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LGOI NOI BbAU

Sinh vién méi vio nam hoc thit nhat cic truong dai hoc, cao dang thudng
gap khé khan do phuong phép day, phuong phép hoc & bac hoc nay c6 nhiéun
diéu khac biét so véi & bac Trung hoc. Todn hoc cao cép lai 13 mot mon hoc
khé véi thoi luong 16n ciia nam thit nhdt cac truong dai hoc,cao déng ki
thuat, nhim rén luyén nr duy khoa hoc, cung cdp cong cu todn hoc dé sinh
vién hoc cdc mon khoa hoc i thuat khéc va xay dyng tiém luc dé tiép tuc
hoc sau nay.

Bo gido trinh "Todn hoc cao cdp” niy dugc bién soan can cu vao chuong
trinh khung da duge ban hanh, va thuc t& gidng day cua hé cao ding cla mot
s6 trudng dai hoc ki thudt va can ci vio chuong trinh mon Todn hién nay
cia céc trudng Trung hoc Phé thong, nhim gitp cho sinh vién hé cao déng
hoc 16t mon hoc nay.

Do yéu ciu dio tao hién nay cba h¢ cao ddng, mot s& phén cla todn hoc cao
¢dp nhu cau tric dai s6, dang toan phurong, tich phan phy thudce tham sd, tich
phan ba 16p, tich phan mt, chudi Fourier,... khong duge dua vao gido trinh
nay. Nhitng khéi niém toan hoc co ban, nhiing phuong phdp co ban, nhimng
két qua co ban cha cac chuong déu dugc trinh bay diy da. Mot s6 dinh 1i
khong dugc ching minh, nhung ¥ nghia cda nhimg dinh li quan trong duge
giai thich rd rang, nhiéu vi du minh hoa dugc dua ra. Nhiéu tng dung cia li
thuyét vao tinh gin ding dugc trinh by & day. Riéng v6i nhimmg kién thic vé
giai tich ma sinh vién duge hoc G Trung hoc Phé thong, gido trinh nay chi
nhic lai mot cach h¢ thong cdc diém chinh va trinh bay céc kién thic nang
cao. Phén cau hoi on tap & cudi mdi chuong nhim gidp sinh vién hoc tap va
t kiém tra két qua hoc tap ciia minh. Lam nhimg bai t4p dé ra & cudi mbi
chuong s& gidp ngudi hoc hiéu sau séc hon céc khai niém toan hoc, rén
luyén ki nang tinh todn va kha nang van dung cédc khéi niem 4y. Céc bai tap
46 s& duoc giai trong bd bai tap kem theo bd gido trinh nay.

Bo gido trinh nay dugc viét thanh 2 tap va ]a cong trinh tap thé ctia ba nha
gido: Nguyén Dinh Tri (chi bién), Le Trong Vinh va Duong Thay V§. Ong
Le Trong Vinh viét cdc chuong 1, I, TV, V. Ong Duong Thiy V§ viét cac
chuong 111, VI, VI, IX. Ong Nguyén Dinh Tri viét céc chuong VII, X, XL



Khi xay dung dé cuong cho bo gido trinh nay ciing nhw khi bien soan gido
trinh, chﬁng toi da tham khao kinh nghiém clia nhiéu nha gido da gidng day
nhiéu ndm mon Todn hoc cao cap cho hé cao dang céc truomg dai hoc ki
thuat. Chidng t6i xin chan thanh cim on cic ban dong nghiép di doc ban
thao va cho nhiéu ¥ kién quy bau.

B gido trinh ndy duge viét 14n dau, chéc khong trdnh hét dugc nhimg khiém
khuyet. Chiing t6i chan thinh cim on moi ¥ ki€n déng gbp cita ban doc. Thu
g6p ¥ xin gl vé Cong ti C3 phan Sich Dai hoc - Day nghé, 25 Han Thuyen,
Ha Noi

Céc tdc gia
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CHUONG 1. TAP HOP VA ANH XA - SO THYC VA
sO PHUC
MUC DIiCH YEU CAU

Chuong I danh dé on tap va bd sung nhimg kién thic vé tap hop va dnh xa,
vé s6 thuc da duge hoc § bic Trung hoc Phé thong, trinh bay nhifng kién
thic co ban vé s6 phiic, cdc phép tinh vé s phic.

Sinh vién can hiéu ki cdc kién thic d6, lam quen v4i 86 phite, 1am tinh thanh
thao d6i véi cdc s6 phuc, biet sir dung dang Juong gidc ciia s6 phic.

§1. NHAC LAI VE MENH PE TOAN HOC VA Ki HIEU LOGIC

“1.1. Ménh de toan hoc

Ménh dé todn hoc la mot khang dinh todn hoc chi c6 thé ding hoac sai,
khong thé vira ding vira sai, vira khong ding vira khong sai.

Vidul: 2 < 4 12 ménh dé toan hoc ding;
5> 7 13 ménh dé todn hoc sai.
1.2. Ki hiéu logic
Trong suy dién todn hoc, ngudi ta diing céc ki higu sau:
Gia sit ¢6 hai ménh dé A va B.
o Ki hiéu A = B doc 1a “tit meénh dé A suy ra ménh dé B”.
e Ki hiéu A <> B doc la “ménh dé A tuong duong véi ménh dé B”. Diéu d6
6 nghia la A = B, d6ng thdi B= A. |
e Néu A = B thi ta néi A 1a diéu kién du dé c6 B, con B 1a diéu kién cén c6
duge tir A. Néu A <> Bthi A la diéu kién c4n va du cha B, dong thoi B cling

13 diéu kién cdn va di cla A.



Vi du 2: Diéu kién cdn va dii dé phuong trinh bac hai: al+bx+c=0(a=0)
c6 hai nghiém thyc phan bietla A=b’—4ac > 0. Ta Viet:

[phuong trinh: ax? + bx + ¢ = 0 (a # 0) c6 hai ngﬁiem thuc phan biét)
<> b* - 4dac>0.

« Kj hiéu : = doc la “duge dinh nghia 12",
o Ki hiéu ¥x doc la “véi moi X
e Ki hieu 3 y doc 12 “ton tai y”.

Vidu3:vxtadéuc6x’+x+1>0; Jydéy -5y +4=0.

§2. TAP HOP
2.1. Tap hop va cac phan tir cua tap hop
Tap hgp 1a mot khdi niém nguyen thuy, khong duoc dinh nghia ciing nhu do1
véi cdc khéi niem diém, dudng, mit. Ta thudng ndi tap hop sinh vién cia
mot 1dp, tap hop cdc diém trong hinh tron cé ban kinh don vi,... Nhu vay, tap
hop bao gém cdc d6i tugng ¢d chung mot tinh chit nio d6. Mobi d6i trong
trong tap hop goi 1a mot phdn ni cha tap hap.
Ngudi ta thudmg ding cc chit hoa nhu A, B, C, ... d& chi c4c tap hop va cic
chit thutmg nhu X, ¥, , ... 8¢ chi cdc phan cha tap hop.
Néu x 12 phdn tir ctia tap hop A, ta ki higu xe A (doc 1a “x thuoc A”). Néu y
khong phai 12 phan tir cba tap hop B, ta ki hieu y ¢ B (doc [a “y khong thuoc B™).
Tap hop gdm mot s6 hitu han phan tir goi 12 tdp hop hiu han. Ngudi ta cho
mot tap hop hitu han bing céch liet ke céc phdn tir ctia né. Tap hop gdm vo
s6 phan tlr goi 12 tdp hop vO han. Tap hop khong c6 phin tr nao goi la rdp
réng (tap tréng), ki hiéu 12 &.

Néu A la tap hop gém nhimg phin tlf x €6 tinh chat #, ta viét: A = {x|x ¢

tinh chat -#}.



Vidu1: A= {x|x* — 1 =0} doc 12 “A 12 tap hop céc s6 x sao cho x*~ 1 = 0",
Pé chinh 1a tap hop hitu han {-1; 1}.

Céc tap hgp thudng gap trong todn hoc la:

N=1{0, 1,2, ...} 1a tap hgp céc so tu nhién,

N*={1,2,3,..} latap hop cdc s& nguyén duong.

Z = {0, £1, +2, ... ) 1a tap hop cdc sO nguyén.

Q=1{E|p qe Z q#0} 1atap hop cdc s6 hitu ti.
q

R 1a tap hop cdc sd thire.

R = |x e R| x = 0} 12 tap hop cic s6 thuc khac khong.
R, = {x € R| x =0} ia tap hop céc s6 thue khong am.
.R_ = {x € R| x £ 0} la tdp hop céc s6 thL‘rc.khﬁng duong.

Tap hop vo han dugc goi 1a dém ditge néu c6 thé ddnh s cic phdn nr cha né
theo thif tur ty nhién. Trong truomg hop trdi lai, tap hop duoc goi la khdng dém

duge. Cac tap hop N, N', Z, Q 12 nhimg tap hop dém duge. Ching han, ta c6 thé

d4nh s6 cdc phdn tir cha Z (tap hgp cdc s6 nguyén) theo cic mii tén nhu sau?

0 - 1 2 3
A A S
-1 -2 -3

Céc tap hop R, R, R,, R_ 14 nhiing tap hop khong dém dugc.
2.2. Tap hop con. Tap hgp bang nhau

Cho hai tap hop A va B. Néu moi phén tir clia A déu 12 phén tl cha B, ta n6i
ring A 12 tap hop con ciia B, hay A bao ham trong B, hay tap hop B chifa tap
hop A, ki hiéu A C B hay B D A.



Nhu vay, ta cling cé A C A.

Véicic tap hop daligtké tren,tacd NNCNcCcZ - Q C R

Ta quy udc : Tap hop réng la tap hop con clia moi tap hop.

Hai tap hgp A va B goi la bing nhaunéu A C Bva B A, kihiéu: A=B.
2.3. Céc phép toan vé tap hop

Dé dé hinh dung tap hop va cdc phdn t cha né,

ngudi ta thudng ding cdch biéu dién hinh hoc, xem

mdi phin tr clia tap hop [a mot diém ném trong mot

hinh phang gidi han b&i mot dudmg cong kin, goi 12

biéu dé Ven (hinh 1.1). Hinh 1.1

2.3.1. Phép hop

Hop cua hai tap hop A va B 12 tap hgp gém nhimg phan ti thudc tap hop A,
hogc tap hop B, ki hiéu A U B.

AUB={x|x € Ahodc A £ B} (hinh 1.2).

Phép hop céc tap hgp ¢6 cic tinh chit sau:

AU (BUC)=(A UB)UC (tinh chat két hop);

A UB=BU A (tinh chat giao hodn). Hinh 1.2

2.3.2. Phép giao
Giao cua hai tap hop A va B 1a tap hop gém nhitng phén tir vira thuéc A vita
thugc B, ki hiéu A N B.
ANB={x|x e Avax € B} (hinh 1.3). .
Phép giao cua cdc tap hop cé cde tinh chat sau :
ANBNO=ANBNC Hinh 1.3
ANB=BNA.
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Hai phép todn trén dugc lién hé véi nhau boi luat phan phoi :
AU(BNC) =(AUB)N(AUC |
ANBUCO=ANBUANQC)..

2.3.3. Phép trix

nhimg phén tr thuoc tap hgp A nhung khong thudc

Hiéu cla tap hgp A va tap hop B 1a tap hgp gém .
tap hop B, ki hicu A\ B,

A\ B={x|x € A, x ¢ B} (hinh 1.4). Hinh 1.4

2.3.4. Tép hop bit (phén bi)

Xét tap hop E, A 1a tap hop con cia E. Tap hgp bit cua A trong E 1a tap hop
E \ A kihieu A, A=ENA (hinh 1.5).

Nhuvay AcEE-A=A=A.

Vidu?2: A={x|x*-3x+2=0})={1,2};
B= {x|x2+4x—5:0} ={-51}. Hinh 1.5
Khi d6 AUB={-512},AnB={1};

AN B={2},(AUB)\A={-5}.
24. Tich dé - cac cua cic tap hop

Tich dé - cdc cia hai taphgp AvaBlatdphgp tdt cAcic cap (a,b),ac A,be B
theo tha tir a trude b sau, ki hiéu A x B,

AxB={(ab)lacAbeB}.
Vidu3. NeuA={1,2},B={5x}tht AxB={(1,5),(1,x),(2,5), 2, 0}
Néu A =Bthi A x B=A x A, ki hieu A™

NEuA, =A,=...=A =Athi A xA,;x..xA, = AxAx..xA, ki hiéu A"
\...._.V_.-.—.J

nlin

Chit ¥: Tich dé-c4c cha hai tap hop khong c6 tinh chét giao hodn: A x B=Bx A.

11



§3. ANH XA
3.1. Cac dinh nghia

Dinh nghial. Cho haj tap hop X Y khic &. Ta 801 dnh xa f ur X vao Y 13
mot quy luat cho ing véi méi phin t&r xe X mot va chi mot phén tir
Y€ Y, ki hiéu: f:X-—)Y,XHyr-f(X).

X duge goi 1a rdp hop nguon, Y duge £o1 14 tdp hop dich. Phan tir y duoc goi
1d anh clia x va x dugc goi 1a nghich dnh cia y.

Pinh nghia 2. Ney A  x thi tap hop cdc anh qua énh xa f clia tat ca cac
phan tr x € A goi 13 dnk cilg tdp hop A qua f, ki higu f(A). Vay
KA = {yly = f(x), xe A}
binh nghia 3. Néu B ¢ Y thi 1ap hop {xe X | f(x) = ye B)
801 14 nghich dnh ciia 1gp hop B trong 4nh xa f, ki hi¢u 1a f—'(B).

VidglI:Chof:R—)RHXHy:f(x):xz‘Délém@ténhxavivdiméixeR,

ta duge mot va chi mot y = x2

f(A)

Hinh 1.6 Hinh 1.7

NewA=[-1,21 CRthi fA)={yly=xx e [-1.2]} = [0, 4)C R, (hinh 1.6),
Néu B=[1, 2]C R, thi f(B)= IXx e R; x* e [1L2]) = {x]x e R, | <x’<2)

= {xl-VZ <x<—1}Ulxb 154 <V2f=[v2,-1]u[1.v2] inn 1.7).

12



3.2. Don anh, toan 4dnh, song 4nh

Pinh nghia 4. Chodnhxaf: X 5 Y.

1) Anh xa f goi 1a don dnh néu: vx,, x, eX, X) # X, = f(x,) # f(x,), diéu d6
twong duong véi: Vx, x, e X, f(x,) = f(x,) = x,= x,. '

2) Anh xa f goi 1a toan dnh néu f(X) = Y, diéu d6 c6 nghia [a véi moiy €Y, tén
tai it nhat mot phan tir x € X sao cho y = f(x). Khi dé,tandirang f: X - Y 1a
dnh xatir X /én Y.

3) Anh xa f goi 1a song dnk néu né vira 1a don dnh, vira 12 toan 4nh.

Mo t4 hinh hoc clia dom 4nh, toan 4nh, song anh dugc cho & hinh 1.8,
don anh toan anh song anh
Hinh 1.8

Vidy 2: Cho dnh xa f: R — R, x4c dinh bdi x — f(x) = x*+ 1.

Neéu f(x,) = f(x,) hay xf +1= xg +1, ta suy ra xf = x'; , Vay X, = x,. Do d6,
f Ia don dnh.

Lay bat ki y € R, phuong trinh f(x) = x' + 1 = y hay x* + | —y=0c¢o
nghiém x =§y—1.

Vay 3x=3y-1eR dé f(x)=x’+1=(fy 1) +1 =y hay f 12 todn 4nh.

f vira 1a don dnh, viva ]a toan dnh nén f 13 song anh.

Vidu 3: Chodnh xaf: R — R, xdc dinh bdi x — f(x) = x2.

Neéu f(x,) = f(x;) hay x{ =x3, ta suy ra (x, - x,)( X, + X,) = 0 hay X, = X, v

X| = —X,. Vay f khong phai 13 don anh.

13



Ly bt ki ye R, phuong trinh x* = y chi c6 nghiém x=1JY . khi y 2 0.
Vay f ciing khong phai toan anh.
Tuy nhién, anh xa f: R - R, xdc dinh boi X — ChtomanhvivyeR,
(y 2 0), taludn co X = i\E dé chox*=v.
Lai xét 4nh xa f: R, — R, xac dinh b&i x — x°. RO rang anh xa dy 1a mot
song anh.
3.3. Anh xa nguge cia mot song anh
Gia it f: X > Y 1a mot song énh. Khi d6, mbi phdn tt x € X ¢6 modt anh
xdc dinh f(x) € Y. Ngugc lai, mbi phdn tky € Y ¢6 mot va chi mot nghich
anh x € X. Vi vay, song énh f mr X 1én Y la mot
phép twong tmg 1 — 1 hai chiéu gitta X va Y. Anh xa
bi€n y € Y thanh x € X sao cho f(x) = y goi la dnh p
xa nguge cha song anh f, ki hiéu 1a . Vay ' la !
mot dnh xa tr Y lén X, 16 ciing 1a mot song anh (hinh 1.9). Hinh 1.9
Vi du 4: Anh xa f : R > R xdc dinh bdi x — f(x) = x> + 1 12 mot song 4nh
(xem vi du 2). N6 c6 anh xa nguge £, d6 la:
£~ R — R xic dinh b yr> 3y 1.
Vidu 5 : Xét anh xa f: R2 - R? xdc dinh bdi
(x,y)— f(x, y) = Gx + 2y, 7% + 5Y).
Gia sit £(x,, ) = f(X5, ¥o), tC 12
(3%, + 2y,, 7%+ 5y)) = (3%, + 2y, 7%+ 5Y2)-
Khi d6 3x, +2y, =3%, +2¥, ha {3()(1 —xy)+ 2y, —Y2)=0
7%, +5y, =7%, +3Y, 7(xl—x2)+5(y,-y2)=0.

Nghi¢m cua hé phuong minh d6 1a x,— x;=0,y, —¥. =0 Vay X,= X5 ¥1 = Y2
Do d6 (x,, y,) = (Xz.y»). Suy ra flamot don 4nh tit R? vao R,

14



L4y (u, v) € R?, cén chi ra ton tai cap (x, y) sao cho :

|3x4+2y =
fxX,y)=06x+2y,7x+3y)=(u,v) = Xrey=u
Tx+35y=v.

X =5u-2v
Giai hé phuong trinh d6 doi véi x, y, ta duge mét nghiém duy nhét { Sy

y=3v-"Tu.
Vay f 1a mot toan 4nh tir R? 1én R%. Do f vira la don dnh, vira 1a toan dnh nén
12 mot song dnh . Do d6, né ¢é 4nh xa nguge £~ xédc dinh bdi :

(u, v) — f ' (u, v) = (5u—2v, 3v — 7u).

Chit thich: Néu f: X = Y la mdt don dnh thi f 12 mot song dnh tir X 1én f(X).
Vi vay, tdn tai 4nh xa nguoe £ : f(X) —» X.

3.4. Tich (hop) cua hai anh xa

Chobataphop X, Y,Z vihai dnh xaf: X - Y; g: Y — Z. Nhu vy, img véi
mdi phin tit x € X, ¢6 mot va chi mot phén try = f(x) € Yva tng véi mdi
phdn tr y € Y, ¢6 mot va chi mot phin tr z = g(y) € Z. Nhu vy, ing voi
mbi phdn tir x € X, qua trung gian y, c6 mét va chi mot phéan tir z = g(y) =
glf(x)] € Z. Anh Xa tr X t¢i Z xdc dinh boi: x € X — z = g[f(x)]e Z.

Goi la tich (hay hop) cha cdc dnh xafva g, kihidulagof. Vaygoef: X = Z,
X — (g o f)}(x) = g[f(x}] (hinh 1.10).

i’fd{lﬁ'ChOf:R—)[—l,l]:Xl—>Sinx; ! g
g:R (0, + ), x— ¢,
Tacd (go H)(x) = g[f(x)] =e™*; gof
(fog)x)=1f[g(x)] =sine". Hinh 1.10

15



§4. SO THUC

4.1. Khai niém vé so thure
Ta biét ring s6 hitu 1713 6 ¢6 dang P trong dé p, q € Z, q # 0. Moi s6 hitu
q _

ti déu c6 thé viét duge dudi dang s6 thap phan hitu han, hay s6 thap phan vo

han tudn hoan. Ching han : % =0,5; é =0,333333333 ... = 0,(3).

Ngoai cic s§ thap phan vo han tuin hoan, ta con gap nhimg s¢ thap phan vo
han khéng tudn hoin nhir cdc s6 -

n=3,1415926..; V2 =1,4142136... V3 =1,718281825.

Cic s6 thap phan vé han khong tuan hoan goi 1a cic s6 vé 7. Nhu viy, s6 vo
ti 14 nhiig s6 khong viet dugc dudi dang ti s6 cha hai s6 nguyeén.

Tap hop tét ca céc s6 hitu ti va vo ¢ £01 1a tap hop cac 56 thyc, ki hieu 1a R,

4.2. Truc s6 thue

Ngudi ta thudng biéu dién cdc s6 thuc trén moét dudng thang, trén d6 da chon
moét diém O lam g6c, mot chiéu duong va mot don vi dai (hinh 1.11). M§i
diém M trén dudmg thing d6 dugc (g v6i s6 thuc a bing do dai dai s6 cia
vecto OM . Dio tai, néu cho trude mat s6 thuc a, ta tim duge mot diém duy
nhdt M trén dudng thing sao cho do dai dai s6 cha vects OM bang a. Nhu
vdy, gilla tap hop cdc s6 thuc R va tap hop cdc diém trén dudmg thing c6 mot
phép twong tng mot - mot hai chidu, Pudng

thing d6 goi 1 truc 56 thyc. Ta diing ki hiéu M(a)
M(x) d€ chi diém M img véi s6 thue x, 0 1 X
Hinh 1.11

4.3. Khodng, doan, khoang vé han
Sau day la cdc tap hop s8 thuc thudmg gap. Gia str a, b 1a hai s6 thuc, a < b.
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.l?pqy

{x € R] a <x <b} duoe ki hicu 14 (&, b), goi ta mot khodng ma.

{x e Rf a<x < b} duge ki hi¢u 12 [a, b], goi 12 ™ot khodng déng hay doan.
{x € Rla<x < b} dugc ki hiéu 1a (a, b].

{x e Rl a< x<b} duge ki hiéu 1a [a, b).

{x € Rix <a} duoc ki hi¢u la (~ oo, a).

{x € Rl[x < a} duogc ki hiéu 13 (~ oo, a)].

{x € R|x > a} dugc ki hieu 13 {a, + c0).

{x € Rix > a} duoc ki hiéu la [a, + o),

ConR = (- o, +o0).

Céic khoang (- 0, a), (~ o, al, (a, +), [a, +), (~®, +o0) 13 nhiing khodng
v han.

4.4. Gia tri tuyét doi

SO thuc x ¢6 thé 1a duong, 4m hay bang 0. Ngudi ta goi tri s6 tuyet d6i cia

s thyc x 1a mot sd, ki hiéu Ia x|, duge xdc dinh nhu sau:

X néu x>0
x| =

—X néu x<0. M(x) 0 f;

r€"‘]X]‘">:
Ching han , |7| = 7; |- §] = 5. Hinh 1.12

Néu s6 thue x biéu dién diém M trén truc s6 thi s6 |x| 12 do dai hinh hoc cia
doan OM (hinh 1.12).
Gid str a 1a mot s6 thuc duong. Néu s§ thuc x biéu dién diém M trén truc s6

thi bat dang thic x| < a chimg td rang khoang céch hinh hoc tir géc O téi M
nho hona. Vay: x| < acs —a<x<a,

Mot céch tong quat [x~x)<aex,—a<x<x, +a

2THCC-T1-A 17



4.5. Cac tinh chat cda gi4 tri tuyét doi
X+yl< x|+ |yl

X —ylz |x|~|y];

xy| = x|.lyl;
‘5 _ K véiy = 0;
yl |
<= x"

Ban doc ty chitng minh céc cong thitc nay.
§5. S0 PHUC

Né&u chi tinh todn v6i cic 6 thuc thi nhing phuong trinh dai s6 nhu phuong
trinh x* + 1 = 0 hay x* = -1 v6 nghiém vi binh phuong clia moi s6 thuc déu
khong am. Vi vay, cdn phai xay dung nhitng s6 mdi sao cho s thuc 13
truong hop ricng cia nhimg s6 ma&i va cdc phuong trinh dai s& déu c6
nghi¢m. Nhimg s6 méi d6 12 s6 phic.

5.1. Cac dinh nghia

Ngudi ta goi don vi do 1a s i thoa min déng thic i = 1. Nhu vay, phuong

trinh x* = ~1 6 hai nghiém x = i va X = i,

Ngudi ta goi s6 phiie 13 s6 c6 dang z=a + ib, a.n
trong d6 a, b € R, a poi 1a phdn the cha s¢ phtc z |, ki hiéu 1a Rez, bgoi la
phdn do cua z, ki hiéu 13 Imz.

Néub=0,tac6z=a e R. Vay s6 thuc 1 trudng hop riéng cla s6 phic.

Néua=0,tac6z=ib. Tanéi z=ib Ia mot s6 do thudn tuy.

Néua=b=0,tavigi z=0,

Tap hop tét ¢a céc s6 phirc duge ki hitnlaC. Vay R C C.

8 2THCC-T1-B



Hai s0 phifc z, = a, + ib;; z, = a, + ib, g0i 1a bang nhaunéu a, = a,va b, = b,,
kihiéulaz, =z,

Néuz=a+ibthi -a-ib £0i 13 s6 phite doi cia z, ki hiéu 14 -z, con a — ib
801 1a 56 phitc lién hop cita z, ki hiéu 1a 7. Ching han, néu z = 3 + 5i thi
—zZz=-3-51;Z =3 -5i,

5.2. Céc phép tinh vé s6 phire

5.2.1. Phép céng cdc 56 phire

Cho hai s6 phitc z, = a, + ib,; 7, = a, + ib,. Newi ta got tong cha hai s6 phiic z,
va z, la s6 phiic, ki hiéu 1a z, + Z), Xdc dinh bGi z, +z,=(a, + a,) + i(b, +b,).

Tir d6 suy ra cdc tinh chat sau:
Az +z)+z;=2,+ (z, + z,) (tinh chat két hop);
b) z, + 7, = 7, + z, (tinh chat giao ho4n);
c)z+0=12z;
dyz,-z,=2,+ (- z,).
Ching han, néuz, =3 -4i,z,= - 2+ 7i thi :
i+, =0C3-2)+i(-4+7)=1+3i
2 -L,=C3-4)+2~-TD)=5-11i.
3.2.2. phép nhén cdc s6 phirc

Tich cua hai s6 phitc z, = a, + ib, va z, = 2, + ib, la s8 phic ¢6 duge bing
cdch nhan ching nhu nhan hai nhi thic thong thudng véi chi v i = —1, ki
hieu la z,. 2,

2.7y =(a, +ib)).(a, + ib,) = a,(a, + ib,) + ib,(a, + ib,)
= a,a, +ia b, + ib,a, + i’bb,

= a|3.2 - b|b2 + i(a!bz“i' azbl).
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Néu z, = z,= 7 thi z.z duge ki hiéu 12 22, Con zz..... .z dugce ki hiéu 14 2",

n lan

Phép nhan s6 phifc ¢6 c4c tinh chat sau:

2) (2,.2,).2; = 7,.(z,.2,) (tinh chat két hop).

b) z,.2;, = z,.z, (tinh chat giao hodn).

czl=z

d) Néu z = 0 thi t6n tai s6 phitc, ki hiéu 1a 7' sao cho z.z™ ' = 1. S5 phiic z~ !
01 [a s8 nghich dao cla z.

That vay, gidsirz=a +ib=0, tic 1a a® + b* = 0. Ta cin tim s hicz '=x +1
A vay, g P y

1

saochoz.z” =1, hay (a+ib)(x +iy) = | & ax - by +iay +bx) = 1 +0i.

Hai s6 phitc bang nhau khi phén thuc ctia chiing bing nhau va phin 4o ciia
ax—-by=1

chiing bang nhau. Do d¢:
bx +ay = 0.

Giai hé hai phuong trinh d6, ta dugc mot nghiém duy nhat

- a b
X=———, y=———— . Vay 7} = — i :
a’ +b? Y a® +b? Y a’ +b’ a® +b?
. - 1 . P o
Chu thich: Trong thyc hanh, ta cé thé tinh z™' = m bang cédch nhan tir s6
a+i
a—ib a—ib a—ib

va mau s6 véi (2 - ib), ta duge 27 = —— =
(a+ib)a—ib) a” —i’b a“+b-

e) i:z].:»:;' (2, #0).
Zy
5.3. Cic vidu

Vidu I : Tim cdc s6 thue x, y sao cho (1 + 2i)x + (3 — Si)y=1-3i.
Gidi. Do x, y € R nén phuong trinh di cho ¢6 thé viét:

X+ 3y +i(2x - Sy) = [ — 3i.

X+3y= 4 5
Suy ra = X=—— Yy=—.
2x=5y=-3 11 11



Vt’duZ:TfnhA:(x—l—i)(x—l+i)(x+l+i)(x+l—i).

Gidi. (x-l~i)(x—l+i)=(x—l)2~i2=(x—-l)2+1=x2—2x+2;

X+1+D)x+1-i)= X+ 1P -2=x?+2x+2

:.«QA:(x2+2—zx)(;&+2+2x)=(x2+2)2—4x2
=x"+4x>+ 4 - 452 =x'+4,

3+ 2t

1-v3i
3420 B+201+V3i) _ (3-2v3)+i2+3V3)

Vidu 3: Tim phan thue va phén 4o cia s6 phitc A =

Gidi. A - )
“ [-V3i (1-v3D(1+3) I - (+/31)>
_ G- 2\/_)+1(2+3f) 3- 2f 2+'3\/§
1+3 4 4
Viy ReA = 3“2‘6, ImA = 2+j‘/§.

Vidud4:Choz=a+ib. Tinh 2.

Gial. 2" = (a +ib)’ = a*+ 42'ib + 6a’(ib)* + da(ib)’ + (ib)’
=a'+ 4a’bi — 6%’ ~ 4ab’i + b
=(a’- 6a’h’ + b*) + dab(a?- bAi.

Chiyrang: =~ 1 P=-ii'=1.

(1+1)°

(1-iy

A+’ (1 +1) (1+1)'¢ (1 +1)'6 i

A=A+ [a-iaey]  a-17

Vidu5:Tinh A=

Gidi. A =

(] +i )16

=—[(1+ ]’ *(_2_1)_‘21 =2,
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5.4. Dang luong gidc clia so phire 7
5.4.1. Mat phdng phirc ‘ ) R M(a, b)

Vi 6 phiic z = a + ib ting v6i cap s6 thuc (a, b) nén ta :I

c6 thé bidu dién né bdi diém M trong mat phing toa O a %
d6 Oxy sao cho M c6 toa do (a, b). S5 phifc z goi 1a Hinh 1.13

tog vi cla diém M. Nhu vay, ta dugc mot song 4nh

gilia tap hop 14t ca cdc s phitc C vd mat phing toa do Oxy. Ta goi mat
phéng d6 12 mdr phdng phirc (hinh1.13).
Nhimg di€m trén tryc Ox 12 anh clia céc s6 phitc c6 dang z=a € R nén truc

Ox goi 1a truc thye. Nhitng diém trén truc Oy 12 dnh cia nhing s6 phitc ¢6
dang z = ib, d6 la nhitng s& phiic thudn tuy o, nén truc Oy goi la truc do.

5.4.2. Dang luong gidc ctla s¢ phirc

Vi
Gid sir M la anh cta s6 phic z trong mat phing phie. N M
Néu z # 0 thi M khéng triung véi goc O, vecty oM D :
hoan toan xéc dinh. Dat: 6 -
o a X

p=0OM; 6=(0x,0M), Hinh 1.14

p la mot s6 duong goi 13 médun cha z, ki hieu 13| z| ;
6 1a géc dinh huéng ma vecto OM 1am véi truc Ox, né duge xdc dinh sai

khdc 2kn, k € Z va duge goi 1a agumen cha z "

(hinh 1.14).

Néu z ¢6 modun p v agumen 6 thi Z c6

modun p va agumen —6, con -z c¢6 modun p

va agumen 0 + 7 (hinh 1.15).
Tirhinh 1.14 ta suy ra :

a=pcosB, b=p sind, Hinh 1.15

Do d6, s6 phitc z = a + ib c6 thé viét duge dudi dang z = p(cosd + isin®).
(1.2)
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D6 1a dang lugng gidc cua so phic. Con dang (1. 1) goi 1A dang chinh tac.
Né&u z = 0 thi M trling véi O, ta ¢6 p = 0, agumen 8 cha nod tuy ¥.

Cing tit hinh 1.14, ta suy ra:
2 2 b
p=+a”+b"; tgh=—. (1. 3)
a

E.Chon(pl:‘i
a

Trong khoang |0; 2m) c6 hai g6¢ ¢, 9, thod man tgQ, =tge, =
mot trong hai goc do sao cho sing cing ddu vdi b. Khi d6 0 = ¢ + 2km.
Vidu6:Choz=1+3 taca=1 b=3.viy p=113=2 tgp=+3.

-’ ~ - - * - 4
Trong khoang [0; 2r), phuong trinh tgp = J3 ¢6 hai nghiém g va —;E Vi

sin% > cung ddu voi b= J3 nén @ = % Vay dang lugng gidc cuazla

z:2(cos£+isin£).
3 3
Vi du7: Cho 7=1-+31.Tac6a=1, b=-v3,vay p=2; tgp=-v3.Do
do tp=23£ hoic ¢ = %}E Ta chen (p=5—; vi sin%:i<0 cung ddu voi

b= —-\/5 .Vay z= 2(cos%+isin-5—;) .

Vidu8:Choz=-27.Tac6a=—27,b=0,vay p:x/(—m 2 =27, s6 phitc

ndy nim trén phia am cha tryc thuc nén ¢ = 1. Vay z=27(cosm +1 sinT).
Vidu9: Choz=3i.Tacoa=0,b= 3, p = 3. S phic nay nam trén phia

duong cha truc a0 nén ¢ = -123 Viy z= 3(005% +isin g) .

Vidu 10 :Cho z=3(cos§+isin%).Tacé p=3 (pz‘—::-.
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Vay a=pcos¢:3—@, b:psin(pzé\—@. Viy z=—=(1+1).
2 2 2
5.4.3. Phép nhdn va phép chia cdc sé phirc dut;’;i dang luong gidc
Cho z, = p,(coso, + ising,); z, = py(cos, + ising,). Ta ¢
2.2, = PP, (Cos@, + ising, )(cos@, + ising,) =
= PP, {(cosp,cosg, - sing,sing,) + 1(COSQ,sing, + cosP,sing, )}
=212, = p,p, {cos(@ + @,) + isin(p, + @,)}. (1. 4

Vay tich cta hai s6 phiic dudi dang lugng gide 12 s6 phitc ¢6 madun bing
tich cdc médun va agumen bing tong cdc agumen.

Goi z 1a s6 thuong =~ v6i z, # 0, tic 1a p, = 0. Goi R va « 1a modun va
Z

agumen ciaz, Viz,=zz,néntacé p, = Rp,vao, =a +¢,.

Dodé R =Fu vao =, — o,
P2

Vay thuong cia hai s6 phiic 12 s6 phiic ¢6 modun bing thuong cac moédun va
agumen bang hiéu cic agumen.

ﬂzﬂ[

Z; Py

€os(®, ~ @) +isin(o, - ¢,)]. (1. 5)
Dac biét néu z = p(cose + ising), p # 0 thi
a1 1 .
z =—=—[cos(—(p)+1sm(-qo)]. (1. 6)
z p
Vidy 11: Cho z, =1+3, z, =1-+/3i. Trong cdc vi du 6 vi 7, ta da thdy
T L Sn 5n
z,=2(cos—+isin—), z, =2(cos— +isin—).
| (5.311r13)z2 ( 3 3)

Do do, theo cdc cong thie (1. 4) va (1. 5), ta ¢6:
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5 ..
2,2, = 4|:cos(~;£+?n)+1sm(-g- +5?n)] =4{cos2n+isin2n)=4:

LI cos(g - %) +1 sin(g - S_n) = cos(— 4—ﬂ) +1isin(~- 4—T[)

Zy

:cos%?—T-HsingE:—l(l—i\ﬁ).
3 3 2

5.4.4. Luy thira cua sé phirc o dang luong gide. Cong thitc Moivre
Cho z = p{cos@ + 1 sing). Theo(l.4) tacd
z* = p*(cos2 + i sin2@);
2’ = 782 = p*(cos3o + i sin3¢).
Tong quéat: 2" = p{cosng + i sinng).

Pic biét néu p = 1, z = cos@ + ising, thi ¥n € N, tacé

z' = (cosQ + 1 sing)" = cosnQ + isinne. (1. 7)

Cong thie (1. 7) goi la cong thic Moivre. Ta ¢6 thé ding cong thic dé dé
tinh cosnx va sinnx theo cosx va sinx.

Vidu 12: Cho z=1-+/3i. Tinh 2, "%,
. . Sm .. 5n . )
Giagi. Taco z= 2(cos?+1sm ?) (xem vidu 7), do dé :

2" = 2"(cos%+ isin 53—n)n =2"(cos BLiL +isin S;m) :

z'? =21 [cos(12.5?n)+isin(l2.5?n)} =2"(cos 20m + isin 20m) = 2'2.

Vidu 13 : Hiy biéu dién cos3x, sin3x theo sinx vi cosx.

Gidi. Theo cong thic Moivre ta ¢6
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=

o

€0s3x + isin3x = (cosx + isinx)’ =
= cos'X + 3cos?X.isinx + 3cosx(isinx)® + (isinx)?
= (c0s’x — 3cosx.sin%) + i(3cos’xsinx - sin’x),
Vay:
cos3x = cos'x ~ 3cosxsin®x = cos’x — 3cosx(1 ~ cos’x) = 4cos’x — 3cosx:

. kl . - . a - . .
sin3x = 3cos’xsinx ~ sin'x = 3(] - sin®x)sinx ~ sin’x = 3sinx — 4sin’x.

Vi dy 14: Chimg minh ring: (1 +i)" =22 (cos%r—c+isin Pf-) .

Gidi. Dat z = +i:\/§cos(g+isin—}).Ta co z" =25(cos?+isin%).

Vidul5: Tinhcicténg:  S=cosx + cos?x + oo + COSNX;
T =sinx + sin2x + ... + sinnx.
Gidi. Tacé

S +1T = (cosx + i18$InX) + (cos2x + 1SIN2X) + ... + (cosnx + isinnx).

Dat cosi+isin§—=a. Khi d6 o =cos£+isin£}-(-. Vay
' 2 2 2 2

-]
S+iT=a?+a*+.. .+ = g2 —=
-1
-n n —-n
=0L20Ln(a"_a )= n+1.Cf. - ' (*)
afe—o™) o—a”!

1
Tacé o' =

= COS(~ =) + isin(~)
) SE 2 2
COS—+ 181N —

2 2

=" =[cos(— %)+ i sin(— g)J =
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nx. ., nx X . . nx
cos(—?)ﬂsm(—?):cos——lsm—.

. _ .. X . ..n
Dodd a—« '=21sm:?-, o —e™" =2isin—, -

x
. nx
S —- X X
The vao (*), ta duge S+iT = —2-| cos(n+ 1)~ + i sin(n + 1) >
. X 2 2
5111 —
2
. nx . nx
51— X 51Nn— X
=8=—2 cos(n+D)>, T= —2 sin(n+ D)=,
sin— sin — 2

5.4.5. Khai cdn s6 phitc
Ngudi ta goi cin bac m cia sd phirc z (m € N) 14 s6 phic & sao cho £ = z.
Gia su z = p(cos@ + ising) va £ = r{cosa + i sina) 1a mot cin bac m cha z.
Vil" =2z, tacd {r(cosa + isina}}™ = p (cos@ + ising).
Ap dung cong thitc Moivre, ta dugc :

r(cosmao + isinma) = p (cos@ + 1sing)

=>r=p,moa=¢+2krn ke Z

Vay f=r{1/5, aquzkn

Jk e Z.

Chok=0,1,2...,m - 1, ta dugc m gié tri khic nhau ctia «. Chok = m,
m + 1, ..., 2m — 1, céc gi4 tri trén cua « lai duge 1ap lai. Vay ta duge m can
bac m cia z (ching ¢6 cling modun):

fQ/E=ng/E[cos(q’*2k“)+isin(‘*’+2k“)],k =0,1,..,m-1 (L. 8
m

m

Anh ciia chiing 12 cdc dinh cha mot da gidc déu m canh.
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Vidu 16: Tinh ] . &
Gidi. Tacé | = cos2kn + isin2km,
%o
Do dé %/f:cos%zﬂsinz@.
3 3
Chok =0, 1. 2, ta duge: ¢, = cos 0 + isin 0 = |- %2
Hinh 1.16
2n . 2n 1 V3,
G =cos—+isin="=—_ L | —i;
3 3 2 2
in 1 3,

dn
G, =COS—+i1SiN—=- — - =
B 3 2 2

Anh cia ching dugc cho trén hinh 1.16,
Vidu17: Cho z=+3 i Tinh U7

Gidi. Viét lai z duéi dang luong gidc. Ta ¢é P=v3+1=2, 1g0= —71;—.

[ . . I .
Hai géc %TE vél—;—n- déu c6 tang bing —-—=. Tachon (p=ié—TE,vi Smlé—n<0,

V3
N L, L Ilx N N Y
cung dau véi b=-1.Viy z=2 cos(—6——+2kn)+1sm(—%—+2kn) .
Do d6 theo (1. 3)

—+2kn —+2kn
i)

L Hn
U_=UE COS“_—?—-"——+ESEII_6——§———

=3/2cos Q—I%ZEE +isin E"'_Iz_k)_“]

42
: |
Vidy 18: Tinh s )
i V1443

28




a®

"95

Gidi. Datz, = 1 —i, z, =1++/3i. Viét z,, z, dudi dang lugng gidc:

Z, =x/§(coszz+isinz£); Z, = 2(cosE+isinE).
4 4 3
z, | Tn = 17n 177
Dodé —' = —| cos(— ~ ) +is n—ﬁ— —4 e
z, \/5{ AP g )} \/E(OS 1 T

Theo cong thite (1. 7), ta dugce:

l?:rt 17n

coSs +ism
VI+\/_| '\F 0 6

17 +24k 17 + 24k J
— .

= %[cos(——w)n + isin(
> 72

Vi du 19: Gidi phuong trinh bic hai x> + x + 1 = 0.

Gidi. TacoA=1-4=-3=32= JA = +/3i.

Chd y rang A la s6 phic, nd ¢6 hai can bac hai. Vay

I B KT U P

2 2

Téng quat, néu phuong trinh bac hai ax? + bx + ¢ = 0 (a = 0) ¢6 biét thiic

—h+iv— hoiJv=A
A = b’ - 4ac < 0, n6 ¢6 hai nghiém phic: X, = b—;L—A,xz = —b—uzl—
a a

B¢ 1a hai s6 phic lién hgp véi nhau.

Vi du 20: Gidi phuong trinh x> = 2+ Dx + (-1 + 7)) =0

Gidi. Tacd A=Q2+1Y -4(-1+7)=4+4i+1*+4-28i=7-24i=
=16 —-24i -9 =16 — 24i + 9i* = (4 — 3i)".

2+1)+(4-3D)
2

(2+1)—(4-31)
2

Viay x, = =3-1; X, = =-1+2i.
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5.4.6. Phdn tich da thirc véi hé s6 thuec thanh thita s6

Trong dai s6 cao cdp, ngudi ta di ching minh duoc ring moi da thic P (x)
bac n (= 1) déu ¢6 n nghiém thuc hay phic, don hay bgi, méi nghiém boi
bac m (< n) duge tinh m 14n, da thic &y c6 thé phan tich thanh tich cia n
thira 56 bac nhat P,(x) = a,(x — A, )(x = A,)..(x — ), (1. 9)

trong do a, 1a hé s6 dau cla da thite; X,,..., A, 12 c4c s6 thyc hay phirc. Bay
gi0, ta chimg minh dinh If sau.

binh li 1.1. Moi da thic P,(x) bac n (= 1) v6i hé s6 thuc déu ¢6 thé phan tich
thanh tich cua céc thira s6 bac nhat va bac hai

Pi(x) = a,(x = X)X = X ) + pix + Q). (% + px +q)), (1. 10)

trong do x,,..., X, 1a cdc nghiém thyc cta P,(x), cic tam thiic bac hai déu cé
hé 6 thue nhumg khong ¢6 nghiém thue, k + 2/ = n.

Chitng minh : Gid sif ta c6 P(x) = a x" + 2, X" +..+ a,x +

trongdéa e R,j=0,1,..,n,a #0.

Néuz =a, +ib,,z,=a,+ib, thi z, =a, —ib,, z, =a, —ib,, do d6:
2, +2;, =(a,+ay)~i(b, +b,)) =2, +z,,
2.2, =(a;a, -b;b,) —i(a;b, +a,b))=z,.2,,

n

P(Z)=2,Z"+2, 2" +..+a,7+a,=

=a,2" +a, 2" +..+a,z+a, = P (2).
Vi vay, néu P,(C) = 0 thi ta ciing c6 P, (€)=0, tic 1a néu € la nghiém coa da
thite P,(x) thi & ciing 12 nghiém clia da thic ay.

Gia sir da thirc P,(x) ¢6 k nghiém thuc x,,..., x, va ! cap nghi¢m phic lién hop
C.,El,--.,C,,EI, k + 2/ =n. Theo cong thic (1. 9)tacéd
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ak oy
2

P (x)=a,(x=x }..(x—x)(x —Ci)(X*C_I)-.-(x—C,)(x—C_,).
Nhung (x—-£)(x=8,) = x> = (&, +Sox+,)

Ja mot tam thitc bac hai véi hé s6 thue, vi &, + &, =2Re(§,) € R va tam thitc
&y khong c6 nghiém thyc, chi ¢6 hai nghiém phuc lién hop, n6 c6 dang:
x2+ X +q,, VO pr—4q, <0.
Vay P(x) = a,(X — X,)oo.(x — X0 + piX + q).(X* + px + Q).
Vi dy 21: Phan tich da thitc P(x) = x® - 3x" + 3x* - 3%’ + 32— 3x +2
thanh thira s& véi hé so thyc.

Gidi. D& dang thdy rng x = 1 va x = 2 12 2 nghi¢m don ctia P(x). Chia P(x)
cho (x — 1) (x — 2), ta dugc

P(x)=(x — D(x - 2(x*+ x*+ 1) = (x = 1){x - Nxt+2x2+ 1 -x%)
= (x = Dx - D2+ D = K= (x - DE -2 + x+ D -x + 1.
Vi du 22: Gidi phuong trinh x* —2v3x* + 5x% —=24/3x +4 =0.
Gidi. Ta bién déi
X =23k £ 552 =23+ 4 = (x* +x )+ (4xP + 423>+ x) =
= K22 D)+ A + 1= 23x(x7 + D) = (6 + D(x* —23x +4) =0,
Dodé x>+ 1=0=x=4+i;

2 -23x+4=0=>x =3 +i.
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CAU HOI ON TAP
1. The nao la tap hgp dém duge va tap hop khong dém duge? Hay tim cdch mé
ta tdp hop s6 nguyén Z = {0, 1, £2,...} dé khang dinh Z 1a tap hop dém dugc.

2. Thé nao la luat phan phéi ciia ba tap hop A, B, C? Hiy mo ta luat d6 bang
biéu dé Ven.
3. Anh xa Ia gi ? Thé no la don 4nh, toan 4nh, song dnh? Cho vi du.

4. Tri tuyét d6i clia s6 thue ia gi 7 Hay chimg minh cdc tinh chat cia gid tri
tuyét déi.

3. Dinh nghia don vj 4o, s phite, phdn thuc va phan 4o clia s6 phiic.

6. Néu x < IR thi x| 12 gi? Néu x 12 s6 phuc thi x| 1a gi ?

7.Néux e R, , ta ¢c6 Yx . Néu X la s6 phifc ta ciing ¢6 Q/; Cic ¢an s6 d6
khac nhau nhu thé nao?

8. Cdc ménh dé sau diing hay sai

a) Anh xaf: R - R, x — x’ 1a mot toan 4nh.

b) Anh xa f: R — IR, x — x I3 mot don 4nh.

¢} va+b =\/;+\/E v@imoiaz0,b>0.

d) Vab = Va.vb véimoiaz0, b2 0.

e) Va’ =a vdi moi s6 thuc a.

Va [a
—=_— vdimoisda=0.
) b b* '

g8) 2.Z 2 0 v6i moi s6 phitc z.

h)Néuz, =a, +ib,, z,=a, + ib,, thi 2.2, =2a,.a, + ib..b,.

i) ¥32+0i=2.

. Z+1—-i
1) Tap hgp céc s6 phite z thoa min dang thirc ~|———l

|Z 7 -2i, =1 la dudng thang

di qua hai diém -1 +iva 1 +2i.
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BAI TAP

1. Tim tap hop cdc nghiém thuc ctia cdc phuong trinh va bat phuong trinh
sau va biéu dién ching trén truc sg.

Ay xI—4x+3=0; by x?—4x +3>0:;
) x*—4x+3<0; Hx-x+1=0
)X’ —x+1>0; Hx’—x+1<0.

Goi cic tap hop nghiém tuong ing 1A A, B,C,D,E,F. TimAUB; AN B:

AUCANC,

2. Cho A = {1, 2, 3}; B = {2, 3, 4}. Hay viét tat cd cdc phan tir cha tich
dé - cic A x B,

3.Cho A = (x|l £ x<2}; B={y]2 < y < 3}. Hiy biéu dién hinh hoc tich

dé - cic A x B lén mat phang toa do.

4. Trong céc 4nh xa sau, 4nh xa nio 12 don 4nh, toan 4nh, song 4nh? Néu 13
song dnh hay tim anh xa nguoc.

D R->R x—x+7.

DR S>R, x+— x*+2x - 3.
)f:[4,9cR—[21,96] C R, x — x?+2x — 3.
d) f: R > R, x — 3x - 2|x]|.

e) F:R—> R, xio (R, =R, \{0}).

g} N> N, x — x(x + 1).

2x

5.a) Cho dnh xa f: R — R xdc dinh boi x > f(x) = l
+X

7 -

NG ¢6 phai 12 don dnh, toan dnh khong? Tim anh f(R).
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b)Chog: R - R (R =\ {0}): XI—)g(X)=i.Tim fog.
X

6. Cho dnh xa f: E — F; A, BI hai tap con cta E.
a) Ching minh rang néu A < B = f(A) ¢ f(B).

b) Néu f 12 don dnh thi f(A 1 B) = f(A) U f(B).

7.Choa, b,c,d € Zvaad - bc = 1 (Z 1a tap s6 nguyén), t: Z* — Z%

(X, y) — (ax + by, cx + dy). Chiing minh rang f 14 song 4nh, tim .

8. Tim tét ¢4 cdc s hitu ti X, sao cho y = Vx? + x +3 14 56 hiu ti.

9. Chimg minh ring 2 1a 5§ v6 ti, tit d6 ching minh s6 v2 +/3 ciing 1
86 vO ti.

10. Giai cac bat phuong trinh:

a)|2x -3 < I; by (x —2) >4

c)x’+2x -8<0; d) | X2 ~Tx+12]>x> - 7x + 12.
11 Tim X, y, z, t 1a cdc s6 thuc thoa min hé:

(I+Dx+ 1+ 2Dy +(1+3D)z+ (1 +4D)t =1+5i
G-Dx+{@-20)yy+(1+)z+4it=2-1.

12. Tinh : ay (1 +21)°; by (1 + 2i)° = (1 - 2i).
13. Thyc hién phép tinh:

1+itga [+2i) —(1-1)°
a) - g ; b ( -)3 ( ‘)2 .

1 -itgox 3421y —-(2+1)

14. Tim x, y € C (tap cdc s6 phic) 1a nghiém cia hé :

, G~Dx+(4+2i)y=2+6i b QR+ix+Q2-1)y=6
(4+2x—(2+3D)y=5+4i" (3+2i)x +(3-2i)y = 8.
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f %0(5'

C\2 3
15. Tinh : a) [—l + ’—‘@] : b) [—i + lﬁ] .
2 2 2 2

16. Giai cdc phuong trinh bing cach bién ddi vé trai vé tich ciia ha nhan

thirc bac hai véi he s6 thye hoic phiic :
a) x* + 6x* + 9x2 + 100 = 0

17. Dua vé dang luong gide cde s6 phiic sau:

al-i; b)1+i\/§; c)—l+ix/§;
) -1-iv3; &) 1-iv3: g) 2i; h) ~3.
18. Tim biéu dién hinh hoc clia cdc 56 phitc z thoa man:
alz|<2; bylz—i|<1; Alz-1-ij<1.
. 20 24
19. Tinh: a) (1 + )™ : b)[lﬂ\_ﬁ) : ) [1—‘/&—‘) .
1-i 2
3 1
20. Cho m1=~l+i\/;;mq=~-—i£.
2 2 - 2 2

Tinh ] +®5, ne N.

21. Tinh : a) ¥2-2i ; b) ¥4 .

1+1 -1
22, Tinh:a) ; b) §/—— .
V31 Vi+iva

23. a) Tinh cos5x, sin6x theo sinx vi cosx.

b) Biéu dién sin*x, cos’x theo sin, va cosin cha cdc  géc boi caa x.
24. Tinh téng : a) 1-C2+Cl-CO 4.,

by CL-CaClaCl .

by x* +2x* - 24x + 72 = Q.
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25. Giai cdc phuong trinh sau trén tap C:

a) x* —(1+iv3)x ~1+iv3 = 0: b) x*~ 6x + 9= 0,
¢) X"+ 6x7 + 30x + 25 = O D) x* -2+ 2 +4x — 8 = 0
eyx'+2x' —2x% + 6x - 15 =0,

DAP SO
Lay{l:3};b)(—0o; HUG +o0) ) [1;3];d) & e}~ w0 ; +oo);
t)@;AUB=(~00;+OO);AmB=®;AUC=[1,3]; ANC=1{l,3}.
20012542, 2): (3, 2): (1, 3); (2, 3): (2, 4)? (3,2); (3, 3); (3, 4)}.
4. a) Don 4nh, toan 4nh, song 4nh, f'iyy =y - 7.
b) Khong don dnh, khong toan 4nh, khéng c6 dnh Xa ngugce.

¢) Bon dnh, toin dnh, song dnh, f'(y)= -1+ Jd+y.

y=0

d) Don dnh, toan dnh, song dnh, ' (y) = |

— <0.
5}’ Y

€) Don dnh, toan dnh, song dnh, f'(y) = Iny - I.

f) Khong,

5. a) Khong phai don 4nh hay toan dnh: f(R) = [~1, 1]; b)fog=1.

10.a) 1 <x < 2: b)x>4;x <0 c)-4<x<2; d)3<x<4.

1. x=-2; y:—%; z=2; t=—-—,
2 2

12.a) 117 + 44 b) — 76i.
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44— 5i
318

13. a) cos2a + isin2a; b)

14. Tim céc s6 phuc x; v:
ayx=1+1,y=1i; byx=2+1, y=2-1

11\/_

)————— b) I.

16.a) (x* —2x+5)(x* +8x +20)=0= 1 £ 2i; — 4 £ 2i.

D) (- Ax + O +4x +12)=0 > 2+ iv2: -2 & 2iv2.

17. a) \/5 COS?—T[-i-iSin?—T[ : b} 2 cosE+isin£ :
4 4 3003
c) 2[0032—ﬂ+isinﬁ ; d) 2[0034—ﬂ+isiniﬁ};
3 3 3 3

e) 2[cos%+isin%j; ) 2[cosg+isingj; h) ¥Hcosm+isinm).

18. a) Tat ca cdc diém trong cha hinh trdn tm O, bdn kinh r = 2.
b) Cic diém trong hinh tron tam (0; 1), ban kinh r= 1.

c¢) Céc diém trong hinh trdn tam (1; 1), bin kinhr= 1.

19. 2) 2'%1 + iy; by 2°(1—iv3); c) (2-V3)'2.

20. 2(:05.%E .

1+f J_l 1-V3 1443,
21.a) -1+ - 1.
2 2 2 2
Ml+irt—1;—-1+1, -1 +1.
22, a) 1 24k+5ﬂ+isin24k+5n.
'( 96
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24k +17 . 24k +17 }
n—m -—-——m/,.

b) I cos T + isi
2 72

23. a) cos5x = cos’x — 10cos*xsin’x + Scosxsin’x:
cos6X = 6cos’xsinx — 20cos’xsin’x + 6¢osxsin’x.

cosdx ~dcos2x +3

b) SiI'l4X - ’
g8

5 COS$5X + 5c083x + 10cos x
COS™ X = i

24, Xét (1 +iy = a) 25{:05% . b 255in%.

1+43 V3.1 1-v3 . V3+1 3+i3

25.a) x| = +1i DX, = +i . b) -3 :
2 2 - 2 2 2
o) -1 ji?ﬁ; d) +/2; 1+i4/3; e) —1£v6: +iv3.

2
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CHUONG II. HAM SO MOT BIEN SO - GIGI HAN
VA LIEN TUC - PAO HAM VA VI PHAN

MUC DIiCH YEU CAU

Chuong nay nhiim 6n tap, hé théng hod va nang cao cic kién thirc vé ham s6
mot bién s6, vé gidi han cla ddy s6, gidi han cia ham s0, tinh lién tc va
gidn doan ctia ham s, dao ham va vi phan clia ham s6 mot bién 6.

Sinh vién cdn ndm viing mot cach cé he thong kién thitc d6, sit dung linh
hoat cdc kién thitc d6 trong tinh gidi han ciia ham s&, khao sat tinh lién tyc
cha ham s6, tinh dao ham vA vi phén, hiéu ¥ nghia hinh hoc cling nhu ¥
nghia thyc tién cta dao ham va vi phén.

§1. CAC KHAI NIEM CO BAN VE HAM SO MOT BIEN SO

1.1. Pinh nghia ham s6 mot bién s6
Cho X 12 mot tap hop khdc rong ctia R. Ngudi ta goi dnh xa f : X - R, x — f(x),

1a ham s& mot bién s6 xac dinh trén tap hop X, trong d6 x goi 12 bigh s6 doc

Idp, y goi 1 hién s6 phu thugc hay ham s6 cua x, X goi la mién xdc dinh cua
ham s6 T, tap hop f(X) = {y € R |y ={(x), Vxe X} goi la mién gid tri caa f.
Né&u ngudi ta cho ham s6 mot bién s bai biéu thitc y = f(x) ma khong ndi gi

vé mién xdc dinh cBa né thi mién xdc dinh cha him s¢ dugc hiéu 1a tap hop

nhiig diém x sao cho biéu thic 6 nghia.

Vidu 1: Ham s6 y = 2x” — 4x + 6 xdc dinh vdi moi x € R.

Vi y=2(x — 1) +4 = 4 nén mién gid tri cba y 14 khoang vo han [4, + ).

39



Vidu2: Ham s6 y = 1 -2 xdc dinh khi : I-xX20 k|<lo-1cx<.
Mién gid tri ctia ham 6 1a doan [0, 1].

1.2. D6 thi ctia ham sg mot bién s¢
Gia sit ham s6'y = f(x) ¢6 mién xéc dinh 12 X < R. Ung véi gia tri x, € X, ta

duoc gid tri y, = f(xy) clia ham s6. Goi M, I3 diém ¢6 toa do (x,, y,) trong
mot h¢ truc toa do dé - cic vudéng gée. Cho X, bi€n thién tren tap hop xdc
dinh X, diém M, bién thién theo va tao nén mot dudmg cong trong mat phing
toa d6 Oxy, goi 13 do thi clia ham s6 y = f(x). Tém lai, do tht clta ham s¢
y =1f(x) 1atdp hop nhimg di€m ¢6 toa do thoa man hé thitc y = f(x). D thi
cia him s6'y = f(x) ¢ thé 13 MOt tp hop 13 rac cdc diém, ciing ¢6 thé g6m

mot s6 cung lién. Y
- [x? néu x <0
Vidu 3: D6 thi chia ham s6 Y=Jx néu<x<i 3
21—
3 - 1
— néu x>|] ." X
2 O 1 X
duge cho & hinh 2.1. Hinh 2.1

1.3. Ham s don di¢u - Ham s6 chin, ham sg 1¢ - Ham s6 tuan hoan
1.3.1. Ham 56 don diu
Ham s6 f(x) goi I3 tang (hay dong bign) trong khoang (a, b) n&y :
' VX, X, € (a, b), Xi<x, = f(x))< fix,)
12 ting ngat trong (a, b) néu: vx,, x, e (a, b), x;<x, = f(x,) < f(x,).
Ham s6 f(x) g0i 13 gidm (hay nghich bi€n) trong khodng (a, b) néy
VX, X, € (a, b), x,<x, = f(x,) > f(x,);

1a giam ngat trong khodng (a, b) néu: VX, X, € (a, b), x, < X = f(x)) > f(x,).
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s,

Ham s& f(x) goi 1a don diéu trong khodng (a, b) néu né ting hoac giam trong
khoang #y.

D6 thi cha ham s6 tang 1a mot dudng di [én tir trdi sang phai (hinh 2.2a).

D6 thi cha ham s6 gidm 12 mét dudng di xudng tir trii sang phai (hinh 2.2b).

Hinh 2.2

1.3.2. Ham s6'chdn, ham s’ 1é

Ham s6 f{(x) xdc dinh trong khoang (-, I) goi la chdn néun:
Vx € (=, D, f(—x) = f(x)

va goi lalénéu : vx e (-, D, f(—x) = ~f(x).

D6 thi cha ham s6 chdn nhéin truc Oy 1am truc doi xing (hinh 2.3), dé thi

cua ham sg 1& nhén g6c toa do 1am tam doi xung (hinh 2.4).
Y4

Hinh 2.3 Hinh 2.4

1.3.3. Ham s6 tudn hoan
Ham s6 f(x) goi A tudn hoan néu tén tai s6 thuc p # 0 sao cho :

f(x + p) = f(x) *)
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v6i moi x thudc tap xdc dinh cla né. S6 p duong nhé nhét sao cho ding thic (*)
dugc thoa mén goi 4 chu ki clia ham s6. Néu biét dé thi ctia ham s d6 trong
mot khoéng ¢6 d¢ dai p thi chi can thyc hién nhitng phép tinh tién theo vecto

(kp, 0), k € Z dé dugce toan bo d6 thi cha né ¢hinh 2.5).

v
/W\'
a-p Of a atp a+2p X

Hinh 2.5
Vidu 4: a) Ham s6 f(x) = x* — 2x* + 5 xdc dinh Vx € R, 12 ham s6 chdn vi :

vx € R, f(—x) = (+x)* = 2(-x)*+ 5 =x* - 2x2 + 5§ = f(x).

b) Ham s6 g(x)zlni-'_x xéc dinh khi %ﬂ>0 vax# 1, ticlakhi-1 <x < 1.
-X -X
. 1-x 1+x 1+x
Taco6Vxe(~1,1), g{(-x)=In—=In( Y =—Iln— =-g(x).
1+x  1-x 1-x

Vay g(x) 1a ham s6 1é.
¢) Ham s6 h(x) = cosx xdc dinh ¥x € R, 1a ham s6 chdn va tudn hoan chu

ki 2.

d) Ham s0 k(x) = 5sin3x xdc dinh Vx € R, 12 ham s& 1¢ va tudn hoan chu ki —33

1.4. Ham sé hop

Gia sir y = f(x) 12 ham s& cia bién s6 u, ddng thoi u = g(x) 12 ham s6 cia
bién s¢ x. Khi d6, y = f(u) = f{g(x)}1a ham s6 hgp cha bién s6 doc lap x
thong qua bién s6 trung gian v, ki hiéu: (f o g)(x) = f{g(x)}.

Mién xdc dinh cGa ham s6 hop f o g 14 tap hop nhiing x sao cho g(x) thude
mién x4c dinh ciia x.
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Vidu 5 : Choy = f(u) = sinu, u = g(x) = x* -~ 4x + 5. Vi f(u) xédc dinh Vu e R,
nén ham s¢ hop y = (fo g}(x) = f{g(x)} = sin(x’ — 4x + 5) xdc dinh vx € R.

Chu thich:

1) Gia str ¢d hai ham s6 f va g déu xac dinh ¥x € R. Néi chung ta co
vx € R, (fo g)(x) # (g o NIX).

Chﬁng han, néu f(x) = arccosx, g(x) =e* + 1, thi:
(fo g)(x) =flg(x)} =arccos(e* + 1)
(g o )(x) = g{f(x)} =™ + L.
2) Ciing ¢6 thé dinh nghia hop ciia ba ham s6 hodc nhiéu hon. Chéang han,
(f o g o h)(x) = f(g(h(x))).

1.5. Ham s6 ngugc
Gia siry = f(x) 1a mot ham sd xdc dinh, don diéu trén tap hop X < R. Khi 46, f

12 mot song dnh tir X lén f(X): = Y (xem chii thich muc 3.3 chuong 1). Do d6,
m&i phin try € Y déu 13 anh clia mot phan tir duy nhét x € X. Quy tic cho tng
v&i méi phan tiry € Y, mot phan nr duy nhat x € X goi 1a ham s6 nguge cla f
va duge ki hieu 12 £, Vay £ 1a mot ham s6 xédc dinh trén Y = f(X), 14y gid tri
trong X. Anh xa f' : Y — X ciing 1a mot song dnh. Nhu vay,

y = f(x) & x = £'(¥).

Do d6, d6 thi cha hai ham s8 y = f(x) vA x =  '(y) trong ciing mot hé toa do
trung nhau. Nhimg thong thudng, ta vin dimg x dé chi bién s6 doc 1ap va y dé
chi bién s& phu thudc. Vi vdy, ta viét ham s6 nguoe cua f(x) 1a

1 x> y=1(x).

Lic d6, diém (a, b) nim trén dd thi cha f khi va chi khi diém (b, a) ndm trén

d6 thi cia . Hai diém (a, b) va (b, a) d6i xtng véi nhau qua dudng
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phan gidc thit nhét (hinh 2.6). Vi vay, d6 thi cia hai ham s& £ va £ d6i xing
v6i nhau qua dudng phan gidc thit nhat (hinh 2.7).

Y4 '
(?- a) Y4
) R / J
N N\ !
~ % 4 1
“\{a. b) 3y SYET X
’ o X
O X T
Hinh 2.6 Hinh 2.7

Vidu 6:Ham s6 f:x — x? + 1 ting ngat trén R, n6 la mot song dnh tr R,

1én khoang {1, +e0) C R. Do d6, né c6 him s3

y=x2+ 1

nguge ' : [1,40) - R, xdc dinh bai :

y=x"+ 1< x=,/y-1.

Dai vai trd cha x va ¥, ta duoc
O 1
y=f'(x)=vx-1.

D6 thi clia cde ham s6 f(x) va ' (x) duoc cho &
hinh 2.8, Hinh 2.8

=Y

§2. PHAN LOAI HAM SO

2.1. Cdc ham s6 so cip co ban

2.1.1. Ham s6'lug thiza: y = x* (o e R).
Mién xdc dinh phu thude vao a. Chidng han, néu o € N, ham s6 x4c dinh

tren R. Néu o nguyén am, ham s6 xic dmnh trén N\ {0}. Néu o =l, thi
P
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ham s6 xdc dinh trén R, néu p € N, p chén va xéc dinhtréen Rnéup e N, p

lé. Neu o 1a 56 vo ti thi quy wde chi xét ham s tai moi x > 0.

D6 thi clia ham s6 y = x* luon di qua diém (1, 1) va di qua gbc toa do néu

o > 0, khong di qua g6c toa do néu o < 0 (hinh 2.9).
21.2. Himsomi:y=a"(@a>0:a=1)

56 a goi 12 co s6cha ham s6 mii. Ham s
y = @' xdc dinh trén toan R va lay gi4 tri

duong. Néu a > | ham s6 y = a* tang,
néu a < | ham s6 y = a* giam . B thi
cua ham s6 y = a* dugc cho & hinh 2.10,

)‘Jr

Trong cdc ham s6 mi, ham s y = ¢*

voi e 12 mot s6 vo ti, ¢ gid tri bing

2,71 8281827 ..., ¢4 vai trd quan trong.

KL

/

0.1

0]

1
I
I
1
1
1
1
1
1
i

Hinh 2.9

¥

0, 1}

S~

y=a®
(a=1) y = a¥
(0<a=<1)
-
Hinh 2.10

2.1.3. Ham 56 Logarity=logx (a>0;a= 1)

X

Viham s6 mil xdc dinh va don diéu trén R (n6 tang néu a > 1, gidm néu a < 1)

nén né 12 mot song 4nh tr R [én R’ . Do d6, n6 c6 ham s& nguoc, ki hiéu 12

x = log,y. i vai trd cha x va y, ta dirgc @ y = log x (doc 12 16garit co s6 a

ctia x). Ham s6 d6 12 mot song dnh tir R} 1én R. D6 thi clia né duoc suy ra



tir d6 thi cfia ham s6 mi y = a* bang phép 14y dsi xtng qua dudng phan gidc
thit nhat (hinh 2.11).

Tur d6, ta suy ra ring : Ham s y = logx
xdc dinh khi x > 0, tang néu a > 1, gidm néu v1 log,x (a< 1)
a<l,loga=1,logl=0. \

. . y=logx (a>1)
Ham s& log,x c6 cdc tinh chét sau -

log,(x,x;) = log,x, + log,x, (x> 0;x,>0) ;

0
loga( J log, x, —log, x, (x,>0, x, > 0);
X2

log,(x*) = alog x (x > 0);

b=a"%" (b > 0);

log_b

log, b=
log_a

(a>0;a¢1;b>0;c>0,c;tl). Hinh 2.11

Chit thich: Logarit co s6 10 cha x con got 12 16garit thap phan cla x, ki higu
1a Igx; logarit co s6 e clia x got 1a logarit ty nhién cda x, ki hiéu 12 inx.

2.L5. Cdc ham s6 lugng gide

* Ham s6 y = sinx xdc dinh vx ¢ R, 18y moi gid tri trén doan [-1, 1] 13 ham
56 1€, tnan hoan chu ki 2.
* Ham s6 y = cosx x4c dinh Vx e R, 1ay moi gid tri trén doan [~ 1, 1], Ia

ham s6 chin tudn hoan véi chu ki 2.

* Ham s6 y = tgx xdc dinh tren R\ {(2k + 1) -ZTE k € Z}, 14y moi gi tri tren
R, 12 ham s6 1&, tudn hoan chu ki TT.

* Ham s6 y = cotgx xdc dinh tren R\ {km, k € Z}, ldy moi gid tri tren R, I3

ham s6 1€, tudn hoan chu ki .
Hinh 2.12 cho ta thay d6 thi clta cdc ham s6 lugng giac.
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¥

Hinh 2.12
2.1.5. Ham so lugng gidc nguoc

e Ham s6'y = arcsinx

Ham s6 y = sinx x4c dinh trén toan R, nhung khéng don digu trén R. N6

ting trén doan [—gg} va 12 mot song dnh tir [—g—zﬂ 1én doan [ — [;1].

Do d6 né ¢6 ham s6 nguoc, ki hiéu 12 y = arcsinx (doc 1a ac-sin-x, ¢6 nghia

13 cung ¢6 sin bing x). Ham s6 y = arcsinx ¢6 mién xdc dinh 1a doan [ [; 1],

e A et nn TPV s A
¢4 mién gia tri 1a doan 1}5,5:1 va 12 mot ham s tang. Nhu vay .
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.1l o0=m ) ( 2J
arcsin—=—; arcsin| - — |=-=_
2 6 2

D6 thi clia ham s6 y = arcsinx cho & hinh 2.13.

4 Y
_']:L ________
2
¥ = arcsinx
1 o X
Y = arccosx
_______ L _l : T Ll
2 -1 o 1 X
Hinh 2,13 Hinh 2,14

s Ham sd'y = arccosx

Ham s6 y = cosx giam trén doan [0, 7 ] va 13 mot song anh tir doan [0, nt ]
lén doan [- 1, 1]. Do d6, né ¢6 ham s& ngugce, ki hiéu 12 y = arccosx (doc 1a
ac-cos-x, ¢6 nghia 12 cung cé cosin bang x). Ham s& y = arccosx ¢é mién

xdc dinh 12 doan [ ~ 1, 1], ¢c6 mién gid tri 1a doan [0, ©t | va 1a mot ham giam.

V2

, | = [ J 3,
Ta ¢ arccos — = —; arccos| — —— |= =
2 3 2

T
Hinh 2.14 cho ta dé thi clia hAm s6 y = arccosx.

® Ham s6'y = arctgx
Ham s6 y = tgx tang trén khoang [-—g,g] va 12 mot song dnh tir khoang mé
[—gg] lén R. Do dé, né c6 ham s6 nguoe, ki hieu 12 y = arctgx (doc Ia ac-

tang-x, c¢é nghia la cung ¢6 tang bang x).
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Ham s6 y = arctgx ¢6 mién xdc dinh 13 R va mién gia tri la khoang md

[—g%) D6 1a mot ham s6 tang. D6 thi cia né duge cho bai hinh 2.15.

¥

""""""""" T |TTTTTTTTT 0 X
2
Hinh 2.15 Hinh 2.16

e Ham s6'y = arccotgx

Ham s6 y = cotgx giam trén khoang (0, n) va 1a mot song dnh i khodng
(0, m) 1én R. Do d6, né ¢é ham s6 nguge, ki hiéu Ia y = arccotgx (doc la ac-
cotang-x, cé nghia la cung ¢6 cotang bang x). Ham s6 y = arccotgx ¢6 mién
xdc dinh 12 R, mién gia tri 12 khoang md (0; ©) va 1a mot ham s6 giam. Do
thi cha né duge cho & hinh 2.16.

2.2. Ham s6 so cap

Ngudi ta goi him s6 so cdp 12 nhitng ham s6 dugc tao thanh bdi mot s6 hir
han cdc phép cong, trir, nhan, chia, phép {ap ham sd hop doi vGi nhiing ham
0 so cap cd ban.

Vidu:y=ax+b,y=ax’ +bx+c, y=10ga(x+\/x2 1),

y = ll+sm’x + arctg(2x + 3) 1a nhimg ham sé so cap.
..x"

Céc ham s6 so cip duge chia 1am hai loai.
2.2.1. Ham sd dai 56
Ham s dai s 12 nhimg ham s ma khi tinh gid tri cda n6 ta chi phai lam

mot s6 hitu han cdc phép tinh cong, trit, nhan, chia va luy thira v6i s6 mi hitu
ti. Trong cac ham s& dai s6 co:
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e Cicdathic bacn(n € N)

P(x)=ax"+a, x""'"+. _+ax+a,aecR, i=01,. 5n. a, # 0.

¢ Cic hm s6 hitu ti y = Py () » trong d6 P (x) va Q,(x) 1 nhimg da thic

Qn (%)
bac n vam.
* Céc ham s6 vo ti 1a nhig ham s6 dai s6 khong hitu ti, chang han:

5

1-x 2x+3 3
Y= > - Y= N
l+x- x—1

2.2.2. Ham 56 siéu viét

Ham s6 siéu viét 1a nhimg ham s6 so cip khong 12 him s6 dai s6 nhur:

y =sinx, y = x. 2%, y:arctg1 X 7 y:lg\f1+x2 yeos
+X

§ 3. GIOI HAN CUA DAY SO
3.1. Céc dinh nghia vé day so

* Nguoi ta goi ddy so'la mot tap hop s6 viét theo mot thit tur x4ac dinh :
bé chi day s6 do, ta thudng ding ki higu {x, }_ hay gon hon {x,}.

{X1s Xay Xgpeeny X

Trong §3 nay, ta chi xét cdc day s& thuc. Nhu vay, day s6 thue 1a mot anh xa
freNvao R, f(1)=x, f(2) = Xy ooy f(D) = X\

ViduI:
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| DY {(-D"¥={-1,1,-1, 1., (-D% ..}

3 ) n 1 23 n
N’} =1{1,4,9,...0% . Ay s—— =TT T e
fnh =+ } ){n+l} {2 34 n+l }

Diy s6 {x,} goi 12 tdng néu x, < X,,, vn € N, goi 1a gidm néu X, > X,

vneN.

Trong vi du 1, diy a) 1a dily s§ giam, day c) la ddy s6 tang. Day sO tang vi
diy sé giam dugc goi 1a ddy s6 don diéu.

o Diy 56 {x,} goi 1 bi chen trén néu ton tai mot s6 M sao cho X, €M, Vn € N*:

goi 14 hi chan du6i néu tén tai mot s6 m sao cho x, =2 m, Vn € N'; goi 1a bi
chéin néu nd vira bi chan trén, vira bi chan dudi.

Vidu?2:Trongvidul:

Diy a) 1a ddy s gidm, n6 bi chan duéi boi 0 va bi chan trén bdi 1;

Diy b) khong phai 1a ddy so don di¢u, n6 bi chan dudi boi —1 va bi chan trén
bai 1;

Diy ¢) la day s6 tang, né bi chan dudi béi | nhung khong bi chan trén, né
khong bi chin;

Diy d) la ddy sé tang, né bi chan dusi boi O va bi chan trén béi 1.
3.2. Gi6i han caa day so

Trd lai ddy d) cia vi du 1. Biéu dién hinh hoc ciia n6 duge cho & hinh 2.17.

Ta nhan thay tiing khi n cang 16n thi x, cang gdn 1, tifc 12 khodng cdch {x, — 1

cng nhd, n6 ¢6 thé nhd bao nhieu cling duge mién 1an dh 16n.
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ot
ot
o/

Ao
oy

Ta ndi rang day {x,} gan i | (hay ¢6 gidi han 1a 1) khi n dan t6i vo cong.
'Fa ¢d dinh nghia sau:

Dinh nghia. S6 a goi 13 gidi han clia ddy s6 {x,} néu véi moi s ¢ duong bé tuy

¥ cho trudc, ton tai mot s6 tu nhién 1, sao cho véi moi n > n,,

viét: limx, =a hay x, —> a khin — oo,

=
Khi d6, day s¢ {x,} duoe goi 1 hoi 1. Day s6 khong hoi tu duge £0i 12 phdn ki,
Clui thich: Chi s6 n, phu thude vio &, nén 6 thé vist no=n,E).

Vidu3: lim —1—=0.

n
nox )

Thit viy, cho treée € > 0, ta 5@ chi ra rang ttm duge n,(e) € N° dé cho

1
’xn-sz-le<s,Vn>nU.Tacc’) 51—<e kht 2">1 . te la khi n > log, —.
3 £ T g

Vay chicin chon ny(e) = {Iog2 éJ+ Lthivéin>n,tac|x, - 0| <e.

(Ix] 12 phin nuuyén cua x, titc 12 s6 nguyén 16n nhat khong 16n hon x, chang
han (3, 25]) =
3.3. Tinh chit va cic phép tinh vé gici han cua day sé
Ding dinh nghia gidi han cia day s, ¢6 thé chimg minh duge céc dinh Ii sau.
Binh 1i 2.1. a) Néu mér day s6'cé gidi han thi gioi han dé la duy nhat.

b) Néu mor day s6 6 gici han thi né bi chén.

Ciui thich: Ménh dé b) cita dinh 1{°2.1 13, mot diéu kién cdn cha diy s6 hoi
tu. Tir d6 suy ra rang néu mot day s6 khong bi chan thi né khéng ¢6 gidi
han. Chang han, day c) trong Vi du 1 khiong c6 gi6i han vi n6 khong bi chan.

Dinh i 2.2. Néu céc day s6 {x,} va {y,) déu c6 gioi han thi

m(x, £y,)=limx, *limy,

-3 H— N—»c
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lim(x,.y )=limx,.limy,_

—yun 0
lim x
lim =0 = 222 _  (v6i didu kien limy, #0).
n—soy, lim Ya n—=
n—w

Chii thich: Trong tinh todn vé gidi han, ¢6 khi ta 24ap cdc dang sau day goi la
o

dang vo dinh: g —, 0.0, oo—o0.Khid6 khong thé dung cic két qua
oD

cla dinh li 2.2, ma phai ding céc phép bién d6i dé khir cdc dang vo dinh d6.

, ‘ : 1 ez
Chang han, lim 2L5_+—n+— cé dang 2 Ta bién doi:
nse 3n® 45 b

1 1
_onansl . 2YUTT o
lim—————— = lim— 1 = =
n=x  Inc +5 n—a 3+5 3

2

3.4. Tiéu chuan ton tai giéi han
binh li 2.3. Cho ba day s6'{x.}, {y.}. {z,}. Néu:
aAyvVne N, x <y <z;

b) imx, =limz =a
n—eac —»0

thidady {y,} ¢ gidi hanva limy_ =a.

S
Chimg minh: Do gia thiétb), ¥V £ > 0 cho trude:
dn(e)saochoVn>n,|x,—a|<g;
dnye)saochoVn>n,lz —-a|<e.
Chon n, = max (n,, n,), ta ¢6 véin > n,
|x,—al<eg<>a—-g<x,<a+e,

lz,—al<ea-s<z <a+s.
lai do gia thi€ta), tasuyravéin>n;: a-e<x, <y < z <a+e.

n

Vay: |y, -al<e¥n>n,= limy_=a. m
i
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Dinh li 2.4, a) N&u dily s6 tang va bi chan trén thi né cé 2i6i han.

b) Neu diy s6 giam va bi chan duéi thi ng c6 gi6i han.

n—a0 n

3.5. Sur ton tai cita lim [l + l}

bPart x| :(l + —] - Theo cong thic khai trién nhi thitc, ta ¢cé
n

xp=lenL 20D 1 n-Din-2) 1

i 1.2 'p? 1.2.3. n’
N n(n—l)...(n—k+l)._l__+m+ nin-1).2.1 __I_:
1.2..k n® 1.2..n n"

:1+I+i(l—l +l I—-l— l——2~ +...
2!K n/ 3! n n

E) G NI )

trong d6 k! = 1.2 . k. 2. D

n+1
Con x,, = [1 +—l—l-) . khai trién cta né gém (n + 2) 56 hang, (n + 1) s6
n+

hang dau cta khai trién dé cd dang nhu trong cong thic (2.1), chi ¢6 thira s
dang[l—i] dugc thay béi [lh—-l—].
n n+l
Viy (n +1) s6 hang diu trong khai trién ciia X, ,; déu 1én hon cic s6 hang
trong khai trién cia x,. 8§ hang thit (n + 2) trong khai trién cta x, , , lai
duong, vivay x,,,> x_. Do dé, day {x,} laday so tang.
1 1
Tir cong thiic (2.1), ta Iai suy ra: X, < I+1+—+——+...+—1—+...+—1—,
2 3t k! n!

. . I
vitaco I-—<1 vwéii=1,2, .. n.
n

Matkhicn!=n.(n-1)..2.1>2"" vp > 3, nén
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64!
“Sbg,

r‘\ i
s
i

] 1 1
Xg<I+|l+—+—=+.+——=1.

2 2 2!
Téng trong diu ngodc & v& phai la mot cdp s6 nhin c6 s6 hang diu 1a 1,

1 3
cong boi 1a 5 n6 ¢6 téng bing: =2|1-

— = [éﬂéz,w.

2
Do dé x, < 3.

Vay ddy {x,} tang va bi chin trén, nén theo dinh 1 2.4, ton tai gidi han
. 1 It

lim [] + ~J .

ot n

Gidi han dy duge goi 12 56 e, d6 13 mot s6 vo ti, ¢6 gid tri xdp xI bing

e=2,71828.
3.6. Cac vi du vé gioi han coa day so

Vidu 4 : Cho ddy s0 {X,} v6i x, = 3073

. 1
. Chimg minh rang tim x, =—.
In+4

. . \ 1 1 1
Vi k ndo thi x, nam ngoai khoang L = [

1
___._.__,_,_+_— .
3 1000 3 IOOO)

1t—ro

3n-5 n[S—S-] 3_§_ l
Gidi. lim-——" = lim Z = lim —2 = 2
n—»x0n+4 no= n[9+ __J n—p: 942
n

n
. o e I
Khoang céch tir x, dén — bang

i
X~ 2=
"3

x nam ngodi kboang L khi va chi khi

19

-5 1 | 19 | |
39n+4) 39n+4)

On+4 3

X ——

__.1_9.__._>_.!'_
3(9n+4) 1000

»>—— ha
1000 Y
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RS3
&2

&

Vay cdc s6 cha day nam ngoai khoang L 14 x,, X, ;... X3

Vidu 5: Chimg minh ring lim 2. 0.

n—-=n n!
n-3
n 4711y °
Gidi. Ta c6 —2-~=22 2:2.1.-2—.2...-2-<2.l.2.1.l...l=— — .
n!' 12.n 34 n 322 2 32
(n-3)%6
n-3 I
Vi ]im[l] = (} nén Iimg—zi).
n—so n—m !
Vi du 6: Tinh cdc gidi han sau:
4 . 3
. 3n°+5n+4 C 1+2%+3% 4 +n? [ 3n%+n-2
a) llmu———T : b} lim 3 ; ¢) lim — | -
n—os 2+n n—m Sn”+n+1 nsel 4n” +2n+7
3+5+ 4
5 2.7
4 2
Gidi. a) Tacé x, = 3n +5112+ =—1_n
2+n 14_1
2
n
lim 3+'--5—+i
. n—»on n n’
Dodé: limx, = =3.
e lim [—2 +‘1]
[ G 158 n2
) i+2°+3% 4.+ lnm+D@n+1) 120’ +3n°+n
b) Tacéd x, := 3 =— 3 ==
Sn”+n+1 6 5n+n+l 6 Sn"+n+1
3 1
__1_ 2+H+n—2
"6 117
S+ —+—
1'12 [13
Do dé limxnzl.g=~—l—.
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3

i en-2 ) e
c) Tacé x, :=[-—I}2—£~_—] = g "7
4n” +2n+7 4+24-ts
n n°
'i
1 2y
I+ ——— 3
2
Dodé: limx, = lim—-—g—“?— =[§] _27
n—ses "_W:4_|__~_.+_2. 4 64
n n

Vi dy 7. Tim gi6i han cha cdc day s6 {x,} sau :
a) x, =v2n+3—-vn-1; b) x, =n*(n-vn®+1);
[ 2
C) xnzvgnz—n3+n; d) XHZM.
n*+n-vn
Gidi. a) Khin — o, x, =v2n+3-vn-1 c6 dang v0 dinh c© — «. Mudn

N2n+3 +J_—

khir dang v6 dinh 4y, ta nhan x, voi , ta dugc:
J2n+3+vn-1

(¥2n+3-+n ~D+E2n+3+4n-1) _ 2n+3)—-(n-1) n+4

xn
J2n+3 +Vn-1 T ana3adnol 2n+3+vn-1
1+i
Do dé : lim x,, = lim n = +o0
1o n_m\jg+3-+\]-l—~—-l—
n n* Vn n?

f2 [ 2
b) x,,=n2(n— fn2+_l)=n2(n_ n“ +1{n++vn +l)=_nz |

(n+\/?+1) '(n+xJn2+1).

Do dé ¢ lim x. = — lim — = —c0.,

N3 n n—o 1
1+ ,1+—
n2
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2 1) . N 3 )
¢) Ta c6n® —n’ =n3[——lj—w>—-w khin — oz, Vi vy X, = gfn‘—n?’ +n ¢b
n
dang o — o . Nhan va chia x,, v8i lugng lién hop cua Yn? —n® +n, tadugc :
< = (n+< ng—n3)[n2 —ni/n2 -n’ +(%/n2 ~n’ )2]_
ng—n%'.lnz—n3 +(%/nz—n3)2
2

n

1
n n

Do dé:limx, = im : : l

n—m n—o 1 1 r,_]+l+l -3-
=3 =1+ 23— -1)°
n n

n 1+—!-+1 l 1
R W U C B Lo
t:l)Tacoxn:z4 3 : .

[ JT
l+—2+ .
Do d6 limx, = lim ¥n.A=0—L

= +0oC,
n—3 N 1 |
HE+ —— — 4] —
n® Vn
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§ 4. GIGI HAN CUA HAM SO
4.1. Cac dinh nghia

Pinh nghia 1. Gia sir ham s6 f(x) x4c dinh & lan can diém a (c6 thé trir tai a).
Ta néi ham s6 (x) ¢4 gi6i han 13 A khi x dan t6i a néu véi moi s6 & > 0 cho
trude, déu tén tai mot s6 & > 0 sao cho khi Ix — x,{ < & thi [f(x) — A| <&, ki higu
la limf(x)=A hay f(x) > Akhix > a.

N—ri

Vidu I : Ching minh ring lim(2x+1)=3.
x—1

Gidi. Ta cin chi ra ring néu cho trude s6 £ > 0, thi tim dugc s6 8 > 0 sao cho
2x+1-3t=12(x—- 1)} <enéuix -1 <d Tacod

Rix - Dl = 2x - 1[<gne‘u\x-1\<%.

Vay lay 8= % , ta thay diéu dat ra duge thod man. Vay lirr}(2x +1)=3.

Chii thich: Trong dinh nghia 1, khi néi x dén 16i a, ¢6 thé x > a, ciing ¢6 thé
% < a. Néu khi x ddn t6i a vé phia trai (tic 13 x dén 16i a va x luon nho hon a)
ma f(x) dén 161 gi6i han A thi A goi 1a gidi han trdi tai a, ki hieu la:

lim f(x) hay f(x,— 0).

K—r%y -0
Tuong tu, hgudi ta dinh nghia gidi han phdi tai a, ki hi¢u la:
lim f(x)hay f(x, + 0).

A%y +0
Ham s& f(x) ¢6 gidi han A khi x — a khi va chi khi ¥
né cé gidi han trdi tai a va gidi han phai tai a va hai
gidi han dy déu bang A: fa — 0) = f{a + 0) = A.

0 N\ X
. ] X khi x <0
Vidu 2: Cho ham s : f(x) = ]
1-x khi x > 0.
P6 thi ciia né duge cho & hinh 2.18..Ta ¢6 Hinh 2.18

fO-0)=0 # 1=£0+0).
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Vay f(x) khong c6 gi6i han khi x —» 0.

Pinh nghia 2. Ngudi ta néi ham £(x) déin i +o0 khi x — a néu véi moi s6 M >0
cho trude, 16n bao nhiéu tuy ¥, ton tai mot s6 § > 0 sao cho khi |x—aj<d
ta ¢6 f(x) > M, ki hiéu: f(x) - + w khi x — a hay lim f(x) = +w .

Céc trudng hop f(x) — — o khi x — a, f(x) > A khi x = + oo, ... duoc dinh
nghia tuong ty.

Vidu3:a) lin}( 11),, = +00, Vi v@i s6 M > 0 cho trude, ta co
X—» X — -

>M khi (x-1)° <$<:>|x—l|<-l— .

VM

>M .

(x - 1)?

1 L
Vay véi 6 =——,tathiykhi|x - 1< 8§ thi
VM d 2

(x=1)

b) lim 2" =0, vivdis6e>0 cho trudc, tacéd 2" < e khix < log,e.

voi m =log,e, ta thdy 2" < € néu x < m. Chd ¥ ring log,e < O néu e < 1.
4.2. Cac phép toan vé gidi han

Dinh li 2.5. Gia st limf,(x) = AL limf,(x)=A,. Khidé:
X—d X—a
a) ]im(f,(x)ifz(x)) =A TA,;
b) 1i_|91‘1(f, (x).6(x)=A.A,;

<) Iim—fl(—x) = éL, néu A, = 0.
X—a fz(x) 5

Chui thich:

1) Trong dinh 1§ 2.5, A, A, 1a céc s& hitu han, a ¢6 thé 12 hitu han, ¢6 thé 13 + o,
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AT
Ja+ Q:'u
2t

2) Néu gip cic dang vo dinh %, E, 0.00, oo — oo thi phéi tim c4ch bién ddi dé
= 8] .

khir chuing.
Vidud4:
lim sin x limsinx -
-1 x—»E x—»’-t-
a) lim = % =—0= =
ioX 3" +x-1 lm3x“+x-1) Hm3x° +limx-liml
2 T T g kY
X—)-z ?’.—)E K'"’E X'—’E
B 1 a 4
2 T 3nt 4 2n—4
3[“-) + 7
2 2
Cdozy MG -3imt -3
b) lim =32 A = =—,
=2 5x -2 ]1n1(5x)—hrr_=2 10-2 8
k3 ii_rg(x—Sf
¢) lim = A2 =
x=3 X —2 lu’r!(x—Z)
Vidus :
a) Xét lim x -1 .0 day, ta ggp dang vo dinh %.Khix—» 1,00 thé xemx # 1,
il X —
dodé:xu_l=(X_1)(x+l)=x+l.
x—1 x—1
L X — .
Do d6 lim =lim(x+1)=2.
il x =1 x—1
3_
b) Tinh lim *—> .
x—2 X —

3

Vi K =8 = (x = 2)( < +2x + 4) nenlim 25 — lim(x? +2x + 4) = 12,

22 X — x-32
4.3. Tiéu chudn tén tai giéi han clia ham so

Pinh 1i 2.6. a) Néu & [an can cia a, cic ham s6 f,(x), f,(x), f(x) thoa man bat

dang thie: f,(x) < f(x) < f,(x).
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b) Néu cdc ham s6 f,(x), £-(x) c6 gidi han khi x — a, lim fi(x)=1limf,(x}= A thi
h e H X—>a

ham s6 f(x) ciing 6 gidi han khi x — a v lim f(x)= A

X—rd

Binh 1i 2.7. a) Néu & lan can cua diém a, ham s6 f(x) tang va bi chin trén

bai s6 M thi ton tai gidi han cta f(x) khi x > a va limf(x)< M.

X—ra

b) N&u & lan can cha diém a, ham s6 f(x) giam va bi chan dudi bdi s6 m  thi

ton tai giGi han clia f(x) khi x = ava limf(x)>m.

Xk

Hai dinh Ii ndy cho phép ta tim duge moét 6 gidi han quan trong.

Sin x T
4.3.1. 11_:}1;1} . M
Ham s6 % khong xdc dinh khi x = 0. D6 1a mot
ham s6 chan, ta chi xét v6i x > 0. Trén dudng tron | X
luong gidc, xét gbe x, 0 < x <—;— (hinh 2.19). Hinh 2_[139 "

Dién tich AAOM < dien tich hinh quat AOM < dién tich AAOT.,

Do dé :lOA.MP < —l-.OA.sdAM < l.OA.AT, hay ~l—sin X < —X<—tgx hay
2 2 2 2 2 2

SINX < x < tgx,

-1

. . X sin X
Chia cdc vé chosinx, taduge : 1< —— < hay 1>

>COSX.
sinx Ccosx X

, sinx . n Cs e < e N .
Khi x — 0, bi kep gitra hai ham sd cing ¢6 gidi han 1a 1 khi x — 0.
Vay fim 2 =, (2.2 )

=0 x
Vidu6:
t . si 1 . sinx . 1

a)limﬁ = lim X = 1im 2 fim =1.1=1.

x>0 X x=0 X cosx  x-0 x  x-0COSX
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. .. arcsinx . ) 3 . . .
b) Xét Iim . Pt arcsinx =t, ta c6 x = sint. Khi x > 0thit — 0.
x— X
. arcsinx 1 _ 1 1
Vay hm =lim—=hm——= —=1.
x—l X =0 sint (=0 SInt . sint
—  hm—
t t-»0 i
' . arctgx
¢) Tuong tr, Iim BX 1,
x—0 X
l X
4.3.2. lim [H—] :
x—»ton X

Gidi han ndy c6 dang vo dinh 17 . Trude hét, ta xét x —» +o0. Moi s6 x > 0

déu c6 thé kep giita hai s6 ty nhién lien ti€p: n £ x < n + 1, do do

n X n+t .
1
_lﬁl.ViVa}’,taCé[l+———) <[1+l :3(1+l :
n+l x n n+1 X n

Khix — +octhin > +o0,n+ 1 — +0c. Tacod

ntl n+l

[1+- !-—] |im[1+LJ
. . n+1 n—seo n+1 e
hm = ll = = — =

l n
(H j m i 1 =
n—> n+l nox [+ . [1_'_ ]
i n+l 1 n | 1 n 1
lim(1+—] = lim(l+—} [14-—]_: lim[l+—J .lim[l+—j=c.1=e.
n—s 1 n—rs: n T n—e0 1 n—% 1

Do dinh I 2.6, tacé lim (1+lj =e.

X+ x

Bay gio, ta xét X — — .

. _ 1y
paty = - (x + 1), cing chiing minh dugc lim [l+—-} =e.

X —r— xX

A—p X

Tom lai ]im [1 +l] =e. 2.3)
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B3
X

Coéng thiic (2.3) con ¢6 thé duge viet dudi dang

1

lin(ll(l +u) =e. (2.4)
3+xY x+2 )"
Vidu 7: ) Tim lim( J ; b) 1im[ J )
K0 X x—voal X —

Gidi. a) [3_”() =[1+E] ¢6 dang 1° khi x — oo, Dit x = 3t, khi x =
X X

3
X Kl t
thi t — 0. Vay Iim[lwté] zlim[1+l] =lim{(1+lﬂ =e’,
K=o X 11— t b i

x+2 )" x+2 )" 3
b) ( I] c6 dang 1” khi x — . Tacé[ J =[l+——] .
X — X —

Datx - 1=3t,tacé x =3t + 1. Khi x > co thit — 00. Vay:
x+3 Ir+d
Iim[l+ 3 ] =lim[l+l) =
%= x—1 1—so2 t
1 3 I 4
=lim[1+—] .lim(]+—] =e'.l=¢’.
f—pon 1 (3% t

§ 5. VO CUNG BE VA VO CUNG LON

5.1. Pinh nghia 1

Ham s6 f(x) goi 1a mot vo ciing hé (viét tit 1a VCB) khi x — a néu
limf(x)=0.

Trong § ndy, a c6 thé 12 hitu han hay v6 cung. Tu dinh nghia giéi han cha
ham 6, ta suy ra rang néu f(x) > Akhix > athif(x)=A + ax).

Trong dé a(x) 1a mot VCB khi x — a.
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Ham s6 F(x) goi 1a mot vé cang [on (viét tit 13 VCL) khi x > a néu

1im\F(x)\ =+ .

C6 thé dé dang thdy ring néu f(x) 1a mot VCB khi x — a thi f_(}—) 1a mot VCL
X

va nguoc lai néu F(x) la mot VCL khix — a thi F_(l_) la mot VCB khi x — a.
. X

Chii thich:

Mot s6 khéc khong di nhé bao nhiéu ciing khong 1a mot VCBkhi x — a.
Mot s6 16n bao nhiéu ciing khong thé 13 mot VCL khi x — a.

5.2. Tinh chat

1) Néu f,(x), fy(x) la hai VCB khi x — a thi f,(x) * £,(x), f,(x). f,(x) cling 1a
nhimg VCB khi x — a.

2) Néu f,(x), f,(x) 12 hai VCL cing dau khi x —>a thi f,(x) + f,(x) cling 1a mot
VCL khi x —> a. Tich ciia hai VCL khi x — a ciing lamgt VCL khi X — a.

5.3. So sanh cac VCB
5.3.1. Bac cua cdc VCB

Pinh nghia 2. Gia sir a(x), B(x) la hai VCB khi x — a.

Néu lim Ez"; _ 0, ta noi ring a(x) 1a VCB bac cao hon B(x).
x—a B x
oo o OUX) R s .
Neéu [im B0 — o0, ta néi ring o(x) 1a VCB bac thap hon B(x).
X X
- " a(x) P = - = : > ]
Néu lim 500 = A (#0, # ), ta ndi rang o(x) va (x) 1a hal VCB ciing bac.
K X
Néu Iim odx) khong ton tai, ta néi rang khong thé so sanh hai VCB a(x) va B(x).

X—+i B(,\}
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Vidul: a) - cosx va 2x déu I3 nhimg VCB khi x — 0. Vi

2 X D
sin” — sin - -

2 = limsin~.limt.— 2 _ g
=0 2x =0 x x -} 2 2 3

X
2
nén I - cosx 12 VCB bac cao hon 2x.

b) ;nc.sinl va 2x 1a nhiing VCB khi x — 0. Vi
X

.1 ]
X sin— sin- ]
lim 2= lim—2X = 2 limsin—
x—0 2x = 2 2 x=-0 X

1
nhung khong tén tai hm}mni nén xsin— va 2x 13 hai VCE khi x -5 0
X- b'e X

khong so sdnh duoc véi nhau,
3.3.2. Vé cang bé tiong duong
Dinh nghia 3. Hai VCBkhi x - 2 got 1a twong duong véi nhau néu

tim 2

XK—a B(x)

=1,

Kihigu : a(x) ~ B(x).
Tievidy 6 ctia § 4, ta suy ra ring :
Neéu a(x) - 0 khi x = a thi :
{sin a(x) ~ afx), tgo(x) ~ a(x),

. (2.5)
arcsin a(x) ~ a(x), arctgou(x) ~ a(x).

Binh i 2.8. Néu a(x) vi B(x) 1a hai VCB khi x —» a, a(X) ~ o (x), B(x) ~ B (x)

khix > athi lim2222 a(x) limma—(—)g

x=a B(Xx)  x—a B](x) ’
That vay, vi a(x) ~ o, {X), B(x) ~ B,(x), ta c6

lim X0 g PO B(X)
X2 0 (X ) x—nBI

(2.6)
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2,

Do d: lim =& Iim{ () .ai(x)_[ﬁ;(x)]
A B(x) X C’(l(x) B|[X) B(x)
a(x) o (x) o Bi(x) o, (x)

=lim lim = lim . i
x—no;(x) (—nB(x) xn B X - >:B(x)

Dinh i 2.9. (quy tic ngit bd cic VCB bac cao). Néu a(x), B(x) la cic VCB

khi x = a, B(x) 1a VCB béc cao hon a(x) thi khi x — a
a(x) + B(x) ~ a{xh

That vay, tacé lim —— a(x)+{5(x) m(l+M\:1+]imﬂQ: i.
X t(X) - ->uk a(x)) o (X))

Vi du 2: Chitng minh ring sinVxy/x ~vx2+vx® khix - 0.

3 3
Gidi. Khi x — 0 thi sin-\jx\/; =sinx? ~x*;

ulwl

\|| 2 _.‘(4

Vx° +\/x x>+

2 __
Vi bac cia x*cao hon bac cla x- . Do dé sin \ﬁ\/r ~yxF+yxt khix =

Vidu 3 : Tinh cic gi6i han :

sin 2x +arcsin® X - dI’LIg

a) lim
PRt 3x
. . 3 2
o l—cosx+2sinx—sin” X —X +3x*
b) hm 3 — 2
10 tg X —6sin® X +X —3X’

. T - - .2 “ a il . .
Gidi. 2) Ta c6 sin2x +arcsin® x —arctg”x ~ 2x + X~ —x” =2x khi x — 0.

sin 2x +arcsin’ x —arctg’x 2x 2
Do dé hm =lim—=—.
x—0 3x a0 3k 3

b) Ta bi€n doi tir s6:
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. . .2 X . \
I—cosx +2sinx —sin’ x - x* + 3x* :23111“5+2smx~sm3x—x2 +3x4 ~

-
“‘

-2[%] +2x—x" —x2+3x* ~2x  khi x = 0.

Con mau s6 trong duong véi x° —6x2 + x = 5x° ~ xkhi x = 0.
g g

.2
Vay taduoc:  lim 22 .
i %

5.4. So sanh cac VCL

Gia stt F(x) vd G(x) 12 hai VCL khi x — a.

Néu lim EEX; =00, tanéi F(x) 1a VCL bac cao hon G(x) khi x — a.
X—ri X
o g F(X) . . s .
Néu {im G =0, ta néi F(x) 1a VCL bac thap hon G(x) khi x — a.
X—ra X
.o F(x) < N S \ .
Néu lim GO =A (#0, £x), ta néi F(x) va G(x) 1a nhimg VCL ciing bac.
A X
< 1. F(x) y . T . )
NéEu lim G0 =1, ta néi F(x) va G(x) 1a hai VCL tuong duong khi x —> a, kf
X—ra X

hiéu F(x) ~ G{x)khi x > a.

Ciing nhu dé6i vé6i cdc VCB, ta dé dang ching minh duge cdc dinh I sau.
binh 1i 2.9. Néu Fx) va G(x) la hai VCL khi x - a, F(x) ~ F,(x),
Gx)~G(xYkhix >athi:

. F(x)y . F(x)
lim =him ;
X G(x) Xx—a GI(X)

Dinh Ii 2.10. Néu F(x) va G(x) la hai VCL khi x — a, G(x) la VCL bdc thdp
hon F(x) thi khi x — a, F(x) + G(x) ~ F(x) (Quy tdc ngdt bo cic VCL ).

, X =X +6x
Vidu4:Tim lim — .
= 12x7 4 x2 - 6yx
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Gidi. Tacs 753 —vx° +6x ~7x> khi x — oo;
12x% +x° —6\/;—- 12x> khi x = o.
7x3—\/x75 +6x% 7x7

Vay lim = lim L
Yoo 2% X7 -6Yx w12 12

§ 6. HAM SO LIEN TUC

L.dp cdc ham s8 lién tuc déng vai trd rat quan trong trong giai tich toan hoc.

6.1. Dinh nghia

Pinh nghia 1. f 12 mot ham s6 xdc dinh trong khoang (a, b), x, 1a mot diém

thude (a, b). Ngudi ta ndi rang ham s6 f lién tuc tai x, néu

lim f(x)=1f(x,). 2.7

K— xa
Néu ham s& f khong lién tuc tai x,, ta néi ring né gidn doan tai x,,.
Néu dat: x = x4+ AX, Ay =f(x)—f(x,), thi déng thic (2.7) ¢6 thé viet la:

lim [£(x) - f(x)] =0 hay lim Ay =0. (2.8)

K—’K“
Chii thich: Ta cling ¢6 thé néi rang f lién tuc tai x, € (a, b) néu

lim f(x) = f( lim x). (2.9)

X—}Xo XXy
Minh hoa hinh hoc: Ti (2.8) ta suy ra ring néu Ax kha ¥4
bé thi Ay khd bé. Do d6, dudng congy =f(x) Glancan  f.._...._..2
diém M,(x,, f(%)) [a mot dudmg lién (hinh 2.20). [V

Vidu I: Ham s6 y = x* lién tyc tai moi x, € R

0 Xg xo,+é.x
That viy, ta co Hinh 2.20
Yo = Xo, Yo +AY = (X, + AX)*, Ay = (x, + Ax)* — X, =2x,AX + (AX);

lm Ay =2x,. lim Ax+ lim Ax. lim Ax =0.
Ax—0 Ax—b Ax—o0D Ax—(}

X
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Vidu 2 : Ham s6 y = sinx lién tuc tai x,, bat ki thudc R. That vay:

Yo =SInXy, Yo+ Ay =sin(x, + Ax),

. . . A A . A
‘Ay‘z‘sm(xu+Ax)—smxﬂ‘=.23m—xcos x0+-~35 <2lsin x|
2 2 2
: o oax] A o
Néu |Ax| rat nho thi sm—X SM.DO dé lim Ay =0.
2 2 Ax—0

Tuong tu nhu vay, c6 thé ching minh duge ring moi ham s6 so cidp co ban
déu lién tuc tai nhitng diém thudc mién xdc dinh cba nd.
binh nghia 2. f duoc goi 1a lién tc trong khodng ma (a, b) néu nd lién tuc
tai moi diém cta khodng d6, duoe goi 1a lién tuc trong khoang déng [a, b},
néu né lién tuc tai moi diém cha khodng md (a, b), lién tuc phai tai a, tic 13
f(a + 0) = f(a) va lién wc trii tai b, wic 1la f(b — 0) = f(b).
6.2. Cac phép toan vé ham s lién tuc
Tir céc dinh 1i vé gidi han cla t6ng, tich, thuong va tir dinh nghia cua ham s6
lién tuc tai mot diém, ¢6 thé dé dang suy ra:
Pinh li 2.11. Néu fva g la hai ham s’ lién tuc tai x, thi:

1) f+ glién tuc tai x,.

2)f. g lién tuc tal x,.

f . . ..

3) — lién tuc tai x, néu g(x,) =0.
1)
il

Pinh li 2.12. Néi ham sé'u = (x) lién tyc 1ai x,, ham s6'y = f(u) lién tuc tai
U, = @(x,) thi ham s6 hap y = (f o 9)(X) = fle(x)] lién tuc tai x,.
Ching minh: Ta co

lim @(x) = @(x,) = uy, vi @ lién tyc tai x,. Ham s6 y = f(u ) lai lién tyc tai u,,

X%y,

dodd lim f(u)=1t{u,). Vi vay:

U1l

lim flo(x)] = lim f(u) = f(limu):f(u(,)z f@(xp)]-

Xy u—ruy Uy
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6.3. Tinh chit ciia ham so lién tuc

Céc dinh If sau day (khong chiémg minh) néu lén nhitng tinh chdt co ban cua

ham sé lién tuc.

Pinh 1i 2.13. Néu ham so f(x) lién tuc trén dogn [a, b] thi no bi chdn trong

doan do, tice la ton 1ai hai s6'm va M sao cho
m<f(x)sM ¥ x € |a, bi.

Pinh li 2.14. Néu ham s6 f(x) lién tuc rén dogn |a, b] thi né dat gid tri nho
nhdt m va gid tri lén nhat M cila né trén doan &y, tic la won tai hai diém

X,, X» € [a, b] sao cho. fx,) =m < f(x) Y x € {a, bl;

f(x,) =M 2 f(x) v x € [a, b]

(hinh 2.21).
¥ .
¥4 ': :.
Mp-— \/\ ‘a é
mpeert S Ao T T
oo 2| 2
O E; XI1 Xlz ;J_.;};i i ‘:
Hinh 2.21 Hinh 2.22

Chu thich: Gia thiét ham s6 f(x) lién tuc trén doan [a, b rat quan trong. Néu
gia thiét d6 khong dwgce thoa man thi f(x) khong b1 chan, khong thé dat gid
tri 16n nhat va bé nhat cua né. Ching han, ham y = tgx lién tuc trong khodng

mg [—gg-] , nhumng khi x — J_r-;i thi y = tgx — +oo (hinh 2.22).
Pinh li 2.15. (dinh If vé gid tri trung gian} Néu ham 56 f(x) lién tuc trén
doan [a, b], m va M la cdc gid tri nhd nhdt va lon nhdt chia né trén doan do

thi v&i moi 6 i ndm giita m va M, ludn t6n tai diém & e [a, b] sao cho:
f(€) =, (hinh 2.23).
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a_ N
o7 ~ 5 %
f(a) |-
Hinh 2.23 Hinh 2.24

Hé¢ qua. Neéu f(x) lien tuc trén {a, b), f(a).f(b) < 0 thi trong khodng (a, b) ton
1ai diém & sao cho (&) = 0 (hinh 2.24),

6.4. Vai gi6i han dang chu y

Dang tinh chét cia ham s6 lien tuc, ta ching minh cdc cong thic sau:

lim In(l+a) _1

(2.10)
x—{) o
imE—t Q.11
= oz

That vay, do a — 0, ¢6 thé xem lal <1, dod6 1 +a>0.

Ham s6 o+ In(1 + a) lién tuc, nén:
In{l1+a) L L
hm ——— = |im In(l1+0)* =n lm(l +q)® J .
=) o a0 a0
|

Nhung lim(l + cx)‘; =e (xem cong thifc (2.4)) nén ling)!n—(—]ig—) =lne=1],
) oy o4

D6 1a cong thite (2.10). Biy giddat: e”— 1 =B . tacée” = | + B. Do do
a=In{l+B). Khi o — 0 thi B — 0. Vay:

et -1 . I i
lim = = lim =M= = ==
w0 B0In(1+B) oo In(14 ) ]

B

Cdc cong thuc (2.10), (2.11) da dugc ching minh.
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Theo cong thitc dbi co sO clia logarit, tacé véia>0,a# 1:

. log,(1+a) . In(l+o) | I .. In{l+a) 1
lim : =1im — = Jdim = .
o} o4 a0  Ina ¢ Ina o0 o ina
1
Vay 1iml?M=_l_ ) (2.10"

a—0 L Ina

Tir cong thie (2.11) suyravdia>0,a# 1,tacod

au_l eulna_l ealna_l
lim = lim = lim .Ina |=

a-3l a0 o a=0l ¢tlna
wlna
= lim na=1.lna=Ina.
a0 glna
) . a:z -1 '
Vay lim =Ina. (2.117
a0

Cic cong thirc (2.10), (2.11), (2.11°) cho thay néu a(x) = 0 khi x — a thi

khi x — a:

In(1 + o(x)) ~ o(x}; (2.12)
wix) _ o .
e alx; (2.13)
a™ -1 ~ a(x)Ilna.
6.5. Cac vidu v

2
VidaI:Tinh lim Y22

xoder 4X 42

Gidi. Khi x — + o, Ca tir s6 vi mau 6 déu 12 cdc VCL. Theo quy tic ngat
bb cac VCL

Cadea o Vad L V2
m-——--=1 = lim ——.

li ym
kot 4x+2 x—otm 4% xoxe 44X
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o
5
&atgs

V2x2 +3 \/5 ) 2x2+3__‘_£

Viy lim ——==——_  lim .
st 4x 42 4 xoen 4 +2 4

a0

Vidu 2 : Tim lim 553,
K—yton
2x "’x
Gidi. Tac6 lim 5% = i3 2 52 225,
Xt
2x -2

Vidu 3: Tim lim-—=

x>l Y26 +x ~3
Gigi. Ta phai khir dang vo dinh % Pat 26 + x = z’, suy ra x = 2* - 26.

Khi x — 1thi 2’ > 27 hay z — 3. Ta cd
2x-2 AL -26)-2 22°-54 2(°-27)

Yr6rx -3 z-3 z-3 73
2tz 3)(2 +3z+9)

”(z +3z+9) khiz# 3.
z—3

Vay lim ~—~l:m2(z +3z+9)=54.

X
o1 Y26+ x -3 29

o n)
SIHLX——_
thu4 Tim Lim———"=

“ \/— 2cosx

91n[x——6]
Gidi. bat f(x)=——>— 2/

\/5—2(:65)( 1

Khi}c—)6 thiz—> 0. Tacd

no c¢é dang — 0 khi x . Pat x-S =1z.
0 6 6
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o . 2sin Z—cos-z-
f(x) = — 5in z _ sinz N 2 _
V3 -2 cos z+lﬂ V3-+3cosz+sinz ﬁ.Zsin2E+2sin£cos%
6) 2 22
z
cos
2-——52——-; (khlZiO)
\/gsin—- +C0s—
2 2
z
cos
Vay limf(x)=1lim— = =1
T z-30) . Z Z
= 3sin -+c¢os—
2 2
Vidu 5: Tim Eimtﬁx—fii>i
¥~} X
N tgx —sinx 0 .. .
Giai. Dat f(x) = ——— . ndécddang o khi x -> 0. Ta cé
i

. .2 X
2sinx.sin® 2

sin X —sin X cos x _ sinx(l—-cosx)

f(x)= T 7 T
X' COSX X~ COSX X’ cosx

2 3
. . .2 X X X~
Khi x — 0, sinx ~ x, sm“~2—~(—J =—

\ 2 4
2sinx.sin X 2%, 5
Vay Hmf(0) = lim ————2 = lim —4— = |im =—.
x>0 A= X7 COSX =0 x"cosx 04 cosx 2

1
Vidu6: Tim lin&(l +x)3*.
!
s I ! -
Gidi. Ta gap dang 1” khi x — 0. Ta ¢6 lim(1 + x) > :lilr(lj[(1+x)"] —ed=3e.
_)

x—} X
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Vidu7:Tim lim In(l +x).

%0 3" |

Gidi. Ta phai khir dang v6 dinh g . Khi x — 0 thi: In(1 + x) ~ x vA 3* - | ~ x In3.

Vay lim In(l+x)_ll X *_1_

x>0 3 1 xouxIn3  In3

Vidy 8: Tim lim (l +i2] .

X —po X

Gidi. O day, ta c6 dang vé dinh 17 khi x - 0. Ta ¢6

1
um@+éJ=anHJJ J:&:L
K= X~ Ko X<

6.6. Diém gian doan ctia him s

Ham s6 {(x) goi 13 gidn dogn tai X, né€u né khong lién wc tai x,. Vay X, 1
diém gidn doan cita ham s6 f(x) néu;

- Hodc f(x} khong xdc dinh tai x,;

- Hodc fix) xdc dinh tai Xq» NhUNgG ]1m F(x) = f(xy);

X“

- Hoéc khong t6n tai lim f(x):

LNy

Néu f{x) khong xdic dinh tai x,, nhung lim f(x)= lim f(x) thi x, goi 1

x—xy—0 X=Xy +0
diém gidn dogn bé duge. Chi can xdc dinh thém ham f tai x = x, bang cich cho
f(x,) bang gid tri chung ciia hai gidi han trén, ham f trd thanh lién tuc ca tai X,

Néu tdn tai cic gisi han hifu han f(x, — 0), f(x, + 0) va f(x, - 0) = f(x, + 0)
thi x, goi 1a diém gidn doan loai |. Hoac ‘f(xUI—O)—f(xU +0)J goi 12 budc
nhdy cua f tai x,. Nhitng diém gian doan khong thudc loai 1 duge goi 1a diém

gian doan loai 2.
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! agé

Vi du 9: Ham s6 £(x)=

khong xdc dinh tai

. yl
% = 0, nhung lim 222 =1,

a0 X /

Vay x = 0 la diém gidn doan bo dugc. DS thi cia né

RS

duge cho & hinh 2.25. Néu ta bé sung gid tri f(0) = 1, o x
thi ham s0 trd nén lién tuc ca tai x = 0. inh 2.25
. . . x+1 khi x<0
Vi du 10: Ham s6 f(x) = ) ¥4
x—=1 Kkhix>0
, s
xdc dinh tai moi x € R, nhung . / /

-1 O
f0-0)=1#—1=f(0+0) (hinh 2.26). Vay x = 0 / »

1a diém gidn doan loai I, budc nhay cla ham f tai
x = 0bing |1 - (~1)=2.

Hinh 2.26
) . . 1 . . ¥4
Vidu I1: Ham s6 f(x)=— khong xédc dinh tai
X
x=0.
o 1 g o x

Vi lim — =+, lim —=-w, diégm x = 0 la

2 =0+0 X A—0-0 X
diém gidn doan loai 2 (hinh 2.27).

Hinh 2.27

§ 7. DAO HAM
7.1. Nhic lai

7.1.1. Cac dinh nghia

Cho ham s6 f(x) xdc dinh trong khoang (a, b) v x, € (a, b). Néu t6n tai gidi

han cua ti 8 o) = fxp)
X=X,

(2.14)
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khi x' — x, (hi gi6i han dy duoc goi 1a dao ham clhia bam s6 y = f(x) tai diém

Xy, KT hi¢u 1a f'(x,) hay y'(x,).

Bat x — x,= Ax, ta ¢6 x = x, + Ax va dat Ay = 1(X, + Ax) — f(x,), ti s6 (2.14)
. . A , A
viet duge dudi dang __y_ Vay y'(xg) = lim —X. (2.1%)
Ax Ax-30 Ax

Néu ham 56 f(x) ¢6 dao ham tai X, thi f(x) lién tuc tai x,.

Vé mat hinh hoc, dao ham ciia ham & f(x) tai di€m x, biéu dién he s6 géc
cua duong ti€p tuyén cta dé thi ctia ham o y = f(x) tai didm M,(x,. f(x,))
(hinh 2.28).

Vé mat ¢o hoc, néu phuong trinh chuyén dong cha mot chdt diém trén dudng
thang 1 s = f(t) thi dao ham f'(ty} biéu dién van t6c tiic ¥4
thoi cha chuyén dong d6 & thoi diém t,. V6i ¥ nghia
do, ta ciing c6 thé xem dao ham fi(x,) 13 van téc bién
thién clia ham s6 f(x) theo x tai diém x,,.

* Gidi han cha ti $6 (2.14) khi x ddn t6i x, vé phia trai,

néu 16n tai, goi 1a dgo ham trdi cha f(x) tai x,, ki hiéu
1a f'(x, - 0) hayf’ (x,).

Hinh 2.28

* Gi6i han ciia ti 56 (2.14) khi x dén t3i x, vé phia phai, néu ton tai, goi la

dao ham phdi cha f(x) tai x,, ki hieu 1a f'(x, + 0) hay f(x,).

Néu ham 6 f(x) ¢6 dao ham tai X, thi nd 6 dao ham trdi va dao ham phai tai
Xy va (X, —0) = f1(x, + 0) = f(x,).

Néu ' (x, — 0) # ' (x, + 0) thi f(x) khéng cé dao ham tai x,. V& mat hinh
hoc, ti€p tuyén trdi va tiép tuyén phai cta d6 thi ham s& y = f(x) tai diém
Xy, f(x,)) khong trung nhau. DS thi d6 ¢6 diém g0c (X, f(x,)) (hinh 2.29).

* Ngudi ta néi ham s6 f(x) ¢é dao ham trong khoang (a. b) néu né cé dao
ham tai moi di€ém trong khodng d6, ham s6 f(x) c¢6 dao ham trén doan [a, b]
néu né ¢6 daoc ham tai moi diém trong khodng(a, b), ¢6 dao ham phai tai a va
dao ham trdi tai b.
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* Ngudi ta cling md rong khai niém dao ham cho trudng hop ti s6 (2.14) ddn
t61 oo khi X — x,. Khi d6, ta néi ham s¢ y = f(x) cé dao ham v6 han tai x,,

tiép tuyén v6i dudng cong y = f(x) tai x, vudng géc véi true Ox.

7.1.2. Pao ham cua tong, tich, thuong ctia hai ham sé

Né&u cic ham s6 u = u(x), v = v(x) ¢6 dao ham tai x thi ¥4
1) u(x) + v(x) ciing cé dao ham tai x va | f(xo)-—--jl/
U+v)Y =u+v. ;
2) u(x).v(x) cling cé dao ham tai x va © i" X
(L) =u'v+vi.u. Hinh 2.29
k)] u(x) ciing ¢6 dao ham tai x, trir khi v(x) = 0 va (}i] = iu’—zuv'
v(x) v A

7.1.3. Dao ham cua ham sé hop
Néu ham s6 u = g(x) ¢6 dao ham theo x, him y = f{x} ¢6 dao ham theo u thi
ham s6 hop y = fg(x)] ¢6 dao ham theo x va y' (x) = y' (u).u’ (x).
Vidu I : Choy =sin(cosx). Bat u = cosx, y = sinx. Vay
y' (x) =y (u).u’ (x) = cosu.(~ sinx} = — cos(cosx).sinx.
Vidul :Tinhy néuy=x", ae R, x>0.
Ta biét ring néu y = x", n la s6 nguyén duong thi y' = n.x" " ". Trong vi du
nay y = x”, a 1a mot s thue bat ki, x > 0.
Ldy logarit co s0 e hai v&, ta duge Iny = o Inx.

Lay dac ham hai v& d6i véi x, theo cong thic dzo ham cha ham s6 hop, ta

r o
duge Y _ols y=atzal —ax,
y X X X
Vay (x*) ' =a x" 7 (2.16)

Cong thic nay ciing diing khi x < 0 vdi diéu kién x* va x* ™' ¢6 nghia.
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Vidu 3: Tinh Yneuy=x+)* x+1> 0. Ham s6 ¢6 dang u(x)"*' vgi
u(x) >0 goi 12 haim s luy thita mii. P& tink duge dao ham cia né ta hay ldy
togarit co s6 e hai v& réi tinh dao ham theo x hai v& cia ding thic thu duge.
Tacdlny = tgx.In(x + 1),

Dodé 2-= tgx.——]——+ l In(x+1).

y X+1 cos?x

Viy y’:y[tgx.—l——+ !, .ln(x+l)J=(x+l)‘g*[~t&+MJ.
X+1 cos”x Xx+1  cos™x

7.2. Dao ham cta ham s¢ nguoc
Dinh li 2.16. Néu hin: 56’y = f(X) ¢6 dao ham tai x, f'(x) = 0, va néu ham

58y = f(x) ¢6 ham s NRUOC X = L) thi ham 56" x = @(y) ¢6 dao ham tai

Yy =f(X) va ta 6

(y) = :
¢ (y) oo
Chitng minh: Vi y = f(x) ¢6 ham $0 nguge, nén néy Ay =fX+AX) - f(x) = 0
thiAx % 0.Dodé: X = 1

Ay Ay
AX

Vix = ¢(y) lién tuc taiynénkhiAy - 0thi A x — 0. Do do:

AX 1 1
lim — = hay o'(y) = ——.
whay T Ay y oty Fo0
Ax—) Ax

Bay git. ta dp dung dinh 11 2.16 dé tim dao ham cita cdc ham s6 lugng gidc nguoge.
1) Him $6 y = arcsinx xic dinh khi -1 <x < |, ldy moi gid tri trén

T s . .
doan {}EEJ la ham sG nguoce cia ham s6 x = siny. Ta ¢é

X'(y)=cosy =/l -sin* Y,

N
vicosy = 0 do —ESySE.Vz}y y':————l——ﬂ: : X#xl,
2 2 \/l-sin:y 1-x*
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Viy (arcsinx)'=

!
zx].
Vi-x* *

Hoan toan tuong tu, ta cé

2) {arccos k)' =- (x #x1).
1-x
3) (arctgx)' = ! 7
1+x
4) (arccotgx) = - ! X
1+x

7.3. Bang dao ham cua cic ham s6 so cép co ban
(¢) =0 (cla hing s6);
(x*) =ax*' (o eR,x>0)

(&) =a‘lna (a>0,a=l)

ey =ef

(log, x)' = ! (a>0,a=1,x>0)
' xlna

(nxy =2 (x>0)
: X

(sin X)' = cosx;

{cos X)' = — sinx;

(tgx)'= 12 (x# E+k1t, keZ);
cOs8“X 2

(cotgx) = - — (x #kn, ke Z);
sin” X
(arcsinx)’ = 1 ( |x|<D,
J1-%*
, 1
(arccosx) = — (M <),
1—x°

8. THCC-T1-A

(2.17)

(2.18)

(2.19)

(2.20)



(arctgx)’ =

s
1+x?

(arccotgx) =—

1+x%2°

7.4. Dao ham cap cao

* Néu ham s6 y = f(x) ¢6 dao ham thi y' = f'(x) goi I dao ham c4p 1 cia x.
Dao ham, néu c6, cla dao ham cdp 1 goi la dao ham cdp 2, ki hiéu 1a
y'=1(x). Vay y"={"(x)={f'(x)] .

Tuong tu, dao ham cha dao ham cap (n — 1) cua f(x) goi la dao ham cdp n, ki
higu 1a f(x). Vay y'™ = £ (x) =[f" " (x)] .

Vidud:y=x"(aeR,x>0). Taco:
yr = axl'f.—] X
y' = o(a - 1x*?,
"=l - 1) (e~ 2)x"7,

in)

yUEafe - I e~ 2).(e—n+ Dx*",

Bacbiét, nuc=ne N thiy =x", y' = nx™"

qrrna

yW=nm-D.(n-2),.., 2.1. =n!
Do d6 y™ =0néum > n.
Vidu5:y=e" klahing s6. Taco
yf = kekx ,
yl'i' - k.kekx = klekx,
§ = Rk,
Vidu 6:y =sinx.

y' =cosx = sin(x +-;E—),
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i

n T m s
"=cos(X+—=)=sin(x +—+—=)=sin(x +2—),
Y { 2) ( 25 ( 2)

y' = sin(x +n—)
2
Vidu7:y= ,a,b,clacdc hingss,a=0,b=0.
bx+c¢
a 1 a C. 3
y=—. =—(X+=) .
b, ,,¢ b b
b
a .’ C._a a C.»
B e 8 P e T 6 O e T
Y b( it b b( -

; a | SR 2 d C. .3
:_—]_ —2 4 —_ -2_1-_.1.2- +— -‘
Y = D200 = D 12000 D)

n!
xn+] '

 Pichiét.néua=b=1,c=0thi y= l, Yy = (-D)"nlx TN = (- 1)°
X

Cong thitc Leibniz

Gia st cac ham s6 u(x). v(X) ¢ dao ham lién ti€p dén cap n. Khi d6, ta cd

n
- k
(uv)ln] :ZCsu{n “.V( J,

k=t}

n! 0
u =

trong 46 Cf = ————,
k!(n-k)!

u v =v. (2.21)
Cong thitc (2.21 ) goi 1a cong thitc Leibniz, duge chimg minh bang phuong
phap quy nap.

Vidu 7 : Tinh y™ néu y = (x’ + 2x — 3)e*.

Gidi. Datu=¢*, v={(x"+2x-3). Tacé u™ = ¢,

V=2x+2, v =2, v =0,
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Do dé: y™ = Che")™ (x? + 2x - 3) 4 Ca(€)"™P(2x +2) + C2(ex)nD 5

=e* (x? +2x—3)+ne"(2x+2)+'2(—né:]—).e";2

=e"[x2 +2(r1+I)>41+2n—3+n(r1—1)]=e"[><2+2(n+1)x+n2 +n—3].

§ 8. VIPHAN
8.1. Pinh nghia

Choham s6'y = f(x), ¢6 dao ham tai x, theo dinh nghia ctia dao ham:

f'(x) = lim _éZ,
Ax—0 Ax
trong dé Ay = f(x + Ax) — f(x).
Vay khi Ax —» 0,%31=f'(x)+a, o —> Okhi Ax — .
X
Do dé: Ay =f(x + AX) - f(x) = £(x).AX + 0Ax .

S6 hang a. Ax i3 mot VCB bé4c cao hon Ax. Do do, Ay va f'(x)Ax 1a hai VBC
tuong duong. Biéu thite f/(x)Ax 801 1a vi phdn cta ham sg y = f(x) tai x, ki
hiéu la dy hay d f(x). Vay: dy= f'(x)Ax . (2.22)

Neéu ham s6 ¢6 vi phan tai x, ta néi f(x) khd vi tai x. Nhu vay, d6i v6i ham
s6 mot bién s6, khdi niém ham s6 ¢6 dao ham tai X va khéi niém ham s6 kha
Vi tai x tuong duong nhau,

Néuy=x thidy=dx =1, Ax. Vay d6i véi bien s6 doc lap x, ta ¢6 dx = Ax.
Do d6, cong thic ( 2.22 ) o thé vietla: dy = f'(x) dx - (2.23)

1 1 1
Vidu 1: Néu =+/1+Inx , thi Y =———e".Do dé dy=——— __dx .
Y 2v1+Inx x 2xv1+Inx
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8.2. Y nghia hinh hoc

Trén dudng cong y = f(x), 18y hai diém M(x, f(x)), M,(x + Ax, f(x + Ax)).
Qua M ké duong tiép tuyén MT. Trén hinh 2.30ta T

c6 Ay = f(x + Ax) — f(x) = AM; . Goi B l1a giao
diém cha AM, v6i MT, ta c6 trong tam gidc AMB M .

B
/a1
TAX 1A
@l |

AB=MA . tga = f'(x) . Ax = dy.

X XH+AX x

Vay vi phan df(x) ctia ham s6 f(x) tai x |2 sGgia —of 7
clia tung do trén tiép tuyén cua dudng cong _
y = f(x) tai diém tng vdi s0 gia Ax. Hinh 2.30

8.3. Vi phan clia tong, tich, thuong
Tir cong thitc dao ham clia tdng, tich, thuong cia hai ham s& suy ra:

d(u +v)=du+dv
d(u.v) = udv + vdu

d[ﬂjzgm_-;d_v (v =0).

v \'i
8.4. Ung dung vi phan vao tinh gan diing

Vi khi Ax — 0, f(x, + Ax) — f(x,) 1a VCB tuong duong véi f'(x,)AX, nén khi
| Ax | khd nh, ta ¢6 cong thikc tinh gin diing
f(x + AX) = f(xg) + I'(Xo) AX. (2.24)

Vi du 2: Tinh Ay vady néu y = {(x) = x* + x2 = 2x + 1, néu x bién thién tir 2
dén 2,01,

Ta ¢ f(2)=22+2"-22+1=9;
£(2,01) = (2,01)° + 2,01’ - 2.20) + 1 = 9,140701 ;
Ay = f(2,01) - f(2) = 0,140701 ;
f(x)=3x"+2x—-2;
() =322+22-2=14;

dy = f'(2). Ax = 14.(0,01) = 0,14.
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R& rang tinh dy don gidn hon tinh Ay.
Vidu 3: Tinh gan ding 4158

1
Ta can tinh gin ding y = f(x) =x* tai 16 - 0,2. Dit x, =16, Ax = - 0,2. Ta

cé f{x, + Ax) = f(x,) + f'(x,) .AX.

I 1 1
=— f(x,)= =—, tadugc
4%’ o) adhe® 32

-3
Vi f(xg) =416 =2, f'(x) = ix 4

3158 ~ :‘/1_-93% =2-0,0062 ~1,9938 .

CAU HOI ON TAP
1. Binh nghia ham s6 don diéu, chin, 18, tuidn hoan.
2. Dinh nghia ham s6 nguoc cia ham s§ y = f(x). Tim ham s6 ngugc cla
ham s& y = e* va ctia cdc ham s6 luong gidc.
Ching minh rang arcsinx + arccosx = 321—
3. Binh nghia va phan loai cac ham s6 so cdp. Thé nao 12 mot biu thitc hitu
ti d6i v6i sinx va cosx.
4. Dinh nghia gidi han cha day s6.
5. Dinh nghia gidi han ctia ham s8, gi¢i han mot phia, gigi han vo han.
6. Phat bi€u hai tiéu chudn tén tai gi6i han.

7. Pinh nghia VCB, VCL, VCB tuong duong, VCL tuong duong. Quy tic
- ngit bd cdc VCB bac cao va ngat bd ciac VCL bac thép.

8. Ham s6 lién tuc: dinh nghia, tinh chét cta ham s lien tuc trén mot doan.
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9, Dinh nghia dao him, ¥ nghia hinh hoc va co hoc. Pao ham cip cao, cong
thic Leibnig.

10. Vi phan clia ham s6: dinh nghia, ¥ nghia hinh hoc. Néu mot ting dung
ctia vi phan trong tinh gan diing.

11. Cic ménh dé sau ding hay sai?

a) Né&u cic ham s6 f(x), g(x) tang trén [a, b] thi f(x) + g(x) tang trén [a, bl.
b) Néu cdc ham s& f(x), g(x) tang trén [a, b] thi f(x).g(x) tang trén [a, b].

¢) Néu f(x) don diéu trén [-1, 0] va don diéu trén [0, 1] thi né don diéu trén
-1, 1}.

d) Néu cdc ham s6 f(x), g{x) 1a tuan hoan véi chu ki p thi f(x) — g(x) 1a tuan
hoan véi chu ki p. "

) Néu ddy s6 {x,} bi chan thi n6 hoi tu.
f) Néu day s6 |x,} phan ki thi n6 khong bi chan.

g) Tim| =% - 2 ]=lim X fim—
-3 x-3 x-3

h) Néu limf(x) =5, limg(x)=0 thi khong ton tai limi(i)- .
x—=3 x—3 -3 g(x)

i) Gia st f(x) va g(x) 12 hai ham s6 xdc dinh trong khoang (a, b), x, € {a, b).
Néu f(x) + g(x) gidn doan tai X, thi f(x) va g(x) gidn doan tat X,.

j) Néu f(x) lién tuc tai x, thi n6 c6 dao ham tai x,, .
k) Néu f(x) = [2x* + 5x| thi f'(x) = 16x* + 5.

[) Néu ham s f(x) lién tuc trén khoang mé (a, b), n6 dat gid tri 16n nhat va

gid tri nho nhat tai cde diémc,d e (a,b).
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BAITAP
1. Cho f(x) = x + 1; Tinh f(4); f(\/i); fta + 1); f(a*); [f(a)}; f(?a).
x—1 1 1
2. Cho @p(x)=——. Vi6t @/ — | vda —.
=as v (p[x] o(x)

2f(u)

3. Cho f(u) = tgu. Hay ching minh ring f(2u) = —.
1-[f(w)]

4. Cho g(t) =g~ . Ching minh ring a(a)+g(b) = g( ath ]
1+t 1+ab
5. Cho f(x) = Igx; g(x) = x*. Tinh f[g(2)]; g[f(2)].

f(b)—-f(a)
-a

6. Cho f(x)= x> Tim (b#a).

7. Tim mién x4c dinh cta cdc ham s& sau day:

a) y=v1l-x?; - b y=vx+3+¥7-x ;
c)y= lg,ﬂ (a>0); d) y = arcsin®x ;
a—x
x+2 2X+TC
e)y=a (a>0,az1) Dy=tg

x+1 /x2~3x+2
= lg—u——; h) y=,——m;
&)y g){2—3x+2 )Y x2+7x+10
2
i y=1/lg5"4"_ ; K)y = log,5;

1

3
4+2sinx’ m)y= /|x|—x
n) y = /arcsin(log, x) o)y =lg|4—x2|;

- 1+x?
p) y =log,log,log,x q) ¥ =+/cos(sinx) +arcsin -;x .
X

I) y =arccos
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8. Trong cdc ham s& sau, ham s& nao 1a ham s& chién, ham s6 18, khéng chan,
khong 1é ? '

a)y=2"; byy=1-x% o) y=27% ;
d) y = cotgx; ey y= a’+a’ : f) "ax —a :
* y 2 " y 2 »
g y=—— (@a>0,azl); hy y =gt X
a* -1 1-x

9, Trong s6 cac ham s6 sau, him s6 nao 12 him s6 tudn hoan ? Tim chu ki

cua ching.
a) y = sin’x; b) y = sin(x%) ; _ C)y = X COSX ;
.1 . X
d) y=sin—; e)y=1+1tgx, fy=1-sinx; g)yzsma;
X
. . . 3n X—T
h) y = |sinx|; i) y=2sin 3x+—4— : k) y=3cos T

10. Tim ham s& ngugc cha céc ham s& sau trén mién t6n tai cua no.

X

a)y=10"4 by=1+1gx+2); c)y

T

d) y = 2sin3x ; e)y=x"-2xkhix 1.
. s . 1-
11. Hay thir lai rang ham s6 y = ;—X ¢6 ham nguge 12 chinh nd.
+X

ax+b
cx+d

Vi diéu kién ndio cha a, b, ¢, d thi ham s6 y = ¢6 ham s6 nguoc 12 chinh n6?

12. V& dé thi cac ham s6 sau (dding diém déc trung va phép dai truc da biét &
THPT).

2
ayy=-3x+35; b)y=-xi—+1; y=x*+2x+1;
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1 .
d) y:—~—1; e)y=51n2x; ) y:cos(x—%) -

X ) ) i
g) y=1g; h) y =logx; ‘ 1)y=log3;;
k) y = |sinx|; D y=|x—2l; m) y:x—‘x\;
cosx néu —n=x<0
n)y=11 néu Q<x<l
-1— néu 1<x<2.
X

13. Viét vai s6 hang dédu tién cla céc ddy sO sau, n€u s6 hang tong quét 1a
a) X, = s.inﬂ?,E ; b) x, =2 " cosn.

14. Sk dung dinh nghia giéi han cha ddy s, chimg minh rang day

3n? +1 . 3
X, = ¢6 gidi han bang —.
5n% -1 £ ’ & 5
15. Chirng minh ring diy s6 11—3-121 c6 s6 hang téng qudt
. g g day 324388 ang tong q
— véi n laso lé
2 2
X, =1 )
— vé&i n 14 s8 chin;
|22

Tir d6 suy ra dily 56 d cho khong c6 gidi han {c6 giai thich).

16. Ching minh ring cac diy s6 sau din t6i 0 khi n — <

2) x, = — (k >0); by x, = =
In

n
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c) X, :lsin(?.n—l)E; d) x, =(-1)"
n 2

2
s¥n+1

17. Tim gidi han cha cdc day so sau :

2 3 2 4
3n“+5n+4 2n” +2n° +1
a) Xp = ———5 b) X, = . > :
10+ 6n an’ +7n° +3n+4
12422 +......+n° .
C) X, = 3 ; d) x, =¥6n+3;
5n° +n+1 :

e) X, =v2n+3-vn-1; h) xn=\4‘3nz*n3+n;
1 Jn

: 1 1 1
1) X, = +—t—

— +..t ; K) x,=——=—F}
1.2 23 3. n(n+1) Jn+l1+/n
1 3n

D x. =——cos(n®)— .

s 2n (") 6n+1

18. Chimg minh rang lim ¥n =1.

n—0

n

19. Ching minh ring didy s6 x, = 2n-1 1a diy tang, con ddy s6 x, =
3n+1 n!

12 day giam khin = 10.

20. Tim gidi han ctia cac ddy s6 sau

n n
a) X, = ; b) z, = : ;
n-+n n°+1

)y, = ! + !
" \/7+1 n’+2 n’+n

21. Sir dung dinh nghia vé gidi han cha ham s6 chimg minh rang:

a) lim(3x-2)=1; b) 11

x—1 ’ IJ_._

=2;
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2x~1 2

¢) lim == d) lim a* =+ (a>1).
s+ 3x 42 3 X—>+m0
22. Tim cdc gidi han sau :
2, 2 4, 3
@ lim 2 2XL gy 32 &) lim 2 *8.
X0 2%+ 5 oo x4 4 X x° 41
x?-4 x?~5x+6 x"~1 .
d) lim : e) Iim-—z——————; f) lim neN |
x—-2 X —2 2 x° —12% + 20 =1 x ~1

3.3
i) fim &R %7

Vi+x -1 Ix-1

g) lim——m — — h) lim

x=0 X =l x =1 h—0 h
k) lim| — 3 o lim[\/x2+l—\/x2—1:[; m) lim 304X .
= 1-x 1-x X0 x>0 2x
.2 X
sin” —
n) lim : o) lim ———x———; p) lim xcotgx ;
x—{0 3X2 x—+0+0,;‘]_005x x—0
X x+1
2
q) lim(l—y)tgin; r) lim 1+—2— ; s) lim x+3 ;
y=1 2 X X xowl 2x +1 .
g™ g™ e™ —e™ . sinx —tgx
t) lim——": v lim—m—— . v) 11m———3——
=0 ex x20g1nax —sin bx x—0 X

23. So sanh cdc VCB sau khi x —» 0, hdy so sdanh VCB ¢(x) = x véi cic VCB sau:
f,= tgx3; f, = Ysin? x P L =v9+x-3; f,=1-cosx; s =arctg\/;.

24. Chitg minh ring khi x —» 0, cic VCB sau trong duong:

2 1+x

1~ ,___]Lx -lx; 1——-1-—~x; sin\fx\f—~\/x2+\/-x_3.

23. Hady so sdnh cdc VCL sau, khi x — o :

) f(x) =3x"+2x + 5 va @(x) = 2 + 2x — 1;
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b) f(x)=2x"+2x  vAQ(x)=(x+2)%
¢) f(x)=¥x +a va o(x)=¥x .

26. Tim cac gidi han sau:

a) lim sin5x b) lim 1—cosx ¢) lim Incosx
x=0 In(1 + 4x) x—0 1 —COS% x—0 m_l
. AVl+x+x? -1 . s in? x — arcte?

d) lim )‘<+x : e) lim sin 2x + arcsin x3 arctg”x :
x=>{) sin4dx x—0 3x+4x
. (sinx —tgx)2 +(1 —cos2x)4 +x° . sin{/;ln(l+3x)

g) im Z — — ; h) lm .
x—0 7tg’x +sin” X + 2sin” x x—0 (arctg\/;)z(fﬁ -1

27. Tim gidéi han mot phia cha cdc ham s& sau:

=2x+3 néu x<l1 ,

a) f(x)= . khix — 1;
3x-5 néfu x>1
2

b) f(x)=;(*lll khix — 1

¢) f(x):—“_;OSX khi x — 0,

28. Chirng minh rang ham s& f(x) = 3x* — 2x? + 3x lién tuc tai diém x bat ki.

29. Tim diém gidn doan va budc nhay (néu c¢6) clia cdc ham s& sau:

%(2x2+3) khi —o<x<1

a)f(x)=|6-5x khi 1<x<3
x-3 khi 3<x <+
|2x—3|

b) f(x)=—.
) 1) 2x-3



30. Xét sy lién tuc cua cde ham sé sau:

sin X 1
_ khi 0 in— khi 0
3 0= x i x# b) f(x)= xsmx i X#

| khi x=0; 0 khi x=0.

31. Cho f(x) = 3x —2v/x . Tinh f(1), f'(1), f(a?), f'(a®).

32. Cho f(x)=

3
2x° ~3x+x - . Tinh f'(i).
X

33. Tinh dao ham cua cdc ham s& sau:

a) y=x’arctgx ; : b} y=x£(3lnx—2);
C)yzarcsmx; d)y=w; e) y=(2x +5);
X sin X +cos x
g)y=tg’x; h) y =tg(lnx) ; i) y= ln(tg%);
k)yzln(x+\fl+x2); I)y:ln(\/2sinx+1+\/2sinx—]);
552
m)y=i\/x2+k+51n(x+\/x2+k); n) y = arcsin x4 x| <1:
2 2 1+x
) Ltsi
0) y:arctg]n—x; p) y:e"arctge"—ln\/l+e2" Q) y= sm2x +Ip 2R
3 ‘ cos” X cos X
34, Tinh dao ham cia cdc ham s0 sau: a)y= x ;
3 1
byy=Gsingw; o y= TN &) y=xb,

(5x+4)2 Q/l—_x

35. Tinh dao ham c¢4p hai cha céc ham s6 sau:

a)y:e"z; b) y=In¥1+x%.

36. Chitng minh ring ham s6 y = Cie ™ +C,e ™ véi C,, C, Ia hai hing s¢
tuy ¥, thod mén phuong trinh y"+3y'+2y =0.
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37. Tinh dao ham cdp n clia cdc ham s6 sau:

1 : 1
a)y =xInx; by y= ; cyy=xe"; d)y=———.
)y Y i )Y )y x?+2x-3

38. So sénh s& gia va vi phan clia him s6 sau y = 2x° + 5x°.
39, Tinh gid tri gan ding cia M = arcsin 0,51 béng vi phan.
40. Tinh gid tri gin diing ctia dién tich hinh tron c6 bédn kinh bang 3,02 m.

41. Tinh vi phan cta cdc ham s6 sau:

a) yzélnizg; b) y = arctge™;
)y =x(lnx - 1); d) y=1n(x+\fx2+4).
PAP SO

1.17; 3; a?+2a+2 a*+1; . @+ 1% 4a’ + 1.

1-x 3x+5
" 345x ] x-1
5. 31g2; (Ig2).
6.b+a.
7. a)[- 1, 1]; b) [-3,7) cy(-aa); - d-1,15
&) (~ oo, + 0 ); Hx#s43ks; g1 1)

4 2

h) (- ,=-5)U (=2, U [2, + ) y{1,4];

k) (0, 1) U (1, + oo); D—%+ﬂm£x£%§+ﬂm (ke Z);

m) (— o, 0); nNo0<logx<ival<x<y;

oyx#t2; pd<x<+m; Ggx#tl.
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8. a) Khong chén, khong 1é; b) Chén; ¢) Chén; d) Lé:
e} Chin; 1) Lé; g) Khong chin, khong 1é; h) Lé.
9. a) Chu ki =; b) Khong tudn hoan; c¢) Khéng tudn hoan;

d) Khéng tudn hoan; e)Chukim f) Chu ki 2x%;

g) Chu ki 4n; h) Chukin;, i) Chuki —23£; k) Chu ki 6m.
X X

0. : —_fg - x—l’ - .

10, a)y [glo, b) y=-2+10 f ¢) y=log, _—

x/- e)y=1+\/l+x.

1
d} vy = —arcsin=
773 2

11. Di€u kién d = - a va khi d6 d6 thi cla ham s6 ¢6 truc d6i xitng la dudng
phan gidc thi nhit.

3 a) _\/j‘ _\/.._i; 0: ;\/_g;. : b) _.}_; _1_.: _l: i_‘ e
2 2 2 2 4 g8 16
17 a)i- b)-l— c}-]—- dy I; €) +o; h)l'
BT 16 15" ’ ’ 3’
) 1 I
1) 1; ky —: -,
) 12 ) 2
20. limx, =limy, =limz, =1,
1 1
22, a) = b) 0 ¢) oo; d)4, e)-; Dm
2 ' 8
g) L. h) g— i) 3x%; k) -1, NDo;
2| 3‘ L] L] »
1 2
m) 2: n) —: 0) \6: pi; q) —:
27 T
r) e s) e: t) a_—_b; u 1; v) -l-

c
23. S0 v&i ¢(x) = x khi x - 0; f, 1a VCB béc cao hon ;

f, 1a VCB bac thap hon;
f, l1a VCB cung bac;
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f, 1a VCB béc cao hon;
f; 14 VCB bac thap hon.
25,  a) fcd bac thdp hon ¢
b) f va ¢ c6 cling bac;
¢) f va ¢ tuong duong.
s ,
26. a) Z : b) 4; c)-2; d) g ; e)

1 3
g) 5> h) 3
27.a)f(1 -0) = 1; f(1+0)=-2;
b) f(l —0)=-2; f(1+0)= 2;
O f(-0)=—2;  f(+0)=+2.
29, a) Tai x = 1 ham s6 lién tuc;

Tai x = 3 ham s6 ¢6 budc nhay A =9 ;
b) Tai x = % ham s& gidn doan loai 1, buéc nhay A = 2.

30. a); b) Ham s6 lién tuc véi moi x.
1

t

3. (=1 f'(1)=2; fla) =3a’-2al; f@@)=3-

32. f'[l)=l3.
4

3

9
3. ayy-= X > +3x%arctgx ; b) y'=—x/;lnx;
1+x 2
, x —v1-x? arcsin x , )
c)y = ; d) y =— 3
xz\/]_xl (sin x + COS X}
6tg’ , |
€) y'=24x2(2x3+5)3; gy = gzx ; hyy=s——s——;
cos” X xcos (Inx)
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“ 1 , 1 , COS X
Dy'=—-; k) y' = = Dy =———
S x T+x 4sin“ x -1

m) y' = {x2+k; n) y' = 4x ; o) y' = 3

1+ x(9+In’x)’
p) y' =e"arctge®; Q Yy =-———.
€08’ X
34.3) y':x"2+'(1+21n X); b) y' =(sin x)’g{l +-——Insin x}
cos® x

. Cx=-D’V3x+2[ 6 3 10 1 )
c)y'= 2 + - + , dyy' =0.
(5x+4) AT-x[2x-1 203x+2) S5x+4 3(1-x)
, 21-x%)
35, ayy'=e'|4x*+21; by y"'=2 2 .
)Y [ :] ) . 3(1+x2)2

-2} (-1)"2"n!
7. w_ gy 0=2) >2);, B y"We—2IT.
a)y " =(-1) o (n=2) ) IR

n X n n -l | 1
c) }’( )-_—e (x+n); d) y( )Z(_l) n!{(x_])nﬂ +(x+3)n+l:|'

38. Hiéu clia s8 gia Ay va vi phan dy bang (6x + 5)Ax> + 2Ax>.
39.0,513.

40. = 28,66 m’.

dx 2.e*dx
41. a) dy = ; b) dy = ;
¢ x? —36 Y 1+
¢) dy = Inxdx; d) dy = dx .
x* +4
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CHUONG lil. CAC PINH Li VE GIA TRI
TRUNG BIiNH VA UNG DUNG

MUC DICH YEU CAU

Chuong 111 trinh bay cdc dinh i vé gi4 tri trung binh, vé cong thic Taylor va
tmg dung cla chiing trong vi¢c khir cic dang vo dinh, trong tinh gan ding,
trong khao sdt ham s6 va v€ dudng cong.
Sinh vién cdn hifu Ki cdc dinh If quan trong nay, van dung thanh thao quy tic
L'Hospital dé khir cdc dang v dinh, dung cong thirc Taylor dé khai trién hiru han
mot s6 him & thong thudng, khao sat va ve dé thi cia ham s6 y = f(x), v& dudng
cong cho bdi phuong trinh tham s6, hodc phuong trinh trong hé toa d6 cuc.

§1. CAC DINH L{ VE GIA TRI TRUNG BINH
Pinh li 3.1. (Pinh li Rolle} Néu ham so f(x):
a) Lién tuc trong khodng dbng (a, bl;
b) Khd vi trong khodng md (a, b);
¢) Thod mén diéu kién f(a) = f(b);

thi ton tai it nhdt mot diém ¢ € (a, b) sao cho f'(c)y=0.

Ta thira nhan dinh 1f nay, & day chinéu lény nghia hinh hoc cta dinh Ii. Néu
cung AB cha dudmg y = f(x) véi A(a, f(a)), B(b, f(b)) lien tuc va ¢ tiép
tuyén tai moi diém va néu f(a) = f(b) thi trén cung dy ¢6 it nhdt mot diém C
6 hoanh do ¢ € (a, b), & d6 ti€p tuyén song song véi truc Ox, tdt nhién tG€p
tuyén &y cling song song v&i day cung AB (hinh 3.1).

v} Yi
C C1
O a c b X O a c, c:z b_'i
Hinh 3.1
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Nhdn xét: Cic gia thiét cta dinh 1i 3.1 déu cdn y
thiet, khong thé bd qua mot gia thiét nao.
Chéng han, ham s6 f(x) = x| lién tuc trong 1 y =l

khodng déng [-1, 1], f(—1) = f(1), nhung khong
kha vi tai x = 0, do d6é khéng ap dung duoc
dinh 1{ 3.1 (hinh 3.2). Hinh 3.2

|

—

O

— —_ -
Y

1.2. Dinh li 3.2. (Pinh I{ Lagrange) Néu ham s6'f(x) :

a) Lién tuc trong khodng déng [a, b], |

b) Khd vi trong khodng md (a, b),

thi ton tai it nhdt mot diém ¢ € (a, b) sao cho f(b) — f(a) = f'(c) (b — a). (3.1)
Cong thic (3.1) goi 1a cong thire Lagrange. Ta cong nhan dinh If nay. Y

nghia hinh hoc cta dinh 1f 3.2 nhy sau. Chi ¥ ring ﬂ%ﬂa_) la hé s& géc
-a
clia day cung AB, con f'(c) Ia h¢ s6 géc cha tiép tuyén clia dudng vy = f(x) tai
X = ¢. Néu ham s6 f(x) thoa min cic diéu kién a) va b) thi trén cung AB ciia
duong v = f(x) véi A(a, f(a)), B(b, f(b)) c6 it nhat mét diém C ¢é hoanh do
C € (a, b), § d6 ti€p tuyén song song véi day cung AB (hinh 3.3).
Y4

7

[ua)
<t

O

o -
ok--
orp--—-

Hinh 3.3
Nhdn xét:

(1) Giéng dinh 1i Rolle, cdc gia thiét cha dinh 1i Lagrange déu can thiét,
khong thé bd dugc.

(2) Dinh Ii Rolle 1a mot trudng hop rieng cha dinh Ii Lagrange. That vay,
néu f(a) = f(b) thi tir cong thirc (3.1) c6 ngay f'(c) = 0.
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Dang khdc cvia cong thicc Lagrange: cong thirc s¢ gia hitu han

Vic € (a, b)nén E_a

=8e(0,1) .Dodéc—-a= Ob—-a)hayc= a+6(b—a).
~-a

Vi vay céng thic Lagrange c6 thé viét 3
f(b) - f(a) =f[a+ 8(b-a)l(b-a) (0<B<1). _
Neéu dat a=x,, b = x,+ Ax, ta c6 dang thudng gap clia cong thiie Lagrange
f(xg +Ax)—f(xy) = f'(xy +BAX).Ax (0 <0<1). (3.2)
Cong thitc nay goi 1a cong thite 56 gia hitu han.

1.3. Binh li 3.3. (Dinh 1f Cauchy) Néu cdc ham s6 f(x), g(x) thod mén cdc
diéu kién:

a) Lién tuc trong khodng déng [a, b];
b) Khd vi trong khodng md (a, b);

¢) g'(x) khdng tri¢t tiéu trong khodng md (a, b) thi 16n tai it nhat mot diém

f(b)-f(a) _ f’(c).
g(b)-g(a) g(c)

Ta cong nhin dinh If nay.

c € (a, b), sao cho (3.3)

Nhén xét:

Dinh 1i Lagrange chi la trudng hop riéng cla dinh 1f Cauchy, vi néu chon
gx)=x,tacoé g'x) =1, g'c) = 1, g(a) = a, g(b) = b. Thé vao cong thite
(3.3), ta dugc cong thiic Lagrange (3.2).
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§2. CONG THUC TAYLOR
2.1. Cong thirc Taylor ‘

Vigce tinh gid tri cha da thitc tai mot di€m rét don gian, chi viéc thuc hién cdc
phép tinh cong, trir, nhan, chia da quen thudc. Vi vay, dé tinh gid tri ca mot
ham s6 khong phai 14 da thitc & mot diém, ngudi ta tim cdch biéu dién né &
1an c4n di€m d6 gén ding bang mot da thic. O chuong II, khi nghién ciiu vé
vi phén, ta dé biét raing néu ham s¢ f(x) xdc dinh & Ian can cha x,, ¢6 dao

ham tai x,,, thi ta ¢ cong thiic gdn ding f(x, + Ax) = f(x,) + (x4 ).Ax
(chinh 1a cOng thirc 2.24). Néu dat x = x,, + Ax, cong thitc d6 tréy thanh

f{x)=f(xo)+(x0)(x=xg)-

Vay § lan cén x,, ta da xem f(x) gin ding bing mot da thite bac 1. Van dé
dit ra 1a né€u ham s6 f(x) ¢6 dao him cip cao hon tai x,, liéu ¢ thé xap xi
f(x) bang mot da thitc bac >1 & lan can diém x, hay khong? Cong thic
Taylor ma ta thira nhan sau day s& gidi quyét véin dé dé.

Pinh li 3.4. Néu ham s6'f(x):
a) C6 dao ham dén cdp n trong khodng ddng [a, b];
b) Cé dao ham cdp (n + 1) trong khodng mo (a, b);

thi ton tai diém ¢ € (a, b) sao cho véi diém x, € (a, b) va véi moi x € (a, b)

tacéd
£'( £ (x4) A ) s
f(x) =1(xy) + XU)(X_ Xo)+...+ (TU (x—Xg) +( + 1! (x—xo)""!
c=x,+8(x—xy), 0<6<l, (3.4)

Cong thic (3.4) goi 1a céng thite Taylor, s6 hang cu6i & v€ phai goi 12 54’

hang du dang Lagrange. Biéu dién clia ham s6 f(x) duéi dang (3.4) goi la
khai trién hitu han ctia f{x) & 1an can diém x,.

Bac biét khi x, =0 e (a, b), cong thite (3.4) tr& thanh
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' {n) {n+1)
f(x):f(0)+fl(!0)x+...+f n(!o)x“+f(n+1(;)x_"+l,‘cfxe(a,b). (3.5)

Cong thuc (3.5) goi 14 cong thitc Mac Laurin,

Nhdn xét: (1). Néu n = 0, cong thite (3.4) chinh 12 cong thic Lagrange.

£'(x £ (x .
(2). Pat P, (x)="1(xq )+ (”“)(x-xg)+....+—-;(-rﬁ(x—xu) ,

Cong thic (3.4) cho phép ta bigu dién f(x) gin ddng bing da thic P,(x) &
f(n+l) (C)

1an can cla x, vdi sai s6 R, (x}= ) (x_xo)nﬂ.
n+1)!

Néu ham s6 f(x) thoa man diéu kién lf("} (x)‘ <M, VxeN, vxe[ab];

M 13 mot s8 duong ndo d6, thi ta ¢b dénh gid sau déi véi R, (x):

rwl

M
R, (x) < (n+1)!|x—x0 (3.6)

C6 thé ching minh duge ring v6i mét gid tri xde dinh cua x, vé€ phai clia bat
dang thic trén dén t6i 0 khi n — 0. Khi d6, ta ¢6 thé xap xi gid tri f(x) bdi
da thitc P,(x) véi d6 chinh xédc bat ki.

2.2. Khai trién Mac Laurin ciia mot s6 ham s6 so cAp thudmg ding
22 Lfix)=(1+x)% ae R, x>-1

Ta co

f'(x)= ()L(1+x)0‘_1 AT (x)=a(a-T1)(1 +x)a_2 ey
f(")(x) =a(o~1).(a-n+D)(1+x),..
f'(0)=ca, f"(0)=a{a—1),..

£ (0)=a(a-1)..(a-n+1),..

Thé vao cong thic (3.5), ta duge
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(14x)° :1+ax+a_(c;—_llx2+m+a(a—1)...(a—n+1)xn+

—1 ) {o— a-n-
+a(a )I(a n)(1+8x) XML 0<B<l x>—~1. 3.7
n! '

. n (n+1}
Pacbiétnéua=ne N thi[(l+x) } =0,nén R, (x) =0, ta dugc

(er)rl =]1+nx+

X 4.+ X4+ x",

n(n-1) ,  n(n-1).(n-k+1) ,
2! k!

D6 chinh la cong thife nhi thitc Newton quen thude.

Thay « = —1 vao (3.7), nhan duge

l n n+ n+l
——=T-xax’ - (=) )+ ()T —E— . 0<0<1. (3.8)
I+x (1+9x) -

Thay x bang ~x vio (3.8), ta ¢é
xn+l
=l+x+x’++x"+———— 0<BH<I. (3.9)
[-x (1-6x)
222 fix)=¢€"
TacsvVneN, fV(x)=e" 1" (0)=1.
) X X2 xn er el
Vay e =l+—+—+. . . +—+ x"T,0<8<«1, (3.10)
1t 2 n! (n+1)!
xn+l
V&i moi gid tri xdc dinh cua x, (-~—-1-)—!—> 0 khi n - o, cdn e bi chin.
n+1)!
Xn+l
Vivay imR_(x) = lim ——e® =0
n—sa n—yeo (n+1)1‘

Tix d6 suy ra rang v6i gid tri bt ki cha x, c6 thé x4p xi ham s& siéu viét e*
béang da thite Mac Laurin bac n véi do chinh xdc bat ki.
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2.2.3. f(ix) = sinx

Tacé6Vn e N, f("](x)zsin(mn%j, f(")(O)zsinn—.

Vay
3 5 2n-1 2n+1
sinx=x - X D i sin| Ox+ @+ D
3! 5! (2n—1)! (2n+1)t! 2
' 0<B<l. (3.11)

2.24. f(x) = cosx
Tuong ty nhu ham s6 sinx, ta ¢6

2 2n+2
x4 x2n n+

cosx=1-—+——_.+(-D".
21 4 2n)! (2n+2

0<B<l. (3.12)
225 . fix)=in(l1 +x), x >-1

Taco £(0)=1, F(x)=(+x)", F"(x)=—(1+x) " " (x)=(-1)(-2)1+x) "

£ (x) = (-1)" (n - 1)1+ x) " E0) = 1@ = D

2 3

x° X x" (—l)n x
ln(1+x)=x——+v——...+(—1)“’i—+—-—-[ J ,
2 3 n

n+1L1+0x

D<B<l,x>-1. (3.13)
2.3. Ung dung vao tinh gan ding
Vi du 1: Tinh s6 e véi do chinh xéc 107°.

Thé x = 1 vio cong thirc (3.10), ta dugc

e=l+1+l]+%+...+-!—+ e 0<B<l.

n! (n+1)!

+(=n j—;cos[ex +(2n+ 2)%}
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Tacé R, ()=
aco R, (1) (n+l)!<(n+1)!<(n+l)!

<10 néu (n+1)!>3.10°.

Vay ldy n = 8, ta dugc e ~ 2,71828 véi do chinh x4c 107,

Vidu 2: Tinh 483 v6i do chinh xdc 10°°,
'
Vi 483 = 4/81+2 =3[1+%J4,
) N L2
ta ap dung cong thitc (3.7) véi x = 3T’ oQ=—.

@=3(1+ 1 - l + / - 7 +..+R.).
162 162.108 162.108.486 162.108.486.648

Dénh gid sai s6 3[R,|, ta duoc

3’RJ< < 0,0002 ;
162.108

3|R,| c—2T _0,000003;
162.108.486

3‘R3‘ < 3.7.11
162.108.486.648

< 0,00000006.

Vay dé nhan duge 483 v6i d chinh xéc 107, chi cn 14y bon s6 hang ddu:

¥/83 = 3(1+0,0061728-0,0000572 +0,0000008) ~ 3, 018349 .
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§3. QUY TAC L'HOSPITAL
Trong muc niy, dua vao dinh 1f Cauchy, ta xay ding mot phuong phap hi¢u
qué nhung don gian dé khir cdc dang vo dinh.

3.1. Dang vo dinh 0 va =
0 o0

Pinh }i 3.5. (Quy tic L'Hospital). Gia sir:

a) Céc ham s6 f(x), g(x) khd vi trong mot lan cdn [ ciia a (c6 thé i tai a),

g'(x) # 0 trong ldn cdn 4y,

b) lim f(x) =0 va limg(x)=0.

X X

Khi dé néu ton tai lim f’(x) thi ciing tén tai gidi han lim fx)
X—a g (x) K—>d g(x)

limi(i)— = limf—r(i)—.

x=ag(X) xoag (x)

va

(3.14)

Chitng minh: Ta chi chimg minh cho trudmg hop f(x), g(x) kha vi trong lan
can I clia a, g'(x) = 0 trong lan can 4y, f(a) = g(a) = 0. Khi dé, theo dinh 1f

Cauchy f(x) = f(x)—f(2) = f'(c) , trong dé ¢ la mot diém nao d6 nim gilra
g(x) g(x)—-g@) gl

» . - - ~ ) . - - . f’(x)

a va x. Khi x — a thi c cling dén t6i a. Vay néu 1on ta lim 0

x—a g X

thi ciling

ton tai lim £Cx) va hai giéi han 8y bang nhau. ®
1—a g(x)
Nhdn xét : (1) Quy tic L’'Hospital van diing néu:

[} lim f(x)=0, lim g(x)=0;

X =

2) 1im f(x) = w0, limg(x):oo;

K—d

3) lim f(x) = o0, lim g(x) =

A
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@ Néu tim T a6 dang -g hay ~ , cc ham 6 f'(x), g'(x) vin thod
E s o]

man céc gia thiét clia quy tic L'Hospital, ta c6 thé ap dung quy tic dé mot
lan nira,

Vidu 1:Tim cdc gi6i han sau (dang —g-) :

. ox*-27 . 3x% 27
a) lim > = lim =—,
=3x?—4x+8 x-32x-4 2

|
tgx — x oy ! 1-cos® x 1+ cosx
b) lim —=——— = |im £98 X __ _ jp, . = lim———~ =
XS0X —SINX  x90 1-cosX  x-0 cog X(I-cosx) x=0 cos® x

¥

. X=sinx . l-cosx .. sinx 1
¢) Ilm——T~=11m——2——=1 =—:
x50  x° a0 3x =0 6x 6
yid 1
) — —arctgx - 2
d) lim 2 iy 14X —=1.
X—»+an l X+ l X—>+00 l + X
X X2

Vidu 2 : Tim céc gi6i han sau (dang j.E) :
oG

1
— .2 .
i Inx ) . sin“x . SINX .
a) lim = lim —2 — = _ |im =—lim —=sinx=1.0 =0,
0" COtgX  x—0" =0 X x—0* - X
sin’ x
1
. Imx x , 1
b) lim —== [im x1=11m =0.
x—o+oe x 1 x—s+0 nx 1 x>+ nx
)
n n-1 n-2
. X . hx . n{n-Ix .o nn-=1)}n-2)..2.1
lim —= lim = lim =...= lim ( =0.
X—=+oo @® oy e* X—r+m a® K =b400 a*
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Qua hai Vi du b) va ¢), a thay rang khi x > +ac, ¢* 1a VCL bac cao hon
VCL x% x" 12 VCL bac cao hon VCL Inx hay ham s6 mi e* tang nhanh nhat,
r6i dén ham s6 luy thira x", ham s& Inx tang cham nhat.

3.2. Dang vo dinh 0.0 vi 0 — oo
Viéc khir cdc dang vo dinh nay duoc thuc hién bang cach chuyén ching vé
cdc dang —g hay = 1éi ap dung quy tac L'Hospital.

o0

Vidy 3 : Tim cdc gidi han sau (dang 0.o0) :

|

5 Inx ; . XS

a) llmxlnx_hm——(dang —)= lim =—~lim — =0;
x—0" x—0* l_ o0 x—0" _i xoGt 8

< X6
4-x? 0, . ~2x 16
b) hm(4 X )th—ELrn, g™ (dang 5)— igz—i&-?.
4 e
4

Vidu4:Tim lim[ - tgx] (dang o — o).

I cosx
2
<1 . 1 sin x . 1—sinx 0
Ta c6 Ilm[ —tng= llm( - = lim (dang —)
I\ CosX x»>E\COSX COSX )/ , T cosx 0
2 2 2
. —CO8X
=lim———=0.
X —sinx
2

3.3. Cac dang vé dinh 0°, 1°, oo

Xét ham s6 [f(x)]** (f(x) > 0). Gia sir khi x — a (hoac x — w0) xdy ra céc
trudng hop sau ;

A f(x) >0vagx) >0 : dang 0%
by f(x) > 1 vag(x) > « :dang 17
¢) fix) > o vag(x) > 0 : dang oo,

Vi [f(x)JF = ¥ty tinh lien tuc cda ham s6 mil, ta c6
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Iim e{x)Infix)

tim [f(x)]F
x5)

Ex—)oc.:

. (3.15)

Viéc khtt ba dang vo dinh trén duoc dua vé viéc khir dang vo dinh 0.c0,

Vidu 5 : Tim cdc gi6i han sau : a) lim x* (dang 0");
x—0t
2 e
b) Ilm ~* (dang 1), ¢) lim{cotgx)""* (dang «").
x—{
s lim (x*1nx)
Gidi. a) lim x* = e~
x=0"
1
- 2
P . Inx ; . X
Tacé lim x*Inx = lim —~ = lim —2— =~ lim — =0.
x—0" =0 b k0t i x>0t 2
X2 NE
Vay lim x* =e’ =1,
x—0*
2 2 2
lim—-inx . 2lnx L L
b) imx!'- "—e""" * .Tacé lim =lim& =22,
11 x—=l T —x =1 =]
2 1
Vay limx!-x e‘2=—7.
x—| e
N lim Incot g x
C) llm(COth)I“" —B"’" Inx :
1 -1
. . Incotgx . cotex s1n2x . —Xxsinx
Tac6 lim——8% _ [j LO018 = lim .
-0 lax  x-0 1 x>0 cos X, sin” x
X
. —X . .
=lim——=—1lim Jdim——=-1,
x—0 COS X SIn X =0 085X x08INX

i
Vay lim(cotgx)inx =g = 1
x—0 e
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§4. UNG DUNG PAO HAM PE KHAO SAT HAM SO

§4 nay nhic lai, he thong hod va nang cao kién thiic da hoc § bac Trung hoc

Phd thong vé tmg dung clia dao ham trong khao sit ham so.

4.1, Chiéu bién thién ciia ham s

Pinh li 3.6. Cho ham 56 f(x) khd vi trong khodng (a, b).

1. Néu £(x) > 0 véi moi x € (a, b) thi {(x) tdng trong khodng do.
2. Néu f'(x) < 0 vdi moi x € (a, b) thi f(x) gidm trong khodng do.
Vi du 1: Khao sét sy bién thién cla hams6y =¢" —x - L.

Ham s6 xdc dinh ¥V x € R, tacé

y' =¢*— 1,y =0khix =0,y <0khix <0,y >0khix>0.

L.ap bang bién thién
X —® 0 +00
y’ - 0 +
y + © T 0 | / 4 ©

Ham s6 giam trong khodng (oo, 0) va tang trong khoang (0, +0).

Tix két qud trén, suy ra bat dang thic quan trong sau
e—x—1>0haye* >1+x, vx=0.

4.2. Cyec tri ciia ham sé

Ham s6 f(x) goi 12 dat cuc dai tai diém x, néu ¢6 mot khodng mé I, chira x,
sao cho f(x,) = f(x), vx € I,. Tuong ty, ham s6 f(x) goi la dat cuc téu tai
diém x, néu c6 mot khoang mé I, chita x, sao cho f(x,) < f(x), Vx € L,.

Gi4 tri cuc dai, cuc tiéu goi chung 1a cye tri clia ham s6. Piém tai d6 ham sd&
dat cue tri goi 1a diém cyc tri cha ham so (hinh 3.4).
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Chii thich : Gi4 tri cuc dai hoic cyc tiéu cha
ham s0 1ai X, chi ¢6 tinh chdt dia phuong, Y/
nghia 12 I6n hon hodc bé hon gid tri ctia hAm
$6 “& lan can” x,, chi khong I6n hon hoac
bé hon moi gid tri cla him s§ trong toan
khodng xdc dinh. Hinh 3.4 cho thay gid tri
cuc tidu clia ham s6 tai X = x, 16n hon gi4 tri
cyc dai ctia ham s6 tai x = X,.

Piéu kién can cia cuc tri

Dinh 1i 3.7. (dinh li Fermat). Néu ham s6 f(x) dat
cuc tri tgi diém x = x, va c6 dao ham tai diém dé
thi f'(x,)=0.

Chu ¥ ring néu f'(x,) = O thi chura chac f(x) d4 dat
cye tri tai x = x,. Ching han, xét ham s6 f(x) = x°.
Ta ¢6 f'(x) = 3x* = 0 khi x = 0, nhung tai x = 0
ham s6 khong dat cire tri (hinh 3.5). Hinh 3.5

Ham s6 f(x) ciing ¢6 thé dat cyc tri tai nhiing
diém & d6 dao ham f'(x) khong t6n tai. Ching
han, ham s6 f(x) = |x| dat cuc tiéu tai x = 0, . C=Ixl
nhung {'(0) khong ton tai (hinh 3.6). N |/ !

]

b

9]

il —_——
=¥

Nhimg diém thu¢c mién xdc dinh ctia ham s6, tai
d6 dao ham bang khong hodc khéng tén tai, goi
1a diém t6i han cha ham s6., Hinh 3.6

Dinh 1i Fermat vi nhan xét trén cho phép ta han ch€ viéc tim cuc tri cha ham
s0 tai nhiing diém t6i han clha né. Nhiig dinh Ii sau cho ta biét di€m t6i han
n&o 1a diém cuc tri clia ham s6.

biéu kién da cha cuc tri

Dinh li 3.8. Gid si ham 56 (x) khd vi trong khodng (a, b) chita diém t6i han
X, (€O the trix tai diém X,).

a) Néu khi x vugt qua x, ma {'(x) doi ddu tir ditong sang dm thi f(x) dat cuc
dai tai X,
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b) Néu khi x vugt qua x, ma £(x) doi dau tix dm sang duong thi f(x) dat cuc
tidu tai x,

¢) Néu khi x vuor qua X, ma f(x) khong doi ddu thi f(x) khong dat cuc ri tgi X,
Vidu 2: Tim cue tri chiaham s6 y = (x— DAx2 .

Ham s6 xdc dinh vx € R. Tacé

2 = 2x-1) 5x-2
'=%/x_2+(x—l)vx 3={/x_2+ = .
y 3 3¥x  3¥x

Vay dao ham y’ = 0 khi x =% va y’ khéng ton tai khi x = 0. Do d6, y ¢6 hai

diém t6i han x = 0; x =%.
Xét ddu cta dao ham bing cdch 1ap bang bién thien:
2
X — o 0 - + oo
' 5
y' + — 0 +

SN
+
8

A ~ 3ls

Vay ham s6 dat cyc dai tai 0, dat cuc tidu tai % Yo = y0)= 0,

_ [2)3\[_{
Ymin =Y\ 5 )7 7525

Dinh li 3.9. Gia sir ham s6 f(x) c6 dao ham cép hai lién tuc ¢ lan can diém x,
va f'(x,) = 0,

a) Néu f""(x,) > 0 thi f(x) dat cyc tiéu tai x,.
b) Néu f'(x,,) < 0 thi f(x) dat cuc dai tai x,,.

Vi du 3 : Tim cuc tri cia ham s6 y = 2sinX + cos2x.
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Ham s6 xdc dinh ¥x € R v tufin hodn v6i chu ki 27 nén chi cdn x&t trén
doan [0, 2n].
Taco y' =2cosx — 2sin 2x = 2(cosx — 2sinxcosx) = 2cosx(1 — 2sinx) ;

y' =0 khi cosx = 0 hay 1 — 2sinx = 0, tirc 12 khi

s in T Sn
X=—, X="—, X=—, x=":

2 2 6 6
y'" = —2sinx — 4cos2x ;

y" E):-2.1—4.l=-:5<0;
6 2 2

.3123) = 2.(-)-4.(-1)=6>0.

Vay ham s6 dat cuc dai tai x=g va x=5—n,d@tcuctiéu tai x=g va x=§g—[.
T 5w 1 1 3
= = —_— | =  — =2_-——+—-'_-—_
(Ymax)l (Ymax )2 Y[6] Y[ 6 ) 2 2 2

(Ymin)l =Y[§)=2-1_1=1' (Ymin)2 =Y(3?n]=2'(_1)_1 =-3.

4.3. Gia tri 16n nhit va bé nhit clia ham s6 trén mot doan

Ta néi tai diém X, ham s6 f(x) dat gid trj 16n nhat (hodc bé nh4t) trén doan
[a, b] néu Vx € [a, b} ta c6 f(x,) = f(x) (hoac f(x,) < f(x)).

Gia sif tai di€m x, € [a, b] ham s6 f(x) dat gid tri I6n nhat (hoac bé nhat) trén

doan {a, b]. Néu x, € (a, b) thi diém dé6 phai 12 di€m cuc tri cla f(x) (t4t
nhién cling 12 di€m t6i han). Nhung cling c6 thé x, 1a mot trong hai diém
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miit &, b. Do d6, dé tim gi4 tri 1n nhét va bé nhat cia ham s6 f(x) rén doan
[a, b}, ta 1am nhu sau:

|. Tfnh gid tri cha f(x) tai cdc diém t6i han clia né va tai hai miit a, b.

2. Gid tri 1én nhét (bé nhat) trong céc gid tri tinh duge & trén 12 gid tri 16n
nhat (bé nhat) phai tim.

Vidu 3 : Tim gia trj 16n nhat va bé nhit cia ham s6 :
fix) = x* — 3x* + | trén doan [—%,4]

Ta c6 f(x) = 3x* — 6x = 3x(x — 2).

Vi ham s6 f(x) ¢6 dao ham tai moi x nén nhitng diém t4i han chi ¢6 thé 1a
nhitmg di€ém & dé f'(x) = 0, nghia 12 khi x = 0 vd x = 2 ( déu thudc {—%,4) ).

Gi4 tri cia ham s6 f(x) tai cdc di€m téi han 1a: £(0) = 1, f(2) = - 3. Gi4 i

H

cila ham s& f(x) tai hai miit —% va 4 la: f[—%] é- f(4)=17.

Da d4é, trén doan {—%,4] ham s& f(x) dat gia tri 16n nhit 1a 17 tai x =4 va
dat gid tri bé nhai 1A -3 tai x = 2.
4.4. Sir 16, 1om va diém uén ctia dé thi ham s6

D6 thi ciia ham s6 y = f(x) goi 1 /6i trong khoang (a, b) néu moi diém cla
né ndm phia dudt moi ti€p tuyén clia nd trong khoang 4y, goi la Idm trong
khodng (b, ¢} nfu moi diém cia né nim phia trén moi ti€p tuyén cia né
trong khodng ay (hinh 3.7).

y y

N

I ol
Hinh 3.7

Piém phan chia phan 16i va phén 16m cha d6 thi clia ham s6 goi 1a diém udn
cua no. '

I
H
c X

m¥---
ob-ame-
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Ta thdy ngay rang, tai diém u6n tiep tuyén cat dudng cong vi v& mot phia
cta diém dé thi dudng cong nim dudi ti€p tuyén, con vé phia kia dudng
cong nam trén ti€p tuyén (hinh 3.8).

Binh 1§ 3.10. Néi tai moi dién ciia khodng (a, b), ') <0 |

thi duong cong y = f(x) I6i trong khodng dé. Néu tai moi
diém ctia khodng (b, ¢), f'(x) > 0 thi duong cong y = f(x) M
lom trong khodng do.

Chitng minh: Gia sir f''(x) <0, Vx € (a, b). Lay didmx, ~O X
tuy y trong (a, b) va v& ti€p tuyén clia dudng y = f(x) Hinh 3.8

tai diém 4dy. Phuong trinh cha tiép tuyén Ia:

L T

L | SR
Goi tung do cla diém ndm trén dudng cong y = f(x) Yc[ "M

y = () + £{x)(x - Xo).

e o B
¢6 hoanh d9 x 14 y,, tung do ciia diém nim trén dudng P ;
tiép tuyén 6 ciing hoanh d¢ x 13 y, (hinh 3.9), ta c6 fa 3
Yo = Yo = 1x) = £(x,) = £(x,)(x - xo). of @ Xex b
Ap dung dinh If Lagrange hai l4n lien tiép, ta ¢c6 Hinh 3.9

Yo = ¥r=E(% + 80X~ x0)) = F(x)](X —xg) = £ x4+ 6, B(x — x,)) O(x — o),
trong d6 0 <8 < 1,0 <8, < L. Suy ra y. - y; < 0. Vi , va x 12 nhiing diém 14y
tuy y trong (a, b) nén moi diém cia dudng y = f(x) déu nim dudi mei ti€p tuyén
cia né trong khodng (a, b). Vay dudng y = f(x) 16i trong (a, b).

Phén con lai cda dinh If chimg minh tuong tu, W

Can cit vao dinh nghia clia diém uén, tir dinh If 3.10 suy ra hé qua sau:

Néu f"(a) = 0 hodc () khong t6n tai va khi di qua diém x = a, f'(x) doi
ddie thi diém trén duomg cong cé hoanh dé a la diém uén.

Vidu 4: Xét sy 161 16m va tim diém udn cla him s y = 3x* - 4x° + 1.

Ham s6 xdc dinh ¥x € R. Ta ¢ y' =12x - 12x2:
Y =36x% - 24x = 12x(3x — 2) :

y” =0khi x =0 hoac x=—§—.
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Xét ddu clia vy bang cach lap bang:

2
X - 0 - +
y" + 0 - 0 +
y Lo&m Léi Lom

Vay dd thi cia him s& 16i trong khoéang (0%] , 16m trong céc khoang (—o, 0) va
[2,+oo). Hai diém (0, 1) va [E,HJ 13 hai diém
3 3 27

uon. i

4.5, Tiém can
M({x. y)
DPutmg thing (A) goi 1a tiém céan cla dudng cong

(C) néu khoang cdch & tir mét diém chay M(x, y)
tren dudng cong dén (A) dan t6i khong khi diém 0 lc) -
M chay ra vo cung trén (C) (hinh 3.10). Hinh 3.10

Nhu vay, dudng cong chi ¢é thé c6 tiém can néu trén dudmg cong dy cé diém
chay ra vo cung, nghia la phai c6 nhanh vo ciung.

C6 ba loai tiém can: tiém can ding, tiém can ngang va tiém can xién.

4.5.1. Tiém cdn ditng

Néu lim f(x) = co thi dudng thing x = x, 12 tiém c4n dimg clia dudng y = f(x).

XXy

Vidu5:

1
a) y=l—>oo khi x — 0 nén x = 0 14 tiém cén dimg coa dudng y =—.
X X

1 1
b) y=eX -+ khi x = 0*, y=¢* - 0khi x - 0". Pudng x = 0 1a tiém
1
can ding mot phia cha dudng y =e*.
4.5.2. Tiém cdn ngang

Néu lim f(x)=b thiy = b la tiém can ngang cua dudng y = {(x).

X —»A ’
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Vidué:

1 1
y=e* > 1khi x> o,nény=1Iatiém can ngang cia dudng y =e* .
4.5.2. Tiém cdn xién

Néu lim f(x) =+ hay llm f(x) =~ thi dudng y = f(x) ¢6 thé ¢6 tiém can

xién. Néu tdn tai cic gidi han : k = lim —fgﬁ)-; (3.16)
X—+o X
b= lim [f(x)~kx] (3.17)

X=p+an
thi dudng thing y = kx + b 12 tiém cén xién cha dudng y = f(x) khi x — +o.
Néu mot trong hai gidi han trén khong tén tai thi dudng y = f(x) khéng cé
tiém can xién khi x — +0.
Khi x —> oo, ta ciing xét tuong tu.
Vidu7:
Tim tiém can xién khi x — +oo clia dudmg y = x arctgx.,

Ham s6 xdc dinh vx € R. Vi lim Xarctgx = +o0 nén cé thé cé tiém can

X =t

xién. Ta c¢é k= lim ¥ = lim arctgx =

X +a X X =+

(SR

b= lim (y-kx)= hm (xarctgx—gx)

K=y

. arctgx — i 0
= lim x(arctgx - —)= lim ———< (dang —);
PRE 27 a4 l 0
X
1
) x?
Dung quy tic L'Hospital, ta ¢6 b = lim 1 Lex? - lim =-1.
S 2 1 X+ x +1

2
X
Vay duo'ng tiem can xién khi x — +oo clia duong y = xarctgx la dlrb‘ng

*—xl
y2

Ban doc hay tim tiém can xién khi x — —o0 clia dudng y = x arctgx.
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Vidu 8 : Tim cdc dudng tiém can clia dudng cong y = =
-X

Ham s& xéc dinh v6i moi x # ++/3 . Khi x«»ixﬁ,y—)oo,vay X==3 va
x =3 13 céc tiém cén dimg.

Khi X — + eo, thi y > — co, dudng cong ¢6 mot nhanh v6 ciing khi x — + oo;

Khi X — — oo, thi y — +0, dudng cong ¢6 mét nhanh vo ciing khi x — - w,
3
Tac6 k= lim L= lim —>

_— :-1;
xotw X xotw x(3—x?)

. X3
b= lim (y—kx)= lim +Xx
Xt

X —rton 3_)(2
3 .3
- x+3x2xwlim 3x =0
X—»tom 3-x 2t . x
Vay y = — x 1a tiém c4n xién clia dudng cong di cho (chung cho ca hai

nhanh v cling).

Nhgn xét: Tiém can ngang 12 trudng hop riéng ca tiém can xién. That vay,
néu 11_1)1; f(x)=b thi tir cic cong thirc (3.16), (3.17),tadwgck =0; y =b 1a
tiém can cha dudng y = {(x).

4.6. Khao sit va vé dé thi ctia ham sé y = f(x)

So do khdo sdt

[. Tim mién x4c dinh cha ham sg;

2. Xét tinh chén, ié, tinh tudn hodn clia ham s6 (néu ¢6);

3. Tim giao diém ctia dudng cong d6i véi céc truc toa 4o (néu cd);

4. Tim cac dudng tiém cn clia duding cong (néu c6);

5. Xét sy tang gidm, cyc tri cba ham s6; xét sy 161, 16m va tim diém uén coa
dudng cong (n€u ¢é). Lap bang bién thién,

6. V& dudng cong.
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Vidu 9: Khio sdt va vé d6 thi cha ham s§ y =

3—x2_-

I. Ham s6 xdc dinh va lién tyuc véi moi gid tri cha x, trix tai x=+3 va
x = -3, & d6 ham s6 gian doan.

N3 3
2. Ham s6 1€ vi: f(—x) = X7 _ =X =-f(x).

3—(—x)? 3-x2

Vay dudng cong d6i ximg d6i vdi géc toa d6 O, do dé chi cin khao sit véi x > 0.
3.Khix =0,y =0: d6 thi di qua g6c toa d6 O.

4. Pudng cong ¢6 hai tiém can ding : x =++/3 va tiém cén xién y = - x
{(xem 4.5. vi du 8).

5. Tinh céc dao ham cip mot va c4p hai :

. (3—x*)3x? - x*(=2x%) _ 9x* —x* _ x2(9-x7)
(B-x% G-xY  @-x*)?’

y'=0khix=0vax =3,y khong t6n tai khi x =+/3.

v B-xY(I8x-4x)—(9x2 = x").2.3 - x2)(=2x) _6x(x*+9)
Y= G3-x%)* B-xH'

y" =0khi x =0; y" khong tén tai khi x =3, nhung tai diém ay ham s6 di
cho gidn doan, nén khong cé diém udn.

Ta c6 bang bién thién :

1 0 NE] 3 + o
y' 0 + + 0 -
rr + p— —_—
+ 9
y 0 / . / _5 \ .
\ v \ | J
Lom Loi
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6. Can cir vao bang bién thién, ta vé
dugc phin dudng cong nim bén phai
truc Oy. D€ ¢6 duge phén dudng cong
ndm bén trdi tryc Oy, chi cidn 1ay ddi
xtmg qua tdm O phan dudng cong da vé
(hinh 3.11).

Vi du 10 : Khao sat va vé d6 thi cha

ham s8 y = 2cosx + sin2x.

I. Ham s8 xéc dinh va lién tc v6i moi

gid tri cua x. Hinh 3.11

2. Ham s6 khong chan, khong 1€, tuin hoan véi chu ki 25, Vay chi cin khao
sat trén doan [0, 2n].

3. D6 thi cét truc Oy tai diém (0, 2) vi f(0) = 2 va cét truc Ox tai nhimg diém &
do 2cosx + sin2x = 2cosx + 2sinxcosx = 2cosx{1+ sinx) = 0, titc 14 khi cosx =0

hoac sinx = —1. Vay dd thi cit doan [0, 2r] cta truc Ox tai x =§ VA X = 3 )

2
4. Céc tiém can: khong c6.
5.y' =— 2sinx + 2co0s2x = — 2sinx + 2(1 - 2sin’)

= — 2(2sin’*x + sinx — 1) = — 2(2sinx ~ 1)(sinx + 1);

y" = 0 khi sinx = -é— hodc sinx = — 1. Vay y' = 0 trén

y"' =— 2cosx — 4sin2x = — 2cosx(1 + 4sinx), «

2

¥i

I

2

doan[0,2n]taix=£,x=5—n,x=3—n. f
6 6 2 o}

* N

NI

3n
,x:_v _%ﬂ'

y"" = 0 khi cosx = 0, tifc 12 khi x=-T2£ 2

hoic sinx=—i~. Hinh 3.12
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Trén dudng tron Iuong gidc, ta thdy trong [0, 2n1] ¢6 hai gid tri o, o, sao cho
sinaq, =sinq, =——3I (hinh 3.12). Vay trén [0, 2n), y"

I o on va

2 L |* 2 * a2'

= 0 khi x bing

Ta c6 bang bien thien sau:

122



§5. PUONG CONG CHO BGI PHUONG TRiINH THAM SO

5.1. Phuong trinh tham s6 cia dudng cong

=t
Cho hé hai phuong trinh {x o) o<t (3.18)

y = w(t)
Goi M 14 diém trong mat phang toa do Oxy ¢6 toa do (o(t), w(1). Khi t bién
thi¢n trong [c, B], di€m M vach thanh mét dudng cong C nio d6. Cic phuong
trinh (3.18) goi Ia phuong trinh tham s6 clia dudng cong C, t goi 12 tham s6.

Vidy 1: Viét phuong trinh tham s6 ctia dudng elip ¢6 tAm tai géc toa do, hai
ban truc la a va b,

22
Nhu da bi€t, phuong trinh ¢lia dudng elip ¢6 dang x_z + i—z =1.
a
X = acost
bit i=cost, 1=sint, ta duge . 3.19)
a b y = bsint.

b6 la phuong trinh tham s§ clia dudng elip. Pac biét, néua =b =R thi
{x = Rcost

3.20
y = Rsint ( )

la phuong trinh tham sd cda dudng tron tam O, ban kinh R,

5.2. So 46 khao sat va vé dudng cong cho béi phueng trinh tham s¢
Trinh tw tién hanh nhi sau:

1. Tim mién xéc dinh, cdc diém gidn doan clia cic ham s6 x = (1), y = y(t);
2. Xét tinh d6i ximg, tinh tudn hodn (néu cé) ;

3. Tim céc tiém c4n ciia dudng cong (néu ¢6). Néu khi t — t, (hodc t — o) ma
hodc x, hoac y, hoic ca x va y déu ddn t6i vo cling thi dudng cong ¢6 thé c6
tiém can.

Néu lim @(t)=a va tlir[n y(t) = oo, thi dudng cong c6 tiém c4n dimg x = a.

11,
{t—rio) ([—3+an)

Néu lim ¢(t) =10 v lim y(t)=b,thi dudng cong ob tiém cAn ngang y = b,
—)lo

Lty t
(1—fec) {1—to0)
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Neéu cd (t) va y(t) déu dan t6i vo ciing khi t — t, (hodic t — +o0) v néu
y(t)

lim —==k, lim [\p(t)—k(p(t)]:b, thi dudng cong ¢6 tiém can xién
(=1 —ly

(T—>ifg) (p(t) (li—>too)

y=kx +b,

4. Khao sdt dao ham cla x, y, xdc dinh cdc diém tai d6 Xy, Y, triét tiéu va
xdc dinh ddu céia x[, y;. Lap bang bién thién gém cdc dong t, x;, X, yi, ¥
dé ghi lai cdc két qui trén.
5. D€ vé dudng cong chinh xdc hon, ta fim céc didm dac biét (n€u cé) cha
dudng cong nhu: giao diém coa dudmg cong véi cic truc toa d9, ti€p tuyén
v8i dudng cong tai cdc diém dy. He s6 géc cha dudng tiép tuy€n vi dudng
cong tai diém g v6i tham s6 t duge tinh bési:

o dy _y®dt_ y'(m

dx  x'(dt  x'(t)’
Néu khong qud phic tap, hiy tim dao ham cép hai cha y d&i véi x:
g9y _d [y’(t) _XOYO-yOx'M) 1 X0y -y'Ox"()
X~ dx2 dx x,([) xf2(t) X?(t) xr3([)

dé xét su 16i, 16m va tim diém uén clia dudng cong.

Vidu 2: Khio sdt va v& d6 thi dudng hinh sao (dudng axtroit)

X = acos’t
\ (a>0).
y=asin’t

Cdc ham s6 x(t), y(t) xdc dinh va lién tuc véi moi t & R, mién gid tri cha
chiing 1a khoang déng [- a, a]. Vi cdc ham s6 x(t), y(t)-1a tudn hoan chu ki
27 nén chi can khao sdt dudng cong trong khoang [—- m, ©].

Khi déi t thanh - t thi x(t) khong déi con y(t) d6i d4u, nén dudng cong nhan
truc Ox lam truc d6i xing. Vay chi cin khao st dudng cong trong khoang
[0, 7], r6i thyc hién phép d&i ximg qua truc Ox.

Khi d8i t thanh = - t thi x(t) déi d4u, con y(t) khong ddi nén dudng cong
nhan tryc Oy lam truc d6i xing. Vay chi cdn khio st duong cong trong

khoang ‘:0, g] roi thye hién phép dsi xiing qua truc Oy.
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Khi déi t thanh g—t thi x(t) d6i thanh y(1), y(t) d6i thanh x(t), dudng cong
nhan dudng phan gidc thi nhdt 1am truc d6i ximg. Ta chi khdo sét duong
cong trong khoang [0%} 16t thyc hién phép d6i xtng qua dudng phan gidc

thit nhat. Ta ¢6 x| = ~3acos’t.sint; y| = 3asin’ t.cost .
Trong khoang [o,ﬂ, x =0, y/ =0 khit=0.

, " 3asin’tcost , ) .,
Viy, === ~— 5 ——=—tgt nén y, =0 khi t = 0. Vay ti€p tuyén clha
X;  —3acos“tsint '

dudng cong tai diém (a, 0) nim ngang.

Doi vdi dao ham cédp hai Y2, ta cb .. = >0 trong khoing

3acos*tsint
[O,E] Suy ra, doan dudng cong ing véit € [O,g] 12 16m.
Bang bién thién
i
4
, 0 3a
x _ 2
t 22
a a -
X \
V2
3a

¥ 0 S,
YI + 2\/5

y 0/;\%

N
>

Hinh 3.14

N

Can cif vao bang bién thién, ta v& doan dudng cong tmg véit e 1:0,%} . Sau

khi thyc hién cdc phép dai xitng ndi trén, ta duge dudng axtroit v& & hinh 3.14,
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Vidu 3: Khio sat va v& dudng cong cho bi phuong trinh

_ 3at
TR
_ 3at?
1+t

(a>0).

Cdc ham s6 x(t), y(t) x4c dinh v6i moi gidtrite Rirlr t=- L.

Tacd, viimoit -1, x[%] =y(t) va y[lj = x(t), dudng cong nhan dudng
t

phéan gidc thi nhat lam truc d6i xing. Do dé, chi cdn khao sét dudng cong

trong khoang (-1, 1], réi thuc hién phép dsi ximg d6i véi dudng phan gidc

thit nhat.

Khit - — 1 thi ca x 14n y déu dén t6i vo ciing, va cé:

k= lim—-=
1>-1X(t) t—-1

3ai’  3at }
-+ =

b=1li ty—kx(t)| = lim
‘EE‘I[Y() =i [l+t3 1+t

t——]

. Jat(t+ ) . 3at
= lim ——3— = llm 3
R I = R

=—a.

Vay y =—x — ala tiém can xién.

Céc ham s6 x(t), y(t) déu kha vi trén (- 1, 1] va véi moi te(—1,1],tacé

1-2¢° 1
X; =32 ——"—; x'=0 khi t = —— .
‘ A+t 32
y'—3at(2_t3)'y’—0khit—0
(IO U ’
. ye 2=t , : : . 1
Viy, === »nén y, =0 khit=0, y, =00 khi t = —.
Yx X! 1-21 y Y KI5

126



R
X
Oy

1 1
p =a%,y[—]=ay§ .
()=
Vay ti€p tuyén véi dudng cong tai diém (0, 0) ndm ngang, con tai diém
(a¥4,a3/2) ti€p tuyén thing ding.

Tir céc két qua trén , ta suy ra bang bién thién cha x, y:

1 .

t -1 0 ?/-5 1
X + + 0 - —%&}-
7 ada 3a

X — o / 0 \ ?
Yi - 0 + + %a
3a

+ K ==

Can cit vao bang bién thién, ta vé doan dudmg
cong ing véi t € (—1, 11. Sau khi thuc hién phép
doi ximg d6i v6i dudng phan gidc thd nhit, ta
duoc toan bd dudng cong (hinh 3.15).

Pudmg cong d6 goi 12 dudng hinh 14 dé-cdc.

Hinh 3.15
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§ 6 . PUONG CONG TRONG HE TOA PO CUC

6.1. Hé¢ toa d¢ cwc.Trén mat phang chon vy

mot diém O c6 dinh goi 1a cuc vA mot nira

dudmg thing Ox nim ngang, trén d6 chon = rginghbonmmeeeeenas M

mot vécto don vii, gol la truc cuc, Khi dé6, L

vi trf ela mot diém M trong mat phang dugc >
1

X =rcosp X

hoin toan xdc dinh boi: r=IOM v

@ =(i;0M) (hinh 3.16), ¢ 1a géc dinh huéng, Hinh 3.16

Céc s6 1 va ¢ goi 12 toag do cuc cha diém M, r 13 ban kinh cue, ¢ goi 14 gée
cuc. Theodinh nghiathiO0<r<+ o, -~ <@ <+o.Néucht xét0 < ¢ < 2n
thi méi diém M trong mat phing, trir cuc O, ing v4i mot céap s6 (r, ¢) duy
nhat, nguoc lai, mdi cap so (r, @) dng véi mot diém M duy nhat trong mat
phang, Dac biét, d6i v6i cuc O thir = 0 va ¢ 1ay gid tri tuy . Nhu vay, triy
cuc O, ¢6 mot s tuong 1ing 1— 1 hai chidu giita t4p hop cdc diém trong mat
phéng va tap hop cdc toa dg cyc cha chiing.

Néu ta chon hé toa dd dé-cdc vudng goc sao cho gée O triing véi cuc, truc
Ox triing véi truc cuc thi gilta hé toa do dé-cdc va he toa do cuc c6 cong thic

lienhésau: x=rcosq@, y=rsing (3.21)
vanguae lai:  r=+x% +y?, tgo = y. (3.22)
X

Chii y rang, c¢6 hai géc ¢ thoa mén hé thic (3.22). Do d6, cin chon géc ¢
sao cho sin @ clng ddu véi y(vi y = r sin ). Vi dy, toa d¢ cuc cha diém

(1, 1)1a [\ﬁ,gj, nhung toa d6 cuc cia diém (1, - 1) 12 (\E,-T-E)
Nhdn xét : Trong nhiéu trudng hgp, nhit 12 khi v& dudng cong, ngui ta cdn
diing hé toa do cuc md rong: —oo < r < + 00, —©0 < @ < + o, Khi d6, mbi cgp

$6 (r, ¢) tng v&i mot diém M trong mat phang, nhung nguge lai, mbi diém
M trong mat phéng tng vdi vo s6 cép (r, ¢ + 2kmn) hodc (- r, @ + 1 + 2kn).
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6.2. Phuong trinh dudng cong trong hé toa dé cuc

Phuong trinh r = r(g) biéu thi m&i quan hé ham giia r va @, x4c dinh cho ta
mot dudng cong ndo d6 trong hé toa do cuc. That vay, véi mot gid tri ¢ nim
trong mién xdc dinh cha ham s6 r(@), ta xdc dinh duge mot gid tri r = r(p)
twong tng. Do d6, xdc dinh dugec mot diém M trong mat phing.

Cho ¢ thay d6i, diém M s& di chuyén va vé& nén mot dudng cong trong mat
phing, goi la dé thi clia ham s6 1 = (). Phuong trinh r = r(¢) goi 14 phuong
trinh dudng cong trong hé toa do cyc.

Vi du 29: Phuong trinh r = a (a > 0) 14 phuong trinh dudng trdn, tam 13 cuc
O, ban kinh a trong heé toa d6 cuc (hinh 3.17).

Phuong trinh 1 = 2acos ¢ (a > 0) 1a phuong trinh dudng tron, tam tai diém
{r, @) véir = a, ¢ = 0, ban kinh a trong hé toa d6 cuc (hinh 3.18).

Phuong trinh r = 2asin ¢ (a > 0) 12 phuong trinh dudng tron, tam tai diém

(r.p)vdir=a, = g , badn kinh a trong hé toa do cuc (hinh 3.19).

Yi Y
_ 2a
r = 2acosy TS\, r=2asing

0 R _ a

O a 2a X
P
o X
Hinh 3.17 Hinh 3.18 Hinh 3,19

6.3. Tiép tuyén cua dudmg cong trong hé toa 4o cuc

Cho dutng cong c6 phuong trinh trong toa d6 cuc 1a: r = r(g). Goi M 1a mot
diém trén dudng cong c6 toa dd cuc (r, @) vi toa do vudng géc tuong \ing ia
X = 1cos@ = r(gp)cose®

(X, ¥). Tacé . :
y =rsin@ = r{@)sin .

bay chinh 12 phuong trinh tham s6 clia dudng cong di cho, tham s6 la goc
cye @.
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Goi o 12 géc giita tigp tuy€n véi dudmg cong tai M va truc Ox (hinh 3.20), ta

' ' - . ¥4
¢6 tga = dy _Ye _ r'((p)sm(p+ r((p)Cf)S(p r
dx  xy  r(@)cose—r(p)sin o) v
' M
ror r

hay tgo = r’ sin + rc?sm ' i

r'cose —rsing o .

§) X

Goi V 1a géc gita ban kinh cuc ciia diém M va tiép
tuyé€n véi dudng cong tai M, ta c6 Hinh 3.20

-t
o=V +¢,suy ra: V=a-o@vi th:tg(aﬂp):ig—a——‘—g-g.
I+ tgo.tge

. L, . sinp ., B \
Thay biéu thitc ciia tgol va tgp=— i vao biéu thic trén cla tgV, ta duge:
cosQp

th:LF.
r

Nbu vay, dya vao phuong trinh ciia dudng cong r = r(p), ta tim dugc tgV tai
méi di€m clia dudmg cong, tir d6 xdc dinh ti€p tuyén véi dudng cong tai diém
d6. Bac biét, néu tgV = 0, ti€p tuy&n tring véi ban kinh cuc; néu tgV = oo, ti€p
tuyén thing géc véi ban kinh cue. '

6.4. So d6 khao sat va vé dudng cong trong hé toa d¢ cire

Trinh ty tiéh hanh nhie sau- |

1. Tim mién xdc dinh cia ham s,

2. Xét tinh d6i xtmg, tinh tudn hoan cia ham s6. Néu ham s6 r(¢) tuin hoan
v6i chu ki @ thi chi cn khio sdt vi va dudng cong trong mot khodng c6 do
dai o. Ta nhan duge toan bé dudng cong tir phdn dudng cong di v& bang
nhimg phép quay lién ti€p tam O va cdc goc quay o, 20, ... Néu r(¢) 13 ham
$6 chdn thi dudng cong nhan truc cyc lam tryc d6i xing (hinh 3.21a),

. Néu r(p) 12 ham s6 1& thi dudng cong nhan duong thang di qua géc cuc,
thing géc véi truc cuc Iam truc ddi ximg (hinh 3.21b), .

3. Tim dao ham r' = r'() va xét dfu cha ' d€ xdc dinh cdc khoang ting,
giam cia r theo ¢.
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o5,
% B
L.
q.:

o,

T M) /A
& Ma-p, 1)) | Mi(o. rlo)}
o !
O - ; X
NG '
TN Mal-o, 1(-0))

a) b)
Hinh 3.21

4. Tim tgV tai cdc di€m dac biét. Ghi tém tit cdc két qua thu duge trong
bang bién thien.

5. V& dudng cong.

Vidu I: Khao sdt va vé dudng hinh tim (dudng cardioide ¢é phuong trinh:
r=a(l + cosp), a > 0.

Ham s6 x4c dinh va lién tuc v6i moi pe R.

Ham s6 tuan hoan véi chu ki 2, do d6 chi c4n khao sat dudng cong trong
khoang [-=, x].

Ham s6 chan, v4y ta cho ¢ bién thién trong khoang [0, nt], rdi thuc hién phép
d6i ximg qua truc cuc.

2cos2 P
r' = — asing, tgV =L,= a(1+?08(p) =— 2 . ~cotg9 =tg[9+lt-),
r —asing 2sin cos 2 2 2
2 2
suyraV = 9+E.
2 2
Ta cé bang bién thién sau:
T n 3n
0 had had 2
® 4 2 4 7
r -
r 2a a 0
9:4 - -1 0
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Can cit vao bang bién thién, ta vé duoc phin Y4

cong (hinh 3.22). (

dudng cong tuong tng véi ¢ € [0, ], lay d6i /\
xing qua truc cuc, ta nhan dugc toan bo duding 0\/ .

Vidu 2: Khéo sit va v& dé thi dudng xoén dc loga:

r=ae*® a>0,1>0. Hinh 3.22

Ham s6 xdc dinh va lién tuc véi moi ¢ € R. Ham s6 khong tudn hoan va
cling khong chan, khong 18, Ta ¢6, véi moi ¢ € R:

R.[p 1
r'=ale’“">0;tg\7=ir= ael =—.
o ake™® A

Vay géc V khong déi, va dac tinh cla dudng xoén 6c loga la tai moi diém,
ti€p tuyén ludn lam vdi ban kinh cuc mot géc khong déi. Ta c6 bang bién
thién sau:

¢ — - 0 s + 0

gV

Chii ¥ rang r(¢o) — 0 khi ¢ — — oo, ta néi rang cuc O
12 mot diém tiém can cla dudng xodn 6¢ loga (hinh
3.23).

Tir bang bién thién ta v& duge dudng xofn 8¢ loga
(hinh 3.23). Hinh 3.23
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CAU HOI ON TAP
1. Cong thitc s¢ gia hitu han. Phén biét cong thl'I(; d6 véi cong thie tinh gin
ding bing vi phan.
2. Quy tac L'Hospital c6 thé 4p dung duogc cho nhimng trudng hop nioe?
3. Cong thitc Taylor. Khai trién Mac Laurin cta vai ham sé so cip.

4. Diéu kién cin cia cuc tri. Diéu kién du clia cuc tri. Quy tic tim cyc tri cha
ham s6 mot bién s6.

5. Quy tic tim gid tri 16n nhét va bé nhat clla ham s6 trong mot khoang déng.
6. Dinh 1i vé sir 161, 16m, diém u6n cua d4 thi cia ham s6 y = f(x).

7. Quy tac tim tiém can cla d6 thi ham s6 y = f(x). DS thi cha y = f(x) ¢6
thé vira ¢ tiém can xién, vira ¢6 tiém can ngang khi x — + o dugc khong?

8. So d6 khao sdt ham s6 y = f(x).
9. So d6 khao st va vé dudng cong cho bdi phuong trinh tham s6.

10. Dinh nghia toa do cuc. So d6 khao st va vé& dudng cong cho bdi phuong
trinh trong hé toa d¢ cuc.

11. Cic ménh dé sau diing hay sai?

-a) Néu f'(x) > 0, Yxe(a, b), thi f(x) tang trong khoang (a, b).

b) Néu f(x) kha vi va tang trong khoang (a, b} thi f'(x) > 0, ¥x € (a, b).
¢) Néu '(x,) = 0 thi f(x) dat cyc tri tai x = X,

d) Néu f(x) dat gid tri 16n nhdt trén [a, b] tai diém x,efa, b] thi f'(x) =0
e) Néu '(x) = g'(x), ¥x&[a, b] thi f(x) = g(x), Vx&[a, b].

f) Néu f'(x,) = 0 thi d6 thi cia ham s6 y = f(x) c6 diém uén tai x = x,.
g) Gia str f(x) va g(x) kha vi lién tuc trén [a, b], X, € [a, b],

AU i .
lim f(x)= lim g(x) =o0,g'(x)#0,vx €[a,b]. Néu ton tai lim '(X) thi
e e x=xp g(X)
cling ton tai lim 1) va lim 1) _ lim ™

x—xp 2(X) A Xg g(x) X=Xy gr(X) .
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h) V6i nhimg gia thiét nhu cau g, néu khong tén tai lim fx

- thi ciing
XXy g (x)
khong ton tai lim i(i)
XX, g(x)
i) Néu 18n tai mot trong hai giéi han lim £ jim £

~— thi gidi han kia
X%y g(X) x-xg g(x) :

cling ton tai va hai gidi han 4y bang nhau.

BAI TAP
1. Chimg t6 ring ham s6 f(x) = x — x> thod man dinh Ii Rolle trén cdc
khoing - 1 <x<0val0<x<l. Hay tim cic gi tri ¢ twong img.
2. Chimg t0 ring, giira hai nghiém cha ham s6 f(x) = x* — 4x + 3 c6 mot

nghiém cba dao ham f(x).

3. Ham s6 f(x)=3/(x~2)" nhan hai gi4 tri bing nhau £(0) = f(4) = ¥% 4 tai
hai miit cia khoang déng [0, 4]. Hoéi ham s6 trén c6 thod mén dinh i Rolle
trong khodng déng [0, 4] khoéng?

4. Ching t6 rng ham s6 y = Inx thoa man dinh I Lagrange trong khoang
dong [1, 2], sau d6 tim gi4 tri c.

5. Dng céng thic Lagrange cho ham s& Inx dé chitng minh b4t ding thic:

6. Vi€t cong thitc Cauchy va tim gid tri ¢ d6i v6i cdc ham so:

a) sinx va cosx trong khoang déng {Og:’ .

b) x> va /x trong khoang déng [1, 4).

7. Cho f(x) = x™ ~ x* + x® tim ba s6 hang d4u trong khai trién Taylor cia
f(x)dlancanx, =1, 4p dung dé tinh gdn didng f(1,005).
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8. Cho f(x} 12 moét da thie bac 4, bitt f(2) =1, f(2) = 0 '2)=2,"Q)=-12,
va f9(2) = 24, hay tinh: f(- 1), £(0) va (1).

9. Viét cong thic Taylor cdp n clia ham s6 y == tai diém Xo=—
X

2

10. Ding cong thic gén ding e* ~ 1+ x + . tinh L va udc lugng sai so.
2 Ye

11. Tinh sin49° v6i do chinh x4c 107°.

12. Ding quy tic L.’ Hospital, tim c4c gidi han sau:

_ X _ -X . . t
) lim £5 2% b lim = ¢ S o lim E—zm—lg—x;
x=0  x =0 (e - x}+x— x40 In[l+~)
X
&) lim ln31T12x; &) 11m tgx £ lim cosxIn(x—a)
x=0" Insinx - % tg3x x-a  In(e* —e*)
. X )
g) lm}(l—x)tg—z— ; h) hrr}lnxln(X*l);
i
i) lim| —— - ) k) lim ————-"—]-
=3\ x-3 x"—x-6 x> inx x-1
] 1
D) lim (I +sin4x)°'#; m) lim x™"-D. n) lim(e* +x)*;
x—=0" x - x>0 .
3 A
o) lirra(cost)"z; p) Ilm(tgx)z" o q) li_rg(cotgx)‘“".
X = _’_ X

2
13, Ching to rang cic gidi han sau:

.1
x? sin—

X—sinx
a) lim X, b) lim
x>0 sin x x—0 X +§in X |

khong thé tinh bang quy tic L'Hospital. Hay tinh c4c gidi han 4y bing
phuong phap khic.
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14. Xét sy tang gidm clha cdc ham s6:

2 :
a)y=3x'-4x’ - 12x*+ 5; b) y=— +12; ¢)y =In|x|.
(x-1)
15. Chitng minh cdc bat déng thirc sau:
aA)(1+x)">1+nxkhix>0vin>1; b) x > In{1 + x) khi x > 0.
16. Tim cuc tri cua cdc ham s6 :
a)y=x"—3x2+3x +2; b) y=xv1-x%;
2
c) y=x’. ; d) y =x%™ &) y=x>+Vx" ;
X+2
f) y = sin’x; g y=e"+2cosx +e™*.

17. Tim gid tri i6n nhat va bé nhit cla cdc ham s6:

A)y=x"—3x2-9x+35(-4<x<4);

d) y = arctgx® trong toan b6 mién xéc dinh.

b)y=xlnx (1 <x<e);

(NSRRI

C) y = 2sinX + sin2x [0 <x<

18. Cho hinh nén ban kinh ddy R, chiéu cao H. Tim bdn kinh r, chiu cao h
clia hinh tru ¢6 thé tich 16n nhat ngi tiép trong hinh nén.

19. Xét sy 161, [6m va tim cdc diém udn cua cdc dudng cong sau:

a)y=3x"-5x"+4; b) y=3-J(x+2) ;

1
) y= : dy=2-x-1]|.
y T y | |

20. Tim tiém cén cia cdc dudng cong sau:

X

1
ay=————; b) =xln[e+—];
B X2 —4x+3 y X
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c)y=xe"; d) y = x.arccotgx ; e)y= Ux*-6x7.

21. Khdo sit v v& d6 thi cua cdc ham s6 sau:

4x* - x* Ax+4
ayy=—": b)y= -2;
)y 5 )y 2
) y=3 : : d) y = x + 2arccotgx ; e) y = sin*x + cos’x.
x° -1
Xx=tint
22. Cho Int ,tnh ¥y, tait=1.
Y=—
t
X =In(1+t
23. Cho { ( ), tinh y', tait=0.
y=t '

24. Khao sit va v& d8 thi cdc dudng cong cho theo tham sé:

(-t y_tlvtz_
1+¢2 1412

1

; byx=te,y=te .

a}) x =

25. Khéo sét va v& dé thi cdc dudng cong cho trong hé toa do cuc

a)r=asin3¢ (a>0) b) r =ayjcos2e (a>0).

DAP SO

N e

1. —1<c,=—7 < 0; 0<c2=? <l

2. x = 2 12 nghiém cia dao ham.
3. Khong, vi f'(x) =0 ¥ x =2 va f'(2) khong ton tai.

4.c=e— 1.
2
6. a) = by 3 2] ~2.4.
4 4
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7.f(x) = 1 + 60(x — 1) + 2570(x — 1)* +...; (1,005) = 1,36425.

8. f(-1) = 143; f"(0) = - 60; f"'(1) = 26.

9. —1—(x+ D=—(x+ 1 = —(x+D)" + (=)™

10.0,781; & < 0,003.

11.0,75471.
I Ze
12. a) —; b)) —;
) 3 ) e—-1
2
f) cosa; g} —; b0,
n
m) e; n) e
13. a) 0; b)l.

n+l
(x+1) n+2,0<E}<1.
[—1+9(x+1)]
c)2; d) 1, e) 3;
i) — k) fl' et
k] 2! ¥
e 1
oe pL Q —-
e

14. a) (- 1, 0) va (2, + o0): ting; (— o0, — 1) va (0, 2): giam.

b) (-1, 1): tang; (- o, —1) v (1, + o ): gidm.

¢) (0, + = ): tang; (— <o, 0): gidm.

16. a) Khong 6.

W2

b) ——ltaix———l—'y —}-taix—
Ymm 2 3 ﬁ 3 max 2 Y

-

©) Y = 0181 X = 0; Y= —= i X = 4;

dy,, =27 aix=3;

) Yo = 0 121 X = E;— véi k chan.

Yoax = 1 tal X = k_zTE vaik 1é.

g) y“\in = 4 tal X= 0
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.%: 06-’;;’
&, o

17. 3} ¥y b = 40tal x == 1 Yos e = — 41 tai x = — 4.
D) Vign st = € 121 X = €3 Ypeun = 0 tal x = L.

33

.m 3n
C) ki tar x=—3 ahit — —2tal X =—.
¥ h 9 3 ybé hi 3 2

d) Yoeua= 0 tai x =0.

18. rzgR, hz-l—H.
3 3

19. a) (- oo, 1): 164 (1, + o0 ): 18m; (1, 2): diém udn;
b) (= 0 ; — 2): 16m; (= 2, + o0 ): 16i; (-2, 3): diém udn;

¢) (- o , —=1): 16i; (=1, + % ): 16m; khong c6 diém udn vi tai x = — 1 duong
cong khong lién tuc (gidn doan).

d) (- co, 0) va (1, + 0): 161; (0, 1): 16m; (0, 1) va (1, 2): diém uén.
20.a)x=1,x=3vay=0;

b) x:—l va y=x+l.
e e

¢)y=0khix —>—w

d)y:nx+lkhix—>—oo;y=1khix—>+oo.

e)y=x-2.

21. a) y,.., = 5,4 tai x = 3; diém udn: (0, 0) va (2; 3,2); khong c6 tiém can.

. . . 26, . . .
b))y =— 3tai x=-2; diém udn: (#3;——95-); tiém cén ding: x = 0, tiém
canngang:y = — 2.
¢) Ham s 1&: dudng cong d6i ximg véi géc O, chi cdn khéo sét va vé dudng

cong ddi véi x = 0, sau d6 1ay doi xing qua g0¢ O; Ypuin === 1,37t

3

Sis

% =3 = 1,73 diém udn (0, 0) va (3; 1,5); tiém can ding x = 1.
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3
d) Y max =~21t——1 tat x = - |, Ymin =

NS

+1tai x = 1, diém uO’n:[O, g] tiém
cf}mxién:y=x+2nkhix—+—oo,y=xkhix—>+oo.

) Ham s6 chin va tudn hoan chu ki 5 chi cin khao st va va dudng cong
trong khodng [0; —;EJ tai nhimg diém con lai cha tryc s6, dudng cong duge
Iap lai sau mot khodng bang chu ki —213 Yo = 1 tai x = 0, ¥ min -1 tai

x=". ; diém uén: [n 3) va (37: 3) khong ¢é tiem can.
4 8 4 8 4

2.y ()=1,

23. y7,(0)=1,
24 a) X, = 1tait=0 (y =0), dudng cong ¢6 mot tiém can ding x = - |,
. T . .
b) X =~1 fart=—1l(y=-e); Ymax =— t;_11t= 1 (x =e) tiem can dimg;:
e

= 0, tiém can Ngang: y = 0; ¢6 hai diém uén (\/_e‘r V2e \F va

(- \/_ 287V _\f2e? ).
5. a) Pudng hoa héng ba cénh, Cuc O 14 diém dudng cong di qua ba lan, tai dé
ti€p tuyén cia duong cong 1a truc euc va cic dudng thing ¢ = 3 Zva ¢=-= Cu'c

3

2
tr1 ing véi (ng’ (ng va (p=%E,r]amOthamsOtuﬁnhoanchuk1 3”
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CHUGONG IV. DINH THUC - MA TRAN -
HE PHUGNG TRINH TUYEN TiNH
MUC BiCH YEU CAU

Chuong nay trinh bay nhitng kién thitc co ban vé ma tran va dinh thuc, cach
tinh dinh thic, tinh hang ctia ma tran va nghién ctu tong qudt vé cdc hé m
phuong trinh tuyén tinh n 4n.

Sinh vién cin ndm dugc céc kién thic, van dung chiing trong viéc tinh dinh
thitc, tinh hang clia ma tran, gidi va bién luan cdc hé phuong trinh tuyén tinh
tong quét, dac biét chd ¥ dén phuong phap khir clia Gauss.

§1. KHAI NIEM MO PAU VE MA TRAN

* Ngudi ta goi bang s6 (thuc hozc phiic) hinh chit nhat A gém m hang, n cot

a,  a, a,
Aol B o 3y
aml am2 amn

1a ma trdn ¢ m x n. S§ a; ndm & hang i, c6t j goi 12 phdn tir cha ma tran A.

Dé cho gon, ta viét: A = [ad

mxn

2 3

Vidul:| 4 0O|lamatrincd3 x 2.
-1 1

{1 23 4]lamatrancd 1 x 4.

* Ma trdn khong la ma tran ma moi phén tir déu bang khong. Ma tran khong
duoc ki hiéu 12 0.

* Hai ma trdn A va B duoc goi 12 bdng nhau néu chiing ¢6 cling ¢& va cic
phén t&r & cling vi tri bang nhau.
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b 2 1 |
vidu2:|" ° Ci= O e az2b=lc=0d=Se=1f=0.
d e £ |51 0 :

® Chomatrin A =[a], ~, . Néu d6i hang thanh cot, cot thanh hang, ta duge
mot ma trin mdi goi 1 ma trdn chuyén vi clia A, ki hiéu 1a A",

Vay A= [au‘] xm”
3 4 320
Vidu3l:Néu A=|2 0}thi Alz{ 0 1].
0 1

¢ Néu m = n thi ta c6 ma trdn vudng va goi né 1a ma tran vudng cip n:

Céc phin tir a,,, a,,, ..., a,, g0i 12 cdc phdn ur chéo.

Pudmg thing di qua cic phén tir a,, a,,, ..., a_, goi 12 dwong chéo chinh.

4, 3, .. a4,
. ’ Ay - Ay, - . g
Ma tran vudng (clp n) dang gol 1a ma trdgn tam gidc
0 0 .. a

nn

trén (cdp n). D6 1a ma tran [a-,j] ,trongdé a;=0néui>j.
Ma tran [ad . trong d6 a, = 0néui <] goila ma trdn tam gidc duoi.
nxn

Ma tran vudng (cap n) ma moi phan tir ngoai dudng chéo chinh déu bang 0

a, 0 .. 0
0 a,, .. 0
0 0 a

nn

g0l la ma trdn chéo (cap n).
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Ma tran chéo (cdp n) ma moi phan uf trén dudng chéo chinh déu bang 1 goi
1a ma trdn don vi (cp n), ki hiéu 12 E :

10 0
0 1 0
E=
0 0 1
§2. PINH THUC

2.1. Dinh nghia dinh thitc cia ma tran vuong

Cho ma trdn vudng cépn : [aij]

n=n

Xét phan tir a;. N&u bod di hang i, cot j cla ma tran A, ta duoc mot ma tran
vuodng cdp n — 1 va goi n6 1a ma trdn con cdp n — I cha A ng vdi phén tir a;,
ki hiéu 1a M.

Ngudi ta goi dink thirc cia ma trn vuong A 13 mot s6, ki hiéu 13 :

4, a, Ay,
det A = Ay Ay A2,
anl anz ann

duge x4dc dinh nhu sau:
Néu A 1a ma tran vudng cép 1, A = [a,,] thi detA = ag.

a,; a5
a; 8y

Néu A 1a ma tran vudng cip 2, A = [a],, thi det A = =a,,ay ~ a3, .

Véi cich ki hiéu cia ma tran con M;; ting véi phin tir a,, ta ¢6 thé viét:
detA = a, det(M,) — a,,det(M,,), (4.1)
trong d6 M, = [a,,] M, = [a,].

Néu A 12 ma tran vuéng cdp 3, A = [a;]5x, thi:
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4, a4, a;
detA=ia, a, a,|=a, detM,,)-a, det(M,,) + a,, det(M,;), (4.2)

a3 Ay  dy

2 a .
trong dé: M,, = [:32- 323:[, M,, Z{azt 23} M, =I:32: a_z}.

43 Ay a3 Ay a3 Ay
Tir cong thitc tinh dinh thic c4p 2, ta duge:

1 2 3
: 6 4 6
vt |45 gl oal* Suaft 3.
7 -8 9 -

= (45 +48) — 2(- 36— 42) + 3(32 - 35) = 240,

Céc cong thic (4.1), (4.2) goi 12 cong thtc khai trién dinh thie cdp 2 va
dinh thitc cdp 3 theo cdc phdn 1t cia hang thit nhat.

Mat cdch t6ng qudt, néu A 12 ma tran vudng cdpn, A = I:a].j] thi

n=n

a, a, .. a,
a a
2 2 2
detA = ;
anl an2 ‘e ann

=a, det(M,)~a,,det(M,, )} +...+(-1)*" a, .det(M, )

=> (=D M det(M,) . (4.3)
i=

Ngudi ta goi det(My) 1a dinh thitc con ving véi phdn tiz a, cla ma tran A,
Binh thitc cha ma tran vudng c4p n goi 1a dink thiic cdp n.
2.2. Céc tinh chat cia dinh thic

D€ tinh dinh thitc, néu can ¢ vio cong thiic truy héi (4.3) thi khéi tugng
tinh s€ 16n v6i dinh thite cép n > 4. Céc tinh chat sau day s& gilp cho viéc
giam khdi lugng tinh.

Tinh chat 1. Dinh thic cia ma trgn vuong A béing dinh thitc ciia ma trdn
chuyén vi A'.
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Hé qua: Néu mor tinh chdt cia dinh thite da ding khi phar biéu vé hang thi
né van diing khi ta thay hang bdng cot.

Chéng han, tir cong thitc (4.3), khai trién dinh thitc theo cdc phin tir cha hing
dAu, ta suy ra cong thic khai trién dinh thiic theo cdc phén tlr cha c6t du :

det A=) (-1)"a,.detM,) . (4.4)
=1
Tinh chat 2, Néu doéi ché hai hang (hay hai c6t) cho nhau, ta duoc mor dinh
thitc méi bdng dinh thiic cii doi ddu.

Hé qua: Dinh thitc ¢6 hai hdng (hay hai cft) nhu nhau thi bang 0.

Tinh chat 3. Néu nhdn cdc phan ne cita mot hang (hay mot cot) véi s6 A #0
thi ta duoc mot dinh thitcc méi bang dinh thitc cii nhdn véi A.

Hé qua 1: Néu cdc phan tw ciia mot hang (hay mot ¢ot) c6 mét thita s6
chung, ta c6 thé dica thita s6 chung dé ra ngoai ddu dinh thitc.

Hé qua 2: Mot dinh thitc ¢ hai hang (hay hai ¢ot) t[ 1é véi nhau thi hang 0.

Tinh chit 4. Néu moi phdn tie ciia mot hang (hay mot ¢6t) 1d tong cua hai
s6 hang thi dink thitc c6 thé phdn tich thanh téng ctia hai dinh thitc. Chdng
han nhu:

aj, 2,

a3 ) A, 3 a, a5, 3ay,

Ay +by aptby a,;+byi=a, 2, Ay t+iby by byl

a5, A3, ay; dy; 8y Ay Ay 23 Ay

Tinh chat 5. Khi ta cong (hodc trir) cde phdn uz ciia mot hang (hay mét cot)
voi cde phan nt tuong img cia mot hang (hay cét) khdc sau khi dd nhdn voi
s A =0 thi gid tri ciia dinh thic khéng doi.

Tinh chat 6. Dinh thiic cua ma trén dang tam gidc bdng tich cdc phan ti chéo:

a, a, .. Aa, b, 0 .. 0
0 a, .. a, by by .. O

- Tleajag.a, = b byby, -
D 0 i bn] bnz bnn
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Céc tinh chat trén ¢6 thé chitng minh duge dia vio cdc khai trién (4.3) hoic
(4.4). O day khong ching minh. '

2.3. Cac vi du tinh

Vi du 2: Tinh dinh thic cdp 4:

1
|
i
1

1
2
3
4

1 1
34
6 10|
10 20

Gidi. Sir dung tinh chat 5, ta trir 1an ot cdc hang thit 4, 3, 2 véi cdc hang
lién trude chiing nhiim dua vé dinh thitc dang tam gidc trén,

11

12
13
1 4

1
1
0
0

[ e B

|
3
6
10

]
2
1
1

|
4 {(h,~-h;)
10{{h, —h,)
20|(h, —h,}
ll
3
3|
4‘ (hy —-hy)

an I e ]

0

,

0
0

1
1
0
0

1
1
1
1

1
2
1
0

11
2 3 _
3 6|(h,—hy)
4 10{(h;=h,)
1

3

J=

1

Chit thich: O day ki hieu ¢h, ~ ahy) chi ra riing, ta 18y hang thit i rir di o 1an
hang thit k. Ki hig¢u dé luon duge str dung khi can dén.

|
i
Vi du 3: Tinh dinh thitc cdp 5: D = ‘

Gidi, Trong cot ddu chi ¢é hai phan tix khde khong. Khai trién dinh thic theo

ciic phdn tir clia cOt ddu, ta duge:
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56000
15600
0156 0.
00156
00015
56 00 6 0 0 0
1560 156 0
o156 o1 s 6
0o 1 s 00 1 5
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Déi chd hang 1 va 2 cha dinh thic thit nhét & v€ phai, khai trién dinh thic
thit hai clia v& phai theo cdc phan tr hang dau, tacd

i1 5 6 0
5 6 0
5 6 00
D=-5, —6156:
01 5 6
1 5
0 0 1 5] (h,-5h)
1 5 6 O
56 0
0 —-19 =30 0
= -5, —6.11 5 6
0 1 5 6
01 5
0 0 1 5
~19 -30 0 56 0
- -5141 5 6 -6]1 5 6 = 665,
0o 1 3 01 S

§3. MA TRAN
3.1. Céc phép tinh vé ma tran
3.1.1. Céng hai ma tran

Cho hai ma tran cing 8 A = [a;l,, », » B=[byly Téng cua hai ma tran dé,
ki hieu 12 A + B, 1a ma tran C = [¢; )« trong dé: ¢ =a;+by

1 2 X ot 1+x 24t
Vidul: 2 3|+|y ul =[2+y 3+u
3 4 z v 3+z 4+v
Tir dinh nghia suy ra:
A+(B+C)=(A+B)+C (tinh chat két hop) .
A+B=B+A (tinh chdt giao hodn).
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3.1.2. Nhédn ma trdn voi mot s¢
Tich cia ma tran A = [au :[nm vGi 0 A (thuc hodc phitc), ki hiéu 12 LA, 13 ma
tran C=|c, ]mxn ,trong d6: ¢, =M a; . ‘
Tir dinh nghia ta suy ra ring véi cic s6 o, B, tac6 : (a+ BIA=0A +BA;
(A + B)=aA + aB;
a(BA) = (ap)A.

3.1.3. Nhdn hai ma trén

Cho hai ma trdn A =[aij] , B=[b.d 6 ¢t cua ma trin A bing s
ITIXF p=n

hang cta ma tran B. Ta goi tich cita hai ma trdn A va B, ki hiéu 12 A. B, 14
ma tran C = [¢;],, x, gém m hang, n cot ma cdc phan tir duge xdc dinh theo

cong thite

p
Cy = auby; +apby +rabo=ab, .
k=1

Vay c; 1a tdng cdc tich cdc phan e twong ing ¢ hang i ctia ma ran A véi céc
phan tlr & cot j cha ma tran B.

1y
a ap . 4, | 4
— T
\‘H
| b 2
Vi dy 2: ) )
12
1 2 3 4 5 3 1L1+22+33+4.0 1.2+23+30+4.1
2 3 4 1 3 0 = | 2.1432+43+1.0 22+33+4.0+1.1
3 4 1 2 0 1 30+42+13+2.0 32+43+1.0+2.1
| 14 12
=120 141,
14 20
Tir dinh nghia trén, ¢6 thé suy ra ring néu cdc phép nhan sau day c6 thé thue

hién dugc thi ; (A.B).C=A.(B.C); A.B ¢6 thé khic B.A;
' (A+B).C=A.C+B.C; A(B+C)=AB+A.C.
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3.1.4. Chuyén vi cuia tich ciia hai ma trén
Cho hai ma tran A = [a;], «, , B = [by], , Khi dé thuc hién duge phép nhan
A B vatich A.B1a ma tran ¢& m x n. N&u thyc hién phép chuyén vi
AI = {aji]p *m ! Bl = [bji]n Hps

ta thdy so cot cia B' bang s6 hang clia A'. Do d6 ¢6 thé thuc hién dugc phép
nhan B.A', tich d6 ¢6 ¢& n x m. Ngudi ta da ching minh réng:

(AB) = B'A'. (4.5)
3.2. Hang cita ma tran

3.2.1, Dinh nghia

al] al2 a1n
a a a
~ 22 2
Choma tran ¢ m x n : A= "
aml am2 amn

k 1a mét s6 nguyén, k < min{m, n). Dinh thiic cip k thanh l4p tir cic phin ur
nam & chd giao nhau cha k hang va k cét tuy ¥ clia ma tran A goi 1 dinh
thirc con cdp k clia ma tran A.

Ngudi ta goi hang cla ma tran A, ki hiéu la r(A), 1a cdp cao nhat cha cdc
dinh thitc con khédc khéng cuia A.

1 -2 -5 -8
Vidu 3 : Tim hang clia ma tran : A=[-1 1 1 5
1 2 11 4

Giai. Cic dinh thiic con c4p 3 cha A 1a:
1 2 -5 1 -2 -8
-1 1 1f=0}1 1 5f=0

12 11 1 2 4

I -5 -8 -2 -5 -8

-1 1 5(=0/]1 1 5|=0.
1 11 4 2 11 4
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-2
-1 1

Nhung dinh thitc con cip2clia A 13 = (),

Do d6 r(A) = 2.
Nhdn xét: Néu B 13 ma trin vudng thi det(B') = det(B).
Do dé v6i moi ma trdn A, ta c4:
r(A) = 1(A). (4.6)
3.2.2. Cdch tinh hang ciq ma tran bdng cdc phép bién dg; so cdp

Hai ma tran A v B dugc goi 13 twong dwong va ki hiéu 3 A ~ B néu
r(A) = r(B).

Tl cdc tinh chat cia dinh thife, dé thdy ring cdc phép bién déi sau day goi Ia
bi€n d6i so cap khong lam thay déi hang ctia ma tran:

1/ D6i ché hai hang (hay hai cot cho nhau).

2/ Nhan mot hang (hay mat COt) vdi sO A = 0,

3/ Thém vao mot hang (hay met cot) k 14n mot hang (hay mot cot) khdc,

P

Dé tinh hang ciia ma trdn A, ta im cdc phép bien déi sg cip dé A tuong
duong véi mot ma trn c6 nhiéu hang (hay cot) gém toan s6 0.
2 -1 3 2 4
Vidu 4 : Tim hang ctia ma tran A=i4 -2 5 1 7
2 .11 8 2

Gidi |
2 -1 3 2 4 2 -1 3 2 4

25 1 Tim,-2h) -0 0 - s -1
L8 20m-3h) o 0 o 9 =2 |(h, - 2h,)

-1 3 2 g4
=10 0 -1 5 _pf
00 0 0 o9
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o,
g

Ma tran cudi clng c¢6 mot dinh thitc con cdp 2 kbac khong, chang han
\—1 3

0 | =1 0 con tat ca cdc dinh thitc con cip 3 cua né déu bing 0.

Vay r(A) = 2.

Chit thich: Ngudi ta goi ma tran cudi cung trong vi du 4 & ma trdn dang bac
thang. Dé tinh hang clha ma tran A, ngudi ta thudng dung cdc phép bign ddi
so cap dé A tuong duong v6i mét ma trgn dang bac thang. -

2 1 i1 2

1 0 4 -
A =

11 4 56 5

2 -1 5 -6

Vi du 5. Tinh hang ctia ma tran

Gidi. Trudc hét d6i chd hang ddu va hang thi 2. Ta duge:
1 0 4 -1 0 4 -1

2 1 1l 2 {{(h,-2h) 1 3 4

i1 4 56 5 |(h,—11h) 4 12 16 |(h,—4h)

!
0
0

5 -1 S5 —6|th,-2h) |0 -1 =3 —4](h+hy)
) |
1
0
0

! .
01 3 4
“lo o0 O
000 O
V‘ll:) ?:w_o nen r(A)=2.

3.3. Ma trdn vuing
3.3.1. N&u A la ma trén voong cap n, E 13 ma tran don vi ciing cép. DE kiém
tra dugc rang

EA=AE=A.

Né&u A, B 12 hai ma tran vudng cling cap thi néi chung: A.B#B.A.

Nhung ngudi ta ching minh dugc rang:
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det(AB) = detA.detB. 4.7)
NéuB = A, takihitu: A.A=A2 AA = AL ALANTT Z Ak
Vi du 6: Cho A:[ cosx Smx}.
~-SINX COSX
Tinh A%
Giai.
A2 | SOsX sin x COSX sinx _
—8INX COSX || —sinX cosx
N cos” x —sin? x 28in X cos x _[cost sin2x]
-2sinXcosX  cos’x —sin? x —sin2x  cos2x |
, ) . . C sinn
C6 the chimg minh bing quy hap rang : A" =[ C‘_SHX " x:j.
-sinnx cosnx
2 1 1
Vidu7:Cho A=|3 1 2/
I -1 0
Tinh A%
2 1 171]2 1 1
Gidi. Tacé A*=|3 | 2[[3 1 2l=
1 -1 0)l1 -1 0

22+413+10 20+101-11 21412410 8 2 4
=[32+1.3+2.1 30+1.1-2.1 3.1+1.2+20!= Ir 2 5
12-13+0.1 1.1-1.1-0.1 1.1-12+00 -1 0 -1

3.3.2. Ma trén nghich ddo
Cho A 1a ma tran vuéng cap n. Néu tén tai ma tran vudng cung c4p B sao cho

AB=BA=E,
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trong d6 E 1a ma tran don vi cép n, thi B 801 18 ma trdn nghich ddo cha A, ki
hiéu la A™'. Khi d6, ta néi A 13 ma tran khd nghich. Nhut vay, néu ma tran A
khd nghich thi: AA"'= A 'A=E.

Pinh li 4.1. Diéu ki¢n cin dé ma tran A khd nghich la det(A) = 0.
Chitng minh: Gia st ma tran A c6 nghichdaoc A"’ tacé: AA™ ' =E.
Theo cong thirc (4.7) ta c6: det(A. A™') = det(A)det(A™") = det(E) = 1.
Suy ra: det{A) # 0 videt(A™ ) = 0. m

Dinh 1i 4.2, Nél det(A) £ 0 thi A c6 ma tran nghich ddo A™"' va néi -

4, ap, a,
A . aZl a22 d"’n
an] an2 a‘nn

Cn €y nl
- e , -1 I Ca Cxn . €
thi A™ dugc cho bdi cong thie: A™' = . (4.8)
det(A)
Cln CZn Clm
trong dé : ¢; = (= 1)"det(M,). (4.9)

det(M;) 1a dinh thiic con iing vdi phan tix a; cla ma tran A (xem muc 2.1).
Ta thira nhan dinh If nay.

¢; tinh theo cong thitc (4.9) goi 1x phdn phu dai 56, vng voi phan tr a; cla
ma trin A,

1 -2 0
Vidu8: TinhA” ' néu A=|3 2 |
0O 1 2

153



1 2 0
Gidgi. Taco: detA=3 2 1=15=0.
o 1 2

Do dé tén tai A™'. Tacé:

. 1+] 2 I 142 31 1+3 3 2
e I M B R O I B I R
-2 0 1 0 1 -2
C, = _l 2+ :4,(: - _1'1+2 :2, Cor = _I 2+3 :__1,
n=(1 A n=1{(-1) 2\ 5= (1) 0 1
C ( 1)3+] “_2 0 2 c ( 1)3+2 1 0 1 ( 1)3+3 l _2 8
= {— =2, = 1— = - ,C = |— = .
. 2 1 * 301 » 302
(14 2]
3 4 -2 5 15 15
Vay: Al =tlo6 2 |- -2 = )
15 3 |3 5 15 15
) 1 1 8
|5 15 15

Pinh 1i 4.3, Néu A v B 1a hai ma tran vuong cing cdp va kha nghich thi
A.B ciing kha nghich va (AB) ' =B 'A™".

Chitng minh: Tacé: (AB)B'A™ = A(BBHA™ = AEA™ = AA™' =E.
B'A'(AB)=B (A" A)B= B'EB=B'B=E.

Vay AB kha nghich va B”'A™' 12 ma tran nghich dao cua AB.
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§4. HE PHUONG TRINH TUYEN TiNH
4.1. Dang tong quat cha hé phuong trinh tuyén tinh
Hé phuong trinh tuyén tinh ¢é dang téng qudt sau:

a X, +a,X, +...+a X, =b/

In™n

&y X, +AnX, +...+a,,X, =b,

(4.10)
a, X, +a,.X,+...+a_ x =b

ml ™ mn m?*

trong do X, X,, ..., X, la cdc 4n s6, a; 1a cdc hé s6 cha he phuong trinh, b, 1
v€ phai cita phuong trioh thit i. Néu m =n, tacé hé n phuong tfinh véi n 4n s6.

H¢ duqc goi 1a thudn nhdtnéub, =b,=...=b =0.

Heé duoc goi 1a nirong thich néu né 6 nghiém, khong twong thich néu né vo

nghiém.
) X, +7x, 2%, =0
Vidul. - ‘
2x ~3x,+ X, =0
s : . L, . . . 2%, —-x, =3
1a h¢ hai phuong trinh tuyén tinh thuidn nhat ba an, -
X, +3x, =-1
1a h¢ hai phuong trinh khong thudn nhdt hai an.
4.2, Dang ma tran cua hé phuong trinh tuyén tinh
A, A a4,
. - - - a"l dyy a""‘n
Xét h¢ phuong trinh tuyén tinh (4.10). Ma tran: A = -
an‘li am: b amn
b,
— . b,
goilamatranhé séchahé. Matran b=| ~ |,
b
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o
e
=

L et

goi 12 ma tran vé& phai hay cgt v& phai.
X
X, - .
Matran x =| ~ | goila ma trin an.

X

V6i dinh nghia phép nhan hai ma tran, hé (4.10) ¢6 thé viét 1a
Ax=b 4.1
D6 1a dang ma tran cua hé (4.10). Néu m = n thi A 1a ma tran vudng.
4.3. Hé Cramer
Hé phuong trinh tuyén tinh (4.10) goi 1a A¢ Cramer néum = n va det{A) # 0.

Khi d6, theo dinh i 4.2, ma tran A ¢ nghich dao. Tir(4.11) tasuy ra:

x=A"'b.
Theo cong thic (4.8):
Ch Cy - Gy b,
T Ca Cam o € b,
det(A)
Cln CEn Cnn bn
i ¢ ;b +¢y b+t by
Do d6 : X. = =t !

! det(A)

Néu so sanh biéu thitc ¢;;b; +¢,;b, +...+cb, véi khai trién clia det(A) theo
céc phén tlt clia cot thit j, ta thiy biéu thic d6 duge suy tir det(A) bing céch thay
cot thif j clia det(A) bing cot v& phai. Ki hién biéu twic d6 1a A, ta dugc:
det(A))
X. = R
b det(A)

i=1,2,...n. (4.12)

Nghiém d6 la duy nhat, vi néu hé (4.10) ¢6 hai nghiém la x va y, ta ¢6:

Ax=b, Ay=b.
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DodéAx~Ay=0hayA(x—y)=:0.

Nhan A™ vao hai v& déing thic trén, ta duge : ATA(Xx - y)= A0 hay x - y=0.
Vay hé chi ¢6 mot nghiém. Tém lai;

Dinh li 4.4. H¢ Cramer c6 mot nghiém duy nhdt che bdi cong thie (4.12).

2X, =3%, +x, = -1
Vidu 2: Giai hé: Xp+X,+X, =6

3%, +x, -2x, = 1.

2 =3 ]
Gidi. Tacé : det(A) =] 1 11=-23%0.
3 1 =2

Vay h¢ da cho 12 h¢ Cramer, né c6 nghiém duy nhat. Theo cong thitc (4.12),

-1 -3 1 2 -1 1
ta tinh; det(A)=|6 1| 1 {=-23; det(A,)=[1 6 1 = —46,
-1 -2 3 -1 -2
2 -3 -]
dettAy) =1 1 6!=-69.
31 -1

Vayx=1,y=2,2=3.

Chi thich : Dinh 1i 4.4 ¢6 y nghia ve mat If thuyét nhiéu hon vé mit thyc
hanh, vi néu muén giai hé n phuong trinh tuyén tinh n 4n, ta phai tinh (n + 1)
dinh thic cap n.

4.4. Phuong phap khir ctia Gauss

Tir céc tinh chét cha dinh thitc suy ra ring nghiém clia mot hé phuong trinh
tuyén tinh khong déi néu ta thuc hign nhing phép bién déi so cdp sau:

1) D6i chd hai phuong trinh cia he.

2) Nhan mot phuong trinh cda h¢ v&i mot s6 A = 0.
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3) Céng vao mot phuong trinh clia hé véi mot phuong trinh khdc cha hé sau
khi da nhan véi m@t s6 2 =0,
Hai hé¢ phuong trin'y got 14 twong duong néu tip hgp cde nghiém clia chiing
bang nhau.
No¢i dung cta pouong phap khir cia Gauss 1a khir ddn cdc an s6. Phuong
phap do duge minh hoa trong vi du sau:
3%, +2%,+X;=5
Vi du 3: Giai hé phuong trinh: <x, +x,-x, =0
4, —x, +5x; =3.
I H+2X, 4%, =5 X, + X, —x; =0
Giai, X, +%,-x;=0 ~<3x,+2x,+x, =5 (h,~3h,)
4x, — X, +5x; =3 |4x,-x,+5x,=3 (h,—4h)
X, +X,—Xy=0 X, +X,—X;=0
~4—X, +4x, =5 ~ —X, +4x; =5

—5X, +9%, =3 (h; -5h,) |11x, =22.

Ta da ding cdac phép bign d6i so cdp dé da hé phuong trinh di cho vé hé ma

1 1 -1
ma tran hé s6 1a ma trin tam giac trén |0 -1 4
0 0 1

Giai h¢ d6 tir dudi 1én that dé dang. Tir phuong trinh cudi, ta dirge x; = 2. Thé vao
phuong trinh thit hai, ta duge x, = 3. Thé vao phuong trinh déu, ta duge x, = -1.

4.5. Hé phuong trinh tuyén tinh tong quat

Xét hé¢ m phuong trinh tuyén tinh n 4n s6 dang (4.10). Néu ta thém cot vé
phai clia hé vao ma tran hé s6 A, ta duge ma trdn

a, a, .. a, b
— a a e @ b
21 22 2 2
A=[A,b]= "
am] aan a'mn bm

£0oi 12 ma tran bd sung.
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Ta thura nhan dinh i quan trong sau day :
Dinh li 4.5. (Dinh ii Kronecker - Capelli). H¢ phuong trinh (4. 10} ¢6 nghiém

khi va chi khi hang ciia ma trdn A bdng hang cia ma trén b6 sun ¢ A.Ti
dinh I (4.5) suy ra:

Néu r(A)# r(A) thi hé vé nghiém.
Néur(A) = 1(A) =n, nld s6'dn 56, thi hé la h¢ Cramer. N6 ¢6 nghiém duy nhdt.

Néu r(A) :r(K)=r<n, ta s€ thiy hé ¢6 vo sé nghiém, phu thudc n — ¢
tham sd.

That vay, khi dé ma tran A ¢6 mot dinh thite con khic 0 capr, ta goi nd la
dinh thifc con chinh. Gia st d6 chinh 12 dinh thic con:

& A ...oay,
a a .. d
21 n - 8y
A= 1#0.
a'rI ar2 arr

Khi d6, r phuong trinh dau clia he goi 14 nhimg phuong trinh chinh, x,, Xq, wees X,
801 12 nhitng dn s6 chinh, c4c an s& con lai goi 1 4n s6 phu, hé (4.10) twong
duong vdi hé gom r phuong trinh ddu. Trong cde phuong trinh d6, chuyén

cdc &n & phu sang vé phai. Vay hé (4.10) wong duong véi hé:

A X +aX, e X, =b —a x,, —nma X,
a2IXI +a22x2 +"'+alrxr = b2 _aE,r+lxr+I ‘_"'_aznxn

4.13)
a1']x1 +ar2x2 +"‘+anxr = br _ar,r+1xr+l _"'_amxn‘

Vi A0 nén d6 l1a hé Cramer déi v6i x,, ..., x.. Néu cho Xiprs Xppas -es X, 18y
nhimg gid tri xdc dinh thi v& phai ca he duge xdc dinh, He (4.13) ¢6 mot
nghi¢m duy nhat nhung nghiém dé phu thudc vao (n — 1) gia tri gan cho
Xirts Xpszs o X Khi cde gid trj ndy thay déi thi nghiém cia hé (4.13) cling thay
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déi. Vay he (4.13) ¢ vo s6 nghiém, phu thuge vao (n - r} tham 8. Ta n6i hé
(4.10) vo dinh, phu thudc (n —r) tham s0.

X, +3x, + 5%, + 7%, +9x5 =1

Vi du 4: Giai hé phuong trinh: $x, —2x, +3x, —4x, + 5% =2

2x, +11x, +12x, +25x, +22x, = 4.
1 3 s 7 9|1

Gigi. A=|1 -2 3 -4 5[2| (h,-h)
2 11 12 25 22|4i(h,-2h)

3 s 7 9]1 13 5 7 9[1]
-0 -5 -2 -1 —4‘1 ~10 -5 =2 11 -4|1].
0 5 2 11 4l2/(,+h) [0 0 0 0 0}3

h 3 1’ _
0 -5 U=-15=0.
0 0 3

11

3 _
Ta thay : r(A) =2 vi ‘0 5‘ =50, r(A)=3vi

Vi t(A) = r(A) nén hé vo nghiém.

X, +5%, +4x, +3x, =1
Vi du 5 : Giai hé phuong trinh: <2x, —X, +2X; -X, =0

5x,+3x, +8x, +x, =1

15 4 31
Gidi. A=|2 -1 2 -10|(h,~2h)
5 3 8 1]U|(m,-5h)

1 5 4 3 1 1 5 i

4 301
~lo —11 -6 =7|-2|{(-bHxh)~[0 11 6 7| 2|
0 22 -12 -14|-4!(h,-2h,) |0 0 0 0] 0O

1 3 — 1
Taco:r(A)=2,vi l=11#0,r(A)=2 vi

0 11

1
‘:2;&0.
2
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3%
e

Viy r(A) = r(X) =2 < 4. Hé di cho v6 dinh. Chon dinh thitc con chinh clia
1 5
0 11

Ala

X, +3x, =1-4x,-3x,

H¢ da cho tuong duong véi he
11x, =2-6x, -7x,.

Cho céc 4n s6 phu x, = a, x, = B, tir phuong trinh sau, ta duge :
|
X, :1—i(2-6a—7B).

. |
Thé vao phuong trinh ddu, ta duge : x, = 1 (1-14a +2p).

X, =%(1—140.+2B)

[
Tém lai nghiém cha hé 1a <x, = ﬁ(2— 60— 7f)
X, =0
X, =0.

4.6. Hé¢ phwong trinh tuyén tinh thuin nhat

He phuong trinh tuyén tinh thuin nhat :
a;X, +a,x, +..+a,x, =0

ay X, +a,X, +...+2;,x, =0

a,X, +a,,X,+...+a_ x =0

luén ¢6 nghigm (0, 0, ..., 0) (x, = x, = ... = x,, = 0), goi 12 nghiém tidm
thuong. Vén dé dat ra 1a khi nao thi hé phuong trinh thuin nhét ¢é nghiém
khong tam thudng,

Néu hang clia ma trén hé s6 nhé hon n, hé phuong trinh thuén nhat cé vé s
nghiém nhu da thdy & muc 4.5, do d6 né c6 nghiém khéng tdm thudng.

Dac bi¢t, h¢ thuan nhat gébm n phuong trinh n 4n cé nghiém khong tdm
thuong khi va chi khi dinh thic cha ma tran hé s6 bang khong.
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CAU HOI ON TAP
1. Céc phép tinh vé ma tran. Hai ma trdn A, B phfil cO & thé ndo dé cé thé
thuc hién dugc ca hai phép nhan ma tran A.B va B.A?
2. Cong thitc khai trién mot dinh thiic theo cdc phan tir cta hang thit nhat.
3. Cdc tinh chit cha dinh thiic.
4. Hang cta ma trin, dinh nghia, c4ch tinh bang cdc phép bién déi s cap.
5. Khi nao thi ma tran vuong A kha nghich? Cong thiic dé tinh ma tran
nghich dao A~
6. Dinh If Kronecker-Kapelli. Ap dung dinh 1{ d6 vao he phuong trinh tuyén
tinh thuan nhat.
7. Dinh nghta hé Cramer. Vi sao h¢ Cramer chi ¢6 m6t nghiém duy nhat,

8. Khi nao thi hé phuong trinh tuyén tinh thudn nhat ¢6 nghiem duy nthat?
Khi nao né ¢ vo s6 nghiem?

9. Céc ménh dé sau ding hay sai? Vi sao?
a) Néu A =[1, 5}, B=[- 2, 3] thi tir ¢ A + BB=[0, 0], rong d6 o, B € R,

suyraa=[p=0,

b) Néu cdc phan tir cia mot ma tran vudng déu khéc 0 thi ma tran d6 kha
nghich.

¢) Néu A, B 1a hai ma tran vudng cung c& kha nghich thi A + B ciing kha
nghich.

d) Néu A, B 1a hai ma tran vuong cung ¢ sao cho A. B=0 thi A. B khéng
thé déng thoi kha nghich.

e) Néu A 12 ma trin vuéng sao cho A* = E (E 1a ma tran don vi) thi A kha
nghich.

f) Dinh thtic khong thay ddi néu ta thay mot hang bang téng cta hai hang
khac.
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g) H¢ hai phuong trinh tuyén tinh ba 4n ¢6 thé ¢6 nghiém duy nhat.

h) Néu mdt hé phuong trinh tuyén tinh ¢6 nghiém khdc khong thi hé dé
khong thé 1a hé thudn nhat.

i) Néu hé phuong trinh thuin nhit ¢6 mét nghiém thi nd ¢ vo sé nghiém.

BAI TAP
5 3 2
1. Tinh dinh thic -1 2 4|.
7 3 6
2. Tinh céc dinh thifc sau :
sin@  cosa a c+id 1++/2 2—\/31
a) . , b) . , c) .
—cosa  sina e—id b 2403 1-2

._.
—
—
3
w
]

3. Tinh al-1 0 1}, by[-a a

s

1
—_

|
=

|
<o)

|
)
-

2 1 1 x 1 2 3 4
] 1 21 vy 2 3 4 1
4. Tinh a) , b) ,
112 z 341 2
I 1t t 4 1 2 3
1 2 3 1 1 2 3
2 1 -4 3 1 2-x* 2 3
c) d)
3 -4 -1 23 1 5
4 3 -2 -1 2 3 1 9-x?
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5. Tinh :
I 0 0 0 1 2 3 n
0 2 .. 0 -1 0 3 n
a0 0 3 .. 0, by-1 -2 0
0 0 0 n -1 -2 -3 0
1 x x* x°
.. I 2
6. Giai phuong trinh ; v 8 =
1 3 9 27
1 4 16 64
b+c c+a a+b a b ¢
7.Chitng minh rdng : [b'+c¢’ ¢'+a’ a'+b'[=2]a" b ¢
bﬂ+cﬂ' C"’+aﬂ aﬂ+bﬂ' a" bﬂ' Cﬂ

8. Hay thuc hién cdc phép tinh vé ma tran:

R

1 3] 0 1 2 -3
b)Cho A=|-1 2|; B=3 2|; C=[1 2
3 4 -2 3 4 -1
Hay tinh: )A+(B+C); 2)(A+B)+C; 3) 3A,
‘vﬁtimA',B',C‘.
301 111 1 -1 31
2 11
o2 1 202 -1 1|, 2 12 1],
3 01
12 3]11 0 1 . 1 0
2 2
Hirp 2 3], 4H1 2 3]44].
3 1
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1 2 1 2 3 1 1
9. Chocacmatran: A=|0 1 2|, B=|-1 1 0 , CT=|0
311 1 2 -1 3
Hay tinh :
a) AB.C; b) AC + BC.
| 2 1 17 3 T
10. Thuc hién cdc phép tinh: a) (3 1 0] , b)l: 4 2}
01 2/
1 17 cosot —sing |
c) , d) | . .
01 sing  cosa
2 1 1
ILTim flA)néu:a) f(x)=x>~x-1,véi A=|3 1 2],
1 -1 0

' 2 -1
b)f(x)=x2—5x+3,vc')’iA={3 3]

. a
12. Chitng minh rang ma tran A ={

b
d} thoa man phuong trinh
c

X’ = (a+d)x + (ad - be) = 0.
13. Tim hang cla cdc ma tran sau:

_ _ 1 3 5 -l
2 -1 3 -2 4
2 —-1 -3
A A=|4 =2 5 1 7/, b) A= ,
5 -1 7
2 -1 1 8
- - 7 7 9
4 3 -5 2 3 A
11111 2
8 6 -7 4 2
1211 31
)A=(4 3 -8 2 7], dYA =
131 41 1
4 31 2 -5 :
- I 4 5 1 1 1
8 6 -1 4 —6 -
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14. Tim hang clia cdc ma trén sau theo tham s6 A (thuc):

3 2 1 2 -1 2 1 ~1 1
1 4 7 2 A -1 1 -1 -1
a) A= b) A=
110 17 4 I A 0 1 1
1 3 1 2 2 -1 1

3
00 1
15.Cho J=|1 0 0
01 0

1) Tinh J*, I, suy ra J".
a
2) Hay bi€u dién M=|b a cl,a b ce R, theo cdc ma tran E, J, J2.
c

o

c

o

a

iﬁ. Ching minh ring n€u AB = BA thitacé:
(A B =A%+ 2AB + B
A’-B*=(A - B)A +B)
(A+B)'=A’+3A’°B+ 3AB* + B
(A-B)'=A’-3A’B+3 AB’- B,

17. Tim ma trén nghich d4o clia ma tran A :

1 2 -3
I 2 a b
a) A= , b) A= , c)A=(0 1 2],
2 5 ¢ d
0 0 1
1 3 -5 7
2 2 3
01 2 -
d) A= . e)A=| 1 -1 0f,
0 0 1 2
-1 2 1
0 0 0 1
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. g) A

—

a) X , b) X
3 AN

2 1 3 27 -2 4]
<) X. =
32 5 -3 3 -1
2 7 3 1] 6
e)|3 5 2 2|X=|4]|
9 4 1 7 2
19. Giii hé Cramer:
2X, —X, — X3 =4
a) {3x, +4x, -2x; =11,
3x, — 2%, +4x, =11
20. Giai céc hé phuong trinh sau:
X+ X, +2x+3x, =1
3%, — X, — Xy —2x, =4
a) )
2%, + 3%, — X3 — Xy =0
X, +2X, + 3%, —x, =4
X, +2X, +3x; +4x, =5
2X, + X, + 2%, +3x, =1
<) ,

3%, + 2%, +X; +2x, =1

4x, +3%, +2X; + X, =5

2 1
3 2
1 1

2 -1

MW o O

TR N yu B

X, + Xy + 2%y =—1
b) { 2%, - X, +2x; =—4.

4%, + X, +4xy=-2

X, +2X, +4x%; =31

b)

3x, =X, +%; =10

5%, + X, +2x3, =29,

X, = 3%y +4x, =5

d)

X, — 2%, +3x, =4
3x, +2%, - 5%, =12’

4x, +3x, —3x, =5
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X

o

]

L =)
S

A

Xy +X, —3x;, =—1
X = 2%, + X, +x, =1
2%+ Xy~ 2%, =1

€) X 2%+ Xy ~%X, =1 , g) .
Xj+X,+Xxy,=3
X =2X, +X;+5x, =5
X +2x, ~ 3%, =1
x,~2x2+x3+x4—x5:0 X +2X, -3x,+2%, =0
h) 2x,+x2—x3—x4+x5:0 D Xy =Xy =3x; +x, ~3x, =2
.o
x]+7x2~—5x3—5x4+5x5=0 2x1*3x2+4x3—5x4+2x5=7
3x]—x2—2x3+x4—x5=0 9x1—9x2+6x3-16x4+2x5:25

21. Tim a d€ he phuong trinh sau vo nghiém, c¢6 mét nghiém duy nhat va ¢é
v0 s0 nghiém:
' X+y+3z=a
aX+y+5z=4.
X+ay+4z=a

PAP SO
1. 68. 2.a) 1, b) ab - (c* + d%); c)-2.
J.a)l, b) 2a%(a + X).

da)dt-x-y—-z b 160, c) 900, d) — 3(x? - DX -4,

S.a)n!, byn!. 6.x=2 x=3,x=4.
31 3 9
5 6 . .
8.a) [3 1} by)va2y|3 6|: N3 61;
56 9 12

A,:l -1 3 BH:O 3 -2
3 2 4/ 1 2 3¢

o [2 1 4
-3 2 1o

6 2 -] 9 3 2 4 6
6 1 1|, 2) [10 BJ’ L2 3], 4) [13].
8 -1 4 3 6 9
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g

0&_

+
.ea

1 9 15
9.a)[-5 5 9 |; b) |5
12 26 32
(7 4 4
3 =2
10.a)!9 4 3|, b)[ }
4 8
13 3 4
s 1 3
0
1L.a)|( 8 0 3, b)[0
-2 1 =2
13. a) r(A) =2, b) r(A) =3,
14.0) 2 =0, r(A)=2, A0,
MAa=1, rAy=3; i=l,
01 0 1 0
15.H)1=/0 0 1|, P={0 1
1 0 0 0 0
2)M = aE + bJ + ¢cJ%
5 =2 1 d
17. a) ) b)
-2 1 ad—bci —c¢
1 -3 11 -38 |
0 1 -2 7
d) , e)| 1
0 0 1 =2 |
0 0 0 1
1 1 1 1
D11 1 -1 -1
411 -1 1 =1}
1 -1 -1 1

13 15
2 5
11 10
[1 n] {cosna —sinna]
c) s A .
0 1 sinno  cosno
0
0]
r(A)=2, dyrA)=3.
r(A) =3,
r(A)=4.
0 E néu n=3k
0|=E,J"=<J néu n=3k+l
1 J? néu n=3k+2.
—b} 1 -2 7
,o0|0 1 =2/,
¢ 0 0 1
-4 3
-5 =31,
6 4
2 -1 0 0
-3 2 0 0
8 31 19 3 4|
-23 14 -2 3

169



2 -23 -0 24 13
18. a) ., b4 5 =2/, ol - ,
0 8 -34 -18
-5 3 0
1 2 3 :
d) 4 s 6l e) [-9x, —4x;+8 x, x; 1lx,+5x,-10]".
19.a)x, =3, x, =%, =1, byx,=1,%,=2,x,=— 2.
200a)y x, =x,=—1,x,=0,x,= I; b)x,=3,x,=4,x,=5,

OX=-2,%=2,%5,=-3,x,=3, dx,=1,%=2,x,=1,x,=— 1,
€) X, X5, X3 = 2X, — X, X, = 1, g) Hé vb nghiém,
WX, =x,=x,=0, x,, X,, 1) Hé v6 nghiém.

21. Néu a = 1, h¢ vo nghiém; néu a = 2, he¢ ¢6 vo s6 nghiém x =2 — 2t, y = -,
z=t,ttuyy;

Néua= 1 vaa=2hé céd mot nghiém duy nhat

8-5a —2a—a at?2
X = . y: . Z=
3(a-1 Ja-1) 3
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CHUONG V. KHONG GIAN VECTO

MUC BiCH YEU CAU

Chuong V triinh bay nhiing kién thic co ban vé khong gian vecto, v€ khong
gian con va hé sinh, vé co s& cha khong gian vecto, vé bai todn déi co s& va
vé anh xa tuyén tinh.

Sinh vién cin hiéu 1o c4u tric cha khong gian vecto V, nim dugce tieu chudn
dé tap hop W C V la khong gian con ctia V, tim dugc cd s&, s@ chitu ctia V
va quan hé giifa toa do clia mot vecta xdc dinh theo hai cd 50 khdc nhau cla

V, nhan biét dugc dnh xa tuyén tinh, tim dugc ma trin cta dnh xa tuyén tinh,
tim dugc tri riéng, vecto riéng clia todn tir tuyén tinh.

§ 1. KHAI NIEM VE KHONG GIAN VECTO
1.1. M@ dau

Trong hinh hoc so cip, mot vecto v trong khong
gian duge dic trung b&i bo ba s6 thuc (x, y, ) 1a !
ba thanh phén ctia n6 (hinh 5.1). v

Trong tap hop céc vectd tr do, néu ta déng nhét
nhimg vecto cé cliing huéng, cing do dai thi cé6
mot song anh gilta tap hop cac vecto ty do V Hinh 5.1

trong khong gian va tap hgp cic bo ba s6 thuc (x, y, ), tirc 13 tap hop R’.

Trong tap hop d6, ta da dinh nghia phép cong hai vecto vi phép nhan mot
vecto v6i mot s6 thue.

Néu v=(v,,V5,V3), W= (W, W,,Wy) va A lamot s6 thuc thi:
T+ W= (V, W,V Wy, VW)

A = (AV, . AV3. AV; )
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Phép cong hai vecto ¢6 céc tinh chat nhu phép cong hai s6 thuc: né ¢4 tinh
két hop, tinh giao hodn, tén tai phén tir trung hoa (vecio 9), moi vecto v déy
C6 vecta d6i —v .

Phép nhan mot vecto v6i mot s6 thue 6 tinh phan phéi d6i v6i phép cong
hai vecto v phép cong hat s& thyc, ngoai ra néu A va H la hai s6 thye thi
MuV)=(AQp)v valg=v,

Ta néi r:_?mg v6i hai phép tosn nay, tap hop céc vecto tu do trong khong gian
€0 cdu tric clia mot khong gian vecto thuc. Chuong nay nghién ciru vé c4c
khong gian vecto thue (goi tér 13 khong gian vecto).

1.2, Pinh nghia khong gian vecto

Ngudi ta goi khong gian vecio 1a mot tap hgp khéng réng V céc phan tir, goi 1a
vecto, trén doé ta dinh nghia duoc phép cong hai vecto va phép nhan mot vecto
vOi mot s§ thuc. Téng clia hai vecto v vi w duge ki hiéu 1a v + w. Tich ciia

VeCto v va sd thue A duogc ki hi¢u 1 Av. Hai phép todn d6 thoa man cac tién dé
sau:

(1)Né’uuvévthh]u+veV;
(2)u+v=v+u,\7’u,veV;
(3)u+(v+w)=(u+v)+w,Vu,v,weV;
(4)T6ntz_livectchsaochoB+u=u+9=u,VueV;

(5) Vi mbi vectou e V, tén tai vecto - u € V sao cho u + -W=(-w+u=6;

(6)Né'uueV,7x.eRthikueV;
(?)k(u+v)=ku+7w,Vu,veV,W.EJR;
(8)(k+p)u=ku+uu,v7t.,peR,Vue V.
(9) Apu) = Gup)u, Vi, ue R, Yue V:
(1) lu=u, Vue V.
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Cdc tién dé (1) va (6) néi Ién tinh dong kin cha V d6i véi phép cong hai
vecto va phép nhan mét vecto véi mot 6 thyc. Vecto 6 trong tién dé (4) goi
14 vecto khéng. Vecto — u trong tién dé (5) goi [a vecto ddi clia u.

Neéu trong dinh nghia trén ta thay R bdi C (tap hop cic s6 phic), ta dugc

khong gian vecto phitc.

1.3, Cac vidu

Trong cdc vi du sau day vé khong gian vecto, viéc kiém tra cdc tien dé (-0
dugc xem nhur bai tap.

ViduI:R"Iatap hop t4t ca cic b n s6 thuc c6 thit tr (x,, X35 oo X,). Phép

cong hai phén tir vd phép nhan mot phén tir v6i mot s6 thuc A duge dinh
nghia nhu sau :

Néu x = (x, X, ..., X.), y = (Y1r Y2y «en ¥,) thi :
X+ Y= (xl + YIﬂ x2 + YZ’ T Xn + y“) >

AX = (A, AXy, ..oy AX).
Vi hai phép toan do, R" 1a mét khong gian vecto. Vecto 0 cta R" 1A vecto
(0,0, ..., 0). Vecto d6i cha x 12 vecto — x = (=Xis =Xgs vy —X,).

Ngudi ta cling goi vecto trong R" 14 vecto n thanh phan.
Vidu 2: Goi P, 12 tap hop tat ¢4 céc da thitc c6 bic <n;
P.={px)=a+ax+ax’+..+axla,a, .., a, € R},

Phép cong hai phdn tr cta P, va phép nhan moét phan tir cha P, véi mot s6
thuc duge dinh nghia nhu sau:

Neupx)=a,+ax +ax’+.. +ax"e Foq®) =by+bx+bx’+ .. +bx"eP,

thi p(x) + q(x) = (a, + b)) + (a, + b )x + (8, + by)x* + ... + (a, + b )x"
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Ap(x) = (Ray) + (Aa)x + (ha)x* + ... + (ha, )x".
V6i hai phép todn d6, P, [ mot khong gian vecto. Vecto 8 ciia P, 1a:
0+ 0x +0x%+ ... +0x".
Vecto d6i clia p(x) 1 : - p(x) = — a—aXx —a,X" — ... —ax".
Vidu 3: Goi IR, ., 12 tap hop tat ca cdc ma tran ¢ m x n. V6i phép cong hai
ma irdn ¢ m x n va phép nhan mot ma tran ¢ m x n véi mot s6 thyc da

dinh nghia & §3 chuong IV, 90, ., 12 mot khong gian vecto.

1.4. Vai tinh chat cta ciac phép toan trong khong gian vecto

1/0u=09 YueV.

2/20=9 Vi eR.

3/2u=0=>A=0hoscu=0.

Vi¢e chimg minh cdc tinh chit nay xem nhu bai tap.

§2. KHONG GIAN CON. HE SINH
2.1. Khong gian con

Pinh nghia. V 13 mot khong gian vecto véi hai phép todn : Cong hai vecto
va nhan vecto véi mét s6 thue, W 14 mot tap hop con ctia V. N&u véi hai
phép todn trén, W ciing 1a mot khong gian vecto thi W goi la khong gian con
cha V.

Theo dinh nghia d6, muén kiém tra W € V 12 khong gian con cda V, ta phai

chiing minh rang hai phép todn da dinh nghia trong V ciling thoa man 10 tién
dé ciia khong gian vecto d6i véi W. Dinh If sau day gitip cho viéc kiém tra
dé dang hon.
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Dinh i 5.1. V I modt khong gian vecto. W la mot tdp hop con khde réng cia
V. Néu:

A u,veWou+ve W,

b)ueW..,keR:kueW.

thi W la khong gian con ctia V.

Ching minh: Vi a) va b) duge thod man, nén cdc tién dé (1) va (6) dd duoc
thoa mén déi véi W. Céc tiégn dé (2); (3); (7); (8); (9); (10) duong nhién ciing
duge thod min ddi véi W. Ta chi cdn phai ching minh rang cédc tién dé (4)
va (5) cling duge thod min doi véi W,

Giastu e W. Do diukienb) Aue W. Vi =0, tacé6 Q.u=6 ¢ W. Vdi
h=—l,tacd(—l)u=—uc W. Viy trong W :

u+8=0+u=u
(~W+u=u+(~u)=[l+{-DJu=0u=0.

D6 chinh 14 ndi dung clia cdc tién dé (4) va (5). Do d6, W 12 mdt khong gian
con, W

Chii thich: Néu V 1a mot khong gian vecto thi ban than V ¢6 thé xem 1a mot

khéng gian con clia V. Con tap hop chi gobm vecto € thoa mén:
0+0=0,16 =0

nén tap hop {6} ciing 12 mot khong gian con cha V, goi & khdng gian con
khong.

Vi du I: R' 1a mot khong gian vecto (xem muc m& dau). Xét W la tap hop
cic diém trong R? thod man phuong trinh: x, + x,+x; = 0.
Néu x = (X, X5, X3, Y = (V. ¥ ¥3) 12 hai vectd thudgc W thi ta cé:

X+ X, + X;=0,

Vi+y,+y, =0
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Dodé (x,+y,)+ (X +y,) + (X3 + y,) = 0.
Vayx+y e W. Cling vay véi A € R, ta c6 AX, + Ax, + Ax, = 0.
Vay Ax € W. Theo dinh 11 5.1, W 13 mét khong gian con ciia R?,

Vidu 2: Tap hop My, tat ca cde ma trdn vuong ¢& 2 x 2 1a mot khong gian

vecto (xem vi du 3). Goi R 1a tap hop cdc ma tran vuong cap 2 dang:

a b
M:[ J.a,b,ceR;
b ¢

C4c phan tir trén dudmg chéo phu bing nhau.

b b
Né‘uM,:[a] 'Jesm,Mz{az 2Jesmthi
b, ¢ b, ¢,
b Aa, Ab
M, +M, =| 72 bt e, AM, =T AP o
b+b, ¢ +c, Ab,  Ae,

Vay M 1a mot khong gian con ciia My .

Vidu 3: Nghiém ctia hé m phuong trinh tuyén tinh thusn nhat n 4n:
X +apX; +otax, =0
X +ayX, +..+a, x, =0  Ax =6
QX +agX, +..+a, X, =0

(A la ma trén c4c hé s6), 1a mot b6 n s6 thue x = (x,, Xz X,). Goi W 12 tap

hop cdc nghiém cla he dy. Ro rang W c R",

Néu x = (x,,....x,) € W y=(.,y,) € Wthi Ax = 0,Ay =0.Do d6:

A(x+y)=Ax+Ay=0,suyrax+yeW.
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Voih e R, A(Ax) = AAx =0, suyradlx € W.

Vay W 12 mot khong gian con cla R,

2.2. T6 hop tuyén tinh. Hé sinh

2.2.1. T6 hop tuyén tinh ctia mot ho vecto
Pinh nghia. V 12 mot khong gian vecto. S = {X,, X,..., X,} C V. Biéu thiic:
CiXy + €%y +ot € X,

véic e R,i=1,..n,la mot vecto thudc V va goi la mot 16 hop tuvén tinh
cia ho S.
Vi du 4: Trong khéng gian vecto R°, vecto (x, y) 1a mot 18 hop tuyén tinh
cua cdc vectdi=(1;0), 1=(0; 1), vi:

Xi+y.j=x(1,0) +vy(0, 1) =(x, y).

Vecto (7, —3) 1a mét t6 hgp tuyén tinh cha cic vecto x, = (1, 1) va x, = (1 1)
vii 2%, +5x,=2(1, D+ 5(1,-1)=(7,-3).

2.2.2. Hé sinh

Dinh nghia. S = {x,, X,,..., X, } 12 mdt ho vecto cua khong gian vecto V. Tép
hop tét cd nhimg t6 hop tuyén tinh cia ho S goi 1a bao tuyén tinh cia hg S,
duge ki higu la span(S).

Pinh li 5.2. Néu S la mot ho vecto cua khong gian vecto V thi W = span(S)
la mot khong gian con cua V.

Chimg minh: Trudc hét W = O, vi x, = 1.x, € W, Bay gid c¢dn kiém tra céc

diéu kién a), b) cua dinh If 3.1.
Giast: x=c¢,x,+...+¢c X, € W, y=dy, +...+dy, € W.Khido

nrn

X+y=(c +d)x, +..+(c, +.dn)X“€ W,
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v A e R: Ax = (Ae)x; + ... + (he)x, € W.

Do W déng kin d&i véi hai phép todn trong V nén W 1a khéng gian con chia V.,

Pinh nghia. Néu span(S) = V, tic 1a néu moi vecto x € V déu c6 thé biéu
dién dudi dang:

X = €)X, + CXo oo + X,
ta néi rang ho S sinh ra V hay S a mot hé sinh cta V.
Vidu 5: Trong khong gian vecto R? xét hai vecto j = (1, 0% j = (0, 1). Moi

vecto trong R* déu c6 dang:

X = (X,,X) =x,(1,0) + X(0, 1) =x,i + Xol,

nén ho S = {i, j} 1a moét he sinh cha R2

Vi du 6: Trong khong gian vecto P, cic da thic c6 bac < 2, xét ho ba vecto:
Po(X) = 1, p,(x) = X, p,(x) = x%. Moi vecto p(x) trong P, déu ¢6 aang:

P(x) = ax’ + bx + ¢ = ap,(x) + bp,(x) + epy(X).
Vay ho S = {py(x), p,(x), p,(x)} 12 mot h¢ sinh ciia P,.

2.3. Ho vecto doc lap tuyén tinh. Co s& va s6 chiéu ciia khéng gian vecto

2.3.1. Ho vecto déc ldp tuyén tinh

binh nghia. Ta néi ho vecto S = {Xi X3 ..., X,} clia khong gian vecto V 13
dgc ldp tuyén tinh néu bidu thite

CXy+CXy+ o +C X, =6, (5.1)
trong d6 ¢,,..., ¢, 1a cdc s6 thye, chi xay ra khic, = C;=..=¢,=0.

Néu ton tai cde s6 ¢, c,, ~4Ca KhOng déng thdi bang 0 sao cho hé thitc (5.1)
dugc thod man, ta néi ho S 12 phu thusc tuyén tinh.
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Vi du 7: Trong khong gian vecto R, ho ban vecto x, = (1, 1, 1), x, = (1, 1, 0),
x;=(1,0,0), x, = (3, 2, 0) c6 dbc lap tuyén tinh khong?
Gidi. Hé thic (5.1) & day 1 ;

(L, 1, ) +¢,(1, 1,0y +¢561,0,0) +¢,3,2,00=6=(0, 0, Oj.

¢, +e,+ey,+3¢, =0
Dodd: <¢c, +¢c, +2¢,=0
C, =0.

D6 1a mot hé ba phuong trinh tuyén tinh thudn nhit bén 4n. Hang cla ma
tran hé s& nho hon s& 4n, nén hé c¢6 nghiém khong tim thudng (xem muc
4.6). Vay ho S phu thudc tuyén tinh.

Vi du 8: Trong khéng gian vecto P, cdc da thitc bac < 2, ho ba vecto
p(x) = x> = 2x + 3, q(x) = 2x — 2, r(x) = 2 doc lap tuyén tinh hay phu thutce
tuyén tinh?

Gidi. Tacé: ¢, (xX* = 2x + 3 +¢,(2x - 2) +¢,.2=0 V¥x
o xt +(—2¢, 4+ 2¢,)x + (3¢, - 26, + 2¢,) =0 ¥x

c, =0
& §—2¢,+2¢, =0 ©c, =¢c,=¢,=0.
3c,—2¢,+ 2¢c, =0

Vay ho S = {x*~ 2x + 3, 2x — 2, 2} ddc lap tuyén tinh.

Nhdn xét: 1) Moi ho chita vecto 6 déu phu thudc tuyén tinh, vi 1.6 = 6.

2) Néu ho S phu thudc tuyén tinh thi moi ho chita né ciing phu thudc tuyén
tinh.

3) Néu ho S doc 1ap tuyén tinh thi moi ho con khéc réng cta S cling doc 1ap
tuyén tinh.
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4) Néu ho S = {x,, x,, ..., x,} phu thuoc tuyén tinh thi t6n tai it nhat mot so
¢, # 0 sao cho ta ¢6 (5.1). Tir hé thic d6 rit ra -

Xp = 00Xy + e+ O X g + Gy Xy + oo + 0K

ntny
- C L] - - T -~ # a2 i
VoL o =—~—-. Vdy mot vecto cha ho S 12 mot té hgp tuyén tinh ca cic
c
k

vecto con lai clia ho.
2.3.2. Co s6. S6 chiéu ciia khong gian vecto

Binh 1i 5.3. Cho V Ia mot khong gian vecto sinh béi n vecto. Néu S la mot

ho m vecto doc Igp tuyén tinh trong V thi m < n.

Ching minh: Gid stV = span{v,, v,, ..., v,} vd S = fu, uy, oy uy, b 12 mét ho
vecto doc 1ap tuyén tinh trong V. Khi d6 u, = a,v, + v, + .. +ayv,. Viu =0
(do nhén xét 1)), cdc a khong thé déng thai bing 0. Gia sir a, # 0, néu thé
V =spanfu,, v,, ..., v,}. Dodé u, = buy +¢yv, + ¢vy + .+ ¢, v, Mot trong cic
s6 ¢; phai khéc 0, vi {u,, u,} doc 1ap tuyén tinh, vay V = span{u,, u,, Vi, ey V)
Néu m > n, qud trinh trén dugc ti€p tuc cho dén khi V = span{u,, u,, ..., u_}.
Khi d6, vi u,,; 12 mot vecto trong V, u,,, la mot t& hop tuyén tinh clta cdc
VeCto {u,, u,, ..., u,}, diéu ndy trdi véi gid thict ho S = {u,uy, v, ) doc lap
tuyén tinh. Viym<n, ®

Dinh nghia. Ngudi ta goi co sd caa khong gian vecto V 1a ho cic vecto
{€1, &, ..., €,) thod min hai diéu kién:

1) Ho {e,, e,, ..., e,} doc 1ap tuyén tinh:
2)Ho {e,, e,, ..., e,} la hé sinh chia V.
Dinhli 54. Néit (e, e,, ... e,} va |f,, £y, ... £, ld hai cosdciia V thin = m.

Chitng minh: Vi V = spanfe,, e,, ..., e,} nén theo dinh 1i 5.3, ta cé6 m < n.

Lai vi V =span{f,,f,, ..., ) nénn<m. Dodén=m. m

Vi 6 vecto cia moi ¢o s& clia khéng gian vecto V déu bing nhau, ta dua ra
dinh nghia sau:
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Pinh nghia. Néu {e,, €,, ..., &,} 12 mot co s¢ clia kKhong gian vecto V, tan6i V
1a khong gian vecto n chiéu, n goi 1a s6' chiéu chia V va ki hiéu la dim(V) = n.
Ta néi khong gian vecto chi gém vecto § la khéng gian vecta O chiéu,
dim({6})=0.

Khong gian vectd V goi |a hifu han chiéu néu V = {0} hay V c6 co s gbm
mot s6 hitu han vecto. V goi 1a khong gian vects vo hgn chiéu néu né khong
1A hitu han chiéu.

Nhdn xét: Trong khong gian vecto n chiéu V, moi ho S gébm n vects doc 1ap
tuyén tinh déu 13 mot co sd, vi néu S khong 12 h¢ sinh clia V thi ton tai vecto
x € V\span(S), vay dim({V) > n.

Vi du 9: Trong R ho hai vectg e, = (1, 0), e, = (0, 1) 12 mot he sinh cha R?
gdm hai vecto doc 14p tuyén tinh trong R?, vay 12 mot co s ctia R, goi 1a co

s& chinh tic cuia B>

Vi du 10: Co s& chinh tic cla khong gian vectd R" 1a ho {e,, &, ..., e},
trong d6 ¢, = (0, .., 0, 1,0, ..., 0) (1 & vi trf thit i).
Vi du 11: Co s& chinh tic chia khong gian vecto P, 1a ho {1, x, X%, ...x"}.

Vi du 12: Co s6 chinh tic cda khong gian vectd M., 1aho:

1 0710 1]70 0[O0 O

0 o0 o1 oflo 1]
Pinh li 5.5. Néu S= {e,, e,, ..., &,} la mot co 50 ciia khéng gian vecton chieu'V
thi moi vecto x € V déu c6 thé bi¢u dién mot cdch duy nhdt dudi dang :

X=Ce, +Ceyt+ ... +CE, (5.2)

trong dé ¢,, ¢y .., €, € R,
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Chitng minh: Vi S 1a mot co sd cha V nén I mgt hé sinh cha V. Do d6, moi
vectd x € V déu biéu dién duge duei dang (5.2).

Dang biéu dién 4y 12 duy nhat, vi néu x con ¢6 thé biéu dién duoe dusi dang:
x=de +de, +...+de, (5.2)

thi bang cdch trir hai déng thic (5.2) va (5.2)' timg v& mot, ta ¢6 ;

9 = (Cl - dl)el + (CZ - dZ)eZ +..+ (cn - dn)en‘ (*)
Viho S doc 1ap tuyén tinh neén tir (*) suyrac,—d, =0,c,~-d,=0, ..., C,~d, =0
hayc, =d,, ¢, =d,, .., c, = d, =
binh nghia. Cacss ¢, c,, ..., ¢, duge xdc dinh mot cich duy nh4t b&i céng
thirc (5.2) goi 1a cdc toa do chia vecto x d6i véi co s& S,

Vecto (¢, ¢, ..., ¢} € R" goi 12 vecio toa d¢ chia x d6i v6i co 5O S, duge ki

higu 1a (x),. Vecto (x)s = (c,, €y -s €,) VIEL dudi dang c6t 12 mot ma tran c&
¢

o \ C2
nx 1, ki hieu Ia [x]g: [X]s =

c

n
£0o1 1a ma trdn 19a dé cta x d6i véi co s6 8.

Dinh Ii 5.6, V 12 m¢t khong gian vecto n chidu, S = {xy, X3 ..., X,} 12 mot ho
vecto doc 1ap tuyén tinh trong V, r < n. Khi d6 ¢6 thé tim duge n - r vecta

~ e L
Xr1s Xpazs oos X, 820 Cho o {X), .0y X, Xy, o0, X, ] JA MOt cO 88 clla V.

Ta thita nhan dinh H nay.
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§3. HANG CUA MOT HOQ VECTO

3.1. Pinh nghia. S = {X;, Xg, -y X} 14 mot ho vecto trong khong gian vecto

V. S5 16n nhat cdc vecto doc 1ap tuyén tinh 1dy ra tir ho S goi 1a hang cba ho
S, ki hiéu 1a r(S).

Pinh 1i 5.7. Hang cha ho S bing s6 chiéu clia khong gian con sinh boi ho S.
1(S) = dim span(S}.

Chitng minh: Dt 1(S) = p. Trong ho S ¢6 nhiéu nhét p vecto doc 1ap tuyén

tinh, c6 thé xem d6 12 X, X, .o X Khidévdii=p+1l,p+2,..n ho céc
vects {X,, Xg - Xp X;} phu thuc tuyén tinh, nén ton tai p + 1 s8 ¢, khong
ddng thai bing 0 sao cho:

CX, + CoXg + e + CX, T CruXi = 0.

Néu ¢, = 0 thi do x;, Xa, -y Xp doc l1ap tuyén tinh, ta c6 ¢, = ¢, =

[
o
[

L

didu nay vo I, vay c,.,, = 0. Tir déng thic trén suy ra.

1 .
X; = —c—w(clx1 +CyXy +.HCX ) 1=PF Lp+2,.,n
p+l

Dat W = span(S). Ta ¢ span({X,, Xz .-, X,}) = S. Ho {X,, X3 o Xp} 12 DE
sinh ctia W, né gém p vecto doc 1ap tuyén tinh, vay:

dimspan(S)=p=1(3). ®
3.2. Tinh hang ciia mot ho vecto bing céc phép bién ddi sa cap

Phuong phép tinh nay duge trinh bay qua vi du sau:

Vi du : Tinh hang cda ho vecto S = {X;, Xz, X3, Xsr x,} C R’ v6i

X, =(1,2,3), %, =(2,3,4), %, = (3,5 7, xg=(1,1, 1), xs=(0,1,2).

Gidi. Lap ma tran A v&i nam hang 13 nam vecto toa d clla céc vecto da cho:
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1 2 3]
2 3 4
A=3 5 7].
|
10 1 2]

Dung cic phép bién déi so cap vé hang dé dua ma tran A vé dang bac thang :

1 2 3} [1 2 3] 1 2 37

2 3 4|th,~2h) |0 -1 -2 0 -1 -2
A=13 5 71(h;=-3h)>|0 -1 -2 (hs+h,) -0 0 o |=B

L1 t)(th,~h) |0 -1 -2 (h, -h,) 0 0 o

0 1 2 O L 24h,-h) [0 o 0 |

Dé thay ring cic phép bien ddi so cdp vé hang cla ma tran khong lam thay
doi bao tuyén tinh cita céc vecto hang clia ma tran dé va cdc vecto hang khéc
khong cla ma tran dang béc thang B 13 doc 1ap tuyén tinh. Do dé, r(S) = 2.
Mot co s6 cia khong gian con sinh bai NAM VeCto X,, X, X;, X4, X, 12

ler=(1,2,3),e,=(0, - 1, -2)}.

§4. BAI TOAN POI CG SG
4.1. Pat bai todn

GiasuB={e,e,..¢}vaB = {el.€},...e.} 12 hai co s¢ ciia khong gian

vecto i chiéu V, v 1a mot vecto € V. Pai vaicosG Btaco:

V=Vt Ve, + L+ ve, (5.3)
Vi Vo oV, la cdc 10a d6 clta v d6i v6i co sé B . Do dd, ma tran toa do cla v
Y
. . \F:
ddi véicosdBla: [v], =] "
v
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Dol voicoso B tacd:v=vie +viel +...tviel .
~1 2v2 n

ma tran toa do clia v ddi véi cosd B'1a:  [v], =

Hiy tim lién h¢ gilra {v]; va [vig.

4.2. Ma tran chuyén

Trude hét, ta biéu dién cc vecto e}, e),...,€,, qua cic vecto e, €, ...

4 —_

€, = P& + Pyt T Pt
r

€, = P& TPnC t TPy,

¢ p—
en - plnel + p2ne2 +..+ pnnen'

The (5.5) vao (5.4), ta dugce :
V=Vi(D)€ +P2€ Tt PuiCo) +

+ Vy(Pa€ + Pyt t Poa€a)+

+ Vi (P1n€) T P2n€s + - F Pan€a) =
=PV +PpVa ot PiaVale +
=Py V) T PpVa ¥ PaaVales +
(P, V) +PaaVy +oooF PonVa JE0-
So sinh vai (5.3), ta duroc:
V=PV A DV e VY

[ r ’
V, =PV tPnVy Tt PV,

' [ '
Vn = pnlvl + pn2v2 to..t pnnvn‘

Cong thic (5.6) ¢6 thé viét dudi dang ma trin

5.4

. €,

(5.5)

(5.6)
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[vlg = P.[v]y, . (5.7)
Pu Pz = Pn

trong d6 : p=|P2 Pz " P (5.8)
pnl pnz pnn

80i 1a ma trdn chuyén co sd tic B sang B,

Luu ¥ rang ma tran chuyén co s& P gdm n cot, cot thit i chinh 13 [el], - Vay:

P=[[eilyfer][eh]s -

Vi cdc vecto e),¢),...,e, doc lap tuyén tinh, nén detP = 0. Do d6 ma tran P
kha nghich. Tir cong thitc (5.7) suy ra :

[Vlg = P7'[v];. (5.9)

Vidu I: Chohai cosdtrong R’1aAB = {e,, e,} v B'= {e].e5}, trong d6 :

A} ol o)

1) Tim ma tran chuyén co s tir Bsang B'.

2) Tim {v]y néu v = E:]

Gidi. 1) Trudc hét, ta c6 e; = 2¢, +¢,,¢e} =¢, +e,. Do d6, ma tran chuyén tir

£

, 1 -t
2) Ta ¢6 ma tran chuyén co sé tir B' sang Bla : P~ =[ :I :

Bsang B' I :
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Vi {5} = 5{1].; 3[0} =S¢, +3e,, nén [vlg = {S‘J . Do d6, theo (5.7)tacl:
3 0 1 3 _
. B 1 -115] 2
[V]B' =P [V]B '[_1 2]'[3}_{1]'

Vi du 2: 1) Chimg minh rang trong khong gian vectd P, cdc da thic c6 béc
<2, hoB={1,(1-x7% 1+ x)?} 12 mot ¢ 0.

2) Tim ma tran chuyén tir cd s& B dén co s& chinh tic B’ = {1, X, x*}. Tim
toa 40 ciia da thic p(x) =a +bx + cx? 461 véi co sd B.

Gidi. 1) Vi P, 1a mot khong gian vecta 3 chiéu nén dé chimg minh rang B la
mot co s& ctia P,, chi céin ching minh ring ba vecto 1, (1 - x), (1 + x)* 1a
doc 1ap tuyén tinh. Ban doc hdy chimg minh di€u do6.

2) Phan tich cic vecta ctia B' theo cac vecto cua B, ta dugc:

1=1.1+0.01-x7+001 +x)%

x=0.1—%(1—x)2+—}‘:(1+x)2 ;

1 1
2o 1 ise—(1-x)P+=(1+%)".
X 2( X) 2( )

Do 46, ma tran chuyén co s& tit B sang B’ la:

[ i
1 0 -1
Y 1 1
P:[[l]B [X]B [Xz]B].—— 0 —Z ‘2-
o L1
L 4 2]
a
V\1[p]B'= by
C
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ta ¢ theo cong thic (3.7

1 0 -1 [ a-c
1 1 2 1 1
[p]a =P[p]B =0 —Z 5 Jb|= *-'4—b+—C
c
i | 1 1
0 - = ~b+—c
L~ 4 2] L 4

Nhu vay ta c6 :

p(x)za—c+(~§+—;—](l—x)2 +(§+§—](l+x)2.

§5. ANH XA TUYEN TiNH
5.1. Dinh nghia va vi du
5.1.1. Binh nghia dnh xg tuyén tinh

V., W 12 hai khong gian vecto. Anh Xa f:V - W goi 13 dnk Xxa tuyén tinh néu
n6 thod mén hai tinh chat say:

D f(u+v)= fu) + f(v), Vu,veV;

2) f(ou) = Af(w), V A e R, Vue Vv,
Néuf:V — Wla4nh xa tuyén tinh thi :
fRu, + 2uy) = A f(u)) + Aof(u), AL A, € R, Vu,u, e V.

5.1.2, Cde vi du

ViduI: Xét dnh xa f: V —» W, xdc dinh bdi f(u) = 8 < W, YVue V.B51a
mot dnh xa tuyén tinh vi:

DVu,veV, fu= 0, f(v)= 0,fu+v)= 0, dods fu +v) = f(u) + f(v).

DVAieR VueVv, f(u) = 6, fu) = 0, do d6 f(Au) = Af(u).
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Anh xa d6 goi 12 dnh xa khong.

Vi du 2: Xét 4nh xa £: V — V, xédc dinh boi f(u) = au, Vu e V, o 14 mot so
thire. DE kiém tra ring d6 1a mot dnh xa tuyén tinh. Anh xa dé goi 1a dnh xg

déng dang. Néu o = 1, énh xa d6 12 4nh xa dong nhét, ki hi¢u la I
Vidu 3: Anh xa f : R? - R’ xdc dinh boi f: (X, y) > (x +y, X =y, X +2y)
12 mot dnh xa tuyén tinh. That vay, Yu, v € R% u = (X, ¥), V= (X5, ¥o) V@

Vi e R, thi f(ll + V) = f(X, + X, ¥, + Yz) =

= (X, + X+, + Y, X+ X, — Y, = Y Xy + Xy + 2y, + 2Y))
=X+ Y X YL X F2Y) (Xt Y Xy Y Xp 2y,)
= f(x,, y) + f(xq. yp) = fu) + f(v);

) = f(Ax,, Ay = (lx,. + Ay, AX, = Ay, AX 4 2Ry )=
=MX, + Y. X = ¥y X+ 2y)) = A(X, ) = Af(u).

Vidu 4 : Goi A 1a mét ma trdn ¢§ m x n, X 1A motma tran cdn x 1.

a,; Ay A, X

d a a X

21 n 2 2

A= lox=l,
aml am2 amn xn

Nhan A véi x, ta dugc mot ma trgncdm x 1

a,,X, +2,X, +...+2,X

8, X; +8p%X, +. a8y X
Ax=

A%, Fa,,X, bt aX

ml
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Vay 4nh xa f x4c dinh boi f(x) = A.x 13 mot dnh xa tir R” vip R™, Tir dinh

nghia phép ¢ong hai ma tran va phép nhan mét ma trin vdi mot 86, ta thay
rang nh xa f x4c dinh nhur vay 13 mot anh xa tuyén tinh.

3.2. Cic phép todn vé anh xa tuyén tinh

* Giad sir V, W I3 haj khong gian vecto, f: V — W. 2V > W, 1i hai 4nh Xa
tuyén tinh, Tong clia hai 4nh Xafva g kfhieula f+ g, 1a dnh xa duogc x4c
dinh nhu sau: vy eV, (f+ gXu) = f(u) + gu) e W,

Tich clta dnh xa f va 55 thuc &, ki hiéu I2 Af, 13 4nh Xa xac dinh bdi:
VueV, (AD(u) = Af(u) e W,
Dé ki€m tra ring f + g va Af cling 1 nhimg 4nh Xxa tuyén tinh.

*Gidsir V, W, Ula ba khong gian vecto f: V —5 W va g: W — U, 12 haj 4nh
Xa tuyen tinh. Khi d6, 4nh Xa hop (xem muc 3 4. Chuong I) x4c dinh béi:

Vu eV, (g0 Hu) = g(f(u)) e U,

anh xa tuyén tinh.
5.3. Ma tran cha snh Xa tuyén tinh
* Gid st V, W 13 haj khong gian vecto, dim{V) = n, dm(W)=m, B = fe,, ...e )
1a mot co sé cha vV, B' = {els-nel ) 12 mot co sé cita W. £V > W la mot
dnh xa tuyén tinh, ta c§ vx €V,

XSX€ +X8+ ..+ xe,
Do do - f(x) = x,f(e} + Xf(e) + ... + X f(e,). (5.1

Vay dnh xa f duoc hoan toin xde dinh néu biet f(e)), f(e,), ..., fle,). Vi f(e,),
f(e,), ..., fle,) € W, c6 thé phan tich chiing theo c4c vecto cua B, Gia sir
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fe)=a, e +ae; +...+a,,¢,,
m?

. ’ r
fle,)=a,e| +a,¢, +...+a,,¢

f(e,)=a,,e +a,,€, +...+a,,¢e,

mn-m*

Thé vao (5.10),ta duge :

f(x)=x(a, e +a,e, +..+ae.)
+X,(a),e] +a5,e; +..+a,en)
+o.

[ ’ ry
+x.{a, e +a,.€e +..+a,.€ )=

r
=(a;X, +a,,X, +...+a,,X,)e| +
L4
+Ha, X, + 25X, oy X e +
+...

r
X, F 20Xy et X, e

Do d4, ma tran toa do ctia f(x) d8i véi cosé B’ 1a:

a; X, +8,%, Fota X, a, 2, - a,]|x
[f(x)]B.z QX HaApXy totayX, | 18y 8p - Ay x.2 50D
amlxi‘{_amzx2"-"'-l_amnxn ap, amz amn Xn

an A, dy,
Ma trin A = dy Ay 420
A, A,y - 8,

goi 12 ma tran cha dnh xa tuyén tinh f. Céng thiic (5.11) ¢4 thé viétla :
[f(x)]y = Alx]s. (5.12)
L ¥ ring ma tran A gdm n c6t, ot thit i chinh 1a [f(e;)]y. Vay :

A = [[f(e)ly [fe)]y .. (fe)]x].
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Vidy 5: Tim ma tran cla dnh xa tuyén tinh f : R? - R?, xdc dinh bdi:

fix,y)=x +y,x—y,x+2y)

theo cdc co s& chinh tic ctia R? va RY,

Gidi. Co s§ chinh tic cia R’1a {e, = (1, 0), e, = (0, 1)}, cha R’
la {e} =(1,0,0);¢}, = (0,1,0);¢} = (0,0,1)} . Do d6 :

fle)=1(1,0)=(1, 1, 1),
fle,) = £(0, Y = (1, -1, 2).

Vay ma tran cla 4nh xa tuyén tinh f 1a

1
1 -1
12

Vidu 6 : Tim ma tran clia 4nh xa tuyén tinh f : P, - R, xéc dinh béi ;

fla+bx+cxy=(a+c,b—a—c¢)

theo cic co sd chinh tic cha P, va R

Gidi. Co s& chinh tic cha P, B {e, = I, e, = x, e, = x%}, ctia R? Ja
ter =(1,0);¢€, = (0, D} . Tacd:
fe,) =f(1 + 0x + 0x) = (1, —- D=0,0-(;1)=¢ -¢5,
fle)) = (0 + 1.x + 0x) = (0, 1) = e,

fle) =f0+0x+1.x)=(1l,-1)=¢/ ~¢,.
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+ - ]. 0 1
Vay ma tran clia dnh xa tuyén tinh f 12 ; { - J.

Chi thich : Néu V = W, dnh xa tuyén tinh f : V - W goi Ia todn tir tuyén
tinh trén V. Trong truong hop do, ta chon co s& B = B'. Ma tran clia todn tir
tuyén tinh f 12 ma tran vuéng.

5.4. Tri riéng, vecto riéng cia toan tir tuyén tinh

V la mot khong gian vecto, f: V — V 12 mot todn 1 tuyén tinh. Khong gian
con W clia V goi 1 bdt bién doi véi f néu f(v) € W, ¥v € W, tiic 1a néu
f(W) C W. Rd rang, tap hop {6} va V 12 nhitng khong gian con bat bién doi

véi f. Van dé 1a, ngoai {8} vA V, con nhimg khong gian con nao khdc cua V
bat bién d6i vdi f.
5.4.1. Tri riéng. Vecto riéng

S6 A goi 1a #7 riéng cha todn tif tuyén tinh £ : V — V néu tén tai vecto x € V,

X # 0 sao cho :
f(x)=A x. ' (5.13)
Khi d6, vecto x goi 1a vecro riéng cha todn tlf tuyén tinh fing véi tri rieng A.

Néu 2 12 mét tri riéng cua f, dit V, 12 tap hop gém vecto © va tdt ci cde

vecto riéng cua f img véi A,
binh li 5.8. Tap hop V;, la mot khong gian con ciia V, bdt bién déi véi 1.
Chitng minh : Néu x, x, € V; thi
f(x, + %) = f(x ) + f(x,) = Ax; + Ax, = A(x, + x,).
Dodéx, +x,e Vi.Néuk #0,tacod:
fkx,) = kf(x,) = kix, = A(kx,).
Tir d6 ta ¢6 kx, € V,. Viy V, 12 mot khong gian con clia V. Ngoai ra, néu

VX e Vithif(xX)=2x € Vi, nén V, batbien déi vgi f. =

13.THCC-T1-A 193



Dinh nghia. Ngudi ta goi v, 1a khong gian con riéng cua f (g vai tri riéng A.
5.4.2. Phuong trinh dac trung

Gid st dim(V)=n,B = {e,e,,.., €.} 1a mét co so clhia V. Goi A 1a ma tran
cla toén tir tuyén tinh f, do 1a mot ma tran vuong c4p n, cot thit i 12 ma tran
toa d6 cla f(e,) dSi véi co s& B. Theo cong thiic (5.12), ta cé :

[f(x)]s = Alx]s.
V1 vy phuong trinh (5.13) c6 thé viét dudi dang:
A X +a,;X%, .. +a, X, = AX,
Ay Xy +a8pX, o+ 8, X, = AX,
A X +aX, o +a, X TAX,
hay:
(@, —A)x, +a,x, +...+a,x, =0
A%, +(ay ~A)X, +..+a, x, =0 (5.14)
8, X, +3,,X, +o.+(a,, ~A)x, =0.

D6 1a mot hé n phuong trinh tuyén tinh thudn nhat n 4n, n6 c6 nghiém khéng
tam thudng khi va chi khi dinh thitc cita ma tran h¢ s6 ca né bang 0 (muc
4.6. Chuong V).

a=h o, . a,
Ay ay ~A a,,
=0. (5.15)
anl anz ann _k

Phuong trinh (5.15) goi 13 phuong trinh dic trung cua todn tr tuyén tinh f.
b6 1a mot phuong trinh bac n déi véi A, nén né ¢ n nghiém, thye hoic
phtic, don hodc boi. Nghiém ctia (5.15) Ia tri riéng cta f. Sau khi tim duoc trj
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riéng A, nghiém khong tdm thudng cia he (5.14) Ung véi A 1a cdc vecto riéng
tuong (ng. '

Dinh 1i 5.9. Phuong trinh dgc trung ciia todn 1k tuyén tink £ khong phu thuoc

vao viéc chon co sd ciia khong gian vecto V.
Ta thira nhén dinh 1{ nay.

54.3. Cdc vidu
Vidu 7 : Tim tri riéng va vecto riéng clia todn tir tuyén tinh f : R? — R? xdc
dinh bdi :

f(x,, X,) = (5x, + 4x,, 8%, + 9x,).

Gidi. Trudc hét, ta tim ma tran ctia f theo cd s& chinh téc ctia R2 Ta ¢6 :
fley=f(1,0)=(5, 8) ; f(e,) = f(0, 1) = (4, 9).

5 4
Vaymatranciafla A= [8 9} , phuong trinh dac trung clia 13 :

hay 2” - 142 + 13 = 0 ; né c6 hai nghiém A, = 1, &, = 13. D6 13 céc tri riéng
caa f.

H¢ thuan nhét (5.14) ing véi A =1 1a:

4x, +4x, =0
8%, +8x,=0"

Hé ay tuong duong v6i phuong trinh x, + x, = 0. Phuong trinh dé cé

nghieém (&, - a) véi a tuy y € R. Vay cic vecto riéng ung véi tri riéng A,

la a(l, - 1) vGi o = 0.
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Qp'%,
e
R

He thuan nhat ting v6i A = 13 1a -

—8x; +4x, =0

8X, —4x, = 0.
H¢ d6 twong duong vei phuong trinh : 2x, - X; = 0. Phuong trinh dé c6
nghiem B(1, 2) véi B tuy ¥  R. Vay cdc vecto riéng ting voi tri riéng A, 1a

B(1,2) véi p =0,

Vidy 8 : Tim tri riéng, vecto rieng ctia todn tir tuyén tinh f: R® — R’ xdc dinh
bdi :
f(x), X;, x;) = (2%, — 5x, - 3%3,~ X, = 2x, ~ 3x,, 3%, + 15x, + 12x,).

Gidi. Ma tran cia todn tir tuy€n tinh f theo co s& chinh téc ciia R® 13 -

2 =5 -3
-1 =2 -3,
3 15 12

O= -1 -2-2 -3 =-1 2-1 3=
3 15 12-Xj(h, +3h,) 0 9-3% 3-3

2-L -5 -
=(C3-M -1 -2-3 -3.
0 3 l

Cong cot thit 2 véi (~ 3) lan cQt thit 3, ta duoc:

2-% 4 -~
0=C@-A) -1 7-2 - =(3-34)
0 0 1

(2_}“ = (3~ M= 9% + 18)

a
=@ - -3\ -6).
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"'hﬂé

Vay tco hai tri riéng : &, = 3 (tri riéng kép) va A, = 6 (tri riéng don).
Céc vecto riéng ting vdi A, 12 nghiém khong tdm thudng chia hé thudn nhit :

—X;—3x, -3x; =0
3%, +15x, +9x; =0,

H¢ ay twong duong véi phuong trinh x, + 5x, + 3x, = 0. Trong R, d6 12

phuong trinh clla m¢t mat phang di qua géic toa d¢. Vay khong gian con
riéng img voi A, 12 khong gian 2 chiéu. Co s& cla né gém hai vecto doc lap
tuyén tinh ¢6 toa do thod mén phuong trinh X, + 5x, + 3%, = 0. Ching han,
e, =(3,0,-1),e,=(5-1,0).

Ciac vecto riéng ng v6i A, 1a a3, 0, -1) + B(5, — 1, 0) v6i o, B khong déng
thoi bang 0.

Cic vecto riéng ung véi A, [a nghiém khong tdm thudng clia hé thudn nhit:

{h, —4h,)
X, +8%, +3x; =0 ( ho) < 43%, +x3 =0
Xy +3%y +2X; =0 2 X; +3%X; +2x4 =0
X, +x5,=0
o (*)
X, + 5%, +2x5 =0.

Trong R’, hé (*) biéu dién giao tuyén cta hai mat phing di qua géc toa do,

tirc 12 mot duding thang di qua goc. D6 13 mot khong gian con 1 chidu trong

IR?, co s6 chia né 1a mot vecto khdc 8 bat ki, ¢6 toa do thoa man hé (*), chang

han néu ldy x,; = — 3, ta dugc vecto e, = (1, 1, —3). Cic vecto riéng cha f tng
v6i A, 1 y(1, 1, ~3) v6i y = 0.
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CAUHOI ON TAP

1. Dinh nghia khéng gian vecto. Tap hop céc da thifc ¢6 bic > n ¢6 phii 1a
mot khong gian vecto khong?

2. Dinh nghia khong gian con. Gid st V 1a mot khong gian vecto. Diéu kién
dé tap hop W € V 1a mot khong gian con clia V.

3. Dinh nghia co s& cha mot khong gian vecta. Vi sao moi ho n vecta doc
lap tuyén tinh trong khong gian vecto n chiéy [a mot ¢ s cha V?

4. Visaonéuho {e,, ¢,, ..., ¢,} la mot ¢ s& cua khong gian vecto V thi moi
VECto X & V déu c6 thé biéu dién duge mot cach duy nhat dudi dang:

X=Ce +¢,8,+ .. +ce?
5. Hang ciia mot ho vecto: Dinh nghia, cdch tinh.
6. Khi d6i co s clia mot khong gian vecto, giita cdc toa do cha mot vecto
ddi v6i cdc co s& d6 ¢6 méi lien hé gi?
7. Dinh nghia dnh xa tyén tinh. Anh xa f: R — R, xdc dinh b&i f(x) = 2x + 3

6 phai 12 4nh xa tuyén tinh khong?

8. Dinh nghia tri riéng, vecto riéng, khong gian con riéng ciia todn tir tuyén
tinh,

9. Cic ménh dé sau day ding hay sai?

a) Néu ho vecto {u, v} doc 1ap tuyén tinh thi ho vecto {u, u + v} ciing doc
Iap tuyén tinh.

b) Néu ho vecto {u, v} doc lap tuyén tinh thi ho vecto {u, v, u + v} ciing doc
1ap tuyén tinh.

¢) Néu ho vecto {u, v, w} doc 1ap tuyen tinh thi ho vecto {u, v} cling doc lap
tuyén tinh,
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d) Khong gian vecto R? ¢6 mot ¢o sO gém cdc vectd {x, x + Y, X =y}, trong
d6 x, y 12 hai vecto dc 14p tuyén tinh trong R°.

€) Néu {x;, %, ;) va {y,, v, y;} 12 hai o sd clia ® th X+ Y, X+ ¥, X5+ v,
cling 12 mot co s& clia R?,

f) span (u, v) = span(u, v, ku + /v), trong d6 k, / € R. _

g) Moi ho bdn vecto = © cita R* déu 1a mot hé sinh cta R*,

BAI TAP
1. Hay kiém tra'lai 10 tién dé coa khong gian vecto trong cac vidu 1, 2, 3
cla muc 1.1, ’
2. V6i céc phép toan da xét trong vidu 1, cdc tap:
a) U= {x=(x,, x, 0, O)x,, x, e R};
b) W= {x=(x,,x,, 1, Dx,, x, € R}
¢6 phai la khéng gian vecto khéng?
3. Tap hop X = {x = (x;, x,, x5, x)|x, € R’ ,i=1,2, 3, 4) ¢6 phai la khong

gian vecto khong néu ta dua vio hai phép todn sau:

VX, y € X, x = (x,, x,, X5, X) V6l x; € RS, i=1,4, Y =¥ ¥ ¥3 Va) V6i
vie R,, i=1,4 thi x + Y = (Xi¥1s X9¥a X3¥3, XY, VA VGi A bat Ki thi
kx:(xi‘,x%,x%,xi)?

4. Céc tap hop nhiing ham s& sau day, trong d6 phép cong hai ham s6, phép
nhin mot ham s6 véi mot s6 thuc duge hidu theo nghia théng thuong cé 1a
khong gian vecto khong 2 |

a) Tap hop cdc ham s6 f(x) lien tuc trén fa, b].
b) Tap hop cac ham s6 f(x) kha vi trén [a, b].
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¢) Tap hop cdc ham s6 so cap.
3. Téap hop cdc da thiie bac hai véi he G thuc véi phép cong hai da thie va phép
nhan mot da thic véi mot s6 thuc c6 phéi 12 mot khéng gian vecto khong?
6. Chitng minh ring tap hop tat ¢4 cic nghiém cia hé phuong trinh :
QX +dy+az+at=0
byX +b,y + b,z +b,t =0
CiX+Cy+C3z+c,t=0

dix+dyy+dyz+d,t=0

(vdi a, b, ¢, d. € B, i=l,_4) v6i phép cong hai nghiem, phép nhan mot

nghiém véi mot s6 thue thong thuong 12 mot khong gian vecto.

7. Ching minh ring tap hop 9M,., cic ma trin vuodng ¢d 2 x 2:

b
A:I:a J,a,b,c,deR
¢ d

v6i phép cong hai ma tran va phép nhan mot ma tran véi mot s thuc théng
thuong 1 mét khong gian vecto.

8. Chung minh ring tap hop : F = =0y, vyl v, e R i=2,3, 4)

a b
B:I:d J, a,b,ceR}
c a

F=ly=(y,y, Y1, Yol Yat¥s+y,=0)

1a mot khong gian con clia R*,

9. Chimg minh ring tap hop: F= {B e M,,,

la mot khong gian con clia M., .

10. Chimg minh rang tap hop :
la rri@t khong gian con cua R*,

IL S = {x, x4 oo, X} I mot ho vecto trong khong gian vecto V. Chimng
minh rang néu S chia vecto  th ho S phu thudce tuyén tinh.
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12, Cho P, 1a 1ap hop cédc da thic bac < 2 véi hé s thuc.

a) Chimg minh ring ho S = [P,(x) = 1 + 2x + 3%, Py(x) = 2 + 3x + 4x, Py(x) =
=3+ 5x + 7x*} 14 phu thuoc tuyén tinh.

b) Ho vecto {q,(x) = 1, q:(x) = | + x, qy(x) = 1 + x + x?} 12 doc lap tuyén
tinh, :

¢) Ho vecto {p(x), p'(x), p"(x)} la doc lap tuyén tinh, trong dé p'(x), p"(x)
lan luot 1a daoham cdp 1 vacap 2 cliap(x) =ax’ +bx + ¢ a, b, ¢ € R.
13. Trong R ho S = {v, = (1, 1), v; = (0, 1), v; =(2, 3), v, = (-1, 0)} 1a phy

thude tuyén tinh,

14. Tim bao tuyén tinh cta ho vecto trong cau a) bai tap 12.

15. Cho khong gian vectg R

a) Ching minh rang ho { e] =(1,2); e} =(3,4) } 12 ddc 1ap tuyén tinh.
b) Chding minh rdng ho 4y 13 mot co s& caa R,

¢) Tim toa d6 ctia vecto x = (7, 10) theo hé co s& chinh tic clia R2

d) Tim tog d6 clia vecto x = (7, 10) theo co sd ], e, trong cau a).

16. Chiing minh ring ho:
, [t o], [o2], [o0], [00
e] — ’62 = 'rej = ‘64 =
0 0 0 0 30 0 4
12 mgt co sd cha M, .

17. S = {x,, X,, X,, X4, X5} 12 mot ho vecto trong R*. Tim hang r(S) néu:
X, =(1, L -1, 1) X,=(,-1,1,-1); x=(3,1,-1, 1)

x4=(39-]-s l-;_"l); X5=(2, 0,0,0).
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18. Chimg minh ring tap hop cdc nghiém clia hé phuong trinh:
%, +2X; +3x3+4x, =0

1 3
—X +Xp+ =Xy +2x, =0
2 I 2 9 3 4

J-l—x +Ex +X +§x =0
31Ty T X

lx+lx +§x +X, =0
TR R

1a mét khong gian con cia R*. Tim s6 chidu va mot co sd clia khéng gian
con nay.
19. Tim s& chiéu va co s& cla khong gian con cdc nghiém ciia hé:

Xp—=2%Xy + X3 =0

2X; =Xy X3 =0

—2X| + 4%, - 2%, =0.

20. Trong R* cho co s& chinh tic {e,, e, €y, €, } va mot co s khic

S= {e; =(0,1,1,1)e; =(1,0,1,1);¢} =(1,1,0,1);e} :(1,1,1,0)}; X 12 vecto ¢é
toa d6 (1, 1, 1, 1) theo co s& chich tic. Tim toa do cia néd déi v6i co s&

CICACNAY

21. Véi ki hiéu trong bai tap 20, hiy biéu din vecto x = 8e, + 6¢, + 4de, — 18e,

2 P [ t s

theo co s {e], €}, ¢}, ¢} } néu:
e =3¢, +e, +e;+e,; €, =2e —4e, +e, +e,;
e; =e, +3e, —Se; +e,; ey =€ +e, +4e, —be,.

22. Céc dnh xa sau day c6 phai Ia dnh xa tuyén tinh khong?
a) f: R’ > R’ xdc dinh bdi f(x, y, z) = (x, ¥, <Z);

b) f: 9K, — M., xdc dinh bdi f(A) = A + A"
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¢) f: P, — R x4c dinh béi f{p(x)} = p(0);
d) f: V- V xdc dinh béi f(v) = v + u, u = 8 1a mét vecto xdc dinh;
e) f: R* - R* xdc dinh bdi f(x; X,, Xa, X)) = (X, Xps X3, X)i

f) f: R — R xdc dinh bdi f(x) = x%

g) f: V o R xdc dinh bdi f(x,e, + ... + X,g,) = X, , trong d6 {e,, ..., &,} 1a mot

cosdciaV;
h) f: P, — P, xdc dinh bdi f[p(x)] = p(x) + xp’(X).
23. f 12 mot dnh xa tuyén tinh.

2) Néu £ V — R, f(v,) = 2, f(v,) = —3. Tinh £ 3v, + 2vy).
b) Néu f: R? > R?, f(1, -1) = (0, 1), f(1, 1) = (1, 0). Tinh (1, -7).
) Néuf: P, > R, f(x +2)=1,f(1)=S5, f(x* + x) = 0. Tinh f(2 - x + 3x*).

24. a) Biét f: B? —> R’ [ mot 4nh xa tuyén tinh, (2, 1) = (1, =1, 1), f(1, 1) =
= (0, 1, 0). Hay tinh f(x, y). "

I 0 0 1
b) Biét f: IM,.,—> R 1A mdt 4nh xa tuyén tinh, fU;O OD =3, f[‘:l OD =-1,

(@ o e D=l 3D

25, a) Ching minh ring f: R> — R xdc dinh béi f(x,, X)) = (X, + 2X,, X, — X))

12 mot todn tir tuy€n tinh. Tim ma tran cla f.

b) Chimg minh ring f: R* — R xdc dinh boi f(x, X,, x3) = (4%, 7X, — 8%,)
g g

12 mot todn i tuyén tinh. Tim ma tran cha f.
26. a) Cho hai todn tir tuyén tinh f, g: R* > R? xdc dinh boi:
f(x, y, Z) = (x + 2y + 3z; 4x + Sy + 6z; 7x + 8y + 9z);
g(X,y,z) = (x +3y +4,52; 6x + 7y +92; 10,5x + 12y + 132),
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Tim ma tran ciia todn tir 3f — 2gvafog,

b) Cho hai todn tir tuyén tinh f, g: R’ - R xdcdinh bai:
f(x,y,z):(x+y,y+z,z+x).
g(x, Yo2)=(y+z2 -Fx, X +y),

Tim ma tran cia todn tir tuyén tinh fo g vt g o f.
27. a) f 1a phép quay mdi vecto trén mat phang Oxy mét géc « 23—. Biéu

dién todn tir tuyén tinh f + I dudi dang toa do, I 1 todn tir doéng nhat.

b) £ 1a phép quay moi vecto ciia mat phing Oxy mot géc o Tim ma tran cha
todn tif tuyén tinh g = f + !,

28. a) Tim trj riéng, vecto riéng ciia todn tuyén tinh v6i ma tran

A- [6 *‘J.
4 -2

b} Tim tri riéng, vecty riéng clta todn tir tuyén tinh v&éi ma tran
2 -1 i

A=l-1 2 -]
0 0 1

¢) Tim tri riéng, vecto riéng clia todn tir tuyén tinh véi ma tran :

5 o 9 12 3 -1 1 6 2 2
AI = . A2 - 5 B] = ‘_1 5 "l 5 Bz = 2 3 _'4 .
2 8 12 6
1 -1 3 2 4 3
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PAP SO
2.a)c6;b) khong.
3. Co.
4.2) b) ¢) C6.
3. Khong.

14. span(S) = {q(x) = (2b +O)x*+ (b - )X + ¢ Ib,ce R}.
15.¢) x = (7, 10} =7e, + 10e,.
d) x =(7,10)=¢] +2e; .
17.1(S) = 2,
18. 86 chiéu bing 3, mot co sd 1 -
{f,=(=2,1,0,0), f,=(-3,0,1, 0, t,=(-4,0,0, )}.
19. 56 chiéu bang 1, mot co sir 1a {f=(1, 1, D).

20. x :El(e{ +e; +e;+e)).

2L x =€} +2e) + 3¢} +4e) .
22.32)C6;b) C6 ;) Co; d) Khong ; e) Cé; f) Khong ; g) Cs ; h) C4,
23. a) f3v, + 2v,) =0; b) (1, -7) = (-3, 4); ) f(2 - x + 3x% = 46.

1
24. a) f(x,y) = -3—(x —Y,3y,x-y);

Hudng dan : bat (x, YI=a2,- 1)+ p(l, 1) r6i dong nhat hai ve:

b)fﬂ} Iﬂ}z3&—30+2b.
¢ d
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| s 4 0 0
25. a) A:[l J, byA=]0 7 01.
0 0 -8

44,5 53 61,5
26.a)3f-2g=1. matranciafogla | 94,5 1j9 141
149,5 185 21 1,5

1
b) Ma tran caa fogla|2

I 2
11
12 ]

I 1 2
;Matrancﬁagofla‘i 2 1 1
I 2 4

V2

27. a) (f+I)(x,y)=(-{g+l)x——§—-y,—\£—§—x+(—\£§+l)y);

2cos 0
b)g=f+F'=2Icosx,matrancﬁaglz‘l:[ osa J

0 2cosaq,

8. a)A =4, =2 y= Cle, +e,);

b)A, =2, = I;l;:S;uzC,(e] +e);v=Cye, -e,) ;
c)k,=4,k2=9,u=a(2e, —ez);vzﬁ(eI +2e,);
A=0,4,=25u=q (de, = 3e); v=B(3e, +4e,) ;

M=214,=32, =6, W= oL 0.~ v=B(1, 1, 1), w=ry(1, 2, 1);

AM=k=7 =2 u= 2(a + be, + ae, +be,,v= (e, ~ 2e, ~ 2e,).
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CHUGONG Vi. PHEP TINH TiCH PHAN
COA HAM SO MOT BIEN sO

MUC BiCH YEU CAU

Chuong niy nghién ciu cdc dinh nghia, tinh chét, phuong phép tinh co ban
clia tich phan bat dinh va tich phan xéc dinh, su hoi tu cua tich phan suy
rong va mot s@ (ng dung hinh hoc cha tich phan xdc dinh.

Khi hoc, cdn nam vimg cdc khai niém, c4c phuong phdp tinh tich phan, van
dung thanh thao va linh hoat cdc phwong phip d6 trong tinh tich phan va
trong viéc khéo sdt tich phan suy rong, bi&t cach sit dung tich phan xdc dinh
trong mot s& tinh toan trong hinh hoc.

§1. TICH PHAN BAT PINH
1.1. Khai niém tich phan bt dinh
1.1.1. Pinh nghia tich phédn bdt dinh

Ta nhéc lai ring ham s6 F(x) goi la nguyén ham cna ham s f(x) trong
khoang [ néu Vx € Ttaco:
F'(x) =f(x) hay dF(x) = f(x)dx.

Néu ham s f(x) c6 mot nguyén ham 1a F(x) thi moi nguyén ham cua f(x)
déu c6 dang:
F(x) + C,

trong d6 C 12 mot hiing s6 tuy y. Ngudi ta goi tich phdn bdt dinh clia ham 9]

f(x) 1a tap hgp tat ca cdc nguyén ham cia ham s6 d6 va ki hiéu la: _[f(x)dx )

Dau I goi 1a ddu tich phan, f(x) goi 1a ham s6 dudi ddu tich phan, f(x)dx

goi 12 biéu thite dudi ddu tich phan, X goi 1 biéh so' ldy tich phan. Vay:

jf(x)dx = F(x)+C néu F(x) = f(x).
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Chéng han: _fsin Xdx =-cosx +C vi (- cosx)’ = sinx.
Dinh If sau day, s& dugce chitng minh & cusi muc 2.3.1, tra 151 cau hoj - phai
chiang moi him s6 déu c6 nguyén ham (va do d6 cé tich phan bat dinh).

Binh 1i-6.1. Moi ham s¢ lién tuc trén dogn [a, bl déu ¢6 nguvén ham trén
doan dgy.

1.1.2. Bdng cdc tich phdn co ban
Tir bang cdc dao ham co bin, ta suy ra bang cic tich phén co ban sau:

I. dex:C;

Xu+]

2. _[x“dx: +C (o #-1):

o+ 1
3. J.gf =inlxl+C (x # ()
X

a){

4, {a"dx =

+C (a>0v&a:tl);
Ina

Dac biét Ie‘dx:e“+C;
5. sinxdx:-cosx+C;

6. [cosxdx =sinx+C;

dx
7. =tgx+C:
"‘coszx 8

8. j _d;( =—~cotgx +C;
sin“ x

9. I dx., =arcgx +C;
1+x=

]O.f dx =arcsinx +C.

Vv1—x2
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Ta bd sung thém cic cong thitc sau, trong dé a la mét hang s6 khac 0.

dx 1 X
11. Jaz . =;arctg;+C,

a+Xx

dx 1
12. =—1In
'I-a2 -x’ 2a

+C;
a—-x|

dx X
13. j—--—:arcsm—+C;
a’—-x* a

= lnix+\/x2 +a’

14, +C.

_[ dx

vx®ta’
Cdc cong thiic 11 — 14 c6 thé chimg minh rdt don gian bang cdch ldy dao
ham. Ching han, vi:

(infx s vxZza?]) = — 1 ( \/X — ] :

X+ sziaz

nén ta c6 céng thic 14,
1.1.3. Cdc tinh chdt don gian
Tir dinh nghia tich phan bat dinh, dé dang suy ra cdc tinh chat sau:

1) [af(x)dx =a [f(x)dx (ala hing s6);
2) J[f(x)ig(x)]dx = Jf(x)dxijg(x)dx.

(1+x)’

Vidu I: Tinh
x{1+x )

—dx.

2 2
(1+x)2 dx=_[1+x +3xdx:J[l+ 2 2de:]rﬂx|+2arctgx+c.
x(1+x%) x{1+x%) X l+x

Vidu 2: Tinh j—-——
Sl XCOs X

Vi 1 = sin’x + cos’x , nén

14 THCC-T1-A 209
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1 sin®x + cos? x 1 1
I*_—;——T—dx=j~_—?———2~—dx:j( 7+ ———)dx =tgx — cotgx + C.
SIn‘ x cos” x S xcos” x Cos“X sin“x
. . COs 2X
Vi du 3: Tinh J.—h———_——dx.

€OS X —8in X

J- cos 2x cos’ x —sin? x

dx:I dx:I(cosx+sinx)dx=sinx—cosx+C

m COSX —Sin x
1.2. Cac phuong phap tinh tich phan bat dinh

1.2.1. Phuong phdp déi bién s¢

Gia str cin tinh I f(x)dx ma ta khong thé sir dung céc tinh chat don gidn ciia tich

phan bat dinh va bang cdc tich phan cd ban. Bing c4ch déi bién s6 x = (1),
vai @(t) la mot ham so lien tuc, c6 dao ham lién tuc va cé ham s6 ngugc. Khi
do, ta c6 cong thiic ddi bign s6 sau:

[£(x)dx = [£lo(t)]@'(t)dt. (6.1)
Vi du 4: Tinh I\/I—xzdx .
Ham s6 dudi ddu tich phan xéc dinh khi x € [-1, 1]. D& khit can, ta di bign
" o T .
SOX=smtvol te|——:;—[. Tacd:
-34]

dx —_—COStdt,Vl-—XZ =‘\,J'C'OS2 :ICOStI:cost vi te{_E;E:!;

22

sin 2t

_[\/l—xzdx = ja52 tdt = I%(1+cos2t)dt =-;—(t+ )+ C.

Trér vé bién s6 x, ta ¢6 -

t=arcsinx, cost=vI-x?, sin2t=2sintcost=2xy1-x? .
Vay J‘\/lhxzdx:%arcsinx+%xvfl-x2+C.
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Vidu 5 : Tinh j——-—)—
+a

Déi bign s6 x = atgt, voi t € (—-g %) Taco:

adt a’
dx = Cxlrat=aligit+ ) =——
cos t cos t
dx adt 1 5
J‘(xz — “J ) ﬂ—B—Icos tdt =

1 sin 2t
=-— I(1+c052t)dt =E(t+ 5 J+C.

-L' 2a

A s , X 1
Tro vé bi€nso x, tacd @ t=arctg—

. gt
, sint = ——=—==, c08{ = —F——,
a J1+tg’t Jl+tglt

X
. i
sintcost = '8 5= d 5 = 2ax 3
1+tg°t X a“+x
1+——2—
a
dx 1 X | X
= arctg —+—- +C. (6.2)
j(szraz)2 2a’ ga 22 x*+a’

Chii thich : Néu bidu thic dudi diu tich phan f(x)dx c6 thé viét dudi dang
g{@(x)]. @'(x)dx, thi ta thyc hién phép déi bign s6 @(x) =t va dugc :

exdx = fetot)e'Gdx = [a(0d:. (6.3)

de

Vidu 6 : Tinh J

2
Vi Jxmi:lf—"—‘—ln-kzdx,mé 3x? = (x), nén ta déi bién s6 X’ = t.
1+x” 371+(x7)

Ta ¢é 3x*dx = dt, do d6: _[ 3

x2dx 1 ¢ dt
_EI

1 i 3
= = —arctet +C = —arctg(x')+C.
6 1+t 3 & 3 5(x)

1+x
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Vidu 7 : Tinh janx)ziii.

X
. 2 3
batt=inx, ta co dtzﬁ.Dodéz J-sztzdtzL+C=l(]nx)3+C.
X X 3 3
Vidu 8 : Tinn | e dx
) Vl+et

5, _
e dx et

= 2 dx va (1 +e") =e*, nén néu doibinsgt=1+¢" (a
Viver Yver

dugc: e* =t -1, e'dx = dt;

Vi

7 3

2¢ - | r
J.-_e__d_x__:“.t Ildt:J.(t4‘t 4)dt:t____£_+c

V1+e* (s 73

4 4

7 3

=§(I+e"):‘-§(l+e‘)z+C.

1.2.2. Phuong phap tink tich phdn timg phdn

* Gid sir ux), v(x) 12 hai ham sO kha vi, ¢6 cic dao hdm u'(x), v'(x) lién tuc,
Khi do, tir cong thifc: d(uv) = udv + vdy.

Suy ra: Iudv =uy-— fvdu ; (6.4)

Cong thitc dé goi 1a cong thiec tinh tich phan tung phan. Cong thic dé
thudng dugc 4p dung trong viéc tinh v néy bist dv dé dang va khj viéc tinh

J.vdu don gidn hon viéc tinh Iudv.
Vidu 9 : Tinh jx sin xdx .

Batu = x; sinxdx = dv. Ta c6 du =dx, v = ~cosx. Do do, theo cong thc (6. 3)

tacd jxsinxdx=—xcosx+sinx+c.

Phuong phap tinh tich phén timg phan thudng duge 4p dung dé tinh cdc tich phan;
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.[P“ (x)cosaxdx , IPn(x)sin axdx , IPn(x)ea‘dx ,
trong d6 a la hang s6, P (x) 14 da thiic bac n d6i véi x.
Vidu 10 : Tinh {(x* ~3)edx .
Dat u = x* ~ 3, e'dx = dv, ta ¢6 du = 2xdx, v = e*. Theo cong thirc (6.4), ta
duac: j(x2 ~3)etdx = (x” -3)e" 2 [xe"dx .

Dé tinh tich phan & v& phai, ta lai 4p dung cong thic (6.4) mot 1dn nifa. Dat u = x,
e*dx = dv, ta dugc: du = dx, v=¢*. Do dé:

Jxe"dx = xe’ — _[c"dx =xe" —e* +C,
Cudi cung:
[(xF =3)erdx = (x? —3)e* —2(xe* —e* +C) =x%e* ~2xc* ¥ + C,
v6i C, = — 2C cing 12 hang s6 tuy y.

e Phuong phap tinh tich phan timg phén cdn duoc 4p dung khi him duéi diu
tich phan 12 tich cha mot ham s& hiru ti v6i mot him s6 siéu viét, nhung ¢
dao ham 1a ham s& dai $6 nher Inx, arctgx, arcsinx.

Vidyu 11 : Tinh j(x2 +5% —1)In xdx .

2 . 5
Patu=Inx, (x*+ 5x — 1)dx = dv, tacéd du:fli, v:%x3+~2~x2—x.
X

Theo coéng thitc (6.4) ta dugce:

3
I(xz +5x - Inxdx w[%+m——x}l nx-— I[—+——1J

x*  sx? x> 5%x?
=|—+—-X|lInx - —-—+x+C.
2 9 4
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Vidy 12. Tinh [xarctgxdx .

Dat u = arctgx, dv = xdx, 1a cé: du=~—dx—2, v=§—.Dod():
l+x 2
2 2 2 2
X l px"dx  x I el+x" -1
Xarctgxdx = ~——arctgx — — = —arctgx —— |~———dx =
I y o= [ = o5 1+x2
x? 1 1 x?+1 X
= —arctgx —— || | - > dx = arctgx ——+C.
2 2 1+x 2 2

Vi dy 13: Tinh cdc tich phan [, = je" cosxdx, I, = Ie" sin xdx .

De tinh cé hai tich phan d6, ta dat u = €*. Do d6 du = e'dx. Ta duoc:
I, =e"sinx - Ie‘ sinxdx =¢*sinx —,; (*)
I, =—¢"cosx+ |e* cosxdx =~e* cosx +],. (**)

L ) . I +1, =e"sinx
Tir hai cong thiic (*) va (**) suy ra :
I, -1, =¢e" cosx.

1 ) .
Do d6: 1, =5e"(smx+cosx)+C; I, =%e"(smx—c03x)+c.

1.3. Tich phan cac phan thiic hiru ti
1.3.1. Cdc dinh nghia

P_(x)

¢ Ngudi ta goi phdn thitc hitu 17 12 phan thic cé da_lngQ"‘—(i, trong d6 P_(x)
X

va Q,(x) 1a nhing da thifc bac m va n d6i véi x. Phan thitc d6 goi 1a phdn
thite thye sunéu m < n, goi 12 phdn thirc khong thice sunéum > n.
P_(x)

Néu phan thiic Q—m(__) 1a phan thiic khong thuc su, thi bing cdch chia P, (x)
L(x

cho Q,(x), ta ¢4 thé viét né duéi dang téng clia mot da thic va mot phan thic
thyc su. Chéng han:
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—2{—§—=x2-2x+3—~;—)~(—+~§—.
X +2x+1 X 4+ 2x+1

* Nguoi ta goi phdn thite dom gidn 13 phan thite ¢6 dang sau:
A
x—~b

L

(A, b lacdc hing s6);

A
Il ——— (k nguyén duon =2);
Sy (k nguy g
I11. —?/I—xi-—N—- (M, N, p, q 1 cic hing 56, A = p*—4q <0y
X"+ px+q
Mx+N

Iv. m (k nguyen duong > 2, A = p? - 4q < 0),

1.3.2. Phan tich mot phan thite hitu thuc su thanh nhitng phén thirc don gidn

Theo dinh 1i 1.1 cua chuong I, moi da thiic bac n véi hé s6 thuc:
Qux)=ax"+ ax" "'+ .. +a _ X+a, (a,z0)

déu c6 thé phan tich thanh tich clia cdc thira s6 bac nhat va thita s§ bac hai
vOLbiét thiic A < 0 -

Q.(x)=a,(x- b)‘ (X - b) (x +p,x+q)' (x? +psx+qb) (6.5)

trong dé k; 13 s6 boi cla nghiém thyc b, /;12 50 boi clia cip nghiem phirc lién
hop thit j cia phuong trinh :

Qux}=0,p’ - 4q,<0,k, +... + k_+ 2+ ..+ ) =n.
Trong dai s6 cao cdp, ngudi ta da ching minh dugc ring néu Q,(x) phan tich

thanh tich duéi dang (6.5) thi phan thie thuc sur Q'“( ; c6 thé phan tich
X

n

thanh t6ng clia cdc phan thic don gian nhu sau:

Ung v6i thira s6 (x ~ b)* clia Q.(x), téng cdc phan thic don gidn thanh phdn
g

A, N A, Ay

ia: s+ -
X=b (x-b) (x-b)
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Ung v6i thira s6 (x2 + PX + q)’ clia Q,(x), t6ng cdc phan thitc don gian thanh

sopn. Bix+C, B,x+C, B;x+C,
phan la: — +— gttt
X"+px+q (x +pX+q) (x +px+q)

A A, . AL B, C, ... B,, C, 14 nhitng hing sg. Viéc xdc dinh cdc hing s6
d6 s€ dugc chi ra trong cac vi du.

Vidu 14: Phan tich: _{li_;r_l_jx_ﬁ thanh tong cdc phan thitc don gian.
X” —4x
Vi —d4x =x (x*~4) = x(x - 2)(x + 2), nén ta c6 thé phan tich:

Ty = — 4 —=
X —4x X X-2 x+42

Quy dong mau s6 & v€ phai va khir miu s6 & haj VE, ta ¢6 ;
4+ 16x -8 = A, (x - 2)(x + 2)+Ax(X+2) + Ax(x = 2). (*)

V1 hai vé bing nhau véi moi gid tri cua X, nén chi viée cho x & hai vé cla *)
lay ba gid tri thich hop khdc nhau. Ta sé tinh duge cac hé s6 A, A, A,

Cho x = 0 vao hai v€, ta dugc -8 = —4A,, suyra A, = 2.

Cho x = 2 vio hai vé, ta dugc 40 = 8A,, suyra A, = 5,

Cho x = -2 vio hai vé, ta dugc 24 =8A,, suyra A, = -3,

Phuong phép xdc dinh céc hé s6 A, A,, A, trong vi du nay goi la phiong

e AxT+16x~8 2 5 3
- phdp tri s¢'riéng. Vay: —— 2270 _ <€ O .
x> — 4x X X-2 x+2

Trong vi du nay, ta d4 cho x Ian luot bang cdc nghiém ctia miu s6,

X2

x> +5x2 +8x +4

Vidu 15 : Phan tich thanh t6ng cdc phén thic don gian,

Vi + 5%+ 8x +4 = (x + I)(x + 2), nén ta ¢ thé phan tich :
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2
X _A LA B

G452 +8x 44 x+2 (x+2)F x+1]

Quy déng mau s6 & vé phai va khir méu s6 & hai v€, tacd :
X2 = A(x +1) + A (x + 2)(x + 1) + B(x + 2)%.
Cho x = —2 vao hai v&, ta dugc: 4 = A, , suyra A, = —4.

Cho x = —1 vao hai v&, tadugc: 1 =B.

Cho x = 0 vao hai v&, taduoc: 0= A, + 2A, +4B,suyra2A = -A, - 4B=4-4.

Vay A,=0.

x2 —4 1

Do do: — > = T+ .
X°+5x° +8x+4  (x+2)y x+]

Vi du 16: Phan tich -
(x —=2}x" —=2x+5)
Vix?—2x + 5 c6 biét thitc A-- —16 <0 nén:

5 B A . Mx +N
(x=2)(x2=2x+5) Xx-2 x*-2x+5

Quy déng miu s6 & v€ phai va khir mau s & hai v€, ta c6:
S=A(XF—2x+5)+ (Mx + N)(x - 2).

Chox=2viohaivé, tac65=5A,suyraA=1.

Cho x =0 vao hai v&, tacd 5=5A - 2N, suyraN = 0.

Chox=1vaohaivé, tac65=4A-M-N=4-M, suyraM=-1.

5 B 1 _ X
(x=2(x2-2x+5) x-2 x*-2x+5

Vay :

2X

Vidu 17: Phan tich ——————
(x+D(x"+1)

— thanh tdng cdc phan thitc don gian.

thanh tdng c4c phan thic don gian.
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) 2x A Mix+N, Mx+N,
Ta c6: 5 = = -
(x+Dx"+1D° x+1  x"+1 (x*+1)

Quy dong miu s& & v& phai va khir miu s6 & hai v€, ta co:
2X= A H DY+ M+ N+ D+ D+ Mx + Ny ) x + 1)
=2x=(A+MDX*+ M, + N)x*+ QA+ M, + M, + N, )x* +
+{M,+ N+ M, + N)x + (A + Ny+ N)).
Hai da thitc dong nhat v&i nhau khi va chi khi hé s6 clia cac s6 hang ciing
bac cla chiing bang nhau. Do dé:

(A+M, =0

M;+N, =0

2A+M, +M,+N, =0.
M, +N,+M; +N, =2
A+N, +N; =0,

Tu hai phuong trinh ddu suy ra A =-M,, N, = -M,.

Thay vao phuong trinh cudi, ta duge N, = 2M,.

Thay N, va N, vao phuong trinh thit tu, ta cé:
My=2-N,-M,-N,=2-2M,-M,+M,=2-2M,,

Thay A, M, va N, vao phuong trinh thit ba, ta dugc

-2M,+2-2M, + M, - M, =0, suyra M, :%; N, __,__%; N,=1;M,=1;
A=-L1

2
Vi 2x -1 x+1 x-1

> (x+ D(x% +1)° - 2Ax+1) ¥ (x2 +1)? +2(:8 +1)

Phuong phdp xédc dinh cdc hé sd trong vi du ndy goi 14 phuong phdp déng
rhdt hé so.
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1.3.3. Tich phdn cia cdc phan thirc hitu ti

Vi moi phan thic hitu ti thie sy déu phan tich duge thanh tdng cua cédc phan
thite don gian nén viéc tinh tich phan cdc phan thic hitu 1 thuc su dugc quy
vé viéc tinh tich phan céc phan thic don gian. Cich tinh tich phan cuia céac
phan thitc don gian s& duge trinh bay trong cdc vi du.

x*+x* -8

Vidy 18 Tioh =S ——dx.
X —4aX

5 .4
Vi u—%ﬁ I2 phan thitc khong thuc sy, nén bing cach chia tr s6 cho
X" —4x

5. 4 2
. , x+x" -8 4x° +16x -8
méiu s0, ta dugc -—3—#=x2+x+4+——3———-.
X’ —4x x® —-4x

Phan thiic & v& phai 12 phan thic thyc su. Tirket qua cua vi du 14, tacé:

+xt-8 2 5 3
—— =X +X+4+—+ - .
X' —4x X x—-2 x+2
W +x'-8 2 2 5 3
Va dx = |[{(x" +x+4+—+ - ydx
24 .[ -[( X x—2 X+2

X3

2
:T+12-+4x+2ln|x|+51nlx—2l-3lﬂlx+2|+c°
3

2
d
Vidu 19: Tmhj x &%

X +5x +8x+4

2

Phan thifc ——— __ |z phan thifc thyc sy. Trong vi du 15, tada c6 :
X’ +5x° +8x+4

X’ 14
Gl 18x+4  x+1 (x+2)7

+C.

x“dx :j ax —4[ dx =lnlk+1+

\
2 j (x +2)° X+2

xF +5x% +8x +4 x+1
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Vidy 20 : Tinh J’hﬁ—S—d-"—-ﬁ1

(x=2)(x* -2x +35)
Phan thirc duéi dau tich phan da duge phan tich thanh téng cdc phan thitc
don gidn trong vi du 16. Do d6 -

5d d
IEO_LHﬁ:I_X__I_;L :m,x_zj_j_zid_);.
(X=2}(x"-2x+5) Jx-2 X —-2x+5 X°=2x+5

Phan thitc dusgi dau tich phan & v& phai 1a phan thitc don gian dang TII. Vi
X2 - 2x+5=(x - 1)’ + 4, ta dGi bign s6 x - 1 =t,dodddx = dt. Tacs:

J- xdx (t+Ddx 1 2¢dt dt
X" =2x+5 CtT+4 291" +4 t"+4
I, 1 t
=—In(t* +4) + —arct —+C.
o MO+ et
N xdx 1 ] x~1
Tro vé bién x, ta duoc: I—;————-:—ln(x —2x+5)+—arctg +C,
X" -2x+4+5 2 2 2
Vidg 21 :Tinh | 2xdx -
(X+D(x"+1)
Tirvidu 17, ta c6 -
J-—————______2de( - :-i ___dx lj-————iﬁl dx +j.——-—-—f+] de:
(x+D{x"+1)° 29x+1 29x24q (x“+1)

=—%In[x+l[+l_|‘2de : fﬂ—+% j__2_x_d_x__+"- dx

49741 2 P +1 T2
. 2xdx d(x* +1) 1
Tacs: [ m=5—20- L _.c.
(X +1) (X“+1) X +1

D€ tinh J'(—;i"—”—z ta ddi bien 56 x = tgt véi m(é,%} nhu d3 1am & vi
X +

dx 1 X
=_-arctgx +

dUSVc\idUO’CJ‘(—X—z—;-l—)—z— 5 —2—(;2—;—54-(:

Cudi cing :
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2xdx 1 1, 1
I——z-—;z——ln|x+1[+—ln(x +1)--—arcigx —————+
(X +1¥x"+ D~ 2 4 2 2(x“+ 1D

I -
+—arctgx+—-—,——+C=_-1-ln|x+1|+11n(x2+1)+wx2—1+
2 2(x” +1) 2 4 2(x% +1)

L.4. Tich phan ctia mét s6 hinin sé luong gidc va vo ti

Trong muc ndy, ta s€ tinh tich phan cia mét s6 ham s6 luong gide va vo ti
bang cdch déi bién s6 dé dua chiing vé tich phan cua cdc phan thic hiwu ti.

1.4.1. Tich phdn dang IR(sin x,cos x)dx,

trong dé R(u,v) 12 mot biéu thire hitu ti d6i véi u, v, tife 12 mot biéu thic chi
chita cdc phép cong, trir, nhan, chia d6i véi u, v, va cdc hang s6.

Thuc hién phép doi bién sd t=tg— ,— n < x < m, ta cd:

X 2dt [—t°
— =arctgt, x = 2arctgt,dx = —,8inx = 7 ,COSX = .,
2 I+t 1+t I+t
: 2t 1-t*) 2dt
Do dé: IR(sm X,c0s X )dx :JR[ =, 2]. 5
1+t7 1+t°/ 1+1

Ham duéi dau tich phan & v€ phai 1a mot phan thire hitu ti déi vai t.

dx

3sinx —Scosx+4

Vidu22: Tinh I = j

Dé&ibiénso t = tg% , ta dugc:

- j‘ i 2dt J' 2dt

2t =12 1+0  61=50~t)+4(0+t%)
-5 +4

BERCI YL

J 2dt _ _2J dt _ _2_[ dt -
o +6t—1 2 (92 +6t+1) (V2 —(3t+1)?
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1 V2 +3t+1
= -2 ——n +C
3 2v2 TWV2-@ie)
[ \/5+l+3tgf

2
In +C.
V2 ﬁ—l~3tg§

Try vé bién s6 x, ta duge = 1 = -

Phuong phdp d6i bien s6 trong vi du 22 1a phuong phdp téng quét, nhung cé
khi dua dén tinh tich phan ciia phan thic hit tf khd phic tap. V&i mot sg
dang dic biét, ¢6 thé 6 nhimg phép ddi bién s6 dua dén ket qué nhanh hon,

COS3 X

Vidu23:Tinh [ = j4 :
+8Inx

Biéu thic dudi d4u tich phan c6 thé viét 1 :

cos? X{cos xdx) (1 ~sin? x)d(sin x)
4 +sinx 4 +sinx .

Do d6, déi bien s6't = sinx, ta diroc

[-t? 15 {2
I=J.———~—dt: 4—t——"—|di=dt— = 151+ C=
4+t 4+t 2

=4sinx~%sin2 x—15Inl4+sinx|+C.

2
, . COs
Vidu 24 : Tinh I:f _gﬁxdx.
sin” X
7
N 2 .2 tg™x " T
Vicos“x = 5—, 8in“ x = 7> Nén néu doi bién s6 t = tgx, ta dugc
I+tg“x [+tgx
de ,
X = arctgt, dx = 5. do do:
+t
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1
I:I. Ittz ‘ dt :I-1+t2 dt = J-(t_6+t"4)dt=
t

[ ]~"1+t3 t®
.l+t2

Vidu25: Tinh I = .[sin“ X cos” xdx .

C6 thé d6i bien s6 t = tgx nhu trong vi du 24, nhung don gidn hon 1a ding
cong thirc lugng gidc :

. 1
sin® x = %(I —c0s82x), cos® x =5(1 +Cos2x)

dé giam bac clia cdc ham s& sin va cosin. Ta c6 :

2

sin® x cos® x = i-(l—cost)z.%(l +cos2x} =é(l—cos2x)(l —cosz2x)

2 1.
= %(l —cos2x)sin? 2x = %sin" 2x ——sin® 2x cos 2x .

1 ¢l | BN I
Vay: I=— |—=(l-cos4x)dx —— |—sin~ 2xd(sin2x) =
ay SEL Mx-2 2 (sin2x)
. -3
:i[x_sm4x_sm 2XJ+C.
16 4 3

1.4.2. Tich phdn dang IR {x{ax +2] 2 ,[ax +z]s]dx ‘
CX + cx+

trong d6 a, b, ¢, d 1a nhimg hing s6 thoa man diéu kién ad —be = 0; m, n, 1,

s la nhitng s6 nguyén.

ax+b , k 12 mfu s6 chung clia ﬂ, T 48 hitu ti héa bidu
cx+d n s

thitc dudi dau tich phan.

Déi bién s6 t* =
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dx

3 L
(1+x)2 +(1+x)2

Vidu 26 : Tinh 1= |

Déi bién 561+x=t2(véit>0). Tacé : dx = 2tdt,

I2td[ -2arctgt+C=2arctg\/l+x +C.
"+t
—-X dx
Vidu 27 : Tmhl_j —
1+x X

T . ,JI—X @ P -
béi bién s6 ——==1t* (vGit>0) Tacé:

1+ x
2
2 - d
Lox =+, x= 0 ax -4t
1+t (1+1t°)
2 2 02 _
IZJ- [ +1° (4t)dt J‘ 4;t dt =2 2]‘.2 1+]q ‘
1-¢2 (1 +t2) A-HA+2) -t +13)

2 .2 _
:zf—t——,,lii—f—dt:zj[ Ly I,Jdr:
(1-t"}1+1t") I-t° 1+t
1+ I+ = l-x
1—J+23rctgt+C—~ ———lii+2arctg +C.
t

- {1— 1+ x
l+x

1.4.3. Tich phan dang J-R(x,\/ax2 +bx +c)dx

s b)  dac-b bY A
Tacé: ax"+bx+c=al|x+— | + | =A [ Xt |
2a 4a” 2a 4a

Tuy theo ddu ciia A, ta dat J_rfl,— =k? , k >0 va doi hién s& x +2— =ku.Ta
a~ a

= -2, —In
2

duge mot trong ba dang tich phan sau:

1) IR, (1, V1+u)du, trong d6 R (u, v) la mot biéu thikc hitu ti d6i véi u, v.
D¢ tinh tich phan nay, can doi bién s6 u = tgt.
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“og.

2) IR](U,\J' 1—u?)du, trong trudng hgp nay, ddi bién s6 u = sint.

(-—‘ 1
3) jR,(u u? — 1)du, trong trudng hop nay, déi bién s6 u—&g.

Vidu 28 : Tinh: 1=

j.\/i2x+x 2y

Vi 242 +5=(x+ 1Y +4, A=-4=-2 1addibién s6 x + | = 2u, do dd

dx = 2du, x* + 2x + 5 = 4(u’ + 1). Vay : I_-J\/___

(u +1

- L T )
patu=1tgt, —~—<t<—,1aco:
2 2

dt — i 1 1 . T n
= u’ + =1’ 5 = = Y B At
cos 't cost lcostl cost 2 2

di
1 2 1

Dodé: 1=— J‘M:— jcostdt zisint+C=
4 4 4

1

cos’ t
x+1
1 gt x+1
==t C +C.
4\/l+tg2t ’1 x+1 5+2x+x
_+_

dx

xVx© —9-

by 3 .. T .7 )
Déibién s6 x =—— , voi 0<t<— va —<t<m.Tacd:
cost 2 2

Vidu 29 : Tinh j

cos[ st

dx = 3smtdt \/T [ ]2 =‘Esm t—3|tgt\
cost CO!
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Khi dé: a) Néux >3 tht cost>0, t G[O, gj tgt > 0, do dé Vx> -9 =3tgt

' 1 3sintdt |1 1
véI:I . sz l=—_[dtzinLC=~arccosé+C.
cost 3 3 3 X

b) Néu x < =3 thi cost < 0, te[g,n), tgt < 0, do do VX% =9 = —3tgt va

I= ~larccos§+C )
X

L.5. Chu thich vé cac ham s ma nguyén ham cta né khéng biéu dién

dugce qua cac ham so so cap

Ta biét ring moi ham s lién tuc trén doan [a, b) déu ¢6 nguyén ham trén dé.
Nhung khong phii moi nguyén ham déu biéu dién dugc duéi dang hiru han
qua cdc ham s6 so cdp. Ching han céc tich phan:

fean, [0, S g [ (TR g (1.
X X Inx

khong biéu dién duge dudi dang hiru han qua cdc ham sd so cip.

§2. TICH PHAN XAC PINH
2.1. Pinh nghia tich phan x4ac dinh 7
2.1.1. Bai todn dién tich hinh thang cong

Cho ham s6 f(x) lién tuc, khong am trén doan
[a, bl. Hay tinh dién tich hinh thang cong
aABb gi6i han bdi truc Ox, dudng cong '.

y = f(x) va hai dudng thing x ='a, x = b (hinh O @ X1 XX, Xe1 Xn3b X
6.1). Hinh 6.1

Chia tuy y doan [a, b] thanh n doan nhé bdi cic diém chia:-

A= X, <X, <X; < .. <X, <X, <...<X, =b.

i+] n
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Tir cdc diém chia av, ding nhitng dudng thing vuéng goc véi truc Ox. Khi
d6, hinh thang cong aABb duge chia thanh n hinh thang cong nhé. Dién tich
hinh thang cong ahé thit i ¢6 thé xem gin ding bang di¢n tich hinh chir nhat
c6 kich thudc 12 Ax, = x,,, - x, va f(£)), véi 51 mot diém bat ki tren [x,; x,,,].
Do d6, dign tich S cha hinh thang cong aABb gin ding bang :

n—i
Sn = (€A% +F(ENAX, +...+£(5,_)AX,_, = DR A, .

1=0
Dé thdy ring néu do dai cdc doan nhé Ax; cing nho thi sy khic nhau giita S
va S, cang it. Do d6, dién tich S ciia hinh thang cong aABb dugc xem la gidi

n—

i
han cla t6ng S, khi max Ax; —>0: S=  lim Zf(%’;i JAX,

max Ax, -0 4
' i=0

Gidi han d6 ¢6 vai trd rit quan trong trong toan hoc. Ta ¢6 dinh nghia sau:
2.1.2. Dinh nghia tich phan xdc dinh

Cho ham s6 f(x) x4c dinh va bi chén trén doan [a, b]. Chia mot cich tuy ¥
doan [a, b] béi cdc diém chia -

A= X <X <Xy € <X <Xy € <X, <X, =b,

Trén méi doan nhd [ x;; x,,, 1, lay mot diém bat ki & va lap téng
n—1
L = FEDAX +(E)AX, +..+1(E,_)AX,_, = D fENAX, .
i=0
Néu khi n - o sao cho max Ax; = 0, I, dan t6i mot gi6i han xéc dinh I
khong phu thudc vio cach chia doan [a, b] va cdch chon diém &, trong doan
[%;: Xy, ) thi gidi han d6 duoc goi 1a tich phdn xdc dinh cta ham s& f(x) trén

b
doan [a, b] ki hiéu la If(x)dx. Khi dé, ta néi ring ham s§ f(x) khd tich trén

[a, b]; {2, b] goi 12 khodng idy tich phdn, a la cdn dudi, b 1a cdn trén, x 1a
bién s6'ldy tich phdn, £(x) 12 ham s6 dudi déu tich phan, f(x)dx 12 bidu thitc
dudi ddu tich phan.

Ngudi ta ching minh dugc rang: Néu ham s6 (x) lién tuc trén doan [a, b),
ham s6 £(x) bi chdn va cé mot 56 hitu han diém gidn doan trén doan [a, b]
thi né khd tich trén [a, b].
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Tré lai bai todn dién tich S clia hinh thang cong gidi han bdi truc Ox, dudng
y = f(x) va hai dudmg thing x =avax = b, ta c6 -

b
S= jf(x)dx.

Chit thich: 1) Tich phan xdc dinh chi phu thude vao ham s6 f(x) va céc can
lay tich phan ma khong phu thuoc vio bién s6 ldy tich phan. Do d6:

b b
jf(x)dx - jf(t)dt :

2) Khi dva vao khdi niém tich phan xac dinh, ta da gia thiét a < b. Bay gid mé
rong khéi niém tich phan xic dinh cho trudng hop a 2 b, ta ¢6 dinh nghia sau:

b a
j f(x)dx = —jf(x)dx (a>b)
o b

va [f(x)dx =0,
b H
Vidu I: Tinh |e*dx.
Ham s& f(x) = ¢* lién tuc trén [a, b] nén né kha tich trén [a, b]. Ta cé:

b n—|

,;l'e)(dx B max[laT—)O ;eﬁl .AXi ’
g161 han & vé phai khéné phu thude vao cdch chia doan [a, b] va cdch chon
cic di€m &, Vi vay, ta sé chia doan [a, b] va chon cédc diém & mot cich dac
biét d¢ viéc tinh todn duge don gian. Ta chia doan [a, b] thanh n doan nhd

bang nhau béi cdc diém chia:

Xo=a&, Xy =a+AX, .., X; =a +IAX, ..., X, = a + nAx

vOi Ax =

= va chon diém & triing v6i x, (i = 0,1,2,.... n— 1), Khi d6, ta o6 :

[, =eMAx+e"Ax+. . +e"Ax =e" (1 +e™ +..+eM D )Ax |
Biéu thiic trong dau ngodc 1a mot cip s6 nhan, s& hang dau 1a 1, cong bdi la
' l__enax _ab-a
l Ax .Ax =ea 1 Ax
~-e ~-e

Ax.Dodé: 1 =¢*

‘AX,VinAX=b -a,
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A

b
Do dé : je"dx = lim e*(e®™ - 1)

Ax—)

AX
eax _

b
Nhung e** —1~ Ax khi Ax — 0, ta dugc : je"dx= e?(e"? —1)=e’ —¢*.
Nhdn xét: Viéc tinh tich phan xic dinh tryc tiép tir dinh nghia nhu trong vi
du 1 1a khd phic tap ngay ca khi ham s& dudi dau tich phan 13 ham s so cap
co ban e*. O cdc phédn tiép theo s& dwa ra phuong phdp tinh tich phan X4c
dinh don gian hon.

2.2, Céc tinh chét coa tich phan xédc dinh

Can ¢ vao dinh nghia cha tich phan x4c dinh, cé thé chimg minh duoc cdc
tinh chat sau:

Gia su cac tich phan xac dinh sau day déu ton tai. Khi dé :

kf(x)dx = k jf(x )dx (k 12 hing s6);
2. [l 0 +£,00]dx = Jﬁ(x) dx + jf(x) dx;

3. f(x)dx = Jf(x)dx+ If(x)dx

D T P e T E e T

Péng thic ndy ding ngay ca khi ¢ khong nam giita a va b.

Gia sir céc tich phan xdc dinh sau day déu tén tai va a < b. Khi dé :

b
4, Néu f(x) 2 0, ¥x € [a, b] thi Jf(x)dx = 0.

b b
5. Néu f(x) 2 g(x), ¥x € [a, b] thi If(x)dx = Ig(x)dx.
6. Néum < f(x) < M, Vx € [a, b], m, M 14 cc hing s6 thi :

b
m(b—a) < _[f(x)dx <M(b—a).
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Néu f(x) lién tuc va duong trén [a, b] thi bét ding thic trén ¢6 thé minh hoa
hinh hoc nhw sau: dién tich hinh thang cong aABb nim gitia dién tich cdc
hinh chit nhat aA,Bb va aA,B,b (hink 6.2). Dua  v4
vio tinh chét nay, ta cé thé udc lugng gid tri cha

tich phan xdc dinh ma khoéng cén tinh tich phéan
4y. Diéu nay cd ich khi viéc tinh tich phan dy qud

phiic tap hay khi nguyén ham ciia ham s¢ dudi ddu

tich phan khong la ham s6 so cap.

Hinh 6.2

,!1+lsin2 xdx .
2
Vi 0 < sin’x < 1 trén doan {O;E] nén : 151/l+isin2 X S\]E.
2 2 2
Vi

Vidu 2: Ubc lugng gid tri cha tich phan : 1=

=g — ]

T B
2 c N\ 5
. ® 1.4 In —
Dodo: — < 14+ —sin“xdx < ,{—.— '
2 UJ\J 2 V22 A/ "

Ut

hay 1,57 <1< 1,.92.

7. Néu f(x) lien tuc trén [a; b] thi tén tai mot diém

b
& trén doan d6 sao cho : _[f(x)dx =f(£).(b—a). _ Hinh 6.3

Néu f(x) > 0 trén [a, b] thi ding thic trén ¢6 thé minh hoa hinh hoc nhu sau:
Dién tich hinh thang cong aABb béng dién tich hinh chit nhat aCDb (hinh 6.3).

Tinh chit 7 cdn dugc goi 12 dinh If vé gid tri trung binh.
1 b
Gid tri ctia ham 56 f(x) tai diém &: (&) =+—— [foodx
a

goi 14 gid tri trung binh cGa ham s6 f(x) trén doan [a, b] .
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2.3. Lién hé giira tich phan xic dinh va nguyén ham. Cong thirc
Newton- Leibniz

Cho dén nay, ta di xét hai kbai niém nguyén ham va tich phan xdc dinh mot
cdch doc lap. Thuc ra hai khai niém dy c6 lién h¢ v6i nhau. Trong muc nay,
ta s& thiét 1ap madi quan hé dy.

2.3.1. Pao ham cua tich phdn theo cdn trén

Gia st y = f(x) 1a mot ham s& lién tuc trén |a, b, Xét tich phan It‘(t)dt vai

a < x <b. Néu giit can dudi a c§ dinh, dé can trén x bién thién thi gid trj cua

tich phan phu thude vao x. Dat I(x) = If(t)dt.

Ham s6 1(x) x4c dinh trén [a, b]. N6 ¢6 tinh chat sau:

binh li 6.2. Néu f(x) la ham so'lién tuc trén [a, b] thi:

’

I'(x) :[If(t)dt] =f(x), vxelab].

Chimg minh:

Cho x mot 56 gia Ax sao cho x + Ax € {a, b]. Theo tinh chdt 3 cua tich phan

K+AK X K+5%
xdc dinh, ta ¢6 : I(x + Ax) = j f(t)dt = jf(t)dt+ j f(t)dt.
Cx+AX

Do d6 : Al(x) =I(x + Ax)—I(x) = j f(t)dt.

X

Theo tinh chat 7 cha tich phan xdc dinh, ta cé:  Al(x) = f(€) Ax,
£ 1a mot diém ndm gilta x va X + Ax. Do dé :

A
oo = tim 2L = jim £92% _ i £ee).
Ax—0 AX A0 AX Ax—0

Khi Ax — 0 thi x + AX — x, suy ra £ — x. Vi ham s6 f(x) lién tyc tai x
nén I'(x) = limuf(§)= éimf(}i;):f(x). [ |
AX - —
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Nhdn xét: Tir dinh If trén suy ra rang néu f(x) lién tuc trén [a; b] thi ¥x e [a, b],
ham s8 I(x) = If(t)dt 1a mot nguyén ham cha f(x). Vay c6 thé khing dinh

rang moi ham sé lién tuc trén [a, b] déu ¢ nguyén ham trén doan ay. bé
chinh 13 n¢i dung ctia dinh 1{ 6.1 da phét biu & muc 1.1.1.

2.3.2. Céng thitc Newton - Leibniz

Pinh li 6.3. Néu F(x) Ia nguyén ham cta ham s6 f(x) lién tuc trén [a, b] thi :

h .
Je00dx = Fo) - Fea). (6.6)
Chimg minh: Theo gia thiét F(x) 1a mot nguyén ham cia ham so f(x). Mat

khic, theo dinh 1 6.2, I(x) = jf(t)dt cling la moét nguyén ham cia f(x). Do d6 :
jf(t)dt =F(x)+C, Vx € [a, b].

Dé xac dinh C, chi cin cho x = a vio hai v&€ clia déng thife trén, ta duoge:

If(t)dtzO:F(a)+C.

Suy ra C=~F (a). Vay [f(t)dt = F(x)~F(a), ¥ < [a, b].

b
Cho x = b, ta dugc jf(t)dt =F(b)-F(a). m

Cong thitc (6.6) goi 1a cong thitc Newton - Leibniz.

Ngudi ta thudng ki higu F(b)-F(a)= F(x)_ . Khi d6, cong thirc (6.6) duoc
b

vieta [f(t)dt = Fol? .

Cong thitc d6 cho ta cédch tinh tich phan x4c dinh rat thuin loi.

b
b
Vidu3:a) je"dx = e"L =e”-¢e", vie* 1amot nguyén ham cia e*.

a
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L, X
b) {x"dx =—]
E;[ 3

1 3 3 8
=—(2"-0)y==
A 3( ) 3

c) |sinxdx =(—cos x)l{f =—cosm+cos(d=2;

0

o dx | R

d) I - = arcigx|, = arctgl —arctgQ =~ .
g l+x° 4

2.4. Cac phuong phdap tinh tich phan x4c dinh
2.4.1. Phuong phdp doi bién s6

h
Cho tich phan If(x)dx, trong dé ham s6 f(x) lién tuc trén [a; b]. Thuc hién

phép doi bién s6 x = @(t). Néu :
a)pla)=a, p(f)=b:
b) @(t) va ¢'(t) lién tuc trén [o; B] ;
c) flop(t)] lign tuc trén [a; B,

thi ta c6 cong thiic }f(x)dx = I}f [(p(t)] o'(t)dt . 6.7}
That vay. néu F(x) 12 moét nguyén ham ciia f(x) thi F{g(t)] 12 mét nguyén
ham cua fl@(t)}] ¢'(t) (xem ching minh céng thifc (6.1)). Ap dung cong thiic
Newton - Leibniz, ta cé: rj’f(x)cm =F(x)} = F(b)-F(a); |

,3 a

[tlolod = Flo]] = Flo®)] - Flo(e)] = F(b) ~ Fa).

a

Chut thich: Khi tinh tich phan x4c dinh bing phuong phép d8i bi€n s& thi
khong cén trd vé bi€n s ¢l nhu trong tich phan bat dinh.

1
Vidy 4: Tinh [V1-x*dx.

4]
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P o . .. 4
Doi bién sg X = sint vdi ~55t5

VI-x? =+vcos t =Cost.,

Ca ba diéu kién a), b), ¢) déy dwgc thod min, Vay :
Fid

I X T
| 2 2 . 5
Ix/l ~x?dx = J.cosz tdt = f(l +cos 2t)dt =l[t+ s 2t]! -I
0 0 25 2 2 4y 4

Ny

. . . T
fa ¢c6 0 = $in0, I:sma,

Vidu 5: Néu f(x3lien tuc tren [-a, al, tinh {f(x)dx trong haj trudng hop

f(x) 12 ham s6 chdn va ham sg 13
a 0 F

Taco: If(x)dx = Jf(x)dx + J-f(x)dx .
~a -a 4]

D61 v6i tich phan thi nhat & ve phai, ta déi bign SO X = —, dx = —-dt. Khi x
bién thién 1y - dén O thi t bign thién tira dén 0. Do dé:

(j.f(x)dx = —j.f(ht)dt = ].f(—t)dt = }f(—x)dx .
—a a 0 g

Vay: [ix)dx = fo(—x)dx + Jf(X)dx = ![f(—x)+ £00)] dx

| 2|f(x)dx neuh 5f(x)cha
Do dé: If(X)dx= J(X) X néuhamso f(x)chan

- 0 néuhamsé f(x) e
Chi thich 2: N&u ham s6 du6i ddu tich phan f(x) c6 dang:
f(x} = glp(x)]. ¢'(x).

b b
thi d€ tinh tich phan If(x)dx = f g[(p(x)].qo'(x)dx,

ta ddi bien sg P(x) = t. Néu ¢(x) bien thién don digu va ¢ dao ham o’(x)
lién tuc trén [a, b] con g(t) lien tye trén [p(a), p(b)], ta c6 cong thite:

b b Pib)
J.f(x)dxz fg[<p(x)].<p'(x)dx = [ g(tydt. (6.8)

@la)
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Vi du 6: Tinh: I&J' cosxdx

6~ Ssinx+sin’x
Dai bién s6 sinx = t Ham 56 sinx bién thién don diéu va cé dao ham cosx

a=ll

lién tuc trén {0. g:l theo cong thirc (6.8), ta cé:

1

1 1
,I Tster? _Iu—z)(t—z):j[

=(Inlt -3 - nit - 2|)‘U—ln

-3
n2.
3

2.4.2. Phuong phdp tinh tich phdn tiong phan

Gia st u(x) v v(x} 1a nhitng ham s6 ¢ dao ham lién tuc trén [a, b]. Tl cong
thitc tinh tich phan timg phan d6i v6i tich phan bat dinh va céng thic
Newton - Leibniz, suy ra cong thic:

b

Judv = uvl - tj[\.fdu . (6.9)
| 4

Vidu7: Tinh 1= Iarctgxdx :

1}

batu = arctgx, dx = dv. Tac6 du= 1dx1 , v =X%. Theo (6. 9), ta dugc:
+X

b exdx om o N
I=xarctgx|“—jm——=———ln(1+x2). =Z-Eln2.

0

Vidu 8 : Tinh

l-——."J El

sin” xdx va Icos xdx ,n 1a s6 nguyén duong.
¢ ]

Béng phép d6i bién s6 x = g—t , ban doc ¢6 thé d& dang chiing minh duoc rang:

n n

2
Isin“ xdx = Icos" xdx .
1 i
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Bay gid, ta tinh dugc I = [sin" xdx bang phirang phap tich phan timg phan.

= w—

Bat u = sin®"'x, dv = sinxdx, ta ¢6 du = (n —1) sin" 7x cosxdx, v = —cosx, do

=
= 2
d6: T, =-cosxsin"" xlg +(n- I)Ism xcos’ xdx =
0

[N

3 2
=(n-1 jsin“'"2 x(1—sin® x)dx = (n - 1) _fsin""2 xdx = Isin" xdy
0 D 0

=n-bDI _,-(n- DI,

Suy ra: I, = -n;l-In_z.
n
z . " 5. n-3
Trong dang thic trén, thay n bdin -2, ta duge: I, = 5 I ..
n_

Ti€p tuc 1am nhu vay, cudi cung ta di t6i

2=

Ip = {sin®xdx = J.dx =3 néu n chin hay

cg__, [SYE-]

k2

sinxdx =-cosxlZ =1 néun 1&.

It
[== R N— |

Nhu vgy, néu n chdn, n = 2m, thi I, = 20-DEm=3)..3.1 = (6.10)
2m(2m-2)..42 2

2m(2m-2)..4.2
Cm+D2m-1)..53"

Néunlé, n=2m+ 1, thi I2m+l = (6.11)
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§3. MOT SO UNG DUNG HINH HOC CUA TICH PHAN XAC DINH
3.1. Tinh dién tich hinh phing
3.1.1. Dién tich hinh phdng trong hé toa d¢ dé-cdc vuong géc

* Ta da biét ring n€u ham s6 f(x) lién tuc, khong Am trén [a, b] thi dién tich
S cia hinh thang cong gidi han bdi duong cong y = f(x), truc Ox va cic

b
duong thing x =a, x =bfa:  $= [f(x)dx.

b
Néu f(x) < 0 trén {a, b] thi; S=- jf(x)dx .

Do d6 trong moi trudmg hop, ta cé: R
b
s:j|f(x)|dx. (6.12)
Vi du 1: Tinh dién tich hinh phing gisi han béi
dudng y = x? — 2x, truc Ox va hai dudng x = 0, 3 1 >
x =3 (hinh 6.4). LN
Hinh 6.4

ViK' -2x<0v6i0<x<2,x°-2x20v6i 2<x <3, ta co:

2 3
§=— I(x2~2x)clx+ j(xz—zx)dx va
it 3

3 : 3

» Trudng hop hinh phéng gi6i han bai hai dudng
cong lién tuc y = f,(x), y = f,(x) Hinh 6.5

3

8
, 3

va hai dudng théng x = a, x = b (hinh 6.5) thi dién tich S bing;

b
S= []f,(x) - £,(x)] dx. (6. 13)
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Vi du 2: Tinh di¢n tich hinh phing gi6i han bai dudng parabol y = x? + 1 va
dudng thing x + y = 3 (hinh 6.6).

Trudce hét, ta tim hoanh do cic giao diém ciia
hai dudng d6 bing cach giai hé hai phurong

2
trinh: Y =%+
X+y=3

Ap dung cong thitc (6.13), ta ¢o:

i |
S= [[G-x)-(x?+1)]dx = J@-x-x*)dx Hinh 6.6
_2 -2

|
:Z_[_EQ]=4,5.
2 6 U 6

* Néu hinh phang duoc gi6i han béi dudmg cong X = ¢(y), trong d6 o(y) 1a ham

80 lién tuc trén [c, d}, truc Oy va cdc dubdng thing y = ¢, y = d (hinh 6.7).

Di¢n tich S clta né duge tinh theo cong thite : Y4
D
] d
S = j lo(y)|dy . (6.14) /S X = o(y)
[+ . C
Néu dudng cong duge cho bi phuong trinh tham _—
@] X
56: {x:‘p(t) , Hinh 6.7
y=y(t)

voia <t<f, ola) = a, @(B) = b, trong d6 cic ham s§ @), y(t), 9'(t) lien
tuc trén doan [a, B] thi dién tich hinh thang cong gi6i han béi dudmg cong
d6, truc Ox va céc dudmg thing x = a, x = b duge cho bai cong thic:

g
S= ﬂw(t)cp’(t)]dt. (6.15)
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Vi du 3: Tinh dién tich hinh phang gidi han b&i mot cung xicldit:

x = a(t—sint) i
0<t<2n _ \
y=a(l-cost} x = a(t- sint)
A y=afl-cost)
va truc Ox (hinh 6.8). \ < e
Ap dung cong thic (6. 15), ta co: 0 ] 2ra x
y(t) = a(l — cost), @ '(t) = a(l — cost), Hinh 6.8

2n In
S= “a(l—cost)a(l—cost)\dt =a’ I(l —2cost+cos’t)dt
0 0

2n 14
=a’ I(l—?cost 1+cos2t COSZt j(——2005t+ coth]d

0

2x

2
=3ma“.

:az(it—ZsinHrlsinZt)
2 4 0

3.1.2. Dién tich hinh quat cong trong hé toa dé cuc

Gia sir can tinh dién tich S cha hinh quat cong OAB
giGi han bdi dudng cong cho bdi phuong trinh r = r(@)
cho trong hé toa do cyc va hai tia ¢ = o, ¢ = B, r(9) l1a
ham s6 1ién tyc trén [, B] (hinh 6.9).

Chia hinh quat cong OAB thanh n hinh quat cong nhé © >
bdicictiag=1¢,,1=0,1,2, ..., nvéi Hinh 6.9

A=< <. <P<P, <. <P =

bat Ag, = ¢, , — @;. Dién tich hinh quat cong nho thit i x4p xi bang dién tich
hinh quat trdon ¢6 géc & thm 14 A, va ban kinh 1a r((pf) , @, < L0, t0c 1A

xap x1 béng —r ((p YA, . Do dé: S= EZr (o)A, .
i=0
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Do xdp xi cang t6t néu n cang 16, cac Ag; cang nho, do d6 theo dinh nghia

B
ciia tich phan xéc dinh: S =% Irz (p)dp. (6.16)

Vi du 4: Tinh dién tich hinh phing giGi han ¥4
bdi dudng lemniscat I* = a’cos2¢. (hinh 6. 10).

Vi tinh d6i ximg cla duomg lemniscat, chi

>

X | . . ‘
can tinh 2 dién tich phdi tim. Ap dung

r2=aZcos2gp

" Hinh 6.10

4
cong thidc (6. 16), ta cé: J'azcoquJd(p.
0

|

1
2

4 . 2
Do d6: S =2a’ Icoqu)d(p:2azﬂ12£‘E t_
0 0

3.2. Tinh d6 dai cung dudng cong phing
* Gid sir can tinh d6 dai s cha cung dudng cong AB c6é phuong trinh
y =f(x), a <x < b, trong d6 ham s6 f(x) c6 dao ham lién tuc trén doan [a; b].
Chia doan [a, b] thanh n doan nho béi cdc diém:

=Xy <X <Xy <. €X <X

<..<x,=b (hinh6.11).

i+l

Goi M, 1a diém c6 toa do (x;, f(x;)). Dat: Ax; < x,,, — x,. Néu Ax, khd nhé, do

dat cung M;M,,, xdp xi bing do dai cia day cung M; M, ,, , uic 1a xédp xi

bang \/(Ax ) +(Ay, )

trong dé Ay, = f(x;, ;) — f(x,). Theo cong thic Lagrange, ta ¢6
Ay =1(x;. ) - fx) = (&) Ax, X £&<x,,

2
Do d6: MM, , = H[%) .Axiz\/1+f'2(E_,i).Axi.
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n-1
Vay: s= > J1+£2(E)Ax; .
i=0 "M M".ﬂ-ﬂ,"-‘
Mo=A i \MnEB
Do x4p xi cang t6t néu n cang 16n, cic ‘
Ax; cang nhé. Do d6:
b a b _
Xg X i X1 %ao1 %y X
s= [YI+f2(x)dx.  (6.17) |
: Hinh 6.11

Vi dy 5: Tinh do dai cung dudng cong y* = x° tir
diém O(0; 0) dén diém A(4, 8) (hinh 6. 12).

3
Ta c6: y=+x?. Duong cong gém hai nhanh déi xitng

qua truc Ox. Phin cung OA phai tinh {ng véi nhinh

ndm & phia trén truc Ox vh c¢6 phuong trinh
3 !

3 :_)(3/?_
:xz, ':——xz_ y
y y'=3 _
Ap dung cong thiic (6. 17), ta nhan duoc: Hinh 6.12
4 4 -
s=j 1+2xdx=i (H_XJ d(l+2x]
0 4 90

_—(10\/_4)

* Truong hgp cung dudng cong duge cho bdi phuong trinh tham s6:

X=o¢(t),y =y(0),a<t<f,

trong dé ¢(t), y(t) c6 dao ham lién tuc trén [a, B], ta c6:

f'(x) = i(%) JI+ 2 (x)dx = JO2 O +y2(t)dt .
@
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Dodé: s= [j' @ () +y2(t)de . (6.18)

Vidy 6 : Tinh do dai dudng axiréit x = acos™, y = asin’, 0 < t < 271 (hinh 6. 13).
Vi tinh d6i xiing cha dudng axtroit, chi cin tinh :11- d¢ dai cha n6 nim trong
g0c phdn tu thif nhét, tng véi t e [O-E:l . Ap dung céng thite (6. 18), ta cé:

@'(t) = —3acos’tsint, y'(t) = 3asin’tcost,

L} vi
2
LT I\/9az(cos4tsin2t+sin4tcoszt)dt= y
4 b / ‘x=acos3t
y=asint
2 NP
:3aI cos’t.sin? tdt=3ajsintcostdt /
0 0 _a
: :
:S_a sin2tdt=ia—[~lcos2t] =§2—1- Hinh 6.13
2 5 2 2 o
Vay s =6a.

¢ N€u cung dudng cong duge cho bdi phuong trinh trong hé toa d6 cuc
r=r(@), &< ¢ <f, {¢p) c6 dao ham lién tuc trong [, B] thi diing cong thifc
X =r(p)cosp

lién he giita toa do dé-cdc vuodng goc va toa do cuc, ta ¢6: { .
y =1{p)sin¢.

C6 thé xem d6 1a hai phuong trinh tham s6 cia cung dudng cong AB. Do dé
theo cong thiic (6. 18), ta ¢6:
X' (@) = r'(@)cosq — r(@)sing;
Y (@) = r'(g)sing + r(@)cose;
X(@) +y*(9) = r%(e ) + () = r'(¢) + (@)
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Vay: s= [’ (o)+r*(g)do. (6.19)

[»3

Vidu 7: Tinh do dai dudng hinh tim : r = a(l + cosgp) v6i a > 0 (hinh 6. 14).

- arr . i - - - - LS - ¥4
Vitinh déi ximg clia dudng hinh tim, nén chi c¢an tinh

1 r=a(1+ cosgp)
> d¢ dai clia n6 img véi @ bién thién tir O dén . Ta c6: ( /r_\
P
] '
(@) + (@) = a’sin’p + a¥(1 + cos)’ = J

= a(sin’p + cos’p + 1 + 2cos@) = 2a%(1 + coso).

Ap dung cong thic (6. 19), ta nhan duoc: Hinh 6.14

%s = rj.\/r'z((p)+ r?(p) do = T[\/Zal(l +cosp)dop
o 0

j 4a%cos? 2 do=2a _[cos—d(p 4asin 2
iy 2 2

0

T

=4g

1]
Viy s = 8a,
3.3. Tinh thé tich vat thé theo di¢n tich ciia cac thiét dién song song

Cho mot vat thé T gidi han bdi mot mét cong kin ma ta da biét dién tich S
cia moi thi€t dién cha né trén nhitng mat phing vuong géc, ching han véi
truc Ox. Gia sit S = S(x), trong d6 x 1a hoanh do cha giao diém cha mat
phang véi true Ox (hinh 6.15) va S(x) lién tuc trén [a, b] Ta cén tinh thé tich
V cla vat thé T,

Chia {a, b] thanh n doan nho bdi cic diém chia :

A=X <X <. <X<X,,<..<X, =h.
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Hinh 6.15

Qua méi diém x, dung mat phang vudng géce véi truc Ox. Céc mat phang &y
chia T thanh n vat thé nhd. Neu Ax; =X, = x; khd nhd, c6 thé xem the tich
cha vat thé nhé thi i xap xj bang thé tich hinh try ¢6 chidu cag AX; va dién

tich ddy S(x),x; <x/<x,,, , tic 12 xdp xi bang S(x])Ax, . Do d

n-|
Va3 S(x))Ax, .
=0

n-|
Vay V 14 gi6i han cia tong ZS(X;)Axi khi n - 0 sao cho max Ax, > 0,
i=0

b
e 1a: V = [S(x)dx . (6. 20)

Vi du &8: Tinh thé tich hinh cdu tam O, bé4n
kinh R (hinh 6.16).

Cat hinh cdu bdi mot mat phang, thing géc
vOi truc Ox tai diém x, ta duoc hinh tron tam
A bin kinh AB, Trong tam gidc vuong OAB,
tacé: AB’=0OB?-0A2=R?- x2,

Do d6: $(x) = nAB? = q(R? - x?).

Ap dung cong thifc (6. 20), ta nhan duge: Hinh 6,16
y y x* " 4
V= IS(x)dx= In(Rz ~x%)dx =7|:(R2x———] =—nR’,
-R -R 3 -R 3
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Vi du 9 : Tinh thé tich phan hinh tru diing, bj cit béi
mat phang di qua dudmg kinh cla ddy, biét ring ban
kinh ddy 1a R va BC = h (hinh 6. 17).

Ct vt thé bing mot mat phing, thing goc véi truc Ox
tai di€m x, ta nh4n duge thiét dién 13 tam gidc A'B'C,
dong dang véi tam gide OBC, thiét dién ciia vat thé véi
mat phang thing géc véi truc Ox tai géc O.

Dién tich S(x) cla tam gidc A'B'C' 1 :
S(x) = % B'C'A'C. Hinh 6.17
‘Trong tam gidc vuong OA'C’, ta cé;

Arcr — .Jocfz _OAPZ - \/RZ “"XZ .
Do si déng dang cia hai tam gidc OBC va A'B'CY, ta ¢6:

BC _AC pooAC e =%\/R2 _x2.

BC OC° oC
1 h 2
Vay : sm:zi( R?—x?)
R R
VE]V=_h_ I(Rz_xz)dx =—E'-[R2X—‘}E-] =£hR2.
2R 2R 3/, 3

3.4. Tinh thé tich vat thé tron xoay

Gia sir cho hinh thang cong aABb, gidi han bdi dudng cong y = f(x), truc Ox
va hai dudng thing x = a, x = b, quay xung quanh truc Ox ; f(x) 12 m6t haim
s6 lién tuc trén doan [a, b]. Hay tim thé tich V clia v4t thé trdn xoay tao nén
boi phép quay d6. Trong trudng hop ndy, thi€t dién cla vat thé v6i mot mat
phéng thing géc véi truc Ox tai diém x 12 mét hinh tron, tam tai diém x, ban
kinh y = f(x) (hinh 6. 18). Do d6 :

S(x) = ny? = nfi(x).
Theo cong thite (6. 20), ta c6:

245



b b b
V= IS(x)dx=njy2dx=nff2(x)dx. (6.21) Y

Vi du 10: Tinh thé tich vat thé trdn xoay, tao nén

boi phép quay xung quanh truc Ox hinh giGi han Y
12

béi dudng elip: x—2+-27=1. (hinh 6.19)
a

Hinh 6.18

b2
Ta c6: y° =—?(a2 -x%).
a

Vi tinh ddi ximg cla hinh gidi han béi duong elip d6i v6i truc Oy, nén chi
cén tinh % thé tich vat thé tron xoay, ing v4i x bién thién tir 0 dén a. Ap
dung cong thic (6. 21), ta nhan duoc:

v @ ib?

y
2 72
Y _ dx =7 [2(a?-x2)d b
5 Jta[y X rré[az (a —x")dx /_,
5 T 3 o <
=g( a’x -2 ] = 2 mab?. \
a 3 0 3 -h

4 Hinh 6.19
Vay: V= Enabz.

Pic biét khi a = b, ta nhan dugc thé tich clia hinh cdu tdm O, ban kinh a:

Vzinaz’.
3

Trong trudng hop cén tinh thé tich V cla vat thé
tron xoay, tao nén bdi phép quay xung guanh
truc Oy hinh thang cong ¢CDd, gidi han béi

dudng cong x = o(y), truc Oy va hat dudng S

xy

thingy =cvd y=d véi gia thiét ring o(y) 1a Hinh 6.20
ham s6 lién tuc trén doan [c, d] (hinh 6. 21), thi
béng céch d8i vai trd clia x va y trong cong thic (6. 21), ta cd:
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d d d ’ IYJ
V= [S(y)dy = nfx’dy = [o’(y)dy. (6.22) )

r
¢ ¢ c =
Vidy 11: Tinh thé tich vat thé tron Xoay, tao nén \

bai phép quay xung quanh truc Oy hinh giéi han © 4 X
boi dudng y* + x - 4= 0 va truc Oy (hinh 6. 21)

Y x=4-y2
Tuphuong trinh : y* +x -4 =0, tacé: Hinh 6.21
=4 - y’. Vi tinh d6i ximg cha hinh phang di cho d6i v6i truc Ox, nén chi
. b ;L . N . ,
cin tinh 3 thé tich vat thé wron Xoay, Umg v&i y bi€n thién tir 0 dén 2. Ap

dung cong thic (6. 22), ta ¢c6:

2

v 2 2
—= n_[xzdy = nf(4~y2)2dy = R‘l‘(lf)*gyz +yh)dy
2 0 0 o ’

Vay vV =—5—1—2:=t
15

3.5. Tinh dién tich mat tron xoay

Gia skt cho cung dudmg cong AB ¢6 phuong trinh y = f(x), a < x < b, quay
quanh truc Ox, ham s6 f(x) duge gid thiét 12 > 0 va ¢6 dao ham lién tuc trén
(a, b]. Hay tinh dién tich S cha mat tron xoay duge tao thanh (hinh 6. 22).

Chia doan [a, b] thanh n doan nho bai cdc diém chia:

A=Xe <X <Xy <. <X <X, <...<X_=b.

4]

M, (x;; f(x) véii =0, 1, . .1 14 nhilg diém trén cung AB ching chia cung

AB thanh n cung nhod. Neu AX; =X, ~ x, khé nhd, ¢6 thé xem dién tich cla
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mat tron xoay do cung m quay quanh
truc Ox xdp xi bing dién tich ciia mat nén ¥4
cut do day cung MM, , |, quay quanh tryc Ox
sinh ra, titc 12 x4p xi bing:

MM, {f(x) + f(x;, )}.

trong do (xem muc 3.2):

MM, =1+ F2(E)Ax,,  x, <E <x.,. Hinh 6.22

a-i
Dod6:S~ Y myl +£2E)[F(x) +£(x,)] Ax, .
1=0

Nguoi ta da ching minh duge ring khin — o sao cho max Ax; — 0 thi téng

b b
trén dan t6i: 2x ff(x) [+ f2(x)dx . Vay: S=2x [FGONI+ 2 (x)dx .

Néu f(x) c¢6 ddu bét ki v ¢é dao ham lién tuc trén {a, bj thi:

b
S =27 I ()| 1+£2(x)dx (6. 23)

Néu cung AB duge cho bdi phuong trinh tham s6
X = (1), y = y(t), @ <t < B, cdc ham 56 ¢(t), y(t)
¢6 dao ham lién tuc trén [a, B, thi :

; Hinh 6.23
S=2n [l o (t) + y(t)dt. (6.24)

- N€u cung dudng cong CD c6 phuong trinh x = @(y), ¢ S y < d, quay quanh
truc Oy (ham s6 o(y) duge gia thiét 11 ¢é dao ham lien tuc) thi dién tich cla

d
mat trdn xoay (hinh 6. 23) 12 : $=2x flo(y)| {1+ ¢™(y)dy . (6.25)
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Vidu 12: Tinh dién tich mat tron xoay sinh béi su quay quanh truc Ox cta

cung y = x° vé6i —~32- <x S% (hinh 6, 24). 1
. A
Vi 1i do d6i xing ctia dudmg tron y = x° | XX
I -2 o X
d6i v6i tam O, chi cdn tinh > dign tich 3% 3
MAt tron xoay \ng véi x bien thién tir O dén % Hinh 6.24
E
Ap dung cong thic (6. 23), ta duge: S = 2.2njx VI+9x*dx .
0
2 4 3 , 25
Doibiens6 1 + 9x* =t, ta duge 36x°dx = dt, t = 1 khi x = 0, t——g— khi
X = E Do dé :
3
25 25 25
9 ! EAr) 9
S=4nI\/E£[£:EJ‘t2dt=-T_E£t2 = E(Eﬁ_ljzl_én
;36 9 93 27\ 27 729

Vidu 13 : Tinh dién tich mat tron xoay tao nén boi sut quay xung quanh truc Oy
cha cung dudng tron x2 + (y - by = R? gitahaidi€my =y, vay =y, (y, <y,).
Néu cung dudng trdn khong cit truc Oy thi v4
khi quay xung quanh truc Oy, nd tao nén
mot mat goi la d6i cdu (hinh 6. 25).

x2+(y-b)2=R2

Ldy dao ham theo y hai v& clia phuong -
trinh dudng tron, ta cé : 5] X

2xx"+2(y ~b) =0, xx' = —(y — b). Hinh 6.25

Thé vao cong thic (6. 25), ta duoc:

¥s Y2
S=2x J‘X\/I +x'2dy =21 I\/Xz X3 dy =
¥t ¥

249



¥z ¥
=27 [yR? ~(y=b)? +(y—b)*dy = 2nR [dy =27R(y, ~y,) = 2nRb,

¥ i

trong d6 h = y, — y, 1a chiéu cao cta d6i cdu, Khi h = 2R, ta duge dién tich
mat cdu S = 4nR%

§4. TICH PHAN SUY RONG

Khi dinh nghia tich phan xdc dinh, ta da gid thiét ring khodng 18y tich phan
~ 1a hitu han va ham s6 dwdi dau tich phan 12 bi chin, Trong muc nay, ta s&€ m&
rong khdi niém tich phan cho trudng hop khoang 14y tich phéan 1a v6 han va
trudng hop ham s6 dudi ddu tich phan khong bi chan,

4.1. Trudong hop khoang lay tich phan vo han

Gia sir ham s6 f(x) xdc dinh trong khodng [a; +o0) va kha tich trong moi
b
khodng hitu han [a, b] v6i b > a. Khi d6 _[f(x)dx c6 nghia ¥b > a. Néu tén
b
tai gidi han blim If {x)dx , thi gi6i han dé goi 1a tich phdn suy réng cia ham
s f(x) trong khoang [a, +o0) va dugce ki hiéu la: If (x)dx .

+at b
vay f(x)dx = lim [fCodx. (6.26)
a a

Tuong tu, néu ham s f(x) xac dinh trong khoang (-, a) va néu If (x)dx ¢é
b

nghia voi moi b < a, ta dinh nghia:
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R

aJ'f(x)dx = bl_i’lzlm ajf(x)dx _ (6.27)

o b
mién la giéi han & v€ phéi tén tai.
Khi dg, cé4c tich phan suy rong +Tf(x)dx , z]f(x)dx goi 13 hoi tu. Ching
duoc goi la phan ki néu ching khoang hoi ty. h

Néu ham s6 f(x) xdc dinh trén toan R vi néu cd hai tich phan suy rong:

[feodx, [f(x)dx déu hoi w, ta ndi ting: |
j héi tu va ; y = f(x)
e S
o| a X
fteodx = [fedx+ [fxydx.  (6.28) Hinh 6.26

Néu f(x} = 0, Vx = a thi tich phan suy rong If(x)dx 1a 56 do dién tich cha hinh

phéng gidi han bdi dudng y = f(x), truc Ox va dudng thing x = a (hinh 6. 26).

Chu thich: Theo ¢ong thiic Newton — Leibniz, néu F(x) 12 mot nguyén ham

b
cha f(x) thi: j f(x)dx = F(b)-F(a).

Néu If(x)dx hoi tu thi blim F(b) 12 mét s8 hitu han. Ta quy ude viét:

lim F(b) = F(+e).

Khi d6 ta cé: j f(x)dx = F(+0) ~ F(a) = F(x)|.” .
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+o

. d oo
Vidul: J. X > = arctgx]0 = arctg(+ew) —arctg( = uy
o 1+x 2
T odx 0 7
7 = arctgx|__ = arctg0 — arctg(—o0) = >
T dx _(-][ dx ++jf dx _n.r_
2 1+x? Podlex? 2727
. . . . rdx
Vidu2:Xétsyhoicta [ (a>0).
X
+u0 al_a
Voioxt: |1 S B néu o>l
x* l-a a .
a +a0 neu a<l,
Véia=1: dx =Inx[;" =+,
a X
Tdx . o
Vay: [ —- hoitukhia> 1, phan kikhia < 1 (6.29)
X

Nhiéu khi khong tinh duge gis tri chinh xdc cia tich phan suy rong, khi dé
vin d€ quan trong 1a xét xem né hoi w hay phén ki. Trong truong hop dé6,
dinh If sau day rat c6 ich.

Dinh 1i 6.4. (dinh i so sdnh) Gid si cdc ham sé& f(x) va g(x) lién tyc trong
khodng [a, +90) va 0 < f(x) < g(x), vx z a.

1) Néu jg(x)dx hoi tu thi j f(x)dx ciing hoi tu.
a a

2) Néu j f(x)dx phan ki thi [g(x) dx ciing phan ki.
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Ta khong chiing minh dinh 1f nay. Hinh 6. 27 cho ta thdy ¥ nghia hinh hoc
cia né. Néu dudng y = f(x) nim dudi dudng y = g(x) thi dién tich S, cia
hinh gi6i han bdi dudng y = g(x), truc Ox va dudng théng x = a hitu han,

thi dién tich S, cta hinh gi6éi han boéi duong ¥4
y = f(x), truc Ox va dudng x = a ciing hitu han. .
Con néu §, v6 han thi S, ciing vo han.

Vi du 3: Khao sit sy hoi ty cla cic tich phan v =169
suy rong: o a X

2 e Hinh 6.27

+0 dx
ni= : 2y I = dx.
fl.\}1+x3 1'[ X

Gidi. 1) Vi l ! — , mé I——— hot tu (do (6.29)) nén I hoi tu.
V1i+x3 \/_ 5 5

2 x2

l+e™ 1 ™dx . .
>—,ma [ phan ki (do 6. 29)) nén J phan ki.
X X i X

2) Vi

Vi du 4: Kho sat sur hoi tu cta tich phan suy réng j'e“":dx .
1

Ta biét ring khong thé biéu dién nguyén ham cua e bing nhimg ham s¢
so cdp, nén khong tinh chinh xdc dugc Je_"zdx . Nhung vi e ® <o ,Vx21,

ma Ie”‘dx =-—g*
]

00

1

=e! ! nén Ie"‘zdx hoi tu.
e

Né&u ham s6 f(x) d6i ddu trong khoang 14y tich phan thi dinh 1i sau ¢4 thé ¢
ich. |

Pinh 1i 6.5. Néu j]f(x)ydx hoi tu thi jf(x)dx hoi tu.

a
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Ta thira nhan djnh 17 nay. Trong truong hop nay, ta néi If (x)dx Aol 1y ruyer
dei.

Chii thich: Néu j [f(x)ldx phan ki thi chua thé ket luan duge gl. Vi ciing ¢6 khi

a

[ £0)dx hoi ty ma [IExldx phan ki, Lic d6, ta néi [ £()dx 1a bdn ko 1.

0,
. . . . $in x
Vidu5: Xét sy hoi tu cha J‘——B—dx .
X
|

Ta c6;

sinx| 1 T dx " sinx

‘T{g—T,vXZI,mé _[—3— hoi tu nén j-———dx hoi tu tuyét d6i.
3 oL 3

X X DX 7ox

4.2. Trudng hop ham s¢ dugi dau tich phan khong bi chan

Gia sir ham s6 f(x) lien tuc trong khoang [a, b) nlumg lim f(x) = o0. Khi do,
x—h*
[f(x)dx ¢6 nghia voi moi ¢ < b. Néu tén tai gidi han : lim [fx)ax,
c—b”
thi ta dinh nghia tich phén suy rong :
b . €
[f(x)dx = lim [fexax .
c—b”
Néu f(x) lién tuc trong khoang (a, b] nhung lim f(x)=co, ta dinh nghia:
b b
J.f(x)dx = lim+ If(x)dx,
a C—»a e

mién 12 gi6i han & ve phdi t6n tai.

Neu f(x) lién tuc trén fa; c) U (c, b), nhimg limf(x) =, ta dinh nghia:
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tj[f(x)dx = CJ.f(x)clx + t_,[f(x)dx .

Neéu f(x) 2 0 ¥x € [a, b) thi tich phan suy rong

If(x)dx bang s6 do dién tich cua hinh gidi han Of a b x
Hinh 6.28

bai dudmg y = f(x), truc Ox, hai du'o‘ng X =avax=>b (hinh 6. 28).

Vidu6:

. . 0
= hm = lim arcsinx

dx
IF c——1+0 Im c=-1+0

. . 4
= lim (—arcsinc)=—.
c =140 2

- - C
= lim = lim arcsinx

dx . . n
I J ‘ = lim arcsin¢=—.
f c=1-0 ,‘1 _ XZ c—{=0) g c—l-C 2

'odx _mon_
IJl_ IJI x2 +6[J1-x2_2 2

Vi du 7: Xét s hoi tu cua I . dx)
-X

— trongdéa<b, a>0.

a

Ham s6 duéi dau tich phan trd nén vo ciing tai x = b,

b —a+l
b
Véia=1,tacé: I = lim _bmx
(b x) l.—)b c-ab” -a+1

J

_hm—-—[(b &) —(b-a)"™ .
cab” o —1

0 néua<l
Nhumgkhic b ,(b—c)' ™ - { B .
+0 néu o>l

(b_a)]—cf.
Vay: =< l-a
a +e0 néu a>1.

néu o <1
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Y o.c’g’.

b

Véi o =1, ta c6: J'i= lim [ = lim ~[In(b~c)~ In(b—a)] =+
ab—X c—rb_ab——x c—b”

h

% d L o
Tém lai: f(b X e hoi tu néu o < 1, phan ki néu o 2 1. (6. 30)
— X

A

Dai véi tich phan suy rong clia ham s6 khong bi chan trong khoang hitu han,
ta cling ¢6 dinh I{ so sdnh tiwong tuy nhur dinh 1 6.4,

Binh li 6. 6. Gia sir cdc ham s6 f(x), g(x) lién tuc trén [a, b), dan t&i vo cling
khi x dan t6i b va thod man diu kién : 0 S f(x) < g(x), ¥x < [a, b).

b b
1) Néu fg(x)dx hoi ty thi [£¢x)dx cing hoi tu.

b b
2) Néu ff(x)dx phan ki thi [a(x)dx ciing phan ki.

Vi du 8: Xét sut hdi tu cla cdc tich phan suy rong:

= —
-

=%
=

g

1 Icosxdx, 2)

1) Ham s6 dudi déu tich phan dan t6i o khix — 1~

2 g 1 2
Vivie (0,1, <X L j—}-—l@i— hoi ty (do 6.30) nén [~
3=

P WA ' i

dx

hoi tu.

2) Ham s6 dudi d4u tich phan dén téi o khi x - 0,
T x
Td—" phan ki nen |
o X 0

phan ki.

WVXE[O,E], LRLIY
XsSmix

2] xsinx X
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+y
g,

dx

Vi du 9: Xét sy hoi tu cda tich phin suy rong I
0

x2 +x°
Trong vi du nay, khodng 1ay tich phan v han va ham s6 dudi diu tich phan
trd nén vo cung x = 0. Ta viét:

1=j ;j

+=
+ [ &,
2

[
x2 +x° lx:’-+x

Vix e(0, 1],tac6: —— < ma jd—"’f hoi tu (do (6. 30)),
| 2

X2 +x° X x2
nén [, hoi tu.
1 +o]

<— ml f% hoi tu (do (6. 29)),
2

I
2 2 1

Vaix € [1, +w), ta co:

+0

CAU HOI ON TAP
1. Binh nghia va tich chit cla tich phan bat dinh,

2. Phdt biéu cong thic déi bién 56 va cong thiic tich phan timg phdn trong
tinh todn tich phan bat dinh. Pham vi iing dung ¢ta méi cong thitc,

3. Hai két qua sau c6 mau thuan véi nhau khong?

a) |sin2xdx =% sin 2xd(2x) = —%cos2x+Cl .

b) Isin 2xdx =2 |sinxcosxdx =2 Isin xd(sinx) = sin? x +C,.

4. Binh nghia phan thie hitu ti, phan thirc thuc sy, phan thitc don gian, C6
miy dang phan thitc don gian ?
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3. Néu phuong phap xdc dinh cdc hing s6 A, B, C, D trong phan tich phan
thic hitu i thyc sur sau day thanh téng cdc phan thic don gidn
x2 A B Cx+D
= + + :
16-x* 2-x 2+4x x%+4

6. Khi ndo thi tinh dugc tich phan bt dinh ciia cac ham s6 luong gide va vo ti.
7. Dinh nghia va tinh chat cha tich phan bat dinh.

8. Phat bidu quan hé giita tich phan bat dinh va tich phan xdc dinh.

9. Phit bi€u céng thiic dao ham cla tich ph.an xic dinh theo cin trén.

10. Cong thitic Newton -Lerbniz.

11. Phuong phdp d6i bién s6 va phuong phdp tich phan timg phén trong tinh
tich phan xdc dinh.

12. Cong thic tinh dién tich hinh phing trong hé toa do.
13. Céc cong thiic tinh chiéu dai cung dudng cong.

14. Cong thitc tinh thé tich vat thé theo dién tich clia cdc thiét dién song
song va vit the trdn xoay.

15, Cong thic tinh dién tich mat tron xoay.

16. Dinh nghia tich phan suy rong trong truong hop khodng 1ay tich phan vo
han. Pinh 1f so sdnh.

17. Dinh nghia tich phan suy rong trong truong hop ham s& duGi dau tich
phan khéng bi chan. Pinh Ii so sénh.

18. Cac ménh dé sau diing hay sai?

2
B

a) Phan thic XX+ 4 pa phan tich dudi dang + , A, Blacdc

xi_-9 x-3 x+3
hang s6.

2

. C
b) Phan thitc —52—+—9— c6 thé phan tich dudi dang ~A- + B +—,A,B C
x(x*—9) X x-3 x+3

14 c4c hang s6.
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%,
g,

2
- - 9 - a B .

¢) Phan thirc r 77 5 ¢6 thé phan tich dudi dang é +

x(x*+9) X x“+9

, A, Blacéc
hing s0.
d) Néu f(x) va g(x) kha tich trén [a, b] thi:
j[f(x)T g(x)]dx = j f(x)dx + j g(x)dx .
e) Néu f(x) va g(x) kha tich trén [a, b] thi:
jf(x).g(x)dx = jf(x ;dx.bjg(x)dx .
f) Néu f(x) va g(x) liér: tuc trén [a, b],af(x) > ga(x), Vx €[a, b] thi:
j‘f(x)dx > |j[g(x)dx .

g) Néu f(x) va g(x) kha vi trén [a, b], f(x) = g(x) véia< x < Db thi:
fx)zg'x)véia<x<b
h)Vi mét nguyén ham cua % lain|x = 1| nén :

* dx 3
j-—1=1n|x—1|\0 =i2~Inl=In2.
0

1
i) D& tinh j\/ 1—x2dx , c6 thé ddi bign s6 x = sint, v6i 0 <t< 1.

2x
J) Néu f(x) lién tuc trén R thi ham s6 F(x)= If(t)dt 14 mot ham s6 kha vi

trén R.

k) Nguyén ham ciia moi phan thitc hitu ti déu c6 thé biéu dién duge bing cic
ham s& so cdp.

2 dx
I | —= hoitu.
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Dang cédc tinh chat clia tich phén bat dinh, tinh nh'fmg tich phan sau
2
I.IQJ;+D

1-x :

5 X; 2. f(———] dx;
x“ X

4 j 1+2x

3 de )
1+x?
SEES s, [eleDe-2)
x*(1+x%) g/x—z
V2+x? ~y2-x? (2% —3%y?
6. j 7 [ Ldx
V4-x* 273"
X 2
32"(e3"+2".53")dX' 9, J.(sm——cos J dx;
2 2
10. J-l—5c0522x dc
sin“ x cos” x

11. I(Stgx —2cotgx)*dx
Dung phuong phdp déi bién g, tinh nhimg tich phan sau

2. [ ——

% 13. ¥ 14, (&€ ~dx;
X (l+ X et +e™*
dx sin xdx x2dx
15, | ————; 16. : 17. ;
J-e"(3+e"‘) Il+3cosx Vi3 +1
sin 2xdx arcsin x X
18. | ———: 19. — dx; A R
V1+sin®x [-x’ J£v1+ Jx
21. I dx : 22. J.eexﬂdx; 23. I
x_xz X +2X +2
dx 7—-8x 3x-2
M. o 25 [ LT gy 26. [ _qx;
X“+4x +8 2X°-3x+1 x? +6x+9
dx
27, f—o—eono:
IVx2~4x~3

28. (3x - 5)dx

Vo+6x-3¢
Dung phuong phap tich phan timg phan, tinh c4c tich phan sau
29, _[(xz +7x-5)cos2xdx: 30 x2e3"dx; 31. |arccosxdx;
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32, Iarctgxdx J-xdx X

: 33. 34, Jcos(ln x)dx;

Ccos” X
x3dx

VI+x* ,

Sau dé, dung két qua nhzfm duogc, tinh cdc tich phén sau:

35.

36. Iln(x+\f1+x2)dx; 37. I a’-x%dx va I x> ta’dx.

a) Ixarcsinxdx; b) _[ x? +2X +6 dx; c) I 3+4x—x7 dx.

x2dx

\/l—xz.

38. |

Dung phéi hop céc phuong phdp tinh tich phan, tinh nhimg tich phan sau:

39. Ixse_"zdx; 40, Ie“f;dx;
4l Iarcsmxdx; 4. Iarctgxdx
(1-x? x2(1+x?)

Tinh tich phan cac ham s6 hiru ti sau:

2x-5 x> +x2-5
43, dx; 44, |————dx; 45, ——-——dx "
‘[x +x-6 jx3—3x2+4 I x> -8
X“+X—
46. a7, [
Ix(x +1) J.)(4(){34-1)2
4 2
48. I - (x l)dx : 49, J'%dx.
X" =5)(x*=-5x+1) x"+3x°+4

Tinh tich phan cdc ham s& lugng gidc sau:

50. | dx ; 51. jd—"

sinX(2 +cos x — 2sinx) 2+3cosx
52, I cosxdx2 : 53, sin® xdx : 54 jsmxcosxdx
SINX —COs“ X cos* x P+sin® x
1 d>
ss. I st:'(dx4 : 56. 1+ gx 57, J~ EK -
Ccos” X +sin” x l—tgx 4-3¢cos° X+ 5sin

;
X
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. 4
58. I . 59. Isin® x cos* xdx ;
sin®x — 551nxcosx

60. [—— —; 6l [————

02. Jcos x cos? 3xdx .
sin® xcos?x

SlI'l XCOS X

Tinh tich phan cdc ham s6 vo ti sau:

J_d 1 1
j a 64. [FTXIX ﬁxdx; 65. Ix_?‘/ :de;
68. I____de,

X

66.

dx;

J' dx .67
x+12Vx2 +2x+2
b

69. Dung dinh nghia tich phan x4c dinh, tinh: [x?dx.

70. Chi 1 (khong cén tinh) tich phan nio 16n hon:
I i

a) (Ve ™ +1dx hay _[e"dx ,
0 0

! 1

b) Ixz sin® xdx hay Ix sin’ xdx .
0 1

1

. dx . 2 1
71. Ching minh ring: [——2— nim gita —=0,67 vd —=0,7.
JV2+x~x2 3 V2

Tinh gid tri ding cta tich phan da cho.
2 2

72. Udc lugng gid tri ctia tich phan: [ = je" “*dx.
0

: 4
73. Chung minh ring: I\Jl +x*dx275.
I

74. Tinh cudng d¢ trung binh L, ctia dong dién I = I sinwt trén doan [U, —TE:I ,
©

trong dé © = Z:i? » Iy 12 gid trf 16n nhat cha cudng do dong dién.
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75. Tinh dao ham cta cdc ham s6 sau:

X 0 i
a) F(x) = J.lntdt,(x > 0); b) F(x):j 1+t4dt:
I X

i
c) F(x)= J.li%dz d) F(x) = Ilnxdx.

: 5
76. Tinh dao ham cia ham sé sau: y= j 1+t*dt taix =0 va x = %

X

Dung cong thitc Newton - Leibniz, tinh nhiing tich phan xac dinh sau:

ey *y-1
77. |—=dy: 78. dy:
.jyz ’ JJ;H ’
79 ‘]___E__. 80 Ej dx
] x?-3x+2" ] . 1+cosx

Dung phuong phdp d6i bién s6, tinh nhing tich phan x4c dinh sau:

i 7 @ In2
81, | ydy . 82. j—_ﬁ——; 83. I\/e ~1dx;

ay® +4 U xy1—(Inx)>?

1 b4 n

2 2 2
84, [ 85. [~ 2. g | Veosx ~cos® xdx ;

X =3x+2 5 2+cosx )

2
!
2 9
—5x% - d
87 Icosxln——dx 88. Ix 784 x0 -5 2dx; 89, A ;
1 —-X X + X 4\/;_'1
2
2

29 3 a V3

90. J.—g—zz)—_dx; 91, Ix2 a’—x%dx  (a>0): 92. _[ 1+2x dx;
z X
(x—2)3 +3 ¢ :
LVx? : dx

dx; 94

7 X . f[xVx2+5x+l.
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95. Chiing minh rang: Né&u f(x) I ham s6 tufin hoan chu ki T thi :
a+T a+T
jﬁmkmmgmmmmm@mmajﬂmmvﬁumx

1007
Ap dung: Tinh j V1—-cos2xdx.

Dung phuong phép tich phan timg phan, tinh nhimg tich phin xdc dinh sau:

3 1 m
96. _ﬂln xldx 97, Ixe"‘dx; 98. J-x3 sin xdx ;
3 0
p 5 : 4 x sin x
99, Je“" cosxdx; 100, Ixarctgxdx; 101. I
0 - COS X

Tinh dién tich hinh phing giéi han b&i cdc dudmg cong sau:
102. y*=9x vay=3x.
103. y =x*, y =8 va truc Oy.

104. y = x% y =2 — x va truc Ox.

105. ¥’ =2x + 4,y =2 va y =3?x—5 (phan dién tich ndm & phia trén
dudng y = -2).

106. y = 6x — 3x%, x = 3 va truc Ox.

107. x = acos™, y = asin’t .

108. x = acost, y = bsint.

109, r = acos2o.

110. r = a(1+cos@).

111. Tinh d¢ dai cung dudmg cong:
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a)y:lnxtir_)(:\/g den x =+/8;

2 .
b) y= 52— -1 gi6i han béi truc Ox.

112. Tinh chu vi hinh phang gidi han bdi cdc dudng cong:
- K S _ 2
y'=Xx" vay=v2-X".

. .. . |x=a(t—sint) .
113. Tinh d¢ dai mot cung xycléit: v 0 <t <2m.
y = a(l —cost)

114. Tinh d6 dai dudng tron trong hai truong hop:
a) x = Rcost, y = Rsint;
b) r = R (phuong trinh dudng tron tam O, ban kinh R trong hé toa d¢ cuc).

115. Tinh thé tich phdn hinh tru ding, bi cit bdi mat phang di qua dudng
kinh 2R ctia ddy va tao vdi mit phing ddy géc a.

116. Tinh thé tich vat thé tron xoay, tao nén bdi phép quay xung quanh truc
Ox hinh gidi han bdi cic dudmg cong:

a)y’=4dxvix=4;
b)2y=x*va2x+2y-3=0.

117. Tinh thé tich vat thé tron xoay, tao nén bdi phép quay xung quanh tryc

. 2 2
Oy hinh gi6i han bi dudng e lip: —5+25 =1.

JEAE
118. Tinh dién tich mat trdn xoay, tao nén bdi phép quay:

a) Xung quanh truc Ox cung parabol y* = 2px véi0<x<a.

b) Xung quanh truc Oy dudng elip: 4x* + y* = 4;
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¢) Xung quanh tryc Ox mdt cung xyclbit: {

ot
RS
é\'ﬁ ‘?QF

X =a(t—sint)
vai 0t <2m,
y=a(l—cost)

119. Khio sét sy hgi tu cha cdc tich phan suy rong sau va tinh néu ching hoi

w:

4
a) je_xdx
0

o
) jxe_"dx :
]

+a
c) Ixcos xdx ;

d) ].ln xdx .

120. Khao sat sy hoi tu ctia cdc tich phan suy rong sau:

2) jcos(x )dx, b) _[

1+X 0 (x+

1. 4ln|x|-i—l+c ;

Jx x

3. x —arctgx + C

5. ix‘*.%/;—

13
5, G
7. 9——2)(+L—-+C ;
8 9
In— In—-
9 8

9. x +cosx +C

11. 9tgx — 25x — 4cotgx + C;
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V1+x2 )

gxze/;_ae/;,c;

© '[\/(x l) (x+2

PAP SO

2. x~21n|x|—l+C;
X

4. arctgx«i+C;
X

6. arcsini~ln|x +vx® +2|+C;
J2 _

(32.2-53 )X
In(3%.2.5%)

(32.63 )K
" In(3%e?)

10. 6tgx + 4cotgx + C;

12. —L+—1~-l+arctgl+c
5° 3 x X



13.

16.

19.

3
_(a2 . xZ )2

+C;
3a’x’

~%ln|1+3cosx|+c;

%\/(arcsm Xy +C;

20. 441

4. Infe* +e M +C;

17. %\lx3+1+C;

+Vx +C;

18. 2

21. 2arcsinx/; +C;

-In(3+e H+C;

1+sin°x +C;

22. ¥ +C; 23. %arctg(x2 +1+C; 24, %arctg%+c;
25. In|-X =Ll 21nlx? +C

x-0,5
26. 3lnlx + 3+ ”3+c; 27. 1n1x—2+\/x2—4x~3i+c;

X+
28. -9+ 6x —3x? ——-2——arcsinx—&1+C;
3 2
29. (x +7x wS)Smh; (2x+?)cos2x_51n42x+c;
Ix ’

30. 62 31. xarccosx —vV1—-x* +C:
32.1In Ll _Agx L ¢ ; 33. xtgx + In|cosx| + C;

\/l+x2 X

1

34. %(cos]nx+sinlnx)+c; 35. -é—\/(l+x2)3 --\/1+x2 +C;

36.

>c111(>(+\/l+x:")~\/l+x2 +C;

X Jx2ea?
2

37.

a) i[@xz —l)arcsinx+xxll—x2]+C;

2
a . X X
?arcsm—+5\/a2 —x?+C,

a

Z+ta i%lnlx+\lx ta ‘+C

X+1\}x2+2x+6 +%ln‘x+l+\)x2+2x+6 + C;
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c)

38. ——

40.

42,

43.

45.

46.

47.

48.

50.

51.

53.

e
A%

x_2\}3+4x—x2 +Zarcsinx_2 +C.
2 2 J7

X

1 )
I—x2 +Earcsmx+C;

2™ (Vx - 1)+C; 41, 2aresiox oo xlic.

V1-x?
x|

In - larctgx 1 (arctgx)’ +C;
Vi+x? X 2

Tink-2d+dmhk+dec; . a4t zm“—q+c;
5 5 3(x=2) 9 ix+1
x+iln|x—2|+iln(x2+2x+4)~£arctgﬂ]—+c;

12 24 4 NG

_ 2

x2 ! +In % +l+larctgx+C;
2(x7 +1) k2
1 CHl 11
—|2n - +C;
3{ x> x* x3+J
1( 5 5 i 2 -2
- ln‘x —-le-ln|x —5x+lD+C; 49, —arct +C;
5 G
| X X 5 X
—Inite——Intte——1l+=Intg——-3+C;
3 g% 527135 %
—‘/-_5—111 +C: 52, L ]2smx+l \/_‘
5 ‘251nx+1+f‘

T +C; 54, larctg(tg2x+1)+C hodc laurctgsinz)w(:;
3cos X COsSX 2 2
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g
s
E

24
&,

55.

57.

59.

61.

62.

63.

64.

65.

67.

69.

71

7

un

76

80.

arctg(tg’x)+C; 56. —In|sinx - cosx | +C;
] -
—arctg(3tgx)+C; 58. lln fgx —> +C;
3 ' 5 tgx
| .
——(3x~sin4x+sm8x)+C; 60. 2tgx +ltg3x—L+C;
128 3 tgx
- +31n|tgx|+gt L
2ig’x y B Xy XAG
| 1 1 .
S SMX +——sin 35X + —sin7x + C;
2 2 28
g(\/" x> +29x% +2In | ¥x° - 1p+C

63 (1+x)? (%(Hx)z —.é—(l+x)+%d1+x +%)+C;
3 [ 2
_2 (HXJ L 66. __x+_2§+_2+c;
3 X x+1
3
r 3 / 23S
(_x__31L+C; 68. ———(4—}15)—+C;
3x 20x
b3
?; 70. a) Tich phan thit nhat; | b) Tich phan thit hai;
2arcsin . ; 72. ——2—sls2e2; 74. E10;
3 e T
a)Inx; b) —\fl+x4; c)x; d) - 4xinx;
“1va -2, 7. L, 783, 79. In—;
4 4 3 3
2 81. l1nl+‘/§; 82 =, 83. L(4-m;
3 2 2 2
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84.

88.

92.

95.

109,

111.

112.

115.

118.

119.
120.

270

E+8]n3«
8

15In2; 8A.

; 89. 2(1 + In2);

96. 2[

105. 24,

1_1]; 97.1-2,

T

33’

86.

3

4.
3

90, 8+ 2T .

243’

93, f—g;

e e

1

;1000 21 0L ZoZ. o2, L.
2 4 2 2

106. 4:

110. —33na2;
5

a) 1+llni;
2 2

27

2.3
—R’tga ;
3 g
2) Zn;/E[

a) 1;

a) hoi ty;

2[13\/§~S+n\[2—];

4

116. a)

33
(2a+p)? -p?

by I;

b) hoi tu;

b) \/Efln(\/fwi);

113. 8a;
32nm; b —9—£n
3

]; b) 2n[l+§%];

c) phanki; d)-1;

¢) hoi tu.

94, In

107. 12 122 :
5

‘e
ot
n'?(:“

87.0;

4
91, T_

16

7+247
9

98. m° — 67;
103. 12;

108. mab;

114. 2nR;
117. inazb;
3

c) ﬁ:rtaz.
3
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