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L gicr thisu

Nam 2002, Vu Gido duc Chuyén nghiép — B6 Gido duc va Dao tao dé phéi
hop vdi Nha xudt bdn Gido duc xudt bdn 21 gido trinh phyc vu cho dao tgo hé
THCN. Cdc gido trinh trén da dugc nhiéu truong st dung va hoan nghénh. D&
tiép tuc bo sung nguodn gido trink dang con thidu, Vu Gido duc Chuyén nghiép
phot hop ciing Nha xudt ban Gido duc tiép tuc bién soqn mét 88 gido trinh, sdch
tham khdo phuc vu cho ddo tao d cde nganh : Dién — Dién ti, Tin hoc, Khai thdx
cd khi. Nhitng gido trinh nay trude khi bién soan, Vu Gido duc Chuyén righiép
da givi dé cuong vé trén 20 triding va t6 chite héi thdo, I6y ¥ kién dong gop vé néi
dung dé cudng cdc gido trinh néi trén. Trén co sé nghién citu y kién déng gop
cua cdc tru‘dng, nhom tde gid da diéu chinh néi dung cdc gido trinh cho phu hop
vdi yéu cdu thuc tién hon.

Vi kinh nghiém gi&ng day, kién thitc tich luy qua nhiéu ndm, cdc tdc gid
di 6 gdng d€ nhitng néi dung dugc trinh bay la nhitng kién thic co bdn nhét
nhung vén cdp nhdt dude vdi nhitng tién bd ciia khoa hoc k¥ thuds, véi thuc t&
san xudt. Noi dung ctia gido trinh con tao sy lién théng tiv Day nghé lén THCN.

Cdc gido trinh dudc bién soan theo hudng md, kién thic rng va cé géing chi
ra tinh éng dung cia ndi dung dude trink bay. Trén co sd dé tao diéu kién dé
cde truong su dung mét cdch phiz hdp vdi diéu kién co s vt chdt phuc vu thuc
hanh, thue tdp va ddc diém cia cde nganh, chuyén nganh dao tao.

BE vige déi mdi phuong phép day va hoc theo chi dao cia Bo Gido duc va
Dao tao nhdm nang cao chét lvong day va hoc, cde triong cén trang bi di sdch
cho thu vién va tao didu kién d¢ gido vién va hoc sinh ¢é di sdch theo nganh dao
tgo. Nhitng gido trinh nay cing la tai liéu tham khdo t6t cho hoc sinh da tét
nghiép can dao tgo lgi, nhén vién ky thugt dang tryc tiép sin xudt.

Cdc gido trinh dd xudt bdn khéng thé trdnh khoi nhitng sai sét. Rét mong
cdc thay, cb gido, ban doc gép ¥ d€ lan xudt bdn seu duwge t6t hon. Moi gop ¥ xin
gui vé : Céng ty C8 phéan sdech Pai hoc — Day nghé 25 Han Thuyén — Ha Ni.

VU GIAO DUC CHUYEN NGHIEP - NXB GIAO DUC



[ﬂ'im’idéb

Tin hoc c6 ndi dung chi yéu la thu thdp, luu giit va xiz Iy cde théng tin duge
réi rac hoa trén mdy tinh bang cdch thiét lép ra cde cong cu die biét.

Mot trong cdc eong cu dé la Todn hoe roi rac. Ngudi ta st dung Todn hoc
rdi rac khi can dém cdc phdn i, nghién citu méi quan hé gu?a cde tgp rot roe,
phén tich cdc qud trinh hitu han.

Nhitng néi dung chinh dé cép trong gido trinh nay la : Tép hdp va quan hé,
suy lu@n todn hoc, quy nap va dé quy, tinh todn ma trin, dai s6 logic, Iy thuyét
do thi va dé phu’c tap tink todn. Ngodi ra nhitng kién thic va phuong phdp todn
hoc khéng thé thiéu duge trong tin hoc u’ng dung : Tinh todn vé xdc sudt ;
'Phuo’ng phdp tinh. DE tranh tring ldp va cong kénh, gr,ao trinh khong di sdu
vao viée xét nhitng no; dung todn hoc da dwge trinh bay g chu‘dng trinh todn pho
théng nhu : ham 86, dao ham va tich phén cia ham 6, gidi phuong trinh cdp 1,
cdp 2 va hé phuong trinh dai s6 tuyén tinh.

Gido trinh nay nham phuc vu cho chuong trinh dao tao hé Trung cdp tin
hoc vdi khoi lugng vica phai la 90 tiét. Vi vdy cdn trink bay edn ke, dé hidu cde
khdi niém, cde phuong phdp tinh todn va ede vi du dp dung ma khong di sdu
vdo chitng minh Iy thuyét phiic tap.

Gido trinh gém 6 chudng :
Chuong 1. TAP HQP - QUAN HE — ANH XA

Bao gém 8 tiét li thuyét va 4 tiét bai tp.
Chuong 2. HAM SO VA MA TRAN

Bao gém 10 tiét li thuyét va 4 tiét bai tdp.
Chuong 3. DAI SO BOOLE

Bao gom 8 tiét Ii thuyét va 4 tiét bai tép.
Chuang 4. DO THI VA CAY

Bao gém 12 tiét If thuyét va 6 tiét bai tap.
Chuong 5. THUAT TOAN VA XAC SUAT

Bao gém 8 tigt If thuyét va 6 tiét bai tép.
Chu'dng 6. PHUONG PHAP TINH

Bao gom 12 tiét li thuyét va 6 tidt bai tdp.
Trong lan xudt bén thit nhét, chde chdn khoéng thé tranh khoi nh:tng thiéu

86t vé ndi dung va hinh thiic trink bay. Rdt mong ban doc gop ¥ kién dé néng
cao chét luong gido trinh.

Xin tran trong cam on.
Y kién, thu ti xin gii vé : Nha xudt bin Gido duc - 81 Trén Hung Dgo -
Ha Noi
TAC GIA



Chuong 1
TAP HOP - QUAN HE — ANH XA

I - TAP HOP

1.1. Khéi niém vé tap hop

1. Tap hop 1a mot khdi niém co ban cia todn hoc (ngudi ta Khong dinh
nghia). Tuy nhién ta hi€u tap hgp 12 moét s6 cdc phdn tir duge ghép lai véi nhau
bdi mot tinh chit nao dé.

Cdcvidu: .

1) Tap hgp sinh vién cha mot trudng dai hoc.

2) Tap hogp cédc s6 nguyén.

3) Tap hop cdc quyén sich trong thu vién trudmg.

4) Tap hgp cdc diém trén mot dudng thing (d).

D& chi x 1a mot phin tir clia tap A ta viét x € A. Néu y khong thudc A ta
viEty ¢ A.

Tap hop khong chita phdn tir ndo goi 14 tap réng, k¥ hiéu . Vidu : tap
cdc nghiém thuc coa phuong trinh xt=-11 tap réng.

2. Biéu dé Ven : Hinh 1.1 biéu
dién mot tap hop. D6 1a mot dudng
cong kin, phang va khéng ty cit, phin
bén trong dudng cong chifa tit ci céc
phén t cia tap hop.

1.2. Cach xéc dinh mdt 1@p hop

Hinh 1.1

C6 2 cdch x4c dinh mot tdp hop : -
Céch I : )
Céch liét ke : Liét ke t4t ca cdc phén tir cha tap hop.



Vidu:A={ab,c}—1taphop gébm 3 phén tir.
Cdch 2 :
Céch dac trung : Goi p 12 tinh chit dac trung cla tdt ca cdc phin tir cia
tap hop A, ta viét :
A = {x | x, c6 tinh chit p}

Vidu : Tap hop cdc 36 chin p = {m | m = 2n, n nguyén}.

1.3. Céc tGp hgp 8 thudng gdp

1) T4p hogp céc s6 ty nhién :
N={0,1,2,3, ...,n, ...} ; N*={1,2,3, .., n, ...}
2) Tap hogp céac s6 nguyén :
Z={..,-n,..,-2,~-1,0,1,2,..,n,..}
3) Tap hgp cdc s6 hitu ty :
Q={ % | p. q 12 cc s& nguyén q # 0}

Céc s6 hifu ty c6 thé viét thanh cdc s6 thap phan hitu han, hay v6 han

tudn hoan.
4

Chéng han % =075 ; —3 = -1,333...=-1, (3)
4) Mot s6 vo ty 12 mot s& thé viét dudi dang s6 thap phan vo han khong
tudn hoan.
Chang han 2 = 1,414213563..., & = 3,14159...

5) Tap hgp tdt ca cic s8 hifu ty va vO ty goi 1a tap s6 thyc, k¥ hiéu 1a R.

1.4. Quan hé gita cac tép hgp

1. Tap hop con _
* A la tap hop con clia B khi mqi phén tit cia A déu thudc vé B.

K¥ hiéu : A c B.

boc :
"« A bao ham trong B
* Bchia A

* Alatdpconcia B



Vidu:NcZcQcR; Tap hgp hoc sinh 16p 10 bao ham trong tap tat ca
hoc sinh trudng Trung hoc Thang Long. :

* Theo quy wéc & < A
* Tinh bic cdu :

AcB
{C = AcC

BcC

2. Su bdng nhau ciia 2 tap hop

Néu mot phén tir bat ky cta tap hop A déu thude vé tap hgp B va nguge
lai mdi phén tir cia tdp hgp B déu thuoc vé tap hop A thi ta néi A vA B
bdng nhau :

AcCcB
A=B<:>{

Bc A
Vidu: A=1{x1,..,4}
B={1, ... x, A}

1.5. Céc phép toén vé tép hop

1. Phép hop

Hop clia hai tap A va B 12 tap hop tao
bai tdt ca cdc phdn tir thudc A hoac thude
B (hinh 1.2). .

Ky¢ higu: AUB;

Poc : A hgpB.

(xe AUB)<(x € Ahoac x € B)
Vidu:

A ={a,b,c,d}
: B =4a,b,cde,f
B= {C,d,e,f}} A‘ { }
Tinh chdt 1.1 :
NAVA=A , (tinh liy ding)
2YAUB=BUA (tinh giao hodn}
NAVBUO=(AuBUC (tinh két hop)

HTUA=AUDT=A



2. Phép giao

Giao cua 2 tap A va B 12 tap hop tao bdi céc
phdn tlr vira thudc A vira thudc B (hinh 1.3).

Ky hidu: AnB;

Poc : A giao B

(xeAnB)eo(xeAvaxeB)

Tinh chdt 1.2 : Hinh 1.3
DANA=A (tinh liy ddng)
22AnNB=BnA (tinh giao hodn)

HDANBNO=(AnBNC=AnBnNnC (tinh két hop)
HNSNA=AND=0

> Chiy : Khi A~ B =@ thi ta néi A va B rdi nhau.

Tinh chdt chung 1.3 ciia Uvan:
DAUBNC) =(AvuB)n (A C): tinh phan phéi caa v dbi vai M.
2YAN(BuCC)=(AnB)u(AnC): tinh phan phéi cha M ddi vdi w.
Chitng minh tinh chit (1) :
XeA XeA
xeAu(BnC) = 4{hoic =» ¢ hoiéic
xe(BnC(C) xeB va xeC)
XeA hoic xe€B
=}|va
XxeA hoic xeC
>xc(AVUBvaixe(AuO)=2xe[(AUB N (Au(C)
S AUBAC C(AUB N(AUCQ

* Nguge lai :
xe(AUB)
xe(AUBIN(AVUC = v
xe(AuUC)
X€A hoic xeB XeA
= <{va | = {vi

X€A hoic xeC xeB hoac xeC
=2XeANBUO=AUBNAVO cAN(Bu ()



3. Hiéu ciia 2 tap hop

Hié¢u cua t3p A va t4p B 1a tap
tao bdi tdt cd cdc phdn tir thuoc A
ma khong thudc B (hinh 1.4)

Kyhiéu: AAB< (R € Avax ¢ B)

4. Tap ba

Khi A c E thi E\ A goi Ia ba
cha A trong E k¢ hiéu CgA hay A
(hinh 1.5).

Vidu : Goi A 1a tip nghiém cila
phuong trinh x> - 3x +2=0 (1)

Goi B 12 tap nghiém cia phuong
trinh x2 —4x+3=0 2) Hinh 1.5

Giﬁi(l):a+b+c=0:>xl=1,x2=2=>A={l,2}

Gidi(2):a+b+c=0=x,=1,x,=3=B={1,3]

=>AUB={123};AnB={1}; A\B= {2}
Tap nghié¢m cta phuong trinh : -
(* - 3x+ (x>~ 4x +3) =012 AUB= {123}
Luat De Morgan : |
VA BeE tacé:
AUB=ANB (1.1)
ANB=AUB (1.2)

Chitng minh (1.1) :
Xe AvuB =x¢e(AUuB)>XgAvaxe¢ B)
=>{xe Avixe E):));e ANB

5. Tich cua hai tap hop

Tich cha tap hop A véi tap hop B (theo thit ty y) 12 tap hgp bao gérn t4t

ca cdc cdp thif tr (X,y) véi x € A va y e B (hinh 1.6).



A
e

—— . //

Hinh 1.6. M&t phing toa d¢ xOy dugc déng nhdt voi tich Dé cdc R xR

-

Ky hiéu : A x B hoac A.B
Doc : A nhan B
xyl)eeAxBe(xe Avay e B)
» Chit § : Tich ciia hai tap hop khéng c6 tinh giao hodn.
Vi(x,y) = (y.x) néfux =y (2.3)=(3,2)
Vidu: A={13}, B={2,x}
 AxB={(1.2), (10, (32), 3.0}
6. Phan hoach

Ta néi cdc tap con A, Az, ...,A, cia tap X tao nén mét phan hoach ciia
X néu ;

n
) UA; =X
i=1
DANA=D  iz]

1.6. Bidu dién cdc tap hop trén mdy finh

Cé nhiéu cdch dé bidu dién cdc t4p hop trén mdy tinh. Néu luu trit céc
phdn tir clia tp hgp theo cdch khong sip thit ty thi it phai chudn bi. Tuy nhién
viéc tinh giao, hop hodc hiéu cta hai tap hop s& rdt m4t thoi gian, vi mbi phép
tinh dé doi héi mot lugng tim ki€m r4t 16n d6i véi cdc phdn tlr. Dudi day sé&
giGi thiéu mot phuong phap lwu irir cdc phén tr bing cdch ding su sip thy ¥
céc phdn tir cha tap toan thé. Phuong phdp biéu dién tap hop nay s€ lam cho
vi¢c tinh nhitmg t8 hgp tré nén dé dang hon.
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Gia sir tap toan thé U duge ding 13 hitu han (va ¢é kich thuéc hop 1y dé s&
phén tir cia U khong 16n hon dung lugng bd nhé clia m4dy tinh ma ta dang
diing). Trudc hét, hdy chi 16 sy sép tly ¢ cédc phdn tircha U, vidu a, a, ..., &,
sau d6 biéu dién tap con A clia U bing mot x4u bit cé chiéu dai n, trong d6 bit
tha i & x4u nay 12 1 n€u a; € A va 12 0 néu a; ¢ A. Vi du sau day s& minh hoa
k¥ thuat nay. '

Vidu : ChoU={1,2,3,4,5,6,7,8,9,10} va su sdp cdc phdn tl trong U theo
th tu tang dén ; tic 14 a; = i. Xdc dinh xau bit biéu dién tap con cdc s6
nguyén 1é trong U, tap con cdc s6 nguyén chin trong U va tdp con cic s6
nguyén khong qud 5 trong U.

Gidi : Xau bit biéu di&n tap hop cdc s6 nguyén 1& trong U, cu thé 1a tap
{1,3,5,7,9}, c6 bit 1 & cdc vi tri thit nhdt, thit ba, thit ndm, thif bay va thi chin,
va bit 0 & cdc vi tri cdn lai. D6 1a :

10101 01010
(O day ching ta di tich xau c6 chiéu dai 1a 10 nay thanh hai khéi,
mdi khdi c6 chiéu dai 1a 5 dé d& doc vi cdc x4u bit dai r4t khé doc). Tuong

ty, ta biéu dién tdp con t4t cad cic s6 nguyén chin trong U, cu thé la tap
{2,4,6,8,10} bing xau :

01010 10101

Tap con t4t cdc s§ nguyén trong U khong vuot qué 5, cu thé 13 tap
{1,2.3,4,5) duoc biéu dién bdi xau :

11111 00000

Béng cdch ding cdc xau bit d€ biéu dién cdc tap hgp, ta d€ dang tim dugc
phdn bl chia cdc tap hgp, ciing nhu hgp, giao va hiéu cha ching. D€ tim xau
bit cho phédn bl ciia mo6t tap hgp tir x4u bit cla tap hop dé ta chi viéc thay mébi
1 thanh O va thay mé&i 0 thanh 1, vix € A néu va chinéu x ¢ A. Chd ¥ ring
phép todn ndy tuong Wng v&i viec 14y phii dinh clia méi bit khi ta gin mot bit
voi mot gid tri chan 1y : 1 ¥ng v6i ding va O ing véi sai.

Vi du : Ta da biét xdu bit d6i v4i tap hop {1,3,5,7,9} (véi tap hap toan thé
{1.2,3,4,5,6,7,8,9,10}) 1a
10101 01010

X4c dinh xau bit d61 v6i phin bu clia tap may.
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Gidi : Xau bit d6i v4i phin bl clia t4p nay sé nhan duge bing cich thay
d6i cdc s6 O thanh 1 va nguge lai. Sau khi lam nhuv vay ta duoc x4u

01010 10101
tuong Ung vdi tap {2, 4, 6, 8, 10}.

Dé nhan duge cdc xau bit cho cdc hgp va giao ciia hai tap hop, ching ta s&
thuc hién cdc phép todn Boole trén cdc xau bit biéu dién hai tap hop dé. Bit &
vi tri 1 trong x4u bit clia hop 14 1 (hodc ca hai 1a 1) va 12 0 khi ca 2 bit d6 12 0.
Tir d6 suy ra rang xan bit d6i véi hgp 12 OR bit cha hai x4u bit tuong Gng vdi
hai tdp s8. Con bit & vi tri thit i trong xau bit cia giao s& 1a 1 khi c4c bit & vi
tri twong Ung trong hai x4u bit déu bang 1 va déu bing 0 khi mot trong hai bit
bing O (hodc cd hai bing 0). Tir d6 suy ra ring x4n bit d6i véi giao 12 mot
AND bit clia hai xau bit bi€u di&n hai tap da cho.

Vi du : Xau bit d6i v6i cdc tap hop {1,2,3,4,5} va {1,3,5,7,9} 1a 11111
00000 va 10101 01010. Dung cdc xau bit dé tim hop va giao cha hai tip trén.

Gidi : Xau bit d6i v6i hop cha hai tap 1a :
11111 00000 v 10101 01010 = 11111 01010
va x4u nay tuong ¢ng véi tap {1,2,3.4,5,7,9}
Xau bit d6i vai giao clia hai t4p nay la :

11111 0000 A 10101 01010 = 10101 00000
va xau nay tuong Ung va&i tap {1,3,5}).

1.7. §& phic
1. Khdi niém sé phirc

a) M& ddu : Moi s6 thyc, trir s& 0, binh phuong lén déu duong. Riéng s6 0
binh phuong 1én bing 0. Vi vay, néu ta chi bi€t cdc 58 thyc thi phuong trinh :

x2+1=0hayx2=—l

5& vO nghiém. Do d6 ngudi ta phai nghién ciru thém mot loai s6 méi goi 1a
58 phirc, '

b) Pon vi do - 56 do : Tru6c hét ta dua vao s6 i sao cho

i=—1nghiala i=+-1
va goi n6 1a don vi éo. .
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Vai don vi ao i, phuong trinh x% = -1 ¢6 hai nghi¢m 12 i va —i.
Sau d6 moi s6 dang bi vGi b 1a s6 thuc, s& ¢ binh phuong
(bl) 2 2 —-b2
14 s6 4m, ngudi ta goi chiing 12 cdc 8 ao thudn tidy.
¢} 8¢ phirc : Bay gid s6 z ¢6 dang :
z=a+bi ' (1.3)
trong dé a va b 1a céc s6 thuc 2z, duge goi 1a mot s6 phiic,
a goi 12 phén thuc clia s& phitc, viét 1a Re(z) :

a = Re(z)
'b goi 12 phin 4o cia s& phiic, viét 12 Im(z) : Y
b = Im(z)

Khi b =0, z = a 12 mot 56 thyc. Vay s6 thyc 13 mot trudng hgp riéng cla
s& phiic.

Khi a = 0, z = bi 1a mét 56 ao thudn tiy.
d) 86 phirc khéng : Khia =0, b =0, 56 phiic z= 0 + 0i, ciing vi€t laz = 0.

e) Hai s6 phitc bdng nhau : Hais6 phiic z=a + biva z' = a' + b'i goi 1a
bing nhau n€u a =a' va b =1b' va nguge lai.

f) 86" phire lién hop : Hai s6 phitc z = a + bi, Z = a — bi goi 1a hai s6 phiic
lié¢n hop.

Vidu :
2=2-3ithiz =2 +3i
2. Céc phép tinh vé s6 phic

a) Phép cong s6 phitc : Téng cha hai s6 phitc z; = a; + ib; v z; = a, + ib,
12 mot s6 phitc ¢6 phén thyc 12 téng cia céc phén thyc, phin 4o bing tOng céc
phén ao ciia chiing.

Z + Zy = (81 + "bl) + (.3.2 + lb2) = (al + 32) + l(bl + bz) (14)
Céc tinh chat cba phép cong :
. (Zl + 2.2) +23=2) + (32 + Z3) (tiﬂh két hqp)

*zZ) + 2, =2y + 2 (tinh giao hodn)

13



cz+0=z2 (0 1a s6 phitc z = 0)
*z+(-2)=0 (—z 1a s& phitc d6i cﬁa s6 phic z)
nghia laAnduz=a+ibthi: —z=-a+ (-b)i=—-a—ib
Tir tinh chat cuéi cing ta suy ra phép trir hai s6 phitc z; va z; I :
Z) - Zp=2) +(-25) = (a; ~ a;) + i(b; — by)
Vidu:z, =2+3i,z,=1-35i

thi 2] +2p=2+3)+A-5)=2+1)+(3-5)0i=3-2i

»

va 21— L =2+3)-({1-5)=C2-1)+(3+5)i=1+8i

b) Phép nhdn 56 phitc : Tich ciia hai s6 phic z; = a, + ib; va z, = a, + ib,
la s& phitc cé dugc bing cdch nhan chung nhu nhan hai nhj thic v&i nhau va
chii ¥ ring it =-1.

Z|Zy = (al + ibl)(az + lbz) = (alaz - blbz) + l(alb2 + azbl) (15)

Céc tinh chét cha phép nhan :

. (Zl 22)23 =2 (Z-z 23) (tinh k&t hop)

*Z12; =17pZ (tinh giao hodn)

*z.1 =]l.z=1 (1 1a 58 phiic don vi)

-1

Néu z = 0 thi t6n tai s6 z 4z z=22"=1

z ! dugce goi 1a s8 phitc nghich dao cia s6 phifc z, nghia lanéuz=a+ib# 0

" thi:
Aol __ a-ib _ a-ib
a+ib (a+ib)(a-ib) 2 4p2
tacd:
" =zz.2
= Z.Z....
n lin

Tur tinh chét cui cing ta suy ra phép chia hai s phic
4 =2ZjZ5 (z2 #0)

- zz

Vidu:z,=2+3i,2z,=1-2i

thi zz,=Q+3) (1 -2)=Q+6)+i(3-4)=8-i

14



W : E,_'_Z.+3i_(2+3i)(1+2i)_(1—6)+i(3+4)
Lo 1-20 (1-2i)(1+20) 1- 42
_SAT _ ST LT,
T o1+4 5 T 5

c) Lién hé giita phép cong va phép nhdn
‘ (Zy +2y) 23 =27y 23+ 23 Z3
Z(Z+23) =2 Zp + 2| 23
Vidu 1 : Tim x, y 1 cdc s6 thyc théa min phuong trinh :
(1+2))x+(3-5i)y=1-3i
Gidi : Do x, y 12 nhilg s6 thuc ta thuc hién céc phép tinh & v€ trai thi ¢ :
(x +3y) + (2x — Sy) =1 - 3i

Vi khi hai s& phiic bing nhau ta suy ra phdn thyc clia chiing bing nhau va
phén 4o cia chiing bing nhau, nén ¢6 :
x+3y =1
2Xx—5y=-3
Giai hé nay ta duge :
4. 3
1’

X = y:

11
Vidu2:TinhA=x-1-) -1+ x+1+Dx+1-1)
Gidi : Tac6 [(x - 1) -] [(x- D +i}=(x-1)¥ +1
Con [(x+ D +il [x+ 1) =il = (x+ D>+ 1
Vay A =[x - 12+ 11 [Gx+ 1D + 1] = (2 +2 - 2x) (x> + 2+ 2%)
=@+ -axl=xt+4

Chii thich :
—Tacd: i"=-1;1
—Voiz=a+bithi:

| 2+Z= 2a=2R(2)

ZZ = a2+h2
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3. Dang lugng giac ctia sé phife by

M&i diém M(x,y) tng véi mot véc to
OM vi nguoc lai, nén mdi s6 phic =Ty
z =X + iy Ging véi mot véc to OM cé ge
tai gdc toa do, ngon 13 diém M(x,y). Ta r
dua vao cdc dinh nghia sau ; 9

r=]m|=\jx2+y2 goi 1a mo dun > X

. .o ] Hinh 1.7
cua so phitc z = x + iy.

¢(Ox, OM) 12 géc lugng gidc tao bdi véc to OM véi huéng duong ciia
truc Ox, dugc xdc dinh sai khéc 2kn, k nguyén.

Goce ¢ goi la Argu—men cla z, k¥ hieu ¢ = Arg z. |
‘Néu 1dy —n < ¢ < n thi ding ky hiéu ¢ = argz.
D& thdy : x =r¢0sQ, y = r sing, do vay
Z =X + iy = r(cos@ + i sing) (1.6)
Dang (1.6) goi 14 dang lugng gidc clia 58 phiic.
Phan tir d6i cla s6 phitc z = x. +iyla-z=-x-1iy.

Véi cdch bidu dién lugng gide 1a —z = rfcos(p + m) + i sin(p + 7)] v&i
o= Arg z.

S6 phifc Z = x — iy goi 1a s& phifc lién hop clla z = x + iy.
. €6 cach biéu dién lugng gidc 1a Z = r[cos(—@) + i sin(—@}] v6i anh 13 véc
to OM" d&i xitng véi véc to OM qua truc OX.
4. Cong thiac Moivre
Cho hai s6 phiic :
z) =1j{cos@; +1ising;) =X + iy,
z; = 12(c08¢; +15inQ;) = X, + iy,
Khi d6 36 phitc : ' _
2123 = (X)X — ¥1¥2) + i(X1¥3 + Xp¥))
s& c6 cdch biéu dién Iugng gidc 1a -
2123 = 11;[(cos@cosgy + singsing,) + i(cose cosp, + sin@ sing,)]
Z)Zy = 1112[cos(Q) + @) + i sin(g; + 94)] (1.7}
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Néu z; # O thi ton tai s6 phic zEI = —zl— va tich z= zlzil = z—l goi 1a
2 2

thuong cua z; véi z,.
T (1.7} suyra:

Z I]
.zzzi—=é COS((Pl (|)2)+l Sln((Pl (Pz)] (1.8)

Phép chimg minh cdc hé thitc (1.7), (1.8) khong ¢6 gi khé, xem nhu
bai tap. '

T (1.7) suy razZ = r° = |z

V6i n 12 s6 nguyen duong bat ky, ta dat z° = zz..z s&cé :
b _

2" = r'"(cos ng + i sin ng) (1.9)
goi 1a 1y thira bac n cia s6 phic z.
N6i riéng khi r = 1, i (1.9) ta dudc :
(cos ng + i sin ne)" = cos ng + i sin ne (1.10)
Cong thirc (1.10) goi 1a céng thitc Moivre. Nhey d6 c6 thé thu dugc cdc biéu

thitc clia cos ng va sin ng bdi phép khai trién vé& trai chia (1.10) theo cong thirc
Newton va sy biang nhau giita cdc 56 phic (luu ¥ : i = ~1, i = -1, it= 1,...).

4. Can bac n cua sd phiic

Cho n 1a s6 ty nhlén n =2, o 13 s8 phitc cho trude.

Néu c6 s6 phiic z sao cho z" = o thi z goi 13 can bac n cla «, ky hleu
z=a.

Nh& c4ch viét s6 phic dudi dang lugng gidc, ta s& thay ring mbi s6 phic
a c6 ding n nghiém phifc phan biét (trong d6 c6 thé cé nhu‘ng nghiém thuc).

That vay, gia st =r(cosQ + i singp)

Ta tim s8 phitc z duéi dang z = p(cos0 + 1 sin)

théa man ding thitc z" = o hay :

p“(cos ng +i sin n6) =r(cos ¢ + i sin @)
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n_
Tir d6 p-=t
n=0+2kr, kez

"u’rc].a:pzl’/;; 9=%

Khi k Idn lugt nhén cdc gid tri nguyén k =0, 1, 2,...,n ~ | ta ¢6 n gia tri
cia z, cdc gia tri phitc ndy cé cing moé dunla p = YT, con cée arg sai kém
2n

. n ’

Néu k nhan tri nguyén khac bo ¢ri (0, 1, 2,..., n — 1} thi d& dang thdy z
lai ¢6 gid tr tring véi mot trong n gid tri trén do tinh chat tudn hoan cia cos
va sin.

Vay tén tai n cin bac n cia s6 phic «, xdc dinh bdi :

Zg = Q/?[cos[“’”k"]ﬂ sin["”nz"“ﬂ (1

n

ke {0,1,2,.,n-1}
Trén mit phing phitc, ching 1a cdc dinh ciia da gidc déu n canh ndi ti€p
dudng tron tam 0, bdn kinh p = r.

5. Giai phuong trinh bac hai va bac cao
a) Xér phuong trinh :

ax2+bx+c=0 a,b,ceR

Ta da biét rang néu A = b% — dac 2 0 thi phuong trinh ¢é nghiém thyc. Bay -
gi¥f ta Xét trudng hop A < 0. Phuong trinh d3 cho viét duge dudi dang :

2a 4a?
hay 14 :
2 2
Rt | =2 o LCD) ~A>0
22 4a2 4a®
. k
Suyra:

x+£—+i -4
2a ~ 2a
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Vay khi A < 0 phuong trinh bAc hai c6 2 nghiém phic dang lién hop :

_ _b+ivA _ —b-iVoA
1= 2a » X2 = 2a

Vidu 1 : Phuong trinh x> +x+1=0

¢6 2 nghié¢m :
—1+i3 -1-iV3
X = T s Xo=—F

2
- b) Gigi phuong trinh bdc cao:

Khi giai phwong trinh bac cao trong trudng s phiic thi viec:dﬁng dang
lugng gidc td ra thuén tién. '

Vi dy 2 : Giai phuong trinh trong tap s6 phitc C:

| 24—23+zz—z+1=0
Chi § hé thc : P+l=+ D)@ -2 +22-z2+1)
Ta viét lai phuong trinh duéi dang :

3
z7+1 5
=07 =- = -1
>+ 1 0oz 1 (z )
hay Z =cosmM+isinm {(z=-1)
o2 _Cosn+2ku i T+ 2kn
k= 5 5
k = 0,1,2,3,4 y
k # 2 t
Vay ngoai nghiém z = -1, phuong trinh 22// s Zy
c6 4 nghiém cho béi : ,
I" \|
z =cos£+isinE : : >
1 5 5 i ; X
2, = cos LN isin o \ A
2 - = = \\\ ’I
5 5 23 \"‘....‘____ ‘__..f" 24
Zy = cosZE+ ismj—it— =- cos-E+isinETE
= 5 5 5 5
_ . 8x .. 8m _ 3 .. 3w Hinh 1.8
Z4—COS 3 +lSlIl-5 = .(COS 5 + 151n 3 ]
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II - SUY LUAN TOAN HOC

2.1. Quy ngp todn hoc

Nhiéu dinh 1y phét biu rdng P(n) la ding véi moi.n nguyén duong, trong
dé P(n) 1a mét hAm ménh dé. Quy nap todn hoc 12 mot k¥ thuat chitng minh
cdc dinh ly thudc loai nhu thé. N6i cdach khdc quy nap todn hoc thudng dugc
sir dung d€ chitng minh cdc ménh dé dang ¥n P(n), trong d6 n 1a s& nguyén
duong thy ¥. ' :

Qud trinh chiing minh P(n) la ding véi moi s6 nguyén duong n bao gém
hai buéc : . . '

I. Budc co sd : Chi ra ménh dé P(1) la ding.

2. Budc quy nap : Chning minh phép kéo theo P(n) — P(n + 1) 12 diing v&i
moi s6 nguyén duong n, trong dé ngudi ta goi P(n) 12 gid thiér quy nap.

Khi hoan thanh ca hai budc ching ta da chitng minh P(n) 1a ding v4i moi
n nguyén duong, tifc 1a da chimg minh P(n) 12 diing.

Vi du 1 : Biang quy nap todn hoc hiy chéng minh ring tdng n s6 nguyén
duong 1€ dau tién 1a nZ.

Gidi : Goi P(n) Ia ménh dé "téng n s6 nguyén duong 1& ddu tién 12 n2",
P4iu tien ta cdn 1am budc co sd, tic 1a phai chi ra P(1) 12 ding. Sau d6 phai
chitng minh budc quy nap, tifc 14 cdn chira P(n + 1) 12 ddng n&u gia st P(n) 1a
diing.

Budc co .s:é 2 P(1) hién nhién 12 ding vi 1 = 1%
Buéc quy ngp : Gia st P(n) ding, tdc 12 véi moi n nguyén duong 1€ ta c6 :
1+3+5+...+Qn—1)=n
Ta phai chi ra P(n + 1) 14 ddng, tic li\l.:
143+54+..+Cn-1+Qn+1)=(n+1)°
Do gia thi€t quy nap ta suy ra :
1+3+5+..+@2n-1+2n+1)
=[1+345+.,.+@n-1)1+@@n+1)
=% +@2n+1)=(n+ )2

Ding thitc nay chitng td P(n + 1) dugc suy ra tir P(n).
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Vi P(1) 1a ding va vi m¢nh dé kéo theo P(n) — P(n + 1) 1a diing v6i moi n
nguyén duong, nguyén 1y Juy nap todn hoc chi ra ring P(n) 1a diing véi moi n
nguyén duong.

2.2. Pinh nghia béng dé quy

| Doi khi chiing ta rat khé dirih nghia mot d6i tugng mot cich tudng minh,
nhung ¢6 thé d€ dang dinh nghia ddi twong nay qua chinh né. K§ thuat nay
duoc goi 1a dé quy.
, 1. Cac ham dugce dinh nghia bing dé quy

D¢ dinh nghia mot ham xdc dinh trén tap cic s6 nguyeén khong am, chiing
ta cho : '

1. Gid trj clha ham tai n = 0.
2. Céng thic tinh gid tri cla né tai s6 nguyén n tir cdc gid tri cha no6 tai
cdc 56 nguyén nho hon.

Pinh nghia nhv thé€ duge goi 12 dink nghia dé quy hay dinh nghia quy nap.
Vi dy 2 : Gia su f duge dinh nghia bing dé quy nhu sau :

| _ fl0O)=3,f(n+1)=2f(n) + 3

Hay tim f(1), ft2), £(3) va f(4).

Gidi : Tu dinh nghia d¢ quy ta suyra:
' f(1)=2f(0)+3=23+3=9
fQ)=2f(1)+3=29+3=21
f(3)=2f2) +3 =221 +3=45
f(4)=2f(3) +3=245+3=93
Trong mot s8 dinh nghia ham bang dé quy, ngudi ta cho gié tri cia ham
tai k s6 nguyén duong ddu tién vid cho quy tdc tinh gid tri cha ham tai s6
- nguyén 1dn hon tir k gid tri ndy. Theo nguyén 1y thi hai ciia quy nap todn hoc
thi cdch dinh nghia nay tao ra cic ham hoan toan x4c dinh.
2. Cac tap hop dugc dinh nghia bing dé quy

Céc tap hgp thudng duge dinh nghia biing dé quy. Trudc tién ngudi ta dua
ra tap xudt phat. Sau d6 14 quy tic tao céc phén tir méi tir cdc phén tir 44 bist
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cua tdp. Nhitng tap dugc mo ta biang ciach nhu vay duge goi 1a céc tap duge
dinh nghia t6t, cdc dinh 1y vé€ chiing ¢cé thé ching minh bing cich sit dl,lng
dinh nghia d¢& quy ciia ching.

Vi du 3 : Gia sit S duge dinh nghia bing dé quy nhu sau :
3e8;
x+jf € Snéuxe SvﬁyeS;

Hiy chi ra ring S Ia tap cdc s6 nguyén chia hét cho 3.

Gidi : Goi A 1a tap cdc s6 nguyén duong chia hét cho 3. D& chitng minh
A = 5 ta s&€ chimg minh ring A 14 mot tap con cia S v& S 1a tip con clia A. Dé
chitng minh A 13 t4p con clia S, gid st P(n) 12 ménh d€ "3n thudc tap S". P(1)
ding vi theo dinh nghia cia §"3.1=3 ¢ §".

Gia stit P(n) diing, titic 12 3n € S. Vi 3 € S va 3n € S nén theo dinh nghia
3+3n=3(n+1) e S. Diéu nay c6 nghia 12 P(n + 1) ddng. Theo quy nap todn
hgc moi s6 ¢6 dang 3n, vSi n nguyén duong, thudc S, hay néi cich khic A la
tap con cua S.

Nguoc lai, 3 € S, hién nhién 3 chia hét cho 3 nén 3 € A. Tiép theo ta
chiing minh t4t ca cdc phan tir ctia S sinh ra do phén tir thif hai cia dinh nghia,
cling thudc A. Gia sir X, v 1a hai phdn tit coa S, ciing 14 hai phdn tir clia A.
Theo dinh nghia ctia S thi x + ¥ ciing 14 mot phdn tir cia S, vi x vh y déu chia
hét cho 3 nén X + y ciing chia hét cho 3, tic la x + y € A. Vay S 1a tap con
clha A.

Binh nghia dé quy thudng duge ding khi nghién cifu cc xau ki tr. Xau 1
mot diy cac ki ty thude bo chit cdi X. Tap hgp cde xau ing vdi bo chit cai X
duge ky hiéu bdi 2 *. Hai xau c6 thé két hgp véi nhau theo phép ghép. Ghép
cdc xau X vi y cho xy 1 xau tao nén bing cdch viét ti€p xau y vao xau x.
Vidu: cho x = abra, y = cadabra, khi d6 xy = abracadabra. Khi chitng minh
cdc ket qua v€ xau ngudi ta thuong dung dinh nghia d¢ quy.

Vidu 4 : Dinh nghia dé quy cla tap cic x4u.

Gia sir 2 * 1a t4p cdc x4u trén bo chif cdi 2. Khi dé X* duge dinh nghia
bang dé quy nhu sau :

e A € T*, trong d6 A 1a mot xau rdng (khong c6 phén tit n2o) ;

epXcr*nfuwe 2*vaxe .,
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Phén déu clia dinh nghia n6i ring xau réng thudc X*. Phdn sau khing
dinh mét xdu méi tao nén bing cdch ghép mot ki ty clia ¥ véi mot x4u clia 2*
cting thudc 2 ¥,

D¢ dai clia xau, tic 1a s6 ki tir trong x4u, cling duge dinh nghia bing dé quy.
Vi du 5 : Hiy dinh nghia bang dé quy do dai ciia x4u o.

Gidi : Ta ky hieu do dai chia o 12 1(w). Khi d6 dinh nghia d¢ quy cia (o)
nhu sau :-

e 1(X) = 0, trong d6 A 12 xau réng ;

elwx)=lo)+ I nfue T*vaxe X

Vi du 6 ; Sir dung quy nap toan hoc chilng minh

I(xy) = Ux) + Ky)

trong d6 x va y 1a cdc x4u thudc X*.

Gidi : Goi P(y) 12 ménh dé 1(xy) = I(x) + 1(y) vdi x, y thuc Z*.

BUGC €O SO : D& kié€m tra ring P(X) 12 diing vi

1(xA) = I(x) + 0 = 1(x) + I(A) Vi moi xau x.

BUGC QUY NAP : Gia sir P(y) 1a ding, ta phai chitng minh P(ya) diing véi

moi a € 3, tiic 1a I(xya) = 1(x) + 1(ya). Theo dinh nghia d¢ dai clia xau ta c6 :
I(xya) =1(xy) + 1 val(ya) = (y) + 1

Theo gi thiét cha phép quy nap I(xy) = 1(x) + 1(y)
ta c6 l(xya) = I(x) + I(y) + 1 = I(x) + I(ya)

D6 1a diu cdn ching minh.

2.3. Cac thudt todn dé quy

DINH NGHITA : M§# thudt rodn dugc goi ld dé quy néu né gidi bai todn bdng
cdch riit gon lién tiép bai todn ban ddu t6i bai todn ciing nhi v@y nhung ¢6
dit heu ddu vao nhd hon.

Vi du 7 : Tim thuat todn dé quy tinh glé tria” vialasé thuc khic khong
va n la s6 nguyén khong am.
Gidi : Ta x4y dung thuat todn dé quy nhd dinh nghia d¢ quy ciia a", d6 12
n+l

a™! = a.a" véin > 0 va khin = 0 thi 2° = 1. Vay dé tinh a" ta quy vé céc
trudng hop ¢é s6 mii n nhd hon, cho t6i khi n = 0. Xem thuat todn 1 sau day :

23



THUAT TOAN 1 : THUAT TOAN DE QUY TINH a"

Procedure power (a : s6 thuc khic khong ; n : s8 nguyén khdng ém) ;

if n =0 then power(an) =1

else power(a,n) := a * power(a, n - 1)

Dinh nghia dé quy biéu dién gid tri cia ham tai mot s6 nguyén qua gid tri
clia né tai cdc s6 nguyén nho hon. Didu nay cé nghia 12 ta c6 thé xay dyng

mot thudt todn d¢ quy tinh gid tri-cha ham duge dinh nghia bang dé quy tai
moét diém nguyén.

Vi du 8. Thu tuc d¢ quy sau day cho ta gid 'tri clia n ! v6i n nguyén duong.

THUAT TOAN 2 : THU TUC DE QUY TINH GIAI THUA

Procedure factorial (n : nguyén duong)

if n = I then factorial(n) := 1

else factorial(n} := n * factorial{n — 1)

C6 cdch khéc tinh ham giai thira clia mot s6 nguyén tir dinh nghia dé quy
cha né. Thay cho viéc ldn Jugt rit gon viéc tinh todn cho céc gi4 tri nhd hon,
ching ta c6 thé xuét phdt tir gi4 tri cha ham tai 1 va 14n lugt 4p dung dinh
nghia d¢ quy dé tim gid tri cha ham tai cdc s6 nguyén lén din. D6 12 thi tuc

Idp. N6i céch khéc dé tim n ! ta xuéit phat tirn ! = 1 (véi n = 1), ti€p theo ldn
lugt nhdn véi cdc s6 nguyén cho tdi khi bing n. Xem thuat todn 3 ;

THUAT TOAN 3 : THU TUC LAP TINH GIAI THUA

Procedure iterative factorial (n : nguyén duong) ;
x:=1;

fori:=1lton

xr=i*y

{xlan!}

2.4. Tinh diing dén clia chuong trinh

Md din

Gia sir ring chiing ta da thi€t k€ dugc mot thuat todn dé gidi mot bai todn
nao dé va da viét chuong trinh dé thé hién né. Liéu ta c6 thé tin chic ring
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chuong trinh c6 luén ludn cho 131 gidi ding hay khong 7 Sau khi tit ca cic sai
s6t v& mit ci phdp duge loai bd, chiing ta ¢6 thé thit chuong trinh véi cdc ddu
vao mau. Tuy nhién, ngay ca khi chuong trinh cho k&t qua ding vdi tdt ca cdc
ddu vao miu, né vin c6 thé khong ludn ludn tao ra cdc ciu tra 13 ding (trir
khi tdt ca cdc ddu vio ¢6 thé da duge thir). Chiing ta cdn phai chdng minh ring
chuong trinh luén luén cho ddu ra ding.

Kiém chitng chirong trinh

Mot chuong trinh goi 12 ding ddn né€u v4i moi ddu vao kha di, né cho ddu
ra ding. Viéc chitng minh tinh diing din clia chuong trinh gém hai phin. Phdn
ddu chi ra ring néu chuong trinh k€t thic thi nhan duge két qui ding. Phén
nay xdc minh tink diing ddn bo phdn cha chuong trinh. Phén thit hai ching to
chwong trinh luén ludn 1a két thic.

Dé dinh 16 thé n2o 12 mot chuong trinh cho thong tin ra ding, ngudi ta
thudng dung hai ménh d¢€ sau :

— Thi nh4t 12 khing dinh d4u, n6 dua ra nhilng tinh ch4t ma théng tin ddu
vio cdn phai cé. _

~ Ménh dé thit hai 14 khdng dinh cuéi, né dua ra nhitng tinh ch4t ma théng
tin ddu ra cdn phdi c6, tily theo muc dich cla chuong trinh. Khi kiém tra
chuong trinh cdn phdi chuin bj cdc khing dinh ddu va khing dinh cu6i
thich hop.

DINH NGHIA : Chuong trinh hay doan chitong trinh S duoc goi la ditng ddn
b phdn déi véi khdng dinh ddu p va khdng dinh cudi g, néu p la diing véi cde
gid tri vao cia S va néu S két thiic thi q la diing véi cde gid tri ra ciia S. Ky
hié¢u p{S}q c6 nghia la chuong trinh hay doan chuwong trinh S 1a diing ddn bo
phén doi véi khdng dinh ddu p va khdng dinh cudi q.

Chii y : Khéi ni¢ém ding dén bo phan khong dé cap t6i viéc chuong trinh
c6 két thiic hay khong. N6 chi nhim kiém tra xem chuong trinh ¢6 1am duge
cdi ma né dinh lam hay khéng, né€u né két thic,

CAU LENH PIEU KIEN

Trudc tién, ching ta sé& trinh bay nhiing quy tic suy ludn d6i vdi cau 1énh
diéu kién. Gia sir mot doan chuong trinh ¢é dang :

If diéu_kién then
h)

trong dé S 1a mét khéi 1énh. Khéi S s& duge thi hanh néu diéu kién 1a ding va
S s& khong duge thi hanh néu diéu kién 1a sai.
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Tuong tu, gia sir mot doan chuong trinh ¢6 dang :

If diéu_kién then

S;
else

S$2
Néu diéu kién 1a ding thi §; dugc thi hanh, n&u diéu kién 1a sai thi S,
duge thi hanh.
BAT BIEN VONG LAP

Tiép theo chiing ta s& trinh bay cdch chimg minh tinh ding din cha vong
lip while. D€ xay dung quy téc suy luan cho doan chuong trinh dang :

while diéu_kién
S
Hay luu ¥ rang S duge lap di 1dp 1ai cho t6i khi nko diéu kién trd nén sai. Ta

goi mot diéu khing dinh nio 46 1a bdt bién vong ldp néu né vin con ding sau
moi 14n S thi hanh.

ITI - QUAN HE HAI NGOI

3.1. Khéi niém vé quan hé hai ngdi

Gid sir cho tap X khdc rdng va mot tinh chét R dugc thda man véi mot
s6 cip phan tr a, b ndo d6 cha X. Khi d6 ta néi a c6 quan he¢ ® vdi b va V1é't
a®R b, con R duge goi 12 mot quan hé hai ngdi trong X.

Vidu:

1) Trong tap R moi s6 thuc, quan h¢ "a = b" hodc quan h¢ "a <b" 12 quan
hé hai ng6i. ' '

2) Trong tap moi dudng thing trén mat phing, quan hé vubng géc giita hai
dudng thing 12 quan hé hai ng6i.

3) Trén tap N* cdc s6 nguyen duong, "a 13 udc sg ciia b" 12 quan he hai ngéi.

4) Trén tap P (E) cic phan tap ctia tap E quan hé bao ham A c B la quan
hé hai ngéi.
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k)

3 2 Céc finh chﬁi cd thé ¢é cla gquan hé trong mdt 1Gp hop
_ _Quan he R trong tﬁp X (thc R X?) c6 thé ¢6 céc tinh chat sau g
'I._— Tinh ph'a"ml Xa: a.Q'a VaeX (tli'c lAa,a) e RVae X)
- Tia d6i ximg : a® b = b® a (tic 14 néu (a, b) < ® thi (b, 2) € R)
— Tinh phan d6i xing : (aRbva bR, ) > a=b

—Tinh bic cdu: (aRb) va (bRc)=>a R ¢

Vidu: "

- Ti'ong tap hop P(X) cdc phan tap clia tap hop X quan hé bao haim A = B
¢6 tinh phan xa, phan d&i xiing va bic cdu ma khong c6 tinh d6i xing.

— Trong t&p hop moi da thic clla mot bién s6 thuc, quan hé bing nhau c6
cdc tinh ch4t phan xa, d6i xing va bic cdu.

Cdc quan h¢ dinh nghia trong cdc muc duéi diy rdt quan trong trong nhiéu
linh vye toan hoc.

3.3. Quan h§ tuong duong

- Quan he¢ ®_ trong tip X goi 12 quan he twong tuong n&u né cb tinh phan
xa, dd1 xuing, bac ciu.

Trong trudng hop nay, ta viét a ~ b thay vi a®_ b.

Vl du : Quan h¢ song song giila cic dudng thing frong tap moi dudng
thing ‘cla khong gian (coi 2 dudng thing tring nhau 1 song song) ; quan he
dong dang giita cdc tam gifc ; quan hé ciing tinh clia mot tap hogp dan mot
thaph phd la cdc vi dy tryc quan cia quan h¢ tuong duong.

Cac l6p twang duong :

Gia sir ~ 1a mot quan hé tvong trong X. V6i mdi phan tira € X, ta ky hiéu
C(a) I tap hop moi phén ti¥ thuoc X tuong ducmg v6i a va goi né 1a 16p tuong
duong chira a.

C(a) = {x € X{x~a)
Do tinh phan xa a ~ a nén médi tap con C(a) khéng réng. Hon nita néu
C(a) N C(b) # @ thi C(a) = C(b).
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That vay, gia sitc € C(a) m C(b), thita cé:
¢ e Cla)vac e C(b)

Tifc la ¢ ~a vd ¢ ~ b, hay b ~ ¢ ~ a. Tir d6 do tinh ch4t bic cdu, suyrab ~ a,
vay b € C(a).

Lap ludn tuong tu ciing cé a € C(b), tic 1a C(a) = C(b}.
Tir dé rit ra duoc dinh 1y : |

Mot quan hé tuong duong trong X xdc dinh mot phan hoach cia X, méi
phén tir ciia phan hoach nay la mot 16p tuong duong.

Ho cdc 16p tuong duong nay duge goi la tap thuong, ky hiéu X/~.
Vi du : Trong tap cdc s6 nguyén Z.
Xétquanhe R: aRboa-b=2pvéia,b,peZ.

Tacé:
(a® a) a—-a=2p {p=0) phan xa
(a® b) a-b=2p—> (b-a)=-2p(bRa) d6i xing
a-b=2p,b-c=2q
Da-c)=(@-b+b-c)=2(p+q) bic clu

Vay ® la mot quan hé tvong duong.
Tacé:a=b+2p
— Lép tuong duong dng v6i b = 0 1a cdc s6 chan.

— Lép tuong duong dng v4i b = 1 14 cac s0 1é.

3.4. Quan hé thi ty
DINH NGHIA : Quan hé Rtrong X goi la quan hé thit ty (hay quan hé bé
phdn) néu cé tinh phdn déi xing va bdc cdu.

Né&u ngoai ra v&i bat k¥ hai phdn titndo x € X,y € Y déu ¢6 xR y hoic
yR x thi ® goi 1a quan hé thi tv toan phin (hay thit ty tuyén tinh).

Khi ® 12 mot quan hé thd ty trong X ta néi X dugc x&€p thi ty bdi & va
thay vi xR y ta vi€t x < y va doc "x bé hon y" hodc "x di truéc y". Ta ciing
Vit y 2 X va doc 12 "y 16n hon x" hodc "y di sau x".

Néux <yvax=ytavi€t x <y (hayy > x).
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Vidu :

¢ Quan hé¢ < hoidc < thong thudng trong tap hop céc s6 thuc 1a quan hé thi
tu toan phdn, R 14 tap dugc sip thir .

e Quan he bao ham < trong tap @ (X) moi tip con cla tap X 1a quan hé
thit tu b¢ phan. Tuy nhién né khong 1a thi ty todn phén.

* Quan hé "a : b" tiic a 12 boi 56 chia b trong N* 13 quan hé tha ty bo phan.
Tap X trong d6 di xdc dinh mot quan hé thy tir got 14 tap duge sdp xép.

IV — ANH XA

4.1. Binh nghia

Cho X va Y 12 hai tap hgp khdc réng. N&u c6 mot quy tic f iing méi phdn
tir X € X v&i mdi phdn tir y € Y thi ngudi ta néi c6 mot ﬁnh xatir X vao Y, k¥
hieu f: X —» Y hodc

xeX>veY

Tap X goi 1a mién xdc dinh hay nguén cia dnh xa, tap Y g01 12 dich cila
anh xa.

Phén tr y € Y ing v6i phdn tir x € X bdi quy tic da cho goi 1a 4nh cia
phin tir x, k¥ higu y = f(x).

N6i riéng khi X va Y 1a cdc tap hgp s6 thi khéi niém énh xa trd thanh kh4i
niém ham s6.

Chof: X > Ylamotdnhxatr X vioY
AcXlatipcon cia X
BcYlatdpconcuaY _

Ta goi 4nh clia A bdi f 1a tap con cila Y x4c dinh bt :

f(A) = {f(x) | x € A}

bic biét f(X), dnh cha mién xdc dinh X du‘ac goi 12 mién gid tri cla dnh
xa f va k¥ hi¢u bdi : :

f(X) = Imf
Nghich dnh ciia t4p con B < Y b&i 4nh xa f 12 tap con clia X x4c dinh béi :

£ 1(B) = {x € X | f(x) € B}
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Khi A = {x}, B = {y} ta viét f(x) thay vi f({x}) ; f_l(y) thay vi f_l({y})
va goi van tat 1 dnh clia x va nghich dnh clia y theo trinh ty tuong ing.

Cin dé § 1a f 1(B), B # ¢ c6 thé 12 tap réng.

4.2. bon anh - todn anh - song é@nh
Trong s6 cédc 4nh xa, cdc dnh xa du6i day giif vai trd quan trong :

— Anh xa f goi 1a don dnh néu f(x,) = f(x,) thi X, = x, néi cich khac hai
phin tir khdc nhau s& c¢6 dnh khdc nhau.

— Anh xa f goi la todn dnh néu £(X) = f(Y), néi cach khac ¥y e Y déu tén
tai X € X sao cho f(x) = y.

— Mot dnh xa vira 1a don 4nh vira 13 toan dnh goi 12 song dnh. Ta cling got
né 12 4nh xa mét 461 mot (dnh xa 1 - 1).

Néu f: X > Y 12 don 4nh thi f : X - Imf s& 12 todn dnh va do d6 12
song anh,

Anh xa f : X — X cho boi f(x) = X VX € X, goi 12 4nh xa d6ng nhat trén
X, ky hieu 1a iy. Dé thdy iy 12 song dnh. Trudng hop X = R 13 tap moi s& thuc
thi iz chinh 14 4nh xa y = x thong thudng.

Vidy:

1) Anh xa x - f(x) = x” tiX R vdo R 12 mot don énh.

2) Anh xa x - f(x) = ¢" 1a don 4nh, con dnh xa x — f(x) = 2x + 3 1A song
anh.

3) Anh xa x — f(x) = arctgx tir R vio R 1a don 4nh ; ciing 4nh xa d6 tir R
vao khodng més (—%%J lai 12 song 4nh.
4.3. Anh xa hgp clia céc énh xq

Cho2dnhxa:X > Yvig:Y>2Z

Anh xa h : X - Z xdc dinh bdi Vx € X, h(x) = g(f(x))
duge goi 12 hop thanh cha cdc 4nh xa f va g, k¥ hiéu h = gof theo thit trr d6, h

con goi 12 dnh xa hop hay tich cia cdc dnh xa fva g.
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| Vidu:fvaglacicanh xatr R vaio R badi ¢
f(x) = sinx, g(y) = y°
Thi : (20f)(x) = (sinx)* = sin’x
Con : (fog)(x) = s'in(xz)
Tir dinh nghia, suy ra tinh chét :

a)Né’uf:X»Y.g:Y—eZ;k.:Z—)-S
thi ko(gof) = (kog)of : (tinh két hop)

Do tinh ch&t ndy, ¢é thé m& rong phép todn hop cdc 4nh xa tir hai sang mot
s6 hitu han dnh xa cho trude va ky hiéu kogof ¢4 ¥ nghia hoan toan xdc dinh.

b)Giasuf: X ->Yvag:Y — Zlacic dnh xa thi:
— Néu f vd g déu 13 don 4nh thi gof 14 don 4nh.

— Néu f va g déu 12 toan dnh thi gof 14 toan 4nh.

— Néu f va g déu 1a song 4nh thi gof 1a song énh.

4.4. Anh xa nguoc (cia mot song anh)

Gia st f : X = Y 12 song 4nh, thi vdi bat k¥ v € Y déu tén tai duy nhat
mt phan tit x € X sao cho f(x) = y.

Anhga f 1Y — X xéc dinh bdi :
—1
f (y=xoy=1ix)
goi 12 anh xa ngugce cia f.

Ta ciing. thay 4nh xa nguge cha f | lai 12 4nh xa f, vay fva f | Ia cap song
dnh ngugc cia nhau,

Trong tridng hop rieng khi Y = X vaf ' =fnghia A f '(x) = f(x) Vx € X
thi f goi 12 4nh xa "néi quy" (involution) hay dnh xa d&i hop.

Chéng han néu Ry 1a tap moi s6 thyc khédc O thi 4nh xa f : Ry — Ry xéc

dinh bdi f(x) = % 13 dnh xa ndi quy.

Anh xaf: R — R boi f(x) = x° ¢6 4nh xa ngugc lay= ¥x.

Anh xa f: [-g g] > [~1, 1] bdi f(x) = sinx c6 4nh xa ngugc

~1 .
f "(x) = arcsinx.
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Néu f : X — Y 1a song 4nh thi 4nh xa hop f 'of 12 4nh xa déng nh4t trén
X, tic 1a :

1 lof = iy
Tuong ty f lof = iy 12 4nh xa déng nhat trén Y.
Néuf: X > Yviag:Y -'ZI1acdc song dnh thi gof ciing 12 song 4nh va :

(gofy " = flog™!

4.5. Thu hep vé mad dng mdt &nh xq
Gia sit f: X — Y 12 mot dnh xa, A < X 1a t4p con thuc sy clia X.
Anhxag:A - Ybdi g(x) = f(x) ¥x € A goi |3 thu hep clla 4nh xa f trén
tap A, taky hiéu g =1f,.

NéuX' < X, X' # X thi 4nh xa X' - Y sao cho h(x) = f(x) Vx € X goi la
md rong cua f 1en tap X.

Ta ciing nhan th&y 12 mot 4nh xa f cho trudc c6 thé tén tai nhiéu md rong
cla no ngay ca khi tdp X' duge hoan toan x4c dinh. '

BAI TAF

A - Bal tap cd [di gidl
.Bai 1.
Cho haitaphgp X va 'Y
a) X4c dinh céc tap hop : _
A=XNXUY);B=XUXAY)
b) Chitng minh ring diéu kiéncdn va da dé X =Y 1a :
XmnY=XuUY
Gidi : .
a)Tacé: XcXuY-oXnXuY)vayA=X
‘ B=XuXnY)=(XuX)nXuY)

=XNn{XuY)=A=X
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b) Cdn : X=¥->2XnX=XuX
D Giasircod XNnY=XuY
>XuXnY)=XuXuY)

=XuY¥=>X=XvY _ (1)
XnY=XuY > YnXnY)=YNnXuvuY)
_ SY=XNnY (2)
Tir (1) va 2y suyraX = Y |

- Bai 2.

Chiing minh rdng :
aA)Ax(Bul)=(AxB)u(Ax(C)
BD)Ax(BNC)=(AxB)yn(Ax(C)

Gidi :

a) Ta 14ap luan theo cach bao ham 2 chiéu :
Chidu= : Liy (x,y) e Ax(BuC)tacé:

XeA ﬁ(x,y)EAXB
yeBUuC (xeB hay ye() hay (x,y)e AxC

= {x,y) e(AxBYU(AXx()
ViyAx{(BUuQc(AxByu(AxC) (1)
Chidu < : Loy (x, y) € (A x B) U (A x C) 6 :

(x,y) € (A X B)

A XxeA
hay = =
yeB hay yeC ye BuC
x,y) e (AxXC)

= (x,y)e Ax(Bw()
Vay(AxBlu(AxCO cAxBuU() (2)
Tir (1) va (2) ta cé diéu phai chiing minh.
b) Chidu = : LIy (x,y) e Ax (BN C)tacd:

XehA (x,y)e AxB
—1 =
yeB hay yeC via (x,y)e AxC

. >, y)e(AxByn(AxC)
VayAx(BNnCO c(AxByn{(AxQ) (3)
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Chidu=:Liy X, y) e (AxB)Nn{(AxC)cH:
xe A €A

= =
yeB va ye(C yeBnC

=X, yeAx(BnC)
Viy(AxB)Nn{(AxCcAx(Bn Q) 4

Tix (3) va (4) ta c6 di€u phai ching minh.
Bai 3.

Xau bit d6i v6i cc tap hop {1, 2, 3, 4, 5} va {1, 3,7, 9] 1a 11111 00000
va 10101 01010. Dang cédc x4u bit d€ tim hgp va giao clia 2 tap hop trén.

Gidi :
Xau bit d6i v6i hop cha hai tap 12 ; '
11111 00000 v 10101 01010 =11111 01010
va xau nay tuong tng véi tap {1,2, 3,4, 5,7, 9}
Xau bit déi v6i giao cla hai t4p nay 1a :
11111 00000 A.10101 01010 = 10101 00000
va xdu nay tuong ng véi tap {1, 3, 5}.
Bai 4. |
Giai cic phuong trinh sau trong trudng s6 phitc C.
Dz + (@4 -60)z-—9-15i=0 -
NP=5-12i
3) 1—z+z2—z3=0
. Gidi :
1)Z°+(4-6Dz-9-15i=0
A'-—-(2—3i)2+9+15i=4-9—12i+9+15i_=4+3i

= (a + ib)? = a2 + 2abi — b° = (a® — b?) + 2abi

a2 _bz =4 (1)
2ab = 3 )
RINEIN e ®
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Cong (1) va(3) tacé;

2a2=9=>a2=—22=a=i3—;=>b=i%(a b ciing dau)
NN E AR i
—(—2+3l) {—-+ITJ-5(3JE )+-?:(6+\/_)

2)z = (a + ib) 2 = (5 - 12i)
(a + ib)” = (5 - 12i)

aZ + 2abi - b2 = (a% — b2) + 2abi = 5 - 12i

al-b2=5 (1)
= 2ab=-12=>ab=—6 (a,b tréi dfu) )
' a2 +p2 =13 3)

Cong (1) va (3) ta c6 2a° = 18 => a2 =9
= a=13b=712

z;=3-2i

Zp==3+2i
3)1—z+zz—z3=0

V€ trdi 12 mot c4p s6 nhan v6i cong boi 1a (—z). Vay phuong trinh ¢6 thé
viét ; .

1-2z* 4 .
172 =0 hay 2" =1 vii z=#-1

Ta duoc 3 nghiém 12 can bac 4 cita 1 vA phéi khdc ~1, nghia Ia :

Zg=1,21=1,zy = ~i

Bai 5. |
1) Thi€t 1ap déng thitc sau cho z; vA z, trong C :

’ZI + 32'2 -+ Izl - Zzlz = 2([21'2 + [zz|2) (l)
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2) z va 7' 1a cdc 56 phic. Ching minh ring :
|z + Vz? - 22 | + |z - Vz? ~z2 |=lz+2]+]z _—’;‘| ~2)
" Gidi :
1) Theo dinh nghia

|Z|2=Z.E, (Zl‘l'Zz) =2z + ‘ZZ

tacd: _
2y + 29)* = (2 + 22) (7 + %)
=2+ +7, ) +2,7;
|z —32|2=(31—22)(-Z‘1 -n)
=40+ 215 -57
do dé :

2 2 _ -

21 + 25" + (2] — 29| = 2z 7 + 2, D)
: 2 2
= 2(|zyf" + |23])

2) Bt |zg] = jz + V22 =22 ), |zg] = [z — V22 - 22| (3)

Theo (1) tacéd :
2 _ 1 2,1 2
fzil2 +|z," = ‘i"zl + 25" + §|ZI k7]
2 2
= |zy|” + |z,
%|(z+ V22 =22 )4 (2~ V22 - 272 )12+
+ -;—|(z+ V22 —2?) - (z- Vz? - z2 )I2
%pu?+%p4£—zaﬁ

= 20z + 2)2% - 2%

Mit khdc ta cé :

Il

2 2 2
(zy| + 122D = |2, " + [25]" + 2I2{| |2z
= 2lz[2 + 2|z2 - z'2| + 2}z + \fzz -2z2 .| Iz - vzt -z |
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Tacéd
|z + Vz2 -z'zllz— NP [
= [(z + Vz* -z'z)(z— Vz? - 27?2 )

= 122 _ (z2 2)| = IZ.ZI
(24| + Iz = 202 + 2127 - 27 + 242
= 2422 - 22+ 202 + 2D
theo (1) ta ¢cé :
Iz +1z]P =z + 2 + |z - 2
=222 -2tz 2+ -2
=(z+ 2|+ 1}z - z)?
Ldy can bac 2 ctia 2 v€ va luu ¥ 16i cich dat (3) ta ¢6 diéu phai ching minh.
Bai 6.
Giai trong trudng s6 phic C phuong trinh sau :
(z + l)h = ¢2ina (1)
Gidi :
Tacéd (z + 1)n= (czm)n .1

Mit khac ky hitu oy (O<k<n-1)laciccanbacnchaltacéd:
. 2k=m

2
oy = cos-—-k—n+1sm—-— k=01,..n-1
n n
p ix . . 2kxn
Theo cong thiic Evler ta c6: e = cosx + i sinx, viy v6i x = - taco:

oy = e2llu'l.\\'1'1 |

va cdc nghiém cua (1) 1a:

2i a+E '
Zsa) 2ikn/n _ =e !

o3l

Zk+1 (e
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:>Zk

[1—cos[2[a+H)]+isin[2[a+E]]
n n
~25m2(a+EJ+isin[2(a+EJ]
n -n
—2sm2[a+H)+2lsm[a+——Jcos(a k—-]
n _ n
( o R R O]
—2sin}a+— a+—f—icos a+——
{0 n
kn . . k
n 1sq1 a+— +cos a+—-

- i(a+£‘-)
7, = 2isin[a + k"]e "/ k=0,,.,n-1

Bai 7.
Chitng minh v6i moin (n € N) ta ¢é :

?+2% +..4+0% = “("“L(zn“) m

“2isin

Gidi :
That vay
a) V4in = 1 thi hai v€ bing nhau va bing 1.

b) Gia sir ddng thac (1) dirig véi moi n <k, ¢6 nghla 12 v&i moi n £ k
tacéd:

c) Ta phai chitng minh (1) diing v6i n = k + 1, ttrc 12 phai chtng minh :
(k +1)(k +2}(2k +3)

6
That vay véi n = k, theo gia thist quy nap ta c6 :

24224 4k 4 (k+1)? =

12 +22 +...4.-k2 = k(k+135(2k+1)
Do d6 ta c6 : |
2+22+ 4% +(x+1) = k(kHL(ZkH) +{k+1)?
_ (k+1)(k+2)(2k +3)
6

Viay ding thic ding v6i n = k + 1, do d6 (1) dugc chitng minh.
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Bai 8.

Chttng minh ding thic sau ding vé6imoin>1,a> -1 via = 0.
(1+a)">1+na : (1

Gidi :

a) VGi n = 2, khi d6 v€ trdi ctia (1) 16n hon v€ phai cba (1). Vay (1) ding.

b) Gia sir (1) diing véi moin <k tdc 1a véik > 1 vin <k thi ta c6 :
(1+a)">1+na (2)

c) Ti€p theo cdn chitng minh bét ding thitc diing véin = k + 1, tic 12 cdn
phai chitng minh

A+ >1+&+1)a (3)
Thatvayvi(l+a)>0vatr(2)tacéd:
A+ =1+ a0 +a)
vay (1+ !
Ta bién ddi

> (1 +ka)(1 + a) (4)

I+ka)(l+a)=1 +ka+a+ka2_> 1+ +k)a,vika2>0 (5)
Tir (4) va (5) suy ra (3) diing va do dé b4t ding thic di dugc chitng minh.
Bai 9.
Mot day s6 ag, a,, ay, ..., &, ... €6 tinh ch4t sau : ag=0,a,=2a, | +3

v6i moi n 2 1. Khi d6 ta c6 thé x4c dinh dugce s6 hang a,, t6ng quat clia day sé
trén nhu sau :

Trude hét chon cdc 58 o, oy sao cho:

(g — o)) = 0ty — 0tp) (1)
Gidi :

Tu (1) suy ra a, = opa,_| — 00y + O -

R& rang cdc s6 o, o, phai thda mén hé phuong trinh :

oy =2
o) =ty =3

Tu hé tréntacdngay oy =-3, 0, =2. Ditq,=a, — o, vdinz 1. Suyra
Gy, = 03.q,-; V6in =1 va q) =6, trdS tacé q, = q;. azu_l. Viya,-a; =
g a" Lsuyraa, = o +q. " L=62"1 -3
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Mot chuong trinh con dé quy dé tinh s6 hang tdng qudt a, duge minh hoa
nhu sau : '

Function fu(n : integer) : integer ;
BEGIN

ifn=0thenfn:=0

else fn :=2*fn(n-1)} + 3 ;

END
Bai 10.

Mot ddy ag, a|, ay, ..., a,, ... cO tinh chitsau: ag=0,a;=1; 2, =3, |+a, 5
v@i moi n = 2 dugc goi 1a day Fibonacci. Nhu vay day Fibonacci la day 0, 1, 2,
3,5,8, 13,21, ... vh vdi n 2 2 ta c6 thé tim dugc 6 Fibonacci thit n néu biét
s0 Fibonacci thitn — 1 van - 2.

Bing quy nap todn hoc ta d€ dang ching minh dugc rdng véin = 0
ao = L2 | - L(5
Tuy nhién cong thiic trén cé thé tinh tryc ti€p nhu san :
. Trude hét ta hiy tim mot cap sé o, o, sao cho:
ap = 03— = (8- — & ap-3)
suy ra a, = (0 + agla | — G 0pa -0

R& rang cédc cip sé oy, oy thdoa méin hé phuong trinh :

o tag =1
Gy =-1

Khi d6 o, o5 s& 1a nghiém cia phuong trinh X2 x- 1 =0,dovaytacd

1+J§a 1-+5
2 2

thé chon oy =

2= .Datq, =a, —a;a,-.

Khi d6 q, = 0q,—; ¥6in 22 viq = 1. Tacé gy = a," .

Vay a, - aqa,.; =0y ! suyra ay = Qya,— + oy
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ay = oyay +C(2 (1)

‘a3 = Oljay + O3 (2)
a = ogay+ o (3)
a,—) = 0y, + a'zl"z ' {(n-2)
a, = yag— + ! (n-1)

Khi nhan hai v€ cba ding thic (n - 2) véi a,, ding thic (n - 3) véi o.% s
ding thirc (1) vai a|11-2 va cOng lai theo timg v€tacé :

n n

- - - aj ~a

a, =af Ta; +al%a, + ..+ 0f 30'%=—&LTZ
1= %2

n n
1 (1+J§) 1(1—J§) g . )
Viya, = —=|———] - —=| —=—=] vd&inz=2; Tuynhién cong thic

| ndy ciing ding v8in 2 0. _
Chuong trinh con d€ tinh s6 hang tdng quit thi n ¢6 thé dugc viét nhy sau :

Function fn(n : integer) : integer ;

Begin
ifn<=1thenfn:=n
elsefn:=fn(n—-1) + fn(n-2);
End ;
Bai 11.

Xét 2 tap c6 thit tu E va F, trong d6 thit ty cho bdi < 1 trén ca 2 tap. Hay
xdc dinh quan he R sau diy. Xéc dinh trén E x F c6 phai 13 quan hé thi
ty khong ?
x<x'

{ » 1
%y RE,y) {hay(x =x vaysy)

Gidi :
a)Phinxa: (x, ) R(x,y)vix=xvaysy
b) Phan déi xiing :
(x1, Y1) R (xg0 ) VA (oo v2) R (x5, ¥
= (X1, Y1) = (X2, ¥2)
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— Xét x| < X5 (hay x, < x{). Diéu nay khong thé xdy ra vi ta s& khong ¢6
(x1, ¥1) R(xs, yp) va (X3, ¥7) R (x{, y1) cing mot lic,

Xy =X

—Né’ux1=x2vay15y2vé{
Y2 &)1

khi d6 X, =%, va y; = ¥5.
¢) Bac cdu :
(x5, ¥1) ER1(1(2’ ¥7) va (X2, ¥2) ER'(X3; ¥3)
=?> xp, yp) Rx3,¥3) 7
Ta xét t4t ca cdc trudng hgp cb thé xay ra :
— Néu x| < X5 va X5 < X3 khi d6 x; < x3
— Néu x| < X; va (X = X3, ¥ £ ¥3) khi d6 x; < x4
- Néu (x| = xz Y1 S¥q) VA (X, < X3) khi d6 x| < x5
~ NEu(X] = X3, ¥ SY2) VA (X9 =X3,¥25Y3)
khi d6 (X, = X3, y| < ¥3)- |
Bai 12. | ,
Cho F: E —» F va T la anh xa tuong duong trén F.
Ngudi ta xdc dinh quan he KR trén E béi _XER,Y S f(x)T f(yl)
Chifg minh ring R ciing 12 quan hé twong duong.
Gidi : |
a) Phan xa 'cﬁé_fﬁ :
f(x) € F, vi T 1a phdn xa trén F = f(x) T f(x) = xRx
Vay R 1a phan xa.
b) Dsi xiing cha R : gia sir xRy
Tacé : xRy < f(x) T £(y)
Vi T la d6i xing = f(y) T f(x) © yRx

Vay xRy = yRx.
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¢) Bic cdu ciia R :
Gia st xRy va yRz

xRy & f(x)TE(y)
Tacé: va

yRz & f(y)Tf(z)
Bai 13.

Cho f 1a mot 4nh xa tir E vao F.

Chitng minh rang f 12 toan dnh khi va chi khi d&i véi mbi tap G va véi céc
dnhxagvahbdtky ti F vio G, tacé :

gof=hof=>g=h (1)

Gidi :
Theo gia thiét :

f:E»>F; g h:F>G
Cin (=) : Gia sit f 12 toan 4nh vao gof = hof.
¥y eF,3x:y = f(x) }
g(y) = gof(x) = hof(x) = h(y)
P (<) Gia sircé (1)

Béing phan chimg, gia sit f khong phai toan dnh. Cho C va C' 1 hai phdn tlr
khdc nhau cia G. Ta chon :

g: VyeF, g(y)=C
Vy e f(E),h(y)=C
Vy ¢ f(E), h(y) = C (Do gia thuyét f khong phai 14 todn 4dnh)

Tacéd .
¥x € E, f(x) =y € f(E) = gof(x) = hof(x)

(Vig(y) =h(y) =C, Vy € f(E))

Nhung theo céch chon : g # h diéu nay mau thudn véi (1). Vay f phai la
toan dnh.

Bai 14.
Cho f 13 mot anh xa tir E vao F.

Chimg minh ring f 12 don 4nh khi va chi khi v6i m&i tap D va v6i céc 4nh
xagvahttDvioEtacé:

fog=foh=>g=h ' (1)
Cén (=) : Gia sir f 13 don 4nh va fog = foh.
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Khi d6 :
vz e D: flg(z)] = f[h(z)] (do f 12 don 4nh) => gz)=h{z)=>g=h
bu (<) ; Gia st c6 (1)
Ta chon : g: VzeD glz)=x
h: VvVzeD  hz)=x"
Yze D fog(z) = f(x")
foh(z) = f(x™)
fog(z) = foh(z) = g(z) = h(z)
o fx)=fx")=>x'=x"
Vay f 1a don 4nh.

Bai 15.

Cho f 12 4nh xa tir Evio F.

A, B1a céc tap con clia E.
A', B' 12 cédc tap con ciia F.

Chimg minh rdng ta cé :
a) f(A v B) = f(A) W {(B)
b) f{A N B) < f(A) n 1(B)
va cho vi du d€ cé f(A m B) = f(A) N f(B)
of 'A'UB)=fAY U (B)
A AR =AY B
) A < £ (f(A)) ? Cho vi du dé c6 A = £ \(f(A))
Gidi : '
a) Lap luin theo ham 2 chiéu :

f(A uB) c f(A) v f(B)?
Giastye fAUB)=3Ix e (AUB):y=1£(x)

= 3x)(xe Ahayx e B): y={f(x) =y < f(A)

hay vy € f(B} => y € f(A) v f(B). .
Viy f(AuB)cf(A) v {(B)
*fAYUf(BYcf(AVB)?



Giasty e [f(A) v f(B)] = y € f(A)
hay y e f(B)y=(3x; e A:y=1(x)))
hay (Ix, € Ay =1(x,))

=>3Ixe AUB, (x=x, hayx=x,):y=f(x) =y € f(AUB)
Vay f(A) U f(B) = f(A U B) '
b)Gidstye flAnB) =>3Ixe AnB:y=1x)
@A) (xeAvaxeB) :y=1f(x)
=yef(A)vaye f(B) =y € f(A) " {(B)
* Vi du dé ¢6 f(A N B) = f(A) N £(B)
ChoE = {a, b,c} ; F= {1, 2} v xéc dinh bdi :
| f(a) = f(b) = 1 va f(c) = 2
Cho A ={a,c}] vaB=[b, ¢}

f(A) = £(B) = {1, 2} = F vay f(A) U f(B) = F
Mat khic : ' :
AN B={c}vay f(A N B)=1f(a) = {2} #F
Do dé f(A ~ B) = f(A)  f(B)
¢) Lap luan theo bao ham 2 chiéu
sl uBycf liayuf @)
Gidsixef ' (A'UB) = f(x) € (A' UB)
=f(x)e Ahayf(x) e B=>x ¢ (A"
hayx € f '(B) = x e [f (AY U (B)]
LAy U B cf (A UB)?
Cho xelf {AYUfB)] =xef (A)hayxef [(B)
= f(x) € A' hay f(x) € B'_
=f(x) e (A'"VB)
>xef (A'UB)
d) Lap luan theo bao ham 2 chiéu :
*f HA ABYc fHAY A E (B



1.
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Chox e f (A’ B) = f(x) € (A' ~ B)
=fx) e Avaf(x) eB=>xef (A)vaxef (B)
=xelf AN LBY]
Ay AT @Y A A B ?
Choxelf A)nf ' B)=xef {(A)vaxef (B)
Sfx)e Avaf(x) e B=f(x) e (A'nB)=>xef (A NB)
¢) Gidsitx € A = f(x) € f(A) = x € £ V[f(A)]
Chovidy: f:E—>FA=[0,2],E=R,,F=R f(x) = x°

) Y

o feomm e ST

L |

Hinh 1.9
£(0) = 0, f(2) = 4, f(A) = [0, 4] = B
A =f 'B)={x e Eldy e B,y = f(x)]
0eB=f '({0})={x € RIx> = 0} = {0}.

Bai tap tu gial

Cho A=1{1,2,3,4,5.6,7}: B=1{4,56,7,8,9,10};
C=1(2,4,6,8,10}.

Tim cdc tép sau

a)AuC B)ANB )ANBUC

dH(ANBUC e) ANB . f) AnB



- 2. ChoA{1,2,3} vaB={a, b}
Tim céc tip sau :

a)AxB b)Bx B
CtAx &

3. Cho A=1{1, ‘2, 3}, B={x,y} va C= {0, A, O, *} va cho cdc quan hé
Rtrén A x B, Strén B x C nhu sau :

R = {(1, %), (1, y), (3, x)}
S = {(x,0), (x, A), (y, 0}, (y. ¥)}
Hay tim quan he hgp T = RoS
Huéng dén : D€ tim quan hé hgp T = Ro$ ta sir dung dinh nghia sau :
| T = {(a, c)l 3,b € Bsaocho(a, b) € Rva (b, ¢c) € S}

4, .Tinh céc biéu thic sau :

a) (3 +51)(4-1) b} (6 + 11iM7 + 3i)
3-1 .16
<) 1S d) {1 + 2}

5. Dual +i vé dang lugng gidc, tinh (1 + )2
6. Giai cdc phuong trinh bic hai sau :
a)xl-x+1=0 By xP—2x+7=0

7. Giai hé phuong trinh ' .
B-1x+(4+2)y=2+6i
@+2ix -2 +3)y=5+4

8. Dung quy nap todn hoc chiing minh rdng :

3(511"']. _ 1)

a)3.5+35%4+.. 4+435%= v6i ¥n 2 0 va nguyén,

2
b) P+22+ . +n’= |:n(n2+ 1)] , vdi Vn nguyén duong.
)12+23+...+nn+1)= n(n—+1:)1,(p—+—2), v6i Vn nguyén duong.
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9.

Hiy tim f(1), f(2), f(3) va f(4) n&u f(n) dugc dinh nghia bing d¢ quy vdi
fl0O)=1vavdin=0,1,2, ..

a)filn+ 1)=Ff(n)+2
b) f(n + 1) = 3f(n)

c) fin + 1) = 2f®

d) f(n + 1) = [f)]? + f(n) + 1

10. Cho Z 12 tap t4t ca cdc s6 nguyén, xdc dinh quan h¢ R trén Z x Z bdi

R={(a,b)la-b=5kvéik € Z}
Hay ching minh ring R 12 quan hé twong duong.

11. Trong s6& c4c 4nh xa tir X vao Y dudi day, 4nh xa nio 12 don 4nh, t0an 4nh,

song 4nh ?

a) X =R, Y = (0, n), f(x) = arccotgx

b) X = (4,9}, Y = (21,96}, f(x) = x> + 2x - 3
c) X=Y =R, f(x) = 3x - 2Ixl

2

2 4

dX=R, Y= [Ol} f(x) =
_ 3 1+x° +X

12. Cho 4nh xa f : R — R bdi f(x) = x> ~ 3x + 2
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a) X4c dinh f(R).

b) Cho A = [-1, 21, x4 dinh £ (A).



Chuong 11
HAM SO VA MA TRAN

I -HAM SO

1.1. Kh&i niém t8ng quét
1. Pinh nghia

Chocictaphgp X, YR X, Y+, moténhxaftrt X vieY: X > Y
goi 12 mot ham s6 bién s6 thuc, anh y = f(x) vdi x € X goi 12 gié trj cha f, X.
goi 12 mién xac dinh, tap hop cdc gid tri {f(x)}, goi 12 mién gi4 tri cia ham s8.
Ta ciing noi f 1a mot ham xdc dinh trong tap hop X va 14y gid tri trong tap hop
Y. Dé don gian, ta cling néi ham y = f(x), x goi 12 bién s8 doc 'lap, ¥y goi la
bién s6 phu thudc.

Mot ham s6 y = f(x) c6 thé cho bing cic phuong phap khic nhau, tiy theo
f chi cich twong tng gifax € X vay e Y.

Néu f chi ra cdc quy tc tinh nhét dinh dé \ng véi méi x ta c6 mot gié tri
f(x) thi f goi 12 duoc cho bing mot céng thirc hay mot biéu thite giai tich, khi
dé mién xdc dinh X cba f s& tim dugc theo ¥ nghia cha cdc quy tic tinh.

Vidu :

Céc ham s6 sau day 12 cdc ham dﬁqo cho biing cong thic :
1) y = f(n) ¢6 mién x4c dinh 1a X = N, d6 1a mot ddy s6.
y= x* ¢6 mién x4c dinh X =R.

Iy= m,ycé)?nghiakhi«'l—xz20hay—2sx$2,

ham s& ¢6 mién xdc dinh 14 doan [-2; 2).
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1

V2 +x’

—x20v32+x>0hayx50vax>—2.Vayhﬁmsdcémiénxécdinh:

X:(*w;O]m(-2;+w)¥(—2:0]—

4yy=Jx+ y ¢6 nghia khi :

5)y = sinx,cd § nghia khisinx 20 hay2kn <x <2k + I)nr, k € Z,
nghia 12 mién xdc dinh clia ham s6 12 tap hop cdc doan [2km, (2k + 1)n],
(k € 2).

2 .
6) y=f(x)={x , khix<0

VX, khix >0
Néu ham y = f(x) duge cho bing méot cong thite nhung khong giai ra déi
vOiy : F(x,y) =0, Vx € X thi y goi 1a ham 4n cia x.

Truong hop y cho bdi mét cong thirc da duoc gidi ra d6i véi y éﬁng goi la
ham s6 hién.

Ngoai phuong phdp cho bing mot cong thic thudng ddng trong gidi tich,
mot hiam s6 c6 thé cho bing nhing phuong phap khic nhau, ching han cho
bing mot bang twong ing giita x € X, y € Y nhu cc bang s6 thudng dung,
hodc bang phuong phép dé thj.

2. D6 thi coa ham sé

Xét ham s6 £ : X — Y. Goi d6 thi cla ham 56 Ia tap hop con cta tich
X x Y, nghia 12 tap hgp céc cap s6 thuc (c6 thi ty) : (x, y) v6i x € X, YevyY,
(y = f(x)). Trong mat phing, xét h¢ truc toa d0 vuong géc xOy va xét cip
(X, y) nhu 12 mot di€m M(x, y) trong mit phing thi d6 thi ctia ham s& d6i véi
h¢ truc toa do d6 la mot tap hgp diém trong mat phing va dé thi d6 thudng
12 mot dudng thing hoac cong.

Vidu : |
1} y =ax + b : d6 thi 12 mot dudng thing.

2) y = x* : d6 thi 12 mot dudng parabole.
Hy= % : d6 thi 12 mot duding hyperbole.

4) y = ¢* 12 ham s6 mil, d6 thj di qua diém (0, 1).
5}y =|x— 2| +|x — 1] c6 d6 thi nhw hinh 2.1.
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_ -2x+3 néux <1
y=141 nful £x £ 2
_ 2x-3 néux > 2
6}y = E(x)
E(x) chi phdn nguyén cla x : E(x) < x; ¢ d6 thi nhu hinh 2.2 (x 2 0).
7) y = x — E(x) ¢6 d6 thi nhu hinh 2.3 (x 2 0).

Yi Y Y
3l L 1
2>\_/ 2b .. —_— i
1
1
1
=Sy 14— 1+-- 7""
I 1 1 1 1 ) 1
I 1 1 1 1 1 1
0 ! ! } - ! ! } P 13 L) }
1 2 X S x O 3 2 3 x
Hinh 2.1 Hinh 2.2 Hinh 2.3

> Chi ¥ : Mot ham s& ciing ¢6 thé dugce cho bing d6 thi chia n6, khi d6 mébi
diém clia d8 thi s& cho cdch twong ing giflax e X vay e Y.

3. Ham s& nguoc

Cho him s6 y = f(x) ¢6 mién xac dinh la X vA mién gi4 tri 12 Y, theo dinh
nghia thi f 12 mot dnh xa tir X lén Y, néu f ¢6 4nh xa nguge £ 1, x = £ (y) thi
£l g0l 12 ham s6 nguge cha f. Khi dé ham s8 nguge 1 s& c6 mién xdc dinh
[2 Y va mién gi4 tri 1a X.

Néu dé thj cha y = f(x) va x = f_l(y) trong cing mot hé truc toa do xOy
thi d8 thi c¢la ching nhu nhau vi ciing xéc dinh bing mot cich twong ving.

Nhung cdn phan biét : gid tri cha y = f(x) dugc biéu dién trén truc Oy vi
gid tri clla x = f_l(y) duogc biéu dién trén truc Ox.

. Trong thuc t&€, ngudi ta thudng biéu dién gid tri cha f vi £ tren cling
mot truc Oy, khi d6 him nguge phai d6i ky hiéulailay = f_l(x) va dé thi cia
y = £ '(x) s& d6i xtng v6i d6 thi ciia y = f(x) qua dudng phan gidc cita gbc toa
do thi nhdt, vi xét mot diém bat ky M(a,b) trén d6 thj clia y = f(x) thi b = f(a),
suyraa=f '(b) nghia 1a diém M'(b, ) trén d6 thi cia y = f '(x), 15 ring M
va M' d&i xing nhau qua dudng phan gidc cla géc toa do thi nhét (hinh 2.4).
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(Lay don vi trén cdc truc nhv nhau.)

Y F
R -
] 1
1 1
1 1
b~ - 5~~~ 3
t 1
] 1
A
o b a X
Hinh 2.4 Hinh 2.5
Vidu: Y r
1) y = 2x + 1 ¢6 ham 56 nguge 12 T 0 ;=§/;
x=y2_l_,ddilaikymeutac6y=%_—l
(hinh 2.5). |
2)y=x> c6 ham nguge la x = 3y , .
3 x
déi 1ai ky hieu y = ¥x (hinh 2.6, véi X
x=0). Hinh 2.6

4. Ham sé hop

Cho ham s6 y = f(x) c6 mién xdc dinh 12 X, mién gi4 tri 12 Y va ham g(y)
c¢6 mién xdc dinh 12 Y, mién gi4 trji 13 Z, ta goi 4nh xa hop cha fva g : (gof),
(gof) (x) = g[f(x)] 1a mot ham hop clia cdc ham f, g hay 1A ham kép ciia bién
doc 1ap x qua bi€n trung gian y.

RS rang ham hgp z = (gof) (x) ¢6 mién x4c dinh 1A X v mién gi4 tri 1a Z.
Vidu:y=5x+2c¢6X=R, Y=R

Z=sinyc6 Y=R,Z=[-1,1]
Vay ham hgpz =sin(5x + 2) ¢c6 X =R, Z = [-1,1].

» Chi y :

1) Néu mién gié trj cia 12 Y va mién xdc dinh clta g 13 Y;thikhiYc Y,
ta md&i 14p duge ham s8 hgp (gof).

’ 1
V:’du:y=x2,z= -—; stacd Y.= [0, 4]
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Y = (-, 0), do d6 khong 14p dugc ham hgp, diéu ndy ciing rd khi thay

Z= /—iz khéng c6 nghia.
X

2) C6 thé lap duge ham hop cla nhidu ham s6.

y=x2tacc‘>:

1.2. Mét s8 ham déc biét

1. Ham bi chan

Cho ham y = f(x) ¢6 mién x4c dinh la X, mién gid tri la Y, f(x) goi la bi
chan trén (dudi, bi chan) trong X néu mién gid tri Y clia né 1a mot.tap hop bj
chan trén (dudi, bj chan) nghia 1a :

dee RVxeX fix)<c, (f(x) ¢, [f(X)|€c,c > 0)
Vidu: |
f(x) = sinx trong X = [0, 2x] 1a bi chin trong X, (Jsinx| £ 1),
f(x) = x — E(x) trong X = {0,1], f 13 bi chan trong X.

2. Ham don di¢u

Cho ham y = f(x) trong mién X, f(x) goi 12 don diéu khong giam (khong
ting) trong X ne'u :

Y xy, x5 € X, x) < Xy f(x)) < f(Xy) (f(x) 2 f(xz))

Trudng hgp khong 6 ddu =, f(x) goi 12 don diéu tang (gidm) trong X. Céc
ham trén goi la cdc him don diéu.

Vidu:

DY = x2 la don diéu giam trong (-0, 0) va don diéu tang trong (0, +o0)

2) y = E(x) 1a don diéu khoéng giam trong (—co, +w)

Tir dinh nghia suy ra :

Dinh Iy : Néu f(x) la don diéu tdng (gidm) trong mién X, vé cé mién gid
tri Y, thif ton tai ham ngug’cf_l don diéu tdng (gidm) trong Y.

Thuc vay xét f(x) don di¢u tang (don diéu giam 1y luan tuong ay).

Theo dinh nghia V x,, x,, X; < X; : f(x]) < f(xy)
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f(x)), f(x9) € Y do d6 xy # X, thi f(x;) # f(x,) nghia la f(x) 14 mdt 4nh xa
I1-1tr X 1én Y, do d6 t6n tai d4nh xa ngugc £ chafeyYlen X nghia 14 t6n
tai ham nguogce X = ful(y) cé mién xdc dinh Y vi mién gi4 tri X. RG rang f_‘l(y)
la don diéu tang. That vay, gid sity; <y, va x| = f_l(yl), Xp = f_l(yz).

Theo dinh nghia thl y; = f(x,), y; = f(x;) nfu x| = x,, do f(x) la don diéu
ting nén f(x,) 2 f(x,) titc 12 y, = y,, trdi véi gia thiél. Vay z; <X, nghiala:

x = f 1(y) 12 don dieu tang trong Y.

3. Ham s6 chén, Ié

Cho ham f x4c dinh trong mién X d6i xing véi géc O..

f(x) goi 1a chin (1é) néu : _

¥ x e X, f(—x) = f(x) (f{—x) = —f(x))

R& rang la d6 thi ciia ham s6 chén (I&) d6i xing qua truc Oy (g6c toa do).

Vidu : |

1) f(x) = xz. f(x) = cosx, f{x) = Ix| 1a cdc ham chin.

2) f(x) = x , f(x) = tgx 14 cdc ham le.

R& rang ring moi ham f(x), xdc dinh trong mién X ¢6 thé viét thanh tdng
clla mot ham chin va mot ham 1€ ;

f(x) = F(x) + G(x)

£(x) + f(—x) f(x) = f(-x)
2 2

Nhu vay F(x) 12 ham chén va G(x) 12 ham [&.

F(x) = G(x) =

4. Ham tuan hoan

Cho ham f(x) xdc djnh trén mién X, f(x) goi 14 ham tuén hoan néu
da e R, a# 0 (a = const)

vx e X : f(x) = f(x + a)
Suy ra : f(x + 2a) = f(x + a) = £(x) |
Téng quat : |

f(x + ka) = f(x) keZ
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S6 duong T > 0 nhd nhét sao cho f(x + T) = f(x) goi 13 chu k¥ cla f(x).
Theo dinh nghia, muén xét su tudn hoan cla f(x) ta giai phwong trinh
f(x + a) = f(x), néu tim dugc a # 0 khong phu thudc x thi f(x) tudn hoan va chu
k¥ T clia f(x) duge xdc dinh bdi he thica =kT, k € Z. '
- Vidu :
1) Xét f(x) = sinox
. 5. . . - 2kn
Gidi : sino(x + a) = sinax. Ta ¢6 (X + a) = ax + 2kn,a = -~
s 1a : s . . 2n
Vay f(x) 12 ham tudn hoan ¢c6 chu ki T = m
2) Xét f(x) = x — E(x)
Gidi: x—E(x)=(x+a)—E(x+a),taco:
a=Ex+a)-EX)=k, keZ
Vay f(x) 1a ham tudn hoan c¢6 chuky T = 1.
3) Xét f(x) = x°
Gidi : (x+a)2=x2,tacé:a=0véa=—2x

Vay khéng cé a = 0, khong phu thudc x nén ham khong tuén hoan.
II - MA TRAN

2.1. M& ddu

Céc ma tran duge diing sudt trong toin hoc rdfi rac dé bidu dién méi quan
hé gitta cdc phén tr trong mot té_.p hop va trong mét s6 rat 16n cdc mo hinh. Vi
du, cdc ma tran s& duge dung trong cdc mang thong tin va cdc hé théng giao
thong van tii, trong dé thj. Nhiéu thuat todn s& dugc phét trién dé ding cée
md hinh ma tran dé.

DINH NGHIA 1 : Ma trdn la mgt bdng s6 hinh chit nhdt. Mot ma trdn co m
hang va n cot duge goi la ma trgn m x n. Mot ma trdn c6 56 hang bdng s6 c6t
dwgc goi la mét ma trdn vudng. Hai ma trdnla bdng nhau néu ching cé cing
s6 hang, s6 ¢t va cdc phdn tit tuong ting & tdt cd cde vi tri déu bdng nhau.
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Vidu 1l : Ma tran

(DY
(LI SO

lamatran 3 x 2.

Bay gid chiing ta s& dwa ra mot s thuat ngtt v& ma tran. Cic chit c4i hoa
va dam s& dugc ding dé ky hiéu cdc ma tran.

PINH NGHIA 2 : Cho

a5 34y ary

a a a
A = 21 22 2n

A1 a_n2 Amn

Hang thiticia Alamatran 1 x n (i, Aj2, ..o Ayl

Cot thid j cia A la ma tran n x 1

Phdn tir thit (i, j) ctia A 12 phén tif a;j, tic 14 s6 ndm & hing thit i va cot thir
jcua A. Mot ky hiéu'nga‘m gon va thudn tién clla ma trdn A la viét A = laj). ky
hi¢u dé cho bi€t A 1a mot ma tran ¢6 phén tir thit (i, j) 1a aj;.

2.2. $8 hoc ma trdn

Bay git chiing ta s& x€t cdc phép todn co ban clia s6 hoc ma tran, bit ddu
bang dinh nghia phép cong cdc ma tran.
_ BINHNGHIA3: Cho A = [ay] va B = [by] la cdc ma trdn m x n. Téng cia A
va B digc ky hiéu la A + B ld ma trdn m x n cé phdn it thie (i, j) la a;; + by;.
N6i cach khdc, A + B = [a; + by].

Téng ciia hai ma tran c6 ciing kich thudc nhan duge bing cdch cong cdc
phan tir & nhimg vi urf tuong wng. Céc ma tran c6 kich thudc khdc nhau khong
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thé cong duge vdi nhau, vi téng clia hai ma tran chi duge xdc dinh khi cé hai
ma tran cd cing s6 hang va cung s6 cot.

Vidu 2. Tacé

1 0 -l 3 4 -11 [4 4 =2
2 3 + |1 -3 0l=[3 -1 =3
3.4 0 -1 1 2| |25 2

Bay git ching ta s& xét phép nhan cdc ma tran. Tich cha hai ma tran chi
duge xdc dinh khi s6 cot cla ma tran thiy nhdt bing s6 hang cla ma trin
thit hai. :

DINHNGHIA 4: Cho A ld ma trén m x k va B la ma trén k x n. Tich ciia A
va B dugc k¥ hiéu 1d AB, 1a ma trdn m x n véi phén v thit (i, j) bdng tdng cde
tich cda cdc phdn tir tuong ung tir hang thit i cita A va cgt thie j cia B. Néi
cdch khdc, néu AB = {ci], thi

- . k

¢jj = aybyj +apby; +.. Fabyy = Za“btj
t=1

Trong hinh 2.7 hang t6 dam cila A vi c6t t6 dam cha B dugc diing dé tinh
- phdn i c;; ca AB. Tich ciia hai ma trdn khong xédc dinh khi s6 hang cia ma
trin thit nhét va s6 cot cua ma trin thit hai khong nhu nhau.

a ap o Ak
ay Ay - ay | [ P11 b1z o by Bin
: : : : by by -+ by o by, )
ap ap oA || P b n
: Foond by; bgz 0 by 0 by
| 2m] 8m2 "t Ak |
€11 €12 7 Cn
| €21 €22 v Cop
=| ¢ :cy
Cmt ©m2 " Cmn

Hinh 2.7. Tichclia A = ["‘ij] viB= [bij]

Duéi day 1a mot s6 vi du vé tich hai ma tran.
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Vidu 3. Cho

o W b =
[N =]
o = b
-
5
=
1]
[PS IR S ]
S o=

Tim AB.

Gidi : Vi Alama tran 4 x 3 va B1a ma tran 3 x 2 nén tich cia AB 1
xdc dinh va 12 ma trin 4 x 2. D€ tim cédc phén tir ciia AB, cic phin tir twong
{tng clla cdc hang cia A v2 cdc cOt cha B ban ddu duge nhan véi nhav rdi
sau dé cac tich do s€ duge cong lai. Vi du, phén ¢ & vi trf (3,1) cia AB 13
téng céc tich cia cdc phén tir & hang thit ba clia A vA c6t thi nhat cia B, cu
thé 1a 3.2 + 1.1 + 0.3 = 7. Khi t4t c4 cdc phdn tir clia AB d3 duogc :

14 4

8 9
AB=

7 13

8 2

Phép nhan ma tran khéng c6 tinh chat giao hodn. Tic 13, néu A va B 12 hai
ma tran, thi khong nhat thi€t AB phai bing BA. Thuc t€ c6 thé chi mot trong
hai tich d6 1a xdc dinh. Vi dy, n€u A 12 ma tran 2 x 3 va B 1a ma tran 3 x 4,
khi d6 AB 1a xdc dinh va 12 ma trin 2 x 4, tuy nhién ma tran BA 1a khong xdc
dinh vi khong thé nhan ma trén 3 x 4 véi ma tran 2 x 3.

GidstAlamatrinm x n va Bl1a ma tranr x s. Khi dé AB 1a xdc dinh chi
khi n = r va BA la xdc dinh chi khi s = m. Hon nifa, khi AB va BA déu xic
dinh, thi ching ciing s& khong cung kich thuéc trit trubng hopm =n=r = s.
Do d6, néu ca hai AB va BA xic dinh va c6 cling kich thudc thi ca A va B déu
phai 1a cdc ma tran vudng va c6 cing kich thude. Tham chi néu ca A va B déu
la cdc ma tran n x n, thl AB va BA ciing khong nhat thi€t phdi bing nhau, nhu
vi du duéi day cho thdy :

Vidud.Choa=|! 'lwp={?!
2 1 11

Ho6i AB c6 bing BA khong ?
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Gidi : Ta tim dugc

3 2 4 3
AB = vai BA =
5 3] = eyl

Vay : AB = BA

2.3. Cac thudt todn nhén ma trén

Dinh nghia cua tich hai ma trin dan t&i thuat todn tinh tich cla hai ma
tran. Gia sit réng C = [Cij] limatrAonm xnlatichchamatrainm xk A = [aij]
vimatrank xn B = [bij]- Thuat todn dua trén dinh nghia nhan ma tran duge

biéu dién dudi dang gidi mi nhu sau :

ALGORITHM 1. Nhén ma trdn
" Procedure nhan ma tran (A, B : ma tran)
Fori:=ltoem
Begin
forj:=lton
Begin
ij=0
Forq:=ltk
ot

End

= ¢y + Ay by

J j 7 fig-gj

End {C= [e;;] 14 tich clia A va B}

Bay gio chiing ta s& xdc dinh do phtc tap clia thuat todn nay qua s6 cdc

phép nhan va phép cong duge ding.

Vi du 5. C4 bao nhiéu phép cong va phép nhén cdc s6 nguyén duge ding
trong Algorithm 1 dé nhan hai ma trin cé cdc s& phdn tir 13 cdc s6 nguyen ?

Gidi : Trong tich AvaBcé n’ phdn tr. D€ tim mai phan tir ddi hdi n phép
nhan va n phép cong. Vay téng cong cé n3 phép nhan va n’ phép cong duge

sir dung.



2.4. Chuyén vj va lay thiia cdc ma hrdn

Bay gid¢ ching ta dua vao m6t ma tran quan trong cé cdc phdn tir chi 12 0
va 1.

BINH NGHIA 5 : Ma trdn déng nhdt (hay con goi la ma trin don vi) béc n la
matrann xnl, = [&;] ;voi &y =1 néui=jva§;=0néuizj Dods:

1 0 - 0O
01 - 0
L={, . . .
g0 -1

Nhan mot ma tran v6i ma tran don vi kich thudc thich hgp khéng 1am thay
ddi ma tran d6. N6i cdch khdc, khi Alamatrinm x n, ta cé:

Al,=1_ A=A
Ngudi ta cling c¢6 th€ dinh nghia lily thita clia cdc ma tran vuong khi A 1a

moétmatrdnnxn,tacéd :

A% =1, , A" = AAAAA---A
™
n-

Phép todn chuyén hang thanh cot va cot thanh hang cfia mot ma tran
vudng ciing duge sit dung trong nhiéu thuét toin.

PINH NGHTA 6:Cho A= lag] la ma trén cdp m x n. Chuyén vi cia A duwoc
ky hiéu la A lad ma trdan n x m nhén duogc bang cdch trao dBi cdc hang va cét

céia ma trgn A cho nhau. Néi céch khdc, néu A' = [bu] thi b = aj; voii =1,
2,..,m,

1 4

1 2 3
Vi du 6. Chuyén vi ctia ma tran lamatrgn [2 5
. 4 56 3 6

Cdc ma tran khong déi khi trac d6i céc
hang va c6t clia né cho nhau thudng déng vai
trd quan trong.

DINH NGHTA 7 : M6t ma trdn vuéng A dugc
goi la d6i xitng néu A = A'. Nhuvdy A = [a; PR
déi xitng néu a; = a; voimoiivaj;0<i<n Hink 2.8. Ma tran d6i xing
vad £j<n.

aij
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Chi ¥ ring mot ma tran la d6i xdng n€u va chi néu né 1a ma trin vudng va
d6i xing qua dudng chéo chinh ciia né. Phép doi xitng nay dugc minh hoa trén
hinh 2.8.

' 11
Vidu7.Matran {1 O la d&i xing.
01

o o= O

2.5. Cac ma trén 0 - 1 (khéng - méh)

Céc ma tran ¢6 cac phdn tir la 0 hodc 1 duge goi 12 cdc ma tran khong -

mot. Cic ma tran khong — mot thudng duge diing dé bi€u dién céc cfu tric roi
. rac. Céc thuat todn dung cdc cdu triic ndy dua trén s6 hoc Boole cho ciac ma
tran khong — mot. S6 hoc nay lai dya trén cdc phép todn Boole A va v thuc
hién trén céc cap bit va dugc dinh nghia bdi :

b Ab 1 néu by =b; =1

A =

12727 10 céc truong hop con lai

b b 1 néu b1=0 Vi b2=0
v =

Y227 10 cde trudng hop con lai

PINHNGHIA8: Cho A = {ay va B={(by]la cdc ma trdgn khéng —mdt m xn.
Khi dé hop cia A va B, dwoc ky hiéu la A v B la ma trdn khéng — mot vdi
phdn tik & vi tri (i,f) la a;; v b;. Giao cua A va B ducc ky hiéula A A B, ld ma

trdn khong — mgt voi phdn tit & vi tri (i, j) ld a; A by

- Vidu 8. Tim hgp va giao clla cdc ma tran khong — mot sau :

1 01 011
A= va B =
L)l 0] [11 o]
Gigi : Hgpcla AvaBla:
1
AVE-= Ivo Ovl 1vO - l 1
Ovl 1vl OvQ 110
Gilaocla AvaBla:

1A0 0O 0 0
AAB=[ A Ol lAO]_[ ]

0Al 1a1 0AO| |O 1 O
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Bay gi¢ ta dinh nghia tich Boole ciia hai ma trén.

DINHNGHIA9: Cho A = {a;] la ma trgn khong —mot m x kva B = [b] la
ma tran khéng — mot k x n. Khi dé tich Boole cia A va B dugc ky hiéu la
A © Bld ma trdn m x n voi phdn ti & vi tri (i, §) eyl la:

cij = (ail Fal b“) v (a-,z A bgj) V.V (aik A bk_l)
Chi y rang tich Boole ciia A v B nhan duge bdng céch trong tu vdi tich
thong thudng cua hai ma tran d6, nhung vdi phép cong duge thay bing phép v

va v6i phép nhan duge thay bang phép A. Dudi day 1a vi du vé tich Boole cia
cdc ma tran. '

. ¥idu 9. Tim tich Boole clia A véi B, vdi

1
110
A=|0 1| va B=
- 1011
10

Gidi : Tich Boole A © B dugc cho bdi :

(IADVIOAD AADVOAD (lAO)v(OAl)
ACB=|10ADV(IAD ODADV{IALDL (OA0VAAD
(AADVOAD (JADVOAD (QA0VOALD

Iv0 1v0 0OvO0 1 10
=|0v0 Ovl Ovl|=(0 1 1
1v0 1v0 0OvO 1 10

Algorithm 2 duéi dang gid ma sau diy mo ta thuat toan tinh tich Boole
cia hai ma tran.

ALGORITHM 2. Tich Boole
Procedure tich Boole (A, B : cdc ma tran khong - moit)
Fori:=ltom '
Begin
Forj:=lton

Begin
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Cij =0
Forq:=ltok

Ci:

ij = cij v (aiq A b(-L])

End
End {C = {c;;] 1a tich Boole cua A va B}

Chiing ta ciing c6 thé dinh nghia lily thira Boole clia cdc ma trin khéng —
mot vudng. Cic liy thita nay s& dugce dung trong cdc nghién ciu sau nay vé
cdc dudng trong dé thi, cdc dudng nay duoc ding, ching han d€ mé hinh céc
duong lién lac trong cdc mang méay tinh.

DINH NGHIA 10 : Cho A ld ma trdn khéng — mét vuéng va r la mot s
nguyén duong. Lity thita Boole bdc r ciua A duoc ky hiéu la PULRYS

All=ap0A0..0A
\_.V_I
r lin

(A 12 hoan toan xédc dinh Vi tich Boole c6 tinh chét két hop).

Chiing ta cling ¢6 thé dinh nghia T 1.

Vidu10. Cho A =

-0 O
oo o

Tim A" véi moi n nguyén duong.

Gidi : Ta thiy ngay ring :

o B o B
— e

1
APl-AacaAa=]o0
1
Ta ciing tim duge :

AP =aP g A va AM-APl oA~

—
— e ()
— O e
P s s
— )
e T
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Tinh thém mot 1an nita, ta dugc :

AP =AM o A =

[
—_ =
—

Poc gia bay gid c6 thé thdy ring Al — ADY y moi n nguyén duong
khéng nhod hon 5.

86 cdc phép todn bit duge diing d€ tim tich Boole cita hai ma tran n x n
cling d& dang xdc dinh duge.

Vi du 11. Cé bao nhieu phép todn bit dugc diing dé tinh A © Bvéi A, B

12 cac ma trdn khéng — mot n x n.

Gidi : C6 n’ phdn tir trong A © B.

III - LUC LUQNG CUA TAP HOP
3.1. Khéi niém
Khadi niém "lic lugng” (power) 1a sy tritu xuft héa coa khéi niém s6 luong
thong thudng cua cdc tap hitu han. R& rang méi tap hcp hif han gém n phén
1r duge ddnh s3 boi n s6 nguyén duo‘ng 1,2,3,.
= {al, A3, veny anl

Thuc chdt viéc ddnh s6 hay viéc d€m s@ phdn tir 12 sy thi€t 1ap mot song
dnh f tlr t4p n s6 tw nhien I = {1, 2, ..., n}. Nhan xét d6 gitp ta dua vio khdi
niém lue hrgng cia mot tap hgp bat ky

BINH NGHIA 1: Cho hai tdp hop A va B khdc & (hitu han hodc vé han). Néu
ton tai mot song anh f : A — B thi ta néi A va B "déng luc luong”.

R3 rang hai tap hitu han d6ng luc Ivong khi va chi khi chiing c6 cing s6
phén tir.
Néu A va B dong luc lugng, ta néi A tuong duong v6i B va viét A ~B.
DéE thiy A ~ A, nfu A ~Bthi B~ A vatir A ~ B ~ C kéo theo A ~ C. Do
vay, ~ thda man cédc dinh nghia clia quan hé tuong duong. *
BINH NGHIA 2 : Mdi tdp A tuong dwong véi tap N* = (1,2, 3 ...} goi la c6
Ic lugng "d€m dugce”. Luc lugng dém dugc biéu thi bdi ky hiéu a hodc o,
Moi phén tk clia mot tip dé€m dugce c6 thé 1iet ke thanh ddy vo han : aj, a,,
v.8y, ... Va nguoc lai.
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Tir d6 dé dang suy ra :
a) Tap hgp moi s6 tu nhien N = {1, 2,. .} 12 d&€m duge,

b) Tap hop moi s6 tu nhién chin la dém dugc, song dnh f gifta N* va tﬁp
nay dugc xdc dinh bdi : :

n<2n

c¢) Tap hgp moi s6 tuy nhién 1€ 12 dém dugce, song dnh f gira N* vi tap nay
duge xdc dinh boi :
ne2n+1

d) Tap hgp moi 56 nguyén &m Ia dém dugce, song 4nh f gilta N* va tdp nay
duge xdc dinh bdi :
n< -n
Ta nhan thdy, qua cic vi du trén mot t4p hop v6 han cé thé twong duong
vGi mot tap con thuc sy ndo d6 cta nd. Tinh chét nay 1a dic trung cua cédc tap
v6 han,

3.2. Céc finh chét cla céc tap dém dugc

a) N&u thém hoac bét di mot s hitu han phdn tir tir mét tap d€m duge ta
lai ¢ mot tap dé€m dugc.
That vay, chi cdn ddnh s6 lai cdc phdn tir clia tap mdi bsi day so ty nhién N*.

b) Hop cua hai hay mot s6 hitu han cdc tdp d€m duge 1ai 1a tap dém duge.
Chi cdn chitng minh cho hai tap.

Gia sit A = {a}, a5, ...}, B= {bj, by, ...} 12 hai tap d€m dugc. K& cic phdn
tir cia A © B thanh dang a|, by, ay, b, ... 18i ddnh s¢ lai mbi phdn tir theo vi
tri ciia chiing trong ddy tao thanh, ta dugc diéu phai ching minh (cdc phdn tir
tring nhau tinh mét lan).

Vi du : Tap hop Z moi s6 nguyén 13 d€m duge vi Z 1a hgp cua tip N céc
sd ty nhién vatap N cdc s& nguyén am.

¢) Hop cta day dém duge cdc tap d€m duge 13 tap dém dugc.
Gia sir cho day tap {Ay}, k € N*

Ap=fajnagg sapg,

AZ = 1321, 322, - azn, }

..............................
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C6 thé ke moi phin tir cha U Ay thanh diy theo nhiéu cdch khdc nhau,
ching han xép theo thif tur tir nhgetrc;li 16n ctia t8ng cdc chi s§ i + j cha cdc phin
U aj; :
a11s 8215 312, 431> 322, 213+
Hé qud 1 : Tap hop moi s6 hitu t 12 tap dém dugc. M&i s6 hitu tf déu 6

P

dang r = E , trong d6 p va q 12 cdc s6 nguyén, q # 0.

C6 thé biéu dién tap Q moi s& hitu ty 12 hop d€m duge céc tap d€m duge
Q. vGi :

Qp ={-E—. keN*}

|G

Ta co : Q= Qk

k=1

Vi mbi tdp Qy vdi k ¢6 dinh 1a dém duge nén theo tinh chit ¢, Q 12 tap
dém duogc.

Hé qud 2 : Tich Descartes cua hai hodc mot sé hitu han céc tap dém duge
1a dém duge.

That vay, gia sir:
= {a, a3, ..., ¥, .o}
B = {bl? bzy ety bi| 0--}.
12 hai tap dé€m duge.

Goi D = A x B, thi D 1a hgp dém duge, D = U D; trong d6
Ci=l

D, = {(a;, J) vOi j € N*},

V6i mdi i ¢§ dinh, tap D; 12 hop dém duge, do dé tich Descartes D dém
dirge,

Néu A vaBla :ap cdc s6 hiru ty thi véi cdch néi hinh hoc, tap hop moi
diém cla mit phing R? 6 toa do hitu ty 12 tap dém duogc.
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3.3. lLyc lugng continum

Trong phén trén ta d3 gip cdc 1ap dém duge, nghia la cdc tap dong luc
lugng vdi tap moi s6 tr nhién. Phdt sinh caun hoi : ton tai hay khong cic tap vo
han ¢6 lyc lugng khéng d€m duoc ? Dinh 1y sau cho cau tra 18i khdng dinh.

DPink ly 1. (G.Cantor)
Tdp hop moi diém cia dogn thdng [0 ; 1] ¢6 luc lugng khéng dém duoc.

C6 thé ching minh dinh 1y nay nhd nguyén 1y "ddy doan thét” cia Borel
hodc dya va3o sir biéu din méi s6 thuc thanh phan s6 thip phan vo han.

Luyc lugng clUa tap nay (va cla cdc tap déng luc lugng vdi nd) goi ta luc
lwong continum ky hiéu c.

Bing phuong phép thiét 1ap cdc song 4nh thich hop ¢6 thé ching minh
rang tap hop cdc diém cia doan [a,b] cla khoang (a,b) cla toan bo dudng
thang thuc déu c6 luc lugng continum.

Pinh 1y sau cho thay tén tai cdc tap ¢6 luc lugng cao hon lyc lugng c.

Pinh Iy 2. Cho X Ia mét tdp hop tity ¥, thé thi tdp P(X) gém moi phan ti
cia X ¢cé luc lwong Ion hon luc luong cia X.

N6i rieng khi X 12 t4p hitu han gém n phan tit thi nh& cong thilc Newton
dé thay s6 phdn tir cha @ (X) s& 1a 2"

Pinh 1y trén cho thdy véi bt k¥ tap ndo c6 lyc lugng cho trude ludn t6n
tai cdc tap ¢d lyc lugng 16n hon, ndi cdch khic "thang do luc lugng” 12 vo tan.

IV - THUAT TOAN VA DO PHUC TAP CUA THUAT TOAN

Noi dung cfia phdn niy 1a meu ra mot ¥ nghia chinh xdc cho cdc tir "thuat
todn hiéu qua"”, cho khdi niém "dé&" va "khé" cuiia cdc bai todn t8i vu hod. P6 1a
1y thuyét vé "do phirc tap cla cdc thuat todn" duge phat trién trong vai chuc
nidm gan day theo cdc cong trinh cua Cook va Karp. Tu tudng cia viéc dic
trung cho cdc thuat todn hiéu qua duge J.Ednonds dé ra nam 1965. Nguoi ta
n6i ring mot thuat todn la "hiéu qua” (hay 1a "t6t") néu con s6 cdc phéptodn
dé giai bai todn duge chan bdi mot ham da thic clia mot thong s& dic trung
cho kich thuéc clia bai todn.
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4.1. Thudt todn

1. Khai niém thuat toan

DINH NGHIA 1 : Mgt thudt todn dé gidi mot bai todn (P} dd cho g mot thu
tuc, chia ra thanh cdc phép todn co bdn, bién doi mot didy cdc ddu hidu dién
td cde dit liéu (khong quan trong d ché thuéc bdn chdt gi) ciia bai todn (P)
thanh mét day cdc ddu hiéu ddc trung cho cdc két qud chia (P).

2. M6 ta thuat todn

C6 nhi€u cdch mo ta thuat todn : ding ngén ngit tu nhién, ngoén ngi luu dé
(sa d6 khdi), ngon ngir 1ap trinh, ngdn ngit phong trinh. Trong gido trinh nay
cdc thuat todn duge trinh bay bing ngon ngit phong Pascal, trong dé cho phép
vira mo ta thuat todn bing ngoén ngik ddi thudmg, vira sit dung nhitng ciu tric
1¢nh twong ty nhu cha ngon ngi lap trinh Pascal. Sau déy ta liét ké mot s6 cau
1énh chinh dugc sir dung dé€ mo ta thuit toén :

— Cau I¢nh procedure (hay function) : thujt todn dugc mé ta trong ngén
nglf phong trinh Pascal duge bit ddu bing cau 1énh procedure (hay function),
sau d6 1a tén thuat todn, danh sdch cdc bién ciia thuat todn.

Ching han cau 1énh function nguyen_to(m) ; cho bi&t tén thuat todn dwgc
mo 1a 12 nguyen_to va bi€n 1a m. Con cau lénh procedure max(a,b,c) cho biét
tén thuat todn dugc mo ta 1a max va 3 bi€n 13 a, b, c.

Céc buge cua thuat todn duge mo ta trong than procedure (function) duoc
bit ddu bing begin va két thiic bing end.

Vidu:

Function ngﬁyen_to(m) ;
Begin
(than function)
End ;
procedure max(a,b,c) ;
Begin
(than procedure)
end ;
Khi mo ti thuat todn bit ddu bing function, khi két thc lam viéc thuat

todn dira gid tri duge ghi nhan trong tén ham cho nén trong than ham phai ¢é
mat cau lénh gdn gid tr1 cho ham,
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— Cdu lénh gdn : dung dé gin gid i cia mét biéu thic cho mot bisn.
Cich viét :

Tén bién := biéu thiic ;
Vi du : _

* x:=(20+ 5)*2 mod 3;

*max:=a;

~ Khdi cdu lénh : cdc clu 1énh c6 thé nhém lai thanh mot khéi. DE mé ta
khdi cau 1énh ta sit dung (begin...end ;). Dang kh6i cau lenh :

Begin
Cau l¢gnh 1 ;
Cau lénh 2 ;
Caulénhn
End ;

Céc cau lenh trong khdi duge thyc hién tudn ty. Sau day, thuit ngit cau
1¢nh duge dang dé chi chung mot cau 1¢nh ciing nhy mot kh6i cau lénh.

Vidu:

Begin
t:=X;
x:=y;
yi=t,
End

Vi du nady nhim trao d6i gid tri hai bi&n x,y va ding bi€n t nhu bi&n
trung gian,

— Cdu lénh diéu kién : c6 hai dany :
+ Dang don gian : if (diéu kién) then (cau lénh) ;

Khi lénh nay duge sir dung, diéu kién sé& dugc kiém tra, n€u né thoa man
cau lénh s& duge thyc hién.

+ Dang ddy di : if (di€u kién) then (cau 1énh1) else(cau 1énh2) ;
" Khi Iénh nay duogc sir dung, diéu kién dwge kiém tra, n€u né thoi min cau
1énh 1 s& dugc thuc hién. Nguge lai cau lénh 2 duge thuc hien.
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— Cdc cdu lénh ldp :
+ Cau lénh FOR : )
Dang cau lénh : for biéh := gid tri ddu to gid tri cudi do cdu lénh ;
Khi lénh nay dugce sir dung, mdy s& thuc hién cdc budc sau :
Dau tién bién'1dy gia tri 1a gid tri ddu
M4y kiém tra diéu kién : (bién < gid tri cudi) ?

‘Néu diéy kién trén 1a sai, mdy thodt ra khoi vong lap for dé thyc hién tiép
cdc l¢nh sau for n€u c6. Néu diéu kién trén 1a diing, cdu lénh dugce thyc hién,
sau d6 bién tang lén 1 gia tri va trd lai bude 2.

+ Cau lénh REPEAT :
Dang cédu l¢nh : repeat cdu {énh until diéu kién ;

Khi lénh nay duge sir dung, cau lénh duge thyc hién. N&u diéu kién sai thi
cdu lénh lai duge thue hién. Viéc doé ti€p dién cho t6i khi diéu kién 14 ding.

+ Cau lénh WHILE : -
Dang cau 1¢nh : while diéu kién do cdu iénh ;

Khi lénh nay dugc sir dung, diéu kién s& duge kiém tra, néu né ding cau
lénh dugc thuc hién. N&u diéu kién vin ddng sau khi thyc hién cdu lénh thi
cau lénh lai duge thue hién. Viéc dé ti€p dién cho t6i1 khi diéu kién 1a sai.

Vidu :

Thuat todn tim s 16n nhat trong modt diy hifu han cdc s6 nguyén cho trudc
¢6 thé mo ta nhu sau :

— Ddu vao : Dy a gém n s6 ay, a,, ..., a,.
— Ddu ra : large 12 s6 16n nhit wong diy da cho.
| Procedure find_large(a,n,large) ;
Begin
large ;= al ;
for i .:=2 to n do
if ai >large then large :=ai ;

End ; { large 14 s6 i&n nhat }

Dé gidi cdc bai todn phifc tap, ta thudng phai phan né thanh cdc bai
todn con, sau dé xay dung cdc thi tuc dé gidi cdc bai todn con. Céc thu tuc
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nay s& dugc tap hop dé giai bai todn dat ra. Vi dy dudi day s& minh hoa
tudng nay. ' :

Vi du : Tim va in cdc s6 nguyén t6 nhd hon s6 nguyén duong n cho trudc.

Gigi :

~ Budcl : Xay dyng thi tuc kiém tra xem mot s6 nguyén duong m 6 phai
12 s6 nguyén t& hay khong.

— Budc 2 : Sir dung thil tuc niy ta xay dung thuat todn giai bai todn dat ra.

* Thuat todn kiém tra mét s6 nguyén duong cé phai 13 s nguyén 16 hay
khong. '

Mot s6 nguyén duong m 1a s6 nguyén t6 n€u nhu 14t ca cdc s6 nguyén ké
tir 2 dén Vm déu khong phai 12 udc s6 cha m. Do d6, trong thuat todn ta thir

xem né€u s8 dur cia m chia cho t4t ca cdc s6 ndm gifta 2 va [JE] luon khic 0
thi 1a s nguyén 6.

— Pdu vao : s6 nguyén duong m.
— Ddu ra : true n€u m 12 s6 nguyén t6, false n€u nguogc lai.

Function nguyen_to (m) ;

Begin
i=2;
k := trunc(sgrt(m)) ;
while (i<=k) and (m mod i <>0) do i := i+ ;
nguyen_to :=i>k ;
End;

* Thuat todn tim va in ra cdc s6 nguyen t6 nhd hon s6 nguyén duong n.
Thuat todn nay st dung thuit todn nguyen_to & trén nhu 1a thil tuc con.
- Didu vio : s6 nguyén ducong n.
— Pdu ra : cdc s8 nguyén t6 nhd hon n,
Procedure list_nguyen_to (n) ;
Begin
fori:=2ton=1do

if nguyen_to (i) then write (i,") ;
End ;
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4.2. b@ phic tap cua thudt todn

1. Khai niém vé d¢ phitc tap cia thuat toan

Mot chudng trinh mdy tinh thudng dugce cai dat dua trén mot thuat todn dé
giai bai todn hay vén dé dat ra. Mot ddi hdi duong nhién 13 thuat todn phai
ding. Tuy nhién ngay ci khi thuat todn ding, chuong trinh vin c6 thé khong
sit dung duge d6i véi mot s6 dir liéu nhap nao d6 bdi vi thoi gian cdn thiét dé
chay chuong trinh hay ving nhé cdn thi€t d€ lvu trit dit ligu (nhu cdc bién
trong chuong trinh, cdc file luru trit,...) qud 16n.

Dé do tinh hiéu qua cla mot thuét todn da cho, ta thiét 14p mot méi quan
hé gitra thdi gian ti€n hanh thuat todn, dugc dién ta bdi s§ phép todn co ban
véi kich thude cia vi dy dang xét va duge dién ta bdi sé cdc ddu higu cdn thiét
dé ma hod cdc dif liéu ctia vi du. C6 3 cau hoi dugc dat ra:

1) Nhitng phép todn co ban ta dang ndi dén la nhiing phép toin nao ?
2) B6 mi hod nao clia cdc dif liéu cho phép ta do kich thudc cla bai todn 7

3) Nhitng ham nao lién két kich thuéc v6i s§ cic phép todn co ban ma cd
thé gitip ta néi ring mo6t thuat todn 12 hiéu qui ?

C6 thé coi ring viéc trd 10i cho cau hdi thit ba cho phép trd 151 hai cau
hoi dau.

Thoi gian ciia mot thuat todn 1a ham cia dir ligu ddu vao. Thong thudng
kho cé thé xay dung cong thitc dudi dang hién cho cha ham nay, vi vay ta dat
vin dé don gian hon. Thay vi 1am viéc v6i dif liéu ddu vao, ta s& 1am viéc vai
mét dic trung quan trong cla dit liéu ddu vao, d6 14 kich thuée cia né. Chiing
ta s& quan tam dén :

— Thoi gian tinh 6t nhat ciia thuat todn véi diu vao kich thudc n, d6 1a
thoi gian t6i thi€u cdn thiét d€ thuc hién thudt todn.

— Thi gian tinh t6i nh4t cia thuat todn voi ddu vao kich thudc n, d6 12
thdi gian nhidu nh4t c4n thi€t dé thuc hién thuat todn.

— Thoi gian tinh trung binh cha thudt todn, d6 14 thai gian trung binh cin
thi€t dé thyc hién thuit todn trén tap hitu han cdc ddu vao kich thudc n.

Vi du : Xét thuat todn tim s6 16n nhit trong day s6 n s6 ay, aj...., a,. C6
thé coi kich thude nhap dit liéu la s6 lugng phin, tir clia ddy s8, tic n.

72



Trong thuat todn mdi s6 hang ciia diy diing 2 phép so sanh : mot 1a xdc
dinh chua dat t6i cudi diy s6, hai 14 xdc dinh c6 phai nhan gid tri 16n nhat tam
thot hay khong. Viéc so sdnh nay duge diung cho mdi phdn tlr a; trong didy tir
phdn tir thi 2 trd di (i = 2, 3, ..., n). Sau d6 12 phép so sdnh dé ra khodi vong
lap, nén 56 phép so sdnh cin ding t4t ca 13 2(n — 1) + 1 = 2n — 1, vong lip
trong thuat todn luén thuc hién ddng n — 1 14n. Do d6, n€u coi mdi phép so
sdnh ddi hdi mot don vi thai gian (gidy ching han) thi t4t c4 thoi gian tinh t6t
nhdl, tdi nhat cing nhu trung binh cla thuat todn déu 1a 2n — 1 giay.

2. Panh gia thoi gian tinh t6t nhat, t6i nhit va trung binh cua mot
thuat toin

Théng thudng trong cdc Ung dung thuc t&, thoi gian chinh xdc ma thudt
todn ddi hoi dé thuc hién n6 it duge quan tam hon so véi viéc xdc dinh mic do
tang 1én clia thoi gian thyc hién thuat todn khi kich thuée cha dif ligu dau vao
tang lén. Ching han mot thuit toin dang duge xem xét nao d6 cé thoi gian
tinh trong trudng hop t6i nhat la :

t(n) = 30n> + 6n + 6 vGi ddu vao kich thudc n.

n t(n) = 30n® + 6n + 6 30n?
10 3066 3000
100 N 300606 300000
1000 30006006 30000000
10000 3000060006 3000000000

Khi n 16n thi ta c6 thé 14y x4p xi T(n) véi 30n® .Trong trudng hop nay
T(n) c6 t6c Ao tang gidng nhu 30n°.

Né&u t(n) dugc tinh bang gidy, thi T(n) = 0. 5n2 + 0.1n + 0.1 s& cho ta thoi
gian tinh do bang phit. Khi mo ti t6c do tang thoi gian tinh cua thuat todn khi
kich thudc ddu vao ting ta chi quan tam dé’n s hang troi (3011 ), c6 thé bd qua
cdc hang 0.

Vi gia thi€t nhu vay, thoi gian tinh T(n) ting gidng nhv n® khi n tang.
Viét 1am & day 1a thay thé biéu thic T(n) = 0. 502 + 0.1n + O. 1 boi 11° ¢6 cling
t6c do tang vdi T(n). Ta di dén dinh nghia sau :

BINH NGHIA 2 : Gid sit f va g I1a cdc ham d61 56 nguyén duong.

* Ta néi f(n) cé bdc khéng qud g(n), k¥ hiéu fin) = Xg(n)), néu ton tai
hdng s6 duong C; va sé’ nguyén duong N sao cho <véimoin 2Ny,
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* Ta néi f{n) c¢é bdc it nhdt 1a g(n), k¥ hiéu fin) = Xg(n)) , néu tén tai
hdng s6 duong Cj va s6 nguyén duong N sav cho 2 vdi moi n > N,. _
~ *Ta ndi fin) 6 bdc Ia g(n), k3 hi¢u fin) = &g(n)), néu f(n) = O(g(n)) va
fin) = Lg(n)). '

Vi du : Xét ham f(n) = "(“_2+§l
n{n + 5) y IR

Do TS n”véin 235, (C; =1,N; =5)nén f(n) = O(ny).
nn+35) 2z ..

Do —2—-—2n voinz1 (C,=0.5,N, =1)nén f(n) = Q(n,)

Tir d6 ta c6 f(n) =6 (n2).

Phuong phdp chitng minh trong vi dlj trén ¢6 thé sir dung dé chi ra ring
moi da thic bac k véi he s6 duong 12 n¥, tdc 12 :

Pe(n) = a,n* + a0 4k apn + ag = 65
DINH NGHIA 3

* Néu thudt todn doi hdi thoi gian tinh t6t nhdt 1a H(n) véi kich thuée déu
vao n va t(n) = (g(n)) ta néi thoi gian tinh 16t nhdt ciha thudt todn cé bdc
khéng qud g{n) hay thoi gian tinh 16t nhdt cua thudt todn I O{g(n)).

* Néu thudt toan doi hoi thoi gian tinh t0i nhdt 1a t(n) véi kich thude dua
vao n va t(n} = O(g(n)) ta néi théi gian tinh t6i nhdt cua thudt todn cé bdc
khong qud g(n) hay thoi gian tinh t8i nhdt cia thugt todn la O(g(n)).

* Néu thudt todn doi hoi thei gian tinh trung binh la (n) véi kich thuéc
ddu vao nva t(n) = O(g(n)) ta néi thoi gian tinh trung binh ciia thudt todn cé
bdc khong qud g(n) hay thoi gian tinh trung binh cia thudt todn Ié (Xg(n)).

Trong dinh nghia trén, néu thay O bdi Q va khong qud bdi it nhit ta cé
bac it nhit cla thdi gian tinh t6t nhét, 16t nhdt va trung binh clia thuat todn.
Néu thoi gian tinh t6t nhat cha thuat todn vira 1a O(g(n)) vira 12 Q(g(n)), ta néi
thoi gian tinh t6t nhat cla thuat todn 12 6(g(n)). Tuong tu nhu vy ta cling dinh
nghia th&t gian tinh t6i nh4t va trung binh cia thuat todn 13 0(g(n)).

Cin dénh gid thoi gian tinh t8t nhdt, t6i nhat va trung binh coa thuit todn
so v&i kich thudc ddu vao n. Thai gian tinh clia thuat todn c6 thé dénh gid bai
s6 lan thuc hién cau lénh trong vong lap repeat.
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—~ Néu a; = x thi cau I¢nh i :=i + | trong thdn vOng lip repeat thuc hién
mot lan. Do dé thai gian tinh t6t nhat cla thuat todn 1a 6(1).

— Néu x khong ¢6 mit trong didy di cho, thi caun 1énh i :=i + 1 thyc hiénn
13n. Do d6 thoi gian tinh t8i nhat cha thuat todn la 6(n).

— Cudi ciung ta tim thdi gian tinh trung binh cda thuat todn. N&u X tim
thdy & vi tri thit i clia ddy (x = a;) thi cAu 1énh i:= i + I phai thuc hi¢n i 14n
(i=1,2,...n); n€u x khong ¢6 mit trong diy da cho thi cau lénh i :=i + 1 thuc
hién n lan. Tir 46 suy ra s6 1dn trung binh phai thyc hién cau lénhi:=i+11a:

[(1+2+..+n)+n]/(n+1)< (n2 +n)/(n+1) =
Vay thoi gian tinh trung binh cha thvat todn 1a O(n).
Mait khac, do
[(1+24..+n)+n}An+D2m2/4+n)/(n+1)2 % /4+0/)/(n+)=n/4

nén thoi gian tinh trung binh ctia thuat todn 1a 8(n).

Sau day 12 tén goi mot s6 dang ddnh gia thong dung :

Dang dinh gia ' Tén goi
e Hing s6
8(log,n) Logarithm
o(m) Tuyén tinh
8(nlog;n) n log n
8(n?) ' Bac hai
B(n) : Bac ba
8(n™) Da thific
8(m"), mz2 Ham mi
8(n 1) ' Giai thira

Trong bang, céc dinh gid duge sip x€p theo thit ty tang ddn cua t8c d§
tang (ngoai trir trudng hop 8(a™)).

Bing dudi day cho ta thdy thoi gian tinh ting nhu th€ ndo véi cdc dinh gid
khic nhau khi sir dung don vi thdi gian 0,001 giady (nhiing s6 c6é don vi kém
theo 1 nhimg s6 gin ding).
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Thoi gian tinh néu n =
Pénh gia
2 8 32 64

I 0,001 0,001 0,001 0,001
logyn 1 3 5 6

n 2 8 32 24
nlog,n 2 24 160 384

ny 4 64 1,02 giay 4,09 giay

ns 8 512 32,7 giay 4,36 phiit

2" 4 256 49,71 ngay | 5,85.10°% nam

n! 2 40,3 gity | 8,34.10%% nam | 4,02.107® nam

4.3. L6p P va NP

BINH NGHIA 4 : Mot thudr todn la "da thitc” néu sé cde phép todn co bdn
cdn thiét dé gidi mgr vi du kich thuée n la mot ham da thic cia n. Mot thudt
todn dugc coi ld "hidu qud” néu va chi néu né la da thic.

Tinh chdt I : Lop da thic 13 déng : Mot da thitc ciia mot hém da thitc 12
mot da thife. N6i cdch khdc, néu f va g 1a cdc da thiic (bing n® va nd tuong
ting) thi f(g(n)) 12 da thitc (bing nP9).

Tinh chdt 2 : Ham da thirc tang cham hon t4t ca cdc ham s6 mii. Nghia 1
néu a > | thi ta khong tim duoc b sao cho :

a® < n? ¥n
Tinh chét 2 t6 16 ¥ nghia néu ta cho né mot giai thich chat lugng. Gia su
c¢6 MTDT véi t6c do tinh todn 12 108 phép tinh/giay va v&i bai todn c6 kich
thue s6 lieu n = 100 thi thuat todn c6 do phic tap n® cdn sir dung MTDT

trong 1 giay, trong khi dé thuat toan cé do phiic tap 2" cdn 1,27. 107 glay va
thuét toan cé do phic tap n! cdn 10" glﬁy

Mot cdch so sdnh khdc la néu bo nhé ciia MTDT tang lén 1.000 l4n thi véi
thuat todn c¢6 do phic tap n’ ngudi ta ¢6 thé gidi bai todn cé kich thudc 16n
hon 10 14n, trong khi d6 thuat todn c6 do phic tap 2" thi kich thudc bai todn
chi tang thém dugce 10 s6 liéu (chy khong phai 10 14n !). Vi du gidi bai todn
ngudi du lich v6i 100 thanh phé, n€u b6 nhd ctia MTDT tang 1.000 ldn thi
bang thuat todn cé d6 phic tap n’ta c6 thé giai duge bai todn v6i 1.000 thanh
phd, trong khi d6 bing thuat todn cé do phic tap 2" thi ta chi gidi dwoc bai
- toan v@i 110 thanh phé.
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» Chi y : D& tinh s& phép todn cin thiét gidi mot truong hop clia bai todn da
cho, ngudi ta c6 thé tinh nhitng phép todn 16n co ban (4 phép todn, cic so
sanh...). Nhung chi ¥ t&i tinh cht 1 & trén ngudi ta ¢6 thé tinh s6 phép todn
cd 58 cia MTDT dang sir dung hoic 12 cdc phép todn clia mdt may trang thai
(may Turing) twong Ung vi ring s& cdc phép todn nay 14 ham da thitc cla s6
cdc phép toan Kkia.

BINH NGHTA 4 : Mot phép md hod cdc dit liéu sé dugce coi la "cho phép” néu
nhiing con s& khéng md hod dudi dang don nhdt, nghia la néu phdn 6 nhé dé
bdo qudn s6 nguyén duong N bdng [log(N +1)] trong dé [x] la d¢ chi s6
nguyén bé nhdt = x.

DINH NGHIA 5 : Mot bai todn duoc coi la thudc "16p P" néu ton @i mot thudt
todn da thitc dé gidi né. Nguodi ta néi réng nhitng bai todn thudce lop P la de.

Vi du : Bai todn tim dudng di ngdn nhdt gia hai thanh phé A, B la bai
todn dé& vi d6 phic tap cta thuat todn dé gidi né Ia O(nz) (tdc 1a mot thuit toan
da thie). :

Ta s& xét cdc bai todn thude 16p NP.

Theo dinh nghia trén ta néu ra vi du bai todn "khé”. Gid slt ngudi ta ddi hoi
xdc dinh tdt ci cdc con dudng ndi dinh S v6i dinh T trong mang R = (X, U, d)
va c6 do dai nhd hon (1 + €) 14n so v&i do dai cha dudng di ngan nhat. Ngusi
ta c6 thé khong ¢6 khd ndng 14p nén danh muc nay trong thoi gian da thic
(céch néi nay cé ¥ nghia twong tu véi s6 cdc phép todn) vl mét nguyén nhan
don gidn 13 danh muc ndy chifa mot s8 cic phén tir khong da thic (nghia 12 né
khoéng bi chin bdi mat da thidc theo s6 cic dit Ligu).

BINH NGHIA 6 : M6t bai todn "nhdn biét” 1a bai todn ma cdc két qud chi c6
thé Idp mét trong hai gid tri tai ding hay sai.
Vi du 1 : Bai todn v€ sy tim phan b6 phi hop.

Cho tap X = {X|, X9,..., X3}

Céc bién Booles va mot biéu thic Boole d6i véi cdc sd hang cua cic
bién nay :
E=C1ﬁC2ﬁ...ﬁCm

trong 46 C;(i = 1,m) 12 mot bidu thirc :
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Ci = lljl O l.lj2 LNV W ujk(i)

va trong d6 mdi v, 12 mét trong cic bi€n clia X.

Bai todn dit ra la thir tim xem c6 mot phan b6 cdc bién x, (k = 1,2,...,n)
bang 0 hay 1 sao cho E = 1.

Ta nhé lai ring :

* Anh ¢6 thé lam cho "ngudi siéu quan st" cia anh tin tudng vé sy tén tai
m@t chu trinh Hamilton trong d6 thi G bing c4ch dién ra mét chu trinh
nhir vay.

* N&u ngudi ta ty cho mot vong di, ngudi ta biét tinh bing théi gian da
thite gid cua vong di nay va so sdnh gid nay véi a.

» N&u ngudi ta ty cho moét tap X' < X, ngudi ta biét kiém tra bing thdi
gian da thic néu | X| =k va néu dé thi G = (X, E) ¢6 hodc khéng ¢6 canh nao
ma hai bién cia né déu trong X'. '

o Néu ngudi ta ty cho xj € N, j = 1, 2,..., n khi &y ngudi ta c6 thé bing
th&i gian da thitc quyét dinh xem

A'ix < b'i choi=1, 2,..., m hay khong

Nguyén tic "ngudi siéu quan sat” cho ta mot céch ti€p can suy dién cha
16p NP. K¢ hiéu NP din dén v&n dé 1a nhitng bai todn clia 16p ndy 12 nhitng bai
todn c6 thé giai dugc bdi mot may Turing khong tién dinh bing thdi gian da
thirc. Nhitng thuat todn khong tién dinh 12 mét kién thic siéu tudng. Ching
khic cdc thuat todn tién dinh & chd ching khong thé dua len MTDT.

DINH NGHIA 7 : Mgt bai todn thudc i6p NP néu cé thé gidi duoc bdng thoi
gian da thitc boi mét thudt todn khéng tién dinh.

Vi du : Mot bai toan nhan biét ma né c6 thé giai duge bing thuit todn da
thitc thuoc vé 16p NP va kéo theo 13 P — NP. Nhimng I6p NP chita cdc bai todn
(nhu bai todn ngudi du lich, bai todn cdi tdi,...) ma d6i véi ching ngudi ta
khong biét lhuat todn da thite, trong khi ngudi ta con chua c6 thé chitng minh
duge ring P # NP. N€u biét 15 P # NP thi cé thé néi 16p NP chita céc bai todn
khé hon cdc bai todn thuoc 16p P.
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BAI TAP
A - Bai tap cé 18i gidi

Bai 1.
1 2 1 o s
Cho f{ x +— | =x* +~—, x # 0, hily tim f(x).
X x2
Gidi :
D@tt=x+l$t2=x2+L+2 = f(t)=t2 -2
X x2
= f(x) = x*> -2.
Bai 2.

~ Cho céc ham s6 f(x) = x2, g(x) = 2~
Hay tim f[f(x)], glg(x)1. flg(x)], glf(x)].

Gidi :
fIfx] = [f00F = Y = x5 gle(01 =280 = 22"
2
flg(0] = [s)1° = 2475 8lf(x)] = 2™ = 2%
Bai 3.
Tim mién xdc dinh cia cdc ham s6 :
1. f(x) = \/logz(l +3x +x%); 2. f(x) = arcsin (Igx)
3, f(x) = Jio -1
' - 805513
Gidi :
1. Diéu kien (DK) :
14+3x+x%2 >0 ()
log,(1+3x +x2) 20  (2) & logy(1+ 3x +x%) 2 log,

2

(2) < 1+ 3x +x° 2 1 (do ham déng bién) thda min ca (1)

o x°+3x20x(x+3)20

X -0 - -3 - 0 + +0
X+3 - 0 +
x(x+3) + 0 - 0

Mién x4c dinh : (=0, — 3] U [0, +)

0y
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2.DK:

{x 50 @  |log107) < lgx <1g(10") |
Lo
-1slgx<1  (2) 10'1SxSlOl@%SxSIOméamﬁncé(l)
[ 3
X% 0
x—1 '
3.PK : reetd 2)
-1
‘1030‘5 m 21 (3)
X —a0 -i' 1 +0o0
2
x-1 - - 0 +
2x+3 - 0 + +
x-1
27X+ 3 M - 0 +
Mién xdc dinh:x<—%hoacx>1 (4
(3)  logn « ——t > 1 '1 <L @om hich bién)
0.5 5713 7x 5 (do ham nghich bién
- 3
—_— ——
S 2oxry 2 0ex2 3 )

Kéthgp () va(5) =>x> 1.
Bai 4.

Tim ham nguoc cta cdc ham sd sau :

5x3 -1
a) y=f(x)= 3
TE
<X —
sin x, O 2
b) y=1f(x)= cosx55x<u
2%, X>m



Gidi :

3
- +1
a)y=1(x)= sz 141»5:{3--1=2§,r<:::>5x3=2y+14:>x= 2y5
thay vaitrdchlaxvay: y= 3 2y5+ L
. . 7
sinx, khi0 £ x = 3
arcsiny,0 €y <1
b) y = f(x) = |cosx, khi —g-SxSn & x = jarccosy, -1y <0
2}( khix>x . log2 Y. ¥ >2“
arccosx,0<x<1
thay vai trdo cia x v y : y = qarcsinx,-1s x <0
log; x,x > 27
Bai 5.
V& d6 thi clahamss: y=3-13-Ixll
Gidi :
. . s , y
y 12 ham chén ta chi cdn vé d6 thi |
vdi x = 0 r6i 14y déi xdng qua truc tung B
(hinh 2.9). i ;
1 I
N _ 1 ! -
XZOﬁy—S 13 - xl 75 3 3 & x
3-3-x)=x,nful < x £3 '
= Hinh 2.9
3+4(3 -x)=6 — x,nfux = 3
Bai 6. .
X4c dinh cdc him s6 sau, him nao 12 chidn, 1a 1é :
168 -1
ayy=Ix+2l+1Ix-2l; byy=
4X

c)y=Inx+ 1+x2)
Gidi :
a) y=Ix+2l+Ix-2i
y=x) = l-x + 2l + |-x = 2 = |- (x = 2)| + |- (x + 2)|
=ix - 21+ Ix + 2l = y(x)
Vay y Ia ham chén.
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16* —1 167 -1 1-16*
b)y= = Y(-x) = ————=
4 4*

43& .
¢)  y=In(x+ V1+x% )= y(-x) = In(- x + V1 +x2)
L+ x% — 01 +x% +x)

\/1+x2 +Xx

1 2.1
= In———— =In[(x + V1 +x ) ]
x+~Jl+x2

= —In(x + V1+x% ) = = y(x) = y la ham 1&.
Bai 7. Chitng minh ring mot ham f(x) c6 thé biéu dién thanh téng cha mot

=-y(x) =y lAham 1&.

ham chdn va mot ham 1é.
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Gidi :
PR 1) = U + (-0, B = 2 [60) - -]
Ta ¢6 f(x) = f1(x) + f5(x)
Mit khdc :
£,(x) 12 ham chdn vi f,(-x) = -%[f(-x) + (0] = £,(x)

f5(x) 1a ham 1 i f5(—x) = %[f(-x) - f(x)] = - £5(x).
Bai 8.

Xdc dinh cdc ham s6 sau c6 tudn hoan khong 7 Néu c6 thi tim chu ky.
a)y=Acos(kx +b),k#0;b>0
b)y=sinvx+a+1
¢}y =3tg[5(x + a) + 1]
Gidi :
a)y=Acostkx+b),k=20:;b>0
Acos[k(x + a) + b] = Acos(kx + b)

k(x+a)+b=kx+b+2mn
meZ
k(x+a)+b=-kx~b+2mn
a‘_21"mt=:’ —,22
o Tk Tk

ka = 2kx -2b+2mn

Diéng thic sau loai vi a phu thuéc x.



J Jx+1 1= 2k
b) sinvVx+a+1=sinvx+1 < VX+a+1=yx+1+2kn
| VX+a+l=mn-yx+1+2kn

a=(x+1+2kn)? —x—1
Lo
a=(n—\/x+1+2k1t)2—-x—l
c) 3tg[5(x + a) + 1] = 3tg(5x + 1)

=> ham khong tuéin hoan.

- <:>5(x+a)+l=5x+1+kr:c:>a=l;—“:T=%.
Bai 9.
Bi€t d6 thi ctia ham s6 y = f(x). Hiy v& d6 thi clia :

f(x), néu f(x) 20
f = ; b) y = f{IxI
2 | (X)l {—f(x), néu f(x) < 0 )y =1(ixh
Gidi :
2) 100! = {f(x), néuf(x) = 0
—f{x), néu f(x) <0

Ta v& d6 thi chia ham s6 y = f(x) r6i giif nguyén phan dé thi trén truc
hoanh, 1dy d6i xing qua truc hoanh phén dé thi nim phia dudi truc hoanh
(hinh 2.10).

Vi

oy

Hinh 2.10
b) Ham y = f(Ixl) 12 ham chdn v1 f(l- xI) = f(Ixl). Ta v& d6 thi y = f(x).

Gilr 1ai phdn d6 thi & bén phédi truc tung va 14y d6i xing qua truc tung
(hinh 2.11).
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y.il_

> Y

Hinh 2.11
Bai 10.
Tim mién gi4 tri cua cdc ham s6 :
1+ sin?

a)(y—l)x2+(y+1)x+y—1=0; b)y:.._...ﬂ'.lz_x

1+ cos“x
Gidi :
a) Ta tim y dé phuong trinh ¢6 nghi¢m déi v6i x

(y - 1)x2+(y+l)x+y—1=0

* Véiy=1:r5rang (1) c6 nghiém v6i phuong trinh 2x = 0 = x =

* Véiy = 1:dé (1) c6 nghiém phai cé :
A=(y+1)>~4y-1)20

<:>—3y2+10y—320<:>%5x$3

1 +sin? x
b) =

1+cos“x )
(2) S y+ ycoszx =1+ sinzx

o (1 + y)sinzx =2y-1

0

2)

(1)

(3)

* Véi y = ~1 : phuong trinh (3) v6 nghiém vi O.Sin2X =-3<0=-3,voly.

* V6iy # -1 : phuong trinh (3) < sin’x = Zyy _

1 " .
T 9 nghiém khi

2y -1 1

< - <
0< 1 sl¢>23y_2

Vay mién gid tri chia ham s61a — <y < 2.

B3| —



Bai 11.

1 2 3
ChoA={2 -4 1| vaf(x) = 3x* - 2x + 5. Hay tinh f(A).
3 5 2

Gidi :

f(A) = 3A2 - 2A + 5E

M 2 37 I -2 3] 1 0 07
3(2 —4 1] =21{2 —4 11+5]0 1 0
3 -5 2 3 -5 2 0 0 1]
[ 6 -9 7] 1 -2 3] 1 0 0]
=3| 3 7 4l -2|2 —4 1|+5]0 1 0
-1 4 8 3 -5 2 0 0 1]
21 =23 15
= |~13 3410
-9 22 25
Bai 12.
-1
TimAnvc‘xiA=[
_2_
Gidi
[2 - - .0
A2 Nz-1]_1 -E
13-2]|3-2 01
Viy :

Néun=2kthitacé A" = A% = (A2 =E*=E
Néun=2k+1thitac6 A=A Ak A=E A=A

Bai 13.

00
Tim t4t ca cdc ma tran vuong X cdp 2 sao cho : x? = [0' 0]

Gidi :

bat X = tacéd:

Xz_[a b][a b]_ a® +bc ab+bd
¢ djlc d] |ac+cd be+d?



al +bc=0 aZ+bc=0 (1)

, o o ab+bd =0 ba+d)=0 (2)
= [y —

ac+cd=0 ca+d)y=0 (3

bc+d? =0 be+d2=0 (4)
tie (1) va (4) ta c6 a2 = d°.

* Néu a = — d thi (2) va (3) thda méin véi b, ¢ bt ky va thdéa min diéu
kién aZ + be = 0.
Trong trudng hop nay ta c6 :

b
X= ] sao chodet (X)=0

c =a

*Néua=d=0thib=0hodcc=0(he (1) va (4)), khi dé :

X = 0 b hode 0 ¢
[0 0 0 0
B -- Bal tap tu gidi

1. Cho f(x) = V1+x*

p 3 1 1
Tinh f(O), f[—-&'],f(;],-ﬁg

2. Tim mién x4c dinh cha ham s6 :

o1 2x+1
a) y=+-X + b) y=1
d N2+x YRR
c) —arccof. 2x
y=4a X+1

3. Xac dinh tinh chdn, 1é cla ham s :

a)yzlgi%i | b)y=lg(X+m)
4. Tim chu k¥ cha ham s@:
a) y = 10 sin3x b) y=+1-cos2x
5. Tim ham ngugc cia ham s6 :
a) y=2x +3; b) y=lgZ ; o) y=31-x%
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10.

Hiy viét ma lran' h¢ s& hé phuong trinh :

3% —5Xp +2x3 +4x4 =2 axy; +%y +X3+%4 =1
a) {7X; —4x5 +X3 +3x4 =5 b) {X| +axy +X3+ x4 =a

5%y +7x3 —4x3 —6x4 =3 X[ +Xg +8X3 + X4 =a°

Cho ma tran :
1 2 3

A=|5 7 10| vaI1a ma tran don vi cdp 3. Hiy tinh A + 2I.
4 3 1

Cho hai ma tran :

Ao 1 2 ‘. _ B 2 0
3 4 3 -1
Hay tinh AB va BA.

Cho hai ma tran :

1 2 3 5 0 7
A=(2 0 1 - B=]1 2 3
3 -1 1 -1 o 2

Hay tinh AB vi BA.

oy ]

Hay tinh A% va A2 + 5A,

Cho ma tran :
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Chuong 3
PAl SO BOOLE

Céc mach dién trong m4y tinh va céc dung cy dién tir khdc déu c6 cic ddu
vao, mdi didu vao 12 s6 0 hodc s6 1, vi tao ra cdc ddu ra cling la cic s6 O va 1.
Cac mach dién d6 déu ¢6 thé duge xay dung bing cdch dung bét ky mot phén
tlt co ban ndo cé hai trang thdi khdc nhau. Ching bao gém céc chuyén mach
c6 thé & hai vi tri m& hodc d6ng va cdc dung cu quang hoc cé thé 1a sdng hodc
t&i. Nam 1938 Claude Shannon chitng td rang c6 thé ding céc quy thc ¢ ban
cha logic do George Boole dua ra vao nim 1854 trong cudn "Cdc quy ludt cia
tw duy” clia 6ng d€ thiét k& cic mach dien. Cic quy téc nay da tao nén co s
cua dai sd Boole.

I - HAM BOOLE

1.1. Mé ddu

Pai s6 Boole dua ra cdc phép todn va quy tic 1am viéc véi tap {0, 1}. Céc
chuyén mach dién tit va quang hoc ¢ thé duge nghién cifu bang cich dung tap
nay va cdc quy tic clia dai s6 Boole. Ba phép toén trong dai s6 Boole ma
ching ta s& diing nhiéu nh4t, d6 1a phép I8y phin bi, phép 1dy téng Boole va
tich Boole. Phdn bat cia mot phdn tr duge ky higu bang mot gach ngang trén
ddu va duoc dinh nghia bdi 0 = 1 vd T = 0. Téng Boole dugc ky hi¢u 1a +
hodc OR (hodc) c6 cdc gia tri sau :

1+1=0; 1+0=1; 0+1=1; 0+0=0
Tich Boole dugc ky hiéu 1a. hodc AND (va) cé cdc gid tri nhu san
1.1=1; 10=0; 0.1=0; 00=0

Khi khong cé nguy co nhdm 14n ky hi¢u d&u c6 thé duge bd di nhu cich
vi€t cdc tich dai s6 thong thudong. N€u khong dung cdc ddu ngodc thi thir tu
thuc hién céc phép todn Boole nhu sau : trudc hét, thyc hién tdt ca cic phép
14y phin bi, sau d6 dén tich Boole réi mdi dén téng Boole. Difu ndy dugc
minh hoa trong vi du sau :
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Vidu1: Tim gid tri clia 1.0 + (0 + 1)

Gidi : Ding cdc dinh nghia ciia phép 18y phén bi, phép 14y téng va tich
Boole, ta suy ra :

10 +(0+1)=0+T1
_ =0+0=0

1.2. Bidu thic Boole va ham Boole

Che B = {0, 1}. Bién x duge goi 1a mét bién Boole né€u né nhan cic gid trj
chi tir B. Mot ham tir B - tic 1a tir tap {(x, X5, ..., X,)| X; € B, 1 <isn} t6i B
dugc goi 1a ham Boole bac n. Cic gid tri
ciia ham Boole thudng duge cho trong B4ng !

cdc bang. Vi du, ham Boole F(x, y) véi X y F(x, ¥)
gid tri bing 1 khix =1 vay =0 v ] " o
bing 0 v6i moi lya chon khic d&i véi N o )
cdc gid tri cha x va y c¢6 thé duge biéu 5 i 0
dién bdi bang 1. 0 0 0

Cic ham Boole ciing ¢6 th€ duge
biéu dién béng cich diing c4c biéu thifc dugce tao bdi céc bi€n va cdc phép todn
Boole. Cic bidu thitc Boole véi cdc bién x|, Xy, ..., X, duge dinh nghia mot
cich dé quy nhu sau :

0, 1, Xy, X3, ..., Xy, 12 céc biéu thiic Boole.

Néu E; vi E, 12 céc biéu thitc Boole thi E;, (E\E,) va (E| + E,) ciing 13
céc biéu thirc Boole.

M&i mot bi€u thitc Boole biéu dién mot ham Boole. Céc gid tri clia ham
nay nhan duge bing cdch thay 0 va 1 cho cdc bi€n trong biéu thitc do. G phin

sau ching ta s& ching minh ring méi mot ham Boole déu cé thc duge biéu
dién biang mot biéu thite Boole.

Bdng 2
X y z Xy z F(x,y,2) =xy + Z
1 1 1 1 0 1
1 1 0 ! 1 1
1 0 1 0 0 0
1 0 0 0 1 l
0 1 1 0 0 0
0 1 0 0 1 i
0 0 i 0 0 0
0 0 0 0 1 1

89



Vi du 2. Tim cdc gia tri clia haim Boole dugc biéu dién béi

Gidi :

F(xv,2)=xy+ Z

Cac gia tri ctia ham ndy dugc cho trong bang 2.

1.3. Céc héng déng thic cla dai s& Boole

Bdng 3. Cac hing d%ﬁg thic Boole

920

Trong dai s6 Boole c6 nhiéu hing ding thic. Cdc hing ding thic quan
trong nhat duge cho trong bang 3. Cic hdng ding thic nay dac biét tién ich
trong viéc 1am don gidn h6a viéc thi€t k€ cic mach. M&i mot hiing ding thirc
trong bang 3 déu ¢6 thé duge chimg minh bing cdch lap bing. Ta s& ching
minh mot trong s& hai luat phan phdi bing cach dé6 trong vi du dudi day.

Hing dang thirc

Tén goi

Luat phén bl kép

X+x=Xx o, _
XX = X Ludt 10y ddng (idempotent)
xrO=x Luét déng nhdt
x.l=x
x+i=1
x.0=0 Luit nudt
X(x+y)=x Lu4t hdt thu
X+xy=1x

X+y=y+X
Xy = ¥X

Luat giao hodn

X+(y+z2)=x+y)+z
x(yz) = (xy)z

Luét két hap

X+yz=(X+y)x+2z)
X(y+2)=xy + xz

Luat phan phdi

(xy)=X+Y
(x +y)=2xy

Luat De Morgan




Vi du 3. Chiing minh su diing ddn cia luat phan phéi x(y + z) = xy + Xz

Gidi : Sy ching minh hing déng thifc ndy dugc cho trong bang 4, goi 12
bang chan ly. Hing ddng thic ndy diing vi hai cdt sau cling cla bang hoan
toan phit hgp vdi nhau.

Bdng 4
X ¥ z Y+2 Xy Xz x(y + z) XY + XZ
1 | l 1 1 1 1 l
1 1 0 1 1 0 1 i
1 0 1 l 0 1 1 1
1 0 0 0 0 0 0 0
0 1 1 1 0 0 0 0
0 1 0 1 0 0 0 0
0 0 1 1 0 0 0 - 0
0 0 0 0 0 0 0 0

Cdc hing ding thic trong béng 3 ciing ¢é th€ duge dung d€ chiing minh
cdc hing déng thitc khic. Ta s& minh hoa diéu nay bang vi du sau.

Vi du 4. Ching minh fugt hit thu x(x + y) = X bdng cdch diing cédc hing
ding thic cha dai s6 Boole (Hing dang thic nay dugce goi 1a luat hit thu vi su
hit thu cha x + y vao x dé cho x khong thay déi). '

Gidi : Céc bude duoc ding dé rit ra hang ding thic trén va chc luat dugc

str dung & médi bude d6 nhu sau :

x(X +y) = (x + 0)}{x + y) — luat déng nhat d6i véi téng Boole
=x+0y- lua.t phan phéi cia téng Boole d6i véi tich Boole
=X + y.0 — luat giao hodn cua tich Boole
= x + 0 — luat nudt déi véi tich Boole
= X — luat déng nh4t d6i véi téng Boole.

Ngoii nhitng hing déng thito trén giffa cdc biéu thitc Boole cdn ¢6 cdc m6i
quan hé khdc, thé hién & céc dinh I sau :

Dinh Iy 1 : Trong mét dai sé Boole, d6i vdi moi x, y ta ¢é :

1) xy=%X+7 ; 2) X+y=XY
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Chitng minh :
— Ta chitng minh phin 1, con phén 2 s& dugc suy ra tr tinh d6i nglu.
~ Theo luat phan phéi X + yz=(x + y)(X + Z) ta cd :

y+EX+V=FX+X+Vy+X+V=01+¥)1+X)=1
— Mat khéc :

xy(i+y)=xyi+xy§=oy+ox=0

Nhu vay X +¥ 1a phdn bi ca Xy (t8ng cia chiing = 1 va tich ciia chiing = 0).

bdi véi dai s6 Boole ta con ¢6 quan hé < dinh nghia bai :

XEYDXY=XoXt+ty=Y

Quan hé thit ty < cé tinh tuong hgp trdi va phai déi véi phép todn cdng

va nhan :
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X<y=>2ZX<SZy vaxZ=<syz
X<YyDZ+XSZ+YVAX+ZSY+EL
Dinh Iy 2 : Trong mét dai 36 Boole, d6i véi moi x,y fa cé :
Nx<ye ¥=£X
2)x<yoxy=0

Nx<yo X+y=1

‘ Chitng minh :

1) Theo dinh nghiatac6 X<y S xy=x
Mit khéc xy =X < xy=%X

vitheodinh 1y 1: xy=X+Y¥
Vaytacd: X=X+¥ hayla y=X

2) x £ y kéo theo xy<yy=0 vdy xy=0

Do lai néu xy =0 thitacé:

X+4y=F+NI=X+y){y+¥) =xy+ xy +y=0=xy+y=y

3) Theo (2) ta dd c6 : xy =0, 18y phdn bd clia 2 v€ ta duge X+y=1.



1.4. CGc phép todan véa biéu dién hém Boole

Cho E 1a mot tap hgp. Cho B 1a dai 56 Boole. Trén tap cdc hidm s6 tir E vio
- B, ta dinh nghia :

* ham 0 : 0(x) = O

sham 1: I(x) =1

e ham b (hay b6 sung) cha ham f: F(x) =f(x)

¢ tich cia 2 ham f va g : [fg](x) = f(x)g(x)

* 10ng clia 2 ham f va g : [f + g)(x) = f(x) + g(x)

Vi cdc phép trén tdp cdc ham tir E vao B, k¥ hiéu [E —» B] 12 mot dai s6
Boole. Ta c6 thé kiém tra tinh ch4t sau :

f<go(WxeB)fn<gx)lofg=fof+g=g

Dinh 1y 3 : Tap cdc ham s6 clla mot tdp bat k¥ trong mot dai s6 Boole [a
mot dai s6 Boole.

Xét tap B = {0, 1}. Tich truc ti€p B" ciia n 1an B 1a mot dai s6 Boole.

DINH NGHIA 1. Ta goi ham Boole don ciia n bién 1é mot ham i dai s6 B
vao dai sé B _

C6 hai cdch chinh dé€ biéu di&n ham Boole don clia n bién.

1) Biéu dién khéng gian

Ta ¢c6 tuong tng mot bd 3 s6 (x{, X,, X3) trong d6 x; € {0, 1} nhu 12 mot
dinh cia hinh lap phuong (hinh 3.1)

on

110

Hinh 3.1
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Khin =4, 5, .. ta c6 bi€u dién twong ty. Cho mot ham Boole don f ciia 3
bi&n, chinh 1 cho t4p cdc dinh clia 14p phuong, ma & d6 f nhan gid tri 1. Mot
dinh nhu vay dugc goi 12 phii bai f (ban doc hinh dung cho trudng hop n bién).

2) Biéu dién bing bing

3 wrén ta da n6i t6i bidu dién nay, bay gid trinh bay mot cich téng quét hon.

Ta hinh dung méi b9 n s§ (x|, X3, ..., X,), trong dé x; € {0, 1} nhu 12
biéu di&n nhi phan ciia mot s& nguyeén tir 0 d&én 2" — 1. X&p céc bo n-s6 nay
theo thit ty, khi d6 ham Boole don cla n bi€n dugc cho bdi bang cdc gid trj
cha ham s6 tai mot diém. Ty thude vao cot gid tri ma ta ¢6 cdc ham Boole
khéc nhau.

Vi du 4. Xét ham 3 bién f(x, y, z} cho bdi bang sau (chi ¥ rang cot f(x, y, z)
12 cot gid tri clia ham ta dang xét, khi c6t ndy thay déi ta s& c6 moét ham khdc).

Bdng 5
X ¥ z f(x, y, 2}
0 0 0 0 1
1 0 0 1 0
2 0 1 0 0
3 0 1 1 1
4 1 0 0 1
5 1 0 1 1
6 1 i 0 1
7 1 | 1 4]

Ngudi ta con dung loai bang sau day goi 14 béng Karnaugh.
— Céc cot duge ky hiéu thay cho xy ;

— Cédc hang duge k¥ hiéu thay cho z.

Bdng 6 Xy
00 01 11 10
0 1 0 1 1
z
0 1 1 0

Mot ham Boole bac 2 1a ham tir tap 4 phan ti, cu thé Ia céc cap phin tir
tir tap B = {0, 1} dé€n B 12 tap ¢6 hai phén tlr. T d6 suy ra ¢6 16 ham Boole
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bac 2. Bang 7 cho gi4 trj ciia 16 ham Boole bac 2 khdc nhau ma ta ky hiéu 1a

F\.Fy ... Fig.

Bdng 7
X VY [Fu|FaFy | Fy|Fs|Fg|Fy|Fg|Fy Fig|Fyy [Fy|Fps|Fro|Fus|Fg
rqyrp1fryprfryrfi1jrlilo!lo 0 0 0 0 0 0
rjojirfrj1f{riofojolol1 1 1 1 0 0 0 0
Ojrt1)1y0]|o0ot1f1]o]lol1 1 0 0] 1 1 8] 0
C(oj1|Ooj1|OQ|lrlo]l1]oO]|1 0 1 0 1 01 0

Ta c6 thé viét ra cdc biéu thic clia c4c ham tuong Ung nhu sau :

Fixy)=1
Fax,y)=x+y
Fiyx,y=x+Y¥

Fa(X, ¥) = x§ +xy=x
Fs(x,y)= X+y
Fe(X,y) = Xy+xy=y
F7=xy+ X¥

Fg(x,y) = xy

Fo(x,y)=X+¥
Fm(x, Y) = X?'l'.}-{-y

Fixy)=y
Fi(x,y) = xy
Fis(xy)=X
Fi4x,y) = Xy
Fis(x,y) = X¥
Fie(x,y) =0

Vi du 5. C6 bao nhiéu ham Boole khéc nhau bac n ?

Gidi : Theo quy tic nhan ciia phép dém ta suy ra réng c6 2" bo n phén tir

khédc nhau gém céc s6 0 va 1. Vi ham Boole 1a su gin 0 hoic 1 cho méi bo
) n

trong 56 2" bo n phdn tit d6, nén theo quy téc nhan s& c6 2° cdc ham Boole

khic nhau.
Bdng 8 $8 cdc ham Boole bac n
Béc 84 cic ham Boole

1 4
2 16
3 256
4 65.536
5 4.294.987.296
6 18.446.744.073.709.551.616
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II - BIEU DIEN CAC HAM BOOLE

Hai bai todn quan trong clia dai s6 Boole s& dugc nghién ciru trong tiét
nay. Bai todn thit nhét 13 : cho cdc gid tri cha mot ham Boeole, 1am thé nao tim
dugc biéu thic Boole bi€u dién ham d6 ? Bai todn ndy s& dugc gidi bing cdch
chitng minh ring moi ham Boole déu c6 thé dugc bi€u dién bdi téng cdc tich
Boole chia cdc bi€n va phdn bl cha chiing. Lai giai cha bai todn nay ching o
ring moi ham Boole déu c6 thé dugc biéu difn bing cdch ding ba todn ti
Boole . + vi — . Bai todn thif hai 13 : lidu c6 thé diing mot tap nhd hon céc todn
tir d€ biéu dién cdc ham Boole khong ? Ching ta s€ trd 1¥i bai todn nay bing
cdch chimg minh ring moi ham Boole déu c6 thé duge biéu dién bing cich
ding chi mét todn tir. Ca hai bai todn tren déu c6 tdm quan trong thuc tién
trong viéc thiét k€ cdc mach.

2.1. Khai trién tdng céc fich

Chiing ta s& ding céc vi du 'dé minh hoa mot phuong phdp quan trong dé
tim biéu thitc Boole biéu dién mot him Boole.

Vi du 1 : Tim céc bidu thiic Boole biéu dién cac ham F(x,y,z) va G(x.y.z)
¢é cdc gid tri duge cho trong bang 9.

Bdng 9
X ¥ 4 F G
1 1 1 0 0
i 1 0 0 1
1 0 1 1 0
1 0 0 0 0
0 I 1 0 0
0 1 0 0 1
0 0 1 0 0
0 0 0 0 0

Gidi : Cin phii c6 mot biéu thic c6 gid tri L khix=z=1vay=0vacd
gi4 tri O trong moi trudmg hop con lai d€ biéu dién ham F. C6 thé 1ap mot biéu
thitc nhu viy bing cdch 14y tich Boole cia x, ¥ va z. Tich nay, tirc xy z ¢6 gid
tri 1 néu va chi nfux = ¥ = z = 1, mh didu ndy ding néu vichinfux =z=1
vay=0.
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bé biéu dién ham G, ta cln c6 mot biéu thirc bing 1 khix=y=1vaz=0
hodc khi x =z =0 vd y = 1. Chiing ta ¢6 thé 1ip mot biéu thic véi cdc gid tri
d6 bing cdch 14y téng Boole cia hai tich Boole khéc nhau. Tich Boole xyZ,
c6 gid tri 1 néu vachinfu x =y =1 va z=0. Tuong tw, tich Boole XyZ cb
gid tri 1 néu va chi néu x =z =0 vd y = 1. Téng Boole ciia hai tich nay, tifc
XyZ + XyZ biéudién hAm G viné cégid tri I nfuvachinfux=y=1vaz=
Ohodcx=z=0vay=1.

Vi dy 1 minh hoa mot thi tyc xay dung biéu thiic Boole biéu dién mét
ham Boole ¢6 cac gid tri da cho. Mdi mot td hop gid tri chia cdc bi€n lam cho
ham c6 gid tri 1 s&€ dan t6i mot tich Boole cla cac bi€n hodc cdc phdn b cla
ching. '

BINH NGHIA 2. Mot bién Boole hodc phdn bd cla né duge goi 13 mot
tuc bién. Tich Boole y|y,...y, trong d6 y; = x; hodc y; = X; v6i X}, Xy, ... X, 12
cdc bién Boole duge goi 12 mot 1iéu hang (minterm). Do dé, tiéu hang 12 tich
clia n tuc bién.

Mot tiéu hang ¢6 gid tri 1 d6i véi moét va chi mot 8 hop gid tri clia
cic bién ciia né. N6i mot cdch chinh xdc hon, tiéu hang y,y,...y, bing 1 n&u
va chi n€u moi y; = 1 va diéu ndy xay ra n€u va chi néu x; = 1 khi y; = x; va
x; =0 khiy, = %, o

Vi du 2. Tim ti€u hang 6 gid tri bing 1 nfux; =x3=0vaxy,=x4=x5=1
va bing 0 1rong'moi trudng hgp con lai.

Gidi : Tiéu hang Xjx,X3x4Xs5 c6 tap cdc gid tri ding theo yéu cdu cla
ddu bai. '

Béng cich 14y téng Boole clia cdc tiéu hang phén biét chiing ta c6 thé lap
duge biéu thic Boole voi tap cdc gid tri di dugc cho trudc. Pic biet, tdng
Boole ciia cdc tiéu hang cé gid tri 1 chi khi mot trong cic ti€u hang cla téng
c6 gid tri bang 1. Tiéu hang dé cé gid tri 0 d6i v4i moi t6 hgp gid tri cdn lai
clia céc bién. Do d6, vai mot ham Boole da cho, ta cé thé 1ap mot téng Boole
cdc tiéu hang c6 gid tri 1 khi ham d6 c6 gid tri | va c6 gi4 tri O khi ham dé6 ¢6
gid tri 0. Cédc tiéu hang cla tdng Boole nay tuong tng véi cdc t6 hop gid tri
lam cho ham c6 gid tri 1. Téng c4c tidu hang biéu dién ham duge goi 12 khai
trién téng cdc tich hay dang tuyén chudn tdc clia ham Boole.

Vi du 3. Tim khai trién téng cdc tichchaham F(x, v, z) = (x + y) Z.

Gidi : Budc ddu tién 12 tim cdc gid tri chia ham F. C4c gi4 tri ndy duge cho
trong bang 10.

97



Bdng 10

X y z X+Y¥ Z xX+v)7Z
1 1 1 1 0 0
1 1 0 1 1 1
1 0 1 1 0 0
i 0 0 1 I 1
0 1 1 1 0 0
0 1 0 1 1 1
0 0 1 0 0 0
0 0 o 0 1 0

Khai tri€n tdng cdc tich cia F 12 tdng ciia ba ti€u hang tuong \ing voi ba
dong cia bang cho gid tri 1 cla ham d6. Tir d6, ta c6 :
F(x,y.2) = XyZ +XYZ +XyZ

Ciing ¢6 thé tim biéu thic bi€u dién mot ham Boole bing céch 14y tich
Boole ciia cdc téng Boole. Biéu thic tim duge goi la dang héi chudn tée hay
khai trién tich cdc tong. Cdc khai trién nay c6 thé tim dugc tir khai trién t8ng
cdc tich bing cdch 14y cdc d6i ngiu.

Tdéng quat, ngudi ta cé thé biu dién ham n bién F(x,X,,...,x,) dusi cic
dang sau day :
1) Dang tuyén chuan tac hoan toan

F(X{,X2,..Xy) = vV x?‘xgz...xgﬂ‘
. f(U],O’z,...,Un }-_—l
X, nfuc =1

trong 36 x° = _ .
X,nfuc=0
2) Dang hoi chudn tic hoan toan

F(X[, X3, Xp) = A xPPvxPvavid
f{El.Ez.....'Gn)=0 .

2.2. Tinh ddy dd

Tt ca ham Boole déu ¢6 thé duge biéu dién nhv téng Boole clia cdc tiéu
hang. Méi ti€u hang 1a mot tich Boole cia cdc bién Boole hoic céc phén bi
cua ching. Diéu nay ching t6 ring m&i ham Boole c6 thé dugce bidu dién bing
cdch dung cdc phép. todn Boole . , + va — . Vi tdt cd cdc ham Boole déu c6 thé
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duge biéu dién bing cdch ding cdc phép todn d6, nén ta ndi ring tap hop
{.,+, -} laddy dii. Li¢u ta c6 thé tim dugc mot tap ddy dii cdc phép todn nhd
hon the khong ? Ching ta c6 thé 1am duge di€u d6 n€u mot trong ba phép todn
cua tdp d6 c6 thé duge biéu dién qua hai phép todn kia. Va didu ndy c6 thé
lam dugc bing cich dung mot trong hai luat De Morgan. Chiing ta ¢6 thé loai
14t ca cdc t6ng Boole bang cich ding hing ding thitc :
X+y=X§y .
Hang ding thitc nay nhan duge bing cdch 15y phdn bl ca hai v€ ciia luat
De Morgan thif hai cho trong bang 3, sau d6 4p dung luat phdn bd kép. Diéu
nay c6 nghia la tap {.; -) 12 ddy db. Tuong ty, ta cling c6 thé loai t4t ci cdc
" tich Boole bang cdch diing hing ding thic :

. Xy=X+4Y,

' Hing dang thifc ndy nh4n dugc bing cdch 14y phédn bii ca hai vé& ciia luat
De Morgan thi nhat cho trong bang 3, va sau d6 4p dung luat phdn ba kép. Do
d6, tap {+, ~} cling 12 ddy di. Chd ¥ ring tap {+, .} khong phai la ddy dd vi
né khong thé bi¢u dién ham Boole F(x) = X bing cdch ding c4c phép todn d6.

O trén ching ta dd tim duge cdc tap ddy da chda hai phép todn. Lieu
ching ta cdn ¢6 thé tim dugc tap ddy dii c4c phép todn nhd hon nita, cu thé Ia
chi chita mot phép todn thoi khong ? Nhiing tap nhu vay c6 tén tai. Ta s& dinh
nghla hai phép todn : todn | hay NAND va phép 4 hay NOR nhu sau :

H1=0,110=011=010=1va
H1=10=0l1=0,0l0=1
Ca hai tap {1} va {{} déu l1a ddy di.

Vi {., -} 1a ddy du, nén dé thay {|} 14 ddy dd, t4t ca nhitng thit ma ta cén
phéi 1am déu chiing t6 ring cé hai phép todn . va — déu cé thé dugc biéu dién
bing cdch chi dung phép todn |. Piu ndy duoc 1am nhu sau :

X = xlx

xy = (xly)i(xly)

III - CAC CONG LOGIC
3.1. M3 déu -

Dai s8 Boole dugc diing d€ mé hinh héa so d8 cdc mach trong cdc dung
cu dién tr. Mbi mot ddu vao va m8i mot déu ra cla moét dung cu nhu vay cé
thé duge xem nhu mot phén tir ciia tap {0,1}. Mot mdy tinh ciing nhu mot
dung cy dién tir khdc duoc tao bdi nhiéu mach, M3i mot mach c6 thé duoc
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thi€t k& bing cich ding cdc quy tic clia dai s6 Boole da dugc dé cap tdi. Cic
phin tlr co ban clia cdc mach duge goi 1a cic c8ng. M&i mot loai ¢bng thuc
hién mot phép todn Boole. Trong ti€t nay, chiing ta sé dinh nghia mot s6
loai céng. Dung cdc cfng nay, ching ta sé d4p dung cdc quy tic cha dai s6
Boole d€ thiét k€ cdc mach thuc hién cdc nhiém vy khéc nhau. Cdc mach ma
ching ta nghién cifu trong chwong nay s& cho diu ra chi phu thudc vao diu
vao chit khong phy thudc vao trang thdi hién th&i cia mach. N6i mot cach
khédc, cdc mach nay khéng c¢é kha nang nhé. Nhiing mach nhu vay duge goi 1a
mach 16 hgp.

Chiing ta s& xay dung cdc mach té hop bing cdch ding ba loai phén tir.
Loai thit nhét 12 b ddo, nd chip nhin gié tri cia mot bién Boole nhu ddu vao
va tao phdn bl cha gid tri 6 nhy ddu ra. Ky hiéu duge dung dé€ biéu dién bo
ddo cho trén hinh 3.2a. Pdu vao cha bod dao cho ¢ phia trdi, di vao va ddura
cho & phia phai, di ra tir b dao dé6.

Loai phdn tir thit hai 12 ¢cdng OR. Pdu vio céng nay 1a cde gi tri ¢lia hai
hoac nhiéu hon bi€n Boole. P4u ra 13 téng Boole cia céc gid tri d6. K¥ higu
dugc ding dé biéu dién cng OR duge cho trén hinh 3.2b. Pdu vio cdng OR
cho & phia trdi, di vao va diu ra cho & phia phai, di ra khoi phén i dé6.

X x X = xy
X |
¥ y—»
a) b)

c)

Hinh 3.2. Céc logi cong co bdn

Loai phdn tir thif ba 12 céng AND. Ddu vao céng 1a cic gié tri clia hai hoic
nhiéu hon bi€n Boole. Dau ra 1a tich Boole clia cdc gid tri d6. Ky hiéu duoc
ding dé biéu dién cdng AND duge cho trén hinh 3.2¢c. P4u vao c¢éng AND
cho & phia trdi, di vao va ddu ra cho & phfa phéi, di ra tir céng do.

Ching ta s& cho phép c6 nhiéu ddu vio d6i véi cdc cdng OR va AND. Cic
dau vao d6i vdi mbi cOng nay cho & bén trai, di vao céng va ddu ra cho & bén
phai. Vi dy v€ cdc cng AND va OR véi n ddu vao cho trong hinh 3.3.

X, _,\\ X
Xz » =X14+X2¢ . 4% X2 - = X1+ Xz4 4%
Xy —nf S Xg—l

Hinh 3.3, Cdc céng c¢6 n ddu vao -
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3.2. T8 hgp che cdng

Cic mach t3 hop c6 thé duge xay dung bing cdch dung té hop céc bo dao,
cdc céng OR va AND. Khi lap t8 hgp cic mach, mot s6 c6ng cé thé ding
chung ddu vao. Diéu nay duge chi 18 & mot trong hai cdch v& mach dué6i day.
Mot cdch ding céc phan nhdnh dé chi tdt ca cic céng cing ding mot dau vao
di cho. Cdn céch thir hai chi ddu vao niy mot cich riéng biét d6i véi mbi
c6ng. Hinh 3.4 minh hoa hai céch biéu dién cdc céng cling diing chung céc gid
tri ddu vao. Ciing c4n chi ¥ ring ddu ra tir mot céng cé thé duge dung nhu ddu
vao d6i v6i mot hoic nhiéu phin tir nhu chi rd trén hinh 3.4. Ca hai hinh v&
trén hinh 3.4 déu v& mach cho cling ddu ra la xy + Xv.

X - Xy
Y — > )

X X fy
fn Yo

X = Xy
x i. 0

Hinh 3.4. Hai cdch vé cing mgt mach
Vi du : Dung cic mach tao cdc ddu ra sau :

a) (X+¥y)X ;
b) X(y+7Z);
¢) X+y+2)(XYZ)

Gidi : Cic mach tao cic ddu ra nhu trén duge cho & hinh 3.5.

a) > ) (x+y)x
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Hinh 4. Cdc mach tao ddu ra cho trong vidu |

IV - THUAT TOAN TIM DANG TUYEN CHUAN TAC TOI TRIEU

4.1.Cha y mé déu

Tir nhitng co s& 1y thuyét da trinh bay trong céc tiét trén ta cé thé chia qud
trinh tim dang tuyén chudn tic 16i thiéu cia mot ham dai s6 logic f(x, ..., ;)
thanh 2 giai doan :

a) Xudt phdt tir dang tuyén chudn tic hoan toan ciia f, tim dang tuyén
chudn tic thu gon cia f.

b) Xudt phit tir dang tuyén chuén tdc thu gon cia f, tim cdc dang tuyén
chudn tic nghén clia f va lva chon ti¥ cic dang nay dé dugc cic dang tuyén
chudn tic t6i thiéu cha f.

Trong qud trinh tim dang chudn t6i thidu ngudi ta phai thuc hléll mot s6
phép bién déi.

Duéi day 12 mot s6 phép todn ma ta sé dung nhiéu l4n trbng qud trinh
bién déi :
(i) phép nudt s cdp
ABvA=A
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(ii) phép ddn
AxVvAX =A
(iii) phép ddn khong ddy dia
AX VAX = Av Axv AX
(iv) phép ddn mé& rong
ACv BC=ACv BCv AB
Trong cac phép todn dé A, B va C 12 cdc bidu thitc bt k¥, x 12 bién.

4.2. Tim dang tuyén chudn tée thu gon
M&éi hoi so cap hang k

Gy

G.
2 x. )
13 1

a,
X, 'x

1 i
dugc goi 1a mot nguyén nhan hang k cia ham f, n€u né 1a mot nguyén nhan
clia f. M0t cau tao don vi cla f 1a mot nguyén nhan hang n clia né.

Dinh Iy 1.

a) Mot nguyén nhén hang k cia hém f (k < n) la két qud cda phép ddn hai
nguyén nhdn hang k + I cda ham f dé.

b) M¢ét nguyén nhdn hang k cia héam f (k < n) la nguyén nhdn nguyén 16
cia f néu khéng thé dén duoc véi bat ky mét nguyén nhdn hang k ndo cia f.

Ching minh :

a) Gia sir A 12 mdt nguyén nhan hang k (k < n) cua f. Tim dugc bién X
khong ¢é mat trong A. Khi d6 cdc hoi Ax va AX s& 1 cdc nguyén nhan hang
k + 1 cuaf, vd A nhan dugce tir phép din hai nguyén nhan nay.

b) Gia sir A 13 mot nguyén nhan hang k (k < n) cha f. N&u A khong phai 1a
nguyén nhan nguyén t6 thi luén tim duge mot bi€n x trong A dé€ sau khi x6a
né (ciing vdi ddu phi dinh néu c6) khoi A, ta duge phdn con B 12 mot nguyén
nhan cla f. C6 thé gid thi€t A = Bx. Khi d6 A’ = BX ciing 12 mdt nguyén nhan
hang k cia f vd A c6 thé din v6i A’

Tur dinh 1y 1, ta c6 thuat todn Quyne sau day dé tim dang tuyén chudn téc
thu gon ci4 ham dai s6 logic f(x,, ..., xy) :

Bucc 1. Tim dang tuyén chudn tic hoan toan cia f, ky hiéu £,
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Budc 2. Tu f; xay duyng f;,; bang cdch trong f thyc hién t&t ci cdc phép
din khong ddy di d&i v6i cdc hoi so cdp hang n ~ i, sau d6 x6a bd tat ca céc
hoi so cdp hang n — i ¢ thé duge biang phép nust sa cap.

Bugc 3. Lgp lai budc 2 cho dén khi thu duge f,; = f,. Khi d6 f), s& Ia
dang tuyén chunan tic thu gon cia f.

Tir cach xay dung f;, ¢6 thé chiing minh quy nap diéu khing dinh : trong
mdi f;, c6 mat tdt cA cdc nguyén nhan nguyén t6 hang khong nhd hann —k + 1
va tdt ca cdc nguyén nhan hang n — k ciia f, vi chi ¢6 chiing.

NEu fy,, = fy thi theo phén b cha dinh 1y 1, moi nguyén nhan hang n — k
cua f trong f, déu la nguyén 6 va nhu vay f, chia tat cd cdc nguyén nhin
nguyén 16 cia f, do d6 n6 la dang tuyén chudn tic thu gon cia f.

Vi du 1 : Tim dang tuyén chuén tdc thu gon ciia hAm
f=xyz vXyzvxyZVvXyZvXYVZ
Ta c6 f, = f. Diing cic phép ddn khong ddy du d6i vdi cdc hoi so cdp hang
3, ta duge : ‘
YZV XZV XYV XYZ VXYZVXYZVXYZVXYZ
Sau do6 ding cdc phép nubt so cdp ta dugc : |
fi=yzvxzvxy vX§¥Z

Dén day cdc hoi so cdp hang 2 khong ddn duge vdi nhau, tic {a f, = f, va
f; 1a dang tuyén chudn tic thu gon cta f.
Thuat todn Quyne khong chi rd viéc tim cho hét cdc phép din c6 thé cb.

Vi th€ McCluskey dé nghi b8 sung thuat todn Quyne mot thii tuc hinh thitc
nhu trinh bay dudi day.

- Gia sir f 12 ham cha n bién x;..., X,. M&i hoi so cdp clia n bién d6 duge
bidu dién bing mot diy n ky hieu trong tap {0, 1} theo quy wdc : ky ty thit i 12
I hay 0 n€u x; c6 mat trong hoi 1a binh thudng hay v6i ddu phi dinh, cdn néu
X; khong c6 mat thi k¥ tu ndy 12 — . Chéng han hoi so c4p cia 5 bién x|, ... X5 :
X1Xaxs dugc bi€u dién bdi 1-0-1. Hai hoi so cdp dugc goi 14 1an can nhau,
néu céc bidu dién néi trén clia chiing chi khédc nhau & mot vi tri. R ring céc
hdi so c&p chi c6 thé d4n dugc véi nhau néu ching 12 14n c4n nhau.

Thu@t todn Quyne — McCluskey

Thudt todn Quyne, theo thi tuc McCluskey, duge ti€n hanh nhu sau : Lap
mot bang gom nhiéu cot dé ghi k&t qua céc phép din. Sau d6 14n luot thuc
hién cic bude : '
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Budc 1. Vi€t vao c6t thif nhdt, cdc biéu dién ciia cdc nguyén nhan hang n
{tifc 1a cdc cdu tao don vi) cba ham f. Cic biéu dién dugc chia thanh timg
nhém, cdc bidu dién trong mdi nhém c6 s6 céc k¥ hiéu 1 bing nhau va cdc
nhém x€p theo thif tu s6 cdc ky hiéu 1 taing ddn {cdc nhém duoc dénh s tir 1),

Buoc 2. Lan lugt the hién tat ca cdc phép dén cdc bidu dién trong nhém i
v6i cdc biéu dién trong nhém i + 1 (i = 1, 2, ...). Biéu di€n nao tham gia it nhat
mét phép dén s& duge ghi nhin mot ddu * ben canh. K&t qua ddn duge ghi vio
cOt tiép theo.

Buoc 3. Lap lai budc 2 cho cot k€ ti€p cho dé€n khi khoéng thu thém dugc
cot nao mdi (tidc 1a tai cot hién hanhy khong thuc hién duge mot phép ddn nio
ca). Khi dé, tat ca cdc biéu dién khong c6 ddu * s& cho ta tdt ca cdc nguyén
nhan nguyén 6 cia f.

Vidu 2 : Tim dang tuyén chuin tic thu gon clia ham
' f=XYZu v XyZu v X¥zu v XY Zu Vxyzu v Xyzu v Xyzu.

Thi tyc McCluskey duge ti€n hanh bdi bing sau day :

0001* 0-01%* 0—1

0101* 00-1* -0-1
0011* -001% 11
1001* -011%*

1011* 10--1%
O111%* 01-1%*
1111* 0-11%
1-11*
—111%*

Dang tuyén chudn tic thu gon cita ham f 12 :
f=Xuvyuvzu
Vi du 3 : Tim dang tuyén chudn tic thu gon ciia ham
f = X;X3%x3%4 v X X3X3Xg V X1X3X3X4 V X1 X9X3Ky V X1X2X3Xy

VX1X3X3X4 V X X3X3X4.
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Thi tue McCluskey duge ti€n hanh bdi bang sau day :

0010* 001- i1—
0011* -(11
1100* 110- *
. 1011* 11-0*
1101* 1-11
1110* 11-1 *
111t* 11]1-*

Dang tuyén chuin tic thu gon clia ham f 1a :
f= X|Xq V ilizx_v, A% i2X3X4 v X1X2X3.

Thuat todn Quyne cilng véi sy cdi ti€n ciia McCluskey goi chung la thuat
todn Quyne — McCluskey. Thu4t todn nay cho phép tim dang tuyén chuédn tic
thu gon tir dang tuyén chudn tic hoan toan.

Dudi day trinh bay thém phuong phdp Blake — Poreski, cho phép tim dang
tuyén chudn tic thu gon tir mot dang tuyén chudn tic thy ¥. Co s& clia phuong
phdp nay 1a dinh 1y sau day :

Dinh Iy 2. Néu trong mét dang tuyén chudn tdc tity y céba ham dai sé logic
flxy oo x0 ta lién tiép thie hién tdt cd cdc phép ddn md rong cé thé cé duoc

roi sau dé thuc hién tdt cd cdc phép nudt so cdp, thi sé thu dugc dang tuyén
chudn tdc thu gon cig ham f.

C6 thé chimg minh dinh 1y nay bing quy nap theo s6 cic d6i s§ cla
ham f.

Vi du 4 : Tim dang tuyén chuén tic thu gon cha him
f=xyzvazxvXy
Thyc hién lién ti€p cdc phép din m& rong va cdc phép nudt so cap ta dugc :
f=xyzvazxvXy
= XYZIVZIXVXYVXYVYZVYZ
= XZVXYVXYVYZVYZVY
=xzvy '
Vay xz v y la dang tuyén chuén tic thu gon cla ham f.
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Vi du 5 : Tim dang tuyén chudn tic thu gon clia ham
f=X+y)v(y+2)
Tacé:
f=Xyvxyvyzvyz
=XYVXYyVYVZIVYZVXZIVXZ
D6 13 dang tuyén chudn tic thu gon cda ham f. Vi du 5 chiing té rang,

dang tuyén chudn tic thu gon clia mot ham f c¢6 thé "dai” hon dang nguyén
thtiy clia né.

4.3. Tim dang tuy@n chudn téc t8i thiéu

Sau khi tim duge dang tuyén chudn tic thu gon cila f, nghia la tim dugc 4t
cA c¢dc nguyén nhan nguyén t§ cha nd, ta ti€p tuc phuong phip Quyne tim
dang tuyén chuin tic t&i thifu ca f nhu sau : Lp mot bang chir nhat, méi cot
ing vOi mot cdu tao don vi cva f vk mbi dong Ung v6i mot nguyén nhén
nguyeén t6 cia f. Tai 6 (i, j), ta dinh ddu + néu nguyén nhan nguyén t8 & dong
i la mot phin con clia cdu tao don vi & ¢6t j. Ta ciing n6i ring khi 46, nguyén
nhan nguyén t6 i 12 phii c&u tao don vi j. Mot hé S cdc nguyén nhan nguyén t6
ctia f duge goi 12 phi ham f, n€u moi cdu tao don vi cla f déu duge phi ft nhat
boi mot thanh vién thude he. D& thdy ring, néu he S 13 phi ham f thi n6 12 ddy
dl, nghia 1a tuyén ctia c4c thanh vién trong S 12 thye hién f.

Mot nguyén nhan nguyén 6 duge goi 1a cdt y€u, néu thiéu néd thi mot he
cdc nguyén nhan nguyén t6 khong thé phit ham f. Cdc nguyén nhan nguyén 6
c6t yéu duoc tim nhu sau : tai nhing cot chi ¢4 duy nhat mot dau +, xem diu +
d6 thude dong nao thi dong d6 ing v6i mot nguyén nhan nguyén td cét yéu.

Viéc lua chon cdc nguyén nhan nguyén t6 trén bang da ddnh d&u, dé duoc
mot dang tuyén chudn tic t6i thiéu, c6 thé ti€n hanh theo cdc budce sau day :

Buoc 1. Phét hién tat ca cdc nguyén nhan nguyén t6 cdt yéu.

Budc 2. Xéa tdt ca cdc cot duge phi boi cdc nguyén nhin nguyén t6 c6t
yé&u, tie 12 (a1 ca cdc cot ¢ it nhdt mot dau + tai nhilng dong Ung voi cic
nguyén nhan nguyén t8 ¢t yéu.

. Bwgc 3. Trong bang con lai, X6a nét nhitng dong khong con déu +, va sau
dé né€u cé hai cot gidng nhau thi x6a bét mét cot.

Budc 4. Sau cdc budc trén, tim mot heé S cdc nguyén nhdn nguyén t8 véi s6
bién it nhat phi tat ca cdc cdt con lai.
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Tuyén ciia cic nguyeén nhan nguyén t& c6t yéu va cic nguyén nhan trong
hé S s& 1a dang tuyén chudn tic t6i thiu cila ham f.

Céc budce 1, 2, 3 ¢6 tdc dung rit gon bang trude khi lva chon. Do phic tap
chi y&€u nam & bude 4. Tinh huéng 16t nhat 13 mei nguyén nhan nguyén 8 déu
1a ¢6t y€u. Trudng hop nay khong phéi lya chon gi vd ham f c6 duy nhat mét
dang tuyén chudn tic 16i thiéu ciing chinh 12 dang tuyén chudn tic thu gon.
Tinh huéng x4u nh4t 12 khéng ¢é nguyén nhan nguyén t6 nao la c6t yéu.
Trudng hop nay ta phai lya chon toan b6 bang. Cic thi dy sau day minh hoa
cdc tinh huéng ¢6 thé xdy ra. '

Vidu 1 : Tim dang tuyén chudn tic t6i thiéu ctia ham f cho trong vidy 1,
muc 4.2. Bang sau khi di ddnh d4u +, ¢6 dang : -

Xyz Xyz Xyz XyzZ XvZ
Xy + +
XZ + +
vz + +
XYz +

Trong trudng hgp ndy moi nguyén nhan nguyén t6 déu 1a c6t y€u. Ham f
c6 mét dang tuyén chuén téc t6i thi€u, déng thoi cling 1a dang tuyén chudn tic
thu gon ;

f=xyvxzvyzv XyZ

Vi du 2 : Tim dang tuyén chudn tic t6i thiéu caa ham f cho trong vi du 3,
muyc 4.2. Sau khi dinh ddu +, bang c¢6 dang :

XX | X1%2 | X%z | xyxg | xyxp | XX | oXpx,

X3i4 X3X4 X3X4 i‘_}i{* I3X4 X3‘)-(‘4 X3X4

x|y + + + +
X%px3 |t +

X X3Xg4 + +

X|X3X4 + +
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Cé hai nguyén nhan nguyén t6 ¢6t yéu ndm & dong 1 va 2. Sau khi rit
gon, bang cdn hai dong 3, 4 v mot cot 3. Viéc chon S khd don gidn : c6 thé
chon mot frong hai nguyén nhan nguyén ¢6 con lai. Vi vay ta dugc hai dang
tuyén chudn tic tdi thiéu la : - '

f=2XX3 v XX X3V X3 X3Xg
f= XX V iliz X3V X9pX3X4.

Vi du 3 : Tiép tuc vi du 5, myc 4.2. Dang tuyén chudn tic hoan toém clia
ham fla:
f=XyzvXyZVXyzZVvXYZV XyZVXYZ

Ta iap bang

Xyz XyZ Xyz XYZ Xyz XYZ
Xy + +
Xy + +
yz + +
yZ + +
XZ | + +
XZ + +

Khéng cé nguyén nhan nao 13 nguyén nhan nguyén t8 c6t ¥€u. Trudng
hop nay phai lra chon toan bo. C6 hai hé pht ham f véi s6 bién it nhﬁft chiing
tuong (ing vdi hai dang tuyén chudn téc t6i thiéu :

f=Xyvyzvxz
f=xyvyzviz
He { Xy,x¥,¥z,yZ } phi f khong thira, né cho ta mot dang tuyén chudn tic
nghén
f=Xyvxyvyzvyz |

nhung khéng phai 1a t6i thidu.
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4.4. Phuong phap béng Karnaugh

Phuong phip ndy dua trén viéc té hop cde hoi so cdp ¢ thé 16 hop duoc
dé loai bod cic hoi so cdp ciia ham Boole khong cédn th1€t trong Dang chudn tdc
tuyén (DCTT) cha ham Boole dé6. :

Trude hét, mo 1a phuong phdp nay d6i v6i ham Boole ¢6 hai bién x, y.

Bang Karnaugh dé t&i thiu héa ham Boole 2 bi€n gém 4 6 vuong, trong
dé hinh vuong biéu dién hoi so cdp c6 mat trong DCTT duge dénh s6 1. Céc 6
vuong dugc goi 14 ké nhau néu cdc hoi so cdp trong cdc 6 dé chi khic nhau
m@t tuc bi€n (tdc 1a bi€n ¢6 mat trong hoi su cdp nay 12 x thi né ¢6 mat trong
hoi sd cdp kia 1a X, con cdc bi€n khac giit nguyén).

Bang Karnaugh d8i véi ham 2 bién x, y la:

y y
X Xy x¥
X Xy Xy

Ti€p theo 12 dya vao cic 6 ¢6 s6 1 ké nhau trong bang Karnaugh dé rit
gon lai thanh mot hoi so cdp chi gém 1 bién.

Chit y : Néu t4t ca bén 6 déu c6 s6 1 thi ¢6 thé rat gon bon hoi sg cap
thanh mét s6 hang.

Vidu 4.

Cho f(x, y) = X A 'ivli’x\ ¥y v XAY. Hiy 16i thi€u héa f(x,y) bing bang
Karnaugh.

Gidi : Bang Kranaugh cua f(x,y) c6 dang :

y

X

X 1

_ =

Cé 3 6 ké nhau, nén ta ¢6 thé té hgp cic hoi so cdp XAy va XAT duge
biéu thitc X va td hop hoi so cdp x AY véi XAY ta dugc §. Hay dang t6i
thiéu héa cha f(x,y) = Xvy.

b} Bing Karnaugh cho ham Boole 3 bién x, y, z 12 mot hinh chit nhat chia
thanh 8 6 ¢4 dang sau :
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»it
—

]|
>
|
1]
E*
>

<l
>
|
<
H|
>

|
>
]

X
X 1 1
i'z\z=_5£'z\y;\zv'i;\?z\z

¥yAZ YAZ FAZ §FAaz
X 15 1
X 1 1

Z=XAYAZVIATAZV XAVTAZVIAYAT

YAZ

Nl

YAZ YANEZ A

el |

1| 1 1 1

=

X= XAYAZV XAYAZV XATAZV XAVAZ

YAZ YAZ YATZ Faz
x |1 1 l 1
X 1 1 i 1

I1=XAYAZVXAYAZVIATAZYV XATAZYV
V XAYAZYV XAYAZY XATAZV XATVALZ
D¢ 16i thiéu h6a ham Boole ba bién f(x, v, z) ta lap bang Karnaugh cho f
X.y, z).

* C4c khdi gbm hai 6 ké nhau chita c4c hoi so cdp cé thé t8-hgp véi nhau
thanh héi so cdp.

o Céc khéi gém 4 6 ké nhau c6 thé 18 hop cdc hoi so c8p thanh mot hoi so
cdp gébm mot bién duy nhat.

» Khoi gém 14t ca cdc 6 ké nhau thi f(x, y, ) = 1
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Vidu 5.
Cho
Fy.DD=EAYyAD VIXATAD VE AYAZYVXTAY AT,
Hiy t6i thi€u h6éa ham Boole trén bing bang Karnaugh.
Gidi : Bang Karnaugh cta ham nay 1 :

YAZ YAZ YAZ YAZ

A
X 1 1
1

X 1

-Téhqpilokénhau:xx\yx\ ZVXATAZ =XAZ
Tohop26kénhau: XA F AZ v X AFAZ = JAZ.
Vay khai trién t&i thiéu héa ciia

.f(x,y,z)=(xz\ DIV AZDIVE AYAZ.

BAI TAP

A - Bai tap c6 Idi giai
Bai 1.
Biéu dién :
a) A > B, A ~ B bdi v; A vd b8 sung (/)
b) AvBboi Ava()
¢) A ABb&ivva()
d) A, A v Bva A A B bdi ham Sheffer :
®(AB)=AvB=AAB
e} A vBbdi o>
Gidi :
a) A>B=AvVB
A~B(A=>BetB2>A)=(AvB)ABVvA)=(AAB)V(AAB);

b)AvB=AAB: ¢)AAB=AVB:;
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d) A = g(A, A) 9(A,B) v ¢(A;B)

AvB=AvB =¢A,B) = o(p(A, B), 9(A,B))
A AB= ¢(A,B) = ¢(¢(A,A), (B, B) '

= AvB oA, A)= AVA
¢o(B,B)=BvB
A B A-B A AVB
0 0 1 1 1
0 1 1 1 1
1 0 0 0 0
1 1 1 0 1
*yAvB=(A-B)—>B
A B AvB A-B (A—->B)—> B
0 0 0 1 0
0 1 1 1 i
1 ] 1 0 1
1 1 i 1 1
Bai 2.

Céc ménh dé sau day c6 ding khong ?
a) Néu ménh dé P sai thi ménh dé "P= Q" luon ludn diing.
b) N&€u ménh dé P diing thi ménh dé "P=> Q" chi diing khi . Q.diing. -
Gidi : ’
a) (P=Q) =(P v Q)

Neéu P 1a sai thi P la diing va P v Q ludn ludn ding.
b) Néu P deing thi P sai va P v Q 1a diing chi khi Q Ia diing.
Bai 3.
Cho P, Q va R 12 3 ménh dé. Chitng minh ring :

{(P+Q)=PR) e (I +RQ +P)(Q +R)
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Gidi :
[(PvQ=>®AR)] < (PVRIA(Q VP)A(QVR)?
[(PvQ = ®AR]e PvQ) v(PAR) e (PAQVPAR)
< [P v (PAR)] A [Q v (PAR)]
< [(PvPIACPYR) A(QV P) A(QV R)]
< (PYR)A(QVvP)A(QVR).
Bai 4.
Tim dang tuyén chuin the cho cdc ham sau :

1) Xv (x> v)

2)(X~y) (z—>t)

3) xvyz

4} XyXz v xt

5) ;3_! v yzt v Xyzt
Gidi :

L (xvz)(x - y)

1]
>
[y ]

——
e
<

e

S

Il
4|
]|
=

4
|
,gl

]
£
]|
<
-

et

2.x~y) Z=t) = AVYEVINZVL) =

(X v y)(x v F)zt) = TxZtv XYzt v yxzt v ¥zt
loai 10@1

= Xzt v Xyzl.
3.XvyZz=X(yviNzVvZD) V(X Vv b)Y 4

= XYZV XYZV XYZVXYZ Vv XyzZv Xyz

XYZ vV XVZV XYZ v XYL

4. xyXzvxt =xt=x(yvyzvil=
=0

= )iy_zt v X¥zlL v XyZt vV XY Zt.
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5. Xy vyaaviyzt =XyzvINtv T v (xv X)yzt v Xyzt
= XyXtvXYZtvXy2zt vXYZ T v xyzt v Xyzt.
Bai 5.
Tim dang hoi chudn tic hoan toan cho cdc ham sau : |
a) XV (x=y) i b) (X v YNy v 2z v 1) ; ¢) x(y vENX VY V)
Gidi :
a) XV (x-y) = XX vy) = (X VYTV ARV yFVINT v y v 22)
=(ivyvz)(iv?vz)('ivyVE)(Kv?vi)(xvyvi)(ivyv'z’)v
XvIVvZIIVYIVEIEvYyvI(XVYyVI)=
= XVYVORVIVIXVYVIE VI VX VYVENR VT VI)x
X (xv¥wvaz.
b)(xvy)(yvz)(zvt)z(xvyvzivtf)(xi/vyvzvtT)(xivy‘fvzvt)=
=XVYVIVIDEVYVIVXVYVIVI(XVYV IV )X
(XvyvzviXvyvzvi(xvyvzv I)NIVyvzIvT)x
xvyvzvo(XvyvzvdEvFvzv(Ivyvzves=
=(xvyvzvt)(xvyvEvt)(xvyvz\f THXVYVZVT)X

x Xvyvzvi(XvyvzvIi}xvFvzvi(Xvyvzvi).

©) Xyv)xvyvz) =(xvy§vzZ)xXvyvI)xvyvz)=
=(Xvyvaxv Ivaxvyv IV Fv ZHXVvyVv Z)x
X XVYVIZI)XRVYVZI=(XVYVDEVIVvDEVYYV IT)
(xvyvZI)Xvyv Z)
Bai 6.
a) T6i thiéu héa ham Boole
f(x:¥?=iAyvxnyva ¥y
b) Thiét k&€ mach t6 hop cla f(x,y) & dang nguyén gbc va dang t6i

thiéu héa.
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Gidi :a) Tacé f(x,y) =(IVX)AYVXA(YV T) -
Tir d6 ta c6 dang f(x,y) =1 f\yvx?\ l=yvx

b) Mach td hop clia f(X,y) = KAYVXAYV XA ¥ c6dang

KAYV XAYVXAY

>
>
-
F v ¥

L

Bai 7.
Cho ham Boole f(X, y) =X AFVX FV X A Y
a) Tim dang t8i thiéu héa clha ham Boole

(X, y) =x ATVIAYV X AY

b) Thiét k€ mach t8 hop cha f(x, y) = X ATVIAYV X Ay vd mach 16
hgp clia dang t6i thiéu héa clia né. '

Gidi : .

A X, ¥)=XAFVIATFV X AY
={(XAVVIAY)IV(X ATV XAY)
=(XVX)AY v X A(TYVvy)

Dang t6i thiéu cia f(x,y) 14 ¥ v X.
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b) Mach td hgp clia f(x, y) = x ATVXATFV X AYIlA:

f——
ﬂiaf
|/

i

x|

—

o
o

y o
>

XAY

L
7

Mach ca f(x,y) =¥ v X la:
y

Bai 8.
T6i thiéu héa ham Boole
(X, ¥, Z2) =X ATAZVXATAZVE AYAZVIATAZV X A TAZ.

Gidi : Bang Karnaugh ¢6 dang :

]|
|
el
s
>
™

— | >
—

YAZ YA

X

X 1

Té hopcdc 6liénnhau: X AT A Z VXA TAZ=XAY

ATZ.

i

IATAZVIXAFALZ=
Vay dang t6i thiéu cla
f(X, 9, 2) =X AT VX ATVXAYyAZ= FVIEAYAZ.

B — Bai tap ty giai

1. Tim gia tri coa bién Boole x thoa man -
Xy=x+y
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Chitng minh cdc ding thifc san trong mot dai s6 Boole

a) X + Xy =X+y

b) xy + yz +.zx =(x + y)(y + z2){z+ X)

X +yNy+2)(z+ X)=Xy +yz+2zX=(X+ yNX +2) = Xy +.xz
dyax+ bxX =(a+b)a+ X)}b+x)=(a+ X)}b+x)

Tim dang tuyén chufn tic clia ham Boole

#|

vy

XVYyvz

) (X, y.2) = (xR VY)AZ b) f(x, y) =
c}fix,y)=7% d} f(x, v, z)

Tim tich boole cua cdc bién x, y, z hodc phdn bil cha ching, biét ring tich
d6 ¢6 gid tri 1 néu va chi néu :

a)x=y=0,z=1 b)x=0,y=1,z=0
c)x=0,y=z=1 T dx=y=z=0

Riit an céc biéu thitc sau bing phuong phip Quine — McCluskey
a) XyZ+XVZ+XyZ+xyz+Xyz

b) XYz + XY Z + XyZ + XYZ + XyZ

Dung phuong phdp Karnaugh d€ riit gon cdc biéu thic sau

a) XYZ+XYZ +Xyz+XyZ

b} XYZ+XyZ +Xyz+XYZ

C) XYZ+XYZ+XYZ+XYZ+XyZ+XyZ+XVZ.



Chuong 4
PO THI VA CAY

I-PO THI

1.1. Cac khdi niém co ban cua ly thuyét dé thi

Hinh 1. Thanh phé Konigsberg d thé'ky 18
(Kaliningrad)

Ly thuy€t d6 thi la mot linh vuc nghién ctru da c6 tir 1au va cé nhiéu ng
dung hién dai. Nhitng tu tudng co ban clia ly thuyét dé thi duoc dé xuat vao
nhiing nam ddu cua th€ ky 18 bdi nha todn hoc 16i lac ngudi Thuy S§
Leonhard Euler. Chinh 6ng 1a ngudi da sir dung dé thi dé giai bai todn néi
ti€ng vé cdc cdi cdu & thanh phd Konigsberg.

D6 thi duoc sir dung dé gii cdc bai todn trong nhiéu linh vué khéc nhau :
trong giai tich mach dién, cfu tric phan tlr, mé hinh dé thi ctia mang may
tinh, mang giao thong.

1. Pinh nghia dé thi

D6 thi 1a mot cdu tric r&i rac bao gém céc dinh va cic canh n6i cdc dinh
nay. Nguoi ta phan biét cdc loai dé thi khdc nhau bdi kiéu va sé luong canh
ndi hai dinh nao dé cta dé thi.
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BINH NGHIA 1. Pon d6 thi vé hudsng G = (V.E) buo gom V I tdp cdc dinl
vad E la tdp cdc cdp khéng c6 thi tu gém hai phdn tit khdc nhau ciia V goi la
cdc canh.

BINH NGHTA 2. Ba d6 thi vé huong G = (V, E) bao gém V la tdp cdc dinh va
E la ho cdc cdp khéng cé thir ty gém hai phdn ti khdc nhau cia V goi la cdc
canh. Hai canh e; va e; dugc goi la canh Idp néu chiing cang twong ing vai
mét cdp dinh. '

BINH NGHIA 3. Pon dd thi cé huéng G = (V, E) bao gém 'V 14 tdp cdc dinh va
E la tdp cdc cdp ¢6 thit ty gom hai phan nr khidc nhau cia V goi la cdc cung.

BINH NGHIA 4. Da dé thi c¢é huong G = (V, E) bao gém V 1a tdp cdc dinh va
E ld ho cdc cap cé thit tw gom hai phdn ti khdc nhau cua 'V goi la cdc cung.
Hai cung ey, ey tiwong ting véi cang mét cdp dinh duge goi la cung ldp.

Trong cdc phan ti€p thec chi y€u chiing ta s& lam viéc v6i don do thi vé
huéng va don dé thi ¢6 hudng. Vi vay, dé cho ngin gon, ta s& bd qua tinh ™
don khi nhic dé€n ching.

2. Céac thuat ngir co ban

Trong muc nay ching ta sé trinh bay moét s6 thuat ngit co ban cla ly
thuy&t do thi. Trudc tién, ta xét cac thuat ngit md ta cdc dinh va canh cla 36
thi vo hudng.

BINH NGHIA 1, Ha: dinh u va v cia dé thi vé huéng G dvoc goi la ké nhau
néu (u, v) la canh cia dé thi G. Néu e = (u, v} la canh cua dé thi thi ta néi
canh néy la lién thuéc voi hai dinh u va v hodc ciing néi la canh e la néi dinh
u va dinh v, dong thoi cde dinh w va v s€ duoc goi la cde dinh ddu va cudi ciia
canh {(u, v),

Dé c6 thé bi€t c6 bao nhiéu canh lién thudc v6i mot dinh, ta dua vao dinh
nghia sau.

BINH NGHIA 2. Ta goi bdc ciia dinh v trong dé thi vé hudng 1é s& canh lién
thudc véi nd va sé ky hiéu la deg(v).

b c d
- .

a S | -] g

Hinh 4.1. D6 thi v huong G
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Vi du 1. Xét d06 thi cho trong hinh 4.1, ta cé.
deg(a) = 1, deg(b) = 3, deg(c) = 4, deg(f) = 3,
deg(d) = 1, deg(e) =2, deg(g) =0

Pinh bac 0 goi 1a dinh ¢é ldp. Dinh bac 1 duogc goi 1a dink treo. Trong vidu
trén dinh g 12 dinh ¢6 1ap, a va d 12 cdc dinh treo. Bic ciia dinh ¢é tinh chét sau

Pinh Iy I ; Gia st G = (V, E) la d6 thi v6 hudéng v4i m canh. Khi d6
2m = Z deg(v)
veV
Chitng minh : RS raing mdi canh e = (u, v) dugce tinh mot 1an trong deg(u)
va mot 1an trong deg(v). Tir dé suy ra t8ng tdt cd cdc bic cia céc dinh bing
~ hai 1an s8 canh.
Vi du 2 : D6 thi cia n dinh va méi dinh cba bac la 6 c6 bao nhiéu canh ?

Gidi : Theo dinh 1y 1, ta ¢é 2m = 6n. Tir d6 suy ra s6 canh ctia dé thj 13
6n

m 72311'

Hé qud : Trong dé thi vé hudng, sé dinh bdc 1¢ (nghta la c6 bdc la 56 1€)
1a mét s6 chan.
- Chung minh : Thuc vay, goi O va U tuong tng la tap dinh bac 1& va tap
dinh bac chdn clia d6 thi. Ta ¢6 :

2m = 2 deg(v) = 2 deg(v) + 2 deg(v)
veV veO vel

Do deg(v) 14 chin véi v 1a dinh trong U nén téng thit hai trong v€ phai &
trén 12 s6 chin. Tir d6 suy ra téng thit nhét (chinh 12 téng bic clia cdc dinh bac
1&) ciing phai 12 s& chin ; do t4t ca cdc s6 hang cha né 1a s& 1€, nén téng nay
phédi gdm mot s& chdn cdc s6 hang. Vi vay, s& dinh bac 1¢ phai 12 s6 chin.

Ta xét cdc thuat ngi tuong ty cho doé thi c6 hudng.

PINH NGHTA 3 : Néu e = (u, v) la cung ciia dé thi ¢6 huong G thi ta néi hai
dinh u va v la ké nhau va néi cung (u, v) néi dinh u véi dinh v hodc ciing néi
cung nay la di ra khdi dinh u va di véo dinh v. Dink u(v) sé duge goi la dinh
ddu (cudt) cia cung (u, v).

Tuong tw nhu khdi niém bac, déi v6i dé thi ¢6 hudng ta cd khai niém béc
ra (vao) cua mot dinh.

BINH NGHIA 4. Ta goi bdn bdc ra (bdn bdc vao) ciia dinh v trong dé thi c6
hiong la s6 cung ciia dé thi di ra khoi né (di vao né) va ky hiéu la a'eg+{v)
(deg {v}).
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Hink 4.2. D6 thi ¢ huimg G

Vi du 3. Xét d6 thi cho trong hinh 4.2. Ta cé :
deg (a) =1, deg (b) =2, deg (c) =2 ; deg (d) = 2, deg (e) = 2.
deg+(a) =3, deg+(b) =1, deg+(c) =1, deg+(d) =2, deg+(e) =2.

Do méi cung (u, v) s& duge tinh mot 14n trong bdn bac vao coa dinh v va
mot 1dn trong ban bac ra cla dinh u néntacé :

Dinh Iy 2 : Gia st G = (V, E) 1a dé thi c6 hudng. Khi d6 :

Z deg*(v) = Z deg™(v) =IEIl
I\'EV vev

R4t nhi€u tinh chét cha d6 thi ¢6 hudng khong phu thudc vio huéng trén
cdc cung ctta né. V1 vay, trong nhiéu trudng hop sé& thuin tién hon néu ta bod
qua hudng trén cic cung cia d6 thi. D6 thi vo huéng thu dugc bing céch bd
qua hudng trén cic cung duge goi la d6 thi vo hudng tuong tng véi dé thi ¢
huéng da cho.

3. Hanh trinh, chu trinh. Dé thi lién théng

DINH NGHITA 1. Hank trinh 40 dai n ti dinh u dén dinh v, trong dé n 1a s6
nguyén duong, trén do thi vé hudng G = (V, E) la ddy

Io, x; vavy XR_I, x,,
trongdéu=x,,v=x,(x,%,;)€E i=012,...,n-1
Hanh trinh néi trén cé thé biéu dién dudi dang day céc canh :

(xol xl)' (x]r xz)l revy (xn—}'! x”)'
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Dinh u goi la dinh ddu, con dinh v goi la dinh cudi cua hanh trinh. Hanh
trinh ¢6 dinh ddu tring voi dinh cudt (tic la u = v) dugce goi la chu trinh.
Hanh trinh hay chu trinh duoc goi la don néu nhw khéng cé canh ndo bi
idp lai.

Vi du 1. Trén d6 thi v6 hudng cho trong hinh 4.3 : a, d, ¢, f, ¢ 12 hanh trinh
don do dai 4. Cdn 4, e, c, a khong 13 hanh trinh, do (e, c) khong phai 13 canh
cla d6 thi. Ddy b, c, f, €, b 12 chu trinh d6 dai 4. Hanh trinh a, b, e, d, a, b
c6 do dai 1a 5 khong phai 1a hanh trinh don, do canh (a, b) ¢é mit frong né
hai lan.

Hinh 4.3. Pudng di wrén do thi

Khdi niém hanh trinh va chu trinh trén dé thi ¢ hudng dugc dinh nghia
hodn toan tuong ty nhy trudmg hop dé thi vo huéng, chi khéc 12 ta ¢ chi §
dén hudng trén cdc cung.

BINH NGHIA 2. Budng di do dai n ti dink u dén dinh v, trong dé n la 56
nguvén duang, trén dé thi cé huéng G = (V, A) la day
Xpr X[o oo Xpmgs Xy
trong dé u = x,, v =X, (x, %) €A i=0,1,2,..,n- I
Ducng di néi trén con cé thé biéu dién dudi dang ddy cdc cung :
(X0 Xp) (xp, X2}, (X1, Xp)

Pinh u goi la dinh ddu, con dink v goi 1a dinh cudt cia duong di. Duong

di ¢6 dinh ddu tring véi dinh cudi (tite 1d u = v) dugc goi 1a chu trinh. Duong
di hay chu trinh dwoc goi la don néu nhu khéng cé cung néo bj ldp lai.

Vi du 2. Trén d6 thi ¢6 hudng cho trong hinh 4.3 : a, d, ¢, f, e la dudng di
don do dai 4. Con d, e, c, a khong 1a dudng di, do (e, ¢) khong phai 12 cung
ctia dé thi. Day b, ¢, f, ¢, b 12 chu trinh do dai 4. Dumg dia, b, e, d, a,bc6 dd
dai 1a 5 khong phai 13 dudng di don, do cung (a, b) ¢6 mat trong nd hai lan.
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Xét mot mang mdy tinh. Mot cau hoi dit ra 13 hai mdy tinh bdt k¥ trong
mang ndy ¢6 thé trao ddi thong tin duge v6i nhau hoic 13 truc tiép qua kénh
ndi ching hodc théng qua mot hodc vai mdy tinh trung gian trong mang ? Néu
sit dung d6 thi dé biéu dién mang mdy tinh nay (trong d6 cdc dinh ciia d6 thi
tong Ung voi cac mdy tinh, con cdc canh tuong tng vdi cdc kénh néi) cau hoi
dé dugc phét biéu trong ngdn ngit d6 thi nhu sau : Tén tai hay chang dubng di
gilta moi cap dmh clia dé thi ?

DINH NGHIA 3. D6 1thi vo hudng G = (V, E) dugc goi la lién théng néu ludn
tim duoc hanh trinh gifia hai dinh bdt ky cia né.

Nhu vay hai mdy tinh bat ky trong mang c6 thé trao déi thong tin duoc véi
nhau khi va chi khi d6 thj tvong tng véi mang nay 1a dé thi lien thong.

Vi du 3 : Trong hinh 4.4, dé thi G 1a lién thong, con d6 thi H 12 khong
lién thong. _

L ]
L

Hinh 4.4. D6 th lién thong G va do thi H gém 3 thanh phdn lién théng H 1 Hy Hy

BINH NGHIA 4, Ta goi dé thi con ciia d6 thi G = (V, E) la dé thi H = (W, F),
trongdé W VviaFcCE.

Trong trudng hop d6 thi la khong lién thong, né sé& rd ra thanh mot s6 d6
thi con lién thong d6i mot khong c6 dinh chung. Nhiing d6 thi con lién thong
nhu vay dugce goi la cdc thanh phdn lién thong cia dé thi. .

Vidu 4 : D6 thi H trong hinh 4.4 gém 3 thanh phdn lién théng H,, H,, Hj.

Trong mang mdy tinh c6 thé c6 nhﬁhg mdy (nhitng kénh néi) ma sy hong
héc cia né s& anh hudng dén vige trao ddi thong tin irong mang. Cic khai
niém tugng \ing v4i tinh hudng nay dwge dua ra trong dinh fghia sau. '
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DINH NGHIA 5. Dinh v dugc goi la dinh 1€ nhénh néu viéc loai bo v ciing voi
cdc canh lién thudc véi né khdi dé thi lam tang s6 thanh phdn lién thong cua
doé thi. Canh e dugc goi la clu néu viéc loai bé né khdi do thi lam tdng s6
thanh phdn lién théng cia dé thi.

Vi du 5. Trong d6 thi G & hinh 4.4, dinh d va e 12 dinh r& nhénh, cdn céc
canh (d, g) va (e, f) 14 cdu.

Déi v6i db thi ¢é huéng ¢6 hai khéi niém lién thong phu thudc vao viée ta
c6 xét dén huéng trén cic cung hay khong.

DINH NGHT_A 8. D6 thi ¢ hudng G = (V, A) dugc goi la lién théng manh néu
luén tim duoc duéng di giita hai dinh bét ky cia né.

DINH NGHIA 7. D4 thi c6 huong G = (V, A) dugc goi la lién thong yéu néu
dé thi vo huong tuong iing voi né la do thi vé hudng lién théng.

R& rang, né€u d6 thi lién thong manh thi nd cling 12 lién thong yé'li, nhung
diéu nguoge lai 12 khong ludn ding, diéu nay duge chi ra trong vi du dudi day.

Vi du 6. Trong hinh 4.5 d6 thi G 12 lién thoéng manh, con H la lién thong
yéu nhung khong 1a lién thong manh.

a b - a b

A Y B A A e
c d ¢ d
G H

Hinh 4.5. DS thi lién thong manh G ;
D4 thi lién théng yéu H,

Mot cau hoi dat ra 1a khi nio c6 thé dinh huéng cdc canh cia mot do thi
v0 hudng lién thong dé€ ¢6 thé thu duge dé thi c6 huéng lien thong manh ? Ta
s& goi d6 thi nhu vay 12 d6 thi dinh hudng duoc. Dinh 1y dudi day cho ta tieu
chudn nhéan bi€t mot d6 thi c6 1 dinh hudng duge hay khong.

Dinh Iy 1. D6 thi v6 huong lién thong 1a dinh huéng dugc khi va chi khi
méi canh cia né ndm trén it nhdt mot chu trinh.

Chitng minh : Piéu kién cdn :

Gia sir (u, v) 1a mot canh cha dd thi. Tir sy t6n tai duong di cé hudng tir n
dén v va nguge lai, suy ra (u, v) phai ndm trén it nh4t mot chu trinh.
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Piéu kién du :

Tha tuc sau day cho phép dinh hudng céc canh ciia d6 thi dé thu duoc dé
thi ¢6 hudng lién thong manh. Gia sir £ 1a mot chu trinh nao d6 trong dé thi.
Dinh huéng cic canh trén chu trinh nay theo mot huéng di vong theo nd. Néu
tdt ca cdc canh clia d6 thi 12 da duoc dinh hudng thi thi tuc két thic. Ngugc
lai, chon e 1a m¢t canh chwa dinh hudng c6 chung dinh véi it nhdt mét trong
s6 cdc canh da dinh hu6ng. Theo gia thiét tim duoc chu trinh £ chaa canh e.
Binh hudng cdc canh chua duge dinh huéng ciia ¢ theo mdt huéng doc theo
chu trinh nay (khong dinh huéng lai ¢dc canh da c6 hwéng). Thi tyc trén sé
dugc 14p lai cho dén khi tat ca céc canh ciia d6 thi duge dinh hudng. Khi d6 ta
thu dugc d6 thi c6 hudng lién théng manh.

4. Mot s6 dang dd thi dac biét

Trong muyc nay ta xét mot s6 dang don dé thj v6 hudng dac biét, xusdt hién
trong nhiéu vén dé ing dung thyc t€.

* D6 thi ddy dii. D6 thi ddy dl n dinh, ky hi¢u béi K, 12 don vi dé thi vo
hudng ma giita hai dinh bt k¥ cha né luén ¢6 canh néi.

Céc d6 thi K3, K4, K5 cho trong hinh 4.6 dudi day.

Ky ‘ Ke Ks
Hinh 4.6. D6 thi ddy di
D6 thi ddy da K, c6 tdt ca n(n — 1) / 2 éanh, né Ia don d6 thi c¢6 nhiéu
canh nhat.
* D6 thi vong : D6 thi vdng C,, n 23, gém n dinh v, v,, ..., v, v cdc canh
(v, v2), (vg, v3), ..oy {(Vo—1- Va)» (v, V).

- Do thi vdng C;, C4, Cs, Cg cho trong hinh 4.7.
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Cs Cq Cs ' Ce

Hinh 4.7. D6 thi vong C3. C4. Cs. Cg

* PJ thi binh xe : D8 thi W, thu dugc tir C,, biing cdch b8 sung vao mot
dinh méi, n&i vdi tdt ca cdc dinh ciia C,, (hinh 4.8).

. ' @ %
Wy Wg Wg

,Wa

Hinh 4.8. D6 thi bdnk xe W3, W;, Ws, Wy

* D6 thi Igp phuong : D6 thi lp phuong n dinh Q,, 12 d6 thi vdi cdc dinh
biéu dién 2" xau nhj phan do dai n. Hai dinh ciia né 12 ké nhau néu nhu hai xau
nhi phan tuong ttng chi khic nhau I bit. Hinh 4.9 cho thdy Q,, véin =1, 2, 3.

110 111
10 11
100
010 a11
L
0 1
Q 00 01 000 001
Q, - Qa

Hinh 4.9, D& thi lap phuemg Q4. 02, Q3

* DG thi hai phia : Don d6 thi G = (V, E) dugc goi 12 hai phia n&u nhu tap
dinh V ciia né ¢6 th€ phan hoach thanh hai tap X v2 Y sao cho mdi canh cia
dé thi chi n&i mét dinh nao d6 trong X véi moét dinh nao dé trong Y. Khido ta
s& sir dung ky hi¢v G = (X w Y, E) dé€ chi d6 thi hai phia véi tap dinh X U Y.
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Dinh 1y sau day cho phép nhan bi€t mét don d6 thi c6 phai 12 hai phia
hay khong.

Pinh Iy 2 : Don d6 thi 1a dé thi hai phia khi va chi khi né khéng chita chu
trinh dg dai lé. -

D¢ kiém tra xem mot d6 thi lién thong cé phai 12 hai phia hay k’hOng. cé
thé dp dung thi tuc sau :

Chon v 13 mot dinh b4t ky cia d6 thi. Diat X = {v}, con Y la tap cdc dinh
ké cta v. Khi d6 cdc dinh ké clia cdc dinh trong Y phai thudc vao X. K¢ hiéu
tap cdc dinh nhur vay 13 T. Vi th€ n€u phét hien T ~ Y = & thi d6 thi khong
phai 12 hai phia, két thic. Nguge lai, dit X = X T. Tiép tyc xét nhu vay d6i
vai T' 12 14p cdc dinh ké cha T,...

D4 thi hai phia G = (X U Y, E) v6i IX| = m, |Yl = n dugc goi 12 d6 thi hai
phia ddy di va k¥ hi¢u 1a K | n€u méi dinh trong tap X dugc n6i véi méi
dinh trong Y. Cdc dé thj K; 3, K3 3, K3 4 duge cho trong hinh 4.10.

= D 36

Ks,3 K3.4
Hinh 4.10. D3 thi hai phia

* D6 thi phdang : D8 thi dugc goi 12 d6 thi phdng néu ta cé thé vé né trén
mit phing sao cho cdc canh cha né khong cit nhau ngoai & dinh. Cich vé nhu
vy s& duge goi 1a biéu dién phing cha dé thi.

Vi dy d6 thi K, 1a phdng, vi ¢6 thé v& né trén mic phing sao cho c4c canh
cua nd khong cét nhau ngoai & dinh (hinh 4.11).

Hinh 4.11. D6 thi K4 1a d5 thi phdng
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Mot diém ding luu ¥ 12 néu d6 thi 1a phing thi luon c6 thé v& né trén mit
phing v&i cdc canh néi 1a cdc doan thing khong cét nhau ngoai & dinh (vi dy
.xem cdch v& K, trong hinh 4.11}.

Dé nhan bi€t xem mot d6 thi ¢é phai 1a d6 thi phdng c6 thé sir dung dinh
1y Kuratovski, ma d€ phdt biéu né ta cdn mot s6 khai niém sau : Ta goi mot
phép chia canh (u, v) cia d6 thi 1 viéc loai bd canh nay khoi d6 thi va them
vao dé thi mot dinh méi w cling véi hai canh (u, w), (w, u). Hai d6 thi G = (V,
E) va H = (W, F) dugc goi 12 déng cdu néu chiing c6 thé thu duge tir cdng mot
dé thi nao d6 nhér cdc phép chia canh.

Dinh Iy 3 (Kuratovski) : D thi la phdng khi va chi khi nd khong chia 46
thi con déng cdu vdi K3 3 hodc K.

Trong trudng hop riéng, dé thi K5 3 va Ks khong phai 12 d6 thi phing. Bai
todn vé tinh phing cila d6 thi K3 5 12 bai todn d& néi tiéng vé ba cdn ho va ba
hé thong cung cdp ndng hegng cho ching : Cin xay dung hé théng duong cung
cdp dién, hoi d6t va nudc cho ba can ho, n6i méi mot trong ba ngudn cung cap
ning luong véi méi mot cin ho néi trén sao cho chiing khong cét nhau.

D4 thi phing con tim dugc nhimg ng dung quan trong trong coéng nghé
ché tao mach in.

Biéu dién phing clia d6 thi s& chia mat phéng ra thanh cdc mién, trong d6
c6 thé ¢6 ca mién khong bi chan. Vi dy, biéu dién phéng cia dé thi cho trong
hinh 4.12 chia mat phing ra thanh 6 mién R, Ry, ..., Rg.

Rz R3 Re

Hinh 4.12. Cdc mién tuong timg véi biéu dién phdng cda d6 thi

Euler di ching minh duge ring céc cich biéu dién phing khic nhau cla
mot d6é thi déu chia mat phing ra thinh cdng mot s6 mién. D¢ ching minh
diéu d6, Euler d3 tim duge méi lién he gifta s6 mién, s6 dinh cha d6 thi va s6
canh clia d6 thi phing sau day.
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Binh Iy 4 (Cong thic Euler) : Gid s G 1 d6 thi phdng lién théng véi n
dinh, m canh. Goi r 1a 56’ mién cia mdt phdng bi chia bdi biéu dién phdng cia
G Khi dé

r=m-n+2

C6 thé chiing minh dinh 1y bing quy nap. Xét vi du minh hoa cho 4p dung
cong thitc Euler.

Vi du : Cho G 1a d6 thi phing lién thong véi 20 dinh, mdi dinh déu cé
bac 1a 3. Hoi mat phing bi chia 1am bao nhiéu phdn bai bidu dién phing ciia
déthi G ?

Gidi : Do méi dinh ciia d8 thj déu c6 bac 12 3, nén tdng bac cha c4c dinh
la 3 x 20 = 60. Tir 46 suy ra s6 canh cla dé thi m = 60/2 = 30. Vi vay, theo
cong thitc Euler, s6 mién cin tim 13

r=30-20+2=12,

1.2. Biéu di&n d6 thj trén mdy tinh

Dé lwu tri¥ d6 thi va thyc hién céc thuat todn khdc nhau véi dé thi trén .
mdy tinh cin phai tim nhitng cdu tric dir 'lieu thich hgp dé m6 ta dé thi. Viéc
chon cdu tric dir liéu nao d€ bi€u didn dé thi c6 tdc dong rdt 1dn dén hiéu qué
ctia thuat todn. Vi vay, viéc chon lva c#u triic dif lieu d€ biéu dién dé thj phu
thugc vao timg tinh huéng cu thé (bai todn va thuat toan cu thé). Trong muc
nay chiing ta s& xét mot s6 phuong phdp co ban duge sir dung dé bifu dién dé
thi trén mdy tinh, déng thdi cling phan tich mot cach ngn gon nhimg vu diém
ciling nhv nhitng nhuge di€m ciia chiing. :

1. Ma tran ké. Ma tran trong sé

Xét don do thi vo huéng G = (V, E), véi tap dinh V = {1, 2, ..., n}, tap
canh E = {e, ey, ..., e, }. Ta goi ma tran ké ciia d6 thi G 1a (0, 1) — ma tran

A={a;:i,j=1,2,..,n]
V61 céc phén tir duge xdc dinh theo quy tic sau day :
e
aj; = O,néu (i, j})¢ Eva a; =1, néu (i, j) € E,

i.j=1,2,....n
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Vidu 1 : Ma tran ké clia d6 thi vo huéng G cho trong hinh 4.13 l1a

. L 2 3 4 5 6
e _
1 [~ ™
}30\_\ L1 0 1 0
24 ™ L0 1 0
AN
301N e ™M 0 0
\.\ N N,
410 0 N e N 1
~ L N
S0 N e K
6|0 0o 0 1 1 e
L i ~ ud
3 4 2 5
1 6 1 ~r 4
2 5 3 6
G G,

Hinh 4.13. D6 thi v6 hudng G va d6 thi c6 huong G,

Cic tinb chdt clia ma tran ké :
1. R3 rang ma tran ké cia d6 thi v6 huéng 14 ma trn déi xing, tifc 1a
ali, j1=alj, il.i,j=1,2, ..., n.

Ngugce lai, méi (0, i) — ma tran d6i xdng cip n s& tuong ing, chinh xéc
dén cdch dinh s6 dinh (con néi 12 : chinh x4c dén ding c4u), véi mot don dé
thi v6 huéng n dinh.

2. Téng c4c phin tir trén ddng i (cot j) cha ma tran ké chinh bing bac cia
dinh i (dinh j).

3. N&u k¥ hiéu
ag,. i,j=1,2,...n
1a cdc phén tir cha ma trin

AP=A ALA
P thira s8
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Khi dé

ag i,j=1,2,..,n

cho ta 88 dudng di khdc nhau tir dinh i d€n dinh j qua p — 1 dinh trung gian.

Ma tran ké cua dé thi c6 huéng duge dinh nghia mot cdch hoan toian
tuong tu.

Vi du 2 : D6 thi c6 hudng G, cho trong hinh 4. 13 c6 ma tran ké 12 ma
trdn sau : :

W1 2 3 4 5 6
1~ 1 1 0 o0 o0
2., 0 0 0 0
~ .
~ .
3o ™. 1 0 o0
\._\ ,\
410 0 9.9 0 O
~, “
510 0 o 4 e_ 1
. .\
6|10 0 0 0 i e,
L ~ pll

Luu ¥ ring ma tran ké cha d8 thi c6 huéng khong phai 13 ma tran d&i ximg.-

Chii ¥ : Trén day chiing ta chi xét don d6 thi. Ma trin ké cia da d6 thi c6
thé xay dung hoan toan tuong ty, chi khéc 12 thay vi ghi 1 vio vi tri a[i, j] néu
(i, j) 1a canh cta dé thi, ching ta s& ghi k 12 s6 canh n6i hai dinh i va j.

Trong rat nhiéu vin dé ing dung cha ly thuyé&t d6 thi, mdi canh e = (u, v)
ctia do thi dugc gdn v6i mot con s6 c(e) (con viét 1a c(u, v) goi 1a trong s6 clia
canh e. D6 thi trong trudng hop nhu vay duge goi la dé thi c6 trong s&. Trong
trudng hop d6 thi c6 trong s6, thay vi ma tran ké, d€ biéu dién d6 thi ta sit
dung ma trdn trong sé .

C=cli,jl, i,j=1,2, ... n
cli, i1 = ¢, ) nu,)eE

cli, j1 =9, néu (i, j) ¢ E

trong dé sd 0, thy ting trudng hcp cu thé, c6 thé duge dit bing mot trong cic
gid tri sau : 0, +o0, — 00,
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U'u diém 16n nhét clia phuong phép biéu dién d6é thj bing ma tran ké (hoac
ma tran trong s&) 13 dé tra 1oi cau hoi : Hai dinh u, v ¢6 k& nhau trén d6 thi
hay khong, ching ta chi phai thuc hién mét phép so sdnh. Nhuge diém 16n
nhét cha phuong phdp nay 1a : khong phu thudc vao s6 canh clia d6 thi, ta ludén

phai sir dung n’ don vi bo nhé dé luu trit ma tran ké ciia nd.

2. Danh sich canh {cung)

Trong trudng hop d6 thj thura (d6 thi ¢ s6 canh m thda min bat ding thic :
m < 6n) ngudi ta thudng diing cach biéu dién d6 thi dudi dang danh sdch canh.

Trong cdch bi€u di&n d6 thi bdi danh sich canh (cung) chiing ta s& luu trit
danh sdch tdt ca cdc canh (cung cha dé thi v hudng (cé hudng). Mai canh
(cung) e = (x, y) cia d6 thi s&€ twong tng v&i hai bi€n Daule], Cuoi[e]. Nhu
vy, dé.luu trit d8 thi ta cdn st dung 2m don vi bo nhé. Nhugce diém ciia cich
biéu difn nay 12 d€ xdc dinh nhitng dinh nio ciia dé thj 12 ké véi mot dinh cho
trude chiing ta phai lam c& m phép so sdnh (khi duyét qua danh sdch tat ci cdc
canh cta dé thj).

» Chi ¥y - Trong truding hop dé thi c6 trong $6 ta cdn them m don vi b nhé
dé luu trif trong $6 cla cdc canh.

Vi du 3. Danh sach canh (cung) ctia d6 thi G(G) cho trong hinh 4.13 14 :

Diu Cuéi Pidu Cu6i
2

v

th & B W NN e e -

o O Lh f h L Lh W
o Lh h W b —
T - N G N N I

Danh sach canh cua G Danh sdch cung clia G

3. Danh sich ké

Trong rdt nhiéu van dé tmg dung cha ly thuyét dé thi, cich biéu dién d6
thi dusi dang danh sdch ké 1a cdch biéu dién thich hgp nh4t duoc st dung.
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Trong céch biéu dién ndy, v6i mdi dinh v ciia d6 thi chiing ta luu tri¥ danh
sdch cdc dinh ké véi n6, ma ta s€ ky hitu 1a Ke(v), tic l1a '
Ke(vi={ueV:(v,u) e E} B
Khi d6 vong lap thyc hién véi mdi mot phdn tir trong danh sdch nay theo
thit tu cdc phan tir duge sdp x€p trong né s& duge viét nhu sau :
' for u € Ke(v) do...

Chiing han, tren PASCAL ¢6 thé mo ta danh sdch nay nhu sau (goi 1 c4u
tric Forward Star) :

Const ;
m = 1000 ; {m — s6 canh}
n=100; {n - s& dinh}
var
Ke : array [1..m] of integer ;

Tro : array [1..n+1] of integer ;

tron'g”dé Tro [i] ghi nhan vi tri bit ddu cia danh sich ké cla dinhi,i=1,2,
v 1, Tro [0+1] = 2m + 1.

Khi d6 dong 1é€nh quy uéc
Foru e Ke{v) do
Begin

End;
6 thé thay th€ bdi cau triic lénh cu thé wrén PASCAL sau
For i := Tro[v] to Tro [v+1] - 1 do

Begin
u :=Keli]

End

II - VAI BAI TOAN CO BAN TREN PO THI

2.1. B&i todn dudng di ngén nhét véi thudt toén Dijsktra
1. Phat biéu |
D6 thi ¢6 huéng (v6 huéng) G = (V, E) véi n dinh.

s € V la dinh xudt phét, t € V 12 dinh dich, A = (a[u, v])yx, 12 ma trdn
trong 86 véiu, v.e V; alu, v] 2 0 ]a trong s8 cua cung (u,v).

Tim dudmng di trén d6 thi tit s — t sao cho idng trong s6 nhé nhat ;
a[s,uy] + afuy,uy] + ... + a[ug,t] - min
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2. Thuat toan
— Gén nhan cho cdc dinh v {truoc(v),d(v)]
truoc(v) : dinh trudc v trong dudng di tirs dén v.
d(v) : khoang cédch tir s dén tdt ci cdc dinh v € V cdn lai.
— Budc 1 : truociv] =5 ;d[s] =0; T := V\[s}
- Budc 2 : N€u T = O, tim dinh u thda min d[z] = min{d[z], z € T}
— Budc 3 : Néu u =t — két thiic. N&u khong thi 1am ti€p buéc 4, 5, 6.
- Budc 4:T:=T\ {u}
— Budc 5 : Gén lai nhan céc dinh theo céng thitc : véimoive Ttacd :
dfv] : = min{d[v], d[u] + a[u,v}} ;
truoc[v] : = u néu d[v] > dfu] + a[u,v] ;
— Budc 6 : quay lai budc 2.

Vi du : Tim dudng di ngén nhdt gita A va Z trong d6 thi sau (hinh 4.14) :

Hinh 4.14

Dé€ thuan tién ta lap bang va gidi trén bang.

Buéc | Pinh duge gan nhin Nhan Pinh trude nhan
0 A 0 -
1 B 6 A
2 C 5 A
3 E 8 A
4 D 5+44=9 C
5 F 6+7=13 B.
6 G 2+6=15 D
7 H §+6=14 E
8 Z 15+3=18 G

Vay dudng ngidn nhdt : ACDGZ.
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2.2. B&i todn fim kiém trén do thi

Sir dung mot dé thi coi nhu mo hinh, ngudi ta can kiém tra cdc dinh. C6
thé nhan duge sy ki€ém tra nay nhu mot cudc "dao chai” doc theo cdc canh
(cung) ma theo d6 ngudi ta t6i tham céc dinh.

DINH NGHIA : Nguoi ta goi la su tim kiém trén dé thi mot thi tuc cho phép
chon ti cde dinh dd@ viéng thadm mot dinh 1iép theo trong cudc dao choi.

Thue chét d6 12 sy xdc dinh mét thit ty trong viéc kiém tra cdc dinh. Cu
thé hon su ki€m tra dé nhu sau :

¢ Dédnh s8 cdc dinh di viéng tham ; ngudi ta s& néi 1a s& cia mot dinh
biéu thi gidy viéng tham ;

e Chon mot canh (cung) dé dat dugc dinh mdi tir nhilg dinh di viéng
tham ; néi cich khéc tai mdi gidy, cic dinh da viéng tham tao nén mot d6 thi
lién théng.

Ta s& xét hai phuong phép tim ki€m trén d6 thi :

— Tim ki€m theo chiéu sau.

— Tim ki€ theo chiéu rong.

Hai phuong phép nay cho phép viéng tham tit ca cic dinh ma 1a ti€p theo
clia mot dinh xuat phét ¢6 dinh & trude d6, ta goi 1a gbc cua tim ki€m.

Pé don gian sy trinh bay, ta gid st ring d6 thj d c&t bé hudng va ta quan
tam dén céc gid vi€ng tham cdc dinh hon la danh séch cdc canh di qua trong
cudc dao choi.

Viée chuyén céc k&t qud sang cdc d6 thi c6 hudng duge thyc hién khong
khé khian gi. _

Trong nhiéu sich va tai lieu 767 wu réi rac déu cé trinh bay hai phuong
phdp néu trén.

1. Tim ki€m theo chiéu sau trén dé thi

Y tudng chinh chia thut todn c6 thé trinh bay nhu sau : ta s& bit ddu tim
ki€m tir mot dinh v, ndo dé ciia d8 thi. Sau ¢6 chon u 1a mot dinh thy ¥ ké véi
v, va lap lai qud trinh dé&i vdi u. 0 budc tdng quat, gia skt ta dang xét dinh v,
n&u nhu trong s6 céc dinh ké véi v tim duge dinh w 1a chua duge xét thi ta s&
xét dinh nay (nd s& trd thanh di xét) va bat ddu tir né ta s ti€p tuc qué trinh
tim ki€m. Con néu nhu khong con dinh nio k€ v6i v 12 chura xét thi ta s& noi
ring dinh nay 13 da duyét xong va quay trd lai ti€p tuc tim ki€m tir dinh ma
trudc dé ta dén duge dinh v (n&u v = v,, thi két thiic tim kiém). C6 thé n6i nom
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na la tim ki€m theo chiéu sau bit ddu ¢ir dinh v duge thue hién trén co s& tim
ki€m theo chiéu sau tir t4t ci cdc dinh chua xét ké v6i v. Qud trinh nay c6 thé
mo ta béi thi tuc deé quy sau day :

Procedure DFS (v) _ .
(* Tim ki€m theo chiéu sau bt d4u t¥ dinh v ;
Céc bién Chuaxet, Ke 12 bi€n todn cuc*®).
Begin

Tham_dinh(v) ;

Chuaxet[v] :=false ;

foru € Ke(v) do

if Chuaxet{u] then DFS(u) ;
End ; (* dinh v 14 d3 duyét xong*)

Khi dé, tim ki€m theo chiéu s4u trén d6 thi dugc thuc hién nhd thuat todn
sau :

Begin
(*Initialization*)
for v € V do Chuaxet[v] i=true ;
for ve V do
if Chuaxet[v] then DFS(v) ;
End

R& rang 1¢nh DFS(v) s& cho phép dén tham 14t ca cdc dinh thudc cling
thanh phan lién théng véi dinh v, bdi vi sau khi thim dinh 13 1eénh goi dén tha
- tuc DFS d6i voi tét cd cdc dinh ké vdi no. Mit khic, do mdi khi tham dinh v
xong, bién Chuaxet{v] dugc dat lai gid tri false nén mdi dinh s& dugc tham
diing mot 1dn. Thuét todn 14n lugt s& ti€n hanh tim ki€m tir cdc dinh chua duge
tham. Vi vay, né s& xét qua tit ci cdc dinh cia d6 thi (khong nhét thiét phai 1a
lién thong). '

b€ dinh gi4 do phic tap tinh todn cia thii tuc, truéc hét nhan thdy ring s
phép todn cdn thyc hién trong hai chu trinh cha thuat todn (hai vdong for &
chuong trinh chinh) 14 ¢& n. Thi tyc DFS phéi thuc hién khong quéd n lin.
Téng s& phép todn cin thuc hién trong ¢4¢ thi tuc nay 1a O(n + m), do trong
cic thi tuc ndy ta phai xét qua t4t ca cdc canh va cdc dinh cua d6 thi. Vay do
phiic tap tinh todn cia thuit todn 12 O(n + m).
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Vi du 1. Xét d6 thi cho trong hinh 4.15. Cédc dinh cla né dugc danh s6 lai
theo thit ty ching dugc tham theo tha tuc tim Ki€m theo chidu sdu mo ta &
trén. Gia thiét rang cdc dinh trong danh sach ké cia dinh v (Ke(v)) dugc sip
xép theo thit wr ting ddn cla chi s6.

- 3(9)

2) 7(8) 5(5)

8(6)

1(1)
43)

12(11) o)
13(10) (

10(12)

11(13)

Hinh 4.15. Chi 56 mdi (trong ngodc) cia cde dinh dvge ddnh lai theo thir ty chiing duge
tham trong thudt todn tim kiéin theo chién sdu
Thuaét todn tim ki€m theo chiéu siu trén d6 thi vo hudng trinh by & trén
dé dang c6 thé mo ta lai cho d6 thi ¢6 hudng. Trong trudng hop db thi cé
huéng, thi tuc DFS(v) s& cho phép tham t4t ca cdc dinh u nao ma tir v ¢d
dudng di d&n u. Do phitc tap cia thuat toan 1A O(n + m).

BAI TOAN TRAM RA PA

Cho n tram thu phat. Tram thir I ¢d ban kinh hoat déng R(I) cho trudc
(I = 1..n). Hai tram I va J li&n lac truc ti€p dugc vdi nhau khi tram I ndm trong
ban kinh hoat déng cda tram J va ngugc lai tram J ndm trong ban kinh hoat
dong cha tram 1.

Mot hé thong sudt 14 hai tram bat ky cé thé lién lac duge véi nhau. Mot
tram xung yéu 12 tram néu loai né ra khdi mang thi tir hé théng suét trd thanh
hé khdng théng sudt.

Yéu cau :
« Nhap he.
« Kiém tra hé ¢6 théng sudt hay khong ?
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» Hai tram I va J bat ky cé lién lac dugc v6i nhau hay khéng ? Néu dugc
phai qua it nhat bao nhiéu tram trung gian.

¢ Khi hé théng sudt tim tram xung yéu.

Ap dung thuat toan tim kiém theo chiéu sau da trinh bay & trén ta tim
dugc cac mién lién théng.

Viéc kiém tra mét tram cé 13 xung yé&u dugc gidi quyét nhu sau :

Khi bé tram nay di cac tram ké v6i né cd lién thong hay khéng ? Néu cb

day khong phai 12 tram xung yéu va ngude lai né duge két nap vao danh sach
cac tram xung yéu.

Chuang trinh s dung giao dién d6 hoa, cho phép st dung chudt va ban
phim d€ diéu khién bdi moét Menu ndm ngang ¢ céc chirc nang : nhap dir lidu
(nhap ngau nhién, tir ban phim va tir tép), kiém tra su théng sudt cla tram, tim
dudng di ngan nhat gilra hai tram va tim tram xung yéu.

2. Tim ki€m theo chiéu réng trén dé thi

Trong thudt todn tim kiém theo chiéu sau, dinh dugc tham cing mudn
$& cang sém trd thanh d4 duyét xong. Didu dé 1a he qua 14t y&u clia viéc cdc
dinh dugc tham sé dugc k&t nap vao trong ngin xép (STACK). Tim ki€m theo
chiéu rong trén d6 thi, n€u néi mot cach ngin gon, duge xay dung duva trén co
s& thay th€ ngin x€p (STACK) bdi hang dgi (QUEUE). Véi sy cdi bién nhu
vay, dinh duge tham cang s6m s& cang sdm trd thanh da duyét xong (tdc la
cang sdm ddi khoi hang dgi). Mot dinh sé& trd thanh duyét xong ngay sau khi
ta xét xong tit ca cdc dinh ké (chwa dugc thim) véi né. Thi tuc ¢6 thé mo ta
nhir sau :

Procedure BFS(v) ;
(* Tim ki€m theo chiéu rong bit ddu tr dinh v ;
Cac bi€n Chuaxet, Ke Ia bién toan cuc*)
Begin _
QUEUE =2 ;
QUEUE <« v ; (*K&t nap v vao QUEUE*)
Chuaxet[v] := false ;
While QUEUE = & do
Begin
P < QUEUE : (* L4y p tir QUEUE*)
Tham_dinh(p) ;
for u € Ke(p) do
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if Chuaxet[u] then
Begin
QUEUE <= u : Chuaxetfu] := false ;
End;
End;
End :
Khi d6, tim ki€m theo chiéu rong trén d6 thi duge thuc hién nhd thuat
todn sau :
BEGIN
(* Initialization*)
for v € V do Chuaxet[v] := true ; |
forve Vdo
if Chuaxet[v] then BFS(v) ;
END.

Lap ludn twong tu nhu trong thil tuc tim ki€m theo chiéu sau, c¢6 thé chira
dugce ring 1énh goi BFS(v) sé& cho phép dén tham t4t ci cdc dinh thuoc cing
thanh phdn lién thong v6i dinh v, vd méi dinh cila 48 thi s& dugc tham ding
mot 14n. Do phidc tap cha thuét todn 12 O(n + m).

Vi du 2 : Xét d6 thi trong hinh 4.16. Thif ty thim dinh cla d6 thi nay theo
thudt todn tim ki€m theo chiéu rong duge ghi trong ngojc.

8(13)

(1)

13(11) 3(10)

10(7) 11(8)

Hinh 4.16. Chi 36 mdi (trong ngodc) cita cdc dink duge ddnh lai theo thiz t chiing
duge thdm trong thudt todn tim kiém theo chiéu rong
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III - PO THI EULER VA PO THI HAMILTON

Trong muc nay ching ta s& nghién ctfu hai dang d6 thj dic biét 1a dé thi
Euler va d6 thi Hamilton. Duéi day, n€u khong c6 giai thich bd sung, thuat
‘ngilt d6 thi duge diing d€ chi chung da dé thi vé hudng va ¢ huéng, va thuat
ngit canh s& dung dé chi chung canh ciia d6 thi v6 hudng ciing nhu cung cia
d4 thi cé huéng. .

3.1. PS thj Euler

BINH NGHIA 1: Chut trinh don trong G di qua méi canh cita né mét lén duoc
goi la chu trinh Euler. Duong di don trong G di qua méi canh cia né mét ldn
dugc goi la duong Euler. D6 thi dugce goi la 46 thi Euler néu né cé chu trinh
Euler va goi lad do thi nita Euler néu né cé duong di Euler.

R& rang moi d6 thi Euler 1utn 12 nira Euler, nhung diéu ngugc lai khong
luén diing.

Vi du 1. D6 thi G, trong hinh 4.17 1a dé thi Euler vi né ¢é chu trinh Euler |
a, e, ¢, d, e, b, a. B6 thi G; khéng ¢6 chu trinh Euler nhung né ¢6 dudng di

Euler a, ¢, d, e, b, d, a, b, vi thé€ G5 1a d6 thj nira Euler. DS thj G, khéng cé
chu trinh ciing nhu duéng Euler.

a b a b a b
e e
d c d T C c d
G, G, G,

Hinh 4.17. Do thi GGy, Gz

Vi dy 2 : b6 thi H, trong hinh 4.18 12 dé thi Euler vi né ¢6 chu trinh
Euler a, b, ¢, d, e, a. D6 thi H; khong ¢6 chu trinh Euler nhung né ¢6 dudng di
Euler ¢, a, b, ¢, d, b, vi thé H; 1a d6 thi nita Euler. D6 thi H; khéng cé chu
trinh ciing nhu dudng di Euler.

a b a b c -a

s L -

A
A

a b e d d b
Hinh4.18. Do thiHy Hy H
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Diéu kién cdn va di dé mot dé thi 12 dé thj Euler c
duge Euler tim ra vao nam 1736 khi éng giai quyét
bai todn héc bia ndi ting thdi d6 vé bay cai cdu &
thanh phd Konigsberg va'day 13 dinh 1y ddu tién cda
19 thuyét d6 thi: Nhimg cdi cdu & thanh phd
Konigsberg c6 thé dién ta bing dé thi trong hinh 4.19.

Dinh Iy I (Euler) : Do thi vé huong lién thong G B
la dé thi Euler khi va chi khi moi dinh cua G déu cé

. 4z . Hinh4.19
bdc chan.

Dé chitng minh dinh 1f trudc hét ta ching minh bé dé :

Bo dé : Néu bdc cia méi dinh cia do thi G khéng nhé hon 2 thi G chita
chu trinh. )

Chitng mink : N&€u G ¢6 canh lap thi khing dinh cla b dé 1a hién nhién.
Vi vy, gia st G la don d6 thi. Goi v 1a mot dinh n3o d6 clia G. Ta s€ x&y dung
theo quy nap dudng di

VoV Vo .. ' _

trong dé v 1a dinh ké v&i v, con voii 2 1 chon vy  1aké vdi v; v vy # v
(c6 thé chon vi,; nhu vay 1a vi deg (v;) = 2). Do tap dinh ctia G 12 hiu han,
nén sau mot s hitu han bude ta phéai quay lai mét dinh d4 xuat hién trude do.
Goi dinh dau tién nhv thé la vi.. Khi d6, doan clia dudng di x4y dung ndm gira
hai dinh v, 12 m¢t chu trinh cén tim.

Chimg minh dinh Iy :

- Can : Gia sit G 12 46 thj Buler titc 12 t6n tai chu trinh Euler P trong G.
Khi d6 c& méi ldn chu trinh P di qua mdt dinh n3o d6 clia G thi bac cta dinh
dé tang len 2. Mat khdc mbi canh cha dé thi xudt hién trong P ding mét 1dn,
suy ra méi dinh ctia dé thi déu ¢6 bac chin.

DU : Quy nap theo s& canh ciia G. Do G lién thong va deg(v) 12 s6 chin
nén bac cda mdi dinh ctia né khéng nhd hon 2. Tir d6 theo bé dé G phai chira
chu trinh C. Néu C di qua tdt ca cdc canh cia G thi ndé chinh la chu trinh
Euler. Gia sir C khong di qua t4t ¢a cdc canh cua g. Khi dé loai bé khoi G tat
cd cdc canh thudc C ta thu duge mét d6 thi méi H (khong nhat thiét 1a lién
thong). S6 canh trong H nhd hon trong G va rd ring méi dinh cha H vin cé
bac 1a chdn. Theo gia thi&t quy nap trong méi thinh phén lién thong cua H déu
tim duge chu trinh Euler. Do G 1a lién thong nén mdi thanh phan trong H ¢6 it
nhit mot dinh chung véi chu trinh C. Vi vay, ta c¢6 thé xay dung chu trinh
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Euler trong G nhu sau : Bit ddu tir mot dinh nao dé cia chu trinh C, di theo
cdc canh cla chu trinh C chimg nao chua gap phéi dinh khéng c6 lap cta H.
Néu gip phai dinh nhu vay thi ta di theo chu trinh Euler cia thanh phdn lién
thong cia H chita dinh d6. Sau d6 lai ti€p tuc di theo canh clia C cho dén khi
gip phai dinh khong ¢6 14p clia H thi lai theo chu trinh Euler clia thanh phédn
lién thoéng tuong vmg trong H v.v.. (hinh 4.20). Qu4 trinh s& két thiic khi ta trés
vé dinh xudt phdt, tdc 13 thu duge chu trinh di qua méi canh clia dé thi ding
mot 1dn.

Hinh 4.20. Minh hoa cho chimg minh dinh Iy 1

Hé qud 2 : DO thi vo hudng lién thong G la nita Euler khi va chi khi né cé
khéng qud 2 dinh bdc Ié.

Chitng minh : Thuc vay né€u G c6 khong qud 2 dinh bac 1é thi s dinh bac
. I& cha né chi ¢6 thé 1a 0 hoiic 2. Néu G khong ¢6 dinh bac 18 :hi theo dinh 1¥ 1
né 1a d6 thi Euler. Gid sit G ¢6 hai dinh bac 1€ 13 u va v. Goi H 13 d6 thj thu
duge tir G bing cdch thém vio G mot dinhk méi w va hai canh (w, u) va (w,v).
Khi dé tat ca cdc dinh cia H déu ¢é bac 12 chin, vi thé€ theo dinh 19 1 né ¢é
chu trinh Euler C. X6a bd khoi chu trinh nay dinh w va hai canh ké né ta thu
duge dudng di Euler trong d6 thi G.

Gia sit g 12 d6 thi Euler, tir dhﬁng minh dinh 1y ta cé thd tyc sau dé tim
chu trinh Euler trong G. '

Procedure Euler_Cycle ;
Begin _
STACK =3 ; CE:=J;
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Chon u la mot dink nao dé cia d6 thi ;

STACK <= u;
while STACK # & do
begin |
x := top (STACK) ; (* x la phin tir & dau STACK*)
if Ke(x) 2 & then :
begin
y := dinh diu tién trong danh sich Ke(x) ;
STACK < v ; '
(* Loai bd canh (x, y) khoi d6 thi *)
Ke(x) := Ke(x)\ [y} ; Ke(y) := Ke(y) \[x} ;
end else
begin x < STACK ; CE<x ;end;
end ;
end ;
Gia st G 12 d6 thi Euler, thuat todn don gian sau ddy cho phép xdc dinh
chu trinh Euler khi 1am bang tay.

Thuit toan Flor

Xudt phdt tir mot dinh u nao dé ciéa G ta di theo cdc canh clia né mot cdch
tlty ¥ chi ¢dn tuén tha 2 quy tdc sau : '

i) Xoa bo canh da di qua va dong théi xéa cd nhitng dinh cé Idp tao thanh.

it) 0 méi budc ta chi di qua cdu khi khéng con cdch lwa chon néo khdc.

Ching minh tinh diing din cia thuat toin

Trudc tién ta chi ra ring thi tuc trén ¢6 thé thyc hién duge & méi bude.
(Gia sir ta di d€n mot dinh v nao d6, khi dé néu v # u thi d6 thi con cOn lai H 14
lién thong va chita ding hai dinh bac 1é 1a v va u. Theo hé qua trong H ¢6
dudng di Euler P tir v dén ». Do viéc x6a bd canh ddu tién cua dudng di P
khong lam mat tinh lién thong ciia H, tir d6 suy ra thh tuc ¢ thé thuc hién &
méi buéc. NEu v = u thi 1ap luan & trén s& vin ding chirg nio vin cdn canh
ké véi u. '

Nhu vay chi con phai chi ra 12 tha tuc trén ddn dén dudng di Euler. Thyc
vay, trong G khong thé con canh chua di qua khi ma ta sit dyng canh cuéi
ciing ké vdi u (trong trudng hop nguge lai, viec loai bdé mot canh nao dé ké véi
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mot trong 56 nhiing canh cdn lai chua di qua s& din dén mot d6 thi khong lien
thong, va didu d6 14 mau thudn vOi gia thi€t i1)). '

Chiing minh tuong ty nhu trong dinh 1y 1 ta thu duoc két qua sau da.y cho
d6 thi ¢é hudng.

Dinh 1y 2. D6 thi c6 hudng lién thong manh la do thi Euler khi va chi khi
deg+(v) = degh(v), YveV.

3.2. P4 thi Hamilton

Trong muc nay chiing ta xét bai todn twong tu nhu trong muc trudc,chi
khac 12 ta quan tam dén dudmg di qua t4t ca cdc dinh clia d8 thi, méi dinh
diing mot lan. Sy thay ddi tudng chirng nhu 13 khéng ding ké nay trén thuc €
dd dan dén su phitc tap hod van dé cdn giai quyét.

BINH NGHIA 2. Budng di qua tdt cd cde dinh ciia 46 thi, méi dinh diing mét
idn duoc goi la duong di Hamilton. Chu trinh bdt ddu 1. mét dinh v nao dé
qua tdt cd cdc dink con lai, méi dinh diing mét 1dn réi quay tro vé v dugc goi
la chu trink Hamilton. D& thi G dugc goi la dé thi Hamilton néu né chita chu
trinh Hamilton va goi la nita Hamilton néu né chira duong di Hamilton.

R rang dé thi Hamilton 12 nira Hamilton, nhung diéu ngugc lai khong
luén ding. '

Vi du 3 : Trong hinh 4.21 : G3 132 Hamilton, G, 12 nira Hamilton cdn G
khong 12 nira Hamilton. .

G, G, Gj
Hinh 421,

Cho dé&n nay viéc tim mot tiéu chudn nhan bi&t dé thi Hamilton vin con 12
md, mac dit day 1a mot vdn dé trung tdm cla 1y thuyét d6 thi. Hon th€ nifa,
cho dén hién nay ciing chira c6 thuat todn hiéu qua dé kiém tra mot d6 thi cé
12 Hamilton hay khong. Cdc két qua thu duge phén 16n 13 cdc diéu kien du dé
mot d6 thi 1a d6 thi Hamilton. Phdn 16n ching déu ¢6 dang “néu G c6 s6 canh
di 16n thi G 1a Hamilton". Mot két qua nhu viy duge phét biéu trong dinh 1y
sau day :
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* Dinh Iy 3 (Dirak 1952) : Don d6 thj v6 huing G véi n > 2 dinh, méi dinh
c6 bdc khong nhd hon ni2 1 d6 thi Hamilton.

Chitng minh : Thém vao d6 thi G k dinh méi v n6i chiing vdi tat ca céc
dinh cia G. Gia sir k 13 s6 nhd nh4t c4c dinh c4n thém vao d€ cho dé thi thu
duge G 1a d6 thi Hamilton. Ta sé& chi ra ring k = 0. Thuc viy, gia st nguoc lai
1a k > 0, k¥ hiéu : |

ViPy W, ..., V

la chu trinh Hamilton trong G', trong d6 v, w 12 dinh cia G con p 1a mot trong
s§ cdc dinh méi. Khi d6 w khong ké véi v vi n€u nguoc lai, ta khong cén sir
dung p va diéu d6 12 mau thuln v6i gia thigt k nhd nh4t. Hon thé nifa dinh ('
ching han) ké véi w khong thé di hén sau dinh v' (k& v6i v) vi ring khi d6 c6
thé thay

Vapo>r wor. SV 9w 3. v
bai
VoV o> oW WL oY

bing cdch dio nguoc doan cia chu trinh nm gita w va v'. Tir d6 suy ra la s6
dinh clia d6 thi G* khéng ké véi w 1a khong nho hon sé dinh ké véi né (tuc 13
it nhdt ciing 12 bing n/2 + k), d6ng thoi s6 dinh cba G’ ké véi w ciing ft ra 12
phdi bang n/2 + k. Do khong c6 dinh nao cha G' vira khéng ké, lai vira ké véi
w, cho nén téng s6 dinh clia d6 thi G' (G' ¢6 n + k dinh) khéng it hon n + 2k.
Maéu thun thu dugc di chitng minh dinh 1¥.

Dinh 1y sau 12 t8ng quét hod cita dinh 1y Dirak cho 6 thj c6 huéng -
Dinh ly 4 : Gia sir G 12 d6 thi c6 hudng lién thong manh véi n dinh. Néu

deg*(v) 2 n/2, deg (v) 2 n/2, Vv

thi G la Hamilton.

Cé mot s6 dang d6 thi ma ta c6 thé bi€t khi nio né-1a dé thi Hamilton.
Mot vi du nhur vay 1a d4 thi d4u loai. D4 thi ddu logi 1a d8 thi c6 huéng ma
trong d6 2 dinh b&t k¥ ciia né duge n6i v6i nhau bdi diing mot cung. Ten goi
ddu logi xudt hi¢n vi d6 thi nhu vay c6 thé ding dé biéu dién ké&t qua thi d4u

bong chuyén, béng ban hay b4t cif mot trd choi nao ma khong cho phép hoa.
Ta ¢é dinh 1y sau :

Dinh Iy 5: i) Moi dé thj déu loai l& nita Hamilton ;
i{) Moi dé thi ddu'loai lién théng manh 1 Hamilton.
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Vi du 4. D6 thi déu loai Dy, Dg dugc cho trong hinh 4.22.

Ds | Dg )
Hinh 4.22. D4 thi ddu logi D, ddu logi lién théng manh Dg

Thuit toan ligt ké tat ca cac chu trinh Hamilton cua d8 thj

Thut to4n sau ddy dugc x4y dung dua trén co s3 thuat toan quay lui cho
phép liét ké tat ca cac chu trinh Hamilton ciia dé thi.
Procedure Hamilton (k) ;
* Liét k& cdc chu trinh Hamilton thu dugc bing viéc phét trién ddy dinh
(XI11, ..., X{k = 1]) cha 46 thi G = (V, E) cho bdi danh sich ké : Ke(v),ve V
. _
Begin
Fory € Ke(X[k — 1] do
if (k = n+1) and (y = v0) then Ghinhan (X[1], ..., X{n], v0)
else '

if Chuaxetfy] then

Begin
X[k] :=y
Chuaxet[y] := false ;
Hamilton(k+1) ;
Chuaxet[y] :=true ;
end ;
end ;
(* Main Program*)
BEGIN
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for v € V do Chuaxet[v] := true ;
X[1] :=v0 ; (* v0 1a mot dinh nao d6 cha dé thi *)
Chuaxet {v0] := false ;
Hamilton(2) ;
END.

Vi du 5 : Hinh 4.23 dudi ddy mo ta cAy tim ki€m theo thuét todn vira mo ta.
2 . _ 1

Hink 4.23. D6 thi va cdy liét ké chu trink Hamilton cila né theo thudt todn quay lui

Trong trudng hop dé thi cé khong qué nhiéu canh, thuat todn trén c6 thé
str dung dé€ kiém tra xem d6 thi cé phai 13 Hamilton hay khéng.

IV - CAY VA CAY KHUNG CUA PO THI

Mot dé thi lien thong va khéng c¢6 chu trinh don duge goi 1a cay. Cay dd
dugc dung tir nam 1857, khi nha todn hoc Anh tén 13 Arthur Cayley ding cay
dé xdc dinh nhimg dang khdc nhau ca hop chit hos hoc. Tir d6 cay di dugc
ding dé€ giai nhiéu bai todn trong nhiéu linh vyc khéc nhau.

Cay rét hay duge sir dung trong tin hoc. Ching han, ngudi ta diing cay dé
x4y dung cdc thult todn rit c6 hiéu qui dé dinh vi c4c phédn ti trong mot danh
sdch. Ciy ciing ding d€ xay dyng cdc mang mdy tinh v6i chi phi ré nhat cho
cédc dudng dién thoai ndi cdc may phan tdn. Cay ciing dugc diing dé tao ra céc
md cé hiéu qua dé€ luu trit va truyén dir liéu. Diing cay c6 thé mo hinh céc thi
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tuc ma d¢ thi hanh né cin ding mot diy cac quyét dinh. Vi vay c4y dic biét
cé gid tri khi nghién cifu cdc thu4t todn sip xé&p. '
4.1. Cay va cac tinh chét co bdn cla cdy

BINH NGHIA 1. Ta goi cdy 1a d6 thi vé huo‘ng lién théng khéng cé chu trinh.
D6 thi khéng c6 chu trinh dwoc goi la rang.

Nhu vay rimg la d6 thi ma méi thanh phdn lién thong ciia né 13 mot cay.

Vidu 1 : Trong hinh 4.24 12 mot ring gém 3 cAy T, Ty, T3.

Tl Tz T3

Hinh 4.24. Ritng gém ba cdyT;. T3, T3

C6 thé n6i cay la db thj vo huéng don gidn nhat. Dinh 1y sau day cho ta
mot s6 tinh chat cla cay.

Dinh Iy I : Gid sit G = (V,E) 1 d6 thj v6 huéng n dinh. Khi d6 cdc ménh
dé sau day 12 tuong duong :

(1) Tlacay ;

(2) T khéng chita chu trinh v ¢6 n—-1 canh ;

(3) T lien thong va ¢6 n—1 canh ; ' ,

(4) T lién thong va méi canh cia né déu 1a cdu ;

(5) Hai dinh bat ky clia T duge néi véi nhau béi diing mot dudmg di don ;

(6) T khong chifa chu trinh nhung h& ci thém vao né mot canh ta thu dugc
ding mot chu trinh.

Chitng minh : Ta s& ching minh dinh 1y theo so d6 sau :
H=>22=2>2B)>@=>0)=6)> (1)
(1) = (2) Theo dinh nghia T khéng chia chu trinh. Ta sé& chiing minh
bang quy nap theo s dinh n khing dinh : S6 canh clia cay v6i n dinh 1a n—-1.

149



R& rang khing dinh ding v6i n = 1. Gié st n > 1. Trir6c hét nhin thdy rang
trong moi cay T ¢6 n dinh déu tim duoc it nh4t mot dinh 1a dinh treo (tifc Ia.
dinh c6 bac 1a 1). Thyc vay, goi vy, vy, ..., i 12 dudng di dai nh4t (theo s6
canh) trong T. Khi d6 v; va v; 1a cdc dinh treo, vi tit v, (vy) kKhong c6 canh néi
t6i bt c dinh nao trong s6 cc dinh vy, Vs ..., v (do d6 thi khong chia chu
trinh), cling nhu t&i bat cif dinh nao khic ca d6 thj (do dudng di dang xét 1a
dai nhat). Loai bd v, va canh (v{, v,) khoi T ta thu dugc cay Ty véin — 1 dinh,
ma theo gii thiét quy nap ¢6 n — 2 canh. Vaycay Tcén—2+ 1 =n - 1 canh.

(2) = (3) Ta chitng minh bing phin chiing. Gia sit T khong lién thong.
Khi d6 T phan ra thanh k = 2 thanh phén lién thong Ty, T, ..., Ty. Do T khong
chita chu trinh nén mdi T, (i = 1, 2, ..., k) cling khong chita chu trinh, vi thé
méi T, 12 cay. Do d6 néu goi n(T;) va e(T;) theo thit ty 12 s6 dinh va canh cla
Titaco: '

e(T) =n(T) - 1, i=1,2, ..k
suyra _
' n-1=e(M=e(T))+ ... +e(Ty)
=n(Ty) +...+n(TY -k
=m(T)-k<n-17?1
Mau thuin thu dugc chimg to T 1a lién théng.

(3) = (4) Viéc loai bd mot canh bat ky khéi T din dén d6 thi vdi n dinh
va n — 2 canh rd rang 13 d6 thi khong lién thong. Vay moi canh trong T déu
1a cdu. 3

(4) = (5) Do T 12 lién thong nén hai dinh bat ky clia né duge néi vdi nhau
boi mot dudng di don. Néu c6 cip dinh ndo cha T c6 hai dudng di don khdc
nhau néi chiing, thi tir d6 suy ra dé thj chifa chu trinh, va vi th€ cdc canh trén
chu trinh nay khong phai la cdu ?

(5) = (6) T khong chita chu trinh bdi vi néu cé chu trinh thi hod ra tim
duge cap dinh cha T duge n6i v6i nhau bdi hai dudng di don. Bay gid, néu
thém vao T mot canh e n6i hai dinh u vi v ndo d6 cia T. Khi d6 canh nay
cling v6i dudmg di don néi u vi v s& tao thanh chu trinh trong T. Chu trinh thu
duoc nay 12 duy nh4t, vi néu thu duge nhiéu hon mot chu trinh thi suy ra trong
T trudc d6 phai ¢6 sén chu trinh.

(6) = (1) Gia sit T khong lién thong. Khi d6 n6 gém it nhat 13 2 thanh
phidn lién thong. Vi vay, néu thém vao T mot canh n6i hai dinh thudc hai
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thanh phén lién théng khdc nhau ta khong thu duge them mét chu trinh nao ca.
Diéu d6 mau thuln v6i gia thiét (6).

Dinh 1y duge chiing minh.

4.2, Cay khung cla d8 thi

1. Khéi niém

DINH NGHIA 2 : Gid st G (V. E) la dé thi v6 huong lién théng. Cay T = (V,F)
véi F c E duge goi 1a cdy khung cia d6 thi G.

Vi du 2. D6 thi G va cay khung cla né dugc cho trong hinh 4.25.

b b ' b
¢ c ¢

e e e

Hinh 4.25 Dé thi va cdc cdy khung ciia né

Pinh 1y sau day cho biét s6 lugng cay khung cia d6 thi ddy di K.

Dink Iy 2 (Cayley) : S6 cdy khung cila d6 thi K, 1a n" 2.,

Dinh 1y 2 cho thdy s6 lugng cAy khung ciia mot d6 thi 1a moét s6 rét 16n.
Bay gi¥ ta xét 4p dung ciia thuat todn tim Ki€m theo chidu s4u va theo chiéu
rong trén d6 thi dé xay dung cAy khung ciia dé thj vo hudng lién thong. Trong
¢d hai truomg hgp mdi khi ta d&€a duge dinh méi u (tdc Chuaxet[u] = true) tir
dinh v thi canh (v, u) s& dugc két nap vao cay khung.

2. Bai toan cay khung cuc tién va 2 thuat todn PRIM, KRUSKAL

a) Phdt biéu

— D6 thi G = (V, E) lién thong c6 trong 56 C = (Cjj}m.n

- Cay khuﬁg T=(V,E)trong d6 E' c E.

— Tpip : 2. C(e)— min
¢€E’

b) Thudt todn

¢ Kruskal
Xay dung d4n cic canh.

151



—Buéc1:T=0.

— Budc 2 : Sap x€p cdc canh cla G thanh diy F theo thit ty khong giam
cla trgng s6.

— Buéc 3 : Bit ddu tir canh ddu tién chia F, thém vao T sao cho khong tao
thanh chu trinh. :

~ Bu6c 4 : N&u IT) = n — 1 — két thic.
Khoéng thi quay lai budc 3.
¢ Prim

— T mét dinh S bat k¥ clia d8 thi, chon dinh t n6i véi s c¢é khodng cdch
nho nhit. :

— Trong s6 cdc dinh ké s, chon dinh sao cho gén v&i 2 dinh s, t d3 cho nhdt.
— Liap cho dén khi tat ca cdc dinh da duge két nap.
Vi du 1 : Tim cay khung cue ti€u cho hinh 4.26 sau theo thu4t todn Kruskal.

Hinh 4.26, D4 thi theo thudt todn Kruskal.

~ Budc 1 : T = & véi 4 dinh V|, V,, V3, Vy.
— Budc 2 : Sip xé€p cdc canh |
{(V2, V), (V3, V3), (V3, V), (V3, V), (V, V)
- Budce 3 : Thém vao T canh (V4, Vy).
—Buéc 4: VisGcanhcia T .lh 1 <4 -1 =3 nén tathém vao T canh (V,, V3).
Sau dé thém vao T canh (V;, V). '

(Khong thém canh (V3, Vy), vi nhy vay s& tao thanh chu trinh).
Vay ta duge cay khung cuc tiéu nhu hinh 4.27.
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Hinh 4.27

=2+5+8=15.

Trin
Vidu2:ChoG=(V,E), V= {V;,V,V3, V4. Vsl
Tap céc canh

E = leg, €5, €3, e4: €5, €65 €7, ©g, €9 €10/}

véi cdc trong s6 cho trén cdc canh (hinh 4.58).
Hiy tim cay khung nhd nhdt theo thuat todn Prim.

GCle,)=13 Cle=7

Hinh 4.28
Gidi :
€6 - c(eﬁ) =7 €3 C(ea) =8
e|tc(e) =12 eg:cleg) =9
Cay khung nho nhét 1a ;.
V303V466V201V188V5

vOi T =8+ 7+ 12+9=136.
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4.3. Cay phan c¢dp

1. Dinh nghia cay phan cap
Cay phan cip 12 mot tap hitu han céc dinh, trong d6 c6 mot dinh dac biét
go1 1a gbc ; gilta céc dinh ¢6 méi phan c4p "cha con”.

S6 céc con ciia mot dinh goi 1a bac cia dinh d6. Bac clia dinh bing 0 thi
dinh dé dugc goi 12 14. Thong thudng dinh khong phai 1a 14 goi 13 dinh trong
va 14 goi 1a dinh ngoai.” Bac cilia cay 12 bac cao nhit clia c4c dinh trong cay.
Nhv vay mot dinh 12 g6c clia cay n€u né khong 1a con cia ba't ¢tr dinh nao
trong cay. : :

Mitc clia cay duge dinh nghia nhu san ;
- G6c clia cy cé mirc 12 : O
Néu miic ciia cha la i thi midc clia cén la:i+ 1.
Mifc cao nhdt cha nit trong cay duoc goi 14 chidu cao cila cdy.

Buong di tr A dén dinh B trong mot c4y 12 ddy cic dinh: A, = A, A}, A,,
Aj, ..., A} = B, trong d6 A; 14 b6 cha Al'l-l (i=0,1, ..., n-1)gilta A; v A,
duge ndi voi nhau bdi mot canh.

D¢ dai dudng di 1a s6 cdc canh trong dudng di d6.

Goi h 12 chiéu cao clia cay T. Khi d6 ta c6 thé dinh nghia chiéu cao h 12
d¢ dai clia dudng di 16n nhat clia cay T.

~ Hai cédch dinh nghia chiéu cao cia cay dé cap & trén 12 teong duong nhau.
2. Cay phan cap nhi phan
a) Binh nghia cdy nhi phan

Cay phan cdp duge goi la cay phan c4p nhi phan (d€ don gidn ta goi la cay
nhi phan) néu bac & t4t ca cdc dinh déu khong 16n hon 2, hay mdi dinh chi cé
t6i da hai con.

D6i véi cay con clia mot dinh ngudi ta phan biét cay con trai v8i cay con
phai, vi 1§ do d6 cay nhj phan cling goi 1a cAy c6 thi ty.

b) Dinh nghia cdy nhj phdn ddy di

Cay nhi phan duge goi [a dﬁy A4l néu t4t ca c4c dinh trong déu c6 bac bing
2 va t4t ca c4c dinh ngoai déu thudc mic 16n nhdt cda cay T.
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3. Mot 56 tinh chit cia cay nhi phan diy di

BS dé 1: 56 ligng cdc dinh ¢ mikc i cia cdy nhi phdn ddy di la 2 véi
(i=0,1,..)

Ching minh : Quy nap theoita cé :

Véii=0: dinh thugc mic 0 12 g6c. Mdi cay chi c6 mot géc nén bd dé
ding véii = 0.

Gia slt bd dé diing véi i, tie 1 s6 dinh & mac i 12 2', xét muci + 1 va chi
ra s6 dinh clia mifc nay la 2+

That vay, méi dinh & mitc i c6 diing hai con nén 2' dinh c6 2 * 2/ = 21!
con hay s6 dinh & mic i + 1 13 2!, |

B dé 2 : 56 luong cua cdc dinh trong va dinh ngodi cia cdy nhi phdn
ddy dii ¢6 d6 cao k la (2" - ).

Chiing minh : Suy ra tir b6 dé 1 : S6 c4c dinh trong va dinh ngoai cia cay
nhi phan ddy d0 bang : s6 cdc dinh & muc 0 + s8 ciac dinh & mic 1 + s6 cdc

dinh & mifc 2+ ... + s6 chic dinh dmic h=2°+2' + 2%+ . + 2" =20 _ .

B& dé 3 : Cho cdy nhi phdn ddy di véi L = 56 cdc dinh .ngod:'. Khi dé sé
cdc dinh trong chacayla L - 1. _

Chitng minh : Goi chiéu cao cla cay 12 h. Theo b8 d& 1 thi s6 cic dinh
ngoai L = 2", Con s6 cac dinh trong va dinh ngoai cla cay nhi phan ddy du
theo b8 dé 2 1a (2"*'-1). Neu dst K = 6 dinh trong thi K + L = 2" - 1.

Vay K=@*2"-1)-2"=20-1-L=L-1.

Dink Iy 3 : Néu cdy nhi phdn ddy dit ¢6 n dink va chiéu cao la h thi ta cé

h=logyn+1)-1.

h h+1

Chitng minh : Theo b6 6 2thin=2"" -1 eon+1=2
Loga co s& 2 ding thic trén ta c6 :

Logy(n+ 1)=h+1hayh=1logy(n+1)-1

4. Biéu dién cay nhi phan
a) Luwu trit ké'tiép
Cay nhi phan ddy di c6 thé ddnh s6 cic dinh theo thy ty tir mic thip

nhét (mdc 0), d€n mifc cao nhét va trén méi mitc thi ddnh s6 theo thet ty tiY trdi
sang phai.
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Vidu:

Hinh 4.29

V6i cich dinh s6 nhu trén hinh 4.29 ta c¢6 thé luu trit cay T vio mot vecto V
theo nguyén tic :

Dinh thit i dugc lwu trit trong thanh phdn thi i clia V : Cich hwu trif trén
g0i 12 cdch luu trit k€ ti€p d6i v6i cay nhi phan. Véi cdch luu trit nay, néu biét
dia chi ciia cha s& tinh dugc dia chi clia con va nguoc lai.

b) Lutu trit méc noi

Trong cdch lhru trit ndy, méi dinh ¢ng vdi ba 6 lién nhau :

L -1 R

& day, I ing v4i tap tin (di liéu) clia dinh trong cay, 6 L va R 12 con trd trai va
phai cia I. Cdch lwu trit méc n6i cho phép tir cha cé thé truy nhap vio con,
nhung ngugc lai thi khong dugc.

4.4. Thu@t todn tim cay nhj nguyén t8i w v8i céc théng tin chia &
céc la ' '

1. Pinh nghia cay nhi nguyén

Cay nhi nguyén 12 mot d6 thi lién thong khéng chita chu trinh va bac & t4t
ca céc dinh bdng O hoic bing 2 ma ching ta di nghién cifu trong phdn Iy
thuy€t dé thi. Tren 16p cdc cdy nhi nguyén ndy (chinh xéc s& dinh nghia sau)
ta dua ra thuat todn phan loai, tim ki€m thong tin va xiy dung bing ma cho
cdc thong tin di duge phan loai. Duéi day dé cap t6i thuat todn vé sy tuong
duong giita cdc cay nhi nguyén va thuat todn x4y dung cAy t6i vu theo ciu tric
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ciing nhu theo thdi gian cia ciy nhi nguyén. Ta ky hieu N = {0, 1, ...} 12 tap
céc s6 ty nhién, I 12 tdp cic d6i tuong hay con goi 13 cdc thong tin ndo d6.

Gia sitcdc ky hitu <, > ¢ TUN.

Cay nhi nguyén dugc dinh nghia nhy sau :

BINH NGHIA 3 :

a) Mdi phdn tu { € I goi la mét cdy.

b) NéuT;, Ty la 2 cdy con k € N thi day ky hiéu k < T;, T, > goi ld

mot cdy.

Tap tat ca cdc cay dinh nghia nhu trén ky hieu qua TREE va goti 1a tap cdc
c4y nhi nguyén vdi c4c thong tin chifa & c4c 14, hay d€ cho gon ta goi 12 cay
nhi nguyeén,

Bay gi¢r ta dinh nghia dnh xa f : TREE x N — I va goi f 12 ham 1am viéc,
hay ham ké&t qua cia cAy nhi nguyén.

DINH NGHTA 4
a) Néu cdy nhi nguyén cé dang la phdn titi €1 thi f(i,1) = i véi moil eN.
b) Néu cdy nhi nguyén trong TREE c6 dang k < T}, Ty > thi :

FTnlnéul < k

k<T,Ty> 1) = :
fe<TpTz>0) {ﬁTz,i)néul>k

Duéi day ta ding ky hiéu "=" ("#") d€ chi ra su déng nh4t (khong déng
nhdt) biing nhau cha cay.

DINH NGHTA 9

Cho hai cay T;, T, € TREE ta néi T tuong duong v6i T khi va chi khi
AT ) =fiTy, ) véimoil € N.Taky hiéuT; =T,.

Do méi cay nhi nguyén chi ¢6 hitu han céc dinh, tuy nhién N 1a tdp vo han
cdc s6 ty nhién nén thuat todn duyét trén todn bo s& rdt khé khian dé két
luan hai cay T, va T, c6 tuong duong v&i nhau hay khong ? Vi vay, ta phii
tim thuat todn hitu hiéu hon dé sau mot s& budc 1am viéc ta bi€t duge hai cay
c6 tuong duong v6i nhau hay khong ? D6 1a phuong phép tien dé héa trong
logic todn. '

157



2. Hé¢ tién dé va quy tic ddn xuit ciia TREE
~ BINHNGHIA6 :
Ta xem "=" la mot ky hiéu mdi khong cé trong tdp N U1 U {<,>) va
gid su Ty, Ty € TREE khi d6 ddy T; = T, dugc goi la phuong trinh cdy.
Ta ky hiéu phuong trinh ciy trén TREE 12 EQU va dinh nghia :
EQU = {T, = Ty/T,, T, € TREE}
Gia sir X 1a tap con clla EQU (X c EQU) va T, = T, & EQU.
BINH NGHIA 7 : |

Phuong trinh cdy T, = T ddn dugc tix tép X (ky hiéu X —=T; = T,) khi
va chi khiT; =T, € X hodc T; = T,, suy ra tit cdc phdn tit ciia X bdng céch
4p dung mét 56 hitu han ldn cdc quy tdc ddn xudt sau :

Quytic1(R;): NéuTe TREEthiXI-T=T
(phén xa) ;

Quytic2(Ry): NeuXI-T;=T,thi XI-T,=T,
(d6i ximg) ;
Quy tic 3(R3): Né&uXI-T,=T,vaXl-T, =Ty thi
Xl - T; = T3 (bic cdu) ;
Quytic4 (Ry): Ne&uXi—-T, =T, thi
XI-k<Ty, Ty>=k< Ty, T, > (ghép trdi) ;
Quy tc 5 (Rs) : Né&uX|-T,= T, thi
Xl-k<T,, T, >=k<T;, T, > (ghép phii).

Hé tién dé cua TREE
Ta chon h¢ cdc tien dé chia TREE 1a cdc phuong trinh c4y sau ddy :

e Tién dé ax; :

Phuong trinhcay k = k' latién dé néu k' 2 k
k' Ty, T, Ty
T, T,
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o Tién dé axy :

Phuong trinhcay k = k'latiendé ndu k' <k
KTy T ko
T, T,

» Tién dé ax;z:

Phuong trinh cay k = klatiendé néuk 2 k'
T, K T, Ty
T, T3

e Tién dé axy

Phuong trinh cay  k = k'latién dé nfu k <k’

e Tién dé axs :

Phuong trinh ca)y\ = T

T T

Dat AX = Iaxl} v [axz}u {M3lU {3X4}U {3X5} = !axl' axy, axj;, aXy, &Xs}.
va goi AX la he tien dé cia TREE.

3. Dang léch phai cia cay nhi nguyén

DINH NGHIA 8 : |
Mot cdy L € TREE dugpc goi la cdy nhi nguyén léch phdi néu :
a)L=sivdimoii €l hodc

bYNEuL # ithiL=ky<ipky<iy ..ky<ining>..> hodc
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i kp

N\

lg ils-l-l
O day ips oo gy € IVAE #ij1 (= 1,2, 00 8) 5k kg, s K € N VR
ki'l‘l _kl >0(l= 1,2, vary 5 = 1)
Dinh 1y 4. (Tinh duy nhat cba dang lech phai)
Gid sit Ly, Ly 18 hai cdy léch phdi. Ly = Ly khi va chi khi Ly = L.
Pinh Iy 5. Véi moi T € TREE t6n tai duy nhdt cdy léch phdi L sao cho :

a)T =L ;
b)AX/ -T=1L

4. Cay nhi nguyén ddy dd hoan chinh
DINH NGHIA 9 : | '

Cdy nhi nguyén R € TREE dugc goi la cdy nhj nguyén ddy di hoan chink
_né’u chodc R=ivdii el hode
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Véi kl <k < kz, Rll # R12’ R2| * R22 va I'Y(ln) - '}’(lm)l <1l (n=m) trong
déi,, i, 1a cdc thong tin & 14 cla R.

0 day (i) : = s6 céc cung trong dudng di tir g6c dén dinh ngoai chia
théng tin i,

Véi 17(i,) - ¥(i)l < 1 ¢6 hai khi nang :

a) Né&u Iy(i,) — v(ip,)| = 0 v6i moi cip i, # i, thi R goi 1a cay ddy di hoan
chinh loai 1. Trudng hgp nay xay ra khi dang léch phai cia R c¢é ding
2 dinh.

b) Néu 1y(iy) — v, = 1 d6i véi cap i, = i, nao d6 thi R goi la cay ddy
dd hoan chinh loai 2. Trudng hgp nay xay ra khi cay léch phai R c¢6 s¢ dinh
ngoai = 2",

5. Thuat toan tim cay nhi nguyén t3i wu vdi cdc thong tin chita & cac 14

Vin dé cAy t6i wu trong phén ndy ta xét theo hai dinh nghia :

* T&i uu theo cfu tric (hay theo dinh) ;

* T6i wu theo thdi gian 1am viéc (tim ki€m).

a) T6i wu theo cdu tric

BINH NGHIA 10 :

Gid suT, e TREE. T, goi la cdy 16i uu theo cdu triic néuT , théa man cdc
diéu kién sau :

1. T, 1a cay nhi nguyén ddy di hoan chinh.

2. B(T,) = min{B(T)/T € TREEva T~ T}

3. I(T,) = min{h(T)/T € TREE va T ~ T,}.

4. Trong cay T, mi cba dinh cha 16n hon md cla dmh con bén trdi va nho
hon mi ca dinh con bén phai.

o Thudt todn tim cay t61 wu theo cdu tric :

Cho cay T € TREE. Ta c6 thé tim ciy t6i wu theo cdu tric T, ma T = T
theo cdc budc sau day :

— Buéc 1 : Tim dang léch phdi L cha T.

— Buéc 2 : Tim cay nhi nguyén diy di hoan chinh R tir L bang céch 4dp dung
tien dé ax, mot s§ hitu han ldn. R chinh 12 cay t6i wu theo c4u tric cin tim.
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b) T6i wu theo thoi gian

D€ dinh nghia khdi niém t6i wu theo thdi gian, ta cin nhd lai khi cho phdn

~tirl € N vao cAy T € TREE thi ham 4nh xa f(T, 1) xdc dinh duy nh4t mot
duding di tir dinh cay T dén mot 14 nao d6. Dudng di d6 ta ky hidu 13 o(l).

' bat W(T) = {w(1)/l € N} v6i cay T € TREE. Goi F 12 4nh xa don tri tix tap

W(T) vao tap R? cdc s6 thuc duong. Khi d6 ta goi F(w(l)) 1a thdi gian xéc

dinh thong tin ma dudng f(T, 1) din t6i trong cay T Ung v6i khéa 1a 1. Ti&p

theo ta dat A(T, F, P) = Z P()F(w(1)) va duge goi 12 thdi gian trung binh
leM

(tng v6i F, P) dé xdc djnh cdc théng tin chita trong cay T g véi tap cdc cu

hdi M < N. O day P 1a phan bé x4c sust rdi rac trén M, con M 1a tap x4c dinh.

BINH NGHTA 11 :

Gid st T; € TREE, T; dugc goi la cdy t6i wu theo thoi gian néu T théa
mdn cdc diéu kién sau :

1. T la ciy nhi nguyén dﬁ)} di hoan chinh.

2. A(T,F,P) =min{A(T,F,P)/)Te TREEvaT = Tl }.

3. Trong ¢4y T, mi cla dinh cha 16n hon md cha dmh con bén tréi va nthd
hon mi cua dinh con bén phai.

Thudt todn tim cdy t61 uu theo thoi gian :

Véi méi T € TREE, ta x4y dng dugc cay t8i wu theo thdi gian T, ma
T, =T, theo cdc budc sau :
— Budce 1 : Tim cdy léch phai cta T la L.

— Buéc 2 : Tix L tim cay nhi nguyén dﬁy du hoan chmh R va R chinh la
cay t8i vu theo thoi gian.

Vidu:

Cho L =

iy g g s lg Iz dg dg  dyo By laliz halis dge

Vi iy # g,y (0= 1,2, .., 15).

162



— Budc 1 : Tim dang léch phdi cia T1a :

i

3dayT =L = R; M=1{2,4,5,6}.
M M

F: W(T) > R 1a dinh nghia nhu sau : F(w(1)) : = 86 cac cung ciia dudmg
o).l e M.
Phan b& xédc sudt P trén M ta 18y 12 phan b x4c suft déu, tic 1a P(1) = 1/4
v6i moi | € M hay P(2) = P(4) = P(5) = P(6) = 1/4,
Vai T ta tinh duogc :
F(a(2)) = F(w(4)) = F(o(5)) = F(e(6)) = 4.
Viay: ‘
ACT,F,P)= ¥, POR(@() = 1/4 = 3’ Fe()
leM leM
=1/M4+4+4+4)=4
D6i véi cay léch phdi L ta ¢c6 :
F(w(2)) = 1, F(a(4)) = 2, F(a(5)) = F(® (6)) = 3.

ALFP)=1/401+2+3+3)=9/4
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Déi v6i R ta ¢6,: F(a(2)) = F(w(4)) = F(w(5)) = F(a(6)) = 2
ARF,P)=1/42+2+2+2)=2.

C6 thé chi ra véi moi cay T' e TREEma T' ~ R.
. . M

T ¢{T,L,R} tacé:

A(T',F,P)= Y P(HF(a(l)) 29/4
leM

Hay A(R, F, P) = min{A(T, F, P)/T ¢ TREE va T = R} theo dinh nghia R
la cay t6i vu theo thdi gian.

Qua vi du trén ta thdy cdy nhi nguyén ddy di hoan chinh la t&i wu theo
cdu tridc va ciing t8i uv theo thai gian.

BAI TAP

A - Bai tap cd loi gidi

Bai 1. Ding ma tran 1ién ké, hay biéu dién d6 thi trén hinh 4.30.

Gidi : Ta sap x€p cic dinh theo thd ty a, b, c, d. Ma tran biéu dién d6 thi
nay la:

al b
0 1 1 1
1 0 i 0
1 1 0 0
1 0 0 0 cd d

Hinh 4.30. D4 thi dom

Bai 2. Hay v& d6 thi c6 ma trdn lién ké theo thtt tr clia cdc dinh 1a a, b, ¢, d ?

0 1 1 0 a b
1 o 0o 1
1 0o 0 1
0 1 1 0 . d

Hinh 4.31. Dg thi ing vdi ma trdn lidn ké cho trude

Gidi : D6 thi tng v6i ma tran lién ké nay duoc biéu dién trén hinh 4.31.
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Bai 3. Hay biéu dién d6 thij trén hinh 4.32 béng ma tran lién thuoc ?
Gidi : Ma tr4n lién thuéc ¢ dang :

€ € C3 64. es éﬁ
o =

v 1t 1t o o o O

vy vg %  v3
v |0 o 1 1 o 1 o
Vs 0 0 0 0 1 i ey
0
v4 vs

vy |1 0 1 0 0

Hinh 4.32, D6 thi v6 huong

Bai 4. C6 bao nhiéu dudng di d¢ dai 4 tir a t6i d trong d6 thj don G trén
hinh 4. 33 ? (slr dung dinh 1y sau)

Dinh 1y : Cho G la mét d6 thi véi ma trdn lién ké A theo thir tw cdc dinh
Vi Vo, o Vi (V8 cdc canh vo hudng hodc cb hudng hay la canh béi, ¢6 thé ¢é
khuyén). 86" cdc dwong di khéc nhau d¢ dai r b v; 16i v;, trong dé r la mét 56
nguyén duong, bing gid tri cia phdn ti (i, j) cia ma trén A’

Gidi : Ma tr4n lién ké cia d6 th1 G (theo thiftya, b, ¢, d) 1a:

0 1 1 0 . o
Al 0 0 1
1 0 0 1
0 1 1 0
o d G
V1 thé, s6 dudng di do dai 4 tir a t6i d .
1a gid tri ciia phdn tir (i, j) cba A*. Vi Hinh 4.33. D8 thi G
8 0 0 8
0 0
A4 _ 8 8
0 8 8 0
8 0 0 8

nén ¢6 ding 8 dudng di 46 dai 4 tir a 16i d. Kiém tra tryc ti€p trén do thj ta
dugc 8 dudng dido daidtratéidla:a, b,a,b,d;a, b,a,c,d;a b, d, b, d;
a,b,d,c,d;ac,ab,d;acac,d;acdbd;vaacdcd
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Bai 5. Ding thuat todn Dijsktra tim dudng di ngén nhdt giita hai dinh v,
va v trong d6 thi sau (hinh 4.34).

Gidi : Dé thuan loi, ta giai bai todn trén bang nhu sau :

Hinh 4.34
Budc Pinh dén nhan Nhan Pinh trude

0 v, 0

1 v, o3 v,
2 V, 1 v,
3 Vs 2 v,
4 Va4 1+2=3 vV,
5 Vs 1+3=4 v,
6 Ve 1+4=5 v,
7 ' Vs | 3+42=3 V4
8 © Vg 3+4=7 Vy
9' \' 5+1=6 \Zi

Pudng di ngén nhit1a V, - V, - V4~ V; > V (trong s6 6).
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Bai 6. Tim dudng di ngén nhét tir dinh 1 d€n c4c dinh cdn lai cha d6 thi &
hinh 4.35.

(7)
2 b 6
(5) (1)
1t @ A1) Y1)
(4)
1 (51 4 (3 5

Hinh 4.35. Minh hoa thudt toén Dijkstra

Gidi : K&t qua tinh todn theo thuit todn duge trinh by trong bing dusi
day. Quy udc viét hai thanh phdn cla nhin theo thit tw d[v], Truoc[v]. Pinh
dugc ddnh ddu * 14 dinh duoc chon dé c6 dinh nhin & budc lap dang xét, nhin
clia n6 khong bi€n déi & c4c budc ti€p theo, vi the€ ta dinh diu —.

Budc lip| Binh1 | Binh2 | Pinh3 | Binh4 | Binh5 | Pinh &
Khaitaoy 0,1 I, 1* e, | o, 1 o, 1 w, 1
1 - - 6.2 3,2#% w, 1 8,2
2 - | - 44> | _ 7.4 8,2
3 - - - - 7.4 5,3%
4 - - - - 6,6* _
5

Bang k&t quad tinh todn theo thuit toﬁn Dijkstra

Bai 7. D6 thi ndo trén hinh 4. 36 c6 chu trinh Euler 7 N&u khong, liéu né
c6 duong di Euler khong ?

Gidi : D4 thi G| ¢6 chu trinh Euler, vidu : a, e, ¢, d, e, b, a. Ca hai d8 thj
G, va G3 déu khong c6 chu trinh Euler.
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a b

a b a b ]
X
d c d c c d €
Hinh 4.36. Céc dé thi vé hwong G, G va Gy

Tuy nhién G; cé dudng di Euler, cu thélaa,c,d, e, b,d, a,b. G, khong
¢6 duong di Euler.

Bai 8. D4 thi nao trén hinh 4.37 ¢é chu trinh Euler ? Néu khoéng, liéu né
¢6 dudng di Euler khong 7 -

a . b

Y

L

Y

H,
Hinh 4.37. Cdc do thi co huong Hy, H3 va H3.

Gidi : D6 thi H, ¢6 chu trinh Euler, vidu : a, g, ¢, b, g, e, d, f, a. Ca hai
dé thi H; va H; déu khéng c6 chu trinh Euler (doc gia ty kiém tra lai diéu
nay). Hy c6 dudng di Euler, cu th€lac,a, b, c,d, b, nhung H, khong cé dudng
di Euler (d6c gia ty ki€m tra lai).

Binh Iy : Da 46 thi lién thong ¢6 dudng di Euler nhung khong cé chu
trinh Euler n&u va chi néu né ¢6 ding hai dinh bac 18.

Bai 9. D6 thi nao trén hinh 4.38 c6 dudng di Euler ?
a b a ] f e a b

d c b c d e d
Hinh 4.38. Ba d¢ thi vé hudng
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Gidi :

G, c6 ding hai dinh bac 1€ 12 b va d. Do d6, n6 ¢6 dudng di Euler nhan b
va d 13 cdc di€ém ddu muit. Mot trong cdc dudng di Euler 12 d, a, b, ¢, 4, b.
Tuong ty G, ciing ¢6 ding hai dinh b4c 1¢ 13 b va d. Do d6, né ¢6 dudng di
Euler nhan b va d 1a cdc diém ddu miit. Mot trong cdc dudng di Euler 1a b, a, g,
b,c, g f,c,d,f, e, d. Con G, khong c6 dudmg di Euler vi né c6 6 dinh bic le.

Bay gid trds lai bai todn Konigsberg : C6 thé xudt phét tr mot dija di€m nao
dé trong thanh phé di qua t4t ¢ cdc cdu (mdi cdu di qua ding mot 14n) va két
thic hanh trinh tai mot diém nao d6 trong thanh phS duge khong ? Nhu da
th4y da d6 thi biéu dién cic cdu & Konigsberg c6 4 dinh bic ¢, theo dinh Iy 2
khong c6 dudng di Euler trong d6 thi nay. Vi vay khong thé c6 hanh trinh nhu
bai todn néu ra.

Bai 10. D4 thi nao trong c4c d6 thi don trén hinh 4.39 ¢é chu trinh
Hamilton ? N&u khong, c¢6 dudng di Hamilton khong ?

a b. a b b g

L 3

)

G, G, G,
Hinh 4- 39. Ba don d6 thi

Gidi : G| ¢6 chu trinh Hamilton a, b, ¢, d, e, a. Khong c6 chu trinh
Hamilton trong G, (vi bt cif chu trinh nao chita moi dinh ciing phai chifa canh
{a, b} hai 14n). Nhung G, c6 dudng di Hamilton a, b, ¢, d. G3 khong ¢6 ca chu
trinh Hamilton 14n dudng di Hamilton, vi bat k¥ dudng di nao chifa moi dinh
ciing phai chita mot trong cdc canh {a, b}, [d, ¢} va {e, f} qud mot 14n.

Bai 11. Hay chi ra ring khong mot d6 thi nao trén hinh 4.40 c6 chu trinh

Hamilton ?
a d e d

b ¢ b ) 8
G H
Hink 4.40. Hai d4 thi khong cé chu trink Hamiiton.
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Gidi : Khong c6 chu trinh Hamilton trong dé thi G vi G c6 dinh bac 1, 46
14 dinh e. _

Bai 12. Tim cay khung nhd nhdt ctia d6 thi trén hinh 4.41 :

a) Theo thuat todn Kruskal

b) Theo thuat todn Prim

Gidi : |

a) Theo thudt toén Kruskal

Buéc 1 : T=, n=11 {(dinh)

Buéc 2 : Sép x€p cdc canh theo trong
s6 khong gidm

{(c.1), (g.)), (a,c), (£,)), (h,}), (e,g),
1 1 2 2 2 2
(a,b), (b,i), (i, P, (1,8). (a,k), (c.e), (d, ),
3 3 03 3 4 4 4

(f,1), (f,h), (b,k), (d,1), (g, h), (i,€), (b,d),
5 5 6 6 § 71 8

G,K), (k.c)
3 10 -

Buéc 3 : Hinh 4.41.
Kétnap(c,)vaioT: T=11l< 11 - 10
Kétnap(g,j)vaoT; T=12l< 10

Ké€tnap(a,c)vaoT; T=131< 10

Kétnap (fj) vao T; T =14l < 10

Két nap (h, j) vao T: T = 14l < 10

Két nap (e, g) vao T: T = 16/ < 10

Kénap(a,b)vioT: T=17l< 10

(khong két nap (b, i} vi s& tao chu trinh)

Kétnap(i,j) vaioT; T =181 < 10

(khong két nap (i, g))

Két nap (a, k) ; T=18l < 10

Kétnap(d,f); T=19< 10

(khong két nap (c, €))

Két nap (b, d) ; T = 10 - Dimg

{cdc canh con lai khong két nap vi sé tao thanh chu trinh).
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Vay ta c6 cdy khung nho nhit

{(ci), (@), (. c). (£, ), (b, (e,8)
(a. b), (i,j), (a, k), (d.f), (b,d)}
vian T =32
b) Thudt todn Prim

e Bét ddu tir a, chon ¢ ((a,c) c6 trong s§ nhd nh4t) trong s6 cdc 1an can
cua a.
e Trong cic 14n can cla a va ¢, chon i (c, i) ¢6 trong s6 nho nhat.
. Trong céc 1an can clia a, c, i, chon b (a, b).
. Trong cdc 14n can ciha a, c, i, b chon j (i,j).
¢ Tuong tu ta can lva chon

g(.g) ; f(i.D) ; b(j.h) ; e(g,e);
d(f.d) ; khong chon (d,b) vi b di dugc chon.
Ta dugc két qua T = 24.

B - Bai tép tu giai 3
1. Cho dd thi sau (hinh 4 — 42) : _ d
Hay 1ap ma tran ké coa né 3
2. Xét do thj cho & bai 1. f H
4 e 1 a 2

— Hiy tim mot dudng di néi
dinh 1 véi dinh 4.

~ Hay tim mot chu trinh.
3. Cho 46 thj sau (hinh 4 - 43)

Hinh 4.42

Hinh 4-43

Hay tim dudng di ngin nhét néi dinh 1 v&i dinh 9.
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4. Cho d6 thj sau (hinh 4 — 44)
8

Hinh4 . 44
Hiy thuc hién tim ki€m theo chiéu sau.
5. D6 thi sau (hinh 4 - 45) :

Hinh 4 - 45
Hay thyc hi¢n tim ki€m theo chiéu rong.
6. Cho dé thj sau (hinh 4 — 46)

Hinh 4 . 46

Hay tim cay khung cyc tiéu :
a) Theo thuat todn Kruskal.
b) Theo thuat todn Prim.
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 Chuong 5
TINH TOAN VA XAC SUAT

Cédc nha todn hoc th&€ k¥ 17 nhu Fermat, Pascal, Huygens v3 dic biét la
Bernoulli di 44t nén ting cho 1§ thuy&t x4c suft. NAm 1933 nha todn hoc Nga
A. N.Kolmogorov di trinh bay moét cdch hodn chinh 1¥ thuy&t xdc sudt dudi
‘dang céc tién dé, mé& ra thei ky phat trién hién dai va manh mé& clia mon todn
hoc ndy. Ly thuyé&t x4c suit nghién cfu cdc sy kién vi céc dai lugng nglu
nhién, tim ra cdc quy luat cba chiing. Trén co s& cia nhimg nghién ciu ly
thuyé&t ngudi ta di suy ra cdc 4p dung d6i vdi nhitng m¢ hinh thyc t€.

Su ra d¥i cia théng ké todn hoc bit ngudn tir cdc v&n dé thuc tién va dua
trén nhitng thanh tyu cia 1¢ thuyé&t xdc sudt : thu thap, lvu trif, xir 1y s6 lidu,
uée lugng cac tham s6, ki€m dinh c4c gia thiét.

Vai chuc nim gdn day, 1y thuyét xdc suit va thong ké todn di ¢6 nhidu
ting dung trong nhiéu linh vyc : kinh t¢, sinh vat, y hoc, vat 1y, du bdo, khi
tugng thiy van, quy hoach thuc nghiém, v6 tuyén, ngon ngit hoc, xa hoi hoc
v.v.. khién cho viéc tim hiéu cdc khdi niém co ban va phuong phdp suy luin
cha Iy thuyé&t xdc suat va théng ke todn trd thanh yéu ciu bic thi&t di vdi hdu
hét cin bo khoa hoc k¥ thuat.

I - SUKIEN NGAU NHIEN VA XAC SUAT

1.1. Sy kién ngdu nhién

Trong th€ giGi xung quanh, ta luén luén gip cic hién tugng ngiu nhién :
nhiét d6, d6 4m trong ngay, két qua ca mot cudc quay x6 s6, két qua cila viéc
gieo mot con sic sdc hay tung mot déng tién, dan s6 cia mot thanh phd, s6
ngudi sinh, chét ; s6 ngudi goi dién thoai & mot tram dién thoai trong mot
ngdy... song cdc hién tugng ngiu nhién dé déu cé tinh quy luat.

1. Phép thi va su kién. Khong gian gic

Céc khdi niem dugc gip diu tien trong 1y thuy&t x4c sust 12 "phép thi” va
"su kien". |
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Danh tix "phép thir" dugc hidu 1a thyc hien mot bd diéu kien x4c dinh, né
¢6 thé 12 mot thi nghiém cu thé hay viéc quan s4t sy xuft hi¢n mot hién tugng
nao dé.

Mot phép thir c6 thé cé nhiéu k&t cuc khéc nhau, cic k.e't cyc nay duge goi
la cdc "sy kién". Sy kién thudng dugc k¥ hiéu bdi cdc chit in A, B, C v.v.. dbi
khi ¢6 k2m theo chi s6. Mot phép th¥r goi 12 ngdu nhién néu khong thé biét
trude cdc ket cuc cla né, lic nay médi k&t cuc 12 mot sy kién nglu nhién. Tap
hogp R tét ci céc sy kign nglu nhién c6 thé cha mot phép thir nglu nhien duge
goi la khong gian g6c.

Vidu 1 : Viéc tung mot déng tién 1a mot phép thir ngiu nhién .

Khéng gian géc R = {sdp, ngira} = {0, 1}, sfp = 0, ngira = 1.

Vi du 2': Viéc gieo mot con stc sic 12 mot phép thir ngiu nhién.
Khong gian géc R= (1,2, 3,4, 5, 6} = {0, 0, 03, 0y, 05, )

M8i két cuc duge goi 1a mot diém cla khong gian géc. N6 c6 thé bidu
dién mot cdch thuin tién bing d6 thi n€u diéu dé cho phép.

Vidu3:Ta tung ddng tién 2 1in. Khong gian gdc ¢6 thé duge bidu dién
bdi cic diém : R = {(sdp, sdp), (s4p, ngira), (ngira, s4p), (ngira, ngira)}

(sdp, sdp) = (0, 0)

(sap, ngira) = (0, 1) R.= (0,0, {0,1), (1.0), (1,1)}

(ngira, sdp) = (1, 0) (0,0) (1,0)

(ngira, ngira) = (1, 1)

Hink 5.1

¢ Néu khong gian géc bao gém mot s6 hifu han di€m nhu trong céc vi du
trén thi né duge goi la khong gian goc hiru han.

» Néu né gbm s diém nhu tap céc s6 ty nhién thi né goi 12 khong gian
géc vo han dém dugc.

* N&u né gém s& diém nhu trong mot khoang nao dé thi né duoc goi 1a
khong gian v6 han khong d€m duge.

— Mot khong gian g6c hitu han hay vo han d&m dugc goi 13 rdi rac.
— Mot khong gian g&c vo han khong d€m dugc goi 1 lien tuc.
Su kién ngiu nhién cé thé coi Ia mot tap con A ciia khong gian g6c R.
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Vi du 4 : Trong trudng hop tung 2 1dn mot déng tién, mot su kién bao
gém nhan dugc chi mot mat sép 1a tap con

A = {(sdp, ngtra), (ngira, sdp)} = {(0, 1), (1, 0)}
Ky hiéu card A la luc lugng cua A (s6 phﬁn tir ciia A).
e Néu card A = 1 ta goi A 1a mot su kién co ban.

e Néu A = R thi A duogc goi 1a su kién chic chin hay tat y&u (nhét thiét
xay ra khi phép thir dugc thuc hién). : :

e Néu A = @ thi A dugc goi 12 sy kién khong thé (nhat thiét khong xdy ra
khi thuc hién phép thir).

2. Cac quan hé va phép toan trén su kién (dai s6 su kién)

Trong viéc coi méi su kién 12 mot tap hgp, tdt ca cic ménh dé lién quan
t6i cac su kién cé thé phat biéu theo ngon ngir clia 1y thuyét cic tap hop va
nguoc lai. :

Gia sir A va B 1a cdc su kién, khi dé6 :

1. A U B la su kién hodc A hoac B.

2. A M B la su kién déng thdi A va B.

3. A - Blasukién A ma khéng B.

4. Néu A N B = @ thi ta n6i A va B 1a céc su kién xung khic v6i nhau.

5. Hai su kién A vd A d6i 1ap nhau khi va chi khi néu A xay ra thi A
khong xay ra va néu A xiy ra thi A nh4t dinh khong xdy ra .

R

Hinh 5.2
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» Chi y : Hai su kién d6i 1ap nhau thi
nhat thi€t xung khéc va téng ciia ching 1a su
kién tat yéu.

AUA=%
6. Gia sit khi phép thir 6 dugc thuc hién, Y
ta ¢ thé c6 mot nhom cdc sy kién A, A,,
ey P GO 2 tinh chét sau : /
Aq As Aq
) AjN A= (i # j) /
n
b) UA, =% Az As As
i=1

Khi d6 ta n6i cdc su kién A |, A,, ..., A, tao nén mot nhém ddy di céc su
kién (trong 1y thuyét tap hgp ta c6 mot phan hoach).
Vi du 1 : Trong trudng hop tung 2 lin mot déng tién, gia sir ta goi
A la sy kién "c6 it nhdt mot mat sap”
B la sy kién "nglra & lan tung thit hai", C : "ca hai lin déu s4p"
Tacé: A= {SN, NS, SS}, B= {SN, NN}, C = {SS]
Khi dé : ;
AUB=({SN,NS, SS,NN} =R
ANB={SN} BN C=@ = BvaCIla2sukién xung khic
A - B = [NS, SS}.

Vi du 2 : Xét phép thir : gieo con siic séc. ]

A 1a su kién "xudt hién s6 n6t & mat trén chdn" A = {2, 4, 6}

A 1a su kién "s6 n6t & mat trén 1" A ={1,3,5)

D6 1a 2 sy kién d6i lap. Déng thoi, ching tao nén moét nhém ddy di vi
AU A = Q. Bay gid ta lai goi A; (i=1,2, ..., 6) 1a sukién s6 n6t & mat trén
bing i. '

Ta c6 Ay, ..., Ag 1ap nén mot nhém ddy du vi néu ldy hai su kién bat ky

6
nao dé trong 6 sy kién thi ching xung khic va U A; = R.
i=1
Cic sukién Ay, A,, ..., Ag cOn goi la cic su kién co ban vi ching khong
thé chia cat dugc.
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1.2. Céc¢ dinh nghia xdc sudt

1. Pinh nghia c¢d dién va cach tinh
a) Dinh nghia

Gia sir m{)t phép thir ¢6 tdt ca n k&t cyc déng kha nang, trong d6 m k€t cuc
thich hogp cho sy kién A. Khi d6, xdc suat clia A 1a t§ s& cla s§ két cuc thich
hgp cho A trén 56 két cuc déng kha nang clia phép thir :

PA) = m _ (S8 két cuc thich hop cho A)
~ n (S6ket cuc déng kha nang)

(5.1)

Vi du : Trong 1 thing kin dyng n qui cdu gi6ng nhau vé moi mit va
chi khdc nhau vé mau sdc ; trong dé c¢6 m qua tréng vad n— m qua den. Thyc

h1én phép thir : it nglu nhién 1 qua. Thir hdi x4c sudt rit duge qua tring 12
bao nhiéu ? '

Vi thiing ¢6 n qua ciu nén phép thir ¢6 thé két thiic bdi mot trong n ket
cuc khéc nhau : it duge qua s6 1, qud s6 2, ..., qua s& n. Do tinh d6i xiing
hoan toan clia cdc qua cdu nén mdi qud déu c¢6 cling kha ning duge rit nhy
nhau. N&u goi A la sw kién riit dugc qud cé mau trdng thi ta thdy trong sé' n
két cuc dbng khd ndng cia phép thit c6 m két cuc thich hop cho A. V1 vay, ¢

nhién ta 18y ty s6 %1- lam x4c sudt cla sy kién A.

Tir cong thic (5.1) d& dang suy ra céc tinh chit ciia P(A) :

1. N&u A 1a su kién t4t y€u thi moi két cuc déng khé nang clia phép thir
déu thich hop cho A nén m = n, do d6 P(A) = %= 1.

2. Néu A Ia sy kién khong thé thi khong c6 két cuc nio thich hgp cho A
nén m = 0, do d6 P(A) = % =0

3, Né’uAlitsukiénba’tk)‘!thidOOSmf-nnehOSP(A)= -‘I‘l—’ <1

b) Gidi tich t8 hop va ing dung vao viéc tinh xdc sudt

Khi van dung vio bai tap dé tinh m va n, trir c4c trudng hgp qud don gian,
thudng phai ddng cong cu giai tich té hop.

(1) Quy tdc cong va nhan

* Quy tdc cong : Gia st X 12 mot tap hiru han va X, X, ... . X; 1a'céc tap
con cla né.
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NéuX = U X; thi (X] < [X,] + Xl + ... + X,

i=l1
ddng thic "=" dat dugc < X, X5, ..., X, tac nén phan hoach cia X.
Vi du : Trong 1 16p hoc ¢6 30 nam va 15 nit. Hdi ¢6 bao nhiéu cdch chon

16p truémg ? Goi X - t4p nam hoc sinh, X, — tap c4c nif hoc sinh, X — T4p t4t
ca céc hoc sinh cha lop. X =X, UX,, X; N Xy = &

IXI=1X,| + X5l =30+ 15 =45
* Quy tdc nhdn : D6i v6i céc tap hitu han X, X,, ..., X, ta c6 :
IX) % Xp % oo x Xl = 1X;1 Xl .. 1X,]

Vi du : T thanh ph6 A ¢6 3
con dudng tdi thanh ph B, tir thanh
phé B ¢6 4 con dudng t6i thanh phd
C. Hoi ¢6 bao nhiéu con dudmg tir A
dnCquaB?

Hink 5.4

Theo quy tic nhantac6: 3 x 4 = 12

(2) Chinh hop lip : Gia sir tap X gbém n phdn tir. Ta goi chinh hop lip

chdp m : a,, a,, ..., ay 12 tap con c6 thif ty gém m phdn tir cha X khong nhat
thi€t khac nhau.

Dinh Iy 1. $6 céc chinh hop ldp chép m tit n phdn tit bdng :
Ay =n"
That vy, day 1a trudng hop riéng clia quy thc nhan khir = m va IX;| = ..
=Xl =n.
Vidu : Cho tip hgp X = {a, b, ¢}. Hdi ¢6 bao nhiéu cip gém 2 phén 1 ?
Ta c6 thé x&p : |

aa,  ab ac Vay, c¢6 9 cich x&p. Néu 4p dung dinh 1y 1
ba "“bb\_ be thi ta c6 ngay Al = 32=9
ca b ec

(3) Chinh hop khéng 14p : Cho tp X gém n phdn tir. Ta goi chinh hogp
khong 13p chap m tir n phén tlr cha X 12 tap con cé thit tir gdm m phén tir khéc
nhau cita X.
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Dinh ly 2. S6 cdc chinh hop khéng Idp chdp m tix n phdn tit bing
Al =n(n—I).(n-m+1).
That vy, day lai I trudng hop riéng ab  ac c6 6 cip

clia quy tic nhan khi r = m va IX,| = n, ba bc A(3,2)=32=6

Xyl =0~ 1, .., Xy =1 = (m — 1) ca cb

Vidu : Cho tdp X = {a, b, c}. Hoi ¢6 bao nhiéu cap gdm 2 phdn tir khic
nhau ? '

(4) Hodn vi : Cho tap X gém n phdn tlr. Ta goi hodn vi tir n phén tir 12 mét
b6 c6 thit ty gém n phdn tir.

Dinh Iy 3. §6 céc hodn vi tit n phén i bang :
Py=n{n-1)..21=n!

Ching minh : Day 14 trudng hop riéng cta chinh hop khOng lap, 86 hodn
vi bing s6 chinh hgp khéng 1ap chap n tir n phén tir.

P,= A} =n(n-1)..1=n!

n!

Vi du : C6 4 sinh vién duoc ngdi trén 1 ban, hdi ¢ bao nhiéu cich sdp xép ?

Py=41=112.3.4=24

(5) T4 hop : T4 hop chap m tir n phén tir ciia X 12 mot tap con khOng lip,
khong ké thif ty gébm m phin ti n.

Dinh Iy 4. 86 cdc 18 hop chdp m tiv n phdn ti ba°ngl

m _nn—=1I).(n—m+1)}
Cu = m?

Chitng minh : Ta bi€t s chinh hop khong 1ap chap m tir n phdn tir bang
Ay (m, n). M8i bo gém m phdn ti c6 thé x&p thanh m ! hodn vi, nhung trén
quan diém 14 hgp thi cdc hodn vi nay chi 1a 1. Do d6 s t8 hop kém s& chinh
hop khong 1ap m! 14n.

Vi du : Ap dung tinh x4c sust. Trong mot thiing cé 3 qua cdu tring va 5
qua cdu den giong hét nhau vé kich thuéc. Riit ngéu nhién 2 qua c4u tiy thing
d6. Tinh xdc suft xuit hién 2 qua tréng ?
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Gidi :

Téng s6 qua cdu trong thing 12 : 3 + 5 = 8. Coi cdc qua cfu ndy nhu 8
phén tir a;, a,, ..., ag. M&i cdch rit ra 2 qua cdu ting véi viéc chon | t6 hgp
chap 2 phén tir tir 8 phdn i, vay sé cichchonlan = C% 827 28

Goi A 12 sy kién xudt hién 2 qua tring, thi cdc két cyc thich hgp cho A 1a

n cich chon 2 trong s6 3 qua tring trong thing, vi vay C3 = %% =3

2
Do do P(A) = C—g=%
Cs
2. Pinh nghia théng ké cna xdc suat

Pinh nghia c¢8 dién clia xdc sudt c6 han ch€ 1a ddi hoi phép thir phai ¢
mot s6 hitu han két cuc déng kha nang. Vi vay, ngudi ta dua vao dinh nghia
xdc suit theo quan diém théng ke.

Tdn sudt cia si kién A trong loat phép thit la ty s6 gma 56 cdc phép thu
ma A xdy ra trén t6ng sé phép thit tién hanh, ky hiéu :

M
W(A) =
Tri 56 cla tdn sudt néi chung phu thudc vao s6 lugng phép thir ti€n hanh
'N. Khi N bé, tdn sudt thay d6i 6 rét n€u ta chuyén tir loat N phép thir ndy sang
loat N phép thir khdc. Tuy nhién, thyc nghiém (va sau ndy dugc chitng minh &
luat s6 16n Becnuly) chimg to ring khi s& phép thir N kha 1dn thi tri s§ clia tdn
sudt bi&n thién rat it xung quanh mot hing s6 nao d6.

BINH NGHIA : Xdc sudt cia su kién la tri 56 6n dinh ciia tdn sudt khi s6
phép thu ting 1én vé han.

D6 1a dinh nghia théng ké ciia xdc sudt. Tinh 8n dinh cia tdn sudt khi 56
phép thir di i6n duge chitng minh bang nhiéu thi nghiém cong phu.

Du6i day 1a cdc s6 lieu vé x4c dinh tdn suft xust hien mat sép khi gieo
déng tién nhiéu 1dn :

Ngudi thi nghiem S6 ldn gieo S6ldnsdp  Tén sudt
Buyp - phong (Byffon) 4040 2048 0,5080
Piéc—xon (Pearson) 12000 6019 0,5016
Piéc—xon (Pearson) 24000 12012 0,5005
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Phuong phép xdc dinh xdc sudt theo 16i théng ke co pham vi Ung dung
hét sitc rong rai trong nhiéu nganh ky thuat. Ngudi ta di dua theo d6 d€ tim ra
quy luat biéu dién phic tap vé thoi tiét, vé& 1 1¢ ph& phdm, truyén tin qua
cdc tdng dien ly, 14p kich thuéc quin 40 may sdn, nghién ciu cong hiéu cua
thudc men v.v..

3. Céach tiép can xic sudt theo tién dé

Cho R 1a khong gian géc. Néu R 12 rdi rac thi tﬁt- ca céc tap con déu ing
v6i cac sy kién va nguge lai.

— Né&u R 13 lien tuc thi chi ¢6 mot s& tap con ung véi cdc su kién va
ngugc lai.

 — Vé&i mbi su kien A cia 16p £ céc su kién ta thi€t 1ap tuong Gng mot 56
thuc P(A), trong dé P 12 mot ham thyc xdc dinh trén c.

P dugc goi 1a ham xac sudt vi P(A) 1a x4c suft cha sy kién A néu cic tién
dé say duge thoa mén :

Tiendé 1 : VA e C,P(A) =0
Tiéndé 2 : P(R)=1
Tién dé 3 : D61 véi mot s6 bat ky cic su kién xung khic A, A,, ..., A cla C:
PA WA, U..UA U .)=PA)) +P(AY + ... + P(Ap) + ...
trong trudong hop 56 sy kién xung khic 1a 2 ta cé. :

P(A; W Ay) = P(A)) + P(Ay)
4. Cac tinh chat ctia xdc sudt
Ap dung cc tién dé trén ta c6 thé chiing minh c4c dinh 1§ co ban sau :
Pinh Iy 1. (D) = 0 )
Chitng minh : Theo tién dé 3 : P(R)'= P(R) + P(D)

Theo tién dé2: 1 =1+ P(D) = P(&) =0

Pinh Iy 2. Néu A c B thi
P(B —A) = P(B) - P(A) 20

va P(A) < P(B). Hinh 5-5
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Chitng minh : Ky hituC=B-A=>B=AuUC
Theotiendé1: P(C)=P(B-A)=0

"Theotiéndé 3: P(B)=P(Auw C)=P(A) +P(C) >

P(B) - P(A) = P(C) = P(B — A) > 0 = P(A) < P(B)
Pinh1§3. VA e -0 <P(A) <1 '
Chitng minh :
Theotién dé 1 : P(A) >0
Theo tien dé 2 : P(R) = 1
Nhung A € R va theo dinh 1y 2 : P(A) < P(R) = 1
Vay: 0<P(A) <1
Dinh Iy 4. Néu A la d6i ldp ciia A thi
P(A)=1-P(A)
Chitng minh : A=R-A

Theodinh1ly2: P(A)=P(R-A)=PR) -P(A) Hinh 5.6
=1 -P(A)
Theo tién dé 2 : P(R) = 1 do vay P(A) = 1 — P(A)
Dinh Iy 5. Néu A=A, UA, U... UA, trong dé A, Az, oy Ay la cdc su

kién xung khdc thi :

182

P(A) = P(A}) + P(A3) + ... + P(A,)
(Dinh 1y cong xdc sudt khi cdc sy kién xung khéc)
Trong trudng hop riéng néu A = R thi :
P(A}) + P(Ap) + ... + P(A,) ='1
Chitng minh : Day chinh 12 hé qua clia cdc tién dé 2 va tién dé 3.

Dinh Iy 6. P(A UB) = P(A) + P(B) —P(A N B)

C6 thé md réng cho n phdn ti.

Hinh 5.7



Dinh 1y 7. P(A) = P(A " B) + P(A NB)
phén phéi

Ching minh : A=A R=AnBUB) = (ANB)U(ANB)

=>PA)=P(ANBYU(AN B))=P(AnB)+P(An B)
Dinh Iy 8. Néu sy kién A la két qud ciia mét trong cdc su kién xung khdc

A;, Az, vy A" thi :
P(A) = P(A N Ap) + P(A P Ag) + ...+ P(A N A,)

- Pay 1a téng quat héa cha dinh 1y 7

— Néu R chi gém céc sy kién co bin A|, A,, ..., A, thi theo dinh iy 5

PAD+P(A) + ..+ P(A) =1
Trong trudmg hop riéng, néu A, Ay, ...,

P(A}) = -ln-.k=1.2, o B

A, 12 céc sy kién déng xdc sudt thi o

Néu A 1a mot sy kién bao gém h sy kién co ban ciing loai thi :

P(A)=E

Vidy 1 : Gieo mot con siic sac déng chat. Tim xdc suat dé nhan dugc mot
s0 2 hay mot s6 5 2 :
R=1{123,4,5,6]}

O\Ii- O] —

P(1) = P(2) = ... = P(6)

Ii
L]

P(2 U 5) = P(2) + P(5) =

a\h—

Vi du 2 : Trong mot thing dyng 30 qua cdu gém 10 do, 5 xanh va 15
tring. Rdt ngdv nhién mot qud, hiy tinh x4c suft xust hién qua dd hoic xanh ?

Gidi : Goi a 1a sy ki¢n xuét hién qui mau do, B ]2 s ki¢n xudt hi¢n qud

mau xanh.
R& rang cdc sy kién A, B xung khéc nén xdc suflt phdi tim bing :

105

PAuUB)= P(A)+P(B)-§-6 0 %
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1.3. Xéc suéit cd diéu kién

1. Kh4i niém vé xac suat c6 diéu kién, khai niem déoc 1ap
DINH NGHIA : Xdc sudt cita su kién A duoc tinh vai gi& thiét su kién B da
xdy ra goi 1a xdc sudt cé diéu kién cia A véi diéu kién B, ky hiéu :
P(AIB) hodc Pg(A).
Vi du : 5 ngudi rit 5 tham, trong d6 c6 2 vé xem dé bong.
Trudc Lic bét tham, xdc suft rit duge vé cha anh A (ciling nhu clia anh B)

1a P(A) = 2

5 Néu cho biét thém diéu ki¢n trude d6 B da rit duge mot vé thi

x4c sudt dé A rit duge vé 1a :1‘- R& rang sy xudt hién B (anh B rit duoc vé) da
thay déi kha nang riit vé clia anh A.

P(A) = % P(A/B) = %, P(A/B) = %

Trudng hop rieng : khi P(A/B) = P(A) tic 1a vi¢c xuéit hién sy kién B khong
anh hudng gi dén kha ning xu&t hién sy kién A thi ta néi A doc 1ap v6i B.
Trudng hop tréi lai, khi P(A/B) = P(A) ta n6i su kién A phu thudc sy kién B.

2. Dinh Iy nhan xac suit

Pinh Iy : Xdc sudt cia tich hai sy kién bdng tich xdc sudt cia mot trong
chiing nhdn vdi xdc sudt ¢ diéu kién ciia su kién kia véi gid thiét sy kién thit
nhdt dd xdy ra :

P(A N B) = P(A)P(B/A) = P(B).P(A/B) (5.2)

Vi du : Mot 16p hoc ¢6 70 em, trong d6 ¢6 40 em nit. Trong 16p ¢6 32 em
gidi Anh vin — c6 20 nit va 12 nam. Gido vién m& sé diém danh goi mot hoc
sinh bat k¥. Tim x4c sudt d€ hoc sinh duge goi 1A mot em nif gici Anh van.

Gidi : Goi A 12 bi&n c6 goi diing mo6t em gidi Anh vin. B 1a bi€n ¢6 goi
mot em nit. Nhu vay ta cdn tinh P(A.B).

Nhung trudc hét ta c6 thong tm em duge gm 12 em nit v6i xé.c suat P(B) = :g
va sau d6 xdc suit P(A/B) ctia bién ¢6 em nit d6 gidi Anh van : P(A/B) = ig .

Vivay:
40 20 20 2

P(ANB)=P(B) . PAB) = = oo =20 =2
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Heé qua 1 : Néu A déc ldp véi B thi B déc lap vai A.
Chitng minh : Theo gia thiét P(A/B) = P(A)

Vi vay, IEI‘(.S.Z) tAca

. P(A n B) =P(B) . P(A) = P(A). P(B/A)
Suy ra P(B) = P(B/A) tic 1a B doc lap véi A.

Hé qua 2 : Xdc sudt ciia tich 2 su kién déc lap béng tich cdc xdc sudt
cua chiing.

That vay, theo (5.2) : P(A n B)= P(A). P(B/A) = P(A). P(B)
= P(B).P(A/B) = P(B). P(A)

3. Cong thirc xac suit toan phan va cong thirc Bayes

- Gid sit A, A,, ..., A, 1a mot nhém ddy dit cdc su kién xung khac va B Ia
mot su kién nao d6 (trong cing mot phép thir).

* Cho biét x4c suat P(A)) vaP(B/A)) ;i=1, 2, ..., n. Hay tinh x4c suét ciia B ?

Theo gia thiét, 15 rang ta cé :
B=A NnB+A;nB+..+A NB

Vi cdc sy kién A; xung khic, nén cic su

kién A, N B ciing xung khic, theo dinh 1y 8 : Ay
n
P(B) = ) P(A; N B) A Bl As
i=1
Hon nira, theo dinh ly nhan xédc sudt : A4
P(Aj N B) = P(A)) P(B/A)) Hinh 5.8
Do vay :
n
P(B) = ) P(A))P(B/A;) (5.3)

i=l
Day la cong thitc xdc sudt toan phan.
Vi du : Mot nha mdy san xudt béng dén gém 3 phan xuéng : phan xudng
1 san xudt 50% téng s6 béng dén clia toan nha mdy, phan Xudng 2 san xuét
20%, phan xudng 3 san xudt 30%. Ty 1é¢ ph& phdm tuong ting cla cdc phan
xudng la 2%, 3% va 4%. Hay tinh ty 1¢ phé& phdm chung ciia toan nha 'méy ?
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Gidi :

Ty 1& ph€ phdm cin tim chinh 13 xdc suit dé mot béng dén chon ngdu
nhién tir kho san phdm clia nha médy 13 ph€ phdm.

Goi A; (i=1, 2, 3) 1a sy kién bong dén chon ra thudc phan xuéngi=1, 2,
3. Goi B 1a su kién béng dén chon ra 13 phé phim.

P(A) = 0,5; P(Ay) = 0,2 ; P(A3) = 0,3

P(B/A|) = 0,02 ; P(B/A,) = 0,03 ; P(BfA;) = 0,04

Do dé:

P(B) =P(A).P(B/A;) + P(A;)P(B/A;) + P(A5)P(B/A3) =
=0,5.0,02 + 0,2. 0,03 + 0,3.0,04 = 0,028 = 2,8%

* Bay gi&r gid st phép thir dugce thuc hién va két qua la su kién B xay ra.
Vicic A;(i=1, 2, ..., n) hgp thinh nhém ddy di nén cling v&i B phai ¢6 mot
sw kién A; ndo d6 xay ra (va chi mdt). Héy tinh cdc xdc suft c¢6 didu kién
P(A/B) (i=1,..,n)? |

Theo quy tic nhan xdc sudt ta ¢6 :

P(B).P(A;/B) = P(ADP(B/A;)

Suy ra
P(A;)P(B/A,)
P(B)

Thay P(B) bdi céng thifc toan phan (5.3) ta dugc :
P(A,)P(B/A;).
n

Y P(A)P(B/A;)

i=l

P(Ai/B) =

P(A;/B) = (5.4)

D6 1a cong thitic Bayes.

Vi du : M6t thiét bi gém 3 loai linh kién :
— Loai 1 chi€m 35% téng s6 céc linh kién
— Loai 2 chiém 25%

~ Loai 3 chiém 40%.

Cho biét xdc sudt hong (tai thdi diém dang xét) cla linh kién loai 1 12
15%, loai 2 12 25%, loai 3 12 5%. '
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May hién bi hong (sy kiép B da xay ra). Tinh xem loai linh klen néo ch
x4c suit hong 16n nhat (dé kiém tra va xir 1y truéc) ?

Gidi : Goi A; 1a sy kién linh kién loai i bi héng,i=1, 2, 3.

Theo cong thic Bayes ta ¢6 :

35 15
. - 100100 - 525 _ 525
PA/B) 35 15 25 25 40 5 525+635+200 1350
100100 100100 ' 100 100
| 625
Tuong ty: P(Ay/B) = ——x = 0,463

= 0,389

1350
200
P(A3/B) = Tz=-= 0,148

V4y linh ki¢n loai 2 c6 xdc sust hong 16n nhit nén kiém tra trudc.

I1 - PAI LUGNG NGAU NHIEN VA HAM PHAN PHOI XAC SUAT

2.1. Céc dai ilugng ng&u nhién (DLNN)

1. B|{NH NGHIA,

Dai lugng ngdu nhién la dai luong Idy gid tri thyc tity thuéc vdo két qud
ngdu nhién ctia phép thit,

Néi mot céch khic, néu ta gén cho mdi diém ciia khong gian géc mot gid
tri tuong tng theo nghia nao d6 thi ta c6 mot ham weén khong gian nay,
ham dé dugc goi 1a dai lugng nglu nhién, thudng dugc ky hiéu bdi mot chit
in hoa X, Y hay Z... D€ chi c4c tri s6 clia chling, ngudi ta diing cdc chif thudng
X, ¥, Z... ' ’

Mot dai lugng nglu nhién thudng c6 mot ¥ nghia vat 1§, héa hoc, hintrhée
hay mot ¥ nghia xdc dinh khéc.

Vl dul: Tung 2 ldn mot ddng tién, ta cé khOng gian goc
R= {SS, SN, NS, NN}

Cho X 1a s6 cdc mit ngla cé thé c6. Ta ¢6 thé cho twong ing mdi diém
cla & mot gid tri cia X va X 12 mot dai lugng ngiu nhien

Céc difm SS SN NS NN
X 0 1 1 ' 2
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- — Mot dai luong ngéu nhién c6 thé nhan mot s6 hitu han hay dém duoc
cdc gid tri goi 1a DLNN rdi rac.

— N&u né c6 thé nhan mot s6 vo han khong d€m dugc cic gid tri thi ggi 12
DLNN lién tuc (hay 1a tp hop cdc gid tri 14p ddy mot khoang nao d6).

2. Day phan phéi x4c sudt. Ham mat dé. Ham phan phéi

a) Ddy phdn phdi xdc sudt. Ludt xdc sudt ciia PLNN roi rac

Dy phan phéi xdc sudt coa DLNN rdi rac 1a mot bing gém 2 dong. Dong
thit nhat ghi cdc tri s6 cila DLNN ; ddng thit hai ghi x4c suét tvong ing.

X | X1+ Xpo Xpeoonn

P l P,  Py.Prnn.
trongd6: P =P(X=X)(k=1,2,.)
2B =1
k .
Dic bi¢t n€u mién bién thién chi gém mot s6 hifu han trj s6 x, thi téng

n
trén c6 dang sz =1
k

Vidu 2 : Trong vi dy 1 ta c6 day phan ph6i x4c suft sau :

X | 0 o 2
P | 1/4 12 1/4
. 1 1 1 1
B&i vi: P(SS) = 7, PSN)=7, PNS)=7, PON)=
1 1 1 1 1
PK=0)=7, PX=D=z+7=7  PQ=y

b) Ham mdt d6 xdc sudt

Ta goi ham mat d9 xdc sudt cia DPLNN lién tuc X 14 ham f(x) né€u né thda
min cédc diéu kién sau :

1. f(x) 12 ham lién tuc, f(x) 20

2. I:of(x)dx =1

b
3.Pa<x<b)= J' f(x)dx.
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Vidu 3 : a) Dénh gi4 hing s6 ¢ d& ham s6 sau 12 ham mat do

cx%, 0<x<3
f(x) =
0 tai cc diém khdc

b) Tinh P(1 < x<?2)

Gidi :
a) D¢i véi didu kién 1 thicdnc 20
Péi v6i didu kién 2 ta 6 :
3 3.3
" =["ex2dx =2 -9c= =
L”f(x)dx—'[ocx dx = 3 =9% =1 =c=1/9
0
21 SP s o1 9
= —2 B ] S ————
b)P(I <x52)= [oxds W "W
¢) Ham phdn phdi

* Ham phan ph6i cia DLNN X dugc x4c dinh bi
Fx)=P(X<x)vGixeR

» Ham phén ph6i cia DLNN rdirac
Fx)= Y PX=x)= 3 B

Xp<X X <X

Trong d6 k¥ hi¢u x; < x dudi ddu ¥ c6 nghia 13 téng ndy duge 14y theo
moi tri s6 x; clia DLNN bé hon x.

Vidu4:

X4y dung ham phdn phdi cho DLNN X & vi du 2.
Gidi : '

0 ——o <X <0
1/4 0 €£x«<l
3/4 1 <x<2

1 . 2 £xX< =

F(x) =
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* Ham phdn phéi cua BPLNN lién tuc
Ham phén phdi clia PLNN li¢n tuc X dugc dinh nghia bdi :

F(x) = P(X<x) = P(~0o < X < x) = jx f(u)du
Cho x mgt s& gid Ax, ta cé :
. X+AX
AF(x) = P(x £ X < X + AX) = f(u) _[ du
X

N&u Ax ré&t nho (coi nhu f(x) khong d8i) ta s& c6 :
AF(x) = P(x £ X € x + Ax) = f(X) AX

dF(x) .

dx =

=

nghia Ia ham mat d¢ 14 dao ham cla ham phan phéi.
Vidu5:
a) Tim ham phan phéi clia DLNN X trong vi du 3.
b) Tinh P(1 £ X £ 2)
Gidi :
) Fx) =PX <%= [_fu)du

*Noux<0=2fx)=0=>FXx)=0

. : 3
*NéllOEX(:*:?F(X)zJ'{;(-é—uzdu:%
27
* = e— =
Néu x 2 3 = F(x) > 1

0 x<0

X3
Viy : F(x) = 7 0<€x«3

1 x23

b)P(1 <X <2)=P(X<2)-P(X<1)=F(2)-F(Q)

27 27 27 27 27
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2.2. Mt 8 ludt phén phdi xéc sudt:

1. Phéan phdéi nhi thac

a) Bai todn thuc tién : Déng hé deo tay dién tir SEIKO tran ngap thi
trudng cic thanh phé 16n. Ban vao thanh phd mua 4 chig€c SEIKO. Hiy tinh
x4c suit dé ban mua dugce ba chi€c diing do hang san xudt, biét ring ty 1& déng
hé ding cha hang trén téng s& ddng hé dang bin 1a p.

Bai giai -

Ky hi¢u A 1a sy kién mua mot 14n va gap dl’lng déng hé cua hang P(A) = p.
Mua 4 chi€c, song do s& déng hé rat nhiéu vo6i nhing chiéc sau ciing 1ap lai A

va ¢6 P(A) = p. Ta coi d6 1a nhitng 14n mua déc 1ap. Ky hiéu A la su kién
mua phai déng hé khong phai clia hing.

Nhu viy, ban dd mua t4t ca 4 14n that ra rit giéng nhau (ngudi ta goi 1a 4
phép thit). Goi B 1a sur kién ban mua duogc ding 3 déng hé ciia hang. Khi d6 :
B=(A;.A3A3Ay) U(ALA A3 A U (AL Ay A3 A ) U (A].Ap.Az.AY)
Vi P(Ki) =1-PA)=1-p= q; i=1,2, 3,4 va theo cong thuc cong
xac suftta cd :

P(B) = 4[p.p.p.q]l = 4p q= Cip’q

432
(C“ T 123 4]

b) Suy réng : Gia sir ta mua n chic. Khi dé s6 dong hd ding cia hang 13
PLNN X, v6i xdc sudt dé X = k cho bdi cong thifc :

P, =P(X=k)= Ckp¥q" ¥ v6ik=0,1,2,..n

nhi thifc Niuton

no n
prZCl‘. =  (p+q =1
k=0 k=0

Ta néi DPLNN X ¢6 phan phéi nhi thitc, ky higu X ~ B(n,p).

2. Luat phan phéi Poisson

Trong mot s6 ing dyng k¥ thuat, thudng gap cdc DLNN rdi rac c6 luat
xdc sudt nhtr sau :

')t.l‘c:_JL

P(X=k)= o
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Lo ||| |

e~
21

?Lle_;L
1t

lkc_)‘
k!

trong d6 A 12 mot hing s6. Ta néi DLNN X c¢6 phén ph6i Poisson, k¥ hi¢u
X ~P(A).

RO rang ta ciling cd Zpk =1vi

K

<M LM

ThE _ATA ooy
| 1 .

= k! k=0k'

Vi du v& DLNN tuan theo luat phan ph6i Poisson :
- 56 14n goi dén mot tram dién thoai trong mot khoang thdi gian nao d6.
— S6 dién tir phét ra tir mot cat6t bi d6t néng trong mot khoang thdi gian
cho trudc. '
- 3. Phan phdéi déu

Ta né1 DLNN lién tuc X c6 phan bhdi déu trén khoang [0, a], k¥ hiéu
X ~ U(a) n€u mat d¢ ciia né ¢b dang :

f(x) 4
0 X ¢ [0,a) o
fx) =41 (5.5 7Y e
- x €[0,a] '
3 !
va ham phan phéi c6 dang : > : >
a
0 X € (—»,0) F(xp}
Foo=1{=  xe[0a) '
1 X € [a,+oo)
4. Phan phéi mii X

DLNN lién tyc tuan theo luat phan phdi . -Hinh 5.9
mii va viét X ~ £(A) n€u him mat do 13 :

£(x) - 0 x<0
X)l=
™ A>0,x20

va ham phan ph6i : F(x) = 1 — ¢
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5. Phan phéi chuin (Luat Gao—xo)
Day 1a phan phdi quan trong nhét trong xdc suat théng ké vi2 ¥ do :

— Khi ta ¢d 1 miu s6 lieu quan sit duqc hodc théng ké, nhd c¢é phan phdi
chudn ta c6 thé riit ra dugc nhitng két luancé gid tri ;

— Nhiéu tham s6 ciia sinh vat (cdy hodc con), nhiéu tham s6 kj thuat céia
mdy méc, sin phdm, hay céc chi tiéu kinh t& — sau khi c6 s6 ligu, v& biéu dé
tdn sudt, ta thudng cé dugc nhitng dé thi c6 dang sdt v6i d6 thi clia ham mat
do phan phéi chudn.

Mot DLNN lién tuc X dugce goi 12 tuan theo luat phan phdi chudn vi viét
12 X ~ N(p, 6) n€u ham mat d¢ f(x) cta né la :

_=py?

2
f(x) = e 207 . _wex<+w, a>>0

ov2n

trong dé : p goi 1a k¥ vong, o 1a do lech chudn (hay gla tri trung binh) va hdm
phan phdi la :

_(u-py
Jx e 26° du

1
ov2m I

F(x) =

f(x) F 3

T p-wmesscmnnree-

=y

Hinh 5.10

III - CAC PAC TRUNG SO CUA DLNN

Céc luat phan phdi xdc suflt chita dung tdt cd nhitng thoéng tin chinh vé
DLNN, song khé hinh dung va sit dung. Ngudi ta thudmg sif dung cic dic
trung 36 cia DLNN (chang han 14 gi4 tri binh quin cia PLNN hay d6 phén
tdn xung quanh trj s6 binh quan) — d6 12 k¥ vong todn hoc vi phuong sai.
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3.1. Ky vong todn hoce (KVTH)
1. Khdi niém

KVTH 12 dac trung quan trong nhét vé vj tri cia DLNN, d6i khi né con
dugc goi ndém na la gi4 tri trung binh ctia DLNN,

Bai todn md ddu : Gia st mot xa thi bin lién ti€p 100 phét vao bia. Quan
sdt thay c6 70 phdt dat diém 10 ; 15 phét dat di€ém 8 ; 10 phat dat diém 7 va 5
phét dat diém 6, khi d6 diém s6 trung binh clia mai phat 1a :

10.70 +8.15+7.10 + 6.5
100

Tong qudt : Gia sir ti€n hanh n phép thir do tri s& ciia moét DLNN X (do n
1an) - v quan s4t thdy c6 m, 14n X 14y gi4 tri x;, m, l4n 14y gid trj x, ..., my

=9,2 diém

140 14y gid tri xi. Khi d6 trung binh theo trong sé cha cdc k&t qua do 1a :

-k
xymy +Xomy +... + kak
X

i=l

trong d6 ta ky hiéu w;, = % 1a tdn sudt xudt hién sy kién x = x; trong didy n
phép thir dugc tién hanh,

Néu s6 phép thir n ting 1én d0 16n thi tin suat w; s& x4p xi gié tri xéc sudt

= p(X = X;) va trung binh theo trong s& s& xap xi mot s& x4c dinh Zx,p, .
i=1

BINH NGHIA 1: Cho DLNN rdi rac X 6 luat xéc suft 1a
P, = p(X: X)h1=1,2,..,n
Ta goi k¥ vong todn hoc (KVTH) cita X 14 s6 dugc xic dinh boi
1
E(X) = ) xip; (5.6)
i=l
Trong trudng hgp t4t c4 cdc x4c sudt bing nhau va bing %, tacé:
| v - |
E(X) = ;g‘ Xj =X (5.7
chinh 1a gi4 tri trung binh cia PLNN X.
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Khi tap hop tri s6 cia X dém duge (vo han) thita cé :

E(X) = D xip; (5.8)
i=1

Vi du 1 : Mot cong ty x6 s8 phan phdi thuong 200 vé hang 3, mbi vé
250.000d ; 20 vé hang 2, mdi vé 1.250.000d va 5 vé hang I, mbéi vé
5.000.000d. Gia sir rang 100.000 vé da dugc bdn, hoi rang cong ty cdn dat gid
t6i thiéu cho | vé 12 bao nhiéu dé khong bi 186 ?

Gidi : Ta nhan thdy gid vé t6i thiu chinh 1a ky vong tién thang cta |
ngudi mua mot vé. _

200 .20 5 99775

= 500 + 250 + 250 + 0 = 1000d

Vay gid vé 161 thiéu 1a 1000d.
Va cOng ty thuong ban 1 vé 1a 2.000d, vay ho duoce 13i 100 tridu.
Vidu 2 : Tim KVTH cia PLNN X tuan theo luat phan ph6i Poisson ?

ake ™

Gidi : Luat xAc sudt cia phan phéi Poisson 12 P(X = k) = T

e ©a lke-l o e_llk“l
EX)= Y kP =Y k— = xzm
k=0 k=0 k=1
Pati=k-1talaicod:

& e h
a1t

= ke_lel- =Al=2

= A
i=0
Vay tham s6 A chinh 12 KVTH cia DLNN tuan theo luat phan ph6i
Poisson. '

DINH NGHIA 2 : KVTH ciia DLNN lién tuc X vdi mién gid tri la doan [a, b]
va voi ham mdt d¢ f(x) 1a mot 56 duge xdc dinh boi : '

b
E(x) = xf(x)dx (5.9)
a .
Né&u mién gi4 tri cia X 14p ddy truc s@ thi cong thic (1.4) ¢6 dang :
E( = xf(x)dx (5.10)
Véi diéu kién tich phan bén phai hoi tu.

195



Vidu 3 : Tim KVTH ciia DLNN lién tuc X, phan ph6i déu trong khoang
(a,b] ?

Gidi : Ham mat d6 cla X ¢6 dang :

1 .
f(x) = {B-_a néux ef{ab]
0

néux ¢ [ab]
B =[xt dx-.l ﬁb-l—bz;az-i(ub)
T2 *Tb-3a 2| "2bo-a 2
a

Nghia 12 KVTH cua X tring v6i diém giita doan [a,b], diéu nay hoan toan
phd hop v6i ¥ nghia clia DLNN 1 gi4 tri trung binh ciia né.

Vidu 4 : Tim KVTH ciia DLNN tuan theo luat phan ph6i chudn ?
Gidi : Him m4t do x4c suéit cha phan phéi chudn c6 dang :

. (x-p?

2
f(x) = e 29° - nenky vong cé dang :
oon ¥y £ g

_{x-pp?
I xe 200 dx

E(X) = J xf(x)dx—UJ_

Datx—;—-"—l=t.tird6x=u+cn,dx=cdttac6:

2 lZ
dl_ ) 9 Tt 2
E(X) = 7=J' (L +ot)e © T_-J' pe 2dt+ Jz_uj_mte dr

2

Chii § ring : 7 1 ham 16 cia nén tich phan thi hai = 0

2

j e —i-dt = JZ_n (tich phan Euler - Poisson)

vi vy

E(X) = V2n =p

"
\f_
Vay tham s6 p cia phan ph6i chufin chinh 1a KVTH cia DLNN,
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2. Céc tinh ch4t cia KVTH
Tinh chdt 1. KVTH ciia mét hing 56 C bing chinh né :
_ E(C)=C

Chitng minh : Coi C nhi m¢t DLNN dac biét nhan gid tri C v6i xdc sudt
bang 1, ta c6

E(C)=Cl1=C

Tinh chdt 2. E(CX) = CE(X)

n i
Chitmg mink : E(CX) = ) (Cx;)p; = CY x;p; = CE(X)

i=] i=}
Finh chdt 3. E(X + Y) = E(X) + E(Y)
Chitng minh : Ky hi¢n Z = X + Y, Z 12 DLNN r&i rac nhan cic gid tri

Zjj = X; + yj vOi xédc sult r;; =PX=x;, Y=y)

Pi=pX=x),pj=p(Y =y

E(Z) = E(X+ Y) = ZZ(Xi + }"j)l‘u = szlrij +ZZ ¥ i3
i i i

1 i
= X2+ 2D 6 = X %P + 2,y = EX) +E(Y)
i i i
Tinh chdt 4. Néu X vd Y 1a c4c DLNN doc 1p thi :
E(XY) = E(X)E(Y)
Chimg minh : Ky hieu Z = XY, r; = p;.p; (do doc lap)
E(XY) = X Y (xiy))g; = ZZ Xi¥jPiPj = 2, XiPi- ), YjPj =
i j i | i j
= E(X).E(Y)
3. KVTH ciia ham cia PLNN

Gid sir X clla DLNN c6 lut xdc suft A p; = p(X = x;),i=1,2, .. va
Y = @(X) 1a ham cta X. Hay tim k¥ vong cta Y.

D& th&y ring Y 12 DLNN véi luat x4c sudt 13 :
Y l o(x1)  9(xy) 0{X;)
P I P, P, P;
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Vi vay: . :

E(@(X)) = ). o(x;)p;

Néu X 13 DLNN lién tuc vdi mat do f(x) thi ¢(x) ¢6 KVTH la
Elo()] = [ o(0f(xdx

3.2. Phuong sai
1. Khdi nié¢m

V{ dy m& ddu : Qua 5 k¥ kiém tra, diém todn cla 2 sinh vién Hing va
Diing 14 :

Xn (diém toan ciia Hiing) i 8 7 9 8 8

Xp (diém todn cia Diing) ' 6 10 7 9 8

Qua bang két qui trén, thdy ring diém todn trung binh clia Hing va Diing
béng nhau

- 8+7+9+8+8 _ 6+104+74+9+8
XHg = 5 =8 = Xp = 5 -

Tuy nhién néu tinh trung binh ciia binh phuong d¢ léch ciia céc diém kiém
tra s0 vdi di€m trung binh ta c6 :

s =l[(8-8)2+(7—8)2+(9—8)2+(8—3)2+(8"8)21= 3

[

==[(6 - 8) + (10 - 8) + (7 ~ 8) +(9 - 8) +(8 - 8)]-19-=2

U‘l

va nhu thé S < S%, ta néi ring diém kiém tra todn cha Hung déu hon diém
ciia Diing.

D{NH NGHIA

Ta goi phuong sai clla PLNN r#ti rac X, k¥ hleu b01 D(X) 1a dai luong
dugc dinh nghia theo biéu thifc :

m
D(X) = Y [x; ~ ECXI*P,
i=t
Néu X 12 DLNN lién tuc v&i ham mat do f(x) thi :

e ,
D(X) = L, [x - BCOR f(x)dx
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Do 16n cla phuong sai dic trung cho sy tdn mit cdc gid tri cta DLNN
xung quanh ky vong cia X.

Po léch chudn cia PLNN 12 6(X) = JIXX)

2. Tinh chét céa phuong sai

Tinh chdt 1. Phuong sai ciia mot hing s6 bing 0: D(C) =0

Tinh chdt 2. D(CX) = CZD(X) '

Tinh chdt 3. Néu X, Y 12 hai bién ngdu nhien doc lap thi
DX + Y) = D(X) + D(Y)

Chitng minh tinh chdt 3 : '

* Trudc hét, ta ching minh ring :

D(X) = E(X?) - [EXOP
Thart vay : '

D(X) = ¥ [x - EGOI px) = ¥ [x? — 2xE(X) + (E) Ip(x)

X

X
=Y x*p(x) - 2E(X) Y, xp(x) + [EX)* Y p(x) =
X X ’ X

= E(X)) - 2(EX)F + [EX))? = EXY) - [EXO)

" % Ti€p d6 sir dung (X + Y)? = X* + 2XY + Y*

DX +Y) =EX+ Y)Y - [EX+Y)) = |
= E(X%) + 2E(XY) + E(Y?) - [(E(X))* + ZECOE(Y) + (E(Y))’]
= E(X?) - [EQO) + E(Y?) - [E(Y)P?
= D(X) + D(Y) '

véi chi ¥ ring E(XY) — B(X)E(Y) = 0
Vi du : Cho DLNN véi day phia phdi xdc snét

x | 2 3 4 6 7
p(x) | 0,1 0,2 0,3 0,2 0.2
Tacé: B(X) = 2(0,1) + 3(0,2) + 4(0,3) + 6(0,2) + 7(0,2) = 4.6

CE(XY = 2%0.1) + 33(0,2) + 4%(0,3) + 6%(0,2) + 7(0.2) = 24
DX) = EX%) - [EGOF =24 - (4.6)° = 2,84
o(X) = JDX) = /2,84 =1,685
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BAI TAP
A - Bai tap co 19 glal

I - CAC DINH NGHIA XAC SUAT
Bai 1.
Gieo mot con siic sic d6i xing vd déng chAt,
Tim x4c sudt dé duge :

a) Mit sdu ch&m xuat hién.
b) Mat ¢6 s8 chin ch&m xu4t hién.

Gidi :

a) Goi A 12 bién cd khi gieo con sic sic thi mit séu chdm xudt hién. S8
két cuc duy nhét déng khé ning n = 6. S6 két cuc thuan lgi m = 1.

Vay theo dinh nghia c8 dién vé x4c sut thi :
m 1
P(A) = Y

b) goi B 1a bi€n c6 khi gieo con siic sdc thi mat chdn chdm xudt hién. Ly

gial tuong tu ta cé :
. m 3
P(B)= —===0,5

Bai 2. '

Thang mdy cia mot toa nha 7 ting xufit phét tir ting mot 3 khich. Tim
Xdc sudt @é:

a) T4t ca cung ra & ting bén.

b) T4t ca cing ra & mot ting.

c) Mdi ngudi ra & mot ting khéc nhau.

. Gidi :

MBbi khéch déu c6 6 kha ning dé ra & 6 tdng con lai ciia tda nha. Do d6 s6
két cuc déng khé niang n = F&% =“32".l_6. Goi A 1a bién c6 tdt ci cing ra & tdng
b6n,m=1..

L1
Vay : P(A) = 5E
Ly luan twong ty nhy trén |
S e 1 s
P33 ‘P = 31679
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Il - CAC PINH LY XAC SUAT
Bai 3.

Co c&u chét lugng sian phdm cla mot nha mdy nhu sau : San phdm loai 1 :
40%, san phim loaj 2 : 50%, cdn lai 1 ph€ phim. Ly nglu nhién mot sin
phdm clia nha mdy. Tinh x4c suft sin phdm 14y ra thudc loai 1 hoic loai 2.

Gidi :

Goi A 12 bién c6 san phdm 14y ra thudc loai 1.

Goi A, 12 bién c6 sin phdm 14y ra thudc loai 2.

Goi A 12 bién ¢6 san phdm 14y ra thudc loai 1 hodc ioai 2 -
A=A +A,

Vi A, vd A, xung khic, do d6 :

P(A) = P(A; + A;) = P(A)) + P(Az) 0,4+0,5=0,9
Bai 4.

Hai ngudi cing bidn vio mét muc tiéu. Kha ning bin tring cia ting ngudi
12 0,8 v2 0.9. Tim x4c sudt :

a) Chi ¢6 mot ngudi bin ti‘ﬁng muc tiéu.

b) C6 ngudi bén tring muc tiéu.

c¢) Ca hai ngudi bin truot.

Gidi : Goi A va A; tuong Ung 12 bi€n 6 ngudi thit nhat va thit hai bin
tring muc tiéu, A 13 bién ¢8 chi cé mot ngudi bén tring muyc tieu.

A= AR, +AA,.

Céc nhém bi&n c6 trén 13 xung khic, trong mdi nhém cdc bi€n c6 Ial doc

1ap nhau, do dé.

P(A) = P(A Ay) + P(A1A;) = P(A)P(A,) + P (A} )P(A3)
=0,8.0,1 +0,2.0,9 = 0,26
Tuong tu ta c6 :
P, = 0,98 ; P, = 0,02
Bai 5.

Xéc suit dé bin mot vién dan tring dich 1a 0,8. Hoi phai bin bao -

nhiéu vien dan dé v6i xdc sust nhd hon 0,4 ¢6 thé hy vong rdng khong c6 vién
nao trugt.

Gidi : Gia sir phdi bin n vién dan. Goi A (i= 1 n} l1a bi&n ¢& vién dan thi
i tring dich. Goi A 13 bién c6 khong cé v1en nlo trugt.

A= HAI
i=1
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V1 céc bién ¢8 1a doc 1ap toan phin nén :

n
P(A) = J]P(A;) = (0,8)" < 0,4
i=l '
1g0,4

Tudén > 120.8

~ 5. Phai bén it nh4t 5 vien.

Bdi 6. Cé 30 san phdm, trong d6 <6 3 ph€ phdm duge bd ngdu nhién vao
3 hop vdi s6 luong bing nhau. Tim xdc sudt dé mot hop nao d6 ¢6 1 phé phdm.

Gidi : Got A; (i =1, 3) 1a bién c6 hop thit i cé 1 ph€ phim. Goi A 12 bién
c6 mot hop nao dé cé 1 phé phim
A=A+ A+ A,
Céc bi€n c6 A, Ay, A; khong xung khéc va phu thuéc nhau, do d6 :

P(A) = P(A|) + P(A,) + P(A3) ~ P(A{A;) ~ P(A{A3) — P(AyA3) + P(A | AjA3)
Tacéd :

cl.cfs. il
3-Cao-1

P(AJA)) = P(A)P(A/A)) = 0,468.0,526 = 0,2463 ; ij = 1,3

P(A) = =0468:i=13

P(A|AyA5) = P(A)P(Ay/A|)P(A3/A|A,) = 0,2463
Tir dé P(A) = 0,911,

Il - PAI LUGNG NGAU NHIEN

Bai 7. Mot xi nghiép c6 hai 616 van tdi hoat dong. Xdc su4t trong ngay
l1am viéc cdc o t6 bi hdng twong dng bing 0,1 va 0,2. Goi X 12 s6 0 t6 bi h(')l}g
trong thdi gian lam viéc. :

a) Tim quy luat phan ph6i xdc suét cia X.

b} Thié&t 1ap ham ph&n phSi xdc suft cia X va vé d6 thi clia nd.

Gidi : a) Néu goi X 1a s6 6 t6 bi hong trong thoi gian 1am viéc thi X Ia dai
luong ngdu nhién rdi rac v6i cdc gid tri c6 thd ¢6 X =0, 1, 2. Ta tim xdc sudt

P(X = 0). Bién ¢6 (X = 0) xay ra khi ca hai 0 t6 ciing hoat ddng t6t. Do dé,
" theo dinh 1y nhan x4c sust

PX=0)=09.08=0,72
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Ly giai tuong tu ta cé : _
P(X=1)=0,1.0,8 + 09,02 = 0.26
P(X=2)=0,1.02 =602 |
Vay quy lugt phan ph6i xdc sudi cha X 12 :

X ] 0 1 2
P ’ 0,72 0,26 0,02
F(x)

1
0,98
0,72 |

) 1 2 X

Bai 8. Bang phéan ph6i x4c sufit cha dai lugng nglu nhién X nhu sau :

x| -5 2 3 4

P | 0.4 0,3 0,1 02
‘a) Tinh M(X) ; D(X) va o,
b) Tim gid tri m&t X
Pép 56 : M(X) = - 0,3
D(X) = 15,21 ; 6, = 3,9
X,=—-5

Bai 9. Cho X, va X, 14 hai dai lugng ngdu nhién ddc 1ap cé bang phan
phdi xdc sudit nhu sau : '

anz 35 Xz|1 4
p Io.s 05 02 P ]o,z 0.8
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a) Tinh M(X;) va M(X,) ; D(X,) va D(X,)

b) Tinh M(X, + X,) va D(X; + X,)
Pip sd : M(Xp=31;
D(X,) = 1,09 ;

M(X; +X,) = 6,5 ;

Bai 10. Cho X, X,, X3 12 c4c dai lugng ngdu nhién ddc lap va c6 bang

phan phéi xdc sudt cha ching nhu sau :

M(X,) = 3,4
D(X,) = 1,44 ;

D(X, + X;) =2,53

204

X:| 0 1 X1 2 | x3| 0 2
p ' 06 04 P |_0-,4 0.6 P | 08 02
Lap X = Z1¥ X2+ Xs 1o MeR) va (X))

3
Paps6 : M(X)=0,8;D(X)=0,12
Bai 11. Hai dai luong ngiu nhién X, Y doc lap
Tinh D(Z) biét :

ayZ=2X+13Y; b) Z=-3X
Cho bié&t D(X) =4, D(Y)y=5
Pap sé : a)D(Z)=161; b) D(Z) = 36

Bai 12. Pai lugng ngiu nhién lién tuc X ¢6 hAm mat d6 x4c suét nhu sau :

{k véix € (a,b)
f(x) = L,
Ov4ix € (a,b)

a)Timh[esdk;

b) .Tim M(X) va IXX) ; ¢) Tim ham F(X)
C e _ 1
l)apso. .a)k_b—a' _
_ _a+b _ (b-a)?
b) M(X) = 55 D(X) = T
0 viix<a
COFX) = 122 wia s x <b
b-a -

1 vagix>b



Bai 13. Dai lugng ngiu nhién lién tyc X c6 ham phan phéi x4c sudt nhy sau :

. |0 véix £ 2
F(X)=¢Cx-1 vGi2<x £ 4
i véix>4
a) Tim hing s6 C
b) Tim M(X)
Gidi :

a) Tir biéu thitc cia ham phéan ph6i x4c sust suy ra hAm mat do xéc sudt cé
dang :

) = {c véix € (.4
0 voix ¢ (2,4)

Theo tinh chat cia ham m4t d¢ xdc suft

Yoo 4 1
1= _[_mf(x)dx—LCdx =C= 3.
b) Theo dinh nghia k¥ vong todn hoc
+oo Yol S .
M= [ xf(mdx = j'2 Fxdx'=3
Bai 14. Dai luong ﬁééu nhién lién tuc X ¢é ham mat do xéc sudt :
sinx :
£(x) = - vaix € (O, m)
0 vaix ¢ (0, x)

a) Tim ham phan ph6i xdc sudt F(X)

b)'nmp(0<X<-:-)

¢) Tim M(X)
0 CovBix £ 0
Pap 56 : a) Fx)= l-gosx v3i0<x £ n
1 ' viix>n
) 1 2
BYPO< X < Z)—E—T

¢) M(X) =

N A
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Bai 15. Ham mat d¢¢ cia DLNN X c6 dang :

a.cos? X |x|51r'—
f(x) = 2
7
0 |X|>5
a) X4c dinh he s6 a.
b) Tinh xdc suit dé trong 2 thi nghiém d6c lap, it nh&t mot 14n DLNN c¢6
gi4 trj 16n hon %.
Gidi :
> > 1+cos2
a) P“acosz dx =1 aP“Txdx
2 "7
i n
21,7 +LlonoxiZ |=2[mg=2® = =2
2[x|£+2sm2xli}—2[n]~ 5 =l=a= -
2 2
b) Goi A 12 su kién ca 2 14n thi nghiém X déu ¢6 gis tris%
P(A) = PADP(A) = [P(X < 7))
Goi A la sy kién it nh4t 1 14n DLNN ¢6 gid tri > %
PA)  =1-PA)=1-[PX< )
n _g 7 1 +cos2x
PXs ) == [ =5
2
n n
=2 lx +lsm2x4
Tn|27r 4 m
2 2
_2|1l(=n = +l _§+_1____31:+2
“xl2l472) 4174 2n" 4n
LNV (31r:+2)2

5]
P(A)=1- 2

16
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BAI TAP TONG HOP CHUONG V

Bai 1. Mot bo dé thi c6 150 cau, trong d6 c6 50 cau cia chuong 1, 70 cau
ctia chuong II va 30 cau cia chuong III.

Lap mot dé thi tréc nghiém gém 30 cau v6i 10 cau ciia chuong I, 15 cu
cua chuong II va 5 céu cia chuong II1.

Hbi ¢6 thé 1ap dugc bao nhiéu dé thi ?

Gidi :
m _ .n!
G = mi{n - m)!
Clg _ 501 15 _ 70! 5 30'
50~ 201161 70 " 55115¢1° 30 T 257151

10 (L5 (5
2= C50.C7-C3o

Bai 2. Ta mang vé 50 b6 hoa dé cdm vao ban tigc. Xem k¥ thdy 20 bong
¢6 huong thom va 35 bong hop vé mau va cd.

Ta quyét dinh bong hoa cdm duge 12 bong thom hoic bong hgp vé mau va
c&. Riit ra tir b6 hoa mot cich ngdu nhién moét béng.

Tinh xédc suat dé 14y dugc mot béng hoa cdm duge, biét ring ¢ 15 bong
hop ca mau, c¢d va thom.

Gidi : ’

bat A 14 su kién rit ducc mot bOng hop mau va ¢&, Blasykiénritra 1
bong thom.

Cén tinh P(A U B) = P(A) + P(B) - P(A n B)
P(A) = 5 P(B) 2 i PLANnB) = ;g

Theo céng thic cOng x4ac sudt : ‘
35,20 15 _40_4
50 50 50 50 5

Bai 3. Ngudi ta riit ra hai lan, méi ldn mét quan bai tir bo ti lo kho 52
quén bai. Tim xdc sust dé rit duge 2 quan A trong céc trudng hgp sau :

P(Aw B) =

a) N€u quan bai ddu tién tra lai trong bo bai.
c) N€u quan bai diu tién khong tré lai.
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Gidi :
a) Goi A la bién ¢6 nit dugc quan A & 14n 1
A, 1a bi€n ¢6 riit dugc quan A & 14n 2

| 4 4 1
P(A} N A =P(AD P(AY) = . ﬁ = 5
: 4 3 1
b) P(Al M Az) = P(AI)P(AZIAI) = —52 ,——52 = _.221

Bai 4. Mot cira hang dién ¢ chg thudng nhap vé 50% boéng dén 6ng cia
Bién quang, 30% bong cia Dai Loan, cdn 20% béng nhap cha Th4i Lan. Biét
ring ty 1¢ béng hong (kém chat lugng) clia Dign quang 12 1,5% ; clia Dai Loan
1a 1%, con clia Thdi Lan 12 3%. Bong mua vé dé 1in 16n. C6 khéch, ngudi bén
riit voi ra mot chléc dé thir.

Tim xéc sudt dé béng d6 bi héng ?

Gi&i :

Goi: A 1a sykién 14y ra 1 bong dén 6ng cila Dien quang

| A, 1a sy kién 14y ra 1 béng den 6ng ciia Dai Loan
A4 12 sy kién 14y ra 1 béng d&n &ng cta Théi Lan

- Goi B 1a sy kién 14y nglu nhién ra 1 béng. Tinh x4c suat d€ béng dé 1a '
béng bi héng.

Theo cong thitc xdc suft todn phén :
P(B) =P(A)P(B/Ay) + P(A2)P(B/Aj) + P(A3)P(B/A;)

.50 3. 30 20
= 1002 % 100 1%+ gp 3% =

73430+ 60 165
T% =100- = 1,65% =0,0165

Bai 5. Trong cdc diéu kién clia bél 4, 14y ra m¢t béng dén. Sau khi thir
biét béng dén d6 bi hong.

Tim xédc sudt d€ béng den d6

a) Cia Dién quang.

b) Caa Dai Loan.

c) Cia Théi Lan.
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Gidi : Theo cong thiic Bayes :

_52(3]
PADPB/A)) 10012/ 0,75 _ 75

2) P(A/B) = P(B) “T1.65%  L65 165
30
—(1%) 30
D) P(AyB) = e = T8
20
=2 39
60
) PAyB) = 1B - o

Bai 6. Haim mat d9 x4c su4t ciia PLNN lién tuc X cho bdi :

f(x): —0 < X < 4w

x% 41
a) Tim gid trj clac ;
) TimP(1/3sx%<1):
¢) Xic dinh ham phan phéi F(x).

DPdpsé: . a) c=-:; : b) p(1/35x2 g;g:%

¢} F(x)= -é— + %a:ctgx

Bai 7. Ham phan ph&i cia DLNN lign tuc X 12 ;

Fe) = {1-e‘2" veix 2 0
vGix <0
a) Thi&t 1ap ham mat d6 xdc suft f(x);
b) TImP(X 22); _
) TimP(-3<X<4),

x20

-2x
Pdp 56 : a) f(x)=1%¢
0 X0

BWPX22)=e?; )P(3sX<d)=1-¢?®
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Bai 8. Mat d6 xdc sudt cia mot DLNN lién tyc ¢6 dang :

—2x e -
f(x) = 2e viix z 0
0 viix <0
Hay ddnh gi4 ;

a) E(X) ; b) E(XY): ¢) D(X)
Pipsé:  a) E(X)=%

B EXH=1; ¢ D(X)=%

B - Bap tap tu giai

Bai 1. C6 hai con siic sic déu, gi6ng nhau. Ta gieo hai con sic sdc mot
14n. Hay tim xdc sudt cia sy kién A : T6éng s6 chdm chiaca 2 con1a 7.

Pdp sé : P(A) =-é—

Bai 2. Trong cic diéu kién'cila bai 1, hdy tinh xdc sust dé cho tong s6
chdm cha 2 con 1 7 hoéac 8.

11
b ¥ By= —
dp sd : P(A v B) %

~ Bai 3. Trong 16p hoc ¢6 70 hoc sinh, trong dé cé 30 em khd va gidi Todn.
Viao 1&p thdy gido tinh c& doc tén 10 em. Tinh xéc sufit dé trong d6 ¢6 {t nhat
mot em khéd hoac gidi todn.

clo

Pdp 56 : P(A)=1-—2

_ clo

70

Bai 4. Ldp hoc ¢6 70 em, trong dé cé 40 em nit. Trong 16p c6 32 em gidi
Anh van, trong dé cé 20 nit va 12 nam.

Hay tinh x4c sust clia su kién A gip mot em gidi Anh van, v&i didu kién
dé ta em nit (su kién B). '

P(AB) 1
P(B) 2
Bai 5. Trong cdc diéu kién cla vi du 4. Néu gido vién mé sd diém danh

goi mot hoc sinh bt ky. Tim x4c suat dé hoc sinh duge goi 1A mot em nif gioi
Anh vian. .

Ddp 56 : P(A/B) =

Pdp 56 : P(A. B) = %
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Bai 6. Biét ring P| = 0,04 12 xé4c sust d€ mébi sin phdm dugc sin xudt ra tir
day chuyén I la ph€ phdm ; P, = 0,03 d6i v6i day chuyén II ; Py = 0,05 d6i v6i

~ day chuyén III ; P4 = 0,058 d6i.vdi day chuyén IV. Tir mot 16 gém 8 san phdm
cba day chuyén I, 12 sin phdm cha diy chuyén II, 10 sin phim cia day
chuyén IIT va 5 san phdm cha day chuyén IV, 15y ngdu nhién ra 1 san phdm.
Tim x4c sudt clia sy kién B : nhan duge san phdm x4u (16t).

Ddp 56 : P(B) = 0,42, P(B) = 0,958

Bai 7. Trong cdc diéu kién cha bai 6, n€u gia sir d4 biét san phdm nhan
dugc i x4u (sy kién B), hiy tim xdc suit d€ sin phdm 46 dugc san xudt boi
day chuyén I (su kién A,), bdi day chuyén II (su kién A,), bai day chuyén III
(sur kién A,), boi day chuyén IV (su kién (V).

Ddp 56 : P(A|/B) = 0,2177 ; B(Ay/B) = 0,2449 ;

P(A3/B) = 0,340; P(A4/B) = 0,1973

Bai 8. Cho X 12 bi€n ngdu nhién rdi rac ¢6 phan phéi

X | -2 0 10 30 40
P(X = x,) | 0,20 015 030 0,20 0.15
a) Tmh E(X) ;  b) Tinh D(X)
Ddp 56 : aYE(X)=11
b) D(X) = 409
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Chua_ng 6
PHUGNG PHAP TINH.

I-80 XAP Xi VA SAI SO

1.1. 88 x8p xi

Trong thuc hanh, gid tri clia cdc dai lugng nhan duge bdng phép do, bing
thyc nghiém thudng khong duge bi€t mot cdch chinh xdc. Vi vay trong tinh
todn, chiing ta lam viéc chu y&u véi gia tri xdp xi (con goi 1a gid tri gan diing)
cua cic dai lugng.

DINH NGHIA 1

a goi la 56 xdp x{ cua s6 ditng A, ky hiéu a ~ A, néu a khdc A khong déing
ké va dugc diing thay cho A trong tinh todn.

Néu a < A thi a goi la xdp xi thiéu ciia A. Néu a > A thi a goi la xdp xi
thita cida'A.

Vi du 1. D&i v6i s6 © thi 3,14 12 x4p xi thigu clia =, cdn 3,15 1a xap xi
thira clia n, vi d& thdy ring :

3,14 <rn < 3,15

'1.2. Sai 58 tuyét ddi
DINH NGHTA 2

Hi¢u Aa = A — a (hodc Aa = a — A) goi ld sai s6 tuyét d6i ciia 56 xdp xi a.
Tri tuyét d6i .

A=/Aal = A —a/ | (6.1)
goi la sai 56 tuyét doi cia s6 xdp xi a.
Thong thuting, khong biét s& ding A, do dé khong xdc dinh duge sai s6

tuyét d6i clia s6 xdp xi a. Vi vay, cling vdi khdi niém sai s6 tuyét doi, ngudi ta
dua thém vao khdi niém sai s tuyet d6i gidi han.
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BINH NGHIA 3.

Sai s tuyét d6i gidi han ciia s6 xdp xi a la s6'khong nhd hon sai 56 tuyét
- déi cia 56 xdp xi a.

Do dé, néu goi A, 12 sai s6 tuyét d6i gioi han clia s6 x&p xi a-thi:
A=lAal=1A-al <4, (6.2)
Tir d6, suy.ra:
a-A,SAsa+i, ' (6.3)

Vay a — A, 13 x4p xi thi€u cia a, con a + A, 1a xédp xi thira cha A. D€ don
gidn, thudng quy udc viét (6.3) dudi dang :

A=atA, (6.4)

Vi du 2. X4c dinh sai s§ tuyét d6i giéi han cla s xdp xi a = 3,14 thay
chos6 m.

_Gia’i :Vi3,l4<n<3,15nén:
ta - wl < 0,01
va c6 thé chon A, = 0,01.
Néu chi ¥ rang : 3,14 < 7 < 3,142 thi:
la — nl < 0,002
va do d6 nhan duge gid tri t6t hon A, = 0,002...

Qua vi du trén, thay ring dinh nghia sai s6 tuygt d6i gidi han khong don
tri : sai s6 tuyét d6i gidi han cia s6 x4p xi a 14 s6 bit ky trong t4p vO han céc

s6 khong am A, thoa mén (6.2). Vi vay, trong thyc hanh, ngudi ta thudng chon
A, 12 56 nhd nhat c6 thé duge, thoa mén (6.2).

1.3. Sai 8 tuong ddi

Sai s6 tuyet d6i hodc sai s6 tuyét d6i gi6i han khong thé hien mot cich
ddy di mie do chinh xéc chia phép do hodc tinh todn. Ching han, do chiéu dai
ciia hai c4i truc, nhan dugc nhiing két qua sau :

1, =1586cm+ 0,1 cm

l,=54cmz0,1cm
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Tuy sai s6 tuyét d6i gi6i han cla hai phép do trén bing nhau nhung ré
rang phép do 1; chinh xdc hon phép do 1,. DE thé hién dugce diéu d6, ngudi ta
dua vao nhiing khdi niém sau :

DINH NGHIA 4,

Sai s¢ tuong d6i clia s6 xap xi a, k¥ hiéu 8, 1a :

A |A -a

= — =

6.5)
Al A

v6i gia thi€t A # 0. T d6 : A = |ALS, & day A néi chung chua biét.

“DINH NGHIA 5,
Sai s6 tuong d6i gidi han cta s& x4p xi a, ky hiéu §,, 1a 56 dugc xdc dinh
ohi sau : :
Aa
8, = I—al— | (6.6)

Tidé, tasuyra:
A, = lals, ' (6.7)

Chi y ring, sai s6 tuyét d6i va sai s6 tuyét d6i gioi han cé cung tha
nguyén v6i s6 x4p xi, con sai s6 tuong d6i va sai s twong d6i giéi han khong
c6 thit nguyén. .

Thay (6.7) vio (6.4), tac6 :

A=a(lt3,) | (6.8)

Trd lai ket qua phép do chilu dai cla hai cdi truc néu trén, dé thdy ring

sai s6 twong d6i giGi han ctia phép do 1; nhé hon sai s twong d6i giéi han clia
phép do 1,.

Il - GIAI GAN PUNG CAC PHUONG TRINH

Déi véi nhitng phuong trinh dai s6 bic mot va béc hai ta c6 cong thiic tinh
chinh xdc nghiém cia chiing. Nguwi ta ciing tim ra nhitng céng thic tinh chinh
xdc nghiém cha cée phuong trinh dai s6 bac ba va bon, nhung viéc sir dung
nhing cong thic nay khong that don gidn. Con d6i véi nhitng phuong trinh dai
s6 tr bic nam trg len thi khong c6 cdch nao dé€ tinh chinh x4c nghiém. Hon
nifa, d6i vdi nhitng phuong trinh siéu viét dang f(x) = 0 nhu : sinx - 1 + x =0
thi lai cang khéng c6 cong thic d€ tinh didrig nghiém cia chiing.
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Nh& phuong phép khao sit him s&, ta ¢6 thé tim gdn ding nghiém clla
phuong trinh f(x)'= 0 v6i d6 chinh x4c tdy ¥ mét cach khd don gidn. Co sd clia
phuong phdp nay 1a dinh 1y : "Néu ham s f(x) lién tuc trong khoang kin {a, b]
~ va f(a) khdc d4u f(b) thi trong khoang (a, b) th& nao ciing ¢6 mot nghiém ciia
phuong trinh f(x) = 0". V& hinh hoc, dinh 1§ nay c¢6 nghia 1a mét dudng cong
lién tuc ndi lién diém A ndm phia duéi (hoic phia trén) truc Ox véi didm B
nam phia trén (hojc phia dudi) truc Ox bit budc phai cét truc Ox it nhét tai
mot diém. Hoanh do ctia giao diém £y chinh 1a nghiém cda phuong trinh
f(x)=0. :

¢ day ta xét ba phuong phip : phuong phdp day cuhg, phuong phap tiép
tuyén va phuong phédp phdi hop. Tru6e khi ddng mot trong ba phuong phip dé
giai phuong trinh : f(x) = 0 c4n c6 12p c4c nghiém, nghia 12 tim c4c khoang [a,
b] thoa méan nhilng diéu kién sau :

1. f(a) khac déu f(b). Khi d6 theo dinh 1y vira néu, trong [a,b] th€ nio
ciing ¢6 mot di€m tai d6 f(x) triét tieu. '

2. Dao ham cdp mot f'(x) khong ddi ddu trong (a, b), tic 12 trong [a, b]
ham s6 y = f(x) chi tang hodc chi giam, tir d6 suy ra ring (a, b) chi chia mot
nghiém coa phuong trinh.

3. Dao ham c4p hai f"(x) khong déi dau trong (a, b), nghia 1a trong (a, b)

dudng cong khong c6-diém uén. Diéu kién nay lam ta nhanh chéng thu dugc
nhing nghi¢m ngay cang chinh x4c hon.

Chii ¥ rdng, néu ta di tim duge [a, b] sao cho f(a) khic ddu f(b) nhung
mot trong hai dao ham f(x) va f"(x) c¢é dau thay d6i trong (a, b) thi ta s& thu
hep khodng d6 lai thanh khodng (c, d) (a < ¢ < d < b) sao cho f(c) vin khdc
ddu f(d) va f'(x), "(x) c6 ddu khong déi trong (c, d).

Bay gi¢r ta xét cy thé ba phuong phép.

2.1. Phuong phdap ddy cung

Gia str da tim dugc khodng (a, b) thda min ba diéu kién (6 — 3) dd néu &
trén clia phuong trinh f(x) = 0 T (6.9)

nghia 13 f(a).f(b) < 0 ; va Vx € (a, b) thi f(x).f"(x) giit nguyén mor diu. _
Noi dung cua phuong phép diy cung 12 trong [a, b} ngudi ta thay dudng cong
y = f(x) bai diy cung cia né, nghia 12 xem nghiém gén ddng cia phuong trinh
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(x) =0 triing v6i hoanh do giao diém x, ¥/
cha diy cung ndi hai di€m Ala, f(a)],
B[b. f(b)] véi truc Ox (hinh 6.1).

Phuong trinh day cung AB 12 phuong a a S 'S
trinh dudng thing qua hai diém nén © & X
c6 dang : . -

¥

y-1(x,) _ x-X%,
f(d) - f(x,)  d—xq

(6.10) Hink 6.1

trong dd x, ¢6 th€ 14y 1a a (ho4c b) thi d s& 12 b (ho#c a). Vi day cung cét truc

Ox tai diém (x, 0) trong phuong trinh (6.10) cho y = 0 vA x = x, ta duogc

__d-%
f(d) — f(x,)

Pé nhan dugc nghiém chinh xic hon, ta l3p lai qud trinh trén d6i vé6i
khoang (x{,d) ; ta thu duge :

x| =X, f(xg) (6.11)

d"'Xl

2= X T R - f(x)

f(x;) V...

Ngudi ta di ching minh duge rdng : Day x,, Xy, X5, ... s& ti€n dén dén
nghiém diing clia phuong trinh (6.9), n€u chon x,, sao cho f'(x) va f(x,) khdc
ddu nhau, tic 1a f"(x).f(x,) < 0, va khi d6 d s& 1a : f(x,).f(d) < 0.

Vi du : Tim nghi¢m ding cta phuong trinh
() =x-6x+2=0
Gidi : Bing phuong phdp khio s4t ham s6. ¥

y= x> —6x+2=0ta suy ra cac doan [-3, -2],
[0, 1] va 2, 3] chita nghi¢m cha phuong trinh.

Mit khéc ta lai ¢6 : f(x) =x° - 6x ; £'(X) = 6x
gilr nguyén mot ddu trong cdc khoang trén (thda
min cdc diéu kién 1, 2, 3 & phdn Md diu).

Ta hdy tim nghiém gdn ding cha phuong
trinh trong khoang [0, 1].

Hinh 1.2
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Trong (0, 1) thi f" > 0 nén x, dugc chon : x, =1 (vif(1) <0) vad =0.
Theo cong thirc (6.11) tacé : |

X| = 1_E(_3)=1_%= =0,4

2+3

“Ln| b

Vif(0,4) = (0,4)3 ~6.0,4 + 2 =-0,336 ; f(0) = 2 nén nghiém phai tim nim
trong khoang [0 ; 0,4]. Ap dung cong thitc (6.11) cho khodng mdi, ta c6 :

0-0.4 (~0,336) =~ 0,3424

x2=0.4 - 55,336

Muén thu duge nghiém chinh xdc hon c6 thé 4p dung cong thic (6.11)
mot vai 14n nita.

Bing phuong phép tuong tu, cé thé tim nghiém cila phuong trinh trong
nhing khoang con lai.

2.2. Phuong phdp tiép tuydn (Niu-ion)

Gié sir dd’tim duge khodng [a, b] thda min ba diéu ki¢n néu & doan md
ddu. Noi dung ctia phuong phép ti€p tuyén la trong [a, b] ngudi ta thay dudng
cong y = f(x) bdi ti€p tuyé€n clia dudng cong tai A bing B, tiic xem nghiém
gin diing ciia phuong trinh f(x) = O tring v&i hoanh d¢ giao diém x, giifa ti€p
tuyén clia dudng cong tai A hoac B véi truc Ox (d6i v6i loai dudmg cong nao
thi 14y tiép tuyén tai A hodc B s& trinh bay sau).

Gia slr chon x, = a thi tai A(x,. f(x,)) (hinh 6.3), phuong trinh ti€p tuyén
véi dudng cong y = f(x) tai dim A s& 12 y — f(x,) = F(x)(x — Xg). Vi ti€p
tuyén cit truc Ox tai di€m (x;, 0) nén toa dé d6 phai thda min phuong trinh
ti&p tuyén :

- f(x,) = f'(X)(X] — X)- ¥4

T dd taco : A

B f(%4)
O (%)

P€ nhan dugc nghiém chinh x4c
hon, ldn nita 1ap lai qud trinh trén 4 a=x, %y : X
d6i véi diém (x,, f(x))) ta thu duge : ' E

f(x| ) B
T (x)) va... Hinh 6.3

X|=x

(6.12)

X=X
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Bay gid trd lai giai quyét van dé d6i véi dang duding cong nao thi nén
chon x, 13 a hay la b. D€ viéc chon thich hgp xem hinh 6.4. Tir hinh v& ta thdy :

a) Néu ké ti€p tuyén vdi dudng cong tai mut bén trdi clia cung d6i véi
trudng hop 1, 2 hodc tai mit bén phai d&i véi trudng hgp 3, 4 thi giao diém
clia ti€p tuyén véi truc hoanh s& nam gin nghiém hon miit twong Ung véi
khoang (a, b). :

y:il i Fy
<0 B Y >0

g

ol-emmem——
¥
—d =

O ai X © aa \' x
i B
A N (2)
y ¢ v}
>0 B <0

0 b2 b x O : i
) B
A (3) @)

Hinh 6.4

b) Néu ké tiép tuyén véi dudng cong tai cdc miit khic cta cung thi giao
diém ctia ti€p tuy&n va truc hoanh c6 thé nim ngoai khoing [a, b].

Tém lgi : Do f'(X) giit nguyén mot ddu VX €(a, b) nén ta chon x, 1a a hay
b sao cho thoa man diéu kien "(x) f(x,) > 0. (6.13)

Ngudi ta cling chitng minh dugc ring véi x, chon theo cong thic (6.13) thi
ta thu duoc day x,, X, Xy, ... hoi tu tdi nghiém ddng clia phuong trinh f(x) = 0.
Vi du : Tim nghiém gin ding cba phuong trinh :
f(x)=x° -6x+2=0
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trong khoang [(5,1] bing phuong phdp tiép tuyén.
Tacé: P(x)=3x"-6; fO)=-6
f"(x) = 6x > O trong [0, 1]
Theo diéu ki¢n (6.13) ta chon x,, = 0 vi f(0) = 2 > 0 ciing d4u véi f"(x).
Theo cong thidc (6.12) ta c6 :

2 1
=0-Z%=3

Ap dyng cong thifc (6.12) mot 14n nita, trong d6 x,, thay bing x; ta ¢6 :

' 3
1 1 1 1
f(xl)- f[EJ—-[E] —6§+2——77—

(1Y (1Y 17
f’(xl)=f[§}——3(§] —6——'—3-'

Vay:
i |
1 27 1, 1 _ 52
=377 "3 o7 155 <02
X .

2.3. Phuong phap phdi hop

Gia sir (a, b) 12 khodng ¢6 lap ngliiern o cua phuong trinh f(x) = 0, nghia
1a : f(a)f(b) < 0 ; £'(x); f"(X) VX € (a, b) giit nguyén 1 ddu. Véi didu kién d6,
néu ap dung d6ng thdi hai phuong phép : Day cung cho nghi¢m gdn ddng x,,
con tiép tuyé';l cho nghiém gin ding X|, thi x; va X; s& nim v& hai phia clia_
nghiém (hinh 6.5). Vi vay, khoang c6 l4p nghiém s& duge thu hep nhanh hon.
Lédn nita 4p dung déng thdi 2 phuong phédp cho doan [X;, x;] (hinh 6.5) ta
duoc [X;,x,]. Tiép tuc dp dung qud trinh trén cho d¢n khi hitu s6 gita 2
nghi¢m gidn ding bén trdi va bén phai cé tri tuyét d&i bé€ hon sai s6 cho phép
thi ditng va chon nghi¢m gdn dding 13 trung binh cdng cia chiing. Cich tim
nghiém nhu vay goi 12 phuong phdp phéi hgp cla phuong phdp ddy cung va -
ti€p tuyén. '
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S i

Hinh 6.5

Vidu 1 : Tim nghiém cia phuong trinh :
| f(x)=x—6x+2=0
véi do chinh xdc dén 0,01 bang phuong phédp phdi hgp.
Dya vao nhiing két qua thu dugc trong hai vi du trén cé thé 14y nghiém gin

ddng trong khoang (0, 1) : bing phuong phdp ti€p tuyén : X; = 1 (bén trai),
1= 3

phuong phép day cung : x| = %—'(ben phai). Vix; - X;=04 - %m 0,067 > 0,01

(chua dat dugc d¢ chinh xdc yéu ciu) nén phai ti€p tuc tfnh nita. Xem (% ; 0,4)

12 khoang chifa nghi¢ém méi, ta dugc : |

— Theo phuong phép ti€p tuyén : Do f'(x) > 0 nén X; chon sao cho

(0 £(%,) > 0, ma f[%) -1
1

_e fx) 1 27 52
2T M &) T3 17 15 T O

3

> 0 n&u chon X, = % Vay

- = Theo phuong phdp day cung' : do f'(xy) > 0, x; chon sao cho f("x}f(xl) <0

ma f(0,4) = —0,336 < 0 nén chon x; = 0,4, khi d6 d; = _:1;_
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1
TN k= 0,4 - L3 (=0,336) = 0,3399
T Rd) - - f(xy) X 1

ﬁ+0 ,336

Vix, — Xy = 0,3399 - 0,3398 = 0,000 < 0,01 (dat dugc d6 chinh xdc yeu
cdu). Vi vay c6 thé xem nghiém gin diing cia phuong trinh 1a :

Vay:1 x5 =

X= %—(xz +%X3) = %(0.3399 + 0,3398) = 0,33985

Vi du 2 : Tim mot nghiém ctia phuong trinh :
F(x)=xe" -2=0

véi d6 chinh xdc dén 0,01 bing phuong phap hén hgp.

Ta ¢6 : fl0)=-2<0;f(1)=e~2>0

Honnita: f(x)=e¢"+xe"=¢e"(1+x)>0,Vx e (0,1);

frx)=e (I +x)+e" =e’(x+2)>0, ¥x € (0,1).

Vay (0,1) 12 khoang c6 lap nghiém. Do théa min 3 diéu kign 1, 2, 3 nén
déng thdi 4p dung 2 phueng phép day cung va tiép tuyén.

Theo phuong phép day cung : do f"(x) > 0 nén chon X, : f'(x){(x,) <0 =
X, = 0 va do d6 d = 1. Theo cong thic (6.11) :
ch;%(oxo)'f(xo) =0- -Lm

Theo phuong phap ti€p tuyén : Do f"(x) > O nén chon X, = 1 vi (1) > 0.
Theo ¢ong thitc (6.12) tacd : _
- f(xo)_l__c-z 11

X = Xo"f,(xo)— ?=5+Ez0,86?9

X] =X — (2)~—z07358

Vi X — x; = 0,8679 - 0,7358 = 0,1321 > 0,01 nén tiép tuc ldn nita 2
phuong phdp tren trong (0,7358 ; 0,8679).

Theo phuong phdp day cung :

_ dy - o L
X=Xy — (dl) f( l)f( l) (VGI. dl = 0,8679)
_ 0,7358 _
- 0.7358 — (0,8679 — 0,7358)(0,7358.e 2) ~0,8528

(0,8679.6%%7 —2) - (0,7358.8%7% - 2)
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Theo phuong phédp tiép tuyén

0,8679 _
%, = % -1 _ 08679 - %iggg‘e 20,8534
f'(x) ¢08679(1 + 0,8679)
Vi X; - X, = 0,8534 — 0,8528 = 0,0006 < 0,01

Vay c6 thé xem nghiém gan ding cta phuong trinh 1a :

< = %(,Q +%y) = %(0,3534 +0,8528) = 0,8531.

III - GIAI HE THONG PHUONG TRINH PAI SO TUYEN TINH

3.1. bat véin dé

Trong muc nay, ta xét viéc giai hé théng phucmg trinh dai s tuyé&n tinh n
phuong trinh n 4n :

ajpx; +apXs +.. +a X, = An+1

arx; +a22x2 t..+ay,X, = Aan+i 6 14)
g X| FappXy +...tagyXy = agpy

trong d6 aj; (i, j = Lo n) la nhimg s6 da biét, goi la cdc he s§ cla hé thong
phuong trinh (6.14) ; a; ., (i = 1,n) ciing 1 1a nhing s¢ da biét, goi 12 v€ phai
cha hé théng phuong trinh (6.14) ; x; (i = 1.,n) la céc 4n s6 phai tim.

Ky hiéu :

a a2 a1

a a d
A= 21 22 2n

anl adp? Ann

goi 1a ma tran he s6 ca hé théng phuong trinh (6.14)

a1 X)

a X
b= 20+l VA x = 2

Ann+l Xn

goi 1a vecto v€ phai va vecto 4n s6 clia hé théng phuong trinh (6.14). He théng
phuong trinh (6.14) c6 thé viét gon duwéi dang :

Ax=b (6.15)
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Néu ma tran hé s6 A khéng suy bi€n, nghia {2 :

)} a2 ain

a a S a
detA = | 2! 22 . 201 40

an) ano App

thi hé théng phuang trinh (6.14) ¢6 nghiém duy nhit.

That vay, vi detA = 0 nén t6n tai ma tran nghich dao A”'. Nhan ben tréi
hai v& ciia (6.15) v6i A~", nhan duge :

Alax =AY
x=A'b (6.16)

- Nhu vay, (6.16) cho ta nghiém cla hé théng phuong trinh (6.14) va
nghiém 4y 1a duy nhit, _
Ta dd biét phuong phdp Crame giai ding hé th6ng phuong trinh (6.14)
bing céng thuc :
F V—
X; = Kl‘(' = 1,n)
Trong d6 : A = det A ; A; 1a dinh thic cdp n thu duge tir A bing cdch thay
cot thir i clia A bing cdt v€ phai b clia hé théng phuong trinh (6.14).

3.2. Phuong phdp tryc tiép : phuong phép Gaoxs (hay phuong
phép Khi)

Phuong phdp Gaoxo 1d mot phuong phip duge ding phé bién dé giai
h¢ théng phuong trinh (6.14) bing cdch khir d4n cic 4n 58, khong phai tinh
m¢t dinh thic nao.

1. N¢i dung phuong phap
Pé don giin v_ieé trinh bay, xét hé théng 4 phuong trinh 4 £n s& sau :

f (0 0) 0 ®, _., (0
311( )Xl +312( X2 +313( )Xs +ayy Xy = 315( )

(o 0 0) 0, _. (O
JA2t X + 322{ )Xz +323{ X3 +324( )X4 = azs

0 0 0 (0}
¢ )Xz + 333{ )X3 +334( )X4 = 335( )
(0)

Oy + 2 Oxy = 235 ®

© 6.17)
a3] "Xy +ap

(0)
(841" X Ty

Xg +agy
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Noi dung co ban clia phuong phdp Gaoxo 12 khir dan céc 4n s6 d€ dua hé

(6.17) vé hé “tam gidc" tuong duong (ma tridn hé s6 cha hé 1a ma tran tam
gidc trén) :

1 1 1 1
X+ 312( )Xz + 313( )Xs + 314( )K4 = 315( )
2 2 2

X + azs( )X3 + 324( )K4 = 325( )

1 3 @ (6.18)
X3 +a347'Xq =235
4
x4 = ags™®

sau do gidi he¢ (6.18) tir dudi 1én trén.

Qui trinh dua he (6.17) vé hé (6.18) goi 1a qud trinh thuan, qud trinh giai
hé (6.18) goi 12 qud trinh nguge. '

a) Qud trinh thudn

Khi x;. Gia sir a;, 9 = 0 (a),"¥ goi 1a try thit nhat). Chia phuong trink
dau cha hé (6.17) cho a, 1(0), ta nhan duoc :

X+ 312(.1)}(2 + al3l(l)X3 + 314(1)}[4 = 315(1} (619)
vai alj(l) = alj(o)/a“(o) : ] = 2, 3, 4. 5.

Dung phuong trinh (6.19) khir x| trong ba phuong trinh con lai ctia hé
(6.19). Mudn thé, dem phuong trinh thit hai cia he (6.17) trir phuong trinh
(6.19) d4 nhan véi a;,"” ; dem phuong trinh thit ba ciia he (6.17) triy phuong
trinh (6.19) da nhan v&i a;;'” : dem phuong trinh thé wr ciia he (6.17)
trir phuong trinh (6.19) da nhan véi ay, . Két qud nhan duge he ba phuong
trinh sau :

D, - 1 N, 1

an %y +ayUxg +aVxy = a5

217Vxz +a33Vz%;3 +a34Mxg = 235tV (5'20)
1 1 1 1

2%z + au3 V%3 +asVxg = ags)

Vél aij“) = aij(O) - a‘ll(O)alj(l) M l = 2, 3; 4 ;. ] = 2' 3, 4. 5.

Khit xy. Gid stt a2 0 (a5, goi 12 tru thif hai). Chia phuong trinh ddu
cita hé (6.20) cho ay,'”, ta dugc :

X5 + a23(2)x3 + a24(2)x4 = a25(2) (6.21)

voi azj(z) = azj{l)/a22(l} ;j =3,4,5.
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Dem phuong trinh thif hai cita hé (6.20) trir phuong trinh (6.21) di nhan
(1)'. dem phuong trinh thi ba cita he (6.20) triy phuong trinh (6.21) d&
nhén véi a42(l). K&t qua nhan duge heé hai phuong trinh sau :

v d3y

(2)

6.22
2 6.22)

(2) @

{2) 2, _ .
{333 X3 + 334( X4 = a3s
a43

X3 +a44 "Xq = 245

vdi aij(z} = aij“) - aiz{l)azja) ;1=3,4 ;j =73, 4,5,

Khit x3. Gid stt a33® # 0 (ag5'” goi 12 try thi ba). Chia phuong trinh ddu
clia h¢ (6.22) cho a3;® va dem phuong trinh thit hai cita he (6.22) trir phuong

trinh vira nhan duge di nhan vdi a43(?'), ta duge :
X3 + a34(3)x4 = a35(3) (6.23)
a44(3)"4 = 345(.3) (6.24)

€Y 2)

. 2 3 2 2 3) .
vai a3j = a3j( )/3.33( N a4j( ) = a4j( ) - 843( )a3j_( ), )= 4, 5.

Cu6i ciing, n€u as," = 0 (a4 goi I tru thit tw), ta chia phuong trinh
(6.24) cho ay,", phuong trinh (6.24) c6 dang |
X = a5 (6.25)
v 345(4) = 345(3)1844(3).
RG rang 12 néu cdc phan tir tru ay; P, ap, ", 233? va 2, khéc khong
thi heé théng phuong trinh (6.17) tuong duong v&i hé théng phuong trinh "tam
gidc"” sau : '

( 1 1 1 i

X+ 312( )xz + 313( )Xs + 314( )X4 = alS( )

(2) 2, _ (2)

+ —— .
) Xy +a337'X3 324(3)?‘4 825(3) (6.26)

X3 +a34 X4 =35

4

X4 = 345( )

b) Qud trinh nguoc
Gidi he thong (6.26) tir du6i 1én ta c6 :

a9
4= 245

BN C) (3
X3 =435 —a34 X4
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2 ' 2
X2 = 325( ) - a23(2)x3 - 324( )X4 i (627)
(1) (1} ) {1) (1)
X1 =215 " —Aa1p X3-3)3 X3~y Xg
2. So @06 tinh

Phan tich qu4 trinh 4p dung phuong phép Gaoxd & muc 1 ta thdy : dé dwa
hé théng (6.17) vé he théng "tam gidc” twong duong (6.26), chi cin tinh céc
he s6 a; " G = 2,5), a3 (i =2.%j=25), 0,7 (= 35), 0P (1= 3,4;
(3), a4j(3) (j=4,5)va a45(4). K&t qua tinh, trong trudmg hop khong
ding mdy tfnh dién tlr, thudng duge ghi thanh bing, goi 12 so d6 Gaoxo, trong
d6 cot 3 dung dé ki€m tra qu4 trinh tinh.

i= E), a3;

So dé Gaoxo
X3 X3 X3 X, $6 hang tir do p) Qua trinh
a“(ﬂ) 312(0) : 313{0) 314(0) | E‘15(0) 316(0) A
an® | an® | an® a3, 2,5 256"
a3 1(0) 332(0) 333(0) 3.34(0) ' 335(0) 336(0)
a4|(0) a42(0) - 343{0) 344(0) 345(0) a«sﬁm)
1 312(” als‘(1) : al4(1) alsm am(”
322(1) .azsm 3-24(1) azsm a2ﬁ(” ‘E'
ay ) 333{1) 8y, ) a5 B3 g
342“) 343“) 3'44(1) 3-45“] 345(” =
1 323(2) 824" azsm Az §
331(2) a3“(2) a.35(2} a36(2}
a“m 344(2) a45(2} a%(z}
1 334(3) a35(3) 336(3)
344(3) 345(3) 345(3)
1 345{4) T Y
1 X4 X, A
i X X .E 154
3 3 =R
- o B
1 Xy X, g <
1 X X, ¥
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Chi ¥ : Phuong phip Gaoxo c6 thé duge dung dé tinh dinh thic vi khi dd
chuyén dinh thitc vé dang tam gidc trén thi dinh thic s& bing tich cia cdc
phén tir trén dudng chéo chinh.

Vi du : Dung phuong phép Gaoxo giai h¢ théng phuong trinh sau :

2,0)(1 + 1,0}(2 - 0,1)(3 + 1,0)[4 =27

0,4Xl + 0,5?(2 + 4,0}(3 - 8,5){4 =219
0,3x; —1,0x +1,0x3 + 5,2x4 = -3,9

1,0x; +0,2x; +2,5x3 - 1,0x4 = 9,9

(.6.28)

Gidi : K& qua tinh todn dugc ghi trong bang 3.1. Tir bang 3.1, ta nhin

duoc nghiém cha he théng (6.28) 1a :

X, = 1,00000 ; x5 = 2,00000 ; x5 = 3,00000 ; x4 = — 1,00000

Bdng 3.1
Xy X, X3 X4 80 hang ty do p Qua trinh
2,0 1,0 -0,1 1,0 2,7 66 |4
04 | 05 4,0 -85 21,9 18,3
03 | -1,0 1,0 5.2 -3.9 1,6
1,0 | 02 2.5 -1,0 9,9 12,6
i 0,50 | -0,05 0,50 1,35 3,30
030 | 402 | -870 21,36 16,98 s
_11s | 1015 5,05 —4,305 o610 | | 2
—030 | 255 | -1.50 8,55 9,30 g
1 13,40 | -29,00 71,20 56,60 g
16,425 | -28,300 71,575 65,700
6,570 | -10,200 29,910 26,280
1 ~1,72298 4,72298 4,00000
1,11998 -1,11998 0,00000
1 ~1,00000 | 0,00000 | y
1 ~1,00000 | 0,00000 | /
1 | 3,00000 | 4,00000 é g
1 2,00000 3,00000 R
1 1,00000 | 2,00000 v ©
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IV - PA THUC NOI SUY
4.1. ba thic ndi suy

Trong thyc t€, nhiéu khi gip nhitng ham s6 y = f(x) ma khong biét biéu
thitc giai tich cu thé f clia chiing fa chi biét cdc gif tri y,, ¥4, ..., ¥, ciia ham 56
tai cde diém khdc nhau x,, x,, ..., x, clta doan [a, b]. Céc gi4 tri nay c6 thé
nhan dugc thong qua thi nghiém, do dac, ... Khi sir dung nhitng ham s& trén,
ta cdn bi€l cdc gid tri clia chiing tai cdc diém khong triing véi x; (i = 0, 1, 2,
..., N}, Mudn thé, ta tim cdch xay dung mot da thirc :

Pa(x) = agx” +a;x" '+ 4 a o x +ay
thoa méan :
P(x)=f(x)=y,i=0,1,2,....,n (6.29)

P,(x) goi 1a da thitc ndi suy ciia ham f(x), cc diém x;, i = O,n goi I3 cdc
mit néi suy. V€ hinh hoc, ¢6 nghia 14 tim dudng cong :

-1
y=Py(x) = ax" +a;x"  +..+Fag_ x+a,

di qua cic diém M;(x;, v;) di biét (i = O,n) cia dudng cong y = f(x)
(hinh 6.6).

v
M, M y =f(x) M M,
1 1 1
1 [ 1 1 1
1 [} ¥ 1 1
1 | ' 1 1
1 i . 1 §
1 ] “a 1 f 1 I
. Y P
1 ' i N - | '
Lo : YERK
1 I ¢ | t
1 1 ' ] t
] 1 i i L
0 X Xy X; Xnq %o %
Hinh 6.6

Sau dé, ta ding da thifc P_(x) thay cho ham s& f(x) dd tinh gin ding gi4
tri cita hdm s6 f(x) tai cdc diém x # x;(i = O,n). N&u diém x € (x,, x,) thi
phép tinh trén goi 1a phép tinh noi suy. Néu didm x ¢ (x,, x,) (x & ngodi (x,,
X,)) thi phép tinh trén goi 1a phép tinh ngoai suy.
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S& d1 ta chon da thitc P,(x) vi trong tinh todn, da thi¥c 1a ham sd dé tinh
nhat. '

Nhim gidm bot kh6i lugng tinh, ngudi ta cling ddng da thic noi suy P,(x)
thay cho ham s& f(x) dé tinh gdn ding gid tri clia ham s6§ f(x) tai cdc diém
x#x(i= 0.n) trong trudmg hop biu thifc giai tich cu thé clia him s& f(x) da
bi€t nhung tuwong d6i phic tap, nh4t 12 khi phéi tinh nhiéu gid tri.

Vé su duy nhit ctia da thitc ndi suy, ta c¢6 dinh 1y sau :

Dinh ly 1. Da thic ndi suy P,(x) cia ham s6 f(x), n€u cé, thi chi c6 mot
ma thoi. '

Chitng minh : Gia sir tir nhimg diéu kién (6.29), ta xiy dung dugc hai da
thic ndi suy khdc nhau P (x) va Q,(x) v6i :

P (x)=y;; Qu(x) =y; (i=0,n)

[

- Khi d6 P,(x) ~ Q,(x) 1a m¢t da thitc bac khong 16n hon n, nhung lai triét

tiéu tai n + 1 diém x; khdc nhau vi:
P(x) -~ Qux) = ¥; ~¥; =0 (i = 0,n)
Vay : Py(x) — Q,(x) = 0 (nghia 1a P (x) - Q,(x) bing khong vdi moi x),
hay : P,(x) = Q,(x). D6 1a diéu phai ching minh.

4.2, Tinh gié trj cGa da thiic : so dé Hobcne
Cho da thic bac n :

Py(x) = ax" +a,x" '+ .+ a2, X +a,
vGi hé s6 thyc a, (k=0, 1, 2, ..., n), cin tinh gid tri cbada thic taix = ¢ :
Pc) =a,c" +a;c" ' +.ta,(c+a, -~ (6.30)

Cich tinh P (c) ti€t kiém nhdt vé s& phép tinh nhu sau : ta vi&t (6.30)
dudi dang :

Piey=(.((({agc +aj)c+a))c +az)c + ...+ a, . )¢ +ay)
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Vay dé tinh P,(c), chi cdn tinh l4n luot céc 6 :

- be=13,
by =a; + b,
by = a, + byc
by = a3+ bye

b, =a, + b1 = Py(c)

Dé tien tinh todn, nguvi ta thudng diing so d6 sau, goi 12 so dé Hodcne :

. |e

A, a; a
by © by b, b, = Py(c)

Vi du 1. Dung so d6 Ho6cene, tinh gid tri cha :

P3(x) = 3x° + 2x - 5x + 7

tai x = 3.
Gidi : Tacd
3 2 -5 7 l 3
+ 9 33 84
3 11 28 91 = P4(3)

4.3. ba thic ndi suy Lagrdng

1. Thanh lap da thite néi suy Lagring

Gia sir trén {a, b] cho n + 1 gid tri khéc nhau cda d6i s6 : x,, x|, ..., X, VA
biét, d6i v6i ham s6 y = f(x), nhimg gi4 tri tuong ng :

f(x) =y;.i= On

Bay gi¥ ta xay dung da thic n6i suy L (x), bac khong cao hon n, thoéa min

didu kién :
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Ly(x) =¥, i= 0,n
theo céch cia Légrang.

Trudc hét, xay dung da thic 1;(x) théa min diéu kién :

Infuj=i
Li(x;) = 6.31
i) {One‘ujati 6.31)
Vi da thirc Li(x) phai tim triét tieu tai n dim x,, X[, ..o Xjmps Xjppo 00 X,

nén 1;(x) c6 thé viét dudi dang :
j(x) = Ci(x = X)X = X1 )ere(X = Xj | MK = X1 )e(X —Xp) - (6.32)
trong d6 C; 12 hdng s& phai tim.
Dat x = x; trong (6.32) va dé ¢ dén diéu kién (6.32), ta c6 :
li(xi) = Ci(xi - xo)(xi -~ Xl) ies (Xi - xi_l)(xi - xi-l-l) . (xi - Xn)
Tir d6 .
. 1
(Ki ~Xo )(xi —-X) )...(Xi - xi_l)(xi = Xi+l )...(xi - Xn)

Thay vo (6.32), ta c6 :

C =

1

(X = X XX = Xy )ord(X = Xy JX = Xy )X = Xp)
L(x) = ~— (6.33
i) (i = X)X = X)X = Xim XXj = Xjp)eoXj — Xy) 633
Pa thic I;(x) bac n dugc goi 1a da thic Lagrang co ban.
Bay gid, ta xét da thiic sau :
n
Ly = ) Ly, (6.34)

i=0
Dé thdy ring bic ciia da thic L (x) khong cao hon n, va do didu kién
(6.31),¢6: p
: . —
Loxp = 2 Litxj)y; =1iGxj)y; =i s j=0n
' i=0

Vay da thic L (x), xdc djnh bdi (6.34), 12 da thic noi suy phai tim. Thay
biéu thiic ciia 1;(x)-tir (6.34) vao (6.34), nhan dugc : |
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— XXX = X )X = Xjo )R — Xy )X — xn)yi _(6'35)

: 0 . :
N (X = XgHX — X)X = X HX = X4 )X = X )
La(x) = z X
l=_0
Day la da thitc ndi suy Lagrang.
Sau day ta s& xét hai trudng hop hay sir dung cua da thidc ndi suy Lagrang.
a) Néi suy bdc nhdt hay néi suy tuyén tinh

Khi n = 1, ta ¢6 hai nit ndi suy x, v X, va

X —X| X — X,
= 36
Li0 = 5 iyo 3 2y, (6.36)

Phuong trinh y = L, (x) chinh 12 phuong trinh dutng thing di qua hai diém
Mo(Xo» Yo) v2 My(x,, yp). |

‘b)Y Néi suy bdc hai
Khin = 2, ta ¢6 ba nit ndi suy x,, X}, Xz V& :

(x-kl)(x—xz) (R =X NX —X3)
L -
A e TR L LR o e

(X — X)X — X))
(X3 — Xo XX = X1) 72

(6.37)

Phuong trinh y = L,y(x) chinh 1a phuong trinh dudng parabol di qua ba
diém M (Xq. ¥o)» M1(X), ¥1) VA Mj(X3. ¥3)-

Vi du 2. Hay xay dung da thic ndi suy Lagrang cla ham s6 y = sinnx,
1

chon cdc niit ndisuy la: x,=0,x; = 1 va X2 =73

6

Gidi : Tacd:y,=5sin0=0; y, =sing-=% ;y2=sin-g- = 1. Ap dung

cong thirc (6.37), nhan dugc :

232



Vi du 3. Cho bang gia tri clta ham s6 y = logox

x | 300 304 305 307
y | 24771 2,4829 24843  2,4871

Tinh gin ding log,,301 bing da thifc noi suy Lagréng.
Gidgi : Dung (6.35) v6in=3,tac6:

(~3)(—4)(~6) | 1(—4)(-6)

L 301 =
°810°01 = Ty AT )

x 2,4829

1(=3)(-6) 1(=3)(—4)
Syg) < 24843+ iy X 2.4871

=1,2739 + 4,9658 — 4,4717 + 0,7106 = 2,4786
2l. Panh gi4 sai sé
D€ dinh gid d¢ lech giita da thic noi suy Lagrang L, (x) va ham 56 f(x) tai
. cdc diém X = x; (i =0,n) ta xét dinh 1y sau :
Dinh Iy 2. Néu ham s6 y = f(x) lién tuc trén [a, b] vi cé dao ham lién tuc
dén cdp n + 1 trong (a, b) thi sai s6 ndi suy R, (x) = f(x) — L (x) c6 dang sau :

n+{
R,(x) = -(f-n—:il‘j’%nm(x) | (6.38)

trong dé ¢ phy thudc x va € [a, b], m, . (x) = (X — x )(x — X)) ... (X —x,).
Chitng minh : Xét him s6 phu sau : '
u(x) = f(x) - L(x) —kn . ((x) - - (6.39)
‘trong d6 k 12 hiing s6 s& lya chon sau. _
Ham s6 u(x) c6 n + 1 nghiém tai cdc diém x,, X, ..., X, By gi¥tachon k
$20 cho ham s6 u(x) ¢6 nghiém thit n + 2 tai mot diém bat k§ nhung ¢6 dinh X
cha {a,b], khéng tring vdi c4c niit ndi suy. Mu6n thé, chi cdn cho :
£(X) - Lo(X) - knp, (%) =0
Vi (X)=0,nén:

_ D -L,®

k
Th41(X)

(6.40)
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Vi gid tri k viva chon, hdm s6 u(x) bing 0 tai n + 2 diém : x,, X}, Xp, .-,
X,» X trén [a, bl. Ap dung dinh ly Ron, thdy ring dao ham u'(x) c6 khong it
hon n + 1 nghiém trén [a,b]. Lai 4p dung dinh 1y R6n vao dao ham u'(x), thdy
rang dao ham c&p hai u“(x) ¢6 khong it hon n nghiém trén [a, b]. Tiép tuc lap
luan nhu trén, th&y ring trén [a,b] dao ham u l)(x) ¢6 it nh4t mot nghiém c,

nghia ]a :
u(“”)(c) =0

Vi L0 (x) = 0va 213 D(x) = (n + 1) ! Nén theo (6 39) ¢6 :

u™Dxy = £ xy —k(n + 1) 1
Tai x = ¢, nhan dugce :
w0y = £+ 00y kn v 1) 1 =

hay
f(ﬂ+l)(c) .
k= YS (6.41)
Tir (6.40) va (6.41) suyra :
0 -L,® _ ")
Tp+1(X) (n+ 1!
. _ _ f(n+l)

va fx)-L,(X)= ot 1(;) T, 4+1(X) (6.42)

Vi X la mot diém bat k¥ clia {a, b] khéng triing véi cdc niit ndi suy, nén
c6 thé viét lai (6.42) duéi dang :

f(ﬂ +1)(C)

Ry(x) = £(x) - Ly(x) = ~g o

T 41(X) (6.43)
trong d6: ¢ phu thudc x va ndm trén [a, b]. D6 14 cong thifc xdc dinh s6 hang

du cua da thic noi suy L (x).

Chti ¥ rang (6.43) ding d6i véi moi diém cua [a, b], ké ci nhitng diém niit
ndi suy.

bat M, ,; = max f{““)(x)i, nhan dugc ddnh gid sau ddi vdi sai s6 tuyét
asxzh '

d6i cia da thitc noi suy Lagrang :

M,
IRy} = () = Lyl < o ++11)! | mn 1 ()| (6.44)
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Vi du 4 : Cho bang gid trj cia him s6 y = sin x nhu sau :

— Nl-‘ﬂ

Tinh gan diing sin% bing da thic ndi suy Lagring va dénh gi4 sai s cila
gid tri gan diing nhan duoc.
Gidi : Dang (6.37), ta c6 :

DéE danh gid sai s6 cla gi4 tri gdn ding nhan dugc, ta ding (6.44).

ViM; = max |(sinx)"| =1, nén :
s
2
T
(3]

va sing = 0,85 + 0,03,

1 = n©® =
<-——- — —— —
_3Ix3x12x6 0,024

V - PHUONG PHAP BINH PHUONG CUC TIEU

Phuong phédp binh phuong cuc tiéu (viét tit BPCT) 12 mot phuong phdp rat
co ban va hiéu luc dé xir 1y cdc s6 lidu thyc nghiém va xay dung mo hinh
théng ké cho mot 16p kh4 rong 16n céc d6i tugng nghién ciu thude nhiéu linh
vuc khdc nhau. Loi giai cua phuong phdp BPCT 12 mot mo hinh toén hoc bidu
dién mot cdch gin ding d6i tigng thyc. Vi vay né cén phai duge dinh gia vé
mét sai s6 — nghia 13 cdn phdi cé nhitng k&t ludn théng ké vé 1oi giai d6.

5.1. D&t bai todn

Gi4 sir ta cdn nghién cfu mot dai luong y trong mot hé théng nao dé.
Thong thudmg, trong hé théng &y mot mat y phu thudc vao cdc bién s6 doc lap
Xy, X3, ..., Xx — ¢6 thé diéu khién dugc, mit khdc y cdn bi dnh hudng cua tdc
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dong ngdu nhién & — thudng xuyeén va khong diéu khién duge. x;, Xy, ..., X
goi 12 cdc bi€n vao hay cdc nhan t6, bién ngdu nhién & goi 12 nhiéu, y goi la

cdi ra.
Vian dé 1a phai tim quan hé giita < £ T
: 1

y va (xy, ..., Xy ). Thong thudng thi it —_— _
nhiu ¢é truSc mot thong tin tien  __*2 Y.
nghiém vé hé théng dang xét. Bdi X3 .
vay ngudi ta thudng gia thiét >
mdi quan h¢ gitta y va (x4, ..., x})
c6 dang : .

Y= X[y oo X 3 6, oy 6,) + & (6.45)

trong d6 dang cua ham f dd bi€t, nhung con m tham s& 8, ..., O, chua biét.
Néu ta con gid thiét thém ring : B = 0, DE = o” nghila 1 : £ ~ N(0, @) vi k¢ hiéu :

y =Ey
thi ¢ir (6.45) ta c6 :
y =Ey=f(x1.x2, cary xk;Bl,..., Bm) (646)
Dy = o° (6.47)

Ham s6 y goi 1a ham phan héi cha y. Phuong trinh (6.46) goi 13 phuong
trinh héi quy 1i thuy&t clia y theo x|, ..., Xy.

D¢ tim m6i quan hé "that" gida y va x,, ..., X, ngudi ta ti€n hanh N thi
nghiém va l4p mot bang :

Ni Xy X2 Xg Y

1 L3} X12 Xk ¥l
2 X21 X22 X2k b )
N N1 N2 ANk ¥N
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D1em x = (Xigs or Xix) € R (t =1,_N) goi 1a mot di€m thi nghiém.
R* g0i Ia khong gian nhan 18,

DGi véi mbi bai toén cu thé, cdc diém thi nghi¢m chi c6 thé chay rén mot
mién xdc dinh X e R X goi 1a mién thi nghiém. Bai todn dat ra 1a : Trén co
s& cdc s6 lieu thu duge, hdy tim mot ham s6 :

§ = £, X3, X ) (6.48)

Biéu dién gin ding 16t nhat hAm § va tim mot uéc lugng t6t nhdt cho o2,

Ham s6 ¥ duoc coi la mo hinh théng ké chia hé th6ng thuc ta dang nghién
ctiu. Phuong trinh (6.48) duge goi 1a phuong trinh héi quy thire nghiém.

Dé€ gidi quyét bai todn ndy ngudi ta thudng ding phuong phap BPCT. Uu

di€m néi bat clia n6 1a khong cin biét t6i luat phan phdi xdc suat ciia bién

ngdu nhién y. Theo phuong phdap BPCT, bai todn din vé viéc xéc dinh cdc
tham s6 8, 85, ..., 8, sao cho tdng binh phuong sau dat min :

Z(yi - $)? - min (6.49)
i=1
Trong dé _
y; = (i = LN ) — cdc két qua thi nghiém.
Fi = F(Xi10 wvos Xjgeo 015 wor B, (i = LN) — céc gidi tri 1y thuyét.
Vi cdc tham s6 6}, 65, ..., 8, cdn chua biét nén téng binh phuong trong
(6.49) 12 mot ham s6 clia cdc tham $6 d6, ta ky hiéu l1a 50, ..., 8.
Goi &=y, - ¥, tacéd:
_ N
S8y, 0, ... 0) = Y &} — min (6.50)
: i=1
Chii y:
1. Trudng hop riéng hay gip cha (6.46) 1a: -
¥ =081 s X)) + o+ B (X, oy Xg) (6.51)
Trong d6 g;(X|, ..y Xg)s -oes Brq(Xis wons Xy) 1a nhilng ham s& da biét :
Céc dang cha (6.51) c6 thé 1a :
S} = Glxl + 92X2 + ...+ kak + 90 (652)

§ =80 +6;x; +02xp +B3x Xy + Ogx{ +05x3 (6.53)
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(6.52) chinh 13 mot ham tuyén tinh k biénc véim =k + 1
(6.53) 1a mot da thifc bac hai hoan chinh véik =2, m = 6.
2. C6 thé xay ra trudng hop, ham phan héi § 12 mot trong céc ham s6 sau :

¥ = f,(x.61)
§ = £,(x,6%)

, (6.54)
§ = £,(x,6%)

Trong d6 £, f,, ..., f; 12 cdc ham s6 di bi€t dang, nhung con vecto tham s6

9', ..., 8° chua biét. Trén co s& céc s6 lieu da thu duoc, cdn phai xdc dinh xem
ham nao trong cdc ham (6.54) 14 phu hgp nhédt véi hé théng thye va tim ude
lugng cuia vecto tham s6 cia ham dé. :

5.2. Trudng hgp tuyén finh
1. Phét biéu bai tosn
Gia sir :
y=0,+6X; + ... O x + &
§~N(0, o)

¥ =Ey=08,+6x; +..+0,x,

Lap bang : quy udc x, =1

N; Xo X1 X2 Xy y
1 1 X11 X12 X1k Y1
2 1 L) X22 X% ¥z
N 1 N1 ANz XNk ¥N
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Bai todn dat ra :
Xdc dinh 6; = b; sao cho :

S(8,, 0, .... ;) =

Hinh 6.7

Tim mot dudng thing d (hinh 6.7) sao cho : Téng binh phuong cic d6 lech
gilfa tung d¢ ciia dudng thi nghiém véi dudng thing dé 12 bé nhat.

Duya vao diéu kién cdn cha cyc trj :

3s —
=0,j= 0K
9,

N k _
=22 |&v 2 Xij) =% |=0. j=0K

lcv

Ta ¢co

™Mz &

k ———r—
[(h Z xu)xu = ; j= K (655)

i=l

(Cong thitc 6.55) 1a he k + 1 phuong trinh vak + 1 dn 6, 6, ..., 6.

Ta giai (6.55) bang phurong phdp ma tran. Ky hiéu :

\ PN
(1 11 X2z - X1k (v ) 1
{ X21 X2 . X2k ¥2 ¥2
1 ANl XN2 - XNk \¥N YN/
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(& (6, ) (b, )
%) 6, b

A= 9= B=

\ENJ O W8 by |
Y=X0+A (6.56)
Y=x0 (6.57)
S=(Y- V)Y~ ¥)=aTa ' (6.58)
XNy -x0)=0 (6.59)
xX™xe = X"y (6.59")

Bai todn trd thanh tim vecto @ = B thdéa min {6.56), (6.57) va (6.59"). Khi
dé S bé nhat.

Giasi(X'X) ' 0= 6 =B=x"X"'x"Y) (6.60)
2. Vi du

Tim m¢ hinh bi€u dién su phu thudc giira y va hai bién x,, x, trén co s&
bang quan sit sau :

(Thi nghiém 14p lai n = 6, dung cho viéc kiém dinh ma & day khéng xét)

N | oxg | xp | YA | 5@ | 53 | @) | ¥® | ¥6) | ¥
1 2 ' 105 | 95 9 1t 106 | 94 | 10
2 2 2 | 13 11 L5 | 125 | 122 | 118 | 12
3 8 10 18 16 16,6 | 17,4 17 17 17
-4 2 4 13 12,5 13 13,5 14 12 13
5 6 8 15 15 145 | 155 14 16 15
6 3 4 10,5 9,5 10 11 10 9 10
7 5 7 142 | 138 | 13,6 | 144 15 13 14
8 3 3 12,5 | 11,5 11 13 12,2 | 11,8 | 12
9 9 10 17 15,6 15 164 | 16,5 | 155 | 16
10 | 10 | 11 19 17 17,5 | 18,5 | 18,2 | 17,8 | 18




Nhu vay

[107] 2 1
12 1 2
Y=|. X=
16 1 9 10
18 ] 1 10 11 |
1 2 1]
) 1 2 2],
1 1 11
XX =2 2 9 10
1 2 10 11 .
1 9 10
1 10 11 |
[ 10 50 60
=150 336 398
| 60 398 480
o
12
. 1 2 . : : 1 1], 137
X'y=|2 2. . : 9 1wl|. | =756
1 2 . . . 10 11 ||- 908
- 16

Ky hieu C = X'X
| [276 -120 260
claxX™ P = ——|-120 1200 -980

7160
=260 =980 960

2876 -120 =260 || 137 9,3871

B=(X'X) 'X'Y = ﬁlﬁ—o —120 1200 -980 ) 756|={0.1286

~260 980 960 || 908 0,6174
Vay phuong trinh héi quy cé dang :

¥y =9.3871 + 0,1286x, + 0,6174x,
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AP DUNG CHO HAM MOT BIEN

1. Ham tuyén tinh

Gia thiét . £ l
y=0,+0x+§ " y
e —
£ ~ N(0, o) T
Lam N thi nghiém, ta lap duoc bang sau :
N %o X b
1 1 X, Y1
2 1 X2 - ¥2

Tinh todn b;

Ta c6 thé tinh B bing cdch gidi hé phwong trinh :

(N
D Lyi = O +0;x)1x; = 0
i=0

N
|2y — (6 +083x)]1 =0
Li=]

Theo phuong phap binh phuong cuc tiéu :

r’l X1 3 N
1 1 1 . . j=
C= XTX - [ . . J = . lNl
X1 X2 N . . Zx. sz
1 1
i=1 i=]
\1 AN/
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N . N
Zx? '2 X
ST Sy ep——
Nzxi_(ZXﬂ

Yi ) N
XTY = [ ) = 1=
X] X3 XN N
- E X¥i
\N J \i=1

N N N |
PRIDREDIPIN7

B=(X'X) '(X"Y) > by = =Lzt ___i=l =|

N N N
N3 xivi - X xi 2, vi
i=1

i=l i=1

N
NZ x7 — (T x;)?

i=1

DE dé tinh to4n ta lap bang sau :

| 2
N’ Xi Y Xi Xi¥i
- -
L 1 1 X X1y
2
2 Xy Y2 ' X2 XY
1;'\!
2
N N YN XN XNYN
Coﬂg EXi Eyl Z xiz. ) inYi
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Vi du. Tim cong thitc lién he do bén clia sgi va d6 4m clia khong khi.

D6 bén

. 2 . 5 .
Po 4m K°x Do bén cliasgi y B

(1) (2} (3 (4) (5) (6)
(1y | 36 2 |21 |21 |19 | 2 1,9 2

2) | 38 [ 24 | 26 | 25| 25| 24| 26 2,5
3y | 40 | 22 | 24 | 22 | 24 | 23 | 23 2,3
4) | S8 |28 | 29 | 30| 26 (27| 28 2.8

(5) | 70 | 30 | 31 | 31 | 32 | 31 | 31 3,1
6 | 80 | 31 | 33 |31 | 31| 31| 29 3,1
(7 | 82 |32 |32 |32 | 32| 32| 32 3,2
8 | 93 {29 |29 | 30| 31| 30 | 3,1 3,0

Tir day ta lap duge bang :

. X y; x? XY
36 2 1296 72,0
38 2,5 1444 95,0
40 2.3 1600 92,0
58 2,8 3364 1624
70 3.1 4900 217,0
80 3,1 6400 248,0
32 32 6724 262,4
93 3,0 8649 279,0

3 = 497 22,0 34377 1427,8
b o 22%34377-497x142738 ‘= 756294 - 7096166 _ 466774 _, -
o 8% 34377  (497)2 275016 — 247009 28007 ’
b = 8x14278-497x22 _ 11422410934 _ 4884 _ 0.0174

8x 34377 - (4972 28007 ~ 28007

Vay ¥ = 1,667 + 0,0174x.
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2. Tuyén tinh héa mét s6 ham phi tuyén
a)Hom s6'mii : y=ab”™ + ¢

§ = ab®. Hay xdc dinh a,b.

lg§ =lga + xlgb. Bt 0, =1ga, 6, = Igb, ta c6 :

Y=0,+0,X

Ap dung muc 5.1 dé tim b, b, = a = 10% | b = 10",

Chi § : Khi tinh todn phai c4n bang s6 liu dé c6 ma tran X, Y

(1 x) (1gy; )
1 X3 lg Vi
X= ) Y =
1 XN / \Jg¥N )
N? X y X =x Y = lgy
1 X y) x| Igy
2 X3 Y2 X2 lgy,
N XN YN XN Igyn
b -
Tinh duge B = (b"J = XX 'xTy).
|
C6 thé gidi tryc ti€p he phuong trinh :
N N N
lgbe%+lgain =in lg y; (6.61)
i=1

i=1 i=1

N N
lgbei +Nlga = Elgyi _

i=l i=1
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Giai hé phuong trinh (6.61), ta dugc iga, Igb ; tir day x4c dinh he s& a, b.
B) =0, +0,x +0,x°

Phuong phdp 1 : Tuyén tinh héa

—PatY=9,X; =x,X; =x, Y =0, +8,X, +0,X,

Ap dung muc 5.2 véi k =2 bién, tinh duge by, by, by

/ 2 ,

i X1 Xl YI A
1 X4 X% Y2
X = Y =
\1 AN XK N

Phuong phdp 2 : Ap dung tryc ti€p phuong phép BPCT ta c6 hé phuong
trinh :

(N N N N .
bZfo +blzx‘? + b{,inz = zxiZYi
i=1 i=l] i=1 i=1

N N N N
1022 % +by > xf +b > X = 3 Xy (6.62)
i=i '

i=l1 i=l i=1

N N N
bZZx% +b12xi + boN = Z}’i
i=] i=1

i=1
Giai h¢ (6.62) ta tim dugc by, by, b,.
c) y= ax’ + g
Ham phan héi ¢é dang :
.y = ax : (6.63)
Gia sira > 0, x > 0, ta 14y logarit co s6 10 cla hai v&

lg¥ =1ga + blgx
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131 K

y =lgy
x'=lgx
8, =lga
8, =b

(6.64)

va ta di tim ham phan héi cla he (X', y') & dang :
¥ =0,+0x
Do d6, ta cé hai dang tuyén tinh. Sit dung cdc thuat todn clia muc 5.1, ta
tim duge udc lugng binh phuong bé nhit by, by cia 8, 8,. Theo (6.64), ta chon

Iam uéc lvong cla 4,b 1a: _
~ Eu
a 10 (6.65)
b by

§ = axb (6.66)

Vi du : Gii sit ham phan héi cé dang (6.63). Qua k&t qua cla bay thi
nghiém, ta c6 hai ¢4t ddu cla bang sau :

X y X' =lgx y' =lgy
2,2 3,6 0,3424 0,5563
3.8 50 0,5798 0,6990
7.0 7.0 - 0,8451 0,8451
7.7 7.7 0,8865 0,8865
11,5 9,3 1,0607 0,9685
15,2 11,3 1,1818 1,0531
18,0 12,2 1,2553 1,0864

Tir d6 tim duge b, = 0,3654, b, = 0,5759. Do d6

i = 100.3654

= 2,315
| b=0,5759
Cu6i cing ta c6 phuong trinh héi quy phi tuyén :

§ =2.315x>7%°
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d) Ham phdn héi c6 dang : :

. X
Y =& +b
Taau:r:'):é=a+l:tl
g X
1 1
baty' = — - ==
at y v X X
8,=a,9,=b
thi: &=by, b=b,
§ = X
ax + b

(6.67)

(6.68)

Chi ¥ riing (6.66.\!& 6.68) khong phai 12 v6c ligng BP bé nhit cla (6.63)

va (6.67) tuong iing :

3. Tong quiat cia méd hinh mét bién

— Trong trudng hgp dd biét 1
dang cla f(x) thi dua vé cic trudong . 5

hop d3 1am & trén. X

- Trudng hgp khong biét dang

cua f(x) thi v6i mét s6 gia thiét nao
dé cua f(x) ta x4p xi né bang khai
trién Taylo — 14y k + 1 s& hang
f(x)=0,+0;x+ B2x2 + .+ kak
(gia thiét f(x) c6 dao ham dé€n cdp k + 1)
Vay c6 thé gié thiét :
. 2 k
(Dy=Bs+PB1x+Ppx" +..+Byx +&
(k chua biét, B; chua biét)
(ii) § ~ N (0, o)

gidi quyét hai v&n dé : xdc dinh f3; va x4c dinh k.

y=1(x)+ &

(6.69)

(6.70)

(D€ da thie thu duge phit hop véi ddi twgng nghién citu, 56 lugng thuc

nghiém da thu duge).
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VI - TINH GAN DPUNG PAO HAM VA TIiCH PHAN XAC PINH
é.1. Tinh gé@n dang dgo ham

1. Pat van dé

Trong chuong trinh todn & pho théng ta da biét cdch tinh dao ham cia -
ham s8 y = f(x), n&u biéu thic gidi tich clia ham s6 f(x) di bigt. Nhung trong
thue t€, thudng phai tinh dao ham cla ham s6 y = f(x) khi biéu thic gidi tich
cua ham s6 f(x) khong biét, ma chi bi&t mét s6 cap gi4 tri tuong ting clia X va
y hodc biéu thitc clia ham s& qud phiic tap. Trong nhimg trudng hop 4y, ngusi
ta tinh gdn ding dao ham bang céch thay ham s& f(x) trén [a,b] bing da thic
noi suy P (x) valdy P,(x) lam gia tri gdn ding cha f'(x) :

f'(x) ~ P\ (x) véi x € [a.b].
Vi: Rp(x) = f(x) ~ P,(x), nén sai s6 clia dao ham s& 13 :

r,(x) = R, (x) = f(x) - P, (x)

D6i voi dao ham cap cao cia ham s8 f(x), 1am tuong tu.

2. Cong thirc tinh gin ding dao ham cép mot

a) Truong hop hai niit ngi suy : x, va x;

Gia st biét y, = f(x,), y; = f(x;) v6i x; = x, + h (h 12 hing 56 > 0). Dé
tinh gdn ding dao ham f(x) tai cdc mit noi suy X, va Xxj, ta thay ham s6
y = f(x) bang da thitc ndi suy Niuton bac mot xuat phat tir it Xg

f(x)=P(x) + R{(x) véix = x, + ht
2
f(x) =y, + tAy, + hTf"(c)t(t -

Pgo ham hai v€ theo x, ta c6 :

f -4 + A Ll-:E-f" t(t —1))
(x) —dx(yo Yo+ 3 ent-1

d h dt
= Et-(y0 + Ay, + Tf i@ — 1))-5

h? d

b et - )+ Xt - L tre)
@) (K 2 at

1
= E("—Wo +'§“’

{chi ¥ riing néi chung c phu thuée x, do d6 ¢ cling phy thudc t).
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Véi gia thiét -g-t- (f'(c)) bichin, x =x,vat=0,tacé:

fi(xg = Yo _ -lzl-f"(c;,) (6.71)

h

nghia Ia : f'(x,) ~ 21 ;yo

vii sai s¢ —% f'(cy)s € € [Xq, X

Néux=x;vat=1,tacéd:

fxpy= Yo  Bpe (6.72)
h 2
nghia 1a : f'(x)) = Y1 ;y" vdi sai s6 %f"(cl), ¢y € [xq. X4}

b) Trudng hop ba niit ndi suy : x,, xj vad x;

Gia strbi€t y; = f(x;) ; i=0, 1, 2 v6i x; = X, + h, X = X, + 2h (h 12 hing
s6 > 0). Dé tinh gin ding dao ham f(x) tai c4c nit ndi suy Xge X| VA X5, ta
thay ham s6 y = f(x) bang da thiic ndi suy Niuton bac hai xut phat tir nit x,,
va 1am hoan toan tuong ty trudng hop a, ta nhan duoc cong thitc tinh gdn diing
dao ham sau :

2

1
F(X) = - (=3¥6 + 41 —¥2) + 5-1(c) A2
1 h? .
f'(xl) = ﬁ(_yo + Y2) - -g—f'"(cl) . (674)
h2
f(xy) = %(yo —4y1 + 3y2) + 1) (6.75)

trong dé ¢,. ¢y, Cp € [X4, X5].

. Vi du. Tinh gin déng y'(50) cha ham s& y = 1gx dya vio bang gid tri da
cho sau : B

X 50 55 60
y = l1gx 1,6990 1,7404 1,7782

Gidi : O dayh = 5.
Ap cong thic (6.73),1ac6:

y' (50) = %(—3.1,6990 +4.1,7404 - 1,7782) = 0,00864
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bé danh gi4 sai s6 cha gi4 tri gdn ding nhan dugc, ta tinh :

y'(x) = (]gx)' = x;

Inlo °
1
y'(x)= — : yU(x) =
2 In10 x> In10
max y"(x) = ——
XE[50.60]_ 50° In10
52 2

Viy : ly'(50) - 0,00864] £ =~

. = 0,0000579 =~ 0,00006
3 50°m10

6.2. Tinh gan dang tich phén xéc dinh
1. Dat vin deé

Trong chuong trinh todn & phé théng ta da bigt ring n€u ham s6 £(x) lien
tuc trén [a, b] va F(x) 1a mot nguyén ham ctia ham s6 f(x) trén {a, b] thi ta ¢é
cong thitc Niuton — Lepnit sau :

b b .
- L f(x)dx = F(x)|} = F(b) - F(a)
trong d6 : F'(x) = f(x).

Néu khéng tim duge nguyén ham ciia f(x) & dang so cdp hodc nguyén ham
d6 qua phic tap thi dirdi day s€ trinh bay hai cong thic tinh tich phan xdc dinh
la cOng thitc hinh thang va c6ng thiic Simsdn. -

Gidng trudng hgp tinh gdn ding dao ham, d€ tinh gdn diing tich phan xidc
dinh trén [a, b], ta thay ham s& dudi ddu tich phan f(x) bing da thitc nodi suy

Pn(x}, va coi ring :
b b
L f(x)dx = L P, (x)dx
2. Cong thire hinh thang va sai s¢

b .
-Dé tinh gdn diing _[ f(x)dx ta thay ham s& duédi d4u tich phan f(x) bing
a .

da thifc noi suy Niuton bac mot (di qua hai diém A(a, f(a)) va B(b, f(b)) xu4t
phat tir nit tring voi cdn dudi a, va cb :

j: f(x)dx = _[:- P, (x)dx
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D¢ tinh tich phan x4c dinh & v€ phai, ta d6i bién s& :

x=a+(b—-ax
Khi d6 : dx = (b —a)dt, t bién thien tir O dén 1, va :

b b |
_[a f(x)dx ~ L P (x)dx = J'o (Yo + Ay, X(b — a)dt

t=1
t2
=(b-a) [yot +.AY, > ]

t=0
trong dé : y, = f(a) ; Ay, =y; - ¥, = f(b) — f(a)

Vay:
b

jb f(x)dx ~ ;a (£(a) + £(b)) (6.76)

Vé& mat hinh hoc, (6.76) ¢6 nghia 1a

dién tich hinh thang cong aABb (AB la y“ y'=f(x) B
cung dudng cong y = f(x) di qua hai diém A W

va B) dugc thay xﬂ xi iﬁng dién tich y=P,()
hinh thang thing aABb (AB la day cung
y = P;(x) n6i hai diém A va B). Néi khéc di,
dudng cong y = f(x) n6i hai diém A va
B dugc thay x4p xi bing dudng thing
y = P1(x) di qua hai diém A va B (hinh 6.8).

Hinh 6.8

Cong thitc (6.76) goi la cong thic hinh
thang. P€ x4c dinh sai 50 :

b-a

57— (@) + (b))

R= j: f(x)dx -

ta gia thi€t ring ham s6 y = f(x) c¢6 dao ham c&p hai lién tuc trén [a, b]. Xem
Rlahims6chah=b-a:

a+h h
R =R(h) = L f(x)dx - 7 (f(a) + f(a + b)]
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Dao ham hai ldn theo h dang thifc trén, ta c6 :

R'(h) = f(a + h) - %[f(a) + f(a + h)] —--lzlf'(a + h)

1 h
= 5[f(a+h)-—f(a)]—§f (a+h)
Vi :
n __-!_ ] _._1-"- __Il "t ___E " h
R (fl)— 2tf(a+h) 2f(a+h) 21’ (a+h)= 2f (a+h)
Ngodira: R(0)=0; R0 =0.

T d6, 4p dung dinh 1y trung binh thif hai cf_la tich phan xic dinh, 1a
nhan duge :

h , 1 ¢h N
R'(h) = R'(0) + _[0 R*(D)dt = —5_[0 if "(a + t)dt

lf" hcl hzf" ; h
=3 (CI)IOtt__T {c1); cy€{a,a+h)

va; R(h) =R(0) + j;R'(l)dt = —%j; £2f "(c, )dt

_ 1 " h 2 — h3 n .
=- ot (c)jox dt=-=1"C% ¢ & (a,a+h)

Tém lai, v6i gia thi8t ham s6 y = f(x) ¢6 dao ham cip hai lién tuc trén
[a, b], ta c6 cong thirc hinh thang sau :

3
J’: f(x)dx = %[f(a) + (b))~ %f"(c) ' (6.77)

v6ih=b-avac e (a, b)
3. Céng thirc hinh thang tdng quat va sai sé

b ’ .
D¢ tinh gdn ddng I f(x)dx , ta chia [a, b] thanh n doan bing nhaw (n 12 s&.
a
nguyén, duong, chin hoic 1é déu duge) :

[xor X1) [x1. X215 -5 [Xp~15 L |
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b-a

c6dddaila:h= bdi cdc diém chia :

Xo=a:xj=a+ih{i=Ln-1);x,=b
Ky hieu : y; = f(x;) (i = O,n), khi d6 :
b X X2 ) Xn
J' f(x)dx = J' f(x)dx + J' £(x)dx + ... + J' f(x)dx (6.78)
a Xg Xy Xa-1

D6i véi mdi tich phan xdc dinh & v€ phii cia (6.78), ta tinh gdn ding
bang cong thic hinh thang (6.76), nhan duge :

b h h h '
J f(x)dx = E(YO +y1) +'2-(Y1 +y2)+.. +§(Yn—1 +¥q)

a !

. .
hay : L f(x)dx = h[y" Zy“ +y1+Yp .t Yn—l] (6.79)

Céng thirc (6.79) duge goi 1 cong thitc hinh thang téng quat.

Né&u ham s8 y = f(x) c¢6 dao ham cap hai lién tuc trén [a, b] thi do (6.77),
sai s& cba cong thitc hinh thang téng quit 14 :

Xq, h
R= [ "foodx - —z-g(yi_l +¥1)

-3 (f;

Xi-1

h . B,
f(x)dx — > (Yio +; )) = 'Tz'g{f (c;) (6.80)

5

vii Ci 1= (Xi_l, xi).

0 .
Xét trung binh céng : p = %zf "(c;). Ratrop gdm gilta gid tri nho nhat
i=I '
my va gid tri 16n nhdt M, cia dao ham c&p hai f"(x) trén [a,b], nghia 12 :
l'I12 = 31 = M2
Vi theo gia thiét, f"(x) lién. tuc trén [a, b] nén né nhan moi gid tri trung
glan gifta my va M,. Do dé, tim duge diém ¢  {a,b] sao cho p = f'(c), hay :

Zf“(ci) = npu = nf'(c)

i=1
Thay vao (6.80), ohan dugc :

oh® . (b-a)h?

R= -1 = 22217, ¢ € [a, b) . (68D
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Tém lai, v6i gid thi€t ham s6 y = f(x) ¢6 dao ham c£p hai lien tyc trén
[a, b] va chia doan 14y tich phan [a, b] thanh n doan bing nhau, cé do dai
b—a '

h= , ta c6 cOng thiic hinh thang téng qudt sau :-
b w2
j f(x)dx = h Yot¥a , Yi+Yy ¥t ¥o-1 |- Mf“(c)
a 2 12 :
¢ € [a,b] {6.82)

4. Cong thic Simson va sai 86

3 Ly b - . . - : -
Dé tinh gin diing j f(x)dx, ta chia [a,b] thanh hai doan bang nhau béi
a

cicdiémchiax,=a;x; =a+ =a+h, X, =b=a+ 2h v thay ham s¢

du6i ddu tich phan f(x) bing da théc ndi suy Niuton bac hai (di qua ba diém
A(Xg = 2, yo = f(x)), C(xy =a+h yy =f(x)) vaB(xg=a+2h=b,
¥, = f(X,)) c6 hoanh do cdich déu nhau) xuft phat tir nit trdng v6i can dudi

a=X, vacod:
b _ X2 .... xp
L f(0dx = LO f(x)dx = Lo P, (x)dx

Pé tinh tich phan xdc dinh & v€ phai, ta d6i bién s6 x = x, + ht. Khi d6 :
dx = hdt, t bi€n thién tir 0 dén 2 va " :

t(t — 1)
2

2 i .2
t 1 t t
= h[yot + Ay, 5 + EAzyo [-—3 -3 D

trong d6 : Ay, = ¥ — Yo i

b X3 2 2
[T t00dx = [ f00dx = [ | yo + 1Ay, + A2y, Inde
4 Xo 0

t=2

t=0

2
Ayo=Ay - AYo=Y2 - V1~ (V1 = Yo) =¥2 - 2¥1 + Yo
b X h '
vay: [ fo0dx = [ 7 f0dx = 3(Yo + 431 +52) (6.83)
a Xg 3

V& mat hinh hoc, (6.83) c6 nghia 12 di¢n tich hinh thang cong aACBb
(ACB 12 cung dudmg cong y = f(x) di qua ba diém A, C va B) dugc thay x4p xi
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bing dién tich hinh thang cong aACBb (ACB

. . ¥} y=f(x}
1a cung parabol y = P5(x) di qua ba diém A, C .
va B). Né6i khdc di, dusng cong y = f(x) di A c N° Py (x)
qua ba diém A, C vi B dugc thay x4p xi bing 5
duémg parabol y = Po(x) di qua ba diém A, C :
v B (hinh 6.9). i
Cong thic (6.83) dugc goi 1a cong thic i
Simson. D€ x4c dinh sai 58 : '
- h --b:q—- h — X
b h . -
R= | F(x)dx = (3o + 41 +¥2) o Xoma X1 Xo=b
a
Hinh 6.9

ta gid thiét ring hé‘tm sGy= f(x). ¢6 dao ham
cdp bon lien tuc trén [a, bl. C6 dinh diém gita x; vd xem R 12 ham s6 cilia
hthz0): '
+h
R =R(h) = J.xl+h f(x)dx - %[f(xl - h) + 4f(x)) + f(x; + h))
X-

DPao ham ba 14n theo h ding thitc trén, ta c6 :

R'(h) = f(x; + h} + f(;cl -h) - %[f(xl - h) + 4f(x;) + f(x; + h)] -
- %[—f‘(xl - h) + f'(x; + h)]
2 4 h, "
= g[f(xl —h) +f(x; +h)] "‘gf(xl)—gf"f (x; =h)+f'(x; +h)]
R"(h) = _-g-[—f'(xl - h) +f'(x; +h)] —%[—f '(x; =h)+f'(x; +h)] ~
—%[—f'.'(xl ~h)+£"(x; +h)]
= %[—f‘(xl ~h}+f'(x; + h)] - %[f"(xl ~h) + £"(x; +h)]
R"t¢h) = -%-[f“(xl -h)+f"(x; + h)] - %[f"(xl -h)+£"(x; + h)] -
-—%[—f "(x; = h)+£"(x; +h)]
= —73‘-[1'. (x; +h)~f™(x; = h)}
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Ap dung cong thic s§ gia hitu han (coOng thitc Lagrang) d6i v6i f'(x),
tacéd:

2
R"(h) = - 2h = ’(c3), ¢y € (X; = h, x; +h)

Ngoai ra : R(0) = 0 ; R'(0) = 0 ; R™(0) =

Tir d6, 4p dung dinh 1y trung binh thi hai cda tich phan x4c dinh, ta nhan
duge : '

. X h |
R'(B) =R'(0) + [ R" (0t = = f, P ep)an
2 @, (b 2 -
=— Ef( )(cz)IO tPdt = —gh,sf(“)(cz) yey € (x; —h, x; +h)
h h
R'(h) = R'(0)+ | R"@)de = _%_[0 2D (c,)dt
- 2 ¢4 )Iht3dt =Lty s ey e (xy - hy %, +1)
9 1 0 18 (R | 1 yR] T
Ay (o _ b g
R¢h) = R(0) + JOR (t)dt = lsjot f (e )dt

L@ - _ L5, . _
18f (c)JOt = 90hf (¢);ce(xy—h,x;+h)

Tém lai, v6i gia thiét him s6 y = f(x) ¢é dao ham c&p bon lién tyc trén
{a, b] ta c¢6 cOng thitc Simson sau :

j: f(x)dx = —[f(a) + 4f( ) f(b):| - —hsf“)(c) (6.84)

véih = b2 ,C € (a, b)

Tir (6.84) d& th4y rang cOng thitc Simson khOng nhiing hoin toan ding vén
f(x) 12 mot da thirc bac hai d6i v6i x, ma cdn hoan todn ddng ca trong trudng
hop f(x) 1a mét da thiic bac ba d&i véi x. .

5. Cong thirc Simson tdng quat va saj s6

b T
Pé tinh gén diing I f(x)dx, ta chia [a, b] thinh n = 2m doan bing nhau
) a
(nghia 1a n 12 s8 nguyén, duong va chin) :

[xou xl]! [xl- x2]! ey [xzm—zv xz;n—l]! [x2m-l' xzm]
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b-a

c6dodaila:h= bdi cdc diém chia: x,=a;x;=a+ih ~

(i=L2m=-1), X, =%y, =

Ky hiu : y; = f(x;), i = 0,n, khi d6 :
b m
[fdx = [P tdx+ [ f@dx 4+ [0 f0dx (6.85)
a X X2 " X2m-2
D6t v6i mbi tich phan xdc dinh & v&€ phai cha (6.85), ta tinh gdn ding
bing cong thitc Simson (6.83) va nhan duge :

b h h \
_L f(x)dx = g(yc +4y; +¥2) +§()’2 +4y3+y4)+.. +
. .
+ 7(2m-2 +4Y2m-1 *+ Y2m)
b h
[ 1000x ~ 230 + Vam) + 4051 + Y3+t Yomo) +

+ Z(Y2 + }’4 + ...+ Y2m_.2)]
hay :

b .
L f(x)dx = -;l[(yo +Yom) + 40] +20,] (6.86)

trongdéd: o, =y +¥3+ ... +Yan-1:02= Y2+ ¥4+ ... + Y2
Cong thic (6.86) duge goi 12 cOng thic Simson téng qu4t.

Né&u ham s6 y = f(x) ¢é dao ham c4p bén lién tyc trén [a,b] thi do (6. 84)
sai s cita cong thitc Simson tdng quét 1a :

X2m
R= _Lz £(x)dx -—Z(sz-z +4y2x-1 +Y2) =
e k=1

o ( X2k h ‘ hs' m @
= J f(X)dX - 2 (Y2x-2 + 4Y2k-1 +Y2k) | = — 5 2, FO(cx) (6.87)
k=1 > =

2k-2
[}

VGi ¢ € (Xpx—9, X2k)-
Lap luan tuong tu trudmg hop céng thic hinh thang téng qu4t, vi theo gia
thi&t f(‘”(x) lién tuc trén [a, b], nén tim dugc diém ¢ « [a,b} sao cho :

m
W) =LY @,y
m -k
k=l
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Thay vao (6.87), nhan dugc :

5
mh f¥0),c e [a, b] (6.88)

= ey =
R 55 (@

_(b-a)?
180

Tém lai, v6i gia thi€t ham s6 y = f(x) cé dao ham cdp bdn lién tuc trén
[a,b) va chia doan 14y tich phan [a, b] thanh n = 2m doan bdng nhau, c6 d¢ dai
h= b-a b-a ;

o et ta ¢é cong thifc Simson tfmg quét sau @

(b-a)h?

_[bf(x)dx—ﬁ[ + Yo ) + 407 +205] - f® (e
a = 3 YO Y2m 1 02 . <.

180 - °
c. € [ab] (6.89)

trongdé: oy =y +Y3+ .+ Vo1 :02=Y2+ Y4+ . Vo2
Nhdn xér :

1. Tir (6.82) va (6.89) dé th&y ring cong thic Simson téng quét c6 do
chinh x4c cao hon céng thic hinh thang téng quét, néu budc h chon nhu nhau.

2. Tinh sai s6 cha cong thic Simson t6ng quét bing (6.89) ddi hoi phai
biet £¥(x), nghia 12 phai bi€t biéu thic giai tich chia ham s6 y = f(x). Nhung
trong thyc hanh, thudng chi biét ham s¢ y = f(x) dudi dang bang, do d6 ngudvi
ta thudng x4c dinh gin diing sai s6 clia cong thifc Simson téng quét nhu sau :

gid sit tren [a, b}, dao ham fY(x) it bién déi, do (6.89), nhan duge bidu thic
gan ding cla sai s6 phdi tim 13 : R = Mh?, trong d6 M xem 1a hing s6. Goi

b
I(h) va 1, (%) la gia tri gdn diing cha | = I f(x)dx nhan dugc tir cong thic
a

Simson téng quit v6i budce h va budec —121, tacé:

I=I(h)+Mh*

i)l

o h 15 X
Tir d6 : IS[EJ—IS(h)=Tth‘!,va:
WY 1. (h _
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Lap luan hoan toan twong ty, d6i v6i cOng thic hinh thang téng quét, véi
gia thi€t dao ham f"(x) it bi€n déi tren [a, b], ta c6 cong thitc thyc hanh tinh

sal 50 :
: h 1 h
|-I ~Ir [E)l =3k [5] =)

b
. trong d6 Ip(h) va Ir[ 1) 12 gid tri gdn diing ciia 1= [ f(x)dx nhan duoc tir
T T 3

(6.91)

L]
5
Vi du. Ding céng thic hinh thang 16ng quét va cong thic Simson téng
quét véi n = 10, tinh gdn ding :
_ 1 dx
T Jol+x

cong thitc hinh thang téng quit véi budc h va buéc

Bidnh gid sai s6 clia nhilng gi4 trj g4n ddng nhan ducc.

Gidi : Tact :
1-0
h=-5 =01
Keét qua tinh toin xem trong bing sau :
i x Ya5-1 ¥Y2j
0 0 | Yo = 100000
1 0,1 090909 | T 77T
2 0,2 : 0,83333
3 0,3 -0,76923
4 0,4 0,71429
5 0.5 ' 0,66667
6 0,6 0,62500
7 0,7 0,58824 '
8 0,8 : 0,55556
9 09 0.52632
10 1,0 1 Y10 = 0,50000]
) o) =3,45955 | o, =2,72818
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Theo cong thiic hinh thang t8ng quit (6.79), ta ¢6 :
1,00000 + 0,50000

I=01( + 0,90909 + 0,83333 + 0,76923 + 0,71429 +

2

+ 0,66667 + 0,62500 + 0,58824 + 0,55556 + 0,52632)

= 0,69377
Saisd R duq_c Xdc dinh bdi (6.81). Tacé :

f(x) = I—;l-f =(1+x)"

f(x)=— (1 +x) 2

2
{1 +x)°

(0 = (~1(-2)(1 + %) ° =
Tir d6 : max |f'(x)|=2 va |R|< ®-an’ max [f"(x)|
x€[0,1] 12 xgo,1]

|R|$2(0 1) =5 (1 -0) =0,00167 ~ 0,002

Vay : I = 0,694 + 0,002
Né&u diing cong thic Simson tdng quét (6.86), ta co :

= %(1 ,00000 + 0,50000 + 4.3,45955 + 2.2,72818)= 0,69315
Sai s6 R duge xdc dinh béri (6.88). Vi:

F(0) = (-1)(2)3)1 + )7
24
a+x°

£9(x) = (~1)=2)(=3)(~a)(1 + 0" =

4 (b —a)h* 4
 ma l]|f 00| =24 va [R| < ETH m ma ulf (x)l
24.(0,1)*

_ =5
180 (1-0) =1,3.10 ~ = 0,00002

IR <

Vay : 1=0,69315 + 0,00002.
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BAI TAP
A — Bai tap cé l¢i giai
Bai 1.
Diing phuong phép ti€p tuyén tim nghiém cila phuong trinh
f(x) = x> - 0,2x* - 0,2x - 1,2 = 0
biét khoang cdch ly nghiem 1a (1,1 ; 1,4)
Gidi :
f(x) = 3x” - 0,4x - 0,2
f'{x)=6x-04>0, V;{ e(l,1;1,4).
vi f( 14) = 0,872 ciing d4u v&i {'(x) > 0 nén ta chon X, = 1,4 ; ta ¢6 f(1,4) = 5,12.

_ f(xo) _

X] = Xg Fxg) - 1,22969

f(x) = 0,11109, f(x,)=3,84454
= 1) 120079

=N T
Bai 2.
Dtmg phucmg phdp day cung tim nghlem gin ding cta phuong trinh
f(x) = x -0, 2x -0,2x - 1,2 = 0. Bi&t khoang cich ly nghiém 1a [1.1 ; 1,4)

Gidi :

Ta cé :
f(1,1) = ~0,331 < 0 va f( 1_,4) =0,872

Ngoaira: f(x)=3x> —04x - 0,2
F'{x)=6x-0,4
f(x)>0vaf(x)>0véimoix € (1,1;1,4)

chod=14 x,=11 '

fALDWA-LY ., (-0,331)(0,3)

= - =1,18254
Xy =11~ f,4) -1, 0,872 -(-0,331) !
f(x,) = -0,06252 .
fix }(d—x;)
Xp= X~ —
27 TRy - 1)
— 1.18254 (~0.06252)(1,4 - 1,18254) =1,19709

0,872 — (-0, 06252)
f(x,) = —0,01056
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Bai 3.

Gidi hé phuong trinh sau bing phuong phip Gausse.

X] ~2Xp +X3 —2x4 =2
2X; + X3+ X3 ~X4 =3
—X) +3x3 +2x%4 +X4 =5
3X; +X3 =2x3 x4 =1

<I>

- Gidi :

oy
(2)
(3)
(4)

Nhan phuong trinh (1) v6i - 2 réi cOng vio phuong trinh (2).

Cong phuong trinh (1) vao phuong trinkh (3).

Nhan phuong trinh (1) v6i — 3 18i cong vao phuong trinh (4) 1a c¢6 he méi :

X - 2)(2 + X3 - 2X4 = -2 (1)
<> 5% — X3 +3x4 =7 2)
: X +3Xx3-%4=3 (3)
TXZ - 5X3 + 5)(4 = -2 4)
Trong h¢ méi, ta déi phuong trinh (2) va (3) cho nhau
X) —2Xp +X3 =284 =-2 (1)
<III> Xq + 3X3 —X3 = 3 (2)
SX2 - X3+ 3X4 = 7 (3)
?Xz - 5X3 + 5X4 ==2 4)

Trong hé <III>, ta nhan phuong trinh (2} véi — 5 réi cOng vao phuong
trinh (3) va nhan phuong trinh (2) vdi — 7 cong vio (4), ta cé :

X - 2)(2 + X3 - 2X4 = =2 N
<IV> Xo +3x3-X4 =3 (2)
"—~16%x3 +8x4 = -8 (3)
- 26)(3 + 11X4 = —15 4)
Trong hé (IV) chia phuong trinh (3) cho - 16, ta c6 :
[x] = 2%y + X3 —2%4 = =2 D
Xy +3x3—-X%X4 =3 {2)
<V> < 1 1
: X3 — "2"}[4 = E (3)
- 26)[3 - 11X4 = -15 (4)
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Trong hé (V) nhén phuo‘ng trinh (3) véi 26 cOng vao phuong trinh (4),
tacod:

Xl - 2XZ + X3~ 2X4 =-2 (1)

XZ+3X3—'X4=3 (2)
<VI> - _ 1 1
X3 — —2—X4 = 5 (3)

-2x4 =2 (4)
Tir phuong trinh (4) ta c6 x4 = 1. Thay vao (3) ta duge x5 = 1 thay ti€p vio

(2) ta cé x5 = 1, cubi cﬁng thay vao (1) ta duge X = 1. Vay nghiém cita he da
chola:

Xp=1;%=1;x3=1:x4=1
" Trinh bay tém 1At trong bing sau :

Xp X3 X3 x4 ¢ P
1 -2 1 =2 : =2 =>X=-2+2x4-X3+2x;=1
2 1 1 -1 3
-1 3 2 1 5
3 1 -2 -1 1
0 5 -1 3 7
0 1 3 -1 3
0o 7 -5 5 7
1 3 -1 3 =>x2=3;-3x3+x4=1
0 -16 -8
0 +26 11 -15
1 1 =X -l+ lx =1
0 1 2 37272747
0 -2 : -2 =~ 2)(4——2:>X4—1
Bai 4.

S& liéu théng ke vé t5ng san phdm nong nghiép y; va tdng gié tri tai sdn
<6 dinh x; ca 10 n6ng trai (tinh trén 100 ha) nhv sau :

X 11,3 | 12,9 | 13,6 | 16,8 | 18,8 | 22,0 | 22,2 | 23,7 | 26,2 | 27.5

¥i 13,2 | 156 | 17,2 | 18,8 [ 20,2 | 23,9 | 22,4 | 23,0 | 24,4 | 24,6

264



Xdc dinh dudng héi quy tuyén tinh miu clia y theo x ; sau d6 tim phuong
sai sai s6 thyc nghiém vao khodng tin cdy 95% cho h¢ s§ géc dudng héi
quy trén.

Gidi : Bang tinh todn nhu sau (n = 10)

X Yi | Xy x| fi=ax b | vi-% | o -9
113 13,2 149,16 | 127,69 | 14,751 -1,551 2,4056
12,9 15,6 201,24 166,41 15,823 -0,223 0,0497
13,6 17,2 | 233,93 | 184,96 16,292 0,908 0,8245
16,8 18.8 315,84 | 28224 18,436 0,364 0,1325
18,8 | 20,2 | 379,76 | 353,44 19,776 0,424 0,1798
22,0 | 23,9 | 525,80 | 484,00 21,920 1,980 3,9204
22,2 22,4 497,28 | 492,84 22,054 0,346 0,1197
23,7 | 23,0 | 545,10 | 561,69 23,059 -0,059 0,0035
26,6 | 24,4 | 649,04 | 707,56 25,002 ~0,602 0,3624
27,5 | 24,6 | 676,50 | 756,25 25,605 -1,005 1.0100
195,4 | 203,3 | 4173,64 | 4117,08 9,0081

Trong bing trén tircdt 1 va 2 tacé :
- 1 = 1
X= szi =19,54; Y= mZyi = 20,33 ;
tircot 3 va 4 ta cé

nTxy; -Xx;Ty; _ 10.4173,64 - 195,4.203,3
nZxf - (Xx;)? 10.4117,08 - 195,42

i= = 0,6728
b=Y-4X =20,33 - 0,6728.19,54 = 7,1835

Pudng héi quy tuyén tinh thuc nghiém 12 :
y = 0,6728x + 7,1835

Ding 4 = 0,67;b = 7,18 dé tinh céc cot 5,6 va 7 trong bang tinh, ta ¢6 :

9,0081
8

Dé xdc dihh khoang tin cdy 95% cho hé 56 a, ta cdn tinh :

5=10611 I(x; - X)? = 54,6776

~ 1 L
8 = R0 -5 = 2B 1126
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Tir d6 khoang tin cay cin tim (v6i t; g75(8) = 2,306) :

i 2,306 x 4 + 2,306 X — (0,6280 : 0,7176)

g g
VE(xy - X2 Jx; = X2
Bai 5.

- 1
Tinh tich phan xéc dinh : 1= [ dx
1+x

2

1. Bing cong thic hinh thang,
. 2. Bing cong thitc Simson.
Gidi :

1. Bdng cong thitc hinh thang

1
1= | dx a=0;b=1
01 +x?

f(x) =

1+x2
n = 10: chia [0,1] thanh 10 phén ; h=0,1.

x;=a+ih=0+0,li

= x;=0,1i
i 0|1 2 | 3| 4|5 |6f 7| 8]9 |10
X; 00{01[02|03|04(05[06(07|08[095]|1,0
Sl e8] 8 sl8|glg
=f(x;) = SR | F18le A2 IR Z|w
Y i 2 — 8 — ™~ Q| i - 8 a phs
X &l |af=R cle |82
< =] gl S = =) o | @
I dx : Yo +Y
I=J =IT=h.[°—w+yl+Y2+...+Y9
0] +x2 2

= (0,7849815

1
» Chis 1= | —%2_=0,78539816.
014x%
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2. Bang cong thic Simson
1= 2h[%(x1 + h)2 + (xl + h)(xl - h)+ (xl - h)2 + %2?&1 + C:|

1 dx
01 4x

3 n=10=2.5ﬁp=5

h
g+ Yo+ MY+ Y3+ Y5+ Y7+ Yol + 2y + ¥4+ Yo + Yp)l

= 0,78539815.

B - Bal tap ty gial

1.

‘Ding phwrong phé-p tiép tuyé&n, tink nghiém thyc cia céc phuong trinh sau :

a) x3-2x-5=0: b)) 2% =4x.
Ddp 56 : a) 2,09 ; b) 0,31 va 4

Chitng minh ring phuong trinh X +5x+1=0 ¢6 mét nghiém thuc don

duy nhét trong khoang [-1, O] va tmh nghiém nay chinh xdc dén 0,01
bang phuong phdp hén hgp.

Dép 56 : -0,20 < x € 0,19

Tim nghié¢m gén diing ctia phwong trinh - x2 arctgx = 1 vél d¢ chinh xic
dén 0,001 bang phuong phép hdn hop.

Pdp s6 : Phuong trinh ¢é 1 nghiém thue duy nhit
1,096 < x < 1,097

Bing phuong phép day cung tim nghi¢m duwong cia phuong trinh :
x* —2x -4 = 0 (tih 3 budc va 1y d&n 3 s6 1¢ sau dfu phdy).

' Pidp 56 : x3 = 1,642
Bing phuong phdp ti€p tuyé&n gidi phuong trinh :

x* —=2x~4 =0 (tfnh 3 budc va 1Ay v6i 3 s6 18).
Ddp 56 : x3 = 1,642

Phéi hop 2 phuong phdp tim nghiém gén diing clia phuong 'tr_inh :
x® +x2 =11 = 0 trong khodng (1, 2) v6i d6 chinh xéc 12 0,001.

_X-z + Xz

Ddp sé: x = =1,936"
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7. Ding phuong phdp Gaoxo giai hé phuong trinh

1,5x) - 0,2x, +0,1x3  =0,4

a) {-0,1x; +1,5x, -0,1x3 =0,8

-0,3x%; +0,2x5 ~0,5x3 =0,2

(8,3x) +2.62x5 +4,1x3 +1,9x4 =-10,65

3,92x, +8,45x, + 7,78x3 +2,46x4 =12,21

3,771 +7,21xp + 8,04x3 +2,28x, =15,45

2,21x; +3,65x5 +1,69%3 +6,99x4 =-8,35

8. Cho bang cdc gid tri
x| 2 4 6 38 10 12
¥ | 7,32 824 920 10,19 11,01 12,05

Dung phuong phap binh phuong cuc néu hdy tim cobng thic thue nghlém
c6dang y = a + bx.

b) <

9. Cho bang cdc gid tri
B x| 078 156 234 312 38
y | 25 1,2 L12 225 428
Hay tim cong thic nghiém c6 dang y =a + bx + cx?

10. Tim mo hinh biéu dién su phu thudc giita y vi hai bién x,, X, trén co s&
bang quan sat sau : (gia sit mo hinh cé dang tuyén tinh)

N® 8 Xy X3
l 1.8 12 4.5
2 1,6 11 4,9
3 1.5 Il - 5.1
4 1.5 it 4.8
5 1,8 - 10 4,8
6 1,5 10 4,4
7 1,7 8,3 4,9
8 2,0 9 4,4
9 2,0 8,6 3,9

11. Tinh gin ding tich phan xdc dinh bing cong thic hinh thang

!l -
I= E —di—-— chia doan [0,1 ; 1,1] thanh 10 doan bang nhau.

Ol (1 + 4x)>
12. Tinh gin ding tich phan x4c dinh bdng cong thiic Simsdn
3,5
1= [P LE% g
. l-x

chia doan [2 ; 3,5] thanh 12 doan bdng nhau.
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