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Ly thuyé&t dan héi 13 mén hec ¢o sé¢ quan trong cho nhiédu mdn hoc
chuyén nganh khdc nhu stc bén vat liéu, co két cdy, ca chdy déo, co
phd hiy, . Mén hoc nay duge Ung dung ring rdil trong viéc gidi cdc
bai todn k¥ thuat khi nhiing phuong phdp gidi khdc khong thé cha
cdc k&t qud chi tiét va chinh xdc nhu mong dgi.

Ly thuyét dan héi ing dung (¥ thuy8t co ban) khong di d€ xdc dinh
si tap trung dng sudt tai cdc vung lan cdn vi tri dat tai, vi tri c6 lién
k&t, vi tri ¢ su thay ddi dot ngdt hinh hoc két cdu, .. Ly thuy&t nay
ciing khéng giai quyét duge nhiing bai todn ma tit ca cdc kich thude
cla vat tuong duong nhau va phdi duge khdo sdt nhu sy phan bo ung
sudt trong cdc con lan cha § bi. Ngoai ra, ta cing khong thé khdo sat
tng sudt d8i v4i cac ddm hay truc may ¢6 nhiing ving thay déi kich
thudc nhidu trong tiét dién. Sy t4p trung Ung suit cao s& xdy ra tai
cdc géc canh cla tiét dién va tao ra cdc v&t nit dau tién & cde vi tri
nay, nhat 14 khi cdu tric chiu tai trong dgng déi chidu.

Cén day, da ¢6 nhidu sy tién trién trong viéc gidi cdc bai todn thye
t& nhu trén, D6i véi nhitng trudng hgp ma i1 giai chinh xdc khong
thé tim dugc thi cdc phuong phap xdp xi hay kinh nghigm da dugc sa
dung. Phuong phép quang dan hbi dé gidi cdc bai todn dan hoi hai
chiéu 1a mot trong nhilng phuong phdp nay. Cdc k&t qua thu dugc tit
cdc thi nghiém quang dan hdi rdt c6 y nghia trong viéc nghién ciu
cdc trudng hgp khdc nhau cia sy tdp trung ing suat & cdc vi tri goe
canh trén mat cit. Cde két qua nay c6 dnh hudng ldn dén sy hoan
thién va cdi tifn thiét k& cdc chi tiét mdy.

Phuong phdp mang x& phong duge iing dung trong viée gidi cdc bal
toan dan hai nhim xdc dinh Ung suiit trong cde thanh lang tru chiu
xodn va udn. Loi gidi khé xdc dinh cia cde phuong trinh dao ham
riéng v6i cde diéu kién bién da cho dugc thay thé bing cdc phép do
do ddc va dp vong cla mdt mang xa phong chiu tai va cang thich
hgp. Cdc thi nghiém chi ra ring, phuong cdch nay khang nhimg chi
ra hinh 4nh truc quan cta su phan bg \ng sudt ma con cung cdp
théng tin cén thiét v& d6 16n caa ing sudt véi dd chinh xéc dua cho
tng dung thuc té.



Tai }iéu nay nhim cung cdp cho cie k¢ su kién thitc co ban cdn thiét
caa ly thuyét dan héi. Ngodi ra, tai lidu cling ¢6 ¥ dinh hé thong cic
phép gidi cua cdc bai toan dic biét c6 ¥ nghia thuc t& cac va md ta
cAc phuong phap xap xi va kinh nghiém ciia bai todn dan héi. Tuy
nhién, gigo trinh cing chi cung cip cdc ndi dung rat cd bén cda ly
thuy&t dan hdi theo chuong trinh mén hoc cing tén cia nganh Co Ky
Thuat, trusng Dai Hoc Béch Khoa TP. Hé Chi Minh.

Trong qud trinh bién soan tai lidu nay, tc gia da nhan duge su ho
trg va gop ¥ clia tat ca cdc thdy ¢b trong b mon Co Ky Thuit, trutng
Dai Hoc Béach Khoa TP. H3 Chi Minh. Dac biét 1a cde déng nghiép:
Té Chiéu Cudng, L& Bui Hong Phong, Trin Thi Quynh Nhu, .. Tac
gid chan thanh cam on nhiing sy gitp d& quy bdu nay. Cudi ciing xin
tran trong cdm on Nha Yuit Ban Khoa Hoc va K§ Thuat da bién tap
cuén sdch va tao moi didu kién thudn 1gi d& cudn sach duge ra mit
phuc vu ban doc.

Véi sy chii quan cla ngudi viét, gido trinh nay khoéng thé tranh khoi
nhiing thigu sét. Chuing toi r4t mong su déng gop cua quy déng
nghiép, ciia cdc ban doc quan tdm. Mo1 déng gép xin vui long chuyén
dén:

B Mén Co K§ Thuat hoic Phong Tinh Toan Cd Hoc
110 B,, 504 C4 Truong Dai Hoc Béch Khoa TP. HS Chi Minh,
268 Ly Thuong Kiét, P14, Q10, TP. Hé Chi Minh

Tel : 84-8-8.660.568 hodc 84-8-8.651.211

Fax ;: 84-8-8.651.211

Nha Xuat Ban Khoa Hoc va Ky Thuat
58 Dang Khdi - 12 Hé Huéin Nghiép, Q1, TP. Hé Chi Minh
Tel: 84-8-8,225.062 - 84-8-8.296.628 — 84-8-8.290.228

TP. Hé Chi Minh, théng 11 ni&m 2003
Tac gia
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Chuong 1. Ung suit - bién dang

Chuong 1
(NG SUAT - BIEN DANG

1.1. Ky hi¢u chi s0.

1.2. Ly thuyét dan héi.

1.3. Phan tich trang thai ung suAt.
1.4. Bién dang.

1.5. Ly thuyét dan héi tuyén tinh.



Chuong 1. Ung suit - bién dang

1.1. Ky hiéu chi s,
Dé rat gon cach viét ngudi ta sit dung cdch dién dat theo chi s8 nhu sau:
cdc bién X, y, 2, 1 .. duge bidu didn bing mdt chi sd kem theo, vi du: chi
x ta s& cé 2n bién doe Jap: X4, X2, X3, - Xn hodc x', X, x3, ...X". Chi sb cé
thé dat ¢ duéi hoac trén. Di ohign véi cing bién s8 x thi khi cd chi 56
dudi s& o6 gia tri khac vi khico chi s8 & trén.
Véi quy ude nhu vy ta cé thé d& dang bidu dién mot tong c6 dang:

i=n

a,X; + ApXo+ AgX3+ .+ AnXn= > ax (1.1)
i=1
~a—uid>(*I -a—uz-dx2+@é—dx3+...+—a%dx“ :I‘Litildx‘ (1.2)
X X ax ox = OX
Véi dang téng theo hai chi 58 khéc nhau:
i=3 j=2 =3
ap' =Y (ap"+ a,b”) (1.3)
i=1 =1 i=1

1=3 j=2
ij 1 2
a,b’= aib b anh'? + anb? + azb” + ags:b®' + aph®
i=1 =1

Déi vdi mot tich ta ¢6 thé biéu dién dudi dang:
ﬁ(a:-b,‘):(al—b’,la’z -—b‘z](a‘s—b;) (1.4)
i1

Ta dua ra quy udc sau day dé loai bo diu téng (quy ude Einstein): Néu
trong mot don thie mot chi 56 duge nhic lai mét ldn trén va dudi hogc
nguoe lai thi ¢6 nghia la ta phai 1&y tdng d&i véi chi b do.

1=1
] i 1 2
Vi du: Say =ay' +agy ot ay"
i1
Bi&u thide trén duge viét lai nhu saw

i=n .
Say =ay (= 12,....n)
i=1
Bidu thic alb’ véi (k = 1,2,.n) c6 nghia la:
alpt, = alb} +alb3 + ...+ &b

Chi s6 lap lai la chi s8 dé chi phép cong hay cdn goi la “chi s6 c&m” ma
¥ nghia clia biéu thic khong thay d8i. Vi dy:
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Chuong 1. Ung suit - bién dang

ab=a‘b,=a"by

Chi s6 gap mot 1an 1a chi s8 ty do va ¢ thé nhan mat trong cdc gid tn
1,2, ., N, v6i N la mién gia tri cda chi s&. Chi s6 lap lai 1a chi s6 tong
(ho#c chi s cAm).

Qui udc phép 1dy tong: chi s6 lap lai 6 nghia chi sé nay lay tat ca cdc
gid tri trong khodng bién thién cua chi 88 va moi thanh phan tuong ing
vdi gia tri cla chi sa duge cong lai.

Vi du:
ab; = a;by + azb + asbs {i=1.3)
Amben = awby + asbe + aiabs (m= 13) {1.5)
dgs = dig + daz + daa (s=1.3)

Thanh phan tensor hang bét ky c6 thé biéu dién rd va gon nhd ky higu
chi s8. '

Vi du: a;, bj', Tij, Eijks R
Mot s6 ky hiéu dde biét:

Ky hiéu Kronecker delta by, con goi la ky hiéu dubng chéo chinh, duge
dinh nghia nhu sau:

1 khii=k
By = Oy = (1.6)
. {o khii=k
Vi dinh nghia dé ta ¢6:
81 B2 O3 100
8y Sy O3 |=|0 10 (1.7
8y Oy 0a3) \0 O 1

Vi du vdi biéu thac: ds® = (dx1 )2 +(dx2 )2 Fot (dxn )2

Hay:

=N

ds® = Yy (dx ]2 (1.8)
=1
Ta c6 thé viét theo ki hiéu Kronecker:
ds® = §dx'dx (i=1,2,..nvaj=12.n) 1.9)
Ta c6 thé viét nhitng chi s§ trong ky hidu Kronecker c& trén va dudi tuy
theo didu kién sit dung: §;,8", 8.
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Chuong 1. Ung suat - bién dang

Ky higu hodn vi gy, dugc dinh nghia nhu sau:

1 néui, j, k=1, 2,3 hodc lap thanh hoan vichdn tu 1, 2, 3.
€jk =4 0 N€u hai chl s8 bat ky bang nhau. {1.10)
-1 néu lap thanh heanviié tr 1,2, 3

Ti dinh nghia hodn vi trén ta ¢6 cdc gid tri sau cia hodn vi ung vdi cdc
gi4 tri cha cde chi s&:

112 222 233
g =g ="7"=0
123 231 3N

g =™ = g% =

1 3 1
132 921 _ 218 L g

Mot dinh thde hang ba c6 thé bi€u dién theo qui ugc hodn vi nhu sau:

1.2 3
£a1 a; g
. )
a, a3 aji=:*aja’a)
1
a3 ag ag

1.2. Ly thuyét dan héi

Ly thuyét dan hdi 12 mdt nganh cia Cd hec nghién ciu vé vat thé dan
hdi 1y tudng (md hinh vat rdn cia Hooke). Mot trong nhing mé hinh 1y
tudng eta vat rdn la tinh chdt dan hai 1y tuéng cua vat thé.

Tinh dan héi 1y tuéng la khd ning vat thé 14y lai toan ven hinh déng
ban ddu khi nguyén nhan giy bién dang bi loai bo. Cong ctia ngoai luc
trén chuyé&n dai cia diém dat lye ¢6 tinh thuan nghich, né duge tich luy
dugi dang th& nang dan hbi trong vat thé. Vay vat thé dan héi 1y tudng
tuan theo dinh lust nhiét déng thi nhat vé bdo toan nang lugng cia hé
cd lap.

Hinh ddng cta vat thé€ chi phu thude vao tai trong dang tac dong chut
khéng phu thudc vao qua trinh dat tai trong qua khi. Nhu vay, vit lidu
tuan theo qui luat ung xi dan hdi tuyén tinh thuin nghich hay dinh luat
Hooke (tuyén tinh vé mat vat ly). Trong ty nhién, hdu hét cdc vat thé,
vat liéu trong thyc t& déu c6 tinh chat dan héi, tir chi tiet may, vat liéu
xdy dung d&n cdc chat 16ng va chat khi d8u c6 tinh dan hdi.. ; cho nén,
ta c6 thé két luan ring tinh dan héi la tinh chit cha y&u cha vat thé
treng ty nhién.

Bai todn cia Iy thuyét dan hdi xdc dinh ung suat va bién dang trong vét
th& dan hdi dudi tdc dung ctia ngoai lue & trang théi can bing tinh ciing

12



Chudng 1. Ung suit - bién dang

nhu trang thdi cdn bing dong hay dao déng. Nhing bai todn trong ly
thuyét dan hoi cing ¢6 thé gip trong sde bén vat lidu. Tuy nhién, giia
Iy thuy8t dan hdi va sic bén vat liéu ¢6 nhimg diém khde nhau co ban
vé cdc tién dé xuat phat, vé phuong phédp gidi cting nhu pham vi 4p
dung né.

Nhitmg gid thiét trong sie bén vat liéu (vi du: gia thigt tiét dién phéng),
trong ching muyc nao dé s& cho k&t qui phi hgp so véi két qua thuc
nghiém khi vat thé€ dai ¢é dang thanh. Cho nén mén sdc bén vat liéu
khong thé gidi bai todn x4c dinh dng sudt va bign dang d&i véi nhiing
vat thé cé dang tam, vd, khai..

Vdi gid thuyét khd rong rai va khéng han ché vé hinh dang cia vat thé
nghién cdu, ly thuyét dan hoi ¢ thé gidi quyét duge cd bai todn dang
tAm, vo, khoi..

Phuong phdp gii: tir diéu kién chuyén vi hay ngoai luc & bé mat dé suy
ra trang thdi (ng sudt J moi noi trong vat thé.

1.3. Phan tich trang thai @wng suait.
1.3.1. Luc khéi, lyc miit.

Mét trong nhitmg vén dé chinh cia ¢¢ hoe mdi truéng lién tue la nghién
efu van dé truyén lyc trong méi trudng. Cdc lyc trong mai trugmg lién
tuc duge phén lam hai loai: luc khoi va lue mat.

Nhimng luc tdc dong 1én moi phén td vat chat trong méi truong lidn tuc
duge goi la luc khéi. Lue hap din va lyc quan tinh la nhang lyc khéi.
Ching ta ky higu cdc luc nay 1a b; (luc tdc dong lén trén mot don vi khéi
lugng) hodc p; (lyc tdc dong lén moét don vi thé tich), gida ching c6 mai
quan hé sau:

pb = pi (1.11)
v§i p la khéi lugng riéng cia vat thé (dai lugng v6 hudng):
i AN dMM
y = lim T
f avoau AV dv (1.12)

Céc lye tde dong l1én phan tir mit, du 14 mét phédn cia mat bién hay mat
trong bat ky duge goi 1a luc mét. Vi vay, lue nay o6 thid nguyén la luc
trén mgt don vi dién tich. Vi du: Luc tuong tdc do ti€p xiie gilta cde vat
thé thude vé dang lue mit.

13



Chuong 1. Ung sudt - bién dang

1.3.2. Nguyén 1y \ing suit Cauchy. Vector \ing sudt.

LAy n; 1a vector don vi phdp tuyén ngoai tai diém P d61 vdi tiét dién nhd
AS cda mat S va ky higu Afj 1a hop luc tdc dong qua tigt dién AS lén vat
liéu bén trong V tir mdi trudng ngeai. Ré rang la luc phan & Af; phu
thudc vao cdch chon AS va n,

Nguyén ly ing suat Cauchy khing dinh ring: ti s§ Af/AS ti&n t6i mot
gidi han xdc dinh dfi/dS khi AS co lai vé diém P. Vector hop lue df/dS
(lyc tae dong trén moét don vi dién tich) duge goi 1a vector dng suat t'™.
Vector (ng suat duge xde dinh nhu sau:

in) . Afl dfl
lim — = -1
A0 AS ds

t =

{1.13)

Y

X2
X Hinh 1.1

Hinh 1.1 bigu dién vat thé c6 thé tich V, dugc bao boc bdi bé mat S. Vat
thé& chiu luc mat f, va lue khai b,

Ky hiéu ™ diung dé nh&n manh vector dng sudt tai diém P cho trude
clia mbi trudng lién tuc hién nhién phai phu thude vao huéng cla phan
ti mat AS da chon va cho bang vector phdp tuyén don vi n,. Néu 1dy bat
k¥ phan tu mat cé dinh huéng nao khdc véi phdp tuyén don vi khdc thi
vector 1ing suét tai diém P trén phan t8 cing khde di.

1.3.3. Trang th4i Wng suit tai mot diém - Tensor \ing suit.

Tai diém P bat k¥ ctia méi trudng lién tue, nguyén ly tng sudt Cauchy
sé tuong tng vdi mdi vector phap tuyén don vi n; duoe xde dinh bdi phan
t mat vd cung bé chua diém P v6i vector img suat t'™ Tap hop tat ci

14



Chuong 1. Ung suat - bién dang

nhiing cép c6 thé c6 cla t va n; & diém P s& xédc dinh trang thai ung
sudt tai diém nay. P& mb ta dudc hoan toan trang théi ing su:?it, tai mot
diém cho trude, khong nhat thiét phai chi ra tdt ca cdc cdp t" va n. Coé
thé 1am dugc diéu nay khi cho cdc vector {ng suat trén ba tiét dién
tuong ng vudng goéc véi nhau tai P.

Pé xdc dinh trang thdi ung suadt tai mot diém, ta chon nhimg mit
phang vudng géc v6i cdc truc toa do va ky hiéu cdc vector phédp tuyén
ngoai (&4, &2, &3) va céc vector ing sudt (t &) ti(é | ti(ea)) nhu trén hinh
1.2.
Ta c6 thé biéu didn mdi mot trong ba vector Ung suat trén cac tiét dién
song song véi cdc mat phang toa do qua cdc thanh phan Descartes cia
ching:

(o0 — fle0g, 4 188, + 158, = 18,

t(éz) - t(éz)é + t(éz}é + t(ez)é = tEéZ)é]

= tlés)g, + 1528, +t (g, = “”e

(1.14)

Trong d6, &; cing chinh la cdc vector don vi theo ba phuong X, Xz, X33
)

t1(é ) '[2(é ", t, ) 33 ba toa do cta vector ung Suit t

tt
X Hinh 1.2

Té (1.14) ta c6 chin thanh phan cla ba vector ung suat
&), 1 (82 1% c6 thé bicu dién dang:
té) =0, (1.15)

15



Chuong 1. Ung suit - bién dang

Hay dugc biéu dién dudi dang ma tran:
Gyy G4z Oua
[o;]1=|021 O22 23 (1.16)
Gay Oa2 Yaa
Ung suit duge xdc dinh bing cdc thanh phén ciia vector dng suat trong
hé toa do Descartes va cdc mat phing toa do duge biéu didn trén hinh
13. Céc thanh phdn Gy, G2z, C33 duge goi Ja cac ing sudt phdp. Cac

thanh phédn G2, G13, Gz1, C23, T31, O dugc gol 1a cdc Ung suat tiep (hay
Gng suat trugt).

Qui udc dau cia cac thanh phan tensor ung cuit: Thanh phan ung sudt
la dugng, n€u trén tiét dién ma phép tuyén ngoai ctia né trung véi chidu
duong cia mdt trong cac truc toa do, luc tdc ddng doc theo chiéu dugng
cha truc nay. Thanh phan o; cho lye tédc dung theo hudng cua truc toa 4o
th j len tiét dién ¢o phdp tuyén ngoai seng song truc toa do thit i. Mol
thanh phén dng sudt biéu dian trén hinh 1.3 déu dudng.

1.3.4. Lién hé gitia tensor ung suat va vecfor dng suat.

Xét phan t6 td dién PABC, gidi han bgi cdc mat phang cda hé truc toa
da va ABC, goi:

n: phép tuyén ngoai cia ABC

dS: dién tich cia ABC

dS,: dién tich ctia cac mit bén

dS = dS cos(n;, &) = dSn;

Hinh 1.4

16



Chuong 1. Ung suit - bién dang

D& ta dién can biing lye thi phuong trinh sau phai thoa:
{MgS = téds, + 1¢2dS, + t8:1ds, + pbdV (1.17)
Trong dé b; 1a lye tdc dung lén mot don vi kh&i ligng (lue khéi), ma
obdV tign vé 0 nhanh hon vi béc cao hon, Nén tu (1.17) ta ¢ ¢
(a8 = t*'ndS = oyndS (1.18)
Tit (1.15) va (1.18) ta ¢6 hé thitec Cauchy sau:
(n) _

1.3.5. Can bing moment va tinh d8i \ing cla dWng sudt tiép.

D& can biing thé tich V bat k¥, ta can cé:
- Hop lyc tde dong lén V bing O.

- Hgp moment tac ddng lén V bang 0.

a) Xét can bing luc.

ftras+ fob,av = fonds+ fobidv =0 (1.20)

S v S vV
Theo dinh 1y Gauss vé quan hé tich phan mat va tich phan khéi, ta cé:

D 4 b |dV =0
X +Pb; = (1.21)
W !
Do V 12 thd tich bat k¥ nén ti (1.21} ta c6:
06
T_+pbi =0 (1.22)
oX;

]
b) X6t cdn bing moment.

Khi khong cé cdc moment phén bé, d& can biing moment voi gbc toa dd
can phai cd:

jgi}kxitplds v Jai]kxipbkd\f =0 (1.23)
g v

@ day x; 12 bdn kinh vector cGia phan t& mat hay thé tich, gk 12 hodn vi.
Ap dung dinh 1y Gauss, ta cb:
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Chuong 1. Ung suit — bi€n dang
JF‘HK [—-—-—ﬁ} + pXby dv =0 (1.24)
J X

Do V bat ky, khai trién ham dudi ddu tich phan (1.24), khai trién dao
ham riéng ta cé:

a(xjﬁlk) ‘} (6’0' A
Bl — +pxb, (=% —% % +8,0, +pXb, l-—-O (1.25)
ﬁ‘( (3')(5 i jk ‘axl ) i1k i )
J//a N
A" |
B +pb, X +a, |=0
ijk LL 0%, PLy }! i T Ok ] (1.26)
Tu (1.22) va (1.26) ta cé: EkOk = 0 (1.27)
hay Jjj = Gji (1.28)

1.4. Bién dang.

Goi B la trang thai ban ddu cia mdt vat thé bat ky va B’ 1a trang thai
cGia vat thé khi bi bién dang (hinh 1.5).

A

) Y. ¥
Hinh 1.5

Chon hai hé quy chigu thdng trung nhau X va X\. Mot diém P cia B duge
xéc dinh bdi toa dd cha né x;, va dnh cla né P’ trong B’ xdc dinh bing
cac toa d4 x. Ta goi chuyén dong, hay su thay d8i vi tri cia mdi trudng
}ién tuc 1a phép bién ddi diém.

| X'; = X'; (X1, X2, Xg) (1.29)

Thiét 14p mot phép 4nh xa 1 — 1 giita cac diém & trang thdi B va B".
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Chuong 1. Ung suat - bién dang

Ta goi chuyén vi cia diém P la vector:

n=PP'=OP - OP (1.30)
Ma cde thanh phéin cia né:

Ui(X1,X2, X3)=X‘i' X, - {1.31)

Tap hop cdc vector chuyén vi tac thanh truding chuyén vi.
Con lai cdn lam roé va dinh nghia thé nao la bién dang. Khi mdi trudng
thay d&i hinh thdi, m3i phan t& bi thay d&i hinh ddng, néi ngdn gon 12
né bi bién dang; su bién dang nay thay déi tit diém nay sang diém khdc.
Dé khao sdt bidn dang, ta khao sdt cdch vén déng cla mét phan ti
thdng ds néi diém P v6i diém rat gin nd Q.

Néu ds' 1a anh cia ds, r6 rang la vé mat hinh hoc ma néi, ta cé thé
tudng tugng sy chuyén déng chia thanh:

- Su chuyén vi téng thé mang phdn ti d$ dén ds’ nhung khdng lam né
bién dang (khéng lam né thay ddi chiéu dai); déng tac nay duge thuc
hién béng mét phép quay toan khéi va duge goi 12 su dich chuyén nhuy
mét cd thé hay su quay cing.

- Sau dé sy bién dang ndéi mot cach chinh xde, mang ds trung ds’ (su
thay déi chidu dai).

Dinh nghia ciia bién dang cin phéi dgc 1ap v6i chuyén vi ciing, dé khong
1dm l4n giita hai khai niém nay; néi khdc di, sy quay cing phéi gay ra
mdt bién dang bing 0, hosc 12 ta ¢6 mdt “chuyén vi ma khéng bién
dang”, nhu ta vin thudng néi. Khi dé khdi niém vé bién dang sé dugc
dinh nghia ding din.

1.4.1. Tensor bién dang.

C6 nhidu cdch didn ta duge dé nghi dé biéu thi trang thdi bigén dang cia
mdt méi truong lién tue. Sy bidu thi nay chdng qua chi 1a mot bai todn
thudn tdy hinh hoc (hay déng hoc). Trir ra mét s8 ngoai 18, ludn ludn
gén lidn v6i nhing bai todn ddc biét, cach do bi&n dang duge chdp nhan
mdt cdch phé bign hidn nay 1A cach khde sdt sy bién thién cida binh
phuong khodng cdch gifta hai diém gdn nhau.

Né&u ds va ds’ 1a hai phén tit thing tuong ung trong B va B’, ta c6 binh
phuong d4 dai cda ching 14n lugt la:

ds? = dxdxg = &dxdx (1.32)

(ds’)? = dx’, dx'k (1.33)
L&y vi phan (1.29): o'

dx', = F)(dei (1.34)
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Chuong 1. Ung suét - bién dang

T dé:
(ds")? = 'y X gy dx (1.35)
ax o
Hiéu sé:
; o X'y |
ds?_ds? =| Dk Pk 5, |dxdlx, (1.36)
ax ox, ) .

Goi biéu thie gida hai ddu ngodc la 2Ej, nd cé tinh dsi xing d6i véi cac
chi 88 i va j, tir d6:

(ds’)2- ds? = 2E;dxdx; (1.37)
Ei 1a mot tensor hang hai va duge goi 1 tensor bién dang.

Luu ¢ ring & day, ta dung ky hiéu theo gui ude chi s6 cam nhu da trinh
bay & phan trude.

Biéu didn tensor bién dang theo trudng chuyén vi, tit (1.31) ta cd:
X’k = U + Xy (138)

X
dao ham riéng (1.38), v6i -q—k- = 8y, (ky hiéu Kronecker):
X
OX'y _ Oy
ox, OX
Pai lugng (u/ox;} goi 1a gradient cua chuyén vi. Dua vao (1.37), ta dugc
biéu thife thusng dung cia fensor bi&n dang:

+ By (1.39)

1(ou, 0u  ou, du | - _

E; :d_(,_‘+__1+__k.(:_k.. (1.40)
2, 0% ax o X

hay thuong duge biét dudi tén “tensor bign dang Green” duge Green va

Saint Venant gidi thidu, sau phuong trinh (1.40) con duge goi la quan hé

bién dang - chuyén vi; va thuong duge bidu dién dudi dang thong

thutng phu phuong trinh {1.41).

trong 46 (u, v, w) la céc thanh phan cia vector chuyén vi,

Ba thanh phan cé chi 88 1 =i (xx, yy, 22) goi l& bién dang phédp tuyén,

ba thanh phan c6 chi s8i#] (xy, vz, Xz) goi 12 bién dang tiép tuyén.

Nhimg biéu thuc trong (1.41) ching tb ring cac thanh phdn ecta bién

dang la cdc ham toan phuong cia cac gradient cua chuyén vi, va khong
phai 1% cdc ham tuyén tinh..

That vay, viéc khao s4t hinh hoc mé chiing ta vua thyc hién khong chiu
mét su han ché ndo d6i véi 46 16n cha chuyén vi: chung ta khong dua
vao gia thiét tuyén tinh v& hinh hoe.
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Chuong 1. Ung suit - bién dang

au 1 fou? (avy (ow)
Exx:“:__‘*'_ A + +—

X 2 aX X ax ]

a1 au2 avz awz
E.,=¢t.=—+—||—| +|—| +| =
W ey 2\ &y ay ay

%2

5 ]2 [ ]2 (aw ]2
Ezz = = - | * +] —
w GZ oz _ oz (1.41)
1

1

£y —Ey =ty _1, _[@_u_ L uau Vv Pwaw]
Y oYy TR olay  ox  ox oy axay ax ay
L S Y _1[ oW fudu vov owow
v TEy ST S5y Ty oy ayaz ayaz By 8z
£ g =1, 1, - ( Jou oudu v AW aw |
x TS T e T o Tl 5 T a7 Tazax oz ox ez ox )

Vay suy ra ring fensor bién dang E; 1a cdch biéu dién d4y dd hdn cia
bién dang bat chap cap cia do 16n chuyén vi. Viée s dung né din dén
viée phan tich phi tuyén hinh hoe clia két cau.

1.4.2. Sy tuyén tinh hinh hec.
Dé c¢6 duge tinh tuy€n tinh giiia cdc thanh phén cta bién dang va
chuyén vi, ta cdAn phdi ¢ cdc gid thiét sau:

- Gia thi&t tuyén tinh hinh hoc: gradient cia cac chuyén vi rdt bé, sao
cho binh phueng va tich s& cia chting khong dang ké:

3
M o1 (1.42)

)8
|

- Tensor bi&n dang E; khi d6 duge don gidn thanh tensor bién dang bé,

ky higu g; nhu sau:
AU OU
e, :l(fi+_i (1.43)
21 &, X

!
V& mit thye hanh, d&i vdi phan tit thng ds, chi cAn:
i)  Goc quay rit bé.

i) Sy thay déi chidu dai rat bé,
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Chuong 1. Ung suat - bién dang

boi vdi vat rdn, diéu kién i dé dang théa méan bdi cdc vat thé khéi 16n
nhung khé théa hon d6i véi vat thé mong (thanh, dam, dan, vé, .. ), didu
kién ii thudng c6 duge d6i vdi nhilng vat lidu x4y dung théng dung
(thép, dd, go, bé tdng, ..) nhung c¢6 thé cé nhidu ngoai 1& (cao su, su d4it
méng, dic va dinh hinh kim leai, ..).

- Tensor bién dang & thudng duge ky hiéu nhu sau:

. _ . _w

*oax] Wy 2 oz

U D 1fou ov
b TBy T Ty TV Ty gy*“La—xJ (1.44)

1 1(ov ow)

" Tt Tt gt "5l 5 ey

1 1 1/ow  8u)

SZXZSKZ EYZK 2sz__é" 'éx'_‘i‘g

1.5. Ly thuy&€t dan héi tuyé€n tinh.

Mé hinh vat thé dan héi tuyén tinh duge xay dung theo cdch ti€p can
ning lugng, dua trén cdc gia thiét:

- Bign dang bé.

- Qua trinh bién dang la doan nhiét, tiic 1a vat thé khéng cé thu nhiét
hay hao tdn vé nhiét.

1.5.1. Ham ning lugng bién dang.

Xét phan t& vé cing bé cia vat thé tai diém P, c¢é thé tich dV chiu luc
khai f; va luc bé mat t tac dung lén bé mit rat nho dS. Vat thé chiu
bi&n dang sao cho diém P dich chuyén mot doan rit nhé la du;.

Céng sinh ra do luc thé tich f la:

de = fidUidV {145)
Céng sinh ra do luc b& mat t; la;
) dem = tidUidS
Tir {1.29) ta cé: dWynm = a,ndSdu; (1.46)
Theo dinh ly Gauss:
dwbm = (Ui!dujli)dv = ((T”'Iid{.lj + Gijduj,i)dv (1.47)

Né&u nhu trong qua trinh bién dang, vat thé khéng tiép thu hay hao tdn
nhiét, toan bd céng sinh ra sé& chuyén thanh ning lugng bién dang hay
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Chuong 1. Ung suat - bi€n dang

thé nang bién dang tich lay bén trong vat thé (ndi nang). Noi ning
trong mot don vi thé tich hay ndl nang riéng dugc bidu dién bing U.
Theo dinh luat bdo todn e nang, ta ch:

dudV = dWy + dWem (1.48)

Tir (1.45) va (1.47), ta cé:
dudV = {{f; + oy)du; + oydu; 1dV {1.49)
du = ydu;; (1.50)

Quan hé (1.50) dugc viét lai dudi dang nhy sau:
duU = (Giiduj.i + ijduilj)a'@ = Gijdsij (1.51)

Né&u thanh phén iing sufit 12 ham thuin nhét caa bién dang thi s& tén
tai ham néng lugng bién dang U chi phu thude vao bi&én dang:

U= U(Eij) {1.52)

Do d6 ¢6 thé coi U nhu mét ham cia céc bién dang va c6 thé viét vi
phan toan phdn cGa ham nay:

dU=—dsg, 1.53
e, i { )
Tir (1.51) va (1.53), ta c6:
ouU
G = —— 1.54
i = 5 ( )

ij
Pay la cong thic Green duge phét biéu nhu sau: dng sudt bang dac ham

ridng bdc nhat cia ham ning luong U theo cdc bign dang tuong dng
cung chi sb.

1.5.2. Vat thé dan héi.

Vat thé dan héi duge xdc dinh nhu mdt vat thé ma bién dang sinh ra
khi dat tdi chi phu thube vao trang thai ung sudt & thdi diém hién tai
ma khong phu thude vao bién dang ciing nhu qud trinh dat tai trong qua
khy. Qué4 trinh bién dang dan héi 14 mdt qué trinh thuan nghich. Khi bd
tai, bién dang va Ung suét lai theo qua toinh cii tré vé trang thdi ban
dau.

Sy tén tai ham nang lugng bi&n dang sao cho thanh phan dng suét 1a
ham thudn nhdt don tri cia thanh phén bign dang la tinh chit co ban
cha vat thé dan hél.
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Chuong 1. Ung sust - biep dang

1.5.3. Vat thé dan hé; tuyén tinh.,

Binh lujt Hooke, déi véi vat the dan hdi ph4t bigy: ung suit 1a ham
tuyén tinh va thuin nhat cta bign dang.

ay = Cijklakl {1.55)
Cdc hé 5§ Ci lap thanh tensor hing s¢ dan hs; bac bén gém 81 thanh
phén. Nhung do tink déi xing cda tensor Ung suit va bién dang nén chi
¢6 21 thanh phan 13 ddc lap tuyén tinh. Tq cé:

Cij = Cui = Ciii = Ci (1.56)
Thé& (1.55) vao (1.51), ta co:

au= Cijklskldeij

1 1
dU= E(Cijmgkidﬁi; + ijklﬁmdﬁu) = g(CijkrEkldaij * Cklfjgijdgkl)
Nhe (1.58), ta cé:

1 1

au = _Q'(ijklskrdaij + Cijk!aijdekl) = Ecjjkld(aijgkl)
Tich phan phuong trinh trén ti trang thdi ban diy (ing suat va bign
dang bing khéng), ta cs:

1
U= 2 CixiEie = 2 Cifj (1.57)

Vét thé dan haj tuyén tinh cing c6 thg xac dinh nhu vat thé es nang
luong bén trong (trong c4u hinh bién dang hién tai) mang nhitng tinh
chat sau:

- Nang lugng U tich lay bén trong mét dan vi thé tich hay nai ning
riéng luén duong va 1a ham thudn nhat cia € va cd thé xap xi bing
dang toan phuong (1.57).

- Théa man dinh luat bdo toan néng lugng (khong tinh dén sy hao t4n
nhiét).
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Chuong 1. Ung suat - bhién dang

](011‘| r31*.1|
| 602 || Eo2 Ii
{oi} = O3 =1 (1.58)
C1z | 112 |
To3 Y23 |
031J L’mi

Nhu vay, dinh luit Hooke mé& ring cho vat thé dan hoi tuyén tinh bat
ky & dang chi sf-

o= Ci']C'J VO’I (l, j = 16) (159)
hay 8 dang ma tran:

oy] [Cir G2 Cis Cis Cys CmW &1

Sz | Cpy Coz Caa ©Cos Cop | |22 ]
O3 _ Cas Cas Cas Cas | *133L (1.60)
Gi2 Cao Cas Cus | |"r’12 | '
O23 Css Cuo | REE |
oyl [ SYM Ces | | 731

Véi Cyy 1a tensor dd citng béc hal c6 21 thanh phan lién hé vdi 21 thanh
phén cla tensor bac pon Cju nhu phuong trinh (1.61}.

1
(CHH 01122 CH33 C11‘I2 C1123 C113‘I|

| C222:2 62233 C2212 02223 CZEB‘l|

P _| Caass Casrz Cases Caza |
1Ci | =I o |16y
T Ciz12 1223 Ciea |
|_ Coazs Coaasl
L Sym Cayai
Theo (1.57), ham nang luong bién dang:
1
U=oe, (1.62)

luon duong vdi moi bitn dang khdc khong cho nén ma tran [Cyl & xac
dinh dusng.



Chuong 1. Ung suit - bién dang

1.5.4. Méi trudng true hwéng va ding hudng.

Vat litu déng hudng: tinh chdt cua hé dan héi khéng phu thudc vao
hudng.

Vat lidu truc hudng: 14 vat liéu cd ba mit phéng d6i xing dan héi vudng
gée viéi nhau.

Khdi nidém mat phing d6i xing dan hoi: néu cdc hé s6 dan hdi tai mét
didm c¢6 gid tri khong d8i doi véi mot cap hé toa do bat ky ma hé no
nhén duge tir hé kia biing phép chiéu guong dsi vdi mat phdng da cho
thi mit phidng nay goi la mat phdng doi xing dan Rdi. Cdc truc cua
hé toa do nhu thé goi la “hudng cha cde tinh chat dan hoi tugng duong”.
a) Vat licu dan héi true hudng,

Vat thé tryc huéng thudng gap trong k¥ thult nhw g, tam bé tong cot
thép cé dat cot thép khong déng déu theo hai phudng, tdm san c¢6 hé
dam true giao, tAm vat liéu lugn séng, ..

Xét vat thé c6 mat phéng doi xing dan hoi. gia su la x, - X, nghia 1a
khi thay d&i chiéu truc x; dé thanh hé truc toa dd méi X voL X1 = Xy,
X'» = Xz, X'z = -Xg, thi gia tri cdc hing s6 dan hdi khong thay doi. Phép
bién déi nay vigt theo ma tran la:

1 0 0]
[a;]=|0 1 © (1.63)
0 0 u.J

Trong d6 [a;] 12 ma tran bién d6i toa do tUf X; sang X'
Tensor ng suit bién ddi theo phép bign déi tensor:

1 — 1 _ 1 _ 1 _
6'yy =0C14y O 22 =02z, O33 =C33: T2 =012

| . (1.64)
Gyg = ~Oyg. Tp3 = "Cz3
Tuong tu, d6i véi fensor bién dang ta cé:
€44 = €41, €'9p = Epp, €33 = Eaz 2 = Y12
Y'ig = Y13+ Y23 = V23 (1.65)
Binh luat Hooke trong hé toa dd mai: ]
atl [ Cii Ciz Cia Cis —Cis Cig| 8”"
O 2 Co, Cos Cza ~Cas —Cog €22
Claz| Cas Cas —Ca5 ~Cgg |83
SEPE ) Css Cas ~Cus |72 (1.66)
G'o3 Css  Css V53
gy LSy Ceo . LYIS*IJ
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Chuong 1. Ung sudt - bié€n dang

Vi quan hé dng sudt va pién dang trong hai hé truc phai déng phat nén
ma tran cing [C,] phai bdng ma trdn cing trong (1.60), co nghia la
nhing thanh phan mang ddu am trong (1.66) phai bing 0, suy ra ma
tran cung [Cy] phéi cé dang:

i_ 11 C12 C13 C14 O 0 —‘
| 022 Cza Cz4 0 0 ‘
Cyy Cay O
[CJE‘ # cj: 0 g | (1.67)
‘ C55 CSB “
|sym Ces

Nhu vay, trong trudng hgp c6 mot mat phing dan hai, s hé s6 dan hbi
14 13. Gia si ¢6 thém mat phdng doi xing dan héi, chAng han Xz-X3, ma
tran [C;} trén rit gon con chin hing s0 dan hoi nhu saw

Cy Cpp Gy O 0 0
Chp Cpy O O O
C., 0 0 0
r B 33
1€ 1= C. 0 O (1.68)
C. O
Sym Ces

Khi c6 hai mat phdng toa do vudng goc la d6i xing dan hdi thi mit
phing cdn lai cing sé 1a ddi xang dan hdi. Nhu vay, trong trutng hop
dan hdi truc huéng, s8 hdng s& dan héi la chin va khéng thé rit gon
thén.

Pac diém cia phuong trinh xac dinh d6i véi vat liéu nay la ang suft
phap chi lién quan dén bi€n dang dai, ¢ng sudt tiép chi lién quan dén
bign dang géc. N6i cdch khag, trutng hop nay, truc chinh ung sudt va
truc chinh bién dang trung nhau.

Vat thé tryc huéng duge go1 J4 doi xing lap phuong, néu tinh chat dan
héi khong déi theo ca ba hudng. Lic do, chi con ba hiing s dan hoi:

Cyy=Cop=Caava Cia=Cos= Cyy va Cas = Css = Ces (1.69)
b) Vat lidu ding huong.

Do tinh chat cia vat lidu theo moi phuong 13 nhu nhau, ta c6 thé xoay
truc theo mdt phuong bat k¥, cac hing s¢ dan néi van khéng thay doi.
Ching han quay hé quanh tryc Xs mét goe 45” nhu hinb 1.6.
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Chuong 1. Ung suat - bién dang

4y,
- X'y
X'z
45"
» X4
X3, xla
Hinh 1.6
Ma tran bién déi toa d6 c6 dang:
_-1— y 0_
Jz2 o 2
fa]-|= —~ o (1.70)
V2 o 42
0 0 1
l J

S§ hing sd doc lap con lai hai va duge ky hiéu la: Cio=2va Cip=y,
goi 1a hai hiing s6 Lamé. Ma tran cing cho vt thé dan héi dang huéng:

420 A » 0 0 0
M+ 2p A 0 0 ¢
A+2u 0 0 O
[Cii] - w00 (1.71)
w O
| Sym y
Nhu vay dinh luat Hooke duge viét dudi dang chi 56 nhu sau:
i = ls:kkﬁ-lj + 2].1.8;1 {1.72)
hay biéu dién bi&n dang theo ing suit:
1 5 A
%I on %" %%, 3 kK (1.73)
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Chuong 1. Ung suit - bién dang

- vE A - (1.74)
T dsv=2v) ' 2(1+v) '
Ta thu dugce
- ‘I_i - 16 e
£ = £ o, £ Vi ki (1.75)

Nghién ciu trang thai kéo don gidn chi theo truc x; ¢6 thé dua ra cdc
modulus dan hdi ky thudt E (Young’s modulus) va v (hé 50 Poisson):

oy, = Egy,
822 :833 :_\JEH (176)
Ti quan sdt thuc nghiém, ta thdy oy va gy ciung ddu, nhung khic dau
véi €0, E33. Suyra E> 0 va v > 0.
Xét trang thdi Gng sudt dic biét 1a dp suat thiy tinh, xdc dinh bang:

oy = 'pﬁij‘
Ta c6 p = - Ke, v6i K = Ef[3(1 - 2v)]. Vi dp suat thdy tinh p > 0 va
{ing sudt phap gay nén nén K > 0, suy ra :

Dxv<le (1.77)
khi v = ¥2 thi vat liéu khéng nén dugc.
Trong trang thai trigt thudn tiy, quan hé gida modulus trugt G va cédce
modulus khdc duge thigt 1ap dé dang nhu saw:

u=G = E/[2(1+y)] (1.78)

Quan hé giifa cdc modulus dan hbi duge cho trong bang sau:

l, H E, v M, K B v
A A\ vE 3K-2p 2uv
(1 +v}i-2v) 3 1-2v
1} E
H 21 +v) H H
K 2 E : 2u(l+v)
htgp 3(1-2v) K 3(1 - 2v)
E HE3M + 2p) 9Ku 201
A+ i E 3K + p(t+v)
v I8 3K - 2p
200 + 1) M 28K + ) Y
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Chuong 2. Bai toan phing

Chuong 2 ,
BAl TOAN PHANG

2.1. Trang th4i bi€n dang phing.

2.2, Trang thai wng suit phing.

2.3. Ung sudt tai mot diém.

2.4, Bién dang tai mét diém.

2.5. Do bié€n dang bé mit.

2.6. Phuong trinh vi phan cin bing.

2.7. Piéu kién bién.

2.8. Phuong trinh tuong thich,

2.9. Cac phuong trinh cd ban ciia bai toan phing.

2.10. Ham 1ing sudt Airy cho bai todn phing ding huéng.
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Chuong 2. Bai todn phang

Trong chueng 1, cdc thanh phin cla tensor \ing sudt, bién dang duge
dung theo ky hig¢u todn hoc (Gi, Oxx: Oyys Ozzr Oxys Oxzr Oyzr Exx» Eyys E120
Exyr Byzs Exzr o) NHUNY d& cho nguoi doc tién tra cdu, s0 sanh vdi cac tal
lidu tham khao khde, tu chugng 2 trd di, cdc thanh phan cla fensor Ung
sudt, bién dang sé duge ky hiéu theo cac ky hidu quen thuje ding trong
ky thuat (Oy, Oy, Cz: Tuys Txzy Tyzs Exxs Eyys Bzzs Tuyr Vyzr Yz )

2.1. Trang thai bién dang phing.

Trang thai bién dang phang 1a trang théi bi&n dang ma trong dé moi
diém cha vat thé chuyén dich song song v6i mdt mat phang ¢ dinh
(ching han mat phang xy), moi difm nim trén mot dubng thng bt ky
truc giao vdi mat phdng c& dinh ¢6 chuyén dich nhu nhau

Uy = Uy (X, ¥)
Uy = Uy (X, ¥) (2.1)
u; =0

M e - ==

¥x

Hinh 2.1a Hinh 2.1b

M6 hinh: vat thé thuc hién bi&n dang phéng la tru thang ¢6 ddy song
song véi mat phing 6 dinh. Vit thé kéo dai theo phuong z, chiu luc
vubng géc vdi dudng sinh. Céc lue nay la héing s8 doc theo dutng sinh
va tat ca cdc phén cha vat thé & kh4 xa cac dau mut s& bién dang trong
mat phing vuong géc véi duding sinh.
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Chuong 2. Bai todn phing

Vi dy: dap nuée (hich 2.1a), ham ngang chiu dp luc dat (hinh 2.1b), ..
Tir quan hé chuyén vi - bién dang, ta co:

Vox = Y2y = Ezz = 0 (2.2)
Tir (1.63) va (2.2), ta suy ra:

Ty =Ty =0 (2.3)
Tir (1.64), ta cé:

oz = 7(oOx + Oy} (2.4)

Ta thdy o, = O c¢6 tdc dung bdo ddm viéc tén tai cia trang thdi bién
dang phipg. Chang han, mot vat thé hinh tru dai, tai cde tiét dign ¢ hai
dau phéi c6 tdc dung cia mot dng suit nao do dé cho cac sgi doc khong
thay déi.

Binh luat Hooke nguge cho bai todn bién dang phing dugc viét lai nhu
sau:

1

voir i, j, k=1, 2.
2.2. Trang thai ung suit phang.

Tai cdc tiét dién song song véi mdt mat phdng cd dinh ing sudt bing
khéng. G cdc tist dién khdc, ung suit khong phu thude vao khoang cdch
tit diém dang xét téi mat phang cd dinh:

Ty = Ty = G2 =0 (2.6)

Céc thanh phan ¢ng suét con lai khong phu thude vao z:
i = Gy (X1, X2) (2.7)
véii,j=1,2.

Dinh lugt Hooke nguge cho bai toan ung suAt phéng dude vi€t lai nhu
sau:

ij 2 ] 1 . k™| '
véir i, ), k=1, 2.

Ta k&t hop (2.5) va (2.8), a8 dua ra dinh luat Hooke téng quat cho bai
todn phéng:

i

(o T ges, |
€ Gj —~ 2(3 — K)oy | (2.9)

s
i 2n L '

|
;
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Chuong 2. Bai toan phing

véi: i, j, k=1, 2
k =3 —4v: bién dang phang.

k= " Y. iing sudt phing.

Hinh 2.2

i Hl

Tém lai: tensor Ung suit va bién dang cia hai bai todn trén la:
- Bién dang phing:

gy & O _ Oy O 0

[gij] =|g5 €y O [cijJ =10, Oy O (2.10)
0 0 O 0 0 oy

- Ung suét phing:

6y € O [011 oy O
[Eij]: € Ep O [Gq]:r’m Gy O (2.11)

0 0 4 0 0 0_

2.3. Ung suat tai mét di€m.

P ZCS x

TR ;

Hinh 2.3
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Chuong 2. Bai toan phang

Trong bai todn Ung suat phéng hofic bién dang phéng, ing sudt tai mot
diém cta mat phing (ng suit sé duge xdc dinh khi ta bi&t cdc thanh
phan dng sudt: oy (I, i=1,2) hay Ox, Oy, Txy v nhd vao c4ac phuong trinh
can bang tinh hoc.

Trong mat phing ung sudt, ta chon mét diém P va gid thigt rdng cdc
thanh phén ung sudt: Ox, Oy Txy tai P da duge x4c dinh.

Ta chon mit phang BC song song véi truc 2 va cdch P mot khoang rat
bé. Mat phdng nay sé cung véi cdc mat phing song song v&i cdc mit
phéng toa 46 qua P sé cdt ra khél mit phéng mobt phan t6 dang lang tru
tam gidc c6 ddy la tam gisdc PBC. Do tinh chat lién tuc cia ung suat
trong vt thé nén dng sudt ctia miat phing BC sé tién dén gid tri Ung
suit cha mit phdng song song vdi BC va di qua P khi thé tich phan té
nay tién tei 0 (AV — 0). Xét didu kién can bing cda pban ty lang tru
tam gidc nay, bé qua thanh phan lyc khdi (do thé tich dV 1a vb cung bé
bac cao hon dS). Vi phan t6 ra
lén cde bé mat la dong dang. Goi N la phap vector ctia mit phang BG,
ky hiéu cdc cosine cua N v6i cac truc X, y lan luot la:

t bé nén ta gia sit ring 1ing suit phan bé

cos(N, x} = 1; cos(N, y)=m
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Chuong 2. Bai toan phing

Goi X, Y la cde thanh phan dng sudt tac dung lén mat BC, phuong
trinh can bing cia phan 18 sé c6 dang:

X =lo, +mT,
v | (2.12)

=ma, +1t,
Do vay, cdc thanh phén dng sudt cua mat phing bat k¥ xac dinh bdi cdc
cosine chi hudéng |, m ¢6 thé tinh bing (2.12) néu biét cac thanh phan
Gng sudt G cia diém P.
Goi goc gita N va Ox la o, ta co:

| = cosa, M = Sina
Ung sudt ti€p va phdp cta mat phing BC duge tinh nhu sau:
o = Xcosa + Ysina

G = Oy cos? o+ oy sin® o+ 27,y cosasina
1 =Ycosa- Xsino (2.13)

T= Ty (0052 o — sin? a)+ (o, -~ oy )sinacosc

o ; (Ing Su&t phap trén mat BC.
Trong do: . o R 5
t:Ung suat tiep tren mat BC.

Chon « sac cho thanh phan ting suat tiép T cia mat phéng BC bing O,
tc 1a chon o ¢ng voi phuong chinh ta ¢6:

T = Tyy (COS2 a - sin’ (1)+((7y —GX)SinU.COSCL =0

27T,y
8 : tg (2a) = 2.14)
uy ra g0 =5 g (
¥
Phuong c6 Gng suat tiép bing khong duge goi 1a phuong chinh va dng
suét phép trén phuong tUong ng nay dugc goi 1a ung suat chinh.

Né&u cdc phuong chinh trung véi hé trye %, ¥, 1a 6 Ty = 0 va (2.13) ¢o
dang:
c = GXCOSz o+ Gysin2 o

(2.15)

T = (Gx - GY)SiI‘IZ(x

YN
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Chuong 2. Bai toan phing

2.4. Bién dang tai mot diém.

Khi cdc thanh phdn bién dang tai mot diém: &, &, Yxy da biét, xét phan
t5 thing PQ giita 2 diém c6 toa d9 lan luot 1a P (X, y)va Q (x +dx, ¥y +
dy) duge dich chuyén, kéo gian va quay mit goc dé tring P'Q". Cac
thanh phén chuyén vi cia diém Q:

au au oY N
U+ —dx+-—dy; v+—dx+—d
X N y ox Y

P(x,y) dx

NE

dy
ds

Q(x + dx, y+ dy)

a)

Q! Ql!
Hinh 2.5

N&u P'Q’ (hinh 2.5a) bay gi¥ duge dich chuyén sao cho mang P’ trung

véi P, dudng thing nay bay giv 1a PQ". O hinh 2.5b ta ¢6 QR va RQ”" 1a

2 thanh phan chuyén vi tuong d8i cia Q so v6i P, ta cé:

ou ou ov Y,
R= —dx+—dy; RQ" = — = _
Q x oy Y: RQ axdx+aydy (2.16)

Céc thanh phan chuyén vi twong d6i QS, SQ” 14n lugt vubng gée véi
PQ" va doc theo PQ” duge tinh nhu sau:

QS = - QRsind + RQ'cosb
5GQ” = QRcosd + RQY'sing (2.17

Vi goc QPS<< 8, QS rit bé nén cé thé duge xem nhu la mét cung tron
cha dutng tron cé tam la P, SQ” 14 d6 dan dai cia PQ. Bién dang dai
trén mot don vi cGa mdt dan vi P'Q" ky hidu la €

sQ”
Eg = =

PQ
Tir (2.16) va (2.17) ta e6:
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Chuong 2. Bai toan phang

\
aa:cose( Au dx audy] Sme[a\idx E\!dﬂ

x ds  dy ds xds d&yds)
u B
£g = L'Ecosz(n M 2 |sinbcos0 + N sin? 0
ax oy X oy
Hay: £y = £, 082 0 + 7,y 85iNBCOSO Ty sin® 0 (2.18)

Goi yp 12 gbc xoay 4é PQ triung véi P'Q’ ta co:

Qs
wo = 19w = 5

Ty (2.16) va (2.17) ta ¢b:

= - 8ind au dx wu dy + €c0s9 i dx i dy
Vo=  ds ayds ax ds ayds

v du
Hay o = -al— c0s%0 + [——— )sine cose-—@isinze (2.19}
X oy oy

Goi PT 1a dudng thing vuéng géc véi PQ (hinh 2.5b), do dé ta c6 goc tao

T
b&i PT va truc x sé 1a (E + 9). Khi PQ guay quanh P mot goée e (hinh
9.5b) thi PT sé& quay mot goe 1a W0+£ . Géc nay duge tinh tuong t
2
nhut o & phuong trinh (2.19) blng cich thay 0 bai 0 +g ta duge phuong

trinh tinh bién dang géc nhu sau:

ov a\f ou
Y oox = Zsin® 0 -
ay ax

sin9cosd — -a—ucos 8 (2.20)
0-s X ay
Bién dang goc e theo 2 huéng PQ va PT chinh la:

8 ={(Ygy ~ VYoo ?3)
2

Hay tif (2.20) va (2.19) ta cd:

&v +au v —cul
cos? 6 - sin® 9 9V E |2singcost
o [f‘x ay)( J [ay “x} nocost @20
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Chugng 2. Bai toan phing

o
£, =——
X
_cu
Thay: 1%y = & vao biéu thuc (2.21} ta ¢6:
o
Y
1 1 .
ST =50 (cosz B —sin® 8) +(&, —&c)sinbcosH (2.22)

So sdnh (2.18), (2.22) vdi (2.13) ta thay ring ching cé dang giong nhau

néu ta lan luot thay cde dai lugng © béi €5; T bGI %ﬁ; oy boi €,; oy bdi

o 7 . .
&y Tay DOI 2 va a bdi 0.
2

Do 46, moi tinh chét, hé qua cia (2.13) dbu ding véi (2.18) va (2.22) hay

1a moi tinh chét, hé qud cho o va T déu gidng nhu gy va Yo
Vay ta ¢6 duge phuong trinh chinh cia bién dang duge tinh nhu sau:

1926 = L. (2.23)
€y — &y

Tit phuong trinh trén ta thay sé c6 hai phuong trinh cha bién dang ung
véi hai gid tri ciia 8 léch nhau 90% ma theo phuong d6 yo = 0.

Vong tron Mohr bién dang cing tuong tu nhu vong tron Mohr Ung suit.
Céc bi&n dang chinh vé mat dai s 12 cdc gid tri 16n nhat, nhé nhét cla

. v .
g;. Bdn kinh vong tron Mohr bién dang cd gid tri: 2 Bién dang cye

2

dai la: Yomax = €1 - B2 -
2.5 Do bién dang bé mit.

Ngay nay, cdc bién dang bé mit hdu hé&t déu duge do bling thiét bi do
bién dang (strain gauge). Dang gian don phat cua mot thigt bi do bién
dang (strain geuge) 1a mdt day kim loai, céch dién vdi bé mat va dugc
dén vao bé mat, khi bé mit bi kéo cing thi dién trd cia day kim loai
ciing t4ng theo, va ti dé do duge bi&n dang.
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Chuong 2. Bai todn phing

Sit dung cdc thisgt bi do bién dang nay s& don gian hon khi huéng chinh
coa bién dang da bigt. Mdi dién tré duge dat doc theo mdi hudng chinh
va do truc ti€p cdc gid tri €, €2. TU dinh luat Hooke ta c6 thé tinh cdc
gid tri cila cdc Ung sudt chinh G va o2

E
chz— 5 (g, + VEy)
1-v o
1 e v: hé 88 Poisson.
0, = £, —VE
L 2 1—"(2(1 2)

Trong truong hop téng quat, cdc hudng chinh chua biét, ta can phai do
ba thong s8 cha bién dang phing: €, &, Yx. Nhung vi thiét bi do bién
dang bling dién trd chi cho phép do bién dang dai, ma khéng thé do trye
ti€p bién dang géc nén ta s& do bién dang dai theo ba hudng tai mot
diém. Mat s& cdc thiét bi do bign dang duge bd tri theo ba hudng tai mot
diém goi la hoa héng do bién dang (strain Rosette). Sau khi do ducc ba
gi4 tri bién dang dai va hai géc o, P ta s& dung duge dudng trdn Mohr
bién dang nhu sau: :

Mot truc tam thoi £ nim ngang duge vé tit goe O (hinh 2.6), ba gid tri
bién dang duge do tir diém ndy (€5, Ep+ o, Ep+a+ p) va vé trén tryc €.
Dung cdc truc dung (vudng goc vdl €) qua cac diém €y, €pra, Epsa+plreD
truc €. Chon didm D bat k¥ trén tryc ding €4+ 4, V& cdc dudng thdng qua
D, tao v6i dudng €, . o thanh cdc gée a va B nhu hinh v&. Cdc dudng
thing nay lan lugt cdt cdc dudng €;, €p+ o+ p tal A va C nhu hinh 2.6
Qua ba diém A, C, D ta xéc dinh duge vong tron Mohr bign dang. Tam
dudng tron F chinh 14 giao diém ciia hai dudng trung truc cua hai doan
CD, DA. Biém B duge xde dinh sao cho:

AFB=2a; CFB=2p
Ba diém A, B, C cho ta céc gi4 trj bién dang tuong Ung v6i ba huéng do.

OF chinh 1a truc €, hal giao didm cia dudng tron tim F vdi g l4n higt
xdc dinh gié tri cha €, g2 v& FA tao v4i gg mot gée 6 gid tri 2¢ (hinh
2.8).

Tu duong tron Mohr nay ta c6 thé dé dang xdc dinh cdc bién dang
chinh, ba hudng dién tré do bién dang duge biéu didn bing ba dudng
lidn nét & hinh 2.8, dudng dat bidu thi cho hudng chua biét clia bifn
dang chinh 16n nhat g, tao v6i phuong clia dién tré do bién dang thd
nhét mét géc ¢ theo cing chidu kim dong ho.
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Chuong 2. Bai toan phéng

N&u X va y la hudng cda 2 phuong trinh (2.18) va (2.22) duge chon trung
véi 2 phuong bién dang chinh, khi d6 £ sé trang véi &1, £y s& trung véi
£2 VA Tey & 1a 0.

C4c phuong trinh tuong uing sé la:

. 1 .
€0 = £1 00820 + £,8IN°0 ; Yo = -{g, - £2)8iN0 cosB (2.24)
”E
- ! ye
0 g~ 2
a B¢
]
B
E2 £y

Ep+a+b 29

Egra

P
Hinh 2.6
O £
O|

Epratl  Edra £y

" Trong d6 O la gée tif phudng chinh £;. Hay phuong trinh (2.24) duge viét
lai:

£g = —12—(81 +Ep )+ %(51 ~£,)C0826
q " (2.25)
(51 _Sz)sin2e

pf0="%

Céc gid tri g5 vA Yo 12 ham cia O (hinh 2.6). N&u 0 c¢ gia tri ¢ thi P s@
trung v6i A, géc quét gilta truc g va A 1a 24, hoanh d§ clia diém nay la
E¢-
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Chwong 2. Bai toin phing

Néu 0 = ¢ + o thi P trung véi diém B, géc AFB = 2a, hoanh dé eta B 13

E¢ 1L

Tuong tu, néu 0 — ¢ + o + 3 thi P trung véi C, géc BFC = 2B, hoanh ds
cua C la Ty + i

2.6. Phuong trinh vi phan can béing,

Xét sy can bang cua mdt khai vi phan chit nhat cé canh 1a h va k, ing
suat tic dung 1én edc mat 1, 2, 3, 4 theo cac huéng duong cia chung
thinh 2.7), gia tri cua Gng suat sé khong giéng nhau, chdng han o, trén
méat 1 va mét 3 1a khéng bdng nhau.

Céc ky hiéu oy, o, T,y 4€ biéu thi cho cdc trang théi iing suat cGa diém
{x, ¥) la trong tdm cGa phan t& ch# nhat. Gi4 tri tai diém gida cdc mat
duge ky hidu lan lugt la (oy)4, {oy)2 ..

O X
i {Gy)a
Hinh 2.7 h V___ (Tag)a
4
1 Y (T 3 xy) 1 (Txy)1
(Gx)1
2 K

(rxy):s
(Ixy)z’ | (()'y)‘?

Vi cdc mdt rdt nhé, khi nhan cdc gid tri \ing sudt véi dién tich cac mat
tuong mg thi ta thu duge cdc lye tdc dung 18n cdc mat Ay,

8] diy cdc lue khei khong duge bd qua vi ching ¢6 cling bac véi cde luc
miét. Ta ky hiéu X, Y la cdc luc khéi trén don vi thé tich. Phuong trinh
can bing hic theo phuang x:

(ox)1 K - (Ox)sk+ (ty)oh - {(Ty)2h + Xhk = 0 (2.26)
Chia (2.26) cho h va k ta e6:

(o), —(5)s _(Txv)g “(TXYL

h K

+X =0 (2.27)
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Chuong 2. Bai tosan phang

. VI h — 0
Khi thé tich phdn td tién dan téi 0 hay: {
. 'k > O

Thi:

o
X4+ Y 1X=0
X
Tudng tu ta cé:
ds, Ot
oy  0X
Véay phuong trinh vi phan can béng cho bai todn hai chidu la:
oc ot
X4 B4 X=0
(2.29)
do, Ot
By T y_g

¥

Trong nhidu trudng hop thue t&, lyc khéi tdc dung 1én vat thé chi cé
trong luc, khi d6, chon chifu truc y hudng xubng, goi p 12 khdi lugng
ridng cla véat thé, phuong trinh vi phén can béing ¢6 dang:

ot
9y Ty _g
OX ay
Ao arx (2.30)
oy  Ox

2.7. Diéu kién bién.

Phuong trinh vi phén cin bing (2.29) phai thda mén t4t cd moi diém
trong vat thé. Cdc thanh phdn tng sudt thay ddi trong todn bs thé tich
cia vat thé. Trén bién cda vat thé thi cde thanh phan iing suit phai can
béing véi ngoai luc, Vi vay ta c6 thé xem diéu kién trén bién la sy can
b¥ng gifta ngoai liwe va ing suit bén trong vat thé, hay néi cdch khdc 1a
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Chuong 2. Bai toan phing

diéu kién lién tuc giita (ng sudt bén trong vat thé va ngoai lue trén bién
cla vat thé phadi dugc thda man.

Hinh 2.8 X

- - N
Y

¢y

T phuong trink (2.12) ta thdy mot phan t6 c6 dang lang try tam gidgc
rat bé PBC trong dé canh BC tring vdi bién cGa vat thé (hinh 2.8). Got
X va Y la cdc thanh phan cia luc mat trén don vi dién tich ta c4:

{X = o,l+1,m

_ (2.31)
Y = Txyl +o,m

Trong d6 I, m la cosine chi hudng cia phdp vector N clia mit trén d6i véi
cac true X, y.

Trong nhig trudng hop riéng, cdc truc toa d thudng song song véi cde
mat bén cda vat thé va phuong trinh diéu kién bién (2.31) trd thanh don
gidn hon. Gid sit mot canh cia vat thé song song vdi true x thi ta cé:
phap vector N sé song seng vdi truc Y nén: ! =0, m =11, khi d6 phuong
trinh (2.31) ¢6 dang:

X=%1,,

Y=+ o,
Tit phuong trinh trén ta thay riing tai bién cla vat thé cde thanh phéan
ung suft sé biing cdc thanh phin lyc mat trén don vi dién tich tuong

ing.

(2.32)

2.8. Phudng trinh tuong thich.

Bai todn cg ban chia ly thuyét dan hdi 1a xdc dinh trang thdi dng sudt
cda vat thé dudi tde dung cta luc cho sfn. P31 véi bai todn hai chidyu ta
cin gidi cdc phuong trinh vi phan (2.29) va (2.31). Nhiing phuong trinh
(2,29}, (2.31) duge ddn ra tU cdc phuong trinh tinh chda ba thanh phéan
Ung sudt oy, Oy, Ty nhung khong di dé xdc dinh cdc thanh phén ing
sufit nay, vi ta chi ¢6 hai phuong trinh, ba dn sé. Do dé d& gidi duge bai
todn ta can phai xét tdi bign dang dan hdi clia vat thé.
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Chuong 2. Bai toin phing

Déi véi bai todn phing, ta ¢6 cdc thanh phan bién dang tuong ng nhu
sau’

a
EI:.a_u; SVZ_E; 'nyz»a—u-k-aﬂ (233)
X oy oy OX
2_ nZ ) 2 Y,
Ta c6: 0 E; :‘O—g[a_u): ° ['a_u‘
oy oy*\ox) Oxdy\oy)
o%e, &° (6\;]_ & [av\
¢  oxloy) oxoylox)
Fe, Po, P (au ) _ Ty .
o o  oxaylay ox)  oxdy

Phuong trinh (2.34) duge goi la didu kién tuong thich. Biéu kién nay
phai duge théa d&i vdi cdc thanh phén bién dang theo phuong trinh
(2.33).

Ap dung dinh luat Hooke, phuogng trinh (2.34) ¢ thé dugc chuyén thanh
quan hé giita cdc thanh phan Gng sudt nhu saw

Trudng hop ing suat phing ta c6:

£, = —E—(Ux - \’0'},)
1
&, = E-(oy - \!Gx) (2.35)
1 2{1+v
Try arw - T B Ty

Trong d6: v 1a hé s& Poisson.

2 2 \a2
—5‘—2—(0,( +vo, )+ -f’—z-(cx +ve, ) = -0y (g g
oy % Oy
Trong trudng hop luc khéi téc dung lén mat vat thé duy nhat chi cé
trong lugng thi ta ¢é didu kién cin bing sé tuong dng voi hai phuong
trinh cta (2.30). Lay vi phan phuong trinh thit nhat theo X va phuong
trinh thyd hai theo y, cdng lai ta co:

zﬁ@y_“a%x+§g
X0y ax? ey’

(2.37)
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Chuong 2. Bai toan phing

Thay phuong trinh (2.37) vao (2.36) va phuong trinh tuong thich dudi
dang iing suat sé c6 dang:

¢
e i o) =o 238)
Ti&n hanh tuong tu v6i phuong trinh cin bing trong diéu kién téng quat
(2.29) La co:
& (o +c);_(1+v) X oY (2.39)
axz ayz X ¥ X ay .

Trong trudng hop bién dang phing ta cé:
G, =V (Gx + Gy)

Va tir dinh thie Hooke ta cé:
g, = _1_[(1— VQ)GX —(V + VQ)GY]
E

1

€y =E[(1_V2)°v"(v+vz)°"] (2.40)
1

ny :2_(_*;_—V)TXY

Thay cdc phucng trinh (2.40) vao (2.34) trong truong hgp tong quat lue
khoi bat ki 1a X va Y ta cé phuong trinh tuong thich cho bién dang
phéng d&i véi dng sudt nhu sau:

p* & ( -1 (8X aY
5}(—2+;—2 0x+0y):1_v a*g (2.41)

Vay tir didu kién can bang va diéu kién tudng thich ta cé da ba phuong
trinh d& gidi ba 4n s8 Ox, Oy, T,y d6i vdi bii todn hai chiédu.

2.9. Cac phudng trinh co ban ctia bai todn phing.

Rai todn cho bién dang va ung sudt phing bao gdm cdc phuong trinh:

o+ P = 0 (2.42)
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Chuong 2. Bai toan phang

&Z—L&Y—iw_Kb a\ (2.43)
ij 2u g ki 'JJ
. TR (2.44)
1} 2
véiii, j, k=1, 2
Pidu kién bién:
X =on  hodcu =T (2.45)

2.10. HAm 1tng sudt Airy cho bai toin phing ding huéng.

Pay la mét phuong phdp st dung ing sudt nhu 4n sé chinh trong cdc
phudng trinh: phugng trinh co bdn (2.42), quan hé ing suit — bién dang
{2.43), quan hé bi€n dang — chuyén vi (2.44), didu kién bién (2.45).

Trong s& sdu phuong trinh tugng thich, thi ching ta chi cdn xem xét
phuong trinh sau;

2 2 2,
agx+8ey_8{xy

ax®  axdy

=0 (2.46)
Vi ndm phudng trinh cdn lai tu déng théa man d6: voi bai todn bi&n
dang phing.

Déi vdi bai todn (ng suit phdng, nam phuong trich con lai s& thoa méan
néu:

62 —JZS 62
AR A (2.47)
oy oX OX0y
Hay g,=Ax+By+C (2.48)

Véi A, B, C la ciac hdng s8 tich phan. Loi giai cho bai todn dng sudt
phéng théa phuong trinh (2.46) 1a khong chinh xdc, nhung 1a mat xap xi
tot d&i vdi tAim mong.

Thé& (2.43) vao (2.46), ta cé:

2 -2 a4
(1+K) 2 "ty &'c, o, -
- Viloro )2 s0 2an)
XY (5.4 <y

Trong bai todn hai chiéu, todn ti Laplace V° la:

2 2
17 & -

2 =t — (2.50)
oxXS oy

T (1.22), ta cd:
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Chuong 2. Bai toin phing

0ty _ 8%, &0 L X oY
axdy  ox®  oy?  ox oy

The (2.51}) vao (2.50) ta co:

Ve(o, 40, )- - [ax GY]

JRN— +
1+kl dx oy

Néu lyc khdi bao toan, thi tén tai mét ham thé nang V sao cho;

x-_ N
X
y-_9
oy
Thuec té&, dé cho luc khéi bdo toan thi:
ox _aov
ady  Ox

Phuong trinh (2.52) trg thanh:

V2(cr,( + cy): %VEV

+k
Nam 1862, G.B. Airy dé xuit sit dung ham sau:

2
c, =%+V
%4
T, = 62¢
i axay

Trong 46 ¢(x, ¥) 1a ham dng sudt Airy.
Phudng trinh (1.22) théa vdi (2.56), edn (2.55) trd thanh:

K"-1V2V

Vi = -2
K+ 1

vii: v = vEVe
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Chuong 3. Bai todn hai chiéu trong toa dd vuéng gée

Chuaong 3
BAI TOAN HAI CHIEU TRONG TOA DO VUONG GOC

3.1. Loi gidi ciia phuong trinh bi diédu hoa bing cdc da
thiie.

3.2. Xac dinh cac chuyén vi.
3.3. Ung dung cic nghiém da thie.

3.4. Nghiém theo chudi Fourier dung cho dim vé han chiu
cac tai trong bd tri déi xng.
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Chudng 3. Bai to4n hai chiéu trong toa d$ vuéng géc

8.1, L&i giai ctiia phuong trinh bi diéu hoa biang cdc da thite.

Ta da chiing minh r¥ng nghiém cda cdc bai todn dan hdi phang, trong

truong hop ridng lue thé tich bing 0 hay béing hing sd l1a rut vé tich

phéan cia phudng trinh:
o4 -;4 =)
2,9 % %9

po— =

axt oyt oyt

va thoa céc difu kién bé mit.

(3.1)

Trong trudng hgp dim cé ti&t dién chit nhat hep, ta c6 thé tim duge 161
giai bing cdch chon cho ham ¢ cdc da thic v6i bac khdc nhau va dua
thém vao cac hé s6 thich hop. D& dang thdy rdng cac da thiac bac hai:

e(X, ¥) = ax® + bxy + cy® (3.2)
Ham o bédc ba:

o(x, y) = ax® + bx’y + cxy® + dy® (3.3)

luén ludn 12 bi didu hda. Ching iing véi cdc bai todn kéo thuan tay,
trugt thudn tiy va uén thudn tiy da duge nghidn cdu k¥ trong sic bén
vat lisu.

3.2. Xdc dinh cdc chuyén vi.

Khi di biét cac ing suit oy, Oy, T« ta c6 thé suy ra cdc chuyén vi &, &,
Yxy- Khi cdc bién dang da tinh duge, ta c6 thé suy ra cdc chuyén viuva v
theo cdc cong thic sau:
au o au ov (3.4)
gx:—; 8\":_" ny:—+——
3y ox

Tich phan hai phuong trinh dau, ta duge:
u= jsxdx + (v}

V= Isydy +500 (3.5)

Ta lai dao ham cdc biéu thic &y 14n luot theo y va x vi dua cde dao ham
vao phudng trinh thit ba cla (3.4). Pong nhat cde v& cia phuong trinh dy
cho phép ta xdc dinh cdc ham chita bién f,(y) va f{x).

Cubi ciing, ta nhan thdy ring tich phin cdc phuong trinh (3.4) s& dua
vao mdt hiing s tich phan va do dé cde bidu thic cha u va v sé chira cdc
ham tuyén tinh tuy y:

uy=a+by, vi=c—-bx {3.6)
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Chuong 3. Bai todn hai chiéu trong toa dé vuéng géc

ma a, b, ¢ 13 cdc h¥ng sd cAn tim. Cdc chuyén vi bd sung u; va v, dng
vai:

Ex =By =Ygy =0

Tiic 1a chiing khdng dua lai mot bién dang nao cia vat thé, nhung ching
ting v6i mot chuyén dong chung ciia vat thé khaong bién dang. Céc hing
6 a va ¢ cia phueng trinh (3.6) bidu thi cdc chuyén vi thdng cda vat thé
va hing sd b 14 mot géc quay nhé quanh truc z. Ta phdi xdc dinh, trong
mdi bai toan riéng biét, cdc hing s6 a, b, ¢ tuong iing vdi cdc didu kién
tia cha bai toan khdo sdt.

Ta cing luu ¥ riing cdc biu thic lidn hé gita Ung sudt va bién dang
khéng nhu nhau trong bai todn ¢ng sudt phéng va bién dang phing, cdc
bidu thuc clia chuyén vi u, v Ung véi mot sy phan b8 tng sudt s& khic
nhau, tiy thuéc vao bai todn ting suit phing hay bi€n dang phing. Néu
ta xdc dinh duge cdc bidu thite u, v cho mdt trang thdi nay, ta cé thé suy
ra truc tiép cdc bidu thie cho trang théi kia bing cdc dung cdc cong thic
chuyén déi.

3.3. Ung dung cic nghiém da thie.

3.3.1. Uén diam console chiu lyc ¢ diu muit.

Ta hiy khio sdt mdt dim console c6 ti€t dién chir nhat hep (ma ta xem
nhu cé 46 day bing don vi) chiu udn do luc P d4t tai ddu mait ty do (hinh
3.1).

.
hd

e
(9] | (o]
//i///

Pyy |
Hinh 3.1

Canh trén va dudi khong ¢6 lyc. C4c luc tiép ma hop luc 1a P phén bé
trén mut trai tai x = 0. Ta c6 thé cho r¥ing cac didu kién chu vi da duge
c4 biét hoa theo cdch thich hgp véi cdce trang thdi cia ung suit duge ghi
trong cong thie (3.2). Chap nhan ham ting suat dudi dang:

4

d
o(x,y) = b2>q,if+3—2-xy3 (3.7)
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Chudng 3. Bai toan hai chiéu trong toa d¢ vudng géc

Ta dugc:
o, =dxy; g, = G; Ty = -b, _%yz (3.8)
D& trén cdc canh doc y = + ¢ ty do di véi tat ca cdc lyc, ta phai cé:
(Tay yso = ~b2 —%02 =0 (3.9)
Tir dé: d, = ﬂg(-;—? (3.10)

Bay gi¥ ta phai cho téng cdc lyc ti€p phan bé trén canh thing dung trdi
(X = 0) cha ddm biing P; ta chd ¥ riing 7y, duge xem la duong khi huéng
lén trén:

+C +G
b
B ITxde = I(bz ——ivzjdy =P (3.11)
N -c -c c
Tu dé ta co:
_% 419
2= 20 (3.12)

Thay cdc gid tri tim duge cila by va d4 vdo cdc phuong trinh caa (3.8), ta
dugc:
3P 3P

2
. . y
o, = ——— XY, c, =0 T, =——| 1-=% |X (3.13
X 203 y y y 40[ 02} y )

Ta ¢6 moment qudn tinh | = 2¢%/3, thi (3.13) duge viét lai nhu sau:

P 3P, ¥
= ——XY, =0 w=——11-= X ‘
ST Y o 40( 02} yooew

Tuy nhién cAn luu ¥ ring, cdc cong thie (3.14) chi cho ta 15 giai chinh
x4c néu cdc lue tidp phan b trén ddu tu do ciing theo ludt parabola nhu
cdc Ung sudt ti&p va cuting dd cia lyc phdp trong tiét dién ngam la ti ]é
v6i y. Khi cdc lyc phan bé trén cde mit khde di, thi sy phén bd cia céc
dng suit (3.14) khong cdn chinh xdc & lan cdn céc ddu mit. Nhung &
khoang cdch 2c dén cde ddu miit (bling chiéu cao cia dam) thi sy phén
bé that clha cac Ung suft sé phu hop vl sy phan bé clia (3.14) theo
nguyén ly Saint-Venant.
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Chuong 3. Bai toan hai chiéu trong toa d§ vuéng géc

3.3.2 Ubn ciia didm tya trén hai géi, chiu lyc phin bd déu.

Ta hay khao sat mot dim c6 tiét dién chit nhat hep, dit trén hai gdi tua
& hai ddu vdi khoang cdach 2L va chiu lye phan bd déu vdi cudng dé g
(kg/don vi dai) (hinh 3.2).

\ \ ____l“‘)ic_‘___
or__._@‘f _____ 77 S
1 $C
' ESS S 2 SN ;- S A
Sy Oy
P L y L
€ >|< >

Hinh 3.2

Cdc didu kién bién trén cdc canh trén va dudi cia dam:

Ty yese = O (Gy )y:+c =0 (Gy)yz_c =—q (3.15)

Né&u ta gia dinh réng ddm duge dat trén hai gdi tya tai A va B, thi tai
cac diém A, B cdc phdn lyc tdp trung va lan cén cac diém nay xuat hién
mdt sy tap trung Gng sudt ma ta khong thé nghién edu bing cdc phuong
phép don gidn. Cde dng sudt 6 cdc ving 1an cdn cdc diém dé chéc chdn
s& vugt qua giéi han dan héi. Ching ta phdi gid dinh ring cac phan luc
tua phén bd trén toan bd chidn cao cia cdc tigt dién A va B va chi gia
dinh ring hop luc ciia chiing 1a thing diing va bing qL:

I8

& O

-«

+C +C
t,dy=ql;  Jo,dy=0 [o,ydy=0 (3.16)
-z

Ta e6 thé théa man cée didu kién (3.15) va (3.16) bling cdch t6 hop mot
cach thich hgp céc 1oi giai dang da thic. Chap nhén ham ung sudt:

b d d 2 d
o(X,y) = %xz +?3x2y+§9§y3 +§§§x2y3 —g.fgys (3.17)

Ta duge:

2
g, =dgy +d5(x2y '“"é‘ya)

o, =%d5y3+bsy+a2 (3.18)

T,, = —dgXy® —byX
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Chuong 3. Bai todn hai chiéu trong tga dé vuéng gée

Tit didu kién (3.15), ta c6:
dsc®>-b, =0

%dsc3 +b,c+a, =0 (3.19)

--—;dsc3 ~bsc+a, = -q
]

Tit dé, ta rit ra;

g 3q 3q

a, =-_; by =—; de = ——

272 ® T 4c ° 4c®

Thay (3.20) vao cdac phuong trinh (3.18) va chd ¥ ring moment qudn
tinh:

(3.20)

| = 2¢%/3
ta cé phuong trinh (3.21).
Ta c6 thé dé dang kiém tra lai réing cdc biéu thic d6 théa man khéng

¢hi cdc didu kign (3.11) trén cdc canh doc elia d&m, ma con théa man hai
diéu kién ddu cha (3.16) trén cdc ddu mut,

2
a, = dav—%(xzy-gya)
qQ,t 4
=Dy |
v 2I(3y cy+l) (3.21)
g 2 2
==x(y* -c
By =g (y )

Piéu kién thy ba ciia (3.16) tai x = + L:
+C +C q 5 2 3
dy = {[d.y——(Xy—— dy =0
_{wy _{[ 3Y 2I( y sy)}yy

T dé, ta rit ra;

4 -39 L® 2,
3_%‘ C_g_g (3.22)
Thé (3.22) vao (3.21), ta dugc:
QY2 .o, Ay Yy cf
= (= XT) + 5 (- - 3.23
Oy 2I( ) | (3 5) (3.23)

S6 hang diu cia biéu thde 1a cdc ing suit dat duge tu 1y thuyst co s
cia bai toan udn, va s§ hang thy hai 12 sy hiéu chinh c¢an thist. Sy hiéu
chinh nay khéng phy thude x va nhé se vdi ing suat cue dai do udn,
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Chuong 3. Bai todn hai chiéu trong toa dé vudng gée

mién 14 nhip cia ddm kha 1én so v6i chidu cao ciia ddm. D&l véi cde dAm
d6, 1y thuyét co sé cho ta mot gia tri dii chinh xdc cho ing sudt o, Can
ghi chy rlng bidu thic (3.23) chi 1a nghiém chinh xdc néu cde lue phap &
hai ddu ddm phén bo theo luat:

X = Si(ﬁ - i)
1 83 5
C6 nghia 13 néu cdc lyc phdp tuyén tai cdc dau mat phit hop v6i cde gid
tri clia o, vdi X = = L trong céng thie (3.23). Cdce luc 4y phan bd nhu
trén hinh 3.2 va ¢6 mét hop iuc va moment hgp bing khong. Sd dung
nguyén ly Saint-Venant, ta c6 thé két luan rdng hiéu Gng cia sy phan b3
lai cdc ving suft ¢6 thé bod qua tai cdc tiét dién ¢6 khodng cdch d&n cdc
dAu miit 16n hon chidu cao cha dam.

(3.24)

Sy khdc nhau gida 11 gidi chinh xdc (3.21), (3.23) va 1¥i gidi gén diing
ca 56 hang ddu trong (3.23) & chd khi thiét lap céng thic gan ding, ta
da gia dinh ring cdc thd doc cia dam trong trang thdi kéo don. Nhung
toi giai (3.21) chi ra ring giifa cdc thd ton tai nhitng iing suat nén oy,
Céc 1ng sudt 4y 1a nguyén nhan clia sy hidu chinh béng s& hang thit hai
cla 131 giai (3.23). Su phan bd clia Ung suit nén oy, theo chiéu cao ciia
dém nhu trén hinh 3.2.

Cuéi ciing, su phan bé cdc iing sudt ti&p 1.y 12 dang parabole trén chidu
cao cia tiét dién va phi hgp véi két qua cia ly thuyét ca sé.

3.4. Nghiém theo chudi Fourier diing cho dim vé han chiu cédc
tai trong bé tri ddi xdng.
Ta khao sat mét d&dm vé han ¢6 ti€t dién chit nhit hep vdi chiéu cao h,
chiu cac Iue chu ky p(X) trén canh y = - h/2 va p{x) trén canh y = h/2.
Gia dinh rang cac luc &y d6i xing d6i vdi truc y, tdc 1a ham chén cia x,
ching ¢6 thé duge trién khai thanh chudi cosin:
pix) = a, +Zanc oS, X

n=t

B . (3.25)
p(X} =8, + »_ AnCOS O X
n=1

ma o, = 2nn/L. Cée hé s8 ag cta (3.25) phai c¢é gid tri nhu nhau vi cdce
e p(x) v p(X)cdn bang.

Cs4c didu kién bé mit:

Véiy = - hi2: oy =p(X) va Ty=0 {3.26)
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Chuong 3. Bai todn hai chidu trong toa 4 vuéng gée

Véiy = hiz: Oy = p(X) VA 1y =0 (3.27)

Néu ta chd ¥ ring phuong trinh bi didu hoa (3.1) chi chia cdc dac ham
¢é bac chdn, va cdc ham sin va cosin lai trd vé dang cii sau hai lan dao
ham, ta thdy ham bi didu hoa tigp nhan nghiém duéi dang:

fly)cosax va f(y)sinax (3.28)

Ta d6 ta ¢6 thé xay dung cdc chubi. Trong trutng hop nay, do oy 1a dao
ham bic hai ciia ham tng sust ¢. B8 théa man cde diéu kién bién (3.26),
ta chon ¢ dusi dang chudi cosin:

o{X,y) = > f.(y)cosa,x (3.29)
n=0

D& cho biéu thitc téng quat cta chudi thaa mén V?V2p = 0, ta thay f.(y)
phdi théa man phuong trinh vi phén thudng sau:

4 2e(2 4
9 - 2021 4 % =0 (3.30)
v6i n 21, phuong trinh &y ¢6 nghidm téng quédt:
-2 . . .
f.(y) = an(A, cosha,y + B a ycosh @,y +C, sinha y + D, d ysinha y) (3.31)

véi n = 0, 161 gidi suy bién va trd thanh fo = Aox®. Cac phuong trinh ¢6
cdc Ung sult tuong (ng vdi 13 gidi dé:

o, = D (A, +2D,)cosha,y + B,a.ycosha,y +

n=1

(2B, +C,)sinha,y + D,a,y sinha, y]cos o, X

5, =2A; ~> (A, cosha,y + B a ycoshy, y +
rr (3.32)
G, sinha,y + D, 0,y sinha, y)cos o, X
Ty = 2 (A, +D,)sinha.y + B.a,ysinha, y +

r=1

(B, +C,)cosha.y +D a,y cosha, y]sing, x

Cdc cong thuc 4y hop thanh 151 giai tong qudt cho cdc ta; trong déi xing
(phdp hay ti&p) trén cdc bién cua dam. Trong truong hop riéng, thay cdc
gid tri cla oy, 6y, Ty vao cdc diéu kién bé mat (3.26), va can biing céc he
st cla cos{unX) trong hai v&, ta duge 4 phuong trinh cho A, B, C,, D,
va Ag = 89/2. Ta dugc cdc gid tri:
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Chuong 3. Bai todn hai chiéu trong toa d¢ vudng goc

_ sinh ‘15_ ¥ agh cosh%ﬁ‘
A, =—{a, +an) 2 2
— cosh a_nh
B, =(a,- an)m |
 cosh % %ol ginp 0 (3.33)
G =) sinha h—ah :
sinh %N
2

D -(a +an)—— 2 —
. = (@, n)Sinho,nh_,_unh



Chudng 4. Bai toan hai chiéu trong toa dé cuc

Chucng 4
BAI TOAN HAI CHIEU TRONG TOA PO CyYC

4.1. Cac phuong trinh téng qudt trong tea dé cuc.

4.2. Sy phin bé #ng suit ddi xdWng truec.

4.3. Uén thuan tdy thanh cong.

4.4. Cac thanh phan bién dang trong toa dé cyc.

4.5. Chuyén vi d6i véi syt phan bé 1ing sudt déi xing true.
4.6. Dia quay.

4.7. Uén thanh cong dudi tdc dong luc & hai dau thanh.
4.8. Léch mép.

4.9. Anh huéng 15 tron dén sy phan bé wng suit trong
tam,

4.10. Lyc tap trung § mot diém ciia bién thing.
4.11. Tai vuéng géc bat ky trén bién thing.
4.12. Lyc tac dong lén dau ctia ném,

4.13. Ngiu uén tic dong lén ddu ném.

4.14. Luc tap trung tic dong 1én dam.

4.15. Ung suit trong dia tron.

4.18. Luc tic déng & mot di€m caa tAm vé han,

4.17. Loi giai tong qudt cda bai toan hai chiéu trong toa
d¢ cue.
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Chuong 4. Bai toan hai chiéu trong toa do cuc

4.1. Cac phuong trinh téng quat trong toa do cuc.

P&i voi viec khdo sat truong ung sudt phan ba trong cdc vanh tron va
dia tron, cdc thanh cong 6 mat cdt hinh chi phat hep vgi mot truc
tron, v.v., thudn loi nhat 13 dong hé toa do cuc. Vi tri caa mot diém
{rong mat phéng trung hoa cha tdm s& duge xac dinh bbi hai toa do
(thong s6): khoang cach r gitta diém va goe toa do O va géc O gilfa r va
truc Ox bat ky duge ¢b dinh trong mat phéng (hinh 4.1).

r=0P (’Cgr)g AR

(Tt

{(co)e

Hinh 4.1

Xét phan t8 nho 1234 dudc tach ra khoi t&m bdi cac mat budng kinh O4,
02 vubng goc voi t&m va hai mat tru 3, L. Thanh phén g suat phdp
theo phuong hudng kinh duge ky higu 1a G theo phuong tiép tuyén (chu
vi) 1a oy va cdc thanh phén tUng suét 1iép 1a T, Tor CAC thanh phan dng
cudt nay mbd ta ung suit (tensor ing suat) caa diém gida P trén phan td,
toa do cta P lar, 6. Do ¢6 sy bién thién ciia Gng sudt, gia tri ung suat &
frung diém cha cdc canh 1,2, 3, 4 se khac véi cac gid tri Gr, Go, 1o cta P
va duge ky higula {5,)1, .. Cdc ban kinh canh 3, 11a ry, 71

Lyc huéng kinh trén canh 112 (o.)r:d0 = GRS

Lae huéng kinh trén canh 3 1a —(o,1)3 do.

Luc phéap tuy&n trén canh 2 6 thanh phan hudng kinh qua P la:

(o3, (1 ~15)5in(9%5) = ~(0a) arsin(9%5)

Tuang . tU canh 4, ta cing c6 —{c4)dr(do/2).
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Chuong 4. Bai toan hai chiéu trong tea 4 cuc

Nhimg lyc cat trén canh 2 va 4 cho:

[(tur), - (5 )Jcos(d%]dr = [(tar); — (10), ]
Phuong trinh cén bng luc theo phudng hudng kinh tai P
(o), d0 -(a,r),d0 - (0,),dr(984)+[(5.), - (x,), Jdr +Rrarde =0
hay:
(or), - (or), 1

_rp_a[(% ), +(Uo)4]+ d_é ——+Rr=0

v6i R 1a luc phan b6 thé tich (lye/chidu dai®) theo phuong huéng kinh.

Biy gid ta xem phén t& 1a v0 ciing bé (cde canh hoi tu tai diém P - thé
tich phén té tién tdi 0), phuong trinh ¢in béng trén sé c6 gidi han:

a(crr)"c +&  Rmr -0
b

ar ¢
hay:
Q‘i’—+1%~+m+ﬂzo {4.1a)
or r &0 r

Tuong ty, phuong trinh can bing luc theo phuong ti€p tuyén tai P

100, 0% , 2 5.0 (4.1b)
r o0 ar r

v6i S 12 lue phéan bé thé tich theo phuong tiép tuyén.

Nhiing phuong trinh (4.1) dugc dung dé gidi cdc bai todn hai chiéu bang
toa do cue. Khi khang c6 lyc phan bg thé tich, hé hai phueng trinh (4.1)
duge théa bing cdch dat:

189 1624_)
o, = —

rar r? oo°

8%

_c9° 4.2
179~ o2 “.2)
. _ 1o 1% _ (154’]
kre 200 rorod o

v6i ¢ = ¢(r, 0) 1a ham 1ing suat. Sy ding ddn cda (4.2) ¢6 thé duoc kiém
ching bing cdch thay thé truc tiép vao (4.1).
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Chuong 4. Bai toan hai chiéu trong toa dé cue

Ta cling ¢é thé chitng minh (4.2) theo cdc bude sau day.

Ching ta c6 thé xdc dinh cdc thanh phan dng suat trong toa do cuc o,

Oo, Trg ti nhiing thanh phén dng suat trong toa dd6 Descartes o,, Gy,

cua trang th4i ung suat phing:

G, = a,cos®8+c, sin" 8+ 21, sinBcos 0

0y = G, 8iN?0 + 0, cos® 8- 21, sinBcos 6

15 = (o, -0, )sin0cos8 + T,y (c0s? 0 - sin? e)
Tuong ty, ta ¢6 thé tinh o, Oy, Ty theo o, oy, T

o, =0, C0S% 8 + o, 8in° 6 — 21, SiN0Cos O

10y =0, 8in” 8+ 6, €082 0 + 21, 5iNOCOSH
T,y = (0, — 0, }sinfcosf + 1, (0052 0 - sin® e)

M6i quan hé giita cdc toa dd trong hai hé théng toa do:

'Cx},

{(a)

(b)

{c)

_ Y

P2 = x2 4 y? 8 = arctan «

QE:—:COSB —Q-r-zxzsine

X oy r

® _-y _ sind % _x _cosd

ox  r? r &y rr r

Do do d8i v4i ham hai bign fix, y), trong toa d6 cye f(rcosd, rsind) ta c6:

o ofor of o8 of  sind of
—=——+—— =008 — -—
OX  orox 90 ox ar r oo

D€ c6 dao ham riéng c4p hai ta lap lai todn ti trén:

°f 3 sind a] o sind 8f]
—— =|C080—~-——-|lcosb— -
o’ a r 88 o r 80

%1 8

1@ sing 3

ar 1.3

= cosze——g—cosesine—(— ]——"-(cose—
or a

+ 5";8 2(sin{)ﬁJ
r< oo 39
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Chuong 4. Bai toan hai chiéu trong toa do cue

hay:
2f —_121. . 2 o ~
5_220052802 +sin® 6 j§+l2§,; —2s;inecos(3i ]ﬁ_] (d)
% ar \ror oo arirad)
Tuang tu, ta cling cé:
9 5 =sm20?—:+cos‘?8 1,5i+l22; + Qsinecosﬂc—(lgw {e)
3y or ror e a0 orir o)

o 19f 18°% o
- =ginfcos8| - —+ 5 — 3
OX3Y ror r? oo or?

of1of o
~(cos® 6~ sin’ 8)—(——
oriroe
Khi 14y f(x, y) 1a ham tng sudt ¢(x, y) v61 pg = 0, cdc dao ham cdp hai d
v& trdi cta (d), (e) va (D) tuong dng tré thanh oy, Ox V& Ty Nhiing biéu
thitc bén vé& phai cia (d), (e) va (f) ¢ thé duge thay th& cho cac thanh
phén ng sudt nay & vé phéi ca (a). Ti day cé thé d& kiém ching réng:
cdc két qud sé& dua dén {4.2).

Cong hai phuong trinh (d) va (e} ta thu dude:

_.8_2_ + _Ei_ f= 62 + 1 _a._ + _liz_ f 3]
oy o ror r? o8t g
Biéu thifc (g) cho thdy todn ti bén v& phai 1a dang tuong duong cia toa

dd eye ddi v6i todn ti Laplace & vé& trai. Tiép theo, ta céng hai phuong
trinh d4u cia (b):

6, +0, =0, + 0y (h)

N&u lyc thé tich khong ton tai, ta co:

62 62
2oL eira)-o
Téng hop (i), (h) va (g), ta cd:
2 18 18\ 186 18%
o 1o 10 g% 1T, “11=0 43
[Ejrﬁrarﬂkr2 6821(ar2+r6r+r2 00° (4.3)
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Chudng 4. Bai todn hai chiéu trong toa do cuc

Tir nhitng phép giai khdc nhau ciia phuong trinh dao ham riéng nay
ching ta thu nhan cdc phép giai cia nhiing bai todn hai chiéu trong toa
d¢ cuc cho nhiéu diédu kién bién khsc nhau.

4.2. Sy phan bd Wng suat d6i xwng truc.

Khi ham tng sudt chi phu thube ban kinh r, phuong trinh (4.3) tré
thanh:

2 N4 3 2
fd_”zg]{__ggﬁjz9_3>+_%d_g>_123_g_>+_13@:0 )
dr* rdrjidre rdr dr® rdr® rdrt 2 dr
Béy la phuong trinh vi phan thudng, né cé thé duge chuyén thinh
phuong trinh vi phan tuyén tinh v6i cdc hé s6 hing bang cdch dit thém
mét bién mdi t théa r = &' Bing cach nay, nghiém 1éng qudt clia (4.4} cé
thé thu duge d& dang. Nghiém nay ¢6 bén hang s6 tich phan, chung phai
duge xdc dinh tit cdc didu kién bién. Nghiém téng qudt cda (4.4) cé dang:

¢ = Alogr +Brlogr + Cr? + D, véi logr = log, r (4.5)
Cdc phép gidi cha loai bai todn ing suit phan b8 ddi xing truc va khang

c6 luc thé tich s& nhan duge tir (4.5). Lic nay, cac thanh phan ting sudt
tucng ang tir {4.2):

G, :1@:%+B(1+2logr)+20

rar
2
. :ggz_%+a(3+2|ogr)+zc (4.6)
I r
Te =0

Néu khong c6 16 hdng & goc toa do, cdc hiing 55 A va B 58 triét tidu néu
khdng cdc thanh phan dng suat sé tré nén vé han tai r = 0. Do d46, d6i
v6i mot tdm khong c6 16 hdng ¢ tam va khéng c6 lue thé tich, chi ¢é duy
nhit mot truting hop ing sudt phan bs dsi xing true ¢6 thé tdn tai, dé
14 or = o4 = constant. Lic nay t&m & trang thdi kéo déu hodc nén déu
theo moi hudng trong mit phing tdm.

Trudng hop 6 16 hdng & goc, cdc két qui khée s3 duoe tim tir (4.6). Bing
cach khao sdt chuyén vi cia tdm, ta nit ra B = 0. Do d6:
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Chuong 4. Bai toan hai chiéu trong toa dj cdc

o, = f-;— +2C
r A 4.7
GB =-=F + 2C
r
Po
b a
— -—a—
/
Hinh 4.2

Lisi glai nay c6 thé duoe ding dé md ta sy phan b6 Ung suat trong hinh
tru réng chiu 4p sudt déu 6 mat tru trong va ngoai (hinh 4.2). Patava b
12 bdn kinh trong va ngoai cha hinh try, p; va p, la dp suat déu & bé mat
tru trong va ngoai. Ta co cdc didu kién bién:

(Gr)r=a =Py (Gr )r=b =-Pq (a)

Thay cdc didu kién bién (a) vao phuong trinh ddu cia (4.7) ta c6 cdc
phuong trinh xdc dinh A va C:

2b2p"’p|
R
a
5720 % _( a7)

Cdc thanh phéan Ung sudt cia (4.7) ¢6 dang:
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Chuong 4. Bai todn hai chiéu trong toa d6 cue

2.2 (o 2 2
| ati(p,p)1, P
r bE__a2 r b2_82
_a’t(p,-p) 1 pat -pb’
- p?-a? FQ_JF b? —a®

(4.8)

]

Goi u 1a chuyén vi hudng kinh, ta c6 bién dang dai theo phuong chu vi:

~ 2n(r+u)—2ﬂ:r _u

¢ 2nr r

Dinh luat Hooke cho trang théi ing sudt phing:
Ee, = 05 — VO,
K&t hop hai quan hé trén ta dé dang tim ra w
u=— (o, —vo,)
E
Chi ¥ rang: o, + Go = const sudt chidu day thanh cia &éng tru. Ma:

£, = -é[rv(cr + ce):[ = const >0

Nghia la o, va 0 tao ra sy gian déu theo hudng truc cia &ng tru va mat
cit ngang vudbng goc vdi truc éng vAn phing. Do d6 sy bién dang duge
gdy ra bdi trugng ung suit (4.8) trong mét phan t& cda 6ng duge tach ra
b&i hai mat cdt ké nhau thi khong anh huéng dén su bign dang cia cac
phan t§ lan can. Pay chinh la c¢ s& dé khao sat phan td ¢ trang thdi
ng suat phing.

Trong trudng hop riéng khi po = 0 va hinh tru chi chiu dp luc & mat tru
trong, cac cong thic (4.8) sé thanh:

2 2
ap, b
G, = P { 0

- i<

b2 - a2 ¢2 J
2 o (49)

a’p, b 1

Gy = i+ —|>0
*p? —az[ r? )
Ung sudt o s& cuc dai & mat tru trong cha ong:
p,(a® +b°)

(Ga ),=a =Comax — —bg‘ja?— (4.10)
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Chuong 4. Bai toan hai chiéu trong toa d¢ cye

Ta nhin thdy Gomax ludn 16n hon Pi va Gomax - p; khi b tang. Nhiédu tng
dung khéc nhau cia (4.9) va (4.10) trong thiét k& may duge trinh bay
trong cdc tai ligu sie bén vat lidu.

Bai todn cho moét hinh tru vdi mt 18 léch tam da duge G.B.Jeffery giai.
N&u ban kinh cta 15 1a a, ban kinh mat ngoai la b, khoang cach gitfa cdc
tam (dd léch tam) la e, hinh tru chiu dp luc bén trong p; thi ing sudt cuc
dai 1a tng sudt phdp theo phuong tiép tuyén & bé mat trong tai vi tri
méng nhat. Néu e < a/2, ta co:
20% (b* + a* ~2ae &%)
o x pi
oma (a2 +t:;‘?)(l:)2 -a? —23e—e2]

Khi e = 0, {(4.11) s& trung vé&i (4.10).

-1 (4.11)

4.3. Uén thudn tiy thanh cong.

Khio sdt mot thanh cong véi mat cét ngang hinh chif nhat hep khong
dai va truc tron bi udn trong mat phing cong cGa thanh bdi ngiu M tdc
dong & hai ddu mit thanh (hinh 4.3).
Moment uén trong trudng hop nay la hing 56 sudt chidu dai thanh va
ng sudt phan bd nhu nhau trong cdc mat cit ngang xuyén tdm. Phép
gidi cla bai todn nay c6 thé nhan duge bing cdch ding ding thie (4.5).
Dat a, b 1 ban kinh trong, ngoai cha bién thanh cong va 14y chiéu rong
etia mat cét chit nhat 12 mét don v chidu dai. Cde didu kién bién cia bai
todn:
() o, =0 tair=avar=>0b
b b
(2) jcedr =0; Icnrdr =-M (a)
a a
(3) 1, =0 taibién
Diéu kién bién (1) cé nghia la cdc bién cong cia thanh khang chiu tac
déng cia lue phdp tuyén; dieu kién (2) chi ra riing ung sudt phdp & cac
dau it chi do ngdu M gay ra, va diéu kién (3) di&n ta khong 6 luc cat
(ti€p tuyén) tdc dong & bién thanh. Dung ding thuc ddu clia (4.6) véi
diéu kién bién (1) cia (a) ta co:

%+B(1+2loga)+20 =0
a

(b)
A
F+B(1+2logb)+20 =0
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Chuong 4. Bai toidn hai chiéu trong toa d§ cuc
Diéu kién (2) trong (a) bdy gi¢ can théa man. Viéc ding ham iung suit
dam bdo su can biang. Mét hop lye khdc khong & méi diu thanh s& vi

pham diéu kién c&n bing. Piéu kién ngiu uén bing vdi M:

b b .2
Jcordr = jg—grdr =-M
A o or

f1 -z [~ b
Ta cé: j@rdr 10 J'@dr = ﬂr‘ —|of ic)
ar o, jor ar |, 2

Theo (b) thi

Do dé tir (c): o, =M

Thay ¢ tit (4.5), ta c6:
AIogE+B(b2Iogb—azloga]+c(b2-32):M (d)
a

Hé ba phuong trinh (b) va (d) gidp xédc dinh ba hiing s6 A, B, C:

A :—il\ﬂagbzlogg; B:--@(b2 —a‘f‘)
T a N @)
C= %[b2 -a%+ 2(b2 logb —a? Ioga]}
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Chuong 4. Bai todn hai chiéu trong tga dé cue

2
véi N = (b2 -a’ )2 - 4ap* {IOg -:—1} (f)

Thay A, B, C tit (e) vao (4.6), ta tim dugc cac thanh phan ing sudt:

aM({a%? b, r 5, &
5 =-— log— + b log— + a“log—
’ N{ F10g, +hriegy ma gy
4M a2b2 b 2 f Pl a 2 2
_ = og—+b?log— +a’log— +b —a“ | (4.12)
Se N[ 2 % 9% 9%
T =0

Bidu thie (4.12) cho biét su phan b& dng suit thoa tat cad cdc didu Kién
bién ctia bai todn uén thudn tdy va la 1si giai chinh xdc cioa bai todn.
N&u cde lue tao ra ngdu M & cde ddu muit thanh duge phan bé dusi cace
dang khdc, thi su phan bd ing suit & ddu mut s8 khde voi 181 giai (4.12).
Nhung, theo nguyén ly Saint — Venant, & nhimg vi tri xa ddu muit hon
chidu sau thanh, cde sai léch véi (4.12) ¢6 thé khéng ddng ké.

Cé didu can luu ¥ khi so sdnh (4.12) v6i céc phép gidi co s§ duge cho
trong cdc 1ai }idu sie bén vit lidu. N&u chiéu sau cia thanh, b - a, nhd so
véi ban kinh truc tam, (b + a)/2, sy phén bs ng suat thudng duge gia
thigt tuong ty cho trudng hop thanh thing. Con pdu chiéu sdu thanh
khéng nhs, thuyng gia thiét ring mat c4t ngang thanh van phéng trong
qué trinh u6n. Ti gid thift nay ta tim dugce sy phén b& cia thanh phan
Ung sudt phdp Op trén cdc mit cht ngang bdt ky sé theo quy luat ham
hyperbola. Trong tit cd trudng hop, gid tri cue dai va cye tiéu ciia Op ¢
thé& duge xdc dinh theo dang:

M
o=m-— (g)
a
Hé s6 m duge cho trong bing 4.1 trén co s¢ hai gid thiét trén va theo

cong thic chinh xdc cia V. Billevicz (1931).

Nhiing s6 lidu eda bing 4.1 cho th&y k&t qua dya trén gid thiét mat cat
ngang phéng cho d9 chinh xac cao.

Trong trudng hop udn thuan tdy, mit cit ngang cia thanh thue t& van
phéng, va sy khong théng nhat gira cdc 14i gidi dya trén céc gia thiét
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Chuong 4. Bai toan hai chiéu trong toa dé cuec

v6i 151 gidi chinh xdc 14 do thanh phan iing suit o, trong l&i gidi gan
diing duge bé qua. Lic nay, cie thd doc cha thanh chiu uén duge xem 13
chiu kéo heéc nén don.

Bang 4.1. Hé sé m

b Ung suat phan | Ung sudt phan bé theo | Loi gidi chinh
a bé tuyén tinh quy ludt Ayperbola Xé4c
1,3 166,87 +72,98 -61,27 +73,06 -61,35
2 16,000 +7,725 -4 863 +7,755 -4,917
3 1,500 +2,285 -1,095 +2,292 -1,130
I
10
8
b \
kll‘l “\
£l
b:2a @ 2 :
% 0 | Nevtral avis(E = 1443)
o R
&2 - -
4 e S
6
(0 LI 1T 13 14 15 16 17 18 19 20
8 Valves of I
15 T
E{?’ "2 =[x (1.070)
b-2a & By
4 08 -
% 03 A%
0
S0 12 33 14 15 06 LT 18 19 20
Volues of 4
Hinh 4.4

Phuong trinh d4u ciia (4.12) cho thiy o, luén duong d&i véi phuong udn -
(hinh 4.3). Nhén xét tuong tu c6 thé duge két ludn ngay tit phuong dng
sudt op tdc dong lén cdc phan t¥ n — n (hinh 4.3). Céc lyc tiép tuyén
tuong ing tao ra cdc hop lue theo huéng kinh ¢é xu huéng tach cde thd
doc va tao ra cdc Ung sudt kéo theo phuong hudng kinh. Ung suat nay
ting vé phia mit trung hda va dat cuc dai gdn bé mat nay. Gid tri cuc
dai c0a (O )ms thi nhé hen nhiéu so véi (Gphnax- Thi dy, khi b/a = 1,3 thi
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Chuong 4. Bai toan hai chiéu trong toa dé cuce

(6 e = 0,06(Cg)max; Khi b/a = 2 thi (G)may = 0,138(Ca)max; kKhi b/a = 3 thi
(G max = 0,913(Cglmar. Hinh 4.4 bi€u difn sy phan bd clia o, va Ogkhi

b/a=2. ta nhan thay ring diém cyc dai cla oy thi ¢6 phin dich chuyén ti
truc trung hoa thanh vé huéng tam cong thanh.

4.4. Cic thanh phan bién dang trong toa dé cuc.

Goi u, v 12 cdc thanh phan chuyén vi theo phuong hudng kinh va tiép
tuyén khi khdo sdt chuyén vi trong toa dd cue.

N&u u 13 chuyén vi huéng kinh cua canh ad cda phan td abed (hinh 4. B,
thi chuyén vi hudng kinh cda canh bela u+ (a/a dr Bién dang dai cia

phan t& abed theo phusng hudng kinh:

au

=== 4.13
o (4.13)

Bién dang dai theo phugng tip tuyén khéng chi phu thudc vao thanh
phan chuyén vi v méa con phu thude vao thanh phan chuyén vi u. Xét
trudng hop cdc diém a va d cha phén t& abed chi cé chuyén vi hudng
kinh u, chiéu dai méi cia cung ad la (u + r)d6 va bién dang dai theo
phuong tiép tuyén:

{(r+u)dé-rdd u
rdo T

Sy sai khde vé chuyén vi tiép tuyén cia hai canh ab va cd chia phan 18
abed 12 (aJ/aG)dO va bién dang dai theo phuong tiép tuyén do chuyén

vivia % Bién dang dai theo phuong ti€p tuyén téng:
r

u ov
€, = —+ —— (4.14)
® v o9

D& xdc dinh bién dang trugt, ta dat a'b’o’d’ 14 vi tri cha phan td sau bign
dang. Ta cé:

,r 8 fat -
(ad, a'd Y=da'd' = = (ab,ab)_ar

Chd ¥ ring chi mot phén cda géc nay (duoe gach soc) cé tdc dong tao ra

V x " A ]
bién dang trugt va phan cdn lal [?) didn t4 sy xoay cia phan tu abed

71



Chuong 4. Bai toian hai chiéu trong toa dé cye

nhy vat thé citng quanh tam O. Do d6 sy thay d6i géc dab, dién ta hién
dang trugt, la:

du
Yro :r—”+*——- {4.15)

Hinh 4.5

Thay cdc bidu thite (4.13), {4.14), (4.15) vaao dinh luat Hooke cho truong
hop iing sudt phédng:

€ = é—(o; - vGy)
By = é(cewvcr) (4.18)

Yro =~ Yo

G
Ta ¢6 thé thu duge cde phuong trinh dd dé xdc dinh u, v.

4.5. Chuyén vi ddi véi sy phan bé ng sufit ddi xiing truc.

Thay cdc thanh phan itng sudt tir (4.6) vao ddng thic diu cta (4.16), ta

tim dugce:
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Chuong 4. Bai todan hai chiéu trong toa dd cuc

ar_E

6_1{(1_&

o +2(1-v)Blogr +(1-3v)B + 2(1—\;)0}

Tich phan ding thie trén ta thu duge;

1[ (1+v)A

U=— - +2(1-v )BIogr—B(1+v)r+20(1—v)r1 +1{0) (a)
r?

E

trong d6 f(0) 12 ham don bién theo 8. Tuong tu, thay (4.14) va (4.6} vao
déng thifc thir hai cda (4.16) ta duge:

ov  4Br
—=-—-1f(0
~- & ~f®
Tich phéan ta duge;
v="8%_ fi(e)de+1(r) (b)

v6i fi(r) la ham don bi&n theo r. thay (a) va (b) vao (4.15) va chd v riing
Yre= 0 do 1,4 = 0, ta c6:
18f(8) &, (r
f f de——f 0
r e fiao-fie@-Tim=0 ©
Nghiém cha {c} ¢é dang:
fi(r) = Fr; f(8) = Hsin(0) + Kcos(@) (d)

¢ day F, H, K la nhiing hdng s8 duge xdc dinh tir cdc diéu kién rang
bude ciia cde thanh cong hay vong. Thay (d) vao (2) va (b), ta tim duge
cac biéu thic xdc dinh cdc thanh phan chuyén vi:

E r

< + Hsind +KcosH (4.17)
4Br9 '
V=

u =-1{—(i:v)—A+2(1+v)Br[ogb~B(1+v)r+2C(1—v)r +

+Fr+Hcosb -Ksing

Cédc hiing s6 A, B, C cho ting trudng hgp cu thé nén duge thay vao
(4.17).



Chuong 4. Bai todn hai chiéu trong toa d¢ cyc

Khéo s4t truong hop udn thuan tdy (hinh 4.3). LAy phan t8 ¢ khoi tam
ciia mit cit ¢6 8 = 0, phan t6 nay duoc ngam cing nén cac diéu kién
rang bubc:

u=0 b
v=0 tai@:(}vi\r:r{]:ﬂ——
v 2
HNoo

or

Gén cdc didu kién bién nay vao (4.17) ta sé nhan duge cdc phuong trinh
x4c dinh céc hing s8 tich phan F, Hva K

1 A
l[—g—.‘-r)—+ 2(1—V)Bro logr, —8(1 + v)ro + 2(3(1— v)ro} +K=0

E T,
Fro+H=0
F=0

5 F=0

uy ra
Y H=0
va thanh phén chuyén vi v trong trudng hop nay:
v=2BY Ksino (4.18)

Tit (4.18) ta nhan thdy ring chuyén vi clia mét ¢4t ngang bat ky chita
mét chuyén vi tinh tién —Ksinb, cic didm trén mdt mat cit ngang cling
6 tinh chat tuong ty, vA mdt chuyén vi xoay quanh tam cong O bdi mot
géc ABO/E (hinh 4.3). K&t qua nay ching té cdc mat cit ngang van
phing khi thanh cong chju udn thudn tdy nhu thuong duge gia thiét
trong 1y thuyét dan hdi ing dung {(x&p xi, gan ding).

Khi khao sdt sy phan b8 ng sudt ddi xing tryc trong mot vanh tron
(nhén) & muc 4.2, hiing s8 B = 0 trong 1o gidi tdng quét, va ching ta da
dat dén 15i gidi cGa bai todn Lamé. Dua vaio bidu thic (4.17) ta thdy
riing hiing s6 B chi phdi thanh phan chuyén vi v théng qua s6 hang
4Br6/E. S6 hang nay khong don tri tai mot vi tri trén vanh; do khi téng
& mat lugng 2m, 4w, .. déu hi€u didn cung vi tri trén vanh nhung s6 hang
nay lai taing theo tuong Ung. Vé myt vat 1y, diéu nay khong thé x4y ra,
va do d6, ta phai 14y B = 0 trong 11 giai téng quat (4.6).
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Hinh 4.6

Mét vanh (nhan) tron la mot thi du vé vat thé da két ndi, nghia 13 vat
thé khéng bi chia ra hai phdn khi duge cit bdi mit cdt ngang. Péi vdi
cac vat loal ndy, cdc diéu kién bién vé ing suat khong di dé xde dinh
ddy du sy phan bd Ung sudt, va cdc phuong trinh b8 sung mo ta cdc
chuyén vi don tri phai duge khao s4t.

Y nghia vat 1y cGa cac 13i gidi da tri ¢6 thé duge gidi thich béi vide khao
sdt cdc Ung sudt ban dau trong vat thé da két néi. Néu mot phan clha
vanh giita hai mat cdt k& nhau dugc tach ra (hinh 4.6) va cac ddu mut
cila vanh duge néi lai bidng han hodc nhitng cdch khéc, mot vanh véi cde
iing sudt ban ddu sé duge nhén, tire 12, c6 cdc Ung sudt trong vanh khi
khéng ¢6 ngoai lye. Néu o nhé, chuyén vi tiép tuyén cdn thigt d€ mang
cdc ddu mit clia vanh lai véi nhau:

V=ar (e)

Chuyén vi tuong tu, thu dugce tir (4.18) bing cdch 14y 0 = 2w

4Br
V=2n—
2 £ {f)
T {e) va (f) ta tim duoc:
akE
B = e
an (g)

Hing s6 B, tham gia vao s8 hang da tri d&i vdi chuyén vi (4.18), bay gid
c6 mdt gid tri xac dinh phu thudc vao cdch cde dng sudt ban ddu da duge
tao ra trong varh, Thay (g) vao (e) cia phan 4.3, ta thu dugc moment
uén M cAn thiét dé dua hai ddu mGt cia vanh lai véi nhau:

22V 42,2 a2
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Cdc ing suit ban diu trong vanh ¢é thé duge tinh dé dang tir day bang
cdch dung (4.12) cho uén thuin tdy.

4.6. Dia quay.

Viée xdc dinh sy phan bd ing sudt trong cdc dia tron quay cd ¥ nghia
thue tidn lén. Néu chidu day dia nhd so vdi bdn kinh cha né, sy bi&n
thién clia cde thanh phan ing sudt huéng kinh va tiép tuyén theo chidu
day cé thé duge bé qua va bai todn co th€ duge gidi mot cach dé dang.
Néu chiéu day dia khéng ddi thi ta ¢6 thé dp dung (4.1), va lic nay lyc
phan t§ theo thé tich 14y bing luc qudn tinh:

R=pw’r;S=0 {a)
v6i p la khdi lugng riéng cia vat liéu dia va o la van t&c goc cua dia. Do
tinh d6i xing true, Te = 0 va o, oy doc 1ap véi 0. Phuong trinh thd hai

cha (4.1) ludn duge théa, con phuong trinh ddu c6 thé duge viét dudi
dang:

d

—(ro, )~ o, +p0fr? =0 (b)

dr
Tit (4.13) va (4.14), cdc thanh phin bién dang trong trudng hep déi xdng
truc:

g =——3 €y = = (c)
Chang ta c6 thé gidi hai quan hé ung suidt — bién dang dau tién cla

{4.16) nhu la nhimg phuong trinh d6i v6i cdc thanh phdn (ng suit dé
nhén duge:

E E
o, =1_V2(sr+vae); Se =Tz (e¢ +ve,)

va tiép tuc st dung (c) ta cé:

g = E [d—u+v2]'o = E [E+v%] (d)
cTqoVvEldr ) 1Bl dr

Thay (d) vao (b}, ta thu duge phuong trinh vi phin cda w

d®u  du 1-+v*

2 2.3

—tr—-u=- o1 (e)
dr® dr E P

Nghiém téng quit cua (e):
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1_ 42
v pey’r? ()

u:é (1-v}er=(1+v) 012-‘

véi C va C, 1a hai hang s¢ bdt ky. Cdc thanh phan dng suit duge tim
bdng cdch thay (f) vao (d) ta ¢6 phuang trinh (g).

Nhiing héing s8 tich phan C va C, duge x4c dinh tir cac didu kién bién.
1T 3+v L,
o, =C+C1r—2——§—p(u r

(g)

p’r?

oo :C__C1rl2_1+3v

Déi véi dia dac, dé u = 0 tai tAm ta c6 C, = 0. Hiing s6 C duge xdc dinh

tit diéu kién & chu vi bién (r = b) cta dia. N&éu khong ¢6 luc tdc déng &

bién, ta cé:

3+v
8

pmzr2 =0

+v
B
Laic nay, cdc thanh phén dng suat:

G :3+me2(b2—r2)

Do dé: C

pw?r?

' 8
3 3 (4.19)
c, = w—tp(ozbz LA pw?r?
8
C4c ung sudt nay dat cuc dai tai tam dia:
+v
G, =0, = poy’b* (4.20)

Xét truyng hop dia 6 16 tron ban kinh a & tam, cic hing s tich phéan
cla nhing phuong trinh (g) s& dugc xdc dinh tir cdc didu kién bién trong
va bién ngoai. Néu khdng c6 luc tac déng trén cac bién nay, cde diéu
kién bién vé ung suat:

(O—I‘ )r:a = O ; (Gr )fTb = 0 (h)
Tu ¢h) ta tim dugc:
C-= 8 g e P’ (b2 + az) ; G =- v pn’a’b?
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Thay cdc hiing s6 nay vao (g), ta c6:

2p.2
a‘b
crrzsgvae{b2+a2— 2 —r2]

(4.21)

2,2

G, = 3+me2 b? +a2 4+ 2 E —Lﬂre
8 r 3+v )
Ung sust phdp hudng kinh eyc dai tai r = Jab :
3+v

(6 )max =(00)_ 5 = 3 po’ (b - a)’ (4.22)

Ung suat phép tiép tuyén cue dai tai bién trong:

3+v s o 1-v ‘
(Gg )max = (Ue )r-a = —4——pm {b +3—4—\f:l (4.22)
C6 thé€ so sdnh rang: (56),,, > (o, .

Khi ban kinh a cia 16 ti€n dén khéng, iing suit phép tiép tuy&n cue dai
s& dat dén hai lan gid tri d6i véi dia dac; nghia la, bing cdch lam mét 18
nhé ¢ tdm clia mét dia dac quay ta sé lam tdng gap déi dng sudt cue dai.
Hién tugng nay goi 12 sy t4p trung dng sudt & 13.

Gi& sif réng ing suit khong thay ddi theo chiéu day dia, phuong phap
tinh todn duge xdy dung cho dia ¢6 chiéu day hiing c6 thé duge mé rong
cho nhimg dia c6 chidu day thay ddi. Néu h = h(r) 14 chidu day dia & ban
kinh r, phuong trinh cén bing cda phdn tii trén hinh 4.1

%(hrcr)—h00+hpm2r2 =0 (k)

Dung (d) d€ biéu dién cdc thanh phdn ¢ng sudt theo u, phuang trinh (k)
cd dang:
»d?u  du rdh{ du 1-v?
. —u+ o= et
dr dr hdr E
Day la phuong trinh vi phan d8i vdi u khi h 14 ham cda r. Xét trung
hgp ham h ¢é dang:
h=Hr" (m)

v6i h va n la nhilng hiing s6. Nghiém tdng qu4t cia u c6 dang:

u=mr™® + Ar® + BrP
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. (1—v2]pw2
T E[8+(3+v)n]

trong dé:

va o, B la hai nghiém cha phuong trinh béc hai:
x> +nx+nv-1=0

A va B 1a hai hding sd bat ky.

4.7. Usn thanh cong dudi tac déong Juc & hai ddu thanh.

Ta bét ddu khéo sdt vdi trudng hop don gidn cGa hinh (4.7). Mot thanh
¢6 truc tron va mit cdt ngang hinh chit nhat hep duge ngam ¢ dau thap
va uén béi mét lue P theo hudng kinh tdc dong ¢ dau trén. Moment udn
¢ mat cdt ngang bat k¥ mn thi ti 1& vdi sind, va wng sudt phdp o, theo
ly thuy&t dan hdi ing dung ciia bai todn udén thanh cong thi ti 1& véi
moment ubn. Gia sif ring diéu nay ciing van ding cho 181 gidi chinh xdc,
mot gid thift ma cde két qud s& chang minh. Tir phuong trinh thd hai
cha (4.2) ta xdc dinh duge ham ing suit ¢ thda phuong trinh:

2 2 2 2
P A ENFe @ 120
or® ror rf oo lort rar r’oe
Do d6 ham dng suit ¢ ti 1& voi sind:
o =1f(r)sind (b)
Thay (b) vae (a), ham f(r) phai théa phuong trinh vi phén sau:
_q.2_+1£+i d_2f+1g+f— =0 fe)
dr? rdr 2 /ldr® rdr r®

Phuong trinh nay c6 thé chuyén thanh phuong trinh vi phén tuyén tinh
v6i cde hé s hiing (xem muc luc 4.2), va nghiém téng qudt cha no la:

1
f(r)=Ar® +B-Cr+Drlogr (d)

r
trong dé A, B, C va D 1a cdc hing s6 tich phan, ching duge xdc dinh tir
cdc didu kién bién. Thay nghiém (d) vao (b) ta s& c¢6 ham tng suit ¢, va

st dung cdc cdng thite tdng quat (4.2) ta ¢ thé tim cdc biéu thue d&i véi
céac thanh phan dng sudt:
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P
O i—
8 / X
m
n
a
b
B
Hinh 4.7
2
o =12, 15 (2Ar—39+gjsine
r ar 2o | oo
{4 —@:[BAr+2—?—+E]sinB (4.24)
ar? r r
T, = 1C’¢J 2Ar—2—B~+9JcosO
6 a8 r r

Do cdc bién ngoai va bién trong cda thanh cong khong cé ngoai lue, ta
¢ cdc didu kién bién vé iing sudt:

6, =Ta=0tair=avar=»hb

Thay cdc diéu kién bién nay vao (4.24) ta nhan duge hai phuong trinh:

2Aa—§+—D—:O

a a

5B D (e)
2Bb——3+—:0

a b

Biéu kién cudi duge tim tir tdng cda cdc huc ¢4t phan bd trén ddu trén
cua thanh s& bang luc P. LAy chiéu rong cia miat cit ngang 13 mat don
vi— holdic P la luc trén don vi chiéu day tdm ~ ta thu duge tai § = 0:

b +]

5] o]
jr,adrz—Jf—(J@)dr:-T = Ar2+E2+C+DIogr =P
: sori\raor roo|, r

a
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2 2
hay -A(b2 —a2)+B(i—i~)— Dlogg—z P ()

a’p®

Tt (e) va (f) ta xdc dinh dugc:

trong do:

N=a?-b? +(32 +b2)log§

Thay cdc hiing s6 tich phan tir (g) vao (4.24) ta s& ¢é cdc cdng thidc tinh
cde thanh phan ung suit. Tai ddu trén cda thanh, 6 = 0, ta cé:

6, =0

)
Tai dau dudi tng v6i 6 = %

T, =

=Pl (e’ ®

Cac biéu thie (4.24) cdu thanh mdt 1&i gidi chinh xdc chi khi cde lye &
hai ddu miit ciia thanh cong duge phédn bd theo cdceh thie cia (h) va (k).
Truong hop cée lye tdc déng nay c6 phan bé khdc thi Ung sudt gén hai
ddu mit sé khéce véi (4.24), nhung & xa hai dadu mut 1¥i gidi nay c6 thé
van con ding. Nhimg tinh todn cho thdy rang ly thuyét don gian, dya
trén gia thiét mat cdt ngang vadn phing trong qud trinh uén, lai cho
nhitng ké&t qua rat tét.

Hinh 4.8 bidu dién sy phan bd clia dng suit tiép Te trén mat cdt ngang
tai 8 = 0 ¢ng v6i trudng hop: b = 3a, 2a, vd 1,3a. Hoanh do la cdc
khodng céch huéng kinh tir bén kinh trong r = a. Tung dd bidu thi cde
hé s5 v6 thd nguyén te(b — a) / P. Ddi v6i nhitng ddm thdng chit nhat,
gid tri cuc dai cla hé s8 nay 1a 1,5 duge tinh todn tif sy phan b
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parabola. Tit 6 thi nay ta thay ring sy phan bd cua dng suat tiép seé
tiém cAn vdi phan bé parabola khi chiéu sau cha mat cdt nhé. Dé1 véi

cde cung vdm va mdi vom, sy phan bd parabola cha Ung suat tiép cé the
duge gia thigt voi do chinh xac vita do.

Bay gid ta khao sdt cac chuyén Vi do lue P gay ra (hinh 4.7). Bang cdch
diing cdc phuong trinh (4.13) va (4.16), va thay th€ cac thanh phéan @ng
sudt biing cong thuc (4.24), ta cé:

ou sind 2B D
- E 2Ar{1—3v) - —r?(‘l +v) —1—7[1 —v)
v
‘%Irﬁa—u {1}

du ov v
+_______

T ee T Br r

Tich phan phuong trinh dau cia (1) ta nhéan duge:
ind B
U= S—‘;—{Arz (1 — 31)) + -5(1 + U) +D (1 — u)logr] 4- f(B) {m)
T
v6i £0) 1a ham don bién theo 6. Thay (m) vao phuong trinh thi hai cia

(1), thay biéu thife tinh gg va sau clng tich phan ta cé:

cosH

(Ar2 (5+V)+;BE(1+V)'—D’-OQF(1—V)+D(1—-V)J-—

— ft(e)d0+F(r)

v6i F(r) 1a ham don bién r. Thay (m) va (n) vao phuong trinh thi ba cua
(1) ta thu duge:

(n)

[f()d0 -+ (0)+ 1F (1) ~F(r) = - Deest
Phuong trinh nay dugc théa man bang cdch dat:
FU):Hr;ﬂe)z—%gﬂcose+Ksme+Lcose (p)

trong d6 H, K va L la cdc hing s& bat ky duge xdc dinh tu cdc diéu kién
rang bude. Lic nay céc thanh phén chuyén vi sé duge xde dinh tir cdc
cong thide (q)
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i B(1
u:_g[_)ecose+ﬁ1-e—[D(1—v)|Ogr+A(1—-3v)r2 + ( :v)}*—
E E r
Ksing + Lcos®
1 (q)
V= %esino —EE)ES—B{A(S +v)r? +§(—;V_) ~D(1- v)logr} +
r

D{1+
——(—V)0058+K0058—Lsin9+i—!r

D¢ véng hudng kinh cta ddu trén thanh:
{(Wpeo=L (r)

Hang s6 L thu duge tir diéu kidn & diu duge gdn vao. Khi 6 =2 ta c6

v=0va -gl =0, do dé tir phuong trinh thi hai cia (q):
T

D=
H = 0; L=— (s)
E
2.0
@ i
py ey 2
15 Bk _.._‘:3 = % —

R "jfﬁ';ﬂ SNIR< n
> 4.4 bl J N
05§ //gmm-a,d J[ I N E\\E\\\ ....... -

v/ A R G N R

o W 1seors-a ]
il_. [ .
Hinh 4.8

D$ vong cia dau trén duge xdc dinh biing cdch két hgp {(g), (r) va (s):
( ) Dn F’:rl:(a2 + bz)
), =— =—
B (a0 (a? +b*)log(b/a) |

Khi b x4p xi a, chiéu siu thanh cong h = b - a s nhd so v4i a, ta cé thé
ding céng thifc:

(4.25) -
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]ogg—log[']_t.nl = ,rl_ ! Ef_.i.l.rf._._
a a) a 2a 32
Thay vao (4.25) va bd qua cac 56 hang vd cung bé bac cao, ta thu dugc:
_ 3ma’P
(U)n_-o =T TER?

16 trung v6i cong thuc chia 1y thuyét dan hdi img dung.

Bang cach 14y ham ing sudt dang o = f{ricost tién hanh nhu trén, ta se
nhan duge 81 giai khi mot jye thing ding va mot ngau duge tac dong ¢
d4u trén thanh. Khi ¢d dugc loi gidi cho tai ding va cho tai ngang, bt
gi4i cho mdt lue nghiéng bat k¥ 6 thé thu duge bing cdch dung nguyén
1y cOong tdc dung.

Trong phin nay ta luén gid sit rang céc ding thiic () duge thoa, tuc 1a
cdce bidn tron cua thanh khang chiu luc tde dong. Bing cdch ldy cAc déng
thitc (e) khéc khong ta <& c6 truyng hop nhing lye phap va tigp tuyén G
18 véi sind va cos8 dugc phén b3 trén cdc bién tron ciia thanh. K&t hop
shitng 151 gidi nhu th& voi nhimg 191 giai da thu dugc trude day che udn
thudn va uén béi mdt lyc tac dong ¢ d4u mit, ta c6 thé di dén truong
hop tai tdc dOng lan mai vom dugc bao phtt hai cat va dat.

4.8. Léch mép.

Trong phéan 4.7 céc thanh phan chuyén vi {q) da thu duge tU c4ac thanh
phén Ung suAt (4.24). Nhing hiing s6 A, B, D duge cho béi (g) d6i vai bal
toan cha hinh 4.7.

Ung dung cha 181 giai nay cho vanh mét phén tu chi 1a vin dé lya chon
chi khong nhat thi€t phai nhu the. Loi giai tuong td o thé duge 4p
dung cho mot vanh gan nhu hoan toan, hinh 4.92 hoac 4.9b. Ta cing cb
thé dién gidi vin dé nay 461 véi nhing chuyén vi 4p dat (cutng béc)
thay cho lue tac dong.

Khao sdt cae chuyén vi (g) cua 4.7, ta nhan thay ring s6 hang dau tién
trong biu thdc cia u cG thé gay ra sy bt lign tyc. Trong hinh 4.9b, mot
sy cua cAt auéng kinh da duge thyc hién trong vanh hoan toan tai ® = 0.
Mit cat dudi (thip) co O = 0. Mat cdt trén c6 6 = 20— &, v@i € 1a vO cung
bé.

Né&u u trong (q) duge dinh gid d&i véi hai gid tri nay cda B, chc k&t qua
s& khdc nhau mot lugng 3. Do do:
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d=(uso2z..-(o=o (a)
Theo (q), ta cd:
o= —-2—9211 (o)
E
3 \
La
sL_
- p+8
-7 7s)
Hinh 4.9

Chuyén vi tuong d6i nay cda hai ti&t dién cdt duge biéu thi béi 8 trong
hinh 4.9b. Lue P yéu cdu duge tim ti ding thdc cudi cia (g) trong muc
4.7, v6i D duge cho bai (b) & trén. N&u hai mit cit duge han véi nhau
sau khi chuyén vi tuong d8i & dd duge d4p dat, mdi mat cit chiu luc can
thi&t P dé chung trung nhau (hai luc P c6 chiéu nguge nhau va cing tri
56 ~ thoéa tién dé phin téc dung). Vanh & trong trang thdi ty bi bién
dang ducc goi la “léch dutng” — “léch mép”. Trang théi bi&én dang phing
tuong ting la co s¢ cha sy giai thich bién dang déo trong céc tinh thé
kim loai.

Hinh 4.9a gidi thiéu mgt vanh vdi khe hd song song 5. N&u hai mit cit
ban dau hep, chuyén vi tuong d6i duge ap dit d€ mo rong khe hé va su
bat lién tuc chuyén vi bay gi xay ra trong v chit khéng trong u. Tit mye
4.7 ta cé:

5= (V)G:+f;é B (V)g,_a!g,;‘; (c)

Ding ddng thic th hai cla (q) trong muc 4.7 ta ¢6:

2D my . ) 20(-3=) . {-3=n 47D
d=—/ ] +—[SIN| +— |—— sin = (d)
E 2 .2 El 2 2 E
Céc gia tri & trong (b) va (d) chi khdc nhau vé& ddu, nghia la cde dng suat

trong hai truéng hgp sé chi khdc nhau vé dau. Luc P duge tim tif ddng
thiic thd ba cia (g) trong muc 4.7, sau d6 A va B duge tim tit hai ddng
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thic ddu, Sy tuong ing nay cé thé dy dodn tir thyc t€ ring néu cdc mat
cit ciia hinh 4.9a va 4.9b duge thue hién déng thdi thi mot phan tu cda
vanh s& duge tu do. Chuyén vi tuong d6i -5 trong hinh 4.9b cé thé duge
tdc déng mot cdch ddng thai bing cdch trugt phén tu vanh vé phia phai
mdt lugng 8. Do hai léch nay biing nhau nén khéng cé ting suat dugce
sinh ra trong qua trinh nay. Day la mét thi du cha dinh ly téng qudt vé
cac mat cét tuong duong.

4.9. Anh hudng 15 tron dén sy phan b6 ng suit trong tim.

Hinh 4.10 mbd td mdt tdm chju tdi kéo phan bd déu S theo phuong x.
Mbt 15 tron nhé duge tac & gilta tdm, sy phan bd ung suft ¢ vung lan
c4n 15 s& bi thay d8i. Nhung sy thay ddi nay sé& khong ddng ké & xa 13
(theo nguyén ly Saint — Venant). Khdo sdt mét phan tdm bén trong mot
dudng tron dong tam vdi 16, ¢6 ban kinh b > a. Ung sudt & ban kinh b
tuong tu nhu trudng hgp tdm khong ¢6 16 va do dé duge tinh theo cdc
cong thic sau;

(o,)_, =Scos’6 = %8(1 +¢0826)

r=

(T )y = —% Ssin26

Hinh 4.10

FHI

I O

hy

Nhing luc nay tdc déng quanh canh ngoai cGa vanh c6 ban kinh trong
r = a vi ban kinh ngoai r = b, ching gay ra sy phan bd iing sudt bén
trong vanh duge xem nhu bac gdm hai phdn. Phan diu tién do thanh

phén hing s8 %S ciia cdc lye phdp tuy&n. Cdc dng suat do thanh phin

nay tao ra c6 thé tinh todn bdng cdch dung cdc phuong trinh (4.8). Phén
s 1. .

con lai, gém cdc lyc phap —;—SCOSZB ciing vdi cdc lue tiép —ESSIHB, tao

ra céc dng suit ¢6 th€ duge tinh tir ham ng suat ¢6 dang:
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Chudng 4. Bai toan hai chiéu trong toa d cyc

¢ = f(r)cos 20 (b)
Thay ham nay vao phuong trinh tuong thich:

? 18 18\ 16 12

St ot T _§p+__¢+_2__% =0
o’ ror rf 00 Jlort ror 1t o8

Ta tim dugc phuong trinh vi phan d€ xde dinh f(r):

2 1d 4\ d¥ 1df af
"'—2+"—+? -'—2+—’—+—‘é‘ =
dr rdr dr rdr r

Nghiém téng quat cé dang:
1(r) = Ar? + Br* +cr12+D
Do d6 ham Gng sudt:
¢:(Ar2+Br“+Ci2+DJcos29 (c)
r

N

Theo (4.2), cdc thanh phdn Ung sudt:

2
R L
ror r°dd r r
2
=20 :[2A+128r2 +§49]cos26 @)
or r
A
T, :Q(J@EJ :[2A+6Br2 Pg-g}sin%
orirar r r

Cdc hing s6 tich phan duge xdc dinh tif cdc didu kién {a) d8i vdi bién
ngoai va diéu kién bién trong (15) khang chiu ngoai lue. Cée didu kién
nay cho cdc ding thite:

[2A+$+2—=—15
b b 2
2A+§+4—?~:0
a a
2A+65b2—9?—g§ A
b b 2
6C 2D
2A+SB 2—;4———a—2——-0
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Chwong 4. Bai toin hai chiéu trong toa dé cyc

Gidi hé cac phuong trinh nay va dat a/b = 0, nghia 13, xét mat tdm lén
vd han, ta cé:

4 2
A=—§; B=0; Cz—?——S; p--2.5
4 4 2

Thay cdc hang s6 nay vao (d) va cdng thém cdc ung sudt dugc tao bdi lyc

kéo déu ~;—S lén bién ngoai duge tinh tir (4.8):

2 4 2%
o, = Siq-2 | S[4, 80 4T oo
2 2] 2 rd r?
2 4
oﬁzﬁ 1+a—2 3 1+Si4 cos 26 (4.26)
2 r 2 r _
S, 8a* 2a?) .
o, 2“5[1—r—4+—r§—JS[n2e

Cdc chuyén vi u, v (néu khéng 6 chuyén déng clia vat thé rin) c6 thé
duge tim tir cdc dang thite (4.26) cing vdi (4.13), (4.14), (4.15), (4.16).

N&u r rat ldn, o, va 1, tién t6i cde gid tri duge cho trong cdc ding thic

(a). G mép 13, 1 = a, ta cb:
o, =1,=0,;0,=5-2Scos26

Ta c6 thé thay rdng oy cue dai tai =% va 0= —QE, tic 1a tai n va m cla

dudng kinh vuéng géc véi hudng kéo (hinh 4.10). O cdc diém nay
(Gelmax= 38. Day la ting suit kéo cuc dai va bing ba ldn dp luc kéo déu
tde dong vao hai canh tam.
U cdc diém p va q ing v61 0 = T va O = 0 ta cé:

0y =~3
K&t qua nay cho thdy cé dng sudt nén theo phuong ti&p tuyén tai cdc
diém nay.
D4i véi mat cdt ngang cila tdm qua tam 18 va vudng gée véi truc x,

0= g , ta tinh dude cdc thanh phén dng suat tir (4.26):

s{. a? _af
tri} :0, Gﬂ =EL2+r—2+3r—4
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Chuodng 4. Bai toan hai chidu trong toa dé cuc

Sy hién dién ciia 18 trong tdm gy ra sy tap trung dng sudt. Khi r tang,
Ung sudt o, ti€n nhanh dé&n gid tri S. Sy phan bd cla ing sudt nay duge
vé trong hinh 4.10. Sy tap trung ¢ng suat quanh 16 chung minh sy ung
dung cla 101 gidi (e), nhan duge d&i véi t&m vé han, cho tdm réng hiiu
han. Néu chiéu réng t&m khong nhé hon bén lin duting kinh 138, sai s¢
cia viée tinh (Gglpay t céng thifc (4.26) s& khong vugt qua 6%,

Su phan b ng sudt trong trudmng hop kéo hodc nén theo haj hudng
vudng goéc cé thé duge xdc dinh médt cach dé dang theo nguyén 1y cong
tdc dung cdc két qua trong truéng hgp kéo hay nén theo mot hudng.
Bang cdch 14y 4p lue kéo theo hai huéng x va y bdng S, ta tim duge &
bién 16 mot \tng sudt kéo o, = 28. Khi tdc dong 4p lue kéo S theo hudng
X va 4p luc nén theo hudng y, ta cé truong hop trugt thudn tiy (hinh
4.11). Ung suit phap theo phuong tiép tuyén ¢ bien 15 duge tinh tir
(4.26):

0y =8-25c0520 -5 -2Scos(20 - )]
Trubng hop 9 :g hay 6 = 92‘1, tifc 13 & cdc diém n hay m, ta c6 Gy = 48.

Khi § = 0 hay 6 = =, tire 1a tai n, hay m; ta ¢6 6y = -4S. Do dé, doi vdi
tdm 1dn trugt thuan tiiy, dng suit phép theo phuang tiép tuyén cuc dai &
bién 18 ¢6 gi4 tri bing bén lan ung sudt trugt thuan tdy tdc dong.

LI
o B
BTN

Sy tdp trung Ung suit duge tim thay 6 mép 15 1a diéu quan trong nhat.
Thi du cdc 15 trén boong tau. Khi than tau bi u6n, kéc hay nén duge tao
ra trong boong tau va ¢6 su tdp trung (ng suit cao & cdc 15. Dudi tdc
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Chuong 4. Bai todn hai chidu trong toa dé cuc

déng cha cdc chu ky @ng suit do séng bién gay nén, cdc v&t nitt moi cubi
cung c6 thé duge hinh thanh & cde vi tri vugt téi coa kim loai.

Thudng cdn phdi lam gidm su tap trung iing sudt & cdc 18, nhu cde 13
trong c4nh mdy bay va trong thian mdy bay. Didu nay c6 thé duge thuc
hién bing cdch thém vao dudng gan néi hofec vanh gia cudng, Bai todn
giai tich da dugc giai bing cdch mé rong phuong phdp da dung cho 15 va
cde két qud da duoe so sdnh véi cde két qud do strain - gauge.

Hinh 4,12

Truong hgp mot 16 tron gin bién thdng cda mét tdm ban vo han dugi
tai kéo song song vdi bién nay (hinh 4.12) da duge tinh todn bdi G. B.
Jeffery. K&t qud da hiéu chinh va su so sdnh véi cdc thi nghiém quang
dan héi da duge thyc hién bdi R. D. Midlin. Ung suat ¢ 18, § diém n gin
canh bién clia td&m nhat, tré thanh bsi s6 rat 16n cia Uing suat kéo
khong nhiéu loan khi mn nhé so véi np. Jeffery cling dd nghién ciu
trudng hop cda 4p hic vudng gée dédu p; tic dong lén bién 15. Day la
truong hgp déc biét cla bai todn 16 lech tam duge mé ta & cusi muc 4.2.
Né&u 16 & rat xa bién thing chia t&m thi ing suidt ¢ bién 16 duge tinh to
(4.9):
Gy =Pis O, = P,

Néu 16 & gan canh thdng, tng suit phdp theo phudng ti€p tuyén khéng
cdn 12 hding s6 doc theo bién 13, Bati lugng nay dat cue dai tai didm k va
1 vdi edng thiie:

d® +r*
"d? - r?

(G)Gmax = p

Ung sust nay nén duge so sanh v6i Ung sudt kéo & diém m trén bién
thing t&m duge cho béi cong thue:

{4.27)
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Chudng 4. Bai todn hai chidu trong toa d¢ cuc

4pr?

s (4.28)

Gy =
Khi d = rv3, hai biéu thitc trén c6 cing dé 1én. Néu d = rv3, ung suat
cuc dai & bién tron.

Trutng hgp tdm cd chiéu réng hitu han véi 15 tron & truc déi xing (hinh
4.13) da dugc khdo sat béi R. C. J. Howland. Ong da x4c dinh ring khi

2r = %d . 0y =4,33 tai diém n va 6, = 0,758 tai difm m.

Phuong phép da ding trong mue nay dé tinh tfng sudt quanh 18 tron nhé
¢6 thé duge 4p dung khi tdm chiu usn thudn. Nhiéu trutng hgp riéng dai
vdi ca kéo va nén da duge khio sdt: mot 16 hay mot hang 16 trong mét
dai hep va trong mot tAm ban v6 han, céc diy tron cta 18, va cdc ranh
ban nguyét trong dai hep.

Mot phuong phédp duge sdng ché bdi Hengst da duge 4p dung cho truéng
hop 16 trong tdm vudng dudi tii kéo song truc bing nhau, va dudi su cét
khi 1 tron hoiic duge gia cudng.

Nhitng 181 gidi thu duoe d8i véi tAm vé han véi mot 16 tron khi cde Iye
duge tdc dong lén bién 16, d6i véi bai todn tuong dng caa dai, va dai voi
mét hang 16 song song va gin vdi canh thing cla t4m bdn vo han (hang
16 dinh tdn).

Néu mét 16 ellipse duge tao trong tAm vo han dusi tdi kéo S, v6i mot
trong hai truc doi xding song song véi phuong kéo, Ung sudt § hai diém
bién 16 trén truc d&i xdng vudng géc véi phuang kéo:

o:s[nzg] (4.29)

vOi 2a la truc cha ellipse vudng géc véi phuong kéo va 2b 1a truc con lai.

Mot 16 ménh (a/b 16n) vuéng gée voi phuong kéo tao ra sy tap trung ung
sudt rdt cao. Didu nay giai thich tai sao cdc v&t mit ngang voi tdi téc
déng ¢6 xu hudng mé réng. Sy mé& rong c¢6 thé duge ngan chan bing
cach khoan cdc 16 ¢ cufi cia vét mit dé loai bé dé cong nhon nhay déi
vOi sy tdp trung dng suit cao.

Khi 16 duge dién ddy vdi vat lidu edng hode ¢6 hing s& dan héi khdc vdi
hing s& dan hdi cia tdm (ing sudt phing) hay cia vt (bién dang
phing), ta ¢6 bai todn hat tap chat cing hay dan hdi. Bai toan nay da
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Chuong 4. Bai toan hai chiéu trong tea d¢ cyc

dudc gidi cho cac hat tap chdt tron va ellipse. Nhiing két qua doi véi hat
tap chat tron cing dd duge kiém ching bdi phuang phdp quang dan héi.

m S

3

|
!
!
!

n

i

2r d

RS |
— -
-

i

i
- T
Hinh 4.13

Cé4c dng sudt dugc tinh béi (4.26) cho bai todn duge chi ra boi hinh 4.10
thi gidng nhau cho c& hai trutng hgp bign dang phdng va ung sudt
phéng. Tuy nhién, trong bién dang phing, ung sudt phdp thec phuong
fruc:

s, = v(o, +05)
phai tdc dong lén hai mat bién song song véi mat phing xy, dé lam cho
gy = 0. Sy loai bé cde Ung suit nay, d€ c6 didu kién hai mat phdng bién
tu do, s& lam che bai todn khong con tinh chit hai chiéu (ing sufit
phdng hay bién dang phéng). Néu dudng kinh 15 nhé so véi chidu day,
su réi loan sé duge gi6i han § ving ln can ctia hai mit bién. Nhung néu
dwong kinh 15 va chidu day tuong duong nhau, bai todn phai duge xem
ahu bai todn ba chidu hoan toan. Cac nghién cvu vé loai bai todn nay da
cho thiy oo van 13 thanh phan Gng sudt 1én nhat vi gid tri cla nd rat
gAn véi gid tri cGa bai toan hai chiéu.
4.10. Luc tap trung ¢ mét diém cua bién thing

Khso sat lye tdp trung P thing ddng tdc déng lén bién thdng ngang AB
clia mot t4m 16n vé han (hinh 4.14a). Sy phan bd ciia tai theo chiéu day
t&4m 1a déu (hinh 4.14b). Chidu day tam ldy bang don vi, do dé P la luc
trén don vi chiéu day.

Sy phan bo iung sudt phu thude vao bat cff thd gi ma luc tde dong lén
bién kin, thi du ABuom, va khong chi phu thude vao cac didu kién trén
AB. Pidu nay dung ngay ca khi ABnm duge doi di dén vo han.
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Chuong 4. Bai toan hai chiéu trong toa dj cvc

C6 mot lai giai co ban duge goi la sy phan bd huéng kinh dan. Mat phan
"t§ ¢ cdch didm dat lue mdt khodng r chiu nén don theo huéng kinh. Cac
thanh phén ing sudt cla phan t&:

2P cosb _
o= ; Gg =Ty =0 {4.30)
P

Ta ¢6 thé thay ring céc thanh phin ung sudt nay théa cdc phuong trinh
can bAng (4.1).

Cdc didu kién bién trén AB cing duge thdéa do Ggva 1y bang khoéng doc
theo canh théng ciia t&m, canh nay khdng chiu tdc dong cua ngoai lue
trit diém dat lue P. Tai dim nay o, trd thanh vo han. Hop lyc tdc dong
1én bé mat tru ban kinh r (hinh 4.14b) phéi can bang véi P
= =
T _4P £2
2jcrrcoso d9 = —— |cos®0d0 = -P
3 T3
P& chitng minh ring (4.30) l& l¥i gidi chinh xdc cla bai todn ta cing
phéi khdo sat phuong trinh tuong thich (4.3). L#i gid trén thu duge ti
ham dng suat:
P . .
$p=——rOsind (a)

L

Ta ¢6 thé kiém ching ham nay bang cach ding (4.2):

186 1 o 2P cosB

CTa P o
2

G, = 9—23 =0 (4.30")
ar

. :_2(1@]:0
T arlro

K&t qua nay trung v6i (4,30). Thay ham (a) vao (4.3), ta dé thay phuong
trinh nay thoéa.

Lai giai nay yéu cAu sy phéan bé xde dinh cla luc bién trén phan con lai
ciia bién. N&u bién nay la nia dutng tron bén kinh R, luc can thiét dugc
chi dinh bdi (4.30) véir = R. '
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Chuong 4. Bai toan hai chiéu trong toa d§ cyc

e
o

fat (&)
Hinh 4.14

Liy dudong tron dudng kinh bat ky d véi tam nidm trén truc x va tiép
tuyn véi truc y tai O (hinh 4.14a), ta ¢6 bdn kinh cia didm C trén
duong tron: r = dcosd. Do dé, tif (4.30) ta cb:

. 2P
o, =——
md
Nghia 1a ting suét thi gidng nhau cho moi didm trén dudng tron, tit diém
O chiu tdc déng cua lue P.

L4y mit phdng ngang mn cdch khodng a v4i canh thdng clia tdm, cédc
thanh phin ¢ng sut phdp va ti€p trén mat phdng cda tdm, cdc thanh
phén (mg sudt don nén theo phuong hudng kinh nhu sau:

2 3

o, = 6,rcos’ 6 = _2PcosT0_ 2P st
L r na

o, =0, 8iN°8 = _2P i ocos® o (4.31)

na

_ P si § _
T,y = G, sinbcosl = _2Psinbeos™d —£S|necosa 0
7 r na

Su phan bg ing sudt phdp ox va ung suit tiép Ty, doc theo mat phéng
ngang mn duge bidu dién trén 46 thi hinh 4.15.

G diém chiu tdc dong luc dng suét 14n vd han béi vi luc hifu han téc
ddng lén dién tich v6 cung bé. Thuc t&, tai sé dugc phan bd trén dién
tich rong hitu han. Chay déo cé thé€ xdy ra cuc bd. Tuy nhién, vung bién
dang déo ¢6 thé duge hinh dung bdi mdt bé mat tru tron ban kinh nhé
nhu hinh 4.14b. Cdc phudng trinh dan hdi c6 thé duge dp dung cho phan
con lai cha tam.
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Chuong 4. Bai toan hai chiéu trong toa 46 cuc

®

£y L]

AN
-

\

(

NI {

m%:ﬂ-—-—-’ ] - i_hl L %

Hinh 4.15
Mot 191 gidi tuong ty ¢6 thé thu duge d6i véi lyc ngang P tdc dong lén
bién thing cia tdm bdn vé han (hinh 4.16). Cdc thanh phdn dng suat
cho trudng hop nay nhan duge tir nhitng phuong trinh tuong tu (4.30%).
Hop luc tde dong 1én bé mat try, ban kinh r:

2P _[cos‘? 0do = —P
T o}

Hgp luc nay can bing vdi ngoai luc P va khi cdc thanh phén iing sudt T,
vd Op bing khéng trén bién thdng, 1oi gidi (4.30") théa cdc diéu kién
bién.

Loi gidi d6i vdi luc nghiéng tdp trung s& thu duge bing nguyén ly cong
tdc dung cdc 1¥i gidi d&i véi luc tap trung thing ditng v4 ngang. Phan
lyc nghigng ra hai thanh phan: Pcosa (ditng) va Psina (ngang) (hinh
4.17), tng suit phdp theo phuong hudng kinh tai diém C duge tim tir
(4.30"):

5] :_E[Pcosacose+Psinacos[E+BH=—‘—2Ecos(a+8) (4.32)
nr 2 ooar

r

A

Hinh 4.16 Hinh 4.17
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Chuong 4. Bai toan hai chiéu trong toa dé cuc

Do dé cdc phuong trinh (4.30°) cho lyc tdc dong ¢6 huéng bat ky.

Tit su phan b6 tng suat, cdc thianh phan chuyén vi tuong dng sé xdc
dinh dugc bling cach d4p dung cdc phuong trinh (4.13) dén (4.16). D&i véi
lue vudng gde véi bién thang (hinh 4.14), ta ¢6:

ou 2P cost

£ =
"o aE r
u ooV 2P cosd

Eg=—+—=V———— {b)
“"Y 10 aE ot

M v v
7% e

Tich phan phuong trinh dau cla (b), ta xdc dinh duge u:

2P
u=-——cosdlogr+1f(6
nE gr+ ( ) ©

O day f(0) 1a ham don bign theo . Thay u vao phugng trinh thi hai cia
{b) va tich phén né, ta ¢é:

2vP
rE

V=

2P .
sind + ~=logrsin® - [t(8)d0+F(r) (d)

vdi F(r) 14 ham don bién theo r. Thay (c) va (d) vao phuong trinh thi ba
cita (b), ta rit ra dugce:

1-v)P
t(0)= —(—HE)—Gsin8+Asin8+Bcose; F(r)=Cr (e)
bis

Céc hing sé tich phan sé dugc xdc dinh ti cdc diéu kién rang bude. Céc
biéu thue x4c dinh cde thanh phan chuyén vi:

op (1-v)P _
u=-—cos8logr - ————=8sin6 + Asint + Bcoso
nE s
- P
<v=£sme+2 logrsing - ( ) cose+!sin8 (f)
wE nE rE
+Acost—Bsing+Cr

Gia s ring diéu kién rang budc cla tdm bdn vé han (hinh 4.14) 12 cdc
di€m trén truc x khéng cé chuyén vi theo phuong ngang. Do d6:
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Chuong 4. Bai todn hai chiéu trong toa dé cuc

v=01taib =0
Tu phuong trinh thit hai ciia (f) ta xde dinh duge:
A=0;C=0

Chuyén vi theo phuong diing cta cdce didm trén truc x:
2P
(U)o = ~-glogr +B (g)

Dé xac dinh hing s6 B, ta hay gia sif ring mot diém trén true x & cdch
goc mot khodng d sé& khéng di chuyén theo phuong thing dung. Tu
phuong trinh (g) ta x4c dinh duge B:

2P
B="-logd
nE 9

Thay cdc hing s¢ tich phan A, B, C vao (f) ta tinh duge cde thanh phan
chuyén vi cda difm bat ky trén tam ban vé han.

Thi du, khdo sat cde thanh phén chuyén vi ciia nhing diém trén bién
thing ctia tdm, Céc chuyén vi ngang clia cdc diém nay duge tinh tir ding

thie thd nhat cta () vdi 6 = = -

E-
__{-vP, _ (-v)P
Wy == g W)y = (4.33)

Cédc diém trén mbi canh (6 hai phia cia gdc) cia bién thing ¢6 chuyén vi
hing va huéng vé phia géc. Chung ta 6 thé ddnh gia mot chuyén vi nhu
thé nhu la mdt kha nang vat 1y, néu nhé lai ring quanh diém chiu lyc P
ta da di chuyén phan vat lidu dude bao bdi bé mat tru bdn kinh nhé
(hinh 4.14b) ma bén trong phdn nay cdc phuong trinh dan héi khong
con dung. Thyc ra vat liéu trong ving nay sé bi bién dang déo va do dé
¢6 the cho phép chuyén vi (4.32) dac theo bién thdng. Cdc chuyén vi
ding trén bién thing dugc tinh tir ding thuc th hai cda (f). Chy ¥ ring
v duong néu chuyén vi theo husng ting € va bisn dang ¢é tinh dsi xing
déi véi truc x. Ta tim duge cac chuyén vi thing dung huéng xudng cia
cdc diém cdch gde mot khodng r:

2P d (1+v)P
v =1V “:—___IO —_—
(). =), = Ziog?- (122
J goc chuyén vi v s& ldn vé han. D€ khic phuc khé khan nay, ta phdi
gia sif trude ring mdt phéan v4t lieu quanh diém dat lue bi cdt ra bdi mot

{4.34)
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Chuong 4. Bai todn hai chiéu trong toa dé cuc

hinh try ban kinh nhd. D61 v6i cde difm khdc trén bién, ddng thic
{4.33) cho nhang chuyén vi hitu han.

4.11. Tai vuéng géc bat ky trén bién thing

Cédc dd thi oy va 1,y cda muc 4,10 (hinh 4.15) cé thé duge dung nhu edc
dudng &nh huéng. Ching ta gid sd ring cdc dudng cong nay mé ta cac
thanh phan ung sudt d¢i vdi P bing don vi. D8i vdi luc P ¢6 gid tri bat
ky, ing suadt o, § di€m bat ky H trén mat mn duge tinh bing cdch nhan
toa do HK vdi P.

Néu vai lye thing ding P, P), P,,. tdc déng 1én bién thdng ngang AB
cua tdm bdn v6 han, cde ung suadt trén mat phdng ngang nb duge tinh
bing phudng phdp edng tdc dung cac ing sudt duge tao bdi timg luc nay.
D&} vdi trutng hop ting lue P, tdc déng, cdc dubng cong oy, 1y, 58 dugc
xdc dinh bang cdch d¥i cdc duding cong o, 1,y duge hinh thanh bdi lye P
dén gdc mdi O, De dé tng sudt o, duge tao bsi lue P, trén mit phing
mn ¢ difm D duge xdc dinh bdng cdch nhan toa do ﬁlmf_{_l véi P, Ung
sudt phdp tdng tai D trén mit phdng mn duge tao bdi P, Py, P,, .. la:

5, =DDP + HKP + HK P, + ..

Do d6 duang cong oy duge bidu didn trén hinh 4.15 1a dutng anh hudng
déi v6i ing sudt phép oy tai diém D. Tuong tu, dudng cong Tyy & dudng
anh hudng cho dng suit ti€p trén mit phdng mn tai diém D.

C6 céc dudng cong nay, cdc thanh phan dng suat tai D d6i vai loai tai
thdng ding bt ky tac dong trén canh AB ciia t4m ¢6 thé tinh duge dé
dang.

N&u tai la lue phan bs déu vdi cubng 46 q, phan bs trén phin SS cia
bién thing (hinh 4.15), ing sudt phdp o, duge tao béi tai nay & didém D
dugc tinh béing cdch nhan q véi “dién tich Anh hudng” dugc to soc trong
hinh.

Bai todn tdi phan bo déu c$ thé gidi theo cdch ham ung suit ¢6 dang:
¢ = Ar’e (a)

Vé&i A la hang 8. Cac thanh phén \ing suft tuong ing:
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2
o, :la¢+l2?—-g:2ﬂ\9
ror re 8o
~2
G, = O—j’ = 2A0 (b)
ar
d1
J--2(12) s
arir oo

ydede Lo L L2 1
=y
of LIl
° &
ce)
Hinh 4.18

Ap dung két qui nay cho tdm bdn vé han ta thy duge sy phdan bé tdi
nhu hinh 4.18a. Trén canh thing clia tam c¢6 tde déng cha luc cit phan
bé déu vdi cuding do A va tai phdp phén bs déu véi cudng do An, c6 suf
thay ddi ddu (chiéu) dat ngot tai goc O. Chidu duong cla cdc thanh phdn
ing suat duge bidu di&n trén phan t§ C s& xde dinh chifu clia tai phan
bo trén bién thing,

Bing cdch doi goc d&n O, va thay déi d&u cia ham tng suat ¢ ta sé c6
su phan bd tii nhu hinh 4.18a va 4.18b. Céng tac dung hai trigsng hop
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Chuong 4. Bai toan hai chiéu trong toa d¢ cuc

phan b# tai nay ta thu duge trudng hop tai phan b& déu tdc dong lén
mét phan bién thing cda t4m bdn vd han (hinh 4.18c). Dbé ¢6 duge cuding
d4 tai phan bd q, ta 1ay:

2An=q:A=-1—q
2n

Ung suét tai mt didm bat k¥ cha tdm duge tinh tit ham dng sudt:

o=A(r%- 20, ) = %(rae —126,) ()
Tir cde ding thic (b), ta thay ring s6 hang diu tién cla ham ing sudt
(c) biéu thi dng suit kéo déu § diém M bat ky cia tdm (hinh 4.19a) theo
tat ca cdc huéng trong mat phing tdm la - 2A0 va trang thd) truot
thuidn -A. Tuong tu, s& hang thi hai c¢da ham dng sudt cho ing sudt nén
déu -2A0; va trugt thuian. Tai kéo va nén déu din dén ing sudt nén
déu:

p = 2A8 — 2A0 = 2A(0 - 6;) = -2Aa (d)
trong dé o la goc giita bdn kinh r va r,.

Trong vigc cong tdc dung hai loa1 trugt thudn, mdt dng vdi hudéng r va
mot dng voi ry, ta s& diung vong tron Mohr {(hinh 4.19b) cé ban kinh
bing gid tri Ung sudt tiép trugt thuan A. B#ng cach 14y hai ban kinh:
DD, song song véi r va FF, vudng géc voir, nhu cdc truc dng sudt tiép T
va truc ung suit phdp o, ta c6 sy mod ta trang thai ing suat trugt thudn
tdy dng v6i huéng r. Cdc ban kinh CF va CF, gidi thiéu hai tng suét
chinh A va -A hop mdt gée % véi hudng r & diém M, va bdn kinh CD

didn ta dng sudt tiép -A trén mit mn vudng goéc voi r. D& véi mit
nghiéng bat k¥ myn, nghiéng mét goéc B d6i v6i mat mn (hinh 4.19b) cac
thanh phin dng sust duge cho bdi hai toa 4o o va T cua diém G trén
vong tron Mohr, vdi géc bang 2.

Vong tron tuong ty clng <6 thé duge ding dé tinh cde thanh phén ung
suit do trang thdi trugt thuan theo hudng ry. Khao sdt lai mit nghiéng
myn;, chd y ring phdp tuyén ciia mit nghiéng nay tao mot géc o - [} véi
huong r, (hinh 4.19a). Céc thanh phan ing suit trén mat nghiéng nay
s& dugc xdc dinh bdi hai toa db diém H(o,t) trén dudng tron. D ké dén
d4u ctia trang thai trugt thudn tuong tng vdi huéng 1y, ta phai thay déi
cdc dau ciia cdc thanh phan dng sufit, va ching duge didn ta boéi diém H,
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trén dudng tron. Ung sudt tdng tdc dong lan mat nghiéng mn, duge cho
béi vector, cdc hinh chigu cla cdc vector nay sé cho ung sudt phép -(c +
O1) va ung sudt tigp 11 - 1. Vector ¢6 d¢ 16n khong d8i véi moi gée P. Do
d6, bdng cdch t8 hgp hai trang thai trugt thudn ta thu duge trang théi
trugt thudn.

Hinh 4.19

Khi 74 - T = 0, géc B xdc dinh huéng cla mst phuong chinh tai M. Ta
thdy 14 = T néu:

2p=2(a-p) hay p= 2

Do d6, huéng cla Gng suft chinh tring véi dudng phan gide cia géc giita
bdn kinh r va r,. P§ 16n cia cdc dng suft chinh:
20 = +2Asin2p = + 2Asino (e)

K&t hop (e) véi nén déu (d), ta xdc dinh dugc \ing suit chinh téng ¢ didm
bat ky M:

-2A{o + sina) va -2A(« - sina) (f)

Doc trén dudng trdn bat ky O va Oy, géc o 12 hing va do d6 ung suét
chinh (f) ciing khong d8i. O bién, giita hai di€ém O va O, (hinh 4.19a),
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Chuong 4. Bai toan hai chiéu trong toa dé cuc

goc o = T, va tir () ta xdc dinh duge ca hai (ng sudt chinh déu bing
OnA = -q. D&i v6i cde phin con lai cda bién o = 0, va cé hai ing suat
chinh déu bing zero. Do d6, néu mdt tai phan bé bat ky duge xem xét
nhu 13 t8 hop ciia lugng 1én cde tai déu cé cutng 4O thay déi trén nhimng
doan ngin cia bién (hinh 4.20), ing suat phap theo phuong ngang Ox
dudi tac dong cia mot phan t§ tal nhy thé la:

o= Gy = -q (g}

va (g) dung cho cde diém trén bién thing.

b

NN

(£

Hinh 4.20

Céc chuyén vi tuong ung véi cdc thanh phan dng suat duge cho boi (b)
tim dugc d& dang bang cdch tich phén truc tiép déi véi u va v nhu myc
4.5. Bb qua cdc s6 hang chuyén vi cua vét thé cung, cdc k&t qua thu
duge:

u= %(1 —Vrf; v = -EI? rlogr (h)

Ap dung cdc k&t qua nay trong viée edng tdc dung (c), ta co thé tim cac
bidu thitc chuyén vi ding ciia mdi diém trén phuong thédng ban dau cia
t4m. Theo dinh nghia trong toa d¢ cuc v 1a chuyén vi theo hudng O tang.
B8 tim chuyén vi thidng ding hudng xung doi véi hinh 4.18c ta lay v
cho diém béat ky bén phdi O, va -v cho diém bat k¥ 6 bén trdi O. Su
phan bd tir hé truc dya trén Oy, tuong Ung véi s6 hang —176, trong biéu
thie (¢), thay d8i ddu mdt cach tuong tu tai Oy K&t qud ung sudt phing
cho chuyén vi thdng ding huéng xudng dsi voi hinh 4.21. Di nhién mét
chuyén vi vat thé cing cé thé duge cong thém. Cdc bi€u thic trong hinh
4.21 tac dé doc cia canh bién biing zero 6 diém giga va § v6 han. Tai O
va O’ dd déc khong gidi han, va ching 1 cdc di€m suy bién.
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Chuong 4. Bai toan hai chiéu trong toa d9 cuc

Chuyén vi tai C, diém giita canh bién, v6i 00, = 2a la:

Ve = .29 (2aloga) (i)
=
Bay gid ta xem tai ndy la mot phén td tai cia loai tai phan bd khéng
déu (hinh 4.20), chidu rong 2a trd nén vo cung bé. Do gidi han cha aloga
bing zero khi a-0, ta nhin thdy réng trong viéc xdc dinh chuyén vi
duéi tde dong cda phan td téi bat ky, su déng goép ¢ha phan td nay cé
th& duge bd qua. Chuyén vi do cdc phén t& tai khae duge tinh cho mot
diém ¢6 toa dd x trén canh y = O:
-b

2 ° _
— [alogx—t/de )

i=a

v(x) = -

2 2 2q
,r?qfr logr-qfagrl) ",;gg(rl log r, + £ log 1} ;g{rl log ry-rlog r)
0 c 0,

- i -

Xf’_

Hinh 4.21

Vi |x €| 1a khodng cdch (duong) gita phan t§ téi & toa dd & d6i vai
phan t& tai tdc dong tai x. Tuy nhién, ta da thay ring phan t§ 1ai ndy
khéng gép phan vao chuyén vi. Do d6 tich phan duge lay nhu gid tri
chinh Cauchy.

I 7/
%%V

I-*am--»a«—

Y
Hinh 4.22

Péng thie (j) cong cé thé duge dung dé x4c dinh cuong dd tai phan bd q,
né tao ra dé vong trén bién théng. Gia sk ring 46 vong la hing doc

103
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theo bién chiu tdi (hinh 4.22), sy phan b& 4p lye trén phan nay duge cho
P

——  -a<X<a
nva® - x2

4.12. Lyc tdc déng 1én diu cim ném.

bdi phuong trinh: q(x) =

Su phén b8 dng sust huéng kinh don gidn da duge dé c4p dén trong mue
4.10 ciing c6 thé xem 1a cdc ng sudt trong vat hinh ném do lye tip
trung tdc déng & dinh cia né. Ching ta hay khdo sdt trugng hop déi
xing truc (hinh 4.23). Chidu day cda ném theo huéng vudng géc véi mat
phing xy duge 1dy la don vi. Cse didu kién doe theo cde mit, 6 = + q,
cia ném dugc théa bing cdch 14y gig tri cde thanh phan @ng suat trén
cdc mit nay:

Ur:—ﬂ?—c;o—s'g;ﬁa=0;‘tre=0 (a)
P
O [+
|
T Y t
m B n M
© o e o
i(_r—r
Hinh 4.23 Hinh 4.24

Hing s6 k s& duge didu chinh 48 théa didy kién can bing tai O:

a 2
o Ichos erde
0

—_— = —kF’[a + 1Sin?_’uj =-P
r 2

Tu d6: (4.35)
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Khi o = % ta ¢6 lai két qua (4.30) cho t&m ban vb han. C6 thé thay

rang sy phan bd clia dng sudt phdp trén mit cit ngang bat ky mn vuéng
goc vdi truc x 1a khong déu, va hé 86 cia (ng suat phdp § cde dlem m vi
n vdi Gng suat cyc dai ¢ tam mat cdt duge tim thay bing cos‘c.. Trudng
hop lue vudng goéc vdi truc ném (hinh 4.24), 161 gidi (a) ¢6 thé duge dung
néu & duge do tix huéng cia lye. Hing s k duge tim ti phudng trinh can
bang:

Yhra
| orcosede=-P

Yo

Thay o, tif (2) ta tim duge: K = 3 !
- - 8inZa
2
Va ung sudt phap hudng kinh:
0
- = Pcos (4.36)

r[a - 1 Sin2o:)
2

Ung sudt phép va tiép trén mit cdt ngang bat ky mn vubng géc v6i truc
ném y:

Px ysin®@
Oy =— ]
et e 2
y [a 2:3|n a]
(b)
P x%sin® @
1: =
ad 3( 1 .2]
o — - Sin2a
y 2

Trong trudng hgp géc o nhd ta c6 thé dat:

(20)

Goi I 1a moment quan tmh ciia mit cat ngang mn véi true, ta cé:

o] =—m _____tanor. sin* 0
¥ | a
Px2|(tana \
Tyy =__|_[( ] sin‘* 9}
o

2a - sin2a =

L
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P \3
Khi « nho, biu thic L%E\ sin*(0) = 1. Biéu thuc tinh o, trong {c}
/
trimg v6i két qua cla bai todn dam trong dan hdi dng dung. Ung sudt
tiép cuc dai xdy ra ¢ hai 4iém m va n, dng sudt ti€p cye dai nay ldn gap
déi k&t qua cua dan hdi dng dung d3i v6i tam mat cdt ngang hinh cha
nhat ciia dam. T cdc k&t qua cla hai trudng hgp trong hinh 4.23 va
494 ta cé thé di dén k&t qua cho trudng hyp lue P c6 huéng bat k¥ trong
mat phéng xy bing cach phan luc P thanh hai thanh phan ddang va
ngang roi dung phuong phap cong tdc dung. Chu y réng cdc k&t qui
(4.35) va (4.36) chi chinh xdc khi, & ddu lién két, ném duge git boi cac
luc hudng kinh phén bé theo cach duge cho tir cac k&t qua. Bing khong
k&t qua chi chinh xdc ¢ cdc diém xa tam lién két.

4.13. Ngiu uén téac dong lén diu ném.
Ham Ung sudt : ¢z = Cisin2d (a)
Cho cde thanh phan ¢ng suat:

o, = -4 C, lzsinZB; g,=0; 19=2C, -1700526 {b)
r r

Ham tng sudt: $o = C20 (c)

Cho cdc thanh phin Gng sudt:

o,=0;0=0; T = G (d)
P
K&t hop hai két qua trén, ta ¢t
1 . 1
o, = -4 01—2-sm28; Gs=0; Tw= —,‘,—(20100328 + Cp) (e)
r r

DE thoa didu kién cdc mit 8 = + o khong chiu tai, ta lay:

C, = -2C,cos2a
Do d6, @ng sudt sé la:
o, = -4C, lzsinze; o= 0; T =2C4 —12—(00528 - ¢os2a) ()
r r

Trén bé mat ban kinh r (hinh 4.28), thanh phan dng sudt or sé tao
thanh luc ngang bang khong. Thanh phan (g sudt tiép T, s€ tao thanh
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hé lyc trén mat try nay. Hai thanh phin cg ban cia hé luc: vector chinh
bling khong, vector moment chinh d&i v6i tAm O bang vl ngau ubn M.
Truong hop chidu day ném la dan vi:
M= jrr(, r2de = 2C,(sin2a - 20c0s2q) (&)
-
Tit (g) ta xdc dinh duge C, theo M va o. Do 46, ung suft trong ném phu
thude vao ngau udn M.

M(O

Hinh 4.25

k\

o = 257,4°

Hinh 4.26

Bidu thuc trong d&u ngodc don ctia (g): sin20 - 2acos2a khong thé triét
tidu véi gid tri tuy ¥ cua o thich hop véi ném. N6 chi triét tidu khi
0q = 257°4 (hinh 4.26). Ngu M s& bling khong, sy déng gép cua 9y va
¢» bing nhau va trdi ddu. Hai tai dat trén cungr = a va r = b tu cén
bang.
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Khi 20 > 257°,4 nghu M lai khdc khéng va C, xdc dinh. Sy hifu dung cda
(f), (g) duge gidi han trong cdc mién géc ném khs nhé, khi ma cdc anh
huéng cGa sy thay ddi phan bd tdi trén cung r = a hosic r = b c6 thé duge
tip trung héa,

4.14. Lyc tap trung tac déng 1én dAm.

Bai todn xdc dinh su phan b& dng suat trén dédm chiu téc déng cua lue
tap trung cd ¥ nghia thue t& l¢n. Ly thuy&t udn cia dan héi ung dung da
xdc dinh duge phan bd Ung sudt cha ddm lién tuc ¢ mit cdt ngang hinh
chit nhéat hep vdi d¢ chinh xdc cao. Tuy nhién, ¢6 su réi lean tap trung
nghiém trong vé phan b8 itng suat & gdn di€m dat hie tdp trung, va su
nghién citu badn chat cla vAn dé nay la cdn thist. Nghién citu du tién
vé tdp trung ing suat kiéu nay da dugc ti&n hanh bing thi nghidm bdi
Carus Wilson. Thi nghiém véi dam thdy tinh, tiét dién chit nhat, dat
trén hai gdi d& (hinh 4.27), chiu tai tap trung & giia, va ding dnh sdng
don sdc, 6ug di thdy riing tai diém A dit lue, sy phéan b6 (ing sudt tudng
ty nhu trong tAm ban v han chiu luc tép trung vudng géc. Doc thee mét
cdt AD ing sudt phap oy khong theo quy luit tuyén tinh, va tai diém D
ddi dign véi A, ing sudt kéo nhé hon két quéd tinh tir ly thuyét dam
trong dan héi ing dung. Cdc k&t qui nay duge gidi thich trén co sd céc
gid thiét kinh nghiém cta G.G. Stokes. Co hé trong hinh 4.27 ¢ thé
duge tao thanh tir hai ¢o hé trong hinh 4.28. Cdce tng sudt nén huéng
kinh t4c dfng trén cdc canh mn, np, va pq ciia t&m bdn v6 han (hinh
4.28a) duge khi bdi cdc dng sudt kéo hudng kinh tuong duong téc dong
trén cdc canh cia ddm chit nhéat duge d5 tai n va p (hinh 4.28b). Cdc
img sudt trong ddm nay duge cong tde dung v6i cdc dng suit trong tim
bén vé han dé€ ¢6 trudng hop caa Stokes.

I

B2re
=

A
hd
- -y

Hinh 4,27
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Cdc cdng thic vé 1y thuy&t ddm cha dan héi ing dung s& duge st dung
dé tinh todn Ung sudt trong ddm. Moment uén § mit cit gilta dam AD

: . P ... . .
duge hinh thanh bang cdch 14y moment phan lue 5 réi trir di moment

cha tat ca lue kéo hudng kinh tde déng trén nda ddm. Moment cia luc
kéo hudng kinh nay duge xdc dinh mét cdch d& dang néu ta dé ¥ ring
cac lue kéo phan bd hudng kinh tuong dudng véi su phan bd 4p lue trén
phan tu ab ciia mat tru abe tai diém A ¢hinh 4.28c¢) hay, st dung cde

dang thitc 4.30, 88 tuong duong vdi luc ngang P va mét lue diing % tde
i
ddng tai diém A (hinh 4.28d). Do d6, moment ubn trit moment quanh

diém O la:

%I - Ec , {lue, chidu dai/chiéu dai)
T

va Ung suit udn tuong ing (P ¢é thit nguyén: luc/chiéu dai):
o' —P[l_EJy—E[l_E y
*1l2 o« 2c2\2 =

Ung suit kéo phan bé déu %an) nén duge thém vao cdc Ung sudt uén

nay. Do d6, ing suat phdp trén mit cit ngang CD:

o —E[_I_._Ewy.;__?
" 2e%l2 w)? ome

K&t qua nay trung véi cdc cong thire duge tim béi Stokes. Tinh ding ddn
cia né dd duge xdc nhén bang thi nghiém vdi ecde ky thudt quang dan
hdi hién dai.

Su x4p xi tot hon ¢6 thé thu duge néu ta khdo sdt tai phan bé lién tuc
duge tde déng ¢ ddy dam (hinh 4.28b) va dung cde quan hé:

Cudng dé cua tai phdn bd tai D, tir phuong trinh (4.30), la P/(/TEC) Thay

cudng dd nay vao quan hé trén va két hop véi oy thu duge & trén, ta thu
dugc k&t qua xap xi thit hai:

SP[i c] P P[y® 3y
6, = | ——— |V F——+ — | — —— =
“ooctl2 «x o7zc mc\2¢® loc

3
G_:i+“e" .3_y_y—
Y 2ne meldc 4t

(a)
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Cdc ung sudt nay rdi sé duge cong tdc dung vdi cdc ing sudt cha tdm
ban vé han:
2P
ox=0; oy=-——— (b}
n{c+y)

dé€ thu duge (dng suit tong phan bg trén mat cdt AD.

‘)

(o)

F"E (6
Hinh 4.28

Bang 4.1 Hé s6 B déi véi mit cit giita AD

T T T T T o
L&i gidi chinh o 1 . |0482 ] 0,121 | 0,136 | -0.133
xdc o, | ® | -123|-0486 | -0,145 | 0
Ldi gidi gan o, | 0,573 | 0,426 | 0,159 | -0,108 | -0,254
diing oy oy -1,22 1 0477 ¢ -0,155 0

| |

So sanh vdi 1o giai chinh xdc hon dugc cho trong bdang 4.1, ta thay rang
cdc cong thife (a) va (b) cho ede Ung sudt véi do chinh xde il 16t & L4l cd
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cde diém ngoai trir diém D & ddy cta dam, nei ma sy hiéu chinh cdc
cong thae don gidn cda dam la:
3 P 1P P
L

- : - (0,254 —
2nc 2nc SnC o

—_— i

trong khi 181 giai chinh xdc hon chi cho -0.133(P/e).

P P
bat o' =pB—;0,=0 -
C C

4.15. Ung suat trong dia tron.

DAu tién, ta khdo sat trudng hgp hai luc d6i dién P tdc dong doc theo
dudng kinh AB (hinh 4.29). Gid s ring mbi lue tao ra sy phan bé dng
sudt huéng kinh don gidn (cac ddng thic (4.30)), ta 6 thé xdc dinh cde
lye nén duge tdc dong & chu vi cua dia theo cach dé duy tri sy phan bo
dng suit nhu thé. Tai diém M bat ky trén chu vi, diém nay chiu nén
theo cac hudng r va r; bing (2P/n)(cosd/r) va (2P/n)(cost/ry). Do r vudng
cos® cosd |

: et ta k&t ludn ring hai u@ng sudt chinh
cta diém M la hai dng sudt nén c6 46 16n béng nhaw 2P/(xd). Do d6 dng
sudt nén tuong ty tdc dong lén mat phing bit ky qua M, vudng géc vél
mit dia, va cdc luc nén phép tuyén ¢6 cudng do 2P/(nd) nén duge tdc
dong lén chu vi dia d€ duy tri cap phan b ng suat huéng kinh don
gian nhu da gia thiét.

gbe vél ry va

Né&u bién ciia dia khong chiu tde dong clia ngoai luc, ing suat & diém tuy
v duge xdc dinh bing cdch cong tdc dung trang thdi kéo déu trong mit
phing dia véi cudng dé 2P/(nd) l1én hai sy phan b ng suat hudng kinh
& trén. Quan sdt mat cdt hudng kinh ngang cia dia tai N. Do tinh dé1
xing, Ung suit tiép sé¢ khong ton tai trén mét cit nay. Ung sudt phdp
duge tao bdi hai trang thdi nén hudéng kinh b#éng nhau va cé gid tri la:

—2[33— Cosejcos2 0 (a)

n r

trong dé r 1a khoang cdch AN, va 8 1a géc gia AN va duong kinh thing
dtng AB. Chdng chap lén trang thai nay ]a mét trang thdi kéo dai
2P/(nd), ing suat phap tdng trén mat ngang tai N:
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Chuong 4. Bai toan hai chiéu trong toa dé cuc

4P cos’e 2P

—— ; (h)
y o r nd
P
y
A
M r
D
N X
C ¥
0, d
B
P
Yy
Hinh 4.29
ma cos( = d
Jd? + 4x?
- 29{ 4d* 1
nermn:. Gy = —:1— 5 ’
i (d”+ 4x?) !
: o . . . o . . 6P
Ung sudt nén eue dai doc theo duong kinh CD & tdm dia: oy = "
. b

& cdc diém cusi dudng kinh: o, = 0.
Bay git khdo sédt truong hop hai lue ¢é do 16n bing nhau va nguge chiéu
tac dong doc theo day cung AB (hinh 4.30). Lai gia thiét hai su phan b6
hudng kinh don gidn tir A va B, dng sudt trén mat phéng tiép tuyén vei
chu vi tai M duge xdc dinh biing cdch tdc dung hai trang thdi nén huéng
kinh (2P/r){(cosO/r) va (2P/n)(cos0;/r)) tdc dong lén huéng r va r,;. Phdp
tuyén MN v6i ti€p tuyén tai M la duong kinh dia; do d6 MAN va MBN
la nhiing géc vudng va cdc géc phdp tuydn MO hep vdi r va r, la
Y
(2—01] va [E—BJA Cdc thanh phan ung suat phdp va tiép cia phan
bé tai diém bién M:
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Chuong 4. Bai todn hai chiéu trong toa dé cue

o= 200086 (2—91]~2—P—C—(ﬂ0052[£—6]
T 2 T T 2

{c)

5 _2P[cosgsin’e, _ cos,sin’ 8
n r 2

_?_E(cose

m |

. cosd
sing, cose, + ‘smecose]
¢
1

Ta cé cdc quan hé hinh hoc:

r=dsingy; ry = dsind

Thay vao (c), ta thu duge:

(d)

Hinh 4.30

Tir hinh 4.30, ta c6 thé thdy rdng sin(® + 0,) = const quanh bién. Do d6

cdc Iyc nén phan bs déu c6 cudng d6 —i—z sin{0 + 6,) nén duge tdc dong

1én bién dé€ duy tri sy phén b8 Ung suit huéng kinh da giad thist. P& thu
dugc 151 gidi cho dia véi bién khéng chiu nén déu ta cong tdc dung lén
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Chuong 4. Bai todn hai chiéu trong toa dé cuc

hai sy phan bd huéng kinh & trén trang thdi kéo déu vdi cutng do

2P sin{6 + 6,).
pd

Y
l © (d)
Pi2
Hinh 4.31

4.18. Luc tac dong & mot diém cua tim vé han.

Trudng hap luc P tde ddng trong mat phing giita cia t4m bdn v0 han, sd
phan bd dng suit cé thé x4c dinh dugc bing cdch chng tde dung céc
trudng hop ma ta da c6 15i gidi (hinh 4.31). Tuy nhién, ta khéng thé xay
dung 19i gidi bling bién phép cong téc dung don gian hai két qua dai vdi
tdm vé han nhu hinh 4.31b va hinh 4.31c. Mic di cde chuyén vi ding
gidng nhau trong ¢4 hai trudng hgp nay, cdc chuyén vi ngang doc theo
bién thing thi khée nhau. Trong khi & trudng hop hinh 4.31b chuyén vi
nay cé chidu rdi xa dim O, thi § trusng hop hinh 4.31c ching c6 chiéu
huéng vao O. B lén cla cge chuyén vi nay trong ¢4 hai truding hop duge
tinh t (4.33):
1-v

4E

Su khéc nhau vé chuyén vi ngang ¢ thé duge loai trir biing cdch t8 hop
cde trudng hop 4.31d va 4.31e trong 46 cdc lue cit tdc dong doc theo cde

P (a)
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Chuong 4. Bai todn hai chiéu trong toa d9 cuc

bién thdng. Cdc chuyén vi d6i vdi cdc trudng hop d va e ¢é thé dugce tinh
theo bai todn uén cia thanh cong trong hinh 4.7. Cho bdn kinh trong
cia thanh nay tién dén khéng va bdn kinh ngoai tang vé han. Chuyén
vi doc theo bién thing ciia td&m theo hudng luc cit tdc déng trén bién
dugc tinh theo ddng thic (4.25):

Dn

£ {(b)
Hing s6 D phdi duge didu chinh d€ lam cho chuyén vi gay ra tir (a) va
{(b) triét tiéu:

Dn_1-vp p-12vp ©

E 4E 4r

V6i hiéu chinh nay, két qud cha viée cdng tdc dung cdc trudng hop
4.31b, ¢, d, vd e 12 tdm vd han chiu t4dc déng tdi tai mét diém (hinh
4.31a).

Su phéan bé tng suit trong tAm bay gid duge xdc dinh bing cdch céng
tdc dung cdc (ing sudt trong tdm bdn vé han duge tao ra bdi luc phép
tuyé&n P/2 & bién (xem muc 4.10) 1én cdc ing sudt trong thanh cong chia
h3ng sd tich phén D. Chu ¥ sy khédc nhau trong viéc do géc 8 cia hinh
4.7 va hinh 4.31 va dung cdc cdng thifc (4.24), cdc Ung suit trong thanh
cong ing vdi B trong hinh 4.31:

o = Dcos® 1-vPcosd
' § 47 r
Dcos8® 1-vPcost
10y = =
r 4an r
DsinG 1-vPsind
'[m = =
r 4n r

K&t hgp cdc iing sudt nay véi nhitng 'dng suat (4.30) duge tinh d8i véi tai
g, ta thu duge sy phan bd Jdng suit trong td&m vé han:

-

o = 1-v Pcosh Pcosd _ “(3+V) Pcosd
" 4n ot nr 4n r
Jo, = ‘I—_v Pcos@ (4.3
4t r '
t, = 1- v Psinf
4 r

N
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Chuong 4. Bii todn hai chiéu trong toa d$ cyc

Téch di€ém O ra khéi t&m (hinh 4.31a) béi mét phan t& hinh tru ban
kinh r, hinh chifu cde luc tac déng lén bién tru cia phén t6 lén truc x
va y:

X=2 E(c,cose - 1,5inB) rd6 = P

Y =2 E(orsine - 1,00808)rd6 = O

Tie 1a, cdc lue tdc dong 1én bién cda phén t& hinh tru biéu thi tai P tdc
dong tai difm O. Cédc thanh phin dng sudt trong hé toa do Descartes
duge tim tir (4.37):

[ P cost .

o, ZET[—(3+v)+2(] +v)sin® 9]
_ P cosH .o '

96 —a—r—[l-v-2(l+v)sm 0] (4.38)
_ P sing 2

Ty = _Zg_r—[l-v+2(1 +v)cos 8}

Hinh 4.32

T k&t qua (4.38) cho truong hgp mét lye tap trung, cac k&t qua cho cac
loai tai khéc ¢ thé duge xdc dinh bing phuong phdp cong tdc dung. Thi
du, xét trudng hgp trong hinh 4.32, trong dé hai luc cung dudng tac
dung, cung tri s§ va nguge chiéu tdc dong lén t&m vo han tai hai diém O
va O, cach nhau mét khodng rit nho. Ung suat cia diém M bat k¥ duge
tinh bang cdch céng téc dung ung suit duge tao bdi lue tai O vdi dng
sudt duge tao bdi lye tai Oy, Khao sdt mdt phén to tai M vudng goc vdi
truc x va dat oy la ung suit phap do lyc tai O tao trén phén 18, o’y 1a
tng suit phdp dugc tao bdi hai lye: '
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Chuong 4. Bai toan hai chiéu trong toa dé cuc

do oo do do, sino
o, =0, -0, +—=d| = -d—* = -d| —Xcosf- 2~
o (" X ] ax {ar 6 r]

Do d6 cde thanh phin ung suat d6i vdi trudbng hop hinh 4.32 duge x4c
dinh tir cdc quan hé (4.38) bing cdch dao ham:

o, = 4dP2 [—(3 + \»')COS"2 B+ (1-v)sin2 H] +
mnr
+ 4dP2 [8(1+v)sinzecosae}
r
dP ) -
0y =4 [(1-v)cos? 0+ (1+3v)sin®0 | - (4.39)
_ 4dP2 [8(1+v)sinzecos2 BJ
nr
aP - .
Ty =g [—(6 +2v)+ 8(1+ v)sin e]smecose

K&t qua (4.39) cho thdy ring: cdc thanh phén itng sudt ti 1& nghich vdi
binh phuong bdan kinh r va ¢6 tri 86 nhé khi r rdt 1én hon d. K&t qui
nhu th& phit hop véi nguyén 1y Saint - Venant trong trutng hgp hai luc
can bing tdc déng § hai vi tri rdt gdn nhau.

Bay gio ta xét bai todn trong hinh 4.33. Bai todn nay dugc giai bing
cdch cong tdc dung hai trudng iing suat duge cho bdi (4.39), tude la:

dP

- —2(1- 1-2sin®9
o, (1-v) mz( sin )
dP .
a, =2(1_v)4nr2 (1—23|n2 8)
dP .
1, = —2(1- v)4m2-sm28

Trong toa dd cuc, trudng ung sudt nay c6 dang:

dP dP
,:—2(1—v)m;00=2(1—v)m; To =0 (4.40)

G

K&t qua nay phit hop vdi k&t qud (4.9) cia hinh tru day chiu tdc dong
cda dp luc ndi néu dusng kinh ngoai ciia hinh tru duge 1dy 1¢n v6 ching.
Trong xu hudng tuong ty, ta c6 thé tinh k&t qua ddi véi trudng hop trong
hinh 4.34a. Cdc thanh phin dng sudt la:
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Chuong 4. Bai todn hai chiéu trong tga d§ cuc

M

O, =0g= 0:Tpg= _
2nr?

(4.41)

Cing cé thé xem trudng dng sudt trén dugce tao béi ngau M tde dong &
goc (hinh 4.34b).

Hinh 4.33

4.17. L&i giai tdng quat clia bai todn hai chiéu trong toa d¢ cue.

Theo k&t qua téng qudt hoa cia bai todn hai chiéu trong toa d6 cuc, ham
iing suét téng qudt ¢ c¢é dang:

&= {(8) (a)
vai: .
f(8) = Cysin{A+1)0 + Czcos(X + 1)0 + Cysin{i - 1)6 + Cscos(i - 1}0 (b)
trong d6 C;, Cq, Cy, C4 12 cdc hing sd tuy y.

Cac thanh phén dng sust va chuyén vi (bd qua c¢dce chuyén vi cing) dugc
xdc dinh:

o= T E7(0) + (0 + 1) 1(6)] (e)
os = A {0+ 1) 1(8)] (d)
1= T AT ’(ﬁ) (e)
2Gu=r- G+ DO+ (1 +v)' g ON (f)
2Gv = r*[-£7(0) + (1+V) (1 + 1)g(9)] ()
véi g(6) = 4(r - 1) [Cacos(h - 1)0 + Cysin (2 - 1)8] ()

va cdc thanh phédn chuyén vi trén (ng vdi ung sudt phing.
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Chudng 4, Bai toan hai chidu trong toa 4§ cuc

Bay gi¥ ta khao sdt mot dng dung cla cde k&t qua trén d6i véi mét mién
dang ném duge bao béi cdc ban kinh 0 = + @, ching khéng chiu tdc dong
cla tai, ta co:
0'.[}:0; Trg:oti_iiO:iCC (1)
Nghia la:
fla) = 0; f(-a) = 0O; f'l-a) = 0 G}
Theo (b), cdc didu kién () trd thanh bén phuong trinh chda bsn hing 56"

[Cysin(h + 1)a + Cysin(A - 1)a = 0 o
(A +1)Cicos(r + N)a + (A - 1)C, cos(h - 1)o = 0
{Czcos(l + 1o + Ceos(h -~ 1) = 0 0

A+ 1)Cysin(h + 1)o + (A - NC,sin(A - Na =0
Mbi cip phuong trinh la hé hai phuong trinh tuyén tinh thuin nhat, do
d6 néu 18y ) bat kv, bén hiing s8 s& bing zero. Nhung C,, C; trong hé (k)
c6 thé khdc khong néu dinh thie etia né bing khéng:
(2 - Dsin(k + 1)a cos(h - Da- (A + 1)sin(i - Do cos(L+1)a=0

hay: ASin2a - sin2io = 0 {m)

Hinh 4.34
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Chuong 4. Bai toan hai chiéu trong toa do cyc

Né&u ldy A théa (m), C, va C3 ¢6 thé khdc zero. Ti s6 C4/C, duge xac dinh
b&i mat trong hai phuong trinh (k), nhung C, c6 thé duge gilt nhu hang
sé bat ky.
Tuong ty, khdo sdt hai phuong trinh (1), didu kién dé C,, C, khdc khong
la:

rsin2o + sin2ho = 0 (n)

Khao s&t (m) va (n), 16 rang chicé A = 0 théa ca hai phuong trinh nay,
va diéu nay 1a v6 nghia. Do d6 chi ¢6 mot phudng trinh duge théa tde la
chi c6 mot cip hiing 6 Cy, C; hode Cy, Cy la khsc khong.

L4y trudng hgp (n) duge thoéa, ta tinh tir (1):

91 _ —cos(h+ o ©)
C, cos(h—Tea

Ham ung suat tré thanh:

cos{rh+1)a

—M1C, | cos{r+1)0- :
¢ { (1) cos (.~ 1)«

cos(r-1) B‘J (p)

(6 ham phifc nhu thé cho méi nghiém cta (n), tao ra loi gidi thuc.

Khio sat cdc nghiém cia (n) cho thdy 461 vdi cac mién dang ném, tic la
2q < T, ¢6 mdt tap hgp vo han cde nghiém c6 phin thyc duong lén han
don vi. Nhitng ham ung sudt tudng dng tao ra {ing sudt va chuyén vi
duge xdc dinh bi cdc ddng thie tir () d&n (h). Nhung néu A la mét
nghiém ciia (n), thi - ciing 1a mot nghiém, Do 46 c¢6 bo nghiém khidc ¢6
phin thuc am. Diéu nay lam cho c& ng sudt va chuyén vi tdng khong
gigi han khi r tién dén khong. Do a6 dinh ném khéng thé duge xem la
khong chiu tai, mat di hgp hue va ngiu bing khong. P&l vi trudmg hop
phan dé&i xing bi chi phéi béi phuong trinh (m) k&t ludn ciing tudng tu.
B6i vai 2a > =, tife la cdc tdm cé ranh, cdc thi nghiém cda (n) thay doi
dac tinh. Sy thay déi trong cic nghiém cla (m) xay ra & goc 20 = 257°4.

Cac két qua nay cing da duge tim ra d5i vdi cae didu kign khac trén hai
canh 8 = £ o. Trudng hgp hai canh nay duge ngam chdt (u=v = 0), cac
k&t luan déi véi mién dang ném (2¢ > m) thi tueng tu. Truyng hgp mot
canh dugc ngam, canh con lai ty do (0p = T = 0), ¢6 cac ham Ung sudt
lam cho chuyén vi tién dén zero v6i r, nhung Ung suat tang khong gidi
han, khi 2a > 63° (dai vdi v = 0,3).
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Chuong 5. Ung suit va bié€n dang trong khéng gian ba chiéu

Chucong &
PHAN TiCH NG SUAT VA BIEN DANG TRONG
KHONG GIAN BA CHIEU

5.1. Gigi thidu.

5.2, Cdc @ng suit chinh,

5.3. Ellipsoid dng suit va bé mit dinh hudéng Wng sudt.
5.4. Xac dinh cac @ng suat chinh.

5.5. Cac bit bién wng suit.

5.6. Xac dinh tWng sudt tiép cuc dai.

5.7. Bién dang déng nhit.

5.8. Bién dang tai mjt diém.

5.9. Phudng chinh ctia bién dang.

5.10. Hién tugng xoay
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Chuong 5. Ung suit va bié€n dang trong khéng gian ba chidu

5.1. Gidi thidu.

Chuong nay phan tich dang téng quit nhit cda trang thdi dng suadt va
bién dang ma khéng quan tdm d&n méi quan hé gida hai d6i tugng nay.
Cac két qua thu duge ¢6 thé 4p dung cho ing sudt va bién dang x4y ra
trong mét méi truong lién tue bat k¥ nhu mdt chat léng nhét hay mot
vat rdu déo.

Khao sdt mét trang thdi ng sudt khdi, cdc g suidt tdc déng lén sdu
mat cda mot phan td khai duge mé ta bdi sdu thanh phdn dng suat doc
14p cdu thanh mdt tensor ing sual:

T, :(cil): T Oy Isz (5.1}

Trong d6, ba thanh phan ung suat o,, o, 6, duge goi la thanh phan
ting sudt phap. Con cdc thanh phan (ng suit con lai dude goi la cdc
thanh phan ung suat tiep:

T =T

xy yo Txz T Tz Tyr T Ty (5.2)

Hay néi cdch khdc, tensor dng sudt ¢ phudng trinh (5.1} ¢6 tinh déi
Xang.

I

Hinh 5.4
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Chuong 5. Ung suit va bién dang trong khéng gian ba chiéu

Trang thdi iing suit tai mét di€ém duge dinh nghia la tap hop tit ca cdc
ing sudt tdc dong lén moi mit nghiéng di qua diém d6. Tuy nhién, cdc
thanh phan nay khéng déc lap ma phu thude nhau. N&u biét duge tensor
ing suat tai moét diém, tde la bigt duge sdu thanh phan tng sust doc lap
trén ba bé mat vi phan true giao nhau tai diém &y, ta cé thé xde dinh
ling sudt trén mgt mat nghiéng bat ky di qua diém dé tir cse phuong
trinh cAn bang tinh hoe. Do d6, trang thai dng suat tai mot didém duge
xac dinh bdi tensor dng suit tai diém do.

Xét di€m O thudc vat thé dang chiu tai, ¢6 trang thdi ung sudt da duge
xac dinh badi fensor (ng suit trong hé truc Oxyz (hinh 5.1). P& xdc dinh
Ung sudt trén mdt mat nghiéng bat ky qua O, ta dung mét mat phing
BCD song song v6i né va cdch O mét khodng cdach nhé. Mit nghiéng
BCD cung véi ba mat phang toa do hinh thanh mét thé tich vi phan ti
dién BCDO. Do dng suat thay ddi mot cdch lidn tuc trong thé tich vat
thé, ung suat tdc déng lén mét phiing BCD s& xdp xi vdi ung suat trén
mét phing song song qua O khi phan t8 thé tich t dién 12 vé cing bé.

Thiét 1ap cdc diéu kién can bing cia phan té 1§ dién, cde e thé tich cé
thé duge bé qua. Vi phan t& rdt bé, sy bién thién cda cac itng suidt trén
cdc mat la khong ding ké nén gia st dng suat ducc phan b ddu. Cac
luc tdc dong 1én phan t& tr dién nay duge xde dinh bing cdch nhan cdc
thanh phan dng suft v6i dién tich cdc mat ma ching tde déng. Goi A Ia
dién tich mit BCD, ba dién tich cdn lai thu duge do chi€u dién tich A

len ba mit phing toa dé. Dat N 14 phdp tuyén don vi cia mat phing
BCD, ta c6:

cos{Nx) =1; cos(Ny)=m; cos{Nz)=n (5.3}
Ba dién tich: QCD, OBC, OBD lin lugt la:
Al; Am; An {5.4)
Bt p(X,Y,Z) 1a vector ¢ng suat trén mat phing BCD.

Ba phuong trinh can biug lyc trén ba phuong x, v, z:

ZFK = AX-Als, -Amt, -Ant, =0
>F, = AY - Alr,, - Amo, - Ant,, =0
ZFy = AY - Alr, -Amrt,, - Ang, =0
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Chuong 5. Ung sudt va bién dang trong khéng gian ba chiéu

X=lo, +mt,, +nt,,
—_ [
Y =lt,, +me, +n1, (5.5)

Z=lt, + mt,, +No,

Céc k&t qua thu duge ciia (5.5) ching to réng cdc ung suat trén mit
nghiéng bat k¥ di qua diém dang xét hoan toan xac dinh néu biét tensor
ing sudt tai diém dé6. Hay trang thdi ¢ng sudt cGa mét diém sé& hoan
toan xdc dinh néu biét sdu thanh phan déc lap cia tensor (ng sudt tai
diém 4y.

5.2. Cac iing sudt chinh.

Phéan vector Gng suit trén mat phdng nghiéng BCD thanh ing suat
phdp o, va ung sudt tiép . Plo,,1,)
Ta cé:

o, =Xl+Ym+2Zn

Thay X, Y, Z tir (5.5):
o, =X +Ym® +Zn® + 21, Im + 27, In+ 27,,nm (5.6}
Dé khdo sdt sy bién thién cda o, theo hudng cia phdp tuyén don vi N

vé mit hinh hoc, ta dung mat vecior r cung phuong, chiéu véi N va ¢6
dao kdn:

r :ﬁ (5.7)

vdi k 1a hé s6 hing. Cdc toa dd cla vector r(X,y,Z):

X=Ir; y=mr; z=mr {5.8)
T (5.7} ta cé:

k2
[ T, pu—
n r2

Thay (5.9) va i, m, n ti (5.8) vao (5.6) ta c&:
+k? = o, %% + oyye +0,2° + 21, XY + 21, XZ + 21,2y (5.10)
Khi m#t BCD quay quanh diém O, ngon clia vector T sé nam trén bé
mit béac hai véi phuong trinh (5.10). Dau cong hay trit trong (5.9) va
(5.10) tiry theo mat BCD chiu kéo (o, > 0) hay nén (5, <0}). Khi cd ba

ing suit chinh cting ddu, chi mot ddu xdy ra va bé mat bac hai la mot
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ellipsoid. Khi ba ung suéit chinh trd; d&u, bé mat biac hai gom hai
phuong trinh: (5.9) va (5.10) la mdt hyperboloid hai tang va mdt
hyperboloid mét tang, vdi mot mat nén tiém cén.

To4n hoc di ching minh rang ludn tim dude hé tryc X, y, z sao cho céc
s6 hang chita tich cdc toa do khac nhau trong phuong trinh (5.10) bi
triét tidu. Didu nay cé nghia la ta lubn tim duge ba mat phéng vudng géc
véi mhau sao cho T, =1, =Ty =0, hay trén ba mit ndy vecfor ung

sudt tdc dong vudng goc voi bé mat. Ba dng sudt nay duge gei la ba ung
suit chinh ciia di€ém, ba mat chiu tde dong ciia ba iing suat chinh goi la
ba mat chinh, ba phap tuyén cta ba mat chinh goi la ba phuong chinh.
Trang thai ng sudt cia diém hoan toan xdc dinh n&u biét dugc ba
phuong chinh va ba dng sudt chinh.

5.3. Ellipsoid \ng suit va bé mét dinh hudéng ng suat.

Néu hé true (xyz) duge chon tring véi ba phuong chinh thi viéc tinh céc
ing suét trén cdc mat nghiéng trd nén rat don 'gian do cde thanh phan
ing sudt tiép:

Ty = Ty = Taz =0
Lic nay, phuong trinh (5.5) ¢6 dang:
X =lo,
Y =mo, (5.11)
Z=no,
Do: 2+ n® + m? = 1, nén:
X2 y? Z7?
AL (5.12)
o, Oy O

Néu vector ung suat p(X,Y,Z) cia mét mat phéng nghiéng qua O dugc
dat tai O, thi theo (5.12) ngon cdc vector nay se nim trén bé mat
ellipsoid. Ellipsoid nay dugc goi la ellipsoid ung suat. Cde ban truc cla
16 bidu thi cde tng sudt cia diém.

Ky hiéu ba tng sudt chinh: 01 2 02 2 03, do dé:

Omax = Cys Omin = Oy
Trusng hop hai trong s0 ba ing suat chinh c6 tri s8 bang nhau, ellipsoid
tng sudt trg thanh mot ellipsoid trdn xoay. Khi hai ng sudt c6 gia tri

bing nhau nay cung d&u, vector ing sudt tdc dong trén cac mit phéng di
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qua di€m khao sdt va chua truc d6i xdng cla ellipsoid s& ¢6 tri s hing
nhau va vudng géc véi miit phing tde déng. Trong trudng hop nay, cdc
dng suat tdc ddng lIén hai mat phdng vuéng géc chaa truc ddi xing duge
xem la nhimng ing suat chinh. Tridng hop cd ba Ung suat chinh bing
nhau vé tri s6 va cung ddu, ellipsoid ing sugt tré thanh ba mit cdu va
ba phitgng vudng géc bat ky c¢6 thé xem la ba phuong chinh. Khi mat
trong ba dng sudt chinh bing khéng, ellipsoid Ung sudt suy bién tré
thanh dién tich ellipsoid va vector wng suit tde dong lén tat cd cdc mat
phéng nghiéng di qua diém s& dong phdng. Trang théi Gng suit duge goi
14 \ing su&t phidng. Khi c¢6 hai ng suit chinh bing khong, trang thé4i
ing sudt nay duge goi la dng suat don.

Mdi vector bén kinh ciia ellipsoid didn ta mgt ty 1& tuong dng, ing suit
tdc dong 1én mgt trong cdc mat phing di qua tdm cla ellipsoid. P& tim
mit phdng nay ta ding ellipsoid (ng suit ¢ phuong trinh (5.12) cing vdi
bé mit dinh huéng Gng suit: '

X2y 7

s, ©, O,

Ung suit duge difn ta béi mot vector ban kinh cla ellipsoid dng suét téc
déng 1én mat phing song song véi véi mat phing ti&p xiic cla bé mit
dinh huéng g suit tai giao diém giita bé mit dinh huéng ing sudt vai
vector bdn kinh. Phusng trinh mat phing ti€p xic véi bé mit dinh
huéng Ung sudt (5.13) & diém bat ki Mg (xo, vo. zy) la:

XX Y¥o 2% _, (5.14)

o, G, o,

Goi h la chiéu cao tit g6c ciia hé truc dén mat phing tidp xdc, va |, m. n
12 cdc cosine chi phuong cda dudng thdng vudng g6c nay, phuong trinh
mat phing tidp xic c6 thé vit dudi dang:

X+ my+nz=h (5.15)
S0 sdnh (5.14) va (5.15) ta cé:

X h
o, =250
. = Yol (5.16)
Y m
Z;h
-4
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Thay cac gia tri nay vao (5.11) ta c6:

X = Xoh; Y = y.gh, Z= Zoh (6.17)
Pidu nay cho thdy cdc thanh phin vector Ung sudt tdc dong lén mat
phing v6i cdc cosine chi phuong |, m, n ti 12 v6i cdc toa 48 Xo, Yo, Zo-

5.4, Xac dinh cac dng sudt chinh.

D&i voi trang thdi dng suit da xdc dinh, tic l2 da bist tensor Ung sudt
hotie biét cdc thanh phan dng sudt trén ba mat phéng toa do, ta c6 thé
xdc dinh phuong va dé 1dn cha cdc ung suat chinh bing cdch dua vao
tinh ch&t vudng géc ciia cdc ung sudt chinh vdi cdc mét chinh ma ching
tac dong. Geoil, m, n 12 cdc cosine ciia mat chinh va & 1a dg 16n cua ing
suit chinh tdc dung lén mat nay. Cdc thanh phén toa d§ cia &(X, Y, Z):
X = 3l; Y = dm; Z=20dn

Thay vao (5.5) ta cé:

(8o, N—T,,M—1,n=0

“t J+ (0 -0, )m-1,n= 0 (5.18)

1 - T,m+{5-0,)n=0
Pay la hé phuong trinh tuyén tinh thuidn nhat vdi cde dn la !, m, n. Hé
(5.18) ¢6 loi giai khdc khong khi va chi khi dinh thife cda hé phuong
trinh nay bing khong. Piéu nay dén dén phuong trinh béc ba nhu sau:

& ~(o, +0, +0,¥° +(0,0, +0,0, + 0,0, R T P

(5.19)
2 2 2
~0,8,0, + 204 Tyt ~OTyz ~Oyle ~ Oy )=0
Hay
3 2
8% -1,8° 1,6 -1, =0 . (5.20}
ly = (o, +0, +6,)
Vi |, ={-0,0, —0,0, =G0, * twe + Tyzz +1,,°)

2 2 )
Iy = (0,6,0, + 2T, Ty Tz —OxTyz ~OyTxz Oy Ty }

1a ba bat bisn clia tensor (ng sudt.

Ba nghiém cua (5.20) 12 ba dng suit chinh 8, 85, 83. Thay tifng Ung sudt
chinh 8, vao (5.18) va két hgp vé 12+ nZ + mZ = 1 ta s& lan lugt tim
duge ba phuong chinh i (i=1, 2, 3.
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5.5. Cac bat bién ing suat.

Doi véi mot trang thai dng suat da cho, tde 14 ba phuong chinh va ba
ing suat chinh di xdc dinh, ta c6 thé biéu dién ching trong hé truc
Oxyz bat ky. Hay noi cach khdc, ba nghiém cia (5.20) sé& khéng phu
thude vao hé truc Oxyz duve chon. Do d6, ba hé s6 cia (5.20) s& khang
phu thude vao hé true duge chon va duge goi la ba bat bién cda tensor
(ng suat. N&u chon ba phuong chinh lam hé truc thi ba bat bién:

ly=(o, +6,+0,)=08,+38, +8,

_ 2 2 2
l, ={-o,0, ~0,0, -0,0,+1,.° +1,,° +1,,7)

L ¥ ¥ ¥z
l, = —8,8, — 8,8, — 8,55 (5.21)
Iy =({o,0,0, +21,,1,1,, 0,1, ~06.1.°-0,1,.%)
3 Xy 2z Ky "2 Cuz X "yZ Y T®Z z Ry
ly = 8,8,8,

T (5.21) ¢6 thé tim thém mét bat bi€n:

(o, —a, ¥+ (o, -0, ¥ +(o, —0,)% + 6(1“,2 + ryzz +1,,°) =22 -86l, (5.22)

5.6. Xdc dinh Wng suit ti€p cuc dai.

L&y x, y, z 12 ba phuong chinh va |, m, n la ba cosine chi phuong cho mat
mét nghiéng. Tir {5.11), binh phuong dé 1én cia vector dng sudt trén mat
nghiéng:

32 =X +Y?+ 7% =6,%P +5,'m” + 5, (5.23)

Thanh phan dng suat phdp va tiép trén mit nghiéng duge tinh theo
(5.9): _
6,2 = (o, +o,m® + g ,n?)? (5.24)

?=82-02=¢

2|2
n X

2.2 2.2 2 2 242
+6,’M" +0, n° —{c,I° +o,m* +o,n°)" (5.25)
Diéu kién cha phap vector don vi: ¥+ m? + n? = 1
Ta $& xdc dinh diéu kién clia | va m dé dng sudt tigp M cuc dai.

Thay n® = 1 — 12 = m? vao (5.25), dao ham riéng phuong trinh thu duge
1an lugt theo | va m réi cho hai dao ham nay lan lugt bang khéng sé& thu
duge hai phuong trinh xdc dinh phuong clia mit nghiéng c6 |‘E[ cuc tri

(max hay min).
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{ 5.26)

M6t nghiém cia hé hai phuong trinh nay c6 thé nhan duge bing cach
lay =m=0;n= 1. Cing ¢6 thé tim nghiém khédc khéng (m va n

khéng déng thei bing khong). Thi du ldy | = 0 ta tim duge m = i\g , tit

phugng trinh thi hai cda (5.26) va lay m = 0 ta tim duge |= i\/gt[r

phuong trinh thit nhat eda (5.26). N6i chung trong trutng hap nay (xdc
dinh m va ), s& khong ¢6 nghiém m va | déng thai khde khong.

Lap lai cdc tinh todn trén biing cdch thay thé lan lugt m* =1 -2 - n?va
I#=1 -~ m?=n? vao (5. 25), ta thu duge cde phuong trinh céfrf max va min

duéi dang bang 5.1.

Bang 5.1. Phuong céc mit phfmg co H max VA M enin

1 ‘ [1
| 0 0 t1 0 iE =
y2 V2
1 1
0 tl 0 1= 0 =
m 2 V2

n t1 0 0 £ 1 +E 0

- Y2 Yo

Ba ¢t ddu cho ba mit phing tring vdi ba mat phing toa dd hay ba mat
chinh. Trén ba mat nay 1= 0, nghia la ’r

min = 0. Ba ¢gt con lai cho cac

méat nghiéng song song vdi mét phuong chinh va nghiéng déu (géc 45"}
v6i hai phuong chinh con lai. Thay cse cosine chi phuong cia cdae mat
phing nay vao (5.25), ta thu duge t trén cde mit phéang nay:

1 1 1
T= i\/g(csy—crz); T= i\/;(cx -o,); 1= 1\[—2%03( -0, (5.27)
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Didu nay cho thdy ring T .., tdc dong trén mat phdng song song véi
phuong chinh thy hai va nghiéng déu véi hai phuong chinh thit nhat va
thit ba.

{5.28)
5 5

s =

Néu ba truc toa dd X, y, Z trong hinh 5.1 tring v6i ba phuong chinh, va
néu OB = OC = OD, thi mat nghiéng BCD sé& nghiéng déu véi ba phuong
chinh va phap tuyén don vi N ¢6 cdc cosine chi phuong:

l=m=n= —1—— (5.29)
J3
Trong khong gian ba chiéu clia O ta c6 tdm mit nghiéng nhu thé tao
thanh mét bat dién déu ¢é cde dinh trén ba truc toa dd, do dé tdm mat
nghiéng nay dudge goi 14 cac bat dién. Ung sudt phdp o, trén cdc bat
dién duge tinh tir (5.6):

. 1
on = Floa+0, 10, = (040, + 5g) (6.30)

Ung suit o, ciing duge goi 1a tng sudt trung binh hay 1ng suét thiy tinh.
Ung suét ti€p trén bat dién duge tinh tir (5.25):

¥ = —(ol+of 4ol _l(gx ro,+0,)
1 2 5 .

2 = 5[(0,( —0),) +(cy ~Uz) +{a, -o,) } (5.31)
1

@ = gl(o-e) +os s oy -2 )]

@ = o0, f (o, (o, -,

Ung suat tiép nay ducc goi 12 Ung sudt tifp bat dién va thudng dé cap
dén trong 1y thuyst déo.
5.7. Bién dang déng nhit,

Gido trinh giéi han chi khao s4t bién dang nhé, thutng gap trong nhimg
k&t cdu k¥ thuat. Vector chuyén vi nhé cta diém thuong duge phan ra ba
thanh phan:
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d=ui+Vvj+wk (5.32)
Gia st ba thanh phan cta chuyén vi nhé: u, v, w la cdc dai lugng bé va
bién thién lién tuc trong toan thé tich vat thé.

Thi du khéo sat thi nghiém kéo don truc mot thanh ling tru dugc ngam
& d4u trén (hinh 5.2). Goi € 12 lugng gian dai don vi (bi€n dang dai) cta
thanh theo phuong x. Cdc thanh phén chuyén vi ciia mot diém M(x, vy, z):

U=gxX;V=-vey; W=-VEZ (5.33)

Hinh 5.2

Goi M’ (x', y', 2') 1a vi tri cia M sau bién dang:

X'=x+u=X(1+¢€)

y'=y+v=y(-ve) (5.34)

z'=z+w=2z(1+ve)
Né&u khao sat mot mat phéng trong thanh trude bién dang va c6 phuong
trinh:

ax+by+cz+d=0 (5.35)
Nhimg diém thudc mit phing nay sé vin dong phidng sau bién dang.
Phuong trinh ctia mat phdng mdi duge thiét lap bang cédch thay x, y, z
trong (5.35) tit (5.34). C6 thé dé dang ching minh ring nhiing mat
phéng song song trudc bién dang van ti€p tuc song song sau bién dang
va tuong tu cho cdc dudng thidng song song. Quan sit mot mat cau trude
bién dang c6 tam tai géc toa do dugc cho béi phuong trinh:

Xe+y +22=r (5.36)

Anh ctia bé mat nay sau bién dang duge tim bang cdch thay x, y, z tu
(5.34) vao (5.36):
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x|2 y|2 Z|2

+ +
rPl+e)®  rP(1-ve)® rP(1-ve)®

=1 (5.37)

Diéu nay cho thdy ring mdt mit cdu bdn kinh r s& bi€n dang thanh mét
ellipsoid véi cdc ban true r(1 + g), r(1 - ve), r(1 - vg),

Thi nghiém kéo don truc § trén chi gidi thiéu mét trudng hep riéng cia
mot loai bién dang t8ng quat hon cé cdc thanh phan chuyén vi u, v, w la
cdc ham tuyén tinh cha cdc toa d3. Lap luin tuong tu nhu trén, c6 thé
chitng t6 ring loai bién dang nay c6 tdt cd nhitng dic tinh da tim thay
cho trudng hop kéo don truc: cde dudng thdng song song va cdc mit
phéng song song vin duy tri song song sau bi€n dang, mot mit cau sau
khi bién dang s& thanh mot ellipsoid. Loai bién dang nay dugc goi la
bién dang déng nhat. Moi diém trong vat thé bign dang cé bi&n dang
theo modt phuong nhu nhau. Do d6 hai phdn t6 déng dang hinh hoc va
dinh hudéng tuong ty nhau bén trong vit vin déng dang hinh hoc sau
bién dang.

Trong nhing trudng hap téng quat hon, bién dang bi&gn thién trong thé
tich ctia vat thé. Thi du, khi mét ddm bi udn, dd gidn dai va co rat cha
cdc thd doe phu thude vao khoang cdch cia ching véi mat trung hoa.
Bién dang trugt trong cdc phan td ciia mdt thanh tron chiu xoén thi ti 1é
vdi khodang cdch ciia ching vdi truc elda thanh. Trong nhing trudng hgp
bién dang khong dong nhdt nhu thé, can thiét phdi tinh lugng bién
dang trong vang lan can cla diém,

5.8. Bié€n dang tai mét diém.

Xét mdt phén t8 thdng nhd OO, cé chiéu dai r, véi cdce cosine chi phuong
la I, m, n. Cdc hinh chiéu cGa phan td nay lén cdc truc toa do la dX, oY,
8z (hinh 5.3).

z
0,
oz
O |-
/ | ™ -
Sy BX
X Hinh 5.3
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ox =1l

Sy =rm (5.38)
8z =rn

Chiing ciing chinh la toa d¢ ctia diém O,( 8x, 3y, 52 ).

Goi u, v, w 12 ba thanh phan chuyén vi ctia diém O trong qu4 trinh bign
dang thi cdc thanh phan chuyén vi cia diém lan can O, ¢6 thé duge xdc
dinh theo:

u1=u+@5x+@5y+§282
X oy %
vy =v+ia—/8x+-qv~8y+@~82 (5.39)
o oy az
w1=w+%8x+iw—5y+@£62
154 oy 0z

Vi O, rdt gin v6i O nén 8X, 8y, 8Z c6 tri s6 nhé va cé thé bd qua cdc s&
hang tich cia cdc dai lugng nay 1a cdc vé ciing bé bhc cao. Sau bién
dang, cde toa d cda O, nhy phuong trinh (5.40). Nhitng toa d6 nay la
nhimg ham tuyén tinh clia cdc toa dp ban diu 5x,8y,52; do d6 bién dang
cla mot phan t vb cung bé trong vat thé tai O 6 thé duge xem la bign
dang déng nhat.

X + U, —u=5x+9-u—6x+§gay+-agaz
X oy oz
sy +v,—v=dy+Dox+ Xsys ¥z (5.40)
OX oy oz
0Z + W, -w:62+%6x+@5y+@62
% oy oz

Bay gity xét do gidn dai cda phén ti¥ r do bién dang cla vat thé. Binh
phuong chiéu dai cha phan t§ nay sau bi&€n dang bing véi tdng binh
phuong cdc toa dd. Do d6, néu goi & 1a d6 gidn dai don vi cdia phan t&,

ta ¢cé:
2

2
2 ou dau ou o ov ov
= —&X + — 8y + — 82 Y + —dxX + — By + — 8z
{r +€r) [6x+ax x+ayy+az + y+ax +ByY+az
2
+ 52+—-a£8x+@8y+§£52J
OX oy dz
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Don gian hai v& cho 1%, ta cé:

(1+5)2=[I(1+§H) 6u+ aujl {|@+m£1+@—]+n6u]
ox oy 0z oX oy az

2
+ {Iﬁaﬂ+m%+n[1+@ﬂ (5.41)

ox oz

. , au oW .
Chii ¥ riing € va cdc dac ham riéng —a;':— 14 cdc dai lugng bé do do
oz

binh phuong va tich cdc dai lugng nay ¢6 thé duge bé qua. Mat khdc, ta
ciing ¢6 2+ m?+ n? = 1. Phuong trinh (5.41) ¢6 thé viet:

2 SN o OW v au ow YR
8:| —a'x—'f'm -é;-l-n az-i—lm -&-ﬁ-&' + ln E'fa +mn a‘i‘gy— (542)

bat:

Ju ov ow
— =g, =8 =g (5.43)
ox oy oz
ou oV _ leauaw_ ﬁz_avaw_ _2
a*“a_x"vxy_ By a_+_é_x-_"{xz_ Exzr é;+g“7yz_ Eyz
Y nghia vat 1y cha cdc dai lugng nay ¢b thé duge dién giai: €,,8,,€, la

yr oz
cdc bign dang dai theo cdc phuong X, ¥, Z V& Yy, Vs ¥y, 12 ba bién dang

trugt (su thay déi géc vudng, bién dang géc) trong cdc mit phing xy, xz,
yz. Lugng gidn dai cia phén t& théng bt k¥ qua gdc O cé thé tinh theo:

g=g 0+ eym +¢,n° + TaylM+ Yoy I +7,,mMN (5.44)

Cdc thong sb trong (5.43) duge goi 1a sdu thanh phédn bi&n dang cua
diém O va ching ciu thanh kh4i ni¢m bién dang cia diém O dudi dang
tensor bién dang nhu sau:

(P I
X z"fxy 2sz
1 1
TS: ETyx Ey E'sz (5.45)
1 1
E'sz EYzy £,
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Trong trudng hgp riéng cla bién dang déng nhdt, cdc thanh phén
chuyén vi u, v, w 12 cdc ham tuyén tinh ciia cdc toa d§, va tir (5.43) sdu
thanh phan bign dang 14 hiing s§ trong todn thé tich cia vat thé, nghia
1a, trong truyng hop bién dang déng nhdt moi diém trong vat thé cé
bién dang giéng nhau.

Trong viéc khdo sat bién dang quanh diém O, déi khi cin bigt su thay
déi gita hai phan t& phdng qua O. Ding cdc phuong trinh (5.40) va
(6.38) va xem € la dai lugng bé, cosine chi phuong ciia phan tir r
(hinh 5.3) sau bién dang:

X+ U, — U du i du
= ———=1-e+—)+m—+n—
r(1+¢) ox gy oz
Jm1zwzlg+m(1~s+@)+nﬂ {5.46}
r(1+g) Ox oy 0z
dZ+wW, —W W oW .. oW
N =————=l—+m—+n{1-e+—)
| r(1+¢) X oy 0z

Xét mét phan tff khdc v qua ciing diém O vdi cde cosine chi phuong I’
m’, n". Nhitng d6 16n cla cdc cosine nay, sau bi€n dang, duge cho béi cdc
phuong trinh tuong tu nhu (5.46). Cosine cia géc gida hai phdn tit (doan
thdng) sau bién dang:

COS("’) = |1|1’ + m1m1! + n1n1’

Céc bién dang dai theo phudng r va r' 12 € va €', ching c¢6 tri 58 bé.
Ding cde phuong trinh (5.46), ta tim duge:

cos(rr’)y = (I + mm" + nn')(1 - € -€") + 2(ec I + e, mm’ + .00’ +
+ ¥y2{MN’ + M’N) + 7o {nl' + N'1) + y(IM' + I'm) (5.47a)
N&u hai phuong r v& r’ vudng géc vdi nhau, ta cé:
I+ mm’+nn" =0 ' (5.47b)
va phuong trinh (5.47) 12 bién dang trugt giita hai huéng nay.
5.9. Phuong chinh cia bién dang.
D& ¢6 sy gidi tich hinh hoc v& sy bign thién ctia bién dang tai mét didm,

ta dat theo phuong cia phan tt thdng OO; mét vector bdn kinh 6 do
lén:
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R= L {5.48)

¢}
Tuong tu nhu muc 5.2, ¢6 thé thay rdng cac ngon cla cdc vector nay sé
nam trén bé méit cé phuong trinh:

+k? = £ X7+ B YT+ 8,27 + 1 XY Vi XZ + Y, (5.49)
hay:

+k? =g,x% + syyz +e,2° + 25, XY + 28,,XZ + 2¢,,ZY
Hinh dang va hudng cia bé mit nay duge xdc dinh hoan toan béi trang
thai bién dang clia diém va phu thudc viao hé toa do da chon. Vé phuong
dién todn hoc, ta ludn ¢6 th& chon hé truc vudéng géc sao cho cdc s6 hang
cha tich cac toa d6 khéng tén tai, tuc la, bién dang trugt déi vdi cde
phuong d6 bing khéng. Cac phuong nay cdn goi la cdc phuong chinh cia
bién dang, cdc mit phidng hinh thanh tir cdc phudng chinh nay dugc goi
la cdc mit chinh cla big€n dang va cdc bién dang theo cdc phuong chinh
duge goi 13-bién dang chinh. Rd rang cde tryc chinh cda bién dang vén
vudng géc v6i nhau sau bign dang, vd mdt hinh hdp ¢ cdc mit song
song véi nhing mat chinh s& vén la hinh hjp sau bién dang. Néi chung
né sé trdi qua mdt phép xoay nhéd.

N&u chon X, y, Z 12 cdc phuong chinh cda bi€n dang, (5.49) s& c6 dang:
+k? = g,X% +g,y° +€,2° (5.50)
Trong trudmg hop nay bién dang dai theo phuong ciia phén tir thing véi
céc cosine chi phuong 1, m, n:
g =g +e,m’ +gn? (5.51)
Va bi€n dang trugt tuong ung vdi hai phuong vudng géc r va r’ theo

(5.47a) va (5.47b):

¥, = cos(ir’) = 2(g lI' + e,mm’ + g,nn’) (5.52)
Do d6 c6 th& thay ring bién dang & mdt difm duge xdc dinh hoan toan
néu biét ba phuong chinh cda bién dang va db 16n cia cdc bi€n dang
(dai) chinh. Viéc xdc dinh cdc phuong chinh bién dang va cdc bién dang
chinh cé thé ti€n hanh nhu muc 5.4. Téng €, + £, + €, la hing s6 dai
vdi viée chon tryc toa d6. Téng nay ¢6 ¥ nghia vat 1y la sy thay ddi thé
tich don vi (bign dang thé tich) do bién dang tai diém khao s4t.
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5.10. Hién tugng xoay.

Noi chung trong qud trinh bién dang cla vat, mét phan t5 bat ky bi
thay déi vé hinh ddng, dich chuyén tinh tién va xoay. Vi bi€n dang
trugt, cdc mép canh khéng xoay nhu nhau, va ¢dn xdc dinh mép xoay
cia phan t&8. Mat phan t6 hinh hop c6 thé duge 1am bign déi dén hinh
ddng, vi tri va huéng cusi ciing theo ba buge:

- Cdc thanh phin bién dang e, €y By YayrTxz Yy, tdc dong lén

phan t6 s& duge dinh hudng sao cho céc phuong bién dang chinh
khéng xoay.

— Phén t8 bi dich chuyén tinh tién cho tam ecia né dén vi tri cudi.

- Phén t8 duge xoay d&n trang thai cusi.
Phép xoay trong budc 3 1a phép xoay trong cdc phuong bién dang chinh
va do dé s& khong phu thusc vao viée chon hé truc toa d4. Phép xoay
nay s& duge xdc dinh khi cde thanh phan chuyén vi cta didm u, v, w da
cho, N6i cdch khde, phép xoay nay ro rang doc lap vdi cde thanh phan
bién dang diém.
Do chuyén vi tinh tién cia c3 phén t8 OOy khéng gay ra bign dang, ta
chi khdo sat su chuyén vi cia diém O, d6i vai di€ém tam O cGa phén t{.
Chuyén ddng tuong dsi nay duge xdc dinh theo (5.39):

au du au
Up—U=—38X+—28y+——5z
! ox +ay Y %

v1—v=gv—6x+gv—8y+@62 (5.53)
X 0z

oy

W, ~W = a—w-6x+@8y+%52
ox oy oz

e

L

Ky hiéu:
dfow o ey l[ia'i_iaﬂ}:my; 1 @-@szz (5.54)
2oy oz 2\0z X 2\ 0x oy

Chi ¥ ring % va %L:- trong biéu thic «, 1a su xoay theo chidu kim

dong hé cia cdc phan t§ thing O'A’, OB’ tir vi tri ban dau OA, OB. Do
dé w, 1a gid tri trung binh cda cdc phép xoay nay trong mit phing xy, va
@y, @, ¢6 nhing ¥ nghia tuong ty trong mit phing yz va xz.
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Cdc dang thic trong (5.53) c6 thé bidu dién dudi dang:

1 1
U —u=g2d8x+ EnySV + Eyﬂaz - 0,8y + 0,67

1 1 - _
V,-V= —éyw&( +€,0y + EYVZSZ -, 02 4 ©,8X (5.55}

1 1 . .
W, -W= nyzﬁx + EY"’Zby +€,82 ~ 0,8 + ©,0Y
Céac ¢ong thac (5.55) dién gidi chuyén vi tuong doi thanh hai phdn: mot
phéan chi phu thudc vao cdc thanh phén bién dang, phan con lai chi phu
thudc vao ede dai lugng o,, 0, o,

Béy gi¥ ching ta c6 thé ching t6 r¥ng ©,, ®,, @, 1a thanh phén cia cde

phép xoay 3. Khao sdt bé mit ¢6 phuong trinh (5.48). Binh phuong bédn
kinh theoc mdt huéng bat ky thi ti 1& nghich véi bién dang dai cda phén
td thdng theo huéng dé. Phuong trinh (5.49) cé dang:

F(x, v, z) = const (5.56)
Xét diém l4n cdn trén bé mit ndy vdéi cdc toa 4§ x + dx, y + dy, zZ+dzta

s& ¢ mdi quan hé:

oF oF oF
—dX+-—dy+—dz=0 5.57
o Y y+ p. (5.57)

Su thay déi dx, dy, dz & trong mot phuong ma cdc cosine chi phuong cia

oF oF oF
né ti 1& v4i dx, dy, dz. Ba dai lugng — ,—,— ciing chi ra mdt phuong,
o oy oz

do ta cé thé ldy cdc cosine chi phuong ti 18 véi ching. V& trai caa
phuong trinh (5.57) thi ti 18 véi cosine cla goc gifa hai hudng nay. Do
cosine nay triét tidu, hai hudng nay vudng géc va do dx, dy, dz biéu dién
phuong tidp tuyén vdi bé mit & diém c6 toa dé (X, v, 2) nén phuong duge

md té béi QF— g‘; g—F s& vudng géc vdi bé mat duge cho bing phuong
trinh (5‘56).
Ham F(x, y, z) & v& phdi cda {5.49), do dé:

oF -

EX“ = 2Exx + nyy Rl PPT 4

oF

— = VX T 26 Y +Y,,2Z (5.58)

oF 2
rvl VX + ¥y, ¥ + 26,2
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Bé mat (5.49) duge v& v6i diém O 1a tam (hinh 5.3), ta c6 thé dbng nhat
8%, 8y, 8z trong (5.55) vdi x, y, z trong (5.58).

Xét truong hop dac biét khiw,, o,, o bing khong. Cdc v& phai cia (5.58)
vl cdc v&€ phai cla (5.55) thi vudng géc voi bé mat (5.49). Xem didm O,
(hinh 5.3) ndm trén bé mit, lic nay chuyén vi cla O, sé vudng géc vii
bé mat tai O,. Do dé néu OO0, la mot trong nhitng phuong chinh cda bign
dang, titc 12 mot trong cdc phuong chinh cta bé mét, chuyén vi cia O, s
theo phuong OO0,, va do 46 OO, s¢ khong xoay. Chuyén vi nay tuong iing
v@l bude mot.

D& hoan chinh chuyén vi, ta dua cdc dai lugngo,, w,, , vao (5.55). Céc

s6 hang nay tuong itng véi mét chuyén vi Xoay cing nhé cé cdc thanh
phian a,, @y, 0, (o, ®y, @, )} quanh truc x, y, z. Do vay cdc dai
lugng nay theo (5.54), didn gidi su quay cGa bude ba, tde la phép xoay
cia cde tryc chinh bign dang tai diém O. Ching duge goi 1a c4c thanh
phan cia phép xoay.
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Chuong 6
CAC DINH LY TONG QUAT

6.1. Cac phuong trinh vi phan can bing.

6.2. Cac diéu kién tuong thich.

6.3. Xac dinh chuyén vi.

6.4. Cac phuong trinh cin bing bi€u di&n theo chuyén vi.
8.5. Loi giai tong quat cho chuyén vi.

6.6. Nguyén ly cong tiac dung.

6.7. Nang lugng bién dang.

6.8. Ndng lugng bi€n dang cia mét léch mép.

6.9, Nguyén ly céng ao.

6.10. Pinh ly Castigliano.
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Chuong 6. Cédc dinh ly téng quat

6.1. Cac phudng trinh vi phin cin bing.

Trong phdn 5.1 ching ta di khio sat dng sudt & mot didm trong vat thé
dan hoi. Bay giv ta cdn khdo s4t sy bién thién cha tng suat theo vi tri

cila diém bing cdch thist 1ap cde didu kién can bang cta phan 5 hinh
hép vi phan vdi cace canh 6x, 8y, 8z (hinh 6.1).

(0,)s,

) 5

—
—

]

=

R RN
-
4
e —
. AR
- 1
e
4

¥

8y
Hinh 6.1

Cédc thanh phan iing suat tac d6ng lén cde bé mat vi phén cia phan t6
vi phan nay va cdec chidy duong duge thé hién trén hinh 6.1, Vian dé ia
cdn quan tdm d&n su bi€n thign cGa cdc thianh rhan ing suit do su gia

tang 8x, 8y, 8z cia cde toa dé6.

Ky hiéu 1,2, 3,4, 5 68 1a trong tam cia cdc bé mat vi phén cla phan t4,

(ox)1, (04)2 12 thanh phan tng sut phdp theo phuong x ¢ cde diém c6
toa d6 x va x + 8x.

Goi X, Y, Z 12 ba thanh phén cia luc thé tich trén mét don vi thé tich

cia phén t§, phuong trinh can bing lyc tic déng lén phan t& theo
phuong x:

((Gx )1 —(cx )E)Syﬁz + ((T"Y)a —(’ny )4}8)(6}! +
(L (T2 )5 X0y + Xx3ys2
Tuong tyu ta cing thu duge hai phuong trinh cin bdng lye con lai. Sau

khi chia cho 8x8y8z va cho phan 18 tr§ nén vo cung bé tai di€m c6 toa
do (x, y, 2) ta tim duge phuong trinh (6.1},

Phuong trinh (6.1} phai duge théa ¢ moi nei trong vat thé. Ung sust

bién thién trong thé tich vat, va & cde vi tri bi€n thién ching phai can
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bing v6i ngoai lyc tde ddng trén mat ngoadi vat. Cac didu kién can bing
& mit ngoai ¢6 thé thu duge tir (5.5).

1

% Ty x 2 g

X oy 0z

ot da, ot

v, 9% Ty Ly g 6.1)

ax oy oz _

Tz Thyz (OO 7 0

x| oy oz

Xét moét phén td te dién OBCD (hinh 5.1) sao che mat BCD triung véi
mat ngoai cla vat, va goi X,Y.7 1a cdc thanh phédn cia ngoai lue phan
bo bé mit § diém khio sat, edc phuong trinh (5.5) tré thanh:

X=0a,l+1,m+1,Nn

Y = Tyl + oM+ 1,0 (6.2)

Z=1,l+1,Mm+o,Nn

trong d6 1, m, n 1& cdc cosine chi phuong cia phap vector don vi ngoai
v6i bé mit vat tai diém dang xét.

P& xdc dinh trang thdi wng sudt trong vat chiu tdc dong cla cdc luc da
cho, cAn gidi hé phuong trinh (6.1) va 13i gidi ph&i thda cdc diéu kién
bién vé& lue (6.2). Ba phuong trinh (6.1) chia sdu 4n s& 12 sdu thanh
phin Ung sudt, s& khéng d0 d€ x4c dinh sdu &n sé dng sudt. Bai todn
khéng tinh dinh, va dé thu duogc I&i gidi ta phai tién hanh cdch thie nhu
trong bai todn hai chiéu, nghia la bién dang dan hdi cha vat ciing phai
duge khao sat.

6.2. Cac diéu kién tuong thich.

S4u thanh phan bién dang cia mét di€m duge xdc dinh hoan toan béi ba
thanh phan chuyén vi u, v, w clia diém d6. Méi thanh phan chuyén vi
nay, téng quét, 'a ham cda ba bién toa dd (x, y, z). Do d6, cdc thanh
phan bién dang s& 14 cdc ham ba bién va duge tinh nhu sau:

U ov ow
€ =+ &, =<7, £, = _—
X oy oz 6o
au  ov ou oW o oW 6:2)
Y)(y='_'_+_;?xz:.\_+__'ﬁ{y22:"+—~_
gy OX 8z X gz &y

143



Chuong 6. Cac dinh Iy téng quat

Tit (6.3) ta cé:
Fe,  Pu e, By 1y L&
ay2 axay2 ! 8X2 aXQay axay ax(?y? aXQay

Do d4:
2 a2 2
&g, 0% ¢ Yy

2 T3
y°  x®  odyox
Tuong tu cho hai méi quan hé can laj.
Mzt khic ta cing cg:
e,  Fu Ny v Pw

- -—-——_’ — = ——
dydz  oxdyez' ox  oxoz X3y
O _ % Sw . B, Py a2y

— =

8z oydz Bxez

&y oz oxay’

Ta nit ra dugc:

2% 0 Py O | Oty
&yoz  ox %) dy oz

Hai m&i quan hé nita theo cung cdch eling sé tén tai. Téng qudt, sau méi
quan hé vi phan giva cde thanh phan bign dang, duge goi 1a cde didu

kién tuong thich, cé dang nhu sauw:

¥ o awy oyoz

2 2 2, 2 ; -\
0%, O, 0 ¥y . 258x _2[_&{3’7—+9¥_£+%5’
X

e

X oy oz
2 ~2 2 N
og, +f€i: © Yy 25 &y _ 9 ,&va__if& +__&f">’ ’ (6.4)
oz° % ayoz’ © ooz oyl &x oy gz )
8252 . _ e

T Py _of0, oy, m
ox*  az®  axdz' “awdy ezl ox &y oz

J’

Dat bién dang thé tich 1a e va tong cdc ing suat phap 1a 0, chung duge

xde dinh nhy sau:

e=¢g,+& +¢g,

y
8=0,+0, +o0,

Ding dinh lujt Hooke, cac didu kién tuong thich {6.4) s& chuyén thanh
mdi quan hé giia cde thanh phan dng sust. Thi du, mét méi quan hé

nhu the s thu duge tir didu kién tuong thich thi hai:
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azay &%, 6 Yyz

8226y - dyaz

{6.6a)

va tit dinh ludt Hooke:

€, = %[(1+ v)c:y - v@]

€, = %[(1+ v)o, —ve:i

2(1 + v) Ty,
Yyz = —E

Thay ba bidu thitc nay vao diéu kién tuong thich, ta thu duge:

52 2 2 2 &P
(1+v]( a;v+@_z_]_v[ae 69} 2(1+ V)?y%zi (6.6b)

aYE az ay2

Mit khdc, tir ba phudng trinh can biing ta c6 dugc:

Tyr B0, Oy,
oy oz X
4651 z_acv _arw Y
dz &y O
aUx __atxv _asz -X

X oy oz

hay:

9%t _ 8%c, &1 aY
yoz oy ooy oy
620, N _321,,, ~ a%,z @

ax?  oxdy oxdz o

Cong hai phuong trinh ddu v6i nhau va k&t hop véi phuong trinh thi ba:

zaztyz _ 620,( azﬁy 6201 oX _ﬁ __(?_Z_

oz ot o o2 ox oy &z

Thay k&t qud nay vio (6.6b) va dung todn ti:

145



Chudng 6. Céc dinh 1y t6ng quat

g &, 7
v Y gy
ta tim dugc:

2 2
(14 v)(vze—vzox —g;g} v[VZE] —gx_g} = (14 v)[.a_)i _ﬂ_ﬁj (6.6¢)

Hai phuong trinh tuong tuy (6.6¢) ¢6 thé thu duge ti hai phuong trinh
tugng thich thit nhét va thi ba.

Cong ba phuong trinh loai {6.6¢) (trong 46 hai phuong trinh tuong tu thu
dugc tir phuong trinh tuong thich tha nhét va thd ba), ta c6:

(1-v)v20 = —(1ev)| 2, 0¥, %2
oM oy oz
Thay th& bidu thitc nay ddi véi V20 vao (6.6¢):

2
Vi 4 08 _ v [OX O G 0K e
1-vi % ay X

*T1yvoax?
Ta c6 thé thu duge ba phuong trinh loai nay tuong ing vdi ba phuong
trinh tuong thich dfu tién. Tuong ty ba phuong trinb tuong thich con jai
¢6 thé duge chuyén thanh cdc phuong trinh c6 dang nhu sau:

L1 g% faz o
 qrveyar oy oz

Vo1

{6.6e)

Trudng hop luc thé tich 1a hlng, (6.6d) va (6.6c) s& ¢6 dang:

) 6.7)
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Ta thay ring thém vao ba phuong trinh can bing (6.1) va ba didu kién
bién (6.2), cdc thanh phén (ng suit phdi théa sdu diéu kién tuong thich
(6.6¢) va (6.6d) hodc (6.7). Hé théng cac phuong trinh nay, néi chung, du
dé xac dinh cdc thanh phan dng suit.

Cac diéu kién tuong thich chi chia nhiing dao ham bdc hai cia clc
thanh phin ung suit. Do d6, néu ngoai lue tde dong sao cho cde phuong
trinh can bing (6.1) cing vdi cdc diéu kién bidn (6.2) ¢6 thé duge théa
khi 14y cde thanh phan ing suit nhu la hiing s8 hay la cdc ham tuyén
tinh theo toa 4@, cdc phuong trinh tuang thich duge théa mét cdch tuang
tu va hé thong dng sudt nay 1a 15i giai chinh xdc cua bai todn.

6.3. Xac dinh chuyén vi.

Khi cdc thanh phan ung suit da xdc dinh, cac thanh phan bién dang s&
tinh duogc biing cdch dung dinh luat Hooke. Cdc phuong trinh (6.3) sé
duge ding dé xdc dinh cde thanh phén chuyén vi u, v, w. Dao ham riéng
cdc phuong trinh (6.3) theo x, y, z ta thu duge 18 phuong trinh chita 18
dao ham bac hai eiia u, v, w. Thi du, d6i véi thanh phén u:

Pu e Pu_Ory O5y Pu_0ov, O,

ol x oy oy x| 8 oz o
aEU _ % 62U _,aﬂ. azu _ l anz + aYX‘;’ _ aYYz
oxoy oy xoz dz ey 2 &y oz X
Cac dao ham bac hai cGa hai thanh phan chuyén vi v, w dugc suy ra
biing c4ch hodn chuyén theo cach thic chu ky cdc chi 86 chif x, y, z trong
céc phuong trinh (6.8a). Céc thanh phdn chuyén vi u, v, w s& dugc xdc
dinh bing tich phan kép cdc phuong trinh dang (6.8a). D& khong lam
thay déi cdc thanh phan bién dang, cdc hdng s6 tich phén thém vao céc
thanh phan tuyén tinh u, v, w la cdc ham tuyén tinh c6 dang:
u=a+bhy-cz
v =d-bx+ez {6.8b)
w=f+cx—-ey

{6.8a)

Piéu nay cé nghia la cdc thanh phdn chuy&n vi khéng duge xdc dinh
hoan toin tif Ung sudt va bién dang, Mbt chuyén vi cing cla vat (khong
gay ra bién dang) cé thé duge chéng 1én cdc chuyén vi duge tim thay tu
(8.1), (6.2) va (6.7). C4c hiing s a, 4, f trong (6.8b) md ta chuy&n déng
tinh tién clia vit va b, c, e 1a ba phép quay cia vat rén quanh ba truc
toa do. Khi cdc rang buje di can bing vat, sdu hiing s8 trong (6.8b) sé
dugc xdc dinh dé dang.
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6.4. Cac phudng trinh cin bing bi€u dién theo chuyén vi.

Mot phuong phdp gidi cde bai todn dan héi la khi cdc thanh phan dng
suit trong (6.1) va (6.2) biing cdch dung dinh ludt Hooke va 48 dién giai
céc thanh phin bién dang theo cdc thanh phén chuyén vi bang cdch
diing (6.3). Theo céch thie nay ta thu duge ba phuong trinh can bing chi
chita ba ham 8n u, v, w. Ta ¢é:

J'GK:)\B+2GEK e

e+ 2Ge. VL A E e 6.
o, + g, vél A (1+V)(1_2v) (6.9)
o, =he +2Gs,

Thay (6.9) vae phuong trinh dau cda (6.1} ta c6:

2 2, a2
(l+G)—?§+G(—§X—E+%+%}+X:O
z

Hai phuong trinh cbn lai sé thu duge theo cdch tuong tu. N&u dung todn
ti V2, cdc phuong trinh can biing thu duge:

[(1+G)9°i+ev2u+x=o
OX
(}.+G)Q€+GV2V+X:O (6.10}
oy
(l+G)@+GV2w+X=O
oz
Khi khang c6 hic thé tich, (6.10) trd thanh:
(+G)Z . avu=0
ox

ﬁ(x+G)§‘3+Gv2v=0 (6.11)
cy

(h+ G)Qe-+ GVéw =0
oz

Pao ham céc phuong trinh (6.11): phuong trinh diu theo x, phuong trinh
thd hai theo y, va thi ba theo z rdi cing ching lai v6i nhau ta sé& dugc:

(L+G)Vee=0

Tic 13, bifn dang thé tich e thoa phuong trinh vi phan:
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—+—=0 (6.12)

Trsng hop luc thé tich 12 hing, ta ciing thu duge quan hé (6.12).
Thay cdc phuong trinh (6.8a), (6.8b) vaa cdc dibu kién bién (6.2), ta cé:

(5 nore6{ 214 Xy 2] o L1, 2. 2y
ox oy X X B

Y:hel+G[——l+@m+—n}+6(@-l+@—m+——n] (6.13)
oy oy
Z=»el+G ~—1+gw—m+——n +G EF:JEI+gV—m+_n

oz Jz 0z b5,

Cédc phuong trinh (6.10) cung v6i (6.13) xdc dinh hoan toan ba ham u, v,
w cia trudmg chuyén vi, Trén co s d6, cdc thanh phan bi&n dang va cdc
thanh phén tmng sust ciing s& duge xdc dinh.

6.5. Loi giai tdng quat cho chuyén vi.

Nghiém cia cdc phudng trinh vi phan (6.11) duge cho bdi P. F,
Papkovitch (1932), H. Neuber {1934) .. dudi dang:

u=aq, —ug-(d)o + X0, +yd, + 2Py )
X

«v=d)2—u%(tbo+x®,+y®2+zd)3) (6.14)

w =0, —aai((bﬁ + XD, + YO, +20;5)
z

vdl o =

1 va bon ham o, ¢1, 2, Pz cé tinh diéu hoda, nghia 1a:
4(1 - v)

. . 2 .
V2D, =0; V2@, =0; V°®, =0; Vi@ =0

Dang nghiém (6.14) la nghigm téng quét ngay cd khi ¢o duge bd qua. H
Neuber dé hitu chinh dang nghiém nay cho toa d§ cong va 4p dung dé
gidi cdc bai todn vat rén quay truyén lyc doc, ubn, xodn hay uén ngang
phéng.
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6.6. Nguyén ly céng tac dung.

Khao sdt bai todn vit rdn dan héi dudi tdc dong clla tdi bé mat va tai
thé tich. C4n xde dinh cde thanh phén dng sudt hay chuyén vi théa cac
phudng trinh vi phan va cdc diéu kién bién. N&u cidc thanh phan dng
suat 1a cdc dai lugng cdn tim, ta phai théa: cdc phudng trinh cin bang
(6.1), cdc didu kién tuong thich (6.4) va cde diéu kién bién (6.2). Goi oy,
., Txy, - l& cde thanh phén Gng sudt da xdc dinh duge tu bai todn vat
rén dan hdi chiu tai bé mat X, Y, Z va téi thé tich X, Y, Z.

Goi G'x, -, Txy - 12 cdc thanh phan dng sudt cia cing vat rdn dan hai
chiu tdc dong cla cdc tai 1'7{', ?', 7' va X, Y, Z. Do cdc phueng trinh vi
phan va diéu kién bién la tuyén tinh, nén oy + 0%, ., Ty + Ty, ~ S8 12
cdc thanh phédn ng sudt cdn xdc dinh cda vat rdn dan hoi dang xét chiu
tac dong cha tai bé mat X + X Y+Y,Z+ 7'va taithé tich X + X, Y + ¥,
Z + 7’ Do d6, thém phuong trinh dau clia (6.1) vao phuong trinh tuong
ung:

80’,( + &t;’x + ar’zx

+X'=0
% oy oz

ta tim duge:

g;—(c" +G;)+%(Tyx +T;x)+%(12x +1, )+ X+ X' =0

Tuong tu, tit phuong trinh dau ciia (6.2) v phan twong dng cla né, ta c6:
X+X =(o, +G;)"+(tyx +T;,x)m+(‘[zx + T, )N

Nhiimg didu kién tuong thich ¢6 thé duge két hgp bdi phuang céch tuong
ty. He day di cdc phuong trinh cho thdy ring ox + O’y vy Ty T Tays
thda tat ca cdc phudng trinh va didu kién xdc dinh dng sudt do nhing
lye X+X...,X+X,... Day la mdt thi du cla nguyén ly cdng tac dung.
Nguyén ly nay cang duge mé rong cho cdc didu kién bién khdc nhu
chuyén vi cudng bitc. Trong viéc xdy dung cdc phuong trinh cin bing
(6.1) va didu kién bién (6.2), ta khong quan tam dén sy khdc biét gida vi
tri va hinh ddng cGa phén t§ trude va sau khi chiu tai. Cdc phudng trinh
va ké&t luan duge rit ra ti ching chi ding khi chuyén vi nhé khaong dnh
hudng ddng ké dén sy tdc dong cha ngogi lyc. Tuy nhién, c6 nhimg
trudng hgp bién dang phai duge ké dén. Lic nay, nguyén 1y cong tdc
dung khéng con ding din nita. Mot thi du cho trudng hop nay la dam
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chiu tai ddy va ngang ddng thai. Nhiéu thi du khac cung xuat hién khi
Kkhao st tinh &n dinh dan hoi ciia cde cdu tridc thanh mong.

6.7. Nang lvgng bién dang.

Céc luc tde dong vac hai ddu mit mot thanh chiu kéo nén ding tadm sé
tao ra mdt coéng. Xet phan t8 & trang thai dng suit don (hinh 6.2a), ta
thay luc oxdydz thuc hién cong trén sy gian dai e,dx. Moi quan hé gita
hai dai Wong nay trong qud trinh dat tai duge biéu dién bdi duting
thang OA trong hinh 6.2b va cong bién dang duge xdc dinh bdi dién tich

tam gide OAB: —;—(GXSX dydz) (e, dx). Ta cé:

1
dA = 3 o, dxdydz (a}
Né&u cde phan t& trong thanh c6 thé tich giong nhau thi cong bi#n dang
s& nhu nhau cho cdc phén t6 nay. Vin dé can quan tam & day 1a xdc
dinb loai ndng lugng nao duge chuyén héa thanh cong bién dang.

Trugng hop khi duge nén doan nhiét sé& lam gia tang nhiét d8. Khi mot
thanh thép thudng dugc nén doan nhidt cing ch su gla tang nhiét dd
tuong tu, nhung khong 16n. Nhiét dé goc c6 thé duge héi phuc bdi sy tdn
nhiét. Su thay déi nhiét dd nhy thé lam thay déi bién dang, nhung chi
mot ti 50 rdt nhé cia bién dang doan nhiét. Né&u khéng nhu vay, sé& cb
sy khdc nhau ddng ké giita modulus dan héi doan nhiét va déng nhiét.
Thue t&, sy khde nhau nay d6i véi cdc kim loai théong thudng la rat it.
Thi du d6i véi sit, modulus dan héi doan nhiét vugt qua modulus dan
hai ding nhiét chi 0,26%. Do dé, ta bd qua nhing sy khéc biét nhd nay.
Céng duge thuc hién do bién dang trén mdi phén t§ va duge luu tri
trong né dugc goi la nang lugng bién dang. Gia thist riing phan to van
duy tri bién dang dan hai va khong tén tai dong nang.

D6i vdi phan t6 co du thanh phédn ing sudt tdc d6ng, Ox, Oy Oz Ty
Tyz, Txz- SU bao toan nang lugng cho thay rang cong khong phu thudc
cach thae tac dong lyc ma chi phu thudc do 16n cudi cung. Mat khdc, ta
c6 thé dat tai theo mot cdch thifc va cdt tai theo cach thdc khdc tuong
ing véi mot luong ¢éng l6n hon. Do d6, mot luong cong s& thu duge i
phan t& trong mot chu trinh hoan hao.

Viée tinh todn cong bign dang s& don gidn Kkhi edc lyc hodc Ung suat gia
tang modt cach déng thoi theo ty 18 tuong ty vA moi quan hé giita mdi
thanh phéan lyc vdi chuyén vi tuong ung v&n tuyén tinh (hinh 6.2b).
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dx
Cb} 1
' g,
! T
dz |2 Fmmmmmmees >
L £, dx
a) b)
Hinh 6.2
Cong duge thye hign bdi cdc luc:
dA = A, dxdydz (b)
vl A, = E(oxex + 0,8, +0,8, + T ¥, + T, + TIZYXZ) (c)

14 cong trén maét don vi thé tich, hay n&ng lugng bién dang trén mot
don vi thé tich.

Dung dinh luat Hooke, ning lugng bién dang trén mét don vi thé tich c6
thé bidu dién theo dang:

T2, 2 2 v
Ay = E(Gx +0y + oz) - —é(cxc,jF +06,0, + ozcx)
(6.15)
2 2 2
+ é—é(‘[xy + Tyz + TZX)

Hay c6 thé tinh A, theo cée bat bi&n cda fensor ing suat:

A, :é[lf —2(1+ V), |

& day I, I, 1a hai trong ba bat bién ing sudt. Mat khdc, ta ciing ¢6 thé
biéu dién A; theo cdc thanh phédn cta tensor bign dang:

1 1
A, = Ele’? +G(£f +el+ af) + EG(Tfy +15, + -cix) (6.16)

vdi:
__ B
(1+v) (1 - 2v)

e=g, +& +¢; A

Dang (6.16) cho thay A, ludn ludn duong.

Dao ham riéng (6.16) theo thanh phan bi&n dang bat k¥ sé cho thanh
phén Ung suét tuong dng:
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oA, .

—L =g, |=XY,Z d

aGij 0“ ! Y @
1

=)0 0y =Ty, € 5—2-7.”

Khi

Trong truong hop Ung sudt phéng, ta cé:

1 v 1
AO :E-E—(GE +G$]‘—EUXGY+-2—G‘TEY (6.17)
E s 2 G
hay: A, = EF_—:E—) (ax +E, + 2\!5,:—:),) + —2—755, (6.18)
Nang luong bién dang A cua vat bign dang dan hdi duge tinh theo:
A= [AdV (6.19)

v}

Ta ¢6 thé md hinh vat thé dan héi béi tap hop rat nhidu céce ch&t diém
dugc k&t n6i véi nhau bdi cdc lb xo. Liic niy, (6.19) md t& cdbng duge thuc
hién trong viéc lam pién dang cdc 10 xo két péi nay. Cong do hé ndi lue
thue hién trén cac chat diém c6 d&u nguge véi (6.19).

6.8. Ning lugng bién dang ciia mot 1éch mép.

Trong phan 4.10, ta thdy rang léch mép mot lugng 3 {hinh 4.9b) sé& can
mét cap lye P. Quan hé giita P va & duge suy tir (b) ciia muc 4.10 véi (g)
cda muc 4.9:

N E
P= ——
82 + bz An @

vdl: N=a?- b? + (aa + bz]log E {h)
a

Nang lwgng bién dang caa vong bing vd1 cong duge thuc hién boi cdp lue
P trong qua trinh dat tal.

Do do: A=—-Po= —-E—___N,_.b {e)

Cong thifc (c) tinh trén mdt don vi chiéu day tam cho bai toan gng sult
phéng. Trugng hgp bién dang phéng, d6i vdi cung ham dng sudt ¢, cdc
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thanh phan bi&n dang &, &, Yxy, v& do dé cdc thanh phan chuyén viu, v
s& khdc véi truong hop ung suit phdng bdi sy thay déi cia cdc hdng sd
dan héi {xem muc 3.3). Vi thé&, dé€ chuyén sang bién dang phéng (vdi

£,=0) ta phai thay thé E bing E - . Liie nay (c) s& duge chuyén thanh

| —v"
ning lugng bién dang trén mt don vi dai theo phuang truce {(Oz).
5 E b b®-a’
A=— log— ~ (d)
8n1—v2{ ga b? +a®

Cdc cdng thic trén duge dung rong rai trong vat lidu hoc dé tinh ning
luong léch mang cia mdt tinh thé, Ca hai a va b phéi cho dudi cdc dai
luong hitu han dé€ ning lugng hitu han. Bdn kinh ngoai b dugc lién quan
v§i cde kich thude toan thé (phd bi) cia tinh thé, bdan kinh trong lién
quan véi khodng cdch nguyén td trong mang tinh thé,

Trong cdc bai todn gid tri bién cua bién dang dan hai, cdc bién thutng
hitu han. Nhung tam léch trong tinh thé& c6 thé & ugoai tinh thé nhu thé
vong tron bién trong bdn kinh r = a ¢ thé duge dich chuyén tinh tién
trong khi dudng tron bién ngoii r = b khéng di chuyén. Néu cé hai léch
déng thdi, mét duong (8 > ¢) va modt am (3 < ¢), ¢6 mt nang lugng bién
dang thue mién la cac tdm cia ching riéng biét. Trusng h¢p ching
tring nhau, hai léch sé& triét tidu nhau. Ldc nay, khéng cé ung sudt, bién
dang va nang lugng. Ré rang 1a sy dén gan cia hai tdm phdi lam giam
nang lugng bién dang. Béi vi trong cde tinh hudng dang xét, nang lugng
bién dang nay thé hién thé nang toan b cia hé, hai tam sé& xuidt hién
dé thu hit mot cdi khéde, va & th¥i diém lén ké&t, nang lugng duge
chuyén thanh dang khéc, thi du su lan truyén séng khdp tinh thé.

6.9. Nguyén ly cdng ao.

Viée s dung nguyén ly cong ao dé gidi cde bai toan dan héi dai khi rat
ich lgi, Trong trudng hgp cfia mét chdt didm, nguyén ly nay phdt biéu
ring: didu kién dé mét chat difm can bing la téng cong cha tdt cd cdc
lyc tac dong lén chat didm trong mei di chuyén do phdi bang khong. Goi
u, 5v, dw 1a ¢4c thanh phén cla mot chuyén vi do theo ba phuong x, y, z
va =X, Y, £Z la téng hinh chiéu lén cung ba phuong cia cde lye tac
déng lén chat diém, nguyén 1y cong 4o sé ¢6 dang:

BUY X=0;8vy Y =08wp Z=0 (a)
Nhitng phuong trinh nay duge théa cho moi di chuyén do néuw
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DX=0; 3¥=0, >Z=0 (b)

Nguge lai, ti cdc phuong trinh (b), ta cé thé nhan ching v&i cdc hé s&
béat kv du, v, dw va thu dugce (a). Thue ra, chuyén vi 40 chi 13 mdt tén
cho nhitng nhéan t¥ bat ky nhu thé, Cdc luc vin tén tai thuc nhu ching
c6. Mot vat thé dan hai § trang th4i diing yén, vdi cdc luc thé tich va bé
mit edia né, tac thanh hé cdc chit di€ém ma trén mdi chat diém trong hé
chiu tdéc déng cfia mot hé luc can bing. Do téng cong thuc hién bdi céc
lye tac dong trén mét chat diém trong moi di chuyén do bing khéng,
nén téng céng duge thyc hién bdi tit ci cde lue tde déng lén toan hé
cling bang khéng.

Mgt chuyén vi 4o trong trudng hop cia mat vat thé dan hdi cé thé duge
xem nhu chuyén vi nhé bat k¥ phii hgp vdi didu kién lién tuc clia vat
liéu va vdi cdc diédu kién nay dudc biét. Thi du, mdt phan nao dé cia bé
mit vat thé, nhu ddu mit cda dam, la c¢6 dinh hay ¢6 mét chuyén vi
cudng bite, chuyén vi 40 d8i vdi phan nay cé thé duge 14y bang khéng
hay béng chuyén vi cudng bitc.

Chd y ring u, v, w 1a cdc thanh phan cia chuyén vi that do tdi tdc déng
va 8u, dv, dw la cdc thanh phéan cia chuyén vi do. Céac thanh phén cha
chuyén vi 4o 12 cdc ham lién tuc tuy y theo ba bién x, y, z, chiing ¢6 gia
tri tuyét d6i nho.

Cidc chuyén vi do 8u, dv, dw tudng ing vdi cdc gia so cla sdau thanh phan
bién dang:

(ov)

va cong 3o tuong iing cho mat phéan t8 thé tich:

&
+ —{au),... {c)
2 (@)

%IQ)

5]
be, = &(éu) , Byxy =

(UXSSX +0,08, + 0,08, + 1,8y, + 1,0y, + tZXS*{ZI)dxdydz (d)

Theo (d) ctia muc 6.7, cdng thie trén tuong duong voi:

8A dxdydz (e)
Ay duge lay nhu la ham cda cde thanh phdn bién dang cda phuong trinh
{(6.18).

Nhu di dé cap trude day, su thay d8i ning lugng bign dang nay thé hién
edong thue hidn duge dé chdng lai cdc luc tuong tdc giita cac chat diém
(lam co gi&n cdc 10 xo két ndi}. Céng dude thuc hién bgi cdc lue tugng tace
lén cdc chat diém cé ddu nguoe lai (e).
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Hé ngoai luc bao gém cdc luc bé mit bién tde dong 1én mdi phén t5 mat
dS 1a: XdS, YdS, ZdS va cac lue thé tich tdc dong 1én mdi phin 8 thé
tich dV = dxdydz la: XdV, YdV, ZdV.

Theo nguyén ly cong 4o cho toan vat thé, téng cdc cong do sé& bing
khong:

[(Xou+ Yoy +Zsw)dS+ | (Xdu+ Yoy +Zow)dV — [3A,dV =0(6.20)
() ) V)

Do c4c ngoai lye da cho va cdc thanh phan ¥ng suat that dugce giit khong
ddi trong cong thuc (6.20), ky higu bign thién § s& duge chuyén ra trude
dau tich phan:

8| [dAgdv- j(Xu+Yv+z w)dv - [{ Xu+Yv+Zw)d81 0 (6.20")
) ) (5)

Tich phan diu trong ddu ngodc don la ning lugng bién dang, con goi 1a
thé nang bién dang. Ning Lugng nay duge dung dé€ hoi phuc lai hinh
d4ng ban ddu cha vat trong qud trinh cdt tai. Tich phdn tha hai la thé
ning ca lue thé tich, ning lugng nay duge xem bang khéng khiu =v =
w = 0. Tich phén thi ba 12 thé ndng lye miat. Bidu thite trong ddu ngoac
dugc dinh nghia 14 th& ning téng cong cia hé.

Tit (6.20%), nguyén 1y cong &0 ¢6 thé phat bidu: ede thanh phan chuyén vi
that u, v, w dudi cde ngoai Ivc lam cho bién thién bac nhat ctia thé ning
téng cong bing khong trong moi di chuyén do hodc thé ning téng cing
& trang thdi dimg (8n dinh).

Cdce thuat ngit chuyén vi 4o va cdng 4o, mac di di quen thudc trong cdach
dung, don gian chi 12 viéc s dung cdc nhan i bat ky duge thé hién bdi
Su, dv, dw vdi cdc phuong trinh can bing. Tién lgi nhat la xem ching
nhit cdc bign thién cta nhitng chuyén vi that u, v, w.

P& khdo sat tinh 8n dinh cla sy cAn bing, ching ta ¢6 thé tinh téi kha
nang céc rdi loan xung xay ra sau cdc sy bién thién that cia ohing
chuyén vi can bidng. Do khéng ¢6 sy tiéu hao ndng lugng nén Léng the
ndng va déng ning la hing s6. Néu xuit phdt tir trang thai can bing,
thé nang tat yéu ting thl ddng nang phai giém va ngude lai. Hai trutng
hgp nay mb ta trang th4i én dinh va bit én dinh v6i cde nhidu loan
phé. Trang thdi §n dinh bao ham ¥ 1% rang rang thé nang la cuc tiév &
vi tri cAn bing, va trang théi bat 6n dinh cé thé nang cyc dai. Trong
viée sit dung ham thé& nang nay, ta gia su ring luc th& tich va luc bé
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mit cung dich chuyén vdi phan t& vat ligu ma né tac déng & trang théi
can bing trong chuyén dong cia cAc 161 loan nhd va ching van khong
d8i vé db 1én va hudng. Khdo sdt lai nang lugng bién dang trén don vi
thé tich cho trudng hgp Ung suat phing (6.18). Theo sau rbi loan xung,
cée thanh phin bién dang can bing ducc gid dinh gia tang, sau mbt th¥i
gian ngdn, mot lugng 5y, BEy, Oyy- Gid tri mdi day du cda Ag:

A, +8A, :E(g\-’z—)[(sx +85X)2 +2v{e, +68x)(sy +65y)+(sx +68x)2} +

E G
E(‘I_—_V?—)[(BEX)E + 2vBe,Be, + (SEY)Q} + —2—(&(“)

2

Luong gia ting cla néng higng bign dang trén don vi thé tich:

E G
8A, = E—(:'V)T[stﬁsx +2v (stsy +£,08, ) + 26,08, 1 + > 2Y 1y Oy

E

. G
+ -é—({-_—v—)g[(éax )2 + 2vde,Be, + (Sey)z] +§(5ny)

2

Bidu thie trong dau | | biéu thi lugng gia tang bac mot va tuong dng véi
(e), néu khong ¢6 hé s6 thé tich dxdy. Phén con lai 12 luong gia tang bic
hai, va né cé gia tri duong do A, trong (6.18) ludn duong véi Mol Ey, €y,
Yay- KhODg €6 sy gia tdng béc hai tir cae lye thé tich va luc bé mit trong
th& nang téng cong n (6.20°). Lugng gia tang béc nhat khong tén tai, do
cdc chuyén vi that du, dv, dw b trang théi 6n dinh nhu da xdc dinh, béi
vi lugng thay ddi bac hai la duong. K&t luan nay phu thude vao viéc
ding dinh luat Hooke cing nhy phu thude vao hai dinh dé 1 va 2. boi
véi cdc quan hé ung suit — bidn dang phi tuyén, nhing gia s0 bac cao s@

khong ditng & béc hai.
WAL LA

a oA

S e

Ty

Hinh 6.3

o

C
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Nhitng su khéo sat vé& niang lugng téng cia hé théng duge ap dung béi A.
A. Griffith trong viéc xay dung ly thuyét cda cdc vit ligu gion. Nhu ta
bi&t, cac vat liéu ludn biéu thi mdt dé bén nhé hon nhiéu gid tri duge
mong dgi ti lue phan t. Thi du d8i v6i thdy tinh, Griffith da tim ra d§
bén kéo ly thuyst khi chiu kéo don 1a 1,6.10%psi trong khi cdc thi
nghiém kéo thanh thiy tinh da cho d9 bén chi 26.10%psi. Ong ta da cho
ring sy khdac nhau nay do trong cde vat lidu tén tai cic vét nut vi mé
hay ede vét ran tao ra su tdp trung dng sudt 16n va k&t qud 1y tam lan
truyén vt niit. Griffith 14y matl vét mit ¢6 dang 16 elfipsc vat hep lam
méd hinh tinh todn, truc chinh cia 16 vudng gée vdi hudng lue kép. Khio
sdt mot tdm duge ngam chit ¢ hai eanh ab va ed, va duge kéo cang bai
ing sudt kéo phan bd déu S tdc dong doc trén hai canh nay (hinh 6.3).
Né&u mét 16 héng ellipse AB cé chiéu dai truc chinh 1 duge tao trude
trong tdm, ab va cd vin duge giit chat, nang lugng bién dang ban dau do
cac ung sudt kéo S sé bi gidm. Sy gidm nay ¢ thé duge tinh todn bing
cach ding phép gidi cho mot 13 héng efllipse, va doi véi mot tAm chidu
day don vi, ta c¢6 nang lugng bién dang cua tAm:
22
A= ()
4E

N&u vét nigt dai ra, ¢6 mdt lugng giam ning lugng bi€n dang duge luu
trit trong t&m hon nita. Tuy nhién, su gidn dai cda v&t niit déng nghia
v6i sy gia tdng ning lugng bé mit, do bé mit vat rdn 6 mat site cang
bé mat nhur bé mit ciia chat long. Griffith da tim ra nang lugng bé mat
trén don vi dién tich bé mit cho loai thiy tinh duge dung trong thi
nghiém cta éng la 3,2.10°Ib.in/in®. Su gian dai vét nit can su gia ting
néing lugng bé mit, su ting ning lugng nay dudge cung cip bdi sy gidm
ndng lugng bién dang. Do dé su gidn dai vét nit cé thé xay ra ma
khéng cé su gia ting ning lugng téng. Diéu kién d& vét nit mé rang
mét cdch tu dong la hai dai luong niing lugng nay bing nhau, tite la:
dv nlS2

AV G = MOer g = ogiT (@)
dl oF &

Suy ra: S, = I4ET
nl

Nhing thi nghiém trong doé cdc v&t nit ¢ chifu dai da bidt trude duge
tao vdi dung cu cat thay tinh bing kim cuong cho thiy ¢é su phi hgp rit
tdt vdi edng thice (g). Cang tir thi nghidm ta thiy néu nhing cach thie
phdng ngita duge thyce hién dé loai trir cac vét nit vi md, thi dé bén sé
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Chudng 6. Céc dinh 1y téng quét

cao hon binh thudng nhidu. T vai thanh thiy tinh thir nghiém, Griffith
da thu duge d6 bédn 1a 900.000psi, né gap hon 1,5 lan dd bén 1y thuyét
da dé cédp 6 trén.

Khia canh ¢6 vdn dé& cta iung suat vd han g cdce ddu muit cha vét ndt
trong 1y thuyét cia Griffith da duge loai bo bdi Barenblatt, ngudi gidi
thiéu gng suat 1én hia han d€ mo t& sy dinh két nguyén tu.

6.10. Pinh 1y Castigliano.

Trong muc trude, trang thdi can bang eia vét thé dan hdi chiu tdc déng
ciia cdc luc thé tich va cde diéu kién bién da cho duge so sdnh vdi céc
trang thai lan can dat duge boi cdc chuyén vi 4o du, dv, dw tu vi tri can
bing. Céc chuyén vi that tuong ung vdi vi tri can pang 6n dinh la cde
chuyén vi lam cho thé ning tong cfng cua hé théng = cue tidu.

Bay gio ta khao sdt ing suét thay thé cho chuyén vi tuong ung vdi vi tri
can biing. Cdc phuong trinh vi phan cén bing (6.1), cing vdi cdc digu
kién bién (6.2) thi khang dG d€ xdc dinh cdc thanh phan (ng sudt.
Ching ta c6 thé tim nhiéu sy phan b ng suat khdc nhau théa cde
phuong trinh can bing va cac diéu kién bién, va vdn dé dat ra la: diéu
gi phan biét trudng dng suat that véi tat c& trudng ung suat kha di tinh
khdce?

Goi Oy, Oy, Oz, Tays Tazs ~ 18 CAC thanh phin Ung suit that tuong dng vo1
vi tri cAn bing, va 80y, 8oy, B0z, DTy, OTxz, - la cdc bién thién cha cdce
thanh phdn Ung suit nay sao cho c4c thanh phan iing suit mdi oy + 8oy,
Gy + 80y, Oz + 80z, Tuy + 8Tyy, Txz + OTxz, = théa cde phuong trinh can bing
(6.1). Bing cach trit cdc phuong trinh trong bé ba phuong trinh tucng
ing trong bd ba phudng trinh can bing ciia cdc thanh phén ung sudt
méi, ta tim duge sy thay déi cia cdc thanh phin Ung sudt théa ba
phuong trinh:

850, 05T, 06T,

=0 (a)
% oy oz

Tuong Ung v6i sy bién thidn cia cdc thanh phén iing sudt nay s& cé sy
bign thién cia cde luc bé miat. Goi 8X,8Yva8Z 1a sy bién déi nhé cia
cde thanh phén luc bign; tit cde diéu kign bién (6.2), ta thu duge ba
phucng trinh dang:

80,1+ 81,m + 81,0 = 8X (b)
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Chuong 6. Cac dinh 1y téng quit

Sy thay d6i cla cdc thanh phdn ung suit s& lam thay ddi nang lugng
bién dang. Ning luong bién dang trén mét don vi thé tich duge tinh nhy
12 ham cia cde thanh phén ung sudt (6.15), sy thay déi nang luong nay
dugc tinh theo cdng thite:
oA oA
BA, = —280, +- 4+ —28T, +-- (¢)

o x Xy
oG, Oty

V& phai trong (c} gom sdu s6 hang, trong dé;

?2“:%[0 c: +a, :r
22° =%[c v(c +0c )]: £,

¥

_gg_: o, ~v(o, +6,)] ==,

EL]
oA, 1.
gr, G
aA oy
6Ty G yz
A, 1
A TR T = Y

F3.4

Va sy thay ddi tdng cong cia nang luong bign dang do nhitng thay d8i
cia nhiing thanh phan dng suat la:

8A= [8A,dV = [(g80, ++v, 51, - )dv (@)
(V) V)

Chiing ta s& xdc dinh sy thay déi nang lugng nay. D& dua cde diéu kién
bién (b) vao viée xdc dinh nay, ta sé dung dinh ly Divergence, hay dinh
1y Gauss, hosic b8 d& Green. Trong mdt mién duge bao bdi bé mit S, vdi
1, m, n 12 cde cosine cla phdp tuy&n ngoai, chiing ta c6 ba ham U, V, W
cta vi tri. Dinh ly duge biéu dién dudi dang:

I[aquav AW

oy aszV J’(lU+mV+nW)dS (6.21)

W

Tich phan thé tich ¢ v& trdi duge thuc hién trén toan thé tich dugc bao
béi dién tich S, va tich phdn mat & v& phadi duge 18y trén toan bé mat
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Chuong 6. Cdc dinh ly téng quait

bao. S cing c6 thé mitu ta mot bé mét ngoal cing véi mét hay nhidyu bé
mét trong (16 héng). D& tién lgi, diu tisn ta chon:

U=udoc,; V= udt,, ; U=usc, (e)

Lic dé, dinh 1y (6.21) c6 dang:

J[%(uécx )+ %(uﬁryx }+ —a%(u&:u )Jdv =

{v)

(f}
= IU(ISGX +madt,, + nﬁtzx)dS
(S}
Biéu thifc trong diu ngoac vudng & v& trdi cé thé khai trién thanh:
3 aot 5
u EEL+——""—+—@—T—Z“— +—‘3ﬂacx+@&x +§551n (g)
X oy dz X oy VY 8z

Biéu thie trong d4u ngosc don caa (g) bi triét tiéu bdi (a). Bay givr () trd
thanh:

j(@ 8o, + 995:“ + @arzxjdv = [usxds (h)
GAX oy o 8)
Trong cdch thie tuong tu, ta chon:
V=vdcg;W=vdt, ;U= vér,, {e)
Thay déi mét cdch chu ky cde thong s6 trong (h), dinh 1y (6.21) ¢6 dang:
j[ﬂscy + -ai&czy + %SthdV = [voYds ()
(v oy oz {8)

Tuong tu ta c6 thém:

I a—w-Soz + a—w-Sr“ + %STYZ )dV = IWSZdS G
@ioz T gy ©

Cong v& theo v& cia (h), (i), G} va dung cde méi quan hé chuyén vi —
bién dang, ta tim duge:

_[ (axécx +&,80, +¢,80, + Yay®Tx + 7,01, + YZXSsz)dV =
V)

= (u5>‘< + VY + waZ) ds
($)

(k)

161



Chuong 6. Cic dinh 1y téng quat

Theo (d), vé& trdi cia (k) la 3A. Do d6 sy bién thién cGa nang luong bign
dang (6.15), tugng ung vdi cdc bién thién cua nhirng thanh phdn dng
suit ma ching vadn duy tri su cdn bang, dugce cho béi:

SA = j(uaf(wa\? +w62)d8 (6.22)
($)

Cde 1ing suat that théa phuong trinh nay. Nhimng sy bién thién nhu thé
la nhilng sy bién thién todn hoc chd khéng phai bign thién vat ly.
Nhitng sy bién thién iing suat vat ly dugc gy ra bsi cdc su bign thién
cha viée dat tai bién thi chiu nhiéu han ché& hon béi (a). Nhung vé mat
todn hoc tich phan biéu thde ndng lugng téng do bién dang:

1~ 2v
° 6E

4
- {;FEV[(GI —Uv)e +(0‘3,f —02)2 +(Gz “UX)EJJFE.'(E(IEY + 152 +T§x)

A (cx+0* +cz)2=

y
(6.23)

véi Ap la ham séu bién, sdu thanh phan Ung sudt trong (6.15) s& c¢é bidn
thién khi sdu bién nay thay d8i.

Trong ly thuy&t két cdu, ndng lugng bigén dang clia mot két cdu dan héi
tuyén tinh dudi tdc dong cia hé cdc luc tap trung Py, Py, .., ¢6 thé dugc
dién gidi nhu ] ham béc hai A cla cdc luc nay. Do dé:

OA oA

A = 228, + S 6P, 4
oP, aP,

va ching ta c¢6 dinh ly Castigliano cho cdc thanh phan chuyén vi tuong
Li'ng d1, dg,

oA oA
dy=—5d,=—; ...

oP, aP,
Sy bién thién cia ndng lugng bién dang sé& cé dang:
A oA

dy=—;d, =—;- (6.24)
"Ter P 6P,

Su tuong duong giva (6.24) vdi (6.22) 1a rd rang. Céng thitc (6.24) ciing
duge xem la dinh 1y Castiglianoe.

Tré lai biéu thic (6.22), ta nhan thAy rdng su bign thidn dng sudt c6 thé
dé cho céc Iuc bién X, Y, Z khong thay d8i. Thé thi 8X, §Y, 8Z trong
ba didu kién cla (b) bing khong, va (6.22) trd thanh:
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(1),

(2].

(3].

(4]

[5].

(6.

7).

164

TAl LEU THAM KHAO

L8 Quang Minh, Nguyén Vin Vugng, Stc Bén Vat Ligu (tap 1, 2),
Nha Xufit Ban Pai Hoc va Gido Duc Chuyén Nghiép, 1989,

Léu Tho Trinh, Co Hoc K&t Ciu (tdp 1, 2), Nha Xuat Ban Khoa
Hoc va Ky Thuit, 2001.

Nguyén Luvong Diing, Gido Trinh Tinh Ch&t Co Hoc Cua Vit
Li¢u, Truong Pai Hoc Béch Khoa Tp. H Chi Minh, 09/1993.

Truong Tich Thién, Vi Duy Cudng, Co Ky Thugt, Trudng Pai Hoc
K§ Thuit TP. H3 Chi Minh, 10/1999.

Truong Tich Thién, Co Hoc Pai Cuong va Co Hoc Méi Trudng
Lién Tye, Truodng Pai Hoc Béch Khoa TP. H§ Chi Minh, 05/2003.

S. P. Timoshenco and J. N. Goodier, Theory of Elasticity,
McGraw-Hill International Book Company.

S. P. Timoshenco and D. H. Young, Theory of Structures,
McGraw-Hill International Book Company.



TS. TRUGNG TiCH THIEN

LY THUYET DAN HOI

Chiu trdach nhigm xudt ban : GS.TS. TO DANG HAI

Bién tap - TRINH QUANG TRUNG
NGUYEN NGOQC BiCcH

Sta bai . LE BUI HONG PHONG
NGUYEN NGOC BICH

Bia . TRUONG TiCH THIEN

NHA XUAT BAN KHOA HQC VA KY THUAT
70 Tran Hung Bao, Ha NOi
CHI NHANH NHA XUAT BAN KHOA HOC VA KY THUAT
28 Déng Khéi - 12 H8 Hudn Nghiép, Quan 1, TP. H& Chi Minh
PT : 8225062 - 8296628 - 8290228

Ma s6 _6E5 ¢ 630- 2004
KHKT-2004

in 1.000 cudn, khd 16 x 24 cm, tai Xi nghiép in il - Cong ty In Ba Binh,
56 258 Nguyén Trai, Q.1, TP. HCM. Gidy phép xuat ban s6 6-632 cap
ngay 17/01/2004. In xong va nop luu chiéu thang 3/2004.



L¥ THUYET PAN HOI

e Cudn sach nay cung cap cho cac
ky su kién thic co ban can thiét cla
ly thuyét dan hdi, la co sG quan trong
cho nhiéu moén hoc chuyén nganh
khac nhu stc bén vat liéu, co két cau,
co chay déo, co pha huy...

e Ly thuyét dan hoi dugdc ting dung
réng rai trong viéc giai cac bai toan
ky thuat khi nhiing phuong phap giai
khac khéng thé cho céc két qua chi
tiét va chinh xac nhu mong doi.
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