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LI NOIDAU 3

LOT NOI DAU

Dao dong 1 mot hign tugng phd bién trong w nhién va trong Ky thuat. Cic
may, cdc phuong tién giao thong van Wl cdc tod nha cao ting, nhimng chiéc ciu bic
ngang qua céc dong song, cac mach dién trong chigc dai cua ban dang dung, chiéc
déng ho ma ban dang deo trén tay,... 46 1a cic hé dao dong trong K thuat. Ban
than moi ngudi ching ta cling la mot hé dao dong ma cd 1T it ngudhi da biét.

Vay dao ddng 1a gi ? Mot cdch so luoc, dao dong 1a mot qué trinh frong do
mot dai lugng vat 1y (hod hoc, sinh hoc,...) thay doi theo thoi gian ma c6 mot dic
didm ndo dé lap lai it nhdt mdt lin. Dao dong k§y thuat la dao dong cha céc he k¥
thuat { cic mdy, cic phuong tién giao thong van 1ai, cic cong trinh,...)

Cic qud trinh dao dong dugc phan loai tuy theo c4c quan diém khac nhau.
Can ¢ vio co cdu gay nén dao dong ngudi ta phan thanh dao déng tu do, dao dong
cudng bic, dao dong tham s6, tif dao dong, dao dong hén don, dao dong ngiu
nhién. Can cit vio s6 bac I do ngudi ta phan thiuth dao dong hé mot bac W do, dao
dong heé n bac W do, dao dong hé vo han bac ty do. Cin ctt vho phuong trinh
chuyén dong ngudi ta phan thanh dao dong tuyén tinh, dao dong phi tuyén. Can cut
vio dang chuyén dong nguoi ta phan thanh dao dong doc, dao dong xoin, dao dong
udn,...

Vi su phit trién nhyu vii bdo cua fin hoc, viéc tinh todn dao dong, dit 1a dao
dong cla hé phic tap, ngay nay da trd thanh kha don gian. Nhiéu phan mém tinh
todn d1o dong hoac xtr 1y chc tin higu do dac dao dong di va dang dugce dua ra sUr
dung nham gop phan nang cao chat lugng cdc mdy va cong trinh, nham di sau tim
hidu céc hién tuong dao dong phong phii quanh ta. Nhiéu bai todn dao dong trudc
day chua dugc nghién ctu do qud cong kénh, phitc tap thi ngay nay’ da va dang
dugc giai quyet.

Cic kién thie vé 1y thuyét dao dong ngay nay 1r& thanh mot bo phan khong
[hé thidu duoe trong 16ng thé cac Ki€n thitc cin phai trang bi cho ngudi Ky su co
khi, xay dyng, giao thong van ti, vo tuyén dién tir, ty dong hod,... Mon hoc dao
dong k¥ thuat da duge dua vao chuong trinh giang day & hiu hét cac trudng dai hoc
k¥ thuat & Hoa K, Ditc, Anh, Phdp, Nga, Trung Qudc, ...

Cuén sich niy duge viét tén co s& cdc bai giang vé dao dong tuyén tinh tién
dinh cia tic gia & Pai hoc Bach khoa Ha Noi, Pai hoc Xay dyng Ha Noi va Bai
hoc Téng hop Ha Néi trude day. Do tinh dac thu riéng, cac van dé vé dao dong ph

tuyén, dao dong ngiu nhién s& dugc trinh bay trong cac cudn sach khac. Tac gl co
ging trinh bay noi dung cudn sach véi quan diém va cong cu hién dai ctia 1y thuyét
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dan dong k¥ thuit. Cudn sdch nay Ia gido trinh cho sinh vién Khoa Co khi, Trudng
Pai hoe Bich kKhoa Ha Not. Tuy nhién day ciing Ja tai liéu tham khao ba ich cho
ky su cdc ngauh co khi. xay dung. giao thong van tal, vo tuyén dién 11, v.v... irong
comp tde chuven mon cia ho.

Trong ban in lin thit hai ching t0i da ¢§ ging slta chifa mot 56 161 in dn cua
ban in lin thit alidt, b sung thém mét 6 doan trong cic chuong 3 va 4. Trong ban
in }in tha ba ching t6i dd st chita mot 6 161 in in cha ban in 1an tha hai, b sung
thém mot 53 doan trong cdc chuong 2 va 3.

Trong qué trinh bien soan, chiing o1 dd nhan dugc su urd gitip quy bdu cua
nhiéu ban déng nghi¢p. Ching to1 xin chan thanh cam on Nha xudt bian Khoa hoc
K¥ thudt va chi Nguyén Thi Ngoc Khue di tao dién kien thuan o1 cho viéc in va
t4i ban cudh sdch nay, cimon TS. Vil Vin Khiém va GVC. Thai Manh Cau dd doc
toan bo ban thio, gitp tinh todn kiém tra nhiéu doan. Ching toi cling Xin cam on
TS. Nguyén Phong Dién. ThS. Nguyén Quang Hoang, Ths. pd Thanh Trung va
ThS. Nguyén Minh Phuong di giip ddnh mdy ban thao, sifa chita ban thao trong
cdc 1an tii bin va ¢6 nhidu dé nghi cai tién bo ich.

NI xudt bin vi tic gid mong mudn nhan dugc sy gép ¥ clia dong nghiep va
ban doc dé c6 dicu kién sita chira b8 sung, hoan thién hon cho cic lan 14i ban sau.
Cic v Kién dong gop xin gui vé dia chi:

GSTSKH. Nguvén Vin Khang, B mon Co hoc ting dung, Truong Dat hoc Bach
Fhoa Ha Noi, E-mail; ivankhang@mail fut.edievn, Tel. (4.8680+469.

Ha Noi, thang 12 nam 2003

Nguyén Vin Khang
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Chuong 1
MO TA DPONG HOC CAC QUA TRINH DAO PONG

Cic qué trinh dao dong thuong la cic qua trinh thay d6i da dang theo thoi
otan. Trong tinh toan hoic trong do dac cdc qué trinh dao dong ngudi ta thuang
phan thanh dao dong tuén hoin va dao dong khong tuén hoan. Mot dang dac bigt
cha cdc dao dong tudn hoan la dao dong diéu hoa. Trong chuong nay ta sé trinh bay
mét s6 tinh chit dong hoc va cach biéu dién céc dao dong tudn hoan va khong tudn
hoan. Phin dong hoc cdc qua trinh dao dong ngiu nhién s& dugc trinh bay ¢ gido
trinh khéc.

§1. DAO DONG DIEU HOA

1.1 Cac tham s8 dong hoc cla dao dong diéu hoa

Dao dong diéu hoa duge md ta vé phuong dién doéng hoc bai he thirc
y(1) = Asin(mt + o) = Asiny(t) (1.1)
Dao déng diéu hoa con duge goi 11 dao dong hinh sin. Pai lugng A khong giam
tdng qudt uon ¢ thé gia thiét 1a s& duong vi duoc goi 1a bién do dao dong. Nhur
thé bién do dao dong ia gia tri tuyét d6i coa do lech 16n nhét cta dai lrogng dao
dong y(t) so véi gid tri trung binh clia né (hinh 1.1). Dai lugng y(i) = ot + 4 duge

goi 1a gdc pha, hay mot cach van tat 1a pha dao dong. Gée o duge goi 1a pha ban
dau.

yit) ]

AN
A

g|R

Hinh 1.1
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Prai liong o duge goi la tan s vong cua dao dong diéu hoh, don vi clia o la rad/s
hodc s, Vi ham sin ¢o chu ky 2nnén dao dong diéu hoa ¢6 chu ky

2w

T- (1.2)

[0

Piéu d6 duge xdc dinh bai bién doi sau

yit + T)= Asin[o(t + _ZE) +al=Asinfot + o+ 27)
o
= Asin{ot + )= y(1)

Nhu th€ chu k¥ dao dong la khodng thot gian nhé nhat can thigt dé dai luong dao
dong trd lai vi tri ban déu.

Dai luong

f=— (1.3)

duoc goi 1A tin s6 dao dong. Bon vicha tdn 56 f 1a s hoac Hz (Hertz). Nhu the, tan
<& 12 s6 lin dao dong thuc hién trong mot gidy. Gilta tan s6 dao dong { va tn so
vang @ cd méi quan hé san

o =2nf (1.4)

Tir cong thite (1.1) ta thay : mot dao dong diéu hod duge xdc dinh khi biét ba dai
luong A, o va o. Mat khdc, mot dao dong didu hoa cling duge xdc dinh duy nhat
Khi biét tin s6 vong o vA cac diéu kién dau. Gid sir cdc diéu kién ddu cd dang

Khi do tir phuong trinh (1.1) ta co
yo = Asino; Yo = @Acosa

Tir do suy ra

A=.lyp +=5 (1.5)
w

a:arclgm_ (1.6)
Yo

Viéc biéu dién pha ban dau o dudi dang (1.6) ¢6 nhugc diém Ia trong khoang tx 0
dén 21 pha ban dau o khong duge xdc dinh mot cach duy nhat. Vi vay dé xac dinh
@, ta cAn chd ¥ dén ca hé thic
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Yo (1.7)

oL = arcsin —
A

Nguoi ta cling hay bidu dién duo dong diéu hoa (1.1) dudi dang sau

y(1) = C| coswt + €, s et (1.8)
So sénh biéu thite (1.8) véi bidu thie (1.1) ta c6 cac h¢ thic
C, = Asina;  C,= Acosd (1.9
Tu dé suy ra
ey C, C
A=4C}+C5 u:arctgc _arcsz‘ (1.10)

Céc hing 36 C, va G, ciing ¢0 thé xéc dinh dugc tir cic didu kign diu

5.1
Cy=vyp: C2=“§

1.2 Bigu dién phitc dao déng digu hoa

Mot cdch biéu dién ¢é hinh anh dao dong diéu hoa 1 biéu dién bing véc to
phitc. Ham diéu hoa y(t) 6 thé xem nhu 1a phén 4o cha vée to phic Z quay véi van
10c goc o trong mat phing s6 (hinh 1.2)

Agilorrer _ Aelteiv! — Aeltt (1.1
(1.12)

Z:

y(1) = Im(z(1))

A=Ae"

N|

wt+o,

Hinh 1.3

Hinh 1.2

Dui luong A = Ae'® dugc goi 13 bién do phic. Nhw thé bién do phitc A biéu dién

vi tri clia véc to phiic Z tal thivi diém t = 0. Véc to phic Z con duge goi la véc 10

quay.
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Nhir cong thie Euler
o . o

e’ = cosp +ising
ta cO

y(t) — lm(E(t_)} - A Im(ci((l)lﬂ’i})

= Asin{ot + o)

Tri tuyét déi cua véc to phic \E‘ bang bien do clia dao dong dieu hod. Vice biéu
dién dao dong diéu hod bing véc to phifc quay trong mat phing s6 goi 1a anh véc to

phic cha dao dong diéu hod.

1.3 Téng hap hai dao déng diéu hoa cling phuang va ciing tin s&

Cho hai dao dong diéu hod cling phuong va cung tan s&
y 0 = A sin{ot + oy ); y,{t) = A, sin{et+a,)
Téng cla hai dao dong diéu hoa tién duge xéc dinh boi hé thie
y(1) = A, sin{ot + o )+ Ay sim{et +a5)
Sir dung dinh 1y cong d6i v6i ham sin ta ¢6
y(1) = A sineteosa + Aj cos@tsing
+ A, sinmleosay + Ay cosatsing;
= (A, cost; + Ay cosOy )sinet + (A sinay + Ao sina; yeosot
Néu ta dua vio cdc ky hidu
Acoso = A;cosoty + Ay COS0,
Asina = A sina + A,sinc,
thi biéu thiic trén c6 dang
¥(1) = Asinot coso + Acoswtsina = Asin(ot + o) (1.13)

Nhir the 1éng hop hai dao dong di¢u hod cling phuong va cling tin sa 1 dao dong
diéu hod véi tin s6 13 tdn s6 cta cdc dao dong diéu hol thanh phdn, bién do A va
g6c pha ban dau o duge xdc dinh boi cic hé thirc sau

A = (A cosay + A, cosa2)2 +{Asino; +A; sina2)2 (1L14)

= AT+ A% +2A A, cos{a, —ay)
1 2 | [ 1
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g Asinay + Ay sing,
o= arc¢ “

(1.15)
Ajcosay + Ay coso,

A Ay 2
hodc o = arcsin —- s+ sina (1.16)

A

Néu sir dung cich biéu dién phitc dao dong diéu hod, thi hai dao dong dicu
hod thanh phan ¢o dang

Z A RIEC RN

AL+
.;1 EER, |L ‘ 2)

: EzzAze

Tir d6 duo dong tong hop cé dang
T=Z 47, = (A, + A e™ = (A + A, =A™ (LID)
Trongdé A=A, +A, (1.18)

Cong thic (l 18) dugc biéu didn trén mat phing s6 nhu hinh 1.4, Su dung cong
thic Euler, tir (1.17) ta s& tim duge céc cong thiic xic dinh bién do va pha ban dau
cuia dao dong téng hop nhy cde cong thic (1.14) va (1.13).

Khi cie pha bun ddu o, = o, = 0 thi tacd

A=A1+Ag —
A,

|

Hai duo déng dicu holl y,(1) va y(t) ¢6 cung phuaong,
cing tan 6 va cling bién do dioe goi 1 cic dao déng
déng bo. Mac dit ring cdc bién do A, vd A coaching  q,
¢6 thé biéu dién cic dai luong vit ly khic nhau. Thi
du nhu v, (1) bidu dién Tuc thay déi diéu hod, y(1) bi€u
dién bién dang dan héi do luc dé ghy ra. Chung tao Hinh 1.4
nén mot qui trinh dién bién déng bo.

§2. DAO DONG TUAN HOAN

2.1 Cac tham s& déng hoc cua dao déng tudn hoan
Mot ham s6 y(0) duge goi 1 ham tudn hoin, néu ton tai mot hang s6 T > 0,
5a0 cho vl moi t ta cd hé thire
yit+ T) = yit} (2.1)

Mt qua trinh dao déng duge mo ta vé mit dong hoc b()'l mot him tudn hoan
y{1) duge goi la dao déng tuan hoan. Hing 6 T nho nhat dé cho hé thic (2.1) duoc
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thoa man goi la chu k¥ dao dong. Hinh vé 1.5 biéu dién mot qua irinh dién bién
theo thoi gian clia mot dao dong tudn hoan.

Chd y rang néu ham s8 y{1) ¢6 chu ky T thi ham s6 u(t) = y{at) ¢6 chu ky 1a Ta.
Thuc viy

T T
u(t + 71) = yla(t + ;)l = y(at + T) = y(at) = u(t)

Hinh 1.5
Dai lugng nghich dio coa chu ky dao dong
f=— 22
T (2.2)

duge goi 1a tan s& dao dong. Nhu thé tan s6 dao dong f 13 s6 dao dong thuc hi¢n
trong mét don vi thoi gian. Néu chu ky dao déng T tinh bang giay (s) thi tn s6 dao
dong f tinh bing ¢! hoac Hz (Hertz). Trong k¥ thuat ngudi ta hay sit dung khai
niém tin s6 vong © '

o = 2nf (2.3)

Khidi niém tin s& vong @ dugc dung ahiéu nén doi khi ngudi ta hay goi tit né 1a tan
56 dao dong. C4n chi ¥ dén cdch goi tit nay dé khoi nham 1An véi Khdi niém tan s6
duo dong f. Thit nguyén cia o la rad/s hoac 1/s.

Bién do A cta dao dong tudn hoan y(t) duge dinh nghia bai hé thire sau

A= %[max y(t) — min y(1)] (2.4)
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D6i véi dao dong tudn hoan, ngodi cdc tham s6 dong hoc dac trung nhu chu
k¥, tdn 6, bién do ngudi ta con sir dung cde tham s6 gid tri trung binh theo thdi
gian cia ham y(1) trong mot chu k¥. Ba loai gid tri trung binh hay duge su dung la
gid tri trung binh tuyén tinh

]y(t)dt {2.5)

gid tri trung binh hi¢u dung

T
2
Iyz(t)dt (2.6)
T

Sl

Yha =
v gid trl trung binh higu chinh

T

)
Yre = jrly(t}\dt (2.7)
)

Trong cac cong thue (2.5), (2.6} va (2.7) khoang ldy tich phan [-T/2, T/2] co thé
thay bing khoang [t;, to+Tl.

2.2 Téng hgp hai dao déng diéu hoa cd cing phuong khac
tin s& vdi ty |8 gilra hai tin s 1a s6 hifu ty
Cho hai dao dong diéu hoa thanh phin
y, (0 = Ay sin(o,t+ ad; yalth=Ay sin{@ ot + oLy )

o T _Pay (pg=123. (2.8)
w, Ty 9

val

Téug cia hai dao dong diéu hoa trén duge x4c dinh boi ham
y(1) =y (D +ya (0 =Asin(@t+0 Y+ A, sin(o,t +ay) (2.9)

Chu ky clia dao dong thanh phén y (1) 1a Ty = 2n/w,, ¢ha dao dong thanh phin y,(t)
13 T, = 2n/eo,. Tir cong thifc (2.8) ta suy ra chu k¥ cta dao dong téng hop y(v) 1a
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(2.10)

T=pT =gl
Viy téng hop hai dao dong didu hoit cling phuong khic tan 8 vl ty 18 giffa hai tn
<6 1 sG hitu ty @, ;0. = p g Jamot dao dang tuin hoin chu ky T = pT, = qT.. N&u
p/q 12 phan 5o 161 gian thi T i1 boi s6 chung pho nhat caa T, va T..

Hinh 1.6 12 dé thi dao déng tong hop cua hai dao dong diéu hod véi Ayt Ay = 201,

wwy =230 =00 =T 3.

Hinh 1.6

Néu sit dung cie vée ta phic ta ¢6 thé viet mot cdch hinh thie nhu sau

=l

- - = | iy T T
',:x,+22:|21\c"‘ +7,le™ =z (2.11)

Trong do

IZI|JTA1 ,||2:||:A2 R :UJ1I‘L(11 LY “—'U]:\_I+C«’.2

Tie hinh vé& 1.7 ta co thé xde dinh dugc modun '|'2'|| vi argument y cua sé phic 7.

cosft —{y, — )l

T2 -
Z)| +|2,2|| —2\?.,1‘?53

7l =
o (2.12)
= \!EJr A% +2A A, cosflan, —o L+ dy ~ o]
Iz {sinwy, +1zy|siny
W) = arcsin- : p—il—\\ 2\_|_2
7
l 2.13)

A sin{ot+a)+ Ag sin{ey .1+ 0ty )
= arcstn - = =
7
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Bay gid ta xét mot trudmg hop riéng quan trong. D6 1a truong hop hiéu ®,-m, nho
v bién do ciic dao dong diéu hoa thanh phin bang nhau A= A, = A. Chi y dén he
thite luong gidc 2cos’a = 1+ cos2a, tit cong thite (2.12) ta suy ra

M = A\/2{1 +cos[(w, —~0 )T+ 0y —O ]}

. (2.14)
= 2Acosl(@y —w )t o, —ay]/2)
Iy
2
Wz =Wy
COnttas=y,
wt+a =y,
>
X
Hinh 1.7

. , : , . [ -3 oy
Chi y dén hé thic lugng gide sina +sinB=2sin s Bcos% ta ¢ the bién

ddi hidu thic {2.13) vé dang don gian han

(s +(t)|)t+0'.w_+0i|—| s —o M+ — o ]
- | o8 - - :

2sin R J (.| >
Wil = aresin — = L /
3 cos (0 ~ @+ Gy — 0 —’
2
1
:~2—[(m1 Ty t+oy + ] (2.15)
bé viéi cho gon ta dua vao ky hiéu
N- — { 3 =
;1(t}:2Acos[(U" GEARLE _(1_1] (2.16)

-

—

Cha y dén (2.14), (2.13), (2.16) tir cong thie (2.11) ta suy ra
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v(t) = Tm(7.}

-M‘Lﬁﬂmw @217

=2Acos
2 2

Vay khi @, kha gin ®, va bién 4o A, = A,, dao dong tong hap (2.17) la dao dong
hinh sin voi tAn 56 vong ® = (O +(0-,}/2 va bién do dao dong a(t) 1a ham thay aoi
cham theo thoi gian. Tan 56 vong cla bién do a(t) 1a (o, - 0)/2. Qu4 trinh dao
dong nhu thé dwoc goi 12 hign tuong phach. Hinh 1.8 1a mot thi du minh hoa vé dao
dong tong hop cia hai dao dong diéu hoa tin s6 kha gin phau.

R4
A

Hinh 1.8

2.3 Phan tich Fourier cac ham tuan hoan

Trong thuc € ta it gap cdc dao dong diéu hoa thun tuy ma thudng hay gap

chc dao dong phirc tap biéu didn bang ham tudn hoan. Mot ham tudn hoan chu ky

T= " v6i mot s6 gid thiet mi trong thic t& luon chdp nhan duge cd the phan tich
0

thanh chudi Fourier

y(1) =ag + Zﬁak cos kot + by, sinkot) (2.18)
k=1

Trong 46 ag, a, b duge goi la cac he <6 Fourier va duge xéc dinh boi cac cong thic
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.
| -
dy = _I— J}-‘(IJdl

0
2
by - jy{usin kende, k120 1214
l 0
, .
T _l J.'\-'(T}cos kaotdt, k=12
i

Chudi Fourier (2.18) ¢d the viél dudi daug chuin cuu dao dong

yit)=a, —.Z.«'\kain{kmwukj (2.2
k-l
o f T d .
vl A, =g b g —‘uLtg— (2.21)
L

Viée phan tich mot ham fin hoan thianh chuai Fourier duoe goi la pivia fien aiéu
hoi. Hing s6 a, duge goi la gid tri trung binh cua dao dong. sG hang Aot + o)

duge got 1 dao dong co ba, 56 hang A sin(kot + o) duoc poi i dao aong ndc k- |
(vor k >1) hay goi 1a cic digu hol,

Neéu mot chudi Fourier hot déu thi né s& hoi tu dén gid try coa hidim yuh 101
voi chuoi Fourier hoi tu déu thi ta €0 thé tich phin, vi pian (g 8Ot - CWR
chadi. Chi y ring mot chudi Fourier niao d6 hot tu. nhung chudt cic gae [FRTITRS(S
thiul: Philn cta né ¢ thé khong héi tu.

ini da 1.4 Phan tich Fourier ham ‘
rang cia nhu hinh 1.9a. Biét raug, y =
gin fri cua ham ¢ cde vi ot nhiy ' '
batg khong.

f.on widi o Trong khoang O <t < T
hiun g cua tudn theo quy luit

4

y(i) = hi-1 - ‘75" Hinh 1.9a

Vay vit ta ham ie, y(-0 = -yith. Do dé cic hé s6 Founer a, = U. Theo cong Hits
(2A9)1a o
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T 7 .

2t ST 2
by, = & ﬂ(—l +—1)sin ZI\_*rl dt = —-—}i
T n|- 1 T kn

Tir d6 suy ra chudi Fourier clia him ring cua ¢6 dang

L 2hy ) .]'ka
B R T
o k |

Theo tieu chuan hor e Abel chudi irén héi .
Ta xét cic tong bo phan cha chudi trén
2hx 1 . 2kmt
2yl 2k
k-1

Frén hinh 1.9b 13 d6 thi cha dudmg cong y (1) (n = 1,2.3) ciia chudi trong nura chu
ky. Khi n cang ting thi y (1) cang gn gi6ng y(t).

Trong nhicu bii toin thuc t& him y(t) thudng cho dudi dang dé thi hoic bang
s0. Khi d6 de xdc dinh cdc he s6 Fourier a,, a, b, ta khong thé sir dung cdc cong
thifc tich phan (2.19). D€ phan tich diéu hoi gan ding, ngusi ta thay chudi Fourier
(2.18) cua ham y(1) bing mot da thic lugng gidc

= 2kt 2kt
n(l)=ag + La cos———+ b, sin (2.22)
y 0 ; k T K T

Hinh 1.9hb

Dé xic dinh cic hé 56 Fourier a, a, b, ngutn ta chia khodng tich phan (0, T) thanh
m phin bang nhau (m > 2n+1) va x4c dinh gid tri cua ham y(t) tai cc diém t,
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iT .
t, = b (i =1,2,--m) (2.23)
m
Cic cong thirc (2.19) duge thay bai cic cong thuc sau

m

dy :LZ)’UJ

m =1

2Kin )

) {
a, = LZy(l-’)cosk———) (2.24)
m il m

P o 2%am)
b, =— (t,)sinl —— Ak =120}
k z}' s U m J

m

[

2 4 Biéu dién cac ham tuan hoan trong mién tan s6

Ta chon heé toa do vuong goc, truc hoanh biéu didn tdn $0 @ (hoic tin 50 ),
truc tung biéu dién do 1én céc bien do A clia cdc diéu hoi. Vige piéu dién cic bién
do A, (ng véi 1dn s o, = ko it diéu hoa thit k trong chudi Fourier cua ham tuin
hoan y(t) trong mat phing (w.A) gor la hidu dién ham twan hoan y(t} trong mién
t4n s0. Tap hop cic bién dé A, trong Khai trién Fourier (2.20) cua ham tudn hoan
y(t) duge goi la phd clia ham tudn hoin y(1). Trén hinh 1.10 biéu dién pho cta ham
rang cua trong thi du [.1. '

Dao dong cd ban

| 1. 2. 3 4 5 Daodéngbe}\cc'ao
| 2. 3 4. 5 6 Bac diéu hoa

N

w, 20, 3w, 4wy 504 By w

Hinh 1.10 Phd cGa ham rang cua

Viéc cho biét cic bien do A, cua cic diéu hod chua du cdc thong un vé ham
y(U), boi Vi ta chua pict dugc cac pha ban diu ciin cac diéu hod d6.Tuy nhién tur
bick dé bien do - tin s ta clng ¢0 thé giai quyét duge khd nhidu vin dé clia bl
1odn dao dong can nghién ciu. Tir két qua do dao dong, cac mdy phan tich tan 50
don gian ciing ¢6 thé xic dinh duge bién do cua dao dong co ban va cac dao dong
hac cao. Viéc xde dinh cdc pha ban dau doi hob cac thist by do tuong déi phic tap.
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Ne&u mudn bidu dién day di cdc thong tin vé mot him tuin hoan trong mién
tin s6, ta s dung hai bidu d6, mot dé vé cic hé s6 Fourier a,, mot d€ € cic he s6
b,. Khi d6 bién dé va pha ban diu cta cdc diéu hoa sé& duge xéc dinh boi cong thic
(2.21).

2.5 Biéu dién dong thdi hai dai lugng dao ddng diéu hoa theo
hai phudng vuéng géc vdi nhau
a. Hai dao déng diéu hod c6 cing tan sé

Gia sit cho hai dao dong diéu hoa ciing tin s6 thuc hién chuyén dong déng
thdi theo hai phuong vudng gdéc véi nhau

x(t) = Asin{fot + o) ;  y(1) = Bsin{ot +o5) (2.25)

Tir hai phuwong trinb (2.25) khir bién thdi gian t di ta s& c6 phuong trinh quy dao.
Trudce hét ta viét lai phuong trinh (2.25) duéi dang sau

= sin @tcosoy; +sin o cosmt {2.26)

= SiN OLCOS O, + SN0, COSML (2.27)

e =

Nhan phuong trinh (2.26) véi -coso,, phuong trinh (2.27) vdi cose, rdi cong lai ta
duoc

w%cosag +%cosa, = cosmisin{a, — o) (2.28)

Nhan phuong trinh (2.26) v&i véi sina,, phuong trinh (2.27) v6i -sina, réi céng vé
VGl vE

X vy . . .
—sin0, —=sinoy =sinwtsin(t, — 2.2
A 2 g 1 2 Q) (

Binh phwong hai vé& cua cdc phuong trinh (2.28), (2.29) t6i cong lai ta dugc phuong
trinh

0y Xy 2

— I —2—=cos(a, ~0;)=sin"(d; —a 230

A2 B AB (0p ~ay) (o —ay) (
Phuong trinh (2.30) 13 phuong trinh dudng cong bic hai véi x, y theo (2.27) co gid
tri giéi no6i. Vay (2.30) 1a phuong trinh cla dudng elip. Dang cla elip nay phu
thuéc vio cdc bien d6 dao dong diéu hoa A, B vd vao hiu cic géc pha
Ao = @, - ¢, Ta xét mot s6 trudmg hop dac bigt sau diy
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1} Trudng hop A = ., - «, = 0. Phuang trinh (2.30) cd dang

1

fx_y |

S0 y-—'—Bx (230
LA B/ A

Phuong trinh elip suy bién thanh phuong trinh duting thang. Quy dao la mét doan
thing (-A = x <A -B<ysB)

2y Trudng hop Aa = o, - ¢4 = 1. Phuong trinh {2.30} 6 dang

AR B RN ¥ = }—3—x (2.32)
LA B/

Phuong trinh clip suy bién thinh phuong trinh dutmg thang. Quy dao 1a mot doan
thing ((A<x <A -B2y=B)
3y Truomg hop Aa = o, - o, = T/2 holc 37m/2. Phuong trinh {2.30) ¢4 dang
2 E
X ¥

- +‘__1_ ..—_] (233)
A B

Phuong trinh niy ching 16 gui dao ch uyén dong [a mot elip lay Ox, Oy lam truc va
¢6 hai ban true 1 A vir B,

Cha y dén phuong trinh (2.25) ta xdc dinh dugc chiéu chuyén dong cua diém
anh POcy) trén qui dao (hinh L11). Chang han khi Ao = o - oy = 7/2 diém anh P
chuyén démg trén quy dauo theo chiéu kim déng ho, ki Ao = - o = 3n/2 diém
anth P chuyén dong trén qu¥ dao theo chiew nguge chiéu kim déng ho.

y A
I

y =
—
LI

Hinh 1.11

Bay gity chuyén saug xét trudmg hop bién do cla cic dai luong dao dong 6 do
i6n nhu nhau A = B. Biing phép bién doi cic truc chinh cua elip, 1a s& duwge két gua
Iy cite true chinh s& nghiéng mot goc B = 45" di v6i cic true toa do. Dung cua elip
bay gitr chi phu thude vio hieu hai goc pha Ax =, - o T phuong trinh (2.30) 12
SUy T
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x? +y2 —2xycos{o ~0y) = Alsin?(a, —ay)

Ky hiéu a, b 1a cic bdn tryc cua elip. Ngudi ta chimg minh dugce
b
|Act] = 2arctg— (2.34)
a

Teén hiph 1.12 1A mot vai dudng cong qui dao cha diém anh vdi cdc Ao = o, - O,
khic nhau.

Y Y ¥
) oy o= 0 ? o, o =tn/d W
b=0 A bia = 0,4142 A - Cy=1n/2

Al .
!‘ : b=a
| a a
: b b
L — o

oy oy =x37/4 A o
A bia = 2,4142 e el
b e

d) e)

Hinh 1.12
b. Hai dao déng diéu hod khdc tdn s6 v &y 1é gitta hai tdn 50 la 56 hitu ty

Cho hai dao dong diéu hoa thyc hién chuyén déng doc theo hai truc toa do
vuong géc véi nhau o dang

x(t) = Asin(w,t+0;}; ¥(O)= Bsin{m,t + oty ) (2.35)

. T,
vl = ==

Py (pq=12300).
q

Trohg trudng hop nay qui dao 1a nhimg dubdng cong phiic tap noi ti€p trong
moét Kinh chi nhat canh 12 2A va 2B va dirge goi la cdc duong cong Lissajon. Hinh



Chuong 1. MO TA DONG HOC CAC QUA TRINII DAO DONG 21
: A Sl

dang cua chding phu thuoe vao ty s& m./m: vir hieu s6 cta cic pha A= 0z - Oy
Trén hinh 1,13 la dudng cong Lissajou khi w10, = 23V Ad = os - oy = U

Nguoi ta chitng minh durgic
ring 1y $6 @/, bing ty 80
cue dai cde mdi cua dudng,
Lissajou doc theo cde tric
Ox vi Oy, Trén hinh L1413
d6 (hi cic dudng Lissajou
voi Ace = 00 T/T- lan ot 1a
1/2.2/3 v 3/4.

Hinh 1.14

Dua vao hinh dang cac dudmg Lissajou 1 ¢é thé xac dinh duge chu kv cua
mot dao dong thanh phan khi biét chu kv dao dong cua thanh phin kia. Cic duting
cong Lissajou duge sir dung nhiéu trong ky thuat do dao dong.

2 6 Bidu dian dao dong tudn hoan trén mat phang pha

Gia sir y(1) 12 mot dus luong dao dong. Khi d6 dao ham chia (1) theo thoi gian.
ky hiéu la y(1), cing 12 mot dai lugng dao dong. Ta 6 the xem v(n), ¥{O)la cach

bidu dién dang tham s0 cua ham y(y). Ta chon hé truc tod do vuong gde vai fruc
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hoanh Hr oy, tve o 130 ¢ DA thi oia hdim y(y) trong hé toa do vuong goc do

i go U oy dae pha ey deomg cong pha, Mt phang (y.v ) duoc goi Ja miit

it phidng pha, dao dong duce md 1 bot su di chuyen cna diém
Soteén it phiang pha to khong thiy duge qud trinh 1ER trién

phiase oha, oy

aihy Boy s Tns

Cu e o e i gian. PE khic phue nhuoe diém niy, ngudi ta gin vio vi tri
o tren ang dao pha mét théng tn phu v thai gian (hinh 1.15),

e e Jitg

Pyican snle By sy ok b€ gid ) tie that coa

Jdab Brenie dio Aoeg v va dao ham cia no theo v o

thest a3 that diem 1 U diém cua sy bién S
: : ,

didn don déng tren mit phiing pha 1a i dung = t;
b hoe cue gy dao phata co thé it ra nhimg \\ '

Lot b quan trong vé 1inh cbat cha dai lugng
dao dong. New di hrong dao dong 13 wan boian
i oud dao nin [ dudne cong kin. - e

Trudsng hop dom gidn cta dao dong tuan
hoin i dao déng diéu hod. Tir phuong trinh
dun dong didn hoa

Hinh 1.15

y = Asin(er + o)

Vo wAcosiol + a)

b) -A
Hinty1.16 Céc qui dao pha cla dao ddng diéu hoa

K hir 1 12 durge phuong trinh quy dao pha dao déng diéu hoa

£t ;N2

|y ¥

2| | =1 (2.36)

L A,J [mAJ
Plhicag trinh (2.36) biéu dién trén mat phiang pha mot elip vdi cdc ban truc 1a A v
@A (hinh 1.164). Néu chon ty 1& xich trén cic truc hoanh va truc tung mot cich
thich hop thi quy dao pha cia dao dong diéu hoi la duding trén (hinh 1.16b).
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D6i véi mot s6 qua trinh dao dong .udn hoan ta rat khé biéu dién phuong trinh
quy dao pha ¥ = f(y) dudi dang giai tich. Trong truomg hop d6 ta phai v& quy dao
pha bing cich tinh céc tri s8 y(t,) va ¥ (10 v6i k = 0.1,2,....n. Ngly nay voi su phat
(rién cila tin hoc viec v& cdc quy dao pha kh4 thuan uén va don gian.

P& lam thi du ta vé quy dao pha dao dong ring cua trong thi du 1.1 véi cdc
ofn ding n=1,2.3 Tirthidu 1.1 tacod

2h 1 . 2kmt 4h 2kt
)"n(”:‘___zd_ﬁ'ln"_'_; Yn([):__\_ COS—_—~
T k T 1 . T

Tit d6 ta v& dugc cic quy dao pha véin = 1,2, 3 nhutrén hinh 1.17. Véin=1taco
quy dao pha dao dong diéu hoa. Véin = 3 van = 3 ta c6 quy dao pha dao dong
tuan hoan.

Cha ¥ ring O nua trén cha mat phang phado ¥ > 0 nén ham y tang. Cic diem
anh chuyén dong trén quy dao pha tir trd) sang phai. J nita dudi mat phang pha do
§ <0 nén cdc diem anh chuyén dong tir phai qua trdi.

Néu bidt duge phuong trinh quy dao phay = {(y) thi ta tinh duge ham ngugc
gittat vay

¥

a=Y Loy [ (2.37)
f(y) f(y)

D&i véi cde dao dong tudn hoan, ta 6 thé im duoc chu ky dao dong T bing cdch
{fch phén theo hé thic (2.37) trén toan bd quy dao pha kin. D61 véi dao dong diéu
hod thi tir phuong trinh (2.36) tacd

y = JKT— ;2_

Do dé ta tinh duge chu ky dao dong theo hinh 1.16

A
2 Y
,1,:21‘ dy _2m

=—arcsin — =—
_Am,Az—yz o Ala ®
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v /ho

2im

1r

Hinh 1.17 Cac quy dao pha cla dao ddng md ta bdi ham rang cua
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§3. DAO DPONG HAU TUAN HOAN VA KHONG TUAN HOAN

3.1 Téng hgp hai dao dong diéu hoa cung phuong khac tin s

vdi ty 1é giira hai tan s&laso va ty

Trong phin trén ta da thay tdng hop hai dao dong diéu hoa cung phuong khdc
tn $6 v6i ty 1¢ gilta hai tdn $6 12 s6 hitu ty o :o, = p: g 14 dao dong tudn hodn chu
ky T =pT, = qT,. Bay gi¥ ta. xét bai todn

y(1) =y (D + ¥, (0= A sin(ot+o)) + A sin{lw,t+a,)  (3.1)
Trong ¢4 ty s ®,:m, 12 mdt s6 vo 1y. Dao dong tong hop y(t) khong phai 1a dao
dong tudn hoan vi boi s¢ chung nho nhdt cta T, = 2n/w, va T, = 21/w, Khong ton
tai. Tuy nhién ta ¢6 thé biéu dién
Bk B

=2 (3.2)
w,  q

v6i € bé tuy v. Khi d9 ta chon T = pT, = qT,. dao ddng téng hop 1& ham héu tuin
hoan. Chd ¥ ring ham y(t) goi 1a ham hau tuan hoan néu véi 1y > O cho trude bé wy
¥ ton tal mot hang s6 T* ma b’(t +T*) — y(tﬂ < 1. Vay téng hop hai dao dong diéu

hoa ciing phiong khic tdn $6 véi ty 1€ gitta hai tan s6 1a 50 vo 1y ta duge duo dong
hdu tudn hoan.

Thi dy 1.2 : Téng hop hai dao dong diéu hod cang phuong vdi ty I¢ hail tin so la
{n]:(nfﬁ [2, A=A, a,=0,=0.
Loi gidi : Dao dong 0ng hop 1a

y(1) = Asinm,t + Asin/20,t (3.3)
a+p  a-f
2 2

Cos

Chi ¥ dén hé thic lugng gidc sino +sin 3 = 2sin , biéu thite (3.3}

c6 dang v(t) = 2Asin[l ;ﬁmit} cos[l_zﬁmlt] (3.4)

Trén hinh 1.18a la qud trinh dién bi¢n dao déng theo thoi glan vé1 A = | va
w,=2ns"'. Chuky cta cdc dao dong thanh phan 1a T, = 1 s, TE:\E /25,

Trén hinh 1.18b biéu dién ti€n trinh dao déng trén bicu do vée w phuc, con trén
hinh 1.18c 14 tién trinh dao déng biéu dién trén mat phing pha. Trén cic hinh nay.
céc dutng cong biéu dién dac dong khong tudn hodn 1a céc dudmg cong kKhong kin.
Quy dao pha cho ta thay tinh khong tuin hoan cua dao dong 1o hon trén do thi dién
bi¢n dao dong theo thoi gian.
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yit)

e 5
N
“y

Hinh 1.18a

Hinh 1.18b
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Hinh 1.18¢

3.2 Biéu dién tich phan Fourier cac ham khéng tuan hoan

Nhu ching ta di bi¢t mot ham wén hoan ¢6 thé bidu dién qua cic bam ditu
hod bing chudi Fourier. Vin dé dat ra & day laco thé bidu dién ham khong tun
hoan y(i) qua cdc ham diéu hod véi mot s6 khii niém suy rong nao 4o vé chubi
Fourier duoc hay khong ?

Gia sir y(t) 1a mot ham xdc dinh trén toan bo truc s, trong mot doan hirw han
ham y(t) lién tuc hodc cé thé cé mot s6 hitu han diém gian doan v ham y(t) tyét
461 kha tich. Didu d6 ¢6 nghia la tich phin suy rong

o

= jly(t)\dt (3.5)

tén tai va co gid tr1 hitu han. Khi dé trong todn hoc da chimg minh duge rang ham
y{(1) co thé bidu dién dudi dang tich phan Fourier nhi sau
y(t) = j{a(m)cos ot + b{a)sin ot jde (3.6)

—oT
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Trong d6 cic ham a(®) va blw) duge xdc dinh boi cic h¢ thuc
alo) = L Jj {T)cosmtdt
L 2]..[ _‘I‘y p

37
b{w) = % y(D)sinwtdt

)

—

So sdnh cich biéu dién biing chudi Fourier cic ham tudn hoan vdi cdch biéu
dién bang tich phan Fourier cac ham khéng tuan hoan ta thily co sy tuong tir gitta
cong thic (2.18) v6i (3.6), gifra cong thic (2.19) vai (3.7). Trong do chu k¥
T— 20, mat 36 phé rdi rac xdc dinh bai h¢ thic (2.19) thay bang mat do pho lién
tuc xdc d!uh bdi (3.7). Tuy nhién trong (2.19) céc dai luong a, va b, 1a cdc bien do
clia cdc thinh phan cosin va sin Gng véi tan s6 o, = ko clia diéu hod thi k. Don vi
chia chiing tring voi don vi cta dai luong dao dong y(1). Trong (3.7) cac ham a(w)
v b{e} 12 cic thanh phan bién do ing véi dai tin s6 v6 cung bé dw. Cic ham a(w),
b() duge goi 1a mat do phd, hay goi tit 1a mat do. Pon vi cua ching bang don vi
cua dai lwong dao déng y(t) nhan véi don vi thoi gian.

Biéu thitc

Alm) = \,’d (m)+b {-(_;) (3.8)

duge goi 1 pho mat do bién do hay goi tit 12 mat 46 bieu do. Binh phuong cua mat
do bien do

A(e)=a% () +b(0) (3.9)

duge goi 1a ph6é mat do cong sudt hay goi tat 12 mdt d6 cong sudt. Cha ¥ ring cach

goi nay trong mot s6 tai lieu khong duge thong nhit. C6 tai lidu goi A(w) va A*(®)
Ia phd bien do vi phé cong sudt. Cich goi dy that ra khong duge chinh xdc.

Néu y(1) 12 ham chin hodc ham 1€, thi biéu dién tich phan Fourier cta y(t) s€ don
aian hon nhidu. Néu y(t) 1a ham chan, do y(-t) = y(1) nén b{w) = 0 va

a(e) = - Jy(‘c)cos wtdt (3.10)
T ¢]

Biéu thic (3.8) ¢6 dang
Aw) = |a(w)| (3.1

Néu y(t) 1a ham &, y(-) = -y(), tacé a{w) =0va
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s

L
blw)=— J‘y(r)sin mtdt (3.12)
T
0
Tie dod suy ra

A(0) = [b(e)] (3.13)

Trong nhiéu bai todn img dung ngudi tu cling hay str dung cach biéu dién tich
phan Fourier dang phic. T h¢ thic

. ! ’ . r , alt-1) _ ] i 1 r —inT
}(t)—a- jdm j_\(t)e drt ey '[c dw jy(t)e dr  (3.14)
ta suy ra

y(1) = J’K(m)e""“dm (3.15)
Trong do

Y 1 ¥ -t

Alw)=— jy{r)e dt

2 (3.16)

=a{w) - iblw) = LK(@J)\&:" (o) — Af@)ye 0

Pai luong A(w) ot 1a phé mar do bien do phie, Alw} nhy trén di goi 1a mét do

bien d6 thue, (o) = arctg[b{e)/a(o)] 1 pho pha.

Thi i 1.3: Cho ¥(t) 13 ham va cham y(t) 4
ly tuéng, duge bicu dién boi phuong C

trinh sau (hinh 1.19a)

[C khl\tl < t() !

y(6) = _ | !
10 khifil=tg | I
Hay xdc dinh mit do bién do phitc 10| 0 La T
Afw), mit 4o cong suit A’(®) va
cdch biéu dién tich phan cia ham y(t). Hinh 1.19a

L& gidi © Ham y(U) I ham thod min cic didu kién vé ham kha tich tuyét d6i. Vi
vay ta 6 thé biéu dién ham ndy dudi dang tich phan Fourier.

Do y(t) 1a ham chiin nén b(w) = 0, ta ch
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o iy .
C C cty sin et
alm) =— jcos midt=— Icos wtdr = e
b T T ot
0 0 0

Do tgpl(w) = 0 nén co thé 1ay @(w) = 0. Tir do suy ra

K(m):a(m)
[s
AZ(U)):aZ(m)—C ; L sin ot 1
{Dfﬂ
Atw) |
ct,

N i
n\/zrr KL wt,

Zin ‘Zﬁ\/'ﬂ

Hinh 1.19b
AZtw)
cfo
" L __l""-—-—-""“- " | I —— et il
“m - -T 2 3wt
Hinh 1.19¢

Trén hinh (1.196) va (1.19¢) 14 d thi cdc ham Adw)va AYw).
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Bicdu dién tich phan Fourier cia ham y(t) theo cong thic (3.6) 6 dang

T o

c
y(t)= ju(m)cosmtdm == I
b

—an -

$In ity cos Wt de
= —do
o

3.3 Dao dong ho hinh sin

Dao démg ho hinh sin duge md 1i v& phuong digén dong hoc bai he thue
y(1) = A{Osin|m()t + ()] (3.17)

Trong dé A, o{t} va at1) 1a céc dai luong dao dong thay doi cham theo thoi gian.
Néw ohi ¢6 A1) thay d6i thi dao dong dugc goi 1a dao dong véi bién do bi€n ddi.
Tuong tu ta cé dao dong véi tan s6 bieén déi khi chi cd @) thay déi, dao dong von
pht bign déi khi chi ¢6 alt) bicn d6i. Dao dong voi pha bign d6i thi tin s6 cila nd
ciing bién ddi, boi vi tin s6 cua dao dong ho hinh sin dugc xic dinh boi hé thire

d

@, = —joltt+a{t)] (3.18)
dt

Gia s ta ¢ dao dong ma A1) = Ay, @ = G ¥ g(t), o = Qg+ h(t). Khi dé &p
dung cdc bién dbi lugng gide ta ¢o
y(1) = Agsinlogt + o + g(t)t + hi{t}]
=Ay {sin({out. + et deosig(Dt+ h(D] + sinjg()t + hp)cos(mgt + (xn)}
= A (Usin{@pt +ag) + A (tycos{mgt + Uy
Nhu the dao dong véi tdn s6 hodc pha bien d8i 6 thé xem nhu 1a tdng hop cta hal
dao dong véi bién do bién doi.
Duo dong véi bién dg bién déi theo quy ludt

A(l) = A()Cﬂl

¢6 mot vai trd uan trong trong ly thuyét dao dong. Néu B < O thi dao dong tat dén,
néu B > 0 dao dong tang dan. Trén hinh 1.20a bidu dién dao dong tat din rong
mién thoi gian, con hinh 1.21 bidu dién dao dong tang ddn trong mién thdi gian B
— +0.046c). Hinh 1.20b biéu dién dao dong {4t dén trén mat phing pha.

Dao dong mi bién Jo thay 46i luan phién duge goi [a dao dong bién dicu
(hinh 1.22). Trong cic loai dao dong tan so thay d6i. ngudi ta phan biét duo dong
tin s6 thay doi don diéu {hnh 1.23) va dao dong tin 50 thay déi bién dicu {(hinh
1.24). Cic dao dong bién digu c6 mdt vai trd quan trong trong k¥ thudi vo tuyén
dién.
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J)
Ay 7
2n 47 (6 Wt
-1 )
Hinh 1.20a Dao déng ho hinh sin tit dan
.‘:’/m.rj
A
N
Hinh 1.20b Daoc déng tit dan trén mat phing pha
Y(tH
Ao

{

20 4m g wt

Hinh 1.21 Dao ddng ho hinh sin tang dan



Chuong 1. MO TA DONG HQC CAC QUA TRINII DAO PONG

Hinh 1.22 Dao dong bién dd bién digu

Hinh 1.23 Dao dong tan s& thay d6i dan diéu

Hinh 1.24 Dao dong tan s6 thay ddi bién digu-
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Chugng 2
DAO DONG TUYEN TiNH CUA HE MOT BAC TU DO

He co hoc holonom mot bic do 14 ca hé md vi tri cua nd trong khong gian
duge wde dinh bai mot tog do suy rong. Chuyén dong coa he duoe xie dinh b0| qui
(udt thay 460 cita toa do suy rong do theo thasi gian.

Trong chuong nay a xét dao dong nho coa hé mot bac g do quanh vy tel cin
bing An dinh. Khi do phuong trinh vi plmn mo ti dao dong cuyn hé «& la phuong
rinh vi phan fuyén tinh cap hat hé so hiing 6.

$1. DAO BPONG TU DO KHONG CAN

1.1 Cac thi du vé thiét 1ap phuang trinh vi phan dao dong

Trade 1Sl ching ta xét mot vii thi Jdu vé thict lap phuong trinh vi phin dao
done (i do khong cin cua hé mot bac wr do.
Thidu 2.4 - Dao ddng cua mot vt ning treo vae Lo xo.

X¢ér mat vt ning khai lugmg m treo vio 7
18 »o €6 hi s clng ©. Bo qua hhai legng 16 xo _

(hinh 2.1).
Hong iving viuihe ning cua hé cd dang

Vi tri

O Do .
' can béng tinh

T=--mk~, [T=—cx"
9

i A
T
= \l/
The cic bidu thie dong nang va thé nang trén X %L

Vi plirong trinh Lagrange logi hai

JE

m
40Ty 8T Bt .
-- | —;‘_—| - =T Hinh 2.1
dtWas s X X
i nhan duoe plutong trinh dao dong cua he¢
mi-cx=90 (1.1}

Chit ¢ ring ta ¢6 thé nhan duge phm:rng, trinh dao dong (1.1) b;mg nhiéu phvong
phip khic nhau, C hang han, néu st dung -dinh ludt Newton ta cé

mi =P --c(xg + X}
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trong do x,, 1 do ddan tinh cna 10 xo P= cxcon biéu thic cta lue dan hoi tuyén
tinh cta 1o xo Fpo= cix 40, fue dan hoi hudng nguoe chieu truc x. Tie phuong trinh
én ta suy 1

Xt ox =

Tl afn 2.2 - Dao déng con lac todn hoc,

Con lac todan hoc 1 mot hé dio dong gom mot R
chat didm c6 khot frong mtree vio mot diem O ¢d oY
dinh bang mat soi diy nhie. khong diin ¢higun din 1a Loy
I thinh 2.2). Got toa o cta chit diem 14 x, y. Ti o |
hinh v& ta ¢d x = 1 sino, v = leose . T dé dé dang ¢
tiah duoc cic bidu thite déng nang clia chint didm Q@
T- L mik> b v l ml=6- L
2 : 2
- - Vi tri P
1= —mgy = - mgleoso can bang finh +

The cic bidu thie tren vio phuong trinh Lagrange

loai ha ta dugc Hinh 2.2
7. B
ml~ o =-mglsino
L8
hay @ s =0
I

Trong trudng hop con Tic dao ddng nho, ta ¢6 the 1y xdp xi sin ¢ = 0. Khi do
phuong trinh dao déng nho ctia con lic Lodn hoc ¢ dang

q5+g|'(pf(_) (1.2)
Thi du 2.3 : Dao dong con lic vt 1y

Con fic vat I¥ 1ot he dao dong gom c6 mot vt
rin ¢é thé quay quanh mét true ¢& dinh di qua O
vi vuong gée véi mat phang chita khéi taim € cua
vat (hinh 2.3). Khodng cich tir diem O dén khoi
tam C cta vil 1a a, mémen quin tinh cua vt rit
v true quay 14 J, Bidw thie dong ning va thé
niing ctia hé cd dang

] Vitri
T=_Tlup, Fl= mgacose ¢an bang tinh
) Hinh 2.3

Thé cdc bicu thire dong nang va the ning vao
phuong trinh Lagrange loai hai fa duge
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Jo0 + mgasing =0

Trong trudng hop con e vt 19 dao dong nhé, ta 1dy sin ¢ = ¢, phuong trinh vi
phan dao déng <o dang

Jo¢p + mgagp =0 (1.3)
Thidu 2.4 Dao dong xodn.

Xét duo déng xodn cuia mot vat nang

(chiing han mot dia hinh won) gin chit vio o
mat truc dan héi. Dau kia cta truc dan hoi
ngam chit vio wiomg ¢o dinh (hinh 2.4). Cho
biét md men qudn tinh cha vit ning déi vai
truc gquay L J, do cing xoin cia true dan hoi
1a ¢. Gia thiét moé men qudn tinh cua truc '.
din héi dai vai true quay nhd hon nhiéu so Vi tri
vGl mO men guin tinh cla vat pang doi voi can bing tinh
truc quay. Biéu thic dong nang va thé ndng

cun hé ¢d dang Hinh 2.4

N
1

o . b,
e 197, Th= e’

2| —

The cac biéu thitc dong nang va thé nang vao phuong trinh Lagrange loai hai ta
nhin duoe phuong trinh dao doéng xoin tuyén tinh cia vat ndng

Jprep=0 {1.4)

Gol ¢ 12 toa do suy rong. Tir cde phuong trinh (1.1), (1.2), (1.3}, (1.4) ta thay
dang cla phuong trinh dao dong tu do khong can ctia hé mot bac tu do ¢é dang
chung i

mig+cq=0 (1.5)
1.2 Tinh toan dao ddng tu do khéng can
Néu ta st dung ky hi¢u

Wy =— (1.6}
m

thi phuong trinh dao déng ty do khong can c6 dang
q+o0iq="0 (1.7)

Nhu da biét tir 1y thuyét phuong trinh vi phan, nghiém cua phuong trinh vi
phin (1.7) ¢& dang nhu sau
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q = C,coswgt + Casinmgt (1.8)
Trong d6 C,, C, 1A cdc hing s6 tuy ¥. Cic hing s nay duge xdc dinh it cic digu
kien diu

t=0: g =q. Q) =4y
Pé xic dinh cdc hing s6 C;, G ta dao ham bidu thie (1.8) theo théi gian

q=-Cogsinegl + Crwycosogt (1.9)
Thé cic diéu kién dau vio cdc bicu thie (1.8) va (1.9) ta xac dinh duge

C =q. C,=-10 (1.10)
{0[}

Chi ¥ ring nghiém (1.8) cia phuong trinh vi phin (1.7) ¢6 thé viél dudi dang
q = Asin{w,f + o) (1.11)
Trong d6 A va o la cic hing s8 tuy ¥. Do hé thic
sin(eogt + o) = sineyl cosa + sine cosayl
nén tir (1.8), (1.10) va (1.11) dé dang tinh dwge

¢ —
P \2
\

5 a0 | C ¢
A=(Cl+C3 = |q2 Lo . Iguz-——l—zw 1o (1.12)
V& r = 4lbe . 0
\' Loy ¢, g
Tir bidu thitc (1.11) ta thay dao dong w do khong can cita hé mdt bac ty do duge
mé ta b ham diéu hod. Vi vay dao dong tu do khong can con duoc goi la dao
dong diéu hoa.

Theo chuong 1, trong bicu thic (L.11), A duge goi la bién dé dao déng, o
duge goi 1a tin s riéng, oyt + o duge goi la pha dao déng, o la pha ban dau. Dat
juong T = 27/ &, duge goi lachu ky dao dong.

Qua khio sét trén. dao dong ty do kKhong cAn cua hé mot bac tu do la dao
dong diéu hod vh 6 cic tinh chal sau

- Tén s6 riéng va chu k¥ dao déng khong phu thude vao cac diéu kién dau ma
chi phu thudc vao cdc tham s& cua hé.

_ Bién dé dao dong [a himg s6. Bién d6 dac dong va pha ban ddu clia dao dong
1w do khong can phu thude vio ciac didu kién ddu vi cdc tham s6 cua he.

Viéc xdc dinh tan s& dao dong riéng theo cong thae (1.6) 14 nhiém vu gquan
trong nhit coa bai todn dao dong tu do. Bang 2.1 théng ké mot s6 cong thitc tinh
1dn s6 riéng cua mot s6 hé dao dong don gian.
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Foidre 2.5 Fay bien khai tuong m, das 1 Tim toa dé trong tam vii momen qudn
(il el tay Dicn dov i true gui trong 1am vd vadng, goc vt mat phing tay bidu
Cic kich thude cho tren hinh ve,

£ pfers o Ta w8
nebiem think 2.3 Goi vi til trong tam la C Cic
khoang cach 1.k tréa hinh ja cde dai luong can tim, vai
ao= 1 - b Ky ieu by, Jy 1 momen quin tinh cua tay Lo |
hien ldn Two e w6 cie true diqua AL B vt vudng goe ! '

vai mit phang hink vE T T, 1 cde dad fuong chua biét. : P
Ta lm han the nghiém cem tay bign 13 con Lic vat 1y, 1Ce 41 X t
lin luot ¢é cac diem treo Ll A ror B : !

xie dinh cie dai huong reén bang thuce

: Cod
Phuong trich dao déng uhé quanh A, theo (1.3) 1a /

Tir dé suy ra chu ki dao dong quanh A

\Qizl/flm

w0 A
T, =- =2n ) 7" (1.13)
w myi .
A b ms Hinh 2.5
Puomg tu, phuoag thinh dao doug nho cua tay bién
quanh B la
Ipy +mgbg, =0

Tir do suy ra chu ky dao dong

= (.14}
G \I mnb

Cic dai hwong T, Ty & teén duge xde dinh biang thye nghiem (ching han stv dung
déng hé bam gidty). Ngoii ra, ta cdn ¢ ba phuong trinth

a+b=1. J.=le+ma . Jy=Jc+ mb” (1.15)
Nhu thé a1 ¢6 nam phuong trinh d€ xic dinh nam dn 1a Jy, )y . Je .\ a, b. Giai cde
phiong trinh trén ta duge
2 2
by ETa—dnl
k] hl .. 2
g(Ty +Tpy -8t
T = - B? mgb mb*

4n-
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1.3 Xac dinh cac tham s& d cimg cla hé dao déng

Cac phén tit dan héi trong cidc he dao dong hiru han bac tu do thudng duge gia
thiét bd qua khai lugng. Dai lugng ddc trung cho phin tir dan héi tuyeén tinh ¢6 do
citng va ky hiéu la c. Vi hé ¢ thé thuc hién duge dao ddng thang, dao dong uén,
dao déng xoan.... nén tha nguyén ctia do cing ¢ néi chung khic nhau. Phin tu dan
héi ¢6 nhidu dang va nhiéu két cidu tuy theo sy sir dung v cdch chiu hee cua
chdng. Dudi day trinh bay mot $6 cong thite tinh todn hé s6 cung ¢ qui déi.

«. Tinh todn hé s6 cing qui d6i ctia thanh dan hoi

N&u 18 %o 1A cic thanh dan héi khong trong lwong, ta
¢6 the tinh todn hé s6 ciing quy doi tuong d6i don gian.
Trong trudng hop thanh dan héi (10 xo) chiu kéo nén
(hinh 2.6), ti¥ gido trinh Stc bén vat liéu [37,49] ta ¢d

A= L
EA
. - . . . . g . _ P L S
Trong d6 E & mé dun dan ha, A 1A dién tich miit cat
ngang. Tur do la suy ra F
F:Eém:cAl Hinh 2.6
M,
Viy do ciing qui déi duge xdc dinh béi cong thitc é)
C —E—;A (1.16)

Trong trwdng hop thanh dan hoi (1o x0) chiu xoédn (hinh

!
2.7) tit gido trinh Stc bén vat liéu ta c6 cong thire ] P_”\
M, <
Ap = —2
@ GIP . J/L/ \

Trong dé G 1a mo dun trugt, I, 1a m6 men quan tinh cuc /
clia mat cit ngang.

) Hinh 2.7
Tit cong thife trén dé dang suy ra
Gl,
M, = - Ap=cAp
Vay do citng qui ddi trong trxdong hop thanh xoén c6 dang
Gl
c=—+ (1.17)
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Truong hop thanh dan hoi (16 x0) bi udn,

. Al 1 |
hé <0 ciing qui dOi ¢ con phu thude vio cic de - - = = — >‘ r
didu kien bien. DE lam thi du ta <é( dam chiu . |
ucn phu hinh 2.8, Tir gido rinh Ste bén vat ~ FooTei SRR
liéu, ta tinh duge do vong T37.49] \H | g
3
. L FI :
f == Hinh 2.8
3 El
Troug d6 Bl la do cting chong udn, Tu do ta suy 1@
JE]
- =cf
l.
Vay do cing qui doi ¢ duge xic dinh bai cong thic
E
¢ 3—- A h)
%

b. Tinh todn lo xo thay thé tuong dueng ctia cdc hé cde 10 xo mdc song song va
mdc not tiep

Poi véi he ¢6 hai 1o xo mic song song nhu hinh 2.9, ta ¢ the thay the teong
duong bing hé ¢o mot {5 xo. Tir bidu thite le din hot 10 xo, la suy ra cong thiic
tinh he s6 clng 10 xo Lwong dwong

*
F=c¢X+epx=c X - € =¢ %6

Ltfx’..e”_f_zif_LLLLL'L.”_.{ u.u_f_u]uu_;_z_u IR ITNNR NI RN : 7
- = .
= = = :
<~:: % C- =2 C" < Cl C*
Cl T =7 2 } o
= = — ~ i =,
= = = =
F__T . =
B B __ r
o O ] T
L— | Xy . X, !
a) b}
Hinh 2.9 Hinh 2.10

Né&u he ¢d n 1o Xo mic song song, tinh todn twong (I ta cd
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1
__Zc_i (1.19)
it

Dai v&i hé ¢d hat 16 xo mic noi tép nhu kinh 2,10, uéu ¢ he thay thé 1o xo
dan ra mot doan x bing tong hai d6 din x; vii x5 ctta h¢ ban ddu thi 1 co
F=cx, =%, X, +X:=X, F=c*x

T do tacsuy ra

Néu hé ¢6 n 16 xo mite noi tiép thi cong thie tinh hé & ciing 16 xo thay thé co
ding

= Z(—' (1.20)
izl v

Firi iy 2.6 0 Cho hé dao dong gdém khoi lugng va cac

16 xo mie nlr hinh 2,11, Hdy tinh tan s6 riéng cua hé. : k
Lo7 gias O day ta c6 bon 16 xo mic song song. Do dé %v—"——i*“ s ~|F
I.- + E]’ m J{:

cF=c v oo, my = lfL 1 g E

Vm 1 g S,

T d 2.7 2 Cho hat hé dao dong nha hinh 2.12. Mas
hé 20m mot dim khong trong hugng cé do ciug chong
ucn 14 Bl mét 10 xo cd dd cing ¢ vii mot khéi uong Hinh 2.11
m. Hdy tinh ¢de an 56 riéng cua chiing.

PR R ITTITI

P giedi - Ci hal Bé dd cho déu ¢ thé thay blng mol mé hinh thay thé tuong duong
(hinlt 2. 12¢).

Trén hinh 2.1 2a dam va [0 xo 12 hai 16 xo mac song song. Lo xo thay thé dam
(xem bang 2.2} ¢d do cimg quy doi {a

48K
=5

Tir d6 dé dang tinh duogce 16 xo thay the twong duong clia hé

43El
+.
[}

cF=c+c =
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El §C El

4% A A ¢
Ej m TR c mlrn
! 112 72 ‘ ' m
i . | ' ’

a) B c)

Hinh 2.12

Tan s6 riéng cua hé trén hinh 2.12a la

¢ el + 48Kl
(’QU = —_ 2= 7‘
m ml-

‘Trén hinh 2.12b, ddm va 10 xo 12 hai 1d xo mac néi ti€p. Do d6

=

¢ C Gy c+cC,

Tan $6 riéng cua hé 1a

c* 48¢El
UJU = = —3*
m (cl” + 48ED)m

Nhu thé tin 56 riéng ciia hé b nho hon tdn s6 riéng cua hé a. Néi cich khdc, hé b co
1& xo thay thé mém hon.

Cudi ciing la thong ké ra mot s6 cong thic hay dung dé tinh todn cdc he s6
cing cua o xo thay thé trong bang 2.2.

Thi i 2.8 - Mot khung hinh chit nhat gém mot thanh ngang cing va hai thanh
chéng din héi (h = 3 m, E = 2,1.10° N/mm®, I = 3500 ¢cm®} nhu hinh 2.13. Trén
thanh ngang gin chat mét vit rin ¢6 khéi lugng m = 10° kg. Bo qua khéi luong cac
thanh cita khung. Xdc dinh tin s6 riéng cia hé.

Loi widi - Khung ¢6 kha nang dao déng ngang nhu hinh 2.13b, md hinh thay the
tvong duong 14 hinh 2.13c. Dé tinh ¢* ta phdi tinh cdc 16 xo tvong duong ciia cic
thanh chong dan héi.
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a) b)
w .. W
A }—r M "\—"‘“ @
. m . AN . ;...._.’ i
L © F F
N V'-/D” -
El
e
C) A d) T )

Hinh 2.13

Hé trén hinh 2.13d {4 mot hé siéa tinh don gian. Néu ta gidi phéng Hén két tai
A vil thay biang nghu luc €6 mamen chua bigt M thi do vong vit géc xoay & diu A
¢ thé xie dinh theo cdc cong thie (xem |37])
1 b >
Fh™  Mh~ Fh-  Mh
W ST e e (P — . o
3E]l  2El 2El  El

Tir diéu kién bo sung géc xony & A biing khong ta suy ra

Fh' 2F _24E
M:i—)w: " - c*:Zc:—-[j:--[,:I
2 12El w h
Tan 80 riéng cua hé
<" |,24!:I - o, =81ls' - f:-u—)“—:l,Sl-{z.

M, = = - -8, 1
v \[m V h’m 2n
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§2. DAO BONG TU DO CO CAN

Quan st ciic hé dao dong, (@ thiy dao dong tir do néi chung (at din theo thei
glan. Tinh chat nay cia hé dao dong 1y gidi bdi dnk huong coa lue can. Hai loai
luc can phé bien nhat 12 Iuc ma sdt nhdt ty 1¢ bae nhat véi vin 1o va ue ma st
kKho,

2.1 Tinh toan dao déng t do ¢6 ma sat nhét

Xét dao dong cha he o6 ta (rén hinh 2.14. Do ¢é thén Jue cin nlidt 1y 16 hac
nhit véi van toe, nén phuong trinh vi Phan dao dong cia hé ¢6 dang

mg + by rceg =0 (2.1 q
Neéu ta dira vio cie ky hiéu -

< =0, b 28 (2.2} J

m 1

thi phuong trinh (2.1) ¢o dang

Hinh 2.14

qi28q+ mf,‘q =0 (2.3

‘theo 1y thuyét phurong trinh vi phéan tuyén tinh [ 1], phuong wrinh dac rrung cua
(2.3) I

PN 2
£7 20K - wpy =0 1241
Tuy theo quan hé gida § va o, c6 the Xay ra cic trudng hop sau

&< o, (e can nho ) - A= —ﬁ$i\jf:}[', -5

1 K

oy (luccanlén ) @ A, = —67 NN

@ Truong hop thir nhdt : 8 < w, (luc cdn nho)

Trong trudmg hop nay 2 cé gid trf phidc. Nghiém tong quit cia phuong trinh vi
phin dao dong (2.3) ¢co dang

q=e O {Cycosot + C, sinwt) (.

[~
h

trong do

0= \.-"'mé — 87 {2.6)
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Céc hing $6 C,. C, duge xdc dinh tir cdc dicu kién ddu
t=0: q(0) = qq. q(0) = g4
Tir cie digw kién ddu dd cho, dé dang xdc dinh cdc hing s6 C,, C,

c.= 90+ 840

C, = qqr 2.7

W
Dé bién déi bicu thic (2.5) ta dwa vao cic hiing s6 A va [ xdc dinh theo hé thiic
C =Asmp, C, = A cosp
Tir dé suy ra
2 T 5 C
A= yCl+C3, gp= &
G,

Biéu thite nghiém (2.5) bay gid cé thé vist dudi dang
q = Ae " sin{wt + ) (2.8)

Tir hi¢u thiie nghi¢m (2.8) ta thay: Khi luc can di nhé, he thie hién dao dong 1at
din. Do lech Ae™ glam theo ludt s6 mi, tiém cin 161 khong (hinh 2.15). Dao
dong duge mé ta boi phuong trinh (2.8) 1a dao dong ho hinh sin.
Tuy chuyén dong cla hé
duoc mé ta boi qui luat khong
tudn hoan, nhung toa 4% q lai
dél ddu mot cich tudn holn. Vi g()
thé ngudi ta qui ude goi w 1A
“tan so riéng”, T = 27/w 1a "chu
ky", con Ae™ 1a "bién do"
cua dao dong tit dan.

~+

B¢ dic trung cho do (it
din cua dao dong tr do ¢é cin | T
nhét, ta dua vie khii niém do
tat 1oga. Do tit loga A duoe xidc
dinth bai hé thire Hinh 2.15

t
A=in _4t = (2.9)
qit+T)
Do tit 1oga dic trung cho do giam "bién do” dao dong tit din. Trong thuc (&
ta thuong xdc dinh ty s6 hai bién do dao dong sau k chu ky
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qi) e KT

q(t +KkT) h o SR N

Tir dé ta suy ra

A=dT=—lp———— (2.10)
kK qit+kT)

b, Truong hop thit hai : &> w, (lwc can lon)
Khi & > my, hai nghiém A, va %, ctta phuong trinh ddc trung 1a cic o6 thue va
am. Nghiém 1ong quidt coa phuong trinh vi phian dao dong (2.3) ¢6 dang

g=Aesh(y8% —wj 1+ P) .10

budng biu dién q = q{t) cét truc t khong qua mot lin (hinh 2.16). Do dé chuyén
dong clia hé 1a chuyén dong tie dan, khong dao dong.

¢. Triwomg hop thi ba : 6= w, (luc can téi han)

Trong truony hop nay hai nghiém A, va %, i cdc s6 thuc am va bing nhau.
Nghi¢m tang qudt clia phuong trinh vi phan dao dong (2.3) ¢6 dang

q=e “(C+Cy)  (2.12)

Chuyén dovg cha hé la tit dén,
khonrg dao dong. f;i’(f}k @G> 0

Troug mot s tai ligu viét vé
dao dong treng ky thuat, ngudi ta g,=0
cou s dung khdi niém do cén

Lehr. D¢ can Lehr (ky hiéu bang \_,,/ t

chir I} duge xdc dinh baoi hé thirc ‘;?o <A y4
& b b
D=—= = (2.13) ‘
©, 2mOy  2.mc Hinh 2.16

Phuong trinh vi phan dao dong tu do ¢6 cin nhét (2.3) ¢6 thé viet dudi dang

{§+2Dwgd +0iq=0 (2.14)

Do hé thic J{n% -3 =, \/I —D? chuyén dong clia h¢ duge phin thanh ba

trrdng hop sau :

D< 1 (d<w,): docan nhd
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LA
p—

D=1!{(8=w,): docanté han

D> (d>wmy): docanlén
Ciin o vio d0 can Lehr ta co kéi Juan : Khi D < t chuyén dong cua hé Ia dao dong
tit dan. khi D > 1 chuyén dong chia hé tit din. khong dao dong.

Tir cong thite dinh nghia d6 can Lehr, ta dé dang xdc dinh dugc hé thic lién
hé giita do a1 1oga va do can Lehr

A=8T=2m- D_

Ji-pt

Thi iy 2.9 - Trén hinh 2.17 14 d6 thi dao dong tinh tién thing ciia mot vit diém <6
khoi lugng m = 0,5 kg. Tir do thi dao dong hiy xdic dinh

(2.13)

- Chu ky va tdn s6 dao dong tit din
-boit laga A
- Heé sd can bvithé s¢ edng ©

_ Cic didu kién dau va qui luat dao dong ciia vat dicém.

[

0.2 \\//I\\,J/'/1\\‘-l'//_Mmw t

Hinh 2.17
Loi gidi T d6 thi dao dong ta thay dao dong cia hé la dao dong tu do tit dan vai
lyc can nhét nho. Thii gian thye hién bén chu ki dae dong 20,6 5. Tt dé suy ra -

0.6 s=0,15s
4

Chu ky dao dong tit din T=
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g} I

R . I T I
T 015

Tan s8 dao Az it din o -

Theo cong thie 2010y W xde dinh do at 1oga

! x(t ! .
T ‘({} = - I8 A=0.729
| %(1 4lﬁ) 4

S R R

Firdd suyra - - — 0 24865 :
1 0,15

Hé socan beua he céd giatri la

b=28m =2 4.86.0.5 =486 kg/s

L COME LRI o = (), a0 AT Tun ; < ¢
I g il o o, 07t tinh duge tin 0 dao dong riéng cua hé

%

‘;‘m-} + 8% 4218

=
Tiv did dé ding tinh duoce hé s6 cling ¢
c= mog =889.6 kg/s®

Tur @6 thi la o6 ngay x(0) = . VL Ky higu m,, m, 1 ciic ty 1¢ xich, tga la hé sa goce
cia 1Ep tuyén vai dudmg cong tai t = O, ta ¢ vin (6¢ ban dau

(0 = My tgo = 10,5 emy/s
m]

Qui luét dao dong ho hinh sin cua hé duge xidce dinh boi cong thie (2.8)

v —E . . . .
xit)= e ™ ginwt = 0,25¢ " sin(41,91)

® ._// _L/_l/
Thi die 2,10 : Cho biét cac dien kién dau cho mot hé dao /
dong trén hinh 2,18 14 x(0) = x,, Xt0) = 0. Hay xdc dinh b 1’ \ ¢
nang lugng hao tdn trong médt chu ky. Cho biét D= 0,01. ks <:)
L giai: Tan thoi diem diu (1 = 0), nang lugng cla hé dao L7
dong la m

E, =11, = ;1--cxf}-- (do Ty= 0}
2 Hinh 2.18

Sau mét chu ky nang lwong cia hé 1a-
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Lai

!
E, =i, :;cx% (do T,=0)

Tir bidu thite dao dong tu do tit din ta ¢6

Xp ; &
20 oo s oxy = xge
X
2n 2n 2n
Do T=—"=—F — = =
? x2 2
o Jou =8 g 1--D
. 2xb
ta suy ra x; = Xge VP

Nhu thé. nang Iuong hao tin trong mot chu ky 1a

_ 4xD _ AxD
1 1 )
AE=E, - E, -—-%cxa -—Ecx%c VDT o ekl —e YEPT)

1 . . ,
Khi cho D = 0,01 thi AE= 0,13.—2~cx() . Viy sau chu k¥ dau, nang lugng cua he bi
hao tin mat 13%.

Thi du 2.11- Gin mot khoi
lvong m vio diu thanh. Gan
vio thanh cdc phdn tir cdn v
dan hoéi nhu hinh 2.19. Bo qua
khé&i lugng ciia thanh.

_ - Phai chon do 16n cla hé
G ¢in b nhu thé no d€ hé cb
khé nang dao dong nho ?

- Xidc dinh do ¢in Lehr D
cén thigt dé sau mudi dao dong.
bién do giam con 1/10 bién do
cia chu ky ddu, sau d6 xdc dinh Hinh 2.19
chu ky dao dong.

Loi gidi - Ap dung dinh 1y bién thién m6 men dong luong dsi véi truc di qua A va
do © nho 18y xdp xi sing = @, cos¢ = 1, ta nhan duge phwong trinh vi phan dao
dong cta hé
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. b . ¢ g
@i -—@i{ -4 THho=0
4m o 2d

. 3
i 200+ wpo =0

N . €
(MR & &

Trong dé e
Jm m 2a

Pé hé co kha niang dao dong nho thi & < o, . Tir do suy ra

------ < =+ -» b<¥ fom- gm
Bm m  2a y 2a
Tir cie cong thae (2.10y va (2.15) ta ¢o

o
i 1
10— iy e pe L 20037

vi-D? Q410 I 20m " .
| UIn 10/

Chu ky dao dong

. 2= 2n 2n  2am
’I = . = —_——— e —— = 2}'[ .|I —_——
0y V 2ac + gm

2.2 Tinh toan dao dong tu do c6 ma sat khd

Xét dao déng ciia hé mo ta trén hinh 2.20. Luc ma sdt kho (hay ma sdt
Coulomb) ¢é hudng phu thuée vio vin t6¢ clia vat thé m
[~ umg khiq>0

Fl“." = < .
| umg  khigq <O

Phuong (rinh vi phan dao dong cua hé ¢6 dang '- ‘
mg + ¢y —pumg =0 khi g <0 (2.16) %
ULV m
. L Lk g 5 ATV
mi + ey +pmg =0 khi =0 (2.17) /] c
> G<0

Néu ta dua vio cic ky hiéu F
ms
- — B
c 2 umg q >0
=y, —= =8
m ¢ Hinh 2.20

thi cac phuong trinh (2.16) va (2.17) c6 dung
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(q-5) +of@-s=0  khigq<O (2.18)

(_q+s)"+o;.§(q+s)=o Khi ¢ >0 (2.19)
Dé dang tinh duge nghiém 1ong quél cha cdc phuong tricth trén

q= A, coslwpt+a)+8 kin q <0 (2.20}

q= A, cos{mgl +0ty) 8 khi q >0 (2.21)
Chu k¥ dao dong cua hé la

T=2"_on ™ (2.22)
O C

Dé xdc dinh bidu thire nghiém, cin phai biét cic diéu kien dau. Gia sir tai thoi diem
diu  t=0: a0 = qp, §(0)y=0.Trong nira chu k¥ ddu (q <0)tacd
q(t)y = Ay cos(wgl + o) +8
Ciic hing s6 A, va o, duoc xde dinb tir cdc diéu kién ddu. Ta c6 cic phuong trinh
q{0y=A cosay +s=qp
qQ(0y = —moAysinay =0
Gii hai phuong trinh trén ta duge o, = 0, A, = qu- s. Nhu thé trong nira chu ky dau

s . .
(0= t< ——) vat diem dao dong theo gui ludt
O

qlt) = (qq —s)jcoswyl +8 (2.23)

Tur biéu thite (2.23) ta xde dinh dugc diéu kién dau cho dao dong & nura sau cna chu

T
Ky diu t=— = ——
2 Wy

T

q{:;) = (qg —8)cosT+5 =28 —(q
T

1—)y=0

Q(z

Trong nira sau cha chu ky dau (g > 0)taco

q{t) = A, coslmyt+ oLy} =S
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Cic hiing 56 A, v o, duge xdc dinh tir cdc diéu kién dau. Ta cé cde phuong trinh
T

Q(z

)=q(i):A2 cos(m+ oty ¥~ 5= 25 — qq
y

Gy = 4y = —w Ay sin(r 4 @y )= 0
2 UJO

Tir hai phuong trinh trén suy ra o, = 0, A, = ¢y- 3s. Nhu the trong nira thi hai cua

N 14 2T L ) .
chu k¥ dau { — <t < =} viit difm duo dong theo qui ludt
W ®yo

q(ty =(qy — Is)cosmgl — s (2.24)

Tir bidu thiic (2.24) ta xdc dinh duoc cdc didu kién ddu cho dao dong & nira ddu chu
ky thi hai

QD =qy-4s. qT)=0

Sau dé tiép tuc tinh todn tuong ty nhu trén. Do thi dao dong ty do ¢é ma sit kho
tiing véi diéu kién ddu t = 0: q(0) = a4, §(0) = 0c6 dang nhw hinh 2.21a.

rii

1

%

Hinh 2.21a
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Ngay nay viéc tinh todn dao dong <o thé thuc hién kha don gian trén mdy tinh
dién tit. Hai phuong trinh (2.16) vi (2.17) c6 the viét lai dudi dang

X+ (of,x = —pgsign{x) (2.25)

[1 khikx=0

Trong d&¢ sign{x) = 2.26)
gdo St ki <0 {

Cho bigt w, =+Jc/ m=100s"; u=0,1: g =981 m/s’. Véi cic diéu kién
ddu x(0) = 0,005 m, x(0) =0, sir dung hé chuong trinh MATLAB [15]. ta dé dang

tinh duge nghiém ciia phuong trinh (2.25). D6 thy biéu dién két qua tinh toin ¢6
dang nhu hinh 2.21b.

0 at 8.2 43 0,4 a5 0é 0.7 428

t (sec)

Hinh 2.21b Dao dong tu do ¢é tinh d&n ma sat khd
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§3. DAO DONG CUGNG BUC CUA HE CHIU KiCH DONG
PIEU HOA

3.1 Cac dang kich déng va phuong trinh vi phan dao déng

a) Kich dong luc

Trén hinh 2.224 1a mo hinh dao dong khai lugng - 16 xo chiu kich dong lve. Gia sir

F(t) = Fsin Ot , trong dé Fia gid tri cuc dai cta ham F(t). D6i véi ma hinh nay
td co

] el 1 1 E S
T=—my", IT=<cy? D =—by = F(t).

5 50y S 0v7 Q =F(
The cdc bidu thic tren vao phuong trich
Lagrange loai 2

TF(L)
d(oT] oar Ml ad

——— T )

ditl oy ) &y dy oy
ta duoc
my + by +cy = Fsin Ot _ (3.1)

Chia hai v& clia (3.1) cho m va dua vio ky hiéu
y= F/C ta bién doi (3.1) vé dang

T T

Hinh 2.22a . 5
y+20v+woiy =) ysinQt (3.1a)

b) Kich dong bai khoi liong léch tim
Mo hinh dao dong clia hé chiju kich dong
boi khoi lugng lech tam cho trén hinh
2.22b. Roto ¢6 khéi luong léch tam m,,
quay déu vdi van 6c gée €. Bidu thie
dong ning ciia hé c6 dang

1 a1 3
T=—m,v*+—m,v
2 0¥ 5 ¥

. ——
. . Hinh 2.22b
X; =ccosQt, x;, =—-eQsin(t,
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v, =y+esinQt, ¥y, = ¥y +ccos U
nén ta c6
.2 .2 ) .
Vvi=Xi+yi =yt +2yeQ cosQt + Q7

Tir do ta suy ra
R - 1 2 2
7= 3 my” 4y yefdeos o + > me” €2

Trong d6 m = my +m,.
Céic biéu thic th¢ nang IT va ham hao tdn @ <6 dang nhu cdc thi du trudc
[1 =%cy3, ¢ = -}Eb}}’z
Thé cac biéu thie T, 11, @ vio phuong trinh Lagrange loai 2, ta duoc
my + by + ¢y = m,eQ? sin O (3.2}
Bi&€n déi tuong o nhit trén 1a duoc
y+28y+w§y=92§/sin Ot (3.2a)

trong dé

m; +m,

¢) Kich dong bang luc dan hoi

Trén hinh 2.22¢ la moé hinh hé chiu kich dong luc dan hoéi tuyén tinh. Bo qua ma
sdt truot dong (=0). Cho biét u(t) = dsin .

Phuong trinh vi phan dao dong clia hé c6

§ X dang
g u
\4_

{
Q»J mi + bk +¢,x + ¢o[x —u(t)] = 0

§ |
\Wr |
N . A )
N Dg u{t) =usin {2t néntacéd
ANV QW
L € .
ANN\CNRNY mX +bX +cx =cj usin (3.3)
Hinh 2.22¢

trong d6 ¢ = ¢ +¢.
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Cy

Néu sir dung ky higu X = @ thi phuong trinh (3.3) bién déi dugc v dang
%+ 28% + 00X = ok sin Ot (3.3a)
d) Kich déng dong hoc

Tren hinhk 2.22d 12 mo hinh he chiu kich dong dong hoc, Gia su diém chan cia bo
10 X0 vh can nhét chuyén dong theo qui luat diéu hoi
u(t) = isin Qt. Phuong trinh vi phan dao dong cita h¢

m ¢6 dang
Y T my+b{(y-)+c(y—u)=0
C b Thé u(l) = asinQt, u(t)=1€cosQt vio phuoeng
trinh trén ta ducc
u(v my +b§+cy = G (csin Qt + b cos ) (3.4)
Hinh 2.22d Chia hai v& cia phuong trinh (3.4) cho m ta dugc
'y+26y+méy = W,y (W, s 2t + 26?0059‘[) (3.4a)
My

trong dé y=1.
e} Kich dong bang luc e¢dn nhot

Trén hinh 2.22¢ 1h mé hinh hé chiu kich dong bing luc cin nhot. Mat trugt nhan
tuyét d6i (u=0). Phuong trinh vi phan dao dong cua hé cd dang

m + b,k +ex + by [x —i(t)]= 0

Cho bi¢t u(t) = Gsin €t u(t) = iQcos 2t , khi d6 phuong trinh trén cd dang

m¥ +bx +cx = b0 Qcos 2 (3.5
X viib=b+b,
3—4 u(t) ) o
N b | Chia hai v& cua (3.5) cho m, ta dugc
\__I_El__ L_L )
N
§-/v\év\r —5.F X +28% +ogx = 28Q % cos O (3.5)
BN N

Hinh 2.22¢ trong d6 X = _B{iﬁ _
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Qua cdc thi du trén ta thiy: Phuong trinh vi phiin dao dong tuyén tinh cua hé mot
bac ty do chiu kich dong diéu hoa cé dang

m¢j +bg +cq = H, sinQi+H, cos 2t (3.6)
hoac

q+ 2069+ méq =h, sinQt+h, cosQt (3.7)
Cht ¥, néu ta sit dyng do can Lehr D thi phuong trinh (3.1a) ¢6 dang nthu sau

‘y+2Dmny+mﬁy = (oé ysin Qt (3.8)
trong do

mé - i, D= i - b

m R Jom

Ta c6 thé bién déi cdc phuong trinh (3.2a), (3.3a), (3.4a), (3.5a) v¢ dang rong ung.

3.2 Tinh toan dao ddng cudng birc khong can

Phuang trinh vi phan dao dong cudng bic khong cdn cia h¢ mot bic do cé
dang
m{ 4 ¢ = Hsin (2t (3.9)
Néu ta dua vao cdc ky hieu

wy,=—:; h=

el c H
m m

thi phuong trinh (3.9) ¢6 dang
§+@aq = hsinOx (3.10)
Nghi¢m téng quit cta phuong trinh vi phan (3.10) bao gom nghiém tong quat
clia phuong trinh vi phan tuyén tinh thuin nhat wong dng va mot nghiém riéng clia

phuong trinh c6 v& phai. D¢ giai phuong trinh vi phan (3.10) ta xét hai trudng hop
QO+ @, (xacong huong) va Q= @, (gén cong huong).
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Khi €2 # m, ta tim nghiém riéng cla phuong trinh (3.10) dudi dang
q* = Asin€dt (3.1

Trong dé A 1a hang s6 chua xdc dinh. Th& biéu thic (3.11) vao phuong trinh
(3.10), so sdnh véi cac he s6 clia sinQ, ta riit ra biéu thife xdc dinh A

A (Wi o)

bl 2
wp — 07

Theo 1y thuyét phuong trinh vi phan, nghiém t6ng quat cha phuong trinh (3.10) cé
dang

q(t) =C cosmyt +C, sina}[,HTh——j—sith (3.12)
wy — 07

Csc hang s6 C,. C, duge xdc dinh tir cdc diéu kign dau. Gia str khi t = 0 thi g(0)= g,
4(0) = G, . Thé cdc diéu kién ddu nay vao biéu thic (3.12) vA dao ham cha na, ta
co

: hQ2
C=qp: G, =do _

2 2
0')[} {ﬂn(m“ -Q )

Nhu thé, bidu thitc nghiem (3.12) cd dang

do . hQy : h ,
qQ(1) = qp coswyt +£smm“l - —sinw,t +—-2-—-~—,,st1 (3.13}
Wy - wg (g —Q7) wy —

Nghiém (3.13) gém hai phin : Ba s6 hang ddu bicu thi dao dong tu do véi tan 56 1a
tin s6 riéng cla h¢, s hang thit ue bidu thi dao dong cuding bite vdi 1dn s6 1 1an s6
cta lue kich dong. Chii ¥ réng khi q,, = q,,= O chi ¢6 hai 6 hang déu cia dao dong
ty do triét tidu. Vi vay s6 hang tha ba dugc got la thanh phitn dao dong tu do kéo
theo. Giai doan ton tai ca cdc thinh phin dao dong véi tdn s6 lyc kich dong va cic
thanh phin dac dong vdi tén s6 rieng dugc goi 1a giai doan chuyén tiép. Giai doan
chi tén tai thanh phan dao dong véi tin s6 cla luc kich dong duge goi 13 gial doan
binh 6n.

Néu bod qua cdc thanh phdn dao dong tw do trong (3.13) ta ¢6 biéu thic xdc
dinh trang thdi binh 6n clia dao déng cudng biic

—l]-—,,sith :L,,sinﬁt (3.14)

q :k(t}: 5 5 —
0y —Q c(l-n7)
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Cha v ring thira s6 Hic 1a dich v
chuyén gay ra boi lyc tinh H dat

vao vat ran dao dong. Trong dé

n = Qfw,. Dai luong

V{n}= (3.15)

ll ~n’ 1
biéu thi tic dung dong lyc cla lye N
kich dong, va duoc goi la ham o 4 "
khudch dai (hoic hé so dong Trc).

Tren hinh 2.23 biu dién sy phy

thudc cua V vao n. Hinh 2.23

Khi ty 56 Qfo, dan dén 1 thi ham khuéch dai (h¢ s§ dong lyc) va do do bién do
dao dong cudng bite ting 1én nhanh chéng vi ti€n t6i vo cing khi Q = w,. Higén
wrong d6 goi la hién tugng cong hudng. Nhir vay hién twong cong hudng 1 hién
tuong bien do dao dong cudng bic tang lén rit i6n do tin s& cua luc kich dong
tring v6i 1én s6 dao dong W do. Trong thuc 1&€ kKhong ¢6 trudng hop nao bién do
dao dong tang 1én vo clng vi trong cde hé thyc bao gid cling ton tai luc can. Vén dé
nay s& dugc xét 6 sau.

Trés lai biéu thic ©ng quit (3.13) ciia nghiem. Khi gy =a0= 0 bieu thic
nghiem (3.13) c6 dang

. Q
q(t)y = -—2-h—-7[sm e ———smm(}l) (3.16)
(DU - g! U‘)ﬂ
Ta xét trudng hop Khi tén 50 2 cia luc kich dong rat gdn vdi 1n s6 dao dong
tu do . Dua vao k¥ hidu
Q - U.)U - 28

trong d6 € 1 mot dai luong vo ciing bé. Bo qua céc 0 hang bé cG ¢ trong biéu thiic
ciia q taco

. Q+w, . Q-0
qz—-j—il—?(sinQi—smwul)z ~ 5 cos 0 ¢ gin -1
vy —Q wy — '
. Q+o hsinet
= 2h sin et cos 0p o -2 st (34D
ol -0F 2 2Qe

Do ¢ 13 mot vo ciing bé nén ham sinet bi¢n thien cham, con chu ky cha nd 2nfe rit

16n. Trong trudng hop nay 6 thé xem bidu thitc (3.17) la qui luat dao dong véi chu
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ky 27/C: va bien do bién déi (h/ 20 ysinct. Dang dao dong nay duge bi€u dién
trén hinh 2.24. Hién twong daoc dong nay got 14 hién turong phich.

il UUUU

Hinh 2.24 Hinh 2.25

Xét truong hop Q2 — wy(s — 0). Khi d6, ta ¢6 thé thay singt bing et trong
bi€u thitc (3.17) vt ta ¢d h¢ thiic

i
q ::-——t-l——cosmut. (3.13)
2o

Bién do ht/ 2w, tang tén vo han khi thoi gian t tang nhy hinh 2.25. Nhu thé, ngay
rong phara vi iy thuyét dao dong tuyén tinh khong can, sy tang bien do 1éa vo han
& ving cong hudng cling ddi hoi phii ¢d thoi gian. Do1 voi cac may duge thiél k&
lam viéc O rén viing cong hudng, khi tang van toc ca mdy qua ving cong huong,
can phai ki¥én trrong cho vugt qua di nhanh,

Nhu thé khi tinh todn dao dong cudng bic khong can ta phan ra hai
truding hop:

- Trudng hop xa cong huong (€2 # o)

- Trudng hop gin cong huong (€ = u,). Trong trutng hop nay Kl £2 = e, + 28
ta ¢6 hién tuong phdch, khi Q = o, ta ¢d hién wong cong huong.

Thi du 2.12 : Banh xe O lan khong trugt trén mat dubng gé ghe luon séng. Vin 1o¢
tam O ciia banh xe luon khong déi 1a v = 60 kin/h. Mit dudng Juon séng ¢6 phuong

trinh 14 s= §sin(-?[ﬁ) véi §= 2 e¢m, L = 100 cn. Xdc dinh bién d¢ dao dong

-l

cudng biic thang ding clia var thé M ¢4 khdi luong m, néi véi tryc bank xe bang 16
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x0 6 46 cing 1a ¢. Bi€t ring bién dang tinh cha 1 xo dudi tac dung coa vt the 12
3,=10 cm.

Lot gidi + T didu kién can bang
tinh ¢d,= mg ta suy ra

mg
c=—=
By
v
Phuong trinh vi phan chuyén dong o)
ctia vat thé M c¢o dang o
X
my+c(y—s)=0 T
L
5 N 4 hia 2 _ ¢
Néu dua vao ky hiéu @) =--—,
in
phuong trinh vi phan dao dong .
duoc dua vé dung Hinh 2.26
- 2 2 . TX
¥4y =@ §sin-—
Bich ddi =S8 L8 gy q/s (5.25)
m md, 3,
BT o v =20 =100 L 66
L L L |
Khi 6 nghiém riéng cta phuong trinh wen la
y=Asin{Xt
o, § 3 2
Vi A= Tl T ————= = 0,075 em.
‘&)“ -Q \ h (9 ‘1 _ (I?L(ln) ]
"o, 08,1 |

3.3 Tinh toan dao déng cudng birc cé ma sat nhot

Cic phuong trinh vi phan dao déng tuyén tinh chiu kich dong di€u hoi cua he
mot bac tu do ¢ ma st nhdt (3.6), (3.7) va (3.8) c6 thé vi€t dudi dang nhu sau

q+26q+w3q:h,sin£'2t+h3 cos £X (3.1

Ta tim nghiém rieng cua phuong trinh nay dudi dang
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q*m = Msin Ot + Ncos it {3.20h
Trong d6 M, N la cac hing 6 cin xdc dinh. The biéu thic {3.20) vio phuang trinh
(3.19) i so sdnh cdc he 6 clia sinO va cosQYt, ta riit ra hé hai phuong trinh dal s8
tuyén tinh dé xdc dinh M va N
(mﬁ - Qz)M _ 280N = h,
260M +(mﬁ —Q?)N = h,
Gial ra ta duge

(0 - Q| +250h;

) (mﬁ —92)2 +45°07
3,
-2aghl+(mﬁ—93)h2 G2

2

(03 —0) 48707
Nghiém tong quat clta phuong trinh vi phan (3.19) 11 18ng chia nghiém riéng (3.20)
v nghiém 1éng quit chia phuong trinh vi phan thuin nhat (2.28)
qit) = Ae Y sin{omt + BY+ Msin Ot + Ncos (X (3.22)

& hang thi nhat cia bi¢u thic nghiém (3.22) biéu dién thanh phén dao dong tu do
tit déin, Hai 6 hang sau ¢6 tdn s8 Q clia ngoai luc bidu dién thianh phin dao déng
cudng bic cua hi.

Thanh phdn dao dong cudng bic (3.20) c6 thé biéu dién dudi dang
q * (1) = gsin(€2 + @) (3.23)
Trong dé

(3.24)
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N
1g(p = — 325
g0 M ( )

G day, cing nhu cdc doan trude, ta ding ky hieu 1= g,D = i So sanh

W Wy

phuong trinh vi phan (3.19) vdi cdc phuong trinh vi phan (3.6), (3.7) v (3.8) ta nit
ra cdc hé thitc sau ;

- Trudng hop kich dong luc hoac kich dong qua 1d xo
1

. . 2 -
d=V(n,D)¥. V, :{(lunz) +4D2n2J ? (3.26)

- Trudng hop kich déng dong hoc

d=V,(n,D)y; V,=41+4D2n? v, (3.27)
2

- Trudmg hop kich dong bai khoi luong lech tam

d=ViD)y: Vy=nV (3.28)

Cac ham V,, V,, V, duoce goi 1a cdc ham khuéch dai { hay ;:zic he s¢ dong luc ). Do
thi ctia cdc ham khuéch dai V|, V,, V, dng v6i mot vai gid tri cha dé can Lehr D
cho trén hinh 2.27.

Khi ta ¢8 dinh dé can D (xem nhu da cho), cdc ham V|, V,, V, dat cuc dai tai
cac gid tri sau chan :

V, dat cyc dai khi 1 = V1 -2D?
V, dat cuee dai khi 1]=\{\.1'1+8D2 - D::\H—2D2 néu D << 1

1
2

1
M=
V1-2D?

Ta ¢6 thé tinh dugc céc gia tri cuc dai nay

max VvV, = max V, = !

ax v, = A= —

n n 2DW1 - D?

max V, z—l—[l+£D2] khi D nhd
i 2D 2

V, dat cuc dai khi
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Hinh 2.27
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Gide pha ban daw ¢ duoc xdc dinh bai bé thic (3.25)

- 230, + (mﬁ -0? )h ,

tap = —

[mﬁ ~0? )h! + 250,

Truding hop kich dong luc vi kich déng ban khot heomg 1éch tam

— 280 = 2Dn - p= ~—arctg—2D—n2

m%—Qz -_l—T']z ]—T}

Trutmg hop kich déng dong hoc, ta ¢d
—-250° _ -2Dn
(m% - Qz)mﬁ + 4870 1-7n% +4D'n?

3

tgo =

2bp?
1-n? +4D%n?

—» (p = —-arctg

Néu ta ky higu y =- ¢ thi ta ¢6 ba hé thifc sau
w =0 khin —0: Dao dong cling pha
y = 71/2 khi n =1 :Cong hudng
w =1 khin — o0 Dae déng nguge pha

Trudng hop kich déng luc hoac kich dong bdi khdi lugng léch tam sw phu thude
clia géc W vao 1 Ung v&i mot vii gid tri chia D dugc biéu dién trén hinh 2.28.

roy

Hinh 2.28
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Dé tim nghi¢m cda phuong trinh vi phin mo ta dao déng cudng bitc ngudi ta
cling hay su dung phuong phap bién do phitc. Muén vay ta dua vio cic ky hiéu sau

10t
Mt =¥sinQl=1Im¥(t) : F()= \"f{—‘l
, i Q2+
st} = sin{Qu+ @) = ImX(t) X)) = i’el‘ ¢
, i i 192t it ic
(1) = ir’.'(QH“D) - 19! = %c R = £el?

St dung cich bi¢u dién phitc nhu trén 1a ¢6 thé tim duge nghiém cdc phuang trinh
(3.6), (3.7) va (3.8) dudi dang phiic.
Thé ¥ = $e'¥cho §sin U va X = %' cho x(1) trong phuong trinh (3.6)
nhan duogc phuong trinh
(mf-, 2y 12Dm“Q)SE L

2 3.29
[ 0y - ( )

- X=x"=—— Y
o; -0 +12Do 0
Nhén ca tr 58 v mau $6 he thie (3.29) v6i s6 phiic lién hop cla 6 phnic & miu s6
v sau mot vai phép bién déi ta diroc
o s L-n* —i .
K= fel? = L2 (3.30)
(1 - nz) + 4D21']2

Tinh todn wong tu doi véi cic phuong trinh (3.7), (3.8). Tir phuong trinh (3.8) ta cé

2 2.2 . 3
o - 4D - Toa
x:xe'*'zl n° + n° —i2Dn g

{3.31)
2 2 22
(l—n ] + 4D%n?

Tt phuong trinh (3.7) ta ¢é

. p— 2_.
Sgeile o7 72D op (3.32)

(1—n2)2 +4D%n?

Thi du 2.13 : So 46 mat thiét bi do dao dong duge bidu dién trén hinh 2.29a. Vo
ngoai thict bi do bj rung theo qui Tuat x,,= x, cosQt. Phai chon cic tham s6 kKhoi
wrgng m v do cling ¢ nhu thé ndo dé véi hé s6 can tuy ¥ kim chi ding bién do kich
ddng x, trong mot dai tin sd do di rong.

Lot gidi © Ta chon toa do x 13 dich chuyén ciia khéi lugng m so véi nén ¢d dinh
(hinh 2.29b). Dich chuyén, van t6c cla khoi lugng m doi véi v ngoai thiét bi la
X—Xps K= Xy
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Phuong trinh vi phan chuyén déng cia khéi lugng m 1a
mX = ~¢{X— X, )~ b{Xx—-X)
Kim ciia thiét bi do chi do lech tuong d8i x, = x—x,,. Tir diw bai ta ¢d

X = vx[,Q?‘ cos Ot . ThE vio phuong trinh trén ta nhan duoc phuong trinh dao
dong

- . 2
m¥, + bx, +cx, = mQ"x; cos il

XT

X = Xpc0s(t

C(X‘Xm) b( X - Xm )

FT7TT77T 7T T77 777777777 7772777777,
a) b)
Hinh 2.29
Chia ca hai v& phuong trinh trén cho m va sit dung céc k¥ hiéu quen biét ta duoc
N 2 2
X, +26x, +oyx, = x,cos
Nghi¢m riéng chia phuong trinh trén cé dang
X, = Xy Vc0s(£2t -0)
Bién do do duoce va bién do kich dong s& tring nhau khi V= 1. Theo hinh 2.27¢
két qua do sé khong phy thudc v do can D khi i >> 1. Tir do suy ra
p 2 € 2
o << > —<<Q
m

Nhur vay phii chon ¢ v m sao cho tdn s6 riéng cila he dao dong khong can bé hon
nhiéu tdn s& cla kich déng.

Thi du 2.14 : P& xdc dinh do can cita hé nhu hinh 2.30, ta lip vao khoi luong rung
hai m6 to léch tam. Cho bigt 2Ame = 130 kgem. Khéi lugng cua he la M =1800 kg,
téng cdc hé s6 cing cla cie 10 xo 1a ¢* = 7200 N/em. Cic mo to léch tdm quay Vol
van t6c gée Q = 20 5. Bién do dao dong cla h¢ do duge 1a §=0.2 ecm . Hiy xdc
dinh cic hé s6 can D, 8, b.

Lot gidi - Phuong trinh vi phan dao dong cia hé ¢6 dang
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My+by+cty= 2 AmeC2? sin Qt
Chia hai v& cho M ta dugrc
Y+ 287+ 0,y = Oy, sin Ot

.. 2Ame
v y(j = ?" .

Q  Am am Q  PTP:

Nghiém ciia phuong trinh trén ¢6 dang

y{t) = ysin{Qt + @)

v

Trong dé y= V(N D)y, = von' V.

Tir do suy ra

VAR E
¥ / 232 5 4 Yol
V(l—ﬂ‘) +4D7 0 /
- Ifl -1’ )2 L 4D2n? Y(:]ﬁ_ Hinh 2.30
Vi 5
y !2 4
- (i« nz) +apin? =300
2
)F
Tir cong thite cudi ta gial ra
2
1 A
p=g{3] nt -

Theo cdc s0 ligu & ddu bai ta ¢d

| 2
Wy = E_: 7200.10 =205_] -0
M 1800

, 2hme 130 oo o
M 1800
1 {0,072}
Vaytaco D=— [—-—] -0 =0,1806
2 0,2

Tudésuyra 8= Duw,=3,611 1/, b=2Md= 13000 kg/s.
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Thi du 2.15 : Bo phan lam viéc ciia miy ddm dat c6 kh6i lugng M tua trén cdc 1o
xo nhu hinh 2.31a. Khai lugng vo may 12 m. O bd phan lam vigc ¢ hai khai Jugng
lech 1am (mdi khéi lugng 1 m,/2) quay vdi sO vhng quay 1a n. Hay chon céc tham
5§ cia may sao cho mdy lam vigc & ving cong hudng va trong qud frinh lam viéc
vo miy khong ndy len Khoi dat.

b} c)
Hinh 2.31

Lot gidi : Mo hinh co hoc clia bo phan lam viéc cita may nhw hinh 2.31b. Bé phin
niy dao dong quanh vi tri can bang tinh. Toa do cia m, Ja

X, = X + € cosiht
Phuong tr‘mh vi phan chuyén dong cha mo hinh may lam dét 1a
MX + bk +cx = 0’m,ecos i
— X4 20X+ m;“,x =07 x, cos
vai %y = mae /M
Nghiém cla phuong triph nay theo (3.23) c¢ dang
X = X,V ,cos(Q2 - ¢)

TIZ

1/(1 - 1]2)2 + 4D2n2

Khi can nhd, hién wong cong hudng xdy rakhin =1

2
szn_,Ez\[E_,cﬁ[ﬂ] M
30 M 30

1
Khi cong hudng Vi =——
mg g VY3 5D
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Pé don gidn ta bd qua luc can. Khi d6 phan luc phdp tuyén cua nén tic dung lén vo
mdy (hinh 2.31¢)

N=(M+m)g—cx

Do V., = — néntacd
2D .

a

cX
Nmin = M +m = CXppas = M + m) - —[)
( )g = £ °ph

Piéu kién dé vo may kheng nhay khoi nén

Iqlﬂin20 —> (M+m}g20x—” —> DZ__&M
2 2(M +m)g

3.4 Tinh toan dao déng cudng bic bing ham dap tng tan s6

Xét phizong trinh dao doéng clia hé tuyén tinh mot bac tu do ¢é can va luce kich
dong dicu hoa

my + by +cy=x(t) (3.33)
Trong dé kich dong dugc biéu dién dudi dang ham s& phitc

x(t) = X(Q)e™ (3.34)
Ta & 1im nghié¢m cua phuong trinh (3.33) dudi dang

y(t) = Y(Q)e™ (3.35)

V&i Y(Q) 1a ham bién do phiic cdn xdc dinh. Pao him bac mot va bic hai cia ham
y(t) theo thdi gian t roi thay vao phuong trinh (3.33) ta duge

—mOY ()™ +1bQY(Q)e™ +cY ()™ = X(Q)e'™
Khir ¢ & hai v& phuong trink trén vA nhém theo Y(Q) ta dugc
(c—mQ* +1bQ)Y(Q) = X(Q)

Tir d6 suy ra

1
Y=t ———— | X(Q 3.36
) [c—sz+ibQ] () (3.36)
Néutadit
H(Q)=— (3.37)

¢c-mQ)’ +ibQ
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thi bidu thirc (3.36) ¢6 dang
Y{(C) = H(Q)X(£2) (3.38)
Dinh nghiu, Ham H(Q) duge xdc dinh boi cong thic (3.37) dugc goi 1a ham dap
(ng tan so.
Nhan tir $6 va miu s6 cla biéu thic (3.37) véi ¢ -m&Y —ibQY 1a duge
c—mQ’ —ibQ

H{L) = (c —m€Y + ibQ)(c -mQ’ wibQ) =avud

o ¢ —mgY’ de- b2
(c—mOY +b° Q0 (c-mQ?y +b*QY’
Tir d6 suy ra modun | H(CY) | va argumen @ ctia ham ddp tng tin s6 H(L2)

[H(@) =+ & - : 630

Je-m@y + 0

o= arctg(g) =arctg [—;bg—] (3.40)
a ¢—mfY

Tir cong thite (3.38) ta suy ra

Vé&i:

X(©)
Je-mQ?) + 67

| Y(Q) = HEQ)X(Q) | =

(3.41)

Bién ddi cong thikc (3.37) 1a duge

1
H(Q) = — g =t
c—-m’ +1bQ  cl-7m" +12Dn
Ham Z(Q)= ——1—- duoce goi 1a trd khing co hoc.
1QH(O)

3.5 Pém dan héi cua may

D¢ giam lye truyén xudng nén mong ngudi ta diing dém dan héi. Gia sk mdy
¢6 khai luong m, dém dan hdi qui d8i thanh 10 xo c6 he s ciing ¢ va giam chéin ¢6
hé s6 b. Néu trén may chiu tic dung mot luc didu hod F(t) = FsinQt (hinh 2.22a)
thi lyc truyén xuéng nén duge xdc dinh boi hé thic

F.= cx+bXk (3.42)
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Nhur da biét, phuang trinh vi phin mé ta dao déng clia mé hinh 2.22a ¢6 dang

-

. - 2 F .
x+20x+mﬁx=ma —sin £t (3.43%)
C

Trong qtia trinh chuyén dong binh 6n, nghiém cia phuong trinh trén ¢é dang

X = E Vi (1, D)sin(1 — ) (3.44)
C

Thé bi¢u thirc (3.44) vao phuong tinh (3.42) ta duge
F § '
Fa=—V(n. D)[csm(Qt =)+ blcos(Ch — Ly)]
N (3.45)
F . ‘\/_2 PRI
=—Vi(M,DWe™ + b Q7 sin(Qt — y + y)
c

by 230
Vai gy = —~—=—
¢ Wy
a—— ’ 2 | — —
Jor i = C\’Jl + {EJ O =cfl+ 4D’
c

tacod Fag= ﬁVz{n, Dysin{€t — i + v) (3.46)

va do

Tir cong thite (3.46) 1a suy ra : D¢ cho tuc truyén xudng nén méng nho ta phai chon
cdc tharn s0 cua hé sao cho him khuéch dai V, dat cuc tiéu.

Néu wén mdy ¢6 bo phan quay chua duge can bang s& sinh ra cdc luc ly tam
(hinh 2.22b). Nh& ¢6 dén dan hoi 1 ¢6 thé giam duoc lye uuyén xudng mong
mdy. Nhir da bi€t phuong trinh vi phan dao dong cia mo hinh 2.22b ¢6 dang

mt

X+28k+olx= Q7 sin (3.47)

mn + Iﬂ|
Nghi¢m riéng cua phuong trinh (3.47) ¢6 dang

mr
K = —-
m{] + ml

Vi (1, D)sin(€ — ye) (3.48)

Thé (3.48) vio biéu thic (3.42) ta dugc

. mr .
Fy=—F1— Vi, D}[c sin(€ — )+ bQcos(Of - ‘U)]
1'11” + IT1|
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m —— _
by = I-E—V_v.(I‘LD)\}c2 +bO% sin( -y + )
my +1m;
(3.49)
= ¢ _mt nz Vo (M. Dysm(Q — vy +7)

Hinh 2.3Za

N&U 1 dua vio ham khugch dai V,(m.D) = n°V,(n,D) thi lue ruyén xudng dét c6
dang
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[y = c——ﬁ— Vo (1, D)sin(Qt -y +v) (3.30)
mg +my

Sur phu thudc clia ham khuéch dai V,(n.D) va géc (v - y) vao 1 khi cho biét
gid iri ctia D cho trén hinh 2.32a va 2.32b.

180 l
158 -
D=1
120 --\r\—i
=02
‘ 90 ID=Q5 j
a
1 i D=07a71 "
- |

30

Hinh 2.32b

Trong k¥ thuat ta cing hay gap bii todn do anh huong rung cha nén cdc thiét
bi trén nén mong lam viéc s& kém chinh xdc. Trong trudng hop nay ta st dung mo
hinh 2.22d. Nhir ¢é dem dan héi s& lam giam anh hudng rung clia nén mong lén
cic thiét bi dat trén do.

Thi du 2.16 : Mot mdy gan chat viao méng va duoc dat rén nén bing mot hé 1o xo
song song. Khéi luong ciia mdy va mdng 1a 1000 kg. Trong qué trinh mdy lam vi¢c
xudt hicn mot luc diéu hoa tic dung theo phuong thang ding véi bién do
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F=1000 N va tan s6 { =10 Hz. Dudi anh hudng cia lyc nady mong dao dong theo
phirong thing dimg. Hiy xdc dinh hé s& cing cla o xo-sao cho chi ¢6 5% lyc tic
dung 1én méng truyén xudng nén. Sau 46 xdc dinh d6 ldn tinh cia méng va bién do

dao dong cla nd.

L&1 gidi 2 Mo hinh co hoc cha bai todn cho trén hinh 2.33. Phuong trinh dao dong

clia he la

mx +cx = Fsin 1
— 5'<+m(2,x =E—sith
m
Nghiém dimg la

X =

F oo

— >-sin Ot

cl— mn

Thé bidu thic nghiém vio biéu thic tinh
Tuc truyén xudng nén ta dugc

i F = Fsin Qt

. m

S Hinh 2.33
Fy =cx=F > sin £
I-m
Twdidukien ~8 - 1 005
£
fasuyramn= J21 = 4,58
Hé s& ciing cla 10 xo téng 12
2 2
2 2wt 2710
¢ = mo? =mQ—2:mQ~= 00 2 _ e N
n n 21

Vdi he s6 cing d6, dé nén tinh cia méng may la

mg _ 1000.9.81

= 52,2 mm
C 188 .

Bién do dao dong dimng ciia méng mdy 1la

I _F_ 1000 _ 46566 mm:
¢ 20188 -
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3.6 Tinh toan dao déng cudng birc ¢c6 ma sat kho

Phuong trinh vi phian mo ta dac dong cudag bitc clia hé ¢6 ma sat kho dugc
viét dudi dang

m{ + cq + umgsign{q) = f?cos(Qt +a)

(3.51)
cr e e e e 2n 4xn L .

Gid thiét g cdc thoi diém t = @, oo dd iéch q dat cuc dai (g = A,
) . o 4 3n
g =190), con & cdc thin dicm t =

[l

o=
oy

E..‘lh‘l q=-A, q=0. Nhuthé géc o 1
ghe 1éch pha gifta lyc cue dai vi do lech cuc dai.

Gid st trong nira chu k¥ ddu 0<t<n/Q vin 8¢ q am. Phuong trinh vi
phan dao dong trong nira chu ky nay 1a

md +¢q = umg + Feos($1t +a)

Nghiém tong qudt cha phuong trinh trén cé dang

(3.52)
q=C,cosoyut+C,ysino,t+a+ 5 cos(€dt + o) (3.53)
L-m
F 0
Trong do m{?jzi, 31%‘ h=—, nN=—-
m C c ®
Tirdiéu kien q(0y = A, g0 =0tacd
C,+a+ -cosc = A (3.54)
-1~
Cw,y — —-sina =0
I-m

Tir diéu kien q[ T

—j —-A [—] =(} tasuyra
Q - A [ y

CicosA+CysinA+a-

CosC = —A (3.56)
1-7
- CQsinAd + C5Qcos A +

-sino =0 (3.57)
l1-n
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Cax e
trong dé A = &

Nhu thé ta cé he bon phuong trinh (3.54) - (3.57) dé x4c dinh bén inC, G, A, o

Cong cic phuong trinh (3.54) va (3.36), (3.55) va (3.57) ta nhan dugc hé hai
phuang trinh d€ xdc dinh C, va C,

Ci(1+cosh)+Cysin2+2a=0
~C;sinhA+Cy(l+coshy =0

A
Tirdétasuyra C,=-a; C, :—algg

Thé cc k&t qua nay vio cdc phwong trinh (3.54) va (3.55) ta dan dén cdc phuong
trinh

A= h S cos o
I-m
_atgﬂzir.l_sina
202 1—1]2

Tir d6 ta suy ra cong thirc xdc dinh bién do

\jh2 —[a(l - n?)—i1 tg%}z

A= (3.58)
-’
Chi ¥ ring khi Q@ =, (n—> Htacd
lim —i—(l—nz)tg—ﬁ—=—i
n—l N 2n b
)
n
Do d6 A:—_z—_ (3.59)
o’

Vi sy phat trién clia tin hoc, viée tinh todn dao dong cudng bic ¢6 ma sdt
kho s& trd nén don gian hon nhiéu, néu ta sir dung phuong phdp s6.

Ta xét phuong trinh dao dong cudng birc ¢é ma st kho dang

m{ +¢q = —umgsign(q)+fisin 2t (3.60)
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iiﬂ e _ o _ﬁ_j
A | .

B H

RIRI. \A“ LR A
it \A‘wl\hl‘ ‘-{M\H il ik

RN MMH i 1]
4: *I v“ 1 \ . , .
_3ig it T ng S __%2

¢ (sec)

Hinh 2.34 Dao déng cudng blc tuyén tinh c6 ma sat kh

Vi cdc <6 dieuw m o= 100 kg, n = 0,1, @y =+c/m —100s™. Q=200 s,

f 931 N vi céc diéu kién ddu q(0) = ¢ (0) = O 1a dé dang tim nghiém cla

phuong trinh (3.60) bang hé chuong trinh tinh MATLAB [15]. Két qua 1ay ra dudi
dang d0 thi nhr hinh 2.34.

N ta quan tam dén ma <4t nhot thi phuong trinh vi phan dao dong co dang

q+2BQ+wﬁq = —-ugsign(@)+-l:—5ill Ot (3.61)
m

Vi cac 6 lieu nhu weén va cho them § = 8, k&t qua tinh todn cho trén hinh 2.35.
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kel NG TUYENTINE & B s e

L
é .‘" F\i '.E!: III an I x !": i L Izlli; x !Il' 1I :!I' lll: II' .i\.i. !I'_ fI!, i ‘ll | ! ll .I:". -Il'i %Ii'_ I]I'
b FHTHIRT R bt
B J m‘ l \HH‘ Hlmm“r (11
e h ; : . . _J!
_glll_._‘____ e AT TP [ I e — __.__l
g 02 Y 0.6 08 1 f(secgz
Hinh 2.35 Dao dong cudng bl tuyén tinh c6 ma séat kho va nhot

3.7 Mot vai nhan xét vé tinh chat dao dond cudng birc khi co
ma sat

Qua cic tinh {odn O trén ta cd thé it ra moOt s0 nhdn xét vé tinh chét cia dao
dong tuyén tinh ¢6 can nhdt chiu kich dong dicu hod & trang thdi binh Sn nhu sau

- Dao dong cudng biic khi cé can xay ra voi tin s6 cha lyc kich déng.

- Bién do dao dong cudng bitc khong phu thuoc vio cdc diéu kién diu va thi

gian. Do do Khac véi dao dong I do c6 can, dao dong cuong bitc khon

g tat dan Vi
{ue can.

- Khi Q = o, bién do dao dong cudng bic wy khd 160, nhung van 12 dai lugng
hitu han. Né chua phai 1a gid tri 16w nhit trong cac gié trj cta bién do.

Khi he chiu tdc dung tuc diéu hoa F = FsinCt, bién do dao dong cudng b
co dang

A:q:__________};._.—-—-—-——

(o)ﬁ - Qz)l2 + 45207
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. e .. aA b] 1 =3 R .
Tir diéu kién T —0 ta suy ra 7 =05~ 28%. Vay A = A khi
C
0= mﬁ _28% . Bicn do dao dong cudng bitc dat cue dai khi €} nho hon , Mot
chat.
- Trong dao dong cudng biic cé can nhdt luon xay ra su tech pha giita pha dao
dong va pha cua lue kich dong. Do lech pha 46 duoc xdc dinh boi cong thic
2682
tget =-—— 3
oy —
Khi Q = o, thi tga = o do 46 o = nf2. Vay dao dong cudng buc khi cong hudng cd
pha lech mot goc /2 so vdi pha cua ngoal luc.
- (3 xa ving cong huong, bién do dao dong cudng bie v6i luc can nho khong
khic may so voi bien do dao dong cudng blc khong can. O gan viing cong hudng

lug can cé mot vai trd it quan trong. Trong vung cong hudng do 16n bien d¢ dao
dong cudng bic phu thuoc o rét vao hé 8 can.

g4. DAO DONG cUSNG BUC CUA HE CHIU KicH DONG

~

DA TAN VA CHIU KiCH DONG TUAN HOAN

4.1 Tinh toan dao dong cta hg chiu kich déng da tan

Trong thyc (€ ta cling hay gap dao dong cfia hé chiu kich dong cla to hop cac
lyc ngoai v6i cdc tin s6 khac nhau, Phuong trinh chuyén dong cua hé co dang

mt’1+bc'1+cq=215-, sin{ 1+ ay) 4.
i=l

Chia hai v& ctia phuong trinh (4.1) cho m va sir dung cdc ky hiéu quen biet ta duce

L
a
q+28q+mﬁq=2—r;—lsin(§l-,t+ai) (4.2)
i1

Ta tim nghieém cia phuong trinh (4.2) dudi dang

q=" 4;sin(Q;t+o; =P (4.3)

i=1
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Thé biéu thiic (4.3) vao phuong trinh (4.2) 1a din dén he phuong trinh dé xdc dinh
q;va B

F,
(mﬁ - Q5 )ql cos B, +280,q; sinB; =—
m (4.4)
28Q0,q, cosP; - (m“ —Qf)flisinB =0

He¢ phuong trinh (4.4) 1a hé hai phwong trinh dai s6 tuyén tinh d6i véi hai an 13
§;cos; va q,sinf,. Giai ra ta duge

f:i (wﬁ - le)
q, cosP, = (4.5)
m{(m{, Qz) + 46293}
q, sinB; = Piw?" (4.6)
m{[m?, - Qf) + 482Q,-2}
Chia biéu thiic (4.6) cho (4.5) ta dugc
2842, 2D,
(g =——y = .7)
©f - -QF  1-n;
Q.
V6 1, = —L
Wy
Binh phuong céc biéu thic (4.5) va (4.6) réi cong lai ta rit ra
. F 1 ¥
= = —V,(h,D) (4.8)
<

Ja-m) +4Dy e
Thi du 2.17 : Trén hé dao dong khéi lugng - 10 xo - can nhét tdc dung luc F(t) co
dang
1,
F(t)zE](sinQH;sm 3Qn)

Cho bi€t w, la tin s6 riéng cla he, do can Lehr D = 0,2 va tdn s6 kich dong
Q =wq /2. Hiy xdc dinh dao déng x(t) cla hé.
L giai - Phuong trinh vi phan dao dong cla hé ¢6 dang
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mE + bx +cx = (sin QU+ %sin 30)

Chiz hai v& cho khoi lugng m ta dudc

. . Fo 2. b
- 26% 4 0px = —Loh(sin Qi + —ism 3¢ar)
c

Ap dung nguyeén 1y cong tac dung cla phuong trinh vi phan tuyén. tinh ta dua
viec gidi phuong trinh trén vé viéc tim nghi¢m cua hai phuong trinh vi phin sau

. = 2 F 2.
% 423K, +moX, =—Lmp sin
1 | [y 1 c {1

. - 2 E :
Ky +20X1 + 0y X5 :;“—mﬁsm 3
c

o ot P TN\ Znt
a3

Hinh 2.36

Theo két qua tinh todn & phén trén ta ¢

x(1) = %, sin{C — B ) + X5 sin(303t - B

. . _F Dn, |
VOl X, =—~Vvi(n,.D) B :arcig{z mz]
¢ 1-m

2

n F 2D
%y =20V (n5, D% By = arclg 0
3c : l—'T|_'{

Theo cdc $6 liéu cna ddu bai ta cd
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a1 .30 3
m wy 2 Th Wy 2

Tir d6 ta tinh 10dn dugce
V(0,5 0,2y = 1,2883;  V((1,5; 0,2) = 0,2404x3
B,=0,0830n, PB;=08376n

Viy nghiém cla phuong trinh dao dong c6 dang
x(1) = 5[1,2883 sin( Q1 — 0,08307) + 0,2404 sin(30 — 0,85?6n)]
C

Trén hinh 2.36 1 d6 thi ciia ham kich dong F(t) va nghiém phuong trinh dao dong
x{1).

4.2 Tinh toan dao ddng khi hai kich dong diéu hoa cé tan s&
gan nhau

Phuong trinh vi phan cia hé dao dong mot bac tu do khong can chiu tac dung
cia hai luc didu hoa vdi cic tan s O, va £, ¢6 dang

mg +cq=15| sin Q,t-|~132 sin €25t 4.9

Ap dung nguyén 1y cong tac dung, dao dong cubing bic cua hé ¢é dang.

Qity= A, sinQt+ A, sinQ,t {4.10)
1 i 1 2 2
: N F
Vi oA=L ! o Ayt : . (4.11)
Cl-m € 1-m3 -

Xét trudmg hop ©Q, va O, kha gdn nhau. Do dac diém nay ta s€ bi€u dién
nghiém (4.10) duéi dang

q(t) = A, sin€dt+ A, sin ;1 _
__A| -+-A2 f\i

—A .
(sinQ,l+sinQgt)+—2-3—(sinQ]t-—sinQZt)

Q +0 Q-0 Q . -0
=(A + Ay )sin '; 2 t cos '2 24 (A, ~ A, )cos IZQZ tsin——==t

Ta dura vio ky hiéu
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Q -0

Bz(t):(Al — Az)‘)ln—g')-l—;—gz_zf

_Q, + 8,
2

Q

Do Q, gin Q, nén B,(t), By(t) 14 cdc ham thay d8i cham theo t.
Nghiém phuong trinh (4.9) dugc viétl dudi dang
q(t) = Asin(Qt + o) = By sinQt + B, cost 4.12)

Trong do

A=y B] + B3 : Bien do thay doi cham theo thoi gian

2+
2

Q - Gi4 trj trung binh cla hai tdn 58

B .. o
o= arclg[-B—'] : Pha thay d6i cham theo thoi gian

2

Nhir thé chuyén dong coa hé cd
tinh chdt diéu hoa vét bién do dao
dong A 13 ham thay doi theo thoi
gian. Chu ky thay doi theo thoi
gian 14

_4n
Q,-Q,

T, =

Vi higu s6 (- Q, nhd nén chu ky
T, ¢6 gid tri ién hon nhiéu so voi
chu k¥ dao dong cua h¢

Hinh 2.37

T= L
Q +Q,
Dé thi dao dong bidu thi nhy trén hinh 2.37. Hién tugng dac dong nhu hinh vé

nay duge goi la hién tuong phach. Nhu vy hién tugng phach 1a hién tugng bién 4o
dao dong thay déi tudn hoan cham theo thoi gian.
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Hién wong phich & day
xuat hién khi tdn s6 kich dong
(3, kha gin tdn sd kich dong
Q),. Trong muc 3 cha chuong
nay ta ciing thdy hién tuong
phach xudt hién khi tin s cia
luc kich dong € kha gin tdn s6
rieng w, clia hé . Tuy nhién néu
quan tam dén lyc cdn thi dao
dong tr do s& tht ddn, va do d6
v&i thoi gian hién twong phach
<& mat di (hinh 2.38). Con trong
trutmg hop xét ¢ trén, dao dong
phdch I3 dao dong binh én.

Hinh 2.38

4.3 Tinh toan dao déng ciia hé chju kich déng tuan hoan

Trong thuc t€ 1a hay gap cdc lyc kich dong tuin
todn, ham f(t) tudn hoan chu k¥ T bao gitr cling ¢

Fourier

f(y=ag + 2 (a;cos U + bysin jOU

i=

trong d6 € = 2x/T 14 tan s6 co ban cla luc kich dong. Cic hé so Fourier a,,
(j=1,...,50) dugc xac dinh theo cong thifc sau

T
i
dy = T If([)d[
0

5 T
a; =—T— jf(t)cos jCudt

0

5 T
0

(4.13)

(4.14)

hoan. Nhu da biét tir giai tich
6 thé khai wrién thanh chudi

a, by

Tir cac cong thire (4.14) ta thay, néu f(t) 1& ham chan thi b;= 0, néu f(i) 1a ham le

thi a,= a,= 0.

Phuong trinh vi phan dao dong cudng biic ciia hé mot bac y do chiu tac dung

¢ha luc tudn hoan cé dang
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" : 1 c : .
4 +29q +m{2,q :E a +Z(ajcos_|Qt +b;sin JQO [ (4.15)
i=I

Ta tim nghiém riéng cha phuong trinh (4.15) dudi dang
q*=Ag + 3 (A cos JO + Bysin jO) (4.16)
o "

Th& biéu thitc (4.16) vao phuong trinh (4.15) va so sdnh cdc hé 56 cia sinjQt va
cosjCUt, ta nhan duge hé phuong trinh dai s¢ tuyén tinh dé xdc dinh céic hing s0
chua bigt A, A, B,

. 1
o} ~(i0)” [a; + 28508, =4
m

_ .
—28jQA | J{wﬁ —(jgﬂlai =
' m

(Giai hé phuong trinh trén ta nhan dugc

a
Ay = 02
Mok
[0f - 722 |a; ~28j0,
Aj_ 22 2 222
m (m(,*_] Q ] +45°)°Q
] 0 - 707 |p; + 28100,

: 2242\ 2202 |
m(m(,-j Q ) + 487702
Nhu thé dao dong cudng biic manh phdt sinh khi Q =w,, / j. Cong huong loai nay
dugc goi 1a cdng hudng cip j.
Do hé thitc lugng gidc -
A cos jQI + B, siant.ij sin(j€t + a )
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v6i C;=,/A2+ B}, tgo;=A; /B, bifu thic nghiém (4.16) c6 thé viét dudi
dang -

q*:AU+ZCJSi[’1(jQI+CLj) (4.17)
i |

Nghiém téng quét ciia phuong trinh (4.15) khi & < @, c6 dang

q{t) = Ae " sin(fot +B) + A, + ZC_i sin(jQt + ) (4.18)

=

S6 hang thit nhat ciia (4.18) biéu dién thanh phdn dac dong tr do 14t ddn. Vi t du
160, 1a chi cdn quan tam t&i thanh phén thi hai cha (4.18), biéu thi dao déng cudng
bic clia he. - '

4.4 Tinh toan dao dong cta hé chiu kich déng xung tuan hoan

Ta xét trudng hop kich dong Ién hé dao dong khéi lirong - 10 X0 - can nhdt [a
cdc xung tudn hoan. Gia sir cho mot xung tuin hoan nhur hinh 2-39.

Khai trién Fourier ham f(1) ta dugc

i 2n 2
f(ty=a, + a.co8 j—1U+ b sinj=—t 4.19
(th=aq jzll( j €08 JT U4 b sin 520 (4.19)

Trong dé cac he s6 Fourier duge xdc dinh béi cc hé thitc sau

Iy
5 f
2 . Sl 1y
a;=— | fg cos(J——l]dt
T_{_
2 fo
Ly,
fy 7 [.m] [.m] 26, |, jmty :
= | cos| j——|d| j—| =——sin— < i t
i JeoiTr )i o ¥ T

2 Hinh 2.39
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-
.

1

_2‘
£ sin(jgzl]dt Doy sm[;‘?ﬁ)d[jz—“i) =0
T jn T T

1

‘_O‘
Il
=3
t...—-,N|

-
o
3

v
[

Phuong trinh vi phan dao dong ¢ dang

g +26€1+m(2,q:—l-(al, + ajcas j) (4.20)
m -
=1

Trong dé Q-—-—Z—E.
T

Ta tim nghiém riéng cta phuong trinh (4.20) dudi dang
q*= Ay + Y (A cos jQu+ Bjsin jOU 4.21)

=

Thé bidu thitc nghiém (4.21) vao phuong trinh (4.20) r6i so sdnh cdc hé 50 cla
sinjQt va cosjC ta nhan dugc hé phuong trinh d€ xdc dinh A, A;, B;

Ay

mf)An =
1 en? : a;

~280A | +[m5 —(jQ)z}Bj =0

Giai ra ta dugc

_ oty
0= T
[mﬁ -l ]2—;(-)--3‘11‘1 Jmt
in T
m{(mﬁ - jZQI) + 4621’292}
280 210 g s
B = n

J 2 |
m\:(u)% - j:"Ql) + 462j292]
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Ap dung bién déi lugng gidc
A cos jQU+ B sin jQt = C; cos(j&&x — )
2§80
oo AT 1B tgh, =
i j FRR L 7 242
@y —J
biéu thic nghidm (4.21) dugc viél dudi dang

fal, <« ,
q*= ——ET“ + ZCJ- cos(jQt - B ) (4.22)
i=1
Trong dé

. jmt,
2f,, sin
T

2
cjnJ(l—jznz) + 42D’

Chu y rang a; ty 1 véi 1/ j con ( ty 1&g vor 1/ i* cho nén chudi (4.22) héi ty ot

hon chudi (4.19).
Bay gids ta xét trudng hop dac biét.
(hing s6 hifu han). Khi d6 ta ¢6

Gid st t, —O0thi fy = oo vatich ft, =1

. o fyty 1
ab = lim ay = lim 2=~
1, —0 -0 T T
f[}—)ﬁo fn—)w
, 2y .ogmy
a® = lim a; = lim —_—”—smj——l
1,0 t,-0 T
fy—em fy—w

Gi6i han nay c6 dang 0.00. Ta Khai trién Taylor ham sm-JiT“— vi bo qua cdc 50

hang bac cao, réi 14y gidi han. Ta dugc

* ) 21
a; = lim a;=—
1, =
[—>es

Khi d6 chudi Fourier ciia ham £(t) s&€ phan ky. Con chudi Fourier cla nghiém g*
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hol tu.

§5. DAO BONG CUGNG BUC CUA HE CHIU KiCH PONG
KHONG TUAN HOAN

5.1 Phuong phap bién thién hing s6 Lagrange
Phuong trinh vi phan dao dong cudng bitc cla h¢ mot bic nrdo b dang
m{ + bq +ecq = {(t) (5.1)
Tucmg 1y nhu lrong 83, phucmg trmh (5.1) c6 thé bién dm vé ddng
i +28q +0iqg=gl {5.2)
PE tim nghiém ciia phuong trinh vi phan (5.2) trudc hét ta tim nghi¢ém cla phwong
trinh vi phan tuyén tinh thuin nhat tuong ng _
§+28q+wyq=0 (5.3)

Trong trudng hop lyc cén nhod (8 < ,), nghiém dng quit cla phuong trinh
(5.3) cd dang

q(0) = Ae™¥ sin(wt + o)y =e " (C; cos ot + Cy sinwt) (54)

Trong dé C,, C, 1a cac hang so con 0 =,y Vi — .Néutadat q, =e - cos (m

q,=¢e % ¢in ot , thi biéu thic nghlém 5.4) duoc viét lai dudi ddng

q(t) = C,q+ Cy, (59

Theo phuo‘ng phép bi¢n thién hing s& Lagrange ta tim nghi¢m cha phuong
trinh vi phan cé vé phai (5.2) dudi dang tuong tu nhu (5.5) v61 C, va C, 1a c4c him
cla thoi gian

q®y = C g+ GG | (5.6
Pao ham biéu thic (5.6) theo t ta dugc
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a0 =C,q, +Caq, +C,4y +Cadz
Ngu ta dua vao diéu kién

Ciq, +Cyq, =0 (5.7)
thi biéu thic déi vai q(L) o6 dang

Qy=Cq, +Cyq, (5.8)
Pao ham biéu thitc (5.8) theo t

G =Cq, +Ca, +Cid, +Csd, (5.9)

Thé cdc biéu thite (5.6), (5.8) va (5.9) vao phuong trinh vi phan (5.2) ta nhan duge

phuong trinh
Cid, +Cy4; =gV (5.10)
Tir hai phuong trinh (5.7} vi (5.10) ta gidi ra duge

C =——_£_—g(t)
Q192 —491492

C, :—.q—].—g(t)
4392 — 91492

i &

Thé cdc bidu thic q, =¢ " coswt, q; =€~
nhan dugc cac phuong trinh vi phan cap mot d€ xdc dinh cdc ham C,(t) va G()

C, = LN sin wt. g(t)
@ (5.11)
C, =—l—v:“3t cos ot g(t)
®
Tich phan cic phuong trinh (5.11) ta duge
l t
C(=A—-—— jeaT sin ©T. g(1)dT
© 0
(5.12)

1 t -
C,()=B+ - J‘eb‘ coswt.g(T)dt
s

Thé (5.12) vio (5.6) ta dugc biéu thic nghiém téng quat clia phuong trinh (5.2)

' sinwt vao hai phuong trinh trén ta
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[

& . l —f l'-r :
q(l):c'°‘(Acosmt+Bsum)t)+—-Ie : ’smm(t—t).g(t)dr (5.13)
w

Biéu thirc nghiém (5.13) gém hai thanh phin. Thanh phén
q, (1) =¢™ (A coswt + Bsin wt) (5.14)

la nghiém t6ng quir clia phuong trinh vi phan thudn nhat tuong ing (5.3). Thanh
phén

I
qr(t):zl)- j‘e_a“_”sinm(t— 7). g(t)dt (5.1%)
{1

1a nghiém riéng ciia phiong trinh (5.2).
Chad ¥ dén cdc didu kién ddu

aq0y=qy; @) =q,

ta xac dinh dugc cdc hing s6 tich phan

[
A =qy B=EJ"(%+5‘JU)

Bi¢u thitc nghiém téng quit cita phueng trinh vi phan (5.2) v6i cic didu kien dau
q(0) = gy q(0) = q,, bay gis cé dang

qty=e™ [q,, cos@m! + -l-(qu + Sq“)sinmt}
©
{5.16)

| .
+— je"““'” sine(t — 1).g(t)dt

0‘)(}

Thi dy 2.18 : Cho hé dao dong tuyén tinh vdi cdc tham s6 (m, b, ¢) chiu téc dung
cua lue (hinh 2.40a) ¢c6 dang

0 khit<0
f(t)= E”—l khi0D<t<t,

to

0 khit>t,

Hay xdc dinh dao dong ctia he, biét rang khi1 < 0 h¢ ding yen.
Lot gid! - Phuong trinh dao dong ciia hé ¢6 dang

N . f(t
q+26q+mﬁq=—;—)=g(t)
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Khi t <0 he ding yén. Do d6 q(t) = 0 va q(ty=0 khi t < 0. Khi 0 < 1 <1, dp dung
cong thiic (5.16), dao dong cudng biic cia h¢ co dang
F I
q() = —4— It e P Y ginw(t - t)dt
mot,
Sir dung phép d6i bién u =1t - T ta bién 461 biéu thiic nghi¢m & trén vé dang
4]

o I(t ~ e sinwudu =
moty

1 1
F _&u - Bu -
=t Itc % ¢in wudu — Iue o gin wudu
mty | 5 0

q(t=-

Thurc hién tich phan timg phén ta dugc

E s -2D%
q(t) = ‘; {m{,t—2D+eb‘(ZDcosmtlesmmt)]

mo gty N1-D?

Trong d6 ta di sir dung cc k¢ hiéu 5 = 0,0, @ =®,VI-D* .

Tir biéu thitc trén ta dé dang xac dink dugc do léch va van t3c tai thai diém t =g,

Fo Bty -2D% .
q([“)= m{‘t[)_2D+C ' (ZDCOSC\)[“ ——"'—Sln(l)[(})
mapty | 1-D? |
Fo e D
G(ty) = 1 - cos(ly —®) |, © = arcsin
mejt, | V1-D?

D6 chinh la diéu kién ddu cho qia trinh dao dong trong khoang t > t,. Trong
khoang nay he thuc hien dao dong tu do ¢6 can. Bidu thic nghiém cé dang

q(ty=e ¥ (Acoswt + Bsinwt),  t>1,
Cac hiing s6 A vi B duge x4c dinh tir cdc diéu kién ddu

Sy
A= e___[q(lu ) cos oty — dsinowty ) —q(ty)sin mt[,]
)

Bty
e : :
B= —[q(ln )8 cos ot +msinoty) + 4ty )cos mt(,]
®

Vay khi t > t, hé thyc hién dao dong theo qui lut
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—ﬁtl—l“)

()=
K J1-D?

L -
Vol - =0,5.(Ty = _2_11:_) vi D =02 do thi dao dong vé trén hinh 2.40b.

@y

{q(tﬂ yeos[o(t —ty) - ol + 4o o(t —1g )}

Ty Gy
gt ¢
hilc 1
f{t) {
Fo I — — 43y

a)

Hinh 2.40

5.2 Tim nghiém bang ham va cham

Xét phuong trinh vi phan dac déng dang

mij + bq +cq = £(1) = Id(1) (5.17)

Trong d6 &(1) 1a ham Delta Dirac, xic dinh boi hé thifc
0 khit=0

S(t) = 5.18

© { khit =0 G18 (M)

fim [(1)dr=1 (5.19) |

R |1{2€
Trong phuong trinh (5.17) hing s6 1 1a cuong do I
clia mot va cham tuy ¥ trong mot khoang thii gian Ll v 2
rat bé. Thit nguyén cua I 1a luc x thoi gian (Ns). >t - t

£'E

Phuong trinh dao dong (5.17) ¢6 thé viét lai dudi
dang Hinh 2.41
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Q+28q+w%q=g(1]=%8(t) (5.20)

Gia sir khi t < 0 hé & trang thai tinh. Do d6 tai thoi diém ngay trude lic va cham (la
k¢ hicu 1a t = -0), ta c6 cdc diéu kién ddu
G-0)=0; (-0 =0

Tai thot diém t = 0 xdy ra hién wong va cham. Thoi gian va cham rédt ngan. Tai
thoi diém ngay sau va cham (ky higu lat= +0), 1a ¢6 cac diéu kien dau

q(+0) =0 G{+0y=q4 = vu (3.21)
Do ham g(t) = 0 vdi t= 0, nén phuong trinh vi phan dao dong \ng vdi t # 0 c6 dang
q+28q+@aq=0 (5.22)
Nghi¢m clia phuong inh vi phan (5.22) nhu dd biét cé dang
gty = e " (A cos ot + Bsinot)
q = e 8 [(mB - 8A)cosot — (A + 8B)sin (m]

Cic hang s6 tich phan A va B duoc xdc dinh tir cac diéu kién dau (5.21)
A=0:B=C
o

Do dé biéu thitc nghiém sau va cham c6 dang

&

q(t):&e_ 'in ot (5.23)
®

Pé x4c dinh hing s6 van t6¢ v, ta ti#n hanh tich phan phuong trinh vi phan (5.20).
Nhan hai vé& phuong trinh (5.20) voi dt réi 14y tich phan tir -¢ dén & ta duge

£ £ E I z )
. - - 2 . _ .
15'.11{‘{ _jdq +28 151‘1’1[‘]1 qu + U3, lzl_t}{‘]l Jth =0 lgl_l'.l(']l :[ d(t)dt

Do trong qud trinh va cham chi ¢6 budc nhay vé van téc, con q(+0) = q(-0) = G,
nén tir phuong trinh trén ta suy 14

. . . [
q(+0) — q(-0) =q(+8) =—=Vg
m

Thé gid tri Vo vira tinh duge vio (5.23) va chd ¥ dén quan he © = o v1-D’ ta
nhan duoc nghiem phuong trinh dao déng
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—&t ———
i) = —Ie—,_—-—--—sin(m”\"l -D? g (5.24)
me,, Ji-p?

Ham (5.24) duoc goi 1a hdm truyén va cham, trong dé I 12 cudng do va cham. Déi
v&i va cham don vi, ham truyén va cham don vi ¢é dang

-

q.. = alv _ ¢ sin(w, V1 - Dt) (5.25)
I mo)[,\/ 1-D’

MWe Gy ()]

as5¢

Hinh 2.42

Ham q,(t) trong 1y thuyét dicu khién duge goi 1a him trong lugng. D6 thi clia ham
nay dudi dang khéng thit nguyeén mo,q,. véi mot s gid tri ctia do can Lehr D duge
vE& trén hinh 2.42.

Néu va cham khong xay ra & thdi diém t = 0 ma & th&i diém t = t* bat k¥, thi
ta ¢6 thé nhan dwoc ham va cham bang mot phép dich chuyén truc thdi gian mot
cich don gian. Tir phuong trinh (5.24) ta suy ra

gt 1) = ——e 5"
mao

smolt — t*) (5.26)

Tu phuong trinh (5.25) ta nhan dwoc

—&(t—t¥%)

Qe (t— ) =5 Sino(t - t%) (5.27)
Imd
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Nhiy phuong trinh (5.27) ta ¢6 thé thiét 1ap cong thifc xac dinh dao dong cudng bikc
(5.15). Muén thé ta tuong tugng thay th& ham kich dong f(t) bing mot day cac va
cham don vi nhu hinh 2.43. Ap dung nguyén 1y cong tac dung ta ch

n n
Q= Y AR, (t —th) = D FDAG (E- 1)
k=1 k=1
Chuyén qua gidi han theo nghia ctta dinh nghia tich phin Riemann La nhan duoc
cong thac nghiém (5.15)
t t

qit) = J.f(lt)q w (= ¢ )dt* :é je—étt-—t*) sinm{t — t*)g(t* )dt* {5.28)

0 It

ft)

| e

At

—

Hinh 2.43
5.3 Tim nghiém biing ham budc nhay

- Gid sl tad thoi diém t = 0 ta tdc dung luc (1)1
hing F = F, én h¢ dao dong (hinh 2.22a), trudc
dé (t < 0) he diing yén. Vé mat todn hoc ta ¢6 Fo
thé biéu dién luc nhu sau

0 khit<O t
f(1) = _ (5.29) >
F, khit>0

(xem hinh 2.44). Hinh 2.44

Phuong trinh vi phan dao dong cla hé ¢6 dang
o . 2 FU
g+28q+e5q=gy=— (>0 (5.30)

m
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Ham (1) c6 dang (5.29) duge goi 1a ham budc nhay. Biéu thitc nghiem (5.15) bay
g1¥ cd dang
I

F —5{t-t"y | .
qit) = - je et )sm o(t—t")dt”
M 0

= &.%{3_5(1_1*){5inm([ —t"y+ %cosw(t - t*)]}

ma m i

. I':{J 1 —~&t & .
=———1l-e —SsIn @t + Coswt
mma LE)

Sk dung cic ky hiéu quen bi¢t

tep (531

mf}:i; o =w0,Vl-D?; d=wmyD; D=5in8; v1-D? =cosb
m
ta rhan duge tr (5.31) biéu thde nghiém dang

—dt
F(]

e
g(t) = —| | - ——=—=rcos(wt - 6) (5.32)
© [ Vi-D? }

Biéu thite (5.32) dugc goi 1a ham truyén budc nhay (trong 1y thuyét diéu khién goi
1a ham truyén). D6i v6i bude nhay don vi ta c6 bidu thic

' -5t
Qo (1) = %ﬂzé{l —-\/—e-—-z—cos(m[ —e)} (5.33)
o 1-D

Hinh 2.45 biéu dién ham truyén budc nhay dudi dang khong thit nguyén
Cqp, (1) = mm%qbn (t) véi mot s6 gid tri cha D,

Hinh 2.45
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So sanh giita ham truyén va cham don vi (5.25) va ham truyén budc nhay don vi
{5.33) ta rit ra hé thiic

t |
Qo (1) = Iqw(t—[*)dt* (5.34)
Q0

Né&u budc nhay khong xdy ra & thoi diém t = 0 ma xay ra & thyi diém 1 =t* thi tir
cac cong thitc (5.33) vA (3.34) tasuyra

1 —8{1-1t¥)
Qpp (T—tF) = —<1 ——-—cos[m(t —t*) - 9]

c ,|'1_D2

I
Qp, (1 —1%) = quc(t—t*)dt*

l*

(5.35)

Bay git duya trén biéu thiic (5.35) ta tim cong thitc biéu dién nghiém cia phuong
trinh vi phin (5.30). Pao ham theo thoi gian bidu thiic (5.35) ta dugc

1
d d * L] *
— t—tF)=— 1q..(t—t )dt" =q, (M -q, (t-t )=
Qe (1= 1) dtiq\( Jt' =q (0} - g (t—t")

=_“qvc(t-t*)

Thé biéu thitc trén vio biéu thiic (5.28) va tién hanh tich phin ta dugc

1 i

* * * L) d * *

q(t) = If(t )G (T~ )dt =-—J-f(t }— Qpp(t—1)dt
8 0 dt

1 ]
=[O (O~ FO) e (D] + [0

0

)

Gy (£~ t5)dt”

*

Theo biéu thic (5.33) thi q,,(0)= 0, do dé ta ¢ cong thic nghiém phuong trinh vi
phan (5.30)

df (t")

*

I
(0 = £(0)qp (V) + |
0

Qo (1= t7)dt” (5.36a)

Khi f(0) = 0 thi

1 »
q(t)= Idm* )qbn(t —t*ydt” (5.36bH)
dt

0
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Tich phan (5.36b) duoc goi la tich phan Duhamel. Biéu thite (5.36a) dugc goi 1a
cong thirc biéu dién nghiém phuong trinh vi phan dwéi dang tich phan Duhamel.
Chi y rang khi xay dung cong thitc nghiém ta di sir dung gid thié
q(0)=0,q(®) =0.

Thi dy 2.19 : Tai thoi difm t = 0 tic dung lén hé dac (O
dong mot bac wy do nhit hinh v& 2.22a mgt lyc bang F
= F, trong khodng thai gian ¢ < t < 1 (hinh 2.46). Trudc
dé hé & trang thdi tinh. Hay xic dinh quéd trinh dao
déng clia hé

Loi gidi : Trong khoing thoi gian 0 <1 <t, ¢6 thé xem t, t
#
ham (1) = F, nhur 1a ham buéc nhay. Do d(fi( [--< ) _ 0.dp Hinh 2.46

dung cong thic nghi¢m (5.36a) 1a cé

-8t
q{t) = f{0)q, (1) = Fyqy,, (1) = i{l - e7{:05(@ - G)}

C fl_DQ

Khi t > 1, hé thuc hién dao dong tu do véi cdc diéu kién ddu

Fy e O
qty)=—|1 - ——=cos{wt, —0)
c { Ji-Dp?
(']([S):—-}ﬁ)—“—e_al“ sin ot

cvl - D?

Nghiém cba bai todn dao dong tu do ¢é dang

g = e_s‘(A cosmt+ Bsinowt), (>t

X

Hinh 2.47



Chuang 2. DAO DONG TUYEN TINH COA HE MOT BAC TY'DO 105

-2

Hinh 2.48

Cac hiing s6 A va B dugc xdc dinh tir cic diéu kién dau trén. Tinh toan tép
tuong tu nhur thi du 2.18, ket qua ta duge bidu thitc nghiém nhu sau

0 khit<O

Fn{ e—m .
qity=4— | -———cos{ot —0)| khi0<t<t,

c ’l—Dz

—&(t-t,)

e
W1-D?

Cic hinh vé 2.47 va 2.48 1a dé thi nghiem dudi dang kbong thit nguyén kbi
wot, =1 vd 0yt =5 v6i mot s6 gid tri cha .

{q(ts)cos[m(t - t5)-8]+q—([;)sin o(t - ts)} Khit>t,

W

5.4 Tim nghiém biing phép bién dai Laplace

a. Pinh nghia phép bién doi Laplace
Trong ky thuat dién va trong 1y thuyét diéu khién ty dong ngudi ta hay su

dung phép bién ddi Laplace dé giai cac phuong trinh vi phan tuyén tich hé s6 hang
56 c6 vé phai. O day, ta trish bay viéc sir dung phép bi¢n doi Laplace (1749-1827)
d€ tim nghiém bii todn dao dong cudng birc. Phep bién déi Laplace 1a mot dang

clia cac phép bién d6i tich phan. Gia sir f(1) 12 ham lién tuc timg khuc trén [0, +).
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Dinh nghia : Phép bién ddi Laplace 12 mot phép bién déi tich phan, bién déi ham
gac f(0) thanh ham anh F(s) nh hé thic

e sd

F(s) = je'“'f(t)dt = LIf(D)] (5.37)
1]

Trong d6 ky hiéu 2 duge goi 1a todn tir Laplace.
Phép bi¢n déi Laplace nguoc, ky hiéu bang todn tir” ', duoc x4c dinh boi hé thiic
f(t) =2 "'[F(s)] (5.38)

Todn tir Laplace .2 va Todn tr Laplace nguge £~ ¢4 tinh chét sau

L L]} =1(1) ' (5.39)
Mot so ham f(t) thong dung va ham anh F(s) cla né dugc cho trong bang 2.3.
ft) Fs)= [e™f(ndt Ghi chi
0
1
! s
!
‘ 2
n! I nguyén
t' sn+1
1
e S+
n!
t"e™ Gr+a)™ n nguyén
—l“(l _ e—{l[) l
o4 s(s+a)
e—(J‘.]I __e—f)‘.zl l
0y — O (s+o)s+a,)
J?(e‘“‘ +at—1) %
o sT(s+a)
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(1) F(s) = j e f(1)dt Ghi chi
0
sinmt o .
s+
$
cosmt IR
e “'sinmt S
(s+a)? +?
e *cosmt sra .
(s + UL)2 +@”
tsinot __7_2(2,7_
(s~ + (02 i
tcosmt ¢ - .
(s2 +o? )2
. 3 201
sin“ot s . 7.
s(s” + 4w”)
5 s+ 2m°
cos ot — 5.
s(s” +4m7)
_ B
sinh{3t s - B2
s
coshpt $2 —p?
2Ps
t sinhBt (s2 - p2)°
bp s? + |32
t cosht S a3
" -7

Bang 2.3 Ham f(t) va ham &nh F(s) qua phép bién déi Laplace

Thi du 2.20 - Tim cdc ham anh clla cac

ddi Laplace.

L& gidi - Theo cong thife (5.37) 1a ¢4

ham goc f(1) = 1, f(1) = ¢" bang phép bién
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- -l “
s 1
£1]= J'e SEOL = — | == F(s)
s 5
U 0
al " —sL_al ¥ —(s—a M 1 —ts—ant|*? I
Ae") zjc e dt:Ie dl=-——¢ =— (5>0)
s—a 0 s—a

0 0

b. Cdc tinh chdt ciia phép bién doi Laplace

Dudi day ta néu ra mot 56 tinh chél co ban cla phép bién déi Laplace. Viée
chitng minh cdc tinh chat nay tuong d6i don gian nén ta trinh bay ludn & day.
1. Dinti iy vi phdn : Néu Z[y(t)] = Y(s) thi

(n) . el hoa . (n-2) (n-1}
LyWl=s"Y(s)=s" ¥y -5 "Yo—~8 Yo — Yo (5.40)

(k}
Trong d6 ta sir dung ky hiéu y (i)la dao ham bac k cta ham y(t) theo t,

(k) (k) (k) Y
yo =y H0) voi y(+0) = lim y(1).
t—H)

Chitng minh : Ta 4p dung phuong phdp qui nap dé chimg minh dinh 1y nay. Véi
n=1taco
2yl = [e™yod
0
Ap dung phuong phép tich phan timg phdn ta tinh dugc
¥ —st s -5t ” _m —st
Ie $(O)dt =¢ y(t)l +sje y(O)6t
' 0
Qa 4]

=sY(5) — v(+0) =sY (s}~ vy,
Vay dinh Iy dding khi n = 1. Gia sit dinh 1§ dling véi n-1, ta phai ching minh dinh
1y diing voi n. Ap dung tich phan timng phdn ta dugc

w = (n—1)

+5 Ie_“' y (t)dt
0

(n) L e
2y l= [e™ ywdi=e™ y
0

0

(n=1} (n—I1})
=s/[ y (D]- v,
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Theo gia dinh, dinh 1y ding véi n-1, tic la

(n-1) . (n-1 (n-2)
Ly (D)= -‘*m_])Y(S)—Sn_z yo =8 Yo~ =8 Yo Yo
Thé vao trén ta duge
(n) (n-2) (n-i1
£y (0]=8"Y(s)- "y - s"2 g, — -8 Yo — Yo
Nhu vay dinh ly da dugc ching minh.
Tit dinh 1§ vi phan (5.46) ta suy ra
L [y(n]=Y()
L[y =sYs) - Yo
2 [§(0])=sY(s) —syp ~ Fo
2[5} =s"Y($) ~s"yo — Yo~ Yo
(n} (n-2y {n-h
21y (O]=s"Y(s)—s"yg —s" Yo m =S Yo 7 Yo

Trong cdc dinh 1y ti€p theo ta xem a 13 hiing s6 duong ¥ ¥.

2. Dinh Iy dong dang Né&u Llf(n] = F(s) thi
2 (f(H)] = aF(as) (5.41)
a

Chitng minh : Theo dinh nghia (5.37) ta cd

secy= ferrch=a f ™ FEHE)
a a a a

{4 i

=a jc_(““)”f(u)d(u) = aF(as)

0
3. Dinh Iy can : Né&u Aif(n) = F(s) thi
Lle™ f0] =F(s + a) (3.42)
Ching minh : Thee dinh nghia (5.37) ta cd
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(=i =]

Lle* f(1)] = je*'“‘e‘“'f(t)dt = je*‘“"‘)‘f(l)d(t) = F(s+a)
o b

4. Dinh Iy tré : Néu L[f(1)] = F(s) thi

Llf(t-a)] = e™ F(s) (5.43)
Ching minh : Theo dinh nghia (5.37) cla bién d6i Laplace

oz [ al

LIf(t-a)] = J’e‘“f(t —aydt = J'e‘“-“e‘“‘“’“f(t —a)d(1)

3] 0
Tir dé suy ra
oz

LIf(t-a)] = e je‘*“f(u)du = e ™ F(s)
1]

5. Binlt Iy cong tdc dung: Néu LIEO]=F(s), L] = F,(s) thi

LICHO + Cfyn] = C\F (s)+CF,(s) (5.44)
vGi C|, G, la cdc hang s6.
Chimg minh : Theo dinh nghia (5.37) ta ¢

[ al

LICH) + Chy(0] = J' e ™' [C1f, (0 + C,o f, (1] dt
)

o

=C fe™'f,mdny+ €, j'e‘“'f;(t)d([)= C.F.(s) + CF,(s)
0 }

Héqud: 20y Cf(1))=> CF(s) véi G 1a cdc hing s6.
i=| i=1

¢. Ap dung phép bién doi Laplace tinh dao dong cudng birc
Che phuong trinh vi phan dao dong cudng biic dang
md + bq + cq = £(1) (5.45)

Chia cd hai v€ cita phirong trinh trén cho m va sir dung cdc ky hiéu quen biét ta dra
phuong trinh (5.45) vé dang
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4284+ 03q = —f(0) (5.46)
m

Tim nghiém phuong trinh (5.46) véi cac diéu kién dau q(0)y=4q,,.40)r=1qq bang
phép bién doi Laplace .

Trudc hét ta thiét lap phuong trinh anh ciia phuong trinh (5.46)

LA + 28400 + ©5a(n] = }% L)1
1
o L [§(0n]+287 GO]+oF Lgn) = — Y48

o [$2Q) +sq4 — Gyl +286QE) ~ Aol 03Q(s) = ':;F(-‘i)

6% 2654 0)Q) =500 + 2800 + g T (5.47)
m
Néu ta dua vao cdc ky hiéu
D(s) = (2 + 285+ @i ) ; N (8) =5Gq +284y + 90 (5.48)

thi nghiém ciia phuong trinh anh c6 dang

Ny(s) . F(s)

Q=T Wb

(5.49)

Dang nghiém (5.49) 1 tong ciia hai s6 hang. SG hang thit nhat Ny(s)/D(s) phu thuge
vao cdc didu kién ddu va twong dng v6i nghiem ciia phuong trinh vi phan luy€n tinh
thudn nhat . S& hang thi hai F(s)/mD(s) phu thudc vio ham kich dong f(1) va weong
g v6i nghiém cla phuong trinh vi phan tuyén tinh c6 v& phai.

Nghi¢m ca phuong trinh vi phan gdc (5.46) c6 dang

. 4] Ng(s) 41 Fs)
:,fl g =£1 { fl
=2 a2 [ ) s [ 10

Trong nhiéu trudng hop ta ¢6 thé sir dung bang 2.3 tim anh ngugc va bi€t duge bi¢u
thire nghiém q(t}. _6 day ta phan tich cic phan thic & v& phii cla biéu thic (5.49)
48 c6 thé di 6i bidu thiic nghiem cia phuong trink (5.46) gon han. Gia st ham F(s)
12 mot phan thiic cé dang

N(s)

M(s)

F(s) = {5.50}
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Khi d6 nghiém clia phuong trinh anh ¢6 dang

ot =No®  N& Nt T
D(s) mM@E)Ds)  D(s) mD(s)

(5.51)

Trong d6 D{s) = M(s}D(s). (5.52)
Gid st D(s) vd D(s) 12 cac da thiic chi cd nghiém don. Ta ky higu s, Ta nghiém ciia
Dis) = 0, §; la nghiém cia D(s;)=0. Khi d6 ta ¢6 thé phan tich cdc phan thic
N,(s)/D(s) va N(s)/ D(s)thanh cic phan thic 151 gian 1]

K

Ny{s) :ZNU(-“'k) 1

D(\) K- D’(Sk) S—35y (,. _%)
3.0

No _$NE) 1

D) DGy 55

Trong dé D'(s)va D’(s) 1a cic dao ham cla cac ham D(s) va Dts)theo bién s.
Vay nghiém phuong trinh aph bay gidr c6 dang’

K

. 1 N(%.
Q(};):ZN“(bk) 1 +Z (SJ) i

- D'{(s)) 55 = mﬁ'(i_i) s —§

Ap dung bang 2.3 ta tim dugc nghiém phuong trinh géc

K Nosy) s .
q(n:Z__—-‘: kg™t 4
k=1 D'(sy) Z

=

NG
NG (5.54)
mD (5, )

Chi ¢ ring khi D(s) hoic Dis)cé nghiém boi, ta khong dp dung duge cong
thite (5.54). Trong trudng hop do ta phai xudtl phét tit phuong trinh (5.49) dé tim
ham gde git). DE tinh todn thuln tién, ta nhéc lai mot cch tém tit viée phan tich
mot phan thiic thuce su P(x)/Q(x) thanh téag cha cic phan thitc 163 gian.

Cac phan thuic t6i gian 12 cdc phan thic thuéc mot trong bon dang sau
A A Bx+C = Bx+C

x—a (x-a) x*+bx+c (x*+bx+c)”

(k,m=23,.)

Trong d6 A, B, C, a, b, ¢ la cac hang s6 thic, tam thic x? + bx+c¢ khong cé
nghiem thie (b? —4c <0).
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Trong dai 6 ¢6 dinh 1y sau: Moi phdn thitc thie su P(x)IQ{(x) ¢& thé phén tich
thenh tong mot 3¢ hited han cde phan thire don gidn,

Ngusi ta cling dd chimg minh duge cdce tinh chit sauw:

1. M&i thira s6 dang (x-a)* trong Khai trién cha mau s& Q(x) cua phan thic thuc sy
P(x)/Q(x) ing véi mot nhém k phan thifc (81 gian dang
1 + - - 4o — ! k_ ( B
r—-a {(x—-a) (x—a)l‘

h

LA

N
S’

2. M1 thira 50 dang (x> + bx +c)™ trong khai trién cla mau s6 Q(x) cua phan
thitc thuc sur P(x)/Q(x) tng vdi mot nhom m phén thic 181 gian dang

B, x+C, . B,x+C, . B,.,x+C,

<2 +bx+c  (x+bx+c) (x> +bx+0)" 520
Thi dy 2.21 - Tim nghiém phuong trinh vi phan dao dong
q+2q+q=-1lcos2t+2sin2t
vii didu kien ddut=0: q(0)=1, q(0)=0
Lo gidi - Trude hét st dung bang 2.3 tim anh cla céc ham & ve phal
F(s) =[-1 1cos2t] +[2sin2t) = -11 A[cos2t] + 2 sin2t] = -—l)liif
§7 +

Ap dung bidu thic (5.49) ta tinh duge biu thfc nghiém cia phuong trinh anh

Ocs) - s+2 . —1lls+4 __53+252—7s-+i2
s+1)2 2 +As+DE T s+’
. 1
- s 2_2 i 2 2 L4 1! i
§°+2 §°+2 {s+D~

Tra bang 2.3 ta tim duoc nghiém phuong trinh vi phan
Q) =2 [Q(s)] = cos2t - 2sin2t +4t e
Chi ¥ rang trong thi dy nay da thic dic trung D(s)= s2+2s+1=(s+1)° 6
nghiém s =-1 boi 2. Cho nén ta khong sir dung cong thic (5.54) duoc.

Thi du 2.22 : Trén mot hé dao dong tuyén tinh <6 can (hinh 2.49a) tdc dung mot
luc va cham hinh sin (hinh 2.49b).
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0 khit<0

f(y=4Fsin khi0<i<--
O

0 Khit>_
O

l f(t )

LL \
! 0 .

I
2
a) b}

O

Hinh 2,49

Hay xic dinh dao dong clia hé khi t > 0 bang phép bien déi Laplace. Biét rang khi
t =0 he ditng yeén.

Léi gidi : Phuong trinh vi phan dao dong clia hé ¢6 dang

q+28q +0lq = =
m

L b 73 C
vor 280 =—, o =-—.
m m

Theo dau bai khit=0: q(0)=0,4(0)=0. Do dé theo cong thirc (5.48) N, (s) = 0.

Trong mién 0 < t £ 1/Q nghiém cua phuong trinh 4nh theo (5.49) c6 dang

f(s)
$)=—
Q) mD(s)
- . B s FQ 2 2
Irong do F(s) =./[f(1)] = F /{sinQt] = — . D(s)=s5" +28s+ 0.
" s +Q°

Chi ¥ dén (5.50) ta co

Ns)=FQ: M) =s?+02
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Tir do theo (5.52) suy ra
D) = M(s)D(s) = (s> +Q° st 4285+ 605

Phuong trinh Dis) =0cd bon nghiém

Biéu thitc nghiém q(t) theo (5.54) cd dang

FO 2 f:gjt
qty=—) =
m JZ:;' D'(8))

The cdc gid tri §; (j=1...4) O rén vao bidu thiic g(t). Sau mot vai phép tinh todn

trung gian, ta duge
Bl - (1 -n?)sinQr - 2Dncos
Q= | 5
¢ (I-n")" +4D™n
Al
+2Dncosmt—(l—n2 -ZDZ)(I—DE) 2 nsint o
(1-n? -2D%)? +4D3(1-D?)

- 5 S }
vdi mzqf{nﬁ—-ﬁz ,D=—.=—"—".
Oy My

hién dao dong tu do ¢d can v6i cdc diéu kién dau

Trong mién t > 7/ hé thuc

q(tu):q(%), q(tgy = Q(%—) tinh tir biéu thic trén. Trong mién nay ta co

n s n
N (s) = sq{—) + 28q(—)r+ a(—
0 (5) Q(Q) I(Q) q(Q)
N(s)=0
Biéu thitc nghiem (5.54) bay gid co dang

YT
0
i’-_____{q%) cos\:m(l - -;%) - 0&] + o f;‘q%)sm ot - —;_32-)}

()=
! Ji-D?

. )
v tga =—.
w
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Chuong 3
DAO PONG TUYEN TINH CUA HE NHIEU BAC TU DO

Ciing nhu Irovg chuong 2, & day ta chi xét dao dong cua ¢dc he¢ co hoc
helonom. Mot e n hac tr do 1 mot hé ma vi el clta né trong Khong gian duve xdce
dinh béi n toa df suv tO0R ¢ 4. Qo .. 0, DUGH tic dung coa tye, chuyén dong cua
hé duge xdc dinh bai su bien doi ctia cde toa do suy rong nay theo thot gian.

Trong chuony nity ta xét bii todn dao dong nho cha h¢ n bac tu do quanh vi tri
can bing tinh. Khi d6 h¢ cdc phuong trinh vi phan mo ta dao déng cia hé 1a ¢ n
phuong trink vi phan luydn tinh cdp hai hé s6 hing s0.

Trong cic bl odn k§ thuat, ta thudmg gap bon md hinh ¢ hoe sau : hé cac
vat rin, he cdc phan tir hite han, hé lién e, h¢ nhiéu vat hon hop. Cic phuong trinh
todn hoc mo ta dao dong ctia hé cdc vat rin la cdc phuong trinh vi phin thuong,
loai phrorg trinh chiing ta xét trong chuong nay. Dai v6i he cac phan wr hitu han,
sau mot 56 phép bien doi ta ciing nhan duge h¢ cic phuong trinh vi phin thudng.
Cic phuong trinh todn hoc mé td dac dong cua hé lien tyc {(moi truang Tién e I
cic phuong trinh dao ham riéng. Cde phuong trinh todn hoc mo ta dao dong cua he
nhiéu vat hon hop 1a cic phuong trinh vi phan thudng va cdc phuong trinh dao ham
riéng. ‘Fuy nhién, khi tinh todn dao dong cla cdc hé phic tap, ngudi ta thuong co
géng bi€n doi tuong duong gin ding vé hé u bic ty do, vdi n 1a s6 bé nhat ¢4 thé
chdp nhéan dugc.

§1. THANH LAP CAC PHUONG TRINH VI PHAN DAO BONG

Viéc lua chon céc phuong phdp dé thanh lap cic phiong trinh vi phan dao dong
cta hé nhiéu bac ty do phu thude vao mo hinh co hoc cila cdc mdy va cic cong
trinh. P61 véi cdc co hé gém cdc chil diém, cdc vat ran, cdc phan 1r 10 Xo bo qua
trong luong, cic phan tr can, ngudi ta thudng diing phuong trinh Lagrange loai hai
dé thiét lap cic phuong trinh dao dong. D61 véi cac ket cau dan hoéi, ngusi ta
thudmg sit dung cdc phuong phap lwe, phuong phdp bién dang, phuong phap phén r
hitu han. D& véi cdc co hé phifc tap ngudi ta con st dung phuong phdp cic hé con
(phuong phip tach cdu tric) d€ thiét 1ap cdc phuong trinh vi phan dao dong. Dudi
day ta trinh biy viéc dp dung phuong phdp sir dung phuong trinh Lagrange loal hai
va phuong phip lyc thi€t lap phuong trinh vi phan dao dong cua mét s¢ mo hink
dao déng cu thé.
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1.1 Phudng phap st dung phudng trinh Lagrange loai Il

Cic phuong trinh Lagrange loai I duge dp dung d€ thiét 1ap cdc phuong trinh
vi phan chuyén dong cta h¢ holénom cé dang téng quét nhir sau

i[‘j[]—-ﬁ: . i=1l..n (.0
dt -

aq;

rong do : q, 14 toa 30 suy rong, Q, 1a luc suy rong, T 1a biéu thic dong nang, n la s6
bic tu do cua he.

@. Thi dy 3.1 : Cho mo hinh dao dong nhu hinh v& 3.1, Hay thiét 1ap phuong trinh
vi phan dao dong cha hé.

*h 9z
Cq %ﬁ C; —]

LA Ft)
P
7 E PP FPEAREES
Hinh 3.1

Loi giai ; Biéu thitc dong ning va thé nang clia hé cd dang

.1 2 1 -2
T=-—m +—m
> 191 5 292

H=*21-C|q|2 +%°2{C12 -q;)°
Biéu thitc ham hao tan ¢é dang
=bid} +3b0, -4,
Thé cdc biéu thifc trén vao phuong trinh Lagrange loai 1
_g{ﬂ}_ﬂz LL
dt\dq;/ dq; dq; q;
ta nhan duge hé phuong irinh dao dong
m;d) +(b) +by)q; - byq; + (¢ )4 —¢2q; =0

. ] ) (1.2)
m,{, —byq) +b,q; —€)q) +¢,9, = F(1)
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Cic phuong trinh (1.2) ¢6 thé viét dudi dang ma tran nhit sau

M{dq+Bq +Cq =11 {1.3)
Trong dé
M:irm‘ 0 ‘ gl D+ -b
{0 m, -h, b,

i o} ol ol
L -C2 Cy g2 F()

Khi trén h¢ khong ¢6 lyc kich déng va khong ¢6 phdn tt can, phuong trinh dac
dong tu do khong can cé dang

m;, 0 {Q] +‘31+Cz -Ca || 9 :0 (1.4)
0 my {4, -C2 2 {1492 0 ‘

b. Thi du 3.2 : Thi¢t 1ap phuong trinh dao dong xoén cia mot mo hinh truyén dong
nhu hinh 3.2. Cho biét cdc momen M, (t), M,(t). Cic momen M, va M, ty 1& v&i vin
18¢

M; =-by0,, Mj;=-b30;

i >
<4
M,(t)__»|: — E
M, :

A Jq

| b
My —n ¥ } M,(t)

Js

v}

Hinh 3.2

Lot gidi : Co cdu truyén dong nhu hinh 3.2 1a mét hé dao dong ba bac tut do. Trong
bén dai luong dinh vi @,, ¢, @i, @, ¢6 mot diéu kién rang budc g, = -1,0;. Ta
chon cdc toa d6 suy rong : q, = ¢y, ¢, = 9, Gs = ¢, DONg ning va thé nang cia he
co dang -

1 . . . .
T= {10} +1203 + 1307 +1403)
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1 a1 2
H=20(@2 = @)" +5¢2(9y —3)

faa s N R ¥ . PRy - R p
Thé diéu kién rang budc ¢, = -2 (¢, vao cdc bieu thic trén, ta ¢
3

2
| . r . .
1:5 Jl(plz+ I, +[f—) 1, cp§+J4(pi

3
1 1 I
f==c (9, -0, )2 T —=Ca{ Py +_2(P3)2
2 2 Iy
Dé xdc dinh cdc luc suy rong ing véi cdc lue khong the, ta tinh cong kha di cla hé
8A =M, ()8, + M8, + M85 + M, (1)d94

2
) T ;
=M, (1)@, —b,rp,0¢, —b;[ 2} P20, + M ()09,

T3

Viy ta co

2
Q; =M, (1), Q;Z—szrb;[i'} P Q3 =M, (1)

ik

The cdc biéu thic dong nang, thé ning va luc suy rong tng véi cdc lyc khong cd
thé vao phwong trinh Lagrange loai II

d{ oT aT ol .
-\ = - +Qy
dr\ g,

oqy 2y
ta nhan dugc hé phuong trinh vi phan dao dong cia ca cdu truyén dong
qu&l —¢cy (@, —0,)=M (1)
[Jz +(r3 /r3)2J3]¢2 +[b2 +b3(ry “3}2 P

I I
40 (@)~ )+ Cy (9, +-2¢,)=0
Iy Iy

. r
Ja@g +Ca (@, + riq)g y=M, (1)
3
Heé phuong trinh (1.5) ¢6 thé viét lai duéi dang ma tran nhu sau

Mg+Bq +Cq =1(1) (1.6)
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Trong dé
J, 0 0 0 0 0}
M=|0 J,+(rp /)5 04, B=|0 b, +(r, /13)°by O
0 0 1, 0 0 0
CI -C]' 0 (.P| h"I'([)}
r
C= _C] C]. +(1'3/r3}2C2 —?'CI R q= (pz N f-: O
I3
0 (ry /13¢5 cs Lo M,
Thi du 3.3 : Thiét lap phuong trinh
vi phan dao dong tu do clia h¢ dao @ P2 Pt Pa
dong xoan gém n dia nhu hinh 3.3.
Lé&i gidi » Biéu thic dong nang va G ﬂ C2 Cn2 Ch-1
biéu thitc the ning cua hé c6 dang } U |
&
T=52Ji<{>i J, J, I,
=

= " Hinh 3.3
H:EZci((pm - 0;)

i-1
The cdc bidu thite dong nang vi thé nang trén vio phuong trinh Lagrange loai II

M_ﬂ]_ﬂ__ég
o9 ap;

dt d,
1a duce hé phuong trinh dao dong ty do ciia mo hinh khdo sat
iy +c (@ —92)=0
1yPy +€2(92 —93) ~C1{Py —¢;)=0
...................................................... (1.7)
Jn—](.f]n—l +<Cn ((pn—l _‘\Dn)*cn—Z ((Pn—Z _(pn—l)'__o
‘,n(‘[.)n _“Cn—l(q)n—l _(pn) =0
He phuong trinh (1.7) ¢6 thé viét dudi dang ma trén
Mg+Cq =0
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Thi du 3.4 : Mot mong khoi phing c6 khéi luong m tuya wrén cdc 16 xo theo hai
phuong thang ding vi nam ngang, chiu tdc dung clia luc F(1) thing ding (hinh
3.4a). Hiy thiét lap phuong trinh dao dong nhd cia méng khéi phang quanh vi tri
can bing tinh. Gid thiét ring méng chi chuyén dong trong mat phang hinh vé va &
vi tri nhu hinh v& 3.4a cdc 1o xo chua bi kéo, nén.

Loi gidi = V1t clia mong duge xdc dinh bin vi tri trong tam clla nd X, y va goc
xoay . 11¢ toa do duge chon sao cho ¢ thai diembandint=0thix =0,y =0va
@ =0.

e F(U)

Cx1 A B
]
c, :
77y ik ki 7 4 ;
ay ) %_ | +AL, Ly FAl,) |
a) b)
Hinh 3.4

Biéu thic dong ning clia mong mdy
T—im(XEJrj-'E)-r-lJ o2 (1.8)
2 2°¢ '

Khi méng may dao dong trong mit phang, bién dang dai clia cdc 10 xo L Al 8,
Al,,, Al; (hinh 3.4b). Thé ning cua h¢ ¢6 dang

] _
= mg_v+;(cx1£\li| FeaAl, e Al ve,AlL) (1)

Chiing ta k¥ hi¢u cdc thanh phdn dich chuyén cia diém A (1 A dén A’} lau, vav,,
~dc thank phdn dich chuyén cda diém B (tit B dén B’) Ja u, va v,. Theo hinh v& 3.4b
i co

u, = x+a;(l-cos@)+bsing ;. v =y-4a sin¢ + b{l —cosq)
Uy = X=-a,(l—cos@}+bsing; v, =y+a,sin@+b(t—cosq)

Tir dinh 1y hdm cosin trong lwgng gidc ta tinh dugce

)
Ali] = li{\;] +{u12 +v12 +21x1u|)/1i| —]J
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' 2
Al%l :12 L f1 +(u]|2 + \'12 —2!.),'\’1)!'1:;1 -—1]

Alig :1?‘2[\'[1 +(Ll% +\’,?1 _21x2u2)!1i2 B ll

2

7

Alzz —1‘3[ H(Uz +‘~2 +21 ')Vﬁ)!fl o }H

Cic dai lwong Ly, Lo s dn [ dd dii cha cdc 1o xo ¢ trang thii chua bién dang, Do
hung ta chi xé1 dao dong nh6 xung quanh vi iri can bing nén cd thé str dung cac
xap X1 sau

AlZ = uy; A%, = u3; Al x Vi /\1%

r\JI\J

Do géc ¢ nhd, ta 1dy xdp xi sing ~ @, CO5P = i. Tir 46 ta tinh duge
2 2 2
A2, = (x+ bo) s AL = {y - a,9)
2 2
Aliz x(x+b(p) ; Alys z(y+a2(p)

Bidu thitc gan diing cla thé nang I1cd dang

Il :%[Cn (x+ b(p)g +eo{x+ b(pf +euly- a,cp)2 + Cyz(V + aﬁ,q))2 ] +mgy
DE xdc dinh cdc lue suy rong dng véi lyc F(1) ta tinh cong kha di cla he
SA = - F(1)dy - F(t)edp
Tir d6 ta suy ra
Q=0 Q}=-Fx Qg=-Fte

Thé cdc bidu thic dong nang, thé ning, lyc suy rong ting v6i lyc khong cé the vao
phuong trinh Lagrange loai II

d{ T ar oll *
—N = == +Q;
dt\oq;/  aq; oq;

ta ¢6 céc phuong trinh vi phan dao dong cha méng may khao st

Mg+Cq =fQ1) (1.10)
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vail
m O O x 0 |
M=|0 ol q=|yl f=-{mg+F
0 0 Jc¢ © el
-
C, +tCq O (cy +Cn )b ‘\
CZ 0 C}.] +C),2 212(:

yz — 10yt
. 2 2 2
{Cxl +Cx_})b azcyz —aIC).l {(CKI -chz)b +E'|]C>_.1 +32Cy2}

1.2 Phuong phap Iuc

Phuong phéap luc hay ducc st dung dé thiét 1ap cac phuong trinh dao dong cua
cdc hé thanh c6 Khoi lugng tap trung. Dé thdy 10 nodi dung chia phuong phap nay.
trudc hét ta xét mot thi dy. Sau dé trinh bay qui trinh téng quat dp dung phuong

phip Iyc thi¢t 1ap phuong irinh vi phan dao dong.

Thi ¢ 3.5 - Thiét lap h¢ phuong tinh vi phin dao dong cua dim khong trong luong
mang hai khoi lugng 13p rung m,, my va chiu cdc lyc e dung Fy, F, nhu hinh v&
3.5. Cho biét m, = 2Zm, m, =m.

Loi gidi : Theo dinh luat Hooke suy 1ong ta cd cdc heé thic lién hé gitta dich chuyén
vi hre (hinh 3.3)

q, = d1|F1* +‘312F2*

. R (1.1h)
qy =dy Iy +dnl
F Fa
trong do _
. _ a % a &
F =F -m,. N T ] g
F, =F, —myd; ="
g m, m, qQz
myd, M2,
Hinh 3.5

Trong (1.11) dij = d; 14 cdc hé¢ s6 anh hudng. Trong gido trinh Sdc bén vat ligu
[37,49] ngudi ta da dua ra dinh nghia vi cich xdc dinh céc hé s6 nay. Bang 3.1 cho
ta cich tinh do vong clia mot s loai dim thiing chiu téc dung cua cdc dang luc co
ban. Tir d6 dé dang xdc dinh cdc he 53 dnh hudng d,;.
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Céc he s6 anh hudng d, 1ap thanh mot ma trdn goi la ma tran hé s6 anh hudng hodc
ma tran do mém xdc dinh nhu sau

d d
p=| 12
dy dp
Tir bang 3.1 dé& dang tinh duge do 16n clia cac hé s& anh hudng déi véi dam rén
hinh 3.5. Phuang trinh (1.11) bay git ¢6 dang

Qa8 THE (1.12)
q, | I8EI\7 8]|F; '

Khi diam dao dong quanh vi tri can bing finh, cdc lue tac dung F bao gém luc

quan tinh —m;{; va ngoai luc F,(1). Ta c6 hé thie

S R
F, 0 m; |92 F,

Thé bidu thic (1.13) vio (1.12) ta nhan duge phuong trinh dao doéng u6n cia dim

E . K
P TN O B
Tir thi du trén fa.c6 thé dwa ra mot nguyén thc chung dp dung phuong phap luc dé
thiét 1ap phuong trinh vi phan dao dong. Diu tién ta viét dinh litat Hook suy rong
q=Df* (1.15)
Sau d6 sir dung quan hé gilra luc va gia t6¢
Pr=-Mq +1 (1.16)
Thé (1.16) vio phuong trinh (1.15) ta nhan dugc phuong trinh vi phin dao dong
DMG+q=Df : (1.17)

Chu ¥ riing ma tran 46 cimg C va ma tran do mém D cita mot hé dao dong ¢d quan
hé¢ nhu sau

C'=D (1.18)

PGi véi he co hoc phic tap, ngay nay ngoai hai phueng phdp trén ngudi ta con sUr
dung phuong phdp tach ciu tric dé thiét lap cac phuong trinh vi phan dac déng.
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§2. DAO DONG TU DO KHONG CAN
Phuong trinh vi phan mo 1d dao dong do khong can cita hé n bac ty do ¢é
dang
Mg+Cq =0 (2.1)

Trong d6 M va C la cdc ma trdn vudng cdp n 6 cdc phin tr 1A héng s6. Trong
nhidu bai todn thite t€, ching 1a cdc ma trin thuc doi xing.

2 1 Cac tin s riéng va cac dang dao dong riéng
Ta tim nghiém cla phuong trinh (2.1} dudi dang
q = a sin{ ot + o) (2.2)

Thé biéu thirc {2.2) vao phuong trinh (2.1) 61 don gian di biéu thifc sin(wt +o) ta
nhan duge phiong trinh

(C-w'Mya=0 (2.3)
P& cho phuong trich dai s tuyén tinh thudn nhat (2.3} ¢6 nghiém khong tam
thudng, didu kién can la

|](: @ M| =0 2.4)

Phuong trinh (2.4) 1a mot phuong irinh dai s6 bac n doi v6i @’ va duge goi la
phuong trinh 1dn 6 hoac phuang trinh dac trung. Céc nghiém @, (k = l....n) cua
phuong trinh 1dn $6 dugc goi 1a cdc tan 56 rieng. Thay 1an lugt cdc gid tri cua w,
(k = 1.....n) vio phuong trinh (2.3} ta nhan dugc cdc hé phuong trinh dai s3 tuyén
tinh thuin nhat &€ xéc dinh cdc thanh phan clia véc to a,

(C-o; Mya, =0 (2.5)
Cic véc to a, ny dugc goi la cdc véc to riéng.

Do phuong trinh (2.5) 13 hé phuong trinh dai s6 tuyén tinh thudn nhat ¢6 dinh thifc
hé s6 bing khong nén cac thanh phdn cba véc to a, duge xdc dinh sal khac mot
hing s0 nhan. Ching han ta ¢6 thé chon a, mot cdch tuy y.

k

N Lotk & L -
Vi = hoac v, =—% L.k=12,..n (2.6)
a1y a

Thay 1dn Jugt cic ©,, ©y,...00, vao phuong trinh (2.5) ta xac dinh dugc ma tran
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Vir Vi2o e Vi
v v L ¥
Vol V2 Van

M1 véerd cot chia ma tran (2.7)

T _ [ytk) (k) ki T
v, = Vi Vo o Vi) -[vﬁ »"(z ,..‘.v(n)]

cho ta biét mot dang dao dong riéng cla he dao dong (2.1). Ma tran V dugc goi la
ma tran dang riéng (Modalmatrix). Nhu the€ ma tran dang riéng cho ta bist il ca
cdc dang dao dong riéng co thé c6 chia hé dao dong.

X¢t trudng hop hé hai bc iy do. Khi dé cdc phuong trinh vi phan dao dong tu do
khong can ¢6 dang

m 3 0
{ 5! ml’l}{?l}_i_\zcll Ciz}[ﬁh}:l: } (2.8)
m,; My Ji 42 €y ©22 492 0
Phuong trinh tdn s& (2.4) d&i vdi trudng hop nay c6 dang

2 2
Cyp—® My Cyp —0O Myp)

21 —o’my cp -0 my
Khai trién dinh thitc cép hai trén ta duge
(¢, - ©'m,, )Cyy — @ My ) — (€ ~ @ M NE, —o'm,,)=0 (2.9)
Néu ta dua vao ky hicu v, =ay’ /2l thi tix phuong trinh (2.5) ta suy ra cdc
phuong trinh xdc dinh cic phén tir clia ma tran dang ri¢ng
hodc
(¢, —0Mmy, ) +V{oy —0]my) =0 1=1.2 (2.10b)

Ma tran dang riéng cha hé hai bac ur do trén ¢6 dang
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Thi du 3.6 . Cho mo hinh dao dong
nhu hinh vé 3.6a. Hiy x4c djnh ma a, U
trin dang riéng khi ¢, = ¢, = ¢, 2% %ﬁ
m, = m, = m, sau do v& cic dang ¢,
dao dong riéng cla heé.

\g
L.
3
%
S

Loi gidiz Biéu thite dong nang va thé s

ning cua hé c6 dang

| , 1 , Hinh 3.6a

T=—mqy + =my
5 1 > 242

L PR | 3
[I=—cq; +—=c5(qy —
5 1d] 5 €2 qz —q)

Sir dung phwong trinh Lagrange loai 11, ta dé dang thiét lap dugc phuong trinh vi
phan dao dong tu do cita hé

R G
0O m, qz -Ca Ca q2 _O_

Tuong Ung véi phuong trinh (2.3) ta cd

¢ +Cy -Cy|_ 2[m 0 Jifa, ] o] 2.12)
-Ca Cy 0 m 5 aq ”0_ .

Tir d6 ta suy ra phuong trinh tn s6

C|+C2_(ﬂ2m] -Gy -0 (213)

2
~CH Cz_(ﬂ m2

Khai trién dinh thic (2.13) ta dugc phuong trinh

c +cC c c|c
cl).1_(1 2 . 2]m2+ 12 _g
m; m, mm,

Tir 46 ta tinh duge céc tin s0 riéng

2
+ [ C
mlzzzl[m+th L[cl_m_z_] _a g4
2% my m, 4\ my m, mm;

Thé cdc biéu thite ciia @, vi @, vio phuong trinh (2.12) ta cd
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ao U]t ! we
: lag L(c|+c2—m1mi2);’c2 ' Cg/(c2~1n2(a)f) .

|
Ta,s | 1 [ l 1
a= = 2 a2 = 2. [
ayy (¢, +cy —mM3)/Cy €y [ (Cy —mym3)
T.ong dé cdc dai vong a;; va a,, la cdc hing s6 chon tuy §.
Khic, =¢, = ¢ vd m, =m, = m, ta d¢ dang tinh dugc

V:rvil \"12_!:[_ ! !
J [1.62 -0,62]

Vo Y2

‘I'rén hinh 3.6b cho ta cdc dang dao dong riéng th nhat va thi hai

%__f‘k ' 4

€z

% ==
Al .
AR L AR L)

Vi Var Dao ddng riéng thir nhat

Viz Vaz

Dac dong riéng thi hai

Hinh 3.6b

2.2 Tinh chat truc giao clia cac véc td riéng
Xét phuong trinh dao dong tir do khong can cia hé n bac tu do
Mig+Cq =0 (2.15)

Né&u cde ma tran khai lugng M v ma tran 46 cing C 1 cdc ma tran thue dai ximg
thi cdc véc to riéng v, tuong tng vdi cdc tdn s6 riéng o, s€ tryc giao vl ma trdn
khoi hegng M v ma tran do cting C. Ta ¢é cdc he thac

Vi My, =0; viCv=0 Kkhio#o (2.16)

Ta sé ching minh tinh chat trén. Chi ¥ dén ky hi¢u (2.6), tir phuong trinh (2.5) 1a
suy ra
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w My, =Cyv, (2.17)
©; My =Cy (2.18)

Nhan bén trai phuong trinh (2.17) véi VJT phuong trinh (2.18) v \-"-,r ta dudc
w? vIMv=v Cy, (2.19)
w? v My=v]Cy, (2.20)

Do tinh chit d6i xiing cla cdc ma tran M vd Cta ¢6

v} Mv,=v M v VT Cv,=v, C \7

Pem phuong trinh (2.19) trix di phuong trinh (2.20) va chd ¥ dén tinh chat (2.21)
suy ra

(o} —0})v] Mvy=0 (2.22)
Dodé v My, =0 khi o+ o, Ti(2.19) tasuyra vi Cv,=0khi o«

Chd y rang néu miz = (:)? thi tir (2.22) ta khong (hé suy ra tinh chilt ryc giao cua

cdc véc to riéng tuong fng.

Gia sit »? 12 mot nghiém boi k cha phuong trinh ddc trung. Do M = M,
C = C" nén ting v6i o7 ta s& 6 k véc to rieng doc 1ap tuyén tinh. Cic vée to nay
tryc giao véi (n - k) véc to riéng cdn Jai. M6i t6 hop tuyén tinh ciia k véc to riéng
nay lai 12 mot véc to riéng ing vai cuiz . Nhu thé tir k véc to rieng nay ta c6 thé xay
dung mot co s& truc giao d6i vai M clia khong gian con cha R". Xay dung tuong tue

ddi v6i céc tri riéng boi khdc cha phuong trinh dac trimg, k€t qua ta duge n Ve
riéng tryc giao v M.

2.3 Cac toa dd chinh

Nhu trén da trinh bay, phuong trinh vi phan dao dong ty do khong can cua he
1 bic ty do cé dang

Mg+Cq =0 (2.23)

N&u ta o6 thé chon duge cdc toa do suy rong dac bigt sao cho v ¢dc toa do do, vic
ma tran khéi luong va ma tran 4o cing déu o6 dang dudng chéo, thi cac toa do suy
rong 46 duge goi 14 cdc toa do chinh. Ta ky higu cdc toa do chinh boi p,, pa. ... Pu
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Thue hién phép 46 bién
q=Vp (2.24)
Trong dé V id ma trin dang riéng. Thé (2.24) vao phuong trinh (2.23) ta co
MVD +CVp=0
Nhan bén trai phirong trinh trén vai V7t duoe
VIMV p +VICVp=0 (2.25)

Do Linh chit (2.16) cdc ma tran VIM V v VIC V 14 cdc ma tran duémg chéo

lwyy 0 .. 0 vy, O ... 0}
2 0
viMvs | B2 cVievs o T2 (2.26)
0 . K, {0 ¥ ,,J
Vi vay cdc phuong trinh (2.25) ¢6 dang
wpy+v,p, =0 1=1,2,..,n (2.27)
Trong do
= "Flr N‘I V.. Y= v’IT C “'i (2.28)

Néu ta dua vao cdc Ky hiéu
0! =1t (2.29)
Hi
thi cac phueong trinh (2.27) xdc dinh cdc dang dao dong chinh ¢6 dang

p; +02p; =0 i=1,2,..,n (2.30)

Viéc giai cdc phuong trinh (2.30) da duoc ban k¥ trong chuong 2.

Thi du 3.7 : Mot hé hai con lic ¢é chiéu dai méi thanh 13 1, kh&i lugng méi vat
diém la m. Hai thanh duogc noi véi nhau bing 10 xo ¢6 hé s6 citng 1a ¢, & vi tri cach
truc quay mot doan la d (xem hinh 3.7). B6 dii cila 10 xo0 & trang thii khong bién:
dang bing khoang cdch giifa hai truc con lic. Bo qua khdi lugng céc thanh, khéi

hugng 10 xo va luc can

a. Xac dinh cdc toa do chinh ctia hé.

b. Xdc dinh dao ddng tw do ciia hé véi cic diéu kién ddu ¢,{0) = @, 0,{0) =0,

$,(0)=0, ¢,(0)=0.
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Lo gidi » Trudce heét ia thi¢t lap phuong trinh vi phan dao dong tir do cia h¢ hat con
lic wén hinh 3.7. Bidu thic dong nang va thé ning 6 dang

T:%mlz[(bf +(§)?§)

L f I e i
o . [
. | )
1T=mgh, + mgh, +Ecd'(lpz—®1)' d
Do ‘
. D2
h|=l(1—cosq)1):=—hpf n,
2 ¥ Vo Dy
b, =K1 - o8tz x_;_kp% A A
Hinh 3.7

nén ta cé
1 2 2 2 2
U:E[(mglwtcd o7 +@5)—2cd P1¢p; ]

Thée cdc biéu thic dong nang, the nang vio phuong trinh Lagrange loai 11 ta dugc
cic phuong trinh dao dong tu do cha hé hai con lac

mlz(;')1 +(mgl+cd2)(p| —cdz(p2 =0
mlzéf)z —cd2q>I +(mgl+cd2)cp2 =0

() thi du ndy tacd my; =My = ml, m,=0 my,=0 ¢cH=Cn~ mgl + cd’,
¢y = Cyy = - ¢d’. Do d6 phuong trinh tin s& c6 dang

(mgl + cd? —ml2e*) ~c2d* =0

Tir d6 suy ra

ol 2 2Cd2
1 Y (1)2——_+

it mi?

Bay gid ta x4c dinh cic phdn tir ciia ma tran dang riéng. T phuong trinh (2.10a} ta
suy ra

ol =E;
1

2 mgl+cd2 —ml? g
N _ e -mp®y b
L= 2 2 -
€1z — My W0y -cd
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s ofg 2cd?)
N mgl +cd” —ml‘[‘g-+———(’—;---'
o — My 03 I mi”
\-2:———--—-—’) = — 5 = --—l
Clp — M2, —cd”
Vay ma trin dang riéng 1a
o1
V=
I - 1J
Tirdé ta cé
O, =p; + = +@5)/2
1 =P1 + P2 R (@) +93)
Pz =Py — P2 pr =(@y —y)/2
Phuong trinh dao dong dang toa dé chinh
o 2
Py +@ip =0
Py + m%pg =0
Tir do ta dé dang tim dugce cic dang dao dong chinh
pi (1) =Csinfwt+o ) pa (1) = Chsinlw,t+oy ).

Tra lai toa do suy rdng ¢, ¢, ta cd
@, () =C;sin{om t+a )+ Cysin(w, 1+ ay)

0, (1) =Cysinfem;t+ o) —Cysim{@,t+ 0y )

Cic hing s6 C,, Gy, o, ¢, dugc xdc dinh tif cde dicu kién dau ¢,(0) = @, ¢,{0) =0,
P (0)=0. @, (N=0.
DPao ham theo thoi gian cdc hdm ¢, p, 1a duge
@ ()= ,C, cos(@t+ot;)+®,C; cos(wyt+aty)
P, =0,C, cos(wt+a;}—0,C, cos(wyt+ oy )
Tir cic didu kién ddu da cho ta duoc hé bén phitong trinh xdc dinh C, C,, o), @,
C,sinat; + C,sina,y =@y
C,sina - C,sina, =0
®,C, cosa +w,C;cose, =0

®,C,cosa; —w,C,cosa, =0
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[N
LA

Tir hai phuong trinh thit ba va thi tu ta suy ra
cost, =costly =0 - A =0, =
Tir hai phuong trinh ddu ta c6
. . . L
2C[51n0-1 :2(,') SOt :(Dn —r Cl '—(2 =—y
- . 2

Viy dao dong i do cha he hai con lac c6 dang

Py (m] +0, |“/m, — 04 |

@ (1) =——{COS 0 L+ COS, T} =y COS —1]|cos| — 1|
2 L ;N2 /

p“ '/ L}] +UJ‘; h (l)l _(,)'} \l
cpz({)——-—(:.0%()11—cosm1 =0, ~,1nk Jsm 5 t.|
&L \ < /

Thi du 3.8 : Tinh Wén cdc tdn s6 ricng va dang dao dong riéng cta mo hinh dao
dong 3 bac ty do phu hinh 3.8,

X4

— .
M Mﬂwwuﬂjmmg

m m *mi2
STIEAR F AL ARSI LS LI AL LSS R R A A AR A AETELIAE LA IEL § AL SL SIS AALEIIE 8
Hinh 3.8

Loi gidi © Bidu thire dong nang va thé nang cua hé cd dang

- 1 .2 1 .2 1 L1
{=—mX; +—mX; +—mXx,
2 2 -

1, .1 . 2
II ZECXT +o(X, —%,) + Ec(x_,, =X, )0 X
The cic bifu thife dong nang va thé nang vao phuong trinh Lagrange loai I ta nhan
duge hé phuong trinh vi phan dao déng
m 0 0 J[%1 [3 -2 0} x,"‘ 0]
0 m 0 X, [+]-2¢ 3¢ -—c¢||x2=1]0
0 0 m;’2J X1 0 -c 3 x?,J 0

Phuong trinh tin 56 (phuong trinh dac trung) c6 dang
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c—oim —2c 8]
—2c 3c—w’m —C =0
0 - 30——1-032m
2

Né&u ta dua vio ky hiéu A = ®> — thi phuong trinh dac trung co dang
y - P g : g 8

A F120T —393+24=0

Gialra ta duge

A =07985 o o =08936 JE
m

N, = 44540 o 0, =21107 |

C

S5

hq = 6,7460 - @y =2,5974

Phuong trinh xdc dinh cdc véc to rieng ¢6 dang

3-4 -2 0 a, | [0
—2 3-% -1 |la,[=]0
L 0 -1 3—:&/2 dsy 0

Tit phwong trinh thit nhét ta suy ra

3-2.3aM-2a"=0 - a _
(B -2iay 2 L Z3o, 2

Tir phuong trinh thif ba ta ¢é

6-%)at—2air=0 - al'=—a
( a3 2 PR

Cho a(zi) —1 (i=1,2,3) va thé cdc gid trl cua A; vao cac biéu thific trén ta nhin
ditge ma tran dang riéng
0,0085 -1,3747 -0,5338

V= 1 1 1
0,3845 12944 —2,6789
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2.4 Cac toa dé chuan

Nhu di biét bing phép thé q = Vp (V 1a ma trén dang réng, p 1a véc ta cac
toa do chinh) ta co thé dva phuong trinh vi phan dac dong

Mg+Cq =0
vé dang v¢ trdi tdch ro1 nhau

wp, +v,p, =0 i=1,2,....,n
Trong d6 p; va v, duge xdc dinh bdi cdc hé thiic

Wi = v}r My, v,= v]-T Cwv

Do cdc phdn tr chia véc to v; ciia ma tran dang rieng V dugc xdc dinh sai khac mot
hing s6 nhéan, cho nén ta cé thé chon céc véc to v, mot cdch thich hop sao cho

I ¢ ... 0
. o 1 .. 0 )
VIMV= =E (2.31)
0 0 .. 1

Ma tran dang riéng duoc chon nhu the duoc goi 1 ma tran dang riéng chudn. Ta ky
hiéu ma tran dang riéng chudn bing V,. Nhu thé néu V, la ma trén dang riéng
chudn thi ta cé cdc hé thifc

rmf 0 ... O

2
VIMV, =E; V;fcvﬁnmzko wy o O

Bing phép thé q = V,, p ta c6 the dua phuong trinh
Mi+Cq =0
ve dang
Ep + Dop=0
Cic toa do chinh p = [p, 1oopa] trong phép the g = V,, p duoce goi 1a céc toa do
chudn. Chil ¥ ring cdc toa do chudn 1a cdc toa do chinh dac biét. Ta van sir dung

¢fic ky hiéu p, dé chi cdc toa do chuan. Ban doc cin chd ¥ dén chi giai trén dé
trinh nhim 1an sau nay.

Néu ta biét duge ma tran dang riéng
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V=[¥, ¥ v,] {2.32)
thi ma trin dang riéng chudn duge xdc dinh boi hé thire
1
e L S 23
Lul Gy o,

Trong d6 cic hing s6 o, duge xic dinh boi cong thic

=t py = * M\« (2.34)

Thi du 3.9 - Hiy linh ma trin dang réng chudn cta thi du 3.8. Cho biét m = 10 kg,
¢ = 1000 N/m .

Loi gidgi - T ma tran dang riéng vV da biét trong thi du 3.8 1a dé dang tinh duge

oy = = VIMy, = £ 6,9808 (ke)®

Néu chon o, = 4,3581; o, = 06,1054 a; = 6,9808 thita co

; [0,2085 —0,2252 —0.0765)
v,‘{iv,. L, -l—vIJ: 02205 01630 0,432
o, a, o,
: 0,0882  0,2120 -0,3838

Né&u chon o, = 4,3581; a, = - 6,1054; a; = - 6,9808 thi

vl N v.’_ » V.\

=[0,2295 -0,1630 -0,1432

0,2085 0,2252 0,0765 |
ﬁlil i I }
0,0882 -0.2120 0,3838

2 -

2.5 Mét vai trusng hdp dac biet
Trong doan nay gidi han xé1 dao dong tu do hé hai bic ty do. Phuong trinh vi

phéan dao déng c6 dang

myf; + Myaq + o4 €120 =0

. .. (2.3%
My {4, + My +C21q) +C2292 =0
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Khi sir dung cic toa ¢ chinh hé phuong trinh (2,35} dua duge vé dang

Bobor ={Q
Pi |j Pi (2.36)
ﬁ2-+(05 p; =0

8) Tricomg hop 1 o) = o, = . Khi dé nghi¢m heé phuong trinh (2.36) ¢4 dang
pr = Cysim{ot 4w, ); Py = Cssinfwt + ot y) (2.37)

Ca hai 1oa d¢ chinh déu dao dong diéu hod véi cling 1in s6 ». Tit hé thitc
q=V¥p

B sUy ra
q) = A\ sintet + 3 ) g3 = A,y sinfot +03,)

Trong truong hop nay ¢d hai wa do suy rong déu thue hién dao dong didu hoa véi
cling tan s& w. Néu ta chon toa do q,. ¢, bl k¥ thi ching ciing dao dong diéu Liod
V61 1an s6 @ chung dé. Do d6 phuang trinh dao déng ¢é dang

an i
g, +op qy =0 (s + @

[

q; =0 (2.38)
b)Y Trifdng hop 2 1 o, # 0, ;= 0. Khi d6 hé phuong trinh (2.36) ¢6 dang

i‘)=+m|3 p, =0 N p; = C sinfe L+ 0y)

iig =0 pzZCEL‘i‘C}
Nhu the trong trutmg hep w, # 0, @, = 0 thi toa dé chinh p, thue hién dao déng diéu
hod véi tan 53 w, con toa do chinh p; hoac luén 1a hing 56 (néu C, = 0) hodc ting
Ién vo cung khi thoi gian ttang. Kha ning ndo xay ra phu thuoc vio cic diéu kién
diu.

Neéu nhur ta chon q,, q; mot cich tuy ¥, thi tir edc phuong trinh (2.10a) v

(2.10b) ta cé
. 2 2
(¢, —m ) +v,(c, —m,w;}=0
(Cpy =M 05 )+ v, (Cyy ~ M2 ) =0
Kht ¢, = 0, tir hai phueng trinh trén ta suy ra

€ €12 f
\r,l = —— = — 1= — CIZ :i\'llcllcfl
c c
12 M

Bay git ta x¢t h¢ ca hoc thod man diéu ki¢n trén. Ngoii ra ta con gia thiét thém
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Pong nang va thé nang cla hé¢ khao sdt ¢6 dang
1 . . 2
T= 5(“11 Q7 +2m 5G4, + My E)
L 1
= ECI qu
Thé viio phuong trinh Lagrange ioai 1T 1a duge hé phuong trinh vi phan
myd, +mpq, +¢q =0
my{; +myq; =0
Hai phuong trinh niy ¢é thé viét lai dudi dang nhu sau

m .
12 i,

4y =~
lTlQZ

]Tllzz ..
my - 4, +¢yyyy =0
M3

1% 46 giai ra duoc

q, = Csinfew  t+0, ) q3=—m g + Tt +Cy
e

The biéu thic q, vio g, ta duac
q; =C, sin{at + 3}

iy

Csinfo,t + Py +Cy1+ Cy
M .

{2 ==

(2.39)

(2.40)

Nhu thé khi C, # 0 toa do suy rong ¢, s&€ tang 1én v6 han khi t tang. Chi y ring
tong trudng hop ndy toa do g, la toa do xyclic. Trang thii can bang cua hé Khong

thé thiét lap dugc doi véi toa dd xyclic,
Trong trudag hop 10ng quit tu cd
a,=p; + Pz =Csin(ot+a))+Cot+Cy

ga =VyPy + Vap2 = v Cpsin{ot+B)+ v, Cot + v,y Oy

(2.41)

Thi di 3.10 + Cho hé gém hai khdi lugng m, vd m, néi v6i nhau bang 1d xo cé do
cimg ¢ nhu hinh 3.9, Hiy tim biéu thife nghiém 10ng quét va mot tich phan dédu cua

h¢.
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1.&7 gidi » Dong nang va the nang cta he co dang
| 1 X1 e
T=2m x> +—m,k3 >
g MR Ty — 2ﬁ3{|
1 2 m
IT=—c[xy — X 21
Lofxa - )
Thé cic biéu thic dong ning va th€ nang vao s e
phuong trinh Lagrange loai Il ta dugce Hinh 3.9

m; X, +¢x; —¢X, =0
myX, —CX; +CXy =0

Phuong trinh dac trung caa hé

2
c—o m -¢
\cuaﬁMH ! S |=0
‘_ - C C—U)Hmz
4 2
- mm,n° —c(m; +my)o =0
Tir do suy ra
c(m, +m
m,in,
Ma tran dang riéng c6 dang
11
V=
Vi Va
Trong dé v, dugce xdc dinh tir phuong trinh
m
c—mfm‘ —¢ev, =0 — vy -1, vy =1
my

Vaytacd

V= ! 1]
-my fm,; 1]

Cic phuong trinh chuyén dong chia hé trong dang toa do chinh
f)1+<ﬂ|2 p,=0 N P = Acos{@ L+ a)
pp =0 p, =B, + Byt

Tré lai toa do x,, X, ta cé
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X (O =pr{t)+ps () = By + Byt + Acos{w 1+ o)

m, m

Xy (1) =—

p{ty+p; (=B +Byi—
ms M~

Acos(ot+a)

Ciic hing $6 A, o, B,. B, duvc xde dinh tir cic diéu kién déu.
Goi Xe [ toa do khdi tam co hé, theo dinh nghia khoi tim ta ¢6
(M1, + ma)xe = m X, + mu(l + X3}
Tir dinh 1¥ bdo toan dong lugng ta ¢6
{m; +m,)Xc =m X} + myX, =consl (2.42)
Biéu thire (2.42) 13 mot tich phan diu cha hé.
oY Tricong hop 3: o = w,
Phuong trinh dao dong & dang toa do chinh
fJ]+m|2 pp=0 = p{t)=Csmlwt+cy)
Dy + (u% p,=0 = pa (1) = Cysi(e,t +d,)
Trong dé C,, C,, @t,. 0 12 cdc hing 6.
Tro lai toa do q,, g2 theo (2.24) ta co
g, = p +ps = Cysin(ot+o)+Cysin(m,l+0y) (2.43)
q> = V(P +Vypr = viCysin(o T+ o)+ valysin{o 1+ o) (2.44)
Do @, = m,nén o, - ®, << w,. Néu ta dat
P{ty=(m, —w )i+ (o, —y) (2.45)
thi @(t) thay doi cham theo thoi gian. Tir (2.43) 1a suy ra
q, = Cysinfo,t o)+ Cosin{o b+ +¢)
= C; sinfw U+ ay )+ Calsin(ot+ o )cose 4 singeos{o U+ )]

=(Cy + Cx cosgsinfo L+ o )+ Cysmocos(ot + o))
Tinh todn tuong tir ta duge
q» = (v,C) +v>Cy cospIsin{o i+ o) + v, Gy sinpeos(ot +ay)
Néu ta dat

C, +Cocosp=A, cos0; Cysing = A, sinf,
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v,Cy +vyChcosp=A,c080,;  v,(C,sing=A,sind,
thi cdc biéu thire q,(t), q,{1) cé dang

q;{t) = A, (1)sin{e,t+ 0o, +6)

. (2.46)
q; (1) = A, (D)sin(ot+a, +8;5)
Trong dé
C s

A =\/C,2 +C§ +2C,C5cos9;,  1g0, -2t

C, +C,cosp

C, si

Ay =\[\f,2(3,2 + \'%C% +2v v, CC, cos: 120, = Yata TRY

viC +vyChcosp

Do géc ¢(t) thay d6i cham theo thoi gian nén cac ham A, A, 6,, 0, thay ddi cham
theo thii gian. Tir (2.46) ta thay chu k¥ thay d6i bién do

211:_

de:
Wy =0y

rit 16n so vi chu k¥ T = 2n/w,. Hién twong dao doéng nhu the goi [A hién tugng
phich. P4 thi dao dong cd dang nhu hinh 3.10

4

Hinh 3.10
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Thi du 3.14 Tim didu kién xudt hién hiéa tuong phich déi véi mo hinh dao déng
wrong thi du 3.7.

Loi gidi - Theothidu3.7tacd

g 2cd?

| ml?

Hién tugng phdch xudt hién khi
2 2 2
W -0, << @ —> ) —@f <<
Iif cdc cong thitc trén ta suy ra didu kién xudt hién hién nrong phich

2¢d* g 2¢d?
<2 o
ml” 1 ml

<< E.

§3. DAO BONG TY DO CO CAN

Phuong trinh vi phan dac dong tu do c6 luc can ty & v&i van toc clia h¢ n bac tu do
¢t dung:
Mg +Bg +Cq =0 3.1

Trong dé M, B, C 1a cdc ma tran vuong cdp n vdi cic phdn tir 1a cdc hang s6. Cling
giéng nhu & hé mot bac wr do, wy theo i triic cda ma tran can B, hé co thé thye
hién dao dong 1y do tat ddn va ciing ¢o thé thife hién chuyén dong khong dao dong.
Vé phuong dién dao dong, ta quan tam chél yéu dén trudmg hop heé thuc hién dao
dong tu do tit dan. Nhu thé bai todn quan trong hang ddu trong doan nay la xdc
dinh khi nao hé thyc hién dao dong ty do tat dan, sau dé mai dén thudt todn tim
nghiém.

3.1 Phuong phap giai truc tiép (ma tran can tuy y)
a) Phirong trinh xdc dinh tri riéng
Ta tim nghiém cba phuong trinh (3.1) dudi dang
q(ty=§c* ', q 1a véc (o hing (3.2)

Thé bidu thic nghiém (3.2) vao phuong trinh (3.1) réi don gian di thira s6 e ta
nhan duge phirong trinh cha bai todn gid tri riéng téng quat
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(M +2B +C)q =0 (3.3)
Piéu kién cin dé cho cdc phin tir cua vée 19 ¢ khong déng thén trict uéu la

P(1) = det(A’M + 1B +C) =0 C(34)
Phuong trinh (3.4) duge goi li phudng trinh dac trung. Khi M [ ma wréan chinh qui
det M = 0. thi P(%) 1a da thic bic 2n clia A voi he 46 thue. Gidi phuong trirth

(3.4 1a ¢o duge 2 nghiém thic hoac phic lién hop, Trong dé néu A 1A nghiém
. ghic | P Jp g : ghic

boi m thi xem L& 2 nghiém. Cic tri riéng phifc va thue coa (3.3) co thé vier dudi
dang

h = = +10y, Ay =0 —lo, k=ho, 85D
)\.k :_‘Sk, k:25+1,.,.,21‘1
B) Phan tich cdc khd nang dao déng theo cdc tri riéng
- Triong hop tri riéng c6 phdn thiee am khdc khong
Dink nghia: Khi 8, >0 (k=1.., $), dk >0 (k=2s+1,..2n) th can duge
20i 1 dat yéu cdu,

Khi cin dat yéu cdu thi h¢ thyc hign dao dong tu do tat ddn. He duo déng la on
dinh tiém can. Tuy theo tinh chat ciia chuyén dong cOa hé. ta co thé phan ra thanh
ba trol* e hop sau:

Ciryiur s =1n, Oy # 0kk=1..,n),

Can manh: A, = —Sk <0, (k=1..2n),
Can hén hop: Truding hop con lai.

"rong trudng hop cin yéu, hé thue hign chuyén dong dao dong. Trong trudng hop
¢#1 manh. hé thue hién chuyén dong tat dén.

- Céc triemg hop khdc

Khi tri rieng Ay c6 8, =0 hodc 8x =0. nghitm rieng tuong dng véi A s€ bi
chan. 11& (3.1} on dinh gi6i han.

Khi phuong trink (3.3) ¢d tri riéng %, ¢6 phin thuc duong thi nghiém riéng tuoeng

Gng véi A, s ting 1én vo clng khi 7 1ang. 1I¢ khong dao ddng. Ta khong xéL
truding hop ndy.
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¢) Cac vée to riéng
Ung vai ti riéng . tir he phuong trinh (3.3) ta ¢6:

(MM+1B +C)§, =0 (3.5

Tir (3.5) 1a xidc dinh diroc cde véce (o rieng (, . Nhu di biét tir dai 6 tuy@n tinh, néu
nghiém cia phuong trinh (3.4) [ nghiém don hodc néu [a nghiém boi ma boi dai
50 bang boi hinh hoc, thi cdc vée 1o riéng twong ing s& doc 1ap tuyeén tinh. Ta ¢6
the sdp x€p 2n tri rigng A, ng véi 2n véc to rieng. Cic vée 10 rigng duoc xdc dinh
sai khile mot hang so nhan, Chi ¥ riing cic véc tg riéng @ng véi cac tri riéng phiic
lico hop i cic vée to phite, con cdc véce (¢ riéng (dng vdi cde tri riéng thue 14 cic
vie Lo thue, '

Ciic vée 10 rieng cua hé dao dong tw do ¢d can ndi chung khong truc gino véi ma
tran khéi lugng M. ma tran can B va ma trin d6 cing C. Tuy nhitn néu gia st ¢o
ton tai mot i riéng Ay ma o, = 0. Khidé tacé

A IO AL = IO (3.6}
The (3.6) vae phuong trinh (3.5) ta duge

(—(u; M- obB +C)E|k =0

(-of M-i 0B +C)§, =0
Cang hi phuong trinh rén ta dugc

(-or M+C)g, =0 . o, B §, =0 (3.7)
Tir (3.7) ta suy ra €, 12 véc (0 riéng cla hé dao dong tu do khang can. Khi M va C
L cde ma fran dSi xéng thi , trye giao véi M va C.
d} Nghiemn téng qudt cua bai toan dao ding tie do cé cdn yéu
rong tregng hop hé ¢ can yéu. 1a cd

}\-k :_61\ +]U)|\’ }\'k‘i'l’l :_Bk _IO)L'! k:L,n
Trong rudmg hop nay ta dat

q, =u, +1v,, d,, =u _—1v,
Nghi¢m ri¢ng tuong tng véi cap tri riéng A, v A

ken COdang
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q, (1) = Cie™ (a4, + i?k)+5ke“"" (@, —iv,) {3.8)
véi Ci, Dy 12 cic hiang $6 phite. Néu ta dua vio cdc hang s6 tich phan mdi

¢, =Ci +Dk, D, =i(Cx —Di)
thi biéy thiie (3.8) ¢6 dang
q ()= c™ [(C,l, + D, ¥, )cos o t+(Dg, -C. v, )sin o, 1} (3.9}

Nghiém téng quat cha phuong trinh dao dong do ¢o can (3.1) co dang

n

qity =Y q.)

P
Cint ¥: Do 0, va ¥, ndi chung khong ty & v6i nhau nén cdc toa do cla véc o
cd pha khac nhau.

3.2 Phuong phap ma tran dang riéng (ma tran can dac biét)

Trong mot s6 bai todn k§ thuat ma tran can B ¢d thé biéu dién dudi dang
B=aM+8C (3.10)
Trong d6 o va 8 1a cac hang s6. Ma trén (3. 10) duoc goi 1d ma tran can Rayleigh.
Biéu thiic (3.10) ¢6 khi duge viet dudi dang
B=cooM+ E_—C
)

Trong d6 @ 1 mot tAn s6 qui chi€u tuy ¥ duge dua vio dé o va 3 1a cdc dat luong
khong thit nguyen. Cong thic can Rayleigh ¢é vai 1rd quan trong trong dong lire
hoc cong trinh.

Khi d6 bing phép bién d6i q=Vp, v6i V la ma trén dang riéng, ta dua duge
phuong trinh (3.1) vé dang

i+ By +vip =0 (i=1,2,.m) (3.11)
Trong dé

m=vIMys B=viBvi 7 =viCy; (3.12)
Nghiém ciia cdc phuong trinh dang (3.11) dd duge khéo sdt k§ trong chuong 2.
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Chit ¥, Vige dua phuong wrinh (3.1) vé dang (3.11) wong duong véi viée dua dong
thivi 3 ma tran AL B, € v¢ dang dudng chéo. Ngui ta dd chitng minh dugc dinh
1y sau.

Dir i 1¥. Bidu hén cén v dit dé hé phuong trinh (3.1) dua duge vé dang vE trdi
tach rod nhuiu €311 12 didu kién hodn vi vi tri nhu sau

BM'C=CM'B

Khi M, B, vi C 1 eic ma tran doi ximg, diéu kién trén ¢6 thé viét dudi dang
BM'C =(BM'C)'

Trong mét vi Lai lieu ngudi ta ciing dua ra mot vai dang khdc vé di€u kién chéo

hod déng thasi ba ma tran M., B, va C. Tuy nhién nhimg két qua nay thudng mang
nang v nghia Iy thuyét hon thuc hanh.

Thi du 3.12: Cho mo hinh dao

déng hé bal bac wr do nhu hinh 79 ¢ |77 c U
3.11. Hay tim nghiém cla hé bang  ° m | S m 7
phuong phip ma tran dang riéng. .

s

e s S s

Lei gidi - Cac biéu thite dong ning, g | 4 q
P - - a 1 - . -] 2
thé nang vi him hao tdn cua h¢ cé ?71 > %—

dang '

I , Hinh 3.11
T=ome+ 43)

L 2 ! 2 1 2
IT=-—cqy +—cl{gq, —q;3)" +=¢
5 9y 5 () — 4z > 2

1. .. )
(’D=;b(q1 *Clz):Z

The cic biéu thic dong nang, thé ning va bam hao tdn vao phuong trinh Lagrange
loai 11 ta nhan duge phuong trinh vi phan dao dong tv do ¢d can cda hé

m Ol q; R b —-bjlq, . 2¢ -cfiqy| |0
0 m] g, -b b g, -c 2c¢c||q, 0
Chia phuong trinh trén cho m va sit dung cic k¥ hi¢u
C b o

{,_'){2]:—‘ 8:—-—-‘ D:—-—-—
m 2m Wy
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ta duoc
1 0 _iﬂumo[)(l -1 C:“ o 2 -1 q,L(O]
0 114, -1 1 la 12 [l Lo)
Néu chon
a=-2wm,D, 6=Q
Wy

thi 1ir phuong trinh trén ta co
B=oM+38C

Do d6 ta ¢6 thé ap dung phuong phdp ma tran dang riéng tim nghi¢m cia phuong
trinh dao dong & trén. Phuong trinh dac trung cha hé

20){2} -2 —mfz,

3
—0f 204 A

\cuﬁmlz

= At —dwZA? 4 30) =0
Giai ra ta duoc
"2 2 2 2
| = 3dog, Ay =
Phuong trinh xdc dinh cdc vecto riéng
(A2 =205 + wial’ =0

Chon al” =1, tacé

2 2
A = 200, — A

2 2
wt]

Khi 23 =302 = al’=-1,khi 3}=0f = af’=
Vay ma tran dang riéng la
11
V=
-1 1

Tir d6 dé dang tinh duge
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0 6 0 - 4 0
viMV- ( VICY =2 6 . VIBVz=20,D
{ ]
L0 2 0 2 0 0

Fhuong trinh dao dong cia hé dudi dang toa do chinh
Py +40,Dp, + 30ip, =0
Py~ r-)f}pg =0

Tir d6 suy ra cdc biéu thitc nghiém dang rou dé chinh

P (0 =e 2PN C)) cos(¥3 - 4Dt 1) + Cy, sin(vV 3 — 4D% w0y 0]

[72({) = C21 COS(I)(]‘ + sz Sin(ﬂf}[

Trd lai toa do suy rong ban ddu ta ¢6

qp (0 =py (1) + py (1) =e P [ cos(v3 - aD @ 1)
+Cpy sin(\l3—4D2m“t)]+C2,c:o.‘;m{,t+C22 sin®,t

Q7 (1) =~p; (1) + py (1) = —¢ 200! [Cy cos(¥3—4D% w 1)
+Ciysin{y3 - 4D* 0]+ Cyp coswyt + Cyn sin ® 4yt
Gia str cho biét didu kién ddu
@@ =0q,0y=0. q;O)=v, 4,0)=0
V6i cic diéu kien ddu d6 ta d& dang tinh duoc
C=Cy=0

v | v

B e C22

Nghiém riéng 1ing véi cdc didu kién diu trén c6 dang

qp(0) = Y1 L g ~2Dout sin(v3 - 4D%wyt) + sinw 1]

20 J3_4p?2

gy (t) =~ Y [ 1 c_zD{””'sin(\f3—4D2m“t)—sinmnt]
- 2(.!)0 ,|'3_4D2

Cjy =
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$4. TINH TOAN BANG SO CAC TAN SO RIENG
VA CAC DANG DAO DONG RIENG

4.1 Bai toan gia tri riéeng
Phuong trinh vi phan dao déng tir do kbong can ¢o dang
Mg+ Cq=0 (4.1
Ta tim nghiem ciia phuong trinh (4.1) dudi dang
q = asin(mt + ) (4.2)

Thé bidu thire (4.2) vao phuong trinh (4.1) roi don gidn di biéu thic sin(ot + o)
nhéan dugc phuong trinh

(C—w’Ma=0 (4.3)
Trong dé o 1a nghiém chia phuong trinh dc trung

C-0M|=0 (4.4)
Néu goi A = o thi phuong trinh (4.3) ¢6 dang

(C-2M)a =0 (4.5)
Khi M 12 ma tran chinh quy, tir phuang trinh (4.3) suy ra

(C"-AE)n=0, C =M"C (4.6)
Khi C 13 ma tran chinh quy, nfu k¥ hicu 2 = 1/ o’ (r phuong trinh (4.3) 1a suy ra

(M -2E)a=0, M =C'M (4.7)
& trén ta ky hieu E 1a ma tran don vi.

Nhy thé viéc tinh todn cdc tan s§ riéng va dang dao déng ri¢ng din dén bai
todn gid tri riéng tong quat

(A-2B)x=0 (4.8
hodc ¢6 thé bién déi vé bai todn gid tr rieng ddc bit
(A-2E)x=0. 4.9

Khi M va C 13 cdc ma tran d6i x(ng, tich cdc ma tran M”C hodic C'M c6 thé
khong phai 1a ma tran doj xing nita. Do d6 ta it s dung phuong trinh (4.6) va
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(4.7). Gid st M 1a ma tran d6i xing. Khi d6 theo Cholesky, ta ¢6 the phan tich M
thanh tich cua hai ma trdn tam giac

M=1L.L | (4.10)
Thay (4.10) vho phucng trinh (4.3} ta duoc

(C-rLLY)x=0
Nhan bén tréj phuong trinh tyén v ma tran 1! ta duge

L LM LA LLL Ix=0

= (C" - 1E)x =0

‘Trong ¢6 ta ky hieu

¢ =L'CL, x'=L'x
Nguwi ta ¢6 thé chimg minh duge C’ ciing !a ma tran do1 xung,.
Khi A 1 mol ma tran thye vudng cdp n lhl bai todn gid tri riéng (4.9) ¢6 nghiem
khong tim thudng x # 0 khi va chi khi A 13 nghiem cda phuong trinh dac trung

det(A - AE)y =" + a4 LA A+, =0 (4.1

Nbu dii bict tir dai $6 phuong triinh dac trung (4.11) ¢6 n nghiém tén truong s6
plmc trong d6 néu #; la nghiém hot k, thi ta xem phuong trinh (4.11) cd k; nghigém
A O day ta dua ra hdl khai niem boi c!m 6 v bai hinh hoc cla i riéng X, Boi dai
s6 cua tri riéng A, ki higuldk; 1a 56 bdi cla A, véi tr cdch La nghiem cita phuong
trinh dac trung (4.11). Boi hinh hoc cla 1 rieng A, Ki hiéu 1a v, 1a s6 chiéu cia
khong gian riéng (ng v6i tri rieng A; cha ma trin A. Ngudi ta chiing minh dugc
ring béi hinh hoc y; cua tr riéng , dL[O‘L xdc dinh bdi cong thife sau

v=n Rank(A-AE) (4.12)
J

]

Chd § rang, ta luén ¢6 h¢ thic 1 < v = k;. Trong mét 0t Licu ngudi ta gol

bot hinh hoc ¥, 14 s6 khuy€t cha ma tran (A - KJE).

Tir dai 6 wyén tinh chiing ta da bict:

. Néu ma tran A thyc vuong cip n ¢ n iwj néng khdc nhau timg doi mot thi ¢
thé bi€n ddi déng dang vé dang duong chéo D = P'AP.

_ Né&uma tran A thue vuong c¢fp n co i riéng boi A, ma boi dai s6 bang bdi hinh
hoc (k; = ;) thi c6 thé bién dai déng dang vé dang dudng chéo D = P'AP.
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- Néuma tran A thyc vuong cip n cd it nhdt mot tri riéng A; ma boi dai s6 khdc
bdi hinh hoc (k; = v;) thi ta chi cé thé bien d6i dong dang ma tran A vé dang
chudn Jordan J = T'AT.

Trong hai trudng hop dau tng véi moi tri riéng 2, ta ¢6 the tm duge k; vécto ricng

doc lap tuyén tinh. Chidng tao thinh mat hé diy du n vécto riéng doc 1ap tuyén tinh.

Tir d6 ta ¢ thé xay dung ma tran P 1a ma tran mi méi cot cha né 1 mat véeto

rieng. Trong trudng hop thit ba. do v, < k, nén Gng véi A, ta chi ¢6 the tim dugc y,

veécta riéng doc lap tyén tinh. Trong truong hgp ndy ta phdi tinh théem (k, - v

vécto chinh. Tap cac vécto riéng va vécto chinh clia ma tran A tao thanh hé n vécto

doc lap tuyén tinh. Tir d6 ta xay dung ma tran T |4 ma tran ma moi cot cha nd hoac

Ia vécto riéng hoac la vécta chinh cla ma trin A.

Trong truong hop A lh ma tran vudng cdp n, thuc va doi xitng thi tit cd cdc tri
rieng clia A déu 1a s& thue. Ung voi méi tri riéng A; clia ma tran thue déi xing. bo
dai & va boi hinh hoc ¢tia né ludn ludn bing nhau. Do dd ma trin thyc d6i xiing
ludn ludn ¢é thé chéo hod duoc.

4.2 Phugng phap Rayleigh
Truée khi trinh bay cdc phuong phdp s6, ta néu ra mot cdch ngan gon cong
thitc Rayleigh xdc dinh gin ding tin $6 dao dong riéng.

Céc biéu thitc dong ning va thé niang clia hé dao déng n bic tir do ¢é dang [26]
| R T
T:Et]'Mq, H:%q’Cq (4.13)

Gia st nghiém cta phuong trinh dao dong w do 6 dang (4.2). Kht dé cdc biéu
thitc dong nang vi thé nang cd dang

1 .
T= %aTMa(ogcosz {oU+ ), M= —z—aTCa\sln2 (ot +a)

mix iy

Tirdotacd T = %aTMamz. IT =%aTCa (4.14)

Y tuéng co ban clia phuong phap Rayleigh La trong hé bio toan ta ¢6 hé thitc
T =11

mdx nrax

The bidu thite (4.14) vao hé thie T, =T, suy ra cong thiic Rayleigh d¢ xic
dinh gan diing tdn s6 dao dong riéng
, a'Ca

w? = (4.1
a’ Ma
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4.3 Phuong phap Jacobi

Phuong phip lap Jacobi, tén cla nha todn hoc Carl Gustav Jacobi (1804-

1851), cho phép xdc dinh 121 ca cdc tri riéng cia ma tran thye dai xing. Co so todn
hoc cia phuong phdp nay 1a dinh 1y sau diy cha dai s6 tuyén tinh.
Dindr Iv: Néu A 1a ma tran thue déi xdng thi sé ton tai mot ma tran truc giao Q ma
Q'AQ = D. vdi D Ia ma trin dudng chéo. Cic tri riéng ciia ma tran dudng chéo D
cling chinh la cdc tri riéng cta ma tran A.

Do Q 12 ma tran truc giao nén Q' = Q. Do do ta ¢

Q'AQ=D {4.16)

Noi dung caa phuong phdp lap Jacobi 14 tim cich xay dung mdr diy cdc ma wrén
trirc giao S, k =1, 2, 3.... sao cho
lim (S".8'7....8™") = Q

k—yor
Cdc ma tran S duge xay dung nhur sau

ALY

Spp = Sqq = COSQy. ‘(pk‘STt

{1\) _ . . 5 .

si’ =1 khi i#pva i#q
(ky _ _ (k) o

Spg = “Sgp = SINPy, ‘(pk‘én
‘(k) "O X P . l .

s =0 vé1 mot 1, con lai.

Nhir thé ma trin 8% ¢6 dang nhu sau

M .0 0 0 . 0 0 0 .. 0]
1 0 0 0
0 .. 0 cosgp, O .. 0 —-sinp, O . 0|<«— hangp
0 0 0 0 0 0 0
S(k}_ .
0 0 1 0 0
0 .. 0 sing, 0 .. 0 cosp, O .. O|«— hangq
0 0 0 0 0 0 0
0 .. 0 0 0 0 0 1

0
A
cotp cot q
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Ma tran $™ duogc xay dung nhuw wrén duge goi 1a ma trin quay Jacobi.
g Jc g an g
He thitc {4.106) bay gid co dung
(S L (SM)TL8" ) ASY . §V. 8 =D

Néu ta dua vao ky hieu

T = (SO (8" A ST 8™ k=],2.. (4.17)
gl -~ ‘,\
thi qud trinh lap Jacobi ¢6 thé biéu dién dudi dang
T(k) - (S[k} }T T\'k-l'l Stk} (418)
D= lim T* (319
koy

Cic gia tri cia ¢, duoc chon sao cho sau budc fap thit k phin tir t; trong ma tran
T & triet néu. Diéu nay s& dat duoc néu ta chen @, theo cony thife

(k=13
NPT

o (k=1 i,k by )
—"l{k—_n khi [ii ] t (420}
i

1220, =

(pk:% khi o}t =t 4.21)

Trong dé 1, Jit cdc phin ur ctia ma tran T,

Chit ¥ ring & cdc budc 1ap i€p theo, phin wr ¢ vi i (1)) cO 1hé lai cé gid tri
khdc khong. Tuy nhién 6 the ching minh duge rang v6i cdch 1ap nhu trén ong cic
binh phuong cua cdc phin ti khéng nim trén dudng chéo chinh clia ma tran T &
tién dan o1 khong. Su héi tu clia phuong phip lap Jacobi d& dugc ching minh mot

cich chat ¢hé vé mit toan hoc. Trong trudng hop sir dung mdy tinh dign (F 1a <6 thé
tién hanh nhu sau:

Ta tim tat ca cdc phan tir khong nam trén dudng chéo chinh cua ma trdn T,
néu gap phan tir t, ma |t > &, véi & la 56 duong nhd cho trude, ta thue hién phep
quay Jacobi. Cic phep quay dimng fai khi moi t, déu c6 tri tuyét déi nho thua .

Thi du 3.13. Cho bict ma trin A c6 dang

S—i
5 6
g8 6 10 9
7 5 9

—

fan)
: ]
[ |

—
=
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Hay tim tat cd cdc tri riéng cBa ma tran A bing phitong phép lap Jacobi.

Loi gidi - Lay T™ = A, Tim tat ca cdc phin tir khong nam trén dudng chéo chinh
ctia T ma ¢6 tri tuyér d6i 16n nhit. D6 1a phin tir 1, = 9. Theo cdc cong thiie
(4.20) va (4.2 1) ta chon o, nhu sau

24} {8
1220, = — 3 =— = = 2¢, =90" = 0 = 45"
G 1010

Ma tran §''' co dang

Lt 0o 0 0
G |0 L O 0

{ 0
B 1
0 0 cosd5" —sinas’ _Lo 0
0 0 sind5"  cos4s’ 0

0 |

0
/2 —\EzzJ
j2 Y272

ﬁﬁ:’ o

Theo cong thic (4.18) ta co

1 0 0 0?'10?8?7{10 0 OW
. I 0 o |17 5 6 s|lo 1 o0 o

00 J2/2 27208 6 10 9:_|00J§;2 _J272

00 —2/2 V272007 5 9 s0jio 0 V272 22

o o o Vo 7 15¥2/2 -J2/2

Joe1 o 0 |17 5 1272 V272

Tlo oo V2i2 V2i2ll8 6 1922 —N272

0 0 272 V27247 5 19272 V2/2 )

10 7 15V2/2 -+2/2]

T 5 1272 =272

Tlisv2 72 1Wzi2 19 0

V22 -2/ 0 1

Phan i 16n nhat trong cac phan 1 khong nam uén dudng chéo chinh cia ma tran
T lat V=13 J272.Ta chon ¢, nhu sau

20152

= = @, = 56"40°49"
S

122¢, =
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Ma tran §'’¢c6 dang

cosqh 0 -smng, 0
xm{pq 0 cosops, O
0 0 ]
Tir dé theo (4.18) ta tinh dugc
(26,021? 18  10.349806 0 ~0,39033]
T f10.3498()6 5 -1,543214 -0,707107
| 0 ~1,543214 2978282  0,5896!1
| -0,390331 -0,707107 0,589611 l
Sau 14 phép quay ta dugce
ir}” 0 0 011_ 2 =0,010150
poi0 k2 00 | 2 = 0843110
0 0 iy O] %3 = 3858054
|

0 0 0 iy Ay = 30288686

Chi ¥ rang, biang phuong phdp Jacobi ta nhan duoc ma tran dudmg chéo D ma
cic phin G trén duong chéo chinh ¢4 thé khong sip xep theo thif ty tang din. Theo
1§ thuy¢t bién d6i ma trin, vi i cla cdc tri rigng trén dudmg chéo chinh khong
quan trong ma ta chi quan tam dén tri sé cua chuné ma thoi.

4.4 Phugng phap QR

D¢ tinh todn cdc tri riéng cia ma trin thue tdng quat A (c6 thé doi xitng hoac
khéng d61 xting) nguvi ta thudng s dung phuong phip QR. Phuong phip QR do
nha todn hoc J.G.F. Francis ngudi Anh dé xudl ndm 1961. Trong cdc he chuong
trinh MATLARB, MAPLE,... ta thay ¢ 1¢nh eig(A) dé tinh tri riéng vi veeto ricng
cua ma tran A dua trén viée phin tich ma tran A thinh tich clia ma tran truc giao €
va ma trdn tam gide trén R, DE sit dung ¢6 hiéu qua cdc chuony trinh tiph tri rit,ng

v veclo rieng bang phuong phdp QR, duéi da\ gidt thieu so lige vé noi dung cia
phuang phap nay.

a) Ma tran Householder
Dl nghia, Mot ma tran vudng cap n trén trudmg sé thuc ¢é dang
H=E-2uu', vi HuH =1, ueR" (4.22)

duoc goi 1d ma tran Householder.
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Tinh chat. Ma tran Householder 1d ma tran d6i xing, truc giao vi c6 dish thic
bing -1.

Chuing minh. Do un' |2 ma tran doi xing, nén (uu)" = uu'. Tir dé ta suy ra:
H' =(E-2uu’) =E —Quw' ) =E-2uu’ =H
Mat khdc ta c&
HH' = HH =(E-2uu' XE-2uu")
—F—2un’ —2un’ +4uu'wu’ =E
Vay ma trin Householder 13 ma tran triuc giao, dot xung:
HT=H=H" (4.23)

Pé chimg minh tinh chat det(H) = -1, ta chon mot ma tran tryc giao € cung cdp vai
ma tran H, cot thit nhat ctia-ma tran C 1 vecto u. Nhu vay Ce,=u. Tudésuyrae
=C'u=C'u

Ta tih tich ba ma tran C'HC
CTHC=C'EC-2C'm"'C=E -2¢e;

1

1 0 .. 0}
- 0 1 .. 0
C'HC =

10 0 .. 1

Vay deq C'"HC) = -1. Mit khiic ta cé
det(C'HC) = det(CHydet{ H)det(C) = dettHy=—1.

b} Bién doi ma trdn A vé dang Hessenberg bang ma tran Housholder

Ma tran Hessenberg Jama trin 4 tam gidc c¢ dang

bll bIE bl3 e bl.n—l b1n
b:l b?l b.‘.:'~ i b'.‘_.ll 1 b:‘,n
0 b'l: b_‘_'l b'i.n—1 h=n
B= (4.24}
O O 0 " lDn—l.n -l bn—l.n
e 0 0 .. b b

n.n-1 I
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Sir dung cdc ma tran Householder ta dua ma tran vuong A vé ma tran Hessenberg
theo so do sau:

B,=A

B,,=H,B,H,: m=12...,n2 (4.25)
Troug dé cic ma tran Householder c6 dang

H, =E-2u,u, (4.26)
Sau 1 - 2 budce ta dua duge ma tran A vé dang B

B=B,,

Ma trin A s& dong dang v6i ma tran B néu nhu cic vécto u,, cha ma tran H, dugc
xay dung tir ma tran A. C6 nhiéu cach xay dung ma tran H. Dudi day ta néu ra mot
phuong an..

Khi m = 1, vecto u, dugc chon nhu sau
u =p,l0a, = Syalgy sy (4.27)

Trong d6 cdc tham s6 y, va s, dugc xac dinh bdi cdc cong thie:

u 1
5, = sign(-ay),[ 2 ),y =————= (4.28)
! l .Z:;‘ l ' ,;‘251(51 —a,)

Vi cdch chon nhu thé thi ma tran
H =E-2uu/
s& 1a ma trin Householder. Cot thi nhét clia (na tran
B,=H,BH, (=H,AH,)
¢6 n-2 phén tir fir dudi 1én bang 0.
Tuong tu nhir vay, khi m =2, ta chon vécia u, theo céc phin tif clia ma tran B,

T_ ) () 2)
u, =1,[0, 0, by —s;. by b1

' n 1
8, = sign(-b'2) Z(bﬁi’)z. TN
i=3 253(52 - b(‘»‘:!‘)

H, =E-2u,u, B, =H,B,H,

Khi d6 cot thit hai ciia ma tran B; c6 n-3 phin tir tir dudGi len bang 0, cot thi ahdt
cia n6 vin giif nguyén cdc phan tir khong nhu }an thit nhdt
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Tiép tuc qua trinh trén n-2 bude ta duge ma tran B, , 12 ma tran Hessenberg. Do
cong thitc (4.25) ta dé dang thay A v B = B, , 1 hai ma tran dong dang.

D¢ thay cu thé cdc bude tinh & trén ta dua ra mot thi du minh hoa nhur sau.

Cho ma ran

5 1 -3
A=]3 0 -2
S B

l{dy tim ma tran B déng dang véi A va ¢6 dang Hessenberg.

Theo cong thue (4.27) va (4.28) 1acéd

3
5, =sign(-a,), | > Al =3 +(-4)’ =-5
i=2

{ 1 !
MG oa) Y258 4

: 1
u, =0, a,, —s,, a_“]:4—\/§[0, 8, —4]

Ma tran Houscholder 6 dang:

H=E-2uu'
0 0 0 0
zuu"'=-41—0 g8 |[0 8 —4]=0 16 -08
-4 0 -08 04
I 0 0 5 1 -3
H=|0 -06 08| HA=-5 -08 2
0 08 06 0 -06 -l
5 -3 -l

B=HAH=|-5 208 0,5
0 0,44 -1,05

Do A 1a ma tran vudng cip 3 nén chi cdn mét bude 1ap 1a dua duge vé dang
Hessenberg.
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¢} Bién déi ma tran Hessenberg vé dang tum giac trén bdng ma tran Givens

Ma tran Givens 12 ma tran c6 dang

1
1
s C -—> ha )
G, = ang i (4.29)

- 8

1

1

cot :

Trong 46 & + ¢’ = L.

Sir dung ma tran Givens ta dua ma tran B v€ dang tam gi4c trén. Chon A, = B, sau
d6 tinh tich hai ma tran B, = GA, =GB

s ¢ 0 .. 0[b, by by - b,,

- s 0 0]|by by Dby b,,

B, =GB=|0 0 1 01l 0 by by b.,

o 0 0 .. bjjo 0 0 . b..
sb,, +¢cby,  sbp +cb,,  sb,Fcby sb,, +¢b,,
—cb,, +5by,  —Cby, t sb,, —Cbj;+8by —cb,, +sb,,

= 0 by, by by,
0 0 0

Dé cho —cb,, +sb,, =0 taphaicd b, cos@ = b, sind
= tgf=b,, /b, (4.30)

Néu chon 1gd theo cong thic (4.30) thi cac phin ti trong cot thit nhat ¢ dudi dudng
chéo chinh cha ma tran B, déu bang 0. Tuong wr nhy thé ta thuc hién phép quay
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Trong d6 ma tran Givens G, nhan duge tir ma tran G, bang cich chuyén ma tran

5 € . N fe . v .
con { —h di mot hing sang phat vi mot cot xudng dudt.
€ 8

HE cho b = —cb) + b} =0 ta phi c6 1gh=bly /b, .

Thurc hién lién tiép cdc phép quay Givens ta duge ma trin tam glac trén
B,,=G,G, .. .GGB (4.31)

Nhan bén trdi phuong trinh ma tran trén véi ma tran (G, G,,--G,G,)" aduge
B=(G,_G,,.G,G)'B

Ngu ta ky higu

QI :((}H—IGH—:'"GJGI)_I‘ R] B

et (4.32)
thl
A, =B=QR, (4.33)

trong d6 R, 12 ma tran tam gidc trén, Q, [a ma tran tryc giao, vi G, ]a ma trén tryc
giao.

Nhu thé ma trin
A, =RQ,=(G, G,,-G,G)BG, G, ,.G,G)’ (4.34)

I két qua ciha budc 1 cha thuat todn QR, 4p dung vio ma trén B. Ngudi ta ching
minh duge ma trin A, la ma tran Hessenberg.

Ta lai dp dung gud trinh trén cho ma trin A,, ta dugc
A, =QR;: A, =QR,

Tiép tuc qud trinh d6 cudi cung ta dugc ma tran A, I ma trin tam gidc rén. Do A,
14 ma tran déng dang v6i ma tran B nén dé dang thay A, cing dong dang vél ma
tran B, do A6 déng dang véi ma tran A.

T hé thitc
A, =QR,: A, =RQ (4.35)
tasuyra:

A= (Q|Q3-"Qk )Ak+1(Q|Q2---Q; )_1 -
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di Tom tar so do thudt todn phan tich QR

Cho A la ma tran vuong tong quat. Ta xdc dinh tri riéng vi vécto riéng clia ma
trin A theo s do sau:

. Dua ma tran A vé dang Hessenberg biing ma tran Householder H (A; = HAH,
A, la ma tran Hessenberg).

2. Ap dung ma trdn quay Givens, bién d6i ma tran Hessenberg A, thanh tich cla
ma tran truc giao Q, va ma tran tam gidc trén R, (A, = Q,R)).

3. Xay dung ma trin A, = R/ Q,, A; 1a ma iran Hessenberg dong dang vt ma tran
A, do dé déng dang vdi ma trdn A.

4. l.ap lai cac bude 2 va 3 cho dén khi A, 1a ma tran tam gldc trén.

5. Cic tri riéng clia ma tran A chinh 14 cdc phan t{ trén dudng cheo chinh cha ma
tran A,

6. 'Tinh cdc vécto riéng cua ma tran A,

7. Nhan bén trii cic véctd riéng cha ma tran A, véi ma tran HQ,Q,...Q, ta duoe
cdc vectd riéng ctia ma tran A.

4.5 Phuong phap lap Mises

Phuong phip lu¥ thira dé tinh cdc tri riéng do Richard Edler von Mises (1883-
1953) dura ra nam 1929 ngdy nay duge goi 1a phuong phdp lap Mises. Gid st A a
ma tran vuong cip n ma cdc phén t 1a s¢ thuc hoac phic c6 thé chéo hoa dugc.
Néu ta chi quan tam dén viéc xdc dinh tri riéng clia ma tran A ¢6 gid tri tuygt dei
16n nhat hoic tri riéng ¢6 gid tri tuyét d6i nho nhat thi viée sir dung phuong phip
lap Mises rat don gian.

Xét bat todn tri riéng dic biét
(A-LEx=0 (4.36)

Truée hét ta xdc dinh tri riéng A, va vecto riéng tuong tmg x'". Phuong trinh (4.26)
c6 thé viél lui dudi dang

AXP =) x™ (4.37)

Chon mot vecta ban dau a®” tuy y. Khai trién nd theo cic vecto rieng X, x%'... X"

LK

a'® = o XV 4 oy X2+ + o X (4.38)
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Tir cac phuong trinh (4.37) v (4.38) ta suy ra hé cdc biéu thite sau

A = Aa™ = o2, X + X L+ o), X

a? = Aa" = A% = o 02K + o, XD o+ o A X

a® = Aa%" = A" = o2 XD 4 @l X H + o X

a{iun - Aa(k; — Akﬂa(ﬂ) = &1}‘1“! xlI] + (Iz}»zkﬂ X(Z} +. 4+ (}’.,‘;‘.nk+l x[n}
Khoéng giam tinh tdng quat ta gia su ring

All > 7\.2 2 ....... 2 ll’l

Véik di 16n tir cdc bi€u thite trén ta suy ra cdc x4p xi

a(R} . Ch}\-[kxuj

a[k+l: m 0117‘.|k+] X{l)
Tir dé suy ra
agk+l) .
Ay = . (J=1...n)

(k)
aj

Néu st dung cong thiic Rayleigh (4.15) d6i véi cdc vecto rieng x™ xdc dinh nhu
trén ta c6 xap xi tét hon

(a(k) )T Aa(k)
(a(k))Ta(k)

Ung véi gid tri riéng A, ta c6 vecto riéng x'"” da chudn hod tinh theo cong thitc
(k)
m a

B /(a(k))Ta(k)

Sau khi da tinh xong A, va x”, ta tinh tiép X, va x®. Trudc hét ta chon mot vecto
a" ban ddu sao cho a" khong chita x' trong khai trién ciia né theo cic vecto riéng

X

2% =0, x? + ax? + + g x™
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Mudn the ta chon mot vecto X tuy ¥, xay dung vecto a™ nhu sau

a'W=x— (x"xM)x" (4.39)
V1 cich chon vecto a™ nhu thé ta cé

(XM T @ (x )Ty Ty T D

= (x)Tx xT(x W (x M T yx P =x Tx W _xTx D

Do x" 1a vecto da duge chudn hod nén xV(x™)7T 13 ma tran don vi. Nhu thé
vecio a chon theo cong thife (4.39) trire giao véi vectd x*2,
Ta xay dung so d6 lap nhu wong tw nhu khi tinh A, va x'"

a’ = Aa" = 0,2, XP F o AP 4+ o, X

a? = Aa = A% = 02X + oA %Y HL + g x™

a™ = Aa*" = Akﬁ“"’ = AKX + @A XD+ oA x ™

a(k+|.] = Aa(kJ = Ak+la(ll) = azlzzk-” X{l] + a}l}kfl x(3) 4.+ G."A.”]Hl xfn}
Khi A, >2a52...... 2 hq, vaik 40 16n ta c6 cac x4p xi

a[k} - azlzk x{I]

a[k*-“ . u;;_;hzkfl x(l}
Tir dé suy ra

a('k+1}

2 X (g=1,...n) (4.40)

aj

Néu str dung cong thitc Rayleigh ta ¢6 x4p xi 15t hon

(a(k))TAa(k)

ho = @ Ta®

(4.45)

Ung véi gid tri A,, ta ¢6 vectd rieng X' di chudn hod theo cong thiic
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()
\[lr — ,_—‘_l_': —
Khi t{oh 7. ta chon vecto ban dau 2 phu sau
HRLE 2 .
A T Mx P Tx (4.42)

v6i x 11 vée to chon wy y. Chon a theo (4.42) thi a™ s& tryc glao voi x" va x'.
Téng qudt khi tinh A, ta chon vecto ban dau theo cong thitc

. ki . .
a{n):x_z(xTxu))x{l) (4.43)

i=l

Trong dé x i vecto chon tuy ¥. Cic budc 1dp hoan toan tuong W nhu khi tinh céc
Iri riéng A, vi A,.

Trusng hop &, = X, ,, ngudi ta da dua ra so do tinh toan, nhung do cong kénh
nén khong trinh bay & day.

Thi du 3.14: Cho biét ma tran A vi vecto riéng X"’ d& chudn hod

25 39 17 0,40825
A=39 81 39|, xV=1081650
17 39 25 0,40825

Hay tim cdc tri riéng A,, Ay va cdc vecto riéng x?, x¥ ctia ma tran A bang phuong
phap lap Mises.

Loi gidi : D& tinh vecto a® theo cong thic (4.39) ta chon vecto X nhu sau

x=[1 00
Tit d6 ta ¢é
0,40825
x'x"=[1 0 0]} 081650 | =0,40825
0,40825

Theo cong thitc (4.39) ta tinh duge

1 0,40825 (0,83333
a”=10]| -0,40825} 081650 = | —0,33334
0 0,40825 —0,16667



Chuong 3. DAO DONG TUYEN TINH CUA HE NHIEU BAC TUDO 167

Qud trinh 1ap duge ghi trong bang sau
o, a{l! A

A a
25 39 {7 0,83333 4.9996 34,9000 35,0000 265,0000

39 81 39 |-0,33334 -1,0008 -3,0960 -3,0000 -9.,0000
17 39 25 |-0.16667 | -3.0004 29,0480 -29.0000 -247.,0000

(xMTa® 0 0,00098 —0,11757| 0 \ 0

Trong bang trén dong cudi cing ding dé Kidm tra tinh chit tryc giao ctia vectd a®
V&1 vecta X', Sau khi tinh dugc ba budc lap, trong chwong trinh tinh tu dong kiém

1ra thiy tinh chat truc giao (x"y" a™ khong dugc thoa man
y !:' =
34,952

| ~3.096 | = -0.11758
| -29.048

() aL21 a(."\

(x"" a® = [0,40825 0,81650 0,40825]

Khi d6 chwong trinh tinh ty déng tim kigm vectg a' méi 16t hon theo cong thiic

(4.39)
am:a(z’—[(am)]‘x‘”]x“}
34952 0,40825 15,000 “l
aP=| —3.096 |-0,11758]0,81650 | = - 3,000
~29,048 0.40825] | ~29,000

Sau d6 qua trinh lap lai duoc uép tuc. Tu vecto a'™ dp dung cong thic (4.41)ta tinh
dugc gia tri gan dang cua A,
25 39 17| 265
[265 -9 —247){39 81 39)) -9

17 39 25| -247

Py = = 7.99075
“ 265
[265 ~9 - 247] -9
|- 247

Cha y ring gia tri chinh xac cla *, 1a 8.

Ung v6i A, c6 vecls riéng x?
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. e 0,70313

X = e = | - 0,02483
G (T (5
(@a™) a ~ 0,68000

D¢ tinh 4., ta x4y dung vecio 2 theo cong thitc (4.42). Teude hét ta tinh

0,70313
x'x¥=[1 0 0]|-0,02483|=070313
- 0,68000
Tir dé ta tinh a'™
{1 0,40825 0,70313 0,34095
a™ =101 -040825081650 | —0,70313 — 0.02483 [= -0,31598
Lo 0,40825 - 0,68000 {— 0,31146

Qud trinh ap tiép tyc tuong tu nhy phdn trén.
§5. DAO DPONG CUGNG BUC

3.1 Phudng phap giai truc tiép

a} Dao dong cudng bic khéng cdn chiu kich déng diéu hoa

Dao déng tuyén tinh cudng biic khong can ciia hé n bac tir do chiu kich dong
diéu hod ¢6 dang

M +Cq = f sin Q¢ (5.1)
O ché do chuyén déng binh 8n, ta tim nghiém phuong trinh (5.1) dudi dang
q{?)=usm (5.2)
Thé (5.2) vao (5.1) ta suy ra
(-M+Cu=f = u=HOQ) (5.3)

Trong dé
H(Q)=(-O’M +C)™'

va dugc goi 1a ma tran truyén.
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Giai he phuong trinh dai s6 (5.3) ta dwoc

Q
uk(Q)=——A*( ) (5.4)
A(2)
Trong dé
A(Q) = det(-Q’M +C) (5.9

A, (€) ¢6 duge bang cich thay vécto f vao cot thit k cita A. So sdnh (5.5) vdi
(2.4) trong ciing chuong nay ta thiy A(Q) = 0 khi Q=0,(/=12,., n). Ta
phan biét ba trudng hop sau:

Truong hop 1: M) =0, A () + 0

Khi d6 tin s6 lc kich dong € tring v6i mot trong cic tan s6 dao dong riéng. Bién
do dao dong tang lén vo cung,. Truong hop niy duge goi la trudng hop cong hudng.
Truong hop 2. A(Q)=0, Q=w;

< o0

A (€2)=0 véimeikva lim A,
Qsen; A(Q)

Trong frudng hop niy mac db tén 56 luc kich dong tring véi tan s6 riéng nhung
bien do dao dong vin bi gidi noi. Trudng hop nay duoc goi 1A rutmg hop gia cong
hudng.

Trwong hop 3: A(Q)#0, 4, () =0 vai k xdc dinh.
Trong trubng hop nay u, = 0. Dao dong (ng vdi toa do thit & bi dap tar.
b) Duo dong cudng bikc ¢6 cdn chiu kich dong tudn hoan

Vé mat toan hoe dao dong cudng bic cd can nhdt ciia hé tuyén tinh n bac wr do
duoc mo ta boi phuong trinh vi phan dang ma tran nhu san
Mg + Bq + Cq = f(1) (3.6

Trong d6 M, B, C 1a céc ma trén hang s6, f(t) 1a vecto cot c4c ngoai luc tc dung.
Gia s f(0) 1a vecto tuin hodn theo thai gian va c thé khai trién thanh chudi
Fourier-mot cach gan ding

f{t):an'FZ(akCOSkQI'i'kainle) (5.7
k=1
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Ta st dung nguyén 1y cong tic dung trong 1y thuyét he phuong trinh vi phan tuyén
tinh dé tim nghiém phuong trinh (5.6). Trudc hét ta tim nghiém phuong trinh

Mq, +Bq + Cq, =a,
dudi dang q, = v,, .
Tir har phuong trinh trén ta nhan duge hé phuong trinh xdc dinh v,

Cv, =2, (3.8)
Sau dé ta tim nghiém cta phuong trinh

Mgy + Bq, + Cq, = a; coskQt + by sin kOt (5.9
Nghiém cta phuong trinh (5.9) dugc tim dudi dang

q. = u; sinkQt + v, cos k(ht
Bao ham vecto q, theo 1

4, =kQ(u, coskQt — v, sin k)
i, = k707 (u, sinkQe + vy cos k()

Thé cde bi€u thite cia q,,4, ,§, vio phuong trink (5.9) rdi so sénh céc hé x4, ta

nhan duge h¢ phrong 1rinh dai s6 tuyén tinh dé xdc dinh céc vecto Wy, VA v,

—¥x20? — u b
C-k"O"M | szlBj k| Pk (5.10)
kQB C-k“Q"M]|| ¥y ay
Khi dinh thiic clia ma trin h¢ s6 cda hé phuong trinh trén khéc khong, thi cdc vecto
u, va v, duge xdc dinh duy nhat. Nhv thé nghiém clia phuong trinh dao dong cudng
biic (5.6) khi f(t) tudn hoidn duoc tinh theo biéu thirc

m

q =v,+ Z (u,sinkQt+v, coskOt) (5.11)

k=1

trong d6 v, dugc xéc dinh tlt phuong trinh (5.8), con u,, v, dugc xdc dinh tir phuong
trinh (5.10).
Thi dy 3.15: Cho md hinh co hoc cla mot thi&t bi lam viéc theo nguyén Iy rung
nhir hinh 3.12. Cho biét kich dong lech tam & khei lwong thit nhat 13 2.Am.e =
220 kg.0,1 m =4 kgm. Khéi lugng cdc vat va do cting 16 xo ¢6 tri s6 nhu sau

m, = m, + 2. Am = 1500 kg; m, = [000 kg; ¢, = 10* kg/s?; ¢, = 107 kg/s>.

Hai moto quay déu nguge chiéu nhau véi van 16¢ g6c Q. Hay xdc dinh cdc tin s&
rieng cua h¢, tinh va vé dé thi dao déng cudng buc.
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Lo gidi : Biéu thic dong nang v the ning cta hé c6 dang

. 1 ! 2
T=—m,% +—m>X
5 M LM 2

! R 2 X2 4 m,
Tl=-—c(X] +=Cp (X3 = X1 )" 22
PR 2

Thé cdc biéu thirc dong nang va thé nang trén vio
phuong trinh Lagrange loa 11 ta nhan duoc cdc

’ § Cyz
phuong trinh vi phan dao dong caa he (e O Q@
m

[
m X, + (¢, +¢,)%, — €%, =2AmeCY’ sin 7 1 7
m, X, —€;X, + €%, =0 Cy
Chia hai v& cla phuong trinh ddu cho m, hai v€ cla
phuong trinh hai cho m, ta dugc Hinh 3.12
I i o o8 C Am o .
%+ A2 x A x, = 2——eQ7sin X
m, m, m,
. 2 c
%, — 2 x, +—2x, =0
M, m;
Né&u ta dita vao cde ky higu
b C +C el C . q
2 =2 2B f, =2AmeQ’
m, m,
thi hai phuong trinh vi phan trén ¢d dang
. 2 C F, .
X +71% —r—l_'lz—xz :;n'—stt
: ' (5.12)
. Ciz
Xy +Y3%y — X =0
ms

a) Xac dinh cde tdn so'riéng

Pé xdc dinh cc tdn $0 riéng, ta Xét h¢ phuong trinh vi phin tuyén tinh thuin nhat
tuong tng voi hé phuong trinh trén
- c
X +'Y%X| -2 x,=0
my
Ci2

My

iz +Y%X2" XIZO
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Phwong trinh tin s6

ri - o’ s
:ﬁ: c ml. :0
3
TR P
m, ]
2 2.2 2 sz
A=y} —0i)y; —0’)-—2—=0 (5.13)
m,m,
4 2 2,2 2.2 0122
o’ —(yy Y20 +YiY2 =0
mym;

Giai phuong teinh bac hai & trén ddi véi o’

"(2 oyl (YE +Y2)2 o2

2 L Y Y2 ! 2 2 1

Wy = 2z —1i —2
2 4 mm;

Thay s& vao biéu thic clla o, va o, ta xdc dinh duoge
w, = 94,7 1fs; @, = 2727 s
b) Tinh-todn dao déng cudng biic

Do khong c6 can (B = 0) nén xuat phdt bidu thic (5.11) ta c6 thé tim
nghiém cta hé phuong trinh {5.12) dudi dang

%, = A,sinQt X, = A,sinlt (5.1

The cac biéu thiic (5.14) vio phuong trinh (5.12) ta din dén hé phuong trinh dai s6
tuyén tinh

€2

F
m, my

i —QMHA, -

S A+ r) -0hA; =0

mj

Giai ra ta dugc

__Fcp
Ed

m;A m;m,A

rong d6
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2
% [
A = (42 -Qhy) -0h) -

{5.13)
mm;

So sdnh cdc bidu thife (5.13) va (5.15) ta

rit ra k&t luan: khi Q = o, hodc khi
Q =, thl A" =0,dod6 A, = @, Ay > ©

He xay ra hién tuong cong hudng.

D& vé cic dudng cong bién do tin s6, tr
quen thugc vé tam thic bac hai. Néu x, va X,
+ ¢ = 0 thi ta ¢6 thé phan tich tam thiic bac

wée hét ta nhic lai mot s kién thic
Ia nghiém ctia phuong trinh ax® + bx
hai thinh cdc thira s nhu sau

ax? + bx + ¢ = a(x - X)X - X2)

Tir bifu thite (5.13) ta b

-
+

A = O (g I Y e = (O (O )

m,in,
Tir cdc nhan xét trén ta c6 the dé dang ve cic dutmg cong bien do 1dn s6 nhu hinh
3.13.
'l.l — A
ll —————
A, Ao | &
|
cr s I|
|
|
\I
T i 11
! !
; \\x
P | T
Hr/" ____________ - I . ?/S
J100 2o N | -
{ \
' |
|
1
|
1
|
i
I
{
i
1

Hinh 3.13
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Thi du 3.16: Cho hé co hoc gém hai rong roc vi hé thong day mém khong din nhu
hinh 3.14. Cac rong roc duoce xem la dia trdn déng chat bdn kinh r, khoi luong m.
Budc vio rong roc 2 mot vt nang khéi lugng m bing ddy dan hoi hé sé cing 1a c.
& dau A ciing 14 day dan hdi hé s6 cimg la c.

- X4c dinh cdc 1dn 6 rieng dao dong thang dimg cha hé.

- Cho biét diém A chuyén dong theo phwong ndm ngang theo qui luit x.(t) =
x.cosQt hdy xdc dinh cdc thanh phin dao dong cudng bic thang dimg x,(t) cha
rong roc 2 va X,(t) clia vat nang m. Khi dac dong r do da tat, chi con lai dao déng
cudng bic, hiy xdc dinh do 16n clia € sao cho rong roc 2 dimg yén.

Lo gidi : Dich chuyén cia diém A, cha rong roc 2 va vat ning m dugc tinh todn
doi vai hé qui chidu quan tinh nhu hinh 3.14. Biéu thdc dong nang cfia hé ¢6 dang
N T I S ST T S
T==1 +—J05 + —mX; +—mxX3
2 BPI 5 c?2 5 2+ X3

Chi v d&n cdc diéu kién rang budc dong hoc

rp, =X, ) 2rp, = 1@,

{3(” i

Hinh 3.14 Hinh 3.15a
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Lo ) P - 1 .; .
vi biéu thiic momen quén tinh khéi Jg =Jc = Emr2 ta nhan duoc bicu thic
dong nang T phu thudc vio hai toa do suy rong doc ldp x, va x,

7 .
T=-mkj + lmxg‘
4 72
bé xdc dinh cic luc suy rong Ung véi cac toa do suy rong X, va X; ta tinh cong kha
di
8A = mgdx, — (X5 = Xq +d3)(0x3 —8X,)
+ mgdx, —c(@T — X4 +d,)28X,

Trong dé d, va d, 1a cdc do dan tinh cha 10 xo d, = d, = mg/c. Cic toa do X,, X;
dugc tinh tir vi tri can bang tinh, Tir d6 ta cd

BA = (20X 4 + Xy — 50Xy }8K, +(CX5 ~ €X3)0X5
=Q,8x, +Q30x,
So sinh cic hé s@ clia 8x, va 8, ta suy ra
Q, = 2¢R, + CX; -5CX;
Qs =cx; - X5
Thé cic bidu thic dong nang T va luc suy rong Q,, Q, vao phuong trinh Lagrange
oT aT

d
loai I — -—=0Q,
' dt (aqk} aq Qu

ta nhan duge cac phuong trinh vi phan chuyén dong cita hé
7m¥X, + 10cxy —2cx5 = 4cx,
R 2 3 A (5.16)
m¥; +CX3 —CX, =0

Dé xic dinh cdc tén s6 rieng ta xét hé phuong trinh vi phan tuyén tinh thuan nhat
{chox,=0)

MK, —CXy +¢X3 =0

Ta tim nghiém cla hé phuong trinh trén dudi dang
Xy = AeM: x3 = Be™

Thé cic biéu thitc nghiém nay vio hé phuong trinh vi phan thuén nhat o rén va St
dung k¥ hiéu @," = c/mtaco.
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(l"' +{02)B—(02.f\ =0 -
i T ’ 0 ) (5.18)
—20;B+ (757 +10w;)A =0

Tir didu kién cdn dé A vA B khong déng thdi triét tiéu, ta suy ra phuong trinh dac
1rung
A+ op - o] :
o TP =l 1170 808 =0
-2w, TA +10myg
Cic nghiém cia phuong trinh dic trung la
A2 = 20,7991 Aay = +1,338mi
T d6 suy ra cdc tin s6 riéng clia hé
w, =0,799 o, ; w,=1338 q,
Nghiém téng quét chia phuong trinh dao dong tw do ¢6 dang

(D =A cosm 1+ A SINO T+ A, oSO+ Ay SINWaL

X4{t) = B;, cosw,l + By sine |t + By cos® 51+ Bay sinm,t C-19
Tir cdc phuong trinh (5.18) tu suy 1a
%(m,}=2,?65; %(m2)=—1,266
Tir dé cic biéu thite (5.19) ¢6 dang
X2() = A cosmt + A5 SINO T+ Ay COSO,L+ Ay, SINMT (5.20)

X1(1) =2, 765(A ), cos0 L + Ay sinw, 1) — 1,266(A 5 COsW 31 + Ay, Sinem, 1) )
Bon hing $6 A, 1, A, Ay, Ay, duoe xdc dinh tir cde diéu kién dau. Gid sit cho biét
X, (0} =0, X,(0)=0; x3(0) = -b; X4(0)y=0
Khi dé tr {5.20) suy ra
A =-Ay=-02481b: A, =A,=0
D6 thi dao dong ty do cta hé ng vdi cdc diéu kién trén cho trén hinh 3.15a.

D¢ tinh todn dao dong cudng bic binh én (khi dao dong tu do da tat) ta tim
nghiém hé phirong trinh (5.16) véi X, = x,c0s€2t dudi dang

X,(t) = A,cosdt X;3(1) = A cosOt (5.21)

Thé (5.21) vio hé phuong trinh (5.16) ta dan dén hé phuong trinh dai $6 tuyén tinh
d6i vai A, v A, Glai ra ta duge
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4x0[1 —-(Q/m [,}3]

A2 = [10—7((1/0:.[,)2][1—(Q,fm”)?]—z

(5.22)

4x,

A= (5.23)

' [10—7(91{9{,}1’”1 —(Q/(DE,)Z]—Z

Tir bidu thiic (5.22) ta thdy : khi Q=w, =+/c/m thirong roc 2 ding yén. Khoi
luong m dao dong véi bién do A, = -2x,. Khoi lugng m dac déng nguge chiéu kich
dong vi ¢6 bién d¢ 16n gép dor bien 4o kich dong. Cic dudng cong cong huong
A1) v A5(€) duge vE trén hinh 3.15b.

Ay Aq T‘
' 1
I /|l !
2! / ‘ Az \ As
| / | \\
1} // | \
[_ —-_u [ | :| 4 PR .| |\ h"".-l— ™
I 1 t L1 d}fli | wo] 1 LTL|J2| T ¥ | L L ﬂ
| |
_2_ f-\\
// ‘
sl |
3 [
Hinh 3.15b

5.2 Phuong phap ma tran dang riéng

Phirong phdp ma tran dang fiéng (Modalmatrix) duge ap dung thuén tién doi
v&i hé tuyén tinh khong can

Mg + Cq = f(1) (5.24)
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trong dé M va C la cdc ma tran thyc, d61 xing.
Ap dung phép bién doi toa do
q=Vp (5.25)

véi V 1a ma tran dang riéng, p 13 vecto cdc toa d¢ chinh, ta dua duoc phuong trinh
(5.24) vé dang

MV + CVp = (D)

Nhén bén 1rii phuong trinh trén voi ma tran chuyén vi VT cha ma tran dang riéng
ta duge

viMVp+ vicvp= V) (5.26)

Ciéc ma trdn VIMY vi VICV 14 cdc ma tran duong chéo va ¢6 dyng nhu (2.26).
Néu ta dira vao ky hi¢u

h=v,'f (i=12,..n) 527

thi phuong trinh (5.26) vi€t duge dudi dang hé n phuong trinh vi phan tuyén tinh
cap hai

WP+ yip = hy (i=12,..n) (5.28)
Trong dé w;, y; duge xdc dinh bdi cong thic (2.28).
Nghiém chia méi phuong trinh ciia hé (5.28) ing véi dieu kién diu
p;i(0) = Pins p{0) =P~
theo cong thic {5.16) chuong 2 c6 dang
Pio

[
P (1) = pip COS O, +——SIN®;t + jhi{t)sin o, (t—1tdt  (5.29)
W, 00,

o

Trong dé

ol =1
M

1

Déi véi trudng hop kich dong diéu hoa f;(t) = t:-l sin Qi , theo cong thite (5.27)
tacd

n
by () =) vyly)sinQt = h; sin Qt
k=1
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Cac phuong trinh (5.28) d6i véi trudng hgp nay cd dang
BiPi +YiP = ﬁ-l sinQt, (i=12,.n) (5.30)

Nghiem clia cic phuong trinh (5.28) trong giai doan binh on la

i

h ,
p; = ——— 5 SIn )9
yil-=)

m;

Trd vé toa 46 ban dau g, ta co

-~

n 1 ' h.
G =Y vgp = 4 s (5.31)
=1 i=t Q-
yill-=2)

Nhur thé, khi chiu kich dong diéu hoa, h¢ dac dong v&i tin s6 cha lyc kich
dong va dang dao dong phu thuoc vao cdc tham s6 cla h¢ va tdn s6 cta kich dong
ngoai. Tir cong thic (5.31) ta thdy: khi tdn 0 kich dong O bing tdn s6 riéng o, clia
hé, bién do dao dong cudng bifc tang ién vo han. Hién tugng do6 goi 1a hién twong
cong hudng.

Néu ké dén luc can ty 1é bac nhat véi van t6c, phong trinh vi phan dao déng
cudng bitc ¢¢ dang

Mg + Bq + Cq = f(1) (5.32)
Trong k¥ thus ta hay gip trudng hop
B=aM +38C

vdi @, & 1a céc hing s6 thyc. Tuong ty nhu cde muc trude, bing phép bién doi
(5.25) phuong trinh (5.32) dua dugc vé dang

P, +Bilj| + 1P =h, (1) {(i=1,2,..n) (3.38

Trong d6 w, ¥, B duoc xdc dinh bdi cong thirc (2.28) va (3.12) con by tinh theo
cong thiic (5.27). Viée tim nghiém ctia phuong trinh (5.33) da duge trinh bay trong
chuong. 2.

Thi du 3.17: Xét mo6 hinh dao déng trong thi du 3 12 Gia sir trén vat thif hai idc
dung mot Iuc Fy () = ﬁz sinOt theo chiéu q,. Hay viét phuong trinh vi phin dao
dong dang toa do chinh. Tim dao dong cudng bitc binh 6n.

L&t gidi : Phuong trinh vi phan dao dong cudng birc ¢6 dang
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T,

|—¢ 2¢ci{gy] |Fasind

Chia hai v¢ cua h¢é phuong trinh trén cho m va str dung cdc ky hiéu nhu & thi du

3120 duere
g, e 1 L2 —1yfqp !
Jl |"—7L) l i _ll +(l)a 4 I:
({1: -1 1 149» -t 292 ]

Trong thi du 3.12 ta da tinh duge ma tran dang riéng

[1 0

i
ki

L:* sinh / mJ

-
|
|

Da dé

viro|! =~ .0 _Fp[-sinu
1 1 |{Fsinfu/m m | sint

H¢ phuong trinh vi phan dao ddng cudng bic dang toa do chinh

Fy .
py +40,Dpy + 30)3])i = -—2—351n e (5.34)
m

By +®4py = (5.35)

m

O trang thdi chuyén déng binh én (bd qua thanh phan dao dong tr do) nghiém cla
cac phuong trinh (5.34) va (5.35) ¢6 dang

p{y=nM,; sin Q% + N, cos€Xt

F :
P, () =—- %smm =M, sin (Q=a,)
2m wy ~ O
Trong dé
L - (Gwi - Q0)F,
L 2mlGel - 0 +1602D207]
N, - 4m(,DQI~3

2m{(3wi — Q%) +1602D*0%]

Tir hé thitc g = Vp ta suy ra cic biéu thitc déi véi cic 1oa do ¢, q, ban diu
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q (0 = (M, +M;)sin Ot + Ny cos €

_ (5.36)
Q4 (1) =(M5 —M,)sinCx — N, cos £t

Thi du 3.18: Cho co hé gém 3 khéi lugng no1 ghep nhau bang cdc 16 xo nhu hinh

v& trong thi du 3.8. Trén khoi luong thit 3 tde dung luc F. theo chiéu X;. Lyc nay co
dang

F, = 4000{1-u(t-1,2)] N

j'o khi t<L2s

Vel u= .
111[, khi  1>12s

Cho m = 10 kg, ¢ = 1000 N/m. Hay xac dinh dao dong cudng bic (bd qua dao
dong riéng) cua he.

Loi gidi : Phuong trinh vi phan dao dong cua heé cé dang

fmo0 0 %1 [3 -2¢ 0]x DW
0 m 0 X9 [+]=2c 3¢ —Cyl Xy |= 0
0 0 m/2|X; 0 —c¢ 3¢l X, Fs

Ap dung phép th€ x =V, p, trong dé V, 1a ma tran dang riéng chuan, theo thi du
3.9 ¢é dang
0,2085 072252 00765
vV, =102295 -01638 -01432
0.0882 -0,2120 0,3838

Vecto h ¢d dang
3528
h=V,F=|-8480 |1 —u(t-L2}]
15352
Phuong trinh vi phan dao dong dang toa do chudn

P +79,8528p, = 3528 {1 - u(t - 1,23]
P, +445,4904p, = -848,0 {1 ~u(t - 12"
fry +674,6568p; =15352 [1 —u(t - 1,2)]

Nghiem clia cic phuong trinh trén theo chuong 2 cé dang
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I
|
3 (1) = e | 352.2[1 — u(t — 1.2)]51n 8,936(1 — t)dt
P (D 8‘936“[ (- u(z—1.2)] (t-1)

Py = 4.418{cos8,936t — 1+ u(t —1,2)[1 - cos 8.936(1 - 1,211}
Tink 10dn tucng 1y ta dugce
p-(1) = -1.903{cos21,107t - 1 +u{t- 1,2)(1 - cos2 1, 10701 - L.2)1}
gl = 2.2761c0825,974t - | +u(t - 1,211 - cos25,974(t - 1,230
Tro lal toa do ban dau ta ¢é
Ux, 1 [02085 02252 00765 |[pj(v)
=102295 -0,1638 —0,1432 4 po(0)
| X3 ] 00882 -02120 03838 || ps(t)

X2

Tinh todn chi ti€t ta duogc
X, {1} =0,921g,(1) - 0,429g,(1) + 0,174g(1)
X(1) = 1,014g,(1) + 0,312g,(1) - 0,326g+(1)
X.(1) = 0,390¢g,(1) + 0,403g,(t) + 0,874g,(t)

vii
g,(t) = cos8,936t - 1 +u{t- 1,2)[1 - cos8.936(t - 1.2}]
ooty = cos21,1070- | + u{t - 1,2)[1 - cos21,107(t - 1,2}]
g0 =¢0s25,974t - L +u(t- L.2)[1 - cos23,974(t - 1,2)]

5.3 Phudng phap khai trién theo mdt sé dang riéng

Ap dung phuong phdp ma tran dang riéng (hay cén goi la phuong phdp khai
trién theo cdc dang riéng) ta nhan duoc s6 phwong trinh vi phan cua cic toa do
chinh diing bang bac ty do clia cd hé. Trong mot s§ bai todn thuc 1¢ khong phai
moi dang riéng déu cé vai trd nhu nhau, nén ngudi ta chi khai tricu theo mot s6
dang riéng quan trong. Khi do 1a nhan dugc s¢ phuong tiinh vi phan dang toa do
chinh nho hon bic tu do cia co hé.

Phuong trinh vi phan dao dong tuyén tinh ¢6 can cha hé n bac tu do cé dang

Mg + Bg + Cq =f(t) (5.37)
Gia st ma tran B 12 ma trdn cin Rayleigh. Néu biét duge ma trin dang nieng

V = ["‘?i, “"2, R \’n]
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{hi bing phép thé q = V p ta c6 (hé dva phuong trinh (5.37) vé dang
wp, +8,p v b (0= 120 ) (5.38)
trong d6: 1 =¥ My, B =v/Bv, y =v]Cv,, h(=v () (539

Nhu thé ta nhan duge # phuong trinh vé& trdl tach roi nhau (5.38). Trong nhi¢u bai
1odn thue t€, dac bigt trong bai tedn dao dong ctia he dian hol roi rac hod, cac dang
rieng dau tién ¢6 moL vaj o guan trong. D¢ giam bét 56 phuong trinh cia hé
(5.38) ta ¢4 thé ding phép thé

q=Vp (5.40)
v |

Vo=V, ¥ o Vo do P =P P2 s P ", m<n.
The bidu thiic (5.40) vao huong trinh (5.37) sau dé nhin bén tral véi ma ran VTta
ducc phuong trinh

VMV B+ VBV pt VICV p=V O (5.41)
Do VMV, VBV, VICV'" i cdc ma tran dudng chéo, tir (5.41) ta o

wp, B0 +v.p, =h (), (i=12....m) (5.42)

grong d6 1y « By . 7, (1) duge xdc dinh béi cic cong thic (5.39). Nhu thé bang
phuong phép khai irién theo mot 56 dang rieng (Mode summation niethod)

q, ()= VW (O + VI P L)+ vi'p (1), (i=1L..n) (5.43)

L m

ta dua viec tinh todn dao dong cua hé n bic w do (5.37) v¢ tinh todn m phuong
trinh vi phan dao dong (5.42), vé1 m < n. Phucng phdp iy thuc chit la phuong
phép khai trién theo mot s6 dang riéng quen thudc trong 1y thuyét dao dong dan
héi. Do thuat ngit tiéng Anh 1a "Mode summation method”, nén c6 thé dich 12
Phuong phip khai trién theo mot s6 dang riéng hoac phuong phip cong mot 86
dang riéng. Trong mot vii (at li¢u ¢o tdc gia got phuong phdp nay la phuong phap
nén toa do.

D& minh hoa ta xé1 dao dong udn theo phuong song song v&1 man dét coa mot
toa nhd 50 ting, véi mo hinh ca hoe hé 50 bae wr do. Gia sit bang do dac hodc bing
tinh lodn, 14 xdc dinh duge ba dang riéng (ng vdi ba tin s6 riéng thip nhat la v,, v,
v,. Theo phuong phip khai trién theo ba dang riéng, bing phép the

x (0 =v"p, (D + vilp, (U + vi'p,(D),  (i=1....50)
ta dira h¢ 50 phuong trinh vi phan ¢ap hai vé h¢ 3 phuong trinh vi phin

(T BePy +7Px = h, (t), (k=12,3)
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Gidd ra ta duge py(1), palt) va pii). The vio hidu thite trén xac dinh dugc xi(t)
(i=1,2...50)

5.4 Phugng phap bién do phuc

Hé phuong trinh vi phan mo th dao dong cudng bl cha h¢ tuyén tinh n bic tu
do cé dang

Mg + Bq + Cq = (V) (5.44)
Xét truang hop cie phdn nr {(t) clia vécta (1) co dang

t(y=f cos(Qrra) (k=12...m) (3.45)

trong d6 Q 1a tdn s6 kich dong. Trong trudng hop nay, nhu da biét, nghiém dung
clia he (5.44) c6 dang

q, (1) =<, cos(Qt + o + Bk) {5.46)
Trong dé ¢, , B, (k="012..,n) la cde dai lygng cdn xdc dinh.
Sir dung phuong phdp bién do phiic ta viél ham f, (t) dudi dang
£ () =1, cos(Qt + o) = Re(f o) = Re(f ¢ o) = Re(fe™)  (5.47)
trong do ?k = %‘_r__c"“-- duge goi 13 bien do phic. Ta tfim nghiém cua phuong trinh
(5.44)van ve phai K1) thay bang fe'™ dudi dang
gty = ge"’ (5.48)
The (5.48) vao phuong trinh
M + Bq + Cq = fe* (5.49)
ta duoc phuong trinh
(~O'M +i0B+ Oy =T (5.50)
Khi A(Q)=det(—Q*M +iQB+ )= 0, thi phvong trinh (5.50) co nghi¢m duy nhat

G —COM+IQB+C)Y'E (5.

N

1)
Néu dua vao Ky hiéu

HGQ) = (M +iQB+C) (5.32)
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thi he thite (3.51) ¢& dang
i =H(f
Ma tran H(€2) duge goi 1d ma rdo truyén tan s6 phitc, Ap dung quy tac Cramer fa
co
A - =
q, = —}Ll k=12...nm) (5.53)
AQY)
trong do A ()1 dinh thic ¢6 duge bing cdch thay cot thif K Ccui ma 1rdn
(~CM + QB + €) bing cdc phin tir ol véc 1o T
D& ngudi doc dé dang dp dung phuong phip nay, xét k¥ hé hai bic ty do
rn'!I.iil + mlliil‘_ + b!l[:ll. Al bl.‘_{]l - Cl.lq] + cl:‘.qZ = fl(l) (554J

m,,{§, + M0, + b, G, +bad, 630, T€202 = f, (1)
Gia str cac ham [ (1), f, (1) <6 dang
£(t) = t] cos Q£ (1) = fz cos (.

"Ta dwa vao cdc ham phic

foy=fe™; f{0=fe™ (5.35)

Ta tim nghiém phuong trinh (5.54) duén dang

q](t)zq,em‘; ql(t):qle"“‘ (5.56)

Trong d6 §,.q, Ja cic bién dd phtic cin tim. The (5.56) vao phuong trinh (5.54) va
khi ¢ ta nhan duge hé hai phuong irinh dai 6 wyén tinh hat an q,.4,
(-¥'my, +c + iQb, ), + (=O’m,, +¢,, + 182, )G, =1, {3.57

(O, + ¢y, 10, ), + (=27 My, + 6y 18205 ), =1,

rghiem ctia hg (5.57) c6 dang
i,

A ﬁ
qlz—_-’— gy ==
Q - 1'5

irong do
L _leermy e o) (—Q%m,, +¢,, +i0b,)
(-Q'm,, +¢, +10b,)) (—=C¥'m,, +C,yy +16205,)
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o E (- 0my, e, +10b,

A =l ( :m"ﬂ‘zﬂ, 2 (5.58)
£ (-Qmy, + oy iQb,,)

K -—I(_sz" +¢,, +if2b;,) f,

P my, vy, +i00,)
Thi du 3.19: Xét mo hinh dao dong nhu hinh 3.16.

Cic biéu thic dong ning, the nang, ham hao tin ¢6 dang

| T R
T:;m,q, + Emzq2

i l - l k)
T ZEC'q‘Z toe(d g 5

l Ll - 2 -2
D = Eb]q; + %‘ol(q2 —-q,)" + —;—b;qi

-
-
-
A
&
-
-
e
-
.
-

PR e .-".-".-".///.-".-’.-’J/z’.-’.-’.-’.-’/'a’.-".-’.-’.-’.//’.-’.-’.-"-"‘-"///.-’/

ﬁql

4>

Hinh 3.16

Dé dang tinh duge cdc luc suy rong Q, =1 cos Q. Q, = f'z cos Qt . Thé cic

bidu thite T, T1, @ va cdc luc suy rong vao phuong trinh Lagrange loai 2 ta nhan
duoc phuong trinh vi phan dao dong ciia hé

m ¢, + (b + bo)d, — by, + (¢, + ¢ )a, —c,q, = fl cos (it
m,ff, — b,q, + (b, + b, —eq, ¥ (e, +e), = f; cos 2t

Xét trudng hop m, =m,=m, ¢, =<, =C¢;=C, b,=b, b,=b,=0, khi d6 h¢ phwrong
trinh dao dong trén c6 dang don gian nhur sau
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md, + b, +2eq, —ey, = f'l cos OF
m,, —cq, + 2, = f'z cos Ot
Tim nghiém phuong trinh trén dudi dang q (1) =§,e™: g,(0)=g,e™ . Cic
cong thic (5.58) bay gio c6 dang:

b

=m +2¢ + Qb -

—c ~m+ 2¢
=('m® —4Q%me + 3¢ —iQ'bm’ +i2Qbe
=c*[n* —12Dn" —4n° +14Dn + 3]

A = (M + 2(:)fl + (-.1-"2 = ¢[(2 - T]E)f] +f ]

A, =(—0%m +2¢ + iQh)f’1 + (:fl = (-.[fl +(2-% + ZiDn)f;E

. Q c b
rong dé: M =—o:! m“f\l_: M
@, m 2<Jem

Tir d6 suy ra
. 12~ 0)F +1,)
'en'—i2Dn' -4 +i4Dn+3

a 1 £+ (2—1]2 + 12D, L
=3 W —i2Dnt —dn® +i4Dn 3

§6. MOT VAl BAI TOAN AP DUNG

6.1 B& tit chan dong luc khéng tinh dén ma sat

a) Ly thuvér + Xét phuong trinh vi phan dao dong cudng bic cia he hai bac do

khong can
limll mlz}[ih}trcn Cl:}hl-l:l'ﬂ] 6.1)
my, My |[G L‘-‘:: Cn L‘lZJ LT

Gia sir cice lue kich dong cd dang

f, (1) = f, sin(1 + o). fy (1) = £, sin{ QU + ) (6.2)
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Ta tim nghiém cua hé phuong trinh (6.1) dudi dang

A
q :{\'}in(f}wu), (6.3)
i

rong do A, A, [ cdc hang $6 can xdc dinh.

The cde bicu thite (6.3) vio phuong trinh (6.1) ta nhan duoc h¢ phuong trinh
dai s& tuyén tinh dé xde dinly A viv A,

(C“ —ITIHQ: ]x"\| +(C|2 —I-l-l]zgl:);"\j :f]

3 A ~ (6.4)
(Cap =12 QA F(Cay —mMpQ27)A, =1,
Gial hé phuong trinh dai 50 tuyén tinh (6.4) ta dvgc
A= (sz'm::Q :)%i'(clz'mlzg : )%2
1
Lo A N (6.5}
A= (C1 1, |Q _ )r: "(C:-J “m:tg . )i‘!
’ A

Trong dé
A=(c,, M, Q27 )(€qy-M , 27 )-(¢,-m, 27 )y, -m, ©27) (6.6)
Xét trudmg hap fz = (). Khi dé tir cong thie (6.5) ta suy ra

_ ((:Ej-mnﬂj}f'1

A]
A (6.7}
A_j:;w
) A

Khi A 2 0, néu ta chon cic tham s& clia hé saocho €1y —m Q7 =0 thi

Ay =0, Ay=—T (6.8)

Vay khi Q% = ¢4y / My, thi dao dong cubng bic dng vai toa do suy rong tha nhat
ducgc hoan toan dap tat.

b) Nouyén Iy thict ké bé tdt chdn dong hee - Dya trén 1y thuyét § trén, ngudi ta ché
tao cdc thiét bi tit dao dong goi la bo tat chin dong luc (Absorber). Gia sur ta ¢6



Chuong 3. DAO PONG TUYEN TINH CUA HE NITIEU BAC TU DO 189

mo hinh dao dong xoan nhu hinh 3.17a. DE dang tinh dugc bidu thic dong nang va
thé nang
1 2

.2 1
T==107, li=—co
> 191 5 “191

va lue suy rong Q = M, (1) = f, sin{t + ). Phuong trinh vi phin: dao dong cua he
trén hinh 3.174 ¢& dang

Ty +c,y = 1) sin(€ + o) (6.9)

(3 ché do chuyén dong binh 6n, dao dong cudng bidc cia hé ¢6 dang

f .
(:)| :%Slﬂ(fﬂ +C€.) (fxl(‘))
I {wy —Q27)
rong do w;":cl /1.
0, Py
2
o M () 1o ¢

Y RS
B
3

a) J b) J,

Hinh 3.17

Giin vao mo hinh 3.17a mot h¢ phu nhu hinh 3.17b. Mo hinh 3.17b la mot h¢
co hoc gdm hai bac ty do. He phuong trinh vi phan dao dong cua he nay co dang

1p) 00y +Ca(p —@q) = f, s10(E + o)

P 6.11)
J2Qy =2 =921 =0
Diéu kién dap tat duo dong 0, 1a Q7 =¢, /J,. Khidétacd
¢, =0
f (6.12)

f
Py = — L it + )
Ca

Hé phu ldp them vao hé 3.17a nhu trén hinh 3.17b duge goi 1a bo tit chin dong luc.
Khi thiét k& bo tat chin dong hec rong thi dy trén ta phai cha § dén hai dicu sau:
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- Chon hé s6 ciing ¢, sao cho bién do dao ddng cudng bitc cua géc @,(1) la
f, / ¢+ cd thé chip nhan duge.

- Chon mémen quéan tinh khoi }; sao cho Q° = ¢y 1T,

6.2 Bo tit chan dong luc cé tinh dén ma sat nhdt

O doun trén ta da trich bay 1y thuy&t bo tit chin dong luc khong tinh dén ma
sdt. Dao dong cha vt thé tht nhat hoan an duge dap tat khi ta lap vao h¢ b
chin déng luc. Khi lap vao hé bo tat chin dong luc thi he s& ¢6 hai tin s6 riéng.
Néu tin s6 cua luc kich dong €2 tring véi mot trong cde tan s0 riéng thi khong thé
st dung bo tit chin dong hye khong ¢6 ma st nhdét duge. Dudi diy ta trinh biy 1y
thuyét bo titt chin dong lue ¢6 ma sdt nhot.

Xét mo hinh dao dong nhu
hinh 3.18a. Cic bi¢u thic dong

ning, thé nang v him hao tan cua Focosit b
heé ¢6 dang 1 e '
: ¢ dang ] e T
. 2
{ a0 2 ‘—/V\'/W m, —Mﬁ m;
T=—n1 %] +—-m,%5 ‘i I e
5 ) R S S s e Vs
X, X2 X
1 S , l |
Il=—c¢ Xj +—Ca(x; = X{)~ . 5 :
5 CrX 20Xy = Xy

{ ., Hinh 3.18a
@ = --b(X, - X )°
2
Gii sir trén vit thé m, ta tic dung mét luc tudn hoan F(U = F,cosC.

Thé cic bidu thic dong ndng. thé nang, ham hao tin va lye suy roéng vio

phuong trinh Lagrange loai IT ta nhan dugc phuong trinh vi phan dao dong cua hé
"m, 0 Tx, T 0o -b]x ] {cl + ¢, -—cJFxf‘ [Tw)]

+ + - o -

“zJ \—b b i) | —er e jixay L0

D¢ tim nghiem phuong irinh vi phin (6.13) ta dp dung phuong phdp bien do phic.
Ta dat

(6.13)

0 m,

F(0) = Fue™™. x| =0, X,y = a0’ (6.14)
trong dé U,. 1, I cde h¢ 86 phic cin xdc dinh. The cdc bi&u thirc (6.14) vio hé

phuong trinh vi phan (6.13) va udc lugng s6 hang e"? ta nhan duoc hé hai phuong
trinh dai so tuyen tinh d6i v6i hai 4n 12 hai bién do phifc 1, U,
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(¢, +cy —m Q% + DT, — (¢, +ibMT, = F,

(6.15)
— (¢, +ib)T, +(cy - m, Q% +ibOYT, =0
Giai hé hai phuong trinh dai 6 (6.15) ta dugc
i, = ﬁ(cz — (Y +ibQY)
A (6.16)

- _ K ,
u, =—{e, +ibQ2
2= (e, +ibOY)

V6 A =(c, —m;Q%)c, ~m,;Q%) —m,e, 0% + bQ(c, - m Q% - m,0%)

Ky hiéu u, va u, twong Gng la tri tuyét doi cla cac bién do phic U,, &, . Tir cic
phuong trinh (6.16) ta tim duge

Fyy(cs -m,02)% + 202

ll| =
J[(cl -mlﬂz)(cz ~m2Q2)~m202§22]2 +b2Q2(c1 —m,Q2 —m292)2

(6.17)
Neéu ta dua vao cdc ky hiéu
Fy {0) ¢y (0) Ca
u, =—: Wy = W =
¢ my m .
" o® (6.18)
) _my _9r, -
n=—ms WE—= o ==l D=
o) m, W 2m, e,

Thi tir (6.17) ta suy ra biéu thite do léch tuong d6i cia khoi luong m, (hay ham
khuéch dai)

v \j (&2 -n%)? +4D%?
I = — =
u VIt -0 E? —n?H—pen’ PP + 4D 0?1 -n? —pn?)’
Tinh toda wong v ta duge ham khuéch dai V,
v, =12 —J £ +4D*n’ (6.20)
2T 2ve2 2 22,2 2.2 2 2.2 o
g [A=m"XE" = ) =pE " +4Dn (1l =" —un*)

[Léu qua 1am viéc cha bo tat chan dong Iye ¢6 ma sat nhét phu thuode vao
viéc chon cic tham s6 i, 1, D. Trudc hét ta xét sit phu thudc cita V| vio tham s6 D.

_

(6.19)
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Khi D =0 tir (6.19) ta cd

| g2 ~n’ |
v = 621
Yoo e -t -wein?| (©:2b

KhiD— eotir {6.19 1asuyra

1

Vi=———
I—(l+m*

(6.22)

Trén hinh 3.18b 13 dé thi ctia su phu thude do 1éch tuong d&i V, vao 1 (d6 thi bién
4o -1Anso) v6iD=0:D=0,10:D=0,32 con u = 1/20; £ =1 [12].

16 _ 'I L zooJ
R I
l
|

12

Hinh 3.18b

Cic dudng cong trén hinh 3.18b déu di qua hai diém S va T. Diéu d6 c6 nghia la
t6n tai hai tri 6 cha n ma tai d6 bién do dao dong cta khéi lugng m; khong phu
thuée vio cac hé 56 can b. Tir cic bidu thic (6.21) vA (6.22) ta suy ra phuong trinh
x4c dinh cdc tri s6 dé cla

g -n’ 1
(-2 =nhy—pe’n? 1=+’

hay
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@& —nH-n’ =) = -nHE’ - n?) - s’
Riit gon phucnyg trinh trén ta dugc

04_2}?21+§_+J{£§_+ 25- :0
2+ u 2+ u

(6.23)

Phuong trinh (6.23) la phucng trinh dai 50 bac hai déi voi n*. Nghiém ctia phuong
rinh nay la

1
", :——[1 P+ el FJaw?et 287 + 1] (6.24)
241

Trong d6 1, la hoanh do digm S, n, la hoanh do diém T. The cdc biéu thic cia 0,

vii 1], VAo (6.22) ta nhan dugc cic bidu thifc x4c dinh wng do ctia cdc diém Sva T.
Do 1, > 1, nén tir (6.22) ta suy ra

(U|)S _ 1

5 (6.25)
Ug I— (L +pm
e (6.26)
Uy (- (f+wm3

Theo (6.24) 1, vh 1, 12 ham clia cdc tham s6 1 v & nén cdc tung do clia cic diém S
viu T phu thuge vao pva §. Theo cic cong thiic (6.18) thi p va § phu thudc vao cac
khoi lugng m, va m, va cic hé $& cling ¢, va ¢,

Néu ta chon trude m, thi ch€ do lam vigc clia bo tat chin dong luc co can nhdt s¢
dat t61 vu khi tung do cac diém S va T 13 nhu nhau va h¢ s cin s€ dugc chon sao
cho & cic diém nay dudng cong bieén do tdn s6 dat cuc dai. Tit diéu kién tung do
cic diém S va T biing nhau ta suy ra

1 1

I—Q+wmp -+
(Giai ra ta duge

Do n,%, n.> 14 hai nghiem clia phuong trinh bac hai (6.23) nén theo dinh 1y Vieta ta
¢
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2 2_21+!-l§2+5;2_ 2

+ =
e 2+ l+p
1
Titdo gidira &= (6.27)
1+ 4

Thé biéu thiic (6.27) vio phuong trinh (6.24) ta duge

) ! -
s =——(1F j—F—) (6.28)
L+ 2+

The n,* nay vao biéu thitc (6.26) ta duoc

(u)r _ [2+p =(U1)s

U H Uy

(6.29)

Vi tri cua cic diém S va T khong phu thude vao cdc hé 6 cin nhung cic gid tri cuc
dai tung do cua dudng cong bién do tdn 6 thi phu thude vio hé s6 can (xen hinh
3.18b). B¢ cho duding cong bien do tdn s6 dat cuc dai tai cdc diém S va T thi dao
ham dV, /dn =0 khin =n, vd n = n.. Thé cdc biéu thifc cia & theo (6.27) va cla
n theo (6.28) vae phuong trinh dV| /dn =0 va thuc hién mét vai phép bien déi ta
nhan dugc hé thic gitra tham s6 D va

u(3- | , f—-—)
Tai S D= XZTH

81+ )

‘15(3 + .- .E_f___)
2+

8(1+ 1)

[}

Tai T D=

Trong {12}, [54] d€ lam gi4 tri trung binh khij thi€t k¢, nguoi ta dé nghi liy

5 3u :
D_ 1N, = 6 30
vl R+ ) (650

6.3 Dao dong ctia md hinh 6t6 hai bac tu do

Mot 6to dang chay véi van tdc v khong déi trén mat dudng khong bing phing
(hinh 3.19a). Trong trudng hop nghién cifu so bo ta cé thé xay dung mé hinh co
hoc cha 6t6 bang hé hai bac tr do nhu hinh 3.19b.
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Ta k¥ higu m 12 khoi luong OO, J 1a momen quén tinh khéi cua 610 ddi voi true di
qua khdi tam 010 va vuong goc mat phing hinh V&, ¢, va ¢ 1a 4o cing 10 X0, 5, va 5,
13 khoang cdch gitta hai banh xe (J=s, +82)

Gia str gui Inat nhip nho ciia mat dudng dugc xac dinh béi ham tudn hoan
(xem hinh 3.19b)

4

= —{l—cos
Y 2

_x}
1

)

Ta chon céc toa do suy 10ng q; = Yo @ = ¢ Bidu thic dong nang va the nang cua
hé ¢ dang

i PURE S|

T=—mve +—Jc@" 6.31)
5 ¥c 5 c?® (

Il =%C1Ayf +—;-c31\y% (6.32)

Trong d6 Ay,, Ay, 2 bién dang cha cic 10 xo

Ay, =Ye - Y1 -89 BY2 =Ve — Y5 +5,0 (6.33)

y % vi tri c&n bang finh

%
22 o BN 2000 L

.
6/

Hinh 3.18

Toa do ciia cic diém tiép xic gitta 10 X0 vit mat dudng 12

xf = vt, yr = -;—(l —Cos

21X, ) = & (1 —cos )
L 2
Xy = vt+l, ¥2 :%(1_(:08%%2_) :%terOS(QHQﬂ%)]

Trong d6 ta dua vio kY higu
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0= 2™ (6.34)
L

The ede hidu thite (6.33) vao (6.32) ta duge

l Ed bl &
TI:'ECI(YC_Y} _S|(\D)H +“§’Cz()’c _}’2 +52(p)2 (635)
The cdc biéu thic dong nang v thé nang vao phuang trinh Lagrange loui 1

()= (i=12)

ta nhan duoc phuong trinh vi phan dao dong clia 610

, h .
myec +C 1Yo T€129 :—2—((:“ —¢p7 cos QU+ cpy Sin Q)

. (6.36)
Iep+cyyo+cnd = E(Cﬂ — 0oy COs QL+ €y 51N Q)
Trong cdc phuong trinh (6.36) ta ky hi¢u
¢, =6 16 €y =€
€ =Ca8; — ¢S, Caa :C|Sf +C2’*§
2l 27l

Cis =G +C2 COR—— CZ'.‘ ‘—"’Clﬂl +C252 CDS"L— (6‘37)
c,=C Siﬂzﬂl C,, =C58 sinzjﬂ

14 2 L 24 22 L

P& tim cic tin s6 riéng ta xét hé phuong trinh vi phan tuyén tinh thudn nhét twong
img vGi (6.36)

e e el

Phuong trinh tdn sd co dang

Lg]

¢, —o'm C
- 2 _I*n 12 —
C-o™™|= 2 |70
Ca Cap — c
Tir d6 suy ra
2
ot —@l cppm+elc +CIIC22_C12 -0

ml ml ¢
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Giii ra ta duoe

2 _szm“?n]c1\/(C22m+‘311Jc)2 ~4ml (e ey —Cjy) 18
c

Ta tim nghiém riéng cta hé phuong trinh (6.36) duéi dang
-= A, + A cosCUt+ A, sint
Yc 0 | COs 2‘ (6.39)
@ =B, + B cosCt + B, sin

Thé cdc biéu thife nghiém (6.39) viio he phuong trinh vi phan (6.36) r6i so sdnh can
bing cdc hé s§ ta nhan duge cde phuong trinh dai s6 tuyén tinh d€ xdc dinh cdc
hang s6 A, A, A;, B,. B,, B,

Ci1Ag + 3By =hey /2

Ca1Ag +CpBy =hey /2

(cy ~mQ?)A,| +¢,B; ==he;; /2 {6.40)
CajA| +(coy —J,CQz)BI ==hcy; /2

(c —mQZ)AZ +CyyB; =hey, /2

CypAy +(Cp _Jcﬂz)Bz =heyy /2

Giai ra ta dugc

h

Ap :5; : B, =0
A _heysep —ezley _JCQZ)_ B _hepen —opnleg -mQ’)

) A ) A

_h—cpgep +eley — Q7)) h —ci4¢1p + Cpaleyy - mQ%)

A') = - N B2 = —

T2 A 2 A

voi A=(c —sz)(cn —JCQZ)—C%Z‘

The céc hdng sd A, A,, A, By, B,, B, tim dugc vio biéu thirc nghiém (6.39) ta
duge cic biéu thitc xdc dinh dao déng cudng birc clia 010

h l
Yc :5{1 tylencn —enlen ~JcQ)eos

{(6.41)
+i[_C24C12 +cpglcgy — QP HSith}
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) :--i:l-_---{[c,;c12 —cpaley —mOF ) cos O
ZA (6.42)

Fl=csCpp + Cay(ey, — mQ ¥ )]sin Qi}

Hién tuong cong hudng xdy ra khi Q = o, (i = 1,2). Tir biéu thic (6.34) ta suy 1a
van toc gidi him cua oto
v, = Lmi (i=12) (6.43)
27
P¢ minh hoa bing s6 ta ldy L = 0,15 m; h = 0,053 m; 5, = [,6 m; 5, = 2 m;
¢, = 245,1662 Nfcm; ¢, = 294,1995 N/cm; m = 600 kg; J = 600 kgm®. Tl cdc sG
liéu trén ta co

E:24 = €y =0 =00 €3 =0 HCy =05 Cg3 T8, — 8y =0

G

—
+
'

|
3 1 .5% 6 km/h

"

Hinh 3.19¢c

e cdc con Thitc (6.3% }
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Vin td¢ 141 han cia 6t6 4

VT:LQ‘_I]:O,ZZ m/s=0,7 km/h
27

V) "---L—ux,—ﬂ 43 m/s=15 km/h

' 2n

Biéu thic nghi¢m (6.41) bay gity cd dang

Ve = 1_1[1+ C|22 i Ry) JF‘311JCQ2

cosQd | = h + v, cos Ot
5 ! = T ¥geo
2 (cyy - mQ? ey 'JCQ")‘Clzz 2

Puong cong cong hudng cd dang dinh tinh nhu hinh 3.19¢.

6.4 Dao déng udn cua truc Laval

Mo hinh dao dong uén clia truc quay don gian nhét [A mo hinh dao dong uon
clia truc Laval. Mo hinh gém mot truc khong khdi lugng mang mot dia i gum Lruc.
Ta ky hiéu tam tryc 1 T, trong tam cha dia 1a C. Khoang cdch gura TvaCgoilado
lach tam va k¥ hicu 1a e. Khi truc chua bj udn diém T trung véi diém O cta goc toa
do (hinh 3.20a). Ta ky hiéu toa d¢ cla diém T vi C trong mat phang Oyz tuong
Lrng 13 yo, Zp VA Yo, 7o Nhur the vy vz 12 do vdng cta truc quay. Goi ¢ la gdc quay
chia dia quanh trye di qua T va song song véi truc x. Tir hinh (3.20b) ta cd cac he
thire lién hé

Yo =y +esing

e = Zp TECOSP

(6.44)

Nhu thé vi tri cla dia duge xdc dinh bai ba tham s6 yr, zp va 9.
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Ta ky hi¢u m la khoi lugng ctia dia, P = mg la trong lugng cla dia, b 1a hé s0 can

tuyén tinh, ¢ 1a h¢ s6 cing tuyén tinh. Ta chon vi tri ban diu clia truc z (mg vai vi

tri can bing tinh. Ap dung dinh Iy chuyén doéng khoi tam ta ¢é (xem hinh 3.20b)
myc =—cyy — by

B : (6.43)
mZe = —Cit — Dt

Ap dung dinh 1y bi€n thién momen dong luong doi véi truc di qua trong am Cva
song song val truc X
J§ = (cyy + byplecoso — (czp +bzy)e sin @ + M(t) (6.40)

Trong d6 J 1a moémen qudn tinh ciia dia doi v6i truc di qua khai tam C va vuong
gée vl mar phang yz, M(t) la mémen ngoai luc.
Trong thuc t€ do léch tam e va 4o vong clia truc la nho cho nén & trang thal chuyén
dong binh 6n ta cd thé xem van t6¢ gde cha truc la hing $6 (¢ = €2). Khi d6 ta cd

o=Ot+¢y, yo =yT Tesin(QU+@g) Z2¢ =27 +ecos(Qt +@y) (6.47)
The cic bidu thite (6.47) vio cac phuong trinh (6.45) ta nhan dugc hé phuong trinh
vi phan dao dong udn cda tryc Laval

myp +byr +Cyp = meQ? sin(0t +0,)) (6.48)
mz +bzyp +czy = meQ> cos(N + @)

Véi cdc gia thigt di néu trén dao dong udn cta true Laval duge xem nhu dao
dong phing don gian khong ¢4 lien h¢ gitra cic dich chuyén theo hai phuong y va z
vuong géc voi nhau. Viéc tim nghiem ciia timg phuong trinh trong heé (6.48) da
duge xét ky trong chuong 2.

Khi b =0 cdc phuong irinh (6.48) c6 dang

Vo + Wiy = e sin(Q + @)

5 5 (6.49)
iy 02y = e cos(Q+0y)
Trong do
2 C
(!)U = —
m

Khi Q = ®, bién dé dao dong cudng bic clia hé s& tang lén vo clng. Hién
tugng niy duge goi la hi¢n trong cong hudng. S3 vong quay cla truc Laval tng véi
0 = w, dugc goi 1 56 vong quay 161 han va dugc tinh theo cong thiic

30 30 (¢

(LN =My = 74— -
s his m
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Chtt v rang néu dia khong duge 1ap & chinh gifta clia truc quay, hoac néu do
citng chia truc déi véi cdc & d& khong déi xitng d6i v&i mat phang gitra dia thi khi
truc quay dia s& bi nghiéng. Khi dé cdc tan s0 riéng cila hé khong nhitng phu thudc
viio cac tham s6 ciia hé nhu do cling, momen quéan tinh khéi ma con phu thude ca
vilo 6 vong quay cua truc [26,42].

§7. TINH BIEU KHIEN BUGC VA TINH QUAN SAT PUGC
CUA CAC HE DAO BDONG
Tinh diéu khién duge (controllability) va tinh quan st duoc (observability) 1a
hai khai niém mdi quan trong trong 1y thuyét cdc hé dong luc. Cic tinh chat nay co
maét vat trd quan trong trong viéc 16ng hop cdc hé didu khién ur dong v md ra mot
trin vong mdi trong vigéc nghién ctu cdc hé dao dong. Dudi day trinh bay mot

cdch 16m tit vé tinh diéu khién duoc va tinh quan sdt duge ciia cdc hé dong luc
tuyén tinh hé s6 hang s0.

7.1 Cac dinh nghia
Xét mé hinh 10dn hoc cia mot he dong luc tuyén tinh hé s6 hang s6 gém hai
loai phuong trinh san:
- Phuong trinh trang thii
()= Ax(t} + Bu(t)y x(0)=x, (7.3
- Phuong trinh do
¥(1) = Cx() (7.2

Trong d6 : u 1i vecta diéu khién ¢6 r phin tit. x - vecto trang thdi ¢d n phin tit, y -
vecto do ¢6 m phin tir, A - ma tran hé ¢& n.n. B - ma tran diéu khién can.r, € -
ma trin do ¢ m.n.

u{t)

) ]
(9]

Hinh 3.21
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So d6 he dong luc ¢6 dieu khién cho trén hinh 3.21.

Bay gid ta néu ra cic dinh nghia vé tinh didu khién dugce va tinh quan sat duoc
cha cic he dong luc [34].

Pinlr nghta 1. 11¢ dong luc (7.1} la diéu khién dugc hoan toan, néu cho trude mot
trang thai diu x(0) = X, wy ¥ vi mot trang thai x, ndo dé, thi s& tén tui mot thoi
diém 1, > O hitu han va mot ham diéu xhién u(t) xdc dinh trong khoang thii gian
[0, 1,] sao cho qui dao ctia he (7.1) xudt phdt 0r X, & the didm t = 0 s& dén X, 1l
thoi diém t =1,

Pinh nghta 2. H¢ dong luc (7.1) va (7.2) 1a quan st duge hoan toan, néu vdi trang
thdi ban ddu x(0} = X, ndo do, s& t6n tai mot thai diém 1, > 0 hiu han sao cho tif cdc
thong tin vé ham dicu khién w(1) va ham do y(t) rong khoang thoi gian [0, t,] ta co
thé xdc dinh duge trang théi diu x, néu trén cha he.

7.2 Cac tiéu chuan Kalman vé tinh didu khién dugc va tinh quan
sat dudgc

Cic tiéu chudn vé tinh diéu khién dugc va tinh quan sit dude clia cdc he dong
lyc wuyén tinh he 56 hing s6 da duge Kalman nghién cdu vao nhiing nam 1959-
1960. Dudi day néu ra cdc titu chudn nay dudi dang dinh 1y va khong chiing minh
(34].

Ticu chudn Kahnan 1. HE dong luc tuyén tinh hé s& hang s6 mo ta béi phuong
trinh trang thdi cdp n

%(t) = Ax(t)+ Bu(t), x(0)=Xy (7.3)
2 dicu khién duge hodn toan khi va chi khi

Rank Q.= Rank[ B{AB|[A™B|..]A™B]=n (7.4)
Thi du 3.20: Cho hg dong luc mo 1a boi phuong trinh

MG alnl o

iy khao sat tinh diéu khién dugc cua he .

Lai gidi : Matran Q. cddang

Q.=(BABI=|0 "
“ “lio -5

“Ainh Bk Trie me\adna e
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Chti v ring néu dia khong duge 1ap ¢ chinh giira clia tryc quay, hodc néu do
cling cha truc déi voi cic & dd khong doi xing doi val mat phang gitta dia thi Khi
truc quay dia s& bi nghiéng. Khi dé cdc tin 56 riéng cia hé khong nhitng phu ihudc
vio cic tham s cua hé nhu do cing. momen quan tinh kh&i méa con phu thude ca
vao s6 vong quay cla tryc {20,421,

§7. TINH DIEU KHIEN BUGC VA TiNH QUAN SAT BUGC
CUA CAC HE DAO PONG

Tinh diéu khién duoc (controllability) va tinh quan sat duge (observability) 1a
hai khdi niém méi quan irong trong ly thuyét cac h¢ dong luc. Cac tinh chdt nay co
mét vai trd quan trong trong Viéc t6ng hop cdc he diéu Khién ty dong va md ra mot
trién vong mdi frong viec nghieén ciiu cdc hé dao dong. Dudi day trinh bay mot
cach tam tat vé tinh dicu khién duge va tinh quan sil dwge clia cdc h¢ dong luc
tuyén tinh he s6 hiang $9.

7.1 Cac dinh nghia
Xét mé hinh 1odn hoc ciia mot hé dong luc tuyén tinh hé & hing s6 gom hai
loal phuong trinh sau:
- Phuong trinh trang théi
(1) = Ax(1) + Bu(t), x(0)=xy (7.1
- Phuong trinh do
¥(1) = Cx(1) (7.2)

Trong d6 : u 1a vecto difu khién c6 r phdn tlr, X - veclo trang thdi cé n phén tir, ¥ -
veelo do ¢6 m phin tlr, A - ma trdn h¢ cd nn, B - ma tran didu kKhién cd nr, € -
ma tran do 8 m.n.

Hinh 3.21
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[
-]
Lad

det (Q) =-100 20 > Rank Q.=2=n.
Vay hé cip hai & trén 12 diéu khién duge hoan toan.

Tiéu chudn Kalman 2. He dong luc tuyén tinh hé s0 hang sd mé ta boi phuung
trinh trang thdi cdp n va phuong trinh do

x(t) = Ax(t) + Bu(1); x(0)=x, (7.5)

¥(1) =Cx(1) {7.6)
1a quan sdt duge hoan toan khi va chi khi

Rank Q,, = Rank[ CT{ AT CT [ (AT CTj... [ (ATY™'C 1=n (7.7)

Thi dy 3.21: Cho hé dong luc mo (& boi phuong trinh trang thai va phuong trinh do

S ey

1fiy khao sat tinh diéu khién dugc va tinh quan st duge cia he .

Lot giai : Ma tran Q¢ c6 dang

Qe=(BiAB]=| ' °
R R

Do det (Qo) = 0 nén Rank Q. < 2 = n. Vay h¢ dong lyc trén khong diéu khién
dugc, Ma tran QQ, co dang

. 1 0
= CT AICT:
Q,=[CT|A"C") [U _J
Tir det (Q)=-1#20 — RankQ,=2=n.

Vay hé¢ dong luc trén 1a quan sdt duge.

7.3 Cac tidu chuin Hautus vé tinh diéu khién dugc va tinh quan
sat dudc

Duéi day s& néu lén cdc tieu chudn Hautus vé tinh diéu khién duoc va tinh
quan sdt duoc cia cac hé dong luc tuyén tinh h¢ s6 hang s6. Do tinh phic tap,
khong néu cic chiing minh & day [34].
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Tiéu chudu Haurus 1. HE dong luc tuyén tinh he 56 hang s6 mo td bdi phuwong trinh
trang thii cidp n

(1= Ax(0) + Bu(ty;  x(0) = x, (7.8)

la diéu khién duge hoin todn khi va chi khi moi vecto riéng v, cha ma tran hé
chuvén vi A" khéng truc giao véi tit ci cic vectd ¢t clia ma tran diéu khién

(AT —2Ew; =0 = BTv, 20 (i=12...n). (7.9)

Ticu chudu Houtns 2. 11& dong luc tuyén tinh h¢ s6 hing mo ta bdi phuong trinh
trang thai cap n v phuong trinh do

x(t) = Ax(0) + Bu(t): x(0)=x, (7.1)
¥(t) = Cx(t) (7.1

la quan sat duge hoan todn, khi va chi khi moi vecto riéng v; c0a ma tran hé A
khéng truc giao véi 14t cd cdc vectlo hang cia ma tran do

(A-2E)W, =0 = Cv;#0 (i=12..n). (7.12)

So sénh cdc titn chudn Kalman vi cdc tieu chufin Hautus ta thay cdc tieu
chudn Kalman cho ta cau trd 101 khang dinh hay phi dinh vé tinh diéu khién duoc
hodc tinh quan sdt duge cua hé dong luc dua trén viéc tnh hang cla ma tran Q.
hodc ma tran Q.. Cic tiéu chuin autus cho ta két luan vé tinh kheng diéu khién
duge hoac khong quan sat duge cua mé hinh co hoe mét cdch tuong doi don gian.
Chang han néu tén tai mdt vectd riéng v, ndo do cha ma tran A" ma BT, = 0 thi he
1a khong diéu khién duoc. Tuong ty néu t6n lai mot vecto riéng v; nao do clia ma
tran A ma C v, =0 thi he 1a khéng quan sat duoc.

Thi dy 3.22: Khéo sat tinh diéu khién dugce va tinh quan sdt duge cia he dong luc
mo ta boi phuong trinh trong thi du 3.21 bang tiéu chuiu Hautus.

Loi giai : Trude hét ta xde dinh cdc tri riéng clia ma tran AT

N T
AT - - I e e A TR
- -2

Cic veeto rieng duge xac dinh boi phuong trinh

3
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Tt he thire

- M3
B'v, =1 ~3] |=0
-t <))
ta suy ra he¢ dong luc khdo sdt 1a khong diéu khién duoc.

Bay gid ta chuyén sang xdc dinh cdc gid trj rieng clia ma tran A. Dé dang thdy
duge ma trgn A ¢6 hai tri rieng &, = -[; A, = 3.

‘Thé A; vao phuong trinh
(A-2Eyw, =0

o} =Ll

Tir d6 dé dang ki€m tra cdc diéu kién quan sat dugetheo tiéu chuin Hautus

Cv, =[i o}mzmo, Cvy =1 o][f}}mo

Viay h¢ dong luc khao sit [a quan sit duoc hoan toin,

1a tinh duoge

7.4 Thi du ap dung

Xét mo hinh dao dong hai bac U, U
do nhu hinh 3.22. Trong d6 u,. u, [a cdc G = €, _—= G,
kich dong ngodi. Hay thiét lap phuong =
trinh trang thdi, phuong trind do coa he. - m, m,
Sau d6 khao sdt tinh quan sit duge va b= A S
tinh diéu khién duge cla hé.

’ ’ 4 4 Q2
Dé dang thiét lap dugc h¢ phuong }H‘ ”ﬁ

trink vi phin dao déng cua hé khilo sit Hinh:3 29
My +¢q; —¢2(qs ~qy) =y, (7.13)
Mady +€2(qQs —g)+C3qs = U,

Ta dua vio bien méi s = @t vit ky hiéu ( )'= e D1 v6i bién s he phuong trinh vi
$
phan (7.13) ¢é dung
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. C, u, (s}
b e B
my - m, o m;®

(7.14)

" c Cy +C U5 (5)
2 Rq 42

Néu ta chon vecto trung thdi dang

X = [q,(8), @), g7 (5), ' x(8) ]

va su dung cdc ky hiéu khong thit nguyén

= _
mym* m -~

_ €+,
2

thi tir (7.14) ta suy ra phuong trinh trang thai cia he

X' (8) 0 0
X)) |0 0

i
0
X'a () ki kp 0
- [ Xa) ] {kyy kyp O

0 xl(sﬂ 0
X5 (8) . 0
X3(8) biu, (s}
X, (8) bauy (s}

(7.15)

o <o -

Trong d6

1.b4:t

me” m, @~

Phuong trinh do cha hé dao dong trén hinh 3.22 cé dang

X (ﬂ
v (5 C Cya C C 1 X4 (8
[,| ) :{ 1 2 13 14! 2(")5 (7.16)
L}’z(ﬁ} L€21 T2 Coz €y [ X3(8)
[X4(8)
Dang cira ma tran € phy thuge vao cic dai luong ta sé do.

Néu cde dai lugng do 1a dich chuyén tuyét do q,{s) va qu(s) thi

c_|sn 0 00 1000
P10 e 00| 01 0 0
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Néu cdc dai luong do 1a dich chuyén tuyét doi q,(s) va g',(s) thi

¢y, 0 0 0] [t 0 o0 o
CI —_ =
0 0 ¢y 0| l00 1 0
N¢u cdc dai lugng do fa dich chuyén tuong doi qQu(5) - gy{8), ta c6
. ¢y, ¢- 0 0 I -1 0 0
(43 = - =
0 0 00 0 0 0 0
Néu cdc dai lugng do 1a dich chuyén wong doi qi{$) - qz(s) va van t6c twong déi

c ¢, O 0 I -1 ¢ 0
gt C =M TR =
@ a2 ? {0 0 c¢n ¢yl |0 0 1 -1

Tir cic phueng trinh trang thdi (7.15) va phuong trinh do (7.16) ta suy ra dang cla
ma trdn A va ma trin do C nhu sau

0:E S PR
L{ 0} C=[C, iG]

Trong d6 E 1a ma tran don vi cap hai, K, Cy, C, 12 cdc ma tran vuong cdp hai.

Trong bii todn nay A 12 ma tran vuong cip b6n (n = 4). Do dé ma tran Q,,
theo tiéu chuin Kalman 2 ¢cé dang

Qu=[CT|ATCT (AT’ CT| (ATYCT)
Do

T P T2
(A7) = [K i ‘_0__} (ATY = [BT.. (K ) }
0 'K K : 0
aTcT | O KTICL|_[KTe]
E§ 0 ||C] cl

@myer oKLl el [KTe]
0 :K"|lcT| [K'C]

ATYCT {..9___4_?_5?."(3?} [(KT) CT}

nén ta ¢o

K"i o |l K'CT
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Vay ma tran Q,, c6 dang
Qo = L_@r_}; (KTCp KTl 55?.1?.951
FTTAT TN T AT TAT
i ¢ KG: K
Né&u ta chon phuong &n do thit nhit thi cdc ma tran C, va C; c6 dang
C,=E, C(C,;=0

Tir d6 ma tran Q,, c6 dang kha don gidn

1 000 kyy kyy 0 0
0 |ELOIKT 0] [0 100 Ky ky 00
®“loigi o (K"] |00 1 0 0 0 Kky ky

0001 0 0 ky ky

D& dang tinh dugc hang ctia ma trén Q,,
Rank Q;=4=n

Vay theo ticu chufin Kalman 2, hé dao dong khdo sdt 1a mot he quan st duoc hoan
toan. Bing cach tuong t ta ¢6 thé khao sdt cdc phuong dn do khéc.

Pé kiém tra tinh diéu khién dugc hoan toan cla hé, ta viét lai phwong trinh
(7.15) duti dang

Trong dé

B:{'{'}'} vii 02[0 0}, BI :[b} 0}‘ u:{ul(S)}
B, 00 0 b, 5 (5)
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Ma tran Q. theo tiéu chudn Kalman ¢é dang

; ; : 0 B . 0 (KB
Qc=|B:AB: A’B: A“B]: ..‘...IL....!..;.-__....;*-..-_!.
B,/ 0 KB, | 0

Tir d6 tinh duge

b, 0 0 0 k, b, kb,
0 b, 0 0 k, b, kb,
0 0 k,b, k,b, 0 0
0 0 k,b; kyb, 0 0

[

0
0
Q(" = 0
b

o &5 oo

4

Do dotacé det Qe =bb; =0

Vay Rank Q. = 4 = n. H¢ dao dong khao sat 12 diéu khién dugc hoin toan.
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Chuong 4
DAO PONG TUYEN TiNH CUA HE VO HAN BAC TU DO

Céc he lién tuc con duge goi 1a cdc hé vo han bic ty do. Trong chuong nay, ta
¢t dao dong clia mot s6 hé lién tue don gian nhung hay gap trong k¥ thudt. D6 1a
dao dong cia day, dao dong cua thanh va dim, dao dong cia mang va dao dong
clia 18m. Céc dai luong vat 1y dac trung cho dao dong clla h¢ vo han béc tu do nhu
khei luong, do cing phan bo mot cach lién tuc.

Phuong trinh mé ta dao déng cla hé lién tuc 13 cdc phuong trinh dac ham
rieng. O cdc hé lién tuc, ta nhan duge vo s6 cic tan $6 ricng, cdc dang dao dong
réng, vv...

§1. DAO DONG UON CUA DAY

Day 12 mot moi trudng lién tuc dang hinh soi day. Gia sir day ¢6 ng sudl
trudic vh khong bi udn. Vé mat k§ thuat, hién wong dao dong clia day it ¢ ¥ nghia.
Tuy nhién, day 1a mot hé lién tue don gian nhat ma fa cé thé nghién ciu ¢dc hign
tudng co ban mot cich khd don gian. Ta gidi han & ti€t nay, chi nghien ciiu dao
dong tu do cua day.

1.1 Thiét 1ap phuong trinh séng cta day

Ta xét mot day c6 khai lugng doc theo don vi d6 dai (i) khong déi va chiu luc
kéo S & diu day (hinh 4.1a). Néu ta kéo day léch khéi vi ui cin bing, sau d6 bo ra
thi day s& thuc hién dao dong iu do. Do vong w ctta day theo phiwong z thong
thudng 13 ham cla vi tri x va thoi gian t 1 w = w(x,1). Dich chuyén u theo phuong x
¢6 thé bd qua khi do véng w va géc xoay tga=0w /dx=w' dl nho. DE thiét 1ap
phuong trinh vi phan chuyén dong cha day ta tach ra xét mot doan day ds rét ngan
nhu hinh 4.1b.

Do gia thiét w’ <<1, ta c6 cac x4p Xi sau
o =sing = w',  (¢+da) =sin(a +do) = w'+ w"dx,

cosa =1, cos(o+da)=1, ds=dx

Véi cdc xdp xi trén va sir dung ky hiéu dm = pds ~ pdx ta nkan dugc phuong trinh
chuyén dong cia phan tir day nhu hinh 4.1b tir cdc dinh 1§ quen biét trong co hoc
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- 0:—S+(S+%§-dx) {1.H

d: udxx‘i;:—Sw'+(S+g—5—dx)(w’+w”dx) (1.2}
X

2

Trong dé w = —:& ia gia td¢ cia phan tir day theo hudng z.
6‘[ <

x Wb S X X+dx X

S 1

J | .
z i o
< '——%‘ o+ 2 ax
o ax
z Tl
ds N
\)/ S+ édx
a) b) ax
Hinh 4.1
Tit phuong trinh (1.1) ta ¢6
o =0 — S =const
X
a0 N . .
Thé bieu thiic o =0 vdo phuong trinh (1.2), ta nhan dugc phuong trinh
X
!..I. “i‘, — S WH
, Lo 2 S N A e
Sir dung ky hiéu ¢ = —, phuong trinh trén ¢6 dang
Tl
—_:2 2 r
"W _ _l_ oW (1.3)

27 2 a2
axs ¢t ot

Phuong trinh dao ham riéng (1.3) duoc goi la phuung trinh séng mot thit nguyen.
Hiing s6 ¢ ¢6 thit nguyén van t6c va dugc goi 1 van toc lan truyén song.

Néu ta goi dién tich thiét dién mat cat ta A, mat d6 khoi 1a p, (ng sudlt clia day
la o, thita c6

p=pA, S=cA

Tit d6 t&c do lan truyén séng 6 biéu thic
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s (o
= —z\l—— (1.4
H P

Dé giai phuong trinh séng (1.3) ta con phai biét céc diéu kién dau va cdc diéu
kien bién. Cdc diéu kién dau la do vong va vin 8¢ cha cic diém cia day & thoi
diém dau (¢ day talay 4, =0)

wix, 0) =wy(x),  W(x0) = vy(x) (1.5)

Cic diéu kien bién 1a cdc diéu kién vé bién dang va luc & cdc bien. Thi du nhu trén
iminh 4.14. dich chuyén & hai g&i 45 hai ddu day bang khong. Tir dé taco

WG, D=0 vi w(l,p=0 {1.6)
1.2 Phudng phap d'Alembert, cac séng lan truyén

Dé giai phuong trinh séng (1.3) bang phirong phdp @’ Alembert, trudc hét ta
thire hign phép bi€n doi nhu sau

E=x-ct, n=X+ct (1.h
Do

o _o& em_0. 6

ox O0EOx dmox 95 Om

g% & o &

DY R -
izi%+iﬂzc[_£+i]

a:’. 5 a?. 82 82
—=c |7~ 2 +—
ot 3 &om  on

ta nhan dugc tir (1.3) phuong trinh

2 13
4197V g (1.8)
o0&
Nghiém 1éng quit ciia phuong trinh (1.8) ¢6 dang
w(g, ) = (&) + (M) (1.9)

Trong d6 f, va f, 1a cdc ham nao do. Cha y dén pﬁép déi bign (1.7), biéu thitc
nghiem (1.9} ¢6 dang
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w(x,t)zfl(x—ct)+f2(x+ct) (1.10)
Nghiém (1.10) dugc goi la nghiém 4’ Alembert clia phuong trinh s6ng (1 3)

N&u ta thay doi 56 x - ct clia ham f, bang déi s6 mdi, trong doé thot gian t thay
bang t* =t + 1, vi trf X thay bing x*= X + ¢T, thita cd

fi{x—ct)= f|(X’k—CT—CI*+CT)= £ (x* —ct®)

Nhu thé ham f,(x-ct) mo ta mot soéng lan truyén theo chiéu x duong v6i van to¢ ¢
khong déi va khong lam dang song thay déi (hinh 4.2).

f,
thai diém t thai diém t'= t+t

- ct __,_.9{

Hinh 4.2

Tinh toan tuong ty, ta c6 két ludn : ham f,(x+ct) mo td mot song lan truyén theo
huéng 4m cla truc X véi van t6c ¢ khong déi. Daoc dong cia day o thé xem nhu la
cong tac dung clia hai séng lan truyén nguoc chiéu nhau.

Bay gio ta x4c dinh dang cdc ham f, va f, tir cdc diéu kién dau (1.5). Tir bicu
thitc nghiém (1.10) ta c6

f(x)+ f,(x)= wy (X —cf{(x)+cf£(x) =vyx)

Tich phan phwong trinh thit hai ta dugc

l X
~-fi(x)+H(x)= —C- Iv{,(u)du+ A

Xiy
véi A 13 mot hang s6 tich phan. Tir hai phuong trioh
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, 1]
- (x)+1,(x) :E Iv(,(u)du + A

i

fa suy ra

| 1 A
r|(3‘()=5 WU(X)*E IV{](U)du —?

X

(1.11)
X
l 1 A
f2(x)‘“5 W[,(X)+E j\’[,(u)du +5
X
Thé biéu thirc (1.§1) vao (1.10) ta duge
l X+t
w(x,t]z-z- w{,(x—ct)+\=un()(+(:t)+E Iv”(u)du (1.12)
x—ut

Xét trudng hop dac biét vi(x) = 0. Khi dé tir cdc biéu thic (1.11) va (1.12) ta nhan
dudc cac két qua rat don gidn

fl(x}zfz(x}zéw”{x) {1.13)

w(x,t)=%[wn(x—ct)+wﬂ(x+cl)] (1.14)

Ciac biéu thiic nghiém (1.12) hodc (1.14) mo ta do vong cha day khi séng chira
truyén dén cdc bién. Néu day cé do dai hitu han, thi cdc séng phal thod mén cdc
diéu kien bien.

1.3 Phudng phap Bernoulli, dao dong

Trong phén trén ta da nghién ciu dao dong clia day ¢4 chiéu dai hiru han bang
phuong phdp d'Alembert. Bay gidr ta trinh bay cdch gidi phuong trinh (1.3) bang
phuong phap Bernoulli. Ta tim nghiém (1.3) duéi dang

wix, 0 =X{(x)T{) (1.15
Thé biéu thirc (1.15) vao phueng trinh (1.3) ta nhan dugc

2 X' T
X(x) T
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Do v& trai cha phuong trinh trén chi phu thude vao X, con vé phai chi phu thudc vao
t. cho nén hai v& phai bing hang s6. V6i myc dich dinh trudc, ta ky hiéu hang s6
do1a -’ . Tacd
XMy _Ty 2
X(x) T(o

Tir d6 ta nhin duge hai phuong trinh vi phin thudmg
)2
X"(x)+ (—] X(x)=0
(x) C (x) (1.16)
Ty +w?T@® =0

Nghiém téng quat clia cdc phuong trinh nay c6 dang

W )
X{x)}= Acos—x+ Bsin—x
) C C (1.17)

T()=Ccosot + Dsinot

Trong d6 A, B, C, D va w la cdc dai luong duge xac dinh tir cac dicu kign bien va
cdc didu kién daw.

Hinh 4.3

Pé 1am thi du ta xét dao dong udn cia day co hai ddu gan chat (hinh 4.3a).
Céc diéu kién bién ¢4 dang
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w(,0n=0 — X(0y=0 : A=0

118
wiln=0 - X(=0 : BsinZ1=0 (1.18)
C

D¢ cho nghiém X(x) kﬁ(‘)ﬂg déng nhét bang khong, thi B # 0, do dé ta ¢

2120 - Zl=kn - wkzknﬁl, k=12, (119
C C

. ! - . . e A
Phuong trinh sin—1= 0 duvc goi 13 phuong trinh dic trung, con cdc dai luang o,
v

(duoc xdc dinb tir phuong irinh dac trung) dugc goi 1a cic {in s0 rieng. O day ta da
bo di nghiém tam thuong o, = 0 vi cdc nghi¢m khong ¢é ¥ nghia vat 1y o, <0, vii
k = -1, -2,... cia phuong trinh dic trung.

Ung v6i moi 1dn s0 ri¢ng oy ta ¢6 mot ham riéng (dang dao dong riéng)

X, (x) =By singk—x:Bksin}%{- (1.20)
C

Thé céc biu thire (1.20) va (1.17) vio (1.15) ta duoc
. kmx g .
wk(x.t):Xk(x)Tk(l):sm—-l—-((’,kCoswkt+Dksmmkl) (1.21)

Trong d6 khong giam tinh chat 1éng quit, ta chon B = 1.

Biéu thic (1.21) mé t& mot dao dong rigng cia day véi tan 3 riéng oy va
dang dao dong riéng X, (x). Tir he thitc (1.19) ta thdy c6 vo s6 cdc dang dao dong
rieng clia day (k = 1,2....). Tin s6 rieng o, tng voi k = 1, duge goi 12 tin 0 cd ban,
con dao dong riéng ong tng duge goi la dao dong riéng co ban. Chu k¥ dao doéng
cia no 1a T = 2njfm,= 2l/c. Cic 1dn sO riéng s, Wy, ... GUOC goi 12 cdc tan s6 riéng
bac cao, cdc dao 4éng rieng tuong tng dugc goi 1a cdc dao dong riéng bac cao.
Hinh 4.3b biéu thi cic dang dao dong riéng cg ban va dao dong riéng bac mot va
bac hai, Céc vi tri cia x (0 <X < 1) ma X, (x) = 0 dugc goi la cac diém nut. Trén
hinh 4.3b, day thic hién dao dong riéng co ban thi khong ¢6 diém niit nao. G dao
dong riéng bac mot <6 1 didm mi:, & dao dong riéng béc hai ¢ 2 diém nat.

Ciac dao dong rieng (1.21) 1a chc nghiém riéng cha phuong trinh (1.3). Vi
phuong trinh (1.3) 12 phuong trinh dao ham riéng tuyén tinh, dp dung phuong phép
cong nghiém, ta nhan duoc nghiém téng quit cia thi du nay

wix, )= ZXR(X]Tk (t)= zsin-k—Ti(Ck cos® it + Dy sinmkt) {1.22)
k= k=1
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Trong d6 céc tan s6 riéng o, duge xdc dinh i hé thiae (1.19).

Cic hang s6 C, , D, duoc xic dinh tir cic diéu kién diu (1.5)

w(x,0) = wy(x) ch sin? = W (x)

. (1.23)
Ww(x,0) = v(x) ZDkwk sin?:v”(x)

k=1

bé xdc dinh cdc hdng s6 C,, D, ta nhan phuong trinh (1.23) v6i X(x) = sin?

161 14y tich phin theo chiéu dai coa day. Véi cha v

| 1 . O
IXi(x)Xk(x)dx = Isinﬁsinmdx -1 _ (1.24)
) 1 1 > k

0

ta nhan duoc

I
2 . kax
Cy = -i- -an(x)sdex

K (1.25)

!
D, =2 Jv(}(x)sillmdx
w1 o 1

Nhu thé, nghiém (1.22) duge xdc dinh mot cich duy nhat. Diéu kién (1.24) dugc
goi la diéu kién truc giao ciia cac ham riéng.

Dé minh hoa ta xét trudng hop v,(x)} = 0, con w,(x) c6 dang hinh tam gidc nhu
hinh 4.3a. Theo (1.25) ta ¢d D, = 0 con C, dugc tinh voi haim w,(x) ¢ dang

zlﬁ khiogxg%
walx)= 1
20-2) Kkhi—<x<1
1 2
Ta dé dang tinh duogc
4f 172 k : knx 8f T
Cy=— jisin TR dx - J[i—l]sin dx | = sin —
a1 1 A 1 k2n? 2

Thé cac C, , D, vao biéu thiic (1.22) ta duoc
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. km
51N —

w(x, 1) = f—§2— z

= sin—k—gcosmkt (1.26)
o K l

Chi ¥ ring trong nhiéu vin d¢ thue t& ngudi ta chi quan 1am dén viéc xac dinh
cdc thn so rieng va dang dao doéng rieng. Trong bai todn nay, chiing ta chua cin
quan tam dén cac didu kién ddu, Trong bai todn dao dong cudng bic, hign trong
cong huodng 1a hién 1uong khi tan s6 cua luc kich dong tring vGi mot trong c4c tan
46 dao dong riéng cha h¢. Vi vay dé tranh hién tuong cong hudng, ta can phai bict
cdc tAn so riéng.

Trong cic hé k¥ thuat, bao gi@s ciing ¢6 phéan 1t can. He s& can cang lon, khi
tdn s6 rieng cang cao. Vi vay cdc dao dong cao tan duoc kich dong mot cich yéu 6t
Vil tht khd nhanh. Trong thyc t€ chi cdc dao dong riéng co ban vi cic dao dong
riéng bic mot lacé ¥ nghia quan trong.

Thi du 4.1: Hay xac dinh cac tdn s& rieng vi cdc ham rieng cha day mot dau ngam
chat, mot ddu ty do (hinh 4.4a). Tin s6 ricng co ban s& thay déi nhu thé nao khi lyc
kéo S & day tang gip doi ?

Lt gidi : Theo cong thie (1.17), nghiém ciia X(x) c6 dang

X{x)= Acosg)—x + Bsiniﬂ—x
< c

Cac didu kién bién cé dang

X0 =0 @ A=0

Xx'M=0 : BZcosZi=0
C C

Tir phuong trinh thif hai khi B # 0 ta c6 phrrong trinh dac trung

cos-(f]—l =0
c
Tir phyong trinh nay, khi © >0, ta tim duoc cdc tan sO riéng
o, _ 2kl 2%k -1mc
c 2 T2

Tir d6 suy ra cic ham riéng

k_:l, 2'

X]\(X)=Bk Sln[z—kz:l?llx_), kzl, 2."’

Dao dong riéng co ban va dao dong rieng bac 1 c6 dang
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TTC X
w, =—, X, (x) =B, sin—
'l 1) = Bysin o)
3nc 3nx
Wy =—, X,(x)=B,sin——
270 2(X)= By sin—y

Dao déng riéng cd ban
X

z |
%7 % Dao dbng riéng bac 1
‘ X
|

a) z Xa(x}

]

213 I

b)
Hinh 4.4
Cic dang dao dong riéng tuong tng duge biéu dién trén hinh 4.4b.

Chd ¥ dén cong thifc (1.4), tdn 8 dao dong riéng co ban ¢ dang

o X [5
1 5 l_,]_ll

Khi luc kéo S tang gip doi, thi o, duge nhan véi V2 .

52 DAO DONG DQC VA DAC DONG XOAN CUA
THANH THANG

2.1 Dao dong doc tu do clia thanh déng chat thiét dién
khéng doi

Xét mot thanh thing (hinh 4.5a) ¢6 mat dg khot [a p{x}, thiét dién 13 A(x),
modun dan hdi 1a E. Thanh thuc hién dao déng u(x.t) doc truc x. Ap dung nguyén
1y d’Alembert, xét mot phan & ctia thanh chiu luc nhy hinh 4.5b. Phuong trinh
chuyén dong theo truc x ctia phan 16 thanh ¢6 dang
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2

p( :&)A(x)dx?—;1 =-N+{N-~+ ?—I\ldx)
at ax
‘]2
> pooa St =N .1
at” oX

Tir gido trinh sic bén vt li¢u {37, 49] ta co

du
X

N = EFEA(X)

Thé biéu thitc trén vao phuong trinh (2.1) ta nhan dugc phuong trinh dao dong doc
tu do cna thanh thang

2
ou 3[&-\(@@5} =0 (2.2)
at® ox ax

PIXIA(X)

Khi p(x) vi A(x) déu 1a cdc hang s, tir phuong trinh (2.2) ta suy ra phuong rinh
dao dong doc 1y do clia thanh thang dong chat thiét di¢n khong déi

2 2
8/1).1_(336 ;lz(); 02=E (2.3)
ot” ox p
.odx .
e —]
p.EA | |
N s
/__—:’ « N I'I, 8
dm=pAdx T 9%
a) b)
Hinh 4.5

Nhur th€ phuong trinh dao dong doc tu do chia thanh thang la phuong trinh dao ham
rieng cdp hal cé dang gidng nhu phuong trinh (1.3). Bay g0 ta tim nghiém clia
phuong trinh (2.3) dudi dang

u( X, 1) = X{x)T(1) 2.4
Thé biéu thitc nghiém (2.4) vao phuong trinh (2.3) ta ¢d
X(x)T) -2 X" ()T =0

: X0 T
X{x)y T(1)
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Do vé trdi cha phuong trinh trén chi phu thude vao x, con vé phai chi phu thuoc vio
L. cho nén hai v& d6 phai biing hiing s6. Véi muc dich dinh trude, ta k¥ hi¢u han
s6 d6é 1a -’ Ta ¢c6
CZ M - m = —N 2
X)) T
Tl d6 ta nhan dugce hai phuong trinh vi phan thudng

o
=

X"(x) + [ﬂj X(x) = 0 (2.5)
I
T +o’T) =0 (2.6)
Nghiém t6ng qudt cira cdc phuong trinh niy cé dang
X(x)=A*c053x+ Bsingx (2.7)
c C
T(t)=Ccosot + Dsin ot (2.%8)

Cdc hing s A*, B duge xdc dinh tir cic didu kién bién, con cic hing s6 C, D duoc
xac dinh tir cdc diéu kién ddu.

D61 vén thanh mot diu ngam chit, mét dau tr do (hinh 4.6a), cic didu kién
bién cé dang

n(0,1)=0 - X(0)=0 - A*:=0
N(I,t):EAM:O - X'{i)=0 > Bﬁcosﬁlzo
X ¢ C
j p.E.A y p.E.A ’ p.EA
4‘—) X . j':9 X E ‘—‘% X ‘
e | | “— | — le | N
a) b) c)
Hinh 4.6

Vdicic gia thi€t B=0, 0 > 0, ta suy ra phuong trinh dic trung

cosLr=9 (2.9
C

Tir d6 suy ra cdc tén s6 riéng va cdc ham riéng
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_2k-lmc_2k-1_[E

Wy " |—, k=12,
2 1 2 p]2
(2.10)
Xk(x}szsin[Zk_l?], k=12

D6 véi thanh hai ddu bi ngam chiat (kinh 4.6b), cdc diéu kién bién ¢6 dang

X(0=0 - A'=0, XU)=0 — sinZl=0
C
T d6 ta cd cdc 1an s& riéng va cic ham riéng
E

5

® =k$=kn xk(x)=Bksink—1”‘ (2.11)

Dd1 voi thanh hai dau tu do (hinh 4.6¢), cde diéu kién bién ¢ dang

X'(0)=0 — B=0: X'D=0 — sin>1=0
C

Tir dé ta nhan dugc
O =k1‘15=kn ? : xk(x)=A;cos$ (2.12)
ol

Nhu thé, tir cic diéu kién bién, ching ta xdc dinh duge cdc tin s6 riéng vi cac
ham riéng. Bang 4.1 thdng ké mot s6 dang co bin cdc diéu kien bién bai toin dao
dong doc ctia thanh.

T'hi dy 4.2: Hay xdc dinh cdc tan s6 riéng va cic ham riéng cla thanh mot dau bi
ngam chat, mot dau mang khéi fugng diém m nhu hinh 4.7a.

Loi gidi @ Diéu kieén bién bén tréi
w0, )=0 - X(0=0 > A" =0

Diéu kién bien bén phai

2
EAMZ-ITI@ udl.1) —> Ez\X’(l)zmmZX(I)
ox o2
- EABgcosEl:mszsiniﬂ—l
c c C
I} moe
— cotg—1=

c EA
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|
cotgh |

: EA
P.EA NgH |

i%——l-———:ﬂ _ %_—J Ay T Ay 2n Ay \

u(i,t)

' i
a) b) | |
|
C) ! 5
Hinh 4.7
Ta dua vao cdc ky higu
= 31, €= _rn__
C pAl

va chi y dén ¢ ==, tir phuong trinh trén ta suy ra
P

cotgh = €A (2.13)

Phuong trinh dic trung (2.13) 12 mot phuong trinh siéu viét. Giai phuong trinh nay
bang phuong phap s& hodc phuong phép dé thi (hinh 4.7¢), ta nhan dugc mot tap vo
han cdc gid tri riéng A,. T 46 suy ra cac tdn s§ riéng va cdc ham riéng

&)kzkk%:lk ’;)%, k:1,2."'

Xk(x) = Bk Sinlk?

Néu ta chone =1, thitacod

2, =0860 —> ©=h~=0860 E
l p12

A= 3425 - m2=12%=3,425 =
pl
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Sa dé Dang lién két iéu kién bién
0
-4 X
4 }__9 Ngam u(0,ty=0
o
X Diu te do A
| i - . EA du(0,1) 0
ax
0
X Luc doc 3
e — T pA 2O
N %
e 0
| Lién két dan hoi X
c tuyén tinh
"o E X FA 6u£l.t) = —cu
(9.4
m
X 52
I
Piu thanh gan ax o2
0 m khoi lugng
du(l .
7/ palulD _ou
—
I

Bang 4.1 Cac diéu kién bién cla mot vai dang lién két
Thi dit 4.3 : Mat thanh thang bén phai bi ngam chat, bén trdi gén vio 10 xo nhu
hinh 4.8a. Hiy xdc dinh tdn s6 riéng co bin khi ¢* = 2EA/IL
Lot giar : Céc diéu kién bién co dang
ou{0,1)

EAZ = =crul0) - EAX'(0)=c* X(0): EABZ =c*A’
>4 C

WLO=0 — XNO=0: A”cos>1+Bsin=1=0
C C
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tgh

Hinh 4.8

Nhu the ta nhan ditge he hai phurong trinh dé xdc dinh A* vi B
A’ ~EAZB=0
c

A" cosZ 1+ Bsin21=0
C C

Diéu kicn cdn dé A* va B khong déng thai triét tiéu 12 dinh thitc hé s bang khong.
Tir d6 ta suy ra phurong trinh déc trung

c*sin91+EA2cosgl:0 - tgl+£=0 {(2.14)
C c c 2
wl

VOl ho=—.
¢

Phuong trinh dac tnumg (2.14) 12 phuong trinh si¢u viét. Ta ¢4 thé gidi phuong trinh
niy bang phuong phép 6 hoac phuong phdp dd thi (hinh 4.8¢). Ta ¢ tan 6 riéng

co ban
A =220 o=k =229 E
1 p12

Cht ¥ ring Ung v6i méi @, ta ¢6 mot ham rieng X,(x). Nghiém t6ng quit cta
phuong trinh (2.3) co dang

u(x,t) = ZXk ()T, (t)
k=1

Khi xét t6i luc cin ngoai ty 1¢ bac nhdt véi van téc du / &t , phuang trinh vi
phan dao dong doc tu do cda thanh thang déng chat thiet dién khong doi (2.3) bay
g1y cd dang
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-

"\2 "‘._
2 u au d"u
+28— —¢*

ot ot ax

=0 (2.13)

=
F

trong dé 25 1a hé 58 can.

Ap dung phuong phap Bernoulli khai trién theo cic ham riéng ta tim nghiém
phirong trinh (2.15) dudi dang

u(x,l)zZTk(l) X, (%) (2.16)
k=1

Trong dé X,(x) 1a cdc ham riéeng, dugc xdc dinh tir phuong trinh
2 2
d Xf +(‘°_k] X, =0 Q217
dx~ <

‘Thé bidu thiic (2.16) vao phuong trinh (2.15) ta duge

ST (0 X (00 + 28T (1) X (00 - AT () Xg(01=0  (2.18)
k=!
Chii ¥ dén (2.17) ¢2X{(x) = o} X (x), phuong trinh (2.18) c6 dang

el

Z[Tk(t) 28T (0 + ol T, (t)]X (x)=0
k=1

Do tinh chil cla cdc ham riéng

: =0 khi k#]j
[x 00X Codx e
M +0 khi k=]
Ta suy ra
T 0+ 28T, () + @i T (=0 k=12, (2.19)

Viéc tim nghiém caa phuong trinh (2.19) da duge xét k¥ trong chuong 2. Khi
5 < o, ta ¢6 dao dong tat din

T, ()= e ™ (Cy cos 1+ Dy sinw WD

Trong dé
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Biéu thirc nghiém (2.16) bay git ¢6 dang

u(x,0=e"" Y (C, cosw 1+ Dy sine x X, (%) (2.20)
k=l

Céc hang 56 C,. D, dugc xdc dinh tr cic diéu kién dau.

Luc can trong cia thanh 1& lyc can chiém uu th&, Vé thuc chat leai luc nay
tuan theo quy luat phi tuyén. Trong pham vi 1y thuyét dao dong tuyén tinb, dé don
gian ia thira nhan he thire

'J'
d'u
F

ox’ét

(5

Diéu dé cé nghia quan h¢ gifia tng suat bicn dang co dang

U=E[u+a@-] (2.21)
a ._
Khi d6 phuong trinh dao déng doc tr do cua thanh cé dang
2 3 2
a—zhzaca—”—za., az“ —cl_a-;= (2.22)
ot at ox- ot ox

Trong d6 28, 1a hé 56 can ngodl, 28, 12 hé s6 can trong .

2.2 Dao déng doc cudng bic cta thanh thing dong chat thiét
dién khong doi

O doan nay ta xét bai todn dao dong doc cudng bitc clia thanh thang dong chat
thiét dién khong ddi . D& 1am thi du ta khao sit dao dong ctia thanh mot ddu ngam,
mot ddu ty do. Tai ddu ur do tac dung mot lye doc thay d6i tufin hoan theo t 14
F(1) = F, cost (hinh 4.9a).

Phuong trinh vi phan dao dong doc ctia thanh
w5, @%u
7 ¢ o2
& ox
Cic didu ki bién bay givr cd dang

=0 (2.23)

w(,ty=0; N(l,t)= EAu'(},t) = Fycosht (2.24)

Si khdc nhau gifta bai todn ndy va bai todn dao dong tu do 1a diéu kién G bién
do. Bai todn nay dugc goi 1a bai todn cé diéu kién bién khong thudn phat. Nghiém

t8ng quél ctia phuong trinh vi phan khong thudn nhét bao gém nghiém tdng qudt
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ctia phuong trinh vi phan thudn nhat u(x,1) va mot nghiém riéng cua phuong trinh
vi phan khong thudn nhat u (x,0)

ulx, 0 = u(x,1) + u(x.1) (2.25
Nghiém téng qudt clia bai todn tuyén tinh thudn nhat cé dang

o

uh(x,t):Z(Ck Coswkt+Dksinwkl)Xk(x) (2.26)
[

Trong dé w, [a cdc tin s riéng, X, (x) 1a cdc him riéng.

Ta tim nghi¢m riéng bai todn tuyén tinh khong thudn nhat dusi dang

ug (X, 1) = Up(x)cosQI (227
Ut}
U, (p) /
EJ,E.A FocosQt
—— x : |
i | ' W, L] Wy Q
a) b)
Hinh 4.9

The biéu thitc {2.27) vao phuong trinh (2.23) ta nhin dwgc phuong trinh vi phan
thudng

d*u 2
2,2y, =0 (2.28)
dx® ¢’

Nghiém téng quat clia phirong trinh (2.28) 6 dang

.0
U,(x) =B, cosgx+ B, sin—x
c c

Vivtacod up(x,t)z[B| cosgx+ B, singx) cos £t (2.29
c ¢

Cic hang s8 B, v B, duge xdc dinh tir cde diéu kién bién (2.24)
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11p(0‘l)=0 : B, =0

EAu (L1 = Fycos Qo EADB, —g—l—cosgl =F,
c ¢

> BE S LA —

. Q
T e s1n X
u, (X, 0) :E‘-\‘—a —S&—cosn (2.30)
’ cos —1
C

Nghiém tong qudt (2.25) 1a 1éng cua hai nghiém (2.26) va (2.30). Cac hang s6 C,
va D, dugce xdc dinh tlr cdc didu kién dau,

Trong cdc hé ki thudt, thuomg t6n tai thanh phin can. Do dé véi t db 16n,
nghiém clia bii todn thudn nhdt s& dan 61 khong. Ta chi cdn quan tam dén nghiém
riéng (2.30).

Trén hinh (4.9b) bidu dién dd thi bién d dao dong doc cha diém cudi thanh
(x = ) theo tidn sd €. Trong d6 ky hiéu

sin - 1

Fl Fyl
U=t —C 7 Uph=-"
ARG Q Y= Ea
~=lcos -1
c c
R F
Khi 2 -0, do singlﬁgl, COSg—)-l-—)l nén — 1, vai Up(l)=—ilw 1a
c c ¢ [UM)) EA

do dan tinh-cta thanh. Do phuong trinh dic tnmg dao dong doc tu do la

cosﬁl =0, xém phuong trinh (2.9), nén khi & — oy (tn s& riéng) thi bién dé
c

Q. :
dao dong cudng bic tang lén vo cling (do cos—-: —0). Vay hién twugng cong
c

huting xay ra khi € = @, {(k =1, 2...). Chd y rang bién thiic nghiém rieng (2.30) chi
sit dung duge khi Q # o,. Khi Q— o, biéu thifc nghiém riéng co dang

u, (X, 0= U (x)tcos 9] (2.3

Viéc tim nghiém riéng trong trudng hop nay da duogc xét trong chuong 2.
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Bay gid¥ ta chuyén sang xét bal todn dao dong doc cu(mg bitc ciia thanh thang
dong chat thiét dien khong déi, trén thanh chiu tdc dung cta lye doc truc cudng do

p(x, ). Khi d phiemng trinh vi phén dao dong doc cudng birc khong can cua thanh
¢6 dang

bl il
A VR S A 1 X1
L L I 50 (2.32)
e ax- M

Ap dung phueng phép khai trién theo cac hiam riéng, ta tim nghiém riéng cia
phurong trinh (2.32) dutt dang

ux 0= 30, (0, () (2.33)

Trong dd Xj(«) i cdc ham riéng, duge xdc dinh tir phuong trinh
o ((!)i 2
X-,(x)-i—l—— Xi(x):O (2.34}
Lc
Thé biéu thite nghiém (2.33) vao phuong trinh (2.32) ta cé
e 1
> [a. (X, 00 - c*q; (X100 = SR
i=l
Chil ¥ dén (2.34) phuong trinh trén ¢é dang
[ 1
Z[qi(l)+m?qi(l)]xi(x)=Ip(x,t) (2.35)
i=I

Nhan hai vé ctia phuong trinh (2.35) vdi ham riéng X {x) roi a3y tich phan theo
chiéu dai cha thanh

i[ D+l (t)] JX (X)X, (X)dx-—jp(x 0X, (x)dx

[}) o

Do tinh chat tryc giao cia cdc ham riéng, tir phuong trinh trén ta suy ra hé phuong
trinh vi phan thuténg

Jp(x,t)Xk(x)dx
(1) + 0Fqy (0 = 2— =fi () (k=12 (2.36)
pJ'xﬁ(x)dx

[})




Chudng 4. DAO DONG TUYEN TINH CUA HE VO HAN BAC TU DO 231

Giai hé phuong trinh dang toa dé chinh(2.36) ta xac dinh duge cic ham g,(t).
Sau d6 thé vao biéu thitc (2.33) ta tim duoc nghiém riéng cla phuong trinh (2.32).

2.3 Dao dong doc tur do clia thanh ¢6 thiét dién thay d6i

Phuong trinh dao dong doc tv do clia thanh thing déng chat thiét dién bién
déi chinh 1a phuong trinh (2.2)

o%u @ au
{x)— —— | EA{(x)— |=0 2.37
HOO ax[ ()aJ (2.37)
Ta tim nghiém ctta phuong trinh (2.37) dudi dang

u(x,t) = X(x)sin(wt + o) (2.38)

Thé biéu thiic (2.38) vao phuong trinh (2.37) ta nhan duge phuong trinh vi phan
thudng doi vai X(x)

o2 p(x)X(x) + Ei{A(x)fi-)i}:o (2.39)
dx dx
Thure hién phép doi bién
dX  dX
=1 X'(E) = — =12 2.40
x=1& - {2) 4 i (2.40)
Gidsit A(E)= Ayf(E) = p=pA=pAfE) (2.41)

Chi ¥ dén cac hé thidc (2.40) va (2.41), phuong trinh (2.39) duoc viét gon lai dudi
dang

f

[fEX ] + 2 fEX =0 (2.42)

Trong doé ta suit dung ky hiéu

M=—r == (2.43)
Cing véi cdc diéu kién bién, ur phuong trinh (2.42) ta ¢6 thé tim dugc cdc ham
riéng X,(E) viv cdctririeng L, (i =1, 2,..).

Bay git ta xay dung moét phi€m ham ma phuong trinh vi phan (2.42) la phuong
trinh Euler cha bai todn bién phan tuong (tng. Phi€m ham c6 dang
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®@JQXW=H

}

1
fFEX2 - ﬁ.zf(i)XE]dE_ = [Fde (2.44)
i

Piéu kién cin dé phiém ham (2.44) dat cuc tri la

d[&F]_QEZO

JENBX') aX
(jday ta cé —E—F—ZZf(F?)X" i: _2}b2f(:;;]x ]
oX' ax

Phuong trinh vi phin Euler c6 dang

[fe)x] + WEEIX =0
Nhu thé ta 3 chuyén bai todn tim nghiém phuong trinh vi phan (2.42) vé bii todn

fim cuc tri cta phidm ham (2.44).
Bay gid 1a dp dung phuong phép Ritz dé tinh cdc tan s6 riéng duo dong doc
ctia thanh ¢6 thict dien bién déi. Theo phueng phdp Ritz, cdc ham rieng X(&) duge

chon mét cdch gan ding dudi dang

X(E)=> a, X (&)

kel

(2.45)

Trong dé : a, 1a cdc hing s8, X, (&) [a cic hiam toa d¢ dugc chon mgt cach wy ¥
mién sao thoa min cdc didu kién bién hinh hoc, Cdc hing s6 a, dusc chon sao cho
phi€m ham
]
OE,X, X" = jf(a_,)[x'3 —);xf]dg (2.46)
0

dat cuc tr1.
Thé bidu thirc (2.45) vao (2.46) ta duge

| n 2 " 3
(I)(a],az,....an)zjf(é) [Zak}(i\} —7&{ akaJ d&
0 k=1

k-1

L
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0

iy (X3 = APXD) 4+ 2058, (XUX, - APX, X, ) +

+al (X7 -2 XD)dE (2.47)
"Thuc chat cia phuong phép Ritz Ta chuyén bai todn tim cuc tri clia phiém ham
(2.44) v¢ bai todn tim cyc tri cla ham nhiéu bién (2.47). Didu kién cin d¢ ham
®fa). ..., a,) dat cuc tri 12

ad

..\

A

=0 (k=1 2, n) (2.48)

k

Néu ta dua vao ky higu

I
o = oy = [EX[E X[ @)

n

| (2.49)
Bk =By = _[f(é)xi@)xk(i)dﬁ_
0
thi tir cac diéu kién (2.48) ta nhan duge hé phuong trinh
(A-A?B)a=0 (2.50)
Trong do
o T« Bit o B a
A= ... ... .1, B=].. , a= (2.51)
s S & Bar oo Bon a,
D¢ cho vée to a khong déng thai triét tieu, diéu kién can 12
IA-VB| =0 (2.52)

Giai h¢ phuong trinh (2.52) ta xdc dinh duoc cdc A, (k =1, 2,..., n). Tir cdng thifc
(2.43) ta tinh dugc ¢dc 14n $0 riéng

7Tt
L}
(2]

o) A

[§¥]
m b

|
Néu ta 1dy n = 1 thi tr phuong trinh (2.52) ta ¢6
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| i
oy —A2B =0 - jf(g)x'?da; = 2 jf@)xzdg
] 4]

|
jf(&,}X’zdé
= A% = %—__ (2.53)
jf(@xzdg
0

Tro lai bign x, cong thic (2.53) c6 dang

1
IA(X)X’E(x)dx

w?oc? o

. (2.54)
J'A(x)x’—’(x;dx

i

Cong thitc (2.54) duge goi 1 1y so Rayleigh, diing d€ xéc dinh tin 6 riéng thap
nhdt dao dong tu do ciia thanh thang.

Thi du 4.4 1 Sit dung ty so Rayleigh tim tri riéng bé nhét clia ném hink nén nhu
hinh 4.10.

Loi gidi: Phuong trinh thiét dién
A = Af(x) oj\ s
f(5) = (1- & % |
Ta chon ham X(£) dang l—

X(E) = sin-gé‘, Hinh 4.10

Ham X(£) chon nhu trén, thoa man cdc didy kKién bién. That vay
u(0,1y=0 —- X((0)=0

EA du(l, 1) _
X

0 — X'(I}z—.{cosE:O
2 2

Ta tinh cdc tich phan & tir s6 v mau s6 clia hé¢ thiic (2.53)

1 |
[rox @ ="_]u-8)? cos? gidi =

8] 0
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1 1 2
~6
[rerx®@ee = Ju-2)7 sin’ ggdg -1
0 0 67
Tir d6 suy ra
2 2
2= M 0 sa? o A =10125w

4 n*-6
Thi du 4.5 : Tinh hai tri riéng dau tién caa ném hinh nén nhu hinh 4.10.
Loi gidgi - Ap dung phuong phap Ritz tinh hai i riéng dau tién. Ta chon cdc ham
X,(E), X5(E) ¢6 dang nhur sau
3
X, (&) = sinﬂ?—é‘ X,(E) = sin-;—ﬁ"

D& dang kiém tra lai cdc him X,(§), X,(§) chon nhu thé thoa man cac diéu kién
bien clia bai todn. Tuong i nbu trong, thi du 4.4 ham £(€) = (L £)°. Theo cong
thirc (2.49) ta tinh duoc

Gy =%:J:(l—é)2 cos? ljidg:“_};ﬁ
Oy = Qo =3—Tj—:_!(l - £y’ cos%cos%édg:i_‘g
Oya :?il (1~§)2C0\2§EE—’dg 3n 8+2
8]
Bu = :_‘[(1 -£)%sin® E;Ldg = n:m_zé
Bia =P = ;[(1 - &)’ sinltzésinigédg :_i?

2
231‘[§d§:3ﬂ -2

!
Bay = J(l - %)% sin 5
8%~

il

Phuong trinh xdc dinh cdc tri riéng (2.52) ¢ dang
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H'+6_}g'ﬂ: -6 E__)g 3
24 6n? 16 4n®  |_g
15 .23 3’ 42 p3m7 -2
16 An 8 18x
Gidi ra ta duge
A =9902 — A, =3147
AL =39969 —  h, =6,322

Céc i riéng chinh xdc cla bai todn nay A, = 7, &, = 2x. Nhu the sal s¢ khi xdc

dinh %, bang phuong phép Ritz 14 0.2%, khi xdc dinh 2, 12 0,6%.

Viec tinh todn cic hé s8 o, B, khd mat thi gid. Ta ¢6 thé sir dung cdc he
chuong trinh dai s6 computer (chédng han MAPLE [18]) d¢é tinh o, B, cling nhu

tinh A, A, kha thuan tién.

2.4 Dao dong xoén ca thanh thing

Trude hét ta thiét lap phuong trinh vi phan dao dgng xoan ciia thanh dong chét
thiét dién bién d6i (hinh 4.11a). Ta tdch ra xét mot phan 6 nho nhu hinh 4.11b.

Mémen qudn tinh ja d@ = pdx Irsz =pl dx, véi I, 1a mémen gudn tinh thi¢t dién

i

cuc. Ap dung dinh 1y momen dong Juong ta ¢d

doop=-M, +[Mx +

82(9
- plp{x)al—2“'

o
Gl:/[" dx] +q(x, 1dx
ax
(2.35)
X
—>==qlxt
ax q )
o dx |
! |
«—’r—w
M, ,
' M, + M, dx
df = pl,dx ! ox
b)

Hinh 4.11
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Trong d6 p la mat do khai luong, q(x,1) 12 cudng d6 mémen ngoai luc tic dung lén
thanh. Theo dinh luat Hook d6i v6i thanh xodn [37, 49] ta ¢6 heé thic

)
M, =GI,(x) =2 (2.56)
ox

Trong d6 G 1a modun cat, I, 1a momen quan tinh thiét dién xoén, GI,(x) la do cing
chong xodn. Poi véi mat cit hinh tron I, = 1. N6i chung I, khic L.

Thé biéu thic (2.56) vao phuong trinh (2.55) ta nhan dugc phuong trinh vi phan
dao dong xodn clia thanh thang thiét di¢n bién déi

o’¢p 0 op
1 (x)———| GI,(x)— [=q(X,t (2.57)
pl,( )aﬁ 6x\:]"( )ax] q(x,t)
Khi thanh c6 thiét dién khong déi, I, va I, la cdc hing s6. Néu ta dua vao cdc ky
hiéu
c? =%-_ },L:pIp (2.58)
P,

thi tir phuong trinh (2.57) ta nhan dugc phuong trinh dao dong xoan cua thanh co
thiét dién khong doi

2 =1
09 2070 _axh (2.59)

o’ ox B

Phuong trinh dao dong xodn clia thanh thing c6 dang giéng nhu phuong trinh
dao dong uon clia day va phueng trinh dao dong doc clia thanh. Céch giai phuong
trinh nay di dugc trinh bay chi tiét G trén.

Thi du 4.6 : Truc déng chit hinh tru tron dat trén hai 6 d& nhu hinh 4.12. Cho biét
I,/1,, = 1/2. Hay xéc dinh tin s6 riéng co ban dao dong X0an cla truc.

|p1 p‘G IpZ
\ \
X4 Xz :
S a : 2a
a) b)

Hinh 4.12
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Lot gidi - Ta chon trén méi doan cla truc toa dd X, vi X, nhu hinh v& 4.12a. Theo
cdch tim nghiém & trén (xem cong thitc 2.7) ta co

i3] .
XI(X|):A|COSFX1+B|SIH—X|
c c

Ky (X2)=As cos = X, + B, sin = X5
¢ ¢
Cic didu kién bien va diéu kién chuyén tiép o dang
MU@On=0 - X{O=0: B =0

MP@2a,1)=0 — X5Q2a)=0: -A O in®2a+B, LcosT2a=0
* 2 2 C C 2 C [

p,(a,1) =9, (0.8} — X @=X,00) = A cos%a =A,
MY, =MP (0,0 — [X(a)=1,X;0): —I]_]Al-(gsin%a ~1,B,%
Tir ba phuong trinh cudi ta nhan duge phuong trinh dac trung
coslsin2h+-;—sinlco.~';2k:0

Trong d6 & ="-.
c
Chi ¥ dén hé thic luong gldc
2 sin o cos pp =sin(o — ) + sinfa + B)
phuang trinh dac trumg ¢ dang
sinA +3sin3h =0 (2.600

Giai phuong trinh (2.60) biing phuong phdp 0 hoac bang phuong phap do thi
(hinh 4.12b) ta dugc

G

pa’

Néu 1dy G = 0.81.10° N/mm’, p = 7,89 glem® (doi voi i) va a =2 m thi
o, =1853s". Do dé f,=w/2n= 29557

A =LIS o @y =k o=LiS
a
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§3. DAO DONG UON CUA DAM

Khi nghién ctu dao dong doc va dao dong xoin cla thanh ta gia thiét chiéu
dai cla thanh kha 16n so vdi cdc kich thude khdc cha thanh. Ciing nhu thé, khi
nghién ctu dao dong udn cla dam, ta gia thiét chiéu dai ca dam du 1dn so vdi cic
kich thude khac.

Khi thiét lap phuong trinh vi phan mo ta dao dong udn cua dam, Rayleigh
(1842-1919) 1 ngudi ddu tién da quan tam dén tinh qudn tinh quay cua thi€t dién,
con Timoshenko (1879-1972) 1a ngudi ddu tién quan tam dén bién dang truot clia
truc ddm. Khi nghién cttu dao dong udn cla ddm, ta gid thigt ring mat cit cia ddm
doi xing qua hai truc. Chdng han mat cat cta dam ¢ dang hinh 1rén, hinh chir
nhat, hinh chif I. Khi mat cit ciia ddm khong doi xing qua hai tryc thi dam sé thuc
hién dao dong udn va xoin déng thoi. Bai 104n dé ta khong xét o day.

3.1 Thiét 1ap phudng trinh vi phan dao déng udn cua dam
p(x.t)

|
|
e e Huéng dao dong

Hinh 4.13

Gia st cde mat ¢it cta dam ludn luén phiang vi vuong gdc val truc vong clia
dam. Truc hinh hoc ciia ddm khi chua bién dang thi théing. Ta 14y dudng thang nay
Jam truc X, con truc z chon vudng géc vail tryc X (hmh 4.13). Bd qua dao dong xodn
va dao déng doc truc. Dam chi thuc hién dao dong uon theo phuong z.

Khic véi bai todn tinh, & day do vong w, géc xoay ¢, moémen uén M va luc
cit Q 1a céc ham cia toa do X va thai gian t

wix,D) ;oD MED: Q&Y
Nhit dii bigt [41, 49] quan hé gifta do vdng va gdc xoay ¢é dang

LIRS G.1)
ox
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Bay gior, dé thiét 1ap cdc phuong trinh vi phan dao dong uén, ta tudng niong
tich mot phan 16 nho ctia ddm c6 chiéu dai dx nhu hinh 4.14. Trong dé géc xoay ¢

bing téng goc xoay y (do mémen udén M gay nén) va goe trugt 6 (do luc cat Q gay
ra)

0=%_yio (3.2)

ox
be€ thiét lap cdc phuong trinh vi phan dao dong uén cua dam, ta 4p dung nguyén 1y
d’Alembert. Tir diéu kién can bang cdc iuc theo phuong z ta ¢6

5w

. +Q+@dx—Q+p(X,t)dX20 (3.3)
2 dx

—dm

4

trong dé dm = u(x)dx, véi p(x) 1a khéi tugng mot don vi dai clia ddm.

p(x.1) i, S0
T : 2
Q(X,t) F / 8[

./M{X,t)+mdx \ - A
/ X « L \
J dA

o

8Q(x. 1) 5 =
Q.1+ == dx Iy, /
P SN 2 'z Lzv |
; S 2 w(x,1) | i
e . )E_. }{_d_x-) “‘dJ."—'-a—ti*— (jix_} L b(Z}.____\I
z
Hinh 4.14 Hinh 4.15

1

Tir diéu kién can bang momen cic luc, ta nhan dugc phuong trinh

M+ih—1-d SM - de—"( Qy ]2+dJ Y (3.4)

€x "[

Trong d6 dJ 12 momen quin tinh khéi cla phan 8 d6i véi truc y (hink 4.15)
dJ = [Zdm’

Neéu dim la thanh déng chét thi do dm” = p dA dx, ta ¢6 hé thitc
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dJ = pdx Izzdr\ = pl(x)dx
A
Trong dé I{(x)= Jzsz 1A momen qudn tinh mat doi véi truc y,
A

Tu cac phuong trinh (3.3) v (3.4) tasuy ra

w0
p(x) f =—12-%p(xt)
o ox

R oM
Loo-B

ot X

Tir gidio trinh Stc bén vat licu [23,37, 49] ta ¢6 cac hé thiic sau

pI(x)

M= -E I{x)ﬁ_kp_
Ox

Q=k*GA(xP=k*G A(){)[ii-“—r - \p]
ox

Trong dé : G modun truoct, k* 1a hé s6 phan bé truot.

(3.5

(3.6)

(3.7)

(3.8)

Nhu thé ta ¢ he bén phuong trinh vi phin véi bdn ham chua bigt 1a M, Q, wy.
Khi xay dung cdc phuong trinh dao ham riéng trén, ta da x¢t dén anh hudng cta
bien dang trugt vi momen quén tinh quay. Ly thuyét dao dong uon ciua dam dua
trén cic phuong trinh (3.5) dén (3.8) duge goi la Iy thuyét dao dong udn cia dam
Timoshenko. Thé cic bidu thic (3.7) va (3.8) vdo cdc phuong trinh (3.5) va (3.6)ta
nhan duge hé hai phuong trinh dao ham riéng cap hai d6i v6i do vong w(x,1) va goc

xoay wix,t)

)

2
ot

W 15, ow
=k*G—| A(S [
HX) 3 ax{ (x) x

—xpﬂﬂ)(x,t)

7

(3.9)

ol(x) Y - k*GA(x)[@E— w] + Ei{l(x)-@i} (3.10)
at? X 15,

X Ox

D¢ gidi hé hai phuong trich nay ta cin bi€l cic didu kién bién va cdc diéu kién dau.

D61 vai dim déng chat thiét dién khong déi, do A(x) vi I(x) 1A cdc hang s6,
céc phuong trinh vi phin co bin ta suy ra cdc phuong trinh don gian hon. Tu cic

phuong trinh (3.9) vi (3.10) ta ¢6
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3 f Ay o2
Gk"‘A—f—({i—wW:po Z (D 3.11)
ax\ax y. A’
Jw azq azq;
-GkK*A — -y | =LE1——-pl ~ (3.12)
X ax* at”

2, Oy &y
0=p—-px.D+El—-pl— (3.13)
ot % ot Ox
Mart khdce tir phuong trinh (3.11) ta rdt ra
Ei\p _ a8’ :v ~ “. a’w . 1 p(X.0)
ox  ox? Gk*A a2 Gk*A
bao ham riéng phuong trinh trén theo X, roi theo t hai lan ta duge
2ty B ot w K &tw N 1 azp(x,t}
S 3 At GREA A2av? GkEA 2
X o ore ox 1 % (3.14)

Ay &t w 1 Ot . i azp( X, 1)

axatz - axza[Q —Gk*A ('}t-l thl:A (:}[2
Thé cdc biéu thic trén vao phuong trinh (3.13) ta ¢6
2

37w

o p(U+E 1{

O0=pn

-

otw I *w . 1 ﬁzp(x,[)}

' GR*Aaox’ GK*A oy’
(3.15)

ol &t w R 84w+ 1 83p(x,t)
P axzalz Gk#* A al'-l- Gk A 812

Vdi chii y pu = pA, tir phuong trinh trén ta rit ra duge phuong trinh vi phan co
ban dao dong uon ctia ddm Timoshenko déng chat thiét dién khong doi

El

8w ( E ] o w 3w pPl otw

—pll 1+ + 1 +

axt k*GJ ax*&° ot k*G gt

__EI 2 p(x,1) . pl 82p(x,t}
k*GA  ax? kK*GA &?

(3.16)
= p(x,t)

Néu thanh di manh thi ¢6 thé bd qua dnh hudng cla bién dang truot do luc cit.
Cho k*G — oo, 1t phurong trinh (3.16) ta suy ra phucng trinh
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atw 2tw 2w
-4 —pl a2 TH
o% gxcen- o

=p{x.1) (3.17)

b3

Trong phuong trinh (3.17) ta vin con chd ¥ dén anh hudng clia ngau lyc qudn tinh
quay. Theo cic nghién cifu cia Rayleigh thanh phan quan tinh quay (p}) chi c6 anh
hudng 1én dén céc tdn s6 dao dong bac cao. Do1 voi cic viing tan $6 thip ta cd thé
bd qua thanh phdn qudn tinh quay. Cho pl — 0, ta nhén dugc phuong trinh vi phan
dao dong uon cita ddm Euler-Bernoulli

tw &t w
El + P = p(X,1) (3.18)
axt o a?
PR \ . . ) R oM
Chii ¥ ring trong trudng hop dam Euler-Bernoulli 1a ¢6 quan hé Q = o
X

3.2 Dao ddng u6'11 ty do cta diam Euler-Bernoulli dong chat
thiét dién khong doi

Trudc hét ta xét dao dong uon ty do cla dam ddng chat thict dién khong déi
theo mé hinh Euler-Bernoulli. Tir phuong trinh vi phan (3.18) ta ¢6 phuong trinh
dao dong udn tu do

g'w tw _

axt  EIl o

(3.19)

Ap dung phuong phédp Bernoulli, ta tim nghiém cla phuong trinh (3.19) dudi dang
wix,1) = X(x) T{t) (3.20)
Thé bi¢u thitc (3.20) vao phuong trinh (3.19) ta dugc

T X ™ (x) +%mem ~0
Tir do suy ra

o EBLXM

(3.21)
T p XX

Do v& phai clia phuong trinh (3.21) 1a ham chi phu thudc vao X, con v€ trdi 1a ham
chi phu thuoc vio t, cho nén ca hai v€ bang mot hing s6. Do ¢é chi dinh trude, ta
goi hing 8 d6 1a @® . Tir 46 suy ra
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SERALLIO - Tm+e’Tm=0 (3.22)

- LA 2
BEXTTM_n, xW-f xx=0 (323
W X(x) El

Nghiém ciia phuong trink (3.22) co dang
T{1} = Acoswmt + Bsinwt (3.24)

Trong pham vi bai todn xdc dinh céc tin s dao dong rieng, ta phai tim nghi¢m
phuong trinh (3.23). Dé bifu dién nghiém mot cich gon gang, ta dua vao dai lugng
khong thit nguyén A

2
Ao BC 8 (3.25)
El
Khi dé, phuong trinh (3.23) c6 dang
K 4
x“‘”(x)—[ﬂ X(x)=0 (3.26)

Ta tim nghiém clia phuong trinh (3.26) dudi dang
(. x X X X
X(xy=C, cosLlTj +C, sin[kT) +C, cosh[lT) +C,y sinh[l —l-) (3.27)

Trong d6 cdc ham lugng gidc cosx, sinx ching ta quen bi€t tlr hoc phd thong, cic
him hyperbol coshx, sinhx ching ta cling da quen bi€t trong gido trinh todn cao
cap. O day nhdc lai mot it vé dinh nghia v céc tinh chdt so cap cha cic ham
hyperbol.

Theo dinh nghia

X -X i —-X

. g —e : e’ +e
sinh X = , coshx=———

2

X -X X —X

e’ —¢ e +e
tghx=———, cotghx = ———
et +e”" et —e™ "

D6 thi cdc ham hyperbol ¢6 dang nhur hinh 4.16. Tir dinh nghia tsén ta dé dang suy
1a

sinh0 =0 ; cosh0 = [; tghO = 0; cotghQ = 40

Cic ham coshx, sinhx tudn hoan chu ky 2mi (i 12 don vi a0)



Chudng 4. DAO DONG TUYEN TINH cUA HE VO HAN BAC TUDO 245

sinh(x -+ 2kni} = sinh(x), cosh{x + 2knti) = cosh(x),
con cdc ham tghx va cotghx tuan hoan chu k¥ mi
tgh{x + kmi) = tgh(x), cotgh(x + kmi} = cotgh{x)
J
! %
! Fan j
‘. 50 J
i / Y 1, cotghx
\\\"- 4" 'J;' 4— ll
) / JH
%\ pu A 2“';‘
N ! L)
\\"‘- —’// __________ A :::::::-:
L L 1 f 1 L 1 _! _211 _f r 1 I-Igl-]xl
-j-j-ifﬁ'f?jx T g T 7 3«
- B B
21 \\\ 1-9
x !
s Al T-J
1
T4
Hinh 4.16

Pao ham cidc him sinhx, coshx ¢é tinh chat dac biét nhir sau

L3

(sinh x)' =cosh x, (cosh x) = sinh x

Cic hing s6 C, Gy, G, C, trong biéu thifc (3.27) dugc xdc dinh 1r cdc diéu kién
bién.

& ddu ddm c6 gdi tua ban 1€, d6 véng vi momen udn déu bang khong, do d6 ta c6
a?x

X =0,
dx?

0 (3.284)

() ddu dam bi ngam chat, o ving vi gée xoay déu bing khong, ta c6

ax_

X=0, 0 (3.28b)
dx

@ dau dim tr do, mémen udn va lyc cit déu bing khong, do do
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Trg, T2op (3.28¢)

(5 hai ddu dam . bao gidy ciing cé bon didu kién bign. Tir cdc diéu kién bién, ta
¢ ihé xde dink duoc cde hang s0 trong hé thue (3.27). Trong qud trinth do, ching
ta sé nhan duoc phuong trinh dic trung. Jiai phuong trinh dac trung ta nhin duege
cdc tan 80 rieng ¢, Ung v6i moi tan so riéng o, ta ¢6 mot i riéng 7. vatheo (3.2
ta c6 mat him rizng X(x). Ta s& xét tinh chat tre giao cla cdc ham riéng nay. Gia
st X,(x), Xi(x) ta hai ham riéng tuong {ing véi o, . T phuong trinh (3.26) ta suy
ra

dJ'X!-(,XJ i/\.i\\"ih ( )

a—— - :I__'_ X
dx* L J :

A*X, (0 (A )

____1\4_.._ ,LW Xy (X)
dx ;

Nhan phuong trinh thif nhét véi X,(x), phuong trinh thit hai v6i X(x), trir di nhau
réi [y tich phan theo x, ta duge

d4

Mlax =0

2 =t ‘ d'X,
AL XX (0de+ || X0 *~-Xk(x)dx4j

4
8] (™ dx

Bang cach tich phan timg phin, ta ¢d

}
0

7\.4 —)Ql 1 a dTX dzx lX Tar
I o, code=| X, S g 4K X R AR
0 odx” dx dx dx® dx dx*

" Chd ¥ dén cic diéu kién bién (3.28a), (3.28b), (3.28¢) 1a ¢6 v€& phai clia phuong
trinh trén luon bing khong. Vay ta c6 didu kién trifc giao

1
[X0Xpdx=0  khi j=k
0

Nghiém 16ng quat chia phuong trinh (3.19) c6 dang

w{x,t)zzxk(x)(f\k cos, U+ By sinmkt) (3.29)
k=1

Cdc hing s6 A,.B, duge xdc dinh tir cdc diéu kién dau.
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Dé 1am thi du ta xél dao dong udn ty do clia ddm hai déu 1ya ban 1€ nhu hinh
4.17a.

Dao déng riéng cd ban

i L X
B\L/ !
- pA, El z XI(X)
! }
A A
Lrerri . i .
L sy Dao déng riéng bac 1

, 1 N X

2 | ﬁ,/f/f !

X {x)

a) b)
Hinh 4.17

Céc didu kién bién trong bai todn nay l1a dé vong w(x.l) va moémen uon M(x.1) triét
tieu Shaibién x =0 v x =1

wi{(,t)y=0, MO )= ~Elw"(0.1)=0
w(l,)=0, M{Lt)=-Elw"(l,0)=0

Vi cde diéu kién bién niy, tir biéu thitc nghi¢m (3.27) ta suy ra 4 phuong trinh dé
xdc dinh cdc hing 50 C,. C,, G, G,

X(Hh=0 : C, +C, =0
X{)=0 : C,cosr+C,ysink +Cycoshi+C sinhi=0
X"m=0 : -C +C, =0
X"(1y=0 : —C,cosr—C,ysink +Cycoshi +Cysinhi =0

Tit cac phuong trinh trén v do sinhd = O nén C,= G, =C, = 0. Mat khic dé cho
C, = 0, ta ¢é phuong trinh dac rung

sind =0

Giat ra ta duoc

Ay =kt > mkz(,}:_n} El k=12, (3.30)
. : H

Céc ham riéng (3.27) bay giv c6 dang
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X (x)=C¥sin ?xk?z cg“sin? (3.31)
Khik=1,2tco
?
mtz(lr-] El , X](x):(:(zl)sinEi
i i |

2 r=r
(02:[2ﬂ] E Xz(x):C;ﬂsmE
m

Cic dang dao dong riéng co ban va dao dong riéng bac | vé trén hinh 4.17b. Bidu
thitc nghiém téng quat (3.29) trong thi du nay cé dang

w{X,1) :Zsink—:rlvi(A;c coswt+ B, sinmkt) (3.32)
k=1
trong 46 ta 13y Cg") =1.Tir cac diéu kién diu

W(x0) = wy(x), VO

=v,y(x)

ta cd cic biu thiic dé xdc dinh A, va B,

k=I !

Z Bioe, sinm =v,(x)
k=l t

Chit ¥ dén tinh chat truc giao clia cac ham riéng (3.27), tir cdc biéu thic weén ta suy
ra

|
A =2 IW(;(x)sinmdx
0 !
1
—-2—1 J.vn(x)sinleT—)de
0

Bk =
Wy

Biy gi¢ ta chuyén sang xdc dinh céc tin so riéng va cic ham riéng cla dim
mét ddu ngam chat, mot ddu tu do nhu hinh 4.18a. Céc diédu kién bién ¢6 dang
w0,0=0, M{Lt)=-Elw"(,1}=0
w'(0,1) =0, QUL t)=~EIw"(L1)=0
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Dao déng riéng co bér}
X

) |
A —

Cos A
pA, El f :
n| \\ ;\1 T }Lz / 3nf2
\lf/ =, A A
—> X f : Dac dong riéng bac 1
] '.T[J'r2 A’
I x
oy - I
Z \/,\/ |
-1/coshi Xzﬁr) /
7
a) b) )
Hinh 4.18

Vi cde di€u kién bién trén tir biéu thic nghi¢m (3.27) ta suy ra hé bon phuong
trinh tuyén tinh thudn nhat

X =0 : +C, _0
X0y =0 : C, +C, =0
X" =0 : ~Cjcosh—Cysink +CycoshA+C,sinhd =0
X"h=0 CysinA ~Cycosh +CysinhA +C, coshh =0

Tir hai phuong trinh diu ciia hé bon phuong trinh trén ta suyra C, = -C,. C, = -C,.
Sau d6 the vao hai phuong trinh sau ta dugc

C,(cosi + coshA)+ C,(sinA +sinh A) = 0

o (3.33)
Ci(sin} —sinh L) —C, (cosh + coshA) = 0

Diéu kién cin dé cho C,, C, khong ddng nhat triét ti¢u 14 dinh thitc cic hé s6 phéi
bang khong

cos A +cosh A sin A +sinh A

A = =
sinA ~sinhA  —(cos A +cosh )

Tir d6 ta nhan duge phuong trinh dac trung

coshcoshh +1=0 (3.34)
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Giai phuong winh (3.34) bang phucmg, phap 56 hoidc phuong phdp do thi ta nhan
duge 1ap vo han nghiém A =2, (01 =1,2,..) (hinh 4.18b). Khi biét dugc cdc gia tr
riéng A, tr cong thite (3.24) ta xac dinh duge cdc 1dn s6 riéng

2 rr
w; = ;\'; D (3.39)
¥

Ung véi mdi tri riéng X, . theo (3.27) ta ¢d mdt ham riéng
A AiX Ay X
(x)=CiV cos i‘( +CYsin == l +CY cosh == | +C4')smh l‘( (3.36)

Tir hé phucng trinh (3.33) ta suy ra

_COshy +cosh &

("-(i} (,‘(“
2y -
- sin k., +sinh &, !
Do do
ct - _ct cosh; +cosh i,
W=y’ =

sink; +sinhi;

Mat khac, nhu trén da chi ra Cm C“)

The C“’ (,m C{” xic dinh theo C“’Vdo biéu thitc {3.36) 1a dugc dang cu
thé clia ham rieng X;(x)

A : H )\. b AL' s '
xi(x):cﬁ” cos}—'-i—coshk'xJ«-c?S ! +C?ghj‘ [—sin?’h+smh? ]
i ] sini; +sinh A; 1 l

Tren hinh 4.18¢ cho ta dang dao déng riéng co ban va dang dao dong rnéng bac 1.

Giai bing s phuong trinh dac trung (3.34) 1a dugc

=187 —» @, =35l6 5_14
It
g (337)
. EI
pl

Biéu thite nghiém 18ng quét (3.29) trong trudng hop nay co dang

W(X, 1) = Z X (x}{A; cosot+ B sino i) (3.38)
il
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m = )‘-2 EI-
PYp Phuong trinh dic tring k 1N
I 4.730
g 2 7.853
g 7 cosh coshi - 1 =0 3 10,996
n =~ {2n+1) w/2
Al Al |
T
l 44 sini =0 2 I
3 3n
> ”;"L’ n nm
I 1875
/) 2 4,694
2 cosi coshi +1=0 3 7.855
n = {2n-1) n/2
AN 1 3,927
tph - tghi =0 2 7.069
ﬁ 3 10210
a n = (dn+1y m/d

s

Cic hing 6 A, B; dugce xic dinh tir cac diéu kién dau

wix,0) = w, (X},

Nhu thé, ta cd

Z}(i()i],»'\i =w,(x),

ow(x,0)
et

= v;(X)

Zmin(x]B‘ =v,{x)
-1

Bang 4.2 Cac phuodng trinh dac trung va cac tri riéng cla mét s6 dam
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Nhan hai v€ cla cdc phuong trinh trén v6i ham riéng X, (x) réi 1ay tich phian theo x
tir 0 dén 1. Cha y dén tinh chit trye giao cua cac ham riéng, ta dugc

! |

I“’(](X)Xk(x)dx IV{I(K)Xk ()dx
Ak = Bk 4 ]
in(x)dx Wy JX%(x)dx

[§)

1]
Tién hanh tinh todn tuong fu, ta xdc dinh duge cic phuong trinh dac trung, céc 1in
50 riéng vA cac ham riéng cla bai 10dn dao dong uon tu do cua dim véi cic dicu
kién bién khdc nhau. Bang 4.2 cho ta biét phuong trinh déc trung, cdc tri riéng cyda
mot s¢ mo hinh dao dong udn cla ddm hay gap.

Thi du 4.7 - Cho dim déng chat, thi¢t dién khong doi, dau bén trai ngam chat, dau

bén phai tu do mang khéi lugng m. Cho bi¢t € = m/ul = 3/4. Hiy xdc dinh cdc tan
56 riéng o ban va cdc tin ¢ rieng bac 1 (hinh 4.19).

oA, El

AN

| } l wi{l,t)
_______ T ! Q 1,t
| 1 | W | gL

m

X3

a) b)
Hinh 4.19

Loi gidi + Ciing giéng nhu trudng hop ddm bl ngam chat mot dau, mot dau ty do ¢
{rén, ta ¢o ba diéu kién bién '

w(0,0=0, w'(0,t)=0, M(Lty=-EIw"(L0)=0

Bé tim diéu kién bién thi tu, ta twdng wong tach khoi lwgng m khoi ddm (hinh
4.19b). tir dinh luat Newton I1 d6i vdi khoi lugng m ta ¢6

mWw(l, = -Q(t) - Elw"(lt)-m&l1)=0

Vi cdce didu Kién bién wén, 1 biéu thitc nghiém (3.20), (3.24), (3.27) ta co
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C, +C, =0
{ G, +Cy =0
—C,cosi~Cysink +Csicoshi+CysmhA =0
C,sinx —Cycosh +Cysinhh +Cycoshr
+eh(C  cosh+Cysink +Cycoshi+Cysinh2) =0

Tir hai phuong trinh ddu ta suy ra C, = -C;, G, = -C,. Th€ vao hai phuong trinh sau
ta dugc

—C,(cosh +coshi)~C,(sin2 +sinhr) =0
C,(sinx + ehcosh —sinh A —eicosh?)

—C,(cosk ~chsink +coshh +ehsinhA) =0

Tit diéu kién cin dé cho C, C, khong déng nhat wriét tiéu, ta nhin duge phuong
trinh dac trung

1 +coshAcosh + gh(sinhicosh —coshisink) =0 (3.3%)

Khi & = 3/4, giai phuong trinh trén bing phuong phip 56 ta ¢é

by =1320 = @, =1742 L_ﬂ
I
; (3.40)
Ly =4060 - @, =16.48 'Ei
Vul

So sdnh véi két qua (3.37) vé cdc tan s6 riéng cla ddm mot ddu ngam chat, mot
dau w do ta thay véi khoi lugng phu m hai tin $6 riéng ddu tién giam ding ké.

3.3 Dao dong udn cu'dng birc cua dam Euler-Bernoulli dong chat
thiét dién khéng déi

Poan nay ta xét biii todn dao dong udn cudng bic dam déng chit thiét dién
khong déi thco mé hinh Euler-Bernoulli, chiu tic dung cta ngoal luc theo phmng
vuong gée v6i tryc cla dam. Phuong trinh vi phan dao dong udn cudng bic clia
ddm Euler-Bernculli ¢é dang (xem phuong trinh 3.18)

otw 2w

2% o’

El

= p(X,t) (3.41)
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a. Bién doi phuong trinh dao ham riéng (3.41) vé hé phuong trinh vi phan
thudong

Ap dung phuong phdp Bernoulli, ta tim aghiém phuong irinh (3.41) dudi dang

w(x,t)=ZXi(x)(1i(l) (3.42)
i=1

Trong do6 X;(X) la cac ham néng.

Thé bidu thitc (3.42) vho phuong trinh (3.41) ta dugc
>[F X (0, (0 + 1X; (08, 0] = poxD
il

T dé suy ra

= El X™V(x) p(x. 1)
Z{ b X(x)

| i (X K
Chii y dén cie biéu thike (3.23) ta ¢d

= XMV

ELX; (Y _ (3.43)
X (x)

Thé (3.43) vao phuong trinh trén ta dugc

i 13 (I, :p(x.t)
Z[q (O+miq t)] (X} "

i=t

Nhan ca hai v& cia phuong trinh ndy voi him riéng X,(x) roi 1y tich phan doc theo
chiéu dai cua thanh

x 1 |
_ 3 1
>0+ 0Fq, 0] X 00X 0dx = fpx Xy (x0dx

1=1 0 0

Do didu kién truc giao clia cac ham riéng ta suy ra

1
jp( X, )X (x)dx

b X2 (adx
0
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Nhur thé ta dua viée gidl phuong trinh dao ham riéng (3.41) vé viéc giat he phuong
trinh vi phin thutmg (3.44). Duéi diy ta xét mot s6 dang cu thé coa ham kich dong
Plx..

b. Luc kich dong tdp trung diéu hod

Xét dao dong udn cia dam chiu luc kich déng tap trung diéu hod Fcos{t nhur
hinh 4.20a. Theo cong thite (3.31) hiim riéng X, {x) co dang

.k
Xk(x):sm——?

Trude hét ta tinh tich phan

| L -
3 .1 kMo [ T | . knx
jX;(x)dx = jsm‘ iy = L EJ ——ism(z g_t;_\_)
l kn| 2% | 4 P/

g

o =

! {

a . F=F,cosit 0= cosc
, ! X |

! ] | — e i ]
VA S

: H,l . | =cons m:?? 12 41 . |
‘ T T l -

a) "
Hinh 4.20

l

Dé tinh tich phan Ip( x. D)X, (x)dx rong trudng hop nay ta st dung khai nigm ham
8]

Delta-Dirac. Theo dinh nghia ham Delta-Dirac duge xdc dinh boi hé thie

§(x-y=Okhix=a vi J’a(x ~aydx =1 (3.45)

—x

Ham niwv ¢6 tinh chat

Jf(x}ﬁ(x ~a)dx = f( (3.46)

—an
Ap dung vio bai todn coa ta. Tir bieu thic

pix,)=F,cos Qd{x -a)
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1a suy ra
1 1
J‘Fn cos Ot &(x — X, (x)dx =T, cosQLij(x)B(x —a)ydx

N 8]
|

: .k . .
= Fy cosé ISID_T?ES(X —a)dx = F; cos Qtsin k—T-‘-

]

Phuong trinh (3.44) bay gio ¢o dang

E, cos Qtsin Kma o5 sin kna
4y (04 0L, (0= e e 64D
_ M
i)

Nghiém dimg cua phuong trinh (3.47) theo chuong 2 ¢6 dang

26y sin
qr{y=— ——I-—LOSQL (3.48)
p.l((l)k -Q%)

Nghiém 16ng qudt cua phucng trinh (3.41) trong trudng hop ndy c6 dang

A 2]—“ 5in kﬂ—l

. . km
WX, 1) = E X g = E — q—z—slll—T-L-ECOSEZI
k=1 1 Hllog —Q%) 1

¢in kna
2F{, cosQu & O kmx
xm —_ (3.49
; [OXY KT |

wix, 1) =

Cong thic (3.49) 1a bicu thic tinh do vong & vi tri x bat ky cua dam tat thai
diém t.

Khia=12.1acod

kr
w(x, 1) = 21«“ cos X .7 ‘»1115(ﬁ (3.50}
k=1 Ok T
Chi ¥ ring
o = )7' J@: 1‘2:‘" El
- yu 1° M
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Néu ta dua vio ky hi¢u

Q Ql‘ /].L
T :kz—
! VEI

ay n‘

thi cong thitc nghiém (3.49) ¢o6 dang

sin kma
2F, Peost & 7 ko
WX, 1) = v J'CO\ Z 1 i ,, ‘;11‘1533
1" El o KT -7
. . . Ol e .
Deé minh hoa ta Ky a = % v N =-— Vl M =0,7 . Khi d6 ta ¢6 the tinh do vOng

& giffa ddm mot cich tuong doi don gmn {hinh 4.20bk)

2 km
| 2F, 1! cos Ot & o { 2 ]
0 : .
w(—, )= ————— —_—

2 n*El ; k* — 0,49
Cha v ring

ksl

1
Z l ! + + ! +oe= 1975
k1 -0.49 O‘Sl 80,51 624,51 1295,51
Do dé
TNE
W(l )= b cos Ot
2 24, 65EI

Bien do dao dong ¢ gitta ddm la
3
Iyl
W= ————
™R 24,6501
Né&u diam chiu tac dung cia lyc T(t) = F, = const & gitta ddm, theo Stic bén vt liéu

[37.49] do vong (inh & gitta dim 1a

I“l
~ 48EI

Wy

Nhu thé do vong dong cyc dai & gitta dim idn gin gip doi dé vong tinh i do.
Ngoai ra chit ¥ rang khi

n=k o Q=0
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thi xdy ra hién tuong cong hudng. Do ¢d lyc can va do lién két hinh hoc nén bidén
do dao dong ¢ ving cong huong tang lén kha 16n. tuy nhién Khong tien 161 vo cing
nhu khi gia thiét bé qua lue can.

e, Liee di déng c6 tri so khong doi

Fo
Xét bal todn dao dong udn cla v
{dm hai dau ban 1€ dudi e dung cua ¢ X
luc F, = const di chuyén véi tée do v

. I - — 3
khong d6i (hinh 4.21). né;y

NV . \ N , | nEl = const 777
Ta di bi¢t cac ham riéng cua dam hai L | N

ddu chiu lién két ban 1¢ z"”

X(x)= sink? _ Hinh 4’.21

!
. 2 |
Do dé _[}xk(x)dx:g.

0
Sur dyng ham Delta-Dirac, tdi trong p(x.t) trong bal todn nidy co dang
p(x1 =T 8(x - v)

Do tinh chat clia hium Delta-Dirac {cong thifc 3.46) ta c6

!
.k . [ kmv

JE} sm——gﬁ(x —vi)dx = F, s:n[ ™ t)

1 1 l
Phuong trinh (3.44) doi véi bai todn nay o6 dang

2k, .
qk(t)+mﬁqkm:—l"mngzkl (3.50)
0l

Trong do ta dua vio ky hiéu

O, :$ (3.52)

Nghiém téng qual clia phuong trinh (3.51) dd duge tinh tedn k¥ trong chuong 2 ¢é
dang

2F . <
q ()= Ay cosmkt+Bksinmkt+%stkt (3.53)
pl(ep — Q)

- Cic hang s6 A,, B, dugc xdc dinh tir cdc diéu kién ddu. Gid sitr cho biét di¢u kién
dau
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wo(X)=wix.0) = ZXi(x)qj (M =0

1=l (3.54)

V(0= DSy ai =0
i

P

Do tinh chat true giao cla cic ham riéng. tir cic diéu kién dau (3.54) ta Suy ra
WO =0 G=0, k=12 (3.55)

Voi cic diéu kien du (3.55), tir (3.53) ta dé dang xdc dinh dugce cdc hiang sa A, , B,
A, =0, B, = -——2-F”—Q-k—-— (3.50)

ulmk((,oE —Qﬁ)
The (3.56) vio biéu thic (3.53) ta duoc
2F, 0,
plc)k(wi -€3)

. 2F .
St +—"0 _ <in Qt (3.57)

qp ()=~ = >
wlwy -0

Theo cong thiic (3.42) biéu thic tinh do vong cla ddm ¢é dang

- 2F; « , - , .
w(x,[)zZXk(x)qk(t}: : Z S l 2(51119,\.%-9-"—5111(9}([ sm-]ﬂ (3.58)
k=] HA o o _th Dy I

Neéu ta dua vio ky hien
Ny :E‘)’—k (3.59)
)
thi
2F, 1 2K 1 2R

Howp 07 _plmi l-n? k*zEI 1-n3

Biéu thitc (3.58) bay gid c6 thé viet lai dudt dang nhu sau

2F, 1 & 1 : : . kax
wix, )= —" st~ sine, 1)sin —— (3.60)
x*El kZ:, k*( ~ni)( T sine sin =

Hién tuong cong hudng xay ra khi 4 = o, . Chii y dén cic bidu thic (3.30) va
(3.52) 1a dé dang xdc dinh duge van téc 16i han v,
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(361

(3 iy cone bodmes do vong et dam s€ dat pid i Iém nhatl. Fa xéde dinh do vong
Cus st kBic = o, Khone eiam tinh téng qudt ta gid st £, = o, Kl Jdo rong
(g ¢ 3000 L ohi caa il 120 86 lung tng ver ko= 1 £3¢ dom gian cdch viet i bo chu
s 1LY i o 4 Vay laco

L D
—_— ax sin i — st
I . TIX . y
Wy (X1 = SN gin— lim —-—- ——--[-'J;-
0 0 B BT o8
P
oy

O day bi¢u thic cdo tinh gidi han ¢6 dang s Ap dung qui tac Lopital (1. Tlospital)

ta tinh duyc

1 .
tcostd - st

- 3
2F,10 . owmx ® I R 5 G
wy (X, )7 m—si— Iim = sin— {sinwt - cosmt)
1 E] I (o “2_(_2__ Bl
2
m

. i U
Thay o = O = — v (biéu thirc 3.52) vio biéu thic trén ta duoc
. | h

T P : e k
Wi ( X, 1} = 0 Sl[l(n\ Ih'[ — E\I—hlco_\;.\(—'h., [}
Bl L | Lo

|
—

. TN -
S111 l_ (3.62)

Tim cuc i ctia ham (3.62) theo . Mudn vdy tinh dao ham riéng theo t vi cho
bang kKhong

‘_?‘W Ih(“j_(‘t_]I =0 — t oo __l_._.
ct Vih

Tl do ta co

F,!" . m
Wthmux(x):'l_‘—té'l—ﬁlnj-li (363)
7

Khi x = {/2, do vong cuc dai & diém gilta ddm la

11 R
Woih mux (2_} = 3 'E—] (36-1}
"
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Tir cido trinh Stic bén vat liéu, ngudl ta tinh duoe do vong tinh & diém gita dam kh
¢6 lue F, = const Lic dung & gifta ddm 1a [37.49]
KT
=
45El

W

Nhur the do vong cuc dai (3.64) 16n gan gap rudi do vong tinh.

Khi v << v, tie la ny = ! <}, tir bidu ihtic (3.60) ta suy ra cong thic gdn

O
dung xde dinh do vong
2F,17 & ( knx ;
WX, U~ e %sink—k—gl sin(E vt) (3.65)
" El o k 1 1

D6 1a bidu thifc xdc dinh do vong tinh clia dim chin tic dung cua lye F, dat & diem
cich xa ddu bén trdi dim mot doan vt ma ching ta di bict trong gido trinh Stc bén
vat liéu.

3.4 Dao déng udn ty do cua dam Timoshenko thiét dién khéng doi

Tir phuong trinh (3.16), cho p(x.,1) = 0, ta nhan duoc phuong trinh dao déng tu
do cia dam Timoshenko

4 22 3 2 4
EI1S S +pA—— ol 14+-E ]_‘;W—+ P! 6_-4“1:0 (3.66)
ox at kG ax’ar KRG o
Ta tim nghi¢m clia phuong trinh (3.66) dudi dang
wi(x, 1} = X(x)cos(mt +3) (3.0

The bidu thic (3.67) viio phuong trinh (3.66) v thuc hién mot viii phép bién doi so
céip ta nhan duge phuong trinh vi phan thuong

9

4
X ) d- .
d - +y T+ ) Z{—-ﬂ(l—y"'ﬁa)xzo (3.68)
dx dx
Trong dé ta Jua vio cdc ky hieu
Y“t:(ogp—f\—, izz—I—-, Q= — (3.69)
El A kK*G

X¢ét trutmng hop ddm hai ddu cé lien ket ban 1é (hinh 4.17a). Khi dé ta tim
nghiém clia phuong trinh (3.68) thoa man ¢dc didu kién bién dudi dang
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X (- By ainﬁlri, K12, (3.70)

T!u bitu thue (3.70) vio phuong trinh (3.68) ta nhan duge phuong tinh dac trung
a¢ xie dinh v

/ ) (ko) }
: _k_n__| -v'i7q +a}!\\k]—q ~ v —“{J'l oy =0 13.71)

!

Phuong trinh (3.71) [a phuong winh bac haj doi véi ham v, Gidi ra ta duese

2 pPA
:“'il.kﬂ =k T
2 f N ., 1] (3.72)
! (kni)~ (ki ” 5 ki)
=— |l +{+a) — I+2(l-a) — - +(I—a)y| —
714(1 | J I ¢ L | ( L ‘
L J

Khac van 1y thuyet ddm Euler-Bernoulli, ¢ day tng véi méi gid tri clia k ta 6 hai
irt rieng khde nhau y,, > v,,. Nhu thé ting véi mdi ham rigng X, (X} ta ¢ hal tan so
ricng w,, > ®,,. 56 di ¢6 hién tuong dé 14 vi trong 1¥ thuyét dam Euler-Bernoulli d6
vong w va goc xoay @ ¢6 lien quan véi nhau w' =@, con trong 1y thuyét dam
‘Timoshenko chiing 14 hai dai lugng déc Jap véi nhau,

V¢ mat k¥ thuat ngudi ta it quan tam dén cdc tin s6 cao (ing vl dau cong

trude can trong (3.72)). Ta xét trutmg hop tdng véi didu trlr trude can. Trong trudmg
hop knifl <<1. dp dung khai trién

2 3
Vg1 22 X visi ‘x|<_:l
2 8 1o '

ta ¢ cong thic gin ding véi can thite trong (3.72)

i) ? NSO ( kni)?
1+2(1+a)(ﬂJ TS RS i
L V1 vl

ki) * (ki)
~-2c¢[—~l—] {l _2(1+(1)ij +......

Tir d6 ta nhan duge biéu thite gin diing xdc dinh cic tin 56 riéng

—
o, =k?z’ 1+ )[km] EL (3.73)
L/ “14



Chuang 4. DAO DONG TUYEN TINIL CUA HE VO TIAN BAC TU'DO 263

Chi v ring, tin s§ riéng cua dam EFuler-Bernoulli duge xdc dinh b cong thiie
(3.30)

SRR
my kT T
\ul

Nhu thé 6 hang thi hai trong diu ngodc vuong cua ¢ong thite (3.73) thé hién su
Khic nhau gifra cic tdn 8¢ ricng tinh theo 13 thuyct Timoshenko vit 1V thuyel Euler-
Bernoulii. PO 16n ciia s6 hang nity phu thuge vio do manh A = Vi clia ddm, viao chi
53 K v vio he s 1+ on Doi vé ddm 6 thigt dign hinh chit nhii, chieu cao h. néu
k% = 5/6, B/ = 8/3 thi s6 hang (1 = a)(kxi/ " A& bing 3.43kh / 1)2 - Néu h
=10 thi do chénh lech tén ¢ rieng oo bin (k = 1) gita [y thuvet Timoshenko va Iy
thuyet Fuler-Bernoutti B 3%, do chenh lech tan s0 ricng bic 1 (k= 2) [ 145 Qua
kinh nghigm ngudi ta thidy Khi I/k > Shohi cic KT qui tinh todn theo 1y thuyél dam
Euler-Bernoulli kha tot. Ta sit dung 19 thuyét ddm Tunoshenko khi iy 80 /K 16n
hon hode xap xi bang h (23.25].

{3.74)

3.5 Dao déng udn ty do ctia dam Euler-Bernoulli co thiét dién
thay doi

Pai v6i dam ¢d thist dien bidn déi viee tmn chinh xde cde tin s6 dao dong
riéng 1 bai toan khd cong kénh, phitc tap. Vi vay ngudi ta thuang hay su dung cic
phuong phip gin ding dé wic dinh ching. Dudi day ching ta trinh bay mot vil
phuong phap gin ding thong dung & tinh cic @n 86 riéng cl diam Euler-
Bernoulli.

a. Phuong phap Rayleigh

Trong so cdc phuong phip gan ding xic dinh tin $6 riéng, phuong phip nang
luemg Rayleigh 1i phueng phip tuoug ol don gian va thudn (ién. Trong cde h¢ bao
todn nguoi ta cd he thie

Tr.un; = I-ll‘.]\l\ (7;75)
Bicu thite thd nang bién dang clia dam [38]
P [ “2\\*\'2
[= - IE[(x)' £ —| dx {3.76)
7 | - 2
2 \OXT S

1l

Bicu thie dong ning clia dam ma rén dim ¢d mang cdc khéi luong diem m, & vi ul
X, O dang [38]
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I 2 a2
l E}‘WW" | < aw(X, ]
= — " S b J— f _lu..._ ! 377
T 2['][““)( ) dx+j E mj[ J ¢ )

o
25 &)

Gia st dam thue hién dao dong udn khong can vdi tan s6 co ban . Khi d6 nghiém
rieng tuong tng 6 dang

w{Xx, 1) = X(x)}¥Acosot+ Bsinot) = f(x)sin{mt + o) (3.78)
Trong do X(x) td ham riéng dng vai tin s riéng o.

The (3.78) viio biéu thiic (3.76) ta duwoc

1
I'l —% JEI(x)f "Q(X)sinz {mt + ¢)dx
0
Tir d6 suy ra
-4 IJ.E[(x)f”E(x)dx (3.79)
mux 2

0
Mat khdc, the (3.78) vio biéu thic (3.77) ta ¢o
r-o"

2 1 2 n
- 2 2 @ 2 2
['= WOOE 2 (x)cos? (oot + aydx + == m; {7 (x;)cos“ (ot +
; {JL( (x)cos’( : Z} (xp)cos? (ot + 1)

Do do

9] 1=1

2] n .
T, . = % [reor?codes 3 m 2 (x, )} (3.80)

Thé cic bidu thac (3.79), (3.80) vio hé thite (3.75) 16i gidi ra o ta nhan dugc cong
thic Rayleigh d€ xdc dinh tdn sd riéng ca bin dao dong udn cia dim

i
jﬁl(m 72 (x)dx

2 0 -
Mmp = (23D

| n
Jp(x)fz(x)dx + Zmifz(x-,)

8] -1

Trong do : £ 1 modun din héi, 1(x} - mémen qudn tinh mat, u(x) - khoi luong trén
mot don vi did cia dam.
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D6i véi dam o6 thiét dien bicn doi rat kho xdc dinh chinh xdc cdc ham riéng X(x).
Vi vay d¢ chinh xic ciia phuong phdp Ravleigh phu thude vao viec chon dung cua
hium f(x). Thong thudng ngudt ta chon f(x) 12 mot ham nao dé thoa man ¢ie diéu
ki¢n bien clia biu fodn. Viee chon dang xic dinh cta ham {{x) wong duong vt viec
dua vao cdc lién két phu A¢ chuydn co he da cho thianh co hé mot bic twr do. Nhtng
licn k&t phu d6 néi chung lam tang do cing cha hé. Do dé tdn 56 rigng tinh theo
cong thirc Rayleigh thudng 16u hon pid tri chinh xde cia nd mot {L.

Thi di 4.8+ Xdc dinh tdn »6 dao dong ricng clia dam mot diu ngam chat, mot dau
tr do, trén ddu ty do ¢ mang vat nang khot lugng m (hinh 4.22).

Lot gidi : Ta chon dudng cong uen cua true dao dong nhw sau

e s soN2

f{x) | Rl
a

i \;\
[ i
\

‘ +il!l\

i

1
.i i Tl

E N

Trong dd cdc hang xd a, duge chon
suo cho f(x) thod min cdc dicu Kién

X
bien. ; . El = const m
Cic didu Kien bicn ¢o6 dang | U R
i
x=0: fO=0. T0)=0 fx)
x=1: ["h=0, =0 Hinh 4.22

Tir cdc didu ki¢n bién trén ta de ding
xac dinh cic hing s6 g

G, =00 0 =0, 4 =6 a.= -4

Viay hiun {(x) <6 dang

Font ¢ Y‘ e
f(x) = XX el *
x=17) "N 0

The fx) VAo 1 86 vi mau 4o clta cong thic (3.81) ta co

i 1T, Rk L,

| 12ix oo 4B ¢ x| 44 Kl

[ETE72 (xodx = B | ﬁkl ) ax =t £l fio-t] ax= Lags
BRI ] . N 51

N ol 0

| e 3 '\2"2

jp(){}f’"(x)(lx rmfi(h=p J.| [ i\| -4 ij + 6l 1} dx +9m

; n| w1 v vl J

4
=ul 104 +9m = —1_—(104p] -+ 405m)
45 45
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Tir dé suy ra
(144 x 45EL 129611

ol =— ___1aoem
511 ¢104pl + 405m) 17 (104ul + 405m)

D Kiém tra do chinh xdc cda cong thirc Rayleigh, ta xét truong hop m = 0,75ul.
Khi ¢6

2 1296El 1296 EI El
Or =3 ' = — =3.1784—
11 (104pL + 405.0,750)  407.75 pl Ll
Do do
El

\ pt

[E1 ,
Trong thi du 4.7 ta tinh dugc ©| =1,742 Vl —E—II . Viy sal 80 Ja 2.3%.
pl

Trudng hop m =0, ta ¢6

. - | p——

2 2 : »
0% :ﬂﬂx 12.46LI — ®gp =353 B
104 it it pl?

Gid tri chinh xdc cua tin ¢ riéng co ban theo cong thiie (3.37) 1

2 - I E
o7 ::12,36—r— - m, = 3516 -—i

ut? \Jul
Viy sai 86 la 0,4%.

Nhu vay tan s0 riéng co ban theo cong thic Rayleigh khd gdn véi tan s0 riéng tinh
chinh xic.

h. Phuong phap Ritz
Tuong tu nhu tinh todn & phin trén, @ cd hidu thitc dong nang cyc dai vi the
nang cuc dui chia ddm dao dong vwon nhu sau

2! i
o _® . ) 4 "o
Lo = 5 Iu(x))x (dx . Mo = jEI(x)X (x)dx,
0 1]
trong dé X(x) 1a ham réng.

N&u ta thay gin ding ham riéng bang ham f(x}
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X(x) = f(x) = a [((x) + apf(x) + . F a, (%) (3.82}
thi tir dang thic T, - 11, =0 tasuyra
|

e ]
I{I(X)I”“(x}____p(x){ (x)[dx =€
& ]

0
trong 46 & 1d mot hing so.

Theo phuong phip Ritz ta chon cdc ham £,(x), f5(x).... thoa man cac didu Kien
bién, con cic hing 56 a,, ay... duge chon sao cho hing s0 & 1a bé nhat. Nhus the bai
toan dan dén 1im cac hing $6 a,. 1.8, S0 cho phiém ham

| il —|
M = ﬂl(x)f”z(x)— %;t(x)fz(x) |dx (3.83)
. - §

dat cuc tri. ‘The biéu thite (3.82) vao (3.83) ta dugc

o
t

' 0 DL, [ o 2
d(a,,a,,...4,) = I{I(x)[zakf:(x)\ —%p(x)LZak&(x)} ]%dx

o L k=l k=l

Diéu kien can dé him ®( 4,. a,..a,) dat cue 1 1a
Lo j=l2..n (3.84)

Chii ¥ dén biéu thite (3.83) h¢ phuong 1rinh (3.84) ¢6 thé viet dudi dang

u(x)rzmlidho. j=1.2, .0 (3.85)
o

2

0]

T

[ \ ]

o oo -

o ij (0=
o

Do ham f(x) ¢6 dang nhu bidu thie (3.82) nén hé phuong rinh (3.85) [ mét be
phuong trinh dai 56 tuy€n tinh thuin nhat d6i véi cac an a;, g Tir dicu Kien
cin dé cho a,. ay,...a, khong dong nhii bing khong, la suy ra phuong trinh dic
trung dé xdc dinh cdc 1dn 56 riéng cla hé.

Thi du 4.9 : Cho ddm céng x0n ¢6 bé day b =h, khong doi, mot diu ngim chit.
mot dau tr do (hinh 4.23). Hay xdc dinh tan 50 ri¢ng cd ban bing phuong phdp
Rayleigh va phuong phidp Ritz. tin sa riéng bac mot bang phuong phip Riiz.

L. gidi  Tichinh v& 4,23 ta d¢ ding tinh duge dien tich thiét dién A(X) Vi momen
quin tinh mat I{x)



268 . DAQ BONG KY THUAT

X | 2 r .3(\ ! . L,
A(xy=bl, =, I{x)=—hh; — R _
( th i ( 12 :1,\ [/ _Oq’/‘ij X By
Cic diéu kien bien cé dang b - '
] Q
x=0: | .
{2 17X ;
EE i( =0,~-91--£E1 i } =0 (3.80) S :
dx- dx dx”
Hinh 4.23
i
x=1:X=0 g:0 (3.87)
dx

bé thoa min cic diéu kién bién 1a chon dang dudng cong usn nhu sau
4 X \ll el X

X(xX)= f(x);u]LI —'TJ +a, _‘]_| |-

A

h

l{ . 2
<

T! (3.88)
Dé dang nhin thay rang cde s6 hang cia chudt (3.88) vt dao hiun cla no d6i véi x
bing khong khi x = 1. Do d6 cdc diéu kign bién (3.87) duoc thod min. Cic diéu
Kién bicn (3.86) ciing duvc thoa man vi [{x) va d1(x)/dx bing khong khi x = 0.

Trude hét ta tinh tin s0 riéng o ban dao dong udn cla dim céng xoén bang
phucng phdp Rayleigh. Ta liy xap xi
x
X(x)=f(x)=a,| 1——J (3.89)
voL
T d6 suy ra
2u,

Bay gidf ta tinh cdc tich phan & tit s6 v mau sO coa cong thiic Rayleigh (3.81)

fr:(x):

B Eb hﬁ a,_2

Ebh; zll2 lj 4
cee—— X dX =

|
_[EI(x) 2 (xdx = -

0 . { 21°

i 1 4 2 | !
Jp(x)l‘z (x)dx = pbh[]a[2 J‘%[] —iw dx = _p_l_ﬂm Jx(x —Dtdx = DM
l)

1/ 30
0 0 0

5 5Dh; 1.581h, [E
Tudésuyra o©f=—> — g =—0" E
2pl™ 1° 8]
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Ngudi ta tinh duge gid tri chinh xac cuu w, 1

1.534h, |F
O =—5 4
- P
Sad s6 cua wy, 1 3% .
Pé dip dung phuong phap Ritz ta chon
X X x| .
X(xy=f{x)=n |l—— +a -—[1—--—] {3.90)
SO Ry,
Tir dé suy ra

2..

P
-

f”(‘(]

—
L

‘The viw biéu thiic (3.83) ta duoc

—-]— (—X—W i a4, +4a, X—ZW
2 L) 4 | '

a I‘ 14 -\2 \2_‘?‘
- pbl al =2 +aﬂi(|—i | bdx
i i\ ]'/' . }‘I\ I.)' J i,

.1I— 1 3 \—|
:'l& kj:( l 1 lp [ J ( l l ﬁ'('):\“‘r(‘]i :{llﬁ =~ 10 -

; ; o ! —
I‘L’KD mhhn Uo 280 En2 ) 10‘)[:11. U

[J

Tir didu kién
ov_ o 20
on, dis

=0

ta nhin duoc he hai phuong trinh dai s6 tuyén tinh thudn nhat

| T (12 )
wm——ha +L———-}. a, =0
6 5 v 15 105 J

(1250, (1 l\laq—O
5 105 N 40

(391
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TU dicu Kién dinh thite clia heé phuong tinh (3.91) bang khong. ta nhan dugce
phuong trinh dac wung

AT -27.34-588-0,
T do suy ra
1. 5360, [E 5.00h, E
W =—— [—. W, - ——— |—
I y\p - = yp
So val nghiém chinh xdc. sai s¢ cua o, 120,135, 5ai s¢ o e, 13 14% . Muon nhan
duoce gid tri ciia o, chinh xdc hon a can chon xdap x1 (3.90) véi nhicu s hang hon.

3.6 Mot s6 bai tean mad rong vé dao déng udn cua dam
Euler-Bernoulli

a) Dao dong uon cda dam chiu tdc dung ciid bue doc

Trude het xét bai todn dao dong ucn cua dam chiu tic dung ena lue doc F
Gia thi¢t dam bi lue doe nén nhu hinh vé. Cho biet do ciimg chong uon la E1(x),
khol lugng trén mot don vi dai cua dam la pix) = pA), A(X) 1 dien tich mar ¢t
ngang ¢ia dam.

X
NG "f Q "M
F N v+
e |- o 1 oy O
X /- ot Sy
F ey Yoiiasd . } €A
T AN
£ dn—| aO N+ AP
O+ —dv &
al v
7
b)
Hinh 4.24

Xét mot phin 16 thanh dai dx chiv tic dung coa cic luc nhu hinh 4.24b. D&
thi¢t Lip phuong trinh dao dong udn cua dam ta dp dung nguvén 19 d*Alembert. Tir
phucong diéu kién cin bing cic luc theo phuong z ta ¢6
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-
~Qcosp+(Q + :—QdX]COS((p + -i(—l_)dx)
ox ¢ (3.92)

~Nsing +(N + a—Ndx)sin(cp + Qﬂzd“() - u(X)dX"a;; =0
‘ ox, % a

o dx

-

. . o
Do ¢ nho thay cose = 1, cos((er@dx) =1, sine = @, sin{p+ —(de) = Q4+
ax X ax

vio (3.92) ta duoe

Fw P 8
MO T m T e
Trong cdc tai li¢u vé sitc bén vat liéu [23, 49] ta ¢6 cdc hé thic
oM o o _Ow

X . = (3.94)
ax ax éx ¢ ox
The (3.94) vao (3.93) ta duoc phuong trink vi phan dao dong udn clia dim chiu tic
dung cia liue doc nén & diu dam

2
o w

woo &P a ow
>+ =7 [El)— ] - —IN(x,t)—
X X ot ax X )
Do do vong cia ddm nho, ta ¢d thé sir dung gia thiét gin ding luc doc truc khong
thay doi doc theo chidu dai chia ddm. Vi gid thiét do ta cé N(x.t) = - F.

If

H{xX) 0 (3.95)

Néu dam Ii dong chit, thiét dién khong ddi va bd qua ngoai luc p(x,t) ta ¢6 phuong
trinh dao dong uon ty do cla ddm chiu téc dung ctia lve nén & diu dam

= R =R A3
I o/ R L (3.96)
o e&x” ox”

Ap dung phuong phdp khai trién theo cdc dang riéng ta tim nghiém phucong trinh
(3.90) dudi dang

w(x.1)= Zsin(k$m(1) (3.97)
k=t

The bicu thite (3.97) vao phuong trinh (3.96) va chi ¥ d¢n tinh truc giao clia cac
ham riéng tu dugc hé cac phuong trinh vi phan thudng

1t
—

4
T, ”kHJ E—E[ka J’Tk =0, k=1, 2,. (3.98)

ALLT ou
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Tir d6 suy ra biéu thic xdc dinh cde tdn 50 rieng

R - I w2
(R EL_Ep (3.99)
YWt/ p el

. . 1 'LI L .
Néu dua vao kv hien F, = (k) —}}:2— thi biéu thic (3.99) cé dang

o, =

o, =y 2 1oL (3.100)
VpAl'Y K

. T El . . - . P
Nhu da biét F = n n ia Iuc téi han (inh [49]. Ta néu ra mot val nhdn xet w

phuong trinh (3.98) va (3.100). Khi hie doc tang trong khoang 0 < FF < F, thi céc
tin G rieng s& giam. Khi F = F; thi o, = 0. Khi I>F, nghi¢m s€ tang theo luat 56
mii v vi tri cén bing cita ddm s¢ khong 6n dinh, Ta ¢6 thé sit dung didu kién o, =0
lum tieu chudn on dinh dong lue déi v6i dim bi uon chiu tic dung ctia lyc doc. Khi
lue nén & ddu ddm khong phar Ia hang s6 mi 14 ham cta thoi gian
F(t) = F, 4 Feos(Qt), véi tin s8 lye kich dong € nho hon nhiéu so vai tan s6
riéng ddu tien dao dong doc clia dam (do dd cd thé bo anh huéng duo dong doc), 1
¢é thé thay N(x,1) = - F(t). Phuong trinh (3.93) bay gitr 6 dang

]
O w &hw

L + EI—O-\:T +(F, + Fcos(Qt)) c

_,\: =0 (3.101)
e

A

Ta tim nghiém phuong trinh (3.101) dudi dang
.k
w, (1) = sln%,qk(l) (3.102)

Thé (3.102) vao (3.101) ta nhan duge phwong trinh vi phan xac dinh ¢, (D)

. kY oA
Hej, + [TJ [F:\- -k, -F (2()S(Q|.)j|j «, =0 (3.103)
trong dé F, = (kmy % k=1.2,..

N¢u ddm dat trén nén din héi toyén tinh vdi hé 6 cling k va chiu tic dung cua
lue doc true ihi phuong trinh dac dong uén cua ddm cé dang

3

oW
atl

2z ~2 L,
2 ESY I ekw=0  (3.104)
ox- ax” Ox ox

w(x)
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b) Dao déng uén tuong doi cia dam gan trén dia quay

Bay gi¢ ta chuyén sang x€t bai todn dao dong udn tuong ddi cua ddm quay
déu. Day la Idp bai todn hay gap trong thyc t€: Dao dong udn cla cdnh tua bin, dao
dong uon cia cdc cinh roéto cla mdy bay truc thang. Ky hiéu chiéu dai dam la t, do
cling chong uén EI = const. khéi lugng don vi dai cia ddm p = pA = const. Xét dao
déng udn tuong ddi trong mit phiing vusng géc véi truc quay. Truc roto quay déu
vdl vn 19c géc Q. Gid 1hiél bién dang géc nho w'(x,1)<<!. Do dé c6 thé bé qua
anh huong cna fuc qudn tinh Coriolis, chi quan tam dén anh hudng ctua luc quan
tinh theo (luc iy tam). Xét mo hinh dao dong nhur hinh 4.25.

Ap dung nguyen 1y d’Alembert, tir didu kién can bing cic luc theo truc z ta c6

a2 o =)
—udx Ej +F ~Qcose+{(Q+ gdx)cos‘.((p + ﬂdx)
ar ax ax

_Nsing+(N+ 2N dx)sin(o+ 22 dx) =0 (3.105)
ax o

Hinh 4.25

Luc qudn tinh ly tam cda phén tr ddm dx 1a F(x) = pdxr(x)€2. Tir d6 ta suy ra (hinh
4.23a)

F,(x) = F(x)sing = 1 wdx (3.106}

The biéu thic (3.106) vio (3.105) va thay thé cosp = 1, cos(cp+%dx)zl,
X
do

. : &[0}
SINQ =, sm((p+—dx)z(p+~idx ta dugc
ax ox
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oj\x a2

] ;.lﬁllWZO (3.107)
a%

Luc phap tuyén N(x.1) c6 thé tinh theo doan dam tir mit cat x dén mat cat |
L
- | -
N(x.O = [l(R +x)dx = SR (-0RR +1+x) (3.108)
Thée (3.108) vio (3.107) ta nhan duge phuong trinh vi phan dao déng uon tuong doi
cla dim quay déu
5 W &'w { & Aw |

[ -x)ZR+1+x)0—]-w:=0 (3.109)
20% ox f

ft‘ C ot

Viéc giai cac phuong trinh vi phan dao ddng udn clia dam chiu tdc dung cua
luc doc truc vi phuong trinh vi phin dae dong udn tuong dot cia dam gan trén dia
quay déu duge xét moét cich chi el trong cudn Bar tap duo déng k¥ thugt [43].
Trong d6 ta thdy cic tdn $6 riéng cha dam quay déu idn hon so vai tan $6 riéng cua
dam khong quay. 1liéu tng nay duge goi la hiéu dng gia ¢6 do cung dong luc.

§4. PHUGNG PHAP MA TRAN TRUYEN

Pé tinh cic 1dn 6 riéng cla cdc dam va hé dam phic ap khong 1& nhdnb ta
¢d thé stt dung phuong phip ma trdn truyén (¢ a1 liéu goi la phuong phap ma rdn
chuyén tiép). Ngay nay dil ¢6 nhi¢u hé chuang trinh tinh todn dao dong cua dam vi
heé ddm trén mdy tinh dién (. O day giGi thiéu v tuong cua phuong phap tim cdc
tin so riéng dé ban doc ©6 cg sO (im hicu va st dung cde he chuong trinh tinh.
Ngudi ta ciing ¢4 thé sir dyng phuong phip ma trin truyén dé tinh dao dong cudng
bic clia dam va hé dam {21].

4.4 Phucng trinh ma tran doi véi dao déng uén cua dam

Xét dao dong udn tr do clia ddm déng chil, thiét dién khéng doi. Theo muc
3.2 hiam riéng X(x) cd dang

{ ok ( foxh e
X(x)=¢, c‘osta— 4 Cysin| A | +C, cosh| 3 J Cysinh| 2—] +h
| vl Lol L
trong do
= &(31 (4.2
El

Ta c6 thé viét biéu thite (4.1) dudi dang khac nhu sau
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S
-]
L

Xixy=A_1 (.osht ‘H+c0s‘ )—H+ B-—] smh!\) %J+sm‘ : |J
S VoL

20

P
1
1 ) . ™,
smh(; —]—sm[ XJ
L \ 1

{50 [ X\!
cosh| A= -cos| A~ |[+T—
L 1) 1) 2

DE bieh déi tidp ta st dung cdc him Crulop (hoac con goi I ham Rayleigh). Cac
ham Crulop Six) duge xdc dinh boi cde hé thife sau

I
2:
N (4.3}

+Dl
gl

4 N

1 :
S (x)==(coshx +cosx)=1 T
2 4! 8!
L. . x*x”
S, (X)=—(sinh X + sin X} = e
: 2 ¢ " iy 44
Sﬂ,(x}zL(coshx—cosx)z-ﬁ—-+-X L-
’ 2 2060 10!
3 7 1

L ¢
—— ..
VAR
Ti dimh nghia cic ham Crulép (4.4) ta thily ching cd tinh chat
SiX) = 35(x), Si{x)=85(x). Sudx)= S84(x), Six)= Sj(x)

| - .
Sy{xi=-—-(smmhx —sinxy="—+
2 3

Dé dang tinh dwoc
SO =1, 5(0)=0, S(0y=0,  S{0) =

Vi cac ham Crulop, ham rieng X(x) theo (4.3) v cdc dao him cla né theo x ¢é
thé viét dudi dang

X(x) = AS, [xﬂms [RT} DS {15}1:54[&5}

1 |

X'(x)=%[AS4[7..31‘-}le[}%}DS{A%}FS{%?H

X"(x) = f‘“—} [Asq(ai}nsq(xi}Dsi[xi]ws,(l—J
1] Ul 1 I Ul

X'"m:(ﬂ {AS{A?}BS_{JLJ DS| 1J+FS [klﬂ

Cic hang s6 A, B, D, F duoc xdc dinh tir cdc diéu kién bién vé do vong w, gdc xoay
¢ =w, momen udn M = -EIT w" vi luc cit Q = -EI w" (hinh 4.26).

{(4.5)

e
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4 F7=const M
M y2 =Cons !
0(‘1,._.__.._._/._.__._—.. I‘\ X
Wy ' //
{_‘_‘U . Of
****** R
R Zﬂ?
l
X(x)
Hinh 4.26
Tur cac phuong trinh (4.5) va hinh 4.26 ta suy ra
XM =w,=A, X(=0, =
M, M QM “o
X"0)=—L=D—, X"(O)=—TL2=F—
© El I’ O Fl &
Tir (4.6) ta cd
1 M ' Q
A=w,, B=—¢, D=- F=——>" 4.7
o % o R 3 El @7
Thé cdc biéu thitc (4.7) vao (4.5) ta cd
. ] 12 ) I
X(l): Wl = 51(1)“«"[) + S:(l)—(p“ - S"()\.) 3 MU — Sd(?\‘) 3 Q‘:}
Iy L El 2" ElL
1IX'(Oh=1lo =xS,(Mw, +§, (Mo, =S (X)LM —-54(R) ¥ Q
1 4 0 I 0 2 WEl vl =934 P {

1°M,

) a2 |-
— 12Xy = =S (A Wy — 94(7L)l7k(pn+si(;‘\.) M[,+Sz{»)—-—Q“

2

oy LQy I I*A I’
-I'X"(y= TR (VR w, = S, (IR ¢1,+s4(x)ﬁm{,+sl(x)§gl

(4.8)

Péi véi ddm gdm nhiéu doan, ngudi ta thuong dua vio cdc dal luong dé so sdnh :
do dai 1, do cling chéng udn Ef,, khoi lucmg don vi dai p,. Cic dai lugng so sdnh
nay cé thé chon mot cdch twy . Trén co s& cdc dai lugng so sdnh trén ta dua vio
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céc dai luomg Wi, 3, M;. Q, c6 cling thit nguyén. Ching dugc xdc dinh bdi cic

h¢ thic sau

_ — 1M, = 100 .
W, =w,, @ =l M= Lo Qe oQ, (1=0,12,....
g i nép EIU [:I“
Ngoai ra ta dua vao cic dal luong khong thit nguyén
: 2
1“ E‘]‘H ]‘lll hI“
; L(.IJEI4 Rt —4
Do dé }-'_1 = t-,— = &l i
Il ot
Tir d6 a ¢o cdc he thic
Py o _
lpq :1%:[3({)“, loy =B,
0
’ * EI 1P 2 _
']'_MU: : MU—B—MU» ']_M1=B—M|
Ei Ll ] o El a
I’ P Ely = BR = 1} B3 —
Q= Qy = Qo 7 Q=10
gt R R

Chu y dén (4.11) hé phuong trinh (4.8) bay gio ¢d thé viét dudi dang

2 3

wi=8W, + S, E@n - 53 Eﬁ” _SLL"EQGU
_ Ao _ — 2
P, =S4 =Wy +351®y -5, B M, - S, B‘_QE]
B o (1
i
— o ot _ . _
M =-5; %Wn ‘34—(1(90 + 8 Mo + 5, EQU
B P A
_ A 2o
Q|:_ 2 :1 Sq———(i(p0+5l—NI(} +S Q{]
3 B’ B

Ta sip x€p cdc dai lugng cing thid nguyén Wy, @y, My, Qg

®,. §y, M, Q; vio mot véc to goi 1a véc 10 trang thii

) (4.9)

(4.10)

(4.11}

(4.12)

cling nhu
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r— e
| Wy W
K7 W o
7, < 0. 2 =] {+13)
LM“ M,
Qo LQ
He phuong tiah (4.12) duoc vidt gon fai dudi dang ma tran
2= Uz, {4.14)
Trong dd ma trin U cd dang
‘r S, S,/ —SB7akt —S.Bar’
Us ‘ 5_‘,,*{[3 1 S, =S,/ ke =SB fake 315
~Sar B ~San/p S, S.B/n
-S.ar /Bt -Sant /B S,AIPB S,

Ma trin U duogc goi [ ma tran truyén. Tir dang (4.15) ta thay U {a ma trin doi xing
qua duding chéo phu. Bay gid 1a di chiing minh mot tinh chal quan trong ciia ma
tran truyén. D6 1a

detU=1 (4.1

Dé viét mot cach sang slia ta ky hiéu A/B = a. Khi dé dinh thic clia ma tran U ¢6
dang

1 1 1
Sy -5, -——S8; ——=35,
a ca’ oa’
as S ! S —LS
de[ U - 4 1 ao 2 aaz 3
—01&1233 _CU:I.S4 S] lSz
a
—aa’S, -—0a’S, aSy 5

Nhan hang thi nhét ciia dinh thic trén v6i oa’, hang thit hai voi ga® , hang thit ba
v6i a. Sau dé chia cot thit nhit cho aa®, co1 thit hai cho «a’ |, cot thit ba cho a. Ta
dugc
S, S5, -5y -84
S 5 -8, -8
detU=1 "% ( 2 3
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Khai trién dinh thiic trén theo cac phdn 1 cda hang thi nhat

'S =S, =S¢ S, -S, -8
detU=58,/-S, S, S, i-S.[-Sy S, S,

-8y 5y S ‘ -5 5y S ‘

'S, S-Sy S, S -5

—S_:;'I_S_‘w “Se Sy
i—Sg =353 51;. ‘"Sﬂ S S

Ap dung quy tic Sarrus tinh cic dinh thitc ¢ap ba ta duge

det U= S - ST +87 -81 +2(s382 —§7583
| 2 ; 4 24 |

< 4{$,5,87 + 55,83 - 87,8, - s}iszsi)

Chu vy rang

R
St —83 +8% -S, =—cosh” 2 +

- T . g
cosh™ Acos™ A+ -—-cos™ & - —sinh™ 2
e

St

L.

3. R TP R
— Zsinh” Asin® A ——sin® &
4 Y

SR k] . . 3 1 4o l . N
208587 - S‘S% = ——l~¢:0.~sh"1 7. +-lcosh' rcos? A —=cos? x+—sinh? %
23 g g 1

8

~ it ? asin? 2 s Lint
4

4[$,5:53 +5,5:5% - 878,58, - 53828, )= cosh? Asin® 1.~ cos” 2.sinh” &

Vav

3 2 .0 L3 L | . 1. 3.
det U =cosh” Acos™ A —sinh™ Asin™ & + cosh™ Asin™ A —sinh” A cos™ &

=cosh? A —sinh” & =1
4.2 DAm gém nhiéu doan, mbi doan cé dé cimg khéng dai
Poi véi dam gdm nhiu doan, méi doan ¢é do cimg khong dai, ta phan doan

nhu hinh 4.27. Mot doan duge ngan cdch boi hai tiét dién. Véc o trang 1thdi & moi
1iét dién gém bon thanh phin 1& d6 vong w,, géc xoay @, momen uén M, va luc cit
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Q.. Mo lien he giita cde vée 1o trang thai & hai diu cla mot doan duoc biéu dién
boi ¢ong thiic (4.14)

t=Uz, (i=1.2,. .n} 4.17)
D3d1 vai mé hinh dim gém bon doan nhw hinh 4.25, ta ¢6
z,=U, z,

2,=U,2,=1,U, g,
z.=U,z,=U,U, U, 7,
2;=U,z;=U, G, U,U, g,

Mot cdch 1ong quit, néu dim gém n doan, mdi doun cé do ciing khong dai, thi mai
lién he gifta hai véc to trang thidi & hai diu dim cé dang

Zr:: Un I*Jr:-l"'I-J?_ l]l Zy (418)

Hinh 4.27
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Ma (rin
A=U,U,. LU, (4.19}
ducc goi 1a ma tran truyén cua toan dam.
Khi dd hé thire (4.18) ¢d dang
2= Az, | (4.20)
hay viet 13 ra

rwn—‘ fagy an A aHHW{J

(D 3}

d7) A9 Az Ay || Py

(4.21)

LMH A3 Ay Axm s My
Qnj lay 2 ap ay|[Qu:
Trong phuong trinh (4.21) cdc phdn tir a; cila ma tran truyén cua todn dam duoc
xdc dinh 1ir cac phdn ta clia cdc ma tran truyén cla timg doan U, Do cic diéu ki¢n
bien nén trong bon thanh phin clia véc (0 trang théi z, cling nhu bon thanh phan
clla véc to trang thii z, ¢6 hai thanh phan hoan toan xdc dinh. Thi du nhu

A7
| | = ol

Ngam Bén & A ngam Tu do
W | {01 [0 [ {W‘
(i_r)n _ t 0 I 6 l' O 1_6
‘HHJ Y 0 ‘m {o |
o o) o o o)

Hinh 4.28

Dé 1am thi du ta xé( biti todn tim phutong trinh ddi véi dao déng udn ty do cua
dam wrén hinh 4.29.

Trong bai todn nay phiong trinh (4.21) ¢é dang

0 A A2 43 'du-HVO—I
0 Ayp Az dpy Az || Py !

- A

Y (422)
Mn d3; A3 A1z Ay OJ

1 Qq dgp Ay Ay Ay [ Qo
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T phuong ulih (4.22) ta suy ra

apo, +aQ, =0

A2 +ayQy =0

Picu kién d¢ cho ¢,. Q, khong 0 i
déng thast trict tiéu dan dén phuong i
ong thot triet téw ds I & Hinh 4.29
trinh
- KR a 3
AGy =" Mg (4.23
Alar o Aoy

Gidi phuong trinh (3.23} ta xdc dinh duge cde tan so riéng.

Thi du 410 - Tim phuong trinh dac trung clia ddm 6 thiét dién khong doi. ddu bén
triil tya ban 1é, dau ben phai ngium chat (hinh 4.30}

Loi gidi : Phuong trinh (4.14) d&i v6i thi du nay c6 dang khd don gian. Néu ta chon
l, =1 El, = EI thi a v& 3 déu bang 1. Do dé

1o l( S, Sa/h —=Si/xr =S,/ {0

0 | 28, S, =S, /% —=Si/» |9y
— 7 k :

M, |- 378, 1S, $ Ss /x| 0
Q ‘ L_ }“;SI }'-253 Sy S Qy ‘

Phuong trinh (4.23) trong thi du nay co dang

_.‘1_52 _ lq S, i, El
A(hy=1" M=o %
s s : |
I f‘- N . S .. .I.. e ———e _——
Giai ra a duoce

Hinh 4.30
28,5,+5,5,=0

hay vict 1o ra
~(sinh & +sin AXcosh & — cos ) + {cosh A + cos A )(sinh A —sink)y =0
Tir dé ta suy ra phuong winh dac trung

tgh —tghi =0 (4.24)
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-
3

28

Nhu the ta nhdn duge phuong trinh dac trung (4.24) hang phuong phip ma irin
truyén. Phuong trinh nav ¢é thé nhin duge biang phuong phap Bernoulli (xem hing

+.2).

Thiduw 4.17 - Cho dam ba doan nhu
hinh v& 431, Cho bi¢t 1 = 200 mm,

o , | | 3
ciac dudng kinh d = (0 mm, ! dd 2 | 4D ©ad
D = 15 mm, myt do khai p = - - "-'—"‘j _
TR5 107 kg/em?, modun dan héi A— —-—
— ! - 2 e e 1 5 B
E = 2110 N/em’. Hily xic dinh 10 1 7 2 3
CAC ma trdn truyén cua timyg doan ot | ! :
U, (1=1,2,3). . .
Lof grdd 2 'Ta chia ddamy thimh ba Hinh 4.31
doan nhu hinh 4.31. Mai doan ¢6
do cang EIL va mat da khoi uong
theo do dai p, 15 hang so.
- ad” xd’
Irendoan I tachon I, -1 T,--— Uy =p —
o4 1
. l N t
Ta o B, =+ =1, ) = — =] i AR
Etl {“lu iy
. - . -
AJ[—“I' o Y
u,
P .- -4 [y lf-t 1 I()pf-t M . K - . .
Vai ky hicu 2 = T = ===, tco the tinh duge U wr cang 1hae
o 1id =
(4.13)
! \tll _I__Sl_lj I_S[]_I __I___\;[J}N‘
L NS R R
oy ] A !
}-iShl] Sih B T]_S[1“ 1.‘ S_[;“ !
L‘J = /o 43
. o . ) i l .
=738y —agsty AR gt !

trong di
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sih :é (coshh, +cosh,), Sy = ;(th A, +sinky)

S{:*” = %(cosh Ay —coshy), Sm : i(\lnh Ay —sinig)

2
aD” D"
Trendoun 2 tacod I, = z . Ha=p Lideaiy
- 64 - 4
Do do
I, EI togst
Bo=—= oy =—2 D__L 50625
Ly ) PR !
VR I D = l.i:? 25
T ony 4l 1
4 -
va P34 2251 4 | o4
o ¥abag Lt oL L S 5, —o0si652
B s 50625 2,23
Tl cong thie (4.15) 1a suy ra
I 2 I o 1 5 1 .
(2 L2 (2 (2
Sy — S5 _ﬁbg] _'715(4]
R 5062543 5062573
b 18{2) S(:} o ]‘_S{j} _ ! S[\Z}
U, = o ‘ 50625%, 5062523
| 506252352 —50625%,87 §(2) Loy
: )A\.E - .
~506252585) - 5.0625A58%Y e S S

Trong dé

. e 1. )
bil V= (cosh k5 +cosidy), 5[3"’ :?(smh Ay +8INAS)

S{}}

I\J|~——- |~.>|—-

. NI S .
(cosh Ay = cOS Ay ), 5{4’] z ;(smh Aa —SMAs)

Ciic kich thude cita doun 3 gidng nhu doan 1, nén
U, =1,

Ma tran truyén cua toan dam la
A=U,U,U,
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4.3 DAm c6 g6i dd va khép ndi trung gian

Tim cdc tAn s6 riéng dao dong udn ty do cia dim ¢6 goj 4o va khép ndl trung
gian bing cic phuong phap cé dién rat khé khan. VGi phuong phdp ma twan truyen
chiing ta ¢6 thé gidi bai todn nay twong doi d¢ dang.

Dé thay 10 ¥ tudng cua ] 1 2 3"
phuong phip ta xét dao dong - N :
uen cua dam coé mot khép noi N 1 __A _{_;_\._
vii mot goi dd trung gian nhu 0 s 3
iinh 4.32. Ta phan dam thanh
ba doan nhw hinh vE, Hinh 4.32

O khdp néi 1 €6 budc nhiy vé goe xoay nén veéc (O trang thii & cudi doan 1, ky
hidu 7,, khic véi véc 10 trang thdi ¢ ddu doan 2, ky higu 1a z',

=] AR \

7 = ol =] o :\Q'f\?‘;] | (4.25)
B LA
Q|J 61'_! L Q

Véc o trang thai & cudi doan 2 va véc 1o frang thii d dau doan 3 khic nhau do luc
ciit ¢6 bude nhay tal go1 ¢ trung gian 2. Ta co

"l

r
|

‘r_ﬁ'3—| !:, I ( W,
S K R A U
7, ‘ M, l 7)) - 1 i_l i, (4.26)
L(_jzj \ o L(_22+A(31J
LQ: ]

Nhu the, & khép ndi trung gian. khép 1, ta ¢d thém mot an moi 1a Ag, . nhung ta
" i ¢6 thém mot didu kien 1a M, =0. O goi A rung gian, g6i 2, ta c6 them mot in
mai la AGE, nhung ta lal ¢ thém mot didu kién I1a do vong ¢ do tnet 1éu
W, =0 . VGi nhimg nhan x€1 do ta cd thé 4p dung phuong phdp ma tran (ruyén dé
tinh tin s6 rieng ciia ddm c6 khép ndi va g6i d& trung gian.
Theo cong thie (4.14) ta ¢d

. =U 7% (4.27)

Do cic didu kién bién
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3’*-‘1:[0 0 ﬁ:] GEJ]T

L= [W| ¢ 0 G!F
nén it phuong trinh (4.27) ta ¢

W o= u]ﬂU + hiél,

0 =a;3M, +b3Qy

Q =, My + b, Q,

Trong dé a, I cic phin ur cita cQtihi 3, b, & cidc phin tir clia c6t thit 4 cua ma trdn
U, xic dinh bai cong thie (. 15). Chd ¥ ring a;, b, ndi chung phu thudc vao 0.

a dat o = a4 / by Ui ir phuong trinh thit ba cua (4.28) suy

6(1 = 'am—ﬂ
He phuong trinh (4.28) bay gid 6 dang
W, = (2 - h,u}lﬁu
@, = (s — byodM,,
;=0

) =lay - bya)M,

L z| 5

Néu ta ky hicu

al =ay; —bja,  ah =as - bow ay =a, - by

thi he phuong trinh trén co dang

W, —al M. { —.hl\l
M 1 Mg Q) 0 (4.29)
M, =0, 0, =a) My
Cic thanh phén clia vée W trang thidi & dau doun 2, theo (4.25) ¢ dang
W, 'm W, =] M, + 0.AQ,
D= 0, + AP, = ab My +LAp
Pr=0 ¥ AR =iy Vo -0 (4.30)
M, =M, =0 M,+0Aq
GI‘:.GI =y My +0.Aq,
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4.3 DAm cé gdi dd va khép ndi trung gian

Tim cdc tAn $0 1iéng dao dong udn tu do cha dam cd goi d& va khép nol trung
gian bang cic phucmg phap ¢d dién rit khé khan. Vdi phuong phap ma tran (v uyén
chiing tu ¢6 thé giai bai todn nay tuong dei dé dang.

Pé thay 13 ¥ tudng coa 1 o 3
phuong phdp ta xét dao dong 1~
usn ctta dim c6 mot khdép noi '-.'1 ’ //47/;\; _Lil_
vi mot goi da trung gian nhu 0 2 "3
hinh 4.32. Ta phan dam thanh
ba doan nhu hinh vé. Hinh 4.32

O Khdp noi 1 ¢6 bude nhdy vé g6 xouy nén véc to trang thal & cudi doan L, Ky
hiéu z,, khic véi véc 1o trang thdi & dau doan 2, kv higu la 2';

W, ‘ | W \ [ W,

;m_|El ‘ Li—"-. Eﬁl,-:‘rli_"\al (4.25)
M
LQiJ ‘_Gt’ Q]

Véc 10 trang thdi & cudi doan 2 vi véc to trang thdi ¢ dau doan 3 khic nhau do lyc
cit ¢é bude nhay tai goi da rung gian 2. Taco

re
‘r.—\, | ¥ T ow, ]
Ig -;,;_—|‘ ”U ‘\_Pi \ (4.26)
_ M: _ : S
l_Q1J — ' Q2+AQJ
Q.

Nhu the, & khép noi trung gian, khdp L. ta ¢6 thtm mét an mdi 1a Ag,, nhung ta
lai ¢6 them mot didu kien 1a M, =0. O g6 46 trung gian, goi 2, ta ¢4 thim mot an
mdi 1a AQ,, nhumg ta lai co thém mot diéu kién ta do vong & do triet tieu

W, =0 . V&i nhimg nhan xét d6 ta ¢6 thé dp dung phuong phdap ma 1ran truy én dé
tinh tdn s6 riéng cita ddm c6 khép néi va g61 dF rung glan.

Theo cong thiic (4.14) ta cd
L= U, z, (4.27)

Do cic diéu kién bién
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— =T
=0 0 M, Qu
= — T
= [w, o, O Q,]
nén ti phuong rinh (.27} ta co
WI = Elll\_/[“ + b|_Q[]
Q1 =1 Mo+ ha2Q (4.28)
0 =a;M, +b3Qu
Ql = :;1_11\4” + b._].Qi]
Trong dé a, la cic phin tir ctia ¢o thi 3, b, [ cde phén cla cot thii 4 cua ma tran
U, xic dinh bt eong thifc (4.15). Chad ¢ ring a,, b, ndi chung phu thudc vao W,

/ by thi tir phuong rinh thir ba cha (4.28) suy

Gid 57 [bs] > Jas]. Neuta dat e =5
ra
Qy = —aM,
He phuong trinh (4.28) by g1y o dang
Wy = - hiujm“
oy =1y~ hlu‘)m[]
M, =0

(Q, = (ay — b o)My
Né&u ta kv hieu
al =a; —bon, Ay Tan - by, aj=ay- b

(Iti hé phuong trinh rén co dang

&, —a) M. 6—-;12%
L Yl At 2 Mu (4.29)
1\’1| = O; Qi = Elil hv"‘l[]
Cic thinh phin cua véc W trang lhdi & diu doan 2, theo (4.25) o dang
w,'= W, =a] M, + 0.A0,
5= 0+ AQ, = ah M, +1L.AD
B)'= @ Ag = My v A (4.30)
M, =M, = 0. M, + 0. A0,

]':61 :;[uﬁ“+0.£§6|
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Véc to trang thdi & cusi doan 2 duge xdc dinh bo1 heé thic

=2/ (4.30)
Tir (4.30) va {4.31) ta suy ra
WZ = :BIM{] + 31‘661
©; =b,M, +T,Ap
P2 722V 8259 (4.32)
M, = b3M; + 3340,
Q, =byM, +3,A9,
Gia sir [by| =[a, | Ta ky hiea
@ =al
i
Do W, =0 nén 1ir phuong trinh ddu clia he (4.32) ta c6
— -
]
Thé (4.33) vao hé phuong trinh (4.32) ta duge
Wz =
¢y = (52 _626)5@ =d; AQ
e (4.34)
M, =(d1 - b;u]A(p, =a5 APy
Trong dé ta duta vio Ky hiéu
i =4, -bu  (i=234 (4.35)
Chii ¥ dén (4.26) véc 1o trang thdi & ddu doan 3 ¢6 dang
W, =W, =0.A%, +0.AQ,
3 =0 — 32 AD, +0.AQ
Q2 ’ 92 _2’ P Q; (4.36)
_1.2 :HZ =a3 :"3(‘_‘)1 +0. AQQ
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Véc to trang thdi & cudi doan 3 xdc dinh béi ke thic
z,=U, 2, (4.37)
K&t hop (4.37) va (4.36) ta ¢4 hé phuong trinh

|

3 =a]Ap; +b.AQ,
=a5Ag, +b3AQ,
=a3Ap, + b3AQ,
62 = a}AQ, +b3AQ,

Do diéu kién bién & g6i d5 3

(4.38)

zl f'

[W?. 3 _H,‘% Gz]T =[O ¢z 0 _Q-:a]T
nén tir (4.38) tasuy ra

ajAQ; +b].AQ, =0

azAp, +b3AQ, =0

Dé cho AQ,, AQ, khong déng thoi triét ticu, ta suy ra phuong trinh dac trung

seh =1 Ploo (4.39)
CHI

Phuong trinh (4.39) néi chung 1a phuong trinh phi tayén déi véi w. St dung phuong

phap sd ta xdc dinh duoc cac o.

Thi du 4.12 : Cho mot dam lién tuc tya trén ba g6i d& nhu hinh 4.33. Cho khdi
lugng trén mot don vi dai p va do cimg chong udn 14 El 1a nhiing dai lugng khong

d6i. Hiy xdc dinh 14n s6 dao dong udn riéng diu tién cla dim.
Loi gidi : Ta phan dim thanh hai doan nhu hinh vé vachon 1, =1 I, =1 py =y

Trén doan | fa
I, 21 7 S5
B == =2 N
0 P =
oo, A A
= —— = T =
' El, EI \ 0 ‘ 1
2| O
R Y | i
Mo B

Hinh 4.33
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. YiBY o T4 Y
A= 160 > A =2A
ay
. 4 4
véi ptotolo 2 M2 (4.40)
El, EI
Theo (4.15) ma tran truyén clia doan | ¢6 dang
i 1 1 -
SU) 2__5(1) _ 4_5(” ___8__3(1}
1 )h] 2 7\?1 3 l’: 4
1 1 1
5115‘4” siV —27351’ -4—8Y
U= | ! ﬁu (4.41)
2] n {1} (0
-Zx]sj’ —51134 S| 21_152
Chasp b asp s
Trong d6 S =8,(%)).
Tréendoan2tacéd By=1l, =Ly, =LA = 2. Do dé
s Lsp Lew L)
A A3 A2
1 1
A : VRGP U (4.42)
|
_ lzzsgzy _12552) ng) Ts(zz)
2
s s sy s

Trong d6 S{7 =S;(A,).

Pé thuan tién cach viét ta ky hiéu U, = {u“‘)} (k=12), (i,j=L...,4).Tacé

L = U, z,

i

Doz, = [0 oy 0 Qy ]T nén ta suy ra tir (4.43)

(4.43)
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W = ul2 Py +“|4 Q
Eﬁ} - uz':l (?:J + Ufg? Q{}
M, = Uglz) @y + Uu Qy
Q, =uly By +u'yy Qy

u(l)

DO Wl =O llérl ta Cé _@f] = __"!_12_-5{} - _0.6“
14
Thé (4.45) vio (4.44) 1a tinh dugc z,'

W, 4
! P dy |
L = — = -+
I M, ay iy
6, + A_lJ a,
Trong do
iz =082 - )
0 = [0 o))
o =(o - cuty)
Thyc hién phép bién doi z.=U,z/

— O O O

(4.44)

(4.45)

AQ, (4.46)

trong dé z, = [O 0o, 0 Q, ]T con z,' duoc xdc dinh tir (4,46). Tir d6 suy ra

{2} —

2y = (2)
ul2’ @, +uH’M, +ul2Q, +uld AQ, =

) D 3F L (D)
”32 G +ufd My +uli Q) + Um AQ, =

Chi ¥ dén (4.46) hé phuong trinh (4.47) ¢6 dang
a1 Gy +bjAQ, =0
030y +b3AQ; =0

Trong dé .

a; = ug)a, + u}q)aq + uﬁ)zu

by = um

(4.47)

(4.48)



Chudng 4. DAO DONG TUYEN TINH CUA HE vO HAN BAC TUDO 291

* 2
Az = UFz)az + ”%}33 + u%}%

. (2)

by = w3y
bé cho ¢, va AG{, khong déng thoi triét tiéu nén 1a nhin duoc phuong trinh dic
trung

. * #
|d] b|
a3 b3

2

=0 (4.49}

Phurong trinh (4.49) la phuong trinh dai s6 phi tuyén déi véi A . Gidi phuong trinh
nay bing phuong phap lap Newton. Dé lam gid tri ban ddu cia phép lap ta Jam nhu
sau. V@i thanh hai ddu ban 18 dai 31, ta ¢ &, = ®. V&i thanh mot ddu ban 1€, mot
ddu nghm chat dai 21, ta ¢ X, = 3.927. Nhu thé€ gid tr] ciia A; cia dim nhwr hinh
4.33 s& nam gida hai gid tri do. Do d6 dé 1am xdp xi ban ddu ta 1y

M=36 > A =4l =18
2
V@i xdp xi ban dau XI=1,8 ta giai phuong trinh {4.4%9) bang phuong phdp lap

Newton. Sau mot vai bude lap ta ¢d hi =1,7783. Tirdé suy ra

w0 =23 E—£ = 3,16235 EIT
n pl

4.4 DAm cé go6i do dan hoi va ¢6 khdi lugng tap trung
Gid sir tai vi tri 1 clia ddm cé vat diém c6 khéi lugng m; va ¢6 goi do dan hoi
tuyén tinh véi hé s6 ciling ¢, (hinh 4.34a).
Qua diém i luc cit cé budc nhay
AQ; =Qi -Q; (4.50)

Trong d6 : Q, 1a luc cit trude vat diém m,, Q' 1a 1a luc cat sau vat diém m;. Dat vio
vat diém m, cdc luc cit Q;, Q' luc dan héi 16 xo va luc qudn tinh cia diém nhu
hinh 4.34b. Theo nguyén ly d'Alembert, ta ¢é phuong trinh

Qi ~Q; —¢ciw;-m;W%; =0 (4.51)
Gia st
w;(t) = W, cosmt

W, (1) = —mz\?v-l COS% (0t
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Thé vao phuong trinh (4,51) ta suy ra

AQ; =Qp - Q; = (c; —m;n )W, (1) (4.57)

Biéu thic (4.52) cho ta biét budc nhay vé tuc cét do khoi lugng tap trung vi géi do
din hdi gay .

m, W {t)

Hinh 4.34
~ Gia su tai diém i c6 kh6i lugng quay véi momen qudn tinh khai 1a 6, va 1d xo
x0an vdi hé s cimg 1a c; (hinh 4.35).
Khi d6 qua diém i mémen uén c6 bude nhay
AM; = M! - M; (4.53)

p{t)
8,¢,(t)

M M) g M:(1)

A 4

Hinh 4.35 Cuot)

Thue hién cac budc twvong tr nhir khi xdc dinh AQ;, ta ¢6 phuong trinh can bing
momen
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M —-M, +6,p;, +c ¢, =0 (4.54)
Gia st wi{x,t) = X,(X) coswt
T dosuyra
ow, dX;
@ = _\_,_x' = ___'(x) cosmt = @i(X)COS{Dt
ox dx
o, = _mgd)i(x)cosmt = —(nch-,

Tir phuong trinh (4.54) ta suy 1a
AM, =M} —M; = —(c —8;0°)0, (4.55)

Phuong trinh (4.55) cho ta biét buéc nhdy vé momen udn do khoi lugng quay va 1o
X0 x0dn gy ra. Dwa vio cdc dai lugng khong thit nguyén

Lo i il 0.
Y'I :E_.lli, Ui :_r.n_i.’ rl =C}(I 0 \ ti — I" (4‘56)
El, Holo El, nold
va k¥ hiéu
2 4
W, =W, (_pi =([).I1“, AMI :Mﬂ’ (_2 AQ 1{1 14 - “‘uln o
El, Eln EIl,

Trong d6 L, M Iy 12 cdc dai lugng so sanh dugc chon tuy ¥. Khi d6 cic phuong
trinh (4.52) va (4.55) cé dang

< AQ; = (v, ~ o AW =KW, (4.57)

_ M, =—(T; - Tix‘1 )¢; = —K,¢; (4.58)
Trong dé

Kk, ='~(,—0-T5‘ K, =1"v—1:-i4 {4.59)

Néu tai vi tri i c6 ca khéi lugng diém, 15 xo tya, khéi luong quay, 10 X0 X0dn
thi véc td trang thdi & phia phai va phia trdi cia dlem i ¢6 lién hé véi nhau nhu sau

4

W, =W
Qi '= Dj (4.60)
M, =M, +AM; =M, -K;p;

6; :_Gi +A6i =6i +kw,
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Phuong trinh (4.60) ¢6 thé viét dudi dang véc to nhu sau

7z, =Pz {4.61)
Trong dé
«|r it 0 00
| 0 1 00
b= (4.62)
| 0 -K; { 0
LK; 0 0 IJ

Ma tran truyén P, dugc goi 1a ma tran diém.
Xét doan dim thit i trude bude nhay, theo (4.17) véc to trang thii co dang
7,=U z, {4.63)

Thé (4.63) vio (4.61) 1a duge lién hé gilta véc 1o trang théi sau brde nhay va véc
trang thai & dau i-1

Zi. Z(Pl Ul) Zi,] (464)

Vi hé thire (4.64) ta tién hanh thiét lap phuong trinh dac trung cha dim ¢6 goi Ao
dan héi va khoi luong t4p trung tuong ty nhu cic doan trén.

§5. DAO PONG CUA MANG

Mang la phin t&r két cdu cé dang mat phang hoan toan dan héi va rat
moéng. Ngodi ra ta con gia thi€t mang bi cang déu trén moi hudng va sic
cang di 16n dé c6 thé bo qua sy thay déi clia né do do udn nho gay ra. Dudi
day gidi han xét dao dong udn ty do ciia mang ddéng chat, bé day Khong doi.
Ky hiéu bé ddy ctia mang 1a h. mat d¢ khai la p.

5.1 Thiét 1ap phuong trinh vi phan dao déng cia mang

Ta chon mat phing tring véi mat phang cGa mang khi chua bién dang lam
mat phing toa do Xy, truc z dugc chon vuéng goc v&i mat phang Xy va hudng
xudng phia duéi. Ta got w(x,y,t) 1a do dich chuyén cia diém M(x,y) clia mang theo
phuong z. Luc tic dung 1én mot don vi dién tich cla mang theo phuong z l1a
p(x,y.t), luc quén tinh 1a - phazw / &% (hinh 4.36a). D& thiet lap phuong trinh dao
dong clla mang ta tach ra tir mang mot phdn tir hinh chit nhat va dat lye nhu hinh
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4.36b. Ap dung nguyén 1y d’Alembert. Tir didu Kién cin bang luc theo phuang z ta
co

do W ( Ay [
[c”h —=dx|dy +i{ o,h T—dyjdx +
oX 4 oy

&y
&t

.

Trong dé theo gia thiét o, [3 Gng sudt cang ban diu. Vi gid thi€t cic gde xoay nhéd
ta oo

Ow 7
P = X . W= Al (5.2)
ox oy

AN
““—:'_ dx ¢¢ P ——b-—h-x
*_*_ Wd)}‘ﬂ‘j’ So
NPT

On

a)

Hinh 4.36

The (5.2) vao phuong trinh (5.1) ta dugc

w  w % w
G”h[axz + 6)'2 ] —ph o =—p(x,y,1) {53.3)

Phuong trinh (5.3) 1a phuong trinh vi phan dao dong udn clia mang.

Doi v6i bai todn dao dong tw do (p = 0) tir (5.3) ta suy ra phuong trinh
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Pw d*w  p 8w
LEw PPV
ay?‘ Gy &’

B
A

0%
Neéu ky hiéu ¢? =0, / p thi phuong trinh dao dong uon ty do clia mang co dang

2 42, 2
aierou___lz_c?:M:O (5.4)
x> ot ot

Phucag trinh (5.4) cin duge goi 1a phuong trinh song hai chiéu. Ta tim nghiém
phuong trinh nay dudi dang

wi(x,y.t) = W(X,y) cos{wt+q,) (5.5)
Th¢ biéu thire nghiem (5.5) vio phuong trinh (5.4) ta duge
2 2 2
8W+0W+(2] W=0 (5.6)
ax® oy~ C

Néu ta str dung k¥ hiéu todn tir Laplace

2 ~2
a=2 s (5.7
%), dy
thi phuong trinh (5.6) ¢ dang
AW +542W =0 (5.8)
trong do 3y = 2,
c
Neéu sit dung hé tea dé cuc (1,¢)
X =TCOSp, Y=Tr5inQ
thi sau mot vai bién doéi todn tir Laplace A c6 dang
2 2
AL A (5.9)
art 1o ? gt
Phirong trinh (5.8) ¢ dang
9 W+-l—ﬂ+-l?ohw+7(2W:0 (5.1}

o rdr g &pz
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5.2 Dao déng tur do clia mang hinh chir nhat

Ta tim nghiém cta phuong trinh (5.6) dudi dang
Wixy) = X(x) Y(y) ) (5.11)
Thé (5.11) vao (5.6} ta ¢cd

2 2 2 2
d°X o d YX+x2XY:0 BN 14

dx? dy? X dx? Y dy?

X 1d

Y —x? (5.12)

V& phai ctia phuong trinh (5.12) chi phu thudce vao y, v€ trdi chi phu thuge x, do dé
chiing phai bing hang s6. Ta chon 13 -’ . Ta ¢é h¢ phuong trinh

X o =0 (5.13)
dx”
2
- ?‘*BQY=0, ( B? =y -a?) (5.14)
dy

Nghi¢m cla cic phuong trinh (5.13) va (5.14) ¢6 dang

X(x) = A cosax + B sinax

Y(y)=Ccospx + DsinPy
Tir dé nghiém (5.11} ciia phuong trinh (5.6) ¢6 dang

W(x,y) ='(A cosox + B sinax)C cospx  + D sinfly) (5.15)
Cac hang s6 A, B, C, D duoc x4c dinh tir cdc diéu kién bién.

D6i véi mang hinh chir nhat bén bién gan chat (hinh 4.37) ta ¢6 cac di¢u kién
bi¢n

W(0.y)=0 — X(0)=0: A=0
W{a.y)=0 — X(a)=0: Bsinca =0
Wix,0)=0¢ - Y({0)=0: C=0
Wx,bhy=0 - Y(b)=0: Dsinfb=0

Pé cho X(x) vi Y(y) khong déng nhét bing khong thi B# 0, D = 0. Do dé ta ¢4

, mn
sinca=0 - o,=—, m=42,..
a
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sinf3b=10 - Bn:%, n=12,...
)

Tir d6 ta suy ra cdc tdn s6 riéng cha mang hinh chir nhat bon bién gén chat

M. » nm a0
Onn = Cinn :C\fui+Bi :Wll{—a_)“i_(_f)—)z' _pLL (5.16)

_ m=2, n=1 m=1, n=2
y | PR A g St e e
.' a : . /
.'{}/r/.'//.//..////)'/.//////’/ './/'/ e /.[ : v ; . F
// ._/ p -
/: ; o — o o 4
z g
s = =
; Gq. ph b m=2, n=2
g 4 ,/ WL AL AT PRI
v /. ’
g . g
e e T T )( g ] -
a) b)
Hinh 4,37
Cdc ham riéng tuong tng 13
. ImmX . nmy
Wmn = an SHl— s —— (5.[?)
a b

FI_‘]’OIlg d(} FITH'I = BI'I) DI'I .

Nhur the tmg v&i méi cap m, n ta ¢6 mot tén s6 riéng ®,, vA mot ham riéng
Woa(X,y}. Tin s6 riéng co ban 14 tdn 6 tng véi m = n = 1. Con ham riéng tuong
(ng

Whix,yv) =F, sin 22 gin 1Y
a b

{a tich cha hai nira séng hinh sin theo phuong x vi theo phuong y. Dao dong riéng
bic cao ting vdi m =2 van =1 I3 tich cla mot séng hinh sin theo phuong x va nita
song hinh sin theo phuong y. Trong trudng hop nay ham rieng W(x.y) triét tiéu
khong chi 6 trén cic bién clia mang ma con triét 1iéu & trén dudng thing x = a/2.
Ngudi ta goi dudmg thing nay la dudng niit, Trén hinh 4.37b cho ta biét cdc duong
nat (dudng gach gach) cla mot s¢ dang dao dong riéng bic cao, Chii y rang voi cdc
cdp gia tr1 m, n khdc nhau ¢6 thé cho ta ciing tin s6 riéng, nhung cdc ham riéng
twong trng lai khac nhau.
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Chi trong moét vai truding hop dac biét 1a mdi c6 thé tim dugce nghiém giai tich
cia phuong trinh (5.6). Ngudi ta thudng tim nghiém cla phuong trinh nay bang
phuong phap s6.

5.3 Dao déng tu do ctia mang hinh trén

Dé tinh todn dao dong tir do cia mang hinh tron ta sir dung phuong trinh dao dong
dudi dang 104 dé cue (5.10). Ta tim nghiém ciia phuong trinh (5.10) dudi dang

Wir,p) = R(r) () {5.18)
Thé (5.18) vao phuong trinh (5.10) 1a duoe

R(r) d>D(p)

{d'R(r) , LdR() + % R(P(p) = 0

}D(m) +

dr? r dr i’ do?

Tir d6 suy ra
_[ARW LRW | opey | L A0 g
R()| dar? ¢ dr Ol do”

Do v€ phai cha phuong trinh (3.19) chi phu thuéc vao ¢. v¢ trdi chi phu thuée vao r
cho nén hai v¢ phéi cling bang mot hang 56, ta ky hiéu 1a m®. Nhu the tir (5.19) ta
nhin duge ha hé phucong trinh vi phan thutng

2
d T+m3c1):0 (5.20)
dep”

2 2

d R+.£..(B+ xg_m R=0 (521)
dr> r dr r?

Phuong trinh vi phan (5.20} ¢6 dang quen biét. Nghiém ctia n6 ¢6 dang
() = C sinmp + C, cosme (3.22)

Do d¢ vong W(r,q) 1a ham tuan hoan chu ki 2n d6i véi géc quay ¢, nén ham d(¢)
phai Ja ham tudn hoan chu k¥ 2x. Do dé m chi ¢6 thé 1dy cdc gid tri nguyén (m = 1,
2,...). Tir suy luan dé ta suy ra

D, (@)=C, ,sinmp+C, ,cosmp, m=012.. (5.23)

Phuong trinh vi phan thuong (5.21) ta phuong trink vi phan Bessel. Nghiém tong
quat cua nd ¢é dang [1]



300 DAO DONG KY THUAT

R, (0=Cinln (1) +Cam Y (XT) m = 0,1,2... (5.24)

Cac ham J_(xp), Y (xr) dugc gol lwong (ng Ji cdc ham Bessel loai 1 va loai 11 voOi
chi s6 m. Khi m = 0 cdc ham nay ducc biéu dién trén hinh 4.38.

[

o

Hinh 4.38

Do ham Bessel loai hai ¢6 tinh chat 13 Y, (xr) — —oo khi xr — 0 cho nén dé cho
R(r) luon hifu han thi C,n=0. Vay

R (r) = Camdm (A1) (5.25)
Péi voi mang hinh tron ban kinh a, bién gén chat (hinh 4.392) ta c6 dicu kién bién
Wapy=0 — R, (a)=0
Pé cho ha ¢6 nghiém khong tam thutsg (Cy = 0) thi
J(pay=0, m=0,1,2.. (5.26)

Phuong trinh (35.26) 1a phuong trinh dac trung eha mang tron bdn kinh a bién gin
chat. Tir hinh v& 4.39a ing véi m =0t co

ya=2,41 — o, =y c=2.41 -_ci(_,{
pa

y,a=352 — Wy =%2C =352 P—%
\Jpa
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b)

Hinh 4.39

Céc ham riéng tuong {ng dugc vE trén hinh 4.39b.

Cudi ciing chil ¥ ring ngudi ddu tién tim ra phuong trinh (5.6) Ja H.Helmbholz
(1821-1894). Vi vay phuong trinh (5.6) duge goi la phuong trinh séng H.Helmholz.

§6. DAO DONG UON CUA TAM

Tam 12 phén ti k&t cdu ¢6 dang mat phing ma bé day chia né nhd so voi cic
kich thuéc khac. Ciing nhu khi nghién ciu dao déng udn cha dim, khi tinh rodn
dao dong udn cha tdm ngudi ta su dung nhiéu mé hinh co hoc kbdc nhau, tuy theo

cdch dat bai toan.

r Pic diém clia tdm rit mong mong | trung binh | day

Chi y dén cdc ung suit voong

géc voi mat phang gitra 0 0 0 ]
Chu y dén bién dang trugt 0 L 1
Mat cét phing l 1 1 0
Chi ¥y d¢n cdc Gng suat cing

mang l 0 0 0
Chi y dén qudn tinh quay 0 0

Bang 4.3 Su phan loai cac tam

Tiéu chudn phan bigt quan trong nhdt 1a ty s6 giisa bé day h cila tdm vdi cidc
kich thiic bé mat cda tAm. Ngudi ta thudng phan ra bon loai tam: tdm rat mong,
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t&m mong, tdm trung binh, tim day. Bang 4.3 cho ta mdt tdng quan vé nhimg anh
hudng ¢6 thé bo qua khi sir dung cdc mé hinh khac nbau cda tim.

Ly thuyét tam mong con dugce goi la 1y thuyet tam Kirchhoft, con 1y thuy¢t
{am trung binh cdn dugc goi ka 1y thuy€t tdm Mindlin. Trong tai liéu nay ta
chi nghién citu dao dong udn cta tim mong theo 1y thuyét coa Kirchhoff
(1824-1887).

6.1 Thiét lap phuong trinh vi phan dao déng uén cta tim mong

X¢ét dao dong uon cda tdm mong dong chat bé day h, mat do khol p Khong
di. Dé thiét lap cdc phuong trinh dao dong cla tim, ta thira nhan cdc ia thiét cia
Iy thuyét 1@m mong co dién nhi sau:

1. Bi¢n dang uén ciia 1am khi dao dong 12 nhimg bi¢n dang nhdé tuan theo dinh
luit Hooke.

2. Trong tAm ludn ton tai mot 1dp trung hod ma khoang cich gifta cdc diém
ctia né khong thay déi. Khi tdém déng chat bi von ii, 16p trung hoa tring va1 mat
cong trung binh chia doi bé day clia tam. Ta goi mit nay li mat trung hoa.

3. Céc phin tir cda tim nam trén dudng thing vuong géc véi mat trung hoa,
khi t4m bi uon vin nam trén dudng thing dé va dudng thang d6 vin vuong géc vai
mat trung hoa.

4. Khong xét dén cdc ling suat vuong géc voi mat trung hoa.
5. BA qua anh hudng cia bién dang trugt vi qudn tinh quay.

Ta chon mit phing tring vai mit trung hoi & trang thdi chua bién dang lam
mat phiing toa do Xy, truc z duge chon vuong goc voi mat phang xy va hudng vé
phia dudi (hinh 4.40). Ta ky hi¢u u, v. w la céc thanh phdn dich chuyén cla diém
M(x.,y.z) cia tim tuong (ng theo cdc truc X, v va z. Ky higu ug, v, W, la cac thanh
phan dich chuyén tuong dng cua diém A thudc mat trung hod mdt MA vuodng géc
v6i mit trung hoa. Tir céc gia thit trén ta ¢6

u, =v, =0, w, = WX, y.}
ow oW (6.1

u=-z—, V=—Z——
% cy

Véi cde lue va cic momen di v& wen hinh 4.40, 4p dung nguyén ly d'Alembert 1a
nhan duoc cdc phuong trinh sau

aQ, Qy 2
Qx b —p‘na :N+p(x.y.t)=0 (6.2)
ax Oy ot
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oM, oM,
= + 6.3
Qx % By (6.3)
oM,, M,
=¥, 6.4)
Q, o 3 (6.4)

(M, + M, dy)dx / 3 (My+ M, dx)dy

(Q,* Q,dy)dx ,
M+ M, dX)dy (Qu+ Qujdy

z

Hinh 4.40
Thé cdc bidu thife (6.3) va (6.4) vao phuong trinh (6.2) ta duge
2 ’M, _o'M 2
° Nix r—— 2 = -Pha f = -p(X,¥,1) (6.5)
Ox dy oxay o

Trong cdc phuong trinh trén ta sir dung cdc Ky higu

Q.. Q, : Luc cit trén mot don vi dai & cdc mar cdt x = const, y = const theo
hudng z.

M, , M, : Momen uén trén mot don vi dai & cdc mat cit x = const, y = consL.

M,,, M,, : Mémen xo4n trén mét don vi dai, vuéng géc véi cdc mat cét x =
const, y = const, (M,,=M,)

p(x.y,t} : Tai trong ngoai trén mot don vi dién tich, vudng géc vdi mat trung
hoa

w(X,v,1) : Dich chuyén cila cdc didm thudc mit trung hda theo hudng z.
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Tir cac cong thitc Cauchy quen thuge trong 1y thuyét dan hoi tuyén tinh ta ¢ cdc
m6i quan hé hinh hoc [37,49]

2 2. 2
sx:—za—w, e\,:—z-a—“, y,‘),=~22a v (6.6)
ox? ay? oxoy
Tit cdc dinh luat Hooke déi véi trang thdi img sudt phing [37,49] ta c6
E Bz (d'w  _ dw
G, = — (B +YE,) =~ 5 A
l-v° l-vy°\0x oy”
E E aw  'w
Gy = 2(sy+yax):—- Zj[y——z—+—-—21 (6.7)
1—-v l-vy= '\ ox v,
B S Ez &'w
LA P YIRS Rt 1+v dxly
Tir d6 ta tinh duge cic momen mit cat [49]
hil 2 2
a- ;
M, = I cxzdz=—D[ \:‘+y-a—\:-\|
-hj2 ox ay A
hil 2 2
e,
M, = J‘ szdzz—Dﬂ-—‘f--wa \j] (6.8)
VP oy ox
hf2 2
M, = | 1,zde=~(-)D oW
' -hi{2 axay
Trong d6
3
D=2 (6.9)
120 ~y7)

goi 1 do cfing try cla tdm, con ¥ 12 hé s6 Poisson.

Thé cac bidu thic (6.8) vio phuong trinh (6.5) ta nhan dugc phuong trinh dao
dong uén ctia tim mong theo 1y thuyet Kirchhoff

4 4 4 2 '
D[a ‘:” 67w +a‘fj+pha :V=p(x,y,t) (6.10)
ox ax"ayz ay -

Phuong trinh (6.10) 1a phuong trinh dao dong udn clia tim mong.
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Né&u ta sir dung todn tir
a* o* o
N2 — (6.11)
ax ox“ 0y Oy
thi phuong trinh (6.10) cé dang
3w
DA’ w(x,y.t) + ph .. = p(X,¥,1) (6.12)

Néu chi xét dao dong uén ti do cha tdm, ta Jdy p(x,y,1) = O, tr phuong trinh

(6.12) ta suy ra
2
DAzw(x,y,t) + |;)ha—:’~F =0
a[._

Ta tim nghiém phuong trinh (6.13) dudi dang
wX,y.t) = W(X,y) sin(at + 3)

Thé (6.14) vao phuong trinh (6.13) ta c6
APW(x y)—B*W(x,y)=0

Trong d6 ta ky hiéu

_ mzph

D
Phuong trinh (6.15) ¢6 thé viét dudi dang

B4

(A~B2)A+BHW(X,y)=0
Trong do toan tir A ¢6 dang
? &
= 4 3
axt oyt
Nghiém clia phuong trinh (6.17) c6 thé tim du6i dang
W(x,y) = Wi(x,y) + Wa(x.y)
Trong d6 W,, W, tuong tng 12 nghiém cla cdc phuong trinh

A

AW, +B*W, =0

AW, —B*W, =0

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

(6.18a)

(6.18b)
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NéEu xét bai todn dao dong t do cla tam trén néa din hdi, thi phuong trinh dao
dong ty do cua tdm c6 dang

DA2W+CW+pha ;:O
&

Phuong trinh nay 6 th dua vé dang (6.15), néu ta ky hicu

4 (ozph -
B :—~D

6.2 Dao dBng udn cua tdm méng hinh chir nhat
a. Dao déng tur do
Phueng trinh vi phan d6i vdi cic dung dao dong riéng cla tim
AW -_p'w =0 (6.19)

Trong h¢ toa d6 BE cic vuong gée, phuang teinh (6.19) ¢6 dang

o~ d ] Q‘-l
{"’4+2_ S "me[}*wzo (6.20)
ax ox“dy” oy

Ta tim nghiém phuong trinh wén duéi dung W = W+ W, Trong dé W,, W, 1a
nghiém ctia citc phuong trinh

T 2 ,
aj +% W, + B W, =0 (6.21)
ax- &
':")2 82 5
e (W, - BTW, =0 (6.22)
[ OxT &y

Phuong trinh (6.21) ¢6 duag gicag hét uhu gung piwong trinh duo diny cia ming
(5.6). Vi vity biéu thitc nglié¢m cta phuong (rith nav ¢é dang

WX, y) = A sinaxsityy + A, sinaxcos vy

, {6.23)
+ A5 COSAXSIYY + Ay COSUX COSYY

o2 ry?op?

Ciing dp dung phuong phdp tich bién, ta tim nghiém phuong trinh (6.22) dudi dang
Wix,y) = X(x) Y(y) (6.24)
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Theé biéu thitc (6.24) vao phuong trinh (6.22) ta duge

2 2 2
Yd)z( X——dY—B XY =0 ldz(:—idfwz (6.25)
dx dy~ X dx Y dy
T dé suy ra
2
X _@x=0 (6.26)
dx?
2
%—?2‘(:0 (6.27)
dy
a?+yt=p° (6.28)
Nghiém cta cdc phuong trinh (6.26), (6.27) ¢é dang
X(x) = C, sinh ax+ C, coshax (6.29a)
Y(y)=Cysinhyy + C, coshyy (6.29b)

Nghiém ctia phuong trinh (6.19) bay git ¢6 dang
W(X.y) = A sinaxsinyy + A, sSinoxcosyy

+ A, COSAXSINYY + A 4 COSOX COSYY

o e — (6.30)
+ A 5sinh axsinhyy + A sinhaxcosh vy
+ A5 coshaxsinh ¥y + Ag coshaxcoshyy
Trong 46
o +y? =a? +y% = p? (6.31

CAc gid tri cha o, ¥, &, v do d6 clia B va @ duge x4c dinh tir cdc diéu kién bién.

Thi du 4.13 : Tim tdn s6 riéng va dang dac dong riéng clia tdm hinh chif nhat tya
ban 1€ trén bon canh bién x =0, x=a,y=0,y=b.

Lot gidi : Do lien két & trén bién 13 tira ban 1€, nén chiyén vi vi momen uén ¢ trén
bien déu bang khong, Ta ¢é

Tréenbiegnx=0,x=a: w=0, M, =0 —» ——+y——=0
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"\2 -
Teenbienv=0,y=b: w=0, M, =0 — < ‘;+y-0 ‘::0
oy x
: . I &°
O wén cde bitnx =0, x=atrdiéukien w=0ta suyraa—w-:o, —-—\;—:O‘Tuong
22
n_rnhuwfiy,étrénc;icbiényzo,y=bdow={)néntac6—8&:0, a—W:O.Ké’t
ox ox*
hop vdi cdc diéu kién bién & tren ta suy ra
2
x=0, x=a : W=0, 6\3’20 (6.32)
ax
W
v=0,y=b : W=0, 5 =0 (6.33)
dy

Tir cdc diéu kién bién & trén, cic hing s6 A,, ..., A, trong biéu thic (6.30) déu bang
khéng. Viy ta con

W(x,¥) = A sinax sinyy (6.34)
Dé cho A, # 0 tasuy ra

singa=0 - apa=mn, m=1L12,...

sinyp=0 -  y b=nn, n=12,....

Tudétaco B, = §1+y§ .

Céc tdn s6 rieng cia tAm hinh chit nhat tya ban 16 trén bén canh cé dang

D D mY nY
= 2 E— 2 —_— — — =1, Z... 6.
O, =B, ,ph s /ph Ha] +(b] } {m, n -1 2..) (6.35)

Tir biéu thic dang dao dong riéng (6.34) va t4n s6 riéng (6.35) ta suy ra nghiém
clia bai todn dao déng tu do cha t4m hinh chit nhat tua ban 1€ trén bon canh bién

x * . 2 2
w(x,y.t)zz=I Z;Am,n sin—m;—nx sin%y sin{:r2 ‘BDH [(?] +[%} JHSM}

(6.36)

Trong d6 céc hing s6 A, , va &, , dugc xdc dinh tir cdc didu kién dau.
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Thi du 4.14 : X4c diph phiong trinh dac trung va cdc tdn s6 riéng clia tim hinh chir
nhat hai bién x = 0, X = a 1ya ban 1, hai bién y = 0, y = b ngam chat (hinh 4.41).

Loi gidi : Tim nghiém duéi dang (6.30) khéng thudn tién. Ta tim nghiém phuong
trinh (6.19} dudi dang

b
T2 Y(y) (6.37) A

i b [t o
R6 rang véi m = 1, 2, ... biéu thic nghiém nay '
s& thoa man tu dong diéu kién bién

W(x, vy} =sin

2
x=0,x=a: W=0, 9 ?:0
ax ; e s - e

Thé biéu thec nghiem (6.37) vao phuong trinh O a X
(6.1‘9) ta nhan dugc’ phuong trinh vi phan Hinh 4.41
thuong

2.2 §_4

G i Y”J{m - —B“]Yzo (6.38)
a~ a

Nghiém téng quat ctia phuong trinh vi phan cdp bon (6.38) ¢ dang (23]

Y(y} = C, coshry + C, sinh Ay + C; coshy +Cy sin Ay {6.39)

2 2 _ 2_2
k=’62+m; . A= Bt - (6.40)
a a

Do cdc bién y = 0, y = b ngam chat, cac diéu kién bién ¢6 dang

y=0, y=b : w=0, %y‘Lo S Y=0, Y'=0

trong do

Vay nghiém (6.39) phéi thod min cic diéu kién bién sau

(Y)yeg =C, +C3 =0 (6.41a)
(Y)yop = ACq + AC4 =0 (6.41b)
(Y},-p = C; cosh Ab+C, sinh b+ C; cosAb+ Cy sin Ab (6.41¢)

(Y")y-p = AC, sinh &b+ AC; coshAb - ACs sinAb+%C, cosAb  (6.41d)
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Pé cho C,, C,, Ci. C, khong déng thdi triét tiéu, ta suy ra phuong trinh déc trung
l 0 1 0
0 A 0 N
coshAb  sinhAb  cosAb  sinAb
ILsinhAb AcoshAb —AsinAb Acosib

Tu dé suy ra
2An(cos Ab coshAb—1) + (2% —A})sinAbsinhAb=0 (6.42)

Chad ¥ dén cdc ky hiéu (6.40), tir (6.42) ta gidi ra cdc nghiém (Ba),,,. Sau dé chd y
dén hé thitc (6.16) ta tinh dugce t4n sG riéng o

2 D (Ba)? |D
_q2 | D _ @) |D 6.43
0 =B \fph " \/:h (6.43)

Dbéi vai tAm hinh vudng (a = b} ta cd

(Ba)i, =28.946; (Pa)l, =54.743; (Ba)l, =69,320;.....

Cudi cliing chi ¥ ring biéu thic nghiém (6.30) khong phai luon ludn thuan tién
biéu dién nghiém t6ng quét cla phuong trinh (6.19).
b. Dao dong cudng bitc

Dao doéng udn cudng bitc khong can clia tam hinh chir nhat dugc bifu dién bdi
phuong trinh vi phan

2 62w
DA W(X.y.0) + ph—= = p(x.y.0 (6.44)

Pé tim nghigm riéng cha phuong trinh (6.44) ta ¢é nhiéu phrong phdp khac nhau.
Néu da biét durge cde ham riéng cha bai todn dao dong ty do W, .(x,y), ta c6 thé
tim mot nghiém riéng cha phuong trinh (6.44) dudi dang

WKy, 0= D > W (X, 9, (1) (6.45)

m=In=]

trong d6 q,..(t) 12 cdc ham c4n tim. Dua trén tinh chat truc giao clia cdc ham riéng,
ta ¢ thé tim phuong trinh vi phin d6i vdi ham q,, (1) tuong tr nhu trong tinh todn
dao dong uén ciia ddm.

Thé biéu thitc (6.45) vao phuong trinh (6.44) ta dugc
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22 DA Wan o (6 ) () P8 Wiy (5,9 (0] = B, 321 (6.46)

m=In=I
Do W, (X,y) 1a cdc ham riéng nén theo phuong trinh (6.15) ta ¢d
2
DAW,_ = ol .phW, (6.47)
Thé biéu thic (6.47) vao phuong trinh (6.46) ta suy ra
ZZ[ph G (D + 07 aPRG o (D[Wy 1 (X,7) = P(X,3,1) (6.48)

m=Ln=I

Nhén hai v& clia phuong trinh (6.48) v6i ham riéng W, (x,y) réi 1ay tich phan trén
dién tich mat tdm, chd ¥ dén tinh chat tryc giao ctia ham riéng

=0 khi i#zm hoac j=
§[ W Wi jxcty AR
o T #0 khi i=m va j=n

ta nhan dugc hé phuong trinh vi phan thudng déi véi g, (U
.. 1 .
G (D+ 0%, Q) = S fn (O (6.49)

Hp(x, ¥, OW (X, y)dxdy
v6i f, (=2

.”lwr%!,n(x')’)dxciy (6.50)
A

Viéc giai phuong trinh (6.49) da duoc xét k¥ trong chuong 2.

Néu khong biét trude cdc ham rieng W, (X,y) ta 4p dung phuong phdp Ritz-
Galerkin tim nghiém phuong trinh (6.44) dudi dang

WY = DY 00 (. 9)g; (1) (6.51)

i=1 j=i

trong dé ¢ (X,y) duoc chon sao cho thod man cdc diéu kién bién.
6.3 Dao dong udn clia tim mdng hinh tron

a. Dao déng tu do

Nghién citu dao ddng cla td&m hinh trdon ta nén st dung cic toa do cuc. Khi do
phuong trinh vi phan dao dong tir do ciia tdm c6 dang

A W(r, ) - B*W(r.9) =0 (6.52)



312 DAO DONG KY THUAT

v6i A 1o Lo (6.53)
o’ rdr 1 3o

Do W(r,@) 12 ham tudn hon v&i ¢, nén ta c6 thé tim nghiém phuong trinh (6.52)
dudi dang
W(r9) = R, (1} sin(m@ +7¥,) (6.54)

The bidu thife (6.54) vao phuong trinh (6.52) ta nhan dugc phuong trinh vi phan
thudng déi voi R, (r)

> 1d m? 2 a2 1d m:" 21 )
I et MUY £ = R, =0 (655
EITHEN) EATRES A

Ta tim nghi¢m cila phuong trink (6.55) dudi dang
R_(n=RIYm+RYMm (6.56)

Trong dé Rf,',) . R(nf) 14 cdc nghiém cua cic phuong trinh

Inh (0 2 3
R dR
ARy 1Ry _[m__B?JREr? -0 (6.57)
ar? r dr r?
255(2) 1 (2} 2
d qu +lf,1RL_. o g iRP =0 (6.58)
dr- ¢ dr r2

Phuong trinh vi phan (6.57) 1a phuong trinh Bessel. Nghi¢m t8ng quét ciia phuong
trinh ndy cé dang [ 1,25 ]

R (1) =C T, (Bry+C, Y, (Br) (6.59)
trong 46 J,, vt Y, 1a cdc ham Bessel loai mét va loai hai véi chi s& m. Phuong trinh
vi phan (6.58) 1a phuong trinh Bessel bi€n thé. Nghiém cta phuong trinh nay co
dang

R (r) = C31,, (Br) + C 4K (Br) (6.60)
v6i I, va K,, 1a cdc ham Bessel bién thé loai mot v loai hai.

Do nghiem R (r) = RY (r)+ R (r) khi r = 0 phai ¢6 tri s8 gidi ndi nén C,=C,=0,
WiY, va K, ¢ gid tri vo ciing 16n khi 5 = 0. D€ xdc dinh  réi tir d6 suy ra o ta
phai xét tdi céc diéu kién bién.

Thi dy 4.15 : Tim tan sG riéng ca tim moéng hinh tron bdn kinh a, chung quanh
ngam chit.
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Lai gidi : Cac diéu kién bién ¢6 dang

Wa,p) =0, @l =0 (6.61)
or r=a
Tir diéu kién bién thir nhat ta suy ra
R, (a) =C I, (B)y+C31,(Bay=0 (6.62)
T ddtaco
C, = —MC, (6.63)
I (Ba)
J . (Pa _ _
R, (r)=C,|J,P0)- m (P )Im(Br) (6.64)
I, (Pa)
Chi ¥ dén diéu kién bién thit hai, ta nhan duge phuong trinh dac trung
d Jm(Pa) d
—J_(Br)~-E———1 (Pr =0 6.65)
Lr m (B1) 1,,(Ba) dr n (P )—jrza (
Tir 1y thuyét ham Bessel ta co
d ] |
—Ja (P = B{Jm—l(Br)-fl—Jm(Br)J (6.66)
dr Pr
d m
_lm (Bi') = Bl:lm-l(ﬁr)__'lm(ﬁr)} (66?)
dr Pr

Thé céc hé thic (6.66) va (6.67) vao phuong trinh (6.65), ta thu duoc phuong trinh
dic trung cd dang

[ (Ba) (B =T, (Ba)l,  (Pa)=0 (6.68)
Ung v6i méi gid tri cia m, phuong trinh nay cho ta mot tap vo han cdc nghiem
(B, 0 =1, 2,... Tl d6 ta €6 céc tin s riéng

®mn =Pon D (6.69)
ph

Dang dao dong riéng tuong ing 12
Worn (10 = A o[y B @ o B D) = T (B )y (B D] €OSMO + 7 )

(6.70}
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Ngu@i ta chting minh duge khi a du Idn thi

Bn [-‘;lm}: (6.71)
m *22 D

Do d¢ Opny [— + n] — . (6.72)
' 2 a \ph

Viéc khao sdt chi tiét bai todn dao dong riéng cha tdm trdn vdi cic didu kién bién
khdc nhau, duge trinh bay kha chi tiét trong [25, 57).

b. Dao dong cudng birc

Phitong phdp giai bai todn dao dong cudng buc cla tim mong hinh tron vé co
ban tuong ty nhu phuong phdp gidi bai todn dao déng cudng bitc cia tim hinh chit
nhét. Pé minh hoa ta xét dao déng uén ctia tim hinh vanh khuyén. Vanh tron bén
ngoaj (r = a,) cita tdm dugc ngam chat, vanh trong (r = a,) chiu tdc dung cla hé luc
diéu hod chu ky T = 27/Q). Phuong trinh dao dong cta tim ¢6 dang

4

~2

DA w(r,@.1) + ph ‘;';’” = (7.73)
Ta tim nghiém cla phuong trinh nay dudi dang

w{r,o,l) = W(r,g) sin(€2t) (6.74)
The (6.74) vao phuong trinh (6.73) va don gidn di sin(Qt) ta duoc phuang trinh

A*W(r,) - B*W(r,0)=0 (7.79)

{*ph
trong dé b
g B D

Tinh todn tuong ty nhu trong phdn dao dong tu do, nghiém ciia phuong trinh (6.75)
c6 dang

W(r,p) = Z[Am SB+BY, (Br)+C 1 (Br)+ D_K_ (Br)lcos(mp+v_)

m=it

6.77)

Trong d6 A, B,, C,. D,, v, 1a cdc hing s6 tich phan duoc xdc dinh tir cic didu
kién bién. J_{Br), Y,“(Br) 1a cdc ham Bessel loai 1 va loai 2. I,(Br), K (Br) 1a cic
ham Bessel bién thé loai | va loai 2. Ban doc n3o quan tam dén bii todn nay c6 thé
xem cdc tai liéu chuyén khao, chang han nhw cdc tai ligu [25,38,52,57,59].
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