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Loi tua

Thué con 1a mot hoc sinh trung hoc tré wdi, téi vin mang mot sy ton
kinh gén nhur thdn thanh d6i v&i cac cudn sach gido khoa. Khi 46, d6i véi
tdi, cic cudn sich gido khoa, ma cit ddu niam hoc lai dugye mdt ban tay
min cén boc lai cdn than, c6 ¢ nghia nhw thé nao thi toi ciing khong thé
néi len chinh xac duge @ didu chdc chin 1a ching chita dung Chan 1y. Chéng
han, toi cho riing chi c6 thé phat biéu mot dinh 1y theo ding timg cau chir
nhur trong sach gi4do khoa. Liic d6é cac gido sw chua sit dyng thuong xuyen
céc to sao chup (on tap va bs sung ly thuyét, d& bai tap...) ; ngay nay thi
toi nghi riing tinh hinh d6 14 do nhtng khé khin vé sao chup hom 13 vi cée
gldo su d6 lai khong mudn d€ lai dau 4n cd nhin qua viéc lya chon nhimg
bai tap doc dao. Cac gido su khi d6 thudmg xuyén tham chidu dén cic sach
gido khoa, tuan thii trung thanh trinh ty clia sach gido khoa, 15y bai tap tir
sach gido khoa. Tuy nhién t6i vin con nhé¢ da rdt king ting khi thay gido
Toan, & 16p cudi cdp Trung hoc phd thdng, ma toi cling rit ton sing, doi
khi lai phédt bi€u mot s 1&i phé phan d&i véi mot cudn sach ma chinh éng
ta da khuyén chiing t0i sit dung ! Con cic tac gid clia cac cudn sach d6 thi
lai cang bi 4n : ho 12 ai, c4c vi thin linh ndm gitt Tri thire d6 7 Sau nay,
t4t nhien 13 cdc m&i quan he cla t6i vdi tr cach sinh vien d6i v6i céc cudn
gido trinh da thay d6i din, nhung hinh nhu toi vin gitr lai cach tiép can
vira ham thich vira ton kinh d6, chic la do ngay tho, cich nhin von da
ngan cén 161 khong 1am nhtmg viéc ching han nhur ghi nhin xét & 12 trang
sich - toi s& khong nhai viéc 1am ciia mdt Pierre de Fermat ! - va ca cai
dinh kié€n ton trong s& khi&n cho toi kh6 ma soan thio duge mot ban nhin
xét khéach quan,

Khong mot gido sw ndo, du cho 12 mot tac gid da viét gido trinh, lai nghi
dén vigc thay viec gidng day song dong bing mot cudn sich. Nhung mot
gido trinh dwgc xust bin, néu trung thanh véi noi dung va tinh thin cia
chuwong trinh cia mdt 16p, ¢6 thé giip ich rdt nhidu cho nhimg sinh vién
chiam chi. Nguoi sinh vién, nhét 13 cic sinh vién méi bit ddu hoc, s& cam
thdy yén tdm khi c6 duwgc modt huge dé sang sita, chinh xdc, chit chs, mot
cach trinh bay that chau chudt, véi céc kidu chir khic nhau dwgc xen ké



mot céch hop li, mdt cich nhin toan cuc ddi véi cag vin dé dugce khao sat
trong cudn sach. Ngudi sinh vién s& tin chdc la s tim dugc trong cufn
sich d6 mot phép chimg minh chra thdu hiéu, mot thi dy hay phan thi du
gitip cho vigc ndm vimg hon mot khéi nigm, cau gidi dap cho mot cau hdi
ma anh ta khong dam néu ra...

D& cudn sich c6 thé hoan thinh vai trd trg 1y 46 - tny thy dong nhung
ludn ludn c6 mit - t6i cho ring cudn sich phai that gin gii véi nhimg
khic mic tryc tiép clia ngudi sinh vién, khong doi héi nhimg hidu biét
chira thu hiéu, khong 1am cho ngudi sinh vién chan nin do thuong xuyén
dua ra nhimg khai niém qua tinh t& ; tuy nhign cudn sach d6 vin phai chira
dung mot noi dung diit A& c6 thé tao nén duge nhimg co s& chic chin lam
nén ting cho tr thitc khoa hoc.

Nhu thé ching ta d& hinh dung duwoc ring vigc bién soan mot bo gido
trinh danh cho sinh vien céc 16p dy bi hay sinh vien hoc phdn 1 béc dai
hoc, s& doi hdi, cling v6i sy hidu biét chuyén mon cén thi&t, mot trinh do
sir pham chic chin, duge rén luyén qua kinh nghiém giing day lau nidm &
chc cdp hoc d6, mot dic tinh kién tri va ty mi to lon.

Jean-Marie Monier di dd ding cim dé thyc hién cong vig¢c lon lao dé,
va nhimg cudn sach ma ong ta cho ra mit ching ta hom nay - ndi tiép cic
tap bai tap v&n da gat hai thanh cong ma ching ta déu biét - da ching t6
ring ong ta da di ding hudng; i nghi ring ong d4 dat dugc muc tieu dé
ra, titc 12 bién soan nhtmg gi4o trink hoan chinh danh cho tat ca cic sinh
vien, chir khong rieng cho nhimg sinh vién tuong lai ctia Trudng Bach khoa.
T4t nhién sau nay ho s& doc va thudng thirc nhing cudn sach chuyen sau...,
nhimg ngudi s& ti€p tuc hoc lén. Trude mdt, sau khi hoc xong 16p cudi
cdp, ho cAn phai thfu hidu ddy di nhing khii ni¢m co s& mdi (tinh lien
tuc, sy hoi ty, cfu tric tuy€n tinh...) ; ngudi doc s& dugc mot ban tay chic
chin din dét timg budc, ban tay d6 s& 1a ché tya vimg chic méi khi xuat
hien nguy co : nhimg doan nhan xét d&i véi mot s¢ sai lam chinh la két
qua ciia sy quan sat nhidu 14n cdc sai l4m ma sinh vién mic phai.

Sudt trong qué trinh hoc, thudng xuyén cé nhing bai tap dé& ngudi sinh
vién tap duot : vai chyc trang sau d6, anh ta s& cam thdy hai long khi nhan
ra ring minh d2 dat dugc két qua ding ddn do di ding hudng, hodc thu
lrom dixge mot chi din quy bau d€ ti€p tyc nghién ctu thém . indt vay
cudn sich da tao nén mot cai gi hoan chinh, ¢ higu qué va chit che.



Toi d4 n6i vé& vai tro co ban md mdt cudn gido trinh, duwge st dung
trong mot thol gian dai nha mot cong cu tra ¢, cé thé c6 trong viec hinh
thAanh mot tri tué khoa hoc tré trung. Nhw vay cfu tric, cach bién soan va
trinh bay mot cudn gido trinh 12 nhing y&u (8 co ban : & day ching ta chi
dugc phép tao ra mot cai gi hoan hdo. D6 chinh 13 ¥ nghia cilia cong viéc
ma J-M. Monier da hoan thanh, véi mdt trinh dd hiéu biét, mot cich lua
chon va sir kién tri tuyét véi, tir bAn thio déu tién t6i nhimg cong viéc sira
chita cudi ciing, t6i timg chi tiét, trude khi hoan chinh. Cic tap sach nay
dap vmg ding mot nhu cdu thye sy hién ¢6, va t6i tin chic ring ching s&
duge don chao ndng nhiét tir d8i twgng cla ching 12 cic sinh vién - va
chic chén 1a ci nhfing ngudi khic nira - nhimg ngudi sau ndy s& noi ring :
"Toi da hoc duge nén ting Todn hoc trong cic cudn Monier "

H.DURAND
Gido su Todn ddc bigt
Trucmg Trung hoc
La Martiniére
Montplaisir — Lyon



LJi noi dau

B$ gido trinh Todn nay, kem theo bai tap ¢6 101 gidi, danh cho hoc sinh
céc 16p chudn bi thi vio cic tnmg cao ding cong nghe quéc gia (nim
thit 1 v nim thit 2, tat ¢cA moi ban), cho sinh vién giai doan mot cac ban
khoa hoc, va céc thi sinh cac ki thi tuyén gido su trung hec.

Luge 48 bd gido trinh nay nhw sau :

Tap 1 : Gidi tich 1} Giai tich nam tha nhd

Tap 2 : Gidi tich 2| (xudt ban lan thi 2 6/1996)

Tap 3 : Giai tich 3} Gi4i tich ndm tht hai

Tap 4 : Giai tich 4 | (xu#t ban lin tha 2 6/1997)

Tap 5 : Pais6 1: Pai s& nam tha nhat

Tap 6 : Pai s8 2 : Dai sd nam thit hai

Tap 7 : Hinh hoc : Hinh hoc nim thir nhat vA nam tht hai

(xudt ban nim 1997)

D¢ kiém tra kién thiwe da linh hoi, doc gid s& thdy & cudi mbi chuong
nhiéu bai tip c¢6 101 gidi, cac 1& gidi in & cudi cudn sich va hdu hét cac
bai tap nay déu khic véi cdc bai tap da o6 trong nim cubn bai tap da xudt
bén. Cudi mbi chuong 12 viéc khio sit mot s¢ van d& & ranh gidi chuong
trinh, duge trinh bay thanh nhitng bé sung c6 1o gidi.

Tac gid xin .cém on trwéc v cic nhan xét va goi ¢, va xin dé ngﬁi

doc gia vui long chuyén qua Nha xudt bin Dunod, 15 phd Gossin, 92513
Montronge CEDEX. '

Jean-Marie Monier



Loi cam on

T6i xin bay té tai day long biét on dén rit nhiéu ban déng nghiép da vui long
nhan kiém tra lai timg phén cla ban théo hozc ciia ban danh mdy, Ia : Robert
AMBLARD, Bruno ARSAC, Chantal AURAY, Henri BAROZ, Alain
BERNARD, Isabelle BIGEARD, Jaques BLANC, Gérard BOURGIN,
Gérard-Pierre BOUVIER, Gérard CASSAYRE, Gilles CHAFFARD, Jean-
Yves CHEVROLAT, Jean-Paul CHRISTIN, Yves COUTAREL, Catheri;le
DONY, Hermin DURAND, Jean FEYLER, Nicole GAILLARD, Marguerite
GAUTHIER, Daniel GENQUD, Christian GIRAUD, Alain GOURET, André
GRUZ, André LAFFONT, Jean-Marc LAPIERRE, Jean-Paul MARGIRIER,
Annie MICHEL, Rémy NICOLAI, Michel PERNOUD, Jean REY, René
ROY, Philippe SAUNOIS, Patrice SCHWARTZ va Gérard SIBERT.

Cudi ciing, 161 cam on siu sic Nha xust bin Dunod, Giséle Maius va Michel
Mounic, ma trinh d6 chuyén mén va tinh kién tri da tao diéu kién hoan thanh
céc tip sich nay.

Jean-Marie Monier
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Chuong 7
Cac ham sé théng dung

7.1 Ham légarit népe
¢+ Dinh nghia Ham logarit népe, ky hiéu la In, 12 anh xa ur
R} vao R dinh nghia nhy sau :

£
dr
* — -
VxeR+,lnx—_[ .
1
Ngudi ta ciing néi ring lnx 1a logarit ty nhién cia x.

Ta ¢6 Inl =0 ; ham s8 In kha vi tréen R*

- L] L) 1
. vaneR+,ln(x):;.

Cong thie nay chitng t3 ring In ting nghidm ngit trén ]Rj‘r va thugce lop C*
tren R} .

¢ | Pinh Iy
V(g b) € (R})? ; In(ab) = Ina + Inb.

Chimg minh :
Choae R} vagp:R} >R .Anhxa(pkhévit;énR: vi
' x P In{ax)
Vx e R, ¢'(x) = e 1, in’{x).
_ ax X

Do 46 t6n tai A € R sao cho : Vx € R}, o(x) = Inx + A.
Viy L =o{l)=lIlng, suyra: Vx e R:'_ , In{ax) = lna + Inx. [ ]
Tir dinh Iy trén dé dang suy ra cac tinh chét sau day :

. V(g b) € (RY)? In g = Ina — Inb.

e Pidc bidt : Vb € R:, In— = — Inb.

=

n 4
e vnelN' va,.,a, € R, ln(]_[ a;.) = Y Infa)
i=1 i=1

(chimg minh d& dang biing quy nap).
s Vne Z, Vace ]R:_ , In{a™) = nlna.



Chuong 7 Céc ham sé théng dyng

¢ | Ménh dé 1

DlimInx = +o;
X —3+xw

D lim Inx = —~ oo,
x =0

Chitng minh ; .
1) Vi ham s In tang trén R} . nén tai + o In ¢d gidi han hdu han hojc bing + .

Néutontai L € Rsaocholnx — L, thiln(2x) —» L, va
Xx>+® X +oo

in(2x}=I1n2 +Inx = In2 + L, suy ra In2 = 0, mau thudn voi In2 > Inl =0

X+
Mau thuin d6 ching 10 : Inx — + .
X+ a0
1
2)¥xe R} ,Inx=—-In— - - xtheo 1)
X x—snt
4 | Ménh dé 2
: Inx
lim = 1.
x>1 %7 1
Chiing minh : v

Ham s& In khd vi tai 1 va

v em=ic1. m

x—= 1 .1 T y=Inx
Vi ham s6 In kha vi hai {4n trén R} o

va (Vxe R* , In”(x) = — é < 0), nén

In 12 ham lom. Trong muyc 7.5, Ménh
d2 1, ching ta s& thiy 1 Inx 0,

X—»+ o0
viy duong cong biéu dién ham s0 In
nhén mdt nhinh parabolic theo hudng
tiém can (x'x).

Bai tap
0 7.1  Chimg t6 diing véi moi (4, b} thuge (R0 :

at+db 1
4 2

In (na+1nb) = a® + b* = 14ab.

In(l +x) _ _ In{l - tsD)

¢ 7.1.2  Chimg o tiing : Vx € |=1 ;5 1 = (0], el
x ;



7.2 Ham mi

7.2 Ham mu

Vi 4nh xa In : RT — R lién tyc, ting nghiém ngat, va vi lim In = - oo,
o*

lim In = + o, nén anh xa In ¢6 anh xa nguwoc (xem 4.3.5, Pinh Iy, Tap 1),
+ oo .

anh xa ngugc nay dugc goi 1a ham ma, ky higu laexp : R —» R: .

Nhu viy ta c6 : ¥(x, ¥) € R x R}, y = expx & x = Iny.

Thong thudng anh xa R — R cing dwgc goi 12 Anh xa exp.
X > expx

Céc tinh chat sau day suy ra tir cac tinh chat twong vng cla ham s6 logarit :
» Anh xa exp kha vi trén R (xem 5.3, Dinh Iy 3, Tap 1) va :

1
Vx € R, {(exp)(x) = m = expx.

Nhu vay ro rang anh xa exp thu¢c 16p C* tren R,
eexpO=1,vilnl =0.

o Y(a, b) € R2, exp(a + b) = (expa)(expb),

vi In(exp(a + b)) = a + b.= In(expa) + In(exp b) = In((exp a)(exp b)).

Via, b) € R2, exp(a — b) = B2
exp b

Vb € R, exp(-b) = expb

n n

¥n € N, Va,,.., a, € R, exp(z a‘-) = [ exp(a).

¥n € Z, Ya € R, exp(na) = (expa)".

o lim expx = + o, lim expx = 0.
X~ + o X—»=X

,hmle':L

x—=0 x



Chuong 7 Céc ham sé théng dung

¢ | Ménh dé
expl = e.

Chitng minh :
Ta nhic lai ring e la giéi han cia day (u), .~ xdc dinh béi h¢ thic
H

W, = ki (xem 3.2.2, Thi dy §, Tap 1).
k=10

Chung ta hay 4dp dung dinh 1y Taylor v6i s§ du dang tich phan vao ham s exp

trén [0 ; 1] t6i bac n :

A |
() _
_ Z ex k'(o + IU_T_XE exp“””(x)dr =
. L
1]

k=0

exp 1

=u, + 1 I(l - xYlexpxdx.
n!
0
1

1
Vio < — j(l - xYlexpxdx = Eﬁ:‘l— , nén ta suy fa u, —> cxpl, va do d¢
n! ! ot
0

expl = c. |
Cho t6i hic nay thi ky higu e duge dinh nghia v6i r € Z hay 1 = 1 ,
1)

ne N* (xem 1.2.3, 2), Tap 1). Ta thdy exp ¢ tring v&i ¢’ trong c& hai truong
hop nay. Nhr vy ching ta ¢6 thé thac trién ky hiéu e’ cho truong hop
t € R bang cach dat :

vie R, e = expt.
Tir day chiing ta s& dung ky hién € thay vi expr.
Duong cong biéu dién ham s6 x > ¢* 1a hinh d6i xung cia duong cong
bidu dién ham s6 In d8i véi duong phan gidc thw nhét (trong moét hé quy
chifu truc chudn).

¥
y=er

A

0

Bai tap

0 7.2.1 Tim 14t ca cac anh xa lien e £: R = R sa0 cho :

vix, v) € RE fix + 3) = AxY) (Sur dyng bai tap 4.3.3, Tap 1).



7.3 Ham l6garit va hAm mii co sé a
7.3 Ham logarit va ham mi co s6 a
Trong ca muc §7.3 nay, a chi mot s6 thuc ¢o dinh thude

10 ; 1[ w1 ; +oof.

7.3.1 Ham logarit co s6 a
L 4

R*

Binh nghia Ham légarit co 56 a, ky hi¢u la log , la 4nh xa tir
. vao R duoc xdc dinh nhu sau

Inx
v 1 = —.
x € R} , logx Ing
Ngudi ta ciing goi log x la logarit co s6 a cha x.
Truong hop dic biét : log, = In

Tir cdc tinh chdt cia ham logarit népe, ta d& dang suy ra céac tinh chat
sau day :

e log, thuge 16p C* tren R va:

" , 1
Vx e R, (log,)(x) = Ina

¢ log,1 =0.

e V(x, y) € (]R:)z, log (xy) = logx + log,y.

e V(g by e (101 w]i;+0])2 Vx e ]Rfr , log,x = log,a . log x (cong

thire d6i co s6).

®* Va e ]0; 1[ U ]l; +0of, Vx € R}, log;x = - log x.

a

yll
: y = logyx
' a>t
“
o , L]
1, x
T y=logax O<ax<l




Chuang 7 Cédc ham sé théng dung

Bal tap

0731 Choae J0; 1] U |1 ; +ol ; gidi phuomg teinh
log x - log 2x + log ex = 1

vifi dn s0 x € R .

¢ 7.3.2 Xiéc dinh 1dp hop cic bd ba {a, & ¢) € R3 thdéa man -

log,, @+ log _,a=2log,  ,a log__,a

O 7.3.3 Tim 4t cé cdc anh xa f: |0 ; +¢[ = R lién e va thda min ;

Yix y) € 10; 4+l flxy = Ax) + fy).
(St dung bai 1ap 4.3.3, Tap 1).

7.3.2 Ham mi co 6 a

¢ Dbinh nghla Ham mi co s6 a, ky hieu la exp,. la 4nh xa tir R
vao R} ngugc véi anh xa log, .

Nhu vay tacé : Vix,y) e Rx R}, (y = expx & x = log ).

¢+ | Ménh dé
Vxe R, expx = etlna

In{exp,x)
Ina
expx = elind [

Chitng minh : x = log, (expx) = » do d6 In(exp x) = xlna, suy ra

Tir céc tinh chdt cda ham ma (xem 7.2), hoic cic tinh chat ciia ham logarit
co s6 a (xem 7.3.1) d& dang suy ra :

* Ham s6 exp, thuoc 16p C* trén R va
Vx e R, (exp))'(x) = (In a)(exp,x).
» exp,(0) = 1.

¢ Y(x, y) € R2, exp,(x + y) = expa(x)expa(y).

* Vx € R, exp,(-x) = px
eXp, X



7.3 Ham légarit va ham md co sé a

*» Vae l0;1[V]l;+ Vx € R, exp;{(x) = xpr

Cho dén lic nay thi ky hiéu ¢* da duge dinh nghia khi (a € ]R: vi(x € Z

1 ; :
hay L€ N™), hoac khi @ = e. Trong cac truomg hop d6 (va voi a = 1),
ta c6 :

{ln(aj‘) = xlna

Inexp,3) = xlna do d6 a* = exp,(x).

Nhu viy ta c6 thé thac trién ky hidu g* ra truong hop x € R bing cach
dinh nghia : Vx € R, & = expx.

Tir day ching ta s& viét ¢* thay vi exp_x.
YVxe R, " =1
Nguoi ta ciing dinh nghia : { vx ¢ R}, 0 = 0
oV =1
Céc duomg cong bidu didn cdc ham x > @ va x > (1)"' d6i ximg nhau
a
do6i voi truc (v'y).
y=ara>»l

L]
[]
L]

[

L]
L]

*
L]
L

Bing cach viét lai cac tinh chdt cia exp, bing ky hieu a*, ta ¢6 :
* VaeR, ad =1

sxec R * =1

evxe K ,0F=0

e Vae R, ,Vix, y) e R2, @a¥ = &)



L J 4’r§

0 Chuong7 Cac ham sb thdng dung

1
VaeR:_,Vxe‘R,a_X=;

Va e R}, V(x, y) € RZ,%= =y

i

Va e R}, Yix, y) € R2, (@Y = a%

Y(a, b) € (RD% ¥x € R, (ab)' = '

at
Y R*)2 ay - e
(a, b)E(R+),‘v’xER,(b)

{ 7.3.4 Giai cic phuong trinh sau day, trong d6 dn s x € R :

A3 -3 15 457 =0 b]xr=%\"5,x>{]
c)x‘=%\'€,x>(},

0 7.3.5 Giii ren R? cac he phuong trinh

& = 10 x>0,y>10
a){ . = b) {x+y =y
2 =3 VY = x
23.r+2.\' =5
€4, .
4 = 23

L -
¢ 7.3.6 Chimg o ring : V(g b) € (R}, [{z,, )

oy

0738.7 Giaiwen (R) 1422 = 2.4
x+y+z=16

b:>a=b=l
a

{$ 7.3.8 Tim 1 ci cac anh xa lien we f: R = K sao cho -
. 3 X+ ¥yne o .
Vi e R (F(=57)) = A

{Sir dung bii1ap 4.3.3, Tap 1).
1
0 739" Xacdinh Swp (277 +2 ).

xre]0:+w]



7.4 Ham ldy thia

7.4 Ham lay thira

+ Dinh nghia Cho o € R ; ham liy thira vdi s6 md « la anh xa
tir R vao R, & day dugc ky hieu 1a p, va duge Xac dinh nhu sau:

vx e R}, p ) = x* = e,

Néw oo > 0 thi ™ 5 O, vi do d6 ta ¢6 thé thac rién lien tuc
x>0

phai ham s6 p, bing cach dat p (0) = 0.
Mait khac, ta c6 thé thac trién lién tuc p, tai 0 bing py(0) = 1.

Anh xa P, thuoc 1op C* trén 10 ; +oof va :

» o
x) =— elnx ae(u—])ln.r — axa—l
¥x € ]0 ; +f, Pal®) x

Pal®) = ale = D2
Tir d6 ta suy ra dugc bang bién thién cla p, va huéng 16m cila duong cong
biéu dién p,.
Néu o > 1, p,, kha vi tai 0 va p (0) = 0.

Néu 0 < a < 1, p, khong khi vi tai 0 va Palx) ——> + .

x>0
Truémg hop o < O Truomg hep a > 0
X 0 + X ) .+
Po) - es) +

Pe®) | +® Po(x) + o0
o — 0 0 / |

11



12  Chuong7 Cédc ham sé théng dung

yi a>1

{ a =1

!

\l

\.\ ___________ 0<a<!
1 ' Aol a=0

"" IH'

y ~ -_'-""-—-Lx.<q
(4 " *

Bidu di&n dd thi ham s x b x°

Véi o € R, cac 4nh xa R} - R} va R! — R} 1a nhimg 4nh xa
1

X P x@ o
XX

nguge nhau.
1
Pic biét, voi mei (1, x) € " x R} 1 x" = Alx.
NHAN XET : Theo cach vi€t théng thudmg, doi véi
(a b ) € Rfr X ]Rfr x R ta ky higu 13 a* thay vi a).

n n

0 7.4.1 Chimg 1o ting véi moi n e IN = {05 1} : Mes S o+ Nu- Nro< 20
¢ 7.4.2 Chimg té thng, vdi moi n € Nsaochonz7: NRV T s gy

Q 7.4.3 Giai cac phaomg trinh sau-trén R:

a)\/x—4x-4 +\/x+5—6\|'x—4=1

p) Ve v 13+ Ur— 13 =4
1

, 3 3¢
¢ 7.4.4 Chimg o ring, véi moi x thubc R+. thi: (! + MR i -

2
O 7.4.5 Tim tdt ci cac anh xa lign tye f 0 |0 +oc[ — R thia man

Yix, ¥ € (10 5 +0]) ; fom) = ).
(St dung bai13p 7.2.1).



7.5 So sdnh cuc bd cdc ham sb 16garit, 10y thira, mi

7.5 So sanh cuc bd cdc ham sé logarit, iy thira, ma

4| Ménh dé 1
lim 2% _ 0,

x> +w’

Chimg minh :
V& moi x thude 31 5 +oof ta co ;
A x
dt d¢
0<lnx:_{—s — = |2V =2(\(;—1)<2\E
. I["J‘_ [q
In x

do d6 0 <—<-2",vatheodinhl)’!giéihank«:p:l—u——)0.
X \J; X x—=+w

¢ Ménh dé 2

Vi B e ®DL lim 8 _ o,

X=r+w XB

B
Chimg minh : Theo ménh d& 1 va x* —— 0
PR
B o
(In 0)* Inx \o oo | In (x%)
S (REV (Y2 0.
_-,;B (XWQ) (B) xﬂf"- X—¥+w

Ta néi ring tai +oo, cac 1oy thira clia 16garit khéng ddng ké so véi cic luy
thira co s8 > 0 cla bién s6. -

¢ | Ménh dé 3
Y(o, B) € RD?, lim 8 inAd® = 0.

x—0"

Chimg minh : Chi cin thye hién phép ddi bién X = i (tre 13 dua v& mdt ham s8
hop) dé quy vé& Ménh dé 2 :

Alnx® = X P@nx)®* = %?E

Ta néi ring tai 0 cic Wiy thira cha 10garit khong ddng k& so v&i cac lay thira co
s6 > 0 cua bién sd.
¢ | Ménh dé 4

VYa e ]l ; +o[, Voo € R, lim EJ.f-=+cao.
X—>+w©



14  Chuong7 Cacham s6 théng dung

Chimg minh : Phép d6i bign y = ¢* dua m¢nh dé nay vé Ménh 42 2 :
at exina ylna
& 5@ (Iny)®

Ta néi ring tai +o cac ham s6 m@ v6i co s6 16n hon 1 chidm wu thé so

, va lna > 0.

vl cdc ham sd lay thira.
¢ | Manhdés
Va e J1 ; 4o[, Va € R, lim g% = 0.

x> —®
Chimg minh :
Phép d6i bi€n ¢ = —x cho phép quy v& Megnh dé 4 :

-1
'
Pt =g = |E | —— 0.

~ o+
Ta néi ring tai —0 cac ham s& md v6i co s6 > 1 chiém wu the so voi cic
ham s& liy thira.
Sau day la nhomg thi du vé céach tinh céc gi6i han bang phép so sanh cic ham 58
16garit, ham s¢ ldy thira va ham s3 ma :

Dlim ¥ ? ¥ = "X v alnx —— 0, dodé6 x> —— 1.

x>0 x> 0" x—

. oInx_ Inx Inx x
Vlim—? —=—.——0
x—»+w et x & xo+w

6
L

3) lim '?"T = — 0
Yy +ce™ ¥ e I +@

4} lim (In x)2x4e“" 7 (In x)zx"'e'x = [01;—'12] (x5 e — 0.

X +@® X = +w



7.6 Cdac ham hypebélic thuan

7.6 Cdc ham hypebdlic thuin

4  DBinh nghia 1
Sin hypebélic 14 inh xash: R - R

ef—eg*
x> shx =
- 2
Cosin hypebdlic 14 inh xach . R > R
ef+e ¥
x > chx = T

Cac dnh xa sh va ch thuge lop C° trén R va ; sh’ = ¢ch, ¢ch’ = sh ; sh 1a ham 1&
va ch 12 ham chin. Ta ¢6 :

e ¥Yre R chw>0

¢ sh0=0,chd=1

» sh’0 =1, ch'0 =0.

Tir day suy ra cde bang bién thién sau :

x 0 + a0 X 0 + 00
sh"=ch| 1 + ch’ =sh| O +
sh + o0 ch + o

15



Chuong 7 Céc ham s théng dung

Ta ¢6 ngay ménh d¢ sau day :
4 | Ménh dé

chx + shx

I vx e R, {
e—x

It

chx — shx

2) ¥x € R, ch?x — shZx = 1.

Tir d6 ta suy ra dugc mot cach bidu dién tham sd dudng hypebol (H) cé phurong
2

\ x2 ] . . i - ht
trinh 5 - ﬁ = 1 (6 day (a, b) € (R} o0 dioh) : ; b

= bsht
véi (5, 1) € {-1, 1} xR, chinh céch biéu di&n tham s& ndy ly gidi cho tén goi
"hypebélic” cila cidc ham s§ d6.
¢ Dinh nghia 2
tang hypebélic 12 4nh xa th : R » R

a

x> thx = =
chx

e Céc 4nh xa th va coth theo thi ty thudc ldp C° ren R va R™, va
o= — =1 - w?
ch?

coth’=——-1—= 1 - coth?
sh2

e th va coth 14 nhimg ham s& 1€

e imth =1, lim coth = 1.

+ @ + 80
| | !
X 0 + o0 X 0 + 20
th'x 1 + coth’x -
thx 1 cothx + 0
\
0 / 1



7.6 Cac ham hypebdlic thuan 17

1 coth
th

-y

coth

Bang cong thirc lwong gidc hypebélic
Ta c6 dugc mot cach dé dang cac cong thic sau day, d6i véi moi x, a, b,
D, g thuoe R :

o ch?x — sh%c = 1.

e ch(a + b) = chachbd + shashbh
ch(@ ~ b) = chachb — shashb
sh{@a + b) = shachb + chashb
shia — b) = shachd — chashb

tha+thé
1+thathé

tha~thbh
l—thathb_ ’

¢ ch2a = ch%a + sh%a = 2¢h2a —'1 = 1 + 2sh2g
sh2a = 2shachag '

th(a + b) =

thia - b) =

th2e — 2tha
1 +th?q
o chla =&2;_+i,shza:£h?'
e chp + chq = kh%q chp—;‘i
¢chp — chg = 2sh ush 2-49

2 2



Chuong 7 Céc ham s théng dung

shp+shq=2shB-J2r—qchL;£.
shp—shqzkh%ﬁsh%q.

Trong Tap 3 ching ta s& thdy la c6 thé thac trién cac ham s thye ch, sh,
cos, sin ra cic s0 phic bing cac cong thic :

chz=l(ez+e‘z), shz=l(ez—e'z)
] 2 2
vz e C, i |
cosz = (e + e 19, sinz = 5 (e — ¢ 9

va khi d6 ta s& ¢6 : Vz € C, {CF’S?Z = chz

siniz = 1shz
Nhu vay, dé thu dugc bang cong thirc lugng gide hypebolic tu bang cong
thic luong gidc (vong) (quen thudc hon), chi cin thay cos bing ch va sin

bing ish (va do d6 tan bing i th).

Ching han : cos(a + b) = cosacosb — sinasinb

cho ta : ch(x + y) = chxchy — (ishx)(ishy)
tic la ; ch(x + y) = chxchy + shxshy.
Bal tap

"
0 7.6, Véi (n, x) € N x R, hay tinh [ | @eh@%) - 1.
k=1

1

0762 Vi (9 & N x Ry i 3, oy

V(ﬁ nhaﬂ xét ].’i t'l((k+ l)x) - th(k'x) = Ch(kx) ;:(fk + l)x) i

0 7.6.3 Cho (@, n) € R x N, tinh dgo hamcdp nclia f, : x > eh @ ch(xsh a).

0 7.6.4 Cho a € R ¢d dinh, gi3i phuong trinh chx + cosa = 2shx + sina, vdi dn s6 1a
x e K.

35

chx + chy = TE

{ 7.6.5 Gisi he phuong trinh : ) viri dnsd la (x, y) € RZ,
shx + shy = _IE
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7.7 B6 sung : cic ham s& hypebélic nguoc

7.7.1 Argsh

Anh xa sh : R - R lién tuc, ting nghiem ngit, va llm sh = — o,
11m sh = + 0 ; vy anh xa sh nhan mot idnh xa nguge, ky hléu la

Argsh :R > R

Ta cing cé : ¥(x, y) € R2, (y = Argshx <> x = shy).

Ham s& Argsh la ham s& 18.

Vi sh kha vi tren R v (¥y € R, sh’y = chy 2 1), nén Argsh kha vi trén
| 3 1 3 1
sh’(Argshx)  ch{Argshx) V1 +x2

R va: Vx e R, Argsh’(x) =

Do d6 Argsh thudc 1op C° trén R

7t K sh
X 0 + o0 ;
Argsh’x 1 +
‘o" Al‘gsh
Argshx + o0
0 x
) 0 . .""
i

Biéu thitc logarit cia Argshx
Ta cé voi mot (x, y) thude R?:

y=Argshx<:>x=shy@x=%(e)’ —eN o -2y -1=0.
Phuong trinh bc hai ¥2 — 2¢¥ ~ 1 = 0 (v6i 4n s61a ¥ € R) c6 hai nghiem
thuc x — V1+x22 (<0 vax + V1+x2 (> 0). Vied > O nén :

y = Argshr @ ¢/ = x + VI + x2.
Vay : Vx € R, Argshx = In(x + V1 + 22),

Ta ciing cé thé tim lai duge gia tri cda dao ham cia Argsh :

X

Vi< 1

x+\’1+x2 - \/1+x2

1+

Vx € R, Argsh'x =

19
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7.7.2 Argch
* Anh xach : [0+ [ = [1; + oof lien tuc, ting nghiém ngit va ch(0) = 1,
lim ch = + o ; vy 4nh xa ch nh&n m¢t anh xa ngugc, ky hiéu la

+0
Argch : [1; 40 [ = [0 +of
Yix,y) e [1;+0 [ x[0; '+oo[, (y = Argchx & x = chy).
Vi ch kha vi trén [0 ; 4w va (¥y € 10 ; +oo[, ch’y = shy > 0), nén Argch
ciing kha vi trén ]1 ; +oo[ va
1 _ 1 N |
ch’(Argchx)  sh(Argehx)  Vx2—1 '

vx € 11 ; 4], Argeh’(x) =

Suy ra ham s& Argch thuc 16p C* trén ]1 ; +oof.

|
x 1 + a0 Y T «ch
Argch’x " +o0 + '."
Argchx + ‘."
. Argch
l ‘,’
0 ——
0 1 x

Biéu thirc logarit cia Argchx
Véi moi (x, ¥) € [1; +oo[ x [0 ; +o0f, ta cb :

y=Argchx & x=chy & x= % (e¥ + eY)ee? — 2e¥+ 1 = 0. Phuong

trinh bac hai ¥2 — 2x¥ + 1 = 0 (v6i 4n s6 Y € R) ¢6 hai nghiém thye
mBax>DlY, =x-VE -1, ¥,=x+ V- 1.Viy20nenta
c6er 2 1.

Matkhéc:OsYlﬁlez,vin.YzzlvaY1+Y2=x20.
Tasuyra:y = Argchx e’ =¥, =x + Vx2 - 1.

Vay Vx e [1 ; +of, Argchx = In(x + ¥x2 - 1).

X

Yo

Ta lai c6 : ¥Vx & |1 ; +oof, Argch'x = = .
8 x+ V¥t -1 V2 - 1
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773 Argth
Anh xa th : R — ]-1 ; 1[ lign tyc, ting nghiém ngjt, va limth =- 1,

- a0

limth = 1 vay 4nh xa th ohdn mot 4nh xa nguec, ky higu la

+ 50 .

Argth : -1 1{ - R.

Nhir th€ ta 6 : V(x, y} € 1-1; i[ x R, (y = Argthx & x = thy).
Argth 1a ham lé.

Vi th kha vi tréen R va vi (Vy € R, th’y = 1 — th%y > 0), nén Argth khi
| 1
th’(Argthy)  1-x2

vitrén ]-1; 1f vd: ¥Yx € ]-1; 1, Argth'x =

Suy ra Argth thudc 16p C* tren -1 ; 1[.

X ‘ 0 1 y Arg th
Argth’x 1 + /
1
Argthx +e0 | | VAT t-h

Biéu thic 16garit cia Argth
Véi moi (x, ¥) thuge 1-1; 1[ x Rta¢é :

: oy
y=Argthx<:>x=thy<:>x=ey € o e + 1) = -1
eF+e 7
1+ x 1 1 +x
2y _ =1
Se ~ y=5 n_
1 1+x
Nhur vay : Vx e ]-1; 1f, Argthx = _ In .
2 1-x
o ) o1 1 i o1
Tala1co.‘v‘xe]—1,l[,Argthx—E(1+x+lﬁx)—l_xz.

7.7.4 Argcoth

Anh xa coth : - ; O[ W 10 ; +oo[ —> J—o ; —1[ W ]I ; +oo[ lien tuc, glam
nghiém ngit trén ]-oo ; O vA trén ]O +of, va lim coth = —1,

-

21
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lim coth = — oo, limcoth =+ o ; limcoth= 1, vdy 4nh xa coth nhan mdt anh
VB o + o

xa nguoce, ky hieu 12 Argeoth: ]—o 5 —1[ W 11, +oo] — J=0 ;3 O[ W 10 5 +oof.
Nhur thé ta ¢6 : Y(x, y) € =0 ; -1[ W )1 ; 4] x R", (y = Argeothr &
x = cothy). Argcoth 12 ham s¢ 1¢.

Vi coth kha vi trén ] —o0 ; O] U J0 ; + o[ va do (Vx € R”,

coth’x = 1 — coth?x < 0), nén Argeoth kha vi trén J—o ; —~1[ W ]1 ; +o[,
1 1

vi ¥Vx € J—o ; —1{ W ]1 ; +oof, Argcoth’(x) = coth (Ar geoth) = 2

Suy ra Argcoth thuge l6p C* wén |—c0 ; ~ 1[ W |1 ; +oo[.

X 1 +
Argcoth’x -
Argcothx || + o0 \
0
y
L)
L
\~\
1 N, coth

-----

Biéu thire 16garit ciia Argcothx
Vé&i moi x thude ]—eo ; —1[ W 1 ; +eof, ta cd :

1+l

1 1 x 1. x+1

Argcothy = Argthx =5 In l_l =5 In o1
x

Vay:Vx e ]—o ;- 1[ v ]I ;+oo[,Argc0thx=%1n iti .
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NHAN XET : Ta c6 thé "gop” cic 4nh xa

Argth va Argeoth lai thinh mét dnh xa duy

nhat, d6 1a 4nh xa

f: R-{-1, 1} - R =xac dinh nhir sau :
vx ¢ R = {~1, 1},

fix)=— ]n

1
x|

Anh xa fkha vi tréen R — {=1, 1} va :

Yre R - {-1, 1}, f'(x) = | !
-X
Bidu didn d8 thi cda f

Bai tap

¢ 7.7.1  Khio sit cic ham s6 tor R vao R xic dinh bdi céc bidu thie sau day (bién s x;
hiy bién d8i biéu thic) :

a) ch{2Argthx} b} th{3Argthx)
1
¢) sh ( 5 Argeh x) d) Argth
1+42
1+ 3thx
Arpth————
¢) Arg 3 +thx

¢ 7.7.2 Giai cac phuong trinh c6 4n s6 1 x € R sav :

a) Argchr = Argsh(Z — 2)  b) Argch(dx — 3%) — .A.r}g;f.:h(ZJc2 -1y=1
¢ 7.7.3 Cho x, y 11 nhimg s& thyc, hay bién d8i cdc bidu thic :

a) Argsh x + Argsh y b} Argch x + Argch y

¢) Argth x + Argth ¥ d} Argcoth x + Argeoth y.

@ 7.7.4 Khio sat cac ham s0 hgp g o f, trong d6 f € {Argsh Argch, Argth, Argcoth} va
g € {sh, ch, th, coth}.
¢ 7.7.5 Ching t& ring lujt hop thanh « x4c dinh bdi :
Xey= V2 - 1Ny~ 1 4 xy
12 mdt Judt hgp thanh trong trén [1 +o0f.
BO doi ([1 ; +f, ) ¢6 12 mot nhém khong ?

0 7.7.6 Cung cau hoi nhu & 7.7.5 vai x « y = %1 tren 1-1; 1.
Xy

¢ 7.7.7 Tim td1 ca cic anh xa f: R = I-1 ; 1[, lien tyc vA thda man :

_. i 2 £+ )
Yix, e (-1 105 8x + y) = 1+ f0)
(St dung cac bai tap 4.3.3, Tap ).

0 7.7.8 Tim didu kign cdn v dd d6i voi @ € R dé cac duimng cong c6 phuong trinh
¥ = shx, ¥ = 2r + a ¢co ba diém chung phan bigt,

23
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7.8 Cac ham s6 lwong gidc thuin

Chiing 101 gid dinh riing d6c gid di bi€t dinh nghia va cdc tinh chét thong thudmg
cla cdc ham s@ lugng gidc thuan sin, cos, tan, cotan. Trong C 7.1. doc gia s& thdy
mot phuong phdp don gidn d€ xay dymg cdc ham s 46, va ¢6 thé doc & Tap 3
cich xay dung kinh dién bing cdc day nguyén.

Chung ta nhdc lai ring :

* Yx € R, sin®x + cos?x = 1
B! sin x
Yx € R—(—+ nZ),tanx=
2 COs X
COS x
Yx € B - nZ, cotanx = — ]
sin x

¢ Cic ham sd@ sin, cos, tan, cotan thude lop C trén cédc tap xédc dinh cla
chung va :

¥x € R, (sin’x = cosx, cos’x = — sinx)

Vx e R—(g + nZ), tan’x = 1 + tanZx =

co 52x

|

sinZx

¥x € R — nZ, cotan’x = — (1 + cotan®x) = —

¢ Cong thic cong :

cos(@+ b} = cosacoshb — sinasinb
cos(a—b) = cosacosbh + sinasinb

2
V(@ b) € R%, sin{la+b) = sinacosd + cosasinb
sinf@— b) = sinacosb — cosasinb
ontar ) = {2
g khi cic s8 hang d6 xdc dinh.
|tan(a ) = tana —tand
i 1 + tana tanb

» Cic cong thuc tuyén tinh héa :

r

sing sind = % (cos{a—b) — cos(a+ b))

Y(a, b) € R2, { sinacosh = 1 (sin{a + b) + sin{a — b))

— 2

cosa cosb = E (cos(a—b) + cos(a+ b))

L
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¢ Bién d6i tOng thanh tich :

sinp + sing = 2sin£%qcos‘L;q
sinp—sing = ZSin’%q'cos‘%q
V(p, Q) € R'2J _ +
cosp+cosg = 2cosp—2qcosg?q
cosp-cosg = — 2sinp—;‘a‘sin'%q
sin2x = 2sinx cosx
s YxeR, . .
* {cost ~ cos?x — sindx = 2cosx — 1 = 1 — 2sin’x
by s s 2tanx
v BR-f{{-+>Z VU= +aZ)),tanZx = — .
xeR-((4+52)v(3+72) | — tanx
e Bing cich dat r = tan™ , ta dugc : sin 2 cos X i
= = . kl " : x = 1 = L]
£ 2 1+72 1+ 72

tanx = % khi cac biéu thirc d¢6 xdc dinh.

2 1 + cos2x

cos“x = 5
vx € R,
*VEE 21— cos2x
sinx = 5

s sin27m—tudn hoan, 13 ham 18, va v&i moi x thuge R :
sin(® + x) = —sinx
sin{m — x) = sinx

. T
Sll'l(" + x) = COsX
2
sin(Jt ) cos
- — X = X
2

» cos: 2n—tuln hoan, 12 ham chin, vi véi moi x thuge R :

cos(m + x) = — cosx
cos(m — x} = — cosx

T .
cos(*i + x) = —sinx

coS ( u X in
- - = sinx
2" %)
e tan : m—tudn hoan, 13 ham 18, vd véi moi x thudc R — nZ ta c6 .

T
tal’l(E + x) = —cotanx
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]
tan(— - x-) = cotanx .

2
 V6i moi (g, b) thuge R? ;
b = a [2r]
cosb = cosa <> <hodc
= —g [2n] .
b = a [2n]
sink = sina < <heic
b_ =7 - a [2n]

' 2
V& moi (g, b) thude (]R - (% + nZ)) ; tanb = tana <> b = g [n).

e Vi moi (x, y) thuoe R? sao cho x% + y2 = 1, t6n tai 0y € [-m;n[duy
nhit sao cho :

sin @

{e e R, {; B “’89} = 8, + 2:nZ.

N o O\
_rzr_ n\x

Biéu di&n d6 thi cda ham sin

-1

COs

~_ T

-1

Bidu di#n 46 thj cha ham cos
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/ Y

!
ny
3
td
]
=y

Bidu dién dd thj ¢Ga ham tan

YA \

(1)
Y
-y

R

Bidu difn d8 thi clia ham cotan
Bai tap
0 7.8.1 Tinh hoic don gian céc bidu thirc san ddy khi ching xéc dinh :

sinx + sin{nx} + sin{(2n — 1)x)
€08 x + cos(nx) + cos((2n — 1)x)

b) D 2%tan(2%x) (gid thi€t rling Yk € {0, ., n + 1}, 22 £ 0 [g])
k=0

<) H cos (j)
k=1

d)]_[(1+

iy L05(2

o 2 tankuan(k+ 2 0 [T (eos () + cos ()

k=10 k=0
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3

£ Y sin(esin((k + 1)) (s& dyng bai tap 2.5.1, Tap 1)
k=0

n
h) D costrcos(kx) (sit dung bai tap 2.5.4, Tap 1)
k=0

n
. - l!kcns3j 3"x!
i) Z 3k
k=0
$ 7.8.2 Chimg t& ring v6i moi n € N v (a), v @,) € R ta cé .

n 4]
Z cos(z skak) = Z"Hcos a,
k=1

(sl,...,an}e{—l,l}" k=1
{ 7.8.3 Chiing minh bdt ding thic :
Yne™M-{0, 1}, ¥re R~ =Z, lsin(ax) < nlsinxd.

$ 7.8.4 Co tdn tai hay khong 1 € N va (a;, - ay) € R" sao cho @
n
Yx e R, Z acos (kx) > O ?
k=1

{ 7.85 Chimg td thng @ V(x, y) € R2, cos(x?) + cos(y?) — cos(ny) < 3.
{0 7.8.6 Chung t5 ring : V(x, y) € [0 ; %], sin(Vxy) 2 Vsinxsiny.

0 7.8.7 Giaiwen R :

a) 3 cosx — sinx € 1 b) sinx + sin2x < sin3x.

¢ 7.8.8 Choanhxaf:]—%;%[—bR

x> ln(lan(i- + ;))

Hay kiém chimg lai ring, v moi x thude ]— % ; %[ thi :

m%ﬂ = tan% , thf(x) = sinx, chfx) = , shftx} = tanx.

1
cosx
0 7.88 Cho(x, v, 2) € R3 théa man 2 + )7 + 2+ 2xyz = L.

Chimg 16 ting : (x, v. ) € (= i -11w 113 s U (=15 1P
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7.9 Cic ham sé lvgng giac nguyc

7.9.1 Arcsin

Anh xa sin : [— g ; %] — [-1 ; 1] lién tuc, ting nghiém ngdt, va

sin(— g) =-1, sin(g) = 1; viy anh xa sin nhan mot anh xa nguoc,

ky hi¢u 13 Arcsin : [-1 ; 1] —>[~ % ; g] -

Vaytacé:V(x,y)e[—l;l]X[— L

% ; E] , (¥ = Arcsinx & x = siny).
Arcsin 1a ham sd 1é .
Do sin kha vi trén [— Etz" ; %] va vi (Vy e]— % ; —g-l: sin’y = cosy # 0)

nén Arcsin kha vi trén -1 ; 1] va :

. 1 ! 1
v -1:1 , Ar S — - - = Rk =
x & =1 1, Arcsin'x sin’(Arcsiny)  cos(Arcsinx) I-x

7 -

Ta suy ra ring Arcsin thudc lop C* trén -1 ; 1[.

y i
X -1 1 x Arcsin
2
Arcsin’x ” + o0 + +00 ” 1 | sin
. _ n ""‘
Arcsinx g 5 1 o _
Tox
"" 1 2
_z g
2 _z
Biéu di&n d8 thj cda ham Arcsin
NHAN XET :
1) ¥x € [~1 ; 1], sin{Arcsinx) = x.
2yChof: R-> R ; f1a ham s8 2n—tuin hoan, 1& va :

X > Arcsin(sinx)

x néu x € 0;E
- [0:3]

Tc—xne'uxe[

to |3
a
| I
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ray =

N
*K
S
%
oy
<
\\'I"‘
<
‘1-’.'}’

I
wlx

Bidu difn d8 thj cia Arcsin o sin

7.9.2 Arccos
Anh xa cos : [0; 1] > [-1 ; 1] lién tuc, gidm nghiém ngit, va cos0 = 1,
cost = —1 ; vay 4nh xa cos nhin mot anh xa ngugc, ky hiéu la
Arccos 1 [-1; 1] —» [0, n].
Vay ta cé @ V(x, y) € [-1: 1] x [0; n], (y = Arccosx & x = COSY).
Arccos khong chin ciing khong 1€.
Vi cos khi vi trén [0 ; =] vh vi (Vy € 10 ; [, cos’y = — siny = 0), nén
Arccos kha vi trén ]-1 ; 1] va :

1 1 1

cos’(Arccosx) T sin(Arccosx) B 1-x2

Vx e }-1; 1[, Arccos's =

Ta suy ra rang Arccos thugc 16p C* treén -1 ; 1[.

¥
[ 1
x —l 1 TCCOS
Arccos’x " — 0 - —00” '
Arccosx (T \ . \ = {
0 J Q n
-1 P, x
*.,c08
NHAN XET : Ri&n didn d8 thi cda ham Arccos
1) ¥x € [-] ; 1], cos(Arccosx) = X.
2yChog: R-R; g 12 ham s6 2r —wan hoan, chin,

X > Arccos{cosx)
vi: Vx e [0 x], g(x) = x.
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yl
. 4
A x \ 4 S e
a\‘?’.\ ,»4' o 748 +\+ j:
Y
2z -7 (e} R i x
Bidu didn 48 thi cha Arccos o cos
) T ) .y T .
3 Tacé: vxe(-1;1] Arccosx = —2- — Arcsinx , vi rang 5 — Arcsinx € [0; @]

. n . . .
Vi cos(g - Arcsmx) = sin{Arsinxy} = x.

He thitc nay cho phép ta quy viéc khao sdt ham s6 Arccos vé viéc khdo sat ham

s6 Arcsin, Dudng cong biéu din Arccos suy tir dudng cong biéu dién Arcsin bing

phép d6i ximg qua dudng thing c6 phuong trinh y = E va c6 hudng clia (y'y).

7.9.3, Arctan

Anh xa tan ]-—% : %[ _» R lien tuc, ting nghiém ngdt, va

lim tan = —oo. , lim tan = +90 ; viy 4nh xa tan nhan mot dnh xa ngugc,
LAY TN
(~2) )

5 hign 1 . L. 1

kyh1eulaArctan.R—)] 2,2[.

Nhu vay ta ¢o .
V(x.y)eRx]—E;E[,U=Arctaﬂx<:>x=tany).

22

Arctan 12 ham lé.

T = X TN
D k itren |- ;| vavi(V — |, tan’y =
o tan hﬁwtrn] ) 2[vav1(ye:| » 2[ an'y
= 1 + tan?y # 0), nén Arctan khd vi tren R va .
1 1

v R, Arctan’x = = .
e canx tan’(Arctany) 1 + x%

Suy ra Arctan thudc lop C® trén R.

<3|
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Xx 0 + o0 l
Arctan’x 1 +
Arctanx T
| / 2 |
| 0 B
)’1 tan .:
.
'2_ :

/—’Ec_lan

Lt
x4

Bidu di&n a5 thj cda ham Arctan

NHAN XET :
1) ¥x € R, tan(Arctanx) = x.

7) Ham si h : x > Arctan{tanx) xac dinh trén R - (-;- + TIIZ) ia ham m—tudn hoan, [&,

vﬁ:Vxe[U;%[,h(x}:x.

d

&
{ﬁ
] -

vl
=3
Ji =F]
\C
¥

L

Bidu dién g0 thj clia Arctana tan
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¢ | Ménh dé

vx € R”, Arctanx + Arctan

b2 la

sgnx .

® e

Chimg minh :

1
do 46 : % — Arctanx = Arctan— .
x

Véix € R* ta cong 1gp luan tuong ty (hodc lap luan theo tinh chin 18).

Ham dau, ky hiéu 13 sgn, duoc xdc dinh nhu sau :

-1 nénx <0
sgn : R > Rvasgnx=9 0 néux=0
' 1 néux>0

Thye hanh : Khdo s4t ham sé Arctane + Arctand

Cho (a, b) €¢R2, o = Arctana, f = Arctanb. Ta c6 (a, B) € ( J—

oA
IS NE
[
S
L
-
=]

né’ua+[3,ég[1t]:

tant+tanl  ag+b
1~ tanatan  1-—ab
Bay gi¢ thi vin ¢ 1a xic dinh duge mot khoang c6 dang

]—E+k7r;§+kn[(keZ) chira o + .

tan{a + B) =

2
Tadico-n<a+p<nm.

a=10

s hay(a>0vaﬂ<g-—0t)

Ta lai 06 : - <_o:+[i<5c:»

ra|A

hay(a<0vaﬁ>—ﬂ—a)
a =

0
1
hay(a>0vab<a) o ab< 1.

hay(a<0vab>i)

Bay gio ching ta da c6 thé bién lugn :

ONe'uab<lthikhidéa+Be]—g;g[,vadodé

o + B = Arctan(tan(a + P)) = Arctan fjai '
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-Né’u(ab>1vha>0),thikhid6a+ﬁe]g;n[,vadodé

b
o + p = Arctan fjab

+ T

-Néu(ab>1vﬁa<0),thikhid6a+ﬁe]rn;—g[,vadodé

a+b :
1-ab

o + [ = Arctan

o Truomg hop ab = 1 da dwoc khio sit (Ménh dé trang trudc).

Cudi cling ta ¢0 .

Arctana+b néu ab < 1
1—ab
Y{a, b) € RZ, Arctang + Arctanb = -;— sgna néu ab =1
) a+b Py
Arctan + msgna néuab>1
l1-ab

Cé thé thyc hign viée _khéo sat nay theo mot cich khac (xem bai tap 7.9.1).

Bai tap

0 7.81 Xéc lap lai két qui v& Arctang + Arctanb (xem 7.9.3) bang cach khio sat ham
+x

s§ f, 1 x > Arctan 1a

, vifi g ¢6 dinh.

0792 Khio st cic ham s6 £ tir R d&n R, xdc dinh bdi cic cong thic sau day (bién s0
1a x ; hay bi&n 4di bifu thic)

a) sin(2Arctanx} b) tan{3Arctanx)
e . I—cosx
<) sin ( S Arcsmx) d) Arctan ‘\‘ Tocoss
g) Arccos Ll f) ZArctan X — Arcsin V1 - &
N1+ 2 Vi -2

) Arccos(2x® — 1)

{793 Gia chc phuong trinh sau day vdi ins6xe R:

1
4) Arccosx = Arcsinl3 + Arccosz by Arcsin(tanx) = x
¢) 2Arccosx = Arccus(!sz -1 d) Arccosx = Arcsin(l — x)
g) Arctanx + 2Arctan(V1 + P -x= % ) Arctanx + Arctan2y = E .

0 7.9.4 Chimg to ring :

a) ¥x e R, lArctan(shx)l = Arccos(;:l—x) by Vx € R, Arcsin({thx) = Arctan(shx).
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Arcsiny = 2Arcsing

- 2.
0 7.9.5 Gii trén R? ; {2 o = Arccost

¢ 7.9.6 Khio sat céc ham s8 hop gef trong d6 f e {Arcsin, Arccos, Arctan}
vl g € {sin, cos, tan}.

¢ 7.9.7 Chimg t riing : ¥x € R, Arctanx >

x

1+

x—a
b-a

{ 7.9.8 Cho (a, b, x) € R® thda man a < x < b, hiy so sanh Arcsin

. ,x—a
v Arctan™y —— .
b—x

¢ 7.9.9 Ching td riing luat hgp thanh « dinh nghia nhu sau :
x*y=x\fl —y2 +y'\ll -2

12 mot ludt hop thanh trong trén [—1 ; 1], va (-1 ; 1], %) tao thanh mdt nhom.

35
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7.10 Ham mil phic

+ Pinh nghia Cho z € C,z=x+1y, (x,¥) € R2, ham mi cida z,
ky hiéu 12 exp(z), duoc dinh nghia nhu saun :

exp(z) = e*(cosy + isiny).

Anh xa exp : C — C dinh nghia nhu trén 14 thac trién cda énh xa

exp : R = R duge dinh nghia trong muc 7.2, cing nhu 12 dnh xa i8> e’

(0 e R} da big wong muc 2.4.1, Tap 1. Vay ta cd thé ky hieu e? thay vi exp(z).
4 Pinh ly 1
Y(z,7) € 2, g%t = elt?
Chitng minh :
Bling cich vi€t z=x + iy, 2 =X + iy, xyx,¥)e R, ta cd .
e+l = Xt ¥(cos(y + y) + isin(y + 7))

= e’ ((cos ycos y’ — siny siny’) + i(sinycosy’ + cosy sin ¥’}

= (e*(cos ¥ + isin yIKe (cos Yy + isiny’)) = e%e? . [ ]
Ta suy ra : n
Zk n
o« ¥n e N, YZps e 2, € C, el = H et
k=1

-VzeC,(ezae{)vae‘Z:;l;)

eVneZ VzeC, )=¢"

Ta chu ¢ ring ky hieu (&9)" (v6i z 1a s¢ phirc tiry ¥) cho dén day chi mdi duge

xac dinh vdi n € Z.

+ Pinh 1y 2 Anhxag: 06— ei9 1a mot song anh lién tyc tir j-7 ; il
1en U — {-1}, va 4nh xa nguge cla & lien tuc tréen U — {-1}.

Chimg minh ; {c6 thé bd qua khi doc lan thi nhat) :

1)Ro rang 1a : VO € |-n; 7l £(B) = el® = cosd + isin@ e U — {-1}.

2) Gia sitz e U — (~1). Bling céch ky hiéu x = Re(z), y = Im(@), ta ¢6 : (x. ¥) € R?
va xt + y2 =1, Vay tén tai & € [-n ; n[ (dvy nh&t) sao cho x = cosd va y = sin@
(xem 7.8). Ngoai ra B # —m,

Viy z = ef = £(0), chimg t6 € 14 toan inh.
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3) Néu (8,,8,) € 1-n; n(> vae® = ¢!% hi 0, - 8, € 2%, dovay 8 =8,,

nén £ la don anh.

4) Vi cos vi sin lién tuc trén R nén énh xa € : 01— ¢'® = cosb + isin® lién tuc
trén |—m ; ml. _
5)Gid st z € U - {~1} ; ta ky higu x = Re(z), ¥ = Im(2).

Tén tai 6 € 1-x ; #{ duy nhdl sao cho x = cosb va y = sinB, va 8 = £71(2) (xem 2).
Vay x = -1 va :

¥ sin O 8
=——-=1 .
1+x 1+cos® an2

3 T N g ¥ -
Vi = —=:~| nént == Arctan —— ,vadodo g {z) =0 =
12€:| 5 2[1111 asuyra:> [+ Y2 dodo {2)

= 2Arctan T+L , chumg (6 g ! lien tc trégn U — {-1} (xem nhu ham hop cua
X

¥
+x

z P (x, ¥} = 2Arctan , v6i ham trung gian 13 m¢t ham hai bién).

¢ | DPinh Iy 3 (Pinh ly thay thé mot ham thuéc lép C' tr / vao U)
Cho I 12 mot khoang thude R, f: { - U la mét anh xa thudc 16p cl.
1) Tén tai modt anh xa ¢ : / - R thudc 16p C! théa man :

Vi e I, f5) = el®W,
Ta néi ring ¢ 12 mdt ham thay thé cho f.
2) Néu ¢,, ¢, 12 hai ham thay thé £, thi tén tai ¥ € Z sao cho :

Chitng minh ; (cé thé bé qua khi dgc 1in dau) :

IYAnhxag: I C

’ lien tuc trén I {vi f khic khong va f thudc
“_)_-f!‘l ign tyc trén I (vi f c ng va f W

'R

16p C! tren D, do 46 t6n tai it nhdt mdt nguyén ham cida g wen .

Néu f1a hiing s6 bing —1, thi tinh chét dang c4n ching minh 12 tim thuomg (ching
han ¢ i Anh xa hing m).

Vay ta gid thi€l f# —1 ; tdn tai 7, € fsao cho fir)) € U — (-1}

Bay gi¢r ta xét nguyén ham ¢ cia g trén [ thda man ¢(r ) = 0_; né1 cach khac :
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!
Cflw)
vieLoiD=6_+ |- du .
e I, ¢ A ,j 1;‘(u) u

[+

puH:I->C
t > f)e 100

Viel, H'®) = 0790 + f- i) 90 =

= (f'(N -~ 1ne' (1)) e o = .
vay H la anh xa hing.

. Vi f va ¢ thude 16p ¢! tren I, nen H cing thé va :

Hon noa : H(r) = fit )e” i9t) = 1.
Dodé:H=1 vasuyra:Viel fif) = el 00,
Hon nita, vi (Vr € I [fi))) = 1) nén ¢ 1ay gid i thye.
2) Gid sir 9, @, : { = R thude I6p C' va sao cho :
Ve e I, {1y = 90 = el
Khidé tacéd: Ve e, () — @,{f) € In.
Vie -0, lien tuc trén I, nén &nh (¢, - 0,)(7) 1a mot khoang thudc R (dinh 1y

céc gid tri trung gian, Tap 1, 4.3.3 Dinh 19). Vi khodng (¢, - ¢,){I) dé bao ham
trong 2nZ, nén ta két ludn ring (¢, — ¢} 1a mot don i, tic 14 :

. ke Z, 9~ 9, =2kn
+ Hé qua Véimeidnhxaf:1— U thude l6p CP (p € N* U {+®}),
cac ham thay thé cla f déu thuoc 16p C¥ trén 1.
Chimg minh :
Giad st f: [ - U thuge I6p o

V6i céc ky hieu nhu trong phép chimg minh trwde, mot ham thay thé cia f 1a
¢ : I » R xac dinh nhu sau :

i
(u
veel o) =0, + —imdu.
. ‘I o
Vi —i% thuoe 16p O~ !, nén ¢ thupe lop ¥ (xem nhu ham tich phan cla
can trén).

Cudi ciing, vi ¢4 ham thay thé f chi khdc voi ¢ nhimg hiing sd, nén ching déu
thude 16p C” uén [,



7.10 Ham md phuc
B& sung
¢ C7.1 Mot phuong phap xay dyng cic ham s heeng gide

dt
1+ £

1) Xét anh xa ¢ : R — R xac dinh nhur sau @ Vx € R, p{x) =

o

a) Chimg t0 rang ¢ 13 ham 18, ting nghigm ngat, thudc 16p C* tr2n R, va lom trén R .

dt
1+2

1
b) Chimg minh ring : ¥x € |1 +of, @(x) < 1 + I , Vi tir d6 suy ta ring @ c6 gidi

o
han bing L tai 40, va L > 0. Ta ky higu = = 2L.

¢) Suy ra ring ham thu hgp cia ¢ trén ]— g H %[ 1a song 4nh, do 46 nhan mdt anh xa

nguge. Vay ta s& ding k¥ higu : tan ¢ R - (1[2“ + nZ) -5 R dé chi anh xa n—tudn hokn

xac dinh nhir sau :

u

VyE]—g ; 2[,tﬂn)’=¢'l(y)-

2) Chung td ring tan thugc lép C* trén R - (% + nZ) , VAL

¥x € R-—(%+11Z),tan'x=l+tan2x.

3) a) Ta ding k¥ higu cos : R = R d& chi 4nh xa 2n—tuin hoan, chin, xdc dinh bdi :
|

Y1 +tarfx

néuxe[o;g[

COSX = 0 néux:E
2
B ne'uxe]%;ﬂ] _
V1 + tan®x

Chimg td siing cos lién e tren R.
b) Ta ding k¥ higu sin : R — R d€ chi énh xa 2n—tulin hoan, 18, xdc dinh bi .
ftan

ﬁ né’uxE[O;g[u]';—:;ﬂ]
sifx =
1 néu)c=E

Chimg & riing sin lien e tren R vd 1 Vx e R, cosx + sitizx= 1
4 Chl‘mg t& ring cos vA sin thugce lop C° ren R va ing : cos’ = -sin, sin’ = cus.
0 C7.2 Tinh vo tj cia tanr khir € Q°

x
A) Véi moi (n, x) € IN x R ta ky hidu In(x) = -1—' _[(12 - AYcosdt.
n!

- X
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1) Chimg té chng voi moi (m, x) € N'xR:
Ly @ = 220 + DIG) - 421 (.
2) Suy ra ring vdi moi n thude N, tén tai mot cap da thie (C, 8} vii hé s¢ thudc Z, bac
khong lén hen n, sao cho :
vre R [ = C (x)cos x + S, (x)sin x.
B) Cho r € Q) ; ta ching minh ting : tanr ¢ Q Vim ¢ Q (xem Tp 1, 6.6.33), ta cé :

T . . .
re 5 + nZ, va vi vay tdn tai tanr.

1y a) Ky higu r = % (g b)Y e (N2, tanr = ‘;— , (p, g} € Z x T, chimg to rang :
i
T a n a4y _ .1
v e IN, qH’Cn(b) + pb S"(b) = sy qb".

b) Suy ra ring tdn tai 1, € M sao cho :
Yne N hzn = Ly = o,

Bay gi¢ cining ta s& suy ra mot didu mau thudn, biing cach chi ra ring / (r) khac khong kd
tr mdt thit ty nao do.

2) Chimg o riing néu r € O;E thi: ¥anelN, I (>0
2 n

3) Ta gia thidt ring & day thi r € ]% ; +oo[ .

. . s - ' ’2 " n I’z ‘.I'I:2 f
a) Chung minh ting : ¥Vn e N, l I( - r2) cosrdr‘ < (r - 5)( - Tl-)
5

2
L]

>
- " I LAVARN
va Vnel\,j(rz—rz)cosrdrz2(n+l)(r"“—(r—3) )

it}

b) Suy ra ring tdn i n, € N sao cho : Vn € N, (nzn =2I(>0.

{ €73 Thé cic s€ dai 586

Mot 5§ thye o duge goi 12 dai s6 néu va chi n&u tdn tai mot da thic P fphy thuge wh Vit
hé s& hitu t¥, sao cho : P = 0 vd Pa) = 0. Ta ky higu tdp cac 5O dui 30 18 £

1) Kiém tra riing Q c A,

2) Chiing t ring mot s8 thyc o 1a dai s6 khi va chi khi ho cac 58 thye (1), , ~ phy thudc
tuyén tinh trén Q.

3)* Ching minh ring : ¥(a, B) € A% af € A.
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4) Chumg 16 ring : Yo € A - {0} i € A

5)Ch0(u.B)E(A—{O})xAvay=%,
a) Chuimg to riing : 1 +7 € A.

b) Suy rathng : o + B € A.

Nhu vy ta d2 chgng minh ring A 1a mot thé con cia R.

6)" Chimg minh ring A dém duge (xem C1.2, Tap 1.

{ C©7.4° Tinh sicu vigt cia e

Moi s thye khong dai 56 (xem C7.3) duge goi 1a sign vigt. Vi R khong dé€m duyc (xem
C1.2, Tap 1) va do A bao ham trong R vi d€m duge, nén tap hgp cc s0 sidu viét, uic 1a
R - A, la khong dém duge, do vay khong rfng,
1) Véi moi £ € R vh moi P € RIX], ta sg ky higu :

|

1) = | e “Pouu
0

a) Ky hieu d = deg(P), ching to ring
d d
vie R, I()=¢ > Py — 3 P,

j=0 j=0
b) K¢ higu P 11 da thire thy duge khi thay trong P mdi h¢ s0 bing gia tri wyét ddi cia nd,
chitng tO ring :
Vi e R, U0 < I e P,
Bay gi0 ching ta }ap lugn phan chimg : Gia sir ¢ € A. Khi d6 ton tgin € N va

f
1 . k _
@y - a,) € Z** ! thda man : a, = 0 v2 Z a.e” =10
k=0

Xét mot s0 nguyen 6 p (sé xac dinh sau), da thic

p=xr ' [[X -k m=pn+ip-1= deg (F), vat =, a 8.
k=1 k=0

m A
2) Chang minh ting < J = — 2. >, a PY).
j=0 k=0

3) a)* Chung minh ring, voi moi ¢, k) thudc {0, .., m) x {0 ... n} :
! chia h& P ndu G b= (p -1, 0
(p - 1)) chia h& PP~ 1(0)
p! khong chia hét PP~ 0} néu p > n.

4
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b) Tir d6 suy ra ring, néu p > n vi p > la ), thi khi d6 7 1a s& nguyén chia hét cho (p - 31
va khong ch_ia het cho p!, vi dodo N 2 p-1

4y Mat khée, ching 16 ting : Vk € {0, .., n), F’(k) < (2n)", vh suy ra ring tOn tai s0 thye C,
khong phy thudc p, sao cho : s

5) K& luan.

Bing cach cii bién phuong phap trén day, ching ta cing ¢ thé ching minh ring n la 50
sidy vigt.

(Tai ligu tham khéo : Alan Baker, Transcendantal number theory, Cambridge University
Press, 1979, trang 4).



Chuong 8
So sanh cac ham sSo
trong lan can mot di

~

Cac ham s& sit dung trong chwong nay, néu khong co gi néi trai lai, déu xac dinh
trong lan c4n mot phén tir 2 thudc R trén mot khoéng 7 khong rdng va khong thu
v& con mot didm, va 1dy gid tri thye. Cic dinh nghia va cdc ménh dé se duge md
rong mdt cich dé& dang :

o cho cdc ham s& 14y gia tri phitc, va téng quat hon, cho cdc ham 1dy gia. rj trong
mot khong gian vecto dinh chudn

e cho cac ham 50 xac dinh trong Jan ¢én cia a, ¢ thé trir ra tai a (chidng han nhu
N . |
ham s6 x > — vdia=0)
x
e cho cac day so thuc (hay phiic), ching v&n 12 cac anh xa tr IN vao R (hay C),
trong truomg hop nay thi © déng vai rd cia a

e cho cic ham s6 xac dinh trong lan can phai cia a (hay lan cin rai a).

8.1 Tinh troi, vu thé

8.1.1 Cdc dinh nghia

¢ Pinh nghia 1 Cho cac sanhxa f, @ : 1> R gid sit ¢
vx € I - {a}, o(x) # 0.
Ta néi ring f B khong dang ké so voi ¢ (hay © @ troi hom f) trong
lan can cia a n&u va chi néu tén tai mot anh xae 1§ — R sao cho :
vx € I, fix) = e(x)p(x)
gx) >0

X —=ra

Khi d6 1a ky higu f<< @ (ky higu Hardy) hay f = o(9) (ky hig¢u
a d

Landau).
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Nhan xét vé cac Ky higu

1) D& cach viét bot cdng kénh, véi didu kien khong gay ra nhim 1dn, ngudi ta
viét f < @, f = o) thay cho f « o f= g((p) . phumg khi 46 cin luon fudn ohd
ring tinh chél (f < @) a6 1a tmg voi a ("cuc bo" tai @)

2) Vi nhiéu ham s3 khac nhau f, f5s - €0 th& khong dang ké so v6i @ tai a, nén
theo 1) chiing ta s& Vi€l L fy = ol f, = 0@, .. Wy ring f, # f- pé tranh cach

sit dung diu ding thirc khong hop & d6, ta ¢ 1hé viet f € olg), (thay Vi f= (o)),
khi d6 o(@) s& chi tap hep cac tam s& khong dang ké so v01 ¢ tai a. Nlwmg cach
ky higu lién thudc d6 sé trai nguoc vol cic thoi quen tinh toan da hinh thanh.

3) Trén thyc (& thi cac ham s8 dugc sit dung thudng lai dugc Xéc dinh bing

gia tri f{x) cba anh ctia mot phan tir bién thién x. Khi d6 ching ta s& lam dung

via ky higu fixy =< olx), fix) <« o(x), filx) =0 (p(x))h fxy = o(p(x)), thay vi
x—rd

x—>d
Fa @ f <o f=0(@f=0)
4
THI DU :
e Trong lan can clia +® : X = o(x%)

¢ Trong lan céan cua 0 (sinx)3 = o{x).

NHAN XET :

)Taco:f= o) & P
o@=0=>flag=0
2)f=o(1)<:>1imf=0.
a [/}

L 4 Pinh nghia 2 Chof,q):!—bR;gié. sir:Vx e I - {a}, e(x) =0

Ta n6i ring ¢ c6 v thé so vdi f trong lan can cfia @ néu va chi néu
tén tai mot anh xa C : ] - R sao cho :

vx € I, flx) = CRe()
C bi chin trong 1an cin cua @
Khi do ta s& viét f < @ (k¥ hisu Hardy) hay f = O(p) (ky hitu
a a
Landan).

Cac nhan xét vé ky higu sau Dinh nghia 1, cing vin 4p dung cho Dinh nghia 2
tren day.
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THI DU :
e trong ln cin +w ! 22 = O(xz)
¢ trong 1dn cén +o : siny = O(1)

s (rong lan cén O : x% = O(x) (va ch x% = o(x)).
NHAN XET :

f
nf= (&)(cp) n&u va chi néu 6 bj chan trong lan cin cia a.

2) f = O(1) néu va chi ndu f bj chin trong lan can cha a.
[

8.1.2 Cic phép todn vé cdc ham troi, ham wa thé

T4t c& cic quan he so sinh ding trong muc 8.1.2 nay déu img v6i mot phén tr a
6 dinh thudc R (ngoai trir céc tinh chdt tir 9) d&n 13)). O day :

f. 2. @, v, u, v chi nhimg ham xéc dinh trong l4n c4n cla a va Idy gid trj thuc
A chi mot s& thae c8 dinh

# chi mot ham s6 xdc dinh trong 14n can mot phdn t b thudc R va 14y gid tri
thye.

¢ | Ménh dé 1

) f=olp) = f=0y)
f = o)

2 =

){g=o(q)) = f+g=o0®)

3Hf=o0p) = M=o
f = Oy)

4 =

5) f=0(@) = M=0()
f=0)

6 =

){ ¢ = O(v) = fg = Oloy)
S =0 _

7 { - o(y) = fg = o(oW)
f = o(e}

8 =

){ ¢ = o(y) = fg = o(oy)
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9 {f =00) = 0w

¢ = O@w)
[ = ol®) _
10) {cp _ 0w = f = o(u)
f= 0 _
11) {(P — o(u) = f = o(u)
f= 3((9)
12) li;n hea = foh= (;((Poh)
f= g(tp)
R U > foh= 0 (¢oh).
b
, _

Chitmg mink : Céc tinh chdt trén day dwoc ching minh d& dang tir céc dinh nghia
Chéng han ddi véi 10}

¢
néu 6 —y (t v néu — bj chin trong 1an cin cia a, thi
a u

2 1.
5 =
=]

= 0.

fi

NHAN XET : Ta cé th€ viét cdc tinh chdt trén day theo modt cach lam dung
k¢ higu :

1) o(e) = O(9)

2) o(g) + o(®) = o(@)

6) O(¢) Oy) = o(PY)

9) O(0W)) = OW)

4 | Ménh @& 2 (So sanh theo logarit)
Néu (u,), va ), 12 hai day s6 thyc duong thue sy, va néu tir mot

U \%

+1 +1 .

ntl o P2 hiow, = O
n vn -

s§ thi ty ndo §6 ma



8.1 Tinh tr8i, uu thé

Chimg minh

u

n+1 v

n+1

Tdn tai N € N sao cho ¥n 2 N,

n vl'l

Khi 46 véimoi # € Nsaochon > N, tacd : .

u, < Vn , By 1 < Vn-1 L Uy oy g < "’N+1‘
Up_1 Ypn-1 Hp—2 Vn-o2 Uy VN
- . uﬂ vﬂ
tir d6 biing cach nhan timg v& va gidn wée ta thu duge : — € — .
By Yy
Uy
Nhir thé : ¥n e I, O<u, <—vy,
¥
N
Vi suy ra ; u, = OQv,).
4" +
THIDU : 4, = —— (> 0), v, = Vn (> 0) (n € N).
Cs,
Vai mginthuocN*ta cé :
My s 1 2n+2 Yo+ 1 F
= va = .
U, 2n+1 v, n
Mt phép tinh don gidn chimg té ring :
2n+2 —1
vn e N, < ,dod6 u = \
ne n+1 n 0 u, = o(v,)
. H
e 1 : £ _ o).
Con

8.1.3 Cic thi du théng dung
e DV, HeREL (@ = o &P o a<h).
r—++w

DV, P eREL, (= 0o (Pea>p)

x>0
* Theo 3.1.4, 5), Tap 1, ta c6 :
Va € R, d" = o(n!) (khi r din d€n vd cung).
» Theo 7.5, ta cé :
Hlnx = o (x)

X —*+c0

47
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2) V(o B) € Rx R}, ) = © P

X =¥ +o0

3) V(o ¥) € R R* lInd* = © "

x—=0

4)V(a,0t)e]1;+oo[xR4x°‘=o(ax)

X =+

5) Yia, @) € 11 ;5 +oo X R a=o0 (Lel™.

X-—¥—w

Bal tip

0811 Cho (), (), 1ahai day ¢0 phin ti thuoe R} théa man ¥, = o(v,). Chimg 10

ring ton tai mot day (w,), €0 phan tr thudc R’ saocho:u, = ofw)) va w, = o(v,)-

{ 8.1.2 So sanh wrong 14n can cda +%0 !

nx i
f: x> (Infin x))"n vig:xb (In x)* M).



8.2 Ham tuong dueng
8.2 Ham twong duomng

8.2.1 Dinh nghia
¢+ Dinhnghia Chof, ¢ : I - R sao cho :
Vx € I —{a}; fix) =0 va o(x) = 0.

Ngudi ta néi ring f twomg dwong véi ¢ trong lan cin cha ¢ néu va
chi néu tn tai mot 4nh xa A : I > R sao cho :

Vx € I, fix) = Mx)o(x)

AQ) —> 1.
X—=da

Khi d6 ta viét f ~ ¢, hay theo cach lam dung, f ~ ¢, f(x)x:;a(p(x),
a .

fx) ~ o(x).
NHAN XET :
f

Df~9eie !
ol =0=>Ra) =0

2)f:cp@f—<p=g(¢)ﬁtp—f:g(f)-
THI DU : sinx ~ x.

x=0
4 | Ménh d& 1

- f= 0@
f ¢:>{<P=0(f)

Chimg minh :

f o
Néu f ~ e thi ; Vi ? d2u ¢6 gi¢i han hitu han (bing 1) tai @, vd do 46 bi chin

trong 14n cin cia a.
NHAN XET : Dio clia ménh d& trén sai : ching han véi 7: R > R

= 2
véq):R—)zR,a:O, ta ¢6 f = O(p) vd ¢ = O, nhung ta *
X >

khong ¢6 f ~ o.
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+ Ménh d& 2 Quan he ~ 13 mdt quan he tuong duong trén t3p céc

ham s& xac dinh trong lan can cla a va khong triét tidu trong lan
can chia a, c6 thé trir ra tai a.
Chimg minh :
e Tinh phén xa ;. f — f=0=o(f.
o Tinh d6i xumg : Gid st f ~ @. Theo Mgnh d¢ 1 ta ¢6 f = ¢ = o(p) va ¢ = O,
do d6 (xem 8.1.2, Menh d& 10) : f - ¢ = o(). Khi 46 ¢ — f = o(f), tic
lag~f
o Tinh bdc cdu : G st f~ 0 v @ ™~ u. Vif— @ =o0(0) vda ¢ = O(u) nén 1a
c6 : f = @ = o(u) (xem 8.1.2, Ménh dé 10). Do do :

f-o=0@ =
{(P_u=o(u),tudésuyraf u = o(u)

{xem 8.1.2, Ménh @& 2), nic iaf~u

.NHAN XET :

I]GiésfrleR-{O},lacé:f~lc>f~—ﬂ—->f.
a

2) Cach viét f ~ 0 1a vb nghia, vi cic ham s0 xét & day khong dwoc wrigt tieu tai
a
bit cir diém nao thuge I — {al.

3) Néu f ~ @, vd néu ©(x) > 0 trong 1an can cda a, thi fix) > 0 trong lan cin coa
ia
a. Thue vay vi i —— 1 nén trong lan cén clda a ta cé fx) > 0, tir 46 suy
9 a o(x)

ra fx} = £ @(x) > 0. Nhu th€ nu ¢ duong trong lan c4n cta a thi tinh chit

Plx}
{duong) d6 dugc truyén cho cac
ham s& trong dvong v6i @ trong 14n 4y y=9x)
can cla a.
4) Nhung nguoc lai néu ¢ don y=f®

dieu trong lan cén cha a thi tinh
chdt don diéu nay khong truyén
sang cic ham s8 twong dwong voi
¢ trong 1an can cda a. Ching han,

voif: R, >R va
X x + 2sinx
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@ R+ —> R ,tac6f '*:'D(p, ¢ tang, f khong don di¢u trong bdt ¢ lan can nao

clia 4. Ching ta s& tré lai vdn d& nay khi nghien citu cac chudi s¢ thye c6 "ddu
thay d8i" trong Tép 3.

5) Néu f ~ @ va néu fla) va ¢(a) ton tai thi fla}) =0 < ¢la) =0
o

Nhu vay hai ham s¢ xac dinh trong mot 1an can ciia @ va tuong duong trong lan
cin cla a s& dong thoi bing khong hay khac khong tai a.

8.2.2 Cac phép todn trén cic ham twong duwong

Trong muc nay cdc ky higu giong nhu & § 8.1.2.

¢

Ménh ¢2é 1

f~o
g~

1) = fg ~ oy

f~0
2 ~ g
){ St

n e
(& day f* chi f ... f v6i n thira s6)
Nf~oe=>

2 {f= o)
¢~y

~ 1
¢

=-+,|~

= f = oly).

5) {f - =>f = o(u)
o(u)
6) N&u f ~ @, néu @ nhan nhimg gié trj > O trong lan cn ciia a (c6
o :
thé trir ra tai a), va n€u o € R, thi f® ~ ¢~ (& day o™ chi anh

xa x = (0())%)
7) (Phép hop bén phai) Néu f ~ ¢ va nén lim 4 = 4, thi
a .

b
feh~ peoh
b
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Ching mink : Cang nhu trudng hop Ménh dé §8.1.2, phép chimg minh la dé dang.
Ching han véi 1) :

f~ ¢ -1
@ ¢ a fe F & Lo
= = —— =" — ~ .
a e _
y @

¢ | Ménh d& 2 (Phép hop ham s6 biing ham mu)

of ~e? o> f-9p— 0.
a a

( day ¢ chi anh xa x — o). ma ta cting ¢6 thé ky hiéu 1a exp o f.

Chimmg minh : Chi cin nhan xét ring ~ = ef .
e

NHAN XET : Néu f ~ ¢ thi ta khong thé suy ra ring ¢/ ~ e® Chéng han
o

/]

x+ 1~ 2x, nhungef*t! ~ ¢ Tacé thé dién dat diéu ndy nhw sau khong

r=>=t+m X—»+m

dugc phép mic nhien hop bing ham mi nhimg ham s8 tuong duong.

¢ | Ménh d& 3 (Hop bing ham lagarit)

Gia st ¢ nhan nhfmg gié tri > 0 trong 1an cin ciia a (c6 thé trir ra

tai a). N&u f ~ ¢ va nfu tai a ¢ c6 gidi han [ thude R'_ — {1}, thi
a

Inof~ Ineo.
a

Chimg mink : Ta phan biét ba trudmg hop.

1) I = +oo. Trong lan cn cha a : @) > 1, va do 46 In{p(x)) # 0, suy ra :
In (ﬂ_lx )

In(x). 1=——(£(£L—-—> 0, viﬂ)—cl——) 1 valngx) — +=.

In{p(x)) In (@) 4 M) ;g ‘o> a

2) I = 0. Ta quy v& trung hop wen bing cach xét -jl—r v 1 .
Infix) —— Inl#0

xX—>ud
do d6 Infix) ~ Ini ~ Inex)-
x—=d x-»

H1eR - (1}

Ingpx) —— Ini =0’
x—»a
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NHAN XET : Néu f~ ¢ va ¢ ——> 1, thi ta khong thé két luan I
a

Inof~ Ineg Chinghan1 + x ~ 1 + 2x, nhumg In(1 + x) # In{l + 2 (A
d 0 -0

x—r

In(1 + x) ~ x, xem 7.1, M¢nh d& 2), hay 8.2.3, In(l + 2x) ~ 2x, x # 2x).
x=0 : x>0 x—=10

Khio sdt phép cing
e Ta khong dugc phép mic nhién cong cac ham twong duong véi nhau,
tic la :
f~0
3 khong kéo theo f + g ~ © + . Chéng han :
a

4 , nhimg (x + x2) + {—x + x3) =

= x2+x3~ 24 0=x+(- 2.
=0 x—0

Viéc cdng miy moc cac twong duong thire 12 mdt nguyén nhén quan trong
gay 16i.

e Tuy nhién, véi mot s§ gia thigt nh4t dinh, ching ta c6 thé “cdng céc
twong duwong thiic”. Céc tinh chit sau day 4t hay dung :

Df=o@=>f+0~ o

Chéng han : 22 + sinx ~ x2.

X—=>+®

f~o
a
2) Néu va néu ¢ vi y nhan nhimg gi4 tri > O trong 1an c4n cla 4,
: g~V
thi f+ g ~ ¢+ w. Thuc vay :
a

F+r-(@+W=¢-9) + (- f-0=o0@)=o0lp+W),
g—w=o(y) =o(0+ ), suyra(f+g)—(p+y) =0 +y) il

frg~0+vy.
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3) Bay gi¢ ta gia thiét ring ton tai (X, p) € (R*y? va (o, P) € RZ sao cho :
fx) ~ M* va olx) ~ pr.

X+ X—>+om
Trong trudmg hop nay ta noi rang f va @ c6 mot phan chinh la liy thua
thire cda x (trong 1an can cla +e0).

néu o < B : khi d6 fix) + o(x) ~ o
» Theo 1):{ T+
néu o > B khi d6 Rx) + o(x) ~ Axl
X—+m

eNéuoa=Bvari+pn=0thi:

MAtexy A f _w e® | st = 1, vadods
o px® Arp x® AR e htp Aty

fx) + cp(x)x ~ (v +

-+

o Néu o = B vt A + 1 = 0 thi tir cdc gia thiet ta chua th& suy ra dugc mot
biéu thic dom gidn nao twong duong véi f + @3 dic biet khong thé suy ra
ring f+ @ ~ 0. Thidu:

+ 90

P+x ~ x, - X"+ 3x ~.—x2,nhung(x2+x)+(—x2+3x)=4x9“ 0.

X+ X = +w X —r 4w
fx) ~
X+
Tém lai ta co 8 = ) + o) ~ W+ },LxB, ngoai trir
P(x) ~ px X400
X+

tradomg hop khi tdng cic phin chinh bing khong (@ = P vad A + p = 0).

8.2.3 Cic twong dwong thikc thong dung

1) Néu f kha vi tai @ va f(a) # 0, thi do f2) -Ra) — f’(a), nén

x—a x—a

ta ¢6 flx) — fla) ~ f@x — a). Suy ra :

e&— 1~ x, In(l+x) ~ x, simx~ x, shy ~ x, tanx~ x, thx ~ x,
x—0 x—0 x—0 =0 x-0 , x—0

Arcsinx ~ x, Arctanx ~ x,
x =1 x—0
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(l+x*-1~o0ax (véi o € R c¢ dinh).
x>0

2) Nhan xét ring 1 — cosx = ZSinzg vichyr—1 = 25h2§ , ta thu duge :

X
1 —cosx ~ chx -1 ~ —.
x—0 x—= 10

3) Vi Arccosx —— 0, néntacd:
x— 1"

Arccos x ~ sin{Arccosx) = V1 — x* =N(1-x)(1 +x) ~ V2 N1 -x.
x= 1"

x—=1

4) Tai +w v —o, moi da thirc khac da thirc khong déu tuong duong vai
s& hang bac cao nhdt cla nd.

5) Tai 0, moi da thic khic da thic khong déu twong duong véi s¢ hang
bac thdp nhdt cia né.

6) Tai +00 vi —oo, moi phan thic hiu ty khéc khong déu tuong duong véi
thuong clia cic s6 hang béc cao nhit.

7) Tai 0, moi phan thic him ty khac khong déu twong duong voi thuong
ciia cac sO hang bac thdp nhét.

THfDU:x3+2x2—1~x3,x4+x2+2x~2x,—"3:x— ~ 1
x»+w x=0 x4+x+1 =+ X

2x4—x2+x~_x

P2-1 z—0 '

NHAN XET : Vi hiu hét céc tuong duong théc thong dung déu duge xac lap
trong lan c4n cda 0, nén vigc 36i bign s0 d8 quy v& lan can d6 thuomg c6é hiéu

. £+ 2x
qua. Ching han ching ta hdy xac dinh phén chinh cia f: x — -x2—+——6 trong
+X-

lan can cda 2 (theo thang cac ham s8 x > {x - 2V, n e Z). Ky hitn t = x - 2,

ta <o :

@+0¥+22+0 _ 2+14+62+F 12

= 2 = .
fio) = f2 + 0 QC+iP+(2+0-6 St+ 1 10 5t

) 12 _1
\z’i,iyj’(.vc)x_)2 5 x -2y

85



Chuong 8 So sanh cdc ham s trong lan can mot didm

8.2.4 Thi du vé viéc sit dung ham tuong duong

Viac st dung ding din ham tuong dwong c6 thé cho phép ta tinh dugce nhanh
chéng mot s6 gioi han dang khong xac dinh

THI DV -

1) lim In(1 + 2tanx) 9

x>0 sin x

In(l +2tanx) ~ 2tanx ~ 2x
x=0

x— 0 +
In(1 +2tanx) 2, va do 6

, Suy 12 -
sinx ~ X ginx x-0
x—0

In (1 +2tanx) _ 9

sinx

lim
x=>0

2) lim (1 + i)‘?

X+

ln((].+ i)x) = xln(l+ i)x_;«”oxi = 1, do dé

1
In (1 + —)x) —— 31, sau d6 do tinh lién e chia exp tai 1,
X x> +® :

lim (l + l)x = €.
yortw %
3) lim (tanx)®@™* ?

Tt
x>
4

Tathuchienphépdo'ibiénh=%-—x :h —— 0, x=-§*h.vay:

T
x>
4

cotamyy - T - = - L-tan
ln((tanx) ) = cotan(m 4h)ln(tan(4 h ) = —cotandhln -———'_'1 Ttanh
In(l - tank) ~ —tanh ~ — &
h—0

Vi , va vi 18ng céc phin chinh khac khong nén
-n(l + tanh)hﬁ' —tanh ~ - h
=0

ta suy ra In{l - tank) — In(1 + tanh) ~ — 2h (xem 8.2.2, 3)).
1 1
5 do 46 lim (tan )*°P0% = el .

2
x>
4 4

Vay In ((lan x)cutanétx) —~
x>
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Bal thp

0 B._2.1 Hiay néu ra thi dy vé hai day s& thye (). v), 5, sa0 cho:
ty ™,
(), gidm

(v,), >, chi don digu k& tr mot thir ty nde dé

0822 Choxe R} ; hay tim mdt twong dwong don gidn (loai An®, véi

(o) e R" x N) cia Z E (kx), khi » ddn 1&i vO cang.
k=1
no 1
0 8.2.3 Hay xic dinh mot trong duong don gian cla Z &% khi n din i vo clng
k=1
(s dyng dinh 1j Césaro, C3.1, Tap 1).

0824 Chof g ¢ w:l0;+0 >R sa0 cho:

f"‘-’(pg q.f,llmf—hmg—O

+ 0 +m

Chimg t ring : N 4 W _ g ~ O | o) _ g

I +®

0 8,25 Tinh cic gi¢i han sau day :

) im xin (xsh ) b lim 120830
x=s0" ¥ sin“2x
log a - log x '
c)lim ————— ,a e 10; 1[ v ]l ; +oof cff dinh
t—y Shx-sha
. (1-¢&%sinx im e XshVeZ o x N
d) lim ——+—— e) lim & *shV¥x*+x — sh xz—x)
=0 12+x3 Tt
+1_52.r
£} lim g) lim
1" In¢l+ "Xz 1) x—1 COS%

R
h) lim (2 - *)”“'Za . & € R* c6 dinh.

12
I 2
1) tim (CUS X)thsmx J) lim ( +2X—3)x
x>0 x>+ Lox+l

_Inx  nx

2
K) lim 1+
L'm( \szﬂ) Hm In(x + 1)
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m) lim  (tan2s)™" o lim (xf - x]
I-—)(E‘)_ x—»+0
. shx
o} lim (In(1 + x))‘"(”*}’ p) lim M——l
- 0" (th)“nx—l

0 8.2.6 Cho (a,), g (8,), 20 1 hai day s§ thyc thoa man -

Vnel\?,(an:»l}vabn:-{))
a—>a>0
f oo

¥—— b >0
L] ne

Cho (p, @) € (R})? sao cho p + ¢ = L. Tinh im (pa, + gb,)".
D

1
n+1
0 827 Chimg minh ting : | (n(l + ) ~ 22y~
0 he "
0 8.2.8" Cho day 6 thuc (), . Xdc dinh bdi:
{ u, € 105 1
VneN,u"H:u"—uzn

Chung minh ring @ &, ~ 1 (lap lugn nhu trong C3.1, ML, 2), Tap 1)
no R

0 8.2.9" Cho day s thyc («,), . N XaC dinh nhar sau :
{ u, €10, +aof

Yne N, u =u +

n+1 [

=:ui -

Hay xdc dinh phin chinh cda u, theo thang cic ham s6 1 > An® voi (b, @) € R™ xR, khi

 n din t6i +0 (xét 4, v2 1p luan nhu trong C3.1, 111, 2), Tap 1.



8.3 Khaitrién hiu han 59

8.3 Khai trién hitu han
8.3.1 Pai cuong vé khai trién htru han
¢ Pinh nghia 1 Gia st n € N, / 1a mot khoang trong R sao cho

QO
0 eI, f:T— R. Tanéiring f nhan mot khai trién hiru han toéi
bac n tai 0 (viét tit l1a KTHHH(O)) khi va chi khi tén tai mot da thirc
P véi hé s thuc sao cho :

deg(P) < n

trong lan can cta 0, fix) = P(x) + © (™)
x>0

NHAN XET : f nhan mot KTHH (0) khi va chi khi ton tai mot da thic P v6i he
s6 thyc va mot anh xa & :  — R sao cho :

deg(Py < n

vx e I, fix) = P(x) + x"e(x)

e(x) —x:? 0
¢ | Ménhd&1 (Tinh duy nhit cia phin chinh quy ciamot KTHH, (0))
Néu f nhan mot KTHH, (0) thi tén tai P € R{X] duy nhit sao cho :

deg(P) = n
{ trong 14n can cla 0, flx) = P(x) t 9, o™

P dugc goi 13 phén chinh quy cda KTHH, (0) ctia f.

Chimg minh : Gia s ton tai hai da thic thich hgp P, Py € R[X]. Khi d6 ta ¢6 :
deg(P; — Py<n

trong lan c4n cia 0, P(x) - Pyx) = o{x™)
Néu P, # P,, thi bing cdch xét s6 hang bac thdp nhdt or.ka clia P, — P, (tic 12
0<k<n
o, # 0), 12 ¢6 1 {p (x) — Py(x) ~ C'-,)k , mau thudn v6i Py(x) - Py(x) = o(x™).
L 2 x—=0

¢+ Pinh nghia 2

4]
1) Cho a € R, I Ia mot khoang trong Rsaochoae I, f: 1> R,
#n & N. Ta néi ring £ nhan mot khai trién hira han tdi bac n trong
lan can cua a (viét tit 1a KTHH,(a)) khi va chi khi 4nh xa
fi,,:Io={te]R;a+teI}—>]R
t— fla + 1)
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nhan mdt KTHH, (0). Pa thic x —> P(x — a), trong d6 P 12 phén chinh

ciia KTHH (0) cia f,, goi la phan chinh quy ciia KTHH, (a) cta f.
deg(P) = n

N6i cach khac : ; Ve e I, fla + H = P +r£0(t")

¥xel fix)=Px-a) +xga((x - a)")

Can chi ¥ bidu thi P(x — a) theo cic luy thira béc ting dan cia
(x — a), chit khong phdi cta x.

2) Cho I 1a mot khoang khong bi chanten, f: I > R, ne N Ta
néi ring f nhan mot Khai trién hi han toi béc » trong lin can
ciia +o0 (viét tit 1a KTHH (+c0)) khi va chi khi anh xa

foido= {t = ]R':_ ; —:' el}] » R nhan modt KTHH, (0).
1
= 1(3)
1
Ham phan thoc htu ti x — P(;) goi 1a phan chinh quy cia

KTHH, (+) cla f, trong d6 P la phan chinh quy cia KTHH,(0)
cua f,.

deg (P) = n
N6i cach khac : {Vt € J, £, = PO + oU(t”)
t—r
. - _prl 1
vxeln Ry, fx) —P(x) +x_>o+w(xn)

C6 thé phat biéu mot dinh nghia tuong ty bing cich thay +o bing —o.
Nhu vay khi nghién ciu céc khai tri€n hiru han, ching ta s& quy vé lan
can ciia 0 mot cich gdn nhu ¢6 he thdng.

L 4

Ménh d& 2  (Chit cyt mét KTHH(9))

Néu f nhan mot KTHH,(0) v6i phin chinh quy P, thi v&i moi & thude
{0, ..., n}, f nhan mot KTHH,(0) ma phan chinh quy nhan duge tir
P bing cach chat cut P dén bac k, tic 1a chi gil lai cdc s6 hang c6
bic < k cua P.

Chimg minh ; Ta ky higu da thic thu duge khi chit cut P d€n bic k 1a P khi
dé t6n tai mot da thire Q sao cho : P = P + xk+lg,

Dodé: Vxel f) = PR + ol = P + (FH1000) + o) =

= P,(x) + o().
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¢ | Ménh dé 3

1) Piéu kién cén va dd d€ f nhan mot KTHH(0) 12 f lien tuc tai 0.
Khi d6 ta ¢6 : Yx € I, fix) = A0) + o(l).

2) Piéu kién cin vi di dé f nhan mot KTHH,(0) 1a f kha vi tai 0.
Khi d6 ta ¢6 : Vx € I, fx) = R0) + x"(0) + o(x).

. Chigng minh :
1) f lien tuc tai O khi va chi khi fx) — A0) ——-—0> 0, cing tac la :
X —>

Yx e I, fx) = f0) + o(l).

2) » Gia sir f kha vi tai 0 :ﬁx) —f0) » (). Viy tacé :
x x =

Vx € I = {0}, f(x) — fi0) = x(F(0) + o(1)) ; do tai O thi h¢ thic nay hién nhién
ding nén ta thu duge : ¥x € I, fix) = A0y + £ (0)x + o(x).
* Nguoc lai, gid st f nhan mot KTHH (0) :

Vx el fixy=a, + ax + o).
Khi 46 f nhan mot KTHH,(0) : Vx e I, fix)=a, + o(1}, vay flién tyc va a_ = Fil0)]
{(xem 1)).

Pén day thi :M = a; + of1) —0> a,, nghia 12 f kha vi tai 0 va
x x>

) =a.

NHAN XET :

1) Chung ta s& thdy (8.3.2) ring néu f thudc lop C* trén I thi f nhan mdt KTHH, (0)
ma phén chinh quy chia cic dao ham lien tyc dén cdp » cia f tai 0.

2) Mot ham s6 ¢6 thé nhan mot KTHH, (0) (n = 2) ma khong nhdt thi€t kh vi
dén cap n tai 0. Thi duy : '
ef:R-> R

1
xH{r”smgné’uxaéO

0 nfux=0
a) f nhan mot KTHH,(0) :

vx € R, fi¥) =x—0)(](x2) W xsin(é) —3 a) .

vx e RY, f'(x) = 3x2 siné - 2(:05i2
b) f khi vi tren R va : x
=90

61
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¢) f khong kha vi d&n cdp 2 tai 0, vi f* khong lién tuc tai O (tai 0 f khong c6

gidi han).

sf:R-> R —lz

e * nfuxe Q

0 néux e Q

a) f nhin mét KTHH,(0) v&i moi n thude Nvi:
¥nelN, ¥xe R, [x) = 0 (X").

x>0

i~

I

-
-

- -

-------

b) f chi lign tuc tai 0, f chi kha vi tai 0, f*° khong xé4c dinh tai moi diém thude R.

¢ | Ménh dé 4 Gi st f la mot ham nhan mot KTHH (0), véi
phdn chinh quy ky hi¢u la P.
1) Né&u f1a ham chén thi P chén.
2) Néu f la ham 18 thi P 1é.

Chimg minh : Vi (Vx € I, fix) = P(x) + o(x"}), nén ta cing cd :
vx e I, f-x) = P(—x) + o(x"), vd x > P(-x) 1a mot da thic béc < n.

1) N&u f 1a ham chdn, thi do tinh duy nh4t cda timg phan chinh quy cia KTHH (0}
cia f, P(=X) = P, uic 12 P chin.

2) Néu f 12 ham &, ta ciing suy ra nhy trén ring P(—X) = —P, vi do 46 P &,

NHAN XET : Céc khai trién hfru han dugc dinh nghia cho dén day trong diém
8.3.1 nay d6i khi dugc gei 13 khai trién hitu han yéu :

{deg (P)<n

¥x € I, ix) = P(X) + ofx")
Ta néi ring f nhan mot khai trién hiru han manh khi va chi khi tén tai P € R{X]
sao cho

{deg (Pysn

vx el 0 = P + 00"
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R rang, néu f nhan mot KTHH (0} manh ¢6 "phan chinh quy” 1 P, thi f cing nhan
mot KTHH, (0) y&u v6i phén chinh quy cing 13 P. MOt ham s& ¢é thé nhan mot
KTHH,(0) y€a ma khong nhin mdt KTHH,(0) manh ; thi du
f:R——>_ R nhin mot KTHH,(0) yéu (fx) = o(1)), nhmg khong cé

AN

KTHHO(O) manh (ta khong cd flx) = O(x)). Nhung n&u mdt ham 56 f nhan mdt
KTHH, ,(0) yéu thi né s& nhin mot KTHH, (0) manh : chi cAn ghép s@ hang chifa
41 vai o+ 1) d€ duge O+ ). Nhu vay theo mot cach so luge thi d6i v
mot ham s8 da cho :

KTHH, _,(0) yéu = KTHH,(0) manh = KTHH, (0) y&u. Trong thyc 1& thi sir dung
mot KTHH, (0) manh 4t thudmg quy vé vigc sir dung mot KTHH, (0} yéu, nhung
khong biéu thi dinh lugmg duge s hang chira %1 vigc nay c6 lgi khi khdo st
mot s& chudi hay tich phan suy rong (xem Tap 3).

8.3.2 Dinh ly Taylor-Young

¢ | Binh ly (Dinh ly Taylor-Young)

Q
Cho n e N, 13 mot khoang trong R, a € I, f: I - R ; n€u f thude
16p " trén 1, thi f nhan mdt KTHH, (a), ¢6 phin chinh quy la

" 0 .
> f(—l‘lk' (X — a)* ; néi cach khic :
k=0

K
k

k=0 ) x—a

Vxef,ﬁx)=z£)i'gl(x-a)k+0((x—a)")s

hay :
vx € I, fix) =ﬂa)+%l(.—a)-l‘-....+'ﬂn?) (x—ay'+ o ((x—a)").

xX—ra
Chitng minh : RO rang ta c6 thé gid thiét ting n = 1 (xem 8.3.1, M¢nh dé 3).
Theo dinh 1y Taylor véi phan du dang tich phan (6.4.5, Dinh ly, Tap 1) v6i moi
x thude Va ¢6 : '

"=l Xt
=3 %‘9 (- af + I%fl)—, A,
k=0 ) a ’

Ta ¢é :

TE=0 s (€= o T oy - @ =
.:-1[ (n— 1) f (r)dtd;( {n - 1)! ! (a)df+;[ (n-1)t (0 - fapds =



4 Chuong 8 So sdnh cdc ham sé trong 1an cén mot diém

f_‘")g )
= n!a (x-af + IL_LDI— (f{")(t) _ f(")(a))dt

Choa>0;v‘1)‘(”) Jién tuc tai @ nén ton tai n € 10 ; 1[ sao cho:
{[a-n;a+n}c:f.

Viela-n;a+nl fP0 - M)l se
Vay v6i moi x thuge [a—n;a+ ] ta cé -

I e (f(”)(r) f@ydr |

| E(—l;r \f‘”](r) - f*Xay | 8¢

X
be—o7- ! , S|x—a|"
(n—1)! n'

Hé thic trén chung 16 ring :

J—_—L (O - fNapdr = o ((x-a)).

1! Xy

n X
Cudi cing ta ¢6 : Vx € [, flx) = Z ‘ﬁmﬁl (x - aff + o (x - @

k=0 ) x—d

4 Hé qua Néu f thuoc 16p C* trong lan cdn clia g, thi f nhén
mot khai trién hfu han tiy ¥ trong lan can ctia a, thu dugc
bing cach ap dung cong thic Taylor—Young :

Vx € 1, ﬂx)*zm(x—a)k+o((x—a)”)

k=0 xX—=a

Hé qué nay cho phép ta thu duye nhitng KTHH(O) clia nhiéu ham s& thong
dung :

1) ex=z +o(x”)—1+-—+£+...+i—):+o(x”)

12!
P
x2k+ 1 . 2 x5 x2p+ !
2) smx—gj( 3 TR + o(x%F 2)_x——+ = 1)11’(2 1)1+o(x2p+2)
+1 2 +1j
3)| cosx= kz{]( 1) (2k)'+0(x2p = 1S et 1)»(2 )T+o(x2P )
. x3 x2pt
4}| shx Z(Zk 1)1+o(x2ﬁ' 2) x+ (2 1)!+o(x2P+2)




8.3 Khai trién hiu han

P

5) | chx = g{:) (;kz; +o(x?P* 1) = 1+§+£‘i+ (2;;! +o(x?* 1

6) V6i moi @ € R, 4nh xa f, : x > (1 + x)* thudc 16p C* trén
]-1 ; +oo[, va bing phép quy nap ta c6 nga); :
Vr e N, Vx € 11 ; +oof, f%0) = afa— 1) ... (@~ n+ 1)(1+ x)*~"

Pic bigt : Vo e N, f0) = aft — 1) ... (@—n + 1).
Ta suy ra : '

a@-1) ,  ola=1)..(-n+l) |
2! - n! Hreld)

(l+x)a=1+%x

'El_ay o bing — 1 :

1 _ _ 2 _ 1\
1+x_1 X+ X e+ (= 1+ 0

Ré1i thay x bing —x :

i=1+x+xz+...+x”+o(x")

Chi ¥ ring ta c6 thé tim lai KTHH,(0) cu6i ciing nay nhu sau :

n
1 l_xn+l xn+l
1'—x: 1-x l x_zxk.i-o(fl)

8.3.3 Tinh dao him va nguyén ham c¢ia mét KTHH(0)

¢ | Ménh d& (Tinh nguyén ham mét KTHH®))

Cho n € N, 7 12 mt khodng mé cia Rchia 0, f: 7 > R. Neu f
thudce Idp C! tren I va néu f’ nhian m¢t KTHH, (0) véi phédn chinh
quy ky hi¢u 1a P, thi f nhan mot KTHH, ,(0) v6i phin chinh quy
1a phdn chinh quy ciia cac nguyén ham clia P mi gia trj tai O
bing A0) :

Vi e L) = f0) + | P+ oG+,
1]

Chimg minh ; Tén tai mot 4nh xa € : T — R sao cho :
{ Yx e I, () = P(x) + x"e(x)

gx) —— 0
x>0



Chuong 8 So sénh cdc ham s6 trong lan can mét diém

patg:I-> R
xt—)x”s(x) vi f° va P lien tyc trén f va viting ¢ = f - P, nen ¢

lien tye trén 1, do 46 ¢6 nguyén ham tren /. Nhimg nguyén ham cha ¢ wén I ma
nhﬁnglatn()tm()lath I-R
I

> Jo
[}

Taco:vxef,ﬁx)=ﬂ0)+jf’=ﬂ0)+j(P+<p)=(f(0)+IP)+¢:
Q 0 0

x
Ta ky higu la Q da thic xéc dinh nho sau : Vx € R, O(x) = f0) + IP ; 10 TANE

0
la deg(Q) s n + L.

Ta con phai chimg t6 tang @ ${x) = o+ 1.
Giasta>0;v a(x)———?O, nén ton tai n > 0 sao cho :
x>

{ [(n:nlc! “
vt e [—n Nl le@) £ o
0,le|rl+l
Khi d6 v&i moi x thude [-m ; nl ta ¢6 DX} = \ Ilt"i adtl =1
0
He thic trén ching to ring 2@ 5 0, tic 1 d(x) = o " Y |
ath x50

Bing cich 4p dung ménh 42 trén ta thu duge cac KTHH(O) clia mot so
ham s& thong dung :

—

1 | In(l+x)= Z(—' )l %+ o(x) = x— % T %-F o{x")

k=1

|

n

2
2) | -In(1 - x) ka—+0(x")=x+x-—+...+£+o(x")

2 n J

P kx2k+1 x2P+2
3 = - _
) | Arctanx = 3, (- D57+ oY)
k=0
P o _ x2p+l 5
- -~ - p+ 2
x 3+ +{ 1)1"21‘5%1 + o(x )
[, P
1, l+x xH+ ] £ X !
| ~ln—= D+ 2y - o4 2p+ 2
)|yl z‘ozkﬂw(xz y=x T +2p+1+o(x )

5) Anhxaf:1-1; 1I[-R thuoc lop C*, va voi moi x thuoe 1-1 3 11
x > Arcsinx



8.3 Khai trién hitu han

-1 - ( 2)(_2_1)

1
f@=——==0- 2=1+-—(—
TN

R0 -Croee),

_1+1x2+.1_._3 & _3—(240_).2p+o(x2p+1)

(= x2¥ +o(x+ 1

247 777 2.4..(2p)
Hon ntra vi ta ¢ A0) = 0 nén suy ra :
: 152 1.3%
Arc51rvnc—x+23+2.45 +
1.3.02p-1 x*1 2p+ 2
Yo 4. 0p a1t
6) Tuong tu :
12 1.3 %
1 =x—-T -+ T -
n(x+.\}1+x2) =Sty 4 s
_ p+1

2‘4...(2p) 2p + 1

4 Hé qua (Pao ham cia mdt KTHH(0))

Cho n € N, 7 12 mot khoang mé thugc R ¢6 chira 0, f: I - R.

Néu f thudc 16p C! trén I va néu f va £’ nhin nhémg khai trién hir

han theo thit ty d€n bac # + 1 va n trong 1an cén cda O, thi phin

chinh quy ctia KTHH,(0) ciia f* 12 dao ham ctia phén chinh quy cia

KTHH,, (0) ciia f.

NHAN XET : C6 thé xdy ra 12 mot ham s6 f thuoc 16p C! trén 7, nhan mot

KTHH, ,,(0) ma f* khong nhan KTHH,(0) (n 2 1), ching han nhy thi du sau :
fR->R R

2 ; n(e)t) néux =0
néu x =0

X =

8.3.4 Cac phép todn déi vdi cic ham s6 c¢6 KTHHA(0)

¢ | Ménh dé 1 (Phép cong va lust két hop ngoai)
Gia st A € R, £ g : I - R. Néu f va g nhan nhitng KTHH, (0) v¢i

cac phin chinh quy theo tht ty 12 P, Q :

67
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[ (deg (P) s n
{Vx e I, fix) = P(x) + ox™)

deg (@) £ n
][ Vx € I, glx) = o) + o(x™)

thi khi d6 Af + g nhan mot KTHH_(0) vdi phén chinh quy 1a AP + @

{ deg (AP + Q) <n
vx el f + 9) = AP + O)x) + o(x™).

Chiing minh : AP + Q la mdt da thirc ¢6 bic < n va ta ch
Vx e I, (M +2)(x) = M) + g = MPR) + o) + (QF) + o))

= (WP + O + olx")

NHAN XET : Gia sit f c6 KTHH, (0} v6i phan chinh quy la P, va g <6 KTHH (0)
v6i phdn chinh quy 1a Q (ching han véin £ p). Khi d6 f + g nban mt KTHH o0
v6i phin chinh quy thu duge bing cich chit cut P + Q dén bac 2. Nhung cé thé
xdy ra la f + g khong ¢6 KTHH (D), hogc 1a f + g nhan mot KTHH (0) ma phéan
chinh quy khong phai l1a P + Q. Nél cich khéc, khi ta ¢dng cic KTﬁH(O) thi cdc
KTHH 6 phai "cing béc".

+

Ménh dé 2 (Phép nhan)

Chon e N, f g: I — R Néufvag cé nhimg KTHH,(0) voi cic
phin chinh quy theo thi ty 12 P, Q :

deg (P)<n

{ vx € I, ix) = P(x) + o(x™)
deg (Q) =n

{ vx e I, g(x) = Q@) + o(x")

thi khi d6 fg nhan mot KTHH,(0) ma phin chinh quy thu duge bing
cich chiit cut PQ dén bic n.

Chitng minh : Gia sir A 13 da thic thu duge khi chit cut PQ dén bic n :
deg (A) < n va t6n tai R € R[X] sao cho : PQ = A + X"* R, Khi d6 ta ¢6 :

Vx € I, (f)x) = (P + oMK} + o(x"))

= A + (IR + P + Qo) + o(x™)
= A(x) + o(x".

THiDU:Né’uﬂx)=2—x+x2+o(x2)vﬁg(x)=3+2x—x2+o(x2)th‘1

() = 6 + x — 2% + o).



NHAN XET :

1) Véi cac ky hieu nhu & Menh & 2, "n6i chung” PQ khong phai la phén chinh
quy (néu c6) ciia KTHH,, (0) ciia fg.

2) D€ c6 KTHH, (0) ciia mot tich fg, trong mdt 56 truomg hop ta ¢6 thé dung nhimg
KTHH(O) cha f va g v&i bac thdp hon hay bang n, va c6 chi y dén gia tri cia cic
phin chinh quy ctia cac KTHH(0) cia fva g. Chéng han, néu fix) = 32— 2 + o(x)
va g(x) = 42 + 32 + o(x4), thi qua phép nhin ta duoc mot KTHHG(O) :
(fo)x) = 12%* + 5x° + o(x%). Xem them bai tap 8.3.1, f).

¢ | Ménh dé3 (Phép hop)
4]
Cho n e IN, I 12 mot khoang théa man Q0 e I, f: 7 - R, J la mot

Q
khoang thdamin 0 € J, g : J — R. Néu f va g nhan nhimg KTHH, (0)
voi cac phan chinh quy theo thit ty 12 P, @ va néu f{(0) = O thi khi
d6 g o f nhan mot KTHH, (0) v6i phén chinh quy thu duoc bing cach
chit cut da thic hgp Q o P dén bic .
Chitng minh : Vi f nhan mot KTHH(0), nén f lién tyc tal O vi tén tai mot khodng
3]

I saocho 0 e I, va fill)} c J; viy néu cin thay / bing [, ta c6 thé gid thiét
ring AD < J, va do d6 ge f x4c dinh trén L

Tén tai g, I->Rva 82'.}—)Rsaocho:

1 {Vx € I, flx) = P(x) + x* g,(x)

— 0
El(x) x=0

a0 555

{V)’ € J, 80) = Q0) + Y&,

Véi moi x € I'ta ¢é :
(g H(x) = QP + xg((x)) + (PQ) + x"e;())'e,(P(x} + x'e,(x))-
e Ky hitgu @ = X + .. + b X" (v6i (By, .. b)) € R™), rbi khai trién :
b (Px} + g () + .4 b (P(x) + x"EI(x))",
ta thdy la tdn tai €5 : I > R sao ¢ho:
{Vx e I, QP +x"e,(x)) = QP(x) + x"g4(x)

&0 2550

Sau d6 ky hieu 1a T da thic thu dugc khi chit cyt QoP _de'n bac n, ta thiy 14 tdn
tais4zl—>Rsaoch0:

{Vx e I, QP = T(x) + g (x)

%W =55 0
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e Truomg hop n = 0 quy v& viéc khao sat ham hop cla hai ham s3 lien e (xem
4,32, Tap 1, Ménh d& 2) ; vay ta co thé gia thigin 2 1.

Vi P(0) = 0) = 0, nén tOn tai P| € R[X] sao cho P = XP,. Khi d6 ta cé :
Vx e I, (P() + X )" = XU(P () + 7 g ()
Khi ky hi¢u la g5 : f — R anh xa xac dinh nhu sau ;
Vi € 1, 5500 = (Py(0) + ¥~ 1 (0)'e,(f0),

thi cdc dinh 1y vé gi6i han cho phép ta khing dinh : €5(x) — 0.
: x—»

CuSicing tdntai € : I > R (e = g5 + g4 + £5) 520 cho :
{Vx e I: (g=(x) = T(x) + x"e(x}

gx) ——> 0
x— 0
Vay g e f nhan mot KTHH, (0) véi phén chinh quy la T.

THi DU : KTHH0) clia ¢ : x > cos(sinx).

sinx = x— 6 +ﬁ+o(x6) sau d6 ta ¢d :

1 30 1 B ON6
‘p(x)=1‘5("_x€+120)+§(x_%+ﬁ) -7 F ¢ 10 ot

1 A ouby 1 20, A0
IR WOCSE " U WOV AN S
2( 45)+24 =) 70 T
=1- %f‘+%x4—%x +o(x%).

Trong thyc t&€ ngudi ta khai trién (alx+a212+ +anx")k (véi k € {1, ..., n}) ma

chi gitr lai céc s8 hang bac < n. Khi can d€n nhiéu loy thira bac lien tiép thi nhin
xét sau co thé cé ich :

(@x+.. Ha = (g +anx")" Kap+ ..+ ax").

NHAN XET :

1) Néu fl0) = O thi thwdng ta 481 bign s6 (z = y — f(0)) va thyc hién phép bién
d3i bidu thite ctia g(f(x)) dé dua vé lan cin cia 0.

THI DU :

a) KTHH,(0) cia @ : x> In{2cosx + sinx}

® Jcosx + sinx = 2(1—52-+£4-) + (x—-f-)+o(x4)
2 24 6

3
2+x—x2——+—+o(x4)
6 12

s In(2cosx + sinx) = In2 + ln(l+%—§—ﬁ+£+o(x"’))
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B NV

’1“2"(2‘2_12)'24)'2(4_2+6)+

l_xi 3x4 _1_14 4

*3l8 8 Vel

=In2 + -l-x - 212 + —5—.1:3 - —3§-x"’ + o(xh.
2t TR 24 192

b) KTHH,(0) cba ¢ : x> €*

P ) 1

l+x = l+-ix_+ Y —————-————x3+o(x3)
1 1 |
= 1+2xr8x2+16x3+o(x3).

1 11.‘2 1
Lolag Ly
.cl+x =e‘62x 8 16 +{J(.t})

1 1 1 1.1 1 11
=e(l+(5x—§x2+-lgx3)+a(zx2—§x3)+g.§x3+0(x3))

1

48

2) 86 hang bac thip nh4t cia phin chinh quy cla KTHH, (0} ciia f cé thé = 2 (do
n

& c
= c(l +%x+ x3+o(x3)) = c+~2-x+1§x3+o(x3).

tinh chin 1&) : Ax) = Z a,{tj‘_+ o(x"), trong 46 v € {2, . n}. Ta co thé sta lai
k=v

phép ching minh ctia Manh d& 3 ; ta s& thiy ring khi d6, 40i v&i g thi mot

KTHH(0) t&i mdt bic m n2o d6, thdp hon n, clng dé. Ta xac dinh m bing diéu

kiegn: (m+ Dvzn+ 1.

THI DU : KTHHB(O) cha @ : x > In(l + x2sinx). Do céc KTHH(0) (bac 2 3) cla

x = x2sinx ¢6 bac thip nh4t 1 3, nen ta s& tinh KTHH(0) clia x > x°sinx va
KTHH3(0) cia i — In(l +u) :

o xZsinx = E(x——xg+-1‘—256+o(xﬁ)) = ﬁ—%Jr—"-?— + o(x%)

2 .3
eIn(l+u) = u - 22— + 93—+o(u3).

2
(That ra chi cin KTHH,(0) © In(1 + ) =& - 2‘2— )

5 7 7

P Llea B XN o8

OSuyraq)(x}-x3—6+120-2(x3 6+120 + o(x")
_xs x 1
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_ 1 B N I 8
=3 - .15 x6+?20x +6x + o(x™).

Néi chung, khi da bigt cac KTHH(0) cia f va g va mudn cé mdt KTHH(O) cia gef,
va néu fx) ~ a,x va g(y) ~ Bt 66 (V) € {1, n}? (@, b)) e R"Y),
thi ta s& tinh KTHH (0) cia f va KTHH (0) cda g, trong d6 p va g la nhimg s§
nguyén nhd nhit lhoa min :

vEp up+ 2+ lpgqg vig+y)2n+ 1.

THI DU : KTHH(0) ciia ¢ : x > ch(1 — cosx).

4 4
b x—) + oy = % - e

-1—cosx:l—(l—2+24 24

- 12 A0 1 s
-Lp(x)—1+2(2~24) o(x(’)—l+8x —48,:: +o(xﬁ)

¢ | Ménh d& 4 (KTHH ciia ham nghich dao cia mét ham)
Chon € N, g : I » R. Néu g ¢6 KTHH, (0) v6i phan chinh quy ¢

va néu g(0) # 0, thi é xac dinh trong lan cin cda 0 va cé mot

KTHH, (0).
Chimg minh :

\ .1 g(x) - 8(0)
Chi cin chi ¥ riing E 1a ham hop @ e g, trong 46 g, : x > _‘-Q(T va
@U’HL_I ,Vl"l— U — , 161 ap dung Menh d& 3.

g0) 1+y’" g 5@ | 2()-g(0)
8(0)
THI DU :
1) KTHHS(O) cda tan
1 i
] = xz
cosx
l—?+§+o(15)
2
2 i Fad x*
R E S = 1+= X
1+[2 YN +o(x) 1+ + +o(x%)
1 B8P x2 x4
s tanx = Smxcosx = (x— p + 120+o(x5))(1+ - + 4 +o(x5))

1 2
=x + 3x3 + 15x5 + o(xj).
2y KTHH,(0) cia th.
§ + 2, o).

Theo cach trong tir ta duge @ thx = x - s



NHAN XET : Néu g(0) = 0, trong bidu thitc ctia g(x) (va, néu cin, cda fx)) ta s&

viét mot Ity thira thich hop cla x thanh thira s§ chung, dé sau d6 quy vé Ménh

dé 3.

l —
tan?x

(trir 12 tai 0) c6 thé thac wién lien tyc tai 0, va ham thic wién d6 (vln ky hiéu

12 @) nhan mot KTHH3(O). Tinh KTHH({(}) d¢.

THI DU : Chimg 6 ring ham s8 ¢ : x > , xac dinh trong lan can cta 0

o 1 — cosx ~ — viitan’x ~ x° . vay o(x) —>

; vay ta s& thac trién
=0 xr—>0 x =10

N

lién tuc tai 0 bing cich dit e(0) = % .
» D€ thu duge mot KTHHS(O) cho ¢, va vi ¢dc phin chinh quy cta cic KTHH(0)
cha 1 — cosx va clia tan’x ddu c6 thira so chung 12 mot s hang bac 2, ndn ta s&
tinh mdt KTHH4(0) cho 1 — cosx va tanx.

x2
ayl -cosx=1-— (l—§+_+o(xj)) = 7 2—£+o(x‘))

3

2
b) tan thudc 16p € trong lan cin cda 0, va tanx = x + % + -E + o(x(’) do d6

(xem 8.3.3, H¢ qua) :

4
l+tanzx:1+x2+2x7+o(.x5)

s = 2 (1 + % r o).

%—§+o(x3) 13
Vay ofx) = 2 =2 "3 * + o).
14+ +o0(x*)

.NHAN XET : Sit dung phép chia theo Uiy thira bdc tang (khong thuge chuong trinh).
Chon e N, f, g : I - R. Néu f vd g nhan nhimg KTHH, (0) v6i cac phén

chinh quy theo thi ty 1a P, @, va néu g(0) # 0, thi khi d¢6 ! xéac dinh trong
g
lan can ciia 0 va nhan mot KTHH (0), v6i phén chinh I thuong 161 bac n

ctia phép chia P cho @ theo cac ldy thira bac tang din. Chiing ta nhé lai
ring (xem Tap 3) néu P, Q 1a nhimg da thic mot dn sao cho Q(0) # 0, thi
khi d6 vdéi moi n thude N, tén tai mot cap (U, R) duy nhit sao cho :
P=0QU+ X"+IR
deg(U) £ n
Ta néi ring U 1a thuong téi bac n cha phép chia P cho Q theo cic luy
thira tang.
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Chuong 8 So sdnh cac ham sb trong lan can mot diém

Chimg minh : TOn tai €, €5 1 I = R théa man :

x) = P(x) + x"al(x)
vxel:
2() = Q) + x"ey(x)

lim g, = lim &, = 0
0 0
M2t khéc, vi @(0) = g(0) = 0, tOn tai mdt cap da thie (U, R) duy nhdt sao cho :
P=QU+X""R
deg(Uy £ n
Ta ¢ : ¥x € I, Ax) - X"g,(x) = P(x) = Q) D) + X R(x)
= (g(x) — 25, UG + 2" 1R
= g(x) U(x) + X'(— &,(x) U(x) + xR(x)).

Anh xa g lién tyc tai O {(vi g nhan mot KTHH(0)) va g(0) = 0 ; vy trong lan
can cda 0 thi g(x)} = 0.

Ta suy ra ring trong lan c¢én cia 0 ’ﬁ— = U(x) + x"&(x),
glx

trong d6 £ duge xac dinh bdi :
£,(x) ~ £,(0) U(x) + xR(x)

g(x)

&(x) =
R rang 12 : &(x) —> 0.
x>0

Vay ﬁ nhian mot KTHH (0} vai phin chinh quy 13 U.

Bal top

{0 8.3.1 Hay tinh 1gp khai trién hou han v6i bac vi 1an can quy dinh cda ham s0 xac dinh
bdi bidu thic sau (bién s§ thye x) @ '

a) bac 3, lan cin cda 0, fix) = (1 +¥1+x + T =) !
b) 5,0, chdsshdx o) m 0. cos’x (n € N), 4,000 =

e) 3,0 1 ) 11, 0, ((chx — cosx)}{shx = sin))2
< (Arcsinx)z
¢) 3, 0, sin(2x — 4¢%) — 2sin(x - ) h) 3, 0, In (1 + 2 )
] 1+ x
7
2 : 2.2 X
;)201n(e‘“+c)(a,b)eR i 9,0,tan( TS ?)
1 L
; COs X xz
kY3, 0, (1 + x) N5 0e 1+e
X
r\in?‘x
m) 3, 0, Arctan{e”) m) 2,0, (1 + Arctanx)

oy 3, 0, V1 - VI - 22 p 2,0, (tan x . _)) cotanZe
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1
q) 4, 0, cos (in{cos x)) 4, 0, (I + sinx)*

s} 5, 0, (cosx)S"* v 4, 0, In (130—;—"3)
2 Arcsinx
3
w 8, 0, tarx({cosxy* — 1) v) 5,0, g
N1 -2
3
w)2,0,(w)"; x)3,0, (2 +x+ V1 +x)
X
e
y) 11, 0, sinx — Arctanx) o130 | =3 —
2 \I|I4+ 2+l
a) 3, % Arctan(2sinx) b 2, 2, cos Vo2 + 5w
, x+1
c') 3, 4w, Arctan —_—
x+3
0 83.2 Chimg 15'rhng 4nh xa f: R > R nhan mdt dnh x3 nguyc, va hay thanh
X

tap KTHH4(0) cila ham s6 /1.

{ 8.3.3 Thanh lap KTHH(0) cia ham s6 f x4c dinh trong 1an can V cia 0 va
thda min :

{ ¥x € V, f'(x) = tan{x + fx))

0 =5

8.3.5 Thi du vé& img dung cdc khai trién hitu han

A) Tinh gi¢i han

D& tinh mot s gi¢i han dang khong xdc dinh ( %, 0 x oo, 2 , 00 — o0,
ool 1%), ta c6 thé sk dung cdc khai trién hiru han.

THI DU :
1) Tinh lim sh x — 2sh2x + sh3x

£ Il +x+ 28 + V- 20~ 1 -2

s shx — 2sh2x + sh3x =‘(x+%)—2(2x+§;—3)+(3x+2%3—)+o(x")
=20 + 0(x3)
o In(l+x+2D+¥l-2x-1-x* = ((x+2x2)—%(x2+4x5)+%x3)
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Chuong 8 So sdnh cdc ham sd trong tan can mat diém

1,0 1 e, L 3IN_ [ __13
+(1+2( 2 -3¢ 2yt 2x)) 1 -2 +0() = 613+o(x3).
s 12
Vay giéi han ¢dn tinh bang —-1—3 .
2 lim (@F + 3 - SHE 2519

x=—0
Ky hieu bifu thirc da cho 1a f{x) {f xac dinh trong lan can cla 0}, ta ¢6 :
In (2% +3* - 5%

24325
e X 43250 = cxan +e.r\n3 _ 2ex1n5 =

Infix) =

6
{1 + xIn2) + (1 + xIn3) - 2(1 + xInS) + ofx) = xln - + o(x)

25
X X X 6 X X é
2 +3—5=1+xln§+o(x).vayln(2.+3—5*)~xln5.
)dng ln%
Vay Infix) ~ 6 va cudi cung thi gidi han cin tim 1a : exp p
xln — In—
25 25

1 1
3 lim - =11
x—>0( sinx x2)

L 2x

o |5,

A 1 (x=sinx)x+ sinx)

1
sin?x %2 xZsin’x x>0 g 37

Gidihan phai tim bﬁng% .

Trong thi dy nay ta chi y ring néu cong méy méc cac ham tuong duong

1 1 1 1
~ — Y, thi ta s& thu duoc mot diéu vo 1y — = ~ 0 : sai)
( 2 £ ) ( sinZx )

sin<x
B) Tim phén chinh quy theo cic ham x —» nelN

Chéng han, néu mot ham sd f duoc bi€u difn thaph hi2u cia hai ham s8 tong
dwong, thi nén tién hanh phu sau day : thanh 1ap ciac KTHH(O) cia hai ham &
d6 (néu cac KTHH dd ton tai) dé suy ra KTHH(0) cia £, va do d6 (n€u nhu phin
chinh quy ciia KTHH(0) d6 khac khong), suy ra phin chinh quy cia f trong lan
can ciia 0, bing cach 1dy s6 hang bac th&p nh4t. Tuy nhién, thudng thi ta khong
thé "doan” duoc 1a cdn phai khai tri€n dén bac mdy.
THI DU : Xéc dinh phin chinh quy tai 0 clia
f: x> ch{l - cosx) + cos(chx — 1) - 2.
3 4 f 4 6
XX X X X 5
l—cosx=—-_-"+-+ Byyichx — 1l =—+7+_+olx’)
Cosx = T3 T agg A VA€ RETRETTRAGE



y
d”é:ﬂx):(“z(z 24+?20)2) ¢ 2(2 24 720 ) 2+0(x)

bt

X0

= — = + o(x®), suy ra ra két qué : _f(x ~ =

24

Bal tAp
{ 8.3.4 Tinh cic gidi han sau day :

. §in {x —sinx)
a) im
x50 VI+2 -1

3tandx — Htan 3x

lim
¢ 3sin dx — 4sin 3x

x—»
1 + X
1-

Arctan(1 + x)— Arctan(l - x)

e) lim

x—0

Arctan (xz(] —cos xp

g) lim
x>0 (1 -+cos x) ln—

1n(x+\}x2+1)—1n(x+\h2—1)

i} im 5
1>+ (ml"‘_l
x—1
k) hm( L )
0" sin 2, ln (cos x)
X sinx
m) lim sin -
=0 sm“x( 1+x l+smx)

aftl o @+ 1+ 1

-0 24

sin3x + dsin®x - 3In(1 + x)

b) im
x>0 (e* - Dsinx
& lim W+ D-A-1)
x>0 x3
inchx — Incosx)®
t}h ch +¥cosx —2
. 1—x+Inx
W im = —
=1 1- 2x—X2
1
) im
! _m( ln(l+x))

1
” fim [zu-ﬁ 3 - {E)]
o) lim [r“; - ﬁ] @ b) € R

Eson

o) lim , (@ byeRx R’ p} lim
x>l AP x4+ x>0 Sinx_ ( )S“"?"
{1+ x)" —e t ;2
g lim 9 lim ( anx)smx
x=0 X x—0 x
g) lim (th »)M* 1) lim (cos x)COtAN%
X—>+a0 -0
' tan3x ,
u) lim (tan 3x yan v) lim (a")hlr L By e (R:')2
T 2 X—»+uw
x—r—
6
%
5 b’
o4
w) lim (““)c“‘a" * %) lim (2 + 3% — 12)tan
x—>0 x—>2
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Chuong 8 So sanh cdc ham sb trong l&n can mot diém

y) lim (9% + 107 - G L

x—=3
1 ¥ 1_§
: 1+sinx)*— ¢
2) fim nt_ L 2 lim ( )
X 1 1 x
o0 ch—~ x—0 |
* . (1+tanx)x—e
{__
") lim (e~(l+-) )\)x+ &+ &) lim lnx((ln!x+l!)x—l)_
X+ >+ ® Inx

0 8.3.5 Tinh phén chinh quy !an cén cia O (theo thang cac ham 88 x > ¥, n € ~) ciia
ham s6 f vai £x) cho trudc la :

ay x(2 + cosx) — Jsinx

3
b)ln(tam(2 4)) 1:;2:”

¢) tanx — sinx — -2- sirx

d) Arcsin{x + a) - Arcsing, a € [0; 11
¢) Arctan{Arcsirx) = Arcsin{ Arctanx)
f) sin{tanx) — tan(sinx)

03
g) sin(x —%) - (sinx - su;x)
h) & - (sinx)*
i} (2 + cosx}2 + chx) —

+ax
+ bx

{ 8.3.6 a) Xac dinh (g, b) € R2 g8 phin chinh cda x - e — : trong lan cdn cia 0
dat bac cao nhit co thé.
b) Cang cau héi 46 véi x = attéx + ptartx + In(cosx)

0 8.3.7 Chof: 10, 1) — R, lien tyc trén |05 11, kha vi tai 0, sao cho RO) = 0. V6i moi

ne ‘N ta ky higu u, = Z f - 3 - hoi ty va tinh gidi han cua
k:

day s& do.



8.4 Khai niém va khai trién tiém cén
8.4 Khdi niém vé Khai trién tiém cin
8.4.1 Khai trién tiém can theo cic hamx > x", n € Z

Ta néi mdt ham sd £, xac dinh trong 1an c¢én cla O (¢6 thé ngoai trir tai 0),
nhan mot khai trién tiém can theo cic ham x" (n € Z) khi va chi khi
tén tai o € Z va P € R[X] sao cho

deg (P) < n

trong Ian cdn cia 0 : flx) = x*(P(x) + o(x"))

Ta néi ring khi d6 c6 mot khai trién tigm can véi do chinh xde x*+*.

THi DU :
1) Khai trién tiem cén cda x > cotanx trong lan cgn cia 0 véi d¢ chinh xac o
4 -1
colanx = 1 = L :l(l+ﬁ+-2"x—+o(x4))
tan x x 3 15
X+ 4 o(x)
3 15
1 X2 2 2 4
=—={1-{= + = =
-5 s +(3)+0(x))
1 2 A8 1 x x
==(1-"="=+ —-=_= :
(15 =g ¥oeh) = L5375 o
o 1 X I3 k)
Cing vay trong 1an cin cta 0 ta thu duqc:cothx:;+§—g+o(r).

2
2) Khai tri€n tiém can cha f @ x > ( ) trong lan cén cba (0 véi dd chinh

In(l+x)
Xac x.

1
)

X 2
Vi n(l +x) ~ a vi = —=——1, nén chiing ta s& cin d&n mot
( x)xﬁox va vi fix) (ln(l +x)) nén chiing ta s& cin dén m¢

KTHHs(O) cia ham x — , e 1a mot KTHH ((0) cia x = In(l + x). Ta

X
In(1 + x)
1an lugt thu dge :

-1n(l+x)'=x—§+§—x£~+ox4)
X x 2 0 37y
'1n(1+x)‘(1_2+3'4+"("))
. . .
=l+(2—§~+ %)4»(?—% +“;+o(x3)
=1+£—£+£+0(x3)
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Chuong 8 So sénh céc ham sb trong lan can mét diém

8.4.2 Khai trién tiém can theo cic ham x > »* aeR

Ta néi ring mot ham f x4c dinh trén khodng 10 ; n[ (n > 0) nhan mot
khai trién tiém can theo céc ham x® (@ € R) khi va chi khi ton tai

pe N, (o a,) € R?, (ay, .., a,) € R? thda min
oy <. <O
r
Vx € 10 ;L £ = 2, apx® + o(x%)
k=1

Nhir the ta néi ring c6 mot khai trién tiém can véi do chinh xic x%.

THI DU :

Trong 1an can cha 0%, khai trién tiém cén cla f: x Vx + &2 voi 40 chinh
5

2

Xac x° :
! N A
x+2 = x2(1 + x)? = x2(1+~£x——x2+o(r))
1 3 3 3
=x% + l.:t:2 =x2 + o(x%)

8.4.3 Thi du vé khai trién tiém can c6 st dung ham logarit hoiic
ham mu

1) Trong lan cdn clia +o0 :
1 2
In(x? 2) = 1+~ + =
n(x* + x +2) 2lnx+1n( +I+x2)

1 2 11 1
=2l —+ =) - =
nx+(x+xl) 2x2+o(x2)
1 3 1
—21nx+x+ 2x2+0(x2).
Ta duoec mot khai trién tiém can trong lan cin clia +o theo ciac ham s6
x > (Inx)%P, (a, By € RZ.



8.4 Khai niém vé khai trién tiém can
2) Trong lan cn cda +oo :
R () B (T O R R )
(l+"+—+0(xz)) ):+l+—+0( )

¢

i+ﬂ(l)

TS _ o+l 3 1
=e*tle =t (1+2x+0(xD
=ee* + 32—61_ le¥ + o(x M.

Ta duoc mot khai trién tiém cin trong lan can cda +o theo cdc ham s6
x - P (B, y) € RZ

3) Trong lan cén cha +w :

In{xInx + 1) = In{xlnx) + In(l + 1 )
xnx
1 1 1
- +ol——=)
dnx  2¢%(Inx)? (xz(ln x)z)
day 13 mot khai tri€n tigm can trong 14n c4n cda +oo theo cdc ham s0
x - (nla 0% (n DHPH, (@, B, 1) € R

=Inx+ Inlnx +

{ 8.4.1 Tinh cac gi¢i han sau day :

) lim  (sh¥aZ+x — shV2 - x) b} lim (sh{chx) — ch(sh x))

x—=+w X—»+om

1
o lim (chVx+ T - chvx ) d) lim ((exu)ﬂ’—xz— & + ;2)61"‘)
X —»+a0 X+

1 1

e) lim ((x+ ples ™) - x(xx)].

X =¥ o0
{ 8.4.2 Thanh lip khai trifn tiém can cda f : x > Inshx, trong lan can cda +oo, theo chc
ham s6 x > x%ePX, (o, B) € R2, voi do chinh xdc t6i ¢~ .

¢ 8.4.3 Tinh khai trién tiém <jn cda f: x > Arccos{l — x), trong 1an cgn cfia 0%, theo

1
n+_

cac ham s6 x > x* o & R, voi do chinh xdc t6ix 2, n e N

0 8.4.4 Tim cho ham x > (shx)*M* mot tomg dm’mg dudi dang cp(x)c P e RIX}, trong
1an cin cia +w.

81



82

Chuong 8 So sanh cac ham sé trong 1an can mdt diém

0 8.4.5 a) Ching to ring voi moi » thudc N, phwrong trinh tanx = x, vfi n s¢ x € R: ,

ahan mot vi chi mot nghigm s thude ]mt ;oA + %[ : k¥ higu nghiém s& nay 1a.x,.

b) Tinh khai trién tigm c@n cia x, vai do chinh xac ii khi n didn dén vO cang.
n

#
$ 8.4.6 Cong can hdi nhu trong bai tap §.4.5 viri phuong trinh tank = -IT'
x

!

1
0 8.4.7 Tinh khai trién tiém can vdi o chinh xdc i — cia ham I, = |
0

dx
1+«

. khi sg

nguyén n dan d&n vo cang.

1 1
( 8.4.8 Chimg to ring tdn tai (@, &) € R? sao cho j(l +xAdx=a+ % + O(—li)

0 "
khi n ddn dén vo ciing (tinh a v& B).
{ 8.4.9 Tim phin chinh khi n dan dén vO cang clia u, = Z ‘l

e 3 ’
i+j=n

0 8.4.10 2) Chung td thng voi moi » thupe ™ — {0, 1} tdn tai mdt phén nr duy nhit
céia R}, ky higu 1a x,, sa0 cho X} = x, + .

b) Chimg & rhng : x, ——> 1.
neo

¢) Tinh phin chinh cha x, - 1 khin din dén vO cong.

0 8.411 V6i n bt ki thuoc N* 1a s¢ ky higu f; : 405+l &> R

x> x+lox=n
a) Chimg 16 ring v&i moi n € N, phuong trinh f,(x) = 0 ver An s6 1a x € 105 +oof co mdt
va chi mot nghigm duy nhdt, ky higu [ x,,

b) Thiét 1ap khai trién ti¢gm cdn cua x, vii 40 chinh x4¢ I vhi r dAn dén vo cang.
n

0 8442 Voin bt ky thude N*, 1a se ky hidu d(n) 12 56 udc s§ > 1 ciia n. Chimg minh :
n

3 d ~ nln,
fale el
k=1



8.5 Khao sat mot ham sé tif R dén R, bidu dién db thi

8.5 Khdo sat mot ham so tr R dén R, biéu dién d6 thi

Cac khai niem duge phat trién trong chuong 8 nay vé viéc so sanh cuyc bd
cic ham s6 thuomg s& cho phép ta khéo sat mot ham s0 trong lan cdn cla
mot s& thye (gidi han, tinh lign tyc, tinh kha vi, tinh l6m dia phuong), hay
trong lan cin cha +© vi —oo (khdo sit cac nhanh vo han).

Pic biet, nén tdn tai (d, B) € R? sao cho trong lan cén clia +o {hay —0)

flx) = ox + B + o(1), thi khi d6 duong thang (A) v6i phuong trinh y = ox + B

14 tiém can voi dudng cong (C) c¢6 phuong trinh y = f(x). Hon nira néu
big dfu cda hiéu fx) — ax — P trong lan c@n cia +oo (hay —o) thuong s¢
cho phép ta xac dinh céac vi tri tuomg doi ciia (C) va (A) trong 1an can dé.

Ching han néu flx} = ox + B+—g— + o[l]v’d'y> 0 (tuong tmg : v < 0),
X X

thi khi d6 (C) s& nim trén (nrong ing : nim dudi) (A) trong 1an cin cua +o.

Trong céc thi dy sau day, ham s& fx) s& duge cho bang y = fx), va phii

Khio st f va vé duong cong (C) biéu dién f (thuong trén mit phing Euclid
B quy vé mot he quy chiéu tryc chudn (0 ; 1,7 ).

THI DU :
Dy = 3x2x — 2)

« flign tuc trén R, kha vi tren R — {0, 2} va:

. 1 2
vx e R-1{0,2), f(x) = —=———— (3" — 4x).
W2 — 2)°

Suy ra bang bién thien cla f :

X |- 0 413 2 + o
f,(X) + +o0 — o0 - (t] + + 00 + oo +
+ oo
fix) 0 \ 0 T
/ \_g_y—z_/
-0 3 J

Tai O dudng biéu dién (C) nhan mot ban ti€p tuyén nim trén Oy’, va tai diém (2, 0)
mot 1i€p tuyén song song v61 y'y.

« Trong lan cén ctia +o© {(vh - o) :

oot g2 T

.
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Chuong 8 So sénh cac ham s trong lan cin mét diém

do dé f(x):x—3—1+o[l].
3 9x x

Viy (C) nhan dudmg thdng (A) c6 phuong trinh y = x ~ %lﬁm tidm cén, va trong

ian c4n cla -+ (twomg ung : —®) (C) nim dudi (wong mg : nim tén) dudmg
thing (A).

¥ (A)
(C)

Yy =
x

« fthudge l6p C™ trén R — (0, 1}. Ta tinh dé dang dugc :
4 3 !

T =3 —x+1 -

e R-{0,1}, f(x) = —— "¢+

bt xz(.):—l)2

Pathic P = X* — 3¥? — X + 1¢6 hai va chi hai khong diém 12 so thyc ky
hieu 1a &, B (& < P) ; tinh todn bing s8 duwgc o ~ 0,564 ; B = 3,071

x |—oo 0 a 1 b + oo
Fix) + + (11 - - }IJ +
0 | + o0 ‘ + o0
SR A N
B " /

» Khio sdt tai 1an cdn cda +o (hay —0) :
1

f(I)x':‘; - x {vi e; T:"W’l)'



8.5 Khao sat mot ham sé t R dén R, bidu didn do thj 85

I+—
- 1 1 l 1 1 1 1
fix) = x —% er =x[l+—-—]l+—+—+o[—] 1+ -+—=+o -—]

1 x? x  x* x? x  2x? x?

=x+2+—?-+0{l]-
2x X

Vay (C) nhan ddmg thing (A) ¢6 phuong trinh y = x + 2 1am tiém can, vi trong 1an
can cia +o© (twong vmg : — ) (C) nim trén (twvong tng : ndm dudi) (A).

¥
\_ €L 4

k

/)

)

3)y=\jx3+x—2

» Mién xic dinh cda f= [1 ; +oo[ ; f lién tuc trén [1 ; +00[, khé vi trén

11 ;5 oo va:
w2 4+ 1
Vxell; 4o, f{x) = ———= > 0
205} +x-2
X 1 + o
Fix) + oo +

fix) + oo
0 /




Chuong 8 So sanh cac ham s trong lan can mt diém

3
-f(x)IN xi;viM

— = x X+ X

+ co nén (C) nhan mot nhanh parabolic

theo phuong tém cén y'y.

« £ triét iéu va d6i ddu tai mot didm thyc duy nhit o, o =~ 1,689, do d6 (C) c6 mdt
diém ubn, c6 toa dd gin ding 1a (1,689 ; 2,123).

T)’

©

Bai tap

{ 8.5.1 Dymg cic duimg cong (C) v&i phuong trinh y = f{x), trong 46 fx) duge xdc dinh b
bidu thirc san day :

In¢l + x) 1 1 L
g) —m T X ) —— — — + 2e*
4 In x ) InQl +x) x ] € e
x2 L
X 2
a I c){e 2—!—1 lx 0 + J;)e\}x +x
] I
{1 + sinx)wr b (cos x)OBN (1l - x + &7
i K) éﬁtﬂzi 1yl — x% Arc tan x
X

m) Arctan (1 + tanx + tanzx).
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9.1 Mg¢ dau

Muc tiéu cla chwong nay la trinh bay cac phuong phap cho phép ta, khi
¢6 thé, biu thi céc nguyén ham clia mot ham f, chinh ham nay dugc cho
bing mot biéu thac tudéng minh.
Céc khoang xét dén dugc gia dinh khong trong va khong thu vé mot diém.
Truéc hét ta nhic lai ring (xem 6.4.2, Tap 1) :
1) Gia sir I Ia mot khoang trong R va f, ¢ : I > R ; ta néi ring ¢ 1a mot
nguyén ham cia f trén [ khi va chi khi :
¢ kha vi trénl
o =f
2) & day gia sit £ : 7 — R lien tuc uén khoang I. V6i moi x, thuoc [, anh
xa F: 1> R 12 mot nguyén ham cia f trén I, va tap hop cac nguyén
X
i _[f
xl’]
ham cla ftren 7 1a {F + & ; A € R}. V6i moi nguyén ham ¢ cua f trén [
va moi (g, b) thude 1?2 tacé:

b
[£= 00 - $@ = B .

Ta s& ky hidu mot nguyen ham bdt ky cGa ftren /' 1a 7 > R ,
x> If(x) dx
va ta s& giir nguyén cach ky hi¢u nay trong trudng hop téng quat hom khi
tap ngudn cda f 1a hop (hiru han hay vo han) nhimg khoéng.
Chit cai C ding trong cic ding thic loai :
Vx e [, [ﬂx)dx =6(x) + C
s& chi mot hiang "ty ", tdc 12 mdt dnh xa bing C : ;‘C : %, khi f 13 mot
khoang trong R.
Khi tap ngudn E cla f la mot hop nhimg khodng (thi dy : E = R",
E=)-o;—-1{w]l;+w, E=\ Inn, (n+ Dn[, ..., thi ta s& k¥ higu

ne &
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Vx € E, _[f(x)dx = ¢x) + C(x)

trong d6 C s& chi mot 4nh xa hiing dia phwong tir £ d&n R, tic 12 mot
4nh xa hing trén méi khoang cta £. Thi dy :

. (dx
vee R, [~ =il + €W

&day C:R" >R (Cp, Cy) e R2,

C, néu x < 0

X Czné'ux>0

Ta s& hidu cic ding thic lien ti€p nhu :
[ fdx = [ foadx = [ H0odx = .

theo cach sau day : mbi v€ clia cac ding thic d6 chi sai khéic nhau nhiing
hiing (dia phuong).

Hing nguyén ham xudt hién vao hic ma ky hiéu twong tnmg “I" mit di.
Thi du :

_[coslxdx = % sin2x + ¢ = sinxcosx + C

Cac dinh nghia, ky hi¢u va két qua trén day c6 thé m& rong mot cach dé
dang cho cac bam 14y gia ui wong C; dic bigt chung ta s& phai dung
(xem 9.3) t&i ham md véi s& ma phic (xem 7.10).

MOt s6 nguyén ham khong thé biéu dién duoc tir cac ham s& thong dung
qua mdt day hira han cic phép todn : cong, nhén, hop. Nhu viy ching ta
s&¢ khong thé “tinh" dwgc cic nguyén ham d6 ; ching han truong hop

e*
I; dx. Khi d6 ta n6i ring nhtng nguyén ham d6 1a nhétng ham déc biét.

Cun6i cing, cac phin mém tinh todn hi¢n dai vé cac phép toan hinh thuc
c6 kha nang tinh duge cac nguyén ham (khi khong phéi 12 nhimg hiam déc
biet), va da lam cho cac ning lyc ky digu vé tinh nhdm cac nguyén ham
tré nén v6 nghia. Tuy nhién chiing toi cho ting cAn thi€t phai nim ving
cic phuong phap va cic kiéu loai kinh dién trong vi¢e tinh nguyén han
dé& ¢6 thé hoc tot phan ti€p theo ciia gido trinh Gidl tich.



9.2 Phép déi bién
9.2 Phép doi bién

Ching ta nhic lai ring (xem 6.4.3, Tap 1) néu ¢ : [a; B] = R thu¢e 16p
C! va néu F 1a mot 4nh xa lién tuc trén mot khofmg chia ¢([o ; B]) thi :

o(B)

IF(cp(x))qa (dx = | Fapdu
ola)

Ta néi rang da thuc hién phép déi bign u = @(x).
Vay ta s& vi€t : _[F((p(x))cp’(x)dx = JF(u)du, va ghi o @ u = @(x).

b1 véi viée tinh nguyén ham, sau khi tinh duwgc JF (w)du, can phai "ud
lai" chir x, bing cach thay "khip noi" trong két qua u bing (x).
P6i véi viée tinh tich phan, thi ta ¢6 thé lam thong qua viée tinh cic

nguyén ham, hodc "ddi” c4c can kém theo v6i nhimg phép ddi bign da phai
st dung dén.

NHAN XET : V6i cac ky hiéu trén day, néu ¢ chi thuoe 16p C! trén [o ; B[ (ching

han nhur ; @(x) —> +o0 ) thi cach viét
x> p

P}
IF(cp(x))tp (dx = | Fdu
olo)
s& din dén cic tich phan suy rng : xem 10.2.3.
Cdc thi du kinh dién

e Vi a € R® c& dinh, biing phép d6i bién u = X (hay u = i—xl). ta duoe :
a a

d
I)J . 1 j du —lArclanu+C=lArctan£+C,CeR
x*+a? 1+u2 @ a a

a-+x

2) dx _ljdu _L 11+u‘

1
T, | tew=s-n 1

l + Clx), vai
C:R—{—a,a}—)R
C, néu x < —a
x50y néu—a<x<a,(Cl,C2,C3)eR3

C3m:‘ua<x

=ln(x+VZ +a®>)+C. Ce R

X

4)J-ﬁ Arcsm;+CCeR
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dx
5) I—FJ_—_.—* =egln{ixl + V2 - a®) + Cix) &= sgn(x)
e
C:]—oo;-—1a1[u]la1;+oo[—9R
C, néu x < —lal

RZ
x> C, néu x > fal (€, G &

sin x dx
dr = - [ &=~ nwl + o) =
COS X u=CcOhX I

+ 1) Itanxdx = j

= —Inlcosx} + C(x)

trong 46 C khong 461 tren mbi khoang ]— %+nﬂ ; % + nn[ ,ne Z

2) Tuong tu ! Ico(anxdx = Inlsinxl + C(x) , trong d6 C khong ddi trén médi
khoang Jnx ; (n + Lnf, n e Z.

0 9.2.1 Tinh céc nguyén ham cua cic ham s8 sau day (bién 50 x), va chi ro mi&n xic dinh :

Arcsin x 1
b) (& — 17 c)

) T—=
Ni- 22 1+e>
sin’x NH.QJ; 2l

¥ cos x © Y 0 X \l|x4-x2+l ‘
{ dx
{922 Tinh I

—1IY1 4Nl +x
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9.3 Tinh nguyén ham timg phin
Ta nhic lai ring (xem 6.4.4, Tap 1) :
1) Néu u, v : I > R thuoc 16p €1 tren 7, thi :
ju’v = uy - Iuv’, hay : Iu’(x)v(x)d;; = u(xw(x) — _[u(x)v’(x)dx.
2) Néuw u, v : [a; ] - R thudc 16p Cl trén [a ; b] thi :

b b
ju’v = [uv]g - fuv’.
i [}

Nhu vay d€ tinh cic nguyén ham ciia mot tich hai nhan t ta s& bidu dién
mt trong hai nhan t nhu mot dao ham («'), va quy viéc tinh _[ w'v vé
viéc tinh _[uv’.
Céc thi dy sau day 1a nhimg tung dung kinh dién ciia phép tinh nguyen ham
timg phén.
1) Tinh § P(c)e™ dix, trong d6 P 1a mot da thie thuoe CIX] va o € C°
Phuwong phdp thir nhdt '
Mot phép tinh nguyén ham timg phin cho ta :
: 1
[Peedx = é P e - | Py dx.
Tiép tuc thi tyc nay ta sé "khi" duge da thirc,
THI DU Tinh 1(5) = [(2 - x + 3)e¥dx.
() = % (2 - x + 3 - % j(zx.— De®d x

=% (-x+ Sjezx - %(%(b-l)ezx - % IZez"dx)

1o 2 1
_2(12 x o+ et -

:%(xz—Zx+4)ezx+C,CER(hayCEC).

(%(u-l)eh~%e2*)+c

Phuong phdp thit hai
Ngay khi deg (P) = 3 thi phuong phap thit nhét da khong thuc t€ 14m. Theo
nhu phuomg phap d6 thi tn tai @ € C[X] sao cho :
deg (Q) = deg (P)
IP(x)ew‘dx =0xe* + C, Ce C
1 1

Cuthéla:Q:lP__P,+—'P‘,__“_
o o2 o3

o1
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Trong thyc t€, dé tinh 0 ta tién hanh theo phuong phép he s3 bit dinh.
THI DU : Tinh K¢) = | (© + 4% - 2x + Ne¥dx.
Tén tai (g, b, ¢, d) € R* sao cho :
I(x3+4x2—21+7)ez‘dx - @3 +bl+ex+de®+C Ce R
Ldy dao ham hai v&, 1a duge :
Vx € R, 2@S + bl +cx+d) + (Bax’ +2bx+0) = S aat -2+ 7,

2a = 1
wola: (2P T
"2+ 26=-12
2d +c =17
Giai he phuong trinh tuyén tinh "tam gidc" nay (theo cach "thé dan"} ta duge @
YRR S SR
2 4 4 3

1 5 9 37
Vay : (23 a22-2 SN 2 _
ay - I(x) (2 +4 4,vc+8)e +C, CeR

2) Tinh IP(x)cosﬂxdx va IP(x)sinﬁxdx, trong d6 P e R[IX) va B € R’
Phiong phap thit nhat

Cé thé tinh hai tich phan trén theo cach tuong tir. Ta s& tinh nguyén ham
timg phén dé ha bac da thic.

THI DU : Tinh 109 = 03 - 2 + 2x - J)sinxd x.

1) = - (- 324 26— Fcosx + [ (32 -2+ Deosx dx
(P4 2e—Fxcos x + (3~ 2x+ Dpsina - [(6x - Dsinxdx =
C (3= X2 25— 308 x+ (32 - 2x + sinx + (6x — 2)cosx 6 feosxdx
= (0 + 2+ 4x+ Deosx+ (3%~ 2x-d)sinx+C, C € R.

Phuong phap thit hai

Theo phuong phap thit nhat thi t4n tai hai da thic A, B thude R[X], c6
bac < deg(P), sao cho :

_[P(x)sin Brdx = Afx)cos px + B(x)sinpx + C, C e R,

Ta sé vi€t A(x), B(x) v6i céc h¢ sd bit dinh, jdy dao ham v€ thy hai trén day, roi
cho "déng nhat" voi Plx)sinPx.

THI DU : Tinh I() = |G® — & + 2x — 3sinxdx.
I(x) = (ax° +bx? +ex + d)cosx + (o +Bx% +yx +8)sinx+C, C € R
trong d6 a, ..., 0 la nhimg s& thyc ma ta phai tinh, Lay dao ham
¥x € R, (—(axj+b.k2+cx+d)+(3ax2+2ﬁx+y))sinx +
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+ (@ + Bxt +yx + 8) + (Bax? +2bx+ c))oos X
= (-2 +2x~I)sinx

_a=l {1=O
o NP R O B+3a=0
Mot diéu kién (cdn va) du la ¢ e+ 2B =2 va y+2b=0
—d+'f='_3 S+¢=0

Giai h¢ phuong trinh tuyén tinh nay bing cich thé dan (a va &, éi b va B, 16i ¢
vay, ...) s& chota:

a:—l,{x=0.b=1,ﬁ:3,c=4.y=-—2.d=1,5=—4.
Viy : I(x) = (—,\r3 +x2+4x+l)cosx+(3x2—2x—4)sinx+C. CeR.

Phuong phap tht nhit khi thuan tién khi deg(P) < 2 ; néu deg(P) = 3 thi phrong
phap thir hai t6 ra nhanh hom.

Phuong phdp thit ba

Cong c6 thé la ta cén tinh ddéng thoi I(x) = jP(x)cos Bxdx va
J5) = | PQoysin pr dx.

Khi d6 thay cho hai phuong phap trén day, nén ap dyng phuong phap dung
ham ma v&i s6 mi phire va phuong phip thi nhat cha phin 1 trén day.
THI DU : Tinh 1) = |cosxdx va J9) = [sinxdx.

fxy+ W(x) = jx‘(cosx +isinx)dx = jx3cixdx = (ax + b+ cx + e+ C,
(a, b, ¢, d) & C* cin phai tinh, C € C.
Bing cach 1dy dao ham ta dugc :

vx e R, i(ax:’+bx2+cx+d) + (3ax2+2bx+c) = x,

i =1 a=-1
ib+3a=10 b=13
tic 1a
ue 8 crm=0 P¥ a
id+c=40 =-56

Vay : ) + iJ(x) = (=i + 3x% + 6ix — 6)(cos x + isinx) + C, C € C; 1y d6 bang
cich 1dy phin thuce va phén 3o ta dugc :
i) = (- 6x)sinx + (3x* ~ 6G)cosx + C;

3 2 ,(Cp, Cy) € R
Jo = (—x +6x)cosx+ (3x -6ysinx +C,

3) Tinh e cosprd va [e™sinpx dx, (e B) € R? = {0, O}
Ky hieu I(x) = Iew‘cos Pxdx va J(x) = Ie‘“sin Bxdux, ta o :

. (o +iP)k
I(X) - ],J(x) = Ie(ﬂ+lﬁ)x dx — e____,,_ 4 C
a+1P

= i‘—‘ﬁ—z €% (cos Bx +isin ) + C. € € C.

al+ B

23
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Bing cach tach phan thuc va phan o, ta suy ra :

1
1) = ol + §;

1 .
Jx) = o2+ B2 e%(— Beos PBx + o sin fx) + C,

e*(cecos fix + Bsin fx) + €4
,(Cp, G € R

4) Tinh JP()e% cosfix dx va JP(x)e®sin r dx, P € R(X], (e, B) € R~ {(0, 0)}
Trong viéc tinh nay hinh nhir thudn loi nhat la qua ham md voi 56 mil
phitc. Ky higu /(x) va J(x)} 1a cac nguyén ham cin tinh, ta cé :

I(x) + iJ(x) = IP(x)c(““B)x dx,
va ta sé& dp dung phwong phap thit hai & 1).
THI DU : Tinh x) = |(x + 3)cos3xdx.
pit: J) = j(x + 3)e’sin3xdx, ta cb :

Ix) + iJ(x) = _[(x + 303050y = (ax + bV I 4 C
trong dé (a, by € C* cén tink, va C € C.

Lﬁydaoham:VxeR,(l+31)(ax+b)+a=x+3.u’rcia '
(1+3a =1 v ra i a = 1 —3i b = 19— 42i -
Q+3)pra=3’ 0007 ‘ :

10 T 50

Vay : I(x) = Re(( ! l_ 3 X + 38 84l)ex(cos3x + 151n3x)) + C
=e"(—+——)c053x (-31%+—— sm3x)+C CeR.
5) V& mei o thuge R — {~1}:
o+l o xu+l +1

Ixﬂ]nxdx=x Inx - I X +C Ce R
o o

X nx -

+1 +1 a+1 (a + 1)2
Dac biet : j-lnlxldxz xn bl = x+ C(x), véi C khong d8i tren R} va tren R’ .
Ta cling nhan xét rang viéc tinh _[x“lnx dx, bing phép ddi bién 56 u = Inx,

cling quy vé viéc tinh Ie(a*' I 4y du, 12 bai toan da xét & 1).

Bal tip

0 9.3.1 Tinh cic nguyén ham ciia cdc ham s& sau day (bién s0 x), va chi ro mién xdc dinh :
a) (&F — De™ b) (x2 = x + 3)sinx ) (& = I)chx

d) (2 + Le¥eosx ¢} (xsha? fy Arcsinx

g) Arceosx by in x + V1 + %) iy tnge + V2 - 1)
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o1 .
) -(*“;—"1‘)—’2‘ ,aeR! k) 2inG® - 1) 1 in(l + x2)
+
m) Arctan x+l n) 5 o) cosxln{l + cosx)
x=-2 COs“x

{ 9.3.2 Tinh cic tich phan sau :

i 1 3
4) I(Arcﬁinx)zdx b} _[(x - 12)2Arccns(l - 2xdx
0 0
1 A
) I(l + DArctansdx d I(tanzx - tanx)e Fdx
0 In
iy
2

o) | (tn 0%,
1
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9.4 Bang cdc nguyen ham thong dung

() cot thi nhét 1a ham s§ f c6 cac nguyén ham ghi trong bang (bién sO
duoc ky hiéu 12 x).

(¥ cot thi hai la mot trong cac nguyén ham F cua f.

Cu6i cing, & cOt thi ba 12 mién xac dinh, midn x4c dinh nay la mot khoang
hay mot hgp cua nhiéu khoang. Dé c6 duge {4t ci moi nguyén ham cia f,
them vao F mot anh xa hing trén mbi khoang thudc mién xdc dinh.

NHAN XET :
* dx
Vé&i moi h thudc R = 1nlx+‘\1x2+h| + € trén cic khoang
'[ \Jx2 +h

xac dinh.

. -
Ham s6 f Nguyén ham F | . |
R0 \ Fo) Tap xac dinh _|]

o

Inchx
Inishxl
-~ Inlcosxl

Inlsind
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A thx R
ch2x
L = coth®x — 1 —cothx R"
shex )
= {+tan’kx tanx R—{£+ nn;neZ]
cosix 2
_12 = 1+ cotan®x — cotanx R-{nn,ned}
sin“x
}_
+1
HMaecR-Z X r*
o+ 1 +
1
e Z_—{0,-1} R*
n+1
+1
SonelN x R
n+1
1 *
- Inlxl R
X
L Arctany R
1+x2
1 1 1+x
= -{-1
- Y R-{-11}
L In(x+ Va2 +1) R
1+x2 '
1 : .
. Arcsinx =1;1[
V1 - x2
S — nx + V22 — 11 Joo; = 1[ U 1 5 +oof

97
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9.5 Tinh nguyén ham cdc ham s0 hitu ty

Nhan xét mé dau

1) Trwomg hop ham phan thic hiu ty 1e

Néu ham phan thic hi ty F 1& thi 30 tai hai da thic P, @ sao cho

] , _ [P A% hicn u = x2
F=X o) , do do _[F(x)dx = jQ(u) du qua phép doi bién u = X~

Nhu vay ta da ha thdp bac cha hai da thic tham gia vao biéu thic clia F.
2) Khii quat nhan xét trén
Néu ton tai n € N — {0, 1} va mot phan thitc hiru ty G sao cho F(X) =
= X"~ 1G(X"), thi ta sé thuc hi¢gn phép ddi bién u = P

[Fax = [~ 'Gemdx =+ |G
3) Doi khi, bang cich ing dyng tinh chdt tuy&n tinh cla phép tinh nguyén
ham, ta cé thé khai thac nhicu phép adi bien.
Phuong phéap chung la phan tich phan thuc hiru ty thanh nhimg phén thic
(thuong thi tréen R) (xem Tap 5. Pai sd), rdi tinh nguyén ham cla méi
phan thic don gian do.
1) Tinh nguyén ham cdc phén thikc dom gidn loai thié nhdt

Vin d& dat ra la tinh I dx.
(x—a)’ )
a) Trong trudmg hop (@, n)er(N-—{O,l}), ta ¢
[N S S
(x—a)! n-1 (x—a)‘““1

trong do e C:R—-{a} >R
C, néu x < a

2 h& R
* Cznéux>a’(cl’c2)ER néu a €

OC:R——)C.CeCné'uaeC—-R.
x> C
1

X -4

b)Né’un:lvéaeR,tacé:I dlenix—al-rC,trongdé

C:R-{a} >R

C;nux<a
X > (€, Cp e R?

Czné'ux>a

ONeun=1vaiaec C~-R, th phép tinh nguyén ham “tryc ti€p” ubu trén
¢& ddi hoi téi mot logarit phc tap, 1a mot khai niém ma gido trinh nay
khong dé cap dén. Ky hitu a =g + iay, (@), @y) € R x R* tacd:



9.5 Tinh nguyén ham cac ham s hiru ty

(x—a,)+ia
RN L
x—a (x—a) +a;

x—a

'[(x a])2+a2

dx-+ ia _[4—
2 2, 2
x—a) +a;

va bai toan quy vé€ viéc tinh nguyén ham cda hai phin thitc don gian loai

thit 2 (xem dudi day).

2) Tinh nguyén ham cdc phan thic don gidn logi thie 2

Van dé 1a tinh f(x) = J‘—Mj—p—-— dx, trong d6 A, ., @, b, ¢ la nhimg
(ax +bx+c)!

s& thue sao cho 42 — dac < 0, vin e N".

Giai doan 1 : n€u A # 0, lam xudt hién & tir thic dao ham cia tam thic

ax? + bx + ¢, sai khic mot thira s& :

2ap

A A
y=— | —F—""
) 2a (ax? + bx + o)

x Dax+b A, 2ap dx
—— dx+ -b) | —.
(ax? + bx+c)* 2a ( A ) '[(ax2+bx+c)”
Trong v&€ cudi trén day thi tich phan diu tién c6 thé tinh dwgc dé dang
bing phép d8i bién u = ax? + bx + c.
2ax+b dy — I du

2ax +

(ax? + bx + o) u
dx
Giai doan 2 : dua viéc tinh tich phan J(x) = | ———— vé vigc tinh
P ( '[ (ax® + bx + ¢
dr 1S i -
bing mot phép doi bién afin.
J.(:2+1)" § M PREP
Ky hiéu A = b% — 4ac va dua tam thic vé& dang chinh tic :
b2 4dac-b? —A 2ax + b2
2 . A o= sur 1Y
ax+bx+.:*a((x+2a)+ 4a2 —40(1+(\!__A)).
Bing phép déi bién 1 = ,taco
) = J dt
_( A) 2a 1+

Giai doan 3 : tinh [,(1) = I (__l_dr theo phurong phap tinh tudn ur bing

4 i\.2):1 i
mot he thic truy hoi.
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o ria ] dt
Trudc tién ta ¢6 : [|{{H) = j—-—'— - Arctant + C, C e R.
1+
Véi moi a thude IN*, bing phép tinh nguyén ham timg phén ta duoc °
dr t
In=V—""—"77"= s | — dt
A I(1+r2)” (L+22) I(1+r2)"+‘
I
= m + 2n (fn(t) - In+ l(r)),
1
suy ra : 2nal, {0} = 2n— DO + Qs 2y :
THI DU :

suy ra L(f) = % Arctant + E(_l_:j;; + C

021(1)=f(f)+ .
2 . t o+

t 3 3t t
,suyral (r)=—-Arctanr+——-—-—+—-—-—-—+ C.
R gL+ 4(1+PF

NHAN XET: Ta cng co thé tinh dwoc I (1) bang phép 36i bi€n © = Arctant (khi
36 ta s¢ co t = tanb, va dt = {1+ tan20)d0) :

d8
Lo=] (1+ tan?0)" !

o A1) = 3, +

= Icosz(”‘ ado.

Ta tuyén tinh hoa cos®— g, sau d6 tinh nguyeén ham, i cudi cong trd tai bién 1.
Ching han : '

I(l + cos20)d6 = 'I—(B + -%sinze) + C

1) = | cos’dd = .

1
2

1 t
= — [ Arctant +C Ce R
5 ( rctant + 1+r2) e
THI DU :
. dx
1) Tinh I(x) = I p .
x+1)
Phép phan tich thanh phan thic don gian cho ta :
B W W U B wuy o
Cx+p xFox2 X X+l
Ixy = - Exl-i + ;lc. 4 labd = Inkx + 11 + C(x), trong d6 C 13 hiing wén mdi khoang
]~ =1{, 1-1; 01, 10 ; +ee[.

2) Tinh 1) = | dx
2+l

e Trude hét ta cd X +1 =X+ 1)(}(2 — X + 1); sau d6 tién hanh phép phan
tich thanh phan thitic don gidn (rén R(X) :

o dx
, tdi tinh J{x) = I-—-—-—(x} 17 .



9.5 Tinh nguyén ham cac ham sb hitu ty

1 1 2
il _=X4=
I 3 3773
= +
X341 X+l xX2-X+1
Do do Ix) = é— Inlx + 1l - % 1,(x), wong 46 :
[(x) = j‘__x—_Z__ 1 j—-_—lL— dx = ln ():2 -x+ 1} - 3 (%)
Z-x+l -x+1 2 2
trong d6 :

Iz(x):-[xz—x+l=j( 2)2 3-[

2 2x—1
= G Arctan(—“—ﬁ ) + Cz, C2 e R

Cudi cung

) = %lnlx+ 1|—é1n(x2—x+ 1)+—\I%—Arclan2x\él + C(0),

trong d6 € 1a hing trén mbi khodng 1—eo 3 ~1[, 1=1; +oof.

o Bing mdt phép tinh nguyén ham timg phén {nhu trong phép tinh 1,(r) utn day),

1a duge :

3
I(x:—x—" X X

3 dx =
.x3+1+ I(x3+l)2 T B
JG) = % (21(;) +

+ 3(Hx) — J(x)), suy ra :

X
©+1

2 2 2x-1 x
——ltx+1|——1x2 +1 Arctan| ——— |+ + C(x).
n {x° —x )+ ‘\Ig re ( \’5 ) 3(x3+l) )
trong 46 C khong ddi tren mbi khoang - ; —1[, ]=1: +xf,

Bal tap

0 8.5.1 Tinh céc nguyén ham cla cic ham s0 sau day (bi€n s6 x) v chi 1o tap xdc dinh :

1 ° P-x+l
2) ———— b) ———— ¢ ———
e+ 1y 2242 (2 + 4x+ 5)%

| ]

H——— ¢ ——————.
o+ -7 - (2 x+1)2+1

$¢ 9.5.2 Cang ciu hdi nhy & 9.5.1 ¢

by Vet -1 c)

1 ]
e+ 1 J¢3\11+;2

a)

101
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Arctanx ) chx
—_— ) T——.
Vx N2 - ¥

1

&
{953 Tinh: IArctan(Vl - &ydx.
]

d)

0 9.5.4 Tim mot didu Kign cin va d0 teén (a, b) € R? @& cho cac nguyén ham cda

x+ b . . ) .
% ttren R — {0, 11) 12 nhimg ham phan thic hou 1y (sai khic ahimg s& hang
Fa =1y
khong ddi).
.!.'3 +d

0 955 Ciang ciu hdinhu & 454 vsiae Rvaxts —— .
X2 + 1)
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9.6 Tinh nguyén ham cdc ham phan thite hitu ty déi voi
mot s6 ham thong dung

9.6.1 Ham hitu ty d5i véi sinx va cosx

Pé tinh j R(sin x, cos x)dx, trong d6 R chi mdt "ham phan thic hitu ty hai

el

bién", thong thudng ching ta phai thyc hien mot phép doi bién. Ta "ludn
luon” cé thé 1dy ¢ = tan% (¢c6 tinh dén nhimg diém khong lién tuc tao ra),
vi khi d6 thi -

sinx = , COSXx =

1+ £ 1+2° 1+

va nhw vay ta ¢6 thé quy vé viéc tinh nguyén ham cda mot ham phan thic
htru ty F d6i voi bién so . Nhung thudng thi khi dé bic cda tir thic (va
nhdt 1a) cia miu thirc $& qua cao, lam cho viéc tinh toan tré nén ning
nhoc. Do d6 ta s& chi sit dung cach ddi bién nay khi khéng con khé nidng
nao khac nira.

1) Mét truing hop dac biét

Truwdc hét ta chi ¥ ring s& c6 thé tinh duge kha dé dang céc nguyén ham
clia cac da thitc ddi véi sinx va cosx. Viéc tinh cic nguyén ham dé quy
vé viéc tinh Jcosmxsin”xdx, (m, n) € N2,

e Néu m I8, ta c6 thé fién hanh phép d6i bi€n u = sinx.

e Néu n l&, ta c6 thé 14y u = cosx.

e N&u m v n chin, ta c6 thé tuyén tinh héa réi tinh nguyén ham. Cén chui
¥ ring cich tuyén tinh héa nay cing ap dung dugc cho hai tnrong hop trén.

THI DU :

5 W

1) | cos’xsin*xdx = f-wtutde =% -5 4 ¢
)I SXSINNX xu=5inx_[( wdu 5 =

= 1 sindx - 1 sinfx + C, C € R.
3 7

2} Tinh f(x) = Jcos‘*xsinzxdx‘
Tuyén tinh héa (xem Tap 1, 2.5.2} :

costxsinx = -;— {1+ cost)( i 5in22x) = 11_6 (1 + cos2x){1 — cosdx)
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N ( 1 +cos2x — cosdx — % (cosbx + coslx))

{2 + cos2x — 2cos4x — cos6x), suy ra

ﬁ]'—‘ cr\|."'

1) = é (2x + % sin2x — % sindx — % sinax) +C CeR

C6 1hé ta con phai biu dién ket qua ndy (sai khic mot s hang -1x_6) thinh mot
da thc theo sinx v cosx (xem Tap 1, 2.5.1) ¢
_x L 2 2 8 4

ix) = 6 + 6 51nxcosx(1+3uosx 3(:05 x)+C.
2) Truong hep tdng quat
Thi du 1) trén day chimg to rang, trong nhimg trudng hop nbat dinh, ta cbd
thé ap dung phép ddi bien u = sinx ; trong cac truong hop khac thi €O thé
1a i = cosx, hay u = tanx.
Khi ta c6 thé ding phép ddi bién u = sinx, thi d6 ¢6 nghia la c6 thé vit
R{sinx, cosx)dx thanh dang F(sin x)cosx dx (trong dé F 1a mot ham phan
thitc hiru ty). Ta thdy ring khi thay x béi & — X thi bi€u thic F(sinx)cosxdx
khong thay ddi. Sy ki¢n nay din ching ta dén cac quy tic sau day, gol 12
cac quy tic Bioche.
¢ | Ménh d& (Quy tic Bioche)

Gia st phai tinh IR(sinx, cosx)dx, trong 46 R la mot ham phén thic

htu ty hai bign ; ta ky higu o(x) = R(sinx, cosx)dx, goi la vi phan
cfia nguyén ham phéi tinh.

1)} N&u vdi moi x thude mién dang xét ma ta ¢ o(—x) = o(x), khi
46 ¢6 thé quy v& viéc tinh nguyén ham cha mot ham phan thirc hiw
ty d6i voi bién u, bang phép ddi bién u = cosx.

2) Néu o(r — x)} = o(x), thi ta c6 thé dit u = sinx.

3) Néu o(n + x) = 0(x), thi ta ¢ thé dat u = tanx.

Chimg minh : Ta s& ching minh 1), con véi 2) va 3) thi phép ching minh ciing
tuong 1.

Vi (vr € R, sin?x + cos’x = 1) nén t6n tai bon da thuc 4, B, C, D thude RIXI,
sao cho véi moi x thuge E (E 1a mién dang xét) ta cl :

Afcos x) + B(cosxsinx

C(cos x) + D(cos x)sin x ’

R(sinx, cosx) =

dé c6 duge két qua nay ta chi cén thay {hé sinZx bdi 1 — cos’x "khdp noi" trong
R(sitx, cosx).

Sau d6, bang cach nhin tf thic va miu thic véi Clcosx) — D(cosx)sinx (néu D
khong phai a da thic khong), bigu thirc nay von chi trigt tieu 1ai mot s hitu han
didm trong mdi khoang bién do 2n :
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A(cos x} + B(cos x)sin x (A(cos x) + B(cos x)sin x)}(C(cos x) — Dicos x)sin x)

C(cos x) + D{cos x)sin x (C{cos x))* — (D(cos N1 - cos 2x)
= Ulcosx) + V(cosx) sinx
trong d6 U, V 13 nhimg phan thuc hitu ty.

Khi dé :

{(¥x € E, o{—x) = o(x))
& (Yx € E, — (U(cosx} — V(cosx)sinx)dx = (U(cosx) + V{cosx)sinxdx)
o (¥xe E, Ucosx) =0y <= U =10,

suy ra: JR(sinx, cosx)dx = _[V(cosx)sinxclx = - IV(u)d u, trong d6 u = cosx.
THI DU :

3 5
D) Tinb 1) = | ST dx

sin“x + sin"x

Mién xac dinhcla = R~aZ =\ Inn; (n+ nl

ne i

() day ta c6 @(n — x) = ofx), do dd 1a co thé ap dung phép d&i bi€n u = sinx.
Ta dugc :

2 4 2 2
Kx) = .[cc.)szx+c.os4x cosxdx = I(l u )4—(14 )
SIN°X + 51N X u + i
2 -3+t
=|— 1 +—= — du
u2(1+u I( 1+u2)
2 . 2 .
= u—=_6Arctanu + C(u) = sinx ———— —6Arctan(sin x} + C(x),
u sinx
trong d6 C khong d6i trén m&i khodng Jnn ; (n + Dmf, n € Z.
3
sin'x
DyTinh ix) = | -——
) Tinh (x) IZ+cosx

Miédn xac dinh : R.
6} day ¢6 o(=x) = o(x) ; viy ta dat u = cosx !

’ 5](u—2+-£5)du=
2

sin“x
= u?_ 2u+ Inlu+ 20+ C= % cos?y — 2cosx + 3n(2 +cosx) + C, Ce R

— —_— 1 d —
I(x) I2+cosx sinxdx

3) Tinh Ix) = | SSE=SIE 4
1 + cos?x

Mién xac dinh : R.
N . O
Tachi § ting: I=1 + 1 voi () = | =5 dx
1 +cos’x

—sinx
va ILix) = | —= dx
2 I 1+ cosix
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Ta dél bién u = sinx (lll'Cfng L‘I‘ng V= COSX) trong I (tu'(mg Cmg trong 12) .
du V2 +u \5+51nx
o1 +C, ‘T + C, €, e R,
(X) I'“Z 2{_ l'\r \ \r—smx
I _J'_GL_A. O = A v eR
o ) = 1+v2— retany + €y = rct@(coax)+ 5 Cpe R

Cudi cong ta €6 :

V2 +sinx
+ sinx + Arctan(cosx) + C, C € R.

0= 55 ™ s

dx

MNTinh: I =V — - - -
) Tin ) ‘[cosx(sinx—cost)

'n 0
Mién xdc dinh s R — (~+m1t T m € /j,fu E+nn;n e ZJ‘).
() day cd @ oft + X) = w{x), do do ta 431 bién sO u = tanx, phép ddi bién nay
khong logi bd diém nao trén midn xac dinh. Ta cd :

1
cosix du
) = j———— ax = |

5inx — COs X u—1

= tnlu— U +c(u) = Inltanx — 1+ C(x),

cosx
trong dé C khong ddi trén méi khoang thudc mién xdc dinh.

5) Tinh f(x) = I;:%:)_s—x aell;+ol

Do khong quy tic nao trong cic quy tic Bioche cé thé ap dung duoc, nén chdng
ta dach phai 4p dung cach 4Bi bién = tan% _ céch nay c6 diéu bat tién (3 dua
dén nhimg diém "khong lién we ky sinh” @6 la céc digm 71 + 2am, Vol n € Za

s Gidsitn e Z; vo moi x thudc -1 + 2nm ; © + 2nni, 1a o
2

Hx)

I

1+1 2d¢
— ml d —
I 1-£ t I(a+l)+(a—l)t2
a+
1+£

2 Ardan{‘\‘ a-- t} +C,C e R
az_.l a‘i‘]. n n
2 Arclan(\! a-! (anil + Cn.
-\||02__1 a+l 2

» Nhumg vix — S thude lop C” trén R, nén I thuoc op C* tren R Nhu
a+Ccosx

vﬁy ching ta phai "ndi" cac nguyén ham trén lai, bing cach lam cho cac gidi has
ta I tai (m + 2nm)” va (® + 2nm)t bing nhau.

I

Nhu vay dn tai C, € R sao cho :

¥x e |-t +2an T+ 2rn(, Ix) =
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Ta dwoc : +Cn=; - +C, ,suyra:
a-—1 a-— 1
C =C + 27 Tasuyra:VaeZ C =C + 2nm viiC e R
ntl N y ra: b = Ly N2 1 o .
vi nhur vy ta thu duge bidu thic ciia /(x) véi moi x thuoe R :
2 a-1 X
Arctan ‘\’ tan — J+ +C
1}(?2_1 ( f ( a+l an) m‘c) @
Yx e R, Iix) = néuxelrm+2uam:n+2nnf,neZ
{2n+ D
+ C[}
2 _ | nfux=n+ 2am. ne Z
s Chone Zvaxe]n+2nm;n+ 2nn[. Chi y ring
Arclan(lan%) = % — nmT, ta suy ra (vadi ky hitu a = z: i )
2 X X X
Ix) = A =)+ 2 - =
x) 5 ( rctan(atan 2) + 5 Arclan(tanz)) +C,
o lans - tan —
2
= : + > Arctan 2 2 +C  (xem 7.9.3)
Va?-1 Na -1 |+ otan® >
2
2 Aa-1) sin%cos%
X
= + Arctan + C
a2 -1 Na? _ 1 (1 +cosx)+a(l —cosx) ¢
X 2 (ot — 1)sin x
= + Arctan + C .
21 N2 -1 (Q+o)+ (I —a)xosx o
Ta chd ¥ ring khi d6 thi gid i ai n + 2an céa bifu thic cudi cung 12
2n+1
(?% + C,. Nhur vay ta c6 lhé. két thic bing két qua sau day, trong d6 khong

chira mot sy "ghép ndi" nao ca (ta thu dugec mot biéu thirc duy nhét cho K(x), cé
higu Iuc khi x chay khidp R) :

2 + 2 Arctan (.~ Lsin x
N2 1 Va2 —1 (1+a)+ (1l —a)osx

CER(vao.: VZ;:)

NHAN XET : Doi khi ta ciing c¢6 thé 4p dung cic quy tdc Bioche dé tinh
IF(sin.r, cosx)dx, khi md F khong phii 12 mot phin thac hiru t¥ (xem bai
1@ap 9.6.2).

Vx e R I(xy =

107
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Bal tép
0 964 Tinh cac nguyen ham cla céc ham o8 sau day (véi bién s0 x), va chi rd 139
xac dinh :

i

4) sintx b) sinxsin2xsin3x ¢} ——3——-—-T
sin"x + €oOF'x
sk
fan x 1 SiN"X
d) — e) — 3] cotan3x i) 3 -
J+cosx cosxsin” X COS X

0 9.62 Cang ciu hoi nhu trong bai 14p v6.2:
1 b fan x 1

4 ———— } o) T——
sin xV1 +sinx Neos2x Jeosa{l — cos x)
0 9.6.3 Tinh céc tich phan sau day
L3
8 d . 1
X dx
o[ I PR L B—
0 cns"’x+sin4x+i _p2rNimx s T

9.6.2 Ham hiru ty ddi véi shx va chx

Vin dé& dit ra 13 tinh J(x) = jR(sh x, chx)dx, trong 46 R 13 mot ham phan
thitc hiru ty cta hai bién. Trong thyc t& ta xét nguyén ham J xac dinh nhu
sau : J(x) = jR(sinx, cosx)dx, va ¢8 ging 4p dung quy tic Bioche cho
nguyén ham nay. Viec tinh J(x) dn dén vidc sir dung mot trong cac phép
déi bién :

i = COSX, u = sinx, § = tanx, U= tan% .
Trong truong hop ta dang xét thi phép 46i bién twomg mg voi cac ham s6
hypebolic, theo thi tg la .

u = chx, u = shur, u = thx, u=th%.
Can chi § ring vi th % dugc bidu dién nhu mot ham phan thic bac nhat

A A et vige = thE )
cuac:"(th2 = ex+1)’ nén phép doi bign u -thzhﬁu nhu quy vé pher

46i bién v = €* (xem thém 9.6.3).

THI DV :
j. shix
1) Tinh Kx) = — dx
ch x{25h3x +3ct’y)

Mién xac dinh 1A R, vi: Vx € R, chx > Ishxl.
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sinx

Véi ky higu o(x) = dx thi vé& hinh thic ta ¢6 o{m + x} = ©(x).
cosx(251n3x+ 3cos°x)

Nhu vay dé tinh /(x) ta s thyc hién phép d6i bién 4 = thx

shx shx
3 chx _ 2 2
o = [ hxchx IMM:; Y du

2ty +3 AUkx +3 a4+ 3
é 2w’ + 31+ C = % In(3 + 2th®y) + C
1 3 3 1
g In (2sh’x + 3ch’x)y — 5 Inchx + C, C e R

3
2) Tinh Iz) = | —— dx.
ch x(2 + sh%x)
simx

Bing cach ky hiev w{x) = dx, ta 6 e{—x) = o{x) ; vay la s&

cos x(2 + sin?x)

thyc hi2n phép ddi bién u = chx :

= jchx(2+sh2x) shrdss Iu(u tpy T I( uoo? +1)d

— Inkd + In(@? + 1) + € = = Inchx + In(2 +sh2)+ C, Ce R

Bal tap
0 9.6.4 Tinh nguyén ham csc ham s& sau day (voi bién s0 x) va chi 10 mién xic dinh :

ch*x 1 1 shx
a) — = b} ¢) — d)y ———

sh2x shtxch®x chx 3 + shx

1 chix 1 3
—_— a—— h) th-x.

©) 1 + chiy 1 +shx & ch3x-chx )t

0 9.6.5 Tinh cic nguyén ham sau, v6in € N :
AW = foh(r + Dxst?"ledx B = [ shn+ s~ lxdx
C) = [ chn + Dret~lxdx D@ = fshin + Dxeh™ 'xdx
{ 9.6.6 Tinh cic nguyén ham sau, trong 46 n € N thbaman n 2 3 :

h2x sh 2x
I = |2 a4y, K="= dx
jsh"x © I flx

9.6.3 Ham hitu ty d6i véi e, a € C

Vin dé dat ra & day I tinh 1(0) = | Fe®)dx, trong d6 F & C(X) v
o € C*. Néi chung ta s& thyc hi('-m phép ddi bién u = e** :
i) = — [Jl dx.
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. dx
THI DU : Tinh f{(x) = .
. inh I(x) j(e"+2)2
du 1 1 2 1
= |———=-— - - - d
(xu=8’ ju(u+2)2 4 I(u (u + 2)* u+2) #

2
=i(ln1ul+“—i—2—lnlu+2l)+c=—(x+ex —ln(e‘+2))+C,CeIR.
NHAN XET :

1) Bé tinh I R(sh x, chx)dx (xem 9.6.2), ta cé thé thye hign phép déi bién

u = ¢ vi viin dé & day 12 tinh nguyeén ham cGa mot ham phan thitc hi ¢y cla e’
Nhung théng thusng phép ddi bién nay ddn dén nhimg phép tinh dai hon so Vil
khi ta ¢6 thé ap dung mot trong cic quy tic Bioche.

2) Doi khi ngudi ta cing s& dung cing phép ddi bién u = e* d¢ dé tinh
_[F(e”‘)dx. trong d6 ham F khong nhdt thiée phai 1a ham phéan thitc hiry ty.

THI DU : Tinh ix) = _[ ve' + 1 dux.
2

I == J-\llu+ 1—4:‘111‘”,?:T jv;-l 2vdyv = 2 '[:2%; dv
=2j(1

+v21*1)dv=2(v—~%ln‘ it:1)+c

\}e“+1+l
=2¥e*+1 —In———— + C,CeR.
Vet +1 -1
Bai tap
Q967 Tlnhf—— ,aeR*‘

{1+ %92

nrax +

9.6.4 Ham hira ty doi véi x va ox+d

Chisone N-={0, 1}, vacachesd(a b, c d) R4 sao cho ad — be = 0 déu

H
¢6 dinh. Ta s& thic hien phép d6i bign u = ‘\’a“;:z, viéc nay s& quy vige
C.

tinh i(x) = f R (x )dx (trong d6 R 1a mot ham phan thire hiru ty

cGa hai bién) vé viee tinh | F()du, rong d6 F € R(X).
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THI DU :
dx
1) Tinh J() = | ——5—.
¥x + Vx
Mién xac dinh : R},
) 3
= = d
I(x)"_ﬁj 3, du 6.[“_” )
J' 2 1{3 u2 | C
=6 (u —u+1—u+1)du:6[3*2+u—lnlu+ 1)+

e -3 Vr + 6% —em + Y+ G CcCe R

2) Tinh Kx) = | ‘\}

Mién xac dinh = [0 ;
Tacé:

I(x) = jl—l— *\{l — dx, bing phép d6i bién u = lix

2
U 2u

X = , dx = du ), ta cd :
( 1 +u? (1+u?? )

I(x)

I(1+u2)u(lf‘;2)2 du=2 [ du=2 I(l— 1+lu2)d“

l+u

+C CeR.

Au — Artans) + C = 2]—— - 2Arctan
—X

—X
Bal tip

{ 9.6.8 Tinh cic nguyén ham clia cic ham s sau day (vdi bién s x), vh chi r0 mign
xéc dinh : :

1 1
) —— b ———
~|x+l+‘4'; x+’\‘x__l
)2+x . 7y
¢ l+x 1+ x ,13
)2+\lr+ N 2
I+ (2—).3) V1 - %
{ 9.6.9 Tinh céc tich phan sau :
! —a 3 dx
w 2% dx @b e R thbamm 0 <a<h by [——=.
x txtd 5%~ x + 1

i )
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9.6.5 Ham hiu tj d5i véi x va Vax> +bx +¢
C6 nhiéu phuong phap dé tinh

1) = [ R, Var? + bx + o) dx
(v&i (a, b, ¢} € B3 va R 12 mot ham .phan thirc hiru ty clia hai bién) : mt
s& trong cic phuong phip d6 gdn lidn véi hinh hoc (phwong trinh tham s§
htu ty clia cic dudng conic). Ching ta s& chi xét mdt phuong phap "thudn
tdy tinh toan".

- Truomg hop a = 0 12 mot truong hop dic biét ciia 9.6.4, khi d6 co sd cla
phuong phip tinh 1a phép d6i bién y = Vbx + c. Viy ta s& gid thiet a # 0.
Khi d6, vdi ky hieu A = b? ~ dac, ta c6 :

b2 B ¢ b2 A
2 _ b N2 BT e by_ A
Yxe R, ax*+ bx+ c= a((x+2a) 4a2+a) a(x+ 2a) oy
Truong hop A = 0 c6 thé gidi quyét d& dang (can bac hai "bi€n di"). Vay
, ta s& gid thiét A = 0, va chia 1am ba trudng hop .
Truong hop thir 1 : 2> 0 vl A <0

Lﬁcnhytacé:Vxe]R,axz+bx+c:ﬁ(l +(Zi:[x_—_+A—b)2)

Zax+b , ta quy viéc tinh /(x) v& viéc tinh

V- a
Jr) = [ 8@, N1+ ) dt, trong d6 S Ta mot ham htu t§. Sau d6 phép dGi
bién @ = In{t + V1 + £2) s& quy viéc tinh J(r) v& viéc tinh

K(9) = |T(sho. chp)do, vsi T Ia mot ham hir ty. Cusi cung ta s& 4p
dung mot phwong phip trong 9.6.2.

Béng phép déi bién ¢ =

THI DU : Tinh J(x) = | —=—— dx.

Mién xéc dinh cia I = R,

2 2
R R (e
A - e . 2x+1
do 46 ta thyc hign phép doi bign ¢ = :
V3

1
;B ﬁ 3 -1 dr

2 1
AN E =l e
2

Bay gi¢r ta thuc hién phép d6i bién ¢ = In (¢ + N1+ 12), tic 1a ¢ = she :

I(x):%j\gh _lch(pdcp=—'\l*_3—ch(p—%(p+6‘

5
chy 2
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\‘ - ln(r+\‘1+ Y+ €

:*J'x2+x+l—%+In(x+5+\1x2+x+l)+c. C,CeR

Trwing hep tht 2 : a <0 va A> 0 ‘
Khidé:Vxe R ax® + bx + c = — [1-(2‘“+b)).

b ta s& quy viéc tinh [(x) vé

3 . " I 2ax +
Bing cach thyuc hi¢n phép ddi bién ¢ = N
vie tinh J@) = | S¢, NI=2) dt, trong d6 S 1a mot ham s6 hou ty.
Sau d6 phép déi bién B = Arcsint s& quy viéc tinh J(¥) vé vigc tinh
K(B) = IT(sinB, cos8) df, véi T 12 mot ham s& hin t§. Cudi cling ta sé ap
dyng mot phuong phap trong 9.6.1.

THI DU : Tinh I(x) = | Y = 2 dx,

Midn xac dinh cha 7 = {0 ; 1],
1 32
Vxe&x—x——((x—z) 4) 2 (- (2x - 1))
Phép d6i bign 7 = 2x — 1 cho ta : f(x) = Z [+1-24e
Bay gio ta thl_rc hién phép d6i bi€n 6 = Arcsint :

) =~ Icoszﬂdﬂ - é fa + cos20)d8

1 .
=§(9+%sin29)+C=§Arcsint+%t\Jl—tz+C

=éﬁut:sin(2x—1)+2x4_l Vi-2 +C, CeR.
Truwomg hop thit 3: a>0vaA>0 ‘

Baygi(‘rlacé:‘v’xeR,ax2+bx+c:—((

” 2ax+b) )

N 2ax+ b
Bing phép ddi bién r =
g phcp A

J@) = | S¢, NE-1)ds, trong 6 S 1a mot ham s6 him t§. Sau 6 phép

d8i bi€n ¢ = In(er + V2 —1) (v6i € = sgn(f) _{ i 221 ; ; 8) s& quy

viée tinh J(r) vé viéc tinh K{¢) = J T (shg, echp) do, trong d6 T la moét

ham s& hitu ty vi ¢ = echp va Vi — 1 = she. Cudi ciing ta s& ap dung
mdt phwong phap trong 9.6.2.

ta s& quy viec tinh I(x) v& vi¢c tinh
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x+1

V2 —3x+2

Mién x4c dinh cla I = ]-o 1] W 12 ; +eel.

THI DU : Tinh 1) = | dx.

32 1 _ 1,32
VxeR,xz—3x+2—(x—2)-4—4((2): 3 - 1),
do d6 phép ddi bién £ = 2x — 3 cho :

r+5
I(x) = J‘——Z—— %d: =% j'—‘—+-5— dr.
LT 7

Bay giv ta thuc hign phép ddi bién ¢ = In (e + N = 1), vdi & = sgn(d) :

{ rechp+3d 1 1 Sg
[(x):EI 0o esh(pd(p=Ej(ch(p+58)dcp=ash(p+—2-(p+Cl(q))

=% 12—1+5€Eln(ar+\|'r2—l)+cz(r)

=N -3x+2 + 578 ln(lx—%l + N'x2—3x+2) + C(x),

wong dé C khong déi trén J=oo 5 1[ va trén 12 ; +eol. Ta ciing c¢dn c6 thé bifu
dién két qua dudi dang :

I(x) = Vit -3x+2 + %1nllx—3+2‘\1x2—3x+2l + C(x)
{véi C, khong déi tran ]—oo ; 1] va trén )2 ;I+co[)‘

NHAN XET :
1) Khong thé xay ra truong hop (a < 0 va A < 0) vi khi d6 thi :
VxeR,a.xz+bx+c<0.

2} Trudng hop dic biet khi cin tinh Ix) = I _dx , thi nén bt
(7\.x+p)'\ra.12+bx+c
diu bang phép ddi bién y = M:‘ . viee nay s& quy vige tinh I(x) v viéc tinh
dy 1
Jo) = j , (@ By e R
Vork s 7

3} Céc nguyén ham ta nghién ciru trong diém 9.6.5 nay 1a nhimg truong hop dic
biet coa cac tich phan Abel IR(x, @(x)d x, trong d6 R la mot ham hiu 1§ hat
bién, va @ 13 moL ham s6 thda man mot he thirc da thie khong thm thuobg doi
véi da thie P(x, 9(x)) = 0, sao cho duomg cong ([) ¢d phwong trinh P(x, ¥y =0
la dudng don hogch (¢ thé ve dugc ma khong nhéc din but chi, sao cho moi
cung chi dirgc veé mdt 1an (courbe unicursale)}, tic la c6 mot bidu dién tham so
hinu t¥.
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Bai tap

{ 9,6.10 Tinh cic nguyén ham cia cic ham s sau day (v& bign sO x), va chi ra mién
xdc dinh :

% 1 ]
a) T b) ) ———=
Vi-a2 (r+2) Va2 - 5x + 4 (4x - )¥?
5 —— ¢) —— ) 1
V2 -1 L+ Vl+x) (1 + -2 - 1)

{ x+1 1
O h) )]
(- V-x2+3x-2 Vi - 3x+2 =2V - 4x+3
Py K ]
V(x - a)b - 1) =22 Vx4 2042

Jla, b)) e R a < b.

0 9.6.41 Cong ciu hdi nhy bai 13p 9.6.10 v

a) ']__,aEll;+oo[ b}\)2+tanzx
x\l|l+xu+12°‘

1 1+ V- #2 2 =1

¢ ——— d) e) .
Va- @+ 1 1-5 Vet s 241
{$ 9.6.12 a) Tinh cac nguyén ham trén R-(0,1}ciaf:x— lx“] - .
-x

b) Chimg minh ting trong céc nguyén ham & cau 4) tAn tai mOt va chi mot nguyén ham cd
thé thac trién lign tyc tdi 0 va 1 va nhan gié tri O 1 % : ky higu dnh xa do la F. V& duing

cong biéu dién F.

$ 9.6.13 Tinh cic tich phan sau day :

dx
l +cosacosx

X

4) cae |0l b) dx <) dx

P ]

l+sinx Sinx+Cosx

R L

T ey, H

(

T
4] n

e) Icus"x cosnxdx, n e N

1
d} dx
a I+ cos2x) V1 - tantx 0
¥
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0 9.6.14 Ching minh ring anh xa f: R} — R nhan mot

x> V2 4x
d _
anh xa nguwe lign tyc L R} - R} , va bidu thi j___xl__ theo x va f l(x) ma khong
x+f(x)
dang ¢én ddu tich phan,
sina cosZa

0 8615 Ching minh : ¥a € R, | ArcsinVedx + [ Arccostedx = §
Q ]

¢ 9.6.16 Chung to riing vai moi (x, y) thuge ]— % : g[ xR:

du
chu

de¢
cost

y:

T ey ™

¥
C>I=I
0



Chuong 10
Tich phan trén mét khoang
bat ky

Trong chwong 10 nay, néu khong ghi chu trdi lai, thi I s& chi mot khoang
khong réng va khong thu vé mot di€m. Cic ham so duge xét dén dédu xac
dinh va lién tuc trén f, va nhan gia tri trong R_ (§10.1) hodc C (§10.2).

10.1 Céac ham sé lién tuc, kha tich, vdi gid tri thue
duong hay bing khong

10.1.1 Binh nghia

¢  Pinh nghia 1 Cho f: I - R lien tuc va théa man f = 0. Ta néi
ring f 12 kha tich (hoc khé téng) trén / khi va chi khi t6n tai mot
phin v M thuoc R _saocho | f< M v&i moi doan J bao ham trong L.
J
Chiing ta nhic lai ring mot doan (trén R) la mot khoéng d6ng gidi ni
[ee 5 Bl trong dé (a, P) € R2 o <P
NHAN XET :

Néu / 12 mot doan, va néu f: [ — R lién tyc va = 0, thi khi a6 f khé tich trén 1,

v v6i moi doan J bao ham trong I (k¢ higu I = fou s B1): J£< 7.
' J o
Véi cac ky higu wén, néu f: I - R+ khé tich trén I, thi tdp hop céc _[f(khi J
J
chay khip tap hop cic dogn bao ham trong I) 1a mdt by phan khong rdng va bj
chin trén cia R, va do d6 6 can trén trong R.

Tir nhan xét nay ta co dinh nghia sau :
+ Dinh nghia 2 Cho f: 7 - R lién tuc, 2 0 va kha tich.

Tich phan cua f trén [, ky hi¢u la _[ﬁ Ia can trén cda cac _[f khi
I J
J chay khdp tap hop cac doan bao ham trong I.
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NHAN XET :

1) V6i cat gid thiét va ky hieu trong Dinh nghia 2 thi : | £ 2 0.

. !

2) Néu 7 1a mot doan [a ; B] thi mei anh xa f: / — Rlién tue va 2 0 déu kha
p

tich trén [ va : jf: If.
f a
3) Ta quy wde ring néu I 1a mot don tir thi mei dnh xa f: 1= R, z 0 duoc coi
nhir kha tich trén [ va ; If =0
!

¢ | Ménh dé 1

f:I—> Rlién tuc va 2 0

| fkha tich trén [
Néu ,thif=0
fr=0
J

Chitng minh :
Cho x, € 1. Tén tai mot dogn J khong réng va khong.thu vé mot diém sao cho
x,eJcl
Khidéotacd: 0= st jsz.vay jf:(}.
J i E
Theo Tap 1, 6.2.5, He qua 4, ta suy ra : ¥x € J, fix) = 0, va dic biét ﬂxﬂ) =1{.

Vay ta da chimg 16 ring : Vx, € I, fix)) =0, uic la f = 0.
¢ | Hé qua

¢ f:1—> Rlién tuc
f2(=fpHkhatichtren I |, thif=0

=0

v

1} Néu <

r f: > Clién tyc
If| kha tich trén [ ,thif=0

2) Néu 1 i
Ifl = 0
i

¢ | Ménh dé 2

Gia sit £ : I — R lién tuc, > 0. Céc tinh chit sau day timg dai mot
tuong dwong voi nhau.

(i) f kha tich trén f
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(i) Tén tai M € R, sao cho vdi moi day ting (J,), . »+ nhting doan

¢6 hop bing I thi : Vn € N, _[f <M.
J

(iii) T6n tai M € R, va mot day tang (J,), .+ nhimg doan ¢6 hop
bang I sao cho : '

vn e N*, I F<M
Hon wnita, néu (i), (ii) hay (iii) théa man thi, véi moi day ting
(J,), ¢ »+ nhimg doan c6 hep bang /, ta ¢6 :

Jf=Sup _ff=lim If.

I ne N. J’H e Jﬂ

O day /), <~ 1ang co nghia 14 : Vn & N, J, o

Ching minh :
(i) = (i) : Gid sit £ kha tich trén [ vd (J)), _ v 14 mOt day tang nhing doan sao
cho:\J J =1
ne N
Theo cic Dinh nghia 1 va 2, ta¢cd : Vn € N, _[fg If.

J 1

Vay s6 thyc M = [ £ théa man (if).
I
(il) = (iii) : _
Ta chi cdn chi ra ting tdn tai it nhdt mot day doan {J)), .~ md hop bing I, bing

cach xét cac logi doan c6 thé bao ham trong /. Chéng han vdi (a, b) € R? sao
choa<b:

]a;b]=u[a+b_a;b},[a;—oo['=u[a;a+n].
ne N ne N
(iiiy = () :
Gid sit ton tai M € R, va mot day doan tang /), . = ¢0 hop béng I, sao cho :
vn e N, _ffs M.
J

Gia sit J = [a ; B] 1a moL doan bao hiam trong 1. Vi \U J =1 nén ton tai
ne N

(nl, ny) € (N“)2 sac cho a € J”l vi B e an. Ky higu n, = Max (”1' ny), vi

(), .~ tingnéntacd:a € J, vaBpel suyraJ=fo;BlcJ/ ,trdév
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Ffz0tacod: If b4 _[f < M. Nhu vay véi moi doan J bao ham-trong I ta <o :

J J’R
[7<m. He thic nay ching 1 £ kha tich wen 1. n
g
Gia s (i), (il) hodc (i) duoe thda man, vii xét ddy doan ting (J )n " cd hop
bing 1.

« Day s& thyc (_[f) ~ 14ng (vi (J), e~ 1ANE va f = 0), bi chin trén hdi If,
1
do d6 hoi t vé mQt sG thyc ky higu la M, va .

sup [f=tim Jf=m, < [f
!

ne N g ﬂwj
n

e Trong phép chimg minh (i) = (i) ta da thiy rdng, voi moi doan J bao ham
trong 7, 1on tai n € N" sao cho J Jn. va do (6 _ff < If =M, Chuyén qua
i Jod

L3
"

can trén khi J duy@t qua toan bd 1ap hgp cac doan bao ham trong I, ta suy ra dugc :
[rsm,
i

Cudi cing tacé : M = _[f.

]

10.1.2 Céc tinh chat dai s6

¢ | Ménh dé 1

ChoreR_,fg: 1> R lién tyc va = 0.
Néu f va g kha tich trén [, thi Af + g cOng kha tich trén [, va :

fosr =2 fr+ e

1 I
Chimg minh :
e Anh xa Af + g lien tyc va = 0.
e Tén tai mot day dogn {J), _ ~~ Hing, €0 hop bing 1. Ta ¢6 :

meN, [ofep=nfrefesrfr+ e
J J i I

J

L3

do d6 (xem 10.1.1, Ménh dé 2) Af + g kha tich.

Hon nifa, vi jf———-) vaéj.g——a Ig,néntacé:
I L | J ne
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for+p=afr+ [e—oafr+ s
i) ! !

Jﬂ j" JN
suy ra for+o=nrlr+]e
f f !

¢ | Ménh dé 2 (Pinh Iy v&¢ ham wu thé)
Giad str f, g : I — R lién tyc.

<
Né’u{ogf_g

i khi d6 f kha tich tre : < lg
¢ Khi tich trén 1 , thi khi d6 f kha tich trén [ va If J.g

i !

Chimg minh :

Gia sir 0 < f £ g v g kha tich trén [

Vd&i moi doan J bao him trong [ :
[r<fes]e
J J H

Theo 10.1.1, Dinh nghia 1 vi 2, f kha tich trén [ va :
Jr=swfr= s

i . !
4  Dinh nghia ’

Gia st f : 1 —> R lién wc va = 0, I’ 12 mot khoang (khong réng vi
khong thu vé mot diém) sao cho I’ c L

e Ta néi ring f kha tich trén I’ khi v chi khi ham thu hep f| , khi
tich trén I’ | '
e Néu f khi tich trén P thi ta s& viét I f thay cho I f‘ r-

' r r

¢ | Ménh d& 3 Giasitf: 7 - R lien tuc va > 0, I’ 12 mot khoang
thoa mian I’ < 1. N€u f kha tich trén 7, thi f cling kha tich trén I’ va :

T

Chitng minh :

Gid sir f kha tich trén I. V61 moi doan J° bao ham Lroné F (do 46 bao ham trong [),
ta co :

= .

Jrsls

He thic nay chimg 16 (xem 10.1.1, Dinh nghia | va 2) ring f kha tich wén I va
Ir<]s
F i s

121
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+

Ménh dé 4

Giashf:I> Rliegntuc vi>0,a € I

1) f kha tich trén [ khi va chi khi f kha tich trén }J—o ; a) N [ va
IF'rm[a; +o.

2) Hom niva, néu f kha tich trén 7 thi :

fr =7 + s

l-w,aln i fra;+o

Chitng minh ©

1) « Néu f khi tich wtrén 7, thi theo Ménh dé trén diy, f kha tich trén
1= ,alnIvalnm|a; +x[.

e Nguoc lai gid sit £ kha tich trén | —o ; @] ~ [ va trén [a ; +o[ m /. Tén tai

mot diay doan (J )

o~ tng sao cho \ ) J, = Iva (vne N uce J,), va ta co

h'H

ne N
(xem 10.1.1, Ménh dé& 2) :
[r=1m {f
i Ll |

Véi moi n € N, ta ky hi¢u J' =1l alnd, J’:’ =J nla; +xl

Ro rang 1a (/)

e~ VA (), ~e 12 nhimg day doan tang sao cho :
A =]—co;a]r‘w1,u.f: =1 fa; +o[

1y
ne N ne

Theo 10.1.1, Ménh & 2 ;

[f = sup [r = iim |y
|-eaia[ ] ne N’ J; i) A

If = Sup _[f = limI
fv)a, +mf neN' f.-; nec J:

Theo he thic Chasles (Tap 1, 6.2.6, Ménh d& 1) :

VneN‘,jfZJ:f+:[f5 J-f + .[f

I J i =3 KaYi Iva,+of
n n n

va do d6 (10.1.1, Dinh nghia 1 va 2) f kha tich trén 7 vi :

,[f=limjf=limff +limj-f= If + .[f

! RO oy e sl i frv)a+ oo
n n n

10.1.3 Ham khad tich trén mot khoidng mra md

"

Ménh d& 1 Gia sit (g, b) € R x (Ru {+®}) sao cho a < b,
f:la; bt > Rlién tyc va = 0. Ta ky hiéu dnh xa xac dinh b&i
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X
VXE[a;bj;F(X)=If

laF:[la; b > R
Cac tinh chit sau day ting d6i mot twong duong :

(i) f kha tich trén [a ; b[
(if} F bi chiin trén trén [a ; &{
(iit) F ¢6 gi¢i han hiru han tai b.

Hom nita, n€u mot trong ba tinh chat d6 dwgc thda man thi :

X X
_[f = Sup If= lim Jf.

la; bl Xelaibl 4 X=b,
b b
Khi a6 tich phan If ctng dugc ky hiéu la If (hay Jﬂx)dx).
la; &l a o
Chitng minh .
(i) = (i) :

Gid sir f kha tich trén [a ; b[. Vi moi x thude [a ; &[, vi [a ; X] 12 m§t doan bao
ham trong [a ; b[, nén ta ¢cé :

X
Foy=ffr=[7 < [r.

a la:X] [a ;8]

chimg”td ring F bi chan wrén (bdi If).
[a;bl

(1) — (1ii) :
Gia s f bj chidn trén [a ; B[. Vi F ting (do f 2 0), nén suy ra F c¢6 gici han hiru
han tai b.
(iii) = (i) :

Giad sir F ¢d gidi han hitu han L tai b. Vi F ting (do £ 2 0), nén ta cé :
. Y .

X e [a; bl [f= F(X) < L Cho J 12 mdt doan bao ham trong [a ; b[ ; ky higu
il
it phai cia J 1a X, ta c6 :

X
[refr=rm=L
K u
Viay (xem 10.1.1, Dinh nghia 1 va 2), f kha tich trén [a ; b[ va

frer

la : b
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Cudi cung, néu mdt trong cac didu kién (i), (1), (iii) duoc thoa man thi F co gidi
han hiru han L tai b. !
Mot mat 1a c6 : L < | f, vi Va € [a s bl FOO < {f.
les 5 Bl la: bl
Mt khac ta da thdy la : [reL
fa s Bl

Dodé: |f=L
fer 5 Bl
¢ | Hé qua

Giasit (. b) € (RU (o)) x Rthéamana <b,f: Ja; bl > R
lien tuc va = 0. Taky hi¢u la F:la; b} — R 4anh xa x4c dinh nhu sau:

b
WX & Ja: bl FOO = | f.
X

Ba tinh chit sau day trong duong véi nhau wng doi mot:
(i) f kha tich trén Ja ; b)

(ii) F bi chin wrén trén la ; bl

{iii) F ¢6 gi6i han hiu han tal a.

Hon nira, néu mot trong ba tinh chit dé dugc thdéa man, thi :
b b

[r= sup Jr=1m fr.

Iﬂ;b] XEIG;bl X X—)ﬂX

b b
Khi d6 tich phéan If cang duge ky higu la _If (hay _[f(x)dx).
s bY - a a

Chimg minh ;

Ta chi cin ap dung Mé¢nh &€ trén day cho ham s8 [a ; b[ — R

i x> fla+b-2x)
néu @ € R hogc ham [— b ; +o[ - R néu a =-<=.

x > fl=x)
THI DU :

1) Véimoia € R, dnh xax = O khi tich tren [0 ; +oo[ khi va chi khi o < 0, vi

X | ox
VXe[0;+oo[,Ie°“dx= -()‘._(e ~nfua =0
SR X néua =10
Hon nifa, véi moi o thuge RY

+ o0

fewxdx = lim L —py=—.
0 X—)+000I' -
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2) Anh xa x F> —Inx kha tich trén 1013 vi:
1
WX 10 1), | - Inxdx = [x — xdnxly = 1 = X + XInX
X

] -X +XinX —> 1
X0

1

Hon nda j— Inxdx = L.
0

+ Pinh ly 1 (Thi du Riemann tai +o)
.. 1 N
Véi moi o thuoe R, 4nh xa x — IE kha tich trén [1 ; + «of khi va
chi khi a > 1.

Chimg minh :
o

Ta tinh ]-x; dx v6i moi X thude [2 5 +oof :
1

X
'—I:I,+1 e CI'.+1__
-Néuou&l:jldx: d ] —E~———l.
lx“

-o+1 1 —a+l
’ u+l_1 1 1
l)Né’uu‘;1:—*———-——>———,dodéxr—>—khétichtren
—o+l oy &7 x*
+wl l
1;+0[vhd |— dx= .
[1 ; +eof \;[x“ x=—
a+1_1 . 1
Yy Néva <1 ——)+w,dodéxn—>-kh0ngkhétichtrén
—a+l yoie «©
(1 ; e,

e Neua=1: Ildx=lnX——>+m .dod_(&xn—»lkhcmgkhétichtrén
X Xo+w x
[1; +eof.
¢ Dinh 1y 2 (Thi du Riemann tai 0)
. 1 o
Véi moi o thudc R, 4nh xa x > _xE kha tich trén 10 ; 11 khi va chi
khi o < 1.

Chimg minh ;
Phwong phdp thi phit : ci bien phép chimg minh Dinh 1y trén.
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s b i
Phuong phap thw hai : bing phép doi bi€n u = —:
X
1
: 1 . 1
vxel0: 1 = ax=] du, va |
xa 1

“—u+2

du t6n tai khi va chi khi
-+ 2

X [1:+ o0
—a+2> 1 wclaa<l. :

THI DU :

Anh xa x > Si:jx la kha tich trén [1 ; +eof vi:
) 0 < sin®x < 1

evYxell,;+x[,0= ER

1
. x> —15 kha tich wrén [1 ; +of.

Phép ddi bién u4 = x — a cho phép ta ching minh H¢ qué sau, tdng quat hoa két
qua cta Binh 1y trén :

¢ | Hé qua

Véi moi (a, ¢, Q) € R? sao cho a # ¢, anh xa x — khé tich

lx —al®*

trén Ja ; ] (hofc [¢ ; a[) khi va chi khi o < 1.
¢ | Ménh dé 2 (Dinh ly twong duong)
Cho (a, b) € R x (R v {+x}) saochoa< b, fg:la:bl >R
lien tuc. Gia st : 20,220, ~ g
b

Khi d6 : f kha tich trén {a ; 5] khi va chi khi g kha tich trén [a ; b.
Chiimg minh ;

Vif:gnénlénlaice[a;b{saocho:

Vi & [c ; b, W) - 8001 < 5 800

vh suy ra Yx € [¢; b, -;— 2x) < fix) < % g(x).

e Né&u f kha tich trén [a ; &[ thi khi d6 f cing kha tich wen [¢ ; bi, va vi:

vx e [c; bl, 0 € gx) < 21x),
nén g kha tich trén [c ; b[, do d6 kha tich trén [a ; bl.
e Néu g kha tich trén [a ; b[ thi khi d6 g cOng kha tich trén [¢ ; bl, v vi

Yrel[c:b[,0= flx)= 3 g(x), nén f kha tich trén {c ; bf, v do dd kha tich trén
[a; Bl
THIi DU :

Khao st tinh kha tich cda f: [1 ; +of — R xdc dinh nhu sau :
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x e (1 ; +o, fx) = i (\J'x2+x+1 - (x ¥ %))

Anh xa flién tuc, va f = 0 vi:

1.2 3
Vxe[1,+oo[,(x2+x+1)-(x+2) _x+420_
Vot moi x € [1; +of ta ¢d
12
2 S .
| (PrxeD) (x+2) 3 s

Rx)y = — - ‘
* \l'x2+x+l+(x+%) 4x(M+x+%)I_Hm Bt

1
Vi 4nh xa x » — kha tich trén [1 ; +ec[ (thi du Riemann, 2 > 1), nén dnh xa
x?

X > _8 5 cung kha tich, 16i theo dinh ly twong dwong suy ra f kha tich trén [1 ; +oe[.
X

+ Ménh dé 3 {Quy tde "x%f(x)" tai +o)
Choa e R}, f:[a;+wo[ - Rlien tuc va 2 0.

1} Néu ton tai o € 11 ; +oof sao cho x*f{x) ——> 0, thi f kha tich

X— +c0

trén [a ; +oof.

2) Néu tén tai o € ] —o0 ; 1] sao cho xX¥{x) ——> + oo, thi f khong

X—+w

kha tich trén [a ; +oo[.

Chimg minh © -
1) Tén tai ¢ € [a ; +o[ sao cho : Vx € [c ; +o], 0 < X*Ax) < 1, do dé :

Vx € [c;-i-oo[,OSﬁx)S«l—.

xﬂ‘.

Dya wen dinh 1§ v& ham ww thé (10.1.2, Ménh dé 2) va thi du Riemann tai -+,
ta suy ra k&t luan cén thiét,
2) Tén tai ¢ € [a ; +of thdéa min : ¥x € [c; +of, 2Ax) 2 |, suy ra :

¥x € [c; +of, ix) 2 —

K&t lugn cdn thigt suy ra dya trén ménh dé phin clia dinh 1y vé ham wu th€ va
thi dy Riemann tai +oo.

THI DU :
4 . . [ - - %J'_+ sinc
Khao sat tinh kha tich cia f: x > ¢ trén [1 ; +eof.

Ro rang f lién tuc va 2 0, nén véi moi o thuoc R ;-

3 R
e~ + sinr _ exp(alnx — Vx + sinx) —— 0.

X—»+m
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Dic bigt : xzf(x) — — > 0 vava 2> 1 néndo dé f kha tich trén [1;+x[ ®

X+ ®
Ta cting c6 thé thir 4p dung quy tic "x*Ax)" khi thdy ring hinh nhur f khong nhan
mot ham twong dwong "don gién" nao (khi x din ded +x).
NHAN XET :

1 )
Quy tic "x“Ax)" quy vé viec so sdnh fix) va ;& (trong lan can cia +o0), vai mit

& duge chon thich hop. Mot s6 ham s6 f thi khong thich hop vai sy so sanh dé,
nén quy tic "x*fx) (tai + )" khong cho phép ta khdo sat tinh kha tich cha céc
ham s6 f d6 trén [a 1 +x[ Chéng han véi f: [2 5 +( — R , thitacé:

P

xin x

Vo € |1 ; 4o, X%f) —> + ©
xX>+®

Yo e =0 ; 11, 2fx) ——> 0
1=+

va do d6 khong thé 4p dung quy tic "xfx)" dwge. Déi voi thi du nay xin xem

thi du cha Bertrand sav day. '

¢ | Ménh @& 4 (Quy tic "(: — a)%f()" tai a”)

Cho (a, b) € R2théamana < b, f:la;: bl > R lien tuc va = 0.

1) Néu ton tai o € ]- ; 1[ sao cho (x — &%) —> 0, thi f
x—at

kha tich tén la ; bl
2) Néu tén tai o € [1 ;5 +oof sa0 cho (x — a)%x) —— + =, thi f

X—di

khong kha tich trén Ja ; b].

Chuing minh :
Tuong ty nhir phép chimg minh Ménh d& 1.

Ta ctng c6 thé quy vé Ménh @& 1 bang phép ddi bién u = . 1

THI DV :
Alnh xaf:x -l kha tich trén 10 ; 13, vi f lién tuc, f2 0 va
) ——— 0.
x=0

Ta cang ¢é thé chimg minh dwge ting f 12 kha tich trén ]O ; 1] v6i nhan xét ring f
litn tuc, f 2 0 va qua mot phép tinh tich phan timg phdn thi :

1 1

If(x)dx = [—xlnx]g( + Idx =XnX+1-X—>1,

X ¥ X0
va ap dung 10.1.3, Ménh dé 1.
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1
Bing phuong phdp thit hai ta con dugc : _[—- Inxdx = 1 {xem them Thi dy 2}.
{

Thi du Bertrand tai +e (khong thudc chuong trinh)
Véi (o, B) € R? 1a hay khao sat tinh kh tich cda ham s f o : [2; +o &> R
x4c dinh nhw sau : ‘
1
Vx e [2; +f, X)) = ——
o, gt **(In x)P

> 1, ta cod

. |
e Néu o« > |, biing cdch ky higu y = L«

| —a

x'f'fa‘ﬁ () =x 2 (Inxy P —+—) 0,

va do do f, B 12 kha tich trén [2 ; +oo[.
» Néu o < | tacd: xf, B(;c) = x"a(lnx)‘B ~——> + 0 , v suy raf, B khong
. X— 4w ’

kha tich trén [2 ; +oof.
e Néu o = | thi ta thyc hién phép d&i bign u = Inx :

1 lr)xl
dx=Iqu.

X
VX € [2; 4, |
» Jr(lmt)B In2

Vay f, B kha tich trén [2 ; +oo[ khi va chi khi 4 +» LB 1a kha tich trén [In2 ; +oof,
i u
titc 1a khi va chi khi B > L.
Cudi cung ta c6 : f, o kha tich trén [2 ; +oof khi va chi khi :
a > 1

hay
(a=1vap=>1)

{ 10.1.1  Khdo sit tinh khi tich ciia cac 4nh xa (1dy gia trj trong R,) sau ddy, voi bidu
thie 14 fix) va khodng ldy tich phén nhuwr san :

a) € FATCHIE () ;oo b) VInGx + 1) — Vinx, [1 ; +oof
x-1 Inx )
¢) Arccos R | dy ————— , |1+
( ¥ ) V% S |
ey x+ 1 — Y2+ 20, 1:40l D Arctan(e ), [0 +o|
2 10 1] py BIZCOSE 4y
—-—CO5 X

Ilnx
i) L 125 4ol i) ch¥inx)~2, 12 5 ool KMN-Inx, 10; 1]

(In
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01012 a) Tich phan Wallis (Xem Tap 1, 6.4.4, Thi du 1.
lt

2
V@ moi n thude N ta ky higu = [, = I sin"xd x.
0
@) Chéng minh tang @ 4, . ~ I,

HoQ

s ,’ﬂ
himg minh réng : -~ — .
B) Chimg minh rang : I, ™

o
+m
b) Tinh tich phan f ¥ dx
0
) Chimg minh ring va&i moi n thudc ™ va mei x thude 10 nl:
2

NI o
(l-n)gc $(1+n)
+ w0

. ¥
by Biing cich dp dung aj, suy ra eling - Je_*zdx = —g— .
0
. 7 K
¢) Suy tu ring ham s8 x > kha tich trén |0 ; +cof vh Linh j dx
241y tl(x2+l :
( 2) 2)

(str dyng k&t qui i by B)).

01013 a) Chof: [0 1] = R, lien tuc, gidm va khi tich. Chimg té rang

H
. k
im + 35() = 17
Gl £ 10511 1
" n
b) Tir d6 suy ra : &) lim Z L p) kim H (kB

A0 3 — | n RO k=1
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10.2 Cac ham sé phic lién tuc, kha tich

10.2.1 Dai cuong

¢+ Pinh nghia 1 Cho f: I —» C lién tyc. Ta néi ring f kha tich
trén 7 khi va chi khi }fl (vén lién tyc va > 0) kha tich trén 1.

R6 rang Dinh nghia nay mé rong Dinh nghia & 10.1.1.

THI DU :
Df:xe %2“—5 kha tich ten [1 ;5 +oof, vi {l : x > 'S";xl kha tich theo dinh iy
X
vé ham wu th& (Ifl(x) < i)
‘E

2) Ta khéo sit tinh kha tich wén [1 ; +o[ cia f: x aRX .
x

Gid st X € [3; +oof. Ta ¢o ;

x+2
2 X
Isin x| dx _ Ilcoszl dy,
X . B LT
1+Z [y—x 2:| ! )+2
2
n r
X+2 ‘ X+2 ‘ x x
do dé - 2_[ &smx|dx=’|‘ lsin x| dx + J‘Icosl-'l dy > Ilsmxl + lcos x| dx
T x n * 1 }-‘+E L8 x+£
I+E 1+5 2 |+5 2
>)}de— nfx+ % ¥ = In X+E In{l + w)
B b _[ ( 2)}1+£— ( 2) ’
]+1t- I+E
2
X -
suy ra: II'S'I—H‘E dx —— +x
) X X=+w

He¢ thic trén ching t6 |l khong kha tich trén [1 ; +oof, va do d6 theo dinh nghia f,
khéng kha tich trén {1 ; +oof. [ ]

¢ | MBhhdé1 Chor e C, f g: 71— C lien tuc. Néu £ g kha tich
trén 7 thi Af + g ciong kha tich trén /.
Chitng minh :

Vi IAf + gl < IAlA + 1gl, v do 1A va lgl kha tich trén I, nén IAf + gl kha tich trén 7
(dinh ly v& ham uu thé, 10.1.2, Ménh dé 2), vh suy ra Af + g kha tich trén /. W
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NHAN XET :

Tap hop cac ham s& khi tich trén / va 1dy gid tri rén C (twong éng : trén R) 12
mot C —~ khong gian vecto (tuong ung : R — khong gian vecto) ddi véi cac luat
hgp thanh théng thudmg.

¢ Ménh dé 2 Cho f: 1 — R lién tyc ; f kha tich trén 7 khi va chi
khi f* va £~ kh tich tren 1.
Ta nhdc lai ring (xem Tap 1, 4.1.2, Dinh nghia 3) f* va f~ 13 c4c 4nh xa tir /
vao R xdc dinh nhu sau ;
vrel {f*(x) = Sup(fx), 0)

fx) = Sup(-fx), 0)
viila ¢6 : f=f-fvall=F +f.
Hon nira, do f lién e, nén 7 va £ cong lién tuc (xem Tap 1, 4.3.2, Nhan xét).

Chitng minh :
1) Néu f kha tich wen /, thi (theo dinh nghia) Ifl ciing kha tich ; vi 0 < f* < |fl va
0 = f7 < Ifl, nén dinh ly ham wu thé (10.1.2, Ménh d8 2) chimg 14 rdng f* va f~
cing kha tich. '
2) Nguoc lai, néu f* va f~ kha tich trén [, thi khi d6 f cing kha tich trén 7, vi
F=Ff" - f (xem Menh dé& 1).
+ Pinh nghia — Ky hiéu 2
Cho f: I — R lién tyc. Néu f khi tich trén 7, thi s6 thuc
[rr-1r
i i
dugc goi 1a tich phan cia f trén 7, ky hieu la _[ rf
i
R& rang dinh nghia n2y 13 sy m& rong cla dinh nghia & 10.1.1. Néu / 12 mot don

tir thi moi 4nh xa f: I — R déu kha tich va:‘[f=0.
f

¢ Ménh dé 3 Cho f: I — C lién tyc ; f khd tich trén I khi va chi
khi Ref va Imf kha tich trén 1.

Chitng minh ;

Trir6e het ta chi ¥ rang, do f lién e, nén Ref v Imf cing lign tyc (xem Tap 1,
4.3.2, Menh dé 3).

1} Gié st f kha tich trén 7. Vi [Refl € Il v (ImAl < ], nén dinh 1y v& ham wu thé

(10.1.2, Menh 42 2) ching 6 ring IRefl va IImfl ¢ciing kha tich trén I, do d6 (theo
dinh nghia) Ref va Imf kha tich wen [,
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2) Dao lai, néu Ref va Imf kha tich wén /, thi do f = Ref + Imf nén f cing kha
tich wen f (xem Meanh dé 1).

¢  Dinh nghia - Ky hiéu 3 Cho f: 7 — C lien e. Néu fkha tich

trén [ thi s6 phic _[ Ref + i J Imf duge goi 13 tich phan caa f trén

i !
I va ky higu la If.
I
RO rang Dinh nghia nay 1a sy m& rong ca dinh nghia da phat biéu trén day.
Ne 1 1a mot don t thi moi anh xa £ 7 > C déu khi tich va [ £ = 0.
i

¢ | Ménhd& 4 Chof:I— Clién tuc va kha tich trén 7.

Véi moi day doan (J,), .~ tang va cd hop bing I, ta c6 :

Jf— 1
I

gl
7 n
[

Chimg minh :
¢ Néu f nhan shiong gia tri thye thi @

fr=fe-n=lr-Tr—lr-fr=1ls

J

L] H n f

» Bay gidr, voi f nhan nhimg gia trj phuie thi
.[f= j(Ref"' ilmf) = IRef+ i JImf——+ IRef+ i Ilmf
J

J J J noo g !

¥
f

10.2.2 Cac tinh chat

¢ Ménh dé 1 (Tinh chat tuyén tinh cia phép tich phan)
Cho . € C, f, g : I - C lién tuc va khé tich trén 1. Khi d6 Af + g
kha tich trén [ va :

fofsro=2fr+]e
i I f

Chitng minh : Theo 10.2.1, Ménh d¢ 1, Af + g kha tich trén I. Tén tai mot day
doan (J ), _ ~ tdng, cd hop bang /. Theo 10.2.1, Ménh d& 4 :
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J(M*»g)T) for+o
J i

[+ ngx fr+1s.
s

J i i

n L]

Do (xem Tap 1, 6.3, Ménh dé 1) :

e N, Jor+=2fr+fg
J J J

" " n
nén ta suy ra bing cich qua gi¢i han khi n din tdi +o0 -

Jorro=2fr+]s
i H H
Két qui nay la su m& rong k&t qua cia 10.1.2, Ménh dé 1.

¢ | Ménhdé 2 Chof:I— C lien e
1) f kha tich trén [ khi va chi khi f kha tich trén I.

2) Néu £ kha tich wen T thi | f= | 7.
I I
Chirng minh :

Ref kha tich trén [

1 3 tich tré
) kha tich wen I} < {Imf kha tich tren /

‘ & (f kha tich trén )

2) [7= [®Rer - itmp = [Ref—i fimf = [Refwi fIms= [f
f

! / H H i I

¢ | Ménh dé 3 (Tinh déng bién ciia tich phan)
Gia st f, g : I —> R lién_tyc va khé tich wen I. Néu f < g thi
f= g
f I
Ching minh .
Gia sit f va g lign tuc va kha tich trén / va f < g.
Khi d6 g — f> 0 va g — fkha tich trén 7 (xem 10.2.1, Ménh d€ 1). Theo 10.1.1,
Nhin xét 1, ta ¢6 : _[(g -H=0

I
Khi d6 theo Ménh d8 trén day :

fe-Tr=fe-nzododasfr<]e

i i ! i i
+ Ménh dé 4 V6i mei 4nh xa f: 7 — C lién tyc va kha tich trén C :

1!” < ;[iﬂ‘
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Chimg minh :
Tén tai mot diy dean (7)), < ~» ting va c6 hop bling 7. Theo 10.2.1, Ménh d& 4 :
Jr— Jrvafn— [n
Mol o !

J ! /

Do (xem Tap 1, 6.3, Menh dé 2) : ¥n e N*,‘l jfl < jlﬂ, nén khi chuyén gua
J J

gidi han khi #n ti€n t3i vo cong, ta suy ra :

o] <

¢ Ménh dé 5 Gia st f: I — Clién tyc va I' 1a mot khoang thda
mén I < I. Néu f kha tich trén 7 thi £ cing kha tich trén 7'

Chitng minh :

Lugc dé phép chimg minh sit dung Ménh dé 3, 10.1.2, nhir sau :
{f kha tich tren f) < (Ifl kha tich trén ) =

= (Ifl kha tich trén ) < (f khi tich trén I').

¢ | Ménh dé 6 (Hé thire Chasles)
Giastae LI’ =]~ aln L P’ =1In[a;+o[, f: I - C lién twye.
1) Diéu ki¢n cAn va dd dé f kha tich trén 7 1a £ kha tich uén I va

trén P
2) Hon nira, néu f kha tich tren It [ f= [+ [,
I Fil I
Chitng minh :

1) Suy vr Ménh dé 5 va tir 10.1.2, Ménh d& 4.
2) Gia sir f kha tich trén 7. Tén tai mot day doan {1)), o~ tang va cé hgp bing

I, sao cho :
Vn e N, g e J. Khi d6 thi :
meN, [r o= 5 o+ [r,
Jﬂ J—m;u]r‘u’n Jnr‘\|a;+oo[
A I wialndg I Jonla;+o

(virng (J-o ; a] N ), ex 1a mot day doan ting, ¢6 hop bing I, va twong tr
d0i v6i I'’), suy ra

ff=,ff+If- n
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Chéng han, ndu a < ¢ < b, thi didu kién cin va di dé f kha tich uén Ja ; bl1af
kha tich trén Ja ; ¢} va teén [c B[, vata c6 :

jf=jf+ff- ]

la s bl Jai s €l le s bi
A Ménh dé 7 (Bat ding thmirc Cauchy - Schwarz)
Cho f, g : I - R lién tuc. ‘
Néu /2 va g? kha tich trén £, thi khi d6 fg cang kha tich trén f va :

(57 = (12)(1)

I

Chimg minh :
1) Biing cach khai tién (i — 1gh? Ly vifgad
g cach khai trién (i - lgb) >0, tadugc 0 < Ifg! = 5 < + g Vif vag

déu kha iich weén I, nén 5 ¢ + g%) cong kha tich trén { (dinh ly v& ham wu thé,
10.1.2, Ménh dé 2) do do ifgl kha tich trén 1. va suy ra fg kha tich trén [,
2) Tén tai mot day doan (J), o~ ting, ¢6 hop bing I. Theo bat ddng thic

Cauchy — Schwarz ddi véi tich phan chc ham $6 lién tuc (timg khic) trén mot
doan (xem Tap 1, 6.2.5, Binh 1y ta co :

e (fa) < (17)(1#)
J J I
Chuyén qua gi¢i han khi n ;5n dén vo cung ta duge két qua cin cd.

¢ | Ménh & 8 (Truomg hep cé ding thic trong bt ding thic
Cauchy — Schwarz)

Gia st f, g : { & R lién tuc, sao cho f2 va g2 kha tich trén 1. pé
e ( Ifg)z - (IA)( f ). ditu Kien ctn va i 1. g) phu thuoe
i

I I
tuyén tinh, téc 1a ton tai (a, B) R2 — {(0, 0)} sao cho of + Bg =0.

Chimg minh :
Lap luan nhu wong phép chimg minh & 6.2.5, Ménh dé 4, Tap 1.

10.2.3 Tinh kha tich trén mdt khoang nira m¢ hay md

¢ | Ménh dé 1

Gia st (a, by € R x (R {+x}) thoa man a < b, f : [a ; bl = C lién
tyc. Ta ky hieu bang F : [a ; b = C anh xa xac dinh nhur sau :
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VXela:bl, FX =1

4]

Néu f kha tich trén [a ; b[, thi F ¢ giéi han hiru han tai b, va :
X

fr=m [r.
[ﬂ : bl X—b a
b b
Khi dé tich phan If s& duge ky hieu 1a If (hay : Iﬂx)dx).
la; bl a a

Chiing minh :
1) Truong hop f lay gia tri thue
Gia st f kha tich trén [a ; B va nhan gia trj thyc. Khi dé f+ va f cong kha tich
wen [a; B[ va :
fr=1Ir - Ir
la; bl la;hbl [ bl
Theo 10.1.3, Ménh dé 1 :

X
jf'—* .[f+ va _[f_ b .[f_
X-b (48 a s bl
X X
Do : vXe[a;b[,F(X)=If=I<f+~r)=If*—ff,

nén ta suy ra rang F c6 gigi han hou han tai b, va :
imFoy = |- Jr=1Ir
x>b la:bl  lasbl  lasbl
2) Truomg hop f 18y gia tri phic
Gia st £ [a ; B[ & C kha tich tren (o ; b[. Khi 46 Ref va Imf cong kha tich trén
[a: B[ va:
_[f = IRef+ i jlmf.
las b e bl fa ;b
Theo 1) (tredmg hop gid trj thue) -

j‘Ref—X—bI jb:zef v Jlmfﬂl _[b:mf.
. X X X X
Do:V¥Xela:bl, AX) = [f= | Ref+ilmp) = [Ref+i]Ims,

i d
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nén ta suy ra rang F c6 gidi han him hao tai b, va .

lim FOO = | Ref + i Imf = {r.

X—h la s bl TR la; bl
NHAN XET :

1) K€t qui nay md rong két qua & 10.1.3, Menh & 1 {ngoai trlr nhimg didu noi
vé can teén). :

2) Ta khong thé bo gid thiét °f khi tich trén {a ; b{". That vay, €6 thé xdy fa
truwong hop F cd giol han fiiyu han tai b md f khong kha tich trén [a 3 DL
Xét thidu:a=1 b= +o, fx) = sinx

x

¢ f khong kha tich trén [1 +ecf (xem 10.2.1, Thi du 2).

« Biing mot phép tich phan timg phén, 1a c6 vdi moi X thuoc {1 ; +eof :
X X X

F(X):jﬁx)d,\':[_cosx]x—jg{s—xdx:— X+cosl—!-‘£§,,—x dx

Xl]I,vr2 X lr

+ cosl — cosl.
X+

cos X

Mot mat ;-

. N COsX P . N ;o

Mat khic thi x I —~ %ha tich tren (L5 + [ (theo dinh 1y vé ham wu thé va
X

‘ 1
thi du Riemann, | €OST | ¢ =), do d6 theo Ménb dé wen day
X

2
X

X
cos X cosx
I—-—'—dx _— I — dx

| X‘)+w]l;+oo{ x2
Ta suy ra ring F c6 gidi han hiru han tai +9 :

COs8 X

F(X) ——> cosl — I

X—++omo

dx

11+

A Hé qua Gia stt (@, b) € RV {-o}) x R thda min a < b,
f:la: b} — € lién tuc. Ta ky hieu bing F - la ; b} — € énh xa
xac dinh nhu sau :

b

X ea: bl FO = |1
X
Néu f kha tich trén la ; b, thi fcO gioi han hiru han tai a va :
b

If: lim If.
1&;5] X——)ﬂX
b b

Khi d6 tich phan If cting dugc ky higu la jf (hay : jf{x)dx).
Ja i bl a oS
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Chiing minh :
Phuong phip chimg minh nhw d8i véi Hé qua cda Ménh dé 1, 10.1.3,

Dé tinh tich phan _[f, trude hét ta ching to réing £ 13 kha tich trén [a ; b[, sav
lat s Bl
X

dé ta tinh lim _‘-f‘ Dé thyc hién viéc nay 1a s& ap dyng phép tinh céc tich phan

X—b,

(Tap 1, chwong 6) hay phép tinh cac nguyén ham (chuong 9). Thong thudmg ta
phéi tich phan timg phin hay ddi bién s&.

¢ | Ménhdé 2 Gidsi(ae b)c R2thdamana<bh, f:[a; b > C
lién tuc va tai b ¢6 gidi han htu han /.
Khi d6 f kha tich trén [a ; A[, va néu ky hléuf [a b — C la thac

trién lién tuc ciia f trén [a ; ], xdc dinh nhir sau ;
f(x) néu x € [a; b

f(x) néu x = b
thi ta ¢é :
b
fr=17.
la; b a
Chirng minh ©
* V& moi doan J bao ham trong {a ; &[, ta cé :
b
Jun=Jr<{n
J J a

He thie trén ching 6 ring | £1 kha tich wén [a ; b, va do d6 f cing kha tich trén
[a 5 b

. Viflien tuc trén doan [a ; b], nénfbi chin, vi vét moi X thuoc [a ; [ tacd :

X b
| Jr- 7] = | J7- 7] = | [7] < [1fi < @ - onfn, — o.
o /] i d b X

X—h
suy ra : jfm If
o &

Theo 10.2.3, Ménh d& 1, ta cé két lugn :

b
[r=17.
la; Hl a
THI DU :
I) Khio sat sy tdn 1a1 va tinh I
10 + |

1 4
(x+ 1)(x +2)
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. 1 .
s Anhxaf:x> m lign tuc trén [0 ; +oo[, 2 0, va fxy ~ ;i . Theo

X—F+m
dinh |y v& ham wong duong va thi dy Riemann (2 > 1), ta k&t luan ring f kha
tich trén [0 ; +of,

» Bing cach phan tich thanh phan thiie don gidn, ta dirge voi moi X thude [0 +[:
X

X .
_dx 11 ~ ) X
('!(x+l)(x+2)_('!(_x+1 Hz)dx—lln(xﬂ) Ingx +2)]

= Ini(X + DI — Inl(X + 2)1 + 1n2 = ln(z X+1y .
X+2/ x4+
Suy ra :
10+ i (x+ 1)x+2)
dx
2) Khao sat su tdn tai vi tinh I _—.
[0:1] (1+x2) \“—Xz

lien tyc trén [0 5 1[, =2 0 va:

: 1
s Anhxaf:xmV—>— —_ ——
(1+x2)\}11—x2

) = L

1 ~ N1 - x~l_ L
(+x2) 1+x¥l-x - 2'\[2—{(1_;)2

Theo dinh Iy ham twong duong va thi dy Riemann (% < 1), ta k&t luan dugc
ring f kha tich wen [0 1[.

« Bing phép d8i bign 6 = Arcsinx (do su hien dien cia V1 — X goi ¥) ta duoc

X 4 Arcsin X
X
vi moi X thuoe [0 1[ ¢ | ——— = [ —"-.
0 (1_,.12)\11_,\2 0 1 + sin®0

Sau d6, bing phép d6i bién ¢ = tand :

X
Arcsin X 46 Y- X2 X
o = e _ -I—[Arclan 1\5} N1 -X°
o I +sing 01+2:‘2 2 0
L, X
V2 V1 - X2
Suy ra:
X
j dx . 1 n
Qa (1+x2) \|1—12 X1 \E 2
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Cudi cung ta duec .

_[ 4 =
01 L+ V-2 22
3) Khio sit sy ton tai va tinh | ZArSA0X
0 ; + o] (x +1) .
. A
= Anh Xaf:me.P_;lién tuc trén [0 ; +of, 2 0, vd x) ~ i‘
(r+ l) Xx—r+m Py

Theo dinh ly ham twong duong va thi dy Riemann (3 > 1), ta ké1 lugin duge ring
f kha tich trén [0 ; +oo[.

s Phép ddi bién y = 1 cho ta, véi moi X thude {1 ; +oof :

x
1] 1
X X — Arctan— — — Arctan
X Arctan x _ J‘ ¥y ¥ ( )d )(2 Y)dv
(X2+ 1)2 X (l )2 2 l (1 + )’2)‘- ’
X ¥
Suy ra :
X X
J’xArctanx dx = & I X E[_ 1 ﬁ n X° -1
i 2+ 1)? 2 02+ 2L 22+ 1) 4 X2+ 1
X X ¥
x Arctanx !
Va — dx — —.
Y l 2+ 1) Xo+m 8
X !
Mit khic, do f lien tuc tai 0 : ijLtaan dx — 0.
X + [} X—>+w
X
x Arctanx m
Tasuyra:fﬁ X ——3 —.
0 (x +]) X—>+mw B
. X Arctan x bis
Cudi cung : dx = —.
J o2+ 12 8

[0 2 +oe]
4y Khio sat sy tdn tai cha _[ ¢*dx, voi z € C ¢d dinh ; tinh tich phin dé néu
né tdn tai. 105+ oel

e Anh xa f,: x > e lien e wén [0 ; +of.
Ky hiéu & = Re(2), p = Im{z). Ta cd : Vx € [0 ; +oe[, Ifz(x)l =
\r';fxyfZ khé tich trén [0 ; +oo[ khi va chi khi x — e™ khd tich trén [0 ; +oof.

Ching ta da thdy la (xem 10.1.3, Thi du 1), x > €** kha tich trén [0 ; +oof khi
va chi khi & < 0,

K&t ludn : f, kha tich trén [0 ; +o0[ khi v chi khi Re(z) < 0.
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* Gid st o = Re(z) < 0. .

1 kd
Vi moi X thude [0 ; +oof ta cd : Ie”dx = [— e*x]f: = 1 (eZX - 1.
z 2z
0

ViletX| = e —— 5 0, neéntasuyta Je“dx——) - l.
X—+w 0 X>+w I
Cudi cung ta dugc ! Iez"dx = - % .
[0 4 | “
Hon nira, vi x — e kha tich tréen [0 ; +oo[, nén cdc phin thyc va ao tic la
x > e% cosPx va x > ¢ sin Bx, déu kha tich tren (0 ; +of va:

Jew‘ cospxdx = R Iezxd _ Ref - Iy _-o
10+l T()(;+:o| X) ( 3) o? + B2 |
Ie(lxsin Pxdx = Im j *d - Im( - l _ __@__

[0 + el * |£:+00| X) ( Z) aZ+B2

+ Ménh d3
Cho (g, b) € (R)? théa man a < b, f : la; b — C lién tyc.
1) Cac tinh chat sau day doi mot twong duong voi nhau :
(i) f kha tich trén Ja ; b[
(ii) T4n tai ¢ € Ja ; b[ sao cho f kha tich trén Ja cc] vatren [e; bl
(iil) V&i moi ¢ thude la ; b, fkha tich trén Ja ; ¢} va trén e ; b[.
2) Néu f kha tich trén Ja ; b[ thi khi d6 voi moi ¢ t)l(lu()c la ; b[, anh
xa F : Ja; b » C, dwgc xéc dinh la FX) = Jf, ¢O gidi han
-

hiru han tai a va tai b, va ta co :

[£=1tm FeO - lim F0).

Ia : b[ X—>b X—ua b
Khi d6 tich phan | cang duce kg hieu la Jf (hay : [rdw.
la; bl a a

Chitng minh :
1) Xem 10.2.2, Ménh dé 6.

2) Theo hé thic Chasies (10.2.2, Menh &8 6) @ | £ = Jf + Jf. Mat khic,
la: bl Jasel  leibl
do f kha tich trén Ja ; c] va trén [c ; b{, nén theo 10.2.3, Menh dé 1, ta co

Fo=-[f——-{f v F@= If——> |7

X X=2d  uiel X=b lewhl
Kéthan : ] f = lim F(X) — lim F(X).
X—=h X=ua

ler; &l
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Bal tap

01021 Gia sit 1, I, I, 12 nhimg khoang thugc R sao cho [y Ul =1, /1 1 — C lién
tuc. Chimg minh ring f kha tich trén I khi va chi khi £ kha tich ten {| va wen [,

01022 Cho I, I 1a hai khoing thuoc R sao cho f).w I, la mot khoang thude R, va
0w i, = C lign tue va kha tich trén {, u [5. Chning minh tang f khé tich trén I, 1rén
1 2 1 2 |

iy trén "l Il 12, via
fr=tfr+fs-1Ir

Iiufz "l 1'2 !]r\,‘z
(Cé thé ap dung két qua cia bai tp 10.2.1).

01023 GiasiTe Rfr Lf 10+ = C lien e va T- twan hoan. Chimg minh ring
£ khi tich tan [0 ; +ao| khi va chi khi f=10.

01024 Choae |0;+x), f:]-a:al = C lien we.

a) Chimg té rhng néu f 13 ham chiin, thi £ kha tich trén |—a ; al khi va chi khi f khi tich
trén {0 ; al, va trong trrimg hap do thi :

fr=21r.
lmasal 105l
b) Ching t6 rang néu f 1a ham 12, thi f kha tich trén |- a ; al khi va chi khi f kha tich trén
10 : af, va treng tnmyg hop do thi If = 0.
I—a il
0 10.2.5 Cho /12 mot khodng thuge R, & € (**. Chung t6 ring anh xa hing . : 7 — o
Xtk
kha tich trén I khi va chi khi 7 bj chin.
0 10.2,6 Che I 2 mt khodng thuge R, f: I — Clién e vd kha tich tren [, ¢ = [ = o
lien tuc va bj chin. Chimg minh rang ¢ fkha tich trén I vh : | I tpfl < ligll,, j Ifl.
i

01027 Choae R f:la;+o] > R lien tyc va kha tich.

Chimg t& ring : ' J f—0.
X—>+w
1X 5+

01028 Choac R, f:la; +o| = C lign e vi kha tich tén la + +o va ¢6 gidi han
hiru han 7 tal +0. '

a) Chimg minb rang { = 0,

b) Chimg (6 riing véi moi o thude |15 +ecl, anh xg A% : [a s +0f - R

X b Yo
khi tich ieén [a ;. +ocl.

$ 10.2.9 Gid st f: [0 +e| — R gidm, lien wc va kha tich. Chimg 10 rding :

fix) —— 0.
xX—r+w
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0 10.2.10 Khio sat sy tdn tai va tinh cic tich phan sau day (chimg 1o tinh kha tich £bi
b

tinh tich phén), & day J-f{x)dx {(néu tich phan ndy LOn tgi) chi If hay If hay

a la: bl las bl
I f  tiy theo timg trudmg hop.
let: bl
+@w . + 0 |
4) I ) I dx ) dx
ux K1 0(x+l)2 o N x+l
] 4 o0
X 1
d) | —/——— dx e) f) dx
{J}. \’1 _ 2 I \) ;‘.x(\nlx+1+\b_c}
+a0 + %0
o |95 w h) _[(Arcsin(—]-}— -l-]dx ](Am““" —— Y dx
o chdx , x) x x{1 +x%)
T c,-‘\rctan X _[
Pl =5 dx k) .
0 (-‘2‘*'1]'3!2 V1 \“+¥2

0 10.2.11 Cong cau hdi nhu trong bai 1gp 10.2.10

I—(a——xl—dx mae NxR
o (L= x)"

) I 5 \’ :+x dx, n e IN {quy v& tich phan Wallis, Tap ], 6.4.4, Thi dy 1).
-x

+m
1 .

c) I dx, a € R} d)I dr,a e R
0 (X +a2) N2 + 1 N \‘(a —xz)(x2+] *
24

2
e)f““Zrz dx, o € RY 1)]————,(a,b)eR2.a>|b|
4 a+ bcos x
X - ]
1
+® -

1 - -X
{ 10.2.12 Ching mink ting cic arh xa f @ x — —e *lnxvig: x> — = C  Kha tich

rén |0 ; 1] va
1 L
- -
j— e” Yinxdx = j
X
{0 0

0 10.2.13  Xac dinh cic gidi han sau day :

1
o 2Mnx
0 lim [ dx by lim J"\f ;

A () H—)(] [}]

X

dx.




+ e
o) lim | —
noo 4t -1

dx

+ o0
&) lim cJ‘2 Ie"zdr
X >+ x

+ o0

0 10.2,14 Chig minh ring : _[

1

0 10.2.15" Ching minh rling : I By =1 -

0
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+ m

d) lim I
4+

1

fl+a

dx, n e N — {0, 1} c&f dinh

1
f) m f% n{ + ad)dx.

a0t p ax

-
X dx =L 4 o(1) khi @ dan i 0%,
1+x a

2

i + ;—7 + O(e®) khi & dan 161 0%,

0 10.2146" Cho £: |0 ; +oo[ — C lign tuc va khi tich.

a) Chimg minh rang vii moi € thuoe R L £ 1 (05 + oo - C

-

b)* Chiing minh rang : _{ fif —
e 0"

10 ; + oo}

kha vi trén {0 ; +o[.
e ¥y

{7

|0 + o]

¢ 10.2.17 Dung cic dudmg cong () ¢6 phuong trinh 3 y = fx), v flx) 1a

EEN
+1 thi
a) | — dr by | e™de
1 iy !

2x
c) je"zdr.

X

0 10.2.18  Khao sit sy tdn tai va tinh cac tich phan sau day (chimg minh tich phan tdn

b

tai, sau do tinh tich phan ; _‘- Jdx chi _‘- Ax)dx n€u nhu tich phan nay 40 tai)

&

+ oo

2
a) )',) dx
LU+l
4+
C)j 12 E: dx

lee s b
4w __3'
b)j(x2+x+ 1) 2 dx
V2
n j_dx_&
1 X \J—x4+3.t2—2
12 1 ‘
] jx 3(l - X) 3 ax
{
+ 60
W [ L e tngi + 20+ 22y dx
()x3
+w
P In x dx

n1+.1r2
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L
+ o ' 2
" j_y_z dx p |2
o (1429 o Manx
K
+ 2
m) Iﬁi_};m—x dx 1) _[ cosxln (tan x)dx.
0 X 0

$ 10.2.19 Cung cdu hdi nhu bai 1ap 10.2.18 ¢
b

2) j—*——xs—'—"dx,()<a<b
2 N2 -aD (- xh
+ o

dx
b L S -
)['!'cusﬁﬂzhx'gE1 757

H

0
c
c)_[—dx,nel\'.
i~

—



Chuong 11
Dai cudng ve phuong trinh
vi phan

Trong toan chuong nay, tir “khodng” s& chi mot khoang trong R, khong réng
va khong thu vé mot diém. Ta sé ding ky hieu K d€ chi R hoac C.

11.1 Phuong trinh vi phan tuyén tinh cip mét

11.1.1 Dai cuong

+ Pinh nghia 1 Gii st 7 12 mot khoang thuoe R, o, B. v : I > K
la nhimg anh xa lién tuc, J 1a mot khoing thudoc R sao cho J < I,
vay:J — K la mot anh xa. Ta néi ring y 12 mot nghiém trén J
cda phwong trinh vi phan tuyén tinh cip mét
(e) ay’ + By =y
khi va chi khi :

{ y kha vi trén J

Vx e J, a(x)y' (x) + Bly(x) = y(x).
0] day ta sé ky hidu tip cic nghiém trén J cla (e) 1a Sy giai (e) ¢
nghia 1a xac dinh tap S, véi moi khoang J sao cho J < 1.

Trong thyc € ta thuong gid thi€t J md.

¢ PDinh nghia 2 Vi cac ky higu nhr & Pinh nghia 1, va trong
trudng hop K = R, cdc dudng cong bifu dién cic nghiem cia ()
duoc goi la cac dwomg tich phan cia (e).

NHAN XET : Trong trwdng hop dic biet khi o = 1 va B = 0, thi viéc giai (e) quy
vé viéc tinh cic nguyen him cia y trén 7. Muc dich cia ching ta trong trudmng
hop téng quit la biéu difn cic nghiém cia (e) biing cac nguyén ham, va tinh cac
nguyén ham nay khi co thé. Co thé dy dodn ring truomg hop dic bigt khi o = 1
la ding chi ¥, do d6 ¢6 dinh nghia sau day :
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¢+ Dinh nghia 3 Phuong trinh vi phan wyén tinh cdp mot

(e) ay + Py =7

duoc goi 1a chuén héa (hay : da gidi ra y’) khi va chi khi a = 1.
VAn dé ghép noi
Khi () chua chudn héa, ta quy vé mot phuong trinh chudn héa bing cach
chia cho ham o trén moi khoing ma ham o khong triét tiéu. Sau do ta
"ohép ndi" cdc nghiém tai nhing diém ma ham o trigt tiéu (néu o). Dé
don gian, ta gia thi€t ring 7 = R, va ham « trigt tiéu tai mot va chi mot
s& thuc x, Mot anh xa y : R — K 1a nghiém cia (e) trén R khi va chi khi :
ham thu hep y, chia y trén |- ; x| 12 nghigm cia (e} trén J—oo ; xyl
ham thu hep y, cla y trén Jx; +0o[ 12 nghiém cda (e} trén Jxg 5 +oof
yy €6.gidi han hiru han /, tai x

y, ¢6 gi6i han hitu han /, tai x;
=1
¥y =4

c6 giéi han hinm han Il’ khi x dan 6i x

c6 gi6i han hira han 7, khi x din t6i xj

L a(M, + Bl = 1) -

Ta s& xét vdn dé nay trong 11.1.3, 6).

Bay gi ching ta chit  d&n phuong trinh vi phan tuyén tinh cdp mot chuén héa
(E) y+ay=b

trong d6 a, b : I — K 12 nhimg ham s lién tuc.

Ta ky hiéu :

(Eyp ¥y +ay=0

12 phwong trinh ¢6 v€ phai biing 0 lién két véi (E) (hay doi khi Ia :
phuong trinh thuén nhat lign két véi (E)), cach goi nay cé nguy co bi lan
1on v6i cac phuong trinh thuin nhdt ma ta s& nghién ciu trong 11.3.3), kln
d6 phuong trinh (E) duge goi 1a phuong trinh cé v€ thir hai.

11.1.2 Giai phuwong trinh khong cé v€ thi hai
Ky higu :

I 12 mot khoang trong R

a:l— K la mdt 4nh xa lién tuc
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(Ep ¥ +ay=0, uong dd y: I - K 12 ham chura biét

y kha vi trén

Sy = [y: I- K :{ , !} 12 tap nghiém cla (Ey) wen [

v +ay=0
¢ | Ménh dé
S, 1a mot K — khong gian vecto.
Ching minh :

Ta ching minh ring S, 1a mot K ~ khong gian vecto con cia K — khdng gian

vecto K’ tao nén bdi cdc anh xa tir [ vao K.
s §,# @ ViS5, co chia dnh xa khong 02 [ — K
x—=0

e Gid sy, ¥, € S, va h € K ; khi d6 Ay, + ¥, kha vi trén [ va

() +3,) + aldy + ¥y} = Ay, + ay) + (5 +ayy) = 0,
suy ra Ay + yp € 8y

I > K ke K
Sy =9 ¢ 1y ae Jutddx

NGi cich khac, S, la duong thing vecto sinh béi dnh xa [ — K
trong 46 A(x) 12 mot nguyén ham (bat ky) cia a trén /. x> e AR

¢ | Dinhly

Ching minh :
Vi a lien tuc trén I nén a ¢6 nguyén ham trén [ (xem 6.4.2, Tap 1), ta ky hiéu

X

mot nguyén ham do 1a A, ching han : Vx € 1, A(x) = Ia(r)dr, trong 46 x, ia mot
(!
diém cg dinh thuoc [. Vi moi 4nh xakhd viy: 7 > K, taky hituz: I~ K
14 anh xa xic dinh nhu sau :
vx e I, z2(x) = 1 y(x).

W) = e A9 2
y{x) = —a(x)e” AW Z(x) + € AW 2 (x)
suyra: ye§, ©Vxele AW 2'(x) = 0

Nhr vay, v&i mei x thude /£, ta c6

o7 =0
o @Bhe K vxel zx)=A)

I K e K
So = x > e AR
NHAN XET :

1) C6 th€ trinh bay phép chitng minh trén day dudi dang :
yV+ay=0o + ay)e? —0<:>(ye"‘)-0<:(3lel§ye A}

Viay :
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< @k e K, y = ae™),

2) Cich tinh sau day :
y+ar=0 & r
y

ohl=x4RheR)

—agaohbhl=-a+ C (CeR)

oy = e AheR)
khong dge chal cheé vi nhidu 1y do :

e Phép chia cho y Ia khong hop 18, vi y cé thé wriét tiéu tai nhong diém nao dé
thudc / (ngay cd néu sau d6 ta nhan thdy ring moi nghieém khong déng nhit bing
khong déu khong trigt tidu tai diém nao c¢a).

= Viéc chuyén tir Iyl sang ¥ cdn ap dung d&n dinh 1y v& cdc gia trj trung gian.
Nhur vay, dé giai (Ey) ta nén sit dyng Pinh Iy néu & trén.

THI DU :

1) Gidi v + y = 0 (irong d6 ¥ : R = R).

R>R ;xeR
S =

4] day ta co :

x> et
2
2)Giai ¥y — ety =0(rong dé vy : R — R).
X
— 2

E{H ){ZE(I) } trong d6 E(x) = je‘ dr,
i
Trong thi dy niy, chiing ta khong thé bidu thj "tryc tiép" cdc nghiém (tic la khong
sir dung kv hiéu nguyén ham).

Ta cé So = {

01111 Gidi cic phuuong trinh vi phan (trong do y 14y gia i thue) trén moi khodng md [
thuoc R

2) (1 + 20y + day = 0 My —ay =0 (mo)e N x RY .

¢ 11.1.2 Tim tdt ci cac anh xa f: R > R kha vi va thda man :
Yxe R, FxA-x=1
¢ 11.1.3 Tim 4 ¢i cac anh xa lign wge £: R — R sao cho :

x
Yre R, flx) =3 _[f{:)dr,
0

$11.1.4 Vi k = R od dinh, fim t3 cd cac anh xa lién e £ R — R thoa man : ¥x € R,
X x

[nar = kx [ Aoy
3] 0
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11.1.3 Giai phwong trinh ¢6 v€ thi hai
Ky hiéu :

T 12 mot khoang thudec R

a, b : 1 — K la hai anh xa lién tuc
(B):y +ay=5b

S 1a tap hop cic nghiém cha (E) trén [
(Eg):y +ay=0

S, 12 tap hop céc nghi¢m cia (Ey) trén [

1) Quan hé¢ gitta S va S,

DYy v €8y =y €8

I
e

Vi () -y +aly -y = Ot @) - Gy ray) =b-b
2) Vy € S5, Vy, e Sy + ¥ €S,
viQy +yY +oaby + vy = G + a) + oy +ayy) =b+0=>b

Hai k&t qui trén day chimg té ring néu S khong rong, thi § la mot duong
thing afin cung phwong véi dudmg thing vecto S, Thyc vay ta ¢o, vl
moi y, thude S :

S=1{y, + ¥ % € S}
N6i cach khac, "nghiém téng quat" cda (E) la 1dng cla mot "nghi¢m
riéng" cia (E) véi "nghiém tdng quat” cia (Ey).

Nhu vay ta thdy 1a viec giai (E) quy v& viéc xéc dinh it nhit mot nghiém
cia (E), thudmg duge goi 12 "nghi¢m riéng” ; moi nghiém cda (E) cing déu
12 mét nghiém riéng cia (E).

2) Giai phuong trinh (E)

Ta ky hieu bing A mot nguyen ham trén / cia a va AT K
x > AW
Véi moi anhxakhéviy:}’a]&tacé:

y +ay=b& (Y + ay)et = bet & (yety = bef.
Vi bet lien tuc trén £, nén belt c6 nguyén ham trén 7 ; ta ky hi¢u la B,
mot trong cdc nguyén ham trén J cia be. Khi d6 ta ¢6 :
yray=bo(3rhe Kyt =B + 1)
e (M eK y=Bed+ .

Nhu thé ta duoc : {S = Ble“"‘ +re A e K.

151
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Tém lai :

+ | Dinh ly

1) Nghiém t3ng quat trén / cia phuong trinh (E) 14 tdng cia moét
nghiém rieng cda (E) va nghiém tdng quét cua (E).

2) Mot nghiem riéng cta (E) 1a Bje” A trong dé :

A la mot nguyén ham trén I cla @
B, la mot nguyén ham trén / ciia bet

Nhu vay ta thiy ring viec gidi (E) quy vé hai phép tinh nguyén ham.

3) Phuong phap gidi (E) trong thyc t€

Truoc tién ta gidi (E) (xem 11.1.2, Dinh 1y). Sau do ta xac dinh mdt
nghiém riéng cia (E) theo cach sau diy :

1) C6 thé (E) nhan mot nghiem hién nhién. Ching han, n€u

(E) Yo+ aly =
thi mot nghiém hién nhién 1a R —» R
x> 1

2) Né&u v& tha hai b ciia (E) ¢6 thé phan tich mot cich don gian thanh mot
t6 hop tuyén tinh cGa nhidu ham s8 thuc nhiéu loai khac nhau
H

b=2bk, thi ta cé thé xac dinh modt nghidm riéng y, cho mdi phuong
k=1

n
trinh (E;) ¥ +ay =b,, khi d6 thi Z ¥, la mdt nghiem rieng ciia (E) vi:
k=1
n " n H

(Zyk) +a(2yk)=2(y£+ayk)=2bk=b-

k=1 k=1 k=1 k=1
Tinh chdt nay dugc goi la nguyén tic cong dén cdc nghiem.
3) Phuong phdp hdng bién thién
Ky hieu y, la mot nghiem khong ddng nhét bang khong cla (Ey) ta tim
mot nghiém y cho (E) dudi dang ¥ = Ay, trong 46 A : I - K la ham chua
bigt mdi (khd vi tren ). Ta ¢é :
Y tay=bo Ny, + hyg + akyy = b o Nyy = b (Viy, + ayy = 0).

Tasuyra X’ (A" = LA ; ta bi€t la y, khong trigt tién tai bat ky diém nao),
Yo

sau d6 tinh A bing mot phép tinh nguyén ham, va cudi cing duoc

y = Ay
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4) THI DU -
DE) ¥+xyx=x,0:R->R).
Nghigm t6ng quat ciia phuong trinh khong c6 vé thit hai (E) 1aR - R ,AeR
. X ?\e_xz’z
Mot nghi¢m (hién nhién) cda (E) 1a R — R. Vay
xr- 1
R-R , Ae R
S = x ko |+ 2e™t7?

2V(E) ¥+ y =2e" + dsinx + 3cosx, (¥ ' R = R).

Nghiém t6ng quit cia phuong trinh khong ¢6 v€ thir hai 1a yw:R=>R ieR
X ket

Theo nguyén tic cong ddn cdc nghiém, ta s& tim mot nghiem riéng cho timg
phuong trinh trong hai phuong trinh sau day :

(E) ¥ o+ y =268
(Ez) ¥+ y =4dsinx + 3cosx
D&i voi (E)) thi mot nghi¢m hién nhien la y, : x — €.
D&i véi (E,) ta s¢ im mot nghiém ¥, dudi dang :

Vx e R, y,(x) = asinx + Peosx , (o, P) € R?
Taco: Vxe R, }’z'(x) + ¥5(x) = dsinx + 3cosx

o Ve R (-8 + o)siny + (o + Beosx = 4sinx + 3cosx
-B+a=4 -7 _ 1
Q{a+ﬁ=3c>(a_2'ﬁ_ 2)'-
Vay mot nghigm rieng cta (E)) la y, 1 x > -} sinx — %cosx.

Ta suy ra mot nghigm riéng y cia (E) :
_ N V|
YEY N ixP +2smx——2c05x.
Cudt cing ;

R R : A e R

x

1
xl—be‘+%sinx—5cosx+le'

X y = 1
K+ 2+1

Nghi¢m tdng quat cda phuong trinh khong chita v& thé hai 13

HE Y+ .0:R=>R)

X |
-[—ax )L-Eln(x2+])_ 2

2
X he X1 = Ae =

W+l

Do khong thdy mdt nghiém hién nhién nao cia (E), ching ta dp dung phuong
phap hing bi€n thién : ta im mat nghiém cia (E) ¢6 dang y = Ay, trong do
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5y R->R conA: R > R 1 ham chua biét (duoe gid thit 1a kba vi). Ta co:
X =
2
X+ 1
X 1
¥x e R,y + ¥(x) = ——
2+ K+l

1
e vYre RV =
Vi + 1
o vre R AW = In(x + Y2 + 1),
lngx+\'x2+1! o -
. Cudi cung :

Viay mot nghiém rieng cla (E) la x >

_ N2+ 1
R->R ;e R
§ = . ln(x+\||r'2+]_)+ 13
N N+ 1
5) Sy tén tai va tinh duy nhat cia nghi¢ém théa man mot diév kién

ban dau

+ Pinh Iy Gia st 7 1a mot khoang thuoc R, a, b : [ — R 1a hai anh
xa lien e, (B) ¥ + av = b, (x, yo) € I K. Tén tai mot va chi
mot nghieém y cia (E) trén [ sa0 cho y(xy) = yu

Chimg minh :

Vi cac ky hiéu nhw & (11.1.3, 2) thi nghiém tdng qudt cia (E) trén I 14 :

y = Ble""‘ +re A eK
Suy ra :
¥xg) = ¥, © B (xpe A0 + ae” AGY =y,
& A = ye® - Bi(x)
Déng thuc trén chimg 15 sy tdn tai va tinh duy nhat cta A, do d6 sy 1dn tai va
tinh duy nhit cda .

Y9
NHAN XET : Vdi cic ky
hiéu nhu trén day, vdi mdi
nghiem y cta (E) ta ky hiéu
C, = {xyx):x e 1}. Ho
(C), .5 120 nén mot phan Yo L
hoach ciia / x K. Ta cung néi __/____/
ring qua mot didm bt ky S
(X ¥y) € T % K ¢é mot va chi N .
mol dudng tich phan (C,). 0 % *
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6) Van dé ghép néi
Ta trd lai phuong trinh chua chudn héa :
(e) ay + Py =v.
bé don gian, ta gia thigt rfmg o tri¢t tiu tai mot va chi mot diém x, duy
nhét thuac 7, va X, thuoe 1. '
Ta giai (e} trén mdi khoang I =l x[nival,=1In Ix 5 +oo[ (vi
trén cic khodng d6 ta ¢6 thé chudn hda (e) duoc) ; sau dé ta s& xét xem
ligu c6 thé "ghép néi” cac nghieém trén day tai diém x, dugc khong (xem
11.1.1, Vin dé ghép n6i).
NHAN XET :
1) Tap hop cic dnh xa v ; [} - {r,} = K kha vi wen J - {x,} va théa min :
Vx e 1= {xp}, )y’ (x) + Pl)y(xn) = y(x)
la mt khong gian afin ¢6 s chiéu la 2. D6 chinh Ia tap cac anh xa
= {x;} > K codang :
Y+ Ay, () néu v el )
yo () + Aoy o(x) néu x € 1,7 trong d6
* ¥ (tuong ung : ¥;) 1a mot nghiém cia (e) trén f) (rong ung @ 1)
* ¥, (tuong ung : Yo, ») 13 mot nghigm khac khong ca
ay’ + ¥ = 0 uen I, (tuong tng : 1)
¢ (X, &,) chay qua khip K2
2) Tir nhan xét 1) trén day ta suy ra rﬁng tap hop cac nghiém cia (e) trén 7 (vin
voi didu kién o chi triét tidu tai x,) ¢6 thé 13
o
mot don tir
mdt dudng thing afin
mot mit phing afin
3) B¢ nghien ciu vén d ghép ndi bing tinh kha vi tai Xy theo thi duy trén day ta
c6 thé khio st gidi han cla sO gia, hay gigi han céa dao ham (khi gi¢i han nay
tén 1ai).
THI DU :
Giai phwong trinh vi phan :
b+ + (1 +xy =1
trén mqi khodng mé 7 trong R (gia thi€t ring ham phai (im y 14y gi4 tri thuc). Ta
s¢ gidi phwong trinh chudn héa :

1 1
E » + — Yy = y
® TP T v
sau do xét viéc ghép ndi tai — 1 va 0.
a) Gidi (E)
Gidser—1g/fva0el
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. 1
Nghiém téng quat cha (E 'y — y=0tén/la;:
ghi gq By ¥ + 507

I >R l he R
Jmax
x> he X o=

il
Do ta khong thdy mot nghiém hién nhién nao cua (E), nén ta sé ap dung phuong
phép hing bi€n thién : ta s& Um mot nghiém y cia (E) c6 dang y = Ly trong dé
3+ I — R 13 ham chua bidt méi (duge gid thiét {a kha vi tren [}, va y, ¢ I — ]Ri

X =
i

Nhu th& ta cé: 1
(B) & Vx € L M@0 = 50775
1 néux>0

kho Gi t .
—lnt“.'u,wr-co{8 ng doi trén 1)

Ta ky higu £ = sgnx ={

Ta dugc
N _ex

EX
2an T IQx(l +x)

Thye hien phép ddi bien u = Vex : AG) = | 1 du
+ Eu

AG) = |

3 -
Néue =1 (e 1a 7 < )0 ; +oc[), thi:
d
A = |

u
| +u?
Néug=-—1 (tire 1a f < ]= 0 ; O[). thi

Arctan ¥ = Arcilan \E

1+L{£‘_1l l+\[—_;\'

d 1
=Ty =y Ty

1 - uz 2 1 —u
Suy ra tap hop nghiém §, c0a (e) trén [ :

ArcianVx N A
%

S‘,=[x|—> ;leR}né’uIc]O;«n[

! .

S,= x> In + ;peR}néuIc]—w;(}[,
= WNox 1—43' - x '

b) Ghép ndi

o) Ghép ndi rai 0

(G day ta s gia thi€t : 0 e Tva—1¢ 1

) ArctanVx ‘ )
Anh xa x s 2retan¥x Ao oi6i han hou han tai O khi va chi kb

E %
2% = 0, va khi d6 gidi han nay a 1.
: 1 1+N=—x
Anhxax Ite

™N—x ‘ 1 —~N=-x

va chi khi p = 0, va khi d6 thi gii han nay bing 1.

B ) Do
+ c6 gi¢i han hiru han tai 0 kt
\ V- x
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Suy ra c6 thé ghép ndi lien tyc dwge khi va chi khi A = p = 0.
Vay ta xét 4nh xa y : / — R tai 0 xdc dinh nhu sau :

——Arc\t;_n‘l; néu x > 0
x
yx) =9 1 néux =0
1 l +¥-x néu x < 0
o i

va khdo sat tinh khz"i vi clia y tai 0.
Bing céch khai trién hire han, ta duoc :

¥(x) - ¥(0) -x
Véix> 0 X 0=Arctan\/; x
X

1
-~+o(l) —— -,

x\fa_: B 3 x—=0F
iy y(x) - ¥(0) 1 1+V-x -
vii x < 0 ; . 2)“f_(l( ﬁ)—Z X
=~"l*+o(l)—>—l.
3 x—{0

) ' s . 1
Két qua tren ching t8 ring y kha vi tai 0 va yi(0) =~ 5 .
Cuéi cing h¢ thic 2x(1 + x)y'(x) + (1 + X)¥(x) = 1 dugc théa man véi x
=0viy)=1.

___ﬁ_ArctamE nux>0
Vx
Viy : S;=q4x—> {1 néux =0
L 1+ néux <0
i,

(trong trudmg hofp nay S; la mot dcm tir).

B) Ghép néi tai — 1

O day ta gia thit ing : 0 g Iva—1¢el

Néu nhu (e) ¢6 it nhdt mot nghigm y trén 7, thi bing cach thay x bang —1
trong (e), ta s€ di tdi mot mau thudn. Vay S, = 2.

Y) Ghép néi tai — I va 0

3 day ta gid thigt thng : 0 e T va—1 € 1.

Theo B) thi : §, = @.

NHAN XET : Trong Tap 4 (Chudi nguyen) ta s& thdy ring nghiem y xic dinh

trong b}, &) thudc Iép €™ trén ]~ 1 ; 1[, vi tai O né ¢6 thé khai trién thanh chuéi
nguyen, vdi ban kinh 1.
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Bal tap

0 11.1.5 Giii cac phuong trinh vi phan tuyén tinh cdp mot sau day (vdi bién s x, ham
chua bigt y : F — R, /1 khoang mé bat ky trong R):

G2+ iy + =D - - rx+1)=0

b)y‘+2xy—e"‘*2=0 Axl + Xy —y=0

Hxy -2y -x=0 xy —y-(F+1)=0

By +y-1=0 D+ Dy - +20+1=0

h) o1 + 2y — (- y+2x=0 Dol + 2y + 2 - 1=0

P+ Dy +y+x=0 K-y +xy+3x-x)=0
D2l —Ay + (1 -2y - 1=0 m -y +2 - =0

may —y+mx=20 Nl -1y +y-Inxd=20

p) Slaldy’ - 2y - Q@nlxl + 1) = 0 Q& -1y +(&&+ Dy-(3+29=0
1) (sh.xch3x)_v’ + 3(ch4x)y -1=0 §) y + (cosx)y — sinxcosx = {

O (sinx)y —y+ 1 =20 w (sinx)y - (cosx)y — sinx = 0

v) (sin3x}y' - Hcos x)y = Q.
0 11.1.6 Gisi trén |0 : 42| 1y ~ ¥ — Inx = 0. C6 tdn tai nghiém bi chian khong ?

{ 11.1.7 Xic dinh nghigm trén 10 ; +eof cda phuong trinh xy’ =y = £ sao che y(1) = 0.

0 11.1.8 Gigi: yy + 32 = = & X @z =2

1
2

{ 11.1.9 Xac dinh céc anh xa f: R — R sao cho hai phuong trinh vi phan y* — y = ] —x
va xy’ =y = fix) ¢o it nhdt mot nghigm chung y: R - R.

0 11.1.10 Tim th ci cic 4nh xa £ : R — R Kha vi tai O va théa mén :
Y(x, y) & R2 fix + y) = ) + o)

¢ 11.4.11  Xic dinh tap hop céc difm udn cla cdc dudnyg tich phén ciia phuong trinh vi
phan xy’ — 3y - 22 = 0.
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11.2 Phuong trinh vi phin tuyén tinh cdp hai
voi h¢ s6 hing s6 va v€ thit hai 1a ham da thice - mi

11.2.1 Pai cwomg

s
Moi 4anh xa tir / vao K co dang x — Z ¥ Py(x), trong d6 I 1a mot
k=1
khoang trong R, n € ', (m,, ..., m,} € K", (P, .., P,) € (KIX])", duoe
goi la ham da thike — mal.

¢+  DPinh nghia Gid si¥ 7 12 mot khoang thuoc R, (o, B, ) € K3,
# I = K la mo6t ham da thitc — mii, J 13 mdt khoang trong R sao
choJc I y:J—- Kla mot inh xa.

Ta néi ring y 12 mot nghiém trén J cua phirong trinh vi phan tuyén
tinh cap hai véi hé so hing so va voi v& thir hai loai da thitc-ma

(e) oy’ + By +yy=h
y khé vi hai lan trén J
khi va chi khi : {
Vx e J, oy’ (x) + By'(x) + yvy(x) = hix).
Giai (e} 1a x4c dinh tat ci cac cip (J, y), trong d6 J 1a mot khoang
trén R bao ham trong 7, va y 1a mdt nghiém cda (e) trén J.

0 day muyc tiéu cia chiing ta 1a biéu thi cac nghiém cia (e) bang cic ham
8 thong dung (dudi day ching ta s& chwimg té ring c6 thé lam duge didn
d6). Néu o = 0 thi ching ta quay tré lai mdt phuong trinh vi phan tuyén
tinh cdp mot (xem 11.1). Tir day vé sau ta s& gid thi€t « = 0. Nhu vay ta
quy vé phuong trinh :

(E) y'+ay +by=g
(bling cach ky hieua = & . p=2L g=2)
a’ o’ a

Ta s& xét phuong trinh khong cé vé thit hai :
(Ey v+ ay + by =0

11.2.2 Giai phwong trinh khong ¢6 v& thit hai

Ky higu :
I 1a mot khoang trong R
(a, b) € K2
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(E)) ¥ +ay’ +by=0,trong d6 y : I —» K Ia ham s6 chua biét,
gia thiét 1a kha vi hai 1an.
Sy 1a tap hop nghiém trén [ cha ().

1) Cau triic ctia S,

¢ | Ménh dé

Sy 12 mot K — khong gian vecto.

Ching minh :
¢ 8, # © vi 0 (anh xa khong) thudc Sy

 Néu (v),.y;) € S3 va & € K, thi khi d6 Ay, + y, kha vi hai }dn tren 7 va :

Ay + 3,0+ alhy + 35) + by + 3) = My, +ay + by} Oy + ayz’ +by,) =0,
suy ra Ay, + ¥, € S,

2) Cach giai (Ep)
Tuong ty nhu & 3.4.2, Tap 1 va 11.1 trén day, ching ta tim nhimg nghiém

(néu ching ton tai) cla (E;) c6 dang R : 1 5> K
' x> e

vil r e K. Tacé ;
Vx e I (R + aR' + bR)(X) = (2 + ar + b)e'™.

Xét phuong trinh 24 ar+b=0(64ns6re K, goi la phuong trinh
dac trung cia (E;) ; ky higu A = a® — 4b 1a biét s0.

a) Tai day ta gia thiét ring phuong trinh dic tnmg c6 it nhdt mot nghiem
s6 p (p € K). Anh xa R : I > K khi d6 12 mot nghiém trén [ cua (E).
x > ePX

Ta thyc hién phép d6i ham chwa biét trong (Ey kyhiguz: 7> K
- y oy N . e x > y(x)e P¥
(ctng kha vi hai 14n trén [). Khi d6 ta ¢6 v&i moi x thude [ :

y(x) = z(x)eP*

Y@y = pz(x)eP* + 2'(x)eP*

V') = pR(x)ePT + 207 (x)efT + 2 (x)eP)
suy ra (" + ay’ + b)) = (2p +a)z’ (x)ePX + 2 (x)ePY, vi p+ ap + b= 0.
Nhu th€ chiing ta dd quay trd lai viéc gidi mot phuong trinh vi phan tuyén
tinh cdp mot (véi ham chua bidt 12 2°) : 2Cp + @)z’ + 27 = 0. Nghiém
téng quét (theo ') la :

Yx el 7(x) = e~ @P+al ) ¢ K
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e Néu2p+a=0thi:Vxel zx)=- e @praxy p, A, € K,

2p+a

tir 46 bing cach ky higu A, = —
cho (Ey) :

%+ a ta c6 duge nghiém téng quét

K

-
YRS Ae PO £ APt (4, Ay € K2

Phén t&r —(p + a) la nghi¢m thi hai cia phuong trinh dic tnumg (vi téng
cac nghiém bing —a) ; bing cach ky hi¢u hai nghi¢m ctia phuong trinh
dic tnmg la r, ry (r =p, 1y = —(p + a)), ta dugc :
I— K P (O, A € K2
S$H =Y x> heltt + hyels*

» Néu 2p + a = 0 (tizc 1a phuong trinh dic trung nhan p lam nghié¢m kép),
thivixel,zx) =Ax+pn, ne K vadods:
I — K g;(7&,;,1):51&2
Soe=9x—> Ox+ e 2

b) Néu phuong trinh dic trung ciia () khong c6 nghiém trong K (tic la
néu K = R va A < 0), ta s& giai phuong trinh dugc phic héa k&t hop vai
(E), nic 12 ta xéc dinh tap hgp cac énh xa Y: [ > C, kh3 vi hai 14n trén I,
sa0 cho ¥’ + aY’ + bY = 0, rbi sau d6 trong cac anh xa Y d6 ta chi gi¥
1ai nhitng 4nh xa nao nhan gia trj thyc. Ching ta hoan thanh cac phép tinh
cho truong hop nay.

Ta ¢6 : Vx € 1, ¥(x) = Ae"1" + A,e™c" trong d6 (A, &) € K% va

—a-iN-A —a + iV-A

r|= 2 ,r2= 2 =r1.

YhcRe Vel Ae + Aelr e’ + et
o Vx e ile”z‘ + ize’ﬁ = Ae* + A
& Vx eI, (g - A = (g — ADET
oVrell - =0 - Ape- A
<:>7\,2—7LI=),2—7L1=0

ox > K 14y it nhét hai gia tri khic nhau.
Y ciﬁx

_ I— R - ;Kl e C
Vay: YD cR oAy = A, suyraS; = | x At + Apehtt
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Cudi cung, néu ky higu Ay = u + iv, (u, v} € R2, ta c6 vdéi moi x thude

a
- = - X - a J=A
I: ?\.]e"lx + k]erlx =2 2 (ucos( x) — vsin 5 x))
Cudi ciing :
I— JRa . (A, B) € R?

Sy =

-4x VA
x> e 2 (Aco 5 ) + Bsm( 2 D

Ta tém tit lai viéc khao sat trén day bing dinh 1y sau :

¢ | Pinh Iy Tap hop nghigm trén / ciia (Ey) 1a mot khong gian vecto
trén K cé s6 chiéu bing 2.

Xét phuong trinh dic trung P rar+b=0@nsElareK)va
biet s8 ciia n6 A = a® - 4b.

Truomg hep thit 1 : Trén K phwong trinh ddc trumg c6 hai nghigm
K=RvaA>0 )

hay K =CvaA =0
I— K ; (. M) € K2
x> At + et

khac nhau la ry, r, (tdc Ia

Truemg hop thit 2 : Tren K phueng trinh dc tnmg ¢6 nghigm s6 kép
a - A —
(— 2) (tie 1a A = 0).

‘ I— K 4 s Lwek
Khi d6 @ Sy =1y s G + ple 2

Truomg hop thit 3 : Trén K phuong trinh dic tnmg vo nghiém (tic 1a
K =R vaA<0).
I— R ; A e C

Khi d6 : §; =1 ;5 2Re(h,e1) ; & day r; la mot

nghiém trén C cha phuong trinh ddc trung ; hay :
I— R . (A, B) ¢ R?
Sy = -2 N-A _N=A
x> e 2 (Acos( x)+Bsm( 2 xD
Chung ta ¢in chu y dén sy tuong ty gilta céc két qué trén day voi cac két

qua thu dugc khi khao sét cic day truy héi tuyén tinh cdp hai v6i he s8
hing (3.4.2, Tap 1).

THI DU :
1) Giai ¢ ¥ ' -5y +6y=0(:R->R)
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Phuong trinh d3c trimg r> — 57 + 6 = 0 c6 hai nghi¢m phan biet 12 2 va 3. Vay
R— R : () e R?
S0 = 3x

x 1= Ae¥ + pe
2) Gidi : ¥ + o’y = 0 (0 € R} ¢8 dinh, y : R = R).
Phueng trinh dic trung P + 02 = 0 ¢6 hai nghigm phic (thyc sy) :
i vh —iw. Vay :
S_{R——éR ;(A,B)ER2}
0=

x 1= Acosox + Bsin ox
3)Gigi:y' -4 +4=00:R—=>R)
Phuong trinh dic trumg : 7 — 4r + 4 = 0 c6 nghiém s& kép 1a 2. Vay

S_{Rv——blR ;(k.p)eRz}
(U x 1= (Ax + ple

4 Giai:y' -4 + 4y =00 : R - C). Trong bai nay ta co :

S_R——)R ;(7\.,|.1)EC2
n - x > (e + p)el‘

Bal tap

{0 11.2.1  Xac dinh t3p hop céc cip (@ b) thudc 122 sao cho moi nghigm trén [0 5 +of
cia y' + ay' + by = 0 déu bi chin.
0 11.2.2 Choa € R ; tim it c& cac anh xa f: R = R, kha vi trén R sao cho ¢

vx € R, f'(x) = Ao — x).

11.2.3 Giai phuong trinh cé vé thit hai dang ham da thirc — md

Ky hiéu :
I chi mot khoang thugc R
(a, b) € K2

g : I - K 1a mot ham da thirc — mid

(E) y' + ay” + by = g, trong 46 y : . I > K 12 ham chua blét dwoc
gia thiét 12 kha vi hai lin

S chi tap hop nghi¢m trén / cia (E)

(E,) phuong trinh vi phan khong c6 v& thit hai : ¥y’ +ay’ + by= 0 lien
két voi (E)

Sy chi tap hop nghig¢m trén [ clia (E.u).

1) Céc méi lién hé gida S va S
DVYy,»eSy —NnE Sy V1
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oy - ¥yt aly, - yo) + by, - Yo =

SO ey v by -Gyt by) =g 8=
2) Yy, € S, ¥y, € Sp Y1+ Yo € S, vi:
O + ¥ +aby + )+ by, + yo) =
= (y;’+ayl’+by,])+(y[’;+ay6+by0)=g+0=g.

Hai tinh chét trén chimg td ring néu § khong rong thi S 13 mot mat phéng
afin c6 cing phuong véi mat phing vecto S, Thyc vay, vél moi y; thugc S

ta c6 :

S=1{y + ¥ € Sl
N6i cach khac, nghiém t6ng quat cia (E) 12 téng ciia mot nghiém riéng
cia (E) voi nghiém tdng quat cta (Ey-

Nhir vay ta thdy la vige giai (E) dugc quy vé& viec xac dinh it nhdt mot
nghiém cta (E), nghiem nay s¢ duoc coi 1a "nghiém riéng”; thye ra moi
nghiem cia (E) déu 1a mot nghiém riéng cda (E).

2) Nguyén tic cong dén cic nghiém

Vi g 12 mot ham da thic — md, t3n tai 2 € N*, my, o m, € K
P, ..P, € K[X] sao cho :

L
Yx € I, glx) = z &P fx).
k=1
V&i méi k thuoc {1, ..., n} ta ky higu y, 1a mot nghi¢m cia phuong trinh :
Ep vx e I, y'(x) + ay' (x) + bylx) = eMEPy(x) .
H

Khi d6 thi 3.y, 1a mot nghigm ciia (E) vi véi moi x thuoc I ta ¢6 :
k=1

(T )@ a(Z )@+ b(T ) -
k=1 k=1 k=1

= Y 0,0 + ay ) + by = S emEPx) = 2() -

k=1 k=1
3) Xdc dinh mét nghiém cia
E) Vx e I, y'() + ay’(x) + by(x) = P x)
Ky hieunz: o> K ;v moi x thudc I ta ¢6 :

x > y(x)e "
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¥x) = e™* z{(x)
Y = & (mz(x) + 7))
') = M (mgzx) + 2m2’(x) + 2 ()
suy ra ! YU@) + ay () + bylx) =
= ™ ((mf + amy + ba(x) + Cmy + 2)7 () + ().

Nhu vay y la nghiém ctia (Ep) trén 7 khi va chi khi z 1a nghigm wen [ cia
F) (mf + am, + b)(x) + Cmy + @) (¥) + 2°(x) = P(x).

* Néu m% + amy + b # 0, ta s& tim mot nghiém z cho (F,) dudi dang mot
da thirc thuge Ki{X] cung bac véi Py H¢ phuong trinh ¢6 dugce khi o6 (ma
an s8 la cac he s6 cla z), 1a mot hé tuyén tinh tam giac ("hé bac thang”)
c6 mdt vt chi mot nghigm.

[m£+amk+b=0

+ Néu , thi ta s& tfim mot nghiém z cuia (F) dudi dang

2m, +a =0
mot da thire thuge K[X] ¢6 bac bing (1 + deg(P))).
my + am, + b =0

¢ Néu , ta tim mot nghi¢m z cua (F;) dudi dang mot

2my +a =0
da thie thude K[X] voi bac bang (2 + deg(P))).
Ta tém tdt két qua thu dwge bing dinh 1y sau :
¢+ | DPinh ly (Tim mét nghiém riéng cho
(E) y'+ay +by=g trongdég: I > K )
H
x> Z e Pi(x)

k=1
Vi mbi k thuge {1, ..., n}, ton tai mot nghiém y, ciia phwong trinh :

Y+ ay + by =g,
(trong d6 g, : I —» K ycodang y, 1 I > K
X emkka(x) x> €0, (x)
v6i O 1a mot da thirc cé bac bing :
e deg(P,) néu m, khong phai la nghi¢m cva phuong trinh dic trung
¢ | + deg(P,) né€u m, la mot nghi¢m don cua phuong trinh dic tnmg

* 2 + deg(P}) n€u m, 1a mot nghi¢m kép ctia phuong trinh ddc tnmg.
n
Khi d6 ) y, la mot nghiém ctia (E).
k=1
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NHAN XET : Khi (o, b) &€ R? va v& thi hai ciia () thuge loai
g:1—->R , rong d6 m € R7, va P,  la nhimg da thic
x > P(x)cos mx + Q(x)sinnx
thuoc R[X], thi ton tai mot nghiem y cia (E) c6 dang
y: IR , trong 46 A, B 1a nhimg da thite ¢6 béc nhd
x = A{x)cos mx + B(x)sinmx :
hon hay bing :
« Max (degP, deg(Q) néu im khong phai 1a nghigém cta phuong trinh ddc trung ;
e | + Max(degP, deg(@) néu im la nghiém (d nhign la nghiém don) cia phuong
trinh dic trung.

THI DU ;
NGidi:y -4y +4y =02+ 1 OG:R-oR)
¢ Phuong trinh déc trung 2 — 4r + 4 = 0 cé nghiém kép : 2. Vay nghiem tdng
quét cba phuong trinh khong cd vEthithaila: R > R , (L) € RrZ,
X Ox + e
« Vi | khong phai la nghiém cda phuong trinh dic trung, nén tdn tai-mdt nghikm
y cho (B) v6i dang y - R — R, trong 46 Q 12 mdt da thuc bac 2.
x > Qe

Ky higu Q = aX? + PX + v, véi (o, B, Y) € R3 ma ta dang phai tim, ta c6 vdi
moi x thude R :

y() = (o + Px + Ve’

Y0 = (@ax + Py + (ax® + Px + X

Y = Qo+ 2Qox + B) + (o + Pr + Y
Suyra: Vxe R, y'(x} - 4y’ (x) + 4y(x) = (x2 + De*

o Vr e R, ((ax? + Bx + 1) — 2Q20x + B) + 20)e* = (2 + D)’

=1 g =1
S{p-4a=0 o ip=4
y-20 + 20 =1 y =7
vay: R—-> R 12 mot nghigm cia (E).
x = (Z + 4x + et

—_— . 2
Cudi cﬁng:S:{R R s (b, W) € R}

X b 02+ 4x + T+ Ox + pe™
2} Gigi 1 ¥ + y = cos’x (v : R = R).
Bing cach tuyén tinh héa cos’x, phuong trinh c6 dang :

R

3 1
¥y’ +y=_cosx+ Z cos 3x.

4

o Nghiém téng quat cha phwong trinh khong cd v€ thir hai 1a x > Acosx + Bsinx,
(A, B) e R~

e Viila nghiém cia phuong trinh dic tnmg, nen tén tai mot nghiém y, cha

ry 3
(E) Y4y =, cosx
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vl dang Yy x> (ax 4+ Bycosx + (yx + B)sinx, vai (o, B, v, 8) € R* ma ta phai
xac dinh.
¥ (&) = (ox + B)cos x + (yx + §)sin x

V6i moi x thuoe R ta c6 {y;(1) = (yx+ (@ + B))cosx + (~ aux + (y ~ BY)sinx
y;'(x) = (— ox + (2y — B)cosr— (yx+ 2o+ 8))sinx

Suyra: ¥x e R, y]"(x) + y,(0) = % COS X
. 3 3
c:>\7’xeR,2ycosx—2asmx=zcosxc>(u=0,7~— .

Nhu vay mot nghiem cia (E)) la y, : x > % xsinx.
* Vi 3i khong phai 12 nghidm clia phuong trinh d3¢ trung, nén tdn i mdt nghiém
¥y, cia
1
'+ y = — cos3

(Ez) ¥ ¥ 4 X
co dang y, : x > ucos3x + vsindx, (u, v) € R2 1a nhitng hé sd phai tim.
Véi moi x thude R ta 6 :

Yo{x) = ucos3x + vsin3x

y;(x) = 3veosdx — 3usindx

y;(x) = — 9ucos3x — 9vsindx
Suy ra: Vx e R, y;(x) + yyx) = i cos 3x
< Vx € R, — 8ucos3x — 8usin3x = i cos3x
: 1
<::>(u-— 32,v—0).
Vay mot nghiém cda (B la:x - - 3—12 cos3x,

Cudi cing :
R— R ; (A, B) € R2
S = X > 3 xsinxy — 1 cos3x + Acosx + Bsinx
8 32
Bal tap

0 11.2.3  Gidi cic phuong trinh vi phin sau diy, trong d6 y : R — R 1a ham chua biét
gid thiét 13 kha vi hai 14n trén R (bién 56 : 1) :

)y’ -2y +y=shx by 2y + 2y +y =2
)y’ + 4y — 5y = 2¢" Ay —dy =47
e}y’ =2y +y=fxc® By =3y + 2y = (2 + D

2y —dy +dy =2 + (3x— De™ 4+ x -2 h) v + 4y = xcos2x
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2

)y + 2y + y=sinx )y =4 + 4y = coslx
kyy' =2y + 2y = 2c08x 1)y + 2y + Sy = 2xe “cosx
m)y =2y +y=elsing n) y" + 2y + 2y = chxcosr.

0 11.2.4 Giii coc phuong trinh vi phan sau day (trong d6 m € R c@ dinh} :
a) y'" — 2y + my = cosx . b)y' + dy = sinmx

¢)my — (1 + ma)y + my = xe¥.

0 11.25 Ching minh ring véi mei m thude [0 ; 2[ phuong trinh vi phan

(E,) v 4 (1= 2m)y —2my = e

c6 mot nghigm y,, va chi mot sao cho y,(0) = R

Ching minh sing : Vx € R, y,(x} — ¥{®).
m—=1

$ 11.2.6 Phuong trinh vi phan Euler
) Gia sir {a, b) € K2, I 131 mot khoang trong R sae ¢ho I < R: hay I c R . k:1I—

12 mot dnh xa lign tue. Ching minh rhng phuong triinh vi phin X+ ay + by =k
phép A6i bién 1 = Inlxl, dugc quy v& mot phuong tfinh vi phin tuyén tinh cdp hai voi
8 hing.

b) Gidi trén moi khoang md f thuge R cic phuong trinh vi phan Euler sau day (bién 80
ham chua bigt vy - I = R) -

a) xz) - 2y=x
(L) x"y" +3xy +y=1+4 2
V) X2y 4+ xy + y = ol

0 11.2.7 Giai cac phuong trinh vi phan sau day (him chua bigty: R = R):

a v +y=ki+1 B ¥ + y = Max(x, 0)

¢y — 4y =1 d)y' =2 +y= oy

0 11.2.8 Tim tt ci cic 4nh xa khd vi f: R — R sao cho :
vx € R, f{(0) + A-x) = xe*

{0 11.2.9 Tim t4L ci céc 4nh xa kha vi hai linf: R — R saa cho :
Vxe R f(x)+ -2 ==x
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11.3 Thi du vé khéo sat phwong trinh vi phan phi tuyén
cdp mot

11.3.1 Dai cuong

¢  DPinh nghia Gii st U c R? F; U— R la mot anh xa, I la mot
khoang trong R. Nghiém trén / ciia phuong trinh vi phan
(e) F(x,y,y) =0
13 moi anh xa y : I — R thda man :
y khd vi trén I
vx e I, (x, y(x), y(x)) e U
Vx e I, F(x, y(x), y'(x)) =0
Giai (e) c6 nghia la xac dinh tat cd moi cap (f, y), trong ds I 1a mot
khoang trong R va y la mot nghiém trén 7 cia (e).
Cdc duong tich phan cia (e) 1a cic dudng bidu dién cic nghiém
cua {e).

Nhu ching ta da thdy trong viéc khéo sat cac phwong trinh vi phan tuyén
tinh cdp mot (11.1), thuomg trong (e) ta nén biéu dién y* theo x va y. Lam
nhu vy trong mot s& trudmg hop ta ¢6 thé quy vige khio sit (e) ve vige
khao sat mot phuong trinh vi phan da chudn héa (hay : da giai theo y') ;-

(E) y = fx, )

trongdéf:V—)RvaVch.

THI DU -

. 1+ 2y - 1=0 d(E)y - —— L _yp

&) ( W - x¥ + quy v By - 5 e
siny-x

e(e) (1 -x)y —siny+x=0quyvéd (E)y =
—1wval

e () yy? —siny + x% + 1 = 0 khong thé quy dugc mot cdch don gidn vé mit
phuomg trinh chudn hoéa.

va viéc ghép noi tai

Trong T4p 4 ching ta s& nghién ciu céc dinh 1y vé sur t6n tai va duy nhét cia
nghiém (goi 12 nghiem "cyc dai") thda man modt "didu kién ban diu" cda mot
phuong trinh vi phan cdp mot chudn héa. Trong §11.3 nay, danh cho vigc khao
s4t so lugc mot s8 phuong trinh vi phan phi tuyén cdp mdt, ching ta s¢ c6 thé
chi xét cac nghiém y théa man nhimg diéu ki¢n b8 sung, xem ra khong ngdt ngheo
1im, ki€u nhu @ Vx € I, y(x) # O (khi ta mudn chia cho ham y, xem 11.3.4, 2)).

Sit dung mot phép ddi ham chura biét
THI DU : Giai (e) ¥y - % = 0.
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K?hiéuz:yzlhi(e}quyvéz’=l,lﬁcléz:l—-)R, e R

XX+ A
Sau do : Yrelx+Ai20
y(x)=—\1x+k
(vxel )P =x+M <& | Vxel |hay
y(x) = Nx + A

ViIc[=); +of va x + A chi triet tiéu tai —A, nén dinh ly v& cic gid tri trung
gian (ap dung cho y) chimg to y c6 ddu khong d3i. Cu6i cung diéu kien cin v
do dé mot cap (I, y) gébm mot khodng I thude R va mot nghi¢m y cda (e) tren
la 16n tai (A, &) thupe R x {=1, 1} sao cho :

{ o2+

¥x el y{x} = eVx + A

’]

y=Vx+i

Dudng tich phan 12 nhimg cung parabol.

Chiing ta s& gip nhimg phép ddi ham chua bi€t trong :

11.3.3 (phuong trinh thuin nhét) Hx) = l%l

1
11.3.4 (phuong trinh Bernoulli} z(x} =
14163) 1
11.3.5 (phuong trinh Riccat)  2(x) = y(x) — ¥o®)-

S dung phép dai bién

Bi€n mdi, ching han ky hiéu 12 u, lien h¢ v6i bi€n ¢t (x) bdi cong thi
u = @(x), trong d6 ham ¢ thuong 1a mdt C! — vi phoi (gifra nhimg kho?
cin xac dinh). Thyc ra ta déng thoi cling da thuc hién mot phép doi h
chua biét ; ham chua bigt moi, ching han dwoc ky higu 12 z, duoc xdc d
béi z(u) = y(x),tclaz = yo @~ !, Phuong trinh (e) d6i v6i ham chua bié
vi vGi bien x duge quy vé& mot phuong trinh (e') d6i vGi ham chua bié
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va v6i bi€n méi ky higu 12 «. Xem, ching han, cac phuong trinh Euler
(bai tap 11.2.6).

NHAN XET : Cic dinh nghia v ky hiéu trong §11.3.1 nay noi rieng cing 4p
dung cho céc phuong trinh tuye€n tinh cdp mot (xem 11.1),

Bay gio ching ta s& khao sat, xem nhur thi du, mot s6 loai phwong trinh
vi phén phi tuyén cdp mot.

11.3.2 Phuwong trinh vi phan tdch bién

1) D6 1a phuong trinh (e) a(x) + b(y)y' = 0O, trong d6 a, b 1a nhimg 4anh xa
lién tuc trén nhimg khofng cin phai x4c dinh.
2) Phuong phip giai
DE mot anh xa khi viy: 7/ > R Ia nghi¢m trén [ cla (e), didu kign cin
vaidiladnhxa:7I > R la anh xa hing, trong d6 A, B

x = Alx) + B(y(x)
ky hi¢u cac nguyén ham clia ¢ va b. Nhur vay ta thu dwoc phuong trinh
theo toa do Descartes ciia cac dudmg tich phan : A(x) + By)=C CeR
Théng thudmg thi ta khong thé "rit” y ra thanh mot ham tudng minh ciia
bi€n x (xem vin dé vé ham £n, 12.6.2).

3) THI DU : (e) A+x% -Q+y)=0

(e) o Y - 1 < Arctany = Arctanx + C, C e R

1+ y2 1 +x2
Diéu kien cdn thi€t 1 : € € ]-n ; 7[.

Néu C#—%vaC;ag,thitacéthérﬁlrayduéidang
X+ A

1- Ax
Néu C = g thi khi 46 x < O va : Arctany = g - Arctan(~x) = Arctanlx . Suy
1

ray=-——,
X

y = tan(Arctanx + C) = (véi A chay khip R).

. 1
Tuunglu,néuC=—-§lh‘1x>0vhy=——.
x

Cuoi ciing céc cip (Z, y) gdm mot khodng I trong R va mot nghiém y trén f cia (e) I :
e (l,y: IR ),(rongdé?ueR*véIc]—oo;i[

X+ A 1
= = +oof .
x|—>1_h hoacIch, oo[
s (l,y: TR ). trong d6 I iy ¥
X k> x
O(I,y:l—~>R1 ). trong d6 I < 1—0 ; O hodc 7 < 10 ; +oo[.
Xk --

X
Dudng tich phan 1a nhing cung hypebol (va nhung bd phan ciia duong thing cé
phuong uinh ¥ = x),

171
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o=

o\

[

X+ A . *

Bidu dién d6 thj cia x = . heR
1 — hx
Bal tap
¢ 11.3.1 Giai cac phuong trinh vi phan sau day (bién x, ham chua biét y 1dy gid iri thuc)
Al +x3y = (1439 =0 B) xy? — 4l —xpt =0
O xx = )y =3y =1 =0 B a1+ By = (14D =0
ey +e =10 f) ytanx = cotan y.

11.3.3 Phuong trinh thudn nhat

1) P6 1a nhimg phuong trinh vi phan thuin nhat d6i voi x va y, loai :
(e) Flx,y,y)=0

trong d6 dnh xa F : U — R xéc dinh trén mot by phan U cua R3 va sao
cho tén tai « € R} théa man :

(tx, v, 7) € U

L] L] U’ el
Vix,y,2) e U, ¥Vt e R {F(tx. ty, ) = °F(x, 3, 2)

Trong thyc t€ ta thudmg lam xudt hign '}; trong (e) (viéc nay doi hoi phai
gidi rieng trén R} va RY | rdi sau d6 xét vige ghép ndi tai 0).

2) Phuong phap giai

Ta gi4i (e) trén }—0 ; O va trén JO ; +oo[, vGi ham chua bigt moi la

tix > tx) = Axx—) . Vi cich (lam dung) ky hiéu ¢ = Y a6 y = ix,

X
suyray =t’x + ¢
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- Néu phuong trinh (¢) c6 dang da gidira y’
By ¥y =0 (i) (trong d6 ¢ 12 mot ham c6 dinh) thi ta ¢6 :

¥

y = (p(i) Stx+r=09() S 'x=9() -t

va phuong trinh (v6i 4n £) ndy 1a phuomg trinh tich bién, néu ta c6 thé
chia cho @) — ¢.

Néu 1, 1a mot s6 thyc théa man o(ty) — ¢, = 0, thi khi d6 anh xa

y 1 x > tyx 1a nghigm cua (E} (goi la nghiém riéng).

Vé6i gia thiét ring 1 — @(f) — ¢ khong triét tiéu trén I, ta suy ra dugc x
theo ¢ : Inld = _[

dt
, sau d6 dugc y theo y = &x.

o -1t
Nhir vay ta ¢c6 mot bi€u didn tham s cho cac dwong tich phan cia (E).
Trong viec khao sat so b9 & chuong niy vé cac phuong trinh vi phan phi
tuyén cdp mot, viec khio sat cic phuong trinh thudn nhit chua that chit
ché. Trong Tap 4 chiing ta sz b& sung phén khio sat ly thuy&t thém vao
khia canh tinh toan dugc dé c@p trong chuong nay.
3) Tinh chét hinh hoc cida cidc duong tich phian

Né&u y 11 nghiem trén 7 clia mgt phuong trinh vi phin thudn nhit

Y *
() y = (p(;) , thi khi d6 v6i moi k thuoe R, anh xa.

1 - R ciing 12 nghiém trén 7 cia (E) vi ring :
X )(kr)

Noi cach khac, moi dudmg vi ty (trong modt phép vi ty tam O) clia mdt
duong tich phan ciing 12 mot dwdmg tich phan ; ching ta sé thira nhan ménh
dé dio. Nhu vay, dé xéac dinh duge tdt ci céc dudng tich phan dudng nhu
12 chi cdn xac dinh mot dudmg trong so d6.

¥
AHTHIDU : (E) ¥ =¢e*,y:]0; +x[ > R.

Y, k(x)

vx eI, Yk(x) = ky(kx) = cp(ﬂk—xl) o

K)’!hiéu.r:l.tadu'qcy:rx,y’=r’x+t,vadod6:
X

BEorx+r=eorx=¢ -1
Anh xa 5 : R > R - khong tri¢t tieu tai diém nao cd (hay khao sat sat sy
t> el -t
bién thién cia % ; ta sé duge cu thé hon : Vi € R, A(r) 2 1)

Vay ; (E) &

I3
ef—t X
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Taky hitu G: R—=>R (khong thé biéu thi tuong minh ham & veog céc
t

j‘du
t>
o & —u

ham thong thuomg) ; G thude 16p Cluen R va:

vie R, G() =, > 0.
. |
i - +004‘
G'(t) + _‘
G| _ . /l ‘|

Véi moi ¢ thude ]—o ; - 1]:
0

du :
G = - e
;[e“—u v=-1u ('!e""'+v a1tV
=—In(l-§) — -2,
p= ot

suyra Gy —> — ©.
f -

Mt khac, vi v khi tich tren [0 ; +oo[, nén vdi ky hi¢u

e —u
+ 0

I O L
I_('!'e“—du.

tacd Gy —> 1.
r—+®

Tacé:(E)c:»E!CeR,V:eR,lnx=G(r)+ C.

Ta suy ra mot bidu dién tham s8 cda céc duong tich phan :
x = a0
y = Mef¥ |

Do G 1a mot song &nh tir R dén ]—w ; /[, nén ta co thé bidu dién y theo x :

te R, A e R] cd dinh.

y = 11 Y, v6i x chay khdp trén mot khoén I bac ham trong ]0 ; rell.
A Y g

Ta chi ¥ ring thi du nay twong 46i dé khao sat vi bidu thirc @(f) — ¢ (& day 1a
' — 1) ma ta mun chia cho thi khong trigt tien tai diém ndo cé.

Bal tép

O 11.3.2 Gidi cac phuong trinh vi phan sau day (bién x, ham chua bigt y 1dy gid tr thye) ¢
ay(p-ap +y=0 b) yy2—2xy +y=0

Iy -x -y =0 By =y +y) =0

Q) pl—2) +2y=0 ﬁy'=§+l+2,

X
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Trong cic dang phuong trinh vi phan sau day (§11.3.4 dén 11.3.8) ching
ta chi gi6i han & mot sy khdo sat khong that chit che (phuong phéap giai
hinh thite) do ¢6 tiém 4n nhimg khé khan ly thuyét dang ké.

11.3.4 Phuong trinh Bernoulli

1) B6 1a cac phuong trinh dang : (e) Ay + By+ Cy* = 0, trong d6 «
1a mot s& thye d4 cho (¢ = 0 va o = 1), vi A, B, C la nhimg ham s6
lién tuc.

2) Phuong phap giai
Ta thyc hién phép déi ham chua biét 7 = y1 ~ @ Chia (e) cho y*, va chd

ylaz= (-l iyl () quy v ——AZ +Bz+C = 0, von I
y _
mot phuong trinh vi phén tuyén tinh cdp mot theo z. Giai phuong trinh nay

(xem 11.1), ta suy ra gia tri ca z(x), tir 46 ¢6 dwoc y(x).

NHAN XET :

Doi voi troong hop o = 2 ching han, ta sé dit z = 1 , viéc nay doi hdi ring y
¥y

khong trigt tidu tai bat kv diém nao cla I Nhu vay ta s& chi thu dugc nhimg
nghieém khong tiét tigu tai bat k¥ didm nao thudce 7 ; c6 thé sy khao st clia ching
ta s& bd sét nhimg nghiém khac. Chiing ta sé nghién ciru vdn d& nay trong Tép 4.

3ITHIDU:(e) xy +y—xy =0
Kyhieuz=é,suyraz‘ =—%..Dod6:
e)eoxy -22+2x=40. _ _
Vi gia thiét = R? hay 1 < R}, ta quy vé mot phuong trinh tuyén tinh cip
mot chudn héa :

(E) z’—2z+2=0.
x

Nghiém t8ng quéit clia phuong trinh khong c¢6 vé€ thit hai :
2
Z-Zz=0hxo 22
x .

Mot nghiém riéng cia (E) la x > 2x.
Vay nghiém téng quat cia (B} la z : x > 2x + A.xz, A € R. Ta suy ra nghiém
tng quat treén 7 cia (e) (bing cich ap dung dinh 1y v€ cdc gia trj trung gian) la :

YiIX> ,(g, A e -1 1} xR

£
V2x + A2

Ta chi y ring mién xdc dinh cia y phuy thudc vao A.
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Bal tap
0 11.3.3  Giai c4c phuong trinh vi phan sau day (véi bign st x, ham chwa bigt y idy gia
tri thurc) :
v —y+ (x+ 2y =0 by +2 - (x+ 0y = 0
4
c)y’-‘;y—x‘&:(} Ay —y-x5> =0
ey 2ey + ¥+ xHr =0 0Ny —xy+y2 =0
Oxy —y-¥y =0 hy 207 +y — 273 =0

Dy -2+ =0
X

11.3.5 Phueng trinh Riccati

1) D6 la phuong trinh :  (¢) Ay + By + &> + D =0

trong dé A, B, C, D 1a nhimg ham lién tyc. Khi D = 0 thi day la mot truong
hop dic biét cha phuong trinh Bernoulli (11.3.4).

2) Phuong phap giai
Gia thi€t da bi€t mot nghiém y, cia (e), va ky higu ¥ = y — y, Khidé y
12 nghiém cia (e) khi va chi khi
Ay + V) + Bog + V) + Clyy + N? + D =0,
tie la AY + (B + 2CypY + CY? =0,

. ) 1 .,
von 1a mot phuong trinh Bernoulli (xem 11.3.4). Vay ta s& dat 7 = ¥ de
quy vé mot phuong trinh tuyé€n tinh doi vdi z.

ITHIDU((E) y +3y +y> +2=0
Mot nghiém hién nhien (ren R) cia (E)lax+> - 1. Taky hieu ¥ = y + 1,suyra
y = - 1 + Y. Khi d6 phuong trinh (E) quy vé ¥" + ¥ + ¥? = 0, va néu dit
1
= Y thi 1a :
- +z+1=0

Nghiém tdng quét theo z 14 z: x> — | + Ae”, suy ra nghiém tng quét coa (E) la :
1 -2
- 1+Ae* Ae¥- 1

yrxm—> -1+ LAheRvay:xe— =-2)

NHAN XET -
Ta ciing cé thé xét thi dy ndy nhu mot phuong trinh khuy&t x (xem 11.3.6).

Bal tap

¢ 11.3.4 Gidi c4c phuong trinh vi phan sau ddy (bign sd x, ham chua bigt y nhan gid
trj thye) :

A2y + 2 +1=0 B2+ y -y +1=0
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0)12)""xy+x2y2+1=0 d)(1+13)y’+12y+2xy2+1={]
&) 2’ =)t +1=0 f}(l-XS)y'+x2)-—y2+2x=()
2

g) ¥y — 3ytanx + y© + tan?x — 1 = Q.

0 11.3.5 Gid sit y, (1 < k < 4) 12 b0 nghigm clia phuong trinh Riccati

(e Ay + By + CF+D=0

trong d6 A, B, C, D lién tuc trén mot khoang I.

Chimg minh ring "noi chung” t0n tai A € R sao cho :
1

¥p=nt

1 1 1
¥ H(J’a‘yl—yr)‘x)

11.3.6 Phuong trinh kKhuyét x

1) D6 1a phuong trinh dang (e) F(, y)y=0,trong d6 F: U > R 1a mét
ham da cho, xac dinh trén mot b phan U thudc R2.

2) Phuong phdp gidi

Ta s& biéu thi dudng cong c6 phuong trinh F(u, v) =0 duci dang tham s0

: i $((g , v&i ¢ chay khédp trén mot bo phén nao d6 cuia R. Khi d6 néu y
13 nghiém cida (¢) thi :

{y=<p(r) dx _dxdy _ 9@

y = y()
_ (90

) = _[ v dt + C

y6) = o)

cich bidu dién tham s& ciia cac duong tich phan.

Ta suy ra: , C € R, va cac he thic trén cho ta mot

3) Tinh chét hinh hoc cia cic dwong tich phan

Néu y : 1 - R 12 mot nghi¢m trén I chia (e), thi khi d6 véi mo1 C thude R,
4nh xa tinh ti€n cla y A yo @ x 1> y(x + C) 1a nghiem cla (e) trén khoang

I-={x ¢ R;x+ Cel),viring:
Vx € I, Fiy ), yek) = Folx + ©), Y& + Q) = 0.

Vay cic duomg tich phan chi sai khac nhau mot phép tinh ti€n theo mot
vecto song song vai (x'x).

HTHIDU : € G+y)P+u-yr=0

Taky higu t = 3\Jy + ¥, suyra £ =y + ¥, sau d6 néu y 1a nghiém cia (e) thi :
(); - ).-’)3 = _ (},+ ys)z - fﬁ, vayy_yt =_t2
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1
vy A {}'35(53"32)
He phuong trinh { Y= ' chota j I . Vay ta cé ¢
y-y =-F lpae
Ly > ( )
1 : 1 d t -2
—(r3’+t2)=y’=92=919—r Ll s de -2
2 dx dr dx pA dx dr {1+
3t -2 2 5
va x(f) = dt = _ 2 -2 NYdr= -2l + 5kt + 11+ C, CeR
a0 J-r(1f+1) I( t r+1) 8
Ta suy ra mot biéu di&n tham s6 cla cic dudng tich phan 1a ;
x(f) = — 2nld + Slnlt + 11 + C
1 ,Ce R
o =5 ¢ -9 )
2
Bal tap
0 11.36 Gia cic phuong trinh vi phan sau day (bign s x, ham chua biét y 1dy gid tri
thye) : :
Wy ==0-Do-2 B &+ =y + 3y
0 7 = P =307 + ) d) y = y any’ Oy +yi=t

11.3.7 Phuong trinh khuyét y

1) b6 la phuong trinh dang : (¢) F(x, y') = 0, trong d6 F : U->Rla
mot ham x4c dinh trén mot bo phan U thude R2.

2) Phuong phap gidi

Doi khi tir (¢) ta c6 thé biéu thi twomg minh y* theo x dwoc, sau d6 tinh
nguyén ham dé thu duge y. Néu khong thi ta s& biéu dién tham s6 duong
cong ¢6 phuong trinh F(u, v) = 0 dudi dang E: i $E?) , v6i ¢ chay khdp
trén mot bd phan cia R. Khi do, néu y la nghi¢m cua (e), thi ta s& cé

y o=y’ dr ~ dx de
Ta suy ra :

{x = o) suy ra dy _dy, dx _ w(Ho'(f) (néu cic phép todn hop 18).

lx = () CeR

y = [ woe@dr + €

Pay chinh 1a mot biéu dién tham s6 clia cic duong tich phan.

Ta chi y ring bing cach hoan vi cic vai tro clia x va cla y (tic la xem
 nhir ham cfia y), thi mot phuong trinh khuy€t y quy vé mot phuong trinh
khuyét x (xem 11.3.6).



11.3 Thi dy v& khao sat phugng trinh vi phan phi tuyén cap mdt

3) Tinh chat hinh hgc cia céc dwong tich phan

Cang nhu trong 11.3.6, 3), & day ta thdy 1a cac dudng tich phan sai khac
nhau mot phép tinh ti€n theo mot vecto song song vdi tryc tung.
AHTHIDU () £ +y3-3xy =0

Ta bidu dién tham s8 dudng cong cé phuong rinh w + v3 - 3uv = 0 bling cich

v 3t 372
datt = —:u = , V= .
u 1+ 7 1+ 7
2 \
Vay x:i,’=—3t , Suy ra 3 o dx 4t

1+p 7 T 1P 1ef 0 dr dx’
) dy 32 301-2%) 971 -20)
do d = - = . sau d6 :
o dt  1+£ (1+P) 1+ sau

1-27 3-2 32
y:.[_%+—r;§)1§ld —3-‘.?—Sd.s=3(——‘+;)+c

s—l+:

_£4f_+ll C,CER.
2(1+r

Nhw vay ta thu duoc mdt biéu dién tham s8 clia cic dudng tich phén :
3t
1+ £

348 + n,
2(1 +t3)2

X =
.CeR.

Bal tap

¢ 11.3.7 Gial cac phuong trinh vi phan sau day (bién sf x, ham chira biét ¥ 14y gia
trj thye) -

Ay —yi-1=90 Bxy - Y1 +yZ=0 Ox=e +¥y.

11.3.8 Phuong trinh Lagrange va phuong trinh Clairaut

1) Moi phuong trinh vi phén

(e) y = A )x + BOY)

trong d6 A, B : X — R 1a nhimg 4nh xa 16p C' trén mot bd phan X cia R,
goi l1a phuong trinh Lagrange.

Trudmg hop dic bigt khi A =1 :
(e) y = xy’ + B(’) dugce gm 1a phm‘.mg trinh Clairaut.

2) Phuong phap giai
Taky hieur =y, suy ray = A(9)x + B() ; sau d6 bang cich idy dao ham
theo ¢ :
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w) = —3—‘3 ?j—j = A(x(®) + A(X(D) + B*(),

day chinh 12 mot phuong trinh vi phan tuyén tinh cdp mot (ham chua biét x,
bi€n 7).
Tir 46 ta suy ra x() theo 1, t8i y(f) = A1) + B(D).

3) THI DU : (e) Jn:y’-i~)‘+y’2 = 0.
Taditt = ¥y, dodédy = — x¥ - y’2 = —xt — £, rbi cé%%:— %r—x—Zr. Mit

dy dy

chae 92 = 9y dx X6 6 s 20 () + x(r) + 2t = O, day chinh la mot
dr dx dit ds

phuong trinh vi phan wyén tinh cdp mot. Nghieém t6ng quét cda phuwong trinh

khong ¢6 v& thi hai (trén mot khodng khong chira didm ) 1At > A ,he R

, Nl
Mot nghiém riéng cda phuong trinh ¢6 v& thu hai la f = — 3 1. Nghiem tdng
2 A
quat ciia phyong trinh ¢6 v& thi hai la x : ¢ > -3 t+——=,heR
1A
Ta suy ra mot bifu dién tham s¢ cda cac dudng tich phan {tham s0 dugc ky hi¢u
la 0 la:
U
37 i
,Ahe R
y=—xt- __ Ll M
3 Vet
Bal tép
{ 11.3.8  Gidi cic phuong tinh vi phan sau day {(bi€n s6 x, ham chua bidt ¥ ldy gia
trj thuc) :

Dy +y-yl=0 b y=xy +y -yhyl  oy=xm?+yl



Chuong 12 ’
Khai niém ve ham so
hai bien so thuc

12.1 Khéng gian ]Rz, day trong R?

12.1.1 Khong gian R?

+

Binh nghia1 Chuin trén R? 1a mot anh xa N : R? - R sao cho :
1) Vx e RS, (N(x) =0 = x = 0)

2) V(& x) € R x RZ, N(Ax) = 1AIN(x)

3) Y(x, y) € (RH?2, N(x + y) < N(x) + NO).

NHAN XET : Néu N la mot chuén trén R? thi : ¥x ¢ R%, N(x) 2 0.

N0y = Nix + (—x)) £ Nx) + N(-x) = 2N(x)
The vay - {N(O) ~ N(0.0) = 0. N@©) = 0 "
Thudng ta ky hiéu mot chudn tréen RZ1a : I : R”Z > R .

x > lixl
¢ | Ménh dé 1 (Bat ding thic tam gidc nguoc)
Néu I1)l 13 mot chudn trén R? thi :
Vi y) & (RZ lx = i 2 | Il — Il |

Chimng minh ;

el = i = ) + ¥l € 1lx =yl + lyll, suy ra llx — yll 2 ikl — [yl
Béing cach hodn vi x va y :

lx — yll = lly — xll 2 1yl = llxll = = Qlxll = 0.
Cu6i cang ta dugc :

lx — il = Max{lxl = yll, — (xll — Wylly) = ‘ ) — Iyl | =

Ky hiéu - Ménh d& 2 (ba chuin thong dung trén R?)
Vi mol x = (x, x,) thuge R?, ta ky hiéu :

lelly = begt + eyl lxdly = Vaf + 53, Il = Max(lxl, Iy).
Céc anh xa ILll}, ILll,, 1Ll 1a nhimg chudn tren R?, goi 1a cic chudn

thong dung trén R? ; ILIL, duge goi 1a chudn Euclide thing thuomg
trén R2.
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Chitng minh :
Ky hieu x = (. x,), ¥ = (), ¥,} la nhimg phdn ti bat ky cda R* va & € R,
ta ¢6 :
1) o tixll —0<:>1vl+lx2l:0<:>x1=x2=0¢:>x:0
. IIKxIl = hx ) + [Axyl = (gt + gl = A1 i,
e lx + yliy = lx + )]I + 1y + yl £ixy L+ lyl + Ix21 + 1y, = el + it
2) o i, —0<:>x1 +x2 —0<:>xl—x2_0<:>x-0

1 1 1
Wl = (G )* + (A, 27 = 023 + ) = O3 + x3)* = In I,
lx + yily < Nxlly + Iyl < g + yl) + (xy + y,,)

1

< (2 + x%)z + 63+ D?

o xpy) + Xy, € @]+ )07 + ¥2)?
< () + xz)’z) < (x2 + 12)()2 + y2
2y XY, S x2y2 + 12y1 < (XY, — xjyl) 20

(ta cong c6 thé ap dung bat ding thire Cauchy — Schwarz trong R2, xem
Tap 1, 1.2.2).

Held, =0 Max {1, Lo,y = 0¢eixl= lx21 =0=x=0
o Il = Max (lRx ], [Axf) = 1Al Max (ix,1, Iyly = I3 Ixli
o lx + yli, = Max{x +¥ 1, |x,+y21) Max (Il + 1yl b S+ 1yl
< Max (I}, ) + Max (vl ly,l) = Ml + WM.

NHAN XET : Céc chudn Il valili; la céc trudmg hop dac biét cia chudn Holder
I1.|'| p e 11 +oof (xem Tap 1, 5.4. 3 2)) ; ky hiéu Il 1a do :

vx € R, ILxlIP — il
p—>+30

(xem Tap 1, bai tap 3.1.7, a) ; tai day da chimg minh k&t qua nay cho truong hop
pE N* ; viec khao sat cong twong tw khi p € 11 ; +x[).

¢  Dinhnghia2 Gia sirilll 1a mot chudn trén R%Laec R, reR].
a) Hinh ciu mé tam @ ban kinh r 1a tap hop B(a ; r) xac dinh boi :
Bla;rn={xe R2:llx —all<r}.
b) Hinh ciu déng tdm a ban kinh 7 1a tap hop B'(a ; ) Xac dinh boi
Bla:n=i{xe R2: lix — all £ r).
c) Mat ciu tam a bdn kinh r 1a tap hop S(a ; r) xac dinh béi -
S ={xe R ;lx—al=r}
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Biéu dién hinh hoc (trén mit phing Euclide) ciia cac hinh ciu déng tam
O(0 ; 0) ban kinh r, d6i vdi ba chuédn thong dung :

I, .11, 1.1

¢ Dinh nghia 3 Gia st N, N’ 1a hai chudn trén R? ; ta néi ring N
twong dwong véi N' khi va chi khi
(e, B) € (R, Vx € R%, aN@x) < N'(x) < BN().
Ta ky higu N ~ N dé chi : N tuong dwong véi N’.

¢ Ménh dé 3 Quan hé ~ la mot quan hé tuong dwong trén tap hop
cac chuin tren R2.

Chitng minh :

1) Tinh phan xa : hién nhién

2) Tinh déi ximg : néu N ~ N, t6n tai (at, B) € (R)? sao cho aN < N’ < BN,

If I
suyraEN’ SNSEN‘,vadodéN’-—N.

3) Tinh béc cdu : Néu N ~ N’ va N’ ~ N°°, thi tén tai (o, B, 7, &) € (R sao

oN < N’ < N

ChO:{YN' <N’ < 8N ,do d6 ayN < yN’ < N’ <8N’ < 8PN, tirc 1a: N ~ N””.

B Ménh dé 4
Ba chudn thong dung trén R? Ia twong duong.
Chitng minh :

A
A

I, < bl < 21l

V6i moi x thuoe R? ta c6 :
R lltxllm < lilly < V2Itell,

Cic bdt ding thic trén day dugc thé hi¢n d thi bang cic quan h¢ bao ham gitra
céc hinh céu (ching han hinh cdu mé) d&i véi ba chudn thong dung :
Bu.u](O e Bn.nz(o »ncB, 0:nc BII.II] © 5 2n
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2r

7N
N\

NHAN XET : Trong Tap 3 (chwong 1) chiing ta s& chung minh ring trong mot
khong gian vecto hiu han chiéu thi 14t ca moi chuin déu tuong duong.

¢  Dinh nghia 4 Mot bo phan X ciia R? duoc goi 1a gi6i noi khi va
chi khi: 34 € R, Vx € X, llxll, < A.

1)’

A x
X
NHAN XET :
Do I, ILil,, Ll 1a twong duong, nén mot bo phan X cia R? 1a giGi ngi khi va
chi khi ; '
3B R+, vx e X, leil1 < B
hodc ICeR,¥xe X Il < C

Nhu vay mot bod phan X cia R? 1a gidi ndi khi va chi khi ta c6 thé bao bam no
treng mot hinh cdu (tam O) d8i vé1 mot chugn bil ky trong ba chudn thong dung.
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12.1.2 Tap con mg, tap con dong

¢+  Pinhnghia1 Mot tap con Q clia R? duoc goi 1a mé khi va chi khi :
vxeQ,dreR By (x; nc

Ta cling néi Q) la mot tAp md trén RZ.

NHAN XET ;

1) Trong Pinh nghia trén, r phu thudc vio x, va cé thé ki hign la r .

2) Vi LI, va LI, twong dwong, nén trong Dinh nghia trén day ta c6 thé thay
ILIl, bdng ILIl, (viec nay s& fam thay ddi ).

THI DU :

- 1: 1 x -2 : 3[ la mdt tap mé ten R2,

- 1 ; 1]? khong phai 12 tap md tren RZ.

¢ | Meénh dé 1
Moi hinh cAu md trong R? 12 mot tip md trén R?.
Chting minh :

Ta s& ding mot trong céc chudn thong dung
ky hieu 1z LI

ﬂ Giésfr(a,p}esz]R:_,véxeB(a;p).
\‘ ?(y.hiéu. r=p-lx—al, rla mot st thye > 0.
A 741 moi y thude B(x ; r) :
' ly —al < lly — xll +1llx — all <
<r+Ix~al=p
Hg thifc trén éht’mg 16 réng :

B(x ; r) c B{a ; p), va do d6 B(a ; p) 1a mot
tap mé trén RZ,

¢+ Pinh nghia 2 Mot tap con F cia R2 duoc goi 12 déng khi va chi
khi Cp2 (F) 1a mot tap mé& trén RZ. Ta ciing néi ring F 12 mot tap

dong (trén RY).
THI DU :
[0 ; +oc[ x [1; +o 12 mot tap ddng irén R?
{(0, B} 12 mot tap dong tren R?
10 ; 1]% kKhong phai 1a mot tap déng tren R%

¢ | Ménh dé 2
Moi hinh ciu déng trong R? la mot tap déng trén RZ,
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Chung minh !
Ta s& sir dung mot trong céc chuin
théng dyng, duoc ky higu ia ILIl.
Gia st (a, p) € R? x R} wva

N\ x €.CgaB'(a ; p)). Ta ky hieu
r=llx —al -p,
- rla mot sd thye > 0. V&i mei y thude

Bix:n: ly—allz | lly— xll— Ik = all
=l —all = lly = xil'> llx —all - r =

Hé thic trén ching 10 ring
Blx ; r)cCuBila; o).

Vay Cp2(B'(a ; p)) 1a mot tap mé, suy ra B'(¢ ; p) 1a mot tap dong trén R>.
12.1.3 Day trong R?

¢  Pinh nghia 1 Gia st (1), _ ~; fa mot day trong RZ.
1) Cho ! € R?, ta néi ring (u,), o  hoi tu dén [ khi va chi khi :
Ye>0, ANeN, Vae N{nz2N=llu, - I, <8
2) Ta néi riing (#,), . ~ hoi tu khi va chi khi ton tai / € R2 sao cho
(#,), ¢ »; hoi m dén 1.

3) Ta n6i riing (1), . ~; phan ky khi va chi khi né khéng hoi tu.

¢ Ménh dd 1 ("Tinh duy nhat cda gigi han néu tén tai gi¢i han™)
Néu mot day (u), . ~ trong R? hoi tu dén {) va hoi ty dén [, thi

[l = {2.
Chung minh :

Gidng nhu trong Tap 1, 3.1.1, Ménh d¢ 1. [ |
Néu (u,), _ - hdi tu dén { thi ta noi ring ! 12 giéi han cda (u), -~ va k¥ hi¢u

! =limu, hay y, —— 1L
n H
nog no

¢  DPinh nghia 2 Gid sit x € R% A € P(R? ; ta noi riing x dinh
véi A (hoac : x 1a mot diém dinh vdi A) khi va chi khi ton tai mot
day cic phdn t& thuoc A hoi t dén x.

¢ | Ménh dé 2
Mot tap con F ciia R? Ia déng khi va chi khi moi diém dinh voi F
dén thudc F.
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Chimg minh :
1) Gia sir F dong, va x 1a mot diém dinh véi F ; ton tai mot day (un)n o v céc

phin t thudc F sao cho : u, —x Ta lap luan phan chimg : gid sk x € F.
H

Khi d6 x € Cp2(F), khi d6 vi Cpa(F) 1a mot 1ap mé teen RZ nen tén 1ai r € R:
sao cho : B(x ; r) © Cr2 (F). Vi (), .y hoi tu d&n x, nén dic bigt phai tdn tai
n € N sao cho : Ilz{:!1 — xll < r. Khi d6 ta cé u, € Bx;ryuclay ¢ F,ovoly!
Maiu thuiin nay ching td : x € F.

2) Do lai, gia sit moi diém dinh vdi F déu thudc F. Ta ldp luan phan ching :
gié sir F khong dong, tac 1a Cye2 (F) khong md.

Vay phai tén tai x € Cy2(F) sao cho : Vr € RY, Blx; r) & Cra (F).

1
Dic biet : Va e N7, B(x : —) AF=@.
n
Vay tdn tai mot day (un)n c n Céc phén ur thude F sao cho :

Vn e N, u, € B(x : i)

Do (¥n € N, u, € F) va vi u, ——> x, nén x dinh véi F.
HaO

Theo gid thiét thi x € F, vo Iy.
Mau thudn d6 chimg 16 ring F dong.

+ Ménh dé 3  Gia st (1,), 1y la mot day trong R2 val e R
Voi méi n € N, ky higu (x,, y,} = «,, va (o, B) = L
X — > d
L )
Khid6 u, —— | <
" n T P
Chimg minh : 5 .
Vi véi moi n thude N ta ¢6 : IIun -li=k —al +ly, - fBl, nén :

u, ———> | < Max(lx, — al, Iyrt -pB) — 0
il e} filenl

x, —at— 0 [x —
n Ao R g
Lamd

==
Iyﬂ_BI?O 1}7“T>B

THI DU :
(; nr-1 1 n -1

) O D —— OV —— L.
roopc+ G ron® T

14 | Dinh ly  (Pinh ly Bolzano—Weierstrass)
Tir moi day bi chin trong R? ¢6 thé trich ra mot day hoi tu.
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Chimmg minh : (khong thudc chuong trinh)
Gié st (), ~ 12 mOt ddy bi chin trén R? ; véi moi n € N, ta ky higu
e ) =

Cac day s§ thiuc (x,), c~ (7)o 12 bi chin, vi e
kx| < Max (Le,l, Iy, = llae, Il

hv .
e TN | < Max (x), ) = el

Theo dinh |y Bolzano—Weierstrass irén R (3.3, Dinh 1y), ton tai mot ham trich
c: N = IN sao cho Fgmnex hoi tu trén R dén mot s6 thue ky higu la a.
Tuong t, Vi (¥g)peN bi chan, tdn tai mot ham trich v : N — I sao c.ho

(-"G(‘I:(n)))nef\'hol tu tren R dén mot s§ thue ky higu la B.

Khi do, bing cich ky higu p = oot (ciing 12 mot ham trich), ta céd

*o0) ——) o, vi (xp(n))ne\ duoc trich 1ir (xo{n))ne\ Ja mot diy hoi t dén «,

va ¥ -—)[ﬁ Vay .

pln)

ot = Oy ¥ oy "o (a, B)
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12.2  Gidi han, tinh lién tuc

12.2.1 Gidi han

Chiing ta da nghién ctu cac gidi han va tink lién tuc d6i véi cac ham mot bidn
s& thye, xem Tap I, 4.2 va 4.3 ; biy gir ta khdo sat cdc-vin @8 wrong ty d6i voi
cac ham hai bi€n s& thue.

¢  Pinhnghia Giasi X € PR?), 2 1a mot diém dinh véi X, f: X > R
1Y Cho [ € R Ta néi f ¢6 gidi han ! tai a khi va chi khi :
Ve 0,3n>0,Vxe X, (Ix —al, < n=fx) ~ I <¢g).
2) Ta néi ring f ¢6 gioi han +o tai a khi va chi khi :
VAe R 3n>0,Vxe X, (Ix — all,, £ 1= fx) 2 A4).
3) Ta ndi ring f ¢6 gioi han — o tai a khi va chi khi —f ¢6 gici
han +0 tai a.
Khi feé giGi han I tai @ (I € R), ta néi réngfcé gidi han hitu han
taia. '

¢ Ménh d&8 ("Tinh duy nhét cia giéi han néu tén tai")
Néu feé gidi han I va I’ tai g, thi { = {".

Chieng minh :
Gidng nhir & Tap 1, 4.2.1, Ménh 42 1, . [ ]

Néu f c6 gidi han ! tai a, ta néi rhng ! 12 giéi han cida f tai a, vd ky hieu :
{ = lim fx), hay ! = lim f, hay {ix) —— I, hay f— I
a .

X—=>u a X—=ra

Ciéc tinh chft ta da biét trong Tgp 1, 4.2.2 va 4.2.3, vAn ding d8i vai cic 4nh xa
tr X (c Rz) vao R Ching han (xem 4.2.2, Ménh dé 3, Tap 1), ta cé "dinh ly
kep" sau diy : '

fixy — I
X d

Néu § A(x) —> | , thi g ¢ gi6i han ! wi a.

X—=>d
Vx € X, fix) <.g(x) £ A(x)
Két qui pay thuong hay duge st dyng trong truomg hop f=0,71=10.

12.2.2 Tinh lién tuc
¢ PDinhnghial GiastX € PR, f: X > R, ¢ € X. Tanéi ring f

lién tuc tai a khi va chi khi :
Ye>0,IM>0,Vx e X, (I - all, <1 = fx) - Aa) < ¢).
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Ta ¢6 Ménh d& hién nhién sau :

¢ | Ménh dé 1 GiasiX € PR, f: X » R, a = X. Diéu kién cin
va di dé flien tuc tai @ 13 f c6 gidi han fla) tai a.
¢ | Ménh d& 2 (Dic trumg ctia tinh lién tuc)
Gia sit X € PR, f: X > R, a € X. Didu kign chn va di d€ f lien
tuc tai @ 1a @ vdi moi day (x,), . ~ céc phdn tir thugc X hoi tu dén a,
ta ¢6 flx,) —> fla).

HoC

Ching minh -
Nhw & Tap 1, 4.3.1, 1) Ménh dé 3.

s  Dinh nghia 2 Gii sit X € PB(R?), f: X —» R. Ta n6i rang f lien
tue trén X khi va chi khi £ lién we tai moi diém cta X.
Ta ky higu tap hop cic 4nh xa lien tuc wr X dén R 1a C(X, R).

¢ | Ménh dé 3
ChoX e PRY), re R fg: X>R

1) Néu f lien tuc tren X thi 1A : X —> R lién we trén X
x = [l

2) Néu f va g lien tuc trén X thi f + g lién tyc trén X
3) Néu f lign tuc trén X thi Af lién tyc trén X
4) Néu f va g lien tuc trén X thi fg lien we trén X

5) Néu f va g lien tyc trén X, va néu (Vx € X, glx) # 0), thi L lien
g

tuc trén X.
Ching minh :
Tuong ty nhu trong Tap 1, 4.3.2, 2), Menh dé 1.
Do C(X, R) # &, va bing cach 4p dyng céc tinh chédt 23, 3), 4) 1rén day, ta thiy
ing C(X, R) 12 mot dai s§ con cla cua RX d61 voi cac luat hop thanh thong
thudmg, nic 1a :
le CX,R) (wong 86 1 : X > R}
x> 1

C(X, R) 12 mot R — khong gian vecto con d6i vdi phép cong

va luat hgp thanh ngoai

C(X, R) kin d&i voi phép nhin [ |
Ta mé rong dé dang céc khii nigm v& gidi han va li¢n tue da hoc cho trwdng hop
mot dnh xa f: X o R? (trong d6 X € ‘BURZ}). Ching han, theo dinh nghia thi
f:X > R? lien e tai a (@ € X) khi va chi khi :

Ve 0,3n >0, Vx € X, (lx - all, <1 =180 - Aa)l,, < &).

pDé khio sat mot anh xa f: X — R2, thuong ta quy vé& cdc anh xa thanh phén
theo toa do ciia f, wic la cic anh xa f, 1 X = Rf,:X— ® xac dinh nhu sau :
Vx e X, fR) = (L0, £



12.2  Gidi han, tinh lién tuc 191
Thi du, 13 rang la f lién tuc tai g (@ € X) khi va chi khi £y va f, lien tuc tai a.

* | Ménhdé 4 GiastX Ye PR, f: X > R2 g: ¥ R sao cho
AX) < Y ; ta thuomg ky hiéu mot céch lam dung [a gof : X > R
X = g(f(x)
NEéu f lién tuc trén X va néu g lién tuc trén Y, thi gof lién tuc trén X.

Chitng minh ;

Nhwr & Téap 1, 4.3.2, 2), Ménh d& 2, [ |
Ching ta s& thira nhan Ménh dé dudi ddy, vi trong 14p nay khong thé dé cap phép
chung minh do chuong trinh chinh thie chi gidgi han viéc nghién ciu tinh lién tuc
cia ham lay gia tri thyc trén mot khodng. Trong Tap 3 doc gia s& thay mot két
qua tdng quat hon, vi dwge ching minh.

¢+ | Ménhdé5 GiastXe BRY,f:X >R NeuXx dong, bi chan va
khong réng, va néu flien tyc, thi khi d6 £bi chan va dat dirge cac can.
|
4 Ménh dé 6 Giastf: R2 > Rlién tuc va o ‘R Khi dé
1) {x e R?; ; f) = o} 12 mot tap déng trén R2. '
2) {x € R?; fix) = o} 1a mot tap dong trén R?
3) {x € R?; flx) > o} 12 mot tap mé trén R2,

Chitng minh ;

1} Chiing ta s& chimg minh ting F = {x € R? : flx) > o} 1a mot tap déng wén
R? bing céch sit dyng cach dac trimg céc t3p dong trén R? béi cac day (xem
12.1.3, Ménh dé 2).

Gia st x 13 mot diém dinh véi F ; tdn tai mot day (x)), c n c4c phin tlr thude F

sao cho 1 x, ——> x. Vi flién tyc (tai x) nen :
RoQ .

fix) ——> S0

Do (Vn € N, fix)) = a), nén dinh 1y tién qua gi6i han trong cic bat ddng thirc

vé cac diy s0 thyc cho phép'la suy ra ring flx) 2 o, tic k2 1 x € F.
Vay F 1a mdt tap déng trén R2.

2) Phuong phdp chimg minh nhur & 1),

3) Theo 1) (ap dung vao —f via —o) thi {x € R?: (-N(x) 2 —a} 1a mot tap dong
tren R do d6 (x € R?; fix) > a} = Cpo (fx € R?; — flx) 2 —x}) 12 mot 1ap

md tren R2.
THI DU :
1} {Gxyy xy) € R : X, + Xy 2 1} 1a mdt tap déng trén R2

2) {(r . %) it & R‘} = {lx;, x,) € R?; X%, = 1} 1a mot tap déng trén RZ,
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3)_{ (¥ X,) € R? ; Xy > } la mot tap md wén R,

x[+l

Bal tap

¢ 12,21 Thi du vé phuong trinh ham
Tim tit cid cac anh xa f trong mi trdmg hop sau day .
Al f:RZ >R

{V(x, v 7)€ R3 v+ 20+fz D=0
B FiRER

{V(x, v e R fny+=flx+yz)
O/ R2ZoR

{ Yy o 0eRY AL )+ Az D =fu D +fn D
& FRD? >R

{ Vin 3, 2 e (RO 2 9R0%, RS 1) = (o).

$ 12.2.2  Khao sat tinh lien tye cia £ (R?) = R xac dinh nhu sau :
_ xynéux2+y2e Q

Ax, 3=
0 néu 2 +3y> g 0
. 1 <
0 12.2.3" Khio sit tnh lien tye cdia £ : (R,)? - R xac dinh béi fix, ») = g™
142
2 P P2 2 *2
e Qix=—.y==—",(@.p) € N (g g € > 5 UCLN(p, q)} =

q
UCLN(,, gy) = Tt ya i 33 = 0 néw wai 16

012.24 Chof 2:[0;1]-> R lahai 4nh xa bi chiin, va M : R? 55 R x4c dinh nhy sau :

Y(x, y) € R% M(x, ») = Sup (), ye().
te[0;1]

Chimg minh ring M lién tuc trén RZ,

12.2.3 Tinh lién tuc theo timg bién

¢ Pinh nghia - Ky hidu Gid st X € PR?,f: X > R, _
1) V6i moi B € R, ta ky higu £., B) 12 anh xa x +> fx, B), xac dinh
trén tip hop céc sd thuc x sao cho (x, B) € X.
2) V6i moi o € R, ta ky hiéu flwe, .) 12 doh xa y = fla, ), xé4c dinh
trén tap hop cic so thyc y sao cho (a, y) € X.
Cac 4nh xa f{., P) vd fla, .) duge goi 1a nhimg danh xa (hay ham)

bé phan.

THI DU :

Neuf: RZo R ,if4, )R> R
(x, ¥} > 2x + 3y y+> 8+ 3v

f.. B) thu dugc bing cich ¢& dinh bign thi 2 bang p.

N&1 cich khac : . . N
ot cac a e, ) thu duoc biing céch cd dinh bién the | bang .
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NHAN XET :

Dai voi f: R? -» R thi viéc cho hai 4nh xa bo phan f{., 0) v f0, .) chinh la viec
cho ham thu hep cda f trén hai dudng thing vuodng géc (R x {0}) v ({0} x R).
Néi chung tir f {., 0) va f{0, .) ta khong thé “t&i lap lai’ £

¢ Ménh d& Gi4 sit 7, J 12 hai khoang trong R, f: I x J > R,
a = (a, B) € I x J. Néu flién tuc tai a, thi cac ham bd phin cia f
taia(ticlafi.P):I=>R va fa,):J—>R
x > fix, B) y = fla, y)
lien tye theo th tr tai a va .

Chimng minh :

Anh xa bo phan f{., B} 1a hop cia cac anh xa lién tuc :
1= IxJ-> R

x B (x, B) = fix, P

Cung vay d6i vai fla, ).

NHAN XET :

Trong hai thi du dudi day ta sé thdy 13 ddo ciia Ménh dé wen 13 sai ; ddi vdi hai
thi dy dé thi viec khao sat_vé gidi han ty nhign hon 12 viéc khio sdt sy lién tuc,
THI DU :

1) Cho f: RZ - {(0, O)} - R
{xs 'I) L d -
SIS
Céc anh xa bd phin tai (0, 0) Ia :
SO R-{0} o Rvaf0,):R-{0) > R
x>0 vy 0

¢6 gidi han 0 tai Q.
Tuy nhién £ khong c6 gidi han tai (0, 0) ; thdt vy cic dnh xa
R-{0} >R vi R-{01 >R 1 c6 nhimg giéi han khic

x> flx, =0 x|—>f(x,x)=5 :
nhau tai 0. Néu f ¢6 gioi han ! tai (0, 0), thi khi d6 qua phép hgp 4nh xa, hai
ham s& trén cing phai c6 gi6i han { 1ai 0,
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Mat (5) bidu dién f, dwoe xéc dinh 13 S = {(x, ¥ 2) € R3 z = flx, y)}, chiga hai
=01z

, ba di diém (0, ®) ; trén hinh luge

b = =

duong thing co phuong trinh {Z

46 ta thdy, khi ta ti€n gin dén diém (0, 0) doc theo dudong thdng y = 0 thi diém
(x, ¥, 2) din dén diém (0, 0, 0}, trong khi d6 néu ta tién dén dén (0, 0) doc theo

X e wem 1
duong thing y = x thi diém (x, y, 2) lai ti€n dén dicm (U, 0, 5) .

2)Gid sk f: R? - B, > R , trong d6 B, = {(x, ) e R* : x + y = 0].

{x ¥} >
X+ ¥

Ciéc ham bd phan f(., 0) va f{0, .) ¢6 gidi han O tai 0, nmmg vdi moi x thude E-{0}:
2
ﬁx,—x+x2)=£_—iril—— l+x—— 1.

2 B x>0

K&t qua trén chumg 16 f khong cd gidgi han 1ai (0, 0).

Ta chi ¥ ring trong hai thi du trén ching ta da chung 16 rdng f khong c6 gioi
han t1ai (0, 0), bing cach chi ra hai ham sd @, v : R — R2 (ta ciing ndi : hai
duwomg di} sao cho fe ¢ vit foy c6 nhing gii han khic nhau tai 0.

Bal tap

0 12.25 Khio sit sy tdn tai cda 'gi(’ri han tai (0, 03, va tinh gidi han do néu nd tdn tai,
clia cic ham f sau day, v&i bidu thirc fx, ¥) nhu sau :

a5 gy 52 g Ltxty
24yt Lyt P ¥
oo o G 1P e =1
PRty xd + Iy
sin (x%) + sin(y") 4 2 o
i 0) sin“x + (1 — cos y) hy sinx—y
Vot 4 _v4 axt+ y4 x-—siny
) sin"x i chixy) — cos(xy) : K Xy
chx—cosy ’ 2yt shx+shy
I] shxshy
It + 1yl
. 0053.1: i1
012,26 Ham s0f: (x, 3) > cé gidi han tai (— , (}) khong ? Néu co
cos?y + yzsinzx 2

thi gihi han & 1a gi ?
0 12.2.7  Xac dinh mién lien tyc ca c4c dnh xa f: R* - R sau day :

4 4 2
b)ﬂx,y):{x néu y > x

1
(.xz + )-2) sin— néu xy # {)
xy 5 5
0 néu xy = 0 " nén y < x

a) fx, v) =
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12.3 Cac dao ham riéng cip mot

12.3.1 Pinh nghia

1) Pao ham riéng c¢ip mot tai mot diém -

¢ Pinbh nghita1 (dao ham theo hudng)
Cho U 1a mgt tip méd trén Rz,f: U —> R1amét anh xa, a € U,
v € R? — {(0, 0)}. Ta néi ring f c6 dao ham cAp mét tai a theo
hwong vecto v khi va chi khi 4nh xa @, : 1 > fla + rv) kha vi tai 0.
Trong trudmg hop nay thi s§ thye q):,(O), tic la

lim % (Ra + v} — fla)), duoc goi 1a dao ham cip mot theo hwong v
t— 0

cia f tai a, va ky hiéu la D fla).

¢ Pinh nghia 2 Cho U 12 mdt tap mé wen R2, f: U > R 1a mot
dnh xa, ¢ € U. Ta néi ring f kha vi tai a theo bién thir nhat (twong
ung : bign thit hai) khi va chi khi f c6 dao ham c&p mot theo hudng
vecto (1, 0) (twong wing : (0, 1)) tai a. Trong truong hop nay thi dao
ham cdp mot clia f tai a theo hudng vecto (1, 0) (twong img : (0, 1)),
dugc goi 1a dao ham riéng cia f tai ¢ theo bién thd nhat (twong
ting : bién th hai). Cac dao ham riéng cﬁp mot d6 dwge k¢ higu
theo thi tr 12 D\ fla), D,fa).

Viy néu nhw ching 18n tai thi :
D fla) = (f(., Py(a) = lim - , etk B) - fla, B),

h—>0
trong d6 (c, B) = a.

K¢ higu : Thong thuong ngudi ta xdc d;nhfbﬁng cich cho anh cia mdt phin tir
cia U, ching han f: U - R

(6 ) P> fix, y)
Néu tai a, f c6 dao ham riéng cfp mot theo bi€n thir nhét, thi ta s2 ky hidu dao
ham riéng dé theo mot trong céc hinh thire sau day :

pfa. L @. £,@
ax
P6i vai bién thit hai cang trong tr ; D,fla), _i (@, f (a)

NHAN XET : Pao ham riéng cip mot tai a (né’u t8n tai) ¢da £ d8i voi bi€n thy
nhdl la dao him clia mot him sd mot bign s6 thyc :

D fa) = (., B)) (o) rong 46 (o, B) = a.
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Vay c4c tioh chdt thu duge khi ta khio sat phép tinh dao ham cdc ham $8 mot bién
s& thyc (xem 5.1.2, Tap 1) ddu ap dung dugc trong trudmg hep nay. Chéng han, néu
f, g €6 dao ham riéng cip mot tai @ theo bi€n thy nhat thi f + g cing vay, va

' D[(f"’ g)a) = Dlﬂﬂ) + Dlg(a) '

2) Anh xa dao ham riéng cfp mot

¢ Dinh nghia Cho U la mdt tap md trén R% f: U > R. Hai
ham s3 : Df: a = D fla), D,yf : a > Dyfla), xic dinh trén nhirng
bo phan clia U, duoc goi 1a cac dnh xa dao ham riéng cap mét.
THI DY :
Anhxaf:R*> > R ¢6 nhing dao ham riéng cfp mot ddi véi cdc bién
(x, y) P> x>+ xy
thit nhat va thd hai tai moi diém € R?, va :
le:Rz—)R, sz:RZ_)R
VP 2x+y (x, y) = x
Trong thuc hanh ta tinh duge D fix, ¥) bling cich 18y dao ham theo bi€n x trong

khi “"coi nhy” y 12 hing s&.

12.3.2 Anh xa thude l¢p C' trén mot tap mé trong R?

1) DPai cuong

¢ Dinh nghia 1 Gi sit U 1a mot tap m& trong R%, f: U » R. Ta
néi ring f thudce lop C! trén U khi va chi khi 4nh xa x = D flx)

xac dinh va lien tuc trén U, véi moi v thude R? — {(0, O)}.

¢ | Binhly ("Pinh Iy co ban")
Cho U la mot tap m& tren R%, f: U - R.
N&u cic dao ham rieng c4p mot ciia f tén tai va lien tyc trén U, thi
1) Véi moi a = (o, P) thuge U, ky higu U, = {(h, k) € R?:
(o + h, B+ k) e U}, ton tai mot anh xa £ : U, > R sao cho :
{V(h, kye U, flo+h B+k) = flay+ (hgf(a) + %(a)) + (A, KYlleh, k)

e(h, ) —> 0.
th &) —(0,0)
Ta néi ring f c¢6 khai trién hiu han téi cdp 1 tai a.
2) f thude ldp C! tren U, vi v6i moi a thuoec U vd moi
v = (v}, vy) thuoc R? - {(0, 0)} ta c6 :

D fla)y = Diflayv + D, fla)v,
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(3 day Il chi mot chudn bat ky trong ba chudn thong dung trén R2.

Chitng minh : (c6 thé bd qua khi doc 1an ddu tien)

l)Giésf:a—(a By e U, U, = {(h ) e R2: (a+h B+ Kk e U Ky hieu
- U, > Rla anh xa xac dlnh nhir sau : '

Ro+ b, B+ k- (f(a)+ hl(a)+ ;ﬁ(a))} néu (h, k) (0, 0)

0 néu (A, &) =(0,0)

Muc tigu cha ching ta 1a chimg té ring € lién tuc tai (0, 0).
Gia st (h, k) € U, - {(0, B}
Chung ta s& "di" tr diém a = (o, P) dén
didm (o + k. B + k) qua trung gian la
diém (o + &, P) :
flo+h B+k - fa, P) =
= (fl + h, B+ &) — flu + Ak B)) +

+ (flo+h, B) - Rt + B)).
Ta chi ¥ ting diém (a + h, B) vin
thude U véi Kk, k)l ¢4 nhd, vi do U la
mot tdp md nén tén tai r > 0 sao cho
Bla;ncl
Bing cach ap dung dinh 1y sO gia hiu
han (Tap 1, 5.2.2, Pinh ly), vac
Ao + A, ) va fi., B), ta suy ra ring tdn
tai 0,, 6, thuge {0, 1] sao cho :

flo+h, B+BY-fa, B) = k(fRa+h, ))(B+9k)-k§£(a+h B+6k)

e(h, k) = II(h il

(5}

At by By-fice B) = hifl BIY(+8,4) = hg(melh, B
Suy ra:

_n (1 P
ot b= H(hk),,[ (0 1) (a,m]

ko e
K, k)ll{ (ct + A, P+ 8,k) (a B)J

Mot mdt ta c6 : 1 1 va |

Il(h, Rl 1 = Ii(h, R

Mat khac thi do gﬁ va % lien tye trén U (do d6 lien tuc tai a), va vi 6, va‘ 8,
) x
déu thuoe (0 ; 1] (8, 8, phu thudc A, k), nén ta co :

g(a+9h B)——'[(cx py—— 0
h, &) - (0,0)

gi(ourh B+6k) - g(u, By — 0
Oy () > (0,0
Ta suy ra ; efh, k) — 0.
(h, &)= (0, 0)
2) Gia skta € U, v = (v, v,) € R? = {(0, 0)}. Theo 1) tOn tai mot 4nh xa £ xdc
dinh trong lan cén cda 0, sao cho vdi 1! i nho thi :
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fla + vv) = fla} + 1, —g (@) + tv, gf (@) + ldg,(n)

g () —> 0
t =0

Khi d6, v&i moi £ # 0 v il dd nho :

1 Il
N (Ra + v} ~ fla)) = v, % (@ +'v, ﬁ (@) + N £,()
e of
—_— a) + v, 7 {(a),
10 g ﬁx() 35}‘()

ching t& ring f ¢é dac ham theo hudng vecto v va ring :

D fla) = D flay, + D,Ra)v,
Véi v = (v, v,) c0 dinh thude R? - [0, O}, do D,f va D,f lign wc tren U, nén
qua mot phép 8 hop tuyén tinh D f ciing lien we trén U, tic 1a £ thude 1op o
teén UL
Ta ¢6 thé dung ky phap o trong ty nhi ky phap da st dung d& voi cac ham s6
mot bién s thue :

fla+h B+h) = ﬂa)+h§f(a)+k%(a)+o(ll(h, .

. Hé qua
Néu f thude 16p C! trén U, thi £ lien tye trén U.

Chitng minh :
Theo BPinh 1y trén :

Ao +h B+k) = flay+ [h—gf(a)mgf(a))nl(h, K)lleh, k)

—— fla)
{ho k) - (0,0}
NHAN XET :

Ménh d& dio ciia He qua trén di nhién la sai ; ching han,

f: R? - R lién tuc trén R? nhung khong thude 16p ¢! wren R?, vi f khong cé
{x, v) > lxl
dao ham rieng cdp 1 tai (0, 0) ddi vdi bién thu nhdt (ta cong néi ring :

g (0, 0) khong tdn tai).
ox
¢  Pinh nghia 2 Gia st U 1a mét tip md tre“:_n> RZ f: U — R thudc
16p C' trén U. Gradient cla f, ky hieu }a gradf,]a 4nh xa
_)
gradf : U — R? o
o
(x, ¥) > (ax x 3 (x y))
¢ | Ménh d& Gia sir U 1a mot tap mé thude RZ, f: U — R thuoc
16p Cl tren U, a € U, v € R? — {(0, 0)}. Khi d6 ta ¢6 :
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—
D fla) = (grad fla)) . v
(trong d6 . chi tich vo hudng thong thudng trén R?).

Chimg minh :

Ky higu : a = («, B), v = (v, v5), theo Dinh Iy co ban ta ¢é :
of of -
D fla) = = (@ + = (a)v, = (grad fla)) - v.
¢ ox ox

*  Dinh nghia 3 Gia st U la mot tap mé trén R2, f: U — R thuoc
16p C! trén U. V&i moi @ thude U, anh xa tuyén tinh
RZ 5> R dugc goi la dnh xa tuyén tinh ti€p
i h L@+ e Z @
Ox oy

xXuc vdi ftai a, hay vi phan ciia ftai ¢, va dwoc ky higu d f(bay d fla)).
Viy, néu f thude ldp C! trong lan cdn cia a thi ta cd :

Yk k) € R, (d f)h, k) = h Y@k 2@

e Moi dnh xa tuyén tinh £ : R? - R ddu thuoe 16p C' tren R%, va voi ky hieu
f:RTS R trong do (u, v) € R% tacé :
(x, ¥} ux + vy
(if: R > R; CI:IRZ—>R
&x ay
O, y) > u (x, ¥y v

va do d6 : Va € R%, Y(h k) € R%, @ Nk, ) = hu + kv = flin, k).
Viy : VaeRz.daf=f.

Khi f tuyén tinh. do d f khong phu thudc a, nen 1a cing ky hieu (theo cich lam
dung} df thay vi daf.

o Dijc bigt ching ta hay xét hai phép chi€u chinh tic :
p:R*>R p,:RZ>R
(x, Y} > x (x, Y=y
ca hai ddu 13 4nh xa tuyén tinh. Do mot théi quen (ddng ti€c) 12 14n 1on mot ham
v6i anh qua ham d6 clia mot phén tir "chay” nén ching ta c6 thé c6 khuynh hudng
viét x (tuong ¥mg : y) thay vi p, (trong img : p,). Khi do @ dx : RZ > R ; tidp
(h, k) > k
tuc mot cach logic theo cach lam dung ky hi¢u ndy ching ta co thé viét dx = A.
e Bay pgi¢r gid st f: U — R 1a mdt 4nh xa (khong nhdt thi€t tuyén tinh) thudc
lop C! 1trén mot tap mé U < R2 V&i moi a thudc U ta da dinh nghia vi phan cia
f(aia:d”f:]RzﬁR

2] o
h, ky— h 2y (a) + k % (a).
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Vi cac ky hiéu vira xét rén day thi :

af=ZL @ + %{a)pz

hodc cing con 1a .

[&;
d,f = %(a)dx + 5‘5 (@)dy.

Thirng ngurdi ta hay bo qua viee chi ra diém g, va do d6 di tdi cong thic tién
Ign saw

o Loax Loy
df—axdx+ayd}

2) Cac tinh chit dai so
¢ | Ménhdé Giastf g: U— R thugc 16p C tren U. Khi d6 f+¢
viL fg thuoc lop C' trén U ; dic bigt, voi moi A thuoc R, Af thude
16p C! trén U. N&u thém vao d6 (Va € U, gla) # 0) thi L thudc 16p
g
C) trén U,

Chiing minh :

Vi cac phép ching minh déu twong tr nén dé 1am thi dy ta s& chung minh Ménh
dé cho tnrong hop 18ng.

Vi f va g thudc 1op C! tren U, nén ﬁ va _@8_ x4c dinh wén U ; vay A+g) xac

ox
dinh trén U va M -'[ % (xem 12.3.1, 1). Vi Q va % lien tyc trén U
ox 8x x ox
nén ﬁ%x—gl cing viy.

Tuong ty d6i vai bién kia. Suy ra f + g thudc 16p C! tren U. V6i céc gid thigt
trong ménh @& trén day ta cé

grad(f+g) = gradf+ gradg

—

grad (3f) = hgrad f

— — -

grad (fg) = fgrad g + g gradf
3) Phép hop

* Ménh dé Gia sir 7 12 mot khoang thude R, U 1a mot tap mé trong
R2, uv:/—>Rlahaidnhxa f:U—> R 12 mot dnh xa, thda man :
vt e I, (u(t), v(n) e U.
Taky higu: g: 7> R
1 > flulr), V()
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< 1
Néu {;‘ v thuoelop C ten I}l e 16p €' tren £ va -

thude 1op Cl tren U

vie Lg® =L @, vowo + % @), YO @.

Ching minh :
Giasttrel;kyhigul ={heR:t+hel}

Vi u, v thugc 16p C! trén 7, nén u, v ¢6 khai trién hiu han t6i bac 1 tai didm ¢
(xem 8.3.2, He qua) :

wl(t + By = u(®) + ' () + o(h)
Vheld,. {v(t + ) = WD) + (@) + o(h)

Khi d6, theo 12.3.2, 1) Dinh 1y, ta ¢d v&i moi A thudc I, va k¥ higu
a(f) = (u{n, v(n) :

g+ h) = Au(t) + A’ () + o(1)), W) + KOV (D) + 0(1)))
= o)+ ')+ o(1) S @) + ")+ o) - (a(0)
+ || @) + o1y @) + o) || o))

= g(1) + he' (1) g (@) + ') %f (a(5)) + o(h).

Uéc lugng trén chimg o rdng g c6 khai trién hiro han t6i bac 1 tai diém ¢, do d6
kha vi tai ¢ (xem 8.3.1, Ménh d& 3) vi ;

v = iy I o &
gy =uw) (@) +v'®) s (a(®)).

Cudi ciing, tir biéu thic cda g'(#) ta thdy g’ lien tyc (1a 18ng, tich, hop cia nhing
anh xa lign tyc). m
Trong Tap 4 ching ta s& thdy trudmg hop "téng quat" cha phép hop nhidu
ham nhiu bién, trong d6 ching ta sé& st dung cac khai niém vi phan va
ma trin Jacobi.

THI DU ;

Néu f: R? - R thudc I6p C! tréen R?, thi énh xa g : R? 5 R

to el + 1, 2 - 3
thudc lép C! tren R, va véi moi ¢ thuoe R ;

g = F @ +1, P -3+ 1)+ % (e + 1 12 = 32 - 3).

ax
Trong Tap 4 ching ta sé thy :

s Bt ddng thuc vé& s& gia horu han ddi véi ham nhidu bigh va cac img dung,
e Ciac thi dy gidi phuong trinh dao ham riéng cip mot,

e Vigc nghién ctu cic C! — vi phoi va vin d& ddi bién.
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Bal tap

$ 12.3.1 D& voi cac anh xa f &2 55 R sau day, hay khao sat tinh lign tuc ciia f, s tdn
tai va tinh lién tyc cda cac dao hhm rieng cdp mot cua f:

2 ) sin————
a) fix, ¥) = ( +})\m\4'x2+)2 .
0 néu {x, ¥) = (U, 0)

b) flx, ¥) = xz‘zln (f + ¥ ndu (x, y) = O, 0)
' néu (x, y) = (0, O

sm(13 + \'3)
o) fix, ¥) = néu (x, y) = {0, 0)

néu (x, ¥) = (0, 0)

1"+\
néu (x, ¥} = (0, 0)

d) fx, y) = x2+0 _x)z néu (x, y) = (0, O)
ﬂéu (¥ =00
%In(r')+sm
e) fix, ¥) «J}_: SnE) ) g (x, 3) * (0, 0)
néu (x, vy = (0, 0
) Ax. y) = (x2+‘ néu (x, y) # 0
néu (x, y) = (0, 0)

) fix, ¥) = {xz ry ndu(x e @

0 néu trin lai
by fix, ¥) = 52 Dy ==y D Rey =L
0 12.3.2 Khio sat va don giin ham 7ty R? dén R xdc dinh bdi :
1 — xy

fle, ) = Arccos T——— .
\Jl +J¢2+y2+x2y2

01233 Choo: R — R lien tyc va f: R? - R xéc dinh b
¥
Ve ) € B2 v 3) = | @ - i
0
Hiy chimg minh f thuge 16p ¢! wen R2 va tinh cac dao ham riéng cap mdt cia f.
0 12.3.4 Gid st 7 tamot khodng mécha R, ¢ 2 [ — R 12 mOt anh xa lién twc, f: 2R
¥
xac dinh b @ Yix, ¥) € 12. flx, y)y = jlp
X
Chimg minh rdng f thudc lop ¢! wen 12 va tinh cdc dao ham riéng cdp mot cha f.

0 123.5° Cho o : R o> R 1 mot anh xa thuoe lop C% va f: R? — R xac dinh béi :

for, y) = o0) - o) )}:‘Px néu x # y
o'(x) néux=y
Chimg minh ring f thudc lip ¢! wen R2.
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124 Cac dao ham riéng cap cao

12.4.1 Dai cuong

+

Binh nghia Gia st U la mot tap métrong R2, f: U 5> R,ac U
1) Cho (i, j) e {1, 2}2.

Ta noi rang f c6 dao ham riéng cap hai tai o d6i véi cac bién thi
i va j theo thi twr d6 khi va chi khi :

g t8n tai trong mot lan can cla a

Ox,
o
3( o, )
a (@) ton tai
Y,
i o
6( ox; )
Trong trurong hop d6 thi s& thyc 3 (#) duoc ky higu 1a
'y,
¥
(D ijf)(a)’ hay a_f;% (a), hay f”x:xj- {(a), va goi la dao ham riéng cip

hai cita f d6i vdi cdc bién that ;, j.
Tdng quét, cho k € N™ vi (s - ) € {1, 2}k,

2) Ta néi ring f c6 dao ham riéng cdp k tai a ddi vdi cdc bién
thir iy, ..., i, theo thit tw d6 khi va chi khi :

¥ o 3 3 .
. g; _éx:(éf) e a{—l (Bx‘ ((5%) )) tdn tai trong

g - -2
mot 1an cén cla a,

b} ) _ )
. 5%(5% (- (%) ) @ tén tai.

k-1

Trong trudng hop nay s& thyc % ( (g) )(a) dugre ky hieu 12
i i

of
. — = k) i
D‘] IJ:f{.a), hay o, - 6le {a), hay j’(‘a] o, (a), va goi 1a dao ham
riéng cdp k cia f tai ¢ d6i voi cdc bign thi i, ..., i

k 1

Nhv viy day la mot dinh nghia truy hdi, twong ty nhur dinh nghia
cac dao ham cap lién ti€p cia ham mot bién s6 thye (5.1.4, Tap 1).
) o
3} Anh xa a > —————(a) (x&c dinh trén mot by phan ctia U)
axf.k axt-l

duge goi 12 anh xa dao ham riéng cap k ciia f ddi véi cdc bién
thi i, .., i,, va ky higu la D, . f, hay T hay f&¥

| R I ' R axi axi ’ xfl ...x}.k
k

1
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NHAN XET : Thit tu viét cic phép iy dao ham lién ti€p khong phéi bao gio
cang nhy thi tr duge ky higu wen day. Doc gia co thé gip & nhimg sich khic
azf 62f " "
_—, thay vi .
o, axj axj ox; J;;"'s Y f;:i %
Dudi day, theo dinh 1y Schwarz (12.4.3), ta s& thiy 1a sy khdc nhau trong quy wdc
viét khong gay ra sg 10n x0n nao trong thirc ti€n.

cich ky hidu

thay vi

12.4.2 Anh xa thuoe 16p C* trén mot tap mé trong R*

¢  Binh nghia Cho U la mt tap mé trong R%L f:U-> R
1) Gia sir k € N* ; ta n6i ring f thudc lép C* trén U khi va chi
khi f ¢6 dao ham riéng lien ti€p dén cdp &, ké ci cdp k, theo moi
thir ty vé c4c bién, va cac dao ham riéng lién tiép do lién tuc trén U.
2) Ta né6i ring f thude lop C° trén U khi va chi khi f c6 cac dao
ham riéng lién ti€p dén cdp ty ¥, theo moi thi ty vé& cic bign, va
cic dao ham riéng lién ti€p d6 lién tuc trén U.

Ro rang 1a f thuoc 16p C trén U khi va chi khi f thuoc lép C¥ rén U v6i moi &
thudc N*.

¢ Ménhdd1 ChokeN'uU {+w],f g: U— Rthuoc 16p (¥ trén
U. Khi d6 f + g va fg thuoe 16p C* tren U, diic bigt, voi moi A
thuoe R, Af thudc 16p C* trén U. Néu ngoai ra (Va € U, gla) = 0)
thi A thudc lop C* tren U.

& .

Chung minh :

Ching minh truy héi theo k (vdi k € IN') bing céch dp dung Ménh dé trong

12.3.2, 2)). Ta xét trudmg hop tich nhw mdt thi du.

Tinh chat nay dung v6i k = 1 {(xem 12.3.2, 2), Menh d&). Gid thiét tinh chat d¢

ding v6i mot k € N*, va gia st f, g - U — R thuoc lop C**! wen U. Khi d6 fz

thude ldp C! en U, va ag(fg) = gfg + f%& (ddi v&i bifn kia cing tuong ).
X x

Ex
Vi % g f g‘f thudc lop C* tren U/, nén gid thi€t truy hdi va viec khao sat trudmg
X

hop téng chitng & ring §ggl thuoe I6p C* trén U ; cudi cang thi fg thugc 16p
x

) wen UL
Ta suy ra dé dang két qua d6i voi truong hop X = +o.

. Ménh dé 2 Cho k € N* U {+w]},  1a mdt khoang thuge R,

o> R2 1a mot anh xa, U 1a mot tip md trong R? sao cho

ohH c U, f: U — R la mot anh xa; ta ky higu (theo mot cédch

lam dung) foo : I = R . Néu ¢ thudc 1ép C* uen I va f thude
1 flo(0)

l6p C* tren U, thi fo ¢ thuoc l6p C* tren 1.
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Chimg minh :
Chimg minh truy héi theo £ (k € N™).
Trudmg hop & = 1 da khio sat & 12.3.2, 3)). Gia thiét tinh chat nay dling dti vai

mot k thude N, va gia thiet ¢ va f thuge lop C<+ L.
Khi dé fe @ thude lép i va bing cich ky higu (u(r), v(1) = @), ta c6 (xem

12.3.2, 3):
foy = (%o(p)u' + (%uq})v’

. ¢, ', V' thude lop c*, nén gia thi€t truy héi va ménh dé trude chimg

wd &
ax oy’

td ring (fo @) thuoc lop CX, tic 12 fo @ thuoe Iop C¥* 1
Truong hop k = +oo suy ra d& dang ur k&t qui doi voi moi k € N, -

12.4.3 Hoan vi ciac phép dao ham

¢ | Dinh ly (Dinh ly Schwarz}

Gia st U 1a mot tap mé trong RLFf: U R ac U
f thude lop Cl tren U

Néu ];y va fyx tdn tai trén U | , thi fiyla = fyx(“)-

» - ,’ 1' ' I
S\ va {x lién tuc tai a

Chimg minh : (khong thu¢c chuong trinh)
Ta ky higu (a, B) = a.

o fo@) = (@) = hm (f @b B) - £, (a B)

= lim ~ llm( (floa+h P+R)—Ao+h, B))—%(f(a, B+k)-Ro, B))J,

h—)()hk—ﬂ)
nén ching ta sé xét dnh xa -

5:h B flathy BB~ fla By B)=flc B R+t B
Anh xa ndy xac dinh tréen V= {(h, k) e R2: Bk = O va (@ + k, B + k) € UL

» Anh xa ¢ : [0, 1] - R xéc dinh béi :

Yre0;1], o —If(u +th, + k) - fla + th, B)
thude lop C! wen {0 ; 1] ; theo dinh 1y s gia hffu han (5.2.2, Tgp 1), tdn tai
8, €[0;1)saocho:

o(1) - 9(0) = 0(8,) = Mf, (ci+0,h, B+B)—F (e +8,h, B).
Sau d6 xét éanh xa y : [0 ; 1] =» R xdc dinh nhir sau :

Vi € [0 1], wu) = £ (o + 0.k, B+uk)
lien we tren [0 5 1] va kba vi trén [0 ; 1] (vi £, lién e ren U va (fx‘); tdn tai
trén U) ; theo dinh 1y s gia hifru han, ton tai 0, € [0; 1] sao cho :

w(l) - w(0) = '8,y = k(fx’);(a +Oh B+ 0,0).
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Vay : hkB(h, k) = (1) ~ 0(0) = A(y(1) - W(0) = hkf_ (o + 0.k, B + B,4).
Ta thu dugc két qui trong tu bang cach hodn vi vai tro cia x va y.
e Vif) v fy'; lien tuc tai a, ta suy ra : 8(h, k) ——> f,(a)

h k)= 0.0
»» hE={0
va 8k, K) ——> fo(a). g
h &) —> (0,09
hix O

Vi (0, 0) dinh vai V, tir tinh duy nhét cha gidi han ta suy ra :
fy@ = £ (a).
¢ | Hé qua 1 Néu f thuoc 16p C? trén mot tap mé U trong R2, thi :
S =S
¢ | Hé qua 2 Gia s U Ia mot tap md trong R?, k € N ~ {0, 1},
f: U — R 1a mdt anh xa thude 16p Cktréen V. Véimoi ! € {2, ..., k},
moi (i, ..., i) thuoe {1, 2}, va moi hosn vi o ciia {1, ..., I}, tac :
0] = f0
fO =

; X

4 ‘: sy o)

Chiing minh :

Ta thu duge két qua trén bing cich ap dyng lien 1idp Binh ly Schwarz.

Noi cich khic, néu f thude lop C¥ thi trong viéc tinh cic dao ham riéng cdp lien

tiép cho td&i cdp k, thit ty céac phép Idy dao ham khong quan trong. Thong thudng

ngudi ta nhém céc chi s6 1, sau d6 cac chi s§ 2. Ching han név f thudc lop c’:
£ =5

ey vy Xk

Trong Tép 4 ching ta s& thdy :

* Dinh Iy Taylor — Young d6i véi cdc ham 56 nhidu bién s§ thuc l6p €2,

e Vige khio sit cac & - vi phoi,

e Cic thi du vé phuong trinh dao ham riéng cdp hai.

Bal thp

01241  Pém chc dago ham cdp k c6 st dung dinh I§ Schwarz va khong s dung dinh
Iy dé. '

Cho (n, ) € N*2

a) C6 bao nhigu b k tao thhnh bdi cic phin tf cda {1, .., n} ?

b) C6 bao nhieu b 2 (&, ..., o) thuge N” sao cho o) + .. + o, =k 7

X
0 1242 Gia sirf: R? > R xdc dinh bdi fix, y) = {,2,,2 néu (x, y) # (0. 0)

4+ = }, Q)
Hiy chimg minh : 0 nfux y) =00

a) f thude 1Gp C! tren R2

b) £ ¢6 nhing dao ham rieng cdp hai theo hai bi¢n ayii)L . % tréen R2 va ¢
X

ﬁ. 0, O 82

e O 055 0O
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12.5 Cuc tri ciia cic ham s6 hai bién s¢ thurc

Tai day R? duoc trang bi mot trong ba chudn thong duyng.

12.5.1 Dinh nghia

¢ Pinh nghia Cho X € PRH,a e X, f: X > R
1) Ta néi ring f c6 mot cyc dai dia phuong tai ¢ khi va chi khi :
3r>0, Vx € X Bla ; n), fix) < fa)
2) Ta néi ring f c6 mot cye tiéu dia phuong tai « khi va chi khi :
Ir>0, Vx € X N Bla ; n, fix) z fla)
3) Ta n6i ring f c6 mot cyc dai chat dia phuong tai a khi va
chi khi :
. I >0, Vx € (X N Bla ; r) — {a}, fix) < fa).
4) Ta néi ring f c6 mot cye tiéu chit dia phwong tai a khi va chikhi:
Br>0, Vx € (XM Bla; r) - {a), fix) > fla).
5) Ta n6i ring f c6 mot cuc tri dia phwong tai a khi va chi khi f
c6 cuc dai dia phuong hay cuc tidu dija phuong tai a.
6) Ta n6i ring f c6 mot cue tri chiit dia phuong tai a khi va chikhi f
¢6 cyc dai chit dia phuong hay cuc tiéu chit dia phuong tai a.
So sanh vdi cdc dinh nghia & 5.32, Tip 1, ta thdy : & Tap 1 thi tap ngudn 13 mot
tap con cha R, con & day 12 mot tap con cla RZ.
Trong mot s6 tai ligu khéc ta ciing gdp tinh tr "wong 461" thay cho "dja phuong”.
THI DU : |
Df:RZ5>R ¢6 mot cie tidu chit dia phuong tai (0, 0)
(x, y) > lxl + Iyl :

2F:RZ 5 R ¢6ege tiéu;,'dia phuong tai (0, 0), nhimg khong ¢6 cuc tiéu
(., yy> 1

chat dja phuong tai (0, 0).

Y nghia hinh hoc

P&i véi mOt ham s8 f: X - R,
thi sy tdn tai mot cuc dai dia
phuong (ching han) tai a = (a, B)
cé nghia 12 trong lan can cia g,
mit (5) c6 phuong trinh z = f(x, ¥)
nim dugi mit phidng c6 phuong

¥ trinh z = fla, B).

NHAN XET : Khi thay f bing — f
thi hai viee khdo sdt mdt cuc tiéu
dia phuong hay mot cuc dai dia
phuong, viéc nay quy vé vige kia.

L
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12.5.2 Khao sit biing dao ham cap mot

e | Pinhly GiasiUePRHY,aclUf:U->R
U 1a mdt tap md trén R?

Né&u { f¢6 cuc tri dia phuong tai a , thi khi dé
cic dao ham riéng cdp Imc‘)t tai a ton tai

f@) = £, @ = .

Chieng minth :
Ta ky higu {a. B} = a.
Anh xa bo phan fl., B) xdc dinh trong 1an can cia o, c6 cue tri dja phuong tai o,
va kha vi tai o. Theo 5.3.2, Tap |, Dinh ly) ta suy ra (.. BYY(a) = 0, ure la
folay = (0. Twong ty véi bién kia.
NHAN XET :
1) Khong duge bd sét bdt ky didu ki¢n nao trong ba didu kién néu trong gia thiét.
Dinh ly trén day s¢ bi sai nfu U khong phai 12 tap md, hoic néu mbt trong cac
dao ham rieng cdp mot ciia f tai @ khong tdn tai. Chéng han :
» 1[0, 112> R ¢6 mot cyc dai dia phwong tai (1, 1), va tdn tai cac
(x, y) 1> 2+ y2

dao ham riéng cdp mot tai (1, 1) 5 wy nhién L4, D=2+ 0, fy’(l, =2=0
Thye vay (xem 12.3), ching ta chi dinh nghia cic dao ham riéng cip 1 tal o clia
mot ham s f trong trudng hop f duge xac dinh it nhdt rén mot tap md chia a.
. f RZ-> R c6 mot cye tidu dia phuong tai (0, 0), va khong 16n tai

(x, y) = lxl + Iyl
chc dao ham rieng cdp mot cha f wi (0, 0).
2) Dinh ly trén day chi néu 1én mot dicu kién ¢An. Néu U 1a mot tap md trén R?
va néu cac dao ham riéng cla f tai a ton tai va bing O, thi ta ciing khong thé suy
ra ting f c6 cuc trj dia phuong tai a. Chéng han f: RIS R thude 16p C!

(x, y) > 32—

tren R? va 10, 0 =fy’(0, 0) = 0 ; tuy nhien f khong co cuc tri dia phwong tai
{0, O), vi:
{ vx e RY, fix, 0) > 0, 0)
¥y e R", f0, ») < RO, 0).

A Pinh nghia Gia si U la mét tap mé trong RZ,a e U, f: U—> R.
Ta n6i ring @ 1a mot diém dimg d&i véi f (hay @ cua f) khi va chi
khi cic dao ham riéng cdp mot cha f tai a tdn tai va bing khong.

Dinh 1y trén chi ra ring, néu f c6 céc dao ham rieng cfp mot tren U, thi khi do
chc didm cyc tri dia phuong cia f thude s6 céc diém dimg cia f. Trong thuc 1€,
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ey =20
&y =0

Trong Tap 4 ching ta s& khdo sat sau hon vdn d& nay bing cich ding cic dao
ham rieng cdp hai, cho phép thu duge mot didu kién di dé mot ham s6 c6 cye tri
dia phuong.

ta s& gidi hé hai phuong trinh hai 4n s8 (x, y) :

12.5.3 Cuec tri toan cuc

¢ Dinhnghla GiastX e PBRY),ac X, f: X >R
1) Ta n6i ring f ¢6 cuc dai toan cuc tai g khi va chi khi :
Vx € X, fix) < fla).
2) Ta ndi ring f 6 cue tién toan cyc tai a khi va chi khi :
Vx € X, fx) 2 fla).
3) Ta néi ring f ¢6 cue tri toan cuc tai a khi va chi khi £ c6 cuc
dai toan cuc hay cuc tiéu toan cyc tai a.

THI DU :
yf: RZ 5> R cé cyc tidu toan cue tai (0, 0).
x yvi—> 2+ y2
2} 1 R2 5 R khong <6 cye trj toan cyc ; thye vay £ khong bi chin trén ciing
(x, y) > xy
khong bi chin dudi, vi fix, x) = ¥* —> + VAR, —x)=—x2 —> —®
X+ X+
NHAN XET : Néu f cé cue dai (twong vmg : cuc tiéu) toan cuc tai a, thi tai a f
6 cye dai {twong img : cyc tidu) dia phuong, Ménh dé dio sai ; ching han
fi R>R ¢é cye tidu dia phuong tai (0, 0), vi véi moi (x, y)
(3 > xh w32 - xh
thuoe (-1 ; 172, fox, ¥y = x%(1 - xh + yz(l - y2) = 0 = fi0, 0), nhung khong co

cyc tiéu toan cuc (M fx, =52 - 2 —— - ) .
X+ o

Bal tap

01251 Xic dinh céc cye 1rj dia phuong v todn cyc cia cic anh xa f vdi tdp ngudn
v dnh fix, ¥) cia (x, ¥) durge cho sau day :

:1)1{2,,12+(x+y—])2+y2 b)Rz,x3+xy2~x2y—-y3

c) 1{2, x + y)2 +xt s y4 d) Rz, 2 - 3x2y + y2 e} Rz, xzy + In{1 + yz).

01252  Xic dinh cdc cyc tri toan cuc cia f: X — R xé4c dinh nhur sau :

ﬂx»y)=x2—xy+y2+x+y,tr{mgd()X:{{x,y]e R2:xSU,ySO,x+yZ—3}

01253 Chof:RZS R : chimg minh ring f thudc 16p C! ren R2,
() b A4y 4y

cé mot didm dimg va chi mot, tai d6 f cé cyc ti€u dia phwrong, nhmg f khong ¢6

cye tidu todn cuc,

(Xem : Tap chi Mathématiques Spéciales, nim tha 101, s& 8, trang 443).
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12.6 Ham an

12.6.1 Bai toan ham 4an

1) Xdc dinh vian dé
Gia sit E, F, G 1a ba tap hop, y 1a mot phdn tr xac dinh thuoc G,
f:E x F— G la mot éanh xa. Bai toan ham 4n la vin dé "mo ta", vadi
mbi x thuoc E, tap hop {y € F : fix, y) = y}. Nhu vay do l1a viec giai mot
phuong trinh mot 4n (y) va chira mot tham s (x). Néu véi mdi x thugec E
ma phuong trinh fix, y) =y (c6 4n s6 y € F) c6 mot va chi mot nghiém,
thi ta n6i rang hé thic flx, y) = y xdc dinh (khong twong minh) y theo x:
tén tai mot 4nh xa ¢ : E — F, duy nhdt, sao cho : Vx € E, flx, o) =7,
¢ goi 1a mot ham an.
Trong lin khio sit so by nay ching ta xét truong hop khi E la mot tap
con cia R, F =R, y =0, f théa man mot s0 gia thiét s& xac dinh.
Trong tap 4 ching ta s& nghién ciu truong hop E, F, G 1a ba R - khong
gian vecto v6i s6 chiéu hiru han.
2) Mot thi du don gian '
Xétf: RZ > R
(x, Y) I X + )_,2 - 1.
Véi mbi x thuoc R ta ky hieu ¢(x) = {y € R : flx, y) = 0}. Ta c6 ngay :
%) néu Ixl > 1
o(x) =4 {0 néu Ixl = 1

}
(=V1-22, N1-22} néulnl < 1

Puong cong (C) = {(x, y) € R2 ; fix, y) = 0} (dwong tron tam O va ban
kinh 1) ¢6 thé tach thanh hai "doan" (nira dudng tron) :

(C)={(xy) € R?;flx,y)=0vay 20}

(Cy) = {(x,y) € R?; flx, y) =0 vay <0}
y=@x) Puding cong (C) khong phai 1a db
thi biéu dién mot ham s6 mot bién
s6 thwc. Nhumg, véi moi (a, b)
thuoc (C) sao cho b # 0, ton tai hai
khodng mé J, K, c6 tam theo thir tu
12 a, b, sao cho (C) N (J x K) 1a
duong biéu dién cia mot ham so,
d6 12 ham s8 x > V1 — x? (tuong
1’mgxt—>r‘\J1—x2) néu b > 0
(twong ung : b < 0).
O day ching ta da c6 thé biéu thi
twong minh ¢ : x +> y trong mot
lan cén.
Trong §12.6.2 ching ta s& lam 16 céac diéu kién dd sao cho trone lin can
mot diém (a, b) thda man fla, b) = 0, thi h¢ thic fix, y) = 0 xac dinh mot
ham 4n y cla d6i sO x.

11

=Yy
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12.6.2 Trwong hop hai bién thye lién hé v6i nhau bing mot hé thie

¢ | Pinhly (Pinh Iy ham én) '
Gia st U 12 mdt tap mo trong RLA=(@b)elU f:U->Rl

mot dnh xa.
f4) =0
1
Ta gid thiét : |f thugelép C* tén U
A =0
Loy

Khi d6 ton tai hai khoang mé& J, K c6 tam theo thir ty 1a a va b sao
cho J x K — U va thda man didu kién sau diy : ton tai mot va chi

mot 4nh xa ¢ @ J — K, thude lép ¢!, sao cho :
Vix, y) € Ix K, (fix, y) = 0 & y = ¢(x)).
Chitng minh : (khong thudc chuong trinh)

Ta gia thiét ching han % (A) > 0 (trwomg hep % (A) < 0 dwgc quy vé trumg
hop nay bing cdch xét —f thay cho f).

o Xic dinh J, X, ¢
Vi i lién tyc wén U, va do 4 (4) > 0, nén tdn tai (o, B) € (R:)2 sao cho vdi
ky hiéu Valg—a;a+alX[b-p;b+Placo:

{Vc U

Vix, y) € V.% x, ) >0

Véi moi x, thufe [ - o ;a + a], anh xa bd phan fix, )1y Az, ¥ thudc
leC‘ teen [p—P; b+ B] va:

Vyew—B'b+BLMxNW@%=g(m)O>0:

Vay 4nh xa f{x_, .} nay ting nghiem ngat tren [b - B ; b + Bl.

bic bigt, fla, .) ting nghiém ngit trén b-B;b+pl;vifla, H=0va .

belb-B;b+plnensuyra:fla, b-P)<0vafla b+p)>0

Do fi., b - B) va f., b+B)llEntucn'6nUnentasuyraréngtdntaluleR "

sao cho : : : :
[a—at;a+al]x[b—B;b+B]c.U

_ fix, b-Pp) <0
Yx e la a],a+al]{ﬂ b+ B) >0
Ky hitu o’ = Min{a, 1)(>0)véglésu‘x e[a—ct.a+a]Kh1d6tacé

bang bi¢n thien cla fix,, .) tren [b - P 5 b + Pl :

y |b-8 3% b+B

f(xo, «) />0
<0
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Tinh lien tuc cod fix., .) rén khodng [b — B ; & + B], va tinh don digu nghie¢m
ngit cda fix, .) trén [b — B : b + P] theo thit tyr chl.mg td sy tdn tai va tinh duy
nht cha y, thuoc [b - B ;b + Bl sao cho flx, ¥} =

Bangcachkyhleuj—]a—a,a+a{vaK 15 - B b+ B[, ta 43 co
JxKcC UvéVxDEJ,EI!yUeK.ﬂxo,.yU)=0

Ta ky higu @ : J — K 1a 4nh xa cho ung v6i mdi x, thude J voi phén tf v, duy
nhét thude K sao cho flx, ¥} = 0

+ Tinh lién tuc cia @

Gid st x, € [a-a ;a+ ] vay, = olx, ) Ta ¢d lhé thye hign vigc khdo sét
trén day dél voi (x,, y,) thay vi (g, B : tBn tai (a B, ) e (R1) sao cho ;

[xn‘“;;""()“L“]XD’O_B ,yn+B]CU

Véi moi x thuge [x, — 'a; ;X + o "1, anh xa fx, .) ting nghiém nglt

tren [y, - PBx,; v, + B, ] va chuyén n(} mot gid tri < 0 sang mot gid tri > 0.
Choe e 10 B, ],vay tacoﬂxo,y 8)<0vﬁﬂxﬂ ¥, + &) > 0. Vifl..y, —€)va
Sl ¥, + E) hen tuc trén [x, — 0. HENE cxx ], nén t8n tai n € R+ sao cho : ’

: X, ¥, ~ g} <D
.Vxe[xn-n;xu+q], x, ¥, +8) >0

Theo dinh nghia cla ¢(x) khi d6 ta c6 : Yo~ E < plx) <y, + &, tic la
lp(x) — y | < & Nhu vay ta da chuing té ring : Ve > 0, 3n>0 ¥x € J,
(Ix - x, I £n = leplx) - (p(x )| < g), nghia 1a : ¢ lién tuc trén L

¢ ¢ thudc lop C' trén J

Chox,eJvahe R saocho x, + i € J. Bang cach ap dung dinh 1y s6 gia hiru

han (Tap 1, 5.2.2), ta thdy ring tén tai 6, thudc [0 ; 1] va ¢ ndm gitta @(x,) vd
o{x, + h) sao cho ;

o+ b ) — Sl @) = Al G 5y + B = Bk (5,0, 9(x)
v fix, + h, o(x, + W) = flx, + B, 0lx, N = (@lx, + )~ {p(x ))ﬂx + h, ) (c)
= @tx, + 1) - o) 2 (5, + 0

Nhu ta d3 thdy & phén diu cia phép chimg minh :
JxKclU
Yix,y) € J x Kgf(x yy >0

Vi ngoai 1a ta con 6 flx, + A, @(x, + my) = 0 va'fix, ¢(x)) = 0, nén 1a suy ra ;

o(x, + h) — o(x,) l (=, + 85 @)
A -

% (x,+h, )

Cugi cong vi 8, € [0; 1] va ¢ ndm gita ¢(x.) va @(x, + k), Vi @ lién tuc tai x,,

vi gg va % lien tuc tai (x_, @(x), va vi g (x, @(x.)) # 0, nén ta suy ra:
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0

h h—0 .é-;_c (x”, (p(xﬂ))

d
; 3 gi (xo‘ (p(xa))
K&t qua trén chumg t6 ring @ kha vi tai x vi: @'(x) = - ————

E g (x, o(x,) :

Vi o, gﬁ g —gi lién tuc, nén cong thic trén cing ching to ring @’ lién tuc, tic 1a
ox oy

¢ thudc 16p C' tren J.

NHAN XET :

1) Biét ring ¢ thuoc 16p C', c6 thé tim lai cong thic cia @’(x) bing cich dao
ham (theo x) trong h¢ thic flx, @(x)) = 0, ta duge :

T, o1+ Lts, 0o’ @) = 0.
x oy

2) Néu g (A) =0 va 6@ (A) # O thi ta c6 thé hodn vi cic vai trd cua x va y
x
trong dii?l{ ly trén day.

Y nghia hinh hoc 13

1) V6i céac gia thi€t trong dinh
ly ham dn, giao cta duong cong
(O ={(x,» e U; K|b
fix,y) =0} vaJ' x K la dudng
biéu dién ctia mot ham ¢ thudc
l6p C'.

(©)

2) Trong dinh ly ham 4n ta

hay thay %(A) # 0 bing

i;}‘f(ﬁl) =0va gf (A) # 0 (cac

gia thi€t khic gitr nguyén). Bing
cach hodn vi céc vai trd cua x
va y, ta thdy ring duong cong
(C) c¢6 ti€p tuyén song song vdi
(y'y) tai A(a, b).

Vay, néu mot duong cong (C)
v6i phuong trinh flx, y) = 0,
trong d6 f thuoc lop C ! trong lan
can mot diém A(a, b) thuoe R?

va néu fld) = 0 va [Qf(,q)m
ox
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ho#c g(A) # 0) , thi khi 46 (C) c6 ti€p tuyén tai A v&i phrong trinh Descartes la:
N - AN
x - a) ax(A)+(y )ay(A)'O'

¢ | Ménh d& Vi cic gia thiét va cic ky hieu trong dinh 1y ham 4n,

néu fthuoe l6p Crtren U (k IN* U {+00}), thi ¢ thudc 16p Ck tran J°.

Ching minh :

Quy nap theo & (k N,

Tinh chat d6 ding vdi k = 1 (dinh 1y bam 4n).

Gia thigt ndé ding véi mot k thuge N* va (voi céc gid thiét ciia dinh 1y ham n)
gid thi&t f thude 16p C** ! trén U. Theo gi thiét quy nap, ¢ thuge lop Cf tren J'. Vi

Z o)
e

Vxe ok = -
of
o (6 ()
Ay
va vi o, & déu thude lop C*, nén ta suy ra (bing phép hgp va phép chia

ox ' By
ham s6) ring ©' thugc lép C¥ tren J°, nrc 12 @ thuge lop CF+! tren /.
Truomg hop & = +eo suy ra dé dang tir k&t qua trén.
NHAN XET : Dic bi¢t, v6i cac gia thi€t cia dinh ly ham 4n va néu f thude Idp
C® wén U, khi 46 ¢ thude lp C° trén J', suy ra ¢ c6 khai trién hitu han t6i moi
bic tai a (dinh 1y Taylor—Young, 8.3.2). D& tinh khai trién htru han ciia ¢, phuong
phip thudng ding nhat 1a phuong phdp "hé sd bat dinh".

- THI DU :
Chimg 6 rng he thic sin(x + y) + cos(x — ¥) — 1 = 0 xdc dinh y nhwr ham 4n
cla x trong 1an can cla (0, 0), va tinh KTHH,(0) cfia ham in @ : x = y nhan duge.

Anhxa f:RZS R thuoc 16p C’ trén tap mé R2,
(x, ¥) = sin{x + ¥} + cos(x ~ y) - 1

70,0 =0, Zo,0=1 < 0.

Theo dinh 1y "ham 4n, t6n tai hai khoang m& J, K ¢6 tam tai O sao cho :
vx e J, Aty € K, fix, y)—

Vay he thirc fix, y) xic dinh y nhu ham 4n coa x trong lan can cia (0, 0). Vi f

thudc 16p C® tren R2, theo ménh dé trén day, ¢ thudc 16p C° wen J° ; vy @ c6

khai tridn hou han t6i moi bac tai 0. Dic biet, tdn tai (o, B, v, 6, &) € R sao0
cho v&i moi x thude J

() = o + Prx + 2 + 8% + &t + 0 (0
x—0
Ta ¢6 ngay o = 9(0) =
V&i moi x thugc J°, biing nhitng phép tinh vé khai trién hitu han, ta c6 ;
0 = fix, @(x)) = sin((1 + P)x + yx + 8% + ex? + o(x*)
+ cos({1 - P)x — xz ~ 6 —ext +o(xY) - 1

= (1 +P)x+yxl+6x7 +ext - g (1 +B)%3 + 31 + Byyx)



12.6 Ham 4n 215

- 3 (=221 - B (2 - 201 - B + . (L= B o),
tr d6 do tinh duy nhit cla KTHH,(0) clia ham hing khong, ta suy r1a :

[1+p=0
- -pP=o0
J6-c@epPena-p=0

1 Lo o 1 e
e—zumﬁ—zu AL-PB) + o (1=B)* =0

Ta suy ra gia tri cac hé sd theo "bac thang" : p=-1,y=2,8=-4,¢e = 2—38- .
Cudi ciing ta ¢ : ¢(x) = — x + 2x° — 4x° + i 4o (Y.
] 3 x—=>{
NHAN XET : Noi chung, khi da c6 mot 4y
khai trién hiu han clta ¢ tai a s& cho
phép mod ti dang diéu trong lan cin ciha
{(a, b) cia duirng cong (C) cé phuong
trinh f{x, y) = 0. Trong thi dy trén, (C)
di qua O, tiép tuyén tai O véi (C) chinh
12 duéng phan giac thi hai, va (C) hudng o
phia lom (trong 1an ¢in cia Q) vé& phia
cac y duong, ©)

Dang digu eiia (C) trong lan can cda (0, )
Bal tap

0 12.6.1 Ching minh ring he thic neu ra dudi day xdc dinh y nhw ham 4n cda x trong
lan cén cda cip (a, &) ghi ben, va tinh khai trién hou han d€n bic n ghi sau d6, trong lin
cinciaa, ciahaimsSdno: x> y:

At ey -2y -1=0, ©1),3 e+ +x2+y +y=0, (0,0),5
Axnt-P+y=0, ©, 0, 17 d) ylnx + xlny - 142 = 0, a,2),2
e) xe¥ + ye¥ — 1 = 0, (, 1), 3 ) %ln(x2+y2)-— Arctan(z)=0, (0,3

X

2 Arctan(iy) - Y + [ =0, (0, O), 3.
0 12.6.2 Cho cic bign thye x v2 ¥, lién h¢ v6i nhav qua he thic €Y = 1 + x +
"dan” t&i ( ; chimg minh riing khi dd X ¢ gidi han b han ; tinh gidi han dé.

2

0 12.6.3 Chimg minh ¢ing ham 4n ¢ : x = y, x4¢ dinh bdi — x + 2y + &% - ¢¥ = (} trong
lan c4n ciia (0, (), c6 mot cye dak dia phuong chit ai 0,

{ 12.6.4 Ching minh riing hé théc sau day xdc dinh y nhu ham 4n cda x trén R, va 4nh
X2 @ : x > y thude lop C° wen R ¢

8y +xty —ef =0

byertY —x+y=10

c)xz—x+y+siny={l.
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12.7 Dang vi phan

C6 thé m& rong dé dang viéc khao sit trén day 4561 voi cac ham s& hai bién sO
thye cho céc ham s8 ba bi€n s& thyc. Trong viéc khao sit vé& cac dang vi phan
v Gidi tich vecto, ta s& gia thigt viec md rong d6 da duac thye hién.

12.7.1 Dinh nghia

¢ Cac dinh nghia

1) Truong hop hai bién s6 thuc
Gia si U la mot tap md trén R2. Dang vi phan trén U la moi
anh xaw : U — £(R2, R) sao cho ton tai hai anh xa
P, 0 : U — R thudc 16p C! tren U théa man :

Y(x, y) € U, ofx, y) = P(x, y)dx + Q(x, y)dy.

2) Trudng hop ba bién sd thyc
Gia sir U 1a mot tip mé trén R3. Dang vi phan trén U la moi
sfnhxaw: U > £(R3, R) sao cho tdn tai ba anh xa
P, O, R : U - R thudc lop C! tren U thda man :
Yix, v, 2) € U, ol y, 2 =Py, 2dx + O(x, v, 2)dy + R(x, y, 2)dz.

Ta nhic lai ring (12.3.2, 2)) (chdng han d6i vdi trudng hop hai bién s¢ thuc) dx
chi dnh xa tuyé€n tinh dx ; R2 5 R £(R% R) chi 1ap hop cdc 4nh xa tuyén tinh
wr R? dén R. (Ink) = h

12.7.2 Dang vi phin diing

¢+ PBinh nghia
Cho U 1a mot tap mé trén R? va @ 12 mot dang vi phan trén U. Ta
néi ring ® 1a dang vi phan ding trén U (hojc : © c6 nguyén ham
trén U) khi va chi khi tén tai F : U — R thuge 16p C! trén
U sao cho:
Vix, y) € U, d(x‘ ),)F = ofx, ¥)
Mot anh xa F nhur vy, néu tdn tai, duge goi 12 mot nguyén ham
clia o trén U.
D6i v&i trudmg hop ba bién s§ dinh nghia tuong tyr-
Vdi cac ham thanh phdn P, @ cla @ :
Vi, y) € U, olx, y) = Plx, ydx + Q(x ydy

thi h¢ thic d( .},}F = wlx, y) twong duong vdi

X,

ji—i G y) = P(x, )
% . y) = 0 ¥

Trong céc trudng hop dom gidn ta ¢ thé thy ngay mot dang vi phan hién nhié:
13 dang vi phan dung.
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THI DU :
1
e xdx + ydy = d(z o* + yz))
e xdy + ydx = d(x))
x ¥

1
dx + dy = d(=In( + 2
.x2+y2 T2y ! (2 ¢ )))

Dé tinh nguyén ham cia mot dang vi phan ding, xem 12.7.4, 1) dugi day. Gid sir ©

., OF  OF
¢6 mot nguyén ham F wén U. Céc hé thic trén day ching to rang N vh —a; thude

i6p C!, e 1a F thude 16p C2 trén U.
Theo dinh 1y Schwarz {12.4.3, trang 194), 1a suy ra :

op _ OF _OF _ 20

gy Oydx T oaxdy  Ox
he thuc nay s& ddn d€n vigc khao sat trong §12.7.3 sau day.
NHAN XET : Trong Tap 4 ta s thiy la, adu @ 12 dang vi phan dung trén mot
tap m& "lien thong”, thi khi d6 moi nguyén ham cia ® chi sai khac nhav bdi
nhong hiing.

12.7.3 Dang vi phan dong

* BHinh nghia 1
1) Trudng hop hai bién $& thyuc
Gia st U 12 mot tap md trén R? va @ 12 mot dang vi phan trén U,
xéc dinh béi
Y, y) € U, olx, y) = P(x, y)dx + Q0 yydy
Y
Ta néi ring o déng trén U khi va chi khi: - = @9
oy Ox
2) Truomg hop ba bién s8 thue
Gia st U 12 mot tap md trén R3 vi o 12 mot dang vi phan trén
U xae dinh bdi :
Yix, v, z) € U, olx, ¥, 2 =Py, Z)dx + Q(x, y, 2)dy + R{x, ¥, 2)dz.
Ta néi ring ® déng trén U khi va chi khi :
o _00 0 OR R _2P
dy ox oz oy x o
Tir két qua & cudi 12.7.2, bang cach ap dung dinh 1y Schwarz, 1a ¢6 thé phat biéu :
* Pinh Iy 1
Moi dang vi pban ding déu déng.

¢ Pinhnghia2 ChoX e P(R3) (hay X € PR
1) Gid sir A € X ; ta néi réing X 12 hinh sao d6i voi A khi va chi khi
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VM e X, [AM] c X,
trong d6 [AM] chi doan néi A véi M, tic la : W e
[AM] = {P € R®: 3\ € [0; 1], AP = LAM)}.
2) Ta néi ring X la hinh sao khi va chi khi ton tai A € X sao cho X
12 hinh sao d&i vdi A. '

¥

X =R>- (R -x{0D)
X 12 hinh sao d6i véi A X 1a hinh sao ddi vai A(1, 0)
Thi du vé& céc tap con hinh sao cta R’

X =R - {(0, 0))
Thi du vé& cic tap con cia R? khong phéi 1a hinh sao

Mot tap con X cla R3 (hoic cla R2) dugc goi 1a 16i khi va chi khi :

Y(M, N) € X, [MN] c X.
RO rang mot tap con X 161 khi va chi khi né la hinh sao d6i véi moi diém cua
n6. Dac biét, moi tap con 18i (khong rong) déu 12 hinh sao. Nhung ménh d& dao
sai (xem hai lugc dd ddu tién).

¢ | Pinh ly 2 (Dinh ly Poincaré)
Gia sir U 1a mot tap md hinh sao trén R3 (hay R?) va o la mot dang
vi phan trén U. Diéu ki¢n cén va du d& ® 1a mot dang vi phin ding
tréen U 1a © déng trén U.

Chimg minh :

Trong Dinh 1y 1, ta da ching minh diéu kién can. & day ching ta s& thira nhan

ménh d& ddo (d6ng trén tap md hinh sao = dang vi phan diing); mé¢nh dé nay sé
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dugc chimg minh trong T4p 4 bing cach ap dung dinh Iy v& dao ham dudi dau
tich phan.

12.7.4 Lugc d6é khio sit mét dang vi phan, cic thi du

Cho @ 12 mot dang vi phan trén mot tap md U cia R? (hay ciia R?), thong thutmg
o dwge cho tudng minh bing cic he ¥ :

Vi, v, 2) € U, aolx, y, 2) = P(x, y, 2)dx + Q(x, ¥, 2)dy + Rx, ¥, 2dz.

1) Néu o dong trén & va n&a U 12 hinh sao, thi dinh ly Poincaré ching td ring @
€6 nguyén ham, Viy ching ta di dé€n van dé tim cdc 4nh xa F: [/ - R thudc
lép C! trén U sao cho

oF
T = 2
5 Q 2)
8F
az =R )

Vin dé & day la giai mot "he tuyén tinh nhimg phuong trinh dao ham rigng, cép
mot, v6i h¢ s§ hang". Trén thyc t& ngudi ta "tich phan" ching han (1) d6i vdi x,
va do dd thu duogc (néu nhu x bi€n thién trén mdt khoang) :

Flx, y, 2) = _[P(x. ¥, dx + G(v, 7
trong d6 G la mot 4nh xa wy y thudc 16p C! tren

{2 eR:3xeR, (xy2)e U
Thuong thi ta c6 thé tinh dwoc (tren thyc t6) céc tich phan [P, y, 2)dx.

The vao (2) ta s2 quy vé mot phuong trinh % = §, trong d6 S 12 mot ham s6

(ctia hai bign s¢ : y, z) ma ta s& tinh. Ta "tich phan” ding thic nay theo y, va do
dé thu duoc (n€u nhu y bi€n thign trén mot khoang) :

Gy, 2) = _[S(y, 2y + H(z), rong d6 H 1 mot 4nh xa thude 16p CcL

Cubi cung th€ vao (3) ta s& quy v& viéc giai #' = 7, trong d6 T da biét (haim mot
bién z), tr d6 suy ra H, 16i F.
THf DU : Khao s4t dang vi phan o xic djnh tren R? bdi :
ofx, ¥) = Gxdy + 2x + yHdx + (° +3xy* — 2y)dy.
Goicaché¢tirclla @ la P, Q, ta cé :

[aP

lg (x ¥) = 3G + )
Y(x, y) € R?, 30 '

5 e =300+ )

X

Vay @ déng tren RZ
Do R? 1a mét tip md hinh sao, 1a suy ra (theo dinh 1y Poincaré) ring o 13 dang
vi phan dﬁng teén R2, Biing mot phép tinh so cdp ta s& ching t8 réng & ¢6 nguyen
ham trén R° va s& xac dinh dwge cdc nguyén ham d6, do d6 that ra cing khong
cdn phai ap dung dinh 1y Poincaré cho thi dy nay.

219
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Gia sir F : R? > R Ia mot énh xa thudc lop Cl; F 1a mot nguyén ham trén R?
ctia ® khi va chi khi :

{ Y(x, y) € R?, %g (x, y) = 3%y + 2x + y (1)

(% 9) ' R a—af; ) = B + 3% - Q)

Hé thic (1) twong duong VOi su ton tai ctia mot anh xa G : R — R thuge lop
C! tréen R sao cho :

V(. y) € R% Flx, y) = [Gy + 2x + y)dx + GO) = xy + x* + Yx + GO).
Thé vao (2) :
Q)= VX, y e R2, P+ +G )= L+3nt-2yeoVyeR GO =- 2y
o 3CeR, VyeR Gy =-y+C
Cuoi cung, o la dang vi phan ding trén R? va céc nguyén ham cia o trén R2 1a
cécimhxa]RzaR, CeR
(x,y)l—br"y+y3x+x2—y2+C
2) Néu o déng trén U va néu U khong 1a hinh sao, thi c6 thé 1a o khong phai la
dang vi phan ding trén U. Trén thuc t€ ta s¢ phi U bing hop ciia mot s6 hou
han nhimg tap md hinh sao (n€u c6 thé) ; hodc la ta s& xac dinh mot s0 hiru han
céc tap m& hinh sao ma hop chinh la U b6t di mot "dudong cong don" (thuong 1a
mot duong thing hay nira dudng théng), sau d6 ta s¢ ¢ ging ghép ndi cic nguyén
ham doc theo dudng cong nay. ;
Dudi day (13.1.4) ta sé thdy ring néu nhr o 1 dang vi phan ding trén U, va néu
I 1a mot duong di kin (hodc : mot "vong") tmg khic thudc 16p C! va bao ham
trong U, thi jw = 0 (tich phan duong); biing cach chuyén sang ménh dé phan dao
r
két qua nay sé cho phép ta chung minh ring mot s dang vi phan, tuy déng, nhung
khong phai la dang vi phan ding.

THI DU :
Khio sét dang vi phan o xéc dinh trén U = R? — {(0, 0)} bdi :

V(x,y) € U, o y)=- —Y —dx+

x
dy.
2+y?

e Ky hi¢u céc he tir cla o 1a P, 0O, ta co:

P ey = =t
e e )
Vo b Eir | 5 e OV
09
T (e PP g

vily o dong trén U.

e Ta khong thé dp dung dinh ly Poincaré vi
U khong la hinh sao. Ky hi¢u

U,=R] xRva U,=R" xR; vi o dong
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trén U, nén r0 rang @ d6ng en U, va U, (thyc ra d6 12 cac thu hep cia @ tren
U, va Uy

ViU, va v, d¢u la hinh sao (vi 18i) nén » 1a dang vi phan ding trén U, va uén
U, (dinh ly Poincarg).

Bay giv ta s& xac dinh tudng minh c¢dc nguyeén ham cda w trén U, vatrén U,
s Mot danh xa FI : Ul — R thuoc lop C! tren Ul, 12 mot nguyén ham cla o trén
U, khi va chi khi :

IF

V) e Uy — () = - xziﬁ ()
v aF] )C.
(x,y) € U, Y (x, y) = 27 ()

He thirc (1) twong duong véi s tdn tai ciia mot 4nh xa G, : R = R thude lop
C! wren R sao cho ;
Vix, y) e Up Fim ») = | -

2 dx + Gy = Arctan + G,0).
X +y

G day ta leu y dén lgi ich cia viec bot di khdi U duomg thing (y‘y) da cho phép
ta chia cho x. Pem th€ vac (2) :

2) & Y y )EU"R + G 0) =

<> VyeR G'G)=0
©3C,eR VyeR GM=C
Nhir th€ cic nguyén ham cia o trén U, 1a cic 4nh xa

x2+y

Fi:U —>R , €y € R Tuong ty, céc nguyén ham cia &Eﬁ'-'Uz
x, Y > .ﬂn'c:tanz+(,‘l
x
la nhimg énh xa F, : U, > R ,C, e R

{x, ¥) = Arclanx + G,
X .

» Néu @ c6 mot nguyén ham F trén U, thi khi d6 cic thu hep cila F rén U, va
trén U, theo th ty 12 cic nguyén ham cia @ wen U va U, Bay gi¢ ching ta
xem xet vin d8 lam th€ nao d€ "ghép n6i" F, va F, doc theo (y'y) - {0} &€ thu

duoc mot dnh xa thuoc 16p C! trén U.

Gia st y, € R.
1) Néu y, > 0 thi : Fi(x, y) —— L C, va
x> 0,5)
(ny el
T
Fz(x,y)~—>——+C2,
x> Oy
(x, ¥} € U2
tir 46 suy ra ring phai c6 :
i =-2,¢,

2 ! 2 2

221
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2) Néu y, < 0 thi : Fy(x, y — - L C,,va
(x, )= O, y)
(x,y) & Ul

P, 3) ——— — %€
x) =0, y)
() e U2 3

¥ ik

tir &6 suy ra rang phai co :
i T

= 5 + Cl = —2' + CZ'
Nhung hai diéu kién thu dugc trén day d6i véi C, va C, khong tuong thich ; noi
cach khac, ta khong thé "ghép ndi" lien tuc F, va F, doc theo (3'y) — {O}.
Cudi cung thi : © khong phai la dang vi phan dung trén U.
Y nghia hinh hoc
Khi ghép n6i F| va F, doc theo ntra dudng
thdng m& Oy, ching han ta thu dugc anh xa

F: Vo> R,
ArctanZ néu x>0
x
; z §ux=0
1 (x, y) > 5 néu x =

Arf.:tan“i +n nfux<0
X

trong d6 V = R? - ({0} x R)

Theo su khao sat trén, F thudc 16p C! tren
u,vbu, va @

V(x,y) € Uju U, d(x‘y)F= o(x, y). Nhung ta ciing ¢6 (xem 7.9.3, Ménh deé) :

Y(x, V) € Rle:_,F(x, y) =%— Arctani.

Két qua trén chung to F thuoce 16p C, trén R x R} va (qua mot phép tinh don
gian) ta ¢6 : V(x,y) € R xR}, d(x y)F = o, ).

Vi ba t@p méo U, R x R: , U, phi U, nén ta suy ra dé dang ring F thudc lop
C' tren V = U v Rx R} ) U U, va la mot nguyén ham cia o trén V.
Vay o la mot dang vi phan ding trén V.
Anh xa F khong c¢6 giéi han tai moi diém thudgc {0} x R_. Chinh xéc hon :
o F khong c6 gidi han tai (0, 0).
* V6i moi y, thudc R* , F c6 gici han "bén trdi" va giGi han "bén phai" diém
0, y,) va cac gidi han d6 khéac nhau (sai khac nhau ding 2m).
Mat
S)={(x.y,2) € VxR;z=F(x y)}
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12.7 Dang vi phén

12 hop cda nhimg niva dudng thing mé xust
phat tir mot di€m trén (z'z), nim ngang, va Z

quay "déu din" quanh (z '2), {“ﬂ
(8) la mdt mat "hinh chong chéng” va ta _

khong thé dan hai "méi" ciia (S) lai véi
nhau.

\MW

. x
3) Néu @ khong déng trén U, ta s& tim mdt 7]
nhin t¥ tich phan cho o, tic 1a moOt 4nh o
xa @ khong phi la dnh xa h3ng khéng (va ¥
néu c6 thé, khong triet titu tai bat ky diém
n20), thude 16p C! va sao cho dang vi phan
006y 2D B oy, Doy y, z) déng
trén U, hodc déng trén mot tap mé U i bao X
ham trong U va sai khic "it” so vdi U. Viec
xac dinh @ quy vé vigc gidi mot he phuong trinh dao hiam rieng cdp mot, 1a mot
vin dé khong xét (6i trong Tap 2 ndy. Do d6 dé bai s& dua ra mdt chi din v& ¢
cho phép quy bai todn vé viec gidi mot phuong trinh vi phan {thwdng gip nhit
la : phuong trinh vi phan tuyén tinh ¢cdp mat khong c6 v& thiy hai). Khi d6 dang
vi phan "mdi" @, s& déng trén U (hodce U,) va ta ¢ lai 1) hay 2).
THI DU :
Khio sat dang vi phan © xdc dinh tren R2 bdi :

Y(x, y) € R%, o, y) = 2y%dx + 3xydy,
bing cich tim mot nhan t& tich phan chi phy thudc xy.

¢ o dwge xdc dinh trén tip mé R?; ky higu céc h¢ tir cva o 1a P, Q, ta c6 :
op " '
by =4y

Y(x, y) € RZ, % vy o khong déng trén R2.
L oy =3
ox

* Ta tim mot nhan ¥ tich phan cho @, tic Ja mot 4nh xap:RE 5 R thugc lop
C! tren R?, sao cho dang vi phan ©, xéc dinh bdi :

Y(x, y) € R?, 0,(x, ¥} = @(x, y)o(x, y)
déng tren R2.
Dé bai chi din 1a nén tim ¢ sao cho @(x, y) chi phu thudc xy, tic 1a ta phai tim
mot anh xa f: R > R thuge igp C! tren R sao cho 4nh Xa

9:R25 R 12 mt nhan tF tich phan cho .

(x, ) > flxy) _ _
Ta chi ¥ ring ¢ 12 mot ham hai bign s6 thuc, nhung f 14 ham clia mot bign s§
thue duy nhdt,

Pi(x, ¥) = 2¥%(wy)

e - o e

Ky hieu Pl’ Ql 14 cic hé 1 cda W,V y) e R2, j
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Ta co :
?ﬁ % . 2 2. o> _ 3 2 ,
P " & Y(x, ¥} € R?, 4yf(oy) + 2y°xf (xy) = 3yflay) + 3xyf (xy)

& Y(x, ») € R% % (xy) = yf)
o Vi e R (0 = R
SV e R fin=t

Trong thuc t&€ ngudi ta chi xac dinh mot nhan ¥ tich phan duy nhit : trong thi
dy cia chiing 1a thi ¢ : R2Z » R 13 mot nhan tr tich phan cho .
(x, y) P xy
» Dang vi phan @, xdc dinh trén R2 bdi :
Y(x y) € R, 0,(x, y) = xyolr, y) = 20°dx + 3x%y’dy
déng trén R? ; vi R? 1a tap m& hinh sao, nén o, 14 dang vi phan ding trén R2.
Mot phép tinh don gidn cho ta cdc nguyén ham cla o, trgn R? : d6 1a céc 4nh x:
RS R ,CeR
.y 2y + C

Bal tap

{ 12.7.1 Khio sdt cdc dang vi phan hai bién sau day : o 1 dang vi phin dong 7 dung
Néu co, hiy tinh céc nguyén ham ciia ; néu @ khong déng, hay tim mot nhan ur tich pha
¢ 1 (x ¥) P @lx, ) sao cho ® : (x ¥) = ox, Yaly, ¥) 1a doéng ; @) <6 dang vi pha
ding khong ? Néu c6, hay tinh cac nguyan ham cia o !

2(1 - &%) o 1 1
a} dx + dv b) + = Vdx + { x+— }dy
(1+27 1+2 © a}f) ( )-'j

c) Arcwn(f)dx + % In (2 + ¥ dy

d) ydx + dy, ©(x, y) chi phy thugc x
e) ydx + (y — x)dy, ¢(x, ) chi phy thudc ¥
£) 62 - 22 = 2eyddx - (2 — &2 + 2x3)dy, 0(x, ) chi phy thude + + y?

a2
g @f'—zL dx + m dy, p(x, y) chi phy thude i
y ;

h) (1 + e Ndx + (x - 2)dy,.e(x, y) chi phy thuge y
i xzx—] dx + l+Inx

dy, ¢(x, y) chi phy thudc y.

{0 12.7.2 Tim i ca cic cap (£ g) nhimg 4nh xa tr R d&n R thudc l6ép c! iren R, s
cho dang vi phan o xé&c dinh trén R2 bii

Vi ) € R o 3) = 0oz + g0idy)
(3 dang vi phan ding, rdi xdc dinh cic nguyén ham cia © trén RZ.
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0 12.7.3 Tim diéu kién cin va di 403 vi (p, q) € N2 sao cho dang vi phan @ cho b
Y(x.y) & R o, y) = 0P dx + x¥ydy

1a dang vi phéan ddng, rdi trong trudmg hop &6 hay xic dinh cac nguyén him ca @ trén RZ.

0 12.7.4 Cung cau hdi nhy trong bai tap 12.7.1 véi ba bién s

a}gdx—gdy+g%dz.(a.b}eliz
4

b) ———— ((ay  b2)dx + (cz - axdy + (bx - cy)d2), (@ b, ©) € (R
(cz~ ax)?
¢) 2yzdy — 2xzdy + * - yz)dz, o{x, v, o) chi phu thudc x + y

1 1 .
dy — dx + 1 dy + — dz, @lx, y 2) chi phu thude oz
¥z 7x Xy
012,75 Tim didu kién cin va dd d0i vdi (&, ) € R? dé dang vi phan ® cho bii ;
> (O + 2dx + b(z — )dy + c(x + y)dz)
O +2)
la dong. Tinh cac nguyén ham cia o trong trwomg hop nay.

oy, ¥, 2) =

0 12.7.6 _ Tim mdt snh xa f: RZ 5 R thuoc lop Cl, sao cho dang vi phan @ cho bdi
o{x v, z) ={yz + ,12)3)dx +{xz + 13)'2)(1}7 + fix, y)dz 1a déng, rdi tinh cic nguyén ham cla o
trén R2 trong truomg hgp do.

12.7.5 Ung dung vao mét s6 phuong trinh vi phin cap mot

Gid st U 1a mot tap mé tren R2, P, @ - U — R Ia hai 4nh xa thuoc lop C', ©
la dang vi phan xéc dinh weén [/ béi :
Vix, ) e U, wlx, ¥y} = P(x, y)dx + Q(x, v)dy.
Gia thiét ring @ 13 dang vi phan ding trén U/, nghia 12 tén tai mot 4nh xa
F: U - R thuoc lp C! wén U sao cho :
Y(x, y) € U, d(x.y)F = olx, ¥)

Xét phwong trinh vi phan (néi chung phi tuyén) cip mot :

(e) , P(x’ y) + Q(xs }’)y = O ’

trong d6 x la bién (thye) vA y 13 him chara bigt (lafy gid trj thyc).

Cho 7 13 mot khoang mé thudc R va y : 7 - R 12 mot 4nh xa l6p C! wzen I, sao
0:Vxel (x, vx)) € U.

Véi moi x thude [ ta ¢6 :
L ) = L w1+ £ erare
X ox By
= P(x, y(x)) + O, y{(x)y (x).
Vay, dé y 1a nghig¢m trén 7 cta (e), didv kign cidn v3 d0 13 4nh xa
I->R 12 anh xa hing. Nhu th& ta thu dwgc phuong trinh toa do
x B Flx, y(x)}
Descartes ciia ciac duong tich phén cla (e) la: F(x, ) = C, C e R. Vdn d& con
lai 12 xét xem, tiy theo timg thi du, li2u ta c6 thé "rit" dwge y thanh ham twong
minh hay ham 4n ciia x (xem 12.6.2}.

225
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THI DY :
Giéi phuong winh vi phin
(e) d+x) +@@+y==0

Xét dang vi phan ® xéc dinh trén RZ béi :
V(x y) € R, ofx, ¥) = (dx + xdy)e + (ydx + dy)e™ =
= (& + ye)dx + (xe¥ + eN)dy,

ma ta thu duge bing cich thay y* bdi %‘X va "kh" mAu s6 dx tir v€ thit nhit cda (e).
X

{— (¥ =¢e +¢f
Ky higu P, Q 13 céc he t& cia w, ta c6 V(x, y) € R2, 1

[a_Q () = & + &

Piéu nay chumg td6 o déng trén R2.
Vi R? 12 mot tap m& hinh sao, nén dinh 1y Poincaré cho phép ta suy ra ring o

la dang vi phan ding. Nhung mét khac thi mot phép tinh so cdp ching 16 i3 ©
¢6 nguyén him, mot trong cac nguydn ham d6 la @ F : RS> R

{x, ¥) o x&¥ + ye'
Vay phuong trinh toa d¢ Descartes cha cac dudng tich phan cia (c) la :
xe¥ + ye* = C, C €R. Trong thi dy nay ta khong thé biéu thi tudng minh y theo x.

{ 12.7.7 Giai cac phuong trinh vi phan sau (chi cin tim phuong trinh tpa d) Descartes
cia cac duong tich phan) :

AE -y + (@ -2F)y - 1=0
b) (¢¥shx + 13 + (e¥chx — 1) =0

0 ﬁ.v;_l + l% y = 0 (4p dung bai tap 12.7.1, i))

d) xy'lnld + (ol = 1)y + y* = 0, y khong My gid trj 0.
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12.8 Giai tich vecto

12.8.1 Cdc dinh nghia

Theo théi quen thong thudmg, moi anh xa tir mot tap mé U trén R3 (hodc
tréen R%) vao R 1a truomg vo hwong, va moei 4nh xa tir mot tip mé U trén
R3 (twong img : R?) vao R3 (twong vmg : R2) 1a truomg vecto.

Pai vdi mot trudmg vecto thi céc z 4
phan tir cla tdp ngudn dugc coi 1A (N)
nhimg diém, vi cic phan tir clia tap \

dich 12, nhimg vecto. Mot truom N —
vecto F U —% R3 c6 thé bidu dléﬁ /F (M)
d6 thi bliing cach “gin" mdi diém
M clia U véi mot cap diéln) cé goc
tai M va dai dien vecto F(M).

. Binh nghia *
1) » Gid s f 1a mdt trwdmg vo hudng thudc 16p Cl trén mot tip md
U thuoc R3. Gradient cia f 12 truomg vecto grad f xéac dinh trén
Ubdi:
> o o I
gradf = (5, By’ az)‘
(trong 12.3.2, 1)) da dwa ra dinh nghia nay).
o GiA st f 12 mot trudmg vo hudng thuoe 1op C2 trén mot tap md U
thuoc R3. Laplacien cda 12 trudmg v6 hudng Af x4c dinh trén U béi :

PV e A
o2 " op e
2y Gia si F la mot trudng vecto thuge lép Ct tren mot tap mé U
thuoc ]R3
F:U-R3

(x, » 2) > (P(x, 3, 2), Q(x, ¥, ) Rix, 3, 2)Y
trong d6 P, @, R : U — R 12 ba trudmg vo huéng thude lop Cltren U.
—3
» Phan ky cla Fla truomg vo hudng div F x4c dinh trén U bdi «
op 30 , OR '
+ .
ax gy &2
e R
¢ Quaycia F la trromg vecto curl F (hay rotF) x4c dinh trén U bdi :
—>—> R 0Q oP 8R8Q oP
n:tt:‘?'—(ay—az,(EJZ %' B )

dlv F
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12.8.2 Coéng thic gidi tich vecto

Ta ching minh d& dang cic cong thire sau day.

Gia sir U la mot tap md thugc R, L eR,f g:U— R la nhimg truomg

v0 hudng thude 16p C!, F G U—> R3 13 nhimg truémg vecto thuoe I6p C1.
Ta ¢6 céic cong thirc sau :

g_ﬁd(f+ J\.g) = gradf+ A gradg
dlv(F + kG) = div F + kde
= T = S
ot (F x AG) = rotF + ArotG

. > = . oo
{ta néi rang grad, div, rot 12 nhirng toén tir tuyén tinh)

~> - —>

grad(fg) = f gradg + ggradf
dw(fﬁ fd1vF + grad f. F
rot(fF) frotF + gradf A F

div(F A G) = (rot?) G- F.(ot0).

Néu hon nira cdc trwong dang xét thude 1ép C2 thi ta ¢6 :

A(f + Ag) = Af + AAg
— —

Alfg) = fAg + 2gradf.grad g + gAf
- - —
rot (grad f) =

— =
div(rot F) = 0
- - - -
rot(f grad g) = (gradf) A (grad g).

12.8.3 Truomg thé vé6 huéng

*

inh nghia Gi4 st U [x mot tap mé thuoc R vé_!-“_:: U R
mot trudng vecto thuge l6p C' wen, U. Ta néi ring F xudt phét tir
mét truomg thé vé hwong (hay : F nhin modt trudong thé vd hudng)
khi va chi khi tén 51’1 m0t tromg vo hudng f: U — R, thude lop

C! trén U sao cho F = grad £ ; néu mot trwomg vo hug;ng S nhur th&
tdn tai, thi n6 duge goi 1a trudmg thé vé6 hwong cla F.

Binh Iy Gii st U 13 mdt tap md thude R3, F U/ - R3 1a mot
trudng vecto thuoc 16p C! tren U. '
1) Néu F nhéan Ln)Ot tnrimg th€ vd hudng, thi rotF = 0

2) bao lai, nu rot F = 0 va néu U 1a hinh sao, thi F nhin mot trudng
vd hudng.
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Ching minh :
- - .
Ky hi¢u (P, Q, R} = F; F nhan mt truong thé vo hudng khi va chi khi ton tai

f:U—)R.lhuOcld’pCllrenUsaocho:Q[=P,§'£=Q,§'£=R.
o Oy 0z

Ky higv w 1 dang vi phan xic dinh trén U bdi :
Yix, v, 2) € U, w(x, ¥ 2) = PG, ¥, 0dx + Qx, y, ody + Rx, ¥, 2)dz,

khi d6 didu kién trén twong dwong vdi : @ ¢ nguyén ham trén U l1a f. Nhu vay
dinh 1y phéi ching minh suy tir dinh ly & 12.7.3, va dinh Iy Poincaré (12.7.3).

{$ 12.8.1 Tinh Laplacien (hai bién 56) trong tea d¢ cuc
Gid s f: RZLHRn mdt anh xa thude lop 2 wen R?; F R2 5 R cho b
v(8, p) € R2, F(8, p) = f(pcosd, psind).
Tinh Aflx, ) theo 8, p, F vi cic dao ham rigng cia F.
$ 12.8.2 Gia st £, J 12 hai khoing md khong rdng thudc R. Tim tdt ¢d cac cip (u, )
nh(rﬁg snhxau:I—- R v:J- R thude lop C? theo tha ty trén £ va J, sao cho vii ky

higu f: IxJ o> R thi £ 1a kam didu hoa trén I x J, nghia la : &f = 0.
(x, ¥} = u(xv(y)
{0 12.83
_..)
a) Chimg minh ring trdmg vecio F : R> - ({(0, 0} x R) = R xéc dinh béi :

_ 27 _ P 1+ izz__)
S s P
xudt phét tir mot tnrémg vO hudng, vi tinh tnromg niy.
b) Cling ciu héi trén véi F: R3 — R
x> 2 - yz, y2 -z, 22 - xy).

?(x. ¥ Z) = (



Chuong 13
BO sung vé phép tinh
tich phan (nghién cuu so bé)

Muyc tiéu clia chuong nay 1a nfm duge cac kg thugt tinh toén c6 higu qua
dé gidi cic bai toan bit ngudn tr Vat ly.

Vigc khao sat dwoc tién hanh -

* hodc trén (mdt) mit phéng Euclide dinh huéng €,, cd thé duoc trang bi
mot hé quy chiéu trye chudn thuan (0 _:?73 vl cdc true 1a (x’x) va (¥'y)
* hodc trén (mot) khong gian Euclide dinh huong €, sé’_;:hiéu_l;t 3 c6 thé
dugc trang bj mot hé quy chiéu tryc chudn thuan (0; . ;—) k), voi cic
truc 1a (x’x), "y, (z'2).

Thuomg nguoi ta hay déng nhat £, v6i R? bing céch trang bi cho R? tich
v0 hwéng thong thuong va co s¢ chinh tic, ciing nhu déng nhat g, v6i R3.

13.1 Tich phan duwong

13.1.1 Cung dinh hwong, duomg dinh hudng

O day ching ta khio sdt truong hgp R3; vigc khdo sat cho trudmg hop R2 cling
twong ty, bing cach thay t0a 40 thit ba bing 0. -

¢ Dinhnghia1 Cung dinh huong thupe iop C! timg khic 1a moi
inhxa ¢ : 7 5 R3 trong d6 7 12 mot khodng déng
te> (), y(2), 2(1)
2i0i ndi thuoc R vax, y,z: 7+ R Ia nhimg 4nh xa thuge lop C!
timg khuic.
O day ta s& goi cung dinh huéng thuoe 16p C! timg khic mot cach vin t4t
13 : cung dinh huong.

’ Binh nghia 2 Ta noi ring mot cung dinh huéng ¢ : 7 —» R3 tuong
dwong véi mot cung dinh hudng y : J — R3 khi va chi khi tén tai
mot anh xa 6 : I — J sao cho -
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P =Yoo o
6 thuoc I6p C? timg khuctren 7
6 tang

0 14 song anh
6 thudclop C! timg khic trenJ

o
I—J

cp/‘*’
R3

NHAN XET : Véi céc gia thiét tén day, néu ky hi¢u [a; b] = /, [a, B] = J, thi
ta co

{e(a) =a, 8(0) =B

Yie[a, bl -E 0@ >0
(trong dé E chi tap hop cac didm thudc [a; b tai 46 8” khong xac dinh).

¢ | Ménh dé Quan h¢ "tuong duong v6i” la mot quan he wong duong
trén tap hgp céc cung dinh hudéng thude R3.

Chiimg minh:

1) Tinh phin xa: iy 6 = Id,.

2) Tinh ddi xing : néu ¢ tuong dwong véi ¥ qua 0, thi ¥ turong duong v6i ¢

qua 67},

3) Tinh bic cdu: néu ¢ trong dwong vdi ¥ qua 8, va ‘¥ tuong dwong v¢i y (trong

doy: K-> R?) qua 8,, thi ¢ s2 twong duomng voi X qua 0,08, vi:

( (p=‘1"091=()(092)091=10(92091)

8, 0 6, thudc 16p C' timg khic trén 1.

) 82 0 91 tang

6, 0 0, 1a song anh

| B 087" (= 67" 0 83)) thuoc I6p C! vmg khic trén K.

¢  Pinh nghia 3 Dwong cong dinh hudng thudc lép C' timg khiic
Ia moi 16p twong dwong clia mot cung dinh hudng thuoc lop C
timg khiic.
0, day, ta s& goi mot dudmg cong dinh hudng thude 16p € ! timg khic mot
cach vin t4t 1a : duong dinh hudng.
Gia sir (O) 1a 16p tuong duomg ciia mot cung dinh hudng
1> R3
t > (), ¥, Ao



L
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x = x(1)
* Ta néi ring (C) c6 biéu dién tham s6 : {y = y(t) .7 € L
z =

¢ 1a mot biéu dién tham sé cia (C).

¢ Thuémg ta hay 14n 1on duong dinh hudng (C) véi tap hop céc diém M
c6 toa do (x(2), v(1), z(£)) khi ¢ chay khidp I (tap hop nay khong phu thude
biéu dién tham s& dugc chon). Tham chi ngudi ta con viét :

x =x()
O ={xy, )€€ jy=x0.1tel}
z = 1)

e @(a) va o(b) (von khong phu thugc cach chon ¢) duge goi theo thi tu
géc vh miit ciia @, hay ciia (C) ; ta cling néi ring ¢(a) va @(b) 1a cac diu

miit cia @, hay cia (C).
/ @(b)

N\ (O
¢(a)

* Vi d6i v&i moi khodng déng, bi chin [a; b] va [a; B] (sao choa < b va
a < P) déu tdn tai mot C! — vi phoi (xem 5.3.1, Tap 1) tir khoang nay
i_—: (t-a) + «), nén trong thyc t€ ta
c6 thé chon mién bi€n thién I clia tham s& ¢ sao cho c¢6 thé mo ti duge

dudmg (C).

dén khoang kia (ching han : ¢

13.1.2 Dinh nghia tich phin duing
Gia str : U 1a mot tdp mé trong R3
w:U—-> LZRL,R
(x, y. 2) &> P(x, y, 2)dx + QO(x, y, 2y + R(x, ¥, 2)dz
12 mot dang vi phén, trong d6 P, @, R : U > R la nhimg 4nh
xa thuoc 16p C! tren U.
J=1la; Bl (@ £ B)

¥:.J-> R la mot cung dinh hudng thdéa man
t > (x(f), ¥(1), A1)

YN c [/
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Xeét tich phéan :
B

Ey= _[(P(x(r). ¥{(0), ZEDX' () + QO(0), Y(0), 28)) ¥ (O+ R(x(), y(8). 20} 2’ () ds,
o .

trong d¢ biéu thic dudi ddu tich phan thu duge tir @ bling cach thay x, y, z

bing bidu thuc theo ¢.

Gid st T = [a; b] 12 moOt khodng dong gisi ndi thude R, (a < b)

B : 7 — J1a mdt 4nh xa thudc 16p C! timg khic trén /, song
anh, ting, sao cho 6~ thuge 16p C! timg khic tren J

0=%Y00,X=x08,Y=y008,Z=2080.
Ta thyc hién phép d6i bién ¢ = 6(u), trong tich phan Ey, (ta phan tich [a; ]

thanh nhimg doan lién ti€p, trong tng véi nhimg di€m gidn doan (néu cb)
cia x’, ¥, ')

b
j (Px(6()), y(0G)), 2(B(u})) X (B(x))

d

Ey

+ Q(x(6()), y(0(w)), 2(6()))y" (B(u))
+ R (x(8()), y(6(u)}), 2(8(u))) 2’ (8())) € (w)du

It

b
f (PXu), Y(u), Z(w)) X' () + QX (1), Y(10), Z(u)) ¥ ()

a

+ RX(u), Y(u), Zu)) Z'(u)) du = E,
tic 1a Ey, khong phy thudc ‘¥, ma chi phy thuge 16p twong duong cia V.
Ta ¢6 bang tém tdt k&t qua khio sat nhu sau :

¢ | Ménh dé - Pinh nghia
Gia sit : U 1a mot tap mé thuoe R3
o 1a mdt dang vi phan trén U :

o(x, ¥, 2} = P(x, y, 2dx + Qx, y, 2dy + R(x, y, 2)dz,
trong 46 P, @, R : U — R thugc l6p C! ren U 1a mot
biéu didn tham s8 cia (C).
() 1a mot dudmg dinh hudng thude R3.
¢ :[a; b] > R? 12 mot bidu dién tham s& cia (O)
t = (x(e), ¥(8), z(0)

b
Tich phan: I(P(x(t) Y(,200)" ()+Qx(2).3(,2(0)y” (O+R(x()¥(0).2())z (1))d £
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khong phy thude viée chon ¢ (bidu dién (C)), duoc goi la tich phan
dudmg ciia © doc theo (C), va duge ky hitu I [o .

()
THI DU:
t) Tinh Im,trong dé o = xydx + ¢
)
+ (x+y)dy va (C) 12 cung parabol v&i
phuong trinh y = ¥, x bi€n thien t — 1
dén 2. (C}J
2
_[u) = _[ O + (x + x3)2xd x
(8] -1
23, 349 _6
—[3r+4xfl—4. -1 o 1 2 x
Y
(C) 2) Tinh jm, trong dé o = ~xy2dx L
Y
«©)
a + x%dy, va (C) 12 nita dwong hinh tim cé
. phuong trinh cyc 1a p = a(l + cos8),
(g > 0, c& dinh), 8 bi&n thién tix 0 dén m.
(€) ¢6 bidu didn tham s¢ :
0 2a x [x= pcost = a(l + cosB)cosd
y= psind = a(l + cos@)sinb

f
suyra: jm = Ja2(1 + cos8)2cosBsind(— a(l + cosd)sind (- a(sind +5in20)) +
© 0 4 a1 +cosB)cosd (alcosd + cos26)))do

T
= _[ (1+ c059)3cosesin9(sin29 + cos?0 + sinBsin20 + cosBcos20)da
o .

T
= d* | (1 +cos8)* cosdsinBds

0
1

2 2
6 5
= a _[(1+r)4rclt = gt _[u“(u_l)du =% - “_l -9
r=cosl w=l+ g 6 5 15
13.1.3 Cic tinh chit dai s6 cia tich phian duong

1) Tuyén tinh

¢ | Ménhdé GiasiieR, w,, W, |3 nhimg dang vi phan xéc dinh trén

PP X PR & LY T T T T N M UNE TR T T 2
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ta co

I(kml+m2) = A jco] + .[‘02‘
() (o] ()
Chitng minh:
Chi can tré lai dinh nghia (xem 13.1.2).

2) Hé thic Chasles

Gia st (C)), (Cy) 12 hai duong dinh hudng sao cho diém mit cda (C)) la
didm ddu cta (C,). Cho @, : [-1; 01 — R3 (twong img @, : [0; 11 = R?)
12 mot biéu dién tham s& cla (C;) (tuong tmg : (Cy)).
Anhxao:[-1;1]1 >R thuoe 16p C! timg khic,

{(pl(r) néut e [-1; 0]
H .

P4(£) néut e 10; 1]
do d6 xac dinh mdt duong dinh hudng (O).

(¢ ¢ 0) = ¢, (0)

ol {©

@2 (1)

)

@y {~1)

Ta chii ¥ ring (C) khong phy thudc cac biéu dién tham s8 @, va @, cua
(C) va(Cy v néu nhu ¥, : J; RIva¥,:J, > R3 cing 12 nhimg
biéu dién tham s6 ciia (C,) va (Cy), thi phi tén tai 6: [- 1 0] = J; va
0,: [0; 11— J, sao cho :

8, va 0, thudc 16p C! timg khiic

0, va 6, tang

9, va 0, 1a nhimg song dnh

o7 va 65! thuoc l6p C' timg khic
v ta thdy ngay ring : 6 : [- 13 1] > Jy W ]y thuoc 16p C!

8,(1) nfure[-1;0]
{ ,(1) néur € ]0; 1]

timg khiic, tang, la song anh va sao cho 6=} thuoc 16p C! timg khic (chd
¥ la mit céa J; la ddu cda J5).
Pudmg dinh hudng (C) nhu vay chi phuy thude (Cpyva (C,). Duong do duoc
tao thanh "lién ti€p” bdi (Cp va (C,); thuong nguod ta ky higu (lam dung)
1a (C)) W (Cy), hay (C)) + (Cy).
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¢ | Ménhdé1 (He thic Chasles d6i voi tich phan duéng)

Gia sit 12 mot dang vi phan x4c dinh trén mot tip mo U thuoe R,
va (C)), (Cy) la hai duwong dinh hudng bao ham trong U sao cho muit
cia (C)) la diu cla (C,). Ta ¢6 :

I&)=I(D+J(D.

©)u(C) €) (C)

Chiing minh:
V6i cde ky hieu tren day va (x, (1), y,(), z;() = @, (8}, (x (1), ¥,(), 7,(1) = 9,0,
(x(8), (£}, z(8)) = o(8), ta € : .

1
fo = [@at, 56, 20 £ + 0. YO, 2£) ¥ () + RGQ), Y0, 20) £ @) ds
€cpuicy -t
0
= [P Oy 02,0 + Q0 1), 210 + RO, 3,0, 2Dzt

|
+ [P0, 0200 + Qg0 (), 250 + R(xy(8), ¥,(0), 2Ny ()de =

0
= jm + Iw . [ ]

€,
Gia sir (C) 12 mot dudng dinh hudng, ¢ biéu dién tham s ¢: [a; §] - R3; xét
4nh xa ¢,: {a; &) - R? . Néu ¥ : [o; B] = R3 1womg duwong véi @

t = p{a+b—1)
thi ta d€ thdy ring ¥, : [o; B] — R3 trong duong véi ¢ . Diéu d6 ching
u = Ho+p - u) _

16 ring 16p twong duong ciia @, chi phy thude (C) ma khong phu thudc biu di&n
tham s§ dugc lya chon cho (C). Ta ky hi¢u dudmg dinh huéng c6 bi€u dién tham
s@ o, 1a —(C).
Ta thu duge —(C) bing cich xét (C) theo "hudng ngwoc 1ai”.

c 9 (b= 1 (0)
©, _

e
-(€)

P @)= @ b)

Phép d6i bién u = a + b —r trong tich phan xac dinh jm cho phép ta suy ra két

qua san day : ©



238 Chuong 13 BS sung vé phép tinh tich phan (nghién cltu so b)

+ Ménh dé 2 Gia sit ® 1a mot dang vi phan x4c dinh trén mot tap
mé U thuoe R3 va (C) 1a mot dudng dinh huéng bao ham trong U,

ta co Jm = — Im.
-0 )
Mot dudmg dinh hudng (C) ma diém gdc va diém miit tring nhau dugc goi
1a mot khuyén.
¢ | Ménh dé 3 Né&u o la mot dang vi phan x4c dinh trén mot tép
mé U thuoc R3 va (€) 1a modt khuyén bao ham trong U, thi Im

()
khong phu thudc didm gdc cila khuyén.
Chimg minh:
Ky hieu A 132 diém ddu cia
(©) khuyén (C); goi A’ la mot diém
A A bat ky cda (C}, va ky higu (C7)

la khuyén c6 diém ddu tai A* va
trang v6i (O). Goi (C)) la
duwdmg dinh hudng tr A dén A’
(o] tren (C), va (C,) 1a dudng dinh
A A hudng tir A’ dén A, sao cho :
(©) = (C)) v (Cy) va
(C)=(C)u(C) Ta cé

(ijwfwjm:jwjm:(j)w.

€ € € € ©

Bal tap
¢ 13.1.1 Tinh cac tich phan dudng I o trong c4c thi dy sau day :
(]
a o= xzdy + yzdx
2yt —4=0
{C) 1a nira dwdmg elip { y3 0. vach theo chiéu nghich.

b) @ = ysinxie + xcosydy
(C) 12 doan thing QA tr (0, 0} d&n A(1, 1),

Qo= -2 gx s gy

2yt 24yl
(C) 1a dudmg bign ciia hinh vudng ABCD, trong 46 A(L, 1), B(-= 1, 1), €= 1, - 1), D(1, - 1)
d) 0 = KPdy + yidx
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2 '
(C) 1a dudmg elip j‘-+-‘;— = 1, vach mot Hn thea chidu thuin.
e)m = x)'2dy - yxzdx
{C) 1a duwdmg tron 2+ },2 — 2y = 0, vach m{t 13n theo chidu thuan,
f} © = vdx + 2xdy

2 A
(C} 1a dutmg bién cia midn xic dinh béi x2+y <0 , vach mot 1in theo chidu thugn,
P4 yP-2y<0
xy
go=— (dx—ady)
4+ y2

= 2t n n
b . « |x = acostNcos ¢ bi ien tir = dén ( S,
{C) ¢6 bidu dién tham s {y=a sint Yeosar ¢ bién thién tir 4 n 1 {a > 0 cho trunic)

h) o = ydx — zdy + xdz
{(C) : x = cost, ¥y = cost, z = sing, ¢ bién thign tr 0 d&n 2n.

((y+ Mx + (z+ xX)dy + zdz)

yw=

1
24y
(Cy : ¥ = reost, y = rsint, z = Ay, t bign thign wr 0 d&n 2m, (r, k) < R:_ x R cho tewde.
J} @ = ydz + ztx + xdy '

Aaeyteloi
¥

| vach mdt 13n theo chidu dwmg xic dinh bdi vector phép
X+y=

(C) Ia duimg tron {
Wi, 1, 0).
k) m = xzdy + yzdz + 22dx

{(O): x=cost+ 1, y=cost— 1, z = sint, ¢ bi&n thién tir {0 dén g

13.1.4 Tich phan dwong va dang vi phan ding

¢ | Dinhly
Gia st :
U 1a mot tap mé trong R3
o 12 mot dang vi phan trén U |
(A, B) € U?
(C) 1a mdt dudmg dinh himg bao ham trong U c6 diém goc
A va diém mit B. . _
Néu o 1a dang vi phan ding trén U, thi khi ky higu £ 12 mot-
nguyén ham cida o trén U ta ¢6 :

[ = 18) - f8).
©

Chitng minh:
Ky hieu ¢ : [«; 5] » R3 la mot bidu dién tham s§ cha (C) va

t = (i, W, () _
P, O, R la céc he wr cda . Gia thiét x, y, z thudc 16p cl. vai moi ¢ thude [a; &)
ta co :

P(x(®), y(t), Z)x" (1) + QOx(0), y(1), 20y’ (1) + R(x(1), ¥(t), 2N’ ()
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~ L 0r020w D + LAY O + L X0
= & (. 50, 200
suya: f o = [ x50 200], = B~

€}
Ta c6 thé sita d8i dé dang cdch khio sdt tren day dé thich hop véi trwong hep
%, ¥, z thudc 16p C! timg khic. »

Vay, néu o 12 dang vi phan ddng trén U va néu (C) < U, thi [ chi phy thuoe

©
cée ddu miit cda (C) chd khong phu thuge “toan bd” (C). Dac bigt khi d6 ta co

thé tinh _[m biing cch thay (C) bing mot duong dinh hudng khdc c6 cing diu

(&
miit vdi (C).

THI DU :
1} Tinh _[ o, trong 46 @ = (x+y)dx + (x - y)dy va (C) 14 nita duong hinh tim c6
(©
phuong trinh cue p = (1 + cos6), O bién thién tr 0 dén 7.
— oP og
Kihieu P: (x, y) > x+y, @: (x, y) = x—y, tac ?3; =1= Py suy ra ¢ dong

tren p mé RZ. Do R? con 1a hinh sao, nén dinh 1y Poincaré chyng 10 ring ® Ia
dang vi phan ding trén R2; nhung & day ching ta s& chi tinh mot nguyen ham f
cha o tren R%:

Yix, ¥) € RZ, g(x. YV=x+y 48]
gx
V@ y) € R, _gyr; ) =x-y @)

He thirc (1) tuong duong vdi sy t0n tai cua g : R — R thudc lap C! sao cho :

x
Y, y) € R% flx, y) = 5 +xy+ g().
The vao (2) : ¥y e R, g = —y. Vay [ RZ5> R 1a mot nguyén

2
X ¥
{v, ¥) — 2+.>:y 2

him ciia © trén R2 (didu ndy thi ta ¢6 thé nhan ra ngay tir bidu thic cia @).
Theo dinh Iy trén day, vi (C) c6 diém gdc A(2, 0) va diém mdt B(O, 0), nén ta
¢6: |0 = fiB)-fA) = -2
Q
2) Tinh J-m trong dé
. ©
B ET ! 2aF. o TN 1.2 b0 SO x=Wey-2) 4
@R+ FrAPHD T @R
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(t6ng ciia ba s6 hang thu dwoc biing hoén vi vdng tron)

va (C): x = cos?t, y= 2cost, z=1 +— t bién thién tfx——dé’nz

Tinh todn don gifn cho ta ngay

x ot _?2 _y2_x2
wane(R) % 32 L5y D= a5

va hai hé thic twong ty do hoén vi vong trbn.
3 3
Vay o déng trén tap md (R;) (chira (C)); do (R:) ¢6 hinh sao, nén tir dinh 1y

3
Poincaré ta suy ra ring o la dang vi phan ddng trén (R:) .

R ) 3
Trong thi du nay ta cang c6 thé tinh mot nguyén ham cuia o trén (RD , nhung

s& kha vt va. TGt hom 13 ta thay (C) bing doan thing AB, biéu dién tham s6 bdi :

1 1 .
x=— y==—,z=u, voi u bién thien tir § dén % Ta thu duge

2772
jm=jm IOdz—o
© s

¢ | Hé qua Gia sir © 12 mot dang vi phan xéc dinh trén mot (ap mo U

thuoe R3 va (C) 1a mot khuyén bao ham trong U. Néu @ la dang vi

phéan ding trén U thi Jm = 0.

(¥
Chimg minh:
Goi A 1A diém g6c cda (C) (A cing trang v6i diém muit) va f 12 mot nguyén ham
cha @ trén U, ta ¢o : Im = f{A) - fA)Y =0
©

C6 thé ap dung bS d& wen, dudi dang mgnh dé phén, d& chning minh ring trong
mot s6 trudng hop thi mot dang vi phan (tuy déng) niumg khong phél Ia dang vi
phén ding,
THI DY :
Chimg minh ring dang vi phén o, x4c dinh trén U = R? — {(0, 0)} béi

dy 12 d6ng nhumg khong ding.

W= dx+
x2+y x2+y

Goi P, Q 1a cic he td cda o, ta 6 :

& ﬁ
Vix, y) € U, gpcx,y) ORY )
suy ra o déng trén U.

Gia st (C) 1a duong tron tm O, ban kinh 1 dige v& mt 14n theo chidu thuin
(day 12 mot khuyen); mot bidu dién tham s8 cia (C) 1a :

{x cost 6 e [0; 2.
=sinB’
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LK )
1 ~ (C)
0 iox
In
Vi jw = I( (~sinB)? +c0528)d9 = 21 = 0, vay @ khong phai 1a dang vi phan
(] 0
ding tren U,
Bal tap
{ 13.1.2 Tinh cac tich phan dwomg Im trong cac thi du sau :
(8]

D) 0 = 02— ydx + (2 - 0dy
(C) 12 dogn khuyeén cla didmg cong ¢ phuong trinh x> +y> - 3xy = 0, vach mot 13n
theo chidu thugn.
b) @ = (v + 2dx + (z + N)dy + & + y)dz

{C) 13 dudng trdn {"2 + yz * Zi; l, vach mot lin theo chidu duong xac dinh bdi vecto
X+y+z=

phap @1, 1, 1).
) w = 2xyzzd.r + 2x2yzdy + (x2y2 — 2z)dz

(Cy:x=cost,y= —?sim, z= %sim, t e [0; 2n]

d) o = ydx + xdy
(C) 1a cung parabol y = x* tir O(0, 0) dén A(2, 4)
2t (2 —yP)dy
2452

(C) 12 cung phéan tu dirdmg tron P y2 -y=0tr A(% ,%) dén B0, 1)

o= - 6l + Bo? - 6x5)dy
(C) 12 nia duimg tron duong kinh AB, tr A(l, 2) dén B(3, 4), nim phia trén AB.
g o = &2 + y)dx + (2x + y)dy

(C) 1a hinh vudng ABCD, wrong do ACL, 1), B(2, 1) (2, 23, D(1, 2), vach mdt lin
theo chidu thuan.

h o= (x2 + yz)d.x + (xz - )‘2)dy
(C) 1a tam giac OAB, trong do A(l, 0), 8(0, 1), dwe vach mot ldn theo chidu thuan.

¢) =



i3.1 Tich phan dutmg 243

Do =202 + y)dx + (x + pdy

{C) 1a tam gidc ABC, trong do AL, 1), B(2, 2), C{1, 3}, duge vach mit 1in theo
chidu thujn.

o= cosy + xy)dx— (¢ siny + x2y)dy

(C) 1 cung dudmg lemniscat ¢6 phuong trinh cyc p = Vcos28, 6 bign thién tx O dén % .

13.1.5 Luu thong cia mét truong vecto doc theo mot duong
dinh huong

¢  Pinh nghia
Gia sir U 13 mot tdp md trong R3
(Q 12 mot dudmg dinh hudng bao ham trong U
F:U-> R la mot trudmg
(x, y» 2) > (P(x. y, 2, O(x, 3, D, R(x ¥, 2))
vecto thuoe 16p C'.
Luu thong ctia trudmg vecto F doc theo (C) 12 tich phén _[ w, trong

()
d6 o 1a dang vi phan xéc dinh trén U bdi :

Y(x,y, 2) € U, o,y 2) = P(x, y. 2dx + Q(x, y, 2)dy + R(x, y, 2)dz

NHAN XET: Moi tich phan duomg [o c6 thé duec coi nhu 1a Ivu thong cia
(©)

truong vecto (x, ¥, 2} > (P(x, ¥, 2, Q% ¥, 2), R(x, ¥, 2)) (rrong do P, Q. R la

nhimg hé wr cia @) doc theo (C).

Ky higu (mdt cich lam dung) dM = (d.x dy, dz) va theo tich v0 hudng

thong thudmg trén R3, thi hru thOng cia F doc theo (C) la :

[ Fony. ad
(C)
Ta da thdy (12.8.3) ring F xudt phat tr mot trudng th€ vo hudng khi va
chi khi o 1a dang vi phan ding. Viay tir 13.14, Dinh 1¢, ta suy ra két qué
sau day :

-

. Ménh dé Gia sit F 12 mot truomg vecto x4c dinh trén mot tap
mé U trong R3 va (C) 1a mot dudmg dinh hudmg bao ham trong U,
cd dlém goc A va diém muit B.

Néu F xudt phat tir mot truomg thé vo6 hudmg f thi lru thong cua F
doc theo (C) bang fAB) — flA).
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13.1.6 Tinh cdc dién tich phing

Bay gio ching ta khdo sit trén mat phing Euclide dinh huéng R2 dugc
trang bi mot hé quy chigu tryc chuin thuén (0, v :rr’)
Chiing toi gia dinh doc gia da biét cac khai niém thong thuong ciia Hinh
hoc lién quan dén céc dudng, toa do cuc, dién tich mot "mién" phéng (xem
them 13.2.3, Ménh & 1).
1) Gia st (a, b) € R? sao cho
a by ! [a; b] = R la mdt anh xa
thuoc 16p C! trén [a; b). Ta da biet  f(®)
(6.2.3, Tap 1) ring dién tich (dai s6) f(@
A(D) ctia mién D gi6i han bdi (x’x),
cic duong thing c6 phuong trinh x
= a, x = b va duong cong (I') biéu
dién d6 thi cla f, bing
b 0
I fx) dx.

a

Ky hieu biing A(a, 0), By(b, 0), A(a, @), B(b, b)) va (C) Ia dudng dinh

huéng tao nén bing cach noi lién ti€p cac doan thdng AA, A B, BB va
—(I'). Nhu vay D dugc gi6¢i han bdi (C), va (C) dinh hudng theo chiéu
thuan. Do :
tren doan thing AyB, : —ydx= 0 (viy=0)
wén céc doan thing AA, va BgB: —ydx=0 (Vi x 1a hing
b
nén ta c6 : I —ydx = I—ydx= If(x)dx.
© —() a
Suy ra : A(D) = - _[ydx.

©)

2) Xét bo phan D cla mit phéng sao
cho ton tai (a, b) € R? (a< b), va hai
anh xa f,f, : la;b]l > R thudc 16p
C! thoa man :

D= {Go,.y). € R2;a<x<b
va fix) sy < fr(0}.
Dién tich dai s6 cia D la hi¢u gitra
hai dién tich mién da tinh trong 1):
AD) = — Jydx+ Jydx= [-ydx,

w0 B (o8 ©) o

trong do6 (Cl’), (C:;) xdy dung tir

i

%V
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f1 f5 nhu trong 1), va (C) 1a bién céa D (thudng hay duge ky hleu la OD),
vach mot 14n theo chiéu thuan.

3) Theo cach khio sét twong ty nhu trong 1) va 2), ta chimg td duoe ring
néu (C) la bién cda mién D cha mjt phing, dinh huéng theo chiéu thuan

thi AD) = [ xdy.

()
4) Vi A(D) = - Iydx= dey, ta clng suy ra :
1(0 )
AD) = [ Gy -yd)
(O

Két tuan:

¢ | Diphly Gia sit D la mdt mién trén m3t phing, gi6i han bdi mot
dudng cong (C) déng va dinh hudng theo chidu thuan. Dién tich dai
s0 A(D) clia D tinh theo cong thic :

AD) = - [ydx = [xdy = ~;— [y - yd).
() (8] ©

THI DU:
Tinh dién tich mi&n mjt phing gici han béi
duong (C) cé bidu dién tham s6

x = sin’t

y = cost(l + sinzt),
Ta bdt ddu bing viec v& xdp xi (C) (xem
T4p 7, Hinh hgc)
Do d8i xing ta c6 :

te R

A(D) = 4% | xdy - ydx)
)
trong 46 (C,) 1a bo phan cia (C) twong tng
voi s bién thign cia £ tr g dé&n 0.
Trén (C ) taco

xdy - yd.x = (sin3f (— sint(1 + sin :) + 251ntc052r) - cosx(l + sin®)3sin?tcos)d:

1 -~ cos2t 1 - cos2¢t
= (— 2cin2 4ndr = | —
= {— 3sin“t + sin*f)ds [3 > +( 2 )]d

= (_§ + CO82t + icoszm‘)dt = (— §+ cos2t + %cos«it)dt

Suy ra 4 o2

9 1 97
AD) = -2 Oj(— 3 ook +cosdt )dr = =T & 3,534, m

Bay gir ta xét trudmg hop (C) duge xac dinh bing toa d¢ cyc :
p = p(0), voi O bién thien trén mot khoang [c; B] (ot < B).
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Xét duong dong (C) tao nén
bing c4ch ndi lien ti€p (C) va
hai doan thing ndi O véi céc
diu mut A, B ciia (C). Theo
dinh 1y trén :

AD) = % J(xdy —ydx).

(c”)
Nhmg & day biéu dién tham s6

cua (C) 1a: *
x = p(6) cosB )
{ = p(9) sind’ € los Bl
Vi xdy — ydx = pcosB(dpsind + pcosfd8) - psinf{dpcosd — —psinddo) = p
ta ¢6 A(D):E[pda=§jpzde
" O

vi p khong d6i tren céc doan thing BO va OA. Vay :

¢ | Ménh dé

Gia st (€) 13 mot dwong dinh hudng, xéc dinh trong h¢ toa do cuc
béi p = p(@), véi di€m gdc A va diém muit B. Dien tich cta hinh
quat D gigi han bdi (C), OA OB bing :

AD) =~ I 02d6.
20

Pac biét, nén (C) déng thi dién tich midn D gidi han boi (C) duge cho
bing cong thuc :

ap) =5 | p2 0.
©
THI DY:

1) Dien tich hinh quat gidi han bé&i hai nia truc Ox, Oy va dudng hinh tim c6
phuong tr‘lnh cuc p = | + cosb.

2 ¥y
A(D):— jp2d8—~ [ @ +cos8)?de =
0 0
n2
—l]- 1+2cos@+-li@s—29 de =
_20( ) =
In O 2A A
——8—+132,178.

2) Dién tich mién ndm trong duong lemmiscat ¢6 phuong trinh cuc

p= Veos26.
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Do d6i xing :
w4
AD) = 4% | o0 =
0
4
=2 IcosZGdG =1
(]

0 13.1.3  Tinh c4c dién tich sau day (c6 thé phai xét ¢&n nhing tich phan suy rOng):

a) dign tich ciia D = {(x, v} € RZ: Vi e [0; 1), v + 3¢ + £ < 1}
1 1 2 - . J[x = [2 o+ :3
b) dién tich cda vong khuyen ciia dudng : | . 5
p=£+ P -2t -2
= 2
¢) dién tich gici han boi dwomg : {* = €057
¥y = cost{l + sinf)

d) dign tich cta vong khuyen dudng straphoit ; p = C:;:Be
¢) dign tich cfia vong khuyén cta : p = sin’0

1) dign tich gidi han bdi p = ﬁszé

g) dién tich gidi han bdi p = cos 0 — sin’0

h) di¢n tich cia vong khuyen cda : p = %

i) dign tich cla vong khuyén c¢ia : p =1 + tan %

J} dign tich gii han bii hai vong khuy2n cia dudmg 6c s&n Pascal p = 2cos6 — 1.
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13.2 Tich phan kép

Theo diing chuong trinh va nhim myc dich tinh gi&n, ching toi khong trinh
bay cic phép chimg minh trong §13.2 niy, von chi y&u danh cho céc img
dung trong Vat 1y hoc. Trong hdu hét cac trudmg hop thi doc gid co thé
thyc hien cic phép chimg minh mdt cach d& dang; tuy nhién phép ching
minh dinh 1y Fubini (13.2.4) va dinh 1y d8i bién O (13.2.5) kha t€ nhi.
Chiing ta c6 thé tim thiy mot su khio sat ddy di va sdu sic trong cudn
Gido trinh Todn (Cours de mathématiques) cha J.-M. Arnaudies va H.
Fraysse (Tap 3, trang 267 dén 370).

13.2.1 Tap con cua R? chu phwong duoc
1) Miéng lat

¢+ Dinh nghia1 Miéng lat déng
gidi ndi (chia R?) 1a moi bo phan P
ctia R2 sao cho tdn tai
(ay, by, @y, by) € R? thod man :
a; < b,
P = [all bl] X [az; bg]

Tdng quat hon, miéng kit trong R2 13 moi tich Descartes I x J trong
d6 I, J 1a nhimg kho2ng trong R.
Do viec khao sét trromg hop @, = by hay a, = b 12 hién nhién, nén ta s&
gia thi€t a; < b Vi ay < by, nén khong néi gi trai lai. Viec cho mot mié€ng
14t dong gidi noi P xac dinh duy nhét cac s6 thye a), by, a, b,.

¢ Dinhnghia2 Gi skt P [a; b)] x [ay; byl 12 mot miéng 13t dong
gi6i noi. -
1) Dién tich ciia P 1a s§ thyc, ky higu 1a A(D), dugc xac dinh nhu
sau : AP) = (b, — a))(by — ap)-

4]
2) Mién trong cia P, ky higu la P, la tap con Ja; byl x lag: byl
trong R2. :

2) Bé phan lat duoc

¢  Dinh nghia 1 Bo phan lét dwge (cia R2) 12 moi hop cia mot
s& hiu han nhimg miéng 1at déng gidi ndi cia R2.
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(0]

Thi du v& by phan lat duge cia R?
NHAN XET.
1) @ lat dugc.
2) Moi mi€ng lat d6ng giéi noi la mot bo phan lat dugc.
3) Moi bo phén lat duge déu déng gidi ndi trong R2Z,

. Pinh nghia 2 Hai miéng lat déng gidi noi trong R? dugc goi la
twra roi nhau khi va chi khi phan trong cla ching roi nhau.

it

(0] i
Thi dy vé hai miéng lat tya roi nhau

¢ | Ménh dé 1 Moi bo phan c6 thé lat 1a hop clia mot s& hiru han
nhirng miéng lat déng gidi ndi tya rdi nhau.

THI DU :

Bo phan B([0; 3] x [1; 3]) v ([1; 5] x [0; 2]) lat dugc (theo dinh nghia) va cé

thé phan tlch (ching han) thanh

= ([1; 5] x [0; 1]) v ([0; 5] x [1; 2]) v ([0 3] x [2; 3]),
trong dé cé ba miéng lit d6i mot tya roi nhau.
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¢ Ménh dé—Bir_lh nghia2 Gid st B la mot tap con lat dugc
cia R? ; néu Py, ..., Py la nhimg miéng lat déng gidi noi, doi mot
N g N
twa roi nhau sao cho B=\U P, , s0 thuc Z A(P,) khong phu thudc
L= =1
(Pys s Py 56 thuc d6 duge goila dién tich cia B va dugc ky hiéu
la A(B).

NHAN XET : Khéi niém dign tich ciia mot tap con lat dugc ctia mat phing m&
rong khéi niém dién tich cia mot miéng lat déng gidi ndi (xem 13,210 08

¢ | Ménh dé 3 Gia st B, B, la hai tap con lat duoc cia R? .

= AB,) + A(By).

y

0

A 0 0
2) Néu B,  B,, thi B, - B, lat dugc va A(B,-B, ) = A(B)y) - A(B)).
3) Tap con ciu phuong dugc

¢  Pinh nghia1 Gia sit D la mot tap con gidi ndi ctia R2. Ta ky hiéu :
e A(D) la can trén cla dién tich cac tap con lat dugce cla R2 bao
ham trong D.
e A*(D) la can dudi cua dién tich cac tap con 14t dugc cta R2 ¢6
chia D.
Ta néi ring D cAu phuong duwgc khi va chi khi A~(D) = A*(D);
khi d6 dién tich ctia D, ky hi¢u la A(D), 1a sO thuc :
A(D) = A°(D) = A*(D).
NHAN XET :

1) » A*(D) tén tai; thyc vay vi D gidi ndi nén tdn tai mot miéng lat dong gioi
ndi (do d6 lat duge) P sao cho 2 bl L



13.2 Tich phan kép 251

* A7(D) tén tai vi @ 1a mot tdp con
lat duge cia R? bao ham trong D, va s
tap hop cac dién tich cia céic tap con
lat duoc cia R2 va bao ham trong D
bi chin trén béi dién tich A(P) cia
mot miéng 14t chira D,

2) B mot tap con D cia R? ciu
phuong duogc, diéu kién cin va da la,
voi moi € € R} , tén tai hai by phan

lat duwoc B|, B, cia R2 sao cho : i
(B, D c B, 0 "
A (B, -B) <e¢
3) Tén tai nhang tap con gidi noi cia R? khong cdu phuong duge :
D = [0; 1]*> ~ Q? ching han, trong d6 A~(D) = 0 va A*(D) = 1.

¢ | Ménh dé 1 NéuDIa mot tap con ciu phuong dwgc cia R2, thi

S 0
D (tap hop cic diém dinh ctia D) va D (phan trong ctia D trong R?)
cdu phuong dugc va :

AD) = AD) = A(D).

8] (A
(Phén trong D ciia D duge dinh nghia nhu sau : Cr2(D) 1a tap hop
cic diém dinh cia Cg2 (D).

4 Ménh dé 2 Gia sir D,, D, 1a hai tdp con cdu phuong dugc cia
RZ. Khi dé D, v D,, D, N D,, D, - D, ciu phuong dugc va

Y

D,

* | Ménh dé 3 NéuD Ia mot tap con cdu phuwong dugc cia R? va 0
la mot phép ding cy afin tren R2, thi 0(D) cdu phuong dugc va
A(B(D)) = A(D).

N6i céch khéc, dign tich bat bign qua phép ding cu.
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K&t qua trén day cting la mot h¢ qué cta dinh ly ddi bién s6 (13.2.5), 2),
Dinh 1y).

¢ Pinh nghia2 Mot tip con cdu phuong dugc D cua R2 duoc goi la
khong dang ké khi va chi khi A(D) = 0, tgc la khi va chi khi : véi
moi € > 0, ton tai mot tap con lat dugc B cua R2 sao cho D € B va
A(B) < &.

14 Ménh dé 4 Moi dudng thudc R2, thuoc 16p C! timg khiic, 1a cdu
phuong dugc va khong dang ké (vi mot duong nhu th€ la anh cla
mot anh xa [0; 1] — R2 ¢6 hai toa do thudc 16p C! timg khuc).

yd

0 X

NHAN XET : Tén tai nhimg "duomg" thudc R2, lien tuc (nhung khong thudc 16p
C! timg khiic) 1dp kin [0 ; 1]? (dwing cong Péano); mot duong nhu thé cidu phuong
duoc, nhung diéu kha ky la 1a dién tich ctia no lai biang 1.

¢ Ménh dé 5 Moi tap con gidi noi cla R2, gi¢i han bdi mot duong
thuoe 16p C! timg khiic, déu céu phuong dugc.
Truong hop hay gidp nhdt (ddi voi viee tinh cac tich phan kép) la
truomg hop D duge xac dinh béi nhimg bat ding thic loai nhu :
as<x<b
; 2 - . . 2
9, ()< y< 0yx) trong d6 (a, b) € R* (@ < b) va 9, 95 : [a; b] > R 1a

nhimg 4nh xa (xem 13.2.4).
Tong quat hon, ta ¢6 dinh ly sau day, trong do6 bién cua D duogc dinh nghia
la: &(D) = D N CgraD), va X chi tap hop céc diém dinh cta X.

+ ‘ Pinh ly DéE& mot tap con gi¢i ndi D cia R2 céu phuong duoc, diéu
kién cin va dui la bien (D) la khong dang ké.

13.2.2 Pinh nghia tich phan kép

1) Tich phan dnh xa bac thang trén mot miéng lat déng gidi noi

¢ Pinh nghia1 Gia st P = [a}; b] % [ay; byl la mot miéng lat dong

gi6i noi trong R2. Phan hoach ciia P 1a moi ho htu han & nhing diém
thudc P sao cho ton tai mot phan hoach (34:!.)0g 140 cua [a; by] va mot
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phan hoach (yj){)sj <q ciia [a5;5,] théa mén ¢ = (Cx; yj))U_(_ i<p-
O<jzyg
Ta nhéc lai (xem 6.1.1, Tap 1) ring mot phan hoach clia [a; b;] 1a mdt
ho (x‘.)OS!.Sp nhimg phin t thuoce la;; &,] sao cho :
) =X, <X <. < Xp ) < xp‘= by.
T€ bao cia phan hoach o cia P Iy nhtng miéng lat déng giéi noi ;

[x; : 1%y Yiad (6 ) e {0, ., p-1} x {0, ..., g-—1}.

¥y
b2 lya
¥2
bl
Xo] X X2 *3] X4 x5 .
a) O bl X
92 Yo

Ta ky higu tap hop cac phan hoach cda P 1a S,

¢ Dinh nghia 2 Gia si P 1a mot miéng 14t dong giGi noi cia R2.
1) Gid st e : P - R 1a mot 4nh X3 giGi ndi ; ta néi e 12 4nh xa
béc thang trén P khi va chi khi tn tai ¢ € S sao cho e 1 hing
irén phdn trong ciia mdi t€ bao cia o, trc 12 tén tai mot
phan hoach ((g;, bj))ogs,o cia P va mdt ho nhimg s& thyc
’ 0sj<gq
(A, ) 0sispwi 580 cho

T psjgg-1 o
Y@ De{0, .., p—-1}x{0, ..., g-—l}, Vix, y) € _ i;xi+l[x]yj' yj“[,

e(xy) = A 7

2) Gid sit e P%Rlaiﬁménhxabacthangvac € S;tandi
ring o twong thich véi e khi v chi khi e I hing trén phén trong
ctia méi t€ bao cia o.

¢ | Ménh dé - Binh nghia 3 Gia si P Ia mot miéng lat déng
gi6i ndi thuoc R% e : P —> R 1a mot 4nh xa bic thang trén P,
o = ((x;, yj))(Js;sp la mdt phin hoach ciia P tuong thich vdi e, 7‘;};‘
. 0=j=<gq

la gid tri cia e tren Ixs x 0 [x ]yj; yj+][.

S8 thyc Z (i — xi)(yj+1 - yj);\‘i‘j khong phu thudc vigc chon phan
0<i<p-1
0=j<g-1
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hoach ¢ twong thich véi e; s6 thyc d6 dugc goi 1a tich phan cia e
trén P, vi ky hiéu ” ¢ hay He(x, yydxdy.
p P
Tachd ¥ 1a (x;, = x )0~ yj) 12 dign tich cha miéng 14t [x; x,, Ix[y; ¥, 1
2) Truong hop dnh xa xéc dinh trén mot miéng lat déng gidi noi

¢  DPinh nghia 1 Gia s& P 1a mot miéng 14t déng gidi noi trong R,
f: P> R lamdt dnh xa gidi ndi.
Ta néi ring £ kha tich trén P khi vA chi khi t8n tai hai day anh xa
bac thang (e,), c x> (9,), < py trén P sao cho :

{VneN,If—enlicpn
Ilo, —0

nen
‘ P
Moi ¢ip ((en)n e (9,), ¢ N) tran P thod man didu kién trén duge goi
la lién két voi f.

¢ Ménh dé — Dinh nghia 2 Gii s P 1a mot miéng lit déng gidi noi
cia RZ, F: P — R 1a mot 4nh xa khé tich trén P. V&i mei cép

(Cenene (O ) lien ket voi f, day (“‘en)neN hoi. 1
P

trong R, va gi6i han cia day nay khong phy thudc vi¢c chon cip
| ((e)nens (), e ) lien ket v6i £. Gidi han 6 duge goi Ia tich
phan (kép) cda f trén P, va ky hi¢u la ” f, hay ” fx, y)dxdy.

P p
3) Truéng hop dnh xa xdc dinh trén mét tap con cdu phwong dwoc

Gi sit D 1a mot tap con clia R%, cdu phuong dugc, f: D —> R 12 mdt anh
xa giéi ndi.

¢ | Ménh d& Véi moi miéng 14t déng gi6i noi P bao ham D, ta ky
higu : fp: P > R

{ﬂx} nfuxe D
x>
0 nfuxegbD
Né&u tén tai mot miéng 14t déng gidi noi P bao ham D sao cho fp
khi tich trén P, thi véi moi miéng 14t déng gidi ni @ bao ham D,
f, kha tich tren @ va {[ £ = Jf 1y

P g

¢  DPinh nghia 3 Ta néi ring f kha tich trén D khi va chi khi t6n tai
mot miéng 14t déng giGi ndi P bao ham D sao cho fp khé tich trén P,
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va khi 46 6 thyc ky higu 11 || £ xac dinh béi :

D
[lr=1r
D P
dugc goi 1a tich phan (kép) cia f trén D.

¢ Pinh Iy Mgoi anh xa f: D — R gi6i ndi va lien tyc trén mot tap
con D ciu phuong dugc clia R? déu kha tich trén D.
Dinh 1y nay bao dim sy tdn tai clia
2 hau hé&t cac tich phian kép ma doc
gia s& phai khao sat trong pham vi
chuong trinh.

Gia st £2 0, [[£1a thé tich ciia bo

D
phan E sau diy cua R3 :

- JyyeD
E_{(x'y’z)eR3'{0§z5f(x,y)}'

X

13.2.3 Céc tinh chit don gian cia tich phin kép

¢ | Ménh d& 1 Né&u D ciu phuong duge thi ”1 = AD)..
i "
¢ | Ménh dé 2 Gi sit D 1a,mot tap con cdu phurong duge cla RZ va
f: D> R 1a mot 4nh xa gidi ndi; didu kign cAn va da dé ”f tén
; _ ‘ ‘ D
tai la Hf tdn tai hogc ﬂftﬁn___tai, vla khi d6 ta c6 :

ffs- fis- s

D

D .
Menh dé 2 chimg to ring trong thue t€ ta c6 thé quy vé truong hop D dong hay
md.
o | Ménh d& 3 ("Tinh chit tuyén tinh cia tich phan kép")

Néu A € R va néu f, g : D - R kha tich trén tap con ciu phuwong
dwoc D, thi Af + g cling kha tich trén D va :

Jlor+o =2 [Jr+ s

D D D



286 Chuong 13 B& sung vé phép tinh tich phan (nghién cliu so bd)
¢ | Ménh d& 4 Giasir D, va D, 1a hai tap con chu phuong dugc cia
R? f: Dy vD, > R 13 mdt anh xa sao cho f|D vﬁfID kha tich
1 2

theo thit tw trén D| va D,. Khi d6 f kha tich trén D« D, va:

Ih‘Jb+Ib flr

DuD 2 DnD

Ta thwomg hay 4p dung Menh d2 4 trong trudmg hop ./l(Dl ™ D,) = 0 (trong trudmg
hep nay thi ta ¢é _” f=0.
D D,

¢ Ménh dé 5 Gia sir D, D, 1a hai tap con ciu phuong duoc cia R2
sao cho D| © D,, va f: D, > R la mdt &nh xa kha tich trén D, ;
khi 6 f| , kha tich trén D).

1
* Ménh dé 6 ('Tinh khéng am va tinh ddng bi¢n cda tich phan kép'')
Gia sit D, D, D, 1a nhimg tap con cdu phuong duge cia R2,
1) N€u f: D — R kha tich trén D va néa f > 0, thi [[f > 0.
D
2) Néu £, ¢: D — R ki tich tren D va nén f< g, thi [[£ < [fe.
D D
3) Néu f : D —» R kha tich trén D thi

ADt) < §J £ < AD)Sup().
D
4) Néu D; < D,, f: D, — R kh tich rén D, va f 2 0, thi

yfsyf

5) N&u f : D — R kha tich trén D, thi | f clng kha tich trén D va :

i) < [fwn

D

¢ | Ménhd&7 ("Batding thirc Cauchy-Schwarz d6i voi tich phan kép™)

Néu f, g : D — R kha tich trén mot 13p con cdu phuong duoc D, thi
i f f2, g2 cting kha tich trén D va :

] 8
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13.2.4 PDinh Iy Fubini

¢ | Pinh ly (Pinh 1y Fubini)
Giast e (g, b) e R2saochoa<b
* 9y, P, : [a; b] - R lien tyc ting khic va théa mén @, < @,
eD={(x,y) € Rzzagxsbvh(pl(x)gys(pz(x)}
s f: D — R lién tuc
Khi d6 & D ciu phuong duge
¢ f kha tich trén D

p 0,0)
. ”f = I ( If(x, y)dy) dx
D a ¢

Trong Tap 3 (tich phan phuy thugc tham s&) ta s& wd lai vige khao sét cdc ham 58
@,(x)

loai x jf(x, ¥vidy
¢, ()

NHAN XET :
1) Moi t_ﬂp con D cda R? 18i, d6ng v gi6i noi déu thudc dang trén day.

2) Dinh 1y Fubini chtmg t3 ring mot tich phan kép (trén mot mién thudc i6p da
chi ra) dugc quy vé hai tich phan don 18ng nha.
3) Bing céch hoédn vi vai trd ciia cdc toa d0,
tathdy nfu D= {(xr, ) e RZ:a <y <P v
W,0) £ x < ¥}, (trong d6 ¥, ¥, ¢

[a; B] = R lign tyc timg khic va thda min

¥, £ ¥,), thi D ciu phuong duge, f kha tich
trén D va :

¥,0)

p
fIr=1( T Ax ey
D o ¥
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Kha ning hoin vi cic tpa dd nhér dinh. 1y Fubini cho phép thu duge mot sg bét
ddng thic c6 chira nhimg tich phan don gidn,

* Hé qua 1 (Mot trudng hgp diic biét cia dinh 1y Fubini)
Gidst (@, bc,d e R¥théamina<bvics<d

* D= [a; b] x [c; d]

¢ f: D> R lién tye.
Khi @6 f kha tich trén D va :

gf = ?(?f(x; J’)d)’) dx = ‘}(l}ﬂx, y)dx) dy.

¢ Hé qua 2 (Mot trudmg hop dic biet cia He qua 1)
Giast e(a b bdcRthdamina<bvacs<d
* D= [a; b] % [c; d]
® i : [a; b] — R lién tyc
o v: [c: d] - R lién tuc.

Khi d6 4nhxaf: D >R (doi khi dugc ky higu u @ v)

x, ¥) > u{x)v(y)
khi tich trén D vi

d

b
[ [weove)axdy = ( ju(x)dx) ( [vya ).
D a

c

Trudng hop vira xét :

“mién tich phan" 12 mot mi€ng lat
va
ham phai tich 'phan I "tich ctia mot ham déi véi x va mot ham
d6i voi y” -
rdt hay gip trong thuc t&; ta quy vé& trudomg hop nay chdng han bing cach
chuyén qua toa dd cyc trong mot s8 trudmg hgp (xem 13.2.5, 2).
THI DU :
Tinh = _”f trong d6 D = {{x, y) € Rz;xZO,yZO,x+ys 1}

D
va flx, y) = 2+ yz.
Theo dinh |y Fubini : 1 1=

I= j( j(x2+y2)dy)dx

0



=Hx2y . ﬂo
f!

l-x

dx

[x2(1 -0+ %(1 -x)3)dx

Bal tap

¢ 13.2.1 Tinh cac tich phan kép ”j{x, y)dxdy trong cic thi dy sau, trong d6 néu lén cac

D
didu kign xic dinh D, ti€p theo 1a Ax, ¥):

|

[0; nf?
(x + y)sinx siny

In{l +x+y)

{xzo, y20, x+y € 1

€)

xzl, y21, x+y<4
1

G+t

{xZO, y20, x2+ysl

01

0 13.23 Taky hieu tp cc 4nh xz lith tye o R, asanaE Vi mei f thude E va

In(! +x2 +y)

3.2.2 Tinh
X
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b} {xz(), y20, x+y<1

XWX + ¥}

4 {xZU,yZ(), xy+ x+y=l
f){ L X — y+l>0 x+2y-4<0
h) nyz, x2y2

1y

4 2

?( jsingﬁdy)dx + f( fsinz—”dy)dx.

moi & thudc R, ta ky hitu g,: R, > RIa 4nh xa xic dinh bdi :

x
Vx e Ry, g(x) = | M9 foar.

a) Chimg minh : g, < E.

Nhur the ta d3 dinh nghia mot anh xa I,:E~E

b) Ching minh ring :

f g

2 =
VOuw e RAT, — T, = (b - )Ty,
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13.2.5 Ddi bién sd trong tich phan kép

1) C'- vi phoi

& aday ching ta st dung cic 4nh xa tir R? dén R%; trong Tap 4 vin dé s& dwoc
khdo sit lai va t8ng quit hoa.

*

Binh nghia Giast U, Vlahsitapmécia R: @ : U > VI
mot dnh xa, P, 0: U—> R 1a ﬁhﬁng anh xa xic dinh nhu sau :
Vix, ¥) € U, Ox, y) = (P(x, ), Oz, y)).
1) Ta néi ring @ thudc Iép C! trén U khi va chi khi P, Q thuoc Iop
C! trén U, Khi d6, v6i mei (x, ¥) thudc U/, ma tran Jacobi cia @
tai (x, y) 1a ma tran vudng cép 2, ky hieu la Jg (x, ¥) xac dinh bdi :

oP oP

Sy = a (x,y) 5;(1?, ¥)
d) ’ - 3
20 a9
B (x, ») P (x.y)

va jacobien (hay : dinh thire Jacobi) clia @'tai (x, y) 1a dinh thic

oP
clia Jg (x, y), tic Ia : %E (x, ) %Q x,y - % (x.y) 5 (x. »).

2) Ta néi @ la mot C!- vi phéi khi va chi khi :
@ thudc 16p C! tren U
D la song anh
@1 thuge 16p C! tren V

Trong Tap 4 ta st thdy landu @ : U > Vva ¥ : V> W thuoc lop C,
thi ¥ o @ thugc 16p C! va :

V(x, y) € U- J\Pocp(x!y) = Jl.[-!((D (x»J’)) 'JQJ(x!y)'

Djc bigt, néu @ 1a mdt C!- vi phoi thi v6i mei (x, y) thude U, ma tran
-1
Jo (5, 3) kha dao va : Jo 1 (@ (x,y)) = (Vo &, ») -

2) Phép ddi bién trong tich phan kép

*

Binh IY Cho U, V I hai tap mé thuoc RZ @ - U — V 1a mot
Cl- vi phoi, A 12 mot tdp con cdu phuong dugc cia RZ bao ham
trong U, f: ®(A) - R 1a mot 4nh xa lién tyc. Khi d6 :

® @O(A) clu phuong duoc.

. _”j((x, ydxdy = _Uf((l) (e, v}) | det(J¢, (1, v)) | dudv.
D(A) A

Nhimg truémg hop thuong hay gip nhit trong thyc t€ Ia céc trudng hop
sau day :
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a) Phép déi bién afin

, trong d6 {a, b, ¢, d) R?, ad - be = 0.

x.=au+bv
¥y = cu+dv

& day thi det (Jm(u, v)) = ": g

lad — bcldudy.

= ad — bc; viy ta sé thay dxdy bang

Dic bigt doi khi ta c6 thé sit dung mot phép d6i ximg ddng thoi véi D va
voi f dé gidm bot céc phép tinh khi phai tinh | [f.
D
THI DU :
Tinh [ = _”f, trong d6 D=1[-1; 112 vaif:(x,y) b
D

Mién tich phan D d6i xing d46i véi ('y) va

Yx, y) € D, fi-x, y) = =fix, y).
Diéu d6 goi y chiing ta 4p dung phép ddi bién xdc dinh bdi : x = - X, y = .
Ta dugce : I= ” (-X) -11dXdY =], suy ra I = 0.

D
b) Phép chuyén qua tea do cuc
Vi céc k¥ hicu théng fhuﬁmg : ; - g:ﬁfg, va ky higu
D : (8, p) b (pcosh, psind), ta suy ra :

—p sind cosd

det(Jo @, ) = | cosd sind |

Ta s& thira nhan (do c4c gia thiét cda dinh ly tren day khong duge thda

man tdt ¢a) ring, d€ tinh _Uf(x, y)dxdy ma lai mu6n chuyén sang toa do
D

cuc, ta s& thay :

* D bing mién (0, p) twong tng (nén vé mot hinh vE) -
o fix, ¥) bing flcosB, psind)

o dxdy bing IpldOdp. _

Thong thuomg thi p deong hay bing khong.

THI DU :

1) Tinh 7 = [{f, wong d6 D = {(x, 1) € R%, 2 + 2 < 1} va f: (x, ) > xD2
D
Ky hid¢u A = [0; 2n) x [0; 1] 18i chuyén qua toa do cic, ta c6 :
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2n 1
5= ”(pmsﬁ)2 (psinﬁ)2 pdBdp = ( Icoszﬂ sinzede)( jpsdp)
A 0 0
2n 2n
= 5{4— _[sinz 2040 = ﬁ [(1 = cosa0)db = 5"‘—‘.

0 0

2) Tinh I = ”f trong d6 D = {(x, y) € R% x 2 0, x? +y2—2y'§~0},
D

I o) b—>12+y2.

Vc‘rip>0:x2+y2—2y50<:>p2—2psin9S0<:>psZSinﬁ.

4

FL2
3

Vay véi ky higu A = {(6, p) € Rz;Ogﬁs—g-,Oﬁps 2sinB} ta suy ra :

/2 2sind
1 = [[pa0dp = [( Joidp)ae
A 0 0
/2 /2
= 4 [sin%6d0 = [ (1-cos20)%d0
0 0
w2
= I(l —2c0820 + "lﬁzo—sﬁ)dﬁ = %% - _34_1:

0
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Bal tap

{ 13.2.4 Tinh cac tich phan kép ”f((x, y)dxdy trong céc thi du sau day, trong d6 néu

D
ra cac didu kign d& x4c dinh D, tiép theo 1a fix, ¥) :

xz0, 12+y2$1

4 42 2y
Xt +y o+ y =
a) y b)
241 2029
o [Hs 1 bis g [20y20, ysx L+yisl
bx— ¥l xyNx2 + 32
13 2
x20,y20. 124y <4 ﬁ+}— €1, (ab)e (R:) cho trudc
e} Xy Dig2 B2
-'-'2+)’2 ~:¢2+y
. 2 \
g)*xZO, yz 0,:—§'+‘;-2"£ 1, (a,b) € (R:) cho trudc
2oy
> Z_2x <0
hy (P20 x4+ 32 %<0 i x_ll’x2+y o
Yz —
Y 2+ %2
j 1320 920, Z+y2< 1, ¥ +yP=29 2 0 (x-1)2+y25 1
Va2 4+ 32 x2 2
2
. 2+y?-Rx <0, R e R} cho trwsc m){y20.05x5x2+y251
«(Rz_xz_yz X+
2
Lxl£x2+y s 1 yz0, ).2+ x5012+y -y z0
ny 1 0) 2 yz
1+ 24y *
(x2+y2)2 < Zxy Ipl £ Yeost 0 (trong toa 4§ o)
p) N~ . Q)
Xy
xzo y20, x+ys1 ){ Lx+y<4, x5y, xyz 1
§
(x+y)2€rz - o2 - y)eos(xy)
x20,y20,x3+y351 >(}x7/3+y7/3_
0 w4 -
L’zy2 al—x3—y3
—2px <0, X2‘2pyS0, p e R: cho trude
v) 3
cpt?
xy

(4p dung phép ddi bign x = u?v, y = _uvz)‘

)[a‘ny <b, y2x20, ¥ -x2<l, (@ b) € R? cho trudc sao cho 0 <a<b

6% =D +5)
(ap dung phép 8 bign u = xy, v = y* - 23,
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0 13.2.5 Gia sir D 12 phdn cta nka mit phing y > O gi6i han bdi bon dudng parabol :

Ply2+4x+4‘ P2y2+2x+l‘ P3y2=9—6x,

PyiY=4-4x

va f: D — R xic dinh bdi flx, y) = _2—2" Tinh [ = ”f biing cach 4p dyng phép ddi
ey .

bién xic dinh nhw sau :

x=u2—v2,y=2uv,u>(),v>0‘

0 13.26 Cho 4, q, b, ¢ 12 nhimg & thye thda man A > 0, a > 0, b2 — ac < 0,
D= {(x, y) e R%: ax? + 2bxy + ¢y* £ A}, f: D — R xac dinh b
fix, ¥) = exp(— (ax? + 2bxy + cy®). Tinh I = ”f
D
¢ 1327 Giastace R,.f: [-a; a] = R lien tyc va chin, D = {0; al. Chimg minh ring :

&

{{fx - dxdy = 2 [a-nnae.
D D
. 2

¢ 18.28" Chofa &) € (‘R:) sao cho @ > b, (E) 11 dudmg elip cO phuung trinh

2
% + y—z =1, Fle, 0), F'{-c, 0) 14 cac tigu difm cia (F) (¢ = Vo2 - bz), D 1a mién dong
a b
gidi n0i gii han bdi (£). Tinh [ [(MF+MF)dxdy (trong d6 M(x, ) [a diém chay) bing

D
cich chia D thanh nhimg hirh elip ¢6 ciing titu didm vdi (£).

13.2.6 Cong thikc Green— Riemann

¢ | Dinh ly (Céng thic Green-Riemann)

Gia str ¢ D 1a mt tAp compac "don" thude R2, giéi han bdi mdt
duomg déng (C) thude I6p C! timg khiic, dinh hudng theo
chiéu thuin.

e U la mot tap m& cha R? bao ham D
e P, 0: U— R thudc 16p C! tren U.

Khi d6 : j P(x, y)dx + O(x, y)dy = H((%EQ G, y) - %P (, y)) dxdy.
© D
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NHAN XET :

1) Néu © déng va U 1a hinh sao thi ta lai tim dugc két qui : _[m =0 (xem 13.1.4).
©

2) Néu (P=-y, Q=0)yhay (P=0, Q = x), ta lai cé cong thic cho mot dien

tich phidng qua mot tich phan dwong (13.1.6) hay mot tich phan kép (13.2.3,

Menh 48 1),

01329 GiastDla mdt tdp con déng gidi ndi cla RZ, gidi han b mdt dwdmg (O)
dong, thupc lép cl va dinh huémg theo chidu thuan, w, v : D — R 14 hai 4nh xa thugc
16p C'. Chimg mink ring :

dv &
j I u(x, y}g(x, ¥dxdy = - ,[u(x, ) vx, y)dx - ”g“ (x, ¥) v{x, ydxdy
D ) © D
(cong thic ndy gitng v6i cong thic tich phan ting phin, 6.4.4, Tap 1),
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13.3 Tich phan béi ba

Viéc khao sét cac tich phan boi ba cing gidng nhw v&i céc tich phan kép.
Chiing ta s& néu ra & day mot cach ngin gon cic két qua.

13.3.1 Tap cop cia R cdu phuong dwyce

Viec khio sat nay cling twong tir nhar viec khao sét cic tip con cdu phuong
duge cda R2 (13.2.1), ¢6 them mot toa do thy 3, thudmg ky hieu 1a z. Cac
thugt ngir cfing vin gi nguyén, ngoai trix : thé tich V(D) thay cho di¢n
tich A(D)

13.2.2 Pinh nghia tich phan bgi ba

Ta 13p lai dinh nghia tich phan kép (13.2.2) chi thay (x;,; — )0y — ¥) bang
(K1 = XD O — 7)1 — 2

Khong c6 cich minh hoa hinh hoc "cu thé" cho | [f.
D
13.3.3 Cic tinh chit don gidn cia tich phan boi ba

Cang giong nhu & 13.2.3, v&i nhimg gia thiét wong ty (vé tinh ciu phuong
duwge va tinh kha tich), ta ¢6 ;

n [[J1 = vy

2) L”f tén tai khi va chi ki ”jf tén tai, va khi d6 :
Iﬁﬂf= Ilis
o lloseo =2 Il [l

4) Néu f_| b, VA fi . kha tich theo thi ty tren D) va D,, thi f kha tich trén
2

iy - HIf+IHf Jif.

.‘_’Jlui)2 Dr\D

DiuDzva:

2

5) Néu f kha tich tren D, va D| < Dz, thi f| , kha tich trén D,
1
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& f20= [[[r20.
Nf<g= {{J‘fs _[;”g.

8) VOt < [[[r < Vo) supip .

fa)

9 (fz0vap, <Dy = [[fr<|[]r.

10)

fyf

<

D D,

{{J'ﬂ-

i ({{Jfg]z < (Jgfﬂ][fgfgz].

13.3.4 Dinh Iy Fubini

Dinh Iy  (Dinh 1y Fubini)

*
Gia st
Khi d6
THI DU:

e(a,b) e R®v6ia<h
* 9, Py [a; bl - R lién tyc timg khic va thod man
P <9, '

'D0={(x,y)eRz;anSb,(pl(x)syS(pz(x)}- o

* 2., & : Dy = R li¢u tyc timg khic va thod man
8158 _
R asx<bh
o D={(xy,2 e R%{ o) <y < 0,(n) |
g1(% ¥) S 25 g, y)
¢ f: D - R lién tye. )
¢ D cdu phuong dugc
e f kha tich trén D
p 000 g &y

. .[.)”fz j( I ( _[ﬁx,y,z)dz)dy)clx.

a o gy

Tinh 7= [[[f wongd6 : D= (1.3, 0 e R;x20,920,220, 2 y, #+ y<l)

D

va flix, vy, 2) = xyz.

267
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4

13.3.5 Phép dai bién trong tich phan boi ba

¢ Dinhly Gia st U, Vla hai tap mé trong R3, @ : U - V 1a mot
C'- vi phoi, A 1a mot tap con ciu phuong dugc ciia R3 bao ham
trong U, f: ®(A) - R la mot anh xa lién tuc. Khi d6 :

* ®O(A) ciu phuong dugc

. Ijjﬂx, y, 2)dxdydz = ”If(@"(u, v, w)) | det (Joq (u, v, w)) [dudvdw

@ (A) A
1) Phép chuyén qua toa dé tru

Mot diém M (x, y, z) thuoc R3 duge quy vé mot hé toa do tru (6, p, 2),

Z
4
(0] >
0 e
p
5 .
v ’"
X
—p sinf
det(.fq, @, p, z)) = | pcosO
0

trong d6 (0, p) 1a mot hé toa do
cuc cia hinh chi€u vudng goc
m cia diém M trén mit phing
x0y. Vay ta c6 cac cong thic
ddi bién so :

x = pcosd
y = psinB
z=2

Chiing ta cong nhan ring cac
két luan cta dinh 1y trén day
van ding cho truong hgp nay,
tuy rdng khong phai la da cé
moi gia thiét. O day thi :

cosO 0
sin@ 0| = —p.
g}
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Ta cdn ghi nh¢ ring :

Trong mot tich phan boi ba, dé chuyén qua toa d9 try, cin thay dxdydz
bing lpldédpdz.

THI DU
Tinh 7= [[[f, wongds D={(xy.20 e R50<z<1, 2 +y2 <2,

D
fix, y. 2) = Ix2 — y2I. Chuyén qua toa do tru :
(,2)e D= 0£0<2r, 051, p2<z p 2 0}
v voi ky hitu A={(8,p,2) e R 0<0<2n,0<z< 1, 0<p~<\(_},
ta suy ra :

[ = _”_” p%(cos? § - sin20 | Ipldedpdz

L ¥z I 2
- (H c05% - 5in’ |d@ ) I( Ip3dp)dz =( f|coszetde)(j Cdz)
0
47 2 ]
—"1*2" 'jlcosuldu = *Icosudu = 3
0 0
2) Chuyén qua toa do cdu
Mot diém M(x, y, z) thuoc R?
¢ dwgc quy vé mot hé toa do clu
z . . 0, p, ¢) trong d6 p = OM va
' . 8 1a géc cyc cla hinh chigu
M vudbng g6c m cla diém M tren
mit phing xOy, va ¢ 1a géc
£ gita mit phing xOy (dinh
0 (4 . hugng theo chidu thugn) va
) oy OM. Theo thong 1¢ ta dat didu
x kién : 8 € [0; 2n] (hodc
J‘,/ " 0 e [-n: n])vacpe[—"— —]
x = pcosd cosp
Nhur thé ta ¢6 céc cong thic ddi bién : {y = p sind cosg
Z = psing

Ta s& thira nhin ring két lugn cia dinh 1y trén day vin ding cho trudng
hop nay, tuy ring khong phai 1a da c6 di moi gia thiét.
& day thi : .
—p sinB cosp  cosB cos®  —p cosd sing
det( Jp 6, p, (p)) = |pcosBcosp sinBcosp —p sind sing
0 sing p cosQp
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= — p3(sin®6cosi + cos20sinZpcose + sin20sinZgcose + cosZcosdp) =
= — pd(sin?Bcos@ + cos?Bcose) = ~p2cose.
Ta cén ghi nho :

Trong mot tich phan boi ba, dé chuyen qua toa do chu, ta thay the dxdydz
bing plcospldddpde.

THI DU :
Tinh: [ = ”jf trong d6 D= {{x, ¥, 2} R3 x4 y2 +72 < 1} vafix, v, 0=
D
= x2 + y% + z2. Chuyén qua toa d¢ cdu va ky higu A = [0; 2] x [0; 1] x [ —g ; %]
tacd:
1 = [{] p*p?cospldedpdo
A
2 1 w2 4
= 4 _
-(Id@)(‘[p dp)( Icos(pclnp) 5
0 0 -2
Bai tap
0 43.3.1  Tinh cic tich phan boi ba I” fix, ¥, Ddxdydz trong cac thi dy san ddy, ¢ do
D
d3 cho cic didu kién xac dinh D, ti€p theo 12 fix, ¥, 2) :
fo; 17 x>0 y20, 220, ik +¥y +¥z < 1
a) b)
.7c2ye"3JZ
o 2ey g1, 0<z21 lx2+y2€z,Ostl
Z 2
'.m2+y2 +2%<R% Re R} <0 dinh
e} 5 1

————— ge R cd djnh, a>R
\||x2+y2+(z—a)2 *

f 4 ! 2ty +22<1
(232412 =yt

Lryt-yg0, 0z 5

W 2+y*+2 <R Re R} o dinh

t{.rc+y+z)2
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) Jl < §+§+§—2 <4, (@bo) e (1{;)3 c6 dinh
‘I2+y2+22

i ‘§+§+-§ <1, x20, y20, 220, (a.b.c) € (1{1)3 c6 dinh
yL

K 9.1r2+-'-1y2+_z2 <1 ]) 2yt <1
(3x + 2y + ) Vi N

x2+y2+z2£\1
m {1- 2+ %_'_221 n){x2+3r2SZ2,x2+y2+z2£l,zz()
l+(.t2+y2+zz) ) ¢
Trong cic thi dy v), p), 4p dung phép i bign x&c dinh bdi :
I+y+Ii=n y+I=uv, I uvw.

>0,y 0. 250 < xz20y20,z20,x+v+z=51
o) {x_ , y20, 220, x+y+25 | 0 .

Xyz
(1+y+2?

' 4
Q) {xZU,yZO,zz(), ax+by+czsd, (a,b,c,d) (R:_) ¢d dinh

013.3.2 Cho (s, 5) & R2 (a < b) D = a1 6% E = la; b, £, f f3 . D — Rilien tyc.
Ta ky higu I = ”I LA ) flxn 2 500, z)ldx'dyd'z, va v&i mbi | thuoe {1, 2, 3},
E A St e ey v
Jp = JJ 1 e )2 dxdy.
D
Chimg minh : 12 < J 1y,
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13.4 Khéi lwong, tam quéan tinh, mémen quan tinh

13.4.1 Heé vat chat

¢ Binh nghia 1
1) Day 1a moi cdp (C, o) trong d6 C la mdt dudng thuge lop Cl
timg khic va o : C - R, 1a mot 4nh xa lién tuc; o duge goi la
mét d¢ (tuyén tinh) cia day (C, o).
2) Tam phang la moi cgp (D, o) trong d6 D 1a mot tdp con clu
phuong duge cia R? va o : D > R, 1a mot 4nh xa lien tc; ©
duge goi 1a mat d¢ (mdt) cda tdm (D, o).

3) Khéi rdn 1a moi cip (S, o) trong d6 S 1a mot tdp con ciu phuong
duge cia R? va o : § > R, 1a mot anh xa lién tye; o dugc goi
12 mat do (khéi) cta khéi rin (D, o).
O day "duwong thudc 16p C! timg khic” chi anh ctia mot cung

[0; 1] - R3 trong 46 x, ¥, z thude 16p c! timg khic.
£ (x(, ¥(O, A

Trong Tap 4 chiing ta s& xét viec nghién ¢iu cic tdm ghénh, doi hoi phai st dung
cac tich phin mit.

¢+  DPinh nghia 2 Hg¢ vat chit la cic day, tdm phing, khdi rin. Khi
o 1a hiing thi ta néi ring h¢ vat chit (E, ¢) 12 déng chat.

13.4.2 Khdi luong ciia mot hé vat chat

Néu C 12 mot duomg thuge lop C! timg khic, tic 1a inh clia mot cung
t = (x(6), y(#), z(5), thi ta s& ky hi¢u hoanh do cong trén C I 5, duge tinh
tir mdt.géc toa do cong theo chidu cia C, béi cong thic :

(ds)? = (dx)? + (dy)? + (dz)? (Xem Tap 7, Hinh hoc).

+ Cidc dinh nghia
1) Khdi luong cia mot day (C, o) 1a so thyc p xac dinh béi :
H= _[G(M)ds, trong dé M vach nén C.
c
2) Khéi lwong cia mot tdm phing (D, o) thuoc R? la s6 thyc p xéc
dinh bdi : p = J_[G(M)dxdy, trong d6 M(x, y) vach nén D.
D
3) Khéi lugng clia mot thé rdn (S, o) 1a s6 thye p xac dinh béi :

pn= ”JG(M)dxdydz, trong dé M(x, y, z) vach nén S.
o
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THI DU :
1) Tinh kh&i lugng cia diy (C, o), trong d6 € c6 bidu dién tham s& 12 :
xor-L
3
y =2 Jre [0 1] va o(x, y, 2) = t2
z=1+ é
3

& day ta ¢6 : (‘;— x(:)) (:)) (z (:)) =1 -2+ 202+ 0+ A=

= 2(1 + 9%, do &6 néu dinh hudéng C theo chiéu ting cda 7 thi suy ra
ds = V2 (1 + )d1. Vay khdi luong p cda day (C, o) cho bdi :

p—_[rz\r(lﬂ‘z)dt— 8\{_

2) Tinh kh&i lwgng cda mot tdm phing hinh vudng (D, @), c6 mat do xac dinh tai
moi diédm M cha D béi o(M) = kOM, trong 46 O latdAmcia D (k € R:. khong déi).

Vi hinh vuéng D va mat 40 o d6i ximg ddi voi cac dudng trung binh va cac
duomg chéo cia D, nen khoi luong p cla (D, o) béng 8. trong d6 p, la khéi
lugng cida tam giac D, trong R? xac dinhbéi (0£x<aq,0<y<x)vdimitdg o
(ky hi2u canh hinh vuOng D la 2a) :

u, = Hk\‘.lz+y2 dxdy.
)

Chuyén sang toa 40 cuc : ky higu A, = {(8, p) & Rz;Osesfvao <p<—y.

. . _ cosﬁ
Theo dinh 1§ d6i bién trong tich phan kép (13.2.5): "~
_ .
4 cosd

Hkppdedp =k I ( Ipzdp)dﬁ

k:v
=§_|'
0

. 3
san khi thuc hién moi tinh todn ta suy ra )L = % (\5 +In (‘\E"' D). -

COS

3) Tinh khéi lvong p clia mot hinh cdu S tam O, bén kinh R, v&i mat d6 o xdc

A\ 172
dinh tai moi diém M cia S bdi : o(M) = (1 4= O .

p cosq}dﬁdpdq), rong 46 :

Chuyén qua toa d6 clu 1 p = .I-.“ +2
A R

A={(8,p,(p)eR3;0$9£2n;05p5R;—%S(p£ 5.

2 1A
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Suyra:p = Ide) _[ \! 2clp) cosq)dcp)

D& tinh tich phan tht hai ta dp dyng phép d8i bién u = \f1 + £,

i
7
j 1+E oo = | 2R%22 - 1)2du.
1
. 161182 —4) 5
Cudi cing ta ¢6 : p = ————— TR
ui cung ta co I g 105
NHAN XET : Khéi luong cGa mot he vat chdi ddng chdt bing :
KC)o néu Ia mot day (C, o)
A(D)o néu 12 mot tdm phing (D, o)

V($s néu 1a mot khai ré_n S, o).

Bal tap

0 13.41 Tinh kh6i lugng p cda cic sgi day (C, 6) sau day (a > 0, R > 0 khong ddi) :
C=10; 4]

. 2
) o(M) = OM

a

€ 1a nita dudmg trdn tam O, bédn kinh R, ndm trén nia mit phingy 2 0
X
o{M) R

0 13.4.2 Tinh khdfi luong p clia c4c tam phing (D, o) sau day cita R? (R > 0 khong ddi) |
D 13 &a tron tam @, bin kinh R
) { o) = oM
R?
D 1a dfa tron tam O, ban kinh R
)
{ o(M) = -"—;'FR (v 12 tung 0 ciia M)
0 13.4.3 Tinh kh6i lugng cic khdi rin (S, o) sau ddy (4, b, ¢, d, D, h. &k, R, } thudc
* 5
R} . khong d6i)
$ 12 hinh cfu tam ¢, ban kinh R.
)
{ o =0 + 2 -y

Oomz 172

5={(x,y,f{)ER3;12+y2£R2,Uszsh}
)
{ o(M) = (l +? , m 1a hinh chidu vuong goc cha M trén xOy.
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(%]

2
s={(x,y.zJeR3 +5+i <

o | g
o(M) = AOM?

d) {S:{(x,y,z)eR3;x2+y2—2ax50’225"2(‘2”2)]

G khong ddi,

13.4.3 Tam quéin tinh cia mot hé vat chat
Céc he vat chdt duoc xét trong §13.4.3 nay gia thiét khéi heong + 0.

. Cic dinh nghia
1) Tam qudn tinh ciia mot day (C, o) 1a diém G thuoc R3 xac dinh bdi

N
oG = jc(M) OM ds,

M(C )
trong d6 M vach nén C, s 12 hohnh do cong cia M trén (, va
w(C, o) la khéi lwgng caa (C, o).

2) TAm quan tinh cia mot tim phing (D, o) thuoc R? la diém G
thuoc R? x4c dinh béi -

0G = H (M) OM dxdy,

H(D)

trong d6 M(x, ¥) vach nén D vﬁ (D, o) la khoi hryng cia tdm
phing (D, o).

3) TAm gqudn tinh cda mot khéi rin (S, o) 1a dlém G thuoc R3 xac
dinh béi :

H [o) OMdxdydz

OG'uw)

trong dé M(x, y, z) vach nén S va p(S, o) 12 khdi lugng cia (S, o).
NHAN XET :

I) Céac tich phan trén ddy ¢é ham dusi ddu tich phan 2 nhimg ham 18y gid i
trong R? hay R3, vuot qua khudn khd cdc §§13.1, 13.2, 13.3; trong thyc t€ ta s&
quy v& cac ham Iy gia tri thyc bing cdch chuyén sang cic toa do.

2) Céc dinh nghia trén day 13 sy m& rong cho mot s6 tap hgp vé han khai niem
tdm 19 cy clia mOt h¢ hitu han diém cé treng s6 (xem Tap 7, Hinh hoc).

Trong trudng hop mot he vat chit ddng chat thi tam quin tinh cing duge goi la
trong tam. Thuong ta cé thé ap dung dwoc nhitng phép ddi ximg vat chat, tic
la nhing phép d6i ximg ddng théi d6i voi var thé hinh hoc xdc dinh he vat chat
va d6i v6i mat do, Ching han, néu nhu h¢ vat chat d6i ximg d6i véi mot duong
thing thi tam quén tinh nim trén duong thing d6.

275
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THI DU :
1) Xéc dinh tam quin tinh G cia mot sgi day ddng chit (C, o) tao bdi mot nira
dudng hinh tim ¢4 phuong trinh cyc la :

p=a(l +cosB), 0 <0 < n (a >0 khong d8i).

Hoanh d¢ cong biéu thi trong toa do
cire nhu sau

(ds)? = (dp)? + p*(de)?
= (asin%0 + a%(1 + cos®)?)(dp)?
= 2a%(1 + cos8)(dD)®

= 4azcoszg(dﬂ)2.

Pinh hudng {C) theo chiéu O ting, ta

0

t.n[?
Y
=

duge @ ds = 2acos gde.

k3
Khéi lugng p cda (C, o) cho bdi : p = chs = Z2ac Icosg- df = 4ac.
c 0
Bay g1 ta tinh cdc toa d0 xg, yi; ¢

Xg = 1 _[cxds = = I(a(l +cos€l)c059)( 2acos—)d6
H C 4a (

D e, A

% 2co 2—2(2&)5 1)cos—d8
1

=22 [(1-®)(t - 2D = %

T
6‘. (a(l + cosB)sinB)( 2a cosg) do

2
T o 1
= 2a Icos‘L smEdB = 2a I2v4dv = %
0 0

2) Xéc dinh tam quén tinh G cia (8m phing déng chét (D, o) thudce R2 gidi han
bdi x'x vd vom cycldit x4c dinh bdi x = a(t — sinf), ¥y = a(l — cost), t € [0; 2]
(@ khong ddi).
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Do tinh d6i xing vit chit :

XG = ma.

Ta tinh kh&i lugng p cda (D, o),
bing cong thic Green—Riemann
7 (xem 13.2.6) :

2na 0
B3 ” odxdy = -o _[)-‘dx = -0 ( IOd.r o5 _[(a(l —cosr))zdrj
€ 0 2n
2n
= oa’ _[(l = 2COSL M)df = 3nod’.

0

Vay @ wy, = ”Gydxd) -o _[')— e 5 I(a(l—cosr))Bdt
D € 0

3 2n
o
= % _[ (1 - 3cost + 3cost — c053r)dt
0

T T
= oa’ _[(1 +3c052r)dr = oa’ _[(1 +%(1 +c052£))dr = %nmﬁ,
0 0
S5a

suy ra y; = 6

3) Xac dinh tam quén tmh G cua k.hOl rdn doéng chdt (S, o), trong d6 S la hinh
quat cdu cha hinh cdu x? + y 42 SiR2 (R > 0 khong d6i) xdc dinh trong hé toa

docéubr}n:—asesa,—“fsq>SE,OSpsR.uongdéae]O;n]chotrLréc.

&

Chiing ta chuyén sang toa do cdu. Ky hiéu :
={® p, 9) e R;

~4<0<0,0<p<R, - S(psg].

0 |3

Khéi lugng p cta (S, o) cho béi :

R _[gjcdxd)rdz = cs”jpzcos(pdedpd(p
- ( Jde) ({{pzdp) (_n_[;:oswdtp)

3
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0. Sau d6 ta c6 ;

o J” (p cosd cosp)(p? cosp)dOdpd @

Do d6i xtmg vat chdt : y; = z

G
HXg = _[_”Gxdxdydz
A

o R # n2 R4 5
= 0'( Icosﬂde)( _[p:"dp)'( Icosztpd(p) = %G,
- : 0 -2
suyra x. = %;—R %.

Trong Tap 4 ching ta s& xét dé€n céc dinh Iy Guldin vé céc khoi tron xoay.

Bai tap

0 13.4.4 Xic dinh trong tam G cia céc soi day déng chidt (C, o) sau day (a, h, r khong
ddi thugc R:) 3

a) C 1 hop ctia phin tr dudmg tron tam O, cac ddu mat 1a A, B, va hai doan thing OA via OB.

b) C 1a cung dudmg cycloit x = a(r — sint), ¥y = a(l - cost), t € [0; 2n].

¢) C la doan duong dinh Gc ¢6 budc khong ddi x = rcost, y = rsint, z = ht, t € |0; al.
013.4.5 Xic dinh trong tam G cuia céc tdm phang déng chat (D, o) sau day (a > 0 khong déi) :
a) D= [(x,y) € (R+)2; 2B+ yz/3 < am:?.

b) D gidi han bdi dudmg hinh tim ¢6 phuong trinh cuc p = a(l + cos0).
Y

¢) D gii han bdi khuyén ciia dudng strophoit thing co
phuong trinh cyce la

1
p=g (20059—@)

(0 13.4.6 Xac dinh trong tam G ciia céc khoi rin déng
chdt (8, o) sau day (h, p khong ddi thudc ]R:) ;

aS={(xy2e {R+)3 R+ y +2251)

bid= {[x. ¥, 2 & R+ },2 % 2pz DSz ),
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13.4.4 Momen quan tinh ciia mot hé vat chat

+

Binh nghia 1  Cho A 1a m6t diém hosic mot dudmg thing hoic
mdt midt phing thuoc R? ; véi moi M thuoc R, ky hi¢u d(M, H) Ia
khoang cich tr M dén H. _
1) Mémen qusn tinh cia mét day (C, o) déi véi H 1a s§ thue Iy

dinh nghia 1 :

Iy = J o (o, mys,
C
trong d6 M vach nén € va s 1a hoanh do cong cia M trén C.

2) Momen quén tinh cia mot khdi rin (S, o) d6i véi H 1a s8 thyc
Iy duge dinh nghia 13 :

Iy = [[Jo@o) @ar, m)2dxdyd:
§
trong dé M(x, y, z) vach nén S.

Pinh nghia 2 Cho H 13 mot diém hay mot dudmg thing thuoc R? ;
v6i moi diém M thuoc R, ta ky higu d(M, H) 1a khoang cach tir M
t6i H. Moémen quén tinh cta mot tim phing (D, o) thu¢ec R? déi vei
H 1a s§ thyc Ip; duoc dinh nghia 13 :

1, = [[o(yams, Hdxdydz,
D

trong dé M(x, y) vach nén D.

Trong Téap 4 ching ta s& xét d&n cic modmen qudn tinh ctta mot tdm phéng

thuoc R3. .
Gia siv (E, o) la mot he vat ch4t.
1) Cho P, P’ 12 hai m3t phing

vudng goc, D =P N P’ M

Vi ta ¢6 v6i moi M thuoe R? :

(d(M, DY) = (d(M, P))? + (d(M, P'))? Z/ 0 /
nénsuy ra: Ip =1, + I, D

Momen quan tinh cla mot he vat

chét (£, o) d6i véi mot dudng thing ?/

D bing t8ng cac momen quan tinh

cla (E, o) d6i v6i hai mit phing
chita D vi vuéng géc vai nhau.

2) Cho P, P, P'* la ba mit phing doi mét vudng g6c va cidt nhau tai mot
diém A.
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Vi ta c6 v6i moi diém M thuoc R : D"
(M, A)) = (M, P))* + .

+ (dM, PO + (M, PP, | /
nénsuy ra:l, =1Ip + Ip + Ipn.

Momen quan tinh cda mot hé vat chat pr L
(E, o) d6i véi mot diém A bing tng ) & '
cAc momen quan tinh cia (£, o) doi P D
véi ba mit phing di qua A va doi mot
vubng géc voi nhau.

NGiastrAe R, D, D, D" laba D
dudng thing di qua A va doi mot
vuong géc voi nhau, Ky higu P (twong tmg: P°, P°*) 1a mat phing chia D’
va D" (twong img : D va D”’; D va D), theo 1) va 2) ta ¢6 :

In =lIp + 1ps, Iy = Ip + Ip I = Ip + Ips, Ly =ip+ Ip + Ip.

suy ra A, =1 + I + Iy,

Momen quén tinh cia mot he vat chdt (E, o) d8i voi mot diém A bing
mdt nira tdng cac momen quan tinh cda (E, o) ddi véi ba dudmg thing di
qua A va doi mot vudng géc vdi nhau.

THIi DU:
1) Tinh momen quan tinh 461 voi O cda sqi day (C, o), trong dé :
X = COst x
C={y=sint, 1€ [0; —]. va o(M) = sht.
_ . 2
2 = cht

Ta ¢6 : (ds)® = (@)? + (dy)? + (d2)® = (sin’ + cos’t + sh?)(dn)? = ch’/(dn)?, do
dé6 néu dinh hudng C theo chiéu 7 ting thi ta 6 : ds = chede. Suy ra momen quén
tinh phdi fim 1a :

-
I,= Joty ey rDds = | shu(l + chi)chrdr =
C 0
chg 1 3
= [ (1 + uPudu = %chzg + ;ch“% -

|

2) Tinh cic mdmen quén tinh d8i v6i x'x, ¥'y, O clia tdm phing ddng chat (mat
d6 o khong ddi) D tao nén bdi mot dia tron tam O ban kinh R (R > O khong déi).
Chuyén qua toa do cuc, vaky hieu A={(8, p) e R2; -n<0<n,0< p <R}, tacé:

n R
oy ”cryzdxdy =g ” p?sin?8dedp = o ( I sinZBdB) ( jp3dp)
D A - ]

T '
=R
L Ko

-
by
Il

L ]
—
I

1., vily do d6i ximg vt chét.
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_ - opa
Io—fx.x+f,, —ZRO'.

3) Tinh cdc moémen quén tinh d6i v6i cac mat phing toa do va ddi vai céc tnuc

toa do cia khdi rin ddng chit (S, o), trong dé § 1a elipxoit ddc xac dinh bdi

2 2
¥ z . * 7
_a2 + __bz + ——2 =1 (a b, c £ R] khong ddi).

B¢ tinh cédc tich phan boi ba x4c dinh cic mémen d6, ta chuyén qua toa do elipx6it
x = ap cost cosp

Xac dinh béi : ¢y = bpsindcosp, 6 € [-m; n], p e [0; 1], ¢ € [—%; g:l
Z = cpsing

Phép ddi bién nay cé thé xem nhir 3 hop cia phép chuyén qua toa do cdu va

phép d6i bién afin xdc dinh béi : x = aX, y = bY, 7 = ¢Z.

Ky higu A = [-n; n] x [0; 1] x [ 2 2]tadm::rc:
= I_” o-z:":dxdydz= o H_[(czp sin {p)(abcp2 cosp)dddpde
5

x 1 w2
= oabé‘( Ide)( Ip“dp)( _"sm (pcoscpdq}) = —~0abc
~n 0 -2

Ta ciing c6 ; Ix = % cab3c I}O = T—S cu bc, do cdc 1y do doi ximg va ho#n vi

cac cha.

4 2
o Iy, =1, + Lo, = l—s—cabc(a +b7).

I, = %5— cabe(¥? + ¢d), I 5 -Z cabo(@® + c?) .
* | Dinh ly (Céng thic Huygens)
Gia st (E, ) 12 mot he vt chit
G la tam quén tinh cda (E, ©)
H 12 mot di€m hay mot duong thing hay mot mat phing
Hg; song song véi H va di qua G
d 1a khodng cich tir H dén He

u 1a khéi lugng cta (£, o)
Iy (tuomg tng: IHG) la mémen quén tinh caa (E, o) d6i
voi H (twong tng : He).
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Chimg minh:

Ching ta sé khdo sat trmdng hgp mot kh&i rdn (S, o), vi hai trutmg hop kia (day,
t§m phing) cang twopg tw.

Véi moi M thude S ta ky higu m (tuong ng : mg) 12 hinh chidu vudng gdc cuia
M tren H (tuong vmg : Hp). Ta c6 :

2

2

5 sl s 2 — —_— — N
(d(M, H)) = Mm=(MmG+ me) = Mmg + 2MmG.me + mem

—F —
= (M, H)? + 2Mmg . mgm + d?.

Suy ra < Iy = Iy + [{ o2, . mgmaxdydz + a2 [[fonaxdydz
h) 5

= IHG + 2 ( _”IG(M) n:ﬂ?cdxdydz) &+ pd?,
3

ndu @ ky higu vecto vudng géc vo1 H va sao cho H; 1a anh cia A qua phép tinh
tién theo 2.
— —
Ta lai co - [HIU(M) Mm, dxdydz].d-_)r- [”IG(M) Gmdedydz} -
¥ S
—
- ([ffownGit axayaz). &
5

Mot mét thi ”JG(M)GmG dxdydz song song véi Hg, do d6 vuong goéc vdi il
Ay

Mat khéc, theo dinh nghia G

[{[oonGh axdydz= [[[oonoMasdyaz - (IJ-IO'(M) dxdydz} 0G= 0.
R A hY

Cudi ciing ta co : fy= Iy + pd?,
G
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THI DY : -
Tinh cic mémen quéan tinh ctia mdt c
hinh hop chir ohat v&i cac canh la
a, b, ¢ 481 va&i : mot mit, mot canh,
mdt dinh, tam. 0 oC b

= 2 , al
D 1g, = J”Uz dxdydz - y

5 o
a L

b .
- G( ?dx)( _[dy)( (jzzdz) = %Gabc3. *
0 0 0

L. . 1 1
Tuong ty d6i vadi céc mat kia : "sz = 50{1636, ]yOz = 50’035{.‘.

1
D1y, = Lo+ Lo, = Ecabc(b2+cz).
Két qua teong tu d6i véi cdc canh khic.
- 1 2,42, 2
3y = lxoy + IyOZ + 1, = 3 agabc{a“+ b° + ¢°).
Két qui wong ty d8i véi cdc dinh khac.

4) Ap dung dinh Iy Huygens va ky hi¢u C la tam, ta c6 :
;o 2
Iy =1+ ud

U= oabe, d = % Va? + b2 + 2, suy ra Io = —I%Gabc(a2+b2+c2).

Bal t§p
0 13.4.7 Tinh mdmen quén tinh cda sgi ddy ddng chdt (C, o), rong 46 C c¢6 biéu dién
tham s¢ {x = a(r — sinf), y = a{l — cost), z = 4bcos %. te|0;2r]) asi voi xOy (a, b € R:_ .
khong ddi}.

{ 13.4.8 Tinh momen quén tinh cha tdm phing dbng chét (D, o) d6i véi H trong chc thi
du sau day (¢, b € R:r , khong ddi) :

D 13 mot tam gide déu canh a
a
H 12 mt dinh cia D

b) {D 12 mdt hinh chit nhat v cac canh 2a, 26
H 13 mdt dudmg chéo cha D

{D 13 mot tam giac vudng voi cic canh a, &
¢)

H 1a dinh géc vudng cia D

283
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D={xyeRyZ+y -2+ -2y <0}
4
{H:x'x

0 13.4.9 Tinh momen quéan tinh cia khdi rin (S, ) doi vai H trong céc thi dy sau ddy
{a. b, h, R e R} , khong d6i) : :

2
S={(y2 e 1R3;ﬁ2+"’—sl,()£z£h]
a){ a b

H=z
b { S={nrn2) e R +y?<RL0<z<h}
H 124 mit phing ¢ phuong uinh y = R.



Phan th hai
Chi dan va tra loi
cac bai tap



Chi dan va tra 16i
Cac bal tap chuong 7

a+b
4

a+b
4

7.1.2 » Co déng thae khi x £ |=1; 0l

W(+x) _  In(l-x)
' x - X

741 In

2
=%(]na+lnb)@( ):ab@a2+2£b+b2=l6ab,

o« Vi xoe |0 1] Slnfl +x)+In(l -x) £0

o 1-x<l.
7.2.1 Gia st f thich hgp, sao cho f# 0.
* Gia thiét ton tai x, € Rsao cho flx,) = 0. Khi détaco . Vx € R, Ax) = fix - x Wx) =0,
2
miu thudin. Mau thufin dé chimg t6: Vx e R flx) # 0, i : Vx e RO flx) = (f(-; D > 0.
eVaytacith xétg : R - R : g lign tuc trén R va .
x > In(flx))
¥x € R, g(x + ¥) = In(Ax)f0)) = g(x) + g(¥). Theo bai 1ap 433, Tap I, khidéténtai & e R
saocho:Vxe R g)=dx,suyra: ¥Vxe R flx) = e = (MY,
Phin dio chimg minh d& dang.

R-»R;JLER}

ch”

O Trd Vi : {U}u{
7.31 Véikfhituy=Inx via =lna:

X—L+-L= Sy=agox=a
a 2o 4o

W

log x — logox + log 4 x = % =3

QO Trd 194 ; {a).

732 O Traldisc+b>0,c+belc—b>0,c—bel, (@=1hay = a’+ b

733 Giasifthichhgp;xétg: R o R
t > feh

Anh xa g lign tyc trén R va :
Y1, w) € R2, gt + u) = fle' %) = Rele? = Ry + ™) = a(t) + g(w).
Theo bai tap 4.3.3, Tap 1, t0n tai & € Rsao cho ¥ e R, g(1) = As, suy ra:
Vix) € |0; +=f, f(x) = glnx) = klnx
Phin déo chimg minh d& dang.
CTraldi: {10;+0] R J:;2eR hoac[l0:;+0[oR  ;ae]0;1[w|1;+w= | w{0].
{ X Mnx} { X log.x }
7.3.4 ) Phuong trinh quy v&: (5.3 - 3.593.3 -5.59 = 0.
O Trd 10i: (-1, 1}

i
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Khao st sy bién thien cda f: x — xlnx. x |0 ¢! +o0
O Tré Idi:b){l,l} c){i}, fix) - 0 +
472 2
0
735 2)0 Tra 19 : {(% . g)} £ \ mel T

b) Suy ra : {(x + )% — )ltny = 0.
O Trd e : (1, D)

00 Tré 161 « {(1n5+31n2 4ln5 — YIn2 )}

72’ 14In2

+1
0

736 a-=b" = (@) = o
b=1.

,suy ra @1 = 1 hay Ing = 0, vh cudi cing la a = 1,

7.3.7  Truse hét xét ruomg hop 2 =0, x = (01

Khiz>Ovax>0,suyraz= y2, sau d6 y* = 2x + 1, va cuii cing gidi 3%+ 2y =33 =0.
O Tra 181 : {(0, 15, 1), (4, 3, D).

7.3.8  Gid sir f thich hyp sao cho f= {).

» Gia thi€t tén tai x, € Rsao cho fix) = 0. Khido: Vx e R (ﬂx})2 =flx W2x —x) = ). mlu
thufin. Mau thulin dé chimg to : vx e R, flxy = 0.
Vi flien tyc trén khodng R, nén tr djnh 1 cac gia trj trung gian ta co thé suy ra : f> 0 hay
[ < 0. Néu fthich hip thi — f cing vay ; do d6 ta ¢6 thé gidi han trong tnromg hop /> 0.
oo i
s Anhxag: Ro R lign tyc v : ¥ix, v) € R2, g(iiz) =3 (glx) + gl
x = Inff{x)} '
s Anhxah: Ro R lien tyc, AO) = 0 va :
x> glx)y = g(0)

Vi) € R R(FE2) = 2 60 + o

Dic bigt : ¥x € R, h(%) = % A(x). Suy ra : ¥{x, y) € R?,

2
Theo bai tap 4.3.3, Tap 1, t6n i & € Rsavo cho : ¥x € R, h(x) = hx.
Ky higu = g(0), taco : Vx € R fix) = 800 = M7 1
Phin dho ¢hing minh d& dang.

OTeatei R )b
x = ae™t (g, A) e R

h(x+y) = 2h (m) = h(x) + hiy).

7.39 Ky higuf: |0; +o[ = R 1
x 2%z f

1
Tacongay : lim f= 1, Al)=1,vd: ¥x e [l +xf, flX) =f(;)‘
ot

Bay gier ta chung minh ring 1 ¥xe e J0; 1], Ax) £ 1.
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i
Anh xa fkha vi tren J0; [] va: Vx e 05 11, f(x) = - n2.27F + 1323 2%

X

Gia thigt £ dat cyc dui tai mot di€m ¢ thude 10; 3| :-khi do ta s& cd f'(c) = O, nghia 12
H 1

¢ =2 Csuyraficy =2+ 2 € =(+cH2C

Khao sit su bign thigncia g : [0; 1] = R dédsuyra: Vx e 10 1], gix} < L
x> (14 x927F

Ndi rigng, fic) < 1. Mau thufin.

O Tra 1di : 1
{

7.4.%  SG dung tinh 1om cda x & x" uen R

Y+l n ]nn ln!n+|!
7.42 Vn > Y+l
V' ¥ o+ |

Chimg minh ing f: x > Inf gldm trén le2 ; +wo|. Ngodi ra, kiém tra bing tinh todn ting :
A = 0,735485 > fI8) = 0,735194.

743 a)Darr=Vx —4rdiquyvdlt—20+k-3=1.

O Tré 191 : [8; 13]. .

b) x v+ H&-13 ting nghiém ngit tren R, vi V_ ting nghiem ngit.
0 Trd 101 : (14).

7.4.4 Ap dung cong thirc Taylor v6i phan du dang tich phan (xem 6.4.5, Dinh 1y, Tap 1)
L

cho ham £: 1 +> (1 + A* t6i bac 2 wen [0 ; x], ta duge :

X
2
A9 =1+ i _¥ + ng—_—tl“f"’(r)d:.

11
Va () = ( 4)( 4)(1 +9 420

7.4.5 Giasxf: |0 ; +of — R thich hgp, sao cho f= 0.

Anhxag: R R lign tyc vi:
t > fieh

V0, w) € R, gt + u) = fle'e) = fefe") = g(r)g(u)
Theo bai tap 7.2.1, tdn tai A € R'sao cho: Ve e R, g(1) = eM.
Suy ra: Vx € |0 ; 4o, fix) = glng) = HMNF = P
Phén dao ching minh d2 dang.
OTrAWi:{0)w [0+ >R L e R
{ x> 2 }
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‘ 2ch(2i) + }
764 Cho y ring : ¥t R, 2chr ~ 1 _ Zch@nl
2chr+ 1

R n+1
O Tra Im:—J———L—kh2 9+l

Yehx+ |
_ sh{tk+ 1)x)ch(kx) — shikx)ehi(k + 1) shx

762  th(k+ 1)) -thks) = eh((k + 1)x)ch(kx) = Chikx)ch(k + 1))
suy ra, néu shx = 0 thi :

Ly i

z_“)ch(kx)ch((k+ o shxkgu([h((k+ 1) - thik).

thi{n + 1)x)
O Tra \&i : sh x néu x # 0

n+1 ndu x = 0

763 vieR )= -;' (reha tasha g¥eha = xshay lz(exe“+cxe_ %, suy ra, voi moi
(n,x) e NxR:

ff,"}(x]' = % ((ea)nexe“+ (e—a)nexe_“) - _12_ (cxchu+xsha+m: + exchu—xsm-nu)_
O Tra & : fg")(x) = XM ch(xsha + na).

764 O Tra 1&i : In(cosa — sina + ¥4 — sinZa).
765 KyhieuX=¢ Y=¢":

35 . B0
%chr+chy-12@ c‘+c5—12—§ @)l(+1;—55@X+Y_5
. 25 ey 1038 T say=e  XY=6
1‘:sh.vc+shy—12 Le +e =" X Y &
& (X =2, ¥=3), sai khac vé thit tyr.
O Tré 19 : {(In2, In3), (In3, In2)}.
771 a0 Trawi: Yre =131l ch{2Argthx) = 1+':;.
1--
b) O Tra 181 : Vx & |-1; I, th(3Argthx) = I
1+35%
' ¢ e {0 +oof
¢) Ky higu ¢ = Argchx, ta ch: 2/ che —1 x-=1
sh( )= =
2 2 2

. —1
OTratdi:vxell ;+mi.sh(%Argchx) = «\’ xz .

d) Pat ¢ = Argshr

X

Npee

O Tra 181 : vx e R, Argh

= Arghx
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¢} Phirong phép that 1

Ky higu f: x > Argth ]31341: , chimg minh fkha vi trén R va :
8(1 - 2
Vre R £() = (1-thx) 1.

G+thol— (1432
Suyra: Vre R flx) = x + AO), va AU) = Argth% = % In2.
Phuong phép thiy 2

1 + 3thx
3 +thr

Argth = Argth = Argth(th(( Argth*;-)+ xD , Xxem bi tap 7.7.3, c).

1 +—the
"3

O Tra lﬂi:VxER.ﬂx)=x+%ln2.
7.7.2 ) V&l moi x thode [1 5 2] :
Argchx = Argsh(2 — x) < sh{Argchx} = sh(Argsh(2 = x)) <= Vi-1 = 2 - x
5
OTralgi:< =,
!
40 —3c 2 1
< xzl,
2w -1 21

Ky higu ¢ = Argchx, ta co : 4 —3x = 4ch3tp — 3chg = ch3g va 252 = 1 = ch2¢, suy ra:
Argch(4x3 - 3x) - Al‘g{;h(lx2 -li=1la3p-2p=1&0¢=1

{ Tra &l : {chi].

773 O Trd 16i:
a) Argsh (x\ll + & y\ll + 2, (¥ e RZ,

b) Argeh ey + o2 - 12 = 1), (6 ) € [1 5 4ol

+
c) Argth]x—_'_é , (e, ) e -1 112

b) Trudc hét chimg minh : l

14+xy
gy | ABoO TN BB X £y 2 0 ) e (e =1l W T 4D
O néux+y=0 ' :
774 O Trd 181 : -
g f Argsh Argch Argth Argcoth
. X Lxl
sh -1
¥ N1 -2 | eV
1 I
ch X
e 2 | o
X
" 21 N 1
1+x2 X X
1+x% - 1
coth = x
X '\[xz-l x
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Ta tinh ching han sh(Argthx), x € =1 : 1] : ky hién ¢ = Argthx, 1a ch:ox = thy,
1

2 1 . X
=]-thcp=l—.t2,suyrachq)= , sau do shg = chothe = .
et N1 - VI -

7.75 o Gid st (n ) € 11 ; +ao[2 k¥ higu @ = Argehx, b = Argehy. Ta c6

ixy= N2 - 132 -1 +xy = shashb + chachb = chia+b),
d_nd(‘}x*ye [1; +eo].
e Phép tinh trén day chimg & ch @ [0 5 4] = [1; 40| 12 mOt phép ddng phoi song anh
wr (0 ; +oof, +) d&n ({1 ; +of, +). Nhung ({0 ; +|, +) khong phai 12 mdt nhom, vi céc
phan tf thudc 10 ; +of khong ¢6 phin tr d6i.

O Trd 1@ = (|1 ; +of, ) khong phai 12 mdt nhom.
776 O Trd 18 : « 1a m0t hop thanh trong cfia =15 11 va (=15 11, #) déng cdu d6i
voi (R, +), qua anh xath: R~ |-1; 1[ ; vay (I=1; 1[, +) 12 mdt nhém giao hodn.

7.7.7 Anhxag :R-o R tién tyc tren R va :
x > Argth(f{x})

Yix, ¥) € RZ, glx + y) = Argth{fix + = Argth% = Argth{(fix)) + Argth(fly)) =

= g(x) + g(y), xem bai tap 7.7.3, c).

Theo bai tap 4.3.3, T@p 1, khi d6 dn 1ai A € R sa0 cho : ¥x € R, glx) = hx.
Suy ra: ¥x € R, fix) = th(x}.
Phan dac ching minh d& dang.

. JRo 151 eR
OTraIdl.{me(M) }

7.7.8 Lap bang bién thign cia f, - R — R, xéc dinh bdi :
Vx e R.fu(x) = shx — 2x — a; taky higv x, = Argch2 = 1,317

X - — Xy A +0
. I |
£, + 0 - 0+
| I
fa(x) o / \ / + wgl
fl=x) > 0

fa(x[)) < (}ﬁ shxo -y <cax —sh.ac0 + 2x0.

O Tra 16 : lal < 2n(2 + V3) - ¥3.

7.8.1  a) siny + sin((2n — 1)0) + sin(nx} = 2sin{nx)cos((n — 1)x) + sin{nx} =
= sin{nx)}(2cos{(n = 1)x} + 1).

Bi&n d6i miu thifc theo céch tuomg .

Bidu thirc xéc dinh khi v chi khi : cos(nx) = 0 v cos((n = 1)x) = - % .

O Tra 191 : tan(ny).
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Trong cac thi dy b) d€n g) va i), phan tich 80 hang téng quat cda tdng (hay cia tich) thanh
higu (hay thuong) d@ co thé gidn wdc ; ta n6i ring do 12 nhimg tdng (hay tich) co thé rit
gon duge,

_ 2
tanx  tan2x

b) Chi ¥ ring tanx = . do d6 vl moi & thude (0, .., #}

'y i+l
2Man (%) = —— - —2
tan (260 tan (2% 1)
n+1
O Tra 130 s —— — —2 ,
tanx  an2"tly

sin2x
CICosx = —— |

2sinx

- sin
O Trd 181 : = n&u x ¢ nZ ; néu x € nZ, t0n tai (m), n;) € N x Z duy nhét sao
Mgin
U an
i néu mozn+ 1
cho x = 2™(2n, + I)x, va tich phai fim bing : .= 1 néum; = n

(t néu mp < n

] 1+ cos2x tan2x
]+ ——=——""—tanZxr = — .
Y1 COs2x sinZy ta tanx

o
O Tra 161 ; 202D , Ngoai trlr ¢ic trudng hop dic biet.

tan(%)

e} tanx = tan{{({k + 1)_}‘)1) - tal'!(k+ 1)y — tankx

1 +tankxtan{k + 1)x

tankxtan(k+ l)x = M _— 1‘

tanx

, Suy ra :

O Tra 1o : MHI;%IE_— (n + 1), ngoai trr cic truimg hop ddc bigt.

— cog —E—
€08 P

costE _cost L cos
X k ok k-1
f)cos—+cns-y—= =

2k 2 X _ oY X _ Y
cos " c0s o 2(cos " cus 2’<)
O Tra 1§ - €082 - c0sZy , ngoai trir cac trudmg hyp dic biet.

X
ntl (cos — —cos
11 2!'!

. . 1
) sinkx sinfk + 1x = 5 (cosx - cos(2k + I)x).
cOsXx — sin2(n + D néu x ¢ n/

n+l 1
CTraldi: ¢ 2 4 sinx
0 néu x € n/
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WO Tra e 1+ cotanxcos"xsinnxy néu x ¢ nZ
n+ 1 néu x € ot

0 - l)" cos3(3kx) - (- I)k cos (3 Ix}+3cns{3kx)
3k 3k 4

(- l)kcus(3k+ ] x3p {= I)k_ ]cus(fikx)
( - 31 ) ‘

¢ Tra 16 : —l-—n (= Deos(3"* 1x) + 37+ lcos ),
4.3

7.8.2 Quy nap theo .

Vi n = 1 thi tinh ch#t ¢in chimg minh 14 hi#n nhién. Néu tinh chat ding vt mot s¢
nguyén #, thi khi d¢ :

n+]
Z Ct)S(Z[—:kak)
(E],...,e"+]]e{—|,]}"+| k=1

=2 (r-'t“((Z O )+ )+ cvb((Z 5%~ )

{sl. an) e{-L1}"

R
=y 2cos (Z Ekﬂk) cosa, ,
k=1

{EI‘ . sn) -1, 1}"

L] n+1
= 2(2” l_[ cnsak)cnsanﬂ =+l H cos a,
k=1 k=1

7.8.3 Quy nap theo n.
® lsin2xl = 2lsinxlicosxl , 2Isinxl, vi Isind > 0 va lcosxl < 1.

o Isin(n + Dl € Isinndlcosxl + Isinxdlcosax] < lsingxl + lsind < (n + Dlsinxl,

784 Kyhitgu: fF:RoS R vi g:R->R
n X H
a
x szl aycos kx X [_)l-f{:)dr :Z] f sin kx

Néu f > 0 thi g tang nghiém ngidt zén R ; nhung 2(0) = g(n) = 0, mau thudn.
O Tra i : khong.

7.8.5 ChLm& minh bing phan ching. Néu ton tai (x, y) e R? sao chn cus(xz} + cos(yd) —
~ cos{xy) 2 , thi khi & cna(xz) 1, cos(vz} I, cos(xy) = . Vay phii 16n tal
(m, n p)e Z3 sa0 cho

2= 2mm, yz =2nm, xy = (2p + ).

Khi do thi XZ—TyZ =dmn = (2p + 1)2, mau thuidn v& tinh chin, 18
n
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7.8.6 Ta co thé gi4 thiét x > 0 va y > 0. Bling phép d0i bién ¢ = Inx, u = Iny ta quy bt
ding théc cin ching minh vé :

t+ 1
Y, u) € ]-m 01 ] f( £ 2 2 (R0 + )
trong 46 f:]- = ; lng] - R
¢ — In{sin(e")

Ching minh f10m (tinh ).
7.8.7 a) Beosx - sinx £ 1 < cus(x + %) < %

I

3

@(31( e Z,

in
O Ted 13 : o dkm =4 2w |
v g $ 5 ]
keZ
b) sinx + sin2x < sindx < sin2x < sindx - sinx & 2sinxcosx < 2sinxcos2y
. X, . 3x
<> sinx{cos2x = cosx) > ) < smE smxsm? < (.

Chd ¥ réng chu ky 1a 2n.

O Tra 18 : U(:l—+2k1t,1t+2kn[ }4?“+2h:;21r+2kn[),
keZ

7.8.8 Ky hitu y = fix).

x 1+t=ami o1 y
o =tan( >+ )= —=, tanZ = = = th? .
. an(4+2) o suy ra 2% o1 >
| -tan=
2
2thZ Zan~
2 2 .
s thy = = x=smx.
2¥ YA
1 +th 1 +tan“ =
+ 5 + tan 5
| 1 1

e chy = = cosd = .
l—thzy cos cos x

788 G+op)i=(1-B0 =), G+yP=0-y0-2)

0+ o = (1 =250 =),
s Truimg hop bd < 1
Khidotaco ]l =y 20,1 —2220, vay bl £ 1 va Izl < 1. Ta c6 thé nhan xét réng trong
trudrng hop nay thi tdn tai (a, P) € R2 sa0 cho x = sing, v = sinf, z = coslo + PB) hodc
z =—cos(a — B).

a Tawdmg hop Ixd > 1

Khi dé taco Iyl 2 I, Izl = 1. Tén tai (o, B) € R2 va (e, ) e (-1, 1}2 sa0 cho x = echa,
y = nchf, z = —enchia + B) hojc z = = ench(a - B).
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¢ Cic trrdmg hop x = |, x = ~ 1 khao sat d& dang,

7.8.1 Ta co thé gii thift @ = 0 ; anh xa f, khd vi tren R — 1 va
a
1 , 1 2 .
Vxeli—{*}.fa(x)= e T
a 1+(_a+x 1} (1 -ax)> 142
l—ax /-

¥xel-o; i[,fa(x) = Arctanx + 2
Vay tdn tai (A, ) € R2 su0 cho |
Yx e]; ; +oo[ » fylx) = Arctanc + p

Chuyén qua gidi han tai —0 hay +o, ta suyra: i = R

1 T 1
S — Amtan— , u= — —— Arctan—.
2 a 2 a

"Vx e }—oo ; L[ , £,£x) = Arctanx + Arctang
Néua > 0: “
1
Yx € ]— ; +oo[ » Fo (%) = Arctany + Arctana ~ n
a
1
¥x € J—oo : —[ s f(x) = Arctanx + Arctang + 1t
a
Néwa<(; _

1
¥y ]_ : +w[ » [ (%) = Arctanx + Arctana.
a@

7.9.2 Bdi vdi cic thi du e), 1), g), ta c6 thé ap dung mot phép ddi bifn s (do dé bai
£0i nen) hodc khio sar dgo ham cha ham s§ d6. Cing nén so sinh vai cde thi dy trong bai
tap 7.7.1.

a) O Trd I&1 : Vx € R, sin(2Arctan x) = Zx .
’ 1+ 52
: 11 s
DO TrAldi: vxe R_{_J:,T \ 'J?T}' tan (3Arctan x) = —_I—sz .
1
' _-\“ _ 2
OOTrd 1 : Vxel-1;1] sin(%Arcsinx) = (sgnx)[l—zl—xi]

d) Mién x4c dinh ¢tz f = R ~ (1 + 2n7), f ch8n va 27 — tudn hoan. Vi moi x thude {0 ; 7] :

Ax) = Arctan '\} tanzi = Arctan J tan%l = Arctan(tang-) = % vi% € [ll ; %[ .

O Trd 161 ; fx) = 325 néu x & [0 ; n, fchin vi 21 - win hoan.
y 4

T

2

“‘\/ T ey =f)
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¢) Pharong phdp thi nhat

Midn x4c dinh cla f= R, f chdn, vh vdi k¥ hidu 0 = Arctanx @ cd :

Yxe R, fin= ans(ﬁ)
t+ta

viee[[};%[.

Phuong phédp tha hai

= Arccos(lcosbl}y = Arccosicos®) =

Mién xic dinh cia f = R, f chin, liegn wc trén R, khi vi trén R va:
3

I
Vxe R, f() = - ——— 0+ 22c -
+ i -2 vt
1+x%
Vay win i A € Rsao cho: Ve e R, fix) = Arctanx + L
Xeét gid tri tal 0, ta suy ra A = 0.

O Tra 1&i : Vx e R, fx) = |Ardanx!,

MR

y=fx

0 "X

) Midn xdc dinh cha f=1-1; 1[ va f1& VGix e |0 ; I[ va ky higu 6 = Arcsiny,
X

Nz

Vi 2c V1 —x2 = 25in8 cosB = sin20. n

ta co ; Arctan = Ardan(tanf)= 0, vi0 € [0; z [,

2
Neuee[o;f](mc laxe[o;q;:]),tm y=f
Arcsin (2x V1 - 22) = 20

Néuee[z 2[(tuclaxe[ lD thi

Arcsin (N1 — 2) = 1 — 20, Vi o

O Trd 16 : Mién xdc dinh cia F= |-1; 1[ va

1
; néu ) € x £ —
A= v

4Arcsthx — m néu — £ x < }

\f__

-
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g) O Tra 18i : Min xdc dinh cia f= |- 1 ; 1]
. _ | 2Arccosx néux e {0 ; 1] n
va fe) = {21:— 2Arccosx  nfu x e {—1; Q]

7.9.3 a) Ap dung ham cos ddi voi hai v& cha
ding thuc, chi ¥ rng hai v& d6 déu thude |0 ; m).

0 Tra1gi - [D2=V1S |
12
b} Arcsin{tany) = x = tanx = s <
sinx =0 =
sinx(]— 1 )=(}=> hay < x e 1k y=/e
Cosx

cosx = 1
O Tré 101 : (0.
¢) Trude hét x € [- 1 ; 1]. Ky higu 8 = Arccosy,

ta cé : -1 o 1
2Arccosx= Arccus.(llt2 -1} Arccus(lcos28) =26,

e

o b
lcos26! cos20 —cos28 —cos26 cos2f
Arccos(lcos20() 20 20 20-n 2rn-20
Phuung trinh 20=20 n-20=20 26-n=20 2m—26=20
Vay : Arceos(lcos20l) = 20 ¢ 0 < [0 £ ].
0 Trd 10 hl_z— 1]

d) Triroe hét : x e [0 5 1] ; sav do ap dyng ham sin.
O Tra 19 : {0, 1)
e) Chitng t6 ring ham f: R — R xéac dinh b
¥x e R, flx) = Arctanx + 2Arctan (V1 + 2 - x)
khd viwen Rva: vx e R, f'ix) = (1.

Suyra: Vx e R fix =g.

OTra loi : R
¢ Trd |ai:{+‘{ﬁ—4'—§}.

7.9.4 a) Phuong phdp thir nhat

Cicanh xg f- R—> R vi g:R-oR 1 thuch(‘!pCl

x > Arctan(shx) x> Arocns(;ﬁ:)



Chidinvatalyi 299

theo thir yr tren R va R*, Vil

1 1
Yxe R f'f(x) =——— chx = —,
1 + shx chx
" -1 -shy  sgnx
v R, g = = .
*E g0 I 1 chx ™ <¢hx
ch?x

Ngodira:lim f = limg = z .
+ o + oo 2
Vay 1 Vx € R, fla) = gx).
Cudi c¢liing £ 1é v g chin.
Phuong phip thir hai
Ta co thé pid thié x € R, Khi 46 : Arctan(sho) € [0 ; —725[ va cos(Arctan(shx)) =

1 1
T S = Arccos ().
. vay Arctan(shx) Co0S ( o )

b) Gidi theo cich twong ty nhur & a).

7.9.5 Ky higu o = Arcsiny, B = Arcsiny, thi h¢ 4 cho quy vé :
B=2

2(5-9)-3-e

O Tra 191 - {(% ?)}
7.9.6

g f Arcsin Arccos Arctan

sin x V] - K2

1
COs W1 -x2 X m

tan - -2 x
V1 - 5% X

Ching han ta tinh tan(Arccosx), vdi x € [~ 1 5 1] - {0).

1 1-22 -2
-1= , Suy ra and = .

cos’0 2 b

Ngodi w1 tan@ va cosO cing ddu, vi 0 ¢ [0 ; ] - {12‘.} .

\"]—xz‘

X

K¥ higu 8 = Arccosx, ta ¢6 : tan?0 =

Viy : tan{Arccos x) =

7.9.7 Khao sat sy bién thien cia f: R} - R
X > Arctanx —

X
1+ 2
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7.9.8 Ky higu o = Arcsin b_a vii B = Arctan -2 , ta c6
- —x
x-da
s b-a x-a
o, f) e |0 | vatana = = = tan f3
:1 2[ . X-u b-x

O Tra 19 : a < x < b = Arcsin

—2 _ Araan‘\’ =4
—-a bh—x

7.9.9 Anh xasin: R— [-1 ;1] Ja mQt phép ddng phoi toan anh tz nhom (R, +) vao
(=1 : 1], «). Vay (=1 ; 1], ») 1a mdt nhem ding cfu voi nhém thueong R/ Ker{sin}, we

1a R/ .
- X d X d

c11 l)a)theR.(p(-—;@:j I2=j—_——uj=_;p(x)_
0 1+f 0 | +u~

» ¢ thudc lip CluenR va:vx e R @) = 1 5 >0
1+

—-2x
se¥xe R, @)= ———5 50
* (1 + %)
1 4 X x d xd
b) e V& moi x thuge [1 ; +ol, o) = I d J- I o< .[_i =
0 l+ 1+t2 ( 2
=1 - 1 < 1.
x .
« Vi tiang va bi chin trén |15 +oo[, nén @ ¢6 givi han hiu han L tai +oo ; hom nifa .
Lzo(ly>0
c) Ash xag R—— ]— = —[ litn tyc, tang chit va lim¢ = ydime = L
x > @plx} —w 2 +om 2

2) Vi @ kha vi tren R vi vi (¥x R, @'(x) > 0), nén anh xa tan khi vi tren 1- % . g[

va
1 2

T W
Y - 2.2 tanx = —— =1 +1anx
xe] 2 2[ o ¢ (tan x) e

3) &} tanxl ——— +o© , viy COSX — 0 = cos .
x-&ﬁ x—bE
2 2

by Tuong tr nhu aj.

n
4 § kha vitén | O = A
) ® Cos dvxtrn[ 4 2[Vd

3
Yx e ]:() : %[ cos'x= — i 1+ tanzx) tanxtl + 1an2x) = - _tanr e
N1 + tanx



Chi dan va tra 1&i

Tuomg ty véi x € ]% ; T:J.

Viy cos lién tyc trén [0 ; =], kh3 vi tren [0 ; @] - {%}, vh cos’y = —siik———— 1
H

2
theo dinh 1¥ gidi han cia dao hadm (xem 522, He [:]ué, Téap 1) cos kh3 vi tai ';E vi
WE.AN
cos (2) =
K&t qua trén chimg o ring thu hep cda cos trén (0 ; ] thude 1op C! ; do cos'{0) = cos™(m) = 1),

v cos chin, 2r - tuan hoan, nén ta suy ra ring cos thude 1ap C' rén R va cos’ = - sin.
 Lap ludn tromg ty d8 chimg minh ring sin thuge 16p C! trén R va sin’ = cos.

€.7.2 A. 1) Thye hign phép tich phan timg phin hai lin :

_[(.12 2yt leos ds =

In + l(x) (n+ 1)1

T+ ])I (l(xz At sin i, - I(ﬂ + 1 - B'(- 20sin fdx)

=f;— I(f(.tz - fz)")Si]']tdf

= %([’(xz - '2)"(— cosft | - ,[ (2 -2y - 2!1!2(1’2— &y - l)(— cos r)d:)

-X

=%(I(“2 xz)"cos.rdt—2:1!(.1:2 2y Ile':()bfdf)

——(_[(;.2 tz)"cnstdt+2nj(x2 2y 162~ ) - xz)msfdr)
-~—((2n+1)f(x2 12)"cosrd£-2nxzj(xz Py~ leostdr)

-X

=22 + DL() ~ 42, _ ().

2) Quy nap theo » (theo hai budc).
* n=0:1(x) = 2singx, Co=0,8=12

X X
sn=1:0(x= J-(.lr2 - t2)cus dr = I(xz - rz)sin l]fx + j-2£sintdr
-X - X
= 2[sint - tcos r}fx = —dxcosx + dsing, C; = - 4%, §| = 4,

Gia thigt tinh chit ndy ding chon - 1 van (véi n & N’ ¢ dinh). Khi dé theo 1) ta cd :

Vx € R 1, ((0) =2(2n + 1)(C (0cosx + S, (@)sin x) - 4x*(C,_ (d)cosx + S, _ | (x)sinx)

301
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=C, . (eosx + 5 ((x)sin x,

Ctrong 46 C, L | = 22n+1)C, = 4X2C,_ [, S, 41 = 220+ 1)S, - 4X?S, |, c hai ding
13 nhimg da thie v he s0 thude Z, cd bac < n + |
B. )a) gb"C (2Y + pp's (2) =g C s =
1) a) gb"C, () + p n(b)-q(,,{m W) =
L
(C (Feos r + sin S (r) = gb",

= o cosr
b) Vi v moi n thuge N, C, va S, 13 nhﬂ'ng da thic vdi he sd thude Z. ¢6 bic = n, ta cd :

vn e N, qb"Cﬂ(%) + pb"Sn(E) eZ

2

r
Mit khic : Va € N, IL(7)l < il I(rz - Adr < .
n! n!

-r

i (-")
viado do: ¥n e N, qb" ﬁL ., Vi n! troi hon him md (xem 3.1.4, 5),
08 1 nicos r
L

~ g —— 0.
f i)

Tap 1}, nén ta suy ra :

0
Nhu vay (xem bai tap 3.1.1, Tap 1}, (

12 hiing, vdi gid tri bing 0.

2) Néu r e }0 : ﬂ anh xa 1 b (F - r2)"cost Jien tyc, 2 0, va # 0.

¥ r r
3 a)e I(rz - PYtcostdr | < j(rz - lz)nlcos dde < J-(r2 - Ay
2 2 2

(3T

1

T L b
2 3 3 3

) J(rz—fz)"COSIdf > I(rz—rz)"cosrdt> _[ ,2_,2):1(“ 2% I(rz—rr)”dr
o Q H

Q

1
2

w A

T B ) i Ayl
=—2-[_ rn:l L=2(n+1)('ﬂ+l_(“;)n+ )

b} Theo a), v moi # thudc N taco:

n!l,,(r)=2j(r2—r2)cosrdr2 4&1—'1]—)(,n+1_ (r— %)Hl)‘ (r- —EX,—Z_ -T;—z)”
0

va do do n+ DU 2,
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n+1
r—

w A

z(m)(r_g)(rz_%z)"
r B r2n+l ’

Do a, —— 1, ta suy ra ring t4n tai ny € N sao cho :
noo

trong 46 o, =1 -

¥n ¢ N, zn =a > 0=1()>0.

Nhung diéu nay mau thudn vei B 1) b),
Cudi cang ; tanr ¢ Q

C73 I)Néua e Q thi o lam trigt tidu da thic X - « thudc Qi X].
2) ("), ¢ x phu thuoc tuyén tinh khi va chi khi tdn tai N ¢ N v Ovgp oo Ap) & QY
N

540 cho 37 ko = 0 va (g, . Ag) # (0, ., 0)

k=0
Biéu dé co nghia 1y tén tai P e QIX] 520 cho : Plo) = 0 vy P = (.
) Chofa, B) e A2 Do a'e A, thn tai P e QX - {0} sao cho P{a) = 0. Tich riéng
S0 h‘ang bac cao nhit, vi chia cho h¢ s8 cla s6 hang 45, ta suy ra ting tdn tai m e N
(m = deg(P)) sao cho ¢ E_ . trong d6 E, . chi Q- khong gian vecto con ciia R sinh
bSi {1, o, o2, ., o™y,
Biing quy nap theo k, ta suy ra : Vk € N kzm=at e Ey mh
Nhu da ndi trén (Vk € {0, .., m - 1}, a¥ € E, ), ta ket lugn : Vk € N, o e By m
Temg ur: ¥ie N, BI £ EB.n'

Nhur vay ro rang 12 : Yk ) & N2, ukﬂi € F, trong d6 F chi Q - khong gian vecto con

ca R sinh b&i cic a’p khi (;, ) vach nén {0, ., m— 1} x {0, m— 1}. .

Nhu the cic (aB) (! € N) déu thuge F, von 6 56 chidh hou han (dim(F) < mn) ; vay

(@B)); o ny Phu thude tuyén tinh, toe 1a aff € A. .

DGidsta e A-{0):0ntaine N, (s .. a,) € @ sa0cho:q =0 va > auk =0
. ’ k=0

Kyhitu @=apX” + X1 + . + ¢ tacs: Q e QIX]- {0} va- :

n
o( E]) = ;1; 2 @@ = 0.NGi cach khac, d8 c6 da thitc nhan é Tam nghiém thi ta phii do
k=0

nguge thit by cic hé sd cila da thic nhjn « 1am nghigm,

Sa)y = Bé € A, theo 3) vi 4). Nhur vy ton tai P Q[X] - {0} sao cho P(y) = 0.

Ky higw 0 = P(X - 1), ta 6 - Qe QX| - {0} va QU + 7} = P(y} = 0, didu ndy ching

tWring: | +y e A

b)a+B-—.a(l+7)eA,xem3)véS),a). _

6) Theo dinh nghia, A 1a tap hop céc khong diém (trong R) cila céc da thic vai he sd thaoc

Q va khic da thic khong : 4 = |y P~110)). DBi v6i mdi P thuoe QIX] ~ {0)
PeQIX]1-{0}
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thi P-1({O}) 1a mot tap hop htu han (va Card(P~1({0})) < deg(P)).
Mat khac Q[X] =1 in)(I, trong d6 Q,[X] chi tap hop cac da thic bic < n va ct hé si

nelN
hitu t§.
Véi mdi n € N, anh xa @1 — Q,[X] 12 song anh va Q! dém dwoc, suy ra Q,iXI

n
(@ge o ) > Y @ XK
cling dém duyge. k=D
Nhu viy QIX] duge xem nhu hgp cia mot ho d€m duye nhing tap hop dém duge, do do
cong dém dugre, con 4 xem nhu hyp cla mdt ho d&€m dugc cic tdp hop hdu han, nén dém
dugc,

C.7.4 " 1) a) Tich phan ting phin :
!
L) = - P, + 4P du = (TPO) - PO) + Ip,
{
rén Ldp lai.

4 !
by« Néw 1> 0: Ul < | o ~“Piluiidu < { &~ Pd)du < ref ().
0 0
0 4]
e Néwt<0: Ul = | [ ~4Padu | s [ &= 4Pquiydu < (- B < (- e Pad).
t

1
2) Theo 1) a) :

J=3 a,‘_(e"_zkm(()) - Y @) =

k=0 j=0 i=0
=(Z 4)(Z 20) - (T T o) n Y g - 0.
T k=0 j=0 T j=0k=0 k=0

Dayejsp-lwkel

Khi d6 (X - &P~/ chia hét PD, suy ra PDG) = 0.

sje2pvikezl.

Pcidang: P = A(X — kP, trong 46 A € Z{X] ; theo cong thirc Leibniz :
J

PO = ¥ C}AU_") {x - ¥

i=0
suy ra P = ¢ J-?AU' ~PNE)p!, va do d6 p! chia hét POR).
s jL<p-2vak=0.
Khi d6 XP~ ! =7 chia hét PY, suy ra POK) = 0.
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ejzpvak=0
Pco dang:P—-Bpo'l, trong 46 B € ZIX}. Ta co :

Fi
PO = Z C;IBP)U'Q(XP' W tir d6 suy ra
i=0 .
Y0y = € 1Py —P+ DO)p — D = CP ™ IpUBP” 130 = Pw).

Ké& qua ndy chimg 6 p! chia het PO
eiz=p-1vak=0.
n
Ky hicu nfricen B = [ (X - k), tacd
k=1

Fe-Do) = B0p - D= @ HPe - 1Y
Vil €n < p vap last nguyen 8, nén p khong chia hét (= 1)'n!. Ta suy ra rhng (p — D!
chia heé& P~ 1(0), va ring p! khong chia hét PP~ D).
b) Theo a), p! chia hét moi s& hang a PP chia J, c6 thé ngoai tr agP® = (o).
Do p > n va p > la ), nén (p — 1! chia hét s0 hang aﬂP(p_ Do) nay, nhumg p! khong chia
hét s6 hang do. Vay (p - D! :J w2 PIFZR
Suy ra J 12 mdt bdi khac khong cla (g - 1), dods Wiz (- DL

rn

He P-= XP'IH(X + P, suy ra

j=1

n
P =k 1 x+3 < @np 1P = 2y
j= 1
» Theo 1) b) va 4) trén day :
Vk & {0, . nh LK < kekP() < ne”(2n)™,

suy ra : n < 3 i < (X tad ) neny" < CF
k=0 k=0
n
trong do C= (Z ‘iaﬂ)ne"(ln)""' 1
k=0

5) Ching ta da chimg mioh ring tdn tai mot s& nguyén N (N = Max(n, lagh) va mot phin
tir € thupe R} sao cho voi moi s6 nguyén t6 p thda man p > Ntacé: (p - ) = ck,

P
hay cing la : ZpTCT)T > 1. Do tap cac sd nguyén 18 12 v0 han, chuyén qua gidi han khi p

dan tdi +oo, ta duge mot sy Kign mau thuin véi tinh trdi cia giai thira 50 v&i ham mil.

K& luan ;e la s@ siéu vigt



Chi dan va tra 15i
Cac bai tap chuong 8

W 7] H 7}
B11 VSiw = Viv tacs— = \}—’3 — > o= \/l - 0
" nn Wﬂ Vﬂ =] Vn Vn oo

8.1.2 Voixdilontaco: {MINAX) = (nx? + Inlnlnlnx
Inlng(x) = (Inlnx)}Inx) + Inlninx

suy ra Inlng(x) = o(Inln fx)), sau d¢6 In &{x) = ofln fx)), va cudi cung 1a : glx) = o(fx)).
OTrd18i: g =0 (n.

+ =
821 OTr§ Iﬁi:uﬂ=lvavn=——l———.
n n+ (- 1)y
8.2.2  V&i moi k thupe N : kx - 1 < E(ko) < kx, ar d6 bing cach 14y tdng (véi k chay
wr 1 dén n) :

i
Vnew,ﬂ%—]lx-n‘CZE(kx)SMx.

2
k=1

n
2
OTralgi: vxe R, Y Egy ~ ZF
k=1 w2
1 1

- —~Ink =
8.23 Vikt= ek ——k——> 1, nén dinh Iy Césaro ching to ring —lz LRI
=] n

k=1 e

a1

n 1

OTrélc‘si:Zk;'-v n.

noo
k=1

8.2.4 Ap dyng két qua cta 8.2.2, Khio sét phép cqng, 2) (trwdmg hop ham > 0) d& c6 thé

khidng dinh cing :

1)+ D 1)~ (9 (e~ (o~ OO 1y (O 1y
!

1 X
825 aaxsh— ~ Sef — 5 w2 |,
Xy ot 2 x>0

1

1 x 1 x
n(xsh=) ~ m(Zexyo = 4ppt ~ 1
n(xs X)x_)(]+n 26) X 21 +

O Trd 1oi : 1.
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b) In(cos3xy ~ cosdx -1 ~ - 2).2, sinf2xy  ~ 452,
x>0 2 0

x—

OTrd 13 - .

¢) loga — logx = (lna*llr:).v;}(ll::+lnx) ~ 2n g {lng - Inx} =-— Tz_ n =
o a Gna) na a
G ) e 0

x = 4d X+ a

va shx — sha = 2sh ch—— ~ (x — a)cha.
2 x—oa
0 Tra 18i s - —2— .
alnacha
dy O Trd 10 - -1
X 1
2 -\’ \iZ 5
e) sh¥2 +x ~ lex+"=le"e"2+"_x—lexcx”” ~ Ll W
x> +x 2 2 2 2

x >

1
\I|x2+x +Xx x—>+;:o 2

Tuong ty : sh 2 —x o~ le“fezz.

X =+

0Tré|&i:sh%.

fy Quaphép abi bign h=x - 1:
Foxext~lo1) ~ le-Dinx_ o ghinli+h_ g ~ Bin(l + k) ~ h?
=1 k=0

ah( + V2 - 1) ~ Y2 -1 =@ +h ~ V&

x=>1
O Trd 191 : 0.
g) Qua phép dbi bién h=x-1:
GhHx_ 2% 243he R | 247k | 2+t )y ~ ps B ~ Th v

h—>0
cos = = cos £+Fﬁ ——sinﬂ ~
2 (2_ 2)‘ 2 2
2
0 Trd 10 - 2.
n
2
h) O Tré Idi; ™
1
- shusing | _ ~ L _p~L 2
1),ln((cnsx) )—thsinxln(cnsx)x_’ﬁxz(cos.x 1) 12( 2).
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J=—

OTraloi:e 2.
DOTralgi: &3
k) O Trd 190 : &2

lnx+ln(]+i)

1} xlnx]n(]n( l)) = = xlnxln (M)=—xlnxln nx
1
inf 1+— In{ 1 +—
=— xlnxln|] + _(_Inx—x) x—>~+m- xlnx—([TX) o~ — xlnxxanr =-1

O Tra g : e L.
m) Ky hieu fx) = (tan20™%, va ap dung phép d6i bidn h = x —% :

Inf{x) = sindxIn{tan 2x) = — sindk In (- cotan Zk) ~ —4d&ln (— 2]_}1) ~ 4hln(- i) ——> (.

h—= 0 h=a 0
O Tra lai: 1
14 14
n) x* f o x= xg(x), trong do g{x) = -y _ g
1 1

= Inx 2
Va(e* - Dinx=¢"* - I)lnx ~ (lnn —> 0, suyra
X—»+0 X X—F+®

i
= 2
o) ~ - Dinx ~ B 5%~
X—r+w x

QO Tra 18 = +o

0) In(In(1+x)) ~ Inx ,viln(l+x ~ 0=1 suyra:
= 0" x->0

In(n((1 + J.:))‘““‘”f2 W ~ Py — 0.

x—=0" x= 0t
CTré 16 : 1
p) Ginx)™* - 1 = MHI6InD) _ 3~ ghxin(sing} ~ snx.
x—r
Crralei: 1
: n Y 5
8.26 Trusctienalna, = Ina, — Ina, suy ralna, — 0,4, » 1, vacling

now

trong ty bﬂW 1. Txdétact pa, + gb, —pta= i, r6i nh’l(pﬂ"+qbn);‘; n({pa,+qb,)-1)

=n{p{a, — 1) + g(b, - 1)). Numg n(g,, - 1) ~ nlna, = Inajj —— Ina, nén
D
n(pla, = 1) + g(b, — 1)) — plna + glnb.

oG
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O Tra 10 : (pa, + gb,)" — a’pé.

827 V6imoine N takyhienl = I (In(1 + x)'dx.
0
+ Biing mQt phép tich phin timg phin ta ¢4 :
1
= [(1 + o1 + X)) - jn(]n(l + )" Vdx = 2002y - mr, |
]

1
n+1 n+1
s 0<r < 2x (n(l + X)) dx = z[ml—*L]l =

R 1+ n+1 0 - a1 oYM
0
1, = o{(In2)".
Vaytacé tnl, | =2(n2)" -1~ 2(n2)".
N
. 1 by —#
8.2.8 K)’(hléuxn = L w—,lacé:xn == ntl = ! — 1.
“y 11 "y Hply 4 L—u, Hno
Binh Iy Césarc (C.3.1, Tap 1) cho phép suy ra :
1
“ e+ x)—— ]
" oo
| ] .
Nhumg — (v, + ‘_) » Ve — Loy~
n Byl u 41 oo n
~ 1
i, .
. 1 o
8.29 o (u),,, ting vi Uy~ #, = ; > (, va phan k¥ vi ridng nfu nho
H
u, —> e R thil=14+ l, mau thudn, Ké qua d6 ching t6 4, ——> + «.
nw 2 Ropwe
oV(‘fimointhu()cNtakyhieuvn=ug;tac0vn -v—(u +—)
1
=3+ % 7~ 3
%, Hp o

W
Theo dinh 1y Césaro (C3.1, Tap Dtasuyra— — 3, i v, ~ 3n.
n

RO Heo

\.ul—-

1
OTralgizu, ~ 334°

H

831 o0 Tralgi: 4 5‘; 2+ o),
1

1
3
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b) Tuyén tinh hoa : ch2x sh3x = % (sh5x + shx).
OTréd 131 :3x « 23 325, 05

2 - 40
¢) Tuyén tinh héa : cos’x = i (cos3x + 3cos x),

@
OTratei:y CO+3) oy

4((2k)!
2, 4@
2
HOTralei: - = - 2 _ 04
) ra lgi p 150 o(x*}
) 0 Tra Ib‘i:%+l—15-x2+o(x3),
i r3 rm
) chy—cosx ~ x* | shx- sing ~ — | vay ((cl‘ur—co:r.x)(.‘;h,)c—-sin.t))2 ~ “9—
x—+ x-—)(]'3 X )

K&t lugin bing vigc xét tinh chin, 18,
O Trd 164 : % PaLg o(x1h.

2 O Trd 16 : — 22 - 2 + o).
h) O Tré 16 : 22 — 3 + o0,

2
i}OTrél&t:lnz+?x+£“;sllx2+o(ﬂ).

x—tan(%9+o(x9))

7 9
7 tan(x—§+§—‘%)=tan(Amanx—%+o(x9))= 9
1+.xtan(£9~+o(x9))
9
x—x—+a(x9) 9
=L____=x _x 3 0(19’)
1+o(% - 9
2
0Tré|t’:li:x—-;+o(x9).
4
k)iln(l +x)=i(x—§+%3—x?+o(x4))=
=1 —§+-£32——§+o(x3),suyra:
3
1 —§+§—%+u(¢3]

x 2 58 1,2 3 1 ©
—c(l+(—§+?—z +5 E”—? +g(—‘8—)+a(r3))

311
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ne(1 -3 - T

L. _¢e  Le 2 Te 3
QTrd lgi: e Ry ~ 6 + o().
1

2
1y Vi moi n thupe I, & ¥ = o(™) khi x din’tdi 0.

O Tra 19 : e(l x2+—+o(x4))

‘ m) Anhxaf: R=- R thude ldp clvi:ivxe R fF/(x)= al
x > Arctan{e®) l+e

Tinh KTHH,({)) cua F°, réi tinh nguyén ham (xem B.3.3, Ménh de).

2x

g £___
<)Tr€|1c:ri._{_1+2 12+0(,13)
n)OTrélc‘ri:e( —-;5 “‘2)+ o).

0) ~-V1I-2 = 'J ( —"I + o(x ))
R
\,-\] x2+o(xl)—T(1+—x2+o(xz))
O Tré 191 : —J: '1—x3 o).
27
- R _l =
pOTraidize (l+ ” +o(x2))‘
- ).'4 4
q)OTralﬂI:]—-8—+o(x).
5 15 ¢ 0 VRN A - I 139 4 4
r)OTraio‘l.e(l 2x+2412 1613+1152 + olx ))
s)0Tré|6‘i:l-—€—+o(x5).
ool 5 5 L3 2L 4 e

n O Tra 19i : 2x+24x2 8x3+2880x + o(x%).

u) # ta’x ~ X3, nén ta sé khai tridn (cou}‘z—lt(ﬁ bac 5, tkc 12 15 bic 4 do
x>0

x > (cos :c)""z ~ 1 chin.

2
2 1-E 4o - 4
.(cgsx)xz_],=el(l 2+0())—i—c 2+0{) 1=__x;+0(15).

4
. lan3x((cos x}‘l - = (x3 + o(xd'))(-— % + o(xs)).
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;
O Tra 18 : - "? + o).
Arcsin x

o . | N .
v} Ky higu flix) = _\]:_ ,taco f == (u), trong do u(x) = Arcsink. Vay :
1-2 2

ux) = x + le’ + ixs + o(P), @) = 12 + 5"‘4 + %x + o(x”),

fx) = —(Zx +23, ——P o(r")) (xem 8.3.3, He qu).

O Tra |dl:x+§x3 +1—5-x5+o(x5).

1
W) OTra gz e 2(1 —g)+o(x2}.

e
OTralgi:l -+ .
X} ra léi:In3 + 6+]2+O(X3)
19 1ot
7

3

2

3 5
e -t

5 162 890

y) O Tré 181 :% - + o'l

) Anhxaf: x+> I ds thuoc 16p ¢! tren R (xem 6.4.1, He qud, Tap 1) :

AN

2x 32
\[x8¥x4+l \ixlz+x6+l .

Suy ra KTHH, (0} ciia f°. 16i KTHH4(0) cba f bing cach tinh nguyén ham (xem 8.3.3).

OTea 1 22 - - £+%9- I0+z:'(x13).

Vre R f/x)=

2’) Sit dyng phép d6i bién k= x— % , tinh KTHH, (%) ctia £, tdi tinh nguyén ham.

1 V3 3 . f
O Trd & : fix) 3+4h 16h +16h +o(h3).h x-

b’) Trrde hét thyc hign phép dbi bién k= x — 2m.
O Tra 10 : i) = — 1 +% 2+ ol h=x—2m

x+1 1+1¢
hép ddi bid t=-' = 27" = Araan .
¢') Qua phép ddi bién fix) = Arctan 3 dan 173

1
Anh xa g : t —> Arctan ‘\’ N :;I thude 16p C! trong lan can ciia 0; tinh KTHH,(0) cia 2
r6i tinh nguyén ham dé co khai trién hitu han coa g.

OTra A = F- vt o B o).
o) PRI O(xS)
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2
8.3.2 Anhxafthuoclop Clerén R va: Vx e R, () = (22 + 1)e* > 0 ; ngodi ra
im f=—~o,limf=+
— oo +@

K&t qua d6 chimg t& f: R — R |4 song 4nh. Vi f cOn thudc 16p C%°, nén ta suy T4 £l
cing thudc 16p € (xem 5.3.1, Pinh 1y 4, Tap 1), viy <0 KTHH(0).

Mat khae, do f 18, nén f‘l ciing 18 Vay dn 1ai (o, B, ¥) € R3 sao cho :

o) = ay + B + v + 0 ().
y=0

Thay vio he thie £ o f = Idg, ta duge :
x = axcxz + B(Jrr:"2 P+ y(xe"z Y + o(x)
= ouc(l + 22 %xd') + B0+ 3D + vl + o)
=ax + {ox + B)-’-j + (% + 3f + Y).xs + o(xs) v moi x thude R.

Do tinh duy nhat cda phin chinh quy cla KTHHs(U) cda dnh xa ldg, ta suy ra

o =1 o =1
§+B=0 ,dl)d01ﬁ=5_1
—+ P +y=0 ==
5 B+y Y=5

Ta chd ¥ ring hé phuong trinh thu dugc (voi dn sd (@, B, ¥) R3) 12 mdt hé tuyén tinh d&
£idi hon so véi phuong trinh dai s ma ta s& phai gidi néu sir dyng i f o = Ldy,.

OTrRAW -l =y -y + %f + o0,
8.3.3 DE cho ngdn gon, k¥ higu y = fx), ta 140 lugt duye
¥ = tan{x + ¥)
Yo +tan?r+ WA+ ¥) =+ yD +y)=1+y +y2+y3
= yr(1 4+ 2y + 3D
Y =y + 27+ 3y + 322+ 6y).
Tinh cac gia tri tai 0 : £7(0) = 1, £°(0) = 4, £7°(0) = 24, f40) = 272.
Cudi cing 4p dung dinh 1y Taylor—Young (8.3.2).

OTréié'I:%+x+2x2+4x3+%x4+0(x4).

et
]

834 OTrdldi: a)% b)% =2 d)-tl; ez D=8 g-12

L1 . 1 1 1 a-b afa + 1)
h) -1 i} p ) 2 k)1 I} " m) 6 n} 3 Q) Py
1
P 1 q) - % e} s} 1 D1 el



it

Chidanvatralsi 315

0 néw(@<lvaibzl) _L _4
Vi1l nfu{0<b<lhy(e=1vabz1) we?? x@Et3H "
+o nfufa>1vibzl)

3 193
y) ex (9 9+ 10%In10 - 12 ]n!2) Y R
4%1nd + 7407 - 828 4
8.35 O Trd 16 :
1 3 1 1 4
d)—xs b) — x c)—x5 d) X ey — x
60 180 8 -2 30
v L7 a1
D=55% B-3gx Mexy b
X _ Ltax _ 1 42
836 a)cf T = G a+b)x+(2+ab b )x2+o(x2).

a+b=0

1 -
Giai hé phuong trinh _;_ vab — B =0

« 1 ]
OTra Idi: a=— = -,
ra a 2’b 2
- 3 5
BYOTrAI  :a=— b=
} ra lgi: a 16,Jb T

8.3.7 Gid sire > 0 cho trudce ; vi &9 —0> F{0), nen tdn tai n e {0 ; 1] sao cho ;
X x-
vee i |2 r@) <

Ky higu (N = E(# + l). Véi mei n thuoe N™ ta ¢6

RZNﬁlSﬂﬁ(Vke{l’-"’"}' !
n

+kSn)

= Vie(l,. ,n},lf( f()[s-—-~a

n+k u+k

I _(Zn+k)f(0)| Zlf(nﬂc) n+kf(0)| (Z )

n
= eSa.
n+1 -

L3
Mt khac thi Y
k=1

1 dx = In2, theo k&t qua khio sit cic
X

n+

v
T e, ™
—
+

R
21 3 1
" k=11 +£
n
1fng Riemann (xem 6.2.7, Hg qué, Tap 1).
O Trad 161 : £ (O)n2.

841 O Traloi:
a) +eo b} +oo cle d) —»o e) 1.
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842 OTraloi:x - In2 - e - -;* e 4 4 o(e” ),
843. Anhxaop:i0:1l >R kha vi trén 105 1 va
f +» Arccos(l — )
2¢
Ve 0] ¢ = = — Y2 .
V-1 =22 2
T2

Do ¢o'() —— 2 va vi ¢ lién tyc tai 0, nén dinh {y "gi¢ri han cia dao ham” (5.2.2,
i—0

He qud, Tap 1) cho phép ta suy ra ting ¢ thudc lop ¢l tren [0 5 V] va v e [0 1],
¢} = _ N7 _ Bidu thuce cia ¢ ching td ¢ thudc 16p C*® tren [0 ; 11, viy ¢

1 -—
2

KTHH(0) 161 moi bac. K&t qud 1a ¢ cong <6 KTHH(01) 161 moi bac, tinh duge bang cach
tich phan khai trién him han cda ¢’. Ta €6 :

1
vie |01, 9= «5(1 - -’;)’E

n —l -l—l —l-k+l k
=‘51+Z(2)(2 )k!(z )(_g) + ol
k=1

1.3 (k= '
= \E(l+k§1u—22é;—llr2") + o(rz")

- _2R! %
_\E(IZE 3k )ztz )+o(r2")
Vi ngoai ra ¢(0) = O, nén ta suy 1a :
Viel0;] 2 G k1) g o2,
re 103 11 o =2 (er Z 22Kk + 1) )+

1
0 Trd 18i : J‘+Z——(zﬂ'——x’°& +o(x +2].
| 2Kk )

8.4.4 O Tra 1di : (sho™* ~ (2 E}
xX—»+@®

8.45 a) Anh xaf: x > tanx — x Kha vi irén méi khuﬁng]nﬂ - -1;: ;AR o+ %[ ne N

vh ¢6 dgo ham x > f'(x) = tan®x 2 0. Suy ra bang bién thien cta f:
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- nT+ =
* 2 2
f(x) +
+ o0
ﬂx} -0 /
Do dinh 1y gid tri trung gian va do f don diéu chit tren JHTI: - % ;o o+ g[, nén ton tai

mOt va chi mot phin ti x, thudc kholng d6 sao cho fix,) = 0. Vi flnm) = - nn < 0, nén

T
buyrdnn<xn(nn+5‘

b) l)Vimt-:xn-cmt+E,néntacéngay—n«—~—-—) I, toc 12 x, =~ nm, ciing co
2 am no A0

nghia 1a x, = nn + ofn).

1

P T - T _ 5 LT .
2}me0:nlhu0cl\-,xet.an—mt+2 xn.\r'iane](},z[.nenlacﬁ.

1
xn 0 I

a, = Arctan (tan o) = Arctan{cotanx,) =

=

Nhu vay ta duge : x, = mr+%—$ + o(%).

3) XetB, = x, - (rm + g - ﬁ) :tada co B, = o(i), suy ra f3, — 0, do d6 :

I
1 =x tan—

By 5 = - e
tan(xn+'-n;) xn+tan;
Iw(nn+§+o(l)Xﬁ+o(f§D 1

=T am + o{n) o 2nn
1 y=tanxl
/-

4

in
A

-
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E

1 1 1
OTrild?l.xn—mt+ —m+2ml2+o(n2).

1 x-2 1
846 OTrdldi:x = R =).
Pix, =+ o - — +a(n2)
1 1
1
847 10<1-1 = | —drs [Mdes—— suyral, —> 1.
{]I+ o n+1l Ao

2) Bang phép tich phan ting phén ta dugc :
!

1-1 - [iln(l +f'):|:) - j'i In(l + #dx,
0

l
1
0 < |In(l Mdx £ 1 Mdx = —— .
E}[n(+ Ydx 6[ X —

In2 1
0 ’l":f =1 il -3,
Tra |&i = +D( )

v

8.4.8 Chimg td rhng tén tai M € R, saocho: ¥Vre [0; 1], lef =1 - d < M2
Mit khic : Va e N', vx e [0;11,051111(1 +x2)£§£ 1.
n

Do dé ta suy ra, vdi mgi # thuge IN
1 1 1
| fa+@rax- Ja« i]n(] +A)dx|
0 0

il 42D

1
s_He” —l—iln(l+r2)|dx
0

1
< Mj'(—m(l + DY dx = of 2)
0

1

Cuti cang tinh | In(1 + x2) dx blng céch tich phan timg phan.
Q

OTrédi: a=1,b=1In2 + = - 2.
n-1

. 2
8.4.9 U”"=_z;(nm;)=;§(u _.)=;§

2) Mit khic ta chimg t3 ring Z}— ~ 1inn, ching han bing nhan xét ring
I .

i=1 o
i+1 n+l n+1
1 l 1 1
H_IS_[;dx_ &délﬁylﬁngsecdz—s_[xd SZ ;> tasuyra
i i=2 1 t—l
n+l

I dxsz—<l+_[ldx

i=1
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Trong vigc khio sdt cdc chudi (Tap 3) chiing ta s& gp lai vigc so sanh cac téng con cila
cic chudi va cic tich phan bd phin cda nhémg tich phan suy rdng {(cia mot ham s¢ dom
digu).

O Tra loi : % Inn.

8.4.10 a) Khio sit sy bién thien cda f, : R} — R xéc dinh bdi f(x) = &' — x - n.
b Chiy:v¥neN-{0 1} x, > 1.

Choe>0cOdinh. Vif(1 +¢) = (1 +g) - (1 +g - n— + vh vi f ting trén

1 +o|, nén tdn tai & thudc N sao cho :
VneN,n2N=f(l+e>0=x 21 + g}

Ta suy ra : x, ——> 1.
nw

c} Ky higuy,=x, — 1, viine N, vy ta co Yo Y < 0. Chimg 6 rang :

Va e N, nln(l + y,) = In(z + 1 + 3,).

. ., Inn
Nhumg zIn(l + ¥.) ;:0 ny,, va In(n + L + ¥, ~ Inn, suy ra y, ~ _n
OTralgiix, -1 ~ 2%,
no B

8.4.11 a) Khio sit sy bi¢n thien cia f.

b)e Chi y ting n = x, + InxnSan,vayxn—-—)+oo,rﬁin=xn+lnrn ~ X,
o R

o

* Vay ta xét y, = x, — n; ta co ngay y, = oln). Khi 46 : y, = — In(n+y) ~ - Inn.
n

s Kyhiguz, =x, —n+ Inn ; ta c6 ngay g, = oftnn). Ta lai ¢6 :
n-lnn +z, Inn-z,

Gy = = () ~
n ez i Hoo n

Inn

s~

P 1
OTraldl:xn=n—lnn+m—n+o(-n—n).
n n

8.4.12 Vi moi s& nguyén m thudce (1, ..., n} ddu Ia udc cia m, 2m, 3m, ... nén :
n
n n n
kzld(k) =n+E(5)+ E(3)+ -+ E(*).

L] "
' 1 .. . —
Suyra:nH, -n < z d(k) < nH,, trong d0o H, = Z T Sir dung he thic H, -~ Inn
k=1 k=1
. "t gy " odx
thu ¢urpe blng cich so sanh Hn, I—— 1+ |—.
x x
1 1
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8.5 a) Mién xic dinh ciia f=10; 1{ v JI ; +|, va cd thé thac tridn lign mc ftai 0
biing cich dat f0) = 0 ; fkhi vi trén miln xdc dinh va @ voi moi x thude mién xac dinh,
)= ) , trong d6 g(x) = xlnx - (x + Din(x + 1).
x(x+ 1)In .\c)2

Anh xa g khid vi trén |0 ; 40| v2: Vx € J0; 4+, g'(0) = lnx = In{x + 1) < 0. Vay g gidm
nghigm ngjt ; do ta con cd limg = 0, nén : ¥x € Y0 ; +of, glx) < 0.

0+
Suy ra bang bi€n thign cda f:

x (} 1 + o0 ¥

fx) - | -

0 + 0

-

(<)

(C)} nhan cac dudmg thing c6 phweng trinh 1

x=1,y = 1lam tigm cin. Cubi cing ta ¢6 :

A -f0 _ In(l+x) 1° o . 0 _
X X Inx N X

x—=0

b) Mién xic dinh f=1-1;00w 10;: 4]

£ khé vi trén mién xdc dinh va : Véi moi x
g0

20n(1 + )

thudc mién xic-dinh, f'(x) =

(<)
s 2

wrong d6 g(x) = — —— + In(i + = Anh
Y+x

xa g khd vi tren ]-1; +of va: Vx € ]=1 ; +wl,

)

l+x’

2x +
1+x

Anh xa & khi vi wen )=1; 4o v Vx € |=1; x|, A(x) = -

g =

trong d6  Alx) = —

+ 2In(l +x).

{ + x)2 .
Suy ra sy bién thién cha A, sau d6 cia g, va culi cing 1 sy bign thign cia f.
e Khio sit ham s0O tai 0

1
-3 1
— -~ . Vaytaco

x—0 12

1
thé thac trién lizn tyc £ tai O bing cich dat A0) = % , vi tai didm c6 toa O (0 . E) , (Y

) 1
Bing KTHH(0), chimg td ring fx) — 5 s a6

6 tidp tuyén vdi do ddc — L

12 vt
o f(xR)— - >
x> -1 )
Ix =1 0 + 0 ] ©)
fix) - I - ——
fix) b .;_ —*
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c} Mién xéic dinh cia f = R* ; f khd vi trén R va: Vxe R,
1 1
_ 2ox-2 o (x+1}¥x-2) o

(.
f0 = 2
: |
x |-= -1 ¢ 2 +® j.
| |
Flfx) + (l) - - 0 +
I
1 +00 ‘ + o
13 / ¢ \ \ /
o 0 4e

Khao sat ham sd tai F : fx) ——— 0 VA (x) — 0.

x>0 x>0
Khao sat ham s& tai +o0
1
2
thing (D) ¢¢ phuong trinh y = x + 3 1am tiem cdn, va khi x din dén +oo {twong dng : —o)
thi {C) niim wén (wong tng : nim dudi) (D).

Ax) = (x + 2)(1 + i + + o(é)) =x+ 3+ % + o(%) , suy ra {C) nhan dudng

, . . .2
Bidm udn : £ gl tigu va ddi ddu tai - IE

\__~
-

B AT —

'/2—1 01 2
)

d) Mién xdc dinh cia f=R —{—1, 1} vd fchdn ; fkhd vi tréI;Z[O; 1] w ;o0 v :

L]

£-1 <.

. 2x
Vxe[();Hu]l;+oo|,f(x)=—(xz*l)ze
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x |0 1 + 0 )'.1
fixyi o - G -
1 +c0 ]
fx) ™~ 0 \ e () <y

N
¢) Min xéc dinh cia f= R ; -1 © 1 x
Fkhi vi 1rgn R" va:

(e"+l +£

Vx € R, £ = f;) g(x), rong 46 g(x) = — In 1

Anhxagkhaviren Rva: Vx e R, g'(x) = xet -
&+ 1)
Tir 46 suy ra sir bién thién cGa g, vi vi g(0) = 0, suy ra duge ddu cda g(x).
. X - G +
Flix) + +

‘ﬁx) 1/ /. e

Khdo sdt ham 58 tgi —0 :

Inj'{x)——l(cx+l ~ 1 ( )—;0 vay ix) —— 1.
’ x X %= X—r—m
Khio sdt ham s3 tgi 0 ; : 1
- 2
e
Bing KTHH(D), ching 16 ring : fx) = ¢ + i o{x).

1

Vay ta c¢6 thé thac trién lign tuc Ax) tai O bling céch dit £0) = e2, va khi do fkhd vi tai |

Khao sdt ham s6 tqi +o0

= n(5) ~ e o

fix)-— e(xem 8.2.2, Ménh d& 3,
X—r+m 1

vé& phép hgp cic ham
twong duong bing 1ogarit).




WAV AT WdSAR ] WA REER RASE

f) Mién xdc dinh cia f= R, . fxhavitmen R, va:
Ve R, £ =1+ _1_)649” PRI £.3 NZex o
2 2\1x2+x

. 0 +
* il oM———>+oo
fix) + T oro0f
J:TX) / +o ‘f_(i)———""'w
| 0 T oxorw
¥
()
o T x

g) » Mi#n xdc dinh cda f= R - [
o f: 2% — tuin hoan vi v6i mgi ¢ thudc mién xéc dinh, An- x)= fAx):
4 r. X
khiio sat f tren ] -5 0[ w ]0, 2].
» fkhi vi tren midn xéc dinh va véi moi x thudc mién xéc dinh :

_%-»-Znn;neZ}u{nﬂ;neZ}
o viy ta sé

£ = ) X gsinx), trong 6 g : =1 1] -» R xdc dinh bdi
sin®x
t
A4 -1; 11, =- 1 +¢ .
tel 11, gt ln(+)+1+‘
Khao sat sy bi€n thidn cda g. y
x x 0 .
* |- o 3 i =.
fix) - - ()
+ o [~
fx) \ \
e 2
Khio sdt ham s6 1gi 0 :
—_l— In(l +sinx}
ﬂx) = B.‘il'l'lX e
1 2
|- —x+o{x} e
=e 2 =e—5x+o(x];
viy ta co thé thac tridn lien e f tai 0 bing BERRZ n ® AR
cach diat A0y = e ; khi do f khd vi tai 0 2 2 2

va fr () = - % .
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h) = Midn xdc dinh f = \UJ (]*% +2nm 32‘— + 2nn[ - (2nm} )

neZ
s f:2n — tulin hoan va chin

z

o fhaviutn |0 S va:vae |0 3 rw=-w cotanx

g(x), wrong dé

5N x
b

o] - R

8] 2[ \
x > 2lncosx + sin“x

Khao sat sy bién thien cia g.

[N

f(x) +

1
ﬂx) _l /
e 2

Khdo sdt ham s& tai OF

n(1-5 o)) o)
pupre el v R
1

=e (1 +o)=¢ 2.4 o(x). Vay ta cd thé thac trién hién tye f i O
1

bling cach dat A0) = e 2 ; khi d6 £ kha vi tai 0 va f'(0) = 0.

Infix} = cotartxIncos x =

1
—+ox

fixy = e_ 2

Khdo sdt ham s0 ai (%)_ :

Bling phép d6i bign ¢ = % - x tachd:

Inf{x) = tarftIn sin¢ ~, 2int = o(f),
1

—
suy ra flx) = e = | + off). Viy ta c6 thé thic trién lien tyc f tai % bing cich dat

£(5) =1 kni do fkhd vi i anr(3)-e

vt
t (C)
~ | © o
e—lfl
_3z B 0 z m
2 2 2 2



Chi dan va tra 1

i) Mién xdc dinh clia f= R” ; £ khi vi trén R'va:vxe R, F(x) = % g{(x), trong 46

glx) = - In(l —x + )+ &—_—])-
l-x+x
Khao sat sur bién thign cda gx) (g‘(x) = _—_x(i—_ﬂ) .

(l —x+x?‘)2
Suy ra ring g trigt tigu ding tai 0 va tai hai s@ thyc khac, ky hitu 12 a, B 1 a = —0,604,
b = 3,301 ; fla) = 0,328, ARy = 1,919,

|
X — [+ 8
S

Khio sat ham 50 tai o .

1
ln_f{x)='1n(\—x+x2)-———> 0, suyraflx) —— L.
. x> Xt

Khio sat ham s6 tai 0 :

) 1 1
Infx) = iln(l - x +r2)=— 1+ 5 x + o(x), suy ta flx} = . + 2 x + o(x). Viytaco

, . 1
thé thac trién lign tuc f tai O bang cach dat A= % . khi d6 £ khd vi tai 0 va f1(0) = %

4

T T

a O B

-

) Mién xic dinh cda f = R} ; f kha vi trén R! va:Vxe R} .
£ = ol - 209nx + (1 - )
, 1 1
Khiio sét sy bign thien cda g © [0 51w |55
hio sat sy bign thign cda g ]U 2[u } 5 + w[ -R

| —x

- 2x

x> inx +

Suy ra ring g trigt titu tal hat s6 thuc o (o=~ 0,236) va 1 s fla) = 0,771

325
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x 0 o 1

i |
Fix) - 0 0 -

fix) ]\ /1\0

Khdo st ham s6 i 0F

+a0

Inflx) = {x - xz)]nx — 0, suyrafix)y —— 1.
x—> 0

- O0F
Vi @-—l=l(e(x_xz)lm—l) ~ (I -x)hx —— - @ .
x * 10" x> O
Y
1 _/
©)

0 o 1 x

KfE khdvitten R, va:¥xe R, f'(0) = Zx (L - Arctanx)
’ ’ 1+ 2
Anhxah: R} - R Kha vi va :
X E — Arctan x
vre R! h'(x-——l— L < 0
" 22 1+x2 .
Suy ra A trigt tieu va d6i ddu tai mot sO thye a, a = 0,765 ; fo) = 0,412,
x ‘ } ' o +00
rog | + 0 -
%) / \
0 0
¥
C
0 <)

\ o x
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i) Midn xic dinh cla f= |—1 ; 1], f lién tuc trén |[—=1 ; 1}, khéd vi trén J~1 ; [[, vi chin.
Ta ¢ : x
Vxe |05 1L () = - i 2 2(x),
. 1-
trong dé g : J0; 1] = R 2
X b Arctanx — 1-
(1 +x%)
) , o1+ 5.2
Anhxagkhd vitregn [0; 1] va: Vxe [0 1], g'(x) = . > ()
21+ 2

Suy ra sy bign thign cla g. Tn tai o e |0 ; I[ duy nhift, tai d6 g triet tieu va ddi ddu ;
o = 0,664 vi fo) = 0,438,

x 0 « 1 |

g’ +
J. ()

' /4
g(x) - /’E/"" X

Fix)| 1 + 0 -
%) / \ /
; 4] ]

m) Mién xic dinh cfuaf:R-{E +nm .0 € Z} va f 1a m — wdn hoan,

2
Ta cé : fix) —— % va fix) —— z ; vay ta thie tridn lign e f tai g + nx bing
LAY -
() = (3)

cach dalf(g + n‘.l'l:) =

t3 A 1A

Anh xa f kha vi trén :l— : %[ va ¥x e ]—g; 12[-[ s

(1 + 2tanv)(1 + tarx)

I+ {1 + tanx + tar12.7c)2

Tir d ta suy ra sy bi&n thién cda f; ta ky hidu o = Arctan( - %) & = 0,437,
flw) = Arcta.n% = (1,644,

fx=

x -2 11 72
Fix)

/2 w2
M \ /
¥
\%
|_J




Chi dan va tra i

Chi dan va tra I1gi
Cac bal tap chudcng ©

921 ) Tr I : %(Arcsinx)z + C. C hing wen |~ 1: 1.

b) ¢ Tra 1di : %ez" - 2¢* + x + C, C hing tren R,

du
wl—

c) Phép ddi bidn u = NI + e quy bai tap vé _[ : hay con c6 thé dit v = e™.
i

2x
1 1+e~ -1
O Trd 18i : _In——=—=—— + C, C hiing trén R (hay cting 12 : — Argsh (¢™) + O).
2 Nite¥ 41

d) Phép ddi bien u = voosx quy bai tap vé 2 (¢ - 1w

O Trd 190 ; %\lcosx (cos?x = 5) + C(x),

C hling tren mdi khoing ]—%+2ﬂ‘ﬂ:; §+2mr[, neZ

3
e) Phép dfi bign u = N1 + Ve quy bai tap vé 12 _[u3(u3— Dd s,
O Trd 101 : %(l+ 4\’.;)4"3 (4 ierw—3) + C, C hing trén |0; +oo.

1 du
) Phép ddi bign u = x — — quy bdi tgp v ¢ I € = sgn{x).
x VuZ+1

ln(x2—1+\||x4— +1)-Inx+ C, néu x<0 (€., C))  R2
L R e .
_1n(x2—l+'\.‘.ac4—,m2+l)+lnx+C2 néu x>0 V2
B

022 Phép 46i bign u = N1+ VI 5% quy bai tap v 4 [ 6 = 1y
' 1

O Trd 181 :

O Trd 104 %(2- ).

9.31 O Tra loi:
el 2 TN 3
a](3x2 o 27)&: + C, C hing tren R.

B) (=<2 + x = Dcosx + (2x — Dsinx + C, C hing wen R,
&) (8 + 6x — l)shx — (3x2 + 6)chx + C, C hiing trén R,

| d) (%cosx + (ij‘v—x+ I) sinx)e"E + C, C hiing tren R.

329
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e) %(212+ l)shh—ixchh—{- + C, € hing trén R,

) xArcsinx + '\fl_—x3 + C, € hing wen |- 1; UL

g) xArccosx —~ \]:2_ + €, C hing trén - 1; 1

h) xln(x + \(1:2_ - m + €, C hing tren R

.i} xln(x+\{x7—_l) - \ijl- + €, C hing trén j1; +ef.

1, ou”
) —{——1nx - n(x*+ D} + C . C hiing trén 0 +ol.
] (},2(.’.‘&+] )

3
K) x—]n(x“'—1)—3x3+11n £l | + C(9) , C hiing trén ]—oo; — 1] va trén 11; 4o0l.
3 3 T30 3
D Adn{l + %2) = 2x + 2 Arctanx + C, C hing trén K.
m) xArctanit; + %1n(2x2—2x+5) + %Arctan(u; 1) + C(x), C hing tren - 2] va
trén |2; 4+,

n) xtanx + Inlcosdd + Clx), C hing tréen mdi khodng ]—%+n7{; %+nﬂ{. ne Z.

0) sinx In(l + cosx) + x — sinx + Clx), C hiing trén mébi khoiing | —m + 2nm; 1 + 2nw [,

neZ.
) L (fax+1m3- 13¥2:+ 1 4 C, C hing teen [— = +°°[-
(In3)? 2

9,32 a) bit 8 = Arcsinx, r&i 4p dung phuong phap he sd bt dinh.

OTréldi:é—Z.

1 T
b) Bt § = Arccos(l — 24 ¢ j(x—xz)w Arccos(l - 2x)dx = é IBsin“'GdB.
0

. [}
Tuyén tinh hoa sin0, rdi tinh nguyén ham timg phén.
2
0 Trd idi: 2%,
256
00 Tradah & - L - L,
3 6 3

d) O Trad 1o ™
2 In2
. - _ . 21, — 2.1
e) Bing phép ddi bi€n u = Inx : j(lnx) dx = Iu efdu.
1 4

O Trd 19 2(0n2) — D2
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9.5.1 a) Bat u = x> rdi phan tich thanh cic phan thic don gian.

O Trad 190 ! + ! - lln(l +x3) +1nld + C(x), C hiing trén Joo; 0] va tien
al+22  2At+xyy 2

10; +20f.
b O Tra Ioi: % -2x + ln(Jnr2 + 2x + 2) + 2Arctan(x + 1) + C, C hiing trén R.

c) D4t u = x + 2, rdi phan tich thanh cic phén thirc don gidn.
6+ 17

O Tra 1&i: 4Arctan(x + 2) +
202 +4x+5)

+ €, C hiing wen R.

d) é (X + 15 = X5 — 1) = X3 + 2X2 4 2X + 1) = XX+ 1)(X2+X+1).
Mot phép phan tich thanh phan thic don gian cho ta :
S U SN S |
)Y -x5-1 X X+l xlxy

O Tra 190 é(lnlxl - Inlx + lI—-%Aruan(%D + €(x), C hiing tren mdi mot trong ba
khoang J—o; —1[, |- 1; O[; 10; +el.
e) Mot phép phan tich thanh phan thitc don gidn cho ta -
1 -2X+1 2X+3
Rrx+P+1 (B 1)(x2+2x+2) 3( il e+ 2) '
¢ Tra 16 :

% (= ln(x2+l) + Arctanx + ln{9+2x+2) + Arctan(x+1)) + C, € hiing wen R.

8.5.2

dx du 1 1
lu== '[u(u+l) J-(;‘u+])d“

O Trd 18 x — In(e® + 1) + C, C hing réen R.

3
b) H)e"—ldx = 3 [ —qu = 3}(1———‘——)(1“,
u= JEoy W] (+ D-u+1)
vi phén tich thanh phéan thic d(m gii‘m
O Tra 13i: 3 Ve = —1n(1+§l )-—1n[(3\] ) 1+1]
gile"—l -1
+3 Arctan[z—“ﬁ——] + C, C hiing trén R.
dx 3 u . . 5 s
c}) I—':"— = - J- 3 du , r8i phdn tich thanh phan thic don gian.
x N1+2 U= Ejm 27 -1

2
0 Tra Ic‘ii:%ln(j\’l+x2—l) - iln((\)s]+xz) v Vel s ]
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2N1+2 +1 .

+ ﬁArclan CALLLShA + C(x), C hiing trén }—oo; 0] va twrén 10; +oof.
2 3

d) Tinh nguyén ham timg phan, i dat u = x.

- 1 x4+
¢ Tra 1&i : 2Vx Arctanx + \Eln ]_J———\r(Arctan(\I_+l)

+ Arctan (¥2x — 1)) + C, C hiing trén ]0; +oo.

1
_ _[(1 + (z_uz)z)du,
—-£

e)I2

, d
Tinh J ) = |—

2-u
{(xem céch tinh In(r), 9.5, 3, 2).

\|| _amX
G Tra 18 : (1 += ex)\Jz e* + i_—ln‘r—)’i"c— + C, C hiing trén |=1n2; +oo|.

dx
—X

5 e ti€p, rbi bing phuong phap tich phan wmg phén, dé suy ra ()

3 | s

53 OTra l6i: = —= -

9.5.3 Tra l&i \EArctan\E y

954 Xic dinh dang phan tich thanh phan thirc don gién :
aX+b _i_‘_a+2b_‘_2a+3b+ atb 2a+3b
X3x-1p2 xF X2 X x-np* X-1

O Tra I : 2a + 36 = 0.

X +a

1
, h¢ s@ cla  lag;
x2+1)? Py Re

955 Trong dang phan tich thanh phén thic don gién cia
X

vay cin c¢o g = 0. Nhung hay tinh _f—‘tB—— dx, vi chimg minh ring khi 46 ta thu duge
22+ 1)?

mot ham s0 khong phii 1a phin thae hiu ti.

{ Tra Igi : Khong ¢6 a nao thich hop.

L]

9.6.1 a) Tuyén tinh héa : sinx = = - %cus?.x + écn:ﬂx.

oo

O Tra l&i : %x - :ll'sian + ésirﬂx + C, C hiing tren R

3+ C

hosic 1a : %x - %sinxcosx + :li-sinxcns
b) Tuyén tinh hda : sinxsin3x = %{cnslx - cosdx)...

QTralei: —lc052x cos4x + —cos&x + C, C hing trén R.
8 16 24
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¢) sin’x + cos’x = (sinx + cosx)(] - %silﬂx) = ﬁcos(x—%)(l —%sin?.x) ;

COst

datu=x—'2‘, dé quy \ré@j du ; rdi diit v = sinu.

coszu(l + 23in2u)
O Tré 15 : £]n | la.r(£+£)| + 211\1'ctz:u(simc—-::osxl) + C(x), Ch%’mg wrén mdi khoang
3 2 81 3

ciia R ma trén 46 sinx + cosx khong tridt tigu,
d)y Pat 4 = cosx.

O Trd 18 : In(l + cosy) — lnlcosxl + C(x), € hing trén mdi khoang thudc

R—({ﬂ+2nn;neZ]u{g+mﬂ;m EZH.

e) bit u = sinx.

. 1 1 X = . .
QTra 19 : - it ~ dime —-1In | t:;m(2 - 4) ‘ + C(x), C hiing wren mdi khodng

T m
]nz ; (n+1)2[, ne Z.
£y P¥it u = tanx.

O Tra 160 ¢ —%cotanzx ~ Inlsinxl + €(x), C hing trén mdi khoang lnm ; (n+D)m), n € 7.

4
g) Tich phan timg phin : Ism L dx = sin*x.tanx — _[ 4sin3xcosxtanxd.
cos“x
St dyng bai tdp 9.6.1, a).
sirx 3.5 : 3
O Tré 101 : cosr 3 * 5 Simwost— sinxcos’x + C(x), C hiing tren mbi khodng

]—%4—!111:; §+mt_|:, nelZ.

962 a)bitu= %— %. t8i dat v = sina.

-1+\53in(-:-—§) n l+sin(%——9

O Trd Wi -In . * 5 —
L LT X
l—ﬁsm(‘t—zj l—sm(4 2)

+C(x), C hiing trén mdi

khoang thudc R—Gmr; ne Z] W, |—g+2mﬂ:;meZ_]).
b) Pit 4 = Veos2x.

O Tra 1& : - Arctanveos2x + C(x), C hing tren m6i khoang ]-
neZ

&R
-]
(S
L
+
k-]
l\.>|:=l

c) Pat 4 = tun J—zc, rdi dat v = 1-u?.
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O Tra 1@ :

1+ Y1 -tan -
+ € néu x & ]2mt; 2mr+5 [,n e Z.

-lln
B/

X
- Y1-tan 2

1 | 1+ vl—tam2
&
X
| 1—‘\]1-tan22

]

+ Gy néu x ]211?1-—%; 2nm [,n c 7.

(Cy, Cy) & R2.
4, a1 20 w22 a2 2 1 5 1o
9.6.3 a)cnsx+smx+z=(cosx+sm.r) — 2sin xc0sx+z=4—551
= %—i(l - cosdx).

bat u = tan2x.
. 2 3
0 ~ . —_—— lJ_._.
Tra 1&i a Arctan 5

b) Bt 0 = Arccosx, sau 46 dit ¢ = = +

3L
&3

OTra MG 42 -n-2.

9.6.4 a) Phuomg phap giong nhu & bai t3p 9.6.1, g}, °

5
O Tré 16 : - %h;x+%x+ sh2x+%sh4x+ C(x), € hiing trén }=co ; O va trén 10 ; +ao].

b) Bat u = th2x.
¢ Tra Lt 1 8coth2y --gcoth32x+ C(x), € hang trén |—eo ; O va tren 10 ; +a0.
¢) Bing c4ch tinh nguyén ham timg phdn, tim mdt h¢ thic truy hti giva [,(x) val (x),

trong 46 () = |2 n & N,
ch”

X
O Tra tof s L S st 3 ctan(shx) + C, C hing tren R
4 ch4x 8 chzx 8

d) Bgt u = chx.

1 chx
{ Trd 1ai : ] Arctan( 5) + C, C hing rén R,

e) bat u = thx.



Chidanvatrdaidi 335

V2 + thx
V2 - e

. _b
O Tra |&|.2@1n( )+c,Changuen R.
fy Pat u = shx.

O Ted 1&i : 2sh?x = 4shx + Slnll + shal + C(x), C hing trén |~o0 ; of vh trén |o ; + o,
trong dé o = tn (¥2 = 1).

g) Bat 4 = shx.
O Trd 10 : ~i($+;\rman (Sh.x))+ C(x), C hiing tren | ~o0 ; O] va trén 0 ; +oof,
B ftndcdx = - [tne(1 - th20dx + Jthedx

¢ Tra 16i ¢ —%thzx + Inchx + C, C hiing trén R.

—1
9.65 AG) + Blx) = e DXl rqy - | (%(el’f— 1))" eHdx =

1.1 ' n 1
= ;(E(eh- 1)) +C) = ;e"xsh”x+ Cp € e R

1
Tuong ty Ax) = Blx) = —¢™sh"x+ C,y, C, € R
n

Suy ra A va B, rdi theo cach nrong by tinh C va D.

O Trad 16 :
1
AQ) = = chinxshs + €
n
B(x) = 1 shaxsh™x + C,
" (C]| C2| C3. C4) [ R4
Clx) = lChnxCl’L"x+ C,
n
Dix) = 1 shaxch™ + C‘4
n
= -———— ¢,
966 100 = [ 285 ax g u=she O Trd 181 : (- 2%
sh * J(x) == + C2
(n — 2)ch™ 2

Cy hdng trén ] ~co ; O va trén |0 ; +oo] ; C, hiing trén R.

9.6.7 Dbt =™

1, 1 _
0 A o - r .
Tra I&i o ( T In(1 +ew‘i+wc)+ C, C hang wea R
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9.6,8 a) S dung mdt bidu thic lien hep.

O Tré 10 : %({x+ D¥x+ I —x¥x}+ C, C hiing trén [0 ; +o].
by Batu =vx—1.
PR 2 1+2x
Q Tra 1gi : in(x+ Yr— l)—\gArclar{—\[—-—)+C C hiing tren [1 ; +so[.

1 -
c)batu= l—x

QTra lal: - (1 ~x) \’ + C, C hing trén |- ; 11

d) Dt ¥ = 2, 1di dat v = In(u + V1 +u2),
O Trd 16i %ln(x2+ NI L.
[0 ; +oo}.

e) Dat r = ¥x+ 2, saw d6 u = In(r + V2 — 1). Nhu thé ta duogc :

2+\||x+ _ 2 +shy Zeshu e du
1+V|x+ 1+ chu

oo (s ) oy - as) + 2K,
shi

22 + C(®, € hing r2n |—oco ; O] v hing trén

h -
trong d¢ Jiu) = IC i c:u ! du (43t v = chu) vd K(») = I(chzu—chu}du {hay tuy&n
sha

tinh hoa).

O Tra 16 : 4Vx+2 +Ve+2¥c+ 1 - 2¥x+ 1 —4In{l + Ve +2) +ln(vx + 2 +¥x+ 1) + C,
C hiing trén |- 1 ; +of.

fDatu=V1-x.

OTra 16 ; —Arctan(\v‘l - )+C C hiing tren |1, %(_l vi hing trén ] %— +eol.

969 a) bitu= '\/ g
X+a

O Trd 181 : lr{l * a) — 2Arctang, trong d6 o = b-a
1 - b+a
b) Dt u=vx-1.
3+¥2 2 3-242
O Tré 190 : In ;- EArctan—ﬁ

9.6.10 a) bit 0 = Arcsinx.

Q Tra 1o : EArcqu—E Vi -2 +C, Ching trgn |-1; 11,

1
b) Thyc hién phép d6i bién s6 y = e :
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dx _ _B.[ dy
(r+ V2= 5x+4 V18y2 - 9y 1
trong d6 € = sgn(y). Sau d6 dat ¢ = 12y — 3 ;

7 £V2
p J-\/rz—l - é ]n(‘elt+'\JltZ—l),

W=

0y = -2=

trong d6 € = sgnis).

\F 3-2)- WIV2 —5x+4
+C, néux<=2
x+2 !
32— Va2 -
0Tré|6i:<—%ln( “’+2fo 12, nbu-2<x<l (€. Cp Cp e R,
V2 3x-+2¥2 Va2 —5x+ 4
?ln ) +Cy nfud <x
X

¢) Bat ¢ = x—z-__Z' sau do dat 8 = Arcsint.
x-2
4 — 12
d) Pat ¢ = Infld + Ve2_ 1),
12 xV V-1

2
hing trén (1 ; +00[.

e)Dﬂly:i,saudédatu=Vy2+1.

O Tra 160 ;

+ C, C hiing trén 10 ; 4]

ENP

O Trd 161 : gln(ax+ Vx? - 1} + Clx), £ = sgnéx), C hiing tran J—o; — 1] vi

O Tra 19 2 n(x + V1452 ) = Inlyl + C(x), C hiing trén ]—co ; Of va hiing trén
10 ; 4eof.
) Pat ¢ = In(ex + \/xrl), trong 46 £ = sgn(x), sau khi si dung mot bidu thic lien hgp.
O Tra 191 ;
1=V 2. D Iz + V2= 1)+ V2 In(-xV2+ V2 - 1) + €, i x < -1
(Cp, Cp) € RZ
”"rln(x2+1)+1n(x+\f_) VZin(eZ + N2 - 1)+ C, néo x> 1

1
D bjity=——
x=1

O Tra 1di: —2 2”1‘ + C, C hiing tren 1 ; 21,
o

h) Bt = 2x — 3, 18 dat ¢ = In(er + V2 - 1), & = sgn(s).
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O Tra 100 :

V2 - 3x+2——ln(3 2x+2'\1'12 A+ 2+ G néu x <1

(€, Cp € R

Vx2—3x+2+—§ln(2x——3+2\}12-—3x+2+C2 néu x > 2
DDitu=x-2 10 ditv= wl-1.

\|| 4
Q Tra &1 : —;ﬁsr::t.m\ll,wn2 4x+3 + ——— - dx+3 + C(x), € hiing trén J=oo 3 1 vi hing
20— 2%

trén ]3; +of.

za(x_ﬂié

iy Bat u =
J).ub_ 2

O Tra 1di : Arcsin%g—bl+ C, C hiing trén la, bl.
-a

% 19 = | _ oy

dy, trong d6 € = sgn{y).
—2)2\];2+2x+2 y__i I'\Ill{})z+6y+l

Sau 46 dat ¢ = 10y + 3, 1di dat @ = In(t + VA +1).

N+ 242 310, 3+ 44 gVT0 VA2 + 20+ 2
1)}
x-2

+
10G-2) 100
C hing trén l=w ; 2[ vd hiing trén 12 ; +oof.

O Tra 1o - + C(x), € = sgnlx — 2),

9.6.11 ) Lien ti€p &t u = x% v =

u

1 240+ 2V1 4% 4220

OTraldl: — —In + C, C hiing trén 10 5 +o[.
o V3 e

by DBat ¢ = tanx, u =TI§-' ¢ = In(y + \ll+u2).

O Tra 181 : Intanx + V2 + tan’x) + Arctan __a N\, ¢(w). C hing trén mBi khodng
( \J2+ tan*x )

]-§+ml:; ~§+nn[,n s Z

¢ Dat lien tiép y = €€ + 1, 2= — NP A §
y—1 2

O Tra o : iﬁ—%m(:a-eﬂxfi%-(exﬂﬁ)w. C hing wen j—oo ; 0OL.
d) D3t © = Arcsinx.

2V -N1-x2 +C  néux e I-l; 0 .

O Trd & ¢ e R
ra et Yi-vi-2 +C nés x e [0; [
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|
eybBity=x+—.
X

O Tra 1 : In(2 + 1 + Vet + 224 1) — lalx + C(x), C hiing trén |—o0 ; Of va hling teén
10 ; +ecf.

9.6.12
ay O Tré 1di
~n(l - 25+ 2N - x) + C, néux<0
Arcsin(2x - 1) + C, néu b<x<l |, (€}, Cp Cy € R3,
In2e-1+2N2-x)+C;  néu x>1
b) Ky higu I, ,, I 1a cic nguy2n ham trén day theo thy wy trén J-o0 5 O, 105 11, 11 4,
ta co
im L0 = €. lim Lx)=-7+Cp
- +
x>0 x>0 '{C1’ Cz.Ca)ERa.
. n .
lim Iz(x)=5+C2, lim 13(x)=C3

=17 x— 1t

b
Viay ta chi c6 thé ghép ni lidn tpe tai O va 1ai | khi va chi khi : C| = —-2' + €y v

T : Fne
Cy= 2 + C,. Ngodira I {*ﬁ*: Cs.

y= F(x)'

(S

Y
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—1n(1—2x+2\4|12—x)—% nfux<0

¢ Tra 131 @ F(x) = { Axcsin (2x— 1) nén 0sx=1
1n(2x-1+2\)x2—.x)+—’25 néu 1<x

9.6.13 D& thu duge mot ddng thic khong tim thidmg c6 chira tich phan cdn tinh (thi dy

b) va ¢)), thuomg ngudi ta co thé thir dp dung mot phép 468i bi€n lam hoan vi (hay giCt
nguyeén) cac cén tich phan.

X
Pt ¢ = tan_ .
a) Bt u an2

0 Tra 161 :
RInag

b) Bling phép d6i bidn u = 1 - x, va ki hi¢u I 1a tich phin cin tinh, d& thu duge :

T

PR .5
1 +sinx
CTraldi:x
- T T[
¢) Bing cach &3t w = ——x, ta duwgc I = =
2 4osmx+cosx

O Tra 19 ; 54@ in(1 +¥2).
d} Bat ¢ = tanx,

O Tra 190 : Armln \;— ) Arcsm(\r 1.

= T
e) Ky higu [ = Icos”xcusnxdx, J’n = Icos"x sinnx d x, An=In+iJH‘ Véinzltacod:
0 0

I(cosxe"‘)" dx = j( (eZIX l)) 211‘ dx+ I( (ezl..t l))

fthuoc lop €l tren 10 ; +o]
9614 o4 Vxe 0+l f(x)= %(RHJ)‘VZ (2x+322) > 0.
limf = 0, imf = +o0

n“' +a0



Chi dan va tra 164

-I(x]=j _[

= In(Aly) + y) — J(¥), trong d6
x+f 0 y=® foy ey O 10V :

Joy = [—92— pé tian Jon ditz=vI+y.

Fy)+y
. N+l -1
0 Tré 131 1 | L) T S SIS
R +\h+f‘1(x)+1 2n(’\|']+f1{x)+l)+

C hiing trén 0 ; 4oo[.

9.6.15 Ky higu F: R = R 12 anh x3 xic djnh béi
2 2

sin“a Cos“g
Ya ¢ R, Fila) = J-Arcsimlr; drx + J.Arccns'\f; dx.
0 0

® Fkhi viren R v : ¥a € R, F(a) = 2{Arcsin isinal — Arccos lcosal)sinacosa .
T
b Bt ;Y = * =L
ac bidt : Va e [0, 2} Fla)=0

® F : 7—tudn hodn vh Va € R, Fin - a) = Fra).

172
OF( ) I(Arcsm\f_+ Arccos\)'_)dx— I—dx 4
0
9.6.16 Ky higus: |- % g[-m g : R~ R Ia cic #nh xa xéc djnh béi :
X d!
vie |-%; I aw =
xe] 2’2[ﬁ) o Cost

yd
]
v = jJ—
y € R, gy fc .
0
von thudc ](?pClva thda man :

Vxe]—2 2[f(x}—;'(;'s;>0

Yye R gy = L:»0
chy

do d6 ting nghigm ngit.
Bing mot phép tinh nguyén ham ching han, chimg b ring :
T
v - =
xe ]33 2w = In

va or 46 suy ra -

1+5 qu)
COSY

Vxe]—

[SEE]

1 i
[ chifix)) = s =/

8

3

341
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Taco:
o TNV i ¢S I
vxe |- E[ o) = g QOB = ey = b
Vi (o0 = 5@ = 0, tesuy ra: Vx & |- 5[ o = x

X

. du
e Néuy= AL = flx), thi x = (gof)() = 800 = ]
cost 0 Chu

¥ .
e Néu x = IE’L = g(y}, thi g(flx)) = x = gly), do A& vi f1a song ach (vi tang nghiém ngit),
h
0 et
X
dt
y=fixy=J——.

cost



Chi dan va tra Idl
Cac bai tap chudng 10

10.41 Trudc tien kidm tra tinh lien tyc ¢da f tren mot khoang thich hap.

T
B (Vxell 4+l 0<fNse 4 )vaxr e 4 khd tich ten |1 ; +oof.
O Tra 101 = £ kha tich men [0 ; +eo [,
Ingx + 1) - Inx

1
MOLAxy= —m— 17— ~  ———=—— va thi dy Bertrand.
VOSSO = g 1) + Vmr  y s a0 2(lnn) 2 I du Bettra

{ Tra 181 : £ khong kha tich trén [1 5 +eol.

- 1 2
¢) Ap dyng 823, 3) : 0 £ Arccos (5‘——1) ~ w’i‘\’1-x = v thi dy
X X X

X —» +0

Riemann.

0 Tra 191 : fkhong khi tich trén [1 ; +ol.

d) 0 s L ~ oA quy tic x%x) (v4i a = 4 ching han), hay thi du
VPr2el xose 2 3

Bertrand.

{ Tra 181 : £khé tich trén [1 ; +[.
1

1
s fx)=—"""F>—— ~  — vi thi dy Riemann.
e+ N2+ xorro XX

O Tra 18 : f khong kha tich ren [1 5 4.

£ 0 < Arctan(e™) ~ €% vax b> €% khi tich tren [0 3 +eol.
X —» +ab

O Tra 191 : £ ki tich trén [0 ; +oof.
1

1 1
r) (1 < = o~ = vk thi du Riemann.
® & _cosx  (L+x+o()-(1-o0l)) x50+ i

O Tra 1 : f knong khi tich trén 195 1]. .

h) flx} = —l—((l +£+0(x2))—(l -ﬁm(ﬁ))) ~ L5 0 va thi dy Riemann.
X_jﬁ 2 2 x—>0+ \!;

O Tra 101 : £ kha tich tren [0 ; 11,

HF20va xzﬂx) - CZIm:+(Im')2 —xn{lng} 4
X =+

$ Tra I&i @ fkha tich wen |2 ; +ol.
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Vinx __
DAY -~ (e ) = 43'2'\"@, va do d6 xflx) ~ 4elnx—2wﬂﬁ ‘oo
xtm N2 X =40 x40

O Tra 18 : f khong khi tich trén [2 ; +of.
A2V = V= —— 0.

x—0"

O Tra 1&i : [ kha tich weén |0 1].

1042 ) o) Ching a da biét (Tap 1, 6.4.4, Thi du 1):

n
vn e N, I L= n—:ln_], dodd f 4 ~ I
oD

Mat khac : ¥n € N', Vx € [0;%], ™! x < sin"x < s Ly, do d6
vne N L <l Sl

Suyra:d,, ~ I

H
R0

() Ta da biét (Tap 1, 6.4.4, Thi dy 1)) ring, v6i moi p thuoe N :

; Tl @y
Zﬁ (2p P 1)2 2 2{7‘1“1 (2p + l)‘

_n_ T

bl = 2gp 4y 49

Do IZp+l 2; vi IZp 2 0, ta suy ta IZp q . tir 46 I2p+l q 4p 2( 1)
Cuffi cang tac6é : I, ~ V £
£ TR pe n

b) a) Khio sit sy blén thién cda fl,f2 [0 ; ¥r) = R xéc dinh Bdi

do d6

fi) =~ -nm(l-—) va fz(x)=—x2+nln(l+-—)

, 2 2
Céch khde: Ap dung bdt ding thic quen biét ez 1+tchor=-"" 8 cho ¢ ="~

An
B) Theo by o) : Vn € N, A, < Je ax < B,
0
= -
wong d6: 4, = J(1 —%)" dx va B, = I(Hé)’“ dx.

0

SIEN

Trong A, phép a6i bién ¢ = Arccos%i- cho A, = \n Ly, SUY 12 A~

1o



Chi dan va tra [
/4
Trong B, phép dbi bign 6 = Arctan—j: cho B, = ¥ I(coszﬁ)”_ 46
H
0
i 1 \2n=1) _
_ ad
Nhung : 0 < I(coszﬁ)“ las < ( Jf) ( \1") olly, o). suy ra
4
/4 n2
21 oy — 2l g ~ g L
_[(cos ' do = Iy, 5~ j(cns 8)" 1 de ~ I, 5 N
0 w4 nor no
in
Nn
K&t qui trén ching to : je"‘z dx — -z
o 2
0
Mt khac, do (Vx € [1;+00],0 < c‘"‘2 < e Hvare khiatichuwen(1;+eo{,nén
2 2
x> e cing khd tich trén [1 ; +o[, va do d6 suy ra ring x> € kha tich trén [0 ; +ool.
+a0
Cudi cing : je‘xz dx = % .
0
, e_xz
¢)* Anh xa f: x » —— lien tyc, = 0, va.tlﬂx}“‘" ———-a-b 0, suy ra f kha
+l)2 x>0 2 x>
2

tich teén [0 ; +wol.
e Phép tinh nguyén ham trén ]O ; +oof bing cach tich phan ting phin hai 1an cho ta :

P b

Gl (2

2 2 ) _2
g™ 1 e € 1 e 2
= - - —dx = — — + + 2 e dx) =
x 2241 IR X 224+1 (\x j-
2
_ 2 -
+ 2 dx,

T 2241 ‘[

suy ra, vi moi X thude |0 +oof :

X 2Xi
Lf{x) dx = €
o 2x2+1

—_x* X
+ 2 _[e’xz dx,
0

X o0
vi do do : j_.l‘(x) dx ——— 2 je_xz dx = Vr.
o X >+

O Tré 181 : Vn.

345
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10.1.3 a)

4

2 m2 omly
n

n
. 1 k
Cho n € N — {0, 1}; ky hi¢u S, = ;E]f(;)-

k+1

n
o VRaET o 41, [ 15 —,l;f(-k,;) do d6 cong don lai ta c6 :
k/n

1 n—1

1 k 1
et b
I/n k=1

1
va tic 1a : Sn2@+_[f‘
n
1/n
k
e oy
e Vk & (1, n), J£2 ~f() (v6i k=1 thi 1a mot tich phn suy rong), do 46
B S S
n
1 1

I
[ 25, vay:vne N=(0, 1},1—%l + fres, < ]r.
0 1/n 0



Chi din va tra 1oi

1
Ta k& lugn duge ring : S, —— _[f .

n@w 0

n
1 _1 k , T .
b)a)z %—HZ(H),trungd(lf.]U.l]—) }{Apduns a).
k=1 k=1 XHT
X

O Tré 14 : 2

n 1

ft
(r+&lna | _ _intkn) -
B) In E (kn) g‘; 2 i~ P

k
H ln— n

trong 4o «

- Z (n+k}lnn Z (n-i-k)lnn '

-1
o £f: 10 ;1] - R xac dinh bdi fix) = -l'ix- litn tyuc, 2 0, gidm, va khd tich vi
+x

oy ~ —lnx.

x>0

| < in’ g
hn nx
Ap dung a) désuyra:a,,lnn=;z . Tfl+xdx, va do d6 o, ——>0 .
k=l 1+
n
2 1 iy
X
EY —— 2 =2
HZ k nm j-l-l-x In2.
k=1 +; 0

Ta két lugn © o, + B, ——> 2In2.
X

OTralen: 4

1021 =>: Neéufkha tich trén I, thi f kh tich trén I, vA tren I, (xem 10.2..2, Ménh
aé 3).

&= Gid sk Fkha tich trén [, vhtren I, .
Chimg 16 riing tdn tai @ € [ sao cho: w0 ;alnlc i) valnma;+of €y

Theo 10.2.2, Menh d& 5, vi £ khé tich trén I} va trén [y, nén f kha tich trén - s a] N I
vh trén § M [a ; +oo|. Sau 46 cd {theo 10022, M&nh d& 6) : f khi tich trén L

10.2.2 Theo 10.2.2, Ménh ¢ 5, f kha tich trén cac khoang [y, I, Iy N Iy (co thé xay ra
Il éng hojc 1a mot don 1i). Do yige xét trwmyg hop ) < /y hojic 1, = 1) dé dang,
nen 1a c6 thé gid thiét [, ¢ [pvaly ¢ I Ky higu U =1, = (I} 1 L), V=i = (I} " 1y
thi ¥ va V 12 nhimg khoang, vi £ khi tich trén U va trén V. Ngodi ra, theo h¢ thite Chasles :
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fr=Tlre 05 fr=Jre Jo fr=lsefr=[s+ 15
LU In o vV LnlL vl U L v I

suy T4 If= _[f+ If* ,[f-

O A A A

10.2.3 R0 rang, né€u f = 0 thi £ kha tich trén [0 ; 4],

Ngwye lai, gid sie £ khd tich wen [0 ; +oof.
Vi | f1 kha tich trén [0 5 4oof, va lfl 2 0, ta c6 ;

X
VX € [0 +of, Jin < [1A

0 [0+
nT
Bic bigt : ¥h € N, _[iﬂ < Ilfl
LU (VR |
nf n—1  (k+1DT T
Nhmg: v e N, i =3 fif=n fifl
0 k=0 kT 0

T
Suyra:vne N', 0 [if s—?l; [,
0 [0 +of
.
va do dé qua gidi han khi a2 ti€n t6i vO cdng : _[Iﬂ =i}
0

Vi flign tue, suy ra ring (vx € [0 ; 7], Ax} = O), t6i do £ 1a T= tuén hodn ta suy ra : f=0.

10.2.4 a) = Néu fkha tich trén [— ; af thi £kha tich trén |0; al (xem 10.2.2, Ménh d& 5).
* Nguge lyi, gid thiét £ kha tich trén 10 ; al. V6i moi doan J bao ham trong ]—a ; 0] vai ky

higu J {[—x;xe J}, tach:

[in=fin< fin
J } [; af

vh suy ra f kha tich trén [=a; 0}
K&t qui 1a f kha tich trén |-a ; 4f.
Hon nita, hién nhign 13 khi J chay trén khidp tap hop cdc doan bao ham trong J=a ; 0], thi J

chay tren khdp tap hop cic doan bao ham trong [ ; al, v jf = _[f, suy ra If = If,
I } 1-a: 0] [0; &
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sau db:

il

[r = Jr + Ir = 2[f

T al ]-a; G [0 a 10; al

b) Phuong p_hép twong tiy.
1025 Cho J 1a mot dogn bao ham trong £ Ta 6 ; | I = M7 , trong d6 u(J) chi

ds doi cha J, tie 13 p(h) = b—a néu nhv J = |g; £l.
bé ho (M p (/) trong d6 J chay khip tip hop cac doan bao ham trong /, bj chan, didu
kien cdn va di 2 7 gidi ndi (vi 1Al > 0).

10.2.6 Tacé: Vx e I {gNHx) = o)l )l < Dol I,

Do f kha tich trén T neén | ctng khi tich trén ! (theo dinh nghia), suy ra gl JA cing viy.
Theo dinh 1i v& ham wu th&, @f Khi tich. Ngoai ra, véi moi doan J bao ham trong [ :
j kpfl < el _flﬂ, tir 6 bling cich tién qua gi¢i han khi J chay khip trén tap hop cic dogn

J J
bao ham trong f :

[ 19 < tioll, in.
1 i

10.2.7 Do fkhé tich trén [a ; +oof, fkhd tich trén (X ; +o0| v moi X thude fa ; +oof, va:
{r - [r —>0

Dol fwol X X

Ay
ey
Il

v [f —— Jr  (em1023, Menh & 1).
X)X+ qa; e

10.2.8 a) Lgp ludn phan ching

Gid sir { # OKhi d6 ) ~ Pdo vy 19l ~ 11l Vi x +> |11'khong kha tich trén

X — oo X—=r 40

[a; +oo[, nén dinh i ham twomg dwong chimg'td riing [ khong-kha tich, va do 46 theo dinh

nghia f khong kha tich trén [a; +oc[, mau thufin. ’ ’

b} Cho & = [1; +oo[ 4nh xa A% lien tyc wen [a; +no[ ‘ﬁf(x) —--——1» 0 (xem a)), nén t6n
— 4o

tai & € [a; +oof sao cho : ¥x e [by +eof, ) S 1.

Khi 46 : Vx e [b; +oof, IO = 01 100l < M.

Dinh If ham @ thé ching t6 ring A% kha tich trén [b; +<o[, do do kba tich trén [a; +l.

10.2.9 Do f gidm, tai +» f c6 gidi han hitw-han 7 hay giéi han —oo.

o Néu fx) —> 1 thi I = 0 (xem bai tap 10.2.8, 2))
X =+ :

* Néu fl) —— —=, thi véi x 40 lén, —fx) = 1, v2 suy ra (theo menh d& phan cha
X

dinh i ham wu thé), — f khong kha tich, f cing vy, mau thufin,
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10.2.10  a) » £ [0; +of > R, dinh nghia bdi Ax} = , lign we, =2 0 va

X +1
Sy ~ 1 , suy ra (thi dy Riemann) ring f kha tich trén [0; +eof.

X =0
« Ddi bign s6 u = x*.
O Trad 18 : %

b) = f: {0; +o| — R, dinh nghia bdi fix) =

lign tyc, 2 0 va fix) ~ —l—, da g6
(x+1) X =+

{thi dy Riemann) f kha tich trén [(; +eol.
» D&i bign s8 u = Vx.

3 101 : =
0 Tra i 5

1
cye f:[0; 40| — R, dinh nghia béi fix} =" = lign tyc, = 0, vi
o+ D2 +x+

fxy ~ 1 , do 6 (thi du Riemann) f kha tich trén [0 +eo|.
X —» o0

1 -1
» D3i bién s0 vy = +],saud()f- &
OTralei: In

x3
dy # f: [0; 1[ = R, dinh nghia b&i fx) = —\!—:, lién tyc, 2 0, vi
2

fx) ~ _1_15 do d6 (thi dy Riemann) £ khé tich trén [0; 1[.

xo1 2(1-%

» Bdi bign sﬁ' 8 = Arcsinx, sau d6 u = cosd (= \Il - )

O Trd 19 : ;

e)ysf: “E +oc[ = R, dinh nghfa bdi Ax) = x_\,?:tzi;__’ lien we, 2 0, va

- flxy ~ do d6 (thi dy Riemann) f kha tich trén [1; +eo[.
Hmrﬁ |
- 1 - L
e DiibiEn sd y = x’ sae 46 2 -.32- (—x\E) .
Tt
O Tra léi : 1

1

[ , di i = , i , 20, va
f) s £ [1; 40| = R, dinh nghia bdi fx) s T+ lign tye, 2 0, v

Rx) ~ —1—, do d6 (thi dy Riemann) f kha tich trén [1; +a],

X =+

= Bing cach sir dung mgt bidu thie lign hgp, ta ¢t v6i mei X thude |1; +oof:
X : X

dx Nx+ 1

—_— = - A = |— d = 1) va

{x(m+\f;) A(X) = B(X), trong do A(X) ;[ . dx(dftu=Vx+1)v
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X
8o = [ = 26% - 1)
1

Tir d6 ta ¢6, véi moi X thude [1; +wof :
X

dx \J'X+ +1 2 +1
]Ix(———HH\E)—z(def SE) -2 -l e e 2

Tién qua gidi han khi X din d&n +eo.

O Trd 19 : 2In(NZ + 1) = 242 + 2.
] . . chx . ., T
g) e £ [0 +=] — R, dinh nghia bdi flx) = -~ lign tuc, = 0, vafx) ~ &< vay f
chix X —¥4m
kha tich trén [0; +cof.
o ch3x = 4ch®x ~ 3chx; va diit u = thx.

0

Tra & : 3~f_

h) ® f: [1; +o[ = R, dinh nghia bdi fx) = Arcsin-l-# i, lien tye, = 0, va trong l4n cin
. thi = oy -1 —ddé kha tich teén [1;

clia +oo thi fx) ( + +0(x3)) xx—>+ocr6,x3 o do f kha tic n [1; +of.

» Bling phuong phép tich phan timg phén, ta dugce, v6i mei X thuge [1; +oof :

i[ (Arcsini - i) dx =

[I(Arcsm———):rl I +j dx

= XArcsin;—( - %+ln(X+ V¥Z_1) - InX.
X+ _1

Va: Xjf\rcsin'l — 1, h(X+ VX2 - 1)-InX=ln——F5— —— In2.
Xxie, X X +o
O Trd 181 : l—§+1n2‘
. . _ . Arctanx 1 .
iy » £:[1; 4o = R, dinh nghia b&i fix) = - , lien tyc, va
2 A+

1
Iff )I<——+
* 2.x2 X1+ )):—>+oo

o V& moi X thuOc [1; 4] :

—, do d¢ f kha tich trén [}; +eof.

A 1 A 4
J'( I'Ctal'lx_x(l‘i.xz))dx:_[ l'CtaI'I.X:Il.

X
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n
QTrd |a|.4.

eArctanx er:/?
refoi0; +oo[ = R, dinh nghla bdi fAx) = ——7 5 lien tye, = 0, va fix) £ —— do 46
: ' 2+ 2 P

fkhi tich trén |1; 4aof 18 tren (O 4ool.
72
e Dt 6 = Arctanx, d€ sau do quy vé Iee cos® d6 ; dén day ap dung 9.3.3).
i

O Tra 161 : %(em -1

1
K} » £: [0; 11 & R, dinh nghia bii fix) = \/—— lign tyc trén doan |0 1], do
1= +\)1 + 2

d6 kha tich tren 10; 11,

« Sir dung mot bidu thic lien hop. Sau dd, v moi & thude 10; 1], bing phép tich phan timy
phin, tinh dugc :

== =

i Vied-Vi-& | 3.y, 1/ y
= = +2(ln(l+ﬁ)—ln(e+ Vi+¢ ))+2(2—Arcsms).
Che £ dén dén 0.
1 n
O Tra wn.;(—ﬁun(uﬁ):fz).
a—x

1021 a)= Néua> 1, thi fan X e khong lizn tyc trén J0; al, nén khong khi
' (1-x9

tich trén ]0: a[ (theo nghia trong gifo trinh pay).

eNeva=1f, x> khong kha tich wen [0; 1§ (thf dy Riemans).

(1~ x?

SN, |
e Gia thi&t @ < 1. Khi 46 f,, , : x > —&—% lien tyc trén doan [; 4] (hofic [a; 0], néu
' (1-x)
a < 0), do d6 kha tich trén doan dé.
[

— i -
Ky higu I (a) = Iﬁ—%i dx, bing cich tich phin ting phin chimg td rdng :
(1-x)
]

an n
T@= -2+ 1 @
29 n+l  n+1 L @

n
Tadosuyra: (n+ DI =-2, @ + I(a).
k=1
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b) » f: [-1; 1[ = R, dinh nghia bdi flx) = Xt ll+

)y -~

x>l (l- x

lien tye, = O wen {0; 1[, va

7 vy f kha tich tren (= 1; 1[.
o Lo 1+x
« Bing phép d6i bi€n & = Arccost, dgc Ix“ 1 d = J +J,,, trong do
-1 :
L

= _[ c0s™ © d0. Phan biet cac truomg hop n chin, n 1€, va chd ¥ ring voi moi p thude N,
D
J2p+1 = Q.

CTra ldi s x b X"

+ X Lha tich trén [— L; 1[ voi moi n thuge N va
- X

1 %n néun=2p, peN
I"ﬂ _+.£dx_ (ZP')

- a 2p+2)! :
-1 1-x 2t n nfun=2p+1, pe N

@+
1
¢} o f:[0; 40| — R, dinh nghia béi fx) = o, —— lién we, =0 va
(x2 + 1:12 \I|x2+ 1
fixy ~ 1 , suy ra f kha tich ren [0; +o0[.
x—>+en 53

« Bt ¢ = In{x+ Jx2+l), sau do ¢ = thy (=—\h—x—‘§) .
+

OTed 1o = x P T kha tich trén [0; 4ol v6i mei a thuoe R} , va
2+ az) N +1 .

-Arccosd nfufcax<l
a\‘l a2
) nfua=1
I( +a2)qt2+1 r—_
ﬂa+ az—ll
\]—— néu 1 < a.
aNa® -

o dyeF:00; al Rd]nh hia béi = = , lien e, 2 0 va
- R dinh nghts b3 ) = g @y
Ax)

do 46 £ kha tichrtren [0; al.
x—w\f_\J +1(a -2 o 88 f Kb tictrren [0 1

2 -
a?+1 (u_ﬁ

X . . . [
b ———————kha vitrén [0; gl vOi mQi @ € R va:
@2 - A2 + 1) *

-Datu=x2, réi 43t ¢ =

O Tra 161 ¢ x

—_  — {x = Arctana.
5 (a%— B2 + 1) ¥ = e
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x + 200

e) & f: | a; 2a}) = R xic dinh b x) = ——— \(—— lign tyc, = 0 va
4
X' —d

3
fixy ~ ——ﬁ——', do &6 fkhi tich trén ]a; 2a ).
x—a N (x-a)

e Datu=—

2
O Tra I(‘ii:xl—)gﬁ_ﬁ‘;khﬁﬁchtren]a;2a]vtﬁmoiae R: va
' -a

2a
j:‘%{ﬁ;dn (%m(anfﬁn 15) 42
x —d

. 1 .
f} = Vi a > bl nen 4nh xa f: [(; 7] - R dupe dinh nghia bdi fx) = m lign tyc trén
10; ], do 46 kha tich trén [0; 7.

e Vi moi X thuoe [0 m{, phép a6i bién s6 ¢ = lan% cho ta :
X
tan—

2 1’a-—llb X
dt= Arcta tan—_ }.
ﬂ+b00~°~r I(a+b)+(a by Va? - b2 n( a+b 2)

dx R
+ beosk i 2_42°
“ X—on \I‘_’ b

Suy ra :

T ey ™ ¢>n_.....><

OTral@: x> — L Kkhé tich trén [0; 1] (néu a > Ibl) va .
a + bcosx
T

I dx _
o a+bcost g2 _pZ

Vn
g) o f: [0; +0o[ — R dinh nghia bdi fix) = e ™ litn tye, 2 0, va
) —> 0, do d6 f kha tich tren [0; o[-
X = 00

« Pt 4 = x/" va thyc hién phép tich ph%m timg phin.
OTralgi: x> :a‘”’ml kha tich trén [0; + oo [ v6i moi » thude N, va
o
Ie—xl"‘“ dx=nl
0

10.2.12 » Cac anh xa fvi g lién tye, 2 0, v

—X

1—
My = —¢ 2y — 0, g =
x-» OF * x>0
suy ra f va g khi tich wen 0; 1].
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e V&i £ € 10; 1), ta tién hanh tich phan timg phin :

1 —
I-—e"‘lnx dx = [e"‘ lnx]:: - IEx—I_dx =
g

1 1

1-¢* d
=—-¢ %lne + I € dx - -_£=
X
£ £

—X
dx

1
={(l-¢®)lne + I]_
£
1 1

je‘x Inx dx —— Ie”‘lnxdx
£ g—~0" 0
Vi: ! Q-¢Hing ~ enge —— 0
e 0" g—0F
Tloex Tioe
J. - dx-———»j —< dx
X N X
E =0 0

nén k&t lujn duge :

1 1
_aX
j-e"‘ Inxdx = Il : dx.
0 [H
10.2.13  a) V6i moi n thuoe N, 4nh xa @, = [0; 1] — R xéc dinh bdi :

xnx né 0.1
0, ={1+x " " € 10; 1| Jian tuc trén doan [0; 11, do 46 kha tich trén o 10
Onfux=0

Va v moi » thudc N

1 _
lnx o Y,
dx —

1+x
0

OTra 1o : 0

1 1
= [ o0 | dx < lloyll, {7 tax=
0. 0

b) » Vi a > 0 4nh xa f, : 10; al - R xac dinh bé'ifa(x) =" \j 1; 12 lien tye, 2 0, va
a -
N1+ a*

~ —————— do do (thi dy Ri kha tich trén [0; al.
fa(x)x—!*aﬁ;(a-x)l 0 d6 (thi du Riemann) f; 10; al

« Phép d6i bidn 50 6 = Ar{;sinE cho :

j \Il+x2 I 1 + a?sin20 d.
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Sau do

n2 72
I\‘l +a%sin% do - Iae =
0

"2 2 2in?6 5
= I(‘\}l+azsin29 - 1)d0 = f 2 a6 < I—de -
1 +a%sin% + 1 0 4’
suy ra : _[\‘l+abm dB——)de:%.

a0 5

Q Trd 16§ :

Ny

* 1 .
c)e Viim e N, 4nh xa f, : [2; +w| — R xéc dinh béi £ {x) = — = lién e, z 1),
_ ? S
viflx) o~ -—1—, do do f kha tich tweén [2; +oo[.
x40y

e Gid stn e IN — [0; 1}. Anh xaxl—)—l—khfi tich trén [2; +oo[ vi :
- A3

1 1
Vx e [2 4o, 02 < .
s 2NZo1 T A

suy 14 !
S0
dx 1

0= = .
j;ﬂwl_- JOE -

OTrd 13l : 0
d) e VéineN- {01} \raaeR’,anhxaj;t'a:{o;m[—)Rxacdinhbdi

1 1 '
x) = litntye, 20, vaf, () ~ ~= ,dod6fkha tich wen [0; +eol.
Fra L +a Tna x> +o
* Vi moi @ > 0, phép ddi bién sﬁu=+mch0'ta:
a
+0 l_l+au _ 14w
o< [ o [ g2 [ iaa)
0JH‘+¢1 » TEE | 0 ¥ Wl
QTralan: 0

e) £:10; +0| — R xé4c dinh b&i i) = € - litn tye, =2 0 va fzﬂ:) ——> 0, do d6 f kha

tich trén [(; +oo].

o V& moi x > 0
-+ 40

+w0 +co 5
nee” [efar= _[e"z"zdr = [eueu dus_[c'zx“du=—l—.
N : w=r-x o . 20
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OTrd l&i: 0 _

T) Véi moi a > 0, anh xa fa :]0; 11 = R xéc dinh bd fa(x) = ﬁln(l +a.x2) lign tyc, 2 0,
ALY — 1, do do £, kha tich trén 105 11.

® Phiomg phdp thi ] .

Chumng 16 ring tbn tai (o, O) € R:_ x R sao cho: Yu € [0; a], n(l + w) —ul < Cu?.

Suy ra, vdi moi @ thude [0; ol :

[ 1
[ lﬂ(”—z‘“zldx-l = j'% (In(1 + ax?) — axP)dx

ax [)ax

1 1
s({ﬁ |ln(l+ax2)—ax2‘ dx < gCaxzdx= %

Ta két ludn :

!
In(!+ax2)d -
I ax2 * a->0": .

* Phuomg phdp thi 2
Phép d6i bien s§ u = Vax cho ta :

| Ya
Ilgnaxz)d L1 J-ing1+u2)d
g TS

5 .
W9 e w e10:1

u?

1 nfuu=20
lién tyc, nén @ c6 nguyen ham trén [0; 11, va mOt trong cdc nguyén ham do 1a
¢ : 10; 1] - R xéc dinh b

Doanhxacp:[0:1]—>R,xacdinhb6itp(u)=

Wy € [0; 11, 6= | o) du.
0

Ya
o1 orin(l+ed) 4 () -¢(0) o ~
Kmao.v;{;[ = S 2O =e0=1

a-—»

O Tra 18 : 1

—(‘
10.2.14 » V6i moi a > 0, 4nh xa f, : (15 +o[ = R. xac dinh béi f,(x) = T lign tyc,

20, vaf() ~ £ dodof, kha tich trén [1; +eof.
X —>r+m
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e V@imoiag>0:

Mx_“' m_ﬂ_‘ +<JIox"""l T dx x T
Il+xdx_Ix dx =i[]+xdxsi[x(l+x)=[lnx+l]l -
oo

_ag— 1’
=In2, va _[x“ldx=——>+no .
8 ga0f

K&t qui trén chimg 16 ring :
a0

x"ﬂ

l+x

dx = 1 + (1)
¢ a0

10.2.15 1) Ching minh ting tdn tai {&, C) € 10: 1] x R, sao cho :

vie [-o;al ‘e‘—(l +r+§)\ < Cle.

xnx néu x # 0

2) Anh xa ¢ : [0; 1] = R, xéc dinh bdi p(x) ={ , lign tyc teén doan

0 nfux=290
[0; 1], do &6 bj chiin, tdn tai M € R+ sao cho : ¥x e [0; 1}, lpix)l = M.
3 Ky hign B = 'ﬂﬁ, thi ta dugc : Ve € 10; B, ¥x e [0; 1], lexInd £ eM £ «, suy ra:

2
Ve € 10; B, ¥x € 10; 1], | gBxIne _ (1 +ax1nx+%xl) \ < Clexdnx?

va do d6 (cic ham s§ dang xét d&u kha tich do cd thé thac tridn lien tyc tai 0) :

i 1 - 2 1 1
Ix‘“dx - f(1+ax1nx + i—;‘xl)dx < _[Claxlnxl3dx = ce? jkp(x)l3dx = 0 ()
0 0 0

0 g0

1 i
2

4) Tinh _[(1 +&xlnx + g%r&-x}—)dx bing cach tinh Ix’” {Inx)" dx bing phép tich phan timg

0 0
phén, véi (m, n} € N2,
10.2.16 a) Cho £ > 0, Anh xa £, lién tyc wen {0; +oof va :

Vx € [0; +of, (01 = e IRl < (R,

do do (dinh 1y ham wu thé), f, kha tich tren [U; +ool.
PYGiasde> ), X210 Taco:

X X X X
. [ - Jr| =|Ja-emaad < f -
0 0 4] Q

X
< (1 - %) _[Iﬂx)ldxs(l—c'ax) I 1.
0 10; +odf
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. IfE—If\= ¢ -nlsfagisms2fw
[X:4e0f X +oo] [X ; 4eo] [X5+enl | X+l
Suy ra:
X X
Ifs" .[f s Ifs—.[f+ _.[fa_.[f\
[0;+0] [0+l 0 ] [X;+oo] [X;-+eol

<a-e¢ fin+2 fin
[0; ool [X;oel

1
Ta chon X=:Jy; Nhu vy vé¢i moi € > (0 taco;

L fr, - Is

0; 40| 100

ca-¢% fin 4 2§ 1A
[0; +eof 1.
N -

Mot mat thi : laf:_'JIE — 0.
g—=0"

Mt khéc, do f kb tich trén [0 +oof va vi L e 34w nén: ) A——0
_ ¥

g0 1 g0
(xem them bai tap 10.2.7). % ol

Suy ra :

I - If\———*ﬂ

[0 4eof [0 +00f e—>0"

v vi vay j e — j f

0,4 >0 [0ial

10.2.17 @) ¢ Midn x4c dinh f = R.

' 24x
o fthuoc lop C' wen R va: Vx € R, S0} =" ===
\Jx"' +1
x | =® -1 0 + 0
] ]
fix) _ + 0 - 0 +
I
fix} / \ /
f=1) = — 0,567 AO) = = 0,724
« Khéo sdt ham 56 tai +0

2+t 1 1
Do = 1+ —+ O =), nén ching ta dy doan ring flx) s bién thien twong ¥ nhu
\_Jr‘1 +1 g (tZ)

X
i[(l+i)dr. Ta cd :
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x

A - J(ebyars (L - tthyg,
1 1

o] ¢

r+1

r(t2+\(t4+ 1) '\It4+l

|
'—‘q_.h!

-{r+ 1)
Dot khd tich trén |1; +e[, nén véi ky hidu
2+ V41 VA +1
I= -~ + ) de, ta c6 :

[I(I2+'\I! +I)'\I: + 1

[1; +eo

Fx) = j(l+%)dt+I+0(1)=(x~l}+ln.x+1+o(l), vi suy ram~—) 1
) .

A Xx—=+e0

vi flx) — x —— 4w,

X —»+og
Cic k&t qud wren chimg td ring () c6 moOt nhdnh v6 tan parabolic theo hudng tigm can
phuong trinh y = x (khi x ddn téi +o).

» Khdo sdt ham 38 tgi —0
Theo cich tuong ty ta thu duge :

! e
fx)y=x+1In(—x) - de+1+F+ ofl),
iEon o
trong do :

r=| ha dt.
N1 (R eVA+ 1)

e ;-1

B4
©)

=wY

-~

Viy (C) c6 mt nhinh v tan parabolic theo hwdng tiém c¢an phuong trinh 1& y = x (khi x
din t& — o).



Chi dan va tra 19
b) « Mién xdc dinh f = R.
o fihuoc lop Ct ren R va @ Wxr € R, f'ix) = et 5 g,
* Khdo sdt ham s6 tgi —oo;

X X
A = feVar = fel el +thi_qyq,, .
0 Q

Do e_l(e]“h‘— l) ~ ¢l (1+thy=el

~ 2e2*1 (= (), nén anh xa
t =y =00 ef+e!

f c—l(el+ the _ 1) kha tich trén |- oo ; 0] ky hien il == J.e_l(ch'thf— Nde (fl‘:s — (4,347},
Jeo ;0]
Khi d6 ta c6 Ax) = 2, {; +0o(l), suy ra (C} c6 tiem cir 13 dudng thing (D1} phuong trinh
<]
lay= *, i
e
» Khdo sdt ham 56 rai +oo

Thee céch twong ty ta chimg td riing (C) ¢6 tiém can 13 dutmg thing (D5} v6i phuong trinh

y=ex+ltong d6 £ = [ o™= = 1)dr (1, » - 1.462)
[0 +oof
N y
© /0y
O i I
7 -
(C) I

(oy)

c) « Mién xac dinh cda f = R.
o fIR(AGibitn u=—p

x | 0 ‘\/@ a0
« fthudc 16p C! (va tham chi C) tren R va : 3

Vx e R f(0) = 2679 - % = P20 ), ol 1l o+ 0 -

f{\/@};o,zxﬁ ) 0/ \U

* Khdo sdr him 56 1gi +o0 :

f—2 0, vitb e_‘2 kha tich traén {0 ; +eof.
X+
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y

Il

2

0 .

1 x
10.2.18 a) Anh xa f: R = R, xé4c dinh bdi flx) = ——, lién tye, 2 0,
(1 +x2?
va : fix) ~ 1 , do &6 kha vi trén R (thi dy Riemann).
X = o xZ
~2X X
» Tich phan timg phin |’ = ,v=—--13.
( (1 +a%? 2)

O Ted 18 : =,
2

b) » Anh xa f: R — R, xdc diph bdi fiv) = (2 + x + D72 lien me, 2 0, va

fixy ~ L, do dd kha tich wén R (thi dy Riemann).
x koo |13

« Pit u = y—%, sau d6 dit @ = Infw + V1 +u2) (tifc 12 u = sho).

0 Tra 1di : %

2-2
c) » Anh xa f: ]1; +«c[ = R, x4c dinh bdi fix) = — ———, litn tuc, cd ddu khong thay
B2

. . 1
d6i trong 1an cén cda 1 vi cla 4+, va fx) ~ = an S o~
) x

_ L,dodékhé
1 2 (-1 — 40 2

tich trén }I; +oof {thi dy Riemann).

e Datu = 2 —1.

O Tra @i : 0.

dy » Anh xa f: 11, \E| — R, xac dinh bd Ax) = "—17. lign tue, = 0, va
xN=x+3:2-2

1 1
fix) x> 143 (x= V2’ ﬂx)xaﬁ 254 (7 - 2’

Riemann).

do d6 f kha tich tren 11; ¥2[ (thi du
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ODaty=;12—,saud()datu=4y—3‘

O Tré 1&i : %

1 )|
e) » Anh xa f: ]0; t{ — R, xdc dinh bdi fix) = ——— — =, lién tye, > 0,
x¥i-x2 x

1-V1—x? x 1 ‘
v = NI-2  N1-2a+V1-2) o0 019 == T2

ta f kha tich trén ]0; 1].
. , 1] 1
* Dit 0 = Arcsinx, sau d6 dit @ = E {hay : y=—).
X
O Trad 1i : In2

) » Anh xa f: |0; I[ > R, xdc dinh b& fx) = v 230 -0V, lien tue, > 0, va

f) ~ B 80 ~ (1-x7'3, suy ra fkhi tich trén jO; 1] (thi du Riemann),
x—0) x=|

143

ODalu=(1x .
—-X
O Trd 1o ; %

g) Tuong ty nhu £).
O Ted 1o : 2,
h) « Anh xa f: ]0; +eof - R, xdc dinh bdi f(x) = é (2x = 1In(1 + 2x + 253)), li#n tyc, (bling

c4ch st dyng céc khai tri€n hou han tai 0) j{x) -—) , Vh j{x) ~ x% >0, suy ra f
=¥ +a0

kha tich trén J0; +oef.

e Tirh J‘é In (1 +2x + 2x%) dx, bling phuong phép tich phan timg phin (' = ﬁ, v=In(l +

2x + 2x%)),
s T
OTrélui.2

.x3 l+x
i) » Anh xa f: |- 1; t[ = R, xdc dinh b&i fAx) = N In—=, lign tyc.
1-a2 1-x

In{l + x)
Trong lan cgn clla —1 : fx) ~ — ———=—
xo-1 VZ (1412

Trong lan can cda 1 : fx) ~ L(]— do do (1 - x}smf(x) — 0.
Yo 1 'J_(l— x—1

Ta két luin : fkhi tich tren |=1; 1].

do d6 (1 + 1 g —— 0.
x—¥—1
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s Pat 8 = Arccosx, sau d¢ tich phah timg phin (v = cos39, v = ]n(tang)).

O Tra |er|:5?“

iy e Anh xa f: 10 +o| — R, x&c dinh bdi fix) = li, lien tyc, x”zj(x) — 0,
1422 x—=>0

210 — 0, suyra (gquy tdc #* Ax) tai O vd +0) £ kha tich trén 0; +eof.
X —> 400 Y

o V& mei X thude |1 +oof ta c6 :

WX +y 0 14xt
Cho X din 161 +0, 1a sé thu duge k& ludn.
OTralgi: o

k) » Anh xa f: [0 +o] — R, xéc dinh b&i fix) =

1Y Jien tuc
(1+xH7 ’
My —— 0, 2Pfx) ——— 0, do 46 (cac quy tic x%f(x) tai O vA +0) £ khi tich
Txo 0 x>+
trgn ]0; +eof.

» Bing myt phép tich phin timg phin ta c6 ;

l(1 +22) = 2xInx
I Inx dy = x Inx —Ixi—"——-—dx
1+x2 1422 (l+12)2
xlnx Plnx
= — Arctanx + 2 dx
1422 / (1 + 122
xInx Inx
= — Arctany + 2 j— —dx —- 2 dx,
1+x2 '[1+xl j(l+x2)2
Inx xlnx 1 1 Inx
suy ra dx = -—Arctanx +
I (14 x2? 21+x8) 2 '[

1+x2

Sit dung ké& «qui cla j).

OTraldi:-=
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1) s Anh xa f: ]0; g[ — R, x4c dinh bdi fix) =ﬁ. litn tyc, 2 0, va i) ~ L

x 0 ,i72°
. n
Ax) —— 0, do 46 f khi tich tren ]0, 2[.
e Dat u = vtanx,
0 Tré g : T2
2
m) » Anh xa f: |0; +of - R, xéc dinh bsi fix) = Arctanx‘ lien tyc, = 0, i
o :
fx ~ - fo ~ —“*, do d6 f kha tich trén 10; +oo[ (thi du Riemann).

150X 7 x40 9,32

« Tich phan timg phin (* = x /2, v = Arctanx).

O Tra 19 : n2.

n)+ Anh xa f :] 0; % [ —* R, xéc dinh bdi fix) = cosxln(tanx), lién tuc, va Ax) :{} Inx £0,
X

: i X
AD) ——3 0, dodo f khi tich trén]O.z[.

s Tich phin timg phin (i’ = cosx, v = In{tanx)).
O Trd 10 & —In2.

102,19 Trunde hét chimg minh tinh kha tich,
a) Djit u = x? d& quy v& mot tich phan Abel.

CTrRA 18 x 2 khé tich trén la; b[, vai moi (g, b) & R2 sao cho
Vol - ) - 2)

O<cachva:

!] i dx
2V - a?) (62 - )

= L @+8h,

b) Vi leosl < I, dit u = lh% .
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YTra ldl : x> —L kha tich trén [0: +o[ khi va chi khi § € ]-x; =[, v lic 46 :

cos8 + chx
o}
I dx B ‘s,—?’*énéuﬁ:t()
ncos@+chx ! '

1 nfué=0
¢)batu = i réi tich phan timg phin.

14
OTra i x > e? kha tich tren |- oo; 0] khi va chi khi # € N — {0, 1} va lic do :
0
1/
[&—=dx = 12 (- D)1,
e

-



Chi dan va tra Idl
Cac bai tap chuong 11

A
che R
o2+ 12 <R

b) Nghiem tdng quat ciia phwong trinh chudn tic y° — 3—{ = 0, trén m¢i khodng thuge R ma

1111 0 Tralei: s, ={x

khong chira diém 0 13 ;

-

-1
xl—)le(n_lw nén n >

W
8]

trong d6 A & R.

x k> Ald® ndun=1
Hay khio sac sy ghép ndi tai diém 0.
O Tra 181 -
» Nduaz2
o
S;={xisae -1 1 e R) nén 0 ¢ I
$;,=© nén 0 e
s Néun=1,
S,-—*{xb—))uxl“;leR] néu 0 eI
S5, =0 ' nful<ao<lvadel
S;={xM; ke R} nfua=1valdel/
Mxt® néu x<0
S;=7%<50 nfux=0;(,weR¥ nfua>lvaldel
w®* ndu x>0~

11.1.2 Néu f thich hgp, v&i k¥ higu g : x > £x)A—x), hiy chimg td ring g khd vi va
g =0 Khidosgtdn tai C € Rsao cho: ¥x € R, )R-} = C.

. 1 ; ,
Chimg minph C20va:Vxe R, f'lx) = Eﬂx), tir d6 suy ra ring t8n tai A € R sao cho:

¥x € R, fx) = 2¥C,
Khio sit ménh dé dao.
fiR5R;LeR
2
x > heP*

1113 Vdi ky hitu F: R - R hiy thanh 1ap mot phuong trinh vi phan ty&n tinh

O Tra 18 ¢

xij,
a



368 Chuong 11 Daicuong v& phuong trinh vi phan

cdp mot v&i ham chua bigt F. Suy ra gid tri cda F(x)} voi x < 0 vd véi x > O, 1Hi ghép
noi tai 0.

O Trd 180 :

R 5 R ;(l.u}eR?

PR AV¥=x néu x<0
p¥x  néu x>0

M14. KyhtuFFR->R viaG:R-o>R

X X

x> jf b J- F,

0 0
rdi biing mot phép tich phan timg phdn, quy vé : ¥x e R, (1 — DaG'{x) = G(x) = (.
Suy ra G, F, £ Sau d0 nghién ciu m@nh dé dho.
0 Tra 16 :

{0} néuk<%hayk21

ffR= R
21 néu

lsk<1
x > Al 1% 2

11.1.,5 a) C6 thé chudn héa phuong trinh trén R.

Tim mdt nghiém riéng dudi dang mét da thike co bic < 1.
OTralgi: S = [x>x+ Ax*+1)e™; & € R}

L3 LY - _2 _2
B)OTraldi: S,'= (x> e + i ; ke R}
¢) Gidi phuong trinh da chudn hda khi 0 ¢ I, sau d6 ghép ndi tai 0.
O Trd i ; S,={xl—>L;l e R}

SN2+

d) O Tea 141 ;

4
|x|—)%+1.12;leR] néu 0 ¢ {

i

Ny

4
x;+}\x2 néux £ 0

]
I
]
I

(.. p) e R? néul el

.

X
12+p,x2 néfux =z i



Chi din va tra 16i

50T S, =l ledirihe R
O Tra Igi : SI={x1—)1+).evx;7\.eR} nful el
S,:[xl—-»l] . ndu0el

g) Giai phuong trinh da chudn hoa trén mei khoang md 7 khong chija ch =1 va 0, rdi xét
vige ghép ndi tai — 1 va tai 0.

O Tré 191 :
S!,:{xb—) L +)\x;leR} néy—~1¢/f
x+1
S.':Qj néu -1 el
hy O Tra 16 ¢ S;={xl-+l—+£%2—+—ll;?\.eR} néu 0 g /
Sf=ixl—->—-xl néu 0 el

i) D& xét vigc ghep ndi tai 0, cdn chi ¥ ring néu thay x bing 0 trong phuong irinh thi
s& nay sinh mdt mau thudn.

O Tra 181
1 1 V1241
S =ix he—l——=—]):; ke R néu () & I
! \’x2+l( 47 2-1) }
SI-——Q : néu 0 e I.
PO Tra &
1
S‘,={x}—>l+lxz+ ;leR} née 0 ¢ I
x X
1—\1x2+1 p o
S;=qxt> % néu x # nfu 0 e L
0 néux=0

O Tra 1ol :

X
S, =lx»xt-1+ ke R ndu—-1gfval el
! { V2 - 1t }

S‘,={.rl-+x2—l} néu-1elhaylel

1y QO Trd 161 :

A+ Inl2x - 22—
5= {xbr = 14282 -xl o Rl 1 e o 0 hay £ 10 o0l

?.sz—):

p+ Arcsin(x— 1)
S;=1lx pe K néufc]0:1(
! { 2¥x — 2

S =© nfu 0 e Thayl el
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wm) O Tra 1& :

S!= IHM;KER nfu-1lelO0egllel
-1

Mnéubd#l

§;=9 x> -1 ndu=1efhayl el
1 néu Il = 1

L 2

[ [2esma oo

P

S;=4xb ;(x‘p)ER?i ndu el —-1elhlel

X—zixg—ﬂmnéux>{)
—1 .

n)0TréI6’i:S}=[xl—)l+lm+7\.x;le R

ay O Tra 180 :
{xHMM xeR} pu0glval gl

nfu 0 eI

@ .
—l
néuxaéll
x> nfudeglfvilel
[

12 néux=lI
p) & Tré 19i :
S = xl—)——l-+llnlxl;leR néu ¢ [
x2
§;=0 ndu 0 el

q) O Tra 1ot :

xe¥+ 2% +3+ 0k
5, = {xp T
(x-1)

;JLER} néuQ ¢ I

e+ 28 +3 -5
5 néu x # 0
S;=5xb> (- néul el

ndu x =0
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N Tra ldi:

Arctan(shx) - shx
3 A chZx
§ = T+ ;A2 e R néu 0 €I
shx 2sh3x
hx
Arctan(shx)——s?
_ chx néu x = 0
S“r ={xb 25h3x * néu 0 € L
1
o né =1
3 e

s)OTréléfi:S‘,=[xl—«)le_s"“+sinx— 1;Ae ‘R}.

00 Tra l&i :

S = {xl—>l+llan'§ S W R} nfutén tai n € Z sao cho J € \-m + 2n7; ® + 2n7|
§; = [x 1] néu tén tai n € Zosao cho 1t + 2nm € L

w O Trd 1§90 :

S, = {xl—winx(kﬂnl Lan%l) A€ R} néu tn tai » € Z sa0 ¢ho I € |nm; (n+1)a[
§=0 néu tdn tai n € Z 580 cho nr € L

v) Nghiém t6ng quit trén mot khoang I khbng chifa mdt didm nx ndo (0 € Z) 1a
. —1/in’x
yiXx> e . heR.

Ghépnbitginn (n € Z):

.2 -2
Do g 1/in‘x » 0 v &~MAINT 5 0, nénhai ham s6 trén duge ghép ndi
X = nn X—-nvR X+ AR

tai nx theo tinh kha vi.

Chéing han, vdi T = J0; 3n[ :

0l
2, e AN ngy x € 105 nl

0yl A € R

.2
Lze'vs'“x néu x € Im; Zn(

)
Ay e~ lAINX pay x e 1213 3m|

0 néu x = m hay 2n
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yn
Aqel
Ae!
A el J
0 x 2n 3m X

SR 1a mot R — khong gian vecto "v0 han chidu”.

O Trad 1o :

2
Ay ¢ WAINX gy x e Jan; (n+ D,

Sp =<4xk>
R
0 néu x = nmt

nEZ,JLRER

X
1116 Ta e y: xl—)c‘(l + Ie”lnrd:), e R

N&u y bj chan, thi do ¢ > e~In lién tyc va kha tich trén [1; 4o, ta 4t phéi c6
+
A=-— Ie“ Inrdz, vh qua phép tich phan timg phdn (hgp 18} suy ra :
1

+o0 Mc_r me—f
yix) = —&& Ie"ln:dr:—e‘([—e"lmr + j—r—dr)=—lnx -t ITdf.
X x x

“+on 40

-~

Viviimpix2z b thi: 0% j'__e dig eldt=¢* tasuyra:y(x) ~ ~Inx,vadoday
. [ X = 4w

X x

khong b chin.

. X
OTréld‘I:-Sw;_m[= xl—re’(l+J-e"lnrdr);leR .
1

e Trong lan edn clia +oo khong cé nghigm ndo bi chin,

11.1,7 Nghiém t6ng quat la y : x H%a- + hx, A € R. Xac dinh & sao cho y(1) =

¢ Tra I’t’:fl:y:xl—)"}z_x.
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1118 O Trd 181

5= {xHe\fx+le"‘;l € Rsaocho I |-A; +[, £ € {=1, 1}}.

11.1.8  Giéi phuong trinh th¢ sh#t rdi suy ra flx) cla phuong trinh thi hai.

OTréldi:{f:R_)R ;;‘ER}.
X > AMx-1)e*

11.1.10  Phuong phip the 1
1) Gid sit £ thich hop. Trude hét ching t6 f0) = 0. Sau 46, voi mei (x, &) thupc R x R ;

h
ﬂx+hh!—ﬁx! _ etﬂh!;ﬂ(}! + A9 ¢ h—l‘
chimg 16 fkha viwén R va : Vx e R, f'(x) = &5 £°(0)) + Ax).
Béng cach giai mdt phuong trinh vi phan tuy&n tinh c&p mot, suy ra ring tdn tai (o, B) € R2
sa0 cho @ ¥x & R, fx) = (o + Pk,
2) Xét menh d¢ dao bling cich thay f bing bidu thic fim duge & 1) trong phuong trinh ham
cia dé bai.

QO Tra Iﬂi:{

R->R;eeR
X > axe* ’
Phuong phdp thir 2

¢ O gy + ¥} = e f) + ¢ fiy) va st dyng bai tap 5.3.4. a), Tap 1.

11111 Gidi phuemg trinh trong ¢ bai, ta dvge

S;={xl—)—2x2+hs-;leR} TR
-2+ A0 nfu x < 0 2
S=ixb i e R nfud el
! ~222 4+ ux:" néux >0
Ky higu y, : R > R (h € R"), chimg 15 ring y, triét tieu va d8i ddu tai 2/3).
b -2 400 . _
Tix he qué nay ta suy ra dugc mot bidu difn tham s6 ciia quy tich cac didm udn : x = -3%,
=16
m?’

O Tré 131 : Budmg cong phuung trinh y = —%xz. trir didm O.

1121 O Trd 181 : R - {(0; 0)).

11.22 1) Gia st f thich hop; khi dé £ kha vi hai 1&n tren R va -
Ve RS0 =f(a—x) = (a-(0—x)=—fx.

Suy ra f ¢6 dang x I> Acosy + Bsinx, (A, B e RZ
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2} Xét phin dio.
R-R A e R

0 Tré 101 : X > ksin E—E+x
N (4 2 )

11.2.3 O Trd 181 :
a) y(x)y = %xze" - ic‘x + (x + e, (4, w e R

— —x -2 L 3 2
b) ¥(x) ={x+ 2} + ¢ (Ac052+851n2),(,4, By e R*.
c) y(x) =%xeﬂ|E + he* + pe™ @, w e R

d) y(x) = x4 R 4 pe‘zx, (b, p) e R2,

&) y(x) = £Oe* + (hx + WS, (b, W & RZ.
) Wx) = —(%x’ +x2+3ur)eJr + X’ + pueZ (. w e RZ
g) yix) = ¥ + %(r”—ﬁ)eh + i("“ 1) + O + e, O ) e RZ

xcos2y . *osin2x

v s Acos2x + Bsin2, (A, B) € RZ.

h) y(x) = i +
iy ¥(x) = s + icov.?_xr - isinz;r + 0x+ We™ Gy e R?
M= T 50 T s e - (4 1 '
i)y = - %sirﬁx + Ox + e (L, w € R
2 4 . . 2
k) y(x} = Seost - 3 sinx + € (Acosx + Bsimx), (A, BY € R-.

Dy = %e‘x {(xcos2x + 2x°sin2x) + ¢ (Acos2x + Bsin2x), (4, B) € RZ.

m) vx) = —e¥sinx + (Ax + pkt, (&, p) € RZ.

n} y(x) = % e* (sinx + cosx) + ixv:_Jr sink + ¢ * (Acost + Bsinr), (4, B) € R2.

11.24 ¢ Tra loi:

a)e Néum<l, §;=3 x> —2sinx + on = Dcost | dell-NI=mx ) (V=m)e. e R2
(m—172%+4

o Néum =1, S,:{fo—‘;—x+(1x+p)eX; O ) € 1{2}.
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=2sinx + {m— 1)cosx
m-1°%+4

» Ndum>1, S= {x > + &8 (Acos(¥m— 1x) + Bsin{\m— 1 0)}; (4, B)e RZ}

sinmx
2

bysNeum=2vams=2, 8y = {x [ +Acos2x + Bsin2x;, (A, B) € Rz}

4—m
*Neum=28 = {x i—)—ix0052x+Acus2.x+ Bsin2x; (A, B) e RZ}

1
e Néum=-—2, S, = {x I—)I.rcost+Acns2x+Bsin2x; (A4, B) Rz},

cyeNéum=-1,0,1,5; = {ngji—l%cx+lemx+uem"; (A ) € R?
(m-1)

e Néu m =), S.,={xl—)(—x+l)ex+ F R R2}
) . 2
eNeum=1,§, = xl—)Zc + Px+we"; (b, e R

. Néum:—l,S;:{xi—)%ex+ (r+ple™; (3, p) e Rz}-

11.2.5 Tinh nghigm téng quat (E,,) trén R, chia thanh céc trudmg hop m € JO, 1] w |15 21,

m=1.Ta duye :
e ¥ g2 e2x
)= om0y 2m- DEme D 61—y " #
R T T R R 7
yl(x)—3xe +9e 9e

Ding céc khai trién httu han (45t h=m—1) 8 suy ra : ¥x € R, Y —7 ¥ ()
i

¥ = )
1

. . L] —_ :] g = » —
126 Ky hiew 2) = v, taco 1 D = 2D g =707

Y@ = Z”(r)f; - z’(f)é

tir d6 suy ra
' xzy"+axy’+by=k

o 77+ {a=1)7' + bz = k(geh (vdi £ = sgnx).

by ¢ Tra 16 ;

a}sfz{x}—;—£+%+ w2 (L) e 1{2} nén 0 ¢ L

[ o]

S‘,={xl—>—§+p(x2);peR} néu Qe L
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B) S‘,={xt—>1+%xz+i(llnlrl+u);(l.n) & Rz} n€u 0 ¢ 1.
S;:{le+$x2} néu 0 ¢ I

T 5= {x > -;-x(ln!xl— 1) + Acos(lnlxl) +Bsin{inixl) ; (4, B) € 1{2} néu O ¢ 1.
§=0 néu 0 e I

11.2.7. Giéi phuong tinh trong d& bai tren m&i khodng ma trong do cd th€ bign ddi gia
tri tuygt d6i, rdi ghép ndi lai.

O Trd 180 :
_ ;x+l+Acosx+Bsinx néu x<0 2
n Sy = ixH { x+ | +Acosx + (B — 2)sinx  néu x20 "’ @, B) € R}
_ Acosx + Bsinx néu x<0 | 2
b) Sg = gx = {x+Acosx+(B— I)sinx  néu x20 ° @ B) e R }
- i+?\c7‘x+ue'2‘t néu x< 0
aSg={xPq I\ o . . (A, W e R?
_x 1 Iy >
4+(7\.+8)e +(p S)C néu x>0 i
ie‘x+(7ur+u)ex néu x<0 l
d) Sg = x> 9] . ) L0, e R
. E.tzcx + ((X—E)x + (p.+z) e nfu xz0

11.2.8 1) Gia sit f thich hop; £ kha vi hai 14n trén R, vi v6i moi x thudc R:
£ =+ DEF + F(=x) = (x + Det + (e = Ax)).
fla nghiégm trén Rcda : y' +y = {x + 13e* — x¢7*. Suy ra tdn tai (A, B} € R* suo cho :
¥x e R, fix) = ';—xeJt - -;—(x+ 1)e™ + Acosx + Bsinx.

2) Xét phin dao.
O Trd 19 : [x H%xe’t - %(x+ De™ + A(cosx — sinx); A € R].

11.2.9 Phuvng phdp thy 1.

Gia st f thich hop, k¥ hieu g : R = R
x > fi-x)

Anh xa g khi vi hai 13n 1rén R va :

[ x= 170 0 = £ + 8w
vee R {—x =) + ) = 870 + A



Chi din va tra I

V@i ky higu u=f+ g, v=f—g, thi u vd v kha vi hai lin trén R, va
Wiy + ux) =0

Vxe R {v"{x} C W =

Suy ra thn tai (4, B, «, P) € R? sao cho

#(x) = Acosx + Bsinx
vxeR {v(x) = -2x + achy + Psh

]

do dé :
¥Yx e R, fix) = %{u{x) +vx)=—-x+ %(Acoar + Bsinx + achy + Bshx).

Cudfi cong, xét phin dio,

Phuong phap thi 2.
Gid sir f thich hgp; fkh& vi vo han 14n tren R va :

f1@) = x - fi=x)

Ve R:{w =1+ (0

D@ = (0 = ~(x-f9) = x+/x)
Vay fla nghi¢m trén R cia : y(4) —y=x
Phuong trinh vi phan tuyén tinh ¢dp bon vdi he s6 hing s& c6 thé gidi duye theo cach twong
tr nhur ddi wi phuong trinh cdp hai. Phuong trinh dac trung F-1=0c6 nghigm s& {trong
Cyla—1, 1,4, —i, vay fc6 dang :

frx b —x + 2e* + pe™* + Acosy + Bsinx, (A, p, A, B) € RY.

Cufi clng xét phén déo.

w  JfR - R . 2
O Trad |m.{anx+acw+bshx,(a, b) € R? .

Nhic lai rhng, trong viéc nghign ciu so bo céc phuong trinh vi phan phi tuy&n & day, cich
trinh bay khang that chit che {chia cho y, ky phap g‘}:, V.V

11.3.1 O Trd 1&i : Phuong trinh Descartes cla cac duomg tich phan 13 :

" a) Arctany = Inld — ‘;—ln(l + xz) +A Ae R

b} lniyl = = 2¢ (Arctan‘\’l;x + \J'x(] —x)) + A (g, A e (=1, 1} x Rvalclyll

Ax
TR re R

d)y2=£l;;£'lER-
+1

cly=

e)y=-ln(h =™, h e R: .

) sinxcosy = 4, L e R,

377
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11.3.2 ¢ Trd 1&i : Mot bidu difn tham s6 (tham s& dwgc ky higu Ta ¢), hay phuong trinh
Descartes cila duimg tich phan 14 :

) x = %e_m, y = Lc_m, re R™

"

2+ 432
rE e R

b =
)X an

,y=—l—,xeR’ﬁ
2t t-1

c)x =

dry= xtan(ln(fUD L Xy € R

ey 2+ (y~n2i=22 1 e R

re! reet
f =——, ¥y = )
) r+ly r+ 1

» e RY

1133 O Tra loi:
D y=(x+ ax + 4+ kcd;)z,le R.

(X -2
by y=(5+ e ),xeR.

e 2
c)y:(z(lnlxl+l)),leR.
d)yz(—x2+2x—2+le_x)'l.l e R
e)y:(x2+lﬂ)_l,le R.

X
Dy=s T * € R

__I "
gy=¢ e R e (=1L 1} xR, .
. V-2 *

hy= s(x2 + i)m. e, e -1} xR

-1
3
i)y:[ L+—'],K.ER.

11.3.4 O Tra loi:

1

ol P b
n—+l
2

a)y:l 1
x

-1
byy=1+ (—% + le_ZA“"““‘] ,heR
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c)y=i(1 W) »eR

1 -

dy= ,he R
l+x2
e)y=l+x,leR.
A-x
1)y=1ﬁh2,?\.eR.
L—=x

g) y = lanx + (cosx(l + }n| tan[ = + ~)D)

11.3.5 Vdi mdi k e {1, 2, 3}, ta ky higu z, = ¥, - ¥|. Dya trén sy kigén y; va y, la

nghigm cia (e), ching minh : AZ, + (B + 2Cy )z, + Cz% =0

Ky hign 1y = zl—k; khi d6 : —Aw, + (B + 2Cyu, + C =10,
Cudi cing ky higu U = uy = uy va V = uy — u, ; cic ham 8 U, V thoa man phuong trinh
tuyén tinh cdp mot khong ¢é vé thir hai :

—Au’ 4+ (B + 20y Ju = 0.
N&u A khong trigt tieu trén J, thi ta suy ra (xem 11.1.2) ring U, V phy thudc tuyén tinh,
térc 13 (trdr trudng hop dac bigt U = 0) t0n tai A € R sao cho ¥V = AU, Suy ra h¢ thic phii
chimg minh.

11.3.6 O Tra 1o : Sau day 12 mot bidu dién tham s8 (vdi tham sG ky higu 1 1), hofic
phuong trink Descartes cia cic dudmg tich phan :

2) x =—=%lnly| + Tnly—1I - %ln[y—2l +6CeR

—%Inlt(tz..—S)“I +C
b) 33—!' ;CER.
Siry

x=2l-2 +C
€) 1-12 ;Ce R
¥ (1+r

" { Inlkcosd + sant + C CeR
% tany

e)y=sinlx+A, Ae R,vicay=1y==1
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1137 O Tra 181 : Sau ddy 12 mot biéu difn tham s6 (véi tham s6 ky higu 12 #) clia cac
durdng tich phan :

x=r+r
a} 2 ,CeR
y=—-—lnlfi+C
2
‘\1'1+r2
P
b) + ,CeR.
) 1]\‘1+r2+1+c €
y=rTIhT7——
2 i+ 2-1
x=¢ +1t
CeR

11.3.8 O Tra 19 : Sau day 1 mot bifu didn tham s6 (v6i tham s8 1) hay phuong trinh
Descartes ciia cac dudmg tich phan :

x—zr+L
a) 3 i ,heR.
y:fz 2!'—£
L NS
by y=h +eef (e, A} e (—1, 1} xR,
x——f—l+ A
- 2 (-
,he R,
oA, e T
2 -4



Chi dan va tra ldi
cac bai tap chuodng 12

12.2.1  a) Gia st f thich hop, thay z bing 0 ta 6 :
Yix y) € RE fx, 3 = Ay, 0) — A %)
Viay 10n @i o, w1 R - R sao cho V(x, y) € Rz, flx, ¥y = 9ly) + wix).

Thay tré lai, ta co : Y(x, 3, 2) € 23, () + wix) + (00) + i) + (@@ + wiz) =0,
suy ra @ ¥x € R, y(x) = —olx).

2) Déo lui, hay kiém ching ring vei moi ¢ thuge RR, £: R > R

(x, ) 1= 9(y) — ¢lx)
thich hop

O Tra 101 { R > R n € RR},
(x, ) > 0 - ol

b) Lap luan twmyg ty nhu & a).

0 Tra 1ai : { RE>R - e RR},
x. Mol +y

o) 1) Gid thiét fthich hgp ; khi d6 © V(x, y) € RZ Ax, y) = fx, 0) + A0, y) — A0, 0). Vay t6n tai
o, y: R > Rsaocho: ¥ix, y) e RZ, fix, ¥) = o(x) + w(y). Thé vao gia thiét : ¥{y, ?) € R?,
w(y) = o(y) = wiz2) — ¢(2). Vay tbntai C € R sao cho: Vx € R, ylo) = o0+ C.

. C
Thay ¢ bdi ¢ + > 1a duge Y(x, ¥) € RZ, fix, ) = o) + o).
2) Kiém chimg phén ddo,

oTréwl:{ R? > R ?‘PERR}.
(x. ) > olx) + 0(y)

d) 1) Gia thiét f thich hgp ; thay x bang Vx va z bang 1, ta dugc
2
Vix 3 € (R) fix ) % DAL ) = 0
He thic ndy ching 16 : V(x, ¥} € (R:_ 2. fx, vy # 0,

Vay tdn tai @, w : R} — Rsao cho: ¥(x, y) € (R:_)z, fix, ¥) = oG

3 .
Thay wir la, ta c6 : V(x, v, 9 € (RL), @A) @07 WO (@) = Ly, Vai

i
x=y=z=l,tsuy ra (1) = 1; sau d6, véiy = z = 1thi:¥re R: » W) =-—-()_2),
P
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2
Suy ra: ¥(x, y) € (R:_) Ml ) = elx) _%
o(¥)
2) Hay kiém ching phan ddo.
2 2
Sau day 1a nhomg thi dy vé nghigm : (R;) > R, (1{;) - R
{x, 3 I—>,v3 (x, ¥} b xy
s ia .2 R
OTralei: [(RI) R oe (R

) o0y

)

12.2.2 o Ky hieu E = {(x, y) € RZ; 2+ y2 e (J}; 10 rang ta ¢o Q2 = E, viy E tri mat
trong RZ

Ky higu F = {{x, ¥y} € R xeQQ \ra—j‘L e Q' =0x( ier‘}. Hay ching tO riing
2
F tri mit trén RZvaFc Cgr2 (E) (hay sir dung %3 g Q).

*(x, ¥, € R? sao cho f lign tyc tai (x, ¥,). Do Eva F tru mat trén R? va vi

fx, ) —— x0y, va fix, y)y — 0
(x. ¥ = g ») (6, ¥y = (x, ¥y)
{x, » € E x,WeF

ta suy ra x,y, = 13

= Do g, vi vai moi x,, thude R Ay —— 0
(e ¥) = (x, )
(x, Ve E
vh fix,y) ——— 0
x y) = X, m
(x, ¥} € R'-E
nén f lién e tai (x, 0y twong ty voi (0; y,).

O Tré 181 : Tap hop cac diém thuge R tai d6 f lien e da (R x {0D) © ({0} x R).

1223 1) Gid sit (g, ) € (@)% VI (R)? - ()% tra mat trong R)? vavi
fix, ) ——— 0 # fx,. ¥,), 1a suy ra f khong lien tyc tai {x,, ¥
(Y > x, %)
oy e RY? -@Q)

2) Gid st (x, y,) € R +)2 - (-0;1_)2 (khi d6 ta ¢6 ching han x, & Q,)- Lap ludn nhu khi
giai bai tap 4.3.1, b) Tap 1, ching t6 ting flx, ) —

X, ) - (%, 5,

(x, y) € (Q)

O Tré 16i : Tap hop cac diém thuge (R, )2 tai 6 £ lien tuc Ta (R)? = (@)%



Chi dan va tra 15i

1224 Cho(x, e RZva(x'. y)e R2
V& mei ¢ thude [0; 1], ta co

) + ye®)) - CAD+y'2@) = (= xR0 + -yt <
< le-xTiA, + ty -y gl

suyra: o) + ya(® < XRH + yg© + k=¥l £ ly-yiligh,

Chuyén qua céc can trén khi ¢ vach n2n |0; 11, ta duge :
M(x, v) € M(x', ) + =X, + ly - ' gl ..

Hodn vi cac vai 10 cla (x, y) va (x', "), ta két lugn ring :
Mix—y) — M, y') = —x 1AL, + 1y ~ y'1igli,

He thac nay chumg to ring M hén yc tran R2 (va tham chi con 12 Lipschitz tir
(R2, L) vao (R, 1)
12.2.6 a) Chi § ring : ¥(x, y) € R? = {0, O}, fix, i < WL

O Tra 1&i : f———> Q.
), Oy

b) Phuong phdp thi 1.

)
eld<tl20= e s =yt
y4
8
eyl slz 0= W yls— = 2.
8
Suyra:V(x,y)eRz—{({],(}}},[ﬂx,y)isMax(y4,x2)£y2+xz————> 0.

(x, ) = (0,0}
Phuong phép tht 2.

. 53 32
K# higu X = O, Y =y, do @6 Ifix, Y = ——2——2—; sau d6 ching ta chuyén sang tga d0 cue
X+ Y

(X = pcosB, ¥ =psind, p > ) :

e, ) = p3+ 72~ Zicost™ Isind¥2 < p¥ — 0.
=)= 0.0

OTraldi:f—— 0
©.m

O fix, 0) = 25— 4w vaflO y);-—2 — -

2 x—=0 ’ -—y y—>0
O Tra 1@ : Tai (0, 0) f khong ¢6 gidi han,

d) fix, 0) = 0 —— 0 va fieh N N
x=0 22 150

O Tra 191 : Tai (0, 0) £ khong co gidi han.

383
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20x = 1)? In({1 - x1) -2x
e L) = ~
) fix ) Il x>0 I
O Tra 181 : f khong co gidi han 1 (0, O).
0 Vi (¥t e R, Isindl < l), nén 1a ¢6 < [x, 3 < Ayt ——— 0,

{x. — (0.0)

OTralgi: f—— 0
©, 0

A i
1w Vi sinfx  ~ X va (1 - cosy 2 o~ L , nén ta co thé dy doan rin —
¢ x=0 ¢ 2 y—>{)4 5’(({)(1) 4

l (1- cosy)* — i ¥ \

1 lsintx -2
ﬁx’-")_wlg 4, @ 4, 4
4 4"+ y 47+ ¥
44
. sin"x— X
Vi siny ~ x, lacﬂ—l-——— — {0, vado do
x—=1{) xd’ X =
lsindx - 1 sintx = £
bigfx-+% oI =20 s 0.
PN (x.y) - (0.0

Khio sit twrng tr doi voi s8 hang kia.

OTraldi: f— L
o 0 4

=2 — 51 wfan=-1—p-l.
x =0 x=0

O Tra 11 : Tai (0, 0) f khong <6 gi¢i han.

i) » Do chx — cosy = 0 > chx = cosy = | & (x =0 vay € 2n7), nén fxac dinh it nhat
iren V = -1 112 — {0, OO}

2 2
« Hiy chimg t& ring vii moi s thye ¢ ta co @ Isind <k, che 21 + o cost £1 — Py Suy

3
ra: v e V,iflx, i s 2d < 2 — = 0.
2+ ¥ () ©.0)

OTralgi: f—— 0.

©, 0)
i 9) = ch{xy)z— 1 . 1 - cosz,(xy).
(xy) (x)

OTraldi: f -———> 1.

0, 0)

— 2 3 _ _
k) fix, () =0——> 0 vﬁf(x.—x+.::2)=-—£—+'£-_= ———I—Z—J'—xf—— =_
. x—=0 X0 2

hux - shix — x2) 2sh£22_‘5h(x__2_)



Chi dan va tra loi

O Tra 18i : Tai (0, 0) f khong c6 gidi han.
1) Chimg t6 riing trong lan can ctia O thi : Ishdl < 2l

Khi d6 ta c6 : x,y}s—b— S4(0xl + y) ————— 0
n + Iy Y e 0.0

O Tra 1o : f-—(])> 0.

COERt= 1)

12.2.6 o Do cosx + yzsinzx e { 0
ysine = 0

m -
5 R

= 2 , nén f duge xac dinh it nhdt trén
ye="10
g
V=lsl-aeee -1; 1[ | = {(0, 0)].
(] iy [J {© 0}
cos2x
* V(x,y) eV, Ifix, Y = T L Icosxl < lcosxl] —— 0.
cos?x + yZsin®x (x, y) _,(g‘ 0)

OTralgi: f—— 0.
(3
2"
12: 27 a) Cho XY o) € R?; ta phan biét cac truong hop :
D xy,#0
Ton tai tap mé V thuoe R?, chia (x,, v,
Theo cic dinh 1y tdng quat (tich, hgp cdc ham lién tuc), f lién tuc tai Xy ¥g)-

) va sao cho : V(x, y) € V, xy # 0.

2) x,#0va Yo = 0 (hay tuong ty nhu thé x,=0va Yo # 0). Vi anh xa b0 phan :

- e &
A 2o (x3+y)blnxoy néuy = 0
0 néuy =20

khong c6 gidi han tai 0, nén f khong c6 giGi han tai (x5, 0).

3)x,=y,=0.Tac6: VY, y) € R, Iﬂx,y)ls.t2+y2—--m0 f0,0).

0 Tra 18 : (R")? U {(0, 0)). y
b) Ta ky hi¢u E = {(x, y) € R? ; y > ¥2}. Cho
ot vl e R? ta phan bigt cic truomg hgp :
Dy 120

E 1a mot tap md ¢d chira (X5 Yo) V& Y(x, y) € E,

sl = x do do f lién tuc tai (xo, Yol

2) yp < xfz)
Tuong ty nhe 1).
Dy, = 2

a
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Do flx, y} —— xﬁ .

(r, ¥y = (x, ¥,)
¥y x

fix, ) ——— 5,

¥ = (x50
yEX

v vi x‘i = )'(2,, ta k&t Tuan ring £ lign e tal (x, )

O Tra i : RZ

4231 a) Trude hét ta nhan xét thng £ dOi xing, nghia la .
vix y) e RS Ay ) = fix )
1) Tinh lién tuc
« flien e teen RZ = {0, 0)) (t6ng, tich, hop cac ham lien we).
o fir, N €2 4y ———— 0
{x, ¥) > (0.0
2) Tén tai cic dao ham riéng cap 1
o Tren R2 — (0, 0)}, f 6 cac dao ham rigng c&p 1, v voi moi (x, y) thude RZ - ((0, M} :
o . 1 X 1

{x, y) = 2xsin - cOs .

x '\[x_l +y2 Vi + 32 a2+ ¥

%0 - f0.0) _ xsin—l— ——— 0, suyra g {0, 0) tdn tai va bing 0.
* x—={ ox
xx0

3) Tinh lién tuc cia cic dao ham riéng cip 1

o Cic dao ham riéng cdp 1 lien we teén R — {(0, 0}

. —a'f(x‘ m = 2xsin—1— - —x—cosL, bidu thirc nay khong c6 gidi han khi x din dén 0 ;
ax Ikl Il Ixd

3
suy ra —ﬁ'f khong lign tye tai (0, O).
ox

O Tra 16 :

e £lien we trén RZ.

» fco céc dao ham rieng cdp 1 trén RZ.

o Cic dao ham rieng cdp 1 lién tuc trén R? - {(0, 01} vh khong lign tyc tai (4, 0.

by O Trd 181 : £ thuge 1ép C! tren R%

) O Tra 181 :
» [ lién tyc trén R2
* f ¢6 cdc dao ham rigng cdp | trén R2.



Chi dan va tra i

» Cac dao ham rigng cfp 1 lién wc trén RZ - {(i, 03} va khong lign tuc tai (0, 0).
d) f thuoc 16p C! tren R? — {(0, O)}.

1) Tinh lién tyec

Ifx, Yl € 33 ———— 0 = A, 0),
ﬂ. y (I'y)'“)(()‘ 0) "

2) Tén tai cdc dao ham riéng cap 1

——> 0, suyra % (0}, 0) 1én tai va bing 0.
X

X x>0

fix, 0) - AO, (}1‘ bl
» = —

0,3 - f0,0)
»
y

={} —— (} suyra —E’I{(), () tdn tai va bing 0.
y—{ oy

3} Tinh lién tuc cda ede dac bam riéng cip 1

&

o _ 6562+ (=9 - 20 (26 - 26 - )
& '

02+ (-0
Ta ky higu v = Max(lx), [y)). V& gia trj tuygt ddi thi ur 50 trén day bi chiin wen bdi 36v7,

Véi moi (x, y) thuoe R2 = ((0, 0)) : = (5, )
Néu Id 2 yl, thi 22 +(y - 9722 =v?

2 2
Néu el <y, thi 2+ (-2 = 2x2—2xy+y2=2(x—321) +%222—="

< 144y —— 0.

Suy ra: ¥(x. y) € R% — {(0, 0}, ‘gf(x, ¥)
(x, ) > (0,0

¢ Tea 190 : £ thudc 1op ¢! tren R
e) O Tra 1d :
o flién tyc ten R2.
, e BfN Y A
« Min xac dmh( 8x) = Midn xéic dinh ( ay) = R2 - {(0, O)}.
» Cic dao ham rieng cdp 1 lien tye trén R2 — {0, 0)).

HOTra Il
e lign tyc tren R2 — {(0, 0}, nhung khong lien we tai (0, 0).

« Min xac dinh(g) = Mién xéc dinh(%) = R? - {0, O)).
e Cac dyo ham riéng cdp 1 lign tyc trén R2 - {(0, (}).

o) O Tra 190 :
« fchi lien tuc tai (03, O).

» Mi&n xdc dinh (gf)=(ﬁ * (R=()w { (0,0}, Midn xdc dinh (%):((R—Q)x Ryw { (0,0}

387
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h) ¢ Tra 19
« flign tyc trén R2.
» Min xéc dinh(if) = R2, Mi#n xéc ainh(?i) = (R x R" U {(0, ®}.
- ax r - @

. g‘f lign e trén RZ, o lign tyc trén (R x R*) w {0, M}
X

ay
O Tra 181 :

« flién mc trén RZ.

» Mién x4c djnh(g) = Midn xéc dinh(%) = R2 -8, trong d6 B) = {{x, x) ; x € R}.
L AN A 2
. P, va o lign tuc trén R — 8.

O Tra 1oi :
= flign g trén R2.

« Midn xéc cﬁnh(%) = Mién xic dinh(-gy‘f) = R2.

. % vi g lign tuc trén [(x, ¥) € R%; 42 - y2 # () v {(0, 0)}, v khong lién tuc tai moj
X .

didm thude {(x, y) € R £ - y2 =0 va{x, ») = (0, 0}}-.
12.3.2 « Ching t6 ring

| —xy
V1 +.1r2+y2+x2y2

tren RZ va thudc lop c'wen R - B , trong d6 By = {(x, ¥) & R% x + y =0},
2 2

< 1, v diing théc x3y ra khi va chi khi x + y = 0. Suy ra f lién tye

E

Ty =—

—_— i 2 x 1+x%

s Mot phép tinh don gidn cho thdy : ¥(x, ) € R = B,, Es :
a}_ (x’ y) =

1+ )’2
trong d¢ € = sgnéx + y). Suy ra tdn tai (C}, C;) € R2 sao cho
Arctanx + Arctany + C| néu x+y >0

3y e R2 = .
Vi ) e RE fx ) —Arctany — Arctany + C, néu x+y <0

Sir dyng tish lien tyc cda ftrén B,, va-gié tri ca ham do6 wrén B,, ching 1 ring C, = Cy=0.
O Tra I8 : fx, ¥) = e(Arctanx + Arctany), trong dé € = sgnlx + »).
y

y
1233 ¥ixy) € K% fin y) = x | o dr — | rp@ar
0 0
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¥
g-f(x,y) = Im(r)df
O Tra 1di: Y(x, ) e RZ | 0

L ey = G-e0)

By
[gf @) = - o)
1234 OTraidi: vix, y) € P, i a;
Lg (x,y) = 9(y).

12.3.5  Diu tien thdy f thugc 16p C! tren tap mé R? - B,,
trong d6 B {(x, y) € R% x = v} Gid st x, € R.

1) Tén tai cde dao ham riéng cip 1

R, +h, x)=-fx, x)  ox,+h)~olx) - ho'(x) 1 .
= — —0"(x,), theo dinh 1
h o hoa0 2 £

Taylor—Young. Két qua ndy ching td g(x , ¥.) ton tai va bing itp"(,wc } 5 tuong tr ddi vai
y ax i 4] 2 o

%{xﬂ, yu) (f ddi xumy),

2) Tinkh lién tuc clia cdc dao ham riéng cdp 1
@'~ 1) + ¢0) ~ (A,
N w2 e G (& - x)*
Vi moi (x, ¥} thude R< ta c6 : 3 xy) =
X

%{p"(x) néu x=y.

néu x =y

Ap dung cong thic Tay lor véi phdn du tich phan, ta c6 : néu x = y:

¥
¥ __ 1 v _
ax(&y) = b2 J{(v—f)tp (Nde;

hay ching t& ring bidu thic d6 din toi %cp"(xo) kki (x, y) ddn t6i (x, y,).

124.1 o) O Trd 1oi : vk

b) V6 moi (1, & thuoc N x N, ky higu T,, = Card[(a], wvr aﬂ)] e N,
o+, =k).

N 2 ,
« Trude hét chimg 6 rhng : Ty, = 1, Ty, =k + 1, [y, = Qii%m (> 46 ta 6 thé
dy doan ring T, , = C"n;}c_l.

e Cho (n, k) € N" x N, Tap hop che (ops s o, ) thude N gao cho
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Q) + .. + o, = klahoproi cda tap hgp £y cac (@), .., a,.q) thuoe 2+ sao cho :
wt =0 va tap hgp E, cac (a o, ¢} thudc N x N sae cho

oy + .+ oy =K WP TP 52 1+ Peel : o

el 2 1

ap + ot O+ (o, - 1) = k-1

Vi Card(£] = l"n,k v Card(£,) = rn+].k—l‘ ta suy rd : I‘n+|‘k = l"n’k + rn+l,k—l'
* Sau d6, bing quy nap trén n+k, ching o thng T, = Cfl;;](_] (= wak—] )

O Tra loi : ¢,

n

12.4.2 a) e fthuoc I6p C! wren R? = {(0, 0)}.

o f., () =10, vay %({], 0) t&n tai v bing 0 ; teong t, %((], 0) tdn 131 va bing 0.

i

5_ .23
» Vi, y) € RZ = {(0, O)}, % (x ) (lﬁ suy ra, v ki hieu p = Va2 + 32
+ ¥y

2

1A

0.

B{ (x. »

hhl
x.M—00m

K&t qui nay chimg th iir {0, tOn tai va g lién tuc tai ((, O).
ox
o Y(x, y) € R% = {{0, O} Py = M va do a6 L cung tien te tai (O, 0)
bk ] * L a}, L} (x2+ 2)2 * a)} . » -

b) = géﬁ vi —L tdn tai tren R2 = {(0, 0)}.

i _l - oo s
y(ax({l,y) a76(0'0)) R ALY By(ax)(n’o) (n tai va bing 1.

. ~(—-f(x, 0 - g(o 0)) =0—o 0, vay-(l)(o 0) tén tai va bing 0.

12.5.1 &) = fthude Iop C! tren tap md R>
Piém dimg duy nhdt ciia f la L1 ) va véi k¥ hig¢u k= x 1 k 1 ta co
- 1 ¥ =, =1, = - =y —— tach:
g duy (303 Y 37577
11 2 2
(=, 2 = B+ +h k2 2 0.
flx, ¥ f(3 3) W+ + (k) 20
O Tra 18 : Fcé mot va chi mot didm cyc tri dia phuong, tal ( ) do 1a mot diém

ce tido va f(':-' %) = % Do ciang Ta didm cye tidu todn cyc, va f khong o6 didm cyc dai

10an cuc.
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b) e f thuoc I6p C! tren tap mé R2.

>0 néu x>0
<0 néu x<0.

e Diém dimg duy nhit 1a (0, 0), va fix, 0) = A0, 0) = x° {
0 Tra 19i : f khong c6 cyc tri dja phuong, ciing khong ¢6 cue trj toan cuc.

c) ® f thudc lop ¢! tren tap md R2. :

e Diém dimg duy nhit 1a (0, 0), va V(x, y) € R2, fix, y) = 0, 0) > 0.

O Tra 16 :f¢6 mot va chi mot diém cyec tri, tai (0, 0); d6 1a mot diém cyc tiéu va fl0, 0) = (.
D6 1a mot diém cuc tiéu toan cuc va f khong ¢6 cye dai toan cuc.

d) e f thudc lop ¢! tren tap md R2.

flx, 0) = »*

e R &Y
A= 212) m
O Tra 16 : fkhong c6 cyc trj dja phuong cang nhu cyc trj toan cuc.

e) » fthujc lop C U tren tap md R2.

¢ Diém dimg duy nhit 12 (0, 0). Ta ¢6 : Vx e R,

fx, =) =-2 +In(1 +15 ~ -
x—0
e Diém dimg duy nhit 12 (0, 0). Vi nén f khong c6
0,y) = In(1+y%) ~ 2
y—=>0
cyc tri dia phuong tai (0, 0).

e fl0, y) =1In(l +y2) ——> + o, vay f khong bj chin trén.
¥ >+
e fil,y)=y+In(l+y?) ——> —o, vay fkhong bj chin duc.
y — Oy
0 Tra 19 : fkhong c6 cyc tri dia phuong cang nhu cye trj toan cuc.
12.5.2 « Khao sit cic diém cyc tri dia phuong ciia f trén mién trong cia X, tic 1a :

o

X=Tleryre Rzzx<0,y<0,i+y>—3}, vin
1a mot tap hgp mé trén R2.

Ta thu dugc mot va chi mot diém dimg (-1, — 1),
tai day f co cyc tiéu dja phuong.

Sau d6 xét céc han ché cia f trén mdi doan trong
ba doan thiing tao nén "dwong bien" 8X ciia X.

O Tra 16 :

Inff = -1 va f7({-1}) = {(= 1, -1))
Supf = 6 va f1({6)) = {(-3,0), (0-3)}.
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12.5.3 o fthuoc lop C! trén RZ va c6 mot diém dimg duy nhét : (0, 0).
Tach:Vir,y) e Rx[=1;+0[, fx, y) =A0, 0} = x%(1 + ¥ + y* 2 0, suy ra tai (0, 0)
fco mot cue tidn dia phuong.

s flx, x) = x2(l + x)3 ot ~ e , vy f khong c6 cuye tiéu toan cuc.
X—r - e

12.6.1. O Tra 15i ;
. a) 1 +§12+0(x3)

b) —=x2 = x% —x* — 20 + o(x%)

c) a3y o(x”}

d) 2 —2(2 + [In2¥x — 1) + (18 + [iHn2 + (|n2]2)(x - ]]l2 + ol{x — l)z)
_ 2 Ivo2 ¢33 ,2. 3 1
ey 1 (e+])x+(e +2v.3+2),\c2 (26 +4e +ze+6)x3+o(13)

D (x=1) 4+ (x = 1]2+§(x—1)3+0((x—1)3)

g} - L ﬂ(x3).

12.6.2 Chimg td riing c6 thé 4p dung dinh Ii ham dn, v ¢ : x>y ¢ KTHHyO)
Plx) = ixz + o(x?).

OTralgi: L o L.
xz o6 4

12.6.3 Phung phép gidng nhw ¢ bii tap 12.6.2 : ¢x) = —%x2 + o(xd).

12.6.4 « Doi vdi mbi x thugc R, dnh xa flx, .) : v k> flx, ¥} lién tyc trén R, ting nghigm
ngit, cd gidi han —eo ta1 —oo, +0 tai +o, Viy |

Yre R 3Iye R fix, =0
Tdn tai mot dnh xa duy nhfl ¢ : R = R sao cho : ¥x € R, fix, ¢lx)) = 0.
» Cho x; € R ; dinh i ham dn 4p dung tai (x,, 9(x,)), ching & ring tén tai mdt Khoang
md Ix cd tam tai x, va mot dnh xa ¢, Ixo -+ R, thugc lép € sao cho :

el (5
¥Yxel ,Afx xp = (b
5 A (Pxo( y)

Do tinh duy nhit cia @(x) (v&i x da cho), ta thiy ring ¢, chinh Ia thu hep ciagtreni .

[1] i
Vi @ thude 1op C* trong 1an cfn moi x, thudc R, nén ¢ thuge lop C* tren R,
1271 O Trd I1gi:
a) o 12 dang vi phan ding uen RZ va céc nguyén ham cia o trén R? 1a céc 4nh xa

e -1

1+ x2

(x, ¥} > +i he R .
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b) ® 1a dang vi phin ding twén U = (R*]2 vh cdc nguyén ham clia o trén U 14 cic dnh xa
(x, ¥) B> xy + Inlxl + Infyl + &, néu (x, y) € U, wong do Uy, ..., U, 12 bon goc phén tu,

va A; € R.

c) o 1a dang vi phan ding trén U = R™ x K va céc nguyén ham cla o trén U 14 cic anh

Xxa (x, ¥} > %ln (x2 +y2)—y+xArctan§+ JL‘., nén (x; ¥} € U, trong da Uy, U, 13 hai nita

mit phing, va A, € K.

d) ® o khong dong trén R

e Mot nhan tr tich phan 13 (x, y) > c'

* o, la dang vi phan ding trén R? va cic nguyén him clda @ trén R? 15 céc dnh xa
(, y) ey + LA e R

e) » w khong dong trén R2.

e M0t nhan ux tich phan trén U = R x R 1a (x, ) b> %
¥
e o la dang vi phan ding 1wén U va cac nguyén ham cia w, trén U 13 céc anh xa

) P+ y+ hnfu(xy) thude U, U; = RxRT, U, =Rx R}, ke R
}P

) » @ khong dong trén RZ,

« MOt nhan t& tich phan trén U = RZ - {0, M} 1a (x, ») > (x2+y2)'2.

= @ la dang vi phin diing trén {7 vA cic nguyén ham cda @, wrén U/ 13 cac 4nh xa
ity

Ee

x. v b + M he R

g) »  khong dong tren R x R".

e Mot nhan ti tich phin trén U = R i (x, ¥ i &%, ta dugc :

I
©,(x, y) = iﬂi"—z-”— e dx + (x+ 2% dy,

xac dinh trén V = R* x R.

* o la dang vi phan ding trén V va céc nguyén ham cda o, trén V 1a cdc dnh xa :

(xy) b Qo+ + ion&u(ry) e U, Uy =R xR Up=R] xR heR

h} * @ khong dong trén R,

« MOt nhan ti tich phéan 1 (x, y) > ¢

* v, 12 dang vi phan dung trén R? va cdc nguyén ham ca @ trén R2 12 cdc 4nh xa
rNxd-2"+x+hhekR

i) » @ khong dong trén RZ.

s MOt nhin tF tich phan rén ¥ = R x R 1 (x, y) +> l-
¥y
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e », 12 dang vi phan dung trgn U vi cac nguyeén ham cia o) tren U 12 cic anh xa
1 +lnx

(x,y) B x— + k; néu (x. y) € U, Uy = Rx R, Up=Rx R:_‘ M e R

12.7.2 O Tra 18} : Céc cap (f, g) thich hop 1a cac cgp (f, f7) trong d6 f - R — R thugc
lop C? wén R; nguyén ham 1a céc anh xa 'R >R
x, ¥) b ey + X
e R

1273 O Tra Ioi: (p ) = (2, 2% nguyen ham Ja cac anh x2 R > ]R,
(x, ¥) I—>5 xzy?' + A
he R
12.7.4 O Tra 1ol :
a) @ 13 dang vi phan ding wen U = R24 R” va cac nguyén ham cha o trén U 1a cic dnh xa
ax—by

(x, », ) = + }; néu (x, y, e U

U =REx R, Up=REx Ry A e R

b} w 14 dang vi phan ding trén tap md U = R3 = P, trong &6 £ 12 mat phing co phuong
tiink ¢z — ax = 0, va cac nguyén ham cda o trén {7 1a cac anh xa :
1 av—
x,v,2) > — ay—bz +}; néuix oy e 2
a cz—ax

Uy, U, 12 hai nira khong gian gi¢i han bdi P, &, € R.

c) » @ khong dong trén R3.

« MOt nhan t tich phan trén U = R} — P, trong d6 P 1a mat phdng c¢6 phuong trinh
x+y=0lxy

ety
¢ o, la dang vi phin ding trén U va céc nguyén ham cia ©, trén I 12 cic anh xa

2
x, 5,290 b i—% + Ay, N8V (x, ¥, 2) € U, Uy, Uy 1acée nira khong gian gidi han boi
(x+y)
P heR

) o o Khong déng trén (R‘):"A
= Mot nhan ti¥ tich phan 1a (x, y, 2) k> xyz {hifn nhi2n),

s lxy. B xdx + ydy + zdz xac dinh trén R?, a dang vi phan dung trén R3 v
cac nguyén ham cda o tén R? la cac 4nh xa

{x,y, 2} b 12{x2+y2+z2) + e R
12.75 O Tra 18l : @ dong (uén U = R3 — P, trong d6 P la mat phing c6 phuong trinh
y+z=0)khivachikhi:b=1vac=-— 1. Trong trudng hop nay thi ¢ nguyén ham
clia @ trén f 14 cic anh xa (x, y, 2 +3 x_;_z_ + 7\1.; néu {x, y, z) € U, trong do U va U,
y+z

ja cac nira khong gian gi¢i han béi P, &k, € R.
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1276 O Trd 181 : © dong tren R3 khi va chi khi f: R > R, CeR
(xy)yPxy+C

Trong trudmg hop 46 thi cac nguyén ham cia o tren K3 13 cac anh xa

1 \
(x, v, 2) > ayz + §x3y3 +Cz+ A Ahe R

12.7.7 O Tra 1& :
a) we* - ez‘f) — x=C, C e R Tacang ¢6 thd xem phuomg trinh rong dé bai nhu 1a mit
phuong trinh tuyn tinh, va cd duge mot phép gidi thit chit che.
by e*shx+y-x=C CeR
1 + Inx

c)x - =C, CeR

A

12.8.1
i s0
. X = pcns(}:) dx = dpcosB — psinGd . do = —E@dx + Eﬁ—dy
y = psind dy = dpsind + pcosbd® P p

dp = cosBdx + sinf@dy
%0 _ sin® 2 _ cosd

%E = ¢osd, %E = sind.
o oF @ OF dp _ smBaF oF
x Mt wa p @ %
g oF 69 oOF Qg cos 6F nﬁg
lay o0 ay 3 a P N op
( cosb aF sing &2 _ Smea . cuse ) (_ smﬁ)
P a2

sin@ aF sing BZF

p2 a} o 6|:N39 59—) cosb;

ok - (_@ oF | cosb &F + co02E 4 6ind aZF) 088
o2 p o8 p? 262 dp &aop P

_cosd OF . cosB ﬂ N “neiﬁ sind
( 2 87 p ap® apz)' ‘

lE}zF PF 1 OF

O Trd 19 : Af = +
p? e ap? oo

395
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1282 A =0 (Y yeix] WOy + ulx () = 0. Néu {u, v) thich hgp va
v # 0, thi tdn tai y, € J sao cho vy} = 0 va:

(X}

0'(,)
V()
Suy ratdn tai C € R saocho: Vx € [, w(x) + Culx} = 0.
Khi 46 Af = 0 & (Vix, ») € 1 x J, @x)(" (-0 = 0)
o Wy e J, v'(3) — Oy(y) = 0, néu gih thiét u = 0.

Vxe L u'(x)+ u(x) = 0.

O Tra 101 ¢ {(x, ) > Qyx+ gy + ok (s Ay, iy Hp) € R4}
LI v b (A cosox + B]sinmx){Azchmy + B4shoy); (A, B, Ay, By e 'R4, me R: }

iy (A chox + B]shmx)(Azcnsmy + stinmy); (A, B, Ay By) e 1{4, o e R: }.

+ . _) __'_)
12.83 QO Tra ldi: F = gradf, wong 46 f xac dinh bdi :
3

Z

307
4y

a) fix, v, 2) = +z+ C CeR

b) flx, y. ) = %(x3+y3+23)—xyz+c, CekR



Chi dan va tra 10i
cac bal tap chuong 13

1311 2) (C) c6 bidu didn tham 0 13 : x = 2cost, y = siny, ¢ bién thién tx 1 dén 0.
Suy ra:

b
_[ o = _[{4co< 1+ 2sin> nde = J(— {cos3t+ 3cost) + % {3sins — sin3r))dr .
0 0

O Tra l&i:%

b) (C) c6 bidu din tham s& 13 : y = x, x bign thién tr O d8n 1. Suy 14 :

1 1
_[ o = _fx(sim:+ cosn)dx = [x(— cosx + sinx)](l) - _[(—cosx + sinx)dx,
() 0 0

Q Tra 1§ : 2sinl - 1.

c)_[m:jm+_[m+!m+fm

(&) AB
1 1 1 1 1 I 1 d
x— +y X+ +¥ x
dy dx + dy =4 .
j I +y2 _{12+l J;1<-y2 _J;1+.t:2
O Tra l&l :
d) (C) o bléu dién tham s¢ la X = 2cost, y = 3sint, 7 bi€n thien vir 0 d&n 2%, Suy ra :
2n o
_rm = _[(12cos3r - 133in3r)dt
Q) 0
O Trd 19 : 0.

&) Duomg tron (€) ¢ bidu dién tham s la X =CO8t, ¥y = l + sint, ¢ bi&n thién tir 0 d&n 2=
Suy ra

fo = I (a+ sini)? cos?r + (1 + sins)sint coszr) dt
<) o :
n
= I {1 + sine)i1 + 2sing) coszr dt
o

n 2n 2r
= Icoszrd: + 3I cos2t sintdt + 2 _[ sin®t cos%t d
0 0 4] ’
21r

= I(l +cos2)ds — [cos ij + = I (1 — cosdd) d¢
0 (1

oTrélai:%E



398 Chuong 13 B8 sung vé phép tinh tich phén (nghién ciu so bd)

(Cp:x=costy=1 +sing, £ tir — = dén 0.
2 ¥

(Cp):x=1+cosu, y= sinyg, u tr -;" dén 7.

Im = j'm + jw (C3}
© € © >

0 (<

= I (— (1 + sinf)sint + 2(:052!) de
-n/2
n
+ j(—sinzu + 2(1 + cosu) co&'-u)du.
w2

OTrélei:—E-l.

¢} Chu ¢ ring : ydx — xdy = yzd(i) = (azsinzr cost)( 2, )d: = —acos2edt, suy ra

sin“t
! 4
Iu} = j—a2 sinz cost cos2t dt = —% jsimfdf-
© -4 : -/
¢ Tra l&i :
% n
h) I j(— costsint + sin?t + cos?dt = I(—— sin2r + ‘1)dt
© o 0
O Tra Ié’i :

i} Im = j ) (-(rsim+h;)rsinr + (ht+ rcost)reost + hzr)d:

{1
2n

= :2- (_!(rz(wszr _ sin?} + hrt(cos —sinf) + hzr)d:

In 2n
é(g I co2idt — hr ([ #(sint + cos!)] - J- (Slm+0053)df) + 2nh2)
0 Tré 181 - 2n ﬁ(%'i)

) (©) 12 mOt dudmg tron tAm (%. ';‘, 0) .

Ky hieuX=x—%,Y=y-%,Z=z, (C) ¢

\,ﬁ‘b

phurmg trinh :
y=-X _
axt 2zt =1’
1a suy ra bi€n dién tham s@ cda () :

1 1
X= -;—cnsr, Y= —%cosf, Z= %2 sint, v do vay x=%+%cosr.y= %-— E cOst, Z = TE sinf,
¢ bin thien tir 2n dén O (theo chidu tren {C) x4c dinh trong dé bai).
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= 1 1 l ] 1 1 1 1
Suy ra :(C_Lm = - ({ ((E—Ecosr)ﬁco&r—Esxmgsmu(5+5c0sr)551m)d: =

2n
= I(% + isinrcnsr)dr.
f

T
0 Tra 16 : R
w2
k) _[a) = _[(—(cosf+ 12 sint + {cost - 1)2 cost — sin3r)d:
(C} 0
2 w2

= - _|' (2 + 2cosnsinr dr + I (cost — 2cos? + cos%r)dr
0 0

7 2 w2
= [2{:05{ + cost + sim} 0 _[ (1 +cos2rydr + i _[ (cos3r + 3cosfdr.
0 0
OTrawi:- T _4 »
2 3

13.1.2 a) @ la dang vi phan ding trén R, va mt nguyén ham cha w 13 F: -
(x, y) > %(x3+y3— 3xy); khi d6 chi ¥ rAng (C) nghigm ding F(x, ¥) = .

O Trd 181 : 0.
b) ® c6 dang vi phin ding (@ = d(xy + xz + y2)) va () déng.

QTrd 164 : 0.

c) Kiém chimg riing @ déng trén R3. Do R3 ¢6 hinh sao, nén theo dinh 1i Poincaré(12.7.3,
Pinh 1i 2), ® 12 dang vi phan dung tren R3, mit khac thi o = do2y% — £2). Va (C) dong.

O Trd 18 : 0.
d) @ = df, rong 46 f: (x, ¥} > xy, suy ra Im = flA) - AD).
’ ©
O Tra bai : 8.
e) Thay x% + y% bing y -
= -2

Jo=] 2”‘“‘;0’ 4y = §(2xdx + (1= 2).

O  © (8]
Vay véi ky hitu F : R2 5 R ,ta s& ¢ Im =[F(x,_y)]i.

P y—x-y? ©
Chu ¥ réng & ddy o khong phai 12 mot dang vi phan ding, nhung t6n tai mot dang vi phan
diing o tring vii o trén (C) (w, = d(y — 2=y

OTratai: o,



400 Chuong 13 B3 sung vé& phép tinh tich phéan (nghién clu so bd)

f) o = dF, trong d6 F : (x, ¥} b> 5 - 3372,
O Trd 161 : — 236.

1
£ o =0 + 0, trong d6 @ = (12 + yyde + {x + yz)dy = d(g(x3+y3)+xy),

vh 0y = xdy.

Do (C) dong ¢

_[ml =0, vi do 46 : Im = jmz = _[wz + Imz + jwz + J.UJQ =]:2y:|? + [)’]; .
Q) Q) (8} AR BC D DA

QTra1oi: 1.

h) o = 0, + o, trong d6 | = d(%(f’—y:’)) . V2 0y = y2dx + x7dy.

0

Do (C) dong : [, = 0, va do do [o = fo, = _[((1 -2 -2 )dx
© © © 1

¢ Tra 11 : 0.

o =0 + 0, trong d6 o = d(%ﬁ»f—;—y:‘) , Vi @y = 2y%dx + (2 + 2uy)dy, do d6

' 2 1 |
fo = Jo, = [5%x + j(2(4—x)2—(.12+2x(4—x)))dx + Ja+2mdy.
© O 1 2 3

O Ted 18i : -%.

i) o = o+, trong d6 @ = dF, F : (x, y} > ¢'cosy v2 05 = xy(ydx ~ xdy).
. j(l)l =FO,M-F1,0)=1-=c¢.
©

e Treén (C) @ ydx — xdy = yzd(i) = (p2 sinQB)(— 1

)de = ~ ¢0s26d6, suy ra

$in%6
4 n/d
sz = _[ (Vc0s28 cos8)(Vcos20 sind)(—cos20) d6 = — % Icosz29 §in20 d6
() 0 0

1 /4 1
=[pes B - 15
1
OTra 1&i: = - e
12

1313 V6i (v, v) € R2, khao sét sy bi&n thien cia anh xa [0; 1] —» R

th lx+ye+ Al.
Suy ra ring D bj gi¢i han bdi cic dudmg thing o6 phuong trinh 14 :

x+y=0.x+y=—2,x=—],x=1,vhdutmgparabolcéphuvngtrinh;::—-l+'§
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Taco: AD)=4-A,16i A =2-A, -
(xem hinh luge dd). Cudi cing :
2
= - I(—- 1 +%)dy = % Trong trudmg hgp
nay ta c6 thé khong sir dung tich phan dudmg. .
L e
0 Tra 19 : 3

b) A= [xdy =
©
0
= [+ Ayr+32 =88 - 1044t
-1

0 Tra 16i : —.
84
¢) V& duong cong gidi han D.
/2 2
AD) =2 ICUSI (1 + sinf) 2cost sint dt = 4 I (1 + sinr)sin? cos’t dt
-2 -n/2
A 2
= [——cm rlm + Ism 2rdr.
-2
0 Tra 16 : 7.

20 . "
CcoO
B A= _(&[) p2do = _[ i do = {_!'(4c0529—4+cm29)d9

- /4
= -2 [(1-cos20)d6 + [ tan6 |
0
OTratei:2- 7

n2
e) A =% _[pde = _[sin36 d®; hay tuyén tinh hoéa.
© 0
ST
0 Tra 16 : 5
/4 5
0 A= 5 IR )
(C)
n
% 1 d gl+r !d

o 2+ cosg)? 84 0 B+ 2)?



402 Chuong 13 B3 sung v& phép tinh tich phan (nghién ciu so bo)

= ]
. ne M.

e B Al
203 [ 1+3u? 13
A 2}2du =%y Ghy=2h), wong 86 1, ({ —

o (It (1 +u)*

X . s 1
Biing m{t phép tich phan timg phin, chimg 6 ring I, = > 1.

O Tra 19 : 2,;9\5 x 1,209,
L)
2
1§22 1 3 3ay2
A= 3 jp de = I(C(}b B — sin’8)*dP ; khai uién rdi tuyén tinh hoa.
) _E
2
5n
O Trd 1&i: — .

1
L cosd Voo fsl=f\2 2
h)A=2E£[ﬁJde={(;2—) l—+—t2dr
2

_LTgﬁd,_!’f(i_a; ¢ v
2040+ IEBAT AN
O Tra l&i 3“6'3
1) Ve dudg cong.
p2do=— |{ 1 +tan? dB*— (1+:)2——dr— = t+In(1+ ) [ 5_
G —37:/(4 ) 2 A1 1+ 2 \f__(l [ :LZ]

O Tra 18 « 292 + 2n(¥2 -
i A=A - A,y tong d6

n 3
A = [p*do va A, = [ o200,

3 0

o A, = @eoso - 120
w3




Chi dn va tré I6i

= j(3 — 4cos0 + 2c0s20) d6 = 2n + %‘E
n3
33

-Tmmgtu:.A2=1t—T‘

O Tra 16 = n + 3¥3 = 8,338,

13.21 a)if-= ” xsiny siny dxdy + ” ysinx siny dxdy
Fa D

n 7
=2 jxsinxdx _fsinxdx .
0 1]

O Tra 160 :

1-x N
by 1= I( jx)(x+})d})dx__ Ix[x);+§ ]_Idx= J‘x(g1;x)2+£1_3x23)dx
¢ 0 0

0 Tré 161 : —.
30
1 1-x
al= I( _[ In(l +x+¥) dy)dx; 4p dung céc phép tich phan tmg phén.
g 0
1
O Trd 161 : -
'
1=x ¥
l+x 1

d)!-]( fxﬂy)dx- I x(1+x)

2 b
: I+x

—
—

O Trd 164 : dIn2 -

= |

e),!__[( I )dx—f[ —(x+y)‘3]4_ dx = %?(

d
@+1) 43) 3

- 1
Tra &6 : —
O Tra 101 i

——+2 +2
23 xtl _ {
t)[—_[(_[dy)xdx+_[(fdy)xdx y=x+
=1 230



404 Chuong 13 B6 sung ve phep tinh tich pnan (ngnien cuu 50 DY)

2 4
= J..t(x+ Ddx +2:Lx(—";+2)dx.

275

54°
2

O Trd 16 :

I 1-x

g I = I( [ mg #2243y )
0 0
trong trudmg hop nay hdy ap dung chc phép tich phan timg phin.

2 8 n
O Tra 14 : S+ o - o
IV 1 |
hy I = J.x( Iydy)dx = ‘[Ex{xwx‘*)dx,
0 2 0
i
O Trd 1oi ; —
ra idi >
13.2.2 Ky higu biéy thic cin tinh 1a 7 :
1= ][ sinZ> dxdy (xem luge a8). 4 -
pup, 2 2
o D
2 ¥ . y=Vx
= I( J sin—dx)dy (dinh 1i Fubini) 1
2y
1y
2
— d 4 -
II cos ]iz Y 0 i 2 4
2

mn
: cns‘?dy =- '%‘ Izcoszdz, 83 tich phan timg phin.
n
w2

O Tra 16 : ﬂ"—;—'—a

.

13.2.3 a) Chd yring: Vx e R,, g,:Ex)=e' Ax I eM Rode, vasuyra &, thude 16p C! ren R,
0
b} Ta c6 thé gid thit & = w. Vi moi f thudc E v moi x thude R, ta c6
x t
( (7)o Tu){)‘)) (x) = J- eMi-1) ( J- M foyd u) d¢
0 0
= ” MR @1 ndudr, rong 46 D= (( w) e RE 0<1<x, 0 u 1),
D
Ap dung dinh 1y Fubini ;
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X X .
' ((11"JL o Tu)(f)) ) = I [ j M=) + p(u-) f(u)m)au =
0 u

: 4 X
o Ieuﬂ—“( J'c(l—“]‘d:)f(u)du s
V] u

X
if—p J =z (0o _ oG ) du

=2

X

“ ﬁ {{ (40 — M) fiu du

1
i (0w - GO E).

13.2.4 a) D ddi xing véi (x'x) va : ¥(x, y) € D, flx, =y) = =flx, y).

O Tra 1oi : 0.
b) D doi ximg dSi vai (0'y) va : Y(x, y) € D, fi=x, y) = —flx, y).

O Tra 191 : 0.
c)l= “f + ”f (xem lugc d()). Vi y
b D,

J- .[ L= I I f bing phép ddi bién.

b, b

x.y O x).‘ 4
o |

vay1=2 [(Jo-0dy)as
-1 x

1
= [ -2¢+Dax.

-1
0 Tra 19 : 2.
il
Trong céc thi dy tir d) dén q), chuyén sang toa d0 cyc hay eliptic (x = apcosf; y = bpsin0).
HVeia=[0; =] x10:1]:
& [ ' 4 ] &

/4

1
s ” p> cosO sinBpdOdp = ( I cosb sind dﬁ)( jp‘*dp) i
A 0 0



406 Chuong 13 B sung v& phép tinh tich phan (nghién clu so bd)

0 Tra |ai:%.

/2 2
oa=[v:2]x11:21= {\j costh sind pd dp = { {{ cos0 sinede)(lfpap).
0 Tra I&I:%.

f) A =10; 21l x [0 1], [ = ” ((apcos®)? + (bp sin®)?) abpdBdp
A
2n }
= ab ( J.(a2 cose + b2 sinzﬁ)dﬁ) ( Ip3dp) .
0 0
O Tra 19 ; i nabla® + b?).

2 1
g) | = ab ( I{a3 cos’8 + b sin39) dG) ( Ip4dp) ; hity tuy#n tinh hoa.
0 ]

Q Tra 19 : % abla’® + b3,

h)A=1{®peRE0<Og 12‘- 0 £ p < 2c0s8),

=72 2c0s0

I= ” p3 cos20 sir.lep dBdp = J-( Ip4dp) cos20 sind dO =
A a 0
w2
= 252 j cos’0 sind de.
0
¢ Tra 161 : %
H —_ 2. _1‘. < < E _1_ < S 2 9
DA= {6 p)e RS 4_9_4,(:059 p < 2cosd),
\ wh (20 ‘
r=ffa0ap=2]| [ Sep|de=
a P 0 l1noss P
s i
w4
2 ! ! 1
= | { cos0 — de = {1 +¢c0s20)d6 - tand
['!( 4cos28) (')[2 4 [ ]U

O Trd 1di - %

DA={® p)eRE0 <6 s%,ZsinGSpsl},
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o 1 b0
= j( jpzdp)dﬁ = % _[(l -85in39)d9; hity tuyén tinh hoa.
0 Jsind 0
i 16
O Trad I&I:Tg—hg-+wf?7.
w2 { 2cos0 n2
K 1= j' I p3d9 (cosze - smze)ae =8 J‘cos"'e(coszo— sin2ﬁ)d9; hay tuyén tinh hoa.
-n/2 0 0
OTra igi: n
/2 [ Reos9 2
pi=[| V= pdp |ao =% | (R - (R%sin%0)*2) a6
-2l 0 -2
BT 28" 3
= J (1 ~1sin%ande = =N | 1 - sin%8)de.
Y, 0
0 Tra 19 s 24 g3,
2 |
m) I = j'( Ipzdp)(cos{) +sin0)J6
0 cos)

2
= % I {1 - cos®8)(cos + sinB)de.
0

+ 1 7 LS 0
OTralan: — - & 1 x
ra o 12 16

n) Bang cic phép ddi bign (x, y) b (=x, V) vA {x, ¥) b (x, =y}, ta co :
=4 ”ﬁtmngd(}l)l ={{x, ) € Rz;xZU,yzt},xSx2+y25 1}.

D]
w2 1 n}z )
Saudath: /=4 [ [ —F—dp)ae = J(-1+—"==)d0
ﬂ(mse(l+p2)2 ) 0[ E+ons29)
—M—Ldr —T( z )d:
s @+A+d  Jh2ed 142
1 .
O Tra 1o : 511("5— 1).
!
/4 cosd l‘n:/4 2
o) f= _[ J- pidp |d6 = 7 I(cc}s49—sin40)d9
0 | sinB 0
4
1, oo psin20 ywd Y 1 1 x
- [ (cos - sin®)a0 = (55 b 3

0



408 Chuong 13 B sung v& phép tinh tich phan (nghién cinu o bd)
1
8

mi=4 ”f (xem luge dd)
D

O Tra 16 :

in28

nM4
=4 _f ( _[ \l'p cosBsind pdp)dﬁ .
0 0

= % I (\Jsin29)3 zos0 sind 48 = 3—45 I <in228 de.
0 0
O Tra 101 : APl
12°
12 Ncod n?
g l=4 I( .[ P do)cmzﬂ 4o = fcm“ﬁ de.
0 0
O Tra 108
ERrs

r) Ap dyng phép ddi bi€n s6 u=x+y, v=x -y

I(I'— i e“"dv)du == I(ue - “z)du =i[ “ + e‘“z]:) .

0 —u

s, L o L
OTrd 01 L e+ © 2)(_sh 2).

s)Apdungphépd(']ibiénsdu=x+y,v=x—y:

I-I(I —uvcus Vzdv)du= Iu[sm 2 ]Ouz du
2 24 2 v
4 2
- gu(sin%—sinl)du.

{ Ted 160 @ 2cosd — 2cosl + 6sinl. _
t) Ap dung phép 48i bign s6 X = 2 y= }3"2 (A={{x, ) € R:LXx20,Y20,

x2 + Y2 < 1), sau d6 chuyén sang toa do cyc (A = {(0,p) € R?, osesg. 0<p<l):

= ]]x4’3 ¥ -2+ P2 iX'V?' Y 13 gxdy

~cl-|=-

” 25080 sind Ul— pd@dp
A

1

72

% ( _[cosﬁ sinB dB)( J- al —;)2 p3dp) .
0

0
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Dé tinh tich phén cudi cung, dit & = 1- pz.

0 Ted 19 ¢ -
28 .
u) Ap dung phép ddi bi€n sd x = peos9, y = psin®9,
(A=1{@, pe I{Z:Usesg,n:;ps 1)

2 1
I= ” p2 cos>6 sin0 3p 5in%0 cnsQ*B)dep =3 ( ‘[ cos9 sin>8do )( J p3 dp)
A 0 0

3 3 2
= 128({““ 000 = 25 j(l ) du

O Trd 13 : —.
80

vA={uv)e RE;0<ux (ZP)m, Dsve (2,0)1/3}

uv3+uv 22 2 _I{QP) TRY
I-”(exp )(3uv)dudv—3”e e’ uvzdud --3—('[3 3udu).
A O

O Tra 10 : g(e:"p— 1)%

b L
2. 2 1 1 :
wyA=la bl x10; 1} = ‘Lj yNau? 412 mdudv =3 (‘_[du)({{vdv).

o Tra 10 : 222

13,25 Ta dugc:

LAY

~
1A
— e b

¥ < dx+4
> 2x+1
-
¥ < 9-6x
> 4-4x

% S

=

,_
E~
()
W

dodé,vtﬁk;‘rhiéuA:[l; ‘J-%]x[%z;l

o 2 1
I= ijm 42 + v dudv = B_LI uvdudv = 8 ( Iudu) (m_!r_vdv)

L1
Q Tra loi : y



$10 Chuong 13 B3 sung v& phép tinh tich phan (nghién ciru s0 bd)

13.26 Taco: ax® + 2bxy + ¢y SA@(———‘Z) ( aj-—b )2
ax+ by Uac—b

Thuc hign phép i bign sd X = Yah Y= ——ﬁ—y. i chuyén qua fea dd cyc.
O Tra 18+ —=—(1 ¢, '
Nac - b* '

13.2.7 Do tinh ddi xing cita D (d6i voi duomg phan gidc th 1) va tinh chin cda £, néu
ki higu D = {x e It a]2 x>y} thitacod:

— ”j{x—y) dxdy = 2 ”ﬂx—-y) dxdy.
D D,
San d6 thyc hien phép 38i bién s0 X = x, Y= x—y (trong 46 D bat bién) :

[[ foc—y) axdy = ”ﬂl’)dXdY— _[(_[dX)ﬁY)dY I(a VYAV,

Di l

13.2.8 Vi mdi A thude [0; b, mdt bidu
didn tham s0 cia dudng elip E,, vO1 cic

\idu didm 1a F, 7 va nia tryc nho Alac

{ = Ne? + 0% cose

y = Asing

Vi moi didm M thuge E;, ta co % a
MF + M = 22+ A%,
Anh xa (A, @) = (x, ¥) xéc dinh ien day
xac dinh mot phép 46 bign, véi dinh thirc

o e |y 27l

Jacobi 1a :
e cosp Ve? + 22 sing 32 5 m >
N2 42 =—ﬁ—7cus¢+ cZ + A° sin‘g.
sing A cose et N
Suy ra :

I= ” N2+ 32 (-_ZL\[—Z;;COS% + N2 +22 sinz(p)dq:dix
+

[ Al x I{) 2n]

=2 ( jcm (pd(p) ( I?del) + 2( jsm cpdcp)( I(c +2\.2)dl)

O Tra 161 : 2?“ b(2b2 + 3c%).

=



Chi dan va tra 1o

13.2.8 Vdi ky higu P = uv vi theo cong thuc Green—Riemann :

- Ide = Ij‘a—dedy = ” a—uv + u—@‘ dxdy.
o o dy D(ay 6})

13.31 a)l= ]J- ( }( }xzyW'zdz) dy)dx = :_][( :_)[ e - l)dy)dx

0 00

1
= _[(cx—x— Ddx,
0

OTréldi:e—%.

1
b= Iz ( ” clxdy)dz, trong dd D(2) = {(x, y) € (R_'_)z. \E+\")_: =1 - ‘E}.

¢ DE
Ta co :
0= [ (1 —Vo? (1-v2)?
[[axay = | fay [dx =j(]—\5—ﬂ)2dx=é(l—wg)4.
D(2) 0 0 0

v 4 1
¢Tr et
a 19i 240

Trong cac thi du tir ¢} d&€n ), chuyén sang tea do try.

&) O Tra 1o : =

3.
T
d) O Trd 194 ; e
2 VR2-Z R

r s NP2
c)I=((.}[d9)_£ (J]- ?‘\[_,.%—-:)_.T)Z dz=21tF_L[ p2+(z—a)2:|0 dz =

R
= 2n I(‘\‘Rz—2a2.+a2 -a+ gdz
—R

Ap dung phép d6i bign u = VR? - 2az+ 2.

3
0 Tea 19 : R
3a

i
ni= Idz ” —dxdy , trong &6 D = {(x, y) € R2; X2+ )'2 -y < 0L
o o ayte1)?

1

Cudi cang lam nhur & bhi tap 13.2.4 n).
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412 Chuong 13 B& sung vé phép tinh tich pnan (nghién ciu so bd)

-2
4

Trong céc thi du tir g) dén n), chuyén sang toa d0 cdu, hay elipxdit”,

£) i= ( Eae)(({ pt dp)(_f_[vzcosz’tpdtp) .

0 Tra i 5 2

.

O Tra 19i : 2=
15

Wy I =J + 2K, rong do¢ J = ”I (.12+)r2+22) dxdydz, K = “j (xy + xz + yrydxdydz.
D D
e Dé tinh J, chuyén sang toa d9 ciu :

J= ({]:de)( gp4dp)(_1£2cos1pdq:) = % R

« Vi K, cic phép d6i bign (5% 2 b (53 2. Gy D b &2
(. 2) > (x, y —ychota:

K= _U [ oy - xz+ yyaxddz,

D

K= I” (—xy + xz— "y dxdydz,
D

K= _”j (xy — xz — yDdadydz.
D

Cong lai thi suy ra 4K = (.
0 Tra 1o : % aR>.

i} Trong hé toa d¢ elipxdit :

x = apcos cosp

7t
y = bp sin0 cosg, @e0;2n),pelli2oe—%5; -2—]),
Z = cp sing

gid tri tuygt doi ciiu dinh thirc Jacobi bing abcp’cosg, do do

Il
b A

I= ”j pz(a cosZ0 cos? P+ b2 5in%0 cosZ @+ c? 'slnch)f;n':s.cp2 cosp d8dpdo

0 21t],x[l‘2]x[ 3 2]
"2

= abc az( Icmzedﬁ) ( Icos (pd(p) + B ( jsmzede)( ICOb (pdq:) +

0
2

+ (21':(:2 Isinchcos(pdqz) ( p4dp) .
1

¢ Tra 16 : % nabe (@ + b2+ ).



Chi dan va tra 10i

) A 2
i) O Tré gt yr {abc)”.
k} Xem h),

QO Tra 18 : 15
16m(11V2 — 4)
105 '

DO Tra 1&g :

m) & Tra I&i : %27{(10—31{),

0<B < 2n
2l e 2 Dsp<l (b £0 <27
Ty n O=zps=s1
n) x2+y“+z“£lc> N<gs= S, gt Suyra:
20 2 TSes
¢ = 4 2
2 02 e ol cinl
P cusTp £ plsint g

2n | a2
1=( Ide) ( Ip3dp) ( Icosnpsinq)d(p) .

0 0 /i
OTraloi: =

8
0) Dox = u = uv, y = uv — uvw, z = wvw, nén dinh thic Facobi bang
1-v - 0
2

V=vWw  u—uWw =WV = ATV
vw uw uy

Ta thay mitn D bing A = |0; 12, do d6 :

1= T @ ~ et - w)wwpdududviw =
A

= (lj usdu)(}vz’(l—v)dv)(}w(l -w)dw ).

O Tra Iﬂ'i:—

p)f—-fff

dudvdw = _[(_[

dv du =
(l+uv)

1
z)dv)du = I(ln(l +u)+ﬁ—l)du.

0

-I(I(

O Tra 19 ; 3In2 = 2.

w14 )

qr Ap dung phép d8i bidn afin X = a:f, ¥ = —?

Lz = %, sau do 12 phép ddi bign & o).
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414 Chuong 13 B4 sung vd phép tinh tich phéan (nghién cltu 50 bd)

CAm A W2
OTréai: —{— 7Y .
Tri 11 s o ()

b
13.32 Ky higs 9. ) = Ib’z(x, ) f2(0 Dz ; dp dung bt ding thiuc Cauchy—Schwarz
44
duge :

2 = ( [Joe e anty) s Ky
D

rong ¢6 K| = ”(cpl(x, )¢ dxdy. Sau 46 lai ap dung bét déng thic Cauchy—Schawarz ©
D

b b
(tpl(x, }’))2 < ( I(fz{x. z))zdz) ( I(f3{y, z))zdz) , Suy ra:

b b
K, < .” ( ,[(fz(x, z))zdz) (I(f3()', z))zdz)dxdy =
D u o
b b

= (I]l(f].(fz(x, z))2dz) dx) ( ]( I(f;(v. z))zdz) dy) = Iy

a
1341 ayp=|ots= Iﬁzdx.
a

C 0
O Tra lai : £,
3
T{ -
by u= chs = IRS;:B Rdo.
C 0

O Trd 101 : 2R
2 ) n R
1342 ap= ”0 dxdy = II 'Lpdedp =— ( Idﬁ)(jp?’dp) .
D 10; 271 = [0; R] R Q 0
O Tra 19i : H;
by p= )] odxdy = I]E“—“i%ﬁpdedw

D [0; 2n) = [0; R)

S% (:j: sin6 00 ) {]; phap ) +( (]:‘19) ( g"dp) '



Chi dén va tra 13
O Tra i : R

13.4.3  a) Chuyén sang tga d0 clu (A = [ 2n] x |0 R] = [— %;

= fli(o Weped

X

[(SHE]

+ ‘2+£ X (d- D)) dwdyiz

= .”,[ (D+%(d— D))chﬂscpdﬂdpd(p

2z w2
Ide) ( I(D+E(d D)) p?dp) ( Icostpdcp

0 Tra 1 : 3 L R334+ D).
b) Chuyén sang 10a 40 tru (A = .[l}; 2n| x |0; Rl x [0; Al
p= “I (1 +p_2)1/2 pdOdpdz = 2wk J} ( i +L2)1/2 pdp.
A R o8 B
0 Tra 1&i : %(245 — 1)xRh,

¢y O Trd 16 : 4?“ \abe(a® + b2 +c2).

d) Chuyén sang toa a0 try (A= {{8, p, 2) € R3; —% <0< % 0 < p < 2acos0,
-kpszskp):
22 2ac0s0 kp
h=o III pdedpdz = [ ([ ( [oaz)dp)ae
-2 0 —kp
w2 | 2acosd w2
=a [ | [oko?dp (a0 = 16"”“ | 2c0s? 6 de.
0 /2
0 Tra 13 : 2ol
9 .
y b
13.4.4 R
a) e )= (R+R+1§)c = 4;ERG
G e
-xG=(}VAyG=EJ-yds c
== ( _[yds + j)ds + I}ds) L
0A  AB  BO 0 x

S
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416 Chuong 13 B& sung v& phép tinh tich phan (nghién clu s bd)

R

2 Ind
= S:-(z ({ywﬁdy +J4Rsim Rdt).

A 3RVZ
OTra1di: x;=0,y5= e
by « Do ddi ximg ¢o x; = am a
e u= jcas va (ds)? = (dn? + (@dy)? = 2a c
c G
= 2a%(1 —cost)(d r)2, suy ra ds = 2a sin%dr
In 4] ar 2an ;c
U=a _[Zasin%d: = Hao.
0 _
n o
. t
. %-"G = jlyds = Ia(l —cnsr)Zasinédt = 4g? _[sm Edf.
c 0 0
O Trd 19 : x = ma: -4
.xG—ﬂﬂ,yG—aa‘

o
¢)ep= fcds= fc\}r2+h2 dr = ga N2 + 12,

C ]
o
* %G = _[xds = jrcosr 2+ h2dt = r NP + h? sina.
C G
o
. 53’6 = _[yds = _[rsinr NP2 4 h2 dt = NP2+ R (1 - cosa).
Cc 0

Ii]
'%ZG= '[zds‘ jh!'\}rz+h2dt=%h 2 +n? a2
c 0

si 1 - cos B
O Tra 101: x5 = r—“%.ycﬂ—ﬁ,za:?‘{

13.45 @) D gi6i han bdi x'x, ¥'y va phin tr dudmg astrdit C c6 bidu dién tham s 1a

x= acns3x, y= asin3r, te [0 ,g] . 8& dyng dinh 1y Green—Riemann:
2
o= ”c dxdy = o _[xdy =0 Jacos3r + 3asin’t cost dt = 3a°cA, trong dé

D C 0
n/2

A= _[ cns4r sinlt dt.
0



o
2
Phép ddi bién u = gf tchotaA = _I-sin4u cos?u du, suy ra :
0
2 2
A= j(cos4r sin?t + sin™t cus?'t)dr = Isinzr cos2tdt
0 0
] 2 2
1 T :
=~ | sin22idr = — |.(1 - cosd)dr = —, va do d6 p =
g {-][ 2 {{( LT :

* x5 = Y do ddi ximg.

w2
j a2 cosOt 3a sin?t cost dt
0

. J"EJcG = ”xdxdy = I%dy =%

o
D 8¢
3 31r12 2 1
= % Icos:"rsirlzr dt = '-g—' J(l - u2)3u2du.
0 0 3

256
OTra 161 : x; = y5 = o 0,259a.

b) Do doi xing va chuyén sang toa do cuc :
[ a(l+cos0)
en=c [Jauy=20 [| [pdp |a0
D 0 0
T

=ad’o _[(1 ¥ cos@)2 df = %mzc.

2n [ a(l + cosB)

'EIG; ”xdxdy = J J- pZdp |cosd dO
. D 0 0

Chi dan va tra 15i

3a%cn

32
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418 Chuong 13 BG sung vé phép tinh tich phan (nghién cltu so bd)
2n
= 93_ _[ 1+ cusﬁ')3 cos0 dO
0

ok
S
= L I(3C()SZB + cos*0)do
0
va hay tuyén tinh hoa.

e D
O Tra 160 P xXg = ga, yg =0

¢) Chuyén sang toa d0 cuc.

1
2{: 0 L e
a(2cos cosﬁ)

y4
en=2 | [ pdp |0
0 0
/4
= a%c I(Zcosﬁ— lse)Qd{) 0
i
g ¥ g( 21+ cos20) - 4 + sze)de
= (2--125‘) a%o.
* V6= 0
i it | 900~ Cost? /4
. g-xG = [_I 6[ _ p%dp COSBdQ = %ag‘ (‘)[(chse _c_;£)3 cos0df
VA

== I( 8 cos¥0 — 12c0s%0 + 6 —
0

)dB va hay tuyén tinh hoa.
cos20

8amf}SSC’»a yG_O

0 Tra 18
gk 3(4 )

13.4.6 a) Chuyén sang toa do cdu.
w2 1 w2
o= ”jc dxdydz = o ( de) (Ipzdp)(jcnswdm) = %c
L] 0 0 0

* X5 =Y6=3%G do ddi xing.
1 2

w2
'ﬁ'xG= Jl”xdxdydz= (Icosﬂde) (jpB’dp)( coschd(p)=
S 0 0 0



Chidenvatrdldi 41g

- 3
¢ Tra 1&i - XG=Yg=iG= g
b) Chuyén sang toa 49 try.

n k Vipz

ou= c( Ide)(j( Ipdp)dz) = 275 _[pzd; = noph.

a 0

* xp=y5=0do diii ximg,
2 b V2pz

-G ( _[de (j (Ipdp)zdz)—hjpzzdz*_ﬂph?'

2
OTré i :IG =}'G=[}, ZG=§h'

13.4.7 Tacio: (ds)2 = (a2(2—2cnsr)+4b2 sinzé) (dr)z = 4¢? sinzé(dr)2 trong 46 ta

k¢ hign N2+ b2 = .

2n n
. = [ar2ds = 2002 Lo sin s ds = 2 2f 1
Suy ra‘_:'xoy—é[cz ds = o 6[16!7 cos 22csm2dr_32b cc(_][cos 2sm2dL

O Tra Vi : %bz Va2 + 2 o.

1348 aly=o ”(12+(y—d2i)2)dxdy

ﬂ——x)

IO Yo

3 3aV3 ,a

o [(B(5-a)- 2B (a7 + (236 (§-2))es




420 Chuong 13 B& sung vé phép tinh tich phan (nghién citu so bd)

a2 NI_ 5
“ ({(@3_3“23 u2+((§_uf+%)@u)du

g B
=lo (_}[(2\f§u3—5a23 a2+a2’~f.§u>du.

. Y
O Tra 16i : E*a‘tc, y

b, =fo de

D a? + b?
b
dy)dx..
3.3
O Tra loi : . 1 o.
3 .*.22+b2
b(1 -5
a a

olp=o I ( j (,_lz+y2)dy)dx

0

0 Tra 1o : é ab(@+ ).

d) Chuyén sang toa do cuyc :

2 n ] (Cy)
A ={®:;peR ;(}SBSZ,()SpSZSmB}

Ay={(®:p) € Rz;fsesg,Ospszcose}

”ayzdxdy =0 ” p 3 sin%0 dbdp
Ajua,
n/4 2sinf 2  2cosb

=0 I( jp3dp)sm29dﬁ +0 _f( Ip3dp)sm29de
0

/4 w2
= 4o ( _[ sin% d0 + I cos*0 sin%0 dB)
0 /4



Chi dén va tra 167 421

/4 n/d
= 4o ( _[ sin®0 d@ + I sin4cp COSZ(p dq))
0 ]
14
= 40 [ sin% de, va hay tuyén tinh hoa.
0
In—§ o

O Ted 16 ¢

. won . |x=apcos®, y = bpsing, z = z
13.4.9 a) Chuyén sang t0a d6 "nita = tryc '{059321':, 0<p<l, 0<z<h
ta dwre :

1, = ”_{U{x2+y2)dxdydz =0 _[”pz (a® cos?0 + bzsinzﬁ)abpd(}dpdz
s A

1 2n n
= cabh ( Ip3dp) (a2 J-cosz()dﬁ + b2 Isingﬁdﬁ) .
0 4] 0

0 Tra 190 : E hab (a* + b0

b) Ap dung dinh 1i Huygens : Iy = IHG + pdz; trong d& p = onR%h, d =R, G € (2'2).
Do d6i ximg vt chdt :

Iy =lo,=6 fgfﬂdmmw (zjtcoszedﬂ) (:jp3dp) ( :[dz).

G

O Trd 10 :57" B ho.



Bang tra ky hiéu
dung trong tap 1 va 2

TAP 1
—a,al, g < 24
R, 4
pin(A), pton(A), Max(4), Min(4), 5
Max(a,, ..., a”). Max a,, 3

isisn
, a”), Min 4, , 5

12isn
Supg(A), Infp(A), Sup(4), Inf(A), 5
R.R,R R],R .6
Ia: b, [a: &[, 1a: b), la; bl, 6
1-e0; al, 1-o0; ai, [a; +eol, Ja; +oe[, 7
Joo; +oof, 7
-— 1}
LI
Ixl, 7
d, d(x, ¥), 9

1

%, a", \G. 16
E(x), Em(x), [x], Lx), 19
R, —0, 40, 22
+ + C, 25

i, C, 26

z,27

Ré&(z), Im(z), 28
Izl, 29

Arg(z), 32

%, U, 37

O, 41

C, . j 42

u, ( un)n e’ 43

limun,lim u, U, — Lu — 1,50
1o 7~ o0 L) R~y 4+

Min{a,. ..

lim = 4@, 4 —> +w0, 51

nw " o pe

lim u =—-o, 4 —> —w, 51
] n

R o

H , 65

e, 69

D, 70

(uu{n})n el 2

b, 78

lim infu_, lim sup &, 88
R® " o "

VAR, ) 89

1—a

x—ut

KX, f+ g fg. M, 93
Y.L o4

g &

Ifl, RéF, Imf, 95

f< g Sup(f, g, Inff, g), .9
feaff 9

PX‘ IX’ f, 98

E(a, b), 102

Sup Ax), Intf f(x), Sup f, Inf £, 105
xe X re X X X

B(X; R, Nfii, 107
lim fix), lim f,ix}— 1, f—> 1, 109

X =ra X =

lim flx), Rx) —> I, fle), 110

X—»d

lim f(x), fixy — 1, Sfa®y, 110

X—a
C(: K), 121
£ B, By, 130

(@, (O, Ha), %(a). 139
£,(@), fa), 140

daf
£y 147
%), 151
d_"f n)- gn_f ikl (R3] 151
df‘(a)'f( \ dﬂ,f Y A

cr, ¢, "4, K), 154
d,f, dx, df, 157

T, 174

A@g, s 8,), G@s oo @), 179
53. p(g), F. < v, A, 183

fe. letxyax, 185
M, 188

b b

[£. §Awdx, 192,205

a a
b

[ £ v6iazb), 200

is. fﬂx)dx.[¢(x)]i,2u



424

Bdng tra ky higu tap 1 va 2
TAP 2
In, 3
exp. €, 5
log . 7
exp,, @ 8
Py 11
sh, ch, 15
th, coth, 16
Argsh, 19
Argch, 20
Argth, 21
Argcoth, 21
sin, cos, tan, cotan, 24
Arcsin, 29
Arccos, 30
Arctan, 31
exp(z), €5, 36
A, 40
f<g.f= o), 43
f << o), fixy < o), f << ¢, 44
f= o ﬂ(w(x)), fi) = o(g(x), 44
f=o(p), 44
fso,.f=0(@@) ) s ok, 44
& “ x=rd
f<o, fx) =120(¢(X))a 44
fo) = O(p(), f= 0(e), 44
f ~ tp,f(x} ~ cp(X),f ~ @, flry ~ o(x), 49
DL (0), DL (a). 59
DL (+ao) DL (-cm), 60
jf(x)dx, 87
[ 117,131, 132
1
PR
[ 7, [r §rnax 122,137
la: bl ¢ a
b b
[r . fr. JAxrax 123, 138
la; bl a a
b b
e 0r, Jadx 142
i Bl ] a

N, iLil, 181
THTTH IR TN €31
il, || B(a. ), B{a 1), Sia; r), 182

~, 183

Lm u, , u, - 1, 186
nos H@;

lim fx) hmff(x) -——H‘ f———> I, 189

X—=d

flas ), £, B). 193
D fla), D fla). Dfla), 195

f() f{a) 195

fx(ﬂ)» Jr_.;(ﬂ), 195
Df. D.f, 196
_+

grad f, 198

df, df(a) 199
dx, dy, 199

62 ”
D, fa). ——f—axj o, (a). f, f,- (a), 203

—'—'aki—x— (a), ki , 203

o K
! i

i
i 3 L

ct, €%, 204 _

Af, divF, rot (F), 227
£, €y 231

jm , 234

{C)

(€ U (€. (€ + (C)), 236
—C), 237

A(P), 248

A, 250

AD), 250

5, ”e, “e(x, Ydxdy, 253

P P

” “f(x. yydxdy, 254

D. . fa),

l' I

o
“f ”f(x yydxdy, 254
D

cl, I, (x y), 260 .
”j I”f(x,y,z)dxdydz,zﬁs
D ]

Iy, 279



Bang thuat ngid cac tap 1 va 2

A

ABEL (tich phan -), II-114

afin (day truy héi - cdp modt véi he s8
khong ddi), 1-74

dn (dinh 1y ham -), I[-211

anh (- cia mot sd phire), I-33

4o {phan -), 1-28

4o (thudn -), 1-28

ARCHIMEDE (tinh chit -), 1-19

ARCHIMEDE (trudmg -), I-19

Arc cosin, II-30Q

Arc sin, II-29

Arc tang, 1I-31

Agumen, 1-32

Agumen cosin hypebolic, I1-20

Agumen cotang hypebolic, 11-21

Agumen sin hypebolic, 11-19

Agumen tang hypebolic, 1I-21

B

bac thang (b8 dé& -), 1-87

bic thang (dnh xa -), I-101 ; II-253

bic cdu (hg thiic -), I-5

bao dong (- clla mot khoang), 1-7

b4t ding thic (- 18i), I-179

bat dong (diém -), 1-73

BERNOULL1 (phuong trinh vi phén -},
II-175

BERTRAND (thi du -), II-129

bi chan (day -), 1-350

bj chin dudi {dnh xa -), [-140

bj chin dudi (bd phan cia R -), [-5

bi chin dwdi (day sd thyc -}, I-50

bi chin {dnh xa -), 1-104

bi chin (bd phan -}, I-5 ; II-184

BIOCHE {céc quy tdc -), I[-104

bi chin trén (4nh xa -), I-104

bi chan trén (b phan -}, I-5,

bi chan (day -), [-50

bien (- dudi), I-6, 105

bien (- trén), I-6, 105

bign trén (tién dé vé - trong R), I-14

bién phan (- cda f tir a dén b), I-211

bi€n thién (phuong phap hing -), II-152

bidu dién tham s, [1-233

bign thien (bang -), 1-166

biét thite (- cia mdt tam thate thye) I-16

bigt thic (- cia mdt tam thic phic) I-39

bifu dién (- tham s6), I1-233

by phan (anh xa -), 1[-192

BOLZANO-WEIERSTRASS (dinh 1y -),
I-73 , 1I-187

boi ba (tich phén -), I1-266

budc, 1-184

C

cAu (hinh - d6ng), II-182
cdu (hinh - m&), 1I-182



426 Bang thuat ngif cac thp 1va 2

CAUCHY-SCHAWARZ (bét ding thirc -),
I-11, 197 ; I1-136, 256

cin (- bic n clla mot s6 thye 2 0), I-16

cin (- bac n ciia mt s phic), 1-38

‘cu phuong duge, 11-266

cdu phuong dwoc (bd phan, tap con -),
11-250

cdu (hinh -), 1I-182

CESARO (trung binh -), I-87

CHASLES {he thitc -), I-199 ; 1I-135, 236

chit cut, 11-60

chin (ham -), [-98

chan trén (- cfia mot tap con cda R}, I-5

chin tren (- clia mdt day so thuc), 1-50

chinh tic (dang - cla mot tam thic),
I-17, 39

chinh (phin -}, 1I-54

chinh quy (phin - clia m¢t KTHH),
11-59

chinh tic (dang -), I-26

chuén héa (phuong trinh -}, II-148

chuén, II-181

chuyén qua (- gidi han), I-52, 111

chu ky, I-99

CLAIRAUT (phuong trinh vi phan -),
11-179

cong sai (- cda mot cdp s6 cong), 1-60

cong hoi (- clia mot ¢dp s& nhan), 1-60

¢6 (- v& thi hai), II-148, 163

cor s& (- logarit Nepe), 1-69

co (dnh xa -}, I-135

cosin, I1-24

cosin hypebolic, II-15

cotang, 11-24 )

cotang hypebolic, 11I-16

cong dén (nguyén tic -), 11-152, 164

cue (- cGa phép nghich dao), 1-47

cuyc dai (- toan cuc), II-209

cyc dai (- dia phuong), 1-169 ; 11-207
cue dai (- chat dia phuong),
1-169 ; 11-207
cyc tiéu (- toan cyc) 11-209
cye tidu (- dja phuang), 1-169 ; 11-207

" cye tidu (- chit dia phuong),

I-169 ; II-207
cye tri (- toan cuc), 11-209
cue tri (- dia phwong), 1-169 ; 11-207
cyc tri (- chit dja phwong), 1169 ; 11-207
cung dinh hudng, 11-231

D

day, [I-272

ddu (ham -), 1-209

dien tich (- ciia mot miéng 141),11-248

dien tich (- cia mot tap con cla R? cau
phuong dugce), 11-250

dinh (diém -), II-186

dudi (gi6i han -), 1-88

dimg (day -), I-50

dimg (diém -), 11-208

dyadic (s6 -), [-20

D

da thic - ma, 11-159

da thie (Anh xa -}, 1-102

dic biét (c&c ham so -), 11-88

dic trung (phwong trinh -), 1-76 ; 11-160
dai 56 (56 -), T1-40

dao ham, [-139, 147

dao ham (- 1ogarit), I-151

dao ham (céc - k€ uép), 1-151

dao ham (- rieng cdp mot), 11-195



dao ham (cdc - rieng ké ti€p), 11-203

DARBOUX (dinh 1y -), 1-163

ddy (diém - bdt dong), 1-83

dem duge (tap hop -), 1-23

déu (anh xa lien tye -), I-133

d&u (phan hoach -), I-190

dja phuong (4nh xa hing -), 11-88

déi (- bign), [-213; II-89, 260, 268

doan (- thing), I-172

diém muit (- clia mot cong), 11-233

diém miit (- mot khoang), I-7

diéu hoa (ham -), 11-229

didu hoa (day -), I-18, 65

déu, I-4

d6i ximg (- vat chat), [-275

d6i ximg (anh xa -), I-10

d6i ximg (tap con cia R - d6i véi 0),
I-98

don digu (dnh xa -), [-103

don digu (dnh xa - nghitm ngit), 1-103

dom digu (day -), [-65

don digu (day - nghiém ngit), I-65

déng, 1I-185

déng (khoang -), I-6

déng (tap con -), II-185

déng (dang vi phan -}, [I-217

déng phoi, 1-132

déng chit (he vat cht -), [1-272

dudmg di, I1-194 _

dudmg (- tich phan), 11-147

dudng (tich phan -), I1-235

duong (- dinh hudng), 11-232

ding (dang vi phan -), II-216

E

epi - 46 thi, I-172
EUCLIDE (chudn - thong thutmg), 11-181
EULER (phwong trinh vi phan -), 11-168
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F

FIBONACCI {day -), I-18, 78
FUBINI (dinh ly -), II-257, 267

G

gia (ty so -), I-139

gid tri (-trung binh), I-195

gid tri (-tuyet ddi cta mot s& thuc), I-8

gld tri (-tuyet dGi clia mot ham s8), 1-95

gidm (day -}, I-65

gidm (ham -), 1-103

gidm (dady - nghieém ngat), 1-65

gidm (ham - nghiém ngit), [-103

gidn doan (ham s§ -}, I-120

gidn doan (diém - loai 1), I-120

gidn doan (diém - loai 2), [-120

gidi (- mot phrong trinh vi phan),
II-147, 159, 169

giao hodn (luat hop thanh trong -), I-4.

gidi han (- cia mot ham), 1-108; 11-189

gi¢i han (- cia mot day), 1-49; 1I-186

gi¢ri han (- phii), I-110

gidi han (- trdi), I-110

gidi han (- hitv han), I-108

gidi han (dinh 1y vé& - cla dao ham),
I-160

ghép ndi, I1-148

géc (didm -), I-141

gdc (- cia mdt cung), 11-233

gradient, 11-198, 227

(GREEN-RIEMANN (cOng thic -}, II-264

GRONWALL (b3 dé -), I-212
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H

ham md (- cla mot sd thudn ao), [-37
hiam mi (- phirc), I1I-36

ham md, II-5

ham mi {- v& co 58 a), 11-8

ham trich, I-71

HaArDY (ky higu -), II-43, 44

he (- vat chat), 11-272

HEINE (dinh 1y -), I-134

hinh chir nhit {(phuaong phéap -), 1-219
hinh thang (phwong phap -), 1-220
hinh binh hinh (hing ding thirc -), 1-30
hinh hoc (trung binh -), 1-23, 179
hinh sao {bd phan -, tip con -), II-217
HALAWKA (hiing ding thic -), 1-32
hoi tu (ddy - trong R?), 11-186
HOLDER (b4t déng thic -), I-180
HOLDER (chudn -), 11-182
HUYGENS (dinh 1y -), II-281
hypebolic (ham - thuan), II-15
hypebolic (ham - ngwge), 1119

hiru ty ¢ham -), 1-102

hoan chinh (duémg thing s -), 1-22
hit {diém - bét dong), I-83

K

ké (day -), I-68 .

kep (dinh 1y -), 1-52, 112

kép (tich phan -), 11-252

két hop, 1-4

kha tich (anh xa -), 1I-117, 121, 13}

kh3 tich (4nh xa - trén mot miéng lat),
[-252

kha t6ng (anh xa -), H-117

khi vi (dnh xa -), I-139
khd vi (- ben phai), [-140
kha vi (- bén tréi), I-140
kha vi (- n 14n), I-151

_ kha vi {- v0 han l4n), 1I-151

khai trién (- tiém cén), II-79

khai trién (- htu han), II-59, 196

khai trién (- hiu han y&u), 11-62

khai trién (- htu han manh), 11-62

khdi lugng, 1-272

kha tich {4nh xa - trén mot mién ciu
phuong duge), 11-252

khong ddng ké (ham -), T1-43

khong déng k& (bd phan - cua R?),
I1-252

khoang, I-6

khoang cach (- gitra hai s8 thuc), I-9

khoang céch (- thong thuong trén R), 1-9

khodng cich, 1-9

khuy&t (phuong trinh - x}, 1I-177

khuy#t (phuong trinh - »), II-178

khuyen, II-238

J

JacoBI (dinh thac -), 11-260
JACOBI (ma trdn -), II-260
JENSEN (bat ddng thac -), 1-174

L

lat duge, 11-248

LAGRANGE (phwong trinh vi phéan -),
11-179

l4n cén (trong - cta), I-107

1& (ham -), 1-98



LAuDAU (ky higu -), 11-43, 44
LAPLACIEN, I1-227
LEBESGUE (b6 d& -), 1215
LEIBNIZ {cdng thiie -), I-152
L’HOPITAL (quy tdc -), [-163
LIPSCHITZ (4nh xa k-), I-135
LIPSCHITZ (4nh xa -), I-135
lien hgp (s@ phdac -), 1-27
lién e, I-120, ; 1I-189
lien tuc (- timg khic), I-122
logarit, II-3
logarit {- co & a), 11-6
logarit (so sénh -), 11-46
16m nhdt (phdn tir -), I-5
l6p (- C™), 1-154 ; 11-204

16p (- €, I-154 ; 11-204
16p (- C" timg khiic), I-155
18i ¢ham -), 1-172
18i (b0 phan -, thp con -); 1-172; 1218
lom (ham -), I-172 e
lvong gifc (BAm s6 - ﬁman). ﬁ 24

lugng. gide (ham 50~ .W);.E@._;J i
lwgng gidic (dang -), 132, .«
18ng nhau (dinh ly cic doan -), £70 .5

1oy thia (- v6i s¢ ma ), I-11

M

miit phing (- phirc), i-33

mit do, 11-272

mién trong (- cia mot khoang), 1-7
mién trong (- ciia mot miéng 14t} I-248
miéng 14t I1- 248

Minkowski (bdt ding thirc -), I-16, 181
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md¢ (khodng -), I-7

mé (b0 phan - ciia R?), 1I-185
modun (- cia mot s¢ phic), 1-29
modun (- ciia mot phan hoach), 1-183
MOIVRE (cong thic -), [-37

momen (- quan tinh), 11-279

N

nguyén (mién -), 1-94
nghich dédo, 1-4

nghich dao (phép -), I-47
nguyén (phén -), I-19

. nguge (b4t ding thic tam gie -), II-181

nghiém (- cia mOs phuong trinh vi
phén), 11-147, 159, 169

nguyén ham, 210 ; I-216

nhin tr (- tich phan), [}-223

nhé nh#t (phén tir -), I-5

shan (cdp s6 -), I-60

nila déng Gaoingi ) 17, . .
- nta m& (khadng -), LT -

phan ky (- cila mot teisng vecto), 11-227
phan ky (day -); 1495 H-186
phan hoach, 1-183 ‘

‘phan hoach (- clia mot doan), I-183

phan hoach (- cia mot mi¢ng 14r) 11-252
phan thic hou ti (ham -), 1-81

phing (tdm -), H-272

phan d6i ximg, .1-4

phén xa (h¢ thic -), I-4
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phirc (s6 -), 1-27
phirc (day so -), 149
POINCARE {(dinh 1y -), II-218

Q

quay, 11-227
quy tic (- x%Ax), 11-127, 128

R

rigng (nghiem -), TI-151

rdn (khoi -), [1-272

RICCATI (phwong trinh vi phén -), i1-176
RIEMANN (thi dy -), 11-125

RIEMANN {(t8ng -), 1-20}

ROLLE (dinh 1y -), I-158

S

sdp thir ty, T4

SCHWARZ (djnh Iy -), H-205

sin, 1I-24 ]

sin hypebolic, 11-15

s¢ (day -), 1-49

s6-hinh hoc (trang inh -), I- 68

6 hang (- that n cla moOt day), 1-49

s§ gia hiru han (dinh 1y--), I-160

s0 gia hitu han suy rong (dinh 1y -),
1-163

T

tach bién (phuong trinh -), 11-171
tam giac (bat ding thic -), 1-9, 30

tam thic , 1-16

tam (trong -), II-275

tam (- quén tinh), 11-275

tan, 11-24

tang hypebolic, 1I-16

ting (4nh xa -} 1-103

tang (4nh xa - nghiém ngat), 1-103

tang (day -), 1-65

tang (day - nghnem ngat), 1-65

tap mo (- trong R?), 11-185

TAYLOR {cOng thiic - vdi phén dur tich
phan), 1-216

TAYLOR - LAGRANGE (bt déng thirc -),
1-217

TAYLOR - YOUNG (dinh 1y -), 11-63

TCHEBYCHEV (da thic -), 1-43

t& bao (- ciia mot phan hoach), 11-253

thay th€ (dinh 1¥ -), 11-37

thap phan (s6 -), 1-69

thap phan (xdp xi -), 1-69

th&™) (- giao hoén), I-4

thé tich, 11-255, 266

twong thich (phan hoach ), 184,
11-253

thong dyng (chuﬁn -), 11-181

the ty, 1-4 '

thudn nh#t (phvong trinh -), TI-172

thie (phén -), 1-28

thye. (day -),.1-49

thye (s8 -), 14

tich phan (- ciia mot 4nh xa bac thang),
11-253

tich phan (- kép}, 11-254

tich phan (- cla mot 4nh xa lién we
timg khic trén mdt doan), [-191

tiem can, 11-79

tién 161 (day s§ thuc - +oo , -® 3, I-5

tiép xuc (dnh xa tuy&n tinh -), 11-19¢

(*) Mot thé giao hodn cdn goi 1a mot trueorig (Cha thich ngudi dich)
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toa vi (- cia mdt vecto trén mat phing vi phan, [-157 ; 1I-199

phic), I-35 vi phan (dang -), 11-216
“toa vi (- cha mot diém trén mat phing  vo dinh (dang -), I-59
phic), I-35 vo ty, I-21

trén (gioi han -), 1-88
tri (- dinh cia mot day), 1-89

toan phan (h¢ thic -), I-4 W
téng quat {nghiém -), II-151
trich ra t (ddy -, day con -), I-73 WALLIS (tich phén -), I-215

troi (ham - so véi), 11-43

trung gian (dinh ly gi4 tri -), 1-125

trung hda (phén tir -), I-4 X

truomg the (- vo hunéng), 11-228 o
tmy mi (tap con - trong R), 1-20 xdp xi (- thap phan), 1-70

twong duweng (dinh 1y ham -), 11-126

tuvong duong (ham -), 11-49 Y

tvong duong (chuén -), II-183

twong duong (cung djnh luring -), I11-231
truémg (- vo huomg), 11-227

trudng (- vecto), 11-227

tuén hoan (ham T- -), [-99

tudn hean (ham -), 1-99

timg phén (tich phan -), 1-214

timg phén (tinh nguyén ham -), I-214
tuyén tinh (day vuy héi -), I-75

tya - rdi nhau (miéng lit -), 11-249

ty so6 kép, I -37

t¥ s§ (- ciia mot phép nghich dao), [-47

Young (bat ding thic -), 1-218

U

uu the (c6 - so vdi), 11-44
ude s§ (- cda khong), 1-94

vi phoi (C" -), 1-167

vi phoi (C! -), 11-260
vi phan (phdn nr -),) II-104
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Jean-Marie Mo;lier

GIAI TICH i

\

Gido trinh v 600 b thp o6 1o g

L

(Gido trinh Todn - Tap 2

Muc tiéu ciia b glao trinh Toan nay la cung cép cho sinh vién

nhiing nim dau cia cac trﬂdn dai hoc khoa hoc va k¥ thuét

mqt tai liéu hoc tap, tra ctiu thong dung va cé hiéu qua. Vi |
nhiéu bai tdp 6 16i giai, da dang, bao quat mei khia canh cua

Iy thuyet cuén sach con nhim giap cho nglidl hoc rén luyén “'I “ HI || M

ning hic van dung 1y thuyet dudc hoc.

Tap1 dé cip viéc nghién cuu sb thuic va sb phdc day sb va cic ham s& mot bi
sO thyc (tinh lign tyc, dao ham va tich phén), Ung dung vdi phan dau cla m
Gii tich nim thif nhét.

Tap2 Lﬁcapwockhao'sdtcachamsothmgdung, vige Q,osarﬂlcucbocachamso nguy
ham,ccu,hamkmuch,phmngtmm vi phan cachamsohalblen vabosung vé phép ti
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