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LOINOI PAU

BDéng luc hoc coéng trinh la phdn chuyén dé cia Co hoc cong trinh nghién
ctiu cdc phuong phdp tinh todn cong trinh chiu cde tdc dung diong. Trong thuc té,
ta thuong phai gidi quyét cde bai todn vé Béng luc hoc cong trinh nhu: Cdc cong
trinh nha cong nghiép chiu tdi trong déng; cdc cong trinh nha cao tdang, cdc cong
trinh cdu... chiu tdc dung dong ciia gi6 bao va déng dat; cdc cong trinh céu chiu
tdai trong dong di dong, cde cong trinh thuy chiu tde dung déng cia séng bién...

Tai liéu nay sé trinh bay cdc néi dung rét co ban cia i thuyét dao déng cong
trinh: Dao déng hé mét bdce tw do; Dao dong hé hitu han bée tu do; Dao déng hé
v6 han bac tu do; Trén co sé d6 ¢6 thé vin dung dé gidi quyét cdc bai todn dong
luc hoc cong trinh trong thuc t€ vdi cdc hé két cdu khdc nhau: Ddm, khung,
dan... chiu cdc tic dung dong khdc nhau; Tai lidu cing dé cip dén bai todn dao
dong cua két ciu khung cao téng chiu tdc dung déng dat. O tai liéu nay, chu yéu
giai quyét cdc néi dung trong pham vi cia Ii thuyét dao dong tuyén tinh; vdi bai
todn dao déng phi tuyén mdi chi dé cap dén bai todn dao dong dan deo hé mét
béc tu do.

Tai liéu duge bién soan nham phuc vu cho cdc dot tuong dao tao bic dai hoc
nganh xdy dung cong trinh, dong thii day cing la tai lisu tham khéo cho cdc
can bd kj thudt va edc hoc vién cao hoc nganh cong trinh co lién quan.

Tuy c6 rdt nhiéu 6 gang trong bién soan, nhung khé tranh khii nhitng thiéu
s0¢, cdc tde gid rdt mong nhan dude si gop v ctia ban doc.

Tdc gia chan thanh cam on Nha xudt bdn Xay dung, cdc dong nghiép da giup
dd dé cudn sdch som ra mdt ban doc.

Cac tic gia



MG DAU

§1. NHIEM VU CO BAN CUA BAI TOAN DONG LUC HOC CONG TRINH

O phén tinh hoc cong trinh cha gido trinh Co hoc két ciu, ta dd nghién ctu cdc
phuong phap tinh todn céng trinh chiu tac dung cha tai trong finh. Trong thuc 1€, phan
16n céc cong trinh xay dung déu chiu tdc dung cha tai trong dong. '

Khai niem vé dong luc hoc ia khéi niém p4n lién voi khai ni¢m vE lyc thay déi theo
thoi gian; nghién cfu dong luc hoc cong trinh 12 nghién ctu cong trinh chju tdc dung
clia tai wrong thay doi theo thoi gian.

Nhiém vu co ban cia bai todn dong lyc hoc cong trinh 1a xdc dinh chuyén vi va noi
lyc trong ket cdu cong trinh Khi cong trinh chiu tic dung cla tai trong thay déi theo thai
gian: Trén co 50 d6, s€ xédc dinh duge cac bién dang va Ung suat cuc dai dé tinh todn kiém
tra cac cong trinh thuc, déng thoi lya chon duge kich thudc két cau hop I ddm bao bién
dang va (ing sut nho dé thi€t k& cdc cong trinh m&i, tranh cdc hién tuong cong hudng.

Dudi tic dung dong cua tai trong thay déi theo thai gian, hé s& dao dong va dao dong
dd duoc bidu thi dudi dang chuyén vi clia két cdu. Do dé khi phan tich va giai quyét bai
toan dong luc hoc cong trinh s& cho phép xac dinh duge su thay ddi clia chuyén vi theo
thoi gian tuong img véi qud trinh thay déi clia tai trong dong. Cic tham s6 khic nhu ndi
luc. tng suat, bien dang,... ndi chung déu dugce xdc dinh sau khi c6 sy phan b6 chuyén vi
chia he. Tét ca cdc tham s8 d6 déu 1a cac ham thay déi theo bién thdi gian phd hop vol
tdc dung dong bén ngodi. Tuy nhién, doi khi viéc gidi quyét bai todn dong luc hoc cong
trinh con duge tién hanh bing viéc dua vao cic he & dong. Khi dé, nd1 luc chuyén vi va
moi tham s6 ctia he déu dugc tinh todn thong qua hé s6 dong véi cdc két qua tinh toan
finh. T4t ca cdc dai luong d6 déu 1a cdc gid tri cuc dai (mg v&i mot thoi diém xac dinh.

khong phai 1a cdc ham theo bien thdi gian.

$2. CAC PAC PIEM CO BAN CUA BAI TOAN DONG LUC HOC CONG TRINH

Viéc tinh todn dong luc hoc cong trinh khic véi viée tinh todn tinh hoc cong trinh a
nhitng dac diém co ban dudi day.

Trude hét, dudi tac dung cla tai trong dong thay ddi theo thoi gian, trang thdi dng
suit bién dang cha hé cling s€ bi€n déi theo thoi gian. Nhu vay, bai todn dong s& khong
¢6 nghiém duy nhdt nhu bai toan tinh. Do d6, cén phai tim sy lién tuc cua nghiém tuong
{tng v41 moi thoi diém hoi gian bicu thi trang thai thuc ctia hé. Chinh vi thé ma viéc tinh
todn dong phic tap vi khé khan hon nhiéu so vdi viéc tinh todn tinh.



Miit khéc, dic diém co ban cla bai todn dong duoc phan biét rd so vai bai todn finh ¢
ché: O bai todn tinh, dudi tdc dung cha tai trong tinh 1a tai trong tic dung cham lén cong
trinh. su chuyén dong cta hé 1a cham va Juc qudn tinh rat nho ¢ the bo qua duoc. 3 bai
todn dong, tac dung cla tai trong dong lén cong trinh gay ra su chuyén dong cua hé voi
gia toc 16n, va lyc quan tinh phu thude vao gia toc chuyén dong (dao ham bac hai cta
chuyén vi theo thdi gian) 12 khong thé bo qua duoc. Su can thigt phai ke dén luc qudn
tinh 13 sur khéc biét co ban nhdt clia bai todn dong luyc hoc v6i bai todn tinh hoc.

Ngodi ra vitc xét dén énh huong cha luc cin ciing 1a mot dac diém co ban phan bigt
bai todn dong vdi bai todn tinh. Ban chét cua luc can chuyén dong (luc tat dan) rat phirc
tap v da dang. Vi vay, viéc tinh luc can phitc tap hon so vdi tinh lyc quan tinh. Trong
tinh todn, doi khi khong xét dén anh hudng cia lyc can, doi khi lyc can duge tinh mot
cach gan diing véi nhilng gia thiét phit hgp. Nhung phdi luon thay rang luc can ludn ludn
¢6 mat va tham gia vao qud trinh chuyén dong ciia hé.

§3. CAC DANG TAI TRONG PONG TAC DUNG LEN CONG TRINH

Bit ki mot két cdu xay dung ndo trong qud trinh sir dung déu phai chiu tdc dung cla
tal n"ong dong & dang ndy hay dang khac. Tai trong dong 1a tai trong bat ki ¢6 do 1on,
phuong, vi trf thay déi theo thoi gian. Tai trong dong tic dung lén cong trinh rat da dang
vi phitc tap. Theo cdc dic trung ca nd, tai trong dong v&1 mot quy luat bat ki nao dé
duoc phan ra la tai trong ¢d chu ki va tai trong khong ¢6 chu ki.

1. Cic tai trong ¢é chu ki

Téi trong ¢6 chu ki 1 tai trong lap di 1ap lai theo thai gian qua cic chu Ki. Chu ki cua
tai trong c6 thé 1a lién tuc ma ciing ¢6 thé 14 gidn doan. N€u tai trong tdc dung ¢6 quy
luat hinh sin hodc cos v&i chu Ki lién tuc thi goi la tai trong diéu hoa don gian, hay tai
trong rung dong (hinh M.1a). Téi trong nay phit sinh khi déng co mo to ¢6 phan quay
khong can bang vi khoi lugng dat 1¢ch tam (hinh M.1b). M6 to dat trén hé s€ sinh ra luc
quén tinh li tam:

P=Mrp (M-1)
Trong dé:
M - khéi lugng phan quay:
p - do léch tam;
r - vin 16¢ goc cua mo ta.
27mn
=5 , (1/8) (M-2)

n - 5O vong quay trong 1 phit.
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_ Hinh M1
Luc i tam s& gay ra tdi trong dong tdc dung 1¢n he theo phuong dimg v phuong
ngang. TAi trong dong tdc dung [&n hé theo phuong ding s€ la: '
_ Pit) = P.sin it (M-3)
Céc dang khic clia tdi trong ¢6 chu ki thuong phifc tap hon. Su phifc tap bi€u hi¢n o
quy luat thay ddi cla téi trong trong moi chu trinh (hinh M.2a). Vi du nhu dp luc thuy
dong hoc do su quay cta canh quat tau thuy (hinh M.2b).
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Hinh M.2

2. Tai trong khong ¢6 chu ki

Tai trong khong ¢6 chu ki ¢6 the fa cée loai tai trong ngin han va cédc tai trong dai
han dang tong quiit:

Tdi trong ngan han: Nguon kich dong die trung cta tai trong ngan han L cdc vy no.
Mot so dang 1ai trong ngan han cho ¢ hinh M.3. Cic dang taj trong hinh M.3a,
(M-3b) 12 dang £t dac trung va thudmg gap trong tinh todn cic cong rinh quan su.

b Pt} Pit]

Hinh M.3



& hinh (M-3a) biéu thi 4p luc clia séng va cham (con goi 1 séng xung kich) tdc dung
vao cong trinh do cdc vu né trong khong khi. Séng nd s& truyén ap luc tryc ti€p vao cac
cong trinh trén mit dat, hoac vao cdc mdi cong trinh ngam ¢6 chiéu day l6p dat 14p nho.
Pac trung clia tii trong ndy 1 tai trong duoe tang tic thoi dén gid ti cuc dai, sau dé
giam ngay theo quy ludt tuyén tinh. (3 hinh (M-3b) biéu thi dp luc clia séng nén tdc dung
vao cdc cong trinh viii sau trong dat do cdc vu nd trong dat gy ra. Séng nd s& truyen dp
luc vao cdc mat ddy va tuong ngodi ciia cong trinh ngdm. Dac trung cla tai trong nay la
tai trong duogc tang nhanh theo quy luat tuyén tinh dén gid tri cuc dai, sau do lai giam
cling theo quy ludt tuyén tinh.

~Tdi trong dong dai han: Tén 1ai sau nhiéu chu ki dao dong, la dang tai trong thudng
gap, thi du nhu tdc dung ctia dong dat doi v6i cde cong trinh xay dung déu thuoc loai tai
trong nay. Trén hinh (M-4) md t4 so do tai trong do cdc vu dong dat gay ra. Tai trong
dong dat dugc dac trung bdi gia 3¢ ngang lén va tuong ung xuat hién luc quin tinh
ngang 16n.
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Hinh M .4
Ngoai ra con ¢ nhiéu tai trong déng phic tap nhu tai trong g6 bao, su thay déi dot
ngot cua nhiét do6 moi trudng, tac dung cua séng bién,.. va cdc 1di trong ngau nhién khac.

$4. PHAN LOAI DAO PONG

Tuy theo su phin bd khoi lugng trén hé, cau tao va Kich thude cba hé, tinh chat cua
céc loai tai trong va cac tic dung dong bén ngodi, anh hudng va sy tuong tdc cia moi
trudng dao dong, ciing nhu sy lam viéc cla hé¢ v.v.. ma ngudi ta co rat nhiéu cdch phan
loai dao dong khdc nhau. D€ thuan tién cho viéc phan tich dao dong cua cac hé, ta dua
ra mot s6 cich phan loai sau:

1. Phan theo s6 bac tr do cua hé dao dong

Bac tu do cua hé s& duoc xét & phdn duéi. Cach phan theo 56 bac tu do duu hé vé ba
loai dao dong sau:

- Dao dong ciia hé mét béac tu do;
- Dao dong cla hé hitu han bic tr do (= 2);

- Dao dong clia hé v6 han bic tu do.



& hinh (M-3a) biéu thi 4p luc cua séng va cham (con goi la séng xung kich) tac dung
vao cong trinh do cdc vy no trong khong khi. Séng nd s& truyén dp lyc tryc tiép vao cdc
cong trinh trén mat dat, hodc vio cic mdi cong trinh ngam cd chiéu day Iép dat 1dp nho.
Pic trung cha tai trong nay 12 i trong dugc tang tfc thai dén gia i cuc dai, sau dé
giam ngay theo quy luat tuyén tinh. & hinh (M-3b) biéu thi 4p luc ctia song nén tac dung
viio cAc cong trinh vii sau trong dat do cac vu nd trong dat gay ra. Song nd sé truyén ap
lyc vao cdc mat ddy va tuong ngoai chia cong trinh ngam. Pac trung clia tai trong nay la
tai trong dugc tang nhanh theo quy luat tuyén tinh dén gid tri cuc dai, sau. do lai giam
ciing theo quy ludt tuyén tinh.

- Tdi trong dong dai han: Ton tai sau nhiéu chu ki dao dong, 1a dang tai trong thuong
gap, thi du nhu téc dung ctia dong dat d3i véi cac cong trinh xay dung déu thuoc loat tai
trong nay. Trén hinh (M-4) mo ta so do tai trong do cac vu dong dat gy ra. Tai trong
dong dat dugc dac trung bdi gia 16c ngang 16n va tuong {fng xut hién lyc quin tinh
ngang lén.
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Hinh M 4

Ngoai ra con ¢6 nhidu tai trong dong phic tap nhu {3i trong gio bio, su thay déi dot
ngot cua nhiét do moi trudng, tic dung cia séng bién,.. vi cac tal trong ngdu nhién Khac.

$4. PHAN LOAI DAO DONG

Tuy theo su phin b6 khoi lugng trén hé, cdu tao vi kich thudc ciia he, tinh chat cua
cdc loal tai trong va cac tic dung dong bén ngoai, 4nh hudng va sy twong 14c cua mol
truong dao dong, cling nhu su lam viée cia hé v.v.. mi ngudi ta 6 ral nhiéu cach phan
loai dao dong khac nhau. Pé thuan tién cho viée phan tich dao dong clia cac he, ta dua
ra mot s6 cach phan loal sau:

L. Phan theo so bac tu do ciia hé dao dong

Bac tu do cua hé s dugce xét & phan dudi. Cich phan theo s6 bac tu do dua hé vé ba
loai dao dong sau:

- Dao dong cha hé mot bac do,
- Dao dong ctia hé¢ hiru han bac do (=12,

- Dao dong cua hé vo han bac do.



2. Phan theo tinh chit va nguyén nhan gay ra dao dong

- Dao dong wr do: La dao déng sinh ra do chuyén vi va t6c do ban dau cta hé. Diéu kién
ban dau dugc tao nén do tic dong cia céc xung lyc tic thoi va tdch hé ra khoi vi tri can
bing, néi cdch khéc dao dong wr do 1a dao dong khong ¢6 tai trong dong duy tri trén hé.

- Dao dong cudng bic: La dao dong sinh ra do cdc tai trong dong (dd xét & §3 - ma
dau} va cic tdc dung dong bén ngoai khic. Dao dong cudng bic bao gdm rit nhiéu loai
nhu: Dao déng ctia hé chiu tdi trong ¢d chu ki, hé chiu tai trong ngin han, hé chiu tai
trong di dong, cua cic cong trinh va nha cao ting chiu tic dung cua gid, cha cdc cong
trinh chiu tai trong dong dat xung nhiét v.v...

3. Phan theo sy tén tai cia luc

- Dao dong khong tit dan: La dao dong bd qua anh hudng cfia luc can.

- Dao dong tat dan: La dao dong cé xét téi luc can.

4. Phan theo kich thuée va cau tao ciua hé: Theo cich phan loai nay, dao dong cha
hé sé& bao pém:

- Dao dong clia hé thanh (ddm, dan, vom, khung...);

- Dao dong cua tam;

- Dao dong cua vo;

- Dao ddng cua cdc khéi méng;

- Dao dong ctta hé treo;

- Dao dong ctia cac két cau cong trinh dac biét v.v...

5. Phan theo dang phuong trinh vi phan mé ta dao dong

- Dao dong tuyén tinh: La dao dong ma phuong trinh vi phan mo ta dao dong la
phuong trinh vi phéan tuyén tinh.

- Dao dong pht tuyén: La dao dong ma phuong trinh vi phan mo ta dao dong la
phuong trinh vi phan phi tuyén,

§5. BAC TU DO CUA HE DAO PONG
Béc tu do clia hé dao dong 1 sd cidc tham $6 doc 1ap cin thiét dé xdc dinh ddy du vi
tri c0a tat ca cdc khoi lugng cua hé khi dao dong.

Trude hét ta xét hé véi cde khéi luong tap trung. Trong cic hé nay ¢é thé bo qua cic
luc qudn tinh ciia thanh va chi tinh dén luc qudn tinh phét sinh do cdc khéi lugng tap
trung. D€ tinh bac tu do, ta diung cdc gia thiét sau:

- Coi cic khoi lugng tap trung chia hé 1 céc chat diém.

- B6 qua chiéu dai co din do bién dang udn.



Xét vi du hé cu thé cho & hinh M.5. Hé c6 mot khéi luong tap trung.
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Hinh M.5

Néu khong xét 16 gia thi€t trén, thi dé xdc dinh vi trf cda khéi luong M can phai ¢6
da 3 tham s6 lay,, y, va @. Vay hé s€ c6 3 bac tu do. Vi cac gia thiét trén, dé x4dc dinh
vi tri cia khoi lugng M thi chi can mot tham s6 13 y (hinh M.5b). Vay hé chi ¢6 mot bac
tu do.

Ta c6 thé€ xdc dinh s6 bac ty do bang cich: Pit vao céc khéi lugng cia hé cdc lién két
loai mot vira dit d€ sao cho tat ca cdc khéi luong ciia hé trd thanh bat dong, xem
(hinh M.3b).

Chu y: S6 bic ty do clia hé dao dong c6 thé nhd hon, bang, hodc 16n hon s6 khéi
lugng cia hé. Dicu nay dé dang dugc minh hoa trén hinh M.6.

& T T ;g%

ST

Hinh M.6

~ O hé hinh M.6a $6 bac tu do bing 6 khéi luong tap trung va bang 2. O hé hinh (M.6b)
c6 mot khéi luong, nhung lai ¢6 2 bac ty do. O hé hinh M.6¢ ¢6 3 khoi lugng, nhung chi ¢
2 bac ty do.

Ta xét hé thanh véi khéi luong phan bs. O he nay ta khong duge phép bd qua luc
qudn tinh clia thanh va nhu vay heé s& c6 s6 bac tu do 1a v cing. D¢ tinh todn céc he cé
khoi lirgng phan bé, can phai thiét 1ap va giai hé phuong trinh vi phan véi cdc dao ham
riéng, boi vi trong trudng hop nay luc quén tinh phu thude vio cd toa do va ca thoi gian.

S6 bac wr do clta he ¢6 the duge xem x€t trén ¢o G viéc 1i rac hod hé cé khdi lugng
phén bo 1i¢n tuc 1 hé vo han bic tu do v€ hé hitu han bac tr do. Viéc roi rac hod ¢6 thé
dugc ti¢n hanh bang cdch tap trung khdéi lugng, hay chia phan tr.
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§6. CAC PHUONG PHAP XAY DUNG PHUONG TRINH CHUYEN PONG

Nhu da biét, nhiém vu co ban cla bai toan dong luc hoc céng trinh la xac dinh sy
thay déi cia chuyén vi theo thoi gian clia mot hé dd cho dudi tic dung cau tai trong
dong. Cdc biéu thitc todn hoc dé xdc dinh cdc chuyén vi dong duge goi la cdc phuong
trinh chuyén dong clia hé. N6 duogc biéu thi & dang cdc phuong trinh vi phén, va phan
dnh dic trung dao dong ctia hé. Giai cic phuong trinh chuyén dong dé ta s€ xdc dinh
duoc cdc ham chuyén vi can tim theo thoi gian.

Viéc thiét lap va dua ra dugc phuong trinh vi phan chuyén déng ca hé la giai doan
quan trong nhat trong tat ca sy phan tich dao dong cta bat ki mot hé nao. Phuong trinh
vi phan chuyén dong cta hé ¢6 thé duoc xay dung trén co sd phuong phép tinh hoac dua
wrén cdc nguyén li bién phan nang luong. Dudi day s trinh bay mét s6 phuong phap sau:

1. Phuong phap tinh dong (phuong phap ap dung nguyén li Dalambe)

Phuong phép finh dong 13 phuong phép dp dung nguyén |i Dalambe d6i véi bai todn
dong luc hoc cong trinh. N6 dua vao diéu kién xét can bang Iuc ctia phan (inh hoc trong
dé ¢6 bo sung thém cdc lyc quan tinh dat vao cic khoi luong.

Nhu vay, trén co s& nguyén li Dalambe, dé tim phuong trinh vi phan chuyén dong ciia
cac khdi luong trén hé, ta chi viéc viét cac phuong trinh cén bang luc clia cdc khoi luong
cé ké dén céc luc qudn tinh cha ching.

Céc luc quén tinh cha cdc kh6i lugng dugc viet mot céch téng quat nhu sau:

F, =M d"dxz(') — _MX()
L
R, =M dY,f‘) - MY ) (M-4)
_ 3
dra, (1 .
I = B OB S
a2

Trong d6: M - khéi lugng tap trung cua hé;
X(1), Y(t) - chuyén vi tinh tién cta khéi Juong M theo phuong cua truc x va y;
o, (1) - chuyén vi xoay cua khéi luong M quanh trye u 14 truc vuong géc v
mit phang xoy;

Frq Fyq Jug - céc huc quén tinh cha khdi lugng M tuong ting v6i cdc chuyén vi

tinh ti€n theo phuong X, y v chuyén vi xoay quanh truc u;

J {u)= IM pi dm - momen quédn tinh cia khéi lugng M véi truc u, p, la

khoing cdch tir phan 16 khéi lugng dm dén truc u.
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Heé phuong trinh chuyén dong viét déi véi hé phang sé 1a:
TX-ZMX(t) =0
ZY-IMY(@1)=0 (M-5)
ST ~ZMJ, ()i, (H)=0
Nh& rang 2X bao gom khong chi tai trong dong tic dung vio khéi lugng M, ma chira
ca luc dan héi va luc tat dan dit vao khéi lugng M dé, tat ca céc luc chiéu theo phuong
X, 2Y, 2J, cling tuong tu nhur vay.
boi khi, phuong trinh vi phian chuyén déng cha hé nhan dugc tlr viéc tim biéu thic
chuyén vi cha cdc khdi lugng do céc tai trong dong, luc tit dan va luc quén tinh dat vao

cdc khéi lugng gay ra. Lic nay, ta hiéu ring toan hé¢ dat trang thii can bang sau khi di
bo sung cdc luc cdn thiét vao cdc khéi luong cla hé.

N6i chung d6i véi da s6 cac bai toan dong hoc don gian, phuong phip tinh dong cho
phép thiét lap cdc phuong trinh chuyén dong clia hé rat thuan tién va don gidn.

Vi du minh hoa cic phuong phap sé duge trinh bay ¢ chuong 1.

2. Phuwong phap sir dung nguyén li chuyén vi kha di

Khi so d6 két cau cong trinh kha phiic tap, dac biét 1a hé ¢é cdc khoi lugng phan bo
va cdc lién két dan hoi,... thi phép ghi truc ti€p dicu kién can bang luc cua tit ca cac luc
tdc dung lén hé vdi cdc dai lugng vécto Ia rat khé khan. Khi dé cén phai thi€t 14p phuong
trinh vi phan chuyén dong tir cic biéu thiic dai luong vé hudng cla cong hay nang
lugng. Mot phuong phap hop 1i duoe st dung tién loi 1a phuong phdp dua trén nguyén 1i
chuyén vi kha di. Phii hgp véi nguyén Ii ndy, phuong trinh vi phan chuyén dong cia h¢
duoc xdc dinh tir biéu thitc cong cla tat ci céc luc trén cic chuyén vi kha di bing khong.
Pé nhan dugc phuong trinh chuyén dong ciia hé, ta tién hanh cdc budc sau:

- Xac dinh tdt ¢ cdc luc dat vio cic khéi luong clia hé, trong d6 ké ca luc quén tinh
duoc xdc dinh phi hop véi nguyeén li Dalambe;

- Pua vao cic chuyén vi kha di tuong ing véi cac bac tr do cia hé;

- Tinh biéu thiic cong clia tat ca cdc lue trén cdc chuyén vi kha di va cho bang khong.

3. Phuong phap irng dung nguyén li Haminton

Vi cdc hé phitc tap ngudi ta con st dung phuong phdp uing dung nguyén li bién phan
dong hoc Haminton. Phuong phap nay s& dua ra phuong trinh vi phan chuyén dong tir biéu
thiic bién phan cic ham nang lvong cla hé. Nguyén [ Haminton c6 thé bicu thi nhu sau:

[78(T-Uydt+ [ SR dt=0 (M-6)

Hay: JiF3(T=U+R) dt = [[*(8T ~8U +8R) dt =0 (M-6)
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Trong do6:
8T, 8U - bién phan ctia dong nang va th€ nang cia hé;

3R - bién phan cong do cic lyc khong bao toan tdc dung 1én hé giy ra, bao gbm
luc cdn chuyén dong va tai trong ngoai.

Phiy hop v6i nguyén 1i nay, bién phan clia dong nang, thé nang céng véi bién phian
clia cong do tai trong ngoai va luc tat ddn trong khoang thoi gian bat ki tir t; dén t, phai
bang khong. Sir dung phuong phdp nay cé thé cho phép nhan duge phuong trinh vi phan
chuyén dong ctia bat ki mot hé da cho nao. Phuong phap nay khic véi phuong phap sit
dung nguyén If chuyén vi kha di & ché: cdc luc qudn tinh va lyc dan héi déu khong cé
mit khi thiét lap phuong trinh vi phan chuyén dong, thay vao ching la cdc gid tri dong
nang va thé niang tuong ung. V4i cdc hé phic tap sir dung phuong phap nay ciing rét ti¢én
1ai, béi vi (M-6) biéu thi cdc dai lugng vo hudng.
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Chuong 1
DAO PONG CUA HE MOT BAC TU DO

§1. XAY DUNG PHUGNG TRINH VI PHAN DAO PONG TONG QUAT HE MOT
BAC TU DO

1. Cac luc tac dong va cac tham sé co ban cta hé déng hoc

Xét mot mo hinh don gian cho trén (hinh 1.1). He gom c6 mot khdi lugng M chiu tac
dung cia tai trong dong thay déi theo thai gian P(1). He dugc gdn vai vat bat dong bing
mot 10 xo dan héi khong trong luong véi do cung k, va mot bo gidm chén ¢ biéu thi su
tieu hao néng lugng trong qud trinh dao dong. Cac con 1an dim bio cho khéi lugng chi
c6 thé chuyén vi tinh tién theo phuong ngang.

. [ g ]
ﬁ—’ﬁﬁm M p Pﬂ{,) D L, - P
: E ———P(t) ) .

b S oo o
a) b)
Hinh 1.1

Cde tham s6'vat i co bdn ciia hé dong hoc cho & hinh 1.1 cang nhu déi véi bat ki he
ket cdu dao dong tuyén tinh khic déu bao gém: khéi luong ciia h¢, cdc tinh chat dan hét
cua hé nhu dé cing, dd mém, ¢6 dac trumg tiéu phi ning lugng trong qud trinh dao déng
va cdc nguon kich dong cling nhu céc tac dung dong bén ngoai.

Trong qua trinh dac dong, hé chiu tic dong clia cdc luc rdt da dang. Céc lyc tac dong
chi yéu bao gém:

- Tdi trong djng thay déi theo thoi gian va cdc kich dong bén ngoai nhir di xét & phan
ma dau.

- Lue dan hoi:

Luc dan héi xuat hién khi hé tach khdi vi tri can bang va ¢6 xu huéng dua he vé vi tri
can bang ban déu, lyc nity luén ludn tuong (g va phu thudc vao chuyén vi dong cua hé.
Ta ki hi¢u tuc dan hoi 1a P,

Pd = P(y)

Su phy thudc ctia luc dan héi vao chuyén vi dong ciia hé ¢ thé la tuyén tinh hoic phi

tuyén. O cdc hé dao dong dan héi tuyén tinh, ta cé:
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P, =Ky (1-1)
Trong dé y la chuyén vi dong cha heé, k 1a hé s6 cing, 1 luc do chuyén vi bang don vi
gay ra tuong (ng véi phuong cua bac tu do.
- Luc ma sat:
Luc nay thudng nguge chiéu véi chuyén dong va c6 khé ning khir dao dong cia he,
vi vy ngudi ta con got luc nay 1a lue cin hay luc tat dan. C6 hai loai ma sat: ma sat
trong (trong vat li¢u) va ma sdt ngoai (ma sét tai cic gdc tua va luc can clia méi trudng
cia hé dao dong). Ma sat xuat hién rat 16n trong cdc cong cu va thiét bj giam chan dé
khur dao dong. Cdc dac trung cla luc ma sat rit da dang va phic tap s& dugc xem xét cu
thé & nhiing phan sau. O day mdi chi dua ra mo hinh cin nhét tuyén tinh; trong d6 luc
can phu thuéc vio van toc dao dong clia hé. Néu ki hiéu luc can 1a P, thi:
P.=Cy (1-2)
trong dé: C - h¢ sd tat dan;
y - van téc dao dong ciia hé.
Tal ca cdc luc tdc dung vao khéi luong duge mé ta trén hinh 1.1b.

2. Xay dyng phuong trinh vi phan dao dong tong quat hé mét bac tu do

Phuong trinh vi phan dao déng toéng qudt cé thé duge xay dung tir mot trong cic
phuong phdp da trinh bay & phin mé& ddu. Ta khao sat dao dong cia hé mot khéi lvong
tap trung dat trén dam don gian. Dim

duge xem & vat thé dan héi khong trong u TPO
lugng. Khéi lugng chiu tic dung cla tai r;‘57 Y ///E;CE
trong trong thay déi theo thdi gian P(t) ‘Hay{j{“ MtPe -
hinh 1.2, h¢ 6 mot bac tu do. dé la R——— B
chuyén vi theo phuong dig y(t). chuyén o
vi nay xdc dinh vi tri clia khéi lugng M. :
Hinh 1.2

a) Phuong phdp tinh dong (Phuong
phdp ap dung nguyén Ii Palambe)

Khi xét diéu kién can bang luc tinh hoc cfia khéi lugng, ta bé sung thém lire qudn tinkh:
Py = -Mj@®) (1-3)
Nhu viy cédc luc dat va khoi lugng bao gdm: Tai trong dong Py, luc dan héi Py, luc

can P, va lyc quan tinh P, Trén hinh 1.2 va hinh 1.1b d6i v6i hé ¢ hinh 1.1a da biéu thi
sy tac dung cua tat ca cdc luc d6 vao khdi lugng M.,

Phuong trinh chuyén dong biéu thi su can bang luc cia tit ca cac luc dé viét theo
(M-5) sé la:

Py +P,-P, =P (1-4)
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Thé cdc biéu thic (1-1), (1-2), (1-3) vao (1-4), ta nhan dugc:
M3 +Cy + Ky = P(1) (1-5)
(1-5) 1a phuong trinh vi phan dao dong hé mét bac wr do. Phuong trinh nay ¢6 thé
nhan dugc tir bicu thitc viet dudi dang chuyén vi ctia khdi lugng nhu sau:
Néu goi 8, 1a chuyén vi tai khéi tuong do luc don vi bang | gay ra, thi chuyén vi
dong fwong ving v6i sur dao dong clia he sé 1a:
y(t) =8, P(t) + &P, - 5P,

Hay: gl—y(t)+ P. - 13’q = P(t)
11

Thay: % =K, P_theo (1-2), Pq theo (1-3) vao biéu thitc trén ta s& nhan dugc (1-5)
§
nhu & trén.

b) Plutong phdp dp dung nguyén Ii Haminton

Dé thiét tap phuong trinh vi phin dao dong theo nguyen 1i Haminton, ta cdn phai xédc
dinh cac bi€u thic bién phan ciia dong nang, thé nang, cong do luc tit dan va tai trong
déng. VGi hé 1 bac tr do cho trén hinh 1.1 va hinh 1.2, bidu thitc dong nang cla hé¢ dé
dang duge xdc dinh bai tich s§ giia khoi luong v6i binh phuong van toc:

1

T =—My’
5 y
aT
Suy ra: 8T = 8y = Mydy
9y
Biéu thic the nang clia hé duoc biéu thi bsi ning luong bi¢n dang ciia 10 xo dan héi:
1o, 2
U=-K
5 Y
A
Suy ra: oU = -O-y—ﬁy = Kydy
Oy
Téi trong dong va luc tat ddn [a cdc fuc khong bao toan cia hé, cong cha céc luc nay
R =P(t).y -Cyy
Vi do d6 B8R = P(1)8y — cydy ()

Thay cdc bién phan (a), (b), (¢) vao phuong trinh (M-6) ta cé:
fff [My8y —cydy —Kydy + P(0)8y] di = 0 (1-6)

Lay tich phan timg phén s6 hang dau tién cha (1-6);
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2
f My oy di=My sy - [i7My 8y du (1-7)
|1
Trong do: SV = d(dy)
’ dt

Phithop véi nguyen [f Haminton, s6 hang ddu tién & phan phai cha phuong trinh (1-7)
bing khong. boi vi bién phan Sy bing khong tai cic gidi han cua tich phan 1, VA 1y, Vi
vay. the (1-7) vao (1-6) ta s& duge:

il . . -
Jlf [— My ~Cv—Ky+P(t)] dydt =0 (1-8)

Boi vi 8y la tuy ¥, nén trong trudng hop 16ng qudt, phuong trinh (1-8) s¢ thoa min ki
bicu thic trong ddu ngoic bang khong. Bicu thic niy chinh la phuong trink vi phan
chuyén dong (1-3) da nhan duge & phuong phdp tinh dong.

e} Plutong phidp dp dung nguvén i chuvén vi bhd df

Khi xay dung phwong trinh vi phan dao dong theo nguyeén i chuyén vi kha di ta cho
Khoi lugng mot chuyén vi kha di Sy. Liic nay méi trong tit ci céc luc tdc dung viio khoi
lwrong cho trén hinh 1.1b hodc hinh 1.2 déu thyc hi¢n mét cong tuong ting véi chuyén vi
kha di 8y dé. Ta ¢6 thé bicu thi cong téng quat bang phuong trinh sau:

GA =P . 8y-P dy-Pidy+P1)dy=0 {1-9}

Trong dé dau am biéu thi luc tic dung npuge véi phuong clia chuyén vi kha di; the
cidc bicu thire (1-1), (1-2), (1-3) viw {1-9) ta dugc:

[- My-Cy-Ky+P(1)] dy=0 (1-10)

Vi dy la thy ¥. nén bicu thic trong ngoac phai bang khong, dé chinh 1a bidu thic ctia
phuong trinh vi phin chuyén dong (1-5).

d) Plutong trinh vi phdn chuyén dong ki xét dén trong hiong ban than clia khot lionyg

| Pit)
g
S - ¥
\.HH 6PQ /// ?{U
P, o
PC
G
Hinh 1.3

Khi tinh d&n trong lueng bin than ca khét luong. trong phuong trinh (1-4) phai tinh
dén lue trong lue:

G=K.y, (1-11)
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Trong do: y, 1a do vong tinh - hinh 1.3. Phuong trinh cin bang luc trong trudng hop
nay sé la:

My+Cy+Ky=P(t)+ G (1-12}

Chuy¢n vi toan phin v{t) duge biéu thi bang tong cia chuyén vi tinh vy, do trong

lugng ban than gay ra va chuyén vi dong v(1):

y(t) =y, +¥{U) (1-13)
Bua cde bicu thic (1-11) va (1-13) vao (1-12), sau khi don gian ta duoc:
My +Cy+ Ky =P(1) (1-14)

Vi do vong tinh khong thay doi theo thoi gian, nén: ¥, =y(0)va y(1) = ¥(1), do dé ta

¢6 thé vidt phuong trinh {1-14) nhu sau:
My +Cv() =Ky = P(1) (1-15)

So sinh cic phuong trinh vi phian chuyén dong (1-15) va (1-3) ta thay rding: cic
phuong trinh vi phan chuyén dong nhan duge tir diéu kién can bing tinh cla hé dong
hoc khong bi anh hudng béi trong luong ban thin. Lac niy hé s& dao dong xung quanh
vi tri can bang tinh dng véi do vong ban dau vy, Tr (1-15) ta s& (im dugc chuyén vi dong
¥(t}. Cic chuyén vi cling nhu ting suit toan phin clia hé sé la t6ng cha cic thianh phén
tuong ung.

e} Phitong trind vi phén chuvén dong do si kich dong ciia nén

Su kich dong cta nén do cic vu dong dit, hodc cdc vu nd 16n trong dat gay ra su dao
dong khong (hé bo qua duge doi v6i nha va cong trinh. Bac trng co ban cioa 4l trong
dong dat 1a chuyén vi ngang rit [én cla nén cung vai gia (8¢ cta nd. Mo hinh don gidn
vé su dao dong cua nhi do tic dung cua chuyén vi ¢ nén cho trén hinh 1.4

Gid thi¢t rang thanh ngang cla khung cd dd cung bing vo ciing, khéi luong clia toin
bo k&t cau tap trung & thanh ngang M. Chuyén vi ngang cha nén la y_(1) (50 v mot

truc tinh todn nao daé), s¢ giy ra su diao déng cva khung bicu thi bang chuyén vi cua khai

! .
| S 3
| T T i
| ' '
. Kiz2 ;-'; 1. Kiz p_ P P,
! ; [ Tic ; 2 ‘ 2
: i i
..-f b
; F i P il iiriiiisiy
T
o )
Hinh 1.4



lugng M theo phuong ngang. Hé ¢6 mot béc ty do la y,. Hai thanh ding duge xem la
khong trong luong va khong chiu nén doc theo phuong cba cdc thanh. Luc cdn dan héi
d6i véi chuyén vi ctia thanh ngang dugc dac trung boi d6 ciing dan héi & méi thanh ding
K/2. Luc can tit dan dugc biéu thi bang bo giam chan C.

Phuong trinh can bang lyc cda hé dugc vi€t tir hinh 1-4b:
Py+P -P =0 (1-16)
Chuyén vi toan phan clia khoi lugng so v6i truc tinh todn do kich dong cha nén gy ra
la (xem hinh 1.4a):
ye =y, (D+¥(0 (1-17)

Trong dé y(t) la chuyén vi cha ban than két ciu tinh tai vi tr khai lugng theo phuong
ngang. Nhu vy, luc quén tinh cha khoi luong sé la:

P, =-M(¥, (0 +¥(1) (1-18)

Cidc luc dan héi va luc can chi lién quan dén chuyén vi y(t) cha h¢: Py = Ky(1);
P. = Cy(1). Thay cic luc nay vao (1-16) ta nhan dugc:

My(1)+Cy (1) + Ky()+ My (1) =0 (1-19)

3 (1-19), ta xem P,(t)=-My, (D (1-20)

Nhu tai trong téc dung 1én he va gay ra dao dong clia hé, tai trong nay bing tich cua
khéi lugng véi gia toc cla nén. Ddu am bi¢u thi tai trong dé ngugc chiéu véi gia téc
cua nén,

Phuong trinh (1-19) duge viét lai:
My (1) + Cy(t)+ Ky(t) = B (t) (1-21)
¢) Mot sé'thi du
Thi du I-1 (ap dung nguyén i Dalambe va dp dung nguyén li chuyén vi kha di)
Xay dung phuong trinh vi phan dao dong cia h¢ cho & hinh 1.5,

Hé la vat cimg ¢ dang tam chif nhat, chiéu dai a, chiéu réng b. He duoc lién két vai
dat bdi mot khép bat dong va mot lien ket thanh dan héi ¢6 do cimg 1a K. Hé chiu tac
dung cua tai trong dong P, theo phuong ngang dat tai goc A cuia tam.

Cho khéi lugng trén mot don vi dién tich cia tim 1a y, mo men qudn tinh cta tam lay

aZ + b’

voi fruc qua tam cua tam: J, = M( ], trong dé M 12 khéi lrong clia tam, M = yab.

Khi bién do dao dong khong 16n, chuyén dong ctia hé niy c6 thé dugc dic trung boi
mot chuyén vi ngang tai diém A 12 diém dat ti trong dong: Z(1), nghia la, he nay cé mot
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bac tu do. (Pat mot lién két loai | vao A la h¢ khong chuyén dong dugc). Nhu vay, tat ca
céc lyc tac dung lén hé déu duge biéu thi qua chuyén vi Z(t) d6.

Ltrc dan héi diat tai lién két dan hoi o goi B:
b
Py=K.f=K.(b.tga)= K-—Z(1) (a)
a
Luc quén tinh cua khéi lugng theo phuong ngang va phuong dimg tinh tai diém giita
ket cdu:

y4 1 .
Py =-ME2 == (rab) () (b)

3 b .
P, =—MX(1) = —(yab) —Z(t)=- 2 (4?2 ©)
2a 2

Luc quan tinh moémen (ing vdi chuyén vi xoay):

. a’+b* Z()
Jq =—Jua(l)=~£}'ab 2 T (d)
b z[t)h|
- |
_ ; T P(t)
] Y A

Hinh 1.5
Cdch thit nhdt: Ap dung nguyeén 1 chuyén vi kha di:

Ta cho khéi lugng mot vi kha di 8y tuong tng vdi bac tu do cua hé. Tinh cong kha di
clia tat ca cac luc trén céc chuyén vi kha-di tuong ung; phii hop véi phuong trinh (1-10),

ta co:
b dz b oz
-Pl =8z |+P | =1+P,| —8z|+] | — |+P(1).0z=0 e
“(a ) ‘*‘(2J qz[za ] q[a] W ©
Thay cdc luc dai héi va luc quén tinh theo (a), (b), (¢), (d) vao (e), ta dugc:
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1{b? b2 1], ?
{yab [E[—{H]Jrél—gﬁhz} y(t)+KE?y(t)P(t)} 6z=0 ()

K =— . K (g)

P'(1)=P(1)
Ta viét lai (f) nhu sau:
{ M2 +K"Z(0) - P (L} 82=0
Vi 8y tly ¥, nén bi€u thic trong ngoac phai bang khong, tir d6 ta nhan duoc phuong
trinh vi phan dao dong cta hé:
M™Z(1)+ K Zy =P Z(1) (1-22)
Cdch thit hai: Ap dung phuong phdp tinh dong

Ta viét di€u kién can bang luc khi 14y éng momen cia t4t ca cic luc d6i véi diém C
cua hé: XM, =01ta co:

a b
Pd.b-qu -E—qu -E—Jq:P(t).a (h)
Thay céc lyc qudn tinh vi lyc dan héi theo (a), (b), (c), (d) vao (h), ta duoc:
1 (b 1 b |, b2 .
bl —=| 5+1|+—+— | Z(O)+K— Z(t) = Pt '
Ya [12{‘32 ] 4 432J (t) e (t)=P(t) (1)

Phuong trinh nay chinh 14 phén trong ngodc cua biéu thic (f) cia phuong phédp dp
dung nguyen li chuyen vi kha di & trén. Nhu vay, phuong trinh vi phan dao dong cta he
hoan toan tring véi két qud & phuong trinh (1-22)

Thi dy 1.2: (4p dung nguyén If Haminton) khéi luong phén bo,

Xay dung phuong trinh vi phan dao dong cia cOt thap hinh 1-6. Cot thdp 1a hé dan
héi lién tuc ¢6 do cling udn EJ(x) va khéi luong phan bé trén mot don vi dii B2 m(x).
Thdp chiu tde dung cia déng ddt vor chuyén vi ciia nén la ¥,(t) va tai trong theo phuong
ding dat tai dinh thip N.

Day la h¢ ¢6 khaéi lugng phan b, nén hé s& ¢6 vo sd béc ty do. Néu hé ¢é 1 bac tr do
v6i mot khai luong tap trung chiu tic dung cha dong dal, thi viée thiét 1ap phuong trinh
vi phan chuyén dong la tuong déi don gidn nhu di trinh bdy & muc 4. Nhung & day, vdi
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hé din hoi 1ién tue ¢ vo $6 bac i do. ta cling ¢é thé tinh gan ddng hé nhu he mot bie tr
do véi gid thiél rang: Trong qud trinh chuyén dong cua hé, hé chi bicn dang theo mot
dang uon duy nhat.

Gid st ham do vong ing véi chuyén vi theo phuong
ngang [ @(x). v bién do dao dong cua hé¢ & dang
16ne quat Z(1) L chuyén vi tai dinh thdp. Nhe vay

y(x,0 = ofX) . 7{1) (1-23)

(3 vi du nly ta ¢ dp dung phuong phap Haminton
d¢ xay dung phuong trinh vi phian dao déng cua hé.
Ta 8¢ lan huot xdce dinh cdc dong nang va thé nang co
trong h¢. Dong ning cia cot thip de dang viet duge:

T = [{11 %m(x)[:\?(x.l)]zdx (1-24)

Thé nang bién dang uén bang:

| 13
U= SEICo[y" (x.n]” dx (1-25)
Trong dé:  y"{x.)= ;-J—H):(f’t) Hinh 1.6
X7

Dé xde dinh thé nang gay ra do luc doc truc thdap N. 1a can plidi tinh dén thanh phan
chuvén vi theo phuong ding tai dinh thdp e(i). Khi chiu bi¢n dang udén v(x, 1) thanh phan
niy duge tinh trén ca chiéu dai cta ¢dt thap:

l

c(l)zg Li} [y '(x.1)]" dx

Do d6. thé nang dng véi tai trong N <€ La:
]

U(N):—N.c(t):—% J{'J [y(x,l)}zdx (1-26)

Trong do. dau trie bicu thi viée giam 1thé nang coa lye N khi tang chuyvén vi e,

O hé di cho khong ¢é cic luc khong bio toan (luc can, taj trong dong), nén ap dung
neuyén li Haminton (M-5) trong trudmg hop nay s¢ don gian hon:

j]'f SIT-U)dt =0

The (1-240), (1-25), (1-26) vao phuong trinh trén, sau khi xdc dinh cdc bién phian ta
s& duoc:

L'f rlil‘ meOY! (X, 03V (X 0dx — L: IOy (x.1) 8y dx + N j}ll )-*'(X,I)S_\_-"de di=0 (1-27)



Tinh dén cic quan hé:
Yoy =Y V01 Y =02y =02, y'=0'2; ¥ = 2
dy' =8y : by'=¢"dz ; dy' = ¢'dz; 8y = 0dz
va thay ching vao phuong trinh (1-27) ta s& dugc:

L‘IE[ZSZ Ll} m(X)qﬂdx'+ BZY(H,(t)L: m(x)pdx — Zdz J‘{'] EJ(x)(¢")2dx +

NZSZ ], (@' dx | di =0 (1-28)

Tich phan theo timg phan déi véi hai thanh phan diu tién ctia phuong trinh (1-28) ta
sé di dén:

t * - * * - *
j2 ‘7 + (K" ~K5)Z-P,, |6 Zdt=0 (1-29)
Trong dé:
m" = {1 m(x)p>dx - khéi luong t8ng quat;
K™ = [} EJ()(p") dx - do cing tdng quat; (1-30)

Kg = N[ (¢')2dx- do ciing hinh hoc téng quét;
P,:(x) =-y, (x)j{: m(x)@dx - tii trong hiéu dung t16ng quat.

Néu ki hiew: K =K' -K;, - do cing téng quit tdng cong, thi phuong trinh
(1-29) sé la:

[ m"2+KZ-P ] 6 zdt=0

Vi bi€n phan § 7 12 tily ¥ nén biéu thic trong ngodc clia phuong trinh trén phai bing
khong, ta s€ nhan dugc:

m’ Z(1) + K'Z(t) = P, (1) (1-31)

{1-31) chinh la phuong trinh vi phan dao dong cia hé di cho.

Cic phuong trinh {1-31), (1-22) 12 phuong trinh vi phan chuyén déng clia hé mot bac
tu do phifc tap, trong dé Z(t), duge goi 1a t0a do tong qudt duy nhat, né dic trung cho
chuyén dong cla hé mot bac tu do. Cic tham s6 ¢6 ki hi¢u dau hoa thi goi 1i tham s6
tdng qudt cla hé mét bac tu do tuong tng vdi toa do téng quit Z(). D6 1a cdc tham s6
vat 1{ doi véi cice hé phiic tap nhu hé ¢é cdc phan cing, hé ¢6 khoi lugng va do cing dan
hoi phan bo.
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§2. DAO PONG TU DO HE 1 BAC TU DO KHONG XET PEN ANH HUGNG CUA
LUC CAN

Xét hé mot bac tu do cho & hinh 1.7. Néu

tach he dan héi nay ra khoi vi trf can bing véi . TVO
chuyén vi ban ddu cla khéi luong y,,, hodc tdc - - ,:::::.- - ’: I
dong lén hé mot xung luc nao d6 dac trung bdi T M

t6c do ban ddu ciia khoi luong v, thi khoi Tl

lrong s¢ dao déng. Cic dao dong chi sinh ra e

do céc kich dong ban dau nhu vay dugce goi la
dao dong tu do. Cac dao dong nay dugce thuc
hién boi cdc luc dan hoi phit sinh trong hé do cédc kich dong ban dau. Vdi cac dao dong
tu do, tai trong khong ton tai trong qua trinh dao dong cta hé, vi vay vé phdi clia phuong
trinh vi phan dao dong tdng qudt hé mot bac w do (1-5) bing khong. Phuong trinh vi
phin dao dong ty do trong tredng hop nay cé dang:

Iinh 1.7

My +cy+Ky=0 (1-32)
Khi khéng xét t&i anh hudng cua luc can ¢ = 0, phuong trinh vi phan dao dong do sé la:

My + Ky =0 (1-33)
Phuong trinh (1-33) {a phuong trinh vi phan cip hai khong ¢é v€ phai va ¢é hé s¢

hang s6. Dé giai phuong trinh vi phan nay, ta sir dung phép thé Gle véi nghiém:

y(1) = De” (1-34)
Thé biéu thiic nay vao phuong trinh (1-33) ta s& duoc:

(MS* +K)De™ =0 (1-35)

Pua vao ki hiéu:

w? = (1-36)

LS

M

Ta viét lai phuong trinh (1-35):

(S + &) De" =0

c¢* # 0 véi t bat ki, do dé: S* + ® = 0, ta suy ra:
S=+v-0> =+ oi (1-37)
Trong d6i =+ -1 - don vi ao.

Phit hop vdi bicu thitc (1-37), ta s& nhéan duge 2 gid tri §; = i® va S, = -ie@. Nghiém
1ong quat cha phuong trinh vi phan cdp hai (1-33) dic trung bing (1-34) s& phai phu
thudc vao hai hang s6 tly v:

vy =D, "+ D, ™ (1-38)
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The céc gid tri S, vt §, vao (1-38) ta s€ duge:
y() =D, ¢ + D,y ™ (1-39)
Phuong trinh (1-39) ¢6 thé bidu thi & dang ham luong gidc thuan loi hon bang cdch st
dung phuong trinh Ole:

¢ = cosot + isint (1-40)

The ( 1-340) vao (1-39) 1 dugc:
y(t) =(D, + Dy)cosot +(D, - D;)iwcoswl (1-41)
yity=— (D, +‘D2 yosinot + (D, =D, )iwcosot {1-42)

Cic hiing 56 1Dy vi D, duge xde dinh tir dieu ki¢n ban dau: tai t=0c¢é:
yloy=y,. ¥yo}=v, (1-43)
Pua di¢u kién ban ddu (1-43) vaoe (1-41) va (1-42) ta dugc:

D +D, =y, . D]‘Dz:% (1-44)
10

Thé (1-44) vao (1-41) ta nhan duoc phuong trinh dao dong tu do clia hé mét bic ty do:

v
y(t) =y, cosat+—=sinot (1-45)
@

Ta ¢6 thé vié1 gon hon phuong trinh dao dong (1-45) & dang mot ham luong giac nhu
sau, ta dua vao cac ki hiéu mdéi A vay, voi:

Y, = Asiny

v (1-46)

— =Acosy

®
Luc nay (1-45) s¢ ¢d dang:

v(t) = Asin(ot + 7) }
Vi vty = y(1) = Amcos{mt +y (1-47)
Trong dé A vivy duge xdc dinh i (1-46):

2 Y oy
A= fy[‘] +[—\—“-v} DY = arclgﬁ (1-48)
\ o v,

Néu ki hi¢u:

y, =Acos?

v ‘ (1-49)

— = Asind®

[§1]
Thi (1-43) s¢ co dang:

y(1)= Acos{ol - 6) {1-30)
Trong do: 0 = arctg Yo : (1-51)
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Dudi day s& dua ra phuong trinh dao dong déi véi cdc truong hop khéc nhau cha diéu
ki¢n kich dong ban dau:
- H¢ chi chiu chuyén vi ban du: ¥(0) = y,, v(o) = 0.

Thay diéu kién ban dau nay vao (1-51

) va (1-48) ta s& nhan dueoc 8 =0va A= ¥, Do
d6 phuong trinh dao dong trong trudng h

Op nay viét theo (1-50) s& la:

y(0) =y, cosmt (1-52)
- He chi chiu t6c do ban dau: v(o} = v,, y(o) =0,

Thay diéu kién ban diu nay vao (1-48) (a sé nthan duge y = 0 va A = v—;‘ Do ds,
(
phuong trinh dao dong trong truomg hop nay viét theo (1-47) s 1a:

y([)zfisinmt (1-33)
®

§owll)

[N/,

¥(t)

_______ I Uﬁ_'__'__-__“_-_ o TS T T =
o - 1) = Asinftey T
I I ol ‘A AsfYor{ )
T =T I °¢ A | t
/ H_‘__h_h“'“-q_q__ M 0O J o
7 e )
H“‘n‘ A | A
Te_ L | __ NS NI
- .___..|
l,“ =0fen T= e
Hinh 1.8

- H¢ chiu ca chuyén vi ban ddu va téi 8¢ dé ban dau: y(o) =

Yor V(0} = v,. Lidc nay
phuong trinh dao dong nhu da ghi & trén (1-47) hoic (1-50), tron

g do, A, v, 6 duge xic
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dinh theo (1-48) va (1-51). Ta ciing dé thdy ring: trudng hop nay la 16 hop ciia hai
truimg hop trén. Diéu dé duge the hién & phuong trinh dao dong viét theo (1-45).

Vo .
y(t) =y, coswt+—>sinot
w

Trong dé: (1-52) va (1-53) la hai dao dong thanh phdn phi hop véi hai s6 hang & v&€
phai cita phuong trinh (1-45).

Dudng bi¢u dién chuyén dong cla khéi lugng M theo thoi gian tuong Gng véi cdc
treong hop trén duge mo ta lan luot trén hinh 1.8a, b, ¢. Ching la cdc dao dong diéu hoa
don gian.

Nguoi ta cdn biéu thi dao dong tu do clia khéi luong M & dang véc to quay cho trén
hinh 1.9. Chuyén dong cha khéi lugng duge xdc dinh bing phin thuc ctia hai véc to

quay y, va [EJ hay bang hinh chiéu cua chiing 1én phuong ngang. Bién d6 dao dong
o)

2
- N -t a - L . r - v
[a d¢ dai cha véc to hgp cla hai véc todé: A = [y? J{ij .
o

Chuyén dong ciia khéi hugng M thyc hién dao dong diéu hoa don gian con cé thé biéu
thi duge bing mot dudng cong trong hé toa do Yy Va v, Tur phuong trinh dao dong
(1-53) va phuong trinh van toc.

v(t) = v cosmt

Ta s& dé dang di dén phuong trinh sau:

2 2
- (1-54)
YITIHX (U‘)ymax )
f im
{
2 . dv(t)
wt \\ Re
6 N g t
| N /;_\ y{l
ot ! \\ o | o
A \\ max l
VU - _l__i____
(ﬁ) /,’ L Virax
Hinh 1.9 Hinh 1.10

Puong cong thoa min phuong trinh ndy chinh 1a dwtmg elip méta trén hinh 1.10.
Pudng cong d6 goi 14 quy dao pha, mat phing chita dudng cong nay goi la mit phing
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pha. Trong cédc phuong trinh dao dong tu do (1-47), (1-50), A nhur d3 biét 13 bién d¢ dao
dong, con y hoac 6 goi la do lech pha. DS chinh la cdc géc léch clia vécto dao dong toan

N TR N [V - . AL s
phin A véi cic véc to dao dong thanh phan (i] va ¥,. Dai luong o la tan sG vong
©

cuia dao dong.
Dudi day ta s€ xét chu ki va tdn s6 cla dao dong diéu hoa.

- Chu ki dao dong: ki hiéu 12 T, 1a thdi gian cdn thiét dé thuc hién mot dao dong toan
phén, nghia la: chu ki 12 thot gian dé kh6i lugng 1ap lai qué trinh dao déng nhu trude. Dé
thay rang:

=2 (9 (1-55)
®
- Tan s6 dao dong: ki hiéu Ia f
La s6 lan dao dong trong mét giay:
l o
f=—=— (1/s -5
T =7m (1/s) (1-56)

- Tin s6 vong, hay tdn s6 dao dong riéng: ki hiéu 12 o.
. 1 . s s ) : o
T (1-55) ta suy ra: o = T -2n, nghia 1a: @ 1a s6 1&n dao dong trong 27 giay, vi vay
@ goi la tdn s6 vong hay tdn s6 tudn hoan ciia dao dong riéng va goi 16t 1a tin s6 dao
dong riéng.
Cong thic xdc dinh tan s6 dao dong riéng:

Tt (1-36) va bién déi cong thic ndy ta d& dang ¢6 dugc cdc cong thirc xdc dinh tan so

dao dong riéng
K 1 g
m=$—=ﬁ_q_=[—- (1-57)
M M.El“ Y.

Trong do: K - hé 6 ciing cha hé;
g - gla toc trong trudng;
¥, - chuyén vi ciia khéi lugng M do luc G = M.g tdc dung tinh tai vi tri khéi
luong gay ra.

Tir cong thic (1-57) ta thay rang: Tan s6 dao dong riéng cha hé khong phu thuoe vao
cdc kich dong ban dau, nd chi phu thudc vao khéi lugng va do cimg cia hé.

C6 the xdc dinh tin $6 dao dong riéng clia hé dan héi bét ki theo phuong phaip nang
lugng. Phuong phdp nay dua trén dinh luat bao toan ning lugng: Trong qué trinh dao
dong téng dong nang va thé nang cua hé 1a mot dai luong khong ddi:

T+ U=C=const (1-58)
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Biéu thic tinh dong niang cua hé:

T= %MyQ =%Mm2.yﬁm cos* (ot +7) (1-59)
Trong dé:
it
®
Thé ning cua hé:
u :%Kyz =~;—Kyim.sin2(cot+ﬂ() (1-60)

Tir (1-59) va (1-60) ta thay: Trong qud trinh dao dong cla h¢, khi thé nang bi€n dang
clia hé dat gid tri 1én nhat thi dong nang cua hé bang khong, va nguge lai dong nang cla
hé dat gi tri I6n nhat, thi thé nang cta hé bang khéng. Do d6, phit hgp v6i biéu thic
(1-58) ta ¢o:

T +0=C
Va 0+Ug,,=C
Hay: Trax = Umax (1-61)
Dé thay tir biéu thic (1-60):
U =%Kyﬁw (1-62)
Tir bidu thitc (1-59), ta dat:
T= %Myfmﬂ cos’(ot+y) ; Tacé T, =% My2 . (1-63)

Do dé:

— T
Tmax =0 Tmax

Thé biéu thic trén vao biéu thitc (1-61) ta dugc:
U

o= [T 1-64
T (1-64)

IMdx

Trong d6 U dugc xac dinh theo (1-62), T, ,, dugc xdc dinh theo (1-63).

Dai véi hé 6 khéi luong phan bo, dang dao dong xay ra phi hgp véi dudng dan hoi
X(x), ta ¢é cic cong thiic xdc dinh dong nang 16n nhat va thé ning lén nhat nhu sau:

U_. =%Z {EI, [X;’x]]ldx (1-65)

— 1
T =% {m,X2dx (1-66)

Dau t6ng X 12 14y vdi tdt ca cédc thanh trong hé.
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Thi du 1.3:

Xdc dinh tin s¢ dao dong riéng clia hé cho trén hinh 1.11a. Heé gom khéi lugng tap
trung M dat tat giira dam.

TruGe hét ta xdc dinh chuyén vi do lyc don vi dit tai khéi luong theo phuong dao
dong cua hé (hinh 1.11b). D& ding xdc dinh dugc:

{3
O, =
' 48E]
The &, vao (1-57) ta nhdn duoc biéu thic xac dinh tin s6 dao dong riéng:

m__\/ 1 [48EJ
Mg, ym.»°

Hinh 1.11 § Pl

Thidu 1.4: "

Xdc dinh tén s6 dao dong riéng clia hé cho trén hinh 1.12a, do céng cfia lién két dan
hoi laK.

Cdach thir nhdt

Xdc dinh tin s& dao dong riéng theo cong thic (1-57): He¢ nay cé hai khéi luong
nhung chi ¢6 mot bac tu do. Tham s6 dic trung cho dao dong ciia hé cé thé chon la géc
xoay tuong d&i tal goi tua bén

phai o, dé chinh 1a chuyén vj M, B \ M,
: it olia hé B
tong qudt cua hé. ) @ ‘ ° ﬁ
B¢ xdc dinh 8, trong trudng gK
0 7 0

hop nay, phi hgp véi chuyén vi } :
tong quét cia hé ta cin dit vio |
|
|
|

1

goi tua B mét mé men don vi
M =1 (hinh 1.12¢). M6 men nay b)

gay ra phan luc tai g6t A bing %

phan luc tai goi A twong dng tao

nén chuyén dich thang theo )
o]
phuong ding tai gdi la e Do
dé, chuyén vi don vi:
: l
0y =— Hinh 1.12
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Momen quén tinh khéi lugng trong truong hop nay duge tinh nhu sau:

2 2
J_(u)= M,[%!] +M2[%] = FGM1 +}IM2J

Cuéi cung phu hop véi (1-57) ta co:

Cdch thur 2

Xic dinh tan s6 dao dong riéng theo cong thic (1-64):

Trong trudng hop téng quit, néu hé gém mot s6 khoi lugng tép trung va mét $G cac
lién két dan hdi thi U_,, va T, dugc xdc dinh nhu sau:

Umux :é— ZKiyg‘max y i:1,2,...,m
) m: 6 lien két dan hoi
—_ [ m
Tmax =3 ZMkYi,max  k=12,...n
2 k=I

n: S6 khoi lugng tap trung
Chuyén vi cia cac khdi lugng duge biéu thi qua chuyén vi tai vi uf lien ket dan héi
cho trén hinh 1.12b.

Ta coé;

2 2
= 1 & 1 3 1
mux :E Z kY kmdx _zl:Ml(z}’) + MZ(EY] :\

Thay cdc gia tri nay vao (1-64):

o = 5 =g —
max (‘{i Ml + 4 M2 J
K&t qua nay hoan toan triing véi két qua cha cdch tinh trén.
Khi ké dén anh hudng clia trong lhugng ban than phuong trinh vi phan dao dong tu do
(1-33) ducc bé sung thém trong lugng ban than G:
My + Ky = G (1-67)

G
Tir dé ta co: + Oy =—
Gtacd y+oy =1
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Nghiém cia phuong trinh vi phan nay duoc biéu thi & dang (1-13)
y() =y, +¥y(t)
Trong d6 ¥(t) 1a nghi¢m téng quat cha phuong trinh thuén nhat, con yt la nghiém
riéng clia phuong trinh khéng thuan nhat. Nghiém t6ng quét duoc xdc dinh theo (1-47):
y{t)= Asin(ot + )

Nghiém riéng chinh la chuyén vi tinh do trong lwong ban than khéi lugng gay ra.
- Diéu nay dé dang thay duoc, boi Vi, ta c6 thé xem nghi¢m riéng bang hing s5 C. Thé gia
tri nay vio phuong trinh vi phin (1-67) ta nhan duoc:

G

M.o

C= =G.8) =y,

=
Vay phuong trinh dao dong tu do khi k€ dén trong lugng ban than c6 dang:
y(t)=A.sin(mt+y)+y[ (1-68)

Hinh 1.13

Nghia 14, khi tinh dén trong luong ban than, dao dong ciia hé s& xay ra xung quanh vi
tri can bang tinh.

Tren hinh 1.13 mo t4 dao dong cua hé khi ké dén anh hudng cta trong luong ban than
véi trudng hop su kich dong ban dau: y(0)=y,, v(0) = 0.

$3. DAO PONG TU DO HE 1 BAC TU DO CO XET BEN ANH HUONG cUA
LUC CAN

Bat ki mot qua trinh chuyén dong nao cia hé dan héi trong thuc t& déu chiu anh
hudng cia lyc can. Luc cin xuat hién do nhiéu nguyén nhan khac nhau va anh hudng
cua ching dén cic qu4 trinh dao dong rat phite tap. Trong tinh todn dao dong ké dén tic
dung cia lyc can, c6 nhiéu téc gia dua ra cdc gia thiét khdc nhau vé luc can. Céc gia
thi€t nay phi hop véi nhitng diéu kien thuc t& nhat dinh va cho phép dam béo dé chinh
X4ac clia cdc ket qua tinh todn. O day chi dua ra mot s6 gia thiét co ban nhu gia thiét luc
can 1 1¢ v6i van téc chuyén dong cua Phoi, gia thiét luc can ma sdt kho caa Culéng, gia
thi€t vé luc can trong phi dan héi ctia Xorskin: Trudc hét ta s& nghién cdu dao dong v
do chiu anh hudng cia luc can.
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1. Dao dong t do ké dén nh huéng cia luc can theo gia thiét cia Phoi

Gid thiét ctia Phoi xem rang: luc can cic qud trinh chuyén dong ti 1& véi van toc
chuyén dong. Nhu di trinh bay & phan ddu chuong nay, cong thic (1-2) x4c dinh luc can
theo gia thiét cta Phoi:

P. =cy (1-69)
Phii hop v6i gi4 thiét nay phuong trinh vi phan dao dong ty do duge mo ta theo (1-32)
My +cy+Ky=0 (1-70)
P& giai phuong trinh vi phan ndy, ta st dung phep thé Ole:
y(1) = D.e* (1-71)
(Ms? +cs + K)De" =0 (1-72)
Sau khi chia cho MDe"', phuong trinh (1-72) 6 dang:
52+—:is+(02=0 (1-73)
Pat: Yo = — (1-74)
M
Thi (1-73) dugce viét lai:
s +20s+w° =0 (1-75)

Nghiém ctia phuong trinh dac trung nay la:

2
3._1=~0ti\ia2—m2 L ( © ] - o (1-76)

M L2M
Nhu vay gid tri S phu thudc vao rat nhiéu vao heé s& tat dan c, do do dang dao dong tat
dan dugc biéu thi bing phuong trinh (1-71) s& phu thudc vao he¢ s6 tat dan cua hé. Cong
thitc (1-76) xéc dinh gid tri S phu thudc vao dau cla biéu thiic trong cin sé cho ta ba
dang chuyén dong cua h¢ khi xét dén anh hudng cha luc cin, diéu d6 tuong dng voi biéu
thiic trong can c6 gid tri duong, am hay bing khong.
Dé thuan tién cho viéc nghién ciu, ta xét truong hop gidi han 1a trudng hop biéu thic

trong can cua (1-76) bang khong, khi do: -2—Cﬁ =@, (ticlaa =)

Hé s6 ¢ tmg voi trudng hop gidi han nay goi 1a dgi heong 1t ddn 161 han va ki hiéu la
c*, ta co:
c* = 2Mo (1-77)
DE dé khio sat dao déng tit dan khi xét dén anh huong clia lyc can, ta biéu thi sy tat
din ctia dao dong bing quan hé ti s6 giifa hé s6 ¢ vai dai lugng tat dan téi han c*.

C c
E=—=
c* 2Mo

(1-78)
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& dupe goi la tham so'tdt dan. Khi g = 0 1a trudng hop khong xét dén lue can; e = 1
tmg v6i trudng hop gidi han; € < 1 nghia la: 5?1\7 <o,(a <o) lng véi trudng hop bidu
thitc trong cin cha (1-76) mang dau am, trudng hop nay 1a trudng hop luc can nhd: & > |
tuong ing 2—;] > o; (@ > w)la trudng hop biéu thikc trong can mang diu duong, va

truong hop nay 1a trudng hop luc can lén. Dudi day ta sg lan lugt khio sdt cdc truong
hop dé. '

a) Triomg hop hie cdn nhd (e <1)
The bicu thic (1-78) vao (1-76) ta duoc:

S =-o¢ + \J(we) —n?

Khie< | tacé:

S=-mei(oc (1-79)
Trong dé: o, =oVl-g? (1-80)
w, duge goi la tan s6 dao dong tu do khi tinh dén luc can. Tir (1-80) ta bien déi va
nhan duge phuong trinh sau:
o )2
(—L‘J e’ =1 (1-81)
®
Biéu thic (1-81) cho ta su phy thudc clia quan
hé cdc an s6 dao dong riéng tinh dén v khong o
tinh dén su tit dan [m“J vGi tham s6 tat dén . Tk
®

Bi€u d6 mé ta phuong trinh (1-81) la vdng trén cb
bin kinh bang don vi cho trén hinh 1.14.

Dol véi cdc két cau xay dung thong thuomg,
tham s6 tat ddn: & < 20% do dé6 su khdc bit gilta
tan s6 dao dong riéng khi tinh dén va khéng tinh Hinh 1.14
dén luc can 1a khong ding ké.

The (1-79) vao (1-71) ta nhan duge phuong trinh dao déng tv do khi xét tGi anh hudng
cua lyc can:

y([) — D]e(—tusﬂ(uc)t 1 Dze(—(us— it e (D] ei(»),“.l + ch—imcl ) (1-82)

Biéu thifc trong ngodc cua (1-82) biéu thj dao dong diéu hoa don gian tuong tu nhu
(1-38). Ta c6 thé viét phuong trinh nay & dang hiim lugng gidc:

—{nEl

y(t)=e (Bsinmcl+Ccoso)CI) (1-82%

34



Cic hang s6 tich phan B va C duogc xdc dinh tir diéu kién ban diu:
Tai: 1=40, y(0)=v, ¥(0) =v, {1-83)
Biéu thitc van t6c cla chuyén dong:

—Et

v(l) = y(1) = —wey(t)+e
Bua (1-83) vao (1-82) va (1-84), ta s€ dugc:
v, +oey,
—

[

w (-Csmo t+Bcosw 1) {1-84)

C = Yi!* B =
Vay:

\-"(1) — e—(:)fﬂ {vo +mgy0

Sinmct+yt)‘cosmcl} (1-85)

C

Tuong tu nhu & §2. Ta ¢6 thé viét biéu thic (1-85) & dang véc (o quay:

y(t) = Ac™" sin(o t+7v,) (1-86)
Trong dé:
2
A =\jy2 +(v0+m8y0]
® (1-87)
v, +OLY

Tur biéu thic (1-85), hodc (1-86) ta thiy dao dong cd luc can la dao dong tat dan.
Trén hinh 1.15 mo ta chuyén déng cia khéi lugng M theo thoi gian cla hé ¢é luc can
phit hop vdi biéu thiic (1-86). Chu ki clia dao déng ¢6 luc can la:

(s) (1-88)

Tan s6 dao dong:

(1/s) (1-89)

al

Hinh 115
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Ki{ hiéu bén dudi khdi lugng & hinh 1.15a 14 ki hiéu quy udc doi vai he dao dong c6
luc can phu hop véi gia thiét Phoi.
Qua dé thi hinh 1.15b ta thay dao dong tu do ¢4 xét dén anh hudng cta luc can la dao

dong diéu hoa, nhung bién dé gidm ddn theo thdi gian véi quy luat s6 mi am Ae ™ va

nd tiém can dan dén khong.

Ban chat ctia tham s6 tit ddn ddi v6i cac hé két cau xay dung thong thudng rat phic
tap. va viéc xdc dinh né khong don gian. Tuy nhién, ta ¢6 thé bi€u thi su 1at dan dao
dong cha cac hé thic dudi dang cic hé s6 twong duong, cdc hé s6 nay s€ xac dinh 15 do
tit din cha cdc bién do dao dong. Mudn vy, ta xét Ui s§ gilta hai bién d6 mang gia tri
duong cdch nhau mot chu ki T trén hinh 1.15by, vay, ..

~oet I me.—
YH — Ae e . (1_90)
yn+1 Ae_wB(I+Tcl
Tir (1-90) ta suy ra:
§=ln2" =2ne.— (1-91)
yn+| U)-.'
512 hé s6 biéu thi t6c d6 tit dan vA dugc goi 1a do suy gidm 16 ga. Tinh dén (1-80), ta co:
§ = 2ne (1_92)
Vi-¢?
Khi luc can nho, ta ¢6 thé tinh gan diing (1-92) nhu sau:
d=2n¢g (1-93)
Tir (1-93) ta dé dang nhan dugc:
)
= 1-94
¢ 2n ( )

Véi su gan ding cha do suy giam 16 ga xac dinh theo (1-93), ta ¢6 thé bi€u thi quan
hé (1-90) & dang chudi saw:
2
Fn_ e x e o4 2ne+ (2ne)
¥na 2
Khi cdc gi4 tri tham s6 tat ddn 1i nho ta chi cdn giif lai hai s6 hang ddu cla chudi trén
van ¢6 thé dam bao do chinh xdc. Khi d6 ta nhan dugc:

+ ...

— Yn _yln-l

£
2n'Yn+1

(1-95)
Trén hinh 1.16 biéu thi quan hé cha ti s6 giifa tham s¢ tat dan chinh xdc theo cong
thifc (1-91) va tham s& tit ddn gdn ding theo cong thic (1-95) véi tham s tat ddn gén

ding. Tir biéu d6 nay ta c6 thé sita duge két qua tinh gin diing theo (1-95).
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Tham s6 tat dan c6 mot ¥ nghia quan trong, vi thoéng qua gid tri ciia né duge xac dinh
bang thuc nghiém ta s& tim duge hé s6 tit ddn C.

Thidu I-5:

Xdc dinh cdc dac trung dong hoc va bién d¢ dao dong sau 5 chu ki ctia hé tit dan cho
¢ hinh 1.17. Khéi lugng M chiu tic dyng cha luc kich dong P, sau d6 bo di mot cdch titc
thoi. Trong thoi gian duy tri tai trong véi P = 90kN chuyén vi clia khéi lugng dat duoc
0.5cm. Khi tai trong mét di dot ngot, chuyén vi cuc dai ddu tién cia khéi luong béng
0,4cm. Thai gian cha chu ki déi vé6i hai chuyén vi nay T = 1,3 giay.

ECJ(
Egd

0,75

"--....‘-“-‘-
85

0,05 0,1 015 0,254

ASRRLLY
til
=

Hinh .16 Hinh 1.17

bay la dao dong wr do c6 tinh dén anh hudng cha lyc can. Cic dic trung dong hoc ciia
hé bao gom: khéi luong, tinh chat dan héi, tdn s6 dao déng, tham s& tit ddn va hé s6 tit dan.

- Xac dinh khoi luong clia hé:

Tur biéu thic chu ki dao déng T= n 2n 1!% , 1a suy ra:
o

2 2 2
M= l} K= 5) 0 g 4 K
2n 2n .3 ¢m

- Tan s& dao dong riéng;:

0= 27,75 = ?—z- =4,833 (rad/s)
- Xac dinh tham s6 tat dan:
| ) S
Pé suy giam 16 ga: 8§ =1In y);'ll =In 8—4 =0,223
L 223
Tham s6 tat dan: g = i = 0,22 =0,0355
2n 2n

- Xéac dinh tin s6 o
o, =ovl-g® = 4833 J1-00355% = 4829
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- Xdc dinh h¢ s6 tit din:
C=¢.C*=2Moe = 2.7,7 .4,833.0,0355 = 2,642 (kNs/cm)

- Bién do sau 5 chu ki dao ddng:

5 5
yo=y | L —0,5[0'4] = 0,1638(cm)
' Yo 0.5

by Tricong hop lue can lon (e > 1)

Trong trudng hgp nay, nghiém cta phuong trinh dac trung (1-76) khi sir dung (1-78)
sC la;

S=-—wect+ove: —1=-we + A (1-96)

Trong dé: h=ovel =1 (1-97)

Thé bicu thitc (1-96) vio (1-71), ta dugc:
y=c (D" + Dy (1-98)

Bi¢u dién biéu thic trong ngoic ra him hypebénnic bang cich dat:

D,,= %(C1 t C, ) ta dugc:

y(6)=C, chat+C, shit) {1-99)
Ta ¢6 thé vist (1-99) & dang khdc nhau nhu sau;
y(1) = Ac”""sh(Al+v) (1-100}

Cic hing $6 A viiy duge xdc dinh tir diéu kién ban diu tai t =0, y(0) = y,. y(0)=v,,
khi do:
v, =Ashy,v, =—-Aoneshy+ Adlchy (1-101)
Giai hé (1-101), ta duoc:

| 2

- Lot

A= [ﬁy;_(nﬂ&
.\ i A

Ay

st

(1-102)
Yy =arcty ————
v, +oey,

Tir cong thic (1-99) hodc (1-100) ta thay rang: chuyén dong cla hé trong trudmg hop
luc can lén 1a céc chuyén dong khong tudn hoan. Cic chuyén dong nay ¢6 thé xay ra &
nhiing dang khic nhau, nhung din tiém can dén vi uf cin bang ban diu. Chiing ¢ the
tiém can dén vi trf cin bing hoian toan tir mot phia, hoac 1iém can cé mot tan doéi diu
di¢u do phu thuoe ¢y thé vao diéu kién ban diau. Cic dang chuyén dong clia hé duge mo
ta trén hinh 1,18,
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by ¥ y
Vg Yo
T | b
¥a Yo v=0
t
0 = O L) i
a} b} \/ C)

Hinh 118
c) Truong hop tdt ddn 16i han (e=1)
Trong trudng hgp nay, nghiém ctia phuong trinh dic trumg 1a thue, am va bing nhau:
S, =S, = - ot khi d6, chuyén dong cua hé s& la:
y() =" (D + Dyt) (1-103)

Cic hing s6 Dy, D, dugc xdc dinh tir diéu kién ban dau:
Tai t =0, y(0) = ¥, ¥(0) = v,,, Khi d&:

y, =Dy, v, =D, - 0ey, doddDy=v,+0ey,
Thay cic gid tri D, D, vao (1-103} ta duge:

y(t)=[yc(l+o)sl)+vot]c_‘”Et (1-104)

Chuyén dong cha hé trong truong hop nay ciing khong tuan hoan va nod ciing c6 thé
X4y ra 0 mot trong cdc dang chuyén dong da gap & trudng hop trén.

¥
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Trén hinh 1.19 mo t& dao dong tu do khong xét dén anh hudng cla lyc can (£ = 0) va
dao dong tr do khi xét t6i anh hudng cua lyc cdn véi céc gid tri khac nhau cla tham s8
tit din & 2 1; dao dong tr do duge xét véi diéu kién ban diu: y, = 3; v, = 15; tén s6 dao
dong rieng clia hé @ = 2 (tic 1a : T = n). Dudng cong md ta dao dong ty do khi e = 0
duge so véi hinh 1.8c. khi € < | duge so véi hinh 1.15, khi € > 1 dugce so v6i hinh 1.18a.
Dé xay dung dudng cong mo ta dao dong ty do khi £ = 1. ta st dung cong thic (1-104),
ta ciing gia thiét diéu kién ban ddu xem rang khéi lugng bat dau dao dong tir vi tri y,, véi

van téc v, hudng ra ngodi vi tri can bang.

2. Dao dong tu do ké dén anh hudng cia luc cin theo gia thiét Culong

Ta xét dao dong tu do c6 tinh dén dnh hudng cla lyc can ma sat theo gia thi€t Culong,
trong d6 ma sdt 1 ma sdt kho, lgc can ma sat F ti 1& véi dp lyc vuong géc va co
phuong ngugc v6i phuong chuyén dong. Trén hinh 1.20 mo t& mo hinh ma sdt nay vl ki
hiéu quy udc clia ma st kho. Ta thiét lap phuong trinh vi phan chuyén dong cta h¢ theo
phuong phép tinh dong, trong dé céc luc dat vao khéi lugng bao gébm luc quan tinh, Iyc
dan héi va luc can ma sdt kho:

My () +Ky(t) =+F_, (1-105)
Suy ru:

- 32
Vy+o'y==*%

(1-106)

) b
ﬂ_'_‘_'__,,—“' Ya

Phuong trinh (1.106) c¢é dang tuong tu nhu M
phuong trinh vi phan dao dong tr do cé ké dén
trong lugng ban than (1-67), & day. lyc & vé phai
cua (1-106) co tinh chat thay d6i dau khi phuong
chuyén dong thay do6i. Tuong tu nhu & phan trudc,
ta ¢6 nghiém ciha phuong trinh (1-106).

VYo
th I
®

RACVANANAAY

Hinh 1.20

v(t)y= Asin{wt +y)+ 8, F ., {1-107)

Xét trudng hop hé dao dong véi dicu kién ban ddu: tai t = 0; y(0) =y, v(0) = 0, c&:
y() =y, cos ot + 8, F (1-108)
Khi khoi luong chuyén dong xuéng dudi thi luc ma sdt ¢6 chiéu hudng len trén. Dao
dong cia luc s& xdy ra quanh vi tri 8, F,,, (hinh 1.21a). Bién d9 dao dong cua khéi

luong s& dat duge pid tri bang vy, - 28, F ..

Khi khéi luong chuyén dong 1én trén, luc ma sdt s&€ cé chiu huéng xudng dudi, dao
dong s& xay ra quanh vi tii 8, F (hinh 1.21b). Bién d dao dong cua khéi luong s¢ dat

dugc gia tri bang y,, - 26, F ..

40



Trén hinh 1.21¢ mé 1a toian bo qui trinh dao dong cua hé.

y(t)

,///j: -
7
yit)
al
P - T
- - g yﬂ'zanp s T
j: - ) . I t t
H\\-"\-\ I _____ ___-‘____ yo‘ﬁp
™~ “ Pms ¥ l.‘npms ; |
- - '
ignil

Hinh 1.21

§4. DAO PONG CUOGNG BUC HE 1 BAC TU DO CHIU TAI TRONG PIEU HOA

1. Truong hop khong ¢6 e cian
Phuong trinh vi phin dao dong hé mot bac w do chiu i trong dicu hoa P(1) = P sinrt trong

trudmg hop kKhong ¢ t6i anh hudng cua lue can la phuong trinh (1-5) trong d6 véi C=10:
My + Ky =P sinrt (1-109)
Trong dé: P 14 bien do cla 1ai trong. r1 tan 86 vong B{t) = Pt

cua lue kich thich.
Nghi¢m thuin nhat cta phuong trinh vi phan chuyén 3

dong (1-109) bicu thi dao dong tr do cd dang: Hinh 1.22
Hinh 1.

v, (0= Beoso+Csinot (1-110)

Nehicm riens cta (1-109) bicu thi dao dong do két quai tic dong cua i trong. Co the
- T = . i = r - ;

xem dao dong didu hoa xity ra do L trong dicu hoa ¢d pha cong vél pha cua tai trong:
y, {0 =Dsinn (L-111

The (1-11 1) vao (1-109) s& nhan dugc:
-Mr*Dsinrt + KDsinrt = P, sinrt

Chia hai v¢ phuong trinh nay cho sinrt. s€ dan dén:

r’ P
1= = I-112
2] s

m"
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Do d6, bién d¢ dao dong:

D="F——- (1-113)

Nghiém tdng quit ciia phuong trinh vi phan dao dong (1-109) bing tong cua nghiém
thudn nhat theo (1-110) véi nghiém riéng theo (1-111):

l 3 -sinrt (1-114)
r
1———

e

Céc i tri B va C cha phuong trinh ndy dugc xac dinh tir diéu kién ban dau. Ti€p nhan
diéu kién ban ddu 0 trang thdi yén tinh: tai t = 0, y(0) = O; y(0) = v(0) = 0: ta X4c dinh
duogc:

y(O) =y, (O+y ()= Bcosmt+Csinmt+i-

T
P
C=-——"—._8© _B=0 (1-115)
K ! 2
&)2

Thay cdc hang s6 nay vao phuong trinh (1-114), ta duoc:

ymy=tn. 1 [sinrl——r—sino)t] (1-116)
w

(1-116) 1a phuong trinh dao dong cta hé mét bac tu do chiu tdc dung coa tdi trong
diéu hda trong truong hop khong xét dén anh hudng cua luc can. Ta thdy phuong trinh
dao dong (1-116) gém hai thanh phdn: mot thanh phan dao dong tng véi tin so cia tai
trong diéu hoa r, vA mot thanh phdn tng v6i tdn s6 cla dao dong ty do w. Ta dd biét
trong thuc 1€, cdc dao dong déu chiu anh hudng cla luc can, mac dit luc can ghy anh
hudng khong dang ké dén tdn s6 dao dong riéng, nhung khi da c6 lyc can, thi nhu da
trinh bay & §3; luc can dii nho cling s& lam tit din phin dao déng tu do sau mot thoi
gian ngan dao dong. Sau dé hé sé chuyén sang thdi ki dao dong én dinh ¢ chu ki ting
v6i chu ki cna tai trong diéu hoa:

P 1
(= -1_ 7
o2

sinrt (1-117)

Ta thay % =y 12 chuyén vi tai khéi lugng do bién d¢ P, cha tai trong dicu hoa tic

dung tinh gay ra, nén ta c6 thé viét (1-117):
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y(0) =y -— —sinrt (1-118)
-
®
Trén hinh (1-23) mo ta dao dong cudng bitc cita hé chiu tai trong di¢u hoa trong
trudng hop tan so cia luc kich thich nhé hon tin s6 dao dong riéng r < .

y(t)

Ilinh 1.23

Phuong trinh dao déng (1-118) ¢6 chda chuyén vi tinh yIT s€ dat ra van dé vé su lién
quan giita chuyén vi dong y(t) véi chuyén vi tinh y, dé. Su lien quan ndy duoc xem xét
tr hé s6 dong luc theo thoi gian v hé s& dong.

He s6 dong theo thoi gian: K(t).

Heé 56 dong theo thoi gian 1a ti s6 gilta chuyén vi dong tng véi trang thdi chuyén dong
cia hé v6i chuyén vi tinh do bién d¢ cta tai trong dong tac dung tinh gay ra:

K(l)=E (1-119)

¥r
H¢ 56 dong: K.
Hé¢ 56" dong 1a ti s6 gilta chuyén vi dong cuc dai cha trang thdi chuyén dong véi
chuyén vi tinh do bién do cta tdi trong dong tic dung finh gay ra.

K, = Jmax (1-120)
r
Duong nhién: Ky = KOs (1-121)

Vi trudng hop hé chiu téc dung ciia (ai trong dicu hoa, dé tinh hé sd dong theo thai
glan, ta thay (1-118) vao (1-119) sé duoc:

sinrt

K(t) = (1-122)

r

[—
i
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He s6 dong (ng v6i dang tai trong didu hoa:

Ky= ——= (1-123)

Hinh 1.24

Qua d6 thj ta thay:
Khi -:5>1 thi K, <0

0< —<1thiK 2 1.

e

Khi r = @, K4 c6 sy bién ddi rat nhanh, va r = ® thi K, = w, liic nay xudt hién hién
tugng cong huong: chuyén vi ciia h¢ s& 16n vo ciing. Phai hét site tranh hién tuong cong
huong, trong thiét k& ngudi ta thuong xdc dinh sao cho su khac nhau cta cdc tin s6 r va
« khong duét 25%.

2. Truomg hop ¢6 luce can

a) Tinh liee cdn theo gid thiét cria Phoi

Phuong trinh vi phan dao déng clia hé mot bac tu do chiu tic dung cua tai trong diéu hoa
P(t) = P, sinrt ¢6 xét dén dnh huong cua luc can phit hop véi gia thiét clia Phoi ¢6 dang:

My+Cy+Ky=P_sinr (1-124)

Thay hé s6 C theo bieu thic (1-78) vio (1-124), ta s& nhan duoc;

P
y+2m8y(t)+m2y(t)=-Mﬂ.sinrl (1-125)
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Nghiém téng quit cha phuong trinh vi phan (1-125) bing téng clia nghiém thuén nhat
va nghiém riéng.

O day xét véi trudng hop luc cdn nhd. Nghiém thudn nhat ciia phuong trinh vi phéan
(1-125) trong trudng hop luc can nho chinh 1a phuong trinh dao déng tu do (1-82)

Vi, (=€ " (Bsinwt+C.cosot) (1-126)
Nghiém riéng do téc dung ciia tai trong diéu hda dugc xédc dinh bang biéu thic:
y (=D sinrt+D, cosrt (1-127)

3 (1-127) ta dua vio thanh phan thit hai, bdi vi dao dong cha hé ¢6 luc can thudng
khong ciing mot pha v&i ham tdi trong diéu hda.

Sau khi 1dy dao ham biéu thic (1-127), rdi thay cdc két qua tuong tng vao (1-125),
ta duoc:

P
-D,;r’ -D,r Qoe)+ D, o’ ]sin rt +[— D,r? +D;r 2oe) +D,0° ] cosrt = T/{m—sin rt
So sanh hai v€ cha phuong trinh nay, ta c¢6:
2 29 Pm .
[-Dr° —D;r 2we)+ D] sinrt = i rt
[-D,r* -D;r (20¢)+ D,0* ] cosrt =0
Sau khi bé di cdc ham lugng gidc va bién dai cac phuong trinh trén, ta dugc:

P
D,(1-$)-D, 2e p)= 25 D,(1-B*)+ D, (2ep)=0

Trong dé: B= % (1-128)
Suy ra:
_ P 1-p*
LK -ph) +eB)’ 1-129)
P, -2ep

©OK a-p) + 2By
Thé cdc hing s6 D, D, vao (1-127) ta s& nhan dugc bifu thic nghiém riéng cua
phuong trinh vi phan (1-125) va cuéi cling ta ¢6 nghiém téng quat cta (1-125) la:
P

—mEl : T(_ 2
y(1) =™ (Bsinw t+Ccosw t)+ [(1—PB~)ysinrt —2¢PBcosrt] (1-130)
(1~BH* +(2ep)’
Thanh phén thit nhat clia vé phai chifa nhan tlr e biéu thi dao dong tu do tét dan da
khéo sdt & trén. Thanh phén tha hai ¢4 ciing tdn s6 véi tai trong diéu hoa biéu thi dao

45



dong cudng biic, né dac trung cho qué trinh chuyén dong 6n dinh ciia he. Cing nhu &
phén trén, chuyén vi & qud trinh n dinh ¢6 thé bicu thi & dang hai vécto (hinh 1.25):

II'I‘I
Re
P, 2ep
K g ezt 2
NP, (1)
|~ ’ 22 2
AN T Ko (187 +(2¢p)
\ P
A - -
A
A
Hinh 1.25

Véc to A bidu thi bién do dao déng cia qua trinh én dinh:
P 1

A==z,
K _n2\2 2
V=B + (25) A-131)
Dao déng 6n dinh cla hé duogc bidu thi & dang tuong tu nhu di xét & phan trén:
Y(t) = Asin (rt - 9) (1-132)
Trong d6 6 1a do léch pha:
0 = arctg 2862
B (1-333)
Hé s6 dong duoc tinh theo (1-120) s& bang:
Ky == 1 (1-134)
P =B +(2ep)’
K

T biéu thic (1-134) ta thay: He s& dong phu thudc vao ti s6 cdc tin s6 clia tai trong
di¢u hoa véi tan s6 dao dong riéng B va tham s6 tit dan e, Trén hinh (1-26) mo ta biéu
do quan hé clia hé 56 dong vdi ti s6 tuong doi B va tham so tat dan «:

b)Tinh luc cdn theo gid thiét ciia Xorokin

Gia thiét ciia X6rokin 1a gid thiét vé luc can trong phi dan hoi, hay con goi 1a gia thict
vé do cing phiic.

Lirc can trong phi dan héi 1a lyc cdn tinh dén sy tiéu hao ndng liwgng trong hé, dugc
bicu thj trong viéc 1am t8n that tré nang hrong bi€n dang trong qud trinh dao déng. N
Khong phu thige vao 16c dé bién dang (Luc can theo Phoi phu thude vao t6c do bién
dang) ma phit thudc vao gid i bién dang. Trong d6, quan h¢ giita cdc bién dang chung
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1 % £=05
€207 \
L % X
$_ B
il 0.5 1 1.5 2 25 3
Hinh 1.26

(do vong, gdc xoay) vai tal trong ngoai 1a quan
hé phi tuyén. Quan hé nay khi tang ti va dd tai
la khdc nhau. Trong qud trinh tang tai va d& tai
cua mot chu trinh tdi trong, quan hé ndy duge
biéu thi bang mét dudng cong kin goi la vong
tré (hinh 1.27).

Xorokin dua trén gia thi€t vong tré ¢6 hinh Oy '
elip, va trong cdc dao dong cudng bic én dinh
dudi tic dung cua tai trong kich dong diéu hoa,
cdc dao dong clia hé xay ra ciing theo quy luat
diéu hoa. Ong da di dén ket luan rang;

| o \ Hinh 1.27
Luc can trong phi dan héi ti 1é véi luc dan hoi

(Luc héi phuc), nhung léch pha vdi luc dan héi méot gée 1a g Biéu thifc todn hoc clia luc
can trong dugc biéu thi bing cong thiic:

.y
P =1 P 1-135
C 1 2Tt d ( )

Trong dé: P;la luc dan héi; i = +—1 1a don vi do. Viéc nhan thém v&i don vi do tuong

- r .- 4 - -~ - A - n = - ~ i - ~ -
img vo1 viéc quay vec 1o luc dan hoi di mét géc 5 bang do léch pha ciia P, w 1a 4é 56
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rién hao nang hegng. N6 duge do bang ti s6 tiéu hao nang lugng trong mot chu trinh bién
dang AW véi ning Jugng toin phan clia h¢ W.
AW
W
Trong thuc 1€ tinh todn, ngudi ta thudng sir dung gid I gdn diing cua hé so ticu hao
nang lugng va né duge cho bdi cong thic:
y=28, (1-137)

o=

(i-136)

Trong d6: 6 1a do suy giam loga:

T cac biéu thae (1-135) va (1-137) ta s€ viét duge biéu thuc luc can tong hgp bao
e6m luc can dan hoi va luc can trong phi dan hoi nhu sau:

P = (l+%).Pd (1-138)

Hé s6 clia luc can tdng hop chifa thanh phan phic, vi vay ma gid thiél vé luc can trong
phi dan héi clia Xorokin con dugc goi 1a gid thiét vé d6 cdng phiie:

Trén co $O nghién citu két qua cdc phuong trinh vong tré nhan dugc bang phuong
phdp théng ké, Xorokin di dua ra biéu thiic chinh xdc hon vé luc cin tdng hop cd thé dp
dung cho ca duo dong cudng bitc, cling nhu cdc dao dong ne do diéu hoa:

P, = (u +iv) P (1-139)
2
1L Y
Trong do: u= T, V= 5
I+ . L+ v
4 4
&
Vi ¥ =—r
a =5
Tuy nhién, khi khio sat cdc bai toan dao dong cuting buc sau nily, ta van dp dung

e -

cong thic don gian (1-138) bang cach bo di 6 hang % , Xem —}-,4— nhu mot dai lugng vo
cung bé.

Dé khao sét phuong trinh dao dong ctia h¢ mot bic tu do cd x<t dén anh hudng cla
luc can theo gia thiét do ciing phiic cua Xorokin, 1a nén biéu thi luc kich dong diéu hoa
dudi dang phic:

Py =P, ™ (1-140)

Phuong trinh vi phan dao dong cla hé phit hop vl gia thiét Xorokin la:

M')?+(l+i—6—] Ky="P.e™ (1-141)
pio
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ar . 5 2 P irt
Hay: 1 — =_Ma! 1-142
ay Y+[ "‘anm y Me ( )

Nghiém riéng cda phuong trinh vi phan dao dong (1-142) sé x4c dinh dao dong cudng
biic cha hé duge tim dudi dang:

y(t) = Ae™ (1-143)
L4y dao ham biéu thic (1-143) va thay cdc gia tri tuong ing vao (1-142) ta dugc:

2, :8)_ 2| _Pm
A[m [lﬂn] T =M

Suy ra: A=—pﬂ- L (1-144)
M 2( : 6] )
o l+1— -1
s
Biéu thitc trén c6 thé con biéu thi duge ¢ dang sau:
A=B.e* (1-145)
Trong do:
B=rtu. : :
5
2 24,0 4
J(w )+ g o | (1-146)
ﬂ:(co2 -r%)
Do dé6, phuong trinh dao dong cudng biic cGa hé c6 dang:
y) =B+ ? (1.147)
Ding phan thuc cba biéu thic nay lam nghiém, ta c6:
y(l)=Bcos(rt+(p)=E"‘— l cos (rt + ) (1-148)

M 52
((D2 —1'2)2 +? ot

: . : s N P,
Hién tugng cong hudng xay rakhir= o, tic la ¢ = —E, vai: B=—- R Phuong
2 M 50
trinh dao dong.
P . .
y(t), = MEZ -%smrtzyT-%smn (1-149)

Nhur vay, bién d cong hudng bang chuyén vi tinh nhéan véi hé s¢ [%]
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$5. DAO PONG CUONG BUC HE 1 BAC TU DO CHIU TAC DUNG CUA TAIL
TRONG CO CHU KI
1. Biéu thi tai trong ra dang ¢hudi Fuarie

O phin trude ta da nghién clu dao dong cudng bic cua he mot bac do chiu tac
dung cua 1at trong dicu hoa. rong thue 1¢ i thudt te thudong hay gip dang tdl trong tac
dung ¢6 chu ki (hinh 1.28) Khi x¢t dao dong cta hé chiu tdc dung ca tai trong chu ki.
de dp dung duge cic kel qua da cé g
phin trude. ta cdan phai bi¢u thi P.

mébi thanh phin cta chud la dao dong 0

trong ¢d chu ki ra dang chudi lugng
gidc (¢hudi Fuaric). Dao dong ting Vol

chiu tac dung cua i trong dicu hoa.
Dao dong cta hie duge xiac dinh hing _ P ___l__ T

tong cde dao dong vng véi cde thanh !
phan khai trién cua tai trong. Hinh 1.28
Ham tii trong ¢d chu ki duoe khai
ricn ra dane chudi Fuaric;
: . 9
e o 2mn 2
V= a, + Z 4, Cos _T kZ h S0 —l— -1
nel |2 =l i (}_l-')(]]
Trong do:

T, - chu ki cua hiun tal trong

T, 1

a, = | Ptodt ayi
\
»on b :

A, = [ I’(l)(.‘()sﬁmltll b)lr (1-1313
[ p |
5 5 !.
b, =— | l"(l}xin:,—rf-udl ) ‘
l F 1

2. Dao dong ciia hé chiu i trong bicu thi o dang chuoi Fuarié
Tai trong ¢o chu ki thy ¥ khai midn chudi Fuarie xde dinb theo (1-150). trong do bao
a0m L treng khong doi (1 tal trong trung binh duoe hicu thi bang h¢ s0 a, xac dinh
theo (1-151) vt chuoi ¢de tal rong didu hoa vai cic bion do a,. by vi cdc tan so r,. Nhu
¢ bict ¢ phéan wen, khi xét dao dong cudng bic he mot bac tu LlU chiu tdc dung cua (ai
trong didu hoa bo qua anh hudng cba Iye can, phuong trinh dao dong cua he o chd do on

dinh ¢ dang (1-117). T d6 ta o 1hé viet duoe phuomg trinh dao dong tuong ung vidi
cdc thanh phin G trong sinrt vis cosrt cua chuot (1-130) nhur sauw:
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i — 1 g o b . .
v, ()= Ssinnpl= - sinnrt
k 1=, ~-p

a, |
y (UO=— —cosnrt
k 1-0B
1]

Dao dong tuong tng véi thinh phan tal trong khong déi a, duge biéu thi bang do

vong 1inh:

Cugi cung. dao dong cua hé chiu tal trong ¢6 chu Ki s€ bing 10ng cdc dao dong ng

véi timg thinh phan khai trien cua chudi Wi trong:

1 =1 :
y(1)y=—]a,+ > ——5{a, cos art + b sin nrit) (1-152}
k n=l 1= ;;

Trong trudmg hop xét dén anh hudng cua luc can, dao dong cudng bic cua hé mot bic
tu do chiu tdc dung clia tai trong c6 chu Ki cling dugc tinh bang 16ng cdc dao dong tuong
‘g vGi céc thanh phin khai trién clia chudi tai trong duge xde dinh theo (1-150), nhung
bicu thic dao dong Gng vl moi thanh phin tai trong diéu hoa duge tinh theo (1-130).
Dao dong toan phan ctia hé o ché do dn dinh s& bang:

1 z 1 2
yh=—ja,+2 o5 a2 b, (1-B;)+a,.2ePBy,
k [ 2 G p e e, I }
X sinnnl+ [an(l - Bi )-b, .28[3&(:05 “‘"11}'. (1-153)
Thidu 1.6: )
Viét phuong trinh dao dong cua khot lugng
M. Tai trong tdc dung lén khoi luong 12 1ai

trong ¢ chu ki cho ¢ hinh 1.29b. Cho g = 0,

T, 4
I3
Trude hét ta phai khai trien 14l trong ra )‘_Tﬁ _,I_L’E’__;__Trz_ﬁl*,_r_,ll
chudi Fuarie. Cic he s6 cla chudi duge tinh i
- Hinh 1.29
theo (1-31)
L ! . D
a, == | Pdt =P sin——dt= -
T, & T, T, T
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[0 khinic

, ... 2mn 2nant
j P sin —Los dt=<Sp_ p) _ )
T, & [, P ~ Kkhin chan
1T i-n
2 2at . 2qnt Py khi I
< : < — 1 n=
b, = T II S$10—-3sin 'Ti:""dl = 9 g .
roo P P 0 kbhin>1

The cdc hé 50 nay vio bidu thic (1-150) ta s& nhan dugc dang tdi trong gém cdc ham
dicu hoa:
P P 1+ Zsinmt - 2t 2 4t 2z 6t
) = stnhl——cos2rnt—— cos 4t ——cos 6 rt...
( yis 2 i Yt ’ 35 ‘

.

I~

1% .. . n
rongdo: 1) = -~

p

—_—

Phuemg trink dae dong cta khéi lugng trong trudmg hop khong xé1 dén dnh hudng cila
luc can duoge xide dinh theo (1-152), trong d6:

2 i 3
[],” ___[n . BI :I_|: ﬁﬂ: .z_.:.lj. —
® o T, 2 T, 4
2r | 3
J, ="t =0 =1
b o) { 2

8 I
V(1) = = Qs s L+ E‘\ cos2nt + g(]--cnsﬁll'll + J

Kht tinh dén anly huong coa lue can. phuong trinh dao dong cua khot tuong s& dugc
vict theo (1-133).

5. DAO DONG CUA HE | BAC TU DO CHIU TAC DUNG CUA XUNG TUC THOL
1. Phuong trinh dao dong tong quat

Khi tii weng dong vgan han tic dung lén cong trinh ma thei gian duy i i trong
Khone vuat gua 23% chu ki dao dong rieng cta kEét cau. thi 1 trong ngin han Jdo dugce
sor Lt wong xung wie thoi,

Khi he¢ chiu tic dyng cua xung (e thai, nghia 1a ten hé kKhong ton i sy cd mat cua
tai trong domg. He dao dong duge L do he da nhan duoc mot vin (6¢ nio dd mi tii trong
xung truvén cho hé. Viviy dang dao dong ¢ia he dudi tic dung cla cidc xung tic thoi i
dang dao dong tr do. Nl dd bict ¢ phan trén, phuong trinh dao dong e do trong ciic
hrwong hop xét dén va Khomg x¢ér dén anh hudng coa Jue can duoe viét theo cong thike

“n
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(1-86) va (1-45). Trong cdc cong thitc dé, néu xem rang: tai thoi diém xung tic dung, do
véng tinh ban dau bing khong (y(0) = 0), thi vin dé & day 13 phai di xé4c dinh 16¢ do ban
dau v(o) trong trudng hgp nay nhu thé nao.

Thoi gian duy tri tai trong rat ngén, nén tic dung cha tai trong lén he s€ thay bang tac
dung cla xung luc S duge xic dinh bang dién tich biéu d6 tai trong theo thai gian
(hinh 1.30a)

G

S = [P(t)dt (1-154)

o
P(ti y()\\

/AR
L -t

0 0 1 ° W____-
/ff
a) S b}
P
-

-~
-~
o~
Hinh 1.30
Theo guy luat Niuton
P = My(H = M
dt
Suy ra: Mdv = P(t)dt (1-153)
Tich phan hai vé dang thic (1-155), ta duoc:
['Mdv = [JP(Odt, hay:  MV(0) - Mv(0) =S (1-156)
Viv(o)=0, nén:
S
vid)= — (1-157)
)] v

Thay diéu kién ban dau, t = 0, y(o)=0, v(o) = _I\SE vio (1-45) ta duge phuong trinh

dao dong cha hé mot bac wr do chiu tic dung clia xung tic thoi trong trudmg hop khong
xét 161 luc can:

y(t)z-MS—sin(ot (1-158)
®
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Phuong trinh (1-158) 14 phuong trinh dao dong diéu hda véi bién do:
_ S
Ymax = Mo
Khi xét dén anh huong cla hyc can véi trudng hop luc can nhé, phuong trinh dao dong
cta he dugc viét theo cong thic (1-86) véi céc diéu kién ban diu nhu & trén, trong do:
A=\/yi+(v“+msy“J=i"-= S
o, o, Mo

C

8

- l y{! —
Y arc g V(} +0)8)’U
Phuong trinh dao dong:
y(ty=e ™. sino_t (1-159)
OJC
Khi S =1, biéu thitc (1-159) ¢6 dang:
F()=e"". sino t (1-160)
®

Bi€u thic (1-160) duge goi 1a dao déng cha hé chiu tic dung clia xung dom vi. Trén
hinh 1.30b m6 ta d6 thi ctia ham y,,.

Néu xung tic dung vao h¢ khong phai théi di€m t = 0 ma tai thoi diém t = 1, thi
(1-158) s€ ¢6 dang:

?(t)=—£—msinm(t—r) (1-161)

Trén hinh 1.31 mé ta d6 thi cha ham vy, nay

b y(t) ‘

1 112 T

Hinh 1.31

2. Tai trong tinh twong duong P,,

Trong tinh todn dong luc hoc cong trinh dé xdc dinh céc gid trj 16n nhat cha not luc va
chuyén vi trong két cdu, ngudi ta thuong phdi tinh qua mét tai trong tinh twong duong
VO tdc dung ciia tdi trong dong lén két cau.

Tai trong tinh tuong duong 13 tai trong gay ra bién dang bing bi¢n dang cuc dai do 1ai
trong dong gay ra.
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Ki hiéu tai trong tinh tuong duong P,;. Chuyén vi cuc dai cla hé mot bac ty do dugce
tinh qua tai trong tinh tuong duong la:

P
},rnaxzall'l:,ldzﬁ'j (17162)
Suy ra: Py=2"%  Hay: P =K.y, (1-163)

6I 1
Sau khi xdc dinh dugc tai trong tinh tuong duong, bai todn duge tinh nhu bii todn tinh
chiu tdc dung cla P Trang thdi img suat bién dang cha hé lic nay twong duong véi
trang thdi tng svat bi€n dang 16n nhat khi hé chiu tic dung ciia cac dang tai trong dong.

* -~ - I T - -~ — Ly S L - b ~
Khi h¢ chiu tic dung cha xung tic thoi, ta di bigt: y_, = Mo Thay gia trt nay vao
0

(1-162) ta dugc:

b 5 1 _ So
T Mo 5, (Mw?).8,,
Do d6: P, =S (1-164)

Ciing cédn thay thém rang: Khi hé chiu tic dung clia xung tifc thi, tdi trong tinh twong
duong chinh bing luc dan héi I6n nhat tinh theo (1-163), hodc bang luc quén tinh 16n
nhdl dat vao khéi lugng:

Luc quédn tinh:

13’q (t)=-My(t) = i—wz sinmt = So sin ot
Mo

Do dé: qu‘”‘ =So. Két qua nay ding véi cong thic (1-164)

3. Mot so thi du:

Thi du 1.7: Xac dinh mé men uon 1én nhat trong dam don gian cho trén hinh 1.32a.
Tai trong dong tdc dung 1én khéi lugng ¢ quy luat thay d6i theo thdi gian cho trén hinh
1.32b. Cho trudc: E = 2,1.10%N/cm?, J = 100cm®, 7 = 2,5m, M = 0,01kNs*/cm,
P =50kN. 8 =0,05.s.

at

at b)
Hinh 1,32

- Xéc dinh tdn s6 dao dong riéng clia hé
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1 ] A8EJ 48.2.1.10* 107 |

m= = = 2 = 3 a ) = 25,4 =

M3, ’ N MI 2,5".10°.10 S
48EJ

- Chil ki dao dong riéng cua hé:
_2n 2.3,1416

T= =0,247.5
W 254

6
-Tinh ti s6 =-:
inh ti s6 T

=— ‘7=0.202<2S%

- X4c dinh tai trong tinh tuong duong t heo (1-164):

P,=S.0= sz.e_ o= 50'2’05- 25.4 =125.254 =318 (kN)

_ Gi tri mo men uén 16n nhat trong dam tai gilfa nhip:

Pl 31825
X 4 -

M =159 (kNm)

Thidul.8:

Lap phuong trinh dao dong va mo ta qua trinh dao dong clia he 14n luot chiu tac dung cua
cdc xung luc bing nhau theo chu ki bang nira chu ki dao dong rieng ctia hé. Hinh 1.33a.

Lsﬁs lrsfs b §;=8
aj{

|
d)||
1

’ | ;Ih ' | :
| |
r__ T2 ] TJ”.Z__1 ,1 t|
| | |
|| | e |
oy
hS F
| | N7 ] 1 |
o) b— l & l |
| |i | l
|1 e
l
l

Hinh 1.33
Xét sir dao dong clia he & 3 khoang thoi gian sau:
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, . T : .
-Khoang 1: 0£t< 5 theo {1-158) taco:

N

v, (1) = sinmt = a8 ot;
Mo
S
a= ——
Mo

- Khoing 2: ;<i < T.theo (1-158) va (1-161) ta cé:

. . T ) ) T
vo(1) = ¥, (1) +asinew t—-i =alsinmt + s I_S =

=a[sinwt+sin(wt-n)]=0
-Khoang 3:t =T

yi(ty = y,(1) +asino (1-T) =a $1N O3 (t - %j =asinol

Trén hinh 1.33b, ¢. d biéu thi dao dong trong ting khoang thai gian, toan bo dao dong
clia h¢ duge mo 1a weén hinh 1.32e¢.

7. DAO PONG CUA HE 1 BAC TU DO CHIU TAC DUNG CUA TAI TRONG
NGAN HAN

O phan ny ta s€ khao sit tic dung cua loal tat trong dong ngan han. Khi T < 25%

thi tiac dyng cua tai trong ngdn han duge xét nhu tac dung cta xung tic that, noi dung ta
di nghién clu & $6. Dudi day s€ xét mot so dang tai trong dong ngan han trong do
= > 25% . Khi chiu tic dung cuta tai trong ngan han. trang thad) (ng suat bién dang Ion
ahil coa hé s& dat duoe trong mot khoang thoi gian rit ngdn. so vai trude khi luc tat dan
¢6 thé hap thu duge phin 16n nang iuong cua qud trinh dao dong. Vi vay khi tinh he chiu
lic dung cla tai trong ngan han s& khong X< 161 anh hudng cla lyc can.

L. Tai trong ngan han ¢6 dang hinh sin

Xét duo dong clia hé mot bac t do chiu tic dung cua tai trong dong ngan han c6 dang
hinh sin (hinh 1.34).

Pl)

Hinh 1.34




N6i chung khi chiu tai trong ngin han dac dong ctia hé s& duge tinh & hai giai doan.
Mot giai doan ¢é su duy tri tai trong dong va mot giai doan hé dao dong tu do khéng cé
S tOn tai cua tai trong dong bén ngoai.

- Xét khoang 1: 0<t<8.

Phuong trinh dao dong khi hé chiu tic dung cia tai trong diéu hoa duge xdc dinh bing
biéu thite (1-116):
P 1

y(t)= X 1—[32

(sinrt —Bsinwt) (1-165)

Xét & khoang 2: t> 0

O giai doan nay hé s6 dao dong tu do, dao dong nay phu thudc vio chuyén vi y(B) Vi
toc do V(0) & cudi giai doan 1. Phuong trinh dao dong dugc viét tuong tuf nhu: (1-45):
y(t)=Lﬁ)sinm(t—@)er(G)cosm(t—B) (1-166)
o
Dé xé4c dinh gid tri 16n nhdt cha chuyén vi theo thdi gian ta can phai ldy dao ham
phuong trinh (1-165) va cho bang khong:

m=P—mL(rcosrt—rcosm):0
d K 1-p?
Suy ra: COS It = coSmt
Do dé: n=2mntwt,n=0 +1,2,3, .. (1-167)

Ta cdn quan tam dén trutmg hop tai trong tac dung ¢4 tan s§ gin véi tin s6 dao dong
riéng cla hé (r —» o), nhu vay cdn 14y n = 1 & biéu thiic trén, déng thoi tinh vdi ddu am
khi dé:

(1-168)

Bién dé cuc dai cha dao dong duoc x4c dinh bing phép thé biéu thic (1-168) vio
(1-165). Két qua chi thoa min khi rt < 1 tuong ing véi trudng hop < 1.

Khi B > 1 su cuc dai clia dao dong s& xdy ra O khoang hal img v6i dao dong tu do.
Chuyén vi ban diu va (6c do ban diu § khodng ndy duge xdc dinh bang phuong trinh
(1-165) va dao ham phuong trinh nay vdi phép thé 18 = 7.

v,

1
0)=—2
y(0) K1 p

P

m I ~TE
v(9)=?l_ﬁ2 -{—l—cosEJ

s
(0—Psin—}
p

58



Bién d6 dao dong tu do clia giai doan nay duge xéc dinh theo (1-48) s€ bing

, Vioy 2 P - 142
o ym’+( © ] ::K(1TBZ)'B[2+2COSEJ

Do d6 hé s6 dong luc nay s& bang (khi B > 1, 1> 0)

Ki= Yo ng oS —— (1-169)
m  1-B 2

K

=

2. Tai trong ngin han ¢6 dang hinh chir nhat

Xét dao dong cla hé trong trudng hop chiu P
tac dung cha tai trong tang dot bién, sau do
giif nguyén gid tri trong mot thoi gian ngan 6 p
hinh 1.35: )

P)=P_ khit<@

P(ty=0 khi> 6 o| ; .
Ta ciing tinh hé & hai giai doan g v&i hai [
khoang thoi gian 1 S © Hinh 1.35

- Xét khodng 1: 1 <0, P(t)=P,

Dé thay rang nghiém riéng cia phuong trinh vi phan dao dong khi chiu tai trong nay
chinh 12 d¢ vong tinh:

P

m

R

Tinh dén biéu thiic nay, nghiém téng quat chda cdc hing s6 duge xdc dinh tir diéu
kién ban dau bang khong s€ la:

y(t)z%(l—cosml) (1-170)

Bidu thic (1-170) 14 phuong trinh dao dong clia h¢ & khodng dau. Dé xdc dinh gid tri
16 nhét ctia chuyén vi ta 14y dao ham biéu thic (1-170) va cho bang khong:

P
7(1) =2 . @sinwt =0
y(t) K

. T . T . . . . .
Suy ra: @t =nm, va t= HE’ vdiin=1; KZE; vi dang xét trong khoang mot, nén

=~ . 3 3 Ll hd " - - 8
t <0 do dé ta c6 didu kien dé cuc tri xay ra ¢ khoang nay la: T >0,5.
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. R P . ’
Ung vai t = —Z— dé thay rang: y[t = -';] = 2-1% = 2y, nghia la hé s6 dong trong truong

hop nay bang 2.
- Xét trong khoang 2: t > 8, P(1} = 0.
Phuong trinh dao dong ty do & khoang nay dugc viét tuong tuy nhu phdn trén (1-166).

y(t) = y(B)cosm(t—9)+—(—)smw(l—0) (1-171)
Trong dé y, V2 V(g l1a chuyén vi va téc d6 chuyén dong ctia h¢ & cudi khoang 1.

Bién do dao dong cta giai doan ndy duge xac dinh theo (1-48):

3 2
A:\j[v(e)) +y (G)Z_PE\ﬂinz[z_n.9]+[l—cosgi‘0) =
K T T
——( —cos—-@

Y max
Do dé: K, = 285 = Zgin— | vdi — <05 1-172
0 do: Ky Ve SmT[VlT< } ( )]

Nhur viy hé s6 dong thay ddi theo quy ludt sin phy thuc vdo céc quan hé T nho hon
0.5. Tir cong thitc (1-172) ta s& tinh dugc cdc hé s6 dong va cho trong bang 1.1.

Bang 1.1
0
T 0 0,01 0,02 0,05 0.1 0,167 0.2 0,3 0.4 =05
K4 0 0,052 | 0,126 |} 0,313 | 0.618 i 1,175 | 1,617 | 1,902 2_]

3. Tai trong ngan han c6 dang hinh tam gidc véi bién do giam dan
Xét dao dong cha hé khi chiu tdc dung cia tai trong tang dot bién sau dé giam tuyén tinh

dén gid tri khong trong thoi gian ngan 6 (hinh 1.36).

P(t):Pm(l—iJ khit< 0
o P
Pt)=0khit>9
Xét trong khoang 1:t < ©
Nghiém riéng cta phuong trinh vi phén giao dong A
cia hé chiu tic dung cua tai trong dong _ 9__.%

trt)

t
PW=P | 1-=]1a
© "‘[ eJ Hinh 1.36
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K 0
Tinh dén nghiém riéng nay, nghiém téng quat chifa céc hang s6 dugc xdc dinh tir diéu
kién ban ddu bang khong s€ 1a:

yx(t)=vpﬂ(1—1) (1-173)

P_{sinwt t
)= —cosmt——+1 1-174
y(1) K( " 5 ] ( )

Tuong ty nhu & phan trén, d€ xdc ddinh gia tri 1on nhét cla chuyén vi, ta cling 1ay dao
ham phuong trinh (1-174) va cho bang khong. K€t qua ta nhan duge nhu sau:

Thai diém chuyén vi dat cuc dai la:

(= 2arctgb (1-175)
o
Ung vé6i chuyén vi cuc dai
P arctgot
=22 1= 1.176)
Ymdx K [ me ] (
Tir biéu thitc (1-176) ta suy ra hé s6 dong trong trudng hop nay:
. t
K, =Im =2(1-ar° gm@] (1-177)
Yt w6

biéu kién dé xay ra cuc dai trong khoang ddu 1a thdi gian dugc tinh theo bi€u thic
(1-175) sé nhd hon hodic bang thdi gian duy tri tai trong 6. Tir diéu kién nay, ta xac dinh

0
duoc: — > 07371,
T

- Xét trong khoang 2: t > 0.

Phuong trinh dao dong tu do duge xdc dinh tir diéu kién ban dau tng véi thoi diém
cudi giai doan mot, tic 1a tai t = 0.

y(t) = y(G)cosw(t—BHﬂ?—)sin w(t-0) (1-178)
0]
Trong dé:
y(0) = " [Smme—coswe]

K
v(e)zgn_[cosm@_mej
K 4]

Bién do dao dong tu do clia giai doan nay dugc xdc dinh theo (1-48)

2
Az\ﬁﬂ(en("(e)]
61
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:p_};n- . LB \/(sinm(} — 0B cosmB) + (cos b + @0 sinwd —1)? =
P J1-cose0)? + (06 —sinwd)?
K oy,
Do dé
1- 0)% + (w8 —si 2
K, = Ymax V(1= cos 90)? + (08 - sin D) (1-179)
Y1 w0

Diéu kién xay ra cyc dai trong khoang nay la %< 0,371. Tu cdc cong thite (1-177),

(1-179) ta 1ap dugc bang xdc dinh hé s6 dong theo ti 1¢ % cta dang tai trong ngan han

nay (bang 1.2).

Bang 1.2
0
T 0 0.1 0,2 0.3 0,371 0,4 0,5 0.6 0,7 0.8
Kd 0 0,31 0.602 | 0,853 1 1,051 1,197 1,31 1,392 | 1.453
% 0.9 1 £.25 1,5 1,75 2 2.5 3 5 o
K, 1,506 | 1,552 1.63 1,689 1,73 1,763 | 1,809 | 1.839 | 1,908 2

4. Tai trong tinh tuong duong
Khi hé chiu tdc dung cla tdi trong dong ngéan han cling nhu khi chiu tac dung cua tai
trong dong ¢6 quy luat bat ki theo thdi gian, tai trong finh tuong duong duge xdc dinh tir
hé¢ s6 dong k4 va gid tri 16n nhat cia tai trong dong P, nhu sau:
Ta di bi€t cong thitc xac dinh tai trong tinh tuong duong tir (1-163):
P = K¥max

Chuyén vi I6n nhét y_,, dugc tinh qua hé s6 dong:
Pm
¥max = ¥T- Kd = TKd

Thay pia tri nay vao cong thifc xdc dinh P, ¢ trén, ta dugc:
Pld=Kd‘Pm (1'180)

Trén hinh 1.37 mo ta biéu do cic hé s6 dong k, theo ti 8 T ttng v61 mot s6 dang tai

trong dong ngan han khic nhau.
Qua d6 thi hé 56 dong vé& trén hinh 1.36 ciing nhu qua cdc bang tra hé so dong ta

thiy rang:
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He 6 dong c6 thé 1én hon, bang hodc nhd hon don vi, Ky > 1 diéu dé c6 nghia la: i
P

rong tinh tuong duong cé thé iém hon, bing, hodc nho hon gid tri cyc dai cua tai trong
dong tac dung 1¢n he.

24 | .

// /</><“’"’

., / /] //“/"\ i
L —

0.8 /

87

't

AN

-A I B ‘—5/4
|
;
/7

Hinh 1.37
H¢ 0 dong 16n nhat la bang 2.

Heé 56 dong phu thudc vao dac tinh tal trong va ti s6 —.

Néi chung véi tac dung tai trong dong ngan han (1hdi gian duy tri tai trong rdt ngan so
v6i chu ki dao dong riéng), ket cau ¢ do cing cang 1én thi hé s6 dong cang 1dn, hicu
qua tdc dung cta tai trong dong 10n k€t cau cang lon,

5. Mot so thi du

Thidul.9:

V& bidu dd ciia md men udn dong trong didm cho trén hinh 1.384 tai trong dong cd
quy luat theo thai gian cho trén hinh 1.38b cho E = 2.1.10%°kN/em®, J = 470cm’, I = 3m,
M = 0,01kNs*/cm, P, = 100kN, 0 = 0.03.s.
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Xéc dinh tin 56 va chy ki dao dong riéng cia he.

]LP(t)
- —e- -
A 12 R 8
— y
P(t)}
Pl’n
0 t b)
A S
71,325 71325 (kNm)
"
¢
2 ! v
@ 71,325
Hinh 1.38

P

2,1.10°,
19_2%1_31_?2:\/7018 =83,77-(1J
102.33,100 5

r_2m_2.314

_——___=0,7
o 8377 ~2075.(5)

. .0 " .. -
Tinh ti s6 T h¢ s6 dong, tai trong tinh tuong duong:

9 = 0'03 =0,4, theo bang 1.1 ta tra duoc hé s¢ dong: Ky = 1,902, do dé t trong
T 0075
tinh tuong duong:

Py=KgP,=1,902.100=1902 . kN

- Gid tri m6 men uén 16n nhat tal cdc vi trf hai ddu ngam va giifa nhip:
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2
M= Dol 189;'3 —71.325 (kNm)

Biéu dé mo men udh dong duogc v trén hinh 1.33c.
Thidul.10:

Xic dinh chuyén vi i6n nhat cua he k&t cau khung nh mot ting cho ¢ hinh 1. 39a hé chiu
tac dung cla tai trong song nd ¢6 quy luat thay doi theo this gian cho trén hinh 1.39b, cho
trudge; M = 3kNs’/cm, 40 ctimg dan hoi cha céc thanh ddng K = 18000 (kNfcm},
> = 4500 kN, 8=005.s.

M
M IITIITIITIIIT

K = 18.000 (kNfem)
al
x’x’Jf77Tf f‘???b?
Pt
P
b) o t
| 0 I
i |
Hinh 1.39

~ Tan s0 dao dong ricng cua he:

m:\j_-r\K—; = 8000 = /6000 =77, 46( }

Chu ki dao dong riéng cta he:

I 2.3
o 2m 23184681 (s)
w  77.46

Xdc dinh hé so dong va tai trong (inh tuong duong:

2 —{&—0(1? tra bang (1.2) duoc: K =132
T 008}

- Tai trong tinh tuong duong:

P, =K P, = 1,32 4500 = 5940 kN
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- Chuyén vi I6n nhit cua hé:

P, 5940
B 7% g,
Ymae = %~ 18000 e

$.8. DAO PONG CUA HE 1 BAC TU DO CHIU TAC DUNG CUA TAI TRONG
THAY POI THEO THOI GIAN VOI1 QUY LUAT BAT Ki

1. Dao dong cia hé trong trudng hep Khong xét t6i luc can

Trong truong hop t6ng quat phuong trinh vi phan dao dong cua hé mot bic ty do chiu
tic dung cua tai trong thay déi theo thoi gian véi quy ludl bt ki 1a phuong trinh (1-5)
véic =10

My + Ky = P(t) (1-181)
.. P(t)
Hay: V+o’y=—"F (1-182)
y y ' M .

Nghiém téng quédt cia phuong trinh vi phan trén bao goém nghi¢m thuan nhat va
nghi¢m riéng. Nghiém thuan nhat tng v6i phuong trinh vi phan ¢é v€ phai bang khong
nhu di biét & cong thuc (1-45):

Vo
Y, =¥, cosol+-—-=sinwt (1-183)
o

Day chinh la thanh phan dao déng ty do do cic didu kién ban diu y(o) = 0 va v(o) = 0
oy ra.

Nghiém riéng do tic dung cua tai trong c6 thé tim duyc trén cd s¢ sit dung phuong
trinh dao dong clia hé chiu tdc dung cba xung tirc thoi (1-158). Ta xét tai trong dong 0O
dang 16ng quit véi quy luat bat ki trén hinh 1.40, 14i trong P, c6 thé duge thay bing tong
clu cdc xung phan 1o vo clng be:

ds =P(1) . dt

P(t)
pT

|

AUAARRNARANRRARANAN

|

Hinh 1.40
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Ta xem rang tai thdi diém T trén hé chiu tic dung cia xung phén t6 ds. Po vong do
tic dung cha xung phan t6 ds nay gay ra la: theo (1-161).

Pt et —1) (1-184)
14

dy(t)=P()dr.y(l—1)=

D¢ vong toan phan do tai trong P(t) gay ra la:
1 :
1)=——/| P(t)sino{t—t)dt 1-185

y(t) Mo [ P(v)sino(t—1) ( )
Tich phan (1-185) dugce goi la tich phan Duamen.
Viy nghiém téng quét cla phuong trinh vi phan dao dong la:

y(t) =y, cosmt +—Y~‘lsinmt +i I[P(t)sinc)(t —-7)drt (1-186)

© Mo "

Phuong trinh dao dong (1-186) cé thé tim dugce bang cach giai tryc tiép phuong trinh
vi phan dao dong (1-82) theo phuong phép bi€n thién hang s6 Lagrangio hodc c6 thé tim
duoc nhd phép bién ddi Laplatxo. O day khong trinh bay cdc phuong phép nay.

2. Hé s6 dong trong truong hop tong quat va biéu thire luc dan hoi

Dé tim he s6 dong theo thdi gian ta c4dn bién ddi phuong trinh (1-185) nhu sau:

y(t)= MI > © E P(r)sinw(t-1)dt=9,,.00 _L: P{t)sino(t —1) dt
®

Neéu thay P(t) = P,, . f(t), trong d6 f(t) la luat thay déi theo thdi gian cha tai trong
dong, thi ta s&€ viét lai phuong trinh trén:

y()=38,,.P, .0 [ f(z).sino(t—1)dt

Hay : y(t) =yr.o | f(t)sina(t —t)dt | (1-187)
Ta da biét biéu thitc hé s& dong theo thoi gian (1-119)
K(t) :ﬂ
¥r

Thay y(t) & (1-187) vao biéu thiic nay ta dugc:

K(t)=o | f().sino(t - 1)dt (1-188)
Hé s6 dong: K4 = Y max , do dé:

¥t
Ky = K@Omax = (o [} f(2).sino(t-1)dr) (1-189)
max
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Chuyén vi ciia khoi lugng néu viét theo hé s6 dong hoc theo thoi gian:
y(1) =y . K(t) (1-190)
Tt ¢4 céc dang tai trong dong ngan han da xét ¢ §6 va tai trong diéu hoa da xét g §4.
Péu la cdc ham ¢ quy luit nhat dinh theo thoi gian. Cong thiic xac dinh hé so dong
(1-189) ¢ thé ap dung doi véi tat ca cdc dang tai trong d6. Duéi day chi xét tic dung
clia mot s& dang tai trong dong.
3. Tac dung cia tai trong dat dot ngot, sau do gilt nguyén gia tri trén hé (hinh 1.41)
| P(t)

1 P

I J———

Hinh 1.41 Hinh 1.42

Trong thuc 1€ khi cong trinh chiu tdc dung cla cdc séng xung Kich do cdc vu né hat

|

i

nhan ¢6 thoi gian duy tri tai trong 0 16n gap 15 lan chu ki dao dong riéng cha ket cau, thi
bicu dé (i trong dong thay déi theo luat hinh tam gidc (hinh 1.42) ¢6 thé bd qua thoi
gian giam tai va tinh theo biéu d6 trén hinh 1.41 boi vi trong truong hop nay. bi€n dang
cuc dai clia hé xdy ra & ngay giai doan dau khi tai trong tac dung.

Chuyén vi cia hé tinh theo (1-185):

| )
v(l) = e L P, .sino(t—t)dt=

P a sino(t-1)do (t-1) P
— _m _ = {l —cos wt}
Mo * Y Mo?

Biéu thitc luc din héi dugc xdc dinh tir tich cua do cing vi chuyén vi dong:
P, =K.y(1)
Thay y(1) theo (1.185) vao biéu thic trén:

1 :
P, ()= K.m f‘Pm‘sm(n(t —~T1)dt

Bi¢n déi. ta dugc: Pty =P .K() (1.191)
Véi K(1) 1a hé s6 dong hoc theo thoi gian duge xdc dinh theo (1.138)
Tai trong tinh tuong duong Fa luc dan hoi 16n nhit tac dung 1én he :

Py=P, K, {1.192)
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Hay : y(1) = yp (1 - cose 1) (1-193)
He s6 dong hoc theo thdi gian xdc dinh theo (1-188), véi {(r) o day bang don vi: f(r) = 1.
. 1—cos
K{t) = j[: Ilsino(t-rydt=w Iocos ot =]l-cos ot
©
Dé thay ring hé s6 dong: Ky =K jmx =2 (1-194)
Néu vict bidu thic chuyén vi clia khéi lugng theo cong thiic (1-190) ta cling nhan
duge két qua nhu phuong trinh dao dong (1-193).
Dao dong ciia hé duge cho trén hinh 1.43.
Tuong ty nhu xét dao dong tu
do khi ké dén trong lugng ban y(t)
than (1-67), ¢ phuong trinh Ymax = 2¥7
(1-193) va d6 thi trén hinh 1.43
ta thiy: Dao dong cudng biic cua iy 2l Skl by s —-

hé chiu tai trong dat dot ngdt sau IYT / \
dé giit nguyén trén hé la dao _J

dong tu do quanh vi tri cAn bang : T |

méi, cdch vi tri can bang ban dau

mot khodng y va vdi bién do Hinh 1.43

ciing bang y-
4. Tac dung cua tai trong dot ngot, sau dé gilr nguyén gia tri trong mot thoi gian
ngan hinh 1.35

1khit<86

P(1) P khit <0 tuong ung ta cé: f(1)
= 1 a co: =
g ung 0 khit>6

0 khit>0

Khéc v6i cach trinh bay & §7, & day s€ tim phuong trinh dao dong cta h¢ va xdc dinh
hé s6 dong tir hé s6 dong hoc theo thoi gian K(t).

- Xéttrong khoang 1:t €0
Hé s6 dong hoc theo thoi gian duge xdc dinh theo (1-188)
K{ty=o L: f(risino (1-1) dt=o _[l} I.sino(t —7) dr = (1 —cosot)
Phuong trinh dao dong cua hé trong giai doan nay:
vy =y Ky = % (1 —cosmt)
K&t qua nay hoan toan ding voi cong thic (1-170) ¢ phin trén.
Pé tim hé s6 dong K, ta tinh dao ham ctia K(t) va cho bang khong:

K, (1) = wsinot = 0 khi ot =nn
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s T .. L T
Suy ra: U =11 PR lan ther nhat U o = >
Vi dang xét reng khoang 1 nént ., <0 do do
T 0
— =0 . hay: = =05
3 . hay T
\ T 3 ) :
Tar ty,,.. = 5 - K ()=n"coswot <0, ntn K, (t) dat cuc dai

( s e . . . .
Quan he T >0.5 chinh la diu kién dé cuc dai xay ra o khoang mot.

. iy T )

Ung vai Lo = £ ta ¢co: Ki=Kit),, =2

- Xét trong khoang 2 :t >0

Khi tinh tich phan h¢ s& K1) tir khong dén thai diem 1 6 giai doan nay, ta phan ra hai
tich phan: tich phan tu 0 dén 0 tuong tng v6i ham f(t) = 1. va tich phan tir 0 dén t tuong
g vol haum {1 = 0.

Kiti=w Ll] [(tisine(t—-1)dt=w jﬂ[{: lsimo -1 dt+0=

=cos o {t—(—cosmt = ZSilﬁ%sin m[l - g]

K,(1)=0khi o (l —%] =% . lan tha nhat;

T 0 e e R .
= = - +- . Vagiari nady K, (1) <0, vado dé:
202 42 “

K

i

ERNCLE (T 6 8 . o)
= K, (1) = 28in — s o .\_._ 575 2sin 3
Gid 11 hé 56 dong nity hoin todn ding voi cong thtie (1-172) da ¢d ¢ phan trén.
Phuong trinh dao dong cua hé trong giai doan nay:

-

> ; )
vo{i=y, Ky(th=2 I% sin ? S1I1 ) (1 —%J

Kt xét dao dong cua hé xay ra & khodng 2 nguii ta con ticn hanh bing phép thém bt
tai trong. Tai thoi diém mat tai t = 6, s& dit thém hat tai trong ¢o gid o} bang P, nhung
nguge chicu nhau (hinh 1.44) 14¢ nay dao dong clia hé s€ buo gom: dao dong do tdc
dung cua tdi trong P, dil xét & khoang mdt v dao dong do 14i trong - P, bt diu tai thoi

diem 0, két quit ta ciing nhan duge ding véi cde bicu thite & cide phan trén.
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b P(t)

| e,

P HH“‘I

Hinh 1.44

5. Dao dong cua hé trong truong hop ¢6 cuc can
Trong trudng hop tong quat hé cé xét dén luc can, phuong trinh vi phin dao dong la
phuong trinh (1-5): ]
My + ¢y + Ky = P(t), chia ca 2 vé cho M:
.. . > P(t
y(t)+2mey(l)+m‘y(l)=% (1-195)
Nghiém riéng cta phuong trinh vi phan ndy duge tim trén co sd sir dung dao dong cua
hé chiu tic dung ctia xung tic thoi tuong tu nhu & muyc trén. Tai thoi diém < trén bigu d6
tai trong dong theo thai gian P(t), ta tich ra mét phan (6 tai trong:
ds = P(t)dt
Phan t& tai trong nay gy tic dung xung lén hé tai thoi diém t. Dg vong do xung phin
16 d6 gay ra dugce viét theo (1-161):
P(t)dt_ o TUEl=T)
Mo

i

dy(t) = P()dt.¥(t-1) =

S (t—1)
Do vong toan phan do tai trong P, pay ra:
1
yi)=—— II P(t)e™ """ " sin o (1—1) dt (1-196)
Mo,

.

He 56 dong hoc thay déi theo thai gian trong truong hop nay la:

K1) =2 [ (1) ¢ " sino, (t-1)dt (1.197)
w.
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Khi diéu kién ban ddu khic khong y(o) # 0, v(o) # 0 ta phii ké dén thanh phin dao
dong tr do do diéu kién ban ddu gay ra. Nghiém t6ng qudt cia phuong trinh vi phan dao
dong (1-195) s€ la:

ot WEY, +V,
y(ty=¢™" {yo cos .t +—2>—2 sinw.t |+
w
c
1 el .
+ j‘; P(1)e "7 sin o, (1—1) dt

Phuong trinh nay tuong duong véi phuong trinh (1-186) khi tinh hé khong dén anh
hudng cua luc can.

6. Xac dinh tich phan s6 Duamen

3 céc phan trén ta di xét cic trudng hop dao dong cudng birc khi tai trong dong tdc
dung P(t) ¢é thé biéu dién dugc dudi dang giai tich va da nhan duoc nghiém 16ng quat
duéi dang cdc tich phan truc tiép (1-186) hay (1-197). Trong da s6 cdc tru0ng hop thuc
1€ tai trong dong duge xdc dinh truc tiép tir két qua cia cdc s6 ligu thi nghiém do duge
vi dao dong trong cdc trudng hop nay s& dugc tinh bang cdc phuong phép s6.

St dung cong thic luong gidc:
$in (@t - @T) = SINMICOSMT - COSOTISINMT

Ta s& viét lai tich phan Duamen (1-185) & dang sau (khi di¢u kién ban ddu bang
khong):

1 1 1 !
ty=smot— | P soTdr—coswt—— YTysinotd
y(i) =snw Mo L (t)coswTdr—Ccosw Mo Jo P(t)sinwtdr
Hay:
y(t) = A(t).sinwt — B(t)coswt (1-198)
Trong dé:

A(l)zML J.[ P(t)coswtdre
1‘“" X (1-199)

[ .
B(1) :M— L P(t)sinmtdr

©

Nhu vay viéc xac dinh tich phan Duamen s€ dan dén viée tim cdc tich phan A(t) va
B(t). Pé xdc dinh cdc tich phan nay ta diing cc phuong phdp gan ding. Gid sir can tich
phan A(t) cua (1-199). Dat:

[(t)y=P(t).cosmt
\ L o
Thi: A== f, f(tdt (1-200)

Chia khoang cin Iy tich phan thanh nhiéu doan c6 khoang cich déu nhau va bing At.

Gid tri cde dai luong P(1), coswT v gia tri clia him (1) tng véi cdc diém chia duogce xdc
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dinh (hinh 1.45). Tich phan cin tim J'Ol f(t) dt chinh la dién tich cia dé thi vé duge trén
hinh 1.45¢.

P(r)

a0 | ot

tr-
-
=
-
=3
ral

Cosmt

b)

COSAT 4}
COStZAT
cog /

At (At | At

- e

Hinh 1.45

Néu xem ham s6 [, bién thién theo quy luat dudng thang song song véi truc t tirméi tung
d thi ta ¢6 the diing cong thitc gan ding don gian sau dé xéc dinh tich phan (1-200):

[ fdt=AT[f, +£ + £, +...+ £, 5+f, ] ()

Neu xem ham f,;; bién thién theo quy luat dudng thang noi gifta hai tung do ta c6 thé
dung cong thifc hinh thang:

. A
[ f(t)dr:?;[fo+2(f, 44 )+E) (b)

(2 (f, +f, +...+f ;) +1,]
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Né&u xem ham () bién thién theo quy luat parabol di qua 3 tung do cua cdc doan chia
k& ti€p nhau, ta cé thé dung cong thitc Simpson (vdi doan chia la chan).

rh M[f“+4(f1+f3+...+f“_, 426, 41, 4ot B )+ ] (c)

T :T

Trong ciac cong thic gén ding trén cong thirc Simpsdn cho két qua chinh xdc hon, néu
diing cong thitc Simpson véi s6 doun chia bing 2 ta s& ¢

L‘: f(t)dt = -"'}31(1‘[, +4f, + 1)

Ap dung cong thic nay vao hiéu thitc (1-200) ta duoc:

Ag= G (f, +4f, +13) (1-201)

At
Tr do: G= 1-202
rong do Mo ( )

Bidu thiic tich phan ddy du khi tinh dén thdi diém t bét ki bao gom bic¢u thirc Simpson

tinh véi hai doan chia coa thol diém t, va gid tri tich phan trudc d6, nghia la:
AW = G[A{ —2AT)+ (f(t - 2AT) + 4 f(t = AT) + T(1)] {1-203)

Tich phan B(t) cia (1-199) hoan toan duge xac dinh tuong ty nhu véi tich phan Ay,

Thidul.ll: '

Tinh dao dong cua thap nudc chiu tic dung ciia tii trong do séng nd cho trén
hinh 1.46. Xac dinh cdc chuyén vi va luc din hoi tuong ing theo thdi gian. Cho trong lugng
clia thap G = 43,7 kN, do ctmg dan hoi clia ¢ot thap K = 402 kN/cm, P, = 43.7kN.

J A1) SA—

[
P(t) P{Y)
G ._/1/—
Pl
i
|
|
K = 402 kNicm 1
' — 1
0
00255 | 00258 |
i |
Py, T
aj b)
Hinh 1.46

Ta chia thisi gian ra 10 khodng vai A = 0,005.s. K&t qua qudé trinh tinh todn cho &
bang (1.3).
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Xic dinh tin s6 dao dong riéng

o= Ez\/K'g :\/402'98‘ = J902.43 =30 [1]
5

M G 437
Xic dinh hé 56 G theo (1-202)

At At.eo 000530 1 .
- _Are DOD.Y 543107 (o
Mo - 3K 3402 (cm/kN)

D¢ tien tap bang ta dua vio ki hiéu:
A(t) = F(1 = 2AT) + 4 (1~ AT) = [(1)
A(l) = A(t=2AT)+ A1)

Nhu vay: A(D)=G. A

Sau khi k€ thiic su tac dung ciia tai trong, hé s& chuyén sang dao dong tu do. Cic dai
luong A(t) va B(t) tai théi diém ké&t thiic tai trong tdc dung chinh a cdc h¢ s6 cua phuong
trinh dao dong tr do. Néu ki hiéu cdc hé s6 clia gid tri tich phan d6 1la A* va B, thi dao
dong tu do dudi tac dung cua tai trong no s& 1a:

y()= A*sinot -~ B*cosmt, va bién do dac dong

Ymas VIA®) +(B%)°
Trong trudng hop xét dén anh hudng cia luc can, do vong do tai trong gay ra duge
xac dinh theo (1-196):
1

Mo

v

y(t) = LI} Pityre M sinm(t—t)dt

Viée xic dinh so tich phan Duamen duge 1ién hanh véi cde tich phan A, va B, ¢6

dang sau:

t ’EZ{‘!‘E
Aty = Mo L P{1) C‘T cosm, Tdt
‘ (1-204)
] t LEOT
B(t)y= J P(1) —— .sin o 1dt
M(J}L,_ 0 ci.f'}l

Néu dung cong thite Simpson tuong tu nhu bicu thite (1-203) véi trudng hop ¢6 luc
can ta cd:

A = {A(t=240) +[ P(t=287). cos o (1-287)] ¢ +

AT

+ 4P(1 - AT) . cosw (t ~ AT e L P(cosw t } ; (1-20%)

(VI
%
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Bang 1.3
T 0.00| 0,005 | 0,010 | 0,015 | 0.020 | 0.025 | 6.030 | 0.035 | 0,040 | 0.045 0.050

P(1) 0 | 8752 | 175 | 2625 | 350 | 437 | 350 126256 175 | 875 | o
sin o1 0 | 0.15 { 0255 | 0.435 | 0.564 | 0677 | 0,783 | 0.870 | 0.932 | 0.976 | 0.997
cos T 1 | 0989 | 0.955 | 0.901 | 0,826 | 0,736 | 0.622 | 0493 | 0363 | 0.220 [0.0715
P(tycos wt | o | 86.56 | 167.1 123656 | 289.1 3216 1 2177 | 1294 | 6352 | 1925 | 0O
Hesooo 4 4 | 4 1 4 1 4 1 4 1 4 I
aPlticos o1l o o464 167.1 | 946.24 | 2891 12864 | 2177 | 5176 | 6352 | 77 0
798,55 140,5

A1) 513.3 1402.4 17932

Alt) 0 513.3 1915,7 3708.9 4507.4 4648

All) 0.0638 0.02381 0.461 0.56 0.578

Plvysinat | o | 1313 | 5163 | 11421 | 1974 | 29585 | 274.05 | 228.43 1631 | 854 o
Hesoa ||y L 4 !

4 1 4 1 4

GFsinoT |6 0 5o 5 | 5163 | 4568 | 1974 | 1 1834 | 7405 191372 163,01 | 3416 | ©

B(1) 104,15 705.83 1654.85 1350,87 504.7

B(1) 0 104.15 810 2465 3816 4321

B(1) 0.01295 ¢,1007 0.306 0.474 0.537
AU, sinwt | O 00188 001343 0,361 1 0.522 0.576
B(D), cos wt | O 0.01237 0.0832 0.19 0.177 0.0384]

y(t) cm 0 0,004 0,051 0.171 0.35 0,537
Fd =Ky (kN)| O 2,57 20.54 68.74 140.7 216.11

D6 chinh xdc cha nghiém phu thuge vao gid tri chia bude thoi gian At; thong thudmg

T L. e , . X
chon At < 0 s€ cho phép cac két qua tinh todn thoa min do chinh xéc véu cdu.

T lai, tr nhitng not dung dieoc trinh bay & wén, ta 6 thé dica ra trinkh ne tink todan
hé mot bde ne do chiu tae dung ciia 1di trong déng nhue sai:

I. Xdc dinh tham s6 cua tdi trong dong, wic 12 ta phai biéu thi duge quy luat cia tai
trong dong thay ddi theo thdi gian, hoac ghi duge cdc s6 licu tai trong dong theo cic
bude thor gian:

2. Xac dinh cdc dac trung dong hoc va tinh chat dan héi cuia két ciu cong trinh: Tir so
dd ket cdu va khoi luong ta xde dinh dugc chuyén vi va do cung cua hé, sau dé xdc dinh
dugc 1an 56 dao dong rieng va chu Ki dao dong riéng.

3. Xdc dinh tdi trong tinh twong duong tdc dung 1én hé: 3 trudng hop

- Vi tdc dyng cua xung tic thoi:

-

6
Py=S.®, ung véi trudng hop khi T< 25%
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- Véi tai trong ngin han:

: .0
P, =K - Py, tng vai trudmg hop kht T 225%,

Trong d6: He s6 dong K dugc tra theo bang 1.1, 1.2 hoac 46 thi hinh (1.36).

- Vi tai trong dong cb quy luat bat ki

P, =Ky . Py, trong dé: Ky = K(max
Va: Kity=m j‘:‘ f(t)sino{t-t)dt
Khi h¢ chiu tic dung cua tai trong diéu hoa:

|

r
= —— T dé: =—
d l—ﬁ2 rong do ﬁ N

4. Tinh not luyc va chuyén vi trong hé chiu tac dung cua tdi trong tinh wrong duong P

da xac dinh & budc trén nhu hé chiu tii trong tinh thong thuong.

Khi tinh dao dong cua hé bang phuong phép s6, chuyén vi va lyc din hoi cha hé s&
xdc dinh tuong tmg véi cic budc thdi gian trong qua trinh hé dao dong dugc ti€n hanh
theo céc bude cho trén bang (1.3) doi v6i hé khong xét dén anh huong cta luc can; Khi

xét téi luc can, cde bude tinh cong 1i¢n hanh wong .
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Chuong 2
DAO PONG CUA HE CO HOU HAN BAC TU DO

Trong thue 1€ tinh todn Ki thuat ta hay gap bai todn tinh h¢ dao dong hitu han bac
do. Dé tién 1gi cho viéc biéu thi céc phép tinh va dp dung dugc cong cu mdy tinh dién t,
trong chuong nay s€ trinh bay cdc noi dung dudi dang ma tran. Viéc sir dung ngdn ngi
ma tran trong co hoc da trd nén ngay cang rong rii, bi€u hién 0 viéc ap dung cac phuong
phép tinh nhu phuong phdp phan tir hitu han, phuong phdp ma tran chuyén tiép va nhicu
cac phuong phdp gan ding khéc.

§1. KHAI NIEM VE MA TRAN CUNG VA MA TRAN MEM

Xét he dam hinh 2.1a tai cac vitri 1, 2.0 heé chiu tc dung twong dng cia cic luc Py,
Py .. P

£ n-

Chuyén vi tai vi tri k duge xdc dinh theo nguyén li cong tac dung:

Y =8 P+ 8o Pyt + B P+ oot 80 P
k=1,2,..n;

Hinh 2.1

Viét cho tal ca cac vi tri ta o
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y, =8P +8,,P, +...+3,,P

In*n
yZ :SZI‘PI +622P2 +...+62npn (2_1)
Yn :8nIPI +8n2P2 +"'+6nnPn
Ta viél phuong trinh (2-1) & dang ma tran:
¥i 8, B - by, P,
Y2 _ 8; O8p . Oy, P,
Yn 6nI 8:12 6rln pn
Hay: {vi=[F]{p}
Trong do:
¥y B
a P
fyp=it, (ph=1 2-2)
¥n P
8); O In
3 3., 3
[F]“ 21 22 In 2-3)
6nl 8n?. 6nn

{Y} - véc to chuyén vi;

{P} - véc to tai trong tdc dung.

[FI duge goi 1a ma tran mém. Céc phan tir ciia ma trdn do mém 8, , (k = 1. 2. ... n
m = 1, 2, ... n) la cdc chuyén vi don vi duoc xdc dinh trén hinh 2.1b. Vi §, = 8_, nén
ma fran {F] 1a ma trén déi xing.

Nguoc lai ta c6 thé viet:

Pi=1y +1,y, ++1,y,

Py = 1yy, + 1y, +.4 1Y,

Pn =TInY +rn2y2 +"'+rnnYD

Hay =[] i}

(2-4)
I Tz - hy
Trong dé: [K]=| ™2 = B (2-5)
rn! rn2 i
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Ma tran [K] ducc goi 1 ma trin cing. Cic phan ur cda ma tran do cimg r,, (k=1,2. ...
m =1, 2....n) goi [a hé s6 do cing, La lyc tuong tng & 1oa do k do chuyen vi don vi tai toa do
m gay ra. (Xem hinh 2.1¢). Vi, = f, nén matran 1K) 1a ma tran doi xing.

Dé thay ring ma tran do cimg [a ma tran mém nghich ddo va ngucc lat:

- -1
[K]=[F]", [F]=[K]
Diéu nay nhan duge do viéc nhan trdi hai vE cla (2-4) vai (K] r6i the vao (2-2) hoac

nlidn tri hai v& cia (2-2) vai [FT' roi the vio (2-4).

$2. XAY DUNG PHUONG TRINH VI PHAN DAO PONG HE HUU HAN BAC TU
DO THEO PHUONG PHAP TINH

Xét hé ddm ¢6 n khoi lugng tap
trung. He chiu tic dung cua tai
trong dong P (1), Py(0)...P (). Bo
qua trong fugng ban than dam khi
dao dong. vi tri cua moi khoi luong
dugc xdc dinh bang mot thong s6
1a chuyén vi theo phuong dimg. V1
vay he ¢ n bac ty do (hinh 2.2a). a)

Trude hét ta xét trudng hop bo
qua dnh huong cta luc can. Ta s¢
viél phuong trinh can bang lyc vii T
viée sir dung nguyén li Dalambe,

"

P,
< AN t K
trong d6 céc luc dat vao khoi lugng W

bao gbém: 1ai trong tdc dung. luc P
quén tinh va luc dan héi hinh 2.2b.

w4

. ; IHinh 2.2
Phuong trinh can bang luc doi

véi khoi lugng tha K
-Py g+ P a =R (2-6)
Trong do:
Poy=- My (1)
Pog=ra¥ tho Yot o+l ¥y
Thay c¢dc bicu thic nay vao phuong trinh {2-6) ta duoc:
my ¥ (O + (1 ¥ F oY, + ot Y, ) = B -1

(k=1,2...,n)
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Phuong trinh (2-7) dugc viét cho tét ci cdc khai lugng cua hé nhu sau:

m, ¥, + (1, +105Y, +eeth,Y ) =B

M5 V5 +(l ¥, + 1Y,y + T Y, ) = Py(t)

(2-8)
m, ¥, 40,y +1,Y; tt 0,y ) =D(1)
Ta viét hé phuong trinh (2-8) ¢ dang ma tran:
fm, 0 .. 0] R T T T A £ JPl(I)
‘(} m, .. 0 jﬁ:,_LL Ly By o Iy, Yol _ JPa(D)
AR A
Hay ¢6 thé viét gon hon:
MY} +[K]{Y (O} ={PW)} (2-9)

Trong dé: [K] - ma trin do cling xdc dinh theo (2-5); [M] - ma tran khoi lugng hay ma
tran quan 1inh ([M] [a ma tran chéo):

{m, 0 0
(M] = 0O m, .. O 2-10)
o .. .0 )
0 m,
Va:
(9,0 y (0 P, (1)
.. ""} 1 t P’ t
1¥}= 720 YWy = Yot (P} = (0 (2-11)
¥, (0 lya (O P, (1)

Phuong trinh (2-9) goi 1a phuong trinh vi phan dao dong cta hé n bac w do viét dudi
dang ma tran.

Khi ké dén anh hudng cia luc can, phuong trinh (2-9) s€ la:
[M]{Y o} +[C] {Y}+[K]{ YD} = {P(}} (2-12)

Trong d6: {C] - ma trdn can, hay ma tran tat dan:

C1I ('13 Cln
C1| Cony Ca

(Cl= = " (2-13)
Ch Cni Cnn_l
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Cdc phén tf cla ma trén (at ddn ¢,,, goi 1a cdc hé s anh hudng tit dan, 1 luc tuong
ung véi toa do k do tée do chuyén dich don vi tai toa do m gay ra.

y (D)
: oty o C L
{Y(l)} =< " la véc ta toc da chuyén dich ciia hé.
Vall)

Phuong trinh (2-12) chinb ta diéu ki¢n can bang tinh hoc cia cd heé:

{-P, (0} + {P.(0} + {Py()) = {P(D)} (2-14)
Trong @6 luc qudn tinh, lyc can, luc dan héi lin luot a:

P, )= [M] ¥ )] (2-15)

p.of=[cl{ym) (2-16)

Pt =K1 {Y(D} (2-17)

Phuong trinh (2-12) con goi 1a phuong trinh vi phan chuyén dong ¢ dang thuan, Viét
mot hang cia hé ndy ta ¢6;

n n
my ¥, (D+2 cy¥ i (0+ 3 1,y,(0 =P (0 (2-18)
i1 1-1
Phuong trinh vi phan chuyén dong con viét duge & dang nghich nhu sau:
n n n
¥+ Sy m ¥+ 2 S Fi =2 3P (1) (2-19)
i- 1=t i=
Hay:  y (0+38,[m ¥, ()+P, (0-P ()] + Op 2 [ML ¥, (D+ Pty — Pty +
+ ot Oy [m ¥ (O+P (O-P (1)]=0
Khi xem lye cin theo gia thiét lue can trong fi dan héi cia Xérokin (§4 chuong 1),
phucng trinh vi phan chuyén dong 2-18 s& ¢6 dang:
. RS
mkyk{l}+[1+l—]z g ¥ (U =P (2-20)
L j=t ’
Trong do: O - do suy gidam loga.
Viec tinh luc can theo gia thiét Xorokin sé 1ao nén luc cin téng hop la ding thiic

tuy¢n tinh vé6i lue dan hoi. Biéu d6 cho phép kha ning tinh dao dong cudng bic cia hé
v6i lye can trong fi dan hoi trong pham vi 1 thuyél tuyén tinh.

§3. XAY DUNG PHUONG TRINH VI PHAN DAO PONG HE HUU HAN BAC TU
DO TUNGUYEN LI HAMINTON

Co the dp dung nguyén 17 bién phan dong hoc Haminton d¢ thiét lip phuong trinh vi
phan dao dong cia hé hitu han bac tr do thong qua phwong trinh chuyén déng Lagrang -
Trude hét ta s€ xay dung phuong trinh chuyén dong Lagring tr nguyén li nay,
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1. Phuong trinh chuyén dong Lagrang
Bi¢u thitc clia nguyén i Haminton nhu di biét & phan ma dau (M-6)

28T -Uydit+ [ 3Rd1=0 (2-21)

Trong dé: 8T, SU 12 bi¢n phan dong nang va bién phan th€ nang cua hé, 8R la bién
phan cong phén 16 cha tai trong va luc tat dan.

Dai voi da s6 cdc hé cd hoce va nhdt 14 cac hé két cdu xay dung, dong nang cua hé co
thé biéu thi qua cdc toa do tdng qudt va cac dao ham bac nhdt cua chiing theo thdi gian;
con thé nang cha hé chi bidu thi qua cdc toa d6 (chuyén vi) t6ng quét. Bién phan R co
thé bidu thi qua cdc haim tuyén tinh déi véi cdc bien phan cla cac toa do tng quat:

T=T(, Yaur ¥ Y15 Y20 s ¥
U=U(Y, . ¥s s V) b (2-22)
SR=R,dy, +R,dy, +..+ KR 0y, c

Trong dé cdc he 56 Ry, R,,... R, 13 cdc ham luc t8ng qudt tuong tng véi cdc toa do y,
Y2 ¥n
Thé cic biéu thitc (2-22) vao phuong trinh (2-21) ta dugc:

2 T < aT . .
L“{[%Sy, + -——08Y, +...+£e)yn + —— 9y, +£6y2 +.+
oY |

: dy, Y, 3y,
+ G{T—E)ynJ+[E5y, +0—U6y, +...+£_U—6ynJ+
3, oy, dy, 7 Ny
+(R, 8y, + R,8y, +... + R, 8y, ]dt=0 (2-23)
L4y tich phan timg phan déi vdi cdc s6 hang phu thude vao toc do & phuong trinh trén:
j [[T L [ﬂl by, . 229
Loy, 0y, y ot oy,

Thiinh phan dau tién & v¢& phai ctia phuong trinh (2-24) bang khong viz 8y, (1)) = 8y, () =0
Do dé phuong trinh (2-23) duge viét lai sau khi thé (2-24) vao phuong trinh dé:

n 5 :
IR S DA 8 L I P P 225)
" 1 i L aldy) dy; 9y,
Vi 14l ¢d cdc bién phan 8y, (1 = 1, 2, ..., n) la Wy ¥ nén trong trudng hop 10ng quit

phuong trinh (2-25) s& théa min khi biéu thic trong ngoac bang khong, nghia la:

a(ar} ar U

2= R. 2-26
ot \ dy, ( )

- =
d; oy
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Phuoug trinh (2-26) 13 phuong trinh chuyén dong Lagrang. Phuong trinh nay la ket
qua st dung truc ti€p nguyén li bién phan dong hoc Haminton, trong d6 céc thanh phan
mo ta bién phan ham nang lugng va cong cha luc ngoai va tuc giam chén dugc biéu thi
qua cdc toa do tong quit va cdc dao ham cha ching theo thoi gian.

Phuong trinh Lagrang dugc dp dung rong rai trong nhiéu linh vuc khoa hoc va k¥
thuit. né duge dp dung vdi tat cd cac hé tuyén tinh va phi tuyén.

Thidu2.1:

Xay dung phuong trinh vi phan dao dong clia hé cho & hinh 2.3. Hé gom mot thanh
cting <6 khéi lugng M, chidu dai /, thanh nay dugc noi lién véi mot thanh khong trong
lugng cé do dai 7 véi ddu bi ngam chat. Khéi luong chiu tdc dung cuia tai trong dong
phan b& déu c6 quy luat thay d6i theo thai gian f(1).

Ta xem chuyén vi theo phuong ditng tai hai diém dau thanh cing (diém 1 va diém 2)
13 cdc toa do téng quat (chuyén vi y, (1) va y,(U)).

aiiiiiiiE

5 I
AR

a)

b}

IHinh 2.3

Pong nang toan phan cta thanh céng (khoi heong M) biang téng dong nang cua
chuyén vi thang va chuyén vi quay:
I

T=-

2 .
S MYy O+ )67 @

2

Trong dé:
‘ Lo ro I ,
Yl = 3 (v,+¥y) 1. J, =M ‘13 (Ia moé men ygudn tinh cua thanh cing).

a (1)= ~i—(}’f1 ~vy,). Thay cic bidu thic nay vao (a) ta dugc:

2 9 2
1 v o +v, ) L ME (¥ -y, 22
R VR BT 78 N L a5 Tt &) I LR O S (b)
2 2 2 12 1 6
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Ta coi cic chuyén vi y,(1), y,(1) dugc tinh tir vi tri can bang finh ban dau bang khong,
vi thé thé nang chi duge tinh do nang luong bién dang tich liy trong hé. Co thé xdc dinh
th¢ nang tr ma 1rdn cdng va cac chuyén vi nhu sau:

Luc dan hoi: {P}=K] {Y}

wonse W] e

Thé ning cua he:

1
D=L R - LTy

Hay:

l Iy, T ¥i 1 2 2

U=z Y2 =5 +2 +

2{)’1 Y2 }lirzl rzz} {_)’2} 3 (m)’l f2¥1Y2 I’zzYz) (<)

Tinh bién phan oR:
Oy, +8y,

o q.fy- !
3R =(q.f(t).) = 8y, +9y;)

2

So sdanh biéu thitc nay véi (2-22¢), ta duge:
A .
R.(r):Rz(t)=%—f(r) (d)

Thé cic biéu thite (b), (¢}, (d) vao phuong trinh Lagring (2-26) ta nhan duge phuong
trinh vi phan dao dong cia hé:

M o 1
r 2y, +¥)+n Y ¥ = 92* f(t)

|\ . 1
6 (¥, +2¥,) £ 1Y F Y12 :% f(1)

2. Phuong trinh vi phin dao dong tong quat

D véi cac hé két cau dan héi khi dao dong, dong nang va thé nang cla hé c6 1hé
biéu thi duoc & dang toan phuong, trong d6 thé nang 1a dang todn phuong cta chuyén vi
(tng vGi cic 1oa do tong qudt), dong nang [4 dang tdan phuong cia t6¢ do:

1 n n
U =- Y 2y

=1 =l
n

3 Sim v ¥, O

T =+
2 5=l

85



D¢ nhan duge phuong trinh vi phan dao dong hé n bac w do dudi dang ma tran t
phirong trinh Lagrang ta biéu thi dong nang va thé nang & trén dudi dang ma tran nhu sau:

U= (0)"K] f} (2:27)

I — 9

T=—{¥} [K]{Y} (2-28)

2

Vai cac hé ma déng nang ¢é dang toan phuong thi:
0T

< -0
ay;

Phuong trinh Lagrang 1Gc nay sé cé dang:
A %
9pary, v R, (2-29)
otiéy, | Oy,
The (2-27) va (2-28) vao phuong trinh (2-29) ta duoc:
[M]{¥}+[K]{Y]={RO)} (2-30)

Tu cac phuong trinh (2-29) va (2-30) ta nhan thiy rang: luc dan héi chinh bing dao
ham cla thé nang theo chuyén vi, con luc quan tinh bang dao ham ctla dong néang theo
toc do lai dao ham ti€p theo thai gian.

. o . o i -
Bien phan cong phan t6 clia npoai lyc va lye giam chin: §R = > R.§ v, . trong truong
1=l

hop tong qudt khi hé chu tdc dung ctia tai trong dong:

J=1

Trong d6: C;; la he s6 ctha ma tran tit dan [C].
Thé biéu thic (2-31) vio phurong trinh (2-30) ta duac:
. -y B
[IM{ Y@l +[C]{Y )+ [K] {Y©)}={P®)} (2-32))
Phuong trinh nay hoan toin trung véi phuong trinh (2-12) nhin duge bang phuong
phdp can bing luc véi viéc sir dung nguyén 1 Dalambe.
§4. XAC PINH TAN SO DAO PONG RIENG HE HUU HAN BAC TU DO

Trudc hét ta xét dao dong ciia h¢ khong tinh dén anh hudng cla lue can, phuong trinh
vi phan dao dong tu do cua hé¢ hitu han bac tu do khi khong ¢é luc c¢in nhan duoc i
phuong trinh (2-12), trong d6 ma tran tit dan v vée to tdi trong biang khong.

I [K]

fl

0} (2-33)
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Trong d6: {0} la vécto khong.

Twong tu nhir & h¢ mot bac tu do, dao ddng tr do ciia hé hitu han bac tu do ciing duge
xem la dao dong diéu hoa don gian.

{Y()} ={A}sin (@t +7) (2-3%)
Trong d6: {A} - la véc 10 biéu thi bién do dao déng cia hé; o - tin s6 dao dong
réng; v - La do léch pha.

Viéc phan tich dao dong tr do cia h¢ hitu han bac ty do 1a viéc xic dinh cdc diéu kién
d¢ phuong trinh (2-33) cho phép hé tén tai dao dong. Tir didu kién dé6 ta s& tim dugc cic
tan s6 dao dong riéng cla hé.

Lay dao him bac hai biéu (hdc (2-34) ta s€ nhan duge gia téc dao dong tu do.
1Y)} = -0 {Alsin(@t+y) =—0® {Y(1)} (2-35)
Thé cdc bicu thire (2-34) va (2-35) vao (2-33) ta nhan duoc:
—w? [M]{A}sin (cot +y)+[K]{A}sin (ol +7y)= {()}

Suy ra:

([K]-o’ [M]}{YO} ={0} hay ([K]-o? [M]}{A}={0} (2-36)

D€ heé t6n tai duo dong | A} phai khdc khéng.

Diéu d6 dén dén: Dinh thitc chia cic h¢ s6 clia phuong trinh (2-36) phai bang khong;
nghia Ja:

|[K]-o[M]|=0 (2-37)

Phuong trinh (2-37) dugc goi 1a phuong trinh tin s6 cua hé hiu han bac tu do. Khai
trién dinh thic (2-37) ta s& nhan duoc phuong trinh dai $& bic n d6i véi o’

Giai phuong trinh nay ta s& xdc dinh duge n nghiém: (m,2 . (:)3 ,‘..(1)5 y. Cac gia (ri
nghiém nay biéu thi gid tri binh phuong cdc 1an 6 clia n dang dao déng riéng. Vée to bao
gOm 13t ¢a cde tan s6 dao ding riéng xép theo tut e ting dan (0, < @, < @y < .. < @)
duge goi 1a vécto tan s6 dao dong riéng (va con goi 1a phd tin s3).

o,

(O
{0} = <o, (2-38)

W,

Tan 56 dao dong riéng thdp v, got 1a tan 6 co ban.
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C6 thé thay thém rang: Tat ci cdc ma tran khéi lugng va ma tran cling clia hé két cau
bat ki déu 1a cdc ma tran d6i ximg va xdc dinh duong. Vi vay, tat ca cic nghiém cua
phuong trinh tin s¢ déu 14 thuc va duong.

Phuong trinh tan s6 ¢6 thé viét duge dudi dang ma tran mém. Mudn vay. ta nhan trdi

C e i 1 s s
hal vé ctia (2-36) v&i ma tran _2[1:] ta s& nhan dugc:
©

(GINEHCIINET 2m

Trong d6: [E] }a ma tran don vi cap n.

Phuong trinh tan s6 tng voi phuong trinh (2-39) s€ la:

[F] [M] - E]

Cic phuong trinh tdn s6 2-37) va (2-40) dugc viet dudi dang giai tich nhu sau:

=0 (2-40)

2
(rll - ml) N2 Nn
' 2
5 (rzz —-® m;,) 0, o (2-37y
rill rnZ (rnﬂ - m2[nn)
Va
o |
S ey By,m, O,m,
)
d,,m 3,,m l O, M
¢ 2T TS n'ttn '
2 2722 2 =0 (2-40")
N - |
&, m, &, ., O T T
"

§5. XAC PINH DANG DAO PONG RIENG HE HUU HAN BAC TU DO

Tuong tng vdéi cic gid tri tdn s6 dao dong rieng o, (i = 1, 2,...n) ta s& xdc dinh céc
dang dao dong ricng {A;} (hoac {Y;} tlr phuong trinh (2-36) hoac (2-39). Vi¢c xdc dinh
cic tan s6 dao dong riéng va cdc dang dao dong riéng dong vai tro rat quan trong trong
bai toan dao déng cia hé hiru han bac w do.
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D¢ xdc dinh cdc dang dao dong riéng, ta dua vio ma tran [B,] ting v6i tin s6 dao dong
riéng o;. Dang dao dong riéng tng véi tan s6 dao dong riéng o, goi la dang dao dong
riéng th( 1, hay dang chinh thit i

[B,]={{K]- o} [M]) (2-41)
Hay: [Bi]:([F] [M]—(:2 [E]} (2-41)

Khi d6 phuong trinh (2-36) viét ing véi tn s6 o, s€ ¢6 dang:
[B,{Y.(D}={0}  hay [B]{A;}={0} (2-42)
Muén xdc dinh cic dang dao dong riéng, ta khong nhat thiét phai tim truc tiép cdc gid
tri bién do cua cac khoi luong. ma ta chi cdn tim t s6 bién d6 cia cdc khéi lugng so vdi
bién d6 cua mot khai lugng nao d6, thudng 1a so véi bién do clia khoi luong thir nhat. Ti
s0 dé 1a goi la ¢.

A,
Py == (2-43)
li

Duong nhién ta dé thay ¢, = 1.
Nhu vay, dang dao dong riéng thir i chinh 1 vécto ¢é cdc phan tr 1a cic ti s6 @, d6:

(Pn. 1
P ¢

{0} =15 ot =10, (2-44)
(pni (Pni_

DE tim cde duo dong riéng, ta chia hai v& chia phuong trinh (2-42) cho hé s6 A, ta cé:

bl by . b (A, 0

In
l higi: hl?iz) btzi?' bleli Ay; 0
Ay by by b by As 0

i i i i A 0
by bhs bRt by, | U5 -
[T S S 0
Y il i )
l o e | b'} il T -
Hay: Bar b2 b By | [0l O (2-45)

o8/ bl b b | (e[ 0

b(i} b{i} b(n": b(r]il;: L(pnj 0 ;

ol
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Tru phuong trinh dau tién cha (2-45), 1a gidl hé (n-1) pluong trinh sau: ta sé dieoe

dung dao dong riémg thir i :

Trong dé:
Pa;
i} =1
0,
{Bﬁ"ﬁ} la ma tran [B"'] bo di hang mot cot mot.
o b b

[B[ill}:|: bil;) bfzi:l] bgin]

L) (i) {i}
_hnl bn_? Irjnn

{B{,ii}} l& cot thit nhat cua ma tran [B ] bo di phan tir ddu tien.

11t
2

(i)
inptind _ b3,
Br=
b(i}

nl

)=

Luc nay:

(2-46)

(2-47)

(2-48)

(2-49)

(2-50)

Ma tran vuong bicu thi 1t cd cie dang dao dong riéng goi la ma trin céc dang chinh.

K1 hicu la [fl)] .

.
P P ‘me
P P2y o P2y
S N PO B N fem 1| —
[(]’} = l P Py Py f_{pnij"l Pay Par o Py,
i
L1 Yoz o @y i

Cace chi s6 cua @ gom chi so i nhat 13 chi so k chi khai luong, va chi 56 thi hai la

chi 56 1 chi tan s6 hay chi dang dao dong ricng. Céc dai luong cua cdce tdc dung ngoii ¢é

hai chi 56 sau ndy cling duge chi nhu vay.,
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O dang gidi tich, h¢ (n-1) phuong trinh sau cta hé phuong trinh (2-45) dé xdc dinh
dang daoc dong riéng dugce viét nhu sau;
2
By + (I —O My )Py + 13 Py 4.4, 0, =0
2
G+ 0pPr +(5; —0 M) @ + ..+ 15,0, =0

G H 12 @ + 1Py + o+ (g, —w™m e, =0

no

Hoiic:

. | . -
Byym +[bzzmz —— | Py +0p3Ma Py + . 4+ Sy, m @, =0
W

. . 1 .
O3y +83,M, +(b_‘ﬂm3 _—a}Pa +o+ 0y, me, =0

< . 1
6nlrnl +6n?.m2q')2 + On_-;lﬂ_;([)?' .. +[blmmn Ty O, = Y

n
Can thay rang: Vin dé xdc dinh cdc tdn s6 dao dong riéng va cdc dang dao dong riéng
ctia bai todn dao dong hé hitu han tr do tuong itng véi bai todn xac dinh cdc tri riéng va
vée 10 riéng cua dai s6 tuyén tinh. Gid tri binh phuong tin s tuorig Ung cic gid tri rieng,
con cde dao dong riéng s tuong ng v6i cac vée to rieng. Tuy nhién. cdc tinh chat cia

cic dang dao dong riéng va cic vée o rigng s& duoe xem xét cy thé ¢ phan sau.

Thidu22:

Xdc dinh tan s6 dao dong riéng va dang dao dong riéng cha dim lién tuc hai nhip ¢

e o
hai khoi luong tap trung. Chom, =m, =M, a = ) (hinh 2.4a).

m, EJ = const My
& o . o— g—oE
”7(;.77 i
a | a ”_j?” a i a_ a)
| | [
- [op=1 7~ -
Wy // ~ N
i = o
~ 0= " L e b)
"--.__. _'_"
'z
S o PR -0}
AN L{mf T, ~ W= 1 b b}
"\\“- // \‘.\‘“ _l//

Hinh 2.4
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Hé nay ¢6 hai bac tr do, ma tran khéi lugng coa hé:

0 1 0

M
m, 0 1

6l] 812

62I b!l

phén tinh hoc, ¢ day chi duoc ra két qua:

Ma trin mém: [F] =[ } Cic chuyén vi don vi dugc x4c dinh theo cich tinh &

. 23
Oy =0y =
= 1536 EJ

3
61726”:_—3;—
B “ 512 EJ

Do dé:

o (2
[F]:wz;;EJ [ 9] ( 23J

23

Phuong trinh tan s6 vi¢t theo dang: (2-40)

| L) 9
| a7V T3
[Fl[M]-—[E] - =0
0" 1536 EJ 9
-—  (l=u)
23 ‘
1536 E
Trong dé: u= A2 = J2
23Ml'w
Khai trién dinh thic ta ¢é phuong trinh tan so:
(u-1y° —(i =0
N 23 /J

Giai phuone trinh niy dé rang nhan duge nghiém:
p = o fa) i ) ~

32 14

UE — T Uj -
23 23
Uhg véi u, 1a cd o, biing:
1536 ) [48E] EJ
o) = oo = s =6.9282, [
3MPy, VM M/



Ung vdi u, 1a ¢o:

o, = 1536 I:J _ ’768Eﬁ] 10,4745 EJ1
) 23M7u, TMI” Mt

Cic dang dao dong riéng dugc \{nh theo cong thac (2-46)

{(PT}:_[Btl]_i {B‘}:—(liu)' %

Thay u, vio biéu tinic nay ta duge: ¢, = —1, do d6 dang dao dong riéng thit nhat la:

{(pl } :{p“}z { 1} ta thay dang dao dong riéng thd nhat c6 dang phan doi xing
Py -

(hinh 2.4b).
Thay u, vio bicu thic xac dinh dang dao dong riéng & trén, ta dugc: @, =1do dé
dang dao dong riéng thi hai la:
P2 ! ot N . .
{(pz} = =1 Dang dao dong riéng nay 1a dang doi ximg (hinh 2.4¢).
P22 '

Vay ma tran dang dao dong riéng va vécto tin so duoc viét nhar sau:
69282 | [EJ 11
op= {022 L B fa]-
10,4745 MY S

Xic dinh tan s6 dao dong riéng va dang dao dong néng ctia hé khung ba tang cho O
hinh 2.5a.

Thidu 2.3:

Khoi lugng cua he duge xem nhu cdc khéi luong tap trung & cdc thanh ngang v thanh
ngang ¢ do cing bing vo cung. Cic thanh ding xem nhu khong ¢o trong luong. PO
cung cla cdce thanh dang ctia méi tang cho trén hinh vé& va cho m, = 1.78. kKN.s7/cm.
K, = 1070. kKN/cm.

my

y 1 yi = =t =K ¥y=1
e —
‘ 1 | ~ r,=0
JaE K, N 13
: 5
s
. \ -
y ; 1 n=-2%
— " o
K= 2K, fay =By J 1, = 3K N
/( \.
— y}  E—— -—/——l- (_1__;(__—¢-
|
ry, =0 Fay = -2K, fy = 5K
Ky= 3K, ’ T /,’ '
-
Pl T /"'L/‘?? 777
a)
b)
Hinh 2.5



Hé nay cd ba bac tr do tng vai ba chuyén vi theo phuong ngang A mbi tang. Ma tran
do cing duge xdc dinh bang viée cho cac chuyén vi bing don vi 6 méi tang va xéc dinh
céc phan luc dan héi nhu trén hinh 2.5b. Vicic thanh ngang cda khung ¢ do cimg bang
v6 cung nén cdc phin tir cia ma tran cing dudc xdc dinh bang tdng do ciing tuong ng
cua cdc tang, ta co:

f, Ip Ia 1 -1 0
[K]=|t & ®|=|-1 3 -2[1070 kNicm
Ly Ly T 0 -2 5
Ma tran khéi luong cua hé:
m 0 0 1 0 0
[M]=| 0 L5m, 0 |=/0 15 O)L78 kN.s*/em
0O 0 2m]| |0 0 2

Viét phuong trinh tdn s6 6 dang ma tran cimg (2-37)

"(l—u)i -1 0

||[K]—ml[MH=\ B |

L (3-L5w =2
]0 L=2 (52w

1070 =0,

Trongdé:  u=12
1070

Khai trién dinh thic 1a nhan dugc phuong trinh bac 3:
u-5500+7,5-2=0
Nghi¢m ctia phuong trinh nay: u; =0.3510 u, =1.61; uy =354

Tir d6 ta ¢6 phd tan s6 dao dong rieng cua he:

[m, 14,5 |
{m} =4, r=93L1 (:}
© 46,1

Cac dang chinh dao dong duoc xdc dinh theo (2-46)

) ) 1 [(5-2u) 2 -1
{‘Pl}:_[B*mB‘}:(3—1,5u}(5—2u)~4L 2 (3—1.5u)M0}

Véiu, =0,35] taco

{ } -1 ~(5-2.0.351) i [4.2087 [0.648
= — _
P T 3C15.0,351)(5-2.0,351) -4 -2 6,6311, 2 0,302

# - * Fl . * - ..
Tuong tu ta xdc dinh dugce {(pz} g voi u,, {(p3} (ng vél uq;
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a _[0.6027 | .[-2.58
;] :[—0,6?8] ‘ {(P-‘}L 485J

Ma tran cdc dang chinh dao dong cua hé:
Py @ Py i 1 1
[®]=1¢s @5 0 |=]0,648 ~0,602 —-2.58
D3 Piz Pi3 0,302 -0,678 2,485

Cic dang dao dong riéng duge vé trén hinh 2.6.

1 1 1
0,648
— — 0,602
258
Dang 1 0,302 0,678 Dang 2 2,485 Dang 3
STTITT7 777 STTITT?
Hinh 2.6
Thidu24:
Xdc dinh tan s6 dao dong riéng va cdc dang dao dong riéng ctia hé cho & hinh 2.7.
c)
EJ = const i mi m/
m, = 3 m, = 3 m, = 5
e & S W -
L m .3 L n ! = ~-
' 3338 T~ 6181
|+ oo [ZTEL) s
ﬁ; ‘ 1,=240 ( ) U ‘
o - I ®
N I 1 - l | ’
— - _'__/’ -~
v =1 e r,=138a r11=363 =2 // /‘
RS G
r|?:1383 ,=4R I - ;
l lrm:mﬁ iR "7 096 198
b) q,-"’ N 1
; \'\xx T1 .-” 4 i=3 /’/---/ ‘H“‘\
y.o=1 R T JENS “ :
_ B . 1 _/' 1 i
n,=36a L fu=2le | . 0.714 /
P poeT T T T i 0.448
J T . _ - 1
v,z 1 =482 ¥ e ~
Hinh 2.7
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Hé niy ¢6 ba bac tu do g vdi ba chuyén vi theo phuong ding tai cdc khoi lugng, Ma
tran khéi lugng cha hé:

1 00
[M]zmT’IOlO
00 -

L 2

Pé xac dinh ma tran cimg, ta cho he chiu cdc chuyén vi don vi tai céc khoi lugng theo
phuong cia bac tu do va xac dinh cdc phan luc dan héi tai cic khai luong. Cac phan ta
clia ma tran cuing tuong Ung V41 cac  trang thii chuyén vi don vi trén
hinh 2.7b.

Ta dugce:
6, T I3 240 -138 36
[K]=|n 5 ms|=2/138 132 —48),
yy Ty Iy 36 48 21
Trong do:
27 EJ
a =
137

Phuong trinh tdn s6 duoc viet dudt dang ma tran cing (2-37) nhu sau:

(240-u) 138 36
[K]-o?[M]=a] 138 (32-4 48 =0
36 48 (21-0.5u)
4.2
Vi "= 13m!”w
81 EJ

Khai trién dinh thdc trén ta nhan duoc phuon-g trinh.
ut + 414u? - 21060u + 3604 =0
Giai phuong trinh nay ta c6 cde nghiém sau:
u, = 17965 u, =57.269; uy= 355

Do dd, vée 16 1an s0 dao dong ricng cua he s¢ L

o (336 —
{(s)} 0, p=118,89 _F
o] |47.031) "7
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Pé xac dinh cdc dang dao dong riéng la sit dung cong thitc (2-46)

A Te Tl |032-w 48 (138
{or} ==[Bu ] B} = [ 48 (21—0,5..:)} { 36}

_ -1 (21-0.5u) 48 '-138}
(132—u) (21 -0,5u) — 48’ 48 (132 —u) 36

Thay céc gid tri u,, Uy, U3 O trén vao ta dugc:

o [0a] [3338) (o _ [0.969 | g ey [OTH
I v B R e L RV

Ma tran cdc dang dao dong riéng cua h¢:

] 1 |
[®]=]3.338 0,969 -0,714
6,181 —1.368 0.448

Cic dang dao dong rieng duge mo ta trén hinh 2.7c.

$6. TINH CHAT TRUC GIAO CUA CAC DANG DAO DONG RIENG

Cic dang dao dong riéng cia hé hitu han bac w do ¢6 mdt tinh chat dac biét, dd la
tinh cht trye giao. Tinh chit nay dong val 1rd rdt quan trong trong viéc gial quyét cac
bai toan dao dong cudng bic cling nhu dao dong tu do clia hé hitu han bac tr do. Bieu
thdic cta 1inh chdt truc giao gilta cc dang dao dong riéng duoc tim trén ¢ sG dp dung
nguyén li cong tuong hé Betti doi vdi cdc dang dao dong rieng.

Phuong trinh vi phan chuyén dong (2-33) d6i v6i cac dao dong wr do o thé dude viet
& dang (2-36).

2 -
[K] {yw} = o] [M}{yi (0} (2-52)

Trong dé: vé trai biéu thi vécto cha luc dai hoi {P,()}, con v€ vé€ phai biu thi véclo
ctia lue qudn tinh {P (0} Nhu vay khi dao dong t do. céc dang dao dong ri¢ng duoc
xem nhu sif thay déi cia do vong do cic luc qudn tinh, (cdc luc quan tinh déng vai o nbu
tii trong ngodi) gay ra. Ta xéthai dang dao dong riéng thd 1" va thd "'y tén hinh 2.8.

Ap dung nguyén 1 Betti cho hai trang thdi bién dang ung vGi hai dang chinh thi "i" va
i ta s€ co:

{y, 0} (B0} =y} {Pyof (2-53)

Sau khi thay {Y(UO} theo (2-34) va {P, 1)} =- o?|M] {Y (D} vho bicu thic trén o1 don
oian cdc ham tuan hoan theo thol glan ta dugc:
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o; {'AJ}T[M]{A-[}=0)J2{A-l}T[M]{AJ} (2-54)

) . N \ '.f .
¥ L 2 & & —ik - i " ACE
: ! I =
g. m, My m; S ;‘; N L ' Yoo s ;
T A - . | - R

P

Hinh 2.8
Ta thdy rang: tich cdc ma trin & phuong trinh (2-54) la dai lugng vo hudng, vi vay sau
khi chuyén vi tri ciac ma e & mol vé roi thuce hién phép chuyvén v&, ta s& duoc:
2 2hpanr s
(m_i —; ){:\i! [M]{AJ} =0 (2-55)
Vi céc tan 50 duo dong riéng 6 gid tri Khdc nhau o # o, nén ta ¢d thé viét biéu thic trén:
T B 256
(A} [MJ{A}=0 (2-56)
Biéu thic (2-56) biéu thi tinh c¢hdt truc giao cilla cic dang chinh dao dong. Biéu thiic
tinh chdl trie giao con ¢6 thé viét duoe qua ma tran cimg [K/, muon vay ta nhan trai hai
ve ctla phuong trinh (2-32) vé ma trdn {YJ-} (). sau khi bo di céc ham thai gian o hat vé
ta duoc:
| - _
. _ .2
{A_i} [K]{A} =o; {AJ} [M]{Ai}

V¢ phii ctia bi¢u thitc nay theo (2-56) bang khong, do dé ta cé:
(A J[K]{a =0 (2-57)

Trong trudng hop 16ng quil bicu thic tinh chat trye giao clla cdc dang chinh dao dong
duogc viet véi cic véce to dang dao déng khong thir nguyén {(p-i b {(‘f}j} . Muén vay ta chia
cidc bicu thite (2-56) cho cae bién do chuyén vi ciia mot khéi lugng nio dé Gng véi dang

[LERT oaren

1" va ")" ta dugc:
{0 11 [M]{‘P_i} =0 (2-58)

(3 dang pidi tich, biéu thire tinh chat tryc giao viét theo ma tran khai luong nhu sau:
1]

> (M@, + MyPy +o M0, @ = 0 (2-58")
k-1

Biéu thidc tinh chat true giao viét theo ma tran ciing doi voi cac dang dao dong khong
thir nguyén.

{0} [K]{o,} =0 (2-39)
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Qua cdc biéu thiic (2-38), {2-59) ta thay ring: cdc dang dao dong ric:‘:ng{(p-I } , {(pj} (1#])

tryc giao véi nhau qua ma tran khot lugng IM] va ma tran cimng (K], hay néi cich khéc ta:
cdc dang dao dong riéng truc giao nhau véi trong 56 {K] hoac [M].

Ta con 6 thé bidu thi tinh chat truc giao cua cdc dang giao dong riéng vdi trong so la
tich khong han ¢h¢ cdc ma tran tao nén tir ma tran [K] va ma tran [M]. Chia hai v& cla
phuong trinh (2-52) cho mot bién do nao d6 (bo ham thai gian di) ta co:

[K]io,} =0 [M]{o;} (2-60)
Nhan trii hai v& phuong trinh nay véi {(p‘-I }II\ [ M][K]_] , la dugc:
{o,}' Mo =0l oy} MIKT o}
St dung (2.58) suy ra i
fo,}' M[K] '[M{o} =0 2-61)
Lai nhan trai phuong trinh (2-60) véi {(pj}'r [M][K]“ [M][K]" s& dugc:
for] (MK (Mo} =07 fo} MIRT [MIKT [M]fe
Sir dung (2-61) ta c6:
fo,} [MIKT ' M[K] ' [M){e} =0 (262
Tuong tu néu ta nhan trii phuong trinh (2-60} voi {(p_i }T [K][M] 1y& duge:
o} [KIM) " [k =7 fo [Klie)
S dung (2-39) se cho:
fo, " IMIIKT (Ko} =0 (263
Phép nhan tréi phong trinh (2-60) vai {@, }T [K)[M] ' [KIM]" s& cho:
o} KI0M) [KIMT (Ko = fo ] (KIMT K)o
Su dung (2-63) ta co:

fo, ] MIK] [MIKT ' [K){o,} =0 260

Cic quan hé 1rén ¢ thé 1ap lai ma van cdc thuat todn tuong W.

Cic bicu thifc tinh chat truc giao & wrén va k& ca (2-58) vi (2-59) co thé viét gon lat ¢
dang sau:
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b
(o JIM] MK | {0} =0, o <b<on (2-65)
(3 biéu thic (2-65) néu 1ay b = 0, va b =1 ta s€ nhan duoc (2-58) va (2-39).
§7. CHUAN HOA CAC DANG DAO PONG RIENG

Ta viél lai cdc phuong trinh (2-55) ¢ dang sau:
\ T
(mf—m?”(pi} [M]{(pj}:[)

T
Néu o; =o;(1=J) thl phuong trinh trén chi thoa min khi {(pi} [M]{{pi} #0 ta cd

. T
thé chon {(pi} [M]{cp-l} =1.
Dang dao dong riéng thoa min biéu thic trén duge poi 1a dang chuan, ki hiéu la
1@ |- Ta viét lai:
-
L), -

Viéc dua cdc dang dao dong rieng vé dang chuén goi 1a chudn hod cdc dang dao dong
riéng. D& xdc dinh dang chuan, ta dat:

toiln = bilo] (2-67)
7 T
Dua (2-67) vao (2-66) ta duge: b fo, | [M]{g}=1

1

Suy ra b? = T !
{<P-. } IM]{e}
Néu dat: aiz = {(pi } ' [ M]{ (p-‘} (2-68)
Thi: b, = 1 .vido do o (2-67);
a.
: 1
(9= -te) 2

]
Khi 14t ca céc dang dao dong rieng dd duge chuan hod, thy tir (2-66) 1a s&€ viet duoe
diéu kién truc chudn & dang 16ng quat sau:

(@}, | M@, ] = [E] (2-70)
Pic¢u kién truc chuidn tong qudt con viét duge vol ma tran cimg nhu sau: nhan tri

phuong trinh (2-60) véi {(pi }T ta dugc:
{0} [Kl{o} =0t o} [M]fo,)
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Khi dang dao déng riéng da duge chuan hod thi biéu thitc trén ¢6 dang:

{oil o [K]{oi =] @-71)
Biéu thic (2-71) viét d6i v6i 14l ca cac dang chudn:
[©a] [K][04]=[2] (2-72)
0l 0 .. 0]
Trong 46: [Q] = diag (miz ) |0 e 0
1o 0 . oJﬁ_

Dicu kién truc chudn téng quat (2-70), (2-72) ¢6 ¥ nghia quan trong trong viéc riit gon
gud trinh tinh todn dao dong cua hé sau nay:

Thidu?2.5:

Cho hé & hinh (2-9). Xdc dinh tdn s6 dao dong riéng va dang dao dong riéng, kiém tra
di¢u ki¢n truc giao cdc dang giao dong riéng. Chuin hod cic dang dao dong riéng va

e y m/
kiém tra di¢u kién truc chuan. Cho m, = i

Ed = const

my = 2m, m, = m,
4 {2 T iz I
! T !
Hink 2.9

Hé¢ nay cd hai bac tu do, ma tran khéi lugng cua hé:

o
e P
0 1] 4|0 |

[F]{?" G {2 5}&{2 5}
8, &) 48EI|5 16 5 16

Xdc dinh tan s6 dao dong riéng theo phuong trinh (2-40):

[FJM)-— (e -

o
Khai trién dinh thie ta nban duge phuong trinh:

Ma train mém:

{da —u) S5a
10a (16 —u)

4
=0, trong d6: a= m/ LU= vl;
192E] @

u’-20a.u+14a°=0

101



Nghi¢m cua phuong trinh nay: u, = 19,27362a;  u, = 0,72638a.

Do da:
y 0, J3.156 I JEJ
{[r)j = = X
5] [16,258] 1 ¥

Xic dinh cdce dang dao dong riéng theo (2-46)

{‘PT} = ~[Bl J | B }=- lﬁilo—au- . Thay u; v u, O trén vao ta duoc:

{Lp]‘} =3,054722
{(PE} =—0.6547236 . Vay l(D] = 3.054722 —0,6547236

Ta kiém tra didu Kién truc giao (2-58):

{q)].}"'[M]{Lpg} =il  3,054722} B ﬂ {1_0 654?236l =

I
J

={1 3.054722) =2-3,054722.0.6547236 =0,15.107° =0

{-—0,654?22}
Nhu vay dic¢u ki¢o tryc giao thoa min. D¢ chuan hod cic dang dao dong riéng, ta tinh
cdc he 50 a; theo (2-68):

0 L _
m, } =11.331326m,,

i T ) 2
ap = {(p,} [M]{e,} ={13, 034?22}{ 3 054720

0 1
Do d6: a; = 3.3662. \;E

. T o i 2 0! | l 5 irekn
az ={0.} [M]{0,}=11 ~0.6547236} 0 1]™ | Lo.esarang| ~ > H8629m,

Do dé: a, = 15584167 \fm,, .

Dang chudn duoc xac dinh tir (2-69):

] fo ‘L 0,2970705)
0,907468 f fm,,

[t

J'( s — =
t pi}ch 3 3662‘\/1110 13,054?22J

N
. 1 1 0.6416769) |
0> =T z -
P2la Jym,.1.5584167 [0.657236] | -0,420121] /m,

Ma trin dang chuan:

[0, ]- 0,2970705 0.6416769] |
1 0,907469  ~0,420121 | fin,
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Ta kiém tra didu kien truc chudn (2-70).

7 1 10,2970705 0,907468 [2 0 [_(] 2070705 0.6416769 |
|:(D|_'h J[l\/l][qjuh] = ‘

\/E 1 0.6416769 -0, 420121 ‘0 1 0,907468 -0,42012 | \ﬁn

[@uly §|-LE]

Nhu vay diéu kién true chudn thoa man.

$8. DAO PONG TU DO HE HOU HAN BAC TU DO
Phuong trinh vi phan dao dong ty do nhu da bidt (2-33):
(M50} + (K] v} = o) 273)
Nghiém ri¢ng thir i ing vai dang dao dong thi i viét theo (2-34):
(v h={A,}sin(ot+y)i=12..1n (2-74)

Trong do A }vd v, duoc xdc dinh tir dicu kicn ban dau clia hé {cac t6c do ban dau va

cic chuyén vi ban ddu). Tuong ty nhu d6i véi dao dong tu do clia hé 1 bac wr do o dao
dong cua hé hitu han bic t¢ do, nghiém (2-74) ciing con viél duoc & dang (1.45):

{y]-(t)}:{ i}.cosm-.t-k{Ci}.sanit (2-74y
Véc 10 viin toc:
9.0} =~ {B, ] .sinot + o, {C, Y eosont
Cic diéu kien ban dau: — {y,},_ = {\e‘l'}
{Yi}h, = {‘:‘}

The cic didu Kién nity vao phuang trinh chuyén vi va phuong trinh van 16¢ g rén, la s¢
nhan dugc:

Do dé: {\f (1) { }LO\(J LA—{ } smot (2-75)

(.l)-l

Trong d¢é {\1'} {\ ”} 12 vée 10 chuvén bi ban ddu, v victo 16c do ban dau 1dc dung

viio ¢ gay nén dao dong W do ciia hé tng voi dang chinh tha 1 {Yi(l)} . N1 cich khac,

ching 1a cde vée 1o do cide vée W chuyén vi ban ddu va 16¢ do ban dau cta hé duge khai
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trién vio dang chinh thi i. Téng cta cdc vée to ndy chinh bang véc to chuyén vi ban diu
v vée 1o 10c do ban diu cua hé.

S EEITS BR IS RUNRS 70 COS $o) (2-76)

D¢ xdc dinh {y:‘} , ta dat:
{y‘f} =a, [M]{o,} (2-77)
Bua (2-77) vao (2-76):
v b= Mg} +a, Mg, )+ +a, IM]{o}+.+a, [M]{e,} (2-78)
Nhin trai 2 vé ctia phuong trinh (2-78) voi {(p-l }T Jtacd:

(o) v = fo Mot rore fo} Mo ) +or o for [M]{e]

Str dung tinh chat truc giao (2-58) 61 v8i v& phii clia phuong trinh trén, ta dugc:

{o) vt = fo} M]{e)

Tu biéu thifc nay. ta rut ra:
= — el (2-79)
Dua (2-79) vao (2-77). ta duoe:
byt = M}—[M]{mi} (2-80)
for} [Mlfe]

V6i ca hé (1= 1,2..0n) ta 6 ma tran khai trién chuyén vi ban dau:

Lh Al Y
Yiio Yoo Y
v =l b =yt vl e 9 281)
rl‘ r” !“
Yo Y2 Yo

Tir (2-76) ta ¢6 diéu kién kiém tra theo hang sau:

1
Yi = 2. ¥x :(y‘}’(l +¥Yk2 +‘..+y‘|f;n) L K=12 ..n (2-82)
-1

Tuong tu nhu gud trinh trén, ta ciing nhan duge vic 1o toc do ban dau khai trién vio
dang dao dong ri¢éng thu 1 nhu sau:
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v = %'[M] {o} (2-83)

Ma tran khai trién 16¢ do ban dau déi vdi ca he:

B 1 i Ly B
Yir Vg e Vi
vhov Vs
o K N _ 21 I3 e it
i = [{\,}{\2}{\}} 0 (2-84)
It S0 i
Vol Vaz Yon
Cong thic kiém tra theo hang:
n
rl\ _ !!‘J _ .'“ !U 13 -
V=2 v = (Vi Vi H e+ Y (2-85)

Cubl cung ta c6 phuong trinh dao dong tu do clia hé hitru han bac tu do viét & dang
(2-75) nhu sau:

fvanp=| Yoy K, o+ v K o) (2-86)
Trong do: [Y:}J va [V{J duge xdc dinh theo (2-81) va (2-84), ¢on cic véc to
{K}.“(l)} va {K“,(t)} la;

cos ()1

COS m,t
l= : (2-87)

{me

sino |t

0,
SN @,t

K, 0}=1 o, (2-88)

sS1n (I.)ni

Lo, J

Phuong phdp giai bai todn dao déng tu do hé hitu han bic w do & rén goi ta phuong

phip khai trién theo cic dang dao dong riéng. o day 1a khai rién truc 1iép nguyén nhan
tic dung bén ngoal theo cac dang riéng. Phuong phap nay con goi l1a: phuong phdp dua
trén cide dac trung tan 6, hoic phuong phip cong dang dao dong: phuong phip ¢é thé
duge dién dat & nhi¢u cdch khic nhau, sang phin dao dong cudng bidc cta hé hitu han
bic Wi do ta xét nghién ciu cu thé hon,



Thidu 2.6:

Cho hé ¢6 2 khéi luong tip trung hioh
(2-10), hé chiu tdc dung clha diéu kién  EJ °

ban dau: ;,f;?;, ,,;,,,
|
|

Yo =l =10):

i o = ivet = {f}\ Hinh 2.10

Xic dinh dao dong tu do cua hé

Véc to tan 86 dao dong riéng va ma tran cdc dang dao dong riéng cua bai todn nay di

co & thi du {2-2):
6,9282 5 | 1
{0} = e
10,4745 Y MFP 11

Ta xdc dinh t6c do ban ddu khai trién vao cdc dang dao déng riéng theo cong thire (2-83):

{\,‘"l: {(P|} {\"n} [M]{

"o Mo} " {11}1\/{1 OH I}MLI“ [I}H*ll}:{*ll}\?

(1) - (o1 (v} I} { 1}%}

(.} [M]{o.} ( I}M[l 0“” ME} ?H—]I}:

1l

Vay ma tran 16¢ do ban dau khai trién vao cac dang dao dong ricéng cla hé:

i 3 1y l 3 \I(J

RAEIEIREHE =

Ki¢m tra theo cong thie (2-85):
1 3
V‘|1 = Vll"l + VTE = (Evl + “\Irll ] = 2\!11 : D]:lng
1 3
Vi =VS vy, = [——v“ + =V, J =v, :Ding
T . 2 2

Ve 1o chuyen vi cuia hé - phuong trinh dao dong tu do duge xide dinh theo cong thic (2-86):

sinmllw

{Y(l)}:[ kh]{Km(l)} {j] :}\_2” si:J(IJ)EI

3
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(\-'n sinot 3v, sine,t ) ) . : .
. + = | (0,07217sinw,1 +0,1432sin w,t) -
i 2 oy 2w, ) il mf”
\ty([)}: r ) ; . X %: v, EJ
Yo SO IV, SIno,t (—0,07217 sinw,1 + 0, 1432 sin o,
2 o, 2 w0,

$9. PHUONG PHAP LAP NANG LUONG XAC PINH TAN SO VA DANG DAO
PONG RIENG HE HUU HAN BAC TU DO

Nhu da trinh bay & chuong 1. phuong phdp nang luong duogc dua trén dinh luat bao
toan nang lugng: Trong qud trinh dao déng téng dong nang va theé nang cia hé luon la
mot dai lugng khong déi. Vai hé mot bac tu do. tan s6 dao dong riéng duoc tinh theo
cong thire (1.64). No1 chung st dung phuong phap nang lugng cho bai 1odn dao dong
riéng hé mot bac ty do Ia thuan loi va don gian. nhung trong thuc t&€ vé nhiéu cong trinh
can yéu cau tinh todn véi do chinh xdc cao doi hdi phai phan tich dao dong ctia hé véi
mot O tan 50 thap va cde dang dao dong riéng tuong Ung: cic két cau cong trinh thuc ¢6
56 bac nr do 1a rat 16n. viée xdc dinh tin s6 va dang dao dong riéng nhu §4, §5 chuong
nay la kho thuc hién duge. Vi vdy. ngudi ta dua cdc phuong phdp gan ding déin (phuong
phip 1ap) nho su trg gitp clia mdy tinh dé gial quyét bai todn dao dong riéng ¢& 16n cho
phép nhan dugce k€t qua tin cdy. Dudi day s€ dua ra phuong phip kip nang luong xac
disth tan 36 vii dang dao dong riéng cla hé hitu han béac tu do.

O bai todn dao dong riéng, véi hé bién dang hitu han bic tu do, cin hidu rang: Duing
dan hoi cua médt dang dao dong riéng chinh 14 do lyc quén tinh tuong iing pay ra, boi vi
phuong trinh vi1 phan dao dong cua bai todn dao déng riéng la phuong trinh vi phdn dao
dong tu do khong x€t dén anh huong cla luc can, nghia 14, khi xét dao dong riéng. thi
tue qudn tinh bang lyc dian hoi. Ta s& xdc dinh dong nang va thé nang cuc dai tng vdi
m@t dudng dan héi trén co 6 cic luc qudn tinh va cdc chuyén vi tai cac khoi luong do
cdc lic quan tinh cua hé gay ra, sau do s€ tinh dudce gid tri 1an $6 dao dong riéng. Lap lai
qud trinh xdc dinh lyc qudn tinh dng v6i dudng dan héi maéi, va xdc dinh chuyén vi do
lue qudn tinh gay ra s€ xdc dinh duoc tan s6 dao dong riéng ¢d gid tri chinh xdc hon ldn
trude. Qud trinh kip cin phai dam bao diéu kién tryc giao clia dang dao dong riéng sau
VOl tat ca cac dang dao dong riéng trude do.

1. Xdc dinh tan so vi dang dao dong riéng thit nhat: o, {¢,}
Budc 1: Chon ham dan (dudng din hoi) thoa min diéu kién bién hinh hoc va phit hop
Vit dang dao dong rniéng {¢,}

ta}
Py

()

{q)g“)} _ 1% (2-89)

1]
P
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Buere 2 Xace dinh lue quan tinh 16n nhat (thee thoi gian) dng voi ham dan trén
{P‘:“} = u),"(} [M]{{p‘,“)}
Chon o, , = 1 (cé thé 1ay w, , bat ki), ta cé:
[PV =[M]{oi"} (2-90)

Biede 3. Xdc dinh chuyén vi do lyc qudn tinh trén pay ra:

(a7} = (F1{02) = FIDo
Hay (31"} =[Bl{o!"] (2:91)
Véi [B] = [F] [M] (2-92)
gol 1a ma tran xdc dinh dang dao déng riéng thid nhat
Trong d6 [F] Ia ma trdn mau.
Lay {{pi”} {(p{,”} :{lﬁ (2-93)
P

Bure +4: Xac dinh thé nang cuc dai (cong ngoal luc) coa lyc qudn tinh ang vaéi cac
chuyén vi.

U = {rey )= ey {r) =5 et} Dalfal) (2-94)

Bieoe 5 Xace dinh dong nang cuc dai cua hé

Trin = ;{(pg”}[M] 5"} (2-95)

B 6 Xace dinh tan s6 dao dong rieng o,

[ T o
(m{lll)q U i'[]]}t’( _ 2{(0?']} [M]{q}{l }} (2-96)

T ;{ﬁn}'l' [M]{ﬁ“}

Buae 7 Lap lai e 2.

B 8 Lap lai buoc 3
—1 2 - ¥ —i{ }
o =[Bloi"} . Ly o} ={el} =
Biee 9: Lap la bude 4
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2 I
U, =t} [Mlfel?)
Buere 10: Lap lai bude 5
=12 1_ T —2
Tmulx 25{(;)32]} [M]{(ch)}
Bucre 11 Lap lai bude 6

AL
) ! o) e}

M@t cdch tong qudt, & lan tinh thit s, ta ¢6 tin s6 vi dang dao déng riéng thit nhat:

{o0') = [B]for ") 9%

; {sh M {s-1} .
(u)ﬁ”)h =2 {(PI } [ ]{(pl } , hoéc: (()(1“))2 — P_{KJT[_)_ (2-98)
SCANIOTEY i
ot} =fa} = (2-99)

Khi S — o, thi: 0" — o, chinh xdc. Qud trinh lap s€ dimg khi gia tri tdn s6 dao
dong riéng ¢ hai lan tinh lién tiép sdt nhau theo yéu cdu.
2. Xac dinh tan so v dang dao dong riéng thi hai: o, {¢,}.

Bude 1 Chon ham dan théa man di¢u kién bién hinh hoc va phl hop véi dang dao
dong rieng {,} .

P13
~tor) Y . . _ y
N f = T veC td nay chuy true glao vai {¢} (2-100)
o}
(30 rAl’:;l
o MI:"} ot [M)j00 |
Buroe 2: Xac dinh hé so true giao: a, = = — (2-101)

{o} [M]{o,] M,

Birere 3. 'Thiét lap vée o {(pz(“}} thoa man dicu kién true giao vai vée to {@, }:
" {er) {ur) ..
{(pj )} {(Pz }-aﬂ{(pl} [T ] {(p, } (2-14G2)
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v [n][[a];———-{“"'“““f[m]};

[T ] goi la ma tran dam bao dicu Kién truc giao.
, . vy 1
I,‘c:l}’l {Lpg )} {(p-)( }} ‘T(“—)
P12
Bu 4: Xéc dinh lyc qudn tinh 16n nhat ting véi {03}

(P} =[M] {03}
Burie 5 Xac dinh chuyén vi do luc qudn tinh gdy ra:

fos') = [P = (o) =81 o)
{ (i)} [Bz]{(P 2]]}

Vi [B.] = [B}[T\]
goi la ma tran xdc dinh dang dao dong ri¢ng thit hai
- l
Lay {(P[’“} {(pé”} _(p(l)
12

Biteie 6 Xdc dinh thé nang cuc dal

Ui, =5 {ot} [M]{et"}

Buoe 7: Xac dinh dong nang cuc dai.

T - Lol Mot

B 8: Xdc dinh tan s6 dao dong riéng.

oy ATl

ot} ot}
Biroe 9: Xac dinh hé s6 truc giao cua {(p 5”}

fo}" [M]{0?"]

M,

a; =

Breoe 10: Thiet lap véc to {(p;“}} thoa man diéu kién trye giao vai {o, }:

{(p (1)} [F]{cpz”} . Ldy {q}gn}:{wzm} __1_(_

Pya

Qud trinh tinh dugc lap lai tir bude 4.
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3. X4c dinh tdn so va dang dao dong riéng thi ba: @, {9}
Qud trinh tinh todn twong tu nhu trén, lic nay ma tran dam bao diéu kién truc glao

fp.) vailop, ) va {g,} la

.
r,]=[1,]- tettral M [M] (2-112)

2 M,
Ma tran xic dinh dang: [B:] = [BL[T-] (2-113)

Mot cdch 18ng qudt, d6i véi dang dao dong riéng thir i khi cdn xédc dinh ©,, {o,} ta co
ma tran dam bao didu kién truc giao va ma trn xac dinh dang nhu sau:

, 1 Tra, o
[T,.|] = [r,-z] “m{wi_|}{®i_1} [M], (2-114)

[B.] =[B]. [Ti-]] (2-115)
(i=1:[B,=[BLI[T,}={T.]=[ED
Thi du 2.7:

Xidc dinh tdn s6 va dang dao dong riéng o,, {@,}; ©,, {@,}, cha khung 3 tang, 3 nhip
trén hinh (2-11) a) Bi¢t: Do cing cédc tang la K, = 28.,446T/cm, K, = 29.57T/cm,
K. = 25.862 T/cm; Trong lugng phén bé theo chitu dai cac tang la q, = 6.82T/m,
g, = 6.82T/m, q, = 3.5T/m.

) 1,147 1448
EH 7 ;
- = T K i
4 k. :
4 ’ 17 1443
r - . : 0,107 :
4 q, ke
- | q 1 1
Ky
Bm
_L //77/(7 5 /;’//l,'/;’ & /771777 5 x//JW Loi} @) 0ol
I o ™ | W G 7
al bt c} dj
Hinh 2.11
Ma trin clng cua hé va ma tran mém cic hé:

722433 11434 0 b1 { W
[K]=|-1.1434 2,143¢  -1].25,8627T/cm; [F]=[K]"=|1 1,962 1,962 (- ——em/T
_ 28, 4456

0 -1 ! 1 1,962 13,0619
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Ma tran khoi luong cha he:
m, 0 0 I 0 0

M]=]0 m, 0 [=[0 1 0 |125135107°Ts’/em
0 0 my| [0 0 05132

1. Xdc dink 1dn s5'va dang dao dong riéng 1hit nhdt o, {9}
Ma trin xdc dinh dang tinh theo (2-92):
I 1 ] I 0 0 5 5 3
3 07
[B/]=[B]=[F][M]={t 1962 1962 [[0 1 o [12213510"
28,4456
I 1,962 3.0619(/0 0 0,5132
| 1 1 0,5132
[Bi]=——=——|1 1962 1,0069 .52
227.319
1 1,962 11,5714

Qud trinh tinh fap tuong mg véi céc céng thitc (2-97), (2-99) duge cho ¢ dang bang sau:

I 1 0513271 [2,5132)
(o) = [B,J{o "} = — L1 1962 10069 | {1h=——1 )3 0680l
227,319 227.319
I 1962 1,5714] (1 4,5334

ot

25132} 1 3s50s3)) 1 370276f) 1 173038|| 1 3, 73417 [
$3.9689|1,5796  5.9154/|1.6876 6,30282|[1,7022  6,3574|| 17041  6,3646] 4 ?043}
4. szuﬂl 8038 6.93371[1,9781 7,41946|[2,0038  7,4884{[2.00734  7.4978 | |2.0078)

R I U U T
Tu lay dang dao déng riéng thit nhat & [dn tinh thi S:

1 |
{0} =11.7043 -~ mo t& trén hinh (2-11b),
2, 00?8’[
Tén 50 dao dong riéng duoc tinh theo (2-98):;

{4 2
2 3 (1

o =[] =2 _ 20073 319 (7.801222 1
o0 7.4978 s

W = ?,80[2.1 .

5
2. Xde dinh tan s6'va dang dao dong rieng i 2: w40,

Ma tran dam bao dicu kién truc giao cia {@,} véi {g,} duoc tinh theo (2-103):
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1 1 0 0
Lo 1,7043 {1 1,7043 2,0078}10 1 0
Vv 0 513
[Tl]:[l:]_{q’lji(pl! M] |, | of_ (20078 o 0, 12_
{0/} [M){o} 0 0 0 0
{1 1.7043 200?3} I 0

l 7043
- 0 0 05132 20078
0,8322935  —0.285311 -0,1724962

[T,]=| -0.285311 0.5137445 -0,2939852
—0,3361189 -0,5728474  0,653662
Ma tran xdc dinh dang duogc tinh theo (2-107)
0,3747863 —0,0655517 -0.131022
[Bz]z[B][T}]zmz —0,0656247 0,1458557 -0,0911227
—(0,2533638 -0,1775167 (,2778696
Quad trinh tinh Jap feong tng véi cong thic (2-106), (2-108) c6 xét dén dieu kién truc
giao dugc cho dudi dang bang sau:

227,319

0.3747863 ~0,0655517 -0,131022 g
{(pg”}:[Bz]{{b? Ul=|-0.0656247  0,1458557  ~0,0911227 |
0.2553638 ~0.1775167 0,2778696 | T |-
o)
[ 0.4403 || 1 0.5606 || 1 0,53908 I 0518309

0.17135 }|0.38952  0,13818110,24648 0.095826|...10,10933  0,05492
-0,71075] |-1,61308 —0,77274| |-1.37841 -0,68244] |-1,15165 -0,59519

R B W) G e
I 0,518296

1,10598 0.054468 |...
—1,148325 -0,593258

o o)

Tan s6 dao dong riéng thi hai:

- (30
5 —L 325 . [
mn,(t) (p:’(} = 1148 227,319 = (20,97’)2.Lj s Gy = 20,97 .~
0%y  —0.59325% 52 3

Dang dao dong riéng thi hai: Vécto dim béo diéu kién truc giao.

{ } [T ] [ “"J ; hoiic tinh hé $6 truc giao:
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L (an®
(65} [M){e,} = -0.0004438

ag = ﬁl“ \5)
1,000444
{3 ¥} = (687) —ay {0,) =10,106715
~1,147434
Cudl cung:
1
{(,} =1 0,1066676 ¢ hinh (2-11¢)
~1.1469247
Tuong tu cé the tién hanh tinh tan 0 vi dang dao dong riéng thi ba:
£l
Oy = 28,447.1 {3} =4-1.443; (hinh 2.11d)
‘ 1,448

£10. DAO DONG CUA HE HUU HAN BAC TU DO CHIU TAC DUNG XUNG
Nhu da biét khi hé¢ chiu tdc dung cla xung luong, hé s& dao dong tu do. Phuong trinh
dao dong tu do clia he hitu han bac tu do ting véi dang chinh thi 1 dugc viét theo (2-75).

iy

{Yi (t)} = {yf} cosm L+ {"1

Trong aé{yy}duqc xdc dinh theo (2-80). %\} duge xéc dinh theo (2-83). Van dé &

} sin ot
{0y

day la phai xdc dinh {\-"i‘} nhu thé nao khi hé chiu tdc dung clia xung tdc tho?

ai thoi diém ban dau ¢ =0, dudi tic dung cha véc 1o xung fuong {81,
ang chinh thi i ctia cdc xung luong bén ngoal tic dung vao

Ta xem rang t
uong w nhu ¢ong thic (1-157}

(Vée 1o xung khai trién vio d
hé). cdc khoi luong cua he € nhan duoc van 16¢ ban diu t

clia hé mot bac w do:
Shi

_ 514 0 Sli_. N
= i, N W

8] .
I A S N
m, m, m,

Nhu vity. véc 1o van toc ban dau cia ke dng vGi dang &

[0 Sy
Vi 2
m,
vy s
o So
ey= Lo
m,
31 “;nl
Vi {mn
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hay c6 thé viet:

Lo 0 | |u
m,
S,
o L . o™ .
{vol= m, =[M] " {s} (2-116)
0 0 0 - o
n, | ni

Néu xem rang chuyén vi ban ddu cia hé bang khong:

3]
{}’L } = {0}
thi, sau khi thé cdc diéu kién ban dau vao phuong trinh dao dong wr do (2-75), ta s€ nhan
duge vée to chuyén vi cia hé tng véi dang i:

fvio) =M {S, 1K, (0 2-117)
Trong dé: K (1) = S0t (2-118)
(OF

{S,} 1a véc to xung khai tri¢n ing vdi dang dao déng riéng thit .
D¢ xdc dinh {S ), ta cling dat:
{S}=aM]{e}
va tién hanh tuong ty nhu khai trién chuyén vi va t6c do ban dau vio cdc dang riéng o

phan dao dong tur do (§8 chuong nay), sé nhan dugc:

__fo} {8 | e
{Si}= o o] M] {ei} (2-119)

Trong d6 {S} 1a véc 10 xung lugng bén ngodi tic dung vao he.

Gop cic vée to xung Khai trién theo cdc dang riéng, ta ¢é ma tran xung khai trién clia

ca he:
S Siz - Sy
(Sl =[IS 48, 5} ]=| 72 P2 e 2120)
Sar Sna Sun
Cong thic kiém tra theo hing:
Sk = iSKi = (S + Sz o+ Sk (2-121)

i-1
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Cu6i ciing 1a ¢6 vée to chuyén vi clia cde kKhoi lugng ciing chinh 12 phuong trinh dao

dong cua hé chiu tac dung xung nhu sau:

ty(o} = [M]_l [Sia] {Km(l)}

(2-122)

Trong d6, [S,,] 13 ma tran xung khai trién duge tinh tir (2-119), {K(t}} la véc 1o ¢6
cde phan tir 1a K, (t) duoc xdc dinh theo(2-118). Néu xung tac dung vio hé khong phai

thti diém t = 0, ma tai thoi diém t = 1, thi véc to chuyén vi cla cdc khoi luong dng vii

dang chinh thit i sé fa:

o} =[] {5} P

(2-123)

Véceto luc dian héi dng véi dang dao dong riéng thit 1 duge tinh qua luc qudn tinh:

{Py, 0} ==[M]{y, (0}

(2-124)

Dua (2-117) véi dao ham cdp hai tuong g vao bicu thic trén, sé dugc:

{Pn,i (t)} = {5} o; sin ;1

Hay tpy (0} = {8} K,

Vi K.(1) = osino t

(2-125)

(2-126)

K(t) ia he s& dong hoc theo thsi gian dng v dang i khi hé chiu tdc dung xung.

Vécto luc dan hoi cua ca hé:

(o, ) = {8y} K0}

(2-127)

Trong d6 [S,,] 12 ma tran xung Khai trién cta ca hé, {K,(t}} 1a vécto cé cdc hé s6 la
K.(1) ducc xic dinh theo (2-126). Ciing cin nhd riing, khi dd cé véc 10 luc dan hoi, ta cé
thé xdc dinh véc to chuyén vi clia cic khéi lugng qua ma trin mém:

Ly =[F]{R,0)} (2-128)

T véc to luc dan hoi, ta cd thé xdc dinh
chuvén vi v noi tuc clia cdc diém bat ki cla he
gua ma tran anh hudng chuyén vi va ma tran
anh hudng ndi tuc.

Thidu2.8:

H¢ chiu tac dung xung cho trén hinh (2.12a).
Hay xdc dinh momen uon tai vi tri khoi lugng
m,. Cho E = 2.1.10°kN/em?’J = 21720cm’,
m, =m, = M =0,023kNs’*/cm; [ = 3m.
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1. Xdc dinh tan s6'va dang dao dong riéng

O thi du (2-2) ta da ¢6 két qua 1an s va dang dao dong riéng:
o 6,9282 187 11
fo}={ "= - ’E: A (@] =
@, | (10,4745 MP  (284] s -1 1
2. Xdc dinh xung khai trién theo cdc dang riéng:

, ) o S, S 0,01
Vécto xung tdc dung vao hé: {S}z S = 0 = 0 .kNs
2

Tinh véeto xung khai trién vao dang chinh thit i theo (2-119)

(S,} = to} 1] [M]{w,} = i _1}{2} M[l 0]{ l}i{ l]

for} [M){o)} {1 'I}ME} ﬂ{—i}

NNTANG _ dof e 0 s
v M{ M H

Ma tran xung khai trién ca ca he;

[SKhlz[{Sl}’{SQ}ng{—ll 11}

3. Xidc dinh véc 1o e dan héi: theo cong thiic (2-127)

(B0 =[S0, 1K. 0 :§[ 1 1} {m, sine, t }z

2/-1 1] |®,sinm,t
S | {m; sinwt + o, sinw,t)
2 |(—ow sinot + o, sinm,t)

4. Xdc dinl momen uén 1ai A
Tir bicu dd trang thdi don vi cho trén hinh 2.12b; ta ¢6 gia tri mémen udn tai A do luc
P =1dattai A va B pay ra la:
134 =3
= M M = —
AT 64
Vay, mémen udn tai A s 1a:
Py (1)

MA(t) = {MAI ' MAZ}{p ()
d,2

}= (M1 Py (0+ M, Pp())
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M,(t)= %{%(ml SIn®|t + @, sin,t) - % (—, sinw;t + @, sin mzt)}

M,{t) =7,0125(sin 187t + 0,94sin 284t). kNm

§11, TINH DAO PONG CUGNG BUC HE HUU HAN BAC TU DO THEO PHUONG
PHAP KHAI TRIEN TAI TRONG THEOQ CAC DANG RIENG

1. Xac dinh tai trong theo cic dang riéng

Tuong ty nhu cdc phan trude, vécte tai trong dong bén ngoai tic dung vao hé dugc
khai trién vao cdc dang dao dong riéng:

(P} ={P (O} +{P, (D} +...+ [P} +...+ {P (1)}
Ta ciing dat:
R} =00 Mo}

Va tién hanh tuong w nhu khai trién chuyén vi va téc do ban ddu vio céc dang riéng &

phan dao dong tu do, s€ nhan duoc

o' 1P
O o e i

Khi chi khai trién vécto cudng do tai trong dong bén ngodi, ta cd:

_ Ao} {P} ]
{P.-}—{ Mo }[ 1o} (2-130)

Gop cac véc to tai trong theo cdc dang riéng, ta dugc ma trin tai trong khai trién cla
ca hé:

PH PI2 Pln
P, P, .. P,

[Pan] =[P} P AR} ]= 2 2 2-131)
Pni PnE Prm

Tai trong dong tdc dung tai khoi lugng K duge ki€ém tra theo hang:

P =3P, = (P, +Pey+..+Pc) (2-132)

i=I

Viéc thiét 1ap ma trén tai trong khai uién (2-131) tir cdc vécto {P,} duge xdc dinh theo
(2-130), nhu vay 1a ta da khai trién tai trong dong bén ngoai vao cac khéi luong cia he
theo tung dang dao déng riéng, ciing cé nghia 1a ta da xdc dinh ting cot cua ma trin
[Py,]. Ta cling ¢6 thé khai irién tai trong dong bén ngoii theo cic dang dao dong riéng
vao timg khoi lugng thir K cua h¢, nghia 14 ta di xdc dinh timg hing cia ma tran [P, ],
cong thic duge tinh nhu sau:
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T i -1 -1
{Pc} =my diagoy [®] [M] {P} (2-133)
Trong dé: diag ¢; 1a ma tran chéo c6 cdc phan tr rén dudng chéo chinh 1a o,
1=1,2,...n.
{P} la vecto cuong do tai trong dong bén ngoai tdc dung vio hé.

Khi dung dang dao dong riéng da chuin hod, cong thic {P,}” sé don gian hon:
T . T
{Pxj =mydiagoy [@,] {P} (2.134)

2. Phuong trinh dao déng cua hé

Khi hé hiu han béc tu do chiu tdc dung cha tai Py
trong déng co quy luét thay déi bat ky theo thdi P
gian, dé tfim nghiém tng vé§i dang dao dong riéng
thit i trong trudng hop nay ta ¢é thé sit dung

phuong trinh nghiém ciia hé hitu han bic w do 7 t
chiu tic dung xung. Muén vay, trén biéu dé tai O - |
trong ung vé1 dang chinh thi i, ta tich ra mot phéan ?__"__ — IT |
10 tai trong \ing v3i thdi diém t (hinh 2.13). Xem
rang tai thoi diém T hé chiu tic dung clia xung Hinh 2.13
lugng phan 6 {dS,}:

dS]i P“.‘E dt

ds.,. P, drt

fdsib=q1 =1 p={p dr
dSni Pni,t dt

Xung luong phan t8 ndy s& gy ra chuyén vi duoc xdc dinh theo (2-123) nhu sau:
- sinw, (t — 1)
{dy, @} =[M] " {p, }dr. 22—

.

1

Chuyén vi toan phdn 14 tich phan bidu thic trén:

vop=[M]" {P}K, 0 (2-135)

Trong dé: {P} 1a vécto tai trong khai trién vao dang chinh thit i duoc xdce dinh theo
(2-130):

t
Km(t)zL jf('c).sinmi(t—t)dt (2-136)
Vécto chuyén vi ca hé biing tdng cdc véc to chuyén vi d6i véi cac dang rieng:
{yof =[M]" [P, J{K 0} (2-137)
Trong dé: {Py,] la ma 1ran tai trong khai trién theo cdc dang riéng dugc thiét 1ap theo
cong thire (2-131); {K (D)} 1a véc to ¢d cac phan tir 13 K (1) duge xdc dinh theo (2-136).
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Ta thdy rang, phuong trinh dao dong hé hitu han bac tv do (2-137) ¢é dang tuong ty
nhu phuong trinh dao déng hé mot bac tr do (1-183).

y(t) :ML _[P(t)sinu)(t—t)dt =M P K, (1)

T o

t
Véi: K, ()= [f(t).sino(t - t)dr
o]

3. Biéu thire lyc dan hoi

Luc dan héi ¢6 the duoce xéc dinh tir ma tran cing [K] va véc to chuyén vi dong {y(1))
cua hé da tinh duoe & ueén.

{P(0} = [K]{y()} (2-138)

Ta ciing ¢6 the xdc dinh lyc dan hoi 1ir ma trdn ti trong khai trién theo cdc dang riéng
va vée 10 he s6 dong hoc theo thoi gian. Twong tu nhu luc dan hdi cia hé mot bac tu do
chiu tai trong dong bat ki (1-191).

Pty =P, K1)

Vi K(t):u)jt'(r).sillm(t—r)dr

1

G hé hitu han bac tu do, véc to tuc dan héi ung véi dang dao dong riéng thit t duoc viét
nhtr sau;

(PO} ={P} K, (2-139)
V@i {P,} la vécto tai trong khai trién tng véi dang i, K (t) 13 hé s6 dong hoc theo thoi
glan ing véi dang i:

K, (1) = o, [f(7).sino, (t - t)dt (2-140)

Tir cac véc 1o lye dan 1ot lng voi cdc dang riéng, ta s& c6 vécto luyc din hdi chia ca hé:
{Pau)} = [P J{K 0 (2-141)
Trong dé [Py,) 1a ma tran tdi trong khai trién theo cdc dang dao dong rieng dude thict
lap theo (2-131), {K (1)} [a vécta ¢6 cdc phan tir [a K,(t) duoc xdc dinh theo (2-140),
K1)
K, (t
(K0} = (1) (2-142)
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Thi du (2-9): Xac dinh chuyén vi tai cdc khéi lugng cta hé cho & hinh 2.14, cho

m/

m, =m,=m;= T; P,(t) = P,(1) = P5(t) = Psinrt, r =10 ’% : EJ =const.
m

Pyith Pt J Pyt

) J |
/ my i My ‘ my ‘ o
T N T

| [ |
!..

Hinh 2.14

1. Tdn s6'va dang dao ding riéng
He naty ¢6 3 bac tu do 14 3 chuyén vi thang dimg tai 3 khoi lugng.
Ma tran khéi lugng cua hé:
[t 00
[M]= LA
0 0 1
Ma tran do citng tinh dugc két qua nhu sau:
7296 —4584 1728
[K]= % % —4584 5568 3720
1728 =3720 3840

Tén s6 dao dong riéng duge xdc dinh theo phuong trinh (2-37):

15.504 -
E

{} =149,052 712- —
91,53 "

Cic dao dong riéng duoc tinh theo cong thic (2-40), ma tran cédc dang dao dong riéng la:
1 1 {
[®]=]2.221 0.421 -0.954
1,878 102 0,596 |
Chudn héa cic dang dao dong riéng theo (2-69):
0.3251 0,6726  0,6644
[P )= i 0,722 0,2771 -0,6338
0,6106 -0,6861 0,396

Jm/

| —

Trong d6: a =
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2. Xdc dinh tdi trong khai trién theo cdc dang riéng

s , el e
it dung cong thic (2-129); {P.} = [M]{e;}

{qf}[M] toij

p 0,325 0,539
{P,}=£{0,325 0,7221 0,611) p} 1 220,722 i: 1,19731p

p 0,611 1,0131

(p][t O 0][0,6726) [0,1774
{P,} = 10,6726 0,2771 -0,6861} {p;(0 1 03 0,2771 }=<0,0731;p

ip 0 0 1]|-0.6861] {0,1809

p][1 0 0] 06664 0,2836
{Py} ={0,6664 —0,6338 0,396} <pr|0 1 0|3-0,6338,=1-0,273;p

p/lo o 1]] 0396 | [0.1697

Vay:

0,539  1,1774 0,2836
{Po}t =[P, Py, P,1=|11973 10,0731 -0,273|P
1,0131 -0,1809 0,1697

Sir dung cong thic (2-134):  {P}" = mydiage,; [®.,]' {P}:

03251 0 0 | {0,3251 0,7221 0,6106 |{P
{l’,}T:mlaliag(;)“[dJm]T{P}:%»'l 0 06726 0 71-0,6726 0.2771 -0.6861 |3 P
“I 0 0 06644 | 0,6644 -0,6338 0,396 ||P|
0.3251 0 0 [,6578 0,53895
PY'=| 0 06726 0 |{0,2636}P=40,1773 P
0 00,6644 | |0,4266 0,2834
1,197
(P} = m,diagp, [®,,] {P}=10,0731 P
1-0,2725
1,0122
(P} = mdiaggy [Py, ]' {P}=1-0,1809 P
0,1702

Cic két qua nay ding vdi két qua da nhan duge theo cdch tinh dp dung cong thic
(2-129) o trén, ¢o sai $o rat nho.
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3. Phuong trinh dao déng cua hé
Trude hét ta tinh cac phin tir ctia véctd cdc hé so anh hudng dong hoc theo (2-136).
T

K,,)= 1 jsin rTsino, (t—1)dt =
®

sinrt

2 2
1 ua W, —rI

Thay cdc gid tri o, vao cong thiic trén, ta cd duge vécto cac he s& anh hudng doéng hoc
nhu sau;
K, ()] [0,0072825
(K (0} = | K, (1) f =10,0004336 -%sm it
K_.(1)] (0,0001208
Chuyén vi cta hé duge tinh theo (2-137)
L0539 0 1774 0,285 [0,00728 ]
(Y} =M} [Py J{K (0} = —| 1197 0,073 -0.273|P| 0,000434 mErsinrt -
™y 0123 ~0.181 0,169 | |0.000121

0,01615 b’
=10,03462 | —sinrt
0,02962
Thidu 2.10:

Xic dinh chuyén vi tai cdc khéi lugng clia hé cho bdi phuong trinh can bang luc sau:

0 1]ty -2 4 1y, 10
1. Xdic dinh 1an so'va dang dao dong riéng.
Theo phuong trinh (2-37) [[K]- o [M]| =0 ta duoe
(6—2u) -2
-2 (4-u
duge: u, =2 u, = 5.

Do do: {m} = {ﬁ}

Cic dang dao dong rieng duoc xdc dinh theo cong thic (2-46), k&t qua nhu sau:

ol ]

— 0, trong d6: u = @, khai trién dinh thic va giai phuong trinh ta nhan




Pé chuan hoa cdc dang dao dong riéng ta st dung céng thiic (2-68) va (2-69), két qua
ta nhan duoc:

112

43 2V3
[chh]:

1 2

3 3

2- Xdc dinh tdi trong khai trién theo cdc dang riéng
S dung cong thic (2-130) ta dugc:

10 2 10 {-2] 1072 -2
Pl=—< ¢t (Bt =— Dodé: |P, |=—
it 3{1}{~} 3{2[ [P 3{1 2}
3. Xde dinh chuyén vi tai cdc khot iomg ciia hé

Tir cong thife (2-137) ta ¢6 phuong trinh dao dong cia hé nhu sau:
{1 10 —4 (l—cos\/it)
Yoy =1 -
2(0 23 4 | |(1-cos \/gt)
5 5.2 |
l—zcos\21+§cos\/§ t

(3-—‘2—005\51—%(:05\/5 t]

4 Xac dinh hyc dan hér theo (2-141)

102 -21{d-cosv2 1)
Py} = | P 1K (D { }
[Lh]{ } 3 ] {(l—cos\/gt)}
10{(2009\/_1—2005\5() }

3 (3 cosJZt—Zcosﬁt)
5. Xdc dinh chuyén vi cita hé theo (2-128)

1 [4 2}10{(2003\/_1—2009\5[) }_

2012 613 |(3-cosv21—2cos V51)

(l—ECOS\/il-i—-z*COS \/gtJ
3 5

{Py0i=

{Yw} =[F]ir )=

[3—%(:05;\/5 t—-‘i—cos\/gtJ

Gi4 tri chuyén vi nay ¢6 thé nhan duge tir (2-137)

Nhé réing tif luc dan héi da nhan duge & trén 1a khong chi xac dinh duoe chuyén vi ma
con xic dinh duge ci noi luc cha diém bat ki trén he. Viec xdc dinh noi luc 6 thé duoc
ti¢n hanh trude viec xdc dinh chuyén vi cua hé.
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$12. TINH DAO PONG CUGNG BUC HE HUU HAN BAC TU DO THEO PHUONG
PHAP TOA PO TONG QUAT

1. Toa do tong quat
Pai véi dao dong ciia hé hitu han bac tu do, chuyén vi cia h¢ cd thé phan tich thanh téng
clia cdc chuyén vi thinh phin ting véi ting dang dao dong ricng.

{Y(t)}:Zn:{Yi(t)}:{Yl(t)}+{Y2(t)}+...+{Y,-(t)}+...+{Yn(t)} (2-143)

L=t

Dé xac dinh cdc chuyén vi thanh phan {Yj(t)} , & phuong phdp khai trién tai trong
theo céc dang riéng, ta xem {Y ()} dugc gdy ra bdi tai trong khai trién theo dang chinh
tha i {P(t)} cta hé i trong dong bén ngoai, va mudn tim {Y,(t)} thi trude tién phai xdc
dinh tai trong khai trién {P(t)}.

O day. ta xem {Y(D)} bang tich cha chinh dang dao dong riéng {¢,} v6i mot dal
lugng Z,(1) nao do:

(Y01 = {9} £(0 (2-144)

Néu tim duge ciac dai tugng Z(1) dé, thi ta s& xdc dinh dugc cac chuyén vi thanh phén,
vi do d6 s& x4c dinh duoc chuyén vi clia hé.

Céc dai luong Z.(1) dé duge goi la cac toa do téng qudt ciia hé. Phuong phdp tinh dao
dong cla hé hiu han tu do di tir viéc xdc dinh cac toa do tdng quit duge goi [ phuong
phap toa do tong quat.

Pua (2-144) vio (2-143) ta ¢d:

YO = {0} 2, +{0,} 2, + ot {0} Zy + ot {0, } Z, =[O} Z(D} (2-145)

T lai 1y so d6 dim mot dau ngam, ¢é ba khoi lugng dé minh hoa (xem hinh 2.15):

¥a;
¥z N N
4 ___,' \' i
W e ®— @+
P . e
¥az —t
Y1
Y=z {4k ={od ey {rad={9ad 2,

Hinh 2.15
Tur (2-145), ta ciing thay rang: ma trin cdc dang dao dong ricng (@] la ma tran dé
chuyén cdc toa do tong qudt {Z} vé cic toa do hinh hoc ban dau {Y}.

Phi hop véi tinh chat trye giao cta cdc dang duo dong ri¢ng, ta ¢ thé bicu thi tou do
tong quit Z, bat ki qua chuyén vi cha hé. Mudn vay, ta nhan trdi bicu thic (2-145) véi

fo,}" [M]:
fo.} [M]{Yw)} = 0.} [M]{‘Pl}zl(‘)"“'--+{q’i}T [M]{ei} 70+ o} (Mo 20
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Ap dung tinh chil true gino (2-38) vio v& phai clia bicu thic uen, 1a duge:
o} [MJ"'Y(U" - ‘tml']-[M]{(Pi}-Zi(t)
[M]{

Suy ra Z.(1)=
[M]{‘P.;

(2-146)

2. Xie dinh cac toa do tong quit

Phuong trinh vi phin dao dong cua hé hitu han bac ty do khong x¢ét anh hudng cua luc
can nhu di bict (2-12) véi C = 0. '

[M]{ Yo} +[K]{ Yo} = (P (2-147)
Ta & st dung tinh chat true giao cua cde dang dao déng riéng dé xac dinh cac toa do
ong quit. Mudm vay, trude het ta dua phuong trinh (2-145) va dao ham bac hai cila no:
: Y(t)} = [(D]{Z(L)} vao phuong trinh (2-147). ta duoc:
[M][® ]} Znf +[K][@]{Zw)} = (P} (2-148)
Nhan trai hai v¢ cua phuong trinh (2-148) véi q}-l[- :
o IMI[@ N 2o} + o, [K][@]{Zi0) ={0,} (P} (2-149)

Khai wri¢n cde thinh phin & v& trdi ¢ta phuong trinh (2-149) va su dung cic bidu thic
tinh chit trge glao (2-58) va (2-59). ta s& nhan duge phuong trinh sau:

o Il )+ bR b1z = o e @10
Ta dua vao cac ki hicu moi:
M, =t (M) {o) (2-151)
&~ o K]0
Pay=1{o " {P)l (2-153)

M, dugc goi [a khéi luong tong qudt, K@ duoc goi la do cing 16ng qudl, P(0) - goi 1a
Ll lrong tong quat cua dang chinh th 1. Giga khoi luong 1one qudt vy do cing tong quit
cd sy lien he vol nhau bot cong thie (2-60):

[K]: “"i} = ‘”i2 [M]{(Pj ;

R — - . K - - o o T
Nhan trar hai ve cua dang thtic trén vo {(p-}:

. taduac

K, =o'M, (2-154)

Surdung cie ki hiéu (2-151), (2-1523 (2-153), 12 vict lai phuong trinh (2-150) nhu sau:

M.Z () +K.Z (1) =DP) : (2-155)
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Chia hai v& clia pharong trinh (2-155) cho M, ¢6 si dung (2-154) ta dugc:

- 2 P.(t) -
7. Tl =—— 2-156
(D +07ZA(1) M ( )

Phuong trinh (2-156) 14 phuong trinh vi phan dao dong hé mot bic tu do véi tan s6 o,
Giai phuong trinh nay ta duge nghiém 12 toa do tdng quit Z(t), né dugc xdc dinh bing
tich phan Duamen (1.185);

[ <
Z.(0 V. [P(0)sino, (1 -1)dt (2-157)
V&1 bii todn dao dong tu do, phuong trinh (2-156) sé& Li:
2+ 0] Z (1)=0 (2-158)
Nghiém tuong tGing cta phuong trinh nay nhu da biét ¢ (1.45)

7.
Z(H=2Z, cosot+—"sinw L (2-159)
w;
Cic 7, va Z]-_“ duge xdc dinh tir diéu kién ban ddu & (2-146) vi bidu thic dao ham
cua né.

Nhu vay. bang phép bién déi va sir dung cac toa do tong quat (2-149), ta di dua
phucng trinh vi phin dao dong cé sy lién hé trong cac ma tran [K], [M] vé hé chi chia
cde phuong trinh vi phan doc lap véi cic toa do tong qudl. mdj phuong trinh déu ing véi
he mot bac wr do va dé dang nhan duoc nghiem. Dudi day ta s€ xét mot so thi dy minh
hoa va so sdnh véi két qua nhan duce & phuong phdp trén.

Thi du 2-11

Tinh dao dong cua h¢ cho ¢ thi du (2-9) ) JR R Pt

| mi EJ e LR S & -
I‘ﬂ; = lnl = In_2 = 4 = IOV ]_n! l_ 4 1 _i_' " B M .:/,'T.fj’i
P(t) = P,(1) = Py{1) = Psinrt. ! —
EJ = const.

1. Tdn s6'va dang dao dong ricng Hinh 2.16

G thi du (2-9) ta da cé:

15.504 = 0,3251 0,6726 0.6664 |
{o} =149.052 o [®,]=] 07220 0277 -0,6338| —
o153 | '™ 0.6106 —0.686  0.396

2+ Xde dinh khoi lwong 16ny qudi va tdi ong ong g
M, =1, M,=1,M; =1 (vi dung cdc dang dao dong riéng da chuan hoa).

Céc tai trong téng qudt duoge xdc dinh theo (2-153):



1

P ={o,}" [P} = {0,351 0,722 0.6106} {1} Psinit = 1,6578. 23101
i 1 &
] .
Pg([):{%}"'{Pm}=£{0.6726 0.277 ~0.6861} {1 .Psinrle.2636»P5::m
|
1 .
P_;(l)z{(p_.{}T{P(l)}=%{0,6644 -0.6338 0,396} {1 .l’sinrl:0,4266-PS;mt
1
3. Xde din cdc toa do 1018 qudr: theo (2-157}
L] - b
Zi(t):m‘lﬂ(r)smwi“_t)dT:_M_iK“j([)
Trong d6:
K, ()= —l— TJ.sin r Tsino, (t—1)dt = s;n I‘T2
iu @ —r
O thi du (2-9) ta d ¢6:
0,0072825 .
(K, (0} =10.0004336 4 L i e
00001208
Viy cic 10a do téng quat:
Ziwy| [PK, (0] [0,16578.0.0072825
{240} =3 2,0} = {PK (1) b =0, 2636.0,0004336 = Psinrl
Z,()]  |PKL(0)]  |0,4266.0,0001208
0,01207 l )
{2} =40,0001142 -_L:%Psinrl
0,0000515[ ‘
4. Chuyén vi ctia cde khoy ltomyg:
0.3251 0.67265 0,6644 1 0,01207 I ,
Yoh=[o[{zaf =l 07221 0277 -0,6338 10,0001 142 W pinn
06106 ~0,686 0,396 [o,oooosmf «E
[0,016144] |
YO} = '0.034868i-l.~;m i
10,0292551

Két qua nay tring voi ket qua cla phuong phip tii trong khai tri¢n theo cédc dang
ricng da xét o thi du (2-9).
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Thidu 2-12
Tinh dao déong ctia hé cho & thi dy {2-10), hé cé phuong trinh vi phan dao dong viét

o dang:
o 2ot 3ot
0 1] |¥,(1) -2 4] |y,(® 10
1. Tan sé' va dang dao dong riéng

O thi du (2-10) ta di cé:
112

V2 3 2\3
to = o Pa]=
5 1 ﬁ
NG) 3
2- Xidc dinh khéi lugng 16ng qudt va tdi trong 10ng qudt

M, = M, = 1 (vi dung céc dang dao dong riéng dd chudn héa).

Cdc tai trong téng quit duge xdc dinh theo (2-153).
10

RO ={o} (P} {f F o7 @

ol - ol

Cdc phuong trinh vi phan dao dong viét v6i cdc toa do téng qudt theo (2-156):
Z,()+2Z (1) = 10

V3

zz(l)+522(t)=—10\/g

3. Xac dinh cdc toa do tong qudt
Nghiém cua hai phuong trinh vi phan trén véi diéu kién ban ddu bang khong tim duuc

nhur sau:

zl(t)=%(1—cnsﬁt)

Z,(1) = 2\/% {(—1+cos \/gl)

(1 1 2]]s

—_ —. = —(]~c05\/§t)

f \f 5

— E 2\/2(—[-1-608\/5[)
3 3

4. Chuyén vi ciia hé

Y} =[elzw) =

Sl
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(1—%005 ﬁt+%cos\61)}

(3—%005\5{—%&)5 \/gtJ

Két qua nay hoan toan ding voi két qua di nhan dugc & thi du (2- 10).

Duéi day ta s& tinh cdc gid tri chuyén vi ctia hé & 12 budc thoi gian, v&1 moi budc
= 0.28. két qui cho & bang (2-1).

Bang 2-1
. | ‘ | | 1
| o ‘ | | ) |
gian | AL ‘ 2AL 3AL | 4A1 SAL 1 6AL | TAL ‘ BAL | 9AL | LOAL ‘ 1 LAt ‘ 1 2At ‘
l— 14l , ] . - ‘|
‘ |0003|U{)38]0’%76\0486]0996 166\2338\7861 3052 12806[2131 ll"')J
(YOl
| |U382| 141 || 2,78 \409 \ 50 § 5,29 ‘4,986\4,27?1; ||2806 2484|2489‘
Thi du 2-13:
| .ka’l da.o\ er.lg tu do clia lfhung ba tdng cho O thi du (2-3). T
Biét cic diéu kién ban dau cua h¢: ;
1,5m
1.27 0 TR
ul _ : ol _ . K
(Y], o =1y} =qL0t pem ¥ ={ve}=q22.86 em/s -
0,76 0 T,
Céc ma tran {0}, [M], [®] dd cé ¢ thidu (2-3)
/777L// /7/1/}77

_ Xdc dinh céc toa do t6ng qudt tai thdi diém ban dau theo Hinh 2.17
biéu thitc (2-146) cho ca hé: b <

{2y, =[M.J [ [M){Y']

Trong d6: {M.] 1a ma tran chéo chifta cdc phan «r 1a cdc khol luong tong quit tng vol
cdc dang dao dong niéng.
™M, 0 01
M=} 0 M, O
0 M;

]

0 off 1
M, ={o,} [M]{e/}={1 0.644 0.3 0,178}{0 1,5 0{10,644,=1802.1.78
0 0 2§03

M, ={0,} [M}{o,}=2,456.1,78



M, = {0, [M]{@:}=2311.178

Ta tinh:
LI 0 11 o648 0302 11 0 0]
1,802
- 0 LS O
(M. ] [@] [M)=| o 1o ||1 -0602 -0678 -
2.456
1 o 0 2
0 0 .
- al |l &8 2,485 | )
0.555 0,539 0,335]
~10.407 -0.367 0,552
0,043 0,166 0,214 |
Viy:
. 1,27 1,503
{Z.,}I[Mc] [®]" [M]{101 ; ={-0,274 rem
0.76| 10,048

- Xdc dinh dao ham cdc 1oa do tong qudt tai thoi diém ban ddu viét cho ca hé theo

bi&u thitc sau:

0 12.26
iz} =[M.] (@] [M]{V,} =[] [®] [M};22,86} =1-8.382 pem/s
0 3,81

- Céc toa do téng quat clia hé duoc xdc dinh wr phuong trinh (2-159), & day viét cho ca

hé nhu sau:

Z,(1) 1.503 cos w1 0.846sino,t
{Z(l)}z Z,(1)p =4-0,274cosm,t ¢ + —0.27sinw,t
Z(t) 0,048 cos .t —{(},083sin w5t

- Phuang trinh dao dong tu do cta hé:

0,302 -0,678 2,485
(1,503 —0.274 0,048 ] [cosot) | 0.846 =027 ~0,0838 ] [sinot
~10.073 0.1649 —0,124 | {cosm,t}+|0.5482 0,1625 0.2141 | sino,!
0,453 0.1857 0,12 cos 51 0,2555 0,1831 -0,2602 | |sinw,t

1 1 |
{Y(a)}_[qn]{zm}{o,ms -0,602 -2,58 |[{Z(1)} =
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§13. PHUONG PHAP KHAI TRIEN TAI TRONG THEQ CAC DANG DAO PONG
RIENG TINH HE CHIU TAI TRONG pIfu HOA

Khi hé chiu tic dung ctia tai trong dong c6 quy luat thay déi theo thoi gian la quy luat
diéu hoa

Pl
Py .
{P()} = sinrt (2-160)

P

thi. chuyén dong ctia h¢ khi on dinh ciing thay ddi véi quy luat diéu hoa, nghia la,
nghiém ctia phuong trinh vi phén 6 v& phai cia phuong trinh:

[M]{¥ @} +[K]{Y©} = {PO)] (2-161)
S& la: {Y()} ={Y}sinn (2-162)
Trong dé; { Y} 1 véc to chia cde bién do dao dong ciia he.
Dua (2-162) va dao ham béc hai
(¥(0} =1 {Y}sinnt
vao (2-161) ta dugc:
([K]-r* [M]){ Y} =P} (2-163)

Ta 1im nghiém cla phuong trinh {2-163) du6i dang t6 hop tuyén tinh clia cdc dang dao
dong rieng chusn:

{y}={o, 1z} (2-164)

Trong d6: [P,,] 1a ma trdn cdc dang dao dong rieng di duge chudn hoa: {7} 1a véc to
c6 cac phan tu la bien do dao dong cla cdc dang, né chinh la céc toa do téng qudt chua
higt. Pua (2-164) vao (2-163), ta dugc:

(K} @y ] - [M][®,]){7} =P} (2-165)

T
Nhan trdi hai v& clia phuong trinh (2-165) v61 {(Duh} , ta co:

([0, [K][0, ) [0, ] MYl )2 = [@u] (7} 160

Ap dung diéu kién truc chuin (2-70) va (2-72) vao v€ trdi cua phuong trinh (2-166), ta
vi¢t lai phuong trinh nay nhu sau:

([o]-r[E]}{Z} = (@, | {P} (2-167)
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-1
Nhan trai hai v¢ cua phuong trinh (2-167) véi [Q— rzE] , 1a nhan duoc nghiém 13

cdc toa do 1ong quat:

(z}=[a-rE] [o,] {p} (2-168)
Bua (2-168) vao (2-164) ta nhan dugc chuyén vi cha hé:

(v} =[o)[@-rE] [o,] (¢} (2-169)
Ta dat: [p]=[@-rE] 2-170)
Bua vio ki hiéu;

1
S, = 2-171)
T (

Khi do: [D] = diag(Si) (2-172)
Néu dat; [G] =[®4][D][®u] (2-173)
Thi: (Y} =[G} {P} (2-174)

Ma tran [G] duoc goi 1a ma tran gidi thitc Green.

Nhu vay, khi tinh h¢ chiu tai trong diéu hoa, ta chi cin xdc dinh ma tran Green, roi
nhan véi vécto bicn do tai trong 1a nhan duge vécto bién do dao dong ciia hé.

Thidu2-14:

Tinh dao déng ctia hé cho & thi du (2-9)

m/
m, =m, =m, =—; EJ =const
T4

El
P(t)y=P,(t) =P, (1)=Psinr; r=10 S
. ’ m/
F’MJJ Pylt) | Paith |
4 m ¥ ”‘2? maf
T N .
Hinh 218
O thi di (2-9) ta cd:
237.314 0 0 £
[©2] = diag (mf-]= 0 2406,1 0 —
0 0 83777 "
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0,3251 0.6726  0,6644
[®,]=]0.7221 02771 -0,6338 i
0,6106 -0.6861 0.396
Ta tinh ma tran [G] theo cong thitc (2-173).

0.3251 0,6726 0.6644 ] [137,31 0 o 1
[G]=[®,)[D][®,] =] 0.7221 0.2771 -0.6338 0 230610 0 | x
0.6106 -0.6361 0,396 0 0 8277.7

0,3251 0.,7221  0.6106 (0,001019 0,00174 0,0012771 \
«10,6726 02771 —0.6861|=| 0.00174 0,00388  0,0031 [E"—}
06644 —0,6338 0,396 {0,00127? 0,0031 0,00294J ak
P [0,01615
Vay: (Y} =[G]{P} =[G]{P}=10,03488 L
P|  0.02928
Do dé dao dong cua hé:
0.01615)
{Y(t)}z (),03488 x&sinrl
0,02928]
K&t qua nay diing véi két qua di nhan duge & hai phuong phdp trén,

§14. LUC TUONG UNG VOI TRANG THAI DONG VA MA TRAN MEM DPONG
HOC TONG QUAT CUA HE HUU HAN BAC TU DO CHIU TAI TRONG
PONG BAT Ki

1. X4c dinh vécto lyce tuong Ung v6i trang thai dong cua hé hitu han bac ty do
chiu tai trong dong bat ki

O phuong phap khai trién tii trong theo cde dang riéng, ta €6 vécto tai trong khai trién
dang i (2-130):

fo,)" {7}

{P-.}=m[l\"] {o:}

Gia tri tal trong khai trién vao khoi luong K ing véi dang dao dong sieng tha 1 duoc
xdc dinh tr bieu thitc rén nhu sau:

‘M Py (a)
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Vi M, 1a khdi luong toéng quat thi i.
Vécto lge dan héi tng v6i dang dao dong riéng thit i duge xdc dinh theo (2-139):
(P} ={P}-K) (b)
Véi K1) 1a he s6 dong hoc theo thoi gian dugc xdc dinh theo (2-140). Tu cac cong
thic (a) va (b) ta ¢6 luc twong tmg voi trang thai dong tai khéi lugng K dng vdi dang dao
dong riéng thi 1
T
i P P
Py (=P K (1) = my ., i_jﬁ—{—}-Ki {t) (c)

Do vay, véc to luc tuong Ung vdi trang thai dong (ing véi dang dao dong rieng thit i s€ la:

(ra0} =M {0} 2 (o} () @

i

Cusi ciing. véc 10 luc tuong tng véi trang thi dong clia ca hé duge viet nhu sau:

K, (1)
M,

(P,(0} = [ M][®]diag =[] {P} (2-175)

. Kt . . .
Trong do: diag l':/: ) 13 ma tran chéo ¢ cic phén tir nam trén dudng chéo chinh bang

K. (1 , . . L ..
—h‘/-l(—). i = 1. 2....n; Néu dung cic dang dao dong riéng chuan, thi tit ca cdc khoi luong

16ng quat M, déu bing 1.

Cong thic (2-175) cho phép tinh truc tiép duge vécto hyc tuong ung v3i trang tha
dong { P01}, tir dé c6 thé xdc dinh noi luc va chuyén vi dong cua h¢ dao dong.

Thidu2.15:
V& bidu dé momen uén déng cla hé cho trén hinh 2-1%. Biét: m, =m, =m; = —i—:

10 {EJ

P,(1) = Pyt) = Pty = Pusiarts r = —f—, EJ = const.
I~ ¥m
. Lemo L Lo
R SRS W
Z m, m, my

e

DIV DR LN NP

0.784
W\ lpzu [Py cha
| | ‘ Al : . r @}x P

|
’ T

Hink 2-19 panre
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Ma tran khoi hrong va ma tran ciing ctia hé:

1 00 7296 -4584 1728
[M]ZE;_’ 01 0f: [K]:“SI;J —4584 5568 -3720
0 0 | T 178 ~3720 3840

O bai todn dao dong riéng, ta c6 vécto tan s6 va ma tran cdc dang dao dong riéng da
chuan héa (§11).

15,405 0,3251 0,6726 0,6644
{o} = 149,052 JE‘J—;; [@4]=10.7221 02771 -06338 .1
91,53 | '™ 06106 -0,6861 0,396 |
a:%m
Vécto tai trong dong va vécto hé s§ dong hoc theo thai gian
POj (1
{P(O}={Py(t) =4 1 } P.sinn
P,(1) I
rz
1 I_E
K1) . 1.7283
(K} =K =41 [ 1= L2y 0435 sinn
K, (1) © 1.0121
I: l~—r;
3

Vécto luc urong ling vdi trang théi dong duge xdc dinh theo (2-175):

{R_I (U} = [M][(D..-h ]diagKi (1) [(Dch ]T {P}

[ 0 0 0,3151 00,6726  0.6644 |[1,7283 0 0
Py} =a’|0 1 o é 0,7221 0,277 ~0.6338 O L0435 0 |sinrtx
0 0 1 0.6106 -0.6861 0,396 0 0 10121
0,3251 0,7221 0,6106 | (1 1,40334
«210.6726 0,271 —0.6861| 116 P = 1187151 b P sin
“lo.6644 -0.6338 0396 | |1 173173
Gud tr1 lon nhat khi sinrt = 1. tuong iing ta cé:
1,40334
{P,}={1.87151; P
1,73173
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V& bi¢u dé mémen udn dong (M‘:, ) :
Bit vécto lue {P,} vio cde khoi lugng va vé(Mg) hinh (2.19b).

2- Xac dinh ma tran mém dong hoc tong quat

O phuong phép cong dang dao dong, cé thé biéu thi vécto chuyén vi cia hé 1a t6 hop

clia cac dang dao dong riéng véi cdc toa do 16ng quat (2-143):
Y} =[@]{zi0)]
Trong do: [(D] Ja ma tran ¢ac dang dao dong riéng;

{Z,()} 1a véc to ¢6 cac phén tir 4 céc toa dg 1ong quat Z(1)

P K, (1) T
Z. :-;K =& . P .
(D v 4 M {o;} {P}
i=1,2,..n
Vi Km(t)=—1—_[f(‘r)sin(ui(t—1)dt

0

[

Tir (f) 1a ¢6 thé viét véc 1o toa dO tong qudt cua ca hé

(2,0} = ding "] (7]

1

Pua (1) vao {¢) ta duoc:
{ycv} = [o]disg o] (7

Hay: y() =[F; (O] {P} (2-176)

Tong a6 [Fyo]-[o] disg 2 o]' (2

(e)

o)

(g)

(k)

(2-176)

(2-177)

O bai todn tinh ta luon 6 (v} = [F] {P}. véi [F] la ma trdn meém, vi viy ma (ran

[F (0] & cong thirc (2-176) duge xac dinh theo (2-177) goi la ma tran mém dong hoc.

Thidu 2.16:

. b, LR lpz(t}
Tinh chuyén vi cua hé chiu tai trong <4
diéu hoa cho & hinh 2200 i i
. . 7
Bict: P (1) = P,(1) = Py(t} = P.sinit, i Ma
oo oom ) 114
10 (EJ mf F ! !
P=— ,—; m =m, =My =—
I~ ¥m 4
EJ = const. Hinh 2.20
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O bai todn dao dong riéng, ta c6 véc to thn s6 va ma tran dang dao dong rieng da

chuan hda:

15,405 = 0,3251 0.6726  0,6644 1
{w} =1449,052 — [D,]=10.7221 02771 -0,6338)~
9153 | '™ 0.6106 —0.6861 0,396 |
a=l mi
2
sinrt

Vi tai trong diéu hoa: [(t) = sinrt, ta c6 K, (1) =———

K, © b (o) —7%) 1:137,31] |
(K, (O} =K ()} =4 1:(0} =) psinst = ¢1:2306,] %— . sinrt
K, a{t) 1:{w —1%) 1:82771.7
Ma tran mém dong hoc duge xdc dinh theo (2-177) viét véi cic dang dao dong néng chuan.

[Fo ()] =[®., | diag K i (0 [®y, | {P)

-1

0.3251 0.6726 0,6644 |[137.31 O 0 .
[Fd(t)]zl 0.7221 02771 -0,6338 0 23061 O M inrtx
0.6106 -0,6861 0,396 0 0 82777
0.3251 0,7221 0.6106 | [0,001019 0,00174 0.001277)
106726 02771 -0,6861|=] 0,00174 0.00388 0,003l m’! xsin 1t

: 0,6644 —0,6338 0,396 0,001277 10,0031 0,00294

Véc to chuyén vi ctia hé (2-176):

0,001019 ©0,00174 0.001277| | p
{yw)} =[F,}{P}=] 0,00174  0,00388 0,0031 g}izsinrl p
0,001277 10,0031  0,00294 | P
0.01615)
{y(t)} =40,03488 %sinn
0,02928

K&t qua nay trung vé&i két qua di cé O cac thidy (2-9), (2-11), (2-14)
$15. DAO DONG CUONG BUC HE HUU HAN BAC TU DO CO XET PEN ANH
HUGNG CUA LUC CAN
1. Gia thiét vé I can va xac dinh ma tran tit dan
Khi tinh dao dong cudng bic clia hé hitu han béc tu do ¢6 xét dén anh huong cua lyc

can ta dimg gia thiét:
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- Lue can d 1& vi van toc - ma tran tit dan thoa man diéu kién truc giao va dugc biéu
thi bang quan hé sau:

fo.) [Cllo)} =20e8; (2-178)

i~ivij
Trong dé: ¢, - tham s6 tit dan ;
d, - ki hi¢u Cronheker:
8;={o.}’ [M]{‘Pj}

O (2-178) ta thiy rang: Cdc dang dao dong riéng ciia hé khi ké dén vi khi khong ké
dén anh hudng cha lue can 1a tring nhau. Ching truc giao vdi nhau qua ma trin tat dan
|C]. Dicu dé ¢6 nghia 1a su tidu hao nang lugng trong qud trinh dao dong ciia hé duge
tinh bing téng c¢dc ning lwong hap thu & méi dang dao dong riéng. Nhu vay, tdc dung
cua tai trong ngdai vi cdc diéu kién ban dau déi véi méi dang dao dong riéng déu cd thé
duge tinh mot céach doc 1ap. Sur thoa man dicu kién (2-178) sé dé dang cho phép tinh dao
dong cua hé hiru han bac tu do ¢é xét dén anh hudng clia luc can theo phuong phép khai
rién theo cic dang riéng.

Phu hop vdi diéu kién ma tran tat din théa min diéu kién truc giao. Raylay da gia
dinh ma tran 14t ddn bang t6 hop clla cic ma tran do cing vi ma tran khéi luong:

[C]=a,[M]+4a|K] (2-179)

Trong d6: a, va a, [a cdc hé s6 ti 1& nao d6. Cac hé s6 nay duge xdc dinh theo cic gid

tri khdc nhau cta tham s& tat dan va tdn s6 dao dong riéng.

Thidu2.17:

Cho hai tan s6 dao doéng riéng cha hé hifu han bac tu do: w, = 2 va ©, = 3. Sy tit din
tuong (ing vd&i hai dang dao dong do bang 2% va 10% tat ddn téi han, nghia la; €, = 0,02
va g, = 0.1. Hay xdc dinh cdc hé s0 a, vaa,.

Pua ma trin tat dan theo (2-179) vio (2-178), ta s&€ nhian dugc phuong trinh sau;

a, +a,00 =20, (a)

Thay cidc gia tnn w,,g, va @, . £, vao phuong trinh (a), ta ¢é:

a, +da, =0,08
(b)
a, +9, =06
Gidi he phuong trinh (bY, ta dugc: a_ = - 0,336 va a, = 0,104,
Vay ma trin tat dan theo Raylay (2-179).
[C]=-0.336IM] + 0,104 [K] (c)

Tu phuong trinh (a) ta ¢6 thé nhan duge tham s6 it ddn iing vdi cdce tan s6 dao dong
néng o, bit Ki
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1 ( 2): —0,336 +0,1040;

€ =—|a +a0 d
1 2(0', o 11 20)i ()

Trong cdc bai todn thyc 1€, cic tham s6 tat ddn c6 thé 16n hon 2, khi d6, d€ tinh a_ v
a, ta ding hai cap gid tri trung binh clia céc tham s6 tit dn va tan s6 dao déng riéng. Ta
x€t thi du sau day:

Thidu2.18:
Cho céc gid tri tdn s6 dao dong riéng va tham s& tét dan:
0 =2,0,=3, 0,=7,0,=15, o;= 19,
£, =0,02,g,=0,03,£,=0,04,g,=0,01,5,=0,14
Hay xac dinh cac hé s6 a, va a,
Céc h¢ s6 a, va a; nhan dugc tir phuong trinh do phép thé (1.179) vao (2-178):
a, +a,0 = PANK S (a)
D¢ xdc dinh 2 hé s6 a, va a, ta phai sir dung hai cip gid tri trung binh cna cic o, va g,
ta ki hiéu la:
(1, £1) VA (@2, €2)

O day ta lay:

_ 1 - 1
0 =§ (O +0,+0,)=4; E :E(EI +e,+2;)=0,03

@, =%(co4 twg)=17; €, =%(84 +£5)=0,12 (b)

The cdc gid tri & (b) vao (a), ta nhan duogc hé 2 phuong trinh sau:
a,+16a, =0.24
a, +28%, = 4,08}
Giai (¢), 1a duge: a, = 0,0498, a, = 0,01405. Vay ma tran tit dan theo Raylay (2-179) ia:
[C]=0,01498 |[M] + 0,01405 [K] (d}
Thay a, va a; vao phuong trinh (a) ta s€ tinh dugc bidu thic xdc dinh cédc tham so tat
dan {ng véi cdc tin s6 dao déng riéng bat ki:
__ 0,01498 +0,014050;

&

()

(e)

20,

Trong trudng hop téng quét, nhu da biét & phan tren: diéu kién truc giao ciia cic dang
dao dong rieng con duge théa min d6i v6i tich cua s6 khong han ché cic ma tran duoc
a0 nén t ma trdn dé cng va ma trdn khéi lugng (2-65). Vi vay. ma tran truc giao tat
dan ¢6 thé duge biéu thi bing 6 hop clia cdc ma tran do:

[C1=[M]Y a, [M‘lK]k (2-180)

k
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Trong do: Cac he s0 a, duge xéc dinh ti viéc gidi h¢ n phuong trinh sau:
_ S R _ 2(n-1)
20,8, = a, +2,0] +a,0; ¥t 0 (2-181)

Cin thay thém rang: Khi k = 1 ma tran tit dan (2-180) s& din dé€n ma trdn tat dan theo
Raylay (2-179).

2. Tinh dao dong cudng bitc theo phuong phap khai trién tai trong theo cac dang
riéng ¢ xét dén luc can

Khi phan tich dao dong cla hé thanh cdc dang riéng, ta xem chuyén vi clia hé bang
téng céc chuyén vi thanh phén, trong d6 méi chuyén vi thanh phan tuong {mg véi mot
dang dao dong riéng. Bai todn xét chuyén vi d6i véi timg thanh phén la bai toén dao
dong ciia hé mot bac ty do. Khi xet dao dong cudng bic c6 ké dén anh hutng clha luc
can, phlt hgp voi gia thiét & trén ta ¢& thé xét mot cdch doc lap timg dang dao dong
thanh phin nhu hé mot bac tu do.

Phuong trinh dao dong cua h¢ mot bac tr do chiu tai trong dong bat ki ¢ xét dén anh
hudng cba lyc can nhu da biét (1-196):

1 l —we(1-1) &
y(t)y=——|P e vt=T) cing (t—T)dT
Mo j o ‘

(S

Hodc co the viet:

P
()=—K
y{t) M L0

Trong do:

!
K, ()= L [f e sino (U - T)dT

Déi v6i hé hitu han bac ty do, ta van su dung cong thike (2-132) dé x4c dinh céc tai
trong khai trién theo cic dang dao dong riéng, chi c6 vécta cde hé 56 anh hudng dong
hoc s& ké dén anh huong ctia fuc can phi hop voi he s6 K (1) o trén. Cu thé doi vol cdc
phan tir K (1) theo (2-136) dugc vict nhur sau:

K, ()= L jfme“”i*‘i“"”.sin o (t-1dt (2-182)

Chuyén vi ciia hé vin duge xic dinh theo cong thic (2-137)
(v} =[] [Pe [{KL)

3. Tinh dao dong cudng bic theo phirong phap toa do tong quat c6 xét dén lue can

Trong trudng hop x¢t dén anh hudng cha luc can, phuong wrinh vi phan biéu thi dao
dong déi véi cdc toa do 1dng quét (2-155) s€ ¢ dang sau (33 day khong trinh bay, vi qud
irinh tién hanh twong tu nhu thiét 1ap phuong trinh {2-133)):
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MZ, )+ CZ()+K Z()=P (1) (2-183)
Trong dé:

G = {‘Pi }T [C]{‘Pi} =20,e,M,
Phuong trinh (2-183) dugc viét lai:

zi(t)+2miei7_,i(t)+a]izzi(l)=E;§2 (2-184)

bay chinh 1 phuong trinh vi phan dao dong clia h¢ mot bac wr do Gng véi tan s6 o,
doi v6i he c6 khdi lugng 6ng quat M,, do ciing téng qudt K,, chiu i trong toéng quat
Pi(t). va he c6 hé s6 tar dan Ong qudt C,. Toa do téng quat Z,(1) 1 nghiém cla phuong
trinh vi phan (2-184),

Z(0)= M—l— [B(0)e 5 Gine, (t-t)dt (2-185)

Jmi,c o

Chuyen vi cla hé 12 16 hop cua cdc dang riéng duge tinh theo (2-145):

YW} = [@] {zw)}

Trong do: {Z(t)} 1a véc to c6 cdc phan tit duge xdc dinh theo (2-185).

Trinh r tinh todn h¢ dao déng hitu han bac tur do chiu (dc dung cua tai trong dong bat
ki dugce tién hanh nhu sau:

1. Xéc dinh cdc tan s6 dao dong riéng va cde dang dao dong riéng cia he. Déi véi cic
bai toan c& Ién, ta phdi gidm <& bai toan va chi xdc dinh mot 86 tan s6 va dang dao dong
riéng thap.

2- Phan tich tii trong tic dung lén hé ra cdc tdi trong khai trién theo timg dang dao
dong riéng: hoac xdc dinh céc toa do téng quit ing véi cdc dang dao dong riéng, theo
(2-130) hodc (2-185).

3. Xéc dinh chuyén vi cua hé tir k&t qua nhan duge ma trdn tai trong khai trién, hoac
ma (ran cac toa do tong qudt & budc trén, theo (2-137) hoic (2-145).

4. Xdc dinh lyc dan hoi dé tinh nét luc clia hé.

Py = IKT {Y(0)}

O phuong phip khai trién tai trong theo cédc dang dao dong riéng. luc dan héi c6 the
ducc tinh tryc ti€p tir ma trin tai trong khai trién theo céc dang chinh dao dong. Trén co
& dd xdc dinh duge luc dan héi, ta ¢6 thé tim duge chuyén vi va noi luc clia mot diém
bat ki rén h¢, & phuong phdp toa do 16ng quat, luc dan hoi phai tinh qua chuyén vi Y}
vi ma trin ciing [K].
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$16. CAC PHUONG PHAP TiCH PHAN TRUC TIEP
Phuong trinh vi phan dao déng hé hiru han bic tu do nhu di biet:
MY, +CY, +KY, =P, (2-186)

Nghiém cua cdc phuong trinh vi phan dao dong cia hé mot bac tu do hoac hiru han
bic tu do déu ¢6 thé tim dugc bang cac phuong phdp tich phan truc ti€p, & day phuong
trinh (2-186) duge 1y tich phan theo cdc trinh v budc s dac biét. Viéc lay tich phan s6
truc 1i€p dugc tién hanh trén cac doan thoi gian ngdn va phii ddm bdo diéu kién can
bang luc cia phuong trinh (2-186), trong dé ¢6 tinh dén luc quan tinh, luc can tai céc
diem roi rac clia khoang thoi gian khao sat. Quad trinh nay rat thich hop va ¢ hiéu qua
khi sir dung mdy tinh dién ta.

Gia sif cdc vécto chuyén vi, véeto td¢ do va vécto gia tdc tai thdi diém ban dau t = O:
Y, Y,, Y, la did biél vi ta cdn phai tim nghiém ctia phuong trinh vi phan (2-186) trong
khoang thoi gian tir khong dén T. Ta chia khodang thoi gian ra n doan bing nhau va béang
nhau va bang At

T

At =—
n

Ciéc gid tri cAn tim & thdi diem sau phéi s dung cdc gid tri dd biét & thai diém trude.
Qua trinh tinh ctra cdc phuong phdap tich phan truc ti€p s€ cho cic nghiém pian ding tai
cdc thai diém roi rac cha khodng thai gian chia 0, At, 2At..... T. Duéi day s& trinh bay
mot $6 phuong phap tich phan truc ticp.

O phan nay, cdc dai luong in nét dam déu biéu thi ma tran hodc véc to.

1. Phuong phap sai phan hiru han

Tir viéc khao sat (2-186} nhu viéc khao sit cac hé phuong trinh vi phan thong thudng
¢6 hé s6 hing s6. ta ¢6 thé bi¢u thi gan ding cdc gia t6¢ va t6¢ do bing cdc bicu thifc sai
phan hie han cla cdc chuyen vi, nghia |, ta diing sai phan cla hdm s6 thay cho cdc vi
phan cila ham s6. C6 nhiéu phuong phép sai phan khdc nhau dé€ bicu thi gan ding gia t6¢
va tdc do. phuong phdp sai phin ddng tam 1a mot trong cdc phuong phdp ¢ hiéu qua dé
gidl cdc bai toan cu the. 0 phuong phap nay ham chuyén vi dugce biéu thi bing mot da
thitc ot suy 1 da thitc parabol bac hai. Khi dé ta ¢6 biéu thitc gan ding cla gia téc va
téc do tai thot diem t nhu sau;

Yt-m — 2Yl + Yu-m

¥ - [ (2-187)
At
Y[ — YI! +AL Yl-Al (2—188)
2At

Chuyén vi tai (hdi diém (t + Al) duge tinh tir quan hé (2-186) tai thoi diém t (tir di¢u
Kién cin bing luc tai thi diém O
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MY, +CY, +KY, =P, (2-189)
The (2-187) va (2-188) vao (2-189) ta duge phuong trinh:

K'Y, =P (2-190)
Trong d6:
K*=—1—2M+—1_c (2-191)
At 2At
13,“':}1—[1(-*2—2M)}f’,-[—171\4-—1—-(:)\1{\t (2-192)
At At 2At

Tur (2-190) ta thay rang: Chuyén vi tai thi diém (¢ + At) Y, duge tinh qua cdc
chuyén vi tai cdc thdi diém t va (1 - At): Y, va Y 4. Vay d€ tinh chuyén vi tai thoi didm
At Yo, phii bi€t duge cdc chuyén vi tai cdc thoi difm 1= 0 va t = - Ar Y, vay,.
Chuyén vi Y, 1 diéu kign ban ddu da biét, con Y, dugc xdc dinh nhu sau. & phuong
trinh (2-187) va (2-188) ta thay t = 0, s& duoc:

APY, =Y_, -2Y, +Y,,
ALY =-Y_, +Y,,
Tir hai phuong trinh nay ta sé cé:

. AtE L.
Yo=Y, -t + =¥, (2-193)

Trong d6: Y, 1a diéu kién ban ddu da biét, con gia toc Y,,,ducc xdc dinh tir phuong
trinh vi phan dao dong (g véi thoi diém ban diu (2-189):
Y,=M"'(P, -CY, -KY,) (2-194)

Qua trinh tinh theo cic budc thoi gian dugc tién hanh theo cdc cong thire: (2-192) va
(2-190).

Vin dé chon buédc thoi gian d6i véi cic phuong phap tich phan truc tiép 13 van dé rat
quan trong, no lién quan dén do chinh xac cha két qua tinh todn vi su én dinh cita so dé
tich phan. Néu chon budc thoi gian cang nho thi két qua tinh cing chinh xdc nhung khéi
lugng tinh cang nhiéu, va nguge lai, néu chon budc thai gian cang 16n thi khoi luong
tinh s& it di, nhung k&t qué tinh sé khong dam bao chinh xdc. Vi vay, phai chon budc
thoi gian di nho dé dat duge do chinh xdc can thiét va chi phi tinh todn vira phai.

Bo1 véi phuong phép sai phan da khao sdt & trén, dé nhan dvgc nghicm di tin cdy, thi
budc thoi gian phai chon thoa man diéu kien sau:

T
At<At, =2 (2-195)
T

Trong d6: T, 1a chu ki dao dong riéng nhod nhat cia hé (timg vdi tdn s6 dao dong riéng

16n nhat).
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Trinh tr tinh todn cia phuong phdp sai phan duge tién hinh nhu sau:

1. Xdc dinh cdc ma tran do cling, ma tran tdt dan vA ma tran khéi luong ctia hé: K, C, M;

2. Xdc dinh diéu kién ban ddu Y, tix Y, va Y, theo (2-194);

3. Chon budc thoi gian At thoa min (2-195);

4. Xac dinh Y, theo (2-193):

5. Xdc dinh ma tran K* theo (2-191);

6. Xidc dinh véc to tai trong tai thoi diém t: P, theo (2-192):

7. Tinh chuyén vi § thoi diém (1 + At) tir phuong trinh (2-190).

Viéc xdc dinh tai trong P va gidi phuong trinh: K™ Y,, , = P, duoc tinh va lap lai o
moi budc.

Khi cdn thi€t xdc dinh cdc gid tri gia téc va t6c do chuyén doéng, ta sir dung cdc biéu
thace (2-187) va (2-188).

Thidu2.19
Cho h¢ hai bac tur do cé phuong trinh can bang luc:
b GRS SR
0 1] %) |=2 4y, |10
Gid tri cdc chu ki dao dong rieng cua he: T, = 4.45; T, = 2.8.
Cho diéu kién ban ddu: tait=0,Y,=0, Y=0.

Hay khao sat dao dong ctlia hé v6i 12 bwéc thi gian véi hai truong hop:

At=£=0,28 va At=10T, =28
10
a) Tinh voi trieomg hop At =0,28 < Aty = LH =0,89,
s

- Xdc dinh Y, theo (2-194)v6i Y, =0, Y, =0, ta cé:

-

. . 1710][0] (o
YnzM POZ-—- =
2[0 2] 11of " 10

- Xac dinh Y ,, theo (2-193):

0 0 210 0
Y—él = _0,28 + 0,28 =
0 0 2 10 0,392

Xdc dinh ma tran K™ theo (2-191):

< 1 2 0 2 [0 o 25,51 0
= +— =
0,287]0 1| 2.0,28{0 © 0 12,755
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- Xdc dinh véc to P, theo (2-192):

b 0] [45 2 y 25,51 0 v
= + —
t 10 2 21,5| " 0 12,755 ™

Chuyén vi tai thoi diém (t + A1) tim duge bing viéc giai phuong trinh (2-190) d61 voi

méi budc thai gian:
25,51 0 v . =P
0 12,755 "4

Qué trinh tinh dgi véi 12 budc thdi gian ta cb két qua ghi ¢ bang 2-2:

Bing 2-2
s 1
‘Th(‘n
| gian AL |24t | 3AC | 4At | SAr | 6ac | TAU | BAU | 9At | 10At ) L1At 12At
}7‘ J .
|{Y} 0 ‘0,030? 0.168 | 0,487 1,021 1.7 | 2,401 2,9¢ § 3,07 | 2,77 | 2,04} 1,02
| L
| 0,392\1,45 2,83 | 4,14 5,02\5,26 4.90 4,l?|3,3? 2,78 | 2,54 | 2,60 |

Cac két qua nhan duge co thé so sanh v6i cdc gid tri chinh xéc da nhan duge d thi
du (2-12).

biTinh voi tnong hop  At=10 T,=28> A, = 0,89

Ta Yap lai qud trinh tinh tuong tu nhu trén s€ nhén dugc két qua:

v - 0 v 3,03.10°
a7 03,83.10° 7 |1 2n0007

Cic chuyén vi tinh duoc & cdc bude tho gian sau cling ti€p tyc tang. Sy tang cac gia
tri nay la do hiu qua cua su khong &n dinh clia so do tich phan st dung do bude thot
gian khong thda man dicu Kién (2-195).

2. Phuong phap gia toc tuyén tinh

Phuong phép gia toc tuyén tinh xem rang:

Su thay déi cla gia t6c chuyén dong trong
mo6i bude thoi gian tir t dén (t + At) la tuyén

i Yiu i :
Y ' i
{{fnh. Vinson da phdl trién phuong phdp nay L k £ :
At AR

vi gia thiét rang: Su thay ddi tuyén tinh cla F

gia 16¢ tir t dén (1 +6A1), trong d6 6 2 1. bé x=at
dam bao sy 6n dinh vo diéu kién cla su do
tich phan thi: & = 1.37, thuong lay 0 = 1.4. Hinh 2.21
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Ta ki hiéu gia s6 thdi gian qua bién T, trong dé: 0 < 1 <0AL Tir hinh vé 2.21 ta cé:
. .- T .- .-
Y. = Y, +@(Y:+em -Y;) (2-196)

Trong dé: 0 < 1 < 0AL

Tich phan hai v& dang thic trén, ta dugc
2

T ..
Y. =Y, +Y,. T+29A (Yon — Yo) (2-197)
Tich phan tiép hai v& (2-197), ta dugc:
7,
=Y, + Y.t Y': + -Y 2-198
t+t 2 69At( t+0AL [] ( )

Tinh cac biéu thirc (2-197) va (2-193) tai thoi diém (1 + BA), 1a c6:
Yom = Yy + (Y.+em +Y,) (2-199)

Zag2 .. .
(V00 +2Y) (2-200)

Y.oa = Y, +OALY, +

Tir céc bicu thitc (2-200) va (2-199) ta ¢6 thé biéu thi Y, o v Y,.0n Qua chuyén vi
Y, 0a THU sau:

. 6 6

Yi0at = W(thm Y,)- __A_Y 2Y (2-201)
‘ 3 . OAL,

Y0t = @(YI+OAL -Y)-2Y, - 2 Y (2-202)

Dé xdc dinh cac chuyén vi. t6c o, gia toc cua he tai thoi diém (1 + A, ta s€ khao sdt
phuong trinh vi phan dao dong (2-186) tai thoi diém (t +0A0).

M?H(}m + CYHBA( + KYt+9m = Frioat (2_202)
Trong d6: Py g 13 tAi trong umg vdi thai diém (t + 0AU), nd duge tinh trén co 50 Xem
ring: Khi gia t6c chuyén dong thay déi tuyén tinh thi tai trong cing thay déi tuyén tinh.
do dé:
Pioa = P +0(P 0 — PV (2-204)
Thé cdce bidu thie (2-201), (2-202) viio (2-203). ta nhan dugc phuong trinh dé xac
dinh Y, oa -

K'Y, 00 = P:+0m (2-205)
. . « 6 3 .
Trong do: K =K+——5M+_——C (2-206)
(6At) DAL
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y 6 6 . ..
Peoar =P +0(Pa —P)+ M[(BAt)z Y+ OAt Y, + ZYt}+

3 . OAt ;-
+c¢| — Y, +2Y, +—Yl] (2-207)
BAL 2

D gid tri Y, g vA0 (2-201) ta 8 duge Yy g4, sat d6 the ¥, 44, Va0 cdc bidu thic

(2-202), (2-197). (2-198) khi T = At ta s& duoc: Yy, a s Yiears Yoo -

.. 3. 6 - 6

Yioat :(1_E]Yl _ﬁYt +W(Y:+em -Y) (2-208)

. At .- At o

YH At T 'EYHM + 7‘2{ + Y[ (2—209)
At . :

Y, a :T(Y‘“\‘ +2Y, )+ AtY, +Y, (2-210)

Dé nhan dwoe két qua tinh todn gan sat vdi dao dong thuc clia két cau khéo sdt, ta can
chon budc thoi gian biang 10% chu ki dao dong riéng thap nhat cha hé, tic la:

At=1n
10

Trinh tu tinh todn cha phuong phip gia tée tuyén tinh duge tién hanh nhu sau:

1. Xéac dinh cdc ma tran do céng, ma tran tat dan vi ma trén khéi luong cua hé: K, C, M.

2. Xic dinh diéu kien ban dau Y, tir Y, vi Y, theo (2-194);

3. Chon budc thoi gran At;

4. Xdc dinh ma ran K theo (2-206);

5. Xac dinh tai trong P[4, theo (2-207):

6. Tinh cdc chuyén vi tai thoi diém (1 + OAD) tir viée giai phuong trinh (2-205);

7. Tinh céc chuyén vi, 16c do va gia 16c tai thoi diém (t + At) theo (2-208), (2-209),
(2-210).

Viec xdc dinh tii trong P, . gidi phuong trinh: K Y, on = Plopar V2 linh
Y a0 Yoo« Yiop @ i trinh ty thi 5, 6. 7 duge tinh va 1ap lai 0 mdi budc thoi gian,

Thi du 2-20

Xét dao dong cla hé di cé & thi du (2-19) theo phuong phip gia toc tuyén tinh. Lay
=14,

O thi du (2-19) ta di c6 diéu kién ban diu:

wefefl o)
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- Chon budc thoi gian At = '{—3 =0,28.

- Xdc dinh ma tran K’ theo (2-206):

. [6 =2 6 2 9] [84,1 -2
K = T el =
-2 4 (1,4.0,28)° |0 1 -2 43

O méi bude can phai tinh:

- Tai trong P,,g, theo (2-207)

. 6] [0} 20 -
Phoa =100 10l g 1| 139%: 15,3V, +2¥}

Xdc dinh chuyén vi tai thai diém (t + BAt) tix phuong trinh (2-205):
K*Ynem = :+em
-Tinh cdc gia t8c, tdc do va chuyén vi tai thdi diém (t + At) theo (2-208), (2-209), (2-210):
Yeoa =27,9(Yon - Y) - 10,9Y, - 1,147,
Yo=Y, +0,14(Y,, , +Y)
Y, u = Y, +0,28Y, +0,0131(Y,, ,, +2Y))
Quad trinh tinh v6i 12 budc cho két qué ghi & bang (2-3):

Bang 2-3

Thoi gian AU | 2AU | 3AC | 4AU | SAt | OAL | 7AT | 8At | 9Ar | 10ALU | L1Ar | 124t

e

v} {y"} 0,006 |0,0525{0.196 | 0,49 [0.952] 1,54 | 2,16 | 2,67 | 292 | 2.82 | 2,33 | 1,54
tf= :

¥

0,366 | 1.34 | 264 | 392 | 448 [ 531 | 5,18 | 461 | 3.82 | 3.06 | 2,52 1 2,29

Céc ket qua nhan dugce ¢ thé so sdnh véi cdc gid tri chinh x4c cta thi du (2-12).

3. Phuong phap gia toc trung binh khong doi

Phuong phép gia toc trung binh khong déi gia thiét rang: O méi bude thot gian At gia

t6c chuyén dong bang hang s6 va dugc tinh bing gid tri trung binh & hai gid tri dau va
cudi cua khoang At;

v, = Y—‘<~“2+—Y' (2-211)
Trong do: 0 <1 < At
Tich phan hai v€ dang thirc trén, ta duoc:

. . Y Y

YH,=Yt+r—‘+!ﬂ (2-212)
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Tich phan ti¢p hai v& cla (2-212) ta dugc:

Y YHAI + .Yl

fer = Yy F TYt +1* (2-213)

Str dung cic biéu thic (2-212) va (2-213), ta unh chuyén vi va t6c do tai thoi diém
cudi khoang At, img vdi T = At.

. . At .. "
Yi,u=Y, +?(Y[+m +Y,) (2-214)

2
Y, 5 = Y, + ALY, +%—(i[’l+m +Y,) (2-215)

Bay gid ta viét céc bidu thie ¥, 5 vd Yo qua Y, Yy, Yo va Y,

T (2-215) ta co:

- 4 4 4 - .

Y”mzﬁ Hm_-A?Y‘_E Y Y, (2-216)
Theé biéu thitc (2-216) vao (2-214) ta duoc:

. 2 2. <

Yia= EYHA[ _Zt‘yt -Y, (2-217)

D€ xdc dinh cac gid tri chuyén vi cta hé tai thai diém (t + At), ta xét phuong trinh vi
phin chuyén dong cua he tai thoi diém (t + At):
M?Hm * CYI+N +KY, n =Piin (2-218)

Sau khi dua cac biéu thiic (2-216) va (2-217) vao (2-218) ta s&é nhan duge phuong
trinh dé xac dinh Y, 4 :

K*Ynm = P:;m (2-219)
Trong dé:
K =K+ 4, M2 (2-220)
At” At

* 4 4 . .. a2 .
I)HM=PHm+M(Z{2-Yt+E+YI+YI)+L(-&—Y1+YIJ (2-221)

Qua trinh ¢dc¢ bude tinh duge tién hanh theo cdc cong thic (2-221), (2-219), (2-216),
(2-217). & thoi diém ban dau gia16c Y, dugc xdc-dinh theo bidu thitc (2-194).

Viéc chon budc thai gian & phuong phdp nay ciing lay nhu phuong phdp gia t6¢ tuyen

tinh At = Ly :
10
Trinh v tinh todn cta phuong phdp gia ¢ trung binh khong déi duge tién hanh nhu sau:
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1. Xdc dinh cdc ma tran do clmg, ma tran tit dan va ma tran khai luong K, C, M;

2- Xdc dinh diéu kién ban dau Y,, Y, , Y,

3. Chon budc thoi gian;

4, X4c dinh ma tran K theo (2-220);

5. Xac dinh tai trong P/, ,, theo (2-221);

6. Tinh chuyén vi tai thdi diém (t + At) tir viéc giai phuong trinh (2-219);

7. Tinh toc do va gia t6c tai thai diém (t + At) theo cic cong thic (2-216) va (2-217).

Trong qud trinh tinh todn véi cdc bude thdi gian, céc trinh tu thi 5, 6, 7 duoc tinh va
1ap lai & mdi budc.

Thi du 2.21

Xét dao dong cta hé da cho & thi du (2-19) theo phuong phdp gia t6c¢ trung binh khéng
doi.

O thi du (2-19) ta dd c6 céc diéu kién ban déu:

RO

- Chon budce thtn gian: At = "1['_:} = (,28.

- Xdc dinh ma tran K™ theo (2-220):
. 6 -2 4 |20 108 -2
K = + —F =
-2 4| 0,28%10 1 -2 55
G méi bude, cin tinh:
- Tii trong P, theo (2-221)
. 0} [2 o .
Pow = 10 +|_0 { (51Y, + 14,3 Y, +Y))
- Xic dinh chuyén vi tai thoi diém (t + At) bang viéc giai phuong trinh (2-219):
K*Yum = P:+At
- Tinh gia téc va tde do tai thoi diém (t + Ar) theo (2-216) va (2-217):
Y-tml =51Ya — Y- 1493Y{ - 'Yt
Ywm = Yt +0, 14(Yt + vum)
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Qua trinh tfnh vdi 12 bude cho két qua ghi ¢ bang 2-4:

Bang 2-4

Thoi glan| At | 2At | 3At | 4A1 | 5at | 6At | 7At | 8At | SAt | 10At | 11AL | 12Ac
0,00670,0504/0,18910,485|0961 | 1,58 | 2,23 | 276 | 3 |2385]228| 14
0364 135268 | 4 (495|534 513|448 364 | 29 |244|2,3]

1Y)

Céc k&1 qua nhan duoc ¢6 the so sanh véi cdc gid tri chinh xdc o thi du (2-13).

Trén hinh 2.22 mo ta chuyén vi Y,(1) ctia hé duge khao sdt trong cdc thi du (2-10).
(2-19), (2-20), (2-21).

it}

J At 2At 4t AN LAY 104t 124t

Hinh 2.22
1) Phuong phép sai phan hitu ban: 2) Phuong phép chinh xéc
3) Phurong phép gia i6c wrung binh khong déi. 4) Phuong phdp gia 16¢ tuyén tinh.

Céic phuong phép tich phan truc 1iép & trén déu ¢6 thé dp dung duge d6i véi he mot
bic tu do.

Tren hink 2.23 mo ta dao dong tu do c6 xét dén anh hudng cia luc can cua hé¢ mot bac
ty do vdi didu ki¢én ban dau: y, = 3, v, = 15. Hé ¢6 tham s6 tat dan € = 0.3, 14n $0 dao

o 2n
dong ricng o =2, (T =—=m].

0]
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Hinh 2.23

Cic dé thi duoc vé& tuong g véi cdc gid tri khac nhau clia budc thoi gian AL D6 thi
tng véi At = 0,125 (dudng cong nét dam) trling v6i do thi da mo ta & hinh 1.19 cla
phuong phip chinh xéc. D6 thi tng voi: At =025 < I = (0,314 cho cdc gia tr1 gan sat
véi két qua chinh xdc. Céc dé thi ing véi At = 0.5 At = | cho kél qua xa vdi két qua

T
chinh xdc. bol vi AL > E =0.314.



Chuong 3
DAO PONG CUA HE CO VO HAN BAC TU DO

§1. XAY DUNG PHUONG TRINH VI PHAN DAO PONG TONG QUAT HE VO
HAN BAC TU DO

Xét thanh thang ¢6 khéi lugng phan bo bat ki m(x), do cing thay déi EJ(x) chiu tai
trong dong phan boé q(x.t) trén hinh 3.1:

e
OW}—}H l.ql{}u,l I
T(T:l'fl NI
TF“TW AT
’TT)T T

Hinh 3.1
Ta gia thiét ring: khi dao dong moi diém trén h¢ deu dich chuyén theo phuong vuong
g6e véi truc thanh. Dao dong ngang cua hé tai mot thot diém bat ki dugc xdc dinh bang
dudng dan héi chia hé dudng dan hoi nay la ham phu thudc vao hai bién s8: loa do x va
thol glan t

y = y(x.41)
Pé xav dung phuong trinh vi phan dao dong cua he ta su dung phuong phdp tinh
dong. trong dé ¢6 bo sung vao hé luc quén tinh viet theo nguyén l{ Palambe. Cic luc tac
dung vio hé bao gom:

A1
. . . & v(x, 1
- Luc quan tinh phin bo: q (X0 =-m, —)3-—
ay(x.t)

- Luc can chuyén dong (can nhdt): g (x,1)=C- 5
al

- Luc dan héi phian bo tuong Gng vol chuyén vi dong y(x.1) ¢ xu huong dua hé ve vi
1rf ¢an bang ban dau: -
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2 2
Ox X

~2 ~2 )
QX0 =~ = {EJX ¢ y(“")J
- Tat rong dong:  g(x.t)
Vict phuong trinh can béng fuc theo phuong ding: Y = 0, ta ¢6;
—q (X 0+ (X )+ qu(x, 1) =q(x,1) 3-1)

Pua cdc thanh phan lye can, lye quén tinh. luc dan héi & trén vao phuong trinh can
bang (3.1 s& duoe:

-2 a2, 5
v {EJ( )“—-—(K—{)} +mix) ¢ >(f'[)+c(y(x’l) =q (X,1) (3-2)
ax? X oL at

[37]

Phuong trinh (3.2) l& phuong trinh vi phin dao déng t6ng quiét cua thanh thing - hé vo
han bac tu do chiu i trong dong bat ki.

Khi khong x¢t téi anh huong cua lue cin. ta cé:

A2 2,
‘ {Flm ’“”} +m(x)a—’cj}t(—’§’—”=q(x,n (3-3)

ax’ x?

Khi tinh dao dong ¢d xét dén anh huong cua iuc can theo gia thiét do ciing phic, ta c6
phuong trinh vi phan dao dong 16ng quat nhu sau:

22 . 52 22
m(v() (2 )+(l +E] ¢ > {EJ(X)Ci—(?Q} =q (x. 1) (3-4)
£

A T/ axe X

§2. DAO DONG TU DO CUA THANH THANG

L. Phuong trinh dao dong tu do tong quit cua hé

Phuong trinh vi phan dao dong tu do khi khong xét 161 anh hudng cla luc can nhan
duoe wr phuong trinh (3-3) khi khong ¢é vé¢ phai:

]

(
5 |:EJ(X);\:——I——}-‘+[TI(‘(]M 4] (3-3)

X ] e

Nghi¢m ri¢ng cua phuong trinh vi phan (3-5) ¢6 thé biéu thi dudi dang sau:

yix )= X(x). T(n (3-6)
Trong dé:

X(x) - ham chi phu thudc vao toa do x. né biéu thi dang udn ctia dam;

T(1) - bam chi phy thude vao thoi gian, nd biéu thi luat dao déng ctla hé.



Tir (3-6) ta ldy dao ham riéng cla y(x, t) theo thoi gian va theo toa do:
O*y(x,1) _ d*X(x)

- T 3-7
ox? dx? ( 1)
Aty(x,0) d°T

’;’j ) - X00 (3-8)

Dua cic biéu thire (3-7) vi (3-8) vao phuong trinh (3-5) ta dugc:

2 42 2
d EI(x) X +m(x d T =
dx? dx? dt?

Chia ci phuong trinh trén cho tich m(x).X.T, sau khi bién déi ta sé viét dugc dang sau:

dj 2
. EJ(x )Q_%_l _d T
=~ (3-9)
m(x).X T
Tir (3-9) ta thdy: V€ phdi clia phuong trinh chi phu thuoc vao thoi gian t, con v& trdi
chi phu thudc vao 10a do x. Nhu vay, mudn thoa man phuong trinh (3-9), thi ca hai veé

cua phuong trinh niy cing phai bang mot dai luong ndo d6. Ta ki hi¢u dai luong nay la
©~. Tirdé. ta ¢6 thé rdt ra hai phuong trich sau:

d- EJ(x)d X
dx? dx? 4
=0
m{x).X
d>T
Vi d,ll: = @’
2 Iy |
Suy ra: :1 {EJ{X)%—Z{ J—efm(x)xzo (3-10)
dx® X
ﬂ+(:) T=0 (3-11)
di?

Ta thiay phuong trinh (3-11) gidng nhu phuong trinh vi phan dao dong dol vai hé mot
bic tu do, nghiém cua phuong trinh niy ¢6 dang:
T=Asin(ot+7y) (3-12)
Phuong tinh (3-10) 12 phuong trinh vi phan dang uon cia dam. Giai phuong trinh nay
ta xdc dinh duoe dang dao dong X. Tuong tu nhu doi voi dao dong cua he hitu han bac
tr do. khi xét diéu kién dam bao cho hé dao dong fa s¢ xdc dinh duge cic tan s6 dao
dong riéng cua hé.
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Trong trudng hop tong qudt, phuong trinh vi phan (3-10) ¢6 cdc he s6 thay doi theo
toa do. Khi dam cé do citng khong déi, phuong trinh (3-10) ¢6 dang don gian hon:

E

EJizf——mzm(x)X =0 (3-13)
dx
Néu dam ¢6 dé cing khong doi va khéi luong phéan bé deu, 1a ¢6:
d‘lx 2 M
2 2B xog 3-14
o OB G

Phuong trinh (3-14) duoc gidi quyét cy thé & §3.

Nhu viy, nghiém cifa phuong trinh vi phan (3-5) duge bi€u thi dudt dang (3-6) chinh
ki nghiém clia hé phuong trinh vi phan (3-10) va (3-11). Vi hé cé vo s6 bic tu do, nén ta
cfing tim dugc vo s6 tan s¢ dao dong riéng. Tuong tng vai tan s6 dao dong riéng ;. ta
¢6 dang dao dong chinh thit i tng v6i ham biéu thi dang udn X, v ludt dao dong T;:

Nghiém téng qudt cta phuong trinh vi phan (3-5) ¢ la:

Yix.t)= Z Y(x.th= Z XT, = Z XA sin (o1 +7y;) (3-16)
=] =l i1

Phuong teinh (3-16) [4 phuong trinh dao dong tong qudt cila hé vo s6 bic w do.

Trong trudng hop ké dén anh hudng cha luc can. phuong trinh vi phan dao dong wr do
co dang:

22 2 2 "
C—'.g-l:EJ(x)OlZAQ}rm(x) C—'V{‘;-QI—)H M:U (3-17)

5
ox” X A at

O day xét truomg hop lue can nho, dng véi £ < 1.
Ta ciing biéu thi nghi¢m dudi dang (3-6) va tién hanh lam tuong tw nhu trén, ta s€
nhan duge phuong trinh dao dong t16ng quat clia hé nhu sau:
Y(x.)=Y Y (x.)=D e "X A sin (0 t+7)) (3-18)
(-] i

Trong do: 0, . =0, \[l -

2. 'Tinh chiit truc giao cva cac dang dao dong riéng

Tuong tu nhu d&i véi dao dong ctia he hiru han bac tir do, cdc dang dao dong riéng cua
he vo s8 hac tu do ciing ¢6 tinh chat tryc giao. Biéu thite cha tinh chat true giac gita cde
dang dao déng riéng duge tim trén co s¢ dp dung nguyen li cong tuong ho Beti doi véi
cdc dang duo dong riéng.
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X¢ét hai dang dao dong riéng g véi hai tan so dao dong riéng o; va o Khi dao dong
tv do, ta xem hé chiju téc dung ctra cdc lyc qudn tinh xem nhu ngoai lyc (hinh 3.2).
Vi dang chinh thif i. ta c¢6 chuyen vi cha he:
Yix,0=X; T, =X, A;sin (ot +v)
Vi luc quan tinh phan ba:
q-l_q(x,t)zco;3 m(x) X, A, sin (ot +7v;)
V6i dang chinhi thd J. ta c6 chuyén vi cua hé:
Yix 0= X Asin (ot + ;)
Vi luc gqudn tinh phan bé:
qj_q(x,t) :mj? My XJ-AJ- sin (mjt+yj)

Glxh = mizm{x]XiA.sin{mizH-,ri}

| s .
q]q(x,i} = o m{x]X\iAjS'“{“’j 1+\_vJ]

“
, l#l@ t m{‘g
7 T ="
g . F

//’*H\\
[ 4 — —% \
/Zfl?”}.""\"'-._{_:/xl.rj \\-M__,"' /75’17
Hinh 3.2

Ap dung nguyén li Betti vao hai trang thdi bich dang timg véi hai dang dao dong do, ta e

j‘l, qj_q(x,l)‘y_-’(x.t)dxzJ"]] g, (% 0y(x, 1) dx

| kl . , .
j‘“ o my X, A, sin(oyl +v.). ).J-AJ SN (m_-ll + ‘y_-l)dx =
! . :
= [) m?; m, X! Aj sm((ujt+yj} - XA sin (ot + v, dx
Sau khi don gidn hai v€ cho Aj A, sin (o,t+ 7)) sin{(ot +7, ) vit chuyén v, ta dugc:

(mi2 - mf) J"l] m(x) X, X_l dx =0
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Vi cdc tan 56 dao dong riéng c6 gid tri khde nhau o, = ®; nén ta cé thé viét bicu thifc trén:

[(mx)X; X, dx =0 (3-19)
D6 chinh 1a biéu thic tinh chat truc giao giita cic dang dao dong rieng.
Dang dao dong riéng thoa man diéu kién sau day duogc goi 1a dang chudn:

[l meox?dx=1 (3-20)
Bieu thie (3-19) biéu thi tinh chat tryc giao cila cdc dang dao dong riéng qua khéi

luong cua hé. Tinh chat truc giao gitta cdc dang dao dong riéng con duoc biéu thi qua do
cing cua hé nhu sau:

TEI) X" | X.dx =0 (3-21)
In 1 ]

3. Xic dinh A, va y; cua phuong trinh dao dong (3-16)
Ta vict lai phuong trinh (3-16):;
y(x,t)= Z X; A sin{ot+7y)) (3-22)
=1
Trong doé: A, vay, duge xidc dinh tir diéu kién ban dau: Tai thot diém ban ddu t = 0, ta
co do vong va 1oc do ban diau cna h¢ 1a: y (x) vd v (x). Trude hét ta tinh dao ham theo
that gran phuong trinh (3-22).

vi{x,1) = Z X, A o cos{wt+7y,) (3-23)
i=|

Chit ¥ cdc ki hiéu dao haim theo thoi gian, ta d¢ ddu chdm, va ki hiéu dao ham theo
toa do ta dé dau phay.

Thay cdc di¢u kién ban dau vio cdc phuong trinh (3-22) va (3-23), ta ¢6:

y,(x)=3>" A X, siny, ()

il
.
vix) =2 A X, 0 cosy, (b)
-1
D¢ xde dinh A, vauy, ta s€ sU dung biéu thife tinh chat trire giao gifia cdc dang dao
déng rieng. Muon viy, ta nhan hai vé€ cua phuong trinh (2) véi m(x) X; dx 1oi 1dy tich
phan 1u {} dén /:

JT: m(x)y, (x) X, dx = '[: (m(x)Xi > AKX, sin‘y}-} dx

Khai trién tong phia trong bén v€ phdi cua phuong trinh trén. ta ¢é:



I mx)y, 00X dx = | me)X; (A, X, siny, +A,X,siny, +...+

+ Ai Xi sin Vit t An Xn sin Yﬂ) dx

Ser dung tinh chat trc giao (3-19), ta nhan dugc:

J'{i m(x)y (x) X, dx = j‘: m(x)A. X7 siny, dx

Li m(x)y,{(x) X, dx

Hay: Ajsiny, = (3-24)

E m(x)X? dx

Tuong tir ta nhan hai v& coa phuong trinh (b) véi m(x)X; dx va ciing lap lai qud trinh
nhu trén, ta s€ nhan dugce:

1 j‘{i m(x)v,(x) X, dx

Ajcosy =— ; (3-25)
W | my X2 dx
Tir hai biéu thiic (3-24) va (3-25), ta suy ra:
ﬂ m(x)y,(x) X; dx
y, =arctg | o, s (3-26)
] J‘“ m, v, (x}X, dx
1+ lgzy- j": m(x)v,(x) X; dx
A= : , - (3-27)
®; f, m X dx
Hoac:
1 If m(x)y,(x) X, dx
A= - (3-27)

sy, J-{i m, X? dx
Neu dua biéu thic (3-24), (3-25) vio (a) va (b) ta s& nhan duoc:
_[: m(x)y,(x) X, dx

}'ri.o(x) = Xi ! 2 (3-28)
J'” m, X{ dx

H m{x)v (x) X, dx
Vio(X) =X, p - (3-29)
j‘“ m, X, dx

Cic biéu thie (3-28) va (3-29) chinh 1a cdc thanh phin khai trién cla chuyén vi ban
dau va toc do ban dau vao cic dang dao dong riéng.
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§&1xu)BONG113x)cCATHANHTHiNG(beHGILUUNGPHANBG}ﬁi
VA TIET DIEN KHONG POI
Trong wrudng hop ndy: m(x) = consl. EJ(x) = const, phuong triinh vi phan dao dong 1w
do (3-5) 56 L

"\. 3
&y(x.) N m 3 v(x.t)

— - 0 (3-30)
‘ axt Bl o
Phuong trinh vi phan biéu thi dang uon ¢6 dang (3-14) duge viel gon ¢ dang sau:
X
2 K'.X=0 (3-31)
dx
Trong da:
2
K_l - m.m (3_32}
EJ
Nghiém cta phuong trinh vi phan (3-31) cé dang:
X = A ch kx + Bsh kx + Csin kx + D cos kx {3-33)
Pé tién cho viéc tinh todn sau nay, la dat:
i i _
A:; (C,+Cy): B=;{C2+ Cp
1 . i
[.tic ndv. ta ¢6 thé biéu thi nghiém nhu sau:
X=CA,+GB +C G +C Dy (3-34
| !
Ay = E(Ch kx +coskx)!
| _
By, = -g{sh kx +sinnkx)
trong do: I ’ (3-35)
C. = ;(ch kx —coskx)
1 .
Dy, = ;(5]1 kx —sinkx)

Cac ham trén duge goi 12 ham Crulov viv chidng tudn
theo quy luat dao hiim saw: (xem hinh 3.3)
.‘i‘\L.\ = K[)l\\
fby, =KCy,
rh:Kmx
B, = KA,

Hinh 3.3
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Vic A

(o= |

B, =Coy= Dy, =0

Wi = P

T (3-33), ta ¢o6 ciic dao ham:
X =CKD,+C, KA, +C KB, +C,KC,,
X! = CKCy + CKDy + CKT AL +CK B, ) (3-36)
XU=CK'By, + C.K'C, +C:K D, +C.K A, ]

Cic hang so €. G, €y, G, duoe xdc dinh 4r dicu Kién bicn, gid st tai x = 0, ta €6

oMo Q.

X =X, X

ix.0y n

[T U ANy T T EJ
Thay cac dicu kign bicn trén vio cie phuong trinh (3-34), (3-36) (a s¢ nhin duoc:
l
Cl ZX . C‘\ :_UU
© K
M :
C _ ! Al C _ Q[?

-

\ K'E)  °  K'GJ
D lui ciae hang 50 niy vao (3-34) v (3-36). 1a ¢6 phuong trinh chuyén vi va noi Ly
cua hie nhu sau:
M., .
X(xy=X A, + Yy B, ——— C, —&D
K K EJ K EJ
M b)
X’ (X)= XuKDL\ +On Ak\ - = ka - (gu Ck\
' - Kl 7 K-CBI 7 ’ (3-37)

[N

M(x)=-EJ X K'C, —EJO KD, + M, A, +% B,

QU)=-LEIX KB -EJO K C, +M KD, +Q.A,,

Hat phuong trinh diw cta (3-37) 1a hai phuong trinh bich dang. ¢on hai phuong trinh
sau fihar phuong teinh noi tue. T cdce didu kien bicn cu thé cta bii todn. (o s& xét dicu
Kicn dam bao he dao dong d¢ nhan duge cic thong so K vt tr do s& xdc dinh dugce cic
tan 50 dao dony ricng cua he.

Thidu3.1:

Xic dinh ¢de tin ~0 dao dong ricng va phuong tiinh dao déng 10ng quil cda hé cho o
hinh 3.4, he ¢6 kKhon luong phan ba déu va ugt dien khong déi.

1. Xde dinh cde tan 56 dao dong ricng: cde dicu Kién bién cua dam don gidn

- Tai didu dam: x =0
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- Tarcudl dam: x = |

Ll

(X, =0

EJ = const

m = ¢onst

NI

i:k-_x‘ - - - ]J_ \h%
Wenn e~ - - .!;977
- -
d N
s o
© I B
mm el L i
RS
P ~
i — : = - \—{,E
PN ¢ h ~ PP
wmm o~ _ - by
Hinh 34

Thav did¢u ki¢n bién nay vao phuong 1rinh thit nhat vt ba caa (3-37). ta duoc:

X..’}:%BH_K_%;;_JDHZO L
: ()

M,;, = -0,EJK Dy, +%\‘—’B,\., - o)

bicu kicn d¢ cho he ton tai dao dong 1a 0, vi Q, phai khdc khong. Do dé. dinh thic

ciic he s6 wang ing cta he hat phuong trinh (a) phai bang khong:

11 1 .
Kl T
Dz‘ ’ =0 (h)
i ]
~EIK D, —-B,
| ki K 1N |

Sau khi Khai trién dinh thiie (b) va thay cde biam By, D, theo (3-33). ta s¢ nhan duge

phuong trinh tin SO sauw:
Shk! . sinki=0 ()
Ta hict ring: K luon khde khong, nen k/ cang luon khac khong vido do Shk/ # O vay:
sinki =0
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Suv ra: ki=1nm véi1= 1,2, 3. . (i nguyén va duang)

Hay: K, = n (d)
w_iE [
Thay (<) vio (3-32) 1a 58 ¢d cde gid tri 1an s6 dao dong riéng: o, = Ki2 |— = l—?—\] .
\f m ! m
"n° (E] 9,87 |EJ
1 =1 My =— — =
I~ m /- m
, n° [EJ 39.48 |FJ
1=2 o, =27 :rq_ =4m, = ’ 5 —
B i m 7 Vm
! -
~ ono |E 88.826 L
i=3: (');_——-3‘-113 \jEJ—:)mE:%,} B
{~ ¥m - m

2, X¢t dinh dang dao dong riéng

Phuong tiinh dang dao ddng cua dam duge viet theo phuong trinh dau cua (3-37) ¢6
tinh dén dicu Kién bién dau trai.

Q,
0 Q O i _KJEJ
X-,Z ”B.\._—O[)-.\:i B_\_ 1 [)\ (‘)
Ki K, K:Ef ki K, NS {_]U k; ¢

)

K
Tir phuong trinh dau cow (a). ta co:
[Q, 0. By
\K'E] K, ) Dy
Ta thay By, vit Dy, theo (3-33) v tinh dén dicu Kién Sin kf = 0. thi s¢ nhan duge:
Qi‘l
KiEl_
0.
K

!

|
The gid ri ndy vao bicu thwice (¢). va thay Uép cic ham By .- D, theo (3-35). 1a s¢
vicet lal (¢) nhu sau:

0, . inx

X, =—%sinK, = —"sin— ()
K - K {

| 1
Ung vai cde gid tri i khac nhau, ta ¢6 cde dang dao dong rieng tuong dng. Tren hinh 3.4
Mo 1 mot s6 dang dao dong riéng dng véi cde 1an sa dao dong ricng o, m,, oy cua he.

The him dang X, theo (g) v (3.16) 12 duoe phuong tinh dao dong i do caa he:
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Fa

0, . Imx .
yx,1)= 2 A, KU sm$5uw)it+7j) {h)

1=1 i

Trong dé: A, vit v, duge xde dinh tir diéu kién ban dau:
Tai1 =0, co:
y(x. t=0) =y (x)

vix.t=0)=v,(x)
Tu (3-26) ta ¢

—
-—

. ImX
J‘t m,y, (x)X,dx ¥, (x)sin ! dx

R v

¥, =arclg o, (', = arctg o, ! p— (1)
,[, m, v, (x)X;dx j.“ v,{x}sin | dx
A, duge xac dinh theo (3-27);
{ . ITX
1 '[: m,y,, (x)X;dx 1 J‘U v, (X)sin 5 dx
A. = " " = - N
S ji m X’ dx siny; Oy J” gin? T dx
K. " !

1

2 [y (x)sin T dx

. u [ )
= (K)

, 0,

Isiny, '

i
Pura (k) vao (h) ta nhin duge phuong trinh dao déng tu do cua dam don gian khol

lugng phan bo déu. tiét dién khong doi:

i 2 ! . Inx \ _
y(x, 1))=Y — _[“y”(x}smddx.mn(mil+*y-l) {1}
=1 Isiny, {
Thidu 3.2: EJ, = const
Xac dinh tan 6 va dang dao dong riéng y m, = const
cua dim mot diu ngam mot dau khdp. Dam 4 %7
| }' 7
|

¢ khoi lugng phan bo déu va tét dién
khong doi. (hinh 3.5).

Ta ¢o diée kién bién ¢ hai diu dim -

Tazx=0 X, =0 ——

XI(UI:('] --““H-._ _,//

Tazx=1 X,,=0

ity

M, =0 4 , \

- e

nhu sau; R -
I

|

g

|

/é

0

Hinh 3.5



Thav cic bigu thic (3-34) va (3-36) vao céc hé thie rén ta nhan duge: €, = 0. G, = 0
viio he hai phuong trinh sau:

a
C:A+CyBy =0
bidu kicn d¢ he dao dong la dinh thic cua hé phuong trinh (a) phai bang khong:
IC,; Dyl
‘ M B¢ (b
Ay Bu‘

Pua bicu thiic (3-35) vie (b). ta nhan duge phuong trinh sieu viet sau day dé xéc dinh
(an so:
tg ki =th k{ (c)

Nghiém cta phuong trinh nay la:

kb, =3.927;, (kD= 7,069

e i5.42 [E] 49.93 (Bl
(khy, = OSUY T O = — LW, = — — ...«
4 I m - - m
Cic dang duo dong ricng cta dim duge xdce dinh theo phuong trinh saw:
Xi(x)= A, [(sin K/ + sh K; /) (ch K; x - cos K, x) -
- (ch K, 7 +cos Ki ) (sh K; x - sin K x)] (e)

Trén hinh 3.5 mo ta mot 83 dang dao dong ricng cua dam. Gia tri cdc tin O va dang
dao dong ricng nhan duge ¢ thi du (2-9) pha hop v ket qua & day.

$4. DAO BONG CUA HE VO HAN BAC TU DO CHIU TAC DUNG XUNG

Nhu di bict. dudi tic dung ciia xung tdc thoi, he s¢ dao dong tw do. Phuaong trinh dao
dong wr do tong qudt cua he vo s& bac tu do duge xic dinh theo (3-15):

vix.1)= Z vix.0=2 X Asin(ot+y,) (3-38)

1=1 =1
Trong dé A, va v, duoc xdc dinh tr dicu Kién ban diu theo (3-26) va (3-27). viln d¢ &
diay 1A, vivy, dugc tinh cy the¢ phu the ndo?
Ta bict ring. tai hoi diém ban ddu dudi tac dung cua xung luc phan bo trén h¢ S(x).
khoi lwong phan bo ctia hé s& nhan duge van 16¢ ban dau:

~ S

vt

mix}
Vi ndu ta xem rang: Tai thoi dicm ban dau chuyén vi cta he bang khong. th dicu
kicn ban diu et hé ¢d the vict nhu sau:
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vix.=0) =y, (X} = {0
S(x) (3-39)

Wxa=0)=v,(X)=
mix)

Tart =0
Pua cic dicu kien ban dau nay vio (3-26) va (3-27) la xdc dinh dugc:
1, =0
(3-40)

1 ]'t S(x) X, dx

Ai T bl
®; j-“ m(x)X7 dx
(3-38). ta nhan duge phuong trinh dao dong

Pua gid tri y; va A nay vao phuong trinh
ctia he vo 0 bie tu do chiu tdc dung xung:
|
;o |oSx) X dx
1 1
o w = .
v =2 = ;
b1 O m(x)X; dx
1
ao dong chiu tac dung xung cua he mot
S mau 56 cua biéu thie (3-41) voi my

(3-41)

S0 1

P hay duoc sy uong vt phuong teinh d
bic tu do. hé hifu han bac W do. ta nhan trén Wrso v

roi dat
1
[, St Xdx
S(xy=m, X; —3 - (3-42)
[ meoX; dx
Ty vicl lai phuong trinh (3-4) nhu sau:
yx,)=p, ———sm ol (3-13)
R | RGP
‘Thanh phan Sgx) duge goi {2 xung khai tién theo dang chinh tha 1. Phuong trinh
(3-43) con vicl § dang saw:
r §,(x -
y{x.l)zz ¢ )K“i({) (3-4hH
i m,
Trong do:
S ;1 <
K, ()= " (3-45)
)
Neuti ta cing ching minh duge rang:
S0 =Y (%) (3-46)
1
dc dung khong phii thoi didm 1 = 0, ma tai hdt diem t= 1. thi phuong trinh
(3-47)

Néu xung t
dao dong 1ong quat cua e s¢ e
Lo S
! sin o, (1 — 1)

yx) =2
-1 Moy
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Lue dan hoi cia he khi chiu tde dung cha xung tiic thai duoe tinh qua luc qudn tinh:

qd(x,[}zz -m, %—l—) Z S,(x). @, .sinw,;l (3-48)

i=t C i1
Thidu3.3:

Xic dinh dé vong va mo men uén 1dn nhat

S
trong dam don gian chiu tdc dung cha xung nic IR TREEEER RN
thoi phan bo déu theo truc dim. Dam c6 khei 2.,
luong phan bo déu va tict dién khong déi. i (lr . ; 57”

Lt |
G thi du (3.1) ta dad ¢ bicu thiic xdc dinh cdc | |
gld Ui tin s6 cha dam: Hini 3.6
. nz IEI 2

o =1 Vm =i,

) - nz gEJ

IR
Va dang dao dong riéng cia hé:

171X

Ta tinh thanh phan xung khai trién theo cong thie (3-42):

jl S(x) X, dx
Si(x)=m, X [‘ _—_—
J._, m{x)X dx

[ S, sm(”;x de

L) l\

,___,_/

= msin { - - ()
Ji inLsin” L”:xj dx
Tu tinh 10t s6 cia bigu thire (a)
{imx ) “n* 25/
f Ssml—----ldxl sl T
A m in

vor1=1,3,5,7..
Mau $6 ctla (a):

f S.sinz(ﬁw dx=m "I L l—msz:m—\]dx -
0 L) bl ! 2
Do dé biéu thiic (a) s 1a:
481 45 | (imx Y,
S, (X) =m.sin X _ :ﬁ sin [ﬂ ]1 =1,3.5... (b)
imml 1w J
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Phuong trinh dao dong ctGa hé dugc tinh theo (3-43):

4S8 sin [‘T‘)

y{X, 1} = Z = -sin (ifo,)
S L o '
mome — -
2 om
4812z 1 imx 3
Hay: y(x.1)= ——— . —sin (——-] sin (1", (<)
= VEIm o3 i’ ! '

e e .- 2 . .. - ) L2 . 2
Gid tri 16n nhat cua chuyén vi v, theo thovi gian xay ra khi sin(i"o,1) = sm(l : —] =1

1=1,3,5.
Ung voi thoi diém:
A
t- = —
2(1], 3
Trong d6: T 1a chu ki dao dong riéng cia dang dao dong chinh thir nhat:
481 s 1, (im
Y(X)= ———= ., -y sin (l—?-tll (d)
" VEIm =35 A,
Gid tri 16n nhal cua chuyén vi y . theo toa do dat duoc tat vitix = — ¢
asrt s [ n]
Yom = e 3 i |iD
™ JEIm a1 2
4SI? | S
= = —— _I_—-‘--T = ‘"—1]+ e |
= JEJm ¥ 5T
48/ o si°
= (c)

a \fﬁl;.— 32 &~ E.lm-

Dé xde dinh noi tye moé men udn trong dam ta su dung bicu thirc licn hé vi phan gita
161 lue va chuyén vi:

1y
M, =-EJ =2 (0
' dx~
Pua )y vao (D, ta dugc:
4872 . PR (i)
M(x)=—LJ | — Sf—-— 2 o 5 osin m
o' VEIm 5. 08 \ ;’J

_B B Z isill[ﬂ] (g)
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Ta thay: dM(X)-—-'O tal x:l,do do:
dx ' 2
2 M i ] 7
MTT'I'J\ :E E Z -_ hlil (izj =
Tomym sl | 2
48 |E] ( 11 )
= — ===+ ..
T Vm 35 7 J
_4s Bz o B
T m 4 “"Ym

$5. DAO PONG CUONG BUC CUA HE VO HAN BAC TU DO CHIU TAI TRONG
PONG BAT KI

Phuong trinh vi phan dao dong cia hé vo 56 bac tr do chiu tii trong bat ki khong x¢t
161 anh huong cua lye can nhu da bict (3-3):

o7 L By &7y (x.1
¢ = P,J‘F—‘-g +m‘—c—w:q(x,l) (3-49)
ox” Cor S ar

Ta bicu thi nghi¢m 6ng quat cta (3-49) dudi dang tong cta cdc nghi¢m rieng (3-6)

_\_’(x,l):i X, (xy. T (3-50)

1=1
Prra (3-50) vao (3-49) ta &

¥

DIRLAR X"(x)-‘.Tl(l)]"+i m, X, ()T (0 =g(x.0) (3-51)

i1 =l
Nhin hai vé& ciia phuong trinh (3-51) véi X(x) dx roi lay tich phan. 1a dugc:

[; > [ij X:’(X)'Ti(i)]" X, (x)dx +

i-1
{3 [my X00T0] X (odx = [LX, (a0x, D dx (3-52)
jz:]

Ta khai lién 6ng phia il cua phuong trinh (3-52) va st dung cic bicu thic cua tinh
chat true gizo (3-19) va (3-21 ) ta nhin duge:
[ B X0 o] Xodxs )
I - ] (3-53)
+ L m X, T(OX;(x)dx = J‘UXi(x)q(x.l)dx

Pua mot nghiem rieng ing véi dang chinh thir i
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y, (x.O)= XA sm (ot +7y;)

vio phuong tinh vi phan dao dong (3-5), sau khi tinh dao hiim va chuyén v&, ta nhin dugc:

mf m, X, (X}A, sin ((I}i[ +v, ) = [EJXX;’[x} Ay sin{ot+7, )]

Dan gian hai v& cla phuong trinh trén cho A sin{ol+7;). 14 co;

a’m X (x) :[EJxXT(X)]”

Nhan hai v& clia phuong trinh ndy v6i Xi dx roi lay tich phan:

ojf J':mxX?(x)dxzﬂ [EJXX;’(X)] X (x)dx

Suv ra:

4

(0N

['[ET, XI(x)] X, (x)dx

1 - (3-34)
J'n m, X; (x)dx

Bay gio ta Vi€t lai phuong trinh (3-533) & dang saw:

Td”ﬂ 111_\.Xf(dx)dx+Ti[l)'[[:[EJXX’]-'(X)] X, (x)dx = j{lXi(x)q(x.t)dx
Chia hai v¢ cuia phuong trinh trén cho tich phin L: m, Xf(x)dx vit st dung bicu thic

(3-54), ta s¢ nhan dugc:
X, (x)q(x.)dx

T +e T (1= : (3-55)
I‘ m, X; (x)dx

Pay L phuong trinh ¢6 dang giong nhu phuong trinh vi phan dao dong clia hé mot bic
(u do. Nghiem cua phuong trinh nay.
i
Lo J‘[‘Xi{x)q(x.‘c)dx

T'u) - jn ! 2
o, J'“ m, X (x)dx

- sinay (1 —1)dt {3-36)

ThE (3-56) vio (3-30) ta nhan duge nghiém 16ng quat cua dao dong cudng bic hé vo

<6 bac e do chiu tai trong bat ki:

!
X (X)) o X, ()g(x.idx

Y{x,l):}: M [ J-% - Csinay, (1 -T)dt (3-37
A j‘u m, X7 (x)dx

PE thay duoc sut wong e voi phuong trinh dao dong cta hé mot bac wy do. h¢ hitu han

hac trdo. ta nhan tén 1 s6 viv dudi mi 6 cta phuong trinh (3-57) véi m, vau dat:
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ﬂ X (x)g(x.t)dx
q;(x.t)=m, X, (x)— " (3-58)
[[ m, X (x)dx

Lah

qi(x.1) goi 1a tai trong khai trién thco dang chinh thd i ca tai treng dong phan bd bén
ngoal tde dung vao hé: (3-58) ¢6 dang gidng véi (2-130), ta ¢ theé tim dugc tai trong
khai trién q,(x. 1) theo (3-58) nhu sau:

bat: qUGD = (X0 +g(xt) + o+ glx )+ L = iqi(x.l) ()

i1

Xem rang; g (X, = m(x).X, (x).¢; (1) (h)

Bua (b) vao {ay:
L}(X,[):IIl(K)X](K),C{J(I)-i-l"ﬂ{){]XE(X).Q’.E([)-}-...+1]1(X]X-.(X).(Ij(l)+.”:—IH(X)ZXi(X)Ct-l(l) (c)

i=1

Nhan 2 v€ ciia phuong trinh (¢) véi X,(x) sau do 1ay tich phan s& duoce:

EX_i(x)q(x.l)dx = f]X_F.(x)m(x)ixi(x}’a‘.(t}clx (d)

=]
Khai trién tdng bén vé phat clia phuong trinh (d) va dp dung biéu thic tinh chat true
giao cdc dang dao dong riéng (3-19), ta ¢6:

[ X090 Ddx = [ X, om0 X, (0w, () d

Suy ra:
X (x)gix, ndx X, (xg(x.t)dx
ai(l)zf’ ! l? . hav: ai(i):f‘ q’ (e)
’ f:n'l(x}.X_i“(x)dx f}m(x]X;(x)dx
Bua (e} vao (b) ta nhin dugc biéu thiic (3-38).
Ta xem: Qex. ) =q(xy. KO
Khi do. phuong trinh (3-57) 5é i
Yix,t)=> @ixy 1 [l [(t)sine, (t—t)dr (3-39)
-ome oo Y
Hay
Y=y 5 g (3-60)
iomy
Trong dé:
K, ()= L II f{T)sinw,; (1 —1)dt {3-61)
o,

Bicu thic luc dan héi duoc tinl & dang 16 hgp vo han clia tich tai trong phan bd khai
trién theo cic dang ricng véi hé s6 dong hoc thay doi theo thoi gian tuong ting:
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guxt= > q.(x)K (1) (3.62)

1=1
Trong do: q,(x) dugc tinh theo (3.38) khong ké dén bieh thai gian, K (1) diroc tinh theo
(2.140).

Bicu thic mémen udn ¢é thé duoge tinh 1ir quan h¢ vi phan sau:

Mox. 1) = —E3o) 30

x”

Phuong trinh dao dong (3.57) cling ¢6 thé nhan duoc tir viec sir dung kél qua khi tink
h¢ v6 50 bac tr do chiu 1dc dung cila xung tdc thai (§4). Trén biéu do tai trong, tai thoi
dicm T ta tach ri mot phan 16 i trong:

dS = qfx. 1) dt
Xem rang: tai thot di¢m 1. hé chiu tic dung cua xung dS. Tu tinh duge chuyén vi do

xung phdn 10 ¢ 24y ra d\ {x. ) vaicdo do s¢ tinh dlIO’L yix. th

Kht h¢ chiu tic dung cta cdc lue tap trung P(1) dat tai cde o do X, ta ¢6 the thay thé
cde il rong niyy bang tai trong phin ba wong duong q(x.t). sao cho tai trong tuong
duong gay ra dao dong doi voi hé cing gidng vdi cde 1ai trong tap trung. Ta thay ring:
tich phan trén ar 0 cia bicu thie (3.58) gidng bicu thic xdc dinh gid i dai fuong
nghien ctu cua dudng dnh huang cho bdi phuong trinh X, do tii trong phan bé q(x.t) edy
ra. Khi cdc il trong tap trung tic dung. bi¢u thice xdc dinh gid tri dai luong nghién ciu
doi vai phuong trinh duong anh hudng X, do cde luc tap trung dé payv ra li

a

Z A(OX (X )y mes6 lue tap trung

Vi vity ta ¢6 the viét bicu thic tai trong phan bo wong duong déi vai dang dao dong
ri¢ng tha 1 nhu sau:

1
2P X (x)
G, (%0 = m X, e (3.63)
u[m\X]-"d..\'
o
Thidu3.4:
Xac dinh do vong v momen uén 1én nhat trong dam don gian chiv tic dune cua tai
trong dit dot ngodt sau do g1l nguveén gid tri wén hé, i trong niy phin be doc theo truc

dam vai quy ludt:

. TX
q(x):qsmT
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Diun ¢6 khoi luong phian bé déu viv tiét dicn khong doi,

a)

c

Hinh 3.7

O thi du (3.1) ta did €6 gid i cde 1an 30 vivdang dao dong ricng:

2 '.‘T: I'FET

l I \'I m

. ITX
Xi{x):mn-l---!—

- Xiie dinh @i trong khai tricn theo (3.38):

- [gtixdx
y, (X} m X, 2
‘m XI" dx

T tinhy mau so;

o 5 Coa Xy m/
l mX.“dx:m_r Sl .f Cdy = —
hl 1] I

174



Tinh tich phin txén t so;

/ ; X . ITX
[gXdx=q [ sin—sin——dx =
-1t &l }\ [’
q .l (i+ i (i—Da
- cOs — o8 dx =
2re " 2 2

f0 khi 122

=3yl .
]-1— khi i=I
2
Thay cdc gia tri tinh duge vao bi¢u thiie Uiyt €O
q;’
!

7

DLIX)=gy{X)y=g(x)=0: 122

qxy=mX,  —=—=qX, =q. smz?

Picu do ¢o nghia i Vi dang tai trong phan bd theo truc dam véi quy ludt sin tring
vol dang dao dong rieng tha nhat thi he ¢hi duo dong theo dang chinh thd nhat Gng véi
tan s6 dao dong ricng .

Ta tinh h¢ s6 anh huong dong hoc thay doi theo thai gian (3-61)

o, I-cosot 2 . (o)
K, l}——l F.sino (1 -—1:]dr=7\_'=—_jsm1 i !
ey On my L2
Phuong trinh dao dong coa heé viél theo (3-60):
N A
g, (XD 29 X AR
Y{x.l}zl'—K“({): —‘--1--; I - sin —'J
m ;s / L2
Chuven vi Ion nhiit cua he xav ratarvi i x = 5 vt thot diém1,/2
, 20 5 g
y =4 ]

s v =
mao; 243 EJ
Not lue mo men uon:

Mix. 1y =-FJ dy(xoy  2g omm L oAxo a’/(o]l\i

— SI0 — s8InT | —— | =
2 AR
N moy; ! v
2yl X N
s —esint | 2
m- !! . 2 /
24/
G tri lon nhat caa mo men uén M = —
e

Trén hinh (3-7) mo ta bicu dé dd vong va bicu dé mo men udn doc theo true dam



Thidu3s:

L . ) , . P(t) = Psinnt

Xdc dinh phuong trinh duo déng cua dim
cho trén hinh (3.8). Damn ¢6 khéi luong phan Edm %
bo déu tiét dien khonga déi. chiu luc dong ;I; |

Py . . - 3 - -~ - - S d
tudn hoan Psinrt. Xic dinh do vong 1dn nhat "’&— —

: { ro 3 , |
Khia=—, — ==,

2 OF 4

Hinh 3.8
Khi h¢ chiu tdc dung cia luc dong tudn

hoan, he 56 K (1) theo (3-61) duoe tinh cu thé nhu sau:

| : S 1t
Ky=— J:]xm rsine, (t—tydr= —%,_;“” > (3-64)
m -

Thay hi¢ s6 niy vivo phuong tinh (3-60). ta ¢6:

. = (X)) sinrt osinrt I go(x) .
Y(,\.l):Z—“—-——,—j:—~Z —— {3-65)
il IT]_‘ (!)]7_ - m {I)ih —r-
O thi du (3-1) ta da ¢6 tin $6 v dang dao déng riéng:

oot (B

o, =10 — L J—

{ m
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[E*3

X, =sin

Theo (3-63) ta xdce dinh 1ai tronge Khai tricn theo cic dang dao dong riéng tronge trudnge
H A fag T = T é:‘ = P
hop he chiu tde dung cla tii trong dong tip trung:

m

P ' . Ima
Z Il(lﬁ"\l(\u) ln\ P‘.‘%ill X
| - f' . P
qQixI=mX, — S—— = msin — =
[ m, X7 dx / m
1y
b,
2P . imx ima
= _Sln__ [
{ / i
Thay gid tri nhan duge vio (3-65) ta ¢6 phuong trinh dao dong cia hé nhu sau:
. ImY . ima
- Sin Nin
. st rt § 2P /
Yixy=-—>% = .. S
m o, ! ORES

G (i do vong dat Idn nhit theo thai gian khi sinrt = 1. ta ¢6:

LAmX LT
Sp o sin Sin
Yix)=—— — =
mi oF =1
L ITX L ima
Sppi o 8N | Sin
i
Tkl e -
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a=—
;

. U | T
Khi 1ai trong dong dat tai vi tei gida dam ( thi do vOng cla dam dat gia tr1 lon

nhil theo toa do. Khi dé bidu thife (0 s6 bén trong dau tong s¢ la:

.oImx . ima i/ i;r[f [0 khi i=2.4... (chan)
sSin —— sin— = sin— | = - o _
po U 2 I khii= L3 o
Do do
200 L !
Ymu\ = don . o =
1 E} 13 - 1
1 Ll— ,
(O
96 Z 1
= Yl Y Z
T 1A .y 1“]
1 (l~ R
Lo

3
) -
Trong dé: Yy = 19E] L do véne tinh do 1as trong tap trung dat tink tai gilra dam gay ra.

-

I'inh ciac t1 s6 ~—

(!lt
: 075 : :
St 2P 083 =003 =0.015:..
3 3. 9 N O
Viy:
L _
o ! + : b= 2.2540Y,

Ym:l.\ = Y'I R ) 1 L
T T -0.75") 371 -0,0837)
Nhuovay ¢o nghia L G trudmg hop bai todn cy the ta xé1 he 5o dong cta do vony

K, =2.254



Chuong 4
DAO PONG DAN DEO HE MOT BAC TU DO

$1. KHAI NIEM

NGl don 1inh déo cta vat Higu ¢ v nghta thye ticn 1én. dac bi¢t doi v6i cac cong trinh
chiu tie dung cua tai trong ngdn han. Khi chiu tde duny cda tai trong ngdn han cudng do
1ém. nhicu trudng hop cho phép bicn dang déo. diéu d6 thich hop voi vige su dung cong
trinh trong mot thol gian ngan cua tai trong dong ngan han tdc dung ma khong bi phi
hoai. B vi. vl tie dung et tai trong ngan han, khi kel ciu bi bign dang gua gian doan
din hoi. thi tii trong dong @ mat di 161 Chinh vi vay tinh ket cau cong trinh chin

trong ngan han lam vice trong viai doan déo c6 y nghia thue Licn 1on.

Pic trung co ban cta ket citu lam vice trong giui doan deo dugc thé hién @ biéu do
quin he giita img sudt vir hien dang (o - £). Cdc bidu dé quan hé gifra tng sudt va bicn
dang cha vat hicu ¢ nhicu dang khdc nhau khi chiu i, Vi da so cde vat licu xay dung
1 st dung thich hop cac bicu dé quan he¢ (o - £) nhu sau: he din hoi deéo li wong:
(1linh 4.1a) he dan hoi 6 sy tang (mg suit qua gial doan dian héi: (hinh 4.1b); hé cing
déo: (nnh 4. 1e) he cing déo b sy tang wing sudt: inh 4.1d: he voi dac trung dan hot

phi tycn bat ki: (hinh d.1¢). He ¢o dac trung dan hoi phi twyén bitt ki ¢o the thay duong

cong phi tuyen bat ki bang duong gy Khide cho tren hinh 4. 11

Hindt 4.1



Khi tinh két ciu chiu tai trong ngan han, ta thutng phai xac dinh noi lie v chuyén vi
I6n nhat trong hé. Nhu di bict: Chi ¢6 cie tan s6 thap la c6 dnh huiang 16n dén quy luit
chuyén dong cha hé. Vi viy trong nhicu truong hop tinh dao dong cua hé chiu tdi trong
nedn han ta chi han che 1ay s& bac tu do khong 16n v thuong Ly tan s& thap nhat, tae la
ta tinh he phu he mot bac e do. O h¢ mat bac tu do. cic he s dong hoc duge su dung
rat ticn loi, né cho phép dua bai todn dong vé bii 1odn tinb biang thay the ta trong dong
bang tai trong (inh wong duong nao dé. O chuong 1. khi x¢éthe mot bac tu do 1a di biét:
doi vai e mot bic tr do trong giai doan din hoi chi ¢6 mot he s6 dong. li¢ 50 nay chung
cho ¢ chuvén vi v noi lue cta hé. Nhung doi véi hé mot bac wr do trong giai doan deo
thi he s@ dong chuyén vi khde vai hé s6 dong not lue. hé 6 dong noi luc cling chinh Ja
he so dong tai trong. Ta goi hé s6 dong chuyén vi fa K,. go1 h¢ 6 dong tai trong la K.
taco K, = K.

H¢ s¢ K, duge xac dinh bang quan hé gifia chuyén vi cue dai trong he khi chiu lal
trong dong: v v6i chuyén vi do 1ai trong tinh ¢6 gia bang gia tn [9n nhat cua L
rong dong gay ra: vy

Yo

K\. — X (4-1)
- -\!'I'

He 50 K, duge xdc dinh bang quan h¢ giffa 14 trong finh twong duong: Py vai gl trl

I nhat cuaai trong dong P

= (42

§2. DAO BONG PHI TUYEN CUA HE CO LUC DAN HOI BAT KI

1. Phuong trinh vi phan dao dong

XEt dao dong ¢l heé mot bac tr do ¢ mo hinh don gian cho trén hinh 4.2a. Dic rrung
din hoi ¢6 dang phi tuven bt Ki duge phan dnhowen hinh +.2b. Vi dac trung dan hot phi
wven nen dao dong cua he duge xCtla dao dong phi tuyén (phi tuyén vau 1. Phuong
trinh vi phian chuyen dong cla he duge xay

dung trén co sa nguyen [ Dalambe w dicu Pity
.. . : . . . . N o T
kicn ¢an bing cua cde lue trong dd co ke dén
lwe quan tinh dwoe vict nhu sau: g
d-y _ K
M —+P =1 (+-3) .
L'l“ . l
. . . FUE N . Py i e —
Quan he cua tye dan ot var chuyven v ;

duoe xem xEC O hai gial domns giad doan tang

Hinkt 4.2
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Lt v giai doan d6 tai. Khi tang tai quan hé cia lue dan héi v6i chuyén vi ¢6 dang phi tuyén
bit ki, con khi dd tai quan hé ¢ dang tuyén tinh nhu cho trén hinh 4.2b. Khi da tai:

Piy)=K(y-vy

¥
. I\It\'nmx]
Trong do: Ya =Y
= R < TN
K
Vi v, la chuyén vi cuc dai cha he khi chat ti, va K la do cing dan hoi cua hé khi

do ta. Khl do. phuomg trinh vi phan dao dong cua hé s€ ¢ dang:
- Lie tang tau

-~

ME2L L p iy, =Pa) 44
e~ .
- Lic d& wi;
v, i
Mil3’~ PRy, -y, =P (4-3)
(-

Trong dé: v, s¢ la chuyén vi cta hé khi tang tii. ¥, 1a chuvén vi coa hé khi do tat.

Khi quan hé P(y,) v tai trong P(t) fa bt ki. nghi¢nt cua phuong trinh vi phan (3-4) €6
thé¢ duoe tim bitng cdc phuong phip tich phan so.

2. Téc dung coa tai trong dat dot ngot va gt nguyeén mai trén he

Chi he chiu téc dung cda tai rong dat dot ngot.

.. L ain P AR o g Pt}
sau dd i nguven mat en he, taco: !
P{1y = Pm = consl P, | . e .
R, . . i|:|:i!'. EREE
[ <¢ ticn hanh tim nehicm coa phuong trnh vi I P
b : [ = [ | I | | , | r
) R AR '
phan (4.3) nhu saw; ©
| 5 i .5 . .
NGU xen rang: Hinh 4.3
dv 1 d {dv?
. '1 —_— e —— | P,
dl_ 2 d'\ ]\ L!{ J

thi khi ticht phin hat v& cua phuong rinh (4-4) ta sé nhan duge:

i dy 3 )
M- ¢ .\ ]-J l l) ¥ ] d\-' = PIT]'YI + Cl (4_6)
2 N dl ’
Tu bicu thie (4-6). la suy
A M |
d\|I \J 2 /p‘ e +C| J“ Pd{\ )dy
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Tich phan hai v& bi¢u thic trén, ta s& dugc:

I-}—C2 = JE L):l J—— dy‘ (4-7)
2 J;m-)ﬁ +C) - HI Py(y,)dy

Cdc hing s6 C,. C, trong cic bidu thic (4-6), (4-7) duge xdc dinh tu diéu kién ban

diu. Néu xem diéu kién ban dau bang kbong, wie la tan 1 = 0, tacdy, =0, (—db— =0 thay
t

di¢u kién ban dau vio (4-6) vi (4-7), ta nhan duge C, =0, G, = 0. Chuyén vi 16n nhat

cty hé dat duge tai thoi diem khi —d—] — (. Dua didu kien nay vio bicu thic (4-6), ta co:
L1

P -Yimao = fl Py(y)) dy (4-8)

1

GiA st ta tinh v6i luc dan héi ¢6 quy luat 1oy thira:

Pyyp =Ky" (4-9)
Trong trudng hop niy, tir phuong trinh (4-8), ta s& nhin dugc:
1
(n+1)y Py n '
Ymax = ['———_’K ] 4-10)
Thé bidu thic (4-10) vao (4-9) ta cé:
de(max) =(n+ 1)Pm (4-1D)
Bay gity ta s& xdc dinh he s6 dong chuyén vi vi hé 50 dong {Ai trong. Po vong linh do
!
l4i trong dong c6 gia tri 16n nhat gay rala: yr = (ka—}n .

Tii trong dong cé gid tri 16n nhét: Py,
Tai trong tinh twong duong: Py = Ky, =(n+ nP, .

Do dé. ta c¢6 hé s& dong chuyén vi:

]

K, = dme o 1y (4-12)
b\
Hé s dong 1ai trong:
P,
K ===+ (4-13)
m

C6 hé 6 dong K., K, duge tinh v6i cie gid tei khic nhau theo n cho ¢ bang (4.1).
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Bang 4.1

02 0.5 0.8 1 2 R o |
. 249 | 225 | 200 | 2 173 | 159 | 143 | 127
K, 12 15 18 2 3 4 6 3

Qua cdc gid tri & bang tré ta thay rang: H¢ s6 dong phu thuoc vao dac trung phi dan
hoi qua gid tri n.

Khi n < 1, ting véi trudng hop dudng cong quan hé cla luc dan hoi véi chuyén vi 1a
dudng cong 16m, ta c6 K, > K.

Khin> 1, ta cé: K, <K (dudng cong 16i).

Khi n = I, dng vé6i trudng hop luc dan 1t tuyén tinh, ta cé: K, = K, = 2. Dicu nay
hoin toan diing voi két qua da duge xét o chuong 1.

Chuyén dong ciia hé khi d tai duge xdc dinh tir phuong trinh vi phan (4-5) véi diéu
ki¢n ban dau sau: tai t= 1. ta c6:

¥2= Yiam™ Ymax
y, =0
Trong d6: t_ 13 thai gian dat duge chuyén vi 1on nhdt xdc dinh theo (4-7). Phuong
trinh vi phan dao dong (4-5) 14 phuong irinh vi phan tuyén tinh, nghi¢m cua nd dé dang
dugce tim.

3. Tac dung cua xung tic thoi S
Trong trudng hop nay chuyén vi cta hé khi chal i duge tim tir phuong trinh vi phan
(4-4) v6i cdc diéu kién ban dau sau:

y (=0

S
]
y1(0) M
Lic nay tai trong biing khong P(1) = 0. Thay cdc diéu kién nay vao phuong trinh (4-6),

ta xdc dinh duge hing s6 C; nhu sau:

C, ==
2M
Phwong trinh xdc dinh chuyén vi 16n nhat cOa hé s& nhan duge tir phuong trinh {4-6)
dv
khi cho 2L =0
dt
52
¥ : 112
I Palypdy=>= (4-14)



Tinh vé6i trudng hop luc dan héi ¢6 dang ham luy thita (4-9). Thé biéu thic (4-9) vio
(4-14), sau khi lay tich phan v bién déi. ta nhan duoc:

2 |
Y max = DS 4-15)
' 2KM
Tat trong finh twong duong duge tinh twong ty nhu & phan trén:
2 T |
P, = s“.(n+1) Ko (4-16)
2M

$3. DAO PONG CUA HE PAN DEO LI TUONG

1. Phuong trinh dao dong cua hé

X¢t hé ¢é dac trung dan hoi déo 1i trdng. Quan hé cna luc dan hdi Py(y) vét chuyén vi
y cho trén hinh 4.4 gém hai doan thing. Doan thang diu tién tr g6c toa do phi hgp vai
piai doan dan héi. Doan thang thit hai song song vdi truc y phil hop véi giai doan déo.
Luc dan héi duoe xdc dinh nhu sau;

Pyy) =Ky, khi: y <y, = % Py}

: P
Pyy)y=P,=const. khi: y> vy, = ?“ Pl ———

|
|
Phuong trinh vi phan dao dong cua hé nhian duge :
bang cich thé P(y) vao phuong trinh cén bang luc arcigk |
(4-3). Kht thay P,(y) = K.y vao (4-3), ta nhan dugc ¥a
phuong trinh vi phan dao dong cua hé trong giai
doan dan héi.

flinh 4 .4

d-};' +Ky, =P(0) (4-17)
dt”

M

Thay P,(y) = P, vio (4-3), ta dugce phuong trinh vi phan dao dong cua hé trong giai
doan déo:

-

d L
M T{-‘—wu = P(1) (4-18)
at”

Nhu vay khi tinh hé dan hoi déo 1T tudng, phuong (rinh vi phan dao dong (4-3) duge
phin ra hai phuong trinh vi phan tuyén tinh (4-17) va (4-18).
Nghiém cua phuong trinh vi phan (4-17) nhu dd biél & chuong [ i

v, ()= Acosot¥ Bsinot = b LI‘ P(tysino(1—1)dt (4-19
6}
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K L : , s e » .
Trong d6: o = V] 12 tan so dao dong riéng cua hé A, B 1 cdc hang $6 duge xdc dinh
tir di¢u kién ban dau. Néu xem diéu kién ban ddu bang khong, nic fa: tai t = 0, a cé:
vi() =0, vy (1)=0.1hi A = 0. B=0; Luic nay ta cé:
[

Vi) =— P(tisino{t—1) dt (4-199
Mea "

Biéu thic (4-19), chinh la dao dong cia hé trong giai doan dan héi, né chi ddng dén

thoi diém t =t khidé: y, (1) =y, = P—}:

Nghiém cta phuong trinh vi phan (4-18) duge tim bang phuong phép tich phan thong
thuong. Tich phan hai v& phuong trinh (4-18), ta dugc:

. 1 ;
V(1) =~ [L P,,dt —P“(l—tu)} +C,

Vadodo:

1 , DPi-t)
}’3“):"1\7[“% i Bdt? == L Gy (-1,) + €,

Biéu thdc 1rén biéu thi dao dong clia hé trong giai doan déo khi t > 1,; cdc hang s6 C,
vt G, duge xde dinh tir diéu kién ban ddu sau: tai t = 1. ta ¢6:
Y2()=¥,: ¥2{) =y, (t,)
Vi dicu kién ban diu nay, ta Xic dinh duge:
C =9t C=y,
Do dé:

L] o » P-1)’ | , .
Y2 (0= 1 f I Pdt el R (IURIELRER (4-20)

A §

2. Tac dung cuia tai trong dat dot ngot va gir nguyén mai trén hé
Ta s& xét mot truong hop cu thé: khi hé chiu tic dung cha tai trong dit dot ngot. sau

do gilr nguyén mai trén hé (hinh 4.3): P(1) = P, = const.

O giai doan dan héi, néu xem didu kién ban dau bing khong, nic 1a: it = 0. ta cé:

Y= O ¥, = 0. thi phuong trinh dao dong xac dinh theo (4-19") s€ la

Y.(t)=%(l—cosmt) (4-21)
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Phuong trinh nity chinhi la (1-191) cta chuong 1.

D¢ xdc dinh phuong trinh dao dong trong giai doan déo, ta cén phal x4c dinh thoi
diém cudi giai doan din héi t = t,: thai diém nay duoc xdc dinh tir bicu thic (4-21) khi

chot=t,vaKy, =P, taco:

Ky, =P, (I1-coswt ) =P,

P
Suy ra: wt, =arccos | | ——=
Pm
l PR"]
Hay: t, =—arccos | l——= (4-22)
o P
Tir biéu thikc trén, ta thiy ring bién dang déo trong h¢ phét sinh néu:
p
— <2
m

Lay dao ham phuong trinh (4-20) va tinh tai thoi diém 1 =1, ta co:

3
Vit = Py 0 sinwt, = oF, EEﬁ—l (4-23)
K K \ P,

Pua (4-23) viwo (4-20), tinh tich phan kép cua biéu thirc (4-20) véi P(1)= P, sau khi
bicn déi ta nhan duce phuong trinh chuyén vi ctia hé trong giai doan deo nhu sau:

P 2P P o 5
yal)= =2 14 [ ) co(t—t,)-| | == {—(t—t,) (4-24)
Y5 K{ b ( ) [ 12 }

>
E l i

Chuyén vi cia hé trong giai doan déo dat gid tri 1on nhét tai thoi diém dng voi phuong
trinh v- (1) =0. Suu khi lay dao ham (4-4} vi cho bang khong. ta dugc:

»
im__l

vV P

1, =, +——— (4-25)

@J[l— P'“]
- PR,

- 1) theo (4-25) vao (4-24), sau khi bi€n déi. ta nhan dugc:

b o1 (4-26)

¥oux =7
T K
2 [l— Pm]
P,

- Tit bidu thiic (4-26) ta thdy rang: diéu ki¢n dé he lam viéc trong gial doan deo va co
chuvén vi hitu han 1a:

The (t

Nhén xét:
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0,5P,<P, <P, (4-27)

_ Khi P, < 0,5 P, thi hé lam vi¢c trong giai doan dan hoi. Chuyén vi 16n nhat cua hé
trong giai doan dan hoi duge xac dinh tir (4-21).

p
max = 2T (4-28
Yimas =277 (4-28)

Bay gi& ta s& xdc dinh h¢ s6 dong chuyén vi vi hé s0 dong tai trong trong gial
doan deo.
H¢ s6 dong tai trong phil hop véi bidu thirc (4-2) s& Ja:

K, = (4-29)
P

m

Tit cic bidu thic (4-26) va (4-29) ta s& tim duge h¢ s6 dong tai trong biéu thi gua

chuvén vi nhu sau:
K _ y{‘ l

.= _ (4-30)
2{?’—@“-]-1 1—0,5[--?’“ ]
YU yIln':'lX
Hé s6 dong chuyén vi duge xédc dinh theo (4-1):
_ Y max
Ky = (4-31)

¥

P e ,
Trong dé: v, dugc xdc dinh theo (4-26), con yr = —-Krl Ta s& bic¢u thi hé s¢ dong

chuyén vi theo hé s6 dong fai trong bang cich dua (4-26) vao (4-31) va su dung (4-29),

ta cd:
2-K,
K, =K, {1+0.5 ‘ (4-32)
A 4 Kq -1

Céc cong thitc (4-29) vi (4-32) cho phép kiém tra kha nang chiu taj cta he. Tir gid tri
tai trong ngoai P, va gid tri lyc dan hoi gidi han P, ta dé dang xic dinh duge hé so dong
tai trong Ki sau d6 s& xic dinh he 56 dong chuyén vi theo (4-32). Ta s¢ kiém tra
diéu kién:

3

K, <

¥Ymax = By K ygh (4-7&3)

Trong d6: yy, la chuyén vi gidi hau.

Khi tinh k&t cau chiu tai trong dong da cho P, ta thict ap quan hé gidi han:
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¥max _ K

= = ¥max

Yo B

v s& xdc dinh hé s6 dong tii trong theo biéu thite (4-30), sau dé s& tinh tai trong tinh
twong duong theo (4-2); Py = K, . Py, Trén co 50 d6 ta s& xac dink noi luc va thiét k&

tiét dién.

Trén hinh (4.5) mo 1a quan hé giita hé s6 dong 1ai trong K v61 U 30 [@] khi hé

it}

chiu tac duyng cha tai trong dit dot ngdt Dudng do thi trén cung phii hgp vdi tac dung
cta tdi trong dat dot ngdt, sau dé gilt nguyén gia tri trén he.

Kg
2 ’_
\ .
16
\ 0 S
B N
12 \\\\
\\ \\“—-\--__:_ w0 =5
1 — g
§
08 \ e
' \ — |
\ I e 3
04
\--.,______‘______ 1
0.5
0 J ST
1 2 4 § 8 10 P
Hinh 4.5
§4. DAO PONG CUA HE CUNG DEO
o - o {Paly)

Trong tinh todn cdc k&t cau phdt sinh bién dang
déo virgt qua giai doan dan hoi, doi khi ta bo qua
su lam viéc cla két ciu trong giai doan dan hoi, va P,
chi xét dao dong cha hé trong giai doan déo.

Liic nay quan hé cla hre dan hoi voi chuyén vi ki ;
dudmg thang song song véi truc y, khi tinh dac dong -
clia hé clng déo ta gid thiét rang, két cdu duoc gilt Hink 4.6
nguyén trang thdi khi tai trong déng bén ngoa chua
dat dén gid tr] bang gid iri gidi han dan héi P,

Trong trudng hop nay phuong trinh vi phin chuyén dong cua hé cé dang:

d%y
M2 = py-p, (4-34)
di?
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Nehiém cua phuong trinh vi phan (4-34) duge tim bang cich 1ay tich pbéan phuong
irinh dé va xem diéu kién ban dau bang khong, tic 14, tai t = 0 ta i Y= 00 ¥y = 0, ta
nhan dugc:

M ‘(ljl = [ P(tydr =P, (4-35)
[ o

5

2 .U
My = [* [ Pdt® __11,2_ (4-36)

Tt phuong trinh (4-34) ta thay ring: tai trong ngoai lac dung P(1) cén phai duoc bit
ddu tir mot thi diém ndo d6 nho hodc lon hon P,. Vi vay, néu h¢ cling déo dao dong do
tai trong tac dung khong déi theo thoi gian thi chuyén vi clia hé s€ c6 gid tr1 vO han.

Ta s& khao sat trudng hop tai trong dong thay doi theo e
quv ludt tuyén tinh voi bién do giam dan (hinh 4.7).

1)
P(OY=P_11-—
: ( o)

Trong d6: P, > P, Tir (4-35) va (4-36), tacd:

M d_v =P, |t L Pt (4-37) Hinh 4.7
dt 20
2 3 2
my=p |-t lop L (4-38)
2 68 2

Chuyén lic cha hé dat gid iy 16n nhat tai thoi diem khi d—} =0 la:
{

I)U
t, =20 1_5; (4-39)
The bidu thite (4-39) vio {4-38), ta s& nhan duoc:
7 a
o) AT
¥raax = "pn".o ! __]fl\ (4_40}
' iM P,/
Hé so dong tai trong phi hop véi bi¢u thitc (4-2) s& la:
a4 PR‘J
K, = . (4-41)
Tir hai bicu thige (4-40) va (4-41) ta s& x4c dinh duogc hé s dong tai trong!
VA
L=l MY (4-42)
20°.P,

188



$5. TINH DAO PONG PHI TUYEN THEO PHUONG PHAP TICH PHAN TRUC TIEP

Cic phuong phdp tich phian true 1i¢p da duge xét ¢ chuong H (dao dong cua h¢ hiu
han bic tu do) & day khi xét hé mot bic v do ¢6 dic trung dan héi phi tuyén bat k¥ ta
¢ling ¢6 the dp dung phuong phip tich phan s6 doi vén phuong trinh vi phan dao dong (4
4); Vice dp dung phuong phdp tich phan s6 truc tiép doi véi cic hé phi dan hoi rat thich
hop vt ¢éd hiéu qui: Nhu da bict phuong phdp tich phan true Gép duge tinh vét mot chudi
cic khoang thodi gian At lién tiép tir khi hé bat ddu chiu tdc dung cla tdi rong dong bén
ngodl dén thoi diem mong muon bat ki. O mdi bude thisi gian, diéu kién can bang luc
déu duge thoa man. Phuong trinh can bang luc ¢6 thé viél duge trong cde gia 56 tuong
ting voi cdc bude 1ot gian, va vige tich phan so cling $& duge ticén hanh doi vén cac
phuong trinh can bang lue trong cic gia so.

1. Phuong trinh can bang luc trong cic gia so

XEt dao dong clia hé mot bic e do ¢ mo hinh tong qudt cho trén hinh +.8a. Cic lue
tde duny vao khoi luong cho trén hinh 4.8b. 1ai trong dong tic dung bit ki cho trén hinh
4.8¢: cie dae trung phi tuvén cta lue dan hoi va lye can cho trén hinh 4.8d va 4.8¢.

|PUY) P $P
4 1 r
’ . ! AR
M R P-;|M vy
N i i
2T e Haw N
"é T P,._-:'.]| PPt 5 %“"““ .
G b+ Al o
aj h) c)

y #y
Hinh 4.8
Tai thai didm L tie diéu kicn can bing cua cde lue tic dung vivo Khoi tuong. ta co:
_ P )+ P+ Py (=P (1-43)
Qua mot Khodang 1hat glan ngan At lwong dng ta cing co;
SP U+ AD + P (U4 A + Py (1 A + = P+ AL (4-34h)
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Sau khi the (4-43) vio (4-44), ta nhan dugc phuong trinh can bang luc trong cic £1a 50
-AP (U + AP (0) + AP, (1) = AP (1) (4-45)
Cac gia 6 cua cic lre cde phuong trinh (4-45) ¢é thé bicu thi nher sau:
P, ()=D, (t+ A0 - P, (1) =-MaAy(1)
AP (D) =P (1+ A1) = P.(1) = C(HAy(1)
AP (0) = Pyt + AU~ Py (1) = K(UAY (1)
AP(L) = P (t+ Aty - P(1)

(4-46)

Cac tham so téi trong P(1), tham s6 141 dan C(1). tham s do cing K(t) twong dng trong
khoang thot gian At duoc cho trén hinh 4.8¢. d. ¢. Khi bicu thi cic gia 0 cha cic lue
(4-46) 1a gia thiet rang: Khéi luong cua he khong thay doi véi moi Khoang thoi gian. Cic
go¢ Iech icp tuyén duge xic dinh tai diu mé;j khoang thasi gian nhu sau:

[ dp_ ip,
c(t)xi d\': J : K(l)tj(--(—‘jj (4-47)

L dy
The cdce bicu thic (4-46) vio (4-15). ta nhin duge phuong trinh can bang luc trong cic
21a 56 tai thoi diém t:
MAV() + CHAY( + K(DAY(1) = AP(1() (3-18)
2. .v-ip dung phuong phip gia toe fuyén tinh

C6 nhiéu phuong phap dé tinh tich phan so true tiép

phuong (rinh (4-48), & day su dung phuong phdp gia 1-‘1'":”
r nr . - N N . . ,. e VT
to¢ tuyen tinh. Nhu dil trinh bay & chuong hai. gia thiét i N
cta phuong phdp nay li: trong g10i han cua mai tich
phan thoi gian, gia téc chuyen dong thay doi theo quy !
ludt tuyen tinh, khi d6 he <6 tit dan va do cimg cha hé ¢
duge xem 1a khong thay doi. et
. . e W . " A - . f
Khi gia 16¢ thay déi theo quy luit tuvén tinh ta ¢é: |
N i
Hinh 4.94.
.. . AV
,\’.I(T):.V[ 4 —- T i
At :
sl

Vai0<t <A

Khi do. toc do va chuyén vi cta he s¢ thay déi theo
quy ludt parabol bic hai v parabol bic ba. hinli 4.9, ¢. My

. o Ay 10
vit)= ¥ty 1 T ’ T
AL Z

Hinh 4.9
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. LT AV T
Y=y +y, T+¥y,. —+— —
2 At 6

Tu cdc bicu thic xdc dinh chuyén vi va 16 do tai cusi khodng thai glan T = Al 1a s&
€O Ciac gia 3o toe do va chuyén vi nhu sau:

AV{1) = V(DAL + AV(t) % (4-49)

AL’ At?
Av{l) = y()AL +;\?(t)-;—+Aj?(1)—{— (4-50)

d 23
T 4-30), ta suv ra:

i 6 6 . ..

A1) = — Ay (1) - — v{1) - 3§(1) {4-51)
At At

The bicu thite (4-51) vio (4-493, ta duge:
3 ) At
A¥(UD—Ay (1) = 3y{1) —— V(1) {(4-52)
Al 2

The cde bicu thie (4.50) va (4.52) vao (4.48) ta s& nhan duge phuong trinh chuyén
dong:

6
AV = — (1) — 35‘-{1)} +
= ‘\[ J

it
+C(1) (__ Ay —=3v(i) - At
A 2

Al L

YU |+ K{DAy() = AP(D

Chuyén sang v€ phai tat ca cic thanh phin xdc dinh béi cdc didu kién ban dau. (a s ¢

K (OAY(1) = AP™(1) (4-53)
Trong dé:
" B 5} 3 _
K=Kt+-— M+—-C@) (4-54)
At” At

6. A, ] <
AP (1 =AP(T)+ M T)-‘{l)+3_\-'{l) + C{0)| 3v(t)y+ A V()| (4-35)

A J = 4

Ta thay rang: phuong trinh (4-53) twong duong véi didu kicn can hiang tinh trong cic
@100, Sau khi gigi phuong trinh (4-33). ta 5¢ xdc dinh duoc gia 8¢ chuven vi Ay, The
AvED vio (4-32) ta 58 nhan duoe gia s6 o do AV(O. Chuven vi v toe do 3 cudi 21 30
thest gian At duge tinh bang viée bo sung cac gia s6 chuvén vi v gia 56 168¢ do:

YU+ AL = v(1) + A¥(1)
YU+ AD = v()+ Ay(t)_}
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Ton lat, trindt e cuia plitong phap trén dioc tién hanl nine sau:

1. Xdc dinh cdc dic trung phi dan hét cha hé adm:

Do cimg K(1), hé 6 tat dan C(t), va xdc dinh cac dai luong bién déi cha luc can P(1)
va lue dan hoi P(u).

2. Xdce dinh cdc diéu kién ban dau: chuyén vi ban dau va 18¢ dd ban diu duge xem la
dd hict tir didu kién ban ddu cha bai todn. hodc o cudi gia 5o thor gian cuit budc trudc.
Gia 10¢ ban diu duge xac dinh tir diéu kién can bang luc:

.. |
«V{l):_IP(I)_PL-“)_PJ{H] {4-57)
M
3. Chon budc thdi gian At Pé dim bito do chinh xdc can thict cua ké1 quit tinh todn
can chon budge thol gian:

T
" 10

Trong dé: T 1a chu ki dao dong rieng cua he.

Al

4. Xic dinh do cing K (t) theo (4.54).
5. Xdc dinh gia $0 14l trong AP (1) theo (4-35).
6. Xdc dinh gia s6 chuyén vi tai thoi didm t 1 vice giai phuong trinh (4-53).

7. Xdc dinh chuyén vi va (¢ do tai thai diém (1 + A theo (4-56). rong d6 gia 50 LOC
do 1ai thai diém 1 duge xidc dinh theo (4-52).
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Chuong 5
TINH CONG TRINH CHIU TAC DUNG PONG PAT

Pong dit 13 mot tham hoa vo cling to 16n vi khung khi€p. Vi vay, tinh cong trinh chiu
tic dung dong dit 12 mot nhu cdu hét sic can thiét trong Xay dung nhat 14 v61 cdc cong
trinh quan trong, cic thdp nudc, cic cong trinh nha cao tang v.v..

O chuong nay s& trinh bay bai todn dao dong hé mot bic tr do, hé hitu han bic ty do

chiu tic dung dong dat chi y€u do gia tdc ngang cua nén dat y (t).

$1. DAO PONG CUA HE MOT BAC TU DO CHIU TAC DUNG PONG DAT

1. Xay dung phuong trinh vi phan dao dong hé 1 bac tu do chiu tic dung dong dat

: &G
r-— -
i o
| |_‘_3"'\t‘]_|
! ' " M

S, 7 | Pl AT 77 7L P

T l [ 1 €L L
CoK [ k) P4 P 20

Trug xét- 2l c 2l 2 2
| ’ /
| !
| b TT R T AT R YT R ETS TR S T t)
Lol
SN N
Hinh 5.1

Xét mo hinh hé 1 bac tu do chiu tic dung dong dat duge dac trung bdi chuyén dong
ngang cua nén dat y (¢) hinh 5.1. Phuong trinh can bing duoc xay dung tir hinh 5.1b.

Nhu da trinh bay & chuong 1, §1: Phueng trinh vi phan chuyén dong do su kich dong cla
nén duoc viét ¢ dang 1.21 1a:

My(1) +Cy(0) +Ky(1) = -M.y, (1) (5-1)
Thanh phan & vé phai clia (5-1) déng vai tro nhu tii trong dong thay doi theo thai gian
tic dung lén he.
2. Phuong trinh dao dong cua hé mot bac tu do chiu tac dung dong dat
Phuong trinh vi phin (5-1) duoc viét O dang sau: (chia 2 v€ cua (5-1) cho M).
V(1) + 20ey(0) + 07y (1) = =, (1) (5-2)

Vi e 1a tham s6 tat dan. o 13 tdn s0 dao dong riéng.
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Nghiém téng qudt ctia phuong trinh vi phin (5- 2) bang 16ng cia nghiém thuan nhat
ting véi v¢ phai cha phuong trinh bang khong va nghi¢m rieng. Nghiém thudn nbit bicu
thi dao dong v do tat din va s&¢ mit di sau mot thoi gian ngin. Vi vay & day chi xét tai
nghi¢m riéng: nghiém riéng cua phuong trinh vi phan (5-2) dugc vicét theo (1.196):

]
\(i)—~M— fl’('t)c O sine, (L—T)dT: (5 bai todn dong dit, ta cd:
@

l . e Ty _
y(t)=——- ‘[{]yw}(‘[)c e Ginw (1-T1)dt (5-3)
o,

Trong d6: o, = w1-¢’
Vi dai da s6 cdc cong trinh xay dung trong thuc t6: e <0.2. dodo w, = m. laldy o = o.
Viét lai phuoag trinh nghiém (5-3):
1 4. o , -
y(t)=~— f} . (0.e ™ Msino(t—Tt)dr (5-4)
w

(5-4) 14 phuong 1rinh dao dong cia hé 1 bac ty do chiu tic dung dong dat dugc dac
trung bai gia toc kich dong ctia nén ¥ (1) .

Gid tri tuyel doi 16n nhat cia biéu thac tich phan & v& phai caa (5-4) goi 1 phd vén tdc
viv ki hicu 1a S, T

|
Sy(e.T)= 1 J’l‘, . (t).c " sino(t 1) dt \ :\V{” - (5-3)
Trong dé:
V() = f‘}"U(‘r}.c_"":“"“.sin o(t—1y dt (5-6)
Phit hop v6i (5-5). gid tri tuy<t doi 1dn nhat cua chuyén vi (5-4) sC la
- 1 . - -
y“)|m-lx = _)'-S\r(S-T) = Sd(& ) (3‘?)
w

S, Ty goi la pho chuyen vi.

Dau i (-) & v& phii cta phuong trinh vi phan dao dong (5-1) chi luc kich dong thay
déi theo thoi gian e dung viw hé ¢d chiéu nguge v6i chicu gia tde chuyén dong cua nén
dat ¥ (1. Vichuyén dong cia nén dat ¢ dac trung doi chidu 1dc dung., nén chuyén vi
Ién nhat coa khoi luong (5-7), vi cde dai bugng nghién ctu sau nay cting Khong xét dén
diu (-3 do naa.

3. Xic dinh tai trong dong dat tac dung lén he

Bidu thic téng quit cta luc tuong ung voi trang thdi dong cta hé 1 bac do dugc xic
dinh theo (1.191):
Pl!([) = pm - K(l)
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Trong dé: He 50 dong hoc thay d6i theo 1hoi gian duge xdc dinh theo (1.197) va trong
trudng hop nay:

Kty = o f}.1’(1).(:_"”"““”.sinmL,(l ~dt=w f]y‘,(r).c' w0 Gno(t—1) dT =0V
o,

L

Do do: Pty = M.V (1) (5-8}
Tai trong dong ddt tac dung lén he 13 gid tri 1on nhat ciia bidu thic Py(1) ¢ trén:

P, =Mao Vit =M .08 (g, 1) = M5, (e T) (5-9)
Trong do: S (e.T)= .S (€.T) (5-10)

S (e. T) goi 12 phé gia t6c.
§2. DAO DONG CUA HE HUU HAN BAC TU DO CHIU TAC DUNG DONG PAT
1. Xay dung phuong trinh vi phan dao dong h¢ hiru han bac tu do chiu téc dung
dong dat

Xé1 hé n bac w do chiu tac dung dong dat dac trumng
bai chuvén dong ngang clia nén ¥, (0, hinh 5.2.

Chuyén vi todn phén clia cac khoi luong trén hé

56 la:

> (0] =0} + {1}y, ¥t 1] 1 vée 1o ed
n phén W bang don vi
Do dé: {;\?L (t)} = {y(0} + {1} 9,0

Tuong Gng ta ¢& phuong trinh vi phan dao dong

(Ong quat cua h¢ hiu han bac W do chiu tdc dung
dong dat vict dudi dang ma tran nhu sau:

[M} o)+ el {m)+ K]yl
= MO (5-11)

Trong do: (K], [M]. lc] 1a ma tran cing. ma tran

khoi luong. ma tran tat dan ¢tia hé. Thanh phan bén Hinh 5.2
v¢ phai ctia phuong trinh (5-11) déng vai trd nhu vée 1© tai trong dong thay d61 theo thol
ojan tic dung I&n he.

2. Phuong trinh dao dong, hé hitu han bac ty do chiu tic dung dong dat.

Pé tim phuong trinh dao dong. ta 6 the dp dung phuang phip khai trién tai rong theo
cic dang riéng (cung co thé ip dung phuong phidp toa do tong quil, v.v..). Tai trong
khai trién theo cdc dang riéng dugc xdc dinh theo cong thiic (2. {30) va trong trudng nay

sl
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T
¢} {P} do) (M)
(py =S g = LM i c Mt} 2
te) [M[{o fo.} MH{o}
T
4 IM .
Trong dé: I, = M =L: H; got 14 hé s0 dang (5-13)
(o [M){o} M
Véc 1o chuyén vi cta hé ing véi dang dao dong riéng thit i duge tinh theo (2.135):
{y. =M {P}K, 0
Khi chiu tac dung dong dat:

K, (t)= L _[| f(t)e Y gin o, (t—1)dt= L f ')}n{‘t).(:_mi“i“_”‘Sinﬂ)i([ ~1)dr
W ! ' w, ™

K.d-.(t}:LVi(t) (3-14)
®;

Vi)

.

1

Do do: fviob=[M]" (P}

Pua (5-12) vio biéu thitc trén, ta dugc:
Vi{t)

AU =139 ——— 5-15
i) =wded =0 (5-15)
Gid tri 16n nhit cha véc 1o chuyén vi ting véi dang chinh thi i & 1
Syile; T} .
£y, (t)}nm : %{q}.} =1,.S, (&, T)) {(pi} (5-16)

Trong do:

S, . T)= LSVI-(&:,-,T-[} 12 phé chuyén vi dang 1, con S, 1a phé van td¢ dang i:
o,
=|Vi(v]_ (5-17)

Mk

Sy (e, T )= l [ ¥, (0 sinw, (- t)de

Véc 10 chuyén vi ciia hé duge viét i (5-15):;
fy()} = [fD]{L‘V(t)} (5-18)

Trong dé {“—"Vi {l]} A véc 10 ¢6 cic phan tir bdng V {(thy vo11=1. 2. .
w, w

3. Xac dinh tai trong dong dat tac dung lén hé

Véc to lue tuong tng vai trang thdi dong cta hé hiiu han bac w do Gng véi dang chinh
thu 1 duge xac dinh theo (2.139):
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Py} ={P}-K;(©

Trong dé: K(t) dugc tinh twong ty nhu (1.197) va véi téc dung dong dit s€ la:

K (1)—~—ff(t) O Sine, (1— THdT = ), fy“("r)a, I gineo, (1 - 1) dT = o,V (0 (5-19)
w

P {P,} theo (5-12) va K (1) vao bidu thic trén. ta duoc:
{ LII(t)} b, [M]{(pj}.u)ivl[t} (5-20)

Vécto tai trong dong dat tic dung lén hé tng véi dang chinh thir 1 la gid tri 16n nhat
cuta (5-20):

{p;m} =1 MY oy Sy (e T =1 M98 (8, T (5-21)
Trong dé: S, (6. T)) = ©.Sy(g,. T,) [ pho gia téc dang i.

Tai trong dong dat tic dung vao khéi lugng K (tang thid K) cua tat ca cic dang dao
dong riéng dugc 16 hop bang cich tinh gin ding trén co s¢ 1 thuy€t xdc suat:

ad _ :m .m pii Sdd A
p = +.._+(1Kn) (5-22)

Cudi cling ta cé vécto tai trong dong dat tic dung 1én hé hitu han bac tu do:

)

o

{lJtlLT} =4l (P;-:I ] (5-23)

[>1=

(e

4. Mot s6 phuong phap tinh hé hiru han bac tu do chiv tac dung dong dat
a) Pluteng phdp pho

Véc 10 i trong dong dat tmg véi dang chinh thit i duge xdc dinh trén co sa cic dudng
cong pho gia tde, hoiac cac dudng cong phé van tac theo cong thite (5-21). Trén hinh 5.3
cho thi du mé 4 cic dudng cong phd van téc. Pho van toc ndy duge tinh todn theo bicu
thiic (5-17).

b} Pluiong phap iindt hoc tuong dicong

Ve to tai trong dong dat tng v6i dang chinh thit i:
1 — .
{)t } [Q] {(p I Kdd (5-24)
Trong do: [Q] - ma tréin trong luong cua heé;

K la - h¢ s0 dong dat dng véi dang 1.
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Theo quy pham CHUII [1-8-71 (Li¢n X0) thi:
Kl =BK. K, K, K, (5-25)
VGiz B, - hé s6 phu thuoe chu ki dao dong riéng, va loai nén dat;
K. - hé & tra thco cdp dong dat (he sO vung).
K, - h¢ s& tinh d¢n su hu hong cho phép cua cong trinh;
K, - h¢ s6 cac giai phap két ciu;
K., - t¢ 56 ké dén dac diém két cdu.

Tit ca cdc he s6 trén déu ¢d bang tra va chi din cu the trong quy pham.

13 - T

5% —
10%
- 20%
| T . 40%
t
18 24 3 {s
Hinh 5.3

¢} Phurong phdp tind theo gidn do gia 16¢
Phuong trinh vi phan dao dong hé hitu han bac tu do chiu tac dung dong dat {(5-11):
[ Y . + ) 1 4 . i_ o -
IMJ{F) +[C] 3o +[K] {yo) = [M{1} ¥,

Phuong phép tinh theo gian do gia t6c 1 phuong phip giai true tép phuong rinb vi
phan dao dong teén khi ¢6 gian d6 gia toc cha nen ¥,(1) § v€ phai.

Gian d6 gia 16¢ nén ¢6 thé 12 gian do gia t6c thire, né duge ghi bang mdy, hoic ¢6 the
12 gian d6 gia 16¢ md phong do nganh Vat Ii dia ciu dua ra. Phuong phép thich hgp d¢
giai phuong trinh vi phan nhu vay 1a cic phuong phip tich phan truc 1i¢p theo cic budc
thai gian di néu & chuong 2.§16 nhu phuong phdp Niumax, phucng phip Vinson0,
phuong phdp sai phan hiiu han...
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Ngoii ra. ¢6 thé tham khao céc quy pham cla cac nudc nhu quy pham ciia My: UBC
97. quy pham cla Trung Qudc GBI 89, v.v... va cic phuong phdp khéc dé¢ tinh todn va
xéc dinh 1ai trong dong dat.

5. Thi du:
Xdc dinh tai trong dong dat wdc dung khung 3 ting hinh 5.4. Kich thudc, 1€t di¢n.

trong tuong phan bé cic tang cho trén hinh vé "Cong trinh xay dung trong vang dong
dat cip § co K = 0,2: Cac he s6 K, =0.25: K, = K, = 1. Nén dat loai L

5 :
ad A0 x50 gz = 3.5Tim E=265%10 kglem
1 —

— 40 x40
o 4% 50 Oy =Gy
2 — A

_— 4] 1 40

a 40 x 50 g, = 6.82Tim

- 40 x 60

- e Prc el /7L7/7 /777[7;

Hinh 5.4

- Xdc dinh tin s6 va dang dao dong riéng:

Khai luong cde tang: m, = m;, = lqj _S8LI8 12,55 m, = 3.3.18 =6.43
g 9,81 9.8l
(1235 0O 0] 123 0 0“\
Do do: [M]=| o 1255 O I:T [Q]_L 0 123 0.T
0 0 643 0 0 63J

Ma trin mén:
B, 8, O [348 4242 4242
[F]=|8y 8y 8n|=|4242 854 9147 107 m/T
8y Oy Oy | (4242 9,147 13,35
Trong d6 cdc he s¢ do mém duge tinh gan ding theo cong thuc cua Sigalov. Phuong

rinh tan so:

\m M- [E]\ -0 Dang duo dong riéng: {o;} = ~[B] " {B]

of J6.93 i L 1
Ketaud: fol =da, b=02134s™", [@]=| 1.885 0222 1197
Jud: g :
o, l_31,1J 2,256 —1.248 1,096

Céc dang dao dong ricng dau thoa min didu kién true giao (2-38).
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- Xdc dinh vée to tai rong dong dat ing véi dang chinh thik i theo (5-24) va (5-25):

{dd} [Q]{ }HiBiKcKleK.“

K=K.KK,K, =02.0251.1=0.05
Tinh B,: cong trinh xay dung trén nén dat loai [, nén:
. ] 9
=1 6 Pea=® 098y
T, 2rn 2m
) 3 ,
potiliz2co p=2-2 53005 Ly p, =3
T, T 2n 2w )
i=3 ¢6 P.=3
T
P Ml
Tinh hé s dang . theo (5-13): p, = M
toid [M]{o]
12,55 0 0 11
{I 1,885 2.256)| O 1255 0 |4l
, M 0 0 6.43 1J
=1y, = (p” M L _ = 0,565
o] M{or} 25 0 o Tf
{1 1.885 2.256}| 0 12,55 0 {1883
0 0 6,43 ]2.256
T
Q, M1l
=2 ].lgz{p}].[ ]{{}: ~0.319
{02} [Mi{e.]
(o M1
=3 Ma = m}{[ ]3} ==0.119
tos} [M]{ea}
Vay
123 0 0] 1 3.85 P{‘fl
ph=1 0 1230|1885 0,565.411.0.05= 7.28 . T =Py} |
0 0 63]]2.25 4,44 P(m‘
L 40 31
123 0 0b 388 ]
il o123 0 10,222 .0.319.3.0.05— 1,31
L0 0 63][-1248 -3,74
(123 0 Of !
Pl =] 0 123 0 |[{-11977.0.119.3.0,05= rz,ﬁ_ T
L0 0 63][1.069 1.23

Xic dinh tidi rong dong dat tic dung 1én hé: theo cong thie (5-22)
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2 a2 (a2
P - J(Pﬂ‘*) +(Pf‘§) +(P1d§‘) = 3852458824227 = 7.36.T

PH = [7.282 +1,317 +(~2.62)° = 7.85.T , tuomg tw duge P =5,94.T
Vée 10 tai trong dong dat tac dung lén he.
7,36
P 1=17.85,.T
5,94

$3. DAO PONG CUA HE VO HAN BAC TU DO CHIU TAC DUNG PONG PAT

1. Xay dung phuong trinh vi phan dac dong h¢ vo
han bac tu do chiu tac dung dong dat vl

Cic hé c¢o khoi luong phan bo lién tuc nhu cac cot
cao. cac 6ng khoi... 1a hé vo han bac v do. Vai he vo
han bac tu do, chuyén vi todn phan ctia khéi lugng do
kich dong ¢ua nén hinh (5-5) la:

vZ () = (R D+ ()., (1)

Trong d6: f(x) 1a chuyén vi cia h¢ do chuyén vi cla
nén bang don vi gay ra.

Luc quin tinh cia khoi lugng:

q,(x.1)= —111(x)[§)(x.t)+ f(x)‘yu(t)]

Tuong ting 1a ¢6 phuong trinh vi phan dao dong cua
hé vo han bac tu do chiu tac dung dong dit duge viét o

dang wong tu nhu phuong trinh (3-2) va (5-11): Hinh 5.5
":‘2 ,2 (X '}2
O gy YO S YO0 L D L of0.§, (0 (5-26)
X" Coox” car at

Thanh phin & v& phii ctia (5-26) déng vai trd nhu tai trong dong phan bo tde dung kén he.

2. Phuong trinh dao dong hé vo han bac tu do chiu tac dung dong dat

Ap dung phuong phdp khai trién tai trong theo cdc dang riéng dé tim nghiém cua
phucng trinh (5-26). Tai trong khai trién theo cdc dang riéng duge xac dinh theo cong
thitc (3-58) va trong truong hop nay s la:
j’:X-‘{x)q{mdx J':X.I(x)m(x)f(x)dx

m, X,(x) - - =m, . X (X} (5-27)
I“ m, X7 (x)dx

g, (x)=m . X;(x) : "
meXi“(x)dx
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[ X, (omEof(x)dx

Trong do: |, =

r - - He s& dang {v6i hé vo han bac do) (5-28)
| m X{(x)dx

Phuong trinh dao dong ing voi dang chinh thi i dugce viét phit hop véi (3.60):

yi(x.l):q—i(}—).l{ui(t)
m

X

Vi)

.

L

Trong dé: K, (1) dugc tinh theo (5-14): K,

Pua g,(x) va K (1) vao phuong trinh dao dong, ta dugc:
V(1)

y, (x. 0 =X (X - —— (5-29)
0,
Gia tri 16n nhat:
. Sy (e T _
v (R) = X (K) 1 Suler ) _ X ()44, S8, T)) (5-30)

3. Xac dinh tai trong dong dat tic dung 1én hé

Luc phian bé tuong tng véi trang thdi dong cha h¢ vo han bac tu do Gng voi dang
chinh thit i ducc viét tir tich cua tai trong khai trién theo dang 1 va hé 56 dong hoc thay
d6i theo thi gian cling cta dang &

qq, (.8 =¢; 0. K;{1)
Trong dé: q,(x) dugc tinh theo (5-27), K,(0) duge tinh theo cong thite (5-19):
K (1) = o, V(1)
Pua g,(x) va K (1) vao bicu thic trén, ta dugc:
qdlj(x.i):mx.Xi(x).pi.mj.Vi(t) (5-31)
Tai trong dong dat phan bo tac dung 1én hé vo han bac tu do tng véi dang chinh thi i
la gid tri 16n nhat cua (5-31):
QM (x) = m X (O, m.Sy, (€. T = o, X, (O S, e T (5-32)

Ciing ¢6 thé tinh luc phin b tuong tng vai trang thdi dong cia hé vo han bac tu do
ling v6i dang chinh th i tir phuong trinh chuyén vi y,(x. t) nhd quan hé vi phan:
r -2 !
. o-y-(x.t)]
q:_l.1tx‘l}:|E‘J\ ' T |
|t

Chuyén vi va ndi luc toan phén ciia hé duge xdc dinh tén o 0 (& hop chuyén vi va

(5-3%

noi lue cha cdc dang dao dong ricng theo I thuyél xéc sudt twong tu nhu voi hé hitu han
bac wu do doi vai cac diém trén hé.
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Tai licu tham Khao

2006

107
14

118

134
138
143

161
66
170



PONG LUC HOC CONG TRINH

Chin trach nliém xudar ban :

BUI HOU HANH

Bién tgp - TA HAI PHIONG
Ché bdn PHAM HONG LE
Stiee bdn in TA HAI PHONG

PHAM DINH BA
Bia . VU BINH MINII



ln 1000 cuén kho 19w 27cm, i Xwdng in Nha xual bin Xay duag. Giay chap nhan dang ky k¢

hogeh xual ban s 120/XB/QLXB-35, ngity 01-02-2003. In xong nop tuu chidu thang 12-2003.



¥H""‘"-«-..
1285 303

6X - 6X1
SR O% 120 - 200
L(D- 2005 12 20ﬂ

Gia : 36.000°
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