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LOI NOI DAU

Su phat trién manh mé eta tin hoc trong val chue nam gan dav da
laun thay ddi cd ban cdu tao Chu’dng trinh dae tao k¥ su. No1 dung clia
nhiéu mén hoe di duge thay déi va nhiéu mén hoe méi da dude dua vao
giang dayv. Trong d6 ¢ mon hoc Dao déng ki thudt. Trong cic gido trinh
Dao dong ky thuat trude ddv ngudi ta rit lang ting khi trinh bav tinh
toan dac dong eun hé nhiéu bac tu do, mae At md hinh dao ddéng cua hau
hét cac may, cic cong Lrinh déu 1a mo hinh hé nhiéu bac tu do. Vdi vide
su dung cde may vi tinh thé hé méi. sinh vién ¢6 thé tién hanh mo phong
6 tinh chit dong lye cua cac hé cd hoe nhidu bac tu do. die bigt thuan
tién 14 cac hé tuyén tinh.

Ngay nay ¢ hau hét cac truting dai hoe ky thuat trén thé gidi. ngusi
ta da dua vao giang dav cho sinh vién cac gido trinh Dao déng ky thuat,
Bong lue hoe may, Dong luce hoe cong trinh. Mén hoe Dao déng ki thual
di dugde dua vao giang day cho sinh vién Khoa Co khi Trudng Dai hoe
Bach Khoa Ha N@i hon chue nam nay. Noi dung eia mén hoe nay bao
gom cac chuong dao déng tuvén tinh clia hé mot bac tu do. dao dong
tuyén tinh hé n bac ty do. ch d(mg tuyén tinh eta hé dan hdi. Dé hoe
ot mdén hoc nay sinh vién can phai lam cie bai tap nham hoc cach xav

dung cac mé hinh dao déng va lam quen cic phudng phap tinh toan trén
cae mé hinh.

Cuén Dao dong k¥ thudt eua GS. TSKH. Nguvén Vin Khang (in 14n
tha nhat 1998, 1an thd hai 2001, 1an thtt ba 2004, 1an tha tu 2005, 14n
thit nam 2009) hién dang duge diing lam tan lidu giang day cho sinh vién
Truong Dai hoe Bach Khoa Ha Néi va nhiéu trudng dai hoe khac.

Cubn Bai tdp dao dong k¥ thudt (in ldn thd nhat 2002, 1an tha hai
2005, lan thd ba 2006, 1an thit te 2009) duge viét tugng Ung va cudn
sich Dao dong k¥ thudt cia GS. Nguyén Van Khang va duge dung lam
tat hiéu hoe tap cho sinh vién Trudng Pai hoe Bach khoa Ha Noi. Trong
cudn Bai tap nay, ching (61 da cd ging dua ra nhiu bai todn xudt phat
L cae md hinh cac may va cae edng trinh thue, nhiam gidp cho sinh vién
bude dau lam quen véi cac bai todn xuit hién trong ki thuat. Cudn Bai
tap dao déng ky thudt cing rat b ich cho cae k§ su co khi, cd tin dién t,
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xdv dung. giao théng van tai.... trong viée xay dung md hinh va tinh
toan cac bal toan dao dong phuc vu cho ¢bng tic chuyén mén cua he.

Trong ban in lan thi hai (2005), chung 161 da sta chita nhiéu 161 in an
va 161 bién soan. N&i dung cac chuong 1, 2 va 3 vé ¢o ban vin nhu ci. Dé
phu hgp vél xu hudng tin hoc hod cdec mén hoe, ching t61 dua thém vao
chuang 4 gidi thiéu ciach ap dung cac hé chuong trinh da ning MAPLE,
MATLAB. MATHCAD dé tinh toan dao déng. Trong bén in lan thé ba
(2006) chung té1 di sta chita mét s§ 161 in An va viét bé sung mot s6
doan trong chudng bén d& ban doc sit dung cac phdn mém da ning giai
cac bal toan dao déng thuan tién hon. Trong ban in lan tha tu (2009).
chung t61 di sita chita nét s8 181 in, thay d6i mot vai bai tap.

Ching té1 xin chan thanh ¢dm dn Nha xudt bidn Khoa hoc va Ky
thuat va chi Nguyén Thi Ngoc Khué da tao difu kién thuén loi cho cuén
sach duge xudt ban, cam on TS. Nguvén Quang Hoang, TS. Nguyén
Minh Phugng. ThS. P4 Thanh Trung, ThS. Pham Thanh Chung & Bé
mdén Cd hoe ing dung Dai hoe Bach khoa Ha ndi di gitdp dd chiing toi
trong vigée danh may ban thao va tinh toiAn mot sé thi du.

Cudn siach tuy da duge bién tap lai nhifu lan, nhung chic chin con
thiéu sot. RAt mong nhan duge sy gép ¥ cia déng nghiép va ban doc dé
vhung té1 ¢6 diéu kién stia chiia, hoan thién hon cho lan tai ban sau. Cac
v kién déng gop xin gii vé nha xuit ban Khoa hoc va K¥ thuat hoac gii
cho cht bién cudn sach theo dia chi: GS. TSKH. Nguyén Van Khang, Bj
mén Cd hoe dng dung, Trudng Pai hoc Bach khoa Ha Néi, Tel
04.33680469, hodc E-mail: nvankhang@mail hut.edu.vn.

Ha néi, ngay 20 thdng 3 nam 2009

Nguyén Vin Khang



Chuong I
Dao dong tuyén tinh cta hé mét bac tu de

1.1 Dao déng tu do khéng can

<
Thidu 1.1 Vat c¢6 khéi lugng m = 5 kg 4
d#it trén nén nhin. Cac 1o %o ¢6 dd cing m | AR 52,
¢; =¢3 = 10° N/m, ¢, = ¢, = ¢; = 10° N/m. g
Hiy xac dinh d$ cling tuong dusng ctia hé AT 2
15 x0 va tAn s8 dao dong riéng cha hé (hinh Hinh TD1.1

TD 1.1)
Lai gidi. D) cung tuong duong clia céc 16 xo song song ¢, ¢,, 5

CH=CI+C2+CJ

D3 ciing tuong duong clia cac 16 xo ndi tigp c,, cs:

1 1 1 ¢.e
_— = — — =% c“ = —
cd5 Cd CS C4 + cﬁ

D3 cling tuong duong cua cac 16 xo song song ¢,; va ¢,

. €,C, )
e =¢,.+e,_=c +c, +c, + 2 =21,5-100 N/m.
13 45 1 2 a
c4+cs

Tan s6 dao dong riéng cta hé:

o, = % = 65,574 rad / s

Thi du 1.2 Trong lugng vat treo 12 P. Lo xo0 ¢6 d6 dai tu nhién I, 46
cing c, trong hugng Py. Tim chu ky dao déng cha vat (hinh TD 1.2)

Léi gidi. Bién dang cta 16 xo tai vi tri s

E@:-::——)x(s):x-

e— | tn
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Suy ra: i) = a2, i) = R

Ddng nang cuia 10 xo:
l I

T, = 3 Ivz (s)dm; dm =-ds
1]

Déng ning cita hé:

. P LA B P + —
P i+ 0t js—ds 3
2g 29 1T 29

8]

Thé ning cta 15 xo d6i véi véi vi trf cin biing tinh cha vat:

C 3
II=—=x

Thay vao phuong trinh Lagrange loai II:

48Ty _or _

dt d:’ Or oz
Phuong trinh vi phin daoc ddéng cua hé:
P
(P+-0)
T+cz=0
g

Chu ky :

me
s
y
i
x
Hinh TD 1.2
AK
Cs B
—— AMAAMAM——
¢ b
3
-
Q a

G

Hinh TD 1.3

Nhdn xét: Khi ké dén trong lugng P, clia 16 xo, trong lugng ca hé coi nhu

tang lén Py/3.

Thi du 1.3 Dung cu do dao déng thing ding. Tay don AOB c6 mémen
quan tinh d8i véi truc quay O 1a J. Lo xo xoén c6 d eling ¢;, 10 xo thing
¢ db cling c,. Db1 trong ¢6 trong lugng Q. Cac khoang cach QA = a,
OB = b. B6 qua kich thuée clia d6i trong va sdc eang ban diu caa céc 16
xo (hinh TD 1.3). Tim chu ky dac dong nhé ctia kim K quanh vi tri cdn

bing.

Léi gidi. Phuong trinh vi phdn chuyén déng cta don OAB:
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J +%a2)¢5 +(c + c2b2)¢J =0

Hay: G+ 1 —L e =0,
y @ Jg-&-Qazg@
2
Chuky: T =27 | 2992
glc, +¢,d)

Thi du 1.4 Véling dude gén vao thanh bang thép dai I = 2 m, dudng
kinh d = 0,5 em. Cho véling mét géc quay ban diu rdi tha ra, ngudi ta
do duge 10 dao ddng xoén trong 30,2 s. Tim mémen quan tinh d6i véi
truc quay cua vdlang va thanh. Biét moédun trugt cha thép G = 80.10
N/m® (hinh TD 1.4).

Léi gidi. Phuong trinh vi phan chuyén déng clia hé:

J¢3=—c¢—)¢i+m§gozo;a)j:§. :
Tén s& riéng clia dao dong xodn: I
0, = 21— = 2,081 rad /.
30,2
D5 cing chia thanh: ¢ =GIJ,
v6i I, 14 mémen quin tinh déc cyc cha mit cit ngang Hinh 1D 1.4
d-ﬂ
I, = 72 _ 7 (0,5.10%)* = 0,006136.10™
32 32
9 ¥
Db citng: c= 80.10 xO.(2}06136.10 — 2,455 Nm / rad
Suy ra: J=£ o 280 0567 kgm?.
w:  (2,081)

Thidu 1.5 Mbt truc quay dai [, nim ngang, mang hai dia & hai diu.
Mémen quéan tinh cia cac dia d6i véi truc quay 1a J; va J,. D§ cing xodn
cua truc la ¢ . Hay xac dinh quy luat dao déng tuong d5i ciia hai dia.
(hinh TD 1.5).

Léi gidi. Dong nang cha hé:
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i _ .
_J@s

| S
T=— :p|+2 s

2 1
Thé ning cla hé:

2

1
I ZEC(% -9,)

Phuong trinh vi phan dao déng xoén cta hé: o
1
Jg +elp, -p)=0

J,0, —clp, —9)=0

=1
Z7

oy

1N

hay:

A

J, Hinh TD 1.5

N )

1

Néu dat w = ¢, — g, tit (1) ta cé:

. 1 1
WHel—+—yw = 0 2

Ta thdy géc quay tuong d6i cta hai dia thay ddi theo quy luat dao ddng
didu hoa. TAn sé& dao ding riéng la;

1 1
@, = ‘c(J—I+J—2).

Thidu 1.6 Dia tron déng chdt ban
kinh r, khdi lugng m, lin khéng trugt
trén nén ngang. Hai 16 xo cing c6 d8
cling ¢, nodl véi dia & khodng cach OA =a
téi tim dia. Tim tdn s6 dao déng riéng
cta dia (hinh TD 1.8)

Lgi gidi. Dong ning cua dia: Hinh TD 1.6
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7= L +lJo.so2

o 3
—_ mr
G =3

T= 1 mat + 1 mr?
2 4
Thé néng cla hai 16 xo:
)2 $2

Phuong trinh vi phan chuyén déng clia dia:

szlc(a+?‘
2

T

2
N 4cla +2r) =0 m
Imr ¥y

Tan s6 riéng clia dao dong; v l
c b

J4ca+r2
f-')u= ‘—g?nT)‘— Tad/s.

1.2 Dao déng tu do ¢c6 can

Ve
HinhTD 1.7

Thidu 1.7 Mot vat thé dao déng tinh tién, lue can ty 18 bac nhat véi
van téc (hinh TD 1.7). Trong 3 gidy ngui ta do dude ding 11 d6 1éch cuc
dai theo hai phia (tic 14 5 dao déng) va ghi lai két qua duéi dang bang
s6 nhu sau:

0 1 2 3 4 5 6 7 8 9 10

Yimax

(mm) 120 |-10 {76 |62 (53 |-42 |35 [-2,7 (21 -18 (14

Hay xac dinh d9 t4t 16ga A va hé s6 can & cha dao déng.
Loi gidi. Chu ky dao dong tit din:
T'= 3_ 0,65
5

Do tat 1oga: A =67 = %m% =0,424

Hé s6cin: & :i. =w—=0,?0? s
T 0,6
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Thi du 1.8 Dia tron d6ng chit c¢6 khér lugng 1a m= 50 kg, ban kinh
r=0,5m l&n khéng trugt trén nén ngang. Ld xo ¢6 dd cling ¢ = 756 N/m,
hé 88 can nhét b = 10 Ns /m (hinh TD 1.8). Xac dinh:

) D6 can & va d6 can Lehr D, tin s6 o, chu ky dao déng tat dan .

b) Chuyén ddéng x(¢) cta tdm dia, khit=0:x=-0,2m; & = 0.

_x_), x
(9/ ’
c \ b /\ bi
D e N SR
X — B
Q .
r \wmg
i Iy F
N
Hinh TD 1.8

L&i gidi. Phuong trinh vi phan chuyén dong song phéng cia dia;

mi =F —cx--bi

K

b2
Em? @ =—rk

e

T diéu kién lan khong trugt cua dia & =1r¢ — & =r@ ta nhan duge
phuong trinh vi phan chuyén dong clia tam dia:

I+ 28% + (uj:r =0

Tén s6 dao déng riéng (khéng can): o, = I;—C = /?—g—g =1lrad/s
Trt .

a) D6 can, tan s6 dao ddng va chu ky :

5:—b—:—lo—=0,066?s" —>D=£=0,0667
3m  3.50 W

[

@ = Jw? -8 =\1-0.0667* =0,998 rad / s
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2E 2
@ 0,998

=6,303s,

b) Chuyén dong x(¢) 11 nghiém ctia phuong trinh vi phén:

r = Ae™ sin{wt + a) = Ae™™*™ 5in(0.998 + )
Suy ra:

£ = —0,06674e ™ sin(0,998¢ + o) + 0,998 A& ™™ cos(0,998¢ + )
Khi ¢ = 0: '

T, = Asina = -0,2

7, = ~0,06674sinax + 0,998 4 cosa =0

A=-0,2004 m; a=1,504rad

z = -0,2004¢ %" 5in(0, 998t + 1, 504) m.
Thl du 1.9 Mbt may bay ha canh duge mé hinh hoé co hoe bdi mét hé
gém khoi lugng m, 16 xo0 c6 dd ciing ¢ va lyuc cin tuyén tinh véi hé s6 can
b. Khi ha cénh, lyc ning va trong lugng may bay cin bing nhau, van tdc

ha xudng 1a v,= 2 m/s. Sau khi ha canh, may bay bi hdm va l&in cham
trén dudng bang.

Biét: m = 10° kg; ¢ = 3.10° N/m; b = 2,74.10° Ns/m (hinh TD 1.9).
Coi u la toa d¢ trong tAm ctia may bay khi bit ddu ha canh. X4c dinh:

F@)

b)

Hinh TD 1.9
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a) Tdn s6 dao dbng theo phuong thang diing clia may bay

b) Qué trinh dac déng thing ding va gia tdc theo phudng théng ding
ciia may bay khi lan trén dudng bing.

Lai gigi. Phuong trinh dao déng cua may

bay theo phudng thing dttng khi cham d4t véi htc nang F(t):
mii+ bt +ou=F(t)-mg =0

vii diéu kién dau:
uw0)=0;2(0)=-v,_=-2m/s

a) Tan s0 riéng va 46 can:

=l =35t sl 137

m 2m
Tén s8 dao ddng tat dan:
w=Jo, -8 =1,06s"
b) Nghiém ctia phudng trinh vi phin duge tim & dang:
u(t) = Ae™® sin(wt + a)
u(t) = -6 Ae ® sin(wt + @) + @Ae™ cos(wt + a)
T diéu kidn dau : w(0)=0; 4({0)=-2m/s
ta nhan duge :
A =-0326m a = 0.

Do dé dao doéng theo phuong thing déng trong khi may bay lin trén
duong béng 1a:

u(t) = =0,326e™""" sin(6,13t) .
Gia téc theo phuong thing ding:

i(t) = e[S, 48 cos(6, 13¢) + 11,65sin(6, 130]
=10,23m /s’ khit =0,15s

J“‘IiI,I'LX
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Thi du 1.10 Trong nhidu bai toan thiét ké, ngudi ta phai lip cac phén
td can va phan tit dan héi ndi ti€p nhau nhu hinh TD 1.10. Hay thist 1ap
phuong trinh vi phén dao dong chia hé va tim didu kién xudt hién dao
ddng tit do c6 can.
Loi gidi. Goi A 1a diém néi gidta 16 xo0 va g % |ﬁ,|
phan td can. Diém A chju tac dung cla 4 ’
hic F, = bz, . Bién dang ca 16 xo 13 x,-x,, s__'I—‘A\/WWR‘ m l
do d6 ¢ diém B xuét hién lue dan héi
Fy, = clxy—x,). Tach riéng phdn td 15 xo Hinh 1D 1.10
AB ta cb:

F =‘b:i:[ =F = (:(:.1:2 -5‘3') {1)

i

Ap dung dinh luat Newton hai d6i véi chit diém m ta c6:
mi, = —c(z, — ) (2)

T (1) va (2) ta c6:

: ; . m ..
bz, =z, -2 ) = —mi, > & = -5 5 (3)

Tir (3) suy ra :

m .
T, = -‘?:FZ + E (4)

trong dé E 14 hing s6 tich phan.
Thay (4) vao (2) ta dudc:

mi, = —c(z, + %:&2 ~ E) = mi, + E—?x'?_ +cz, = cE (5)

Hing s6 E dugc x4c dinh tit cic didu kién ddu. N&u cho z,(0) = 0,
£,(0) = 0 thi E = 0, khi 6 phuong trinh (5) ¢6 dang:
. €., ¢
x2+3x2+;n—xz=0 (6)
[

Tit d6 suy ra &’ =i;5=5b~
m

Diéu kién 5 < 0, din dén: — < F = l\fmc <b.
25 m 2
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Thi du 1.11 Vat c6 khéi lugng m = 0,5 kg, 10 xo ¢6 49 ciing ¢ = 245
N/m, hé s8 ma sat trugt gifia vat va nén 1a = 0,2 . Kéo vit sao cho 16 xo
ddn 3 cm rdi budng ra khéng van téc dau (hinh TD 1.11). Hiy tim:

a) Chu ky dao dong va bién db dao dong tit din.
b) Vat thuc hién duge bao nhidu dao N

A
dong cho tdi luc ding?
oA A
Loi gidi. Luc ma sat phu thuée van téc A
chia vat: Y o T
) FA —
{ umg khi £ <0 b x Ymg
~umg khi 2 >0 Hinh TD 1.11a

Phuong trinh vi phan chuyén déng cia vat:
mi = —cz + umg (£ <0},
mZ =—cz —pmyg (&> 0).
_i; s pmg 0,2.0,5.9,81
m ¢ 245
Hai phudng trinh vi phén trén duge viét dudi dang:

=0,004 m.

(Fxd)+wl(zts)=0 (1)

Do d6 chu ky cta dao déng tét dan:

T =2_”=2,,\/E:2ﬁ 103 _ 2845
@, p 245

Thai gian chuyén déng giita hai khéng diém: r = ?;— =0,142 5.

Nghiém ena (1) duge tim dudi dang:
(zis)=Asinot+ Beosayt.

T didu kién dau ta cé:
t=0:2,=3em,z, =0

> A=0; z *+s=2D

Do vat chuyén dong theo hudng 4m, nén: B = x,- §
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X-8 = (%4-8) cosm,t.

Bién d6 dau tién duge xac dinh tit didu kién # = 0:

i(:a: —8) = -w,(z, - s)sinwt=0->1t= Z.
dt @,

Dod6 =, = ~(z, - 25) = ~2,2 cm (tinh tiX 0),

L=

Déi véi dao dong tigp theo, cac diéu kidn ddu méi la:

/

i = i;a:! = —(x0 -2
@, o 5,2
x+s=0Csin ot + Dcosmut Xo \____ T
C:O;Dzmn—:is " m
r, =z, -4s=14cm 23—’1\_;
Tuong tu, ta ¢6 (hinh TD 1.11b); T
X,

x, = ~(z, —6s) = 0,6 cm

Hinh TD 1.1

z, =(z, —88)=-0,2 cm

Vay vat dé thue hién 4 dao ddng véi khoang cach gitta 2 dinh lan lugt 1a:
z, +|z|=3+2,2=52cm o) +2, =2.2+1,4 = 3,6 em

z, +|:.93| =1,4+0,6=2.0cm; }583|+3:4 =0,6-0,2=0,4 cm.

1.3 Dao d9ng cudng bitc ctia hé chiu kich déng diéu hoa

Thi dy 1.12 Pitténg c¢6 khéi lugng m = 0,01 ke;
dién tich § = 4 em? ; chju 4p su4t ciia hoi theo luat

!

VV VoV

P =40+3{)sir12—;~t (N /em?),

T T T T T
LA A A

trong dé: T- thoi gian quay 1 vong ca truc may tao
hdi. Lo xo0 ¢6 d9 cing ¢ = 30 Nfem (hinh TD 1.12).
Xéac dinh dao déng cia pittdng khi truc cia may tao
hdi quay 3 vong/s.

Hinh TD 1.12
Loi giai. Goi Q = 3 vong/s = 62 rad/s
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Luc kich déng:

27
Q

Pzp.S:S(40+3()sin%i-r~t); T= 8.

0 |-

Phuong trinh vi dao déng cia pitténg:
mE + cx = 5(40 + 30 sin Q)

408 308

—+

m m

sin ¢

I +co§;c =

Tim nghiém riéng dudi dang:
£=AsinQt+ B> %= -{PAsinQt
Sau khi thay vao phuodng trinh vi phén, so sanh cac hé s4 ta duge:
4= 30.5'2= 30x 4 = 4,50m
¢ —m) 30-0,01x 367
_ 405 _40x4 _16

B = cm
e 30 3

Dao déng cua pitténg:
z = 4,5sin Ot + }E?«

Bién d0 A = 4,5 cm.

Thi du 1.13 Mot dong co dién gin chat trén
mdt tdm d3. Tdm dd dit trén 16 xo, 16 xo0 duge
chon sao cho dudi tic dung cua lue 294,83 N né
bi bién dang mdt doan 1 cm. Trén truc cia
métd gin mbt khdi lugng phu my= 0,2 kg cach
truc O mot doan e = 1,3 cm. Van toc géc cla
dong co Q = 30 s'. Khéi lugng ca hé la m =
32,7 kg. Hay x4c dinh dao ddng cudng bic cla
tam d8, biét ring lte ddu né & trang thai tinh
(hinh TD 1-13). Hinh TD 1.13

Lot gidi.

a) Phuong trinh vi phdn dao déng thing ding ca dong co:
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mL + cx = srnOQ2 sin Q1

B N 1)
m=m +m;p=L1
hay:
2
I+ a)jx =1 sin 24,
m . (2}
, ¢
@, = E
b} Nghiém cua (2) ¢6 dang:
_ meC¥
2 =C sinat+C, cos@t +—7——sinQf 3
m{aw, ~ Q)
Cac hing s8 C,,C, duge xac dinh ti didu kién du;
t=0:z(0)=0;20) =0
m e
=0, = _ 2.0 o
mQ -w)) o ¢
m e Q m e$2
Vay: r=—t . sinwt+——————sin Ot 4
Y m( -’) o " m{e? - Q) @

4] 0
Theo s6 liéu da cho: @, = JE = J% =305 =Q
m ¥

Nhu vay hé 6 ch& dé céng hudng,

¢) Xac dinh dao dgng cudng bic cia tdm 43 & ché d6 cong hudng:

2
(}c

miw? - Q)

. muf:Q2 .
r = lim| -—singt +

-, m(Q ~ wl) @,

Q. .
s — sinw,t — sin Qf
mhewu H {]
= lim | — - ]
m Qe 0 - CU(}

Ap dung quy tic L'Hospital (%) ta cé:

sin Q]
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1 .
, —sinwt-1cos a)(]t
mew; @, me
T = - = (sinwt— o tcoswt)
i} 3] 3]
m 2a, 2m

x = 0,004(sin 30t — 30f. cos 30¢t) em

Thi du 1.14 Trong dung cu ghi dao déng thing ding, thanh OA mang
tai trong @ va duge gilt ndm ngang nhd 16 xo xodn ¢6 @6 citng ¢ = 0,981
Nem/rad. Mémen quan tinh c¢ha OA cling tai trong do1 véi truc quay O 1a
J = 3,924 kgem? Dai lugng @.a = 98,1 Nem (hinh TD 1.14). Cho biét géc
¢ nhd, 3 vi tri can bang thanh OA nim ngang. Xac dinh chuyén déng
quay tudng d61 cuia thanh OA khi

nén dao dong théng ding theo luat

@
z = 0,2 sin256¢ (cm). \’ A
Loi giai. Dat 0 (85

z=0,2sin25 = hsin Q¢ . Jq
Luc quan tinh theo cia vat Q : a |
Fo= :
g

[ ~ ™~
Phudng trinh vi phan chuyén déng I,

tuong doi cna QA dé1 véi khung thiédt
hi:

Hinh 1D 1. 14
JO+cp = Qa Z
g
Nghiém ctia phuong trinh vi phan dude tim & dang:
@ = Asin Ut
Thay vao phudng trinh vi phén, so sinh hé 88, ta nhan dugc:

A(JQP —e) = @ ahey?
g

} 1x0,
A= JQ“; - 98-“0-0%%1 —0,0051 em.
9/ - ) 981(3,924—F)
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Thi du 1.15 Thian cua may gy rung
co trong higng P. Hal dia cing trong
hugng Q. cung do léch tam e. khi lap
rdp ban dau hai dia tao véi phudng
ngang cac goc la «. o, . Hé 10 xo0 ¢ db
cang 1a ¢ (hinh TD 1.15). Hay xac dinh
bién d6 dao dong cudng bic thang
dung cua may khi hai dia quay ngudce

chitu nhau véi eting van tée goc Q. Hinh TD 1,15
Loi gidi. Phuong trinh vi phin dao
dong:
P2 O,
—(-}— +20) P = Qe winfer, + Q1) + :-:in(().’2 - Q)
i 1
I +20) 20060 e a -,
(F+20) Fber = 200 sin{—— ) cos(———-2 + Q)
q i 2 2

a —a, \
Tim x theo dang saw = A cos{(—— + Q).

oau khi thay vao phudgng trinh vi phin, so sanh cac hé sd ta duge:
20 o ta,

0

Thi du 1 16 MO hinh cs hoe don gidn ciia moL 6t6 1a hé khéi lugng - 16
X0, chm én déng theo phuong ngang véi van tde khéng doi v, trén mit
dat gb ghé theo hinh sin (hinh TD 1. 16).

a) Thiét lap phuong trinh vi phin dac déng v tim tin s6 kich ddng €.

b) Xac dinh van tée t6i han v, cta 6ts,

i

Up
m > —_

m
i u
a L :

Hinh TD 1.16
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Loi gidi. Phuong trinh dao déng theo phuong thing ding cua 6t6:

mi = —cl(r—u) > m¥+ex=cu
Goi s 14 quéang duong 6t6 di dude, ta cb
§ = w4l

T d6 phudng trinh mit dudng cé dang:

n=u cos—z—gf = 1, €08 2t _ u, cos Ot
Thé (2) vao (1) ta dudc:
mi + cx = cu, cos 0t
Efﬂl
L
Nghiém cta (3) duge tim duéi dang:
= Acos )
Thé vae (3) ta co:
A _ u” u{)
[ Q_j - 4:riv; m
. I c
Khi Q = w,, 6t6 dat van téc té han la:
L o&b L e
" 2% 2xNm

Thidu 1.17 Vat rdn c6 dang hinh chit
nhit, trong lugng G = 0,5 N; 16 xo0 ¢6 d6 cling
¢ = 0,25 Nfem. Diém treo 16 xo A dao dong
theo luat;

u(t) =dsin Q4 =2 cm; Q=15rad /s,

Luec can ctia chdt 1ong ty 1é bac nhdt véi van
tdc cua tAm. Khi van téc v = 1 em/s thi luc
cin 13 R = 3,06.10° N (hinh TD 1.17). Hay
xéac dinh chuyén déng binh 8n ctia vat.

)

Y

Y et
HinhTD 1.17
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Loi gidi. Luc kich dong béi di chuyén clia A: f(t) = c.u = ¢ sin Qt
Luc can cita chalt 10ng: B, = ~by:b = 3,06.107 Ns / cm
Phuong trinh vi phin dao déng ctia vat:
mij = by —cy = f(t)
G+285 + oy = hsin Qt
b 3,06.107 x 980

s 7 T :35_]
2m 2x0,5

wf = £ BB 40,0
m 0.5

B 0,25x2 x 980 — 980 cm /57
m 0,5

Nghiém cta dao déng cudng biic binh én duge tim & dang:
¥ = Asin{Qt - )
Sau khi thay vao phuong trinh vi phin, so sanh céc hé s6, ta dude:

y h 980 _ 980
Jlw? ~ ) +45° ¢ J(490 —225¢ +4x9x225 280

=35 cm

taff = _% =0,33963 - f = 0,4274 rad

Do d6:  y = 3,5sin(15¢ - 0,3274) cm

Thidu 1.18 Méng c¢6 khéi lugng rleng 7= 2,45 kg/m®. Nén dat c¢6 do
cing riéng ¢ = 19600 N/m® va hé sd can nhét b = 588 Ns/m?® (hinh TD
1.18). Tim bé day a cua
moéng sac cho ham khuéch Q lf(t) :
dai (hé 8 dong luc) khong r j&Lx_
vugt qua 1 d6i véi moi tan s& i

cua dao déng cudng bic do
may dit trén méng.

Loi giai. Goi: b
S - dién tich cia méng, Hinh TD 1.18

A, - dd lan tinh cia méng,
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f@) = H sinQ¥ 1a Iuc kich déng cia may tac déng xudng méng theo
phuong thang.

Khai higng méng m = aSy
Lue dan héi F,, = c(x+4)
Luc ean R = bS53,
Phuong trinh vi phén dao déng thang ditng chia méng:
aSyi = —cS(x + 4,) - b5 + aSyg + HsinQt
c

Hay :'r'+i;f:+—-;c: H sin Q¢
ay ay aly

Dat 25=‘—";ﬂ)§=-——-—'h:———-—-—-;q:—.

D% can Lehr D=i= b )
w, 2Jayc

Khi dé: % +26% + @,z = hsin Q¢ (1)

Di chuyén ctia méng do luc tinh h:
h
T, =—=
4]

Nghiém cta (1) khi cudng bie binh én:
h
2 AV 2.2
wn\/(l— 7y +4D°y

T ==Is8infdf; I=

Hinh D 1.18 ¢

Ham khuyéch dai

# 1
H,D) =—=
v z,  J(l-7°) +4Dp

Ham V dat cyc dai khi n =+1-2D% .

Diéu kién dé V < 1 hay V khong dat cyc dai vdi moi tin s6 cla luc kich

dongla 1 —2D* <0, hay Dzl/i_z—.

Do d6:
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s _ 2
5

>

2/ayc
Vay bé day cua méng:
v ssg
2ye 2x2,45x19600

Thi du 1.19 Dé xac dinh hé s3 cén

cia mé hinh dac déng, ngudi ta lip L Am Am
vao hé dao déng hat dong cd léch tadm Qf ) 1 Q
nhu hinh v& Lugng léch tidm

2e.Am=130 kgem. Khét lugng ca heé :

m = 1800 kg, hé s6 cling tudng dudng
cua hé 10 xo ¢*= 7200 N/cm. Hai méto
quay déu, nguge chidu nhau véi van
te goc =20 s'. Ngudi ta do dude bién
d0 dao d6ng cudng bic binh dn la
A = 0,2 cm. Hay xdc dinh hé s§ can
Lehr, hé s8 can & va b. Xac dinh géc Hinh TD 1.19
pha a. (hinh TD 1.19)

L&i gidi. Tén s6 dao dong riéng:

. 2
@, = \[; = 1’7200—”’“‘—.10 =205t =Q
m 1800

Nhu vy miy rung lam viéc & ch& d§ cong hudng. Bién d6 cua luc kich
dong F(t) = Feos(Qt+a) F = 2AmeQ® =1.30x 40> =520 N .

n<

6 m

m

Ny

3\\{

Theo cong thite xac dinh bién dé dao dong cudng biie khi ¢6 can:
F/m

A=
J@F - Q) + 45
ta suy ra:
® 1 @ Fle Q
D=-t_2.Zo [2/Cz 11_(2iyp
: ZQJ(A) =)

120 520

" 2
2 20 \j(?,z.lo-‘ ><0,2.10—2)

200202
-[1-(=)¥} =0,1806
1-G5y]
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Tir d6 suy ra:
§=wD=3611s5"b=2m5=13000kg/s

Theo cong thite tga = lzﬂz-, donm=1,tasuyratga =0 > a= %
-7

Thidu 1.20 Cho mé hinh dao ddéng nhu hinh TD1.20. Vit ¢6 khéi
lugng m, 15 xo c6 @6 ciing c, hé s can nhdt 13 b, nén nhin. Luc kich dong
c6 dang F(t) = F, cosQt. Lic ddu hé ding yén. Tim dao ddng cudng bic
cta khéi lugng m.

Lai gidi. Goi: x, - di chuyén ctia diém néi I;
%, - di chuyén ctia khéi m;
Fo -lue can; F, - Ide 15 xo.
biéu kién vé luc tai I:
F,o=bi =F =cz,~xz) (1)
Phudng trinh vi phan dao dong caa khéi m:
mi, = —c(z, - x) + F, cos Qt (2

2
AR

Y 7
R S T R
HE—WWW m —
I A

1
Fp —w»a—F,_

A,

Hinh 7D 1.20
Tt (1) va (2) ta e6 thé khit x,:
F
mi, = —bi, + F, cos Qt = & = —%fv’z + L cos Ot

Dat i =dz /dt; £, = di, /dt valdy tich phén ta duge:

F
x, =—%x’2+g-§‘—'isin§2t+c 3

Hang s6 C duge xac dinh ti didu kién ddu;
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t=0:2 =04, =0>C=0
Phuong trinh (2) trd thanh:

mi, = —c(z

, F
, F —?¢2 —ésin Qt) + F, cos Qt

}
hay:

" b1 .
mE, + e~ +ct, = c—=sin ¢ + F cos Qt
b T TN "

e . 2 N _ 2 , . .

I, + 20, + w,x, = F sinQt + F cos Qt (4)
Nghiém cta (4) 6 ché dd binh &n dude tim & dang:

z, = Asin Qf + Beos Ot

Thay 2] vao (4), ddng nhat cac hé s8 ta nhan duge hai phuong trinh dai
86 cho phép xéaec dinh A va B.

Thi du 1.21 Dia tron c6 khéi lugng
m, ban kinh r, ban kinh quén tinh p=
kr. Dia lan khdng trugt trén mat
phéang nghiéng. Trong tim cka dia
néi v6i mdt hé gém 16 xo va can nhu 73
hinh v&. Cho biét hé s6 ciing 1a ¢, hé
s8 can 13 b.

2) uit) <

dong cua hé va xac dinh tin sb&

dao dong riéng c6 can khi 16 xo

duge n6i véi bd tudng (u(t) = 0) w{ bi +cx
b) Gia slt diém ddu 16 xo chiu mot

kich diéng didu hoa

u(t) =ncos¥ . Hay xac dinh bién

a) Hiy thiét lap phuong trinh dao x/\

. FHES
d6 dao déng cudng bitc khi =g, N
(@ 12 tan s6 dao déng tu do _
khong can). Hinh TD 1.21

Loi giai. a) T hinh vé TD 1.21b ta
dé dang thiét lap duge phuong trinh vi phan dao dong eta hé:
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mx=-bi—cx—F,_ oy

Jep=F,r (2)
Trong dé x 1a khodng cach tinh i vi tri cdn bing tinh, Phudng trinh
rang bude ¢d dang: x=re.
Chu ¥ rdng J. = mk*r?. Tit hai phudng trinh (1) va (2) ta suy ra phuong
trinh vi phan dao déng cia hé:

m(l+ k)i +bx+ex=0 3)
Tit 46 suy ra:

2 c b

w3 = ———, Dz
* m+kY) 2m(1+ ke

Tan s6 dao ddng tu do c6 can dudge xéc dinh theo cong thic:
2
w=eIsDt = |—* -
Vm(l+E2)\  dme(l+k%)

b) Trong trudng hdp 16 xo chiu kich dng u(t), trong phuong trinh (1) ta
thay thé& cx bing c(x-u) véi u(f)=1dcosQ¢. Phuong trinh (3) bay gid ¢d
dang:

m(1+ k% )3 +bi +cx = clicos QU (4)

Bién d6 dao dong cudng bic c6 dang:

f:f-V(q), F=ci (5)
C
Trong d6
1 Q
Vim= s n=— (6)
J=n?) +4D* W,

Khi £2=a, (n =1) tit (5) va (6) ta suy ra:

j‘:=ﬁ%=ﬁ%’-\}mc(l+k2) )]
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1.4. Dao dong cudng bitc clia hé chiu kich déng tuin

hoan

Thi du 1.22 Dong cd co trong lugng @ dit
thing du!ng trén mong co trong lugng G dién
tich méng 8; d§ ciing riéng cua d4t 1a 1. Tay
quay dai r, thanh truyén dai I, van t6c géc
cia tryc la Q = const. Pittdng va cic phan
khéng cAn bang thue hién chuyén dong tinh
tién c6 trong hidng P. Xac dinh dao dong
cudng bitc binh 8n cta méng khi coi ty s rfl
12 nhé ¢(hinh TD 1.22).

Loi giai. DS cling tudng dudng clia nén
c=AS.
siny = gsinqo; @ =0t >>r;

2 .2

cosy = 1—21r?sin2 Qt =1 —%(1—0082(&)

2

Hinh TD 1.22

2

:r,:rcosgo+£.cosgx/:(l—il—z)+rcoth+4%2~COSZQt

2
¥=-r0 cos Ot — —3— OF cos 20t

Phugng trinh vi phan dao déng thang ditng cta hé:

Q+G§ ngf——Ea:
g
Hay
2 .
Eroi¢ = Prod (COSQt“i‘iCOSZQt) vii ) = ASg
@-cy" Q+6)

Nghiém cta dao dong cudng bite binh 6n duge tim & dang:

& = Acos Qf + Beos2Q2t

Sau khi thay vao phuong trinh vi phén, so sanh céc hé s6, ta nhéan duge:
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PreY T P
QO - T 1 (Q+6)e] -4
rA . 2
Véi &= P 92 — cos QF + z. Prff 5o cos 2022,
(Q+G‘)(a)U -0 { (Q+G‘)(m“ —40°)

Thi du 1.23 Vat kh&i higng m, cac 10 xo ¢6 do cing 1a ¢/2, hé s& can

nhdt 1a 4. Kich déng dong hoc u(f} c6 dang nht hinh TD1.23. Xac dinh
dao déng ena vat.

Léi gidi. Ham tuan hoan u{f) c¢6 dang:
u@® =t chuky T=1 ¢/2

Khai trién «(¢) thanh chudi Fourier: m

Tinh chc hé s&

t)dt = jtdt = % u

= fre -
-7

*‘HIN '“ii'—

u(t} cos kQidt

It cos kQtdt = 0
t

T ]
-2 J- (t) sin kQxtdt = 2 It sin kQtdt = _L Hinh TD 1.23
T: H kr
Do dé:
u(t)-l——l-iisinth 4(t "—igcoskﬂt
2 mion k=l T

Luc kich ddng F(t) = bu(t) + cult)
Phuong trinh vi phén dao déng:

mi =-bT ~cx + F(t); hay: mE+bi+cx = bt +cu
mié+bi+cz=b(—zgcoskﬂt +c—— Zisinkﬂt}
k=t 7T riom

mif+ba':+ca:=£—Z(isinkﬁt+b—costt)
2 Tk T
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Vi A coskQit + B sinkQt = JA? + B2 sin(kQt + @, ); tga, =

a

do dé: ou + cu =§~l2}t~vc: + 55T sin(AQt + )
Tl i
Dit  wt-Sip-2.p-S . b

m @, w, 2mw,

Fit)=bi+cu= % *lZE*“ +(2nkDY sin(kQi + a)
T R
Nghiém cudng bite binh én duge tim duéi dang:

x = A+ i C, sin(kQ¢ - B }

Thay =z’ vao phudng trinh vi phin, so sanh cac hé s& ctita sinkQt va
coskQt, cudi cling ta dudc:

L Ie L O oo gy s, = 202
2 N -EyY + (2nkDY

+
Tr =

1-&y

1.5 Dao d6ng cudng birc cua hé chiu kich déng khéng
tuan hoan

Thi dy 1.24 Vit trong lhugng P duge treo vao 1o xo ¢6 @6 cing ¢. Tai
thoi diém déu, vat chiu tac dung cia hic khong d8i F hudng xudng, kéo

dai trong khoang thoi gian r Hay xac dinh dao d8ng cda vat (hinh
TD1.24).

Lai giai. Xét hai trudng hgp
a) Phuong trinh vi phédn chuyén déng ctia vat trong khodng 0 <t < r:

£:':E+¢r::1:=F
q

Nghiém duge tim 6 dang:

F .
I=—+Acos(uut+BsmaJUt; o = =
c
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4 7
t=0::r:=0;:f;=0:>A=—£:B=0 2
8
c
T = E(lﬂcosmﬂt)‘ 5 o
C 5
b) Phuong trinh vi phan chuyén déng khi £ > 1 F l
—f+ecx=0 v P
g Hinh 1D 1.24

Nghigm duge tim d dang :2 = Ccosat + Deasw, (t - 7)

T a): z(r)= }—; (1 -cosw,r) > i(r) = % w, sin@,T

Tub): z(r)=Ccosw,r+ D - ifr)=-Csina,r

So sanh a) va b): Oz—f-;D:—C
C
. F
Dodé: w=—[cosw,(t —7)~cosatlit>r.

C

Thi du 1.25 Con lic gbm chét diém ndi véi doan 7 x
day khéng dan dai . Xac dinh dao déng nho cta con %

lac khi diém treo di chuyén khong ma sat trén dudng 7
nam ngang theo luat x(f) = &2) cho trude (hinh TD
1.25).

Le&i gidi. Luc quén tinh theo 6 gia tri: F* = m#

Phucng trinh vi phan chuyén déng tusng d6i clia con
lic: Hinh TD 1.25

ml?@ + malsin @ + mlf cosp = 0

. , . E g
Khi ¢ nho: @+ a)jqp = —%; ("5 =7 (1)
Nghiém téng quat cla phuong trinh vi phan tuyén tinh thuin nh4t ing
vii phuong trinh (1) 4 trén dang

@ =¢sinat+c, coswt (2)
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Theo phuong phap bién thién hing s§ Lagrange nghiém cha phudng
trinh vi phan (1) dude tim dudi dang

@ =c(t)sinot +c,(t)cos @t
9 =¢(D)singt + ¢ (Heosat + ¢ (Do, cosat ~ ¢, (o sin ot
é{t)sinat +¢,(¢)coswt = 0.

. ‘ . : 2 . )
¢ = ¢ (Y, cosmt — &, (Ha, sinwt - ¢ (Hw, sinat - c,(thw; cosw it

Tir d6 suy ra

¢,(tcosaw,t - ¢, (t)sinmt = - £
@t
¢ (f)sinewt + ¢ {t)cos e t = 0.

Giai hé phuong trinh dai s6 tuyén tinh trén ta nhan dudge

: ¢ et g
¢(t)= ——ﬂﬂ coswt;  ¢,(t) = w_nf sin @t
Tich phén 1én ta duge
N dr+B = -4 Tés B
e (t) = Y jf cos @, 7d7r + B, = —EE[Q’ cos@t + @, J-ﬁ sin w,rdr]+ B,
o O 1] L
1 : ‘
= [~écosmt —w Esinat + ol Idj cos@,rdr|+ B, = A(t) + B,
{ u
1 5 | e
e,(t)y=— J§ sing rdr + B, = E_I[é sinwt - @, Irj cos @, 7dr] + B,
n- i ¥ ]

1 .- - bl ' -
= :(:;_g{g sinwt - w Ecoswt — w; I/,’ sinwrdr]+ B, = A,(t)+ B,
L)

[}]
Do d6 dao déng nhé clia con 1ic 1a
@ =c (t)sinwt +c,(t)cos ot

(3)

=B sinwit+ B, cosat +At)sinot + A () cosot.

Trong d6 cac hing s8 tich phan B, va B, duge xdce dinh tit cac didu kién
dau.
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Bai tap Chuong 1

1.1 Dao ddng tu do khéng can

1.1.1 Cho cac hé dao dong nhu hinh BT 1.1.1. Hay xac dinh tan s6 dao
déng riéng cua hé.

Hinh BT 1.1.1 ©)
Padp s6:
. ¢’
a)e =c + G+ e w, =, —
) "
. [ o w T
b) ¢ :('72)3.“:4:
o e, o
e,C C,Lr, B c,..C
* _ 48 . 2o oy . _ 111
C)C‘i_i‘ G = Gy =— ¢
€y t+ G Gy T 6 C TG
1 1 1 e
- = il T3 =t
Cl CI +C2 +{,1+{,4 C(,+C7 C

H
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1.1.2 Trén mét dia tron ¢6 khoét mét ranh thang. Mot chit diém khai
lugng m néi véi tam O clia dia bang mét 16 xo va ¢d thé chuvén déng
khéng ma sat trong ranh. Khi 1o xo khdng bi kéo nén, khoang ciéch tr
tAm O @&n chat diém 1a e. Do cimg 16 xo 14 ¢. Trén hinh a va b mat
phang dia thing ding va dung vén. Trén hinh ¢ mit phing dia nim
ngang va dia quay déu véi van tde gée Q. Xac dinh

1) Tan s6 dao ddng riéng ciaa chit diém.

2) Biéu thite ciia nghiém téng quat.

Hinh BT 1.1.2

Dap sé:

1y & ) |' =0 cosmit+C, sinat
m

: e
=Jwj - {w, > Q) x=C, cosol + C, sinwt + -

1 —(Q/ e,y

1.1.3 Hai con lan hinh tru tron
¢6 kich thude nhu nhau quay v : > :
van tdc géc khong déi 14 ©Q nhung | : R ]

ngude chidu nhau. Trén hai con
lan dat mét tAm phang déng chat {5871 Lo
trong lugng G = mg. Hé s§ ma O ] o Q

sat trugt ddng gilta tAm va mdi | al2 PN
con lan la g Ching minh rang
chuyén déng x() caa thanh la
dao déng diéu hod. Hay xac dinh
tin sd riéng cia he.

Hinf BT 1.1.3

2HT 0 = 2H

a =
i t a

Ddp sé: i+
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1.1.4 Pia ¢6 ban kinh R, khoi lugng m. Lo
xo0 ¢d d9 ciing ¢, vat ning khéi hugng m, ban
dau ¢6 van toc v, hudng xuong. Bé qua khéi
lugng 16 xo va day, khong c6 ma sat, khéng
6 sy trugt cha day. Xac dinh chuyén dong
clua vat,

Ddp so:
@ = < : = O sinwt
¢ m]+m/2‘ v @, "
Hnh BT 1L 1.4
_ b
255mm
"

— B
Hinh BT 1.1.5 Hinh BT 1.1.6

1.1.5 Tay bién khéi lugng in = 0,80 kg dude treo 1an ludt vao diém B rdi
diém D. Cac tin s8 riéng tuong Ung la:

wy =8,05s"; @,=758s"
Hay x4c dinh vi tri trong tAm tay bién, mémen quan tinh va ban 1:inh
quan tinh déi véi truc di qua trong tAm tay bién.

. . , IJ
Dap s6: CD =d =140,6 mm,; J, =3,38.10" kg’ Pp = (== =65 mm
: 3 m

1.1.6 Con lic trong lugng @, mdmen quén tinh d&i véi truc quay O 1a J,
khodng cAch ti trong tam G dén truc quay la OG = s. L %o xo0fin 6 do
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eing ¢. Tai vi tri cAn bang, con lic léch khdi dudng thang ding miit g6e
o. Tim chu ky dao déng nhé quanh vi tri cdn bang cta con lic.

Ddp st T =27 /—J—--—-— .
Qscosa + ¢

1.1.7 Dung cy do dao dong ngang nhu hinh BT 1.1.7. Mémen quan
tinh cfia con lac déi véi truc quay O 1a = 0,03 kgem? mdmen tinh
Qd = 4,5 N.em; d6 cing 10 xo ¢ = 4.5 Nem. Tim chu ky dao dong khi géc
léch nho.

Ddp 56" T =2 = 0.364 5

¢+ 0Qd

1.1.8 Con léc la chat diém khdi lugng m, gén vae diu thanh eting dai
L. Ha1Io xo0 ciing ¢6 d6 cling ¢. Hay xac dinh khoang cach a dé vi tri cén
bang thang ding la 6n dinh va tinh chu ky dao doéng nho ctia con léc.
magl
2c

Pap s6° o” > T =

7

o

N
o
©

C
AN

d . ’51 ’
[33
h o
Hinh BT 1.1.7 Hinh BT 1.1.8

1.1.9 Con lac gém chat diém khéi lugng m gén vao thanh tuyét dat
ciing khéng trong lugng, dai 3/ va duge gitt béi hai 16 xo nhu nhau ¢6 46
ciing ¢. Tim tan s& riéng cia con lic.

a g

de 56" o, = 6;; 3l
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1.1.10 Dung cu do dao déng ctia nén. Khi cdn bing, don OE nam
ngang, 10 xo ngang khéng bién dang. Don va déi trong ¢6 mémen quén
tinh d6i véi truc quay O 1a J. Thiét lap phuong trinh vi phan dao dong
bé ctia kim K va tim tan s& dao dong clia kim.

.. 2 fz+_.1i3
_-de Sé: QJ[: — L‘J_L

“

Hinh BT 1.1.9 Hinh BT 1.1.10

1.1.11 Mot phu ké& do trong ludng riéng caa chét 16ng nhu hinh BT
1.1.11. Khsi lugng cia phit ké 1a M = 0,0372 kg; dudng kinh phin néi
trén chit 1dong 1a d = 0,0084 m; trong lugng riéng cia chat léng 1a y =
1,20. Tim chu ky dao déng thang ding trong chit 16ng cia phi ké.

Ddp s6: T =1,97 s.

I

14
[}

! 11

lllllll

Hinh 8T 1.1.11 Hinh BT 1.1.12
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1.1.12 Dao dong lic cha tau thuy duge dic trung bdi vi tri cia trong
tdm G va khuynh tim M. Vi tri M phu thude hinh dang vo tdu, la giao
diém cha truc d6i xiing va dudng tac dung cta luc nang N, khodng cach
MG = k. (hinh BT 1.1.12) TAu ¢6 trong luong P vA mémen quan tinh d&
v6i truc lic 1a J. Ching minh ring chu ky dao déng lic cta tau khi géc ¢
nho duge cho badi cong thite T =27,/J / Ph .

1.1.13 éng hinh chit U chita chat long ¢hinh BT 1.1.13). Dién tich tiét
dién ngang cua 8ng la A, cdt chat 1ong c6 do dai L, khéi luong riéng cla
chat 16ng 1a 7. Tim t4n s6 dao dong riéng ciia cot chat 16ng.

Ddp 56 @ = I%" =y

1.1.14 Hinh try tron bing g& duge nhing mét phin vao chit long va
luén thang diung. Hinh tru ¢é trong lugng riéng o, ban kinh r, chiéu cac
k. Tim t4n s6 dao dong riéng ctia tru trong hai trudng hop:

a) Chat 16ng l1a nude thudng.

b) Chét long 14 nude mudi ¢b trong lugng riéng 1a y=1,2 .

Ddp s6-a) w = .Jg/ho; Bw=1,2¢/ho.

Hinh BT 1.1.13 Hinh BT 1.1. 14

1.1.15 Mét dia tron khéi lugng m, mémen quin tinh d61 véi khél tam
14 Jg, ban kinh r duge giit bing 16 xo nim ngang ¢6 d6 cing ¢ nhu hinh
(hinh BT 1.1.15). Dia tron ¢6 thé lan khong trugt qua lai trén méat phang
ngang. Hay xac dinh tin s8 dao dong riéng cta hé. Bd qua ma sat lan.

2

L cr
Ddap sé: o, = |—5——
mre +J
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1.1.16 Nua mit tron déng chat khéi lugng M, ban kinh R, khoang
cach tlf tim O clla mit tron d&n khéi tdm C clla mat 1a ¢ = 4R/3x Tim
chu ky dao déng khi géce léch ¢ 1a bé.

NNa

R O
a
7 oC

Hinh BT 1.1.16

Hinh BT 1,1.15

J i
Ddp s6° T = 2;1'\/E [)?;r - 2]
9

1.1.17 Dia hai tang khél luong m,
mdmen quan tinh dé1 vé1 truc ngang di
qua trong tAm la J, ban kinh tdng trong
la r. Dia lan khong trugt theo dudng
mang tron, ban kinh R. Thiét 1ap phudng
trinh vi phan dao dong cha dia bang hai
phuong phap.

Dung phudng trinh Lagrange loai 2. Hinh BT 1.1.17
Dung nguyén ly d’Alembert.
Xéc dinh tan s6 dao dong riéng khi géc ¢ bé.

2

Ddp s6: (J +mr?)é + mg( R?

ysing =0; o =mgr’ /(R ~r){(J+mr?)

1.1.18 Vat A ¢6 khél
luong m, = 1 kg. Rong roc B D E c

B ¢6 khéi luong m, = 0.2 % U W

kg, ban kinh r, = 2 em,
thanh déng chit D ¢b
khéi lugng m, = 0,1 keg. y
Dia d6ng Chﬁlt ¥ ban kinh A Hinh BT 1.1.18
r; = 4 cm, thanh E ¢8 khoi

777772
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luong m, = 4 kg. Lo %0 ¢6 d9 c@ng ¢ = 10 Nfem. Thiét 1ap phuong trinh vi
phin dao déng cta hé, tim bidn dé dao dong néu tai thoi diém dau vat A
léch khoéi vi tri cdn bang mét doan y, = 1 em va ¢b van tde ban ddu v, = 8
cm/s.

Ddp s6: @, = \f o ¢ 3 =118 s'; A=121cm
)

T —;2-‘-- +m, + ooy

1.1.19 Thanh dan héi hinh tru thdng dtng c6 diu trén ¢ dinh, diu
duéi gdn vao tAm dia ndm ngang. Mémen quan tinh cia dia d8i véi truc
di qua tAm dia 1a J; mémen quan tinh cua thanh dai vai truc 1a J;. hé s&
cng clia thanh khi xodn 13 ¢. Xac dinh chu ky dao dong cia hé.

. J
Ddp sé. T =2nx (J+%)/c‘

J, O

J
Hinh BF 1.1.19 Hinh BT 1.1.20

1.1.20 Dam dat trén hai géi tua dan hdi cung d6 cing ¢ = 150 N/em.
Dam c6 mémen quén tinh ctia thiét dién ngang 13 J = 180 em*; dail =
400 cm; modun dan hot E = 2.10° N/em? Trong luong ddm khéng dang

ké. Tai trong € = 200 N dit d gitta dam. Hay xéc dinh chu ky dao déng
cua hé.

Ddp sé: T =2x Q( -1——0,2383
g 48FEI  2c

1.1.21 Thanh ndm ngang AB dai/, mét ddu ngam, dau kia ¢6 gin mét
vat nang khé ludgng m, dao ddng vdi chu ky 7. Mdémen quén tinh mat
cat ngang cua thanh 1a I. Xac dinh mémen dan hoi £ caa vat lidu.

4l

Ddp s6° F =
P 3IT?
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1.1.22 Cho hé nhu hinh BT 1.1.22, thiét 1ap phuong trinh vi phin dao
ddng chia bé cua hé va xac dinh tin sd riéng. Biél dd elng chéng udn cua
dam EI = const. Bé qua trong lugng etia thanh.

. 13 :
Ddp s6: o) w, = M: Naw = ——71—2-‘2{—
"y v ma’{(da + 3b)

ma’h’
m
ET I
! _/‘;\_
,JI n 77 T T
I'\ L;j i 1 71 \
Q
Hinh BT 1.1.21 % ET m
%
b) DAY
a b

i A

Hinh BT 1.1.22

1.1.23 Hai thanh déng chit cung dai £, eling khéi lugng riéng m, dudge
nd1 véi nhau bdi ban 1€ tai C. Hai dau thanh la cae con lan A va B. Tai C
6 10 xo x0an d6 ciing ¢, va treo vat khai tuogng M, vat nay duge giit boi 16
xo thing dé cing ¢,. Lap phudng trinh vi phan chuyén déng ca hé khi
chon toa d§ 1a géc quay ¢ cua thanh.

de 56 (M - % 'm.)fzg'é + (ch + (:232 )QJ =0.

A G © B
| AEOL)) 1
W i
M
Cy

Hinh BT 1.1.23 Hinh BT 1.1.24
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1.1.24 Djng co dién duge dd bdi 4 16 xo0. méi 10 xo b d6 citng e (hinh
BT 1.1.24 ). Mémen quan tinh ctia dong co déi véi truc quay la J. Tim
tan s8 dao dong ctia déng cd.

Ddp s6: o, = 2rz\/r: /d

1.1.25 Dé khi dao dong ctia truc khuyu trong déng co méy bay, nguoi
ta lam mét rdnh tréon ban kinh r, eé tdm cach truc quay mét doan
AB = d, mét chit diém ¢6 thé chu\acn déng tu do trong rinh. Hiy xac
dinh tan sd dao dong nho cta chdt diém khi truc quay cé van tde gae Q.
Bo qua anh hudng cla trong luc.

Ddp s6: o =Q\fd/r.

Hinh BT 1.1.25 Hinh BT 1.1.26 Hink BT 1.1.27

1.1.26 Con lic gbm chat diém M khés lugng m gén vao thanh cutng
thanh nav ndt véi thanh OA bdi khép quay A va tr ugt dudge trong (mg
quay O,. Bo qua trong lugng cic thanh. céc khoang cach QA =

00, =h, AM =d, v6i b —» < Jrd . Tim chu ky dao déng nhé cta con lfic.

& " T‘)f;/: khi @ bé: cosa =1 —% 4o

h—
:———)g{):(
@+ i s T

Huéng dan;

Pdpsé: 1T =2rx

drd—t =y
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1.1.27 Con lic ¢dm chat diem M. khéi lugng m. 1dp vio cd ciu 4 khau
nhyu hinh BT 1.12.7. Céac do din OA = AB = r. AM = d. Ta vi trl cin
bane, cae thanh OA va BM thang ddng. thanh OB nam ngang. Bé qua
khoi tugng cae thanh, Hay tim chu ky dao déng nho cia con lie.

x @
Hudng dan: ¢ = wicosg =1-"= 4+

. T+
Dip s¢' T = 20—

Juld = r) I

1.1.28. Mot 6td chay trén mat dudng nam

neang vél gia tde a = 4.5 m/s®. Trong 6td ¢d treo
mot con lae toan hoce.

Hinh BT 1.1.28

a) Xae dinh vi tvf ¢in bang va tan sd dao dong
nho cua con lac,

by So sanh chu ky dao déng khi 6td dang chay (7,) v chu ky dao ding
cua con lace khi 616 ding vén (7).

Ddp 56t a) tgp, = a gy = %\/l +(a/g¥ . DT, =0.9537,

1.2 Dao déng tu do c6 can

1.2.1 Vit e6 khol lugng m = 3 kg dao dong tit dan véi chu ky dao dong
T = 0.3 5. Sau mot chu ky dao dong bién dd gidm di hai 1an. Xac dinh hé
50 cUng ¢ cua 10 xo va hé s6 can nhét &,

Pap s6' ¢ = L3226 N e 0=209s" §=231s"'
1.2.2 Chat diém dao dong tit dan dudi tac dung cta lue dan hot va luc
ean nhdt. Hé 8 can Lehr D = 8/w,= 0,1.

s Ve T -7
a) Xae dinh ty 86 A =

khi coi D 1A nhd (T 14 chu ky dao dong ty
do. T" 1a chu ky dao dong tét din).
) Bién d6 giiim bao nhiéu lin sau 8 chu ky dao déng ?.

Df!

Pdp 6. A = — :ﬂ'-! = 136,38,
2-ir A

TR
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1.2.3 Mo vat o6 khai lugng m = 0.6 kg dude treo vio moL 16 xo. K
klhiong ¢o lde can (b = 0) vat dao dong véi chu ky T, = 0,47 2. Khi ¢6 lu
can 1 1E biae nhilt véi van tde (b = 0). vat dao déng vai chu ky 7, = 0.57 -
Lue diu eho vt léch khoi vi tef ¢an bang 4 ¢m vt dao dong.

H:iv tim e i lue (?Elllll lae van I,é’{f bhing ] em/s va xac dinh d?l() ddng Ll_l
. Ea ER 3 ] v
val,

Pipsor b= 3061kg/s F =he=0.0036 N =3 "sin(df + ru'r'ﬁ_f;?].

1.2.4 Bo dd nhdt caa chit long bang thue nghiém: Treo LAm A vao 10 x
vit cho dao dong trong khong khi. do duge chu ky dao dong 7',. Tha tar
vito chat long va cho dao déng. do duge chu ky dao dong T,. Luc ma sa
gitia tam va chil Iong duge tinh theo ¢ong thiae F, = 2 Spv (S - dién tic
MmOl MAt cua tAm: v - van tde; p — d6 nhét cia chidt ong). Trong hivn
coactim kPR qua ma sat gitta tAm va khong khi.

Xae dinh dd nhdt cua chat long. S
N e 2af I a1 ‘
Dap sé. 5= - D i s ¢ g

g1, N

b,

L

Iz

m (1

Hinky BT 1.2.3 Hinh 8T 1.2.4 Hinh BT 1.2.5

1.2.5 BO tit chén thuy lye nhu hinh BT 1.2.5. Pittong c6 cac 16 chuyé:
dong trong chit Iong. Lac ddut = 0 p1ttdng léch khéi vi tri can bing mé
doan y, = 5 mm. Xac dinh thai gl(m dé di chuvén cia pittdng dé1 vdl s

tri cin h,m(f giam di 2 lan. HE 88 cAn nhdt thu gon b= (Ame Hz.m](Dld)
Biét h(, 30 cang 16 xo ¢ = 3 kN/m; dudng kinh xylanh I} = 0.1 m: dugn
kinh 16 d = 10 nun: 58 16 2 = 25; khéi lLr(ing pitténg m = 2.73 kg chié

cao pittdng A = 50 mm: hé sd nhdt g = 6.107 Ng/m?

Pdp s6: 1,=0.114 s.
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1.2.6 Chat diém khéi Tugng m dude gin vao diu cta st

mdt thanh nhe cé thé bo qua trong lugng. Thanh duge '

nél vao 16 xo cd dd cing ¢ va chiu can nhu hinh BT “

1.2.6. Hay xac dinh: b o
a) Phuong trinh vi phin dao déng cua hé. 0 1] l/f
b) Hé $6 can nhdt b dé hé cé dao dong nhé. a ,

A C -,
¢) D6 can Lehr dé sau 10 chu ky bién d6 dao dong con _;ON\VM
1/10 gia tri dau.

., Hinh BT 1.2.6
d) Chu ky dao dong tyu do khong can "

Dap s6¢ i+ —— o+ _"l+£]go=0
4m m 2a

1 .
h<8)me+ L D =0037:T =2z _2am .
24 2ae + g

1.2.7 Chat diém khai lugng m duge gin moét diu thanh cling tuyét déi
dai L, khot lugng khéng déang ké. Thanh dude giit & vi tri cin bang ho
mét 18 xo va bd gidm chiin thuy hue véi hé $6 can nhoét b. Xae dinh tin s0
dao d6éng riéng va do tat loga. Bist m =1 kg L =0,5 m; a = 0.2 m: dudng
kinh 16 xo D = 50 mm: dugng kinh day 10 xo d = 5 mm, 8 vong { = d;
modun dan héil G = 80.10° N/m?, hé s& can nhdt b = 3.10° kg/s. D) cung 1o
xo duge tinh theo edng thiae ¢ = GdI(8D).

Ddp s6: w,=10,2s" 0=2323s7 A=3,74.

s
ey
- {,,EA
% {,EI |
% ¢
m
b
Y pu
B e
YIS
0
Hinh BT 1.2.8

Hinh BT 1.2.7



Chuong 1  DAO DONG TUYEN TINH HE MOT BAC TU DO 15

1.2.8 Cho mo hinh dao déng nhu hinh BT 1.2.8, Hay xac dinh tdn s&
dao dong tu do tit dian. Bo qua khéi lugng cua thanh va ctia dam.

Pdp sé:

. 3EI EA_ .. 3 EA P, —
=P B e LB \/_ 5= iw=J o
.y 1

AN A 2m

1.3 Dao dong cudng biic, kich dong diéu hoa
a. Dao déng cudng buc khéng cdn

1.3.1 Hai dam ngang song song, mbi dam dai L = 10 m, trong lugng
khong dang ké, mémen quén tinh cla tigt dién ngang mdi dam 7 = 8881
em'; médun dan héi E = 2.107 N/em?. Déng cd dat § gitia dadm c6 trong
lugng @ = 15000 N, trong lugng cua phan léch tdAm G = 4 N, d6 léch tAm
r =5 cm; quay véi van tée géc Q = 25 rad/s. Tim dao déng cudng bie cia

dam. Dong co quay vdi van tde goc bing bao nhidu vong/phit thi e6 ¢ éng
hudng.

Ddp s6: y =0.0017sin25¢ cm; n = 321,1 vg/ph.

=

Hinh BT 1.3.1 Hinh 87 1.3.2

1.3.2 Tay quay OA = 10 cm; quay quanh O véi van tée gbe Q = 5 rad/s.
Vat nang cé trong lugng G = 4 N. 16 cling cta 16 xo0 ¢ = 0,2 N/em. Tim
dao ddng cudng biic clia vat nang,

Bap sé: y = 20,4 sinbt cm.
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1.3.3 B ghi rung dat trén méng. Mong 5 A
rung theo quy luat z = 0,2sin25¢ cm. Hé 80 ¢ Q r

citng cua 10 xo xodn ¢ = 0,1 N.em. Tai trong T .

va thanh ¢6 mamen quan tinh dé véi truc ' Q
quay la J = 0,4 kg.em® mémen tinh

@.d = 10 Nem. Bo qua dao dong riéng cha

thanh. Tim chuyén déng quay tucng dsi 2

cua OA. Khi cdn bang tuong d6i, OA ndm

ngang. V]

BDdp 56 = 0,0051 sin25¢. Hink BT 1.3.3

1.3.4 Rotor c¢6 khél lugng m = 13,6 kg;

luong léch tAm e.Am = 0,2879 kgem. Khoang cach tir tim rotor dén médi &
dd 12 & = 0,4064 m. Truc thép cé dudng kinh d. Xac dinh ap lue tai hai §
d6 khi rotor quay véi van toc goc n = 6000 vong/phit trong hai trudng
hop: a)d = 2,54 cm; by d = 1,905 em. Cho biét mbédun dan héi cta thép E
= 200.10° N/m”.

Dép s6* a) Ny= Np= 1273 N; b) N, = Ny= 241,1 N.

] ]
m | .
| %
b ' Vo
| — : ]
przcsa ! N T |7t
: x
b b o
! i 2
Hinh BT 1.3.4 Hinh BT 1.3.5

1.3.5 Dung cu ghi dao dong théng ding nhu hinh BT 1.3.5. Gia st nén
dao dong theo quy ludt 2, = 4sinQ¢.

a) Lap phudng trinh dao déng tuong déi cia khéi lugng m se vdi khung.
b) Biét tdn s6 dao déng riéng cia dung cu la @, =107 . Khi d4t dung

cu vio mdt difm N clia may, may quay déu véi n = 120 vong/phit thi
dung cu ghi dude bién dé dao dao ddng tuong 461 1a #= 2 mm. Xac dinh
bién d6 dao dong, bién d6 van tée va gia tée dao ddong theo phudng thang
ding cua diém N.
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2

Dap s6: a)r = -‘-‘4?? 5 sin(Qﬁ —a)n=—

by A=#(1-n*)/n* =10,5 mm; AQ = 131,88: AQ? = 1656,41 mm /s’ .

1.3.6 Mot vat c6 khol lugng m duge ndi véi tudng qua 16 xo ¢6 d6 cling
¢;, chiu kich dong béi co cAu cam théng qua 16 xo ¢6 d6 clng ¢; nhu hinh
BT 1.3.6. Cho biét cam 1a mét dia tron ban kinh r, 46 léch tam e va quay

déu véi van toe goe Q. Gia thiét dau cta 15 xo ¢, ludn ti€p xdc véi bé mat
nhan clia cam.

a) Thiét lap phuong trinh vi phan dao dong ctia khai luong m

b} Xac dinh van téc gbc Q dé bién db cuc dai clia dao dong cudng bie
binh 6n bing 3e.

Ddp s6: m¥+(c, +¢;)x =cyesinQy, QF =

\ 23 \\\&\&

SR
\ %

Hinh BT 1.3.6
Hinh BT 1.3.7

1.3.7 Pau do dé kiém tra bién dang cac chi ti&t tron xoay (phat hién
sy iéch tAm hinh hoc cua chi tié't) gdm thanh cting 1 c6 khoi lugng m
dudc gitt béi 10 xo 14 2. Ld xo xoin &c 3 duge dung dé gm cho thanh do 1

ava chi tiét cAn kidm tra 4 ti€p xtc véi nhau. N&u chi tiét cin kiém tra 4
khéng trén (c6 d9 léch tdm e), thi khi chi tiét 4 quay vdi van tée gée ©Q,
thanh 1 sé dao dong théng ditng. Gia s khi khéng c6 1éch tAm fe=0), luc
nén gitia thanh va chi tiét tai M 1a R,. Hay tim:

a) Van t8c¢ goc gidi han Q'cha chi tiét khi c6 dd 1éch tdm d8 dim bao
thanh 1 ludn tiép xuic véi chi tiét 4.
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b} Luc nén gita thanh va chi tiét khi Q2 = 0,1¢)".

Biél: m = 0.05 kg; R,=5N; d,=50 mm: ¢ =0,1 mm; & xo ladail=230
mm. tiét dién A = 5.k = 5. 0,5 mm* mddun dan héi £ = 200.10° N/m*.
Dudng kinh 16 xo xo0én ¢ D = 5 mm; dudng kinh day 10 xo d = 1 mm; s8
vong ¢ = 10; médun trugt G = 80.10% N/m?™.

Huong dén: d6 cing caa 16 xo 14 ¢, = EA/l ; &6 clng 10 xo x0an ¢
¢, = GAY(8iDY

e e +e, It ]
Ddp s6° QO = \j--‘-----wf- + =165 R=(5+1,3) N

L [T

1.3.8 Hai didm song song nam ngang bi {
ngam vao tudng, ¢ dau tu do cia 2 dam cb
dong co dién. Mddun dan hél cha dam 1a
E =2.10° Nfem®. khoang cack tit tudng téi truc
dong co 1a I = 150 cm, trong lugng cta dam
dude bo qua. Bong cd ¢d trong lugng € = 1200
N, phén quay ¢6 trong hugng P = 200 N, d6
iéch tAm e = 0,005 cm, van tde goc n = 1500
vong/phat.

)

o

Hinh 8T 1.3.8

1

N S N

Xac dinh mémen quéan tinh thiét dién ngang ctia dAm dé cho bién dé dao
déng cudng bic A = 0,05 cm.

32

FQ © £y 270601200 £20). = 77
6gF A

30
= [ = 8613 em® hodc I = 8330 em™.

Dapsé:[ =

b. Dao déng cudng buc cé can

1.3.9 Hé dao dong nhu hinh BT 1.3.9. Khél lugng m = 981 kg; d) ciing
16 xo ¢ = 98,1 N/em, hé s8 can nhét caa chit ldng & = 196.2 ke/s. Luec
kich dong F(£) = 0,5 sinQt + 0,1 sin20Q¢ (N).

a) Tim dao ddng cudng biic cua hé.

b) Hién tugng cdng hudng xay ra khi Q bang bao nhiéu ?

il

L 0,5sin{Q2t + &, ) 0.1s1n{2Qf + o, )
Ddp s6: a) ¢ = = + = = =
081w — Q) + 487 981 J(@] - 4Q°) + 166°QF
;6 b 250 450 @
wi=—0=—; tgx =————tga, =———— b =w LO=—12,
"o 2 9% @ - 9%, mi - 4 ) b 2
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'"TAcosQf.
‘ |
" lF(z)

i S
T

Hinh BT 1.3.9 Hinh BT 1.3.10

1.3.10 Xylanh c6 khéi lugng m duge d bdi 10 xo véi @ cing c. Pittong
dno ddng trong xvlanh theo ludt y = Acos Of véi hé s6 ma sat nhét 1a b,
Tim bitn do dao dong etda xylanh va pha clia né ddi véi pittdng.

C hAC 1)
Baposd: y = 82 St = —)E,— )
r—

\flr(f‘ — Y+ {(hQy

1.3.11 Mot mayv dam dat gdm ed than
may kho luong M, dit trén 16 xo va ed
can nhdt nhu hinh BT 1.3.11. hai khai
ludng m, 06 léch tAm e quay déu véi tie do
no (vong/phdt) ngudge chiéu nhau. Khai
lugng vo may 1a m. Hay xic dinh cac
tham s0: dé cling ¢. d6 can Lehr D (can
nho) dé miy lam viée & ché€ do eong hudng
va khong bat 1én khoi nén. Xac dinh ap
lue 1én nén.

Hinh BT 1.3.17

A TH. m e
Dap s6: M~ M +2m 0= M=) D> .
30 MM + g

1.3.12 May do dao dong gém vat
nang khoi hugng m, dude git bt 16 xo m

cO dd elmg ¢ v bd gidm chin thuy luc Tkl
vl lge ean ty 18 bae nhat véi van toc ¥ L
tuong doy (7 = by v 1a di chuyén tuong ¢ b

Tu(f)
doi eaa khot lugng m ddi véi may). Tim -, -
chuven dong ma may ghi

Hinh BT 1.3.12
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duoe vigy khi nén dao dong theo quy ludt u(t) = u,(sin + 2810 10€4).
Bidt e = ¢im = 0.010% 8= b/2m = 0,020,

Py sa: =, s (QF — e ) = 20, sl (10Q/ - )

1.3.13 Dong cd dién o6 khot lugng m, = 68 kg.
duge ed dinh trén mong ¢6 khér lugng m, = 1200 kg.
Tan s0 dao dong réng cua ea hé 1la w, = 16.75 rad/s
vl do can Lehr D = 0,10, Ladgng 1éch tim cua déng
co gav ra lue kich dong la = 100s1n31.4¢. Xae dinh ' '

bicn 4o duo dong eun mong va lue truyén xudng dat. Hinh 87 1.3.13

Bap s A=00111 em: F,= 12 N,

1.3.14 Dong ed dién ¢6 trong lugng @ =
A NL trén true dimg ed e6 tal trong khong
¢An bing p = 0.2 N cach true quay mét
khoang r = 6 em. Dong cg dude dat trén
dém giam chin ¢6 do cling ¢ = 500 N/em.
Khi dong co quay déu véi van toe goe n = Hinh BT 1.3.14va 1.3.15
980 v/phat, md td dao ddng theo phudng

thang ddng, 1y s6 biétn dé gidm lién tiép theo quy luat A JA
Hav xae dinh bién dd va g6e pha dao ddng cuding biic cta déng oo,

= 10/9.

Pdp so: A = 0.38 ez o= H8.8"

1.3.15 Ddng co ditn ¢d khd ldgng toan bd m = 45,35 kg, lugng 1éch
tam me = 0.23 kgm quayv déu véi van tde goe n =1000 v/ph. D6 can Lehr
cua bo giam chim D = 0.2, Cace 16 xo dude chon sao cho dé 16n cua lue
cudng bde truyén xudng nén chi eon 10 % ¢ham khuéch dai Vi, D)=0.1).
a) Thidt 1ip phuong trinh vi phin dao dong cua hé
by Xie dinh dd edng tudng dudng cua céc 1o xo
¢) Xac dinh 2ia tri 16n nhat caa lde truyén xudng nén.
Dap s6

niéj+hg +cg = m,e€ sinQr, Q& = rn/30

Q

= - 24725 0, =2219 rad /s
o,

¢ =i =22323 Nimy F, =0.1meQ” =252,22 N
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1.3.16 Xe khdi lugng m chuvén dong déu véi van tée v trén dudng sap
ghinh w@)=asinQr. Bd giam chan ¢o d6 cimg ¢ va hé¢ sb can nhét b.
thinh BT 1.3.16).

@) Lap phudng trinh vi phan dao dong thang ding cua khai luong .
) Xace dinh bién dé dao déng cta khét lugng m.

Didip 860 Q) midi + bi + er = afe sin QF + 5O cos Q1)

- P
by A = aNeT + G -'Q:z—ﬁw:,

Jle—mO Y ) L

Hinh BT 1.3.16 Hinh 87 1.3.17

1.3.17 Romode ¢6 khdi lugng m chuyén déng véi van tde khang déi ¢
trén dudng gap ghénh. Momen quan tinh ctua vat déi véi O 1a J,. Do
cung cua 16 xo 1a ¢ hé s8 can nhét 1a b, Mat duﬁmg duge mé ta hdi
p}nrdng trinh A = A1 - cos2z x/):;  x = vt. Coi diém O khong o6 di
chuve en thang diing va A<< ! (nghia I khi viit quay mét gée ¢ din dén di
chuyeén L}mng ditng cia diém A). Bd qua khidi lugng cua banh xe va coi
dé evng cua 16p 14 vt 16n s0 véi dé eding cta 16 xo.

Hiv xée dinh van t6e eaa chuyvén déng 6n dinh khi bién do dao dong dat
gia tri eue dai.

Dep st " = —— -y /207 + Jor /48t + ol j 8w, =

S, iy b FITRS
I I 0 it V' - /
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1.4 Dao déng cudng birc khi kich déng tuan hoan
va kich déng bat ky

1.4.1 Vat c6 khdilugng m =5 (don vi) dude  , f(f)

treo viQ 1o X0 cd do cing 1 ‘ o
¢ =20 (don vi). Vit chiu kich ddng bdi luc ! Lo
tudn hoan nhu hinh BT 1.4.1. % 2% (an |
a) Phan tich f#) thanh chudi Fourier qp-—
b) Xac dinh dao déng cudng bic binh 6n cha Hinh BT 1.4.1

vit.
f 4 l I 1.
Dap 86 a) f(t)=—(sint + 35 3t +—sin 5t + ?sm TE+...)
i k
b) £ =1,69sint -0,34sin3t + 0,048sin 5¢ — ...
1.4.2 Vat c6 khéi lugng m duge treo bdi 16 xo c6 30 cling c. Tai thai

diém ddu, vat chiu luc Fy, = const va kéo dai trong khoang thai gian r
(Hinh BT 1.4.2). Xac dinh chuyén dong cua vat trong cic giai doan

O<t<tvatl> 1
Dadp s6

F
O<t<t:z=-L{l-cos ,it);
c m

F
t>t: xzi[cos\xi(t—r)~oos ,—C—t]
¢ m m

C2
63
I3
F,
x(t) _‘r___
0] 1 f}_

Hinh BT 1.4.2 _ Hinh BT 1.4.3
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1.4.3 Trén Hinh BT 1.4.3 }J4 m& hinh dao d6ng ctia hé théng banh tride
cua 6 td, trong d6é banh xe duge mo hinh héa bdi 16 xo ¢6 dong cing ¢,
giam séc 14 phin tii dan hé - can nhét. Cho bidt ¢,=300 N/mm, ¢,=70
N/mm, hé s can b = 2500Ns/m, khéi luong m = 40 kg. Gia thiét kich
ddng u(t) c¢6 dang ham bude nhay: u(t)= u, khi t>0 véi u,= 50 {mm).

a) Hay thiét lap phudng trinh vi phan dao déng ciia khét lugng m.
b) Tinh toan dao déng cudng bitc cia khéi lugng m

¢} X4c dinh bién d¢ dao ddng cudng bitc lén nhat.

Ddp s6: a) mX +bx+ (¢ +¢y)x = cu(f)

- Dot
C]HO e
1- cos(wt —B)

Véi 0, =962 (1/5); D =0325 ©=90,0(1/s); B=0331

b) x(¢) =

€) X = 54,3 (mm)
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Chuong 11
Dao déng tuyén tinh ctia hé hitu han bac tu do

2.1 Thanh lap phuodng trinh vi phin dao déng

2.1.1 Su dung phuong trinh Lagrange loai 2

Thidu 2.1 Cho md hinh dao déng nhit hinh TD 2.1. Thiét lap phuong
trinh vi phin dao ddng ctua hé.

Loi gidi. O trang thai can bing tinh, cac 16 xo F#) T

bién dang cic doan 8, Sy

¢d, =(m +m)g,

1w

(1) I My
0252[, m,g. X )

Chon toa d9 suy rong cua cd hé 1a (x,, x,), véix,, b
x, tuong tng 1a d6 léch cta cée khdi 1udng so Cz 2
vdi vi tri cdn bang tinh.

Déng nang va thé ning clia co hé ¢6 dang: m,
T= %mx +%7I12I2, Xy !

I 5} b
H:—z—c] (x, - (S'm) + rz (z, - =, -52(,)2 + m gz, + M,g1, . !
Ham hao tan ctia co hé: Hinh TD 2.1

1 1
Q)—Eblrl +5h (22 -22).
Céc lyc suy rdng cua cac Iye hoat ddng khong c6 thé 1a:
Q =0, Q =F@.
Biéu thiic luc suy rong:
art .
Q,=_M¢Q+Qﬁ (T:=1,...,‘-"1),

dg, 94,
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Qﬂ =-q ('.EI - 510) + cz(Iz I, 520) -mg- bli'1 + bz(:bz - "';31 3
Q_,_: = _cz(‘rz -I - 520) —m,g - bz(iz - x.l)"' F(t)’
Sd dung (1) nhéan duge:
Q, = (¢, +¢,)x, +c,x, —(h +b,)2 +b2, -
Q, =c,x —cx, +hi —bi +F(1)

Thay thé vao phuong trinh Lagrange loai 2:

AIoT1_ 2T 5 =1, ..n,
dt\ 34, ) oq

ching ta nhan duge hé phuong trinh vi phin dao ddng cua cd hé:
{ﬂr;l:ﬁi +{b +b,)E = b, +(c, +¢,)z, —x, =0,

m,&, - b +bi, -,z +cz, = F(i).

Nhan xét: Néu chon x,, x, 12 d6 léch so véi vi tri cAn bdng tinh cta co hé
thi biéu thic thé nang co hé khong chia cac trong lugng m,g, m.g.

Thi du 2.2 Thiét lap phuong trinh _meqfﬂ

vi phén dao ddng nhd ena cd hé ¢d hai 0 o1
thanh déng chat, khéi lugng m, chiéu
dai L ndi vdi nhau bang 10 xo c6 dd
cling c. 3 vi tri can bing cic thanh 4
thing diing, 16 xo khong bién dang. 6,
Ldéi giai. Chon toa &6 suy rong (8, F WA |
&), vii 6, 6, tudng uing 1a goc léch \ \

ciia cac thanh so vdi vi tri thing "
ding.

Hinh 1D 2.2
Déng néng va thé ning cua cg hé:

2 s
T = ~l—m£82 +lm£92,
2 3 ' 2 332

1= —mg—;ioosgl - mg£60802

+r;—1:(a sint92 —asin&'l)2 + (ucosﬁ'2 - acost?l )2]
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Céac lyc suy ring:

5 = —ggl = —mg%sinﬁl +ca’ [(sintS’2 —sinﬂl)oosf}'] -(cosez —cosé’l)siné?l},
1 L. . . .
Q{e1 = —ééz— = —::71‘4;,-551116'2 +ca’ [—(smﬁ’2 —-smé‘l)oosﬁz +(cos€2 —cosﬁj)smé?z:[.

Xét dao dong nhoé nén sinb, ~ 8, sin6, ~ 6, cosd, ~ 1, cos6 ~ 1 do dé
2

bl L
Q, = ~(mg§+ca2)0] +ca’d,, Q, =ca’0, —[mg—2—+m2]0 :

Thay thé vao phuong trinh Lagrange loai 2 chiing ta ¢6 phucng trinh vi
phin dao djng nho cia co hé xung quanh vi tri cAn bing:

%mLzéjl +(mg§+ cazjq -ca’d, =0,

%mﬁéz -ca’f) +(mg§+ caz]ﬁz =0,

J, J,
L1 £ I U
B [iprmpmpmy S ———— p—
77777 —IMI M, M)
) o D
HnhTD 23

Thidu 2.3 Co cfu truyén déng cla may tién duge méd hinh thanh
thanh hé ba dia ¢6 mémen quan tinh d61 véi truc quay x 1a J,, J,, Js.
Ngiu lyc ma sat nhét G cac 6 43 ti 18 véi van tdc géc. Cac doan truc cd 46
cling xoén 12 ¢;, ¢, va khéi ludng khong dang k& Momen xofn cia dong

co truyén qua day dai 14 M(z). Thiét lap phudng trinh vi phan dao déng
cua ¢o hé.

Loi gidi. Chon toa d¢ suy rong cua co hé 14 (@, @, @), vdi ¢, @, @
tuong lng 14 géc quay cia cac dia.
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Déng nang va thé ning clia cd hé la:
1., 1. .. 1., ! :
T=oJél +5 7,0, +-2-J1ca§, M=-alp, —0) +2 60, -0.) .

Cacnglulycedn: M, =-bgp, M, =-bg .

Biéu thiic cac lyc suy rong cla cic Iyc khong cé thé 1a:

Q: = _—blqbﬂ Q; = _b:!gbz’ Q; =M(t).

loai 2, nhan duge phuong trinh vi phan
dao ddng cua co hé:

Thay th€ vao phuong trinh Lagrange
J G +b¢ +cp - 6@, =0, %

'\g |
=
&

S0, +0,0, o +{c, +¢)p, —c,p, =0,

‘]3';0.1 TGP, tCp, = M(t).

Thidu 2.4 Cho mé hinh hé dao
déng 5 bac ty do chiu kich dong dong

hoc x, = x,(t). Cac khé1 lugng chi c6 Cis
thé thuc hién dao dong thing ding.

Hay thiét lap phuong trinh vi phan

dao déng cnia hé.

Loi gidi. Chon toa @6 suy rong clia
co hé 1a (x,, x,, x5, x,, x5), trong 46 x;1a
dich chuyén cha khéi lugng m, m,
(i =1+5) k& tit vi tri cAn bing tinh .

ANNNRNNRNNY
=

Déng nang, thé nang va ham hao tan

cua co hé la: o 5 by
T=%ml¢f+%mlaﬁj+%m]z’§+%mli:+ Ixu
o Hinh TD 2.4
1787
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bl 1 L i . 1 .
D= —z—b1 (:1:l - I“)z +-2~b2] (z] - :.."2)2 +5b‘15 (zs —:r‘)z +5b|s (I_,i - I, )2.

Thay th& vao phuong trinh Lagrange loai 2, nhan duge phuong trinh vi
phéan dao déng cua cd hé:

mE + (b +b,)F —b I +(c +e, +e )T, —c,x, -,z = bI, (1) +ecz(l),

m,z, +b23$2 - bzaxa €T LT, = 0,
m.E, —b, &, +b i, +C, T, =€, T, = 0,
m, +o,.&, byt ey, &, (6 ¥ eyg)t, — T = 0,

m, —~ blixl - 545:84 + (bls + b45 )xs T T, T CT, (CIS + c4_s)x$ =0

2.1.2 Phuong phap luc

Thi du 2.5 Thiét lap phuong trinh vi phan dao déng cha didm khéng
trong lugng mang ba khéi lugng tap trung m,, m,, ms médun dan hoi
cha ddm la E, mémen quan tinh clia mit cit ngangla I,

F, Fy _.

WIS /N @m,%”%%%xrhﬁ—w%%”?%?
J l El i J
Lia . L4 | L4 Lid
< > >
Hinh TD 2.5

Lét gidi. Trude hét ching ta tinh cac hé s6 anh hudng d, clla ma tran
d6 mém D theo céng thitc:

_L oz,

Y 6 LEI

Cac thanh phan ctia ma tran D dude tinh nhu sauw:

(-2t - g2).
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_ 3 g o ur P
"256EIT M 768EIT " 768E1’
r 11z
d =d s d, =— ! d,. = 1
aoon Z  4ABEI 2 786EI
30
d]l = dIfi‘ dﬁ:’. = dZR’ d.’!.‘i = 256EI )
1 9 11 7
L. 11 16 11 (1)
T68E]
7 11 9
S dung dinh luat Hooke suy réng:
q = Df. (2)

Khi cac khéi lugng dao déng xung quanh vi trf cin bing tinh cac luc tac

dung £, bao gdm Iye quan tinh ~m§ va ngoai lye Fi(#). Ta c6:

=

m, 0 0 |4 K
f=(Li{==-10 m, O0|{Gg!+|F

2

0 0 m,|g 5

-

Thay thé (1) va (3) vao (2), nhan dude phuong trinh:

(3)

q] F]' m, 0 0 ijl

o |=D|E|-D|o m, olq]l

% | F 0 0 m|lg,

. o 11 7] [q [ 9k +ur +7R,
11 16 1[G |+|g |=———-|11F +16E + 11F, |.

768E1 LM% | = 768E7 ‘ 2 :

7 11 94| |4 7F, +1iF, +9F,
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2.2 Dao déng ty do khong can

Thi du 2,6 M5 hinh hé théng treo 6t6 duge don gian hoa nhu hinh TD
2.6.a. Cho m, = 200 kg, m,= 800 kg, ¢, = 6.10° N/m, ¢, = 5.10* N/m. Xac
dinh cac tdn s riéng va cac dang dao dong riéng clia cd hé.

Loi gidi. Chon toa do suy ring claa co hé 14 (x,, x,), trong d6 x;, x, 1a dd
léch ctia cac khoi lugng m,, m, so vdi vi tri cdn bang tinh.

Phuong trinh vi phin dao.déng cua ¢o hé c6 dang:
m 0 T, e, e, ¢ [, 0
0 i, '”E: .}{ R Cz} L’z:! ) 0
Ma tran khoi ludng, ma tran 46 cliing etia cd hé 1a:
m. 0 c,+c, -,
M = . C= P,
0 m, -C, ¢,
~ - ) m
Phugng trinh tan s6 c¢é dang: Thin xe —» ¥ j;
Xy

=0. Hé théng treo —» %CZ

Va1 cac gia tri da cho, tim duge cac Bdnh xe —»| m,

14n s& riéng: +
) x
@, =576 > @ =76 radfs, /1 1

Lop xe —» e

2
Cl + C2 — v m] -C2

.
-C, c, — a)‘mz

W =3255 = w, =57 radfs JT77 77777777777

Tuong ng véi cac tAn sf riéng, cac  Mat duong
vee 1o néng duge xac dinh ti
phudng trinh:

1] + 1] :
¢ te, —am -c, a, 0
-, e, —wim, | | % 0

a
45 e _ n L. _ 2
¢ Valo: (¢ +c,-mae’)a -ca, =0=>-2=128,

Hinh TD 2.6.a
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- 2 ﬂ'-n
¢ Véiwy  —ca, +{g, -mw))-a, =0=—=2=-0,02.
- - a
12

Nhu vay ma tran dang riéng cua co hé 1a:

1 i
V= 12,8 -0,02 |

Cac dang riéng dude biéu dién trén hinh 2.6.b.

Dang riéng 1. Thian xe va banh .
xe dao déng ciing pha. Than xe -
dich chuyén gip 12,8 lan truc P 12,8
bénh xe, nhung tin s5 kha L

thap: thdp hon 3 vongls.  [aeemm777” ]

Dang riéng 2: Than xe va banh
xe dao déng ngudge pha. Than xe 1
dich chuyén it hon 0,02 1an so
vG1 truc banh xe. Dang dao
déng nay ggi y cho viée thiét ké Hinh 2.6.b
xe chd khéach.

Thidu 2.7 M5 hinh dao dong ngang cta toa nha 3 tdng. Xem ring
khéi lugng elia cac tdng bing nhau m,= m.,=m,=m = 262,69.10° kg, do
cling udn cna cac blc tuing d cac tang la ¢, = 3¢, ¢, = 2¢, ¢, = ¢ = 88,56.10°
N/m. X4c dinh cac t4n s riéng va cac dang dao déng riéng cita co hé,
Lai giai. Chon toa dd suy rong cua cd hé (x;, x., x,), 1a cae d6 lach ngang
ciia cac khoi lugng m,, mg, mg so véi vi tri can bing thing dung.

Biéu thitc dong nang va thé ning cla hé ¢6 dang:
. a1 .
T== mlmf + 5 LI, + Em_‘x;‘
gol o] el .
= Ecl‘rl + 502(32 —z) + 5‘{\(% —T,)
Phuong trinh vi phan dao déng nhd cla co hé xung quanh vi tr{ cin

bing Mx + Cx =0, v6i ma trin khéi lugng va ma tran do cing ciia co hé
la: '
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m 0 0 X3 f7ts
M=|0 m, 0], ; . 5
s -
0 0 m, H c,/2 cy/28
4 xz'h-.._ [
G te, - 0 2 i &
C= c, ¢ +c¢ ¢ 5021"2 62,25

0 —utt1 r‘ X, m,
4 — A

. 7
Phudang trinh tan s ctia cd hé ¢6 dang: i g
2 i c,/2 /2§
¢ +e, ~w'm -c, 0 H s
~c, ¢, +c, ~a'm, -c, =0/ 7777777777777 77
0 ~c, ¢, —o'm, HinhTD27.a

Dat 4 = o % , phuong trinh tin s§1a A°- 942+ 184 - 6 = 0. Cac nghiém
cia phuong trinh tudng ng véi cac tin sé riéng:
, =0,4158 = @, = 11,84 radfs,
A, =2,2943 D w,=2781 radfs,
4, =6,2899 = o =46,05 radfs
Phuong trinh xac dinh céc vectd riéng c6 dang:

5-4 -2 0 a 0

Do dé tuong ling cac tan s6 riéng chiing ta cé cac dang dao ddng riéng 1a:
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1 1 I
v =229, v =| L35 |, v =[-0,64].

1 2 3

3,92 1,04 0,12
Ma trin dang riéng:

1 1 1
V=220 1,35 -0,64].
3,92 -1,04 0,12

Cac dang riéng dude biéu dién trén hinh TD 2.7.b.

1 P .
~—diém nait

o * Tl
\‘\.\/diém nit S
\\ "
» [
", —
: N
]
!
! A
, A Y
-y Bt
:
a) b) o |/
'J'
HnhTD 2.7.b

(a) Dang riéng 1. Céac khéi lugng dao ddng cung pha, dich chuyén tiang

theo chiéu cao.

(b) Dang riéng 2: Khéi lugng m,, m, dao déng cung pha, khéi luong m,
dao ddng ngudc pha. Xuit hién “diém nit” & vi tri giita m, va m..

(¢} Dang riéng 3: Khdi lugng m,, m, dao déng cling pha, khéi lugng m,
dao déng nguge pha. Xuit hién 2 "diém nat” 0 cac vi tri gitta m, va m,.

C6 thé suy ra nhan xét d61 véi tod nha n tAng: & dang dao dong riéng tha
k s& c6 (k —1) diém miit.
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Thi du 2.8 Cho mbo hinh dao ddng gdm sau vat rdn nhu hinh TD 2.8.a
a) Thiét 1ap phudng trinh vi phan dao déng clia hé.

b) Cho m,= 2m, m, = bm, my = 10m, m, = 3m, ms = 6m, my; = 8m, ¢, = ¢,
e, = 2¢, ¢, = 4¢, ¢; = 6c, ¢, = 2¢, ¢; = be. Hay xac dinh cac tin s8 dao dong
réng va cic dang dao dong riéng cua cd hé.

/] x1 ’_,] xg ! "l x31 /|x4 I P x5 .1 x5 !
rn

L WA T AW ™ A Ty W T W ™
5

Co

Cs

Hinh TD 2.8

Loi gidi. Chon toa d9 suy rong clia co hé 1& (x,, x4, x5, X4, X5, ¥e), trong do
x, 12 di chuyén cta vat thé c6 khéi lugng m; (i = 1+6) tinh ti vi tri cin
bang tinh.

Bitu thitc dong ning va thé ning ciia cd hé c6 dang:

_ .2 2 l .2 1 -2 1 32 1 .2
T=—mi +—miI +—mi +—mI +—mi +—1m i
2 (] 2 27 2 i3 474 .

2 6767

| 1 1 1 1 2
1 =—2~cnatf ~+-5c?l (xz —;1:])2 +5('.2 ($] —:172)2 +Ec_1 (:‘.-:_1 —:c])2 +5 s (-1:5 —:1:4) +

1
+5c5 (:Jc6 -—-.1",5)2‘

Thay thé vao phuong trinh Lagrange loai 2, nhan duge phuong trinh vi
phéan dao déng ciia co hé:

mE, + (c0 + c])x1 -, = 0,
m&, ~ ¢z, +(c,| + c;,_):z:2 -z, =0,
mJi, —cr, + (lt:2 + c_‘);r,‘ -cz, =0,
mJ%, -z, +(c] + ('4)-14 -cz, = 0
myt, ez, +(.':‘1 + rﬁ)z5 ez, = 0,
m&, - T, +ex, =0

Ma tran khéi lugng va ma tran 46 cing ciia cd hé la:
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[(fm, 0 0 0 0 0]
0 m 0 0 0 0
|0 om0 0o
6 0 0 m 0 0}
0 0 0 0 m O
0 0 0 0 0 m
e, +¢, —¢ 0 0 0 0]
-, g te -G 0 0 0
0 -, Gt -G 0
©= 0 -, o +c, -¢ 0
0 0 0 —e, ¢ teC -0
0 0 0 0 -y & |

Phuong trinh tn sé: IC - w2M| =0.DPat 1= " »? ta c6 phudng trinh:
c

40979 ;5 85823 ., 27383 . 19099 .. 4091, 1
120 3600 900 1200 © 1800 30

Giai phuong trinh trén thu duge cae nghiém nhu sau:

0.

A= 0,0165, tudng Ung @ = 0,1285\/—;':1:;
ro=0,1932, tudng iing @, = 0,4396&;
A= 10,9436, tudng ing @, =0, 9?14&;
A¢=1,6127, tudng Ung @, =1, 2699\/%;
As= 2,0091, tudng \ing o, =1, 4349\/%;

A= 3,3332, tuong dng o, =1, 825?\/:(i .
m
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Cac véctd riéng v, tuong Ung vdi clc tan s6 riéng w, ¢ =1 + 6) 1a:
v, =[1,0000 1,4835 1,6946 1,7887 2,0266 2,0816]",
v, =[ 1,0000 1,3068 1,1445 0,6678 -0,9560 -1,3839]F,
vy = [ 1,0000 0,5564 -0,3216 -0,4012 -0,0720 0,1412]",
vy =1{1,0000 -0,1127 -0,4419 0,5263 2,1577 -1,3654 |,
vs=[1,0000 -0,5591 0,1004 0,1955 -0,1231 0,0536 T,
ve=[1,0000 -1,8332 4,3883 -15,8426 2,6749 -0,6173]".
Ma tran dang riéng:
11,0000 1,0000 1,0000 11,0000 1,0000 1,0000 7
1,4835 1,3068 00,5564 -0,1127 -0,5591 -1.8332
1,6946 11445 -03216 —-0,4419 0,1004 4 3883
1,7887 0,6678 -0,4012 10,5263 0,1955 —15,8426 |
2,0266 -0,9500 -0,0720 2,1577 -0,1231 2,6749
2,0816 ~1,3839 0,1412 —1,3654 0,0536 -0,6173

Cac dang riéng duge bidu dién trén hinh TD 2.8.b:

Vi
2 5
1 2 é 4 5 ] ) Dang riéng thit 1
Vat thé
vof
] Dang riéng thi 2
| Vat thé

Hinh 1D 2.8.b
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Vat thé
lk
] 1 f |
LON—"3 4 5 & .
Vat the
4, l\ 6.
5 Vatthé

Dang riéng tha 3

Dang riéng thi 4

Dang riéng tha 5

Dang riéng thi §

HinhTD 2.8.b
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Thi du 2.9 Trén hinh TD 2.9 biéu dién luge d6 co cdu truyén dong
day dai ciia may tién. O ch& d6 binh én mémen quay cla ddng cd cin
bang véi momen cla luc cit got (b6 qua luc can), {ing suit tudng GUng clia
cac nhanh diy 14 o, v gy Cho R, = 100 mm, &, = 200 mm, mémen
quan tinh ctia banh dai dan dong I va réto cua dong cd dign 1a J, = 0,08
kgm?, ctia banh dai bi dan II va truc may J,= 0,1 kgm?, [ = 0,6 m, dién
tich thiét dién ngang cha diy dai la F = 2 em®, mddun dan hoi cha day
dai 14 E = 100 MPa, goc trudt dan héi ciia day dai la ¢, = 150%, hé s6 ma
sat ciia day dai va banh dai 14 g4 = 0,3. Thanh lap phuong trinh vi phén
dao dong bé cua dao déng xodn cia cac banh dai I va II, sau d6 xac dinh
chc tin sb riéng cua hé.

Lai gidi. D6 dan dai cua nhanh day dai trén va dudi khi cac banh dai I
va Il ¢6 goe quay ¢, ¢, (so vii chuyén déng binh on) 1a:

Al = R, - 32(02 '

1

1
Al = -R¢, + R, ()

Hinh 1D 2.9

Mat khéac dd dan dai cla cie nhanh day dat sinh ra do ¢6 (ng suit b
sung khi cé dao ddng quay khi c6 dao ddng quay cua cac banh dai, duge
tinh theo cong thic:

Al = Ao, {i + f’*—(l-c'*‘v%) ] = g,Ao,
E H,E
2)

Al, = Ao, {i + ;-%—-(c“"“’ —1)} = a,A0,



Chuong 2 DAO DONG TUYEN TINH HE HUU HAN BAC TU DO 69

Phuong trinh vi phan dao dong cua cd hé c6 dang:

J$ + RF(Ac, -Ac) =0,

. (3)

Jp, + RZF(A0'2 - Ao-l) = 0.
St dung (1), (2), bidn 46 (3) vé dang:
.. ‘Fa R.Fa
¢+ RIJ . e - d .,; : p. =0,
1 | 4)

. _ RRFa,  RFa (
o, 7. & 7 @ = '

2 2
trong d6 a; = (@, + a,)/a.a,.

Cac tan s6 riéng:

w =0, @ = Faq[-}i+—R1] = 109,925 /s
WJ

1 2

Thi du 2,10 Xe 6t6 chd khéi tru. Coi xe 13 vat tinh tién, khél tru lan
khéng trugt trén san xe. Thiét lap phudng trinh vi phin dao dong cua
¢o hé va dua vé dang toa d6 chinh. Chom,=my=m, ¢c,=¢,=c.

Lai gidi. Chon toa dd suy rdng caa .
co hé 1a (x,, x,), trong dé x, 1a dich a—1>|
chuyén ctia khéi tAm 6t8, x, 12 d6 dai %
hién thdi cua 14 xo ¢,. Chon gde 6 vi
tri cAn bang (tai d6x,=0, x,=L). L 1a
d6 dai ty nhién ella D xo ¢, .

Biéu thic déng ning va thé ning co
hé 1a:

1, 1 .
T= —imlmf +—2-mz(:1:I + a:z)2 +

203, ..
= mE +-—mi, + mi L,
1Ty 12

= %c]mf +%c2 (2, - LY .

Phudng trinh vi phan dao ddéng cta co hé ¢6 dang:
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2mi, + m&, +ecx =0,
.3
mi, + mez +ecr, =cL.
Dit ¢, = 2,4, = 2, — L,nhan duge phuong trinh vi phan:

2m(};| +mg, +og =0, 2Zm m ¢ 0

mj, +5m§2 +cgq, = 0. m 1,5m 0 ¢

Phuong trinh tan sé: IC - (uzM‘ =0,hay 44> - 74 +2=0,véi 4 = 2"
[

Giai ra thu duge:

a=1T, - 0,6/,
8 m

=22 o s [C
8 m

Ma tran dang riéng cta cd hé

i 1
Tlo,78 -1,28]

Tinh todn nhan dugc:

. 4,476m 0 : ,6c O
V M = V v = .
v 0 1,9} ¢ 0 2,64c

Phuong trinh vi phéin cia hé & dang toa d6 chinh:
B + 0=36£Pl =0,
B +145p, =0,

Thi du 2.11 M6 hinh 6t6 1a hé daoc dong bén bac tu do bidu dién trén
hinh vé&. Thiing xe va khung ¢6 kh6i lugng m, mémen quan tlnh d61 véi
tryc ndm ngang di qua trong tAm G la J. Khéi lu’dng cic clu trudc va
ciu sau (ké ca cac banh xe) 1a m, Vi m,. D9 cling cta hé théng lo xo & gia
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dd truée va sau la ¢, ¢,, 46 cling cua cac 16p xe trude va sau la ¢, va c,.
Hé 6 can nhdt clia cac gidm chén & gia 43 trude va sau la by, by,

a) Thiét lap phuong trinh vi phin dao déng bé ctia co hé trong mit
phang thang ding.

b} Cho J = 200 kgm?, 1,=3m,l, =1 m, m = 200 kg, m;= m,= 30 kg, ¢, =
¢y = 4.10° Nim, b, = b, = 0, ¢, = ¢, = 10° N/m. Tinh céc tan s§ dao déng
riéng va dang riéng.

¢) Xét sy tryc giao cia cic dang riéng véi ma tran khoi lugng va ma tran

dd cling.

+ 12 l}‘
Lgi giai. Chon toa dd suy
r@l’lg Cﬁﬂ cgd hé la 0’, @, Y1s yZ) l ]
trong d6 y la dich chuyén - <’,ﬂ 4
thang diing clua trong tAm G, / M

@ 1a gée quay cia thung xe so YQy el —/CD
véi phuong ngang; y,, y, la FAmmmmm i i i
dich chuyén thing ding caa
trong tim cAu trudc va ciu
sau. Cac dai lugng dude tinh
50 vdi vi tri cAn bing tinh.

Biéu thic dong ning, thé
ning va ham hao tan cd hé la:

I . 1. | i .3
T =Emy2 +5Jg02 +—my’ oMl

1 1 { \
0= ey +em +oa+he-u) Hinh 1D 2.11

1
+Ecz(y — LY y:)z‘

2

| .. 1, .. ..
D= Ebl(y +ig - yl)z + —z—bz(y Lo —1,)
Luu y: Cac dich chuyén thing dting duge tinh so véi vi tri can bang tinh
nén bé qua cac trgng luc trong cic bidu thitc thé nang ctia co hé.
Phuong trinh dao déng bé cia co hé xung guanh vi trf cin bing
Mg+Bg+Cq=10,
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m 0 0 0 b: +b, E:IJII -b, -b, —52
2
véi M = 0 J 0 0 B - blfi - bzlz b|£1 + bzl: _b|£1 bzlz
0 0m oOf ~b, b1, b 0|
0 0 0 m, b, b1, 0 b,
¢ +e, cill - czlz < c, y
_ be, ~be, ¢l + ¢, ik —c, eyl e
-c -l ¢ +e, o | Y
-, 02!2 0 ¢, +e, %

Thay cac gia tri d4 cho, phuong trinh tin s 1a
@ - 57333,30" + 0,822.10°0* - 0,176.10°@* +0,7.10" = 0.
Stt dung Maple, tinh duge:
w =23,04 57 0, =44,25 s',m, =138,5 s, @, = 188,82 57",
Tinh toan vecto riéng, c¢6 ma trén dang riéng
0,98 -0,34 -0,15 0,44
-0,23 -1,44 0,036 1,86
0,24 4,24 0,24 -4,24]|°

1 1 1 1
2341 0 0 0
. 0 10036 © 0
VMV = ,
M 0 0 3662 0
0 0 0 1303,7
124210 0 0 0
] 0 1965000 O 0
vievs=l 0 702830 0
0 0 0 46479000

Nhu vay cde dang riéng tryc giao véi M va C.
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Thidu 2.12 Ba toa tdu nhu nhau khéi lugng m duge néi ghép véi
nhau. D$ ciing cla céc khdp néi déu 1a ¢. Khi néi ghép, toa tau bén trai
¢6 van t8c v,, hai toa con lai ditng yén. Xac dinh quy luat chuyén déng
cua cd hé sau khi néi ghép.

Lgi giai.a) Thiét 1ap phuong % LA x,
trinh vi phin dao déng cia H 2—)| 2—)| )
cd hé. 4 c

Chon toa dé suy réng la (x,, n VWA em

X3, X3), trong 46 x, 14 dich s mmmmmmmrdr

chuyén ciia trong tam toa
tau thit & so véi vi tri can Hinh 1D 2.12
bing tinh. Bifu thic dong
nang va thé ning cha cd hé la:
T = %mif +—;-m:i:: +-:lzmx’§,
1 1
I=-cz,-z) +Ec($3 ~z,).

2
Phuong trinh vi phan dao dong cha co hé Mt + Cx = 0, trong dé

m 0 0 e —¢ 0 z,
M=[0 m 0f, C=|-¢ 2¢ -c y X=|m, [,
0O 0 m 0 - ¢ Zy

Diéu kién ddu cia hé la x = [0 0 O:IT , X= [un 0 O]T .

b) Tan sd riéng, dang riéng

Phuong trinh tan s |C - szl =0 co dang

¢ — ma? -c 0
- Zc ~ mw* -c =0
0 - ¢ — mw?

Dat 4 = 2 phudng trinh tin s6 c6 nghidm 1a 4, =0, 4, = 1, 4, = 3.
C
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T
Tuong ing w, =0, dangnéng v, =[l 1 ljl ,

@, = E ,dang riéng v, = [1 0 —l]r,
]

T
@, = \FE dang riéng v, :[1 -2 1

Ma tran dang riéng:

Nghiém tong quat cha phudng trinh vi phan dao déng co hé la:

[ . c
X =V (A1 + A,t) +v, [B: cos \/%t + B, sin ‘E;vt)
+v, [Cl cas ch-t +C, sin \lj—fct)
. m m
81 dung cac didu kién didu din dén:
A+ JEBz + \/3—_CG'
A+B +C =0, m m
3c
A =20 =0, 1@—2&6}: )

A-B +C =0 _ or
@—&Bz+\/;02=0.

Yogp B ma b
37 2¥¢ P 6V3e

='UU,

(X

Gidiraduge: A =B =C =04, =

Phudng trinh chuyén d6ng ctia co hé 1a:

v ) v
z =2t+=2 [Din ‘it+—" ’Esinl’kt,
'3 2Ve m 6 \N3c m
v Y ,
T, =—i-—- ‘Esin 1c-t,
3 3 V3 m



Chuong 2 DAO PONG TUYEN TINH HE H(U HAN BAC TU DO 75

Y v
x, =it——9- Hﬂt—sin (it—l-—[_' ﬂﬁsin1||§£t.
: 3 2¥ec m 6 ¥3c m

Nhan xét ring cac toa xe dao dong xung quanh trang thai chuyén déng
déu véi van tde vy/3.

Thidu 2.13 Cho cd hé 14 hai con ldc vat 1y ndi véi nhau bing 16 xo
nhu 6 thi du 2.2, Tim diéu kién xudt hién hién tugng phach.

Lot gidi. Phuong trinh vi phan dao déng cta cd hé dudi dang toa dé suy
réng (0,,6,) 1a

%mﬁé"‘] + (mgf;i +ca’)f, - ca’8, =0,

l'mLzO -ca’0 + [mg£ + caz)ﬁ'ﬂ =0
3 2 2 2 2

T4n 56 riéng clia cd hé 12 nghiém cla phuong trinh tin s&

2
mi
mg ca® - w* —ea?

]C—wZM‘z 3 \ =0
mL

L.
-ca mg—2-+ca -

: 2
Tinh toan chung ta cé o} = 39 -39 6ea

Yy = ‘+'—"'2—.
2L 2L mL

Hién tugng phéach xuat hién khi o, =w,ticla o, -o << . Hay

o v dea?
@] —w} <<’ ticld —— <<y,
ml
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2.3 Dao dong tu do co can

2.3.1 Phuong phap ma trdn dang riéng

Thi du 2.14 M5 hinh dao ddng cd hé hai bic ty do gdm hai khéi lu’dng
trugt khong ma sat trén nén ngang. Hay tim quy luat chuyén ddng cla
¢d hé. Chom =1 kg, ¢ = 100N/m, b =2 Ns/m.

L&t giai. a) Thiét 1ap phuong trinh vi phan dao dong cta co hé.

Chon toa d6 suy rong cua cd hé

. oas 2 x x
1a (x;, x5), v61 x, 1la dich chuyén j—l> Q»L)

cua khot tAm vat &k so vii vi tri 5 o
cin bing tinh. Biéu thic don

- gx N N e m will 2m
nang, thé ning va ham hao —’VV\K/—

F 3 - .
tan cua ¢d hé l1a:
|TET T IRy rr it i r L E Ty T r I y Tyt r

B R Y
g °
R,

1. 2
T = o) +md;, Hinh TD 2.14
1 1 2 1
1= -2—c:|:|2 +§c(:e:2 -z) +§c.'£;,
O = —lé-b:&f +b(d, — £ ).
Phuong trinh dao déng cua hé la

{mil +3bi, - 2bd, + 2z, ~cz, =0,

2mi, — 2bt, +2b%, - cx, + 2c::':2 =0.

m 0 3B =2h 2¢ —¢
M=o 2m B0 2 97| 22|

Taco B=aM+8C v o = —£,5 =£, do vay c6 thé st dung phudng
m £

phap ma tran dang riéng dé€ x4c dinh dao ddng tu do cb can.
b) Tén s6 riéng, dang riéng
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Phuong trinh tdn s& ‘C - sz[ =0 ¢d dang:

2c—w'm -

=0.
-c 2e —20°m

2
Dat 4 =™ nhan duge phuong trinh déi véi 4 1a:
C .

A =31+1,5=0.
Giai ra dudc:

— T
2 =3 \/g,co, = 0,7962 |=- v, =[1 1,366] ,
2 TR
3+43

¢ T
b=, :1,5332\E,v2 _[1 ~0,366] .

Ma tran dang riéng:

I t
V= 1,366 0,366

¢} Phuong trink vi phén dao déng & cde toa dé chinh.
bit x =V.p,

4,732 0

] . 1,268 0
VIMYV = VBV = b
o0 1268 0 4,732

. 3
VCV=¢
’ C 0
Phucng trinh vi phén & toa @6 chinh la:
4,732mj, +1,2686p, + 3ep, =0,
1,268mp, + 4,7326p, + 3cp, = 0.

bua vé dang don gian hon:
B, +2Dwp +o'p =0,
B, +2D,0,p, + wlp, = 0.
s s an o N b b
trong d6 cac dg can Lehr la: D, = 0,268 ——

, D =3,732
mao -

. 2mw2




78 BAI TAP DAO DONG K¥ THUAT

Biéu kién dé p,, p, thue hién dao déng tit ddn 12 D, < 1 va D, <1, tic 1a
b < 2x0,412 Vmc . D31 véi s§ liéu da cho thi didu kién nay thod man.

Biéu thitc nghiém & dang toa do chinh:
{pl(t) = e'Dl“"'(c“ cos w:t +¢, sin aJ;t),

p,(t) = e'D=“’2‘(cZl cos w;t +¢,, sin w;t).

trong dé: o] = Jo’ - D}, o = Jo; - D}
Quy luat dao dong ciia hé 1a x = VP +V,p,

z, = ¢ P (¢, cosw,t + ¢, sin @, t) + e % (o, cos @yt + ¢y, sin 1),
2, = 1,366..7%" (¢, cos e/t +c, sin ®,t) - 0,366.6™%™ (¢, cos w,t + ¢, sin w,t).

trong do ¢y, €1y, Cay, €3 12 che hiing s6 x4c dinh tit didu kién dau. Véi s§
liéu da cho tinh duge

o =7962s', w, =15,382 5",
Doy = 0,268, Do, =3732, o =7,958, o, =14,922.

2.3.2 Phuong phap truc tiép

Thidu 2.15 Xac dinh quy luat dao déng clia co hé gom hai khai lugng
chuyén dong khéng ma sat trén nén ngang nhu hinh TD2.15. Cham =1
kg, ¢=100 N/m, b = 2 Ns/m.

Loi gidi. a) Thiét 1ap phuong trinh vi phan dao déng

Chon tea d8 suy rong cda co

he 13 (e, 2, véi x, 1a dich s 12

chuyén ctia khdi tam vat £ so

|~
EA
ar s 3 - i b 2b A
vcn‘ vi Erl cin bdng Eml}. B1el:1 - n — M p
thitc déng nang, thé ning va 4
ham hao tan cia cd hé 1a: JW‘VE/‘ z
V/f’/.’f//f//f}/f/f/lf///("//f///’/ﬂ'//f"/f’f//e’fjfﬁ/
T=Loni? 4 ma2, Hinh TD 2,15
2 1 2
r , 1 I

M= 2% +—2—r:(;z:2 ~z,) t e,
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1, .. 1. ; .
D= Eb;v] + Ef)(g:2 -, ) + b
Phuong trinh dao déng caa hé la:

{mfl +2b%, - bi, +2cx —cx, =0,

2?715&2 - b:i:1 + 363, - cx, + S!c:a:2 =0.

m 0 26 b 2e —C]
M=o mp Bl | €71 2 |”
Trudng hgp nay lyc can khéng ¢6 dang Rayleigh. S dung phudng phap

truc ti€p dé tim dao dong clia hé.

b) Néu tim nghiém cta phuong trinh vi phan dac déng dusi dang
x = ze' v6i x = [ x, x,]7 dua dén phudng trinh dic trung xéc dinh A

|C+AB+A*M|=0.
Rit gon : A* + 104" + 42047 + 16004 + 30000 = 0.

Ap dung hé chuong trinh Maple, tinh dudc cAc gia tri riéng:
A =~1,5025 £9,9124.4, A, = 3,497 + 16,918.i,

vachc vectd ridng z, = u, Tiv,, 2, = u, *iv,,

w, =[-0,96007 1] ,v, =[o,1683 o],

, = [1,00007 1]T, v, =[0.1017 O]T.
Nghiém téng quat:

X =
g [Al (u,c089,9124¢ - v, sin 9,9124¢) + B, (u, sin 9,9124¢ + v, cos 9,9124t):|
e [A, (1,005 16,918t - v, sin 16,918¢) + B, (u,cos 16,918¢ + v, sin 16,918t) .

A,, By, A,, B, la céc hidng s6 dudc xac dinh tr diéu kign dau.
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2.4 Dao djng cudng birc

Thi du 2.16 Cd hé c¢6 hai khél lugng trugt khong ma sat trén nén
ngang nhu hinh TD 2.16a. Tai vi tri cdn bang tinh, cac 16 xo khong bién
dang.

. p X1 X
a) Thiét iip phuong trinh vi v | c, | Ef) e

phan dao dong clia cd hé. ¢

b) Cho ¢, = ¢, = 1000 N/cm, >
;= 0, m =m,= 2 kg. Tinh Z
céc tan s6 riéng @, @, cua cd Hinh TD 2. 1603

hé.

¢) Vdi 86 liéu d phan b) va cho F() =F,sinQt, chitng minh ring khi
Q= @, hodc Q = &, thi bién d6 dao dfng cudng blc ting 1én vo cling.

d) V& db thi dao dong cudng bic véi s8 ligu d phin b) va £, = 400 N,
Loi giai. a) Thiét lap phucng trinh vi phan dao déng.

Chon toa d6 suy réng cua co hé 14 (x,, x,), v6ix;, x, 14 dich chuyén ngang
cua cac khéi lugng m,, m, so véi vi tri cdn bang tinh.

Ddng nang va thé niang co hé la:

IS
T:Emle +~2-m2:1;22,

1 1 1
Il = > ot + 5 ez, —5, ) + 5‘33973-
Phudng trinh vi phin dao déng cia hé ¢ dang:
mi, +(c +¢)z, -1, =0,
myE —or, +(c, + )z, = F ().
b) TAn s8 riéng, dang riéng.
Phuong trinh tan sé c6 dang |C ~o'M| = mm, (! - o’ Wyi —o')-;=0,

, ¢ +e G+ . s 1 . s a
trong d6 ' = = e ,¥2 =-2—— Phén tich tam thic béc hai ra thira s6
m

I m,
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ta c6 ‘C - a)zM\ = m,m, (af - wf)(wQ - wf):O, trong d6 ,,w, 1a cac tin

86 ridng cia hé. V6i cdc 86 lidu da cho, tinh duge @, = 138,2 rad /s,

1 1
= 4 1€ V = .
®, = 361,8rad /s, ma trén dang riéng {1, 618 -0, 618}

¢) Tinh toan dao d¢éng cudng buc.
Vi F(¢) = F, sinQt, ta tim nghiém cha phuong trinh dudi dang:
z, = A sin Qf, z, = 4, sin Q.

Thé vao phudng trinh vi phdn dao déng cia hé, ta tim dugc:

A A

A ==L, :__7-’
A 4 A

trong d6: A =mm, (0 — &) )( —a}), A, = fie,. A, =myf, (1] - Q7).

Nhu vay khi © = @, hofc Q = @, thi bién d6 dac ddng cudng blc A, A4,
tdng 1&én v cang.

d) Véi F,= 400 N, ching ta vé d6 thi bién 46 dao ddng cudng bite
A, A, nhu hinh TD 2.16b.

0.006

SEatE b

0004 4,

] A
0.002 _ --A2 y 2

D; 100 [150 _ .oee——0 300 0 0
0,002

>

-0.004 ;

-0.006-
Hinh TD 2.16b



82 BAI TAP DAO DONG KY THUAT

Thi du 2.17 Toa nha hai ting c6 mé hinh 14 hai khéi higng m, = 2m, =
2m thuyc hién dao ddng ngang. Céc bic tudng c6 d6 cliing uén 1a ¢, = 2¢,=
2¢, khoi lugng bo qua. Xem ring luc ciia gié dit vao m, 1a F(¢) = FosinOt.
Xac dinh quy luat dao dong cta co hé.

Loi gidi. a) Thiét 1ap phuong trinh vi phan dao déng.

Chon toa d§ suy rong caa cd hé 1a (x,, F)
Xa), V6i %, x5 13 dich chuyén ngang cua L X —_—
cac khéi lugng m,, m, so véi vi trf cén f:i m, :
bang thing ding. 4 : :
Déng ning va thd ning co hé la: £ cy/2 : ¢o/2
| | 4 x, H FH
T = =2mi* + —md?, 7 >H m s
22 2 : :
: He,/2
Hz—l-zcmf+-l—c(:r2—-xl)z. Ec"fz = '
2 2 H H
Phucng trinh vi phan dao déng cha hé AT bl
¢6 dang: Hinh TD 2.17
2mZ, +3cx, —cz, = 0,
mi, —ex, +cr = F sin Qt.
b) Tén sé riéng, dang riéng
Phuong trinh tin s§ ‘C —®*M]| =0 ¢6 dang:
3¢ - 2ma® -c
=0.
-c ¢ - 2mae?
Dit A = o>, nhan duge phudng trinh:
c
2 2241=0,
2
Giai duge cic nghiém 13 A, = 0,5, A,= 2,0.
Tuong ng tinh duge:
c ¢
W =05—~, v, =[05 1" o= 2—, v =[-1f.
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Ma trin dang néng:

0,5 -1
V= .
1 1
¢) Phuong trinh vi phén ¢ dang toa d8 chinh:
D3i bién x = Vp, ta 6

L5 0

T _
VMV-mlﬁO 3,0

] 0,75 0 L
, VCV=c¢ 0 6,U’Vf:1E’SmQt'
Phuong trinh vi phan 6 dang toa dé chinh:
{I,Smﬁl +0,75.c.p, = F, sin Qt,

3mp, + 6.c.p, = F sin (2t

2F,
B+ elp =~ Lsin Q,
h Im
ay P
P, +@wip, = > sin Q.
Im

Nghiém cta phudng trinh la:

. 2F, 1 .
p,(t) = ¢, cosw,t + ¢, sin @t + =2 ——— sin (i,
Im @ -
, £y 1
P2{t) = ¢, cos,t + ¢y sin @yt + —- . ———— sin Q1.
- Im @ -

Trd vé toa 46 suy rong ban diy, dao déng cfia hé 1a:

. F,  sinQt
x = O,S(C” cas G')It + €, Bl &)It) +ﬁ . -a—)z—;—-s_z—z
1

. F, sinQt
(¢, cosmyt + ¢, sinat) - . ———
Im o -Q

. 2F  sinQ
z, = (cll cos @t +ec, smwlt) +Em
1

. F,  sinQt
+(c,, cos@,t + ¢, sinw,t) + - —
Im o, -Q
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Thi du 2.18 M6 hinh cGa mdt romode chuyén dong trén dudng gd ghé
mé ta trén hinh TD 2.18. Khéi lugng clia rdmode 1A m, ¢aa banh xe 12
m,. Mémen quan tinh cfia romodc d6i véi truc ndm ngang di qua O bang
J,, d6 cling cta 15 xo blng ¢, cta 18p xe bing ¢,, van tdc kéo khong d6i va
bang Vo Gia thiét rdng didm ndi giita romoée va 56 (diém O) chi ¢6 dich
chuyén ngang véi van t8c v, phudng trinh ciia dang méit dudng la

h=h1- cos—%L—), x = vt. Xem rang ma sat nhét gifta thung va banh
xe cé hé s6 b.

a) Thiét lap phuong trinh vi phan dao d6ng clia co hé;

b) Khi & =0, hiy tinh tan s6 riéng va gia tri td1 han cna van téc v,.

Lgi gidi. a) Thidt lap ! l !
phuong trinh vi phin dao vy Ol i
dang e 11 m;

Chon toa d6 suy réng ctua )
co hé 1a (v,, @), trong do ¥, :

la dich chuyén caa khéi 2h,
tAm banh xe, ¢ la gic xoay !

cia thiung xe so vii trang
thai binh 8n (xe chay déu
trén nén ngang phéng).

Biéu thic cta ddng ning,
thé ning va ham hao tan
cla co hé ia:

1 1. . 1 .
T = Em-u; +§JU¢JZ +Eml(yl2 +u),

1 1
1 =50(f¢9-y.)2 +EC,(.U] -y,
1 . a2
(D=——b(£qo—y|) .
2
Hinh TD 2.18

Thay thé vao phuodng trinh Lagrange loai 2, nhan duge phuong trinh vi
phin dao déng cia co hé:
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J 6 +bI¢p - bly +cllg—cly =0,

.. . . 2,
m g, ~ bl + by ~clo+{c+c)y =ch(l-cos 1 t).

14

Rat gon nhén duge phucng trinh:

2

.. ) 5. N
O+28 -2 4, + P9~ =0,

2xv,

i, — 2010 + 283, - -plz“hp +(p, + p; Y, = Pkl - cos

2

t),

. o, el b ¢ c
trong dé 248 = J—‘p[, = J_’ZJ‘ =—py = —’p;) =
0 o m, m 1

b) Trudng hgp khéng can (b = 0}, phudng trinh dic trung |C - a)zM‘ =0
co dang

o —(Pi +p120 +p§n)w2 +p{2)p:0 = 0.

Cac tan s6 dao dong riéng:

2 2 2 2 b3 PIRY
. Py +p|n +pzn P +p11 +p20 2.2
@, _\j 2 + : 2[ T PPy -

. . N v . 2my 2xu
Trudng hdp c¢dng huong xay ra néu 7 L = ¢, hode I L= @,
f . Lo Lo
Do d6 cacvan toc gidi hanla v, = —tva y, =—1.
2 2x

Thi du 2,19 Dong co dién c6 khéi higng m gin trén dam c6 dg dai 31,
Roéto 1éch tAm gy ra luc quan tinh ly tam F, = m,Q%. Bo qua khéi lugng
dim, cho d4 citng uén ctia dam 1a EI, khodng cach tit khéi tAm déng co
dén dam 12 R = I/4, médmen quén tinh cla roto d6i véi truc quay la
Jo=mi*4, Q =2JEI /ml' = const. Tinh tan s& riéng va bién d6 cudng
biic cua hé.

Léi gidi. a) Thiét lap phuong trinh vi phén chuyén dong

Doéng cd chuyén dong song phing nhung dich chuyén ngang c6 thé bo
qua, do dé chon toa d8 suy réng cia hé 1a (y, @), trong dé y 1a 48 vong
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cha dam & vi tri B, ¢ 13 géc xoay cha ddm tai d6 (tinh so véi vi tri can
bing tinh).

S dung phuong phap lye, ¢6 lién
hé

y:f;d’n +Mzd123 Q, x
(P = fydzl + J"fzdzz, oA 7 N
trong dé:
5= Fy —mij, vy
Hinh TD 2.19
M, =FR-Jp,

(F, = Fosin(, F, = FycosQt 1a hinh chiéu luc quén tinh ly tdm 1én phuong
y va phuong %, J = J,+ mR* la mémen quan tinh cla réto d6i véi B (§
day chon chiéu duong cia mémen theo chiéu kim ddng hé).

3 s
Al I S S

9EI’ " M T 9EI’ % U 3Ep
Ching ta nh&n duge hé phuong trinh:

{y = (F, sinQt - mj)d,, +(RF, cos Qt - Jip)d

Cac hé s8 anh hudng c6 tri s6 d, =

127

¢ = (F, sin Qt - m§)d,, + (RF, cos Qt ~ Jp)d

2"

myd, +Jod, +y=Fd sinQt + REd cosCl,
h . 1
Y \miyd, +Jgd, + ¢ = Fd, sinQt + REd, cos Q. W
b) Tén s6 riéng
3
Phudng trinh tin s6 |C - m2M| =0, dit A = »? % , €6 dang:
[1 —i/lj[l -i;,)-i% ~ 0.
9 48 72
Tinh toan ta cé:
A =2,062 = o, = 1,436 |2 A, = 15715 = m, =3,96,| 22
mi ml

¢} Dao dgng cudng bitc duge tim duéi dang:
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y = A sinQt + A cos Qt,
@ = B, sinQi + B, cos Q4
thay vao (1) duge hé phuong trinh xde dinh A, A,, B, B

(1 — TRde” )A| - JQ2d1zB1 = ‘Fndlli
(1 - JQZdzz )BI - NEQZdMAl = Fr!dli’
(1-mQd, )4, - JO'd, B, = F,Rd,,,

(1-Jd,,)B, —mQ’d, A, = F,Rd,,.

Giai ra nhan dude:

4 = (1-JQd,,)d, + I d, _ 104F,°
: A 0 27ET
A = (1 =m¥d, )dy, + mQdd, o REL
A 0 227EI
B - (1-JQd, ), +JQd,d,, P 18F 1
1 i 2
A 227ET
(1 -mQ’d + mQPd; SFl*
Bz — ||)d22 12 F:)R - (1] .
A 227E1

trong d6 A = (1 -mQ'd,)(1 - JQ'd,,) ~ mJQ*'dY, .
Do 46 hién d6 dao dong cudng bic:

3 2
A7+ A ~ 0,465 000 B+ B ~0,31800
Er EI
Thi du 2.20 Co hé gébm 3 toa xe nhu nhau chuyén déng trén dudng
ndm ngang. Bd qua Iyc can. D ciing cac khép ndi gida cac toa xe bang
nhau va bing c¢. Toa xe bén trai chiu tdc dung cha xung luc véi cudng dod
I. Xac dinh chuyén dong cta co hé theo thdi gian. Xét trudng hop giiia
cac toa xe c6 Ivc can nhdt véi hé sd can b.

Loi giai. St dung két qua & thi dg 2.12. Phuong trinh vi phan dao déng
co hé:
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m 0 0 i, c —¢ 0 x, I8(y)

00 m O T, |+|-c 2¢ -c| |z, j=| O

0 0 m z, 0 - ¢ Z 0
X X, X3

—» m PYWWM m P m

Hinh 1D 2.20

e A e & 7
Céc tan s6 riéng w =00, = |— o = [3—.
\’m ;

3

Céac dang riéng chuén tuong Ung:

v, = \B%[l L]y, "_Jz%[l 0 1], v, :'Jé_;'{['l 2 1]
Ma trin dang riéng chudn:

NI |
V,,:—%\/.];.?;-JZ- 0 2/,

V2 N3 -l

V2 V2 2 |[sy) (V2
V,Tf=7;_;\/§ 0 -l o |- JEJ—;'_;a(t).

-2 - 0 -1

Phuong trinh vi phén & dang toa dé chudn:



Chuong 2 DAO DONG TUYEN TINH HE HOU HAN BAC TU DO 89

p; - ma(t):

.. c I
+—p = ——
1 o,
3c I
5o+l p =251
LP_, mp‘1 Jem ()

Diéu kién dau p(0)=p(0)=0,i=1,2,3.

(1),

(Giai ra nhan dude:

r

p,(t) = ﬁ-:-um,

0 khi t< Q
sin t -u({t), trong dé u(t) =
,«— (1) g (t)

I khi ¢t >0

A

p,(t) =

p{t) = J__.sm 3 —t - u(t),

Tro lai toa d6 suy réng (x,, %5, x5):

z,=(—t+m51n(t+ﬁ81nJ§]

Trudng hgp ¢6 can nhdt, phucng trinh vi phin dao déng co hé 1a:
M5 + Bx + Cx = f,

b -5 0 c - 0 15(t)

m 0 0
M=|0 m O0l,B=|-b 2b -b{,C=|~¢ 2¢ —-c|,f=| O
0 0 m

6 b b 0 -c
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Truong hgp naytacé B = 2C +0-M nén stt dung phép d6i bicnx=V,p
C

ta ¢6 phudng trinh vi phan dang chuén:

" I
p;:mé‘(t):
b c I
B +—p +—p, = ——=105(t),
P2 'mp2 mp2 2m (t)
3b 3e I
o+ + 28 - L s,
Lp_‘ 'mp3 mp" 6 (t)

Diéu kién ddu p(0)=p(0)=0,i=1, 2, 3.
Nghiém clia hé & dang toa d¢ chudn la:

I
pilt) = = tult),

I 2
Ipst) = —— ™" sin(w, 1= 620) - u(t),
V2mw, 1 ~ 8}
36

I ot 3
Pi(t) = ——————=—=¢ " sin(w,+J1-8,t) u(t),
! JGmw, 1 - 6 ! ’

. b
trong d6 25, = i,Zc’i’1 = 3—
m ' om

Trd lai toa dé suy rong (x,, x,, x3):

I

1 1 1
= -+ —_ ,
B D T BT e B

1 2
| +._-._-..-_ R
LS B P oem b
1 1 I
3 P - P, - Dy
~3m N2m Jom

Thi du 2.21 Cho mé hinh h8 hai bac ti do nhu hinh TD 2.21. Luyc F, ()
tac dung 1én khéi lugng m, cé dang F(t)= FosinQt .

x

a) Thiét 1ap phuong trinh vi phdn dao d6ng cua hé.
b) X4c dinh bién d6 dao déng cubng bite binh én.
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Loi gidi. Chon toa d6 suy rong

Rl ~ - F) x

cua co hé 1a (x,, x,), trong db x,, 4% *a

1, 12 dich chuyén cla cac khéi 4 F(£) 5 b b
lugng tinh tit vi tri cdn bdng 4 A —= 12 2
tinh. Gia thiét ring & vi tr{ can g_EE— m -EC_” my [ e, g
bing tinh cae 10 xo khéng bign ZVWAWN- VWAV 7
dang R e T T e i o o e i )
Biéu théc dong nang, th8 ning Hinh TD 2.21

va ham hao tin cua hé la:

Tzémla?lz+§l—m 32

27
l - 1 2 1 2
Hz—z-cl.'cl +Ec212 +Ec12 (zz —xl) .
L, .2

. | . 1 ) Bt
‘D=§b;“’1 +5b2:c§+—2~b|2 (a:z—:cl) .

Thé cac biéu thic trén vao phudng trinh Lagrange loai 2 nhan duge
phudng trinh vi phan dao déng cla co hé:
mE +(8 +8,)2 -b,8,+{c, +c,)z, —c 2, = E snQt,

m,zI, _bjzx1 +(bz +b|2)x2 6T +(Cz + t:lz)xz =0.

Ki hiéu:
2_cl+cl2 2__CZ+CI2 §_b|+bl2 6‘ __bz+blz
y| - m H yz - L 1 2 t 2 3 »
1 m? ml ml
thi cac phudng trinh dao ddng trén c6 dang:
s - b . 2 c 2 An -
E+283 -2, +ylx - %z, =-"sin Qt, (1)
ml ml ml
L bIZ . 5 ' cl2 2 - 2
I,-—=2 +20,%, -z +y,x, =0. {2)
m, m,

St dung phuong phap bién db phite 48 tim nghiém cta hé (1), (2). Viét
lye dudi dang F,(f) = F, &%, tim nghiém dudi dang z, = &M 2, = £,

trong d6 #, Z,14 cac s8 phiic can tim. Thé cac biéu thic nghiém trén

vao cic phuong trinh (1) va (2) nhan dude:



92 BAI TAP DAO DONG KY THUAT

b . Is . F
= f e f1%1) ~ ~ 1 - 191
5 QM 125 FiQe™ + ¥ Ee™ — AL F Qe - 2 g o0 2 0 Y (3)
1 11 Lt 2 2
m ™ m
I 1 ]
-~ 2 ~ £t 2 It blZ = fiad CIZ =
-7 Q%™ + 28 7 iQe™ + yiE e - 117 iQe™ — =T e™ =0. {4}
2 12 2 1 1
m, m,

Khit e c6 hé phugng trinh dai s8 tuyén tinh xéc dinh £, ,:

: b F .
(77 - Q7 +26Qi)F, {—iﬁ ——'Z—Qz} I, =—", (5)
m] rl"TLI ml
¢ 2 bl? N 2 2 PR
22 0 |E +{y, - +28,Qi)F, =0, (6)
TFLZ ’.-"?1-2
Gial hai phudng trinh trén nhan duge:
F e b
fo (1 02 1 25,0) o, ({’1—2 § 2 Qi]
.om, . om\m, m,
:1;! = , 5_1’;2 =
A A

AZ(?’f—Qz)(;/i~Q2)—45]5292_i+igz

M, T,

+[2(y,2 -0 50 +2(y; —Qﬁ)alﬂ—M},
m,m,

Nhu thé bién do phitc & c6 dang:

- ¢+ 1b
£ = —
c+id

D6 16n cha Z la:

. at + b
‘I!‘: C2+d2 *

Viy ta céb:

J(a ym) (- @) +a5er]
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2

2 CZ bz
e [(yf )y - ) 405, “my | mm, Q|+
c.b i
+[25ZQ(}’12 "QZ)+2§1Q(}’:‘ - ) znlznlf Qz}

Ring cach tuong ty ta tinh duge

iz ‘ - \j(%!m] )2 [(C"' /mZ)z +{by /m, )2 Qz}
i.IZZ = M '

Thi du 2.22 M3 hinh dao dong ba bac ty do eua hé ban tay - canh tay
con ngudi chiu kich déng diéu hoa F() = F, sinfX duge bidu dién trén
hinh TD 2.22a. Cho m, = 3,47 kg, m, = 1,84 kg, m; = 0,11 kg, b, = 289
kgls, b, = 184 kefs, by = 334 kgls, ¢, = 0,79.10" N/m, ¢, = 2,35.10" N/m,
¢y =11,1.10° N/m, F; = 50.10* N, Q = 100z 1/s.

a) Xac dinh cac tan s6 dao dong riéng cda co hé.

b) Gia sl rdng ban diu cd hé & trang thai tinh, tinh toan dao dong
trong qué trinh chuyén tiép cia hé.

¢) Tinh toin dao déng binh &n cha ha.

Lai gidi. Chon toa d6 suy rdng clia cg
hé la (y,, Yo ¥a), trong d6 »; 1a dich
chuyén thing ding cia khéi lugng m,
tinh € vi trf c&n bidng tinh, ¢ = 1+3).
Biéu thic ddng nang, thé ning va ham
hao tan cia cd hé la:

1 . 1 :
T=—my’ +=m, AL

2
2 1 ] 2 2 mzys’

1 l 1
n=Ecly|2 2 2(92 yl)2+563(y3_y2)2’

I, ., 1 . . 1 R
(D=Eb|y12+ibz (yz _y|)2+553 (yi_yZ) .

Hinh TD 2.22a
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Thay th& cac biéu thic trén vao phudng trinh Lagrange loai 2, nhan
duge phuong trinh vi phan dao déng cla co hé:

My + By +Cy = f,

trong dé:
m 0 (bu +bz) _bz 0 ]
M={0 m, ,  B=| b (b+b) -b|,
0 0 m, 0 —b3 b,
(c +c2) -c, 0 0 |
C=] -e (cz +c‘) - | f= 0
0 ~C, c, F:} sin L3

Dé xac dinh céc t4n s8 riéng cla co hé, ching ta gidi phudng trinh dic
trung |C - szl =0. V6i s6 liéu dd cho, s dung hé chudng trinh
MATLAB ta nhan duge @, = 37,31 1/s, @,= 140,34 1/s, m,= 1034,48 1/s.

Sit dung hé chuong trinh MATLAB d€ tich phan hé phuong trinh i
phan chuyen déng cha co hé vdi 56 lidu da cho, chiing ta nhan duge két
quad biéu dién dao ddng cta co hé trén cac db thi. Hinh TD 2.22b biéu
dién dao déng trong qua trinh chuyén ti€p, cdn hinh TD 2.22¢ bidu dién
dao déng O trang thai binh 6n.
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Thi du 2.23 Cho md hinh dao ddng cia may rung ba bac ti do nhu
hinh TD 2.23. Trong dé m, 14 khéi lugng ban rung va ddng co gy rung,
m; 14 khol lugng chia khudn va vat 1iéu, m, 1a khéi lugng chay ép va xy
lanh.

Luc quan tinh ly tdm sinh ra do déng co léch :
tam 124 F\() = mrQ%in{Qt + ), b, (=1 +4) €
14 .cAc hé s6 can, ¢; ( = 1 + 4) 1a cac hé sd

clng.
Hr_! g

a) Thiét 1ap phuong trinh vi phan dao déng c3§

vy

cua hé.
b) Tim biéu thic nghiém binh 8n. fb
¢) Cho céac s6 lidu m, = 151 kg, m, = 60 kg, % tLH b2 i

my = 130 kg, b, = 200 kgls, b, = 1428 kg/s,
by = 1428 kg/s, b, = 0 kg/s, ¢, = 2,3.10° N/m,

¢, = 2,265.10° Nfm, ¢, = 2,265.10° N/m, ¢ T bhlzh
¢; = 2,2.10° N/m, m,r, = 0,06 kg.m. Hay tim F.@®
cic tin s8 riéng, vé d6 thi dic trung bisn 46 .

tan s6 ctia hé. Hinh TD 2.23a

Léi gidi. a) Thiét lap phuong trinh vi phan dao déng clla may rung.

Chon céc toa 48 suy rong cha hé 12 (g, ¢, g.). G¢ toa d6 chon tai diém
cdn bang tinh cia cde khéi lugng. Céc biéu thic ddng nang, thé nang va
ham hao tan ciia hé ¢é dang:

1 . . .

7= L gt e m), o
1 1 - | 2 1

H"-z ,9‘1 2 (qz_ql) +Eca(q3'qz) +2 493 2)
1 1 ) a1 ) . 1

@ = 2b|q1 2b2 (qz_ql) +Eba(q3_qz) 2b4q1 (3)

Cac lyc suy rong ciia cac lyc khong thé c6 dang:

Q@ = E(t) = mrQ’sin(Qt +a),
Q, =0, 4)
Q, =0
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Thé cac bidu thite (1), (2), (3), (4) vao Largrange loai 2 ta thu dugec hé
phuong trinh vi phan dao dong eiia may rung:

m g, + (bII + bz)g'v] —bg, + (cl + cz)ql -c,q, = E(t),
mg, — by, + (b, +0,)4, ~bd, —c, +{c, +¢,}g, ~ g, =0 (B)
md, —bg, + (b, +b,)4, —cq, +(c, +¢,)q, =0
Dang ma tran cua (5) ¢d dang:
Mg + Bq + Cq = f(t), {6)

trong dé:

; 0 -b, b +b
e, +c, ~¢ 0 q, E(t)
C=| -, ¢ +c¢, =-c |, q= g, f=| 0 | (7
0 -c, ¢, +e, 1, 0

b) Biéu thitc nghiém binh én cia phuong trinh vi phin (6) co dang:
q = w.sin{Q? + o) + v.cos(QU + @) = a(()).sin(k ¥ + ), &

trong d6 cac phén ti cia véc to a 1a:

A(Q) = Ju(Q)+v}(Q) (& =1,2,3). 9

Thay (8) vao (6), cAn bing hé s8 cla sin(Q¢ + ) va cos(Q + @), nhan
duge hé phudng trinh x4c dinh u va v:

2

QB C-O'M

trong dé:
f, = [m,rQ° 0 0]".

¢) St dung sd liéu da cho va tinh toan trén hé chuodng trinh MATLAB ta
duge cac k&t qua biéu didn trén hinh TD 2.23b.
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-3
x10
9~
B}
7k
E-
m,,r, = 0,086
5k
B ab
<
3l A,
A,
I 1 1 L ]
0 200 400 600 800 1000 1200

Bac tiung bién d-tan 58 cda co hé Q(rad/s)

Hinh TD 2.23b

Day 1a 46 thi diic trung bién db tAn s6 clia cac toa 40 q,, ¢4, ¢s. TU hinh
vé ta thdy: khi Q > 600 1/s thi mAy lam viéc c6 hidu qua nhit. Bién d6
dao déng A, 16n, con bién dd A, va A; nho.
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2.5 Bd tit chan dong luc

Thi du 2.24 D& dap tét dao ddng cudng
biic cita hé dao dong gém khdi lugng m, FysinQt
ldp trén 1 xo cé db eling e, chiu lyc kich

thich Fosin Q¢ ngudi ta dung bé tit chan Y1
ddng lyc. Bé tAt chin dong huc 1a hé phu
gém c¢6 khéi luong m, ndi véi hé chinh
qua 1& xo ¢6 db cling ¢,. Tinh toan cac gia
tri m,, ¢, sao cho dao déng cudng bite cha
khéi lugng m, khéng vugt qua gidi han
cho phép {a,].

Loi gidi. Chon toa d6 suy rong (y,, y,) 1a
cdc dich chuyén cia khéi tim cla cac
khéi lugng so véi vi tri cén bing tinh.

Hinh TD 2.24

Phuong trinh dao déng cua co hé Mx + Cx = f, trong d6:

m 0 ¢ +ec, -, F
M=[0 m2:|’ Cz{ —c, Czj|’ f:[O]sith.
Tim dao dong cung buc cia hé & dang x = asinQ, trong dé a = [a, a,]”
xac dinh t phudng trinh (C - Q*M)a =1,
Gia sit tAn s6 riéng cha cd hé 12 ,, .
Trudng hop Q # @, Q = v, (khong cong hudng), ching ta co:

2
a = F:I(CZ “sz ), a = F['rcz

! A A

¥

trong do: A = (¢, + ¢, — m Q% (e~ M%) — ¢* = mm, (2 - @) (27— ).

]

~ A2 & - . - & .
Nhu vay dé a; = 0 can ¢6 —2- = (. Ngoai ra, dé cho a, < {a,], cin cé
1 3 2

?|

2
& 101 have Q°F, )
X oo R
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Thi du 2,25 Cho hé dao dong xodn gdm hai dia ldp trén truc dan héi,
bd qua khéi lugng cla truc. M6 men quan tinh d8i véi truc quay clia cac
dia 14 J,, J,. Dia 2 chiu tac dung ngiu luc ¢6 mémen 1a M) = M,sin2€¥%.
D6 ciing cua tryc la c. 3 ché 46 binh 8n dia 1 quay véi van tdée goc €.
Xac dinh cac tham sd m va ¢, etia bd tat chin doéng luc kiéu con trugt sao
cho dao dong xoén cla dia 2 triét tidu,

_ J,
J,
& Mt 2L
r —— 1
el - b ed
Q
L]
Hinh TD 225

Loi giai. Ky hidu @, @ 1a chc géc quay cua dia 1 va dia 2. Khi dia 2
quay & van tdc goc Q,, khodng cach tir tdm truc dén trong tim cAc con
trugt 1a I, 46 dan cia cac 16 xo 1a x,. Chon toa dd suy réng cia hé la (g,
x), trong 46 ¢ 14 géc xodn cua true, x 1a bién dang cia cac 10 xo so véi
trang thai binh én. Ta c6 @, = Qut, =, +g =t +gq.

Dgng ning va thé nang clia hé c6 dang:

T = lJ,qbf +l.}2q')§ +2_lm,ﬂz
2 2 2 (1)
= %J]Qf} +%J’2 (Q, +rjv)2 + m[(l” +z:)2 (€, + g‘r)2 + x'z].

2

1 2 2CIH(II!+I)
M==cq® +—tr "7 2
5 ¢ 5 (2)

Ap dung phuong trinh Lagrange loai 2 nhin dude phudng trinh vi phin
dao djng cua hé:

7, +2m(t, +2) G+ am(l, + )@, + )i+ cr=M,sin208 (@)
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2mi ~2m (L + 7){Q + ¢ +2Q,4) + 2¢, (=, +2)=0 . (4)

Chu ¥ ring eqx, = ml, Q% va bd qua cac s6 hang phi tuyén nhan duge:

dmil +z JQ) i
i+ (+2,)92, i < 4= 0 sin20Q, (5)
J, +2ml? J, +2ml? J, +2ml?
" . C 2
¥ -2Q1q o+ (i - Q:])I =0, (6)
m

Do dang cla cidc phuong trinh vi phan (5) va (6) ta c6 thé tim nghiém
binh én nhu sau:

g = Asind¥, x = A,cos2(¥ (D
Tu diéu kidn 4,=0 ta suy ra diéu kién dap tit dao déng cta dia 2:

Cﬂ] 2 u Cﬂ 2 2
- =40 = =407 + Q.

™ m m, Khst tuong moto

Thi du 2.26 D& giam rung dong 1én Y1
ngudi di xe c6 thé st dung bé tit chan ¢, g =
déng lyc. Pé khong lam tang khéi
Iigng cia xe ngudi ta st dung khoi Khéi lugng xe
ligng méte dé lam khéi lugng bd tit 2

Jng Jng D
chin cua xe. 50 dung mdé hinh dao bi‘b
déng mot bac ty do etia dtd nhu hinh 7

v&, cho biét d6 nhap nhé mit dudng la
y)= e cosQt. Hay xic dinh khéi lugng
mdtd va dd ciing 16 xo ndi ghép.

Lat gidi. ChOI‘l tOE}. d6 suy r(f)ng Hink bdi 2.26

cia co hé 14 (y,, ¥y, trong 6 y,, ¥,

14 dich chuyén ctia khéi lugng méte va khdi lugng xe so véi chuyén déng
khéng dao déng ctia xe trén dudng thing ngang.

Phuong trinh vi phén dao ddong cda co hé la:
My + By +Cy=h(?), N

trong dé:

m 0 0 0 ¢, -, 0
M= , B= ,C= , h= .
0 m, 0 b [—cl ¢ + CJ c,p. (1) +b,y, (1)
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Do y,(t) = ecosC¥, nén biéu dién phitc ctia ham h(#):

h(t) =< ° et L °
"2l +1,0|" T2|e -0
Vi hé s6 ciia € va ™12 hai s6 phitc lién hgp nén ching ta xét phudng
trinh:

e—int . (2)

0
e -
M.. B. == 1t =f |Ql.
¥+ By +Cy 2[cz+a'bz§2‘c € (3)
Tim nghiém phudng trinh (3) dudi dang:
y=ye™. (4)
Thé (4) vao (3) vA rit gon € nhan dudge:
(-’M +10B + C)y =, (5)
trong dé:
¢ —mQ* -c
-FM+iQOB +C = , (6)
-, ¢ +c, —mQ +ib O
Cac s6 phic §,7, 12 nghiém cta phuong trinh (5):
A A
ylzzl—’yz=f= M
trong dé:
€ - mlﬂz 0
A = det (-Q’M + QB + C) = , ,
-, ¢ +e, ~mfl¥ +ibQ
0 -c,
A = , 8
! %(c2 + z'bZQ) € +e, - mz.Qz +1b,Q ®
¢, —mQ’ 0
A, = .
: -, g(c2 + inQ)
Tinh toan cu thé nhan duge:
e (o +ib,P) e (c, - mQ*)(c, +1i6,Q) ©
e T 24 '
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Tt (9) suy ra difu kién dé dap tit dao déng y, 1a ¢, — m,Q? = 0, suy ra:

0 = —1, (10)

‘."TLI

Thi du 2.27 D6t v6i hé quay thi du nhu dong cd 6td, mémen kich dong
ti 18 v6i van téc géc Q. Vi Q thay déi trong ving réng, nén dé tan so
riéng bd tit chan ti 18 v6i Q, ngudi ta thudng ding bd tit chan dong luc
con léc ly tAm .

Xét hé dao ddng xodn gdm hai dia ¢6 mdémen quén tinh véi truc quay la
J,, 5. Dia 1 quay déu véi van tde goe Q, = const. Dia 2 chiu tac dung cua
ngau hyc kich déng M(t) = My sinQt. D6 ciing clia truc la c.

Bé tat chin dong lye 1a con lac toan hoc khéi lugng m chiéu dail gin véi
vanh dia tai diém 0. Xac dinh cac tham s8 khéi lugng m va chifu dai !
dé dap tit dao dong cudng bic cha dia 2.

2z, ¢ M@® ez,
—_—t = » =g~
7 7
Q. I}

Lai giai. Chon toa dd suy rong cia co hé 1a (g, ), trong d6 g 14 géc xodn

ena true (@, = Q4 + q), 612 gée quay tudng ddi cta con léc 481 véi dia 2.
Dong ning cla co hé c6 dang:

Hinh 1D 2.27

1 1 a2 1
T= EJIQ(ZI +5J2 (Qn + q) +5mv2,
trong doé:

o = R*g% + I (¢, +6) +2RIg, (¢, +6)cos O

= R (Q, +4) +F(Q, ++8) +2RI(Q, +¢){Q +§+6)cos.



104 BAI TAP DAQ DONG KY THUAT
T = %Jlﬂﬁ JF;-J2 (@, +d) +
1 . . . .
+Em[R:’ (2, +q)2 +8 (QU +q+0)2 +2RI(Q, “"i')(Qn +q+9)0050].

Bd qua trong lue, thé nang co hé 1a:

1
Il ==c¢’.
> ¢

Thay thé€ vace phudng trinh Lagrange loai 2, b qua cac s6 hang phi
tuyén d6i véi g, ¢, @, ¢, nhan duge phuong trinh vi phan chuyén déng

cua co hé:
[, +m(R+1)" )¢ +mi(R+1)6 + cq= M, sin Q¢ (1)
mi(R+ 1)+ mi*d + mRIPH = 0 (2)

Tu cac phuong trinh (1) va (2) ta ¢é thé tim nghiém riéng clia hé dusi
dang:

g =Asinf¥, #=A,cosiX (3)

The (3) vao (1) va (2) ta suy ra cac phuong trinh xéc dinh A, va A,. Tt
diéu kién A,= 0 ta suy ra diéu kién dap tit dao ddng cudng bic clia dia 2

la QF =?Qf’.

Thi du 2.28 B tat chin dong luc ¢6 ma sat nhdt bidu didn nhu hinh
TD 2.27. Banh da ¢6 mémen quén tinh d6i véi truc quay 1a J. Truc ¢ 46
cing xodn la ¢. By tit chan 1a khéi lugng quay ¢6 mémen quan tinh .J,,
c6 thé quay quanh ciing truc clia banh da & trong héc d8 ddy chét 1éng
nhdt. Hé s6 luc can nhét 12 5. Gia s banh da chiju tic dung cia mémen
kich dong M,sin%. Hiy tinh céc théng s ctia b tit chan dé lam gidm
dao dfng cudng biie cia banh da.

/] J Jy
4
4 /£ M@ b
—_ _{,} 7 f— II
7 @
7 e

Hink T 2.28
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Loi gidi. Chon toa dd suy rong la (6 ¢), trong @6 814 goc quay cia banh
da, ¢ 1a goc quay cha bd tit chadn. Phudng trinh vi phan chuyén dong
cua hé c6 dang:

JG 4+ b0 —bo + c0 = M(2),
. A g (1

J ¢ - b0 + b =0.
St dung phuong phap bién d¢ phitc dé tim nghiém cta hé phudng trinh
vi phin dao ddng. Gia st nghiém phai tim cé dang 6 = 0™, ¢ = g™,

trong &6 &, ¢ la bién d6 phic.

Dit M () = M,e™, thay thé cac biéu thiic vao (1) ta ¢6 hé phuong trinh
dé xac dinh céc dai lugng phitc 6, @:

(5-)- - 2o

J g

bQ2 b @)
-i—4@ + QP +i—|@=0.

Jrf Jd

Giai hé (2) nhan dude:

6 _ Q*J, - ibQ @
M, [6°+ Q' (e~ JO) |+ @, - (c- IQ*)]
< ¢ J, b L. s v - a+ib .
bit o] = :7‘,6:, =2Jaw,, ¢ =E. Chui ¥ réng néu §= p— thi
. s ’az + b e
modun cia g 1a |f] = T E ta c6 phuong trinh d8i véi bién d¢:
¢+
|{,~91| _ 7% (Q/ﬂ:!u)2 +44° @
|4,

5 2z
2 Q@) (1-Q /a}) +45° [#(Q] @) - (1~ 07 /0})]
DPiy 1a ham cta 3 tham s8 & y, (V).

Néu ¢'=0 (b = 0) thi hé trd thanh mét bac tu do khong can véi tin 86
cong hudng o, = \je/J . N&u {=w (b = w) thi hé trd thanh mét bac ty do

khong can véi tin s6 cong hudng 1a @, = fc/(J +J).
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bé chon théng s& t&) uu cho bd 1at chin, ngudi ta vé dd thi cta 0 / A
theo sy bién dol cua Q/w, véi cde gia tri khac nhau cda & (xem [1]),

Nhan xét rang cae dudng cong nay déu di qua mét diém ¢ dinh P. Chon

- =0, ;— o, rdl cho gia tri vé phal (4} biang nhau tai dé, ngoai ra diéu
kign t wu cho giam chin 1a 36 doe cda tiép tuyén tai P bang 0. T cic
ditu kién nay ching ta Lim duge gia tri t6i uu &

=ENTI

ot @ _ |2 (5)
J2 +,u_(2 T @, 244

:ﬁ;"",u+2)

Khidé & , '
el u

s

2.6 Dao dong udn cua réto

Thi du 2.29 IYa dong chitl khéi lugng m dugde gan trén true ¢o khi
lugng khéng dang ké. dad 2L, @6 ciing uén 1a EI Truc quay véi van toe
gée & khong déi. Trong tam O, clia dia cach truc mdt doan bing e. Khao
sat chuyén déng binh 8n ¢Ga co hé. Thist lap phudng trinh vi phén dao
déng cia ca hé quanh trang thai binh 6n.

Loi gidi. (34 s & ché d6 binh 6n cta ¢ hé dia va truc quay déu xung
quanh truc thang ding z, dia ¢6 vi tri nhua hinh TD 2.28b.

2’1\ Zy

X
yD" Y 0] Cf
Iy €
AN
0O
-, Frf’h
}:J
OU Xq
a) b)

Hinh TD 2,29
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Vi dia chuyén dong song phing, xét trong hé Oyx,y, cd dinh ta cé:

—

m7r = F

dh*

1

3

+€, F, =—cf , vdic=6EIL,

] i i

i
i
=3

:
Nén suy ra hé phudng trinh vi phén:
m¥, + ez, = cecos (O,
my, + cy, = cesin QL.
Dao @ng cudng bic binh 6n:
2
I, = &{ cos 04,

g -

=¥ .
¥, = —TLQ:—sm Ot

trong dé: @} = —. Do dé: r =

Khi Q = @, thi O di xa v6 tan, nén vén téc goc gidi han 13 @, = |- .
L

Vil Q<w, thiQ0=r-e, Q>w, thi 0;0=r-e, Q@ > » thi 0,0 - 0.
Khao sat dao dong xung quanh trang thai binh én.

Chon hé truc Ogxy quay cung véi dia (hé dong). Vi tri clia dia duge xac
dinh bét vi tri khéi tAm O, va géc quay @ nhu hinh TD 2.29d.

Dong nang, thé ning co hé:

1 1 (i

-y 2
T= Em”fh +EJ0' (Q+9).
VOI = VE)I + v:!)l ] 01 e
2 . 2 . 2 Q i __g--""_ -
v, = (5 —Qy) +( + Q). =0

—o0—o0 >
0, 0 0, x

Hinh TD 2,294
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IT = lcrz = %c[(ml —ecosga)z +(yI —esin(&)z.

Thay thé& vao phudng trinh Lagrange loai 2 ta ¢6 hé phudng trinh:
m (& — Qg ) —mQ(g, + Qz )+ ez, —ecosp) =0,
m iy, + Q&)+ mQ(d, - Qu )+ ey, —esing) =0, (1)
Jo@ + ¢z, —ecos@)esing —c(y, —esing)ecosgp = 0.
Xét dao déng bé xung quanh trang thai binh dn nén:
w =5 +& Yy =1 sine @ @ cosg = |
Luu ¥ ring & trang thai binh én O, O, O, thing hang, vi:
mQ’e’ = c(m:’ - e) :
Bién d6i (1) vé dang phudng trinh vi phan dao déng tudng d6i sau:
£+ (mtf - Qz)f —20& =0,
i+ (of - Q) - 2Q5 - lep = 0, (2)
$+olele-win =0,

. c ce
trong d6: w, = —, w, =—.
m

EC|

Chi ¥ rang hé (2) ding cho ¢4 hai trudng hgp Q < w. va Q > o.
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Bai tap Chuong 2

2.1 Thanh lap phuong trinh dao dong

Phuong phap su dung phuong trinh Lagrange logi 2

2.1.1 ‘I'hict lap phudng teinh vi phin cua co hé dao ddng xoin cua hé
hat dia. Chon toa dé suy vong 1A g6e quay ¢, ¢, cua cae dia,

i
(30, - 2p,) =0

1

Dap sd: Jo, +

210, + i (<20, +20,) =0 : -
// b s
& 2 //4(.1!
G [ | L(}"UE R I AR T,
£
L]
J
2

Hinh BT 2. 1.1 Hinh BT2.1.2

2.1.2 ('ho nd hinh dao déng § hinh BT 2.1.2. Vat ning khoi tim A,
khéi Tugng m, e6 the trugt khong ma sat trén nén ngang. Thanh AR
dong chit khéi lugng s, chiéu dai { gan ban 1& vdi vat ning tal A, Sa
dung phudng trinh Lagrange loan hai. thiét 1ap phuong trinh vi phan
dno déng cua eo hé Truong hop dao dong bé. dua phuong trinh vi phian
vi dany tuven tinh.

Bdp s6: Phugng trinh vi phin dao dong:
(i, + 10, ) ¥+ L@ eosgp — 4 T s + b+ e = F1).
Tl cos g+ 4 ;:}3!3(,'-_'5 + 4 mLglsing = 0.

Phucong trinh vi phan dao dong bé:
{oe, o )V = Lol +bi 4 e = (1)

L i v A @ gl =0
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2.1.3 Cho AB ia thanh déng chét khéi lugng m. Thiét 1ap phudng trinh
vi phin dao ddng ciia cd hé, chon toa do suy rong 1a (¢, y,, v.).

Ddp s6°

1 10 1 2
—mi*@ + —cl’p +—~cly, —Zely, =0,
0 @ 0 4 3 h 3 Y2

mij, + % clp  +ey, =0,
.. 2
2mi, - 3 cly + ey, = —F(t).
AL U3 13 -
c | c% s
A g e B 1
el e = T = LA

m 2m
l% _T_yz
Ll e

Hinh BT 2.1.3 Hinh BT 2.1.4

2.1.4 M&u tht thiét dién canh may bay c6 mémen quan tinh dé&i véi C
1a J. Mau thi dugc treo bing 16 xo thing d6 cting ¢ va gii bang 16 xo
x0an dd cuﬂg k. Thiét lap phuong trinh vi phan dao déng bé clia hé
trong méat phing thang ding, chon toa d§ suy rong 1a (y, ¢).

my —med+ey =0,
Ddp s6°
P -—me"ij+(.}+mez)i{} +ko=0.

2.1.5 Ng01 nha hai tdng duge mé hinh thanh ba khéi dit trén nén dan
hdi. Coi rang nén moéng nha duge gin vdi cic 1d xo thang c6 db cling Co
va 16 xo xo4n c6 dd cing k. Do citng cia tudng 14 ¢,, ¢y, chidu cao claa
ching 1a k. Gia su c6 dong dit lam méng rung dong ngang u(t). Thist
lap phuong trinh vi phan dao déng bé ctia co hé, chon toa do suy rong la
®, @, %1, x2).
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Hudng dén: Chon x,, x, 1a cac dich chuyén ngang
tuong d6i eia khéi tdm cha cac khéi m,, m, so
vl hé dong 1 khé m, (méng + nén tang 1); x 1a
dich chuyén ngang cta khé m, so véi dat, ¢ la
dich chuyén quay ctia khdi m, Chon méc 1a vi
trf cin bing tinh.

Ddp s6: P l :
| Mgl
. 3 u(t) x
(mu +my +m, ) T+ (ml + ZmZ)h.(p
+myE, +myE, +ex = —(m, +m, +m,)i, Hinh BT 2.1.5

(my +2m, )R+ (J, +J, + J, + m A +4m,h?)§
+ mhE, +2myhi, + ko = —(m +2m,) ki,
m 3+ mhg +mi +(c +0¢)3 +6z, = -mi,

u .. _ o
& + 2m,hG + My T, ~ x4 oE, = -myd,

Phuong phap luc

2.1.6 Thiét lap phuong trinh vi phin dao déng clia ¢ hé c6 ba khéi
lugng m gin trén dim tua don gian. Dadm c¢6 médun dian héi E, mémen
quan tinh cia thiét dién ngang la I. Bo qua khdi hugng dam.

Dap s6° Ma tran d6 mém

311 77 m om m Rl
256 768 768 £
_rjuno1ou S Y

"~ EI| 768 48 768| ° Vi Y2 0»

o3 va | ua | va | ua
| 768 768 256 . sl i<

I
Hinh BT 2. 1.6
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2.1.7 Thiét lap phuong trinh vi phiin dao déng cua co hé ¢6 hai khai
lugng m nhu nhaw gin trén dam ngam hai ddu. DAm ¢d modun dan ho
E. mémen quan tinh cua thiét diégn ngang 1A 1. BS qua khd luong cia
diam.

' ‘ ;16 117
Dap so Matrin dd mém D = ——— .
137451 Lll 16 |
) EI
/"(3“‘]r m m \
A1 T W e v,
! Yi Y. Ve
PE BN T ! 13 3 s
Hinh BT 2.1.7 Hinh BT 2.1.8

2.1.8 Thi¢t 1ap phudng trinh vi phan dao déng cia ¢o hé ¢6 3 khii
ludgng m nhu nhaw gan trén diom edngxdn. Dam ed madun dan hér £,
momen quin tnh cua thidt dien ngang 1a 1. Bo qua khoi luong eua dium.

Pap 60 Ma tran do mém

{ L0254 |

- f 25 8 14,
SLES

4 14 27

L

2.2 Dao dong tu do khéng can X, X,
s I msd

mo O AAAAAN] M

2.2.1 Tau dién ¢6 hai toa ndl vél nhau

bang khap ndl ¢6 do cing bing 2.8.10° ¢ -~
N/m. mdi toa 6 kKhav lugng 2.2.101 kg. SHe) 7 /O 7
Xie dinh eae tan =6 viéng cua hé,
o >, Hinh 87 2.2,
Pap séi e, =10, e, = 17— =15,95 radis.
- N

2.2.2 H¢ dao ddng xodn bao ghin true ¢d dd cing ¢,. moay ¢ ¢6 ban kinh
rvit momen quan tinh Jy, bén 16 xo 14 ¢6 d6 cting mdi 10 xo 1a ¢, va vanh
div bén ngoin ¢6 ban kinh R, momen quan tinh J,. Thiél lap phuone
trinh vi phan chuvén dong xodn cia hé. Chi ra ring phuong trinh tan s6
eh dang:



Chuong 2 DAO DONG TUYEN TINH HE HUU HAN BAC TU DO 113

Ddp 56"
J@, + (¢ + cz)(P: -0, =0,

J, @, — ¢, + 0, =0,

2.2.3 Cd hé gbm 3 dia gén trén truc
nhu hinh BT 2.2.3. Mé men quan @4 @,
tinh cia cac dia d8i v6l truc quay la —
4, Js, of 5. PO cling xodn cua cac doan Cq Cy c, w
1

truc 1a ¢,, ¢, €,. BO qua khét lugng
caa true, | &

a) Thiét lap phudng trinh vi phén Jy oy J,
dao déng cua hé.

b) Cho J,= 2,0.10% kgm?, J, = 3,0.10°
kgm? J,= 4,0.10° kgm®, c¢;= 12.10°
Nm, ¢; = 24.10° Nm, ¢, = 36.10° Nm. Tinh céc tén sd riéng ciia hé.

ALEANY

Hinh 8T2.2.3

¢) Xac dinh cac dang dao déng riéng, ma tran dang riéng caa hé.

Ddp s6:
J@, + e, —cp, =0,
a) L@, —co +(c, + ¢, )@, -0, =0,
J s —ep, +(o +¢}p, =0,
b) w, =14,525", @, =31,05s", @, = 46,157
1 1 1
c) V =10,640 0,607 -2,540].

0,302 -0,679 2,438
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2. 2 4 Thiét 1ap phuong trinh vi phan dao dong cua cac hé dao déng
xodn trén hinh BT 2.2.4 va tinh céc tin s& riéng cua hé. Bd qua khéi
IUUng céc truc va clc banh ring. Cho d9 cing cic doan truc va sé riang z,

ctta cac banh rang.
Dadp 56
a) J ———
st _l_ c | wu w =0, © = 3c
17777 L Frrrid 27
2J
b) [ | o
% o s w = £ o= %
A 77771 PN RN
o =
c) J |
] 2¢
c c
1 [ ¢ €
w =08 |- @ =197 |-
F — 2 ! J \[;
T 2J| |
d)
J
4 ¢ =| ww e Cr
4 — [ 77777 12 _ c = .l
2. o - o w]—0,789\/;, (92—1,174\[;
VizrzR n 22."’21—2
[ ]2,

Hinh BT 224
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2.2.5 M5 hinh xe 6 t6 1a hé
dao dgng c6 hai bac tu do
bigu dién trén hinh BT 2.2.5.
Thian xe (khung va vd) cé
khéi lugng m, khoang cach
td khéi tAm cta né dén truc
trude va sau la i, 1,, mémen
quan tinh déi véi truc di qua
khdi tAm 1a J. Bd qua khéi
lugng vA d& dan héi cta cac
banh xe.

a) Thiét lap phuong trinh
dao dfng bé ciua co hé trong
mat phang thing dimg.

b) Truong hgp nfio thi cac
tan s§ dao déng riéng cta hé Hinh BT 225
bdng nhau ?

¢) Cho ¢, = 2000 Nfem, ¢, = 2000 Niem, I, = 100 em, [, = 150 cm,
m = 1500 kg, J = 300 kgm?. Tinh céc tin s§ dao dong riéng.

Ddp s6:
mij + (¢, + ¢ )y + (CEEI - czlz)go =(,

a) . 2 2
Jg + (el —aby+{cl! +c,i)p =0.

b) &= @, néu p* =11, v8i p 1a ban kinh quan tinh cta thin xe d&i véi
truc ndm ngang di qua khéi tam C.

c) @ =165 1/s, w, =50 1/s

2.2.6 M6 hinh 6t6 12 hé dao déng bdn bac tu do duge biéu dién trén
hinh BT 2.2.6.

a) Thiét lap phuong trinh vi phan dao déng bé cita co hé, chon (,, ys, ¥4
¥4 lam toa d6 suy réng.

b} Choa=8m,b=1m,c,=c;=4.10° N/m, ¢, = ¢, = 10° N/m, M = 200 kg,
m =30 kg, J = 200 kgm®, Tinh cac tdn s& riéng.
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SR \\\\\\\\\\

Hinh BT 2.2.6

Bdp s6: a) Phuong trinh vi phan chuyén dong

[0+ MBE . —J+ Mab
! Uy Oy ~ ey =0

4 F ;
{0 +0Y (v + b}
—1 4+ Mab S+ Ma?
ey R iy Gt — Gy, = 0,
(a +b) (a + &) 7

1, -y e ey, =0,

i, -y e vy, =0,
) e, =23.0 s, oy = 44,2 /s, w, = 1385 /s, w,= 188,8 1/s.

2.2.7 11é gdbm ba khéi lugng m nhu nhau gén trén dAm tua don gian,
Dim 6 d6 cting chéng udn 1a EI. Bé qua khai lugng ciia dam.

a) Thiét 1ap phuong trinh vi phan cta cd hé,
by Tinh cac tan s& dao déng riéng.

Padp sé:

1 ay =5, 7\/77
oo 30 81 39|\, 4|y, =0, b) @, = 22,04 [~
388 ET - I
17 39 25||5 | v ]
) ) @, = 36 ET

L’
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m m m Rl ll( Li2 \jr Li2 ’I
) 2
m Ve EI\ @ml mg@r.u
""" = S > | ¥e
Li Li3 | Li3 ‘ Lig} 7 yg TR

Hinh BT 2.2.7

c
I
Hinh BT2.2.8 7° -

2.2.8 DAm cong xon mang ba khéi lugng nhu hinh BT 2.2.8. Dam ¢6 do
citng chéng uén 1a EI, 16xo ¢6 db ciing 1a ¢. Bd qua khéi lugng ctia dam.

a) Thiét lap phuong trinh vi phan cla co hé.

b) Xac dinh cac tdn s6 dao ddng riéng clta ¢d hé, néu L = 2 m,
E =200.10° N/m?, I = 1,5.10° m*, ¢ = 4.10° N/m, m, = 60 kg, m,= 80 kg,

ms = 40 kg.
Bdp s6"

a) Ma tran d6 mém

. 2 5 5
L.
= 16
48E1
5 16 4851 +16

3

b) w,= 77,64 1/s, @,= 147,30 1/s,
w,= 858,66 1/s.

Hinh BT2.2.9

2.2.9 Mot con lic kép gém hai khéi thanh tru déng chit, ti€t dién
khéng d6i (hinh BT 2.2.9). Cho /, = 20 cm, {, = 25 em, dién tich cac mat
cit ngang A, = 2 cm®, A, = 1 em? khoi lugng riéng p = 7,85.10° kg/cm®.
Coi dao déng 1a nhd. Tinh cac tin s6 dao dong riéng va cac dang dao

déng riéng cua hé.

Ddp sd

w, =5,8528, o, =13,917.

1 1
V=l16706 -1,7239
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2.2.10 Dia déng chat khoi lugng m. ban
kinh r lan khong trugt trén méat phfmg ngang.
Tam OA gin bdn 1€ véi dia tai O. Cg hé chuyén
dong trong mat phang thing ding. Tam OA cé
khél hugng 130 m,, mémen quan tinh déi vdi

khéitam ClaJ, OC =L,

a) Thiét lap phudng trinh vi phén dao déng bé
cua od hé.

b) Xae dinh tin 56 dao dong riéng ctia hé.

Chom=2kg m,=1kg L=04m,J=mUL%2,
¢ = 1000 N/m.

Dap s6:
a) Phuong trinh vi phin chuyén dong:
(3 A ..
— o+ J.r' +'m|L(fJ +er = (0,
s 2 J )

Ly 4+ (J + 'mle)c,'i' +m, gl = 0.
b) Tan 6 riéng o, = 4.02 1/s: w, = 17,42 1/s.

2.2.11 Mo hinh may dot dap nhu hinh BT
2.2.11. Khél lugng my, va cham déo véi van tée v,
vao khot lugng m,, lam co hé hai khéi lugng m,
(=m,+m,) vim, dao déng.

a) Xde dinh cAc tan s riéng va ma tran dang
riéng cua co hé.

b) Cho m,,= m/10. m,, = 9m/10, nm, = 4m/3, ¢, = ¢,
¢, = 3¢/, Tim quy luat dao déng cia hé. Cac khoi
lugng 6 dao déng tuin hoan hay khéng?

Ddp s6:
W, = 0.4??7\["_—'__ | |
TH.
a) vV = { } .
s O 0.7718 -0.9718
o, = 1.4042 [ 771 .

i

X
2
c

Hinh BT 2.2.10

_______

IR

|

Hinh 8T22.11

—l
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&, (£) = v, (0,1167 sin @, + 0,03152 sin w,t),
m

b) -

z, () = v, ’— (0,09 sin @, ~ 0, 0306 sin w,1).
it

Céc khéi lugng m, va m, dao déng khéng tuén hoan.

2.3 Dao dong tu do ¢é can

2.3.1 M5 hinh dao ddéng co hé hai
bac ty do nhit hinh BT 2.3.1.

a) Thiét 1ap phuong trinh vi phén
dao déng cia cd hé.

2 xl ] 2 xz '
b 2b
m 1 2m

A
E TSI ET TR IR RTIT I T TR IATET oo
b) Tinh tidn s8 riéng, ma tran dang Hinh BT 2.3.1

riéng cua hé.

AR RRY

c) Hay tim quy luat chuyén déng ctia co hé bing phuong phap ma tran
dang riéng. Cho m = 36 kg, ¢ = 1,3.10° N/m, véi gia tri nao cua b thi co
hé dao déng tit din ?

Ddp s6° a) Phuong trinh vi phan dao dong cha co hé:
{mﬁi +3bL - 2bZ, +3cx, - 2¢cx, = 0,

Z'mé2 - 2{!):5:I + 2b$’2 - 2ca:] + 2(::52 = {.

. _ : 1 1
= 0,5176 |-~ = [—. = .
) @w =0, e Oo = L9320 1,366 —0,366

¢) Phuong trinh vi phan dao déng cua cd hé dudi dang toa dd chinh:
{ﬁl + 2Dlwluﬁl + wlz(}pl =0,

B=EC+O.M‘
¢

P, + 2D, p, + mjupz =0.

bitu kién dao dong tét dan: D, <1, D, <1, hay b < 600,1132 Ns / m.
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2.3.2 MOJ hinh dao ding co hé x, Xa
hai bac tu de nhu hinh BT

2.3.2. Hay tim quy luat chuyén g b 2 25 ?
déng cua co hé bang phuong 4—T1— — —I0—
phéap truc ti€p. Chom =1 kg, ¢ g—/\/\/\ﬁ,— m _/vv\&_ om g
=100 N/m, b = 2 Ns/m. ¥ TSI ST ﬂ/.f/.f//”/.r/””ﬂﬂff/ﬂﬂ/;

Pdp 56 Hinh BT 2.3.2
Phudng trinh vi phin dao ddng
{mﬁ, + 3bg, - 2bz, + 2cz, - cz, = 0,

2mi, - 261, + 4bz, - cx, + 2ex, = 0.

Tim nghiém & dang x = ze™ , phuong trinh dic trung:
24 +204° + 63247 + 20004 + 30000 =0
A =-1,057 £ 7,907,
A, =-3,943 + 14,8374
Véctoritng tng véi 4,1 z, =u_ v,
u, =(0,74 1, v, =[0,067 Of,
u, =[1 0,38)7, v, =0 0,064).
Nghiém tdng quat:
x =" [ A, 057,907 ¢ - v, 5in7,9078) + B, (u, sin 7,907t + v, cos 7, 907 c)] +

-3 9431

+¢" " [4(u, c0s14,837¢ - v, sin 14,837t) + B,(u, sin 14,837 + v, cos 14,837¢)].

2.3.3 Mo hinh xe 6t6 1a hé dao déng bdn bac tu do bidu didn trén hinh
BT 2.383.Choa=3m,b=1m,c,=¢;=4.10° N/m, ¢,=¢,= 10° N/'m, M =
200 kg, m = 30 kg, J = 200 kgm?, b, = b, = 2000 N/m, b, = b, = 500 Ns/m.

a) Thiét 1lap phueng trinh vi phan dao déng clia cd hé.
b) Tim quy luét dao ddng ca co hé.
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a d b6 |
’1‘ ’

y:' M 7 G yz’

Hinh 87 2.3.3

Ddp s6: Phuong trinh vi phin dao déng cia cg hé:

J+ MY ., —J+ Mab . .
(@ +b)2 W+ (ﬂ +b)2 W + by —by +ay —qy, =0,
~J +Mab . J+ Ma® , )
(a+b)7‘ b+ (a+b)2 h + 8% - by t oy —ay, =0,

mij,

by +( +0)8 —ay +(e +e)y, =0,
mij,

by, + (8 +8,)9, — oy, +{e +c )y, =0

Tim nghiém duéi dang y = ze™ , phudng trinh dic trung:

225.10%°4% + 645.10°47 + 177475.10%4° + 198025.10%4° + 2297.1024* +

+ 767.10M4%+ 456.10™2% + 56.10"4 + 16.10* = 0.
A, =-88,312 + 166,86;, A,=-44,124 + 131,68i,

A;= —5,66 + 43,67, A= —5,327 + 22,5i.

Cac vécto riéng z, = u, tiv, Ung véi i, 1a:
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wo= 10 =023 -0.71 0.105( . v, =00 0.0 -0,0098 —0.104] |
- b 1/
", —.L—(}.()Bi) ~0.19 0.23 1.0} v, =10.018 —0.018 0.0024 0.0] .

; I3 r —r
w, =i L0 =023 0.90 -0.21] . v, =[0.0 -0.065 0.0044 -0.025: .

I r
w021 L0 017 083] . v, =[0d1 0.0 009 -0.63]

[ )

Nghiém téng quat:

X =

¢ () cos 166,861 — v, sin 166.864) + B, (u, sin 166. 861 + v, cos 166.864)]  +
¢ A (0, cos 131,68 — v, sin131.68¢) + B, (u, sin 131,682 + v, cos 131, 681)] +
¢ Ay cos 43,671 — v, sin 43.67t) + B, (u, sin43.67¢ + v, cos 43, 67t} +

e MR [, con22.5¢ ~ v, 5in22.5¢) + By(u, 5in 22,5t + v, cos 22.51)].

2.4 Dao dong cudng biic

2.4.1 M6 hinh 66 hal bac ty do chay
trén mat dudng g6 ghé lugn séng biéu
dién trén hinh BT 2.4.1. (ia st 6td
chuvén dong déu véi van toe v, Khéi
lugng thung xe m, = 800 kg, khéi lugng
banh xe m, = 200 kg. db clng cua hé
théng treo ¢, = 5.10' N/m, d6 ctng 16p xe
¢, = 6.10" N/m. Mit dudng ¢ dang hinh
sin v bién do A, bude song L.

a) Thiét lap phuong trinh vi phan dao
ddng cua co hé

h) Tinh cic tan s6 riéng, dang riéng. Pua
phuong trinh vi phin dac déng vé dang
toa dd chufn. Hinh BT 2.4.1
¢) Tinh cac van tde téi han cta xe.

Pdp 56

2T,
L

mn i+ e+ ey — ey, =l cos

MLy = Gy + 04 =0,
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by Tan =0 riéng. dang riéng:

= H62 radfs, ' ’ | .
2,07 —0,1?36J

(.= 24,36 rad/s,
Phuong trinh vi phin dao déng d dang toa d6 chudn:
ot ol p = 9827 hy cus QI

jho+ @l py = 3396.2 0, cos QF

¢} Van toc téi han: v, o= L @, .
- 2;{ -
2.4.2 Co hé ¢6 hai khéi lugng dao dang cudng bite nhi hinh BT 2.4.9.

a) Thiét 1ap phuong trinh vi phan dao déng cua co hé.

b) Tim biéu thize xae dinh cée tan s8 riéng cia g hé.

¢) Cho Fi(#) =FI sindt. Ching
//

minh ring khi Q bang mét 7
trong cac tan sd riéng cua ¢ ;
hé thi bién d0 dao déng /
cudng bde tang lén vo eung. 7

o

A
d) V& dé thi dac déng cudng bic Hinh BT 2.4.2
khic,=cp=¢,¢,=0, m,=m,=m.

Ddp s6° Phuong trinh vi phin dao dong:

R S S = K1),

i
’ 12"
{

B Ty =, e, oy, =0

Phudng trinh tan so:

=0 .

it = [ (en + o) + (e, + cjo + e + (0 + ek,

T
Dao déng cudng bite; x = AsinQt. A = [A] A‘,} ,
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irong 46: A* = mm (Q° - o)) (' —w]), @, @, 14 clc tAn s6 riéng cla cd
hé. Dodo khi2 > @, hodic Q2 — @, thiA, vA A, » .

2.4.3 Co hé c6 hat khél lugng daoc
dong cudng bic nhu hinh BT 2.4.3.
Cho F = F sinQt .

a) Thiét 1ap phudng trinh vi phén
dao déng cua cd hé. 7
b) Tim bién db dao ddng cudng biic Hinh BT 2.4.3
cua cac khéil ludng.

Ddp s6: Phudng trinh vi phan dao déng:
mZ + bz, +2cx —cxz, = f*:‘, sin (X,
2, ~cx, +cx, = 0.

Dao ddng cudng bic:

T
X =usinft+veosQi, u =]:u] uz]

T
V= ['ul 1:2:] .

_ (c ~2mQ7 Y - SemQ? +2m’ Q') Ky

1 [

A ' A
_c (c2 — 5em¥ + 2mi QY ) Fl _ Qbefc — 2mY )ﬁ’l

iU, =

_ Qbe-2mO* ) E

U

3’”2 = EN

A A
A=c+ (czb2 - iOc1m) O+ (29{:27%2 - 4520??1) o 4

+ (4()27!3,2 — ?.Obm?‘) Q° +4m*Qt.

2.4.4 Co hé ¢6 hai khéi higng 1ién k&t va chiu luc nhu hinh BT 2.4.4.
Cho m; = 80 kg, m, = 100 kg, ¢; = 1.10° N/m, ¢, = 2.10° N/m,
b = 500 Ns/m, F,(t) = 300 sinf% N, Q= 80 rad/s.

a) Xac dinh bién d6 dao ddng
cudng bttc binh én cla cac khoi Xy
lugng m, va m.. f}—%‘
b) Xac dinh tdn s0 Q cua luc
kich d6ng F,(¢) dé bién dd ndi
trén khéng vudgt qua 1 mm.

% X2
b Z . 2%\ Fyt)
m, n,

Hinh BT 2.4.4
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Bdp s6:
a) A, = 1,069.10%° m, A, =1,153.10° m b) @ > 80,434 rad/s.

2.4.5 Ba may c6 khéi lugng m, =
m, = my = 20 kg dat cach déu trén

ddm tua don, chiéu dai L = 2m. Cho m, m. m, ,EI
E = 200.10° N/m?, I = 1,35.10° m*. e

- 20010, 29010 m - TR A
May ¢é khéi lugng m, lam viée vdi g Yrcirira
van tée goe Q= 100 rad/s v6i luong ' L/4 L/4 L/4 ‘ L/4
quay mat cdn bang eAm, = 0,5 kgm. >
Xac dinh bién db dao doéng cudng Hinh BT 2.4.5
bic binh 6n ca may 6 khéi hugng
mQ-

Badp s6: A,= 2,8.10° m.

W

Am
2.5 B6 tit chan dong luc 7 .
7
2.5.1 M5 hinh ciia mAay ¢6 bd phan quay léch .
tAm biéu dién trén hinh BT 2.5.1. B phan
quay vl van tée gbc B0 rad/s, lugng mit cin e /2

bang Am.e = 0,2 kgm, m,+tAam = 200 kg,
¢, = 4.10° N/m. Tinh toan cac théng s8 m., ¢,
cua bd tit chdn dong luc dé dap tat dao dong .
cudng bitc cila may va bién 4 dao ddng cudng Hinh BT 2.5.1
bite ctia bd tat chén khéng vugt qua 5 mm.

Pdp s6: m,= 40 kg, ¢,= 10° N/m.

2.5.2 May khdoi llidng m = 4000 kg 6 phin khéi lugng quay va dudge lap
dat trén mot k6t cAu khung nhu hinh BT 2.5.2a. Tai 88 vong quay lam
viéc ny = 2400 vg/ph xuat hién dao dong manh theo phuong thang dang
y, coi nhu xudt hién 26 vong quay cfng huong.

a) Xac dinh hé s8 cling ¢, cua md hinh dao déng mdt bac ty do theo
phuong y cia may.

b) Dé giam dao dong 16n & ché dd lam viéc clia may, ngudi ta gin vio

mAay mot khdi lugng phu m, = 500 kg véi mot 16 xo ¢ling ¢, = 2.10° N/m
nhtt hinh bai 2.5.2b. Hay tinh cAc tdn sd riéng ctia hé dao dong theo
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phuong y. Xé4c dinh céc bién 4§ dao ddong cudng bitc khi bist lugng mat
can bdng Am.e = 5 kg.m.

¢} Nguoi ta phai chon hé s8 cling cla 16 xo ¢, bing bao nhidu 48 dap tat

hoan toan dao dong theo phudng y? Trong trudng hgp 46, hay xac dinh
bién dé dao ddng cta khéi hudgng phu m,.

LTS, a) Y77 LT b) S

Hinh Br2.5.2
Ddp s6°

a) ¢, =256.10°n N/m,
b) o, = 62,98, @, =252,39 1/s, A, = 0,148 m, A, = 0,01 m.
¢ ¢, =32n%10° N/m, 4,= 0,01 m.

2.5.3 May khéi lugng m, = 100 kg dit gitta didm tua don dai 3 m véi
mbdun dan héi E = 200.10° N/m? vA mdmen quan tinh clia thist dién
ngang = 1,3.10° m*. May hoat ddng gdy ra e kich dong didu hoa véi
bién d¢ F =5000 N, tdn s8 600<n <700 wg/ph. Thidt ké bo tat
chdn ddng luc khong can sao cho bién d6 dao déng cudng biic binh én
khéng viugt qua 3 mm trong ca ving lam viéc clia may.

d? 2

Fisin (¢
my
my || FsinQ¢
1
Ca
a) my b)
My Hinh BT 2.5.3

/EI
A3
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Bdp s6¢ H$ tuong duong: hinh BT 2.5.3b, ¢, = % - 4,62.10° N/m .

Tan sé riéng hé chinh: @, = - 68, 0rad/s . Dé dap tit dao déng clha
ym

m, khi Q = @y, chon bb tit chin ¢6 tin 56 w,, = /i = 67,99 rad/s.
My

Bién d¢ dao ddng cudng bitc A, cia m, biéu dién § dang:

2
_Flez 21 L 5 Ltrongdén:_?_‘rz:i,#:m.z'
G |T1 hoh _(I"'.u)rl +1| in @y, m

4 =

1
Khi r, = 600 vg/ph (Q, = % = 62,8 rad/s), chon b¢ tit chén c6 tin s

nhu trén thi , = Q, /@, = Q, /@, = 0,924. Cho A, = 0,08 m, tinh duge
H =0,641.

Khi r, = 700 v/ph (Q, = 73,3 rad/s), cho A, = 0,03 m tudng tu tinh duge
i, = 0,527,

Vi A, gidm khi g ting, nén d€ thod mén diéu kién gidm chan cin chon
gia tri 16n 4, = 0,641. B tit chén (tdn 8 wy) véi m, = wm, = 64,08 kg
VA €y T Mk, =2,9622.10° N/m.

2.5.4 Ding bd tit chin déng Iyc c6 tinh d&n can nhét cho ¢o hé & bai
2.5.3 (hinh BT 2.5.4).

gt ﬂm/'
€,
m, || FisingX
b Cy
My

Hinh BT 2.5.4 Hinh BT 2.5.5
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1

-

Khi may lam viée v81 w = 600 vg/ph néu chon u = = 0,25, hiy tinh

e
|
bitn d6 dao déng cudng blc binh 6n ca hé chinh néu chon cac théng s6

ctia bd LAt chin 12 t61 wu.

Bap s§ &= 2.9 em.
2.5.5 Dé dap tat dao déng xodn ca true quay ngudi ta st dung b tit
chan dong lue kiéu con trugt. D6 1a cac khdi lugng m gin ¢ dau mit cac
10 x0 ¢6 thé trugt ty do theo ban kinh cia dia. Cho hé gom dia vdai
mémen quan tinh d& véi true quay bang J dude gan trén truc vdi 46
cting xoan 1a ¢. O ché d6 binh 6n dia quay vé1 van téc géc Q. gia su dia
chiu tae dung ngiu lue vii mémen M(t) = M,sinQ)¥. Xac dinh céc tham s6
m v ¢, cua bo tat chan dé dap tat dao ddng xoin cudng bice cua dia.

P o ¥
Dap so: —+ = " + 0.
i
2.5.6 Dé dap tit dac déng cua bé nude khéi lugng m, dit trén dAu mit
cua ¢dt dd, nguGi ta st dung bd tat chAn dong luc kiéu con lic. Cho dd
cing udn eua ¢ot 1a El, e tac ddng cha gi6 F(#) = FsinQ¢. Hay xac dinh
cac tham s6 m,. [, cta bd tit chan.

Pap sa: g/l = OF,

Fo) |
N {,

SRR !
T e T

Hinh BT 2.5.6.a Hinh BT 2.5.6.b
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2.6 Dao déng uén ctia réto

2.6.1 Roto ¢o khél luong 40 ke, 46 léch tam 13 1.2 em duge gén vao truc
c6 dd cling 3.2.10° N/m va hé 6 cdn Lehr 1a 0,07. Tinh d6 vong cua truc
trong chuvén déng binh 6n cia hé & tée 6 1000 vi/ph.

—

e ] e s
LSl T
Hinh BT 2.6.1 Hinh BT 2.6.2.a
c i s I Q
Bdp $6: Tan s6 riéng o, = [— =89.4 vrad/s.r=—=117.
e [+

[t}
Bién dé ciua chuvén dong xoay cua truc
A= [j =407 o,
\/(1 -7} +(2Dr)

2.6.2 Banh da co khéi lugng m gan gitta true dan héi dudng kinh d dai
9L. Truc quay déu véi van tde goe Q. Po léch tAm clia banh da bang 0.
Bo qua khdi lugng caa truc. Thanh 1ap phuong trinh vi phan dao dong
bé ctia banh da quanh trang thai chuyén déng binh én. Tinh bién db dao
d4dng cudng bie binh én clia o hé, van tde géc téi han Q clia truc.

Hudng dén: Chon hé cf dinh Q,xy02,, hé déng Oxyz quay véi van tde goc
Q2 cting v&i true. Vi tri trong tAm O cua banh déa trong hé dong 1a (x, y).

Pong nang. thé nang cua hé:

1 1 (K
T = ;-m-:-‘f, + EJ”QE .
Vo =V, VLV, = E v, = Qxr, O x
) : > m
o, ==y + (i + xw ¥ j i £ Ot
ar{}
OU =

= lr'(;i'1 + ;!,rz) + mg {asin QF + ycos Q1)
2 Hinh BT 2.6.2.b
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Ll . _ad’
S 64

Vil ¢ =

Phudng trinh vi phin dac déng:

I3

FEES [m,‘: - ) £ =20y = —gsin QF,

$ o trong dé: @] = -,
it (m,j - Q- ) y+ 2000 = —gcos Qf, S
; . _ . . {,
Dao dong cudng bie: x = A sinQ¥#, y = A.cosQt, A, =A,= - 5 A -
@, — 4y
e =~ 4 A ol E:)”
Van toc gée 161 han: € = N

2.6.3 Mot rd to xem nhu mét dia tron ¢ khai lugng m = 55 kg, gan vao
truc ¢6 d cling ¢ = 1.4x10" N/m, quay véi van tée goe n = 6000 vong/phut.
Cho biét h¢ s6 cin Lehre 1D = 0,05. Do lgch tam cta dia 1a 1000 pm
(e = 0.001 m). Hav xac dinh:

a} Van toe t61 han cua dia.
b) )9 16n bién dé dao déng quay cua dia theo phuong thang diing,
) Bién do dao déng quay cia dia véi van tée quay téi han.

Ddp s6: a) ny, =4817,6 vong/phat: b) a, =0,0027116 m, ¢) a, =0,01 m.

Hinh BT 2.6.3
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Chuong I
Dao d6ng tuyén tinh cua hé vé han béc tu do

3.1 Dao déng uén cia day

3.1.1 Dao déng uén tu do cua ddy

Thidu 3.1 Bist & tho
diém ddu (¢ = 0) d6 léch cla
day dong chat, ndm ngang cé

dang w = w, sin%{, van téc L
S ~ - ~ B : l
bing khong. Tim 46 léch o J i
cac thoi diém ti€p sau. Gia
thiét ring stic cing cha diy Hinh TD 3.1

S luén khong doi, khai lugng

don vi dai cua day la x.

Loi gidi. Ta biét nghiém dao dong tu do cta day cé hai ddu gén chit ¢6
dang:

w{z,t} = Z sinn—::;.z[fln cos%ct + B, sin%ct) (3.1)

=1

trong do:

=8/u (3.2)
vit didu kién du

= A =u,,cdn lai cAc hé 8 khac déu trigt tidu

Vay:  wiet)=w, sin(-ﬂ?z-)cos(? ).
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Thidu 3.2 Nguoi ta xem s
ridng khi g6 blda vio mot sgi
day ¢ vi trf x = @ nhu hinh 0: \EI Il” E
TD 3.2 thi sgi didy duge N I
truyén van téc ddu v khéng ' I
ddi trong khoang : !
5 5 » N . 1
{a - —i-,a + 5), phan eon lai ¥YW Hinh TD 3.2

cia day Kkhéng chiu anh
hudéng. Tim dao déng udn
clia day.

Loi gidi. Nghiém dao déng udn ty do cta diy déng chat véi hai diu ¢&

dinh c6 dang (3.1):

w{z,t) = 2 sinizr—m-(A,, cos%ﬁ ct+ B, sinn—;r ct).

n=l
Tu diéu kién ddu
w(z,0)=0

3 s

v trong khodng (a — —,a +—)
L"J(m} 0) = 2 2
0 con lai

taratra: A, =0Vn va ZREB".Sinn%I = w{z,0)
=1
] i
= IR%EB" sin’ n%zd:c = I'ti;(x, 0) sinn%zdzz
o

T P { nr
=>n—B —= I vsinn—$d3:=1;[———]cos
w-x/2 : {

it )2

a2

22

2 ¢ Ta ., WAS 4ol wa
=B =—y|-— ZSmnTsm-—— = ——sinn —sin —

nIT 21

nTc

£l

s nT b
smn— smnT sinn—.sinn—1¢
=1



Chuang 3 DAO BONG TUYEN TINH HE vO HAN BAC TU DO 133

Thi du 3.3 Mot day déng chat duge bude chiit hai dau va chiu maot lue
can ty 18 bac nhit vdi van toc hé s§ f trén sudt chiéu dai diy. Gia thiét
ring stc cing day S tudn khong déi. Tim dao déng uén tu do chia day.

o X k) - - - - s - A P -~ a
Lét giai. Lye can cua mot phén t6 diy cd chieu daidxla -2 —tjda:,

Vi vay phuong trinh dao dong tu do cua diy trong truong hdp nay cb6
dang:
Fu v
Py ot
Ta tim nghidm cua (3.3) dudi dang:

w{z,t) = Z T, (t).sin n:;a:
n=1

Thay (3.4) vao (3.3):
o r
> T"+£’ja'"n+ar:,2 R;_Si':, sinnZr =0
J7; u {
i 4
:>ﬂ+£T“+n2£—S—T =0
r

12# "

Jw
g2 =9 3.3
* ot @33

(3.4)

n=1

Nghiém ctia phuong trinh trén c¢6 dang:
“[_é.}
T.=e\%/) (A, coset+ B, .sinw,t)

trong dé:w, = ,fn° —. — -

Gl A
Vay:  w(zg,t)= Y (sinn Ef-).e 2" (4,.cosw t + B,.sinw,t) (3.5)

u=|

Phuong trinh (3.5) biéu thi dao d6ng tét din.
3.1.2 Dao déng uén cudng birc cua déy
Thi du 3.4 Viét phudng trinh vi phan dao dong nhoé cha day dudi tac

dung clla tai trong phan bd theo chidu dai 1a g{x,¢f). Gia thiét sic cang
ddy § ludn khéng d6i,
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Léi gidgi. Ap dung nguyén 1y d’Alembert cho mét phin t& ¢6 chidu dai
dx ta dugc:
Fw o glx,t)

ur
—=5— t .
H o ozt +alzt) (3.6) x

i

Hinh TD 3.4

w

Thidu 3.5 Mot s¢i diy ddng chit duge kéo cang giit chit § hai ddu,
chiv téc dung mét luc phan b8 F(2) = Fyeosf¥ trén subt chiéu dai day
(xem hinh v&). X4c dinh nghiém binh 6n cla dao ddng uén cia day. Gia
thiét sitc cing day S ludn khong d6i. FcosQt

Loi giai. Phuong trinh vi phén
dao ddng cha day cé dang:

w5l w F, l\ T
—=c +—cosQt (8.7 w

é’tz é’:.cz P ( ) Hinh TD 3.5

l

Nghiém binh én clia (3.7) duge tim dudi dang:
w(z, t} = X(z)cos Qt (3.8)
Thay (3.8) vao (3.7}

. 2 F F
X+ X =2 5 X(a)= Acos Lo 4 Bein Do Lo
c He c ¢ Y

Vdi diéu kién bién:

F
XO=0= 4--2-=0

2

F
XO=0= Acos2i+Bsin - fo _g
c ¢ 1.9

Ql
E.’ . Ban[l_COE;?): F;J tgei
2 fros singl'F HY 7 2c

C




Chuong 3 DAO DONG TUYEN TINH HE vO HAN BAC TUJ DO 135

Vay:  wiz,i) =

o (cosgz + tgggsin-qx - I]COSQt

e 2e ¢
Thi du 3.6 Tac dung d6t ngdt mot lye khéng dbi P, lén day ¢ diém
cach mit trax méit khoang i (hmh v8) tai thoi diém ¢ = 0. Tim 46 vong

cua ddy theo thdi gian 3 diém tac dung luc. Gid thiét sitc cing day S
ludn khéng d6i.

P,

l
w Hinh 7D 3.6

Loi gidi. Phudng trinh vi phén dao dong duge viét duéi dang:
5211.1 é’ w
S la ham Delta - Dirac [1]. Khai trién Fourier:

(x-L)= ZC sm——}—*

ti=l

NI dx =—§-sin nf;!n

]
trong dé: C = % Ié‘(m ~§ )sin
¢}

Phuong trinh (3.9) ¢6 dang:

&w w 2B, mal,  nmz
i v =85 o +"Z; ; L sin ; 0 smT (3.10)
Nghiém phuong trinh (3.10) duge tim dudi dang:

Z SlIl e

nu=l

Thé biéu thiic trén vio (3.10) ta duge:

2P, !
T e (’”‘] T =0 a=1,9,.
I P PR
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Nghiém phuong trinh trén véi didu kién ddu bang 0 (T = 7

dang:

_S 2sm
noT i

"

2RI mrln(l

Ta ¢6 nghiém phudng trinh (3.9):
2P! = 1 in mrl
DD
=1

Dich chuyén cta diém da
2Pl &

w(z, t)

0’ = Sar ZZ—Sin _(

3.1.3 Cac bai toan ma réng

Thidu 3.7 Cho mét diy ning
ddng chdt chidu dai ! ddu O gin
chit (hinh v&) khéi lugng don vi
dai cua diy la u. Vist phudng
trinh vi phdn dao déng uén nho
tu do clia day d8i véi vi tri cdn
bing thing ding va tinh ba tin
s6 dao ddng riéng ddu tién cda
ddy.

Loi giai. Trong trudng hop nay,
lyc ciing ddy bién thién theo dd
dai:

S = ugld —x)

=0) céd

cosﬁ%t}

m:z (l — cos ﬂfc t) .

t Iye 14 ham cia thi gian:

cos%tj

L

Hinh TD 3.7

(3.11)

Xét mét phan t6 6 chidu dai dx nhu hinh TD 3.7. Céc luc tac dung cho
trén hinh. Chiéu céc luc 1én truc w ta c6:

2

Ssina =0

Sa=0

—dm =2 + (S + dS).sin(a + da) -
w o5 o
—pdz +(8 +—dx).(a +—d
Hdz s+ (8 + ——do).(a + ——da) -
Fw 2 8
=—(8a)= — -z
= pg =2 6a) = 2 ut-a)

ow ]
ax
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Fw B Sw
H T2l -nit 3.12
ay o8 Oz [g( %) oz } (3.12)
Nghiém cha (3.12) duge tim dudi dang:
w(x,t) = X(x)sin{wt) (3.13)

Th& (3.13) vao (8.12), sau vai phép bién dbi:

2 2
df,,l_‘ﬁﬂ_x:g (3.14)
dx rdr, gz

trong d6 x;,=1 - x.
Nghiém cta phudng trinh (3.14) ¢6 dang:

&)2 wz
X=c4J, {2 @ J +0Y, [2 ?z‘l) (3.15)

trong dé oy, ¥, 14 cdc ham Bessel loai mot va loai hai e&p 0; C,, C, 12 cac
hang sd

Ham X phéi thod min cic diéu kién bién sau:

x=0:2,=0LX({1)=0 (3.16)
x=l:1x2,=0X(0) 2 3.17)
Vi Yo(0) = o nén C,=0. Thay vao (3.16):
GIJU(ZmJI) =0 = J0(2w\/z) =0 (3.18)
g g

(3.18) 1a phuong trinh tdn s6.
Ba nghiém ddu tién cha ham J, 1a: k,=2,4; k, =5,52 ; k, =8 65 nén ta cb

o =1, ZJ% @, = 2,76@; o, =4, 325@.

Thi du 3.8 Lap phuong trinh vi phan dao dong usn nhd ciia ddy nidm
trén nén dan héi va tinh cic tdn s¢ riéng (hinh TD 3.8.a). Khi day léch
khéi vi tri can bang, yc phyc héi tac dung lén day ty 18 véi do lach day
theo hé s6 .

Loi gidi. Xét mot phin t8 c6 chidu dai dx nhu hinh TD 3.8.b.
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Chiéu 1én tryc w

8w . .

dm Pl -kwdz - §sina + § sin{a + da)
2.
apdxat’f = —twdz+5%%ds (3.19)
T
2w Fw

= = = -kw+ 8

_r ot

Nghiém cua phuong trinh trén duge tim dudi dang:
w = X{x) sinat

Thay (3.20) vao (3.19) ta duge
SX” +{pa’ ~ k)X =0

= X =C, coswr + C, sin@z

e — 1 2 124
vai w=,’§(yw -k). S Bwdx

Diéu kién bién:
x=0: X(0)=0suyraC,=0 b)
x=1: X{(I)=0 suyra C,sinal =0.

at+da

Hinh TD 3.8 S

N . Pk
Tu day ta duge phuong trinh tan sé: sin{ ,uaJS ]! =0

a 2 - k
Nghiém ciia phudng trinh trén 1 [ ’LQTJE =nr n=12,..

T2
L op LA A A NI k
Ta c¢6 cic tan sd riéng: o, = §+— n=12,..

wroop

Thi du 3.9 Mot tai trong tap trung P, chuyén ddng véi van t6c khéng
ddi v trén sgi day dit ndm trén nén dan hdi tuyén tinh (hinh TD 3.9). D5
ciing cia nén bing k, luc cing trong day bing 8, khdi lugng don vi a8
dai cha day bing u. Tinh 46 vong cha day, bist ring & thai diém dau tai
trong dat & goi trai.

Loi giai. Phuong trinh dao déng uén cua diy c¢6 dang:
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2 2
5?=c25?+§5($—%)—£w (3.21)
at Jz"  u H
trong dé: ¢’ = s , Xo=UL.
H
p, v,

v

XX HKH MK KA XHEK XKXRKNL
; Fec 4

x
<>

Ty

Hinh TD 3.9
Khai trién Fourier:

x ﬁx i
Sz-z,)= Z%Sin e : ¢ gin 22T :Z%sin%vtsinf'?
n=] ti=|

Lic nay (3.21) ¢6 dang:
Jw e Fw  k
ot’ A’ u

P x
w +—°—Z—2~Sinﬂvt sin %% (3.22)
PR =T R !

u=l

Tim nghiém (3.22) dudi dang:

w= Zl: T (t) sin n;;:r

Thé (3.23) vao (3.22):

. 2 2P
7 +[c2[’2—”] +£]T“ =—"—sin%fut, n=12,.

(3.23)

u Ly
Vi khi t=0: T, = T, = 0, nén sau khi bién d8i ta dude

sin 2704 — B sina,t
2Pl & ! w, ! < T NE AT

w(z,t) = —% z ——<—sin 7 vli w, = fc'| — | +—.
#ﬂ- =1 nZ [a}rzl _ (E‘E U) } #

{

Thi du 3.10 Hinh TD 3.10 mé ta so d5 mét ddu tau didn chuyén dong.
B¢ phan Jay dién duge dit ty vao mit sgi ddy dién cing vdi luc khing 61
P, va khi tau chuyén déng, né trugt trén day véi van tde v khong déi. Tai
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thoi diém dau, bd 18y dién duge dat & diém gén day dién 0. Khao sat dao
dong clia day dién biét stic cing day 1a S, khoi lugng don vi d6 dai 1 x.

o Lz
% il

Hinh 7D 3.10

Pl

L&i gidi. Ta c6 diém dat bd ié{y dién x, = vt chiu tac dung luc P, nhu
hinh vé. Phudng trinh mé ta dao dong cua day (tham khao TD 3.9) ¢
dang:
2 2 P
5?20252 5(m a:) czﬁw
ot det  p /'

2P &= ¢
T“Zsin :rm;v sin nd (3.24)

=l

Nghiém phuong trinh (3.24) duge tim dud dang:

(3.25)
Thé (3.25) vao (3.24) ta dudc:
2P
T +¢ [nn’] T, = "ogin Lyt n=12,..
! a1
Vikhi¢=0: T, = T, = 0, nén nghiém cia phudng trinh cé dang

2P
T = z_“;z[sin%vt—gsinﬁct].
(e - vz)(ﬂ) ¢

I
Thay vao {3.25):

w(z,t) = ZLZ in 222 [Sin%ivt —Esin%{ct}.

ﬂ() c

Thi du 3.11 Hinh vé mb td mot cabin trugt trén cap treo 1A mdt khdi
lugng m chuyén déng trén day véi van tde v khong d6i. Luc cing cla ddy
bing S, khéi lugng dan vi dai cla day 1a .
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1. Lap phuong trinh dao déng udn nho cua day

2. Tim dich chuyén thing diing ctia khéi lugng néu gid thiét luc quéan
tinh md 13 khéng dang ké so véi trong lugng mg.

v

Or—>

I <
mg
w Hinh TD 3.11

Loi gidi. 1. Trong trudng hdp ndy lic tac dung tai vi tri khéi lugng lén
day la

I

N =mg - mid,

V8l wy = wix,t) 1a 86 vong cha diy tai vi tri clla khéi lugng m (x,= vt).
Khi d6 phugng trinh dao déng udn cia day cé dang:
Fw L, w

— bz -vt)-—i Sz — vt 3.26
(?tz é’xz u (I 4 ) P wn (m v ) ( )

Khai trién Fourier:

Nghiém phuong trinh (3.26) duge tim dudi dang:

=
naz
w = Z ‘t)sm—

n=1

Khide: w, =) 7, (t)sin ™2 vt

nu=l

Sau vai phép bién d6i ta duge:

2
af_2 T + EETR sin navt T = 2mg sin navt
dt J7 T l

2
vai: @ =cf (%J .

2. Trudng hgp nay giéng thi du 3.10 khi thay P,= mg, ta duge:

u ]
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! o«
ﬂ»‘(I,t)=~f+qz—zizsmﬂ(smﬂvt—£smﬂt]
ﬂﬂ' ( )u L T £ I C g

Dich chuyén thing ding ctia khéi lugng m bing:

2mgl l . frut[ 7 v . nre ]
wl — in— vt — —sin ——14 |.
w =t (¢® —2* Z n? { ¢ {

3.2 Dao ddng doc va dao ddng xodn ciia thanh thing
3.2.1 Dao déng doc tu do

Trong phin dudi day, chiing ta sé khido sit dao déng doc clia thanh
thing c6 chiu dai [, médun dan héi E, dién tich tiét dién A, khéi lugng
phén bé theo don vi dai la x4, mat dé khéi la p.

Thidu 3.12 Thiét lap phuong

trinh tin sd cla thanh déng chat x
c6 tiét dién khéng d6i ¢6 ddu trai
ngam, ddu phai chiu lién két véilo 7
x0 ¢6 d§ clng ¢, nhu hinh vé. Xac
dinh hai tan s6 riéng ddu tién néu
co=EA/IL

Léi gidi. Theo [1], phuong trinh dao dong doc ctia thanh thing dong
ch4t tiét dién khéng 461 la:

)
E

HinhTD 3.12

2, 2
Tu_a8_ g, o2-E (3.27)
ot oz L
Nghiém dao déng doc duge tim dudi dang ulx,£) = X(x). T(#) va ham riéng:
X(x)=4 cosZu + BsinZ g (3.28)
[

c
bidu kién bién:

x=0:X(0)=0= 4 =0= X(z)= BsinZs
[

x =1 EA%E = —cu = EAX()T() = -, X().T()
&
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= BAX ()= ¢, X() = BAZBcosZi=—¢ Bsin?i
c

4 [
= g2y EAe o wa =B s 1220 329
C c.C C C

(] 0

(3.29) 1a phudng trinh t4n s& cia thanh
Né&u €, = %ﬁ thi (3.29) ¢6 dang tgh =- A

Tu 46, ta c6 nghidm:
L4158 B
P
4,85 E

ﬂzz4,85:>m2wT -;

Thidu 3.13 DAau trai cia thanh 5
ddng chat cé tist dién khéng d6i gin g > x

A, =215 >

vii mét 16 xo ¢é dd ciing k, d4du kia
tu do. l

1. Viét phuong trinh xac dinh tin

s8 dao déng Hinh TD 3.13

2. Xac dinh hai tdn s6 ddu cla
thanh biét 2 = EA /L.
Léi giai. Ap dung cach giai gidng nhu thi du 3.12
Didu kién bién:
z=0: ?—REA =ku
or
du

z=1: —EA=0
o

T d6 ta x4c dinh duge phuong trinh tin s8:

k
toh = —pr (3.30)
A
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véi tAn sé: w:l%:i%ﬁ.

Khi k = %, bidu thitc (3.30) c6 dang tgd = % .

Giai phuong trinh trén bing phuong phap s§ ta duoce: A = 0,860;
2, =3425.

_ o : : E
Vay tan s6 dao ddng riéng: w, = 0.3 §-; w, = 3,425 1B

l p i p

Thi du 3.14 Ca 2 diu thanh déu gin 16 xo nhu hinh vé. Lap phuong
trinh x4c¢ dinh tan s6 dao dong chia thanh. Tinh hai tin s6 riéng d4u tién
khi k, =2k, = EA/L.

Loi gidi. Diéu kién bién k, E Al k;
. I —M/\/\/E
z=10 :’;gEA =k u(0) .
X .
eot A ku Hinh TD 3,14
dr
Khi d¢6 phudng trinh tan s ¢6 dang:
~ A, +1)
pgh =T (3.31)
EA
bk, - (5 A7
vdi ,l=cui hay .qu:ic::=i £
¢ { iVp
Khi & =2k, = % thi (3.31) ¢6 dang;
3 A
tgA =2
A oS

ta tim duge nghiém gin dung 1,=1,25; A,=3,5

. . . 1
Viy tan s6 dao dong riéng: o, =1, 25% E; @, = 3,5?
v P

W |
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Thi du 3.15 Mot thanh dbng chdt chuyén déng doc theo truc x véi van
téc v khéng 461 (hinh v&). Thanh bi va cham vao mdt vat chin, réin tuyét
d8i sao cho tif d6 trd di miit trai cda thanh ludn ludn gin cing vio vat
rén. Tinh gia tri dich chuyén cuc dai & ddu phai cha thanh va gi tri dng
luc doe truc cyc dai & ddu trai cua thanh.

Loi giai. v E Al .
Do diéu kidn dan %__._l _____________ ptysamp T
wz,0)=0 Hinh TD 3.15
ou
0y = —
3t (z,0)

Ta tim duge nghiém:
u(z,t) = 81:; L sin 2. sm—-—t v ¢ =
ric 5 n? 2l
{n I}
Dich chuyén ctia bién phai (x=I) 1a

81:!

sin ot
n=| 2I

il

ull,t) =

(Gia tri cuc dai dat & thai diém t o=~

y]

Ta 6 lyc doc tryc

Ju 8vi 1 7 T e
N=BAZY - a3ty (7 <y
oz xc; 2 (nzz)ms( 2:) Sm[ 20 ]

{n &'}

Tai vi tri bién trai (x=0), dé thay N dat cuc dai khi ¢ = i
[

N, =-padiy 1

we s 2n—1

(=1 =~ ”EA — T
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Thi du 3.16 Cho biét thanh bi kéo bdi mét luc P khoéng ddi va & mét
thoi diém nhat dinh, lye duge bd di ¢6t ngdt (hinh vé). Tim quy luat
dich chuyén ctia ddu miut phai ctia thanh.

Lgi giai. Do trang thai kéo tinh, E Al
A - a . bl - e - - P
dau mit phai cua thanh gidn mft F————n — R
doan # = Eid 7 X
' EA — €

V6i diéu kién ddu: HnhTD 316 Yo

u(x,0) = uo%

(3.32)
£3-Ti(a:, 0)=0
ot

Do di€u kién bién: dau trai ngam, ddu phai tu do nén ta cé phudng trinh
tén sé:

2n-1 x
cosw—=0=>a, = —e
¢ 2

va qu( ).(A, cosw,t + B, sinw,t)
Do diéu kién dau (3.32)
. n [ n-1 =& J (271—1 4 ]
Vay: , { .z |.co c—ct
v ulad) ;(211—1 2 T2 ¢

Dich chuyé&n muit phai cia thanh

8 = _
u(z, t) = Y L cos(zn ! £(_:t)
n=| (Zn - 1)

Thi du 3.17 Hay x4c dinh ham E A I
riéng ctia dao déng doc clia thanh
déng chit c6 chiéu dai [ mang

khéi lugng m & mét ddu con ddu .
kia tu do. Hinh TD 3.17

Léi giai. Ham riéng c6 dang:

X(z)=A cos Lz + Bsin? i
¢ ¢



Chuong 3 DAO DONG TUYEN TINH HE VO HAN BAC TU DO 147

du

Didu kién bién: 1 =0: ===0 (3.3
or
ol
z=i: mit__pad (3.34)
ot ax

T (3.33) suyra: X(r)= A’ cosZ x
i

Chiyrang: T =-0'T, didu kidn (3.34) c6 dang:
m{-X|,_, w'T)=-EAX'|_ T)

Vay:
—me® (A' cosﬂl}T - —EA(vEA' sin-‘f’-z].T
C C o
EA
3 . L —-
o frice” — me & ‘U oW
o> ig—i= = — ="
7% FAw  EA EAL ¢ EAl ¢
[ C
=tg2=-"Y
¢ Hl ¢
hay: tgl=—ﬁi véi 4 =2y
il c

Phudng trinh trén dugc goi la phudng trinh t4n s6, tit diy ta giai ra céc

N o . on w,
tan sd riéng u,. Khi d6 ta duge ham riéng X (1) = A, .cos——z.
C
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3.2.2 Dao déng xodn tu do

D&i v6i dao déng xodn cua thanh thdng ching ta quan tdm dén céc
médun cft vat lidu G, mat dd khéi p, mémen quan tinh xoan I, mémen
quan tinh thiét dién I,. Chd ¥ ring 461 vdi truc (tiét dién trén) ta cb
I.=1
== 4p

Thi du 3.18 Tinh cac tin s6 riéng vA ham riéng cha dao déng xoin
cQa truc duge cho trén hinh a, b, ¢. Truc c6 tiét dién tron, mat @ p va
modun cat vat lieu G.

I Lai giai. Phudng trinh dao déng
>y x0dn tyt do:

U

a)

& &
Z: }
) I S — :
/2 vii: ¢ = ¢, = E
AL, p
/ L
c) ﬁ' '''''''''''''''''' 'é Nghiém ctia phudng trinh ¢6 dang:
Hinh TD 3.18 wl,t) = X(2).T(t)
véi: X(x):AcosngrBsinE’—I
c ]

Cac hing s8 A, B dutge xac dinh tit diéu kién bién

DiGukién ngdm: ¢ =0= X =0

Diéu kién bién ty do: 0= M = a—“’crp =X =0
T

a) X’(0)=0:>B=0:>X($)=Acosﬂx
¢

X(H=0=> sinZi=0= o, =%n:r
c

A 1s . w, nw
Vay ham riéng X, = 4, cos—2z1= A, cos—-z
: c

b) X0)=0=2A=0= X(z})=BsinZz
’ [
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X'(£)=0:>cos££)—£=0:>m :E_Zn—lﬁ
¢

n I 2
Vay ham riéng X, = B, sinz = B, sin 2" "Ly
C
C) X(O)=O:A=0:>X(x)=BSiI19$
C

X0 =0>snLi=0> 0, = %mr
e

8o A A @y . nx
Vay ham riéng X, = B, sin—%z = B, sin—ug.

Thi du 3.19 Xac dinh tAn s6 dao ddng riéng cia truc cé ti€t dién
ngang tron mang 2 dia ¢ dau ¢hinh TD 3.19). Cho bi&t mdmen quén tinh
cua dia bang J;, J, truc ¢6 mat dé khdi p vA mémen quan tinh cuc cla

tist dién Ip

_9,
fa)

Léi gidi. Phuong trinh dao dong tuy
Jy dJ; do:
& o* e
l a—::i' = Cz "a?f (le Cz
Hinh 1D 3.1¢

Nghiém cta phudng trinh trén cé dang:

@z, t) = X(2). sin(wt) vat X(z) = AcosZz+BsinZz
¢ ¢

Véi diéu kién bién:

ta nhan duge phudng trinh:
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|4

[GIP —LEJ.B +(Jw*)A=0

( cI, —?cos B - J o sin ﬁ),B - [GIJ, %sin B +J,0" cos ,8] A=
véi: ﬁ:EL

Diéu kién dé hé phuong trinh trén cé nghiém khéng tdm thuong la dinh
thic cua né triét tidu. Tir d6, ta duge phudng trinh xae dinh tdn sé riéng:
(+k)8

I a— VUIL L ;-, =—2,J = pll
(klkzﬁh_i) J Ju 0 TP

Thi du 3.20 Mot dia ¢6 mdémen quan tinh d6i véi truc x 1a J duge gin
ciing vao dau tu do chia mdt truc ddng chat, thist dién khong dé1 dai I
(hinh TD 3.20). X4c dinh phuong trinh tin s8 dao dgng xodn cla tryc.

tgf =

! Lai giagi. Phuong trinh dao d6ng
/ J xoén tu do clia true
&u & & u G
 errr————— - e Fu_aPu . G
7] \ at2 a ) ( p )
2V bBiéu kién bién
Hinh TD3.20 ' 7
z=0:90,t)=0
6290

=1 M, =M, =GL22 0= s
*’ ¥ oz

Nghiém duge tim dudi dang ¢(z,t) = X{z).T(t)
T = -&*T
rit ra 2
X +(EJ X=0=>X= Acosgx + Bsin—ai:.c
[ C C
ta tim A, B tit digu kién bién

2=0:X(0)=0> A=0=5 X(z) = BsinZs
c

=0 GLX (T =-JXO)T =JX().0’' T = G.IX(l) = 0] X(})



Chuong 3 DAQ PONG TUYEN TiINH HE VO HAN BAC TU DO 151

GI
= G1BZcos2 = I BsinZi= 121
c c c c c.a.J
GI.I Il
o Adgh = —ort 2 Ll e 5 2 2
c'J J c

3.2.3 Dao déng doc cudng birc

Thi du 3.21 Xac dinh dao dong doc cudng bic cia thanh mét dau
ngam chiit, & dau kia chiu tac dung cda luc F(t)=Fsin(Q2t) (hinh TD
3.21).

1“?“ Lai gidi. Phuong trinh dao déng doc cia thanh
<V ! ¢6 dang

1

‘ Pu 4 0u
j =c 3
i at’ oz
i

|

|

Nghiém cudng blic cua bai toan duge tim duoi
dang

I Fosing u'(z,t) = X (z)sin Ot
Hinh TD 3.21 Thay vao phudng trinh trén ta duge
"W 2
X +[EJ X =0

C

= X = B1 C059I+Bz sin-g—la:
¢ e

Vay: u (1) = [‘81 cos —E—z-:c + 8, sin9 x] sin Q¢
c c
Do diéu kién bién khdng thuin nhat
z=0: u{0,£)=0

=1 EAa—u=F;sith
oz
F
tanhanduge B =0; B, = o© IQ
BAQ 574

[

Vay dao déng doc cudng bic cia thanh c6 dang:
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s Fe
u (z,t) = —-%——-singx.sin Qt.
EAQ - cos—1 ¢
¢

Thi du 3.22 Mot thanh ¢6 mét d4u tg do, mdt ddu chiu kich ddng dong
hoe theo luat u=uyssn () nhu hinh TD 8.22. Xac dinh dao déng doc binh
én cua thanh.

Loi gidi. Phuong trinh dao déng doc cla
thanh: l """ UoSinsX
x

i
!
!
!
vdi cac didu kién bién: :
£=0: u(0,f)=u sinQt :
(3.36) i
z=1: 2ag=0 :
aﬂ? L.
Ta tim nghiém binh 6n duéi dang: Hinh 1D 3.22
u(z,t) = X(z).sin Q¢ (3.37)
Thé (3.37) vao (3.35):
2
X"+ [EJ X=0

[

. Q
nghiém c6 dang X(z) = B, 00523: +B,sin—z
c c

Vay nghiém cta (3.35) ¢6 dang:
u(z,t) = (Bl cosgn: + B, sin E:t:]sin Qt
¢ c

Thay vio diéu kién bién (3.36) ta dudc
Q
B =v, B = [tgzl]uo

Vay:  ulz,t) =1y, [coa Q T +ig Q i.sin Q x] sin Q¢ (3.38)
¢ ¢ ¢
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Chii ¥ rang truong hop céng hudng xdy ra khi tg-gf =
[
hay Qz(2k+l)g-% k=12,

Thi du 3.23 Mot thanh ¢é ddu dudi mang khéi Iugng m, ddu trén dich
chuyén theo phlidng thing ddng véi luat ug—Ust Hay tim dac dong
doc binh 6n ciia thanh va bién d6 dao déng doc cua khéi lugng m.

Léi gidi. Nghiém binh 6n dao d6ng doc ctia thanh duge tim dusi dang:

Q Q F71474474
u{x, t) = [CI cos—z + (), sinu—x:i. sin Q¢ u,(t)
¢ ¢ +
T
bigu kién bién cha bai toan: !
. 1
z=0: u=1u(t)=UsinQt i
AE ||
{ 2 * i

z=1: ma—;i =-EA— Ou '
y ot Oz |
I
T diy rit ra: |

c =U m @

m '
C U;O.’COSO."I‘SIH(I véi a=Qle |

cosQ — E{ asina Hinh TD 3.23
J7,

n::osg(aF ~m)——%sin9—(l—z)

Vay: u(x,t) = £ ﬂi‘ € U sin Ot
cos@ ——asing
il
Bién d¢ dao ddng doc cha khdi lugng m:
U

z{l,t) = =
cos ot — —-Ea sin a
7
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3.2.4 Dao déng xodn cudng bitc

Thi dy 3.24 Mot tryc déng chat thiét dién khéng déi, chidu dai /, mot
dau bi ngam chat. Dau tu do chiu tac dung ngiu luc c6 mdmen la M(t) =
Msint¥. Hay xac dinh dao d6ng xodn binh én cla truc. Tim géc xoén

S s {
cyuc dal d mét cat = =5

Loi giai. Phuong trinh dao ddng I
xoan ty do cia truc:
. / ol
T -7
PP v =2  R— f—
at- et ™Y
N PR o M, sinQt
Ta tim nghiém binh 4n dudi dang: y Y 0

zty= ). sin O
oz, 1) = X{z).5in Hinh TD 3.24

Thay vao phuong trinh diu ta dugc:

X"+[9J X=0= X{z)= Acos££+Bsi112$
C ¢ ¢

Diéu kién bién:

_-L-:()-_X(O)=0:>A:0:>X(;r):B.si119-—;c

c
z=1: M, = foﬂ(f.f) =M=M sinCit
e ¢

ey : Q Q

= G X'(1).sinQt = M sinQt = GI B—~cos—1= M,
c c
B M,

5Bt

GI, e cos—gi

c ¢

Vay nghi¢m binh 6n ctia dao déng xein c6 dang:
M

it

oz, ) = 8 sin Q T.5in Qf
Gl "~ cos-—1 ¢

i
C C

: . I, s . b
Tai mat cat « = 5 biéu thic dao déng xoén binh 8n ¢6 dang:



Chuong 3 DAO DONG TUYEN TINH HE VO HAN BAC TU DO 155

{ Af €3
o(—.f) = »T'L—siu—.sin it
2 el et 2
Ye £

Khi sin Q¢ =1 thi go(%,t) dat cuc dai. Vay ta co:

M Qf

i

{
wmnx (_ 1 t) = Sin
2 Gl Q Cos 2 { 2¢

¢ c

3.2.5 Mét sé bai toan ma réng

Thi du 3.25 Cho mét truc dong chit hai bac nhu hinh TD 3.25. Bac i
(i=1, 2) c6 chiéu dai [, di¢n tich tiét dién A, Lap phuong trinh 4é xac
dinh tan s dao ddng doc ctia tryc.

Loi giai, Nghiém clda phuong A,
trinh daoc déng doc tu do duge tim A,
dudi dang: Y ]

u(r,t) = X(x).T(t)

ANNANN

NN \\\I

Truc gdm hai doan, ta goi doan 1:
x€(0,],]; doan 2: x[1,, 1]. J

Trén mdi doan ta c6 ham riéng: Hinh TD 3.25

XT(I)=BrCOS-(£I+D!Sin-a—)I 1=1,2
84 [

va lye doe N = A‘E—u vé1 x € doan 1
l:z:

N= A'EE[—BI sin iz + D COS—aiI]T(t)
C

c [
& doan thd nhat: xe[0, 1]

z2=0: N=0 = Dt=0:>X=B]cos—a—):r
[
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- wl) =B, [cos%sl]m)

(3.39)
N{)=-AE ?BI [sinﬁz, ) ()

&

3 doan thit hai: xe[l,, {]

ul) = |:B2 f.:t:osﬂl1 +D, sinEII]T(t)
e c

$=£1:

t m W © (3.40)
N({) = AAE; -B, sm;!l +D, coszll T(t)

T (3.39) va (3.40) ta cd

B cos-cill = B, cosgiI +D, singaf1
c c C
(3.41)
A B in® =B sin?1 4D, c0s 21
C C c

o, 4 . L
= B, = B](cosr,z—c—i.'I +--sm2?£l)

®, . @
D, =B "%)COS:IJ‘S‘H?II

@
Liy=0

=1 ull)=(5 cos%!z + D, sin .

= B, [[cos2 211 +isinzE’—lllcos—a-{l2 +{l —i]cosEII.singfrsin--":?—:f2 =0

¢ AA c ¢ A: ¢ ¢ c

Viy phuong trinh tin sé: %tgr(E L)= co:&g,rg(l2 -1) (3.42)
C C
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3.3 Dao déng uén ctia dam Euler-Bernoulli

3.3.1 Dao déng uén tu do ctia ddm

Thi du 3.26 Thiét lap phuong trinh vi phin uén ty do clia ddm va xac
dinh cac tdn sd riéng d6i véi cdc md hinh trén hinh vé. Cho bift didm

déng chat cé tigt dién khéng déi, d6 citng chéng uén EI, khéi lugng don
vi dai1a g, |

a c
“ 7 —
b
\ . 4 ,
N Y273

Hinh TD 3.26

Lé&i gidi. Ap dung nguyén Iy d’Alembert cho mét phan t8 dx cila dam
dong chét, tiét dién khéng ddi, ta nhan duge phuong trinh dao déng uén
tu do:

4 2

AT (3.43)

oz EI 2t
Theo phudng phap Bernoulli, ta tim nghiém (3.43) dudi dang:

w(z,t) = X(z).T(¢) (3.44)
Thay (3.44) vao (3.43) ta duge phuong trinh:

4
X" N2) - [—?) X{z)=0 (3.45)
véi 4 = 2 e w—(ij Lk (3.46)
BTN '

Nghiém (3.45) c6 dang:

X(@)=C, cos[i%) +C, sin(ﬂ.%) +0C, cosh(l?) +C, sinh[l%) (3.47
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Céc hing s6 C), C,, C;, C, va 4 duge xac dinh tit didu kién bién.
Chu y: Véi cac diéu kién bién théng thudng:

+ Géi tya ban 18: do vong va mé men udn déu bing khéng

= X=0,X =0

+ Ngam chat: d6 vong va géc xoay déu bang khong =X =0, X =0
+ Tu do: md men udn va luc cit déu bing khéng = X =0, X% =0

Bay gig, ta hdy xét mot s§ dang lién két hay gip

a) Hai dau chiu lién két ban 1é:

0= ¢ +C, =0
Xo= -¢ +C, =0
Xy = Cleosd  +C sind +C coshd  +C, sinhA =0

X'()= —Clecosd  -C,sind +C coshd +C,sinhkd =0

Tu hé phuong trinh trén rit ra: C;= C;= Cy;=0 va C,sind =0
Dé ¢6 nghiém khéng tAm thudng (C, = 0) ta duge: sind =0

bay chinh la phuong trinh tan s6, nghiém clia né 1a véi: 1, = kx

. 2
hay céc tdn s6 riéng: w, = [-Aii) 2] k=1, 2...
V u
b) Péu trdi ngam, ddu phai tu do:
Xo)= ¢ +C, =0
X0y = C, +C =0

4

X'(]) = —CJ cos A —C2 sin A +C'_1 cosh 4 +C, sinh 4 =0
XMy = Csind -C,cosd  +C sinhd  +C, coshd =0

Tu day rit ra C=-C;; C,=C, va:

C (cos A +cosh )+ C, (sind +sinh 1) = 0
C,(sin 2 - siuk A} - C, (cos A + cosh 1) = 0
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D& c6 nghiém khong tAm thudng Cf + C‘z # 0, dinh thite clia hé phudng
trinh trén phai bing khéng:
{cos A +coshA) ({sind +sinh A}

=0
(sit A —sinh 1) ={cos A + cosh 1)

Tu diy ta nhan dude phuong trinh tdn s6: cosAd.cosh A +1 =0
¢) Ddu trdi ngam, ddu phdi géi bdn 1é:
X(0) = C +C, =0

JX?I (0) = O,‘ +C = 0

4

X({y= Cleosd +C sind +C coshd  +C sinhi =0

X' ()= —Cieosd —C.sind +C coshdA +C sinhd =0

Tuday ritra Cy= ~C,; C;= —-C, va

C {cosA—cosh 1)+ C, (sind -sinh A) =0
=C (cos A + cosh A) = C, (sin A +sinh 1) = 0

Dé c6 nghiém khéng tim thudng (612 +C, #0), ta co:

|(cos A—=coshd) (sind~sinhA)
=0
!(Cos A+coshA) (sin A +sinh 1)

Tit day ta nhan duge phudng trinh tan s6: tgd —1ghid =0
d) Dau trdi bdn 16, dau phdi tu do:
X0)= ¢ +C =0

1 1
X'(0)= -¢ +C, =0
X()= -Ceosd -C,sind +C,coshd +C sinhd =0
X9 = C sind ~C cosd +C sinh2 +C coshd =0
T hé phudng trinh trén rat ra C,= C,=0 va:
~C,sinA+C sinhd =0
{—C’: cosA +C coshd =0
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-gind sinh A4

= =0 => phudng trinh tin s&: tgd - tghd = 0.
~cosA coshd

Thi dy 3.27 Thiét lap phuong trinh dao déng ty do cia ddm dan héi
nim trén nén dan héi (hinh TD 3.27). Biét ring phan luc cha nén tac
dung 1én mdi don vi chiu dai cia ddm ty 1& bac nhit vdi 46 vong cla
dim 1a kw (k 13 hé s6 d6 cing cha nén). Hay tim tdn s8 riéng cho hai
trudng hgp sau;

a

%x—mz-wm-w-’——x)v

b

Hinh TD 3.27

L 3

EE I

Wi

Loi gidi. Phudng trinh dao dong tu do ciia ddm c6 dang:
Fw . EI 'w &k

———+—uw=0 3.48
ot u fr' 3.48)

Nghiém cta né duge tim dudi dang: w = X (x) sin ot

4
Tt d6 ta duge phudng trinh: X" —(%) X=0

v /14= foz—ﬁ il‘ o= A_“E.Fﬁ
4Bl Fu

a) Do diéu kién bién

x=0: X=X =0

x=l: X"= X% =0
Nén ta nhan dugc phudng trinh tdn sd: cosi.coshi+1=0
T day tim duge: A, =1,875; A, ~ 4,694

~2n—l

A

"

avéin>3
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rouoop roopoou

2n—-1 Y EI k.
o, = x| —+— viin 23.
2 M ou

b) Do diéu kién bién x=0 va x=l; X"=X" =0

(1,875)" BI & (4,694 EI &
=@ = |t 0, = —

nén ta c6 phuong trinh tan sd: cosh.coshi — 1=0

T ddy tim duge: A,=0; 1,=4,73; 1,—7,85

2 3
k 7,85 :
= a)l: _.’E;&J2= (4’23) _E|..{+.._,:m2: #_Ei.yi
\’# \J A N ¢ op ou

Thi du 3.28 Cho dim dbng chat, tiét dién khéng d6i nhu hinh TD
3.28. Hay chiing minh cic dang dao dong riéng clia dam truc giao nhau.

L&i gidi. T (3.45) ta rit ra:

3 x
y A -
X0 = z_;Xi(m) w l ! /ff

a8 Hinh TD 3.28

Nhin l4n lugt phuong trinh thit nhét véi X, (x), phuong trinh thit hai véi
X;(x), trit di cho nhau rdi )4y tich phan theo x tit 0 dén I, ta dudge
Al

_A‘i ’ ’
; 7 k _[I,X,(I)Xk(:r)d:z: = .E(XxX.-(”}_X.- ,E”})dw

Ap dung cong thiic tich phén titng phén d6i véi v& phai, ta cé:
At - A
&:4

{
(X @)X, 2z = [ X,X0 - X X" - XX + XX, ] 5349
Déi véi dAm nhu hinh vé, ta c6 didu kién bién:
x=0(ngam): X (0})=0,X,(0)=0

X{0)=0,X,(0=0
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x=Ibanldy.  X(OH=0X(H=0

X()=0, X;(J.) =0

!
Thay vao (3.49) ta dugc [X,(2)X,(z)dx = O khi i # k. Vay cdc ham rieng
i

truc giao véi nhau.

Thi du 3.29 Hay chiing minh tinh ch4t tryc giao ctia cac ham riéng

cua dam cho trén hinh TD 3.29. ! .
s—...— e

Loi gidi. Didu kién bién: 3 — -

-«
-
=C

x=0 (ngam): 7

v ”

XA(0)=0, X,(0)=0, Hinh TD 3.29
X(0)=0,X,(0)=0

x=[ (tya trén 15 xo):
M) =0=>X ()=0X ()=

1

e cht Q=Fau=>EI 2 = ew = X"(1) = - X (1 X"(1) = > X @
coft QFu=EI S = ew = X)) = X i X, () = 2 X,0)
Thay cac didu kién trén vao (3.49) ta dudc:

‘14

’1 jX (2)X (z)dz = [ (I)LX(I)—X(I)LX(I)—0+0}—0:0
3 EI i 1 EI k

Vay cic ham riéng tryc giao voi nhau.

Thi du 3.30 Mot ddm don gian chidu dai 1 nhu hinh TD 3.30. Tai théi
diém t—O ta g6 dot ngdt nhat bia vao vi tri x=d, xem riing né tao ra van

téc v, chi trén khodn {d——, d+—], d

‘ SR A K x
doan con lai coi nhu khéng chiju tac I'T > g€ . 2
dung. Tim dao déng uén cla dim. w

) Hinh TD 3.30
Loi gidi. Nghiém téng quat c6 dang

w(z zgmn—-—(A, cos@,t + B, sin w,t)

n=|
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2
véi o, = [EJ /E
! H

Diéu kién ddu t=0:

wx,0)=0= A, =0 (Va) = wlz,t) ZB smni—xsmmt

=l

$ $
v, re|ld-—,d+—
Cw ’ [ 2 2:'
ot B0 s 8
0 z¢ {d -, d + —}
2 2
a2 ) 111—%
— Ir:u"B“ sin® n—dx = J} v, sinn 2 dy =~ gos EL
a2 ! T a2
2 2
= B, = Auyl sin nrd sin 2
nrlw, {
=z d
o w(z,t) = i} Z ! sin 22 gin 222 5in 222 sin at.
EC— nw" l 21 I

Thi du 3.31 Mot dim don gian chiéu dai I, mdt ddu gén chét ban 18,
mdt ddu tu do & vi tri nhu hinh TD 3.31. N&u dam quay nhu la mét vat
ran dén khi cham vao g61 ¢6 dinh B (khong tiéu hao ning lugng) va sau
d6 khdng roi khoéi gé1 B. Hay tim dao dong tu do cta ddm.

Léi giai. Sau khi va cham, ddm dao dong tu do véi dang:

w(z,t) Zsmk—(A cosw,t + B, smmt)

k=1

h:
il o = (E2Y [ 1_' >y
=TI w Hinh TD 3.31

Diéu kién déu ¢=0:
w5, 0)=0 = A,=0 Vk

¥

i—t:(x,O)zwx:.‘ka =- coskr .

knw
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Ta tim @ tit dinh 1y bao toan ning lugng:

l[ima’z)mz zlmgh=>a) -1 3gh
2.3 2 {

= ————c¢C

- B = 2/3gh o5k = (~1)*" 2./3gh
krw

L k

f h © £ k+1
Vay 'w(x,t):z 39 Z( 1 sin k:;'m

sina)kt
T e ko,

Thidy 3.32 Dim don
gian chiéu dai ! chiu tai P
phéan b& déu véi cudng do :]; INERRRRE R RN A: x

p nhu hinh TD 3.32. Tim f ~
nghiém dao déng cla ddm 7777

khi dot ngdt cat tai. 1w

Lai gidi. Nghiém dao

N - Hinh TD 3.32
dbng udn tu do cd dang

w(z, t) = Z sink % (A} cos@,t + B, sin wkt)
k=1
» (k:r T [ET
vl @ = — —
{ H
Diéu kién dau ¢ =0:
¥ (2,0)= w,B, cink ™% = 0 = B,=0 Vk
ot par l
= w:zA}sinkE;—cosmkt
k=1
Trude khi cat tai (t=0), ta cé:

4 = 4
12 Y@ 0)=p = EIS A [k—”] sink "> = p
Oz & !

4 I ! ]
= EIA [ki) —= Ipsin k7L dr < p(i]coskuerE
L2 ¢ l kr L
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A'p khik 18
= A = ERK'7’
0 khi%k chén

. 4pl* & 1 . (2n -1z
V') w(z, t} = sin cosew_ 1t
Yy (z,t) EI ; 2n - 1)5 i (Zn-1}

Thi du 3.33 Mot dim don gian chiu lue tic dung cla lyc tap trung F
nhu hinh TD 3.33a. Dao d6ng cia dAm s& nhu th€ nio néu lyc F, duge
dot ngdt cat bo?

a

M

Fy

F,(-a) ! x
F \ , X 0 M
- s
4 ! 7 ST i

v ay i HinhTD 3.33 L)

Léi gidi. Nghiém dao d6ng tu do cia dam:

w(z, t) = 25111!5 (A cosw,t+ B sinw t)

o (k;r T ’EI
voi o =|— |—
! H

Didu kién dau t=0:

%—‘:(I 0) = ZmB smk——(} =B,=0 vk
= wz;A*’ sink%coswkt

=}

Trude khi cit tai (¢=0), ta cé:
53

=G

= km T
= —EI; A, (T) cosk===Q
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3 !
= —-ET4 ( ] -l—— IQcoskEdm
2 !
22V 1" T
= Ak =(W} E}JQCOSk—}—dx
Chu y ring, trude khi cit tai F,, luc cit Q c6 dang nhut hinh TD 3.33".,
| —
P:)(z a) 0<zr<a
] Q_—_< P:Ja
- asr<l
L !
2 [ a Fil- IF zpF
= 2111-1— I ol a)coskﬁdx—-jicoskﬁdx = — sink 22
* k':r'E'Ih ! b i Km*El i
2FP = :
Vay wlz, ) = =2~ Ls.inigﬂsin ke cos @, t

Bl & & !
3.3.2 Dao déng uén cudng birc ciia dém

Thi du 3.34 Cho dam déng chat thidt dién khong d6i, chidu dai , &
ddu bén phai chm tac dung mét Iue di€u hod FycosQt. Hay xéc dinh bign
d6 dao déng ciia ddm & diém chiu Iye

tac dung., 7 Foeossk
L&i gidi. Phuong trinh dao dong caa ; =
dim: i
2 4
Z;‘:’ +c (; 1}: =0,c = El vz (3.51)
¥ # Hinh TD 3.34

Diéu kién bién:
wO,t)=0, M t)=-Elw({t)=0
?(O, £)=0, QUt)=-Elw {lt)= FcosQt
z

Ta tim nghiém binh én dudi dang:
w(zx,t} = X(x)cos Ut ' (3.52)
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Thé (3.52) vao (3.51) ta duge phuong trinh:

2
xo 2y g (3.53)
4

Nghiém ctia (3.53) theo [1] ¢6 dang:
X(z) = C, coskx + C, sinkv + C, cosh kr + U, sinh kz (3.54)

véi: k= \/§ _
c EI
Chu ¥ dén cac diéu kién bién trén ta c6 hé phuong trinh:
X(0)=0:C, +C, =0
X(0)=0:C,+C, =0

X"(1) = 0: -Clcoskl - Csinkl+ C coshkl + Csinhkl =0

F F,
X"(1) =-E[}l : O sinkl - O coskl+ Cjsinhkl + C coshki= - Eﬂ:—‘t-‘

Tit bon phuong trinh trén ta suy ra:
0 =-C, =~ F, sinkl+sinhki
; 2EIE' T 1+ coskl cosh ki

_ E coskl + coshkl

2EIE'E | + coskl.coshkl
Thé C,, C;, Cs, C, tim duge vao bidu thic (3.54) ta duge bién do dao dong
cua diém d4u ddm bén phai:

(0 = PL‘ : sin klcosk! — coski sinh ki
EIKF 1 + coskl.coshkl

Thi du 3.35 Cho mét ddm déng chit, tiét dién khong doi, chidu dai !
chiu téc dung cia tai trong ngodi phan b8 déu cudng dg la FysinQt. Hiy
x4c dinh dao dong udn binh 6n cia ddm.

C,=-C, =

Fosing¥ Lgi gidi. Phuong trinh
x dao dong udn cé dang:

& & .
61: +¢* B_T =L gin Q¢
2t

A J

w Hinh TD 3.35
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trong d6: ¢ = E1
M
Nghiém binh én cla phuong trinh trén duge tim duéi dang
w(z, t) = X(x)sin Qt

Thay vao phuong trinh trén ta duge:

o E

I ]
- ¢ _C_ZX = _.;2

L

Nghiém ctia phuong trinh nay ¢6 dang:

2

F
X(z) = C coska + O, sinkz + C, cosh kz + O, sinh kz - ,uﬂ?l

véi: k:ng o
e Er
Thay nghiém trén vao cac didu kién bién:
X(0)= X"(0) = XhH=X"()=0

ta duge:

F, F ! {
C =0 =—1= 0 =—2 tg(k;),c‘_‘ = ——-—O—tgh[kEJ

F|cos ,‘c(i -z} cosh k(i -I)
Vay w(z, t) = —% 2 7+ 2 -1 psin Qt
2 cos{k 5) - 2cosh(k 5)

Thi du 3.36 Hay khio sit
dao ddng cua dam khi cho lye , 4, H
Py=const tac dung dot ngdt A
1én ddm & tiét dién x= a, va

xac dinh sy bién d6i cha tng ;%7
sudt phap cuc dai & tiét dién I

trén. Biét ring dAm déng chat |
cé khéi lugng theo chidu dai ¥y Hinh TD 3.36

14 p
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Laoi gidi. Phuong trinh vi phan dao dong cia ddm c6 dang:

2 4 P '
ARSI P PP (3.55)
ot H or U

Khai trién ham 8(x — a) ra chudi cac ham riéng cla dao déng tu do:

Sx-a)=>C sink%{

E=1

! 2
I T —a) smk~—dz——sm&—
h { ! l

Nghiém clia phuong trinh (3.55) duge tim dudi dang:

w = i T.(t). sin k22
k=l "’
Thay céc bidu thitc trén vao (3.55) ta dudgc:

j-" +£[k_J T, zzisinkﬂ k=12..
u ! !

Tai thoi diém didu ¢=0: T, =T, =0, vi vay nghidm cia phuong trinh trén
cé dang:

3 ., 7Ta
2R smk-r N BT 7\
T, :—74—[1 —cosw*t]vdl o, = —|k—
Eik'= 7 [

PP
w(z,t) = Fln 42;‘ ska sin kT(l—cosmt)

k=1

Momen udn 6 mdt tiét dién tuy ¥ cla ddm bing:

M =EI

Fw R A
= —_ k—— smk— 1-cosat
227 ZW sin k= ;¢ :£)

Ung suét phép cuc dai & thiét dién c6 Tyc tac dung bang:

2P£ Ziz i il-—E(l—(:c;s.fokt)
ik 4

=0 1

W, 12 mémen chéng udn eclia mit cit.
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3.3.3 M6t sd bai toan md réng

Thi du 3.37 Trén mét dia, ngudi ta gén ban 18 mét ddm nhé (hinh TD
3.37a). Dia quay véi van tdc géc Q. Vi€t phuong trinh vi phan dao dong

udn nhoé cua dam.

¥ R

LA

.
Qx
Y
F qz qql.
b)
uw

N
W .
dM

Q+dQ
c) :
Hinh TD 3.37
Fw &'w
EI g,dz ——
H at? * oz’ oz (

VR

S /S G

Lai gidi. Chon hé truc toa dd
Oxz gén véi &ia nhu hinh vé
Hinh 3.37b vé thanh & thai
diém tuy ¥ khi d6 hé hic doc
chiu tac dung cua Ige quan tinh
phédn b ¢* duge phan tich theo
hai phudgng x va z thanh 2
thanh phéan.

q, = uz¥’

g, = pul¥

Xét mot phén td c6 chiéu dai dx
(thinh 3.37¢). Cac lic c6 dang
nhu hinh vé chiéu lén phuong z
ta duge:

2
62
(N +dN).sina — Nsina=0

+dQ+qz dr +

Chu ¥ ring:
sing = a;sina'ra'~a+da
ﬁ
aw, Q—anm —Efa

dz oz oz’
nén phuang trinh c6 dang:

dx

ow
a) =0 (3.56)

Luc doe N phu thuée vao q, va ch ¥ diéu kién bién:
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i
N = fo.do =208 - 2%)

Thé vio (3.56) ta duge

Sw 6" aw 1 S
— EI w + pCF — (P~ 2?
H g JLOx / ;AQ ( ) P

Thi du 3.38 Thiét lap phlmng trinh tdn s4 dao dong udn cua dim
dong ch&t tigt dién khéng ddi c6 dang nhu hinh TD 3.38

o x
b
7}
o ! 7
Hinh 1D 3.38

Loi gidi. Theo [1], ta chia d4m lam hai doan, ham riéng m3i doan c6
dang nhu sau.

Doan 1: xe{0, b]
X (=) = C,85,(Ax) + C,8,(Az) + C, 8, (Az) + C.S$,(Az)
Doan 2: xe[b, 1]
X, {z)=C\8 (Az) + C,8,(Az)+ C; 8,(Az) + O3, (Az)
trong dé: A* = —E}—w va 8y, 8y, §;, S, 1a cic hdm Krulsp (ham Rayleigh) _
Xét cac diéu kién bién:
r=0:X = XI" =0= C'] =C =0= XI(I) = CZ.SZ(A$)+C'4.34(A$)
¢ = b: dich chuyén X,(b) = X,(b) =0
g6c xoay X[ (b) = X, (b)

mdmen udn X(b) = XJ(b)
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X,

3
T

X,

lyccit EI 5
Toy

= ET

FEI
¢ day R 1a bién d6 phan luc & d8.

Tit cac diéu kién bién ta rat ra duge:

R
X,(z) = X () +m5‘_1 [Ale-b)] (zelbi])

(Vi §7=5va 5,(0)=85,0)=0,5(0)=1)

Vay ham riéng trén toan dam:

X(z) =0,.8,(Az) + C .5, (Ax) +~;§S4 [A(z - )]y (z - b)
0 ki z<b

trong }’(“’—b):{l khi x2b

Xét cac diéu kién bién con lai:
z=b:X(d)=0
c=0:X"=X"=0

ta duge:

C,.8,(Ab) +C,.5 (b} = 0

R
C,.8,(Ab) + C,.8,(Ab) + I‘ESZ' [A-8)]=0

R
\02.33(/”)) +C,.8,(Ab) + TE S.[At-8)]=0

A

Dé c6 nghiém khéng tdm thuong, dinh thitc cia hé phuong trinh trén
phai triét tidu:

S,(Ab) S, (2b) 0

S, (A S8,(A) S, [AU-8)] =0

S(Ah S (A S [A¢E-b)]

Day chinh 14 phuong trinh tin s8 ¢6 thé khai trién dudi dang:
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5,(Ab).8,(A1).5, [A{l - B)] + 8,(Ab).8,(A1).8, [A(l - b))
—5,{4b).8,(A1).8 [l - b)] + S,(Ab).S, (AD).S, [A - b)] = O

Thi du 3.39 Ap dung cong O x
thiic Rayleigh, xac dinh t4n s8 3
riéng co ban cia didm hai ddu 2}7

gd1 ban 18 va: ] |

[ Hink TD 3.39
u

3
EI = EI, (1 + sin NTI) :

RN
w{x) =y, (1 + sin%ﬁj
Lai gidi.
Ap dung cong thitec Rayleigh:
]
[EN@).(f(@2)) dz
1]

@ =m0 (3.58)
AN J-;Ufz (:};)dx
L]

<

3

Vi ham riéng f(x) = sin Elf thoA mén cic diéu kién bién
x=0,x=kf=0,=0

nén thay ham riéng f(z) = sinﬂ:E—E vao (3.58) ta dugce:
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at [ El
Vav tan sd riéng cd ban w, =2 16 [T

e

Thi du 3.40 Viét phuong trinh dao dfng udén nhé cta dam Euler
Bernoulli dong chal tiét dién khong d6i, khi cho lue nén N khéng d8i tac
dung lén dam (hinh TD 3.40). Tim cac tin s6 dao dong riéng cla nb.

N @
E 11 N
g ==
777 777 4 4y
w W R% Qr N
Hinh TD 3.40 I P
Hx a 3

Loi giai, Xét mét phén t8 c6 chiéu dai dx. Chigu céc lyc tac dung lén
phudng w ta duge:

'11_

-k —d} - Ndp =0

Iel

Mat khac. d6i v61 dadm Euler Bernoulli ddng chat tidt dién khang déi ta
co:

o A '
) = ¢ Jrf;:r: 7 frh —Ef “ dir
& éir’ A’
dip = @ g = i rh
o cr
Thay vao phuodng trinh diu ta duge:
4 | N
(“ ff 1) E: N 3’ r; -0 (3.59)
ar ar

Nghigm cua phuong trinh {3.59) duge tim duéi dang:

W= Z(Hm i —)-TE—) T (t)

Thay biéu thic trén vao (3.50) ta duge
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A AT 2
|’K,,?J .;_’,{_i(-.ﬂr] ]-T”:O n=12..

i — - .

( a\tEl N( 7
A N T

2z
?L*-J n=1,2,..,

Tan 86 dao dong cha dam o = J J

Thi du 3.41 Cho dam Euler Bernoulli ndm trén nén dan hédi tuyén
tinh vai hé 56 cing k. va bi nén héi lye N nhu hinh TD 3.41. Viét phudng
trinh dao dong ngang nhé cha dim va tinh cac tan s6 dao déng ctia né.

Loi gidi. Ap dung cach gidi cha thi E 11 N
du 3.27 va thi du 3.40 ta c¢6 phucng = X
trinh dao déng ngang nho cua dam: w k
ERBTr A 2 P
p (* r‘: v B rrl Y H‘ ke = 0 Hinh 1D 3.41
o o ot

Nghi¢m cua phuong trinh duge 1im dudi dang:

= Z(hlll " ; ]T(f)

wolN

Thay vao phuong trinh trén ta dugc:

- E_ Fi 4 ‘.‘ "V 2 T
T, + f[wz] B ['u.zj +i T =0 n=12..
A VAR T { J7,

Tan s6 dao dong cha dam:

( HT El NY{ ;rjz i
1y = T — —_— — — 1 . — 4+ —
' 1) o w1l 1
pix.f)

Thi du 3.42 Thiét lap phuong
trinh vi phan dao déng udn cia m X
dam déng chit tiét dién khéng
d6i dat trén nén dan héi tuyén RAXRARARXRXKRXXX

tinh v4i hé s8 c¢ing phan béd 1a {
k. chiu tac dung cua lue phén _
l)ﬁ‘p(x.t). ! anh TD 3.42

Tim nghiém binh n khi p(x,t)=F,cos(t.
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Léi gidi. Ap dung nguyén ly d'Alembert cho mdt phin t8 cla dim ta
duge phudng trinh:

Jw EI 7w k& I
— t——— +—w =— p(z,1)
ot u ot 7

Khi p(z,t) = F, cosQt, nghiém binh 8n cGa phuong trinh trén dude tim
dud dang w(z,t) = X(z)cos (H

Thé vao phuong trinh ddu ta dude:

_ F
X" X =0 v £ = L2 - Ky
EI EI ]

Nghiém cua phudng trinh nay cé dang:

F
R(x)=C cosfz+ C,singx +C, coshéx +C sinhéx - ——4o—

T cac diéu kién bién:
X(0) = X"(0) = X(f) = X"(1) = 0

ta duge:
E
CI -_—C1= & & ’02_ : & tg(é%)!
2,{1(92 - —] 2;1[02 ——]
1 H
E
C, =~ 0 tgh(r;‘ i)
2;;[92 —-5) ¢
H
! l
o cosé(=—z} coshé(=-x)

Vay: w = L 2 2 —1;cos Qi

+
u [Qz _ %J 2 cos(& %) 2 cosh(£ %)

Thi du 3.43 Mot toa xe chay déu trén dudng ray thdng duge mé hinh
hoa 1a mét lyc Py=const chuyén dong véi van téc v khong d6i doc theo
mét dam déng chét trén nén dan hdi tuy8n tinh véi hé s6 2 nhu hinh vé,
Hiy tim dé vong cia dam, biét rdng khi ¢ =0, luc nim & gdi trai.
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EEEEEEREY. N

ST T/ 777777 77777777
!

Hinh 1D 3.43

N
Son

Lai giai. Phuong trinh vi phin dao déng cua dam la
2o 4 P
a—g’+ga—tf+£w:—“ (z —vt)
ot u oz H M

Tinh toan tuong tif nhu muc 3.3.b ([1]) ta duge

. T nrT o
- 81N e vt — o sina,t
w(z, t) = —= ) sin kil Dn =
{ i 4 (mr )
w, —|—v
l

. EI [n?r ]4 k
vai = — | +—
JZANN H

Bai tap chuong 11

3.1 Ta xem rang khi gé manh va nhanh vio gitia sdi day (c6 hai dau
budc chit) dang diing yén, diy duge truyén van tée ddu theo quy luat

vox(I-x). Tim chuyén dong cha day.

) 8y & i T 2n-D=c
Bap s6: wlz,t) =~ l:sin 2n -1 —x}sini't
P @1 mic g(zn-l)‘ ( )s !
3.2 Mot day ddng chit chibu d > FocosQt

dai 7, duge ¢6 dinh 2 ddu va

chiu lyc tae dung Fycosit tai A
diém x=d cua day. Tim
nghidm binh 8n cla dao dong L

day. w
Hinh BT 3.2



178 BAI TAP DAQ DONG KY THUAT

IR - sin-m;—dcoth

; .o
> sin——z

F Rl S SR L 0 l

Dadp 567 w(z,t) =

3.3 Mdt ddy cap déng chat chifu dai [ duge bude chat hai ddu. Day cap
duge nhing vao nude va c6 hé sd can ty 1& theo chiéu dai la B Mbt luc

Fucoth tac dung tai diém x= d cia ddy. Tim nghiém binh 6n cia dao
déng ubn cua day.

Dap 56¢ w(z,t) = 223
. Tc
Vol W, = nT seotgy, =

8.4 Mot day déng chat chidu dai ! duge X
cd dinh mét ddu con ddu kia chuyén PN
-doéng theo ludt w = AsinQt (xem hinh i
BT 3.4). Xac dinh nghiém binh 6n cta
dao déng udn ciaa day. wV Hinh BT 3.4

-

. Q
sin ——
Ddp s6: w(z,t) = A—E- Q£ sin Q¢
sin ~—
¢

EI

m
3.5 Ding phuong phap Rayleigh SR
xéc dinh tin s& riéng thdp nhat >7 \r 77
|

cua hé cho trén hinh vé. Khéi !
lugng m gan giita ddm, ddm ¢ d6
cing chdng udn EI, khéi lugng mét Hinh BT 3.5
don vi dai thanh 14 g Chon ham

rieng la f(x) = sin%.

E S 11 m
L = [ EI 7
Bdp s6: @, = TR T /
perm e 1/2
3.6 Dam dao déng udn nhut hinh vé. Ding ¢
phuong phap Rayleigh xac dinh tin s& Hinh BT 3.6

riéng thap nhit.
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12 E + 25 ¢
2 k| e —_ec
Chonham f(z)=3% -2 = &)= 3! 64
I f — ul+4m
35
n'El .
Chon ham f(z) =sin’> = 2 =-16 _
' 2 o+ 2m

El{z /1) +2¢

Bdp 56 w, =
HE+2m

R

3.7 Mé6 hinh co hoc don gian ctia mot tén lda trong khéng gian 14 ddm
dao dong uén cé hai dau tu do. Cho biét m=4000 kg, =12 m, EI=2,6.10°
Nm?® Hay tim phuong trinh dac trung, cac tri riéng va hai tén s6 riéng
dau tién cta tén 1da.

Ddp s6 Phuong trinh déc trung: cos Acosh A = 1 _x) !
b
A ~(2n+ 1)% w
Hinh 8T 3.7

0, =434 s ©,=1196 5!

3.8 Mot dam dai =5 m, khéi lugng don vi dai u =160 kg/m, 49 cing
chéng uén EI1=1,25.10° Nm?® DAu ddm bén phai ngam chét, ddu ddm bén
trai ¢6 thé quay tu do, khong dich chuyén theo phudng thing ding (hinh
BT 3.8). Hay tinh toan dao dong tu do ciia dam, cu thé 1a

a) Céc diéu kién bién N *—%}3
=
b) Phuong trinh déc trung g AI
C _— N
¢) Tri riéng va tan s6 riéng dau tién. RN

Hinh BT 3.8
Pdp 56"
a) w(0,5)= w(l,t)=0; w'(0,t)=0; w”{1,t)=0
b) tgh = tghi
c) A, =3,9266, 0, =545,
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Chuong 4

Tinh toan dao déng bang cac hé chuong trinh
MAPLE, MATLAB va MATHCAD

4.1 Gigi thiéu chung vé cac hé chuong trinh tinh
MAPLE, MATLAB va MATHCAD

(‘ac phAn mém tinh Loan (con duge goi la cac hé chudng trinh tinh) la cdng cu
hé trg mét cich nhanh chéng va ¢6 hiéu qua trong viée giat quyét cac bai toan
cua khoa hoc-ky thuat.

Hién nay, bdn hé chuong trinh tinh toan da nang lén duge st dung phd bién
treng cac truong dal hoe va cde trung tam nghién ciu trén thé giéi 1
MATHEMATICA, MATLAB, MAPLE va MATHCAD. Nhin chung, céc hé
chudng trinh néu trén déu la nhing ngdn ngit lap trinh bac cao, ¢6 ciu tric co
bin gan gidng nhau va déu cé cdc phién ban ¢6 thé chay trén may tinh c¢a nhéan
ening nhu cdac phién ban chay trén cac may tinh mang (workstations). Trong tii
héu nay, chung té gidi thidu cac hé chuong trinh MATLAR, MAPLE va
MATHCAD dé giai mdt s6 bai toan dao déng ki thuat,

4.1.1 Co sd vé MAPLE

MAPLE Ia san phdm phin mém ciia hang Maplesoft®. Hing nay dude thanh
lp viao nam 1988 vit ¢6 try sd chinh tai Waterloo (Canada). Trong cudn sach
nay ta su dung phién ban MAPLE 10 (ndm 2005). MAPLE 14 mot méi truong
danh cho tinh todn va lip trinh tién tién vé mdt tap hgp cac ham toan hoco
phong phii. méi ham tudng dugng v61 mét nhém cac chudng trinh con. Pac biét,

khi st dung miy tinh ¢4 nhén, eac cdng cu dé tinh toan vi xu 1§ céc bidu thLIC
toan hoc bang chi {(symbolic) cia MAPLE ¢6 nhidu wu didm vugt trdi 8o vol mol
50 hé chuong trinh khde trén ca hat phudng dién: manh va dé& ti€p can. Hé
chudng trinh nay ¢6 mjt giao dién lam viée tién Igi cho ngudi st dung, dic tinh
d6 hoa trie tiép (cho phép ve db thi ngay trong trang lam viéc). Cac tinh nang
cua MAPLE lién wue duge cai tién va mé réng trong cac phién ban tiép theo.

Ngudi sit dung ¢6 thé xem cac théng tin cu Lhé vé hé chudng trinh nay trén dia
chi:

e Giao dién do6 hoa trang lam viéc cia MAPLE

Phién ban MAPLE 9.5 cung c&p cho ngudi st dung mét giao dién dé hoa dudc
xay dyng trén ngon ngd lap trinh Java. Giao dién nay y&u cidu nhiéu bé nhd
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hon so véi cac phién ban trude. Tuy nhién, ta c¢6 thé kich hoat giao dién véi tén
goi Classic Worksheet cia MAPLE 9.5 (hinh 4.1) khi lam viéc v6i may tinh cé
toc d6 thap. Giao dién Classic Worksheet c6 dang gin gidng nhu cac phién ban
cil cia MAPLE.

% Untitled (1) - [Server

x"4-5%x"2+6%x=2;

eq:=x4-5_xz+6x=2

1L,1,43-1,-1-43

‘:> sols := [solveleq,x)]:

sols=[1,1,4/3 =1, ~1~nf3]

§'> solveleq,x);
0

P P,

} sols[1] ;|
|
> evalf(sols);

11,1, 0.732050808, -2.732050808 ]
[> [1., 1., .732050808, -2.732050808];

[1, 1., 0732050808, -2.732050808 ]

e

Hinh 4.1: Classic Worksheet cia MAPLE 9

Trén trang lam viée, ngudi st dung nhéap lénh tit ban phim va chuong trinh sé
dua ra két qua tudng tng vdi dong 1énh nay sau khi go phim ENTER. Chuong
trinh sdn sang dé nhap cAu 1énh sau d4du nhéc >. Méi cau lénh phai duge két
thic bang d&u chdm phiy (;) hoéc ddu hai ch&m (:). Hé thong Menu cho phép ta
md, luu trit, in &n trang lam viéc (menu File), thay déi cac dinh dang cia trang
(menu Format) hay céc trg gitip soan thao lénh (menu Edit).

Mic ddu MAPLE c6 rit nhiéu lénh dé st dung ngay sau khi chuong trinh sin
sang lam viéc, mdt s6 nhém 1énh chuyén dung (goi 14 cac gbéi chucong trinh-
Packages) chi c6 thé st dung dude khi ta kich hoat, thi du, lénh kich hoat géi
chuong trinh gém cac phép tinh trén ma tran duge nhap nhu sau:

> with(linalg) ;
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e Tién ich trg giup cia MAPLE

MAPLE c6 mot hé thong trg gidp tryc tuyén phong phu va chi tiét. Menu Help
cua trang lam viéc cho ta nhiéu kha ning tim ki€m trg giip chic ning cua cau

1énh cac chu dé khac nhau (xem hinh 4.2).

Toplc Search .

Topic: [solve

Matching Topics:

solve

solve float
solve function
solve,identity
solve,ineqg
solve linear
solve radical
solve,scalar
solve,series
solve,system

solvefor
CaluaTlanls

Cancel |

v

™ Same Window

V¥ Auto-search

Hinh 4.2: Tim kiém tro gidp trén MAPLE

Mbt kha nidng trg gitp khac 1a nhap ddu ? ngay trude tén lénh va khéng két

thic 1énh bing ddu ch&m phdy (;) hodc d4u hai cha&m (:), thi du:

> ?solve

¢ Cac ham toan hoc ctia MAPLE

Bang 4.1

Tén ham co ban

Chiic nang

exp (x) Ham s6 mi1 e*
sqrt (x) Can béc hai ctia bién x
abs (f)

Gia tri tuyét déi ctia biéu thiic £

sin(x),cos (x), tan(x)

Cac ham ludgng giac

arcsin(x), arccos(x)

Ham arcsin va arccos

1n(x), logla] (x)

Loégarit tu nhién va légarit cd s6 @ cua x
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Chuong trinh MAPLE chiza vai tram ham toan hoc. Bang 4.1 liét ké mdt s8
ham dude st dung trong cac bai tap thi du. Ban doc ¢é thé tra citu théng tin vé
cée ham toan hoc khae nhd tién ich trg giup cha chuong trinh.
s Cac kigu dit liéu
Mot 5§ kidu dit lidu quan trong duéi ddy duge st dung trong chudng trinh
MAPLI:
- Chudi (sequences) véi lénh seq:
> chl:=gseq{i®2,1i=1..5};
chi =1,4.9,16,25
> chl(3];

- Danh sdch (lists):
> listl:=[X,v.=2,1,10,100];
fistd =[x, v, 2.1.10,100 ]
» listl[5]1;
10

- Tép hop (sets):
> setl:={a,b,c,2,3,x"2=v};
setl = 12,3, a,b, ¢, ¥i= oyl
> setl[6];
yi=y
- Bdng (tables) véi lénh table:
> tablel:=table([a=Chieu_dai,b=Chieu_rong,h=Chieu_caol):
> tablelfh];
Chien_cao
> indices{tablel) ;entries(tablel);
(A1 1], La]
[ Chieu_cao |, [ Chicu_rong 1, [ Chieu_dai |
- Chudi ky tu (strings):
» strl:="Maple";
stri = "Maple"
> stri[l..3]);
"Map"
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- Mdng nhiéu chiéu (arrays) véi lénh array:

> al:=array{1..z,1..2);
al ==amay(1..2,1.2,[ D
= alll,1]:=1:a1([1,2] i=2:al[2,1) r=x:;a1[2,2] 1 =y:

= print(al};
1 2
Xy

Béang 4.2 trinh bay mdt s& to4n t& va cau lénh cd ban nhim gidp cho ban doc ¢6
thé hidu duge mot chuong trinh tinh toan dao déng bing MAPLE,

Bang 4.2

¢ Lam viéc voi MAPLE

|—_Céc toAn tit va ciu lénh Chiic nang
o5/ Cac phép ¢Ong, trit, nhén, chia
* Phép luy thita
i= Phép gan
-> Phép dinh nghia mét ham s3
int (x(t), t) Tich phén cua bién x theo bién t
diff (x(t),t) Dao ham cua bién x theo bién ¢
solve () Giai hé cc phudng trinh dai s§
dsolve (} Giai hé phuong trinh vi phén
plot () V& dd thi
linalg[det] {M) Tinh dinh thitc cia ma tran M
linalg[inverse] (M} Tinh ma tran nghich dao cila ma tran M
Eigenvals (M) Tinh tr] ring cia ma tran M
Eigenvals (M, vecs) Tinh véc td riéng ctia ma tran M

MAPLE cho phép ta xdy dung mét chudng trinh véi céc todn td diéu khién
(toan tit diéu khién lip for va while, toan ti diéu kién if, vv...) gidng nhu mét
ngdn ngid 1ap trinh théng thudng (xem cac thi du trong muc 4.4),

4.1.2 Co sG vé MATHCAD

MATHCAD 14 san phdm phin mém cha hang Mathsoft® c6 try 84 tai
Cambridge (Anh}, hiing duge thanh 1ap vao nim 1985. Hai phién ban gan day
12 MATHCAD 11 (nam 2003) MATHCAD 12 Professional (ndm 2604). Phan
mém tinh todn MATHCAD dugc xay dung nhdm tr¢ giGp cho cac ky su gidi
quyét céc bai toén ky thuat va dang duge coi la mot moi trudng tinh toan thiét
ké tién tién. Hién nay ngay cang ¢6 nhidu nha khoa hoe, nhidu k¥ su trén thé
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gi6i st dung MATHCAD. Ngoai céc tinh néng cd ban ctia mot hé chudng trinh
tinh, MATHCAD con c6é mét dic diém néi bat 1a cho phép ngudi sit dung xay
dung céc cong thic, biéu thitc, phuong trinh, cic ky hiéu toan hoc theo cach viét
truyen thong. Toan b chuong trinh tinh tir khai bao, lap chudng trinh dén xuét
két qua bang d6 thi duge trinh bay trén mot trang lam viéc duy nhit. Hé théng
cac thu vién chLIdng trinh cia MATHCAD cung cdp moét loat cac chudng trinh
mau trong mot 86 chuyén nganh ky thuat, vi du: tinh toan phén tit hitu han, xu
ly tin hiéu s6,... cho phép ngudi sit dung khéng cin phal c6 k¥ nang lap trinh
vén c6 thé tinh toan v6i MATHCAD. Céc théong tin vé hé chudng trinh nay dude
cung cip trén dia chi:

http://www.mathcad.com
e Trang lam viéc caia MATHCAD

Méi truong tinh toan cia MATHCAD la trang lam viée (W orksheet) dude minh
hoa trén hinh vé 4.3.

«Mathcad pl(‘af"’s sional - [vdu4 1 ]

] Chrl+N 1 __é, Ha ﬂ; V] ;u bt L] :T m Pp=
]‘Eb Open,.. Ctrl+0O : - '

Qlase Chrl+w thAﬂai "Qg{m vﬁ| B4y
5 A TG E T A OO
i E save Ctrl+5 : ; : : : :
Save As... i
.............. 1
Send... ;
3 f) = t
—— -2.D-wl-y; - a)ﬂ ¥o+ — ( )

Print Preview 2 ,2000, A)
Ctrl+P —_— S
F=F(t) =a=zxa(l)

Exit e

|

0.06T =0

|
v
|

s AU‘{O £ I NUM | Page 1

Hinh 4.3: Mot Worksheet ctia MATHCAD
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Trén thanh Menu cta giao dién, menu File chiia cac chiic ning md, luu tri, in
an trang lam viée, menu Insert dudc stt dung dé chén céc cong thiic, cic toan ti,
cac dong chi thich va cac dé thi. Menu Format thay déi cac dinh dang cua cac
cong thiic, cac dé thi két qua. Chitc nang diéu khién viéc tinh toan va hién thi
két qua nim trong menu Math. Menu Help cung cip cac tién ich trg gitip (xem
hinh 4.4).

E? Mathcad Help . ‘i

&

Frint  Options

Welcome to

Mathcad

‘1 Mathcad is the industry standard

@ Equations

@& Tent

@ Computational Features
@ Layout Toals

@ Worksheet Management calculation software for technical

@ Uactors and Matrisss professionals, educators, qnd .\
. college students, Mathcad is as =

@ Slnng§ versatile and powerful as

@ Functions programming languages, yet it's as

Q Operatars {| easytolearn as a spreadsheet,

Plus, it is fully wired to take
adva'mta'ge of the Internet and other +

| >

Solving and Optimization .‘f;

Hinh 4.4: Tién ich tro gidp cua MATHCAD
e Soan thao chuong trinh
MATHCAD c6 mét s6 céng cu véi chiic ning dinh dang ky tu, chén cac toan ti

b
nhu tich phan I( ), vi phén ﬁ_( ), cac dai lugng nhu ma tran, véc to va cac ky
dx

tu dac biéte,&,... (xem hinh 4.5). Diéu nay lam cho chuong trinh tinh tréng
gidng nhu cac cong thic toan hoc thong thudng dude viét trén gidy.

Mét trang lam viéc cia MATHAD bao gém: viing chita cac 1énh cua chuong
trinh, ving chita cac chu thich (text) v ving chiia cac d6 thi. Cac dong lénh
dugde nhéap vao ngay tai vi tri con tro trén man hinh (ddu + mau dd). Giéng nhu
cac hé chuong trinh khac, MATHCAD tinh toan theo trinh tu dong lénh (cé
nghia la tuin ty theo céc lénh ti trai qua phai, tif trén xuéng duéi). Ban doc c6
thé tu hoc ky ning soan thao cong thic 1énh theo céc chi din trong tién ich trg
gitip cua chuong trinh.
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e g B
B warbiN
0 K. .0 o0
X Woa A
B Zo HEg
MN E O
Al csallan) )

U =y ¥ el

£ 7 sin
piof nl
v ¢ e”
A i
K A ¥
Y =
g2 s

cos tan In log @!f*‘ Ei;m %

i ol P A <E Z1|ep ™

x () X -

7885

LR IR | Matrix,

12 3+ | REE o X o o
[Jimiim HT m.n &% ix3 v

Hinh 4.5: Mgt s6 cong cu hé trg soan thdo Iénh cla MATHCAD

Dé hd trg viéc soan thao chuong trinh tinh mot cach nhanh chéng, chuong trinh
cho phép ta st dung mét sé cac phim tit @& nhap cac toan ti va chén dd thi vao
trang lam viéc. Bang 4.3 liét ké mot s8 phim tit thudng sit dung véi

MATHCAD.
Bang 4.3
Phim tét Hién thi ¥ nghia Thi du
Shift ; ; 1= phép gan a:=1(
\ dn bac hai
\ﬁ can bac hai ¥ izm
Ctrl , \ v: can bac N 38=2|
‘(d4u phdy trén) | (1) ngoic don [ 1 )
a=|1+— |y
X
d dao ham d ( 2x)
. —1 zi=—\y
Shift , / da S
1 b
Shift , 7 J 1 de tich phén 7= J’ y5 dx
' a
Ctrl, I lim gi6i han A= lim +a®x
1> X—> ®
] 10 o
Ctrl, Shift, 4 Z ' tong hitu han B:= Z b
1 =1 i=

Shift , 2

Chén @b thi vao vi
tri con tro
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¢ Lap trinh véi MATHCAD

MATHCAD cho phép ta xdy dung mot chuong trinh tinh toan lip. Trén hinh
4.6 1a cong cu chén céc toan ti diéu khién lap for va while, toan ti diéu kién if
dé hé trg cho viéc soan thao mot chuong trinh con theo thi du duéi day.

Tinh dao hém (b&ng PP. s8)

AddLine  « diff(u,v) := |len « length(u) - 1

if otherwise for ie0..len — 1
for while u. - u.
i+1 1

hreak  continue kv, «
Vie1 7V

return on error
kv

Hinh 4.6: Céng cu hé tro Iap trinh
e Diéu khién tinh toan, thong bao 16i va xuit két qua

Theo ché& d6 mic dinh, MATHCAD sé tinh toan lai toan bd chuong trinh trén
trang lam viéc mdi khi ta thay déi gia tri mot bién hodic mét cong thite. Didu
nay c6 thé lam cho ngudi st dung tén thoi gian chd dgi chuong trinh thuc hién.
Ché& dd nay c6 thé duge thay déi bing cach xoa tuy chon Automatic Calculation
trong Menu Math. MATHCAD chi ti€p tuc tinh toan khi nh&n phim F9.

Mai khi xudt hién 16i chuong trinh (thi du chua gan Igié tri cho bién, 16i cong
thiec, 161 cd phap lénh,...), MATHCAD sé hién thi thong bao 15i théng qua thay
d6i mau séc ctia bién hoic cong thic chita 15i.

MATHCAD xuit két qua dudi dang s8, dit liéu dang bang, cac biéu thitc toan
hoc bing chit (symbolic) va d6 thi. Tuy nhién tinh ning xi 1y symbolic cta
MATHCAD khéng manh so véi hé chudng trinh MAPLE. Ban doc ¢6 thé tim
hiéu viée xuét két qua cia MATHCAD trong céc thi du.

4.1.3 Co sé vé MATLAB

MATLAB (tén viét tit ctia tit MATrix LABoratory) 14 mét hé chuong trinh hang
dau trong linh vuc toan s§. MATLAB la san pham chinh ctia hing Mathworks.
Hang dugdc thanh lap vao nam 1984 va c6 tru sd chinh tai Massachusetts (My).
Tén cta phan mém MATLAB da thé hién dinh huéng chinh ctia hé chudng
trinh 1a céc phép tinh trén ma tran. Phién ban gan day nhat 1a MATLAB 7.0
(nam 2004). MATLAB c¢6 tinh ning do hoa tién tién, da dang va dé sit dung. Hé
thong cac ham toan hoc cia MATLAB duge md rong théng qua cac thu vién trg
giip (cac bo cong cu - Toolbox). Bén canh kha nang nhap 1énh tryc tiép trong
mdi trudng MATLAB, ngudi st dung ¢6 thé soan thao va luu cat nhiéu ciu lénh
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cua MATLAB duéi dang tép van ban véi ky tu ASCII (goi 1a serift file). Cac
théng tin vé hé chuong trinh nay dude dang tai trén dia chi:

http://iwww.mathworks.com.

8 Trang lam viéc cia MATLAB

7, MATL&B 7

File Edit “iew Web Window Help _ .
By @ © o= %I % [ ? imrrmokmwzjc.wmmaepnwork o B3
n w | Command Window
> %=2: st
Lé'rﬂs:i.gnal Processing Toolbox PP TA MENSRN ()
Y =
4.3010
>
4! I Workspace  Launch Pad I
All files | File Type
Eicocautayquay.n H-file et | 8
Ecosincp.m H-file
[5] ddxsi. et
1] ddxsic. ext
[] aaysi. et
ﬁ-‘u’! AdwSic tvr ..J'
4 P » i
ﬁ'l "l Command History - C|_|n3_n1[)|.rg 8| : . - [bfm
Ready . 4

Hinh 4.7: Trang Iam viéc (cta sé chinh) cia MATLAB

Mai truong lam viéc cia MALAB dugc thiét k& véi mot giao dién dé hoa rat tién
dung va cung cip t61 da cac théng tin lién quan dén: thu muc dang lam viée
(Current Directory), dung lugng bd nhd cua cac bién (Workspace), luu trit va
hién thi céac cau lénh da st dung (Command History), truy cap nhanh chéng téi
cac cong cu sdn c6 nhu cac Toolbox hoic tién ich trg gitp (Launch Pad). Nhiing
théng tin nay giip cho ngudi st dung kiém soat qué trinh tinh toan va nhanh
chéng hiéu chinh, stta chita cac 161 xuat hién.

Tudng ty nhu hé chuong trinh MAPLE, MATLAB tuén tht nguyén téc tinh
todn va xac lap céc gia tri cia bién theo trinh tu titng dong lénh tit trén xuéng
dudi chudng trinh. Céc ciu lénh duge nhap sau ddu nhéc >>. Mbi c4u 1énh dudge
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két thic bﬁng ddu ch&m phay (;) (néu ta khong muén MATLAB hién thi két
qua) hoic dé tréng sau cAu 1énh (MATLAB hién thi két qua tinh toan ngay sau
khi nhan phim ENTER).

Tién ich trg gitp tryc tuyén (menu Help) chia MATLAB trén cd sd phan loai
theo chu dé cling rat chi tiét va dé tra ctiu. Ngoai ra, trén ctia s6 chinh cta
MATLAB, ta ciing c6 thé xem chiic niang ctia mot cAu lénh théng qua viéc nhéap:
help [ tén lénh], thi du:

>>help ode45
e Soan thao Scrift File v6i MATLAB-Editor

Bén canh kha nang nhap lénh truc ti€p trén clia s6 chinh cia MATLAB, ta c¢6
thé nhap va luu cat nhiéu ciu lénh véi cac ky tu ASCII trong mét file c6 phéan
mo rong cua tén file 1la (*.m). Céc file nay dudc goi 1a céc scrifts cia MATLAB.
Dé soan thao cac scrift file, MATLAB c¢6 mét chudng trinh riéng véi nhiéu tinh
néng giéng nhu mét chudng trinh soan thao vin ban théng thudng. Trén hinh
4.8 1a chuong trinh soan thao cia MATLAB (NLAT[AB Edltor) Ta c6 thé goi

chuong trinh nay bing cach kich hoat trén ctia s6 chinh ecia MATLAB tai menu
File/New/M-file.

File Edit Ulew Text Debug Brea[gpmnts Web WII‘IdDW Halp
g E §I he @ K I M f) @ ﬂ ...... J_‘
............. - I p—— =numltp - ,x}_ Toiiore
2
3|-| global 1
4
/=1 Y(l)=1(l)*cos(phi)-1(2)%*cos(x(1l))+1(3):
Bl - Y(2)
_‘_I {+
Ready :

Hinh 4.8: MATLAB -Editor

MATLAB sé tu dong tinh toadn toan bd chuong trinh dude soan thao va luu
trong scrift file néu ta nhap tén cta file (khong ¢6 phdn md rong) trén dau nhic
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1énh. Chu ¥ ridng dudng din dép thu muc chia file nay phai dude khai bao
trong méi trudng MATLAB (chon menu File/Set Path..).

e Bién va ham trong MATLAB

Gifng nhu cac ngdn ngit lap trinh khae, MATLAR phén loai bién thanb hai
dang: Bién cuc bd (focal variable) va bién toan cuc (global variable). Cac bién
toan cuc duge khai bao sau lénh global [tén bién] va duge xoa khoi méi trudng
tinh toan bang lénh clear [tén bién]. Bién cye b dude st dung trong cac ham
va khong duge ligt ké trong clia s6 Workspace, Cac bién c6 thé 1a cac vée td, cac
ma trén hodc cdc mang nhiéu chiéu (dinh nghia bdi 1énh cell). Vige thuc hién
cdc phép toan dbi vé1 ma tran trong méi trusng MATLAR duge thyc hién béi
mét tap hop cic 1énh phong phi. Bang 4.4 1iét k& mdt s§ cAn lénh thudng duge
st dung khi tinh toén.

Bdang 4.4
Tén lénh Chitc nang
zeros (n) Dinh nghia mét ma tran vuéng cd n gbém
cac phan t bang 0
eye (n) Binh nghia mét ma tran don vied n
size (M) Xac dinh 8 hang va 58 c¢dt clia ma tran M
det (M) Tinh dinh thic cia ma trin M
inv (M) Tinh ma tran nghich dao
eig (M) Tinh tr] riéng va véc to riéng clla ma tran

Mot dang dac bidt cha scrift files 14 cac ham cua MATLAB. Cac ham nay duge
khai béo sau tit khod functioen (xem hinh 4.8). CAc ham c6 thé duge st dung
trong cac scrift file khac (tham khao thém tai cac thi du trong muc 4.2}

s Cac Toolbox ciila MATLARB

Céc Toolbox (chc b cdng cy) chinh 1a phan mé rong cia MATLAB cho cac bai
toan thuée cac lfinh vyc khoa hee khée nhau. Cac Toolbox cé chitc ning gidng
nhu cic gé chuong trinh (Pakages) cia MAPLE. Tuy nhién, trong khi cac géi
chudng trinh duge tich hogp ngay trong hé chUdng trinh MAPLE, cic Toolbox
cia MALAB dude coi 1a cac san pham phén mém riéng. Méi Toolbox gdm mét

t&p hop céc ham dude lap trinh sdn trong cée M-file va duge luu trong mét thu
muc riéng. Thi du nha;

Signal Processing Toolbox: Cong cu x11 1y tin hidu s6.
Optimization Toolbox: Céng cu tinh toan 81 wu

Control System Toolbox: Coéng cu thidt ké& cac hé théng diéu khién.
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e Tinh niang d6 hoa cia MATLAB

MATLAB c¢6 tinh nang dé hoa tién tién vao loai bac nhat trong s6 cac hé chuong
trinh tmh Théng thudng, cac dd th1 dude bidu didn trén mét clia s6 riéng biét
(ctia s6 d6 hoa — hinh 4.9). CAc ctta sb nay dudc hién thi khi sit dung lénh:

>>figure;

Trong clia s6 d6 hoa c6 chita mot s coéng cu vdi chiic néng chén, xo4, thay déi,

dinh dang cac phan tlit cia mot d6 thi hién c6 nhu: kiéu duong, tiéu dé, cac chua
thich, mau sic vv..

MALAB cho phép biéu dién két qua tinh toan duéi nhiéu dang dé thi: Dang hai
chiéu théng thudng véi lénh plot (hinh 4.9), dang cac dudng mic (I1énh
contour), cac d6 thi ba chiéu (cac 1énh surf, mesh, pcolor),... Cac lénh vé nay
duge hudng dan chi tiét trong phan trg gitp Help cia MATLAB.

File Edit Wiew Insert Tools Window Help

ne@axar/|ppn

—— Gamma

02 1 1 1
0 05 1 1.5 2

t[s]

Hinh 4.9: Cua s6 dé hog cla MATLAB
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Trong pham vi cua chuong nay, ching t6i si dyng cic hé chudng trinh
MATLAB, MAPLE va MATHCAD dé tinh toan tan s riéng, dang riéng cia hé
dao déng va tinh toan bing s& nghiém cla phudng trinh vi phan dao déng.

4.2 Tinh toan dao ddng ctia hé mot bac ty do chiun
kich dong tuy ¥
Thi du 4.1 Phuodng trinh vi phan dao djng cua hé dao déng c6 dang:
mi+bx+cx=F(t)

véi m = 100 (kg), b = 63 Na/m), 'O N

¢=1000 (N/m). Biét luc F(t) cb 4T
dang ham budc nhdy nhu hinh
TD 4.1
20T
0, t,>t20
F(t)=
Fy. t2t,
vél £,=2 (s) va F;= 30 (N) 0 s 1

Hinh TD 4.1 5]

Cho biét biéu thite gidi tich clia nghiém x(t) khit > ¢,

F F —Dagli-
X(Z)z—o— 0 e Daugle-ty)

. ﬁ cosfo (¢ —£,) - 6]
evl—

. - D
V@1 D la do can Lehr, oy = £ , 04 =0,V1-D? va 6 = arctan —e———
m v1-D?

Hay x4c dinh dao dong clia hé bang phudng phép s8, sit dung cic hé
chudng trinh MATHCAD, MATLAB, MAPLE vdi diédu kién dau
x(0) =0, x(0) =0 va so sanh két qua tinh vdi nghiém giai tich.

Loi gidi. Trude hét, ta bién déi phuong trinh trén vé hé¢ hai phuong
trinh vi phédn cap 1 bdng cach dat y, =x, y, =x . Ta thu dugc hé
phudng trinh sau:

=X
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Néu st dung céc dai luong tan s6 rieng ©; va do can Lehr D, hé
phuong trinh trén duge bidu dién dudi dang:

Y=y,

. F(t
m

Chuong trinh tinh voi MATHCAD

FO =30 ¢c:=1000 m:=100 b:=63 td =20

b D f
w0 := £ D= 6= atan[_ ZJ wd = w1 = D2

m 2-m-wl 1-D

F(1) := FO-®B(t — t0)

E(t F(t —D-ol{t-
xaft) == © _ © € D-wb-(t tO)Acos[md-(l— t0) — 8]
¢ cf - D?‘
¥
Y= tyy) = F{t
0 -2-D-wl-yy — mOsz + O
m
Z = rkfixed(y,0, 12,2000, A)
—> —
ti= Z<0> X = Z<I> F:=F(t) =xa:=xa(t)
X(t
Do06T
X .04 7T
xa
0.021
0 5 10 is

Hinh TD 4.1: K&t qua tinh fodn v&i MATHCAD
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Két qua x(t) dugce bidu dién trén dé thi cho thay va nghiém tinh toén
bang phuong phép s8 va véi nghiém giai tich 14 hodn toan phi hop.

Chuong trinh tinh véi MATLARB
Hé phudng trinh‘ vi phan c¢é tén 'dsys1' duge ghi lai dudi tén file
dsysl.m dugc viét nhu sau:

function v = dsysi(t,y)

FO=30;¢=1000: m= 100; b = 63; t0 = 2;

wl=sgrt(c/m}; D=b/2*m*wi);

if t<t0, F=0; else F=F0; end

v=y(2); y(2)*(-2*DFWOYy(1)H(-wO 2)+E/m];

Li)
(1]

Chuong trinh chinh 14 mot serift file c6 ndi dung sau:
clear ali;

% Nghiem giat tich --=-----o—remmmme oo

FO=30; c=1000; m=100; b=063; 10=2; wO=sqrt(c/m); D=b/(2*m*w0):
theta=atan(D/(1-D"2)}; wd=w0*sqri(1-D"2); t=0:0.01:12;
for i=1:length(t)
if t{1)<t0
F(1)=0;
else F(1)=F0; end,
xa(1)=F(1)/c-F(1)/(c*sqrt(1-D"2)y*exp(-D*wO*(t(1)-t0)) *cos(wd*(1(1)-t0)-theta);
end;

figure; plot(t,xa); hold on

y0=[00]; ts=[0 12];

[t,y]=ode45('dsys]'ts,¥0); % Giai he phuong trinh vi phan cap |
plot(t,y(:,1}); set{gea, XIim',[min(t) max(t}]); hold off

%
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Chuong trinh tinh voi MAPLE

>regtart;
>xa:=F/c-F/{c*sgrt (1-Dk"2) ) *exp ( -Dk*w0* (£t-t0) )
*cos (wd* (L-£0) -theta) :
Fegtl:=diff(yl(t),t)=y2(L):
>eqt2:=diff(y2(t),t)=-2*Dk*w0*y2 (L) -w0™2*y1l{t)+F/m:
>F:=piecewlise{t<=t{0,0,t>=t0,F0) :
>init:=y1{0}=0, yv2(0}=0:
»F0:=30: ¢:=1000: b:=63: m:=100: t0:=2:
>wO:=sgrtic/m}: Dk:=b/{2*m*w0) :
>theta:=arctan(Dk/ (1-Dk"2)): wd:=wO*sqrt (1-Dk™2):
>dsys := {eqtl,eqt2,init}:
>dsoll := dsolve(dsys,numeric,method=rkf4s,
output=listprocedure, range=0..12):
=withi{plots}:
>plot(xa,t=0..12,color=black,
title="Nghiem giai tich"):
>odeplot {dsoll, {t,y1{t}],color=black);

Thi dy 4.2 Phuong trinh vi phin dao ddng cia hé dao dong c6 dang:
20X +40x+5000x = F()

Luc Fft) c6 dang mét ham tudn hoan chu ky T

%!——1 D<t<—

FO=1" 4 7
1—— ——J —<rgT

7 2 2

Hay tinh tean bién d¢ dao dong cua hé trong khoang thai gian 2T véi
T = 4 (s) bang cac hé chudng trinh MATHCAD, MATLAB, MAPLE, cho
biét difu kién ddu x(0) =0 va ¥(0)=0.

Loi gidi. Trude hét, ta bién d61 phuong trinh trén vé hé hai phudng
trinh vi phén c&p 1 bdng cach dit y, =x, y, =% (xem thi du 4.1). Véi
MAPLE ta c6 thé gidi truc tiép phuong trinh vi phan cép 2.
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Chuong trinh tinh véi MATHCAD

c:=5000 m:=20 b:=40 wl :

2
T=40 O :=_T3E Q = 1571

wl = 15.811

H
|

m

F(t) ol ifosten '0]
=1—t-1 i <t — ' =
T 5 ¥ 0
4 Ty T
l=—=ft-—= | if m<t<T
T 2 2
4 . 3T
Z(t-T) =1 if T<tg —
T 2
4 3T T
l-—d4t—-—— | if —<t<2T
T 2 2

Z :=rkfixed(y,0,8,1000,A) t:=2 x=Z F:=T{t)

£} [N]
2

-210 “ v\]u Iz \4// ‘0 \IS vl

40 ¢ 4+

Hinh TD 4.2: K&t qud finh todan vé&i MATHCAD
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Chuong trinh tinh véi MATLAB
Trude hét, ta khai bao hé phudng trinh vi phén c6 tén 'dsys2' va ghi lai
dudl tén file dsys2.m vdi ndi dung sau:

function v = dsys2(t,y)

¢ =5000; m = 20; b = 40; w0 = sqri{c/m); T = 4.0;

i >=0 & t<T/2, I'=4/T*t-1,;

elseif t>=T/2 & t<=T, F=1-4/T*(t-T/2);

elseif t>=T & t<=3*T/2, F=4/T*(t-T)-1;

elsetf t>=3*T/2 & 1<=2*T, F=1-4/T*(t-3*T/2);

end;

v=Ly(2); y(1)*(-c/m)+y(2)*(-b/m)+F/m];
Chudng trinh chinh 14 mét scriff file ¢6 né1 dung sau;

clear all;
T=4.0; y0=[0;0]; ts=[0 2¥T7;
. [ty]=oded5('dsys2',ts,y0);
figure: plot(t.y(:,1)}; title('Bien do dao dong");
set(gea,'’X1im',[min(t} max(t)]): grid on:
%o -

Chuong trink tinh vdi MAPLE
> restart;

> eqti=m*diff{x(t),t,t)+b*diff(x(t),t}+c*x(t)=F;

-2 =
cgt 1= [U,x(r’)\+b (i} x(_r)]+c X()=F
ot J ot

> F:=plecewise(t>=0 and t<=T/2,4/T*t-1,t>=T/2
and te<=T,1-4/T*{(t~T/2),t>=T
and t<=3*T/2,4/T*(t-T)-1,t==3*T/2
and t<=2*T,1-4/T* (£-3*T/2));:
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> init:=x(0)=0, D(x){0)=0:

> C:=5000: b:=40: m:=20: T:=4.0:

> dsys := {egt,init}:

> dsoll := dsolve({dsys,numeric,method=rkif45,
output=listprocedure, range=0..2*T}:

> with(plots):

> odeplot {dsoll, [t,x(t}],color=black) ;

0.0002
0.0001 -
0]
0.0001
0.0002
.0.0003-

il

a 2 xt-'i & g ¢ [s]

Hinh TD 4.2: K&t qua tinh todn véi MAPLE

Thi du 4.3 Mot hé dao d6ng mdt bic ty do cé thanh phan d6 cing phi
tuyén, chiu kich déng bdi mét e F = F, trong khoang thoi gian
t, <t <t,. Phuong trinh vi phén dao déng cua hé c6 dang:

m¥+bi+cex+ex =F()

Ban ddu hé dGng yén, cho biét cac gia tri: m = 100, b = 20, ¢ = 2000,
F,= 1500, ¢, =1.5, t,= 5. Hay tinh toan bién dd dao déng cla hé bing
cac hé chuong trinh MATHCAD, MATLAB, MAPLE va so sanh két qua
trong hai trudng hdp ¢, = 300 va ¢, = 0 (hé tuyén tinh).

Loi gidi. Trude hét, ta bién d6i phucong trinh trén vé hé hai phuong
trinh vi phan c4p 1 bing cach dat y, = x, y, =% (xem thi du 4.1).
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Chuong trinh tinh voi MATHCAD

m:= 100 b:=20 ¢ = 2000 ¢l =300

b
FO:=1500 tl:=15 12:=5 0= |— D=
o FO m 2m-w
F(1) 1= — -O(t - t1) — —-D{t — 12)
m m
X

0
X := A(X) = I
( 0) ~2.D-00-X| - 00° Xg + F(t) - — (%)
m

Y
Y:=X L(t,Y}:= 5
=2:Dw0-Y) — 00" Yo+ F(t)
z ;= rkfixed(X, 0,10,2000, A) w = rkfixed(Y¥,0,10,2000,L)
V) RS S )
ti=z X =z xlin:= w

-4

— He phi tuyen
""" He tuyen tinh

Hinh TD 4.3: K&t qud tinh todn véi MATHCAD
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Chuong trinh tinh voi MATLAB

N& dung cua file khai b4o hé phugng trinh vi phén tng véi trudng hagp
phi tuyén (dsys3.m) va trudng hop tuyén tinh (dsys31.m) nhu sau:

function v = dsys3(t,y)

FO0=1500; ¢=2000; ¢1=300; m=100; b=20; t1=1.5; £2=5.0;

wO=sqrt(c/m); D=b/(2*m*w0);

if t>=tl &t<=t2, F=F0; else F=0; end

v=Iy(2); y(2)H(-2*D*w0)+y(1)*(-w0"2)+F/m- c1/m*y(1)"3];

%

function v = dsys31(t,y)

FO0=1500; c=2000; m=100; b=20; t1=1.5; 12=5.0;
wl=sqrt(c/m); D=b/(2*m*w0),

if t>=tl &t<=t2, F=F0; else F=0; end

v=[¥(2); y(2)*(-2*D*w0)+y(1y*(-w0"2)+F/m)];
%o

Chuong trinh chinh 1a mét scrift file c6 ndi dung sau:

clear all:

y0=[0;0]; ts=[0 10];

[ta,y1])=0ded5('dsys3",ts,y0);
[tb,y2]=oded5(dsys31',ts,y0);

figure; plot(ta,y1(:,1));

hold on;

plot(tb,y2(:,1));

hold of;

set(gea,'X1im',[min(t) max(t)]); x!abel('t [s]"); grid on
%
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2 T T L T
— phi tuyen
- tuyen tinh

_2 H 1 1 i
0 2 4 A 8 10

Hinh 1D 4.3: K&t qua finh todn vdi MATLAB

Chicong trinh tinh voi MAPLE

> restart;

> egtl:=diff{yl{t}),t)=y2{t);

)y e~

Y1) = y2(0)

eqt] =

~

Feqgt2:=diff{y2{(t),t)=—-c/m*y1l(t)-b/m*y2(t} -
cl/m*yl(t) " 3+F/m;

eqi2 == g y2(¢) = - <yl - by21) o yl(r)‘ + £

ot m m m m

> F:=piecewise({t>=tl and t<=t2,F0,0):

» init:=y1{0)=0.0, y2(0)=0.0:

> ¢:=2000: b:=20: m:=100: F0:=1500: £l:=1.5:

> £2:=5.0:¢c1:=300:

> dsys := {eqtl,eqt2,init}:

> dscl3 := dscolve{dsys,numeric,method=rkf4s5,
output=listprocedure, range=0..10):

> withiplots):

> odeplot (dsol3, [t,y1{t}]);
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Thi du 4.4 Mot hé dao dong chiu kich déng diéu hoa, ¢ ma sat nhdt va
ma sat khd. Phuong trinh vi phan ctia hé ¢ dang:

¥+ 401 + 0.98 sign(x) + 10000 x = 10sin(40r)

Hay su dung cdc hé chuong trinh MATHCAD, MATLAB, MAPLE dé
giai phuong trinh da cho trong khoang 0<r <1.5(s) v6i didu kién diu

x{0)=0,%(0y=0 . Hay v& db thi két qua x(t) va quy dao pha.
Loi gidi. Trude tién ta phai dua phuong trinh vi phan ¢&p hai vé hé hai
phuong trinh vi phéin cdp mdt (xem thi du 4.1 va 4.2). Ta dude phuong
trinh sau:

Vi =,

Vv, ==10000y, —40y, —0.98sign(y,) +10sin(40¢)
Chuong trinh tinh voi MATHCAD

c:=10000 m:=1 b:=40 o ;=098

0
F(t) := 10-sin{40-t} y ;:( j

0
¥
A(t,y) = ¢ b o -signum(y|) F(0)
Yo Y1 +
m m m m
¥1
Al(t,y) = o »signum(y;) F(t)
——¥0 +
m m m
Z = rkfixed(y,0,1,2000, A)
Z1 = rkfixed(y,0,1,2000, A1)
Gy Sy (2 n &)

ti =72 xl =27 x2 =7 zl =271 z2 =71
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Qui dao pha
_ x(t) 0.1 I I I
0.0027
0.0017 0.03
| 0 T
-0.05 I~ -
-0.0011
| | |
—{.1
-0.002+ 0002 -0001 0 0001 0002

Hinh TD 4.4: Két qud tinh todn véi MATHCAD
(trudng hop ¢é ma sat khoé va ma sét nhot)

ui dao pha
X(t) 0.1 T Q T P T
0.002T
0.0017 005
- 0 B )
005 .
—0.0017 03
-0.1 | | ]
—0.002— —0.002 —0.00! 0 0.00] 0.002

Hinh TD 4.4: Két qud tinh todn véi MATHCAD
(fruong hgp chi ¢o ma saf khé, khdng cd ma sat nhéh

Chuong trinh tinh vdi MATLAB

No6i dung cda file khai béo hé phudng trinh vi phan cép 1 (dsys4.m) nhu
sau:
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function v = dsys4(t,y)

¢=106000; m=1; b=40; alpha=0.98;

F=10*sin(40*1);

v=[y(2); y(1Y*{-c/m)+y(2}*(-b/m)-alpha*sign(y(2))m+F/m];
o —

Chuong trinh chinh 14 mét secriff file c6 nd1 dung sau:

clear all;

y0=[0;03; ts=[0 1];
[t.y]=oded5('dsys4'ts,y0);

figure; plot(t,y(:,1)); title('Bien do dao dong');
set{gea, X1im',[min(t) max(t)]);

xlabel('t [s]"); grid on

figure; plot{y(:,1),y(:.2)}); title("Qui dao pha");
xlabel('x"); ylabel{'dx/dt"; grid on

%

Chuong trinh tinh vdi MAPLE

» restart;
> eqb:= m*diff({x(c),tc,t)+b*diff{x(t),)+oc*x{t)

+alpha*signum(diff{x(t),t})=10*sin(40*t) ;

cr

in & C
eqr =m [( 5 x(r)} +h [& x(r)] +ex{t)+o signun{ ?r x(f)] =10sm(40 1)
3 5

> 1nit:=x(0)=0.0, D{x) (0)=0.0:

> ¢:1=10000:alpha:=0.98: b:=40: m:=1:

> dsys := {eqt,init}:

> dsol := dsolve({dsys,numeric,method=rkf4s,
output=listprocedure, range=0..1):

> with({plots):

> odeplot {(dsol, [£,x(t}],color=black,
title="Bien do dao dong");
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Eien duo dao dong
Uum-;\
Y1 0 ongs m [\ ﬂ
0
-0.0005 U U
-0.001

>odeplot (dsol, [x(t) ,diff (x(t},t})],
color:black,t1tle=”Qu1 dac pha");
Qui daa pha

004

' b,b'aﬂ'?' 0.0

Hinh TD 4.4: Két qua tinh todn véi MAPLE
(frudng hop ¢d ma sat khd va ma sat nhéh
Thi du 4.5 Cho bigt phuong trinh vi phan dao ddng ctia hé dao dong:
25%+81+400x = f(1)

4t 0<r<0.25
—-2t+1.5 025<r<05
—-t+1 05<t <]

0 t>1

trong d6 ham fit) ¢6 dang:  f(t) =

Hay tinh toan bién d6 dao déng ciia hé bang cac hé chuong trinh
MATHCAD, MATLAB, MAPLE, cho biét diéu kién ddu x(0)=0 va
x(0)=0
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Lai giai. Gidng nhu cac vi du trude, ta phai dua phuong trinh vi phan
cAp hai da cho vé hé hai phuong trinh vi phan cdp mét (xem thf du 4.4).

Chuong trinh tinh véi MATHCAD

c
c =400 m:=2 b=28 o= |— o0 == 14.142136

Fity:= f4t if D< 1< 0325
21+ 15 if 025<1< 05
-t+ 10 if 0.5<t< 1.0

0 otherwise

o v
y:=(0] Alty) = ¢ b F(t)

YT Y
m m

m
Z = rkiixed(v,0,3,2000,A)
—_
A F = F(1)
(o)
0.5
0 1 2 3
x(t)
0.0027]
=002 =

Hinh TD 4.5: K&t qua tinh todn voi MATHCAD
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Chuong trinh tinh vdi MATLARB

Néi dung cua file khai bao hé phudng trinh vi phén c¢dp 1 (dsys5.m) nhu
sau:

function v=dsys5(t,y)

¢=400; m=2; b=8§;

i 1>=0 & t<0.25, F=4*t;

elseif t>=0.25 & 1<0.5, F=-2%(1-0.25)+1.0;

elseif t>=0.5 & t<1.0, F=-(t-0.5)+0.5; else F=0; end:

v=[y(2): y(1)*(-c/m)+y(2)*(-b/m)+F/m];

e

Chuong trinh chinh 14 mdt scrift file c6 ndi dung sau:

clear all;

y0=[0.0}: ts=[0 3];

[t.y]=oded5('dsys5' ts.y0);

figure; plot(t,y(:,1));

set(gea,’X1lim',[min(t) max(t)]}, xlabel('t [s]); grid on

i
0

Chuong trinh tinh véi MAPLE

> regtart;
> egbl:=diff (x1{t),t)=x21(t);

o

eyt! = '(‘.f x1(7)=x2(+)
o
> eqb2:=diff (x2(t},t)=-c/m*x1(t)-b/m*x2{(t)+F/m;
o x1(¢ bx2(t F
C’sz = ir Xz(f) = — X () _ _J .. ( ) + -
o

" m m

» F:=pilecewise{t>=0 and t<=0.25,4%t,
t>=0.25 and t<0.5,-2*(t-0.25)+1.0,
£>=0.5 and t<1.0,-{t-0.5)+0.5,0):
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> init:=x1(0)=0, x2{0}=0:

> C:2400: b:=8: m:=2:

> dsys := {eqtl,eqt2,init}:

» dsoll := dsclve(dsys,numeric,method=rkf45,

ocutput=listprocedure, range=0..3):

W

with({plots):
odeplot (dsoll, {t,x1{t)],color=black,
title="Bien do dac dong”™);

v

Bien do dao dong

0.003
0.00251
0.002]
500154
0.0014
0.0005

0T
-0.0005- ‘ t

-
&
St
]

Hinh TD 4.5: Két qud finh todn vai MAPLE

Thi du 4.6 Khio sat dao déng tuyén tinh ctia mét hé gdm ba vat ran
cho trén hinh TD 4.6.

X;

VYV

S & NN o
B P
I

Xy

¢z [+~

4 b / -
2 E E/rs [F(r)
Hinh TD 4.6

R A e e
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Hé dao dong chiu kich déng boi lyc F(¢) = F, sin (¢ va mdt ngiu lue cb
mé men M(r) = M, sinQ¢. Cac tham s8 c¢ia hé duge ky higu trén hinh
vé, bao gdm: cac khéi lugng m, va m,; mbd men quan tinh vdi truc quay
cua vat 2 1a J,, cac ban kinh ry, R, ry d0 cling céc 16 x0 ¢, va ¢y, cic hé s8
can by va b,. VAt 3 gia thiét 14 1an khéng truct trén nén ngang.
a) Hay thiét lap phuong trinh vi phan dao déng ctia hé theo toa dd
x,(t) cta khéi lugng m, véi trg gitp ctia hé chudng trinh MAPLE.
b) Cho biét cac gia tri: m, = 5 (kg), m, =15 (kg), J, = 3.60 (kgm?,
ry= 03 (m), R, = 0.6 (m), ¢, = 2¢, = 1000 (N/m), &, = 4 (Ns/m),
b, =5 (Ns/m), Fy= 10 (N), M, = 5 (Nm), 2= 8.15 (1/s). Hiy tinh
toan bién d¢ dao ddéng x,{#) cia khéi lugng m, bang hé chuong
trinh MATLAB, gia thiét x,(0) = 0 va £ (0) = 0.
Loi giai. a) Ta thiét J4p phuong trinh vi phan dao d6éng ctia hé theo toa
dé x,(#) bang phuong trinh Lagrange II.
Dong nang cha hé:
1 m3.*‘32
2 2
Thé ning va ham hao tan cia hé:

1

el 1 )
I =Ec,x,' +5c2x§

} el - . 3 -
T =5m]x; +%ngo§ + @; +%msx§

1
2
T hinh vé ta xdc dinh céc quan hé van téc va dich chuyén cha céc vat
nhu saw

o=Lp i +%b2x§

. X, 19, oo . . o

, = —, ), =—F=—*t %, X =p@p =—%

@, R, 0, 2, 21R, 1 3 = hi, 2R, I
=X X, =2 x
@, R, » Xy 2R, I

Cho hé thyc hién di chuyén kha di ox,, 0@,, dx,, ta xac dinh duge luc
suy rfng fng véi cac luc khdng cé thé c6 dang

MO
Q = 7 2R:F(r)
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V6i sy trg giip cua hé chuong trinh MAPLE, ta thiét lap duge phudng
trinh vi phin chuyén déng ctia hé:

.. . 1 .
m, X +h, x4+, x = (2M0 — 7, F, )sin Q
2
trong do:
3!’2 rg r3
mg=m+—>+—2om, b =h+b ==, c =c+c,—,
R, 8R; ¢ 4R; 4R;

Chuong trinh tinh véi MAPLE

> restart;
| Biéu thitc déng ning
> T:=1/2*ml*v1°2+1/2*J2*%omegal2”2
+1/2*m3*r372/2%omegal®2+1/2*m3*v3*2;

1 2] v ] . 1 .
= 3 mivi—+ 5 J2 w2+ 4 m3 3 o3+ 5 m3v3-

[ Thé nang va ham hao tan
> PI:=1/2*%cl*x172+1/2*c2*x3™2;
Phi:=1/2*bl*v1"2+1/2%b2*v3"2;

—_—

] il
I1:= 5 el x1?+ - e2x3°

— b

1 ,
D = bivi®+ ) b2 v3?

[ Luc suy réng tng véi cac luc khéng thé
> Qs:=M(t) /R2-x2/{2%R2)*F () ;

Oy Ty k2
[ Cac quan hé van téc va dich chuyén
> omegaZ2:=v1/R2:omegal:=r2/ {2%¥R2*1r3) *v1l:
v3:=r2/{2*R2)*v1:x3:=r2/ (2*R2) *x1:
[ Tinh toan cac dac ham riéng va thé vao PT Lagrange II
> Ci=diff (PT,x1):B:=diff {Phi,v1):
> Al:=diff(T,v1):vl:=diff{x1l{t),t):A:=diff(Al,t):
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M{t) :=MO*sin{Omega*t) :F{t}:=F0*sin (Omega*t} :
> PTVP:=collect (A,diff (x1(t},t,t))
+collect (B,diff (x1(t),t})+collect (C,x1)=Qs8;

4 3 1 -
; m3r2t ], : ~h2 r2“\| -
g | g2 8 (c 13
PTVP =1 mi+ S ) .,X](f) +1 B!+ e - ‘(](f)
L R2- R2- \ o R2- ¢t
1 )
o2 r? ) )
: MOsin(Qre) 1 r2F0sin{C21)
+ C_}' + s _-,‘—f — — R
R2- k2 2 R

[ Khéi lugng thu gon, hé s8 cAn thu gon va d6 cing thu gon
> mtg:=op({1,1,1],PTVP); '
btg:=op({1,2,1],PTVP);
ctg:=op{[l,3,1],PTVP);

. ; m3rl-
mitg = mi + R.??' + R23 ..............
by o
bty = bl + R32
..... (,_? J'2 2
cly = P27 A

b) Tinh to4n bién d6 dao déng x,(t) bing s6.

Chuong trinh tinh véi MATLAB

Ham dude luu dudi tén file dsysé.m dude soan thao nhu sau:
function v=dsys6(t,y)
c1=1000;c2=500:m1=5;m3=15,12=3.60;r2=0.3;
R2=0.6,b1=4;b2=5;F0=10;M0=5;0mega=8.15;
mtg=m1+J2/R2"2+3*r2°2*m3/(8*R2"2);
btg=b1412°2*b2/(4*R2"2);
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ctg=cl+r2"2*c2/(4*¥R2"2);
M=MU0O*sin(Omega*t);F=F0*cos(Omega*t);
Ftg=M/R2-F*r2/(2*R2);

v=[y(2); y(1y*(-ctg/mtg)+y(2)*(-btg/mtg)+Ftg/mtg];
Y%

Chudng trinh chinh 14 mét scrift file cé né1 dung sau:

¥1(m)

clear all;

y0=[0;0]; ts=[0 30];

[t,¥]=oded5('dsys6',18,y0);

figure; plot(t,y(:,1});

set{gca, Xlim',[min{t) max(t)]); xlabel('t [s]"); grid on
%

0-2 T T : : I

15 N 25
t[e]

Hinh TD 4.6: K&t qud tinh fodn véi MATLAB
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4.3 Tinh toan dao déng chia hé hitu han bac tu do

Thi du 4.7 Hinh TD 4.7 biéu x1(1) X  xl)
dién mdt md hinh dao déng cha

hé gbm cac may dat trén dam cé 7 m m iIm_nl
> >« <
) i

dé ctng EI. Cho biét phudng
trinh vi phdn dao déng tu do cua

¥

TS

hé ¢6 dang: ] ]
M (1) + Cx{t) = 0 Hinh TD 4.7
9 1 13 ]
64 6 192 m 0 0 x, (1)
v C = E—{ .1_ l l s M=(0 m 0], x(t) =| x,(1)
: 163 % 8 0 0 m X, (t)
7 5 W

Biét cac gia tri: m=200 (kg), £ = 6x10°N/m?* [ = 2 (m), I = 4.17x10® (m")
va chc didu kién ddu x(0)=[0.1 0.0 0.0]", x(0)=0. Hay x4c dinh cac
tan s6 riéng, cac dang dao dong riéng va tinh toan bién do dao dong tu
do clia hé bing cac hé chuong trinh MATHCAD, MATLAB, MAPLE.
Lét gidi. Trude hét ta bién déi hé phuong trinh da cho vé& hé cac phuong
trinh vi phén ¢ap modt bing cach d6i bién y, (1) = x(t), y, (1) =x(t):

Y () =y,

V. =-M 'Cy (0
vdi cdc difu kién dau: y,(0) = x(0) va y,(0) = x(0) .

Chuong trinh tinh véi MATHCAD

m:=200 1:=2 E:=0610 [:=417.10°
o 1 13
64 6 192
m ¢ 0
E-I 1 1 1
M=y 0 m 0 Ci=—- g ; -—6 A:M‘I-C
0 O m I
13 1 2
192 6 064
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Tinh toan tan sé riéng va dang dao déng riéng

A = eigenvals( A) V1 := eigenvecs(A)
Vl<0> Vl(l) v1<2>
V = augment , \ ol = \/K
Vlig,o Vlp,1 Vg2
6.496 1.000  1.000 1.000
w0 =| 10.678 V=] -1,088 0.000 1.838
28.370 1.600 -1.000 1.000
Tinh toan dao déng tu do 0.1
000 100 0.0
O0:=1000 E=|010 . 0.0
000 001 0.0
0
(stack (0, w1 .c] )
A = augmentistack \OQ,-M C/,stack{E, )
D(t,x) =Ax T:=2 N:=1024
z = rkfixed(x,0,T,N,D) t:= z<0> x1 = z<]> x2 = z<2> X3 = z<3>

Hinh TD 4.7: Két qud finh todn véi MATHCAD
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Chuong trinh tinh véi MATLAR
Khai bao hé phuong trinh vi phan:

function v = dsys7(t,y)

m=200; E=6*10"8; I=4.17%107-3; =2,
M=diag({[m,m,m]):

C=E*I1"3*9/64 1/6 13/192;1/6 1/3 1/6;13/192 1/6 9/64];
A=[zeros(3) eye(3);-inv(M)*C zeros(3)];

v=A*y;

%

Chuong trinh chinh:

clear all;

% Tinh toan tan so rieng va dang dao dong rieng

m=200; E=6*10"8; [=4.17*10"-3; 1=2;
M=diag([m,m,m]};

C=E*V1"3*[9/64 1/6 13/192;1/6 1/3 1/6;13/192 1/6 9/64];
A=mv(M)*C; [V,D]=eig(A);

omegal=sqrt(D(1,1))

omega2=sqrt(D{2,2))

omegad=sqrt(D{3,3))

% Chuan hoa cac vec to rieng:

V=[VC V(LT VE2)V(L,2) VE3WV(L3)

% Tinh toan bien do dao dong

v0={0.1,0;0;0,0;0]; ts={0 2);

(t,y]=oded5('dsys 7' ts,y0); figure; plot(t,y(:,1),t,y(5,2),t,¥(:,3))
xlabel('t [s]%); legend('x1','x2",'x3"); grid on;

%
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Chuong trinh tinh véi MAPLE:
V61 MAPLE ta ¢6 thé giai truc tiép hé phuong trinh vi phan cip 2
> restart;
> with{linalg):
= M:=diag(m,m,m) :
> C:=EI/1"3*matrix([[9/64,1/6,13/192],
(1/6,1/3,1/6]1,113/192,1/6,9/6411):
> Ml:=multiply{inverse (M), C):
» X:=vector({[x1(t}),x2(t),x3(t}]):
> eqgt:=matadd (multiply (M, map (diff,X,t,t)),
multiply (C,X}):
> egtl:=egt[1];
2 694 Efx1(1) é.E[ x2(1t) 13!:1 x3(1)

t! ¢ He) [+ + + 192
=m| L x o s e
4 o P P P

» eqt2:=eqt (2] ;

1 ] 1
EIXW() L EIXX1) L ETx3(1)

12 & 200y |+ 0 + +
a2 = m [ & o L A
4 o P P P

> egt3:=eqgt[3];

13 1 9
E} 300y E}' 2 5 (
} 5 .. x1(1) K X (x)+64wx3( )
cotd =m [ C 4 et 6 D o
/ or P / I

> init:=x1{(0)=0.1, x2{0})=0.0,x3(0)=0.0,

D(x1) (0})=0.0,D(x2){0)=0.0,D{x3}(0)=0.0:
> M:=200:1:=2:EI:=(0.6%1079)*(4.17*10"(-3))
> Lambda:=evalf (Eigenvals{M1l,vecs)):

omegal:=evalf (sgrt (Lambda[1l]),5);

omegaZz:=evalf (sgrt (Lambda [2]},5) ;

omegal:=evalf (sgrt (Lambda[3]},5) ;
ol =06.4960
02 = 10.678
o3 =28.370
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» vl := submatrix{vecs, 1..3, 1..1)/vecs(l,1]:
> v2 := submatrixi{vecs, 1..3, 2..2)/vecs[l,2]:
> v3 := submatrix(vecs, 1..3, 3..3)/vecs{1,2]:
» V:=evalf (augment (vl,v2,v3),5);

1.0400 99659 1.0060

Vi=|-1.0881 -8270410° 1.8381

1.0000 -.99494 1.0000
> dsvys := {eqtl,eqgt2,eqgtl3,init}:
» dscl := dsclve({dsys,numeric,method=xkf45,

cutput=listprocedure, range=0..2}:
> with{plots):
> odeplot {dsol, [[t,x1{t)],{t,x2(t)],[t,x3{(c)]]);

Thi du 4.8 Cho biét phuong trinh vi phan dao déng cta hé hai bac ty
do chiu kich déng tuAn hoan cé dang:

M %(0) + Bx(t) + Cx(t) = £(t)

vl 0 g [ 3 -0s] _[3 - (o 145“1(9‘)
Vl o R o , o R o .
0 1 -05 05 -1 1 Esm(%Dr)

Pan dAu hé ding yén. Hay tinh toan dao déng cudng bitc ctia hé véi tan
s& kich déng 2 = 2 (rad/s) bing cac hé chuong trinh MATHCAD,
MATLAB va MAPLE.

Loi gidi. Trude hét ta bién d8i hé phuong trinh vi phan c&p hai di cho
vé hé phudng trinh vi phan cidp mot bing cach ddi bién y,(1) = x(1),
y,(t) =x(t):
Y (D) =y,(1) "
¥, () =-M"'Cy, () ~-M "By, () + M'{(t)
Hé phuong trinh (1) ¢6 thé biéu dién dudi dang:

y() = A.y(t) + h(t) (2
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trong dé y(t) = A= i 4| O= , E=
y, (1) -MC -M'B 6 0 0 1

v6i didu kién du y(0) = [y’ ©) ] = {’_‘(0)} .
¥, (0) x(0)

0

Chuong trinh tinh véi MATHCAD

w=(0 1) ey w2 Y o0 0) 1)

Q=2 A= augment(stack (O,—M_ l-C) , stack (E,—M— l-B))

b(6) 1= stack [0) . 4sin(02 ) .
) = stac 0/ 0.5 sin(202 1) y=(0 00 0)

D{t,¥) := A-y + h(1)

2= tkfixed(y,0,20,1000,D) t:=29 x1 =2V 2= 2

Bien do dao dong x1, x2

05T

AN ININIY
A VARYRY,

05T

t

Hinh TD 4.8: K&t quad tinh todn véi MATHCAD
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Chuong trinh tinh véi MATLAB
Khai bao hé phuong trinh vi phén:

function v=dsys8(t,y)

M=diag([2,1]); C=[3 -1;-1 1]:B=[3 -0.5;-0.5 0.5]

Omega=2; {=[4*sin(Omega*t);0.5*sin(2*Omega*t}];

h=[0;0:inv(M)*f]; A=[zeros(2) eye(2);-inv(MY*C -inv{M}»*B ]; v=A*y+h;

Chuong trinh chinh;

clear all;

y0=[0;0;0,01; ts=[0 201; [t,y]=ode45('dsys8" 15,y0);

figure; plot(t,y(:,1),1,y(:,2)); xlabel{'t [s]"); legend("x1','x2"); grid on
%

Hinh TD 4.8: Két qua finh todn véi MATLAB

Chuong trinh tinh voi MAPLE

» regtart;

> with{linalg) :

» M:=diag(2,1):C:=matrix{({[3,-1],[~-1,1]1]):

> B:=matrix([([{3,-0.5],[-0.5,0.5]1):

> f:=vector{[4*sin(Omega*t),0.5*sin{2*0Omega*t)] ) :
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> X:i=vector({[x1l(t),x2(c}]):
> egt:=evalm{multiply (M, map(diff,X,t,t))
+multiply (B, map {diff,X,t))+multiply(C,X}):
= egtl:=eqt [1]-£[1];
B a S I
cqr! =2 s x W) |+3] L xUey =5 xAn) {+3xHr) —xAt)—4sin Qi)
ot ot ) cit
> eqgt2:=eqt (2] -£(2];

c

;AR o )
et Z:"*L;i: XZ(I)j -.5 [;f hl(f)] +.5 (E! X?(f\)} — X)) +x2) - 3520 ¢)

> Omega:=2:
> init:=x1(0)=0.1, x2(0)=0.0,

D{x1) (0)=0.0, D{x2)(0)=0.0:
> dsys:={eqtl,eqt2,init}:

> dsel:= dsolve(dsys,.numeric,method=rkf45,
cutput=listprocedure, range=0..20}:
> with(plots} :
> odeplot (dsol, [[t,x1(t)], [t,x2(t)1],
legend=["x1", "x2"]);

Thi du 4.9 Khio sat dao déng xoén ctia hé rotor - gbi 43 duge truyén
ddng bol b truyén day dai cho trén hinh TD 4.9.

.f,: J3

Ct c2

G 6,

Hinh TD 4.9
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Cho biét phuong trinh vi phan dao d6ng ctia mot hé c6 dang:
M 8(t) + BO(t) + CO(t) = £ (1)

J, 0 0 b -6 0 ¢, -, 0
vii M=\0 J, 0| B=[~-b 2b -b|,C=|-¢ ¢ +c, -0,
0 0 J 0 -b b 0 —c, C,

o =[6, 0, 0,]'vat@=[0 0 m©)]

Mb men M,(@#) ditge gia thiét ¢6 dang ham va cham hinh sin:

0 <0 4001 Nm

. T 20
M) = Mosmt— 0<r<s,

¢ Olo 0.5 H(s)
0 > {, -20

Cho biét cac gia tri: o, = J, = J3= 10 (kgm?, ¢,= ¢,=10° (N.m/rad), b = 2
(N.m.s/rad), M,= 250 (Nm) va t, = 0.3 (s). Hay tinh toan tin s riéng cia
hé va nghiém 6,8, 6,(¢), 04 bing cac hé chuong trinh MATHCAD
MATLAB va MAPLE,

Loi gidi. Trude hét ta bi&n @81 hé phuong trinh vi phan cap hai di cho
vé hé phuong trinh vi phin cap mdt bang cach d&i bidn y, (1) = x(1),
y,(t) = x(t} (xem thi du 4.8),

H

Chuong trinh tinh voi MATHCAD

J =10 c = 1(}3 bi=2 <¢li=¢ 2:=cl te: =03 m0 = 250
I 00 cl -l 0 b -b 0

M=|01J1 0 C:=| —¢cl cl +¢2 -c2 B:=(~-b 2b -b
0 0 1] 0 -c2 c2 0 -b b
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000 1 00 t
0=100 0 E-l0 10 m(t) == mO-sm(ﬁ-—tgj if 0<1<te
000 0 01

0 otherwise
A= augment(stack (O,—M— 1-C) \ s.tac:k(E,—Mw 1-B))

Tan s riéng —0.300 + 17.318i
~0.300 - 17.318:
0.000
—0.100 + 9.99%
-0.100 - 9.999;
0.000

A = cigenvals(A) o=

= lkz‘ W2 = ’M‘ @3 = ‘kol
wl = 0.000 o2 = 10.000 w3 = 17.321

Giai phuang trinh vi phan dao déng

0 0
—1
h(t) :=stack|[ O |,M - 0 y=(0 0000 O)T
0 mft)

D{t,y) = A-y + h{(t) z := rkfixed(y, 0,3, 1000, D)

t:= z(0> 0l := z(1> 02 = z<2> 03 := z<3> F.= n_ﬁa;

Tu d6 thi k&t qia ta thay cac goe quay 91, &, 6; tdng 1én theo thdi glan ¢
do chuyén déng quay xung quanh truc cua rotor, déng thdi xudt hién cac
dao dfng bé xung quanh trang thai binh 6n.
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6t
o
al
2-—0—
0 0.5 } 1.5 2 25 3
t
6-«.—-
at
83
— !
0 0.5 f 15 2 25 3

Hinh TD 4.9: K&t qua finh todn véi MATHCAD
Chuong trinh tinh vot MATLAB

Khai bao hé phudng trinh vi phén:
function v=dsys9(t,y)
J=10; c=10"3; b=2:cl=c;c2=c;te=0.3;m0=250;
M=diag({J,J,J]); C=[e] -¢l O;cl cl+¢2 -c2;0 -c2 ¢2]; -
B={b -b 0;-b 2*b -b;0 -b b];
if t2>=0 &t<=te, F=m0*sin(pi*t/te); else F=0; end;
h={0;0;0:inv(M)*[0;0:F]}; A=[zeros(3) eye(3);-inv{M)*C -inv(M)*B];
vV=A*y+h;
%o
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Chuong trinh chinh:

clear all;

J=10; ¢=1073; b=2;c1=¢;c2=¢;te=0.3;m0=250;

M=diag([J,JJ]);C=[c1 ] 0;-c1 c1+c2 20 -c2 ¢2];

B=[b -b 0;-b 2*b -b;0 -b b];

A={zeros(3) eye(3);-inv(M}*C -inv(M)*B];[V.D]=cig(A);
| omega=sort([abs(D{1,1)) abs(D(3,3)) abs{D(5,5))]);

% Cac tan so rieng

omegal=omega(l), omegaZ=omega(2), omegad=omega(3)
y0={0,0;0;0;0;0]; ts=[0 3]; [t.y]=ode45('dsys9" ts,y0);
figure; subplot(311);plot(t,y(:.1)); ylabel('theta 17)
subplot(312);plot(t,y(:,2)); ylabel('theta 2')
subplot(313);plot(t,y(:,3)); ylabel('theta 3"); xlabel{'t [s]");
%

Chuong trinh tinh voi MAPLE

=

=2

=

=

>

restart;
with({linalg):
M:=diag(J1,J2,J3):
C:=matrix([[cl,-¢1,0],[-cl,cl+c2,-c2],{0,-c2,c2]]}:
B:=matrix({[{b,-b,01, [-b,2*b,-bl, [0,-b,bl]}:
X:=vector{[x1l{t),x2{(t),x3{t)l}:
egt:=evalm{multiply (M, map{(diff, X, tc,t))

+multiply (B, map(diff X, t))+multiply{C,X}):

egtl:=eqt[1];
=2

5 5
eqtl :=10(;2 X} 1)] +2 (;; x 1(;)] ) (ZI x?{r)j +1000x1(1) - 1000x2(1)

-

&)

egt2:=eqgt [2]:
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(’(;12—]0( ----- x?{z)) -[-—-—xl(f])+4[--—-x2:)] [ ----- x’(r)LIOO(}«cl(z)
+2000xX 1) —1000xX 1)

> egtl:=eqt (3] -Mt;

w]

eqs —H[p \’»(r)]—h [2}(2{3)]+b (-—-X”i(t)]—c2*<2(f)+(2 X3 y— Mt
Ot :

> init:=x1(0}=0.1, x2{0)=0.0,%x3(0)=0.0Q,

D({x1}(0}=0.0,D{x2){0)=0.0,D{x3)(0)=0.0:
> J:=10: €:=10"3: Ji:=J: J2:=J: J3:=J:
Cl:=Cc: C¢2:=c: b:=2: M0:=250: te:=0.3:
> Mb:=piecewise({t>=0 and t<=te,MO*sin{Pi*t/te),0):
> Ml:=multiply{inverse (M), C): '
M2:=multiply{inverse (M),B):
Z:=matrix(3,3,0}:
E := matrix(3,3, [1,0,0,0,1,0,0,0,1])
A:=blockmatrix (2,2, [Z,E, -M1, -M2]} :
Lambda:=evalf (Eigenvals (A} :
> omega:=sort{ [abg (Lambda[1]),abs{Lambda{3]}
abs (Lambda [5])])
> omegal:=evalf (omega([1]

vV v v

W

!

1)
omegaZl:=evalf {omega 2], 5)
omegal:=evalf (omega (2], 5)
ol =910
m2 = 10.000
w3 :=17.321
> dsys:={eqtl,eqt2,eqt3,init}:
> dsol:= dsolve{dsys,numeric,method=rkf45s,
cutput=ligtprocedure, range=0,,3):
> with{plots):
> odeplot {dsol, [[t,x1{t)]), [t,x2(t)], [t,x3(t)]],
legend=["thetal", "theta2", "theta3"]);

Il
!
L
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4.4 Tinh toan tan sé riéng ctia hé v6 han bac tu do

Thi dy 4.10 Thanh thing dong
chat thiét dién bién d8i cho trén
hinh TD 4.10. Biét E = 2,1.10°
(N/mm?) , p= 7,85.10°% (kg/mm?,
[ = 400 (mm). Hay tinh toan tin s&
riéng dao dong doc clia thanh bang
cac hé chuong trinh MATHCAD, [ ] b
MAPLE.

a) Su dung ty s6 Rayleigh tim Hinkh TD 4.10

tAn s riéng cd ban,

b) St dung phusng phap Ritz tim hai tin 8 ridng ddu tién.

Loi gidi. a) Ty s& Rayleigh déi véi dao déng doc ctia thanh ¢6 dang:

!
[EAC) X7 (x)dx
2 0

@y = (L
IpA(x)Xz {(x)dx

0

Trong thi du nay dién tich mat cat ¢t dang:
2
A(x) = hb[l - ﬂ )

Thé (2) vao (1) va s dung ky hiéu ¢ = E/p ta duoe:

f 2
J’[l—ﬂ X' (x)dx

mi =c? 0{ > (3)
[(1 —fJ X2 (x)dx
; I
Thyc hién phép d6i bién x = ta c6:
, dX dX
x@=2-12 @

dE dx
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2
f(x)= [1 ——}‘—J = f(€)=(1-&) (5)
Thé (4), (5) vao (8) ta dugc
1
Jrext @
A =1 ®
[reox e
0
2;2
Trong d6 ; =2 i (7
[

D6t véi thanh dao déng doc nhut trén, ta chon ham X (&) thda mén diéu
kién bién:

X(E) = singa )

b) Khi ap dung phuong phap Ritz, ta chon cac ham X,(& va X,(& ¢b
dang nhu sau

X@=sinlt 0,00 sin%"a ©

Khi dé: XE)=a X (&) +a, X,(&) (10)

Cac ham X (& va X,(& cling thda man cac diéu kién bién cla bai toan.
Duéi ddy 124 mé ngudn cac chuong trinh tinh toan tin s riéng duge lap
trén moi trusng MAPLE va MATHCAD.

Chuong trinh tinh véi MAPLE

[ Theo ty =o Rayleigh

A

restart:
Fe={1l-xi)"2;

W

f=(1-8)

Xi= sir{%n@j

» X:i=gin(Pi/2*xi};
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> Il:=int (£*diff(X,xi)"2,xi=0..1):
> I2:=int (£*X™2,xi=0..1):
> lambda:=evalf (sqrt (I1/I2},5);

A =3.1811

> E:=2.1*%10"5:rho:=7850%10" (-8} :1:=400:
> omega:=evalf (sqrt (E/rho) *lambda/1,5)};
w =411.32
[Theo phuong phap Ritz
» restart:
> fr={1-xi}"2;
f=(1-g5)

» X[1] :=gin(Pi/2*xi)};
X[2] i=sin(3+*Pi/2*xi) ;

. (1
X“=${2ﬂ§]
. (3
Aaz—su{iwté)

> dX[1] :=diff(X[1],xi} :dX[2]) :=diff (X [2],x1}:
> A:=array(l..2,1..2):B:=array(l..2,1,..2);
> for i from 1 to 2 do
for k from 1 teo 2 do
Ali, k] :=int (£*dX[i]*dX [k],x1=0..1);
Bli,k] :=int {£*X[i]*X[k],xi=0..1);
end do;end do;
> glam:=evalf (Eigenvals {A,B)}):
> lambda:=sort([sgrti{glam[1]},sqgri{glam(2]}]);
A= [3,146711311, 6.322085306]
> E:=2.1%10"5:rho:=7850+%10"(-8):1:=400:
> omegal:=evalf (sqrt (E/rho) *lambda[l]l/1,5);
omegaZl:=evalf (sqrt {(E/rho) *lambda{2]/1,6);
ol = 406,88
®2 =817.478
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Chuong trinh tinh véi MATHCAD

Theo ty s& Rayleigh

E=21.10 p = 78501070 1:= 400

() =(1-8°  x(g)= sin(g-é)

1
5 !
2
n:_J f(a)-[j—g(a)] g 12:= L fe)-(x(g))” az

¢

11 A |E
A= |— h=3.181 ol:=— |— wl =411.324
1z Iye

Theo phuong phap Ritz

sin[-g-&] ‘:Ex(g){)
o) = N dx(g) =
sin[—n-éj d—x(é)l
2 dt
A:=]for ie0.l B:=|for ic0.1
for ke0..1 for ke(.1
1 1
Vi &J fle)-ax(e)adehy e Vi <—J f(£) )i e dg
0 0
v v

[ ]qo) [3.147]
1q := sort(genvals (A, B}) A= A=

la, 6.322
» [E 406.885
w=—[|— &=
817.476
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Thi du 4.11 Dam céng x6n bing
thép déng chdt, c6 bé day b khong
d6i cho trén hinh TD 4.11. Biét
E =21.10° Wmm3), p = 7,85.10°
(kg/mm?®), I = 400 (mm), b = 20
(mm} va h = 70 (mm). Hay tinh
toin tdn s& riéng dao dbéng udn
cha thanh bing cic hé chuong r I
trinh MATHCAD, MAPLE.

Hinh TD 4.11

a) Su dung ty s& Rayleigh tim
tan s6 riéng cd ban,

b) St dung phuong phap
Ritz tim hai t4n s& riéng
dao déng udn dau tién.

Loi giai. a) Ty s6 Rayleigh d6i v61 dao déng uén ctaa thanh cé dang:
!
[E1G0) £ ()
2_0

0! =L : (1)
[ £ (xax
O

trong d6 I(x) 1a md men quan tinh mat, 1(x) 14 kh&i lugng trén mét don vi
dai cha dam:
x

3
J , n(x)= pbhf @

I(x) = %bhz[

Ta chon dudng cong udn gin ding cia dam théa mén cac didu kién bién
nhu sau:

S(x)= al[l —%J (3)

b) Khi ap dung phudng phap Ritz, ta chon dudng cong udn gin ding cu
dam dé théa min cac didu kién bién clia bai toén:

f(x):a,[l—ﬂ +a2§[1-ﬂ (4)
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Dudi diy 124 ma ngudn cac chuong trinh tinh toan tdn sé riéng duge lap
trén méi truong MAPLE vi MATHCAD.

Chuong trinh tinh véi MAPLE

[Theo ty so Rayleigh

=

>

voowv

v

restart:

fi=al*(1-x/1)"2:
EI:=E*1/12*b*h"3* (x/1)"3:
mu:=rho*b*h*x/1:

Il:=int({ EI*diff(diff{f,x),x)"2, x=0..1 }):
I2:=int (mu*f*2,%x=0..1}:
omega:=evalf (sqrt (I1/12),5};

!

ER
o= L5812,\;—2——
v I'p

L]
E:=2.1%10"5:1:=400:b:=20:h:=70:rho:=7850*10"(-8) :
omegal:=evalf (omega,5) ;

wl =35779

[Theo phuong phap Ritz

=

b3

VooV W

v

=

=

o =

restart:

fi=al*(1-x/1)"2+a2*x/1*(1-x/1)"2:

Ix:=1/12*b*h"3* (x/1}"3:

mu:=rho*b*h*x/1:

£1:=Ix*diff (diff(f,x)},x) " 2-omega™2/E*mu*f*2:

Phi:=int(fl,x=0..1):

Al:=diff{Phi,al}:

A2:=diff (Phi,a2):

Bl:=collect (Al, [al,a2]):

B2:=collect{a2, [al,a2]}:

B:=linalgimatrix] (2,2, [[op(1,Bl)/al,op(2,Bl)/a2],
l[op{1,B2)/al,op(2,B2)/az2]ll):

eq:=linalg[det] {(B)=0:

omega:=evalf ( [solve (eq,omega}],5);

hipE b hipE hipE
[4.9943 ---—-*’--5’2—, 49043 P E G G BIPE o35y hiPE }
p

pl pl 7 pr
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» B:=2.1%10"5:1:=400:b:=20:h:=70:vho:=7850*10"{-8)}:

> omegal:=evalf (omega[3],5);
omega?:=evalf (cmegall],5});

!

wl =34.742
w2 =113.02

Chitong trinh tinh véi MATHCAD

Theo ty s Rayleigh

E:=2.1100 p:=785010 5 1:=400 b:=20 h=70

2 3 3
X b-h™ { x p-b-h-x
fix) =1 1-- = =
(%) [ l] {x) 5 [l] B(x) ’
.
2 i
% 2
= | BI®| 509 | dx 2:= | w(x) @) dx
dx 0
[
@l = E wl = 35.78
12

Theo phudng phap Ritz

X 2 X X 2
f(x,al,aZ):zal(l——]] +a2—l-(l——]]

2

2

fi{x,al,a2,0) = I(x){d—2f(x,al ,aZ}J - % n(x-f(x,al,a2)°
dx
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o i -
d 3 J fl(x,al,a2,m)dx d_ d—f fl(x,a],aZ,m)dx
dal™{ Yo da2| dal/,
Y 5 (¢
4 Ej—-—J ﬂ[x,al,az,w)dx d 3 j fl(x,al,aQ,m)dx
hdﬂl daZ 0 daz 0 i

ft(al,aZ,m) = |(D(al,a2,m)|

d(al,a2,0) =

w:=30  (gia tri ban dau)

ol :=ro0t(ft(0,0,0),0})  ®l=34.99 (két qua tinh toan)
©:=110 (gia tri ban dau)

02 = 1oot(ft(0,0,0),w})  ©2=11324  (k&t qua tinh toan)

Bai tap chuong 4

4.1 St dung cac hé chuong trinh MATHCAD, MATLAB, MAPLE tim
nghiém cta cac phudng trinh vi phan sau bing phudng phép sé:

a) X+ 0x+12x =38(1),

1 =0 . . .
trong d6 o(¢t) = {O (%0 diéu kién dau: x(0) = 0.01 va x(0)=1.0
=

b) X+ 2x+3x=sint+8(t - n)

vdi digu kién dau: x(0) = 0, £(0)=1.0

4.2 Mot h¢ dao déng cudng bitc duge mé t& bdi phusng trinh vi phan:
mi+bx+cx=F(1)

Cho biét cac gid tri: m = 100 (kg), b = 200 (kg/s), ¢ = 2000 (N/m),
F()y= 150005(101) +50co0s(20r). Hay tinh todn bién d6 dao ddng cudng

btic binh 6n x(t) bing cac hé chuong trinh MATHCAD, MATLAR,
MAPLE va so sanh két qiia v6i nghiém gidi tich bang @3 thi.

4.3 Hé dao d6ng tuyén tinh mot bac tu do duge mbd ta bdi phuong trinh
vi phan nhu bai tap 4.2. Cho biét cac gié tri: m =10 (kg), b = 20 (kg/s) va
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¢ = 5000 (N/m). Ban dau hé diing yén. Hay tinh toan va bidu didn trén
d6 thi bién d6 dao dong dng véi cac ham kich dong sau:

a) F()=1500 N trong khoang ¢, £t <1, v8it,; = 0.5 (s), t, = 0.6 (s)

150sin™  0<r<:

b) F(t) = ‘ ? Véit, = 0.6 (s) (hinh BT 4.3b)
0 r>¢
. t
SO0sinf 1-—} 0<r<y¢, |
¢) F(t)= t v, = (0.6 (s) (xem hinh BT 4.3¢)
0 1>,
t
Jsoo- 0<r<t,
d) F(r)= t v6it, = 0.6 (hinh BT 4.3d)
500 t>4¢,
2000 I 4 200 ; T
a) )
0o — = 100 -
0 ! 0 | |
0 0.5 1 1.5 0 0.5 | 1.5
60 T T 600 I i
40 - 400 [~ -
20 - - 200 |- =
C) )
0 | [ 0 | |
0 0.5 1 L5 0 0.5 | 1.5

Hinh BT 4.3
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4.4 Hé dao ddng mot bac ty do ¢b ¢b can ty 1& binh phuong van tée, chiu
kich déng boi mét lge F = F, trong khoang thdi gian #, <7 <¢,. Phuong
trinh vi phan dao déng cia hé ¢6 dang:

mx + asign(X)x° +cx = F(t)
Cho biét m = 10 (kg), ¢ = 200 (N/m), @ = 5, F, = 150 (N}, ¢, =1.5 (s),
t; = 5(s), chc didu kién dAu: x(0) = 0 va x(0) =1.0. Hiy tinh todn va biéu
didn trén d6 thi bién dd dao déng bang MATHCAD, MATLAB, MAPLE.

4.5 Hé dao déng mét bac tu do c6 thanh phan d4 cling phi tuyén. Phuong
trinh vi phén dao déng cua hé cé dang:

mi+bi+cx+ex’ =F(t)
150sin 2 0<r<s,
Luc F(t) c6 dang: F(¢) = 1, véit, = 0.5 (s).
0 t>t,

Cho biét m = 100 (kg), &b = 30 (kg/s), ¢ = 2000 (N/m), ¢; = 300 N/m®, cac
dibu kién ddu: x(0) = 0.01 va %(0) =1.0. Hay tinh toan, biéu dién trén 48
thi bidn 46 dao déng bang MATHCAD, MATLAB, MAPLE va so sanh
k&t qua véi truong hop tuyén tinh (¢; = 0).

4.6 Cho biét phuong trinh vi phin dao dong cua hé ba bac tu do ¢6 dang:

M (t) + Cx(t) = (t)

04 0 0 30 -30 0 F(t)
v6iM=|0 20 0| C=10"1-30 38 —8[f(t)=| O
0 0 8.0 0 -8 88 0

trong 46 F(¢) =1000 N trong khoang ¢, <t <¢, véit; = 0.1 (s}, £, =0.3 (s).
Cho bi&t ban diu hé ding yén, hay tinh toAn tan s6 riéng, dang dao
ddng riéng va bién dd dao ddng cta hé bang cic hé chudng trinh
MATHCAD, MATLAB va MAPLE.
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4.7 Hé dao d6ng tuyén tinh c¢6 can duge bidu dién bdi phudng trinh vi
phin:

m 0 0Tx] 27 =27 0 T&] f3 -3 oTx] [FO
0 4m Of%, [+|-27 54 -27|& |+°o|-3 6 -3|x|=| 0
0 0 m|%| | 0 -27 27|% 0 -3 3 |x 0

Cho biét cac gia tri: m = 3000 (kg), E = 6.9x10°N/m?, I = 5x10® (m?),
= 2 (m). Ban dau hé ditng yén. Luc F(#) c6 dang:

10°: 0<¢<10
F@) =
10* £>10

Hay tinh toan; biéu dién trén d6 thi bién d6 dao dong bing MATHCAD,
MATLAB, MAPLE,

4.8 Héy tinh toan bién d6 dao ddng ca hé bon béic tu do ¢6 can, chiu
kich déng tuin hoan bing céc hé chuong trinh MATHCAD, MATLAB,
MAPLE. Cho biét:

4 0 0 0 4 -1 0 0 5 -1 0 0]
03 0 0 -1 2 -1 0 -1 2 -1 0
M= ,B= ,C =10
0 0 25 0 0 -1 2 -1 0 -1 2 -1
00 0 6 0 0 -1 1 0 0 -1 1]
0 0 1]
0 . . , 0
f(r) = . . , cac ditu kién daw: x(0) = , X(0) =
sin(4¢) + sin(8¢) 0 0
cos(4t) + 0.5cos(81) 0.01 0

4.9 Mot hé dao dong cudng bie véi hai tan s6 dude md td bdi phudng
trinh vi phén:

mi+bi+cx=Fsinlt+F,sinQ,

a) Giai phudng trinh vi phén bing cdc hé chudng trinh MAPLE,
MATLAB, MATHCAD véi cac tham s8 ty chon.

b} Dat n= 02./w; 1 =1; 2), v& quan hé gita cic bién dd va 7,
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4.10 Cho hé dao ddng nhu hinh BT 4.10. Cho 2
biét: m = 1800 (kg); ¢ = 7200 (N/m); b = 13000

(kg/s); ft) = Fosing¥; F,= 130 (N) vd Q= 20 b
(rad/s).

a) Thit 14p phudng trinh vi phan dao déng

N

cua hé. 2 ¢
b} Tinh toadn dao ddng cudng bic binh 8n cla x IT

hé bing cic hé chuong trinh MATHCAD, m
MATLAB, MAPLE. Vo
Pdp s6- a) Phuong trinh vi phén dao ddng:

Hinh 8T 4.10

m)f+c—mk+cx=f‘i+FusinQr—c—FbcosQr
b bQ b2

/1
L~

a A b 7

Hinh 874.11

4.11 Cho m{t true may nhu hinh BT 4.11. Truc d6ng chit cé thiét dién
hinh trdén c6 modul dan héi E, mat d6 khéi p. Cho biét chidu daj cac dean
truc a, b va cde dudng kinh d,, d,. S& dung ty s6 Rayleigh, hay tinh toan
tan s0 riéng co¢ ban dao ddng udn cla truc bing cic hé chuong trinh
MATHCAD, MAPLE.

Dip s6° > ZE[ET di[z-sinz+v*(n—z+sinz)]
' I

16[z—sinz+v2(n—z+sinz)]

Hudng dan: Ta c6 thé chon dudng cong uén gin ding cla dam théa

M e aia s s . TX
mén cac diéu kién bién: f(x) =sin—.
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