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Loi gidi thi¢u

Trong nhimg niam pdn day yeu ciu v eidng day viv hoc 13p mon tein cao
cip trong cdc Truomg Bai hoe k§ (hudn (Cao ding, Dai hoc vii sau Bal hoe) nghy
cang ¢ip bich vé 50 luomg va chidt luomg. Cde sinly vien k¥ thudt can nhidu gido
Bk 10D cao ¢ip theo hudng hién dua vé [y thuyet clng nhu bl p. Cic thay
gido cllog can nhidu bo ekio tinh nhu the d¢ tham khio, chudu bi bii gidng vi
chen cho minh mot chién lwge gidng day thich hop. Trong lic dé s lugng cic
eido tinh vé odn cao ¢ap dimh cho cic trudng k¥ thudt chi dém duge trén diu
ngon fay. Nhidu bo gido inh vé todn cao cdp di duge xuat bin luén nay chua
dat trinh do cao. sau sie. dip tng duoe veu ciu hoe todn vit day todn cho cdc k¥
srtrong thon dai khoa hoe ky thut vi thong tin phat trién biing nd nhir hién nay.

Gido trinh nay cia téc gid ra dii dap g duge nhidu nhu cdu hét sue Cip
hach hieén nay vé mit gido trinh win cao cip cho sinh vién edc Truimg Dai hoc
k¥ thudt (Cao ding, Dai hoe vi sao Pai hoc), VE 1oin cuc ndi dung coa gido
minh ndy hao gom cic vin dé co han va guan trong nhit ca todn hoc cao cdp
¢in thict cho matke su: do [y nhimg co <o cpius trong et phép tinh vi pldn ctia
ham mot bidn vir hivm nhic¢u bich, cde dinh 1y vi phuong phip co han et phép
tinl tich phan ¢iu hitm mét bien vi nliéu bicn, ¢o sé el gial tich vecteur, hinh
hoe vi phin. ¥ thuyét co bin v phuong trinh vi phin. ¢chudl hiom, chudi Fourier
va tich phin Fourier. Cie thang tin dé cip den cie van dé rén et cusn sich I
e bain. ddm bio tinh chinh xde veé noi dung todn hoc. Cic chima minh «dua ra
dén ngdn gon, chai chd.

Bac biet phin 1y thuy@ v¢ him nhidu bidn [ mot vin Jdé it tinh (& rong
piun teh wdn hoe, vi & day nhiéu tah huong xay ra phde tap hon nhidu & rong
Topo nhicu chicu so vii Topo mot chidu, Do nam vimg cic kich thite o bin cla
gidn tich toin hoe dua ten kinh nghiem gidng day win hoe cho cic Truomg BPai
hoc Ky thudt trong vd ngoii nude trong nhicu nim qua, tic gid di trinh biy 104n
b gido rinh v néi ricng noi dung cda phdn nay dily du v hicn dui (vi dn
phin d¢ eap dén cire i clia ham nhidy bicn. tic gid di <ir dung nhudn nhuyén
cie dinh 1y vé dang 103n phuoang d8 ching minly cic didu Kidn du cu cue tri).

Gido trinh duge vict mét cdch sing sha v char ché theo mot diy chuyén e
duy logigue, do i hai y€u 16 it khé trong khi d¢ cap dén mot vilm J¢ vé odn
hoc. Thong thuding dé¢ viin d¢ dat ra dim bio tinh chat ché vi chinh xic cla todn
hoo thi nguin doc s& rat khé hicu hodc phai co mat kha mang W duy t6E ndi cich
khdce 13 mot thai quen e duy 10dn hoe. O day tic gid dd két hop duve hai didy
néi trén : van khong mat tinh chinh xde ma vin dim bie tinh d& hidu cho sinh



vien (vi du phan xay dung he aen dé vé <o thue, phan teh phan pho thuoe tham
s0, tch phin suy rong -3

Gigo triinh ciing dé cip deén mat <6 vin 3¢ khd higén dwi ctta win hoe md
Iride diy trong cde gido trinh & wdn cao cip it ¢& cap tan nbie khii niem khong
gian métrigue. hoi e déu, chudi Fourier éng quit vov. Ngodi ta e gii con du
viw cdac phan ba xung ratl cdn thi¢t cho nguit K§ su nhu cde phin @ todn wr
Laplace wiai phuong trinh vi phin, cie bai odn e bin cha vt Iy todan hoc
{truyén nhicr, tuyén séng vov. ) phian phy lue cic eong thie co han cda gidi 1ich
todn hoce. Viee manh dwt duan vie pido trinh cde vin d8 co bant nhit cda toitn hoc
nha the ndy [ mat vice Lim vt cin thiét d¢ nang cao chat lugng dio two npuan ky
sur, vl negay nay neuon K§ suedn todn hoo & mige dé sau s vi hien dai rong quei
trinh hoe tip 38 G vin véi cong nghé v tn hoe hién dai.

Fher swgi, pery 310 thidinizg S e 1997
;5. TSKIL L.é Hing Son



Léi noi dau

Trong nhimg nam vire qua. Khoa Todn tracmg Dai hoe Bach khoa Ha Noi di
nghien cau dé iz "Xay dumg ndi dung chuong trinh todn cio cip cho cic
nganh k¥ thuat trén co so o trung hoc, hoc sinh da hoe toin theo chirong
trinh mai (12 nam)” v di dé ra duoe mot chuong tinh wdn cao ¢ip theo yvéu
ciu e,

Qua gidng day mon gidi tich & cic Truomg Dai hoe ky thuat trong va ngoii
NUAC Lorte nhict nam yua, vil du theo chuang tinl ma Khoa Todn di dé . 1o
dit ¥iel aido inb niv. nhim muc dich gnip cde sinh vien ky thuat ¢4 (ai licu
thany Khaw. g6p phan nang cuo chia lrong dio o, d¢ tinh 4o todn et ngud ky
st tahoi nhap dioe vie khu Ve vl Quog 1o

Trong phan déu ¢ gido trinh. v sinh vien di duge hoe mor & noi dung
truing hoc. nen mue dicl L he thong hod v nang lén mot e do tuong doi hién
dai (Phuong phip tien dé vé sa thire) nham gitp sinh vien ¢6 mat tu duy jogique
chiit ch trong vice hoc todin v cic ngdnh khic.

Trong cde phin sau coa gido trinh, dua rén co s phian ddu da trinh biy,
gido trinh & cung cdp nhimg ki¢n Ui ca ban cha eiii tich tir thiip 1en cao phi
hop van yeu cia ciu ngusi kv sie (rong icn tai vy wrong, i,

Gido tinh nay c6 thé dung L i Lica tham khio cho cic sinh vien ky thuat
& ¢t ba doi wong © Cao dang, Dai hoe vit seu i hoe.

Gido tinh duge chiathanh v, -

Tedp £ Phép tinh vi phin va tich phan cia hiun mot bidn (Gidi ich 1)

Tap I Phépainh vi phan vitich phan ciu hitm nhidn bicnh

Phuong trinh vi phin va ly thuy et vé chudi (Gidi tich 11+ 111

Che plidn ndng cao va  cae i 1ap kho o6 dinh day *,

Top vat ciny on o) déng Khea hoe Khoa Taoin Trigme Bui hoe Bich khoa
Ha ndi v cde bun dong nghi¢p trong khoa Ji aitip diy va tw dicu Ki¢n cho toi
Wict aido ninh nay, nhit 1a cic GS. PGS Tran Xudi Hien, Pang Khii, 1.¢ Himp
Son. Davng Quae Viet di doce K¢ bin dhido vi cho nhiduy ¥ Kién qui biu.

Gido trinh dd in dén Jan thit 8 van Khiong tranh khoj nhitng thicu sét,

mong
[N L ¢} hié e
LU GO OO nhiea ORI

Tie gid
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Chuong 1

TAP HOP CAC SO THUC

81. HE TIEN PE CUA R
1.1. Dat vin dé

Do nhu céu thire ticn, ddu Gén lodd nguisi ¢ @p hap cic so ur nhién, roi cé
14p hyp cile 80 npuyén, cdc s6 hitn (, v.v.,

¢! trung hoe ta d dinh nghia: 6 hitu 612 s6 ¢ dang ply, trong d6 p. ¢
cide w0 nguyén, ¢ 7 . Sau khi ¢613p hesp cide 56 hitu 1, mt bai todn Lon dii dat ra;
Cho « 12 I SO hitu i duong (a > 03, 1 1 mét s6 we nhicn thi ¢d tén tai &0 hitu i x
saocho v =a ().

Réring, ndi chung thy o6 the khang (6 1ai s6 hitu 1 v thod man (1),

Ching han khi« = 2.5 = 2 thi khong 16n tai 56 hivu 1 v dé v = 2 - Thye vay,
gid er BT Iu cd SO hitu tr v = =Pl (ply 1L phan <6 160 giany d¢ v = 2 hay
Pyt =2 hiy p7 = 247, nghia 1a p7 13 mot 86 chin, suy ra p 13 mot »0 chan, ma
hlvte e la 100 gldre, nén ¢ 1 mot so 16, vi p ia chan: p = 2m ta o6 4= 247
chumg 16 ¢ lai 12 mot s6 chan vit ¢ 10 mot <6 chin. Mau thudn nity chimg 14 didu
khang dinl trén L ding. Do ds, ngudi ta di nur rong tap h(lp 56 hitu t thanh mé
tép hop G poi 1tdp hop cde 86 thye, trong tp hap e 8o lhuc ngodil cace sé hitu
ti. con 6 nhiing 56 khong phii hiru tf LI:.mu han: 53 v mit A~ = 2 hiy s T xudt
hi¢n kKhi do do dai dudng tron .. DE ¢6 mar khii nicm hico dai vé tdp hop cic s6
thire, sau diy a8 dinh nghia p hep do theo phuong phdp ticn dé.

1.2. Hé tién de cuu tdp hop cac s6 thue R
Tap hop cic 5o thye, ky hicu la R 12 tp hep o6 cic phan tl goi [a cic s6
thye, thod min cic licn dé sau:

L Trong R co xdc dinh hai phép todn goi la phép cong (+) va phép nhan
.} sao cho:

VabeR:a+he R abe R a+ b abliduy nhil, goi v + b 1d 10ng, ab
Eitichcaavih. Vabe R ca+b=h+u ub=ha

Vabee R fa+ b+ c=a+th+ ) fable= afhe ),

-1



aih + ol =ab + ae

I Y ab < R co mot phan ti duy nhdt x € R saocho:a+x=0
& a0l 1 e et b vt a, kv hicu v = B - a (do 1 e ). Bge bidtkhi b = «
i v pot ioso khonge, ky hicuy =00
N vivy Tu ¢ Boa+0=o ndua+ b =010 gol 12 phinn 1 dén e o,
kv hicuh = canhuviy Vo e Koo+ {-ai=10
fHI. Val e R (a = 0;= kivdc) co maét phin tie duy ahdat x € R sao che
4. x = b, x goi la thuong cia b va a, ky hiéu x = bla.
uc hict Khi b = o thi v goi 13 don vi hay <6 mot
ky hicw: I nhuvdy, Vo e R rul =u
NEwah = | {a =0 thi b gol 1120 nghich dao cta o
K¥ hicu h = o nlr vay:
Vae R a# O aua ' =]
IV. Traong R ¢d xde dinko ot quan hé goi la quan hé the Lo
nho hon hode béng (<) hay lon hon hode bing (2 ) sao cho:
Vb o R hthoica =h hodcaz b
Faube R ush hsa =a=1D
Yahbore g b b =>asc
waghoe R ushoa+o=2h+o
Vahe Roaz 06z U= ubz2 0
Khia < fhasbihivictag <bhoich >a
{doe B nhd hon b, hode b 1do hon o)
S o> 0 gol 1 so duong, ¢ < 0 goi 126 Gm.
b |u| _ {a m:::u a=0
—¢t néu a <

ot 2oi g <oyt déi el o
Koy 7o R

<=

ay = a {1
W EM(M>0) < -M<asM (2
YabcR o la+vb|< la| 1A (3)

|c.'—b|2 |a'| - |b'1 (4



; . (f wh =
iw’?| = |u| . |f)| e ()
bl )
Thue vy, ching fun:
SXCU2  ndu a2 G < gy suy raad M onéwa < G thi suy ru -0 < M lay
2 -MVaY -M o2 g < M newoe Rt =M s g <My ra €M vi-a < M huy
e = M

X3 Theo (1 - @ Ea = i”|

Al 2 b g
Cong vé vdi ve jal + ihi YEa+ b s g+ hi
- 1 i
Vi o f}| < ic:i + I:’?E
Tap bop cide phan tr cGu &:
N={1.2=141 32241}
20l 1 ap hop ciie 86 10 nhicn hity tap hop cic s6 nguvén duong,
Taphop t-1,-20 3.0 goi L tap nop cde 6 nguyén am.
TaphopZ = {-3,-1,0,1.2.3..} gol Liiap hop cie 86 nguyen.
HiphopQ={v=vpye 7 ¢ = 2oi [ dp hop cie sd hiu 4.
i
Rorimg: NCc/cOc R

Tap hop cie so hito 11 O e mol tinh Chat quan trong sau day. ma tdp hop
cae so nguven Z khony cé got B tinl chit oo mat eda 0
VaheQ uabosdrcQ acrab
“ *f hia<r<h
2

Thare vy, a.h.mv hon ¢ the iy »

V. Tiéu dé Suprenn:

Cho A < R, tdp hop A goi 1a by chin rén (dudiy néw:
ERVvyeAd v=Zo(z, ]

S0 ¢ el la can nén (dudi) cia A

Tap hop A got L bi chin néu né vie bi chin trén,vira bi chin dudi, nghia li
dabeR Vyed uzy<h

hay3vcRoestl Waiea ,\.‘|: <

Thee dmb aehia thi cin lrén (dudiy cia A oG the tude A hoje khong, néu
& A th e por I phan e 1dn (nhoy nhit cda A



Ra vang mot dp hop A hi ¢hiin trén (L|'I.IU|‘ vd the o thidu cin rén (dudt) vi
acu o Bumer can irén (dudiy cow A thi " > e Cle” < ) cling 12 mot cdn uentdusi)
cu e,

Can uén (dudi) nho (Idny nhat cuw A (néu oo} poi 18 can wrén (dudi) ding
hary Sunpremuun (infimumy e A.

Ky hicu: Sup A tinl A)

Ro g M = Sup A G = inf Ay khi vivchi kb

v e ALv< MA{Z a0
Towe=U0F e A Mo r<m+e)
Vincfukhong thi Je =0 VyeA vsM-g(zm +£)
Khi dé M i Khong phal lon (nhd) nhit, vi M () cing 3 mot cdn tén
(dudn) et A nén ofu M (mb e Athing la phin ur kin (nhaé) nhat caa A
RG ring Affm) 15 duy ubit, vi nou cH M #EF MM = Sup A thi hodic M7 < M
Kkhi d6 M khong phii nho nhit, hoae M > M khi d6 M' cling khong, phidi nhd nha
ooty Gy don vt a).
Mol vin 48 Lan dat rac khi ndo méttdp hop e Sup (inh)?
Dot vdi 1ap hop cde s¢ hitu 1 @ 6 nhing bo phan co the khong ¢6 Sup
tnf) thuoe Q.
Chiéng han: x¢t cie @p hop so hi u
A=tvaie Qamil Ve 2)
B=ivyvc vtk )
Ra rime: Yo e O fy > Oy thihode v € Ahuic vy e B
Vi nhu di bict Khong co v & Q¢ V=2
Yye A Wie'e Bthiv <y vitrv <2 <7 Vi X Osuy ruy <
Do dé, A (B L tap hap bi chan (rén (duoi) chiing han bdi mot phin 1 bat ky

|

YeBihveA)

Co e chidng minh A (B khong o Sup (11|F) e

* Thire vy, nm U nguoe fai & M =Sup A, m = mf A € @ thi ¢6 thé chimy
miah = M vid M = 2, nhung khong ¢ M € 0, M* = 2 nén A (8) khong ¢6

Sup {inl) € Q.

beé chitng minh m =
M = m. X&M< m. theo 1inh chiit tri mét coa @ thi Jre QM <r<mnlumg
Atii M = sup A, néur e Jihl

= M, ta gid st npuge lai e 2 M khi dé hode M < m hode

theo tén: hode r e A hode r € Boncur
m = inf B, dicu nay miu thudn voi gia Ilml <EUM > a ta ciing di dén an thudn,

Thue vay. theo toh chit 27 eda Sup (in[) thi
>0 dveAa»M-¢

10



S eB Ve

. v M-m .
suy rw -y < - Mo 2w Ly o= 2T g

Fev<Ohay vV vivo ly
DC' ching minh M =21 cling pid le nguoe lat M”22 khi d6 hoidc M <2
hoae M > 2: xét M7 <” Ihmlmh chit 1"cha Sup (infithi Y v e A, ¥ v e B
=M < v hay CeM Y mat khice theo gid thidl:
.\'1 <2<

dodéi v - 2 2 M hay v - 22 M_ =0 (1
X+ X

Nhumg theo tinh chiit 2° cda Sup (inf) thi ¥e >0, Ixv e A, 31 € B:
M- g2y v <M+ g2

hay " - v <M+ o2 - (M- =5

. — A7 - 2 AL
Lay == thiv - v “_”
X+ X'+

Bidu nay mau thuin vadi (13, tuong (L, néu M =21 cling dr dén mau thudn.
Viy M =2
Bay gitr ta x&t A, B < R vivcong nhan ving: M = Sup A =il B e Rhi tasny
rduge co lsoduynhit M e R M e Q.M =2 - nghia 1a ta d8 me rong tap hop
cite w6 hivu ¢ thanh tap hop sa thue R, trong dé co mot 56 thue duy nhit M khong
phai hitu ti: M= =2, M goi 12 ¢an bic 2 ¢l 2 ky hicu M = 2. Nhung chi mé
rOng 1ap hop cie 86 hitu 6 nhu vy thi vin chua dap tng duge nhidu yéu edau
trong thyc tién, vi ¢6 nhiing 86 ¢6 thue wong thite (idn nhung khéng phii li s
hifu v s6 2 . C liang han 0 T xudt hicn khi do do dai dudnyg won.
Do dé dd tap hop R ddp tng duge ddi hoi bén ngudi ta Jdi cong nhin lién d¢
sat iy (bao ham déu cong nhin A, B <6 Sup tinfy € R)goi 13 ticn dé Supremum.
Moitap hop A < R, A # @ (tip hop weng) bi chdn trén déu c6 Supremum € R
KA ={v:-v'=ve Al A=-Sup A
Do dé ticn &8 uén tuong duong véi inénh dé:
Moitdp hop A C R, A =D bi chan dudgi déu co iuﬁ'mum eR
Theo o¢n va i tien dé ndy suy ra:

co . 2
Tontimotsdduy nhit v e £, 020 v e O, 1" =2

11



Tong quit: o 1hé chime minh (teong wrali uend chow o Roa>0ne N
thi 160 i mon <6 thue duy nhity € Ry >0 V= v o the T sa hitu 1 hodie
Khone. woi 1 can bie i e, Ky higu = Ju

Nuudi L ciing chimg mnh dirge 16n ta nhimg 56 thue khong phat hiu T
klie, nhur s .

Mot so thige Khong phii 1 <6 hitu 1, goi 1 sd vo UL nhr vy ciic so N
1hede 6 vo Ly, né gol £ tap hop cic so vo vyt R=0wl

Nha twén Ja thily: 1éip hop cie sé hiig v ciing thod mdn cde tén J& ur i
dén 1V, nhung Khong thod mim Gén dé V. ophi i cde philn wr clia @ con
ahitng chd "oéng” Tien & V di cho phep fap uliimg chd "rong” U6 hing cic s
Vo ty de (o thinh £ Didu nay bida thy mot tinh chit goi 14 tinh ¢hit lién ue
ct £ e en &V osuy ra tinh chat ndy nen Vocting goi 13 ticn d¢ lién e cua
R. .

Vi tap hop cde sé thire R ¢6 tinh chiit lién tue nén tp hop 4o ciing goi 1a
duding thang huy true s thue R Mai so thuoe gol 1) didn ren duing thiny do.
10 d6 i =0 hay didim vl nhir nhau Neu o < B ahi 1 nGi e ben s bl £
O bow plill o néu

d<c<hhayb <o <athicgoildo khoang gifia e, b,

Ciace ho phin caa R

lva<yghl fua<a< i}

beog Saehh{va<y < by

aoi L fugt e doan hay khoing dong, khoang hay khodng mu, o doan
hov nin khodng me dong nore e virky hico Fie fuot e

[et, B, Lets B, e, ) (0, bl

Lheu oo eoi 1 do dii et doan hay Khodng «, cho v, € Rt poi lan
clnt etz v, 1 mor khoing (khodng ma) bt ky chiduy, . nguin ta thuing xét cic
Jan o (v, - £y, LV O ¢l didin v,

Tir he ticn d¢ cha R ¢6 thé suy 1a moi tinh ¢hill et 16 d3 bidt & trudng pho
thong. O diay ta xé thém hai tinh chiit quan trong.,

1", Tinh chat Archimeéde:

Vabe Ru>0>=>Ane Nona>» I

5 Thie vity, vi ngu khong thi v e Nona £ 5

Khi do tap hap A = {x = s W e N} 1bi chin tren boi b, theo ticn dé YV
thi ¢6 M = Sup A. theo tinh chat 2" cha Sup thi ¥ &> 0, Im € N ma e A,

M-og < via>0nin M >0, 40 d6 iy £ = M/2 i A - M o i, hay

12



M < 2ma.nlung 2m € N, 2ma € A. diéu niy ching 1o M khang phai 1a Sup A.
vo 1y,
2°. Tinh chdt trit mdt cda Q trong R
YabeRa<hb>dreQia<r<b
* Thuc vay, theo 1" I n e Nl > I/b—q
hay I/n<b —alaitheo 1" Ip e N: p.l >nb
Goi p’ 1 6 bé nhit sac cho p’ > nb 1hi /AP
1
p-1
H

vap' — | < nbhay < b, mat khdc, theo trén

!_l ' J'_l
J”—-—:ﬂ—}- >b-(h—~wy=a, viydr= i ea<r<b

i 1 " n

Chi y: Va. b e Roa<b=3c e R u<c<biching hanc = (a+h)/2] -
linh trit mat cia R

§2. DAY $O THUC - GIOT HAN CUA DAY SO THUC

2.1. Pinh nghia .

Mot dnh xa fuir 14p hop N vao tap hop R got 1a mot day s6 thuc, anh flny
¥ 1€ N, gorla s hang thif # hay s0 hang 18ng quét cla diy.

Ky higu: x, = f{n)

(x,) hay ¥, Y. ... 1, ... hay x,

Thidu: (x)) = (1/m). (%) = (-1)") [a cdc diy s6 thye ¢d s6 hang t8ng quat 13
&= =(-1)

Cho har diy so thue (x,), (v,) fa goi 16ng tich thuong cua ching 1a cde day
s thue.,

(x, a0 (vt s (ndva)

Ky higu () 2 (n) 3 ()05) 0 (v

Thidu: (x,)= [-I—J D OW =01+ min
"

thi (x) + {vo) = (1 + 2/m). {x,).0n) = [E';‘IJ : [&] = (“1_]

] ¥ 1+l
Diy {x,) goi 1a bi chan trén (dudi, bj chan) néu tap hop |x,: ¥n e N} abi
chan trén (dudi. bi chan) nghia 1a:

ACeRYne N x,sC(=C,.C>0)

13



Thi du:
Xt ()= " ]

e+l
vivneN.n<n+ lnén¥ e N v, <1 viy(y,)bichan trtn
2) Xét (v, ) = (1N
viv e N ‘x”| =1 < 2 nén {x,) bi chin
!
Xét div (v,) = (F +1]
on )
oo vy =205 = 32, 0 =43, =54
Ta thiy n cing 16n thi {x,) cang gin 1 hay hi¢u x, - | cang pdn (0, nhu vy,
¢6 thé tim duge a1 d¢ |x, — 1 nho tuy §, chiing han 1a mudn’

I_‘C”—ll < L thi tor !_1-”_]|: rtt = ] < l_
100 ' n no 100
Ta suy ra# > 100, nehia 15 Gm duge # tis 101 o dithi
) £ 3
'Ix” — 1| < _.1_
100

Tuong t, ix, - | < khi 2> 1000...

1000
Day (x,} c6 tith chil trén goi 13 dily 6 gidi han, va 1 oi L gidi han cha né,
ing quat ta et
Pinh nghia: 56 o € R goi 4 gidi han cua day v, hay x, din i a néw

Vs)(),ﬂnoeN,Vn>n°:>‘x”—a‘ <E

Ky hi¢u fimyx, =« hay x, > «a

vi|x, — a‘ g <D a-g<x, <ad+e <> N € (U-g d+E)

nén dinh nghia trén ¢6 thé phat bicu: x, - « nfu cho udc Mot lan cin
(et <€, o +€) clia diém a thi sG cd n, € N, dé ¥ i > n ta cd o, thude 1an cin dé.

Mot didy cd gidi han cling goi 12 diy iigf 1, mot diiy khong hoi tu got 14 diy
phdn ki, nghia la (v, ) 12 ddy phao k¥ néu:

YaeR Jex>0, Va, e NIn>n, = \x” —a‘ Z g

Thi du:

1y Chifng minh: lime/n=0,c € R

Theo tinh chit: Archimede

14



Yer0.dn, e

Ic:
Non e |c| hay J <&

nl’]
P . ic| - |(.' .
dod: ¥ n>n: 4 <g hay = _ gl <&
H [n
Nehta lalim € =0

M

23 Chiing minh:

iim L =0, ke XN
&n

Theo tinh chit Archimede thi ¥ & > 0.3n,eN

k k . k
noet > hay Yo, <e, dodd ¥ s L £

#

hay | <x SUY LElC _l 0| <E
. &

RS

nghia 14 Hm I
Yn

2.2, Cic tinh chat v
4

I x, »anx,

Thure vay, mia st

XCE e — at

Theo pia thict:

Ve 30, e N

£
X, —e =
: B

do dd a— L;'| <

[

= a'| < |{—: _ “I|

= ().

a phép todn chx day hoi tu

— a' = ¢’ = g (tinh chit duy nhit)
nguge lai o + a,

=la~x, rx, - algla~xI+x, - d

g &
TS :>|.\‘” el
2
£ N 1 T
+= = &lay = |___| thi
2 2

— dicu nidy mau thudn, chitmg 16: o' = o

.x,sa < (x, -a) >0

Thuye vay, vi |x” —al

=[x, ~a) -0

15



6

Thi du: Chiing minh limﬂf—l =1

i+l
V1

H

_I:I

1"

7
o oa+l
- O npén lin— = 1
il

3.V x,=c=x, > (c=const)

A . |
Thyc vay. vi¥e> 00 1y, — ¢ |=le—cl=0<e

Thidux,={(-1"phankivix, =121, X, = - = -1

4% x, - a, 7, > A, x, <y, =y, > a)

Thue vay: theo gia thi€t: Ye> 0, 3, Vo > ny
1) g o

| N il

H—E<z, <at e

l< &, ]:,,—a|4£ hay w-e<y,<a+ei

Ciing theo gid thigt: x, £ v, € 2, do do;

H— & <X S¥, =

Vay y, =«

“n

<+ & haya— € <y, <uat&

[n+l

Thi du: 1) Chimg minh lim \Il—--—— =1
f
—
Tacd: | < ﬂ: /l+l~< 1+l = ltl
i1 N f H "
VoL M S nen (L
H \ n

oo
2) Chiing minh limsin— — 0

1

Xé10< + < % MO < sint < & vi0— 0.

i1

" 1"

1
-1— S 0nén sin— =0

1 H

1

3) Chitng minh: lime W= 1, a»0

Ta co:
l

1—1 a—1
{} < ('4’”—1:{/’{:—1_—',___—” &

1l

! v —_
Na" T +Ve" ™ o]



(thay cic 56 hang & mdu 56 bang
1 1
nhung 0 oo, ¢~ -0 néu g’ -1 -3 Ohay g* > |
n

b

[

S.x,»>a=3e>0.Va:x |<c

Thue vay viy, > a, lay =1 thi A, ¥y

i_\-n —a| <] matkhic v, =« + (v, - ¢) néu :
S s
Tz v, <li+ |y, —df <jo] + 1

do dd [y ¢ = max | |.‘(‘

.\'BJ.,.._.jx”_ i!.|a| +1}

thi % g: |xH| < ¢

v | <

Chut y: Tinh chit nay chi 1 didu kicn cin clia su héi ly vi o6 nihimg diy bi
¢hin, nhung khong hoi w. chang han day: v, = (-1

6. x, »a,a>p(<gpy=>An,¥n> nIX, > p(<g)

Thue vay viv, > w, a>p hay ¢ -p>0Onénlive=u- pthi

> ng |y, - d<c-phay-a+p<y -u

Sy ra v, > oo {truong hop ¢ < ¢ 1y ludn wong t)

¢ qua:

M Tre 3N Y s o S p(2g) = a Zp(zy)

vi ncu khong thi s& mau thuin véi tinh chit tén

Tx, »a,y, b ox, +ty —sazth

Thire vy theo gid thiél:

Ve 050, Y s, —al<e2

It - bl <ef2, dats, = max o, WYY o,

Wm0y, —hjeei2

doda Sn>an; !(,\'” Ty d-(ut fJ)|

= AN, —a) -h =

X, —al+y, b <e2+5)2 =¢
Vaviy, £ v)-»a F b

8" vy 2> a,y, = b x5, >ab

Thye vy, orade hét xét v, — v, — 0

Theo 5" ¥ ¢ > 0, ¥ n: :I.Y” eV, -0

17



18

I
nen e >0, 30, ¥, |y, <l

1 o

S £ -
Do do: 7 iz, |y be el =enghialavy, 20
. I3
[N .

Bay giorxély, »a, 5, — b
Taviét vy, -ub=x, {x, - +D (x5, -}
Theo trén v 77 e et oy, - ub = a0+ 50 =0 hay vy, —> ol

9. x, >y, > bbbty —alb

e . , I 1 .
Trudge hdt ta chitng minh: — > — viy, = h. 620

v, b
nén liy € = ﬂ thidn, Vu>u, |\ —h< @
') o -—

Mt khéc:
¥y = b - (h - ¥n }‘

. o H

. ' —lr—v R R S o .
1nén |}”| 2|b| Ip=v.| >l};| S o,

Do dé ¥ nu=n,

ol theo 4 thi

01w 2y

0 L% e T - !
‘J-‘,, b | Ih“_v,, | h-
1ol I
—— ,-20 hay -——-
| L .",.lr ?

Thidu: Tim lim ¢« O <a<|

baa' = D hia»1via =1
u a
|

) 1 1
nen g = -y ==

{a')’



2.3. (;iGi han vo han va cic dang vo dinh

a) Gioi han vo han

Ta i x¢t cic day hol w, nghia 13 cic diy ¢6 gidi han ¢ € R, by gidr 1a xét
mit logi diy phan ky dac bist; tr # ndo dé, x, luon luen ¢é mot ddu nhét dinh va
|x”| ldn hon mél s6 duong bit ky cho trude.

Binh nghia: Diy (x,) g0i 1i ¢6 gidi han bing duong vo cing (am vé cling)
néu:

YM>0 30, V>, = >M(<-M)

Ky hi¢u: imy, =+ (=) hay v, = + = (=)

Thidu: DY (v)=m),drangy, & += .

VI VM > 0, theo tinh chéit Archimede : In, e N

ol > M dodé Y >y n> M, nghialain - +=

Clut ¥ Trong dinh nghta - lim x, thi # — 4+, do d6, 1a cling viél  |jm x,

2y(x) = (f‘\er;] L0 TAng v, — 4= Vi YM > 0

Theo tinh chat Archimede : Jing e N, 5.1 > M hay

d;u =M dodé Ve >y, ‘\/; > M, nghia la -‘\/; - e

) =1C0"nl I, x, khong ¢6 1 ddu nhat dinh, do dé x, khong din (gi
= ()

b. Tinh chat : Tic dinh nghia dé dang suy ra :

1 Ny (o), Wi v, 2, (S00,) =y, — e (o)

2. Xy = b= (), ;}:"|£ N,y e ()

30' Yy > ke (), Yo >+ (=)= Nty > e ('m)
4, o e (=), 1, D a > 0 (a <) x, v, —> b () [0 (4o0)]
50‘ Yy =+ ('m)’ ¥y > e (o) I'm (+w)| =¥y e (_w)

0

6.
L, =2 0{<0) = 1y, = + = (=)

Yy =t (=) vy, > 05y, >0

- £ Al .
Thue viy, ching han xét 2" v, — +=, ¥n : v, ¢
vix, = +enen VM >0, 3ng, Y > ng, x, > M + ¢
V. |>Mt+e—c=M,

nghia la o, + 3y, = 4o

do dé |y“ + y”| > |\¢

I
al



Thidu:
13 Chitng minh lim " = 4= (@>1)
Paa=1+t>0thik=a-1>0

ﬂ”—z_ D i aa >1+na

Tacd o =0 +A)' =t +ni+
hay o' > 1+ 0 - 1)

Theo 2°vad®thil +nfu-1) >+

Theo 1" " — + =

23 Tim him " . l\lﬂ| <1

Xéta»0,dila= . a>1,khidéd" =1/ua”" >0

1

¢<Odita=- a'>0thid" =(¢-D" a" 20
¢) Cdc dang vo dinh
- Xét cac dang

1" % ox, >0, y, > 0hodc v, > +=(-=) y,>+=(-=)

5, '

0
2, v, = U v, 2 e ()

]

3“. X v, 4 ("’c)e Yp >+ ('m)

T ¥a b
Cic dang nay ¢6 khi cd giéi han, ¢6 khy khéng, ngudi ta goi ching i céc
duang vo dinh, ky éu T

0

Y E 0w e

0 =

Khi tim gid han, Hp ¢ac dang nity ta phdi bién déi dé khi chung di, sau dé
4p dung cdc tinh chat cua diy hoi tu ta s& Gm duge gidi han cu thé.

Thi du:

1
2 . (1 . .1
DRI :limn—H=llm—+—l— :hrnlvi-hm—l:[]
2 2 2
o " n H n
a+l
2 3
w3 = )
2) lim —" "2 = lim — =
Zir + 1 2+_E_ 2
.'12
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L1, L
Nlim—=( + 1) =limn* +-=) = +=

n J

4y limiv s+ —\[B hm\/—nﬁ+\/_

2.4.1ap kop cic s6 thue mé rong

Tap hgp cde 56 thue R thém vao hai phin b+« | - = goi 14 tip hop cdc 58
thure ey rmg,

K¥ hiéu: R=rou (+ )1 (- o)

+ = (- =), goi la duang (am) vo cuc hay vo cing, goi chung 13 cic so vo hun
viLky higu chung la = con ¢de 56 € R cling goi 1 cic s6 hiu han, Dya vivo dinh
nghia va tinh chat clia cdc diy ¢6 giéi han, ta xdc dijnh quan hé thit 1u caa cde

phep todn dai s6 trong R nhu sau:
Fyxefl =< yv<+e=
VaceR =)+t a)=g+{tel=(tem)tyg=(+ )
(tey=(t=}a==% =niuag>0
F =nfua<o
(xe){t=)=+= (=) (F=) =-=

a 0 o |t néy o > 0
+x 0 -0 néu ¢ < ()

w' =w . ore) . r=

Ta d3 dinh nghia cde doan, khoang trong R, ¢ling goi 14 doan. khodng hin
han. Trong R cling dinh nghla:

Tip hop:

{ar- = < v <+ =} goila khoing vo lun,

Ky hidu: (-= + =)

far - e < v <o} gol la nirs khodng v lian (==, o)

fvie £ v € + =} goilanda khodng vo han e, + =)

Ta ciing goi lan ¢in cila diém + = (=} 11 Khoang

{a.+=) (= a),VaueckR

¥ A < R Khong bi chan tren (dudi) ta quy udce

SupA =+ (inf A = -=)
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$3. CACNGUYEN LY CO BAN CUA TAP HOP R
Tir hé tién dé cta R v khii niém gidi han clia ddy trong R, ta s suy ma cdc
tinh chil quan rong sau day goi 12 cac nguyén 1¥ e ban cla R.
I". Nguyén Iy Weierstrass
Diy (v,) goi 1a diy don dicu khong aidm (khong tang) néu

oy, € v, (2 5, ) néu khong c6 diu bang thi (v, ) goi la day don diéu

tang (pidm}. Cde ddy trén goi chung 1a diy dom diéu.
Thidu:

Xérx, =

n+1

- : n+2 n+2
Twed: Vv, fy, = _n o ) <l

neln+l (n+ 1)

hay x, < g, , vy v, la

diy don di¢u tang. Ta thiy v, ctug bi chan én (V72 x, <1) vilimy, =1

Tong qual tu eo:

Nguyén 19 Welerstrass: Moi day (x,, ) don diéu khong gidm (khong tdng)
va bi chan trén (duot) déu héituva x, <limx, (2 limx,)

Chimg minh - Xé trudng hop (4, ) don dicu khéng giam va bi chan trén.

Theo gid thidt (v, ) bi chan trén, xét1ap hop A =[x, Yo,y X} thi theo tién
J¢ Supremum cd o = Sup A.

Theo tinh chat 27 cia Supthi ¥ > 03w X, >c -2

hay - X, <g. Lai theo gia thiét (v, ) dan di¢u khong gidm nén

fin

Furn v zX

LT

Do dé ¢ - x, < € theo tinh chat 17 cia Sup: ¥ ey, < ¢,

Do dd ¢~ X, =¢-x,<g oghlalic=limy, viy, <lim.x,

Trudng hop (v, ) don di¢u khong tang v& by chin dudi thi dat v, = - v, %& dua
dirge vé trudng hop én.

Thi du:
Xéty, = (1 + iy

Theo cong thite nhi thie Newton:

22



X = |+n_|_+'}_?(”l_ I)L_ﬁ_n(n _I)(}"nz-)L

1 e}

" AR 3! nt
-1 -k -1 1
u(r: Laln—k+1) I& +m+ﬂ?_ ) L
k! ‘n n! n'
’ 2
y |+L(1_l]+i[1- l}[u--: oy
2! ] 3! i n/
A b e Y
I (. (R T
k! 3] 7] n' o] bl

T khat tién nay ta suy ra khai trién ¢ ¥,4; bing cich thay céc thira 56

1= =12, n- 1

"

bang cae thimso: 1- 4 G=1,2....m
a+l

va thém | 6 hang duong nita,

Vil-L <o L. penva: Ay

“toet

" Akl
nghia la ddy v, 13 day don diée (ang.

Mat khac: 1- L<1va 122" v6i 122 nén v

#l
11 1 [ 11 1
x, <2 *'_+"+"-+'_+-“+_<2+_+'T+'“+—-|:
2 3! ! ! 202 2"
1
1- .
1 w1 |
=22 :2+(i———}<3
2 1 I 2H| .
2

dy (x,) 1 day b1 chan wen, theo nguyén Iy trén, (x, } c& mdt gist han ndo
do. go1 gidi han do {asé e s e = lim (1 + /)" ¢o thé chiang minh ¢ 14 s6 vo ty va
i x¢ gdn ddng chuné 13 : e = 2.71828 1828459,
2°. Nguyén Iy Cantor:
Diy doan [«,, h,] got 13 mot ddy doan thit ndu:
Vo dga, bual Clag by Ivalim i, - a) =0
dor vai dily doan thil ta ¢6;

Nguyen ly Cantor:
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Tén tai 1 diém ¢ duy nhit sao cho: Vi e € g, b, 1

* Chimg minh: theo gid thidl thi:

a LS Sy S b S h 2 b

Do d6 (a, ) 1a day don didu khong giam va bi chan weén (boi b chiing han),
theo nguyén ¥ Welerstrass o

c=lhima, vA ¥ g, =, mat khic:

¥ i, < b, nén theo tinh chat cda gidl han (he qua cia 6" (bl ¢ < b,

vy o, < < b, hay ¢ € |a, B,) 6 rang ¢ 12 duy nhit, vinfucd e’ 1o 2,

" eluy by i 0 < =] < b, -y

Nbiumg, theo gid thictlim (b, - «, 3 =0, do dd - =0 hay =0

. 2! ’
R viang o =lim b, vi € = bnl < by -y,

3. Nguvén Iy Bolzano-Welerstrass

Cho diy (v,) diy (') goi 1a mol dily con clu nd néu ¥, =, v a = gkl
g la 1 dnh xa Lr N vao chinh né.

Thi du:

S Xét v, = (-1)" v g xic dinh boi = 2k vion = 24+ 1 thi ¢6 hai ddy con clia
A, L

o= I va = (Y

(v la x, chiang han day v, = (-1} ¢6 1 ddy con I

1 ] -, PR N ~ 3 -
npudi la thudng ky hidu mot ddy con cua day

LI - e ..
x, =1y 1 ring ndu ., — « thi moi day con cua nd:
A

X, —uvix,—>anghialaVe>0 dn, Vi>n= |.1‘" - a| < £, dic bidt

|'\‘Ju - u‘ <E

Mot vin dé dat ra: néu (v, ) khang hoi t (hi ¢6 ddy con nio ¢ no hon w?
Ta thily v, = (-1)" khong hoi w nhung né vin ¢d hai ddy con X, = iyt = 1L

-4

% . - . ~ ~ - . Fy - .
x, =1 *''= | hoi ty. Ta ciing biet v, 12 1 dily bi chin, tOng quil ta ¢
A

Nguyén 1y Bolzano-Welersirass

Moi ddy vo han (x, ) bi'chdn déu cd mot ddy con hoilu

# Chimg minh: Theo gid hict3e>0,v le-=| <y

hay - ¢ € x, < ¢ chia |-, ¢] ra 1am hai phin bing ohau thi phai ¢ mét phan
chiu vo 56 cdc 6 hang cla (x, ) vi néu khong, nghia [4 ¢a 2 phin déu chifa mél
& hitu han ciic s6 hang cla (v, ) thi (v, ) s& [a mot diy chi 6 | 80 hitu han 56
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hang. trid vai gid (hid, goi phin chifa vo s cice 6 hang cti (x, ) B doan [, b1,

L chia e, &) ra lim hai phin bing nhau va 1y Juan twong 1y ta duve doan
furss ol chinfua vo <3 cide <6 hang cda Vorbrang |as, by) Cla, b v by -y = of2.
AR o It o 2= 702 19, 2 2

Qud trinh UEp tue, 1a duoe mot diy doan ([«,, 5,1} méi doan déu chia vo <8
cde s0 bang chn (1, ) 16 ring;

.H _ 7
L [“m I+ hn+| I (__I(;"‘ 'bul . hn S, = :‘ﬁ — 0

Viay (e, B3 la mot day doan (hit, theo nguycn ly Cantor, ¢é | di¢m duoy
nhat & % e T e a, b vimdi doun [a, , b1 chifa vo s6 cde s hang ¢la (v, )

nén Iy duoe X e ) b, sau do ldy
|

R LI N R T

N
X, & bap Iyl khi do [XH‘ - (-‘ < by -a

nhung by - e, > 0nén Ve =0, 30, % & > ",

L

by - < g suy ra x, - C <, nghia i lim X, =
4" Nguyén Iy Cauchy

Dy v, goi 13 1 dily co ban néu: Ve > 0, 3 AT T

Yoo, o |_\;Jr — -"m| <E

Nguyen Iy Cauchy:

Day (x,) < R hoi tu (trong R) khi va chi khi né [a mot day co bin.
* Ching minh: Gld sir v, —» v, € R, khi dé we > 0, 3 Ho W oai >y

Y, =¥, <= . |

&
mo ‘\‘(:’| =~
B

to | o

1o do l_\_-m —_x

] '
I PR P e _ . ER, .
u| h |'\m Y T X T X, 5 X, 'Y”| ' _|'\ 0 Npp &

Tl
nphiac I (v ) 1a mot diy co ban,
Natrge lud, gid sir Ixm - x”| <& Vman >, €6 dinh a thi tp hop (x,) 1 bi

chidn. theo nguyén Iy Bolzano - Weiersirass dily (v, ) co diy con X, hov 1y

nghin i 9 e =034, ¥ He =R

¥, —x i < g v, =Hm x, - Mit khic, theo gid thict:
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R

x,, — X <€ Ty 0> ", Chonoag, = max (', 0", yihi

) ey . 2 v limy. =x
|_‘” S S —_1U| <2e Viylimy, =4y,

Thi du: Chung minh diy:

1 .
X, I+ ]__—+---l\— +....t— oty
20 3 n”

Theo nguyen 1§ Cauchy, ¥ > 0, x¢t

1 1 1
|X“‘.l" - ,\'H| = =+ — Tttt
: Consly (m2Y (n+p)y
] 1 1

— - A — — —=

atn 1y (asDr+2) (n+p-Hn+m

! i 1 1 ] ]
_—t— — .. ——— =
n o (m+h (e ly (n+ 2) (n+p-1) (h+tp)

1 1

!
e < —wt . YpeN
non4dp A

Viy diy x, hoi to.

§ 4. LUC LUONG CUA CAC TAP HOP sO THUC

4.1. Cic tap hop tuong duvng

Pinh nghta: Hai p hop A, B goi i tuong duemg (v& 8 higng) néu ton 1al
mot song dnh tir 1&p hop ndy vao (ap hop kia, ki hi¢u: A ~ B.

Thi du:

1} Hui tap hop hitu han cling ¢6 s6 lugng phén tir 14 feong duong:

NDN={1,2.3, . jA={2,4.. 20 .}, vi tén tai song dnh (1) = 2 lix
NvinAnin N~ A

BA={v:vellB=luixe (e0.h)] 10 rimp, A ~ B vi 16 tai song dnh
f=a4xfh-aitirAvioB

HAzlvove U ~R

e . 1 [N
vi (6n tai song dnh = — arctge+ - wWr R vio A
b3 2

Tir dinh nghiu suy ra:
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PA~A 2 A~B B~C=5A4~Cdo d6, tr cde thi du 3, 4 sy rac Tap hop
cie diém trong mot khoang bat ky 1 twong dudng vdi 1ap hop cic diém trén o
duding thing s& thue. Cde tip hop twong duong due goi 1y cde Lip hop o ciing
Iue lugng.
4.2. Tap hop dém duoe

Binlt nghia: Luc lugng cit aphap N=1{1,2, _n . poi li e luome dem
duge vivmei tip hop tuong duong voi N goi i ap hop dém dugre. Noi cich Khie:
Mot tap hop 12 dém duge néu e6 the danly <& durge ¢dc phan 1 cha 16 thanh diy
vohan, ¢, ¢> ..

Thi du:

DA=1{2,4,6..2n .} ladém duroe

D Z=4..-2.-1,0,1.2 b ladeén duge

Vi ¢6 the ddnlh 56 duoc cic phén t cha né theo thi
O -1, 1.-2.2 ., -n 0.

IO =vpiy, pog e N Ladém duge.

Thye viy: ¢6 the vict cic phin ur i 0" theo bang:

n oo

plyg | 1 2 3 4 }

Ta cd thé danh s§ duge cde phdn (i cia OF theo (hi o sau: 1, 1/2, 2, 173, 3,
1/4,2/3,3/2, 4, 1/5 .. (bd cic phan tr trong ngoac vi lap lai)
Tir dinh nghia suy ra:
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Pinth Iy: Hop cta 1 56 hitn han hay dé€m duoe céc 1ap hop dém duec 14 dém
duoc. Thue vay. ta €6 thé vidt cie phan 1 ciia moi (dp hop tén 1 dong theo bang
duen dav:

/"!.| . iy idn il (g
Al & i ey g
: L hE 2
A yy i3y 33 tiy
Ay iy o 3 dyy

T'a thdy rang rén moi duding chdo et bang chi ¢6 1 56 hitu han phin .

Vay ta ¢6 th dinh s0 ¢de phin tretia hop AW Az WA, UL theo el
dutmg chdo dd:

.tz Uy s -t g

Thi du: Ta bidt ap hop cie s hitu ty duong OF L dém duge. RO rang 14p
hop cdc s8 hitu 1y am Q' eling dém duge. Vay theo dinh 1§ wrén, tap hop cic so
hituty Q=0 wOw 0" ciing i dém duge.
3.4. Tap hop khong dém duoe

Pinh nghia: Tap hop A goi 1a khong dém duge néu né A mot tap hop vo
han va khong phai 1 1 @p hep d&m duge. Lye luong cia cde téap hop khong dém
duge goi la lye lugng Continum hay luc luong C.

Pinh Iy Tap hyp cic 58 thue & la khong dém dugc

* Ching minh: RS ring 13p hap cic diém trong khoang (0.1} 1a wong duong
vdi wip hop ciic didm treng doan [0,1], v [0 1] = (011w 0wl

Trong (0,1) ta 6 thé Fy mot phan tlra, rdi [dy phin tWra, € (0,0,

DM = (00 My, as)

Suy rw (U1} = M fa, ] (1)

[ =AM {ay aab D {0 (2)

RO rluig 6 mot song anh gilta cae 1ap feag, ax} vaclay, ao, 0, 1}

(er) =»haty, g}« =10, 1]) v mgt song dnh gifta M vd M'. Viy ton tai mét
song dnh piffa Khening (0.1} vA doun [0, 1] nghia L (01 ~ 10,1 l.

Theo rén (0T ~ Rovdy [0 ~R

Do dé dé chimg minh R 13 khong dém dugce ta chi ¢in ching mioh [0,1] 14
khong d&m duge. Ta s& ching minh bing phép phan chimg. Gia s doan [0,11 Ia
dém duge, nghis 13 [01] = {x), ¥ 0¥, o} chia doanr [0,1] ra thinh ba doan
bimg nhau, trong ba doan dé phad ¢6 1 doun khong chia v, goi doan dé 14 A,
lai chia A thanh budoan hing nhau, va trong ba doan do tal ¢d mot doan
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kKhong chia v,
Qui irinh GEp et s¢ duge mot diy doan thit Vi A ¢ A, . c A
|.-'\__i T3 D O0vbiv, 2 A, w=12 .

b o ¥

Theo nguyén 1y Cantor, n tai mot didm ¢ duy nhét suo cho, ¢ e A,

n=1.2 . Rdring. e e [0.0), vay ¢ phdi trding véi mol X, ndo dé, nhurg

ceNn =12 L Vay X € An, didu ndy mian thudn vei cich xdy dung wic

doan 3, viy 1ap hop [0.1] dé duoe [ v ly.

Thidu: D TabiciR= Qi

R& vang tap hop so vo ty £ 13 Khong dém duge vi néu I don itge (hi @ oo
L dEny duge {theo dinh 1y & 275 Viy R 1 dém duoc. vo Iy,

23 Ta 2ot a0 dut 56 1 nghicn cia mot da thiie,

P =w"+ @™ 4 L va, x4,

Voiag, cQ.i=0,1,2_ . n

€6 thd chiing niinh (phan bai tap) P hop cic sd dai sa i dém duce. Ta goi
SO SICU VST 1250 Khong phai [i dai 80 (m, ¢, 2°° )b ring tip hop cic so sicu
vict cting Khong dém dige (1 luan nhu ohi du 1),

3y Theo wén thi cic doun [a.b) hay Khoang {«,h) bat k¥ 13 cic Lip hiop khong
dém duce vived lue lrong ¢

Chui y: Theo dai 8é hoc, thi tip hop cie 5o thire R [3 mén ruong (vi R thou
mii cae tién d8 1 I, 1

R thoaman tica dé TV, ngwoi 1a got R Iimot truomg duge sip thn 1.

R hou min nguyen [y Cauchy {suy tir ticn Jdé V), NEUS (a4 got £ 1h mo
trucmy day du.

Tom tgi: Tap hop cic s6 thye R 1 mot ruong duoe sip (ha ., ddy du va o
lue hegng Continum.

BAI TAP
1 Tur hé dien d¢ ctu R chimg minh
V-t = (-ad b= a (- )
2uzli{z{h > -~ Sz

NarUh<ub=0
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Nashhs=abh =0
Nu =z h=a-hz2l

VY aeR =0

Tazh cz0=aczhe
MO<a<h & U< b 1 et

2. Ching minh:
1) |qu|l =a. \/;._ = la|
) la| - ]b| < |a - b\
3) “a] - ||b|| < \u - bl < |a\ +1D]
3. Giai bit phuong trinh:
B PRx+il<l
D x <2
3 x-f<lx+i|
4y x| < x+1
5) |sinx| = sinx +2
4. Choy e Q, x>0, chingminh3# e N
1 I

<« xsuyravex>0,Ine Nt — <€
1o 10"

5. Ching minh:
DNye@ vel>v+yel
2jxe@ x#20,yel>xye I
Wrelvel=>yv+yxyelhyeQ?
6. Chimp minh, néu a, b, c, de O, hel
Vit Ab=c+Addoa=c b=d
Ung dung: Vigt \;’1_92?6\(3: dudi dang v + ¥ \E nwyveld
n—1
ATl
Ching minh A bi chan, tim Supd, infA va cic phdn t lén nhit, nho nhit
cuu A,
%8 ChoA={v veQ x>0, <2}
B=lx:xe @ x>0, > 2)

#¥F ChoA={v.x= e N}
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Chimg minh 4 (8) khang ¢4 phin ur lon (nhé) nhat, suy ra A (8) khong ¢o
Sup (inf} trong .

*9. Chimg minh rang phuong trinh " - 4 = 0, ¢ > 0 luon Iuon ¢6 nghi¢m
tong R,

*10. Chidng minh rdng moi khodang («.h) déu chita mot 56 vo han cie s hiryg
U vie 1 86 vo han cic so vo i,

I1. Chamg mink

e

1y lim

n
2n -1

b2

23 lim
n-2

74'(4}1:0

3 lim=
n

oo+ 2 |

4) lim

-

3N +2n-4 3

3}Chimg minh néu v, — = [ >

12. Ap dung tinh chit 4" ctuing minh

D limE n+1 -4 =0

2 imyn =1

3) limY1+2+. 41 = 1

13 Chiing iminh: ¥ e c v, gy, Y=y, o h Da<h

14. Cho
I3 (v} Boitu, () phan ky
2y (v,) phan ky. (v) phin k¥

thi (v, + 3,3, (v,.3,) 12 hai tu hay phén ky ?

IS, 1) Cho x,.v, — U thi ¢6 thé ket ludn v, — 0 hay v, — 0 khong ?
2) Cho v, - 0, ¥, thy ¥ thi c6 thé két ludn Xp.¥y = O khong 7

16. Ching minh: 1}, — 4o (-} = v, phan ki
2) lim u"ﬁ.ﬂk' =t (a>l),(k>0)

17. Tim

31



nt el N+ 3n

N lim— . 2y him- —
w5 n o+ 2+l
. T+ 3 b ean e .
3) lim nre 43 lim— i by < I, al <
RETII +bh-.-b"
. S w3 P 2
3 lim ( )_, 3__| 1 6) lim N
3 n-
a2+ -1 o (2 )
73 lim- 1 _;”—) -0 8 lim— 3 \;( ’L)_
" 7N
. | 1 i
9) 1im — s _

Lo s T a1

10) limf“;t“/'_i

Nl en

Ty lim(yn' + PP R Y
18. Chimg minh cdc tinh chat;
(7037 47,5760, cha diy €6 gidi han vo han
19, Ding ngus <n 1¥ Weterstrass chimg minh cie diy sau hog e
Thin, i s —0 Gt (i by, o
i

el el a,

=y P i
N T TS ")

< <90 = 1.2...m
pa, =00 - 2y (- - [F2))
)(\‘,)—((1+1f7)(l+1;4 (1+|f’2"))

ﬂ)(\,.)—(\j N

" r“
*20. Chidng minh: (v, } @ang () giam vi lim (x, -y =4 thi €x, ), (v,) ho
(u vir him v, = lim v, dp dung: ching minh

lim x, = lim v, uéu

1 | | 1
=14 —4 —+—+.t—
[ KA N n!
1
-“'u = '\-.lr +
nti
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. 1 ] £
Suvra o=y —t A —t— (<@
It2r 3 #loaln

T do chimg minh ¢ & O va suy ra cich tul gin ding sg o,
21. Chang nuni ¢x,) tang, (v,) pilam

VxS v thi G (v, 0 hod v lim vE limoy,

22, Ching mind (1) tang (gidm) khoug bi chan tren (dudi) chi
B 3 A IR

X,

23, Chimg minh (v, ) khang bi chan trén (dusiy, thi 2 x,

X, =+ (-w)

",

#2341 Ching minh ¥ e B = 2 (v, hv, € Qv ->a
B
D, =00 - 17275 (1 - 1/3° Vo (- 1)

s Y

i
STV P
e k S;J ())“'|' mr+1)

\ 2

#26. Chimg minh ving: ndu oy, - » a thi;

N Y
])_\'“2— — - =3
i

YN N X, oay X 00=1 2, .n

o
Ap dung tim:

Ihf_ ﬁ+ A

fim — —_— . lim—
Ir Yn

*27. Ching minh ring néu:

T, > (v

—a thi# X, 2ua

Apdung Gm - lim g lim 40

28. Ding nguyen 1§ Cauchy, chang minh cic diy sau hoi

liig minh ¢ Ik diiy sau lLL\ DOt vt giat ly L e chidng:
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sinl  sin2 SN
DX, =——+-—=—+. -+t~
e} - o

cosl!  cos2! cosal
- o —— - —

X, = et
1.2 23 nin+1)

29, Ding nguycn ly Cauchy, chiing minh cde diy sau phan ky
by, =1+ 12+ + 1/
2V, = e ¥ i b+ 1 (v=¢' v =loga=1Iny
In2 1n3 Inn
#3(). Chimg minh tap hop wic <0 dal 56 1 dém duoe.

HUGNG DAN VA TRA LOI BAI TAP

Ly Xéalb+(-bn=0
2.3 Xéta=h+la-by h=u+h-u)
Ly -lervei Y3y« |

Dm0 dyv=-120 Sja=- a2+ 2km =2 + 2k + 1
1. Dat v = pfy lay m € N suo cho mp > g suy1a

L2 1dy i 1én hon 8o ciie chir & cta m it 10" > m, vy 1710" < ply

mo oy
lay O < pigy < £ (Q it trong 7

SDv+velvivdye@ >yt y-y=ye Qvoly

3Ly ¥2 Vi1 42 032 Va8
6 a-c=nd-Pd-hz0=>he@voly
(x +y 3 = 192 +906./3 =3 2vy =96, FEW =192
y=12v=4
7. A bi chan dudi boi O, bi chin trén basi 1. infA = 0. supA = 1, 0 € A, ncn

() Lit phin tir nho phat cua A

8. Chimg minh - V2= Ane N, v+ 1ny <2
9. Chimg minh wong g nhu chtng minh: 160 tai 1 s6 duy nhit « ek
o = 2 (trong bad giang) bang cich x&t cac tp hop
A=luyve @, v>0, Al
B={rve Qx>0 o oad
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0. Gia sir nguge lai (eh) chi chirs s8 hira han cic s hiu U «,...a, cho
o e (ady thi |¢'-—a,1l_|c—a,

khoding,

...|c—a”| cé 1 56 bé nhil, goi 86 d6 14 e-q| i

|
e

e — ¢ lev oo g
|(c'—-|“" E +M] = {ea,h)
! 2,

. Z
khong ¢d mét s hite ti nao, mau thudn véi tnh o mat cda @ trong R

llu—l}l -2 10 5-10 ‘ | er

= |
3 4+2n-4 3|

3[_31'12 +2n— 4j

44

3 Dy H\| - |u” < |_\' - c.*|

12. 1y Nhan vdi luong lién hiép

XA 1+ > A vidath =4y - |
7

13. Chitng minh phén ching, glasta>b=3re Q:u>r>h
14. 1) Tong phin k¥, tich khong thé két Iuan dit khoidt
15. 1) Khong thé k6t luan v, = O hodc v, = 0

Thidu:y, =1+ v =1-(1)"

23 Khong thé két luan 1y, — 0

Thidu: ., = (=1 DoV, =
b7
16. 1) Xét |x, —a| 2|x,|—|4| . Y« € R
2 a > Wi (- I)2 (r=2)
oI > i G - 1Y

| H 4
‘
1
T " [{ J
Vidr a”

n #

j
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17.132; 230 3+«

|-

U3 B30 9l 10 11243

of P . . N .
19 Dy, =1, | chiang minh (v} giam bi chan dudi,
A+

lim v, =1
2) Chimyg minh (v} tang bi chin tnén
3y Chung mink ¢v,) giam bi chin dudi

47 Chimg minh (4,) tang bi chan trén

N . . X+ XL+t
Bing cich dp dunyg ""I-V|-\'3--~‘f,, o2t T (yy 2 )

5y Ching minh {v,) tang v bi chan udén @ v, <

¢ + 1 {hing quy nap),
limy, =2

20Dz, =y, - v, cogamz, 5 0, v, <y, v

linrx, =limy, =c(nguyén Iy Cantor) dp dung dic s, = (1 + 1/m)"

4 )
o> 1+ i+iL|—l)+,,.+i[1—l](|—:)..‘
I 2! I k! 7 n

U T S P IS (7
p 20 g

Mat khic r, < v, =¢ =>x, 3¢

n—

] {
VSt e D, <Y, -, =
! m.!
. | ] g
Vi e=l4d — gy — o —
B4 alon!

A< <

Chirng minh ¢ ¢ @ biing phan ching

e=271828 voi do chirh xic 107,



2L Dang nguyén ly Weierstrass chiing minh lim 4 lime v, 6ot rdi ap
dung ket quic b 113
Ve dm.x, >0 ¥ nzn. 0>y >

i

SN er» 0 Y a8, >0

3 e PO TR VRO T S-S R -0 SEESNEI WD §

"y Hy iy
M. Ve dreQ a-s<rca+n
=3y, e Ta-g<y, <o+

=3y, e 0¥y, - <

25 pyvie) o Lormlbarl
A " H a
2y vice: ) L A TKnd D lim, = !
nlu+ 1) Hin+1) 3
>

N oo« R S R R PTI EV - X
26.1}\*1clu—_\‘,,=ﬂ_\'+‘—. —H-‘J_,{” Vo) T..(” v,)

fi H H

_Inx, +Inx v Iny,

21 Vigt Inz,
IF

(Vo v = ¢ = v = logy = Iny)

27 Vid ’\'/Tp =, xl,\— \_ "
e L

.&p dung @150
28. I Xdéu

I
. —_ i . —_
|-\“'|l" _\”l YR ELE

: i I I .
E_\‘II s — '\'”| ‘S_ —_— 1 *_ a——- 1 b — ____...I__.. ‘_: QE,

+n e o {n:r:n)(.lw Pl nel o onep~1l oml
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1
x‘)—)[ﬁ
" 5

29. 1 ‘x“.;. x,|> P - khi p=i: ""m;. —
on+p

| i I L _ L p=n
>

-
b ex i >
| LR L Hl
infn+p) n+p
30. bau ten ching minh: Tap hop cde ddy hitu han 1ap duge 1 cde phan
cua mot 1p hop dém duge 1 dém duge. Suu dé suy ra tip hop cde da thite bac
vai hé 56 hiru 1 14 dém duge v suy ra Lip hgp cde sé dai 30 13 dém duge.

Eh



Chuong 2

HAM SO MOT BIEN SO

3 1, KHAI NIEM TONG QUAT
1.1. Binh nghia

ChociciphopX. Y c R X Y 2 @ motdnh xa ftu Xvio Y. [ X 5 ¥ goi la
mdt ham sé thue caa mot ddi so thye, anh y = fiv) voia € X goi 13 gid tri cla £ tad
v X goi L nnicn xde dinh, @ip hop cie gid i cda £, V v € X, nghia la tip hop
fAX gor 1 mién gid tri cta him so ky hidu f{x), néi chung: fix)e ¥. Ta cilng
goiz £ 1 mot hiim xic dinh trong tip hop X va 1ay gid (i trong tap hop Y. Theo
dinh nghta, tcan phan bict ham £ vi gid ui coa nd @i v € X v = fv), nhung dé
don giin o cling néi: ham y = fix): nhung phai hidu dé la mét ham £ mi gid
cUd 1o (i v e X1a vy = flv). Néu v chi mot s6 bat ky thuode X, thi v goi li bicn so
doc lap. ¥ goi 1a bicu 56 phy thude hay thee cdch udi don gian trén, v cling goi 1a
mat him sé cua bicn s6 dac 1ap v

Mot hiim 50 v = ftv) ¢6 the cho bing cic phuong phap khde nhau, thy theo
Febicich trong dog gidav e Xviiy € Y,

Neu fchi cde guy ac tinh nhat dinh d¢ tng véi mdi v 1 cé mot gid i fv)
1hi £ goi L duge cho bing mot cong thite huy mét bidu thie gidi tich, khi dé mién
xde dinli X cta £ <€ durge ¢t va theo ¥ nghia cda cic quy Ge tinh.

Thi du:

Cliic hiun 56 sau diay lh cie him duge cho bing cong thi:
13 v = fin) €6 midn xde dinh 1a X = N, dé 13 mét diy 6.
2) v =47 ¢6 midn xic dinh X = R,

3y =v1-x" .y céynghlakhi 1 -4 >0 hay
-2 x < ] iy hinn s6 6 micn xdce dinh B doan |-1:1].
Bv= J_ 4 _ ! v ednghia khi:

2+ x -

-

20va 2+ 4> Ohay v <0 vaiu> -2, Vay him <o ¢6 mién xde dinh
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A= -2 4eey= 12200
S1yv = Yainy Lcd vonghla khi sin v 2 O hay 2 € v € 258+ i, b e /,
nghia [ micn xde dinh ctia hiun s6 1 @p hop cde doan |2k, (26 + D], (ke Z).
. .N néu v e ¢
Gyv = flvi= ) ¢
10 néu v f
Cioin 1 hium Dirichlet, ¢6 mién xde dinh X = R
N&u hinm v = fiv) duge cho biing mét cong thide nhung khong gidi ra ddi véi
vl =0 ¥ ae X
Fle flng = 0thi v gol 1 hivm an cda v, Trudmg hop v che boi mot cong
thite di duge gidi ra dél vai v cling oi 13 him sé hidn.
Neodii phuong phip cho bang mét cang thire thuémy, dimg, trong giial tich,
mat hivm s6 ¢d (the cho bing nhimg phuong phip khic nhaw, chang han cho bing

mat bang ey tng glita v € Xov € ¥ nhu cde bing sd thuomg diing.
1.2. P thi coa hiun sa

Két hium 50 £ X — F, tu 200 do thi cda him s0 13 tip hop con cla tich XY,
nghia 1 tdp hop cie cap s6 thae (co thr w)y: (o vivai v e X v € ¥ (v = fla),
trong mal phing, xét hé true og do vudng, gée xoy v X8 ¢ip (v, v) nhu I3 mol
dicm Mvyy rong mat phiutg 36 thi do thi cda ham s6 d6i vai hé vue wa 4o dd,
Lt mot ap hep dicm trong mdt phing, do thi d6 thudmg 1a mot duding,

Thidu:

13 v=uv + £:dé hi i mot dudng thang,

k . . - . .
2y v = v do thi 1a mat dudng parabole.
} [« .
3y = — dothi T mdt dudny hyperbole.

t
Dy=Jl-x7 +4x7 =1 dd thi gom 2 didm (1,03 v (1.0)

Syy=|v-2/+ |_r— 1| €6 dé thi & Hinh 1.

v
(2% -3 néua < |
= {l néuf<v=?
2% -3 néu x> 2
O)y = K
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£(x)y chi phitn nguyen cla v £(xv) < v. o6 dé thi ¢ Hinh 2 (v = 0)
Ty =x—FEloco dd thidNinh 3 (x>0

y=signv= (+1:v>0
¢ :x=0 (Hinh 3 ¥
1iv<(
v i vt
3 »
2 2 p---a-- —
l 1 i 1 -__T__hll
— e - | .
0 1 2 X 0] [ 2 X
Hinh | Hinh 2

Chi ¥: Mot hin s6 ciing ¢6 thé duge cho bing do thi cia né. khi dé méi

di¢m ciia do thi s¢ cho cdch twang ung gita v o Xva v e ¥,
3. ILim sd ngwye

Cho ham s6 v = fix) ¢é mién xic dinh 1a X va mién gid i 13 V. theo dinh
nphia lhl Flamotdanh xa tir X len ¥, néu fton tai dnh xa n”tTUL flou=sy 't
thy /' gol Iy hiam & nguge cia £ Khi do ham s¢ nguoc £ & mien xde dinh
LY viomién gid i la X

Neu ve do thi clia v = fia) va v =y frong cting mot hé e tog do xoy
thi do thi cta eliting nlie nhau vi cling xdc dinh bing mot cdch tuong ting.

Nhwng cin ph.ln Diet: gud tri cha v = flx) duuc bidu dién trén truc oy vi
REVIN el v = 7 (\) duae higy didn tren Iruc ox.

Trong thue 1€, ngusi ta thuomg bidu didn ald 1rl cla ,f' v [T trén clng
mat trye oy, khy d6 ham nauoe phai doi Ky higu lai fa vy = 77 oy va do thy cua
v=f(v) sé doi ximg vl do thi eha vy = fix) qua dudng phian gric cla gée o
Ao thit nhat, vi xér mot diém bat ky M{a.b) rén dé thi ctia v —}‘ xpthi b = fiey,
suy rao = (b)Y nghia 1a diém M (b wén do thi caa vy = f Yy rod rang A vy
M dol ximg nhau qua dudng phan giic cla gac tea do thit nhat (linh 4.

(Ldy don vitrén cdc truc nh nhay)
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.
! |
bl o -
! !
| ] ——
a & d #*
thinh 4 Hinhs
Thi du: i

1) v =2v + 1 ¢ hiun so
naese [
vo= 2D ddi i ky
i

- . -1 N
hicutacoy=2——  (Ilinh
3

5)
Yo
23 v = ¢d ham nguge
lax = {/T do1 lai ky hicu ¥

= iy (Hinh 6, véi v 2 ().

I

Hinh 6

1.4. Ham 56 hop

Cho ham 6 v = f{u) ¢6 mién xdc dinh 12 X, micén gia trr [3 Y va him g(v) ¢d
mién xic dinh 1A ¥, midn gid ui & Z, ta goi dnh xa hop cia fvd g (gol),
(2ol (v} = glft)} 13 mol ham hop cha cic ham f, ¢ hay la ham kép cia bién doc
lap v qua bién trung gian y.

R& ring ham hop = = (gol) (¥) ¢6 mién xdc dinh 14 X va mién gid i la Z.

Thidu:y=2v+1c6X=R Y=R

z=sinved ¥ =R Z=1-11}
Viy ham hgp - =sin{2v+ b 6 X= R, Z = |-1,1)



Cha ¥:
Iy Neu cho mién gid tri cda /13 ¥ v mién xdce dinh chu g 13 ¥, thi ¥ ¢ ¥,
mdi Hp duge hiom sé hop (gol).

Thiduiy= 2= | 1 gy = [0, + |
Yi= =, 0), do dé khong lip duoc ham hop, didu nay cing 16 khi thay
N FE T

.
| - - -

7= 11 khong o6 nehia,
.

2) Cohé 1ap hiim hop eda nhidu him s6.

§ 2. CAC LOAI HAM PAC BIET
2.1. Ham bi chan - Sup (inf) - Cyc tri - gid tri lon (bé} nhit

Cho ham v = f{x) ¢d mién xdc dink 13 X, mién gid i 1Y, fixy goi 1a bi chin
trén (dudi, bi chan) trong X néu midén gt ¥ coa nd la mét tap hop bi chan tren
(dudi. bi chan) nghia la:

JdeeRVyveX fivyse, {fixyz, |:f(x)| <eLext)

Khi dé Sup (inf ¥} goi 12 Sup (inf) cita iy rong X Ky hiéu M, hay Sup fiv)
{m, hay inf f{v))

Hicu: 7t = Sup fivy - inf fiv) goi 1a gia0 do cua ftrong X rd rang £ = 0

vi Sup flvy = inf fiv),

NEu Sup i) Gnl flay e ¥, nghia li;

v, e X Ax) = Sup fiv) = (inf [ thi fix,) I phan wr 16n (bé) nhil cha ¥,
cing por L gid 1ri 1én (bé) nhal ciy firong X Vay M(m) 1a gid trii 16n (bé) nhi
cla frong X néu;

v, e XA )=Mm), ¥y e X Axy< M (2 m).

Ta cling néi £ dat gid v 16n (bé) nhat trong X tai x,. Néu 16n tai mot lan
can A clia x,, AC X mi f dat gid 1 180 (bé¢) nhit wong A tai v, th i) goi la gid
tri cue dai (ti€w) claflaiv, € X, goi chung 13 cye i, Ky hicu y. ) = flx,).

Thidu:

1) fiv) = sinx trong X = [0, 2x| fix) [a bi chan trong X, (]Sin xr <1},

sup sinv =1 =sin £ inf siny = sin 2% = |

) 2

H-13 dong thai 1a cye dai (Géu) va 13 gid i 16n (bé) nhat clia ftrong X,
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2y iy =% - Qo rong X = (0] T 1 chian wong X, Sup fivy = 1Y .
mlffivi=0eY.
2.2, lam don diéu :
Cho hivn v = flod troag midn X, floy goi 1 don dicu khong, piam (kKhonyg
thngt irong X ncu
Voo e Xy < flag) S fla) (o) 2 A
Trutme hop khong c6 diu = f{x} goi 1d dun dicu tang (giam) wong X Cdc
o een woi W cie hinn don dicu.
Thi du:
1} Y =4 b don dicu gidm trong (-, 0) v don dicu 1dng trong (0. + =)
2y v = £ B don dicu Khong giim trong (= + )
Tir dinh nghta suy ra
Pinit Iy:
Néu fiad 1 don dicu (@ng (gidm) ong micn X v co midn gid ui ¥, th fon
Gl hivm nauge _;"’ don dicu ang {giim) vong Y.
Thue vy 281 £ don digu tang (don dicu gl 1y ludn nrong )
Theo dinh nghin @ g, v, v <xs flgy< fio)
fio b fla) & Ydodo xy = o hi fivy e fla) nehia li Lo Lmotanh xa -1 0
Xlen ¥, do da oot dnh xg nguge _f”l cOu f e Y len X nghia 1 ton i him nguge
v= ,f"ll_\‘J ¢6 midn xdae dinh ¥ v midn gid trp X RS rimg _,f"](_\') 1 don dicu ting.
Thete vy, gl Sy < v vl g =ften =S l(_\';}.
Theo dinh nghia thi v = fla), v, = flv) nduyg 2 4 thi vi fl0 i don dicu
ting nén fy ) > ) nie Koy 20y, il v eid thicl. Viy 1) < vanghiala

L . . . -
v= £ L don dicu ting ong ¥
2.3, 1 s6 chin, 1€

Cho hitm £ xdc dinh rong mién X doi xdng doi vai poc O

fiay ot 1 chin {1¢) trong Xncéu

7ove X fl-v) = A (flear=- fla )

RO ring d6 thi cla ham s6 chin (1¢) doi ximg qua trye oy {goc tou do)

Thidu:

Y = _\:,_f(.\') = cosy B cde hivm chan,

23 fivy = v fl = sim L ede hinm e

6 ching el hiun flv) e dinh trong midn X ¢o (thé vidt thanh 0ng cdu mal
hin chan virmot hinn 1& thue vay €6 ihé vict:

)



Fy=Fioy+ Gy
Fivr = _’(@_Li(_l_] LGl = @ __f(_ﬂ
2

2
R& ring Fiv) 1 him chin v Go) 13 ham (8.
2.4, Ham tuan hoin

Cho ham fia) xde dinh trén midn X SIxY goi Ia ham wdn hoan née 3 o e R,
e = (1 {er = const)

Yoo Xofiv) = flekw)
Suy vt flvk2a) = flvda) = fiv)
Tong qudr;
flovkay = fivy hed
56 duong 7> 0 (nhd nhat sao cho Ty = flo
got la chu ky (nhé nbity cha fx)
Theo dinh nghia mudn xét s tudn hoan cha f(v) ta gidi phuong tinh

Ffovta) = fla), néu tim duoe o = 0 khong phu thude v thi /vy 13 win hoan, vi chu
Ky T ctia fiv) duge xde dinh bii hé e = 4T, & € 7.

Thi du:
Ly Xt fivy = sin v
Gidit sin a(v+¢) = sin ox. Ta ¢6 alr+a) = av + 2km, o = 257 ,
o
, . e 2
¥y Ay 1 ham wén hodn ¢6 chu ky T = il
lef
Dy XEf = v - E()
Gidd s v- E(v) = (v+a) - Elv4ea) ta c6-
a=E+a)- EQ =k, kel?
Viy fio) 1a ham rudn hoan ¢6 chu ky =1
3 Xt fla) = 47
Gldi: (vHaY = Ctacéa = Ovia = 21,

Viy khong ¢6 w2 (), khéng phy thude v nen ham khéng tudn hoin.
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§ 3. CAC HAM LUY THUA, MU, LUONG GIAC,
HYPERBOLE
3.1. Lay thira vii s6 mi thuc

Trong ap hop cic s0 thye R ta bt

YueR a>0,7ne Ndéuton tai mél s duy nhily € Raxx»y =w
v goi 12 can bac ncbaa v = Ya

Dira vio dinh nghia ctadfy 1 ta dink nghia liy thita cia ¢ vai s0 mii hit ty
bit ki :
m

- "
PR ar:ﬂﬂ:(n\[g) S edoneEld)

1"

C6 thé chitng minh dé dang, luy thira véi 56 mi hitu t cling <6 moi tinh chit
nhu iy thira véi ¢ mil nguytn. Bay gvﬁ dya vao dinh nghia Ly thita v6i 6 mil
hiu ty. Ta s& dinh nghia ldy thim vai s6 mil thue bat ky.

D_mh ly Choue R a>0,axl,hekR.

Ve Qir<hb<rth 160 1ai duy nhit mot 86 o € R & khoang gida Cac s
i d <o <d, ngudi ta goi s6 do 1a 1y thira ciia a vG1 56 md b,

Ky hiéu o = .

C6 thé ching minh: 10y thira véi s6 mi thue ¢ling €6 moi tinh chat nhu liy
thira véi 56 mil hiu 1y,

% Pé chiing minh si 160 tai duy nhit cla o wde hét ta chimg minh:
Yrre@ beRr<h<r=

a) ) c Q. don digutang, r < < h.r = b

by 3¢ = @, don didu giam. b <y <,y b

Thure vy xét a), (b): ching minh tuong, tu)

Chia doan [r. 1lam hai phédn bang nhau bt b, theo tinh chit 0 mit coa @
trong Rthi ¥V 1 € & by <ry<h10 rimg,

1;'] - b| < b_;-lt; lai chia doan (ry, b| lam hai phdn biang nhau bdi b

thi3me @
b ¥

h<rah \r ~b~

Qui trinh tiép e ta o
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N
e b < b e _p <f‘
vk I &
Ro viing day (1) don dicu tingr<n, <h
s h—r

M by '_’0-_3'("}. —>bJ

Riy gitrta chiing minh su tén tai duy nhat cla s6 o

Xétw> 1, (a< 1, chimg minh lrong tw. hoac dat ¢ = ir v > 1 thi dua ducse
7

Ve g hop nivy).

Theo ching minh tén thi ¢o: = b b

rEnAnd <L <Ll e <

Via =1 non;

r . T B ! g
o <d <udt ey Co<at< wd < wd
Ré ring

e T Iy — 0

Vidat g = - r i - 0, xétr, < Lihi L > |

Xy
. | N 1
atw, =E ( |t noS—<n, 1 hay
L, X,
| 1
I iy =l '
— <X, < — suy o Tleat <a™
n, o+l ,

Nhung: ¢'™ — 1 nén ¢» - |

Viy diy doan ([a’* L D fa dily doan thit theo nguyén Iy Cantor, ¢6 mot
50 duy nhat o

Vih:iae {u"‘ a } theotrén thi ' < o < o

Dua vio sy ton 1ai cla o ta sé dinh nghia cde him iy thita va bim mi.

3.2, Ham Hiy thira
Ham fiy thiza la him c6 dang v=v* g e R

i . N 2 . ] :
Mién xdc dinh cta y phu thude o, chang han a = n € N hoic a= . n 1¢
b

1
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thi v xdc dinh ¥ oe R nhung

u:l. i chiin Ui chi xic dinh

o
Wov 2 00 v < Oy khong xdce
dinh,

Ré rang Woe R,y xde dinh
trong (0, + 2}, ndu o > U (<))
thi dé 1hi cha v goi 1a | parubole
{hyperbolel bie o (Hinh 7},

3.3, Him mi

1un mi 13 him cd dung
y= aLaz0axl
Him mi xic dinh ¥ . e £
vir luen luon duong, aéu o > 1
thi o« don di¢u g, « < 1 1hi e’
don digu giam,
DG hi et " 0 phin én
true hoanh (Hinh 8)

3.4. Ham luong giic

16 13 cde him s¢ da dinh
nghia trong luong gide hoe

¥ = SIY, ¥ = C0SY,

y=lgy, v =cotgn

Cac hdm siny, cosy, xdc
dinh ¥ v € R vt Ti cde him tudn
hoan cho ky 2w

(v do binyg radian} (Hinh 9)

Him v = tav fcotgy) Xdc
dinh ¥ « € Rulr

xo= (2k40) mf2 (ko ovid la
him  tudn  hodn chu ky @
(Hinh 1O)
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ry

Hiith Hinh 1€}

3.5, Ham hyperbote

Duit viio dinh nghls hiny 6 mi ta s¢ dinh nghia mét loai ham khic gol 1a
ciie i hyperbole. Chiing ¢6 ¢

dc tinh chat weng w nhu ham lwgng

gide, Ham
hyperbole 1a cac ham duge ky hicu va xic dinh nhu sau:

et et e e

y=xhy= iv=chv=__"2
2 2

shx . [
vethv= 20 v =¢oth=_

chx thy

Trong dé: ¢ = him [| + 1
i

Boc Lin Tugt 1i S-hox, c-h-x, -h-x, ¢o-1-h-x vit goi 13 Sin-hyperboly;

cosin-hyperbole; tg-hyperbole: colg-hyperbole.

Cic hdm niy xdc dinh ¥ v € R triy ¥ = cothr khong xdc dinh khi v = 0
{Hinh 11,12}

T dinh nghta suy ra:
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1 =1 -th’y ;. I = coth™v - 1

cfi"x sh'x

: 2 2
¢h (v = v} = chychy £ sheshy, ch2e = ¢hoy + sh7y

cha-shv=1;

sh (x * v) = shachy + chashy, sh2y = 2chashy,
: P :
Thure vily, ching han: Xéteh™v - shoo =1
Tacd chov - shiv = (che + shyy (chy - shay = ¢ = 1

v x T X
. - e +e 2 —e s
Vi dinh nghla chy + shy = L = o' VA trang
il al

chy -shy=e”

e.\'+_\ +{.'_" D

. 1 oo
Xét ch(x+y)y= - = —[e" et rete "]

2 2
= l [(ehy + shaiehy + shy) + (chy - shoo(ehy - shyd] = chachy + shushy.

chx Shx
Cothx

Hinh 1] Hinh 12
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3 4. GIGI HAN CUA HAM SO
4.1. Biém ty ctia mot tap hop

Xéttiphop X E X, € R (hitu han hozc vé han) goi [ diém (i cha X
nén rong moi 1an ¢in cia v, déu Ix € X, v # v, Theo dinh nghia thi v, ¢6 (hé
thuge X hodc khéng: ching han X = [a.p) thi «, b déu Ia diém tu cla X nhung
veXconheX

R& rimg néu v, € R1adiém iy cla Xthi I (v} X

Ny # N U =P,

Thue vay: xéLy, € R (v, = + oo (-} xét toong tu) va xét cice lan eldn cha v,
Ay =, -6 N+ 8, Ve, >0 n= 1,2, [ Lidyv, e AL,y #5, 0E A, a2y,

Xy by € ALY, #a, L thi ¥ o |x” - xU] < g, nghla lay, — v,
4.2. Binh nghia gidi han cua ham so

Bink nghia I: cho him $6 v = fix} xdc dinh trong mién Xva v, € K 13 mot
dicm ty cua X, s6 @ € R goi 12 gic han ¢Oa f() i v, hay £v) ddn 81 ¢ khi v ddn
11 v, néu:

v, C X,x, & 4,5, = v, 2{flv)—o>a)

Ky hicu: lim floy =a hay i) = o (0 —> 1)

Ny

Bay gier x81L v, ¢ € R, tir dinh nghua trén ta 58 suy ra mot dinh nehia khic
trong duong v ud:

Binh nghia 2 : 86 « € R poi 12 gidl han cua f{0) tai x, néu:

Ve>0. H8>0.0<|v-x|<o= f(x)-a/<e

Dinh nghia ndy goi la dinh nghia theo ngon ngl "e, 3 * cdn dinh nghia 1
cling duge goi la dinh nghia theo ngdn ngd "day”

Thye viy: tir dinh nghia | ta suy ra dinh nghia 2, vi néu khang nghia la:

Y6 »>0.3e>0,3v,0< |x—x0|<5:>‘f(x)-—g|2£

ViV, #F oLy, >,

nén vai 8 di chon thi 3 a0 1w > 0, O €|xrr _xu|< & khi dé ‘f(.\‘")—a‘ >z
Chimng 16 (4,) 4 .

Bicu ndy mau thudn v6i dink nebin 1. nguge Tai, i dinh nghia 2:



¥e>0,308 >0,0< [x-x)<d = [f(x)-al<e 18y diy bt ky (x,).

> X, voi & dh chon thi 3 n,. ¥ 0 >, O<ly, - x| <5

Khi do 5.;{(-\'..]— a < ¢ - Ching 10 v} —» ¢ nghia 14 ¢ dinh nghia |
Vil [x -5 s @ vp- Sy Vaypav <y, +8; ‘Jf(\] - a‘ <o

fivyel E=(a-8 a+e);
Doddre Ay, =2 flvel & fiXvg)cF
A=y DL y+Hd)

Nén dinh nghia 2 con duge phit bidu dudi dang sau:

86 u & K goi la gidi hyn coa fx) tai vpe R néu cho tude mot lan cin £ cla
dicm a thi s& ¢6 1 lan cdn A cla didm 1 dé fia\y) © E. Trong cic dinh nghia
en, ta X8 v — vy mat cich bt ky. Néu v — vy, v <ag < (v > vy ma flv) = o thi
o 2ol a gidi han bén i (phaid cha A0 tai x,.

K¢ hi¢u Iim _f(_r} = a( Iim f(x) =)

R rimg: I|m fix) = et khi va clu khi

L

!im ,f(r) tim flx)=u

Thure vay: gia s [im flv) = ¢ theo dinh nghia 2

Ak

Yex>0,38 >0,x,-8 <v<y, vy, <1<y, +8 = ‘f(.\')—u‘<£
Viy: v e>0,38 >0,1,-8 <v<y, = |f( )—a<£

nghinld  |ijm flv)=«¢ hoac:

v oer, 0

Yex> 33 >0, v, <xv<y,+8 = ‘_f(x]—a‘{e:

nghin ld lim Avi=a

Xophy,

Nguge lal, gia s iy f()— lim f( Y=a

LR ] R ]

Theo dinh nghia 2:

Fe>0, 38 >0, x,-8 <v<y, = ‘_f'(x) - a‘ <&
38" >0, v, <x <y, + 8" 2|f(x)-dl<e

chon 8 =min (6. & ") thi
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YVe>0. 38 20,0, -8 cv<y, vy, vy +0 = 'lf(\] —ui <&
Nghia a: lim fiv) =« Chi ¥: Tacling Ky hiu v, - 0 (x, +0) = v, (x7)
Thidu:

Iy Ching minh: jim (2x¢]} 3 Xetmot day bt kv, v, = 1.0, » 1

L

khidd 24,41 =3 Viay [im (2x+1) =3

v

2y Chéng minh: iy I )

sy

Xeét moi dity bit ky v, — + = thi 1 » ). do dé:

X
Ll
o1 .
lim =—=0.Tuongur lim—=0
S x X
o ) 1
Hm — =+ =; lim— =-=
Caell Uy

3) Charng minh: Jim ¢ =1 (u>1)

roafl

Xéty =+ Lay mar diiy bt k¥ v, 0 <y < 15 = 0. Khidd

b |

X,
Dt = ! . 1 . ! !
dta, =£| | thin £ <+ 1 hay <X, §—
X, X, i+ ",
[ [
Vias> Tnen a™™ <a® <a™
! L
s pe o L R P, . . .
Nhu dii bist cie day  ¢™ " .a™ déu ddn 61 1 (chuong 2) theo tinh chat

Ca . - I . - .
eidi han caa day thi ¢ — |, theo dinh nghtn limag' =1

v ored)
Xétx — -0, 18y mot diy bat ky vy -» -0 it v, = -0 thiv, — +0,

- . . . . . !
Fheo chimg minh trén 4% — 4 % - l =1

[

a’ ]

Viy lima =1 (e >1)
ar

Tuong tu: lima® = 1 (0<u<!)

voall

53



$3Chang mmmh ;. lima® = 4% (@ =1}

Xét mor ddy bat ky (v), vy — 4+ o dat s = E(v) thi oy 2 . va

a™ Za” (ax), e, > 1

Nhirng, a’ e 4o (chuong 2); do do ¢ Yy oo

Viay lima’ =+ (=)

T k& qua nay suy ra
lima' =0 =), lima’ =0 (O0<a<l), im g’ = 490 (U<u<])

- . o] . o
3y Clumg minh @ |limsin— khong tén tai

R X
Theo dinh nghia, chi can chi ra mot div (v}, v, — 0 ma sin 1 khong
l’h’
140 tai
Xétdiy vy, =_ 2 thix, >0
(2n-1)x

. . T . N : N
vicsin L = sn(2n-1)— khéng ton tai, vi khi # = 20 thi
¥, 2
. T . L7 N
sing2n-1 )L =smidm-= = 5 -1, 0 =2Zm+1 thi
)

I3

sin(2n-1y £ = sin(4m+1)£: 11

-

-3

o] P
Viy limsin— khong ton 1
vowll X
Chai ¥ - Dinh nghia tren khong doi hoi fiv) phai xde dinh tai v, vi v, B mot
di¢m tu cda X, thi v, ¢6 (he thude X hodc khong, do dé ¢d rudng hop A1) khong
xde dinh tat v, nhuig van cd glan han i do.

. N
Chang han 56U |jim—— 0o

vl x— 1|
fivy = v khong xde dinh twi 1=l nhung v, # I - x, = | thi
-1
ﬁ:.___l - m) =yt 1 = 1+1 =2 nehin ld [im X -l =2
x, -1 x, -1 v -]
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4.3.

5Inx

Tinh chat va phép todn

Xéty, e RaeR
Tie dinh nghia gidi han ham s& vi cde tinh chat cla diy hoi w. suy ra:
I ) = ) flo) = s (v = 1) o) = u,

(thih chat duy nhét clia gidi han)
2% f) = aly = ) e (fla) - 1) <> 0 (x = 1)
MAN=C, Ve X = /iy C {(r = x,)
A ) = a g o gy o o)

> 00x e (v, - 5x, + M, AXY £ h(x) <€ glo) = h(x) > (v — )
LD a5 0 ) > IC>0.38> 0. Y e (v~ 8ux, + Sh, | v < O
0" At s> aty > ) u>pl<g) = 38> 0. v e (x, — 8, x, + &M,

A= pi<qg)

Hé qua:
A > alv - 13820, ¥y e (x, - 5. kO, AN < p (2g) = a2p (sq)
) = ale = v ) g(v) o By > a) = g[Ax)] - by - x)
8% fix) > . g2(v) = b (v > YI) 0t ratbivr— 0

Jooreln) = ab (v = 1)

flo o«

== (h=#0)(x > 1)
- gl b

Thuc vay chang han xét phan diu cuia 8:

Xetday bat ky (v, v, 2 v, v, - x,

thi fix,) — w. glx,) =+ A theo tinh chat cla diy hoi tu

i flv,) + g6 = a + by - 1) VAY flo,) + gl = a + by = x)
Thi du: Chimg minh

) ]inlllsin v=>0

.4 - Tr - . - L
Xy -2 +0vii0<y< 5 thi O < sinv< x, nlumg 0 — 0, v — 0 nen theo 4

-0
XNétv = -0.daty = —x" thi " = +0 vi ~sine = Si{—v") = —siny' — 0

Vay limsiny=10
’ 3 - alb

2) limecosy=1
et

Ta bigl cosy = | - 25in°v/2.
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Theo thi du trén v theo 87
Thicosy = 1 -0U=1(x = {1

hay jjm cosy =1

3 im Hm\ =1
Vo ¥

Xely = 40, 0 <2< £ Theo Hinb 13

2
) 1 sinx .

—siny < —x < —fgx hay cosxy < — < Hinh 13
2 2 2 . X
Nhung cosv = 1 (v = 03, 1 = L Theo 4. [jp 202 )
XAy > -0 diay = -y thi khi do

_siny . osin{-x} o siny

lim = lim = lim =1

ooy Voken oxt ooyt

inx

Xéta > 1, v o+ oo,y 1 day hitky (v, v > 1oy =+ 2 ddta = Sy in
HoSay <+ | hay b < 1 < |
mo+lox, o
I(. 1 \I
Suy g,
(TR I

|". . ‘/1 ‘ _-\! [N ‘-2 [l . _]-_\I| .
¥

X,/ n o
. !.f I LA ] an o i 1
Nhung " \ - [I + ] ] Sel=v
L "o+ 1) n o+l I |
n, +!

. | - ",

I ! y R P ] [ ] W

||]-+——J :[I+A— l+—|>oel=¢

Lo, LS P ",/

oy qe " L . l .
lheo 4 [1+ ! } ¢ Yy hm(l + ] =
AW o X

i
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XA > - x dity = - Thid' = + " Khi do

‘ oy T IR ol NORTE ¥ N
e ) (= ) ) L ere
s B ' ! . !

v —x'=1 ot oot N

{theo tén) \*':‘u}_»‘

o I

lim| 1+ —! =¢
X

TN

|
Baly = _I. A =>4 7 b= (3 khi do Im{lﬂz}u =¢
74 =l

Clur ¥ Gidgi han ten ¢6 dang, 17

< Natnay s thay day cing |3 dany vo
dungh,

+4 Khirdang vo dinh

Tuong t ahir doi vai diy o khi tin 21 han coa him 86 1 cling 2dp i
R s e, . .
dang vodinh = = L . % - . 1* viicon £ap vie dang vo dinh klic.

{0 o«
Tusd dung bicn dét dai s§ vit dimg cic gidi han dac biet
siny f R

lm——=1. Imrkl + —J NG

X

vl X vorr
dé ki cide dang vo dinh d6

1" Dang 0

0
Thi du -
Coxv =8y =20xT 4 2y + 4 .
ylim == = lim (—— )(—— —m L= Inn( T4 2y + 4) =12
verox =20 w2 y=-2 Lol

SN IR (»"'4.\' J( Ll\ + ”)( J'(l_f 8::?] i
By - ax +z) fVive2)

=lim- — = lim e T
S - TH8 3] gy 43 3
. sinax . dsinay 510 X

3 hm - —— = i = i =
v X A=} [TAY T30 Oy
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37 Dang 0. %
Thidu:
sin ¥ cos X’

l}llmsm x.cotgy = lim —— = =limcosx =1
¥l Siny x ol

)i 2. -y)=

) ‘lTll[] )Ig 5 lunﬂg [l ¥)= lim—= p-
Patl-x=y=> x> 1=y 0

4% Dang o -

Thi du -

(J_+1— )(’_

41lim = lim - — =lim7 =.lim
S Sy LosY YoM X O X
L2 X LA X
| -cosx 2sin” s
Syhim- =~ =lim— —==_lim- ;==
Vol X 2wl X Comloy T 2
4
fex —siny smr 1-cosx 1 1
6)11m—— . N gim = =T =2
X wofx x° cosx 2
x II:I
2% Dang —
o0
Thidu:
11
X -oxv+l -t |
1 lim==-, 'T: lim—- =% = 5
ol dym — 1 oeE a
2- 7, “
o
= -
|1 1 '
s Ly
VAT T1+‘\l'\ . x VUx
23 lim = lim \ ,__——.\'—- =]
Lowed 4 _ A e 1 ]
‘X +x—X |
N x e

l)||mr(\[\+l—\/_)—llm :

LI k- 1

=i : Li Al ot
=lm ——-—-——==1m ——= —=
\»x\,"\+1+,|' IEERFS |l+ o
| ..

Vox



. 1 2 o+ 1-20 I !
2)I|m(—- —-—— == ] = [im \—1 —=lim— =
R A I N, | vyt — ] eyl 2

5" Dang I
Thiduy: 1im

s : A
) tim {1+ 4" ,;!\a A ks iOJ
ke iy

Ok koo ’ oo
fim I+-—W =lim{l+a)e =lim(1+ o) (1+a)a.. (1 +a) =gt
LR i I o vl ‘\

N — S ———
LREn
EERTI oy el .

255 tnie ) i

3 L+] _"

=lim(1 a} J(' + a’)" =le=e¢" (a = —J-—__x —> X2 U}
o ¥+2

: !

3) tim{cos2x)en'. = 1in}U—25in{y)mnﬂ _

=lim{l+a)e =¢ * ,(a =-2sin" .t)
R 70

§5. VO CUNG BE VA VO CUNG LGN
5.1. Dinh nghia

Che ham s6 v = fix} xidce dinh trong mién X vi Ay € H I 1 di‘m
him fix) goi [ mot v cung bé (vo cing 16n) khi v — XN, néu

lim ()~ 0 (limlf(x) - +°°]

Ky hiéu fivy: VCB (VCL} (x = 1))

Thi du -

1)y =sinv VCB (v — O vi limsim =0
v ol

2y =2 VCL (v - @) wi Imn | = o

Ré ring: néu fiv) > oy -0 v o) thi flx) 1 VCL (v > x)
Nhung ngugce lai, néi ching khong ding, chang han :

tu cha X,
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X, =(—1)"n s VCL (0 >+ 2) i '],r“I —» 4oo. nhung v, khong cd gidi han khi
=+
5.2, Cac phép toin:

T dinh nghta v cie phép todn gidi han ta suy ra ngay cie phép todn ve
VOB (VO nhu sau

P A gy VOB (v = ) = filv) £ gl VCB (v = 1)

2°, fia): VOB, g(x) bi chan, dae bigt gy VOB (v — v) = Fxgley VCB
tv— )

3U fl): VOL, glv): bichan (v =} = fia) £ o(x) VCL /v — v
47 fiv). ey VOL (v - ) = flonglor VOL te-s vy,

5P vy VOB £0 (v o ) = L) VCL (x = & 30 VOL (v = ) Ly
VCR{v — v.)

6" Ao aly o) & A -a VOB (y > x) (0 € R).
5.3. So sianh

a} Pink nghta: cho fix), g VOB (VCL) (v — v) flo) ot L o8 bac &
(A= 00y so val g néu:

g} goi 1a VCB (VCL) ca sd
Piic bict: k£ = 1 thi flx), g(v) goi la cic VCB (VCL) ddng bic khix — x,
k> 1 n Ao, got 12 ¢6 bac cao hon bie cda g(x) hay g(v) goi li bic thap hon
bac cua flvy ki v — v,
Tir diph nghia suy
Pind I - cho fix), ¢ VOB (VCL) x —> x, thi
(0 néu fv) ¢6 bac cao (thap) hon cia bic giv)

lim=— | = . .
Srag(x) % ncufla) e6 bie thap (cao) hon cua bic gly)

Thue vay: xét trudng hop fly), gl VOB (v = x) va fx) ¢0 bae cav hon biic

ena gl o) {cde trudng hop khéc tuong ).
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Theo dinh nghia thi; lim— Gy I Cx0,k>1
Vo, [é’,’(-“)]
7(x)

lim = Im1 [g )]
S T ]

Suy ra: (0=

3.4. Vo cang bé {va cong lon) tuong duong

Binh nghia cho f(x), g(x): VOB, (VCLY (v = ) flo)ein) goi licdce vér cung

hé (VT Muong duong khi v —» X, Néu:
tHm _f(Q

o gl)
Ky higu fiv) ~ 1;(\ J. nhtrvay fivicé bac k21 so véi #{x) thi:
fivy = C gt
C gl goi la phin chinh cda VCB (VCL) ki 4 — X,
Thi du: Theo cie vi dy va bai tap d8 c6. khi v — 0, siny ~ Xolgr -~ oy,

=1

. - ,
1 - cosy L Agvesiny -~ —xt (- - - re Q0
Bl

. ;] n-1
Khiv oo g+, 8"+ + dpg Xt~ a "

Tir dinh nghia suy ra:
Binh Iy I Néu f{v), g(v): VCB (VCL) (x = 1) fin) ~ (1), glv) ~ g () Lhi
AN AC)

lim =

L g(,\') ""vgl(_l'J

Thue viiy: [im ’f(_J_ 11” .7 4 ( g'_(
e gl v ‘Of] (‘) g(\

x)
im” () imi[-}'_ _(1_) - dofi~f g ~y¢
g " g )(-E = /(%) i a(x) J B

Binh Iy 2: cho flxy), gia): VOB (VCL) (v —» & o NEU g(x) ¢b bic cao (thap)
hon bie cia £ thi
fy+ g0 ~ flny
Thue vy, xét trudmyg hop VCB (VCL): trong hy)

Taco:
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fxyrale) L (8

|
hm — ; ;
G T I ATES)
jim )
finy + glv) ~ §89]
Chity: Néuf~ fi. g ~ & thifg - fisi
Nhung chua chic f£ g~ fi £ &

— ¢ Vi g(x) c6 bac cuo hon ol fix), do d6 theo dinh nghla

Ch‘:lﬂg hg_in s e gy - khia—0

Nhung tgy - siny ~ lx” kKhiyv —0
n

-

Ap dung cdc dinh 1y trén, ta ¢6 thé tim gi6i han cia cac ham 12 thuang cla
cic VCB (VLY.

Thi du:
N lim AL lnn-\—zx =4
x =0 1 —COs Y PR | 3
S X
2

. X
2 lim — =lim— =3
v el "\"I]+x -1 v ] ‘
.
xP +3x+ '
3 lim=— +—— ~ —jim—, =—
1 3x +1 v Jy
— =
4y 1 \'IX+\u"-\'+\."{; \f; |
lm —— —= = lim——===
N ot 2\n'X ,1-»+12J; 2

§ 6. PINH NGHIA SULIEN TUC VA GIAN DPOAN CUA
HAM SO
6.1. Dinh nghia 1

Ham v = flx) xdc dinb tat lan <dn diém v, € X, goi 1a lien tuc tai x, néu
lim Ax) = fiv,) nghia 13 V(x,), v, = 5 = () = Axh hay Ve>0,38 >0,

A=y,

|y - xy <8 = ||f(") - f(‘)| <&
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Haoiie cho truge Mo lan can £ = (fy) - £ flag) + ) eta didm Jiv,) thi s& 16

tal Mot lin cin A = (oo -8 v, +8 ) clla didm Y, 510 cho fla) ¢ £, v, zoi 1 diém
lign e cfia i),

DitAy =y -y,

Av = Ay - flvy) =Av,+ A - i)

AV AY gol 1a 88 gia et déi g va ham s6 tai v, 1hi dinh nglia 1rén ¢6 the
phil bi¢u cich khic nhur sau:

Ham v = #v) xde dinh tai lan can Yoo 200 12 lién we ai Huéw Ay =0

Aol

Mol hivn 58 goi la lien e trong tip hop X < R néu né fian e i vx e X khi
d6 X gol Bomticn lien we cta ham so.

Thi du:

1y Xéthim vy =

Ve Rl Av = Av. uy ra lim Av=0

ACEITI]
Viy y = v lien tue Vv g R,

2) Xéthim vy = o tat v, € R, Av= v i _ a =g (u’“ _ ])

Nhu di biet lima® =1, do dé:

voeld

lm Ay = o™ lim (a‘“ - I) =0

Ao RTEHIH
Viy v = o lién we lal v, €R, vi vy, [3 bit Ky nén hiam s6 lign e vy e R

3) X¢t hiom v = siny iy, & R

VIAY = singx, + Ax) - sin X, = 2sin —Aicos x, + é‘:}
2

Nen fim Ay = g. Vay v = sinv lign tue tai x, € B, vi x, 1a bat ky nén hinyg o6
Ao 7

lién tue ¥r e B
Tuong nr v = cosy cling lién tuc tai vy ef

Ta di dinh nghia ham ¥ = J) lién tue tai x, néu lim f(x} = 7{(x,)

iy

Neu chi ca: iy f(x):f(.r[,),( lim f(x):f(xu)) thi fv) goi i lien tuc

K.

ben trdi (bén phii) didm «,
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Thi du:

J,-(_\.):_ Jetixz0

I[l}:.\' ={

Taco lime =0.dodd lim f(x)= £{0)=0

voe
Vay f(v) lién e bén trdl dicma=0
Tir dinh nghia gidi han suy f(x) la lién tuc i x, khi va chi khi na lien
fuc bén trdi va bén phdi diém x,,. nghia la:

lim u_f'(.\‘) = \hm)f(r) - /(%)

o

Tir dé suy 1 do thi cta ham &6 f(y lién tue trong mién X1 1 dutmg lién vi
néu khong thi khong thé 6 dang thie nay.
6.2. Pinh nghia 2: (diém gidn doan)

Ham v = f{v) xdc dinh 1ai 1an ¢dn diém 1, (¢6 thé ulrva tai v,) goi ¥ gidn doun
fal 1,. néu nd khong lien e tal 46, nghta la khong 106n tw dang thic:
lim f(x}= fix ) Yo goi 13 didm gidn doan clia hanm s6. Nhu vay flo) 1 gidn doun
o,
tai v, néuw:

19, flx) khong xdc dinh i, (khong c6 fla,) hoic

2 fvy khong o6 gidi han (€R) tai ¥, hoidc

3°, f{x) ¢6 gidi han (& R) iy, nhumg gidi han 46 khong bing fx,).

Néu x, [ diem gidn doan cua fix) vai didu Kign - lim f(x). Him f(x)

1 verngelt

160 tail (& Ry thixg g0 1 didm gidn doan loat 1 cua fiv).

Hicw: p= lim f(x)- _Ii]_nnf(-t)

S |

goi L bude nhay cta fx) tai v, néu b =0 nghia ld hm f(;) dn tai thi 6

Xk,

the 1ap lai sy lién e cha fia) tai hang cach dai flv) = lim f[\) khi do v, por
Ja didm gian doan bo duge et f{x), ndu x, 12 diém gian doan cla fi) nhung
Khong phai 12 didm gian doan Joai | cua nd thi a, got 1 didm gian doan loai 2
caa flx.

Thi du:

. 0:x<0
1) Xé f(‘f) =

L1—x:x>(}f
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Tu ¢
lim f(x) =0, Iim__,*'(.r) =1

Vay .« = 0 14 didm giin

doan loai 1 ¢ia Hvy véi bude g l
nhayh=1_-0=1,
2y Xér
[sinx .
— —x#0
Flay=1{ &
[0x =0
T ¢d gy HE qm =|. viy
Lorl) 1‘

= 00d dichn pidn di N ]()cil I
cla fivy véi bude nhiy ) =
Do dé o ke ]dp TIgH IL[L
Clil f{\) t.n A= bing cich
da fiony

3) Xét _f‘(,\-) = _] i v= (1, Av)
v

khong xic dinh. do d6 v = Q
e diem gidn doan cia fiv vi Hinh 14
lim I = -, im | = +oo Nén .y =4 13 didm gidn doun 2 clia fiv)
LI ||_\" v o )“
i

. 0
47 Xér _f(.\‘) _ Sm;.,\ #

LO,'X:O

Yilim £{x}=limsin-- khong tén Wacn v = G didm gidn doyn loai 2 cia
1ol [ X

fix

M XS g J €y {201 1 ham Dirichict)
f(-\ 1
LO xef

Ré ring ¥V v € R déu 13 dicm gidn doan loa; 2 el f{x).
6.3. Ciic phép todn vé ham len tue
T cde phép 1odn vé gi01 han suy ra:

Binkt ly I Neu fiv), &) hén tue tai v (hi fv) + L0, f0) . 00x), foye(a)
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{glv,) = ) cling lién tue i v,
Thidu
1) Ta bit v = v liga tye Va eR dodd y ="
(r e Nyl dien ue ¥x e R
23 Ta bict v = siiny, y = cose lien e v € Rdo do v = 1y = sinvfeosy 1
lentge ¥y e Rt =25+ 1) z tai di cosy =0

v =colgy lién tye ¥x € Rulry = A m

Pink Iy 2: Cho ham hop ¥ = glfiv)] vdi v = gl 1= fla), ndu ) hén tue Ll
v, (e lién e 1ai w, = flx,) thi glfiv lién e tal X,

Thi du: '

SXéty=¢" date =~ xthinlien e Vv € R, ¢“lién e Vi e R,

vay y = ¢ liéntue vy e R,

. gt et ¢t —e " shy ..
Suy ra chy = —-, shy = —- thy = 20 liéniyge ¥y e R,
: 2 chx
colhy = 1 tien tuc Yy € R, iy =
thx

3 7. CAC TINH CHAT CUA HAM LIEN TUC TRONG
~ MOT DOAN

v = fix) goi 1 hén we trong doan [, H] n&u né licn tue Wy e fa, D), Lén e
him phuid didim o v bép trdl dicdm b

7.1. Dinh Iy Weierstrass 11 - Ncu fln) Lién tye trong doan [, b thi nd bi chan
trong doan dé. ngh G 3 C> 0¥y € |, B '];’(r)| <

Chuing minh: - Gid sl nguge lai fia) Khong bi chan trong |«, b] nphia L
YO o> 0,3 e u bl \f(\)l}(, do dé wn ¢ N, 3y, € |a. b sao cho
'if(_\'“]| »>nall)

R4 ring diy v, la bi chan theo nguycn Iy Bolzano-Weierstrass thi day dé ¢o
mot diy con (xw ) hoi tu, gla s X, TP Ve
Rothng ¢, € Ju, PIVIVIIu Sy, = b,

Theo tink chit clia gidi han thi ¢ £ ¢, < b, theo gid thiet flx) lien tyc trong
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|2, H] nén f{\_-“*)_)f(xﬁ) SUY

;(\-”_}J-.> ‘f(:_u)‘ mit khic theo (1) thi
If(x ;I ot = o0 AU thudn ndy ching té sy ding dan caa dinh Iy
7.2. Dinh 1y Weicrstrass I1: - Ney flxy lign we trong doan |a, b) (hi né dal
Mot 8id tri 1dn nhdt v mél gid i bé nhat trong doun dé.

* Chimg minh: Theo dinh I¥ trude thi fv) bi chan rong e, 5] do dé theo
tieu dé Sup thi ton b M = Supf), m = inf fix) ta s& ching minh Mo {a gid t
lan (béy nhatl cin Fxy ong [a, b) . nghia 1a ching minh J¢ ¢ lie, b}
ooy = Mo,

Thue vay xét trudng hop gid U 16n nhat (truong hop gid tri bé nhilt ching
minh tuorng, wr)

Theo tinh ¢hit 2 ctia Sup thi:

Ve>0Ivele b fir=M-¢

Dodé ¥u e N, A, € |a, bl fxy»> M - _I. (1)

Iz

RG rang v, ka1 diy bi chan, theo nguyen [y Bolrano welerstrass, diy dé co
mdt didy con (x“ ] héi tu, gia sir X, — €.roring ¢ ¢ la, b] .Theo gid thict
iy lién e trong |, b nén f\(_\‘w ] — f{ 1"}.

Matkhic theo (1) p(x )5 pf- A dodoficy» M),
A n&

Niwng Wa € fa, b iy < M | suy ra f( ¢ ) = M (3 Sosdnh (2) v (3) 1a o6
fiey=m.
7.3. Dinh Iy Bolzano-Cauchy

Neu fix) lien e trong doun [, bl va v la mét s6 cho trude & khodng giita

Jen) fihy)

Hay 2 B c6 186 e e (wh) suo chofley =y .

* Chimg Minh: Gig sir o) < Jh) {fla) > fib) ching minh lrong tu) khi 46
iy < < fih) chia doau e, b| ra lam 2 phan bing nhau bot diém ¢ |

Néuw Al € ) = y1hi dinh Iy duge chimg minh. Gid sG AT )=y

Nghialafic )<y hoac AT ) > ynéuf{C) <ythidata, = T | b =0,

Khidé: flup <y < fib).

NEWACY>yihidata, =, b, = € 1a vin c6 hil dang thic rén.
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bh—u

RO ving b, - «y = -——. Lai chia doun {a, H] tam 2 phin bing nhaw v 1y
2]
fuan tuong ty. ta duge dogn fez.ba):
h—ua

Fay<y< fiby, by -an= 2
3

Qui minh 1§ udn GEp tue, taduoe 1 diy doan
(et V¥, flagy <y < i (1),

b= 079 Roring d6 1 1 didy dogn that vi,
—}r?

T gy Pt | Sl D By -y — U

Theo ppuyén Iy Cantor thi eé 1 didm ¢ duy nhat,

Yoo € | lea, > ooy e

Theo gid thict fx} lién tye trong [ebinco ey o> flod fihy = Aok

Theo (1) vi tinh chilt cdu gidi hun thi fley £y vifley 2 7.

Vay fic) = y. RO thng ¢ € (ah) vi néu chang han ¢ = thi fley =y = flu).

Viy [ | 56 bat k¥ o Khodng gila flu), fib) nén suy ra:

He qud l:

NEU fiv) licn e rong doan {er.fs] thi flx) Wiy moi gid trt trung gian gom gl
fler), f{b). Do @0, dinh Iy nén cling got la dinh 1y 1dy gid tri trung gian cua hiam
licn tue.

Theo dinh 1y trude thi fiv) dat duge mol gid tri nho nhat mova 1 gid i lon
nhit M. do dé fiv) Ly mol gid i trung glan & gitta g, M nghla L midn gid cua
fivy i doan L, M| v hinh hoc thi dudng thing y=y:m<y< M the nie cling
CAl dé thi et fia) tad it nhat | didm.

Tir dinh 1y trén con suy ta 1 he qua nda Tl Ua treng sil:

Heé gua 2:

Né&u fioy lign e trong doan ja.b] ViU flay fib) < O thi Ve € (uh) ey =140,

Thue vay vi fla il <Unény =0 G pitta flen), fih)

Do dé theo dinh 1y trén thi:Ve € (@.b) fley=y=0.

: Y nehla cla hé qud nay rilt 1dn: 6 chinh i didu kien 160 tai nghiém cia
phurong trinh flx) = 0 trong doan ler.fr] va (& @& ¢6 the suy ra cdch gidi gan ding
phucmg trinh nay.

Clut 1) Badinh ¥ uén ¢o th¢ phat bi¢u thanh | dinh [y nhu sau:

Néu fix) lien e wrong doan a, b} thi né bi ¢chan, dat 1 gid i 16n nhdt, 1 gid
tr b nhdt vi 1y moi gid trj trung gian O gitta cde gid el bé, 160 nhat d6.
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2) Dicu kién lién we trong dinh 1§ ndy chi a didu kién 40 d& cé cie ket luan.
Thuc vay x¢t ham ;
M-x:0<x<]
F(x) =10 x=0 s
lixe=l
R& ring fiv) khong lién tye wong doan {0,1]
rthung nd bi chin vi ¥y e|0 1] flxy < 1.,
N van dat mot gid trj 16u, hé nhat M = |
vt ae = (0 vi vin iy moi gid i trung gian
gilra O va L (Hinh 15).

Hinh 15

§ 8. SUTON TAI GIOI HAN VA SU LIEN TUC CUA HAM
DON PIEU
Pinh ly |-

Néu fley don dicu khong giom trong (. by e, b < R viv bi chian wren (dudi
trong khoidng dé i lim f:.\').[ lim _ff_r,i) 100 tai, néu fv) kKhong bj chin trén

r-#h—1} Al
(duonthiftay— + (v 2> b -0 (fivy-» - v (v >a+ 00,

binh 1y cting duoe phat bicu wong tu déi vai fiv) don dicu kliong 1dng.

Binh Iy nay 1a su md rong sy 16n tai gidi han cla ddy don dico (nguyén 1y
Weicrstrass) cho tridng hop ham don dicu: Diga vio nguyén 1y do v dinh nghia
gidi han eda him 0 ¢d the chimg minh d& ding dinh Iy nay.

Thue vay, 1dy 1 diy bal ki (v) Sl v, < h,ov, — b Khi d6 diy (fiy,)) 1
dum dicu khong giam, vi fiv) 1 don dicu Rhong gidm trong (o.4), cling theo efi
thics {flv,)) L bi chan teén, do d6 theo npuyén By Weierstrass (hi Jim fix,,) ton tai.
Suy ra li!;nl__f'(_\‘) On tai, 1y ludn wong W i f{\) ciing ton tal,

" PR

RO riing ¥y € {«,h):

i (Y« fx i {x) néu fivy khong bi chan wén (dudi)y, thi 1o ring
\.11’!‘1?“] ()= f(v) S_\-II.];-1[:.‘f('\) néu flvy kKhong bi chin wén (dudi), thi rd rang
lim f{x)= -+, lim 7(x)=-o

T okh-dl

Binh Iy 2: Ncu fix) 1a ham don dicu trong (e h) thi moi didm gidn dosn et
1 trong () déu 1a didm gidan doyn foai 1.
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* Chiing minh : Xét fia) don digu khong gidm, (flv) dou dicu khong tang 11
wrong ).

Gid st v, € (e, b)Y 12 mot didm gidn doan et flx), ¥ v < x, thi f{x) £ f)

e dé fixy bi chan wén (boi flx,} wong (¢, x,}

Theo dinh Iy 1: hm f( )lon tal, tuong e ||m f( ]mn lai, cdc gidi han

nay khong bing fiv,) vi v, 1a diém gidn doan cly f(.\') _V‘;y x, 1a didm gidn doan
loai 1 cua fix).

Ta bi¢t néu fix) lien tye trong doan |a.b| thi mién gid (] cia né & doyn
[0 M] trong d6 pe M) 1 gid tri bé (I6n) nhdl coa fla) trong |a, h). Dac biét: néu
Foy 14 hinm don dicu va lién e lmng doun e, b thl m = fla), M = flb) hodc
mi = fih), M = fled Khi d6 micn gl tri el flv) 1a doan [flar) S hode [fiB) fla)].

Now fiay licn tue trong khoing (o, thi mién gid 11 cua né khong nhit tnét
12 1 khodng, ching han hivm fia) = v lien tuc trong khoang (-1,1) nhung micn gid
tri cta né 13 (0,13 Bic bict dgi véi him don didu tang (atam) ta cd:

Pinh Iy 3- Néu f{v) 12 ham don di¢u lang (gidm) va lién tyc trong khosdng,
(). adr e K Ohimidn eid tri cda nd la khodng (o, i) vai
a=lim f{x), f-lim S(x) a. P, er
TR -1 ) L
# Chimg minh: - Xét vy don dicu ting (gism ching minh tuong ) theo
dinh 19 1 1hi o, P iéntai vt Vo e (ah) s as i) < B (1), a, Be R . Nhung khong
hé ¢6 ditu biing. vi chang han c6 4, € (@h): fiv)=a
Khi dé Wdy: v, & (a, b), x| < x, thi theo gid thict fla) don di¢u ting nén:
fia)) < fi) hay fiv) < o miw thudn vei (1).
Nhu vity 7y € (o, b < flv) < §5, bay giivcho s0 y bt ky: a <y <B(2)
thi 2x,, v & (aba<fivy<y<flaa)<p
Ve kiong, ching han Wy < (a by i) >y
¥ fing f{x) = @nen theo tinh chilt coa gidi han: o 2y, mau thudn vai
(27, Theo gia thiet thi foy hin e trong, x|
Do dé theo dinh 1§ 14y gia ui trung gian cta hdm licn e thi Vo € (), Y2
fle) =y viy La bat ky néu fud 1dy mot gid b & gildia o, B, nghia 1a nién gid tri cia
fuy 1 Khodng (o, B ).
Tu bict néu ham y = fl.v) do‘ln dicu tang (piam) trong mién X va ¢6 mién gid tri
11 ¥ 1hi né ¢6 ham nguge v = £ (v) ciing don di¢u Lang (idm) trong mi¢n ¥ va cod
midn gid tn 14 X

Mot van J¢ duoge dit ra L khi ndo thi 7 I tign tue trong ¥?
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DE i Lo 1 co
Binh Iv 4 Néu I1.|m ¥ = flvy don dicu tang {gidm) vi lién e trong mién X thi

0 ¢ hivm nguve v = £ (\) cing don di¢u tang (gidmy vi lién e trong micn ¥ la
midn ghi i cda fix).

Cluing, minh: Nhu dit biét (2.2) thi fx) r.o ham npuoe v =/ 7'(y ) ciing dan
dicutang (gidm) trong ¥ Ta 58 chung minh £~ U) i lién e trong Y

Thue viy, xEUX = (why v fx) Ta don dicu ting {cde truong hep khic nrong
ury.

Theo dinh Iy 3 tht ¥ = (o, B), « :r|1;{113_/'(_r]‘ B = ‘||'Enﬂ f(;‘) (Y: mién gid
i et fvy,

Xéty, € (@) Theo dinb 1y | thi 6 cic 2idt han:
X = Iilm A S0 E P |i1_nuf IESS

1 -
A . |
Vidiv, =% mh) viWy e i fithia<f L\) <hnén oy, vs € (wh)
Roring 4 =, = ‘n—f (\UJ vinéu khong ching han v, # v,
Theo trén thiyg < v, khi dé ¥y < v,

- -l
a6 f 7)< < v, Do dé gy, v, f (_\) khong [dy pid tri nao mau
|
thudn vai didu: (e, /) 1 mién it cda /() .

Viy [ (_\) hen we t oy, € (o.f) vi v, 14 bai ki ni-nf'l(_\') la licn e trong
{o 3.
§ 9. HAM LOGARITHME VA HAM LUGNG GIAC NGUGC
2.1. Ham logarithme

XA himso v =" (N (>0, 02 1. Ta bidt hiun niy 1i don di¢u ting khi
@ > I, don dicu gidm ki ¢ < | vidlien tye trong {- =, + o).

) +xrazl
limu' =

R O:ra<l
T R
ima' =4

Lo [~ a<|

Nén mlul gid tey coa (1) [ fli-, +x3f = (0, +c}. Vay him (1) 160 tal hiim
nauoc v = £ 'y dnm dicutang khi e > 1, pidgntkhi v < 1 lién e trong (U, +) va
ety midn gid ui L f- |({ +}) = (-, +oo).

Ham nguoe do goi 1 him logarithme ¢ 58 o cia v

Ky hicu: y = log,v (2)
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NI viry

) [+ u>l
i log, 'tj
| e a<l
. 0 el
hm logr, x — ¢ J
X ok i) | }-I:(Jq:l y
B3 iht cou hiim vy = log,v
o1 stmg voi Jdé thi cua hivm
[ . A -, - as!
v o= qgua duomg phan gide tha )
nlit (Hinh 16).
Lay logurithme oo 56 b
(h=0.£1) r
2vdcan (e 2 b

tog,y = vieg theo (23
log,t = loggelog x (3)
Bay 1a cong thire licn he a<f
it 2 he logarithme ¢ s6 ¢ vi
Hcho v = b oong (3) taduge.

I = loge . log b hay
L ~
log A= -— linh 16
og, o
Khi o = 10 thi log,gy goi 13 logarithme thap phin
Ky higu lgy
Trong giai tich vit nhidu khoa hoe khic, ngudi ta con duang 1 hé logarithme

H
Khide rdt quan trong, do i logarithme ¢o 80 o = ¢ | o= 1im[| +1] goi la
n

1owr

fogarithme t nhién hay logarithme Neper, ky hicu Iny = log.x hay Ly = log.v.
Thay & = e trong (3) v (4} ta ¢6 cong thiie lien he gifia loganithme g nhién
va togurithime ¢ <3 o bat ky.

v = lnelg v, lg, e=—

Ina
Pac bict ¢ = 1) cd:
Iy = Initlgy, loe = .1_
- InlQ
bat a7 - L [ 3302 thilnv= Mgy

lge 043429



Clde ¥ thay (23 vio (1) taco v = @y () +x)
. 173 R oy
Suyra x” = (u et ) = "

Nghia 1o ham by thirn vigt dudi dung hitm hop cia ham mi vi ham

logarithme, Cic hiim mit vi logurithme i cic hiim tén twe do d6 hium lity thic
v e tue Wi € (0, + )

9.2. Ham hrong gisc nge

Xetham v = siny vii v e 7 ’Z—| L BIct hiom ndy ficn e vi dom di¢u
7375
. - - - ;
Lang trong, (-_’_‘_T | vaosin ( .q Sl sin " = I
| 272 Y 2

TR T RPN By |
Do dd midn gid ti coa né 1i ‘ s :[_||]

272
ra - . -~ - “ BN — . N .
Viy hium 4 = siny. thn b iguge v = f 7 x) cling dom dicu tang v lien
L P | . 7 "E']
e tong [-1. 1] vil ¢ midn prd i la f - = [_l\¢
272

K¥ hidu v = arcsine (1)
Tuong trv = cosy, 0 v < = A0, w)) = [-1,1] ¢6 ham NEUOC v = wrecosy

don dicu giam va lien tue trong |-1,1].

S =10k =gy, T v ”‘I-U__E ”J
o2V L 2

< him ngge.

Hinhh 17 Hinh 18 Ihink 14
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v o= arcley (37 don dicu ting valien e trong (-, +%2)

P T ff\
Vaf o |-x, +x)] = ( s J

i .« = cotgy, 0 < v < 1, flI0, mf = (-, +%) ¢o hiun nguoe v = arccotgy
{4y don dicu piam v Lién e trong (-7, +%0) va f'll (-2, +323] = (1, T

D6 thi etu (13 (2), (3), (4) dor sting vdi do thi cla siny, Cosy, 1gy, Colg
gua dudng phan gide (hif nhat.

Tir dinh nghlu suy ra:

S0 faresit y = v, cos {arecosa ) =x, -l v s
: : . T i
ArCKIN(SINY) = &, — - x < - -
2 el

arecosicosyy=a, O<osn

tafarctgy) = v, cotglarceolgy) = 4, - <A<+ %

arele{igy) =0, - z <X z
2 2

arccotgieolgy) = v, <y <n

aresiny + arccosy = 7 arctgy + arceotgy = £
2 2
XN L
arclgy +arclgy = aretg — vy <)
-
. X
arctpy = aresin —=——— S XK
v+

Céc cong thite trén i hién nhién theo dinh nghia:

Ta chimg minh hé thic: arcsiny + arccosy = z

b

PR3 . ir .
Taco - _) < ArCSinY +4rccosx € - {2)

sinfarcsing + arccosy) = x° +y1—x" Al-x" =1

T UNCSHLY + UICCosy = AN T
2

Theo (a) thi & = 0. Viy ta c6 hé thic phai chiung minh.
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$ 10. HAM SO CAP - SU LIEN TUC CUA HAM SO CAP -
AP DUNG TIM GIOI HAN
10.1. Ham so cap
Ciic him: 1y thir, mi, logau‘itlhmc, lugng gidc. lueng gidce nguoe, hyperbole

dia dinh ngha goi 13 cde ham so ¢fip co ban. Ta cing da thay cdc ham dé lén tue
trong cic khodng xidc dinh cla chiing,.

T ciic him sa cap e hin, nguot ta lip edc ham sé khic. Mot ham duge xic
dinh hiing 1 cong thie duy nhat licn h¢ pitta cdc him so so cdp co ban bing mot
8O hitu han cice phép tinh dai 56 Vi cde phép lap hiim s hop got 1 mot ham s s
ciip.

Thi du:

o

Ny =yflog, (1+x )

X+ arc{g\/ [+
I+
li cde hiun so cilp

M néu v hifu ty

D 1{x)- to

. . (ham Dirichicen
néu v vo ty

fin)y=n!

Khong phai [ cde ham so ¢dp vi ham tht nhit khong xic
thire, ham thit hai: $6 phép tinh nhan tang 1én khi st
khong hitu han. Tir sie licn tue cia cde him s6 so ¢
him Jién e suy ra

dinh bang 1 cong
ang, nghia 12 56 phép tinh
ap co bin v cde phép tinh v

Binft {y: Moi hdw s cip déu lien tuc trong micn xic dinh ciia né
Vay néu fv) 13 him so cdp o6 midn xde dinl X thj

Lim Avy=f(v) v, X

v ‘—).I'U

Suy ra: muén i gidi han ca Ay i v, & Xtachi edin tinh

_ gid 11 cita fiay
tai v,. Chang han

. x z
l!n} ar‘ctg -t — ‘_—.arctg_+_. ==+
Tl 3 3 2 3



10.2. Ap dung tim gidi han:
Ta BiGE néu fi o) Licn et x, thi
Litn jivy =110
vy,
s
Nhung v = limy dodo lim _,i"(_\’) = _}"[ Jim .\'1
i Vo N, =y,
Ditng, cong thire niy ¢6 th tim it han el cie b hop 1ap w cic hium lien
tue. San day tis¢ du ra vitk g1t han quan trong sy 1a tir cong thite doé:
o log (1) | o nfia x
ofim 70— = = 0 lim- (——]:l
v x Tt ey

Thue vy

log (1 : x} N !
og {1:x . |
lim- = 7L =toa [ lim(1+ x)e | =log, e=- -
o X v Ine
{ N
I_im(l + _\')‘ Sy
J
a0 . . S
2 lim-‘:—'l = lim— Y —ina . lim— -=1
Sy carlog, (1F ¥} [
(it -1 =y = a=log, (14 y), v >0 =y =0
TR 1+x - |
3% Ilm(—)—-:a (@ €R})
A Kl X
Thue vay dat (1 + )% - 1=y thivosl & v—0
(e’ =1+v=ah(l +=Inl+¥
_—_ Frx)” -1 : aln{l+x
Khi dé Hm(‘ —) —=lim— Y dim- L —) =

Lol ¥ o ]+ '1-) Wkl kS
Tir cite gin han d6 suy ra khy v
In{l + )~ v, P R € I 0 AR B v Ry

Ding cde pidi han ren hode cde cong thie twony duang 1y, o the Khir
duoe dang v dinh 4 Gm gidi han.
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Thi du:

Iny (1l +a)
D i —= :Ilm—(— = (a:_\'-l]
LY I | wowl o
. ; C PR
I a—_ N A B P |
Dtm—  — =<lim[ = -4 2
-t X vl y X
et L.
sdalim— ~-plim — =g4—ph
T it FY }

(U =av, f§ =Ny

T ! I .
T+ 7 - (1+_\3)‘- ! ;\‘ 1
v o . -
S, =lime— iy

Ty vyt cadyl g

Ap dung s licn e cta him s6 1 con sy remdt gior han quan trong nita
saur day.

i . MR N e

hm[.f(_\') ] =a’', u heR VOl
a=1im f(x)=0, b=lim g(x)

o, Keat,

[ - - 1[0 fxilutixy

Thue viy [fivy[H = ot
Ap dung tinh ehit lién e cba ham logarithme ta c6;

lim g(x}.In f{x)=blna

Ap dung tinh ico tue ¢da him mii ta c6
. _ i kem s Jla t gy e
Iml_}‘(_\‘] bhoe =M
Biy gy xét ot sa lruong hop vo dinh cda gidi hin ndy.
Khiw=1.0= 7z (b giét han ¢6 dang 17 Khi d6 ¢6 thd vidt fv) = | + filxr vai
Sivi= U (v -y 1)
Va
. . ufr} . . alx)
Bl O] = i £ () =
. | [N EARS| llf“ e} Lo}
o

inf [ )t

J
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Thidu:

(\_'_l L-1 . ‘i \Iir-‘-l Ilm_'\lj‘-!}
Y im J = hmkl h— N
coaah oy — 2 Y =2
i ‘I{ 5 + i+
2) 11mL1+—j =gt oA
voee ¥

Qua cic vi du nily ta thay 13 17 12 dang vo dinh
Khia=0,h=0,a=+x, b=0,

Ta ¢ cie ddnv 0°, =", gua cice thi du ©o the thay day cing la cic dang vo
dinh, diing cic gioi hdI'l di hll_l e the khir vi tim duge 2idi han,

Thi du:

Illllllli”:.-‘ xna
1 Hn] “‘\'u'..r (O"' ) —e .In,‘l suclny —e _ CU _ I
et
: . L lr[ln\] oy | ey dna
2) lil'n(ln _\‘)l(:{:‘“) = lln] g = EEFRINET I N Lo (,‘U — ]
s PR

3 11. HAM LIEN TUC PEU
Cho ham ) lien e trong mién X, theo dinh nghia:

Ty, e X llm f( ) (xn)

hay ¥e > 0,3 8> 0 ]x— x[]‘ <6 = \j(x) - f(x“)\ <&

Néi chung: & khong nhing phu thugc € ma con phu thudc vio mol v, X
ching han: xét fiv) = 1/ trong (1]
i ! ly = x| :
£>0| ——|<L hay! — % <g D)
l] “-'\-l]
- 1
Xdl X 1hi 2 ) 3'\.0
Cliy -y, <" Nox<—% ¥ oyx, < —/
o2 2 2

Khi d6 (1) vidh duge © ix - v, < 2. 3

3
Lay J—mm(— a‘j thi ix - x |<c> :>‘—~——|<a:
L2 2 ‘

Vay flv) 1l lién we trong (0.1] @ thdy & phy thude ¢d vio € viLy,
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Neéu & chi phu thuge viio € khong phu thude mdi v, € X thi Av) goi la lién
tue déw trong mién X, mot cach chinh xic @ o

Binh nghia: - Ham fiv) lidn tue trong mién X, goi L licn e déu trong mién
dé. néu;

Ve o> (), :lb}(] Fre X VT e X | f(‘( {_\-)|<g;
Thi du:
S =axv + b lalicn we rong R, x84 ves)

Ly 7(x) = {a+d) - (ux + b) <

Suy ra oy \| <&
|t,J|
Ly
g=F v es =) - f(x) <o
o ’

(O day & Khong phu thuge vio v € R Vay him f(v) = ax + b la lien tue déu
lrong f.

Bon véi cie him Hén tue trong ot doan ta od;

Dinh Iy Cantor néu ion (1) lén tue trong doan jab] thi né lién fue de
frany doan dé.

* Thue vay plia Uit nguoe lai:

Fo>0,3e>0.drve fu.b] I v e [ab) |x'—x| <& ::»_'_f'(,\-']__f(_y)! > g

Liv & = 8, - 0, » = 1, 2, .. khi dé ¢o Moo, @ e, b,

¥, - e J, = i_f'(,r'" }- j'(,\-” )| e =12, v e |, bl nen diy (1) bi

chan, theo nguyén 1y Bolzano-Weierstrass diy dé chia 1 diy con x'  hdi tu dén
Ll

welablvily v o S — 0 néna, —x,

Theo giii thicl f{xv) lién we @i x, nén:
13, )= ) ) - £{x,)
Suy ra: ,!(\ )_ _f'(_\-") -0

Mau thudn véi gia thi¢t phin ching:

Vi I_f'[_\-'“ ) - flx, )| = g. Viy dinh Iy L ding,
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BAI TAP

1. Tim muidn xde dinh coa himm sa

Dy=+3v-x"

[ E— } |I ‘_-_.
23y =ysinx v - 3y y = \.'suw";
X
v = \w: Sy v = _ﬁ'—\-—— 6} v {2_\')!
sin v
o=y §) y= e aax x
-
2 Tinh -
s o i1y N . I x
Ly RO fl-vy, vt 1) floy + 1, 1 ] - néu f(_\-) - h
Thuxd flxy ' 1+ x
2) Tinl f-20, f0- 13, /(0 1) fi2) ncu
J1 tv o —mayad

Pt Dex<dx

3. Tinh f) 1L glgtol Aglo, gl lncu
l}ﬂ\] =y, ‘S\’(\} — 2,'

b=l e 3 )=

4. Tinh fiv) néu
1y flvtly = oA+ 2
gy I .1
e = S
Lo X"

y 1 T
- _;’l - \!.— veyle e x=0
.

CCho fiv) = o' a = vl oy, Lo ihanh ot cap s eomg. Chitng minh

h

fivyd fie) tao thimdy T edp so nhin.
6. Cho flay=12¢a" + a™M el =12 (-

30



Chang minh: fivey) =/l i)+ gl gty
vy =fivy. L)+ el
7. Ciac him s suu diy ¢d bing nhau khaong v
D=1 wos=Ip
X
i =y g = iy’
8. Vit dudi dang wiimg v = fiv). cic ham 8 dn cho hoi ¢ie phuong trink:
. -\‘: -
B a2y
o’ i+
e
-+ oy =0,
Vit (im micn xde dinh cua ching.
& Tim hi Illl hup v = vy vii midn xidc dinh ¢ nd ndu:
]]\_H =Sy
i—” T

2y
"o uso

0= -
I =n IV R
L Phin tich xem ¢ae hiun sa suu ddy 13 eie ham hop cia nhime him nao.
X T £
hv=sint2i+ 1) 2) =5t

o= \."II.\' 4 V"I\' +4/x
1L Chimg minh cie him sau day i bj chan trong cic mién d3 cho nrong
tng. tim Sup, inf v giue do clu fivy:
DAy =x71-2, 5 2) fla) = 11445, (- %; + w}
3O = 20/ (0, + 20) L 4) f1x) = sina + cose, [0, 2 7).
12, Xét sy don dicu ¢ia ciie him so sau. trong ede micn di cho turong g
DA = (C x4+ %)
2pfivy=sinv |- 52, n /2]
M=t (-2, 12
D fivi=a Au>Uri-x, + %)
A =20 Fsine (-2, + )
6) fiv) = cosy, |0, 7|
Tyl = cotgy, (0, 1)
R} flvy = E(o), [0, =)

&1



13. Clurng ininh réng: nu flx), gl o T eie hinn dom dica tang va
fivy = glvy = Ay thi
SUTOL £ glgla] £ M|
14, Tt hin 56 ngue cta cic hm s0 sau diy trong cie midn ong, g,

Thy=2v+ 302+ x)

f ;

Dyv= Nl -x [FL OO

. X

3 1'=J\ ,
’ [\ N A

x|

15, X&t suehin 16 o ciie hivm 8o sau:
. 3
1) fiay=3%x-x

s—2 — T
2) flx)=y(l-x) + ifl(l-r x)
3y fivy = 12+ a7y (e > 0)
4) fiv) = sina + cony
5y fin) = C (C = const)

16. Chang minh ring: néu fia) v glv) 1a cdc hium tdn hoidn v xde dinh
trong ¢iing mot mién va ¢6 chu ky thong ude vai nhau (ty 6 chu Ky cha ching 1a
| s hiru 14) thi fin) + gla), ek . gl cling 1 ede ham widn hodn,

17. Xt sy tudin hodin va chu ki cla cde ham 80

I3 fia) = Acas A+ Bsin Ay

. . 1, 1,
2} f(x)~sinx+ -;st_\' +sin 3x

. . 1 htu 1y
o= |l s
Tt A VO LY

82



U fiy = C(C = consr)
18, Bif1 d6 thi cha y = o), dyng 46 thi cia
[y, = -fladvo=h+flv)

2y =95 3= () 7(09)]

=t - )]

19. Dung d6 thi ¢la cde ham <6 sau:

[y=a"-2042 Mu= —x,|x\
v—2
Dy= 6) y=le+l[+]x |
v+ 2 '
3 iy Hyy=1-3"
4 i_\‘: o &)y =[sina]+ sinx
Yy v =sinnv i =2,3) 10} v = 2cas S
3
Iyv= sin“x 12) v = ¥+ siny.
20, Chang minh:
D lim 2{x) = 2,(x,) - Pl =" + a4+,
£x Plx,
2} im ( ) - Al ‘)‘ Q. (x)=0
rorh £fJ.'('\.) Qf.l.l(x”)
H
P o
3 lim 2 I =3 4) limg‘=0 f(u>1)
I e
5 lima' =0 le< 1) 6} lima' =+x (@< 1}
) lim 4w (a> 1) 8) Hm GT = 4o > 1} (k20).
Voerd oy 1aed oy

21. Ching minh rang: khix —»v, (v € ;{" )
I3 fiay— + % (- %) glv) bl chan = flxy + gly) = + 2 (- )
AN 4w (- o) g(y) o (- 2y ) 2 fla) + gln) o+ x (- o)
N flyoE gy > 2 2 g flv) o x

L S>>0 RS flaz0.

/(%) Sx)

Hfiv-re=

%3
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22 Ap dung tinh chdl gidgi han chimg minh

D limy =x, S Qyir>

o

3y limsiny = sinx,

LT
Iolimtgy = tgy,. N, F - ¥

3

0} 1im tl '—._\‘) _—1 gy r>re@

- P
7 lim tgy =+ 8y limcotgy =9
Fip e m
Yy, P,,(\) ay,
- =« — =T,
() |8,
O < n
P =+ ”I-"M F ..+,
O =bp + b ™ by
23 Fim:
P
. Xt = 3y X - 6\ +8
Dilim—" - 7)11111 Ce—_
Vet oyt 42 \ — Sy 44
! A
3) m—- 4H Im——
\il\"_| |§I\- _1
5 !+\ "’_1+.\‘l Nk ”“fu—r
) Inn-— pm—— - 6)|1m _—
© | v X
. sin2x COSMY — COSIY
T im 225 &) lim —_—
Cgin 3y It
sln X Cosinla + x)-sinle — x
2 lim lO}ILm——(- )———-[ —)
Lol bl” X It X
1 ht x1+"'xm\ - CosX

.Y
51N
2

Dlima =ut

[

A
a

1) limecosy = cosy,

[ Y




, +4x +
2y lin v i\-_\/‘
e \.'r.\'+|
3) 1||n.r*(‘\-“_\-"+1_@_\- _|) 4)]1m[1 F- J
e v ol - — "
= .-“)_ . 2-_.*.2\_;. >
Al tim(l - v = J 6 )}im[ v
v 2 e\ ay—2)
-~ RR] 1 1 v
x+2 [
7 IEm[—‘—J 8}|im(_\.1__.._)
e 2y k| oyt 4]
T
9 lim{1+ te)™ 10} lim [sin x,
Vol e \.
' . I
D timgsin o i e

o

e o X ¥ X
133 limcos=.cos—...cos— (v
oo 2 2- 2"

25 Ap dung VOB (VCL) tim:

. l-cosy . COSY —CO52y
D im0 2ylim R
DI LAY e L —cosy
S et N
oy lteTy =4l - teTy indxysinSy
3) fim Y T 4yl 22N Y

B X4+ {/,\‘é. con [\ -_\-‘]:

X+ \,"I_\' +x

k}
. X el

6} lim ——— (0> 1)
Vel by

{
5him ¥
ok F \I.'_\‘
26. NCéu fivy, glv) T cde VO (VOLY Khi v - v, (4 € f:.;} thi tang tich
Unrong e ehdng 1 pi ?
27. Cho f(x) = '\-:LI+Sin ! \i v mat VOB (v ) ¢6 the néi nd 10 VOB bic
2 Khong ?
Cho fiv) =« (o> 11 1a 1 VCL KD v = + 92 ¢6 1he ndi deén bae oo VOL
niy Khong 7

RS



28, Chime minh:
[y fie) = cosv hicnue ¥y e R
2y fiay =
I fa =" hen e Ve e R e N

Xl lignwe ¥y e £

1yt = Ax licn tue W > 0

29 Chdog minh ring néu flay vie gl 1i¢n e @i o e R hi fiv) = gt

wlvhfin, 1) {plv) # 00 fleivy; !_,!'[_\-) cting Hen lue i x,,
ul(v)
NGu by fivy én tue, glvd gidn doan s v,
23 flvh, giv) cling gldn doan tai .y, thi 1dng, tich, thuang cus chidag ficn

e hay aidn doan vy,

30 NG hién tue vi glin doan el

vt =4 fsiny
- LD ixe2 T2y e0
] -’!{\)_"% Yoo v F _}f(\)-'-"j! < +
i.‘U cx =2 L] =0
3y o, | ?]P_'.-}-' txel 4y, xsm— o x =0
flyy-2 ¥ BE .
| x=0 10 Tx =0
Ve 0) £} = - (V)
[t !
oA (]
RNIOE \"" 4i0\w1 8) flx)= COS'L;)
T e e e E
9}.!.(_)__‘;.\ AV 1)} rix) = lcos 2‘ NES

RN

~Chiug munh rang néu o ficn we trong khodng (e, by v v, v,

oy € Cen ) i il chitng ¢ Tso e dé fled = Vi (i), + flods + o+ fi),]
32, Chimg minh ring udu fio) lien e trong bl v dat cue dai i didm

L
_—

€ ladrh vy > vt fley dat 1 ege Uéu tai vy € (v, 1)

33 Chimg minh ring néu f{xy licn e trong [, + ) vd [ f(\) =/

Ny

A

P

Yoy aom gt fiod Vil L sG el 183 ¢ > wsao cha fie) = y
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#34. Chimg minh vang néu fiv) 15 lién we trong fern | v ¢ hivm newge thi
fiv) la don dicu tng (aiam) trong [«.b].
35, Chimg minh rimg phuong rinh 2 -4 2 1 = 0 ¢6 nuliém trong {1, 2,
i gan didng, tiny nghicin dé vii do chinh xic 0,01,
36, Chiing minh ring da thic P vy = a0 + a7+ 4wy, voion e, G611
nhat i nghigm thue.
A7 Tim mien xice dinh et
Iy = Iu)gjl_r'? Oy + 5)
v =lota + 2) + logsiv - 2)
3y = lgll - Iy - Sy

4rv = wesin 20+

'_;.
fulh
-
|

= arccos{ 2siny

) v = lafeos(lg )]

Ty = aresint ] - v} + laflay)
8 = {J".__'([}T’.l_)

Yy =latl - 2cosy}

O
10y o au‘cs;in{ll' I-\U |

b=

38 V& do thi clu ham sa
Iy =1+ gty + 23 5 v = aresindsiny)
Dv=log(l-vy:v=ux- arctglig)
v=log 20 = urecos
X
B v Y s 0,2 1)

3. Ching minh:

1Y lim 105‘!‘;\- Lo (> k0
ey

2 lim (o log) = 0> 1, k>0

40. Tun

I lim _\-['T_arclg - ] 2 lim!l T avesin—t ] .
voes 0 x+1 ) \.'f_\‘—rlf

3} lim lg(_1+ OL) ' 4) Iim_[.'.](i(?s—-\‘)
veu X RTE:
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i

(J'n

SR him = ,— Y [T YA (o #/3)
X Cougine — sin v
Inl2+¢" . T+x
7 lim—-—(' —-l 83 11n|
‘s x et Ny
f = E \I f \\’i
EARITY '\-,-—IJ 10y 1!H1LLOS —]
eyt ] as
. N . I \\ n_--l
[T} limycos<y 12) 1In!( -
P Loreh T s
o iyt ' —2x -‘n ‘
B lim] = i 14 ]|m S J
R LT —Ax b2
- — oyt 1 i | + terx Y osns
13y 1|m| X 1] 16) 1”“..(' . :‘w :J
Ayt v+ ] S sIny
N |
17} limx!' v 18} Jim x*
ol [
19 himy” 2N _|im [singlnde+13) - singlny)|

JE—
21 Iim ;1|‘CCO>‘{\."_\" 4+ x - .\')

*41. Chimg minh ring: néu fia licn ety € R vifin,) = (<O thi
I3 =090 e (X,- 0, xp+ 0 flud >0 i<th)
#32. X sy lign e déu cha
ayflvy = -t - lrong |-1.1]
3-aT

b} fin) = log,v (it > 1) rong (L1}

HUONG DAN VA TRA LOI BAI TAP

103 2) (2. (2k+Da L k=001, . x#0
SR QY T A= 00



) i
Oy 0 a2

Ty U pyer;
2=

Sy-10]w 1.2

AP T R S N AL R
f-x y+2 l+x ¥ l-x
R T I T B
3027 2 o
(00 O vE0 0 cxs0 [0 1x<0
o \ b 4 . . 4 1
[\':_\' A} ]{—\' v SXTI v ) Xy
LS 6 a2 gy Lvlay
AN
7 Bang nhiw v 20, 25020
b
8. I’_l' v -y gy gy
of
-
2 - SR e
DR
]\' 04w
P
3 r=tylEy-x +x+1
-1 Vs —1+4/5
AR | I
7 2

Ylly=sinvi-xec<vg+n

2}_\'-‘-2(\':— -l svgsv=0 v liu> ]

Hv= \[L;_H) AT

He Dy =i =sine vz 2o+

Dyy=>3"n=v r=21 4|

. .

II P
Ny Vuorz=y 4 VX +4x
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11, by mffiv) = U, Sup fivi =251
2y Supftvy =1 3rinffta = 2
dymlfivy = ~J2, Supfiny = J2ow= 242

12 1 Tang : 2y Tang : M Tang tdya< ] pidnt, u > 1 ting
) Tang © 6) Gidnn 3 7) Grime: 8) Khong gidm.

[
il

V'I.I - _;.‘.‘1 SR IR IR \.".] - _1:"_ S0

RN
Yazvioe o=y il r
15, 1} Le. 21 Chin, 3 Chin, 4 Khong chin. khong {¢, 53 Chan

16. 13 Li_»p JT T 10 chu K cda flo, et
i i
2

17. 1) M2 ¥ e 4 5 Khoug Lzt hod,

A
6y Khong tadn hodn; 7) o Chin, 2 70s I
$S1re @ NTeRk T>0
20. 1) Lay 1 ddy bat ky v, vile gid trl eni v, v, - > X 101 dlng cic tinh chat vé
@i han el ddy. cie bid khide ching minh trong tie
"
7) Chiing minh 4 _ — + %, iy y, > + %
n+1
Batn, = Fiyg
21 Lay | day bt Ky (v,) cie gii tn clia v, v, = 5 dimg cde tinh chit cua
pidi han vo han coa diy.

22 1) Dimg bat dang ihwte 1-[2]< 11 +A< 1+|j;'i_ ZI <}

Clidme winh : &y =1

vosl
Suu do chang minb - fimyy = 3Jx,
roi chang minh * fim x™" = x;' "

e,

6y Xé e =0 e N Khai tricn nhi thife Newton,

W

; . 1+x ) -1 :

Clhing mish fjm > _) S xéur= Y,
xoml I'\'

pa :U'(l +x)~1=p cubicing X615 = mifn
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3. D-32.25 2 3y e o ) sphp 511 6y 2__ Y2080,
ifa” !
G 1720 10) 2e080 5 11 2.
240 Lo 2oy s 2
A2 3 2 T
Ty o+ 40 5o ¥ ;’ul;()}::: 10y -1;
12V o= -0:0, v 5 +0
s = = 2" cosy/2 cosy/2 L cosa/2” s/
I3 D12 D3 D)1 S % 6) + %
26 VCB: Tong tich 15 vo cung be, thuemg tich khiong thé kel ludn
VCL : Tich ¥vC L uy, tich, thuong khong két luin.

27. Khang (he néi v (I +sinlfy) ¢o bie 2 vi ki Wng idnal timsinl / ¢

voal)

L3 <in /v ding siny = 2 cost/2 sin 2= cosy/2 cosvid

- o ' wt - . LI
Khong the nii déh bie cla o™ vi e

. o 3 7
liml =+ = Vhe N,
Cery
29, 1) Tong piin doun. tich, thung khong the két luan

Thidu tichflvy= v gv) = 1 tai v =1

v-1
-1;x<0
A=y, g(,\') = s .
' 1 x=0 tu =0
Thuemg fivy = v gloy = /v fluy = v g(x)= ol i v =1}
: x—1
2} Téng, tich, thueng déu khong thé ket luan
Thi due -
/) [-1 .x<0
x}=<
. I\I Lxz0
I x=<0
&) =1 i >0 ;
-t .x2 tarv=10
1 I

0= ()=t s



Tich - :'..3{.\ } :f( v} e \[ -1 x VY Ly

[t iy .ty =0

vy = L Lorly =--IT i =10

Ry X
-1:x<0 .
Thuong filv)= 5. .2 p ply) = JI fyix=0
e Nix=0
x>0
Hvy= L Tl = l v =10
x” x
3 v =2 eidndoanloai 1 r=10

Hlentue T e R
3y = O gian doan logi 1,4 = 2 Lién we ben phai
HLacne vy o R
Syy= 1, pidn doan loai 1= |
Oy = A k=12, . gidn doan loat 1,
7y Gidn doun lowi 2 far x= 22, liénfuc khi - 2<x<2
8y v =0 piin doan toai 2
t Licn tue ¥a e R
10) v = -1 gidn doan loa 1 =22
3L Goi fivy) = min{ i), v fladd
fivy = mue g, L fle

Thi fi) £ L HG) + o+ ) S A
n

32, Chimg minh gid tri bé ahdt s eta fx) rong 1| Khong the dat ti vy, %
nen et o € (a, nk fley=m
33, Chime minh : 35 € (a4 YAy >y
3 XEay 7o g = ) gl s g < xs Chig minh 1 G Xy
o< Sl < flag),
35, Mghigm trong (! 220 1,23y vt do chinh xac 10 !

36, X4t |\ kha hon thi P00 climg dau vl ay”
: 1 # 1

<

. PRI (- S/ B T I R L
W Do DO P 2+ 3| ) ut:\‘ -
L,

I\JI

3130 Sy 1k - w6 k o+ /6]



{ w ! ST
(‘*)|10' a7 ks ey,
N

D28y b taMd iR/ k=001,
DU+ 3 2+ Sa/3 b =0, 4 1. ..
10} [1. 100

39 bat vy = logp Cluing minh iy, I% Y =p
T o¥1g ).'

. - _k
Vaviet log.x _ 1 log, x*
Xt A x'
Mybatv= 1
.lll

00! dimg cong thife arctge - arctgh = arely a—h
3 1+ uh

X

P dimg cong thite arcsin
. ©os
Va4

=arelgy

3 100ge 4y -]
2

550 6B x> +0:8)e:9)]:
el

. ]l)—1~ A0 I3+ 14y

o

15161 L
€

| 2 R

IS 2m0:20 T
3

41. Ap dung tinh chat 6" caa 2idi hign ham 5.
42 4) Ham lign we déu theo dink 1§ Cantor (§11)
b) Ham khong licn twe déu vi lay v, = o™, o=

-n-1

- _a-l =0 (n 5 + =)

Thi '_\_v“ —
]

NllLI'Ilg !_f(_\'")—_f'(_'('n )| = i—” R L 1;: l»¢, Vol
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Chuong 3

DAO HAM VA VI PHAN

§1. PINH NGHIA VA TiNH CHAT
1.1. Pinh nghia dao ham:

Cho ham s6 v = fix) xédc dinh tai lan cdn diém xg, xét 1 thudc lan cgn 4o, dat
Ax = x - ¥, Ay = flX) - flxg) = flxg + AY) - fixgy, Av, Ay la 56 gia etla d6i 6 vh ham
&0 lal vy,

Néu {im & _ lim M,ﬂ_f_(xﬂ 160 tai thi gidi han ndy goi la dao ham
Aol Ay ar sl Ax

ctla hiam s0 v = flx) @i . Ky hidu @y, ¥ Sl %

Thi du:
13 Xét y = fix)y =¢ = const
Yo taco: Av=flr+ A) -y =c-c=0
Dodé: v = him —9— =40
M0 Ay
2y Xéty="neN
Vi tacd Av= (v + A" - et Av e L H A
Do dd v = lim Ay _ et
Ax-a0 Ay
P Xéy=da"
Vatacs:Ay=d "M -d =d\u Mo

. a’ (a‘“ - l) .
Dodéy = lim————= =d Ina
Ar il

a¥ -1
[lim— — = lna]
FrEY ‘i\'\-

Y4



Bicbigt v =" iy = o
41X v =

; - . . .Ir ; St 5
Frmed Ay = sini 4+ A - sine = 2eos | v rl‘ Yein A
' L7 A 2
AN
. L SN
Doda v = 4 ! Av 7
PEEY = Imeoy v+ — | — = = cosy
e el k8 2 A Ay

9

Tuong ey = cosy thi v = .ximy

ap . . o1 . - - . . .\ )
Chii ¥ 1y Theo dinh nghia thi fiv) = Iim A
S iy __.-3_1-

NEUAY 5>+ 00 mi iy if{ lim i\l (On tad thi gidi han nay goi 1 dao
W AT Ay
hivmy bén phabi chén feily e A tad g,
Kihigu: fiv+ O}, [y, - ()
RO rang dicu kign ¢in vivdi &8 7 ¢ Vo 100 L B f vy + O, £ - 0 16n HTRCH
hing nhau,

Thidu: 1) Xétfy = ¥l wiv=0

Taco i+ 0= [ Y =
Wiy \'\

FO-0= hm—"22=im- 22 =1 Viy tul v = 0 fiv) khong ton i,
ol Ay vl Ay
2} Cing theo dinh nghiu:
. . Ay ... Ay
Av)= lim =2 € Kondu jim =~ =«
o Ay ot Ay
{+ 2 hodc - ) thi ta cing md rong poi gidi han dé 13 dao ham vo han cia
FIRUR U
1.2, Binh nghia vi phan:
Cho him 6 v = f{1) xdc dinh tal lan edn diém v, néu trong lan ¢in do s& gia
cua ham so vict duiie dudi dang: Av = Ay + (A (1}
Trong do, 4 i mot hing s6 nio dé (khong phu thuée Av chi phy thuge ).

OCAY) 13 mot vo cling bé bie cao hom bac cla A x, thi bicu thae AAy gob i vi
Phint cia hiam sa do i v, vithiim s6 v = 1) gor i khd vi i v,



Ki{ hidu:
oy = AAY hay dfivg) = AAv
[ir dinh nghia ta s€ suy T cong thite tinh vi phiin, chia hi v ctia (1) cho
LAY Ax
Arzluwceo: A = ‘4_{_0{__)
Ay Ax

Cha A v —» 0 thi theo dinh nghia QLN v
Ax

Vi (A bac cao hon A v do dd A =
Xétv=floy = vibldv=var =1 8= Av

-

Nhume v = 1 nen dy = da do do Av=da

Wiyt cling co cong g tinh vi phan dv = vidx

Thi du: Theo cic thi du o 1.1 (hi:

1y =10

2y dot’ = o Inand v

33 dxiny = cosdy

Ay feosy = —sinxddy,

Chit ¥ Tu cong, thite tinh vi phin Ly cd: d—i = f{x). Mat khic ta ky hcu duo

ex
iy
him 15 — - . Vay ki hidu niy cling ¢6 nghta 12 thuong cda vi phin ¢t Tuum 80 Vit
[TAN

vi phan cta doi so.
1.3. Tinh chat:

17, fiv) ki vi tai v <2 D ¢d duo ham Ll vy,

Thue vay, theo 1.2 0 ) Kl vi tai v, W d3 suy ra flyg) = A nghia la fiv) co
Jao him tai v Nyguoe lay gid st f(v) ¢6 dao ham tai 1. nghia lac:

Flur= lim Ay hay g -flvg) =

Ao A TAy

i 1 v cing bé khi Av — O do dé:

Av o=y Av+ Ay

Theo dinh nghta, flv) 1a khd vi tad b, (v c Ay I mit vo cing bé bic cao han
baic v A,

2°. fvy Khat vi tai ¥y = flo) itn e tai X

Thue vay, theo dinh nghia, flv) Kha vi tai vy nghia li

Ui



AY = A Av+ O(AY), suy ra Av - O 1y Av = 0. Vay fiv) 1a lién tue Lai .t
bitu nguge fai noi chung khong ding, ching han xét flv) = {r! him s& niy

lién e tai .y = O, ninmg theo thi du & 1.1, né khong <6 dao hiam tai x = 0, nghia
1a khéng kha vi 1ai d6.

3% Ay Kha v tad dat coe i tui v = £ (x) = 0

Thye viy, gid sit ngtroc lai f{xy) # O, chang han () > ()

Vifiv) = lim ’{b 2”"1[2) nén i(i+i‘)—_f(r_ﬂj
A Ax Ax

Khi Av > 0 thi flv, + Av) > )

Av< O hi fiv, + An < flag)

> {), suy ra:

Do dé. thee dink nghla cye tri thi fix) khéng dat cuc (i tai vy, mau thuin véi
ali thién

Tinh chdt niy chi la didu kien cin dd Jlydut cue i tai vy, no khang 13 didu
ki¢n di vi 6 nhimyg han 8, dao hiim bang khong tai Vg nhumg khong dat ey tr
tad doé.

Ching han, xér: fr= .r"._f‘(.r) = 3_1'3,}’(0) =0

Nlumg f(a) khong dut cue tri 1ai v = ()

1.4, ¥ nghia hinh hoc:

Cho han 58 v = fix) kha vi i
Ao va 8 1A dé thi el ne: | ¢

X&aM . Me My, ). 11
Jf(.ro + A Fle, + Ax IJ

Gol 0 14 gée gilta dudng thing
MM vitrue Ox, 1z 0 13 he 56 o
Cua no:

ihi

WO b A) f(s)
) YL Ax
Xet M dan 16t My theo 7, nghia
12 A -5 0. Khi d6 dudng thing 51
MM <G dan o vioud gidi han [
dutmg thing MM’ goi 1a iép ych
voi By i My, gol o la gée i
tép tuyén dé vai true Ox Ihi
1e = 1ge vi 1o v 13 1 ham

XovrAx

Hinh 20

97



lien tue: Do d6. (a6 tga = £{g) Vay vé hinh hoe: duo him cia fix} g, bing
hé 50 goe ctia GEp luyen véi do thy him so tai diém c6 hodnh dé .

Bict hé 86 poc cha 1dp tuyén véi dé thi ham so tai diem M, ta 6 1the vid
auerne tiinh cud HEp eyén tai d6 Lo Y o= flg) + £l - 1) v phuang trinh cua
r £ I? 2 flipd + FLYy 0 F &

phap tyén L dé 1

Y=fivg - —I__ (v -y
1>

Theo Hinh 20 : PM = s Av =y

Chu ¥

13 NEu Fiy,) khong 6n i
nhimg fiv, + 0 flyg - 0) 16n 1l
thi dé thi coa fix) cé 2 1ep tuyen
bén  phai vh wdl digm g
(think 21y,

2y Néu fiag) = = thi dé (hi
cha fiv) e moL Gép tuyen i M,
song song v true Oy, (Hinh 22).

L.5. ¥ nghia co hoc:

Xét mot didm M chuyén
d-my thing khong déu tinh ur mdt
diém 0 ndo d6, gia s Khodng
cdch OM phu thude thoi glan £
OM =fin

Noudsi ta gol tde do cta M
tai thoi diem ¢ 1

Ffle+a-£{(1)
A At

Theo dinh nghia dao hin thi
Vo= f(ry, Vay: bao him cls
Fhodang cach OM (i thai dicm ¢
bang tdc 0o cda chuyén déng tai
thin diém 6. Ngudi ta cling md
rong khii mém e do xél maot
ham s¢ fiv) bt Ky v got 1o 46
cla floytn vl
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¥V =lim f(a_+‘\x);f(xl = f(v).
R Ax

§ 2. QUY TAC TINH PAO HAM VA VI PHAN
Binh Iy 1: Ncu cdc ham 58 1 = u(v), v = v(x) kha vi tat v thi cdc him s6;

wxv o ¥ o(vr0) ciing kha vi tai x

v
V(e vy =u 20, dlu+v)=du + v
(i) =u'v + 1, vy = vednt + welr

(CwY =Cut’ , d(Cn) = Celnt (C = const)

I IR

G it 2

Vv ¥
Y v ( q —Cdy _
| = d = = .oov=l
k ‘L‘J \}: v /f ],'l

Chitng minh : Ta chi chitng minh truomg hap thuong, cée trudmg hop khic,
turonyg Ly,

Xéty = _I {v(x) =M 1acd
v
Pl
A v(x + Ax) v(x) B -] ‘-{_\‘ + AJ\) - ‘n-'(_r)

Av Ax B v(x + Ax)v{x ' Ax o

Cho Av > 0tacé:y = %
¥

Bay pidr xét ¥ _ ”_l

v v
Theo quy tée tinh dud ham cda tich ta cé:

7 rl | Ve ov—yv'u
L— =d—tuy—| =— - ==
v v v vy :

v

‘Theo cong thie tinh vi phan thi:

d(ﬂj _ (E] de = VTV vy vy dy vdu— udv

V v v’ v v’

9



Thidu 1) XELy =gy

Ta hidt: tav = S (xinv) = cosy ; (cosy) = -8y

cusY
- x.cosx —sinx{—sinx 1
Do do: ¥ =1gv = cosy i S ( S'E‘L): __.]'q_ =l4+1gy
€os™ X COs™ X
23 XéLy = cotpy
Tu bidl cotpy =
toy
o . tgxy - 2
Do doy = [ _l) - __%_} S — ! = ] =- {1l +cotgr}
Lty FERRY cos x.lg'x  sint

Binh Iy 2: Néu hdm 6 = flxy khii vi tai v va ham G v = gl Khia vi
i = f() thi ham hop v = glfA0] Kha vi ta vvae

o=V,

Clrimg mind: Cho v sO gla Avthl o ed 80 gha An vany ©0 S0 gla Ay,

Gia str An = Q)

Theo gid thiet hiim s6 y = gla) Kha vi tai e née

Av=gl dn+ o Aw, o> Ok AL —0

Giai tich !
F i,

Chia hai v& cho Av ta ¢6:

Ay . Au At

== g —ra—

Ax Av Ax

Cho Av— Othi Av = Ovakhidé o - U

Do d6 theo dinh nghia va gid thidt o kha viti v, taco v, = RPN

Chit ¥ Dinh 1y (rén o thé mdr romg cho trucmg hesp ham hop cua maot s6 hitu
han ham sé:

Chéng han: v = gl 1= ) v =@ (0 i ¥, =¥, vy

Thidu:

HXdyv=e’

Pitw=-vthiv=e' ¥, =¢" v =-1

- ’ 1 1 v u -X

Doddv =v, 1w, =e(-1}=-¢

e.r - v

e '
— = sy

Suy iy =chy= ¢ thiv =
2 2
Twong s v = shu thi ' = chy
y=thethiyv = _1_1 =1-thwx
chx
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s
y=cothvihiv= _ LR volh™y
shx
oL N . E N i .
DXy =sinBv dat g o= sinde, v = 3y yY=un=xmr r= 3y
Y= 2o, = cosr v, =3

Vo= 2ieosr . 3 = Gsindacosdy = 3sinby

Bink Iy 3: N&u him so v = fivy don didu tang (gidm) va kha vi lrong mién X
VoL Ly = O trong X thi ham nguve v = f 'IL\') ¢l

i flv) € Kha vi trong mién eid trj
Yoot flvy v

Chiing minh - Xé1 v e Y, cho YO Avthi v s vy edso Qi

Av = f '](y + Av) :_;’"'(_\‘) L bhict :f'l(\‘} cing don dicu tang (piam) nen
Av# 0l Av = 0 do d6 khi Ay 2 0 1a vidt duge:

\\ o
.-"\_\' B Al !
Ax

- . ool - - . .
Mt khie k1 bist £7(y) cling lien tye iy nén Av > 0 thi Av = 0. do do theo
dinh nghia vit 2id thidl tu cé:
AV : ]
lim — =x = —
Aroen :\JI vl. v
Thidu: 1) Xéty = log,y
Tun = suv ra v, = P lng

Do dé v =y = I 1

X vineg

Bicbigty=/uvthi v = L

¥
2} Xéty = aresine, tiry = Siny L ¢

RN : 3
U b — LA > T re
‘_\“-““-‘—\/l—sm'yzx/l—,\" [do -yl
202y
Doddv =y = I = ___.I —
v ' \/I—J\'_
Tuomg 1 v = arccosy thi V== h.l_
! 2z
Vi-x
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v=arclevihi ¥ =

4+
.. 1
yo=arceolgy thiy'= —— —
+x7
Xotv=a"(1>0. e R}
TR ol . bk
\'I x - Llng nen _\,':L" nx
Pat o = uiny thi v = v, =t = “
X
[F3
C o : -
Do dd v =y, =¢" R
X X
s oo .
Pachicta = - iy = Jx vy = ]
2 2Mx

Bang dao ham vi phdn co ban: Qua cd

hay vi phin cia cic

17 e = 1), ¢ = const

ey

3 diety= FATTAY

v

T d'(lni_\-| b=

N

9" d{cosay = -sined

" dicotavy= - _‘i\_ = {1+ L.‘nlg:\"}:f.\'
517 X
13" dlarceosy) = __.ﬁ_
1-x°
18" dfiarceotpy = d‘_
1+ x~

17 dlelyy = shedy

12

him s0 so cap co ban, bay gid ta vict chang v
goi Lt hang dao hiun hay vi phan cu ban (& day L

¢ thi du trén ta 3 tinh duge dgo ham
ao mai bang
a vidt dudi dung vi phin).

-1

Ay =ox Y dy

F et = o Ineedr

]

ey _

yina

6" dflog, x[ }=

8" dising = cosvdy

WY ey = o

=(1+ lgl el

COs™ X
12" daresiny = 4 _
- x°
14" dfarctgyy = & ;
1+ x°

1O fishy) = shady

180 d(thy) = . A = (1 -ty
chx



19" d(coth NES ___—(] ~coth™uidy
sh~x

Dimg hing nay vi cac quy tic tinh dao him ta c6 1hé tink dac him hay vi
phan ez 1 him <& s ciip bat ki
Thi du: Tih v néu:

= _]] drclgi Insiny
- 2
. i
Xl +] ) 0sx Ay
v 2 L ) r = ——arctg —
R R { x siny 2
T+
WS
y+1 2lnsiny X
= 4—— —+—— tcotgvarctg =
I]' X +4d 2

Clre y: Neu v [0 hi 86 an cla v xde dinh phueng trinh fiv,y) = 1kt v
Faye)) = 0 rong mién xdc dinh ctia ¥ nén mudn tinh dao ham cuy v theo v @
tinh dao hiim 2 v& cda déng nhit thie ndy theo v, sau dé gidi v ra doi vai

T du:

1) Cho v = vv) xdc dinh tr v+ _\'2 - 1 =0. Lay dao ham hat v& phuong (rinh
nity theo v

v+ 2v =0dodo v = _ X

,LI
2) Cho y = y{(x) xdc dinh tir v = | + v’
Tacé: v = 1e + v’y

Do dé: v =

y INeu him 50 v = flxy duwe cho bai 1 tich so phc tap hay | bidu thie luy
tlum mi thi ta ¢é thé tinh dae ham ¢ty theo v bing quy 1ac sau diy goi i cich
tinh dio hinm biing logarithme

Thi du:
— 1) ¥x+2

1y Tinh y' néu v = (..r A
Y43

liy logarithme neper hai vt ¢o

In|\| = 7In|_r—l|+ %In|.r+2‘—%lnf_r b '%|
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Tinh due hiim hal v& theo  taco

R S B S
o=l Ya+2) Nx+3)

R
Do do v = . J.]L[__a_i L ]
| Vred -l Xx+2) x4

23Tl v néu y =
Tiea: lny = vhin
o ! »
o=y, ! + Iy =+ Inwy
v X

% 3. DAO HAM VA VI PHAN CAP CAO

3.1, binh nghia
Cho ham s6 v = fiu) kha vi trong midn X, 10 rang dao hiam ¥ = f(x) hay w1
phian Jy = fivkdy cing i mot ham so cha v wong micn X Gid st ham 6 nay
cang kha vi rong X, khi d6 dao him hay vi phan ¢l né goi 13 dao ham hay vi
phin cdp had coa fivy ky higu:
Vo .}::i[fﬁ‘]
R ;
dv dvihdy
Fyod T flvy = didfing)
con duo b £(1) hay vi phin dy = f{ady cing goi la dao him hay vi phin
cap b eua fivd.
Tong qudt: Ta 2oi duo him hay vi phan ¢ip » el ) tai v 13 duo ham hay
vi phin cta dio hiom hay vi phan cap - 1 oo fi) i
IR d"y {d" '_1'1
LA =

Ky hic¢u v = e
" vl k)

n'r“_\.'. ffl_‘,f'f..\) = (f{u'm-l_f'(x))
Tir dinh nghin suy re néu vl bicn s6 doc tap thi oy = M (0dy"
Thye viy: u’jl\' = dedvy = (' ()dx)
= dvdf (1) = daf Tl kdy =_f"{_\')d.\'2,,,
d'y = MO
20 dd ky hi¢u dao hiim i}. ciing ¢d y nuhia 13 thueng ¢va hai vi phin

i



Thi du:

1y X ¥ = A

Voo v s (e et e (RN NN I I
XA v=a' v = a'lng

. L o .
Vo= ey ™= ety d'v = o ey oy

1 bict ncu y = ¢ thi v

3 NGy = by

., " A n
= dy=eldy

"

. Al
¥ o= Losy = sin ( v+ " N
[ 2}

XA

Y= -sinn = sindy 4 1) = sin f 4T
Voo

il . !
yih=si !

]‘ ol SmL\T -—]1\”
4

Tuong Wy o v = cony (hi V™= cox [ - HnT J
Voo
4y Xdv = lop e vo= b
ving
] '(I]‘" P 1 {» 1 ]

S =[x =——(-=-2) . {-an+1)x"
! ) Inu |\ X Ina[\ ) [n”( )(-2) ( )
AL (_I_)I _ tl‘—_|)'

e = "

vl thi vy =t (i _I_)!

u

X
Clut ¥ - X8 v =, i = u(v) dv = f o odv = funde.

Suy 1 vi plhan ¢ip 1 ¢6 tinh chit bi bici v dung mac du v [ bidh s6 dée
tap hay phu thuoe,

D¢ ding I}ld\ vi phin ¢ip hai 11 len L 100y co tinh chiit niy.
Thye viy: o v=eyy = Gendiey = duedifin)) +;‘ Tayeddiey
= duf "Crydi + f0d =/ "y +f e

3.2, Quy tie tinh

Tavs 2 qux tde tith dao him vi vi phan ¢dp # ¢ha 16ng v tich nha sau:

" o by = Y = M
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i i " . T m_
2y = et Ny = N o Y ' M =g v =y
iy e d” udh

,.
" e
Quy tic 17 ching minh dé dang. & day ta chi ching minh quy tic 2°
Tu s chimg minh 27 biing quy nap.
p= 1 Gy = ¢y crmT = a4 w' ding

Gia str 2" ding véi dao ham cip s - 1
(-1 Y| I

. 1 1
(mv)y =l Yol LA T et T

ol

Wyt
Prao him hai v& e cd

(" = ..ul"ll' + (L':.:I e, .)“w RUE

' ol o e "o '
+[L' + )Hl ”\'“L..H' ._m'l"

o wo ! "

y A R _ I ol
h!"U-“‘C‘“"u ] (_1} Vet 7™ 4 {_1) ¢, =4 ;_‘ Cul

L L " fee 1] | !
vay (o= e et R Mt

Nehita i 27 dhing v dao N ¢ip 1

Thidu:
R S
Iy Cho vy =sn” =, tinhy
2
. i P
Visin® = 1-Co8X 1en
) 2
171
o _ {1-cosx) | - LT ,
Vo= L= =0 -(cos,\'] _—- CO% X4 -4y T sy
2 2 a2t 2
a4 A , 3
23 Cho v = v s tinh [
; - o 1.
it = v =sine i = vt =6y
W= 6 = cosy, v = s, v = -cosy
11}

y =t (_,\“ )m sinx + LI(Y) (sin XY reg (\) (sin x) +oix(siny)

. 1. 3t
Gsina + T8ycosy - DaTsiny - Y Cosy

BAI TAP
L. Tinh trge Gép dao him cia cic hiim s0:
1yy=x" 4y v=1gv Tyv=arcsiny 10}y = logy
2yv= 3y 5y vy =colgy 8) arccolp
3py=cosy 6) v = arcigy 9y v = drccosy
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2. Chitg minh ring ¢de hiun s sau Khong ¢o duo ham tai cic didm Lesg
thy.

Dvs 4y wiv=0

vEfeosy iy =2+ 1) T k=01
]
el I .
}}f s . x#0
0 =0, lat vy =1)

4y = ]_,\-3| Ll v =+ ]

3. Tinh dao hivm cda:
L I
Dy=24+v-vmiv=0 - |1
2
Hy= X o imvddv =020
3 2
= iv+ D+ 25+ 3y Dy=Gr20 34y
oy e D IE-E TS
Svs= T gl Oy = (“_ '\k \_)
l—x+x° (I~x)
Tv= v 4 Sy g M U B I
v=v+ Jy+yx B)y=_y. 4 L
x Wy
II'_ T T ) ~ b—
Ny=yr+yr+Jx 10y v = {1441+ %
Iy =1+ 2457 345
4 Tinh doo hiaun cliy;
I} v =cos2u - 2siny 2y = siu(cus:r}cos(sin"_x)
3y = sin"veosy 4) v = sinfsin{sinv))
Shy = S_lI].r—.Z(C_(IJS_\' O)v =gy - lm-‘_\‘ + .I tax
COSX + xsiny 3 57
. - — sin” x
Ty v=4 {cotp’y + {fcotg“r Bly= f‘m X
Sinx~
. LI L3 o 2x
9 v =simfcosT(tg vy 10} » = sin"Sacos =25
3
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lhyv= Ig;ﬁ\'

5. Tinh dao hinn cha

live o | 2yy=2"
3y = o[ usinky - brosh) ayy= [f_J Lh] ( ,\_;]* >0
N ) h/ Wx/ va
Myy=Ha+ a’
Gy v = _l il + ) - l1:![1 +.\'l') - - b
3 4 H1+x)
N i -
Tiv= | Inl 'F—‘— 1 | Byv= In[,\' NS +|)
4o+ :

N7 e i LT
Oy oy = o N T U
h v = F)\..\—.—u +-q--|n.\+u_\ Fa )

"

Hh v = Intintineh

Iyv= fncn(In'v)) 12y v=1n ’_] —smx
I Fsiny

: ¥

33 v = hitg = - cosy In(igy) 143 v = log,e
9

6. Tinh dao hiim ctw

X

1y v=alcly 7 2) v = aresin =
: s : 5
3 v =arceos _]'_'_\' 4y = u’[.l‘ _ arctf_:xf_\'
N2 .

- o s
31y = arcsind sy 6 v = wecescos )

S 3
7} v = Wresingsiny - Cosy) R}y = arclgy + — arcigh

| X 1 U: .
ATCCOS - J I y=_yg --x~ +—arcsin-

I . ! sl

: VLY - - ol

7} y=In

P11y = arctg{tg o
7. Tinh dao him cda:

]

1) .\. = '\." .\. 2} _\,‘ — (Hillx)“'“ n ((_'(')SX)“"\

13



4y = (W -y e - en) - e}

) = .1‘.1 | T.‘C_ ) y= (I 4 J( l+—)(: )‘),,

8. Tinh dao ham ¢tz cde him dn ¥ = flv) cho theo céc phuung trinh:
I}_t2 + 2wy -y =2y 2y ¥ =2py

N

DRSS D v+ = a
a b
5y ki +yt = a-3 6) airclgl =lIn fy? +y2
X
9. Tim v, néu:
[Ya=sin, v =cos™t 2y v = qeost, v = bsiny
k] 3 .
3y v =acoss, v o= asin't A v = e - sind) vy = af | - cost)

1. Tinh '

A

[y = In{chy) + _I - 2)y= “’e{x - In[corh i)
2ehx shx 2
3} v =arcecos (_I_ 4) y = arctg(thy)
C'h.‘-/
11 Giic dwomg sau day ¢it nhaa dudi 26¢ bao nhieu?
Dy=x"x= yl 2) ¥y = siny, y = cosy

3 V- _\‘1 =da,xy =4

*12. Tinh (dng:
DVPOY =14 20+ 307 4+ .+ ™
0= +2%+30 ¢+ !
3y + sin2v + ..+ sinay
4y cosv + 200827 + .+ ncosmy
Sychy+ 2eh2v + 4 uchary

13.

Dy Tink f{a - 0), fla + 0) néu : fv) = v~ al @ ()

VAL L) Hidn tue vii @ () 2 0

2) Tinh (0 - 03, £(0+ 0) néu fiv) = ] — e =
13. Chimg minh ring:
i) bao hiam cda hiam s6 chin 1 ¢
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2) Pao ham cia ham 3 1é 1a chan
3) Pao ham cta him tudn hoin 1a tudn hoan cung chu ky.
15. Cho
13 fx) 6 dao ham tai xg, g(v) khong c6 dao ham tai i
23 fixy; g(x) khong ¢6 dao ham tai x, thi ) + gl flv). #{x) ¢ dao ham
tai v, khong?
Xét thi du:
Avy=x. gy =[x A= Vr, gl =]y iyn=0
16. Fix) = flg(x)] ¢d dao him tai xg khong néu:
Iy fx) c6 dao him i v = glxg), £(¥) ¢o dao ham tal xg
9) f(x) khong cé dao ham tai v = g(xp): g(v) khong ¢6 dgo ham 1l X
Thi du:
Df=yg= !
2)f= g =

3)f=2v+ i]og= Zx- Liixg=0
3030

*17.
13 Néu f{x) e dao ham va bi chan trong (cr.h) v Iimf'(x) =

thi Iimf(x) =w?
Thidu: f(x)= Y. 0> 0

23 NEw: fix) ¢6 dao ham trong (1, + ) ¥ <6 lim f(x)
i Jim f(x} = 1

Thi du fry = 5%

X

3) Néu f(x) bi chan ¢6 dao ham wong (vy, + %) vicod |im _,f'(x)
thicé lim F(x)?

Thi dr: {0 = cos(lny)

18. Tinh:

1)5:’(111(x+-\fx1 +az_]] 2) d[larclgi)

a a
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3 of x4l 4 dire)
\

20 s )
S diveosy) 0) d(vfl}g_: :)
Dl 2] 9 )
. Ly
{ - 1
dl arccos—- ‘ 10y _4_ - 20800
v {1‘{,\’])
1y _d __['S_i_"-}:] 12) dlsinx)
u’(_r:) x (cosx)
19. Tinh adn ding
1} {H,OZ 3y arcrgl,05
21 sm29°
20. Civiing mminh
aloa X
Vi g or- — =0, Y S
FNE
(HD: X fix) = /s
fog+ A=, .'\ +Ar 3 %f/\_l T _r&“__ thay vy = ", Av= x)
nyix) ! '
Ap dung tinh:
)43 4) Vo
2) V34 5) 480
3 V2o 0y Yoo

7) Yiooo
21 Chimg minh:
v = e nghiem diing hé thiie vy = (] - Xy

2) y=xe? nghiém ding heé thiic W= (1 -4y

R} R 1 nghi¢m diing hé thie oV = (] )_v:
"o+ x+lny :
22. Hui ddu ciu 1 thanh AB = 3m truot theo ede truc 104 do Ox, Oy, Toc do truon
cua didu A 12 2m/s. Tim 165¢ dd cha diu 8 hic A cdch O RIS
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23. Mot diém chuyén dong theo hyperbole v = 10 ¢a0 cho hoanh do ¥ tang déu
; .

V@i 10 do 1m/s. Tim (3¢ do bidn thicn cla v (i diém (5,2).

24 Tinh dao him va vi phan ¢ip 2 cla

1) 1—\\;"[I+\ 2) 1=_1__
J1-x°
Hv=e . 4) y = vjsin{lny) + cos(lny]
Spv={1+ _\'1)111'CC£}1g,\' 6yv=_(1+ _\'g)arclg\'
Tyy= (;-u'c.\'in_\')l 8) e a(.’ - smf)
=all - cost)
Yy v = e'cost, v = e'sing
25 Cho ) _
1) v = vy, tinh ¥ 2) y = e*cosy, Tinh '
Iy = £ Tinh _\‘““] 4) v = xcos2y, Tinh u’my

X
5} ¥ = cosa.chy, Tinh cf'\'
26. Ching minh

1y y = Ccosy + Cosinv nghiem diing phuun;b trinh
Viry=0

2} v = € ,chy + Coshy nghiém ddng phuong trinh
y o-v=0

Dy=x "[C cosilny + C mq(ln\)l nghi¢m diing phuong rinh
AV U200+ 0+ a)y=0

LIS ]

I X X : X X

$ry= v ¢ocos =+ sin——| Fe¥7| 0, 005—= + ¢, 8 =

: HoF B f q o )
V2 R W v

nghiégm ding phuung trinh \ "vv=0
27. Tinh dao ham cdp » cta cdc ham so:

1)}‘2 ; ! 2) yv= 1__:-_-
¢+ bx T Jathy

y= —1-—_, 4y y= e sinhy
Xt —u .

%5} y = arcsiny, tinh f7(0) 6) v =siny

Tyy= CONTY &) v = sinwveoshy



HUGNG DAN VA TRA LOI BAL TAP

DO, -1

282,141, -4.‘3 _

B 2v+ 2)ix + 3y l'_.’-.rl + lv+v)
420017 + 12005 + 2073 - 40)"°

5y 2(1-2x) 6) 12—6x—6x2+2x.:‘+5x‘—3.1i
(I—_\;+.\‘:)_' {I—x)’
(R P g _L_ 1 s

2y 3‘\/\_ xo2xdr o 3y

15 1+7\[1 +4\f_\,\‘+\/1 +2\j—+\/—_ (1)0)

[+ ]
37
ﬁ
i +
1P
' f:-
+'
o«
_:ﬂ

1O S AT S g
7T = e
¥ (I+‘\/a 1/(T+-1.'|+{/;)

BRSNS L E A e
2 4 x? ‘(3 + J\-3)L
L} -2cosy {1 + 2sinw) 2) -sin2x cos(cos2y)
3) -msin "".rcos(n + 1)y 4} cosy cos{siny) cosl(sin(sinv)})
5) ol

{cosx + xsinx)’

6) 1 1gix rig'x 1#(2“1)_ k=01,
o8 x

7 _i“f‘_\_ - 83 2 sin X(CUS.\‘ SMX” —xsmny COSX‘)

3sin' xiftgr (sinx?)’

9 —3133_\' secty sin(2lg3_\')cos[Cosj(lg".r)I, X iE + AT
2
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1 15sin Srcossreos” ¥ _ I sin’ Svsin 22
303 3
11y HgSasee sy

tn

1) —2xe v
. rcl 2 . i
2y - -2 cosee” —.Inl | secx=— -
x° x A cosx/
) Vu© + e sinhx 4 ‘U”( ___.’ | (x>0
3) '+ fna +a“‘ .n')‘(llm)2 6} __’-L -l
(1exy (14 )
7) J—\ ' B} :_——I__—
x -l I NxT -l
Yy AxT ta 10y _l . (v > e}
xinxin(Inx)
i % e
xlnxln[ln‘.\‘
) - ve(2k-1)Ekez
COSX 2
P13 sinvingy 0 < v-2kn< 2 g ez
2
14) _1(103 e): x>0,x2 1
‘\_ A
6.
L
1) -1;“\-7 2y _] -, |'\.i<2
v’ Jao i
3y \x—l] ‘\jj 4)—\/-L; vz0
1+"x—x 21+ )
- -1 néu v <
Sy sign(eosy) (v 2 (2k - 1) _2. el signk =] e x> 0
[U néu v =
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o) 2sign(sinx)cosx
VI+cos x
7 sinx +cosx

\/'sin'-lx—

K}
gy 1+x7

vrhkn keZ

qu—k:r<§, keZ

l+xh
) i Lo

'
- = i ]
2xvx - I,arccost -
Vx

10) o — xF
-
I ]) ] 5|n...).

b4
: cx2(2h-1 =, keZ
sin® x +cos® x ( )2

I bl
e " (-lnvy>0

2) (sim')'“"'“(culgz_\' - Invsiny) - (com')'mm(tgz_t - Incosy)
U<u-2Une?
-2
3) I—x-x° 4) .“ ]
. LoV ¥
.r(l-,r') gxhq

5y 34-36x + 42y
3x(1- x)(9 - xz)

y,_r;ﬁ{); 1;+3

6y ",
NI
1y polzxoy =L
X- Vv ¥y
'%) }:': ;b‘_i 4)}:': _JZ
ay X
1 JY +
% === 6)'= 2
X xX—vy



)-1,0<x<] 2 P eotgr 0 <<
a
3)-1gr.;;&(2k+l)£,kez 4}cutgl,r¢2kn,kez
2 2
10.
1) th'y; 2) 2 L >0
sh'x
3 Eign(shx) 0 4 |
chx . ¢h2x
11.
1y *, arctg—:):- 2) arctg 242 = = 70730’
2 4
»nr
2
12.
y 1=l e+

(1-x)
T om N IR I R
2) Lrx—(n+1) 2% (20 _ +2M L 0W) = [POIT

(: ).1

sm' .sin(-{?j l)x
3 2. 2
sin
.x . 2n+d . 3 HX
Asin- .sin ——X—sm° —
4 2 2 7
2sin?
2
nsh .sh[n+ —l}x it
5 2 2 2
25k’ o
2
13

D flee-0)=- ¢ (a), flu+ 0) = ¢ ()



f0-M=-1,/0+W) =]
15
1} Khong ¢6, khong thé khéng dinh
2y Khong thé khing dinh
16. Cd thé ¢6, cling cé thé khong
17.
1) Khong thé
2) Khéng thé
3) Khong thé

8.
L '_d\f_. 2 _;ii\%
R a’+x°
3y 4 (1 + v dy
X —a
S)eosy - vsiny)dy 6) .\‘d_\'_
a +xt
'} — -
?) _(?X_‘ |t[ < | 8) .-—hf.ll.':i .(h‘ x>0
o 2xafx
I- .\")-’
9y & 1031 -4y - 34
- Ix[> 1
xyx -1
1) ;[cosx* S'ﬁj 12)-colgy x#knteZ
2x- x

19. HD: Dong cong thitc v + Ax) = flng) + Fv)Av, Avkhd bd
1) 1,007 (bing : 1, 0066)
2) 0,484 (bang : (1,4848)
3) 08104 = 4626 (bang : 46°24")

20.
112,25 {hing : 2,24) 2) 5833 (bang ; 5,%31)
31 10,9546 (bang - 10,9545) 4) 2,083 (bdng : 2.080)
3) 19807 (bang - 2,9907) 6) 1 938 {(hing : 1 937)

7y 19554 (hang : 1,9553)
2200t 0A=v=2 OB =y= \/5—" —q

17



'(3) 3
v =l=-=
ERY 2
23 Pty =t v = _”_]_‘._v't:ﬁ
! f

v=5,v(5)=- (hAdm/s
24

y sBr2) 2 _

- 2

(l+\)

32e V(20 - 1)

3x .
o I|J'| <

(l—x:]i

9
4y Zsin{lny), x> 0

X
= —2x - 2x
Sy o+ 2arclgy 6) 2arclgx + = —
L+ x” 1+x°
7y .. 24 2xarcsinx 8) 1 tzldm keZ
1—x~ U - N D
(1-x%)* Agsin®] ||
Y
o e
i2cos|t+ 'TJ
25,
= _6_ 2) ¥ = -decosy
‘]U) " Ll
Z(-n cm
4 dm\ = 1024 (veos2y + 55in2 1)d.1'm
5) d* v = 8siny. shy . dr®
27.
1y = (D Dy o I 2n- i
- {a+bx)"" 27 (a + bx)" Ja+bx
O S VAL I S S
. 2 Lix—a)” (x+a)
Hy=gat + b ]—; rsin(hby + 0y )
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H

singp = A : Cosgp = ;_a—_-__-
Vo' bt va© b
Sy =0 Y0 =2k 0 k=012
01 -2""Cos(2y + ATy 7) 2" cos(2x + N7
2 2
8y - l’lsin{(a -b)x + E}--T:| + (ax+b) -sin[(c: +h)x + ”E—]
2 2 2 2]

9



Chuong 4

CAC PINH LY VE HAM KHA VI VA AP DUNG

§1. CAC PINH LY TRUNG BINH

1.1. Binh 1¥ Relle

Né&u ham s6 fix) lien e trong doan [«.h] Kha vi trong khodng (e.b) vi
Jlay=fib)yihi Ic € (b)) saocho ficy =0

Vé hinh hoc: Dinh 1§ ndy xdc nhan véi nhing gia i€t da néu thi ¢o it nhat
mot diém thude d6 thi clia ham 88 sao cho ti€p tuyén véi dé thi tal do song song
vdi true holnh.

Chirng minh: Theo gia thiét fix) lién we trong [¢.£] nén theo dinh 1y
Weierstracss fix) dat mot gid tri bé nhat i va mot gid tri 16n nhat M. c6 thé xay ra
2 trudng hop.

aym=Mkhiddvim<fxysMnen fx)y=M=m nghia 14 flx) khong déi
trong {a.b) do d6 ¥x € (a.b) taco Fy=0=3c e (@b)fla)=0 dinh 1y dugc
chimg minh.

by m = M. gid st fley = M. fAc™) = i cO Tang it nhat mot trong cac digm ¢ ¢
khong thé tring véi ¢ hoae b.ovi néu chang han ¢ = a. ¢ = b 1hi vi fla) = fib}), theo
gid thidl, suy ra M = m. ta lai ro vé trutmyg hop irén.

Gia sit ¢ = ab nghia Ia

e e (@ vi Mclng la mot cue ¥
dai cia flx) rong (a.b) VA theo gia
thigt fix) kha vi trong {(a.b) nén theo
tinh chit cta hiun kha vi.

Taca f{x)=0.

Chi y: Cdc gia thiét rén rdl can
thiét dé dinh 1y ding, ching han xét:

) fx) 0 :x=0
ay fivy = -
l—x:x=0 0 | X

Hinh 23
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Ham & ndy lién we v v urir
v =010 ring khong cé ¢ e (0.1) dé
Fiey=0(Hinh 23)

by fla) = |x!

Hanmy s6 niy kha vi v v (i
v= 0 0 rang cing khong o6
e (11 dE () = 0 (Hinh 24)

1.2. Binh nghia Lagrange:

NEu hiim o6 fi0) lien tue trong
larl  Kha o vi trang  {w.h)  thi
Jee e sao cho

JUn - feey = £ - ad(lLy

Vé hinh hoe: Dinh Iy iy xic
nhiin voi nhitmg gia thiét di neu 1hi
€6 it nhit 1 diem thuge d6 thi cia
hiun 56 11 46 Gep wyen véi do thi
song song véi dogn thing nadi diém
diu vi cudi ctu dé thi ([finh 25)

Clutng minh: RS ring dinh ly
Rolle 1d mé trudng hop dic biét
cradinl 1y ndy, ta s& dua dinh Iy
ndy v¢ trudng hop dinh 1y Rolle,

Xt g(v) L hium s6 ¢é dé thi la
dutmg thing nai ¢ie diém

Ala, flad). B(h, fib)) thi Wi «
hodc h. fiv) vt gix) o6 gid tri bing
nhau, do do hiun s6:

FUO = fix) - g0 i o v b g
¢6 gid g bing khong,

Vi
gy =fea) + _’{(b]__fﬁ {x-u)

h—u

Hinh 24

Hinh 25

(phirong tinh cua dudng thing qua A8} nén Fx} cing licn e trong a, 5]
va kha vi vong (w.b) nhur fv). Vay £(0) o6 diy du cde gid thict ca dinh 1§ Kolle

néi: Ao & (ab) sao cho F ey =1)

Nhung £F'(x) = f'(v) - ¢'(v) = f'(0) - i{bﬂ(‘ﬂ

h—u
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Suy re e - Pt AL
h—u

Hay: fif) - fla) =y b -

Bay pitr ta vict eong e (£ dugi mot dang Khie got i3 cong thic 8O pla
heau ha

Pita=a, b=y, +Av=x

Vi ¢ G, by ndn datduge: o=+ 0Av, D<=l

Khi do (£ vict duge: flvy - flxg) = A, +0A0 (L

Cho & = 1/2 trong (1.} ta ¢ cOng thite tinh gan dung

flo,+ A= fle)+ A K , + A2

Thi du: Tinh gim ding arctal,!

Paty, =1, A=, 1. Tuch

arctg 1,1 = arctgl + _ o — =0X685
1+ (1051

1.3. Dinh 1¥ Cauchy:
NEu o). gla licn e trong jer. f2] Khi vi trong {00y vi g} = O tong (1)
thl Te € (b
sao cho -_f._(_{’);fﬁl)_ - EACH T
glhy—gley &)
R g dinh 1y Lagrange 5 mot trudmg hop de bict cua dinh 1y ndy Khi
glvp=x

Chimg minly Ta cling chiing minh dinh 1y niy bing edch dua vé truong hop
~dinb Iy Rolle.
et hium o Fv) = fiv) + gl rong dé A 1A mot 50 nio do.
RO riing Flao lien tue trong jer,pr| vir Khit vitrong (e b ta & xdce dinh A dae
Fley = F(hy: Flu = flay + rele), Fun = fib)y + i,
flety + Agla) = fihy + hgth) = fulhy - glen] 3= -ffih) - flad
Rd ring gl # g néu gler) = g(h) thi theo dinh [y Rolle.
A e G by suocho glay=10
v vai eid thidt g'(v) = Grong {cr.h)
Do dé A= - “_b };’fﬁ*l
gihy - gla)
Vay F(1) xdc dinh nhu wén co diy du cde gid thict cta dinh 1y Rolle



Do dé 3e € (u,h) sa0 cho F () = O hay i(b)__’((i} _ /)
gh —gluy  g'(c)

1.4. ,f\p dung:

a) Dién kién don dicu ciia ham 5o
Binh Iy: Cho him s6 v = f{v) kha vi tong midn X
% NEu£(v) = 0 Wy € Xthi fiv) I khong doi rong X
" N&u fiv) 1a dom dicu khong gidm (1ang) trong Xthi /'(x) 2 0 (= 0} vong X
3 NEufio =0 (<0}, ¥x e Xthi fix) 1a don digu ldl]g (giim} trong X.

Binh 1y duge ching minh dé dang, chang hau 1" ¥, 2 & X dp dung cong,
thie Lagrange vio doan |y, 45| dGi véi fivy:

Jooy-foey =7t Has - v e e (v, 1,)

Theo gia thic: f(v) =0, ¥y e X suy ra f () = O v iy - fle)y = 0
hay fley = i), ¥ X, vz € X onghia la fv) khong déi trong X
Thi du:

XAR)=2v"lny, v >0
Sy =g = 1

X

Via>Onénf ()< 0khi0<y< /2 v

Jr=0khi 1/2<1 <+ =

Vay fiv) don di¢u giam rong ((L1/2) vatang trong (1/2, + =)
b) Quy tde thur nhat tim cuc tri,

Dink ly: gia sit ham 56 ¥ = fiv) hién we vrong midn X vi kha vi tai lin can
diém +, £ X ¢6 thé trir ra tai v, vit n€u trong lan chn dé:

Khiv <, /> 0 (<)

Az <=0

thi fiv) dat cue dai (1idu) tai x,

Cling minh - Xct iruimg ho‘p cue dad (eye Licu Xt tuong ty) vi v thude lin
cin cla v, v # v, ip dung céng thie (£) vio hicu f{v} - flv,) ta ¢o:

Jiuy - f(.lo) ={o-x) /o) e pdm gilfa v, vix

Neuv<y, thiv-y, <Ovivee< ¥ theo gia thict ¢y > 0

Suy ra flv) - flxg) < O hay fix) < f{v,).

NEU v > v, thiv- v, >0 va Y,<oe<y,
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Theo gia thist f () < 0 = flv) - [ (x) < O vy trong lan cin cua X,
fiv) < Tiv,)

Theo dinh nghia fx) dat cuc dai tai v,

oo = fLX0)

Thidn: X&y=(v- S){/x_z

Tacé : Y

=il 42629 5 -2)

3Vx Wy
y=0khiv=2y =" khixy =0
Xé ddu cha v theo bang:

Ry -= 0 2 + =

a4

"IN

<Y

¥ + | - 0 +
/0\‘-3{@/’

Ta thdy : x = O la di€m cuc dai
Cl:la }I: .vl“ax = .v({)) = 0

v =2 [ diém cuc tidu cla y: Hinh 26

Mmin = y(2) =-3 W

Chi y: Qua céc thi du di xét ta thiy, flx) <6 thé dat cyc tri tai nhiing didm
£'(x) = 0, f (1) = = hoac f'(x) khong 0n tai, nhimg diém nhu vay goi la nhing
diém bt thudmg cha f(x) dac bigt, diém x ma f'(x) = 0 got la diém dimg cua fiv).

¢) Quy tdc L'Hospital (khi dang vo dinh 0 , {=i=)
0

Pinh Iy: Néu cdc ham s6 fix) va g(x) thod mén cic didu kién cda dinh 1y
Cauchy trong 1an ¢an clia Giém x, (x, € R)urir tai
Yoo im AN = lim g)=0 (=)

X orE,

vii [im iltx_} = (e € Ryt lim M =t
vk g"'\-) v e, g(\)
Chieng minh: Ta chr xét truong hop v, « € R (Cic trudng hop khice chiang
minh tuong 1)
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Xét ham F(y) = { @) ix#x,

0 x=x,
Vi Glr) = 8(x) x=#ux,
0 X =x,
R& rang F(o). G{xv) thed man cic didy kién cha dinh Iy Cauchy trong lan can
cua Yoo do dé v thuoe [an cén do6 ta cé:
FO)=Fle) _ Fle)
GO -Glx,)  G'(e)
hay i(x_) L) voi v X,
lx)  g'e)
Cho v -\ thic - X, thee gid thiet;

lim : f(C} = do dé ]mf(v) =

€ gom gilia v va x,

s £ (L) T, g(x)
Thi du:
1) Tim [im 5_'”3
X i) 5]"3'{
lim SN sinSx _ = lim ScosSy _ E
¥ g5in3x e i 3cosdx 3
in
2) Tim |jmy (8%~ sinx
0oy smx
1
I l-cos’x 1+cosx +cos” x
lim cos’x =lim —— == =lim - =3
=0 | _cosx w0 cos’ x(l-cosx) =0 cos’ x

NTm lim & a> 1

Yok a x
T X
, a . a'lng _
lim -—=|im £ M6_, .
Fokr T l

Chii y 1. C6 thé dp dung quy tic L' Hospital nhiéu l4n uc.uf (1), £'(x) lai thoa
min cic diéu kién clia quy tic.

Thi du: Tim

L€ -et =2y gttty - VP L
lim - =lim = lim— = lim =
=0 x—siny e =0 sinx 0 Cosx



2) C6 thé 4p dung quy tic L'Hospital Jé khit cac dang vo dinh .=, -, 17,

o0
° =% bing cach dua céc dang nay v dang 9 hodc —
0 o0
Thidu: 1) tim lim xlox (o > 0}
r—p+H)
1
a2y = fim 2 = fim X = lim =0
5— H} LUy @ x- 30 _m_“_ x-w+l —gy
1
2) Tim limx*
el
__I.
Paty = x° ' thilny= 1%
1
llm]ny = llm—lﬁ- = lim X =1 suyra limy=¢
x +1 tx -1 1 £
3) Khi hmf (x} khong t6n tai thi khong 4p dung duge quy tac L'Hoéspital
T, @ (x)
phai lam theo phuong phap khic.
Thi du: Xét limfi_smf
¥ x

Vi lim M — lim (1 + cosx) khong 18n tai nén khéng ap dung dugc
¥ vz ( } EE el
quy thc L'Hospital. Béng céch khéc ta ¢6:
lim 20 = lim[l + ﬂ‘i) =1
Y-rF x X x

§2. CONG THUC TAYLOR

2.1. Cong thire Taylor va Maclaurin
Pink ly: Néu ham s6 y = flx) c6 céc dao ham £, ) - f 700 Yign tuc tal
didm x, vd ¢6 dao ham F£(x) trong 1an can chia x, thi tai lan cdn d6 1 ¢d

cong thirc:

126



f(l) =ﬂ-\.0) + f%cul(x - ).‘0) + f_uz(:[_))(x - Xn)z"'v--

e ael
+£ ](_“Oz(x_xu)",,_f_t;(g(x_xu)"*' {T)
n! (n+1)!
(¢ gilta v, vii e = Y+0{v-x)0<8< |
Cong thae ndy goi Ia cong thic Taylor cap n, s6 hang cudi cung goi la s&
hang du clu né, ham fiv) 801 1 viél duoc hay khai trién duge theo cong thie
Taylor. Bac hi¢t v, = 0 thi cong thie Taylor trés thanh cong thie
foy=fore LD SO L S0 L e o
It 2! #! (n+1)!
(M)(O<B< D)
£o1 la cong thic Maclaurin cip n
Chitng minh: Ta s@ ¢hing minh cong thire (T) bang phuong phép quy nap.
Cho: n = 0ta cé: fln) =R+ O - )
Day chinh 12 céng thic (L) da ching minh. Vay (1) ding vai n = (.
Bay git gia sit cong thie (7) cdp # - 1 diing:

F = )+ - x ) + L 0) -+ ...
2!

(-1} (n)ye
A G A O PR
(-1} n!
Ta € ching minh cong thiic (7) cdp n la ding, theo gia thigt f(v) lien tuc
tai x, nén:

lim £y = F %) (v — Yithie o)

Suy ra:f“”((') zf("}(_ru) + 0 (23

o la mot vo cdng bé khi ¢ — X,

Thay (1} viio (2) va chuyén vé ta duge:
[ 1.0

F(o) = f(5) - fl) - —%’—)(_r “x, )_..._Lﬁﬁ(x x Y

! n!

trong dé F(x) = a(x—x)" (3)
ml

Tir (3) suy ra

Flr)=0,F'(x)=0, .. F) =0

F‘"H}(_\') :f(lwl}f_ﬂ (4)
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Miit khic ta xét ham 8o
Glx) = (v - x )™
Gix,) = 0,G () =0,G"(x,) = 0, Gy = (1) (5)
Ap dung cong thifc Cauchy viio cde ham s8: F(x), GO trong (v, v) ta dugc:
F)- ) _Fe)
G(x)-Glx) G'la)
Lai dp dung dinh 1y Cauchy vao cac ham s6 F(v), G'(v) trong {xg, ¢,) 1a co
Fley- ) Frle) Yo <02 <€
G'ey—G'(x,) " (ey)
Tidp tuc qud irinh, ta di dén:
F"'(¢,) - F'(xg) F“"“(i)‘

XLy <X

A : = RN
_:(_}'"'”(Cﬂ)—(}“”(xl,) G ()
Da dé theo (4) va (5) thi
f‘- R LI N faclbg .
() _J () hay £(x)= ! (L}{x—x[])“"

Glx)  (n+ 1) (n+ D!

Thay F(x) va (3) va chuyén vé ta duge cong thie (T)

Chit ¥ SO hang du trong cdc ¢ong thire (7) va (M) & trén ciing got la 58 hang
dir dung Lagrange. Ta c6 thé viét:

Rv)= SO ()™ = O - 1)), (vO cling be bdc cao hon (x - x,)" khi

{n+ 1!

v — x, goi 12 56 hang du dang Peano.
2.2. Cic khai trién quan trong:

Ta s& khai trién moét s6 hiun 8§ s¢ cdp o ban quan trong theo cong (hic
Maclaurin, ¢6 rat nhiéu dng dung trong thuc L&,

1°. Ham s6 flx) = &

Taco: fP(y=¢*, dodaf"(My=1, n=1,2, ..

" th

Vaye":l+£+£+__+x_+_e__xﬂ” , Def<l
2! r! (m+ 1Y

2°, Ham s8 fix) = sinv

Ta hi¢t: f7(0) = sin(x + n %)
2

Do dé:f"’(())z 0 n=2mm=12..
_ (-N""*' n=2m-Lm=12..
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Vay:

) x.? xﬁ et x"m |
SINX=x-——+— 4 (- =
ELEY (2m - l)'
" mil
+sin(n£)-x—+'im(@c+(n+lj ] x
2/ n! L (n+ ]}'

3% Ham $6 fiv) = cosr
Tuong nrta cé:
2 e

X x?
cosx=1-~4+% A= +
2t 41 (2m}!

+cos[n— —+co{0x+(n+l} :j i
(n+1)!

4% Ham s8 o) = (1 + x)°
Taco: ") = afa - 1) (- n + DI+
Do d6: £(0) = afa - Doda-n+ 1)

Viy:
(l+x) =1 +wc+-@2-|_—l)-x3+
N ala - N.(a-n+1)x +af(a— ])“'(ah”){H&)“'" et
! {r+1)!

2.3. Ap dung

a} Quy tdc thix hai tim cuc tri

Binh I¥: Gia st fix) c6 dao ham lién tue dén clp n tai diém v, vi:
PO =)= = 0 =0, 0y = 0

N&u n chin va f"(x,) <0 (> 0) thi fx) dat cuc dai (tidu) tai X,

Néu 1 1€ thi fix) khong dat cuc tri tai v,

Chimg minh: Ta viét cong thie (1) cuaf(r) @i lan cin x, (cipn - 1)

1 (-1} in .
Aoy =g+ L&D L f L0y (L@
1 — Iy nt
Theo gid thict: f'(x) = f"(x ) = ... =f"' M) =0

Suy s 0 - gy = L7 @
n.

Ciing theo gid thigt f™(v) lien e tai x, nén:
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fim €% = lim £ =100

Do dé theo tinh chdl cba gidi han néu:

M) < 0 ¢ 0) thi rong 1an can clia &,

¢y < 0 (> 0). Do dé, néu chéin thi tir (1) suy ra: v - flg) < 00
nghia 13 fiv) dat cuc da (tiéu) tai x,

Neu 1 18 thi fv) - flx,) khong gilt nguyén mét diu nhit dinh, ching han néu
) < 0 thi Ao - flxg) >0 Khi v < x, vi fv) - flxg) < Okhix>x nghia 13
fix) khong dat cye i 1at X,

Thi dee: 1) Xét ham 88 y = cos2x

Ham s6 nay c6 chu ky la T oén chixéi0<x<m ¥ =-2sin2x, y' =0

Khi sin2¢ = 0 hay x = k7, wrong [0, ) thi y' = Okhiv=0,7 =

g

3

Tinh v = - 4cos2y v Xél diu cua ¥
Y0y =-4<i, do 46 y dat cuc dai tal v = O Yoo = |

V(Ey=4>0,dodoy dut cyc Liutai v = T van=-}
2 2

y'i(m)y=-4<0, do d6 v dat cye dai @1 4F =T Y = ]

2) Xét bam s6; y = & tai x =0

Tacé: ¥y = 45, = 1247, ¥ =24, ym =24

Dodétaix=0thi:y =y"= yr=0; _\.-'[4} >0

Vay him s6 dat cue¢ tidutal v =0, ypin =V

3) X¢ét hism 56 y =« tai v = O thi:

Y=y =0y"=620 Vay vy khong dat cye tr} taiv =0

Bai todn tim gid tri I6n nhdt va bé nhdt:

Cho ham sd v = flx) lién tuc trong doan |«, b| theo dinh ly Weierstrass: fix)
& dat mot gid tri be ohat m va mot gid i 10n nhit M rong doan d6, rd rang m,
M cila fivy chi ed 1thé dat tai cic diém cuc tri cua fx) hoac 1ai ¢ hoac b, nhung
cue tri cha flx) chi cd (hé dat tai cdc diém bt thuong cua RO () = 0, = hoac
khong 16n 1ai). Do d6 mudn Gm m, M cha fx), ta Gm céc diém bat thudng clu
fix) réitinh gid tri ca fx) tai cdc didm do vatai ¢, b 161 so sdnh ta s€cd m, M.

R& rang ncu trong ld, b|, fix) bién thicn don dicu thi m, M sC dat tial o
hodc h.

Neéu trong |u, b1, flv) chi ¢6 mot cue dai hode mot cue 1iéu thi cuc dai cuc
ficu do s& 12 gid (i idn nhilt edc bé nhii clu flx).

Thi du:

1) Tim m, M c0a ham 88 y = ¥ - 3x + | rong doan §-3, 2]
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Tinh y' =3 -3 =3 1)=OKhiv=4 1|

Tinh y(-3) = - 17, y{-1) = 3, y(1) = -1

W2)=3vaym=-17,M=3

2) Mét vién dan bén lén tir diém O véi van 8¢ v, va nghiéng vdi mat phing
nam ngang 1 géc o. Xdc dinh géc o dé vién dan roi xuldng mal phang nim ngang
& diém A thi khoang cich OA = R 13 16n nhit.

Trong co hoc 1a viét phuong trinh chuyén ddng cita vién dan la;

&=, 0080t

2
y=v.sinor- &_ 74
2
Trong dé ¢ 1a thai gian, g 14 gia
10c trong trudng, khir ¢ a9
phuong trinh qu§ dao ca vién dan:
¥y =atpo - %gx_“_ﬂ_
2vicos” a

Tim toa d& clia A, cho y=0ta -

o

R=0A= Ysin2a . o

g
“kignOza=s® Hinh 27
2
22
Tinh R = 200528 _ (ppioe 7
g 4
= ~4v,sin2a , R”[E) " g
g 4 g
Vay Rdat cue daitai = 7
4
Ruo=22
&g
D6 cling la gid trj 16n nhat cha R. Do dé péc o cdn xdc dinh Ja 7

4 :
3} Cho mot mi€ng 16n hinh vuéng canh « hoi phai cit di & 4 géc, 4 hinh
vuong biing nhau 1a bao nhicu dé £d thanh mdt thung hinh hop c6 thé tich V lan
nhat (Hinh 2%)
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TacéV =(u - 2.\.‘): X

Vi diéu kién 0 <

[]

x
V' = (0 - 20{a - 6x), V' = 0 khi
=% vay=4
2 6

[

Hinh 28

24° P . .
Vay Vo = =4 vi phai cat di mét di¢n tich la
2

2
at a

36 9
b) Bé oL, lam, diém udn cita do thi ham so:
Dinh nghia 1. Ham y = f(x) hay dd thi cla nd goi 12 161 vé phia trén hdy 161
trong khodng (a.h) néu ¥x,, x; € {¢,h) va Vo, Az 0 A+ Aa= ]
thi
Fhagx) + hava) 2 Afly )+lf(\q) (1

Néu diu bat déng thic 11 < thi flx) hay d6 thi caa n6 goi la [6m vé phia trén
hay 16m.

¥ nghia ciia (1) la cdc diém tén cung d6 thi & phia trén cdc diém trén day
cung ciing hoanh d¢ (hinh 29).

4
Fo g —— Y

'

Af)NFR - ——— — , 1

! |

|

l o

1 L .

Hinh 29
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Dinh Iy 1: Dicdu kicn c¢in va do dF ham Fivy €6 duo ham
khodng (er.52) 12 161 (16m) trong khoing d6 13 £ () < 0 (=
*Ching minh:

dén ¢dp hai trong

Bicw kien cin: Xl trudng hop 10i, gid sir trong (e, b, Sy li 163, nghia la:
SOGE + Aav) 2 Afl) + Aaft) (1)
Tz € lah) A A 20 3+ A= 1

Chondy=hs= D vadarr= 4% po Xi-% thi (1) vict duge
2 2 2

fye SUEMFSUB) o s iy -T2/ <0 o))
2

Theo cong thic Lagrange:
farv i+ fie- by - R =1fu+hy-fin) - Vin - fir-in) =
=f U+ 000 -G -8.00h = B +0,h) - £ - 6,00
= AU+ 0400 - £+ WP - £ e - 8.0
0<0,.8.< |
Chia 2 v¢ diing thite nay cho i
SUERJU—R) =200 _ LU0 - T0) S0~ f(-0.h)
# h h
Khi/t — O céc s6 hang & vé phai dén WS 70 1 (2) suy ra (1) < 0.
Diéu kien di: Gia st f"(x) <0 rrong (¢ x& v, v € (a.h),
A3t X'= Ry + Aaty, 18 1hng @ < X < b 1a viét khai teign co

cong thie Taylor cap 1 tai lan can ¢da diém X

A =30+ (v - DF (0 + zlm-. X e (3)

a ) flva) theo

Fa} =0+ (v - X £ + Zl(,rg - X7 (e (4
o O gilta Xy, X ¢y & gilta xs, X

Nhan (3) v8i ;. (4) v6i &, 16i cOng v véi ve virchd ¥ : A, + A,

a=1va
[A (v - X) + Aalrs - X0 =F(X) vy + At - X) =0

Ta cé
AC) + Aofle) = fh g + dovs) +
?] v, - ‘\))E}Liuf"(ﬁ) + (s - X Aaf (e

Theo gia thi¢t £ "(v) < 0 nén



Aflry ) + hoflaa) < fihxy + hava) nghia 12 fix) L i6i trong (u.h)
Thi du:
1) Him y = sy = 4y, ¥y = 120° 2 0 ¥ x, vAy ham 50 la [6m ¥ x
Yy=lny, v >0,y = ly = - Lq < ¥x >0 vAy ham s6 12 16i Va > 0
x X

Pink nghia 2: Cho ham y = flx} xic dinh trong lén cén cla diém v, lién tuc
(i v, ¢t dgo ham hitu han hoac vo han 2y,

(f'iv,) e £ 3 va fx) 12 161 (16m) trong (x, - 3, x,), 1 13m (161) irong

(Xor ¥y + 8), 8> 0 thix, got Ja didm usn cita ham 56 fx), diém (x,, fx)) gol
Ja dié¢m uan cha 46 thy ham s6

Thi dw: 1) Diém (0, 0) 12 diém udn cia dé thi cic ham sa:

y=+ y=4x (Hinh 30,31)

:
i

2) Ham y :{sinx x>0

2]

bl

x cx<0

91

Hinh 30 Hinh 31
Diém x = 0 khong 12 diém uén cia ham 6, vi ham s khong c6 dao ham hir
han hoac vo han tai x =0 (didm x = 0 goi 1h diem g cha dé thi) (Hinh 32)
Tir dinh nghta, dé dang suy ra:
Dinh Iy 2:
1°, Néu hium v = fiv) ¢6 dao ham dén cilp 2 tai x, vax ja di¢m udn cua ham
8 thi: f'{x,) = 0 (didu kién cén dé€ ¢6 didm udn}
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2°. Néu ham s0 y = vy lién tuc tai x, c6 dao hdm £'(v) hiru han hoac vo han
(@i x,, c6 dao ham cdp hai £ "(x) tai 10 cfin diém v (¢6 the trir tai x,) va trong cic
khoang (v, -8, v,), (v, v, + 8) (& > (03, £ "{x} cd diu khdc nhau thi v, 13 diém uén
clia ham 6 (didu kién di d€ ¢6 diém udn).

¥
xd
Sinx
@ x
Hinh 32

Thi du:
Xty =2t - 6+ 1
V=4 1206,y =127 12=0khiv =41
Xét diu theo bing
X -1 O ]
y 2 14
y + 0 - - 0 +
¥ 6m 2 16i -0 I6m

Viy v =1 112 diém udn ctia him 56
Cic didm (-1,2), (1, -10) 13 diém udn cia ¢6 thi him s
1 . . 2
Qyy=¢ " v=-2ve * R TR _l,)e
2

-1
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]

Y =0khiv=4 __ . Qua xét diu cia y" ta thdy ham s la 1dm trong

-5

b, (2 4+ =) vi 150 trong (—L \ ! }; eac didm v = t
e

(_ o .

-
&
Sl-

diém uén.

Hy= M xdc dinh trong (O, + «<)
XX

v e duo ham tal ¥ v € {0, + =) wir tai v = 1

3 3-x
o= 1‘1ﬁ vl D< vl
IAx-5
1 (l':—) vin 1< x < 4o
4,1"\/; .

¥* =0 tai v = 5 vi khong 16n tai khi v =1
¥ >0khiO<r<lvaS<y<+ = ylaldm
Y e Okhi L < v <5y 2o
Qua x =1 viiy =5 ¥ dai diu nlumg 1ai v = | ham s0 khong co dao ham hiru
han hodc vo han, cdn tai v - *5. flx) ¢6 dao ham hivu han. Do do chicé diém v =35
[ didm uin clia him so.
Tuomg tu nhu déi v6i tudng hop cda cyc i, ta cd:
Pinh Iy 3: Néu ham y = fv), ¢6 dao ham dén cap # tai x, va
Friey =f"iv. ="M = 0, " x,3) 2 0, 1 1¢ thi x, 13 diém udn cGa him
<8, it chiin thi x, khong la diém uon.
1
Thidu: v=7% -tgy+sinv
3
Tinh toan @ ¢6 : y"(0) = ¥(0) = ¥ = 0,370y = ¢ n =5 1¢, vy x = 0 la
diém uon chia hivm s6.

Chu y:
1) Ding tinh 181 18m ca ham $6, ¢é thé chimg minh cde bt dang thic.
ey ¥ ]
y . . : + e
Chang han: chitng minh ¢ 2 < i p vwvekR
2

Thire vay: xét ham flxy = ¢, f"(x) = & >0
Viay fiv) 12 16m ¥y € Rnghia la
SO+ Aova) SRy ) + Aafi)
Anro 20k +ha=1, vy e R
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hay efids: < A" +A,em
Bity =v =y =2, = ! ta 6 bt dang thic phai chimg minh
2

2) Ngudi ta ciing thudng x&t mot dinh nghia khic vé tinh 181 16m cua dé thi
ham so,

BDinh nghia 1': D6 thi ham sa ¥ = fla) goi 13 161 (1dm) trong (a.b) néu no
khong & trén (dudiy tiép tyén tai mot didm bat k¥ cia dé thi trong (e h)

D61 v6i 16p hiwn 6 ¢ dao ham ¢ap 2 lién tuc thi dé dang ching minh duge
dinh nghia ndy la tueng duemg vai dinh nghia 1.

Thue vay, xét v, € (u,h), vi€l cong thie Taylor edp 1 cia f4) tai lan can v,

A0 =)+ fr)e- vy + S S
7 :

v phuong trinh cla ép tuvcén vai dé thi tui v

V=flv)+ /' )v- v} )

trir (13 cho (23 1a ci:

y-¥= S ,)(C)(x_xo)z (3} ¢ O giita vy, v

Bay gid gia sir ham s4 12 16i theo dinh nghfu 1, theo dinh Iy 1, £"(v) € O tir
(3) suy ra:

¥ - ¥ =0 nghia la dé thi khong & wen ti€p tuyén. Nguoc lai, gid st f(v) 13 161
theo dinh nghiu I' ta s& chitng minh f"(x) €0, theo dinh 1y 1, fix) s€ 1a 13i theo
dinh nghia 1.

Gia su nguye lai ¢6 ¢, e (@b, F (e} > 0vi £7(0) 13 Lién uc, nén tén Lai mat
lan ¢in (¢,- 8, ¢, +8), 8 > 0 dé () » 0

Xe2dicm ity § oy, x trong lan cin niy tr £3) tu cd:

y-Y=F"() (x-x)” L0 pifa vy, ¥
2

Vif e) > 0nény - ¥ >0, mau thudn véi gid thiét fx) Ia 161 theo dinh

mehia I':y-¥ < O
3. KHAO SAT HAM SO ¥ = F(X)

3.1. Tiem c¢an cia dé thi ham so;

X¢ét ham 86 v = fv) ¢6 mién xédc dinh X Di¢m M(vy) vdi ¥y =fx) goi la ve
nhinh vé han cta dd thi bim s& néu it nhat mot trong cic tog d6 cha M 13 khong
bi clian.
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Mot dudmg thang D goi [ tiém can clia dd thi ham s6 néu khoéng cich M
tir 1 diém M trén dé thi ham s6 dén D dén 81 0 khi M v& nhdnh v6 han cita d6 thi
ay.
Theo dinh nghia thi M(y,y} véi y = flx) v& nhdnh v han chia do thi ham so
néu mot trong ba trudmg, hop sau day xay ra

X,y 00— 00y Y v o0y - 90

¥ 'z

M I b
il /M/‘

Hioh 33 ' Hinh 34

Do ¢, ta suy ra ba trudmg hop
fim ti¢m cén theo quy tic sau:
Pinh iy 1°: Néux — v,y > P V'
nghias & [im(x)} = @ thi dudmg
thang. - M
r = x, Jatiém cln cOa d6 thi H
ham s6, goi [a tiém ¢an ding. - (Y
2° Néux =00,y —» y, nghia la
limflx) = y, thi dudmg thang y = y,
1A tiém cdn cha dé thi ham s0, 4 x
goi 1A tiém cin ngang.

Hinh 35
3* Néux — 02,y - 0O nghiald limf(x) = o© vhnéu t6n tai cde gidi han:

=T

a=tim 75 b= lim (A - ax]

Ty X T

thi dubng thing ¥ = ax + b 13 1iém can clia dé thi ham s6, goi 12 tiém cdn

xién.
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Chimg minh 1°. Theo gid thist v — v, y— 20 do dé: MH = |,\;—x0| S50,
Vay duimg thing x = v, 1a tiém cin diing.

2°. Theo gia thit v >0,y — y_ do dé MH = lv=y,| = 0.

Vay dudmg thing y = v, ta tiém can ngang.

3" Tacé MH = MN costMN, MH), MN = y - ¥ = f{3) - ax - £ — 0,

khi v 500 viu= lim f(x) b = Hm A -axt vda MH - 0.
Vay dubmg thng  y = av+ b 1a tiém cin xién.

Thi du: Tim tiém can cGa dé thi ham s&;

3
¥ = (x- I}_z ta co khi v — -1 thi v — 90 vy dd tht ¢6 liém can dimg:y = -1
{x+1)

Khi v — 00 thiy —00

= lim f().‘) = lim E..:_!L: 1
X orr x X opx x(x+])~

X ora X

lim (f{x) - «x) = lim {(—x_-l)—s—xJ= lim " =5

N—s 1 T (x+ ]]3 2

Viydothicé tiémcein xien Y =x - §

Chit ¥: nu y = fx) la him sé hitu ty : y = ﬂ(x) (n = m). Trong d6 P, (x},

Qn(x)

Om() 12 nhimg da thide bac n, m thi ¢6 thé fim tiém can bang cdch chia tr 6 cho
mau sd.

Thi du: Xét lai thi du trén, chia tir s6 cho miu s6 1a cé:

! LR
y= {x l), _x 13x 3x _l_=x_5+4(3x+1)
(x+1) X +2x+1 (x+1)*

Khiy — -thiy —20. Vay dudng thing ¢ = -1 I3 titm can ding

Khiv — 00 thi y~¥ = x - 5, viiy duding thang ¥ = v - 5 la tiém cn xién.
3.2. Khao sit va vé do thi cia ham sé y = fx)

Né1 chung cin tién hanh cdc bude sau:

1” - Tim mién xac dinh, khodng ddi xtmg, chu ky néu c6.

2° - im mién don di¢u, cuc tri.

3° - Tim bé 161, 16m, diém uen.

4" - Tim tiém can.
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5° - Tim thé cde didm dac bigt (gino didm v6i cde trge toa do) lap bing
bicn thién.

6° - Vi dé thi.

Thi du: Khio sdt vi v& 46 thi him s6: y = L)f___.]_)j
(x+1)

1" - Ham =& niy xdc dinh ¥x € R, trirtai v = -1 nd gidn doan vo han.

20y = DoY) o khiv= vy =-5,y == khix=-]
(x+1’

Bang sau: cho mién don dig¢u va cye tri cta him so:

X - -5 -1 l + =

y' + 0 - i + 0 +

y / -135 \u / 0 "=

Ddu clia ¥ [a ddu chatich @ (x + 1){x + 3)

30y = 280-D) y = Qkhix=
(x+1°

Bang sau cho bé 16i, 16m, diém udn.

v - e 1 + =
¥ ; 0 +
Y 15i didm uén 16m

4° - B3 thi clia him 56 ¢6 tiém can ding x = -1 vh tiém ¢dn xién y = x - 5
(Hinh 36)

5% - Bing tom tdt
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\ o 5 -1 | + =

¥ + 0 + 0 +

v - - - 0 +

\ /" 13 5\ /' /’
~ Y . 0 +

6° - V& d6 thi (Hinh 36)

Hinh 36

§ 4. HAM SO CHO THEO THAM SG
4.1. Phuong trinh tham 56 ctia dudmg cong
Cho hai ham s cba ciing mot doi s6 7

v=el) vy hay v =, y= w0, a <t < B
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(ia s tén tal ham nguge: = @ (x) vi tr cdc haun 80 W, (p" 1a lap duyc
am hop.
y=ylg )l
(hi ta duge ham sO y cua d6i s 1 1y = flv); nhu vay ham sd ¥ = f(x) 6 thé
cho theo hé phuong winh:
[x=¢(0) (1) a<r<B
1y =wi)
Khi dé ta goi y 1& him s8 cha x cho theo tham s& ¢ v he (1) ciling poi la
phuong trink tham s& cla dudng la dé thi coa ham 06 d6.
Pac bigt y = flx) cling cd thé viét dudi dang phuong trinh tham sd x:
x=ux,y=flx)
R& rang, tir phuong trinh tham s& chia dudmng c6 thé dua vé phuong rinh
dang:
Fxy) =0 (2)
cua dudng dé va nguge lai
Thue vay: theo uén, hé (1) ¢6 thé dura vé phuong rinh y = \pl(p"(_\')l
Hay Fix. y3=0.
Nguge lai, 1r (2} dat x = x(1) va gidl y theo ¢ la cot y = y{7), nghia 14 (2) dua
duce vé (1)
Thidu:
1) Ta bi¢t phuong trinh chinh 1ic ¢ua ellipse 1
e
a b

Dt x = acost vOi ) 122, thay vio (1) vii giai ra d6i véi y ta co:

1 H

¥ = hsint
Vay {x =acost 13 shuong trinh tham s6 cia cllipse
y = bsint
Pic biét néu ¢ = b = R thi
x = Reost, ¥ = Rsint

ja phuong trinh tham s& cia duéng tron tan O bén kinh R

2) Lap phuang trinh quy dao cia 1 diém M gén chit én mot dudng o,
dudng tron lai lan khong truot trén mot duong thang.

Ta lay duong thing 1am trye Ox con gée O ldy la di¢m déng thai M & rén
dudmg thang va dudng tron.

pat goc (CH.CM) = ¢, ban kinh dutmg tron la R, tAm la C.
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Theo hinh vE 1o Y
(Hinh 37y
v=0P=0H - PH,
IthI'I}._.‘.-(_)]T[ = @ =Rt
PH = Rsine
Do d6 v = R(¢ - sint).
Tuong ty v = R(1 - cost)
Vay phuong trinh tham sa
et quy dao 13
X = R - sing)
yv=HR(1-cost)

Hinh 37

Quy duo goi la dudmg Cycloide.
4.2. Khao sat va vé do thi:
Khio sat wong w nhuy ham v = fiv), chi khic 1a & diy khao sat gidn tiép y
theo v qua bicu trung gian 1.
Thi du: Khio xit v v& d6 1hi ctia ham s6:
x = R(! —sint)
¥=R(l-coss)
1"- Cic hiam s6 v, y xéc dinh V1 € R, do d6 ¥ Xdc dinh Ve e R,
Chu ky clia y dai voi £ 13 2, suy ra: chu ky caa v doi véi x 1a 2nR. Vay chi
Cxé 0 << 2
2% Xét 1" = R(1 - cost), y' = Rsins

Y= et —

2.! {
dy _ydi _ Rsing _ 25in;.coss
dx  x'dt  R(l-cost)

2 _ Cotg% trong [0, 2=,

-2
2sin

td |~

v, =0khis=xn

Yy= 0 khir=0var=2g

V> 0khiO<t<n v, <0 khi n<s < 2n

Khi ¢ =nthiv=Rr, vay v dat cuc dai khi v = Rn
Yo = 2K
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-1

¥ ¥ = (s = oot ) =

f N 2sin? R(1 —cosf)

S

Khi(d<¢<2n(hi y:: < 0, vy 46 thi cia him s8 14161 khi O £ .3 < 2Rm

4. Bing bicn thién va doihi (Finh 338)

! ! 0 T it

x 0 — Rr " 2Rn

¥ 0 T 2R T 0

17
!
2R —
A '[
|
bl &irz 2IR x

Hinh 38
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$5. HAM SO CHO THEO TOA PO POC CUC
5.1 Phuong trinh cia dudng cong trong hé toa do doe cue

Trong mal phiang cho niu dudng
thang Ox vd wén doé chon mét chiéu

durong tr trdi sany, phai (Hinh 39) 1

Xét diém M trong mat phing u

—n
e = iOMi
@ = (Ox, OM) - M

Ro riang vi i cia M duge xae dinh { I|
bar v, @ cie 8O e, ool 1A toa do doc & :
cuc cua didm M, ky higu M(r, ), r gol 7 ' 23
i bitn kinh cue, ¢ poi [h gée cye. hé
gom didm O v true Ox gor 1 he toa
do doe cue, Ox goi li true cue. Hioh 39

Theo dinh nghtu thi 0 £ r <430 - @0 < <+0C. Néuchi x4t 02 ¢ < 27,
thi dng vii | dicm M chi ¢é mot cap s6 duy nhdt (r, @) nghia 12 104 do déc cuc
cling ¢& su tuonyg ing 1 - | nhu toa 4o Descartes, (trr digm O),

Ngudi ta ciing md rong X6l - 00 <5< 400, - 00 < @ < + 9 bang cich xdc
dinh di¢m M(r, @) nhu sau: L

VE true Ou lam véi Ox 1 gée @, rén trye Ou 18y di€m M sao cho r = OM

Khi d6 r, @ 2oi 12 10a do déc cuc mé rong cda diém M. Ta thiy mbi cip
(r. ¢} xde dinh mot dicm M. Nhung nguge lai thi mat diém M (ng vii vo s6 cap
(r, ¢ + 2Em)-r, @+n +2kn), nghia 1i toa d6 ddc cuc md rdéng khong ¢6 sy leeng
ung |- 1.

By gii¥ ¢ hé toa 49 Descartes vuong goc Oxy trong do Ox xét T true cye.

Gid str v,y 13 oa do Descartes cta M v v, @ 13 toa do doc cue cla nd, la ¢

cée cony thae lién hé.
Y =rc0s @, r= (fxt 47

¥
X

y=78in g, @ = arclg

Trong hé twoa do doc cuc, xét hiim s6 » z_ﬂtp)‘“ gid sir 46 thi ctia no 13 duding
C, ngudi la cBng goi (1) 13 phuong trinh doc cuc ciia C.

Theo cde cong thife Hén hé wén, 1ir phuong trinh dée cuc clia € cd the dwa vé
phuong triinh dang F(y,») = 0 cda nd vir nguoe L.
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Thidu:
1y Xét dubng trong: 4 __v: =R
Thuy v = rcosg, y= rsing la cd:
rlcosetp + f'lsin(p =R
hay r = R, do 4 phuong trinh doc cie cla dudmg tron do:

2y Xt ham s6 - = 2Recosg (R > ()

Thay r= V"Ix: +}1 cosp= L= d
r J.l + .}‘:
Ta ¢o: \,f'r)c.3 +y' = 2R_ X
x}l_\f: +_];':

hay A+ _\‘2 < 2Rv =0, day I3 phuong trinh dutmg trom 1dm (R, O) ban kinh .
Vay v = 2Rcosg o6 1A phuong rinhi doe cue cua dudng ron do.

5.2. Khao sit va vé do thi:

D¢ khdo sdt va vé dé thi clia ham s8 1 = ) ta ¢d thé dua vé him s0 dung

v = v(x) hodc dua vé hium s6 cho
theo tham s0 vai tham sd @,

x = reos @ = flpleosy

¥ =rsing = {@)sing

Trong thye 1¢ mdt ¢ duong dac
bhiet, ¢d thd xét trye tidp timg didm dic
bigt v dp tuydn vai duomg tai diém
d6. D¢ dyng € wyén vdi dudng tai
didm M (a sé tinh gée V gilfa bdn kinb
vecteur OM vi nép tuyén do.

Theo hinh v (Hinh 40) ta c6 g x
o=+

Do do:
tga = tg(o +vy = _EPTIEY (1) Hinh 40

{1-tgptgy)

i ! LI .
Mit khic: go = yo = 2o _ ISIM@ ¥ rC0SP
¥l de. 138 ,.‘_f -

X', rcosg-rsing
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,
g+,

hay: g0, = r (2)
1- f'; g
2
So sdnh (1) va (2) tacé @ tgr = r
rl

Thi du: 1) Khio sat va vé d6 thi cia ham so:
r=2a (1 +cosp) (e > 0)
Chu k¥ cua + d6i vdi @ 13 27 nén chi xéL -x < ¢ <. Mat khic thay ¢ bai -
*1hi r khong doi do dé d6 thi déi xding qua Ox, nén lai chi xétO<p<n

2 @
—2cos

2a{l +

tgy = i‘ = a{; (?OS(;J) = 1 . —cot ’% = tg[i;r- +%)
g —easme 25in? cos? - -
2
Suyra:v= L. Y
2 2

Ta lap bang sau: laq
P 0 f2 b La

v /2 infd L3

Hinh 41
Can ¢t viio bang nay ta vé duoc d4d thi cOa hiun 6 nhu hinh v& (Hinh 41)
& thi goi 1& dudng Cardioide
D Xétr=upa>0)
Thay @ boi - thi r thanh -r, do d6 d6 thi cfa him 53 doi xing qua Oy, ta chi
CxétUEps+

@ 0 2 Fid 3nf2 2n ..

r \ o amf2 /‘:m /‘ (134*[;"2/:12'{[
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Bé thi goi li dudmg xoin 6c Archimede (Hinh 42)
3) Xétr = ae™ (a, h> 0)

r xéc dinh vé1l moti ¢

Ta lip bang: P ‘ - em 0 + =
r l 0 / d /'+ =
P A |
roabe™ b
D6 thi goi 1a dubng xodn dc 4
logarithme (1linh 43)
$IXétr =4 (a>0 rxic ~
@ 7
dinh v&i mol o, Uit @ = O thay ¢ ’,/
bai - @ thi » thanh -r, do d6 dé / ﬂ" Jr
thi cua ham 58 dai xing qua Oy L S
nén ta chi xét 0 < ¢ <+ 00, khi \\¥ 7 x
@ —> 0thir >+ 0. Do dé dé
thi ¢6 thé ¢6 tiém can.

RO rang 1iém can néu ¢6 thi Hinh 42
né phai song song vai Ox va né
phai cdch truc Ox mot doun.

d= lim OH (Hinh 44)
@0

nhung OH = rsing = 4 sing

9
@
Do dé /C;f@ /
= li]TI (Tﬁ= Ii.l'l'l ﬂ(e = ¢

@il p—+) (p

Viy dd thi ¢d tiém can cich
truc Ox mot doan o = o

Hinh 43
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Lap hdng

) l 9] /2 n Inf2 2x
r 1 OO\‘ Zm"?'r\‘ u!?‘(\ 2(:,-"3?'!\‘11,!’21'{
|
D6 thi cua him 58 goi 1a dudng xodn 6c hyperbole (Hinh 45)
Chit ¥: Chidu bi¢n thién trong bang & cde thi du trén 13 theo dau cha dao
him r',

4
41
| o
\\
M7 \
A
y |
y . % —
’ g N

Hinh 44 Hinh 45

BAI TAP
1. Nghi¢m lai dinh ly Rolle, déi vdi cic hinn sé:
Dty =o- D{x -2 - 3)ong | 1,3 tim e
D fv= ¥ trong |-1,1] im ¢
WA =1-Yx’ trong |-1,1]
2. Gia st fia) ¢6 f (1) hitu han trong (o.h) vii
lim ffivy= lim fvy=A

voemesll vorhedl
Ching minh 3 e (a )y f =0
144
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3. Gia s
1) fiv) cd dao ham lién tuc dén cdp 2 - | trong |(v,, 1.}
23 fixy ¢ dao ham edp # rong (v, v,)
DAy =fix) = =fx ) (v, <y <<y
Chitng nunh 3¢ € {x,, x,) Mey=0
*q, Chimg minh du thiic Lagrange:
Ld"
2" mtdx”
(-1, 1)
5. Nghi¢m lai dinh ly Lagrange d6i vdi cac ham s6
Dy fivy = x(v - Y rong |0, 1]
2 iy =x{x- Dong 11, 2]
3) flay = sinv + 2x trong [0, ]

Pivy=

[(.‘-2 —1)"] ¢6 moi nghiém déu thuc v bao gdm trong

Ching minh ring chi 16n tai 1 diém ¢ trong moi trudng hop.
6. Chimg minh:

1) [sinx - siny]<'x - |

2 laretga — arcigh| < |a - 4

3 a--bh g u-—-b

e in o« Daeh<u

7
7. Nghiem lai dinh 1§ Cauchy doi véi cde ham s6:
flxy= X glv)y = I trong {-1, 1]
8. Ham sé fiv) kha vi rong (v, xa) 5, 2> 0
Cluing minh:
1 X, x|

— |, = fle) - ofe) RSN
X T X, S}y fix)

9. Xéinh don dicu cia cic ham <6 sau:

Pyy=3 -4 2y = 2x‘
1+x°

Hy= o Ine 4y y =y + siny

5y o= 2siny + cosdy, <2

&) v=inlv + fi+x ) Try=xe

10. Dao hiim ciia mot ham 56 don didu ¢6 1a | ham s6 don di¢u khong?
Xét thi du fivy = x + siny



1. Ching minh riing néu fix) tang (giam) trong |w,b| thi £'(x) = 0 (<0)
khi e < v < h.

12. Ching minh:

Ne'> 1 4+r vz Na- X <in(l+ry<c 1> 0
lal
1 .
3py- Y ocsinver x>0 dytgrmv+ 2 Oeag @
6 3 2
7 ,
52 <shven, By T
¥4 2
l X ] vl .
O) [ 1+t <e<|j+— -
' hY x/

E3. Clidng minh: Néu fiv), gly) e f(x) = ¢'(x) Vo e(wh)
i fiay =g+ ¢, Yy eladn
14. Tun cuc (ri cOa hiim sa:

}y=v -6 +9x -4 2y =aty - D -2y
RIS ::Y: —3x32 4yy= \,"{ix—fg
X 2x el
Spv=x x-1 6yv=xe”
Tyy= y Inx 8)y =cosv+ _lcosl\'
‘ 2
9y = |xe"!"_"

15. Tim cdc giti han:

. i1
1) fim 8T F 2) lim glg t -71"[‘(’”(
Oy —sinx 0 gindxy — 12sinx
Yigy - N in2x ~ 2aresin x
 lim .1‘;11‘ 1 H I_mg arcsin2x - ArCsin x
W28 x =1 o X
Kl
. inay . In{x+1
5) lim In(s!_r_iﬁ) 6) fim 1)
© 0 n(sinbx) rer oy
T \!f fK.’[\'
Loal—x ) -
7 lim* 8) lim(2-x) *
Yont oy — ¢} ol
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. . \ v
9 Tlimgegx)* 1) lim[lnlJ

¥ oe voeedy x
. _I
i) |im(L— ' ] 12) lim (ﬂ]
veivlnxy x -1 vk g
X7 sin !
13 him - In(E{u—)_ 14) lim ——X
o0 ey - Yok ehosiny
. |+x+sinxcos
E5) lim ! YLOSX

54

v (X +5INXCOSX)e

16. Vidt cong thite Maclaurin ciu céc him sé:
1) fivy = ™™ dén x
t - 1
RARREE e den v

3y Al = Infcosyy dén N
Hfivy=In(v+ \[I . ) dén &

NAn= 111( sin,rj dén +°
-

17. Tim cie pidi hun:

..-‘

. Cosy—e*
D lim ™7 —

v ol ‘\-']

..

coe'siny—=x(l+x
2) ]un_._#

1ol x'

3 lim Yt —fi[xf’ -x'

Wb

18, Tim cure tri cha ede ham sé:
Dy= G-y
D v=2cos* + Jcos X
2 3
3y =alny
1
Hy=, "'(\/EJrSin.!] khivazOvaviy=0
x

19. Tim g1d tri 16n nhdl, bé nhat cia cae ham s
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Dys= i 23y g 2|' trong {-10, 10)]

Dyy=y+ ! wong 10.01:100)
X
Nv= VS _4y trong [-1, 1]
20. Tim gid i lon nhét cta tich cic Ity thita bac m vi o cla 2 56 duonyg néu
g 86 o 2 88 do bing «.
21. Tim mét hink tru ¢é the tich 16n nhai not LEp tong I hinh cdu ban kinh
R.
22. Tim chidu cao ngdn nhit ¢ia 1 ety thip ABCD: # = OM sao cho quiv ¢ty
dy ¢6 thé dust vao | thagh cimg MN = I, bict bé rong cn thiplad < I
23 Mt lien lue vien cdn di i didm A ben ndy séng sang diém B bén kia
song, hict toe do di trén ba 88p K lan t6c do di dudgi song. Lien lac vién cin bang
qua song dudi mot gée bao nhicu dé dén B nhanh nhit, Biét chidu rong ciia song
L i viukhodng cdch gitta cdc dicm A, B {doc theo by song) li o,

24. Tim cic khodng 161, 16m, diém udn el dé thi cie him 8

Lhy=37 -y 2yv=l+x°

3y =21 +siny v =In(l + _‘-1)
y=asin(lngy  v>0 6hy=x", >0
25. Tiém cdn el d8 thi cde hiun s6-
hy=. 1 _ Dy=__ % _
{x—2) v —dx+3
2 A
Hy=_1 yy=_%_
v —4 YT +9
Siv= 11 Gry=_1_

i
Jeioy 1-¢*
Tyv=ry=t+ 2arcigt
R) 4= _3(,1 Ly = S

(YA P

. (e > ()}

26. Khdo st vi v& d8 1hj elia cde ham s6-
; 2
Fhv =i+ )y- 2}
Dv= X L
-5 +6

o . . 1 .
31 v =xiny + _I_ Sin2y + 2 osin3v
. 3 3
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4y y=2x -ty
) v = varctgy
6 y=1In \;3'(+_2
X'+l

27 Khio sal vi vé d6 thi cha cdc ham s6 cho theo thatn s8:

1o :Zr-r: . _vz?nf—f"

2 (¥ =2acost —ucos2t

iy =2gsint —gsinf

Pa= acos’, y= asin't

28 Khio sat va v& dd thi cla him 50 cho theo loa do doc cuc.

1)+ = asin3g 2 = 2u:'c052(\°

HUGNG DAN VA TRA LOI BAI TAP

DAy =0 - D) = D Y

161 4p dung dinh ly Rolle
6. Ap dung dinh ly Lagrange dé chimg minh.
9. 1) (-, 0): (2, + =) Giam: (0, 2): Tang

23 (==, -1 (1, #=) Giam: (-1, Uy Tang

3) (oo, -1 (0, 1) Glam; (-1, O)(1, +e=): Tang

4y (-=, +=): Tang

o (0.2} 573527 Tos
(2.2}{sTaF) Gim

6) (- 90, + o) Tang
7y (- 92, 1): Tang, (1, + 99} Giam

12. Ap dung tinh don dicu ctie him 8 d¢ chimg minh
14. I))m.n - }(l)'“(} Ymin .\‘(3)= -4
2) Yo = }{5;@] =1 (0.23)=- 0,76
6

Yon T ¥ [Sﬂ) = \'( ] 343) =- 0,(}5
6
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Yiay =¥(1)=0

3) Yo = (7 =- 17
16

B vy =¥ =32y =0 v, = (1) =1
3) Ymin = M(3/4) = -0.46; v = | khong c6 cue tri
0) ¥ = 3011 = ¢ = 0,368
) Yo = ¥(0) = 05y, = ¥(e7) = y(0,135) = 0,726
B) Youx = ¥k) = (- 1)* 4 172

Yo = ¥(E20/3 + 2nk) = 344
9y, =v-1) = e

Ymin =30 =0

Yo =M1 =1

IS D232 13,4 1;5 1, 6) 1

It}

Ty 'tng - 1) 1 8) e’;;()) l BIEENEY _]; 12) e : 13y e
¢ 2 n—m
16. D 1+x+ 'Ry
2

Dl+a+ Ll Lidipgy
2 2
N R R )
e L N + Ri(x)
2 i2 45
2 ¢ 1 3. 3 5 )
| I e N + R5(v)
6 4
5)-“1__1':- ql__rd- ] .1'6+()(.\.'6)
6 180 2833
I 1 i
171y - — ;2= 3 —
12 ) 3 ) 3

Is ] ) .)‘I\\I" = _\r'(' l) = ).’( ]) — U
Foax = }"(()) =1
2) youx = ¥(12kmy = 5

Yinax = "{[2[& + EJ;TJ = 5{.‘0.‘12_}?
5 5

Yo = ¥|6(2k + N)m| = ]
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_ ( IJ T 4
Vo = ¥ ]2 k +—\7| = SSeos 2
[ 5 5

) v = W0 =0
v =vey= 1
é
Ay = =0
191132, 0
2320100, 01

13
—)U "'Hb.’rl"l’,fll.‘wll
(m+ Y
21 37

Al
382

Zlh=[ﬁ_dql
23 o= max (arccos[l] ,arc’z‘g(ﬁ)]
k a

24 1y (- 90, 1) 16m; (1. + 00}; 16§, v = | diém udn
2) [om
3y (2hm, (26 + Dm); 1805 |25 + Dim, (24 + 2)w; 16m
y=ku :diém udn

4 M < b lom, ]x\) 13161 v =+ 1: didm udin

ke T
kA d Jkre ) -
5) [e 1 e 4] lom

TR PR T YO 15
g e [0

\
k,1'+ﬂ I
y= et diém udn
0) {0, + =) 1Bm
25 ha=2,y=0
Nx=l,v=3y=0
Pr=42 y=



y=10
Ny=x+x
B y=-v-u

26. 1) Dot xing dot véi A(1,2) cit Ox Wiv=-lviv=2,
n11n - ‘{r)) ={)
Ve = ¥(0) = 4 diém uan (1.2)

214 =2 vy = 30 diém gidn doan cit OX tai v = +]

= T_EJ = -(10- /96 hay
2

nwun

h
Yo = 3(0,42) = 0,20
Vo =V I(EVMJ = {10 + 96 ) hay

' 3

Visax ‘P[F) %8) = 19 &0
Dlun uén {-0,58; -0,07); tiém iy =2 v =3 y=|
3%} Tudn hoin, chu ky 27, d6 1hi dGi xdng qua gée O, v(0) = vim) =0,

Tren |0 7y v = y(ﬂj - 9*‘4\/2_)

4 6
vl"']‘ = ‘I B_EJ = — _I_
R ( 4 2 2
Monin & },(2_33') = _\/E_
3 4

Didmudn:ia =0 x= T, ¥ = arcsin _“7_“[ LV =0T - dresin

6
4) Tam doi xing: (kx, 2km) cit Ox: v = 0, v = 0,377

Finay = _"[E + ;(;r) an E -1+ 2
4 2

A
Miain = ¥ [(—E-{-;{J{]}: “(E—H’zkﬁj
4 2

Di¢m uén (4, 2km) liém can v = 2k +]
2

V7 -1
6

-7
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53 Poi ximg qua Oy, cit Ox: v =0
=y =0

Fmin

Tiém cn: vy = +7 v

6) Midn xde dinh x < 1 vax > 2, ¢t Oy: (0, 102), Ox: (l _[}]
5

3
Tiemceany=1,x=2,y=0
27 1) Cat cde true toa do: (0.0) khi 1 =14
(243 -3 Oy khit=143
(0, -21khi 7= 2, G = (1 = Loy =y} = 2

Vorar = (‘_‘.@) = (-072) = 1,12

Yo = V(-1 =-2, [Bm khiz < 1 va 1dikhit> ]
2) Duting cong khép dang hinh lim, 461 xing vai truc Ox (dudng
Cardioide).

3) budng cong khép doi xiing dai vGi cée teue toa do (duomg Astroide).
28. 1) Duimg cong khép, doi ximg doi véi Ox (dutmg hoa héng ba canh)
2) Budng cong khép, doi xing 461 véi Ox (dudmg Lemniscate, hinh <0 8

nim ngang).
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Chuong 5

TICH PHAN BAT DINH

1. KHAI NIEM VE NGUYEN HAM VA TICH PHAN
BAT PINH

© Ta da xét bii todn quan trong: Cho trude mét ham s6 tim dao hiam ca no,
trong chuong dao ham. Trong chuong nly ta xét b toin nguoc lai ¢6 tim quan
trong rit Ién trong thye tidn 1a: Cho trude mé&L ham $6. tim mot ham s6 khic c6
dav ham 13 him s6 dy.

Thi du: Do thi nghiém ta bit duge gia 18¢ @ clia mot chuyén dong thing
khong déu 12 mat ham 6 cua thisi glan £« =a(f), cin fim t6c do V = V(r) va qui
iut chuyén déng § = S(r3.

Doy nghia co hoe cta dao ham, ta phai tim V() va sau d6 1im S(#) sao cho
Vit =a(nva Su) =vn.

Ham s6 V() phai tim nhy the get 1a mdt nguyén him cla w(r) va S(f) goi 1A
mot nguyén ham cha V{r). Cich gidi bai todn nay goi la phép tim nguyen ham
hay phép tinh tich phan bat dinh.

M&1 céch tdng qudt ta di dén:

1.1. Yinh nghia:

1"-Nguyén ham: Cho ham s6 ¥ = f(x) trong mdt mién X nao dé, néu cé mat

hiam «& khie F(x) sao cho. '

Fixy = fiv) hay dfF(v) = flx)d(x} ¥x e Xthi F(x) goi [a mot nguyén ham caa
A rong mién do.

Thidu:
1y Nguyén ham cua fiv) =x 1a Flv) = x vi [x_] =x
. 2 2
2) Nguyén him ctia fx) = cosy 1a F(x) = sinx vi (sinx) = cosy, Tir dinh nghia ta
2 Z z .
thiy mot ham s8 ¢é rdt nhidu nguyén ham ching han *_ X 43 ; X+ \
2 2
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. LT e
160 qudl = + ¢, ¢ 12 mot hing s6 y ¥ ¢ling déu la nguyén him cia v vi dao
3
ham cua ching déu bang v,

Ciing the: siny, siny + 1, s + J2 téng qudt siny + ¢, ¢ 1a mo1 hang s6 uy
v cing déu la nguyén ham cua cosy.

Ta thay cde nguyén ham cta v hay cosy chi khdc nhau mdt hdng s0 cong.
ong quat ta cé:

Pinh Iy:- Néu trong mét mién ndo dé ham so Flx) [a mot nguytn hiim cla
f0), thi moi nguyén ham khic cia flx) trong mién d6 déu ¢é dang F(x) + ¢, ¢ la
mot hing s0 tuy .

Thuye vay. theo gid thiét F'(x) = f{x), bay gio xét mot nguyén ham tuy ¥ khéc
(1) cla fx). theo dinb nghia ') = A1)

Do d6 [D(x) - FO) = D) - F0 = fio) - R =0

Suy ta: d(x) - F(x) = ¢, ¢ 1 | hang 50y .

Vay ®(x) = F(2) + ¢ Vi @) [a mot nguyen ham ty ¥ cta fx) nén moi
nguyén him cua flx) déu cé dang F(x) + ¢

Nhu viy, molL ham s ¢o vo 50 nguyén ham, déu & trong bidu thite Fx) + ¢,
vai F(1) 1) mot nguyén ham nao dé caa fiv). Pé nghién cdu moi nguyén ham cia
fix) ta dua ra dinh nghia:

2°- Tich phan bat dinh:

Neéu trong mot midn no dé ham 3 fx) ¢6 mot nguyén ham la F(x) 1hi bidu
thiic F(u) + ¢, ¢ [ mot hang 86 tuy ¥ goi 1a tich phan bal dinh cuta ham so flx)
trong mién do.

Ky hi¢u { = J'}"(_udx =Fl{v)+¢

(doc 1 tich phan cua flo)dy).
I goi 1 ddu tich phin, Ax) goi 4 him 56 dudi ddu tich phan, flx)d x goi
12 bidu thic dudi d&u tich phan, va v goi a bign s6 hay doi sa ldy iich phan.

Theo dinh nghia, mudn tim lich phin cOa mot ham s <hi céan tim mdt
nguyén ham cda né réi cong véi mot hang s6 ty y. Do d6 phep tim nguyén ham
clta mot hium s6 cfing goi 14 phép tinh hay ldy tich phin cha hinn s0 dy, mot phép
tinh nguoe véi phép tinh vi phan.

Mot vin dé 1on dat ra; Khi nao mot him 86 ¢4 nguyen ham (vin dé (10on
cua nguyén ham). Ta s& chitng minh ring moi hilm %6 11én we trong mot mién

nao d6 déu ¢6 nguyén ham trong mién 49, trong chuong sau.
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1.2. Bang tich phan ¢ ban:
Theo dinh nghia, phép tinh tich phan la phép tinh nguge cia phép tinh vi

phin nén tr bang vi phan co bin ta ¢6 bang tich phan goi 1a bang tich phan co
ban san:

1° - fom- =

[FEN1

2% J_r"{h:.x_w (o2 -1)
a + |
3" Iﬂ =1n |x|+ I8 (v=20)
P !
o ol
Inea
u Ci\'
5 J—_ =y +¢
24/x

a'- I e'dv=e¢'+ ¢
7" Jcos.m’.r = SILY 4 ¢

R J S v = - cosy + o

N edx
Yy ‘f_ =g+

Py

Ccos™ ¥

W (j.\‘
1{F- J‘ —— = -cOlgy + ¢
SIn” x

1™ J' dx = arcsiny + ¢

\H——_r“_

. efx
12" j — =arctgy + ¢
l+x-

13 I'f'.-’r_rd_r =shv+ ¢

14°- J stvedy = v + ¢

15" | d

chx

=thy +¢
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16" I d\ = cothy + ¢
s x
Ta ¢6 thé thir Jai bang nay mét cich dé dang, chang han cong thic
jd—x= In \x‘ + i voi a2l
X

Khi v >0 thi M =y nén{in \xl =+c) =4y = l

X
. ol . e . O
Khi v <0 ihi \\l =-xnén(in M +oV=M-)+cy = —=-
-x X

Vay cong thic nay 1a ding.
1.3. Tinh chiit eta tich phan bat dinh.
1= I_ﬂ_r)d_\')' = fixy hay d( j-_ﬂ.\')d_\') = fixyde

(Dao ham cta tich phin bat dinh bang ham s0 dudi diu tich phan hay vi
phan coa tich phan bat dinh bing bidu thie dudi dau tich phan).

Thye vay. theo dinh nghia j_f(_\-)d.\- = F(3) + ¢ vOi F'(0) = flv)

Do d6 ( [ fndey'= (F) + = A0

by o [ fldy = diFQ) + ) = dF() = Ry

2°. I F{dy = F{x) + ¢ hay I dF(Y =Flo+c

Thye vay. theo (1)- ( j F(x)dv)'= F(x), mat khide (F(x) + ¢)'= F ()
Do d6 cong thite ddu |2 ding, cong thic hai tuong .

3% j ofiddy = J-ﬂ.\')d,\‘, ¢ 12 hing 56

(hing 56 ¢6 (hé cho ra ngoai dau tich phan).

Thuc vy theo (17 (  (fln)ds)’ = ft) matkhde (¢ [ Aty = Ao,
A% [ 1) £ pLolde = fAndy + [ ooy

(Tich phan cia téng bing téng tich phin, cling ding cho mot tong hitu han).
Thye vy, theo 17 | L) £ @(0)ldv) =) £ 9(0)

Mat khac ¢
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{ j flde j Ppldy) = ( j\f[.a‘)a"_x')' *( j Q{x)dx) = fle) + ().
5. Néu I_f(.r)d.r: F(x)y + ¢ thi J‘ Slydu = F(u) + 0 v6i 1 = u(x) bat k3.
(Tinh bat bién v¢ dang ctia tich phan dai véi ddi s6 14y tich phan).
Thue vay, tix If(,r)a‘.r = F(x) + ¢ ta ¢6 dF(x) = flx)dy theo tinh b4t bi¢n vé
dang cua vi phan cdp 1 ta cé:
dF(uy = flndu vei u = @(x) bat k.
Do dé va theo 2° J‘ Ay = J-dF(u) = Fu) + ¢
Tu tinh chilt nay suy ra: C6 thé thay déi s ldy tich phan v trong bang tich
phan co bidn bai d6i &« bat kY. :

el

Ching han Iu"u’uz " +¢ (o =-1)
a+l1

I siniedi = - cosu + ¢
1.4. Thi du: Bay gids ta dura ra mot s6 thi du dp dung bang tich phan co ban
v cde tinh chdl clia tich phan.
1) J (6_7{1 -3+ S)dv = j 6 ey - I Avde + J- Sedv =

=6 J Vv -3 I.\'dx +5 I dy =

-

3 2
XX 3,
25-7—3‘7+5x+c=2x3 -Sx +Sx+e

D yer-1yd =EIJ'(2x—i)Md(2x—l)
(Zx— I)m 3, 5 5
—~5—+C=E (._x—]) +c

3 [eos(3x +2)dr =% Jeos{3r +2)a(3x+2) = Lsin(3x +2) o

X
d[__)
4 _[ ’dx 3 21'[ 2 3 :larctgi+c, a0,
x+a a xy u a
]+[--J
a
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4*
S)I o = al —:arcsin£+c

ey

6) de 1 flxra)-lxoa)
-[1 —a’ '[(x+u)(x—a) 27 (x+a)fx—a) .
0 dx-a) d(x+a}}:

Za{j [x—a) I(x+a]

:—,)-I—'[]nlx—-a|—]n[.;+4]+c=ilni+z+c
7} Ica>s:_\'ff.t B E-cgij —Idx+ Icosta’Zx:

_ 1 1 .
= —x+—sin2x+c¢
C 2 4

. 1.
Tuong ty J‘Sm-' xely = -;—x —Esm2x+c

£) Isin 3vsin2xdx = —% ﬁcogsx _ Cosx]dx - _% sinSx

I
+—sinx +¢
2

9y j dx _Ic051x+sin3xd¥_j dx +'[sinzx dx
cos’ x cos' x cos*x oS’ X COS X
dx 2 tg’x
= j—-ﬁ— + Itg‘xdtgx =tgr+ L-E c
cos™ X 3

shxdx _ J~d (chx)

= In{chx) + ¢
chx chy

10) Wma=j

32. HAI PHUONG PHAP CO BAN Pf TINH TICH PHAN
BAT DINH

2.1. Phuong phép tich phan timg phan (hay phan doan)
D¢ tinh tich phan { = j.ﬂ.r} dv nhiéu khi khong ap dung bang tich phan co

ban truc 1iép duge, ma phéi bién doi 16i méi dp dung duge.
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Phuong phdp sau day cho cdch tinh 1ich phan dd bang cich dua vé mot tich
phan khic ma ta 8 gdng bicn déi dé (nh oan don gian hon goi 1 phuong phip
tich phan uimg phin. No dung cta phuong phip 1a: Néu ¢d cdc hiam s6 kha vi
=), v = v flakdy = wev thi ta cé cong thife:

J-f(.r)d_\.' = I il = v - J velu (1

gol la cong thiic tich phan timg phén.
Thye vay, vi e = ndv + vdu hay ridhv = d€uv) - velu

Do daé J;m’r = Jd(m’) - j velit hay J b = v - I velre.

D& dp dung cong thie (1), tink duge J‘f(,\')dx, ta phai chon «, v sa0 cho f velu
tinh dé diing hon j ttdv. Mat khic ta efing o6 the 4p dung cong thire {1y nhidu lan
dé tinh _[_f(_\')u‘.r.

Thidu:

I J‘_\'ex v

batw = v, dv=e"de, suy ra du = dv, v = ¢

Do dé I_\'exri\' = I.\'{fﬂx = e - J- e dv=e"{v- 1)+

Tuong tu cho dang I.\'keﬂx(."_r, dat e = 3%, dv = o™y

2) j.rlm‘d.r_ dat o = Iny, dv = vdv suy 1a

_ dx x*
du = — vV=—.
X 2
. X e x( I
Do dé: [ v 1 xde= - lnx - [Z9X 2 —-L Inx— —J +c
2 2 x 2 2

Tuong tr cho dang '[_1'&111\':!.\'. datw =y, = ¥
Bac hiét £ = 0, lic 36 I Invdy = vlny - J dv=x{lnv- 1)+ ¢

X)) j.r arctgvdy, datw = arctgy | v = vy

thi

5
V=
2
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Do dé | xarctpvdy = £arctgx - X o
| 2 j 21+ %)
Ta tinh j_x: jl+x dx — j dxj = x — arctipx + ¢
1+x* 1+x°

Vay j yarctgvdy = x__ t ﬂ_( t __*

1 5 arcter x — arctgx) +¢, ¢ =7
Tuong y cho dang I Harctgrdy, dat v = arclgx, dv = dx.
Hil= j vsinvdy, datu = ¥ dv = sindy
thi  du = 2xdy, v = -cosx lic d6 f = - x'cosy +2 I xeosvdy

Tinb f = I veosxx, dat u = x, dv = cosxdx
i et = v, v o= sing, vad) = xsiny - J siiedy = vsiny + cosy + ¢

Vay I = - Peosy + 2(siny + cosy) + ooy = 20)

Tuong ty cho dang _[ Fsinaxdy hay ]- +eosaxdx.

= I o coshudy, dat i = coshy, dv = ¢ dy

arx

E'IJI
= va 3’1 =
a a

Tinh f, = j Msinbydy, dat 1 = sinby, dv = ey

Suy ra i =- Psinhxdx, coshx + — b je sinbrdx (D

thi o= hcoshyedv, v = c vit [? = : sinbx — .b_ ‘[e‘” Cosbxdx
o . d o
. eh’.\' . h
by I, =—sinbx——1, (2)
7] t

Thay lai (1) ta i

({3 o

e" ble™ . b

I :~—cnsbx+—-£ smbx——f‘]
u i\ a 7

hay:

(1+- ] (ﬁbi+i,sinbx)

a ar



Da dé [ =" { ——__“C‘JS‘”T +i’25'”bx) +c, (@’ b 0).
a” +

e

asinbx - bcoshx |
et

Tuong we I, = _fe'" sinbxdx = - +¢
- as+h°
Chad ¥ rang ur (1) v (23 ta cé
)dl’ i . b
i = ¢ cosbx+£}2; I, =—-sinbx——1,
a a u a
Do d6 ¢4 the tim /. 1, tie hé nay.
6) Tinh I = J & neN, Caz0)
(x: +a3)”
Lt n= _l__ : dv = dv
(o)
Suy ra dn = Zrxdx vy
{x* +a:)mI
oo X 2mdx
(" +a?) (e v at)”
dax 2 dx
:—,—{,—ﬂ+2n_[‘—,~—‘—"——2na' J'—"——r;T
(x" +a’) (x"+a’) (',‘.2 +a:)
ly= ————+2nl, -2nd*I,,
(J:2 +a3)
Vay R Al | (1
ol N Py 2 'n
2na3(x* +a‘) Zna
, ]
Tf:i b]L‘T. ‘!l = ‘[ qd’( ~ :-——arctgi_l_c
X +a g &
[)O do [:_—___!_ X - +__1Tarclg£+c

200 ¥ +ad  2a a
Cé I, ta tinh duge 1, ...

(1) got 1 cong thife truy héi, biét 7, ta s& tinh duoc 4,
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2.2, Phuong phip bién déi s¢

Cling d& tinh tich phan: { = '[j(.\')d_r. khong 4p dung duoce bing trye ticp.
ngudi L dua vio bign s6 mdi 7 va x = @U), (1) ¥4 mo1 ham cia ¢ thi lai c6 thé dua
vé 4p dung bang duge. Phuong phip nay goi 13 phuong phép d6i bién 56, ndi
dung nhir saw;

Cho tich phan j_f(_\')d_r néu dat v = (1) trong 46 @{r) 1a ham 56 ¢6 dao ham
lién tuc @ '(7) = O thi ta cd cong thie:

Jfnde= [Nool o

Goi 13 cong thie doi bign s6.

Thue vay, (Ifixide), = fiv)

Mat khic

(I ooreoa] ={[rlop o] .,
o,
= flele (f)x—, = fle(D]= f(x)
Vi poo o1
')

Do d6 cong thire tren 1a ding. Sau kb tinh tich phan J6i véi £ ta phdi (g lai
bién s0 ¢l v,

Thidy D= | dX  gatx=£ (0> 0)th dx = 20t
2(1+J;)
e 2ede 1+7 -1 dt
Luc do f = = - | —=t-1 l+e
-[2(1+r) I 1+¢ = -[f+l (=Infi 1] +e

Trd lai bign s cli £ = Jx i f=x- 1n(«f£+ l)+c

NDi= J'“l'a2 _xidy a>Oditx=asim, 1<y g 7 thi dv = acostdt
: 2
Jat—xt =+at-atsin’t = 1’al(l— sin? I) = Jatcos’t = acost

Lac do {= J wcostacostds = & I cos’tdr = &’ [_‘, S 2") e
2 4

{Theo thi du 7 &31).
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. i X
Cralai bién sd ¢, 104 = asing, SUy raf =rosin —

o
sin2f = 2sinfcos = 5 X ||i|_('_tj_ = 2.—YV’?—A
[T lka ac
Vay =4 arcsin{+-'-r ' Cx 4 e
2 a2

Chi ¥ l.mg <6 khi khéng dat v = @) ma dit £ = (v) hi tién vl hon, né dae

bict ticn loi khi / ¢é dang:

1= [ N0} o

M= f -ES‘C—dr dat ¢ = siny thi cosvdy = o

1+sin"x
v f= _dc‘_ =arctgf + ¢ = arclg (siny) + ¢
1+¢°
Hi= D dat =g e XA
Xt x* +a?

hay A_d‘c =t

{
. 3 C I dlx+1 '
Suy ra [ zﬂ :M: l'(i: J‘ ( —):ln (Y4+1] +c
i X X+t Yot X+t
. P o , P Tl
Trér i bién s6 ¢ ta c6: F = |, X+ gt
i
5y 7= j\[ﬁ +a’ dx Jdit n=+/x+a° dv=dy
xdx LU=
\i +a
Lic dé I:x\/.r: ia_3— J-_ x-'d\'__
X ta

nhung

"‘x[x*:

Theo rén J.\sz +a” v =1vitheo thi du trude:

2
J~r *a Fa’ elx

x/;—tff—tj Y tat deFal j\ff—__‘_

+a

16Y



=in

dx Jiira
+x b
J=nls |
Dodé: [=xvx?ta’ — [+a", In‘x x ﬂ:_\ s
hay I—— x +a1+—lnlx+u'vc *a l+c. (cw:_]

Bay iy ta viel Ju mot 56 cong thic tich phén dién binh & cdc thi du da xét
trong & nity, bo xung vio bang tich phén co bdn:

w dx 1
1 I—— = —ar(.lg +¢
+x° 4 a

_‘__'_J;E éaj +

2° j dx i

\.lx *‘u

xX—-a

3“ d)( 1

B

t+C

3

- 2a

40 z ) X 7z a . X
4 _l-v'a -x a’x:?v'a —x +—2-arcsm—+c
a

x+ua

5 = arcsm + ¢

-

6" [Vx'za'dr= ;JF tat “? In

xxiratlve

33. TICH PHAN CAC HAM SO HOU Ti
3.1. Tich phan ¢ic ham sé hin ti don gian

Ham hiru ti don gidn hay phan 6 hiu ti don gian [a cic ham hiru 11 ¢6 mot
trong ban dang sau:
A fx+& Mx + N
A . ! . 1 Mx+ N . V- Mx

y-a (x—a) X+ pxtg’ (x2+px+a]k

Trong dé p - 4¢ < 0, k nguyén duong = 2
Bay gid¥ lan 1uot ta tinh tich phén cta céc ham hiu U don gido nay.

Poivdi 1L 1L wedr 1 j——dxz Alax—dl+c
x—a
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AJ‘(x—a)_*d(x a)—-—A~——]— +¢

IT :
1- % (x a]*l

(x ﬂ)
D61 v6i I, 1V ddu tién ta phan tich:

_1'2+p_r+ ¢ = [x_,_ﬁ)_ +(q._£~_J
2 4

1

Theo g:d thi¢t 4 _£_ 5 ¢ nén dat duac g~ <2
4

4

Bay giv dai bicn so. dat x4 £ _; thidx = i
i’

Khi dé:
I, M[r - *”-] +N
I - J' :“l(fx + N _ J‘ 2 dt
X5+ px 4 g g’

P dr
+ N—M—) -
( 2 '[!2+a2

M
= ——]n[r2 +a2)+(N - MEJlarctg-!—ch
2 2/a 74

= M

2x+p

M . r 2
= Iniy (N—M—-]—————
5 n(,\ +px+q)+ 5 ng—pz arctg 4q_p2 +c

IV : _EM'lN—&dx:J‘M—z'ﬁz—&*‘(N_Mﬂ)J‘_zdrz_
(x*+ px+q) (ra) )

M),
2 |—k(fz_az) 2

__da bi¢l edch tinh trong tich phan timg phdn sau d6 e

Vi I, =
-f (1’ +a*)*
lai bien 88 ¢ii ta 5& ¢6 kél qua.
3.2, Tich phan cdc ham hitu i bat ky
a4 biot e A TR T 3 utilit: v= __P(X}
Ta bict dang 160g quat cla mot ham hinu ti I : y = i) = Lo (%)
Q,.(x)
.

Trong d6 P(x), 0,.() 1a nhitng da thic bic r, m vi khong cé nghiém chung.
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N&Ew # < o 1hi hitm hitu G go? 13 ham hitu o thye se

N&w i 2 o thi ham hitu t goi 12 ham hiru b khong thue su.

Mot ham hitu (i khéng thyc su ¢6 thé phan tich thinh téng cila mot da thic
va mot ham hiru i (hie sy bing cdch chia 1o s6 cho miu 83,

5 4
N X — - R x m P
Chang han = = Bt —8 Chia tir 56 cho miu s6 ta co:
- i

x —4x
Vo8 oAy
_i_- 1 ~ ot d
0+ Ay -8
) Voay
Drdr a8
) 4y - 16 _
0+4x + 16y -8
Vay y= —\ T'\‘J-_—S =x 4x+4 +£: + I()—'ﬂ
’ X' —4x ' —dx
Ta chi x6t cdc hizm hitu ti thye sy y = EACI (1) vOi 1<
0, (x)

Trong dai 56 cao cip ngudi La ching minh ring mot phuong uinh dai 6
bac nr: 0,,(x) = U 6 ding m nghigm (thuc hoac phitc) ké ca s6 boi va hic d6
0,,(x) co thé phan tich thanh tich clia nhitng thira s& bac nhal vi bic hat:

Q0 =A-a) .. (v + py+ q)ﬁ ()
Trong d6 o 12 56 boi coa nghi¢m thue v = a; B L s6 boi chu cde nghiém phic
ficn hop cha phuong (rinh ™+ pu+ ¢ = 0
{p: -4 <)
Thi du. O(x) = -4y = vy - D+ 2)
vy = CarSr +8r+ 4=+ D+ 2)2
Qlx) = Coader= .\'(_\'1 iy

Trong dal 6 cao cAp ngudl ta cing chting minh dugu viing: mot ham hitu u
thue sur dang, (1), vdi mau 56 ¢6 dang {2) thi phén tich duge thanh 16ng cua nhimg
hiam hiru t don gian dang L 11, TH, TV da x¢1 O trén nhu sau:

Py A A, A,
y= = u+ = :x-l+"'+ +..+
O,(x) (x-a) (x-a) (x—a)
Bx+C, B.x+C. Bx+{,
O px+g)  (Capr+a)] X+ pxty
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Trong dé A A, L
dinse xide dinh nhu sau

BBy . C ..

Quy dong miu <6 2 v&. rdi bo miu 6 di. g duge 2 d

nhe.

Bong nhat hé s6 cia cung luy thits cta v &6 2 vo'

A xie dinh A B C,

Thi du:

1) ‘__i\_+]6;—_8 Vi
) vo—dx

Nen - e _t16x -8 _4 _B
Tox ")[\+"} xox-=-2

{)(‘im. nmu 56 va b min s ta o
NP lov -8 = A(\—7)(1+2)+

[ cde hing s& goi I cac he so b dinh
athie 62 v déng nhal

a duge 1 he phuong trinh

Ve dv=afc-2)x+ )

<

7

X+

Blx+ 20+ Cle - 23y

Hay 140 + 161 - 8 = {A+B+C)_1 +2(8 - -44
Bong nhil cic hé 6 clua cung luy thirs cia v 3 2 v& 1a 06
A+B+ (=4 ZB-C)=16 ., 44 =%,
Suy ra A=2, B=5, (=21
Viy 41’2+I6.\‘—8:_2 5 3
v — 4y x x-2 x+2
A) SO S Voo ST Sr A = (v iy a2
XTS5 4 B d
. X A B C
nen V= — —— +
(\+]){\4"} JH] (x+2Yy x+2

Tuong wahu thi du rude ta co:
= {A+CI+ (44 + B

+3CI+4A + B+ 2C

Suy ra A+C=1, 4A+B+3C=0, 44+ 8+2C=0
Gidi he niy taco:
A=1, B=-4 C=0
Do do — .t 4
X+ +8x+4 x4 (x+2)
3y o 48 Vi ede=anl g
ToxT 4y
. x* +8 A By C
nén =" .
Tox{(x” +4) X x4+
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mot ham hitu ti bit ky phén tich duge thinh (Gng coa mot da thite va 1 ham hitu

U thue sy; mot ham hitu ti thue sy lai phan tich dugc thanh téng cda cde him hi

hay VB =(A+ By +Cx + 4A.
Suy ra: A+B=1., C=0, 44=4% hayA=2 ; B=-1
Do dé: x+8 2 X

' +4x X x4

At 3 2 . . R
4 = i\__:):‘“_ﬂ Vi Oy e=aly+ 1y
: o +2xtax
N I 4xt +dx+l A4 Bx+C Dx+E
nen p=- ———— = JA——

- 1 - + 1 Bl 2
x(x” +1)° x (xF+1Y xT+1

=0

hay 3+ + '+ 4l 4 l=(A+ D)+ EXC + QA+ B+ Dy +{C+Ew+4

SuyraA+D=3: E=1, JA+B+D=4, C+E=0,A=1
hay A=1., B=0, C=-1.b=2, E=1L

Do dé: 3 4 xt +dxt 41 _ 1 1 _2x+l

— =t
x+2xt+x x {(xP+1) xT 1

Ray gid (a chuyén sang tinh tich phéan cua cac him hifu U bat ky, theo trén

1 don gian, ma da thic va cic him hitu 6 den gidn da bidt cich tinh tich phan. do

dé viéc tinh tich phéin ¢

ra céc thi du trong cée tnuang hop ¢d thé xay ra sau day:
1y Trudng hop cic nghiém cia miu 56 déu thue va khic nhau, thi du:
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5 4
x4xt -
< jr 3)c 8
x' —4x
Theo thi dy dua vé ham hitu ti thye sy va thi du 1 & 1rén ta c6:
. 2 5
!:j[x“+x+4+—+ 2 ]dx:
¥ x-2 x+2

El X
=%+%+4x+2|n||x[+51n]x—2|—3In|x+2]+C:
3
=X X dxen

3 2

©(x-2Y

(x+2)
2) Trudmg hop cée nghiém cia miiu s6 déu thuc vi cé nghiém bot
Thi du: [ = I X dy

x5 +8x+4
Theo thi du 2 ¢ trén ta cd :

+C

ta hiun hitu 4 bt ki duge hoan toan gidi quyel. Ta s dua



ix oy , 2
r= 2y —-—\-;:|11|',\‘+I|+—_I—+(.'
x+1 (x+2% Cox+2

3) Truomg hop cée nghiem & mau s6 cé i nghi¢m phite don

Thidu: j - J‘—r‘ +8 dx
X o+4dx
Theo thi du 3 ¢ trén 1a 6

A P AL Gt I
l_-[(x x1+4jai_2'[x 2'[ x4

] A X
= 2Infxl- —In(x* +4) + ¢ hay /=In——_ +¢
Tn 2
= X" +4
4} Trudnyg hop miu sé o6 ca nghiénm phite boi

2 4y
Theo thi du 4 & trén  ¢o:

Thi du: /- J’J-" X AT T

ox 74y 2x+1

I=[=-[—=

S T+ a X =
X (x +1) ¥+l

_ IEL I“’(;‘fﬂ+ J_ff-"_m.._ I
X o+ N+ )
&
{x7 +1y°

Ta bict trong phdn tich phan timg phin:

V(i i =

] X 1
{,=———+—arctgx + ¢
T2 x4 2
Do d6:
. 1 X
f=1nlx{x" + )| + —arctex — ——tr
‘ ¢ )‘ 2 8 {(x +1)

3. TICH PHAN CAC HAM SO VO Ti

Ta & xét val loai ham 6 vo 4 ma viée tinh tich phan cia ching bang cich
ddi bicn s6 thich hop ¢6 thé dua duge vé vice tinh tich phan cie him hiu tf.
4.1. Tich phan dang

I= jR(xMF....&/x_*}zx (1)



—
trong do R 1 hivm hitu ti clia v, A x™ L A x

Thi du:
- [ “/; d . I= IJ;_DJY laco danp (1)
Tx+ifx x+¥Hx+2
- VTl sin®ax g 4 e
con . J' Y j — khong phai dang (1)
X Ny +]

N . & ~ . - k - . at o . - B
P dua (1) vé hitu U ta dit v =« trong 46 & 12 bor 6 chung nho nhat cua

mau so cie phin so i}i’ . lde do

i ¥

r)r_\' — krk-id{ , m _\_H‘r‘ — .\_HI."II - ({k)nl.’lll — f»'.': .
n ; . ke

“\/\i:_l']":[f)[“:f"
n ks e e aa .

trong d6 k, =& . k= "0 longuyln vi A chia ding cho vt s

# ¥

Do ddf = IK(:L. th %M dr lanich phan ¢ia mot hiun hita

Thidu: f= IJ_\d‘ = I_Y_ —ix
'.\.l'I vl

Boi 6 chung nho nhat cua 2 vir 3136, dodo daty = P

Lacdé dv = 6r'dr, fx = ix =7

60y ’ o 1
:F#:éﬂf“—( +1—1+— ]dt:
7 +1 i+l

r'.' IS I.\
-6 — - —+—— - +arctgf |+¢
7 J

5 3
8y . -
hay -6 J J\ -4/x +aretg \[.\l+n'
L 5
Bay i ta ¢t tich phin e6 dang ong quit hon:
ax+by
........... Jexl) o @
Viex+d

Tuwong tr nhu dang (1), i i b o ¢ trong do & 1 béd w0 chung nho nhat

ex+dd
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cua s ... s tht s& dua duoe (2) v tich phéin coa ham hin i cuy £
Thi du.

] —[ll__‘“l_‘ dat ]_.l:r". (>
Vivw v Iy
- 2 4
R - L hay x=—"——1| | - m’{
-1 Pag” (IH )
Do do
Lt 4y dt
f= Ir.iﬁ——4i-:—' J— I
1 {(1+¢7) [-77) (I H }
] % Y
-2 f_l— - ——1—, LYir = --ELIH—— —aretes ) + ¢
AN N LY
ey - - x
hay 7 -9y, |\f x -1 \|+a|ctv -

|¢1x+&—w Vi
4.2. Tich phan cie vi phan nhi thiic
Xéttieh phan / = J‘_rm(a + "Wy (1

VOl b, p=const, w0 bz, . peQ
Bicu thide dusi dau tich phan (1) goi 1a mét vi phan ohi thice.
C6 the chimg minh rang néu;

1. p € Z (nguyén}
o ' : i C o i
hwoae 27, iy hoge 3¢ 7*1 +tpe”
i i

thi tich phan (1) dua duge vé tich phan cdc him hito i vd do détbicy thy duese
G cde i seredp,

N.A. Uebbitues di chiing minh ring, ngodi ba trudng hop urén tich phan (1)
khong bicu thj duee qua cdc Imm 87 Cap.

- . it I fli-
Vhiee vay, dar W=rohi o=z s LSy

R
Vi (1) vidl duoe;

l I..| ] a_n-rl.n
D= [3"a+ b)Y =20 do=— (270 (aaboyrds
.[ " H'[ (
bal mrtoa mid G,
# Fi
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thi:

=1t _[ e + h2Ydz

A
Xét cie truimy hop:

1"pec? g

i
= (), (hiru iy dat =* =n
s

- at ‘s' 1¥5- TN
(27 vict duge 1= = In Y I(a+hu Wy
n

P46 12 tich phan ctia mét ham hivu ti clia w,

2y el p:£ e (gelZ = ml A
s H

DAl (e + Y =wthia+ b= o= ood

b
dz = v d

Y dpe v (2) dura duge v¢ tich phan cta mot hivm hitu G
b

) . b
[=— LLL—q TR
”b b s

Y.optyelsZ = Un

+pe”Z
Fl
- #
1 g+ boy = (a +h.-j
it

- -\ "o
p+ag=i . ;;:L thi ;:lj7’(£’ij =

& PR '
lai dat Y

+_b' — 4 thi tich phan nay dugce dua v tich phan ¢ mét ham hdu

Li.
Thidu:
1) Tinh 1= e _
Yy (I +"\-'{xl)
Ta thiy

I= I.\"l"q {1+ .\'1"")'1(1\'
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co dang (1) vai m=-= . p=

ted | I3

i | T
=
1l

Pt « = =¥ thi

3 an A
1= 2 | 70142y gz
4

ddé)f;JZ—] EZ.q:-_] s Q.
2

Taco:
truding hop 17, Patz =4
< dt
faco f= 3_"—-2 = Jaretgt + ¢
1 +¢
hay ! = 3arctgdfx + C

2) Tinh f= J{/T}de
.

Tu co I= [_1"”2 (14 "3 gy

batdfx=z i I= _[4:“ + )P

( day ) 1 ¢ =1€Z taco trudng hop 2°.
3

bt + 1= ta oo

! = _[4(1{3 - l)n.?»,nzdn = 1—2— a3t 4o
7

= %U(lﬂ/})’ ~R+ ) re

I
3) Tinh: i= J‘Lﬁ‘ _das J..\":(I +.47) "dy
i

bat Y=z othi /= I Il |'I_—_’_.£ dz= 1 I:'m(l+ " dz
279z - 2

Odavp= — . g=-2, prg=-1€Z 1acéiuong hop 3°

[N

]
2
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= - 1 -2
N o, T=— S i " — i
- -1 (@ - 1y
] . —Duch du “dn I
== -1 ,—— =— || I+ H
> Jue = EETER I(\ u'—lJ{ “
= -a——l e II‘J i ‘
> T N |

ine \ ml

+¢ (x=0)
‘ \1|]+ X |

4) Tinh: = I . ‘_i’f___ daty” =z

4/ :

Vl+x
thi =L e

2
Gdayp = .l L= A L p ¢ =-2 Khéng roi vio 1 trong 3 trudng hop trén,
4 2

vay tich phan nity khong bigu thi duge qua cdc ham sa cép, 1a biét tich phin nay
vin 16n L do hiun dudi ddu tich phan 1a licn we (Vv € R)

Chu y:

C6 thé t6m 14t cdch tinh tich phan (1) nhy sau:

[ - El . .t .
1" p e Z,dal v = o7, s 1 miu 50 chung cla m, »

nm+1 . s s .
A e Z date + b =1, vl miu 86 clla p.
"
m+1 S e
3P Ly p e Z dmax™ + b=, s lamdu s6 cla p.
] :

4.3. Tich phan dang
f= IR(.\‘.\J' ax’ +hy +c)d_\' (h
trong d6 & 12 ham hiu t clia ¥ v y = Vax® +bx ve

a) Cdc trudng hop ddac biét

1"i= J Jax® 4 hx 4o dv détinh 1, ta bidn doi:
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"L =il dv = df v

Ay Hindo=g v by oo h rop data +
. 2u) dar” 2
|i h:
f= I lat™ +o— =y
¥ a
i TR . . b* N . P =
Lie do iy theo ddu cda o Vb o - mi [ ed dung J‘\j,,,- — i
deg-

hodc J-\.-"u: +m du
f\p dung cong thic tich phan bo xung 1 sé 6 kot qua

Pe (V32 ofde i 3.2

néndatw+ I =¢ (hi /= J‘-\ﬁl—_,r_ Lt

Fhidu:
’ i '*-"’1-.1"‘:4—(.\'4-])3

Ap dung cong thie tich phan ba xung la co
! 4 ! . _

I:—f\/4—f‘ +—arcsm—+c‘ ARUNEERE S

2niner T clitg (i

(NL'LI khong dp dung cong thie tich phan ba xung thi s Wi=

dén két g,
PAR J'__d“____ womg o ahu 1% tich phan nay s¢ dua dirre vé 1
Vax® vhx+¢
trong cdc dang:
J el J- el
\ﬂn: - Vu'
i

f\p dung cong thie tich phan bo xung tu 8% ¢6 Kt « (it

Thi du:
I _[ -—dICSm— r{,—.lIC‘sIn——-f
V3 7x - x* Va4 -7
{xem thi du trén)
v my+n
SN A = —fy -
ax” +hy+¢
Bién doi 1l s6 thanh dao ham et mfiu S0 thi/ ¢d dung:
2 < s . I .
ax+h J' _ Al hing so ndo do
g b\ +C

[
VaxT +hy+o
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Cic tich phan pay da biel cdch tinh.

Thi du:
_ j {2x 4 3pdx
\/x:——-?x +2-
Bicn ddi 4 3=20-245 . -2+ 2=(- 1)+
L.ac do:
I [__" X— a’r
il \[r— l) + I

Tich phin diu ¢6 dang Id” tich phan sau thude loyi tich phin bé xung.
Do Jdéi:
{ = 2\[\-T’Ex +2+ Sin\x -1+ \f:c_— 2,{5\ te

B S - I_ __ daly-o= — thifs€ed dang dd xét & 37
{\—a) J;\ +hy+o 4
Thi du:
= I d_‘_ dit v = l thi dv = ;Cfi
_\‘\/?—2x+l 4 $
Lie do
J = [ — I____:_:df_:,j d‘_’____:_j e _ (t>M
2 Vito2e+2 (-0 *
N +

Ap dung cong thic tich phan hé xung ta e
= —In||r—l+w: - +2‘ e
i

hay (réy lal bich s6 ¢t

T-x b2 =2x+1
= -Ip————————+¢
X

1 - - -
5% J= R p vy 1a ] da thiie bac n cda x, ngubi ta di ching

Jax  +bxtc

minh dugu rang:



£ (x)dy . LT oy
—_— - O Wan ~hvve+4 f—f:—__—:
NAXT =i TNUYT HhX
Trong dé @, (1) 12 mot da thize bac - 1 cla v véi he 86 chua xde dinh vi &
ol 38 nao dé. Cic hé s6 cha U,a(x) vt & s duoe xde dinh bing cich dao hium

déng thite wen ta durge hai dang thire déng nhat nhau, .

Thi du:
A -
Tinh P )‘%‘
X+ 2x+2
Ta oy

I- J.—‘—‘—’-_l—dx = (m'2 +hv+ o) x4+ 2x +_2 +A dx .

NE, P, 'I-\/x—:+2x+2h

lay duo him dang thic nay. v ho méau so-

Vove | =(2av+ by (.\'2 +2v+ 2+ (m'l +hvteYiv+ 1+ a
déng nhit he 56 cta ciing 1§ thirs coa v & 2 v
3da=1.5%+2b=0du+3 +¢=- L2+ +h =1
5 ]

Tir dé: w=Lpe 3 21 405
3 6 6 2
Tink 1odn cuoi ciing 1a duoe:

/= _1(2_13-5_\-+]) x1+2.\”+2+§|n(.\'+1+ \/;3+2x+2)+r-
6 9

b) Tricong hup tong qudt - phép the Euler
I= _[R (v, Vax? + by +c )y (1)

Cic phép the Euler sau day & dua tich phin nay vé tich phan cdc ham hiu i,
do d6 bicu thi duge qua cic him so cap.

. NEu > 0, dit Vo' +hx+e =1- Ja . (hoac £ ++fu )

Tir do- by+e=r-2a v, va
R S Jar® vht +efa
X=—w"— , N +bhxte=—"_"
2Jat+b 2Jat +b

Jair vbt+e Ja
:24- -
(2va.t +b):

Thay vao (1), ta & ¢6 1 11 tich phin ¢ta 1 ham hiu U coa ¢

2 NEU >0, dat: Jaxt 4 byt = v 4 \/: fhoac v - Jo

d .dt
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Khido:enn+h=v +2 \/: Vit

e . PR wnfe
2ea b ‘ ’\fFi'h_\"l’('_J:f ~ bt + Al

(.:—I: u——:‘:

AN

thay vaw (1) ta s& duge 11a tich phan coa T ham hitu ti cua 1.
3 NG tam (hiic ¢t + by + o ¢6 cie nghi¢m thue Khde nhau 2, u

Kl doé av + b+ = v -2 Ly - )

b \/ru_\"'_-_ Ay ~ ¢ =Hv-Ayrthl alv-u) = v -2y Vi

x= ﬁ‘rf ’J"_ . \fm,: , b;\‘ +_c _ EI(/J: - ;.')_.f
1T -u PRI
2ui{d - uy P
i e 1
(- -y

Thay vio (1) ta duge tich phan ¢lia mot hivm hivu Leda £,
Thi du:

1) Tinh F=—- _d't
X+ \.f.\‘: —-x+1

Ap dung 17 ta dit: Nxtox+l =r-n

thi

— gdaya=1>0

-

-1+
. =2 r-+—,c
20— (2 -1

D o) 3 3
1= Lﬁzm:ﬂ:— S ﬂ.dr:
(20 -1) R B A Y

3
+ 2l - ZInf2e =+ ¢
b

3
RERT !

o Lo hicn s eil =y + VT - x+ 1t duge

- — —1———...—— - ilnlp_\‘ +240x7 —xH]- 1!|+

2oy oxrt-1 2 (1)
+2|nl|_\'v'.\‘: —x+1-1

23 Vén thi du trén, 0 day ta cing €6 ¢ > 0

+e

- N e .
Apdung 27w di Ay —x+ L = - 1 thi:
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2 L R S

; cole==2 = sy v o = — -
i = fr- -1y -1
207 4202 I I B T 301
ey | UL S I N
m—-])(r+])' 2= 2 e trti}
3 i .3
= E20nH - g =y - 7 In{r -~ [i~¢
f+1 2 2
Trey L bidh o6 el £ = \L}‘___‘-'_I pll L ch:
X
X
/= —:__—_—_—— +"]|1|\/\ -k ] + |'|
VAT v+ 4 v 4] (/)
! T ; : fe— — - X
- 1—fn|\a' L A —_; iy - v LR | R
NEG Bidn Jdai, se thay {u}) (h) K niwr nliau vdi o' = ¢ + 2
3
ATinh _ I_ _i’!\
v’(?\—l() X7 J
VI 7o -0 - = (02 2952 4 nen dimg phép the 3°
B \/?T— ﬁ)—? = - 2) 1 86 o6
S+2° 6tddt ——— 3
N=m— = — ﬁx—lﬂ—x- =2 -
Tte- (1+1) F+1¢-
\ 25 N 2005 )
A ﬂ— +21a’::—(—-—+3fj ke
9 - / 9\ g /
Tro Lat bidie sa e = J_\ " IO__\__ L du
v-2
, 2| se-rn sl . 7x- 20
==l = - —— T =—— =+ ¢
0|_\/7_1'- 10 - x~ rv-2 J 0\/_\—10—\
Chi y:

I

DYPREp 1he 17 v 2° ¢6 thé dia duge v nhun bing cich dat v =

2) RO ring v6i phép the 19 vy 3" reng mo; nuonb hop cé (he duu ticly phiin
(1) vé tich ph.m cla cde him hig i, Thue viy. néu tun thie wv® + by + ¢ cd
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nghi¢m thyc ihi nhu di thiy, ta diong 3 N&u um thie khong o nehiém thue
nghta i b7 - dac <0 thi

av A by o= _l [lerv + by + (dar - bg)l,
du
luon luon cé ddu et a, néu ¢ < 0 th Jax? + by +¢ vO nghia (trong ap hop
cdce so thye K
Vv chy xéta > 0 vh ta diug phep the 17,

§ 5. TICH PHAN CAC HAM LUONG GIAC
5.1. Tich phan dang
/= '[R (sinx, cosyydy (1)

Trong dé R L maot ham hiu ti cla cosy vit siny,

Thi du:
] sin® x
pm————— Loy ——-
I+ sinx rCcosx 24s5inx
) lgzx
l+sin” x

L T . sinx
i ciac hium 56 hifu L ¢4 COsy va STy Vi ox = 3

CO8X

Con = VSINX 4 008X yhang phai 12 hiwn hifu ti cla cosy, sinw
Jeost x
ay Trudmg hop chung: Bétinh v = jR(sim; cosvidy trong trudng hop chung,

ta dat g X _ f thi dira vé duge tich phan cla hivm hiru 1i doi vai 1.
; .
L.

, X e e v o= T o 2dt
Thuce viy Wrtg = =1 suy ra v = 2arctgl, dv= —
1+¢°

wd

Mat khic theo luung gide boc:

186



RY

e, g
CO§Y = ——= -~
letg T
& 2
3 gt
Do da /= J'R( “'rﬁ_ . 21_ _Edfj
WI4e- 1+27 )1+ 17
bay chinh Ia tich phan cla mot bidu thite hitu t cda 1.
Thi du:
2.t
S .3 e [ E S
l+sinx +cosx N R +¢
YA YL
. XJ
Do do: I=Infl+f+¢ hay 7= il +tg = + ¢

2Y f= J‘f_‘{'\-_: I—Qgﬁ—.. = jifiz h‘l]."+(.'

sinx .
- “I i~
]+r‘( ’ )
X
hay 7 =lnftg=|+c
a 52 te
(x
dl v x
N N I
3) 1= -d;:J- a --=I \2 J—zlntg i-.‘»-'ﬂﬂ:‘
Cosx

X (zr J e J I7\2 gJ
sin| -+ x Sin| - 4
2 2

b) Cac trugng hop dic biér.
1”, R(sinv, cosy) = -R{-siny, cosy) = Rl,(sin:_r, COSL)SILY.
R, la ham hitu ti chu sin’y, cosy :
Rﬁ(sinj.\', cosy) =K [(sin -.')2. cosy)!
Dat 7 = cosv, ta ¢6 sinvdy = -dr.

sin"y = l-coxv=1]-¢ Vil
{= jR(sim', cosvidy = - J.Ru(l - .*2, et

Bay Ja tich phan cia bam hitu ti cta ¢
2% R{sinv, cost) = -Rixiny, ~CONX).
Tuong Wt ok
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Rixiny, cosvidy = B (sinwy, cosTricosudy,
Pat ¢ = sim i s€ eo L tich phan cua mat hiun hite U caa s,
3T Risine. costy = R{-simy, -cosy)
Tsiny C)

| —  CLCOSX, wsnl. )
oSy

Khi do: Risine, cosyy =R

= R {lgx. cosvl = R{tgv. cos v
R..#, 1 ciic hium hitu 6 clia cée doi so. dat

s *,
t=tav | -7 oy thi
L2 2

A
S g oft . 1 1
V= \llLIgf . ({.\_ - . cos yv = S— -
-1 Tty bed”
LEs K d"‘ I P .’-‘ a ' o T '
Vi J= .[R l [ _J 4 _1atich phan ¢t 1 ham hite teda s,
(SRR T
CThi due:
13 Th i= jsm Xf-ii
: cost ¥
. —sinx) —sin’x
[t e (__)_ — s X
cos' x cos’ x
Viay dat cosy = ¢
2 1
J—- —d.' =—cosy—— —+T——5—+¢

188
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23 Tinh - jﬂ;.,—x‘—ff{\' C Ta ¢ R (-cosy siny) = -R{cosy, siny)
2 +sinx
Vay dat ¢ = siny

Tacd
=17 )dt IS
I= j( LA j(E—r——“]dr:21———31nlr+2|+c:
2 +1 8 241 2
. 1. .
= Zsiny - —sin” x - Slnjsinx+2) tc
4 Tinh . J-_s_in‘.\'cosid\_

SINY +COSY
20 riing Risiy, cosyl = R(-siny, -cosyy, Pty =gy



Taco

B ey L N T 2 I
(I+e)t+1)° 4141 4241 2 (£~ +1)

1 . | .
=-In—=—-- 7L ;._ 4—In_.|5|nx +cosx| ~ g COSX(SINX + cosx) + ¢

3.2. Tich phan dang

I= Isin\'_\'cos“xd\' (1)
Trong d6 v, 1t € O (hiru Ml<ye X
2
bt - = sin’v, dz = 2siny cosvdy
ta duec:
1 . )
IT=—|{t-2) 2z 4=
=)

(2) chinh 1a tich phan cia vi phén nhi thite. Ta bidt né chi 6 thé bicu th

duire qua cde him so cap trong cic trudmg hop:
R R nguyen hay (o la | 86 nguyen 1.
3

2q¢=Y"1p nguycn hay v 14 1 56 nguyén 1&.
2

Foprg=FHEV mot 86 nguyén hay p+ 1 la Mot G nguyén chan.

Bdc biét: 1) Néu 1, v déu 1a cde s nguyén thi biéu thic sin“v.cos'v Ia mot

ham hitu ti cia siny, cosy ma ta da xét 1.

2 Néu 11, v ed 2 déu 13 cde 56 nguyen duang chin thy diing céc cong thic:

. sin2x - |- cos2x 2 t+cos2x
sinxcosx = . Sinfx=-—2 . COs'x=
3 3 2

la %€ ha duge bac cOa bidy thic do.
Thi du:
IyTinh f = J‘sins.ra‘f'cosxd‘c sodayy=5 1@, ddt r = cosy, Ta cé:

f= _'_I’U _f:):{/;df = —J'(Jt";3 -2 +f”':")d[
:‘§3V0054;+§3\}c05'“;—%m+c
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23y Tinh = j_.ﬁ_ Gday v= ~%,p.=— é,v+p: - 4 chan.

-3 A
sin” xcos’ X 2

Taco
I+1g x
—-—g-—d(tg}

=
ILOS xqﬂtg,x j lg X
:—qu'COng+-:\hg3x+c . kﬂéx<%+kﬂ'
S)Tinh f= Iﬂsinxﬁ;dx

! v s khong 13 s6 nguyén chin.
5 10
Vay I khong bi¢u thi duge qua cic ham s 50 cdp.

Odayv= —.p=

ba | —

5.3. Tich phan dang
I= jsina.\' coshy dx, Isina_t sinfydy, I cosuy coshady, o, h e R
Ding cde cong thic bidn doi:

sinay coshy = _1_ [sinfu + P)x + sinfa - B)x]
cosay coshy = l |cos{a + h)x + coslu - b

sinay sinhy = _1- [cos{u - P)x - cos(a + D)v]

Dé dang 1inh duge cac tich phan nay.
Thi du:

1Y Tinh = jsirﬁ,t cosdady,

Taco:I= sin Txdx — — Isinxdx = cosTis LI

!
2 14 2

2) Tinh: f = jcoa = xeos8xdy.
29 1 3
I= 1 I(cos—x +c05—9x)dx = —?’usinzy—x +—sinl?-x+c
2 3 3 S8 3 38
Chu y: Tich phan ham vé Ui dang:
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/= I RO Aay® +hx+e v di xé & § iruse

6 the diing phép the luong gidce duu v¢ tich phan ¢tia mot ham hire o cia cos
va sin il ta 43 xé trong § nay.

Thi du: Tinh ; _ dx _
1[(5+2x+x“')g
Ta ¢6: = J'_F__df - T=x+ 1, lardal 2= 2igy
(\,M F:l]
wea
I= - Icosrdr = l‘;in! +¢ = Tty =+¢
4 4 4 1+t
! 5 X+
ety —— 40

- 4\ﬁ; 4\}51-_2_\-+x‘3_
4

$6. TICH PHAN DANG jR(e")dx, jR(shx, chx)dx

6.1. Dang f = J‘R[e"}d.r.

a
f

Bate' =/thiv= I, dv =

Lic dé f = IR(!; ﬁ la tich phan ¢ia ham hito G cta 1.
{
Thi du:

¢’ {dr .
i= j——d:. = |m——— =arctgl + ¢ = arctge” 4 ¢
¢+ £t :

6.2. Dang 1 =' [R (sh, chx)dx

T r X X
e 2 4
Thay shy=2 " | chy= & 1T
2 2

thi 7 ¢6 dang & 6.1 vita tinh. Ciing ¢6 the tinh 7 irue tiép tuong tr nhu déi vi
tich phin cdc bién thie hitu ti cta cosy, siny,
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Thi du:

g’r
dx dx
By I= jﬁ: et = J‘__il
2 I

dt
= 2_[ — = 2arctyt +o = 2arctge” +¢
P +¢°

A
) f= I.\'h" xehxdx = jsh‘xd(.‘;ﬁn‘) = LJ'Y +c

Chit ¥ chung: Ta sC biét trong chuong sau moi him s6 litn tuc déu <6
nguyén ham tite [ eo tich phan bt dinh, tuy nhién tich phan bat dinh cua ham x0
Lien 1ue khong phai bao gid cing bicu dién qua duge cde ham 8O so clp nhu cic
truémg hap da xét & chuong niy. Ngudi 1a di chimg minh rang cic tich phan sau
day khong biéu dién duge qua cic ham 56 su cdp:

- i 3 dx
je dx jSI:_ % i \ Icoj * dx , ﬁ
j-\j 1=k sin’ x.dv k#1

Tuy ring cde ham s6 dudi dédu tich phéan 13 lién tue trong mién xdc dnh cial
ching.

Sau nity, ta s€ ¢6 cach tinh gén ding cde tich phan nay.

BAI TAP
1. Tich cdc tich phéan
. 1
(x’" —.\'”)_ ' [”G N Jx) n
O e S
— 4
. ( 241t - 2—x3J dx
3] . Rl
dx xebx
S)J.'\E.—le 6] -.4+Xi.
v oy
?)Il+sinx ) X
sin
o
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9) J.C(']S)lf

2x+
1 —I—J~dr
2y +1

fdrcsm).

13)]1“, —

15) j’ e

17)J HIHLC'EJL

C()S \—Sln X

dx

) [—2

xInxln(lnx)
I
I")_[JL jii+ 75

H)f Jarctgh X jaretgdy

l+4x”
16) I(cosa\c +sinar)’ de

P

e +xn(l+x%)+1
B

dx

2. Ap dung phuong phép tich phan timg phén, tinh:

D [(x* +5v+6)cos2rar

3) Jln * xdy

——dx

blﬂ X

XCOSY
D)I

7) _[(arcsin X o

9)I\Ja1 ~x?dx

e a
43 J‘lIE dx

6)jsin(|nx)dx

S}I).ln('(-!-'\H"t-x )

3. Ding phuong phip bieh déi s6, tinh cde lich phan.

njx(zx +35) %

3 4

-\.l L’ -

sin’ x
5) '-—“.—_:d,\'
Y A/Cosy

7) f__d

9)[ e

7iN

1+ x-
Xeauf},\
1 2
)J(]+x }3
I+ x
23| ——dk
)JI+\/;
4) |n2x£i_\‘
Indx x
dx
6) [

xv‘l+x

'[ \f4— X"
10) I\[al +xidy
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4. Tinh cée tich phan:

1-x
1y |e¥* e 2 xIn— —dx
)Ié Ly ]j\ -
arcsm X sin’ x
v ) [ E g
a)_[ ax )I x
3) jcosz {ln x)ekx 8) Ixsinxfxdr

5. Ching minh cdc cong thie: {1, mi € N)

we

—sin”'xcosx m-1gp. .2
+ jsm xdx

)] _[sin” xdx =
H
cos" 'xsinxy n-—1
2) J-cos” xdy = ————+—— jcos“ - xedx
M H
dx 1 cosx n-2 dx
] |
2) | —= == — —
sm” X n—1lsin"'x n-1-sin" "x
4) I B sinx n-2 dx
cos'x  n- i—lecos' 'x n—1°cos” " x
. cos” 'xsin™'x m-— v
*5) Icos’“ xsin xfy = ———+ jcos" xsin” xdx (m<n)
H+#H m4+n

ek

—sin” 'xecos"'x  n-l .
+ jcos”‘ xsin™ * xdx (m>n)

*6) _[cos'" xsin” xdx =

W+ n mH+n
e cos” ‘ x(acosx +nsinx)  Rr(n-— .
*7) je cos” xdx = ~——— (,—,— —l (, ;j s" 7 ey
a +n a-+n
el
*R) Ix'“ n" xdx = In"x - jx"’ In” ' xdx
m+ i+

6. Tinh tich phz“m cdc ham hitu ti:

.3_1
1 d 2 [E—ax
)j-r _5x 4r4)c)t )I4x‘—x“
3)jx —6x' +12x2+6dx 4)J' 2x-3
x—6x" +12x—8 [x __3x+2) v
x? xx+l
5 e Ird
)jx'l—l : Ix3+x !

194



7)'[\’ +1 ij +1

o . IO)I l)'““

(1+I}(JL +x+l)

7. Ding phuong phdp Ostrogradski:
Néu Qix} ¢6 cdc nghigrn béi thi:

jp(x) E‘!C:X(x)-f—J‘}(x)d (1
(x) Qx) 0, (x)

Trong dé Q,(\) 1 udc s6 chung 16n nhat cla Q) va duo hdm cha né Q'(y),
Oy(x) = Q) ().

X(¥), Y(x) 1a cde da thic véi he 56 bat dinh, bac cia chting kém hon béc cia

Q,(v), O12(x) trong ing mé1 don vi.

Cic he s6 cua Xx), Y(x) duoc tinh bing cdch dao ham (1)

Thidw |- | dx
(x' -1’
O day O=0"- 1 Q=600 10,0, =40 -1
Q2=0: Q) =2"- |
Viy _ [=Ax“4;Bx+C+J-Dx“-I;Ex+Fdx
x' =1 x' =1 : _
Dao him 2 vé': | = QAc+B)(x" - 1) -307(AY + By + C(DY* + Ex + F)(- 1)
Suy ra:A:U,B:—1 .C={J,D:()‘E:U,F:-E
3 | 3

Va
s _i X _g‘[ elx —x l X" +x+1

3xT-1 3957 J(x -1 % (x-1

+—2 'lr(.tgzx-'- +
[4 N 1] C

343 3

Tinh cdc tich phan:
el
D )_[
(x+1P (7 +1) (x —1}
dx —2x° +2
) e )f
{(x*+1) (x* —2x+2)
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4x7 -1 dx
5)j(x5—x+l)3dr Oy

*§. Ding cic phuong phip khic nhau, tih céc tich phan.

¥ x+x
l J . ‘.
)I(x’ L 1)(x" +8) e 2}-[ I
dx
4 [—2
)-[Y(x + 1y )J'x(x?+l)
Lo oxdx xdr
3) T.ST[ )j
(x' =D X —x
e 8 d
)-l-\(x -5)(x  -5x+ 1) }jx3+l g
9 j P(\}dx ]0) I’.nl
(x—a)"" x” +1

Va1 P,(x) 12 1 da thic bic # cha x
9. Tinh céc tich phan cda ham vo ti
n 1’—1 2)_[ Fx+142
Yx+1 . (x+1)" —~x+1

fx-1 Yx -¥x
3) [, [=—d 4 [
ok S )Jx(“&n}

_ x+1 2—x 1
Jd s" . d
3]; a1 0| Trx 2o

*19. Tinh tich phan céc vi phan nhi thae:
Jx . xebx
D —= T 2) =
(] + ) 1+ %/_‘.’

3 [ +2x7) P
) 12 4)le+—;:
dx dx
S 6
S).[x‘t ||l+x2 )-[x'ifl_‘_x(

11. Tinh tich phan cdc ham vo ti:

dax
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1).[ dv o
Vit +x+
(x+3)d\’
]I T
X+.2
u’x
Shf- J—
w’x +x— |
7)-[_ X dx

\/_ x+1

2}-[ oy
V3Ix-2-x"
4)_[ (3x— 6.51’\

Jxt- 4X+5

6 [— dx

(x+ 1V a2y

S)I xdx

x? +x+|

10) —udx

xWx —x+l

12, Dung phép the Euler tinh tich phan ¢dc ham vo ti-

dvx

|-
I).'+~J'f +x+1

3)_[x_ X +3x42
X+dxi+3x42

4

x =1

— S—
(7 + It 41

3)

2) —-— __
I -v‘l—Zx X
el

4 :
) (x2+a3)\/c_:3—x3

dy
6 B
e

13. Tinh tich phan ¢la cic ham lugng gidc.

1)J — .dx

S-4sinx+7cosx
u J~3sinx +2cosx
2sinx + 3cosx

5)

3sin” v+ 5c053 X

N5

9
'f5|nr5|n2x
510 xedx
(= sinx ‘
acosx + hsinxy

sin’ x — SSmxcosx

D
D=

]+ 3cos’ x
6)]’

sin” X+ 3sinxcosx — cos” x

S)J- cos2x e
cos® x +sin' x

cosx+2sm). +3

10) qusi dx

S5 x
12) j

{‘;mx+"c031)
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elx

u’x _
b}j cos’ x 14]"(:05.’:'\;" sin” x

'\/SI['I XCOS X

1+ . jcotgx sin’ x

15) [—Y——dx 16)j

sin- X Vcos' x
I?]Isiné.cos%idx lS)Isinxsin2xsin3xdx

2 2

J—sm \,' mn * xadx
19) = —dx 20) [—H——

COos X COS x\,J

14. Ding phép the lugng gide, tinh cée tich phin :
ar .

) I (7 + v +1 Wy M —— =
)_[(xl _2x+5)]4
ex
y Ty
(I+r (1= x"Wl+x~
15. Tinh tich ph&n cdc him mil vi hyperbole
e?xdx dx
1 — Dl 5 =
)'[]*"(_’( _[]+e.r-4+e.r3+ex.(.

. 4) Ich"l_\'d.('

“,} f_—i._.-
. '\./T-t-r_’.r +4l-¢

5) js]ushzxsmxdr 6 f shovdx

ch2x

*16. Tinh cic tich phén

2) [[e+ = e

1} ﬂx[dr
3) Ie’r‘dx 4) Jmax{ 1.x™)edx
5) IE(x)\sin x| (££1x) - phén nguyén co )

i—x? khi M<}

0) jf{\)rh néu fix)=
i-fx] Khi ]q>1

#17. Tim flv) néw
a1 i 0<xs!
AR D)=
X x @ x>l
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*18. Vi dicu kitn no i { P Ve ae

NXS
Véi p(l\:a NEIA
- 0 e "
x/ X
o, = const
=0 .0

l4 ham s cdp.

HUONG DAN VA TRA LOI BAI Tip

1.
b f‘ e o mn fo 2
h RAVAS 4y xx 2afxx N
; o _ ¢
dm+1 2m+2n+1  dn+1
—_— . 2)(]
2) 2udax — dax +dxvJax -2x° + — -+
Sax

X RN
3) arcsin — — In{x ++/x° +2)+¢

V2
I !\5+\ﬁx-| . 2
_ZJ_EIH‘\/TE +¢ li_\/-i

3 Larcsin(\/i_x] + ¢
V3 2

4

1 X
6) —arctg— +¢
)4 L

2]
X < VI 5

{x xJ T
7y —tg == +¢ X & ——+2%kx7
VYA 2

8) uln

+

g
2

i

X T
[g ;4"'4—

10) InIn(inx)|+¢

r
9} In +¢ x;t;-t-kfr

1) x+1n2x+1|+¢
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200)

!.\l

] 3
12) '—’;--V‘Tﬂc1 #2x+3lnx -+ C
ol

7
13) =+f{arcsin Y +c
hl

14) %In(l +4x2)—%__\/(—arctg2x)‘ +e
i

2t

15) ———+c

16) x - %cos’zax +¢

| —
17 —:v’cos?x +

L InTey’
18} e +ﬂ—(—-—+ . )+arctgx+c

2x7 +10x+11 . 2x+5
)] ——4——sm2x+

cos2x +¢

2) =3¢ "(x’+9x7 +54x +162) ¢

3) xln’ x—2xInx+2x+¢ 4) 2dxmx—4fx +¢
5) — rinftg T+ 6) =[sin(Inx) - cos(lnx)] + ¢
sinx 2 2

7) x(arcsinx) +241—x" arcsinx - 2x +¢
S Vl+x  In(x+1+x" )Y -x+¢

X 71 @ X
) ;--u"a' - X +_aresin—+c {a=0)
2 2 a
)‘_] arciuey
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21 +x-

. 12 1
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2) 2{‘/;;

o5 2V =201+ V) |+
22 - i
3 2arctg\/éfr ~ I-+c

4) Inx + In2Inlnx + Ind[+¢
2 -

3) =(cos” x —Sh/cosx + ¢
3

x

I+ \/\_+_I
N(V2 )22

-

Y

6) 1.n +o

8y — _\‘4__‘_ e
Ix

9) 2arcsin/x +¢

- 2
10) %\/;1 +a’ +%In():+m)+c

D 2™ (Vx -+

x* -1

l—x
2) =—1In x4
2 l1+x
—ar¢siny | x |
- "4In— == 4+,
x I+ -x

2 2x —25in2x
4 [ cosdx2sinde ,J ve
2 5

. o} . ] .
5) L XC0sZInx)+ 2xsin2lnx)
10
6) 2/x (6~ x)cosx +6(x - 2)sinx 4+ ¢

x"g (x _ 4}|bl'€,

1) 5x +1In A
) (x--1y"?

+

(x> 0)
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X
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16 (2x -1 Qx+ 1]
SR »
2 (x-2 x -2
1
4y —— - —+c
xS -3x+2
|x—l‘
S)yx+ —Inl- —{- Carctgx +¢
[x 1] 2
6) x+In i =\ +c
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1 L+ x) 1 Ty —
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v —x+1 43 +
| 41 2 2
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5 7 1
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3 1
10) ——- ! w ’ ax : a7 w e
99(x -1 08(x—1) 97(x -1} 96(x-1)
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3 4x" -1 16
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1) %[smjxi +8/—Infx’ + IU+¢

| I
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1 |
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2 | 4 BN e B
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Chuong 6

TICH PHAN XAC PINH

$1. KHAINIEM TONG QUAT
L.1. Bai todan dan dén khai ni¢m tich phan xic dinh

a) Bai todn tinh dién tich hinh thang cong

G trung hoc, ta d3 bict tinh dién tich clia cdce hinh da gidc, hink tron, Bay gi&
ta dat van dé tinh dién tich ¢a mét hinh gidi han béi magt dudng bat ky.

X&ét hinh g han
boi dudmg v = ) véi
Sy > 0, true Ox va hai
dudmg thang v =, v = h,
ta goi hinh nhu the Ja
mot  hinh  thang cong
(Hinh 46). Chg y riing
mot hinh gidi hun bé
mot dudng bat ky cd thé
chia thinh nhitng hinh
thang cong,

Do d6 1w chi tinh
dién tich hinh thang
cong

Bau tien ta tinh gan
ding. Chia Ja.h] 1a I3m
# phdn bit ky boi cic
dié¢m:

Hinh 46
NSy, << <Xy =h
vi dat:

- =AY Ly - = AT T e Ax,
Tir cée diém v, A2 e Gy Ta ding cde dudmg thing song song voi truc Oy,
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Chiing chia hinh thang cong AabB ra thinh » hinh lhaﬁg cong nho cé diy la
Av A LAY

Trong mdi doan |y, 3yl G = 1.2 ..m) ldy 1 diém ; 1y ¥. Ta sC thay moi
hinh thang cong con diy Ay, (f = 1,2

day Ax; vi chicu cao 1a A& )

1l

2. ... m) gan ding la hinh chir nhit cling ch
Nhu vy, di¢n tich § cia hinh thang cong AuabB s& duoc thay gén ding hing
(6ng dién tch S, cha cde hinb chit nhat dé, nghia li:

S=8, = fE YA + fiE ) Av + L+ fIG) AY, hay ki hiéu gon hon:

§$=8, = Z F(E)Ax, (déu ‘; - chi tong).
1 L
Ta thiy dién tich gn diing §, cang gén § néu # cing 16n sao cho moi do da
Av; cang oho. Ta qui ude khi 7 — = thi moi Ay, — 0, hay ciing the, néu dat
% = max Ay, thi A — 0, mot cdch ly wong ta dinh nghia dién tich § cGa hinb
thang cong l:

S =1 £ -
lim ;f(b,)m,

b) Bdi todn tinh cong cia mot luc bién thién
Xét mot vat chuyén dong thang tir @ dén b dudi tic dung cha mét e ¢
phuong 1a phuong cla chuyén dong, va d& 16n F cha luc phu thude vao Khodng
cdch x cha var tinh tir mot didém O nio d6: F = £(5) {Hinh 47)
Ta s& tinh cong
clia lye bién thicn do.
Dau én ta tinh
aan dung. )
Chia doan la,p] ra 0 a M &
lam a phan bdt ky bai
cde dicm:

Y

Hinh 47

R A R L RGN PSR AN b
vidat s,y -y =Asi=1.2,...0)
‘Trong doan it f [, s 1 G =1, 2. .., n) ldy mot diém bat ky & va trong doun
dé coi lyc 12 khong ddi va bang F(%;), lac d6 cong ciia hue 1 F(E ) A,
Cong A cha luc trong toan doan jer,p| duge coi gin ddng béng Long cong A,
cila lye trong céc doan |s;, sl (1= 1,2, .. )

AxA,= ) FlENAY,

Ea|
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Tuong wr nhir bai tedn tinh dién tich hinh thang cong, ta dinh nghia:
A= lim Y F(g)Ay,
i=1

rong dé A = max As,
Qua hai bai todn trén va rat nhidu bai todn cung loai khdc ma ta khong dua ra
& day, ta thiy ching cé néi dung thuc 1€ khdc nhau, nhung phuong tién todn hoc
d€ giai cde bai ton 1a nhu nhau, phuong tign toan hoc d6 ta s& nghién ciu trong
chuong ndy goi 12 phép tinh tich phan xdc dinh.
L.2. Dinh nghia tich phan xic dinh
Cho ham 56 v = fv) xdc dinh va bi chin trong doun [u, b, chia [a, b| ra (Am
2 phiin bat ky boi cac diém:
U= <y <. <y, <y, =h
vidatx, -x=Ax,(i=1,2, .. n).
Trong méi doan [, xi, ] G= 1,2, .., n) lay mot diém &, tiy y.

Laptong /= Zf(é::}m,
i-1

Quy ude néu i — = thi moi Ay, —» 0 hay A = mux Ax, 5 ()

Neu /, ddn tét mot gidi han 7 x4c dinh khi A — 0, khong phu thude vao cdch
chia doan |a.b] vi cich chon cdce diém & thi ta goi 7 1a tich phan xdc dinh hay
tich phén cia ham $6 fix) wén doan Ja b).

h 1"
Ky hié¢u [ = !f(x}afx = 141_[3 lef('f,)ﬂx. a.b goi 14 edc can 18y tich phan,

¢ 12 ¢an dudi va b 1 can wen, I goi 1a ddu tich phan; f{v) va f).dx goi 1A ham

0 va bidu thae dudi dau tich phan; x 1a doi 8§ hay bien sé 14y tich phan; con
I, goi la18ng tich phan thd n; néu fix) ¢6 tich phan trén fa,b] thi fix) goi 1a
kha tich trén fa.b]. Bay gid theo djnh nghia tich phan xac dinh va trd lai cac
bai tean md diu ta thay:

" Dién tich S cla hioh thang cong gi6i han bai duong v = flv), fx) > 0, truc Ox
va cic dudng thang v =g, v = b la tich phan xdc dinh cOa ham s6 fx) trén doan
et p]:

&
$= (f(x)dx
D6 12 § nghia hinh hoc clia tich phan xdc dinh.

Cong A cia luc bign thien F(s) [am mot vat chuyén dong thing tir s = ¢ dén
¥ = h 12 tich phan xdc dinh cOa bam F(s) trén let b

211



A= TF(x)ds-

D6 13 mét ¥ nghia co hoc cla tich phan xdc dinh.

Chit ¥ Tir dinh nghia suy ra:

1) Tich phan xdc dinh la mot con s, né khong p
phan nghia 1a:

hu thude vao doi s6 dy tich

h h h
[reodx = [fupdu= [r(ar

2) Néu fixy =1 thi:

h fr
P PR
I dx dy !{]];]}}Z ij b -a
o & =1
h

3) Ta da dinh nghia If(.x) dvvina<h
i

b @

Néu a > b (hi ta dinh nghia I Rx) dx = - j A) d
I h
h
Néu b = ¢ ta dinh nghia: If(x) dx=0
i

1.3. Diéu kién kha tich

Tich phan vira dinh nghia & 1.2 ciing goi 1a tich phan Riemann. Vay véi diéu
kien nao flx) 14 khé tich Riemann trén doan |a.b]?

Pé tra 13 truede hel ta xét:

a) Téng Darboux : Xét ham ¥ = f{x) xdc dinh va bj chan rén jeo, b piaseT
[a mot cach chia |a,b] va 16ng tich phan thit n tng véi T la:

=" f(E)Ax,

Vi flx) bi chan irén |ah} nén né ciing bi chan trén céc doan [x;, Gy 1,
i=1.2....n, theo nguyén ly Supremumn thi 16n tai.
M, =Supf(x) . m =inf f{x)

b= xal [ERE Y|

i=1,2,....n
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Cidc téng § = i MAx, | 5= Y‘m&x goi 13 cic téng Darboux <ia ham
i-l =1

Ay dng véi cdeh chia T trén [a,b).

3(s) goi 12 tdng Darboux trén (duéi)

Rd rang s<[ <5

* Tur dinh nghia ta suy ra céc tinh chat:

1. NEu s, § img véi phép chia T,

¥, §" g véi phép chia T,

T'la phép chia ¢é duoc bang cich thém vio phep chia T cdc diém chia mdi
thi :

§<3 va s<y,

Thye vay, ching han thém vao it hai diém Yo Y di€M ¢ VA x6t truding
hop cic16ng §, S

Cdc téng S, S chi khéc nhau & cdc s hang.

M (v, - 9) . E le-x)+ E(-"m - )

Tong 4o a1 < sup £(x) , M, = sup (3 . M, = supf (x)

[EAR | (B Ivzeny |
RS rang : M, <M, . M, <M,
Do dé : M, (c-x) SM(c-x)

F/f-:,,(v’fkn - EMdn,, - o)
va TU_,, (€ -x)+ ﬁ (M -0) € M, (v, - )
Vay §'=<s.
Trudng hop s < § chimg minh wong e
U. Néu s, § img véi cdch chia bat ky:T
&', 8 ing véi edch chiya bat ky khic . Tthivs S vasS> s

Thyc vay xé1 phép chia T gém cdc diém chia cia TvaT ¢6 5™ 8§ wong
ung.

Theol: 525" S <y mat khac 5™ < §".

Dodé s <§' trutmg hop § > 5 chifng minh trong .

b. Diéu kién khd tich -

Dinh Iy Riemann : didu kien cdn va di d€ ham bi chan f{x) kha tich trén
doan {a.b] 4 :

lim{S-%)=0

A0
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hay Ye»0,38>0 h<d—>S-s<8

Trong dé S(s) 1a 16ng Darboux trén (dudi) dng vai moi phép chia [a, bl
A=max Av.i=1.2, .., n

* Chitng niinh . Diéu kién can © Gia su flv) kha tich rén |u. b| nghia Ja
limf, =1
A—wd

Mat khic voi phép chiadacho: M = sup f(x}

[EREA|

theo dinh nghia cGa sup, ¥V > 0 ¢6 thé chon duge & eix;, 6] d€

b—u

REI> M- Z by Mi-fiE

—-a -a

Do d6 - S"'":i[Mr--f(ﬁ,)]Ax,< Z r(b a) .

-1

Vay 1limS = lim thco gia thiet thi limS =1,

Al A 0 A0

Twong W lim § =1 nghia 1a [im (8- %) =
A sl A=

Diéu kién du : Theo 11 thi tap hop cic 16ng Darboux dudi {s] 12 b chan trén
(bési S, chimg han). Do d6, theo nguyén Iy Supremum : Tén tai f, =.sup (st va
=8

Tuong wr: Téntai L, =inf {S)vaf,zs | Ve 15} (1)

Ro rang {, < I, vi néu khong, 1, >1, hay I, -1,>0thido [, = sup {5}

theo dinh nghia ¥ € > 0, 355 € {5} 150 >f - €, ldye=1 - >0

i s> I - (g - 1) = 1 Diéu nay mau thufdin vdi (1),

Vay s<h<hL<S

Theo gia thiét I_im (§-x)=0.suyrafy=1

pal = hL=1thi s</ <5, mat khdc s </, €5
Tirdé suy ra: lim 1, = Inghia la fix) 1a kha tich trén |a, b1.

Al
T “dinh ¥ Riemann la suy ra mot 56 hé qua quan trong sau .
1" Moi ham fix) lign tuc tsen o, B déu kha tich wen |a, b).
Al Moi ham fix) bi chén va c6 mdt 50 hitu han diém gidn doan wrén |u, ]
déu kha tich trén |a, bl
1% Moi ham Av) bi chin va don di¢u trén |a, b| déu kha tich ren |a, b].
Thuc vay, chang han x¢t 1°.
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Vi [(x} lién tye trén [a.b], theo djnh 1§ Can tor, {(x) 15‘1 lien tae dén t.rf‘l} [a,bl.
Mat khae theo tinh chdt ca ham l\iénntucl,‘ trén r_péi doan Ixy, X4l, f(x) dat
mat gid tri Ign nhat M, = sup £(x) va mat g1d tri nho nhat m, = inf f{x)
[yl RV
T dinh nghia ¢a ham lién tuc déu suy ra -

v_c >0,38>0 A<8 =M, -m< _*

b-u b-u

Z Ay “EVA |im(S -5 =0
! A D

-

£

Viay  S-s= DM, —m)Ax, < 5
1=l

nghia 12 fixv) Ja khd tich trén doan |e, 5],

Céc he qua 2°, 3° ciing dugc chiing minh tuong .

¥Chi ¥ : Ta di xét didu ki¢n kha tich Ricmann va 1 dé bict duge mat 6 1op
ham kha tich quan trong (cdc hé qua). Vay con nhitng 16p ham nio niva kha tich
Riemann 7 dé gid quyct van dé nay, Lebesgue d8 dua ra dinh 1y sau day - Bidu
ki¢n edn va di dé ham bi chan A kba tich trén doan [«, b] 12 tap hup cic diém
gran doan clia né ¢é do do khong.

Mot 1ap hop diém A c R goi li c6 d9 do khong néu tim duge mot diy doan
ma tong do dai clia chiing ¢6 thé lam nho Wy ¥ (< ), sao cho médi diém cia A c6
the dit vao mot doan cia ddy.

Mot hiim bi chan ma tap hop cdc diém gian doan cla né ¢6 d6 do khong
cling goi i mét ham lién tuc "hdu khip noi” (h.k.n).

Nhu viy theo dinh 1y nay, fx) 1a khé tich Riemann, néu fiv) lién tuc hk.n
tie la fiv) "khd lién e, DI véi cic 16p ham khdc, khéng thé kha tich Riemann.

Chang han ham Dirichlet :

A= 1 :xeQ  (Q:1aphopsd hitu ti)
{0 cxel  (7:aphop s va i)

XéL téng tich phan f, ctia ham wrén [a, b)
URDWIHIES
-1

Néu & e Qhiflg y=1vd .’,,:ZAri =h-u >h-u

v
NéuZ elthiflE)=0val =0 0.
Viy flx) khéng kha tich Riemann.
Ta bict ham nay, 1a gidn doun ¥ v € R, Trong thue ¢ cdn nghién ciu tich

phan cua cde ham "kbhd gidn doan" dé dap ing yéu cdu ndy. Lebesgue di dua ra
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mot khai niém tich phan mdi goi la tich phan Lebesgue ma ta khong dé cip & day
vi noi dung ciia né vuot ra ngodi pham vi gido irinh nay.

1.4. Thi du tinh truc tiép :

Ta s& dua vai thi du tinh tich phan xéc dinh trye tiép tir dinh nghia :
Thidul:

h
Tinh I= [exd,r

(3 day fx) = ¢ lién tue vai moi x, nén n6 kha tich trong moi doan |, b|.

Do d6 ta mudn chia [, b) theo cdch ndo va chon cac diém &, 1hé€ nao, két
qua ta ciing cé6 mot / xdc dinh. Pé tinh todn duge don gian ta chia |e¢, b| ra n
phin bing nhau boi cdc didm x; i =1,2, .., n+ 1 vachon cdc diém &, chinh la
cdc diém ;.

Vi chia biing nhau nén A v, = b-a

i=1,2,...n0 dat Av=Ay = b-a
n n
Lic d6 -

N=a, pEa+tAv, n=at 2 Ay, ..

NE=a+ (-1 A L = a+nlAx

_ - . e o aHi- ax A . Ax in-11ax
!,\—zf{gf)g\x!—ze Av=e Av(l+e™ +...+¢ )
r=1 IE|

Ta thdy, rong d&u ngoac 12 18ng clia # 56 hang ddu ctia mot cip s6 nhan, $6

hang ddu 1a 1 va cong boi lae >
AN

Dodé:  f :e“m_e ml

" e¥ -1

Theo trén 1 Ay = ’M ,nén " = & mit khic khin —» = thi Av > 0

H
Thee chuong gidi han
. Ax
=1
Er—]:lu g‘“ -1
- . n, b-a b a
Vay f=liml,=e(e -1)=e -¢
Ae—0

Vé hinh hoc f 14 dign tich hinh thang cong AabB trén kinh v&. (Hinh 48)
Thidu2:

]
Tinh i= _I-xgdx
U
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Lam tuong w ol thi du tude, & diy ta c6

N =0, n=Ar, =2 Av, Ly, = Av, Ay A 14y
H

fl .
Si T Yy

"

{, = Z.ﬁm An=Y G AV Ac= Av(AY + QA + 4 (A =

= =

=AY (P + 2% )= _‘3 (C+2% 4 )

n
Ta bict : U424 40t ’?(_”*l(z”i)_
G
Nén I :_];_wzl(|+_j(2+l]
n 6 6 7 "
ViAx = l nén 7 — 9 thi Av-»0
H

4 . . ! Y
Vay 1 = (ims :|]ml[1+_](2+_1.|:l
Hoaw nove fi n) n} 3

V& hinh hoc 7 1a dién tich hinh thang cong OAB trén hinh (Hinh 49), dién
lich d6 bang ! di¢n tich hinh vuang QOABC.
3

g fy
B/ Y
AL ]
e e
I7) a b x x
Hinh 48 Hirh 49
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§2. CAC TINH CHAT CUA TICH PHAN XAC DINH

1" Néu cie ham 6 f{) . g(x) kha tich trén ja, b] thi tdng i) £ gly) cing
kha tich trén doan do va

h h f
J'[f(_t) +g(]dv= If(_t') dy I glvidy
Chitng minh : Theo dinh nghia :

I
[0 = gones = tim Y UE ) £ 8801 A=

" =
I,.“EZ'}[(E“) ¥ IIIHZ“&’(M).)J’\ Fixdedy gVl

2" Néu flvy kha tich tén doan [a, b) thl Kfiv) (K=const) ¢ling kha tich trén
doan dd va

b A .
IKj(x)d.r =K J fxydx, chimg minh (uong tu véi 1°,
i &

3" Néu &) kha tich trén doan 1én nhil trong cdc dogn : la. b, [a, ], |c. hi
thi f{x) kha tich trén hai doan con lai va:
b ¢ b
I fiyde= I Sy de + I Jx) dx
. o o [
Chimg minh : DAu tién (a xét ¢ < ¢ <h. Xét mét cich chia dean g, | ing
vii 1ong tich phéan

ILHIH = Zf{.ff )‘/\x.’
]

Xét ¢ 12 mot digm chia thi
![u_b} — Iiﬂ,&'l + )('[:'h] ,nl +n2 =5

n “l
Cho A —0 , ta c6 déng thic phai ching minh . Bay gitr xéta < b <c
Theo trén :

]f (V) dy = i[ Ayde + LI fleydx
a a 5
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hay :

r] Ay dx = Lj i dy - ]. Sy dy = ] SOy dx + r]._f(x) dx
a u h a p

Céc truomg hgp khic ciing duge chimg minh twong nr
A
4° Neu fix) kha tich v fix) =0 rén lee, b, (@< bH) thif = I_f(.r)d.t >0,

o

Thuc vay xét 1= f(&)Ax, Vifi) 20
=l
nén L2010, 51 =720

5" New ), gl khitich va flx) > gLo) trong |a, bi (¢ < by thi :
[ A
J. fixydy = I g} dy
Thue vay, xét F(x) = fix) - &) 2 0 va dp dung 4% 1a € ¢ bat dang thic

phai chitng minh
' 6" Neéu fx) kha tich trén Ja, b (a < b) thi rf(x)‘ ciing khé tich trén [a, b| va :

< hﬂf(x)kir

Thyc vay, dé chitng minh [f(x)| kha tich trén |a, bj ta dp dung bat ding thic

[f(x)d

|a‘ - [b] < [a —b| - Vo ¢dc ong Darboux S, s-cla flx) va s, s cha rf(x)[
Tacd S-y<85-
Tir day suy ra su kha tich cia ilf(x)‘ L Vi - ‘f(x}[ < flv) E|f(x)' nén theo 5° -

_ j { f( x)‘ dy < J Fde< J. ‘ f( x)' ey

Viay

[/ ()t

< Jlreops

7° Use lugng tich phan
Neéu fix) kha tich trén |a, b| (a < h) thi ;
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h
m{h-uy < I firydx € Mib-a)

Tiongdo: = inf f(5) M =Sup /()
TS )

a<xufe

‘Thue vay, theo gia thi€l :m < flx) <M . Do a6 tir 5" d& ding suy ra tich chit
niy. '

Chit ¥ - Néu fix) 1ién tuc wrén |, bl thim M {a cdc gid tri bé nhit, 1dn nhat
cia flo) wen Ja, bl

Tinh chét nay cho phép ude lugng cdc tich phan.
Thi du - ude lugng tich phan

Ismx

r
T fiv) = sinx * 14 lién we trong rz
. [+2

rx )Hx_cosx sinx cosx[ 1) <0, trong {g,g}

() la don digu giam trén do.

Do d6 - m:f@:g , M=f[f)=&

g T

_2_[£_£]S EM(E_EJ
vz 4 F N2 4

hay 0,5 <1071

Vay ldy / = 0,6 thi sai 5§ mac phdi 1a 0,1.

8° Pinh 1y gid tri trung binh :

Néu fix) kha tich trén [, p{thi I m<ps M vdi
m=inf f(x) M =Supjf(x)

tsh

PES

B
sao cho . jﬂ.\'} dv=ulh- o)

i
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l h
uzgj;;fuka

2ot la gid tri trung binh ciia fv) wén [e, b]
Bdc bigr : Neu fix) licn tue rén [a, Bl thi 3 & |a, bj dé AH=p

nghilas A= [ o
—a

Chitng minh - Theo 7°1a ¢6 -
P
m i -u) = Jﬂ.x} desMb-a)y (a<h)

a4

;o
hay m< Xdy =M
b—an()

I
Pat M= _1 If(x}dx thi msp<M
b—a

Néu ¢ > b 1hi xét j_ﬂir)u’.r dinh 1y van ding va 1a ¢é ding thic phai chitng
Is
minh. Dac biét néu Ax) lien tc trén |« f}, thi theo dinh ¥ Bolzano Cauchy :

3éelu b A& fiHr=p
A
P
nghia la A= _l__ If(x)dx hay jﬂ,l‘) dy =flEXh - o)
b_a 4} 4

V¢ hinh hoc diéu nay xac dinh réng :
Vi fix) > 0 : Dién tich hinh thang cong aABb bang dién tich hinh chir nhat
cting ddy chiéu cao la tung d6 (S} i mot diém "trung binh”
e lu, k] (Hinh 50)

Thidy:
1y Ue luong tich phan
T
o

“1+ -cosx
2

Thea dinh 1y trung binh :
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]+ COsX

@y

1+ -cos
3 'S

[ I

U<§<w

c= Utacoﬂi))—_ Ef=m,

tacdé K& =2

2
M er<2n A
3

2) Tim Iim j (_j[t

Vay 11
|
|

) 0 £+ l 0 d

l
l I
| l
l H
| l
| | ——
§ b
Theo dinh 1§ trung binh :
Hinh 50

L
cbx 1
=(1-0 , D«
['][.sxs+l ( )a'§3+l s

1
lim | & - im

. 3 s 3
0 ex’ +1 70 88 +1

Vay =1

*Chit ¥ ©
Ngudi ta dé chimg roinh duge dinh 1y sau day goi 12 dinh 1y trung binh téng
quat :
Néu flx) , g(v) kha tich trén [« b, gx)= (<)
Vie e bW mspsM vl
m= éilf 1f()L) M= sup f(x)

xdab reah

b b
J Fx) glxdde = | j glx)dx
Iy

Pac bigt glx) =1, thitaco dmh 1y trung binh 8" hom nita, ngudi ta cling dd
chiing minh dugc mot dinh 1y khic goi 1a dinh 1§ trung binh th hai hay dinh ly
Bonnet :

Néu fix) kha tich trén [a, b| (u < B), glx}ladon dicu khong tang wen la, !
thi 3¢ € lq, h| sao0 cho :

sa0 cho
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[/ txistads =gla) [ £ (x)die + g8) [ e

Dac bigt néu g(v) 1a don dieu khong ting va khong am thi 3 & € |a, | sao
cho -

[reoga =gt [ reod

33. LIEN HE GIUA TICH PHAN VA NGUYEN HAM
CONG THUC NEWTON-LEIBNIZ,

3.1. Bao ham cda tick phan theo can trén
Xc¢t tich phan
T
f= J Sy dx
Néu ¢4 dinh a, b vt fix) (hi tich phin nay 14 mot con s6. Néu chi ¢6 dinh fiv)

thi tich phén ndy 4 mot ham s6 cla cdc cana, b,
By g1 xét @ c§ dinh, b thay déi, dat b = v

(hi = I(x) = Iﬂ,\-) dy = If(r) di

(Tich phin khong phu thudce dsi s6 Ly tich phan). Ta 6 -
Dinhly1:

X
Néu f{x) 1a khé tich trén {a, k] thi I(x) = I_ﬂr) dz 1a moét ham sd lign tuc trén

la, b
Chirng minh ;
ChovsdgiaAx, v+ Ar e |, bi

Tacé:
HY x Y
AT(x) = J'fm dr - _[ R dt = J' ) dr

Theo dinh Iy trung binh 8% 3 pomsps M
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vdi m=inf f(x) . M'=supf(x)

r-:-{x‘r‘.ix] rs—‘{x,xri)’l
sao cho AI(x) = p Av. R& rang - m < p < M, trong 46
m=inf _f{x) M= sup f{x)

xda.d] xdap]

(Vim<m <M <M);cho Ay >0 thiAllx) >0
nghia 1a /() lién e Vo € la, /]
Dinhly 2 :
Né&u fit) kha tich trén ¢, b] valién tuc tai ¢ = v € |e, bl thi 7'(x) = flv)
Chitng minh :
Theo wén AffO = Av, msp=M
Theo gia thigt A7) lién tuc tai (= x thi Ve >0
338>0. a4 < 8§ = firy-e<fin<fixy +&, Vrefy, v+ A

Miatkhic: flv) -e<m spsM <fix) +¢

Do d6 lu—fx)<e
. .Y (¢ S
v I'(x) = lim—2= = fim 0= f(x)

Tir dinh 1y nay suy ra:

Pinh Iy 3 (Su tdn tai coa nguytn ham).

Moi ham s8 lién tuc trén ja, b] déu ton tai nguyén ham mrén doan d6. Vi theo
dinh nghia £'(x) = fiv) , x € la, b| nén I{x) 13 mot nguyén ham clha flx) trén
|ty 2]

Chiy:

Ta di xéL dao ham clia (1) = j A0y dr.

o
ux)

Néu f{v) = Iﬂr) dt, thi theo cong thiic tinh dao ham hop. voi w(x) kha vi
trén [a, b

Ta céd Io=F . n = Aulx)

e
Hon nita néu f(x) = _[f(f)df Vo 1y(x), 1={x) khd vi teén [a, b

NS
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i falx) wix) RS

My = [r@at jf(z)d:: [ryar - [rwar

mts}
VA L0 = An0l's(x) - fla (0 ) ()
Thidu:

/= _[fd.'

anx

£y = ¢osy (-8iny) - sinveosy = - sinZ2x

3.2. Cong thite Newton - Leibniz

N&u fiv) lién tue teen |, A thi ta <6 cong thie -

A
I Ady=Fiby - Fieny (1

Trong dé F(x) 1a mot nguycn ham cda fiv) trén (o, b).

Thue viy, theo (3.1) thi I(x) = If'(r)a’r ld mot nguyen ham cia fix) wen

e, B], do dé -

fivy = J.ﬂ.') dt=Fiv) + ¢

tf
Chov=a Taco Ha)=0=F(u) + ¢

X

Vay o = - Fla) va jﬂf} dt = F(x) - F(q)
A h
Cho x = b Ta ¢6 f Aty de = J' S dx = F(by - Fla

Tathung ky hieu  F(b) - Fa) =F(v) |\

Vay ]‘_ﬂ-r) dv = F(ol!

Cong thic (1) cho su lién he giita tich phan va nguyén ham, n6 cho phép tinh

mot tich phan xdc dinh mot cich don gidn néu biét mot nguyén ham cha ham
dudi ddu tich phan. Ta bigt trong chuong trude, mot sd 16p ham lién tuc 6
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nguyén ham bicu thi duge qua cde ham so cip. Do d6. c6 thé ap dung cong thic
nay dé 1inh tich phan cua ching mot cach dé rang.
Thi du : Tinh :

h el x| aarl

b —

l)jx“dxz—x——’;z'—-——a—— Ca#-1 O<a<h
: a+1 o+ 1

2)!]e‘dx =e’

]

3)]% =lnx

h

u

b
—g _eu

*=lnb-Ina (a,b>0)

I
. b
4y jsm xelx = ~cosx\u = cosa — COsh

3) _[\El —x dx = {l ufafj + 4 arcsin i}
g 2 2 a

v a >0
{Tich phan niy bidu thi dién tich ca nixa hinh tron ban kinh «)
*Chuy:

L
'“—_2—

h
1) Ta ¢6 cong thike Newton-Leibniz dé tinh tich phan I = I fix) dx khi A0
I lién tue trén |a, b, Ta s& ching minh cong thic d6 vin ddng trong rudng hop
fix) c6 mot s6 hitu han diém gidn doan logi mot wén |« h). Thuc viy, chang han
xét flx) lign e Vx €f¢, B trtaix=c € la, b} fx) c6 gidn doan loai 1.
Ye>0,c-g>a,c+e<h xét:

r] flxyde = T fxydy+ L.+f vy dx + hj fode (1

Tren cac doan e, e - €l o + 08, 1 fivy 1a lien tue nén theo cong thie
Newton-Leibniz
L=
jf(.\') dv = Fle-8) - F{a)
i
A
j f)ydv=F(h) - Flo+g)
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Trong dé F(x) la mot nguyen ham cha flx) . Theo gia thiét thi fix) ta bi chan
trén e, b|.

nen | [ (x)a| < [ Max = 2am
vdi M =supfix)
asreh
Do dé Lim _[f(x)afx -0 (2)
Theo trén (1) cé the vist :
J‘] U
jj(_r) dv=F{c-g)- Fta) + Fb)-Fle+8) + Iﬂ_\') dv

Cho £ — 0 vi F(x) 1A mét ham lién tuc (dinh Iy 1) nén

lim File - o) = lim Fc+£) = F(c)

A
Do dé vit theo (2) I fxydx = F(b) - Flay
2} Ta dinh nghia nguyeén ham cia mot ham s6 lrong mét mién (trong chuong
tich phan bat dinh). Theo dinh 1y 3 thi moi ham lién tyc trong mot doan déu tén
tai nguyén ham trong doan d6. Vay mot ham khéng lién tuc thi thé ndo ? DE 113
191, ngudi ta dua ra dinh nghia bé xung sau : Neu fiv) 12 lién we trén [a, 5|, trix
tai MmOt 56 hitu han diém, tai dé flx) c6 gidn doan loai 1, ta goi nguyén ham cia
Jio) trén [a. B 13 moi him s F(x) lign tuc 1rén [a, b - ma tal méi diém lien tuc
cua f{x) thi F'(x) = Ax) con tai mdi diém gidn doan Xgeua f{v) thi:
F'(xy - 0) = flxg - 0)
F(xg +0) = flxg + 0)
Thidu:
0 : -1lgx<0

1 @ O<x<l
0: x<0
x x>0

Cho  fi{x)= {

P(x)= [f (0 :{

R& rang F(x) 1a mot ham lien It_fc trén [-1,1]
Tai cde diém lién tyc cla flo) : Fix) =fix)
Tai diém 2idn doan x = 0
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F(-(y=0, F(0y=1
Vay F(x) 1a mdt nguyén ham cia fix) wen (-1, 1]

34. HAI PHUONG PHAP CO BAN pk TINH TICH PHAN
XAC PINH

4.1. Phuong phap tich phan tung phin (hay phan doan)

Tuong tw nhu tich phan bat dinh ta c6 phuang phdp tich phan timg phén dé
(iuh tich phan xdc dinh theo cong thic :

h h b
Iﬂ_\') dv= jlud'.': nvlz - jm’n {1)
Trong do it =1y
v =i

la cdc ham 6 ¢6 dao ham lién tyc trén |, )
v l = ui(b) v(b) - u{a) via).
Thuc viy theo cong thie tich phan 1img phén cia tich phan bat dinh :

Iud\' =ny- Im’u.

h h

Iudv = I i = (v - j\-’drt)~2 = m"':; - Ivdu

i o

thi

Thidu:

1y Tinh f = I xeosxdy ,datu=x,dv= cosvedy thi v = siny
0

Theo (1} tacod

Fid
I= I.\'com'd_\' = xSINY Ng - jsinxa',\' =0 - {-cosy) g =-2
0 0
2) Tinh 7, = Isin".\'dx , |2 56 nguyén duong

0

_ .oon-k . .o
Datu = sin™ x , dv = sinvdy du = (n-1)5i0" xcosxdx
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Vo= - CORY

Theo (1) 1aco

a2
I =-cosvsin "'y g.-z +{n- 1} ISiI'I“.g,\'COSI.I'd.l'Z

0

i

:

= (n-1} Isin"':_x(l - sin" )y =
)
T F

2 2
={n-1) J.sinﬂ'z_\'d_r (-1 jsin",m’_x‘
u 0

hay /= (n-1){, 5 - (n-1),
Do dé : F =" ]

”n - ‘,ﬂ—-’
p :
Cong thitc nay cho c4ch tinh 7, bing cdch truy héi nhur sau:

N&u # chin thi :

72

Nhumg : fy= j sin’vdx = J. I = &
2

A

(] ]
Dodé:  f,=17
22
_] 1
!, :i_] :i_l’g
R A
J(":M—]r.-—f) ilf
e

Xétnlé:
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nhing I = I sinvedy =1
0
Do do -
!323.1 ]5:_5_11!3:3_%
3 3 53
, _n=in-3 42
"Tn -2 53

Ky hiéu : 1.3.5...(2k- =2k - Y
2.4 .6 .2k = (2k) !
goi 1 cde giai thira cdch thi
_(n-Y {;rf"iz n¢u # chin

n!!

]

1 néu n lé
4.2. Phuong phap doi bién s6

Tuong tu nhu d6i vai tich phan bat dinh, ta c6 phuong phap déi bién s6 dé
tinh tich phin xéc dinh.
A
/= I ) véi fUo) 1a lien e ren [a, b theo qui téc sau
Pt v = @(f) , néu () thod man cic diéu kién :
1° @(r) ¢6 dao hiam @'{(1) lién we trén e, ]
M Khise |a flthix e la, bl
P =a, ¢py=b
thi ta ¢6 cong thife :

A @
[ fa= | oo g ()

Thue vy, gia sit F(x) 12 mot nguyén ham clia f{x) thi v& tréi ciia (1) viél
duge:
h
j. Fxydy = F(b) - Fla)

vi v& phai cda (1) viét duge :
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# g
J Aot o= [ now) doc =

74

= FlloOI|% = Flo(B)- Flow) = Fib) - Flay
Vay cong thire (1) 13 ding
Thidu - Tinh

K
7= j\m?—xﬂdx (R>0)
4]

bit.v = Rsins thi dv = Reostdr | cic can mdi o, f s& xde dinh duoc tr
Raina =0, RsinB =R
Suvraa=10
T

P=Z knio<r< ™ thiO<r<Rvacost > 0nen -
2 2

VR —x* = {R(1-sin*t) = Rcost

Do détheo (1)

=i2 72
f= I Reost Reostdr = R° -[ cos tdr=

il HRE
o = T

¢ , in2
_ R J]+cos2 ,{ZR_[1+5m t]
bt 2 4

V¢ hinh hoc / chinh 1 di¢n tich 1 hinh tron bdn kinh R. Do dé béng rich
4
phan xde dinh, ta tinh duoe di¢n tich hinh trdn ban kinh & 13 : tR° ma 1a da biéi
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Chiry:

1) C6 treding hop cac phuong trinh @lo) = a (B) = b ¢o nhiéu nghiém nghia
13 ta b nhidu o, 3.

Theo gui tic ta phdil chon mét cap o, B saochoa £t < B thia < v <h néu
khong 6 diéu Kién nay thi két qua s€ Khong ding.

Chéng han, 0 thidy | ,tacda =0, m, 21 .., B= %‘T_”néu lay cap

(SHR]

R k&t qua nay sai vi Khi 0 €7 2 S—Ethi

a =0, /j:%r thi két qua | =

- R < v < R khong ding qui tac.
b
23 Néu tich phan e6 dang j Aw ()] wOdy thi ¢d the dat 1 = y (x) nhung
y (4 phat hien we, don diéu va ¢o y' {v) # 0 va lién tue trén [q. #| thi mén ding,
qui tic, vi lde d6 ham s6 nguoe v = ¢ (9 12 lién tuc va c6 dao ham lién e trén
fo, Bl
Thidu:
L2 . !
Tinh f o [ _ge datcosy=riti [ = | ar_
5 I4cos™x a1+ttt

= 0 =
4

3) Béng phép déi bién s6 6 thé chitng minh :

[/ + F(=0)ldx  ndu fix) khong chan, 1é
of 0
I= jf (x)dx =10 néu fx) La 18
2 J‘f(x)dx néu fix) 1a chan

Thure vay

7] o

I [¢] o
I- j Foodx = _[ Aode + j fiyde =  f(-vdu+ J
- 1 L] 0 1]
(v = - trong tich phéan thii nhit)
hay f= Ilﬂ—.\.‘) + fiv) ldv . néuf) khong chién, 1¢
0

Néu f(x) 1é thi flx) = - fl-x), lic d6 1 = 0
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Neu f(v) chan thi fi-v) =flxy, lie do { =2 I_ﬂ.\') dy
U]

Thidu:
1 J‘.r"e"" dv=0

2

I3 o ® 2 2
D VR - Pav=2 [JRF <37 = R _ R
iy ]

42

¢5. PHUONG PHAP TINH GAN BUNG TiCH PHAN

Ta bict ¢ong thie Newton - Leibniz chi sir dung duge d¢ tinh tich phan d6i
vai cic ham s6 c6 nguyén ham la cic ham 8 so cip. Néu ham sa khong ¢é
nguyen ham dudi dang him so cap thi chi 6 cich tinh gdn dting tich phan ciia
no. Hon nixa, nhicu khi ham s6 ¢6 nguyen him 13 ham su cdp nhung tich phian
ctng chi¢6 thé tinh gén ding, chang han :

| 2
jd"‘ e

n
o1+ x 4 :

7 v In2 chi ¢6 thé linh gan ding.

4

Do dé phuong phip tinh gén diing tich phan ¢6 dm quan trong rét 16n trong
thue 11¢n.

Suu ddy ta s& uinh bay haj phuong phdp tinh gdn diing tich phan, déy dua
vie ¥ nghia hinh hoc cla ng.

5.1. Phireng phap hinh thang

b
Xél= I Fydy vy 2 0vA lien tuc teen [a, b).

o

Ta bigt vé hinh hoe f 13 di¢n tich hinh thang cong aABb (Hinh 513, Do d4 ty
s¢ linh gan ding f bing cach tinh gan ding dién tich hinh thiang cong nay nhu
84U

Chia dogn [, h| ra n phin bing nhau bdi cic didm

G=N S SNy, < L, <X, = h
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l.ac do
Ay =, - = b__a (i=1.2,....1m
fl
patAv= 179y = =fla) =)
£l

.Vu :f('\.n) ¥y :f(-\.m l) =_f{b)

¥

[Tinh 51
Ai.1| duge thay gan ding bing hinh Lhang néi
1T 13 hinh thang €6 day ¥, Yy Y2 chiéu cao 14

Maéi hinh thang cong ddy |,
liép hay ngoat 1iép v6i nd ng!
Al‘i = Ax

Nhu vay ta c6 cong thite tinh gin ding

+ v, v, + ¥ C oty
[ A2 A YN LT

2
N

b -— ' 4+ 1
hay fa oo {"—-—}Q 4y Y Y +...+y”J

n 2 o
ang d€ tinh gin ding tich phan. Ngudi ta chiing

goi 14 cong thic hinh th
g theo cong thite nay la : (néu flx) co

minh rang sai s¢ méc phai kb tinh gan ddn
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S bi chan trén |o, b

nghia 12 sai 56 khong qud 5

khi A4) <0, cong thie van ding

Thidu:
Tinh gdn ding ; _ [

| X
Oddy}‘ :_ nén f"(x) =

A

R = (b a) ey L a<ce<h

1247

—=In2

(b— u)

.M, trong d6 M, = sup ]}‘ (x} . va
1247

-~ <2 khi i a2 2nghlalaM, =2

Do dé 14y 1 = 10 thi sai s6 mic phai la ;

3
" S—l-‘z—,z—-—{ 107
1210° 600
Tinh todn va theo cong thie hinh thang, ta ¢6 :
ry =11 ¥y =05809] 0=10 ¥ = L0000
u=1.2 ¥y =0,8333
n=13 vy =0,7692 =20 v = 40,3000
ys=14 ve=0,7143 Tang = 1,5000
=135 g = (),6666 Lo d6 theo cong thic hinh thang
x-=16 ¥ =0,6250
ry=1.7
A= LK

Tong =
ViR, < 0neén
v [),694

¥y = 0,5882

vo = 0,5556

Yo=19 v, =0.5263
3 6,877

I i(_]£+ 6,1377] — 0.6937
1ol 2

cé the ldy gid i pdn ddng thice v thita cia 7 = In2 1a 0,692

hay /= 1n2 = 0,693 v6i do chinh xdc 13 107
5.2. Phuong phap parabole hay phuong phip Simpson

Xé

/= '[ fydxe fivy =0 valien tuc trén [u, »)

o
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Péu tién xél doan |a, A} khd nho vi chia doan d6 ra 2 phin bang nhau boi
diém ¢, dung dudng v = ¢ cat dudng y = flx) & diem C.

Noi dung cua phuong
phip parabole 12 thay gin 5
ddng £, 13 dién tich hinh Y
thang cong aACHb bing
dién tich S cta hinh thang
cong ciing ¢6 day la ld, b
nhung canh cong la paraboie
€6 truc song song vii Oy va
qua 3 diem A, C B
{(Hinh 52). D¢ tinh 1odn
ducic don gidn, ta tinh tién
goc O dén O triing voi diém
¢. lc dd déi vai hé mdi

c = 0, dat / _h-a

2 Al 2
a = -f vt b = 1. V1 parabole
c6 truc song song voi (y
nén cé dang v =pxT Fgx+ 7 Hinh 52

Ta bict dign tich hinh thang cong parabole nay la

A

! 3 .
= j(pY 4+ )y (p—+q—2 )",:%(2p13+6r) (1)

Mat khde, dat v, =flu), ¥ =fey, M= =fih)

thikhi «=-1/, tachy, = pl gl +r
=0 v.=r
h={ yb=pi’3+q!+r
Suy ra vohd vty = 2;7:’2 + b

Do dd (1) viét duge © § = l (v, + 4 v+ n) vatacdcong thite gan diing
3

= l [ ¥a + 4 ,\'IL' + )b) (2)
3
Bay gitr ta xét doan |a, ] bt ky. ta chia &, b] ra mot 53 » chin phin bing .
phau bai cde diém
=X €< <, <X =h

ba Av=Ag= b-a

Ta Disdt
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f

f= Iﬂ,r) iy = }. Ay ddv + .‘].f(_r} dv+ o+ -rnj.l Ao e

Thay gan ding méi tich phan & vé& phai theo cong thie (2} ta o
Ay Ax Ax
s _3—(.1"| +y, + )+ T (s + 4y, +}’s}+---+_3_(yn—| +4y, + Yar)

hay :
h—u
I~ -ﬂ)—”—[(_yJ YT vy ) 2 ¥t )]
Cong thae nay goi I3 cong thife Simpson.
Ngudi ta ching minh rang sai s6 mic phai khi tinh gan dung theo cong thire
niy i (néu fvy o fm(.r) bi chan trén |o, hi)

7

nghta 1 saj s6 khong vugt qug :

- (b_a)ﬁ Dtdip o

o= —— M, . M =su ")

O 180a* ! ! ju.ﬁ[])lf ()
Thidu :
Tinh {= J‘i‘{f: In2

Iy

- \ 1YY 24 :
O day _ff“(x):(-;} :_r_"_ .M, :maxff‘”(x)}:%

Bo dé néu lay # = 10 thi sai 56 mic phal 14 :

R, < -—2—47<2,|0 i
180(10)

{So sdnh vdi thi du truge - tinh theo cong thic hinh thang thi & day chinh xdc
hem nhiduj.

Thue hién tnh todn theo cong thae Simpson (14y 5 s I¢)
Taco

I~ 11,5+ 545636 + 13,8320) = 0.693152
30

Vay In2 =0,69314 4+ 0,00001
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$6. AP DUNG CUA TICH PHAN XAC PINH

6.1. S¢ do chung .
Gia sz chn Gm mot dai luong A (hinh hoc, vat 1y .
[, bl ky hige A ler, b], biél rang A ¢6 hai tich chat :
1" N¢u chia ja, b thanh » phén :
TR A ST S R S h

thi A[a,b_} = }n: Alx,.x,,) {tinh cong duoc)

1o

) twong ing vai doan

|, v6i Av khd bé. thi ¢o thé col

Onpwr v
O NEu xét v, v A el h
i gdn diing cla A trén doan |v, v+ Ax| tU1¢

Alv, o+ Axl = K A (gid tr
vl A
Alx,x + A _ e He so
Ax

Ding thitc gin ddng nay duge hiéu theo nghla lim
Ag-sly

) dé flv) = K thi

4 1& K néi chung phu thudc vao v, do d6 néu tim duge ham Fid
Aly, v+ Av| = fly) A
Vi gid thiét trén, 1a giai ba todn nay nhu sau
. 0o a0 g
Mheo 17 va 27 thi:

Ala, bl = Zﬂ,\'J Av, LAY =N, - Y A= max Ay,
— .

Al

Ta dinh nghia : Ale, #] = lim Z fix) Ax,
=1

f

Theo dinh nghia tich phan xdc dioh thi A= j A da

Phuong phap tim A ahu trén goi & phuong phap dung so do "téng tich phan”,
Chu v 1 bidu thdc dudi dau Lich phan flx)dy theo trén chinh 13 gida ui gin
ding cia A wén doan [, x edx|, k¢ hieu dA = flx)dy goi la mot yéu 16 clha A,
Vay néu bigt duge dA el A trén |, ¥ + dy| thi ¢6 thé tinh A theo cong thuic:
h h
A= [ aa- | s
i 2}
Phuong phip ndy goi ia phuong phap ditng su 46 "vi ph
trong vat 1y, k¥ thuét.

an”, rit hay dung
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6.2 . Ap dung hinh hoc
1. Taunh dién tich phdng
) Toa do Descartes

Theo ¥ nghia hinh hoe cha tich phan xac dinh, thi di¢n tich § cla hinh thang
cong giol han bdi dudng y = fiv) véi fin) > 0, true Ox va 2 dudng x =u, v = b 1i;

S= J. vy ds
néu tich phan 60 tai _
NEu flx) < 0 thi d& tinh di¢n tich hinh hoc ta phai lay

i
S=- I B{ASNIAS
o

A
Vi liic d6 I H)dy <0
h
Tém lai = _[|f(X)||:JA
44 Y=2?
R
|
i— |
I |
— - !
— 52
JE— : |
Sy |
0 x

Hinh 53
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Thidu:

1) Tinh dién tich § gich han bdn 2 paraboles

yE=Hova y=v

Ta thdy 2 parabole nay cit nhau tai (0. 0) vt (1, 1}
Theo hinh ta co

i 1

S=5-S.= j\/;a’.\‘— _{xzdx

iy

Nhu viy dién tich nay bing ! di¢n tich hinh vuéng canh béng 1. (Hinh 53).
3

2) Tinh dién tich § 2iéi han bé dusmg v = 6x - 34, true Ox viduimg 1 = 3,

Theo hinh1aco : $=5§, + S, (Hinh 34)

= j {6y - :’s_\l) v - I(l‘).\' - 3_\'"1)<f.\'

4

hay §= (_”;_13 - _\"‘) ]é - (3.1'2 - _\"HH =4-(-4)=8

Néuw dudng cong cho
theo phuong tiinh tham so

=000, v =)

Trong dé « < 1 £ B g
vl ¢ < v < b thi dién tich §
cia hinh thang cong gidi
hun bai dudng cong, trye Ox
v 2 dudng

X=u,x=0h
iheo cong thie ddi bich so
s 1

2 5
5= [oreope= fypion

néu tich phao tén tai.
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Thidy

I} Tinh di¢n tich § £idi han hai dudng ellipse

LI
us A
{Hinh 55)

B vE tham so w e

A= acoss
Vo= hsiy
khi-v<v<athinzszo
Do dé vi theo tinh s
chan doi ximg, 1a ¢6
il
5=2 j sl - asintidde
L
=2l J‘ Sinrft
il
Ty .
=2uh J‘]_E_“’;‘rd;
2
hay
. fosin2y ).
S= .'_’ar— -— = ]L’] = mub 9 l

]

New = b thi cilipse tres
thanh hinh wou vi lai
e Lai due dien tich hinh
ron 1w,

2¥Tinh dién tich § gidi
Ran bai true Ox viy cung

il Ve
N

Hinh 535

thit nhit ¢ua Cyeloide - N—
A =Rir -}sin!) L ;} — \‘V
¥=R(1 - cospy 1] 2R X
{Hinh 56)
Tathay kit <7 <2 11y
O<v<2R
Do do Hinh 56
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5= j.R( 1-cost) R(1-cost} dt
o

hay

xr

S=R j‘ {1- costydr
1-

i

=R j (1 -2cost + coszr)ch
1}

te, Y
= R ﬂ 1 -2cost+ 11——L;Ebi !dr
kY L

[ .0 M
_R "f—25im+-‘“—m-2—"|'ff
L2 4 A
.3 ,
T B o
2

Viy di¢n tich nay gdp
b dién tich hinh won lan
b) Toa do doc e

(3ia sit can tinh dién tich
S gigi han bot dutng
r=flg)
vicde lia o = o, ¢ = B
trong d6 fley 14 mdL ham
lien tue vi duong trong
{e. Bl (Hinh 57) chia hinh
cén tinh di¢n tich ra lam 4
phin bat k§ boi cic tia
@= @ <0< L Q< Py
L Py =P
Dar AQ =@ - @

(=12,

Gt e, vt M 1 giid 1 bé
nhdt vi 16n nhat ¢ him
fig) wong (¢, @yl

g=12..m
thi
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—Zm AY < S <. 1 ZML‘Aqu

i=1

vi L m} A, va 1 M A,
2 2

la di¢én tich coa cdc hinh
quat on ban kinh my, M,
vl gde o tam 1a Ag; noi
HEp va ngoal 1Ep voi cung
duding cong Gng véi Ag,.
Céc 19ng trén chinh 13
cic tong  Daxboux cua

ham i\fz((p) trén
2

¥
4
% x
Hinh 54

doan|a, B|. Vay theo diéu kién kha tich, ) 1a lién e trong (o Bl e cd

A
§=

MI—

[73

Thidu:

1y Tinh dién tich S gidgi han
bl nlra duong cia truc Ox va
vong thit nhdt coa dudng xodn
oc Archimede r=ap O<p< 2
{Hinh 58)

Theo trén1a co

1
=— |{a a
2]( @) dy
1 L., 4 .
-t M =—a'x’
2 3 3

2) Tinh di¢n tich § gidi han
bai diing Lemniscate

= ucos2 ¢ (Hinh 59)

Do déi xing ta ¢d

17
S= 4(5 ja coquexigp]_

{

I FHg)de =

¥

2

Fii

(23

| J J":d(p

ol

Hinh 60

Lo’

&
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2. Tinh d6 dai cung dwong cong

o) Tou dd Descartes
Gia s cdn tinh do dad cung /fﬁ cha duding v = f{v) vl
¢ < x = b (Hinh 66)
Ta biét cong thie finh vi phdn cung cta dudng i

ds =1+ 3" dx

Do dé &' = {1+ e

Gia sir v = o) 6 dao ham lidn tue trén je, | thi ¥, [a mot him lién tue cia «
Theo cong thae Newton - Leibniy thi -
¥ e
() - sl = j stade M, yv) e AB
o

. e — .. , o~
s(v) - s(e) la do dii cua cung AM. Vay d6 dii s coa cung AB cou dudng cong

5 b
5= j.‘;', dx = j 1+ 3" dx
Thidy:

Tinh 4o dai cia dudng tron o+ _\.'2 = R
Vi ly do dai xitng nén :

#
s=2 [+ dx
-B

(3(1&)*
]'“ Rz_x 1 }‘: a_x -
R —x-
4yt = 14— = 1R -
—x_ Ru_x..
Do dé
i d\‘ A dx‘ ¥
S=2R_[ — :4RJ- — :4Rarcsin—‘fj = 27R
R\/R- -x° n\/R‘ —x" R

K& qua niy ta di bict.
Né&u duding cong cho theo phuong trinh tham s6
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= \E:; VAo <1< vh (), ¥ €O (), ') lién e wren lo. B
v=y

thi dv= vy dr, dy = y(Odr liic d6 -

s = (Jdx* +d1 f" (f)+ (.’]d.‘

v dé dii cung & cia dutmg cong tuong fl'l’lg v asrs Bl

i
5= j\/;{r)ﬂr'z{'r )t

Thidu @ Tinh do dai caa dutmg astroide = u)s"f
¥=asin f {er > (N
Vi doi ximg nén do dai s coa duomg do bing 4 1an do daj cung ing v
Ogr=? (Hink 61,
2

= 4 _[-J =3acos” 1sins)* + (3asin® n.osr) d!

=12 J\fsinz reos’ f(cos’ 1 + sin’ 1)dr
n

e sin’ ¢
=12u _[suucosrd.f I'}‘a—2 = 6yt

h) Toa dé déc e . ¥ L
X¢ét cung dudng cong
trong tou do déc cuc :
r=fle)via <o p.
D¢ tinh do dii v cna cung

nay, ta dua phuong trinh cua
16 v¢ dung tham sé @, P

azep=p.
Y=reos ¢ = flp)osg
Y =rsin ¢ = flekin ¢
Liic d6 :
dv=|f (p)eosp-Asing|d Q
D=l (@)sinp+lg)cosolde
Suy ra

|

Hinh 61
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s~ N vy
= \."'[.f"iw of + | F1e] de

hay ds=+ o -+-Fd(p

i
va N = _[\fr +rde
vai ¢ = fip) co o = () lign
tue trénfar, Bl
Thidu:
Tinh do dai cua dudmg
curdiode

r=all +cos gl (aw) {Hinh 62)
Vi dai ximg nén do dai s
ctia dudmg niy bang 2 1an
do dai cung dng vo V=@ =7

2

Hinh 62

s jer o= 2jm dp

T

= 2u IJEZ cosde = 4(:].

cos%a’qo = Msin%\ﬁ =8u

]

3. Tinh thé tich

at Thé tich cdc vat thé theo cdc thict dién song soiy

Cho vat the T gém gitta 2 mit phing
v =« viy=hi(Hinh 63).

Gia str cat T boi mot mat phang son

@ song vai cdc mat phing trén ta dute

mat thict dign ¢é dign tich [ mot hium 1ién tue cua x

§=8()

Bé tinh the tich V clia T, ta chia T thanh » phén bat ky boi cic mat phing

PP TCTNE-A G LG 10 L S

bal Ay 7 V=AY
}o=max Ay,
i=1,2....n
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Lay Si € [novial,
U=1.2,..m
Coi gin ding thé tich
cua phan duge chia the /
I3 thé tich hinh wu ddy
cd dign tich S(£) vi
chifu cao Ay, :
SE YAy =12,
va the tich cia T duge
cot gan ding la:
L’J“ = Z S(él ) ‘:\\.i
I
Tu goi 1he tich ¥ cia T
la V= limy,

A vl

Theo dinh  nghia  tich
phin xdc dinh thi

b
V= J. St)dy

Thidu:

\

|
b
| | :
i i

o 31 S

xl(: é{: x}(ﬂ’

Hinh 63

1) Tinh thé tich vat thé T gisi han bdi mat cllipsoide

i) >

kY v

a b

Déu tién ta tinh dién tich § cla thiét dién bt k¥ thing géce vdi Ox.

dé. né ¢6 phuong trinh Li

> =

{cai v nhu hing 8 ).
hay

+—

C-

-

(438

(Hinh 64)

=1

:
|
r'
;

X

Cat cllipsoide bai mat phang X = v thi t duge maot ellipse trong mat phang
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Ta bi¢t dicn tich gigi han bén ellipse ¢6 bian kinh true o, /7 [a wab. Do dé6 dicn tich
thict dien gidi han bai ellipse én ].d

S = b1 \/1-—-, —;rhau—iI: ¥)
- [7

i = | mhe] I—i dx = 2abe X——'; i” =iﬁabc
o i F; ) U 3

a bl

Viy thd tich

Dac bict ¢ = h = ¢ = R thi ellipsoide rd thimh mét cau bin kinh R, va ta tim lai

dugce thé tich hinh cau la i "R’ da bidt.

3

Z]

S

RY

Hinh 64
23 Tinh thé tich V giéi han boi mat iru tron xoay bdn kinh R, ddy cia nd vi
mot mat phéng qua dudng kinh ddy (Hinh 65 Theo hinh, ta ddt AB =/ va xél
thict dicn O'A'B° L Ox, di¢n tich S cuand la:

s=toaan
2
Nhumg (YA'= R° —7 . mat khéc AB = a4
4B A
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Suy ra:

ap=A8O0L ko
4 R
Do do
§ = 1_-’."—(133 - ') = S(x)
2
Vily

Hinh 65

DYThE tich vit tron yoay
X¢t vat tron xoay do hinh 816t han boi cdc duon
quay xung quaih rye Ox tao nén. (Hinh 66}, v
thiy thiel dign cua vi thiing gé6¢ vai true Ox 1
=17 (o)
Do d6 dien tich cia thiel digén dé [a;
S =m = wf )

‘Theo a) thé tich cda vl Lron xoay phii

LX=a, v=bh y=(), y=flo
1) i lien we ten {ar, B Ta
ai diém .+ 13 hinh rdn ban kinl

m i ;-

249



i h

V= j _vzd'_\' =7 I f:(.\')d.\'

o o

Suy ra. néu vil xoay (ron do hinh gidi han boi y = ¢, v = d,oo=0 =W

18 quanh Oy a0 nén U thé tich cliand e
W o

Vo= j \-2({_\- =n j np:(_\‘}a’_\‘

quay chut

L

Vi () 1a hivm Lien tue tren 1o, d]

Hinh 66

Thidu:
13 Tinh thé tich ¥ cuia vl rdn xoay do hinh gidi han be
uanh (1o nén (Hinh 67} Tacd

V=n I _\'gn‘_r =7 j sin v

I},:ﬁrjl—cosl\c o x_sian s _
2 2 2

= y= ax quay guanh Oy tao

Gior=0 v=ay=10

¥ = SINV quay

p
2

2y Tinh thé tich vt do hinb ¥ = 0, v=1h,
nén (Hinh 68)
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74
Y=Sinx
LY
3
'
7 o *
!' X
/
Hinh 67
44
Y
| i
I
| |
- AN
Q_’/ 3

Hinh 68§
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Taco:

i a

%
V=x jx:d_'v =x fL dv= m

Td 2y

Gia ot R i bin kinh ctathict dicn v = 1 hitiry = ax™. Tacd 1 =aR

Suy ra R :’t_—?
e
e do - ! ;r;—?h = —1- AR h
] ]

S s
nghta 1a : Thé tich vat trén bang nta thé tich linh try cling ddy v ching chiéu
LB iy Archinoede).

4, Tinh dién tich mit tron xoay

XéCmit tron xoay do cung dudmg cong v = flvy véi v < v < b quay quanh
()% a0 nén (Ilinh 69).

Hinh 69
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Dé tinh dien tich p cia mal tron xeay dé. ta xét mot y&u (6 Ap cla mat gém
gilfa 2 thiét dien thang géc véi truc Ox @ S(x) va S(v + dy) ; gl st fAv) = 0 wen
la. Bl

Cdc thiét dién nay 13 nhitng hinh tron e6 ban kinh twong dng 1a v va v + dy.
Mot cach gan ding (a coi Ap nhu dién tich xung quanh cig hinh nén cul, cdc ddy
o bdr kinh 12 v va v + dy, dutng sinh 12 vi phan cung ds cua dudng cong;:

ds = {1+ d

nghia la -

Ap = wly+(y + dv)ldds

(Theo cong thiae dién tich xung quanh cUa hinh nén cut = (e + R

trong do 7, R 13 cic béan kinh ddy, 7 1a dutmg sinh).

Vi dy = vy

ds = ﬁ+ ¥ dx
nen eong thie gén ding trén vidt duroc:
Ap= zr[2y+y'dx]\/T+ ¥ dx
hay
Apa 27zy\ﬁ + 0 Ay 4 14 0
Nhung dv’ la va cung bé bac cao hon dv, nén ho yua s& hang tha hai, ta ¢6 -

Ap=2my Jl4p7ax

Suy ra dp=2n yvfrl +_y-'1_afx
b b
vi p=2r j _}‘\/r+y'1dr =2 J. Fxy \ﬁ+ F(0)dx

vOILA(Y) ¢6 £x) lién tuc trén {a, B].
Trudng hop dudng cong cho theo phuong trinh tham s -
=X, y=v) (20), au<r< 6

Theo cong thic licn he = Y0 1 g -

XD
# .
=27 [Wx (0 + 37 (1)

vai (), v{1) eh e, ¥ hién tuc [a, Bj



Thidu:
1) Tinh dién tich p chia mat tron xoay do cung y = s
Ox tao nén (Hinh 70 )
Tacd:
41

.0 < v £ 1 quay gquanh

1
p= ZR’I}’ 1+ v dx
4l

1 —_—
=2,~rjx-‘\/1+9x4dx
o

7
g
2 ] T w
=25 J9xt)d(1+9x7)
36 ;

- aed1io-1n
27

al

Hinh 70

2} Tinh dién tich p cila mat ron xoay do cung cycloide :
y=R(1 - cost) véi 0 <t <2 wquay quanh truc Ox tao nén.

v = R{1 - sinf),

Tacod
v =R(1 -cost) , ¥ = Rsint

Pt )-'2 = Rz(l - c:osr)2 + Rint = aR? sin’ é- © (1 -cost= 2gin” r }
2
Do do
ia 2x
kd b N [
p=2x fyxi+ytdt=2x fr(1 - cost)2 Rsindr
LF] a
ql:r ] '
= 8xaR* jsm"—dt
; 2
Pat o
2
Ta c6 :

p=16zR" jsins udy = —167R° I{l —cos® u)d{cosu)
0 o

= —16aR’ {cosu - cos; 1
3

Chu ¥ : Néu f{x) < O thi ta dinh nghia

I 7 S
;] = ??TR'
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A
S=2x jff(x]|-,/l+f3(—x]dx

6.3. Ap dung co hoc - vat Iy
1. Moment tinh, toa d trong tam :

Trong co hoe ngudi ta goi -

Moment tinh M, !mac M, hoac M, caa chat diém M d6i véi diém 0, hodc
truc Ox hodc mat phing xOy 1a tich ciia khéi luong m coa chdt digm M va
khoang cdch d tir M dén diém O hotic tryc Ox hoac mat phang xQy.

M, = md M, = mid M wy = rrd

Moment finh cla mot he gom n chit diém M, M,, .., M, <6 khéi luong
twong ing my, nh. ...m, 12 tdng cdc moment finh cta cdc chat diém d4.

M, = Z myd, M, = Z i, M, = Z nd,
[ =l i-l

Vi d; 1a khodng cdch i diém M. dén diém O, hoac truc Ox hoac mat phing
xOy.

Toa do trong tam 1, y, ofla h¢ trong mat phing xOy thi duge dinh nghia béi
cie cong thie

M A
_ _
X, = v Yy ==
i b

Trong dé M., M, 13 moment tinh cha he doi vii cde truc Ox, Oy con
"= Z 1 18 khéi luong ciia he.

1

Toa do trong 1am xy, y, 75 clla hé trong khong gian Oxyz thi dugce dinh nghia
bai cic cong thire -

M M, M.,

= . 1,.'0 = - N :[] = —
m m m

Trong dé M, M,,, M, 12 moment tinh clia he déi voi cic mil phang yOz,
20x, xOy.

Bay gi& vao dinh nghia nay va dp dung tich phan ta s& fim moment tinh va
toa do trong 1am cila mét s6 hinh dong chét c6 mat do khoi lugng p =1

) Dircng cong p;’nfng :

Xét cung dudmg cong y = f{v) | vOi fiv) 20 vaced f(x) lién tuc

¢«<xy=b (Hinh71)




Hinh 71
Xt mol yéu té As cua cung va lay | didm M(x, y) trén yéu & dé. Theo gia
thiet khai luong ctia As 12 As.1. Coi Khoi lugng d6 tap trung 1ai diém M thi cdc
moment (inh AM,, AM,, AM, ctia yéu 15 As duge dinh nghia la:

AM, = Awx vy AM =Asy 5 AM, = Aw
Ta biét
Avzds=4f1+ J__.n“-- dx
Suy ra

dM, = x 1+ 7y

Viay
o o I o
M= J\'I'[XJ +_1_-—’ \ﬁ+ yr? oy M, = j‘}u \“+}I._ e
f

Theo gid thi€t thi khéi luong cha cung dudng cong nt = 3. I, & 1a do dai cung,

ta biél -

-

h B .
§= J\‘."I +37 nén o m= I\."! + " ddx

Ngisil (a dinh nghia tou do trong tam ctia cung duomg cong L
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.J.‘x | +?air

o

X, =

S S
J l+'1-:(i\“

Thi du :

T M M, v v cla
nra dudng 1ron déng chat
I1'=\;'{.|"€“—x“ RS ER

(Hinh 72)

Vi na duong  ron
dong chat nén theo (ink
doi xdng suy ra trong (an;
(v ¥y cla né phai & trén
true Oy, nghia 4 v, = ()

Mo
nhung, v, =- L nén M =()
X, 3
m
Ta chi contim M., v,

Theo trén

P4
gy
S

I3 r
T
M = VR - 1+
. ,[ v'
3
=R _[.:i\- < 2R!

C_ MRt g
T Tt
Vi m=y=nk

by Hink phinyg :

X¢I hinh thang cong giGi han
hot civ dumg v = flx) > 0 va lien
we, trye Ox, v =¢, v=h

(tfinh 73).

X<t mot yéu 8 AS ¢ta hinh
coi gin diing 13 hinh chit nhat ddy
/v chidu cao v, lde d6 khai

h
Jy\,l I+ 7 e

[N
R 2 x
Hinh 72
q
f
|
k
|
Z _
o ax 4 x

[tinh 73
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lugng cia AS 1a y.dy.1. Bay gid coi khéi lugng nay 1ap trung tai (am hinh chir
nhat thi moment (ich AM, cia AS: duge dinh nghia li

i 1 .
AM vy —y=—ydx
M=) 2} 2}

Suy 1 :
. 2, N 1 2
dM, = — ydx vii M, =— yoddx
2

Tuong tu ta ¢4 the tinh Mg, M, xp. yo-

Thidu:
Tim M _ ciia nra hinh rdn y= \/Rz - xiu ., y20
TacH:
i " P .
_ 1 R N 22y f 3 X" hig 2 s
M, =— (R -1y = | (RP-xwdy =) Rix—— ‘G =R
2 3 : \ 31673

) Vér thé : Ta chi tinh moment tinh v toa 46 trong tam cGy cac val the dac
biét qua cae vi du sau

Thidu:

13 Tim monent tinh ¢tia hinh nén trén xoay ban kinh R, chiéu cao h dai van
ddy cua nd va xdc dinh toa dd trong 1am cta hinh non dé (Hinh 74 ).

Gid s true ctia hinh nén tring véi true Oz va diy clia hinh nén O trén mat
phing xQy. Xét mot y&u 3 AV clia hinh non gém gitta hai mat phang Z = = vi
7 = = + d=. Coi AV nhu mét hinh tri ban kinh #, chidu cao dz thi khé&i luyng cua
n6 1a mdz.1 va moment finh cha né d6i vai ddy 1a

AM,, = nride.
Theohinh = h—z
R h
Suy ra F= &_:)—R
h
Y R :
Do dé AM | = 1— Ah—2) zdz
. P
- R
Suy ra dM = ;rr?(h—z) zdsz
vit M I:;rRz P‘J‘(h—z)lz -.v:..l_;erhs
» no 12
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L3 |

Hinh 74
V1 hinh nén dong chat nén do tinh dai xung, trong tam (xy, vy,
phai & trén trye Oz, suy ra x5= yo = 0, 1a chi con tinh g
Theo trén

Zp) cua nd

| 1.2
M . J‘TR‘-}]
:D = id :—I :—k

Vg 4
3

2) Tim moment tinh cita hinh bdn céu bdn kinh R d&i vdi ddy cha né va xic
dinh trong tam cta bin cdu d6 (Hinh 75).

Gia st bin ¢ ¢61am tai gée O v ddy ol ban ciu trén mit phang xOy.

XEt mot y&u 16 AV clia ban cdu gém giita 2 mat phing Z =z vd Z = 7 + d=.

Coi AV nhu mét hinh try, chidu cao ¢z ban kinh r thi khoi lugng cia AV |3 -
nr7dz.1 vi moment tinh cia AV déi vOi ddy 1a AM, = M.z

Theo hinh r=R-2
Do dé AM,, = nR(R® - 2)zdz
Suy ra dM,, = MR - Yz
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i
N ) s 1
va M_ =x{(R -z )zdz=—nR"
. I .

Trong tam coa bdn chu phii & trén truc 02 va ¢o cao dd 1

Hinh 75

2. Moment qudn tinh :

Trong cu hoc, ngudi ta goi ©

Moment quén tinh f, hodc 7, hoac I,y cha chét dicm M c6 khéi luang dsi
véi diém O, hode truc Ox hoac mat phang xOy la tich cia khéi lugng m vi binh
phuong khodng cich d tir diém M dén diém O, hoic truc Ox hodc mat phang
x0y:

fy= md” I, = md” Iy= md

Moment quén tinh cta mot hé gom n cht diem My, M», .. M, ¢6 khéi luong
twang tng & #ry, At . m, bing t8ng cdc moment quan tinh ctiu céc chat diém
cua heé :
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’ N o

ly= Z md. I = Z i’ . f,= Z e’

Pl + [
d; 1a khodng cich tir diém M, dén diém O, hodc truc Ox, hoac mat phing
xOy.
Dua vio dinh ngha niy va dp dung tich phan ta s& tim moment quén tinh
cla mot 86 hinh dong chat.
gid st ¢& mat dg khdi lugng p = 1 qua cdc thi du
Thidu:
I} Tim moment quin tinh /; cta hinh tron ban kinh R d6i véi tam O cia ne,
Xét mot yéu té AS cua hinh ron gém gilta hai dutng wdn bdn kinh 13 » vi
¥+ drcung tim O (Hinh 76). Dién tich ciia AS 13 R+ drY -t = 2 redr
Suy ra dy =2 mr. v (vi cing cach O mot khoang r)y. v
it i
{,=2m|ridr = Ll

[A]

Hinh 76
2) Tim moment quin tinh cla hinh non & hi du Tymue 1¢
a} Boi vai ddy
b} P61 vai truc cta né (Hinh 77)
a) Theo thi du d6 va 1y luan tuomg tr la di dén
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1

an 4

1

[ ==

h) Bé tinh [, 1a x&t
mét yéu t6 AV cha hinh
nén gém gida hai mat tru
bin kinh » va r + dr cing
tam (). v cde mat phang
- = (). - = ¢ th tich yéu &
nay 1a 2 trdre
Theo hinh £ = R-r

h R

(1Ginh 77)

Suyra: ¢= ;_T -
¥ C R(R s

Do di. khoi luemy ¢na yéu
1 AV B

h

it

jm- )P lde = LIgEPe
30

Zj

Hinh 77

2 ardr. %(R — Ir]_] = EZE(R _ r)rdr

v momeni quan tinh cGa né déi vai truc Ozla:

h :
df = Z-R—H(R— r).rordr

Vay ! I

3. Tinh cong cia luc :

X1 bai todn don gidn

Tinh cong cin thiét
d¢ mang hét nude 1 mat
ong hinh tru bin kinh R,
chidu cao i ra khoi 6ng
dé (ir miéng Ong Ta
neodi) (Hinh 738).

LAy truc Ox 13 true
cua hinh try, diém (3 0
day trén cda hinh try va
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(R—r)r'dr =imfe4h
10

Hinh 78
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Ox hudng xudng dudsi.
Xé1t mol yéu t6 AV

cla nude gdm giira hai

mat phéng At

X=x. X=x+dx g /

Trong luong cira yéu x

: /
16 nay & 7R .dx.] dx /// W
O

B

=y

va cong cin thigt dé
mang yéu (3 nay ra khoi
ong  hinh wu 13
TR dy x

Do do, cong cén
thi¢t dé mung hét nudc
ra khoi éng 14 :

8

h 2402 Hinh 79
A=k J-xdx:E? h
V) 2

4. Tinkh dp luc cua chdt long :

Xét bai toian dom
gian :

Tinh dp [y clia nude
lén mot dap ABCD nhu
hinh v& voi dudng cong
BC c¢é phuong trinh 13 g
¥ = fix) (Hinh 79). ¥

Liy true Oy wén
mat thodng cla nudc,
truc Ox 13 dudng thing
AD hudng xuéng dudi.
Xét mat 16p mong dv
cla nukse, cach trye Oy Ic
mdl doan x.

Hinh 80
Theo dinh luat Pascal : Ap sufit ¢ d6 sau v 1a o.v , @ 1a trong lugng clia mot
don vi thé tich nudc. Mot cich gdn ding ta coi ldp mong én 6 dién tich 1a y.dy
thi dp lye cta 16p d6 Lén 4ap 12 : exydx. Do d6 dp luc cha nude trén dap la :

263



A
FP=w J avely
i
Frla do sau cla nude.
Thidu:
Xédap 6 hinh bdn nguyét: y=+/R* —x* (Hinh 80), x = 0, thi do tinh ddi

xing ta co .

w2

2
: 2

R‘

Tt e
P= E(w)J‘x\/Rl Cxlde=—(RP—xY)'"

§7. TICH PHAN SUY RONG
7.1. Tich phan ¢6 can v6 han

a) Binh nghia :
Gid sir flv) xie dinh trong khodng nra vo han [er, + =) vd kha tich trong moi
doan hidu han |a. b

A
Ta goi #]im Jf(x)dx ka tich phdn suy tong cba fv) wén (¢, +=|.

- h
K hicu jﬂx) dv= lim j Fx)dx (h

Néu gidgi han (1) tén tai (hitu han) thi tich phan goi 14 hoi tu, nguoe Tai nghia
13 gidi hao (1) khong (8n tai hoac bang vo cung thi tich phan poi 1A phan ki,
Tuony g ta dinh nghia :

f
B

J fivyde= .Iim I)‘(\)d\ (2)

Vit If(_\') dv = J‘_f'(.\') dv + jﬂ.l’) dx ceR (%)

407
Jf(.\') v héi w néu hat tich phan & v& phai héi tu. V& hinh hoc, trong

trudsng, hgp héi w, cie tich phan suy rong (13 (23 (3) bi¢u (hi di¢n tich hinh thung
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cong diy vo han (f{v) > 0). Néu Flxey la mét nguyen ham cia Sy rong khoung
duge xét, ta cling ky hicu:

J.f(.\'}(.".r = f(+x) - Fla) = F(I}’:m

o

J‘f(_rjd_r = Fla) ~ F(—x) = F(—")J d,

I SOy = Pz - Fes) = Fo”

-
nhung chii v 1 F(2oe) = i Fix)
=T
Thi du:
o 7] kS
- : - Lo
D fe™d = lim e gy = lim ——— azx0
Bt b= g
1 4] N
1 ! 0 T
. - - L ax> .
= lim —-[I—r' ”"’]: p La=0: Ie“"d.r =+
b—star ¢
+om s oa< () 1

1

Vay tich phan hoi tu khi o > 0. phan ky khia < 0
e v +
2) e = arctgy =drctgl+x) -0 = I
I+ 52 ! 2
{l

vl

dx ju T n
I = arctg.rr_w = arcigl ~ arctg{—ao) = - | -2t = E

2

I+ x 2
-
LA il
. dy J' 75y . iy T . T
Vi —_= |- —— = — 4+ L =g
Paa? [+ 2 1+ 52 2 2
- .o 4

Vity cic tich phan da xét 1a ihdi tu
Vé hinh hoc: Dién tich hinh thang cong diy vé han bing  (Hinh 81)

LRt i
1) J"—i 1>0. >0 ol
i .
+ .
et dita=w' d" 20> % = Jt“ dx = +o0 == (ich phan phan ky).
X
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oy o . b -y 5,
—= = lim j = lim - — = @l néu o > 1
x” hove s boaan 1_ar

tw nfuo <l

o o

1
L e Lo l ! _l__

=1 : _[ = lim j—~—iim(1nh—lna):+00

hosrd hoyra

Vay o > tich phan hoi tu, (< o < | tich phan ky.

g )

I

-

Hinh 8!

b) Tiéu chudn hoi fu :

1° f(e) gifr nguyén mot dau: flv) =2 0 (=20}
Néu flv) gitt nguyén mot déu, chang han fix) 2 G1hi
i

Fim = [£Gods

i

13 mot him don digu khong glam, theo téu chudn tén tai gidi han cGa hamn

53 la suy ra
L "
Pinh Iy : _[ fiay de vGi fln) > 012 1o tei Khi va ehi khi F() = [ £ (0)dx

bi chan trén khi 1— +=
Tt dinh 1§ nay tasuy radé d
Tiéu chudn so sdanlt ;
Néu -
Ly iy . gita) kha tich wén |«, b} ¥h € Rval < flx) € gla), Yxza

ang hé qua sau got la ticu chufn so sdnh.
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2) J gl¥dedy hot tu ( Jﬂ.\') dv phan ky) thi J.f(.l.') dx hditu ¢ j gy

phan k¥)

e n
Thue vy, j £(x)dy héi tu thi Ig(x)dx bi chan tén nghia A 3 M >0 v M

7
glx)dx <M

[

5
Suy ra jf(x)dx <M

Theo dinh 1y trén J' A06) d 11 hoi .

!

4 "
Neu [ /i) dx phen ks, thi () = [rendc =+ = khin = + = vi ham

F(n) la don di¢u khong giam.

)
Do do _[g(x)afx >+ = khin - 4
Vay I £(x)dx 1a phan ky.

a

Tir tieu chudn so sanh ndy, ta suy ra tiéu chufin sau, <o sdnh véi him E,(Oc:‘(])
x“

Tiéu chudn Cauchy :

New ton tai cde 56 > 0, M > 0, o > | sa0 cho f{v} < ﬂvéi =V < 4 thi
X

+az
tich phan j Ay dr hoi ty,
a
Con néu o < | sao cho fix) > ﬂ véi ¢ <.x <+ = thi tich phan phén ky.
xu
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Thure vy, dp dung tieu chudn so sdnh ren véi go) = M/ ta ¢é tigu chuan
Cauchy.

Tir tigu chudn Cauchy suy ra

Hé qua I:
Néu vaic > 1. lim floe' 10n i (hitu han) thi If(.r)dx héi .
NEy e < L vatdn i lim f{a)x®” > 0thi Jf(.r}d.r phan k¥.
A=t y
Hé qua 2:

Né&u khi x — . flx) 13 vo clng bé bac o > 0 s¢ véi 1/x thi tich phan
j' Flxsdx Bl tu khi e > 1 vi phan ky khia < 1.

. M
hay: i) -~ —-. (x> ey M>0.u> 1 ()= I_f(.\']d,r hoi W (phan kL
X

1}

Thidu:

+1 i
1) Xét I = j{’_"_{f.t =2 J.e”' de vi et 1a ham chdn.

- 11

i ] 4ot

. . 2
fi= j(’ Yy = je e+ I{' *dy
11 [} H

Tich phan (it nhat ¢ vé phai ©n rai do ham e™* & lién e trong [0 1]
Xét tich phan thit hai je“"h dr véixz lLthi ¢™ < ¢
{

Theo thi du o (7.1) thi j(.’ Fede hoitu.
1

0
2
Vay theo ticu chuan so sinh jc'" dv hdt .
1

T désuyra 1, = jc’_"'d.r 1a hoi tu.

3]
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Vay i= ‘Jie"r:ak = 2v.|£e"':dr hoi ty.
cx 1]

2) Xé1 - so 4
Jinx
Tar o6 1 | T
u co o wdiv22
Inx x

! ¢ dang M voiM=1,a=1
X x
Viy tich phan phan ky.

_ hoity, vi khi v2 !

T[\fl+—.ﬂi]+x1

1 PR [a_7>]]
Jf:{ﬁ? v‘_l.-'zxz-ﬂ - e 6

4= jﬂd‘ \/F - L Kkhix — =

1+ x- l+x"

n
Viy tich phan phan ky.
2”_}‘”{.\') céd dau oy v :

B xét suhéi 1 cia J JLO v vEi vy 6 ddntuy ¥, tacs -
Rinh I I : ncu _ﬂf(‘ )]dx hot tu thi tich phin J. Sty dvhén w

Chuing minh :

Xét f‘l{x):M{L;f(ﬁ , f:(x)zv{—x)t&
thi O/ |f(x) . V<filus |F(0)
Theo gia thié _lr.‘f(x)|dx héi tu.

Theo ticu chudn so sdnh thi -
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+x +an

j Fiioydy, j f(x)dre hoiw

Mat khéc Ay = £l -0
Vay j‘ JEay dx hél w.

Tir dinh 1y nay ta duva ra
Pinh nghia :

+x : s
Neéu I'if(.\']!dx hot w ( j. fia) dx hoi 1) thi ta goi j‘ Ax)y de 1A hoity
7] 1] o

wuyél doi.

Néu Pf(x)|dx phan ky ma J. F(x) dv hoi tu thi ta gol I fixy dv la hdt

khong tuyét doi hay bin hoi ty hdy hoi e e diéu kien.

Thidu:
1) Céc tich phan jﬁﬂdx Iy o 4ahoi w wyet doi
Sl T - 1+ x°
vi CosXx < 1 sinx < |
P+ x° b+ x° l+x3 1+x°

Tadabiét | ' lahoiw (7.
pi+x”

ST +o

23 Xét tich phan j‘ flx)y cosxdy j fiv) sinvedy , 10 rang cac tich phin niy
. B o
~hoi tu tuyét doi néu _j|f(x)|dx héi .

u

(Vi |f(x)ycosx|<|f(x)] . |/ (x)sin x| <] f ()]
Pinh Iy 2 (Dirichlet) :

Né&u p(x) 12 mot ham sao cho haim Fx) = j g(x)ely 1a bi chin khi v —> + = thi

o
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'j‘f”_("'ldx A hoi Y & >0 (a>0),
XY

Ching minh :
Tich phan ting phin ta cé

[ [ro L a0 200, LN
. Nhunﬂ E\Tdt la hoi tu tuydt doi, vi theo gid thist Fiv) 1 bi chan nghia
la |F(_:)|g M, >
Suy ra |}£}|)|£ —- ma T Hl_dx lhoiwdoa+1>1 (o> 0y,
x X

u

te=|

theo tiéu huan 50 sinh thi J A)Pr la hoi .

al”

Mt khac lim f'(b_] =0 ciing theo gia (hict ay,
han b
h . .
Do dé Iim Fg('—")dx _—Fla) s J’F( x) e tOn Lai
e at Jx
nghia 1a J’ q’*__ de 18hoity Vo> 0 (a> 0)

Thiduy .

1) Xét cde tich phin Ism * J’CDSde (a, a>0)

Bt (1) = siny trong tich phan thir nhat thi -

Iy
= Isinxdx =
.'

]

|F(.\‘)| = I(p(x)ci\‘ lcoser - cos.\‘| <2

Viy gia thict cva dinh 1y 2 13 thod man va tich phin jsmde (e, 0> ) a

of
héi e, trong jf:m_xdx (. &> 0 ciing héi ty,

o
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Dac biet T a =1

Tuco J‘Sln‘\_ A lahoiw.
u *
L. sinx i
Vi ||m_..n_ = 1. néncathe lidy e=0
Xy
. 'rsinx 1 ) i
tacéd (ot gy lahoiw(tich phan Dirichlet).
x

1]

LS .
Xél ﬂSIIU("dx« 1 rang lich phan ndy phan ky, vi néu nguye Tal thi theo
x

n

ticu chuin so sanh.

j?‘l_"*xdx (@ >0) b boi W (i sio’y < [sinx) hay L j'—’ COsIY g o
L x @ x
héi 1.

Mal khic ! -{L% g 18 hot e (theo trend.
2 X

!

. 1 'tcos2x 1 f1-cos2x 1 "y
Viy — [——dx ¥ = dy = - |
2 '[ X 2 J X 2 Jx

12 hoi tu, dicu vo 1§, vi nhu da biétd (7.) j“’-_" i phan k.
X
Vay tich phan Dirichlet 12 ban hoi tu.
21 Xét _[Siﬁdx . theo thi du rén, 6 ddy a = _1 =
x 2

a

Viy tich phan 1 hoi tu.

X¢1 cae tich phan .[Sin s Icos.‘cldx (Tich phan Fresnel)
[H] O
bl V=i

2 1 esint
sinx’dy = — | —=dt
a5 1

Vay tich phan 13 hoi tu (theo ren).
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Tuemg ty _[cosxza{t la hai 1.

Chay:
Ta di xét cie ticu chuan hoi tu doi véi tich phan jﬂ.\')d_r, Dé dang thict lap

duge cie ticu chudn hoi tu doi véi Lich phan J_f{.t)cf_\'
7.2. Tich phan cua ham khong bi chan
a) Binh nghia :

Gia suham fix) bichan va kha tich trén doan ja, h-€]. Ve O <e<h-uva

khong bi chin trén |h - &, b Khi dé » goi [ diém bal thuomy, cta f{v) va
LS

lim _[j'(.r)fir {1) goi la tich phin suy rong cla ham fx) trén [a. b
P

I3 h-r
Ki hicu ; J.f(_r)a’x = lim '[f{x)rir

Néu gidi han (1) 60 1ai (hitu han), thi tich phan suy rong goi 1a hol tu, néu
nguese lat (1) bang vo cung hoge khong tén tai thi tich phan £0i Ia phan ky.

Tuong 1, 1a dinh nghla cdc tich phan suy réng
h =
[£(x)dx =1im If(x}d\f
Lol

néu iy khong bi chan tai lin can phdi cha diém o, the 13 « B didm bal
Lodng,

Lo

If{x)dx-hm Ij () + j/ X)dx

néu ¢ a didm bt thudng « < ¢ < b tich phan hot (1 néu cdc gidi han & vé
Phat (on tyi. vé hinh hoc tich phan suy rong clia ham khang bj chin bi¢u th* dien
tich hinh thang cong ¢6 lung dé v han (i) = 03 NEu Fv) 1a mot nguyén ham
cha flx) wen o, b - ] thi ta ciing vidt -

J'f(.\')dx =lim F(x)‘:"' = F(b-0)- F(a)
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vl Fh -y = lim F{b-£)
e+

1

-
Thidu: 1) Xéif, = I = lim arcsin x = limarcsin{l —£€) = I
1-x~° p—sll 0 g+l 2
11
Godx s
Tuong tr 1, = [——_7 ==
9 \[1_— X -
o de S e dx
va I=l-—=—== | = ot ———==0+l="
.":\J'I—X' ..J;w"lJ.\" sNl-x 1
h dx h |
2) Xét j—"—.cwo (o< O: j 4|3 tich phan thuong)
o (b_x}u u (b_'\-)u
b 1a diém bal thuéng
Theo dinh nghia:
4 | -t ' 1 b
j—-i_— = lim j—-‘—"'—— = fim (b x) Y
‘ (b-x)" g0 ; (b—x)" e 1 -0 “
i R R
(b-a)™* L lea g-b—ﬂ-)— néu o <1
- +——Ilime = 11—
1 - =1 e s .
+ néu o >
] y
X . - .
Volo=1: S lim ln(b—x}lb = ln{b—a)—liming ==
b—x £ —sll da gl
i
I It
Vay %Y hiwndu0<a< 1 phankynéua L.
(b-x)*
[
h dx
Tuong . Y jeiwnéu0<a<l phanky néua z L.
X (x—a)"

L .
arcsin .y

3) Xét ]'
0 \'1'”-‘2

v . didm bt thuemg v = 1.

1 . . 2 2
arcsinx (arcsin x) _m
= dy = =
avl—x” 2 { 8

Vay tich phéan hot w.

274



4y Xét j Invelv, diém bit thuong v =0
o

L
‘[ livedy = (vl - O ‘{1} = -1 : Tich phén hoi tu.
o

5) Xét J‘ dx = In(ln x)}f — o : Tich phan phan k¥

P xIny

bj Tién chudn hoi tu : Tuong tu nhu d6i véi tich phan jﬂ_r)d,r . 1a ¢6 thé

i
b

lap edc ti¢u chudn hai tu tang g déi véi tich phén j fix)dx vii o hodc b hode
il
. j.‘
¢ a < < bladiém bt thuomg cia fx} . Chiing hun d6i voi tich phan J. Rxdda
o

véi b 13 diém bat thuimg cta fix) , ta cd tiéu chudn Cauchy :

Néu 16n tai cdc s c < b, M >3 < 1saocho o< f(x) <

(b-x)"
A
viic < v < b J._f(.\')(.’_\' hoi .

o

con néu o 2 1 sao cho flv) > M

(b-x)"

v6i ¢ < ¥ < b thi tich phén phan ky.

Héqudl :
b
Néu o< 1 vl limfly) (5 - ©)° 16n 1ai (hitu han) thi jﬂ_\')rh‘ hoi .
x—h

b
Néu o = | vaton tal : li_r)];lf[.\') (h-x)*>01hi jﬂ.r)d_\' phin ky.
A 1
u
Ta ciing c6 hé qud 2 :
Néu khi x — b, fix) 13 modt vé cang 16n bic o so v _ L thitich phan

h-x
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h
J‘ F(x)dx hoi tu khi 0 < o< 1 v phan ky khi o 2 1, hay fix) ~————
y b-0)¢
b
Khix > 6. M>0 0<a<l@z])= I_f(.r)dx hoi tu (phan k¥).

Thidu:
) j_;i{__ . x=11adiém bat thuomg.

Ta co: : ! = I ﬁikhi.\f%l

\/l—r i/l—,t‘ i{/l+_r+xz+_r3 %

Vay fle) = —= 14 vo cing 1én bic l < 1. s0 v6i
4 1 _ ‘\_4 4 ]. - X
Viay tich phan 14 héi tu.
mi?
2) jln sinxds .+ =012 diém bat thuong.

3]

khix — 1.

£
, sin"x. Insiny — 0 khi x — 0.
SN Y

Vai 0 < a< | thi lnsine.y™ = [

Viy tich phan hoét tu.
l
3) Xét l‘i . x =1 1a diém bat thudng
nx
11

Inx

O day ~» 1 khix— |

Vay tich phan phan k¥.
Chit y:

Ta da xét tich phian suy réng jf( e | If {xddy)

Ta cling goi +ec (—0) la di€m bat thuong cla tich phan nay. Bay gid xét tich
phan d6, nhung ngoai diém bit thudng +eo (-0} con ¢6 nhitng diém bat thudng
khdc ¢, : a € ¢, < 4+, i = 1.2, ... n (1ai 1an can ¢, ham fix) khong bi chan). De xét

su hoi 1 cha tich phan, ta phai phan tich tich phan thanh tong cla hai loai tich
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phan suy réng d3 xét (1ich phin cla cie ham
v han).

Thidu :
Xét sy hoi tu cda:

khong bi chan va tich phan c6 cén

"L u b
I x_._d_\» “diem bl thudmg i + = vit didim 4 = O ki a<|.

nl+x
L P | -l tE |
T X X x
T co 2 v = f—~—dx+ f—-dx
dl+x al+x Pl x
Tich phan thir nha hoiwkhil - g < | hay o > 0 (vé ciing lin bic | -« so
oo
val — ).
X
Ttch phan thi hai hoi tu kli 2 < o > 1 hay o < 1 (v0 cling bé bic T - o so voi
l
X

Vay tich phan 43 cho hoi tukhiO<g<l,

b

2y {x"edx =T {72} goi la tich phan Buler loai hai hay hiim Gama

0
Didm bat thuimg o va 0 khi p <1

| + 3

Uip)= Ix”"e"'dx+ _fx'” 'e “dx

o |

Tich phan thi nhat hoi wkhi g >0 (vo cling 1én bilc 1+ p < 1 so vdi 1 1.

X
Ticl phan tha hai 1on tw v mot p=0 vikhig 1.
| ¥ e |
xte X R
: . — 50 Khives+or
l ef
‘rfl

Viy tich phan hoi tu khi P>
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BAI TAP
*{, Tinh true tidp (W dinh ngha) cde tich phan:

B L
D) [xtedr (o R, O<ac<h) D faax D)

3 ]sin xddy 4) ]costd.’
1 1]

% 2 Ching minh rang néu fv), gly) kha tich rén | «, #| thi cdc bam sau day
ciing kha tich wen | a, b

I)_I1_1 ( sup f(x) inf £{x) = (} vir cling dau)
Fx) i b e
2) \[ (3} iy >0, Yy e lab)
3y fivy . gty
* 3_Ching minh rang néu:
[) f{x) Kha tich trén {ab] 1 fiv) kha tich teén mot doan bat ky
la, Bl < leh|
2) vy Lién tue v khong am trén Jette)
h
j.f'(-\')fif =0= f(x)=0, V€ ea.b]

h
33 f(x) kha tich wen [ah] vz fiv) >0 ¥y e lu,b] thi _[f()»)d) =0

o

*,
1) ‘j(1)| Kha tich trén [} thi fix) ¢6 kha tich trén 1,2} khong ?
[0 txelf vo 1y
23 Ham Ricmann f[l) — r
T

m, > 1 nguyén té cing nhau,
¢6 kha tich wén [0,1] khong ?
33 flry Khat tich tren [a,hf va A <flu<B, Yy e lubl, 0 ()

Kha tich tren |4, B] thl ham hop ¢ /1 V3] ¢6 kha tich trén | b| khong ?
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5. Xac dinh dau coa cdc tich phan:

1 _[xsin xefv 2) J.ﬂn—ru’x

3 _[r Inxdy

ta

6. So sanh cde tich phan:

g = :J-sinw,wir I, = ]'sin: xelv
D fe I, = I "y
Bore J" * cos® xex /= I’ " cos® xdx

7. Udce luong cdc tich phan;
| —_
1) J-\,-"I'-'l + .\'1 edy 2J

o

kY ]‘x\/@dv 4) j —c."x

T

> 1 X
5 [ i 4= sin” xd

8. Tim gid tr] trung binh caa:
1 fix) =" wen [0,1]
) flay = \/:‘C trén {0,100]
3 Ay =sin'e wén [0, ]

9. Chitng minh:

I 2
1} lim J-—I'\—dx:O 2) Iim‘jsin” xeb =0
L

NoErT

* 10, Ching minh rang: néu flv), gl kha tich trén a.b] i
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' Ler

Uf(“”h()dl

1 \] F(x)el)dx

(Bl ding thic Schwary (Cuuchy EyHﬂKOchFﬂ)

e o] Jos]

(Rdl dang thie 1am piac)

11. Tinh dao hiam cba cic him o

D f{x) = s (2> 0)
|
2y Hx) = _[e "t

3 jcosf et {(x>0)

 i(x)= Jlosm dt

(AT

12, 1im céc gidi hane

1 a

Icosr i j(an:tg{]: i

1) fim 24— 2) fim —m——
vorel

x R \/_ +1
m‘]’.@m 2x Ie “dt

H lim——s—

&

TR

IJsm.‘d!

*13.
1) Cho f(x) licn tue ¥y >0 va lim }f(\;) =

1

Chimg minh jim If‘(m-)d\- =4
2y Cho fy =0 v lien e Fazl)
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]-.f/ ()i

Chitng minkh b L don dicue tng ¥ 2 0
= go(x) S — LU g
_[_f(f]dt

14. Dung cong thie Newton - Leibniz tinh cic tich phan

| -1
DI S 2 —-{h— 3} fsee” ada
,'I’.J\"'! F3v 42 2) J H -f
1]
4) f 5) j’ ydr g Jsin® gt
dx—x '\/} + I 0
g sin(In
7y 8) _[ (_x oy
X |Il X
9) J-colg‘ww 10} j-d? - -
%12) I_ oy g <
+2xcosg +I
*13) J— dx *|4) J _ {cthr ()
oI+ ecosy a” sin” A+b cos” x

15. C6 (he dp dung cong thite Newton - Leibniz d€ tnh e tich phin suu
khong?

vedx Tosect x ed
1y [£2 2 ——dr 3 (a ct ]dx
'|[ x : P24 tpTx ) I(JA e

4) ]_\_‘\/I—_ch\' 3) _[ ( j:\J‘

16. Nhis tich phin xdc dinh, tim lims, néu:

Mo

2 -1
.

"R "0
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2 Sn = —— 4 —_ -
e+l w42 H+H
p ey . _
3 8 = 1 =ttt {p=h
n't
3] n "
4" '\“ = 4t
noxlm o2 Ho+n
W o7 sin2r sinla— 1
3s :—Lsn’—* uid (n-1) |
" " I # J
#fy L T 1
0) g —sin=y —— pos
il Fra
#124+cos
s

17. Dang phuong phip tich phan tung phén tinh.

| a
Ly j\ T ey 2) chos_\'d.\‘
1] il
3 Ie"’ sin xdx 4 I.\'arctgtdx
o
* 18. Chimg minh cdc cong thae : (n k10 € N)

Ty
oo
vl
-
|
—
—
— 1
| =
|
.
—
1
| —
| —
-+
——
|
—
_—
—
—

™~
t_.-1-'
o
[ﬂ
ko
2R
=
=
=
"\
ol
1l
T
—
o
M|“‘,’,
+
+
|tq
o

: ul '?r
Mo = _[cos xcosmydy - ——
h 2

Y H, - I S " vy = {(-1)" 0 ”.l)ml

o " (1= 1){m-1)!
S} Bm.u = _[X h(I _-’C) IdX: m

(Hfam Beta hay tich phan Euler loal 1)
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(2.*‘;‘1) !(211)!?1’

6) ¢ = _[sin“’ xcos™ xadx = ———
o 2= m!n!(n': + nr)!
19. Tinth cde tich phan sau bing phuong phap ddi bign.
| — [—
L-x? Jat -l
b j——q—dx 2) J.— — iy
E X : X

b e -

—dx 4}

“ & v +3 J j:\/;x " I
> .Il. EX = 6) I(l-.\':]”u'_\- (ne Ay
|(I-+—.\::)_
I "
A LY rg) 1_4_1 N
[77=  tew) j {
*{)) I )_sml *10) J‘In(_"_ﬂdx
I+c,os X 14 x2

il
*20. Chine minh cic cong thic:

A

1) J'_/'(x]dr - (b—a)‘[f[a-i-(b— a)x]d\‘, (F () lien we wen Ja,h)

o

2) ]f(sin ,\‘)dx - ]f(cosx]d.‘f, (f () lién tuc trén {01
3) Jx (sm X)de=2 If Slnx Yo 0 li€n e e [0,1))
oo i

U(_\') tudn hoan, lién tuc ¥y € R, chu k¥ T.a e R)
* 21. Chiing minh:
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284

IR ""44 7?:2:’:

& lim -
2w 1335 (20— (204 1)
{cong thide Wallis)

3 jlm r]( :~{
12n

0 CH A B

chR=m

[xJ

Vai p () L [(‘ ])] n=0.1,2 .

Al e
(1u thire Legendre)
* 22, Tinh ¢ic tich phin:

In-|

4 LT N .
1y, J-(sm.\ _CU”W e
_ : Ny
! SIY + COSY/

2) J= !{1 +x—l)é*""l""d\:
’ x

k]

N o= ]’sign(x—x" )d_\'

:ﬂl n _\‘|d_\‘

5) = jf(x)sin%zx

6)/ = JJ.\'sign(cosx}dx

8]

23. Tinh gin ding cdc tich phin suu bang phuong phap Stmpson:

1y 1e v dé chinh xic 1t

Ol—._"_

ar - . M -3
v vai 46 chinh xdc 10

l—lsin3 X
2

O]
—
= [



24. Tinh dign tich cde hinh £161 han boi cdc dudng:
Lha+y=0 | y=2y oy

v =" R y= 2 y=2
2
Hy= Lo X
I+x- 2
HEL X e
A
S)y=2" y= Loxr=0
6) ¥ = |lgaf oo¥y=0 . v=01 .oo=10
Ty= (r+])1 y=Esinay . y=0 . O<y=]
1
*R) 7 = N X =2y
) Ja—x'
9) vy = 2v, V4t =
Iy +y =16, Voo (1)
Iy = ucos'tr._ 3= hsin'
L21 v =a (2cost - cos2n)
¥ = al2sing - sin2)
13) o :_‘?ﬁ' v 29 s Descartes)
R A s
[4) 4 = i{coss + gsinn s V= wisios - rcosp)
O0<r<2q v=q, y=0
IShr = a1+ cos 9} (cardioide)
16) 7 = cas 2 P
17y r=usin 3 ¢
1) e P E.‘;(p‘_éz
[-cosg 4 2
19y o2 O<e<i
It scose
{
Wir=acos g, F=alcos g+ sin gy (M L__[)J € hinh)
5

213 =20 cosd 0 r=af ngoai dudmg tron)

285



286

. 4 4_r_ 2
)N 4y s+
25. Tinh do dai cée dulmg:
¥y 2
1y +_\"f =a

24y =i Vi< <4

3) yoacht véi < <h
o

4) X :ly: __;.lny Vél l i‘-\' “e

S5y y =1Incosy veisxsas X
2
3
) = vﬁOngéa
’ 2a-x

fas oo, _2 - ) 2
7 v Ccos'ts  y=Slesini, ¢ =d b

7 b
83 v = afcost + sinf), v = af sinZ - (Cosf) =<2

Yyx= ch’r, y= sh’, 01T
[0) x = a2cos7 - cos2i), y = al2sinf - sin2f)
11)yr= ae™ b0, U<r<u

12) = asec’ £ Lt
2 2 2
13) r = asin® 2
2 r

* 15) :\-_ + £ = l
a b
26. Tinh thé tich cdc vat gidi han boi cdc mat

4

D2 = —x y=a
2p 2gq

2)f;ﬁ+'v:=] s=Sy 220
a b a

P Tt 2=0,z=h
a b ¢



4)\+\—R‘ V=)

*5}\ +\ =, \+"-RU<RJ

f))\ + 37 +_l_.’l 1+\ =y

7 __+L._:: =0 =k o=k (O<hy <l
a h e

K)::4—\':. A=l vy=0 -=0, =0

27. Tiuh thé ml 1 Cae il ron xoay tao b hinl gioi han hdi cic dudma:
Dy =av-+ (a =), vy =0 quay quanh Ox

2} ‘ F1_ = quay quanh Ox
[T

3) v = ach il . ¥y=0 ¥ =1« quay quanh Ox
’ u

4) v = dax, X =« quay quanh Oy

5) T < 2px. x= g quay quanh dudng thing v = - p
06} 1" + -h=a 0 <a<b - quay quanh Ox
7) v = asin't, y= hcmsr 0= r=2m,  quay quanh: aj Ox : b) Oy
8y v =2r-r, y=4-1 quay quanh Oy (0 sr<2)
D) v=alr-sinr, y = o] - cost) (0<r<2q), v=0
quay quanb : 2) Ox, b) Oy, ¢) y=2¢
*28. Ching minh ring the tich vl thé duoc 1o nén khi quay quanh:
1Oy hinh phimg  a<v<h, 0<y<y

I
I g = 2;?_[1‘1'(.\')&)(, (¥(v) lién tuc tren |a, b))
23 Trye dée cye Ox, hinh phang r = » (@)
dzaz=p<Ban

e ,
lap — :j‘: J}--‘(gp) singdep  (1(@) lien we trén | o, B
A
29. Tinh thé vit rdn xoay ao bdi hinh gid1 han boi cde duong:
Iy r=a( 14+ cos ) (0<p<2m
yuay quanh: ) true cue; b) dudsng thing FCosp = =

bl
2) 7 = acos™ quay quanh true cye
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hl L 1 % T
*#3} (v 4+ V) =g -y quay quanh:
@) Ox b) Oy : vEx
30. Tinh di¢n tich mat trdn xouy (@o Bén K quay cde dudng saw

1) 9__\‘1 = v(3-v)7, 0 <x<3quay quanh Ox
2) p=tpgxy  0sx< T quay quanh Ox
. : 3

¥, w2
37 4y =g quay quanh Oy

4} ‘_4_‘_ -1 quay guanh:

o
WO B Oyla=>h
Shat 4+ (v- Iy = o Ca < by quay quanh Ox
Gy v =alt- sy, ¥y =dall - Cost) D<r=2m
quay quanh ; a) Oy, b) y = 2«
7Y v = af2cost - cos26), ¥ = al2sing - sin2o) o quay quanh 0x
*ra= (cos 1 ¥ = asin’t quay guanh duting thing vy =
9) s = o cos2 quay guanh true cye
10) r =« ( 1+ cos @) quay quanh trye eue
31, Tim moment Gah doi vai cac tye Ox, Oy vii toa dO trong tam cla cde
hinh déng chat: ( p =1) - gidi han bt ede duong:
v+ y=d, x=0, y=0
2P 4y = «? (eung a2 0, ¥z 0)
3y v =l -sing, ¥y =all - cos, (=i<2m)y v=0
Ayv=gcost,  y=hsinn vz 0, vz0

32, Tim momemt quin tinh ¢ia hinh gid han bt

13 \_ + 'v: =1 doi v cde trye Ox, Oy
a b
2yay = 2av - s (2 >0, » =0 dar véi cie trye Ox, Oy

33

13 Tinh cong dé nang mot vat ¢o Khéi luong et mdl quid dit 6 bin kinh
R len do cao .

2) Tinh dp lue cba nude 18n mét thanh dap thing diing ¢6 dung linh thang.
hi¢t ring ddy wrén cua dip 12 o = 70m, dday dudi 1a b = 50m va chidu cao li
fr=20m.

3y Tinh khoi lugng cia mot hinh ciin ban kinh R, bi¢l ring khoi lugng
rieng tai mdi didm ca nd i 18 voi khoang cich 1 diem do dén tam.
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34. Tinh cdc tich phan suy rong;

A
Qe

3 J.e “sin bk (c: > 0)

5) oy

|+\\"'l

7) j\ =

o J‘]I'I “id\

*11Y J-a.\d\

35, Xét sy hoi ty eda cic tich phan:

Xdy

-1 _!
Xo-xt 4|

s J-]n( + 1}

{1.a>0)

J-.\'”c’ by
0

9 jL e (250)

X

dy

2) - —
,(xz +x+ 1)_

"xlnm’r
[1+ \1):

6) _[_\"’ ¢ "dv
h

4)

5 [__b

s(2- 1)—1—_;

10) I]n(cos.r}!x

‘earctex
2) R

r

[A] X

oox”
4) !I +x” oy

'f‘ He ta
6} J‘-tzdrc-ga’x

2]

o

frsinax
8) jk: =

d
oy
1)
I “In® x
0 In(sinx)

»

X

(1€ N}

(n=0)

(=M

(k,a> 0)
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. ofx
13) : - 14) |sin{sce x)elx
,Jsin"’ v.cos’ x j ( )

1

@ *16) I(tt_,\) dx

2 i T v
0 \ﬁ(e —-e ] i

|
17 j Inx —ufx

I—\

15)

*1¥) B(p__q) = jx” "(1-- x)’ ‘de x.pg >0

*19) J' 1l1x N * 203 K = jﬁ’ [pelbs L”[.\‘)dx
1+ \ "
d” '_u .t ) .
voip=va g (x) =ef _(_\ : 1 (n=0,1,2 . ) (dathic Lagueree)

(1!.\"“

HUONG DAN VA TRA LOI1 BAI TAP

ez | _ ot
L b d -1 o # —. Inh—lna, o= -!
-l
2 a-1
Ina
a+ | n
. sin- - xsin_x
3y 1. Dimg Zsm:\'— 2 2
sin
2

n+l #
) cos - 5 \sm’).\'
43y sinv. Ding, ZCO"“ . _

X
sin’
2
2.
3y Diing déng thic:

gl - Aty =[£G - a0 [y - g )
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2); 3) Ching minh phan ching,
4.
1y Khong nhat thiét, xét fix)= {1 -xeg
) -l:xef
2)C4
3) Khong nhat thiét: xét;

0:v=0 ) 14 hdm Riemann & 2)
of)- g

1:3=0
5.
1y < () 21 >0 <0
6.
Dh<l, 2)1,<l, 3>
7.
) 2<1<45: 2)g<i<E
9 7
Hocral, 4y ! cleL
16 10v2 10
5y Ty 7|3 (157<1<191)
2 2\,2
8D 1; 2) @; 3) 3
3 3 8
9. Ding dinh 1y trung bink;
10.

A

w) Xét J‘[f(x)-r)g(x)}-d.ﬁ AeR

cf

A

by Xét J[j{‘) +g(.\‘)]:d\‘

a

11.

1y fux; 2y oyt 3) cosy |1

s

4y (sinv-cosy). cos(n sin:_\')
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nnooon 3) 1 41
4
13.
Dbatnyv=r. 2) X&' (v}
14

g
Dme il oL 4~
8 23 V3 6

5 —In 6y — 7yIn2 8) I-cosl
3 2 3
9 B . 10) thln3) - th(in2) = -
943 6 : 5
R
i) L: 12y = 13) —=% . gy I
2sina ) JI- & ) 2]ad]
15.

1 flxy= % khong khd tich Riemanno trén |-1,11

2) Larclg(gj cé gidn doan loai mot tai y = 5,3_;{
V2 V2 2" 2

3 arctgl c6 gidn doan loa | taiy =0
X
4j I1am dudi ddu tich phan chi xde dinh trén doan -1, 1]
3 ! e gidn doan loai 1 e v =10
P42
Vay trong cic rudng hop trén khong the dp dung cong thie Newton -
Lanbuiz.

16.
1 1
= 2% In2 3 — 4y —
2 ptl 4
2 T T ]
5 =, 6y — Vil sin—:—+0(—,]
T ) ﬁ H R n'
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€3, T 3 et ) y 22 B

18.
1y Vidl lgz"_td.\' = Igl"':_\'d(lgr) - lgl"':_m'_r
2) Patu = cos'y, dv = sin avedv
6} Dat u = sin veos™ v, v = cosvdy
19

Nz DB-E 4o 4)l|n||2
4 3 5

',-'2'
5)l+£; 6) (2»:)!! 7 (n—[ﬂ < JE:”
24 (2n+1)ry ntl s
8 T .oam 1,
x

9 L. dat v=n-s
4

103 _‘E]nz dat v=1g ¢
8

20,
1} D‘{ll { = :a_
h—u
2} cosx =sin[fr—x), dar " _
2 2
3y sinv=sin(n-2 dil -y =¢
T-747
4) Vlé’t - =+
o 1 I
21.

N A L2 e
1) Ding sin ™ < sin v < sin ™'y, eyl
a
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3y Xét J'( o l)",x"‘dx , tich phéan timg phan m lan (s # 1}
|
22,

N . ’ ris
Iy DUng ¢inx —cosx = \EsmLE - x)

. - i
5iNX +COSY = J2 COS[I - xj

-

"":(_])JI
2 2 by 1
2y TP, dit x+—=t
2 X
. I _ 7’
BHole o H2l--y N 6 -—
¢

s 4

1) 07468, n=35|R|<0,7.107
2) 1,351,  n=3]R,[<0.00052

24
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2 203
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Chuong 7

HAM NHIEU BIEN SG

§1. KHONG GIAN n CHIEU R~

1.1. Pinh nghia: Tédp hop cdc b5 n so"'thr:{c ed thiz fu (X1 %000 x,)
goi la mét khéng gian n chidu R" , Mméi phén t (%, 2p...,x,) ¢ R" goi
Ia mjt diém ciia khéng gian ds, ky hiéu M(x,x,..,x,) hode M =
(xpxp.px,), x5, goi la cde toa d6 ctia M. Diém O(0,0,...,0) goi la
diém gée tog d$ cia R", x,, xp..,x, ciing goi ld tog d6 ctia vecteur n

chiéu ﬁf va R" ciing goi la mét khing gian vecteur n chiéu
Trong R" ta dinh nghia cac phép toan:
(xl,xz,,..,x“)+(y],y2,..‘,yn) =Xty 2, 4y, + ¥n)iPhép cong
alxy 2, x,) = {oux) oy ox,) ae R - Phép nhan véi o
va khoang cach gita hai diém M = (XX %), N = (v, 30,

(M N)= \/(x1 -+l -yl bt -y, P

R3 rang:

AN

(M, N)>0nduM=N.
p(M.N)=0nduM=n.
2) p(M,N) =p{N¥, M) (tinh déi xing).

3) plM, N} <p(M,P)+ p(P, N} (bt dng thi tam giae).

299



Chu y:
R’ chinh 1a dudng thang sé thuc.
R? 1a mat phéng Oxy.

R 14 khong giah ba chiéu (thing thudng Oxyz ma ta da nghitn cin.

1.2. Gidi han trong R"

Dinh nghia: Trong R", diém A goi la gioi han ciia day diém M,

M., M... hay day {M} héi tu téi A néu
lim P(My, A) =0

F—ec

Ky hi¢u iim M, =A hay M, - A
20

Diém A ciing goi I diém gidi hen cda ddy.

R5 rang ndu M, = (0 B kB A = (x), x5.-x,) th
K 1 2 n I

M, oA xEk) oy, i=12.n

ciing got 1a sy hdi tu theo toa d6 va gid han
gidi han cua

Do 46 si hot 1y trong R®
cla day diém trong R cing ed che tinh chat tugng (y nhu cua

day s6 trong R.
1.3. Tap hop mdé va dong trong R”
Pinh nghia: Tép hop
S(A ) =M :p(M,A)<r,reR r>0} 48]
goi la mot hinh céu trong R", (1) cing goi la mét r ldn cén cia diém 2.
Xot didm A ¢ R" va mit tap hop & c R"(11LD). GO {hé xay ra mdt

trung ba (rudng hgp saw:
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13 Co mat 1an can cia A: SEA 2o Khi dd A goi la mot didm trong
cla . rh TAng A ¢ .«

2) C6 mdt 1an can cha A nAm ngodi .« 16 ring A ¢ v | nghia 1a A 1a
didm trong cia phan b &% cia .« Khi dé A 1a mat dicm ngodi cla 4

3) Vil mol 14n can cia A déu chaa ca nhimg diém thuge & va nhiing
diém khong thude w . Khi d6 A goi 1a mdt. diém bién cia . R rang diém
bidén cua.v b Lhethuoc - hodc khong.

Tap hop .« goi 14 mdt tap mé n&u né khéng chiza diém bién nao cla
N6, va 1a déng néuw  chita moi diém bién clia né.

Thi du: Hinh cau (1) 16 rang 1a mdt tap md cdng goi 1a m{t hinh cau
ma. Tap
S(A.r) = {M : p(M, A) < r}1a mot tap hop déng, goi 1 hinh cdu déng.
Tl dinh nghia suy ra:
Dinh 1y:

1) Giao cie mét sé hitu han hay hop ctia mot 58 bédt ky tép hop
md la mét tdp hop ma.

2) Hop ciie mét 56 hiu han hoy giao ciia mét 56 bat ky tép hop
dong lé mot tép hop déng.

n
Thue vay, chang han %8t 1), cho n tap hgp mé o, .y ., , A = M ‘Mi .
i-1

XétAe s thidecw,,
i=12 ,nvi, mdnénA la mit didm trong ciia «;, do d6 c6 mot lan

cdn S, clla A .

mn
S;col VA 8= N8, C « viy .4 md.
i=t

CAc phén khac ching minh tuong .
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i.4. Diem tu

DPinh nghia: Piém A goi lé mét
diém tu ctia tdp hop «& néu trong moi
lan cdn cta A déu chita it nhét mot
diém M c 4, M= A.

Ko rang A ¢ thé thude « hoéc khéng. . @ ‘/[
Tit dinh nghia suy ra:

Dinhly 1: Ala diém tu ctia tép hop @
A khi va chi khi cé mot day

Mot M, =M (i 2j) héitutéi A

*Thye vay, gid sit A 12 didm ty ciia o, H. %2
%61 8, |3 mét 14n can bat ky cha A, thi 6 M, € «, M, # A lai chon mdt lan
can S, ciia A, chon S, di nho dé 8, khong chia M., trong 8, ¢6 M, € .«
M, =M, =A . Vay cho irudc e >0, 3k c N: M eS8 Mew M =A
M, # M, , = p(M,A) <¢, hay M, — A, ngugc lai co day IM} c ., M, =M,
(i #j) vd M, — A thi vdi moi 1an can r ca A, Jky, Vh>k,: p(MA) <r, suy Ta
M, cx , M, =A. Vay A la diém ty cha &

Pinh 1y 2: Moi tdp hop « la dong khi va chi khi moi diém tu cia
A déu thudc £ hay moi déy héitu (M} c % déu héitu dén A € o

Thue vay, theo dinh nghia, ndu A 1a diém ty clia .« thi né phai la diém
treng hay diém bién clia .«

N&u A 13 diém trong ctia .« thi di nhién A € & N&u A 1a diém bi¢n cia
« thi vi« la dong nén né chira mo didm bidn cia no, nghia 1A A €

Nguge lai, gia st . chita moi diém ty cla né va A ¢ 4, thi A khong
phai 14 didm ty clta «, nghia 12 ¢6 mdt 1an can cia A khong chita didm nao

thude « Vay A khong 13 didm bign nao cla «, chitng 0 .« chda mei diém
bién ctia né nén « 4 dong.
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Ch1 y: trong B*, 1ap hyp tréng @ va B dén 13 cac tap hgp viia la

dong vira la md.

1.5. Nguyén 1§ Cauchy: Ta bidl trong R ta ¢6 nguyén Iy Cauchy:
Moi ddy co ban déu hoi tu trong R va nguoge lgi, né biéu thi tink ddy
du ciia R. Mét day (M.} — R" goi la mét ddy co bdn néu Ve >0, Fhy ¥
k>ky Wm > ko> p(M M ) < e Ta cing cé nguyén ly Cauchy tuong tu:

Moi ddy (M} « R" 1 héi tu (trong R") khi va chi khi né 1a mét
day co bdn.

*Thie vay, gia st M, — A khi dé

AMLM,) < o(MLA) + XAM,) — 0 (bat dang thic tam giae) nghia la
M} 12 mét day cd ban.

. : Pr w ALY (k) (h} S = Exe b n N
Nguge 1ai, gia sit M, 1 %3 wxp 1 mot day cd ban trong R® thi

vdi moti, i = 1,2, 5 taco

2 5
’xlgk) — =p(My. M, )0

nghia 4 day so {rfk}} 2 mét day cd ban trong R nén ng co mét gidi han x,
nao dé, 7=1,2,....n. Dat A=(x 1., x)thiAc R™ va M, —» A. Vay nguyén Iy
Cauchy cang bidu thj tinh ddy dd cda R*

1.8. Nguyén Iy Bolzano - Weierstrass

Binh nghia: Te goi tdp hop .« <« R" la bi chdn (hay gidi néi)
néu 34 £ Fex0, VM € .v p (M,A) <, nghia lé & ném tron trong
hinh cdu dong tim A bedn kinh c.

Tuong ty nhu d6i véi R, trong R ta ciing c6 nguyén ly Bolzano_
Weierstrass ddc trung cho cic tép hop bi chén:

Moi déy vé hgn ciia mét tap bi chdn & ¢ R" déu chita mét day

con hgitu trong R".
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1.7. Khéong gian Métrique

a) Pinh nghia; Xéf mét tép hop X mé ciie phén ti ctia né ld cdc

d6i tuong bat ky, X goi lad mot khéng gian métrique thic néu cé6 mot

dnh xa p ma anh ctia méi cdp phin tiF (xy) € X? la moét 56 thue, ky

hidu: plxy), plxy) phai thod méan cdc tién dé:
Uply)>bx =y pleyr= O=ax=y.
%) p (x,y) = p (y,x) (dBi xing).
3 p ey € p(x,2) + p (2, bt déng thic tam glac.

p {xy) goi 1a khoang cach gitta hai phén U1 x, y hay métrique cua
xhéng gian X (X* la tich Descarles cnia X va X3, Cac phan ticta X du la dai
tugng gi eiing goi 14 cac didm cha khong gian.

Trong khiong gian métrigue X mdt tap hop « goi 12 by chan hay gidi ndi

F >0, JacX bx el plx,al ST
Thi du:
1y B": ro vang 13 mét khong gian méirique.
) Cho tap hgp cac ham lién tye trén doan fa,b] k¥ higu Cep khoang
cach gilta hai ham (1), ¥(t) € .y dude xac dinh bdi dang thie:
p(xy=max!x(t) - ytjt a =t <b.
R rang Cl,p 12 mot khong gian métrique vi cac tién dé 1, 2 hién nhién
tho& man, con tien dé 3 ciing thoa man vi xét
lxft) - y(t) = lx(t} - 2(t) +2(t) - yt)l =

<laft- 20 + lzfE) - yt)] Smax (i) - 2(t)]+ max ! {t)— .}'(f)l =

ast<h astsh

= pfx,z) +p (23]

suy ra pixyl Splxzl+p fz,¥}
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Ta ¢6 thé md rong khai niém hoi 1y, 1ap hop déng ma.... da XAy diung
ddi vdi B™ cho khong gian métrique bat kg,

b) Khéng gian du

DPiuh nghia: Trong Ihdng gian métrique X néu moi day ce ban

déu hoi tu thi X goi la mét khéng gian métrique déiy di hay khong
gian du.,

Thi du:

1y Nhut da bigt thi R™ {a d0.

2y Khong gian C,,,cting da.

*Thige vay, gid sl 2,0t/ 13 mot day cd bén elia né nghiz 1a

max ]x {ty— xm(t)’ =0, m—o x), xétd= const, tht day s0 x,( 13 mot

aztch
day cd ban trong R, nén né héi tv dén x/2) ndo Ao vdia <t <b. Ta sé& chimg
minh x(t) 12 lién tuc trén [a,b), tic 12 xft) Crasr

VI lim «,(f) = x(t) vt < {a,bl nén

M=

Ve >0, Iy Yn>n, = lx (txlt) | < g (1) vt efab]

Xél t; € [a,b], cho t, 55 gia At sao cho to+ A€ [a,b)
L Afty) | = xft, + At) - xtty)| <

S lxfty + At - x (fy+ AU ) + x, T+ At - x (¢ + lx,ft5) - xfty)l <

5

f,

&
- =

&
3 3 3

(Theo (1) va vi z,(8) lién tye nén |x,(t+ 4t) - x (1) | < % khi [A¢]< 8),

Vay xft) 1a ham s8 lign tuc trén ia,bl.
3) Xét khoang X = (0,1) vii métrique dix,yi = lx-yl x, y £(0,1).
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RS rang X 14 modt khong gian métrique (hit A8 dang thay né thod man
3 tign dé)y

N 1 R - . s -
Xet day x,= —, x, 1A mdt day cd ban < (0,1), nhung day hdi tu dén
n

0 ¢ (0, 1), Vay X 1a mot khong gian métrique khong du.
c. Tip hop Compact

Dinh nghia: Cho « la mét tap hop thuéc khéng gian métrique

X, & goi la mét tgp hop compact néu moi day x, € déu chita mit
day con x,, héi tu tdi x € A . Mit Ehéng gian métrique X goi la

khéng gian compact néu né la mét tép hgp compact.
Tt djnh nghia suy ra
Dinh Iy 1. .« compact thid déng.

Thuc vay, néu {x,) o Vhx, —x thi theo gia thist compact, (x,/ chia

x, —aed nhimg limx,= limx,,~ do dox=a e .. Vay.~ ladong

Thi du:

1) Trong R" moi tap hgp dong va bj chan déu la tap hgp compact.

Didu nay 1a hién nhién do dinh nghia va nguyén Jy Bolzano- Weierstrass
trong R”.

2) Dic bigt trong R, moi doan /a, b] déu compact.

2) Khoang (0,1) < R 1a khong compact vi day

=t i) e 5, >0 201
n

4) Phiong thing thuc B 1a khéng compact vi day

{x} = (n} € R, n — < gR.
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1.8 Mién trong R”

Ta chi xét. trong B2 tie (rong mat phing, cac khai niém cé thé suy véng
thich hgp cho trong R® , n > 3.

a) Dudng
Chao cac ham x = arp), y=yltiagt<p Anh xa lam tudng (mg
Yt e [a,B) vai mit vecteur
= (i + 9] ¢ R (1)

g0l 1a mét dudng (rong R? va (1) goi 14 phuong trinh vecteur cia dudng dé.

Ha {x=x(f}
y=y{), ast<p

g01 1& phuang trinh tham s§ ciia duang.

Xét dudng C c6 phutong trinh (1), © go1 12 mgt dudng lidn tuc, néu cac
ham x = x(¢), y = yt) 1a lign tuc v¢ e [o,B], C goi 12 mdt dudng tron (hay
déu) trong [o,B] néu cic ham x = (), y = y(t) ¢6 cac dac ham lign tye va
248 + y2(t) = O trong la,B). N6t cach khac € 1a mot dudng tron néu né 14
mGt dudng lién tuc va e6 tidp ruyén bién thién lién tye.

€ goi 1a mét dudng tron titng phin (hay ting doan) trén [a,B] nédu né
1a mét duong 1idn tue va néu cs mgt cach chia doan [o,f] thanh mét sd hita
han phén sao cho trén mai phéan duge chia € 1a mat dudng tron. € goi la mét
ditang khép kin néu r(a) = {B) . Néu H e lapt = £ r(t')=r(t)thi C
201 14 ¢6 difm kép hay diém b6i. Mdt dudng khong cé didm bdi goi la mot
dudng don,

Ch1 y:

D) Néuds thjclahamy= f(x) a sx <b trdn timg phan trén fe,b] thi
ham f{x) cting goi 1a mét ham trgn tiing phén trén [ab].
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2) Nhu da bigt mot dudng cd thé& cho theo phuong trinh khong
gini Flx,y) = 0 hoac Fir,@r = 0 {trong tog do dde cyel, cac phudng trinh nay c6
thé dua v& phudng trinh tham s8 va nguge lal.

by Mién: Cho &p
D =R D goi 1a mgt tap hap

lién théng néu nd chia hai

diém M,, M, thi nbé chua
moi diém cha mot dudng
lién tue ndi M;, M,. D goi la

mét tap hgp 16i néu nd
chia hai didm M, M, thi
16 chita mol diém cta doan H 83
thang ndi M,, M, Rb rang mot t4p 151 thi lién thong, ngudc lai néi chung

khéng dung (1.83 ¢a hai déu lign thong, nhung chi hinh thi nhat 181,

Tap hgp D < R* goi
13 mot mién trong R’ néu
né la mdt tap md va lién

thing.

Né&u xét tap hgp C cac
diém bién cha D ciing thuée
D, thi D la mdt tap hgp +
dong, gol la mién dong va +

C goi la bién gidi cia nd, k¥
hidu D hoacD+C. H.84 H.85
Sau nay la thudng xét

phitng mign ma bién gidi cla nd 12 mét hode mét s6 hitu han dudng Litn tuc
va khép kin.

N&u bign gidi cia D 12 mdt dudng (lién tyc va khép kin) thi D goi 1& mdt
mién ddn Lién (H. 84). Néu bién cua D gdm p dudng (lién tuc vA kKhép kin} thi D
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Zoi ia r_nién da liéu (p > 2) (H.85). Ta quy ude: hudng dudng trin bign ¢
cia D 1a hudng di teén ¢ cila mét fuan sat vién sao cho phan D k& bén quan
sat vien d bén trai quan sat vién.

Hudng 4m 1a hudng nguge lai (11,84, H.85)
Cha y:
1) Giao ctia hai mién don 1ién ¢6 thé 14 mét mién khong lisn thang.

2) Mgt mién la mét tap hgp compact cling goi 14 mft mién compaet,
nhir vay cho mat midn compact tudng duong véi viée cho mot tap hop Hén
thong, déng va bj chan. Trong gido trinh nay khi xét cic mién tdc 1a cac 1ap
hdp hén thong, cac khai nidm va két qua cé 1hé suy rimg thich hop cho cac
tap khang lién thang.

§2. DINH NGHIA GIGI HAN VA LIEN TUC
CUA HAM NHIEU BIEN

2.1. Dinh ughia: Mét dnh xa ftittép D ¢ R" véo tap hup cde

86 thic R goi la mét ham s6 thie ciia n bién sé hay déi 56 thue. Ky
hidu u = flx;, xpe., x,) hay u = fiM), véi M = (x,, xp ..., x,) c D, ftM)
cung goi la gid tri ciia ham s6 tai diém M.

Téap hgp D goi la mién xac dinh hay mién tén tai cla ham s8 va rap
hop D' cic gid tri ca ham s6 ¥M €D goi lh mién gid tej cha ham so.

JtM) got Ia bi chan trong D néu £ bi chan.

Thi du:

1}z =x"+y* 13 mdt ham hai bién xac dinh ¥M = (x, y) ¢ R

2 2= yR% -x? - 3% 1 mét ham hai bign xéc djnh vM(x, y) & hinh

tron x° + y2 <R2,
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. , ; 1 N . o .
B ou=Ind +y szt - 1) + —m————=- 12 mdt ham ba bién xac

J;__xz__y2__22

dinh vM = (x, y, 2} < R® sao cho x* + y* + 22 = 1vaxt+y+2° <2 hay

| < &+ y*+ 2” < 2, nghia 12 mién xac dinh D ctia ham s8 14 mdot hinh vanh

cau md.

D6 thi: Cho ham u = fiM) = fix,, x5, ..., X,) €0 mién xac dinh 13 D < R™.
Tap hap G =((xy, xp .y 5w} € B u = fixy, 25 .y 3,0 g01 12 dé thi cla
ham &8,

Néu D o R® (hi d8 (hj ctia ham s& 1a mot mat trong B

Thi du:

1) z=2x+y" d6 thjla mat paraboloide tron xeay trong khéng gian ba
chidu thong thudng.

2 z= y'az _x? —y2 , d6 thj 1a nita trén cua mat cdu (z >0)
£? +y? + 2! = a® trong R".

Néu D = R™, n >3 thi d6 thi ¢iia ham sé khéng ¢6 hinh anh hinh hoc

cy thé, ngudi ta goi 1a mot sidu mét trong khéng gian n + 1 chiéu.
Cha y:

#1) Néu fla mét dnh xg tz D < R™ vae E < RF thi fa co ham
N = fiM} vdi M € Dva N ¢ E, ham nay duge xdc dinh bdi p hé thic:

y1 = filxg. 22,0 %8)
¥z = f2lag, x2.. %)

¥p = f.p(xI,xZ;v--,xr;)

Nhu va@y ham f tiiong duong vt p ham n bién.
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Thi du:

¥ oy %2
1= 5 o 25 5
Tl T2

€6 mién tn tai 1d mat phang R? trir didm goe toa d6. Midn gid 1] eha
ham cung la mit phang R? trit goc tog dé.

2) D€ don gian cach vist va I¥ ludin, ta s& nghién citu cha y&u 14 ham 2
bi&n, sau d6 sé suy réng cae khai ni¢m va k&t qua cho ham n bién bat ky.
2.2. GiGi han va lién tuc

Dinh nghia: Cho z = {x, 3), xdc dinh trong mién D cé didm tu la
My(xp ¥,). Ta goi s6 a la gidi han cda ham f(M) = f(x, ) tai M, hay khi
M dén téi M, néu:

Ve >0, 35> 0, p(M, M) < 5 = If(M) - af < ¢,
hay
VM"(xn: y»)’ Mn #Mﬁ! Mn _’Mﬂ :"f(M”) -
Ky hicu:
e= lim f(M) hay lim flx, y)=a
MM, X,
¥3¥o

Tuong ty nhit ham mét bidn ta ciing c6 chc dinh nghia gidi han khi
M — oo(x hodcy — o) va £1di han vé han.

Thi du:
D lim S0 lim smxyy
cxa) x = xy
y—a ¥ wa

. sind N
lim — lim yealddtxy =t x 50, vdy a =t —0)
=50 £ yoa
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. x + . i + I 1

237 lim = y2 , ¥lxy=0 ta(100<—; y2<—+—
x4 X7 + ¥ x“ +y xr ¥
¥4

x4t XY r-d4oo 3_-‘ +y2

y—>ton Yyt

Nhung lim [l+_]] =0vay lim x+tY  _—p

Cha y:
Cde gigi han lim ( lim f(x,¥)), Tim ( im f(x,y), got ld cdc gidi
x—=xg yP¥ Y—*Yp X—*Xg
hen ldp, con lim fix, y) cing goi la gidi han kép.

Lt ]

¥ ¥

Cédec gidi han lgp c6 thé tén tai, nhung gidt han kép khéng ton tai va
nguoc lai.

Thi du:
Xét fim 22
r2D Xty
¥ 0
Ta ¢6 Hm(lim 2=y = lim £ =1

xofl y0Xx+y  x-0X%

m(lim =2y = lim L =1
yo0 xx0x+y  yof ¥

. - A N . . e 1

Mumg lim 7Y khéng t6n tai vi xét hai day (x, y.J = (—.i) va
=0 X+Yy non
¥

(x:n.yln) = (E,—I-) déu dén tdi (0, ) khin = «
non

Khi 44

1
flx, y.t=0-20, FlXn ¥n) = % :(i)_,i
il 3
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Dinh nghia: Ham = = fx, y) xdc dinh trong ldn cdn cun didm
Mo(xm vo) goi la lién tue tai M, néu
lim flx, y) = fixy, y,) 1)
T,

¥ oayi

Biém M, goi la diém lien tue cia ham sé. Biém ma (1) khéng
thod mdn goi la diém gidn doan cia ham sé. Ham f(x, ¥) goi la lién

tuc trong mét mién néu né lién tuc tai mei dicm thude mién do,
Ham z = fx, y) goila lién tuc déu trong mién D néy
Ve>0, 35> 0, VM, A D, ptM M) <5 (M) - FOAFY < ¢,
Tugng ty nhit ham mt bign ta cé:
Dinh Iy: Néu fix, v) lién tuc trong mién compact D thi
D flx, 3) la bi chdn trong D,
2) ftx, ¥) dat mét gia tri bé nhat m va mét gid tri Ion nhdt M trong D.

N Véiypm<y< M sétin tqi it nhdt mét diém M,(x, Yo € D sac
cho f{My) = y.

4) flx, v) la lién tuc déu trong D,

Thi du:
.1 (122 _ 02 15 Tian ree
1)2_?1—},-2_+ I-x% -y lalign tye

251 2

2
W, y): {x Ty » Nghia 1 lién tye trong hinh tron ding 2 +y¥¢ =1

xy={}
T tat tdm 000, 0y, z ¢6 gian doan vo han {loai 2).

I wiu x2 +y2 <7

0 néu x2+y2>1

fix, y) = {
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Lam nay hén tue vix, 3 < R? va pian doan trén dudny tron W+ yisd
vi ffx, ¥} bi chan (ffx, y) £ 1) nén che didm (rén dudng tron d6 1a cac difm
gian doan loai 1 cua ham so.

Trudng hop ham n bién:

Ta cé thé suy rong dinh nghia giéi han va lién tyc ctia ham hat bién
cho ham n bién bat ky.

Cho u = fiM) = flx,, x5, ..., x,) xéc dinh trong mién D ¢6 diém tu Mo

a= lim fiM)evex>0, 35>0 p(M, MJ< 8= /fiM) -al <&
M’-—H"fp

fiM) 1a lien tuc tai Mynéu  lim  f(M)= f(Mg), va ta cling o6 cac tinh

MM il

chat clia ham lién tue n bign nhu cla ham 2 bién.

§3. DAO HAM RIENG - VI PHAN

3.1. Dinh nghia: Cho hdam 86 z = f(x, y} xdec dinh trong mién D.

Xét (x, y) va (x + Ax, y) € Dvéi  y = const, Pét Az = flx + Ax, y) - fix,
- 2 2 At e . . A

" y) goi 1 s& gia riéng phéan cia z d6i voi x, néu lim 2%2

tén tai (hitu

han hodc vé han) thi gioi han do goi la dgo hém riéng cua z déi voi
x tai diém (x, y), k¥ hidu: -
gz of(x.y)

] ] A zZ
ze, fxlx ¥ —, = lim —*
o flOyh ol x  ay-0 Ax

Tuong ty ta 6 dinh nghia dao ham riéng eta £ d6i véi y tal (v, p)

. . A
zy, fylay), %, oy iy 222
dy oy Jaer Ay

Téng quat: Cho u = fIM) = flx,, x5, ..., x,) X&C dinh trong mién D c R™.

X6t M = (x,, Xy ooy X)) VA M = (%, Xp, 0y Xpy Xp + A5 Ty o1r ..%,) ¢ B. N&u
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Agpt : Ty _
lim nﬂ_ = lim i(ﬂ)_};ﬁ{l
dy o0 Ay Ax, ) Ax,

6u tai (hitm han hoidc v6 han) thi gidi han nay goi I3 dao ham rigng eda I
cu  F(M) i\.r}:

= lim .,

tal M dd1 vdi x, K¥ higu: u, , f: (M")
T xy xy, A -l Ay,

Theo dink nghia: D€ tinh dao ham riéng clia ham nhidu bign d8i vai
mot bigh nao d6 thi coi cac bign kKia 1a khong d6i va tinh dac ham cta ham
88 theo bidn dé nhu dao ham cia ham mét bién.

Thi du: Tinh das ham riéng cia :

1)z = Infx* + yj, xdc djnh kKhi y »- &2

L 2% o1
a .172""_}' ’ Y .".C2 +y

2z = 1/5i11(x2 +y2} xac dinh khi: 2kr 2% + 32 <19 + lx
dz 1 xcos(x2 +y2)

— .cos(_r2 +y2)2x = e
o 2\|'sir1(x2 +y2) vsin(x‘g +y2)

oz ycos(x2 +y2)

% sin(x2+y2)
3 Tinh ue, wy, u, tai (1, 1, 1)
néu u=x%z+2¢ -3y +245
U= B2 42 (11, )= 5

= 2%z - 3, u (L1, =-1.

u'z=x3y2+ Low, (1,1, 1) =2



3.2. Su kha vi — vi phin

a) Pinh nghia: Cho ham sé z = fix, y) xde dinh trong micn D Xét
M(x, y) vé M(x + Ax, y + 4y) < D. Néu s6 gia cua ham sé viét duge
duoi dang:

Az = f(x + Ax, ¥ + Ay) - fix, y) = a.dx + b.Ay + 6(p) (1)

Trong do a, b = const, khéng phu thuée Ax, 4y, chi phy thube vao
didm (x, y), O(p) la mét vé cing bé béc cao han bic cia p, p= ,!_.w? + 2,
thi ham 6 f goi la khd vi tqi diém M, vé bidu thitc a.Ax + b.Ay goi la

vi phan toan phan ctia ham sé tai M, ki hidudz = a.dx + b.4y.

Néu it nhét mét trong cdce s6 a, b khdc 0 thi vi phén dz la phén
chinh béc nhat déi vdi cde s6 gia Ax, Ay ciia ham khd vi, co thé xdy
ra truong hop a, b= 0 dét vai mot ham kha vi; Az xdc dinh bai (1) goi

I 86 gia toén phén ciia ham s6 tai (x, ).
Ro rang: Az = flx + Ax, ¥ + Ay} - e, y) =
= [f(x+ Ax y + Ay) - f(x, 3 + A+ [f(x, y + &) - fls )] = A2+ Az

Ham f goi la khd vi trong mét mién néu né kha vi tai moi diém

thuée mién do.
Tit dinh nghia ta suy ra:
b} Tinh chat:

1° Néu héam z = f(x, y) khd vi tai diém (x, v) thi né lién tuc va co
2.

. . .- . g ge OZ
cdc dao ham riéng tqi diém dé: —=a,
o oy

Ching minh: Theo gia thidt va theo dinh nghia ham khavi tai (x,y), ta
Az =a Ax+ b Ay + O(g) ey
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suy ra khi dv, Ay —» 0 thi 4z — @ fAx, Ay -» 0 thi o= 11}.-\r2 +,3y2 - 0,
Ot — 0). Vay ham sd 1a lien tue tai fx, yi. Cing theo gid (hidt ta oo (1), xét
y=consithi dy = 0va Az = Az = adx + O(Ac). Do d6:

i Az . ; 0
Z 2 lim b2 Lim adx D) -

.
[ R TR I Az Ax

Iod

Tuong ty: —= = 5.
oy

Tit dinh 19 ta ¢6 cdng thite tinh vi phén tal M.

de & dns 2 gy,
v &

(twong ty nhit ham mot bign: x, y 14 cae bigh djc 1ap thi dr = dx, Ay = dy).
P T . &z az e L
l'a c6 thé vidl dz = d z + dezviidz = a.dx, dz= -ay—,dy, gol 14 céc vi
phan rigng cha z d6i véi x, y tai diém (x, ¥

Thi du:

- dy — yd.

1) d(arc:g:ii): y Sdx+ { . dy:xg ygx

x2[1+%] x“+2’§] 7+ y
X x

2} d(ln(\}x2 +y2 +27 )= —21-03 ln(x2 +y2 +zz) = Mz—dz-

P +y2 422

2" Néu ham z = f(x, ¥} 6 cde dgo ham riéng tai lén edn diém M(x, y)
va cde dao ham riéng dé lién tuc tgi Mix, v) thi héam s6 hhd vi toi M(x, ).

Chitng minh: Xét Az = flx + Ax, y + dy) - fix, y). Ta vidt;
Az = [flx + Ac, y + dy) — flx, y + Ay)] + [fix, y + Ay) — fix, yil.
Ap dung ¢bng thize Lagrange vao cac hidu trén ta c6 -

Az = f;c fey, ¥+ Ay). A + fJ‘, fx, c,)).dy viic, e (x, x + Ak ey £y, y + Ay).



Theo gia thigt: o f; lign tue tai (x, ¥} nén:

fle, y+ &)= fuln ¥+ 4 fy(x ey = fy(x,3) + f & B — 0 Kbi

Ax, dy = {1

Do d6 4z = fo (%, ). 4 + fy (%, 3). 4y + @ dx + Bhy.

Ko rang adx + fdy la mor vb ciing bé bac cao hon béc cua

p£= \J;\xz + AyQ

vi

< laese +PAy | _l ade +PAY
P ‘Jj\t2+$y2

khi Ax, 4y — 0. Vay theo dinh nghia ham z = f(x, y} 14 kha vi tai (x, yt

0

< lal+ 18l =20

D81 vdi ham r bidn u = M) = fix;, 2 .., XJ 12 ¢t dinh nghia tudng ty
nhu déi v8i ham 2 bién:

Ham f goi 13 kha vi tai M néu: du = a,. 4%, + a, Ay + ..+ g A, + 0p),

p = JM?’ +Ax§ +...+-_\.x§ , a, Kkhbéng phu thude Ax i=1 2 ... n
du = a, Axy + @pdx, + .. + @, A%, gl 1A Vi phén toan phan cla f a1 M.
Ta ciing ¢6 cac két qua:

Néw f khé vi tai M thi f lién tuc tai M va tai dd co %‘—wi,

13

(i=1,2, .. n) va khi dé:

du du
di=— .dxl +
8::1 81:2

dxyg ot ou dx, .
Oxy,

néu f¢6 cdc dao hdm riéng lién tuc tai M thi f khad vi tgi M.
Chi ¥: Ta thdy ¢ diém khéac nhau co ban gitta ham 1 bién va ham

nhiéu bifn:
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- D61 véi ham 1 bifn: £ c6 dao ham tat 1 difm tudng ducng véi f kha vi
tai diém dé.
- %1 v3i ham nhidu bién ta khdng 6 ditu tuong duong Ay,

Thi du: Xét sy kha vi clia cac ham:

1) 2 =x® + y° - 3axy, xdc dinh va lign e x, y) e R

gz; =3x2 -3ay, =352 3ax 13 lien tyc va v y) € B2 Vay ham s6
oy

1a kha vi ¥x, y) e R? va dz = 3/(x? - ayjdx +(y* - axjdy]
-1
2,2 2 3
2) Fley)=1e Y khi « +y° >0
8 khi x2+y2 =0

R& rang f1a lién tuc v, y) € R?. Ta cb:

-7 -1
' N A2 ' N B
fef0, 0= lim —e®” =0 f 0, )= lim oY .,
* Av— Ax Y Ay—0 Ay
Vaix® +y2 > 0 ta c:
-1 -1
! 2x £ ! 2y iy
fe=—; e = ety
x (xZ +y2)2 ¥ (x2+y2)2

RO rang fy(x, v, £y (x, 3 1a lién tuc vfx, ¥ € R® trit tai (0, 0). Mat
khac;
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1
L= — _— xy 202 f>a

(x2 +_}'2)
Do dé:
lim fo(x. ) =0 = fo(0,0)
=0
¥ »f}
Tuong ti:

lim fulx, y) =0 = fo(0,0
lim fy(2.3) =0 = £00)

v »it
nghia la f; fx, ¥/, ,f':,,, fx, yi lign tye tai (0, 0). Vay fco cac dao ham riéng lién
tuc Vix, yt & R% Theo dinh nghia f kha vi ¥z, y) ¢ R

Ta c6 thé xét sy kha vi cla £ tai (0, 0) nhi saun:

Ta ¢6 AFC. 0} = £L(0, 01.4¢ + fy (0, O).dy + Ofp) theo trén:

£L(0, 00 = fy (0,00 =0, do do:

-I 1

L )
Op) = >+ 9p) I 0% _, gkhi p— 0.
PP

Vay £ kha vi tai (0, 0).

3) fix, ¥) =31Jx3+ y3 tai {0, 0). Ta cé:
3.3 3.3

i . 3

M lr Ao dim Yo

ity w0 Ay -

fo(0, 0= lim
Axis0

KéL A0, OF = Ax + Ay + Ofp), suy ra

0(p) = Af(Q, O} - Ax - Ay cho Ax = Ay = -I—,Ax,Ay—,sO@n—)m
n
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Khi da:

o' D

32 _2 ;
%2:.” n;i/i:g

P V2

;s|’5-|

Vay 0(p) khing phai la vé cung

bé bac cao han p. Theo dinb nghia f
khéng kha vi taj

{0, 0) (tuy no ¢o cac dao ham riéng tai (q, o).
c) Ap dung vi phin vao tinh gin dang
Gia st ham z = fx, y) kha vi tai diém (x, y) € D. Ta c6:
Afx, y) = flx+ Ax, y + v} - fix, y) =
= filx.y). Ax + fo(x,3). dy + O(p).
Khi 4x, 4y kha bé ta ¢6 thé bd qua Ofp) va c6 cong thuce gan ding:
flx+ Ax, y +4y) = flx, y) + fo(x,y). dx + fy(x.y). dy

Thi du: Tinh gén ding T = (1.042% Ta 5 T = {1+ 0,04)* %92 Pyt
x=1, de=0,04, y = 2 Ay = 0,02 thi T=(x+Ax)-’“"=f(x+Ax,y+Ay) vdi:

Y flx, y) = o f:lc(x.y)=yr‘"1; f_;,(x,y) = 2Inx,
Theo cdng thic tinh gan dung trén thi;
T=f1L D+ f12).50 + f,(12).4 hay T= 1+ 2.(0,04) = 1,08,
Cha y: Ngudi ta thudng ding bidu thie:

Ei:dh‘lz:———-a]_nz A:c+———61nz_)y

e ox

dé danh gid sai s8 tuong d6i khi tinh gén ding.
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§4. DAO HAM CUA HAM HOP VA HAM AN

4.1. Ham hop
a) Ham hai bién

Binh nghia: Cho ham z = f(i, v) trong mién D, trong dé u, v la
cde ham s6 cta x, y trong mlen Deu=ulxyhv= v(x, y) va khi diém
(x, ¥} bién thién trong D, thi diém (u, v) Ehéng vugt ra ngoai mién D.
Khi d6 ham z = flulx, y), v(x, ¥)] goi 1a héam hop (hay ham kép) cia
cde bién déc lgp x, ¥ trén mién D, qua hai bién trung gian u, U. bé

tinh dao hém cua z tai {x, v) ta co:

Pinh ly: Néu cde ham u = ulx, y), v = v(x y) ¢6 cdc dago ham riéng
tai (x, ¥) vé ham z = f(u, v) khd vi tgi diém (u, v) tuong ing (u = u(x,

), v = vz, ¥)) thi z c6 cac dgo ham riéng %"x—, % tai diém (x, y) duge

xdc dinh bdi cde cong thire:

& 0z fu & &

= =t (hH

& ou x v

GG 2y

gy ou &y v ¥y
Chitng minh:

Cho x s§ gia Ax, y = const thi u, v, z 88 ¢ che sf gia tudng ing Au, Av,
Az. Theo gia thiét thi flu, v) 1a kha vi tat (u, v) do dé:

Agz= ng u+%a. v+u_\xu+|3,3xv @ B — 0 khi Ay, 40 —0.

{Theo chdng minh tinh chdt 2 3 §3): 0(p) = adx + SAy).

Chia hai v& chro Ax = 0 tacd
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tho dx — 0, theo gia thiél va dinh nghia dac ham riéng, ta duge:

e fe du & &

éx  du éx A o
Tudng ti, ta eé céng thie (2)

Dac bidt néu u = ufx), v = véx) khi dé z = flufx), v{x}] 12 ham mdt bidn

va
dz o2 du+82 dv
dx du dx & dx
Thi du:
2
1} Cho z = ]n\}(u2+2v),u_—. ety c v=xt+ 3 Tinh ;—z, ‘—?3.'1‘3 ea:
ay

dz u dz 1

S w2 igy w249,

Theo cac céng thie (1), (2) ta c6:

2
% _ 3 1 (e 4 2x), Ld 3 !
& 4?4 2 Y w2

2
(Zuye™Y +1)

2)Choz = \/z:+sinzv, u=fx+ 1) v=3x Tacé

£=—1~3(x+1)2 +6sin v(:osv:é x+1 +3sin6x.
dx  9u 2

b) Trudng hdp tdng quat

Cho ham w = flu, uy .., u,) trong midn D « R™, trong d6 u; =

uxy, g ey x W (i= 1, S .., m) trong D, < R" vi khi diém (xp, x4y o0y x,)
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bién thién trong D, thi didm (uy, iy .., &,) kKhéng vugt ra ngoai mién
D, khi d6 ham '

w = [l (% Xg ooy %)y Un{Xy, Xy oy X)), cees Un{Xpy Xy arey X))
goi la ham hdp cua n bién doc Wp %), Xp - X, qUA M bién trung gian
By, Ugy vivy Uy

Ta cling ¢6 quy téc tinh dao ham ctia w doi vdi cac bidn dde lap tudng
t¢ nhu trudng hgp hai bién (vdi gia thiét tudng ing).

aw _ % ow N
éx{- J:I EﬁuJ r?xl-

, i=1,2 .,

Dic bigt u, = x, u; = uifx), i = 2, 3, .., m thi w = flx, walx), uyfx), -,
w, (x)] 14 ham mot bién, khi dé:

_@_gtﬁ+aw du2+ +awdum
dx & dug dx  dup dx

d ; . . = . N . . N 5 - s
'dﬁ xac dinh theo céng thite nay goi 1a dao ham toan phan cua w ddi x.
X

Thi du:
1)Ch0w=f(u,v)v6iu=x+at,u=y+bt,
Chimg minh

ca P (0
oy

Ta cé:

Tit d6 suy ra {1}.



2 .2
2) Cho u = ——=1‘=:‘~ , Linh {_@_HJ , (EEJ R (i{)
yeZey?4,2 o ¥ oz

bDatr = x’?+y2+z? r={thi
Ju _du & ou_duar ou  du ar
x drax’ @y rdy’ & r Oz
du d(%)* 1 & x _x
== =-—=, = ==
dr dr r &x 2 +y2+zz r
Tuang ty:
oy or_z
& r & -
vay

Cha ¥: Vi phan ¢Ga ham nhidu bién ciing ¢6 tinh chai bar bign vé
dang da céc dai s6 1a dde 14p hay 13 ham so oA eac bidn dée lap khac, nhy

ham mot bign, ching han xét:

z2=fix, y), x = x(u, v), y = y(u, v, dz = ;idu +§Uz—dv {theo a)
i3

dz = c’bax+iz___ du + az-%+6zé‘>y dv=
O fu Qy fu X v &y v

=& 6xdu+-—dv +§— -('ydu+5ydv]=—dx+i2-dy
ax | ou v &y \ du Gu & Sy

Bidu thie nay cing 1a vi phan cia ham z = flx, y) ¥8i x, y 14 cac bién
dée Hap.



4.2. Ham 4n

Dinh nghia: Ham y = f(x) duoge xdc dinh tix phutang trinh Fix, )
= 0 (1), n6i chung khéng gidi ra dot vai y trong dé F(x, 3) lé mét ham
xdc dinh trén tich Descartes XY (tip hop cde cdp co thit ty (x, ¥} voi x
c X, ye Y) goi la mét ham dn trén tap hop E c X, néu ¥x ¢ E ¢é dinh
thi (1) c6 mét nghiém duy nhét y = f(x). Do dinh nghia ta 6 Fix, f(x)]
=0, vx ¢ E, nghia ld ta co mot déng nhdt thite. Truong hop x € E ed
dinh, phuong trinh (1) c¢6 nhiéu nghiém thi ta noi phddng trinh do xdc

dinh mét ham da tri. Truong hop trén ham én goi lé ham én don tri.
Tudng tig, ti hé phudng trinh:
Fufxty, Xgp ooy Ky Uiy Uy woor ) = O, =12 _.,m 2
ta c6 1hé ¥ac dinh cac ham &n:
w, =[x, Xy s x). G=1,2, ..., ml
dé

e}

Ffxy, Xy oor %o HilX1 Xoy o P NURHY 1 . S L x =0
(i1, 2., m, WX, g0y X} €0 cR"
Cha v: Ham u = fiM) da dinh nghia 3 §2 ciing goi 1a ham hién.
Thi du:

1) Phuong trinh x° + ¥° = @” xéc dinh dugc ham an
a
¥ e S +(\fag —xa) =a, v eR

23 ¥hudng trinh

“_ y
at b2

- - e b
xac dinh duge hai ham an y = +2yal-x* Vxela al
ia
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A Phugng trinh y - x - ¢ siny =0, 0< g« L Xac dinh mét ham 4n y =
Yix), W c RO Thue vay vi xét x =y-esiny, ¥y ¢ R.

RO vang ham x 1a don digu ting vi xét Yoy tacde, -x, =y, -y, -
&siny, -« siny)) nhung | sinys, sin y, | =¥y dodéo, —x, > 0vax, »x,
Thea dinh 19 18n tai ham nguye, gia tri eta y duge xac dinh duy nhél theo x.
Vay phuung trinh 4a cho xac dinh m§t ham 4n y = ¥(xj, ¥x £ R, nhing
khong giai ra d6i vdi y.

4) Phuung trinh

P 2 2

X ¥ Z
‘,_—+'—;_—+—.}——1 =1
a BT et
r I . . hed - ar x} I’rz - - - ~
Xae dinh hai ham 4n 2 bién «, Y Z= 4o fl-"_+=_ vithay lai ta cé mal
e z

déng nhat thue.

r

5 He

x+y+z=0
x2+y2+22=|

xéc dinh hai bam &n y = y(x), z = 2(x), -1 <x < 1. Vi gidi hé: y, z theo x va
thay lai hé ta c6 cée déng nhat thic.

Theo dinh nghia thi phuong trinh (1) hoac hé (2) ¢6 thé xac dinh cac
ham &n clng ¢6 thd khing. Ching han, phugng trinh 2 + y* + 22 + 1 = 0
khéng xac dinh ham 4n nao. Vay vdi nhing digu kidn nao thi tén lal cac
ham 4n xéc dinh tit (1) hoac (2) va dao ham ctia ching,

Dinh Iy 1 (Tér tai ham dn mét bisn)
Gid thiét
1) F(x, y) la lién tuc trong lan cén ctia (x4 v,) c R%

2} Flxy y) = 0.
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. - oF . - . oo
3) Fix, v) ¢6 dao ham riéng % lién tuc trong ldn cgn do va
EY

F (50 20) g phi:

1) Phuong trinh (1} xdc dinh mét ham én v = y(x) xde dinh

trong mét lan cén £ ctia x,
2} Khi x = x, thi y(x)) = ¥
3) Ham y = y(x) lién tuc trong lin cén &

Ta thita nhan dinh 1¥ nay (ddc gia cé thé xem trong cac gido trinh giai
tich cho sinh vién chuyén toin).

Dinh ly 2: Véi cdc gid thiét cita dinh Iy I va thém gia thiét: F c6
F. lién tuc trong ldn cdn cua (x, ¥, thi ham dn y = y(x) xdc dinh ti

phuong trinh (1} ¢6 dao hdam lién tuc trong ldin cdn ctia x, va:

SF (x0.3%)
dvixy) _ _ B ox -
dx | OF (%) (e)
&

Chiing minh: Ta c6 Fix, y(x)j =0, ¥x € & Chox sf gia Ax, sao cho x +
Av € ¢ khi d6 y c6 56 gia dy = y(x +4x) - y(x) va Flx +4x, y+ 4y = 0. Do do:

AF = Fix + Ax, y+ &y} - F(x, y) =0
Theo gia thidt F(x, y) 1a kha vi nén:

0 = AF(x, y} = F,(x, yhAx + F, (x, y). &y + ade + BAy; '

a B0 4, 4y =0

Ay Fx, )+
Av F}‘,{x, yI+p

Do do:

Cho Ax — 0 thi @, 8 — 0 va 4y —» 0 do y = y(x) lién iuc trong s, theo
dinh 1¥ 1, khi 6
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DBy dva,) | Fix,.y,)

dx F__\j(:r, ) tlx F_{_(xn.yo)

Theo gia thidl F, F; 14 lign tuc tai x, F)'.(xc.,y,g) = U nén d—i 4 lien
tue tai %, Trudng hop 16ng aual, vdi cae ham an xac dinh tit ha (2} ra o,

Dinh 1y 3. Gia thist:

D CichamF,i=1,2,... mlién tuc trong ldn cdn r cia diém
M, = (,qn,x?,...,x,?,raf,n?,...,r;f,) e Rmor

2} Fi(My = 0.

3} F, c6 edc dao ham riéng lién tuctrong lan cén rva

oF o OF,

8uy By _ @

afy, 8k ity

a,- duy,  Au, | 20 tai M,
el AF, BF__

6“1 a;_ E:"m

m

2 PO o . . . .
Dinkh thie }r—(—&-’—!— goi la dinh thite ham Jacobie ciia coe
’ Dy, u ) °F ’
ham F, d6t véi cde bién uy (i=1,2, ..., m)thi

1) Phuong trinh (2) xdc dink mét hé ham dn

U= filxy xp oy x, ) (i21, 2, .., m) trong lan cdn r, cida diém P, =
(x',x3. x°) ¢ R™,

2) fdPy) = u?, (i= 1,2, .., m.

i li=12 v ) la lién tue trong ry.
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) f, (i=152 ., m co cdc dao ham riéng lién tuc trong r; va

duoe xdc dinh ti hé.

o~ A

m 3T s T A
S N H o ) (21,2 ), (=L 2 1)
PR drx,

Pdc biét: Ham an 2 bién z = z(x, y) xdc dinh to phuong trinh

F(x, y, z} = 0 thi:

oz _-F a_~Fy

& R ¥ R

Thi du: Xét cac gid thidt va didu kién 16n tai cAc ham an va dao ham
cila chung da duge thoa man, tinh dao ham ctla chc ham 4n xac dinh Cac
phudng trinh:

1) *+4° - Baxy =0 vdi y=y(x) Ta ch

Fo= 3" - ayh F, = 3(y* - ax). Vay theo cong thie (a)

dv _ X —ay

dx yz —ax

2 2 ! o . A dv x . N
Dy Inyx +y° = umrgL vdi y = y(x) co thé tinh ;:'— bang cach dao ham 2
X X

v@ phudng trinh nay:

i;—'ﬂg xg o4 hay x +yy = xy' — ¥
Xty x+y

Giai ra ta co:

, X+
y'= x+y
X—y
N B ]
3) ;T+}_+ _-1=0 véi z = z(x, y). Khido:
at b -
2
e F_ g _ € z__cy
Cx F, 2z az & Bz
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[_1'+y+u tv =g

2 M 1 > 2
1):‘ TR ruT v =6
vih u = ufx, yh v =u(x, yi.

Bao ham 2 v cac phudng trinh thee x vdi theo y:

1+ w, +v, =0

L+, +v, =0

2x + Juu, + 2w, =0
2y + Zu u1 + 2\’\’;. =0

Giai hé nay tacé:

x - H-Xx
Ho= vo=

Vou v—u

V- . u—-y
M= v, =

v—u - U—u

§5. DAO HAM VA VI PHAN CAP CAO

5.1. Dao ham eAp cao

Dinh nghia: Che ham s6 z = flx, y) ¢é dgo ham riéng
fitx,, f;_(x,,v) trong mot mién D néo d6, cde dgo ham nay lgi la cde
ham s6 ctia x, y trong D, gid s cde ham s6 nay lai ¢6 dao ham riéng
theo cdc déi s6 tai mbt diém (x, y) € D, thi cde dao ham riéng nay
goi la cde dao ham riéng edp hai ctia ham s6 z = f(x, y) tai (x, y) ¢ D.

E¥ hiéu:

fad
T
—



o) = (e, bay. 5 ==-(50)

¥F

- . : z
Fo ()= (v, hay 6r§ = 5 e
. : ] gz _a gz
Sy =t bay o= 2
- . : Fz @ 8z
fn'(x’y) = (’f).(-\‘,}’))y hay 53_ - g(g.;)

Con f{x.y), f_"(x,y} ciing goi la cdc dgo ham riéng cap mét cia f
tai (x, ). Cdc dgo ham f.. [, goila cac dao ham vuéng, thwong ky
hidu fo =/ I = f) . Cde dgo ham f,., [, goila cdc dao ham chi

nhét hoy deo ham hén hop.

Tuwong tw, xudt phat tie dgo ham riéng cép hai, ta dinh nghia
cdc dao ham riéng cdp ba, ..., cap n, ky hiéw:

&tz

fi":, (x,y) hay i+j=n

33;"6311- ’
Dé&i voi ham n bién: u = flx, X3 wn X,) 4 citng dinh nghia cde
dao ham riéng cép hai, . cdp m mét cdch tuong ty, ky hi¢u:
amu

Exja] . at

, itjr+rR=m

Thi du:

1) Cho z = 2° + ¥° - 3xy. Ta ¢

.
% 3x? -3y, <. 3p7 -3
o v

-7 ,.}2
i{_—.ﬁxj _.azi:_.._, oz =_3’ v f=6y
ot Dedy fvéx &



Fu Fu Fu

1
= ——- chimg minh ——+ - +2%_9
Ve +yi 4zl o ' &’

- du l
= (x* +3* +27) :, a—=—x(x2+y2+z2) :
x

2

&u _3 _t

P =30 4yt 427y (x4 +22y7:
A

Tueng 1t ta co:

&y A . 62u+62u &u

0

%)
g‘_
%
2,

Ta thay trong vi dy 1, cac dao ham riéng hén hop cta 2z bang nhau
(=-3). Téng quat ta cs:

Pinh Iy Schwarz
Gia thiét:
I} Ham f(x, y) xdc dinh trong mién D c R?

2) Tén tai cde dao ham riéng cdp moét f.(x,y), £ (xy) va cde dao
ham riéng hén hop f;,(_r,y), f;;(x,y) trong mién D,

3) Cdc dao ham riéng hén hop la lién tuc tgi (x, y) € D. Thi
Solxy) = [ (x,p)

Ching minh: Xét bidu thue

T=lftx+ &, y+ 8y) -fix+ Ax, y)f — e, y +ay) - flx, y)f

va ham phu ¢x) = fix, y + Ay) — flx, y). TR T = pfx + Ax) -g¢lx). Theo 2):

)= f{xy+ &) - fi(xy). Vayc6 thé fp dung dinh 1y Lagrange d6i v3i
@x) trén doan [x, x + Ax:



T = Axgife,) = &xf [ ey, y + Ay) - f, (e, ¥ ¢ € (%, x+ Ax).
Ciing theo £) thi £, fx, y) 14 kha vi trén doan [y, y +Ay] nén lai ap dung
dinh 1y Lagrange d6i véi y ta duge:

T = ;\\*..-\y.fj;.(q €2} (1)

ey €0y, y+ Ay)
Bay gio viét T dudi dang

T={flx+ Ac, y+ &y} - flx, y + 4] - [fx+ e, ) - fix, y)]
vi ham phu w(y) = fix + Ax, y) - fix, ¥).
Ly luan tudng ty nhu trén ta di dén:

T = wAxfoleney) @

oL e (x, x + &%), cre (3, ¥+ Myl

Theo 3) fo(x.¥), Ju(x.¥) 12 lién tyc tai (x, y) nén:

lim fepen) = folea)i I fo(uer) = Suley)

Ay—l Ay +Q
Do d6 va theo (1), (2) ta cb: f(x,¥) = [ (x)).
Dinh 1y trén c6 thé md rong cho trudng hgp dao ham riéng hén hgp cép
m (m > 2J va cho ham n (n > 2) bién, nghia l&;

O™ulx), Xy, Xy)

. kot 4tk =m
ot axb? Ot ?

khong pbu thude vao thit ty 14y dao bam.
Thi du: u = e”sinz, tinh toan ta cé:

8u &u

axiviz | Oydzdr

=g (1 +xp)cosz
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5.2, Vi phiin cép .cao
Dinh nghia: Cho ham z = f(x, 3) trong mién D. Néu ham frhha vi
tai Vix, y} e D thi vi phén todn phén ciia né la
dz =[x, yuic +f) (x,vidy.
Ré réng vi phén de lai lé mot ham cio x, ¥ trong D. Néu ham

nay lai khd vi tai {x, y) € D thi vi phén ctia ndé goi ld vi phén cép 2
cua ftai (x, y), ky hidu:

d’z = d(dz) hay d’f(x, y) = d(df(x, v)).

vd ta ciing noi ham f khé vi 2 Ién tai (x, y), con dz ciing goi la

vi phén cdp mét ciia ftai (x, v).

Téng qudt, ta dinh nghia vi phén cdp n ciia z = f(x, y) tai
(x, ¥): d"z = d(d" '2) véi ciia ham n bién u = f(x,, Xgy ooy x,): d¥u
= dfdu), ..., d"u = dd" Tu). Néu mét ham sé cé vi phan cdp n

tai mét diém thi ham do got ld kha vi n lédn tai diém do.

Cong thie tinh: Cho =z = flx, ¥) kha vi n |dn tai (x, v} € D,
Xét x, ¥ 1& céc bién dac iap thi:

dz oz
d’z =d(dz) =d{ =dv+ZZ4y) =
z fdz) (axx+5 )

2 2
gz af_\ca’y+-a—fdv2
Oxdy o

- b
- d(ﬁdx) +d(gdv) = -a—zidxi +2
ax ay ) a).‘

Ta ¢6 thé dung ky hidu hinh thie:

2 3 3
& gz - gz
d’z = | —dx+—dy| z = de’ +2 dxdy +—_dyt
(ax y] ot I Y P
trong dé:
# 9 P
a.‘(,‘E ’ axay‘ ay?.
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chi céac phép 18y dao ham cdp hai cias 2 déi véi x, y; dx?, dy’, dxdy
chi cac binh phuong va tich thye sy. Tuong (g ta cd de,...

d"z = ia’x,+ idy] z.
ox &y

K

DS voi ham n bidn u = flxy, X, .., 2, ta bl

a
d™u = { —dx, +i-dx1 +..+ g dx, )"
8.\:| Xy axn

Né&u che ddi s6 1a cac bién phu thude hay cac ham s clha cac
d8i & khac thi nhit da bidt vi phan cép 1 clia ham s& co tinh bat
bign vé dang, con vi phan c&p nfn 2 2) khéng cé tinh chat 4y, chang
han xét ham hai bign z = flx, y), x = x(t, s), y = y(t, s) lac 4o dx, dy
la ham s6 cha ¢, s; d2x = 0, d’y = 0; d%, ..., d"z s& Khdng con ¢6 dang

nhu trudng hep x, y 14 céc bién déc 1ap.

§6. CONG THUC TAYLOR

Ta da biét d6i véi ham mat bign Fet) kha vi n+ 1 14n tai lan
can diém ¢, thi trong 1an can nay ta cé cong thike Taylor cdp n cla Fit):

Frt) = Fitg) + F(t it — &) + %F’(toj(t B L

e L Pt - tgr e S F U+ O -t - £
! (n+1)

0<B8<1. Datt -t, = At =dt thi cdng thic nay duge viét dudi dang:

Ft) = F(ty) + dF(ty) + %dgF(t9)+ o+

e LamF )+~ dF (ty+ 048 0 <0< L.
" o

Ta s& md rong céng thic nay cho ham nhidu bién.

fnd
Lt
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6.1. Haim hai bicn
Trude hét xét ham hai bidn (a cor

Binh 1y: ¥éu ham = = flx, ¥) khd vin + 1 1dn trong ldn

cdn cia diém (x4 ¥o) thi trong ldn cdn nay te cé céng thite:

105 3) = (5 39) + difty 3,) + % Pl 30+ e + 1A (i y)

-

el d ™V lx, +04x, Yo + 04y} (T) 0<gc],
nH+1)

Trong d6 x - Xp=dx=dx,y -y, = 4y = dy, goi la céng thic
Taylor cdp n ciia fix, yj.

*Ching minh: Dat x = Yot tdy, y=y,+ 4y, 0 <t <1 khids
flx, yJ = f(xy +¢. Ax, Yo + LAy) = Frt) (1)
12 héim 1 bién ¢, rs rang:
AF(0) = Ff1)- Fro) = flxg + dx, y, + Ay)- flxo, o) = Af(x,, y,) (2).

Theo gia thidt flx, y) kha vi n + 1 l4n tai lan can fx,, ¥a) BUy ra
F(ti kha vin + 1 14n tai lan can ¢ =0,

Do d6 ta c6 cang thite Taylor ctia F(3) tai 1an can didm ¢ = 0 (cong thie
MacLaurin)

AF(0) = F(1) - F(0)= dF(0) +%d2F(O) 4o

+Lar o).
! {(r+1)!

d ™ty O0< g< 1. f3)

vdi dt=At=1. 0=1.
Theo (1) 1hi:
dF(t) = df(x, + f.4x, Yo+ L dv) = dfix, y)

vdi: X=Xp+ LAK, ¥ = yo + LAY



Joodaos

_@f(x, }—) dy.

oy

ari) = LD gy
fean

Tait =0 thix =,y =y nfu

aFcoy = TEed) g T3 4y dfiey, y,).
ox !

&
Tudng tu
dA2F(0) = d’f(xg, ¥g), .., &"F(0) = d"fl(x4, ¥o);
dr P FE) = d"t Vflxy + 84x, vy + 04y).

Thay cac bidu thite nay vao (3) va theo (2) suy ra cdng thue (T)
phai chdng minh.

Cong thic (7Y c6 thé vigr dudi dang (ham didm):

FOM) = fiMy) + dfiM o) + %d?f(Mo) .o+

cLdnp My 4 ——dmVM) (T
nt {n+1)

Trong d6 M(x, y), M{x, yo), M (xg +83x, ¥y + G4y), 0<8< 1

6.2. Ham n bién

Tudng t¢ nhu doi véi ham hai bién ta c6 céng thie Taylor cAp
m d5i véi ham n bidn u = fiM) = fix, x5 ., X)), m+ 1 14n kha vi trong lan

can ciia didm Mo = (x{,15,..,%):
FOM) = (Mg + df(M 9 + %dea) PN

el dmE (MY ¢ ——d VM) (T
ml (m+1H

vai M, = (7 +65x, x5 +0A%,, . X voar,), 0<O<l.
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Thi du: Viét céng thic Taylor cia ham: flx, y) = 227 - xy — 37
6x — 3y + 5 tai 1an can didm (1, -2). R5 rang ham fix, ¥) kha vi n
(bat ky) 14n tai 1an can di€m (1, -2) vi cac dao ham riéng ¢4p cao
han 2 cia f déu bing khéng, nén s& hang du R, (n 22} bing 0, do
d6 cong thie Taylor cla £ tai 1an can diém (1, -2y 1a:

Cflx, 3 = f(L, -2 df(L -2) + %dzm,

f(1,-2)=5, f,=4x~y~6, f(1,-2)=0, J, =-x=2p-3, £1,-2)=0
fa=4. o024, =21, [L0-2)=~1. [, =2, f2(-2)=-2

dodé: fix, y) =5+ %{4(13:2— Sdxdy  2dyl]

Nhing dx:Ax?: (x-l,dy=4dy=y+ 2
Vay flx, y) £ 8+ 2(x - )" - (x— 1)y +2) - (y + 2~

Cha ¥: S6 hang, cudi cung ciia cée cong thie Taylor (T), (T
hay (T7) goi 1a s6 hang du dang Lagrange:

dn +1 M
R.= {I‘H-l)" fM).

c6 thé vidt: R, = 0(p™, p= yar'+ap? (w8 cing bé bae cao hdn bac clta p™)
R. = 0(p") goi 1a s& dir ciia cong thie Taylor dang Peano.

§7. CUC TRI]

7.1. Dinh nghia - Diéu kién cin

a). Pinh nghia: Ham fiM) = flx; x5 ..y x,) xde dinh tai ldn cédn
S cua diém M, = (1, V) goi la dat cue dgi (tiéw) tai M, néu

VM = (x4, %y, .., x,) € 8 ta cé: fIM) < fIM)f(M) > M) M, goi
I diém cue dagi (tidu) oiia ftai M,.
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Cue dal hay cuc tidu goi chung la e tri. Cye 1] theo dinh
nghia nay ¢ing goi la cye tri “dia phugng”.

b) Didu kién cdn

Néw ham u = flxy, X .. x,) dat ctfe Iri tai M, = (xf],xg,...,to)

r

va c6 ede dgo ham riéng tai M, thi fx My=0, (i=1,2, .., n).

That vay, ¢ho 1, = ¥, x=x3,., 1, =x, thi theo diéu ki¢n cén

] H

cua cye tri ham mét bign thi f;l(l’u(,)=0 , tudng tuf;l(h-{o)=0, ey
f. (M, = 0. Tudng ty nhu d61 vdi ham mot bién, cye trj cua ham
nhidu bidn cé thé dat tai didm M, ma £, (M)=0 (=1 2, .., n), M,

cing duge goi 1a diém ditng cia ham s6. Ngoai ra cuc trj d6 cing cb
thé dat tai diém ma cac dao ham riéng bang = hay khong tén tai,

goi chung 12 céc diém bt thudng hay téi han cha ham s¢.

Cha y: N&u thay didu kién “c6 dao ham” bang diéu kign “kha

vi” thi didu kién cén trén co thé vidt la:

&)

n
£y "

df = fidx1+:a-t;dx2+,,.+ F g, =0 tai M,
Gxy

7.2. Diéu kign dn

a) Ham hai bién

Dinh ly: Gid thiét

1) f(x, y) xdc dinh va lién tuc trong lén cén § cia diém (xp o) -
2) f(x, y} c6 cdc dao hdam riéng cdp mot va hai lién tyc trong S.
3) My(x,, yo) 16 diém ditng ctia ham s8.

Filxey0) =0, £ (%0, ¥0) = 0.

4) d2f(M,) = 0, Vdx,dy : de’ + dy* # 0.
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Thi:
Foox = f(x0, yo) Jehi d?f(M,) < 0 trong S.
Fmin = f(xe ¥o) Rhi d2f(My) > 0 trong S.
3) f(x, ¥} khéng dat cue tri tai M, kehi d*f(M,) thay d6i dau trong 8.

Ching minh: Viét cong thae Taylor cap mt cta £ trong lan can 8
cla (x,, y,):

flx, y) = flxe, yo) + df(xy yo) + %d*f(Mr)

M.xs + 84x, y, + 0dy), 0<8 < 1.
Tit gia thidt 3) suy ra: dffM,) = 0 v (1) viét duge:

fiM) - (M) = %d2f(M,) 2).

T gia thigt 2) suy ra: d>(M) 12 mdt ham lién tue tai M,

lim d° f(AMf) = d° [
M_*)Tfo S =d” f(M,)

N&u @’f(iM,) < 0 (> @y trong & thi tit tinh ¢hat cla gidi han suy
ra d*ffM} < 0 (>0) trong S, vi M_ e S nénd*fiM. < 0 (>0). Do dé (2)
viét duge:

M) — f(M,) < 0 (> 0) hay fIM) < fM) (> FOM,)),
Theo dinh nghia thi AAM) dat cuc dai (tidu) tai M,
Frax = fIMy) (F0n = fIM,))

R3 rang d%rM,} thay ddi dau treng S thi f/M) kKhong dat cyce trj
lai M,

Pat A=fL(0M). B= [uM), C= [, (1),
thi dif(M,) = Adx® + 2Bdxdy + Cdy” = g(dx, dyh
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12 mat dang toan phudng cla 2 hién dx, dy. Theo tifu chudn Sylvester

trong dai s6.

Biéu kién cdn va dd dé g(dx, Ay} 1a xéc dinh dudng (Am} neghia
13 gfdx, Ay} > 0 (< 0) véi moi 4z, 4y 13 (A" + Ay’ = 0):

B }
> 1}
C

hay A > 0, AC - B* > 0, (A < 0, AC - B> 0). Do dé két luan eta
dinh 1y trén c6 thé viét dudi dang:

4B
A >0, }
B «

>0, |A<0 A
¥ !B

N&u tai My

DA>0, AC — B > 0 thi f,, = fiMy).

9 A < 0, AC — B2 > 0 thi foee = f(My).
3YAC B! < 0thi khong co cyc tri tai M,

Chu y: N&u AC - B? = 0 tai My thi fcb thé dai cuyc trj cing c6
thé khong dat cuc trj tai My Chang han flx, y) = x*y*, d& dang théy
AC - BY = 0 tai (0, 0). Nhung flx, y) - f(0, 0) = 2'y" 20, VM(x, y)
trong 1an can cla (0, 0) vay foi, = f(O, 0} = 0. D81 vdi flx, y) = x*y? ta
cling ¢6 AC — B2 = 0 tai nhung f(x, y) - f(0, 0) = x°y° thay d6i dau
trong ldn can cda (0, 0). Vay f khong dat eyc trj tai (0, O).

b) Ham n bién
Tudng ty nhu 481 véi ham hai bién, ta cd thé ching minh diéu
kién dd tdng quat sau day déi vdi ham » bién bat ky.

Pinh ly: Néu tgi lan cdn diém My = (X0 x), .. x0):

D Ham f(M) = f(x;, Xy .oy x,) KRG vim ldn va moi dgo ham

riéng cdp m déu lién tuc tai M,

2) dftMy) = 0, d*f(M,) =0, ...,
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4" 'f(My) = 0, d"f(My) > 0 hodec d™f(M,) < 0.
Thi:

1) fM) dgt cye tritai M, khi m chdn £, = f(M) néu df(M,) > 0;
ﬁ!;ux= f(Mo) ?Lé},& dmf(Mﬂ) < 0.

2) f(M) khong dat cuc tri tai My néu m 1¢.

Thi du: Tim ¢yte trj clia cae ham

1 z=x*+y% 3ay .

Z =3¢ 3y=0, 2 =3y’ ~3x=0 = x, = 0, Yi=0vax,=1,y,=1
ta c6 2 didm dimg M, (0, 0, M,(1, 15

Tinh:

Tai My(0, 0): A = 2;000)=0, B = 2,(00)=-3, C = z 2 (0.0)=0.
= AC -B" = .9 < 0. Vayz khong dat cue tr] tai M,.
Tai M1, 1):
A=z,(11)=6, B= 2, (lh)=-3, C =z'r3(l,])=6,
:AC—B?=36-9=27>0,A= 6 >0
Vay z dat cye tidu tai My, z_,, = 2(1, 1) = - 1.
2) z=x"+y"-x2—2xy-—y2_
z_l\_ =45 - 2x -2y z;. = 4_1’3 -2v-2x.

z;: ={} zi =0 cho cac diém dimg; M,(O,_U}, My(-1, -1, ML),

A= -2 e 2y 210,
Tai M,(0, 0): AC - B” = 0, do d6 cdn xét theo dinh nghia ta c6
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Az(0,09 = 2{0 + S0+ &) ~ 2(0,0)
hay Az(00) = + Ay - Ax? - 2Axay -0

X6t Ax = Ay thi Az(0,0)=2A¢%ar" —2)<0 khi 0 < Ax < 42 . N&u
Ay = -Ax thi M(00)=23¢" >0, Vay Az(0, 0) nhan céc gia trj ¢6 dau
khac nhau tai 1an can didm M (0, 0). Theo djuh nghia M, khéng
phai 12 didm cye trj cha z.

Tai My(-1, -1}, M1 : AC - B =96>0vaAd=10>0nén z
dat cue tidu tai cae diém dé: z,,, = -2.

3) M=ty 4z +2x+dy -6z,

w, =2x+2 u =2y+% u,=22-6.

Biém dimg: M(-1, -2, 3).

u =2, = 2 "y S2 by =ty =

Tai M:

& & .2 2 - -
dv+——dzy a = Hdx™ + v +dz7 )= 0.
&z

du = (idx +
&x

v

Vay tai M,, u dat cye tidu u,,,, = u{-1, -2, 3)= -14.

7.3. Cue tri clia ham 4n

Ti cac kit qua da bi&t déi véi ham hidn u = flx,, x,, ..., x,) 14
ed thd suy ra:

Pinh ly: Gia thiét

1) Ham dn w = f(M) = f(x;, Xp ooy X,), M ¢ D & R" xde dinh
te phuong trinh

Fxy, Xgy cuey Xy 2) = 0 (1)
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voi Flx, xy, ..., x,, Hxy xp oy x )} =0 YM . D

2) u khé vi lién tuc hai lin trong D (cdc dgo ham riéng cdp

hai déu lién tich,

D My=(x) LY € Dl didm ditng cia u = f(x,, x, ..., x,)

thi:
1) M, thod mdén hé:

F(M,)=0, F,,(M,)=0, F, (M,)=0, F(M,)=0.

2) f dat cuc tiéu (dgi) tai M, khi d®u > 0 (< 0). Theo cing
thite tinh dago hem ham én va vi phin cap hai ciia ham n

bién ta cé:

diu -

1 & &'F
F o Bl

]

dxx; . (F, # 0).

Thi du: Tim cyc trj cda ham 4n 2 = z/x, ¥} xac dinh tir phudang
trinh:
_1'2+y2+32—2x+2‘y—4z—1020.
DE tim diémdl‘mg ta lap hé:
F,=2x-9=0
F,=2y+2=0
F(x,y,z]=x2+y2+zz—2x+2y—4z—10=0
Giai hé nay ta duge cac didm dimg: A\ (L-1) vdiz = -2, M,(-1) véiz
= 6 ng véi 2 ham 4n 2, 2, xac dinh 1 phudng trinh trén

F.=2z2-4. Fa=2, F;z =2, F =0

Do d6 va theo cong thic trén:

d?z (M) = i(dxz +dy*)> 0, d?z,(M,) = —%(dxz +dy?) <0
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Vay z, dat ce Lidu tal M (20w = -2 vA 2z, dal cyc dai tai M,
(ZQ)max: 6

7.4. Cuc tri ¢6 diéu kién

a) Pinh nghia: Cho ham u = fM) = f(x;, x4 ..., x,) (1) xdc
dinh trong mién D c R" vé6i cde diéu kién (rang bude):

K2 (g Xyy oons Xp) =0 (i = 1,2,.., m) 2).

Didm M, = (0 x0...x0) € D goi la diém cye tidu (dgi) ctia
ham (1) véi didu kién (2) néu f(M) 2 f(My) (< f(My) VM trong
lan cdn ciia My thod mén (2). Ham f(M) goi 1d dat cye tiéu

{dgi) cd didu kién tai My goi chung la eye tri ¢6 diéu kién.

Thi du: Tim cac kich thude cia mot hinh hop c6 thé tich ldn nhat,
néu dién tich toan phan bang 2a. R6 rang bai toan dua vé tim cuc dai ¢6
didu kidn ctla ham V = xyz vdi didu kign 2y + 2yz + 22x = Za,

k) Céach tim cye tri cé diéu kién

1) Him hai bi&n: Gia s tim cyc trj ela ham z = fix, y) (13 v
didu kién ¢fx, y) = (1 (2). Né&u (7 (2), ta giadl duge y = y(x), x € {(a, (7))
thi z = flx, y(xj] 13 ham mot bidn, ta da bi&t cach tim cye trj cla
né. N&u phuong trinh (2) xéc dinh y 1a ham dn clla x, no6i chung
Khong gidi ra di v6i y khi do ta c6 phudng phap sau day dé tim
diém ditng ciia ham sd.

Phuong phdp Lagrange

Gia thigt

1) My(x, yo) I diém eye tri cta ham (1) védi didu kién (2).

2) Trong lén cin ciia My, cdc ham f vé ¢ c6 cde dgo ham riéng

lién tuc va o +qo;" 2 0 tgi M, thi tén tai 1 €R sao cho:
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j.‘\l'('\:-!J‘_vf_l) +Z(;J_‘\_(x,,,y[,) =u
fll-(v“fh}'u) + )-49_;-(-‘&},}‘0) =0 (L)
el ) =10

S8 A duge goi 14 mot nhan Li Lagrange.
Chitug minh: Gid sit gp_;.(.\'r_,._l‘n) # 0. Theo gia thidt thi (2) xac

dinh ¥ 14 ham 4n c¢oa x frong 14n cin cia 8 ciia x,. Ta c6 olx, y(x}) = 0,

Vx e 8 Do dé ‘!i:~& hay (o;dx+go".c{v=0 tai My (3). Mat khac z =
ay Q’,- )

fix, ¥} v8i y = y(x), theo gia thidt:

%:f¥+f;‘_‘y'=0 tai M, (4), hay f;dx+f;,d)’20 tai M, Nhan (3)
' :

vii 4 va cong véi (4) ta co:

_ L3 (x, %)

(e + 20 0dx4 ([, + 20 )dv =0 YA & R, Chon A= -2
’ ' (P_l-‘(x{}ayﬂ)

thi 4, xy, ¥, 12 nghiém ctia he (L). Theo phuong Phdp nay viéc tim
cuc tri ¢ diéu kién ciia (1), (2) dua vé vi€e tim cyc tri théng thuong
cua ham,

Clx. ¥} = flx, )+ Apix,p)
goila ham Lagrange.

Diém ditng ciia ham @ duge xde dinh tit hé:

d, =0
{Dy =0
@x,y) =0

vé xét d*d (nhi cyc tri théng thuong). Néu &@ > 0 (< ) tai My(x, v,)
thi diém M, lé diém cyc tidu (dgi) cé diéu kién cida ham f, vai

diédu kién dx, dy thod mdn: p;_.d:%—(o;,dy:(}.
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Thi du: Tim cye tri ofta ham z=6-4x-3y vai didn kign x* 437 =1

Lap @, y) = 6-4x=3y+ (> +y =1 Didm dimg coa z xac dinh tir

=
REd

O = —4+2Ax =0

b
x* +y2 =1
Gial 1a cd:
5 4 3 43
3= x= oy = M =(=D)
e e T T A
5 4 3
Pymmm, xymmm ¥y =T My =2 D)
2 3 - 3 3
T 5 20 P2
ox~ (5,0 ey

d2PM,) = 24,(dx? + dy’) = B(da® + dy*) > 0.

Yay M, la difm cue tidu co diéu kién ela 2: 2 = £

w| =
Ui |
—
1l
—

B2PM,) = 24,(dx? + dy?) = -B(de? + dy*) < 0.
R . ) . 4 3
Vay M, 13 diém cye dai co didu kién ca 2. D 2. = z(——_-‘—g) =11
3

9) Ham nhiéu bi&n: D& dang ¢6 thd md ring cac k&t qua & 1) cho
trudng hop ham n bién nhu sau: viée tim cye tri ctia ham u= f(\M) =

F{xxa,x,) UG cdc diéu kign ¢ (x.%:,..%,) = 0(i=12.,mm<n}

dua dén viée tim cuc tri théng thuéng cua ham:
DALY = FA+ TG ).
il

@ goi la ham Lagrange, A, =12, .., m) goi ld cde nhin t

Lagrange, vdi cdc gid thiét tuong ung vai 1) ta co:
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Néu tai diém digng M, = (5. x5 3 cia £ d?p > ¢ (<0} thi
o g 1 2 17

f dat cue tidu (dai) c6 didy kién tai M,

4o . i . -~
vl diédu kién la cdc
bién dx,dxy, ..dx, thod méan hé:

" B,
S Py -0 (=10, .. m).
£ Qe

Thi duy:

1} Trd lai thi du & a): Tim cde trj ca ham e = xyz (1) vai didu kisn

WHyztax=a,x>0,y>0,2 >0,a>0(2). Rs rang cac diém cye tri ela

ham e va ham u = Ine [ Irang nhaw, nén bai toan trén tuong dudng vdi:
Tim cye tv] cha ham: w=inx+1n Y+inz (1) véi didu kiégn

WHiztzxza (nyza»0) (M.

Ta iap ham @ = Inx+lny+ing Ay +yvr+ze —g)=0.  Didm ding

eta we duge xac dinh i hé:
@, =l+,1(y+zJ:o
X

CD'}. =l+.1(z+x;:o
}"

I
D,=—+Ax+y)=0
z

+yvi+arsag

Gial 2 theo x, y, 2z tit 3 phuong trinh ddu va cho bang nhau ta duge

* =y =2z. Thay vao phusng trinh thg 4 taduge: x=y=z= ‘]-{:i. Vay ta c6

diém dimg M \E : ‘/E , JE) voi A=-2 Tink
3°Y3 V3 %a

R 1 1 #Fo
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. " 3 .
Tai My vavii 1= - % 1a ch:
£

d’® = —i(c!b:2 +dy? +dz?)-§-(dxdy+dyd34 dzdx) =
o a

(3)

2 (dx? + dy? +dz* + dxdy +dydz +dzdx)
o
Tir (2 (v+z2)de+{x+z)dy+{x+ yidz=0.

Tal M. 2. \E (dx +dy +dz)} = 0. Do d6 dz = -(dx + dy) , thay vao (3) ta

duge:
D = - 2 (da” +dy? +dxdy) < 0
a

Vay M la diém cye dai c6 didu kign cla u, nd cing la diém cye dai ¢b

#idu kién cha v, va cae kich thude phai tim ctia hinh hop la:
x=y=z= J;—_.Khidévm“: L
3 3%3

2) Chitng minh bit ding thitc Cauchy

X X~ +.. X .
",f'xl.xz,...x,, T2 T T o »0@=1,2,..,0)
n
Dé giai bai toan, ta sé tim cyc dai cuia ham:

V= gxx .., viididukign x+xn+.+x,=e (@>0)

trong mién x> 0 (i = 1, 2,..., n). R rang cac didm cyc tri cia ham

v vA u = Ino 12 trung nhau, do 46 bai todn trén dua vé:

Tim cyc dai cia ham: « =lnv=L(ln x +lxy +.. +inxy) v&i didu kién
1

x, tx, t. tx,=a.
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Lap ham Lagrange:

1
¢ =—({nx+In Yt tlnx d+ A(a— Y ox—x,).
"

o =
! X ny;
R T

hé nay cho nghiém duy nhat Xy = axy == x, = g Vay ta ¢6 diém
"

. - a o ot
ditig duy nhat Mg(-—.—_.,.._.f-) vii
non n
1 I
A= — =
n,E a
7
Tinh:
. 1 " 1
CD‘_I— _',(I)z:— PR (D‘JZ——:
i HX] o XY * nx;,
LIRES =0, (Dxl--rS = O““’ Fn-1%n =0

Ta cé dZCD(MU) = ~—'f;—(dxf +dx§ o +dc )<, vay u dat cye dai tai M,
a

va do dé: v dat cye dai tai My Viax = E, nhunga =x, +x, +.. + X vay:
I

x] + X2 +..,+xn
€ - s _H

Yxixx, <
"

7.5. Gia tri bé nhi't va lén nhit (eye tri tuyét dai)

€ho ham AM) = fla), x,,.. , x) lién 1uc trong mién compact D o R”,
14 trj bé nhat m va mdt gia tvi 1on

thi theo dinh Iy Weierstrass: fdat mdt g
cac digm tdi han

nhat M trén D. R rang m, M cla f chi ¢6 thé dat tai
trong D v& trén bién clia D. Do dé dé tinh m, M:
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- Tim cae diém tdi han coa f trong D,
- Tim diém t6i han cha f trén bién cta D.

Tinh gia trj cha f tai cac didm t&i han vua tim duge vh so sanh chung
vdi nhan, ta duge m, M.

Thi du: Tim gia tv] bé nhal m va gia 1rj on nhat M cua
u = %2+ 29" + 327 trong mién D: &® + 3" + 2 <100,
- Tim diém dimg trong DE® + ¥+ 7z < 1000 ti hé
w, =2x=0 n_". =4y =0 u, =6z=0Vay ta cd mdt didm dimg M0, 0, 0).
- Tim didm ding trén bien cta DG +y* +27 = 100), tde 13 im diém
dimg chs cye Lrj cd didu Kign cla ham u vGi didu Kign of + ¥+ 22 =100,
Lap ham Lagrange:
& (x, y, 2)= 2% + 27 + 32> + 2.(100 —xt oyt 2N
Didm dumg duge xac djnh o hé:

O, =2x-2Ax=0
®, =4y -2 =0
®,=6z~2Az=0
x° +y2 +2z° =100

Giai ha nay ta dude cac didm dimg:;
M(£10.0, 0 v8i 4= 1.
M0, 20, 0 vl A =2
MO, 0, 2110 vdi 2 -5

_ Tinh w(M,) = 0, u(My) = 100, u(My) = 200, (M) = 300. Vay m =0,
M = 300.
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BAI TAP
1. Chimg minh rang néu day My ©R™, M, =AM, (i=;) hoi ty i
My € R thi M, 12 diém ty clia day nay.

2. Chimg minh ring khoang cach p(M, A trang R" 12 mdt ham lién
tye theo cac bién trong R”.
3. Chiing minh rang trong R":
Moi hinh cdu md 13 mdt tap hop mg.

Moi hinh cau déng 1a mét tap hgp déng.

4. Trong tap hop cac 33 hitu t¥ @, khodng cach giita r, rs € & dude xéac
dinh bdi p(ry, rp) = | 7y- r2t. Ching minh @ 1a mét khong gian metrique,
¢6 phai 14 khang gian da khang? '

{ 2 2
5. 1D Tim flv) néu p2y-¥*_*
X

T
¥

2 Tim fx, y) néu fle X - y) =xy + y
HTim fvaznéu z-= xf(l) VA oz = \/li-ry:z khix =1,
. X
6. Tim midn xdc dinh cda cac ham si:
D oz=1+y-(x-1)°
2 z=Inix+y).

3Y 2= aresin J—.

x
4oz —1/\_2:_+‘/1——__y‘r?

DY = (.\‘2+y2—a2)(2a2—r2—y2) a>0.
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8) z=4fysinx.

x—-¥
1 +.1'2y2

1
Vy-vx
9) ‘Isin(xz +y2)
1) u:J;+J;+J;_

11} # = arcsinx + arcsiny + arcsinz.

Ty z = arclg

8 z=

z 2 :
]—f-—-i——z—+ln(xyz).

o« B &
7. Tim gidi han:

. .1
1) Lim(x? +y%)sin —.
x20 xy
2 4
2) lim o 2—

2 27
xy—:ﬁ(} xX“ 4y

3 lm(l +27 .

Xyt X
2y
4 lim—5———

K 2
o0 xtyt 4 (- y)

x 30 X

¥l

. . .1
oy lim{x + y)smlsm— .
b

6y lim

x50 2% 4 42
¥—0 B

T Hm (x4 37 e

Ay
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8 lim (% + 2y

¥ =0

8 Tim lim{lim f(x.») va lim (lim f(x,3) : néu
xaa y—ab robh x—oa

x¥

1) flxy)=

, a =+, b=40.
P+ x-

e g

2} f{x, ¥¥=sin 5

,a=x b=mx
x+y

3) flx,yy=log {x+y}, a=1b6=0.
8. Xt sy lién tue va gian doan cta céc ham s6:
1} z = In{x* + 5.

2) 2= x+y

x3 +_v3 ’
2xy

3) 7= x2+y2

0 khi x+3? =0.

khi x*+y? 20,

10, Xét sy lidn tyc déu clia cac ham so:
D flx, ) = 2x 3y + Htrong R

2) fx.y)=yx" +y° trong R°.

11. Tinh dao ham riéng clla cie ham s8:

x—1
1y z="
x+y
4y 2= x
x5 4T
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3y z=ln{x + \I'.\': +_v: IR

"
Ay z=arctg —.
x

5) z —aresin

»

6 z=x

T = (o).

B u = — . — .
::c‘2+yz+z2

9 u= 1||;r2 +y2 —2xycosz .
o ar __

y .
10 7= 22 Chimg minh 2 2
R av T

*12, Chimg minh rang ndu Lrong mol mién D, flx, ¥} lign tye theo x va

lien tue déu theo y doi véi x thi ham s6 lién tue lrong D.

¥13. Ham « = fix, ¥, 2) goi 14 ham dang cip bac n néu Vi ¢ R, ta ct: f
Jx, 2y, ha) = 1" fle, y, 2). Ching minh ring néu ham flx, y, 2} dang cap bac
re this

xf;(x,y,z) +_\f_;‘(x._v,z)+ zf; (x.y,zy=nf{x.y,2), néu ton tai cac dao ham
ridng tai M(x, v, 2) € D diéu ngude lai ¢b dung khéng ? (Dinh 1¥ Buler).

*14. Chimg minh rang néu f(x, y, 2) 14 ham kha vi ddng cap bac n thi
cée dao ham riéng cua nd la nhitng ham dang cdp bac = — 1. Nghigm 131 déi
vil cac ham:

1) flx, y) =Ax? + 2Bxy + Cy’.

x+y+z

2) fix,v.z)=

b -

Xt 4yt 42T

[
LA
[=,8



3) flxy=lh¥
x

15. Tinh vi phén toan phdn cda cac ham 86

2 Z

X"~y
Dz="—7

xT +y

9 z= ln[] + i]
¥y

3) z=sinx+cos’ y
v x
4} z=arctg — +arctg =
x ¥

O} u= ().}'+i]_
¥

\ v
) u=arcry —

T S5y, 2)= ——=——  tinh df(3, 4, 5)
x5yt

16. X6l sy lign tue va kha vi eta edc ham i

N fley)= i
2 [y = o]

A AU x4yt 20
o ——= néu x +y
3 f(x_’p) = x@ I .
0 néu x4 =0
2 S, ..' " b
X+ v fsin — 3 nen x4y #= Q)
4} flae, vy = ki O
{ néu x7 4 JE



17. Tinh gan ding
10,0287, (0,97
2) J(J?)E)}? +(2,93)5
3y 5ind2? cosbg®
18. Tinh dac ham riéng eta cac ham s

-

1y z = fu,v). =x-—y , v=e®
- X .
2y zzarctg—. Xx=wusihiv., V=HCOSV
¥
3) z=u", u=sinx, v=CcOSX
p
$u=xyz, x=t"+1, y=lnt, z=1g

19. Chimg minh cac ham sau thoa man cac phuong trinh tuong dng:

1)z pe(x? v ) 1@ 18 2

£ )

HE Lz [#F4
2) -’——WHQOL'—J; t—ty—=xp+tz

x ax T

2

X
. v ! 2 Az éz
BNoz-etgye |t -yt ) S — =2

1y flx,y.2) = Flu,v.w), » =vw; ygzuw, 22 =up

xf. + u._f; +2f, =uF, +vF. +wF,
20. Tinh:

a1, z=x"+ay+3° dlnx 10y

-2

o G0z x+1
2} - =ty
drdv -

[
h
pr =



3) dPA0, Oy, flx, y) = (1 + ™1 + )0
[ 2 2

B 00), 00y, flayy =1

x4y 20

xi 4y
] x? +y2=0

5) d'z c2=flu, v, w=ulx, y), v = ux, ¥
8 d°f(0,00), f(x3.2)=x>+217 +32% ~2xp+ dxz+2yz

21. Chung minh ring cac ham s8 sau thod man cac phuong trinh
tudgng dng:

v 8'n 8%

D w=arctg = ~—+——<0 (phuong trinh Laplace 2 chidu),
todv By
2)u=|n~l-, r:\/(x-a)2+(x—b}2, 6_:;_'_0?:0
r ot At

a2 Ea;
3 u=Asin(adr + pisin Ay, 2 i‘-—a "

U

" 2
at- ox~

L e
2

U deartt
(2avm )

1) wix,y,z,8) =

-

- a -2
[ S [N (W)

Su A . .
(X0, ¥p. 2o, @ = const), V> — 9 (= +——+—) (phudng trinh truyén
ot axt Byt a2t

nhiét)y,

52 a2
5) u=¢@ aty+yxtan, L9

{p.y 1a ham tuy ¥ cha d6i s6) (phuong trinh song).

[ nd

= A

&z oz
i ——
ar”© oxen

B) z= _rgo(l) +w(i), % +.1‘: -
x

A

= (.

12

(&
a

4
)



Ty ow= ]— r:J(x—a): +(_v—b)2+(z--.:-)2
-

a2 22 A2 .
An = -O—l: +(—’~l1i4 % =0 {phugng trinh Laplace 3 chidu
axt & fzT

#29_ (hung minh rAng néw
1) u=fx, y, 2}, hai 1an kha vi déng c4p bac a thi:

-

a (8 i
— +yp—+z—)u=nln—1u
e

9) P.(x,y, 2) la da thic déng thic bac n thi:

d" Pn{x!yvz) = nI Pﬂ (dx,dy,dz)

L= axta-vtasz
3 u=f &0, (n=bxtbytbyz
L =cypxteyytesz

- - R . #
'L i fi .
d"u - [ di+—dn+ e J H

i iy ag

23. Tim dao hiim ¢&p mdt va cac dao ham cap hai cia cac ham an xac
dinh 1 cie phidng trinh tudng ong

11y = x +iny.

2ix Zxy+y4x+y 2=0taix=1

3 n \/;" +y? =aarctgL (a2 0)
x
Ay T4y —In(e™ +e7 Py =0

24. Ching minh rang cae ham an xac dinh tir ciae phugng irinh sau

thoa man cac phugng trinh tuong ang:

Vi v, ar= 00
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2 : oz =
257+ + = glax + by + o), ey —boyo= +{uz - )= = by = oy
A 4GS
f £z
NAx—az.y—b2) =0, LA N
oy oty

..7;24 f]":' : P "}7 12'7 "}27 el 2
4y = xo(z) + y(o), L= “(({—J LpeE O ‘(-—'] =

av? | dy Gr Sy by oy2

i {y
el —+ & =0 (x,v=0)

Vi-x? Ji-y?

S)av 4 V-1=0.

*25. Tinh:
o2
o . 2 2,0
1) nEU Fle+ v+ 7,y +v +:)=0
Sy )

2) d*z néu Fix + - y+z)=0

de dyv
& g MU r =0 e P
: dr

? h] - . .
Bdu dv.d i dvndunr o=y ¥L¥sIng — xsinu = ()

dv dz d°v 4z 1 y 1 .
5)—‘~.—~,~—ﬁ.—2— nux=i+—.y=r+ — z=r"4 =
dy dv o7 gy t % R

26. Bién d6i cde phuong trinh sau bang cdch thay déi bign s6:
Iy (v + l)zy” 2+ I +2v=0, x+ 1 =¢

2) (1 =W =y = 0. X = cosr

&z €z
Nyv—= —v-Z =0, u=xv -*-,\'2+y2

oy oy

22 -

&u 0%y o
4y oyt =0 x=rcosp, v=rsing
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& S~ G
B) —=a"—, az{, E=x—at. p=xtal

ot O

o _ i
- 3 i x peospsind
eyt [E) [ F) [
O — /5

det &yt e

=0, {y = psingsind

z = peost

97 Khai trién cée ham sau day theo cong thie Taylor tai lan can

diém tugng ang:

1) fa, y)y = -2 + 2xy + 3y" -6x 2y —4, (-2, 1)
9) fx,y, 2y =at+y 2+ 2y - yz-dx -3y zt4 (1,1,

3y f(x.v) = et siny, (0, O)cépba
4} flx, y) = cosxcosy, (0, 0} ¢Ap bim
5) flxy)y=y1-x" —y%, (0, 0) ciip ban

8) flxy)=0+x)"(1+y", O,

28, Tim cuc trj cua ciac ham:
) z=xl+xy+y? vy

2) z=xYHB x-y) x>0.y>0

43|

4 z=l-(x4y0)d
53 7= (XE + _V: ){? {x°+1°)

6

=

) z=x+y+ dsinasiny
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T ou=x Xy tx - 2z

L]
-

v
8 w=x+Lio4I 4=
dx vz

*9 u = sinx + siny + sinz - sin(x tyta)h Osx,y,zen
29. Tim cye trj cta ham én 2 = z(x, y) xac dinh tir cae phitgng trinh:
D +y +28 2x 44y 6z 11=0
2y 8-yt Sx+Ay+z22+7 _8=p
Bty 2t _2a%at 442 4 2 =10 (a >0
30. Tim eye trj ¢ didu ki¢n etia cac ham:
) z=x+y,22+37=5
2) z=cos’x+cos’y, y— x :g

ad
: X

. 2,2 e
3 uw=x +y +z,,2 e 5

=1 (a, &, ¢ >

4) b=xyz,xtytz=5xytyz+zx=§

O w=xl x4 woata, oL+ X, = na (@ >0

6)  w=xTyeP tytez=uxy 2 m, R, > ()

7ou= sinxsinysine, » +ty+az= g x ¥y, z>0

- n
8} w=2tY

ﬂ+
3 ,x+_y—-s;_ri.>I,x,)'>{JSl!}‘}'a:

x" 4yt . 2yt "
2 2

31. Trm gia trj bé nhay (m} va 1dn nhat (M) clia cae ham trong mién
tudng ang:

1) z-—-I+x+2_y:1‘2(),y2{],x+ysl
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2y roxtyil tyt el

2z =sinx +siny Fsinx+y); 022,y <

[NEE]

u=x+y+ta ity zz<i

32. 1) Trong tat cd chc tam gide cd chu vi 2p. Tim mét (am glac co

dién tich 16u nhat,

2) Tim mat hinh hop chii nhat ndi t18p trong mot ellipsoide cd thé tich
lén nhit.

*3) Trén mit cdu 22 + y2 + 28 = 1, tim mdt difm mé téng binh phudng
cac Khoaug cach 11 didm d6 dén n diém cho trude Mix, y, 20 ¢ =1,2,...,n)
14 bé nhat,

1y Tim khoang cach ngan nhat tit didém M(1, 2, 3) dén dudng thang
x ¥ _z

1 -3 2
5 Tim céc ban truc cda ellipsoide 5x* + 8xy + Byt =9

57 Cho A, B 1a cac didm trong hai mai fruong quang hoc khac nhiau bi
ngan cach bii mot mat phang, téc do truyén Anh séng trong mai Teuing
tha nhat 14 o, trong moi trudng thi hai 1a v, Ap dyng nguyén 1§ Permat:
anh sang xusl phat t didm
A v truyén 4on diém B theo
dviimg AMB (H80) saoc cho
thdi gian di theo dudng &y la

ngan nhat, hiy tim quy lua

khue xa anh séng.

H.86
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TRA LOI BAI TAp

4. Khong

5. 1filx)= ‘J:IQ viel f(l)——-i lf—iw +]
[xf x V\y)

2
2 fle,y= }—92 Datx+y=uwv. y=y

= fluv) =

©

2 7
u+u R‘U_'_(H—U} I.JZ -

B f=yley” Fﬁ\f:—? e
. X

{khix=1; Jﬁy‘ =1, f[%}:&f(y}—.\;'l Py

3N y=x
A x-i-y:‘o
) XSy Sx x>0xsy<ox 2 <

4 x

I

2, ~2Sy52;x$—2,—25y52
5 Hinh xuydn:a? <22 + 3! £ 94

6) Zkm=xsz(2k UMy 200 2K+ < v = (2K +0ir K
7)) Todn mat phﬁng R

8) xz0,y> \,f{;

9 Z2krsa®+3y’ <k + Ln

1 xz20,y20220



11} -1 <=z, ¥ 2 < 1 (hinh lap phuong)

2 2 2

x" ¥y L2 :

12) Zo+i-+ = <l5x,y2>0
CE2 b? cz

7. 0
2) . Khéng 1dn tai
H e
4) Khangtdn 1ai
5 0

&) Khong tén tai

0

8 1

1
8 1 E, 1
2y 51

3) 1: khong ton tai
9. 1) Lién tue Vix, y) € R?, triz (0, 0): ham gién doan vd han.

2) Lién tuc Yix, y) € R?, trittrén x° +y° = O céc diém gian doan

hé duge trén dudng thang ¥ =-x, (x = 0} diém (0, 0): gian doan v han.
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3y Lién tuc V{x,y) € € R?tri (0, 0)
10.1) Lién tyue déu ¥(x,y) € R®
2)  Lién tyc déu iz, y) € R’

111y z;=ﬁ_2, Z, = —2x2
{x+¥%) To{x+ )




2 -
2} ' N I XY

2 Ty = ———, 2, =

(24 y2p (c +y2
3 z; =___1___‘ z;. = Y

ity Vil ey (x4 yel 4 g7
4) z;: = g_y 2I = 2 .

x +y2, ’ X +y2
2ot ogy? ?y2x? - 2y
;:M—‘Q%" Zy = = 1 43’
17 1G* — 3% Iyl =y

6) z, = yxt ¥ (yInx+1), z;, =x%x% In?y

D wo= oy uy = xx()™, w = (ay) In sy

2y p .
8 o Y+ -x v ~Zxy " - Zxz
L R L Y T T
(x® +y° 4+ 2%) (% 4324 22)2 : Y
9 4 - X—-ycosz _X-ycosz
T ; " = E
NEWNY ~2xy cos z u
! - XCDSz . sinz
u, =2 L = DSz
u u

13. Digu nguge lai van dl’llllg', xét ham:

Ft) = f(txo,tyustz{))

, » P> 0(tx, ty, tz2y) e D

Lay dao ham Pt

15.1) dz=

EE: (ydx - xdy)

2y dz=

L (dr - Zygy
x+y y

3)  dz=sinZxdx - 5in2ydy
4 dz=0p
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oz ] 2
S du = .1'y+£ y+-}—]zdx+ l-—l‘; xzdx+(xy+f-]ln[xy+—szj
¥ Ty y ¥ Y

g 2
th du = _g_g.—d[yd.x-i—xdy __'Ey_dz)
Xy +x 2

7 dFBAS) = -215—(5012 —3dx - 4dy)

16. 1) Lién tyc c6 £, (0,00 = £,(0,0) =0, nhung khong kha vi tai (0, 0)
2 Lién tue tai (0, 0) £,(00) = £,00)=0, ham khing kbé vi 121 0, 0)

3) Gian doan tai (0, 0) nhung tdn tai
00 =£,00=0

4y Tén tal £OM=F00=0, f.(xy)=f(xy gén dogn tai ©, O

nhung fx, ¥ van kha vi tai (0, 0)

1713 1,00
2) 4,998
3) 0,273

18.1) 2z, =2xf, + ye f,; z, =-2yf, +xe™f,

2) z,=0; z, =1

N L] v

. d. . e x . .
3) d_i = (sin x)***{cos x cot gx — sin x In sin x)

2 2
4} ii'-li=:2tlnt,tgf+(]f +1)tg’f+(t +1int
dt t cos” ¢

20. 1) d*z(1, 2) = 6da? + 2dady + 4.5 dy”

9
9 22 .o
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30 A0, 0 = mim - 2)dds? 4 2mndxdy + nin - Bdy*?

Y f00=-1, £00=1

5) d*A0,0,0) = 242 4dy® + 647 - ddxdy + 8dxdz + 4dyds

23. 1y Y _ ¥y dy

dy . d*
D —l=3 hoge -1, aﬁ-’pﬁs hode -8

y P_xray &y @ rpe’+yh

dr  ax-y' go? {ax - y)®
) Y _-y dz.y_gl
dx X ’ 2 _x‘

25,

&r _ M-y e
1 = (B F, - 9F R, R F Ry
) oy (F 4 2.7 (F°Fy, 18128 + 8578 )
_ KB A 20R)E, +2yF t2E) g (F, +22F, = 0)
{F +2zF,)

(Fl'zF.s U:-T"‘.}’+2, F2=Fv, U:I24y2+22)

[’}
2) d*z = <(F, + F,)(F,F,, —2F\Fy Fy, + F2 Fyy )dx - dy)?

F =F. u=x+z, Fy=F, v=y+4z)

u

3)££x___y-z dy _z-=x
dz x-y’ dz -y

x=y)

4 du-= {xcosv +sin v)dx + (xcosv ~ sin uldy

XECOSU + yoosu

do = {¥cosu - sinvjdx + (¥ cosu + sin u)dy

XCOSU+ yoosuy

(2 cosvdx - x sin vduv)dv + {y sin du - 2 cos udy)du
d%v =
Xrosv+ yoosu

dlu=-

3eY



Y 2
o d—y:?fﬂlj (=D, d—%=2 (t+£1)
de o f dx

4z a2 L) @et)
dx ¢

2
.._§.=6(t+—1—) (t = +1)
dx” t
26
d* dy .
1) —f——‘-l+2y=0
dt” dt
2
9 & Y =0
dt
y Z-0
Ju
4 &%u 1 d'u 1éu _
ar‘)! ?‘2 &2 rér
a8
By =0
GEim
1 8 . Ou 1 &
6 -5 2(92 -E)'F—.l—i(sme—uH-:—g‘a—l; =0
prio op° sinb 00 & gin“ 0 Oy
27.

1 fx, )=l - e+ 2T+ 2+ 2y - D+ 3y - 1)

%) fy,2)=G-1PH -1 +E-1+26-Dy -1
-y -1z -1}
2., 3
3) f(x,y)=y+w+§%rL
x? +y2 + x* +63:;2y2 +y"

4 fle,yi=1- o m
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0 flayr=1 "%(-\" +y“)~%u9 +y%)2

8) fla, y) =1+ matny +Tl)-[m(m — x4 2mnay +n(n - Dy?)+ ..

28,
l) zmin = 2(110) = “1
2) zmﬂ\ = 2(3, )} - 108
] -
3) Thax = z(t —a_ == —= o = (’_r—a—.,?—);-‘ib.
i3 J_ J_ R RE W
D 2 =20 =]
0z m )=, 7 = ! farx” + v =1
e
6} Zann =2kﬂ_2_'\/j_}-“ %-‘j (}\ = :”l}
Hidm dimg x= (-1 I orm+ =
12 2
y = (_])m—l %4-(;31 -‘H)% (m,n cZ)
- 1 4
i) gy, = ('_‘t— )=“§
8 gy U(E Jdl =4
T n =x
9 Uy = ”(E-E-E) =4
Zmin = (00,01 = ufﬂ.ﬂ, m=0,
29,

D Zinax =201,-2)= 8 23, = 2(1,-2) = -2, tai cdc diém cia dudng

from (x-1)2 +(y+2)? = 25, Z;, 2y 06 mdl eye 1] trén bign hang 3.

371



D) Zypae = 201, 2V = 225 2y, 7 2(-1, 2} = 1, 2, 25 €0 cye tr] trén bién,

(ai nhitmg diém cia dudng cong 1P - dy? —19x+16y-33=0.

3) zyin =ay2  tai O, 0.

Zonax T ‘GJE tﬁi (0; 0.

Ziax = a\ll + Jg tai (ta, ta)

z

30.
13

3)

4)

8)
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min

—ay1 +J§ tai (xa, ta)

Zhiny T 2012)=9
i —
Eoin = EL -2y = =0
Lt N
Z R 4 = e
BT e " o 5

.

AR
Zyin = 26 v +k .“--%—{— +hm ==

Uy = (xa )0 = a’

Uypin = (00 xc)= ‘52 (a>b>c>0)

4 4 4T 7
tyyax :=4‘2“'.?T tai (5»5‘-'3—). ( E

1
3

C.O]..i.\
[V
oo |
|

Y oin =4 Ial (2: 2; ]): (211 l» 2)‘ (l, 2, 2}
Uiy = wla,q,.. a)= na”

m™n ppam Htp
Upax = (mt.nt pt) =

Umax = u‘[
&8 ]
Mmin 7| 57T

{(m+n+pymm?



31.

1) M=3tai(0,

M =§j—§ “tar [i E&]

2}
-2 . 2 1
m=—tfai iJ:,—J:]
ENE) ( 3' N3
2 xom
3y M=— tas (_—,—]_. m=10 tar ()M
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32,
1y Tam gide dénu.
2y Hinh hip ¢o kich thuge == =2

truc nia ellipsoide

" 2 .ﬂ 2 n 2-
S EOEESREY
i1 =1 i=1

(2 402 L 2
dipin =1~ 2N + 'E‘l(xi +y; ez )
iz

4) —l*-v'2730

14
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B) 2a =6, 26 = 2 (tim cyc (rj cia z = x° + y? v8i didu kign Hx?
+ Bay + 5y =D

sinuwy  sin oy

Ul Uz
a b
+
U] COSCy Ug COBU

vai dién

(1im cyc trj cua ham f{o;,03)=

kign atga, + btgoa, = ¢).
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GIAITICHI

(In ldn thit 9 cé sita chita va b6 sung)

Tic gia: TRAN BINH

Chin trdch nhiém xudl ban: TS. PHAM VAN DIEN
Bién tdp: NGOQC KHUE
Ve bia: DANG NGOC QUANG

NHA XUAT BAN KHOA HOC VA KY THUAT
70 Trin Hung Pao - Ha Noi

In 800 cucn, khé 14,5 x 20,5 cm tai Xwéng in NXB Van hod Dan toc
S8 ding ky KHXB: 209~2009/CXB/3.1-10/KHKT cdp ngay 18/3/2009
Quyét dinh xust bin s6: 229/QDXB-NXBKHKT c&p ngay 30/7/2009
In xong va ndp luu chiéu thing 8 nam 2009
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