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NHA XUAT BAN GIAO DUYC



LOI NOI PAU

Trong cdc truong ky thudt, mon vé ky thudt cung cdp cho sinh vién nhiing
kiéh thitc co bdn dé doc va vé cdc bdn vé ky thudt. Moén hinh hoc hog hinh lai
1a mén hoc cung cdp nhiing kién thitc co bdn dé hoc mon vé ky thudt do.

Cuén sdch ndy gdm cé 3 phdn chia lam 9 chuong, phdn md dau gici
thiéu cdc phép chiéu: xuyén 1am va song song; hai phdn chinh la: Phuong
phdp hinh chiéi thdng gbc va phuong phdp hinh chiéu truc do.

Phdn mét phuong phdp hink chiéu thing géc 1a phdn quan trong nhdt
ctia cuén sdch. Phdn mot c6 bon myc la:

A —Diém, duong thing va mdt phdng.
B — Phuong phdp bién d6i hinh chiéu.
C — Duimg va mat.

D —Khai trién cdc mdt.

Trong dé, muc "Diém, duong thdng va mdt phing” 1a co ban. Vi ¢6 thé
néi, cde hinh (cdc mdt) déu dugc xdy ding 1t cdc yéu 16 co bdn 1a: diém,
ditomg thdng va mdt phdng. Vi vay, néi ndm duoc phdn ndy thi dén phdn sau
sé thudn loi, dé dang.

Muc "Phitong phdp bién ddi hinh chiéu” gidi thiéu mot s6 phép bién hinh,
dé duta cdc hinh dd cho & vi tri bdt ky t6i vi tri ddc biét d6i voi cdc mdt phdng
hink chiéu, d€ gidi mot s6 bai todn. Tic 14, bdng céch bién d6i hinh chiéu, c6
thé chuyén mot s6 bai todn kho trd thanh cdc bai todn dé hon dé gidi.

_ Muc "Dumg va mdt” gidi thiéu cdch biéu dién cdc mdt (da dién va mdt
cong) va tim giao cia cdc mdt d6. Dé la nhitng noi dung quan trong, chudn
bi cho vigc tiép cdn mon vé ky thudt sau nay. '

Muc "Khai trién cdc mdt” c6 tinh titong déi déc lap so véi cdc phdn
khdc, va né cé itng dung trong nhimng {inh vyc riéng.

Phdn phuong phdp hinh chiéu iric do gidi thiéu nhitng co s¢ dé xdy dyng
hinh chiéu truc do, va cdc loai hinh chiéu true do duoc diing trong k¥ thudt.
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Day ciing la mot phuong phdp biéu dién duoc ding trong k¥ thudt; song hinh
chiéu truc do chi la hinh bd trg cho cdc hinh chiéu thdng gée khi cdn. N6
gitip cho nguoi doc bdn vé dé ndm duge hinh dang co bdn ciia hinh biéu
dién. Song vdi cdc hinh phitc tap, thi nd kho bidu dién ddy du duoc.

Sau mdi chitong déu cé mot s6 cdu hot va bai 1dp, dé ban doc thuc hanh

- va tu kiém tra phdn Iy thuyét trudc do.

Cudn sdch ndy dugc viét véi cde do thic dugc xdy dung theo phuong
phdp don gidn, dé hiéu ma cdc truong vdn day i trudc dén nay, né c6 thé
lam tai liéu hoc tdp cho sinh vién cdc truong Pai hoc va Cao déng thudc
khéi k thudt, nhi co khi, xdy dung, v.v... Dong thoi, sdch ciing c6'thé lam tai
liéu tham khdo cho gido vién ciia cdc truong Dai hoc va Cao ddng thudc
khoi k¥ thudt.

Cudn sdch chdc khé tranh khdi con thiéu sét, rat mong dugc sy gop y
ctia ban doc, dé nhiing ldn tdi bdn sau dugc 16t hon. Moi gop ¥ xin gii vé :
Cong ty C6 phdn sdch Dai hoc —Day nghé, 25 Han Thuyén, Ha NoL.

Tdc gid



MOT sO K HIEU.

D& thuan tién cho viéc sir dung sau nay, ta thdng nhdt mot s6 ki hi¢u
sau day :

e DPiém : Ki hiéu bing céc chit in hoa hodc s0 :
Vidu:A,B,C, ..., M,N, ..., 1,2, ..

e Duong thdng : Ki hiéu bing céc chit thudng :
Vidu:a,b,c,...,m,n,...

Néu duong thﬁng x4c¢ dinh béng hai di¥m thi ta lai ding ki hiéu di€m :
Vidu: AB, CD, IK, MN, ..., 12, 45, .

e Mdt phdng : Ki hiéu bang cic chit hoa :

Vidu:et, 8,... D, 2, RS, ...

Néu ¢6 cic yéu 18 xdc dinh mit phing thi dé ching trong ngodc don
sau tén mat phing :

Vidy: r[)(ABC) Q(a,b), R, M),.

Ciing c6 thé ki hiéu mat phang bing cac y&u td xdc dinh mat phﬁng dé :
Vidu: (ABC), (f, h), (M, k), ...

e Truc hinh chiéu : ki hiéu bang cic chii : x, y, z. (Ox, Oy, Oz).
o Mdr phdng hinh chiéu : ki hiéu bang chit 7T.

Mt phdng hinh chiéu dimg : ki hiéu bing chit 7'

Mt phdng hinh chiéu bdng : ki hiéu bang chi 7>

Mt phdng hinh chiéu canh : ki hiéu bang chit 77°,

o Mit cong: ki hiéu bang céc ki tu dac biét nhw: ¢, 2.

e Hinh chiéu dimg : c6chis61a 1. Vidu: A, B, d,, m;, D Q,, ...
e Hinh chiéu bdng : c6 chis613 2. Vidu: G, Dy, a5, by, P, Q,
o Hinh chiéu canh : c6 chisé1a 3. Vidu: A;, B;, my, 05, 05, Q,,

* Vidng géc . ding dén L, hoac dduly .

Vidu:alb dLD PLAR, ..

e Song song : dung dau //.

Vido:a//b,d//R,DPIRQ, ...

o Thudc (thay cho tur "di qua”, "chia”, "ndm trén" ma ta van dung
trudc day) : '



- Dung ki hiéu : >.

Vidu:a>®R M>d, ..

o Giao nhau (cc%t nhau) : ding ki hi¢u : x, holic N
Vidu:M=axb, d=PNnR.

e Trang nhau, dung ki hiéu : =
Vidu:M=N;a=b, ...

e Xdip xi (gdn bdng), dung ki hié¢u s x
Vidu:a=710; 8 ~41°25% ...

Mot 56 chir viét tdt

* mffg 1 : mit phang phén gidc tha L.

* mffg IT : mat phdng phén gidc thi IL

* ddndvmfhicd : dudng déc nhét d6i v6i mat phing hinh chiéu ding 7.
* ddndvmfheb : dudng déc nhat d6i véi mat phing hinh chiéu bing 7%,



PHAN MG PAU

1. MUC DiCH MON HQC

Hinh hoc hog hinh ( goi tdt la Hinh hog) 12 mén hoc co ban trong cic
truong k¥ thuat. N6 ¢6 cidc muc dich sau :

* Nghlén cltu cac phuo’ng phip bidu dién cic hinh trong khong gian
bang cdc hinh v€ trén mat phéng.

* Giai cdc bai todn hinh hoc khong gian bing cac hinh trén mat
phéng dé.

* Nang cao khd nang tudng tugng (hinh dung) cac hinh tuong Umg
trong khong gian tir cc hinh bi€u dién trén mét phang d6. Day ciing la mdt
yéu cdu guan trong clia mon hoc vé k¥ thuat sau nay.

2. PHEP CHIEU XUYEN TAM

2.1. Dinh nghia. Cho mat phdng T goi la mdt phdng hinh ch:éu mgt
diém S (khéng thudc 7T) goi Ia tam chiéu. Néu cé mét diém A, dwong thang

SA cdt mdt phang T tai diém A, thi diém A, d6 goi 1a hinh chiéu xuyén tdm
ctia diém A (hinh 1).

Duomg thdng SA d6 goi la dwomg thdng chiéu (hodc tia chiéu).
Néu c6 mor hinh @ thi tdp hop hink chiéu xuyén tam ciia 1dt cd cdc

diém thuéc P la hmh @,, thi hinh @, goi 1a hinh chiéu xuyén tdm cua
hinh @.

2.2. Tinh chat

* Hinh chiéu xuyén tdm cia mot
duomg thdng néi chung la mot diwong
thing.
That vay, gid st ta c6 dudng
thing a(AB), moi duong thang chiéu
khi chi€u cdc diém thudc dudng
thang a déu thudc mit phang (S, a),
nén giao tuyé€n cia mét phéng (S, a)
v6i mat phang 7T 1a dudng thang a, _
thi dudng thing 2 chinh la hinh 14
chi€u xuyén tam cta dudng thang a
(hinh 2).

Hinh 1



Dic biét, néu duong thdng di
qua tdm chiéu S thi hinh chiéu
xuyén tdm -ctia né i@ mét diém. Vi
du dudng théng d trén hinh 2, c6
hinh chi€u xuyén tam la dlém d,
(d=d xJ1).

Dudng thang d (di qua tam
chi€u) nhu vay goi 1a dudng thing
“chié&u, (hoic tia chiéu).

o Hinh chiéu xuyén tam cia
hai ducng thdng song song, néi
chung la hai duong thdng cdt nhau.

. Hinh 2

That vy, gid sif ta ¢6 hai dudng thing song song a // b (hmh 3).

Cdc hinh chifu xuyén tam cla a va b twong vng la a, va b, lan lugt la
giao tuyén clia cac mit phdng o#(a, S) va B(b, S) véi mat phéng 7.

Hinh 3

That vay, gid st ta cé hai
dudng thing a va b song song @
a // b (hinh 4). Khi d6 hai mat
phang (a, S) va (b, S) cit nhau
theo dudng thing k (di qua tim
chi€u S), vik song song véiava b
nén k ciing song song vdi mat
phing 7. Néi céch khic, dudng
thing k cit mat phéng 7 tai mot
diém vo tan.

Vi hai mat phﬁng oa, §) vi
B(b, S) c6 di€ém S chung nén ching

-phai cét nhau theo dudng thing k di

qua tam chi€u S. Pudng thang k
(phdi song song v&i a va b) cit mit

-phing 7T tai diém k|, thi k, chinh la

giao diém cha hai hinh chi€u a, va
b,. Titc a hinh chi€u ctia hai dudng
lhﬁng a, b 12 hai dudng thang a,, b,
cét nhau.

Dac biét, néu hai diong thing
song song, ma chiing lai song song
VOt mdt phing U thi hinh chiéu xuyén
1ém ciia ching la hai duomg thdng
song song. :




Goi a, va b, tuong @ng la hinh chi€u xuyén tam cfia a va b, thi a, va b,
ciing cit nhau tai moét di€ém vo t4n. Holc, a; va b, song song : a, // b,.
o Hinh chiéu xuyén tém bdo t6n 1y s& kép ciia bén diém thing hang.
That vy, gia sit ta ¢6 bon di€ém A, B, C, D thing hang.

Ta goi :
k= % : % fa tf s6 kép cia bon diém A, B, C, D thing hang.

Viét gon lai 1a : k = (ABCD).

Goi A,, B,, C, va D, tuong tng la hinh chi€u xuyén tam ciia b6n di€m
A, B, C va D (hinh 5). Qua B v& dudng thing 1 // SA. Dudng thing 1 cdt SC
taiC'vacatSDtai D'.

Hinh 5

Dé thay hai tam gidc SAC va C'BC dfng dang, néntacé:
C4 _ Sd

Dl ol 1
_ CB C'B )
" Hai tam gidc SAD va D'BD ciing dong dang, nén ta cé :
DA S4 _
T W e (2)
DB D'B
Chia (1) cho (2)tacé : ‘
C4A DA SA S4 D'B
: = 3)

CB DB C'B D'B CB -
Tuong tu, qua B, v& duding thing 1'// SA. Dudng thing 1' cit SC tai C"
va cit SD tai D". '



Vataciing cé:
C,A, DA _BD"
C,B, DB, BC"
Vi hai dutdng thing 1 va I’ ciing song song véi SA nén I//I', v ta cb :

4)

DE_Do (5)
C'B C"B, -

Tir (3), (4) va (5) tacd :
CA DA _C4, DA ®

CB DB C,B, DB,
Viét gon lai la :

(ABCD) = (A,B,.C,D)). 6
P6 1a diéu phéi ching minh.

3. KHONG GIAN OCLIT 3 - CHIEU CO 86 SUNG
CAC YEUTO VO Tf_\N

Dé xay dyng hinh biéu dién cia cic hinh trong khong gian l1én mat
phing ta phai ding cdc phép chi€u, Viduy, trong phép chi€u xuyén tdm néi
trén, n€u ta c6 mot diém M ma dudmg thing SM lai song song véi mét

phing hinh chi€u 7, thi nhr quan niém xwa nay, dudng thang SM khéng
cit mat phing 7, nén diém M khong cé hinh chi€u xuyén tam trén mat
phing 7.

Nhu viy, dé c¢é su tuctng tng giifa cac yéu td cba khong gian va cic
hinh biéu dién trén mit phing hinh chidu 7, ta b8 sung vao khong gian
Oclit cdc y&u t6 vO tan sau :

o MB&i dudng thang mot diém vé tdn.

e M3i mit phing mot duong thdng vo tgn. DS 12 tap hop céc diém vé
t4n clia tat cd cdc dudng thing thuoc mat phing d6.

* Toan b khong gian mot mdit phdng vo tgn. D6 1a tap hop céc dudng
thing vo tan clia tit ca cdc mat phang trong khong gian.

Khi d6 :

Hai dudmg thing song song thi cét nhau & mot diém v6 tan;

Pudng théng vd mat phing song song cling cét nhau & mot diém
vo tan;

Hai mat phing song song ciing cét nhau theo mot dudng thang v6 tan.
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- Pay chi 1a mot quy udc, mot cach néi.

Trudc day ta néi : "hai dudng thing song song la hai dudng thing cing
thuoc mot mat phing vi khong 6 diém chung”; thi nay ta néi : "hai dudng
thang song song la hai dudng thang cling thudc mot mit phéng va cit nhau
& mot diém vo tan"; hodc trude ddy ta néi : “hai mat phéng song song 12 hai
mat phing khong c6 diém chung”; thi nay ta n6i : "hai mat phing song

song 13 hai mat phing cét nhau theo mot dudng thng vo tan”, ...
' Diéu d6 khong gy mau thuin gi. '

Cin lvu ¢ rang, nhu trén da ndi, day chi 1a mét quy udc, mbi dudng
thing c6 mot diém v tan, mdi mat phing cé mot dudng thing v6 tan ...,
khong cén bdn tdm dén viéc xem diém vo t4n d6 & ddu phia nao ciia dudng
thing, va dudng thing v tan d6 & phia ndo clia mat phang, va mat phéng vo
tan & phia nao cla khong gian?

Khi khong gay khé khan gi cho nhimg 13p luan cia ta, thi ta van cd
thé dimng cdch noi nhu trudc day.

4. PHEP CHIEU SONG SONG

4.1. Pinh nghia : Cho mdt 8
phdng T goi 1a mdt phdng hinh ¢
chiéu, mot duomg thang s (khong A
song song voi T} goi la hudng
" chiéu. Néu cé mot diém A, qua A~ .
vach dudng thdng song song voi s, [
duong thing dé cdt mdgt phdng 7 A
tai didm A,, thi diém A, d6 goi 1d
hinh chiéu song song ciia diém A
trén mdt phdng 7t (hinh 6). : ' . Hinh 6

Néi c6 mot hinh &, thi 1dp hop hink chiéi song song ciia tdt cd cdc diém
thudc @ la mot hink @, thi hink @, goi 1 hinh chiéu song song ctia hinh .

Nhu viy, néu phép chiéu xuyén tam ma tam chi€u 13 mot diém vo tan
(dugc xac dinh bdi huéng chiéu s), thi né 1a mot phép chi€u song song.
4.2. Tinh chat

* Hinh chiéu song song ciia mét dwong thdng, néi chung la mot duong
thdng (hinh 7)..

Cich ching minh tuong ty phdn chi€u xuyén tam. Hinh chi€u song
song cla dudng thing a la dudng thing a,.
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Dic bigt, néu duomg thing song
song voi huong chiéu s, thi hinh chiéu
song song cia né la mgt diém. Vi du
duong thang d trén hinh 7, c6 hinh
chi€u song song 12 diém d,.

Pudng thing d (song song VG
huéng chiéu) nhu vay goi® la dudng
théng chiéu (hoic tia chiéu).

% Hinh chiéu song song cua hai
duong thdng song song la hai dudng Hinh 7
thdng song song.

That vay, gia sir ta c6 hai dudng thing song song a // b (hinh 8).

Hinh chi€u song song cla hai dudng thdng d6 tuong img la céc giao
tuyén a,va b, clia hai mat phing 7 va Q v&i mat phéng hinh chi€u 7 (70 va
Q 1an luot di qua a, b va déu song song vdi hudng chiéu s) nén P/ Q, tir d6
tacéa, //b,.

JT

Hinh 8
* Ty 56 hinh chiéu ciia hai dogn thing song song bdng 1y so hai doan
thdng do.
That vy, gia sif ta c6 hai doan thing AB va CD song song v6i nhau
AB // CD (hinh 9). Goi céc hinh chi€u song song cia AB va CD tuong iing
AB, _AB
c,D, CD
Qua A v& dudng thing AB' // A,B, (B thuoc BB,), va qua C vé duong
thing CD'//C,D, ¢(D' thugc DD).
D& thdy hai tam gidc ABB' va CDD' ddng dang (vi c6 ba cap canh
tuong ting d6i mot song song), nén ta ¢b
AB'_AB

CD' CD ™

Ia A,B, vi C,D,, tir trén ta c6 A,B, // C,Dy, ta phdi chimg minh
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Hinh 9

Vi cdc tif gidc AB'B|A, va CD'D,C, déu 1a cdc hinh binh hanh nén ta
ch:

AB'=A B, vaCD' =(CD, (8)
Tu (7)) va(8)tacd:
AB AB
cD, D

Dic biét, néu ta c6 ba diém thing hang, thi 1y s6 don ciia ba diém
dé khong thay doi qua phép chiéu song song.
That vay, gi sir ta c6 ba diém A, B, C théng hang. _
Ta ¢6 thé coi day 13 trudng hop dac biét clia hai doan thang AC va BC
song song voi nhau (hinh 10).
Nhir vay tir tinh chat trén ta ¢6 :
AC, AC
'B,C, BC

Viét gon lai 12 : (A,B,C,)) = (ABC).

Phép chidu song song, néu
cd hudng chiéu vuéng goc véi
mat phing hinh chiéu thi ta ¢é
phép chi€u thing géc (hoic
chiéu vuong géc). '

Nhu vay, phép chi€u thing
goc 1a trudng hop dac biét cua
phép chiéu song song, nén né cé
tit ca cdc tinh chit cita phép
chi€u song seng (tdt nhién ndé - .
cdn cd céc tinh chat khic nita). Hinh 10
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Sau ndy, chii y€u ta dtmg phép chiéu thdng géc, nén d€ don gidn ta
théng nhét : néu chi néi "chiéu” tic 1a chiu thang géc. Con chi€u xuyén
tam hodc chi€u song song thi phdi néi 15 1a : chi€u xuyén tam, hoic chifu
song song.

5. PIEU KIEN PHAN CHUYEN CUA BAN VE
(Twong vng 1-1 giiza hink biéu dién va hinh twong img trong khong gian)

Vi dy, trong phép chi€u song song néi trén, néu cé di€ém A, thi ta dé
tim duge hinh chiéu song song clia né 1a di€ém A,. Nhung néu c6 hinh chié€u
A, thi ta khong thé im duge diém A twong img duy nhdt trong khong gian.
Vi moi diém thu6c dudng thing chi€u di qua diém A, (song song véi huéng
chiéu s), déu c6 thé coi 1a di€m A (hinh 11).

- Do d6, d€ c6 thé xac dinh

di€ém A twong Ung duy nhét trong Brf .12)
khong gian, cing vdi hinh chidu

A, ta phai thém vao diéu kién khdc

nita. Vi du, ta thém vao A, mot s6

dé chi khoang cédch tir A, t&i diém

A, v6i quy uéce 1a : néu di€m A &

phia trén mit phing 7z thi s6 d6 1a

duong, néu diém A & .phia-dudi 7

thi s& d6 1a Am.

Vidu : A (9), 12 hinh chi€u song song ca diém A, mi A & phia trén
mit phing 77 va cich A, 9 don vi theo huéng chigu s. B,(-12), 1A hinh chiéu
song song clia diém B, ma B & phia du6i mat phing 7t va ciach B, 12 don vi
theo huéng chiéu s.

Khi dé ta néi, céc diém A va B c6 diéu kién phdn chuyén.

Ngay nay, dé ch€ tao mot chi€c mdy, hay xay dung mot cong trinh,
ngudi k§ su thi€t k€ phai v& cdc ban v& k¥ thuat cia chi€c méy hay cong
trinh dé. Sau dé6 cic k¥ su va cong nhan (khdc) s&€ dua vao cdc ban vé db dé
ch€ tao nén chi€c mdy hay xay ding cong trinh d6 diing nhu ¥ dinh cfa cic
k¥ str da thiét k&€ chiing. '

Mudn vay, cdc ban v& d6 phai ¢c6 db cdc diéu kién dé cac ky sur va cong
nhén ché tao va xay dung ching.

Ngudi ta néi ring, ¢éc ban vé k¥ thuat phai cé d:eu kién phdn chuyén.

Vay, diéu kién phdn chuyén ciia bdn vé G diéu kién ma nhiing théng
tin cho trén bdn vé phdi du dé c6 thé hiéu dwoc hinh dang, kich thiéc ciing
cdc yéu cdu ky thudt khdc ma ban vé€ yéu cdu.

X
A N

\

"Hinh 11
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Nghia la c6 thé x4y dyng lai dugc hinh tuong g trong khong gian.

Hinh hoa 13 mén hoc chuin bi nhiing co s6 cho mén hoc ve& k¥ thuat,
nén né phai tao nhiing co s& quan trong cho nhitng di€u kién phan chuyén
clia cdc ban vé k¥ thuat sau nay.

Dé thod man diéu kién phan chuyén cla cdc ban V&, trong ky thuét
ngudi ta diing céc phiuong phép sau :

* Phuong phép hinh chi€u thing géc.’
* Phuong phép hinh chiéu phéi canh.
* Phuong phdp hinh chiéu c6 s6.

* Phuong phdp hinh chi€u truc do.

Trong tai li¢u ndy, ta s& khio st phuong phdp hinh chiéu thang géc va
phuong phép hinh chi€u truc do.

CAU HOI VA BAI TAP

1. Phat biéu : dinh nghia, dleu kién va tmh chat cha dudng thing song
song v4i miit phing?

2. Phat biéu : diéu kién va tinh chét clia dudng thing vuong géc voi
mit phing?

3. Dung dudng vudng géc chung cla hai dudng thing chéo nhau.

4. Hay ching minh tinh chét thi hai cha phép chi€u song song, bang

cach coi phép chi€u song song la phép chi€n xuyén tdm, ma tam chiéu la
mot di€m v6 tan?

5. Cho tam giac A B,C, 1a hinh chi€u song song cta mot tam gidc déu
trong khong gian. V& hinh chiéu song song cha dudng trdon noi ti€p tam
gidc d6 (hinh 12). '

6. Cho hinh binh hanh A,B,C,D, 1a hinh chi€u song song cua mot hinh

vuong trong khong gian. V& hmh chlé'u song song cua dlro‘ng tron ndi 1i€p
- hinh vuéng dé (hmh 13).

AI ’ B}
B, Gy D c;

Hinh 12 Hinh 13
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Phan moét
PHUONG PHAP HINH CHlEU THANG GOC

A _ DIBM, PUGNG THANG VA MAT PHANG

Chuong L. PIEM

1.1. D6 THUC CUA DIEM TREN HAI MAT PHANG HiNH CHIEU
1.1.1. CACH XAY DUNG : Ta ldy hai mat phing 7' va 7% vuéng géc
v6i nhau. N€u ¢6 mot diém A, ta chifu A 1én ' va 7% tuong ing ta c6 cdc
hinh chiéu A, va A,. Sau d6 xoay 7° quanh giao tuyén x = 7t'x 7* (theo
chiéu mii tén) sao cho nira phia trudc cha 7* tring véi nita phia dudi cia
7. Khi d6, trén mat phing v = 7% ta ¢6 hai hinh chiéu A, va A, goi la d6
thitc cila diém A trén hai mdt phdng hinh chiéu (hinh 1.1). Va viet1a A(A,, Ay).

7] T
"AI
I
X A\ (.A—.t
HrI i
e« Ag
.73'2
a) b)

Hinh 1.1

1.1.2. MOT SO DINH NGHIA -

- ' goi 12 mat phéng hinh chigu ding.

- 71 goi 13 mat phéng hinh chiéu bing.

- x = 7'x 71° goi 1 truc hinh chiéu.

- A, goi 12 hinh chiéu ding ciia diém A.
- A, got 12 hinh chiéu bing clia diém A.
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- Pudng théng A A, goi 1a dutmg déng (théng ding).

- Khoéng céch tir diém A t6i mat phang 7' goi 1a d9 xa cla A voi
quy udc, né s€ duong, am hoac biing khéng, tuy thudc diém A & phia trudc,
phia sau hodc thudc 7',

- Khoang cdch tir diém A t6i mat phang 7* goi 14 d¢ cao clia A; véi
quy uéc né sé duong, am hoiic bing khOng, tuy thudc A & phia trén, phia.
dudi hoac thude 71*

- Hai mat phéng 7' va 7% chia khong gian 1am b6n phdn, méi phén
d6 goi 1A mot gée tu : L, IT, 11, IV (ddnh s6 nhu trén hinh 1.1).

- Mait phdng phan gidc clia goc tu I va 111, goi 1a mit phéng phan giac
thi nhat

© Mat phing phan giic cla goc tw II va IV, goi 1 mat phang phan
gidc thit hai.

1.1.3. TINH CHAT cUA b0 THIC

- Duong thdng ndi hinh chiéu dimg va hinh chiéu bdng ciia mot diém
bao gid ciing vudng goc vdi truc hinh chiéu, A A, L x.

Ban doc ty chiing minh tinh chét nay.
- D6 thitc ciia mot diém sé twong iing véi mot diém duy nhdt trong
khong gian.

That vay, gia sir ta ¢6 dé thic cla a diém A(Al, A)). Dé tim diém A, ta
xoay mat phing 7t quanh tryc x t6i vi tri 7% L 7', Qua A, ta v& dudng thing
a vuong goc véi 7T, va qua A, ta v& dudng thing b vuoéng géc v6i %, Nhu
vay, hai dudng théng a va b cling thuoc mét mat phing (a, b) L x, nén ching
c4t nhau tai mot diém; di€m d6 chinh 14 di€ém A. (Ban doc ty v& hinh).

Vay, ta néi : d6 thitc ciia mgt diém c6 tinh phdn chuyén.

1.1.4. KHONG VE TRUC HINH CHIEU |
Gia sit cho dé thic clia diém A(A,, A,) (hinh 1.2).

Ta dé thay, chiéu dai cdc doan thang A A, 4,
vd A,A, ldn lugt 13 khodng cdch tr diém A t6i . J x
mat phing 1% va 7', A
Né&u ta thay truc x bang truc x' // x thi khi x
d6 chiu dai cdc doan thing A A, va AA, lai A
14n lugt 1a khodng cdch tir diém A t6i mét phing A
7wt va st Hinh 1.2
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Nhu vay, khi ta thay d8i khodng céch tir mot diém t6i Ay
cdc miat phing hinh chi€u thi cdc hinh chigu cta né
khong thay déi.

Sau nay, khi biéu dién céc hinh, ta cin quan tam tGi
céc hinh chi€n vA hinh twong dng cla ching trong khong
gian nhu thé€ ndo, chit khong cdn quan tdm dén khodng LA,
cach tir céc hinh d6 t6i cdc mat phéng hinh chiéu.

V1 vay, sau nay khi khong cin th1et ta s& khong vé Hinh 1.3
truc hinh chi€u x (hinh 1.3).

Can nhd ring, tuy khﬁng vé truc hinh ch1cu X, nhu‘ng huorng cha nd bao
gi¢ cling 1a mot dudng thang vuong goc v6i dudng thang néi cic cap hinh
chi€u tuong tmg. Va khi cén, ta cé thé vé ngay dugc truc hinh chi€u dé.

1.2. DO THUC COA DIEM TREN BA MAT PHANG HINH CHIEU

1.2.1. CACH XAY DUNG

Ta 14y ba mit phing 7', 717 v 7r* d6i mot vuong géc. Néu ¢6 diém A,
ta chi€u A len 7', 7% va 71°, tuong tng ta cé cdc hinh chi€u A, A, va A,.
Sau d6 xoay JI° cho tring véi t' (nhuw phédn trén), va xoay 7T° quanh truc
z = 7' x 7* (theo chidu miii tén), sao cho nira phia trude cla 7r° tring v6i
nirta bén phai ciia 7' (hinh 1.4). "

Khi dé trén ba mit phing 7' = 7%= 7T ta c6 ba hink chiéu A,, A, va A,
goi la d6 thitc ciia diém A trén ba mdt phdng hinh chi¢u. Va viét gon lai la
A(A, A Aj) ' '

7! P . i £ z 7
|
A LA A A, A
: Aﬂ] Q LY
A
VRN
= A o\ x Ay Ay
SN 1 10
L1 N A p
IR 4 A
Y
72 AN 72 . ¥
a} \ bj
Hinh 1.4
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1.2.2. MOT SO DINH NGHIA

Ngoai mét s6 yéu t§ di duge dinh nghia, cé thém nhiing y&u 16 sau :

- 7° goi 12 mdt phang hinh chiéu canh.

- A, goi 12 hinh chiéu canh cia A.

-y =% x mvaz=m' x 7 cling goi 12 cdc truc hinh chifu.

- Khoéng cédch 1ir A t6i 70 goi la d6 xa canh cia A. Véi quy wdc, né s&
duong, am ho#c bing khong, tuy thuéc dlém A & bén trai, bén phai hoic
thuoc 7T°.

1.2.3. SULIEN HE GIUA BA HINH CHIEU - CACH VE HINH CHIfU THUBA

Nhu trén di cho thdy, chi cdn hai hinh chigu (A, A,) cia diém A 13
diém A di duge xdc dinh duy nhét trong khong gian. Vi vay, ¢ thém hinh
chi€u canh A, la thira; ma da thira thl giita ching phai cé sy rang bugc
(lién hé).

Vi du, nhu trén hinh 1.4 cho thiy : A)A = AJA,

Néu cho hai trong ba hinh chi€u néi trén (ciia mot diém), bao gids ta
ciing tim dugc hinh chi€u (thif ba) cdn lai.

Vi du : Cho hai hinh chi€u A, vd A,, v& hinh chi€u A, cla A?

Gidi. C6 nhiéu cich vé A,, ta néu vai cich vé dé.

Cdch 1 : Trinh tg nhu sau (hinh 1.5a):

- V& phan gidc Os cia géc tao bdi hai nita duong cilia hai truc Ox va Oz.

- Qua A, vé dudng thing song song véi truc x (¥).

- Qua A, v& dudng thing song song véi truc x. Dudng thing nay ct
' Os tai di€m A,

- Qua A, vé dudng thing song song véi truc z. Dudng thdng nay cit

dudng thing(*) & dau, thi 46 chinh 1 diém A, cn tim.
Cdch 2 : Trinh t¢ nhu sau (hinh 1.5b):

z ' . _|z' 1
Ay “Az i Az A N "

* y(=x)
As| £] Ag
4 \s
y
a)

Hinh 1.5
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- Qua A, v& dudng thing song song v6i truc x(*).

- Qua A, v& dudng thing song song vdi truc X, 61 cit truc y tai Ay
L4y gdc O 1am tam, quay dudng tron ban kinh OAy ngiroc chiéu kim dong
hé, 161 cit truc y =(x) tai diém A, ; Qua A, v& dudng thing song song v6i
truc z, t6i cit dudng thang (*) & dau, thi d6 chinh 1a A,.

CAU HOI VA BAI TAP

1. V& d8 thic cha diém A thuoc gée tu thit I; di€ém B thuge géc tu thi
II; diém C thuoc géc tu thi III; diém D thudc géc wr thit 1V diém E thudc
mat phéing phan gidc I; diém F thuoc mfpg II. Nhan xét gi vé vi tr{ cdc hinh
chi€u cta cac diém d6 so véi truc x (& phia trén hay phia duéi truc x)?

2. Cho dé thifc cha cdc diém : A(A,, Ay); B(B,, B,). V& d6 thic cua
diém A’ d6i xing véi A qua mit phang 7', diém B’ d6i xing vdi diém B
qua mat phang 7 ; (hinh 1.6). |

Nhan xét gi vé d6 thic clia nhiing cap diém ddi xting d6.

3. Cho dé thitc chia céc diém : C(C,, C,), D(D,, D,) (hinh 1.7). V& d6
thic ciia diém C' d&i ximg v6i C qua mffg I; diém D' d6i xing v6i diém D
qua mffg II. - -

Nhan xét gi vé dé thiic ciia nhiing cap diém d6i xing d6?

T4 . 1™
v B; T C
L X
A, * Dy
4B l Cy

Hinh 1.6 Hinh 1.7

4. V& hinh chiéu canh cta céc diém A, B (trong bai 2), céc diém C, D
(trong bai 3) (Ban doc tu vE truc z) '

5. V& mot diém c6 hinh chigu ding va hinh chiéu bang trung nhau.
Diém dé6 ¢6 vi tri dac biét gi khong?

6. V& mot diém c6 hinh chiéu ding va hinh chi€u bing déi xtng v6i
nhau qua truc x. Diém d6 ¢4 vi tri dac biét gi khong?
| 7. C6 diém ndo ma ci ba hinh chiéu clia ching tring nhau khong? Neéu

c6 thi hily v& mot diém nhu vay.
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Chuong I. PUONG THANG

2.1, 6 THUC CUA PUGNG THANG
2.1.1. O THUC CUA DUONG THANG

Ta di bi€t, trong khéng gian, mot dudng thing dugc xdc dinh, khi biét
hai diém.

Trén d6 thic ciing viy, dd thic cha mot dudng thing cling dugc xéc
dinh khi biét d6 thitc clia hai diém.

Trén hinh 2.1, ta c6 d6 thic ca dudng thing AB (vA ciing I3 dudng
thang d). .

Dudng thing nhu vay goi 13 dudng thing thiong. Tic 1a dudng thing
¢6 vi tri binh thuémg (khong song song va vuéng géc) d6i véi céc mat
phéng hinh chiéu.

By
d; "

AI p =
BJ

o Ak B. |,

A

Bj
P ——

By

a) : ' Y]

“Hinh 2.1

2.1.2. CHIEU DAI CUA DOAN THANG VA GOC NGHIENG CUA BUING
THANG VOI MAT PHANG HINH CHIEU

Trén hinh 2.1a, qua diém A ta vach dudng thing AB' // A,B, (B' thuc
BB,). .

Xét tam gide vuong ABB' (vudng tai B') ta ¢6 :

Canh géc vuong thit nhat : AB' = A,B,.

Canh géc vudng thit hai : BB' = BB, - BB,.

Dé thdy, tit gidic AB'B,A, 12 hinh chi¥ nhat nén ta c6 B'B, = AA,.
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Do dé tacé : BB = BB, — AA,.

Nhu vy, nék ta dung mgt tam gidc vuéng cé : mot canh géc vudng
bdng chiéu dai hinh chiéu cia dogn thdng, canh gdc vuong thit hai, bing
hiéu (dai s0) khodng cdch vt hai diém ddu mit ctia doan thing 15 mdt
phdng hinh chiéu tuong itng thi :

- Canh huyén ctia tam gidc dé bdng chiéu dai (chiéu dai that) dogn
thdng dé.

- Géc nhon ctia tam gidc-ké véi canh ¢6 chiéu dai bang hinh chiéu cia
doan thing thi bdng géc ciia duomg thdng chita dogn thing dé voi mdt
phdng hinh chiéu ntong img.

Vi du : Cho d6 thic clia doan théng AB, tim chiéu dai va géc nghiéng
clia n6 v&i mat phing hinh chi€u bang?

Gidi : Ung dung két qua trén, ta v& mot tam gidc vudng c¢é mot canh
géc vuong 1a hinh chiéu bing A,B, cia AB (Hinh 2.1b); canh goc vudng

Nhir vay, hai tam gidc vuong A,B,B, vd ABB' bing nhau nén cic canh
huyén chia chiing bing nhau : A,B, = AB. Vay, chiéu dai doan thing A,B,
chinh Ia chiéu dai doan thing AB.

e ——— T . .

Cbn géc nhon B,A,B, = BAB'. Trong d6 BAB' chinh la g6c cia dudng
thing AB véi mit phing hinh chiu bing 7°. ‘

Twong tu, ta cling c6 thé tim dwgc géc nghiéng ctia dudng thing AB
véi mat phing 7'

2.2. CAC PUONG THANG €O V| TRI DAC BIET

Nhir trén d3 néi, dudng thing AB trén hinh 2.1 13 dudng thing thudng
(d6i v6i cdc mat phing hinh chi€u). Con & day, 1a cic dudng thang c6 vi tri
ddc biét 86i v6i cac mit phing hinh chi€u. Cdc dudng thing thudc loai nay
dugc chia 1am hai loai :

2.2.1. CAC DUONG THANG DONG M(C

1. Dinh nghia : Puong thdng ddng mitc 13 dudng thdng song song voi
mdt phdng hinh chién @ ®

- Duimg mdt la duong thing song song véi mdt phdng hinh chiél
dimg 7T’ '

- Ducmg bdng la duong thdng song song v6i mdt phdng hinh chiéu
bding 7T*.
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- D:tong canh 1 ducng thdng song song v&i mdt phdang hinh chiéu
canh JT°, ’ :

2. Tinh chat

a) Pudng mdt

- Hinh chiéu bdng cia duong mdt 1 duong thdng song song voi truc x;
va ngugc lgi (nghia la, bdt ky dwomg thing ndo cé hinh chiéu bdng la duong
thdng song song vdi truc x, thi né la duong mgt) (hinh 2.2).

Ta dé& thay su hién nhién cta tinh chét nay.

- .
RA; . .____A;
A:; - B; T
A \
A x
B
x
Az By
Ap By
n?
@) b)
Hinh 2.2

- Néu c6 mét doan thdng thupc duimg mdt thi hinh chiéu dimg clia né
cé d¢ dai bang chinh né.

- That viy, trén hinh 2.2a ta thdy tif guic ABB A, 1a hinh chit nhit, nén
tacé: A B, =AB.

- Goc giita hinh chiéu dimg ciia dwong mdt vai truc x thi bang géc cia
. -dudong mdt dé véi mét phdng hinh chiéu bdng 7T*.

- Ciing tir hinh 2.2a, qua A ta v& dudmg thing BA' // A,B, vi qua B, v&

x 2 ] » =z v A 1 /~\-‘! ~ - L]
dudng thang B,A', // x, thi dé thdy géc A B,A’, = ABA". Ma géc ABA _
chinh la géc gilta dudng thang AB v6i mit phing hinh chigu bing 72

" b) Puong béng (hinh 2.3).

Tuwong tu dudng mat, ta ciing ¢6 cdc tinh chdt sau :

- Hinh chiéu diing cia duo‘ng bdng la mot dwo‘ng thdng song song véi
tric x, va nguwoc lai, (tie 1a néu c6 mot dwimg thdng ma hinh chiéu dimg
ciia né la mot duong thdng song song véi truc x thi né 1a duong bang).
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- Néu cé mét doan thang thudc duong béng thi hinh chiéu bdng cia
doan thdng dé c6 do dai bdng chinh né.

- Géc gifta hinh chiéu bdng ctia duimg bdng véi truc x thi bdng géc ciia
duong bdng dé vdi mdt phdng hink chiéu dimg 7’

Dya vao cdch chitng minh cic tinh chat clia dudng mat, ban doc tu
chiing minh céc tinh chat ciia dudng béng.

n)‘
A B;
Aj. B; :
A B z
x -—
Bs —" By
Ay /AE
Jr2
) ] b)
Hinh 2.3
c) Duong canh

_ s Hinh chiéu ditng va hinh chiéu bdng ciia dudmg canh la hai duong,
thdng triing nhau va vudng géc vai truc x, va nguoc lai.

That vay, Vi dudng canh d 13 dudng thing song song véi 77 %, tirc 1a
vuodng géc vdi truc x, nén khi chiu dudmg canh d dé 1én 7', cdc tia chifu
déu thudc mot mat phang 9 chita dwdmg canh dé va vuong géc véi truc x,
tic 12 cling vudng géc v6i 7 '. Nén giao tuyén ctia mat phing P d6 véi 7'
(cling la hinh chi€u ding d, cha duding canh dé) 1a dudng théng vuéng géc
vdi tryc X.

Tuong tu, hinh chi€u béng d, clia dudng canh dé ciing 12 mét dudng

- thang vudng géc véi truc x. Nhu vay, hai hinh chi€u d6 tring nhau, va ciing
vudng goc voéi truc x (hinh 2.4), _

- Néu c6 mot doan thdng thudc duomg canh, thi hinh chiéu canh cia né
¢6 df dai bdng chinh né.

Tinh chét nay chimg mmh tuong ty tinh chat thnt- ha1 clia céc dlmng mat
va dudmg bing néi trén.

- Géc gifta hinh chiéu canh cia duong canh voi truc z, bang géc giia
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duomg canh d6 véi TU' ; con géc giita hinh chidu canh cita duong canh véi
truc y (=x) thi bdng géc giita duomg canh dé véi .
Ban doc dé thdy su hién nhién cla tinh ch4t ndy trén hinh 2.4,

z

@ . A; Ag
A
\w A d; ds
B, B,
BI d x 0 - ]\
L\ Ag yi=x)
Ay B . By d&
B . By y{=2)
a) _ : b)
Hinh 2.4

2.2.2. PUONG THANG CHIEU
1. Dinh nghia |

Dudng thing chiéu 1a duomg thdng vuong géc voi mdt phdng hinh

chiéu :

- Duong thdng chiéu dimg 1a dudng thdng vuéng gbc voi mdt phing 7',
- Puong thdng chiéu béng la duomg thdng vuong géc véi mdt phdng 7°.
- . Duong thing chiéu canh la duong thing vudng géc véi mat phdng 7t°,
2. Tinh chat

a) Puong thdng chiéu dimg

* Hinh chiéu ditng ctia duong thdng chiéu dimg 1a mgt diém, va nguge

lai (tirc 1a bat ky duong thdng nao, c¢6 hinh chiéu dvmg la mor diém thi né la
duomg thdng chiéu ditng).
- Duomg thdng chiéu dimg dugc hoan toan xdc dinh khi biét hinh chiéu
dimg. '
- Hinh chiéu bdng cia duomg thdng chiéu dimg la duong thing vuodng
goc vdi truc x. '
- Duomg thdng chiéu ditng vira la dwong bdng, vita la didng canh (hinh
2.5). Vi né vira song song véi mat phing 7° vﬁ'cﬁng song song v&i mat
phang 71° | '
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IER N
d
dg\ - dy

a) | bj
Hinh 2.5

b) Duong thing chiéu bing
- Hinh chiéu bdng cia duong thdng chiéy bdng la mét diém, va
nguoc lai, .. _
Duong thdng chiéu bdng dugc hodn toan xdc dink khi biét hinh chiéy
bdng. '
- Hinh chiéu dimg ciia né la duong thdng vusng géc véi truc x.
- Duong thdng chiéu bang vird lo duomg mdt, vira 1a duomg canh (hinh

2.6). Vi dudng thing d vira song song v6i mat phing 7' vira song song véi
mat phang 77°. ' :

y | : dy

d; d

a) o b)

Hinh 2.6
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c) Pudng thdng chiéu canh (hinh 2.7)

- Hinh chiéu dimg va hinh chiéu bdng ciia dudng thdng chiéu canh déu
la cdc dwdmg thdng song song véi truc x, va nguoc lai.

- Hinh chiéu canh cia né la mét diém, va nguoc lai.
Duong thdng chiéu canh duoc hodn toan xdc dinh khi biét hinh chiéu

canh.

- Dutomg thdng chiéu canh vita la dicmg mdt, vita 1d dudng bing.

Hinh 2.7

7! '
) ! 4
d; i !
* 3
d | da) T
1 |
____________ ! |
x ! O i
: |
d l\‘ I
CR
a) \
Chi y:

2
df 1 d3
-
. N v
\-_ L]
y
b

- V&i duomg thdng canh, néu chi cho bdng hinh chiéu dimg va hinh
chiéu bang thi phdi cho bang hai diém. Néu khong thi né khong xdc dinh

duy nhdt.

Vi du : Cho dudng thang canh

d(d,, d,) (hinh 2.8), khi dé s€ cé vo s6
dudmg thing thuoc mat phing (d,, d,)
di qua hinh chiéu diing d, va hinh
chi€u bing d, cha dudng thing d, déu
¢6 hinh chiéu ding tring vdi d,, va
hinh chi€u bidng tring véi d, cla
dudmg thing d dé. Tic 1a né khong
xdc dinh duy nhat.

- Vi cdc duomg thdng chiéu, chi
cdn cho mot hinh chiéu "la mot diém’”"
cra nd la né dd hodn todn xdc dinh.

ay

Hinh 2.8

vi;

b

Hinh 2.9

Vi du cho dudmng thing chi€u ding 1 (1, 1,) (hinh 2.9). Trong d6 hinh
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chiéu dimg 1, 13 diém 1,. Khi d6, dubng thing 1 hodn todn xdc dinh, vi
hinh chiéu du'ng 1, d6 ta c6 thé v ngay dugc hinh chi€u bing 1,. Vi 1
dudmg thing di qua 1, va vuong goc Vi truc X.

2.3. BIEM THUQC BUONG THANG

2.3.1. PUONG THANG KHONG PHAI PUSNG CANH

Diéu kién dé mot diém thugc mét duomg thdng khong phdi dieong canh
la: cac hinh chiéu cing tén ciia diém thugc cdc hinh chiéu ciing tén cia
duong thang (titc la hink chiéu ditng ciia diém thudc hinh chiéu ditng ciia

ditong lhang, va hinh chiéu bdng ciia diém thugc hinh chiéu bdng ciia
duong thdng).

That vay, gia sit ta c6 diém A 3 d. Nhu vay, dé thdy rén d6 thiic ta c6 ngay:
A, 3d, vd A, 3 d, (hinh 2.10).

Nguoe lai, trén dé thitc tacd : A, 3d, va A, 3 d,.
Ta phai chimg minh A > d.

Ta lay diém M > d, ma c6 hinh chi€u M, = A,.
ViM>dnéntheo tréntacéd M, = A, (ma A, 3 d,).
Tirdétaco M= A, titc 12 A > d.

' _ Hinh 2.0
© 2.3.2. PUONG THANG LA DUGNG CANN (hinh 2.11)

Diéu kién dé diém M thudc canh AB la (A,BM,) = (A,B.M,).
That vay, néu trong khéng gian ta c6 :
M 3 AB tic 12 ba diém A, B va M thing hang.

Nhu vay, theo tinh chat cia phép chiéu Ny= M,
song song :

Khi chiéu lén mit phang 7' ta c6 :
(A,B,M,) = (ABM) (a)

Khi chi€u léen mat phing 7% ta ¢b
(A,B,M,) = (ABM) ) Ny= M,

Tir (a) va (b) ta cé : (ABM)) = (A,B,M,) (c)

Ngugc lai, trén d6 thic ta c6 : (A BM)) =

DAI

(ABM). 5,
Ta phai chitng minh M 3> AB. Tic la ba )
- diém A, B, M théng hang. Hinh 2.11

Ta ciing 1ay diém N 3 AB ma ¢6 hmh chiéu N, =M,.
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Nhu vdy khi chi€u 1én mat phing v’ ta ¢6 :

(A,B,N)) = (ABN) = (A;B;M,) (d)
Khi chi&u 1én mit phing 7% ta ¢6 : (A,B,N;) = (ABN)(e)
Tir (c), (d) va (e) tacd : N, =M, tiic laN =M > AB.

Néu dudng thing canh, nhung cho ca hinh chiéu canh thi vdn dé s& don
gian. Ban doc c6 thé nr suy ra tir muc 2.3.1.

2.33. VET CUA DUONG THANG

1. Binh nghia. Vét ciia diong thdng la giao diém ciia duong thdng voi
mdt phdng hinh chiéu :

- Vét ditng cila duong rhang la giao dzem ciia dudng thdng véi mdt
phdng 7',

- Vét bang cua dzrorng thdng la giao diém ciia dudng thing véi mdt
phdng 7%,

- Vét canh ciia dwong thdng la giao diém cia ducng thdng voi mdt
phdng 0’

2. Tinh chat (hinh 2.12)

a) Vét ditng ciia dudng thing

- Hinh chiéu bdng ciia vét ditng diong thdng la giao diém hinh chiéu
bdng ciia dieong thdng vai truc x. :

Vi vét ditng chia dudng thing thuoc mat phang hinh chi€u dimg, nén
né ¢é d6 xa bang khong, do dé hinh chi€u bing cla né phai thudc truc x;
tiic 1a giao diém hinh chi&u bing cta dudng thing véi truc x.

4
\‘ N3 NI E”f
P, »=H
dy
dg

", oh N
d, Py

. £l

“My= M
a) bj
Hinh 2.12
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- Hinh chiéu dimg cila vét ditmg duong thdng tring véi chinh vét dimg

" 46, Vi v& ding cia dudng thing nam ngay trén mat phing hinh chi€u
ditng, nén hinh chiéu ding cta né tring v6i chinh né. ' :

b) Vét béng cia duong thing _

- Hinh chiéu ditng ciia vét bdng duimg thdng la giao diém hinh chiéu
dimg ciia dwdng thdng vdi truc x. - :

Tuong ty trén, vi vét bing cla dudng thing, thuc mat phang hinh
" chiéu bing nén né c6 do cao bang khong.

- Hinh chiéu bdng ciia vét bdng cua duong thdng tring voi chinh vél
bdng do.

Vi vét bing d6 nim ngay trén mat phing hinh chiéu bang.

Vi du : Cho dudng thang d(d,, d), tim cc vét chia dudmg thang d6?

Gidi » T céc tinh chét néu trén ta c6 (hinh 2. 13):

Vét dimg : Hinh chi€u bang clia vét ding 12 giao diém hinh chiéu bang
d, v6i truc x : N, = d, x x. Tir 46, dua vao diéu kién diém thudc dudng
thang (muc 2.3.1) ta tim dugc hinh chidu dimg N, thugc d, va N, = N.

V&t bang : Hinh chi€u ditng cia vét bing la giao diém hinh chi€u ding
d, véi truc x : M, = d;x x. Cling t 46 ta tim duoc hinh chiéu bing M, thuéc
4,:M,=M.

Hinh 2.13

2.4. VI TRi TUONG DO1 GITA HAI BPUONG THANG

Vi trf tyong d6i gitta hai duong thing trong khong gian, c6 cc truong
hop sau : _

2.4.1. HAI PUONG THANG CAT NHAU

~ Ta da biét, hai duong thdng cdt nhau la hai duong thdng c6 mot diém
chung. _

Dua vao "diém thuéc dudng thing" (myc 2.3) 1a d& dang nhan biét
duge cac trudng hop dudng thang cét nhau sau day:
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- Hai duong thdng déu khong phdi duomg canh.

Trén hinh 2.14, hai dudng thing a, b cit nhau tai di€ém M.
ViMsa(M,2a, vaM,3a),vaMab(M,>b, vaM, 3 b,).
Ta cé nhan xét trén do thic vé trudng hop nay nhur sau :

Diéu kién d€ hai duong thdng (khong phdi duong canh) cdt nhau la
' giao diém hai hinh chiéu dimg va giao d:em hai hinh chiéu bdng ciing ndm
trén mot duomg déng thdng dimg.

- Mét trong hai diong thdng la duwomg canh.

Trén hinh 2.15, dudng thing d va dudng canh AB ciing cét nhau tai
diém M. |

ViM>d (M, 5d, va M,3d,), va M3 AB Vi (A,BM, = A,B,M,).

>€f<
bl

" Hinh 2.14 Hinh 2.15

2.4.2. HA1 DUSNG THANG SONG SONG

1. Hai dudng thing Khong phai dudng canh

Diéu kién dé hai duo'ng thing (khong phat duong canh) song song la
cdc hinh chiéu dimg ctia chiing song song va cdc hmh chiéu bdngcia
chiing song song.

That vay, gia st trong khong gian ta c6 hai dutmg th.’mg aff/b.

Nhu vay, theo tinh chit clia phép chi€u song song (muc 4 Phin m& ddu).

Khi chiéu lén mat phéng hinh chigu dting, tacé : a, // b,.

Khi chi€u lén mat phing hinh chi€u bang, ta cé : a, // b,.

Nguge lgi: néu trén d6 thic ta ¢6 : a, // b, va a,//b,. Ta phéi chiing
minh trong khong gian a//b (hinh 2.16).

That vy, ta quay mat phang 7* quanh tryc x tSi vi tri w1 .71" Ta goi
0 v Q lin luct 1a mat phéng chi€u dudng thing a va b lén 7', ', thi P
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chifa a; vA vudng gbe v6i 7' ; Q chita b, va vudng géc v6i ' Via, // b, nén
DiQ.
Tuong tu, goi ' va Qlan lugt 12 cdc mat
phing chi¢u a va b lén 7% thi @' chifa a, va
vudng gdéc véi 7t ; va Q chia b, va vuong géc e
véi T Via,// bynén D' I Q. - by

Ban mat phing P, Q,, ' vad Q' cit nhau
theo bén dudmg thing song song. Trong dd —

dudng thang a chinh 12 giao tuyén cha P va 7 5 —
(a =P x ("), va b chinh 1a giao tuyén ciua Q va 2 T
Qb=QxQ). Tudétacd:a//b. Hinh 2.16

2. Hai dudng thang la dudng canh

Diéu kién dé hai duong canh AB va CD song song la, hai ducng thdng -
AC va BD (hodc AD va BC) cdt nhau, hodc song song. .

That vay, dé thdy, hai dudng thing AB va A b,
CD khong thé cdt nhau (vi hinh chiéu ding va
hinh chi€u bang clia ching déu song song), nén
chiing chi c6 thé song song hoic chéo nhau.

Vi viy, néu hai dudng thing AC va BD B €
(hoac AD va BC) cit nhau hodc song song, tic _
12 bon diém A, B, C va D déng phéng, tix d6 hai ' A, D,

dudng thing AB vh CD ciing déng phing, khi
dé ta céd : AB // CD (hinh 2.17).

Con néu, AC va BD (hoic AD va BC)

khong cdt nhau hoic song song, tic 1a bon : B, Cs
diém A, B, C va D khong déng phédng, suy ra
AB va CD chéo nhau. Hinh 2.17

2.4.3. HAI PUONG THANG CHEO NHAU

Ta d3 biét, vi tri tuong d6i gitta hai ducmg thing trong khong gian (trix
truong hop tring nhau) thi chiing chi cé thé thudc mot trong ba truo'ng hop
1a : cét nhau, song song hodc chéo nhau. Vi vy, hai dudng thing, néu
khong cédt nhau va ciing khong song song thi chiing phai chéo nhau. Vay :

Hai ducmg thdng chéo nhau 1a hai duong thdng khéng cdt nhau, va
khong song song.

Hinh 2.18 biéu dién hai dudng thdng ¢, d chéo nhau. Vi hai du’dng
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thing nay khong c6 diém nio chung. Trong dé, hai diém Iva K (I3 c va
'K 3 d) 12 hai diém cdng thuoc dudng thing chifu ding; hai diém M va N
(M 3 c.va N 3 d) 12 hai diém ciing thuéc dudng thang chi€u bing. Hoac goi
d6 12 céc di€ém déng tia (cling thuoc mot tia chigu).
Hinh 2.19a biéu dién dudng thing canh MN va dudng thing d chéo
nhau. Trong d6, diém K thudc dudng théng d, nhung khong thuge dudng
canh MN (Vi dé thdy K, gdn M, hon N, con K, lai gdn N, hon M,).

Hinh 2.19b hai dudng canh AB va CD ciing chéo nhau. Vi hai dutng
thing AD va BC chéo nhau.

C4 ba trirdng hop trén, hai dudng thing di cho déu khéng ¢é dlém nao
chung.

¢ 1

M, g| — ~—— b,

d ' B C
N}\. 'M2 r'l”/l 1
\I | 4z Ce
d,
=Ny
- Fk B D
Hinh2.48 . 2 2
a) b
Hinh 2.19

2.4.4, HAI PUONG THANG VUONG GOC

Vi tri tuong d6i gidfa hai dudng thang, ngoai ba tru’o‘ng hop trén dﬁy,'
con mét trucng hop dic biét 1a hai dudng thang vudng géc.

Dua vao céc diéu kién sau, dé xét xem trén do thifc hai dudng théng cé
vuong géc hay khong?

Néu ta c¢6 hai dtro‘ng thdng ma mdt phang song song véi chiing khéng
vudng géc voi mdt phdng hinh chiéu thi, trong ba diéu kién sau day, néu da
6 hai diéu kién thi ta sé cé diéu kién con lgi :

- Hai duomg thdng trong khong gian vuong géc (cdt nhau hodc chéo nhau ).

- .Cé it nhdt mét trong hai duong thdng dé song song voi mdt phdng
hinh chiéu.

- Hinh chiéu tuong iing ciia hai duong thing dé vuéng goc voi nhau.

Tir ba diéu kién trén day, td hop lai ta s& cé ba trudng hop.

Ta s& chimg minh mét trudng hop. Hai trudng hop con lai ban doc tu
chung minh.
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Vi du : Ta cé hai diéu kién thit nhat va thy hai trén day. Ta phai ching
minh khi dé6 ta s& c6 diéu kién thi ba, ;

Gia stt, trong khong gian ta c6 hai dub‘ng thing a va b vuéng géc, tror.lg"
d6 dudng thang a song song véi mat phing hinh chidu 7. Gm a, va b tuong
tng la cdc hinh chi€u clia a va b 1én mat phing 7.

Ta phai chimg minh a, vudng gdc vii b, (hinh 2.20).

Hinh 2.20

Trudc hét, ta chimg minh v6i a va b cit nhau va vuéng goc.

Tir 46, dé suy ra cho hai dudng thing chéo nhau.
Theo gia thi€t: a // 7T, néntacd a // a,.
Vi day 12 chi®u vuong géc néntacé: 11, La, via//anénI], L a.
Nhu vy, aL (b, 11,). Vi mt phing (b, I I,) ciing chinh 1 mt phing (b, b,).
Mt khdc, via//a, néntacé:a, L (b, b). T dd tacé : a, L b,.

Tix két qua trén, \ing dung vio d6 thic ta c6 :

| Hinh 2.21a [3 d6 thic clia hai dudng théng d, h cét nhau va vuéng géc. Vi
trong dé h 1x dudng bing va hinh chi€y bing clia ching vuéng géc (d, L hy).

c)

Hinh 2.21
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Hinh 2.21b la d6 thic cua hal dudng thing a, f vudng géc. Vi trong d6
f 13 dudng mat, va hinh chi€u dimg a, L f,.

Hinh 2.21c, hai dudng thang b va h chéo nhau va vudng géc. Vih la
dudng bang, vab, L h,.

Vi du : Tim khodng céch tir diém M t6i dudng béng h.

Gidi : Khoang cdch tir M t6i dudng bing h, chinh 14 chiéu dai doan
thing vuong géc ha tir M t6i h (hinh 2.22).

Goi H 1a chan dudng vuéng géc ha tit M t6i dudng bing h, tacé : Vih
12 dudng bang, tic 1a h // 77,, mat khdc, trong khong gian hai dudng thang h
vad MH vuéng géc. Nhu vay dp dung két qua trén ta ¢ hinh chi€u bang cla
chiing phai vuéng géc véi nhau, tdc 1la MyH, L h,.

" Do dé, tir M, ta vach dudng thang M,;H, L h, (H;>hy). Trddtaco Hah,.
" Ding phuong phdp tam gidc vuong dé tim chiéu dai doan thing MH

(muc 2.1.2) ta cé canh huyén M;!H(| cha tam glac vuong M,H,H, chinh 1
khoang cdch can tim. M, H, = MH. .

Hinh 2.22

CAU HOI VA BAI TAP
1. Cho dé thiic cua cic diém A B va C vé cic doan thang sau (hinh
2.23):

- AA’ song song véi mat phang hinh chi€u ding, nghiéng v6i mat
phang hinh chi€u bang mot goc 30", va ¢6 chiéu dai AA' cho trude (ban doc
tr 14y chiéu dai). :

- BB song song véi mat phing hinh chi€u bing, nghiéng vdi mit
phing hinh chigu diing mot géc 45°, va ciing c6 chiéu dai cho trude.
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- CC' song song véi mat phéng hinh chi€u canh, nghiéng véi mat
phéng hinh chi€u bing moét géc 30°, va c6 chiéu dai cho trude.

Al 9
|
[ ]
X
||
Az
B,
Hinh 2.23

2. V& hinh chiéu dimg va hinh chi€u bing ciia dudng thing d. Biét
ring, b6n diém A, B, C va D thudc dudng thing dé (hinh 2.24). '

3. Cho dudng théng 1 (1, 1,). Tim trén dudng thing dé cic diém sau
(hinh 2.25):

- Diém A, c6 hai hinh chi€u d6i xitng v6i nhau qua truc x.
Diém B, ¢6 hai hinh chi€u triing nhau.

Diém C, ¢6 d6 cao g4p doi do xa.

Tim vét ditng va vét bing clia dudmg thing do.

D
A !

G
Hinh 2.24 Hinh 2.25

4. V& dudmg thing di qua diém M, sao cho vét dimg va vét bing ciia
no cach tryc x nhimg doan bing nhau (hinh 2.26).

5. V& hinh chi€u ding ciia dudng thing d, di qua diém A, vA nghiéng
véi mit phang hinh chigu ditng mot gée 30° (hinh 2.27).
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M,

Hinh 2.26

A

| e

Hinh 2.27

6. Qua diém M, v& duomg thing nghiéng v&i mat phing hinh chiéu
ditng mot géc 30°, va nghiéng v6i mat phing hinh chigu bing mot géc 45°

(hinh 2.26).

7. Cho hai dudng canh AB vd CD. Xét xem hni dudmg thing d6 c6

song song v6i nhau khong? (hinh 2.28).

C
A !
DDI |
B_l 3
Ace
B,b | C,
Hinh 2.28
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Chwong ITL. MAT PHANG
3.1. 0O THUC COA MAT PHANG

3.1.1. D& THUC CUA MAT PHANG

Trong khong gian, mot mat phing dugc xdc dinh, khi bi&t mot trong
cdc truong hop sau :

- Ba diém khéng thang hang.

- Mot diém va mot dudng thang khong thuge nhau.
- Hai dudng thing cit nhau.

- Hai dudng thing song song. .

Trén dé thic cling vay, mot mat phing ciing duge xdc dinh, khi biét do
thitc cia mot trong céc truong hop sau :

- D6 thitc cha ba diém khong théng hang (hinh 3.1a).

_ D6 thiic chia mot diém va mot dudng thing khong thugc nhau (hinh
3.1b). '

- Pé thic cha hai dudng thing cit nhau (hinh 3.1¢).
- Pé thic cha hai dudng thing song song (hinh 3.1d).

- Hinh 3.1

Chc mat phing cho trén hinh 3.1, goi 1a cic mat phiing thudng,. Tic 1a
chiing c6 vi tri binh thudng (khong song song va vuong géc) déi véi cic
mat phing hinh chi€u.

3.1.2. VET CUA MAT PHANG

1. Dinh nghia

Vit ciia mat phdng 1a giao tiyén ciia mdit phang voi mdi phdng hink chiéi :
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- Vét dimg ca mdt phdng la giao tuyén ciia mdt phdng véi t'.
.- Vét bdng ciia mdt phdng la giao tuyén ciia mdt phdng voi at’. -
- Vé'tlc.;mh ciia mdt phdng 1a giao tuyén ciia mdt phdng voi w’.
2. Tinh chét | -
* Vét démg ciia mgt phdng (hinh 3.2) :
- Hmh chiéu dimg ciia vét ding mdit phdng triang véi chinh nd.

" Hinh chiéu bdng ctia vét ditng mdt phdng triing véi truc x.

* Vét bdng cita mdt phdng :
- Hinh chiéu bdng ciia vét bdng mdt phdng triing vdi chinh né.
- Hinh chiéu dimg ciia vét bang mdt phdng trang véi truc x.
2
nf
,//‘(\-
"~ ng=p;
o= Yy
* c
oxm
e A
> y
ab . : b)
Hinh 3.2

Nhur vy, hinh chi€u bing clia vét ding n va hinh chiéu dimg clia vét
bing m clia mot mat phéng thi trang nhan (vi ching ciing thuge truc X).

Vét dimg cia mat phing 1 tAp hop vét ding ciia tdt cé céc duong théng
thudc mit phing dé. Do d6, mudn tim vét ding chia mat phing, ta im vét
dimg cha hai dudng thing thuoe mjt phing, réi néi hai vét ding d6 lai, dé
chinh 1a vét diing ciia mat phéng. :

Tuong ty, d6i vi vét bang cia mat-phéng cling vay.

Cén luu ¢ 13, v&t ding va vét bing ciia mot mat phing bao git cling
cét nhau tai mot diém trén truc x. Giao diém 46 1a diém vira thudc v&t dimg,
vira thuéc vét bing clia mat phang,. A

Giao diém 46 c6 thé 13 diém hitu han, hofic di€m vo tan.

Néu giao diém d6 1a diém vo tan, thi vét dimg va vét bang cla mat
phing song song v6i nhau (va cling song song véi tryc x).
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V¢ du : Cho mit phing (a, b), tim cdc v&t clia mat phﬁng ds. -

Gidi : Timy vét dimg N ciia dudng thing a : Ta c6: N, = a2 x X, tir 46
suy ra N; 3 a, (hinh 3.3).

Tuong ty, tim vét diing N' clia dudng thing b N, = b, x x, 1 d6 suy
raN,'sb,.

Dub‘ng thing n6i N, vd N/’ chinh 1a hinh chiéu du’ng n, cia vét ding n
clia mét phing (a, b). Hinh chi¢u dimg n, d6 cét truc x tak dimI=1,=n, x X.

P6 ciing Ia mot diém thudc hinh chiéu bing m, clia vét bing m cua
mat phing (a, b) : '

=1, =m,xx.

Ta chi cdn tim vét bing M cha mot dudmg thing a (hoac b)

Tacé: M, =a,x x, ttdé suy raM, 3 a,. ‘

Dudng thing n6i 1 = [, = I, véi M, chinh 1a hinh chi€u bang m, cia vét
bing m cla mit phéng (a, b). '

Néu vét dimg n cit truc x 3 mot diém ném ngoai pham vi ban V&, thi ta
phai tim wt bing cha dudng thang b nifa.

Hinh 3.3

3.2. CAC MAT PHANG CO VI TRI DAC BIET

Céc mat phing c6 vi tri dac biét, tic 12 cdc mat phing c6 vi tri ddc biét
déi véi cdc mdt phdng hinh chiéu.
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'3.2.1. MAT. PHANG CHIEU

1. Pinh nghia : Md: phang. chxé’u la mgt phdng vuéng goc vai mdt
ph(fng hinh chiéu :

- Mat ph&ng chléu dimg la mgr phang vuéng g6c vdi mdt phcfng hinh
chiéu du'ng a!.

= Mdt phdng chiéu bang 18 mat phdng vudng goc voi mdt phang hinh
chiéu bdng m*,

- Mt phding chiéu canh 12 mdt phdng vuéng géc véi mdt phdng hinh
chiéu canh 70°. ' '

2. Tinh chat
a) Mdt phdng chiéu dimg (hinh 3.4)

- Hinh chiéu dung ciia mdt phdng chiéu dimg la mér duong thdng
(triing vai vét ditng cua mdt phang) vd nglrac fai. Tiec la badt ky mgt phdng
ndo ¢é hinh chiéu dtrng Ia mot dub‘ng thdng thi né la mdt phdng chiéu
ditng. Con vét bdng ciia mdt phdng d6 Ia mét duong rh_cf_ng vuong goc voi

truc x. ' '

Mat phdng chiéu ditng dugc hoan toan xdc dinh, khi biét hinh chiéu
ditng cila nd.

- Goc gma hinh chiéu ditng cita mdt phdng dé véi truc x, chinh la géc
gidta mdt phdng d6 véi mét phdng hinh chiéu bang 7.

Day chinh 13 mét géc phing cua g6c nhi dién, xac dmh bdi mat phang
dé6 va mit phang hinh chiéu bing e,

_ - Néu c6 mot hinh thudc mdt phang chiéu d:.rng, thi hinh chiéu d:mg
‘cila hmh dé phai thuge hmh chtéu dung ciia mdt phdng dé.

Hinh 3.4
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Trén hinh 3.4, tam gisc ABC thu¢c mét phing 7 nén hinh chi€u ding
A B,CaP, S o
b) Mat phdng chiéu bdng (hinh 3.5) -
- Hinh chiéit bdng ciia mdt phdng chiéu bdng la mor duong thing
(tring véi vét béng ciia mdt phdng dd), va nguoe lai. Tiic la bdt ky mdt
phdng nao cé hinh chiéu bdng la mét dudng thdng thi né la mdt phdng
“chiéu bdng. Con vét ditng ciia met phdng d6 la mor duong thdng vuéng géc
VOl truc x. ‘ ' o

Mgt phdng chiéu bing dwge hoan todn xdc dinh khi biét hinh chiéu
~ bdng ciia né. . ‘ _

- Géc giita hinh chiéu bdng ciia mdt phdng chiéu bdng véi truc x,
chinh la gbc gifta mdt phdng dé voi mgt phdng hink chiéu dimg 70 !

Day chinh 1a mot g6c phing cla géc nhi dien, x4c dinh bdi mat phéng
d6 vi mat phing hinh chiu dimg 7', '

- Néu c6 mot hinh thuéc mdt phdng chiéu bdng, thi hinh chiéu bing
cila hinh dé phdi thudc hinh chiéu bdng ciia mdt phdng dé.

Trén hinh 3.5, tam gidc ABC thudc mat phéng chi€u bang.

_@

N ¢,
< iy
T 5
B;
my= Q2 AQ\
. Cz\m:?EQz
a) b}
Hinh 3.5 |

c) Mt phdng chiéu canh (hinh 3.6). |

- Vét dimg va vét bdng cila mat phdng chiéu canh la cdc diong thdng
song song voi truc x ; va nguoc lgi. Titc la bat Ky mdt phdng nao, cé vét
ditng va vét bdng song song voi truc x thi nd 1a mdt phdng chiéu canh. Con
hinh chiéu canh ciia né la mot diong thdng.
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- Gée giita hinh ch:éu canh ctia né voi fruc z, ‘chinh la goc gitta mdt
phang dé véi-mdt phdng Jt', con géc giika hinh chiéu canh cua mdt phdng
dé véi truc y (=x), chinh la géc gifta mdt phdng dé véi T2,

- Néu cé mét hinh thudc mdt phdng chiéu canh, thi hinh chiéu canh
ciia hinh dé phdi thuoc hinh chiéu canh cia mdt phdng dé.
~ Trén hinh 3.6, tam gidc ABC thudc mit phang chi€u canh R.

m=n z
n A
=1 AI A\?
Ay )
A | Ag
B ' ! \ Py=R3
mp=ng B T\ B3
-x i _k
CA\NC
BE " N 3
7 b
\_ mMg=Mm
mas=m X y(zz)
a) - b)

‘Hinh 3.6

3.2.2. MAT PHANG DONG MUC
1. Dinh nghia

Mt phdng dong mitc la mdt phang song song vol mdgt phdng hinh
ch:eu

- Mat phang mat la mdt pkang song song v mdt phdng hinh chiéu
dimgm’. - - S , v

- Mat pkang bdng la mdt phang song song vt mat phang hinh chiéu
bdng 7’

- Mt phang canh la mdt phdng song song Vol mat phcfng hinh chiéu
canh@’.

2. Tinh ch_fit
a) Mdt phdng mdt (hinh 3.7)

- Hinh chiéu bdng ctia mdt phdng mdt la mot dlrang thdng song song
VOI Iryc X | va ngugc lai. Titc la, bat ky-mdt phdng ndo, ¢é hinh chiéu bdng
la mot ditomg thdng song song vdi truc x, thi né la mdt phdng mdt.
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- Néu cé mot hinh thudc mat phdng mét, thi hinh chiéi d:mg ctia né
bdng chinh hinh 46. Trén hinh 3.7, tam gidc ABC thudc mat phing mat, nén
A AB,C, =A ABC.

- Mt phdng mat visa la mdt phdng chiéu bdng, vita la mdt phdng
chiéu canh.

Vi mat phiing mat vixa vuéng géc véi mat phing hinh chi€u bing 7°,
vira vuéng géc v6i mat phaag hinh chi€u canh 7°.

Ay

Cy

a - b
' Hinh3.7

b) Mdt phdng bdng (hinh 3.8)

- Hinh chiéu dimg ciia mdt phdng bdng la mét duong thdng song song
vdi tric x, va nguoc lai.

' B; Ay Cy
By A ¢ l
NIV .
: 4
B
&N
By
Cz
B, 2
a) b}

Hinh 3.8



- Néu c6é mét hinh thudc mdt phdng b&hg, thi hinh chiéu bang ciia né
_bdng chinh hinh dé. Tren hinh 3.8, AABC ciing thudoc mat phing biang nén
A A,B,C, = AABC.

- Mdt phdng bdng vita la mdt phdng chiéu dimg, vica la mdt phdng
chiéu canh.

- Vi mit phang d6 vira vubng goc v6i mat phing 7z ' vira vudng géc véi
mit phﬁng al,

¢) Mdt phdng canh (hinh 3.9)

- Hinh chiéu dimg va hinh chiéu bdng ciia mdt phdng canh 1d hai
duimg thdng triing nhau va vudng géc vdi truc x, va ngioc lai.

- Néu c6 mot hinh thuéc mdt phdng canh, thi hinh chiéu canh ciia hinh
dé bdng chinh hinh dé. Trén hinh 3.9 tam gidc ABC thu6c mat phang canh,
nén AA,B,C, = AABC.

- Mdt phdng canh vita la mdr phdrg chiéu dimg, vita la mdt phdng
chiéu bdng. _

A— | Az
Ag B
Bl |
A 1
B:M —1B3
x CI*\_ | G y
¢ ~ By
J. AL
B) | Ag
AE C 03 Cz— —
Ce y
a) : : b)

Hinh 3.9

3.3. PUGNG THANG VA DIEM THUOC MAT PHANG

3.3.1. PUONG THANG THUOC MAT PHANG

Mot dwong thdng thuéc mat phdng la duong thdng phdi ¢6 hai diém
thudc mdt phdng. .
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Hai diém d6 cé thé 1a hai diém hitu han, hoac mot diém hitu han va
mot diém vo tan. '

Ta ¢6 thé phat biéu diéu kién d6 nhu sau :
 Diéu kién dé mot duong thdng thude mdt phdng 1a :
- Duong thing phdi c6 hai diém thugc mdr phdng.
Hoic 13 : Dudmg thdng c6 mét diém thudc mat phdng va song song vdi

mot diong thdng khdc ciia mdt phdng dé. Tic 1 dudng thang c6 mot diém
hitu han va mot diém vo tan thugc mat phing.

Vi du, hinh 3.10a, dudng thing d thuoc mat phing 9(a, b) vi d c¢6 hai
diém A va B thudc mat phang #(a, b). Trongd6 Asava B> b.

'Hinh 3.10b, dudng thing 1 thuoe mat phing ®(c, d) vi dudng thing |
c6 mot diém M thude mit phing ®@(c, d) va1//d. Trong d6 M > c.

al) b}

Hinh 3.10°

Vi du : Tim hinh chi€u bing clia dudng thang 1. Biét hinh chiéu ding
cha ], va | thudc mat phéng (a, b).

Gidi. Vi duimg thing | thuoc mat phang (a, b) nén | cit duong thing a
tai diém A, (A, = a, x 1) v | ciing cit dudng thing b tai di€m B (B, = bx 1,
Theo diéu kién diém thudc dudng thdng (muc 2.3.1) tir cdc hinh chi€u ding
A, va B, ta tim dugc céc hinh chiéu bing A, va B,. Dudng thing A, B,
chinh 13 hinh chiéu bing 1, cia dudng thang 1 (hinh 3.11).
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3.3.2. DIEM THUOC MAT PHANG

Ta d4 biét, diéu kién dé mét diém
thuéc mot duong thdng (muc 2.3.1),
vA diéu kién dé duomg thdng thujc
mdt phdng (muc 3.3.1).

Két hop ca hai trudng hop trén,
ta c¢6 diéu kién dé mot dlém thude
mit phéng nhu sau :

Diéu kién dé mot diém thudc mot
mdt phdng 1a diém dé phdi thuéc mot
ditong thdng ciia mdt phdng.

Trén hinh 3.12, diém M thudc
mat phing (a, b) vi diém M thudc Hinh 3.11
dudng thing a cha mét phang d6.

Vi du. Tim hinh chi€u dimg K, ciia diém K. Biét raing K thu¢c mat
phing (M, d), va biét hinh chi€u bing K, cia né.

Gidi. Qua diém K thuoc mat phing (M, d), ta vach mot duong thing
bat k¥, vi du dé 1a duong thing 1 di qua diém M. Nhu vay, 1, phdi di qua
M,. Dubdng thﬁng 1 cét dudng thing d tai diém [ (1, = d, x L) (hmh 3.13).

d
M;
i
Hi 4 K H
Mg \ d2
-\l az M,
. I2
\ Iz
Kg )

Hinh 3.12 Hinh 3.13

 Diém K thudc dudng thing 1, tir d6, theo diéu kién diém thudc dudng
thing, ta tim dugc hinh chiéu ding K, (K, 31).

3.3.3. CAC DUSNG THANG CO VI TRf DAC BIET THUOC MAT PHANG
Trong muc 2.2, ta d3 xét cic dudng thing c6 vi tri dac bigt. Trong
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phén ndy, ta lai xét cic dudng thing c6 vi trf dic biet d6 (c6 thém vai
dudng khic), cdi khac & day la céc dudng thiing dic biét nhung thudc mor-
mdt phdng. | '

1. Pudng mat thue mét phing

Duong mdt thuc mat phdng la duong thdng thudc mdt phdng va song
song véi mdt phdng hinh chiéu dimg 7",

Tst nhién né ¢6 cic tinh chat cha dudng mat & muc 2.2.

. Ngoai ra, ciin lwu ¥ : trong méi mit phing c6 vo s6 dudng mat; va tét
ca cac dudbng mat d6 déu song song vdi nhau, va song song v&i vét ding
ctia mat phiing dé. Chinh vét dimg clia mat phing ciing 12 mot dudng mit
clia mat phing, Dudng mat ndy c6 4o xa bing khong, nén hinh chi€u bing
clia n6 thuoc tric x. Ta ¢6 dudng mat f cha mit phing (m, n) (hinh 3.14).

Hinh 3.14

2. Puong biing thudc mat phéing

Dudng bdng thuéc mdt phdng la duong thdng thuéc mdt phdng va
song song v6i mdt phdng 77 °.

Tuong tu dudng mét thudc mat phing, trong méi mat phang ciing c6 vo
s6 dudng bing, va tdt ca cdc dudng bang dé déu song song vdi nhau, va
song song v&i vét bing clia mat phing. Chinh vét bing ciia mat phing cling
12 mot dudng bing, nhimg dudng béng ndy c6 do cao bang khong, nén hinh
chitu ding ciia né thuéc truc X. Trén hinh 3.15 ta ¢6 dudng bing h thudc
mat phing (m, n).

T4t nhién cing cé dudng canh thugc mat phing nifa. Ban doc ty xét 1dy.
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a) b}
Hinh 3.15

3. Dudmg ddc nhat déi véi mat phing hinh chiéu thuée mat phing

Trude hét, ta chitng minh mot ménh dé sau : -

Hai mdt phdng @ va @ c6 giao tuyén lo duomg thdng g, thi trong tdt cd
cdc d:ré'ng rhang thudc mdt phang D, (hodc &) thi dwong thing vuong géc
voi giao tuyén g la dieong thing c6 géc nghiéng lon nhdt dé6i véi mdt phcfng

2 (hodc D).
That vay, gid str ta c6 hai mat phing 72 va Q,, cét nhau theo giao tuyén
g (hinh 3.16a).

- Qua di€ém M thudc mit phing 2 ta vach mét dudmg thing d vuéng géc
v6i giao tuyén g, va d cét g tai diém H. Goi M, 12 hinh chiéu ctia M trén
mit phing 2 Nhu vdy, dudng thing M,H 13 hinh chigu cia dudng thing d
trén mat phing 2; va génc—l\TIi--IHl 1a géc nghiéng cha dudng thang d véi mit

- phing £ . Ta phéi chitng minh d6 12 géc nghiéng 16n nhat cha tat ca cic

dudng thing thuéc mat phdng 2 d6i véi mat phing £ .

Qua diém M thu¢c mat phang 2 ta vach mot dudng thing d bat ky, d'
caf giao tuyén g tai diém K. Nhu vay, dudng thing M,K Ia hinh chiéu chia
dudng thang d' trén mat phing @ va gé»c‘dl\--/flﬂzf\ﬁflﬁl la géc nghiéng cia dudng
thang d’ v6i mat phing 2 .

Ta xoay tam giﬁc MM,K quanh dutng th'flng. MM, dé cMiEmg
thingM,K = M H. Vi MK dai hon M,H. Tir hinh 3.16b ta c6 géc MHM, Ia

-gbc ngoai clia tam gidc MKH, nén :'ﬁﬁﬁ =m, +m.
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._--“'“"-.. ——
‘Diéu d6 ching td géc MHM, > MKM,. D6 12 diéu phai chimg minh.
Pubng thing d ¢é géc nghiéng 16n hon dudng thing d', thi d¢ déc cha
dudmg thing d ciing 16n hon d¢ déc cha dudng thing d' d6i v&i mat phing
Q. (Do doc cha dudng thing 12 tang cba gbc nghiéng chia dudng thang 46
d&i v&i mot mat phing).

b

Hinh 3.16

a) Dudng déc nhdt d6i véi mdt phing hinh chiéu ding thude mdt phdng

% Dink nghia. Duong dc nhdt d6i véi mdt phdng hink chiéu ding
thugc mdt phdng la duong thdng thugc mdt phdng va cé géc nghiéng (do
dée) lom nhdt d6i voi mat phdng 7T .

* Tinh chdt ; |

_Hinh chiéu dimg cila ddndvmfhed thugc mdt phdng thi vuong géc
v6i hinh chiéu dimg ciia dudng mét (hodc vét ditng) ciia mdt phdng dé.

That vay, goi d 1 ddndvmfhed. Tir ménh d€ trén, goi d 12 dudng thang
thuoc mit phing da cho, vi d 1a dudng thing thudc mat phing ma cé géc
nghiéng 16n nhat d6i véi mat phing hinh chi€u ding, nénd L n (n 1a vét
ding clia mat phing). Theo tinh chét vé hinh chi€u cta hai dudng théng
vuong goéc (muc 2.4.4),tacé:d, L n,=n (hinh 3.17).

. Géc ciia ddndvmfhed véi mdt phdng 77 ', bang gbc ctia mdt phdng
chita né (va nhan né lam ddndvmfhed) voi mét phdng 7t .

Vi géc cha dudng doc nhdt d6 véi hinh chiéu ding cla nd, chinh la
mot goc phéng chia géc nhi dién, tao boi mat phing chita né véi mat phing
7' (Vidudng d6c nhatd Ln,vad, Ln).

50



Dua vao tinh chét nay, ta ¢é thé ing d{mg né dé tim géc nghiéng cua
mot mat phdng voi mit phing 7 1.

Hinh347

b) Puong déc nhdt doi véi mdt phdng hinh chiéu. bing thudc mat
phing
* Dinh nghia : Ddndvmfhch thugc mdt phdng, la diong théng thuéc

mdt phdng va cé géc nghiéng (dé doc) Ion nhar doi véi mdt phdng hinh
chiéu bang Jr °. .

* Tinh chdt :

- Hinh chiéu bang cua d’dnddvmfhcb thude mdt phdang la duong thing

vudng géc vcrt hinh chiéu bang cia dyd’ng bang (hodc vér bdng) ciia mdt
phdng dé. -

Chimg minh tuong ty dﬂn dvr_nfhcd

Géc cua ddndvmfhcb Vo mdt phang .72' tht bang géc ctia mdt phdng
chita né (va nhdn né lam ddndvmfhcb) voi mdt phdng 7z 2.

Cich ching minh céc tinh ctist ndy twong ty ddndvmfhed 7.
Trén hinh 3.18, ta ¢6 d 13 dudng d6c nhat d61. v6i mat phang hinh chigu

bang cua mat phang (m, n)
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a) b
Hinh 3.18

Vi du ; Cho mat phiing (a, b). Tim géc nghiéng ciia mat phing dé d6i
v6i mat phing hinh chi€u ding 7z . _
- Gidi : Ta vé mot ddndvmfhed cha mit phing d6. Mu6n vay, truéc hét

~ta v mot duong mat AB cia mat phéng d6, sau d6 ta vé ddndvmthed 12
dudng thing d thuoc mat phing d6 (hinh 3.19).

- Hinh 3.19

Pudmg déc nhat d di qua giao diém I va cit dudng mat AB tai diém H.
(d c6 hinh chiéu ding d,L f,). Sau d6, 4p dung phuong phdp tam giic vudng
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(muc 2.1.2) d€ tim gdc nghiéng clia dudng thing [H (thudc dudng déc nhit
d d6) v6i mit phing hinh chi€u dimg. Géc ctia dudmg déc nhat d6 véi mat
phing 7z ' ciing 12 goc nghléng cdn tim ciia mat phing da cho véi 7z *. Trén
hinh v& d6 1a géc H,1H,.

Ta ciing c6 thé ing dung tinh chét cda ddndvmfheb 7 ? dé tim géc
nghiéng clia mot mat phang d6i véi mat phing hinh chi€u bang 77 2.

3.4. VI TRI TUONG DOl HAI MAT PHANG

3.4.1. Hai mdt phdng song song

Trong khéng gian, diéu kién dé hai mdt phdng song song la, trong mdit
phdng nay cé hai duong thdng cdt nhau titong tmg doi mot song song vdi
hai diong thdng cdt nhau trong mdt phdng kia.

Trén d4 thirc, diéu kién dé hai mat phang song song ciing nhu vay.

Trén hinh 3.20, hai mat phing-: P(a, b) // Q(c d). Via/ffc(a, /fc, va
a,/fc));vab//d(b, //d, vab,//d,).

Hinh 3.20 - -

Vi du : Qua di€m I, dyng mat phing song song véi mit phing (M, a).

Gidi. Qua diém M ta vach du’Emg thing MK (hoic duo‘ng thing b)
cha mit phang (M, a). Sau dé, qua diém I ta vach hai dudng thang : d // a
(d, //a, vad, //a)) vac // b (c, //b, vA ¢, // b,). Nhu viy, mat phing x4c dinh
b&i hat dudng thang c¢ vi d chinh 1a mat phﬁng cin tim {(c, d) // P(a, b)

(hinh 3.21).
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3.4.2. HAIMAT PHANG CAT NHAU
N6i dung chinh ctia phin nay la
tim giao tuyé&n cGa hai mat phéng.

Ta s& xét timg trudng hop, tir dé
dén khé.

1. Mot trong hai mat phing
da cho 13 mat phiang chiéu

Truong hop ci hai mat phing
déu 12 mat phiang chi€u thi don gidn
hon, nén ban doc tu tim hiéu.

Néu mot trong hai mdt phdng
1a mat phdng chiéu, thi ta dé biét

Hinh 3.21

ngay mot hinh chiéu ctia giao tuyén, img dung diéu kién dtrcrng thdng thuoc
mdt phdng, dé tim hinh chiéu con lgi ciia giao tuyén dé.

Vi du: Tim giao tuyén clia mat phéng
chiéu ditng Q véi mat phang 7Xa, b).

Gidi. Goi g 1a giao tuyén giita hai mat
phang dd cho : g = Q x P(a, b)

Nhu vay, tacé: g > 2 va g3 P(a, b)

Vig>Qnéntacéngay g, =Q,

Ciing vi g > ?(a, b) nén g cét cic
duong thing a vd b tuong Ung tai cdc
diém A va B, tlr d6 ta tim duge hinh chigu
bing cla g 1a g, (chinh 13 dudng thing
A,B,) (hinh 3.22).

Pudng thing g d6 chinh 13 giao tuyén
cin tim ciia hai mat phing di cho.

Hinh 3.22

Truofng hop nay tuy don gian, nhung 13 truomg hgp rdt co ban. No s€

dugc tng dung cho cdc trudng hop phic tap sau nay.

2. Ca hai mit phing déu khong phai mat phéng chiéu
PE tim giao tuyén gifta hai mat phing trong" trudng hgp ndy, ta phai

diing mdt phdng cdt phy tro.

Mat phang ciit phu trg 12 mot trong nhitng noi dung rat quan trong cla

mon hinh hoc hoa hinh.
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Noi dung cia phuong phdp dé nhu sau.
Phuong phdp mdt phdng cdt phu tro
- Gia sir, ta cén tim giao tuyén cla hai mat phéng 7 va Q.
Ta phai diing mat phing cit phu trg; cic bude ti€n hanh nhu sau (hinh
3.23): ' ' '
- Dung mot mat phing o (doc 12 xich ma) bdt k¥ (o 12 mat phéang cat
phuy trg), o thudng chon la mat phang chidu.
~-"Tim céic giao tuyén cllac véi pvaQ :

g=cxP |
g=0oxQ, '\II/’

- Tim giao diém ctia hai giao tuyén g E N e
vag:l=gxg. 6 _\' -

Nhu vay, I 13 mot diém thudc giao - / o K
tuyén clia hai mit phing da cho. :

Tuong ty, ding mot mat phing phy b_,_/—’_‘L\A_/'\
trg thit hai, ta s& tim dugc mot diém thit hai :

K thudc giao tuyén cdn tim. Va dudng
thing A néi cic giao diém I va K chinh 14 Hinh 3.23
giao tuy&n clia hai mat phing da cho.
Vi du I ;: Tim giao tuyén clia hai mat phing 4 (a, b} vd B(c, d).
" Gidi : Ta diing mat phang cét phu trg. Cdc budc ti€én hanh nhu sau :
- Dumg mat phing phu trg o . Ta chon o 12 mat phdng chiéu ding (o c6
hinh chi&u ding 13 ¢,).
- Tini cdc giao tuyén ctia mat phing o véi timg mat phang 4 va @,
Vi mét trong hai mat phing 1a mat phing chiéu, nén ta ¢6 :
 g=oxot _
| g=0x3
-Tim giao diémclagvag :1=gx g\ |
Tuong tir, ding mat phing phu.trg thit hai ', cling 13 mat phéng chigu
dimg. _
DE don gian khi V&, ta chon o' song song véi o . (Néntacé: ¢, // o).
Cic budc tién hanh tuong ty trén. '

Cin lwu ¥ 13, vi ¢' // o nén cdc giao tuyén phu g" // g, va g"/f g
(hinh 3.24).
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Vi giao diém cla g"va g A K =g" x g"".

Cuéi ciing, dudng thing A n6i hai giao diém I, K chinh la giao tuyén
clia hai mat phéng da cho. ' o

. A,
@
/ ) / y&‘
5; K,f6, GE=E81=81 -
Jf/l 21/

31% ' [\G.-Egﬁgi_
CHAA R

Hinh 3.24

Khi dung céc mat phing phy trg, ta cé thé chon cdc mat phéng d6 chita
cdc dudng thing thudc cdc mat phéng da cho. Nhu vay sé bét dugc mot s6
dudng vé. | - o

 Trong trudng hop nay, cdn ¢6 trudng hop cd hai mdt phdng déu cho
béng vét, ma cé cdc cdp vét ciung tén cdt nhau trong pham vi bdn vé. Nén
viéc tim giao tuyén hai mat phing ciing khd don gién. Hai vét dimg cit
nhau (vi cling thuéc mét phing 7 '), hai vét bang ciing cit nhau (vi ciing
thuéc mat phing 7z ?). Nhu viy, giao tuyén hai mat phang dé chinh la
dudmg thing néi hai giao diém dé.

Vi du 2 : Tim giao tuy&n mat phéng (m, n) va mét phéng (m’, n').

Gidi : Vi hai vét dilng n va n' cling thuge mat phing .7, nén chiing cit
nhau tai diém : N=nxn'. (N=N, trdétac6 N, 3 x).

Hai vét bing m v m' ciing cing thuoc mét phang /7 2 nén cling cit
nhau tai diém: M =mxm' (M, =M, rdd ta c6 M, 3 X). '

Dudmg thing ndi hai giao di€ém M, N chinh 1a giao tuyén hai mat
phéing da cho (hinh 3. 25). '
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Hinh 3.25

3.5. V| TRi TUONG 001 GIUA DUGNG THANG VA MAT PHANG

3.5.1. DUONG THANG VA MAT PHANG SONG SONG
Trong khéng gian, diéu kién dé mét dudng thdng song song véi mot
mdt phdng la diudng thidng dé song song véi (it nhdt) mot duomg thdng clia

mdit phdng dé.

Ta van dung didu kién d6 vao dé thitc.

Vi du 1: Cho hinh chiéu bang d, ciia dudmg thing d di qua diém M. V&
- hinh chi€u ding ctia dudng thang d6. Biét ring, dudng thing d song song

vdi mit phing (A, a).

Gidi ; Pudng thing d muén
song song v&i mit phing (A, a) thid
phdi song song v6i it nhit mot
dudng thing thudc mat phing (A, a).
Ta vé mét dudng thing thudc mat
phing (A, a) va song song véi dudng
thing d. D6 12 dudmg théng b // d; va
b di qua A.

Nhu vay, b, phai di qua A, va
b, // d, (hinh 3.26).

Pudng thang b thudc mit phéng
(A, a), nén b cit a tai diém K, ta tim
duoc hinh chi€u ding b,. Qua diém
M, v& dudng thing d, // b,.

d; K

M
; & as

Hinh 3.2¢
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Nhu vay, dudng théng d song'sor;g véi dudmg thing b (dy/ b, va d)fi b))
thuoc mit phing (A, a) nén dufmg‘_ thdng d song song vdi mat phiing
(A, a). ' :

Vi du 2 : Cho dudmg thérig d va mat phing (a, b). Hoi duong théng d
¢6 song song v6i mat phing (a, b) khong?

Gidi : Néu dudng thing d song song v6i mat phing (a, b), thi d phai
song song vdi it nhat mot dudng thing thuoc mat phang (a, b).

Ta vach mot dudng thing ¢ thuoc mat phang (a, b), va dudng thang ¢
¢4 hinh chi€u dimg ¢, // d,. Hai kha ning Xxayra:

_ Néu hinh chiu bang c,//d, thi dudng thang c//d. Khi d6, duong
théng d song song vdi mat phang (a, b). |

— Né&u hinh chigu bang ¢, khéng song song vdi d,, tic 12 dudng thing ¢
khéng song song vdi dudng thng d. Ciing tifc 13 dudng thing d khong song
song véi mat phéng (a, b).

Trén hinh 3.27, ta théy c, va d, khong song song. Vay, dudng thing d,
khong song song v&i mat phing (a, b).

/3.5.2. DUONG TBANG VA MAT
PHANG CAT NHAU ,
iajp 1

© Noi dung chinh cita phin nay 12 B,
fim giao diém cta dudng thing va Ap
mit phang.

dy

Ta ciing xét céc trudng hgp t
dé dén kho.

1. Duong thing da cho la
dudng thing chi¢u

Néu duong thing dd cho la
dwong thdng chiéu thi ta dé biét
ngay mof hink chién ciia giao diém, .
img dung diéu kién diém thugc mdt phdng (3.3.2), dé tim hinh chiéu con lai
ciia giao diém do. '

Hinh 3.27

2

Vi du : Tim giao diém cha dudng thang chi€u dimg d véi mat phing -
(a, b). ’

Gidi : Goi K 1a giao diém clia dudng thing d va mat phing (a, b). Ny
vay, vi K cling la mot diém chia dudng thing d néntacd K, =4d,. vaK ciing
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la mét diém cha mat phéng (a, b), nén tng dung diéu ki¢n diém thudc mat
phing, ta tim dugc hinh chigu bing K, (hinh 3.28).

Muén vay, qua K thudc mat phing
(a, b) ta vach mot dudng thing c. Puimg
thang c cit a tai diém 1, va cit b tai diém
2. Vi K thugc ¢ nén ¢6 hinh chi¢u ding
K, € ¢, ta tim dugc hinh chiéu bing -
K, > 'c2.

Con hai trudng hop khéc 1a :

- Ducmg thing 1a duo‘ng théng

chi€u, va mat phdng ciing 12 mit phing
chiéu,

- Dubdng thang khéng phai duong
thang chi€u, v mit phing 14 mat phing
chiéu.

Hai truo’ng hop nay don gldn hon, Hinh 3.28
ban doc ty giai.

2. Trudng hop tSng quat

Trudng hop ndy, dudng thing khong phai dudng thing chiéu, vi mat
phing ciing khéng phii mat phing chiéu,

Dé tim giao diém cha dudng thing vA mat phéing trong trudng hop ndy,
ta phai ding mat phing phu trg.

Pkmmg phdp mdt phdng cdt phu tro :

Gia si, ta cAn tim giao diém cia duding thing d va mat phing .

Céc bude tién hanh nhu sau (hinh 3.29) :

- Dyng mat phéng phl,i trg ¢ chita
dudmg thing d (thu#ing chon mat phing ¢ .
13 mat phéng chi€u).

- Tim giao tuyén cia mat phing o va
mat phing P : g = ¢ x P.

- Tim giao diém ciia dudng thing d va
giaotuyéng: K=d x g,

. . . a | .29
Diém K d6 chinh 1 giao diém cia Hinh 3
dudng thdng d va mat phing p.

Vidy 1 : Tim giao di€ém dudng théng d va mat phﬁng (m, n) cho bang vét.
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" Gidi : Ta ddng mat phing phy tro 12 mat phing chiéu bing o chita
dutmg thing d. |

Nhur vay, ta co : ¢, =d,.

Goi g 1a giao tuyén cla o va (m, n) thi tacd:g,=0,=d,.

Vi g 3 (m, n) nén g cit vét ding n & diém 1, va cét vét bing m & diém 2.

Hinh chi€u déng 1,2, chinh 13 g,. Do d6, goi K 12 giao di€m cfia
dudmg thing d va mat phing (m, n) thi : K, = g, x d,. Tir d6 ta tim dugc
K, 3 g, (hinh 3.30). ‘

Vi du 2 : Tim giao diém dudmg thing d va mit phing Q(a, b).

Gidi : Dung mit phing phu trg 12 mit phang chi€u diing o chita dudng

thing d. Nhu vay, hinh chi€u ditmg clia mat phing o 13 dudng thing o, =d,
(hinh 3.31).

Goi g 12 giao tuyén cia 6 va Q(a, b) thitacé: g, =0, =d,.

Hinh 3.30

Hinh 3.31

Nhu viy, g cling’1a dudng thing thudc mat phing Q(a, b), nén g cat a
tai diém 1. (1, = g,;x a,), tir d6 ta c6 1,3 a,, g cht b tai di€m 2 (2, = g, x by),
trdétacd 2,3 b, o
| Do vay, ta tim dugc hinh chi€u bing g, cia dudng thang g 13 dudng
thing 1,2,. -

Giao diém K ctia g va d chinh 1 giao diém cdn tim. Ma K, = g,x d,.

T K, ta d& tim duoc hinh chiéu ding K, 3d,.
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3.5.3. XET THAY VA KHUAT TREN CAC HINH CHIEU
D€ giiip vi¢c twdng tuong cdc hinh trong tng trong khong gian dugc
- d& dang hon, ta coi cic mat nhy nhiig t4m kinh md. Do dd, nhitlng mit &
phia trudc s& che khuft nhiing hinh & phia sau né. _
Vi huéng chi€u (huéng nhin) 1én cdc mat phing hinh chi€u khic nhau,
nén viéc xét thdy va khuat trén céc hinh chi€u ciing khédc nhau.

1. Xét thdy va khudt trén hinh chiéu ding

Néu ta c6 hai diém cing thugc mor duomg thdng chiéu dimg, ta quy
wéc diém nao cé dé xa lom hon, thi hinh chiéu ditng ctia né sé thdy, va hinh
chiéu ditg ciia diém con lai sé khuds. .

Trén hinh 3.32, hai diém A va B cling thuoc dudmg thing chigu dimg
(A, = B,), nhung vi di€ém A ¢6 d6 xa 16n hon diém B, nén hinh chiéu diing
A, thdy, con B, khuat,

2. Xét thay va khudt trén hinh chiéu bang . _

Néu ¢6 hai diém cing thuc mot duong thdng chiéu bing, ta quy uwdc,
diém nado cé d¢ cao Ién hom, thi hink chiéu béng ciia né sé thdy, va hinh
chiéu bang ciia diém con lai sé khudt.

Trén hinh 3.33, hai di¢m C va D clng thuéc dutng thing ehi€u bing
(C,=D,), vi di€m C c6 do cao 16n hon di€m D, nén C, thdy, cdn D, khuat.

® A,=R, 14}
* B, DI
. Ay
1 02ED2

Hinh 3.32 Hinh 3.33

Dya vao quy udc trén, ta xét thfy va khuit cho dudng thing d va mat
phéng Q(a, b) trén hinh 3.31.

Trude hét, ta c6 nhan xét sau : Mat phéng Q(a, b) cit dudng thing d
tai diém K. Nhu vay, diém K chia dudng thing d 1dm hai nita; trén méi
hinh chi€u, dudng thing d’sé c6 mot nita thdy va mot nira bj mat phing
Q(a, b) che khuat. Do d6, khi xét thdy va khu4t trén mai hinh chi€u, ta chi
cin xét mot trong hai nita d6. Néu nita ta xét 13 thay, thi duong nhién, nira
con lai s& khudt, va ngugc lai. Trong méi nira d6 ta ciing chi cén 14y mot
di€m dai dién. '
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Néu diém dai dién d6 thdy, thi c nira dudng thing d6 thay; néu diém
dai dién d6 khudt, thi ca nira dudng thing d6 khust.

Trude hét ta xét thdy, khudt trén hinh chi€u ding : Ta 1afy hai diém 1 va
3 cling thudc dudng thang chiéu dirag (1 = 3), trong dé I>ava33d.Ta
thdy 1 c6 d6 xa 16n hon 3, nén 1, thdy va 3, khuat. Vay, Rinh chiéu ding
ctia nita dudng thing d chua diém 3 khudt, va dirong nhién nira con lai thdy.

Tuong tu, ta xgt’ trén hinh chléu bang Ta lay hai diém 4 va 5 cling
thugce dudng th;mg chi€l bing (4, = 5,), trong d6 4 5d vi 55 a. Ta thdy' S
cé do cagddn hon 4, nén 5, thdy, va 4, khuit. Va nhu vay, hinh chiéu bang
clia nita dudng thing d ¢6 chita di€ém 4 khuat, va nira con lai se_thay

" Tuong tw, ban doc c6 thé xét cho hinh 3.30, la giao diém clia dudng
thing d va mt phﬁng (m, n).

3.5.4. DUONG THANG VA MAT PHANG VUONG GOC

Trong khong gian, diéu kién dé duomg thdng vudng géc véi mdt phang
la, duong rhang dé pha: vudng géc voi hai duomg thdng cdt nhau ciia mdr
phdng.

Tir didu kién d6é va diéu kién d€ hai dudng thing vuéng géc (muc
2.4.4), ta ¢6 diéu kién trén dé thirc dé dudng thing vuong géc v6i miit
phang nhu sau : '

Ta xét trudng hop miat phing khong phdi miat pbéng.chi€u canh.
Trudng hop mit phing 13 mat phing chigu canh (ma lai khong cho hinh
chiéu canh) c6 phic tap hon, ban doc ty nghién cifu, hodc s& dé cip dén
trong bai tap).

Diéu kién dé duwomg thdng vudng géc véi mdt phang (khong phdi mdt
phdng chiéu canh) la, hinh chiéu ditng cua dwong thdng vudng goc vdi hinh
. chiéu ditng ctia duong mdt (hodc vét ditng) clia mdt phdng, va hinh chiéi
" bdng cila duong thdng vuong géc véi hinh chiéu bdng ciia diong bdng
(hodic vét bing) ciia mdt phdng.

Trén hinh 3. 34, ta c6 dudng thing d vudng géc v6i mét phing (£, h).

Vi trong d6 f 1a dudng mat, va h la dudng bing.

Ma d, J.f vad, 1l h,, nénd & fvad L h Tic ladvuﬁng gbc voi mat
phang (£, h).

Vidul : Tim khoang céch tir diéin A téi mat phang (m n).
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_ Gidi : Khodng céch tir A dén mit phing (m, n) 14 chiéu dai doan théng
vudng géc tir A t6i mat phang (m, n).
Trude hét, qua A dyng dudng thing d vuong géc véi mat phang (m, n).
Nhu vy dudng thingd ¢6: d, L n, =n, v d, L m, = m (hinh 3.35).

d;
' fr
hy
fo
h.‘Z
d?
Hinh 3.234 Hinh 3.35

Tim giao diém ca duong thﬁng d v6i mat phing (m, n). Ta dung mat
phing phu trg 1a mat phing chiéu bing o chia dudmng thing d :

Nhu vay, tacé : 0, =d,. _

Tim giao tuyén cta mit phing o va mat phing (m, n) :

Goi g 12 giao tuyén dé, ta cé : g =0, = d,. Vi g cfing 12 dudng thing
ciia mt phing (m, n) nén g s& cit m : tai diém M; M,= m,x g,; va cit n tai
di€m N : N, = n,x g,. '

. Tirdo, ta tim dugc M, 3m, va N, 5 n,.

Nhu vay, g, chinh la dudng thing M,N, va chan dudng vuéng géc

H, =d,x g, tir d6 ta tim duge H, » d,.

Dang phuong phép tam gidc vuéng (muc 2.1.2) ta tim duge chiéu dai
“doan AH = A.H,.

b6 chinh 12 khodng cdch tir diém A dén mat phing (m, n).

Vidu 2 : Tim khodng cdch tir diém M dén dudng thing d.

Gidi : Ta da biét, khodng cach tir diém M dén dudng thing d, 1 chiéu
dai doan théng vuéng géc ha tir M xudng d. Nhu vay, ta phai tim chan
dudng vuomg géc dé.
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Vi d 12 dudng thing bat k¥, nén ta
khong thé truc ti€p ha duge dudng vuong

géc d6, ma ta phdi tim gidn ti€p. Bing M, 1 d;=0;=8;
cach, qua M dyng mat phang 7(f, h) vuong hy

géc véi d (hinh 3.36). Trong dé, f la duong
mat, d L f (d, L f) vd h 12 dudng bing
d L h (d,L hy), réi tim giao diém H cha
dudng thing d véi mat phang #(f, h).

Cdch tim giao diém H nhu trén hinh
3.36.

Tim chiéu dai cia doan MH = My H
(ing dung phuong phdp tam gidc vuong,
muc 2.1.2), dé chinh 1a khoang cich cédn
- 1im. ' o * Hinh 3,36

......

T6i day, ta m&i gidi duge bai todn tim khodng céch tir mot di€m t6i
mot dudmg thing bat k¥. Con & muc 2.4.4 thi méi chi tim dugc khodng cich
tir mot diém t6i mot dudng thing déng mifc. '

T4t nhién, n€u ban nao nhanrh tri thi ngay ) phan d6 cling di c6 thé
gidi dugc bai todn trén day.

CAU HO1 VA BAI TAP

1. Cho mat phing (m, n), va hinh chiu ding d, clia dudng thang d,
thudc mit phéng d6. Tim hinh chi€u bang caa duong thang d6 (hinh 3.37).

2. Cho mit phang (m, n), va hinh chi€u bang a, cha dudng thing a
thudc mit phing d6. Tim hmh chiéu dimg ciia dudng théng d6 (hinh 3. 38)

n: /
d,
np=my
ay
Mg
Hinh 3.37 Hinh 3.38
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3. V& hinh chiéu dimg cia dudng thing AM, thudc mat phang (ABC).
Cho biét hinh chi€u bing A,M, (hinh 3.39).

4. Qua diém M(M,, M,), dung mit phéng, sao cho vé& ding cla né
hgp véi truc x mot géc 30° va vét bing clia né hogp véi truc x mot géc 45°
{hinh 3.40). o '

BI
AI
] x M;
CI
Gy x x
VMg
Ay
By M,
Hinh 3.39% Hinh 3.40 ) Hinh 3.41

5. Chiing minh mat phing c6 vét ding va vét bing tring nhau 12 mat
phing vuong géc véi mat phing phan gidc thit hai (hinh 3.41).
6. V& giao tuyé&n hai mat phang (m, n) vd (m', n') (hinh 3.42a, b).

L]

n; ny

NgEny= M= m;

No=Mmp=mpsny

g

My mp

a) b)

Hinh 3.42
7. V& giao tuyén gifa mat phing (ABC) v6i mat phing phan gidc I
(hinh 3. 43). SRR
8. Tim giao diém dudng thing 1 v6i mit phing (m, n) (hinh 3.44a, b).
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C,
A x
| R
Ay Cy .
Hinh 3.43
ﬂ.I /
I o
Nog=my na=m; _
Iy
mg
lg
o) - b)
Hinh 3.44

9, Qua diém M, dung dudng thing cit hai dudng th?mg a va b (hinh 3.45).

Hinh 3.45



10. Cho ba dudng thing a, b va ¢ dung duomg thing cit hai dudng
thang a, b va song song véi dudng thing ¢ (hinh 3.46).

11. Khong dung hinh chi€u canh, tim khoang céch tir diém M (M, M,)
téi mat phing chi€u canh (m, n) (hinh 3.47).

g

Hinh 3.47

Hinh 3.46

12. Qua diém M(M,, M,) dung mat phing vuong géc véi ci hai mat
phing (ABC) va miat phing (m, n) (hink 3.48).

13. Tim giao di¢m cha dudng thing DE v6i mat phing (ABC) (hinh
3.49). : :
D B
A
A, !
E}'l CI
4 Cz
A2 ]
Ay Z
Czl 3 E2 32
M, Hinh 3.49
B2
Hinh 3.48

67



B _ PHUGNG PHAP BIEN POI HINH CHIEU
Chuong IV. PHUONG PHAP BIEN DOY HINH CHIEU

4.1. DAT VAN DE

" Nhu trén ta di thay, néu céc hinh da cho & vi tri ddc bigt, thi nhiéu khi
viéc giai mot sd bai todn kha don gian. Vi vy, néu cic hinh da cho & vi tri
bat ky, ta c6 thé ding bién déi hinh chicu d& dua cac hinh dé t3i vi tri dac
biét, dé gidi bai todn da cho. Sau dd néu cdn s& dua két qua tré vé hinh
~ chiéu ban dau.

Bién déi hinh chiu c6 nhiéu loai, song cé thé chia 1am hai loai chinh :

- Thay mdit phdng hinh chiéu. Trong phuong phép bién ddi nay, ta giit
ngiyén vi tri cdc hinh dd cho, va thay cdc mdt phdng hinh chiéu cii bang
cdc mdt phdng hinh chiéu mdi., d€ hinh dd cho ¢d vi tri ddc biét dot voi cac
méit phdng hinh chiéu moi. '

- D&i hinh. Trong phuong phép bién d6i nay, ta giit nguyén cdc mdt
phdng hinh chiéu, va thay déi vi i ctia cdc hinh dd cho, dé & vi tri moi thi
cdc hinh dé cé vi tri déc biét doi vai cac mat phdng hinh chiéit.

Cin luu ¥ 13, khi thay ddi vi tri cha hinh dd cho, phdi giit nguyén vi tri
titong déi giita 14t cd cdc yéu 18 ciia hinh dd cho. Nghia 12 khong duge lam
bi€n dang hinh dé. '

4.2. PHUONG PHAP THAY MAT PHANG HINH CHIEU

47.1. THAY MAT PHANG HINH CHIEU DUNG

o

1. Dinh nghia. Thay mdt phdng hinh chiéu dimg la thay mdt phang hinh

s

chiéw 7r | bdng mdt phdng hinh chiéu 7T " yugng goc voi L 2. Sau d6 chiéu
hink dd cho lén 7 ¥, ta c6 hink chiét ding mdi ciia hink dd cho (hinh 4.1).

2. Tinh chat

- Hinh chiéu bdng ctia hinh giit nguyén.

Vi mat phing hinh chiéu bing 7 * gilt nguyén, nén hinh chiéu bang
ctia hinh ciing gilr nguyén.

- D¢ cao ctia méi diém ciia linh khong thay doi

Vi mat phing hinh chiéu bang 77 * git nguyen, nén khoang céch tir mdi
didm ctia hinh t6i mat phiing 77 (40 cao) ciing khong thay ddi.
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i

. Muén tim hinh chiéu ding méi A’ cha A, ta v& dudng thang A,A", L .-
x', 161 ldy trén d6 diém A', sao cho A"\ A', = A|A, (chi ¥ ddu duong hoac
am cila do cac méi diém).

xl
[ A;
1 |
/*A’I | JII'
i
A i ==
A, x_: st
e z
\ T
\
A A
\
Ay
72 \
a)
Hinh 4.1

Vi du : Bang cach thay mat phing
hinh chi€u diing, tim chiéu dai doan thing
AB, va géc clia né véi T2

Gidi : Ta biét, n€u c6 mot doan thing
thuoc dudng mat, thi hinh chiéu diing ctia
né c¢é chiéu dai bang chinh né. Vi vay,
ta c6 thé thay. mit phang hinh chiéu ding
dé dudng théng AB trd thanh dudng
mat. Mudn vy, ta chon truc hinh chiu
X'/{ A,B,, r6i dua vao tinh chit trén, tic 1a
d6 cao chia cdc diém A va B khong ddi, ta
tim hinh chiéu dimg méi A" B',.

Trong hé thong mdi, AB da la duong
mat, nén hinh chi¢u diing méi A", B, = AB. Hinh 4.2

_ Vi géc giita hinh chiéu ding cha AB véi truc x' thi bang géc cla
dudmg thing AB véi mit phing hinh chiéu bang 7z 2 Qua A', ta vach dudmg
__,_.-“-"‘-\-u...._h
thang A’,C // x' thi géc B',A",C chinh 1a géc cén tim (hinh 4.2).

4.2.2. THAY MAT PHANG HINH CHIEU BANG

1. Pinh nghia. Thay mdt phdng hinh chiéu bdng, 1a thay mdt phdng 7r*
bdng mdt phdng 77 ¥ vuéng gbc voi mdt phdng sr'. Sau dé chién hinh dd
cho lén mdt phdng 7T’ ta c6 hinh chiéu bdng mdi ciia hinh dé.
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2. Tinh chét _
- Hinh chiéu ditng ctia hinh gu? nguyén. Vi mat phang ! giit nguyén '

- D6 xa ciia méi diém cua hinh khéng thay doi. Vi mat phéng 7z ' giit
nguyén, nén khoang cich tr méi diém cla hmh dén 7' (d6 xa) ciing khong
thay déi (hinh 4.3).

Tuong ty trén, ta tim duge hinh chi€u bing méi clia hinh da cho.

b}

Hinhk 4.3

Vi du 1 : Bang céch thay mit phang hinh chigu bang, tim géc nghiéng
cua dudng thing AB d6i v6&i mit phﬁng hinh chiéu ddng.

Gidi : Ta biét, néu AB Ia duong
bing, thi géc nghiéng cia hinh chi€u
bing cla AB v4i truc hinh chi€u s&
bing géc nghiéng cha dung thing AB
v6i mat phang hinh chi€u ding. Vi
vay, dé tim géc nghiéng clia dudng
thing AB v6i mat phdng hinh chigu
dimg, ta thay mat phing hinh chidu
bang 7z ? dé dudng thing AB tr& thanh
dudng bing. Mudén vay, ta chon truc
hinh chiéu méi x' // A,B,. Tuong tu
trén, ta tim dugc hinh chi€u bing mdi
ciia dudng thang AB 1a A,'B,".

. Khi d6, géc giira dudng thing A,’B,' vdi truc X' s& bang goc ciia AB véi
mat phang hinh chiéu ding 7z ' (hinh 4.4).

Hinh 4.4
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Vi du 2: Bing céch thay mat phdng hinh chi€u bing 7 2, tim géc
nghiéng clia mat phing 7(ABC) véi mat phing hinh chi€u ding 7.

Gidi : D fim géc nghiéng ca mot mat phing d6i véi mat phing hinh
chi¢u diing 7, ta phdi dua mar phing d6 tr& thinh mat phang chicu bing.
Muén vay, ta dua mot dudng mit chia mat phéng d6 tr& thanh dudng thing
chi€u bing,

 Truge hét, ta v& mét dudng mit BD cba mat phing d6. Dé thay mat
phing hinh chi€u bing 7z %, ta chon tryc hinh chi€u x' L B,D,. Dya vio cic
tinh chit trén, d xa ciia cdc di€m khong déi, ta tim duge hinh chiéu bing
mdi clia dudng mat dé 1a mot diém B', = D,'. Khi d6, mat phing p(ABC)
‘tr& thanh mat phang chi€u bang trong hé théng mdi, va hinh chidu bing
" méi clia né 1a mot dudng thng ',(A’,B,C’,) (hinh 4.5).
Goéc giita P',(A',B',C'y) véi truc x’ chinh 1 g6é¢ cdn tim.

C
Hil‘lh 4.5

Néu chi bang mgt Idn thay mdt phdng hinh chiéu, thi ta chi cé thé gii
dugc cdc bai todn sau : o _ -

- Dua moét ditong thdng bdr ky trd thanh duimg thdng déng mikc, hodc
diea mot mdt phdng chiéu trd thanh mdt phdng déng muc.

- Dua mgt duong thdng déng mikc 1rd thanh ducmg thing chiéu, hodic
dita mpt mdt phdng bdt ky tré thanh mdt phdng chiéu.

- Vi vy, d€ c6 thé gidi dugc nhimg bai todn phitc tap hon, ta phai thay
ca hai mat phéng hinh chiéu.
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42,3, THAY LIEN TIEP CA HAI MAT PHANG HINH CHIEU
Ta s& thay ting mat phing hinh chi€u mét. Tuy timg bai todn cu thé ma
" ta s& thay mat phéng hinh chiéu ndo trudc, mat phéng hinh chiéu nao sau.

Vi du 1 : Bing céch thay cdc mat phing hinh chiéu, tim tdm dudng
tron noi ti€p tam gidc ABC. |

Gidi : Tam dudng tron noi tiép tam gidc, 1a giao diém cac dudng phan
giac trong cua tam gidc do. D& v& cic dudng phan gidc d6, ta phai thay mat
phang hinh chiéu dé tim dugc hinh thit cha tam giac d6. Muén thé ta phai
thay mat phing hinh chi€u hai ldn :

- Lén thi nhat, thay mat phing hinh chi€u dimg, dua mat phéng chia
tam gidc d6 trd thanh mat phéng chi€u ding. Muén vy, ta vé dudng bing
BD., r6i dua duong bing d6 trd thanh dudng thing chigu dimg (B, = D). Vi
mat phing (ABC) c6 mot dudng théng BD 1a dudng thing chiéu ding, nén
mat phéing d6 phai a mat phing chiéu ding. Khi dé6, hinh chiéu ding méi
chia né 1a dudng thang A'\B',C.

- Lan the hai, dua mat phéng chi€u dé trd thanh mat phing béng.
Mu6n vdy, ta vé truc hinh chiéu x" song song véi dudmg thang A" B C,.

Khi d6, hinh chi€u bing méi clia tam giéc ABC 1a tam gidc A',B,C,
s& bing chinh tam gidc d6 {(hinh 4.6)..

Hinh 4.6

Trén hinh chi€u bing méi ndy, ta vé cdc dudng phén gidc trong clia hai
géc A va B, giao diém cic dudng phan gidc d6 12 0", d6 la hinh chi€u bang
méi chia tam dudng tron ndi tiép tam gidc ABC. ,

D& dua tam O d6 trd vé cdc hinh chi€u ban ddu, ta gan O vao hai
dudng phan gidc AF va BE. '
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Vi du 2 : Bing céch thay cdc mat phang hinh chi€u, tim khoéng céch
gifta hai dudmg théng AB va CD. : _ :

. .Gidi : Ta bi&, khodng céch gifta hai dudng thing chéo nhau 1a chiéu
dai doan thing vuong géc chung clia chiing,

Vi vay, truéc hét ta phai tim dudng vudng géc chung do.

Muén vay, ta phai thay mat phang hinh chiéu hai lan:

- Ldn mot : Thay mat phang hinh chi€u dimg, dé dudmg thing CD tr&
thanh dudng mat. Muén vy, ta chon truc hinh chi€u x' // C,D,.

Dua vio tinh chét trén, tic 12 d¢ cao ciia céc diém A, B, C va D khong
ddi, ta tim duoc cdc hinh chi€u ding méi clia A, B, Cva D. L

- Ldn hai : thay mat phing hinh chiéu bang, dé dudng thing CD tré
thanh dudong thing chifu bing. Mudn viy, ta chon truc hinh chi€u x'L
CD',. Dya vio tinh chit do xa clia cac diém khong d6i, ta tim duoc cdc
hinh chiéu bing méi cia cdc diém A, B, Cva D.

Khi d6 : C',= D, (hinh 4.7).

Goi IH 1a dudng vubng géc chung cdn tim, vi CD di 1a duong théng
chi¢u bang, nén IH phai 12 dudng bing. Ma AB L IH, nén theo tinh chét hai
dudng thing vudng géc (muc 2.4.4), qua diém C,= D', ta vE dudng théng
I.H, L A,B, (H'p A,B, vaT,3C,D"). o

¢
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_ Vi IH la dudng bang, nén I',H’, = IH. D6 chinh 13 khodng cdch cén tim
giita hai dudng théng AB va CD.

Ta c6 ngay k& qua & vi trf cudi, nén khong phai dua vé cdc hinh chicu |
ban dau. :

) ]
4.3. PHUONG PHAP DOI HINH

43.1. DO HINH SONG SONG VOT MAT PHANG HINH CHIEU

1. D&i hinh song song véi mit phing hinh chiéu dimg

a) Dinh nghia

Déi hinh song song véi mdt phdng hinh chiéu ditmg la mot phép doi ma
ditomg thdng néi timg cdp diém twong timg la mot ducmg mdt, (duomg thdng
song song mdt phdng 7). :

b) Tinh chdt .

- Duomg thdng ndi hinh chiéu bdng ciha mbi cdp diém heong img la

mot diomg thdng song song v truc x. D& thdy, vi cdc dudng thing nay 12
cic duong mit.

* Hinh chiéu ding mdi, bdng hinh chiéu ditmg ban dé.

That vay, dua vio yéu céu cta phép ddi hinh 12 vi tri twong d6i giita tat
c cdc diém ciia hinh khong thay ddi (khong bién dang) trong qud trinh doi,

D& chimg minh tinh chét ndy, ta chi cdn ching minh khodng céch gilta

hai diém b4t k¥, khong thay déi trong khi doi. Ching han, ching minh véi
mo6t doan thing AB bdt k¥ (hinh 4.8).
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Ta chitng minh véi trudng hop doi hinh song song v6i mat phing hinh -
chi€u ding, (Khi doi hinh-song song vGi miét phang hinh chi€u béing ciing
tuong tu). . .

Gia sir ta c6 hai dié€m A(A,, A,) va B(B,, B,)). Sau khi d&i song song véi
mit phang hinh chi€u diing, A t6i A’ va Bt6i B'.

Theo tinh chit thit nhit ta ¢é : dlI(mg thing A,A'// X, va ducmg thing
BB, //x..

Tic 12 hiéu do xa ctia A va B khong thay déi trong khi ddi.

Ta phdi chimg minh : A" B, = A B,. '

Qua B v& dudng thing BC // B,A, (C thudc AA)), qua B' v& dudng
thing B'C// B, A',(C thuoc A'A"). _

Xét hai tam giéé vuong ABC va AB'C', (vi 12 chi€u vudng géc) ¢6 :

AB=AB,va AC=A'C (ViAC=AA, -BB, vaAC =A'A", - BB, m
higu d6 xa clia A v B khong déi trong khi d&i). Nhu vay, hai tam giac dé
bang nhau, nén : BC=B'C. MaBC=BA,vaBC =B'A",. Viy A"'B, =
A,B,. (Ciing c6 thé dya vao cdch tim chiéu dai cila doan thing bing phuong

phép tam gidc vuéng (muc 2.1.2), vi chiéu dai cita AB khong d8i, va hiéu

do xa giita A va B khong déi, nén chiéu dai hinh clué'u dimng clia AB ciing
khéng déi. Tac 12 A" B', = A B,).

Vi du : Bang cédch doi hinh song song véi mit phang hinh chidu dimng,

tim chiéu dai doan thing AB.

Gidi : Ta bi€t, n€u AB 1a dudmg béng thi, hinh chiéu bing clia-né sé cé
chiéu dai bang chinh né. Vi vay, ta doi AB song song v6i mit phing hinh
chiéu diing d€ dua AB t6i vi trf dudng bing. Muén viy, ta ddi hinh chi€u
diing A,B, t6i vi tr{ A'B', // x (hinh 4.9).

B,
A,I LL B‘I
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Hinh 4.9
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~Tur hinh chi€u ding méi dé (va dua vio tinh chat trén 13, hinh chiéu
bang ciia cdc diém ciia hinh di chuyén trén cic dudng thing song song véi
tryc x) ta tim dugc hinh chi€u bang méi A',B,. Vi & vi tri sau khi doi,
dudng thang AB di 1a dudng bing, nén ta cé : A',B, = AB.
2. Doi hinh song song v6i mat phiang hinh chiéu bang
a) Dinh nghia
Dot hinh song song véi mdt phdng hinh chiéu bdng Ia mot phép doi,
ma duong thdng néi ting cdp diém ticong iing la cdc dudmg béng.
b) Tinh chat
- Duong thing néi hinh chiéu ditng ciia méi cdp diém twong itng la mot
diong thdng song song véi truc x.
- Hinh chiéu bdng méi ciia hinh, bdng hinh chiéu bdng ban ddu.
Chiing minh tuong tu phép dcn hinh song song véi mit phing hinh
chi€u ding.
Vi du : Bing cdch d¥i hinh song song v6i mat phéng hinh chi€u bang,
tim géc nghiéng cia mit phiang (ABC) véi mat phing hinh chi€u bing.
Gidi : Ta biét, néu mat phang (ABC) 1a mat phang chi€u ditng thi ta cé
ngay géc nghiéng clia mat phing dé véi mat phing hinh chigu bing.
Vi vay, dé tim géc nghiéng ctia mat phang_(ABC) v6i mit phing hinh
chi€u bing, ta ddi mat phang dé song song v6i mit phing hinh chifu bing,
- dé mat phang (ABC) tré thanh mat phéng hinh chi€u ding (hinh 4.10).
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Mudn vay, ta v& dudng bing BD clia mat phing (ABC). Sau dé6 ta doi
mat phing dé song song véi mat phing hinh chiéu bang, d€ dudng bing BD
- trd thanh dudng thang chi€u ding (khi dé B, = D')). Ma BD di tréd thanh
duding théng chi€u ding, thi mat phéng (ABC) cling trd thanh mat phéng
chi€u diing. Tic 13, hinh chigu dlmg ctia mat phang dé 12 mot dudng thing
A',B',C. Khi d6, géc nghiéng cita dudng thang A',B',C', véi truc x chinh Ia
gdc ctia mat phing (ABC) v6i mat phéng hinh ch1éu bang

Ciing twong tu trudng hop thay mat phang hinh chi€u, néu chi bing
mot ldn ddi hinh song song véi méat phing hinh chi€u thi ta chi gidi duoc
mét s6 bai todn sau :

- Dua mor duomg thdng bat ky trd thanh duong thdng déng mirc; hodc
mot mdt phdng chiéu wré thanh mdi phdng dong mirc.

- Dua mot diwong thang dong mitc tré thanh dwong thdng chiéu; hodc
mot mdt phan g bdt ky trd thanh mdt phdng chiéu.

Vi vy, d€ c6 thé gidi duge nhitng bai toan phic tap hon, ta s& lién ti€p
ddi hinh song song vdi cdc mat phang hinh chi€u. Tidc 12 sau khi d&i hinh
song song voi mét phang hinh chi€u ding, ta lai ddi hinh song song vdi mat
phing hinh chi€u bang (hoac ngugce lai).

3. Lién tiép doi hinh song song v6i cic mat phing hinh chiéu

Ta lay lai vidy 1 trong muc 4.2.3, nhung giai bang doi hinh.

Vi dy 1 : Bang cdch dai hinh song song véi cic mat phing hinh chiéu,
tim tdm dudng tron ndi tiép tam gidc ABC.

Gidi : Bang hai 1an doi hinh lién tiép, ta dua mat phing (ABC) rd
thanh mat phing dén g miuc,

Trude hét, ta doi hinh song song v6i mit phing hinh chiéu bing dé
mat phing (ABC) trd thinh mat phing chi€u ding (nhu vi du & muc trén).
Khi dé, mat phing (ABC) dd & thanh mat phing chiéu ding, ma hinh
chiéu ding cuia nd 1a dudmg thing A',B',C, (hinh 4.11).

Sau d6 ta ddi hinh song song v6i mat phéng hinh chigu ding dé dua
mit phang (ABC) dé trd thinh mit phing bing. Muén viy, ta doi dudng
thing A" B'\C| t6i vi tri A" B" ,C", song song vdi truc x. Tit cdc tinh ch4t
trén, ta tim duorc hinh chiéu bang A" B",C",. Trén hinh chi&u bing nay, ta
tim duge hinh chi€u bang cfia tam ducmg tron néi ti€p tam gidc 1a 0", (giao

diém cua hai dudng phan gidc trong ciia hai géc B va C). Tir d6 ta tim dugc
“hinh chiéu ditng O",.

De dua tam O vé cdc hmh chi€u ban d4u, ta gin tdm O do vao dudng
phan gidc CE,
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Vi du 2 : Cho hai dudng thing a va b song song. Bing céch doi hinh
song song v&i cdc mat phang hinh chi€u, tim khodng cich gifta hai dudng
thing dé. _

Gidi : D& tim khoéng céch gifra hai dudng thang a va b, ta phai dua hai
dudng thing d6 trd thanh cdc dudng thing chifu. Muén vay, ta phai ddi
hinh hai ldn : \

- D4u tién, ta 14y trén dudng thing a hai di€m 1, 2; va trén dudng thang
b hai diém 3, 4.

- Ddi hinh song song véi mit phing hinh chi€u ding dé dua a va b trg
thanh cdc dudng béng : |

Hinh chiéu diing méi cia ching 1 : a' // b', // x (hinh 4.12).

Tir hinh chiéu ding d6 ta tim duoc hinh chiu bing mdi la a’, va b',,.
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- Doi song song véi mat phing hinh chiéu bing, dé a va b trd thanh
dudng thing chi€u déng : Va hinh chi€u bing méi tdi vi tri a”, va b", vudng
géc véi truc x. Khi d6 a va b d 12 dudng thing chi€u ding. Cling tir d6 ta tim
duge céc hinh chi€u ding méi clia a va b 1a cic “diém” a"; va b",.

Khoang céch gifta hai “diém” a"; v b", cling 14 khoang cdch gilta hai
dutng thing a va b cén tim.

43.2. XOAY QUANH DUONG THANG DONG MUC

Trong phén ndy, ta chi dé cap dén viéc xoay cdc hinh phing. Sau nay,
ban doc c6 thé van dung né d€ xoay cdc hinh khéng gian.

Ta nhéc lai dinh nghia, xoay mét diém quanh mot dudng thing :

Xoay mot diém quanh mor didng thdng (truc xoay) thi diém dé sé di
chuyén trén mot dudmg tron, ndm trén mdt phdng di qua diém dé va vuong
géc véi truc xoay. Tdm ctia diwong tron dé la giao diém ciia mdt phdng dé

véi truc xoay, bdn kinh cua duong tron la khodng cdch tir diém do dén
truc xoay.

1. Xoay quanh duong mat
a) Dinh nghia

Xoay mot diém quanh dtrang mdt, la xoay diém dé 16i vi tri ¢6 d¢ xa
bdng dé xa cia ditong mdt dé.

b) Tinh chdt

Hinh chiéu dimg cita diém d6 di chuyén trén duong thdng vuéng goc
véi hinh chiéu ditng ciia dwong mdt, t6i vi tri ma khodng cach nr d6 dén
hinh chiéu dimg ctia duong mdt thi bdng khodng cdch tix diém d6 dén dwing
mdt (trong khong gian).

That vay, gia sir ta xoay diém A quanh dudng mat f. Nhu vay, A di
chuycn trén dudng tron thuée mat phang chi€u ding vudng goc vdi dudng
mit f; nén hinh chi€u ding cha didm A di chuyén trén dudng thing vuong
g6c v6i hinh chidu ding f, clia dudng mat. Theo dinh nghia, ta xoay A dén
vi tri ¢6 do xa bang do xa clia dudng mit f. Khi 46 mat phang (A, ©) 1a mat
phéng mat, nén khoang cich tit hinh chiéu ding A’ cla diém A' t6i hinh

chigu dimg f, cha dudng mat f, thi bang khoang cach wr diém A t6i dudng
mat f.

Vi vay, dé tim A', (goi O 12 chan du(mg vudng gbc ha tir A t6i f), ta
tim khoang cich tir A t6i. f (bang phuong phdp tam gidc vudng ¢ muc
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2.1.2). Ta c6 O,A, = OA. Trén dudng thing A,0, (L f,), ta 14y diém A'l,
sao cho O,A", = O,A, (hinh 4.13). ’ .
T4t nhién con hinh chi€u bing A’, cba diém A s di chuyén dén vi trf

thuoc hinh chi€u bang f, ctia dudng mat f. Nlumg ta khong cdn quan tam
dén hinh chiéu bang dé.

' Y
/ O\ 1

a) b)

Hinh 4.13

Vi diz » Bang cdch xoay quanh dumg mat, v& dudng phan gidc clia
gdc aOb

Gidi : Muén vé& dudng phan gidc clia goc aOb ta phai dua mat phéng
(a, b) t6i vi tri mat phéng mat.

Muén vay, ta I8y trén Oa diém 1, trén Ob diém 2; v& duong mat 03
clia mat phing (a, b) (hinh 4.14).

Pé xoay mat phang (a, b) quanh duong mat O3, ta chi cén xoay diém
13a.

Ta v& duong thing 1H 1 03 (1,H, 1 0,3,), (rong d6 H > O3).

Tim chidu dai 1H = 1.H,. Trén dudng thing 1 H, 1dy diém 1', sao cho

1'H, = 1,H,.

Dé tim diém 2', > b, ta thiy dudng thing 12 ciing chinh 12 dudng théng
13. Vi vay, diém 2', phai thugc duong théng 1',3, (Vi 3, thuge truc xoay O3
nén ¢& dinh khi xoay). Mit khéc, khi ta xoay dlém 1 tdc 13 ta d3 xoay ca
mat phing (a, b). Vi vay, diém 2, ciing di chuyén trén dudng thang t vuong
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géc v6i 0,3,. Do d6, diém 2', chinh 12 giao di€m cia dudng thing t va
dudng thing 1',3,. Y
_ Bay gid, géc 1,0,2', bing géc aOb. Nén ta v& dudng phan gidc
04'(0,4).

‘Gén diém 4' thuoc dudng phan gidc d6 vao dudng thing 1'2' dé dua vé
cdc hinh chi€u ban dau. ' '

Hinh 4.14

2. Gap mat phing quanh vét dimg cua né

Gap mat phing quanh v& ding cba né, chinh la xoay mit phang dé
quanh mét dudng mat cia no, dé dua mat phiing dé t6i tring vdi mat phang
hinh chiéu ding /7 . Nhung day la mot dudng mat ¢é do xa bing khong.
Do d6, cdc tinh chat (va ta ¢6 thé thuc hién) hoan toan giéng xoay quanh
dudmg mat. C6 khéc 14, loi dung vi tri dac biét clia mét vai y€u 6 so véi
trudmng hop trén, nén ta ¢6 thé 1am don gidn hon. '

Ta ldy mot vi dy minh hoa. . _

Vi du : VE tam gidc d&u ABC thudc mat phing (m, n). Cho bi€t mot
canh AB clia n6.
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Gidi : Nhw vay, ta chi cdn tim dinh C. Mudn vé tam gidc déu ABC, ta
phai xoay mat phang (m, n) quanh vét ding n d& mat phéng (m, n) 16i trang
v6i mat phéng hinh chi€u dimg (hinh 4.15). '

Pudng thing AB cét vét bang m tai diém 1(1,.1,) va cat vét dimg n tai
diém 2(2,, 2,). Khi xoay mat phing (m, n) quanh vét ding n thi hinh chiéu
dimg 1, di chuyén trén duong thing d vudng géc voi vét dimg n=n,.

Goi 1 (1, = I,) 12 giao diém cha mat phing (m, n) véi truc x thi, chidu
dai doan thang I,1, = 11.

Khi gap mat phang (m, n) quanh vét dimg, t6i tring v&i mat phang
hinh chi€u ding thi doan thang 1,1, = I,1,. Nlur vay, diém 1, chinh la giao
didm chia dudmg thang d véi dudng tron tam [, ban kinh I1. Va dudng thing
1,1, chinh 13 vét bing m, cla mat phang (m, n) sau khi gap. Bay gio, vi mat
_phéng (m, n) da tring v T ' nén ta dé tim dugc canh A, B, tir d6 ve tam
gisc déu A B.C,.

Dé dua tam gidc d6 vé cac hinh chi€u ban diu (that ra }a chi dua mot
dinh ©). Ta gén cdc dinh d6 vio cic dudng thing cta mat phang (m, n). Vi
du, gén C vio dudng thang B3.

T4t nhién, bai todn cé hai nghiém. Trén hinh v& ta méi v& mot nghiém.
Ban doc vé ti€p nghiém con lai.
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3. Xoay quanh dudng bing
a) Dinh nghia
| Xoay mot diém quanh ducng bdng la xoay diém dé dén vi tri ¢6 dé cao
bdng dé cao ciia duong bdng.
b) Tinh chdt

Hinh chiéu bdng cia diém dé di chuyén trén duong thdng vudng géc
véi hink chiéu bdng ciia dudmg bdng, t6i vi tri ma sao cho khodng cdch nr
46 dén hinh chiéi bng ciia duomg bdng, thi bing khodng cdch ur diém dé
dén ditong bing (& trong khong gian) (hinh 4.16a).

" Vidu. Xoay diém A(A,, A,) quanh dudng bing h (h;, hy). Vi diém A
di chuyén trén mat phing chiéu bang a vudng goc véi dudng bing h, nén
hinh chiu bing A, di chuyén trén dudng thing A0, L h,. Vi A di chuyén
dén vi tri A’ €6 do cao bing do cao cha duong bing h. Tic 12 mat phing
(A", h) 1a mat phang bing, nén hinh chi€u bing cha OA' c6 chiéu dai bing
chinh né. D& tim vi tri cha A',, ta tim chiéu dai coa AO, (bing phuong phap
tam gidc vuong). Ta ¢6 O,A; = OA. Ly O, 1am tam quay vong tron bin
kinh O,A,, téi cat O,A; & d4u, thi d6 chinh 12 A", (hinh 4.16b).

A
1AZ

. hf Ol hI

4t

- a)

Hinh 4.16

4. Gap mat phing quanh vét bing ciia né

Tuong ty trén, gap mat phing quanh vét bing clia né 1A xoay mét
phing d6 quanh mot dudng bang cia nd, dé dua mat phang dé téi vi trf
triing v6i mat phing hinh chiéu bang 7 2,
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Ciing dura vao vi tr{ dc biét cha mot vai y€u 16, nén ta ¢4 thé lam don -
gian hon. : _ o

Néu khong, ban doc c6 thé thuc hién nhu xoay quanh dudng bang
thong thuong.

: Vi du : Bang cich gap quanh vét ding, v& hinh vuéng ABCD thugc
* mat phing (m, n). Cho bi€t mot canh AB cba hinh vudng dé. .

Gidi : Duimg thing AB cit vét bing m tai diém 1, va cat vét ding n tai
diém 2.

Goi I 12 giao diém ciia mat phang (m, n) véi truc x. Nhu vay, doan
thing 1,2, chinh 1a doan thing d6 (vi n6 nim ngay trén mat phing hinh
chiéu ditng). '

Khi gap mat phang (m, n) t6i tring v6i mat phéng hinh chi€u bing, thi
diém 2 téi vi tri 2, (hinh 4.17). Diém 1 thudc vét bing (tryc xoay) nén cd
dinh. Tir d6, ta tim dugc canh AB sau khi gap 1a A,B,.

Trén hinh gap ndy, ta v& hinh vudng AqB,C,D,.
~ Dé dua hinh vuong dé trd vé céc hinh chi€u ban ddu, ta gin céc dinh
cia hinh vuéng d6 vao céc dudng thing cha mat phing (m, n). Vi du, dinh
C gén vao dudng thing 34 (= 3B) chia mat phang (m, n).

Hinh 417
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4.4. PHUONG PHAP CHIEU PHY

Phucng phép chi€u phy 13 phép chi€u thco mot huéng chi€u khéo
chon, n6i chung khong tring véi hudng chlé'u chinh; vd mat phang hinh
chigu ty chon, dé thich hop v6i timg bai todn cy thé

Mt phﬁng hinh chi€u trong phép
ch1éu nay, thudng duge chon 1a:

- Mat phang hinh chiéu ding al.
- Mat phéng hinh chiéu bing 77 °.

- Mat phéing phan gidc thi hai.

- Mat phang tu chon. /

Hinh 4.18a, 1a phép chiéu phy, ma

hudng chiéu 12 dudng thing s, va mat

phing hinh chicu la mat phing hinh chiéu

ding 77 '. ' '
Hinh 4.18b, 1a phép chiéu phu, ma '

huéng chi€u la dudng thing s, va mét ) ‘%

phing hinh chi€u la mat phing hinh chiéu
bang 77 .

Hinh 4.18c, 1a phép chléu phuy, ma
huéng chiéu 12 duong thang s, mat phiing
hinh chiéu la mat phéng phan giac I1.

Phép chidu phu, khong dugc ding
phd bién, nhung né cing td ra hitu hi¢u
trong mot s6 trudng hop nhat dinh.

Ta 14y vai.vi du, tng dung cic phep

chi€u phy néi trén.
M';=M
Vi du I : Tim giao diém dudng canh

AB véi mat phang (m, n).

Gidi. Trudng hop nay, vi dudng
thing AB Ja dudng canh, nén ta khong thé /
dung mat phing phu trg la mat phing M,
chidu. Vi vay viéc gidi theo phuong phép :

thong thudng cling khong don gian.

Hinh 4.18



Ta dung phép chiéu phu, cé 'D'En;\ _

“huéng chia song song véi L APD——— A’
dudng bing (vét bing m) cla K \ X
mat phing #(m, n), mat phing !
hinh chi€u 13 mit phang hinh ngmmy B;:
chiu ding 7z ' (hinh 4.19). i/

Nhu vay, hinh chi€u phu o+~~~ Be!
ctia mat phang 7(m, n) s& tring K
v4i vét ditng n clia mat phing 7.
Con dudng canh AB cé hinh "%,
chiéu phu la A'B',
Trén hinh chiéu phu ta ¢6 Hinh 4.19

giaodiém K' = 'x A'B". _

bua giao diém K tr& vé céc hinh chi€u ban diu ta c6 K, va K,. D6 Ia
giao di€m clia dudng canh AB véi mat phing di cho.

Vi du 2 : Cho hai dudng thing a va b. Dyng dudmg bing AB, trong dé
A a,vaBs3b. Vadoan thing AB c6 chiéu dai cho truéc.

Gidi : DAy ciing 1a bai todn, néu dung theo phuong phap thong thudng
cling khong don gian. Ta hdy ding phép chlé’u phu.

Gia st ta da dyng dugc dudng bﬁng AB thod man diéu kién ddu bai.
Néu ta chi€u song song tit ca hinh da cho 1én mat phing hinh chi€u béng 772,
thi chi€u dai hinh chi€u phu céa doan thing AB 1a A'B' s& bing chinh né,
tic 12 : A'B' = AB. |

Vi viy, ta chi€u song song hai dudng thing a va b 1&n mat phing hinh
chi€u bang 7z ? theo hudng chiéu 1a dudng thing b (hodc a). Nhu vay, dudng
théng b ¢4 hinh chiéu phu 1a “diém” b, (D6 ciing chinh 1a vét bing clha
dudmg thing b) con dudng thing a c6 hinh chi€u phu 13 dudng thing a’.
Khi d6, hinh chi€u phu cia dudmg bing AB 13 A'B' va A'B' ¢6 chiéu dai
bang AB. Vi vay, ta ldy diém b, 1am tam, v& dudng trdn c6 ban kinh bing
chiéu dai clia doan thing AB. Dudng tron ndy, cit dudng thing a', & dau,
thi d6 chinh 1a diém A'(hinh chi€u phu cia A).

Déng céc diém d6 rd vé ta ¢6 A, vi A,. Qua A, ta v& duge hinh
chiéu ding A;B, // x, tir d6 ta ¢6 hinh chi€u bing A,B, clia dudng bing AB
(hinh 4.20).
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Vidu 3 : Tim giao tuy&n hai
mat phing 2 (a, b) va Q (ABC).

" Gidi : T4t nhién, bai ndy cé
thé gidi theo phuong phip théng
thudng ma ta da biét.

Ta gidi bing phuong phdp
chiéu phu.

Hai dudng thing a va b song
song. Ta chiéu ca hai mit phang di
cho 1én mat phing phan gidc II,
theo hudng chi€u a (song song vdi
mat phing 7(a, b)). Nhu vay, hinh
chi€u phu cha miét phéng @ (a, b)

s¢ 13 mot dudng thing % ndi hai

diém a’ va b'. Con ba diém A, B va
C ctia mit phing @ (ABC) ¢6 hinh

Hinh 4.20

chi€u phu trong tng 13 A', B' va C'. Trén hinh chi€u phu, dudng thing 7’ cit
cdc canh clia tam gidc A'B'C' tai hai di€ém I', K'. Dua dudng thing IK trg vé
cédc hinh chi€u ban d4u, ta cé giao wyén IK (1K, LK,). D6 chinh 1& giao

tuyén cia hai mat phing da cho (hinh 4.21).

"Phép chi€u phu con dugc tng dung trong phdn tim giao diém dudng
thing véi cdc mit, va giao tuy&n mat phing v6i cdc mat sau nay.

Hinh 4.21
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.~ CAU HOI VA BAI TAP

1. Bang cach thay mat phéng hinh chi€u tim khoang cdch tir diém
A{A,, A,), t6i mat phing (m, n) (hinh 4.22).

2. Bing cdch thay mat phing hinh chi€u, tim hinh chi€u ding cla
dudng thing b. Bi€t ring b // a va cdch a mot doan cho trude (hinh 4.23).

:V‘I

X
b
CeET £ a \
\ : 2
\

M2

¢ Ay

Hinh 4.22 ' Hinh 4.23

' 3; Bang mot 14n thay mat phing hinh chi€u, tim khoang céch giita hai
dudng thing a va b chéo nhau (hinh 4.24).
4. Cho diém M v hai dudng thing a, b. Bing cdch thay mit phéng
hinh chiéu, v& dudng thing di qua diém M va cét ca hai duong thing a vi b
(hinh 4.25).

Hinh 4.24
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5. Cho ba dudng thing a, b va ¢ (chéo nhau). Biing cdch thay mat
phing hinh chi€u, vé dudng thing cat hai dudng thing a, b va song song vdi
dudmg thing ¢ (hinh 3.46).

6. Bing cich thay mét phing hinh chi€u, dé mot hinh chi€u clia tam
gidc ABC 1atam gidc vuong. Dinh géc vudng 1a B (hinh 4.26).

7. Bing c4ch doi hinh song song
v6i cdc mat phang hinh chiéu, giai céc
bii 1, 2, 4 va 6 trén day.

8. Bing cach xoay quanh dudng

Ay .
, j ‘ : .

. B; X
bing (hodc dudng mat), tim khoing : Cs
céch gifta hai dudng thang a // b (hinh
4.12).

9. Bing cich gap quanh Vét cla '

_ B
Ag :

mit phang (m, n), v& tam gidc vuong
can ABC (vuéng & A), cho biét mot
canh AB (hinh 4.27).
" Hinh 4.26
10. Bing céch gap quanh vét clia mat phing (m, n), v& dudng phan
gidc clia géc tao bdi hai vét m va n chia mét phéng dé (hinh 4.28).

B; - 1
Ay
. Hoz M} Rg= My

Hinh 4.27 . Hinh 4.28
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C - PUONG VA MAT
Chuong V. DA DIEN

5.1. DINH NGHIA VA BIEU DIEN DA DIEN

5.1.1. DINH NGHIA

Da dién la mot mdt tao thanh ht cdc da g;ac phdng. Cdc canh va cdc
dinh ctia cdc da gidc dé cilng 1a cdc canh va cdc dinh cua da dzen Cic da
gidc phing d6 goi la cdc mat bén cta da dién.

Cén luu ¥ 13, trong tai liéu nay, ta chi khao sit cic da dién 16i.

Da dién 16i 1a da dién ma, néu ta md rong bat ky mat bén nio cua da
dién 46 thi da dién d6 nam hoan toan vé mot phia ctia mat phing do.

Mot diém nita cling cn luu ¥ 14, trong hinh hoa, cdc da dién cung nhu
cdc mat cong sau nay, ta chi khao sat mat cta chiing. (Phin “bén trong” cac
mat dé la khoang khong).

5.1.2. BIEU DIEN DA DIEN

Biéu dién da dién 12 ta biéu dién cdc canh va cdc mdt bén cua chiing.
Cé chii § dén viéc xét thay va khudt cla cdc canh va cdc mat bén ciia no.

Hinh 5.1 biéu dién mit td dién
SABC (con goi la mat chép hoac mat
thdp dinh S). .

Trén hinh chi€u ding : hai mit
S,A,B, va §,B,C, thay, con mat S,AC,,
dsy A,B,C, va canh A C, bi hai mat kia
che khust. Trén hinh chi€u béng, cic mat
S,A,C; va S;B,C, thiy, mit S;A,B,, ddy
A,B,C, va canh A,B, khudt. Viéc xét
thay, khuét theo muc 3.5.3.

Vidy, trén hinh chiéu dimg : xét hai
canh S,B, vd A,C,, ta 14y hai diém 1 v2 2
cing thuoc dudng thing chi€u ding;
trong dé 1 thudc canh AC, 2 thude SB,
nhung diém 2 c6 do xa 16n hon, nén hinh
chiéu dung 2, thdy, va 1, khudt, suy ra
S,B, thdy, va A,C, khudt. Tir dé, hai mt

Hinh 5.1
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(5,A,C)) va (A,B,C)) khuét. Tuong ty trén hinh chi€u bing ta ciling xét hai
canh S,C, va A,B, : Ta ciing 14y hai di€m 3 va 4 ciing thudc dudng thang
chi€u bing, trong dé 3 thudc AB, 4 thu¢c SC. Diém 4 ¢6 do cao 1én hon
nén canh S,C, thdy, con canh A,B, khuat. Tir d6, hai mit (5,A,B,) va
(A,B,C,) khuit

Hinh 5.2 biéu dién mat lang tru tam gidc. D4y ABC thudc mat phing
chi€u bing, ba canh bén laa, b vac.

Trén hinh chi€u ding : ta xét hai canh A ,C, va b,, 18y hai diém 1 va 2
(1 thude AC, 2 thude b). Diém 2 c6 do xa 16n hon, nén hinh chi€u ding cta
né thay, do dé b, thdy, A,C, khuat. Suy ra : hai mit (a;, b;) va (b, ¢,)
thdy; con mat (a,, ¢,) va ddy A B, C khuat.

Trén hinh chi€u bang : (a,, b,) va (a,, ¢,) thdy, cdon mat (b,, ¢,) khudt.

ap

Hinh 5.2

" Hinh 5.3 biéu dién lang tru tif gidc thing ding. Lang tru nhu vy con
goi'1a lang tru chi€u bing. Vi cdc canh bén a, b, ¢ va d 1a cdc duimg thing
chigu bing, cdc mat bén ciing 12 cic mat phing chi€u bing .

Trén hinh chigu ding hai mit (a,, b;) va (b, c,) thdy, hai mit cdn lai
khudt. ' ' '

Noi dung quan trong cla phin bidu dién cdc mét 13, cdch ldy mot diém
thude cdc mdt.
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~ Néu ban doc ndm duge van dé niy thi o

& cdc phdn tim giao diém dudng thing véi
da dién, giao clha mit phiang v6i da dien va
giao hai da dién s& tuong d6i don gidn.

Vi cdc da dién tao thanh tir cic da
gidc phang, nén viée Idy mét diém thudc da
dién, giong nhuw cdch Idy mot diém thudc
mdt phdng. Tic 13, khi cho trudec mot hinh
chi€u cfia mot diém thudc da dién, ta vach d3
mot dudng thing qua diém d6, r8i gin
di€m cin tim vao dudng thing d6 dé tim
hinh chi€u con lai. - ' 2

Vi du 1 : Cho hinh chléu dimg M, cha @z
diém M thudc mat ti dién (hinh 5.1). Tim bz
hinh chiéu bing M,? Hinh 5.3

Gidi : D tim hinh chi€u bing M, cha M, ta vach qua M mot duong
thdng thuoc da dién. Vi dy, ta vach dudng thing SM. Néu cho biét hinh
chi€u dung M, 1a thay (hoac khuat) thi ta s& chi ¢6 mot hinh chi€u bing M,.

Nhung vi, khéng cho biét hinh chiéu ding M, thay hay khuat, nén ta
phai tra &1 hai trudng hop :

Néu M, théy, nghia 12 M thudc mat bén SBC, nén dudng thang SM cét
canh ddy BC tai diém 5; Tir d6 ta tim dugc hinh chi€u bing 1a S,5,, va ta
tim dugc hinh chiéu bing M, 3 S,5,.

Néu M, khuit, tifc 1a M thudc mat bén SAC, nén dudng thing SM cit
canh ddy AC tai diém 6. Ciing t&r d6 ta tim dugc hinh chidu bing S, 6,, va ta
tim duge M', 3 §,6, .

Vi du 2 : Cho hinh chi€u ding M, cia diém M thudc mat lang tru
(hinh 5.2). Tim hinh chi¢u bing M,? _

Gidi : Ta gan M vao dudng thing song song véi canh bén clia lang tru.
Vi khong cho biét M, thiy hay khudt, nén ta phai tra 16i hai trudng hop :

Néu M, thdy, tic 1a M thudc mat (a.b), nén dudng thing trén cit canh
AB tai di€m 4, va 1a tim duge hinh chi€u bing M,.

Néu M, khudt, titc 1a M thuéc mit (a, c); nén dudng thang trén cat
canh AC tai diém 3, va ta tim dugc hinh chi€u bang M',.

Trén hinh 5.3, cho hinh chi€u ding M, cla diém M thudc mat lang
tru tf gidc thing ding, ¢6 céc canh bén 13 a, b, ¢ vd d. Tim hinh chi€u
bing clia M? '

M's
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~ Ciing vi khong cho bi¢t M, thdy hay khu;i'i, nén ta phai tra 1&i hai
trudng hop : :
Néu M, thdy, tic 1a M thuoc mit (a, b), nén ta ¢6 hinh chiéu bing 1a M,.
Néu M, khust, tiic 1a M thuge mat (¢, d), nén ta c6 hinh chi€u bang 1a M',.

5.2. GIAO TUYEN MAT PHANG VOI DA DIEN

Giao tuyéh mdt phdng véi da di¢n la mot da gidc, cé cdc dinh la giao
diém cdc canh ciia da dién voi mat phdng, va cdc canh la giao tuyén.cdc
mdt bén ciia da dién voi mdt phdng dé.

Ta chia 1am céc trudng hop tir d€ dén kho.

5.2.1. MAT PHANG LA MAT PHANG CHIEU
Truong hop nay, ta dé biét ngay |
mot hinh chiéu ciia giao tyén, gdn
giao tuyén dé vao cdc mdt bén ctia da
dién dé tim hinh chiéu con lai ctia no.
Vi du : Tim giao tyén cua mat
phéng chi€u ding Q v6i mit chép SABC. -
Gidi : Vi 2 1a mat phang chiéu
ditng nén ta dé bi€t ngay hinh chiéu
dimg ciia giao tuyén [a doan thing 1,2, 3,,
(thupc phin chung gilta hinh chiéu
dimg @, clia mat phang Q va hinh chiéu
dimg ctia hinh ch6p) (hinh 5.4).
Giao tuyén d6 ciing thuge cdc mat
bén ctia hinh chép. Cic dinh cia da giac
“giao tuyén la céc giao diém 1,2 va 3
.céc canh cla da gidc 1a giao diém cha
hinh chép véi mat phéng Q. Sau dé, xét
thay va khuat trén hinh chi€u bang.

Hinh 5.4

52.2. MAT PHANG KHONG PHAI MAT PHANG CHIEU, NHUNG DA
DIEN LA LANG TRU CHIEU |
Truong hop nay, ta ciing dé biét ngay mot hinh chiéu ciia giao tuyén
(triing vdi hinh chiéu cdc mdt bén ctia ldng tru), ung dung cdch tim diém va
dwiomng thdng thudc mds phdng dé tim hinh chiéu con lai.
Vi du : Tim giao tuyén cha lang try ti gidc thdng dimg v6i mat phing
(m, n). '
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Gidi : Trudng hop ndy, ta cé ngay hinh chifu bing cla giao tuyén
tring véi hinh chi€u bang cdc mit bén clia mat lang tru thing dimg. Goi cc
canh bén cha lang try 14 a, b, ¢ va d, thi c4c canh d6 cit mat phing (m, n)
tuong Ung tai cic diém A, B, C vd D, ma hinh chi€u bang 12 i gidc
A,B,GD;.

Gén t gidc d6 vao mat phang (m, n) dé tim hinh chigu dimg clia giao
tuy&n 1a A,B,C,D,. Vi du kéo dai canh AD, cit m tai diém 1, va cat n tai
diém 2, ta tim dugc hinh chiéu dimg A,D,. Tir d6, khi da c6 dinh A, kéo
dai canh AB, cét vét bing m tai diém 3, tim dugc hinh chigu ding A,B,.
Khi d3 c6 dinh B,, ta lai kéo dai canh BC, cét vét bing m tai diém 4, ta tim
dugc hinh chigu ding C, (hinh 5.5). Sau d6, xét thay va khuét trén hinh
chiéu dimg.

Hinh 5.5

5.2.3. TRUONG HOP TONG QUAT

D¢ tim giao tuyén, trudng hop ndy, ta phai ding mat phing phu trg, dé
tim giao diém cdc canh clia da gidc véi mat phang da cho. Tiic 12 giai nhicu
bai todn tim giao diém dudmng thing v6i mat phang ngay trén mét hinh.

94



Vi du : Tim giao tuyén ca mit phing (m, n) v6i lang try xién tam gidc
¢6 cdc canh laa, bvac.

Gidi : Ta ding cic mit phing
phu trg, d tim giao di€m céc canh
ciia lang tru v6i mat phing (m, n).

Trudc hét, ta thdy, mat (a, b) la
mat phing chiéu ding, nén dé thdy,
mat phing nay cit mat phing (m, n)
theo dudng thing 12 (cat m tai diém 1
va cét n tai di€ém 2). Tir d6 ta tim duge
giao tuyén clia mat phang (m, n) véi
mat (a, b) 12 doan AB. Pé tim giao
diém canh c, ta ding mat phing phu
trg I3 mat phing chi€u ding. Mat
phang nay ciit dudng thing m tai diém 3;
vi miat phing phu trg nay song song
v6i mit phing (a, b), nén giao tuyén
nay song song véi giao tuyén 12, v ta
tim duoc giao diém C. Nhu vy giao
tuyén ctia mat phiang (m, n) véi ling
tru A tam gidc ABC (hinh 5.6). Hinh 5.8

Sau d6 phai xét thdy, khuat trén
céc hinh chiéu.

5.3. GIAO DIEM PUONG THANG VOI DA DIEN
Ta ciing ldn lugt xét céc trudng hgp tix d& dén kho.
5.3.1. DUJNG THANG LA DUONG THANG CHIEU

Truong hop ndy ta dé biét ngay mot hinh chiéu cila giao diém, itng

dung cdch tim cdc diém thudc da dién, dé tim hinh chiéu con lai cila g:ao
diém.

Vi du : Tim giao diém cda dudng thing chi€u bang d véi hinh chop
SABC. '

Gidi : Goi I va K 1a cdc giao diém cia dudng thing d vdi hinh chép,
thi ta ¢6 ngay hinh chiéu bang I, =K, =d,.

Vi1 va K ciing 12 céc diém thuoc hinh chép, nén di 6 1, va K,, dé tim
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hinh chi€u ding I, va K,, ta gn I va

K vao cdc dudng thing SI va BK. Hai
dudng thing ndy cat canh AC tai
diém 1. Tir d6 ta tim dugc hinh chiéu
ding 1, va K, (hinh 5.7).

Con trudng hop dudng thing
khong phai dudng thing chiéu, nhung
da dién 12 lang tru chiéu ciing twong
d6i don gian, ban doc tu nghién citu.

5.3.2. TRUONG HOP TONG QUAT

Trudng hop nay ta phai ding
mit phing phu trg, chiia dudmg thing
di cho. Sau dé tim giao tuyén g (1i
mot da gidc phing) cla mit phing
phu trg vdi da dién. Cudi cung, tim
cdc giao diém cha dudng thang da
cho véi giao tuyén g. D6 chinh 1a cac
giao diém cén tim.

Hinh 5.7

S Mat phing phu tr¢ thudng chon
Ia mat phing chiéu.,

Vi du 1 : Tim giao diém cla
dudng thing 1 va hinh chép SABC.

Gidi : Ta dung mit phang phu
tro 1a mat phang chiéu diing o chira
duong thing 1.

3156)‘

Nhu vay. ta c6 : o, =|,. Ta dé
tim dugc giao tuyén cla mat phing
o v6i hinh chép SABC la tam gidc
123; ma hinh chiéu diing cua né la
doan thang 1,3,2,. '

Tir hinh chiéu dimg 1,2,3,, ta
tim duge hinh chiu bang 1,2,3, cit
Litail, vaK,. '

Tir cic hinh chiéu bang do ta
tim duge hinh chiéu ding [, va K,
(hinh 5.8}
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Khi tim céc diém trén, hai diém 1 va 2 thi don gidn, ta lvu ¥ diém 3.
Vi diém 3 thuoc dudng canh SB, nén dé tim hinh chi€u bing, ta phai gan
né vao dudng thing 34 song song véi canh diy AB.

Sau d6, ta xét thdy va khu4t trén céc hinh chiéu.

“Trén hinh chi€u dimg : Poan I, K, dé thady né khudt; con doan I;1,, vi
diém I thuoc mit (SAC) khust, nén di€ém I, khuat, do d6 doan [, 1, khuit.
Poan K,2, : di€ém K thudc mit (SBC) thdy, nén K, thdy, do d6 doan K2,
thay.

Tuong tu, trén hinh chi€u bing : dé thay doan LK, khuét. Doan K, dén
canh B,C, : Vi K thudc mat (SBC) thay, nén K, thay, do d6 doan K, - B,C,
ciing thdy. Poan tir [, dén canh S,A, : Vil thudc mit (SAC) khudt, nén I,
khuat, do d6 doan tit I, d&n canh S,A, khuat.

Vi du 2 : Tim giao diém cla dudng canh MN véi lang tru xién tam
gidc, cobacanh bénlaa, b, c.

Gidi : Bai ndy ¢6 nhiéu céch giai, ta néu mot vai cich :

Cdch 1 : Ta chon mat phang phu trg khong phéi mat phang chidu, ma
d6 13 mat phing (m, n), trong dé dudng thing m di qua diém M, va dudng
thang n di qua diém N; m, n déu -
song song v4i canh bén cla ling
tru. Nhu vay, mit phdng (m, n)
s& cit lang try theo cdc dudng
thing song song v&i canh bén
cua ling tru.

my

Dé tim giao tuyén cla mit
phang phu trg dé véi cdc mat bén
cha ling try, ta phai tim giao
tuyén g clia mat phiang phu trg
v6i mat phing diy (ABC) cla
ling tru (hinh 5.9). D¢ 14 dudng
thing n6i giao diém 1 thudc m
v6i mit phing (ABC) va giao
diém 2 cla dudng thang n véi
mat phing (ABC). '

Giao tuyén g cit tam gidc

Hinh 5.9
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ABC tai cic diém 3 v 4. Qua 3, 4 vach céc dudng thing song song véi
canh bén clia lang try, cdc dudng thing dé cat dudng thing MN tai Iva K.
P6 chinh 12 cic giao diém cén tim.

Sau dé6 ta ciing xét thdy, khuat.

Cdch 2. Ta ciing giai bai todn dé bang phuong phap chi€u phy.

Ta chon mat phing hinh chi€u a mat phang (ABC), ddy cta lang tru. -
Huéng chiéu 13 cdc dudng thing m, n.

Khi d6, hinh chi€u cdc mat bén cha lang tru 1a cdc canh cua tam gidc
ABC: hinh chi€u cla dudng thing MN la dudng thing 1 2. Nhwr vay, cdc
canh ctia tam gidc ABC cét duéng thing 1 2 tai hai di€ém 3 va 4. Dua céc
diém 3 va 4 tr& vé cic hinh chi€u ban ddu ta c6 hai giao diém 1, K.

Nhu vay, vén véi hinh 5.9, nhung ta da gidi thich cdch tim céc giao
diém I v K d6 bing mot cach khéc.

Vi du 3 : Tim giao diém dudng canh MN véi lang tru xién.

Gidi ; Bai ndy ciing tuong tu bai trén (tuy hinh c6 hoi khac), nhung ta
néu mot cich giai nifa. '

Ta dung mit phing phu trg 12 mat phing chi€u ding, tic 12 mit phing
canh o. ' .

Néu giai theo phuong phép thong thuémg, thi diing mat phing phy trg
nhu vay, viéc gidi s& phic tap. Trudng hop n2y, ta ciing gidi bing phuong
phép chiéu phu, nhung mat phang hinh chi€u va hudng chi€u khac cich
gidi trén. '

Mat phing o cit lang tru theo tam gidc 123 (cat céc canh a, b, ¢ tuong
ing tai cdc diém 1, 2, 3) (hinh'5.10). :

Ta duing phép chidu phu, mat phing hinh chi€u 12 mat phing phén gidc
thi hai, chi€u dudng thing MN vi tam gidc 123 lén mat phéng hinh chidu -
dé. Dudmg thing MN c6 hinh chiéu phy 13 dudng thing M'N'; tam gidc 123
¢6 hinh chi€u phu 1a 1°2'3. Dudng thing M'N' cét cdc canh cha tam giac
1'2'3' tai hai diém.I' va K'.

DPua cdc diém I' va K' trd vé céc hinh chi€u ban déu ta cb cic giao
diém I (I,, L,). K(K,, K,) cén tim.

Qua m&y vi du vita néu, cho thdy phép chi€u phu trong mét 56 trudng
hop cling td ra hiru hiéu.
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Hinh 5.10

5.4. GIAO TUYEN HAI DA DIEN

Giao tuyén hai da dién s& 13 mot hoac hai da gidc phing hodc ghénh.
Muén tim giao tuyén dé, ta tim giao diém céc canh ciha da dién tha
nhit véi da dién thit hai; rdi lai fim giao di€ém cdc canh cta da dién thit hai
vdi da dién thit nhat. Sau d6 ndi chiing lai, ta s& cé giao tuyén.
Ta ciing xét cdc trudng hop tir dé dén khé.
5.4.1. MOT TRONG HAY DA DIEN LA LANG TRU CHIEU
Tritong hop nay ta dé biét ngay mét hinh chiéu cia giao ruj*é"n {triing
véi hinh chiéu cdc mdt bén. ciia ldng try chiéu} gén giao tuyén 'dé vao da
dién kia, d€ tim hinh chiéu cén lai. Lo LD
- Vidu I :Tim giao tuyén clia lang tru chidu bing, ¢6 cdc canh bén la
a, b, ¢ v6i lang tru xién, c6 cdc canh bénla d, e, g. R o
Gidi : Ta d& biét ngay hinh chi€u bing clia giao tuyén 13 phdn chung
"cla hai lang tra.
Ta tim cdc dinh ctia da gidc giao tuyén . _
Trudc khi tim cdc giao diém d6, ta 1ap mot so dé ndi (né rét cé ich cho
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viéc ndi glao tuyén sau nay). Cit méi lang tru theo mot canh ben, 18i rai cic
mit d6 }én mét mit phing.

Vi du lang try thdng dimg cét theo canh a rdi rai ra, lang try ¢6 ba
canh, nén khi rdi ra ta sé c6 b6n dudng thang song song la a, b, c va a. Vi
cét theo canh a, nén canh a s& ¢6 vi tri ddu va cudi. Tuong ty, véi ling try
xién, ta cit theo canh d réi réi ra, ta s& c¢6 bon dutmg thing song song la d,
e, g, vad (hinh 5.11).

ad be ¢
4 2
d
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¢ — 5
g—N
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Z
74
d_ N\
4 13

Hinh 5.11

- Trudc hét, ta tim giao diém céc canh clia ling tru xién véi ling tru
thing dimg :

Canh g c6 hat glao diém 1 va 2. T hinh chiéu bang 1,, 2, ta ¢6 hinh
chigu ding 1,, 2,. Ta ghi hai diém 1 va 2 1én so d6 : Diém 1 thugc canh g
clia lang try xién, nhung né thudc mat (a, c) cha lang try thdng déng, nén ta
ghi di€ém 1 vio canh g va thudc doan thang ndm giita hai canh a va c¢. Tuong

tw, diém 2 thudc mat (b, ¢), nén duge ghi vao doan thang ném giifa hai canh
bvac.

Canh d c6 hai giao diém 3, 4. Ta lai ghi 3 va 4 lén so d6 nhu trén.
Diém 3 thudc mat (b, ), diém 4 thudc mit (a, b). Vi trén so d6 canh d ¢
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hai vi tri (d4u va cu6i), nén khi ghi cdc diém 3 va 4 ciing phai ghi ca hai vi
- uidé,

Canh e khong c¢6 giao diém.

Ta tim giao diém cic canh cia lang try thing dimg vdi lang tru xién.

Canh b c6 hai giao diém 5 va 6, ma hinh chi€u bing 14 5, =6, = b,. T
hinh v& ta ¢6 di€m 5 thudc mat (d, €). Ti hinh chi€u bing 5, ta gén vao
dudmg thing song song v6i canh bén clia lang try, ta fim dugc hinh chigu
ding 12 5,. Tuong ty, ta tim duge diém 6 thudc mit (e, g). Ta lai ghi 5 va 6
1&n sa 48, theo diing vi tri clia nd.

Tuong ty, canh a ¢6 hai giao diém 7, 8. Diém 7 thu6c mat (d, g), diém
8 thudc mit (e, g).

Canh ¢ khong c6 giao diém.

Nhu vy, ta 43 tim xong giao diém c4c canh cla cd hai da di¢n.

Bay gid ta ndi cic glao diém d6. Néu khong c6 so dé trén, thi viéc nay
khéng don gian.

Nguyén tic n6i c4c giao diém d6 nhu sau :

- Ta chi ¢6 thé noi hai giao diém, néu hai giao diém d6 cing thugc mét
mdt bén ciia da dién thit nhdt, va ciing cang thugc mét mdt bén cua da dién
thit hai. o _ _

- M6t canh ciia giao tuyén 1a thdy trén mot hinh chiéu ndo d6, néu canh
dé ciing thudc hai mdt bén déu thdy ciia hai da dién trén hinh chiéu dé.

Van dung nguyén tic d6 vao so d6 trén nhu sau : i

- Ta chi ¢é thé néi hai giao diém, néu hai giao diém dé cing thudc
mot 0.

Ta xem trén hinh chi€u dang xét, mat nio cla da dién thdy, thi trén so
dé ta ghi ddu cong (+), mat ndo khudt, khong ghi gi (ghi ddu cong 12 ddnh
d4u, khong ghi gi, ciing 1a danh du).

Sau 46, két hop viéc xét thdy, khuat ciia ca hai mat, 6 nio thude ca hai
mit déu thay thi néthdy, cdn 6 nao thude it nhat mét trong hai mét bi khuat
12 né khuét. _

Tir 46, canh nao ndm trong 6 thdy la né thdy, canh ndo ndm trong 6
khudt thi né khudt.

Van dung céc nguyén téc trén vio hinh 5.11:

Truéc hét, xét thdy, khuft cia céc mat. Trudng hop nay chi cé mét
hinh chigu du‘ng
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. (Néu ¢é hai hinh chiéu thi phai dtmg m&i hinh chi€u mot ki hidu rleng)

" Véi lang tru ding : hai mit (a, b) va (b, c) thay.

Vi lang tru xién : hai mit (d, e) va (e, g) thdy.

K&t hop lai ta ¢ bén 6 thdy, con lai 1a khuat.

Bay gi®y néi cdc giao diém :

Vi dy, bit dau tir 4.5.3.2.6.8.1.7.4.

Nhu véy, giao tuyén s& 12 mot da gidc. Vi nhu trén, tat ca cic diém da
duoc néi. Néu sau khi néi, vin con mot s6 diém nita, thi ta lai néi cdc diém
con lai nhu trén. Khi d6 giao tuyén s& Ia hai da giéc.

Trong cdc canh clia giao tuyén, cdc canh 4.5.3 va 2.6.8 nam trong cdc
& thdy, nén trén hinh chiéu dung céc canh dé ciing thay; cdc canh con lai 1a
kbuit.

Bay gid, ¢t theo thi tu d6 ma ndi trén hinh chi€u.

D6 1a xét thdy, khuit clia giao tuyén. D& ddy du hon, ta con phai xét
th&y va khuat cdc canh cia hai da dién. Néu biét dua vao su thdy, khuat clia
giao tuyén dé, thi viéc nay s€ rdt nhanh.

Vi du ~anh a, doan giita hai giao di€m 7 va 8 Ia khuat. Vi doan nay
& phia trong lang tru xién. Ta chi cdn xét hai doan : tir 7, d&n d, va tir 8,
déng,.

Poan 7, — d, : Vi doan giao tuyén 4, — 7 khudt, — diém 7, khuit >
doan 7, - d; khuat.

Doan 8, — g, : Vi doan giao tuyén 6, — 8, thiy — diém 8, thdy —> doan
8, — g, thay.

Céc canh khéc cling xét twong tv nhu vay.

Vi du 2 : Tim giao tuyén clia hinh chép SABC va lang tru chi€u ding
cécaccanhbénlaa, bvac.

Gidi : Trudng hop nay ta ciing biét ngay hinh chiéu ding cua giao
tuyén, ta chi cdn tim hinh chié’u'b‘ang (hinh 5.12).

Truée hét, ta ciing vé sg 48 néi. Tim dugc diém nao ta ghi ngay lén
sg dé.

Giao diém cdc canh ciia hinh chép v6i lang tru : Canh SC c6 hai giao
diém 1, 2. Trong d6 1 thudc mit (b, ¢), 2 thudéc mat (a, c). Vi mat (a, ¢)
song song véi mar phing ddy (ABC) cia hinh chép, nén né cat cac mat bén
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ctia hinh chép theo cac dudng thing song song v6i cdc cang ddy ABC. Tir
dé tim dugc céc giao di€ém 3, 4 va 5. Trong d6 3 thugc canh SB, con 4, 5
thudc canh a. Canh SB cdn mét giao diém nira 1a diém 6. Vi SB la dudng
canh, nén dé tim hinh chi€u bing 6, ta phii gan diém 6 d6 vao dudng thing
6 9 song song v6i canh AB thuéc mét bén SAB. Canh b cat hinh chép tai
hai diém 7, 8. D& tim hinh chiéu bing ctia 7 va 8, ta vach qua né cdc dudng
théng 7 10 va 8 10 song song véi cic canh diy AC va BC.

Nhur vy, hai diém 3 va 6 thudc canh SB. Trong d6 3 thugc mat (a, ¢),
6 thudc mat (a, b).

Hai di€m 4, 5 thuoc canh a. Diém 4 thudc mat (SAB); diém 5 thuoc
mat (SAC).

Hai diém 7, 8 thu6c canh b. Trong d6, 7 thudc mat (SBC), diém 8
thuoc mat (SAC).

Sau d6, ta ndi cdc diém theo thi tw sau : 4.6.7.1.8.5.2.3.4.

Sy

Hinh 5.12

Ta ciing xét thdy va khudt (hinh chi€u bang). Hai mat bén cia hinh
chép SAB va SBC thdy; lang tru ¢6 hai mat thay la {a, b) va (b, ¢).
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Két hop lai, ta c6 céc canh 4.6 ; 6.7 ; 7.1 thdy, con lai 1a khuat.
Giao tuy€n 13 moét da gidc ghénh.

5.4.2. TRUONG HOP TONG QUAT

Trudng hop nay ta chua biét hinh chi€u nao cia giao tuyén nén phic
tap hon. :

Ta ciing tim giao diém céc canh cia da dién thi nhét v6i da.dién thi
hai; va lai tim giao di€m céc canh cha da dién thit hai v6i da dién thi nhat.
Sau d6 néi cac di€ém d6 lai.

C6 diéu khéc 13, viéc tim cdc giao diém d6 s€ phic tap hon.

Vi dy : Tim giao tuyén cia hinh chép SABC véi lang try tam gidc, c6
ciccanhlaa, b, c. '

Gidi : Truong hop ndy, ta phdi ding mat phing phu trg dé tim giao
diém céc canh cia lang tru v6i hinh chép, sau d6 lai tim giao diém cédc canh
ctia hinh chép véi lang tru (hinh 5.13).
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Hinh 5.13
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_ Truéc hé, ta ciing v& so d6 néi. Tim duge giao diém nao ta ghi ngay
1én so d6 do. ' _

Vi du, dé tim giao diém canh a cda ling try v6i hinh chép, ta diing mat
phéng phu trg 1a mat phing chiu ding o, (ma hinh chigu dimg 1a o, = a,,
* mat phing niy cit SA, SB, SC ldn luot tai A', B, C ta tim duge hai giao

diém 13 cba a vdi hinh chépla 1 va 2, :

Ta ghi hai diém d6 1én so d6 : 1 va 2 thuoc dudng thing a, va 1 thudc
mit (SAB), 2 thugc mat (SBC). Mudn bi€t cic giao diém dé thudc mat bén
nio clia hinh chép, ta phai xem giao diém dé nim trén giao tuyén phu thudce
mat bén ndo. Vi dy, giao diém 1, ndm trén giao tuyén phu A'B' thuéc mat
(SAB) diém 2 thuoc B'C’, thuoc mat (SBC). Canh b khong cé giao diém.
Canh ¢ c6 hai giao diém 3 va 4, trong d6 diém 3 thuoc mat (SAC), diém 4
thudc mit (ABC).

- Giao diém céc canh cha hinh chép véi lang try : Canh SA c6 hai giao
diém 5 va 6. Trong dé, 5 thudc mat (a, c), cdn 6 thudc mat (b, c). Canh SB
¢6 hai giao diém 7 va 8. Trong d6 7 thudc mit (a, b) va 8 thudc mat (b, c).
Canh SC khong c6 giao di€m. :

Ta ndi céc di€m dé theo nguyén tic néu trén :

Trude hét, ta néi trén so dé, sau dé theo thit ty trén so dd, d€ néi trén
do thic.

Thit ty n6i nhu sau : 1.7.2.4.8.6.3.5.1.
Nhu véy, giao tuyén 1a mot da gidc ghénh.

Sau d6 xét thdy va khudt cia giao tuyén trén ting hinh chiéu, r6i xét
thdy va khuéit cac canh cha lang try va hinh chép, trén maéi hinh chiéu.

CAU HO!1 VA BAI TAP
1. Trinh bay cich xét thdy, khuat cic canh chéo nhau cha da dién. Xét
vi du hinh 5.15 va 5.17.
2. Cdch 14y mot diém thuée da dién.

Tim céc hinh chi€u con lai clia cac di€ém A va B thuf}c llang tru tam
gidc (hinh 5.14).

Tim céc hinh chi€u con lai clia céc diém M, N thu¢c mat thaip SABC
(hinh 5.15). ' '

3. V& giao tuyén ciia mat phing (m, n) véi lang try (hinh 5.16).

4. V& giao tuyén ciia hinh chép SABC v6i mit phing di qua dinh C va
thing géc voi canh SA (hinh 5.17).
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A

Hinh 5.15

Hinh 5.14

Hinh 5.16

Hinh 5.17
5. V& giao tuyén clia lang tru tam gidc voi mat phing phan gidc thi
nhat ¢hinh 5.18).
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6. Cho lang try ti¥ gific thang. dtmg Dung mit phéng di qua canh AB, |
va cét ling tru theo mot hiinh thoi. Bi€t hinh chi€u bﬁng cta lang tru 1a mét
hinh binh hanh va AB//h (hinh 5.19).
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Hinh 5.18 L " Hinh5.19
7. Tim giao diém dudng thing 1 v6i lang try (hinh 5.20).
8. V& giao tuyén lang tru va hinh chép. Xét thdy va khudt (hinh 5.21).

Hinh 5.20

Hinh 5.21
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9. V& giao tuyén hai lang tru. Xét thdy, khusit (hinh 5.22).

Hinh 5.22
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Chuong VI. PUGNG VA MAT CONG

6.1. DUGNG CONG

6.1.1. KHAI NIEM

* Dinh nghia : Putong cong co thé coi la quy tich cia mot diém
chityén dong theo mot quy ludt nao dé. Vi du, dudng trdn, ¢6 thé coi 1 qu¥
tich clia mot diém chuyén dong trén mot mit phing, va luon cach mot diém
¢6 dinh, mot khoang céch khong déi; hodc dudng xoén 6c¢ tru, c6 thé coi 1a
quy tich ciia mot diém chuyén dong déu trén mot dudng thang d, dong thdi
dudng thing d d6 lai quay tron déu quanh mot duong thing t // d.

Hotic, ditong cong ciing c6 thé coi la giao tuyén cia hai mdt. M8i mat

“dugce xédc dinh biang mét phuong trinh f(x, y, z) = 0 v2 g(x, ¥, ) = 0. Trong
d6, f(x, v, ) la mot da thic bac m, vi g(x, ¥, 2) 1a mot da thic bac n, thi
dudng cong s€ c6 bac bing m.n (hai da thie £(x, y, 7) va g(X, v, ) phai doc
lap v6i nhau). '

% Phdn logi : C6 nhiéu céch phan loai duong cong, sau day ciing la
mét cach phan loai : -

- Duong cong phdng la duomg cong ma tdt cd céc diém cia né cing
thuéc mét mdt phdng. Vi du : cic dudng bac hai nhu dudng tron, ellip,
parabon, hypecbon, ... ' :

- Duonmg cong ghénh Ia diomg cong ma 1t cd cdc diém ciia né khong cing
thuéc mot mat phdng. Vidu : dudng xo4n &¢ tru, dudng xoan 6¢ ném, ...

Tiép tuyén cia duong cong. Gia
st 1a ¢6 dudng cong 1, trén d6 ta ldy N
hai diém M va N (hinh 6.1). Cho
diém N tién ddn t6i diém M. Néu cdt
tuyén MN c6 vi tri gici han la Mt, thi ¢ A
Mt goi la tiép myén cia duong cong A
I, tai diém M. Con diém M dé goi la /2 _ \Q
tiép diém (hoic di€m ti€p xic) clia .
1iép tuyén Mt. ' Hinh 6.1

* Mgt phdng tiép xic cila duong cong. Néu 1a c6 dudng cong 1 va tiép
tuyén Mt clia dudng cong | taignot diém M, thi moi mdt phdng chita tiép
tuyén M1, goi la mdit phdng 1iép xiic cila duong cong ! tai diém M.

Hn I

o
S

* Mt phdng mét tiép cia duong cong. Trén dudng cong 1 néi trén, ta
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tdy diém N. Khi cho dién N tién d4n t6i diém M, néu mat phing (N, MO
¢6 vi tri gi6i han 12 mat phng 4, thi mat phing 4 d6 goi 1a mat phdng mét
tiép ciia duomg cong | tai diém M. S

* Phdp tuyén va mdt phdng phdp ciia duong cong. Moi ditomg thdng
di qua M va vuéng géc vai tiép tuyén Mt ctia dwong cong, thi goi la phdp
tuyén ciia’ duomg cong | tai diém M. Nhu vay, c6 vo s& phép tuyén cla
dudng cong 1 tai diém M, céc phdp tuyén d6 tao thanh mdt mat phing, goi
1a mgt phdng phdp ciia dwomg cong | tai diém M. Trong d6, phdp tiuyén ndm
trong mdt phdng mdt tiép A, thi goi la phdp tuyén chinh. -

- Hai duong cong tiép xic. Hai
dwong cong 1 va m, néu c6 chung mot
tiép tuyén Mt tai mot diém M, thi hai
ditomg cong d6 goi la 1iép xiic voi nhau
tai diém M (hinh 6.2).

- Puong bao. Gia st ta c6 mot
dudng cong phang 1 va mét ho dudng
" cong phing m. Néu : m

+ Tal méi diém cta dudng
cong 1 ¢6 it nhdt mét duong cong m

" ti€p xiic véi nd.

+ MSbi dudng cong m, phai
ti€p xtic v6i dudng cong 1 & it nhat
mdt diém. _

Thi dwdng cong l goi la dudng
bao ctla ho cdc dwomg cong m (hinh ) Hinh 6.3
6.3).

l

Hinh 6.2

6.1.2. MOT SO Vi DU VE DUSNG CONG

1. Pudmng cong phéng (dudng cong bic hai)

o Puong ellip. Duong ellip ¢
thé coi la quy tich cdc diém M
thuoc mot mdt phdng, c6 16ng
khodng cdch 16i hai diém c6 dinh F
va F’ (ciing thudc mdt phdng dé) la
mét hdng so.

Hai diém F vd F' goi 1a hai
tiéu diém cla ellip (hinh 6.4).

110



Goi hang s6 néi trén 12 2a, thi ing v4i mbi diém M thuoc elliptacd :
MF + MF' =2a. - *
Goi O 12 trung di€m clia doan thang FF'. L4y O lam gdc cia hé truc toa
do be cic vudng géc Oxy; 18y dudng thing FF 1am truc x; Pat OF = OF =c.
Ta c6 phuong trinh cfia dudng ellip nhu sau :

2 2
X P
T+2T=l leb2=az-'C2.
a® b

Nhu vay, a — ¢ > 0. Néu ¢ = 0, tiic 1a OF = OF = 0. Khi d6, ellip s& 1a
duong tron.

Dé thay rang : Tdm O Ia tdm doi xing cuia ellip.

Hai truc toa d6 x va y ciing la hai truc d6i ximg ciia ellip.

Goi A, B 1a cdc giao diém cla truc x vdi ellip; va C, D 1a cic giao

diém clia truc y véi ellip, thita ¢ :
AB=2a,vaCD =2b.

Via> b, nén AB goi la truc dai, con CD goi 1a truc ngin cia ellip.

Moi day cung di QUa tam O goi 12 dudng kinh cia ellip (trong d6, truc
dai 1a dudng kinh dai nhit, con truc ngdn 13 dudng kinh ngén nhit cla
ellip).

Hai duong kinh goi 1a lién hiép véi nhau, néu diudmg kinh nay chia déi
mot ddy cung song song vort duong kinh kia.

T 46 suy ra : Tiép tuyén cita ellip tai mot diém M sé song song vdi
dudng kinh lién hiép véi dicomg kinh di qua tiép diém M dé.

Méi dvong kinh ciia ellip bao gior ciing c6 mét duong kinh duy nhadt
lién hiép voi né.

Truc dai va tryc ngén cha ellip, 12 mét cap dudng kinh lién hiép duy
nhat, vudng géc véi nhau.

Ngudi ta chifng minh dugc rdng, biét mot cap dudng kinh lién hiép clia
mét ellip, thi ellip d6 hoan toin duge x4c dinh.

Tu cong thitc (*), suy ra : Ta ¢6 thé coi, ellip la quy tich cdc tdm M
cila cdc dudng tron, luén luon di qua mot diém 6 dinh F, va tiép xiic trong
voi mot duong tron cé dinh, cé tam la diém F’ (bdn kinh bing 2a).

Hai diém F va F, chinh 14 hai tiéu diém cfa ellip (hinh 6.5).

Dudng tron tam F' va bdn kinh 2a d6 goi 1a dwdmg tron chudn.

Dudng tron ¢6 tam 13 tam chia ellip, ban kinh bing a, goi 13 duong tron
chinh ciia ellip.
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Hinh 6.5

e Puong hypechon. Duong hypecbon co thé coi 1a quy tich cdc diém
M thudc mét mdt phdng, ¢é hiéu khodng cdch 1&i hai diém c6 dinh F va F’
(thudc mdt phdng do) 1a mot hang so.
Hai diém F va F' goi 12 céc tiéu diém chia hypecbon.
Goi hiing s6 trén 1a 2a, thi dng v6i mdi diém M thudc hypecbon ta ¢6
/ MF - MF/ = 2a. (**)

Goi O Ia trung diém clia doan thing FF'. Ldy O lam g6c clia mot hé truc
toa do Décéc vuong géc, dudng thing FF' lam tryc x. Dat OF=0F =c.
Ta c6 phuong trinh clia dudng hypecbon la :

) 2 .
X o 54
———-yT=1 véial = b? + ¢?

a’ b TN
Nhur vay, a > c. " | M

Dé thdy ring, tam O la tam doi B
ximg cila hypecbén, hai truc x va 'y F
ciing la hai truc ddi ximg ciia
hypecbon.

2b

Truc x chia hai tieu diém F va ' 2a
F' goi 1a truc tiéu diém thyc (hodc
truc thuc) clia hypecbon (hinh 6.6).- Hinh 6.6
Hypecbon cét tryc x tai hai di€ém A va B.

Ta v& mot hinh chif nhat (di qua A va B), c6 chiéu dai bing 2a, chiéu
rong bang 2b.

. . - . - . . . 3 b - b
Ngudi ta chitng minh duoc ring, hai duong thing: y=—xva y=-—X
_ a a

14 hal tiém can cua hypecbdn.
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Hai tiém can nay, chinh 1a hai du?:’fng chéo ctia hinh chir nhat néi
trén.

Tir cong thifc (**), suy ra : Puong hypecbén ciing c6 thé coi la quy tich
tdm M ciia cdc duong tron, luén ludn di qua mot diém F ¢ dinh, va tiép
xtic voi mot duong tron & dinh, c6 tam la diém F’ (bén kinh 2a).

Céc diém F va F d6 chinh 13 céc tiéu diém ciia hypecbon (hinh 6.7a, b).

Pudng tron c6 ban kinh bing 2a, n6i trén, goi 1a duong tron chudn cha
hypecbén.

Pudng tron cd ban kinh bang a, ¢é tam la tam clia hypecbém, goi la
didng tron chinh cua hypecbon.

al .

Hinh 6.7

o Puong parabén. Puong parabon la quy tich cdc diém, cdch déu
mot diem F ¢ dinh va moét duong thdng d c6 dinh trén ciing mét mgt
phang

Diém F d6 goi 1a tiéu diém, con d Y
dudng thang d d6 goi 1 dzrorng chudn H M
cua parabdn.

Ta vé mét hé truc toa 46 Pécic
vudng goéc, ma truc x la dudng thing qua o
diém F, va vuéng géc véi dudng thang d ok F .
(hinh 6.8). G&c toa do O la diém thude '

truc x, va cach déu diém F va dudng d,
" thi ta c6 phuong trinh ctia dudng parabon
nhu sau :

Y? = 2px, p 1a khoang céch tir tiéu

. . Hinh 6.8
diém F dén dudmg chuan d.
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Dé thdy, truc x 1a truc doi ximg

' d
chia parabdn, géc O 4 dinh cua
parabén

T dinh nghia trén, ta thdy : H{ M

Du@ng parabén con c6 thé coi la quy .
tich tam M cua cdc duong tron, lubn.
luén di qua mot diém F cd dinh, va F
tiép xiic voi mot duong thang d o dinh
(hinh 6.9). Diém F d6 goi 1a tieu diém, '
dudng thing d goi 12 dudng chudn clia
parabén.

Hinh 6.9

Tém lai, ta ¢6 mot dinh nghia chung vé cdc dudng bac.hai nhu sau :

Ta cé thé coi diwong bdc hai la quy tich tdm M ctla cdc dudng tron,
luon luon di qua mét diém F cd dinh, va tiép xiic véi mot duong tron c6
dinh ¢6 tam la diém F'.

Céc diém F va F' goi 1a cdc tidn diém cha duding bac hai,

Dudmeg tron tam F' goi 1 diong tron chudn cia dudng bac hai.

Néu tién diém F 1a diém hitu han :

- Céc dudmg trdn tam M tiép xdc trong véi duding tron chudn (tam F),
thi ta c6 ellip.

_ Céc dubdng tron tam M ti€p xic ngoai va tiép xiic trong v6i dudng
tron chudn (tam FY), thi ta ¢6 hypecbon.

Néu tieu diém F 1a diém v6 tan, (dudng tron chudn 13 dudng thang),
thi ta ¢6 parabon.

2. Dudng cong ghenh

Vi du, dudng xodn &c tru, dudng xoin 60 nén 14 nhimg dudng cong
ghénh,

Puong xodn dc tru, cé thé coi la quy tich cia mot diém M chuyén
dong déu theo mot dtrorng thdng d, déng thoi duong rhang d lai quay tron
déu quanh mét ditong thdng | song song vdi ditomg thdng d.

{)chmg thing d goi 1a dudng sinh, cdn dudng thang 1 goi 1a truc cta
dudng xodn.

- Vong xodn 1a phin dudng xoén (di€m M di dugce) khi dudng thing d
quay mot vong quanh truc | (hinh 6.10).

’ - Bitée xodin, 1a doan duo‘ng AA' =h (do theo hm:mg dudng thang 1) ma
" diém M di duoc, khi dudng thang d quay dugc mot vong quanh truc L.
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" Khoang cdch tir dudng thang d dén truc xoay 11ar.

Ngudi ta ching minh dugc ring, géc nghiéng clia tiép tuyén Mt 1ai
mot diém M bat ky cha dudng xodn v6i mat phing vuéng géc véi truc 1 1a
mot hing s6 a. '

Tacod:

1g o = h/27Zx ; o goi 1a géc nang cua dudng Xo4an.

—

Hinh 6.10

6.1.3. HINH CHIEU CUA DUONG CONG
'N6i chung, hinh chi€u cha mot dudng cong, ciing 12 mot dudng cong.
Tinh chdt :

1- Hinh chiéu (song song hodc xuyén tdm) cia mdt tiép tuyén Mt cia
mot duong cong 1, néi chung, ciing la tiép tuyén M't’ cida hinh chiéu I’ cia
duong cong tai hinh chiéu M’ ciia tiép diém.

That vay, gia sir ta c6 dudng cong 1, cdt tuyén MN va ti€p tuyén Mt
(hinh 6.11). :

Goi I', M'N' va M't' tuong ing 12
hinh chi€u (song song hoic xuyén
tam) ciia dudng cong 1, cat tuyén MN
va ti€p tuyén Mt. Khi diém N ti€n ddn
téi di€ém M thuoc dudmg cong 1, thi
diém N' cing tién ddn téi diém M’
thuoc dudng cong I'. Do d6, khi cét
tuyén MN cé gi6i han 12 ti€p tuyén
Mt ciia dudmg cong |, tai diém M, thi
cét tuyén M'N' cling c¢6 gi6i han la
ti€p tuyén M't' ciia dudng cong I', tai
diém M.

Hinh 6.11
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- Khi chi€u dudng cong 1, néu tam chi€u S ndm trong mat phing mat
 tiép a1, nheng khong nim trén ti€p tuyén M, thi n6i chung, hinh chiéu I' 6
hai phia cia ti€p tuyén M't, va ciing & hai phfa clia bét cit dudng thdng nao
~ thudc mat phing hinh chi€u 7z, ma di qua tiép diém M.

- v

Hinh 6.12

Hinh 6.13

Khi d6, diém M’ goi la diém ubn cia duong cong I’ (hinh 6.12).

- - Néu tam chi€u S, thudc ti€p tuyén Mt, thi tiép tuyén Mt la dudng
thing chi€u, nén hinh chi€u xuyén tam ca né s& 1a mot diém. Khi d6 hinh
chigu 1" c6 thé s& c6 diém Ini loai mot (hinh 6.13), hodc diém lii loai hai
(hinh 6.14).

- - Khi chi€u dudng cong ghénh 1, néu c6 tia chi€u cit dudng cong I tai
hai di&m, thi hinh chiéu I' s& c6 diém kép (hodc diém tu cét) (hinh 6.15).

Hinh 6.14 . Hinh 6.15

2 - Hinh chiéu ciia mét duomg cong dai s6 bdc n, néi chung ciing la mot
dudng cong dai s6 bdc n. .

Cinhruyla: .

- Néu dudng cong dai s6 1 phing, thi s6 bac clia né bang s6 giao

116



diém (cA thuc va &0) cia mot dudng thing thuéc mat phéng d6 véi dudng
cong dé.

.- Néu dudng cong dai s6 13 ghénh, thi s6 bic clia né bing s6 giao diém
cia mot mat phing v6i dudng cong dé.

a) Hinh chiéu cia mot duong tron -

Hinh chi€u clia mét dudng tron, néi chung 1a mét ellip ¢6 ¢

- Hinh chi€u cia tam dudng trdn, 1a tam cha ellip.

- Hinh chi&u clta hat dudng kinh vudng géc clia dudng tron, la mot cap
dudmg kinh lién hiép cua ellip.

- Hinh chi€u ciia dudng kinh dwdng tron song song vdi mat phang hinh
chiéu, s& 1a truc dai cha ellip; hinh chi€u clia dudong kinh dudmg tron la
dudng doc nhit d6i v6i mat phing hinh chi€u, s& 1a truc ngén cla ellip
(chi€u trén mat phang d6).

Vi du : V& céc hinh chiéu ctia dudng tron, tam 0(01, 0,), ban kinh R
thudc mat phang (£, h).

Gidi. Dya vio nhiing nh4n xét trén, ta vé qua tdm O dudng bang I, va
dudng mat f'.

Trén dudng bing h' ta 14y hai diém A, B sao cho OA = OB = R (ban
kinh dudmg tron).

Dua vao tinh'chat clia dudng bang, ta c¢6 : O,A, = Q,B, = R. Tt do, ta
cé A, va B,

P& tim truc ngén cha ellip d6, qua O ta v& mot dudng dSc nhat d6i véi mit
phéing hinh chiéu bing. Trén do, ta 14y hai di€m C, D sao cho OC = 0D =R.
Dung phuong phép xoay quanh dudng bing h, ta v& dugc dudng tron tam O.’
Tir d6, ta tim duge C,, D, va C,, D, (hinh 6.]6a).

Nhu vay, A,B, 1a truc dai, vd C;D, 14 tryc ngén cia ellip trén hinh
chigu bing. Con A,B, va C,D, 1a mot cip dudng kinh lién hiép cua ellip trén
hinh chiéu ding.

Twong tu, v& dudng mat f qua tdm O, ta ciing tim dugc truc dai EF,
trén hinh chi€u ding.

Tuong -ty trén, dé fim truc ngén cha clhp trén hinh chi€u ding, ta
cling vé& qua tam O mot dudng déc nhat d6i vi mat phéng hinh chigu ding,
ta ciing tim dugc truc ngdn G,H, cha ellip trén hinh chi€u ding.

Sau d6, ndi cic diém dé lai, ta ¢6 cAc hinh chi€u cha dudng tron da cho.
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Hinh 6.16

b) Hinh chiéu ctia dwong xodn éc try

Néu ta c6 dudng xoén 6c¢ tru, c6 truc 1a dudmg thang chi€u bing, thi :
hinh chi€u ding ciia dudng xoén Gc dé 12 mot dudng hinh sin; hinh chiéu
bing ctia n6 12 mo6t dudng tron (hinh 6.16b).:

6.2.MAT CONG

6.2.1. KHAI NIEM
* Mdt cong ciing c6 thé coi la quy tich ciia mot duong 1 chuyén dong
theo mét quy Iudt nao dé. DPudng 1 d6, goi 12 dudng sinh cia mat cong.

Trong qud trinh chuyén dong, dudng sinh 1 ¢6 thé bién dang hay
khong bién dang.

Vi du, mat nén 13 mat dugc tao thanh bdi mot dudng théng luon ludn
di qua mot diém S ¢d dinh va tya trén mét dudng 1 ¢ dinh.
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Mat ciu 12 mat duoc tao thanh do.mot dudmg tron quay quanh mét
duong kinh ctia né, ... : ,

Trén mét mit, ndi chung ¢ nhiéu ho dudng sinh khac nhau.

Vi du mot mit nén, c6 mot ho dudng sinh thing; mot ho dudng sinh
tron; va nhiéu ho dudng sinh ellip; v.v, ...

* Phan logi mdt cong. C6 nhidu céch Phan loai mit cong. Ta c6 thé
phan 1am mdgt ké, va mar khong keé. Miit ké 1a mat, trén d6 c6 t6n tai nhitng
ho dudng sinh thang. Vi du mat nén, mat try, mat hypecbolsit trdn Xoay
(hoac elliptic) mot tdng, ...

* Tiép tuyén cha mat cong. Gid sif ta
¢ mat cong D, qua diém M thudc @, ta
vach mot dudmg cong 1, tiép tuyén Mt cla
\, ciing 12 1iép tuyéh ciia mdt cong O tai M
(hinh 6.17). | '

* Mdt phing tiép xic.Qua diém M
thudéc @, c6 thé c6 vé s6 dudng cong, nén
cing c6 thé c6 vo 6 tiép uyen tai M cla
®. Néu tét ca céc tigp tuyén dé ciing thuéc
moét mat phing &, thi & goi 1a mdt phdng
1iép xiic ctia mdgt cong O tai M. ~ Hinh 6.17

* Phdp tuyén ciia mdt cong. Dudng thang wuong géc vei mit phing
tiép xuc o tai diém M goi Ia Phap tuyén ciia mdt cong ® tai M.

* Hai mdt cong tiép xic. Gia si ta ¢6 hai mit cong ® va T, néu haj
mat d6 ¢6 mot diém M chung, va tai diém M d6, hai mat lai c6 mot mat
phing ti€p xdc chung, thi 801 12 hai mat © va I tiép xiic véi nhay tai M.

Néu hai mat @ va = ¢4 mot dudng | chung, ma haj mit d6 lai ti€p xic
vdi nhau tai moi diém cia 1, thi goi Ia hai mat d6 ti€p xic vé6i nhau theo
dudng 1. -

* Hinh bao. Gia sir ta ¢6 mot mat @, va mét ho mat =, néu :

~ Mbi mat Z déu tiép xiic véi & & it nhat mot diém.,

- Tai méi diém ciia @, déy t6n tai mot mat X ti€p xiic véi né.

Thi mat @ goi la hink bao (hodc mdt bao) ciia ho cdc mdr 5,

6.2.2. MOT VAI VI DU VE MAT CONG |

1. Mat ké - - e .

Mdit ké 1a mdt trén d6 cé t6n tai it nhdt mot ho dudng sinh thdng.
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Mit ké lai chia lam mit ké kha trién (mat c6
thé khai tri€n dugc), vd mit k& khéng khi tnén
(khéng khai trién dugc).

Céc mait kha trién :

* Mdat non : la mdt duoc tao thanh do mot duong
thing chuyén déng, va luén di qua mét diém S c6
dinh, va tita trén mot duomg I c& dinh (hinh 6.18).

Di€m S d6 goi 12 dinh nén; dudng 1 goi Ia
dudng chudn clia mit nén.

* Mdt tru : la mdt dugc tao thanh, do
mét dudmg thdng chuyén dong, luon song song
vdi mot ducmg thing s c& dink, va twa lén mot
duomg I ¢ dinh.

Dudmg thing s, 12 huéng ciia dudng sinh;
con dudng I 14 dudng chudn clia mat tru.

Nhu vay, mdt tru c6 thé coi la mdt nén,

md dinh 1a mét diém vé tgn (hinh 6.19). Hinh 6.19

* Mat hypecboloit mot ting : la mdt dugc tgo thanh do mét duong
rh&ng chuyé’n dong, luén tia trén ba dm}ng thdng (d6i mot chéo nhau va
khong cing song song véi mét mdt phdng).

Ba dudng thing chéo nhau d6 goi 1a ba dudng thing chuén.

Ngudi ta chiing minh dwgc ring, mdt hypecboloit mér tdng, c6 hai ho
duong sinh thdng. M8i duong sinh thudc ho nay, déu cit 14t ca cdc dudng
sinh thudc ho kia; Hai dudng sinh ctia ciing m6t ho thi khong cit nhau.

Ba dudng thang chudn néi trén, chinh 12 ba dudng sinh thudc mét ho.

* Mdt parabdléit hypecbhénic: la
mdt dugc tgo thanh, do mor duimg
thdng chuyén dong, luon luén song
song v mot mdt phdng c6 dinh, va tia
lén hai duong thdng chéo nhau.

Mat phing c6 dinh v hai dudng

thdng chéo nhau dé goi Ia mat phing Mgt parabélit
1 Vi & hypecbblic

chudn va dudng thing chuin (hinh

6.20). o Hinh 6.20

Nhu vay, mat parabdlit hypecbénic, cé thé coi Ia mdt hypecbé!oft mat
1dng, ma mot trong ba ditdong thdng chudn 1a dwomg thdng vé tén (xéc dinh
bdi mdt phdng chudn dé).
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Hai dudng cong vh mat phing c6 dinh d6 goi 13 hai dudng chuén, v

mat phing chuén.

o
-
7

e

-y : Mat xylanhdréit
i
e’

TN —

Hinh 6.24

2.'..M§t xyelic: la m(ir‘cé it nhat mélr ho ducng sinh la cdc duong tron

Ciéc dudmg trdn sinh d6 c6 thé c6
kich thudc khong déi hoic thay déi.
Néu mit phing cdc dudng tron sinh (c6
kich thudc khong déi) luon vudng géc
v6i dudmg quy tich tam céc dudng tron
sinh d6, thi mat d6 goi 1a mdt ong.

3. Mat tron xoay : lé mdr dugc

tao thanh do mét duong 1 quay quanh
mot duong thdng cd dinh 1.

Duong | d6 got 1a duong sinh,
dudng thing t goi 1A truc xoay (hinh
6.25).

Néu dudmg sinh 1 12 dudng thing,
thi mit udn xoay dé 1a mdr ké tron
xoay.
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V1 vay, agudi ta ciing ching minh

duoc ring, mdt parabéléit hypecbdic co }
hai ho dudmg sinh thdng. Mbi dudng
sinh thudc ho ndy déu cét tdt ca cic
dudng sinh thudc ho kia.

* Mdt c6 canh i : la mdt dugc
tgo thanh do mot duong thing chuyén
déng va luon tiép xiic voi mot dudng
cong ghénh .

Duing canh L

. o » Hinh 6.21
Puong cong 1 goi 1a dudng canh lui

(hinh 6.21).

* Mdt élicoit, 12 mat canh 1, ma dudng canh lbi 13 dudng xodn .
Mat élicéit lat c6 :

~-Mdt élicoit xién la mdt dugc tao thanh do mot du'o’ng rh(fng chuyén
déng va ludn tea lén hai d:ro'ng mét dudmg la dwemg xodn &c tru, mot
duong la duong thdng (truc ciia duomg xodn dc tru) va luén ludn tao voi
truc cia duong xodn o¢ tru mét géc @ khong d6i (hinh 6. 22).

- Mt élicoit thdng la mat élicoir xién, ma géc o = 90° (la mdr duoc
tao thanh do mot dwong thdng chuyén déng va ludn twa trén hai duimg :
mot duomg 1o dwomg xodn 6¢ tru, mot duomg 1d truc ciia dudng xodn oc ry
dé; va ludn luon vudng géc vdi truc ciia duong xodn dc try dé) (hinh 6.23).

Mt élicoit thdng

Mat élicéit xién

Hinh 6,23

* Mt xylanhdréit : 1a mdt digc tao thanh do mét duong thdng chuyén

déng, tua trén hai diedng cong va luén lubn song song véi mot mdt phdng
cé dinh (hinh 6.24).
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Moi diém ctia dudng sinh vach lén mét dudng tron, goi 12 vi tuyén.
Vi tuyén cé duong kinh 1on nhdt got la xich dgo.
V1 tuyén c6 duong kink nho nhdt goi la yét hau.
Giao tuy&n clia mat phing chia truc xoay, v6i mat tron Xoay, goi 1a
kinh tuyén.
Trong mo6t mat trdn xoay, tat ¢a cdc kinh tuyén déu bdng nhau.
Cic kinh tuyén nidm trén mit phing song song véi mat phing hinh
chiéu, goi la kinh tuyén chinh.
Mt tron xoay bdc hai
* Mdt nén tron xoay @ la mdt dicoe tao thanh do mot duimg thdng |

quay quanh mét dudng thang t c6 dinh, va duong thing 1 cdt duong
thdng t ¢ mét diém S c& dinh.

Pudng thang t goi 13 truc mit nén, diém § goi 13 dinh nén, dudng
thing 1 Ia dudng sinh mat nén (hinh 6.26). Trén hinh ciing chi cich tim
hinh chiéu béng clia diém M thudc mit nén khi biét hinh chiu ding M,.

* Mt tru tron xoay : la mdt duoc tao thanh do mét duong thdng |
quay quanh mot duong thang t ¢d dinh, trong dé dudng thdng t song song
véi duomg thdng I (hinh 6.27).

S;

2y
My
Sy
M,
Iy M,
‘| I
Hinh 6.26 Hinh 6.27
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Dubdng thing t, goi 12 truc mat tru, con dudng thing 1 goi 12 dudng sinh
ctia mit tru, _

Nhu vay, mit tru tron xoay, c6 thé coi 13 mat nén tron xoay, ma dinh
nén la mot di€m vé tan. Trén hinh ciing chi cdch tim hinh chi€u biing clia
di€ém M thu6c mat tru khi bi€t hinh chi€u ding M,.

* Mdt hypecboliit tron xoay mot tdng : la mdt doc tao thanh do mot
duong hypecbon quay quanh truc tiéu do ciia né (hinh 6.28).

Khi dudng hypecbén quay quanh truc tiéu 3o dé€ tao thanh mat
hypecboloit tron xoay, thi hai tiém can clia né s& tao thanh mot mat nén
tron xoay. Mat nén d6 ciing goi 1a ndn tiém cdn ciia mdt hypecboisit d6.

Hoac : mdr hypecboloit tron xoay mét tdng, ciing duype tao thanh do
mot duong thing | quay quanh mét duong thdng t, trong d6 hai ducng thdng
{vatla chéo nhau. .

* Mdt hypecboléit tron xoay hai ting : 1a mdt dugc tao thanh do mot
duong kypecbén quay quanh truc tiéu thyc cia né (hinh 6.29).

Hinh 6.28 Hinh 6.29

o Madt ellipxoit tron xoay : la mdt duge tao thanh do mot ditong ellip
quay quanh mét truc cua ellip d6. Néu ellip quay quanh truc ngén ciia
ellip, thi mdt ellipxoit d6 goi I¢ ellipxoir det. Trén hinh ciing chi cach tim
mot di€ém M thuoc mat d6, bang cdch vach mot vi tuyén di qua di€m dé
(hinh 6.30). ' :

* Mdt cdu : la mdt dugc tao thanh do mot duimg tron, quay quanh mot
dudng kinh cta nd.

Nhut vdy mdt cdu ciing c6 thé coi la mat ellipxoit tron xoay, ma duong
ellip sinh c6 hai truc bdng nhau.
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Hinh 6.30 ' Hinh 6.31

CAc mat trdn xoay néi trén déu 12 cic mdt trén xoay bdc hai. Sau day,
ciing 1 mot mat tron xoay, khong phai bic hai (bac bén), nhung né duge
dung nhiéu trong thuc t, d6 12 mdit xuyéh. ,

* Mgt xuyén : la mdt duoc tao thanh do mot dwomg tron quay quanh
mét duomg thdng ciing ndm trong mgt phdng cita duong tron dé (hinh 6.31).

Mat xuyén déng (khong c6 18 thing) thi ¢6 hai ho dudng trén sinh :
Mot ho 1a céc dudng tron kinh tuyén; Mot ho 1a cic dudng tron vi tuyén.

Mit xuyén mé& (c6 16 thiing), thi c¢6 bén ho dudng tron sinh :
Hai ho dudng tron nhu mat xuyén déng; va hai ho duo‘ng tron Vilacxd-

Manhem. Hai ho dudng tron nay, 13 giao tuyén clia mit phing ludng t1é’p
mat xuyén vét mat xuyén.

6.2.3. BIEU DIEN MOT SO MAT CONG THUONG GAP

Bifu difn mot mit cong 12 biéu dién cdc yéu td"dit d€ xdc dinh mdt do.
Titc 1, biéu dién céc yéu 16, dit dé c6 thé xéc dink dwge mot diém bdt ky
thudc mdt do.

Nhung, khi biéu dlén cdc mat, ngudi ta thudng biéu dién ca dwong bao
quanh (trén mdi hinh chi€u) cia mat dé. :

_ 1. Pudng bao quanh trén hinh chi€u cia mat cong
Gia sir c6 mot mat @, ta chi€u mat d6 lén mot mat phing hinh chléu .
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Khi dé, cic tia chi€u ti€p xdc v6i mit @, s&€ tao thanh mot mit nén (hodc
mét try, tuy theo chi€u xuyen tam hay chi€u song song), ti€p xdc véi mat ©

theo mot dudng cong 1, thi dudng cong 1 d6 gm 1a ducng thdy ngodi cha ®
theo hudng chiéu dé6.

Hinh chi€u xuyén tam (hoac
song song) cila dudng cong 1 13
duong cong I' thi I' goi 1a dudng
bao quanh (hodc diuomg thdy
ngodi) trén hinh chiéu cia mdgr @
(hinh 6.32).

Trén mat cong ®, néu cé
dubng cong k cédt duong thdy
ngodi 1 & diém M, thi néi chung
hinh chiéu k, clia k s& ti€p xiic véi
dudng bao quanh hinh chiéu 1, &
diém M, 1a hinh chi€u clia diém
M. Vay: _

- Dudng bao quanh hinh chiéu cia mdt @, néi chung la duong bao cdc
hinh chiéu ciia cdc duong thuéc mét @ ma cdt dudng thdy ngodi ciia @.

- Néu mdr @ la hinh bao cita mot ho cdc mét Z, thi néi chung duong

bao quanh hinh chiéu cia @ la dudng bao cita cde dudng bao quanh hinh
chiéu cida cdc mdt X .

Hinh 6.32

2. Biéu dién mot s6 mat cong thlrfnlg' diing

* Mdt non _

Dé bi€u dién miit nén, ta chi cdn biéu dién dinh nén va dudng chudn.
Song dé dé hinh dung, ngudi ta thuong biéu dién ca dudmg bao trén cic
hinh chi€u cua mat nén.

Hinh 6.33a, bi€u dién mot mat nén xién, dudng chudn (ddy) 13 mot
dudng trdn thuéc mat phing bang. Hai dudng sinh SA va SB i hai duong
thdy ngoai trén hinh chi€u ding.

Hai duo‘ng sinh d6 ciing 1a hai dwomg phdn cdch gifta phdn thdy va
phdn khudt trén hinh chiéu ditng ciia mdt nén. Nghia 1a, phin mat nén tix
dwong sinh SA, vong vé phia trudc t6i dudng sinh SB thi thay trén hinh
chi€u ding. Phdn mat nén con lai (tir dudng sinh SA vong vé phia sau tdi
dudng sinh SB) thi khudt trén hinh chi€u dimg.
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Con hai dudng sinh SC va SD i hai dudng thiy ngoai trén hinh chi€u
bing. D6 ciing 12 hai dudng phan cdch giita phdn thdy va phan khuét trén
hinh chiéu bing cha mat nén.

Cho diém M thudc mat nén, bi€t hinh chiéu ding M,, tim hinh chiéu
bang M, clia né.

Trudc khi tim hinh chi€u bing M,, ta cin luu § : N&u cho bigt M, la

thay hoac khudt thi ta s& chi c6 mot hinh chiéu bang M, duy nhat. Vi khi
" 36 di cho biét diém M & nira phia trudc, hodc nira phia sau cia mét nén.
Con néu khong cho bi€t M, 1a thdy, hoac khuat, thi ta phai tra 13i cd hai
truong hop.
" P& tim hinh chiéu bing M, clia M, ta c6 hai céch :

- Céch thir nhat - vach mot dudng sinh SM ciia mat nén. Néu M, thay,
thi dudng sinh SM cét ddy nén & diém 1. Nhu vay, diém M thuoc dudng
sinh S1, nén ta tim duge hinh chiéu bang M,.

Néu M, khuit, thi dudng sinh SM cit ddy nén tai diém 2 va khi dé
diém M thudc dudng sinh S2, nén ta ciling tim duge hinh chi€u bing M',.

al b}

Hinh 6.33
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= Cdch thit hai : Vi hinh chi€u bing chia ddy nén trong trudng hop nay
12 dudng tron, nén dé tim hinh chi€u bang M, ta vach qua diém M mét
dudng tron thuoc mét nén va nim trén mat phing bang (song song v§i mat
phing ddy nén). Nhu vay, hinh chi€u bang ctia dudng trdn d6 ciing 1a
dudmg tron. Diém M thugc dudng tron d6, nén néu M, thdy, thi M & nira
phia truéc cha dudng trdn, va ta ¢6 hinh chiéu bing M, ; n€u M, khuat, thi
M & nita phia sau ctia dudng trdn, va ta tim duge M',. '

Hinh 6.33b bidu dién mat nén trdn xoay dinh S. Hai dudng sinh bién
trén hinh chiéu ding 12 SA va SB. Hai dudng sinh d6 12 ranh gidi gita phan
thdy va khuat trén hinh chi€u ding cda mat nén. Phidn mit nén ¢ nita phia
truGe thi hinh chigu ding thay; phin nita mat nén phia sau, thi hinh chiéu
ding kbuat.

Trén d6 cling chi hai cich v& mot diém M bat ky thuoc mat nén dé.
Mot cich Ia v& dudng sinh thing di qua M; Mot céch la v& mot vi tuyén di
qua M. (Tuy theo hinh chi¢u ding cha diém M 1a thdy hay khuat, ma c6 hai
vi tri hinh chi€u bang cla diém M). '

* Mt tru. Ta c6 thé coi, mat try la mot mat nén cd dinh 12 mot diém
v6 tan. Nén dé biéu dién mat try ta cling chi can bidu dién mot dudmg thang
chi hudng clia dudmg sinh (di€m vo t4n), va mot dudng chuén (ddy) mat tru.
Nhung ciing dé dé hinh dung, nén ngudi ta thudng biéu dién ca dutng thay
ngoai trén céc hinh chi€u mat try. _

Hinh 6.34a, biéu dién mot mat try xién. Dudng chudn (ddy) ciing
thudc mat phing bing. Hai dudng sinh a va b 12 hai dudng thdy ngoai trén
hinh chigu dimg. Hai dudng nay cat ddy tai hai diém 14n luot 12 A va B. Hai
dudng sinh ¢ va d 12 hai dudng thay ngoai trén hinh chiéu bing cha mat
nén. Hai dudng nay ciing ct ddy 1an luot tai Cva D. _

Tuong tu mit nén, cac dudng thdy ngoai trén céc hinh chi€u d6, cling
1a phimg dudng phan cich gilta phdn thay va phin khuét trén moi hinh
chiéu clia mit tru.

Ciing cho diém M thudc mat try, bi€t hinh chiéu bang M,, tim hinh
chigu dung M,?

Céch tim tuong ty mat nén. Vi ciing khong cho biét M, thay hay khuat,
nén ta ciing phai tra 131 hai truong hop. Ta ciing tim dugc hai hinh chi¢u
ding M, va M, (diém M', thugc dudng sinh di qua diém 2).
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Hinh 6.34b biéu di€n mit tru tron xoay. Hai dudng sinh bién trén hinh
chi€u ding 1a a va b. Hai ducng sinh d6 14 ranh giGi giita phﬁn thay va
khuat trén hinh chlé'u ding clia mat tru.

Trén dé, cung chi cich v& mét diém M bét ky thudc mat tru d6. (Tuy theo
hinh chiéu diing cha M th&y hay khust ma c6 hai vi tri hinh chiéu bing cha M).

ag 1 M} “bI

a) b)

Hinh 6.34

* Mdt cdu. Mt cdu 12 mét mat tron xoay, ma moi dudmg kinh cla né
déu c6 thé coi I truc xoay.

Pé biéu dién mat cdu, ciing ch1 cén bidu dién tam va bén kinh (hoac
dudmg kinh) cha n6 13 dd. Song, dé dé hinh dung, ngudi ta cling thudng biéu
dxen céc dudng tha'y ngodi trém'edc hinh chiéu clia mat cdu.

Ciic dudng thdy ngoai trén céc hinh chi€u cita mit cdu déu 12 dudng tron.

Hinh 6.35 biéu dién mot mit c4u. Dudng t.rbn a 13 duomg thidy ngoai
trén hinh chi€u dimg ctia mat céu. Dudng tron d6 thuéc mit phing mit ma
hinh chiéu béng a, cha né 1A dudng kinh cia dudng trdon thdy ngodi trén
hinh chiéu bang clia mat céu.

Con dudng tron b 14 dudng tron thoy ngoai trén hinh chiéu bing, né
thudc mit phdng bing, ma hinh chi€u diing b, clia n6 1A dudng kinh cta
dudng tron thiy ngoai trén hinh chiéu dimg.
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- Céac dudmg thiy ngoai d6 cung la dub‘ng phéan céch gilta phan thﬁy va
phén khust trén méi hinh chi€u cha mit cdu.

Cho moét diém M thuéc mit cdu. Biét hinh chi€u bang M,, tim hmh
chiéu ditng M, ciia né.

D4 tim hinh chi€u ditng M,, ta ¢6 ba cich (vach qua M mét dudng tron v) :

- Thudc mit phng bing. Khi dé, hinh chi€u bang cia dudng tron do 1a
mot dudng trdn v, di qua M, cdn hinh chi€u diing cia dudng tron do la
doan thing v,. Hinh chi€u ding M, thu6c doan thang v, d6 (hinh 6.35a).

- Thuoc mat phing mat. Khi d6, hinh chiéu bing cia dudng trdn d6 Ia
mot doan thing V,, con hinh chigu ding ciia dudng trdn d6 12 mét dudng
tron v,. Hinh chiéu ding M, thudc dudng tron d6 (hinh 6.35b).

- Thuéc mat phing chigu bing qua tam cfu. Khi d6 hinh chiéu bang
cla dudng tron d6 12 mot doan thing, d€ tim hinh chi€u ding cla M, ta
vach qua M mot dudng tron thit hai, thuéc mat phing vuong géc v6i mat
ohéng dudng tron trén. DE thdy 12 bén kinh clia dudmg trdn ndy béng hiéu
d6 cao gifta didm M va tam cédu. Tir 46 ta tim dugc hinh chi€u ding M,

(hinh 6.35c¢).

Mj_\
| f’/
A\
-

o) b) . c}
Hinh 6.35 ’

* Mdt tron xoay. Vi mit cdu cling ! mOt mat tron xoay, nén cich tim

'mot di€m thudc mat tron xoay, ta c6 thé &p dung céch tim mot diém thudc
mat ciu.
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Vi du : Cho di€ém M thudc mat xuyén. Bi€t hinh chi€u dimg M, tim
hinh chi€u bing M,?

Gidi : Vi mat xuyén ciing la mit trdn xoay, nén ta vé cic Vi tuyén qua
M thuéc mit phing bang. Khi d6, hinh chi€u bing cla cic vi tuy&n dé cung
12 céc dudmg trdn (hinh 6.36). '

Trudng hop nay, vi mat xuyé&n la mat bac bon, nén c6 thé c6 bén hinh
chiéu bang M,.

28 M ’
H \ 1 :
v -
i \ j
s \

Hinh 6.26

CAU HOI VA BAI TAP

1. Trinh by c4ch biéu di€n mot mat. Khi bidu dién mot mat, cén chi ¥
vén dé gi? Cho vi du.

2. Cach ldy mot diém thudc mat nén, mat try vi mat tron xoay. Cho vi du.

3. V& hai hinh chi€u cla mét dudng tron tim O(Q,, O,) ban kinh R,
thudc mat phéng (a, b) (hinh 6.37).

4. Cho mot diém M thudc mat cdu. Biét hinh chi€u ding M, ¢6 may
cdch tim hinh chi€u bing M, clia diém M d67? (hinh 6.38).
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ay

Hinh 6.37 . Hinh 6.38

6.3. MAT PHANG TIEP XUC VOI MAT CONG

Ta da biét, mat phing ti€p xtic véi mat cong @ tai mot diém M, 13 mat
phing chia tat ca cc ti€p tuy€n clia miit cong @ tai diém M.

Trong hinh hoa cé nhitng bai todn dn dén vi¢c dwng mat phing tiép
xic véi mat cong.

Vi dy, viéc xic dinh diém cao nhit va diém thap nhat; di€m xa nhat
va diém gdn nhat thudc giao tuyén ciia mat phing véi mat cong; v& dudmg
thdy ngoai trén céc hinh chicu; viéc v& béng trong kién tric, ...

Mot s6 bai todn thudng gap vé mat phéng ti€p xiic v6i mat cong nhu
sau :

- V& mat phing 1iép xiic v6i mat cong tai mét diém cho trudc thude
mat cong.

-V& mat phéng ti€p xidc v4i mat cong, va (mat phing d6) di qua mat
diém cho trude khéng thuéc mit cong (hoac song.song véi mot duomg
thang cho truéc).

- V& mit phing ti€p xic véi mat cong va di qua moét dudmg thang cho
truge (hodc song song v6i mot mat phing cho trudc).

6.3.1. MAT PHANG TIEP XUC VOI MAT KE

Trudc hét, ta c6 mot s6 nhén xét sau :

* Mot mdt phang tiep xic véi mdt ké tai mot diém, thi sé tiép xiic véi
mgt ké d6 theo duong thdng (dutomg sinh) di qua diém dé.

132



* Tdt cd cdc mdt phdng tiép xiic véi
mét mgt ké khd trién, tai cdc diém khéc
nhau trén cung mot duong sinh thing, thi
triing nhau. ‘

Vidu I : Cho mit ndn xién, dinh S. Qua
diém A thudc mat nén, dung mat phing ti€p
xtic v4i mit nén d6.

Gidi. Theo nhan xét trén day, thi mat
phing ti€p xiic c4n dung phai chia dudng
sinh thang SA clia mit nén.

DPudmg sinh SA cit ddy nén tai diém M.
Qua M, ta v& ti€p tuyén Mt véi dudng tron
ddy nén.

Nhu vay, mat phiang (A, Mt) chinh Ia
mat phing cin dung (hinh 6.39).

Vi du 2 : Cho mit nén xién, dinh S. Qua
diém A, khong thudc mat nén, dung mait
phéng tiép xiic vdi mat nén dé.

Gidi. Mat phéng
ti€p xic c¢an dung phai
ti€p xdc véi mat ndn
theo mdt dudng sinh
thing; Vi vay, mat
phing dé phai chita
dinh nén S; tic 12 mat
phing dé phai chia
dudng thing SA. Goi

K 1a giao diém cua
dudng thang SA véi
mat phing ddy (dwong
chudn) nén. Qua K vé
ti€p tuyén KM vdi
dudng cong diy nédn
(M 1a tiép diém).

Nhe vdy, mat
phing (MSA) chinh 12
mit phang cdn dung
(hinh 6.40).

- Hinh 6,40
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Vi qua K ¢6 hai ti€p tuyén véi ddy n6én (KM va KN), nén ta ciing c6
hai mt phing ti€p xic v6i mit nén 1a (MSA) va (NSA). '

Néu giao diém K nim bén trong dudng trdn ddy nén, (nghia 12 diém A
¢ “bén trong” mat nén) thi qua K khong v& dugc ti€p tuyén véi dudng cong
day nén. Khi dé, bai toin vo nghiém.

Néu K thugc dudng cong ddy nén (nghia la diém A thudc mat nén) thi
bai todn c¢d mét nghiém. PG chinh 1a bai todn ctia vidu 1.

Vi du 3 ; Cho mit nén xién, dinh’S. Dung mit phing song song véi
dudng thing d va ti€p xdc véi mat nén dé.

Gidi. Mit phing ti€p xic cin dung, phai ti€p xiic v6i mit nén theo
mot dudmg sinh; tic. 13, mat phing d6 phéi di qua dinh nén, ma lai song
song vdi dudng thing d. Nhu vay mat phang dé6 phai chita dudng thﬁng ddi
qua dinh ndn S, va song song véi d (d'// d). Goi I 1a gnao diém cha d' véi
mit phiang ddy (dudng chuin) nén.

. Qual, v& ti€p tuyén IM vdi dudng cong diy nén (M 12 ti€p diém). Nhlr
vy, mat phang (d', M) chinh la mat phing cin dung (hinh 6.41).

Phan bién luin twong ty vi du 2 trén day.

Hinh 6.41

Vi du 4 : Cho mat try xién. V& mit phing song song véi ducng thang
d, va ti€p xiic voi mit try d6.

Gidi : Mit phang cdn dung phdi ti€p xic v6i mat tru theo mot dudng
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sinh, tic 12 n6 phai chita mot dudng sinh ctia mat try. Nhu vy, mit phing
dé phai chifa it nh4t mot dudng thing song song vdi dudng sinh ctia mat tru.

Mat khic, mit phang cén dung phii song song véi dudng thing d.
Nhu vay mat phang cén dung vira song song vdi dudng sinh mat try, vira -

_song song v6i dudng thing d. Trude hét, ta tim hudng cha mat phing cin
dung, tir d6 xdc dinh tié€p tuy€n thudc mat phing cdn dung véi duding cong
day tru.

Muén vay, qua diém K bit k¥, ta du‘ng mot duong thiang a // d va mot
dudng thing b song song v6i dudng sinh mat tru, Mat phéng (a, b) cit mat
phing ddy tru theo giao tuyén AB. Nhu viy, dudng thing AB chinh 1a
huéng coia ti€p tuy€n can tim véi duong cong day mat tru.

Ta v& ti€p tuyé’n Mt véi dudng cong ddy tru : Mt // AB. Qua tiép diém
M v& dudng sinh m cta mat tru. Mat phang (m, Mt) chinh 1 mit phing ti€p

.xlic cdn dung.

T4t nhién, c6 hai ti€p tuyén véi dudng cong ddy tra va song song vdi
AB, nén ciing c6 hai mit phing ti€p x\ic cin dung. P4 12 mat phing (m, Mt) v
n, Nt') (hinh 6.42).

Hinh 6.42

Vi du 5 : Cho mit try xién, xdc dinh bdi dudng chudn thudc mat phéng
bing v huéng 1 cha dudng sinh, vd mat phing (m, n). Tim diém gdn nhét
va diém xa nhat thudc giao tuyén gilfa mat phing (m, n) véi mit try.

Gidi : Gia sir ta da tim duoc diém I 13 diém xa nhdt (hodc gdn nhét)
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thudc giao tuy&n gifra mit phing (m, n) v6i mit tru. Néu qua I, ta dung mot
mat phing ti€p xdc véi mat tru, thi mit phing ti€p xic d6 s& cat mat phiing
(m, n).theo mot dudmg mat. Nhu vay, mat phing tiép xvic dé song song véi
dudng mit ciia mat phing (m, n) vi song song véi dudng sinh cha mat try.
Tir d6 ta suy ra céch tim di€ém xa nhdt va diém gdn nh4t thudc giao
tuyén nhir sau : ' ‘

Trude hét, ta tim huéng chia mat phing ti€p xdc néi trén :

. Qua mot diém M(M,, M,) bét k¥, ta.dung mot dudng mat f song song
v6i vét dimg (hoac dudng mat) cha mat phing (m, n) va mot dudng thing a
song song véi dudng sinh clia mit tru. Mat phing (f, a) cit mat phing

(dudng chuén (d4y) ciia m3t tru theo dudng thing 12. V& tiép tuyén véi ddy
mat tru va song song véi dudng thing 12 (vét bing) d6. Cic ti€p diém 3 va
4 cha cic tiép tuyén vdi dudng cong ddy try, chinh 13 chin cic dudng sinh
clia mit tru chita di€ém xa nhét, hodc diém gén nhét thuéc giao tuyén.

- Qua 3 va 4 v€ cdc dudng sinh mit try. Tim c4c giao diém I va K cia
cdc dudng sinh d6 v6i mat phing (m, n), cho ta diém xa nhat (v gin nhat)
thudc giao tuyén. A

Nhur trén hinh 6.43, thi I 12 diém xa nh4t va K 13 di€m gén nh4t thuoc

~ giao tuyén. .

MNa 2

S

Hinh 6.43

6.3.2. MAT PHANG TIEP XUC VOI MAT TRON XOAY
Ta c6 mét s6 nhan xét v& mit phing ti€p xdc v6i mit trdn xoay nhu sau :
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* Mdt phdng tiép xiic v6i mdt cdu, thi nép xiic & mot diém, va mgt
phdng tiép xiic d6 vuéng géc voi duwong kinh cia mdt cdu dt qua tiép diém.

Ta dé€ dang thdy sir ding dén cia tinh ch4t nay.

* Mdt phdng 1iép xic véi mdt tron xoay tai mét diém M thugc mdt tron
xoay, thi vudng géc voi mdt phdng kinh tuyén cita mdt tron xoay di qua M.

That vy, gid st ta ¢6 mit phing P ti€p xic v6i mit tron xoay @ tai
mot di€m M. Nhu vay, mit phéng P.phii chifa ti€p tuyén Mt cla kinh

tuyén k di qua M, déng thdi  ciing phai chifa ti€p tuyén Mv ciia vi tuyé’n u
dl qua M (hinh 6.44).

Goi n 13 phédp tuyén di qua M cla @. Nhu vay, ti€p tuyén Mt pha1
vudng géc v6i phép tuyén n; mat khéc, tlé’p tuyén Mt cling vudng géc véi
truc 1 cia mit tron xoay ®. Do d6, mit phing kinh tuyén (n, Mt) di qua M,
phai chita phdp tuyén n va truc 1, nén ti€p tuy&én Mt vudng géc v4i mat
phing kinh tuyén (n, Mt). Vay, mit phang ti€p xtc @ (vi chita ti€p tuyén
Mt) phai vuéng géc véi mat phéng kinh tuyén (M, 1) clia ®.

* Cdc met phdng tiép xtic véi mgt mdt tron xoay, va cing cdt truc
xoay & mot d:é’m S thi tiép xiic vdi mdt wron xoay do theo mot vi tuyén.
That vay, gi sif ta c6 mat phing
P ti€p xic v6i mat tron xoay P taj B I
mot di€ém M (thugc @) va mat phing VS
P cit truc xoay | tai diém S. Nhu
vay, mat phdng @ phdi chia riép
tuyén Mt cia kinh tuyén k thudéc .
Khi kinh tuyén k quay quanh truc 1
d€ tao thanh mit trdn xoay @, thi tigp
~ diém M s& vach nén mot vi tuyén u
thudc ©. Va tai méi vi tri cha diém M M,
mit phing ti€p xiic ® vin luon lwon . <P
cdt truc 1 tai di€m S, va viin ti€p xic -
véi mat @ tai mbi diém thudc vi. Kl g
tuyén u (hinh 6.44).

Tit tinh cha't trén, ta suy ra tinh
chét sau :

* Cdc mdt phdng tiép xﬁc vdi
mot mdt tron xoay, va cing cdt truc
xoay & mot diém S, thi tiép xiic vdi
mot mdt nén tron xoay; mdt nén ndy
c6 dinh la diém S, va'tiép xitc véi mat
tron xoay theo mot vi tuyén.

Hinh 6.44
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* Cdc phdp tuyén ciia mgt mdt tron xoay, c6 chdn frén cing moét vi
tuyén u, thi cdt nhau tai mot diém K trén truc xoay. Cdc phdp tuyén nay la
" cdc duong sinh clia mét mgt non tron xoay cé dinh la diém K va duong
chudn 1a vi tuyén u.

That vay, gia sir ta ¢6 mit trdn xoay @, M 12 mét di€m thuoc @, va
Mn la phép tuyén tai M cha mat ®. Phdp tuyén Mn cét truc 1 tai diém K.
Nhu vay phdp tuyén Mn phai vuong géc véi ti€p tuyén Mt clia kinh tuyén k
di qua M thydc mat @. Khi kinh tuyén k quay quanh truc 1 d€ tao thanh mat
@, thi ti€p diém M s€ vach nén moét vi tuyén u, va phdp tuyén Mn tao thanh

mot mat nén tron Xoay, c¢6 dinh 13 diém K d6, va dudng chudn 13 vi tuyén u
thugc @ (hinh 6.44).

Vidu I : Vé mat phéng tlcp xuc vdi mat tron xoay tai mot diém M
thudc mat do.

Gidi : M3t phing tiép xdc v6i mit tron K;
xoay tai diém M, thi né phéi chita it nhat hai
ti€p tuyén véi mit tron xoay tai diém d6. Dé
don gian, ta v&€ mot tiép tuyén vdéi moét kinh
tuyén qua M, va moét ti€p tuyén véi mot vi
tuyén qua M.
Truong hop nay, vi tuyén qua M 1a mot
dudng trdn u thudc mat phing bing, nén tigp
tuyé&n vi né 1a mot dudng bing Mv (hinh 6.45).

Con ti€p tuyén véi kinh tuyén k qua M

ta ]Jam nhu sau : quay kinh tuyén k quanh

truc 1 clia mat trdn xoay, 16i vi tri k', 13 kinh ﬁfz kyK,y=1

tuyén chinh ciia mat tron xoay. Tai day, ta vé  f2

dugc ti€p tuy&n Mt cha k'. Tiép tuyén nay /

cit truc ! 1ai di€ém K. Sau d6 quay ti&p tuyén

M't'" tr& lai vi tri ban ddu, ta ¢6 Mt. Mat

phing cin dung chinh 13 mat phing x4c dinh

bdi hai ti€p tuyén : Mv vi Mt.(Mv, Mt).
Vidu?2: Du‘ng mil phing qua dudng thing d va tiép xidc véi mat cdu

tam O.

Gidi : Bai nay c6 nhiéu céch gidi :

- Cdch thit nhat : Ta da biét, mat phing ti€p xic v6i mat cdu, thi tiép
xic tai mot di€ém. Viec gidi bai ndy, 13 viéc tim diém ti&p xdc d6. Ta c6 thé
thay mit phing hinh chi€u, d€ dudng thing d trd thanh dudng thing chicu,
va mét phang ti€p xiic véi mat cdu tai d6 ciing 13 mat phing chi€u. Khi dé6

Hinh .45
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viéc tim diém ti&p xiic cling nhu viéc dung mit phing ti€p xic s& don gian.
Sau d6 dua mat phang trd vé hinh chi€u ban d4u. (Thuc ra chi la dua diém
1i€p xic tr& vé hinh chi&u ban diu).

- Cach thit hai : Qua tam O cbha mat cdu, dung mit phiang (f, h) vudng
géc v6i dudmg thing d. Tim giaoc diém I clia dudng thing d véi mat phing
(f, h). Mit phéng ¢f, h) vi qua tdm cdu, nén s& cit mat cdu theo mot dudng
tron 16n v (dudng tron c6 ban kinh bang bin kinh mit cdu). Réi ding -
phuong phdp xoay quanh dudng bing (hodc' dudng mit), dé v& ti€p tuyén
I'M' véi dudng tron v' d6, va ta tim dugce ti€p diém M' véi dudng tron v'.
Bing cich quay trd lai vi tri ban dau, ta s& ¢6 mat phang cidn dung x4c dinh
béi duemg thing d va tiép diém M : (d, M).

Con & day, ta néu thém mot cich giai :

Ta thdy réng néu ta dung mot mat nén tron xoay, cé dinh 1a mot diém
bat ky trén dudng thing d vi ngoai ti€p mat cdu tam O, thi mat phing qua
dudng thing d va tiép xuc véi mat nén tron xoay vita dung, cling chinh 12
mit phing di qua dudmng thang d va ti€p xic v&i mit cdu.

Trude hét, ta dung méat nén tron xoay ¢é dinh S thudc dudng thing d va
ngoai tiép mat cdu. D€ don gian, ta chon dinh S clia nén sao cho dudng
théng SO 12 dudng mat (hofic dudng bing). Hai dudng sinh ngoai cling trén
hinh chi&u diing clta nén 12 S1 va S2 (hinh 6.46).

Hinh €.46
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Khi d6, dudng tron tiép xiic giffa mit non va mat ciu 14 dudng trdn ¢
thugc mét phang chigu ding @. Dudng trdn ¢ d6 coi 13 ddy cla mat nén
tron xoay dinh S néi trén.

Mat phing @ cét dudng thing d tai diém I Qua I v& ti€p tuyén véi
dudng tron c.

Mudn vay, ta xoay mat phang © quanh dudng mit f di qua tam H cla
dudng tron ¢, dé dua mat phiang @ téi vi tri song song véi mat phing hinh
chiéu ding. Khi dd, dudng tron ¢ ¢6 hinh chi€u ding méi 1a dudng tron ¢,
diém I ¢6 hinh chi€u dimg mdi 1a I',. Qua diém ', v& ti€p tuyén I' M', véi
dudng tron ¢';.

Béng cdch xoay trd vé hinh chi€u ban ddu, ta cé tiép diém M(M,, M,).

Mit phing cdn dung chinh 13 mat phang (d M) xdc dinh bdi dudng
thing d va tiép diém M.

Vi qua diém I', c¢6 hai ti€p tuyén véi dudmg tron v\, (I',M’, va I'N')),
nén ciing cé hai tiép diém (M va N), do d6 ciing c¢6 hai mat phing qua
dudng thang d va ti€p xtic véi mait cdu.

D6 12 hai mat phiing : (d, M) va (d, N). _

Luu ¥ khi tim hinh chiéu bang cia M v N : Diém N va I & cling phia
doi v6i dudng mat £, con diém M va [ & khdc phia d6i véi dudng mat f.

6.3.3. MOT VAI VIDU

Mat phiing ti€p xiic v6i mit cong c6 nhiéu éng dung. Sau day, ta lay
vai vi du ing dung cic truong hop néu trén.

Vidul: Du‘ng mit phang qua dudng thang d va nghiéng véi mat
phéng hinh chi€u bing mot gé¢ o cho trude.

Gidi : Mat phing cdn dung phal Ap
¢6 mot dudong d6c nhat d6i mat phing
hinh chi€u bang, ma dudng ddc nhat
niy ¢é gdc nghiéng déi v6i mat phéng
hinh chiéu bing, bang gdc o cho trudc.

Pudng déc nhat cin tim 13 duong
sinh cla mdt mat ndén tron xoay, cd !
dinh 13 modt diém A bat ky thuoc Np| 4™
dudng thing d, va cdc dudng sinh cla : U2
mat nén d6, nghiéng véi mat phang Ay
hinh chi&u bing mot géc o cho truéc. %

d

Ta dung mot mét ndn tron xoay I .
nhu vay, dinh 12 diém A thudc d, ddy Myl
12 dudng tron v thudoc mat phang béng '
(hinh 6.47).

Hinh 6.47

140



Bai todn da cho, dén t6i bai todn méi 1a : Qua dudng thing d, dung mat
phéng ti€p xiic v6i mit nén trdon xoay vira dung. '

Goi [ 1a giao diém clia dudng thang d véi mat phing ddy cla nén. Qua
1 v& 1i€p tuyén IM v6i dudng tron v. Nhu vay, dudmng sinh AM clia méat nén
chinh 1a dudng d6c nhit clia mat phang can tim. Vay mat phang (d, M) 1a
mat phing cdn dung. -

Vi qua diém I c6 hai tiép tuyén véi dudmg trdn v (1 IM va IN), nén ta
cing dung dugc hai mat phang qua d va nghiéng véi mat phing hinh chiéu
bang mot géc cho trude 1a (d, M) va (d, N).

Vi du 2 : V& dudng thdy ngoai trén cic hinh chigu cia mat tru trén
xoay, biét tam I va bdn kinh R cliia mot tiét dién trdon cho trudc; hudng
dudmg sinh clia mat try 12 dudng théng I cho trudc -

Gidi : Dé thdy 14, cdc dudng thdy ngodi trén hinh chi€u dimg cia mat
tru 14 hinh chi€u ding cla hai mit phing chi€u ding tiép xic v6i mat tru
cin dimg. Ma céc mat phing chi€u dimg ti€p xdc véi mat tru d6, ciing 1a
cdc mit phing chi€u dung ti€p xiic v6i mat cdu tam I, ban kinh R.

Tuong tu, cac dudng thdy ngoai
ctia try trén hinh chi€u bing ciing I
cic hinh chi€u bing cha cdc mat
phéng chi€u bang tiép xtic vdi mat cdu
tam I, ban kinh R.

Vay trudc hét, ta vé mat cdu tam
I, ban kinh R (hinh 6.48).

Sau d6, ta v& hai dudng thing a,
va b, // 1, va ti€p xlc v4i dudng trodn
thady ngodi trén hinh chi€u ding cia
mit cau. D6 1a céc dudng thdy ngoai
trén hinh chi€u ding cua mat tru.

Tuong tu, trén hinh chiéu béng
cing vdy. Hai duong thdy ngoai 14 hai
dudng thing ¢, vi d, song song vdi |,
va 1i€p xic v6i dudng tron thdy ngoai
trén hinh chi€u bang clia mit ciu.

Vi du 3 : Dung mat phing ti€p xiic v6i mat nén trdn xoay dinh S, va
tiép xic v6i mat cdu tam O.

Gidi : Néu dung mo6t mat nén dinh T, ngoai ti€p mit céu tam O va
dong dang (vi ty) v6i mat nén dinh S (truc hai mat nén song song voi nhau),
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thi mat phng ti€p xtic v4i hai mit nén dinh S va dinh T, cling chinh la mat
phing ti€p xiic v6i mat nén dinh S, va ti€p xidc véi mat cdu tam O.

Vi vay, trudc hét ta dung mét nén dinh T, ngoai ti€p mat cau tam O va
déng dang véi mat nén dinh S. Mudn vy, ta v& hai ti€p tuy€n v6i mat cdu
tam O, mdi tiép tuyén ndy song song vdi mot dudng sinh bién trén hinh
chiéu difng ctia mit nén dinh S. Hai dudng sinh nay cat nhau tai diém T. D6
chinh 1a dinh c¢ha mat nén dinh T.

- Mat phing ti€p xiic v6i hai mat nén dinh S va dinh T, phai chia dudng
théng ST. Sau d6 ta dung mat phing qua dudng thang ST va ti€p xdc vdi
mat nén dinh S (ho#ic mat nén dinh T). Céch giai bai nay, xem vidu 1, trén
day. Nhu viy, ta ¢6 hai mit phing cdn dyng 12 mat phing (SIM) va mat
phang (SIN) (hinh 6.49).

T;

Hinh 6.49

CAU HOI VA BAI TAP

1. V& mat phing ti€p xdc véi mat cdu, tim O(0,, 0,), bén kinh R cho
trudc, va song song vdi mat phing (m, n) (hinh 6.50).

2. V& mat phing di qua diém M(M,, M,) va ti€p xtic v6i hai mit ciu
tam O(Q,, O,) va tam O'(0';, 0';) (hinh 6.51).

142



ilMI

)
A A
AN

Hinh 6.50 Hinh 6.51

N
s a
NS

3. V& cdc dudng sinh bién clia mat mat nén tron xoay, c¢d dinh 1a diém
S, truc 12 dudng thing t(t,, t,). Ban kinh cla ti€t dién trdn tam I(I, I) 1A R
cho trudc (hinh 6.52). ‘

4. Tim diém cao nhat va diém thdp nhdt cia giao tuyén giiia mat phing
(m, n) va mat tru xién (hinh 6.53).

Hinh 6.52




_ Chucng VII
MOT SO BAI TOAN VE VI TRI GIUA PUONG VA MAT

7.1. GIAO TUYEN MAT PHANG VO1 MAT CONG

7.1.1. DANG CUA GIAO TUYEN

Cic mat cong ta khao sit & day, néi chung déu I3 céc mat bac hai. Vi
vay giao tuyén clia mét phing vdi mat bac hai, thudng 1a cdc dudng béc hai.
Nhung & day, ta chi ra trong méi trudng hop, dudng bac hai dy 12 dudng gi;
tifc 12 ellip, parabon, hypecbon hodc céc duong thing.

Khi ta biét trudc giao tuyén c6 dang la dudng gi, thi viéc fim cdc diém
va khi néi giao tuyén d6 cling thuan loi va dé& chinh x4c hon.

Né&u khong biét giao tuyén 1a dudng gi, thi mac di da tim duge nhiéu
diém thudc giao tuyén, nhung khi néi vin rét dé sai. PDac biet 1a lai cOng
them su khong chinh xédc do khi vé din dén (day 1a diéu kho tranh).

Nhung néu bi€t truéc dang cla giao tuyén, thi nhitng sai sét do V&
khong chinh x4c s& dugc “diéu chinh” khi n6i céc diém.

_Diac biet, trong phén mat phing cdt phu trg. Ta cin biét, trong mdi
trudng hop, phai chon mat phing phu trg nhu thé nao cho hop ly. Vi néu
khéng chon dugc mat phing phu trg hop 1y, thi bai todn ¢6 thé khong gidi
dugc hoc gidi s& rét kho khan va phic tap. '

1. Mit try _

- Mat phing cdt tdt cd cdc dudng sinh cba mat tru (tic 1a mat phing
khong song song vGi dudng sinh ctia try), thi giao tuyén la mét drong ellip.

_ Mat phing song song véi duong sinh cuia mat tru, thi giao tuyén la
cdc duong thdng (dudng sinh cia try).

2. Mat nén

- Miit phing cdr 1dt cd cde dudmg sinh cha mat nén, thi giao tuyén la
mét duong ellip.

- Mt phing song song voi mot diong sinh clia mat n6n, thi giao tuyén
la mot dudong parabon. _

_ Miit phang song song voi hai dwong sinh cia mat nén, thi giao tuyén
la mot dieong hypecbon. :

- Mat phing di qua dinh nén, thi giao tuyén la mot hodc hai duong
thdng (mat phing ti€p xdc véi mat non thi giao tuyén 13 mot dudng sinh
(hai dudng sinh tring nhau)).
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Mat cﬁu

M oi mgt. phang deu cdt mdt cdu theo didng tron.

- Mat phing khong qua tdm cdu, thi giao tuyén la duong trén nhd
(d_uo‘ng trdn cé ban kinh nho hon bin kinh mat c4u).

- Mit phing qua tdm cdu, thi giao tuyén la dudng tron lén (dudng tron
c6 ban kinh bang ban kinh mat c4u).

4. Mit tron xoay

Mat phang vudng géc véi truc xoay, thi giao tuyén la duomg tron (Vi
tuy€n clia mat trdn xoay).

Mat phang chita truc xoay, thi giao myén Ia kinh tuyén.
Sau day, ta xét cdc trudng hogp tir d& dén khé.

7.1.2. MAT PHANG DA CHO LA MAT PHANG CHIEU

Truong hop nay, ta dé biét ngay mot hinh chiéu cua giao tuyén, img dung
cdch tim diém thudc miit cong dé tim hinh chiéu con lai ciia giao tuyén.

Vi du I : Tim giao tuyén clia mat phing chi€u ding 7 vdi mat ciu.

Gidi : Vi mat phang % 1a mat phang chi€u ditng, nén ta c6 ngay hinh
chiéu dimg clia giao tuyén la doan thing 1,2,, phdn chung giita hinh chiéu
ding 7, va hinh chi&u diing ctia mat ciu. '

Ta biét, moi mit phing déu ct mat
cdu theo dudng tron. Truong hgp nay
cling vay, nmung mit phing % khéng
phai mat phang bing, nén hinh chiéu
bing clia giao tuyén s& 12 mot ellip.

Truc ngén cia ellip d6 1a doan 1,2,.
Muén tim truc dai cta ellip, ta 14y trung
diém I cha doan 1,2, 12 diém 3, =4, =1,.
Hinh chi€u bing cta hai diém 3 va 4 cho
ta truc dai ctia ellip 1a doan 3,4,.

Tim cdc diém phan cach giiia phdn
thay va khuét clia giao tuyén : d6 la cic
diém 5, va 6,, thudc dudng thiy ngoai
trén hinh chi€u biang clia mat cdu, ma
hinh chi€u dimg 1a 5, =6,.

Nhu vay, hinh chiéu bang cia giao
tuyén 1a mot-ellip, trong d6 cung 5,1,6,
khudt, vi cung dé thudc nira phia dudi
miit cdu (hinh 7.1). : Hinh 7.1
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Sau dé ta xét thay va khuat cho mat cdu. Phidn mat cdu & phia dudi mat
phing % thi hinh chiéu bing khuit. Trén hinh v&, thi cung trdon bén phai
khudt, con lai 12 thay.

Vi dy 2 : V& giao tuyén mat phing chi€u dimg @ v6i mat nén rdn
xoay, c6 truc 13 dudng thing chigu bang.

Gidi : Ta ciing dé& thdy ngay hinh
chiéu dimg cla giao tuyén 1a doan ‘
théng 1,2, thudc phén chung giita mat
phang % va mit nén.

Vi mit phing 9 cit tat cd cic
dudng sinh clia mat nén, nén giao tuyén
s&¢ 1a mot dudng ellip, ma hinh chi€u
bing cha ellip d6 ciing la mot ellip.
“Tryc dai cla ellip d6 Ia 1,2, Mu6n tim

truc ngén cha ellip dé, ta 1dy trung diém /’; “\
I chia doan { 2, mi hinh chifu ding la S \ A
3, =4, =1,. Doan 3,4, la truc ngin cia I £ \l By \
ellip trén hinh chiéu béng. ! \} I | / 2R
\

T4t ci hinh chi€u bang chia ellip N A N
déu thdy (vi hinh chiéu bing clia tit cd Yeell r____,/"-
miit nén déu thay).
' Hinh 7.2

Sau d6, ta xét thdy, khuit cho mit
nén. Hinh chiéu béng ctia phin mit nén
nim & phia dudi mat phang 9 thi khudt
(hinh 7.2).
Hinh 7.3 1a giao tuyén clia mat phang chiéu dimg @ v6i mat nén tron.

xoay. Vi mat phang @ song song véi mdt dudng sinh SA clia mat nén, nén
giao tuyén 12 mot dudng parabon dinh la diém 1.

Hinh 7.4 1a giao tuyén cha miat phang chiéu ding ® vi mat non tron
xoay. Vi mat phing ® song song v6i hai dudmg sinh SA va SB clia mat nén,
nén giao tuyén la mot dudng hypecbon. Hypecbon nay cé hai tiém can la
hai duong thing 01, 02 di qua trung diém O cla doan 34 va song song véi
hai ﬂucng sinh SA va SB.
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Hinh 7.3.

Vi du 3. Tim giao tuyén giffa

mat phang chiéu bing Q va mat
parab6ldit hypecboénic, ¢6 hai dudng
thing chudn 1 AB va CD, mat phing
chudn 12 mit phéng hinh chi€u dimg.
Gidi. Trudng hop nay, hinh chiéu
bing cla giao tuyén la dudng thing,

tring v6i hinh chi€u bing ciia mit.

phing Q12 Q,.

Muén fim hinh chiéu ding cta
giao tuyén, ta gan giao tuy€n 46 vao
mat paraboloit hypecbénic. Cu thé &
. day ta gén vio céc dudng sinh thing
(1a cdc dudng mat) va ta tim duge
bdy diém 12 1,2,3, ...,6,7. NGi cac
diém d6 lai, ta c6 mot dudng parabdn
(hinh 7.5).

Ay

By ¢

Bz/ 7 7 827

/[ &\ /
[ % /
/ % /
/[ 3 /
/ AW}
A& I G
Q,
Hinh 7.5
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7.1.3. MAT PHANG KHONG PHAI MAT PHANG CHIEU, MAT CONG
LA MAT TRU CHIEU

Truong hap ndy, ta ciing dé biét ngay mot hinh chiéu ciia giao tuyén;
ttng dung cdch tim d'rem thudc mdt phdng dé im hinh chiéu con !a: cua giao
tuyén. :

Vi du : VE giao tuyén gilta mat phéng (m, n) vi mit tru chiéu bang.

Gidi : Trudong hop nay, ta dé thay hinh chifu bing cla giao tuyén la
dudng tron, trung v6i hinh chiéu bing ctia mat tru. Giao tuyé€n dé ciing

thudc mat phing (m, n), nén ta gin giao tuyén dé vao mat phng (m, n) dé '
tim hinh chiéu ding.

Vi mit phdng (m, n) khéng song song v6i dudng sinh clia mit try, nén

giao tuyén s& 12 mot dudng ellip. Ma hinh chiéu dimg cla giao tuyén cung
1a mot ellip.

Ellip trén hinh chi€u ding c6 hai cip dudng kinh l1en hlép. déla: 1,2,
va 3,4, 5,6, va 7,8,. Trong d6 7,8, 1a tryc dai cua éllip d6. Hai diém 7, va
8, ciing la hai diém phan céch giira phan thdy va khudl trén hinh chi€u ding
cla giao tuy€n (hinh 7.6).

n;
fi
fé

Hinh 7.6
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7.1.4. TRUONG HOP TONG QUAT

Truéng hop nly, ta chua bi€t ngay hinh chi€u nao ciia giao tuyén. Dé
tim giao tuyén d6 ta phat dung mat phang cét phu trg.

Phuong phdp mdt phdng cdt phu trg :

- Gia sir cho miat cong ® va mit phing . Tim giao tuyén coa O va p,

Céc budc tién hanh nhu sau (hinh 7.7) :

- Dung mit phing phu trg 6 ; "o
thudng chon 12 mat phéng chiéu.

- Tim giao tuyén g cta mat phing o
vdi mit phing P:g=o x P

- Tim giao tuyén m cha mat phing o
véimiatcong® :m=cx O

- Tim giao diém A, Bchagvam: A, B
= g x m. (Vi m thudng Ia dudng bac hai,
" nén ¢6 hai giao diém véi giao tuyén g la o
dudng thang). Hinh 7.7

Céc diém A va B dé 1 nhitng diém thudc giao tuyén gifta mit phang
¢ va mat cong P.

Ding nhiéu mat phing phu trg nhu vy ta s& c6 nhiéu diém thudc giao
tuyén can tim.

Sau d6 ndi cic di€m dé lai ta s€ ¢6 giao tuyén.

Vidu I : Tim giao tuyén cha mat phang (f, h) véi mat nén trén xoay.

Gidi : Vi mit phing (f, h) khong song song véi dudng sinh nao cla
mit ndén, nén giao tuyé&n s& la mot ellip.

Truéc hét ta fim cdc diém cao nhat va thap nhit cta giao tuyén. Muén
vy, ta ding mat phing phu trg 12 méat phing chi€u bing o chia tryc cla
mat nén. Mat phing nay cit mat nén theo hai dudng sinh SA va SB va cit

mit phing (f, h) theo ducmg thﬁng | Ia dudng dndvmfheb. Ta ¢6 hai giao
diém 1 va 2.

Dé tim giao diém cia hai dudng sinh bién trén hinh chiéu ding clia
mat nén, ta dung mét phang phu trg 12 mit phing mat ¢' chita hai dudng
sinh d6. Mt phéng ndy cit mat phing (f, h) theo dudng mat k. Ta ¢6 hai
giao diém 3 va 4,

Doan 1,2, trén hinh chiéu bing 1a truc dai cda ellip trén hinh chiéu
bing. D¢ tim truc ngin cia ellip d6, ta ding mat phing phu trg 13 mat
phéng bang ¢" di qua trung diém O ciia doan 12 d6. Mat phing nay cét
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Hinh 7.8

mat phang (f, h) theo dudng béng g, va cit mit nén theo dudng trdn ta
duge hai di€ém 5 va 6 (hinh 7.8).

Sau d6, n6i cdc diém thudc giao tuyén lai.

Xét thdy va khust giao tuyén : Hinh chi€u bing cha giao tuy&n déu
thdy; Hinh chi€u ding thi cung 3,2,6 4, thdy, va cung con lai khudt.

Xét thdy, khudt cho mit nén : Hinh chidu bing, phdn mat nén & phia
dudi mat phing (f, h) khudt; Hinh chiéu ding phdn mit nén & phia sau
miéng phang (f, h) khuat.

Vi du 2 : VE giao tuyén clia'mat phang (m, n) va mit tru xién.

Gidi. Trucmg hop nay, ta phai ding cc mat phing phu trg song song
véi dudmg sinh cia mat try (dé né cit mat try theo cic dudng sinh thing).

Truéc hét, tim giao diém cdc dudng sinh ngodi cing a, b trén hinh
chi€u ding v6i mat phing (m, n), (mat phing phu trg 13 mat phang chiéu
ditng qua cdc dudng sinh dé6), ta tim duge cic diém 1 va 2.

Hai diém 1, va 2, 1a ranh gi6i giita phdn thdy va khu4t cla giao tuyén
trén hinh chiéu ding.
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Hinh 7.9

D€ tim giao diém hai dudng sinh ngodi ciing trén hinh chi€u bing 1a ¢, d
vGi mat phidng (m, n) ta cling ding cdc mat phang phy tro 1a mat phing chicu
diing (ta c6 thé diing mat phing phu trg 1 mat phéng chiéu bing).

Trudc heét, ta tim hinh chigu ding cla cdc dudmg sinh ds.

Nhu vay, ngoai giao di€m ciia cdc dudng sinh c, d dé, ta con tim duge
giao diém ciha hai dudng sinh ¢' va d' nita. D6 I3 haj dudng sinh c6 hinh
chi€u dimg tring véi hinh chigu dimg cta hai dudng sinh c, d. C4c giao
diém tim them duoc d6-goi I3 cic “diém an theo”.

Vi dy, tim giao diém 3 cla dudng sinh c, thi duoc them “diém an
theo” 4 clia dudng sinhc'; Réi giao diém 5 ciia dudng sinh d, thi dugc them
“di€m an theo” 6 clia dudng sinh d'.

Hai diém 3, vi 5, 1a ranh giéi giita phin thdy va khust trén hinh chicu
bang cia giao tuyén. ' '

Mudn tim them céc diém khic nifa, ta ding mit phéng phy trg 13 céc
mat phéng chi€u ding (hodc chigu bing).

Sau d6 ndi céc di€m d6 lai, nhé 13 ca hai hinh chigu glao tuy&n déu 1a ellip.

Va ciing chi y xét thay vi khuat tren cdc hinh chigu (hinh 7.9).
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Trong hai vi du trén, ta ciing c6 thé ding phuong phép thay mat.
phing hinh chi€u, d€ dua mat phing da cho tr& thanh mat phang chi€u, khi
dé ing dung trudng hop mit phdng chigu cla muc 7.1.2, d€ tim glao tuyén.
Sau d6 dva keét qua trd vé céc hinh chi€u ban ddu.

Vidu 3 : Tim giao tuyén clia mit phing (m, n) v4i mat ciu.

Gidi : Trudng hgp nay, ta c6 thé ding cdc mat phing phu trg 1a céc -
mit phing bang (hoic mit phing mat) dé tim giao tuyén. _

Cdn & day, ta thay mat phing hinh chi€u dimg dé dua mat phing (m, n)
tr& thanh mét phang chi€u ding. Dua vao cach tim giao tuyén trong muc

7.1.2, ta tim dugc giao tuyén trén hinh chleu bdng. Sau d6 dua vé hinh
chiéu ding (hinh 7.10).

Hinh 7.10

- CAU HOI VA BAI TAP

1. V& giao tuyén mat phing (a, b) v6i mit tru chiéu bang (hinh 7.11).
2. V& giao tuyén mat phing chiéu bing 7 v6i mat try xién (hinh 7.12).
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Hinh 7.11
| - _ Hinh 7.12
3. V& giao tuyén mat phing chi€u diing » v6i mat nén. Giao tuyén la
dudng gi ? (hich 7.13). .
4. Qua dudng mit f(f,, f,) dung mat phing dé né cit mat nén xién theo
mot parabon. Hay v8 giao tuyén dé (hinh 7.14). :

Hinh 7.14
Hinh 7.13



5. V& giao tuyén mit .phing (a, b) véi mat cdu (hinh 7.15).

2
</
ey
AN

Hinh 7. 15

\

7.2. GIAO DIEM DUONG THANG V6 MAT CONG
Ta xét cic trudmg hop tir d& dén khé.

7.2.1. PUONG THANG LA DPUDNG THANG CHIEU

Trucng hop nay, ta dé biét ngay mot hinh chiéu cia giao diém, img
dung cdch im cdc diém thudc mdt cong, dé tim hinh chiéu cén lai ciia giao
diém. :

Vidu I : Tim giao dlém dudng thing chiéu ding d v6i mat nén xién,
c6 dinh la diém S.

Gm: Goi ! va K 13 giao di€ém clia dudng thang d véi mét nén, thitacd
I, =K, =

Vi I va K ciing 1a cdc diém thu6c mat nén, nén dé tim hinh chiéu bing
cua I va K, ta vach cic dudng sinh SI va SK. Hinh chi€u ditng cia dudng
sinh SI 1a S I, cit ddy nén tai diém 1,.

Tir 46, ta tim duoc hinh chi€u bing S,1,. N&n hinh chi€u bang I, thudc
S1,.

Tuong tu, dudng sinh SK cit ddy nén tai diém 2, ta ciing tim duoc K,
thudc S,2,.
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Cudi ciing xét thay, khuat hinh chiéu bing ctia dudng thing d, doan tix
I, dén dudmg sinh ngoai cling phia duéi khuat, con lai 1a thdy (hish 7.16).

Vidu 2 ;: Tim glao diém dudng thing chi€u dimg d va mat xuyen, c6
truc xoay la du’o‘ng thang chi€u bing.

Gidi : Goi céc giao diém clia dudng thang d véi mat xuyénla 1, 2, 3 va
4 thi vi d 1a dudng thing chicu dimg, nén tacé ngay 1, =2,=3,=4,=4d,.
Gén cdc diém &6 vao mat xuyén, bing cich v& cdc vi tuyén di qua cdc diém
d6, ta s& tim duge hinh chi€u bing cla ching (hinh 7.17).

Hinh 7.16 Hinh 7.17

San d6 xét thdy va khudt : Trén hinh chiéu bﬁng. chi cé hai doan
1,2,va 3,4, khudt, ¢dn lai la thdy.

Con trnirong hop nifa cling don gian la, duo‘ng thing da cho khong phai
dudng thﬁng chi€u, nhung mat cong 12 mét try chi€u, ta ciing d& tim duoc
giao diém cla dudng. thﬁng va mat try.

Vi du hinh 7.18, dudng thang d va mat tru chiéu bang cit nhau tai
hai diém I va K. Ta ¢6 ngay hinh chiéu bing clia giao di€ém 13 I, va K,. Vi
I va K ciing thudc dudng thang d, nén ta tim dugc hinh chiéu dimg I, va
K,. Trén hinh chi&u ditng, dudng thing d doan tir I, dén dudng sinh ngoai
cting bén phai 1a khuat, cdn lai déu thay.

Ta chuyén sang xét trudng hgp téng quat.
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7.2.2. TRUONG HOP TONG QUAT

Trudng hop nay, ta chua biét ngay hinh chi€u ndo cla giao diém, ta
phii diing mit phing cit phu tro. N6éi dung clia né nhu sau :

1. Phuong phip mat phéng cét phu tro

Gia st cdn tim giao diém cia
dudmg thing d vd mat cong ®. Cic
buédc ti€n hanh nhw sau ; -

- Dung mat phing phu tr¢ o, chita
dudmg thing d, o thudng chon 13 mat &
phéng chi€u (hinh 7.19). '

- Tim giao tuyén g clia mit phing
o viimatcongD:g=0x .

Né&u @ 1a mét bic hai thi giao tuyén : Hinh 7.19
g néi chung ciing 12 dudng bac hai.

- Tim c4c giao di€m I, K ciia dudng thing d va giao tuyén g : LK =d x g.

Cic giao diém I, K d6, chinh 12 giao diém ciia dudng thang d va mit
cong ©. - : :

2. Cich chon mat phing cdt phu trg

Mait phéng phu trg cin chon sao cho giao tuyén gifta mét phang phu
trg v6i mat cong 1a dudng don gian, d& v&. Vi vay, dua vao dang cia giao
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tuyén gilta mat phing va mat cong (muc 7.1.1) ta cdn biét véi mbi mat
cong, mat phang phu trg phai chon nhy the nao cho thich hop : _

- Mt tru. Mat phing phu trg chon song song véi duong sinh ciia mdt
try d€ n6 cat mat tru theo céc dudrig sinh thang.

- Mat nén. Mat phing phu trg chon di qua dinh nén, dé né cit mit
nén theo cdc dudng sinh thing. '

- Mgt cdu. Mat phing phu trg chon 1a cdc mdt phdng déng mirc (mat
phing bing hoac mat phing mat) dé né cit mit cdu theo dudng tron, va mot
hinh chi€u clia né ciing 13 dudng tron.

Cing c6 thé chon mat phing phu trg qua tam cdu, dé né cit mit ciu
theo dudng tron 16n. Sau dé ding phuong phdp xoay quanh dudng bing
hogc duding mat, d€ dua mat phing phu trg d6 trd thanh mat phing déng
mitc dé tim giao diém.

- Mdt tron xoay. Mat phang phu tres chon vuéng géc véi truc xoay, dé
né cat mit tron xoay theo céc dudng tron.

Vidu 1: Tim giao di€m clia dudng thing d va mat nén xién, c6 dinh 12
diém 8. .

Gidi : Theo cach chon mat phing phu trg néi trén, ta chon mat phang
phu trg di qua dinh S va dudng thing d : (S, d). .

Mat phing phu trg nhir vay s& cit mit nén theo cdc dudng sinh thang.
Tru6c heét ta tim chan cta cdc dudng sinh d6 : ndm trén giao tuyén cha mat
phing phu tro véi mat phing dudng chudn (ddy) clia n6n. Pudng thing d
cit mat phdng ddy nén & N. V& duong thing SA thudc mat phang (S, d). SA
cat mat phing ddy nén & diém M. Giao tuyén MN cit duding cong diy
(dudng chudn) nén tai hai di€m 1 va 2. Haj dudng sinh S1 va S2 cit dudng
thang d tai hai diém H va K. D6 chinh 1a cdc giao diém chia dudng thing d
véi mat nén. ' o :

Sau d6, xét thdy, khu4t trén cdc hinh chigu.

Ta xét k§ trudng hop ndy. Céc trudng hop sau, ban doc ty xét 14y.

_ Trén hinh chi€u ding : D& thdy doan H, K, khuat, vi doan niy nim
bén trong mit nén. Ta xét cdc doan tir diém H, t6i dudng sinh bién, va tir K,
t6i dudmg sinh bién. '

Doan tir diém H, t6i dudng sinh bién : Ta Iy mot diém dai dién cho
doan nay la diém H,. Diém H, thudc dudng sinh S,1,, ma dudng sinh Sl
(thude nira sau mat nén) khudt, nén diém H, khuat.

Suy ra, doan tir di€ém H, t6i dudng sinh bién ciing khust.
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Tuong tr, doan tir diém K, t6i dudmg sinh bién : Diém K, thuéc dudng
sinh S,2,, ma dudng sinh S2 (cling thudc nira sau mit nén), nén 5,2, khuit, do
d6 diém K, khuat. Suy ra, doan tlt diém K, t6i dudng sinh bién ciing khust.

Céch x¢t tuong ty vay, trén hinh chi€u bang. Vi H, thudc dudng sinh
S,1, thdy, nén tir H, téi dudng sinh bién thdy ; K, thugc dudng sinh S,2,
thay, nén tir K, t6i dudng cong déy ciing thay (hinh 7.20).

Hinh 7.20

Vidy 2 : Tim giao diém dudng thing 1 va mat try xién.

Gidi : Ta dung mit phing phy trg chita dudng thing 1 va song song véi
duodng sinh cua mat try. Muén vy, qua diém A thuoc dudng thing 1, ta
vach dudmg thing k song song véi dudng sinh mat try, Nhu vy, mat phing
phu trg ka (1, k).

Mat phing nhu vay s& cit mat try theo céc dudng sinh thing.

Ta cling tim giao tuyén clia mat phing phu trg dé véi mat phing ddy
tru. Giao tuyén d6 1a dudng thing MN. Giao tuyén MN cit dudng cong day
tai hai di€m 1 va 2. Tir cdc diém 1 va 2 d6 vach céc dudng sinh cha mat try.
Céc dudng sinh nay céat dudng thang I, cho ta haj giao diém H va K. P6
chinh I3 cdc giao diém cin tim (hinh 7.21).

Tuong ty trén, ta ciing xét thdy, khuét trén céc hinh chi&u.
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Ciing vAn hinh 7.21 d6 nhung ta giai thich két qua tim dugc bang mot
cach khéc. '

Ta ding phép chi€u phu : Huéng chi€u song song véi dudmg sinh mat
tru, mat phing hinh chi€u 12 mat phing d4y (hoic mit phing dudmg chudn
maét tryu), .

Sau khi chi€u nhu viy, mit try s& ¢é hinh chi€u la dudng cong day;
dudng thing 1 s& c6 hinh chi€u 13 dudng thing MN. Pudng thing MN cit
dudng cong ddy tai hai diém 1 va 2. Tir d6 déng tr& vé 1a cd céc giao diém
H, K.

Hinh 7.21
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Vidu 3 : Cho dlém O va dudmg thing 1. Tim trén dudng thang 1 nhlmg
dlém cﬁch di€m O mot doan bang R cho trudc.

- Gidi : Ta théy, cdc diém cin tim thuoc mat cdu tam O, ban kinh R. Do
dé, tix biu todn dd cho ddn t6i mét bai todn mdi 1a : Tim giao diém cha
dudng thing 1 v6i mat cdu tdm O, b4n kinh R (hinh 7.22).

’

I

Hinh 7.22

Ta gidi bai ndy bing céch thay mat phéng hinh chiéu ding, dé dudng
thdng 1 tr& thanh dudng mit. Khi d6, mat phing phu trg chita dudng thing 1
cling 12 mit phing mat. Giao tuyén mat phing phu trg véi mit cdu 1a
dudmg trdn, va hinh chi€u ding (mdi) cia né cling la dudng tron. Céc giao
diém ciia dudng trdn giao tuyén dé v6i dudng thing 1, cho ta cde diém [, K
cén tim.

T&t nhién, bai nady khong can xét thay, khuat.

Bai nay ciing c6 thé gidi bang cdch, dung mit phang phu trg chia
dudng théng | va tdim O ciia mat cdu. Sau d6, ding cich xoay quanh dudng
béing (hoic dudng mat) dé tim giao diém clia dudng théng | vA mat cdu.

Vi du 4 : Cho dudng thing d va di€ém M. Dung dudmg thang di qua
diém M, cit dudng thing d va nghiéng véi mat phing hinh chi€u bang mét
géc o cho trudce.
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Gidi : Dudng thing cén du‘ng, chmh 13 dudng sinh ctia mdt mat nén

tron xoay cé dinh 12 di€m M, céc dutmg sinh thing nghléng v6i mat phing
hinh chi€u bing mot géc a cho trudc.

Vi vdy, tir bai todn da cho, din t3i mot bai todn méi 1a : Tim giac diém
clia dudng thing d vA mit nén trdn xoay, c6 dinh 1 diém M va cdc dudng
sinh thing nghiéng véi mat phéng hinh chi€u bing mot géc a cho trude.

Giai bai nay tuong tu bai trong vi du 1 (hinh7.20) trén day.

Ta ciing dung mat phang phu trg chifa dudng thang d va dinh nén M: d, M).
Céc buéc gidi nhu vi du 1 trén day.

Cuéi ciing ta dung dugc hai dudmg thing 1a MA va MB (hinh 7.23).

M;

Hinh 7.23

"CAU HO!I VA BAI TAP

1. Tim giao diém dudng thing chicu bang a va duong thang chiéu dﬁ‘ng
b vdi mat tru xién (hinh 7.24).

2. Tim giao diém dudng thing chiéu ding & va duo‘ng thang chlé’u
bang b v6i mit cdu (hinh 7.25).
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Hinh 7.25

3. Tim giao diém dudng thing
canh AB véi mit tru xién ¢hinh 7.26).

4, Tim giao diém dudng thing d Hinh7.26
v&i mit cdu tam O (hinh 7.27).
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5. Qua diém M vé& dudng thing cit dudng thing d va nghiéng v6i mat
phing hinh chi€u ding mét géc 45° (hinh 7.28).

6. V& tam gidc vuong, AB 14 canh huyén, dinh gdc vubng thuéc dudng
thing d (hinh 7.29). ;

Ay

Hinh 7.27 " Hinh 7.28 Hinh 7.29

7.3. GIAO TUYEN HAI MAT
Né&u mot mat 12 da dién va mot mat 13 mat cong thi, giao tuyén la nhiing
doan diong cong, dé 14 giao niyén cdc mdt bén cia da dién véi mdt cong
(c6 thé goi la da gidc cong). Céc diém gay (cdc dinh) la giao diém cdc canh
ctia da dién v&i mit cong.
Thyc chdt clia phdn nay 14 tim giao tuy&n cita mat phéng vdi mat cong.
Nhung mdi mit phang dé, chi 18y mot mi€ng phing. Mdi miéng phing dé
chinh 12 cdc mit bén cha da dién.

Néu hai mat déu 13 mat cong th, gigo tuyén la mot duong cong ghénh
bdc bon (vi hai mat cong déu 1a mét bac hai).

Sau day, ta xét giao tuyén cia cdc mat : lang try, mat chép (thdp), mit
tru va mat ndn,

Ta ciing xét cic trudng hgp, tir don gidn dén phiic tap.

7.3.1, MOT TRONG HAIMAT LA LANG TRU CHIEU HOAC MAT TRU CHIFU

Truong hop nady, ta dé biét ngay mot hinh chiéu cua giao tuyén; ting
dung cdch tim cac diém thudc da dién hodc mdt cong dé im hinh chiéu con
lai ctia giao tuyén.
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1. Da dién va mat cong . _
Vidu 1 : Tim giao tuyén cha lang tru chi€u démg v6i mat nén xién.
Gidi : Tit hinh d3 cho, ta ¢6 nh4n xét sau ; Vi cdc mat bén cia lang try

déu 1a cdc mat chiéu ding, nén ta c6 ngay hinh chi€u dung cia giao tuyén
I ba doan théng gdy khic (phan chung giita mét lang try v mat nén),

Ta tim hinh chi€u bang ctia giao tuyén : Mat nén c$ mat phing dudng
chudn (dy) 12 mat phing hinh chiéu ding; Vi hinh chi€u béng cla dudng
chudn d6 1a dudng trdn; Mi ta thdy mit bén (a, b) cia lang tru fai song
song v6i mat phang dudng chudn. Do d6 mat phing niy cit mat nén theo

-mat ellip {¢6 hinh chiéu diing 1a mot doan thing), nhung hinh chigu bang
cia ellip d6 1a mot dudng tron. Trén hinh chi€u bing 12 mét cung 1,3, 10,
2,cla dudng tron d6. Trong d6, hai diém 1, 2 12 giao di€m canh b cia lang
try véi mat nén; diém 3 1a giao diém dudng sinh bién SB (ngoai cling trén
hinh chi€u bang) cia mat nén véi lang try. Diém 3, s& I ranh gi6i giita phan
thay va khuat ctta cung giao tuy&n dé trén hinh chiéu bing (hinh 7.30).

S,

Hinh 7.30
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Mat bén (b, c) clia lang try, song song v6i mot dudng sinh SA chia mat
nén, nén né cit mat nén theo mot parabon. Hinh chi€u ding 12 mét doan
thing, nhung hinh chi€n biing 13 hai cung cla mot parabon 1a 2,94, va
1,8,6,. Canh ¢ ctia Ling try cit mat nén tai hai diém 4 vi 6.

Mait bén (a, ¢) vi cét tat ca cdc dudng sinh clia mit nén, nén né céit mat
nén theo mot ellip. Hinh chi€u diing clia né cling 1 m6t doan thing, nhung
hinh chiéu bing 14 mot cung cla ellip 13 4,11,5,7,6,.

~ Xét thay va khuat cha giao tuyén : Hinh chi€u bang cua giao tuyén,
chi c6 cung 2,10,3, 14 thdy, cdn lai déu khuat.

Vi du 2 : V& giao tuyén gilta mat lang tru tam gidc (canh la a, b vac)
chi€u bang va mit cdu,

Gidi : Vi mat lang tru chi€u bing, nén ta c6 ngay hinh chiéu bang cla
g1ao tuyén ia duong gay khic, trung v6i phin chung giita hinh chi€u bing

cua mit lang try va mat cdu. Ta gén dudmg gdy khic d6 vao mat cdu dé tim
hinh chiéu diing cla giao tuyén.

Ta tim giao tuyén ting mat bén clia ling tru v6i mit cdu (trong khong
gian déu 1a cic cung tron) :

Canh b ciia lang tru cat mit cdu &
hai diém 1 va 2. Pudng tron bién trén
hinh chiéu ding cha mat ciu cit mat lang
tru & hai diém 3 va 4.

Canh a clia mit ling try cdt mat cdu
& hai diém 35 va 6. Dudng tron bién trén
hinh chi€u bang clia mit céu cat lang tru
& hai diém 7 va 8.

Mat (a, ¢) vi la mit phﬁng mat, nén .
hinh chi€u dimg cla giao tuyén mat nay -
v6i cdu la mot cung trén 5,8,6,.

Mit (a, b) cat mat céu theo hai cung 02{52 g0 2
tron, nhung hinh chi€u ding cla giao tuyén
12 hai cung 1,3,5, v& 6,4,2, clia mét ellip. I\E 72

Mat (b, ¢) cat mit cdu theo mt cung
tron, nhung hinh chiu ding cha giao
tuyén ciing 12 mét cung 1,10,7,9,2,. Cung
ellip nay c6 9,10, 1a truc da1 cla elllp 46
(hinh 7.31).

Cuéi cling, ndi céc diém d6 : Ta nsi cic di€m thugc ting mit bén cla
ling tru. Viéc xét thdy, khuat twong tu phdn giao tuyén hai da dién.

¢;

w2

S
>
Hi
&

2

Hinh 7.34
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Vi du 3 : V&:giao tuyén mit nén xién v mit lang try chi€u ding.

Gidi : Ta cling c6 ngay hinh chiéu dimg ciia giao tuyén 1a phén chung
gifta lang try vA mat nén : dé 1a hai doan thing. Nhu vay, mit (a, c) cla
lang tru khong cat mat nén.

Mat (a, b) cha lang tru song song v6i mot dudng sinh SB cliia mét nén,
nén giao tuyén clla mit nay vdi mit nén 1 mét parabdn.

Mat (b, ¢) song song véi ddy nén, nén giao tuyén ciing 12 dudng déng
dang v6i ddy nén, tic 12 dudng trdon. Ma giao tuyén & ddy 12 mot cung tron
(hinh 7.32).

T

Hinh 7.32

Pé tim thém céc diém trung gian cla cdc dudng cong trén, ta vach cac
dudng sinh cia mat nén : Vi du : dudng sinh SC cho ta hai diém 3, 5; dudng
sinh SD cho ta hai diém 4, 6.

Vi dudng sinh SA ciia nén 1a dudng thing chiu bing, nén hinh chi€u
bing cha cung parabon va cung trdn néi trén ti€p xiic nhau tai hinh chiéu
bing cha dudng sinh SA : §, = A,

2. Hai mat cong '_

Vi du 1 : V& giao tuyén giita mat cdu va mat tru chi€u bing (mat tru
thang dimg).
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Gidi : Tir hinh 7.33 ta thdy,
vi mat try 12 mat tru chiéu bang,
nén ta dé& biét ngay hinh chi€u
bing chia giao tuyén 14 cung tron,
thuoc hinh chi€u bing clia mat
tru chiéu bing.

Gén cung trdn dé vao mat
cdu d€ tim hinh chi€u dimg cia
giao tuyén.

Dudng thay ngoai trén hinh
chiéu bing (xich dao chia mat céu)

cét1 mat tru thang ding tai hai Ty =85 \

diém 1 va 2. Dudng tron thay

ngoai trén hinh chiéu dimg clia 11,=12, 9251'5
mit cu cit tru tai hai diém 3 va 4. % \ 3=t
Pudng sinh bién trén hinh chiéu 12256,
dtmg clia mat try, cit mat cdu tai

hai diém 5 v 6. Dudng sinh gidi

han cha try cit mat cdu tai hai

diém 7 va 8. 1,  13%=l4,

Ding céc mat phang phu trg 12 " Hinh7.33
mat phing mat, ta tim thém duge
céc diém 9, 10, 11,12, 13 va 14.

Hai giao diém 5, va 6, clia dudng sinh bién trén hinh chiéu ding cia
mit tru 1 ranh gidi gilta phén thdy va phdn khuat cla giao tuyén trén hinh
chi¢u ding.

Cusi cing, ndi cic diém d6 lai theo nguyen tic 12 : ta chi c6 thé ndi hai
giao diém vdi nhau, néu hai diém do6 phai thudc hai duwong sinh “ldn cdan”
(lién ké) ctia mdt try thi nhdt, va ciing thuéc hai duong sinh “ldn cdn”
(lién ké) thuc mdt tru thit ha.

Hai dudng sinh “lan can” (lién ké) 12 hai dudng sinh c6 chia giao
. diém “canh nhau”, ma khéng c6 dudng sinh thit ba c6 chira giao diém xen

giifa chung. '

Vi du 2 : V& giao tuyén gilta mat nén xién va mat try chi€u ding.
Gidi : Trudng hop nay, ta biéi ngay hinh chi€u déng clia giao tuyén la

cung tron (phin chung cha mat try va mét nén). Gén cung tron d6 vao mat
nén d& tim hinh chi€u béng.
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Pudng sinh bién SA,
trén hinh chiéu dimg cta mit
nén cit mat try tai hai diém 1
va 2. _

Pudng sinh bién bén trai,
trén hinh chi€u bing clta mat
tru c4t mat nén tai hai diém 3
vad.

Hinh chi¢u bing cta hai
diém niy 12 cic diém phan
cdch giita phdn thdy va phin
khuat trén hinh chiéu bang clia
giao tuyen.

Khi tim hai diém 3, 4 ta
fim thém dugc hai “diém in
theo” 5, 6.

Tim hai diém giéi han 7,
8 : bang cdch v& hai dudng
sinh ca mat nén ti€p xic vai
mat tru,

Tim giao diém dudng
sinh cao nhét cia mat try véi
mit nén : ta dugc hai diém 11°
va 12,

" Khi tim hai diém nay, ta
duge hai “diém an theo” 9
va 10.

*  Tim mdt s6 diém trung
gian tai ving -con “thua
diém”, ta dugc cdc diém 13, Hinh 7.3
14, 15 va 16. e
Viéc néi cic diém do, ciing khong don gidn. Phai tuan theo nguyén |
tic néu trén (hinh 7.34). .
Ta bit ddu tir mot di€m ndo dé, va theo nguyén tic trén ta <6 thit tiy
néi cic diém nhu sau : V{ du bat ddu tr diém 1.16. 12. 6.8. 4.10-
14.2.13.9.3.7.5.11.15.1. .
' N&i theo thit tu d6, v uén dé cho ta mot dudng cong déu. Dong thai
chi y xét thdy va khuat. : '
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Ta dé thdy chi c6 doan 3.7.5.11.15.1 Ia théy; cdc phin cdn lai déu
khuat. _ _ _ '
Giao tuy€n Ia mot dudng cong ghénh bac ban.

7.3.2. CA HAI MAT DU KHONG PHAI MAT LANG TRU CHIEU HOAC
MAT TRU CHIEU :

Truong hop nay ta chia biét ngay hinh chiéu nao cita giao nuyén. Pé
tim giao tuyén giita hai mat d6, ta phai ding mat cit phu trg. Noi dung
phuong phap dé nhu sau :

1. Phuong phap mat cit phu trg

Gia sir cdn tim giao tuyén hai mat @
va 2. Cic budc tién hanh nhu sau :

- Dung miit phu trg & (hinh 7.35).

- Tim giao tuyén g cla mit ¢ véi
matP:g=0c x O.

- Tim giao tuyén g' clia mat ¢ véi
mitZ:g'=oxZ. -

- Tim cdc giao di€m 1, 2, 3va 4 clia
gvag:1,2,3,4=gxg. ' Hinh 7.35

(Vi g va g'1a nhitng dudng bac hai, nén chiing ¢6 thé cit nhau & bon diém).

Cic diém 1, 2, 3, v 4 d6 thudc giao tuyén giffa hai mat di cho. Diing
nhiéu mat phu trg nhu vay, ta s& tim duoc nhiéu diém thuoe giao- tuyén.
Cuéi ciing, ndi chiing lai, ta s& ¢6 giao tuy&n cin tim.

2. Cich chon mat phu tro

N6i chung, cdc mat phy trg cdn chon sao cho céc giao tuyén phu la
nhiing dudng don gian, dé v&, ma cdc duong don gian nhat chi ¢6 thé Ia
dudng thing va dirdng tron. _ .

Trong nhiing phan giao tuyén mat phing véi cic mat, ta di néi dén
céch chon mit phang phu trg. Trong phén nay giao tuyén (cta hai mat) sé&
phitc tap hon, nén viéc chon mat phu trg (ta néi : mit phu trg, mit dé cé
thé 1a mat phéng, ma ciing ¢4 thé 1a mat cong), lai cang 13 vén dé khong
don gian. ) _

- Hai mdt tru : Mat phdng phu tro chon song song voi ditomg sinh ciia
cd hai mdt try; d€ nd cit ca hai mat tru déu theo cic dudng sinh théng.
Trude hét, ta phai xdc dinh hudng ciia cdc mat phéng phu trg d6, bing cich
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qua mot diém bat k¥, dung hai dudmg thing m, n tuong ing song song Vi
dudng sinh clia hai mat try (hinh 7.36). M8i mat phing phu trg c6 thé cho
ta bon giao diém : 1,2. 3 va 4. ‘

Hinh 7.36

- M6t mat nén va mét mdt tra : Mdt phdng phu trg chon di qua dinh

mdit nén va song song véi dwong sinh mdt tru, dé né cit mat nén va mat try.
déu theo cdc dudng sinh thing. Nhu vay cdc mat phéng phu trg phai chda

mot dudng thing 1 di qua dinh S mit nén va song song véi dudng sinh cla
- mit try (hinh 7.37). M&i mat phing phu trg ciing c6 thé cho ta bén giao
diém: 1,2,3va4

Hinh 7.37

- Hai mdt nén : Mdt phdng phy di qua hai dinh nén, dé né cdt cd hai
mdt nén theo cdc duong sinh thdng. Nhu vdy, cdc mat phing phy trg ciing
phai chita duéng thang ! di qua hai dinh S va T clia hai mat nén (hinh 7.38).
M&éi mat phang phu trg ciing c6 thé cho ta bén giao diém : 1,2, 3 va 4.
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Hinh 7.38

Ngodi ra, con mit cdu va mit tron xoay. Do dd, tuy ting trudng hop cu
thé, chon mat cit phu trg sao cho hgp 1y.

Trong phdn giao tuyén mat phing véi mét cong, ta c6 néi “dang cla
giao tuyén”. Trong phin nay, giao tuyén néi chung 1a mt dudng cong
ghénh bac bon, nén khong ¢6 nhitng “dang” ré rang bit trudc. Vi vay, sau.
khi tim duoc cdc diém thudc giao tuyén, viéc ndi chiing ciing phic tap hon.
Song, viéc quan trong ddu tién 12 “thir ne ndi” cac diém. Ta néu mot nguyén
tdc so bé dé thuc hién yéu cdu 46 :

Nguyén tic néi giao tuyén : Ta chi ¢ thé noi hai giao diém voi nhau,
néw hai giao diém dé 1a nhimg diém thugc hai duong sinh “lién ké” ctia
mdt cong thit nhdt va ciing la hai diém thugc hai duomg sinh “lign ké” cila
mdt cong thit hai. (Cic dudng sinh “lien ke” ¢6 chita giao diém ma khéng -
¢6 dudng sinh c6 chifa giao diém n2o khéc xen gifta ching).

* T4t nhién, d6 mdi chi 13 “thit 1w ndi” cdc di€m. Néu chi n6i nhur vay,
thi giao tuyén s€& 1a mot dudng gdy khiic, nhu vy chua chinh xéc. Nén phai
tuy vi tri gitra cdc diém d6 mad “udn “giao tuyén sao cho hap 1y.

Vi du 1 : VE giao tuy€n hai mat tru xién c6 ddy cing thudc mat phing
hinh chiéu bing. '

Gidi : Truéc hét, dua vao cach chon mat phing phu trg néi trén, ta
xéc dinh huéng cta cdc mat phing phu trg do. Céc mat phang phu trg
trong trudng hop nay phai song song v&i dudng sinh cha hai mat try : Qua
diém M bt k¥, vach hai dudng thing m va n, twong Ung song song véi
dudng sinh cha hai try. Mat phing (m, n) cit mit phang ddy cia hai tru
theo dudng thing MN. Tir d6, cdc mat phing phy trg & chon cling cit mat
phéng day hai tru theo céc dudng thing song song vdi dudng thing MN
d6 (hinh 7.39). '
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Hinh 7.39

Trude hét, tim giao diém hai dudng sinh bién trén hinh chi€u dimg cha
mot mat try v6i mat tru kia (mat phing phu trg c6 viet bang 1a m), ta duoc
bon giao diém 1, 2 va 3, 4. Tim giao diém ciia hai dudng sinh bien duéi
hinh chi€u bing ctia mat try nhd (¢ hinh chiy ding tring véi dudng tam
clla mit tru d6) (mat phing phu trg c6 viet bing 12 m"), ta duge bdn giao
diém 12 5,6va 7, 8.

Tim di€m gi6i han : Dung mot li€p tuyén véi ddy mat tru nho. Véi mat
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phéng nay (c6 viét bang la m"), ta dugc hai giao diém 9 va 10. Tuong ty,.
v6i mat phing ti€p xtc thit hai (c6 viét bing 1a m"), ta duge hai giao diém
nirald 11 va 12, '

Trudng hop nay, hai try ct nhau hoan toan, nén giao tuyén 12 hai
dudng cong (hai phan clia mot dudng bac bon ghénh).

Khi néi giao tuyén, k&t hop xét thdy va khudt trén cdc hinh chi€u.

Vi du 2 : VE giao tuyén clia mot mat try Xién va mot mat nén xién, ¢
dinh 1a S.

Gidi : Cling dua vio céch chon mat phéng phu trg néi trén; trudng hop
nity, cdc mit phang phu trg phai di qua dinh S cia mat ndn va song song voi
dudng sinh cba tru. Tic 13, cdc mit phang dd phai chia dudng thing 1, di
qua dinh S vi song song vdi dudng sinh ciia tru.

Dudmg thang | cit mat phing ddy try vi nén tai diém L T d6, cdc mat
phing phu trg phii cit mat phing ddy clia mat try vd mat nén theo cac
dudng thing di qua diém I dé.

Truéc het, ta tim giao diém dudng sinh bién bén trdi trén hinh chicu
ding céia mat tru v6i mat nén. Dyng mat phang phy tro qua dudng sinh 46
(c6 viét bing Ia m). Mat phang dé cit nén theo hai dudng sinh SE va SF.
Hai dudng sinh nay cit dudng sinh bién & hai diém 1 va 2.

Tim giao diém dudng sinh bién b du6i hinh chiu bang cha mit try v6i
~ mit nén. Dung mit phang phu trg qua nd, (c6 viét bing 13 m") ta tim dugc
hai diém 3 va 4. Khi tim cdc diém 3, 4 ta tim thém dugc hai “diém an theo”
11, 12.

“Tim giao diém cdc dudng sinh bién trén hinh chi€u ding cda mat nén,
dudng SB (mit phing c6 viét bang 1A m") ta c6 hai giao diém 3, 6; dudng
SC (mat phing c6 vét bang Iam™) ta c6 hai giao diém 7, 8.

Tim céc diém gi6i han : Tim giao diém dudng sinh SA cia mat nén vdi
mat tru (vach dudng thing di qua diém I, ti€p xdc véi mot dudng cong day
nén tai diém A), cho hai giao diém 9 va 10.

Céc mat phang phu trg khic, néi cbung s& cit mat tru theo hai du@ng
sinh, va cling cit mat nén theo hai dudng sinh, nén v6éi méi mit phang phu
trg s& tim dugc bén giao diém.

Tuong tu, ding cdc mat phing phy trg nhu vdy, ta s€ tim dugc nhiéu
diém thuoc giao tuyén. Cudi cing, néi ching lai, ta s€ ¢6 giao tuyén. Khi
néi ciing két hgp xét thay va khuat. .

Trudng hop nay, hai mat cat nhau khong hoan toan, nén giao tuyén la
mot dudng cong ghénh (hinh 7.40). '
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Hinh 7.40 -

Vi du 3 : V& giao tuyén hai mét nén xién, c6 dinh 1a Sva T.

Gidi : Trudmg hop nay, cdc mit phing cét phu trg phai di qua hai
dinh S va T ciia hai mit nén; tdc 12 cdc mat phing d6 phai chita dudng
thing ST.
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Dudng thing ST cht mit phing céc dudng chudn (ddy) cia hai mat
16n tai diém L _

Nhu véy, cdc mat phing phu trg phii cit mt phang ddy hai n6n theo
céc dudmg thing di qua L. : | :

Tim giao diém dudng sinh SA (dung mat phéng ti€p xdc véi ddy mat
nén dinh S), cho ta hai giao diém 1 va 2. Tim giao diém cha dudng sinh
bién TD, cho ta hai giao diém 3, 4, va ta dugc hai “diém an theo” 5 va 6.

Tuong tu, v6i cdc mat phing phy tro nhu vay, ta s& tim dugc nhiéu
diém thuoc giao tuyén. -

Trudng hop nay, hai mat nén cét nhau khong hoén toan, nén giao
tuy&n 12 mot dudng cong ghénh (bac bén) (hinh 7.41).

TI
—

Hinh 7.41

Chi ¥ : Khi v& giao tuyén hai mit try v2 nén, mudn bi€t hai mat cét
nhau hoan toan hay khong hoin todn, ta difa vio vi tri gi6i han cha céc giao
tuyén (vét) clia cic mat phing phy tro trén mét phéng hai ddy mat tru va

" mat nén vdi hai dudng cong ciia hai ddy dé.

Cit nhau hoan toan 13, it nhat mot trong hai mat try (hodc mat ndén) c6
14t ¢ cdc dudng sinh déu bi mat kia cat.

Cit nhau khong hoan toan 13, trong ¢ hai mat (try hodc nén) khong
c6 mit nao cé tat ci cic dudng sinh bi mat kia cét.
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Trén hinh 7.42, ta €6 céc truong hop sau : | .

Hinh 7.42a va 7.42¢ 13 giao tuyén hai mat tru. Trudng hop ndy, vi cc
mat phing phu trg song song vdi nhau (song song véi dudng sinh ciia hai
mit try), nén ching cit mat phing ddy cla hai mat tru theo céc dudng
thing song song vé&i nhau. Vi du, hinh 7.39.

P

Hinh 7.42

Hinh 7.42b va 7.42d la giao tuyén hai mat, trong d6 c6 it nhat mét mét
nén, vi cac mit phing phu trg phdi chia mot dudng thing di qua dinh mat
nén, tic 13 cdc mat phdng phy trg d6 khéng song song vdi nhau, nén céc
giao tuyé€n (vé€t) cba cic mat phing" phu trg 'dé.véi mét phing ddy chia hai
mat da cho ciing khtmg song.song, ma dbéng quy. Vi du, hinh 7.40 va 7.41.

Hinh 7.42a, v3 7. 42b 1 hai ‘mat_cdt nhau hoan toan. Giao tuyén lo
hai dwong cong. Ca hai trudng hop nay, mat c6 ddy B bi mit c6 ddy A cét
hoan toan. Tdc 14 mit c6 ddy B, tit ca cdc duong sinh déu bj cit. Vi duy,
hinh 7.39. '

Hinh 7.42c, vi 7.42d 12 hai mat cdt nhau khéng hoan toan. Giao tuyén
la mot duemg cong. Trudng hop nay ca hal mat, khﬁng cé mit nao bj cit
hoin toan. Vi du, hinh 7.40 va 7. 41 -

7.3.3. GIAO TUYEN HAI MAT TRON XOAY

1. Hai mat tron xoay c¢6 hai truc triing nhaun

Néu hai mat trdn xoay c6 truc tring nhau, thi d€ thdy giao tuyén cta
chiing 1a cac dudng tron (cédc vi tuyén). "
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Hinh 7.43, hai mat tron xoay

® va I c6 truc xoay tring nhau, nén
ching cét nhau theo hai vi tuyén (dudng tron)

. . . O;
mat ¢au 1am mat cit phu trg, d€ tim giao tuyén
hai mat tron xoay sau nay. - _

2. Hai mat tron xoay c6 hai truc song song
bPé tim giao tuyén giita hai mat trdn
Xoay c6 hai truc song song, ta chon ciac mat _

déu thuoc mat phing bing.

Trudng hop ndy, duge tng dung dé chon

phing phu trg vuéng géc véi hai truc xoay
dé. Cic mit phing phu trg nhu vay, s& cét cac
maét tron xoay theo cdc dudng tron (vi tuyén),

Vidu : Tim giao tuyén giira mat
nén tron xoay va mat ellipx6it tron
xoay.

Gidi : Hai tryc xoay déu Ia

~dudng thang chi€u bing, nén ta
chon cdc mat phing phu tro 13 cic
mét phang bing. Cdc mit phing phu
trg nhu viy, s cit hai mat trdn xoay
theo cdc dudng trdon, ma hinh chigu
bang cla cdc dudng tron dé ciing 1A
cac dudng tron.

Mat phing phu trg Q (c6 hinh
chi€u ding 12 dudng thiang Q,) chita
xich dao clia mat ellipxéit, cho ta
hai giao diém 1 va 2.

Hai hinh chi¢u bing 1,, 2, 1a
ranh gidi gitta phdn thdy va phén
khuat cha giao tuyén trén hinh chicu
bing (hinh 7.44).

Pudng sinh - bién trén hinh
chi€u ding clia mat nén cét ellipx6it
tai hai diém 3, 4.

di¢m thuoc giao tuyén.

Hinh 7.44
Tuong tu, ding cdc mat phing phy trg nhir vy ta s& tim duoc nhiéu
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Cuéi ciing ndi chiing lai, ta cling c6 giad tuyén la mét dudng cong
ghénh bac bén.
Hinh chiéu dimg cla giao tuyé&n 1a mét parabon (ding hon 12 hai
parabén triung nhau). Piéu nay s€ duge giai thich trong mot dinh 1y & muc
7.3.5 (hai mat bac hai ¢6 chung mit phing déi xiing).
' 3. Hai mat trdn xoay c6 hai truc cit nhau - Mat cau phu tr¢

Ta di biét, néu hai mat trdn xoay c6 hai tryc tring nhau, thi giao
tuyén cha ching la nhitng dudng tron (vi tuyé'n) nim trén mat phing vuong
gdc vdi truc xoay.

Mat khic, mat cdu lai 12 mét mat tron xoay, ma moi dudmg kinh ciia né
déu c6 thé coi 1a truc xoay. Vi viy, néu mot mit cdu cé tAm trén mot mat
tron xoay, thi mit cdu va mat trdn xoay d6 s€ cét nhau theo cdc dudng trdn
(vi tuyén). '

Dua vao nhan xét d6, néu ta ¢6 hai mét trdn xoay ¢6 hai truc cit nhau,
thi ta c6 thé ding mat cdu, cé tam I giao diém cla hai truc xoay dé, lam
mat cét phu trg d€ tim giao tuyén hai mat tron xoay dé. Khi d6, mat ciu s&
cét ca hai mat trdn xoay d6 theo nhing dudng trdn (vi tuyén cta mdi mat
tron xoay dé). )

Vi du I : V& giao tuy€n clia mit tron xoay truc t, v6i mat nén tron
xoay truc 1. Hai mat trdn xoay dé c6 hai truc t va 1 cat nhau tai diém O.

Gidi : Ta ldy mot nira cia mit tron xoay truc t.

Trudc hét ta thdy, cdc kinh tuyén chinh cla hai mat trdn xoay, cing
thuéc mot mat phdng, nén chiing cét nhau, cho ta hai giao diém 1 va 2.

~ Diing cdc mit cdu phu trg, ¢6 tam 14 giao diém O cia truc hai mat tron
xoay do.

Vi hai truc t va | cha hai mat tron xoay déu song sorig v6i mat phing
hinh chi€u diing, nén c4c dudng trdn giao tuyén cla céc mat cdu phu trg véi
cA hai mat trdn xoay déu thudc cdc mit phing chi€u ding. Tic !a, cdc
dudmg tron d6 déu cé hinh chiéu dimg 14 cdc doan théng.

Vi du, mit cdu cé ban kinh R, cit mit nén tron xoay truc 1 theo dudng
_ tron, ¢ hinh chi€u dimg ia doan thang A,B, ; va cit mat trdn xoay tryc t
theo dubmg trdn, c6 bén kinh 13 doan thing E,F,. Hai doan thang dé cit
nhau tai hai diém tring nhau : 3, = 4, (hinh 7.45).

Tiép tuc diing cic mit cdu phu trg nhu vay, ta s& tim duge nhiéu diém
thudc giao tuyén.
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= |t 3y=4y

Cudi ctng, néi chiing lai,
ta s& c6 giao tuyén.

Dé tim hinh chi€u bang
cla giao tuyén, ta gin céc diém
thudc giao tuyén vio céd dudng
tron (vi tuyé€n) thudc mit tron
xoay truc t. Vi hinh chiéu bing
cua cdc dudng trdn nay ciing 1a
cac dudng tron,

Trudng hop nay, giao tuyén
ciling 14 mt dudng cong ghénh.

Vi du 2 : V& giao tuyén
gifta mit ndén tron xoay, c¢6 dinh

12 S truc 1a dudng thing ¢, va
miit tru tron xoay truc la duong
théng 1 (1 va t déu 1a dudng mat).

Gidi : Trudc hét ta ciing
thdy, cdc dudng sinh bién trén
hinh chi€u ding clia mat nén
va tru clng thudc mot mit
phing, nén chiing cét nhau tai
bon diém 1, 2, 3 va 4 thudc ' Hinh 7.45
giao tuyén,

Mat nén va mit tru déu c6 truc xoay A dudng thing song song vdi
mit phdng hinh chi€u ding, nén cdc dudng tron giao tuyén cla cic mit
cdu (tam Q) phu trg v6i mit nén va mat tru déu thudc mat phing chiéu
ding. Nghia 1a hinh chi€u ding cha cic dudng tron do6 s&€ 1a cdc doan
théng.

D¢ tim céc diém khdc, ta ding cdc mat cdu phu trg ¢6 tam 13 giao
diém O ciia hai truc mit A6én va mat tru.

Mit cdu c6 bdn kinh nhé nhat 12 mat cdu n6i ti€p mat nén va cit mat
try theo hai dudng tron. Vi mat cdu phu trg nay, fa fim duoc hai giao diém
trén hinh chi€u ding cia giao tuyén (trong khéng gian 1a bén diém ma hinh
chiéu dimg 1a d6i mot tring nhau) : 5, =6, va 7, =8,.
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Hinh 7.46

Tuong ty, ding cdc mat cdu phu trg khic, ta s& tim dugc cdc diém
khéc nffa thudc giao teyén (hinh 7.46). .

Cu6i ciing néi cdc diém d6 lai, ta s& c6 hinh chi€u ding cha giao tuyén
13 mét dudng hypecbon (thuc ra 12 hai dudng hypecb6n tring nhau : mot
dudng thdy va mot dudng khuat).

Ta c6 thé tim thém céc diém tuy khéng thuOc giao tuy&n clia mat nén
va tru, nhung né thudc dudng hypecbén (clia giao tuyén). ‘

Sau khi ¢6 hinh chi€u diing clia giao tuyén, 1a gén giao tuyén dé vio
cdc dudng sinh hoac cic vi tuyén ciia mit nén, dé tim hinh chi€u bing
(Trén hinh nay khéng v& hinh chi€u bing).

4. Giao tuyén clia mat tron Xoay v6i mét vai mat c6 ho dudng sinh tron

Cic trudng hop tim giao tuyén hai Imal trdn Xoay vdi mat cdu phu trg
trén day, cic giao tuyén phu déu 1a cdc vi tuyén chung chia hai mat tron
xoay. Con trudng hop nay, cdc giao tuyén phu khong hoan toan 13 céc vi
tuyén clia hai mit tron xoay. .

Céc trudng hop trén, cdc mat cdu phu trg déu c6 tam cd dinh, dé 1A
giao di€m hai tryc xoay ctia hai mit d6. Con & day, tam céc mit cdu phu trg
khong c6 dinh va duong nhién khong phi 13 giao di€m hai truc xoay.
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Vi dy : Tim giao tuyén gifta mat nén tron xoay v6i mit xuyén. Truc
- cia mat nén thudc mit phing dudng trdn quy tich tam céc dudng tron sinh
clia mat xuyén. -

Gidi-: Truéc hét ta ciing thdy, hai dudng sinh bién trén hinh chi¢u
dig cita mét nén, va dudng tron bién trén hinh chi€u ditng ctia mat xuyén,
vi cliing thugc mot mat phang, nén chiing cit nhau tai hai diém 1, va 2,. D6
1 nhing dlém thudc giao tuyén.

Mat khdc, ta thdy mit xuyén ¢6 mét ho cdc dudng tron sinh, d6 la cic
kinh tuyén cta mat xuyén.

Néu ta dyng mot mat cdu, chita mét (dwdng trdn) kinh tuyén k clia mit
Xuyén va mat cdu d6 lai c6 tam trén tryc mit nén, thi mat cdu nay s& cit
~ mat nén theo mot vi tuyén v. Nhu vay, Vi tuy€n v va kinh tuyén k, vi cling
thugc mot mét cau nén ching cat nhau. Céc giao di€ém dé dwong nhién

' thudc giao tuyén cua_mat nén va mit xuyén di cho.

Vi du ta ldy mot kinh
tuyén cla mit xuyén ma hinh
chiu ding 13 doan théng
M,N,. Qua trung diém A, ciia L
M,N, (ma trong khéng gian 1
tim A cia dudng tron dudng
kinh MN) ta dung dudng thing
trung truc cua doan M N,A L
1 M\N, (I thudc truc mat nén).

Ta dung mat cdu tam I,
bén kinh IM. Mat cdu ndy cit
mit n6én theo dudng tron, ma
hinh chi€u dimg 1 doan thing
E F,. Hai dudng thing M,N, vi
EF, cat nhau tai diém (trong
- khong gian 12 hai diém) 3, = 4,
(hinh 7.47). .

Tuong tu, ding cic mét
cdu khéc, ta s& tim dugc nhiéu
diém thudc giao tuyén.

Hinh 7.47
Cudi ciing néi chiing lai, 1a c6 giao tuyén 12 mot dl.rb‘ﬁg cong ghénh
bac tdm, ma hinh chiéu dimg clia né 12 'mot nhénh cda dudng cong d6

(nhdnh cén lai thu¢c phdn con lai cia mat nén va mat xuyén).
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. Khi da cé hinh chi€u ding clia giao tuyén, ta gin giao tuyén d6 vio
mit xuyén dé tim hinh chi€u bing.

Ngoai ra, néu diing mit cét phu trg két hop véi phép chi€u phu, ta ¢6 thé
um giao tuyén mot s6 mat, ma néu ding cdc phuong phdp khéc thi cling
khong don gian. :

Vidu : Tim giao tuyén mat try xién cé dudng chudn 13 mot ellip véi
mot mat ellipxéit tron xoay, ¢6 tryc 12 dudng thdng chiéu bing.

Gidi : Trudc hét ta thdy, cdc dudng bao ngoai trén hinh chi€u ditng
cla hai mit cing thuc mot mat phang, nén ching cit nhau cho ta hai giao
diém 1 va 2.

Dung mat phang phu tr¢ 13 mat phing bing o chita dudng xich dao
cha ellipxo6it. Mt phing nay cit ellipx6it theo dudng xich dao, ¢6 hinh
chi€u bang la dudng thdy ngoai trén hinh chi€u bing; va cdt mat tru theo
mot ellip bang ellip ddy. Ta chi€u ca hai giao tuyén phu dé theo hudng
dudng sinh mat tru va mat phing hinh chi€u 1a mat phing ddy tru. Tai
day, ta tim dugc hai giao diém la 3', va 4',. Pua tr& vé vi tri ban diu, ta c6
hai giao diém 3 va 4.

Tuong tw, ding mat
phdng phu trg 12 mat
phing bang B. Mat phing
dé cét mat try theo mot
ellip e bang ellip chudn va -
4t mat ellipx6it theo mot
dudng tron v.

Ta lai chi€u hai giao
tuyén phu d6 theo huéng
dudng sinh mat try, mat
phéng hinh chigu 1a mait

. I 0;
phang ddy tru thi : ellip e
¢d hinh chi€u phu 1a ellip 651 P
ddy try ¢'; va dudng tron v --.';/_: = —/62-\\ \\\
c6 hinh chiéu phy 12 v',, ¢, (P N N AN )
va V', cit nhau tai hai diém \ Va2 e "_’f’f/ L) )

5'; va 6',. Pua trd lai vi trf B 3
ban ddu ta ¢6 hai giao ¢ ﬁ \__/
diém 5, va 6, (hinh 7.48).  Hinh7.48

~ Tiép tyc diing cdc mit phang phl,l trg nhu vay, ta s€ tim duge giao
tuy€n ctia hat mat di cho.
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7.3.4. MOT $6 TRUONG HOP DAC BIET VE GIAO TUYEN HAI MAT
BAC HAI

N6i chung hai mit bic hai cat nhau theo modt dudng bac bon (dudng
triung phuong ghénh). Trong mot s6 trudng hop dac biét chiing cat nhau
theo hai duong bic hai. _

Ciing nhu trong dai s6, mot phuong trinh bac bén, trong mot s6 trucng
hop dic biét, cé thé phan tich thanh hai phwong trivh bic hai. Nhimg
phuong trinh nhu vay, cling goi 13 phuong trinh tring phuong.

Sau day 14 mot s6 trudng hop d6, duge néu trong mot vai dinh ly Ta
‘thira nhén va khong ching minh. -

Dinh Iy 1. Néu hai mdt bdc hai di cdt nhau theo mét duong bdc hai,
thi chiing con cdt nhau theo mot dudng bdc hai nita.

Ta dé thay diéu ndy, vi hai mit bac hai cat nhau theo mot.dudg béc
bon. Néu da c6 giao tuyén 12 mot dudng bac hai, thi con phai cé mot dudng
bac hai nita, (dé thanh mot dudng bac bén). '

Vi du : hinh 7.49a, mat n6én va mét tru dd cé chung mét dudng tron
ddy la mot dudng béc hai ¢, thi theo dinh 1§ trén, ching con cét nhau theo
mot dudng bac hai nita 1a mot ellip c6 hinh chifu ditng 14 doan thing 2,4,.

2; /
7N~

4 N
1 E3 \\
.’  r—— ———-
& :3 !
12 ’,’
L, '
a) b)

Hinh 7.49
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~Hinh 7.495, mat nén va mit cdu di c6 chung mot dirc‘)‘ng tron xich dao-
ciia mat cdu 12 mot dudng bac hai, thi theo dinh 1y trén, ching con cét nhau
theo mot dudng bac hai nifa, la dudng tron ma hinh chi€u dimmg I2 doan
théng A,B,.

Dinh Iy 2. Néu hai mdt bdc hai tiép xiic véi nhau & hai diém (ma hai
mdt phdng tiép xiic chung tai hai diém do khoéng tring nhau) thi chiing sé
cdt nhau theo hai dudng bdc hai, di qua hai diém tiép xiic chung do.

Hinh 7.50a, hai mat tru ti€p xic véi nhau & hai diém 1 va 2. Mat
phéng ti€p xiic chung tai hai diém d6 khong tring nhau, nén theo dinh 1y
trén, hai mat d6 cit nhau theo hai dudmg bac hai (1a hai dudmg ellip) di qua
hai di€ém 1 va 2 6, ma hinh chi€u dimg ctia hai ellip d6 12 A|B, va C,D,.

Hinh 7.50b, mat tru elliptic..w‘;l'mat cdu ti€p xdc vdi nhau & hai diém M
va N, nén theo dinh 1y trén, hai mit d6 cling cét nhau theo hai dudng bac hai
(hai dudng trdn) di qua hai diém M va N d6. Ma hinh chiéu dimg cla hai
dudng tron d6 1a A B, va C,D, (D6 12 hai huéng tiét dién tron clia mat try).

i
tiét dién tron
ctia mdi tru

Hinh 7.50
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Dinh Iy 3. Néu hai mdt bdc hai tiép xiic véi nhau & ba diém (ma céc
mgit phdng 1iép xitc chung tgi ba diém dé khong tring nhau), thi chiing sé€
tiép xiic v6i nhau theo mét duong bac hai di qua ba diém d6.

T dinh 1y nay ta dé& thdy, hinh chi€u song song (hodc xuyén tdm) clia
mot mét bac hai lén mot mat phing hinh chi€u déu c6 dudng bao 13 mot
dudng bac hai.

Dinh Iy 4. Néu hai mdt bdc hai ciing néi tiép (hodc cing ngogi tiép)
mot mdt bdc hai thit ba, thi chiing sé cdt nhau theo hai dwong bdc hai, di
qua hai giao diém cua hai ditong tiép xiic.

Hinh 7.51, hai mat tru ciing ngoai
ti€p mot mat cdu; Hai dudng ti€p xic
chung cia ching cit nkau tai hai diém
1, 2; nén theo dinh 1y trén, ching ciét
nhau theo hai dudng béc hai (hai ellip)
di ‘qua hai giao diém 1 va 2 cia hai
dudng ti€p xiGc gitta mat cdu véi mdi
mat tru.

7.3.5. GIAO TUYEN HAI MAT BAC

HAI C& CHUNG MAT PHANG bOI
XUNG

Ta da biét, hai mat bac hai néi

chung cét nhau theo mot dwdmg bac bon S
ghénh. %
Néu hai- mat bac hai lai c6 chung Hinh 7.51

mot mat phing d6i ximg, thi duong
nhién giao tuyén chia chiing ciing cé
chung mit phing d6i ximg 46,

Do d6, khi chi€u giao tuyén d6 lén mat phing d6i xding chung (hoac
mat phing song song v6i mat phing d6i xing chung), ta s& dugc “mdt
duong kép”. Vi mbi diém thuoe giao tuyén dé déu Ia cic “diém kép” : mot
diém thdy triing v6i mot diém khuat.

Vi vay ta ¢6 dinh Iy ve trudong hop nay nhu sau.

Dinh ly. Néu hai mdt bdc hai c6 mdt phdng doi xitmg chung, thi hmh
chiéu cia giao tuyén gitta ching lén mdt phdng déi xitmg chung (hodc mdt
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phdng song song voi mdt phdng doi ximg chung) dé la mot duomg bac hai
(thdt ra la hai duomg bdc hai tring nhau : mét duong thdy, va mét dwong
khudt). '

Néu hai mdt bdc hai db c6 :

- Mgt ho tiét dién ddng dang, thi hinh chiéu cia giao tuyén dé sé la
mot duong parabon.

_ Hai ho tiét dién ddng dang, thi hinh chiéu cda giao tuyén dé sé la
mot dudmg hypecbon. ‘

- Khéng c6 ho tiét dién déng dang ndo, thi hinh chiék cia giao tuyén
dé sé la mor duong ellip.

Tir dinh I¥ trén ta thdy, cdc mat trong céc hinh 7.44; 7.45; 7.46; 7.47;
7.48: 7.49: 7.50 vi 7.51 déu c6 moét mit phdng d6i xing chung, 1a mat
phéng song song v4i mat phéng hinh chiéu dimg :

Trong d6 c4c mat bac hai trén hinh 7.44 ¢6 moét ho ti€t dién ddng
dang, nén hinh chiéu clia giao tuyén gifta ching 1én mat phing song song
v6i mat phang d6i xdng d6 1a mot dudng parabon.

Cic mit trén hinh 7.46 c6 hai ho i€t dién dong dang, nén hinh chiéu
clia giao tuyén giita chning 13 mét dudmg hypecbon.

Céc mat trén céc hinh 7.49, 7.50 va 7.51 ciing c6 hai ho tiét di¢n d6ng
dang, nén hinh chiéu cha giao tuyén giifa ching lén mat phéng song song

'v6i mat phang d6i xtng 12 hai dudng thing (hai dudng thing cét nhau la
trudng hop gidi han clia dudng hypecbon).

Céc mat trén hinh 7.48, khong c6 ho ti€t dién déng dang nao, nén hinh
chi€u cha giao tuyén giita ching lén mat phing song song v6i mat phing
d6i xing 12 mot dudng ellip.

Ciing tir dinh 1y ndy, ta ¢6 co s§ dé khang dinh hinh chi€u ding cla
giao tuyén mot s6 mat trong cdc hinh 7.4%a, b, 7.50a, b va 7.51 la hai
dudng thing (cling 13 mot duong bic hai).

CAU HO1 VA BAI TAP

1. V& giao tuyén clia mat chép tam gidc va mit tru chiéu ding (hinh 7.52).
2. V& giao tuyén cha mat chép tam gidc va mat tru chigu bing (hinh 7.53).
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Hinh 7.52 Hinh 7.53

3. V€ giao tuyén cha mit lang tru chi€u bing va mat cdu (hinh 7.54).
4. Ve glao tuyén clia mit tru chi€u bing vd mat nén trén xoay (hinh 7.55).

] NS
/.‘

[T

/"'""""lh.h

NI
/
\

Hinh7.54 |

Hinh 7.55
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5. V& giac tuy&n clia mit try chi€u ding va mat nén xién (hinh 7.56).
6. VE giao tuy&n cba mat try chi€u bing va mat cdu (hinh 7.57).

AN

\3>>L S

f

- ---""""--—--—.
lelh 7 56 Hinh 7.57
7.V glao tuyén clia mat try chi€u bing vi mit xuyén (hinh 7.58).

8. V& giao tuyén mat nén trbn xoay va mat cau (hmh 7.59).
.———\
L N/ \h__ J

Hinh 7.58 Hinh 7.59
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9, V& giao tuyén clia mit nén vd mat try trdn xoay (hinh 7.60).
10. V& giao tuyén mit n6n va mat cdu (hinh 7.61).

Hinh 7.60

z
\
‘
N

Hinh 7.61
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D - KHAI TRIEN CAC MAT

, - Chuong VIIL KHAI TRIEN CAC MAT

8.1. KHAI NIEM

Khai trién mét mdt 1a rdi (trdi) mdt d6 lén mot mdt phdng, sao cho
khong bi co, gidn hodc rdch (cing ¢6 thé giai 1en mot mat cong, khi dd
ngudi ta goi la “ap”).

Giita hinh khai trién va hinh chua khai trién phai bao ddm yéu cdu la
“khodng cdch gifta hai diém bdt ky trén hinh chita khai trién, phdi bdng
khodng cdch gita hai diém twong img trén hink khai rrién.” '

Nhitng mat ¢6 thé khai trién dugc, goi 1a nhitng mat kha trién.

Nhimg mat khong khai trién duoc, goi 1a phimg mat khong kha trién.

Nhing mat kha trién nhu : cdc mat da dién, mat non, mat tru, mat
elicait (mat ¢ canh lui).

Nhitng mat khong khai trién dugc, ngudi ta ¢6 thé khai trién gdn ddng.

 Vidy:dé khai trién mot mat khong khai trién duge @, ngudi ta thay
mat ® bang mot mit khai trién duge @, c6 hinh dang gin diing v6i mat .
Hinh khai trién ctia mat @', coi 1a hinh khai trién gin ding cha mat @,
Trong thuc & ¢é nhiéu van dé cdn dén viéc khai trién céc mat.

8.2. KHAl TRIEN MAT DA DIEN

DE khai trién mot mat da dién, ta rdi cdc mdt bén ctia da dién lén mét
mat phdng. _

Mudn vay phai biét chiéu dai cdc canh bén ciia da dién (khi cdn phdi
biét do lom cdc gbe hodc dudng chéo cia cdc mdt bén).

8.2.1. KHAI TRIEN HINH CHOP

Vi dy : VE hinh khai trién clia mat t& dién SABC.

Gidi : Tit hinh vé 8.1 ta cho thay : Tit dién SABC c6 mot tam gidc day
ABC thuoc mat phing bang, nén hinh chiéu bing A,B,C, bang chinh tam
gidc do.

Ba mat bén, déu la cdc tam giac : SAB, SBC va SCA, nén ta chi can

tini chiéu dai cic canh 13 dii (Khong cén tim cdc géc). M&i mit bén, da biét
cic canh day : AB, BC va CA.
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Ta céin tim chiéu dai cdc canh bén. Bing cdch ddi hinh, dé dua cic
canh bén trdy thanh cdc dudng mat. Khi d6, cic hinh chi€u dimg S, A’,, 5B,
v S,C, cé chiéu dai bing cic canh twong img SA, SB va SC cha chiing.

Nhu vay, chiéu dai cdc canh bén da biét. Viéc v& cic mit bén 1A céc
tam gidc, da bi€t chiéu dai céc canh 1a van dé don gién. '

Trén hinh ciing chi cdch 1dy mot diém M thuoc mit bén SAB, bing
cdch gén M vao dudng thang S1.

Sy

MB; C; A;
a) ' bj
Hinh 8.1

8.2.2. KHAI TRIEN LANG TRU

V¢ du : V& hinh khai trién clia mit lang tru tam gidc, c6 hai ddy déu
thudc cdc mat phing bing; cic canh bén déu la cdc dudng mat.

Gidi : Tit hinh 8.2 cho thay : Hai mat ddy 12 céc tam gidc déu thude
mat phing bing, nén céc hinh chiéu bing A,B,C, va D,E,F, biing chinh né.

Cdc mit bén, di biét tat cd cdc canh, nhung chiing 1a cdc hinh binh
hanh, nén chua vé dugc.

Ta ¢6 hai cdch khai trién cdc mat bén cia lang tru nay :

Céch 1. Cit mat lang tru bing mét mat phang X vudng géc véi cdc
canh bén. Mat phing nay cét lang tru theo tam gidc HIK. Vi cdc canh bén

' chia lang tru 13 cdc dudmg mat, nén mat phdng X 12 mit phéng chiéu ding.

Bang céch doi hinh song song v6i mat-phing hinh chidu ding, dua mat
phéng (HIK) tr& thanh mat phing bing. Khi d6 ta c6 chiéu dai cic canh-cia
tam gidc HIK. ' : -
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Trén mot dudmg thing 1 ndm ngang, ta dat lien ti€p chiéu dai cic canh
clia tam gide HIK : Hl, = HI, LK, = IK va K}, = KH. Qua céc di€ém H,, I,
va K, ta vach cdc dudng thang vuéng géc véi dudmg thang 1. Tren d6 ta dat
c4c doan tuong img : HyA, = H A, H,D, = H,D,.

1.C, =1,C,, LF, = LF,, ... Cudi cing, néi céc diém A,, By, C, v6i nhau;
va céc diém D, E, va F, v6i nhau. D6 1a hinh khai trién clia cidc mat bén
clia ling tru. Ta c6 thé ghép hai ddy ABC va DEF lién vao hinh khai trién
cdc mat bén do6.

Trén hinh khai trién ciing chi cdch lay mot diém M thudc mat bén
ABED, bing cich gén diém M vio dudng thing MI.

_ , Ao

A, B G Bi ‘

By

Hinh 8.2

 Cdch 2. Ta thiy cdc canh bén cia mat lang tru 13 cdc dudng mat, nén
_ ta c6 thé khai trién cdc mit bén cla lang tru, bang cach xoay ting mat bén
cua lang tru quanh céc dudng mat (canh bén) dé.

Trude hét ia xoay mal ABED : Diém E, s& di chuyen trén dudng théng
vuong géc véi AD,,

Mait khic, E lai cach diém D, mot doan bang chi€u dai canh DE. Ti
dé, ta tim dugc diém E',.

Qua E', vach dudng thing E', B D A,, qua B, ciing vach dudng thing
vuong géc véi A,D,, dudng ndy t6i cit E',B', & dau, thi d6 la diém B',.

Tuong tu, cic canh khdc ciing xoay nhu vay, cudi cling ta s& c6 hinh
khai trién cdc mat bén ciia mat lang tru. Ta ciing c6 thé v& hinh khai trién
cua hai ddy lién ké véi hinh khai trién chia cdc mat bén ctia né (hinh 8.3).
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Tren hinh ciing chi cich 14y mot diém M thu¢c mat bén ABED.
Chii ¥ : Néu lang tru théng dimg, thi viéc khai trién s& don gidn hon nhiu.

A} C;

Hinh 8.3
8.3. KHAI TRIEN MAT NON VA MAT TRY

8.3.i. KHAI TRIEN MAT NON VA MAT TRY TRON XOAY

1. Mat tru '

Vi du : V& hinh khai trién clia m§t mat try trdn xoay thang dimg. C6
mot ddy 12 dudng trdn, dudng kinh d, thuéc méat phing bing; mot ddy thude
mat phang chiéu dimg . B

Gidi : Hinh khai trién cha mit try tron xoay thing ding, né€u hai ddy
déu thudc mit phing bing thi s& 1a mot hinh chit nhat, ¢6 mot canh bang
chiéu dai dudng tron dy (chu vi ddy). Duong Kinh dudng tron ddy la d, thi
chu vi déy s& 14 7zd. Con mot canh bing chiu cao h clia mat tru.

Nhurig mat try clia ta 6 mot ddy vét, nén ta phai chia ddy tru ra lam
nhidu phan bing nhau (& day chia 1am tém phén), r6i dat chiéu dai mébi
dudmg sinh vao méi diém chia twong ung.

Cudi cung nSi cdc diém ddu mnt cha cdc dudng sinh d6 bang mot
dudng cong déu. Ta c6 hinh khai tri¢n cba mat try (hinh 8.4)..

Néu mat tru c6 ddy, thi mot ddy 12 hinh tron, mét ddy 1a hinh ellip.
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Hinh 8.4

2. Mit nén

Vi du : VE hinh khai trién cla mét mat nén tron xoay. Chiéu dai
dudng sinh 12 1, dudng kinh dudng tron ddy la d.

Gidi - Hinh khai trién clia mit nén trdn xoay d6 s& 1a mot hinh quat
trdn, c6 ban kinh bing chidu dai | ciia dudng sinh mat nén. Géc & tam hinh
quat 1a : o =180. d/1 (hinh 8.5).

Sy

—

Hinh 8.5

8.3.2. KHAI TRIEN MAT TRU VA MAT NON XIEN

1. Mat tru. Dé khai trién mot mat try Xién, ta cho ndi i€p (hoac ngoai
ti€p) mat try d6 mot mat lang try da gidc deu. Ta khai trién mat lang tru d6,
coi 12 hinh khai trién ctia mat tru xién (s6 canh cha da gidc ndi ti€p hodc
ngoai ti€p ddy mit tru cang nhiéu, thi hinh khai trién dugc cang chinh xdc).
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Vi du : V& hinh khai trién chia mat try xién, c6 hai day la hinh tron,
thu6c mat phing bing. Cic dudng sinh mat try déu 1a dudng mat.
Gidi : Cho noi 1i€p mit tru mot mat lang tru da gidc déu (J day 1a lang
tru bt gidc déu). ' '
Ta khai trién mat lang tra d6 (theo muc 8.2.2).
Mat try cling ¢ cac dudng sinh 1 dudng mat, nén (a diing cich xoay
timg miit bén quanh céc dudng mat d6 (theo cich 2, vi du, muc 8.2.2 hinh 8.3).
Vi mat tru ¢6 mot mat phang doi xtng 1a mat phing chi¢u bing chita
truc mit tru nén ta chi cén khai trién mot nira mat try, r6i 1dy déi ximg.
Sau d6 néi cac diém ddu mit ctia cac canh bén lang try bing mot
dudng cong déu.
Né&u mit tru c6 ddy, thi hai d4y 1a hai hinh tron (hinh 8.6).
Trén hinh ciing chi céch 14y mot diém M thudc mat tru.

T 4% L

29 = 4
3 M,

Hinh.8.6

2. Mat nén. Dé khai trién mat nén xién, ta ciing cho noi tiép (hodc
ngoai ti€p) mit nén d6 mot mat thép da gidc déu (s6 canh cha da gidc cang
unhiéu, thi hinh khai trién duoc cang chinh xac). Ta khai trién mit thép do,
coi 12 hinh khai trién cia mat ndén xién.

 Vidu: Khai trién mat noén xién. C6 ddy la mét hinh tron, thudc mét
phing bang. '
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Gidi : Dé khai trién mat nén, ta cho n6i ti€p mit nén mot mit thap da
gidc déu, Trén hinh ndy, ta cho néi ti€p mat nén mot mat thap bat gidc déu
(thc 12 ddy thdp 1a mot da gidc déu tdm canh). Vi mat nén c6 mot mit
phang d6i xing 12 mat phang chi¢u bing chia tryuc mit nén. Neén ta chi cdn
khai trién mét nira cla mat nén, sau dé ldy d6i xing. :

Ta phai tim chiéu dai cdc canh bén cila hinh thdp, bing céch dua cic
canh d6 trd thanh dudng mat.

DN
wI el B
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Ta khai trién mot nira mat thap (muc 7.2.1).

Sau khi khai tri€n mit thép, ta ndi cdc ddu miit cic canh bén cia mat

thap bing mot dudng cong déu, 1a s& c6 hinh khai trién ciia mat nén xién
hinh 8.7.

Trén hinh v& ciing chi ra cdch tim mét diém M, thudc mit nén.

8.4. KHAI TRIEN MAT TRON XOAY

D€ dai dién cho viéc khai trién mat tron xoay, ta khai trién mot mat
céu.

Né6i chung, mat tron xoay, cy thé & day Ia mat cu, 1a mat khong khai
trién dugc, nén phai khai trién gan ding.

Ta trinh bay vai phuong phdp khai trién mot mit tron xoay (mat ciu).

8.4.1. PHUONG PHAP MAT TRU

No6i dung ciia phuong phap nay 1a : thay timg phédn cla mat cdu bing
mot phdn cGa mat tru. Hinh khai trién clia phdn mat tru d6, coi 13 hinh khai
trién ctia phin mat cdu dé.

S6 phin chia mit c4u cang nhiéu, thi hinh khai trién nhan dwrgc cang
chinh xac. .

Cho ngoai ti€p mat ciu bang mét mét tru chiéu ding. Sau d6, chia mat .
cdu lam nhiéu phin bing nhau, bing nhiing mat phing chi€u bing chira cc
kinh tuyén. Vi cic mdi cdu duge chia déu bing nhau, nén ta chi cin khai
trién mot mai.

Ta khai tri€n mui, c6 hinh chi€u bang 13 hinh quat 1,1,A,2, . Méi mat
céu d6, duge thay béng phin mit try, c6 hinh chi€u bang la tam gidc LP,Q,,
con hinh chi€u ding 1 cung tron 1A K,. Hinh khai trién ctia phdn mat try
dé, coi 1a hinh khai trién ciia miii mat cu néi trén.

Phén mat tru nay, cfing ¢6 hai nira bang nhau, ching déi ximg véi nhau
qua dudng sinh PQ. Vi vay, ta ciing chi cdn v& hinh khai trién mot nira clia
né. Sau d6 18y déi xing. .

Ta chia phan m3t tru d6 bang nhitng dudng sinh cich déu nhau ; 12;
34; 56. Cac dudng sinh dé cét kinh tuyén IAK clia mat cdu tuo’ng ing tai
cac diém B, C, D.

Qua mét diém A, thuoc dudng thing 1 vach dudng thing A,l, vuong
géc v6i |. Tren d$ dat cic doan thing AB,, B,C,, C,D,, D,], bing nhau, va
bang chiéu dai cdc cung trdn AB, BC, CD va DI (hinh 8.8).
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Hinh 8.8

Qua cédc diém B,, C,, D, vach cic dudng thang song song vdi dutmg
thing 1. Trén cdc dudng théng dé, va ldy cdc diém A,, B,. C, va D, lam
trung diém, ta dat chiéu dai cdc doan dudng sinh PQ, 12, 34, 56 vao méi
dudmg twong ing. Khi d6, ta ¢é cdc doan thing twong tmg 1a P,Q,. 1,2,
3i4y, 560- ' '

Sau dé, ta ndi cac diém P, 1, 3, 5., L. ... bing mét dudng cong déu.

D6 1a hinh khai trién gidn diing cha mot nita muii cdu. V& d6i ximg qua
dudmg thing |, ta s& c6 hinh khai trién gdn déng cBia mot mii mat cau.

- Néu mat cdu duoge chia 1am bao nhiéu mdi, thi hinh khai trién cha mat
cdu s& 13 bdy nhiéu hinh néi trén. '

8.4.2. PHUONG PHAP MAT NON

Noi dung cua phuong phip nay 14 : Thay thé tmg phan cla mat cdu
bang timg phan mat nén trdn xoay. Ta khai trién phidn mat nén tron xoay
d6, coi 12 hinh khai trién gdn diing clia phdn mat cdu néi trén.

SS phin chia mat cdv cang nhiéuy, thi hinh khai tri€n nhan dugc cang
chinh x4c.

Chia mat cdu bang nhitng vi tuyén : Ta chia 1am ba phan.

Phan chdm cdu, thay bing mot phian mit nén tron xoay noi ti€p (hoic
ngoai ti€p) né.
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Céc phin d6i c4u, thay bing céc phdn cda ¢ic mat nén cut ni ti€p ching.
“ Vi mit cdu c6 hai nira bing nhau, nén ta chi c4n khai trién mét nia
mat ciu (hinh 8.9). _
Céch khai trién. mat nén tron xoay, xem muyc 8.3.1.

Hinh 8.9
Cin luu ¢, khi khai trién cdc mat nén cyt.
Vi du : Khai triés mit nén cut ¢6 : dudng kinh diy nhé 1a d; dudng
kinh ddy 16n 1a D; chiéu dai dudng sinh 12 AB (hinh 8.10). :
Kéo dai cdc dudng sinh AB clta mat nén cut, cat nhau tai S (tic 1, mit
nén cut dé cho, 12 mot phén cla mat nén dinh S).

S

Hinh 8.10
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Dé *khai tri€n m4t nén cut da cho ta lam nhu sau :
- Khai trién mat nén dinh S, dudng kinh ddy 12 D. Chiéu déu dudng

sinh 13 SA (O
- Khai tri€n mat nén dinh S, dudng kinh ddy 13 d. Chiéu dai dudng sinh -
1a SA . 2y

L4y hinh khai trién ctia (1) tri di hinh khai trién ctia (2), ta_s€ ¢6 hinh
khai trién cia mat nén cut, dudng kinh ddy nho ia ¢, va dudng kinh ddy 16n
1a D. |

Nhu vy, hinh khai trién cba hinh nén cyt 14 hiéu hinh khai trién cha
hai hinh nén. '

8.4.3. PHUONG PHAP MAT NON VA MAT TRU TIEP XUC

Noi dung cta phuong phip nay la : Ciing chia mit cdu 1am nhiéu phin
biing nhau, bing céc kinh tuy&n. Ta c6 céc mii cdu bing nhau, ta chi cdn
khai trién mot nira mii dé.

Sau d6 lai chia mat cdu bing cdc vi tuyén. Cic cung cla cic vi tuyén
d6 thudc mii cdn khai trién ¢ hinh chiéu bang ldn luot 1a : 1,A,2, (cung
ndy thudc xich dao); 3,B,4, ; 5,C,6,. _

Ta cho mat tru ngoai ti€p mit cdu theo xich dao. Trén hinh khai trién,
ta rai cung 1A2 ra ta c6 doan thing 1,A.2,. '

Cho mat nén dinh S tiép kdc véi mit cdu theo vi tuyén chita cung tron
3B4. Khai trién mat nén dinh S d6, ta c6 cung 3;By4, bing chiu dai cung
tron 3B4, - .

Tuong tu, cho mat nén dinh §, 1i€p xiic v6i mit cdu theo vi tuyén chifa
cung trdn 5C6. Khi khai trién mit nén dinh S' dé, ta c6 cung tron 5,C,6,
bang chiéu dai cung trdn 5C6.

Cu thé vé& nhu sau :

Trén mot dudng thing | : Dat doan 1,A,2, bing chiéu dai cung 1A2 (xich
dao). Qua diém Ao vach dutmg thing Al vuong géc v4i dudng thang 1. Trén
dé6 lay cde dxémBU C, va I, sao cho : AB, = AB; BG, = BC, ClL, = L

Qua B, dat cung tron/oa ndi trén (vach cung trdn, ban kinh bing doan
$,3,. Trén d6 14y cung 5,1—30\ 4, bang cung 3B4 cha vi tuyén d6) (hinh 8.11).

Tuong tu, tai diém C, dit cung ubn@{, néi trén. Cubi ciing néi céc
diém ddu mat lai, ta s& c6 hinh khai trién cia mot nira muii cdu. V& d6i
xiing qua dudng thing 1, ta ¢4 hinh khai tri€n clia ca mii cau.
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Hinh 8.11

“Khi chia mat cAu 1am bao nhieu mui, thi hinh khai trién clia mat cdu

s 13 bay nhiéu hinh khai trién trén.

~ CAU HOI VA BAI TAP

1. Thé nio 1a khai trién mot mat ?

2. Céch khai trién mot da dién.

3. Cich khai trién mot mit nén tron
xoay va mot mat tru tron xoay.

4. Céch khai trién mot mat nén cut.

5. Cich khai trién mot mat nén xién va
mot mat try xién?

6. V& hinh khai trién cic mat bén cia
hinh 8.12.

Hinh 8.12
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Phén hai |
PHUONG PHAP HINH CHIEU TRUC PO

Churong IX. PHUONG PHAP HINH CHIEU TRUC PO

9.1. DIEM, DUGNG THANG VA MAT PHANG

9.1.1. CACH XAY DUNG HINH CHIfU TRUC DO CUA PIEM

Gia sif ta ¢6 mot hinh @, ta gin vao né moét hé tryc toa do Décic vuong
gée Oxyz. Trén mbi truc toa do 1y mot don vi do : OE,, OE,, OE,. Goi Ia
céc don vi do e nhién. TG dien OE,E.E, goi 1a st dién don vi.

Néu cé diém A thuoc @, qua A vach dudng thing song song véi truc
Oz, 16i cit mat phing Oxy tai di€ém A, thi diém A, goi 1a hinh chiéu thit hai
chia diém A. Mit phing qua diém A va song song véi mat phing Oyz cit

truc Ox tai diém A,. Dudng giy khiic OA A A goi 12 dudng gdy khiic tog
dé tir nhién cha A (hinh 9.1).

. Hinh 9.1 '
Cic ty s6. :'_xA = 0A JOE,, y,\ = A,‘AIIOE,; Z, = AIAIOEz goi 1a cdc toa
dé ti nhién ciia A. '

V6i méi diém A trong kh(’mg gian, ta c6 céc toa do x,, yﬁ, z, Va viét la
A(Xas Yar Za)-

Nguge 1ai, v6i mdbi bo ba s§ x&p thit tr (X, ¥a, Z,) thi ing vdi mot
diém A duy nhat trong khong gian.
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Chi&u song song 14t ¢a céc hinh d6 1én mot mat phéng hinh chiéu 7,
iheo hudng chi€u s tuong (mg ta ¢ : '

Hg truc Oxyz ¢6 hinh chiéu 1a O'x'y‘Z' goi 1a hé truc toa dé truc do.

Céc don vi : OE,, OE,, OE, ¢6 hinh chieu 1a O'E,’, OE',, OE,.

T dién don vi : OE,EE, ¢4 hinh chiéu 1a O'EE\E', goi la nit gide don
vi ruc do.

Hinh @ ¢6 hinh chi¢u 1a @' goi 14 hinh chi&u truc do cta hinh ®.
buong giy khic OA,AA ¢ hinh chiéu [a O'A' A"\ A" goi 1a duong
gdy khiic tog do truc do.

Ciip diém A A, c6 hinh chiéu 13 A'A",.

Cap diém A'A’, (cling v&i tit gide don vi truc do) goi la hink chiéu truc
do ciia A

Riéng diém A’ cling goi 1 hinh chiéu truc do clia A.

Ta dat : p= OEJOE, ; q=0E/OEy; r=0E"/OE; .

Ba ty s0 : p, q v r tuong Ung 1a cic hé s6 bién dang theo cdc truc tog
d¢o Ox, Oy va Oz.

Nhu vdy, néu c¢é diém A vk mot hé truc toa do Pécdc vuong géc véi
cdc dom vi tu nhién, khi chi€u len mot mat phéng. thi ta c6 hinh chi€u truc
do ctia diém A. .

Ngugc lai, cap di€ém A’A’| cling véi tit gide don vi truc do O'ELELEY,
(trong d6 A'A’,/f O'E;"), ¢6 thé coi 12 hinh chi€u truc do cla mot diém A
duy nhat trong khong gian khong?

Dinh 1y Ponke-Svdc (Ponke va Svdc la hai nha todn hoc da tim ra dinh
1y nay) sau day, s€ tra 1oi cau hoi dé.

9.1.2. DINH LY PONKE-SVAC

Moi t giac dit, khong suy bién, bao gicr ciing ¢ thé cot la hinh chiéu
song song cia mét 1 dién, déng dang véi mor ne dién cho o, (ut gidc
do, khong suy bién I t& gidc ma, trong bon dinh clia né cing thuée mot
mat phang, thi khong c6 ba dinh ndo thing hang).

D€ chitng minh dinh 1y nay, ta phai dua vao b6 dé sau :

Bé dé : Cho hai tam gidc, bao gio ciing ¢6 thé cot mot trong hai tam
gide do, 1a hinh chiéu thang géc ciia mgt tam gidc, déng dang voi tam
gidce kia.

Ta thira nhan, khong chiing minh dinh 1§ va bd dé trén.
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Tir dinh Iy Ponke-Svéc, ta ¢6 ménh dé sau : Moi tir gidc du, khong suy
bién, déu cé thé coi 1a hinh chiéu song song cuia mot it dién, dong dang véi
tr dién dom vi.

Tir d6, ta lai suy ra ring : Ba ducng thdng déng quy bat ky, trén mot
mdit phdng, bao gio ciing cé thé coi la hinh chiéu song song ctia mot hé tryc
. toa dg Décdc vuodng géc trong khéng gian. '

Tir day, ta c6 thé 14y ba dudng thing ddng quy bat ky trén mot mat
phing, 1am ba truc cia mét he truc toa do truc do.

Nhur véy, dinh 1y Ponke-Svéac d3 tra 19i cau hoi trén day. Tirc 1a : Mot
cap di€ém A"A'| ciing v6i t& gidc don vi truc do O'E'vEVE'; trén mot mat
phing (trong d6 A'A", // O'E,) ¢6 thé coi 13 hinh chigu truc do clia mot
diém A duy nh4t trong khong gian.

9.1.3. CONG THUC LIEN HE GIJA CAC HE $G BIEN DANG VA GOC
CHIEU ¢
Gia sir ta ¢6 mot hé truc toa d6 Décdc vubng géc Oxyz. Ta chi€u song
song hé truc dé lén mot mét phing hinh chi€u 7, theo huéng chiéu s.
Hudng chi€u s tao v6i mat phing hinh chi€u 7 mot géc o, goi 1a géc chiéu.
Cidc h¢ s6 bién dang p, q, r va g6c chiéu ¢ lién hé véi nhau bai cong
thirc sau: : '

P+ + 1" =2 + cotg’y. -

Chitng minh :

Gid st ta 6 mét hé truc toa d6 Décdc vudng géc Oxyz. Ta chi€u he
truc d6 theo huéng chiéu s 1én mat phing hinh chigu 7. Goi giao diém cia
céc truc toa d9 x, y va z vi miat phing hinh chiu i ldn luot 1a céc diém X,
Y va Z . Huéng chi€u s (s//00') tao v6i mat phang hinh chigu 7 mot géc .
Tam gidc XYZ, goi 1a tam gidc vér (hinh 9.2).

Hinh 9.2
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Goi O' 1a hinh chiéu song song cta O ién mat phéng hinh chiéu & va

O, 1a hinh chiéu thang géc cta O 1én mat phéing 77, thi ta ¢6 g6c 00’0 = ¢

Goia , P va y la cic géc giita OO’ 14n lugt véi céc tryc X, y va Z.
o, p'vayla céc géc giita OO, Hn lugt véi céc tryc X, y va z,
Xét tam gidc 00X tacd:

0'X? = 007 + 0X* - 200".0X cosar - _ (1)
Xét tam gidc vuong 00,0', ta ¢6 : 00, = 00'sing. )
Xét tam gidc vuong O 0 X, tacé : 00, = OX. cosa : 3)
T (2)va(3)tacé: 00 = OX.cosa'/sm(p _ (4)
Thay (4) vio (1) tacé:

0'X? = OX2. cos’a/sin’p + OX* - 20X2 cosq’.cosa /sm(p
Chia ca hai v& cho OX? va thay O'X/OX =p,tach:

p® = cos’a/sin’@ + 1 - 2.coso’.cosa/sing : (3)
Tuong ty, ta cling ¢4 : )

q’ = cos’ B'/sin‘p + 1 - 2cos f'.cos. B/sm(p | (6)
P = cos’ y/sin’p + 1 - 2cos y'cosy/sin¢p.. (D

Vi ba truc Ox, Oy va Oz doi mét vudng g6c, nén ta cé :
cosial’ +cos? B' +cos’y' =
Neéu trén tia QO ta 18y mot vecto don vi & thi céc toa do cua vecto dé 1a :
t(cosa, cos B, cosy)
Trén tia OO0, ta 1y mot vecto don vi #, thi céc toa do cla vecto do la
u, (cosa', cos ', cosy) '
L4y tich vo hudng hai vecto d6, ta cé (Géc 000 O, =9)
u u; = cos(n/2 - ) = sing = COSAL. cosc’ + oS B.cos ' + cosy cosy'. (8)
T (5), (6), () va(8)tacd:
p?+q’+ P2 =1+1/sin’g
=2 + cotg’® 9)

. 9.1.4. HINH CHIEU TRUC DO CUA DUUNG THANG VA MAT PHANG
1. Pudng thiang

Trong khéng gian, mot dudng thing duge xéc dinh khi biét hai diém.
Trén hinh chidu truc do cling viy, mot dudng thang cling dugc xdc

dinh khi biét hinh chi€u truc do cia hai diém.
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Hinh 9.3

Hinh 9.3 1a hinh chiéu truc do cla cdc dudng thing :
Pudng thing AB (hoic’a) 1a dudng thing thudng (dudng thing cé vi
tri binh thudng).
Con lai, 1a cdc dudng thing c6 vj tri dic biét :
Dutng thﬁ_ng MN 1a ducmg thdng canh.
Dudng thang b 13 dudng thdng chiéu truc do.
Pudng thing c 1a duong thdng chiéu bdng,
Hinh chié€u tryc do ciing dugc x4y dung tir. phép chi€u song song, nén
n6 bdo toan duge cdc tinh chat.nhw trén d6 thic.
Hinh 9.4 12 hinh chiéu truc do cha di€m M, thugc dudmg thing thudng d.
Hinh 9.5 12 hinh chiéu tryc do cha diém M, thudc dudng canh AB.

F4 -4

Hinh 9.4
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Diém M, thudc dudng thing hinh chiéu truc do a;

Piém K thuoc dudng thing chi€u bing b.

Vi vay, vi tri tuong d6i cha cic dudng thing, ciing tuong ty nhu trén
dé thirc.

Hinh 9.6 13 hinh chi€u truc do cla :

Hai dudng thing thudmg a va'b cét nhau tai diém M.

Pudng thing thudmg d va dm:mg thang canh AB cét nhau tai diém M.

Hinh 9.6

Hinh 9.7 12 hinh chiéu tryc do ctia :

— Hai dudng thing thudng a va b song song
— Hai dudng thang canh AB va CD song song
Hinh 9.8 1a hinh chiéu tryc do ciia :
— Hai dudng thing thudng a va b chéo nhau.

— Hai dudng canh AB va CD ciing chéo nhau.

L

B;
Hinh 9.8

207



2. Mat phdng. Cling rihu trong khong gian, trén hinh chi€u tryc do, mot
mat phing dirge xdc dinh khi biét, mot trong céc trudng hop sau (hinh 9.9) :
- Hinh chi€u truc do cha ba diém A, B, C khong thing hang.
'~ Hinh chiéu truc do clia diém M va dudng thang d khong thudc nhau.
- Hinh chiéu truc do ciia hai dudng thing a, b cét nhau.
- Hinh chi€u truc do cha hai dudng thdng c, d song song.

x <
— €1 ,
¥
ay x

ll |~ >f'z

7.
G T~ i

* M3

Hinh 9.9

Céc mat phing trén hinh 9.9 13 c4¢ mit phing thudng.,

Hinh 9.10 12 hinh chi€u truc do clia céc mat phang cé vi tri dac biét :
Mat phing (ABC) 1 mdt phdng chiéu truc do. |

Mait phang (DEF) 1a mdr phdng chiéu bdng.

Mat phing Q 1a mdt phdng canh.

Hinh 9.10

Hinh 9.11
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Hinh 9.11 1 dudng thing d thuoc mat phing (ABC). Vi dudng thing d
c6 hai di€ém M va N thudc mat phing (ABC).

Trong 46, diém K ciing thudc mat phing (ABC), vi diém K thudc
dudng théng d. '

9.2. CAC LOAI HINH CHIE'U'TRI,IC BQ_THUGNG DUNG TRONG
KY THUAT

Dya vao céc hé s& bién dang p, q, r vA gbc chi€u @, trong k§ thuét,
ngudi ta ding céc loai hinh chiéu truc do sau :

- Hinh chi€u truc do thing goc (vudng géc) déu : ¢ = 90°, p=q=r.
Hinh chi€u truc do thing géc can: ¢ =90°, p=r1=24.
- Hinh chiéu truc do xién géc can : ¢ # 90°, p=1=2q.
- Hinh chi€u truc do xién géc déu: ¢ 90°, p=q=r.

9.2.1. HINH CHISU TRUC PO THANG GOC

Hinh chi€u truc do thing géc thudng dugc ding nhiéu trong thuc t€, vi
16 cho hinh giéng that. Mat khdc, chi c6 hinh chi€u tryc do thang géc, thi
hinh cu méi c6 hinh chiéu 12 hinh trdn. (Con hinh chi€u tryc do xién goc,
thi hinh cu c6 hinh chiéu 1a hinh ellip). ,

Ta xét mot s6 tinh chat cla hinh chiéu tryc do thing géc :

Tinh chdt 1 : Trong hinh chiéu truc do thdng gbc, 16ng binh phuong
ciia cdc hé s6 bién dang bing 2 : (P + € + r=2)

That vay, tit cong thiic (9) (muc 9.1.3), véi ¢ =90 tac6 :
_ prgr=2 ‘ - (10)
Tinh chdt 2 : Trong hinh chiu truc do thdng géc, goc tog do tryc do,
la tritc tém ciia tam gidc vét. '

That vy, gia sif ta c6 mot hé truc toa Décdc vudng goc Oxyz. Céc tryc
x, y v z cit mat phing hinh chi€u 77 twong tng tai cic diém X, Y va Z.
Tam gidc XYZ, goi 1a tam gidc vét, P '

Tir O ha dudng thing OO’ vudng gbc v6i mat phing hinh chiéu 7
(hinh 9.12). )

Nhu vay, 00" L (XYZ) nén XY L 00", |

Mat khic OZ 1 (OXY) nén XY 1 OZ. Trdé ta ¢é : XY 1 (Q'0Z). Suy
ra: XY LOZ.

Vay : gic O' thudc dudng cao ZO' di qua dinh Z cha tam gidc vét XYZ.
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: Tuemg tu, ta cling chiing minh dugc goc O' thuge dudng cao di qua cic
dinh X va dinh Y. Titc 1a O' Ia truc tam cha tam giac XYZ.
D6 13 didu phai ching minh.

) Hinh 9.12

Tinh chdt 3. Hinh chiéu truc do thdng gbc ciia diomg tron thugc mot
mgit phdng tog d¢ (hodc mat phdng song song voi mdt phdng tog d¢) sé la
mét ellip, c6 truc ddi vudng goc vdi hinh chiéu truc do cua truc toa do con
lai (khong thudc mdt phang tog d¢ d6). .

That vay, gia s ta c6 mot dudng tron tam 1, duong kinh d thu¢c mat
phéng toa d¢ (OXY). :

AB 12 mdt dudng kinh clia dudng tron, song song v6i vét XY, nén cd
hinh chiéu truc do la A'B' = AB= dvi A'B' // XY (hinh 9.13).

Theo tinh chat 2, XY 10'Z, nén A'B' L OZ. M2 -Q'Z chinh la truc toa
do truc do O'z (dpem). _

Dudng kinh CD cilia dudng tron, vudng gée voi AB thi, hinh chi€u truc
do CD'L A'B. _

- Goi 8 1a géc nghiéng clia CD v6i mat phéng 7 (cling 13 gbc nghiéng
cba mat phing (OXY) véi mat phang 7), thi CD' = CD cosd = CDusiny, (¥
la géc nghiéng clia truc OZ v6i mat phang 7).

. 0z

Hé s6 bién dang r=cosY,; = — -

: ang Y1 oZ

Tir d6 ta cé : CD' = CD.siny = CD. 1,;1 _cos’y, =CDv1-1*

Nhu vay, truc ngén cia ellip bing dv1- r? {r 1a he s6 bién dang theo
truc Oz).

Néu dudng tron thuge cdc mat phing toa do khac, ta cing chiéng minh
trong tu.
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Hinh 9.13

Sau day, ta khao sit hai loai hinh chi&u truc do, duge dung trong k¥ thuat.

Ma@i loai hinh chigu tryc do, ta s& ka4o sdt cdc noi dung sau :

- Géc gilta céc tryc toa dé truc do, (tifc 1a cdc truc truc do tao véi nhau
nhitng géc bao nhiéu d6, dé cé thé v& chinh xdc duoc).

- Céc h¢ s6 bi€n dang, cu thé mdi h¢ s6 d6 bang bao nhiéu.

- Hinh chiéu tryc do clia cdc dudng tron, thudc cdc mat phing toa do
(hodéc song song vdi cdc mit phﬁng toa dg), né la cac ellip. Nhung huéng
cua cdc truc vi do 16n cha cic truc dé.

1. Hinh chiéu truc do thing géc déu

* Cdc hé 56 bién dang : Tir cong thic (10) (tinh chat 1, muc 9.2.1) va
p=q=r,néntacd:

P+q+r=3p"=3¢*=3r=2.

Tirdé, tacé:p=q=r=+2/3 =0, 82.

Sau nay, trong thuc hanh, dé thuan tién cho viéc v& ngudi ta thuong
18y céc hé sé biéndangquyudcla:p=q=r=1.

Nhu véy, hinh chi€u truc do v& theo cdc hé s6 bién dang quy udc dé,
s& 16n hon hinh thit mothésd:k=1:0, 82 = 1, 22 ldn.

Diéu dé khong quan trong, vi hinh chi€u tryc do chit yéu cho biét .
hinhk dang cua hinh cin v€. Con né 16n hon, hay nhé hon hinh that mot ty
1&¢ nao d6 cfing khong sao.
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» Gdc giita cdc truc toa d’é Tir cac tinh chat thu nhat va thit hai trén,
suyratacéd:

Goc gilta cdc truc toa do m_lc do, tao voi nhau cdc géc bang nhau.
Nira duong ciia cac truc tao véi nhau mét gée 120° (hinh 9.14).

Hinh 9.14

» Hinh chiéu truc do cia cdc dudng tron thuéc (hodc song song
véi) cdc mdt phdng toa do.

Nhu tinh chét 3 trén day, ta c6 : Hinh chiéu truc do cta céc dudng tron
délamétellipco:

- Hudng ciia truc dai, vuong géc voi trye truc do khong thude mit
phéng toa do chifa dudng tron dé. Vi dy : Pudng tron thugc mat phing toa
d6 (Oxy), thi truc dai cda éllip (1 hinh chiu truc do cua. dudng tron do)
vudng goc voi truc truc do O'z. (TAt nhién, cdn huéng cha truc ngin sé&
vudng géc vdi truc dai). :

- D¢ 16n clia truc dai clia ellip bang dudng kinh d ctia dudng tron.

- D§ 16n clia truc ngén cta ellip : Theo tinh chét 3, trén day ta c6 :

Truc ngéan cha ellip bing : d1’1 —g =d€'== 0,58.d (d 1a dudng kinh

dudng tron).
Néu hinh chigu tnyc do, v& theo cdc hé s6 biéh dang quy uéc (p=q=r= 1) thi:
Truc dai cGa ellip la : 1, 22d va truc ngan 12 : 0, ’Id
2. Hinh chiéu truc do thing géc can
o Cdc hé 56 bién dang :
Tir cong thic (10) vap=r=2q,néntacd:
P+’ +r =4 +q*+4q*=9q> = 2.

242

Tudétacé:q= l'2’-5—*-'0,4?.V‘zilp=r=2q‘——TzO,94.
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Sau ndy, trong thuc hanh, dé cho thuin tién cho viéc v&, ngudi ta ciing
14y cdc he s6 biéndang quyudc la:p=r=1vaq=0,5. :

Nhu vay, hinh chi€u truc do v& theo cdc hé s6 bi€n dang dé s& 1on hon
hinh that mot he s6 : k = 1:0, 94 = 1, 06 14n, diéu 46 cling khéng quan trong.

s Géc gilita cdc truc toa' dé truc do

Vi hai hé 58 bién dang p =1, tic la hé 56 bién dang theo truc Ox va
truc Oz bing nhau.

Suy ra : hai géc o = . Tl d6 ta c6 : Tam gidc vét XYZ la tam giic can g
Y, va truc do O'y 12 phan gidc chia géc tao boi hai truc O'x va O'z (hinh 9.15).

Hinh 9.15

Goi goc XO'Z =2d,tac:

' S 0Z2 . 2. 0Z 2
sind = KZ/O'Z—T OZ—? AR : sirry
Nhu‘ng smy—r-'% Dodé smﬁ-'g —2—3—J§=%

Tra bang ta c6 : 8 =~ 48° 35'. Do d6 géc XO'Z =125~ 97° 10.

Vi hai géc : XOY = YO'Z = (360° ~ 97° 10) : 2 =135° 25".

Néu dé cdc truc truc do tao v6i nhau cdc géc tinh bang do nhu viy, thi
trong thuc hanh sau nay s€ khong tign.

Do d6, ngudi ta thiy rang : tg 7° 10" = 1.: 8; vi 18 41°25'~ 7 : 8.

Tir d6, ta vé cdc truc toa do truc do loai nay duge vé nhu hinh 9.16a.
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Qua géc toa do O', ta v& mot dudng thang d vudng géc véi truc O'z.
. Trén dé6, tinh tir géc O’ ta 18y 8 don vi, tai diém cu6i d6, v& mot dudbng
thing 1 song song véi truc O'z. Trén d6 :

L4y vé phia duéi dudmg thing d mot don vi, néi diém nay véi géc O,
ta ¢6 tryc toa d6 O'x. '

L4y vé phia trén dudng thing d bay don vi, néi diém nay véi gbc O,
ta cd truc toa d6 O'y.
Ta ciing ¢6 thé v& céc truc toa do truc do loai nay theo sind = i—(hinh

9.16b).

Hinh 9.16

(Trong d6 géc giita hai nira du’dng ctia truc O'x va truc O'z la 23)
Trén truc O'z 14y mot diém A sao cho O'A = 4 don vi.

V& dudng tron, dudng kinh O’'A. Ldy A lam tdm, quay cung tron, bin
kinh bing ba don vi.

Cung tron ndy, cit dudng trdn vita vé & diém B.

Khi d6, dudng thing O'B 1a truc O'y.

L4y diém C, d6i ximg véi A qua diém B. Dudng thang O'C, chinh Ia
truc O'x.

* Hinh chiéu truc do ctia cdc duong tron thuoc (hodc song song) vdi
cdc mdt phdng toa do.

Hinh chi&u truc do cia céc dudng tron d6 1a cac ellip :

Huéng cla tryc dai va truc ngén, tuong tu trudng hgp hinh chi€u truc
do thing géc déu.

214



D6 16n cdc tﬂzc cta ellip nhu sau ;-
- Néu dutmg trdn thuge mat phing (xOy) hoic (yOz) thi :
+ Tryc dai cba ellip bing dudng kinh d cia dudng tron.

+ Truc ngén cia ellip bing d\/l—r2=d\/l—p2=d1’1 —g =d/3

* - Néu dudng tron thugc mat phing (xOz) thi
+ Truc dai cta ellip bing dudng kinh d ciia dudng tron.

~ + Truc ngén cha ellip bing dy1—¢ = d1/1 —g =dv7/3»0,88d.

Néu hinh chi€u truc do v& theo c4c heé s bién dang quy udc (psr=1
vaq=0,5)thi: : -

- Néu dudng tron thuge mat phing toa do (xOy) va (yOz) thi :

+ Truc dai cia ellip bang 1,06d.

+ Truc ngén cba ellip bing 0,35d.

- Néu dudng tron thude mit phing (xOz) thi :

+ Truc dai cta éllip bing 1,06d.

+ Tryc ngén cba ellip bang 0,93d (d 1a dudng kinh dudng tron).

9.2.2. HINH CHIEU TRUC DO XIEN GOC

Hinh chi€u tryc do thing géc, cho ta hinh gidng that hon, song vic vé
ciing phic tap hon. Vi mat phing hinh chi€u tryc do ¢6 thé chon tuy ¥, nen
ta ¢6 thé chon mat phing dé, song song voi mot mat phing toa do cla hé
truc toa d¢ Décdc vubng géc trong khéng gian. :

~ Vidy, ta chon mit phing hinh chi€u song song v6i mat phing (xOy).
Khi d6, cdc hinh thuéc cdc mat phing song song v6i mit phing d6 s&
khong bi bi€n dang. Tifc 13, hai truc toa d6 truc do O'x va O'z vin vudng
géc v6i nhau; va cdc h¢ s6 bién dang theo hai truc d6 ciing bing nhau va
~ bingp=r=1. | '

Con hudng cua truc O'y, thi tuy thude huéng chiu.

Thuc t€ ngudi ta 14y géc gilta tryc O'y véi O'z bang 135° hoac 120°
(hinh 9.17). : .

- He s6 bi€n dang theo truc Oy, ngudi ta ciing 14y vdi :
- Hinh chi€u tryc do xiéngéc déu, thi :p=q=r=1.
- Hinh chi€u tryc do xién géc can, thi: p=r=1,conq =0, 5.
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Hinh 9.17

Hinh chiéu truc do cita cdc dmmg tron thudc (hodc song song) véi
cdc mdt phdng toa do

- Hinh chi€u truc do xién géc can : (géc gita truc O'y va O'z bing
135%). .

Dutmg tron thuéc mat phing (xOz) cé hinh chiéu 1a dudmg tron, dudmg
kinh d. - - - '

Dubdng tron thudc mit phing (xOy) va (yOz) thi c6 hinh chigu 1a ellip :

“Truc dai bang 1,06d va truc ngin bing 0,35d. Hudng clia cde truc dai
nay nghiéng véi trgc O'x (hoic O'z, tuy theo dudng tron thudc mit phing
toa d6 (xOy) hoic (yOz)) mot géc 7°10' (hinh 9.18a).

- Hinh chié€u truc do xién géc déu (géc gilta truc O'y véi O'z bang:
135% :

Pudng tron thude mat phang (xOz) ¢6 hinh chiéu 13 dudng trdon dudng
kinh d. :

Puotng tron thudc mat phéng_ (xOy) va (yOz) ¢6 hinh chiéu la ellip c6:
Tryc dai bang 1,3d; tryc ngén bang 0,54d. Huéng cla truc dai ndy nghiéng vdi
truc O'y (hoac O'x, tuy theo dudng tron thudc mat phing (xOy) hoac (y0z))
mot géc 22°30" (hinh 9.18b).

D¢ vé& dudmg thang nghiéng mot géc 22°30" d6i véi truc O'x va O'y
(truc dai cha ellip), ta dua vao tg 22°30" =1/ 5. Céch v& nhu hinh 9.18c.

Loai hinh chi€u truc do nay, tuy hinh khong dep, song né thudng dugc
ding d€ v& nhanh nhitng hinh ¢6 nhiéu dudng trdn thudc cdc mat phing
song song. '

216



o
Y Y:y g .
(=]
' &
Y I\8l5
N L x 0
(¢ * "
* - 2 W 3
\ 4
- 0
z d h g
al : b) c)
Hinh 9.18

L 3

Trén day ta chi néi cdch v& hinh chi€u truc do cia cic dudng tron
thudc (hoic song song) vé6i cdc mit phing toa do. Vi da s cac hinh ta gap
sau ndy, dén cé cic dudng tron thudc (hodc song song) véi cdc mit phing
toa dg.

Néu gap duong tron (hoac ellip) & cdc vi tri khéc, thi cdch v& néi chung
13 : chuyén m6t cap dudng kinh lién hiép clia né (hai dudng kinh vuéng géc
bat ky ctia mot dudng tron 12 mot cap dudng kinh lién hiép) tir hinh chiéu
thing géc sang hinh chi€u truc do. D6 ciing 1 mot cip dudng kinh lién hiép
cua ellip trén hinh chiéu tryc do.

9.3. CACH VE HINH CHIEU TRUC PO
(Chuyén tir hinh chi&u thing géc sang hinh chiéu truc do)

9.3.1. HINH CHIEU TRUC DO CUA MOT BIEM

Gia sir ta cé hinh chi€u thing géc (d6 thic) cha dlém A(Ay, Ay). Ta
chuyén di€ém A d6 sang hinh chi€u truc do.

Néu ta 14y truc Oz nita thi d8 thirc clia diém A s& duge xdc dinh bing
ba toa d@ : '

= OAy: Y4 =AyA, VA Z, = AgA, .
Ta v& moét hé truc toa d§ truc do, vi du hé truc toa d6 thing géc déu
(hinh 9.19).

Loai hinh chiéu truc do ndy, néu 4y cdc hé s& bién dang quy udc thi,
titcd déu bdng 1 (p=q=r=1).
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Vi vay, v1éc v& s& don giin nhiu (khi lay cac. dlém tren hinh chi€u
truc do, chii ¥ d&u duong va am cia cic toa d46).

Trén truc O'x, ta ldy diém A', sao cho O'A’y = OA,. Qua diém A'y
vach dudng thing song song véi truc O'y', trén dé 14y diém A", sao cho
AVA' = AA,, Qua diém A', vach dudng théng song song véi truc O'z, trén
d6 lai ldy diém A' sao cho A"\ A’ = AXAl

Nhu viy, diém A’ 12 hinh chiéu m_xc do cta diém A. |

D6 12 ta v& hinh chiéu truc do thing géc déu. Khi chuyén mot toa do.
nao dé, tir d6 thitc sang hinh chiéu truc do, ta phai nhan méi toa do ciia d6
thic (hinh chi€u thing géc) dé véi he s6 bién dang tuong Gng clia né, réi
md&i dat 1én hinh chiéu truc do. Nhimg vi loai hinh chiéu truc do ta vira vé,
tdt ca cic hé s6 bién dang déu bang 1, nén viéc nhan vdi 1 thi cling nhu
khong nhan. Do d9, ta khong thay vai tro cha cic hé s6 bién dapg.

7
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Hinh 9.19

Qua d6, ban doc thay su tién 1gi cia cac hé s6 bié€n dang quy udc nhu
thé€ nao.

Néu v& hinh chiéu truc do thing géc cin hodc xién géc can, thi chd ¥
14, hé s6 bién dang theo truc Oy béang 0,5. Nén 1a méi toa d6 theo truc Oy,
chi 14y mot nira clia toa do trén d6 thiic (vi nhan véi 0,5) dat vao hinh chiéu
truc do.

9.3.2. HINH CHIEU TRUC POCUA DUONG THANG

‘Mot dudmg thang duge xédc dinh khi biét hai diém. Hinh chigu truc do clia
dudng thang ciing duge xdc dinh, khi biét hinh chiéu truc do ciia hai diém.
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Do d6 d€ chuyén mot dudng thing tir d8 thic sang hinh chi€u truc do,
ta cling chuyén hai diém ctia dudmng théng d6.

Tix d6, ta cé thé chuyén mot da gidc hodc mot da di¢n, tir do thic sang
hinh chi€u truc do. Titc 13, ta chuyén céc dinh ciia da gidc hoac da di¢n do,
sau d6 n6i cdc dinh tuong ng véi nhau.

9.3.3. HINH CHIEU TRUC PO CUA PA DIEN

Dé vé hinh chigu truc do clia mot da dién, ta v& cic dinh va cic canh
cua da dién d¢.

Vi du : VE hinh chiéu truc do cha mdt hinh, gOm hai hinh hop chi
nhét chong 1én nhau.

Gidi : Trude hét ta chon loai hinh chiéu truc do, chon hé tryc toa do
truc do.

Ta chon loai hinh chi€u truc do thing géc déu (hinh 9.20).
Ta gén vao hinh hop chit nhat mét hé truc toa do Pécdc vubng géc
Oxyz. Ta chon g6c toa d6 1a mot dinh clia hinh hép.
Vi cdc canh cia hinh hép, déu tuong ung song song v4i cac truc toa
do, nén khi chuyén tir hinh chi€u thang géc sang hinh chi€u truc do, ta luu
¥ diéu dé.

2y |2 '
EJEFI HIEGJ F35H3 E35G3
AI_I Ag=Cy 1
C;=D; D; 1z
H
II F
B, 0;=Y;, 03=X; . By y3 D G
Dp=F, 0,=Zy=H,
X2
--.\'\:i
G x"
-
Ay=By C2§E2 2
al b} B
Hinh 9.20
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- Vi dy, ddy dudi chia hinh hop 13 hinh chif nhat, ¢6 c4c canh tuong ¥ng
song song v6i c4c truc Ox va Oy. Khi chuyén sang hinh chi€u truc do, céc -
canh d6 vin song song véi céc tryc toa do twong ng va ta ¢6 mot hinh bmh
hanh. D6 13 hinh chiéu truc do clia d4y hinh hop.

L.én do cao bing chiéu cao AB hinh hop, lai c6 mot hinh chit nhat
bidng ddy hinh hop, trir di mot hinh chit nhat nho hon. Ta tinh ti¢n hinh
binh hanh vira v& 1én d6 cao AB d6, va thém mot dudng CD song song vdi
truc Oy. Lén mot dd cao nhd CE nffa, ta lai c6 mot hinh chit nhat EFHG
nhd hon.

Cu6i ciing, v& cic canh bén ciia hinh hop. Céc canh khuit, c6 thé
khong vé hodc vé biang nét diit.

Ban doc c6 thé vé loai hinh chiéu truc do thdng géc can.

9.3.4. HINH CHIEU TRUC PO CUA MAT CONG

Vi du 1 : Cho dd thitc chia mét mat tru tron xeay. VE hinh chi€u truc

- docua nd.

Gidi : Mat tru dd cho cé hai ddy 12 hai dudng tron, thuoc mat phing
bing.

Ta gén vao mit try d6 mot he truc toa d6 Pécdc vuodng géc Oxyz. (Tat
nhién, ta chon hé tryc toa d¢ & dau ciing duoc. Nhung n€u chon duge vi tri

hop 1y, thi khi chuyén tir d6 thic sang hinh chi€u tryc do, s& bét dugc
nhiing dong tac do phu khong ¢dn thi€t).

‘Chon tam cia dudng trdn ddy dudi ctia mat tru 1am gdc toa do. Ta chon
hinh chi®u truc do thing géc déu. C4c tryc toa dé nhu hinh vé.

Nhu vay, dudng trdn cla ddy dudi thuoc mat phing (xOy), nén hinh
chi€u truc do cha né 13 mot ellip, cé truc dai vudng géc véi truc O'z'. Chiu
dai cha né bing 1,22d (d 12 dwong kinh dudng trdn), truc ngin bang 0,7d.
Nhu vay, ta vé dugce ellip d6.

Len do cao z bing chidu cac mat tru, cling ¢6 mot dudng tron, bing
dudmg tron & ddy duéi. N6 cling thuéc mit phang bing, nén ta chi viéc tinh
ti¢n ellip vira v& 1&n mot dean bing chiéu cac mit tru, s& cé ellip biéu dién
ddy trén (hinh 9.21).

VE hai ti€p tuyén (thing dtag) vdi hai ellip d6. D6 12 hai dudng bao
ngoai clia mat tru.

Ta ciing ¢6 thé v& hinh chi€u truc do thing géc can mat tru dé.
Trén hinh d6 ciing chi cdch v& mot diém A bat ky thudc mat try.
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Hinh 9.21

Vi du 2 : Cho hai
hinh chiu clia mot mat nén
tron xoay. V& hinh chi€u -
tryc do clia mat nén d6.

Gidi : Ta ciing chon
goc toa do la tim cha
dudmg tron ddy nén. '

Tuong ty trén, hinh
chiéu truc do cta dudng tron
day 1a mot ellip. Tir géc toa
d6 lay lén mot do cao bing
chiéu cao mit nén. D6 chinh

12 dinh S cha mit nén. Tir
dinh S d6, vé hai tiép tuyén
véi ellip ddy. D6 chinh 1a hai
dudng sinh bién ctia mat nén
(hinh 9.22).

Trén d6 ciing chi cdch o) b)
v& mot diém A bat k¥ thuéc _ Hinh 9.22
mat nén do.
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9.3.5. HINH CHIEU TRUC DO CUA MOT HINH

Bay gidf ta v& hinh chiéu truc do clia mét hinh, trong d6 ¢6 cé da dién
va ca mat cong. _

Vi du : Cho hai hinh chi€u thing géc cha mot hinh. V& hinh chiéu truc
do cua hinh dé. -

Gidi : Trudc hét ta chon loai hinh chi€u truc do : hé truc toa d¢ truc do
cha loai hinh chiu truc do dinh v& (hinh 9.23).

Chon tdm cua hinh chit nhat dudi cung lam gdc toa do.

Ta thay : & ddy duéi ciing c6 mot hinh chit nhat, cac canh song song
véi truc Ox va Oy. Chuyén sang hinh chiu truc do, 13 mot hinh binh hanh
¢6 cdc canh song song véi céc truc O'x' va Q'Y

Zy

O, =,

o=z,

T
<

Yz
a) 5)

Hinh 9.23

Lén do cao bing chiéu ddy tdm d€, ciing c6 moét hinh chit nhat, bing
hinh chif nhat & dudi. Vi vay, ta chi viéc tinh ti€n hinh binh hanh vira v&
1en mot doan bing chiéu cao clia d€. Trén mat nay, cdn ¢6 mot dudng trodn,
c6 tam thudc truc Oz. Chuyén sang hinh chi€u truc do, la mét ellip, ¢6 truc
dai vuéng géc véi truc O’z :

Tit day lén mot d6 cao bing chiéu cao phin hinh try, c6 mét dudng
trdn, bing dudng trdn vita vé. Ta tinh tién ellip vira v& 1én mét do cao bang
chiéu cao hinh tru. : '
~ Nhu vay, nhimg phdn chinh d vé xong. Ta v€ hai dudng bao ngoai cha
phdn hinh tru va ndi céc canh clia hinh hop chi nhat.
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Khi n#6i, chi y cdc duong khuét : c6 thé khong vé, hodc v& bing nét
dut, tuy theo yéu cdu cia bai.

CAU HOI VA BAI TAP

1. Hay néu céc loai hinh chiéu tru¢c do thudng ding. Trong méi loai
hédy néu : Cic h¢ s6 bién dang, géc giita cdc truc toa do truc do; hinh chiéu
tryc do cha cic dudng trdn thudc cdc mat phing toa do (Néu huéng cia céc
truc va d6 16n cua mdi truc cla céc ellip d6 véi cdc hé s bién dang tinh
todn va cdc h¢ s6 bién dang quy udc).

2. Cic hé¢ s6 bign dang quy ude la thé nao? Tai sao lai phal l1ay hé s6
bién dang quy udc?

3. Ban hiéu dinh 1y Ponke-Svac nhu th€ nao? Tai sao trong hinh chiéu
truc do lai can dén dinh ly d6.

4. Cich chuyén mot di€ém tir d6 thic sang hinh chiéu truc do? (tu vé
hinh). _

5. Khi chuyén mot dlém tir d6 thitc sang hinh chi€u truc do, thi giita
hinh chiéu truc do thing géc déu va thing géc can can chi ¥ v&n dé gi?

6. Theo ban, sy khic nhau giita hinh chi€u truc do thing géc va hinh
chiéu truc do xién géc 1a gi?

7. Hinh chiéu truc do xién géc c6 dic diém gi ma ta c6 thé loi dung khi
v& céc hinh c6 nhiéu dudng tron thugc céc mit phing song song?

‘8. V& hinh chiéu truc do thing géc cAn ctia hinh 9.23.



PHU LUC

MOT VA1 MENH DE VE DUGNG THANG VA MAT PHANG
'SONG SONG VA VUONG GOC (CUA HiNH HOC KHONG GIAN)

1. Didu kién dé mot duimg thdng song song voi mot mdt phdng 1a
dutong thing d6 phdi song song voi (it nhdt) mot dudng thdng thudc mdt
phdng dé. ‘

2. Mot duong thdng dd song song voi mot mdt phdng, thi dwong thing
dé sé song song vdi vo s diong thdng thudc mdt phdng do.

3. Néu ¢ mét diedng thdng dd song song voi mot mdt phdng, thi moi
mdt phdng di qua dwong thdng dé, déu cdt mdt phdng dd cho theo mot
duong thing song song voi dudng thing dd cho dé6. Vi du, ta c6 dudng
thing d song song véi mat phang 7P thi bat ky mat phang nao chifa dudng
théng d déu cit mat phing  theo mét dudng thang song song vdi dudng
thdngd. ' _

4. Diéu kién dé hai mdt phdng song song voi nhau ld trong mdt phdng
nay ‘cé (it nhdt) hai dudng thdng cdt nhau song song voi mdt phdng kia.

5. Néu hai mat phdng dd song song vdi nhau, thi moi dudng thdng
thiiéc mat phdng nay, déu song song voi mdt phdng kia.

6. Néu c6 hai dudng thing song song véi nhaw, thi bdt cit hai mdt
phdng nao chita hai diong thing d6, déu c6 giao tuyén la mot duong thdng

. song song voi hai dudng thdng dé.

7. Diéu kién dé mot ducmg thdng vudng goc voi mét mdt phdng 1a,
diong thing d6 phdi vuéng géc voi (it nhdt) hai duong thdng cdt nhau
trong mdt phdng dé. V{ du. dudng thing d muén vuong géc voi mat phéng
7, thi dudng thing d phai vuong géc voi hai duong thing a va b cét nhau
thudc mit phang P.

8. Néu mot duomg thdng dd vuong géc voi mot mar phdng, thi dudng
théng dé vuong géc véi moi diwong thing thudc mat phdng dé.

9. Néu mot duong thdng dd vuong goc voi mot mdt phdng, thi moi mdt
phdng chita dieong thing doé dén vudng goc vdi mat phdng dd cho. Vi du,
dudng thing d di vudng géc véi mat phang 7, thi bat ky mat phing nao
chita dudng thing d, déu vuong géc v6i mat phang P. .

10. Diéu kién dé hai mdi phdng vuéng géc voi nhau la, trong mt
phdng nay, cé (it nhdt) mot diomg thdmg vuéng goc vai mat phdng kia.

11. Néu hai mdt phdng d@ vuong géc voi nhau, thi duong thdng thudc
mdt phdng ndy va vuong géc vdi giao tuyén ctia hai mat phdng dé, s€ vuong
géc véi mat phdng kia. :
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TAI LIEU THAM KHAO

1. HINH HQC HOA HiNH.
Nguyén Dinh Dién va B4 Manh Mén, NXB Gido Duc - 1993.

2. GIAO TRINH HINH HOC HOA HINH.
Nguyén Dinh Dién - Hoang Vian Than (Bién dich),
NXB Pai hoc va Trung hoc chuyén nghiép - 1988.
3. BAI TAP HINH HOC HOA HINH.
Nguyén Quang Cu - Nguyén Manh Diing - Vi Hoang Thdi,
NXB Gido Duc - 2004, ‘
4. BAI TAP HINH HQC HOA HINH,
B mon Hinh hoa-V& k¥ thuat Trudng Dai hoc Bich khoa Ha Noi - 1998.
5. MOT SG BAI TOAN HINH HOC HOA HINH. |
Poan Hién, NXB Gido duc - 1998.
6. HAYEPTATEJLHAST TEOMETPHSI
KOJIOTOH C.M. KMEB-1961

7. CEOPHMK SAIAY NOKYPCY Hmz?rmoﬁ_ TEOMETPWM
TOPOOH B.0. VMBAHOB 10.B. CONHUEBA T.E, MOCKBA -1969
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MUC LUC

Loi néi dau
- Mot sé ki hiéu
Phian mé dau
. Muc dich mén hoc
2. Phép chiéu xuyén tam
2.1. Pinh nghia
2.2. Tinh chat
3. Khong gian Oclit 3 - chiéu ¢6 b sung cic yé&u t8 vo tan
4. Phép chiéu song song
4.1. Dinh nghia
4.2. Tinh chat
5. Diéu kién phan chuyén cta ban vé
Cau hoi va bai tap

Phin mot. PHUONG PHAP HINH CHIEU THANG GOC

 A-DIEM, DUONG THANG VA MAT PHANG
Chuong I. DIEM
1.1. D3 thiic ctia diém trén hai mat phing hinh chigu
1.2. DB thifc ctia diém trén ba mat phing hinh chiéu
Cau hoéi va bai tap

Chuwong IL. BUONG THANG
2.1. D3 thirc clia duong thing
2.2. Cac dudng théng c6 vi tri dic biét
2.3. Diém thudc dudng thing
2.4. Vi tri tvong déi hai dudng thing
Cau hoi va bai tap

Chuong III. MAT PHANG
3.1. D4 thic cha mit phang
3.2. C4c mat phing c6 vi tri dic biét
3.3. Dudng théng va diém thudc mat phing
3.4. Vi trf tuong d6i hai mat phing
3.5. Vi i twong déi giita dudng thﬁng v mat phing
Cau hoi va bai tap

B- PHUONG PHAP BIEN DOI HINH cméu
Chuong IV. PHUONG PHAP BIEN BOI HINH CHIEU
4.1. Dit vin dé
4.2. Phuong phdp thay mat phang hinh chige
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4.3, Phuong phap d&i hinh
4.4. Phuong phap chi¢u phu
Cau hoi va bai tap

C- DUGNG VA MAT
Chuong V. DA DIEN
5.1. Dinh nghia va biéu dién da dién
5.2. Giao tuyén mat phang véi da dién
5.3. Giao diém dudng thang vdi da dién
5.4. Giao tuyén hai da dién
Cau héi va bai tap

Chuong VI DUING VA MAT CONG
6.1. Duong cong
6.2. Mat cong
Cau hoi va bai tap
6.3. Mat phéng 1iép xdc voi mat cong -
Cau hoi va bai tdp

Chuong VIL MOT SO BAI TOAN vE VI TR GIUA DUONG VA MAT
7.1. Giao tuy€n mat phang véi mat cong
Cau hoi va bai 1ap
7.2. Giao diém dudng thing vo'l mat cong
Cau hoi va bai tap
7.3. Giao tuyén hai mat
Cau hoi va bai tap

D- KHAI TRIEN CAC MAT

Chuong VIIL KHAI TRIEN CAC MAT
~8.1. Khdini¢ém
8.2. Khai trién da dién
8.3. Khai trién mat nén va mat tru
8.4. Khai trién mat trdon xoay
Cau hoi va bai tap

Phén hai. PHUONG PHAP HINH CHIEU TRUC PO

Chuong IX. PHUONG PHAP HINH CHIEU TRUC DO

9.1, Diém, dudng thang va méat phing
9.2. Céc loai hinh chiéu tryc do thuo‘ng dung trong k¥ thuat
9.3. Cich v& hinh chiéu truc do
Cau hoi va bai tap '

Phu luc

Tai liéu tham khao

74
85
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93
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105
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131
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144
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154
161
163
186
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193
197
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209
217
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Chiu trdch nhiém xudt ban :

Cha tich HDQT kiém Tong Gidm d6c NGO TRAN Al
Phé Téng Giam ddc kiém Téng bién tap VO DUCNG THUY

Bién tip noi dung va siza bdn in :
TRAN VAN THANG
"Trinh bay bia :
MANH HUNG
Ché ban :
TRINH THUC KIM DUNG

HINH HOC HOA HINH
Ma s6 ; 7B 606 M5-DAI
In 1500 ban, kh6 16x24 cm tai Nha in DHQG Ha Noi-

- S6 XB: 89/89 - Q5.
In xong va nop luu chiéu théng 5 nam 2005.
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[B-I CONG TY C6 PHAN SACH DAI HQC - DAY NGHE
lnevosco

Dia chi : 25 Han Thuyén, Ha Noi

TiM BOC SACH THAM KHAO Ki THUAT

CUA NHA XUAT BAN GIAO DUC

1. Hinh hoc hoa hinh Vi Hoang Thai

9. Vé ki thuit co khi tap mot Tran Hitu Qué

3. V& ki thuat co khi tap hai Tran Hitu Qué (Ché bién)

4. Bai tap vé ki thuit co khi tap mét Tran Hiu Qué

5. Bai tap vé ki thuat co khi tap hai Tran Hiu Qué

6. Cong nghé ché tao may Phi Trong Hao
Nguyén Thanh Mai

7. 86 tay dung sai va l1ap ghép Ninh Pic Tén

8. Ki thuit ngudi Phi Trong Hao
Nguyén Thanh Mai

9, Ki thuat sita chiia miy cong cu Luu Vin Nhang

10. Nguyén li @dng co 6t trong Nguyén T4t Tién

11. Li thuyét dong co diézen Lé Viét Lugng

12. Thuc hanh dong co &6t trong Hoang Minh Téac

Ban doc c6 thé tim mua tai cac Céng ti Sach - Thiét bi trutmg hoc &
céc dia phuong hodc cac Cira hang sach ctia Nha xuét ban Gido duc:
Tai Ha ngi : 25 Han Thuyén, 81 Tran Hung Dao,

187 Gidng Vo, 238 Trang Tién.
Tai Da Ning : 15 Nguyén Chi Thanh.
Pai Thanh phé Hb Chi Minh : 104 Mai Thi Lyu, Qudn 1.

A

Gia: 28.000"
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