=2 (3.31)

Chﬂng minh dinb 1y nay ciing tucng tu nhu ching minh
dinh 1y 3.5.5, chi khac la § day ching ta van dung thém cac tinh
chat Dy, va Dy, T dinh Iy nay ching ta ¢6 thé suy ra dan phén
b6 1a mét dan modul.

M6t 16p dac biét cua dan phan bé 1a mébt dan phdn bé bt hay
dan Boole.

Cho D la méot dan ¢6 phan tif bé nhét 1a 0 va mot phan tu
l6n nhat 13 1. Gid stix, vy e D. Néuxy=0vax+y=1thiyla
phdn ti bit clia x va ngugce lai x 14 phan ti bt ctia y. Pban t bu
duy nhét cia 013 1 va nguge lai phén ti bit duy nhat caa 1 1a 0.

Dinh nghia 8.5.6. Dan D la mot dan ba néu cac phan tu

cha nb déu cb phén tit bu.
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Mot cach tdng quat, trong mét dan co thé ¢6 nhiing phan ti
khéng c¢6 phan tit bl nhung ngude lai ¢é nhing phén tu co
nhidu phan td ba. Chang han trong dan vé J hinh 3.5.3 a phan
tit A khong ¢6 phan ti bu nao ca, nhung phan ta 6 3 hinh 3.5.3 b
va hinh 3.5.3cc6 2 phantibulaa vae.

Tuy nhién c6 nhiing 16p dan ma moéi phin ti chi ¢6 mot
phan ti bt duy nhit néu phan td bt d6 ton tal.

Hinh 3.5.3
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Pinh }i 3.5.7. Trong mét dan phén bg, néu mét phan ti co
bit thi phén tii bit 1a duy nhat.
Chitng minh: Gi4 sit phin td @ c6 hai phan tibu la b vac,
nhu vay ta co:
a+b=1 a.b

I 0
< [

a+c=1 a.c
Mat khac ching ta co:
b=b l=bla+ci=b.a)+(b.c)=0+(.c)=
=fa.)+{b.c)=fa+blc=c
Nhu vay dinh 1y da duge chiing minh.
Mat dan phdn bé' bi duge go
ia mot dan Boole. Nhu vAy sd
lugng phén t@ cua mot dan
Boole 14 chan, hay néi mit cach b
khac, néu cho ta mot dan Boole
thi ta c6 thé tim dudc mét sd
nguyén n sao c¢ho 6 lugng pbén
tu cuia din Boole dé 14 27. Vi duy
dan cho & hinh 3.5.4 1A mdt dan
Boole v6i s& lugng phan td la
4 = 2"

0

Hinh 3.5.4

Tém lai, tap hop cta cac tap sip xép (TS) 1a mot tap con
ctia tap hop cac tap néi chung (I). Dan la mét tap sip x6p ma
trong d6 hai phén td bat ky x va y c6 phép giao va phép hap,
nghia 14 tap hop cac dan (D) 14 mét tap con cla tap hop cac tép
sép x&p. Tap hgp cae dan modul (DM) la tap con clia tap hgp cac
dan D, vi ban than dan modul 1a mét dan ma trong dé cac phan
i ctia né théa man ding thie modul. Theo dinh nghia ¢ trén
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thi dan phan bd ciing 12 dan modul cho nén tap hop cac dan
phan bd DF 1a mdt tap con cta tap hop cae dan modul DM.
Tuong tu nhu vay ta ¢6 thé suy ra tap hgp cac dan phén hé b,
hav 14 dan Boole (DB), 134 mot tap con cua tap cac dan phéan
bd DF.

T4t ca cac mé1 quan hé néu trén, il tap hop tong quat dén
dan Boole, ¢ thé dude minh hoa nhu ¢ hinh 3.5.5:

T: Tap hop cac tap

TS: Tap hop tap sap xép

D: Tap hgp cac dan

DM: Tap hop cac dan modul
DF: Tap hop cac dan phan bo
D8: Tap hdp cac dan Boole

DF Chung ta nghién cdu
dan Boole két hgp vé 3
phép todn gilao, hgp va
phu dinh tée la nghién
cttu dai s6 Boole. Phan
tiép theo cua chuong nay
s¢ dé cap dén dai s8

Boole vA ham Boole.
Hinh 3.5.5

3.6. DAI SO BOOLE VA HAM BOOLE
3.6.1. Dai s& Boole va cac tinh chat co ban

Khi nghién ctu cae tinh chiat dm 56 eua dan Boole chung ta
thay cac phép todn giao, hgp va phu dinh bang cac phép toan
tuong Gng trong dai 6 14 nhén (), ¢dng (+) va phu dinh (). Bay
gid chung ta ¢d thé dinh nghia dal sd Boole mdt cach tong gquat

nhu sau:
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Pinh nghia 3.6.1. Pai s Boole 1a mét hé théng dai sé
(B, +,., -, 0, 1) bao gdém tap hop B, cac phép toan hai ngd cong
(+), nhan (), va pht dinh (-) hay phép toan ba thoa mén cac t1én
dé ti1 D, dén D,, Dy va tién dé sau day:

D.: D81 véi mébi phén titx e B ton tai mét phan ti bu x 540
cho x.J_c=0, x+ x = 1.

Dai 6 Boole goi 12 suy bién néu déng nhit tich bang déng
nhit tong, nghiala 0= 1.

Tap hgp B véi cac phép toan hai ngdi thoa méan cac tién dé
trén chinh 14 mét dan phan bd bt hay mot dan Boole. Ching ta
bidt ring dan Boole ¢6 mot s6 chln cac phan td, hay néi mot
cach khae., cho mot dai s& Boole ta ludn luén tim duge mot s6
nguyén ducng n dé c6 thé bidu dién s6 lugng phan tit cGa dai s6
Boole do dud dang 27

Vi du dai s6 Boole hai phan td B, = /0, 1) thin = 1, dai s
Boole 4 phan tii B, = /0, a, b, 1} thi n = 2. T nhin xét trén
~ chuing ta c6 thé suy ra rang, mot dai s6 Boole B, ding cdu vii
tap lay thita P(A), 6 day (A= n.

Vi du 3.7. Cho dai s6 Boole B, = /0, a, b, 1} v0i chc phép
toan mo ta d bang 3.6.1

Bang 3.6.1
0 a b 1 —+ ’ V] a b 1 _.-
clo0o 0o 0 0O ) 010 a b 1 g |1 _
a 0 a 0] a a a a 1 1 a b
b |0 0 b b h ;0 1 h 1 b | a
1 0O a b 1 1 1 1 1 1 1 0




Biy gid ching ta xét mot tdp lay thua P(A), trong do
A = {a, b}, do vay P(A) c6 4 phan ti:
P(A_) = f‘ {,@, {a IE; t}b _)!: {a, b JE !‘
Nhu vay P(4) 1a mot dai s& Boole vdi 3 phép toan duge md
ta ¢ bang 3.6.2.

Bang 3.6.2

~ [ 2 @ m b I
%] 1%} % %] %] %] {a b}
@ | o & o @ @ | o
| @ @ {5 b (b} ‘ {a)
@bi| © @ B (b fab) ] @

2 ) (b} {ab)

% %] {a} {b} {a,b}

{a) {a} (a} {a.b) fa.b}

b} B b b} fa.b}
@b ab} f{ab) {a.b} @b)

R6 rang P(A) dang cfu véi B,, diéu nay dude minh hoa g
hinh 3.6.1 {a,b}

1
{b}
a o =P tal
4
%)
0

Hinh 3.6.1
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DPinh nghia 3.6.2. Trong dan ¢6 phan td 0 thi mot phan ti
bat ky pht phan t 0 goi 12 nguyén td ciia dan.

VidudanB.= /0, a,b,¢ d, e f 1 }vE&dhinh 3.62c063
nguyén tu la a, b, ¢ vi ching pha phfin tu 0.

Cho B 13 mét dai s6 Boole va x eB. Ta goi Alx) 1a tap cta eac
nguyén (U a sao cho a<x.

Afx) = fal a< x} (3.32)

Vi B 14 mdt dan nén khi
x =0 hi Alx) = & Néu A la
tap hgp cua tét ca cac nguyén
1 cua mét dai s6 Boole thi tap

nguyén ti Afx) c6 mdt s tinh

chil sau diy:
a) Alx) NAlx) =0
C

b Afx) U A(x)=A :

c) Alx)=Aly) o x,ye B x=y

di Alx) c Aly) <ox <y 0

e) A(x.y) =Alx) NAly)

f Alx +y) = Alx) U Aly)

g Alx)=A-Afx)

h) Ala, a,.. a,) =Afa) N Alay) M.... NAla,) =&

Hinh 3.6.2

) Ala+0,+....+a,) = Ala) UAfy) w... UAla,)=A (3.33)
trong d6 A = {a,, ay.... a,

Cac tinh chit trén day ¢6 thé ching minh mdt cach dé dang
trén cd sd dinh nghia vé nguyén ti. Mat kbac cie tinh chat nay
cho phép chang ta chiing minh mét dinh Iy quan trong sau diy.
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Dinh 1y 3.6.1. Néu B = / x;, x,,.... x,,} 1a m6t dai s8 Boole va

F 1a tap hop etia cace tap hgp AfxJ, nghia la:
F=jAlx,), Alx,),.... Alx, )},

thi /B, +,., -) va (F, L, M, -) 1a ddng cdu vi nhau.

Chiing minhk: Vi tit ci cac x, 1a khac nhau nén it tinh chat
(¢) 8 trén ching ta thiy ring:

phép hién déi @: x;, ¢y Afx,)

ti tap B vao tap F la anh xa mdt - mét va lén trén. Nhu vay
phép bién dbi ¢ mang céc toan td +,., -, vao cac todn ti caa I
thuy8t tap hop : U, M. va -t B vao F. Do vay B va F dang ciu
v&i nhau.

Dinh 1y 3.6.2. Cho A la t4p hgp cua tit ca cac nguyén ti
a,, Gg,-..... a,, cua dail s6 Boole B, ta co:
F=P(A) . (3.34)
Chitng minh: T dinh nghia cla F ching ta thay mbi phéan
td cua F 13 mdt phin ti cta PA). Nguge lai, chiing ta kiém tra
xem c6 phai mdi phan ti eta P(A) 1A mdt phan i cia F hay
khéng?

That vay, xét mét phan tiz bat ki cia PfA), ching han

vihk £ mcaca, la phanbiétnhau, i e /1, 2,...., k)
A, =Afla;) VAla,) ... VAla) =Ala, v o+ . + @)
vi Afx;) 13 mdt phan Wi cua F, do d6 F = P(A).
Pinh ly 3.6.3. Néu A 13 tap hgp cua tat ca céc nguyén td

ciia dai s6 Boole B thi B ding ciu véi P(A).
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Tu dinh Jy 3.6.3 ching La ¢ thé suy ra mot s6 hé qua quan
trong-sau diy:

Hé qua 3.6.3a. 80 lugng cac phan ti cua dai s6 Boole 1a lay
thiza ctia 2. N6I mét cach khac, d6i vl mdi dai s6 Boole cho
trude 16n tal mHt 6 nguyeén ('lufdng sao cho 86 lugng cac phan L
cua dai s6 Boole B 1a 27,

HE qua 3.6.36. Néu B va C 1a hai dai sd Boole ¢6 eting mot
s6 lugng phén 1 khéace nhau thi B va C la dang cau.

Hé qua 3.6.3c. Mot dai s6 Boole c6 2* phan i (ky hiéu la
B ) c6 ding n nguyén L.

BDinh 11 3.6.4 Tich trdc tiép cua hal tap hop B va € 1a mét
dai 50 Boeole néu va chi néu B va C 1a cac dai s6 Boole.

Hé qua 3.6.4a. N&u B va C 1i hai dai s Boole vdi s6 luong
nguvén tu ruong Gng la m va n thi tich tryc 1i6p B x C la mét
dai s6 Boole ¢6 m x n nguyén tu.

Hé qua 3.6.45. Mot dai s6 Boole batl ky n nguyén tui (B,.)
dang ciu véi tich truc ti€p n dai s6 Boole hai phin t& B,=/0, 1 /-

Bl = ByxB,x..xB, < B, - (3.35)
— e 4 =

Vi du 3.8. Dai s6 Boole 8 phan ti By, = /0, a, b, ¢, d, e, f, 1}
dang ciu vd tich truc ti1ép
B; =B, x B, x B,= /000, 001, 010, 011, 100, 101, 110, I111) .
Tinh chit nay duge minh hoa ¢ hinh 3.6.3.
Dai 56 Boole B, ¢6 3 nguyén tii la a, b, ¢ va tix 46 ching ta ¢o
thé l1ap dude tap hop F clla tit ca cac tap A(x,) nhu sau:
A0)=(2) A(d) = fa, b}
Afa) = fa} Afe) = fa, ¢}
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Alb) = (b} AP = b, ¢}
Afel =/} A(l) = ta, b, ¢}
R6 rang 1a B ddng cdu véi F.

111

XA
N

Qoo

{a, b, ¢}

B, B
{a, b} ' ‘ b}
(o} Q' )

@ F={A(x)}
Hinh 3.6.3
Bay gid chung ta hiy xét dén cac tinh chit cc ban cta dai s6
Boole. Cac tinh chat nay cd thé duge md ta mot cach ngin gon

qua céc dinh li sau day:
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Dinh 1i 3.6.5. Trong mét dai 56 Boole thi:
(a+b)=a.b (3.36)
(ab)y=a +5b

Pinh li nay con goi la dinh ly De Morgan.
Chitng minh: chung ta cd:
fa+b)+(ab)={la+b)+al lla+b)+b]=
=[(a+ a)+b] [la+(b+b)=

=71.1=1
Va (a+b). (ab) =falab)+blab)f=00=0
Va¥ (a.b) 12 phan ti bit cia (@ + b), do d6:

(a+b) =Tab)

Phin hai cta dinh 1 nay c6 thé suy ra £ nguyén li d&
ngau.

Pinh li 3.6.6. Trong mot dai 6 Boole thi:

axbeoa b=0oa+b=1 . (3.37)

Chitng minh dinh li nay coi nhut bai tap danh cho doc gia.

Dinh 1i 3.6.7.

a) D&i nghu ctua dai s6 Boole 1a mdt dai s6 Boole.

b) M3i mot khoang cach cia dai s8 Boole ciing 1a dai s6
Boole.

¢) Anh ddng ciu cia mét dai so Boole ciing 14 méot dal sb
Boole.

Ching minh: Cac tinh chit a) va L .01 nhu dudng nhién,
khéng cin phai chitmg minh. Bay gid chuuy ta hay ching minh
tinh chét ¢), Gia st B 1a mét dai s6 Boolo. x, y va z la cac phan
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tit cha 4nh H clia B do phép déng ciu h gdy ra. Nhu vay t6n tai
it nhat mdt trong cdc phin tit a, b, ¢ trong B sao cho Afg) = x,
h(b) =y va hic) = z. TU' d6 ta cb:
x(y +2) = ha). [h(B) + h(c)]

= hia). [h(b + ¢

= hia. (b + ¢}]

= h(ab + ac)

= h(ab) + hlac)

= h(a). hib) + hia). hic)

SXY+y. 2

Do vAy H c6 tinh chit phan bé. Chung ta goi x1a anh cla
ado h gay ra. Vay ta cé:
x x =h(@). h(a) = h(a. a)=h0) =0

Tuong tu nhu vay ching ta cé thé ching minh duge rang
x+ x = 1. Vay H 1a mét dai s§ Boole.

3.6.2. Ham Boole va cac dang chinh quy

Trong phan nay ching ta 8 dinh nghia mét cich téng quat
cac ham Boole, dong thdi md t4 cac dang chinh quy cda ching.
Nghién citu ham Boole tiic 1a nghién citu cac anh xa Boole tu
mét dai s6 Boole vio chinh ban than né.

Mbi phan i clia dai s& Boole B goi 12 hdng 56 trén B.

M6i mét ki hiéu bidu didn mét trong cac phan tit cla B goi
12 mot bién Boole.

Dinh nghia 3.6.3. Cho x,, x,,..., x, 1d cac bién cha dai s6
Boole B. Mgt 4nh xa f cia B vao chinh ban than né goi 1a mét
ham Boole n bién néu né duge ciu tao theo'nguyén tic sau dy:
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a) Cho a 1a mét hing s6 trén B. Ham hang s0 flx,, x.,..., X, =
a va ham chiéu fix,, Xz, X,) = x; cling 1a ham s6 Boole.
b) Néu fix,, x,,.... x,) 14 mét ham Boole thi }_”(x;_. Xy,o.., X,)

cung la mdét ham Boole.

) N&u f; va £, 13 cac ham Boole thi Iif, va f, + [, cling 14 cac
ham Boole.

d) Moi ham sé duge cau tao bang cach ap dung mot s§ hiju
han lan cac quy luat ké trén déy la ham Boole.

Nhv vay ham Boole 13 mot ham 8 dude cqu tao bt che him
hing s& va ham chiéu bing cach ing dung mét 6 hitug han Ian
cdc phép toan cong, nhan va phu dinh.

Ngudi ta ¢6 thé cho ham Boole dudi dang bang gii tri cia
ham 6 ing véi nhing (3 hop cde gid tri khac nhau edia cac bién.

Mot danh sach day @ cae £14 tri cia ham Boole duge goi 1a
bdng gid tri that hay goi tit 1a bdng thgt. Ching han ham Boole
fx, xa, x) = %) x, x, +x, X, x, + X, Xy, 6 bang that 1 bang
3.6.3.

Bang 3.6.3

I
|

_‘><
=
ra
=

[

Hai ham s8 twong duong vil nhau
néu ching ¢ cic bang thit hoan toan
nhu nhau. Biy gid cthing ta thd xét
xem ¢0 bao nhidu ham Boole khéc nhau
trén dai 8 Boole 2 phan t{ B,. Musén
tra 161 van dé nay ching ta phai xét
Xem ¢O bao nhidu anh Xa ti tich trye
tiép BY ={0,1}" vao B,=/{0, 1}

_I.O—_LD_LO—-LD
DD'—"—-"DDO—A—O\




Pinh 1i 3.6.8. C6 2% anh xa tu tich trde tiép /0,71 vao

7010
Ching mink: Trong mién xac dinh vd rang ¢6 s6 luong phan
wr la;
IxDx. xQ_ Q" (3.38)
e

"

Mdi phén tit nhut vay 6 thé 1ay mot trong hai gii tri 0 va 1
dée lap. Do vay chung ta cé6 27714 hogp @14 tri khace nhau. nghija
1a ¢6 2¥" anh xi khac nhau.

Vidu 3.9. Khin = I ching ta 6 2% = 4 anh xa véi 4 ham 36
nhu sau:

fa) =0, fix) = x, fulx) = x, fyix) = 1

16 la cac ham Boole. N&u ngudi ta dal F, =/ f(x}, filx), filx),
f/x)} thi F, cting véi 3 phép toan edng. nhin va pha dinh tao
thanh mét dai s& Boole ddng ciu vdi tich truc ti€p B, nht minh
hoa ¢ hinh 3.6.4.

1 11

0 00
Hinh 3.6.4

Néu rn = 2 ta ¢6 16 anh xa khac nhau tif tich tric tiép B;

vao B, No6i mit cach khac ¢6 16 ham khéc nhau trong trucng
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hgp s6 bién bing 2 va chung ta c6 thé kiém tra mbt cach dé
dang do la cic ham Boole. Cac ham s8 nay duge liét ké & bing

3.6.4.
Bang 3.6.4
X=(x,%) )
— : 1x,,%5) Tén goi
Co 01 10 11
o | o 0 0 [f,=0 Ham s6 0
¢ 0 1 f,=xx, Ham AND (va) hay ham nhan
0 0 1 0 | h=xex, Ham kéo theo khang didu kién
0 0 1 1 f,=x, Ham chiéu x,
0 1 0 0 | fi=x,ax Ham keo theo khéng dao
0 1 0 1 | fe=x, Ham chigu x,
j 0 1 1 0 [f,=x,®x, | Ham céng modul 2
I 0 1 1 1 fo=x,+x, Ham OR (hoac) hay ham céng
1 Q 0 0 | fo=x¥x, Ham NOR
1 IO o 1 To=x%F x, Ham tugng duong
1 0 1 0 |f, xg Ham khéng chigu x,
1 0 1 1 | f=xCX, Ham kéo theo dao
L T I Ham khong chiéu x,
1 1 0 1 | fu=x2x% Ham kéo thee cé didu kién
11 1| 0 | fe=xlx Ham NAND (ham Sheffer)
1 1 1 1 | f.=1 Ham 1

Cac ham s8 £y f5, fo fo Fio Frze fra VA fu5 €6 thé duge biéu didn
théng qua ham cfng (+), nhan (), va phi dinh (), That vay:

fr=x 2 x;= XXy
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fex,@x,=20,%, +%y x,; fo=x, Ya,= x, x5

f;'o: x; ix‘?: x;xz“‘i' xl xz " f;2= x} - x2= x] + x2 ¥

fre=x;D%p= %) + Xy fi=x; | Xp= Xy + Xy

Chiing ta c6 thé kiém tra lai mét cach d& dang cac két qua

trén bing cAch so sanh cic bang that cla tiing cap ham so
tudng tng. Néu ta dat F, ={f,, fa-.. [1s } thi1 F; cing v6i cac phép
toan cong, nhin va phu dinh tao thanh dai.s6 Boole dAng ciu
v6i tich true ti8p BS (hinh 3.6.5)

Hinh 3.6.5
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Pinh li 3.6.9. N¢u F, la tap hgp cta 2% anh xa khac nhau
tu [0, 1} vao [0, 1} thi:
e mndi anh xa thude F, 1a mot ham Boole trén B. Nhu vay la

¢6 2% ham Boole khac nhau.
« (F,, +,., -, 0, 1)]1a mit dai s6 Boole dang cau v B ',

Nhu ching ta da bidt, mot trong nhing cach cho ham Boole
1a diing bang that. Mai bang that ¢ thé biéu dién nhiéu ham s6
khéic nhau nhung cde ham sd nay phal tuong dudng véi nhau.
Néi mét cach khac co thé dung bang that dé kiém tra cac ham
Boole ¢d tudng duong vdi nhau hajr khong.

Ngoai ra dé so sanh cac ham Boole v4i nhau ngudi ta dua ra
dang chinh quy (hay dang chuén). Hai cich bidu dién khac
nhau cta ham s6 Boole ¢é cuing mot dang chinh quy néu va chi
néu chung tudng dudng véi nhau. Néi each khae 1a dang chinh
quy ctia mol ¢ach biéu dién ham Boole 1a duy nhat. €6 hai dang
chinh quy thudng diing, d6 14 dang tuyén chink gquy (hay dang

dng ctia cac tich) va dang hoi chinh quy (hay dang tich cta chc
tong).

Pinh li 3.6.10. Mot ham s§ Boole bit ky ¢6 thé bicu dién
duéi dang tuyén chinh quy:

. ) -
f(xb“-y xn-f) = Zf(etb-": en-f,) x:ﬁiuxll "'xn.—ll

hoac duéi dang héi chinh quy:

g . : € e, ‘o
Fxp..., X, ) = Mfleg.., e, )rxl+ % ..+ x,7 (3.39)
. x.,néu e, =1 ;;,né’ue- =1
O day x = J_! ) Jx = o
xi,néue =0 x;,néue; =0

Vi du 3.10. Dang tuvén chinh quy va dang héi chinh quy
ctia ham Boole cho 6 bang 3.6.5 nhu sau:
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T M Ka Xy XXXy X XXy Xy XXy X XK

= (x, +x, +xs )(x1 +x, +2,){00 +x2 +x,)

Bdng 3.6.5
Xi X, %, ‘ (3,3, %)
0 0 o i
, i
0 0 1 i 0
0 1 0 1
0 1 1 1
1 0 V] 0
1 0 1 1
1 1 0 0
1 1 1 1

Nhu vay dang chinh quy khéng nhiing siap chuang La so
sanh cic ham s8 ma con gidp ching ta trong viée biéu dién ham
Boole dudi dang biéu thite dai <& tit dang bang that va trong
viée don gian hoa, t81 thidu héa cac ham Boole.

BAI TAP

1. Cho A = {a;, ay, ay..., @,/ 12 mot tap hgp sip xép riéng. Ching
minh ring @, < a, <... < a, < a, kéo theoa, =a,=... =a,

2. Chimg minh ring tich trye Liép cia hai day khong thé la mot
day. O day s8 lugng phan ti cda mét diy 1dn hon hoic bang
hai.

3. Cho R la m6t quan hé trong tap A. R 14 mdt quan hé tuong
duong néu cac diéu kién sau day dude thoa mén:



a) xRx déi véi moix € A
b) Néu xRy, thi yBx véi moi x, ¥y € A.
¢) Néu xRy va yRz, thi xRz d&1 véi moi x, v, z € A.
4. Cho B 12 mdt quan hé phidn xa trén tap hdp A, chiing minh
rang R 14 mot quan hé tuong duong néu va chi néu:
fa, b e Rvata,¢c) e R=(b,¢) eR
5. R 13 mét quan hé hai ngoi td A dén B va ddo cia R 1a R
cing 14 mdt quan hé hai ngé1 tit B — A sao cho:
R'=(b,a)| (a,b) €eR)

a) Cho R, va R, 1a cac quan hé hai ngdi tit A dén B. Kiém

tra xem cé phait
(R, UR)'=R/"UR,"

b) Cho R 14 mét quan hé hal ngéi trén A. Néu R 1a phan xa
thi c6 nhat thiét R’ 1a phan xa khéng? Néu R 1a d61 xiing
thi ¢6 phai R’ cling can déi xng khong? Va ciing cau hoi
trén cho tinh bée cau.

6. Cho a, b, ¢ 14 cac phan ti cf;a D. Chiing minh réng nfua <b
thi a+(b. ¢} < bla + ¢
7. Chiéng minh ring dan la phan b8 néu va chi néu d8i vdi cac
phan ti g, b, ¢ bat ki trong dan ching ta cé:
(a + bje < bla + ¢}
8. Chitng minh rédng D l1a m&t dan modul néu va chi néu:
a+{bla+cl=(a+b)(a+c
9. Cho x, y, z 14 cAc phan t ctia dan D. Ching minh rang:

xy+yz+zx<(x+y.{y+2).{z+x)

76



10.

11.

12.

13.

Chung minh ring D 1a mét dan phan b6 néu va chi néu dai
vdi mi mat tap hdp cac phan i1 x, ¥, 2 trong D, ta ¢4 quan
hé sau day:

XZSySx+ez2xy+yz={x+y. (y+z)
Ching minh rang cic ham Boole sau day trén dai s6 Boole
B, tuong duong véi ham hang s8 1:
a) (x, x,) ox,
b) fx,(x; > 2] > x,
e} (x; D xy). (x, + x)
d) flx; Dy, (x5 D x)] o flx, + x) o {x; + xJ]

Chiing minh cac ham s sau day 13 tuong duong vdi nhau:

filx,, x5} = (Z‘{"x_g) + (xf¢ xz-)
folx,, ) = (;DII_Q) = (x,Dx)
f3(:x:,, Xy = (x, +x,) # (,{E)

Ttm dang tuyén chinh quy clia ham & Boole sau day trén
dai s Boole B,;=10,0a, b, 1]:

ff(xb X, x;}) = XXyt x2x3+x3x1

Fox,, % xy) = 2,2, +x,x;



Chuong IV
PO THi VA CAY

Nhu ching ta da dé cip dén trong phén quan hé vi ham s6.
trong thé giél xung quanh ta cac déi tugng rdi rac khac nhau
déu ¢6 nhiing méi quan hé véi nhau, diic biét 1a m&i quan hé nhi
phén. Mot trong nhiing phuong phap hiiu ich dé bidu dién céc
m&1 quan hé nhi phan ké trén la phuong phap dé thi. Chiug ta
hay 1y vi du quan hé gifia cac thanh phé va céc dudng o t6 ndl
lién cac thanh phé d6. Ta biéu didn cac thanh phé a, b, ¢, d, ¢
bang cac diém khae nhau trén mét phang. Cap diém bat ki duge
n6i véi nhau néu gitta 2 thanh phé tuong ting cé dudng 6t6. Nhu
vay théng qua dé thi nav (bdn d6 dudng bd) ching ta co thé xéac
dinh dugce duong di. dudng di ngan nhat gida 2 thanh phs, v.v...
Vi du khac 14 tro choi co. M quan hé gita cac vi tri trén ban cd
va céc nude di ¢6 thé ¢6 cling hoan toan biéu didn dude bang dé
thi. Ta goi §latap cac vitriciabines S={a, b, ¢, ..., n), R 1a
mél quan hé nhi phan trén S sao cho (@, b) € R néu ti vitria co
thé chuyén dén vi tri & bang mét nude di hap 1é.

Nhu vay bang db thi ching ta ¢6 duge mél hinh thie thuan
lgi d& biéu dién méi lién hé gidia cdc d6i tugng rdi rac va cac mai
quan hé nhi phan xac dinh trén ching. Didu nay giai thich vi
sao chung ta lai danh chugng nay dé nghién citu li thuvét vé do

thi va dé thi phang.
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4.1. KHAI NIEM CHUNG

Dinh nghia 4.1.1. ps thi co huong GG 13 mét cap sap x6p sau
dév:

G=(V,E) 4.1
trong d6. V'1a tap hop phan hay cac dinh cia d6 thi; £ 1a tap
hap cae quan hé mat chidy hay cac veetd ndi cac ¢idp dinh. Cac
vecto nay duge goi 1a cde canh.

Hinh 4.1.1 gidr thiéu
mét d6 thi. trong d6

V=la b, e df

E = {la, b), (b, aj, (b, ¢}

(e, ¢h, 1d, i, (a, dJj.

Ki hiéu cae canh cho ta
biél rd dinh diu va dinh
cudl cla veetd, vi du canh
{a, b) c6 nghia 1a vectq nét
th dinh a (dinh dau) dén
dinh 6 (dinh cusi).

Né&u dinh dau va dinh eudi cua mot canh trang nhau ihi ta0
tharh 1 vong, vi du ving (¢, ¢). Hai dinh duge néi véi nhau bang 1
canh thi duge goi 1a hai dinh ké nhau. M6t dinh goi 13 cach biét
néu né khéng ké vai mét dinh nao ca; vi du dinh e & hinh 4.1.1.

Dinh nghia 4.1.2. bg thi vé huong G 1a mat cap sip xép
sau day:

Hinh 4.1.1

G=(V, E)

trong dd. V 1a tap hap cace phan ti hay cac dinh cia dé thi: £ 1a
tap hop cae méi quan hé hai chiéu hay cac doan thing néi cac
cap dinh.
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Nhu vay mot dé thi vé
huéng khac v6i dé thi cb ' b
hudng 6 chd cac canh 13 cac
doan thing vo hudng chi
khéng phai 1a céac vectos. Vi du
hinh 4.1.2 12 m6t d6 thi vé
huéng. Trong phan nay khi e
diang thuit ngid dé thi ching

ta phai hifu 12 ching ¢6 thé vo
hudéng hay ¢6 hudng. Hinh 4.1.2

Pinh nghia 4.1.3. Hai d6 thi goi 1a dang cdu vdi nhau néu
¢O sy tuong Gng mot - mbl gita cac dinh cua chang véi nhau va
gitta cac canh eda ching vdi nhau.

Nhu vay. ¢6 mét canh noi hién hai dinh trén dé thi nay néu
vi chi néu ¢d canh Ludng vng gitda hai dinh tuong tng trén do
thi kia. Hinh 4.1.3 cho ta 2 dé thi v6 hudng ding cau v6i nhau

va hinh 4.1.4 cho ta 2 d3 thi ¢6 huéng ding c&u v8i nhau.

a b a
[ o’
c’ b
Hinh 4.1.3

'Dinh nghia 4.1.4. Cho G = (V, EJ 1A mdt d6 thi. D thi
G ={(V, B’ 13 dé thi con cia G néu E' = B, G' < G sa0 cho ede
canh trong E' c¢hi bao gém cic md1 guan hé giGa cac L‘iinh‘brung
" ma thal.
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a Jd
c' a'
d A . b
: . .
. c i

Hinh 4.1.4

D6 thi con G ella G duge goi 12 dé thi con mé réng néu né bao
¢o311 tat ea cde dinh cua G.

Phdn bix cua 46 thi con G = (V', E’) thude db thi G 13 mot db
thi con G” = (V”, E”) sao cho E” = E - E' v& V” chi chua cac dinh
c6 lién quan dén céc canh trong E”. Hinh 4.1 5a 12 vi du vé d
thi G. hinh 4.1.56 1a d6 thi con G' va hinh 4.1.5¢ 1a phin bu G”

trong (7.

h c

b)
Hinh 4.1.5
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Mot dé thi dwoc goi la ddy dii, ki hiéu K, v61 n dinh la 46 thi
mé trong d6 giita 2 dinh phan biét chicé 1 canh ma théi.

Ngoai khai niém vé db thi ¢6 huéng va vd hubng ngudi ta
con dua vao khai niém dé thi cé trong 56 hay goi tat 1a trong dé.
Trong dé 1a dé thi ma trong d6 cac dinh hoac cac canh, hodc ca
hai ¢6 ghi cac chi s8 (hay trong s8) d€ chi rd miie dé luu tAm cta
cac déi tugng dé. Vi du dé thi phan anh cac dudng bd néi lién
cac thanh phé ciia mdt qudc gia thi cac chi s& gidp ta phan biét
tAm quan trong ctia cac thanh phd (trong s6 cho cac dinh) va
tinh chil ctia cde dudng bd, chang han dudng quéc 16, tinh 16
v.v... (tic trong s6 cho cic canh ctia d6 thi). Do vay cé khi ngusi
ta dinh nghia dé thi nhu sau:

G=(V,E v e {(4.2)

Trong d6 V va E ching ta da biét con v 1a ham trong sd caa
cac dinh ¢6 mién xac dinh trén V va e 1a ham trong s6 cho cac
canh c6 mién xac dinh trén E.

Vi du 4.1. Chung ta hay vé d6 thi mé t4 trang thai hoat
dong ctia mdt may tg déng ban diém. Gia st moi bao diém gia
300 déng va dé mua diém ching ta ding hai loai dong xéng ¢6
trong ldong khac nhau, mét loai ting véi 100 déng va mdt loai
itng vdi 200 ddng. Nguyén tic hoat déng cha may 1a khi ta bd sd
ddng xéng 16n hon hoac du véi s8 tién 300d va &n nut diéu khién
K thi nhan duge 1 bao diém. Néu bd qua sd tién 300d thi may
khéng tra lal tién thira con néu bo it hon thi 4n nat K khong ¢é
tac dung.

D6 thi mé ta cac trang thal hoat déng ctia may vé & hinh
4.1.6. Ro rang diy 14 mét trong d6. Cae dinh 0. 1. 2. 3 (ng véi
cac mic tich luy tién (Gng vél cac dong xéng).
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K 200 K

200 100

-4

Hinh 4.1.6

- Tai dinh © ta ¢6 trang thai ban dau, nghia 14 may chua
nhan dude déng xéng nao ca (mdc tich luy bang 0). Néu ta bo
dong xéng 100 vao thi may chuyén dén trang thai 1 (tich luy
duge 100d) va néu ta bd ddng xéng 200 vao thi may chuvén dén
trang thai 2 (miic tich lioy 200d). Néu ¢ trang thail 0 (ing vdi
dinh O) ta 4n nut didu khién K thi trang thai may khong thay
déi v chiing ¢6 chuyén gi xiv ra ci.

- trang thai 1 néu ta bo dbng xéng 100 vao thi may
chuyén dén trang thai 2, edn néu ta bd déng xéng 200 thi may
chuyén d€n trang thai 3 (tich luy dudge 300d). O trang Lhai 1 va
2 néu ta 4n nat diéu khién K thi cang khéng cd chuyén gi xay
ra ca (may gii nguyén trang thal tuong tng).

- O trang thai 2 néu ta b déng xéng 100 hay ddng xéng 200
thi may déu chuvén dén trang thii 3 (may khong trd lai tién
thiia).

- O trang thai 3, tic 1a trang thai da tich luy duge it nhat
300d, néu ta t1ép tuc bd xéng vao thi may vin gitt nguyén trang
thai 3. N&u & trang thal 3 ta &n nut diéu khién K thi sé nhan
duge 1 bao diém va may trd vé trang thai O ban dau.



Nhu vay 12 trong d6 (d6 thi 6 trong s6) gitip ta mb 14 duge:
hoat dong cua may. Mgt cach téng quat ta c6 thé dang trong dd
dé md ta cac trang thsi vat K khac nhau cta cac may ty déng
(cac 6t6mat), phan cling chia may tinh ciing nhu etia cac hé dién
td néi chung va ca d6 mé ta cdu trice chugng trinh cua cic may
tinh,

4.2. DPUONG VA MACH - PUONG NGAN NHAT VA
THUAT TOAN DIJKSTRA

Dinh nghia 4.2.1. Mot day lién tiép cac canh (e;.e. ...e )

ndi lién dinh v, v6i dinh v, 6 day 7 < <k -1, duge got la mat
dudng trong d6 thi ¢6 hudng.

Mét dudng duge goi 1a duong don gidn n&u n6 khéng chia 9
lan 1 canh. M6t dudng dude goi 13 duong co bdn néu né khong
gap moét dinh hai lan.

Trong hinh 4.2.1 thi
day (e, e, e e, e, e) 1a
mjt duong don gidn con
day fe, ey, e, e, ey ¢ e, e,
cing 14 mdt dudng nhung
khéng phai 1a dudng don
gian. Dudng (e,, ey, ¢,, e, ¢,

) €y, €1y €3} 12 mét dusng don
gian nhung khéng phai la
dudng cé ban vi nd di qua
dinh v, hai lan. ‘ Hinh 4.2.1

Dinh nghia 4.2.2. Mét duong (e, : ....¢, ) ma trong do

dinh dau v, triing véi dinh cudi v; thi duge go1 14 mach.
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Mach duge go1 1a mach don gidn néu né khong chia hai lan 1
canh. Con néu mach khong chiia 2 14n 1 dinh duge goi 12 mack
co bdn.

Trén hinh 4.2.1 dudng (e,,.e, €, €5 ¢,) 13 mdt mach cd bin
con dusng (e, ey, €4 €5 €5, €1, 5 €)) 12 mot mach don gidn nhung
khdng phai 12 mach g ban vi né bat gip dinh v, hai lan.

Trong nhiu trudng hop ngudi ta biéu didn mat dudng hav
mach cua dé thi bang mét day cac dinh.

D61 véi d6 thi v6 hudng thi cach dinh nghia dudng va mach
cang tudng ti nhu vay.

Dinh li 4.2.1. Trong mét dd thi (c6 hudng va vé hudng) véi
n dinh, néu tén tal mdt con dudng tit dinh v, dén dinh v, thi &
ton tai mét con dudng chia khéng nhidu hon n - 7 eanh di tir o,
dén v,.

Chitng minh: Gia su ta c6 mot dudng to v, dén o0, va
vy .., v, .., Uy la diy cac dinh ma con dudng dd di qua. Néu
dudng dé ¢6 I canh thi ta ¢6 mét day { + 7 dinh. Néu { 16n hon
n - 1 thi nhdt thiét phai ¢é dinh v, nao 46 xuat hién nhidu han 1
l4n, chang han (v, ..., v, .., Ug o, Uy .o vy). Loal bd tat ca cac
canh trén duong vong tu v, lai trd vé v, ching ta sé cd con duding
tlt v, dén v, ¢6 58 canh it hon dudng ban diu. Thuat toan nay cé
thé lap lai nhiu 1an cho d&n khi ta ¢6 con dudng véi n - 1 canh
hay it hon. Nhu vay dinh i da duge chiing minh.

Mot d6 thi vd hudng duge goi 1 lién thong néu giiia 2 dinh
bat ki déu tdén tai mot con dudng, trong trudng hop nguge lal la
d6 thi khéng lién théng. D6 thi ¢6 huéng duge goi la lién thing
néu d6 thi vé huéng tuong Gng v6i né (b6 hét cac chidu vects
dinh hudng) 1a lién théng. Trong trudng hgp ngude lai ta c6 db
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thi c6 hudng khéng hén thong. Mét d6 thi cé hudng duge goi 1a
lién thong manh néu giia hai dinh bat ki @ va b tén tai con dudng
ti a dén b va con dudng nguge lai ti b dén a.

1 1
2
' 2
4
4 3

aj 3 b

1 2 6
3 7
5
4 8
c)

Hinh 4.2.2

Vi du hinh 4.2.2a 14 mét d6 thi lién théng nhung khéng
phai 1a lién théng manh, hinh 4.2.26 1a mét d8 thi lién théng
manh, con hinh 4.2.2¢ 12 m6t dé thi khéng lién théng.

Mét trong nhiing bai toan quan trong duge dat ra trong ly
thuyét dé thi 1a x4c dinh duge diém ngin nhat tu dinh { dén
dinh j trong dé thi G. Sau d4y chuing ta nghién ciu siu hgn vin
dé nay:
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GiA st ta bidu dién 1 trong d6 dudi dang sau:
G=(V,E w),

trong do6, V 1a tap hgp cac dinh, E 1a tap hgp cac canh va w la
anh xa ti E dén tap cac sb thuc duong. Chéang han V la tap hdp
cie thanh phd, E 1a tap hgp cac con dudng bd né lién cac thanh
pho trén. Trong s& cua mot canh e; duge bidu dién bang wle,), c6
thé d6 1a d6 dai cha dudng bo di tu thanh phé i dén thanh phd J.
D6 cang ¢o thé 1a gia thanh sia chia duong hang nam cua doan
duong e, hodc do la 6 tal nan xay ra hang thang trén doan
dudng bd e, DO dai caa mdt duvng trong dd thi G duge dinh
nghia 1a téng 46 dai cua cac canh trén duong do. C6 nhiéu
phuong phap thuat toan dé giai quyét bai toan tim dusng ngan
nhat. Mot trong cac thuat toan d6 14 thuat toan Dijkstra. Thuét
toan nay co thé dude tém tit nhu sau: Gia sd ta phai tinh
khoadng cach ngin nhat tit dinh a dén mdt dinh nao dé trong G.

1. Trudc hét ta dat P = {faf va T = V - {a). D6 v4i mé1 dinh
¢t e T ta gia thidl 46 dai (D) = wia, t). O day wia, t) 1a téng do dai
(trong so cna cAc canh cua con dudng ndl lién a véi ¢

2. Goi x 1a mgt dinh trong T sao cho dinh nay c¢6 chi 50 nho
nhat déi vai P. Chi s8 cua x chinh la khoang cach ti x dén dmh

[N

a trong P.

3. Né&u x 14 dinh ma ta can di dén t a thi stop. Néu khong
phai thitadat P =P u (xj va T = T - {x}. D61 v&i méi dinh £ € T
ta tinh chi s6 (hay trong sd) 451 voi P theo cong thice saw:

Pet) = minfly), lx) + wix, t)]
Trong d6 (1) 1a chi s6 LI t asi vai P Lap lai budce 2 v6i P’ va
T thay cho Pva T.
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4.3. PUGNG O-LE (EULER)

Nha bac hoc L. Euler da trd thanh éng té cta i thuvér dé
thi khi vao nim 1736 dng da ching minh rang khéng thé bang
mét vong di qua tdt ca 7 cai cau trén sdng Pregel é Puc véi diéu
kién chi dude phép di qua mdi cAu mot 1dn ma théi. Ban dé cha
cdc cAu nay v€é ¢ hinh 4.8.1¢ va d6 thi tucng tng vdéi né vé &
hinh 1.3.15.

Hinh 4.3.1

Trén do thi hinh 4.3.156 thi cac dinh 14 hai hon ddo va hai b
cua séng Pregel. Cac canh cla d6 thi 14 cac cdu. Bai toan di qua
tdt ¢4 7 cAu trén séng Pregel chi mét 14n chinh 14 bai toan tim
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dudng trén da thi hinh 4.3.16 sao cho né di qua tit ca cac canh
chi 1 lan. Euler da dua ra mit tiéu chuan rat don gian dé xac
dinh xem cé tén tai duong di qua Lat ca cac canh ctia dé thi chi 1
l4n hay khéng?. Duong nhu vay goi li duomg Euler. Tudng tu
nhu vay ta ¢6 khai niém mach Eualer. Tride hét ta nghién cdu bai

toan cho dé thi va hudng va sau do6 ¢é thé suy ra dé dang cho dé
thi ¢6 hudng,

Pé x4c dinh diéu kién efn va da dé tén ta1 dudng Fuler hay
mach Euler trong mét 44 thi bat ki ngudi ta dua ra khai niém
mic cua dinh dé thi. Mie cia mot dink 12 6 Jugng cac canh néi
lién véi dinh d6. Vi mai canh dudgc ndi véi hai dinh nén 1o rang
téng s8 muc clia céc dinh bang hai lan s8 cac canh trong dd thi.
Diéu nay c6 nghia rang nhat thiét phai cé mét s& chan cac dinh
v61 muc lé. Ching ta gidi thiéu két qua nghién ctu cda Euler vé
van dé nay bing dinh i sau day:

Dinh 1i 4.3.1. D4 thi vé hudng c6 mét dusng Fuler néu va
chi néu né 13 lién théng va hoge 1a khéng ¢6 hode 1a 6 2 dinh
v61l muc 1é.

Chitng minh: Gia st ta c6 duong Euler treng dé thi. Nhu vay
dé thi 1a lien théng. Khi vach dudng Fuler ta nhin xét méi lan
dudng nay gip mét dinh né phai di qua hai canh néi véi dinh d6
ma trude d6 nd chua di qua. Nhu vay trt hai dinh diau va cudi
cua dudng, cic dinh trong d6 thi déu phai 6 mic chan. Do d6
néu vi tri hai dinh diu va cud cta dudng 1a khac nhau thi ta 6
hai dinh véi mic lé&. N&u hai dinh dé6 trung nhau thi tat ca cac
dinh déu ¢6 mitc chin va duong Euler trd thanh mach Euler.
Nhu vay diéu kién cdn da duge chitng minh.

bé chiing minh diéu kién dq ta thiét 1ap mét duong Euler
bat diu tir 1 trong hai dinh ¢6 mitec 18 sao cho dudng khéng di
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gua canh nao qua 1 1an. D61 véi cace dinh ¢6 miic chin thi duong
di vao dinh bing mét canh va di ra bang moét canh khic ma
duding chua di qua. Do vay khi dudng nay két thuc thi ta bat
gip dinh thit 2 ¢6 mac 18. N&u tt ca cAc canh cha d8 thi da duge
di qua thi tat nhién ta c6 mét dudng Euler. Néu khéng phai tét
ca cac canh di duge di qua thi ta don tit ea cac canh da di qua
lai va ta lal cé mét d6 thi con ¢ta cac canh chua di qua. Tat
nhién tat ed cac dinh caa dé thi con nay déu 6 mic chin va do
thi con nav gip dudng di thiét lap & 1 hode nhiéu dinh vi réang
gia thiét db thi ban diu la lién théng. Bat diu ti 1 trong cac
dinh cua dé thi con ta lai thiét lap mét duong qua cac canh cia
nd. Vi cac dinh cia dé thi con déu 6 mitc chin nén dudng nay
lai quay trd v& dinh xu4t phat. Lic nay ta hoan toan cé thé néi
lién dudng nay {trong d6 thi con) voi dudng da thiét lap ban dau
dé 1ao nén mét dutng méi sao cho bt diu va két thuc bang céc
dinh ¢6 mic 1. Néu can thiét thi thuit toan nay duge lap lai
cho dén khi ta nhan duge dudng Euler qua tét ca céc canh cia
dd thi ban dau. Nhu vay diéu kién da ciing duge chiing minh
Xong.

Hé qua 4.3.1. D5 thi vo hudng ¢6 moét mach Euler néu va
chi néu no6 14 lién théng va tit ca cac dinh cua ndé déu c6 1%
chin.

Vi du d6 thi vé ¢ hinh 4.3.2a ¢6 mdt dudng Euler nhung
khéng phai 1a mach Euler vi d6 thi ¢6 diing hai dinh véi muc 1é
va la d6 thi lién théng.

Pé thi g hinh 4.3.25 ¢6 mét mach Kuler vi no la lién thong
va tit ca cac dinh déu c¢6 mic chan.

Cac két qua trén day ¢6 thé md rong true ti€p cho dé thi co
huéng. Trong truong hdp nay ngudi ta dua ra hai khai niém méi
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\a mikc vao va mirc ra chia dinh. Mic vao cha dinb la so lugng cac
canh & vao dinh {(chiéu vects ddm vao dinh), con miic ra cua
dinh 13 56 lugng cac canh di ra khéi dinh (chiéu vectd hudng ra
ngoai dinh). Do vay ta c¢6 dinh li sau:

Dinh 1i 4.3.2. D6 thi c6 hudng c6 mot mach Euler néu va
chi néu né 14 lién théng va mic vao cua mdi dinh bing mic ra
cua nob.

D6 thj ¢6 hudng c6 mdt dudng Euler néu va chi néu noé 1a
lién théng va mic vao caa mdi dinh bing muc ra cua né tri hai
dinh. Mbt trong hai dinh d6 ¢6 mic vao 16n hon mic ra mét don

vi, con dinh kia lai ¢ mce vao bé hon mdc ra mot ddn vi.

e e

a)
Hinh 4.3.2

4.4. DUONG HAMILTON

Tudng tu nhu bai toan vé dudng va mach Euler, o diy ta ¢b
bai toan dugng va mach Hamilton di qua tit ca cac dinh cua 4o
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thi, nhung méi dinh chi mét 14n ma thoi. Bai todn nay duge dat
ra tif tro chol evia ngai William Hamilton. goi la tro choi “tat ea
vong quanh thé gidi”. Ngudi choi phal tim ra mft hanh trinh
(con duong) doc theo mot hinh 12 mat ngi giae sac cho qua moi
gbe chi 1 1An ma thor, Bai toan nay cling tuong ty nhu bal toan
sip xép chd ngdil cho khach xung guanh moét ban Léc sao cho
mdi ngudi ¢6 hai ngudi ban tuong {ing ¢ hai phia.

Hinh 4.4.1 cho ta
vi du vé mét mach
Hamilton trong dé thi
vd  hudng (duong
Hamilten do cac canh
in dam tao nén). Sau
day ta sé xét dén ditu
kién dé 16n tai dudng

. Hinh 4.4.1
hodc mach Hamilton.

Pinh li 4.1.1. Cho G 1a d0 thi vé hudng n dinh. Néu téng
che midc ctia méi cip dinh trong G bing hodc 16n hon o - I thi
ton tai mot dudng Hamilton 6 trong G.

Chitng minh: Trudc hét ta hiiy ching minh ring G 1a mot do
thi lién théng. (4 st G c6 hai (hay nhiéuw) phan khéng lién
théng véi nhau, gol G, 1a phén tha nhat co n, dinh va G, 1a
phan thd hai co n, dinh (n, + ny = n). Gia su dinh v, € G; va
dinh v, € G,. Vi mdc cua v, nhiu nhat 14 7, - 1 vi mic cua v,
nhiéu nhit 1a n, - 7. Nhu vay téng cac miic cua cip vy, Uy nhiéu
nhat 1a (n, + n, - 2) = m - 2) < n - 1 Diéu nay iral vol gia thiét
va vi vay G phai 1a lién thong. Biy gid chung ta ching minh
bang cach nao dé thiét 1ap duge dudng Hamilton. Xuat phat tu
mét canh cua dd thi va tiing bube ta thiét lap dudng qua céc
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dinh. Gia sa ta da thiét lap duge mét dudng gida p - 1 canh,
p < n, trong G. Dudng nay di qua mét day céae dinh la (v, vy, ..., v,).
Néu v, hodc v, 1a ké véi 1 dinh khong thude dudng da thiét lap
thi lap tic ta kéo dai duong nay dén dinh d6 va ta lal c¢6 mét
duong gém p canh (tic p + 1 dinh). Ngude lai, tiic hai dinh v, va
v, 1a ké d61 véi cac dinh thude duong da thiét 1ap. Trong trudng
hgp ¢6 mét mach chita dung céac dinh ¢, vy, ..., v,. nfu gla su v,
ia ké véi v, thi mach (v, vy, ..., v, v} 1a du. Gia st v, chi ké véi
VLV, eV gol tat 1a ké vii v, (trong d6 2 <4, < p - I) va v, lai
ké v U, hUy gty - 801 LA v, thi mach Uy, 0y, Uy o, U U

U1 s Uy Uy chita cae dinh v, v, ..., v, nhu minh hoa ¢ hinh 4.4.2.

Hinh 4.4.2

Néu v, khong ké vdi mgt dinh nao caa v, v,

el oy thi
v, 58 ké vai nhidu nhat 1a p - & - 7 dinh. Nhu vay téng cac mie

cua v, va v, nhiéu nhat la n - 2. diéu nay trai véi gia thiét.

Bay gid chung ta e6 mach chia Uit ca cae dinh v, vy, ..., U, va
g1a thiét ¢6 mét dinh v, khéng nam trong mach. Vi G 1a lién
théng nén phal c6 mét canh nd1 lién v, vé1 vy € { vy, Uy .., U,/
nhu minh hoa ¢ hinh 4.4.3.

W

ks

Hinh 4.4.3
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Nhu vay ta c¢é6 mot duong (v, Uy Vg - Ujpy U

r

pfr e U_;': Ve

J »

v, ..., U, chiia p canh nhu minh hoa ¢ hinh 4.4.4.

Chung ta sé lap lai thuat toan trén cho dén khi nhan duge

duong chita ding n - I canh.

Dinh 1i 4.4.1 chi méi cho ta diéu kién dO chit khdng phai

diéu kién can.

Vi du 4.2. Dung
phudng phap d6 thi dé lap
biéu bd tri lich thi cho
sinh vién vd1 7 mén thi
trong 7 ngay. Yéu cau
phéi ba tri lich sao cho hai
mén thi cua cing mot
thay giao khong duge roi
vao hai ngay Nén tiép
nhau. Biét ring khéng cb
thdy gido nao cung cd
nhiéu hon 4 mon thi.

Hinh 4.4.5

Ta xav dung mét dé thi G nhu ¢ hinh 4.4.5. Trong dé cae
dinh i cAc mén thi con giita hai dinh ¢6 mot canh n&i néu hai
dinh dé dng v4l 2 mon thi cta hai thay gide khac nhau. Mic caa
mbi dinh it nhat 14 3 vi thay gido nhiéu nhat ¢d 4 mén thi. Do
vay hai dinh bat ki nao cling c6 téng mue it nhat 12 6. Theo dinh
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)i 4.4.1 ta c6 thé xac dinh duvge dudng Hamilton di qua cac dinh
chi mét 1in ma théi. Can el vio su lién tue di qua cac dinh cna
dusng Hamilton dé lap lice *hi. Trén hinh 4.4.5 cac dinh 6
cting mot ki hidu nhu nhau «¢ do cung mot thay gido phu trach.
Dudng Hamilton ¢6 duge 1a duong té dam trén hinh vé.

Trong vi du nay ta gia thidt 1 thay gido ¢6 4 mon thi Ung
v6i 4 dinh 1, 2, 4 va 5 thily gido thd 2 ¢6 hai mén thi Ung v&
hai dinh 6 va 7; thiy gifo thii ba ¢6 mdt mon thi Gng vdi dinb 3.
T4t nhién cé thé c6 nhidu dudng Hamilton khac nhau.

Pinh 1i 4.4.2. D6 thi ¢6 hudng day du luon ludn 6 dudng
Hamilton.

Vi du 4.3. Ta hay nghién citu bal toin bé tri thit ty dong
sach va in sach mét cach hop li sao cho tan dung hé cong sudt
clla may‘in va may déng (khéng dé may cha). Cia st 2 cAn phai
in vi déng n cudn sach. Ta goi p, va b, 1a thal gian in va tho
gian déng tudng {ng cua cudn sach thi . Néu ta bict rang mot
mdt cap sach i va j hode la b, = p; hodc 1a b, > p;, hiy xac dinh
mdt thi tyg in sich d8 sao cho may déng sach ludn iuon & trang
thai ban cho dén khi tat ca cac sach da dong xong. Tat nhién trd
khi cudn sach dau tién dang in thi may dong phat chd.

Ta hiy cdu tao mét do thi ¢6 hudng mi n dink tudng dng
vGi n cudn sach. Canh noi tit dinh i d&n dinh j ton al (tic 14
may dong ludn & trang thai ban) néu va chi néu b, = p,. R6 rang
d4y 1a mot d6 thi ¢é hudng diy di va do d6 dusng Hamilton can
n6 cho ta thit tu in va déng sach gp li nhat,

4.5. D0 THI PHANG

Trong phén nay ta nghién ctu mdt ldp dde trung cta d6 thi:
d6 12 do thi phang.
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Pinh nghia 4.5.1. Mot d6 thi dudc goi 1a 4o thi phdng niu
nhu ta ¢6 thé vé né trén mit phang sao cho cac canh khong cit
nhau, trif tai cac dinh chung.

]

Hinh 4.5.1

Vi du hinh 4.5.1a 14 mdt dé thj phing. binh 4.5.16 va hinh
4.5.1¢ 1a wuidgng dudng véi nhau va la dé thi phing. Hinh 1.5.1d
khong phdi la do thi phang.

Lép do thi phfmg cé nhidu tinh chat dac trung va nhitu dng
dung trong thyc tién.

Néu ta "ear” dd thi theo cae canh thi ta c6 nhung phan khae

nhau goi 1a cde mién. Chinh xdc hon. mién cua do thi phang 1a

96



phan mit phang duge gidi han b&i che canh va khong thé chia
nh® hon dude nda. Vi du 44 thi cho 6 hinh 4.5 9a ¢ b mién khac
nhau (phin gach chéo) nhu & hinh 4.5.2b.

a)

S/

N
N\ .

Hirnh 4.5.2

Mién dude goi 1a hiiu han néu phan mat ph%ncr fuong ang
véi no 1a hitu han, ngudge lai ta sé co mién vo han, Méi do thi
phang c6 dung mbt mién vo han. _

Pinh 1i 4.5.1. D& véi mbi do thi phang Lian thong ta co:

v-e+r=2, (4.3)

7 - TRRCKTS 97



trong 46, v, e va r 1a sd lugng cac dinh, canh va mién tuong
ung. .

Déng thic (4.3) duge goi 14 cong thite Euler ciia db thi phéng.
Cong thic Euler c6 nhiéu ting dung trong thue t&, nhung vi gi6i
han nhét dinh caa khuén khd cudn sach nén ching ta khong di
sdu hdn nixa.

Trén co 3 nhitng khai niém cd ban & trén doc gi4 co thé tim
Yiéu thém khi cAn thiét & nhitng cudn sach chuyén dé vé db thi.

4.6. KHAI NIEM VE CAY VA CAY €O GOC

Mot 16p dic bigt cia ) thi dude gol 1a cay. Khai niém vé
cay dude dung nhiéu trong cac linh vyc khae nhau nhu trong 1y
thuyét Stomat, 1y thuyét 1ap trinh, ly thuyét ma, 1y thuyét
mach, théng tin, v.v... Trude khi dinh nghia thé nao la mot cay
ta hay xét mot vi du vé céc trin d&u vat dé gianh danh higu vo
dich. Nguyén tac thi ddu 1a loai truc tlep, nghia la d6 vat nao bl
thua trong mot tran diu sé bi loal ngay tiic khic khoi giai. Gia
su ta gol G = (V, E) 1a mdt d5 thi vd hudng, trong dé cac dinh
thudc V biéu dién cac dd vat con céc canh trong K biéu dién cac
tran diu gifia 2 d6 vat. Nhu vay vél x, y € V sé ton tai canh |
{x, ¥} e E néu ¢b tran dju giia x va y. GiasuV=/{a b c def
g, h, i, j R va 40 vat d dang la duong kim v dich. D6 vat d
danh thing a, b va ¢ nhung lai mat danh hiéu vo dich sau tran
d4u véi e. D6 vat e danh bai f nhung lai thua g, v.v... va cudl
cung d6 vat j danh dude danh hiéu vd dich. Qua trinh déu loai
nay dude mb ta bing db thi vé 8 hinh 4.6.1. D4 thi nay ¢6 nhiing
dzc tinb nhat dinh lién quan dén khai niém cay ma ta s& nghién
ciu sau day.
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Pinh nghia 4.6.1. Mgt d6 thi lién thong (v6 hudng) khdong
chita mot mach don gian nao ca goi 1a mot cdy.

a h
b d e /
g — —e
| J
c f

Hinh 4.6.1

D4 thi & hinh 4.6.1 13 mot cay.

Tap hop mét s6 cdy khac biét nhau tao thanh mbt rimg.
Dinh ¢6 miic bang 1 trong mot ciy duge goi 14 Id hay nidt ddu cudt
¢ha ciy. Dinh ¢6 miec 1én hon 1 duge goi la nit nhdanh hay nit bén
" trong. Vi du trén hinh 4.6.1 cac nat @, b, ¢, f, h, j 1a 14 con céc
nit d, e, g va i a cac nit bén trong.

Sau diy 12 mot sd tinh chit dic trung cha ciy:

_ (3iia hai nit bat ky trong cAy tdn tai mdt dudng duy nhat.

. 86 lugng céc dinh (hay cac nit) 16n hon s6 lugng cac canh
trong cay moét dan vi.

- CAy v6i hai dinh hofic nhiéu hon ¢6 it nhat la 2 1a.
Céc tinh chit trén day hoin toan c6 thé ching minh dugc

trén o6 sd dinh nghia ca ciy va cac tinh chét cha @6 thi. Phan
chitng minh nay danh cho cic ddc gia.
Td 3 tinh chat trén chia ciy ta 6 thé suy ra mot s6 hé qua

sau day:
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a. Mot db thi ma trong d6 ton tai mot duong duy nhét giiia
hai cap dinh bat ky 14 mét cay.

b. Mot @6 thi lién théng c6 e = v - 1 1a mdt ciy (& day e la
téng s& canh con v-1a tdng s6 dinh).

c. Mot @6 thi véi e = v - I va khong c6 mach 1a mot ciy.
Trong mét cldy ngudi ta thuong goi canh la canh.

Dinh nghia 4.6.2. Mot d6 thi ¢6 hudng duge goi 1a cdy cé
 huéng néu nhu @6 thi vd hudng tuong ting vo’1 né (khi ta khong
dé ¥ dén hu!dng) la mot cay

Cay cé hudng duge goi 1 cdy ¢d goc néu nhu cly d6 ¢6 ding
mot dinh véi mic vao bing khdng con tat ca céc dinh khéc déu
c6 muic vao bang 1. Pinh vé1 mdc vao biang khéng dudge goi 14 goc
ctia cdy. Hinh 4.6.2 minh hoa mét ciy co goc.

Hinh 4.6.2

Nhiéu mé hinh kinh té v k§ thuat ¢6 thé duge md ta dusi
dang cay cd gbe. Vi du md hinh quan If & mét xi nghiép nhu &
hinh 4.6.3 chinh 13 mot ciy c6 gde.

(Gi4 st a 12 mot nit bén trohg {hay nut nhanh) cua ciy T.
Mot @6 thi con T° = (V, E’) cua T sao cho V' chita a va tit ca cac
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nit nhanh tiép theo nd, con E’ chita tat ch cac canh clia tat ca
chc duong bit dAu tit ¢ dugde goi 1a mot cdy con c6 goc a.

Trong ciy c6 goc ngudi ta thudng phén chia cac nit va cac
canh theo tiing muc.

Mirc O

Téng giam doc

Mg 1

Giam déc
nghién ctu
va phat trién

Giam dbc Giam dac Giam doc
maketing san xuaf tai chinh

Mirc 2
Fhéng Phing . Traly Ky Phiéing : Phong
NCKH thic maketing || sv KH KH

nghiém tnrong SX = Tai chinh

Mic 3

Fhéang Phang

maketing ) maketing

ndi dia ngoai qudc

Hinh 4.6.3

Miic O tng véi gbc. Mdc 1 bao gbm cac canh va cac nit ndi
tryc tiép véi goe. Mic 2 bao gdm cac canh va cac nit néi tryce
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ti€p véi cac nit § mie 1, v.v... Tong quat, mic n bao gdm céac
canh va cac nit ndi tryc ti€p véi cac nit clia mic 7 - 1, (xem
hinh 4.6.3). Thudng ¢ méi mie nguoi ta dung cac s ty nhién dé
danh s8 cho cic canh xust phat tlt cac mit nhanh (nhu minh
hoa ¢ hinh 4.6.4).

Cay ¢6 gée véi cac canh duge.danh s§ theo titng nit nhanh
g01 1 edy sdp xép.

86 canh 16n nhat c6 thé c6 duge xuét phat, tit mét nit nhanh
& trong cay xac dinh béc cta cay. Cay sép X€p bac m c6 nghia 1a
s3 canh nhidu nhit xust phét tit mot mit nhanh 13 m. Vi du &
hinh 4.6.4 ta e6 cay bac 3. Cay sdp xép bac m duge goi 1a chinh
quy néu moi niit nhanh (ké ca gbc) déu ¢6 ding m canh.

Hinh 4.6.4

Mot 16p cay sdp x6p quan trong, vé& sau ching ta sé dé cap
ky hon, 13 edy nhi phian (mbi nit c6 haj nhanh). Cay nhi phan
¢6 nhidu Ung dung, vi du ta ¢6 thé dung dé bidu didn cic phép
toan 88 hoc trong mat thuét toan nao d6. Vi du hinh 4.6.5¢ ms
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t3 phép toan (@ + b){c . d) con hinh 4.6.5b m6 ta phép toan
(a*b-c)*(d+e)+(h+i)*j. +

N\
oA A
AN ANN

a) ; b)

Hinh 4.6.5

4.7. CAY NHI PHAN VA MA HUFFMAN

Nhu ta da dinh nghia so b6 & trén, cAy nhi phén la cay sap
x6p ma mdi nit 6 hai nhanh hay la hai canh. Cac canh nay
thuong dude mé hoa 12 0 (canh bén trai) va 1 (canh bén phai).
Cay con dugc tao nén ti canh 0 duge goi 14 cAy con bén trai va
cay con dude tao nén tit ednh 1 duge goi 12 cdy con bén phai.

Hinhk 4.7.1 cho ta vi Ju vé cAy nhi phin. Nguoi ta can cd
vao cAy nhj phan dé xac dinh dudng tif géc dén 14 cua cay dudl
dang cac diy ma nhi phan. Vi du trén hinh 4.7.1 duong tix g
d8n cac laa, b, ¢, d, e, j va g tudng dng la céc day ma nhi phan:
000, 0010, 0011, 0110, 0111, 10, 11. Cac day mé nay con duge

goi 14 cAc til ma.
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Tay theo muc idich x4y
dung cay nhi phan ngudi tu
con e6 thé gan cho mdi canh

‘cha cAy nhiing gia tri dac
trung clia ching goi 1a trong
lugng W cda canh. Ching
han W 1a xac suat xuit
hién hién tugng tuong ing
v0l canh, hién tugng d6 c6
thé la mot trang thai cia
otdmat. Trong giao théng
thi W ¢6 thé 1a kha ning
lvu thoat cua doan dudng

Hinh 4.7.1

tudng dng v6i canh dang
Xét, v.v...

Trong lugng cla dudng tir gdc dén 1a béng téng trong lugng
cua cac canh nim trén dudng d6;

W)= SW,5,), (4.4)

nbgel,

d day, Wi, 1a trong luong caa duong /, tir géc d6n 14 i;
W, () 1a trong lugng clia cQa canh b; thude dudng I;;

aby € I, c6 nghia 1a: véi moi canh &; thude [
Thue ra khai niém trong .lu!(jng ¢ diy hoan toan tuong tu vai

khai niém trong s6 ma ta di dé cap dén trong phan d8 thi o6
trong s6 (hay trong d6) & phédn trude,

Bay gid ching ta s& giéi thidu hai vi du v& ing dung dién
hinh cua ciy nhi phan.
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Vi du th nhit Ung dung ciy nhi phén trong nganh may
tinh. Gi4 st ching ta phai ghi vio bd nhd may tinh mét tap hop
16n céc ti theo cac quy luat sao cho:

- D& dang xac dinh mét tit ndo d6 c6 thude vé tap hop da cho
hay khong. '

- Néu tu d6 khong thude vé tap da cho thico thé céng thém
vao tap hop d6 mét cach dé dang.

Luat thit nhat cé thé thuc hién duge chéng han bang cach
dua cac tif vao bd nhd theo thi ty ciia bo chit cai Ung vii cac vi
tri k& tiép trong bd nhé nhu 6 hinh 4.7.2.

+— T

— 102

— Tu3

— T4
» -
» »
» [ ]
» »
Hinh 4.7.2

Lam nhu vay chic chin co thé bist duge mot tit ¢d thude vé
tap da cho hay khéng. Tuy nhién bing cach nay thi viéc cong
thém tit méi vao tap di cho sé kho khan vi phai xdo trén toan
b ciu tric cua bd nhd. ‘

Npuge lai néu bing cach khac ta sip xép bd nhd sao cho dé
dang b8 sung tif méi vao tap da cho thi viéb nhan dang mét tu
¢6 thude vé tap da cho hay khéong sé rat khé khan vi ¢6 thé phai
so sanh tif d6 voi tit cA cac phan ti cua tap da cho. Dé gidi
quyét van dé nay ngudi ta c6 thé ding cdy nhi phén nhu sau.
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(314 stt ta phai ghi tap ti sau diy vao bo nhd:
“Ngay mai troi sé ndng”
Trude hét ta chon mot t& bt ky nao
d6 trong chu da cho, ching han tit “Troi”
vad gan ti¥ nay cho mét dinh va tao Troi
thanh c4dy nhi phan vl hai dinh con
tréng (chua gan ti) nhu hinh 4.7.3. Sau
d6 ta chon tir tiép theo, vi du “Ning”.
Theo van chit cai thi tif “Nang” ditng

. ) Hinh 4.7.3
trude td “Troi” nén ta gan ti “Nang” cho
dinh bén tréi cua cay nhi phin va ta lai
tao nén hai dinh t:érg mdi cua cay nhi
phén nhu hinh 4.7 4a.
Trai Tradi Trai

Ngay

a) b)

Hinh 4.7.4

Tiép theo ta lai chon tif méi con lai cha tap da cho, vi du
“Ngay”. T nay so véi tit “Trdi” thi né ding trude (trong van chi
c4i) nén phai x6p né vao mot trong cae dinh & nhanh bén trai.
Mait khac “Ngay” lai ditng sau tit “Ning” nén né phai d bén phai
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cta tit “Néng” nhu Hinh 4.7.4b. Cd ti€p tuc nhu vay ta sé cb cay
nhi phén nhu Hinh 4.7.4c.

Viéc nhé cac tit vao dinh ctia cac ciy nhi phén rit thuan lgi
cho 2 mic dinh chung ta d& néu & trén Kia. That vay, cho mot tu
nao d6 ching ta c6 thé xac dinh ngay né cé thude vé tap da cho
hay khéng va néu khéng ta 6 thé bist ngay phai ghi tir d6 vao
dau.

Vi du thit 2 v& tng dung cdy nhi phan trong ma hoé théng
tin. Nhu chﬁflg ta da bidt cac ky ty duge dua vao may tinh nho
c4c ma ky iy, chéng han ma ASCIL Trong ma ASCII méi ky tu
duge mi hoad bing mot tit 7 bit, bit thit 8 thuong dudge dung cho
cac ky tu dac biét. Phan 16n nguoi ta dung loai ma ky tu c6 cung
mt d6 dai nhu nhau 3% v6i moi ky tu. Loal mé nhu vay duge
goi 12 “md ky tu cé do dai ¢6 dink”. Uu diém cha loai ma nay la
khong cAn phai thém vio mt ky tu dic biét nao dé phan biét
céc ky ty. Vi du trong ma ASCII ta c6 thé nhan biét ngay t ma
1010100101001010001011000101 ¢d nghia la “TREE”.

Tuy nhién nhuge diém cta loal ma nay 13 toc dd truyén tin
va hiéu qua kinh t& thép vi tit ca cac ky tu déu c6 chiéu da 7
bit nén khoéng c6 phép uu tién cho cac ky tu thudng gap co dd
dai ma ngén hon dé tang tdc do xi1 1y thong tin.

Do vay ngudi ta phai di t6i khéi niém md ky tu co do dai thay
~ddi. Nhd vay d&i véi cac ky td hay xuét hién nguoi ta dung ma
c6 ky tu ngin hon so vdi cac ky tu it ding. Vi dy, chang ta ¢6
mot tap ky tu fa, b, ¢, d, &, f1, trong d6 a va b la hay xuit hién
nhat. Do vy ta c6 thé diing mé hoa ky tu nhu sau:

a0 c <« 00 e <> 10

b1l d & 01 fe 11
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Tuy nhién viéc nhan dang cac ky tu sé phie tap hon, vi du
tit ma 010011 ¢6 nghia gi, vi rAng theo bé ma hoa d trén né cé
thé 1a “abaabb’ hay “def” hay “abadb” v.v... Do d6 ngudi ta phai
b6 sung ky tu dic biét dé ngin cach cac ky tu riéng r& véi nhau.
Vi dy tit md 01/0/0/11 chi cé mot nghia duy nhat 1 “daaf’ nho
¢6 ky tu ngan cach “7.

Nhung nhu vay sé lam cho tit ma dai hon va cé thé tao ra
méu thuin véi myc tiéu di dat ra 1a tang toc d6 xi 1y théng tin.

Sau day ching ta s& xem xét mét trong nhitng phuong phap

dé giai quyét van dé cac mau thudn ké trén cha ma ky tua e6 dd
dai thay déi.

Trude hét ching ta hay xem x6t mdt vai khai niém mdoi
nhu sau. M6ttt w duge goi 14 tién t6 ca tit u néu tdt » cb dang

u = wx, § diy x la mét ti khae, Vi du tir 110 1a tién t& cha ti
11001100.

Mét vin dé can phai luu ¥ 1A trong mét bé ma ky tyd sé
khdéng c6 mét ky tu nao ¢6 mi 14 tidn t& ctia ma mét ky tu khac,

Ngudi ta goi tién t& xudt hién ctia mot ky ty trong mot tap
ky tu cho trude 1a tdn xudt ctia ky tu d6. Tt khai niém nay chiing
ta cé dinh nghia nhu sau:

Dinh nghia 4.7.1. Cho C = {a,, a,, .., a,/ 1a mét tap ky tu
véi cac tan xuit tuong dng 12 fla,), flay), ... , fla,). Gia si ching
ta c6 b0 ma tudng dng véi tap C, trong d6 d6 dai ctia méi mi ky
ty tuong ing la ifa). Trong lugng cda b ma ky tu duge dinh
nghia nhu sau: '

3 fa)(a,) 4.5
i=1

R0 rang trong lugng cua b ma ky ty cang thap cang vu viét.
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Mot trong nhiing phuong phap 38 xac dinh bd ma ky wd ¢6
hiéu qué (vdi trong lugng bé) la dung lylthuyé't vé cay. Ma xay
dung theo nguyén ly trén goi 124 ma Huffman. Sau diy chung ta
s gidi thidu thuat toan tién ma Huffman thong qua mot vi du
cu thé.

(3i4 s chung ta cd bé ma ky tu C={a b, ¢ d, + -} vOicac
tan sb tuong ting nhu sau:

fla) = 82 fic)=9 fle) =5
ftb) =7 fld} =25 fi-i=4

Thuat toan x4y dgng méa Huffman bao gbm cac budc sau:

Bude 1: Ta thanh toan va xép thit tu cac ky td tir tral qua
phai ting vi tdn xudt ctia ky tu ting din theo hang ngang (ta
goi 14 hang ddu) nhu sau:

O @ 10 o0 2@ 2@
Bude 2: Tao mot dinh méi tur 2 dinh tan cing bén tral sao
oho dinh méi nim & hang diu cla bude 1. Ta gan cho dinh mdi

mot gia tri bing tong cAc tan xudt etia 2 dinh tao ra ndé nhu sau:

9 0 © @ @

4 5

Bude 3: Sép x8p lai cac dinh cia dé thi (hang dau) theo tha
ty tAng dan chia tAn xuat tit tria qua phai.

:® I g0 95d 30@
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Bude 4: Lap lai bude 1, 2, va 3 nhiéu 1an sao cho 8 hang dau
chi con 1 dinh. Cu6i cing ta c6 dd thi nhu & Hinh 4.7.5.
82 o

Hinh 4.7.5

Bude 5: Xoa tit ca
cac sb ghi tan xudt tal
cac dinh va ma hoa cac
canh cbha cay theo -
nguyén tic ma nhi phén,
nghia 12 canh bén trai co
gia tri khéng, canh bén
phai ¢6 gia tri 1 (ha
canh xudt phat tua 1
dinh) nhu ¢ Hinh 4.7.6.

Hinh 4.7.6
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D6 thi nhan duge & Hinh 4.7.6 goi 12 cdy Huffman. D& tim
ma Huffman cho mot ky tu nao dé ta bt dau di ti dinh cha cay
qua cac canh cho dén ky tu dich da cho. Dy cac chit 6 0 va 1
tao ra theo dudng di d6 chinh la ma Huffman cia ky ty da cho.
Trong vi du trén ching ta co bang 4.7.1.

Bang 4.7.1

e Tan xuat Ma Huffman Trong Iugng
32 a 32x1=32

7 1010 7 x4=28

9 100 9 x3=27

25 1 25x2=50

5 0411 5x5=25

- 4 10110 4 x5=20

; - 182 |

Véi cach ma hoa nhu trén thi tAn xult cang cao thi dé da
ciia ma ky ty tudng (ng cang bé.

Mz Huffman 12 loai ma ¢6 t8ng trong lugng T bé nhAt trong
tAt ca cac loal ma cd tinh chat tién t§ (tic 1a khéng mot tU ma

nao 1a tién t6 cua mot tr mi khac).
4.8. CAC MANG GIAO THONG

Mat trong dd 6 hudng dude goi 12 mdt mang giao thong néu
thoa man cac diéu kién sau day:

1. D4 thi 1a lién théng va khéng chida mét mach phan ho
(trén cung 1 dinh). )
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2. Chi ¢6 mdt dinh trong d6 thi 1a khéng cé canh vao.
3. Chi ¢6 mét dinh trong d6 thi khéng ¢6 cank ra.

4. Trong s6 (hay trong lugng) ctia méi canh la mét sd thuc
khoéng Am.

Hinh 4.8.1

Binh khéng 6 canh vao ctia mang giao théng goi 14 nguén va
dude ky higu bang a. con dinh khéng ¢é canh ra duge goi 1a dich
va ky higéu 14 z. Trong s6 clla mdi canh chinh 13 céng suil cue
canh d6 {(ndng luc giao thong). W(i, j) 14 cbng sudl cua canh (i, j).
Hinh 4.8.1 1a mét vi du mang giao thang.

Bén canh khéi niém vé cdng suit cha canh ngue ta cin dua
ra khal mém luu lugng @2, j} cda canh /i, j) trong mang gino
thong.

Luu lugng trong mang giao théng o6 thé hidu 1a lun lugng
van tai hang hoa hoac luu hugng xe trong mang. Luu ludng
@i, j) ctia mdi canh (4, j) phai la mot sd khong am thoa man cae
diéu kién sau dav:

a) D1, ) < Wi, j) @61 véi méi canh (7, 7);

b) S (i j)=> (), k) d8i véi moi dinh j. trit dinh ngudn va

" PR

dich.
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Diéu kién thi nhat ching 16 rang luu lugng phai ludn ludn
khoéng dugc vugt qua trong s6 cia mdi canh, vi trong s3 chinh la
khi ning, 13 cdéng suit thiét k& cua moi canh.

Piéu kién thit 2 cho ching ta biét ténhg luu ludng vaoe cia
mdt dinh phai bang téng luu lugng ra cQa nd; trit dinh ngudn va
dinh dich.

Hinh 4.8.2 md ta mdt mang giao théng, trong d6 trén mdi
canh (7, j) déu c6 ghi hai con s6, 8§ thi nhit la trong s6 W(i, j)
con s6 th 2 1a luu lugng @i, j). T vi du trén chiang ta thay ré

mdi quan hé sau day:

D= Z(P(a,i) :z Dk, z) (4.6)
b ~k

b 7,2 c

Hinh 4.8.2

¢ ddy, @ 1a luu lugng chung ctia toan mang. Ro rang luu lugng’
@ bing tong s8 luu ludng roi khoi ngudn déng thoi bang téng s
hun higng dén dich (tat nhién véi gid thidt mang khong ¢6 tiéy, »
hao). D&l vt mb canh (i, ) ta néi ring heu lwong bdo hoa néu
o4, j) = WIi, j}, edn néu thi @i, j} < W(i, j; thi ta ¢6 luu higng
chua bédo hoa. Luu lugng c¢é kha nang dat duge 16n nhit cta
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mang goi 1a luu luong cuc dai. Bai toan quan trong duge dit ra 1a
phai thiét ké hé thong van tai sao cho lwu lugng qua mang to
nguén dén dich 1a dat duge tri 86 16n nhat, tace 14 dat dude luu
ludng cue dai. Ching ta sé nghién eitu thuat toan dé co duge luu
lugng cue dai nay.

(P, P,

Hinh 4.8.3

Gia sit ta cat mang glao théng thanh hai phin P va P. sao
cho dinh ngudn thude P va dinh dich thue P. Ngudi ta dic
trung cho phép cit nay bing ky hiéu (P, P). Cong sudt cia phép
cat duge dinh nghia 1 tdng WP, P) cac cbng sudt cua tat ea cac
‘canh néi ti cac dinh caa P sang cdc dinh clia P, nghia la:

WP, P)= -Z?V(i,j) (4.7)
icP jeP

Hinh 4.8.3 minh hoa mét phép cit (P, P). Trong dé P={a, d}
va P = b, e, 2} vata cé:

WP, P)= W, b) + Wid, o)+ Wid, 2) =8 + 7+ 10 = 95

Binh: I§ 4%L. Gia. tri. luu. lugng ctia- mét mang giao théng
thi.bé hon hoic bing céng sudt cia mét phép cat (b4t ky) trong
mang:
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Chitng mink: Gid sit @ 1a ham luu lugng, (P, P) 1a phép cat
trong mang giao théng va @, 1a gia tri luu lugng cia mang, ta

cal

@, = Z(D(a,i) (1.8)

D6i véi mdi dinh p bat ky kbée a thude P ta ¢ tong luu
ludng vao bang téng luu hugng ra, nghia la:

Z &(p,i) :Z &(j, p) (4.9

Luu lugng cia mang chay qua 1it ca cae dinh déng thoi
chay tron ven qua mat cat (P, P). Do vAy quan sat luu lugng ti
mét cit cila mang ta ¢6 quan hé sau day:

D= > D(pi)- D P, p) (4.10)
peFPiieP pefjeP

Biéu thiic (4.10)¢6 nghia rang gia tri lvu lugng cua mang d
ti ngudn dén dich bang hiéu clia tdng s6 luu lugng qua mat eal
huéng vé dich va téng s8 luu lugng qua mit cit huéng vé
ngudn. Vi Y @(j, p)ludn lubn la mdt s4 khong am néu ta cé:

peP. jel

Bys Y D(p,i)< ZW(p,i)= WP, P) (4.11)

pePiicP peliicP
Nhu vay dinh i da duge ching minh xong.

Tt dinh I 4.8.1 ¢6 thé xdy dung dude thuit toan tim gia tri
hiu lugng cye dai cho mdt mang giao théng trén cd sd su dung
cAc phép cit. Tuy vay chiing ta sé khéng di sdu vao van dé nay

4 day do muc tidu gi6i han clia cudn sach.
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4.9. OTOMAT HUU HAN

Mot trong nhing tng dung quan trong va thudng gap cia
ly thuyét d6 thi va cay la trong linh vuc Iy thuyét stémat. DE c6
thé gidi thidu so luge vé& Gng dung 1y thuyést dd thi trong linh
vde nay ching ta xét dén mot s& dinh nghia sau day.

Pinh nghia 4.9.1. Otémat hitu han (hay con goi la may
hiiu han) duge dac trung nhu sau: _

1. Tap trang thai § cua 6tdémat 14 hitu han.

2. Trang thai ban d&u clla 616mat 14 trang thai S, € 8.

3. Tap cac trang thai cudi cing chia 6tdmat F 1a mét tap con
c¢ha S, nghiala F < S.

4. Tap hitu han cac d4u vao (hodc cae b9 chit vio) cia
dtémat 1a .

5. Anh xa & duge dinh nghia nhit sau:

S x Z—F;S

N6i cach khace §1a anh xa tit tip cac cap sip xép S x ¥ vao
tap S.

& con duge goi 1a ham chuyén trang thai ctia 6témat nghia
14 néu 6tomat dang & trang thai s nio do, dudi tac déng cia diu
vao ¢ thi né s& chuyén dén trang thai &s, i). C6 hai phuong phap
dé biéu dién mét 4t6mat hiu han 1a diung bang trang thai va dé
thi trang thai.

» Phuong phdp dang bang trang théi: gia st S =.{s,, Spy weny 8,/
VE X = {i), iy ..., i) Otomat ditge mé ta dudi dang bang trang
thai nhu sau (Bang 4.9.1):
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Pau vaoe

i
i b i
S
s, (s, i,) CYCTIE S DR 88, i)
Trang thaj s, B(sy i} ¥(Spip) e 8(S, 00
Sn 0(Sn I]) b\(sﬂ’ IZ) b(Sﬂ Im)

Bang trang thai nhu trén md ta hoat ddng cua 1 6tdmat
hitu han. Bang trang thai cuing véi trang thai ban diu cha
otdmat so vl tap trang thai cudl cung cua 6tdmat F hean toan
xac dinh mdt étémat hitu han bat ky.

s Phuong phip ding do thi trang thai: M&i dinh ctia @6 thi biéu
dién mét trang thai cia 6tdmat con canh cia d6 thi biéu dién su
thay d6i trang thai:

i

O——0

Hinh 4.9.1

Hinh 4.9.1 mé ta su dich chuyén trang théi cia 6témat ti
lrang thal s; sang trang thai s, (ky hiu s; — s;) khi 6 tac dong
cla i, d diu vao. Ngodi ra dé chi trang thai cudi ciing s; ndo d6
ngudi ta dung hai khuyén trén tai dinh tudng dng cha dé thi
nhu ¢ Hinh 4.9.2 va trang thai ban dau s, cfing ¢6 ky hiéu riéng.
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s, eF

Hinh 4.9.2
Hinh 4.9.3 cho ta mét vi du dung d6 thi trang thai dé mé ta
mét 6témat hitu han phiic tap (6tdémat khoéng tat dinh).

Hinh 4.9.3

BAI TAP
1. Gia st n thanh phd dudc nél vil nhau boi mdt mang giao

thong gbm K dudng cao tée (dudng cao téec d diy c6 nghia la
dudng néi thing gita hai thanh phdé ma khéng qua mét
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thanh phé trung gian nao ca). Ching minh rang, néu

1 b ey . - .
K >§ (n - I)(n - 2) thi ta ludn ludn c6 thé di lai gidta hai

thanh phé bat ki bang dudng cao tde. -

. Chiing minh réng t8ng cac mifc vio cha tat ca cac dinh bang
téng cac muc ra cua chung trong bat ki mdt dd thi ¢6 hudng
nao.

. Mudi mét sinh vién c6 k& hoach dn trua cung nhau trong mt
0 ngay. Khi 4n trua ho ngdl xung quanh mét ban tron. Hay
lap ké& hoach de sa0 cho mdi sinh vién trong mdi biia an co
hai ngudi ban mdi d bén canh. Ké hoach d6 co thé kéo dai
trong bao lau.

. Chiing minh ring trong mot dd thi phéng tuyén tinh lLién
théng véi 6 dinh va 12 canh thi moi mét mién duge g'iéi han
bdi 3 canh. O day db thi phéng tuyén tinh 1a d6 thi phing mi
gilta hai dinh bat ki chi c6 mot duong néi duy nhat ma théi.

. Cho G la m6t dé thi ¢6 s8 dinh biang 11 ho#c nhiéu han.
Ching minh rang G hoac G khong phai 1 d6 thi phang.

. Chiing minh ring mot 46 thi phing tuyén tinh ¢4 mdt dinh
mitc 5 hoac bé han.

Mbt cay ¢6 hai dinh mic 2, mot dinh mie 3, va 3 dinh mic
4. Héi cay di cho ¢6 dinh ¢ mic 1 khong? Néu c¢6 thi bao
nhiéu?

. Cay cé n, dinh miec 2, n; dinh mdc 3, v.v.... van, dinh mite k.
Héi ¢6 bao nhidu dinh mic 17

. Chiing minh rang ciy nhi phén chinh quy ¢6 mgt s6 1é& cac
dinh.
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10.

120

Céc thidt bi sdn xuét tai 3 nha may A, B, C phii chuyén
dén 3 dia phuong X, Y, Z qua mang giao théng vé ¢ hinh
4.10.1. Gia st nha may A c6 thé san xuit duge nhiéu nhit
40 may, nha may B c6 thé sén xuit duge nhiéu nhit 20 may
va nha may C ¢6 thé san xuit duge nhiéu nhat 10 may. Hai
mdi nhi may ¢ thé san xudt bao nhidu may d€ c6 thé van
tai ngay dén cac dia phuong théng qua mang giao thong da
cho?

Hinh 4.10.1



Chuong V

DAI S& CHUYEN MACH VECTO
VA HAM CHUYEN MACH VECTO

Trong chuang I1I ching ta di nghién ctu dai s& Boole mét
cach téng quat thong qua viée nghién ciiu cac cdu tric dai sé.
Pai s6 Boole dugc dinh nghia tit dan Boole hay dan phén bd b
cung véi hai phép toan cong (OR), nhan (AND) va phép pha
dinh (NOT). Can luu y riang phép céng d day chinh l1a giéi han
trén bé nhat, con phép nhan chinh la gidi han dudi 16n nhit ma
ching ta da xét trong dai s6 Boole tdng quat. Pai s6 Boole tdng
quat n nguyén ti B, déng c&u vdi dai s6 Boole xay dyng it tich
truc ti€p cua n dai 6 Boole hai phin ti B,. N6i mét cach khac,
chiing ta c¢6 thé nghién cttu dai s8 Boole B, théng qua dai s6
Boole B,. Do vay muc dich clia chuong nay 1a nghién cuu dai s6
Boole hai phan tl B, va cac anh xa tit B, vao chinh ban thin noé.
DPai s6 Boole hai phan tit B, ¢con duge goi 1a dai s6 chuyén mach.
Dai 8 chuyén mach cé nhiéu dng dung tryc tiép trong ky thuit
86, tu dong didu khién va cu thé la trong viée thuc hién cac
4témat hitu han. Néu chiing ta xét dai sd chuyén mach trong
trudng hop tdng quit, nghia la khi ta thay moéi phan ti nhi
phin bang mét vectd nhi phan thi ta cé dai s6' chuyén mach vecto.
Cac 4nh xa Boole tit dai s6 chuyén mach vectd vao chinh ban
than no goi 14 ham chuyén mach vecte. Ngoai cac phép toan OR,
AND va NOT chiing ta con dua vao phép todn quay va phép todn
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b tong hop. Toan tit quay dude xiy dung trén cd s6 quay theo
chiéu trai va gquay theo chiéu phai cac thanh phan ca vecto nhi
phan. Phép toan b téng hgp duge xay dung trén cd s6 phii dinh
cac thanh phan cla cic vectd trong trudng hop téng quat. Do
tinh chat téng quat nhu vay cho nén cic tinh chit, cac dinh i,
chang han nhu dinh 1i De Morgan, dinh li Shannon, v.v... trong
dai 6 Boole duge nghién ctiu mdt cich téng quat hon.

Trude hét ching ta nghién ciu dai 58 chuyén mach, nghia
la dai sd Boole hai phén ti, rdi sau d6 nghién citu dai s6 chuyén
mach vectd.

5.1. DAI 86 CHUYEN MACH VA HAM CHUYEN MACH
VECTO

Dai s6 chuyén mach va cac anh xa ti d6 dén chinh ban than
né 1a cd s& dé téng hop va phan tich cac mach s& va cac hé théng
roi rac. Dai s8 chuyén mach hay dai s6 Boole hai phan ti c6 2
cuce tri 12 1 va 0 déng thai thoa man cac tién dé tit D, dén D, va
Dy, D, (trong phin ly thuyét dan & chudng I1D).

Trude hét chung ta hiy dé cip dén cac dinh i va cic tinh
ch&t cd ban nhit ctia dai s6 chuyén mach.

Dinh 1i 5.1.1. Cho x,, x,,..., x,.; 12 cac bi€n nhi phan thude
B, ta co:

a) (Xg+2, 44X, )= XX, .. X, (5.1)

b) (:E;xl...xn_1 )= Jc_(J + :vc1 ot X, (5.2)

Dinh i ndy con goi 14 dinh li De Morgan téng quat. Dinh Ii
nay c6 thé duge ching minh mét cich d& dang bing phuong
phap truy ching toan hoc va chiing t6i dé danh cho ban doc.
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Pinh 1li 5.1.2. Binh li Shannon:

[ Gotrndonrts = Fqr Tyt - ) (5.3)

Né1 mét cach khéae, bit cua mét ham so ' nhan dude biang cach
thay thé& médi phan td bing phan tit bu ctia n6 déng thoi thay déi
cac phép toan AND va OR cho nhau.

Vidu: flx, x, x3) = (x, +Xp)%5 + Xy x_) ;:c_,i

?(xp X3 Xy) = [xlz"';:_aj [(x_l +xy) + 2y

Dinh I 5.1.2 ¢6 thé chiing minh trén cg s6 ap dung dan titng
budc dinh i De Morgan cho dén tan tiing bién x;. Biy g1 chung
‘ta X6t dén vin dé khai trién cac ham Boole.

Dinh li 5.1.3.

Q) fXopes Xioory Xn ) = XXy Loowty Xt +5; [Egpeney Oy 2, )

b) g XppeerXn ) = xf(xm...,l,...,xn_,)@;i fxps0,. %, (5.4)

&) fXgrns XooorrXnt) = (60 Lot ) L%, +f(Xs O X0 )]

Pinh li nay ¢6 thé ching minh béng cach thay thé& vao hai
vé cua cac phuong trinh trén cac cap ga tri cua x; va x; (1 hodc 0).

Vi du: Ham s8 flx, x5, %) = (:x‘,,3c2);n:3 + 2, (x, +x,)c6 thé
biéu dién dudi dang sau:

Fliy, X x5 = %, (g2 + Xg + %) + %, (X5)

hodc flx,, x, x3) =[x, + x,J. [:c_l + {;vc_Q;uc3 + Xy + Ex:;)]

Tit dinh X khai trién & trén ching ta c6 hé qua saw:

Hé qua 5.1.3.

a) %, fXgprey Xierry Xnp) = %0 fXgpery Loty X0 0)

B) %, + flXses Favrr T ) = Xy + Xy Oros o) (5.5)

) X, . fXgperrr Tporis X ) = X o [Xgrey Oy X 1)

d) x; + fEp.s Xorrr Xt} = X, + fxgs Ly 2,0)
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Ap dung cac tién dé cha dai s6 chuyén mach (D, dén D, va
Dy, D, trong phan 1y thuyét dan & chuong III) cung véi cac dinh
li trén ching ta co thé don gidn duge cac ham 6 Boole trong
dang tuyén chinh quy. Nhu chung ta da biét 8 lugng ham
Boole n bién 1a 2%°.

Béy gid ching ta nghién c@u cac dang chinh quy ca ham
chuyén mach vects, nghia 12 ham chi 14y mot trong hai gia tri 0
va 1.

Dinh li 5.1.4. Mat ham chuyén mach bat ky déu ¢6 thé biéu
dién dudi dang tljlyén chinh quy. ‘ ‘

flxp..., X, 1) -Zx[) x] X (5.6)

Aege,... e, ) ma fley, e,..., e, ) =1
hodc dudi dang héi chinh quy:
fxp..., x, ) = I_[(;:c0 +x1 fotam) (5.7

Alege,... e, ) mafle, e,...,e. =10

x;,, néue =1

g day, xi=e ) 5.8
x, néue; =0
Vi du ham s8 flxy, x5, xy) = x5x, + x1g+ xoxf},: c6 thé viét
dudi cac dang chinh quy nhu sau:

f(x0" %y, X) = XX 20, + X%, Xy + Xy X, X,
= (Xg+X; + XXX 1+ %o Xt X; + X, M 50 42+ X)), + X+ 2, )

M1 86 hang trong dang tuyen chinh quy duge go1 la mét cuc
tidu va ¢6 ky hiéu m;.

M&1i thita s8 trong dang hdi chinh quy dude goi 14 mdt cuc
dai va c6 ky hig¢u M.
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G day i va j 14 cac s& thap phan biéu thi gia tri nhi phan
clia cac cuc tidu va cuc dai tuong tng, ching han m, ¢ 111,
M, «» 101, (ky hidu “«3” chi su tudng ng).

Can luu ¥ phdn biét ring trong dang tuyén chinh quy thi
con s6 1 bidu thi bién s6 Boole con con.sé 0 biéu thi phin bu caa
bié&n tudng ting. Ngude lai, trong dang hdi chinh quy thi eon s& 0
biéu thi bién s6 Boole con con 86 1 biéu thi phin bu chda bién
tucng ing.

Vidu: m,=x,x, x; & 100  M;=(x, + x,+5, ) > 101

M= XXXy € 110 My=(x,+ x, +x, ) ¢>011

Do vay chung ta ¢6 thé biéu dién ham Boole dudi cac dang

chinh quy nhu sau;
f=2m, hodc f= 7/IM; (5.9)

Vidu: [=Z(4,6,2,5) =my+ mg+ my+ m;

F=11(0,1,3 7)=M,. M, M; M,

5.2. PHEP TOAN BU TONG HUP VA PHEP TOAN QUAY

(Gia st vectd bién Boole X ¢6 n thanh phan X =(x,, x,,..., X, 1)

Trong dai s6 Boole chung ta da biét dén phép todn bi thanh
phdn X trén g s6 phi dinh tiing thanh phin cda X. Ching han
trong B,. bt toan phan cia 0014 11, cta 0114 10 v.v...

Trong dai s6 chuyén mach vecto thi phép bﬁ.toém phéan duge
téng quat héa va dudce goi 1 phép bir tong hop.

Dinh nghia 5.2.1. Trong dai s§ Boole n phéan ti B,,, phan
{1 bl téng hop X ctia bién X 14 mdt phén t nhan dude bang
cach bu cac thanh phén ctia X theo cac gia tri thanh phan tuong
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ng cua P. Thanh phéin x; € X duge bt néu p;= 0 va khdng duge
bit néu p;= 1. O day p, danh ddu phan tit thdicha P €B,, .

Vi du irong dai sé Boole 3 phan t& Bédng 5.2.1
B v6i P = 101 thi X? duge x4c dinh nhu g % X
bang 5.2.1. 000 010
Bay gi6 chung ta xét dén mot toan t& 001 011
méi goi 14 todn tu quay. 010 000
DPinh nghia 5.2.2. Cho X=(x;, x,,..., X,/ 011 004
ia vecto bién trong B, . Phép todn quay phai va 100 110
quay trdéi X duge dinh nghia tudng Gng nhu 494 111
Sau: 110 | 100
é?f( = (Xp Xgors Xnpy Xo) (5.10) 111 101

X= (xn_b xo, JCL.‘.‘, xnﬂ
N&u khéng tinh d&n chidu quay thi ta co the viét X
Pinh nghia 5.2.3.

s
e
L J

(n} - :
S L (5.11)
X ()

Toan ti quay dinh nghia trén day la toan td quay cung
chidu, nghia 1a hodc tt ca theo chiéu trai hoac 14t ca theo chiéu
phat.

Dua vao khai niém phép todn bu tdng hop va phép toan
quay chung ta c6 thé dinh nghia mét cach day dua dai s6 chuyén
mach vectd nhu sau: '

Dinh nghia 5.2.4, Tich tryc tiép By v6i 3 phép toan +.., -
va hai phép toan bu téng hop va quay dinh nghia trén né goi 1a

dai s¢ chuyén mach vecto.
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Phép toan b tong hop va phép toan quay c6 mot s tinh
chit ¢d ban nhu saw:

{ X=X.X=X86day0=(0,0,.,0:1=(1.1... )

2. P”=I,P_P_—_pP:}3P:O

3. X'=X®P

4. P,=P,néu va chinéu xP - xP
5. xP -(x) -x¥)-x

B o o Eeo_ A ~
6. XP'" = X¥ dei véi mbi s6 nguyén dudng n.

"

v
& day X7 :((X’)}Y
7.0 PP :’(I'. néu n le

P, néu n chan

b PP = O, néu n lé
P, néu r chin

b (XFxP)=xP X[ =X+ X =X LXE O 5I2)
9a) (X, + X" = (X, X,)"

b) (X,.X,)" =(X, + Xp)°
10.2) (XP + XP)P =(XP XD

by (XB.XEYP = (XP+ XP)™

n)

- 11.Néu X Bz,,::»XzX
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e —_ —~
b) (X, + X)) = (X, + X,)
— raYy
13. X# =XP
{n-1) .
A A I néuX=P
14.a Loy =7
) X)) .. (3) {0, o
(n-1)
: i o~ 0, neuX="P
B (XPY+({XP)+ . . . +(XPYy=1:"
) (XF)*(X7) (X% {I, néfuX =P

5.3. CAC TINH CHAT CUA DAI SO CHUYEN MACH
VECTO VA HAM CHUYEN MACH VECTO

Bay gid ching ta ¢6 thé dinb nghia ham chuyén mach vecto
mot cAch téng quat trén cd sd nhing thuat todn mdéi duge bé
sung trong phan trude. Tuong tu nhu dai s6 Boole ndi chung,
dai s8 chuyén mach vectd ciing duge dinh nghia theo phudng
phéap dé quy, chi khac & day ching ta dung céc khai niém téng
quat vé vecto va ham vecto.

Pinh nghia 5.3.1. Gid st X, X,,..., X,, 1a céc bién vecto,
ham chuyén mach vecto duge dinh nghiz nhu sau:

1. Cho A la vectd hing s6 trong B, . Ham vecto hang s6
F(X, X,..., X,) = A vd ham vectg chiéu FyX, X,,..., X)) = X,,
i efl,2,..., m, 14 cic haim chuyén mach vecto.

2. Néu FX, X,.., X,) la ham chuyén mach vecto thi
FP(X]P'._X;E ....,X:") ciing 12 ham chuyén mach vectd d81 véi
cac gia tri bAt ki cua P,

3. Néu F(X,, X,.., X,) 1a ham chuyén mach vects thi

oo R T

F()?l )?ii'm Jcling 1a ham chuyén mach vecto.
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4. N&u FiX, Xoor X)) v FoX,, X, X)) 12 ham chuyén
mach vecto thi F, + F, va F,. F, ciing 1a cac ham chuyén mach
vectd.

5. M&i mot ham sd duge tao ra bing cach ap dung mot s0
hiiu han lan cac quy luat k3 trén cing 13 ham chuyén mach
vecta. '

Bay gic ching ta xét den su thay déi cta cac dinh luat co
han cua dai s0 Boole trong truong hop dal &6 chuyén mach
vectd. Noi mot cach khac, ching ta gii thidu dang téng quat
cua cac dinh luat do dang cho tit ca ehc truong hgp (trong dai
56 Boole thong thudng v trong dai s chuyén mach vectd).

Pinh i 5.3.1. Dmh Ii De Morgan tong qudt

a)y (XB xl . XIF _(XP XD v X) ")F (5.13)

by (XD + X0+ v X)) = (XX Xy (5.14)

Dinh li 5.3.2. Dinh li Shannon tong qudt

FPXP XP X ey =F (X)X X4y (6.15)

Chung ta hay nghién cu dang chinh quy cfia ham chuyén

mach vectd. Gia stt cac bién vao dugde dac trung bang tap hgp

= X, Xp.n Xatb M& bién vects X, ¢6 n thanh phan

X (x,,, reees Kooy Xinds o day x; 1a cac bién nhi phan i €(1,2,., mf,

j e {1, 2,‘.., n} Tuang td nhu vay, ham chuwn mach vectd F

ciing ¢6 n thanh phan F = (fi, fo-.. f.). Mbi thanh phén f; 1& mét
ham nhi phén (nghia 1a tap gia tri cuaa noé 1a {0. 1}).

Fo =(X 11 Xigpeees Xgno Xogseees L2mreems Xpatreeos X0

gdav, k {1, 2,..., nl.

Do vay fcod thé 18y ma tri 1 hmc 0 tuy theo t6 hop gla tri
kh#a - hau cta cac bién vao. O dAy ching ta o6 2™ t& hgp cac gia
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* .

tri bién vae khic nhau nén ching ta ciing ¢é cac gia tri tuong
ing ctia £ 12 fu, fverr S, o

Do vay, mach logic thuc hién cac ham trén dude goi 1a mach
logic t6 hop va nd cé thé duge bidu thi bing hinh 5.3.1 hodc bing
that 5.3.1.

K1
X, e

R

) e

B } F
X L p

X2n L .

et ————
X, {

X g

Hinh 5.3.1

Bang 5.3.1
x Xy X I3
- A - e - E = - A,
XXXy, XaXp Xy 7T X XX, S s,
00..0 . 00.0 .. 00.0 £ foo o fug
00..0 00.0 .. 00.1 £, £, .t
T U T T E U O A A




Pinh li 5.3.3. Cho F la ham chuyén mach vectd cia m bién
nhi phan X, Xp...., X, Ta cd:
a) Dang tuyén chinh quy cia ham F:
in-1y

v P
FX,..X,)= D AF @,... P XH (XY (X

~
D IXB X)X (5.16)
b) Dang _h.f}i chinh quy ctia ham F:
F(X,... X )= [{F P, - Po)+ [XP L (XP Y+ A (XD et
(n-1}
Va4 v
I XE (XY (XD (5.17)

Vi du 5.1. Ham chuyén mach vecta cho & bang 5.3.2 ¢b thé
dugce biéu dién dudi dang tuyén chinh quy nhu sau: '

Bdng 5.3.2
X, X, F
o000 001 101
001 011 010
100 101 001
10.1 110 111
Cac gia tri khac 000
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F(X,, Xy = (101) x7° (Xfao)(xfm)xgm (XSOI)(XSE’T) +
N TR o~ P

. 10X GG I -
~ PR Py

£ OO XX X)X (XWX +

e

1 101 /_‘?(—11/ 101 110 110 110
+ (11)X1 (X1 )(X1 )Xg (Xz )(Xz )

Pinh li 5.8.4. Ham chuyén mach vects F(X,,..., X.) ¢6 thé
khai trién theo bién vectd X; ef X,,..., X, } nhu sau:

. {n-1)
ST
a) F(X_b"-) Xi:'") Xn)= ZX!-G%__X:"‘F(X],.“,X&- - ﬂ.,..-,Xm)
~aeBy
(5.18)
b) FX,..., X,,..., X,) =
N
[T0X7 + X2+ X2+ POX X =0 X)) (5.19)

~asBs

Vi du 5.2. Khai trién ham F & vi du 6.1 theo X,
P A
000 f(‘)\(h)ﬁ/ /—;56/
FX, X,)= . X1 (Xi XX[7)YFOO00, Xy +
+ 0 XXX Foo1, X)) +
—~ T
o XIXTOUX™) FQ00,Xy) +
o~ TR
+ XXX F(101, Xy)
Bén canh céc dang chinh quy d3 md t4 6 trén ching ta sé
gidi thiéu mét s6 dang trién khai quan trong khac.
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T bang that caa ham & (bang 5.3.1) chang ta cé thé suy ra
dinh nghia sau.

Dinh nghia 5.3.2. _ ) )
F(X,,... X )= S(X X X Yoo X X P X Py

rlaay . atma fol{aay . a, k=l

f\

(‘_"r
L\:J
"\_/

_ (5.
&day k &fl,..., nl, 1 €00, 1,..., 2"-1/, (a,a,..a,) 1a cac t6 hop gia
tri cua X, X,,,..., X,

0, néu x;=0
E, =

11, néu x; =1

e Xi, néu E;=0
I X, néu E; =

E

Vidu 5.3. Tu ham F(X;,X,) cho & vi du 5.1 chiing ta cé

N

F =X XX, X 2X2 +X, X;X, XXX,

Pinh li 5.3.5. Déi véi moi tap cac X, ¢ &(1,..., m/ ma
ful X, X,..., X)) = 1 thi:-
) (n1) (h-13

(X]E“X:u X“ ) (X le w1 ’.‘kam )’:

(1, 1,..., 1), ndu t&t ca X, bang 0 hodc 1
(0, 0,..., 0), trong cac trugng hgp khac
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Vi du 5.4. Tit bang 5.3.2 ching ta suy ra bang 5.3.3 sau
day:
Bing 5.3.3
(n-1) {n-1)
WDl O e DR, OY
X | X | (XX X ) A X Ko LX),
. i T TN N
000} 001 |t,=1 [(000) (0O0) (000) (001 (001 (001) =(110)
101] 110 ff,=1 (101) (101) (101) (110) (110) (110) =(100)
N NS e NP~
001) 011 ff,y=1 [001) (001} (0O1) (011) (011) (01 1) =Q101)
N R N R
1011 110 =1 (101) (101) (101) (110) (110) (110) =(100)
N R N RN
000 001 [f, =1 Y000) (000) (000) (001) (00D (001) =(110)
L R TN PR
100 101 [f, =1 (100) (100) (100) (101) (101 (101) =(110)
TN R N PR
101 110 i, =1 (101) (101) (101) (1 10) (110) (110) =(100)
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Goi & 14 nguyén ti thiri cha B, | nghia 1a;

6=(0,..,0 1,0,.., 0), ta s8 c6 cac dinh Ii sau day:

{é}, dét véi tat ca moi f;= 1 (5.21)

0, v f;= 0 (c6 mét f;= 0)



Dinh 1li 5.3.7. Néu F(X,.., X)) = (fiX,... X
Xy, X)) 1a ham chuyén mach vectd thi:

Tw dinh li trén cd thé suy ra dang chinh quy sau day cua
mot ham chuyén mach vecto.
Dinh li 5.3.8. Mbi ham chuyén mach vectd c6 thé biéu dién

dud dang sau day:
(i-1)

6. Y F,

F(X,..,X.,) = . (5.23)
i .

Vafi - o8,
i=1 =1

- O day ki higu D 1a tdng modul 2.

Vi du 5.5. T ham chuyén mach vectd cho & bang 6.3.2
ching ta c6 dang chinh quy sau day:
N Y RS R
F(X, X)) = 51(X1X1X|.X2X2X2+X1X1X1.X2X2X2) +
RS RS A A

_ A2
v 58X XX, XXX, FX XXX X+

~t RS SRS ~s RS RS RS R

+83(}I}1:€l.}2Y2X2 +X|}1:\;1.X3E1X2 +X1}1Xl.X2X2E1)}
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5.4. NHUNG VAN DE TOI THIEU HOA CAC BIEU THUC
BOOLE . '

Trude day khi ki thuat vi dién tit chua phat trién, toi thidu
héa céac biéu thite Boole 14 mot trong nhiing vAn dé cd ban cha i
thuy8t tdng hgp cac mach logic. Khi ki thuat vi dién td ra dai,
dic biét 12 cac mach vi dién td quy mé 1on LSI, thi vén dé té
thiéu hoéa cac biéu thic Boole khéng cdn ¢6 ¥ nghia nhu trude
nita vi viée téng hop cic mach logic dya trén cd sd cac modul c6
s&n ch khéng phai trén cd sd tiing phan ti chitc nang riéng ré.
Hon niia, gia thanh ctia mach vi dién tii ngay cang giam téi miic
ma viéc thém hoac bt di mét s6 phin tu hoac thim chi hang
chuc phan t& hofic hon thé nifa cling khéng cén ¥ nghia ldm.
Lic bay gid y&u t8 quyét dinh tinh kinh t& cta thanh pham 1a
nhiing vin dé khac nhu d6 tin cdy, tinh sdn sang lam viée, tiéu
hao néng lugng v.v... Tuy nhién trong qua trinh phén tich va
téng hgp li thuyét cac mach logic ngudi ta phai dung dén mot s8
khai niém c6 lién quan dén van dé t&i thigu héa cac biéu thie
Boole. Do vay 8 day ching ta sé gidi thidu mét s6 t}iué_lt toan co
ban nh&t dé t81 thiéu héa cac biéu thiie Boole.

Nhu chiing ta di biét, mot ham Boole néi chung c6 thé biéu
dién theo nhiéu biéu thiic Boole khac nhau véi d6 phic tap
nhiéu it ciing khéc nhau. Thue chét cla van dé tai thidu héa la
tim dang biéu dién don gian nhat cho mat biéu thic Boole. Nhu
vAy bai toan t61 thidu héa cac biéu thic Boole trd thanh bai todn
so sanh miic d6 phic tap cua céc bidu thie tuong duong.

N6t chung ¢6 hai nhém phuong phéap dé t6i thiéu héa cac
biéu thitc Boole. Nhém thit nhat bao gém cac phueng phap bién
d&i dai s& cac biéu thic Boole dua trén co sd céc dang thic da
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gidi thiéu trong phén cac tinh chat cia dai s& Boole va dai s6
chuyén mach. Cac phuong phap nay khéng tién 1gi, doi hoi
nhiéu thdi gian, dac biét trong trudng hgp ¢6 nhiéu bién. Nhém
thit 2 bao gdm cac phuong phap thuét toan, cic phucng phép
nay cho phép d& dang tu déng héa qua trinh t&i thidu héa cae
biéu thitc Boole. - '

5.4.1. Phuwong phap Quine - Mc. CLuskey

Chung ta gidi thiéu thuit tedn nay théng qua vi du sau
day:
Vi du 5.6. Téi thiéu héa biéu thitc Boole sau day:
Fy =x,2,%,%, +, XyX Xy + XX, Xy + XXXy +

A TG X Xy XX XXy X XX Xy X XXX

Thuat toan bao gbm nhitng budc sau:

1. Vi&t cac t6 hgp 0 va 1 cho céc s6 hang cua biéu thae F,
(Bang 5.4.1a) theo nguyén téc: bién x, tuong Gng véi 1 con phén
bu cia nod (;) tuong {Ing véi 0. Do vay mbi 6 hang biéu thi mét
36 nhi phan nhit dinh c6 gia tri tudng fing theo hé dém 10 ghi d
bén phai.

2. Sé]j x6p cac to hop trén theo s& ludng chi 88 1 trong
chung. Do vay chiing ta c¢6 duge cae nhém vdi lugng chit s6 bing
0,1, 2,... (Bang 5.4.1 b) _

3. So sanh m&i mot t8 hop thudc nhém thi i véi m&i mot 8
hgp thude nhém i + 1. Néu hai td hgp nhu vay chi khac nhau ¢
mbt vi tri (mot ¢ot s6) thi ching ta ndi lién cac t& hgp d6 lai véi
nhau thanh mét t6 hgp méi trong d6 da thay thé vi tri khac
nhau gitia ching bing mdt gach ngang (). O day chiing ta sd
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dung tinh chit XY + XY = X . Bing cach nhu vay ching ta c
mét bang mdi (Bang 5.4.1 ¢). Chung ta danh dau cac t6 hgp
trong méi cip c6 tinh chit ké trén bing ki hiéu V (tic 14 nhiing
cap dudge nél véi nhau).

4. Tié€p tuc thuit toan trén bing cach loai trit bét cac td hgp
1ap lai va néi cée t6 hgp chi khae nhau & mét vi tri lai v81 nhau.

5. Qua trinh trén duge két thic néu hét kha nang néi cac 18
hop véi nhau. K&t qua ching ta ¢6 bang mdi (Bang 5.4.1 ).

6. Thiét 1ap tap hop cac t§ hgp nam trong bang cudl cing va
chc t8 hop khong thé ap dung thuat toan néi trén day (khong cé
" @anh d&u V). Budc nay két thic giai doan 1 cia qua trinh téi
thiéu ho4. '

Bidng 5.4.1
a) 2 0010 by 2 0010V ¢) 23 00%-V d)2,3,67 0-1-
3 0011 3 0019V 26 010V 671415 -11-
6 0110 6 0110V 37 011V 12,13,14,15 11--
7 0111 12 1100V 67 011-V
12 1100 7 0111V 6,14 -110V
13 1101 13 1101V 12,13 110V
14 1110 14 1110V 12,4 110-V
15 1111 15 1111 715 -111V
13,15 11-1V
14,15 111-V

Trude khi gidi thiéu tiép gial doan 2 cua thuat toan chung
ta dua vao mdt 8 dinh nghia nhu sau: '

Pinh nghia 5.4.1. Biéu thitc f goi 12 implicant clia biéu thitc
Fnéu (f»F)=1hoacf+ F =1.
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Pinh nghia 5.4.2. Bidu thic f goi 1a implicant nguyén té cua
biéu thie F néu né la implicant cta F ma khong ton tai mot
biéu thiic f; ndo khac ma:

(f, —»f)=1déng thoi (f, > F) = 1.
Vi du biéu thue ABC + ABC + ABC ¢6 3 implicant 1a 3 s

hang cua ndé nhung chi ¢6 2 implicant nguyén td 1a AB va ABC.

Tt ca cac té hop nhan duge ti bude thi 6 g trén chinh la
cac inrplicant nguyén t&. Giai doan 2 cha thuat toan 81 thiéu
hoa 1a tim mot s6 ' lugng bé nhit cac implicant nguyén té phu tat
¢A cac s6 hang cua F;, nghia la t4t ci cac s6 hang cua F; phai’
dugce bidu dién qua céic implicant nguyén t& da chon. N&u ton tai
nhiéu nhém 1mphcant nguyén t8 ¢ tinh cha&t nhu thé thi ¢hang
ta chon nhom "hao ¢6 it chit nhat. Mudn lam nhu vay ching ta
phai thanh lap mét bang ma cac citcla nd la cac s& hang cua
bidu thiic Boole da cho (hay la cua dang tuyén chinh quy cua
ham Boole), con cac hang la cac implicant nguyén t6. Nhu vay
ching ta chi duge chon céc implicant nguyén t& (v6i s6 lugng it
nhit o6 thé c6 duge) phu tat ca cac cdt ctia bang. Trong vi du

dang xét ching ta ¢ cac implicant nguyén 18 nhu saw:
f(2,3,6 7= %12, ; £,(6, 7, 14, 15) = 2, %3
£(12, 13, 14, 15) = x, %, |
Tit d6 chung ta 6 két qua 8 bang 5.4.2.

Bing 5.4.2
2 3 6 7 12 13 14 15

XXy > X 4 (12, 13, 14, 15}
R A g & — (6,7, 14, 19)
XX N 7 (2.3.6,7)
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T bang 5.4.2 ta tim duge nhém implicant nguyén tg ;xg,

x; x; phd tit cd cac cot cla bang. Diéu nay c6 nghia ring
biéuthttc Boole Fy = x,x,+ x, x, bing bidu thitc Boole F, da cho

va la dang t61 thidu.

Tt thuat todn trén ching ta nhan xét rang, giai doan 1 ciia
thuat toan cho ching ta 131 giai duy nhat (tap hdp cac implicant
nguyén td), con giai doan 2 c6 thé cho ching ta nhiéu 13i giai
khéae nhau.

Thuét todn trén day 4 ap dung cho dang tuyén chinh quy cla
cac biéu thic Boole nhung eiing ¢6 thé ap dung cho dang b4t ki,
mién 13 trude khi t8i thidu héa chiing ta chuyén dang bidu thie
Boole da cho vé dang tuyén chinh quy.

54.2. Phuong phap dé thi hay la phuong phap bang
Cacnéu (Karnaugh)

Phuong phap bang Cacniu 1a phudng phap biéu dién &3 thi
cac ham Boole. V& nguyén tic. 4 thi nhu vay tuong tng véi
.dang chinh quy, nhung né ciing c6 thé ap dung cho céc dang
khong chinh quy. Nguyén téc thanh lap bang Cacnau nhu sau:

1. Tdng cac s6 hang cua dang tuyén chinh quy hay tich cua
cic thiia 86 clia dang héi chinh quy tudng dng véi toan bd dién
tich cua bang hinh vudng.

2. Mét nlia mat phang tudng ing v1 moét bién (danh dau
bang chit s6 1 & ngoai bang) va nita mat phang con lai ang véi
phan bu clia bién (danh d4u bang chit s6 0 & ngoai bang). Bé
mit cia cde phan bang tuong Gng véi hai bién khac nhau khong
dudc trung nhau hoan toan. Cac hinh 6.4.1 g, b, ¢ tuong ing vdi
cac truong hdp 1, 2, 3 va 4 blen.
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3. M&i mot 6 vudng ctia bang Ung v61 mot s0 hang cua dang
tuyén chinh quy hay mot thita 86 cua dang hdl chinh quy.
Chéng han tich s&. xlx x5 (hinh 5.4.1 ¢} tudng ng vo1 0 vuong

13 phin chung cta “niia mat phang x,”, “nla mat phang x2 ”

“nita mat phéing x;”.

X3 0o 1
0 1 0
<1 |
a) b)
X4X5
8% )
x
Xa%e o0 01 11 10
. X3
00
o0 01 11 10
01
0
11
’
= 10
e} X XpXy
d)
Hinh 5.4.1

4. Mot biéu thiic Boole hay mot ham Boole viét dudi dang
chinh quy bao gdm mét s6 cac 86 hang (hodc mot & céc thita s6).
M3i mdt s6 hang chiém 1 & vudng nhat dinh va & vubng d6 duge
danh d&u bing chit s6 1. Cac 6 vudng Ung véi cAc té hop cac bién
ma d6i véi ching ham s6 khdng xac dinh thi duge danh dau
chéo (x).
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Vi du biéu thiic Boole

F o= XXX, X, X5Xg + X, XoXa Xy X5Xg + X Xy XaX XsXg + X Xy XgX X5 X
- E N - A - N
c6 dd thi biéu dién nhu & hinh 5.4.2.

K XpXg

KK X,
e 00D 001 011 010 410 114 101 100

000
001 1
010 1
110
111 1 1
101

100

Hinh 5.4.2

Psi vél dang héi chinh quy thi mdi thita s6 tudng tng vil
mdt 6 vubng ma tai d6 ham nhéan gia tri 0 nén duge danh dfu
bing chit 56 0.

Mot biéu thite Boole cho dudi dang bang Cacniu c6 thé duge
biéu dibn ngude lai dudi dang gidi tich (dang tuyén hoac dang
hoi). Khi d6 ching ta chi chd ¥ dén cée 6 vudng cé chit s6 1 (hodc
chit 86 0 trong trudng hgp dang hél), con cac 6 vudng c¢6 danh
d&u x thi ching ta c6 thé si dung sao cho ¢6 dude bidu thiic
Boole don gian nhat.

Bang Cacnéu ¢6 nhiing ting dung chinh nhu sau:

1. Biéu dién cée bidu thiic va ciac ham Boole;

2. Tinh pht dinh;
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3. Dua cac bidu thitc Boole v& dang chinh quy;

4. Kiém tra tinh tudng dudng ctia dai s& Boole;

5. Pon gian cac biéu thie Boole.

Thuat toan t6i thiéu héa cac biéu thitc Boole cho dudi dang
tdng cac tich c6 thé mé ta nhu sau:

1. Biéu dién bi€u thic Boole dudi dang bang Cacnau.

2. Xac dinh cac implicant nguyén td bang cach diing phép
dan cac 6 vudng c¢6 thé dan duge véi nhau, tdc 1a cic 6 vufng c¢b
danh d&u “1” hoac “x” k& nhau thi dude ghép lai vdl nhau sao
cho ¢6 duge nhom 16n nhat cac 6 vudng.

3. Chon cac nhém va cac 6 vudng riéng 1& (cic & vuéng
khéng thé dan duge véi nhau) theo quy luit sau day:

- Mbi chil s6 1 dude chiia it nh&t mét 14n trong cic nhéom da
cho.

- 86 lugng nhém dude chon sao cho phai 14 it nhét.

Téng cac tich tuong duong véi cac nhém da chon chinh 1a
dang t81 thiéu caa biéu thitc Boole da cho.

Budc 3 cia thuat toAn nay tuong ty nhu phéan hai cha thuat
toan Quine - Mc. Cluskey ma chiing ta di biét. Chinh vi vay ma
¢6 khi phan dau ngudsi ta diing phuong phap bang Cacnau con
phin sau dung phudng phap Quine - Mc. Cluskey. ,

Vi du 5.7. Tim dang t&i thiu cta biéu thizc Boole F, cho &
hinh 5.4.3. Theo bang Cacnau chiing ta c6 thé phan biét duge 4
nhém sau day:

Nhoém 1: x1x2x4, Nhém 2: x1x2x,,

Nhém 3: x1x,2, x5, Nhém 4: x,x2x4.
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Ngoai ra chiing ta nhén xét rang
Nhém 1+ Nhom 4 = ;1;25&‘44‘ x1i2x4=;cz;é4

Vay dang t61 thidu héa cda bhiéu thic Boole da cho la:

men :;2;4 + ;] ;2x5 + ;1x2x3;5
1 4
XqXgX5 .
XyXs ODO/ po1 o011/ 010 110 111 1M /100
r’ * /
0 [ 11711 711
o1 ||l |4 X 1 1
2__,..r—-*’“‘t X 1
: 11 ;J

o f

Hir;rh 5.4.3
BAI TAP
1. Ngudi ta dinh nghia phép toan trung nhau nhu sau:
X = xTGE
Hay md rong dinh li.Shannon cho cac phép toan ) va®
dbne thoi ap dung né cho cac ham s6 sau day:
f;z(x,xg@izxg_)@;;;r; )
fo=[lx;+x) + (x; PxJ] & le + ;:3}@ (;3 + x4 ]l
2. Tim cue tiéu va cuc dai cho mdéiham &8 sau day:

f1= 2% + X2X4 + X1 X2 X5+ XoXyky
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fz=(x;+ x) (X2 + X3 )2, + 2+ x5} (%3 +xa+a,)
fs =x,x2%, @ xBL;::s +X3X425
3. Tim bu téng quat cho méi ham chuyén mach vectd sau
day:
F X, Xy Xy Xog= XEXE X+ XJ + X3 X (X, + X))
FuX, Xo Xo X = X, XD+ XA XD XD+ XD X
4. Tim bang that caa ham chuyén mach vectd sau déy:

RS s

FX, X, X) = 8,(X XX, X, X2 X XXX )”’ ®

' RS RS RS
o &(X XX X, X.X,X,X X ) @

VLY IPAYA -4 Pave L~
o 8 (T X X XXX XX Xa)
5. Pon gian cac bidu thic Boole sau ddy bing phudng phap
Quine - Me. Cluskey va phuong phap bang Cacnéu:
a) filxy Xp X3, xJ =2(0,2,5,6,7,8 10
b) fiulx,, x,, x5, x4 = (0, 4,5, 6, 7.8 9 10)
¢) falxy, 24 X3 x) = X0, 5, 6, 7, 10)
va véi diu kiéu ham khong xac dinh dol vé1 cac t5 hop
tich (2, 3, 11, 12)
d) fi(x, x5 X3 %) = (0, 4, 7, 11, 14} v&i cac diéu kién
ham khéng xac dinh d6i véi cac t8 hop téng (6,8,9,13),
chéng han t6 hop téng clia 6 ¢ day sé 1a (x,+ X3+ X3 4%, -
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Chuong VI

CAC PHEP TINH DAO HAM
VA VI PHAN BOOLE

'Nam 1954, Reed ldn du tién di dua ra khai niém vé dao
ham Boole va sau d6 van dé nay dd dugc Akers nghién ctiu mét
cieh k¥ ludng hon, Nam 1959, trong bai bao cha minh Akers d3
néu 1én cac tinh chat dai s6 cua dao ham Boole va da chi ra cac

_'dleu kién dé sy thay déi cua bién sg Boole giy ra su thay déi

tudng tng cua ham s4. Didu nay da din dén viée phéat minh ra

- mét loat cac quan hé, cac dinh 1y cho céc ham chuyén mach

tudng tu nhu cac quan hé va cac dinh ly ca cac vi phén hiiu
han va céac phép tinh wi phan trong 1y thuyét ham sé thuc,
chang han nhu cic khai trién Taylor - Maclaurin, bién déi
Fourie v.v... Trong nhitng nam gdn day cac phép tinh vé dao
ham Boole, vi phan Boole, v.v... da duge nghlen cldu va phat
trién mét cach manh mé ea vé 1y thuyét va ci vé ung dung thuc
tién. Chéng han cac ing dung cua dao him Boale trong ki thuat
chdn doan sai, trong danh gia dd tin cay, trong 1y thuyét nhan
dang, trong ly thuyét phan gidi cac ham Boole. Paoc ham Boole
cing dude g dung trong viéc xAy dung cic 6tdmat tu déng

‘chan dodn sai va céc Otomat tit déng siia sat.

Tronggehuong nay ching ta dé cap dén khai niém vé dao
ham riéng, ‘dao ham toan phin, vi phan toan phan va cac thuat
toan dé tinh dao ham. Mt trong nhiing ung dung cua dao ham
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Roole sé dude dé cap dén treng chuong ti€p theo, khi nghién cdu
vé phén giai cac ham Boole.

6.1. DAO HAM RIENG

Nhu chiing ta da biét, bude tién quan trong nhét trong lich
st toan hoc md dau cho ky nguyén cua toan hoe hién dai la phat
minh ra toan tinh cua Newton Leibnitz. Khai niém co ban quan
trong nhit trong tean tinh la phép tinh dgo ham cua mot ham s&

df{x . AFLX
D - im

Mot cau hoi duge dat ra la co thé dua khai niém vé phép
tinh dao ham vao cac ham r&i rac néi chung va ham DBoole nin
riéng dudc khodng? Néu duge thi cac tinh chat co ban cang nhu
cac ung dung cua chiing sé ra sao? Trong phén nay ching ta sé
dé cap lan luot dén cac van dé dé. Trude hét ching ta dé cap dén
mét s6 dinh nghia co ban.

DPinh nghia 6.1.1. Cho f{x) la mot ham Boole ctia bién 6
Boole x. dao ham cua ham sé fx) doi voi bién x duge dinh nghia
nhu sau:

YO _ pmye fo) 6.1
dx

Nhu vay trong dinh nghia nay ching ta da gia thiét rang
hién 86 x thay dd1 tii x dén x . nghia 13
de=Ax=x+x=1 (6.2)
vadodo dfix) = A = f(x) @ f(x)
Cang can phai luu y rang trong toan hoc rdi rac, chang han

trong dai s6 Boole, thi khai niém vé gi6i han khong tén tai va do
dé dx = Ax.
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Vidu6.1. Cho flx) =ax + bx, trong d6
a,beB,={0,a b 1}, 6day a=b

Vay d);(x)' =(ax+bx)® (ax +bx) =1
x

Bay gid ching ta dinh nghia dao ham Boole trong trutng
hgp tdng quat, nghia 1a trong trudng hgp ham nhidu bidn.

Pinh nghia 6.1.2. Cho fix,,..., x, ;) 124 mét ham Boole cila n
bién x,,..., %, Pao ham riéng cha f d61 véi bién x, (0 <i <n-1)

duge dinh nghta nhu sau:

of - .
= T X%, 8 [l Xk, ) (63)

Vidu 6.2. Cho flx,, x,, x;) = x;x, + x, tinh dao ham riéng cla

f 461 véi x,.

of . _
—E‘x = (2,2, + X4 ) D (x,X, + X4) = X, X4
XX, i
X XX,
X3
g 01 11 10 00 01 11 10
0 1
o 1 1 _
HEEENERE @ =
1 1] 1 1 1'
XX, + X, —
. XXy + X,
XXz
Ay

o0 01 11 10

— Hinh 6.1.1
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Cé thé tinh dao ham riéng & trén theo bang Cacniu, tic la
biéu dién ham f dudi dang d_6 thi cho hai truong hop x, va ;;
sau d6 thuc hién phép toan trén do6 thi. Chung ta c6 thé dé dang
kiém tra két qua trén ¢ hinh 6.1.1,

Sau day 12 mét s dinh Ii quan trong cho chiing ta thuat
toan dé tinh dao ham riéng bang may tinh.

Pinh li 6.1.1. Dao ham riéng cha ham flx,..., X, dé1 véi
bién x; 06 thé dude tinh theo cong thic:

T~ flxgdins, )@ F2ge Oy %, ) (6.4)

Chung minh: Theo dinh 11 5.13 ching ta ¢o:
f(xﬂ’"'J Ly - xn-l’) = xif(xﬂr'-w 1)"': X, I) @ .x;' frx():---: 03“') xn-!/i

= x-f_f(xo,..., 1,..., x!l-f) @ xf(xn,..., 0,”., xn.j)

Ap dung k&t qua nay vao (6.3) ta cé:

3 .
;x_f = [xif(xo,...,l,.“,xn_l)@ x;f{xgs, 000X, 1)]@

= flxgndyenx, )@ flxg,...0,.,x, )
Vidu6.3. Chof=xx,+x;3
o

1

= (Lo, +25) B (0xy +Xq) = XXy

Béy id chiing ta xét dén dao ham riéng bac cao cha ham s6
Boole. Thutng ngudi ta dua ra hai loai dao ham Boole bac cao.
mdi loai ¢6 mdt ¥ nghia vat 1y va ¢6 mot pham vi ing dung riéng
nhat dinh.
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Dinh nghia 6.1.3. DPac ham riéng bac cao loal I cua ham

fixg..., x,,) 401 v61 m bién x, x,,,..., X;,,..; dude dinh nghia nhu

sau:
i o o F)) es
axfa;’fi-l-"axnm—l ;| 0xyy G- T

& ddy, m goi 1a bac cda dao ham. Néu ching ta dat:

X =fx, xps %, 1, Xi = {%, X pvees Xiunesd thi biéu thiic (6.5) ¢
thé viét nhu sau; :

o"f  _9"f(X)

e 2 - am
CXLX; - 'anm—l ¢ X;'

(6.6)

Dinh nghia 6.1.4. Dao ham riéng bac cao loai If cda ham
flxp,..., x, ;) 461 v61 m bién trong X; dudc dinh nghia nhu sau:

of

= f(x()-'“"xirxiﬂ """ Xipm-1> X o0 Xy 1)(-B

@f(x[,._...._)_cf._)_c.m,...,J-Cﬁm-l,xﬂm,....x”_,) (6.7)
G day m goi 1a bac ena dao ham, 0 <m <n.
Vi du 6.4. Cho fiX) = x;x, + x5, dat X, = (x,, x5/
' f(X) _ *F(X) 2
avax,  8°X,
of(X) _ef(X)

= =(x,x, +x,) D (132 + 2, )} = xa{X1 X2 + xyx,)

Hxyx,)  8X|

Pao ham riéng bic cao loai II cho ching ta biét su thay déi
cua ham f x4y ra nhu thé nao khi ¢6 su thay déi déng thai cha
tat ca cac hién thude X

Sau day 1a mét s tinh chét co ban cua dac ham riéng. Gia
stt fiX} va g(X) 1a cac ham Boole n bién, X = /x,,... x,,/
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tH

-
¥l
D
|

o,
22
0. 9f g
O, Ox; ‘
=2 =2
3. of__ Of (6.8)
Ox;0x;  Ox ,Ox,
5 AfF
2 8 _ % g, F g I B
Ox, ox; dx, Ox; dx;
O{ f + —
5 M8 ;8 g, Lo &
ax, ox; dx;  Ox; Ox;
A
g 098 _ o 5%
o, ox, Ox;

Cac tinh chit trén c6 thé duge ching minh mét cach dé
dang trén cd s6 cac dinh nghia vé dao ham.

6.2. KHAI TRIEN CHUOI CAC HAM BOOLE

Cang tudng tu nhu trong 1§ thuyét cac ham s6 thye, trén o
s cac dinh nghia vé dao ham riéng cho cadc ham Boole ching ta
6 thé khai trién mét ham Boole bat ky thanh dang chudi. D6 la
khai trién ham Boole tai diém 0 hay la khai trién Maclaurin va
khai trién ham Boole tai diém khac 0 hay 14 khai trién Taylor.
Trong phan nay chiing ta st dung mét so ky hiéu nhu sau:
X = f!xtb"' xn- J'} = {Xb XJ}
Xi‘ = {xtb Kiyaens xm-f}; X2 = {x:m'“) xn-ﬂl

e=(e, e ep); X =x,%".x,")

m—|

o day, e; {0, 1};

151



Dinh Ii 6.2.1. Mt ham Boole bat ky fiX,, X,) c6 thé duge
khai trién dudi dang sau:

ﬁ(Xb Xz = g‘o X]n@—'af—‘l X]] @@—O—Ym — XIZ'"—] it
S XET
) [nafJ X7 (6.9)
¢ ax; X, =0
O day chiing ta dinh nghia:
g_:f:, 2»:_1:(1,1,....,1); 0:(0,0,_“,0)
aX!n . \—-—-V__J e

0 <e <21
Chitng mink: Ching ta dung phuong phap truy chiing toan
hoc dé chiing minh dinh 1i nay, nghia la qua trinh chiing minh
bao gom 2 buée:
Budge 1. Chung ta chitng minh ring dinh 1i ding véim = 1,
tde 12 khi X, = (x,). Theo dinh H md réng ham Boole ta c6:

FXL X)) =X (X, X)L @ X, fX X,y (6.10)
Vi X, chi bao gédm 1 bién nén chiing ta cé;
a .
5)’;— = AKX 00 © F (X, X)) (6.11)
1

Thém vao hai vé& ctia (6.11) bidu thie ]"()(1,)(2)5‘,(1=0 chiing

ta nhan duge biu thie sau:

f(Xl’XZ)XFO &)6% :f(Xl!XiZ)X1=G @f(X1?X2)x,=o (:Bf(Xl’XQ)X,:l
: 1

152



Viy:

FX LX) g = (XL K)o ® 6.12)
. 1 X,

Thay (6.12) vao {6.10} ta cé:
r -

f(Xl"XZ) = Xllf(Xl'X2)5X1=0 @ a(;{ G_)i]f(X"XZ)XFO

1

8
(X, XX X)) L, ® 5}2-)(]
=M Xe) 0 ® X (6.13)

Vi X, chi ¢c6 mot bién x, nén % khéng phu thude vao X, va
1

do vay ta c6 thé viét:

o _ (6.14)
oX, X, X, -0
Mait khac ciing vi X, chi ¢6 1 bién nén:
X! =1
va theo dinh nghia thi
o
= 6.15
X0 f _ (6.15)
Thay (6.15), (6.14) vao (6.13) ta co:
rx xy=-L. xed x (6.16)
g 0X, X,=0 oxX, jX,=0

Két thiac bude 1.
Bude 2. Gia thit ring ddng thic (6.9) ding véi m = M,
ching ta c6 thé chiing minh ring ding thic dé ding cho m=M+1.
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Gia st ham fc6 thé viét nhu sau:
=1z X, X,
trong do X, chita m bién con Z 1 mét bién dée lap, nghia la Z = (z).
Khai trién ham f d8i véi X, va d6i véi Z chiing ta cé:

f= Q [aXJ l=0Xf’ (6.17)
w oL e @ p

62" iz az! iZ=0

(6.18)

Thay (6.17) vao (6.18) ta c6:

L5 (A okl meils () 4]
= [Q [ax:]x _UXIJ 20 {Q [(,X;]X _OX‘} g
- z-0 ' z-0

(6.19)

S6 hang tht nhat cia (6.19) e6 thé viét lal nhu sau:

=), <] e (), ] ez
I G i R TRCTE D Z-n

= -
1/ x q0 X X =0

(6.20)
Odiy  e=f(e,e,..., e, ) haylaO<e < 2M.]
X =ZX,

Biéu thuc (6. 20) chinh 12 2% 58 hang d4u tién ctia kKhai trién
f(Xl,X ), chéang han X =0.X, MiZ=0).

S8 hang thit hai cta (6.19) ¢6 thé viat lat nhu sau:

a—lg{afJ x| 2=y (_af_] X (6.21)
az ax, X, =0 aX, X7 =0

[ e
1Z-0
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Vi ¢ day chung ta c6 Z' chi khong phai Z° nhu § (6.20) néu
thanh phan X[ nim trong khoing 2" va 247, 1.

Két hop (6.20) va (6.21) chung ta cé:
fX,%,)=2 {5;’(1 X/ (6.22)

e .
1 /_Xi =4

VOl O<e < 2M+L 1

Nhu vay dinh 17 da dudc ching minh xong.

Bay gig ching ta xét dén khai trién ham Boole theo dao
ham riéng tai diém khéac khéng hay 1a khai trién Tavlor.

Dinh 1i 6.2.2. Mot ham s6 Boole bat ky fiX,, X,) ¢6 thé khai
trién dudi dang sau:

f(XﬂXz):E;(f_ (X1®H])O®'qi' (Xl@H1)]®

4] 1
1 X,-H 1'X,-H
i 1 1 L

a 2" -1 ki
B (X, 0 H " =
axz - E ax:

1 X, -H,

(X, ®H,) (6.23)
X, _H,
dday O e <271 va H, la mét hang 80 Boole ¢6 s& lugng thanh
phan nhu X, nghia 1a H,=(hy, h,.., 4, )

bé ching minh dinh li nay ching ta phai dung dén cac bé
dé sau day:

B6 dé 6.2.1. Déi vdi mdi ham Boole f{X,) chiing ta ¢6 quan
hé sau day:

_af_(’_"__]ﬁ@ _TX)
aXl X =0 2>, 1 X =H,

Chitng minh: Theo dinh nghia dao ham riéng ta ¢o:

I X, ®H,) :[f(X]@Hl)@)f(X]@HI)]X
8X1 |x, =0

(6.24)

10

= X
oo ra, ., = T
1

X =1,



Bé dé 6.2.2. Cho X, =(xg, X,..., X, ), ta co:

FX, O H, X)) AKX (6.25)
aXl ‘X, =0 aXl 1X\=H,
Chitng minh: Theo dinh nghia vé dao ham bac cao ta ¢b;
(X, ®H,. X)) 9] d _8__ 3
aXl X0 arm 1 ax &rl ax(]
= {f(xu ®h0!xl ®h’1 ?""xm—]_ @hm -1 7x2 )].rgzux]=0....x,,. =0
54 & a
- — (%%, @ o @h, . X,)
axm—l axm—? a)C Lﬁx{] f o hl l ] xgHgx, =0 %, =0
‘ala
E { 2 [ L e,
= o CER f(xﬁ’xl:' ’xm-la‘Xf:’)J“‘}J
& ébcm._z &, '\&x[] xyhoty<hy o =k
XX
aXl X =H,
Bo dé 6.2.3.
oX,®H,,X,)  _f(X|.X)) (6.26)
aXy X, =0 .41 [Xy=H,

8 day 0 < e < 2™ 1. B4 dé nay cé thé ching minh dé dang bing
cach dua vao hai bé dé trén.

B4y gid chung ta trd lai chitng minh dinh 1 6.2.2.
Trude hét ta trién khai Maclaurin cho ham s6 AX,@ H,, X,).

X, ®H, X,)-D @"(Xlegff.rxz)] X (6.27)
. e | ax; %0
Theo b& dé 6.2.3 thi bidu thite (6.27) ¢6 thé viét lai nhu sau:
Fx, o H, Xx,) =0, | TEX) | e (6.28)
€ L axy X,=H,
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Thay X, & (6.28) bang X,® H, ching ta c6:
X X .
f(XwX-z):E{Ef‘("]—JW (X, ®H)

2 Xy X, =H,
3§ di cé thé vist duge nhu vay la vi: X, @ H, ® H, = X, va
[ X, X))
L &y
(6.28).
Nhut vay dinh 1i dd dude ching minh.
Dé 1am sang to khai trién trén ching ta hiy xét dén hai vi

khéng phu thudc vao X, nia (6 bidu thitc
"‘1X1 :Hl

du sau diy:
Vi du 6.5. Khai trién Maclaurin ham chuyén mach
f=xp2+ X,
Giasi X, = (x;, x,); X, = (x3), doviym = 2.
fX,.X,)= iﬂ X7 ® i} X ® iz X® afﬁ b &
ax aX ) G

I X,=0 1 X=0 1 X,=0

Vi X, ¢6 2 thanh phin nén e cing c6 2 thanh phan tuong
itng. Do vay chang ta co: -

FXL X)) = Fx 00X © g X'® 7 xX'e 24 X}

Ty PRRTH ~prll
1 X,-00 CX: X, =00 QXI X, =00

ffX|=(10 = X3

o o°f of

= = :(xlx_3)ixl=0 :0

_ = _)_. JRN— = - = (x xX. ) g U
10 -l 0 143 7 x, -0
X\ x 00 0, 8%y 1x g0 0%,y B
. lxy=
@ -
af o f ' —

(%, %5)
- - = —_ —— = - -— x = X.
1 1Al o 143/ 20 4
Xy ix00 N0 x0T



A 3.0 ) 1,0 v Al
Vay f(X,.X,)=x,x)x) ®0.xx) ®0.x)x) @ x, x'x)
A P 0 _ N 1
Canluu yrang x” =1va x = x,

Vi du 6.6. Khai trién Taylor ham chuyén mach cho & vi du
6.5 tai diém H, = (h,, h,).

st -
Fx x)-4 xenyed  (xeny
1 - i) 1 -1 1 1
OX X, =H, G ix -n,
@--?f.- (X, @ H)" o (X, ®H)"
s T3 1 1 a i 1
aX; X,=H, A x,=H,
¢ dav:
of
1f'_ :fx-r :hh'J+-x:
axy 1X, =01, e ,1,:‘;[1 o 5
of 62}" of — ..
D T o oxd as s, E T S x
Uixy=qy YN %%aax oy LTy
o 2'f of - —
ax? = P = o = (xzx:i)xz_h,_, =hyx,
CAY x_H, Xy x g VX, H
—?fa - =1y

Vay: )
fX, !X::‘):[(hl h, ®x, fx, Dh )O(x:a @hz)“]@ [h1 x;(xl DA )U (x, ®hz)]]
®[h2x_:1(xl DA, )l(xz @hz)ﬂ]@[x:i(% @hl)l(xz ®hz)]]

Sau day chung ta hiy xét mot s6 dang khai trién khac cua
ham Boole.
Dinh li 6.2.3. Ham Boole fiX) ¢6 thé khai trién duéi dang

sau day:
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f(X)=f(H)®Ex!"')[g] =h, (6.29)

i=0 i

!

{Jj déy H = (hg, h};---; h’n 1’)7j > L

- xi, néu
x!}"} - J

lxl, néu h; =
Dé sang té chiing ta xét vi du saw
Vidu6.7. f(x)=x,%,+2,%,  H=(h,, hy, b))
f(X) _ f(H) @ i xl(h]} @ af_ xz(-’lzl @ T?f Irgt_h:'\)

ﬂ
10y O3 o, ex,

o=y

f(H)=h,x, +hh,

& _ _
- _(r,+x3x_h: s +hy
@xl o= ixg=hy
X =Fy
-
of — -
=Xy Xy ik x by
ax! 1=k I
-
of
S Rt
oy
Vay

FOO = (i + b Yoy e 0 ke G, e
Néu ching ta chon A; = h, = I va h; = 0 thi chung ta co
dang ban dau cua ham f(x):
f(X)= (xl x:)+ (xlxzx:x): X, }'-_J_ XXy
Pé chitg minh dinh 1 trén ching ta phéi ding dén cac bd
dé sau:

B& dé 6.2.4. Khai trién Maclaurin cho ham Boole trong
trudng hop X, chi gdm mét bién.
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- a Y
f(xl,X2)=f(x],X2);x]=,(—Bxl—;}%:éx% C—B(_xx) Ef]T (6.30)

v ox =1 =1

Chitng minh: Tit phuong trinh (6.11) ching ta suy ra:

flx, X, );x]—.u = f(xl’X:a),x,:] ® I (6.31)

X

Thay (6.31) vao (6.10) ta co:

[l X)) =x (6. X,), &0 f(x,,X, Dot @ a_x“_J =

=fx. X)), L oxorn X

gas|

“fx,. X,),  oxn I

ox,
Phan ching minh dinh i 6.2.3 dua vao b dé trén danh cho
ban doc.

Hinh i 6.2.3 cho chiung ta thay ring mdt ham Boole hoan
toan duge xac dinh néu chiing ta biét tap hop cla tat ci cic dao
ham riéng d61 véi méi mdt bién thude X.

Sau day chiing ta 2161 thiéu mot quan hé¢ ¢6 thé suy ra
dinh li 6.2.2 va b dé 6.2.1.
Dinh 1i 6.24. Cho H 12 s§ gia cda X, ching ta c6 quan hé

sau day:

(A,
Xy ©H)= —— H? 6.32)
foefxen -2 a7 (

0 day X =(x, x,..., x, )
H=(hyh,. ., h,,)

0<ex2-1¢= leg e,..., e, ).
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6.3. DAO HAM TOAN PHAN VA VI PHAN TOAN PHAN

Trong phén nay ching ta gidi thidu nhiing khai niém co
ban vé dao ham toan phain va vi phan toan phén cda anh xa
Boale tit dai s6 Boole n nguyén ti do tich truc tiép Bj=B,xB,
x... X B, tao nén vao dai s6 Boole 2 phin ti B,

Nhu ching ta da biét, déi véi cac ham s8 anh xa tit B} vao
B, thi khai niém vé& dao ham va vi phan tudng tu nhu nhau.
Tinh tuong tu d6 cing cé thé thiy dudc gida cac khai niém vé vi
phin va s6 gia. Vi vay ngudi ta goi vi phan d, cha mét bién
Boole x; 1a 8 gia cua x.Vi phan dé ciing chinh 1a mét bién
Boole, cic gia tri ciia né cling 14 cdc phén tit cla B, = (0, 1/.

DPinh nghia 6.3.1. Vi phan riéng phin d.fcia ham flx)

do1 véi bién x; € X 14 s8 gia chaham fIX) theo gia tri cua x;:

dx’_f= f(xo,.”., Xigoony xn;) @f(xg,...., x, @dx,-..., x,,,;) (633)
Dinh i 6.3.1.
~
d f= g-dxi (6.34)

I

bé ching minh dinh H nay ching ta chi viée cho dx; nhing
gla tri khac nhau thude B, va so sanh céc gia tri cua dao ham
riéng theo x; vi vi phan riéng véi nhau. Cac gia tri dé duge xac

dinh dua theo cac dinh nghia tuong ing cua dao ham riéng va
vi phén Fiéng.

Vidu 6.8. Chof=x.x, + x,
d.f=7(x.%,,%)® f(x, ®dx,,x,.x,)
=(x,x, +x,) @ [(xl ® dx, Jx, +x3]
= (X%, +x,) D [x, x, (dx_l)® :4::_1;::2d:vc3 + xa}
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Pinh nghia 6.3.2. Vi phan riéng phan bac cao cua ham f
d61 vél m bién trong X, 12 ham sé sau day: '
dy f = dx, (dx,(..(dx, ,f)-)

(6.35)
:%ndx,- x, e X, ={x;.x,,..%, }

Pinh nghia 6.3.3. Vi phéan toan, phin df cua ham f(X) 1a s6
gia cua ham s6 d6 theo s6 gia dX cua X, nghia la:

df = fiX) @ fiX ®dX) (6.36)
Dinh 1i 6.3.2.
& -8B L ax)y- T axf (6.37)
e oX P

oday 0<e<2"1;

Sau day 14 mdt s6 tinh chat co ban ctia vi phan toan phéan:

l.da=0 4. d(fg) = fdg ® gdf ® df.dg
2. d(af) =adf 5.d(f+g) = fdg ® gdf ® df.dg
3.ddp =0 . 6.df®g =df®dg

Bay gio ching ta xét dén vi phan toan phin cia mot phiém
ham.

Pinh nghia 6.3.4. Cho fIX, yX)/ 1a ham chuyén mach
vécto, 6 day X va y la cac vécto n va m thi nguyén tuong dGng.
Pao ham toan phan cia ham s6 f dé1 v6i bién x; duge dinh nghia
nhu sau:

% - flx. yxol® fle. y@)] 6.38)

Pinh nghia 8.3.5. Cho X = (X,, X,). Dao ham toan phéin
cAp cao cua ham s6 f d61 v6i m bién trong X, dugc dinh nghia
nhu sau:

162



df d { df )
ax, dx(,[d:q{ \dx, lJ ﬂ 639

Gday X, = (xg Xppeory Lot

Dinh nghia 6.3.6. Bién phan &, cua bi€a doc lap x; 1a sd
gia cua x,, nghia 1a éx, = dx.

Pinh nghia 8.3.7. Bién phan toan phan & caa ham f(X)

la s6 gia cuc dai cua ham 58 d6 theo bién phéan toan phan X
cua X.

Sau day 1a quan hé gida bién phan &X va bién phan toan
phan .
Dinh li 6.8.3. Cho f{X) 12 ham s0 cla bin vectd doc lap X,

ching ta ¢c6 méi quan hé sau day:

5 = Z{ﬁ‘ ](&Sf}“ (6.40)

X"
gday 0 <ex<2"1.

Chitng minh: Theo dinh nghia vé bién phan toan phan
ching ta co:

of =2 [rXye f(X @¢,)8X | (6.41)

) $e <2°-1

Tu dinh Y 6.2.4 ching ta nhan duge:
o3| B af —(e,8X)" ] ZM o ](aX) 642

() e <2"1

Dinh nghia 6.3.8. Toan td A cia ham 6 fIX,, X,) & véi m
bign trong X, dude dinh nghia nhu sau:
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N | 6.43
AX, Zax (649

0 <e <21
Tl dinh nghia trén chiing ta ¢6 thé suy ra:
= g (6.4
Pinh l1i 6.3.4.
AX,X,)

khdng phu thude vao X,.

1

Dinh H nay c6 thé ching minh bang phuong phap truy
chiing todn hoc va ching téi danh cho déc gia.

Sau diy 12 mét 6 tinh chat cd ban clia toan ti bién phan:
1. & = 0, a 1A mdt hang s8 Boole.

2. Haff=af

3. Afg) =fR +gX +4. %

1L frg=faE+ g+ X%

5.0f0g) =%

6. 8f = Zi [a(X,Y)e],

N XY)
& day: f=fIX, Y(X)] va 0 <e 8™
m vi n 1a 8 lugng bién ctia X va Y tuong (ing.

Cung tuong tu nhu trén ta cé cac tinh chit sau day cta
toan tii A.

1 e,
AX]

9 é(.‘_lﬁza_‘ﬁf_
AX, AX,
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a

w4

L hg A A Ag
T ey A ax

A M8 N A Ag
NS ST SAIN aYve
A

og= g 28
x Ve Oy

-3{f o

cgday 0 <e £2*-1.

6.4. PHUONG PHAP PO THI VA PHUONG PHAP THUAT
TOAN DE TINH PAO HAM BOOLE

Trong truong hgp s6 lugng bién it ching ta ¢é thé tinh dao

ham Boole bang phuong phap do thi. Co sé¢ cha phudng phap
nay la phép quay bang Cacnau theo cac truc clia bién s8 14y dao
ham. Gia st chung ta phai tinh: '

1. Biéu di&n ham Boole d4 cho dudi dang bang Cacnau.

0

X

eX.

i

Thuat todan nay c6 thé dude mé ta nhu sau:

2. X4e dinh true x; trén bang Cacnéu.

3. Quay bang Cacnau d6i véi truc x,. Cac 6 ¢6 chit 6 1 (goi
tit 1a 6 1) mbi & duge tao ra hodc cic 6 6 1 cd bi loal trit di. tuy
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theo tinh trang cta titng 6 trude lic quay. O 1 méi duge tao ra
néu trudc d6 6 1 chi ¢o & mét trong hai 6 dé1 xing cha bang,
ngugc lai 6 1 bi loai trit néu trude d6 & ca hai 6 déi xing déu cé
chit 86 1 (d6i xing qua truc x). O 1 méi dude tao ra do phép
quay dugce danh ddu bing s6 thit i (tudng ung véi bién x,).

4. Xa¢ dinh dao ham _(Z_ theo bang Cacnéu nhu mét ham
[ §

i
56 mdi dudge tao ra ti cac 6 1 con lal va cac 6 1 méi duge tao ra.
bé lam sang to thuat toan nay chfmé ta hdy xét vi du sau day.
Vi du 6.9. Cho f = xx, + x,. cac dao ham riéng duge xac
dinh ¢ hinh 6.4.1. Sau khi x4c dinh dude eac dao ham riéng
ching ta cé thé xac dinh duge dao ham va vi phan toan phan
nhu sau:

df =0,y Sx vy, Oxxdx Oxdxdy, Dxdxdx, ®xdrdy, Odzdrds
O = 3,5 6,280 + 50,85, +-,800,85, + 8,5, + 2,58, + e i
Trudng hop ham £ ¢6 nhidu bién thi ching ta khéng thé ap dung
phudng phap d6 thi nhu trén duge ma phai dung phuong phap
thudt toan trén may tinh. Thuat toan d6 cé thé duge md ta nhu
sau:

1. Biéu dién cac s& hang cia dang tuyén chinh quy dudi
dang nhi phan.

2. Tao cac s6 hang mdi bang cach thay x, bang ;, Loai tru

cac s6 hang xudt hién 2 14n {(trong dang nguyén thuy cia f va
trong cac s§ hang mdi duge tao thanh).

. N ) o
3. Tim dang t61 thiéu caa _r}L béng phuong phap Quine -
Xy
Mac Cluskey hodc bang mét phudng phap nao khac dé téi thidu
héa céae ham Boole.
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00 o1 11 1o

0 3] 31 x |3
xx23ﬂU X3 1 1

1.
5

X3

A
1XLJU_

Hinh 6.4.1
BAI TAP
1. Chimg minh ring didu kién can va dp dé mot ham s§

[(xg..., x, ) khéng phy thuée vio bisn x; la ﬂp-: 0.

"
cx,
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2. Chiing ta dinh nghia 2 phép toan sau:

Zi’x_ = flx,,..., x‘-,..‘,xnﬁl)+f(x(_,,.‘.,;{-,.‘.,xn 1)
;fxi:f(xo,‘..,xf,..‘,xn\_]).f(xo,...,xl-,...,xn_l)

vagiasuX, X, cX va chiing ta lai dink nghia

9 _afq [ af ]
qX, qxy 1 qx, GX i
2 p _p_{ [ of ]
pX, DPxy | px, P
Chfing minh cac dfmg thite sau day:

QXT; “‘Zf(en X}

£

pi = Hf(eoaXl)
6

vii 0 <e, <27 1

3. Khai trién M

aclaurin va Taylor ham chuyén mach

FXCX) =% xyx, +x,x, +

cho cae trudng hop sau day:

{XI = (x, ) {Xl ={x,,x,); {Xl ={x}, %,y,X,)
X, =(xy,%5,1,) XQ:(x3,x,,) : X, =(x,)

4. Ching minh ring

a _of ef o _for
dx, o, ¥ %" (aw Tx Yj}[ }
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o, ow, T o,

i

6 déy 3 = [% gy_l_“ ®n1—1 ]
ox;
val <e <2™ 1.

of . s \ Ao s
5. Tinh dao ham E]—c bang phuodng phap d6 thi va phuong
; :
phap thuat todn may tinh cho cac trudng hgp sau day:
fi= xlxz T XXy T XXy

f2 =X Xy + XX, +x2x3x4 + 25,
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Chuong VII
PHAN GIAl CAC HAM CHUYEN MACH

Khi xem xét cac ham chuyén mach thudng ngusi ta quan
tAm dén tink phdn gidi dwec cia ching. S8 di nhu vay vi mot
trong nhitng van dé quan trong clia li thuyét téng hgp va phéan
tich céc hé thong roi rac 12 viée phan giai cac ham chuyén mach
thanh cac ham chuyén mach thanh phin. Nhu ching ta da biét,
su phat trién nhanh chong cua ki thuat dién ti, dic bidt la su
ra ddi cta cac bé vi xi I (microprocessor) don manh (one chip)
da 1am thay déi hoan toin phuong phap luan téng hgp cac hé
théng rai rac. Mét trong nhitng g 56 cho phuong phap téng hop
mdi 1a vin dé phén giai cac ham chuyén mach. Chung ta hay
%6t mét vi du, ham fc6 thé phan gidi dudi dang sau:

f(xprs X, ) = Fly (x,...,x, ), Kpyoey Xy 1f (7.1)
¢ day F va y la cac ham chuyén mach. Nhu vay dé dinh nghia
ham f chung ta ding bang that ¢6 2"#*! hang (ing v61i ham F) va
bang that ¢6 2° hang (Gng v&i ham y). Do d6 ham f dude xac
dinh bing bang that ¢6 2°**' + 2 hang thav cho bang that c6 2°
hang, nghia 12 s8 lugng bit théng tin diing dé nhé gidm di rd rét.
N&u ngudi ta thyc hién ham f nhd cac mach nhé ¢6 dinh (ROM)
thi 8 lugng bit can thiét d& xac dinh ham £ ciing tudng ting véi
s6 lugng d@é thue hién né.

Bai toén vé phin giai caec ham chuyén mach c6 thé duge dat
ra mdt cach tdng quat nhu sau:
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Gid st X = (Xg Xp..., %, 1) 12 khong gian Boole chiéu
R = (ry rp..., 'y./) 12 khong gian Boole N chidu
f1a mét anh xa tit khéng gian X vao khong gian R
X'L> R
P 12 ho cta céc tap con khong tréng khac nhau cua tap X.
P dudc goi 1a phdn hoach ciia khong gian X.

Né1 mét cach khac, phin hoach P dude dinh nghia mot cach
tdng quat nhu sau:

P=(A B.. Clsaocho AuBuU..vC=X
AnBn.nC=9
Ngudi ta néi ring ham f{x) la phén giai dude, né'u_ 16n tai
phan hoach P sao cho:

A
B v \

P | R (7.2)
C

5 day, @ ... 4 14 cdc anh xa con tuong Ung tir cac tap con
A B,..,CvaotapR.

Li thuyét vé phan giai cac ham chuyén mach dude
R L. Ashenhurt dé ra nam 1959 va sau d6 H. A. Curtis hoan
chinh nam 1962. Nai dung cua cac cong trinh nghién cltu nay la
xét xem ham chuyén mach da che ¢b thé duge bidu dién bing

mot trong cac dang biéu thitc sau ddy hay khéng:
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Phdn gidi don gidn
f1X) = F{p(A), B] (7.3}
3 day A dude goi 12 tap con phu thude cda tap X,
B dugc go11a tap con doc 1ap cua tap X,
AuB=X, AnB=0
F vi ¢ 13 céc ham chuyén mach.

Phdn giai ldp:

fIX) = Finlg(A), B], CJ (7.4)
o Phan gidi phic:

fIX) = Flg(A), X(B),..., C} (7.5)
e Phdn gidi hén hop:

iX)=Fn[exA), B], A(C), D,...] (7.6)

Chudng nay dé cap chll yéu dén phan giai don gian va cac
diéu kién dé nhan dang mot ham chuyén mach c6é thé phan giai
duge. Ngoai ra, ching ta cling sé trinh bay nhiing (ing dung cua
dao ham Boole trong If thuyét nhan dang cac ham chuvén mach
phan gial duge.

7.1. PHAN GIAI DON TACH BIET

Dinh nghia 7.1.1. Cho ham chuyén mach fX) xac dinh
trén tap X = (xy, x4..., X, 1)

Néu fiX) ¢6 thé biéu dién dudi dang sau:

f(X) = F[dy()’ yh"') ys-f)) z@! zb'-'x zn-s-j'] (77)
thi ham Fig 24, z,,..., 2,,.0 VA& @Y ¥ir-.., ¥,/ biéu didn mot phdn
gidi don tdch biét.
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& dAY Yo, Yoo Yoo 2o Zees Znpy Chinh 12 cac bién xp Xpees Xpg
nhung dude sip x&p theo mdt nguyén tac khac nao do.

Ham f{X) c6 tinh cha&t nhu trén dugc goi 14 ham phdn gidi
dugc. S¢ di ching ta go1 dang (7.7) 1a phan gidi don tdch biét Vi
ham F chi chia mét ham s khae (¢ trong ndé ma mdi phan tu
x; € X hoéc nim trong tap hop ¥e Y- ¥sif hoéc trong tap hgp
{Zg, Zpp-ees Zne s chil KhODE thé nim déng thoi trong ca hai tap hop
d6. N6i cach khac hai 1ap hgp bién 50 G trén la tach biét nhau.

Vi du 7.1. Cho ham chuyén mach 4 bién
fixy, % %5, %) = . m (0,3, 4,7, 12, 15) (7.8)

Dang thu gon cua f{iX) nhu sau:
f(X)—x'xSx'#x X, %, + 2 x,gx,,+:;::rcx4 (7.9)
Ching ta cé thé biéu dién fiX) dudi dang sau:
f(X)ZF[(P(yla_y_z_)_ezl\%)] (7.10)
F(@,2,.2,) = (2,2, +2,2;)9
8 day 0=y, + Yo Y1 =%, Yy = Xy Z, = Xg, Zy =X,

7.1.1. Ma tran phin hoach

Trude hét chuing ta hay dinh nghia phén hoach caa tap X.

Pinh nghia 7.1.2. Cho f{iX) 12 ham chuyén mach xac dinh
trén tap X = {x, X4..., %, /. Ph&n hoach cta tap X 14 mét cap tap
CON {Yg Yisoens Vodd VR (20, 21y Znsyf DA trén d6 ham s6 sau day
dude xac dinh.

f(X) = F[dyﬂy Yoo ys-f)! Zg Lo Zps ”7
Ngudi ta ddnh ddu phdn hogch nhu saw:

ZgZj. Zrsd iyo ¥i- Yer (7.11)
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Tap fye Ypw ¥4 801 12 tdp cdc bién phu thuée con tap
{Zg Zpeee, Zopyf 20112 tdp cdc bién tu do.

Pinh li 7.1.1. Néu tap X ¢6 n phén t{ thi né c¢6 2 phan hoach.

That vay, gia st tap cac bién phu thudc {yg y,..., v. 4 ¢6 i
phan tit. Nhu vay ching ta s& cé C” phan hoach i phin tit (cac
phan ¢ phy thudc). Do d6 s6 lugng phan hoach dude xéc dinh
nhu sau:

o =9 (7.12)
>
i=0)

Cac trudng hop i = 0, i = 1 va i = n duge goi 14 cace trudng
hop tam thudng va céc phan hoach tuong Gng véi ching goi 1a
cac phdn hoach tdm thuong. Ham chuyén mach che 8 vi du 7.1 ¢6
phén hoach khéng tdm thudng la xx,|x,x, nén né cé thé phan
giai don tach biét dugc.

Binh 1i 7.1.2. Tap bién X = {x, x,..., x,,/ ¢6 2*- n - 2 phan
hoach khéng tdm thucng. '

Binh I nay ¢6 thé chitng minh don gian trén co sé dinh 3 7.1.1.

Biy gid ching ta hay dinh nghia ma tran phan hoach. Nhu
ching ta da bift. ¢6 thé cho mét ham chuvén mach dudi dang
bang gid tri that. Theo bang d6, ham chuvén mach fco6 27
truong hgp gia tri ing véi 2" t6 hgp khac nhau cia cic bién, Néi
cach khac, lic d6 gia tri f duge xac dinh bang mdl ma trdn cot
hofic mdt ma trén hang:
fo
f;

f=| hotic £ ={fy.fysiify ) (7.13)

f2”-1)
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Mat khae, ham f ciing ¢é thé biéu dién qua ma tran phén

hoach.

BDinh nghia 7.1.3. Ma trdn phan hoach 12 ma tran gbm 2° ¢ot
ing vdi tAp cac gia Lri cua {yy, ¥p..., ¥4 va 2*° hang dng véi tap
cac gia tri cua {2z, 2,..., 2,.,/. M1 phan tii cia ma tran 13 mét
gia tri cta ham s6 tuong (Ung & vi tri da cho. Nhu vAy ching ta
c6 thé biéu dién ma tran phan hoach nhu & bang 7.1.1.

Bang 7.1.1
.V(JyI" . ys- !
0 1 21
ZOZ‘! zrl-s-‘I
0 2 2 £
1 o fol s
2'1-5-1 fg' g f‘-z-'- L X . . . )“2” 1

Vi du 7.2. Ham ffX) duge xac dinh trén tap X = {x,, x,, x;

x, thong qua phén hoach x, | X,;X5%, v ma tran phan hoach cho 6

bang 7.1.2.
Bing 7.1.2
XX X,
X, 000 001 010 100 101 110 111
] 1 0 0 0 ¢ 1 1
1 0 1 1 1 1 0 0




7.1.2. Ung dung cha ma tran phan hoach

Ngugi ta c6 thé dung ma tran phén hoach dé xét xem mét
phan hoach da cho ¢6 din dén phan hoach don tach biét hay
khéng? Ngoai ra, ma tran phan hoach cling duge dung dé nhan
dang cac ham s8 F va o.

Bang 7.1.3
00 01 10 11
1 0 1 0
1 Q 1 0 1
10 0 0 1 0
11 1 0 0 0

Dinh nghia 7.1.4. D6 phan biét hang # ctaa ma tran phan
hoach 13 s8 ludng vectd hang khéc¢ nhau ctia ma tran do. P
phdn biét cot v cla ma tran phan hoach cing duge dinh nghia
nhu vay.

Ma tran phan hoach cho ¢ bang 7.1.2. ¢6 H=2vav=2 Ma
tran phan hoach & bang 7.1.3. ¢6 H=4vav=3.

Cac gia tri g va v co nhiing méi 1ién hé nhat dinh trong

quan hé phan giai don tach biét. Cac méi lién hé 46 dudge mb ta
bang cac dinh li sau (Pinh 1§ 7.1.3, va 7.1. 4).

Cho fixy, x,,..., x, ) 13 ham chuyén mach, ching ta dat:

folagoy e, )= flay.x, ..., X, ) (7.14)

FpTU B 2T, S0,

trong d6 ag,uay,...,a,_, ;12 cdc hing s8 Boole.

176



Vi du 7.3. Ham chuyén mach (7.8) cho & vi du 7.1 c6 ma
tran phén hoach tuong Gng & bang 7.1.4.

Bang 7.1.4 ¢6 thé thu gon thanh bang 7.1.5, trong d6 céc cbt
giong nhau duge ghép lai v6i nhau va trén dau méi cdt ciia ma
tran méi ching ta ghi tdng cac d&u hiéu cta céc c6t hdp thanh.
Chéng han cdt 00 va 11 giéng nhau thi khi gdp lai ta c6 ct 00 + 11.

Bidng 7.1.4 Bang 7.1.5
X3 X, Xy Xq
XX, 00 01 10 | 11 XX, 00+11 01+10
00 1 0 0 i 00 1 a
01 1 0 0 1 01 1 o
10 0] 0 0 0 10 0 0
11 3 0 0 1 11 1 0

Tit bing 7.1.4. ta 6 thé xéc dinh:
fo(00) = 3 x, + x5,
fo(01) = x3x, + x5,
fQ (10)=0
fo(11) = x,x, + 5%,
Dinh li 7.1.3. Trong ma tran phan hoach thi v = 2 néu va
chi néu:
Fo 0ty ety 1) = LY ¥rreens Vs 10y ¥y0. ¥, 1) hoic O
do1 véi tAL cd moi ddu hidu cot.
Chimg minh: Trudc hét chiing ta gia thict v = 2, nghia 12 ma
tran phan hoach thu gon ¢6 hai c6t khac nhau. Do dé ma tran
‘phan hoach thu gon ¢é nhidu nhit 14 4 loai hang khic nhau dng
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véi cac t6 hop 00, 01, 10, va 11. M3i hang (trong s6 2"* hang) 1a
mbt trong cac loai hang ké trén, trong sd d6 it nhit mot hang
{ing v4i t3 hop 01 hodc 10 vi chi ¢6 nhu vay ching ta mdicobv = 2.
Gia sit ching ta chon @(¥g, ¥, ¥,) Ung voi cdt thi nhat thi
khi do ching ta nhan dugce:

foloott, ..o, 1) =¢ cho tit ca cac hang dng vai 10,

foloptty 0, o y)= ¢ cho tat ca cic hang dng véi 01,
fologety..a, ;) =0 cho tat ca cac hang tng véi 00,
folagot, ..o, ) =1 cho tAt ca cac hang Ung véi 11.

Didu kién dt ctia dinh i ¢6 thé nhan thdy mot cdch dé dang
vi néu chung ta gia thiét fgo(osa, ..o, o) bang 0, 1, @ hoac ¢
thi ré rang ching ta cdu tao duge ma tran thu gon c6 2 ¢ot khac
nhau, nghia la v = 2.

Hé qua 7.1.3. Ma tran phan hoach c6 v = I néu va chi néu
fologo,. 0, )= 0hoac 1.

T dinh 1 7.1.3 v hé qua 7.1.3 ching ta c6 thé ching minh
duge dinh Ii quan trong sau day. .

Dinh 1i 7.1.4. Ham chuyén mach n bién flx, x,..., x,J ¢6
phéan giai don tach biét v6i phén hoach:

2021 Zpsg lyﬂyf-“ Ys1
néu va chi néu ma tran phan hoach tudng ing cé v 2.

Chung minh:

Piéu kién cdn: Gid thiét flx, x,,..., x,)J) c6 phén giai don tach
biét véi phin hoach 25 z,... 2,44 1yﬂy1... ¥,.» nghia la ching ta ¢6
thé biéu dién f dudi dang sau:

f(xﬂs Xpre-es xrx-.’) = F[(P (yﬂ’ Yir--os ys-I)J Zgy L 3-es zn-s-J] (715)
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Bay gid ching ta khai trién ham f theo zy, 25,5 Zpss
FIG 20 2o Znst] = 202102, Fl@, 0,0, 014
+z,2,.2  Flp 0,0, 4. + 20 2o 2nsa Flo 1, 1o, 1 '
. (7.16)
Tu céc. biéu thic (7.14) va (7.16) ciuing ta suy ra:
fologa, . o, )= Flo, ap Qs Qusdd
3 day o € {0, 1.

Vi Flg, ap @ Qnpi] 18 mOt ham s6 riéng cua ¢ do do
chung ta c6 thé két luan rang:

folayt; -0, )= @ o, 1 hoac 0.
Theo dinh 1i 7.1.3 va hé qua 7.1.3 thiv £2.
Diéy kién di: Gid sii ma tran phian hoach v&i phén hoach

ZZ et |yay;...y5_, c6 v < 2. Theo dinh li 7.1.3 va hé qua 7.1.3
ching ta ct:

folo0ty .0, )= @, ¢, 1 hodc 0. (71.17)
33 day f, theo ding dinh nghia (7.14). M4t khac ham chuyén
mach f ¢6 thé duge khai trién nhu sau:
oy Xppors Xn) = 252,002, [0, Oty O F
v202 0 fa(0 0y Do+ 2210 Zngs 1 Leees 1) (7.18)
T (7.17) va (7.18) ching ta ¢6 thé suy ra:
fxe Xppes X ) = Flg 26, 2105 Zoodd - (7.19)

Néi cach khéc f£1a phan giai don tach biét duge va dinh 1f d&
duge ching minh xong.

Vi du 7.4. Ma tran phéan hoach dng Vi x5 | 5%, cho G bang
714 ¢6 v = 2 nén ham f tusng Gng c6 phan giai don tach badt.
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That vay, tt ma tran phan heach thu gon & bang 7.1.5 chiing ta
cO:

P=x3X, +X3X,

f(xg xp..., x,.) = Flelx3,x,), x;, x,] (7.20)

O day Flg x, x)) = 51§26+£|f2c_p+x1x2(5:6(51 +X,)

Néu ta chon ¢ =a,x, + x,x, (Ung voi edt thit nhit cha bang
7.15) thi ching ta ¢6 dang phan giai nhu sau:

Flp xp, xy) = ;‘1;72(p+.;1x2q)+x1x2q)——-(p(;1 +x,) (7.21)

Nhu vay ham f khéng phai chi ¢6 mét phan gidl ma c6 théoh
¢6 nhiéu han.

T dinh 1i 7.1.4 chiing ta suy ra mét s6 hé qua sau day:

Hé qua 7.1.4a. Néu ma tran phén hoach ctia ham chuyén
mach flx,, x,,..., x,.) c6 d6 phan biét cét v = 2, thi tén tai hai va
chi hai phén gidi don tach biét - lién quan d&n phan hoach da
cho. NEu mét phan gidi tng voi cip Flg z, Zpens Zyed VA
Yo Y1,---,¥s./) thi phin giai thit hai Gng véi cap Gl(0,202),..,2,, 1)
VA OV Yius Yo -

Hé qua 7.1.45. Néu ham chuyén mach flx, x,..., X, ¢6
phin giai don tach biét dng véi cdp Flg 2z, z4..., 2,,,) va
@ (Yo ¥ie-es ¥o) thi hAm f(xg, x,,..., x,,.) ¢6 phan gidi don tach
biét ing véi cap F (D2 Zgsns 2001} VA G Vo, Yoo, Yo 1)

Vi du 7.4b. Cho ham chuyén mach fx,, x,, X3 X4 X5 ¢O phén
giai don tach biét véi phin hoach %% | x5, Ma tran phan
hoach tuong tng véi fva fcho & cac bang 7.1.6q, b.

Tt ma tran phin hoach:ching ta c6 v = 2 va do d6 c6 thé
suy ra :
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f(xb Xz X3 xb x5) = F[Q:‘(x& X4 'IS}: Xp I:J

A, -~ :
0 diy, Xy Xg X5) = Xy X X + XXy X5 + Xy Xy Xy

= X, X5 + Xy XXy
= x,(x, +%5)
Flo x), %3] = X, 2, @+ X0+ X, X5
T bang 7.1.6b ta cé:
f (s, x5 = Glg(xs, x4 x5), X4, %3]
Q= 35_4'(J::2 +x5)

Gl xp, x5/ = x—l<p+§x3 + X X5 Q

= F[(P: X x3]
Bang 7.1.6a
000 | 001 | 010 | 011 | 100 | 101 | 110 | 111
1 0 1 1 0 0 1 1
01 0 0 0 0 0 0 0 0
10 a 1 0 0 1 1 0 0
11 1 1 1 1 1 1 1 1
Béng‘ 7.1.6b
001 | 010 | 041 | 100 | 101 | 110 | 111
1 0 0 1 1 0 0
01 1 1 1 1 1 1 1 1
10 1 0 4 1 0 0 1 1
11 0 0 0 0 0 0 0 0
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7.1.3. Bang phan hoach va g dung

Tit cie két qua nghién ety & trén ching ta thay rang
phuong phap ma tran phan hoach cho phép xaec dinh duge cac
phén giai tach bist néy ching tén tai. Tuy vay khi s6 ludng bign
VAo n tang 1én thi s6 Iugng ma tran cing ting lén rat nhanh vi
s6 luong ma trdn phan hoach khac nhay 13 2” Do viy H. Alen
Curtis da dé ra nguyén téc X8y dung cic ma trén cg cing mot
cdu tride nhu nhau cho tat cad cdc ham chuyén mach ¢ thé cé.
Céc ma tran nhu vay dude goi 12 bdng phan hogch. Bang phan
hoach duge xay dung theo nguyén tic say diy. Méi vi tri ctia
bang phan hoach duge qui dinh mét con s& thap phan goi 1a s¢'
cdu trisc tuong tng véi t8 hop nhi phén cta cic bién vao tai vi tri
dao.

Vi du 7.5. Bang phén hoach 7.1.7 ¢6 vi tri Ung véi hang 2,
cot 3 duge qui dinh con 8§ 11 vi vi tr{ dg Ung v6i t& hop
x, gx3x4 =(1011). & nhﬁng v tri (nhiing t§ hgp bién vao) caa
bang phan hoach ma ham s6 nhén gia tri 1 thi cac con s tudng
ting dudc in trong diu ngodc don (hoac khoanh tron). ¢ nhiing
vi tri khac ham sg & nhin gia tri 0.

Bing 7.1.7c6 pu=p = 2 nén ing vdi cac phan gidi don tach
biét nhu sau:

f= Ff[%(xa, x4, Xp, 2] = Fz[%(x.r; Xy, Xy, X/
O day F, = (;;;;+Zx2+x1x2)¢1 ;

F,= (x3:c4 +X% J o,

trong d6 ¢, =x, x, Ty S D= XX, + X Xphx
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Nhuy vay tii bang phéan hoach néu ching ta thay a1 cach
shp x6p cha cc sb cdu trac ching ta sé c6 cac bang phan hoach
Kkhéc nhau. Chéng han tit ham s8 f = (0, 3 4, 7, 12, 15) cho &
bang 7.1.7 chung ta cb thé suy ra bang 7.1.8. Bang phén hoach
7.1.8 khong cho ta phan gidi don tach bigt viv = 4> 2.

Vi du 7.6. Cho f(x;, x5 X3 x) =m0, 5, 7,9, 11, 12). Bang
phén hoach Ung VOl xg%, | %%, ¢ho O pang 7.1.9. Trong trudng hdp
nay v = 2 nén ching ta nhan dudc:

f(x) = Flo(xy, x5), X3, x,]

Gia st ta chon ¢ Ung v6i hang thit 2 ctia bang, nghia la:

¢=(0,1,1,0) hay ¢= (%, %y +%%5)

F=¢px;x, 79 X3 X4 + (@ XsXy
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Bdng 7.1.9

XX, 0 1 2 3
X3X,
0 (@) 4 8 {12}
1 1 (5) (9) 13
2 2 6 19 14
3 3 (7) {11) 15

7.2. CAC DANG PHAN GIAI KHAC

Phén giai don téch biét 1a mue dé dau tién dé tdng hap cac
mach logic mét cach kinh t&, Mte d8 tong hop cac mach logic
kinh t& § cap cao han ¢ thé nhan duge trén cd s& phén giai phite
hop cae ham logic. Co 8 todn hoe ctia c4e dang phan giai phite
hop 1a 1 thuyét dai s¢ hién dai, ma truée hét 1a I thuyét tap
hgp. Sau day ching ta thi xét mét vai vi du.

Vidu 7.7. Cho ham s§ chuyén mach sau day:
s 20 25 %)= 3 m(0,3, 4, 7, 12, 15) (7.22)

Ham s6(7.22) c6 thé duge biéu dién duéi dang:
fX) = Flotx,, x,), ylxg, x)= Py (7.23)
dday ¢ = x, + x,, W= ;c;;:;+x}x4
D6 1a dang phdn gidi téch biét vi mdi bién chi nim trong mét
ham s8 con thanh phan nhit dinh.
Vidu 7.8. Cho flxp, x5 x5 ) = m(0,2, 7,8, 11, 14) (7.24)
C6 thé phan giai ham (7.24) nhy sau:
fx)=Flg x, x,] = Xt + (0(:_:6_1 + a_:;) (7.25)

dday o= x,x, + Xy X0,
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Dang (7.25) 1a phén giai don khong tach biét vi x; thude ca
trong F va ca trong ¢.

Ham (7.24) c6 thé phan gidi phic khong tach biet duge nhu
sau:
() = Fl gy x5 5, W5, 33)]= 9 U + O (7.26)
4 day = x—zx_4+x2x3x4
W= XX
Bay gio chung ta hay phan loai cac dang phan giai phic
hop. Gid stz A, B,.., G, D 1a cac tap con cta tap hap X, nghia la
X ={A, B,..., C, D]
Ham chuyén mach fiX) goi 12 phdn gidi lap duge n&u o thé
vi&t né dudi dang sau:
flA, B, C) = F[H &A), B}, Cj (7.27)
Mat cach téng quat ching ta 6 thé bidu didn dang phan
gial lp nhu sauw
{A. B,..., C, D) = Flp{Al.. d #A), B..J, CL, DI (128
N&u ¢6 thé bidu dién ham f(X) dudi dang:
fA, B,..,C, D)= FI®A), 7 (B),..., vC), DI (7.29)
thi chiing ta cb phdn gidi phitc.
H&n hop caa hai phan gidi trén duge goi la phdn gidi hon
hop:
f(A, B,..., C, D) = F{d &A), B...]J, AC), D] (7. 30)
Néu cac tap con A, B,.., C, D thda man cac diéu kién:
"AuBu. uvCubD=X
AnBn.nCnD=& (7. 31)
thi ching ta c6 phén gidi tach piét. Trong céc truong hdp khac
chring ta ¢6 phén gidi khong tach biét.
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7.3. NG DUNG DAO HAM BOOLE

Trong phén nay chung ta sé gisi thiéu cac dinh li v& nhan
dang cac ham chuyén mach phan giii den dugc trén co s I
thuyét dao ham Boole. Tix cac dinh If dé chiing ta ¢6 thé dé dang
xay dung cac thuft toan tudng Ung dé xac dinh cac ham s6 F va
@ cho cac ham phan gidi don duge.

DPinh li 7.3.1. Cho X, X, X, 14 céc tap con cua tap hop cac
bién X. Ham chuyén mach fiX) ¢6 thé phan gial doan duge nhu
sau

X)) = FIX, X,, o(X,, X,)] (7.32)
néu va chi néu d8i véi méi x, e X, ton tai ham chuyén mach &
chi phu thuge vao cac bién thude X, va X,, théa man cac ding
thite sau:

A ¥
ax, 8X,

!

&:(Xy, X,) (7.33)

Chitng minh: Trude hét ching ta chitng minh diéu kién can.
Gia st f(X) 12 phan giai don duge, nghia 14:
fX) = FIX,, X,, oX,, X,)]
do d6 chiing ta c6 cac quan hé sau day:
Af AF Ag

=— — ~x; e X, (7.34)
Ax,  Agp Ax; i
S _AF d¢ (7.35)
3X, do 8X,

T dinh nghia vé cac toan ta § va A chiing ta c6 thé suy ra:
Sep Ap ’

—t > Y 7.36
58X, ~ x, (7.56)

Bét vay, 461 véi mbi x; e X, chiing ta cé:
AF Ap _ AF A9 8o _ f Ap

Ag lei A 'Ax, '6X0 aXo ‘fo

(7.37)
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Do dé:

A

A 9 (X, X 7.38
fx, X, g:i(X, 9) ( . )
2, " A

& day, g.(X,.Xy) = -ﬁ (7.39)

Dé ching minb didu kién du chung ta gia thiét c6 dang thic
(7.33). Vi bién phan cia ham fX) d&1 véi X, 1a ham s6 khong
phu thude vao X, nén tit (7.33) chiing ta co thé suy ra dang thiic
sau day:

o o
=g, (Xp. X 7.40
X0 0g.z{,( 0-X5) (7.40)

461 véi moi eg = (0, 0,..., 0, {egch s6 lugng thanh phén nhu X).
Do vay tit khai trién Maclaurin etia ham f-d81 v6i X, ching ta co
thé nhan dudc:

oL 6
f(X):f(XOsXpXQ'Xo:o®§£‘_¢(XU’X2) (7.41)
G
g day, (P(X(},Xg) =[§ geD(XO!XQ)]l XSO
e 1 X =0

(7.41) chinh la dang phéan gidi don cua f{X), v nhu vay
dinh 1i d& duge ching minh.

Pinh li 7.3.2. Ham chuyén mach fAX) c6 phan gia1 don nhu
sau:

fX) = FIX,, X,, o(Xo Xp)]

néu va chi néu:

_5{ &f ]_ﬁf_zif___ﬁ {i} (7.43)
X, | 5K, | A, X, X, |,

d61 véi moi x; € X,
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Cach ching minh dinh H 7.3.2 cfing tudng ty nhu cach
chitng minh dinh 1i 7.3.1.

Dinh )i 7.3.3. Haim fX) c¢6 phéin giai don nhu sau:
fX) = FIX, X, (X, X,)] (7.44)

néu va chi néu tén tai cac ham chuyén mach A(X, X,) va

B(X, X,):
X, X, X,) @f(0, X, Xy = AX,, X)) B(X,, X,) (7.45)
Chimg minh:-Diéu kién du ctia dinh i 12 duong nhién, do d6
ta chi ching minh diéu kién cAn. Khai trién ham F d8i véi ¢
theo chudi Taylor tai diém ¢(0, X,):

Flo, X, X,) = FIg(0, X,) X,, X,] ® [0 ® (0, X,) ]%}i (7.46)
o

T (7.46) chung ta chon:

A= f’l va B(X, X)) =X, X,) ® o0, X,) (4.47)
(p -

Nhu vay diéu kién can da duge ching minh.
BAI TAP

1. Chizng minh rang d6i véi méi ma tran phan hoach g <2v
va v £ 2u G diy v va 412 A5 phan biét ¢dt va d6 phan
biét hang tudng ing.

2. Xay dung tap hgp cac bang phan hoach cho cic ham ba
bién.

3. Tim cac phan giai don tach biét cho cac ham s6 sau day:
filxy x5, %5, x) = 3 m (0, 3,4, 7, 13, 14)

f2(xb xz; x&‘: x4) = Zm (4J 7) 8: 11)
Ham £, c6 thé ¢6 cac phan gidi phite hay khong?
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Chuong VIII
CAC HAM CHUYEN MACH DAC BIET

Trong chuong V ching ta di nghién cdu ham chuyén mach
vectd trong trudng hop tdng quat. Trong chuong nay chung ta sé
dé cap dén cac ham chuyén mach déc biét nhu cac 16p ham don
diéu, ham ngudng, ham d61 xing va cac hé ham day du. Chuing
ta s& nghién cltu cac tinh chét cd ban cua cac 16p ham d6 va tu
ddy dé ra cac phuong phap va cic thujt toan (_ié nhan dang
chiing. Ngoai ra, chiing ta ciing sé dé cap dén mdt s0 ting dung
ctia cac 16p ham dic biét ké trén

8.1. CAC HAM DON DIEU

Trudc khi dinh nghia cac ham don didu ching ta hay dé cap
dén quan hé sip x&p giia cac phan tit cia fich tryc ti6p cac dai
36 Boole hai phan ti:

B} =B,xB,x..xB,
[ —
Gia sti X, Y € B? ¢6 thé dugce bidu dién nhu sau:
X =(a,, a,,..., a,)
Y= (bb b2}"': bn)
trong déa, b, € B, = (0,1},

Chung ta néi rang X bé hon hoiic bang Y (X £Y), néu va chi
néu a; bé hon hoac bang b, (@, < b). Trong cac trudng hgp khac
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giita X va Y khéng ¢6 quan hé sap xép. Ching han X = (0,0,1,0),
Y=(1,010), 2= {0, 1, 1, 0), theo dinh nghia chuing ta c6
X <Y, X <Z nhung giita Y va Z khong c6 quan hé sép Xép,
nghiala Y¥2 z¥ vy

Dinh nghia 8.1.1. Cho X va ¥ 1a cac s§ hang cua dang
tuyén chinh quy cua ham chuyén mach flxo, %4,..., ). Ham £l
mdt ham den di¢u tdng néu va chi nau-

X <Y=fX) <fY) 3.1)

hodc 14 ham don diéu gidm néu va chi néu:
XY= AX) 2 1Y) (8.2)

Vi du ching ta c6 thé kiém tra dé& dang ring cac ham s
fi = %%, fo = x; + x, 12 cAc ham don diéu tang con cdc ham s6
f3= x1%2, f=21 + 213 cdc ham don diéu giam.

Dinh nghia 8.1.2. Cho X = (o X1, X, ) VA X)) 12 ham don
diéu tang. Dat U = (X |AX) = 1, phén t& X' < U goi 12 phdn ui
cuc tiéu trong U néu khéng ton tai phan ti X trong U ma
XX

Nhu vay U ¢6 thé co mot hode nhiéu phan ti cuc tiéu, O day
can phan biét phin t cyc tieu va phin ti bé nhat nhu trong
truong hop tap sip X€p ridng ma ching ta da xét trong chuong
1IT.

Dinh 1i 8.1.1. Cho X' 1a mgt phan tl cye tidu trong U cua
ham ddn diéu tang fiX). Tap U, dude dinh nghia nhu sau:

U=X| X>Xva fiX) = 1y (8.3)
la mét dan con clia dan 2" phin td.

Chitng minh: T cac gi3 thigt trén, rd rang U 1A tap sip
x&p riéng. Xét hai phdn ti bat ki X' va X’ thude U, nghia 13
fiX) = fiX) = 1. Theo céc tinh chat cla tip sip xép riéng ching
ta ¢6 thé suy ra tich va téng chia X' va X 16n hon hodc bang X7,
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nghia 14 ndm trong U. Do vay U, la dan con caa dan 2" phén ti
(X ¢6 n phan th).

Hinh 8.1.1
Vi du 8.1. Cho U = {010, 001, 110, 011, 101, 111}, nhu vay
U ¢6 hai phén ti cuc tiéu 14 010 va 001. Do d6 ching ta e6 hai
tap con U, nhu sau:

U,=1001, 101,011, 111}
U, = (010, 110, 011, 111)

Céac dan con vng véi cac mit phing vé & hinh 8.1.1.

Pinh i 8.1.2. Ham fix, xp..., X)) 14 don diéu ting (hay
giam) néu va chi néu ¢6 thé bidu dién né dudi dang téng cuia cae
tich ctia x; (hodc xi).

Pinh nghia 8.1.3. Ham fix, x,.., x,,) 14 don diéu hon
tap néu tén tai mét tap con S = [x; Xp..., %l cha tip hop
X = {xp .., X,4 sa0 cho khi chiing ta thay th& tat ca x, bing
x; hoidc tit cd x; bang x, trong biéu thie ca f thi f tré thanh
don diéu tang hoic don diéu giam. Vi du ham fix,, x, x3) = x;x; +
x, x; 12 ham don digu hén tap vi néu ta thay x, bing x,thi ham
f tré thanh ham don diéu ting con néu ta thay x, x, x, bang
X,, %, %, thi ham ftrd thanh ham don digu giam.
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Cho ham f(x,, x,,.... X,.)

'

Xéc dinh cac implicant
nguyen &

!

192

Xac dinh implicant
nguyén 16 cdt yéu |,

i, phil tat ¢a cac
s6 hang cila £?

fkhéng thudc v& ho cac
ham don diéu

1. fla don diéu tang néu tat ca cac 1 14 cac tich

2. fla don diéu gidm néu 14t ¢a cac /. 1a cac tich

3. fla don diéu hén tap ndu cb thé thay déi f

4. Trong cac trudng hap khac f khéng thudc vé ho

clia x,
cla x; .

thanh don digu

cac ham don diéu

STOP Hinh 8.1.2



Vin dé duge dit ra 1a lam thé ndo d€ nhan dang.cac ham
don diéu.

Pinh 1i 8.1.3. Diéu kién cén d€ ham chuyén mach f1a ham
don diéu’ (t&ng, giam hay hén tap) 14 ham f duge pha béi cac
implicant nguyén t& cot yéu,

Tu dinh 1i 2.1.3 ta ¢6 thé xay dyng duge thuat toan nhan
dang cac ham don diéu'nhu J hinh 8.1.2.

Vi du 8.2. Cho ham f nhu sau:

Xy, Xye0, Xg) = Y m (4, 20, 21, 36, 52, 53, 54, b5)
.iam f ¢6 cac implicant nguyén td sau day:
[ = %32, Xy X + 2%, %%, 7 + X XgXyXy
D6 ciing chinh la céc implicant nguvén té et yéu. Khi
ching ta thay x,, x;, x; bidng cdc phdn i b tuong Gng cda
chung thi f trd thanh ham £, khéng ¢6 céc bién bu (nghia la f, 1a
ham don diéu tang). Vay theo dinh nghia thi 13 ham don diéu
hén tap.

8.2. CAC HAM NGUONG

Pinh nghia 8.2.1. Ham chuyén mach fix, x,...., x,,) la
ham ngudng néu va chi néu ton tai mot tap hop cac 58 thue w,
Wy,..., w,;va T sac cho:

n-1

Zwl-xi >T, néuflxy xp..., %, ) =1 (8.4)
=0 '

n=1 )

Zwixj <T, néuflx, xp...,x,,) =0 (8.5)
i=0

O day wg, w,,..., w,; 12 irong luong cta cde bicn x,, x,,..., X1
con T 1a ngudng cia ham sé dd cho.
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Vi du hifh fix,, xy, x) = x, 7, +%,%, 12 ham ngudng véi 18
hop gid tri Gw,, w, w,: T) = (1, 1,-2; 1)

Ngudge lai Nguai ta cling cé thé xac dinh dude ham ngudng
trén co sd bs gia tri G. Vi duG=(1, 1, 1; 2) thi ching ta c6 thé
xac dinh duge bang gi4 trj 8.2.1 va do dé ¢6 thé bidu didn ham
ngudng nh sau:

fix,, x,, Xy = Xy + XpX3 + x4

Bdng 8.2.1 Bing 8.2.2
X, X, X, Z‘: W x f
i

0 4] T 0] 0

0 Q 1 1 0 )] 0 1 1
0 1 0 1 0] 0 1 0 o
o 1 1 2 ] 0 1 1 1
1 0 0 1 0 1 0] o 0
1 4] 1 2 1 1 0 1 1
1 1 0 2 1 1 1 0 1
1 1 1 3 1 1 1 1 1

—_— -

Néu cho trude ham f thi ching ta 6 thé tim dude bd gia tri
G trong trudong hdp £1a ham ngudng.

Vi du 8.3. Cho fiz,, x,, Xz = x:%, + x; Bang gia tri that cta
ham 58 dé 13 bang 8.2.2.

Ta bang 8.9.2 ching ta suy ra hé cac bat phudng trinh xac
dinh diéu kién dé ham di cho 1a ham ngudng. -
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Wy +w,
W, + 1w, +w, w,

wy;  r2T>w, (8.6)
W, +w, 0
Wy + W,

Giai hé bat phudng trinh (8.6) ta nhan duge w, = w, = 1,
wy=2vaT=2 Vay ham da cho 1A ham ngudng véi G = (1,1,2:2).
Bay gid ching ta hay tim diéu kién d€ ham Boole 1a ham
nguéng.

n-1 . :

Dat F =) xw,va AF = FL ~FS | trong 6 F.. 12 gi tri

min
Lo q=0

bé nhit cha F theo cac gia tri that cua f (theo céc gia tri f = 1),
nghia la: _
Fropn = min{F, (wy,....w, )} (8.7
fi=1
Fp . 1a gia tri 16n nhat cta F theo gia tri sai cua f (theo cac gia
tri f = 0), nghia la: | |
Fra = max{F; (w,,....w,.,)) (8.8)

Al

~lf=0 |
Dinh li 8.2.1. Ham chuyén mach la ham ngudng néu tén
tai tap trong ludng w,, w‘,.,‘.., w, ; 820 cho AF > (.
Chitng minh: Nhu chiing ta da biét, tit bang thit ctia ham s6
f c6 thé 1ap hé cac bit déng thic sau:

Fllwy w,,..., w,)2>T >F}0 (wy, Wy,..., w, ) (8.9

Ailf =1 Alf=0
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Nhu vay néu ton tai tap W, = (w,, w,..., w, ) sao cho:

. 1 i) ;
AF = [min F] (wy, w,..., w, ) - max F; (w,, w,,..., w, )] > 0

va T'lady mét gia tri bat ki trong khoang:

: 1 4]
(minF' (w, w,,..., w, ), max F; (w,, w;,..., w, )],

thi rd rang theo dinh nghia £1a ham nguseng.

Bay g16 ching ta xét dén mét s6 tinh chat khac cta him
ngudng,

Dinh li 8.2.2. Him ngudng 13 ham don diéu hén tap.

DPinh Ii nay chi 1a diéu kién cin cho ham ngudng chit chua
phai la diéu kién di, vi khong phai moi ham don diéu hdn tap
déu 1a ham ngudng, ching han ham f=xx, + x3x, khong phai la
ham ngudng vi khéng thé tim duge bo gia tri G = (w,, w,, w4 w, T)
théa man tinh chit ctia ham ngudng.

Dinh li 8.2.3. Néu tap G = (w, Wy W, T} thyc hién
ngudng cho ham sé flx, x,,..., x,..., %, thi tap G = fw, w,...,
“W,..., W, T-wf thuc hién ngudng cho ham flxo x5, xi yeees X )

Chimg minh: Tap G = (w,, w,..., w,.., w, ;; T) thue hién
nguong cho ham s6 fix,, x,,..., x,..., x,.;) ¢ nghia 1a diéu kién sau
day ducde théa man:

flxo X4y %y %, ) = 1 néu va chi néu:
Wolp +o.. + WX+ + W, x,,; =T (8.10)
Thay x,= 1 -, va do dé didu kién (8.10) ¢6 thé vi&t nhu.
sau:
fixe, x,..., xj,, ﬁc?*_l) = 1 néu va chi 1 du:
Wokg +... +wll -x)+.. +w, «  >7T (8.11)
hay  wgxo+.. - wa+.. +w,,x,, - T- w;

Nhu vay dinh Ii da duge chliing minh.
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8.3. CAC HAM bOI XUNG

Pinh nghia 8.3.1. Ham chuyén mach flx,, Xp..., Xp..., %) 12
ham doi xirng bé phan 461 v6i x, va x,, 1 #J, néu:

F Xy Xipery Tppeey X td = [(Xpgy Xpyony Xty Xipeey X)) (8.12)

Vi du ham f= (x; + X)(x; + x%5 12 ham d6i xidng bd phan doi
vl x; va X;.

Pinh nghia 8.3.2. Ham chuyén mach fixg Xp..., Xp-oos Xp )
goi 1 ham doi ximg toan phdn, hay goi don gian 1a dé1 xting, néu
d6 1a ham 481 xGng bd phan déi véi x, va x; bat ki.

Vi du cAc ham sau day la d6i xiing:

fo = ( + 2,5 + 25 )5 + 3,)
) = XXy +X Xy + XpXg

Bay gid chiing ta hay xét dén cac tinh chdt ¢ ban ca ham
d61 xdng. _

Pinh Ii 8.3.1. Néu ham chuyén mach flx, x,,..., %por X, 1) 1;‘;1

dé61 xiing dé1 véi:

Xo=Xy = =X = Ly =0, =%, =0
va - f(11..,,0,0,..0)=1 (8.13)
k n—k

thi f= I v6i k bat ki, cacx; = I vA n - k céc x; cdn lai biang 0.
Dinh li nay c6 thé suy ra trdc tiép tit dinh nghia cac ham
dé61 xing.
D61 v6i ham d61 xtng flxy..., x,.), ching ta dinh nghia mot
tap dac trung A nhu saw ' ‘

A = {a | a: s6 Iugng con s6 ma héa cho cac x, bang I di dé f= 1/.
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Ngudi ta ciing diing ki hitu S,(x,... x,.) dé dic trung cho
ham d6i xting fix,,..., x, ) dé chi s§ lugng ma héa 1 cho cac x; da
dé bao dim cho f=1 Vidu cac ham d5i xting va céc S, tudng
ing nhu sau: '

Fi= (o200 + 2)(E 4 %,) > Sl 20 1)

fo=x,x, AR S g o > 8, 50x,, x,, X3
folty,. ,x,)=0 = Sialxg..., x,.,)
fdx,..., X,,)=1 —> Sf{),.’,....n,f(xo:---) X, )

Sau ddy 1a hé qua suy ra tu dinh 1i 8.3.1

Hé qua 8.3.1.1. Ham d5; xiing f(x,,..., x, ) hoan toan duge
dac trung boi S,(x,,..., x, .

Hé qua 8.3.1.2. C6 2! ham chuyén mach 481 xiing n bién.

7

Hé qua 8.3.1.3. C6 2% ham dé; xing bd phéan n bién dsi
voi cdp x; va x;. )
Hé qua 8.3.1.4. C6 n + 2 ham a4 xdng n bién 134 ham don
digu giam va n + 2 ham d6; xiing n bién 14 ham don diéu tang.
That vay, theo tinh chit ctia cac ham ddn diéu thi mdt ham
s6 14 don diéu néu né c6 thé bidu didn duge duéi dang téng cia
cae tich chi chita x, hoge x; (tuy thude vao loai don digu). Do vay
ching ta 6 thé c6 ciac ham ddn didu tang n bién tuong Gng sau
day:
Siofxe..., x,,) = 0;
Sios ..., X = 1;
n-1
Sth@oees Tut) =D X500
i={}

SiiXppe..s X)) = XXy Xy g
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nghia la tit ca ¢6 n + 2 ham s6. Ciing tuong tu nhu vay ching
ta ¢6 n + 2 ham d6i xting don diéu gidm.

Bay gid ehing ta ching minh mét dinh li quan trong vé
tinh chit cia ham sé d6i xdng.

Pinh 1i 8.3.2. Cho fix,,..., x,) }a ham d61 xitng. Ham f1a don
diéu néu va chi néu né 1a ham ngudng.

Chitng minh: Néu f 13 ham hing 6 thi dinh li l1a ‘dudng
nhién. Do vay ching ta chi ching minh dinh 1i trong truong hgp
ham f khic hing sd.

DPidu kién cdn: Ching ta phai chiing minh néu f 12 ham dé
xing va don didu thi né ciing 12 ham ngudng. Gia su [ 1a ham
dé1 xting don diéu tang:

Skt wfEneen X = DX Xy X, (8.14)
1shEly <. by =n
N&u ta 14y w, = % dGivéii=12. ., nvaT=1 thi
n 1 n
> w,x, =y 2% 2T =1 (8.15)

i=1 i=1
néu va chi ndu ¢6 it nhat k chii s6 I trong ma sé cia x;. Bay gio.
chiing ta lai xét trudng hop f1a ham dé xdng don diéu giam,
nghia la:

St nt(Xiperes Xp) = z‘x(-l Xy, ey, (8.16)
1ciia .y =0
» I 1 PV . .
Néuvtaldyw,=-—— ddivdii=1 2., nvaT=-1thi
iwixi =—"-1—-—ixj >T=-1 : (8.17)
=1 n-kig
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néu va chi néu o6 it nhit & chil s6 7 trong mi sb cha x,. Tom lai f
la ham ngudng. ' N

Piéu kién du: Chung ta phal ching minh néu f la ham
ngudng va dé xing thi né efing !4 ham don diéu. Theo dinh li
8.2.2, néu f 1a bam ngudng thi né ciing 12 ham don diéu hén tap.
Gia s £ 13 ham don diéu hén tap, nghia 1a f don diéu tang d6i
véi 2, % .., %, va ddn didu giam trong x;,., % - Thay doi
cac bién s8 x; va x;,,, cho nhau. Vi f1a ham d61 xting nén f 1a
don diéu tang dé v x,,  va don digu giam do1 véi x;. Diéu nay
tral véi gid thiét. Do vay dinh 1f da dudce chitng minh.

Do tinh chat d&1 xing nén viéc phén tich va thyc hién cac
ham d61 xing don gidn va kinh té hon. Vi thé& viéc nhan dang
cac ham d61 x{ng ¢6 y nghia quan trong trong thye t& ki thuat.
Téng hop cic ham d6i xdng yéu cAu mét s6 lugng bé hon cac
thanh phén té hop. Néi chung ¢6 3 phudng phap nhin dang cic
ham 461 xing, dé 13 phuong phap giao hoan don gian, phudng
phap Mec.Cluskey v& phudng phap d6 thi. Phuong phap dé thi
dua trén tinh chit d6i xing hinh hoc trong bang Cacniu cia
ham dé1 xing. Do vay chiing ta s& khong d€ cap dén phudng
phéap nay. G day chdng ta chi xét dén hai phudng phap phiic tap
hon nhung lai ¢6 thé xAy dyng thuat toan trén may tinh mét
cach dé dang.

8.3.1. Phuong phap giao hoan don gian

Phuong phap ndy duge xay dung trén cd sd dinh 1i sau:

Dinh li 8.3.3. Ham chuyén mach fix,..., x,) 1a déi xiing néu
va chi néu né thoa man hai tinh chit sau day:

1) f1a ham d6i xding bo phan déi véi x, va x,, nghia la:
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flx,, %o, %) = flg, X400, 25 (8.18)

2) flxy, Xgy X3, o) = flay, Xy, X X)) (8.19)

Chimg minh: Diéu kién cin ctia dinh li 14 duong nhién, vi ta

c6 thé suy ra tif dinh nghia cac ham d6i xéng. Do vay ta chi cin

chiing minh diéu kién da. Trude hét ching ta chGng minh ring

v6i x; va x; bat ki, ham f d61 xitng véi cac cip x; vA x5, X, V2 X;.

That vay, 4p dung i - 2-1an ddng thic (8.19) cho ham f ta ¢6
phudng trinh sau:

fxy Xgporry %) = FXpy Xioory Tigy Xoi) (8.20)
Ap dung tinh chat (1) (ding thiic 8.18) ta cb: '
f(xb xz, xg,..., x,,,) = }((lu x;..., x[-_z, x"_f) (821)

Bay gio ta ding tinh chat (2) (ding thie 8.19) cho dang
thtic (8.21) cho dén khi x, nam tiép theo x,, lae d6 ta nhan dude:
flxy, Xg, Xgpoey Xo) = f2y Xzpeery Xpenny %) (8.22)
Nhu vay 13 ham f @61 xting véi x; va x;. Bdng céch tuong tu
ta c6 thé ching minh ring ham f d6i x@ng déi vdi x, va x; bat ki,
Do vy ham f1a déi xiing.
ThuAt toan dé nhan dang ham d6i xdng theo phudng phap
nay dude xay dung dya trén hai budc mé ta & cac tinh chat (1)
v (2) ciia dinh 11 8.3.3.

8.3.2. Phuong phap Mc. Cluskey

Phuong phéap nay dya vao tinh chit cua dinh 1i 8.3.1. Tu
dinh 1 nay ching ta c6 thé suy ra rang cac sd hang cia ham sO f
(dang tuyén chinh quy) c6 ciing mdt s8 dac trung a bang C, . Do
vAy phuong phap Mc. Cluskey ¢6 hai bude nhu sau:

1. Lap bang gia tri thiat nhung cé6 thém mdt cdt ghi sb dac
trung a.
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2. Kiém tra xem téhg s6 cac s6 hang c6 cung 1 ¢4 dac trung
@ ¢6 tudn theo cong thie €, hay khéng?

Bay giG ta hiv xét mot s8 vi du.

Vi du 8.4. Cho ham chuyén mach sau day:
Pty % %y 24 20 20 = (1,2, 4, 8, 16, 31 32,47, 55, 59, 61, 62, 63)

T ham chuyén mach trén ta xay dyng bang that 8.3.1, Tu
bang 8.3.1 ta kiém tra s6 cdc s8 hang ¢6 cung dac trung q.

Bang 8.3.1
S6 thap phc_m_]—_)\_ X, o X5 X, X; B o se?
____1__ I .._ ; 0____0___6__ T
2 | 0 0 1 1
4 [ 0 0 0 1 0 1
8 0 0 0 0 1
0 1 0 0 0 1
0 1 1 1 1 5
0 0 0 0 1
0 1 1 1 5
1 0 1 1 5
1 1 0 1 5
1 1 1 0 5
1 1 1 1 5
1 1 6
Cacs6hangcéq = 7 Ci=6
Cacsthangeéq = 5 Ci=6
Cacséhangcoq = 6 Cé=1

Nhu vay ham chuyén mach d3 cho 3 ham déi xitng.
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8.4. CAC HE HAM DAY DU

M6t khai niém quan trong trong 1y thuyét cac ham chuyén
mach 14 tinh ddy dG ham s& ctia cac hé ham. Vay thé ndo la tinh
- ddy & ham s6? |

Pinh nghia 84.1. Cho v ={¢/{xp..., XJ,.; @ufXp., %) 2
tap hgp cdc ham chuyén mach n bién trén B,. Tap v goi la hé ddy
di ham s6 (hay 12 hé ham day d), néu mdt ham chuyén mach
bat ky trén B, c6 thé biéu didn duge dudi dang hop thanh hiu
han cac ¢.

Nhu chiing ta di bidt, moi ham chuyén mach n bién c6
thé bidu didn qua cAc ham AND, OR va pht dinh, néi cach khac
w = {+,., -} 1a mdt hé ham diy du. Ap dung dinh li De Morgan
chiing ta con thiy ring cac tap hgp sau day cung 1 cac hé ham
day di: .

Y =4 e T (8.23)

Nhit vy muén ching minh mét hé ham day du ching ta
chi cAn ching minh ring hé ham d6 c6 thé bidu didn duge v,
hodc w. Vi du hé {o, ¢} 12 mét hé ham day du, that vay:

X, (@ x) =% VA X CXy TX;+ Xy

hodc x, T x, = x;%;

Pinh li 8.4.1. Cac hé ham sau day 14 diy da

o,z o, B e, D e e

8.24
Do, ® 1, ® s {= 2} =D} (824

Chitng minh dinh 1y nay tuong tud nhu vi du § trén.
Pinh 1i 8.4.2. Ham NOR (con goi 1a ham Pierce) ¢4 tinh

- day di ham s6.
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Chitng minh: Ham NOR c6 tinh ddy di ham s& vi né thuc
hién dudgc i, (hodc w,), that vay:

ey
(x, ixl)Jf(xz ~Lx2l_)=(x_l\|fx_2)= XXy

Dinh li 8.4.3. Ham NAND (cdn goi 12 ham Sheffer) ¢6 tinh
diy di ham sé.

(8.25)

Pinh i nay cing duge chiing minh tuong ty nhu dinh i
8.4.2.

Dinh nghia 8.4.2. Péi ngdu cua ham s0 fix,,..., x,) 1a ham s
duge dinh nghia nhu sau:

fd(xb“-y xn) = ﬁ;]. ERRY :{:ﬂ) (8'26)
Péi ngdu bir cia ham s6 flx,,..., x,) 12 ham s6 sau day:
A, 1) = fy(xy 1) = fxx,) (8.27)

Dinh 1i 8.4.4. Néu ham »n bién fix,..., x,) co cac tinh chat
sau:

Q) f0,., 0)=1;

b) f1,..., 1) =0;

¢) f khong phai 1a ham d&i ngau bl véi chinh ban thin né,
thi f c6 tinh day dd ham sé.

Chitng minh: Ham fix,,..., x,) thda man cac diéu kién (a) va
(b) c6 nghia 1a f d61 ngiu véi chinh ban than né. Do vay né thuc
hién phép toan b, Diéu kién {c) kéo theo viée ton tai it nhat
mét tap cac gia tri cla (x,,..., x,), chiang han (a,,..., a,), sao cho:

fila,,...a,) = fla,,..a,) (8.28)
Tinh téng quat khéng thay d6i néu chiing ta gia thiét:
fa e )=1= fy(a.,a,)=0 (8.29)
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F (@) =02 F(@y,@y) =1 (8.30)
T cac diéu kién (a), (b) chung ta bi6t duge tén tai it nhat
mét a, = 0 vamét a;=1. (}14 su ching ta co:
al'i :.ai2 = ... ah = 0

va aj,:aj__z..‘-——ajpzl

Chang han: £l 1., 00..1,1,1)=0
f0,0,..,1 1., 00 0 =1

Do vay ham f c6 thé duge riit gon thanh ham hai bién x vay

nhu sau:
W, 7) = F%, Xy W Yooes K % X (8.31)

Bang that ctia ham (8.31) cho & bang 8.4.1a. Céac diéu kién
(a) va (b) kéo theo ¢(1, 1) =0 va 0, 0) = 1. C6 hai kha niang gan
cho A, va B, nhiing gia tri khac nhaw

B,= f,=1va py=fo=0nhumd ta 4 bang 8.4.1b va c.
Can htu ¥ rang ching ta khéng thé chon cap gia tri B,=0,

S, = 1 hoac =1, p,=0dudc vi nhu vay sé trai véi diéu kién (¢)
cua dinh li.

Bang 8.4.1
X y \ﬂx, ¥)
1 1 0
1 0 1
0 1 B 0 1 1
0 0 1 0 o | 1 0 o | 1
a) b) c)

Cic bang 8.4.1b va 84.1c ung vii cae ham Sheffer va
Pierce. Do vay £1a ham c6 tinh day du ham sd.
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Dinh 1f 8.4.4 cho chiing ta tiéu chuéin dé kiém tra xem mét
ham s6 cho trude c6 tinh diy di ham s6 hay khong.

BAI TAP

. Tim téng cuc tiu cla cdc ham sau day va xét xem ching

c6 phai 14 cdc ham don diéu hay khéng?

filxy, xy, x5, %4 x5) = Zmf(1,3,4,5,7,8, 11, 15, 19, 23)

falxp, X, x5, X4 x5) = S(8, 9, 10, 14,26, 45, 68, 80, 84, 96)
Chitng minh ring tap hop cadc ham don didu tang tao
thanh moét day chda 0 va 1. Cé phai dav 13 mét dan b,
mét dan phan bé hay khéng?

. Cho x 1a bién nhi phéan, chitng minh rang néu fix,..., x,)

la ham ngudng thi x + f, 2f, x+ £ xf cing 13 cac ham
nguong.

. Kiém tra xem cac ham sau day ¢6 phai la ham ngudng

hay khéng?

filx;, xs, x3) = Emf(1, 2, 3, 4, 5, 6)

folXy, x5, %5, x) = Em(2, 3,4, 5, 6, 10, 12, 13, 14)
falxy, x5 x) =Em(0, 1,2, 5,6, 7)

. Ham fix,...., x,) goi la phan d61 xitng ddi véi x; va x, néu

flxy, X300y %) = f(%,,%5,...,%, ). C6 bao nhidu ham phan

d61 xting n bign dél véi x; va x,?

. Ding phuong phap Me. Cluskey xac dinh xem ham s8

nao dudi day la dé1 xing va do1 xing trdon:
Filxy, x5 %5 %, x:)=%m(1,2,3,4,5,6,7,8 9, 10, 11, 12,
13, 14, 15, 16,17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28)



[olx,, x5, x5 x,, x) =Em(0, 1, 3,4, 5,6,8 9,10, 12, 14, 16,
17, 20, 23, 27_)

filxs, % Xy Xy X5 = Sin(l, 3, 8, 10, 13, 15, 16, 18, 21, 23, 28 30)
7. Chung minh cac tap hgp sau diy ¢6 tinh day du ham sb.
a) b, ® x, x4, (2, D x, { ‘

by Céc tap /@, +/, (®,.] cing véi cac hang s§ 0 vii 1 ¢6 san.
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Chuong IX
CAC HAM LOGIC PA TR

T trude dén nay ching ta chi nghién citu cac ham logic hai
tri. nghia la cde bién va cac ham chi nhan mdt trong cac gia tri
cua {0, 1}. Tuy nhién, vé mdt ¥ nghia nao dé, ching ta cing da
nghién clu dén hé théng logic nhiéu gia tri (goi tit 14 legic da
fri). Khi chiing ta nghién cttu dai $6 chuyén mach veects, vi méi
vectd nhi phin n thit nguyén cé thé 18y 1 trong céc gla tri tit O
dén 27- 1. Néi cach khac, ddy 1a hé thong logic 2” gia tri.

Trong chuong nay ching ta sé nghién cttu cac hé théng
logic m tri. Nhiéu dinh nghia va dinh li clia hé théng logic hai
tri cing dude Ung dung va md réng cho hé théng logic da tri.
Nhung s6 lugng céc ham logic n bién m tri 1a rat 16n, do dé viée
phéan tich va tong hop cac ham logic da tri 12 hét sic phie lap,
trit trudng hop ham logic d61 xtng. Do tinh chat dé6i xing nén
viée phan tich va téng hop cac ham logic déi xitng m tri don
gian hon. Vi vAy trong chuong nay chung ta chi han hé & cae
ham logic da tri déi xiing. Phan tiép theo trong chuong nay sé
dé cAp dén nhing khai niém cd ban clia logic mo (Fuzzy logic) va
cac ham logic m 18p. Dé nghién ciu dai s& logic md chung ta sé
dua ra cac dinh nghia vé cic phép toan max (cuc dai) va min
{cuc tiéu) thay cho cac phép toan AND va OR.

9.1. CAC HAM LOGIC M TRI

Cling nhu cae bam logic hat tr) (nhi phan), ham logic da tri
eling ¢6 thé duge bidu dién bang bang that hodc bing hop thanh
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ctia cAe ham co ban. Bang that md ¢4 ham logic m tri phai ¢ m”
hang. S6 lugng ham s6 c6 thé c6 12 m™"  vi du chi ¢6 27 = 16
ham logic hai bign 2 tri, nhung Jai ¢6 t41 3% = 19683 ham logic
hai bién 3 tri. Nhu vay ham logic da tri khéng nhing chi nhiéu
vé s6 lugng, ma ching con nim trong mét ciu tric dai 56 phtc
tap hon nhidu. Do chinh 1a 1y do tail sao viéc phan tich cac ham
logic da tri rit kho khan, trii ham dé1 xing.

Pinh nghia 9.1.1. Ham logic n bién, m tri flx,..., x,) 1a dé1
xting néu flxy,..p Xpeos Lipeeos x,) = f(X gy Xjperes Xpres x,) doi véi mol
X, Vax,

Pinh 1i 9.1.1. Ham fx;,.-., x,) 14 d6i xting néu va chi néu nd
théa man cac diéu kién saw:

a) flx,, Xy Xgows o) = flxy, Xp Xgeens %)

b) X, Xy Xpeoos X = f(xy, X5 Xpperes X X3)

Dinh 1i nay da duge chiing minh trong chuong trude.

Pinh nghia 9.1.2. Déi véi mbi t8 hop gia tri cac bién x;
chung ta dinh nghia vectd @ = (Qp Q1pees T tYODE d6 a, 1a sb
lugng gia tri i ca bién. Vidu xét ham 3 bifn véi 3tri1a 0, 1, 2
v6i 16 hap gia tri (x;, X5 x,) = {1,1,0) ching ta c6 vectd a = (1,2,0)
via0=1,a;=2véa2=0. '

Dinh li 9.1.2. Ham flx;,.., x,) 1a 461 xiing néu va chi néu
gia tri cua ham s d61 vdi tAt ca cac £8 hop gia tri cua bién co
cting vectd @ 1a nhu nhau. .

Chitng minh: Gia st ham f(x;,..., x,) v6i m tri 1a d8i xdng. Xét
mot t6 hap gia tri bién viao va ham tudng dng sau:

£(0.0,. 0,11 L m - 1.(n = Do (m =) =1, D
R s S !

! a [Z
m-1

¢ day, Zai = n. Theo dinh nghia, gia tri cia ham dor xdng
f=0)

khong thay déi khi ta thay déd1 vi tri cua cac bién x, va x;. Diéu
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d6 c6 nghia rang gia tri cia ham 6 khong thay d6i dsi va1 tat ca
cac t8 hap gi tri bién vao co cang mdt vectd a. Nguge lai, ching
ta gid thiét rang ham f co gia tri nhu nhau d6i voi tat ca t6 hop
gia tri bién vao cb cung vectd a. (i3 sd ta thay d8i vi tri cua 2
bién x; va x; cho nhau. Vi vecid a cha che t6 hdp gia tri bién vao
tugng Ung voi flxg.., Xpos Xpooos x,) VA flXps Xpoos Koo x,) 1a
nhit nhau va vi gid tri cua f khong thay d8i khi t8 hop bién vao
c6 cling vectd @ nén:
FlX 1yenes Xigeees Xiperes X = f(2 gy Xjpeors Xiyeors x,)
d61 vol tat ca x; va x;.
Vay theo dinh nghia thi ham f1a ham ddi1 xdng.
Vi du 9.1. Cho ham doi xing 2 bién, 3 tri:
flx,, %) = T(1, B U (2, 5,6,7)
trong dé X, chi tdng cha cac hdi so ¢ip ma ham f nhin gia tri }
con %, 12 tdng efa cac héi so cdp ma ham fnhan gia tri 2. Ham f
6 thé duge biéu difn nhu 6 bang 9.1.1.

Bang 9.1.1

So thap phan X, Xq Véctoa Gia tri ham sb f
0 0 0 (2,0,0) .
1 g 1 {1,1,0) 1 \
2 0 2 (1,0, 1} 2
3 1 0 (1,1, 0) 1 Nhom O
4 1 1 ©,2,00 |0 Nhom 1
5 1 2 @11 |2
6 2 0 (1,0,1) |2 Nhém 2
7 2 1 011 2
8 2 2 (0,0,2) 0
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DPinh 1i 9.1.3. C6 m“*" ham d6i xding n bién m tri.

Say day ta sé gidi thiéu thuat toan nhan dang cac ham d6i xing
nhiéu tri. Trude hét ching ta gisi thidu mét s6 dinh nghia mdi.

X ~%
Pinh nghia 9.1.2. Toan ti ~x dugc 0 1
dinh nghia nhu sau: 1 2
2 3
Ta ky hiéu:
th)
~ =~ {~ (..~ x)..}) §9.2)
klan
m-2 m-1
m-1 0

Pinh nghia 9.1.3. Ham fix,,..., x,) goi la ham déi xing
trén néu ton tai mot tap hop cac s6 nguyén k = (ky, ky,..., k) sao
cho ham sd sau day la déi1 xitng:

(k) thy) ko)
f{~x.~ %y ~X,) ' (9.3)
trong d6 0 <k, <m - 1 va khong phai tdt ca cac k, = 0.

Pinh nghia 9.1.4. Nhém j la tap hgp tdt ca cac bang caa
bang that dude anh xa vao gia trij, 6 day 0 <j< m - 1

Trong trudng hop ham dé1 xding thi tap nay tudng vng vol
tap tit ca cac hang co cung vectd a.

Pinh nghia 9.1.5. D&i v6i méi c6t i cha mdi nhém j trong
bang that ching ta dinh nghia mét vecto ty Ié (ratio) nhu sau:

i :(r(,r'),,._m‘_‘_’r_rj)l) (9.4)

i no tm

trong dé rl.fj-’ la 86 lugng I trong ¢dt i cia nhém j, 0 <I< m - L.
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Dinh nghia 9.1.6. Ching ta danh ddu M 1a s6 lugng
hang cla bang that trong nhém j ¢6 cling vecto af”‘

Tit cac khai niém trén ching ta c6 thé gidi thidu thuat toan
nhan dang ham d6i xting va déi xiing trén m tri nhu sau:

1! D61 v6i moi nhém xac dinh vectd ty 18 r cho n cot.

2. P61 véi mdi nhém j (G =0, 1,..., m - 1) 14y mbt vectd r b4t
ky, chang han n? néu 7' = 7 véi i =2, 3,..., n thi ham da
cho ¢6 thé 13 ham déi xtng.

3.-Xac dinh Mé-"’ theo dinh nghia 9.1.6 cho tat ca cac nhém.

4. Tinh M’ theo céng thie sau:

_a
¥ N

MY = cncne o = 9.5

= = .0

a, G'E'JJ a;“ afﬁrzl ( )

5. So sanh két qua nhan dugc § bude (3) véi két qua tuong
{ing ¢ budc (4). Néu tdt ca cac két qua tring nhau déi vé moi
al’,6dayj=0, 1,.., n - I, thi ham di cho 1a d6i xing

6. Néu budc (5) khong thoa min (cac két qua khong dong
nh4t) thi git ¢ dinh ¢6t thit nhat, thay ¢6t thit 2 bang ~x, va
lip lai cac bude tir (1) dén (5).

. . o N (k) _(kg} (kY
7. Lap la1 bude (5) cho tat ca cae td hop ~ x,, ~ x4,..., ~ X,
vl <k < m- 1
. a (ka) (&3} (k) )
Néu ton tai mgt tap hgp fx; ~ x,, ~ x4,..., ~ x,/ théa man

céc bude (2) va (5) thi ham da cho 1a do1 xdng trén.

Vi du 9.2. Ap dung thuat toan da néu ra & trén cho ham
flx,, x,) 6 vi du 9.1: Két qua tinh toan theo cic budc cho & bang
9.1.3.
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Béng 9.1.3

g M the
B..:.' d.: Hé dém 3 0 P 4] M‘“ _
2p phir & T | dinhnghta )™ =
thap phan (ai,a¥", a) o oo afah
g}lﬂ‘ a“.” . af_,"'
0] |0] (2, 0,0} 1 C;_cg-zlcg.g 1
Nhom O 4 4 a”=0,2,0 1 C{:C_:OCUE 1

a'=(0,0,2) 1 ClL.Ci.Ci=1

vectd r

1 0 1 av=(1,1,0}
Nham 1 2
3] o |al=(1,10)
vectd r (1,1,0) | (1,1.,0)
0 2 =(1,0, 1)
Nhém 2 a“—(o 1, 1)
2 0 2=(1,0,1)
2 1 ‘°’ ={0,1,1) 2
vectd r (1.1,2) 1 (1.1,2)

Tit cac k6t qua nhan duge 6 bang 9.1.3 ching ta thay ngay
ring ham flx, x,) 12 dbi xdng.

Vi du 9.3. Xét ham fix,, x) = 2,2, 4) U 0, 3, 7, 8). Cac
k&t qua tinh toan cho 6 bang 9.1.4. Trude hét 14 cAc vectd trong

C e et =2

CrLeitGl =2
cl.er'.Cl ' =2

-~ @ N
ey
M

m&i nhém 1 va 2 khéng nhu nhau. Do vay chiing ta git nguyén
x, vA xac dinh ~x,. Mot 1in nita vects & nhém trén cling khong
ahd nhau va do d6 chung ta lal tim ~(~x,). Lan nay chung
ta nhan duge cac k&t qua nhu ¢ vi du 10.2, nghia 14 ham
flx;, ~(~x)] dsi xding. Diéu nay c6 nghia ring ham fix,, x,) di cho

& trén 1a d61 xdng tron. Trén cd sd cae tinh chét cua vectd a va
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tinh chit ciia ham d6i xing chiing ta c6 thé thu gon bang that
md ta ham d6i xing t& m” hang con C77' hang. Néi cach khac,
ching ta da gach bét nhing hang cé vecto a 18p lai trong bang
that ban dau. Khi d6 ta c6 hé s6 thu gon K, nhu sau:
K o Gt (men-1t
" m" {(m-Dintm"

(9.6)

Tit cong thitc (9.6) ta ¢6 thé suy ra riing véi gia tri cb dinh
n=N, limK,=0 va vdi gia tri ¢ dinh m = M, limK, = 0. N6i cach

khée 13 K, gidm khi m va n tang 1én. Bang 9.1.5 cho ta mét SO
gia tri ma K, (ing véi cac cdp gid tri khac nhau cia m va n. Ro
ring bang that biéu dién ham logic duge thu gon rat nhiéu khi
s6 lugng bién (n) va s6 lugng gia tri (m) tang lén.

Bdng 9.1.4
XX, a | x ~X, ] a X, ~fx5) a
01 1¢(1,1.0)] 0 2 |@on) o ] (2,0,0)
Nemo <12 1@ 1, 0] 1 o lano] ¢ 1 |20
20 (1.0, 1) 2 1 ©o1.0] 2 2 (€, 0.2
vector (1.1,1)(1,1.1) rolo (1,1, N{L1,1
p2z i (l,0N1f O o0 |@om]| o 1 (1,1, 0)
Nhém 1 {1 1 [¢0.2,0) 1 2 01,1 1 ) (1.1,0)
vectd r (1,1,0)(0,1,1) (1,1.9101,0,2 (1,1, 9]{(1.1.0
00 ,(2000f O 1 (.1,0 © 2 (1.1, 0)
Nhém2 (10 [(1.1,0) 1 1 (0,2, 0) 1 2 01,1
211, 1,1 2 2 {0.2,2) 2 0 (1,0, 1)
22 {(0,0,2)] 2 0 (1,6, 1] 2 1 0.1, 1)
vector {1,1.2)2,1,1} 1.1.2) |21 (1,1.2y (1.1, 2)
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9.2. LOGIC MO VA LOGIC M LOP

Trude khi tim hidu logic md (hay Fuzzy logic) va logic m 16p
chiing ta nghién citu tap md va logic md. Nhu ching ta da biét

tap hop 1a két hgp cia mot s phén tl c6 cing mot s6 tinh chat

. P 2 - - - s A
chung nao do, chang han tap cac sinh vién:

T = {¢t | t 12 mdt sinh vién/

Bang 9.15

m \ n ‘ K(m, n)
3. 2 . 0,67
3 3 0,37
4 3 0,31

3 4 0,19
4 4 0,14
4 5 0,055
5 5 0,044

Ngoai ra khéng cin phai c6 mot su giai thich thém déc bigt
hay gi4 thigt ndo vé cac d6i tugng 1a cac phén tu cna tap hogp.
N6i mot cach khac, cac phén tit cha tap hop dude dinh nghia
mét cach chinh xac vi do d6 mdt d6i tugng nghién ctiu chi ¢6 thé
thudc vé hoic khong thude vé mdtL tap da cho.

Trong thuyc té cude sdng cing nhu trong khoa hoc k¥ thuat
cé nhiéu khai niém khoéng dude dinh nghia mot cach rd rang,
dit khoat nhu vay. Vi du ching ta ndi vé mot “nhém sinh vién
kha”. Vay thé nao 1a kha? Khai niém vé kha khéng rdé rang vi co
thé sinh vién c6 diém thi trung binh bang 8,4 la kha nhung

215



cling c6 thé diém thi trung binh bing 6,6 ciing 1a kha (dai didm
kha c6 thé tit 6,4 dén 8,5), v.v... N6i cach khae, “nhém sinh vién
kha” khéng duge dinh nghia mdt ciach ré rang nhu khai niém
thong thudng vé tap hgp. Khi ching ta néi v mét “16p céc s6 1én
hon 10” hoidc “mét déng sat vun” v.v... 14 ching ta da dung dén
nhiing khal niém “mg”, hay la nhitng khai niém khéng dude
dinh nghia mot cach rd rang. Cac phén ti ca cac nhém trén
khong c6 mét tiéu chuén rd rang vé tinh “thudc vé” (thude vé
mét LAp ndo do) cua ching. D6 chinh 1a nhitng khai niém vé tdp
mo hay tdp Fuzzy. Trong d61 thoal hang ngay chung ta dung rat
nhi¢u khai niém “md” nay, vi du mét Ong Giam déc nao dé néi:
“Nam qua ching ta da dat duge mét s thanh tich ¢ ban nhung
nam téi phai ¢ gang thém mot bube” v.v..., ddy 12 mét chu chita
rat nhiéu khai niém ma.

Pinh nghia 9.2.1. Tdp hep mé T trong khéng gian d8i tudng
X dudge dic trung bing ham “thudc vé&” (hoic ham dic tinh) déi
vd1 nhing tinh chit chu yéu caa x: p,, ps..., p, va ¢o ky hiéu la
fix="{p, ps..., pJ)}. Ham f; 14 4nh xa ti khoéng gian cac tinh chat
dinh nghia cho khéng gian cac d61 tugng X vae khoang [0, 1].
(3i4 tri cha ham £, chi mdc dd “thude v& clia x trong T'.

Khoang xéac dinh ctia f,{x) 14 khodng [0, 1], trong d6 gia tri 0
chi mic dd khéng thude vé, con gia tri 1 chi mite d6 thube vé
hoan toan. _

Tu dinb nghia trén ching ta ¢é thé suy ra tap hdp md la
tréng néu va chi néu ham thude vé f{x) = 0 & trén X. M6t tap
hop md 13 toan phan néu va chi néu  fi{x) = I & trén X. Hai
t4p mo A vA B bang nhau néu va chi néu fu(x) = fz(x} v4i moi x
trong X.
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Pinh nghia 9.2.2. Hgp cta hai tip mo T va 8, ¢6 cac ham
thude vé tuong dng 12 fr(x) va fe(x) 1a tap ma C (ky hiéu C=TB)
¢6 ham thude vé dude xéac dinh nhu sau:

fe(x) = max{fex), fox)f, xeX 9.7

Giao ctia hai tap md T va S la tap mo D (ky hiéuD =T S)

¢6 ham thudce vé duge xac dinh nhu sau:
folx) = minffx), fx)], x X (9.8a)

Ba cta tap mo T la tdp md T ¢6 ham thudc vé duge dinh
nghia nhu sau:
frx)=1-fix), xeX (9.8b)

Trén co s 1y thuyét tap hogp ¢t dién nguoi ta dua ra logic
hai gia tri mé ta cac trang thai “cd” hoac “khong”, “lam viéc”
hodc “khéng lam viéc”, v.v... Tuy nhién, trong thuc tién, cac qua
trinh vat 1y, cic qué trinh ky thuit khong phai he nio cung
dién ra dtng véi nhing gia thiét trén, ma ngudge la1 thusng cac
gid thidt d6 khoéng thda min, cac gia tri eta cic bién hé théng
duge dinh nghia mét cach chi quan va khong ro rang. Nhing
hién tuong nhu vay ngay mét nhiéu hon, vi du trong cac linh
vuc xit 1¢ tin, diéu khién 81 vu, nhan dang hé thong, tri tué
nhan tao, va ndi chung la trong cac qua trinh quyét dinh nham
giai céc bai toan véi cac di libu khéng ddy dd, hoge dinh nghia
khong 1o rang (gial cac bai toan trong diéu kién thiéu thong
tin).

Trong logic nguyén thuy (hai hoac nhiéu tri) mdi mot dai
lugng dude gan cho mét gia tri khach quan xac dinh hoac xéc
sudt, con trong logic md thi méi dai lugng duge gan mot gia tri
ch® quan gida ddng va sai. Chinh vi vy ma viée tong hop va
phén tich md phic tap hon nhiéu.
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Dinh nghia 9.2.3. Dai 56 mo hay dai s6 Fuzzy 13 hé théng dai
s6 (B, +,., -), trong d6:

- B tap hgp md chi mitc 46 “thuéc vé€” clia cac thanh phén
cua B gitia O va 1.

- Hai phép toan “+” va “” duge dinh nghia nhu sau:

Néux, y e B thix + y = max(x, y); x.y = min(x, y)

- Phép toan phu dinh “” dude dinh nghia 1a: nfu x € B thi
x=1.x

Tu dinh nghia trén ching ta e6 thé suy ra mét sé tinh chat
sau diy: Gia sit x,, x,, x; € B.

X+x=2x; xi(xgxs) = (x,x,)x4

X X=X x,+(x2+xd)—(xf+x2) +x4
x5(xy + 23) = 20 + XX, ;1?2 = Jc‘1 + xz (9.9
x1+x2=x_l.g; (x + x) = max(x, x);

(x. x) = min(x, x); x{x; +x) =x,;

Dinh nghia 9.2.4. Cho dai 8 md (B, +,., -). Him logic md
(goi tat 12 ham md) 1a anh xa ti B vao B.

Vi du ta ¢6 ham ma:

flxy, x5 x3) = x,x0x4 +x_1x1x2x3+;c:x2x_2 = XX x5+ X, . x_g)

Can chu ¥ ring khéng thé it gon cac biéu thiic xl x;xzx,va
x, xzx thanh 0, ciing nhu khéng thé rdt gon x, + x, va x2+xz

thanh 1 duge. Tuy vay déi vdi mot bién md bat ky nio ching ta
cling ¢6 thé nhan duge cac quan hé sau day:
X+ x =05

x. x <0,5 . (9.10)
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Ap dung quan hé (9.10) ching ta 6 thé don gidn ham mo

tuong tu nhu ham logic hai tri trude day, ching han:
| f=2,%, (ty+2,) = 22X

Nhu ching ta da biét, gia tri ciia mdi ham md hay mdi bién
mé chi mitc 46 “thudc v&” cta ching trong khoang [0, 1]. Gia
thiét khoang gia tri d6 13 lién tuc va ching ta c6 thé phéan
khoang gia tri d6 thanh cac doan. Méi doan chia nhu vay tuong
{tng v6i mot 18p gia tri clia cac bién va ham md:

Lép thi nhit: @, <x <1

Ldp thi bal: a, <2 < o, (9.11)

Lép thaim: 0 sx <@,

Trong d6 I > a; > @ >... > &, ; > (. Nhd su phén chia nhu
vay ma ching ta cé thé nhan dang duge mdt ham md hay mot
bin m& theo mot trong cac 16p trén. Mat khac, viée chia khoang
[0, 1] thanh céc 1dp cho phép ching ta nghién eitu cac hé théng
logic md nhu logic da tri trude diy. Khi d6 ta co thé gan cho cée
16p nhiing ¥ nghia khac nhau. Vi du nhum = 3, chung ta c6 thé
gia thigt dé1 tugng x thudce vé& mot tap nao 46 néu nhu nd O trong
16p 1, khéng thudc vé tap nao 46 néu nhu né & trong 1p 3 va d6i
tugng x khdng xac dinh néu ndé nam trong ldp thi 2. Sy ‘phan
khoéang [0, 1] thanh m 1dp khac nhau din d&n khai niém vé dai
86 logic m 16p va ham logic m 14p.

Pinh nghia 9.2.5. Dai 56 m ldp la dai 86 mo nhung céc gia
tri cda bién duge xac dinh bang cac 16p chit khong phai bang cac
gia tri ¢6 dinh. Cing tuong tu nhu vy, ham logic m ldp 1a ham
md nhung cac gia tri ca bién va cua ham dugc xac dinh béng
. céc 1ép chit khéng phai bing cac gia tri ¢ dinh.
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Bay git ching ta xét dén van dé phan tich cac ham logic m

1Gp.

9.3. PHAN TIiCH CAC HAM LOGIC M LOP

Phén tich cic ham logic m 16p thuc chat 12 tim cac diéu kién
cla cac bidn md x, € X dé cho ham s6 thude vé mét 1dp M nao
ddy. Ching ta hay xét dén hai dang bidu dién cd ban cia mot
ham logic md, d6 13 dang téng cla cac tich va dang tich cua cac
téng. Tha tuc plrn tich ham logic md theo hai dang d6 tudng tu
nhu nhau, do d6 & dav ching ta chi xét dén mét trong hai dang
ma thai. D& don gian chiing ta xét dén madt vi du cu thé.

Vi du 9.4. Xét ham logic md fix, %, %) = X, + X%, -
Chiing ta hay tim cac diéu kién cta cac bién md x;, Xz, X3 dé ham
f(x,, X x3) thudc vé 16p M. N6i céach khac ching ta tim diéu kién
dé:

tp Sy, X3 X3 < Ay hay ay Sx;;vc2 + XXy < Qppg

Ching ta chia cic diéu kién trén thanh hai nhém khac
nhau:

X, >y EYEY-
Nhém 1: <va hodc qva
Xy, £1-ay xz; <1—ay 5
Xy <Oy Xy < App_y
Nhom 2: sva hodc {va
Xy >1—-ay Xy >1l—ay,

Do vay viée phan tich ham logic m 18p chi con 1 viée giai hé
théng cac bat phuong trinh & trén.

Vi du 9.5. Tim cac diéu kién cla bién md dé ham s8 flx,, x5,
Xy = x, :vc‘e X3+ X - x, thude16p M, nghia la diéu kién:
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X, 20y
. x, =1-ay
o va N .
Nhém 1: 4§ hoac <va
Xy L1 - ay v >1-a
3= Oy

Xy 20y
Xy SOy
. x, > l—ay
, va < N
Nhoém 2: 4 hodc {va

x, >l —ay,

Xy >1-ay,
Xy < Upy

Trén co s6 cac k&t qua phan tich & trén ngudi ta co thé dung

cac bé logic dé thuc hién cac ham md. Véan dé nay vugt ra ngoai
khuén khé cha cudn sach nén ching ta khdong di xa hon nda.

BAI TAP
1. Nhiing ham s6 nao trong cic ham s& hai bién ba trl sau
day la déi xding, dé1 xing tron?
2) T(1, 3) UTH2, 5, 6.7
b) £,(0, 2. 6) W Z,(1, 3)
) T2, 4, 6) U e85, T, B)
d) £,(0, 2,4, 5. T} EA3.6, 8)
e) £,(0, 1, 5, 8) U Z, 4, 6)
f) £,(0, 2, 5) W Z,(6, 8)
9. Nhitng ham s8 nio trong cac ham s 3 bién ba tri sau day
1a d6i xtng, 481 xing trén?
a) ¥,(0, 4,12, 13. 14, 16, 22, 26) w (1, 3,5, 7, 9. 11,
15, 17, 19. 21, 23, 25)

b) .0, 3, 4, 5, 7, 13, 17, 18, 22) U 5,(0, 1, 6, 8, 10,
12, 14, 16, 19, 21, 23, 25)
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T&i thiéu héa cac ham logic m 16p sau day:

a) fix;, Xy Xp) = X XpXg Xy + X;Xp +X1 Xy X3+ Xp¥p Xy

b) flxy, Xa X3 X)) = XXXy Xy Xy +X) XgXy + X125 Xy
+ xz.x_‘ixa x4+ x!x‘j + xl . x4
Tim céc tap diéu kién cha cac bién dé cac ham logic m 16p
sau day ndm trong 18p M: au <f < au;
a) flx, Xz xg) = (X1 %y +X3X3 +X3% )

b)Y flx ), Xy Xy Xg) = X2 X, (X+ Xy Xy + X4 Xy Jx, + x, X%y



Chuang X
Li THUYET NHOM, VANH, TRUONG

Trong cac chudng trude chung ta da lam quen vl nhiing
kh&i niém cd ban nhét caa toan hoc roi rac va ti do xay dung
céu tric dai s6 tong quat va cdu tric cha dai sé Boole. Tu ciu
tric dai s6 Boole chiang ta da tim hiéu cac tinh chat dic trung -
cua cac ham roi rac nhu cac ham chuyén mach, ham chuyén
mach vectd, ham logic da tri v.v... D& cung cap cho ban doc
“cong cu” cd bdn nhim tiép tue di sdu nghién cttu toan hoc rai
rac ciing nhu gitip ban doc téng quat héa nhiing vin dé da tim
hidu trong cac chuong trudc trén quan diém cla toan hoc hién
dai chang t6i danh chudng nay dé gi6i thiéu nhiing van dé c6t
161 nhat cua li thuyét nhém, vanh va trusng. Piy 1a nhitng khai
niém quan trong nhit va cd ban nhit cua toan hoc hién dal ma
mbi ngudi c6 trinh d6 dai hoc trd 18n cAn phai bigt. DoL vél
nhitng ban doc it ¢6 thdi gian di sau nghién ctu thi Chudng X ¢6
thé xem nhu mét phu luc va khéng phal bin khodn khi xem
ludt qua nd.

10.1. NHOM VA NUA NHOM

Cho (A, *) 1a mo6t hé théng dai s6, ¢ day * 1a phép toan nhi
phan trén tap A. (A, ¥ dude goi 1a nia nhém néu cac diéu kién
sau day dude thoa man;
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a) * la mot phép toan déng trong tap A.

b) * ¢6 tinh két hgp, nghia 1a:

(a*b)¥c=a*{b*c), ~Aa beccA (10.1)

Vi du, cho A 13 t4p cac s6 nguyén, dudng va chan {2, 4, 6,...}
va + 1a phép toan ¢ong cac s nguyén. Ro rang hé thong (A, +) la
mdt nda nhém.

Pinh nghia 10.1.1. Cho (4, #} 14 m6t hé théng dai s6, trong
dé * 13 mét phép toan nhi phin trén tip A. Mot phan tii e trong
A dude goi 1a don vi trdi néu 491 véi moix € Atacoe ¥ x = x
Phéan tl e € A dude goi 1a don vi phdi néu d61 véi moi x € A ta co:
x¥Fe=x

Vi du hé thdng dai s6 cho ¢ hinh 10.1.1 c6 B va §1a cac don
vi trai, con hé théng dai s cho ¢ hinh 10.1.2 ¢6 « la don vi phai.

" o pid ¥ bl * x Fii ¥ o

P74 & o Fij ¥ a & B S ¥

B o B Y & B B @ ¥ &

¥ g I ¥ Y Y Y & a I

5 o B Y I ) ) ) fij ¥
Hinh 10.1.1 Hinh 10.1.2

Phan ti e € A duge goi 1a phdn ti dom vi néu né vita 1a don vi
phai viia la don vi trai.

Pinh li 10.1.1. Néu tén tai phan ti don vi e d61 vdi phép
toan hai ngoi * trén tip A thi phan t{ d6 14 duy nhit.

Phan tu don vi ¢4 khi con dude goi 1a phdn tit trung lip; chéng
han cho mot hé théng dai s6 (N, +1. trong dé N 14 tap hop cic 88
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tu nhién con + 1a phép toan cong dal s6 théng thudng. Trong
tvudng hop nay phan ti 0 1a phén ti don vi. Cho (A, #) 14 mét hé
théng dai s6, trong d6 A 14 tap hop cac anh sang mau. con * 1a
phép toan hai ngéi, sao cho a * b 14 anh sang mau két qua khi
ta tron hai 4nb sang mau a va b v6i nhau. R6 rang trong trugng
hgp nay anh sang tring 1a phan ti don vi cua hé thong dai s6
dé cho.

Dinh nghia 10.1.2. Ntta nhém cé mét phén i don vi duge
gol 1a vi nhdém (monoid)

Vi du 10.1. Cho A 1a mét tap sinh vién cé chidu cao khac
nhauw, o 12 mét phép toan hai ngdi duge dinh nghia nhu sau:

sa, b eA, aob=phinticaohoncuaa vab.

Nhu vay hé théng dai s6 (4, o) 1a mdt vi nhém vii phan td
don vi 1a sinh vién ¢6 chiéu cao bé nhat.

Pinh nghia 10.1.3. Cho tap hgp A va phép toAn hai ngdt *
trén A v6i phan td don vi 14 e. Phin t& x* duge goi 1a phan ok
nghich ddo cia x € A, néu:

x¥x=xTx=e¢e (10.2)

Pinh li 10.1.2. Trong mét vi nhém (A, ¥, ), phin i nghich
d4o ctia mot phin t néu t6n tai thi né la duy nhat.

That vay, gia s x ¢6 hai phan tit nghich dao 1a x" va x”, theo
dinh nghia ching ta c6:

Y=x Fe=x #(xFx)=(x"¥x)Fx" —e =1

Pinh nghia 10.1.4. Mgt vi nhém ma trong d6 mobi phén ti
eta né ¢6 phan ti nghich dao tuong Ung go1 1a mot nhom.

Chéing han cho I )a tap hop clia tat cé céc su nguyén va + )a
phép toan cong dai s6 théng thuong cac 8 nruvén. RO rang hé
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théng dai s (I, +) 12 mdt nhém va phén ti don vi 14 0 va phan
ti nghich ddo clia phan tin 14 - n.

@ Chén L& Vi du 10.2. Cho G = fchan, 1€} va
Chin | Chin Lé mot phép toan nhi phin @ duge dinh
La La Chin nghia nhu & hinh 10.1.3.
Chung ta c6 thé kiém tra dé dang
Hinh 10.1.3

ring (G, ®) 1a mét nhém véi phan ti
don vi 1a “chan” va ca hai phin ti “chan” va “18” déu c6 phan ti
nghich dao 14 chinh ban than chung.

Vidu 10.3. Cho Z, = {0, 1, 2,.. - 1J, ¢dn + 13 phép toan
hai ngdi trén Z, sao cho dé1 vél a, b € Z chung ta ¢é:
a+b.= a+'b, .neu(a+b)<p (10.3)
a + b-p, néufa + blzp

Hé théng dai s6 (Z,, +) 1a mét nhém déi véi gia tri bat ki caa
p, phan ti don vila 0 va phén ti nghich dao cha phan tux € Z,
12 phén ti p - x. Nhém nay c6 tén goi 14 mhém cdc s6 nguyén
modul p.

Pinh nghia 10.1.5. Nhom (A, *) goi la nhém giao hodn hay
nhém Abel (tén goi cua nha toan hoc Nauy N. H. Abel, 1802 -
1829) néu phép toan * ¢6 tinh chit giao hoan, nghia la

Aa,beAa*b=b*a (10.4)

Vi du (Z,, +) 1a mdt nhém giao hoan. Nhom (A, *) la mot
nhém hitu han néu tap hgp A 12 hiiu han; \a nhém vé han néu A 1a
v6 han. S phén ta cua tap hgp A xac dinh bdc cua nhom.

Pinh nghia 10.1.6. Cho (A, ¥) 14 m6t nhém, B la mot tap
con ctia A. Hé théng (B, *) cling 14 mot nhém.

Tap hop clha tat cd cac s6 nguyén I véi phép cdng dai s0
théng thudng cac s& nguyén tao thanh nhém (I, +). Cé thé kiém
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tra dé dang rang (E, +) 12 nhém con cia nhém (I, +), trong d6 E
14 tap hop ca t4t ca cac s& nguyén chin.

Pinh li 10.1.3. Cho (A, *) 1a mft nhom, B 1a tap con cha A.
Né&u B 12 tap hitu han va phép toan * 1a khép kin trong B thi
(B, *) 1a mdt nhém con ctia (4, *).

Chitng minh: Cho a 1a mgt phin tit trong B. Néu * 1a phép
toan déng trong B thi tdt c¢i cic phén ti a, ¢°, &’... déu nam
trong B. O day ta ki higu oo

al=a*q d’=a*a*avaa® =a*a*..*a (10.5)

Vl B 1a mot t4p htiu han nén theo nguyen li x&p chdng thi
ta phal chcacglatriivajnaodd i <j) maa' = = ¢’. Diéu nay cd
nghia ring o' = @' ¥ &¢’’. Do vay ¢/ '1a phén td don vi cua (A, *)
va ndm trong B. Néuj-i> 1 thia’! = @ ¥ &/, nghia la ¢** 12
phan ti nghich ddo (phan ti bi) cha a va ciing nam trong B.
N&u j-i = 1 thita ¢é a' = a' * a. Trong trudng hgp nay thiea la
phAn td don vi va 1a phan ti ddo cla chinh ban than né. Nhu
vay la phép toan * khép kin trong B bdo dam rang (B, *) 1a mot
nhém con cla (A, *).

Théng thudng, nguoi ta dung ki higu (+) va (e) dé thay thé&
cho ki hiéu chung (*). Trong ki hiéu cdng thi x * y duge thay
bing x + y, phan tit bl ctia x 1a -x va phén tit don vi 1a 0. Trong
ki hidu nhan thix * y duge thay bing x.y, phén tit ba cha x 1a x”
va phan tit don vila 1.

10.2. CAC PHAN TU SINH

Cho (A, #) 1a mdt hé thong dai s6, trong d6 A la tap cua cac
méau va phép toan nhi phén * cho ta mau t3 hop caa hai mau, vi
du d6 * vang = da cam.
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Gia su ta c6 tap cac mau trong A, viy ta ¢d thé bist dugc tat
¢a cac mau nhan duge do céc phép t5 hop cac cip mau sinh ra
hay khéng. '

Gi3 s (A, *) 1a mot hé thang dai s8, va B = (a;, ay,...} 1a mdt
tap con caa A. Ta goi B; 1a mot tip con cua A chita tap B cang
nhu tat ¢4 cac phin tl sinh ra do phép toan a, * g, 4ot véi a,, a;
trong B; B, dude goi 1a tap duge sinh ra, tryc ti€p bdi tap B.
Tuong tu nhu vay, B, 1a tap do B, truc tiép sinh ra, v.v... vA B,
1a tap do B, truc tiép sinh ra. Ta dat B* = Bu B;u B,wu... Hé
thong dal sa (B*, *) dude goi 1a ké théng con duge sinh ra bal tép
B va mét phan 1l duge gol 1a sinh ra bdi tap B néu nd thude B*.
Can luu ¥ ring phép toan * la khép kin trong B*_ Nhu vay doi
véi nhém (A, *) néu B* 1a hitu han, thi (B¥ *) la mot nhém con.
Né&u B* = A thi B dude goi 12 tdp sink hodc tdp ctia cde phdn td sinh
cfia hé thong dai s6 (A4, *). Trong vi du vé t6 hgp chc mau thi
tap sinh 14 tap con chia tip mau ma cac t0 hgp cua ching sé
sinh ra tat ¢A cac mau cha tap ban dau.

Dinh nghia 10.2.1. Nhom co tap sinh c¢hi c6 mot phan t
dudc gol 1a nhém tudn hoan. N6i mot cach khace, nhém tuan hoan
chiia phan ti a sao cho mo1 phén ti ciia nd d8u c6 dang a; = @',
trong d6 k 1a mot s6 nguyén nao d6. Vi du nhém cong tink (nhom
ma phép toan * la phép cong) céc s6 nguyén 14 mot nhém tudn
hoan.

Vi du 10.4. Nhom cho 3 hinh 10.2.1 12 nhém tuan hoan.

-

a Jii Y s e i) i )

o \ o [ s o | o i v )

s s v & o« g8« & ¥

¥ ¥ b a. B ¥ \ ¥ ) o B

i) ‘ & o B ¥ . s | o v B o
Hinh 10.2.1 Hinh 10.2.2
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Vi tit hinh 10.2.1 ta ¢b
y=p*B=1
S=y*B=prprp=p

a5ﬁﬁﬁﬁﬁﬂ'

Poc gia co thé kiém tra d& dang dé thdy nhém cho g hinh
10.2.2 khong phal 14 nhom tufn hoan. Ti hinh 10.1.2 ta rat ra
{p) 1a tap sinh va cé {8/ cung 12 tap sinh.

Gia st {4, */ 1&4 m6t nhém tuAn hoan va {a} 13 tap sinh cua
{A, #/. Nhu vay cac phan td cua tp A ¢b thé duge biu dien dudi
dang: @, a°, @’,... Vi tinh k&t hgp cia nhém nén ta cé

af*a";aj*a‘za‘”

Do vay nhém tudn hoan ¢b tink giao hodn.

Gia si B la tap sinh ctia nhom (4, *). Vin dé duge dat ra &
day 13 ¢6 bao nhiéu con dudng dé tao nén phén td ¢ € A thong
qua céac phan ti cua tap sinh B. Ro rang cé nhiéu con dudng
khac nhau va van dé 1a ¢ chd phai tim duge con dudng ngan
nhat &8 tao nén phan tu a tu cac phan tit cua tap sinh B va ca
cac phan tu dude sinh ra trude d6. Ching han mét con dudng dé
tao nén phan i o 13 ing dung r lan phép toan * dé1 v6i cac
phan tQ sinh va ca cac phan tu duge tao ra trude do:

a;a;a;s.. 4,
sao choa, = avambia, vl 1 i <rcd thé duge biéu dién dudi
danga,=qa;* a,

G day g, va a, 1a cac phén ti thude tap sinh B hodce cac phan
t3 duge tao ra trude phén ti a.

Vi du chiing ta xét hé thong dai s6 (I, +), 6 day I la tap cac
s6 nguyén duong, + 13 phép toan cong s6 nguyén. R rang tap
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B = {1} 1A tap sinh ctia nhém tudn hoan nay. Nhu vay mét s6
nguyén n bit ki 6 thé duge tao ra bang nhiéu cach khic nhau,
ching han véi n = 9 ta ¢6 mdt s6 con dudng nhu sau:

2 3 4 b 6 7 8 9

2 3 - 4 5 9

2 4 8 9

2 o 9

Diy cae phan ti trong I dé tao nén s6 nguyén n dudc goi la

chudi cong doi véi n. Bai toan duge dat ra 12 xac dinh chubi cong
ngin nhit ddi véi s8 nguyén n cho trude. Day la mot bai toan
r&t i thd nhung nim ngoai khudn khd clia cudn sach nay. Tuy
vay dé minh hoa ching ta gidi thiéu hai thuit toan don gian dé
xéc dinh chudi cdng d&1 véi n.

Thudt toén 1: Ta phan tich r thanh tich ctia hai thita 8 p va
g. Trudc hét ta xac dinh cac chubi cdng 461 véi p va g va sau do
t8 hop chung dé c6 duge chubi cong doi vdi pq.

Gia stt cac chudi cong dé véi p va g nhu sau:
Pi1Pz Pt P
g:19z.. G;1Q

Ro rang chudi cong do1 véi n = pq sé la:
q; Gz Q. IPrq... P 4PG

Viduvéin=45tacén=>5x9. Chudi cong d61 véi 5 va 9
tudng ing la:

Do d6 chudi cong 461 véin la:

2 4 8 9 18 27 45
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Mit khéac ta ciing c6 thé 14y dang chudi céng khac ciia 9

nhu sau;
2 3 6 9

Do vay chudi cong d61 véi n = 45 sé la:
2 3 6 9 18 27 45

Thudt todn 2: Day 1a thuat toan dé quy dé tim chudi cong.
Néu n chan ta c6 thé xac dinh chudi cdng dbi véi n/2 va sau dé
cdng thém n/2 dé c6 chudi cdng 461 véi n. That vay, néu chudi

cdng do1 véi n /2 1a:
n
Qy, g,y E ,
thi chudi cdng dol vél n sé 1a:
@y, Qg 5 M-
Néu n 1a 1é thi trude hét ta xac dinh chudi cong d6i véi

-1 -1 ? - P .
(n-1) sau d6 thém (-1 dé c6 chudi cong dd1 vai (n - 1) va

cudi cung thém 1 dé c6 n:

(n-1) (- 1)n.

ab a’Z!"'!
Ap dung thuit toan nay cho nhém ¢éng tinh cac s nguyén
8 trén véi n = 45 ta cé chudi cong sau day:
2 4 ) 10 11 22 44 4D
10.3. TAP KE VA PINH Li LA GRANGE
Cho (4, *) 1a mt hé théng dai s6, * 14 phép toan nhi phéan.

Cho a 12 mét phan t thudc A va H 13 mét tap con cla A.
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Dinh nghia 10.3.1. Tdp ké bén trdi cita H d6i véi phin ti a, ky

higu taa ® H, 14 tap o cde phin ti duge xac dinh nhy sau:
a*H={a*x| x cH} (10.6)

Tuong ty nhu vay ta c6 tdp ké bén phdi cia H déi véi phén tii a,
ky hiéu H *# @, 1a t4p c6 cac phan ti nhu sau:

H*g={x*a| x e H} (10.7)

Co rat nhiéu vén dé 1y thd xung quanh cac tap ké nhung &
ddy chung ta chi gidi han nghién citu tap k& trong 1y thuvét
nhom,

Cho (A, *) 1a mdt nhém va (H, *) 13 mét nhém con cla (A, *),
ta ¢6 cac dinh i quan trong sau day.

Dinh 1i 10.3.1. Choa * H va b * H 1a hai tap ké ctia H. Hai
tap ké @ * H va b * H hoic 1a tach biét nhau hoan toan hoic la
giong hét nhau hoan toan.

Chitng minh: Gia thiét @ * H va b * H 14 khong tach biét
nhau hoan toan va f la mét phan ti chung cha ching. Nhu
vy ¢6 nghia ring ton tai hai phan ti &, va A, trong H sao cho
f=a*h;=b%*h, Tacothévitlailaa=b*h,* h™' Gid st x
12 mot phan ti thude o * H, nghia 1A ta ¢6 mot phan td A, nao

-d6 trong H ma x = @ * h,. Thay gia tri a & trén vio biéu thie caa
x ta cé: _

x=a*hy=(b*h,* A7) *hy=b*(h,* h]* * by (10.8)

Vi (hy * h;' * ) trong biu thite (10.8) 12 modt phan td nao
d6 thude H. Vay x * hy (b * H), nghia 1a mét phin ti bat ky
thuge (@ * H) ciing lai thudc vé€ (b * H). Bang cach tuong tu ta
suy ra mdt phan ti bat ky nao thude (b * H) cing thude vé
(a*H). Doddo(b*H)=(a*H).
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Ta trd lai phan tich trudng hgp (A, *) 14 mét nhém va (H, ¥)
14 nhoém con cta (A, *). Vi(A, *) 1a mft nhém nén ta cé:

a*h,za*h,

() day a 12 mét phian t& bat ky thudc A va h,, hy € H véi
%, # h,. Diéu nay chinh td lyc lugng cia tap ké bat ky nao cua H
cing chinh 1a luc ludng cha tap H. Ngoai ra, vi H chia phan tu
don vi clia nhém nén néu ta tinh t&t ca cac tap ké bén trai ¢hay
bén phai) ciia H thi sé duge mot tap hop eta cac tap ké bén trai
(hay bén phai). Tap cac tap ké nay ¢6 sd lugng phan ti bing s6
luong phén tit cha tap A. Nhu vay céc tap ké bén trai (hodc
phai) cia H da tao nén modt phan hoach cha tap A, trong dé tat
cé cac khéi eda phan hoach ¢é ciing mdt $8 lugng phén i nhu
nhau. Pdng thdi ta nhin xét ring bac cia mdt nhém hifu han
chia hét cho béc cia mbi nhém con cua né.

Pinh 1i 10.3.2. Bje clla mdi phém con ciia mét nhém hiu
han 14 ude 88 ca bac cua chinh nhéom dé. Dinh I nay con goi la
dinh Ui La Grange.

C6 mét s& hé qua suy ra truc tiép tix dinh Ii La Grange:

- Nhém cé bac 1a mét s§ nguyén t& (goi tat 14 nhém bdc
nguyén 16) khdong c6 mdt nhom con tim thuong nao. O day, ta
hiéu nhém con tim thuong 13 nhém con chia tat ca cic phén tu
trong nhém hodc chi chita phéan ti don vi.

- Nhém béc nguyén to phai 12 nhém tudn hoan vi tap bat
ky nao chi chita mot phAn td khac véi phéan ti don vi 1a tap
sinh ciia nhém tuén hoan nay.

10.4. NHOM HOAN VI VA DINH Li BURNSIDE

Khi nghién etiu vé chinh hgp va td hgp ching ta d biét dén
khai niém. hoAn vi trong viéc tao ra cac tap hop méi. Bay gio
chiing ta xét d&n khai niém nay trén quan diém ly thuy&t nhom.

233



Pinh nghia 10.4.1. Anh xa mét - mét tit mét tap S vao
chinh ban than né dude goi 12 phép hodn .

abed

(Chang ta dang ky hiéu
dca

}déo chi hoan vi caa tap
fa, b, ¢, df, phép hoan vi &nh xaa vao b, b vaod, ¢ vaioc vad vaoa.

Gia stt tap S ¢6 n phan ti, A 13 tap cha n/ cac hoan vi cia S
va “0” 1a phép todn hop thanh (ta da xét dén phép toan nay khi
nghién cifu quan hé va ham s6). RG rang “o” 1a phép toan nhi
phidn khép kin trong A. Cho n, vA x4, 1a hal hoan vi cua tap
S=fa b c,.. x v 2.

Dinh 1i 10.4.1. N#v 7, va 7,13 hai hoan vi c¢a 8 thi 7, 0 7,
cling 14 mdt hoan victia S. :

Chirng minh: Gia su 7, 4nh xa a vao b ¢cdn 7; anh xa b vao ¢,
nhu vy z; o m, s& 4nh xa a vao ¢. Cho x 12 mét phén ti nao d6
thugc S nhung khic @, 7, s& Anh xa x vdo mét phéan ti1 ¥ nao d6
khac b. Tudng tu nhu vay, 7, sé 4nh xa y vao mét phan t z ndo
d6 khac véi ¢ (sé di nhu vay vi 7z, va m, déu 1a cac hoan vi caa 8).
Nhu vay 7; o 7z, luén luén anh xa hai phén tit khéc biét (ching
han a va x) vao hai phan tit khac biét khac (vi du ¢ va z). Né6i

cach khac 7; 0 7z, 1a mét hodn vi et1a 'S.

: bed
Vidu = abed va m = avc
adbe bacd

abed
dabe

x|

Diéu nay c6 nghia rang (A, o) 13 mdt nhém, trong dé phin
tlt don vi 12 hoan vi tuong ng véi Anh xa mbi phan ti vao chinh
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ban than n6. Ching han 8 = fa, b, ¢, d/ thi don vi caa (A, o) sé

1 hoén vi: f“b"d
labed

Do elia mét hodn vi 714 mét hoan vi tuong @ng véi 4nh xa
7 (@) vao a d61 véi tat cd moi phdn tlia e S.

Viduddocta | %2 €| 1ahosnvi|® P Y
becad cabd

Nhom (A, o) duoc goi la rhém hodn vi cia tdp S.

Dinh nghia 10.4.2. Cho (G, 0) 12 mét nhém hdan vi cla tap
S = {a, b,...]. MOt quan hé nhi phan trén tap S dudc gol 1a quan
hé nhi phdn suy ra tir (G, 0) néu quan hé dé duge dinh nghia nhu
sau: phan ti @ c6 quan hé véi phan ti & néu va chi néu tén tai
mot hoan vi trong G anh xa a vao b.

Vi du:
G={{abcd}. {abcd} {abcd] [abcd}}
abced bacd abdec badc
| (10.8)
Quan hé nhi phén suy ra ti G dude minh hoa & hinh 10.4.1.
a b ¢ d Dinh 1i 104.2. Quan hé nhi
: j :;I phan trén tap S suy ra tit mét nhém
c J v_| hoan vi (G, o) 12 mét quan hé tuong
d v v | duong.
Hinh 10.4.1

Ching minh dinh }i 10.4.2 rdt don gidn vi ta cé thé thay
ngay quan hé nhi phin suy ra tit (G, o) ¢6 tinh phdn xq, tinh doi
xurng va tinh bde cdu.
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Nhd dinh )i nay ma ta c6 thé phan chia tap S thanh cac 16p
tuong duong trén cd sd quan hé tuong duong suy ra tit nhém
hoan vi (G, o).

Pinh nghia 10.4.3. Mot phan i dude gol 1a bdt bién trong
m6t phép hoan vi néu phép hoan vi ndy anh xa phan ti dé6 vao
chinh ban thin né.

Dinh li 10.4.3. 85 lugng céc 16p tuong duong dude tao ra

trén tap 8 do quan hé tudng duong suy ra tit nhém hoan vi (G,
o) dude xae dinh nhu sau:

1
N =" y(n) (10.9)
N i

3 day, ¢ 14 s8 lugng cac phan tit bdt bién trong phép hoan
vi

Binh li nay go 1a dinh li Burnside.

Vi du ta trd lai nhém hoan vi G cho 6 (10.8), trong d6 céc
phép hoan vi tudng Ung 1a:

abed _|abcd
KI: ] T — 1
abed bacd

abed abed
T3 = s My =
[abdc] (badj
Nhuviy mm) =4, vim) =2, yn) =2, yn)=0.

Do dé:

N= (+2+2+0=2

R& rang s6 18p tuong duong bang 2 va diéu nay cé thé kiém
tra lai d hinh 10.4.1, trong d6 2 18p tuong duong 14 {a, b} va {c, d}.
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10.5. DANG CAU VA PONG CAU

Cho (A, *) 12 m6t hé thong dai s6, trong d6 A = {a, b, ¢, d} va
* 1a phép toan hai ngdi mé ta ¢ hinh 10.5.1a. Tudng ty nhu vay
(B, ») cting 12 mét h¢ théng dai s8 véi B = fa, S, 3 & va #* 14
phép toan 2 ngdi méd ta & hinh 10.5.15.

* a b g d b g o p Y 8
a i a b c d a v i} ¥ &
b ‘ b a a ¢ B 0 o a ¥
g b d d c ¥ B b o Y
a b C d 6 |3 ki 5
| 2) b)
Hinh 10.5.1

Ta nhin thay hai hé théng dai s6 (A, *) va (B, ®*) hoan toan
giong nhau hay thuc chit 13 mot néu ta dat tén lai cho cac phan
tui va cac phép toan trong ching. Trong truong hdp nay ngudi ta
néi ring (A, *) ding cau (B, »*).

Dinh nghia 10.5.1. Hé théng dai s6 (B, %) 1a ddng edu voi
hé thong dai s6 (A, *) néu tdn tai anh xa mét - mét ftix A dén B
sao cho tit ca cic phan th a, vA g; (j #i) trong A thoa man:

fla;* a) = fla) *fla) (10.10)

f duge go1 1a mot dang cdu tii (A, *) @én (B, »*). Vi du ham f nhu sau:
fla) = a

fib)=p (10.11)
flc)=y
fld) =38

la mét ddng c&u tit (A, *) vao (B, ®) & hinh 10.5.1.
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Dinh nghia 10.5.2. Mot ding cau tit hé théng dai s (A, #)
vao chinh ban thin né duge goi 14 mét tu ding cau. Chiang han
ham g sau day 1a mét ty ddng cfu trén hé théng dai s6 (4, *) &
hinh 10.5.1a.

gla) =d
gb)=¢
gle)=b
gd)=a

Nhu vay hai hé théng dai s8 ddng c&u véi nhau thi ching
khéng khac biét gi nhau vé phuong dién cac tinh chat dude mé
ta. Thuc chét dé 12 hai mé hinh cu thé khac nhau cia cling mot
khai niém toan hoc triru tugng.

T khai niém ding cdu ta cé thé téng quat héa thanh mét
khai mém khac, d6 1a khai niém déng cdu. Trong phép ding ciu
thi 4nh xa f vira 12 mét toan anh vira 12 mét don 4nh (song anh).
N&u f chi 12 toan 4nh (anh xa 18n trén) ti (A, *) vao (B, # thi ta

c6 mét déng cau.

ViduA={a f 58 n & B=1{1 0, -1} va cac phép toan 2

T H __

o - o

s
¥ or
& o
rz; )
£ 0
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B
f

o

P&
a 73 ¥ )
7 Fif Y n
a il ¥ 7
B 8 n 4
¥ 7 n &
i g B 4
o . I
Hinh 10.5.2

ngdl ¥ va » tudng ling dude mo ta & hinh 10.5.2q, b.

i

b)

»* i 0 -1

101 1 o

o ! 0 A1
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Anh xa f sau day tit (A, *) vao (B, /7 12 mét déng cau:

fla)=1 =0
fip=1 fin =0
fip=1 8 =1

‘Ta hiy xét mét vi du khac vé khai niém ddng cau. Xét hé
théng dai &6 (I,.), trong d6 I 13 tap hdp tat ca céc s6 nguyén,
con . 14 phép nhén cac s6 nguyén. Ta lai xét hé théng dai sd
(B, ®) cho ¢ hinh 10.5.3.

® Duong Am Khang

Duong ' Duong Am ¥hdng
Am ‘ Am Ducng Khéng
Khéng Khéng Khong Khéng
Hinh 10.5.3
Né&u nhu trong tap cac s6 nguyédn I ta chi «v» ram phén
biét cac 88 nguyén duong, cac s6 nguyén Amn va =& khong chi

khéng quan tim dén gia tri cia tiing s6 nguyén, ih: 7 -ang hé
théng dai s6 (1, .) déng ciu véi hé thing das s& (B, 3 Trong do
anh xa f dude xac dinh nhu sau:

Jduﬁdng, néu n 1a sd nguyén duong
fin) = 7 am, "~ néu n la s6 nguyén 4m
!'""_r{hﬁng, néun =290
Hé thénr 1 3, @) 12 dnh déng cdu cta (I, .).
Dinh nghia 10.5.3. Cho H 12 mdt nhém con cua G. H dure

goi 14 nhém con chudn néu d61 véi moi phéan tit a trong G, tap ké
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bén trai @ #* H bing tap ké bén phai H »*a. Vi du ddi v6i nhom
(A, %) cho & hinh 10.5.4. thi (H, ») ]a mot nhém con chuén,
trongdoH-— {a, B, }}

Tt e B oy B m £
@ e B ¥ P n £ Chang han ta ¢6 thé
BB vy '« n & 3 5 se tap k@
i h : ac
Y| o 6 ¢ 5 1 thay rllgay cac tap k?
3 8 £ n a ¥y p  bén trai va bén phai do
no b b g B @ Y v6i mdi phin tU cua A
RS -S| N SN AN | MU S ,
Hinh 10.5.4 la nhu nhau:

Sk H=1{54a SHB SA=15¢& 4
Hxd={a*8&B*6y*d =151 &/

10.6. VANH, MIEN NGUYEN VA TRUGNG

Chn den nay ching ta da nghién ciu ky v& cac hé thong dai
56 vOi 1. L phép toan hai ngdi, bay gio chung ta s& nghén o
k¥ mot s6 1dp cta cac hé théng dai sd v81 hai phép toén 2 I";_)ui
Chang han cho hai hé théng dai SO (A, *) va (4, ®), ta 6 the 1
hop thanh mét hé théng dai s& véi hai phép toan (A, #, A HE
théng dai s6 mdi sé cé nhiing dac tinh méi néu ban Lha 7 hal
phép toan »* va * cb cac mdi quan hé nac d6 vil nh chéng
han ching quan hé vdi nhau qua phép hoan vi:
a*b=a*b (a,bcA)
hodc a*(b #c)=(a*b) *{a¥c)
(hae)*a =(b*%a) *(c, a)

_d*_l_‘{__E____ T a B Vi du hé théng dal s

it 5 5 a o o« (fa, A, % *) 6 cac phép

R P ” B ‘] « B toan hai ngdéi mod ta 4
Hinh 10.6.7 hinh 10.6.1.
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Trong hé théng dai s6 nay thi phép toan * ¢6 tinh phin bd
qua phép toan »* nhiung ngude lai phép toan »* khoéng cb tinh
phan b& qua phép toan *. Ching ta nghién citu céc tinh chét
clia cac hé thong dai s6 v6i 2 phép todn 2 ngdi nhu vay chinh 1a
chting ta di dé cip dén cac tinh chdt cua vanh, mién nguyén, va
truong. Sau day chiing ta sé dinh nghia cac khéi niém nay.

Pinh nghia 10.6.1. Hé théng dai s6 (A, +, .) dugc goi 14 mbt
vanh néu thda man cac diéu kién sau day:

1. (A, +) 1A mdt nhém Abel.

2. (A, . 1a mbt nia nhém.

- 3. Phép toan. cé tinh phén bd trén phép toan +.
Vi du xét hé théng dai s6 (Z,, ®, ®), trong 46 Z, 1a cac s&

nguyén {0, 1...., n-1}. Cac phép toan trén © va @ trén tap Z,
dude dinh nghia nhu sau: :

a+b, ndua+b<n
a @b= ) .
a+b-n, néu ag+bzn

a ® b = s6 du cta ab chia cho n.

Nhu ching ta da xét trong vi du 10.3, (Z,, @) la mbt nhém
Abel. Dé dang thdy rang phép toan @ déng trong Z, va 1a méot
phép toan c6 tinh k&t hgp. Do vay (Z,, @) 1a mét nita nhér. Ta
¢6 thé ching minh mét cach don gian 12 © c6 tinh phan bd trén
®. Nhu vay hé théng dai s6 (Z,, ©, ©) 1a mft vanh.

Pinh nghia 10.6.2. Hé thong dai s6 (4, +, .) dugc goi 1a mot
mién nguyén néu thodn min cac diéu kién sau day:

1. (A, +) 13 mdt nhém Abel.

2. Phép todn . ¢6 tinh giao hodn va néuc =0 vac a=c b
thi @ = b, 3 day 0 12 phén tit don vi céng (tdc 13 phin t¥ don vi
trong nhém cong Abel).

16 - TRRCK'TS 241



3. Phép toan . c6 tinh phan bd trén phép toan +. Viducho A
12 tip tat ca cAc sO nguyén, + va . la cac phép toan ¢dng va nhin
$6 nguyérn théng thuong. Ro rang (A, +) 1a mot nhém Abel vé
phén tu don vi la 0, phan t nghich d4o cla n 1a -n. Phép toan .
c6 tinh hoan vi va néu ¢ la ‘'mot $6 nguyén khac khéng thi
c.a=c.bkéotheoa=>b. Viphép toan. c6 tinh phan bd trén
phép toan +, nén (4, +, ) 14 mdt mién nguyén.

Dinh nghia 10.6.3. H¢ thong dai 38 (A, +, ) duge gol 1a mot
irudng néu cac didu kién sau diy duge thoa man:

1. (A, +) 132 mdt nhom Abel.

2 (A - (0}, .) cing la mot nhém Abel.

3. Phép toan . ¢6 tinh phan bé trén phép toan +.

Chung ta co thé d& dang kiém tra cac hé théng dai s6 sau
day 14 cac trudng:

- (F, +, .), trong dé F la tap hop cua L&t cA cac sb hiu ty,

+va.lacac ph(,p toAn cong va nhan thong thudng cac s8 hitu ty.

- (R, +, .), trong do R 1a tap hgp clia tat ca cac so thue, + va .
14 cac phép toan cong va nhén thong thudng cac s6 thuyc.

-(C, +, }, trong dé C 1a tap hgp cua tat ca cac sb phiic, + va .

1a cac phép toan cdng va nhan théng thudng cac sb y phic.

Vi du 10.4. Chung ta trg lal xem xét hé théng dai sé
(Z., ®, ®) c6 phai 1la mdt trudng hay khong? Hé thong (Z,, ©, @)
14 m6t trudng néu va chi néu n la mot sd nguyén td. Néu n
khéng phai 1a s8 nguyén td thi ching ta co thé viét n = ab dd1
véi cac gia Lri @, b nao doé trong tap {Z_ - {0}). Néu phép toan
@ ® b = 0 thi rd rang phép toan a ® b khong dong trong
{Z, - 10i]. Cée tinh chit khic clia trudng ching ta cung 6 thé
kiém tra tlidng tu nhu vay. Trucng (2, &, ©) goila trugng cac
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s0 nguyén modul n, hodc truong Galeis v6i n phin tit. Khi ta viét
GF(n) hay GF(p) thi c6 thé hidu d4y 1a cac trudng Galois tuong
ing n phan t va p phin t&. Trong 46 n va p 14 cac s8 nguyén t6.,

10.7. VANH DONG CAU

Chiing ta da nghién cliu tinh déng cAu trén cic hé thong dai
s6 véi 1 phép toan, bay gid chiing ta sé nghién cdu tinh dong
ciu trén cic hé thng dai s6 v6i 2 phép toan va cu thé hon la
tinh déng c4u trén vanh. .

Xét hai h¢ thong dai s6 (A, +, J va (B, ®, ®). Mot anh xa
1én trén £t A dén B duge goi 12 mét phép ddng cau tit (A, + o)
dén (B, ®, ®) néu ddi véi moi phin tit a, b € A ta cb:

fla + b) = fla) Df(b) (10.12)
fla. b) = fla) @fib)
(B, ®, @) duge goi 11 anh ddng ciu cta (A, +, .).

Dinh nghia 10.7.1. Cho (4, %) 13 mét hé théng dai 6 va R
14 mét quan hé tuong ducng trén A; R duge gor 12 mot quan hé
dong dir trén A (d6i v6i phép toan *) néu (a,, a,) va (b, b,) thude
R thifa, *b, a, #*b,) ciing thujc R.

*+ a b c d a b c d

a a a | d c a A 3

b b a c d b \.’ v

c c d a b— c + ¥

d d d b a d v v
Hinh 10.7.1 Hinh 10.7.2
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Vi du d6i vdi hé théng dai s6 cho ¢ hinh 10.7.1 thi quan hé
tuong duong R cho & hinh 10.7.2 13 mét quan hé dong du.

Quan hé ddng du trén hé théng dat sd véi hai phép todn hai
ngdi cing duge dinh nghia tuong ty.

Dinh nghia 10.7.2. Cho (A, +, .) 12 mot vanh. H 1a mot tap
con cta A; H dugde goi 1a mét déng nhdl néu thoa man cac diéu
kién sau day:

1. (H, +) 1a m6t nhom con cua (4, +).

2. D6ivéimbia c Avah e Hthia. hvah.a déuthudc vé H.

3. Tt dinh nghia nay ta c6 thé thiy ngay ring mot dong
nhit ctla vanh (4, +, .) kéo thea mbt quan hé déng du trén A véi
c& hai phép toan + va ., vd déng nhit nay xac dinh 4nh dong
cdu cia (A, +, ).

Mat khac ta c6 thé ching minh ring méi dong ciu cia vanh
tudng dng véi mdt ddéng nhdt cla vanh. Vi du xét vanh (1, +, o),
trong d6 I 1a tap tat ca cAc s8 nguyén, con + va . 1a cac phép
¢dng va nhan théng thudng cic sd nguyén. Cho H la tap tit ca
cac bdiséctan: (..., - 2n, -n, 0, n, 2n, 3n,...f trong dé n 1a mét s
nguyén bat ky, ré rang H 13 mot dng nhat va anh déng ciu
chinh la vanh (Z,, ®, ®) ma ta da biét trong cac vi du trude.

10.8. VANH DA THUC

Cho (A, »*, *) 12 mdt hé thong dai 86, ¢ dy »* la phép todn m
cOt va * 1a phép toan n cft. Chung ta dinh nghia cac bidu thitc
dai s trong (A, »*, *) theo cac quy luat sau:

1. M&i hiing s6 13 mot biéu thiic dai s6.

2. M3i mot bign 1a mét biéu thic dai s6.
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3. Néu e, ez,.‘.., e, 12 cac bidu thic dai s6 thi *ey, es..., e,)
cling 13 mot biéu thitc dai sd.

4. Néu ey, e,..., €, 12 cac biéu thic dai s& thi *(e;, €., eJ)
cling 12 mot bidu thitc dai s,

' day hing s la cic phan td caa tdp A con bién sd 1a tén
goi tugng trung chi khong phai tén goi ciia mét phan td nao
trong A ca.

_ Vi du néu x, v 12 cac bién s& thi cac biéu thic sau day la cac
* bidu thic dai s6 trong (Z,, ®, ©).
' 2
2®x
3O®X)OEDY)
Dinh nghia 10.8.1. Cho (4, +, .) 12 mdt vanh. Mt bidu thitc
dai s6 trong (A, +, o) c6 dang sau day duge go1 1a mot da thitc:
Ay + (@;e %) + (@ye &)+ + (@, X7 + (@, X7
& day, n =0 va x* = XXX
k lin
G Aoy O 1 cAC hEing s6, con x 12 bién s0.

Ta s& dung cac ky héu A(x) va B(x) dé chi cac da thic. Bac
cta da thitc Ung véi s » 16n nhit ma a, # 0.

Bay gio chung ta s& nghién citu ciu trie cna cic vanh da
thirc. .

Cho (F, +, .) 12 mot trudng va Fix] 1a tap tat ca cac da thic
trong (F, +, .) v6i bién x. Ching ta dinh nghia mot he théng dai
s6 (Fix], (], 1) trong d6 [Hva L1 i3 hai phép toan 2 ngéi
duge xac dinh nhu sau: '
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Déivoi: Aflx)=a,+ax+ d,x" Fo QX
Bix) = by + by + b +... + b, x"

Chung ta co: A(x) Ll By =Ctxl=ch+ex + e +... + ,X"
dday ¢, =a;, + b, véi ditu kien a; = 0 khii > r vd b, = 0 khi
i>m.

A L Ba)=Dx)=dy+dx+dp’ +... +d X
trong d6: d; = (ag b) + (a;. b)) +... + (a. by

D& dang kiém tra ring (FfxJ, B, [1) 13 mét vanh va vanh
nay ¢6 1én gol la vanh da thirc.

Tuong tu nhu vay, ta xét trudng (F,, , [J). Goi F.x] 1a
tap cac da thitc ¢é bac bé hon n trong tap F/x/. Cho G(x) la mét
da thite bac n trong F/xj. Hé thong dai s8 (F fx], AN , A) vl cac
phép toan 2 ngbi A gy A dugc dinh nghia nhu sau:

D& véi:

Alx)=a,+ax +ax’ +.. +a, x"’
B(x)=by+bx+ba® +.. + b, x"!
- Tacé:  Afx) A B(x) = Afx) Bix)
. va: Alx) AN B(x) = s6 du cua A(x) [-] B(x) chia cho da
thite Glx). _

C6 thé kiém tra d& dang ring (F/x], 2, &) 1a mét vanh
 va dugc goi 12 vanh da thitc modul G(x).

Vi du 10.5. Cho (F, +, .) 1a trudng céc s& nguyén modul 2.
C6 4 da thiic trong F,fx], chdng han nhu: 0, 1, x, x + 1. Gia sl
Gix) =1+ Céc phép toan A gy A duge dinh nghia nhu G
hinh 10.8.1.
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A 0 1 x T+x A 0 1 X T4+x
0 0 1 b T+x 0 0 0 0 0
1. 1 0 14+ x X 1 o . 1 X 1T+x
X X 1+x 0 1 X 0 X 1 1T+x

T+x i T+x x 1 0 T+x| © T+x 1+x O

Hinh 10.8.1
BAI TAP
1. Cho(A, %) la mot hé thong dal s6 va »* 1a phép toan nhi
phin sao cho déi véi mbi a va b trong A, a *b=aq.
a) Chiing minh ring phép toan »* ¢6 tinh két hop.
- b) Cé thé ¢6 khi nao d6 phép toan » ¢6 tinh hoan vi
khong?
2. Cho (A, ®» 1a mdt hé thong dai s8 sao cho d6i véi tat ca
a, b, ¢, deAtaco:
a*a=a
(@ *b) *(c *d)=(a *c) * (b *d)
Ching minh ring:
a #*(b *c)=(a *b) #*(a #c)
3. Cho Z, 1a tap tdt ca cac s6 nguvén {0, 1, 2,..., n-1}. ® 1a

mot phép toan nhi phén trén Z, sao cho:
a © b = s6 du caa tich ab chia cho n.
a) Cau tao bang d6i voi phép toan @ khin = 4.
b) Ching minh ring (Z,, ®) la rﬁ@t niia nhém dé1 véi
moi n.
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4.

Cho (A, *) 1a mét nita nhém. Chiing minh ring d&i véi
a, b, ¢ trong A, néu a*e=c¥*avab¥*c=c*}bthi

(la*b)*c=c*(q *b) _
Cho (A, % 1a mét nhém. Ching minh ring d6i véi
a, b, c d a, b, c,d trongA néu g ¥c = a, *c,
arxd=a, #d, b Ac=b, %*c, thi:

bAd=b, #d,
Cho fA, #) va (B, *) 1a cac hé théng dai s6. Tich dé-¢ac
cla (A, %) va (B, *) 1a mot hé thong dai s6 (A x B, [1),
& day [J 1a mot phép toan nhi phén sao che déi véi mai
(a, b, va (a,, b,) trong A x B thi:

fa, by L1 (as b)) = (a, *a, b,*b,).
Ching minh ring tich dé-cac ctia hai nhém 1 mat
nhém.
Chiing minh rang (4, % 13 m6t nhém Abel néu va chi
néu: o

a’ #° = (a *b)’ d6i véi moiq, b c A.
O day (A, *) 14 m6t nhém.
Cho (H, »*) va (K, *) 1a cic nhém con eia nhém (G, ).
Ching minh rdng anh xa £t H x K d8n G sao cho
flth, )] = h * k 461 véi moi h € Hva k € K 1a mot déng
ciu ti tich dé‘—céc cua (H, #) va (K, *) dén (G, #*), néu
va chi néu:
a) H va K 1a cde nhém con binh thuong.
byth Ak |heHEeKI=G
¢) HN K = {ef, 3 day e 13 phén td don vi.



9.

Cho f va g 1a cac dGng cAu ti nhém (G » dén nhém
(H, *). Chling minh ring (C, *) 1a mét nhom con cua
(G, #*). Trong d6:

C =[x e G|flx) = gx)}

10. Chiing minh réang mdt mién nguyén cé6 mét s8 ligng

110

12.

13.

‘h@iu han edc phan tit 12 mét trugng.

Cho (A, +, .) 1a mdt vanh sao cho a . @ = a ddi véi moi
acA

a) Chitng minh rhng a + a = 0 461 véi mol a, 6 day 0 la
phin tii don vi céng.

b} Chitng minh rang phép todn . la phép toan hoan vi.
Cho (F, +, J 14 trudng cua cac sd nguvén modul 2 va

(Fix], U] - E!) la vanh da thic tuong Gng. Hay ciu tao
vanh da thitc modul I +x + x°.

Cho (R, +, ) la trudng cta cac s& thue, Cho (R/x], B, )

14 vanh da thitc tuong tng, (Rfx), 2 £} 14 vanh da
thide modul 1 + ¥

a) D61 vé1 a + bx va ¢ + dx trong Ryfx/ xac dinh céc biéu
thic:

(@ +b1) 2D (c+do) v (@+bx) B (c+dy)

b) Vanh da thdc (R, A , A) va truong cac s6 phic cé
nhiing diém tuong tu gi khong?

249



250

TAI LIEU THAM KHAO

. Abbott, J.C. Setx, Lattices, and Boolean Algebras, Boston

1969.

Akers, S.B. On a Theory of Boolean Functions. J.Soc.,
Iudust. Appl. Math. Vol.7, No.4, December 1959.

Arnold, O.A. Probability, Statistics and Queueing Theory.
Academic Press, INC., New York 1990.

Birkoff, (. Lattice. - Theory, American Mathematical
Society, Providence, R.1., 1967.

Birkoff, G., and T.C. Bartee. Modern Applied Algebra. Mc
Graw - Hill Book Company, New York 1970.

Berztiss, A.T. Data Structures - Theory and Practice.
Academic Press, New York 1975.

Bérge, C., Principles of Combinatories, Acadgmic Press,
New York 1971.

Berunan, G, and K.D. Fryer. Introduction to Combinatorial
Analysis. John Wiley and Sons, Inc., New York
19568. '

Berge, C.,"The Theory of Graphs and Its Applications. John
Wiley and Sons, Inc., New York 1962.



10.

11.

12.

13.

14,

16.

17.

18.

19.

Boole G., An Investgation into the Laws of Thought, Open
Court. Chicago, 1854/1940.

Busacker, R.G., T.L. Saaty. Finite Graphs and Networks -
An Introduction with Applications. Mc Graw - Hill
Book Company, New York 1965.

Carr, W.N., J.P. Mize. MOS/LSI Design and Application.
Mec Graw - Hill, New York 1972.

Chung, K.L. Elementary Probability Theory with

S.tochastic Processes. Springer - Verlag, New York
1974.

Date, C.J. An Introduction to Database Systems. Addison -
Wesley Publishing Company, Reading, Mass., 1975.

. Gill, A., Applied Algebra for the Computer Science,

Brentice-Hall, Inc. Englewood Cliffs, N.J. 1976.
Golomb, 8.W., Poliminoes Scribner’s. New York 1965.

Hoperoft, J.E., and J.D. Ullman. Formal Languages and
Their Relation to Automata. Addision - Wesley
Publishing Company, Read., Mass, 1963.

Hu, T.C., Integer Programming and Network Flows.
Addison - Wesley Publishing Company, Reading,
Mass., 1960,

Hu, T.C., and A.C. Tucker, Optimum corﬁputer Search
Trees. SIAM Journal on Applied Mathematics, 21,
1971.

251



20.

21.

22

23.

24.

25.

26.

27.

28.
29.

30.

252

Kamenda, T., and P. Weiner, On the State Minimization of
Nondeterministic Finite Automata. IEEE Trans.
Comp. No 7/1970.

Kain, RY., Automata Theory - Machines and Languages.
Me. Graw - Hill Book Company, New York, 1972.

Kemeny, J.G., H. Mirkil, J.L. Suell and G.L. Thompson,
Finite Mathematical Structure. Prentice - Hall,
Englewood Cliffs, N.J. 1958,

Kemeny, J.G., J.L. Snell and G.L. Thompson, Introduction
to Finite Mathematics. Prentice - Hall, Englewood
Cliffs, N.J. 1966.

Kmith, D.E., The Art of Compuiter Programming, Vol. 1.
Addison - Wesley Publishing Company, Read, Mass.,
1973

Lee, .S.C., and ETLee, On Multivalued Symmetric
Functions. IEEE Trans. Comp., March 1972, pp. 312
-317.

Lee, B5.C., Vector Boolean Algebra and Caleulus. IEEE
Trans. Comp., September 1978, pp. 865-874.

Lew, S.C. Digital Circuits and Logic Design. Prentice -
Hall, Englewood Cliffs, N.J. 1976,

Lawler, E., Combinatorial Optimization. New York 1976.

Liu, C L. Introduction to Combinatorial Mathematics. Me
Graw-Hill Book Company New York 1968.

Maclane, S and G. Birkhoff. Algebra. Macmillan, New
York 1967.



31.

32.
33.

34.

36.
37.
38.

39.

40,

41.

Paley, H., and P.H. Weichsel, A First Course in Abstract
Algebra. Holt, Rinechart and Winston, New York
1966.

Peterson, W.W., and E.J. Welson. Error - Correcting Codes.
MIT. Press, Cambridge, Mass. 1972.

Quine, W.V.0., Set Theory and Its Logic, Harvard
University Press, Cambridge, Mass. 1963.

Rine, D.C., Computer Science and Multiple - Valued Logic,
Theory and Applications, North - Holand,
Amsterdam 1977.

. Rubin, J.E., Set Theory for the Mathematician, Holden-

Day, San Francisco 1967.

Sheng, C.L, Threshold Logie, Academic Press, New York
1969.

Sikorski, R., Boolean Algebras, Springer - Verlag, New
York 1964.

Skerniakov, L.A. Complemented Modular Lattices and
Regular Rings, Goz. Izd., Mat., Lit., Moscow 1961.

Stone, H.S., Discrete Mathematical Structures and their
Application, Science Research Associates, Inc., Palo
Alto, Calif,, 1973.

Taylor, A.E., Introduction to Functional Analysis, Wiley,
New York 1958,

Thayse, A., and M Davido, Boolean differential Calculus
and Its Application to Switching Theory. TEEE
Trans., Comp., C-22, 1973, pp. 409-420.

253



42,

43.

44,

45.

46.

47.

48,

49.

254

Tremblay, J.P., and R.D. Manohar, Discrete Mathematical
Structure with Applications to Computer Science.
Mc Graw-Hill Book Company, New York, 1975.

Wilson, R.J., Introduction to Graph Theory, Academic
Press, New York 1992.

Wood, P.E. Switching Theory, Mc Graw-Hill Book
Company, New York 1968.

Xuan Quvnh N., The Automation of Proccess of Fault
Detection in Logical Networks, Third European
Meeting on Cybernetics and System Research,
Vienna, April 1976.

Xuan Quynh N., An Algorithm for Fault Detection in
Logical Combinational Many - Level Fau-Out
Network. Elektronische Informations Verarbeitung
und Kybernetvk, EIK12, No 10, 1976.

Xuan Quynh N,, Fault Identification in Logical Sequential
Networks and Design of Fault - Self detectable
Asynchronous Networks, R.N. No. 20, Printed in
Poland 1979.

Xuan Quynh N., On Method of Designing the Fault Self -
Detecting = Asynchronous Sequential Networks.
“Mathematics” Nr. 13, Printed in Poland 1979.

Xuan Quynh N., and Kacki. On an Algorithm for Hazard
Detection in Logical Networks. Elektronishe
Informations. Verarbeitung und Kybernetyk, EIK
15, 5-6/1979.



50.

G

52.

a3.

54,

wh
O]

Xuan Quynh N., Generation of Fault-Test Sequences for
Logical Asynchronous Networks. Pospety
Cybernetyki No.1, 1980, pp. 5-19, Polish Academy of
Science Press.

Xuan Quynh N., Li thuyét mach logic va k§ thuit s6. NXB
Bai hoc va Gido duc chuyén nghiép, 1991.

Yar 9.8., and Y.S. Tang., Transformation of an Arbitrary
Switching Function to a Totally Symmetric
Function. IEEE Trans., Comp., December 1971, pp.
1606-1609.

7adeh L.A. Fuzzy  Sets, Information and Control, Vol.8,
1965, pp. 338-353.

Arnold O.A. Probability, Statistics and Queueing Theory,
Academic Press, INC., New York 1990.

. Nguyén Xuan Quynh, Ly thuyét mach logic va ky thuat so.

NXB Téng cuc Buu dién 1984.

. Nguvén Xuan Quynh, Li thuyét mach logic va ky thuat 50.

NXB Dai hoc va Gido duc chuyén nghiép, 1992.

. Nguyén Xuan Qujnh, Co sG toan roi rac va ting didg, NXB

Giao duc 1993,

255



GS.TSKH. NGUYEN XUAN QUYNH

TOAN ROI RAC
CHO KY THUAT SO

Chiu trach nhiém xudt ban : PGS. TS. TO DANG HAIL

. Bién tap ; PO THI CANH
~ Sua bun in : LE MINH
Trinh bay bia ' c HUONG LAN

NHA XUAT BAN KHOA HOC VA KY THUAT
70 TRAN HUNG DAO, HA NOI

In 1.000 cudn, khé 14,5 x 20,5 cm, tat Xi nghi¢p in 19 - 8 56 3
dudng Nguyén Phong Sic - Nghia Tan - Cdu Gidy - Ha N6

Gidy phép s6: 442 - 1/CXB cip ngay 5-4-2001

In xong v ndp luu chiéu thing 1 nam 2002.



___________

OOOOOOOOOO



	TOÁN RỜI RẠC CHO KỸ THUẬT SỐ
	MỤC LỤC
	CHƯƠNG 1. TẬP HỢP VÀ MỆNH ĐỀ
	CHƯƠNG 2. CHỈNH HỢP VÀ TỔ HỢP
	CHƯƠNG 3. QUAN HỆ VÀ HÀM SỐ
	CHƯƠNG 4. ĐỒ THỊ VÀ CÂY
	CHƯƠNG 5. ĐẠI SỐ CHUYỂN MẠCH VECTƠ VÀ HÀM CHUYỂN MẠCH VECTƠ
	CHƯƠNG 6. CÁC PHÉP TÍNH ĐẠO HÀM VÀ VI PHÂN BOOLE
	CHƯƠNG 7. PHÂN GIẢI CÁC HÀM CHUYỂN MẠCH
	CHƯƠNG 8. CÁC HÀM CHUYỂN MẠCH ĐẶC BIỆT
	CHƯƠNG 9. CÁC HÀM LOGIC ĐA TRỊ
	CHƯƠNG 10. LÍ THUYẾT NHÓM, VÀNH, TRƯỜNG
	TÀI LIỆU THAM KHẢO

