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LS1 NOI PAU

Ly thuyét dan hdi dong mot vai trd quan trong trong Co hoc vat rén bién
dang noéi riéng va trong Co hoc méi trudng lién tuc noi chung. Ly thuyét dan
héi duge xdy dung trén cac gid thuyét vé bign dang phu hop vdi thuc t€ kg
thuat, nhim don gian hoa va xay ding cac phuong phép gan diing dé gidi cac
bai toan ki thudt vdi mite d chinh xac theo yéu cau thiét ké. Trén co s& cac
quy luat va phuong trinh co ban clia 1y thuyét dan hoi ¢6 thé gidi mot loat cac
bai toan trong thuyc tidn: tinh toén Ung sudt, bién dang, chuyén vi cla cac ket
c&u dang thanh, t&m mdng, éng day, dia quay, v& mong, vat thé tiép xuc. ..
dudi tac dung cha cac dang tdi trong khac nhau. Chinh vi vay, Ly thuyét
dan héi cb tinh Gng dung cao va dugc dua vao giang day § hau hét cac
trudng Dai hoe kg thuat, 14 mén co s§ chuyén nganh cho Co khi, Co hoc k9
thuat va trang bi kién thitc cho mét s6 chuyén nganh khac (LY thuyét t&m vd,
Keét c8u hang khéng,...}.

Cudn sach “Ly thuyét dan héi” dugc bién soan theo Chuong trinh khung
clia Bo Gido duc & Dao tao cho nganh Co hoc ki thudt véi théi luong 2-3 tin
chi cha hé Dai hoc chinh qui, cting nhu hé Cao hoc. Néi dung cudn sach dugc
dua trén nhiing kién thiic cd ban nhét cla Ly thuyét dan héi, nhém gilp cho
ngudi doc cé thé ném vilng phuong phép gidi cac bai toan mét cach dé hidu
va cb thé ing dung vao viec gidi quyt cac van dé tuong t trong thuc te. Tac
gid da tap hop va chon loc cac van dé c¢6 tinh dac trung nhét, déng thoi bd
sung nhitmg két qua tinh toan bing phuong phap phén t&t hitu han dudi dang
dd thi, hinh &nh dé minh hoa sinh déng sy phan bé ng sudt cling nhu bién
dang cta vat thé dan héi dudi tac dung clia cac ngoai luc.

Noi dung cudn sach gdm 6 chuong, trong dé trinh bay 19 thuyét, cac i
du, bai tap t gidi. Phdn phu luc bao gdm cac bang toém tét chuyén vi va néi
hc cha t3m tron chiu udn béi tdi trong ddi xiing truc, cac dé thi va hinh anh
tinh toan ap dung phuong phéap Phan tit hitu han. Ban doc ¢ thé tham kho



thém bai tap trong cuén “Bai tdp dan héi ing dung” (cing nha xuat ban)
dé bd sung va hoan thién hon kiéh thitc vé L thuyét dan héi.

Cudn sach c6 thé dung lam tai liu gidng day, hoc tap cho sinh vién cac
trudng Dai hoc kg thudt, cac hoc vién cao hoc, nghién citu sinh, va [a tai lieu
tham khdo cho céc ki su, nha nghién citu vé linh wue Co hoc vat rén bign
dang.

Tac gid xin chan thanh cdm on Nha xu&t bdn Gido duc Viet Nam da tao
diéu kien thuan loi dé cudn sich dugc ra mét ban doc. Déng thai xin chan
thanh cdm on cac ban déng nghiép da dong vien va gitp d& cho viéc hoan
thién cudn sach nay.

Téc gid xin hoan nghénh moi ¢ kién déng gbp va xin vui 16ng gl vé dia chi:
Bé mén Siic bén vat lieu, Khoa Co khi, Truong Dai hoc Béch khoa Ha Nai.

Ha néi, thdng 6/2009

Tac gia



Chuong 1

TRANG THAI ONG SUAT - TRANG THAI
| BIEN DANG

1 — TEN-XO UPNG SUAT
1.1. (Ing suét trén mit nghiéng bat ky trong hé toa do Bé cac

Xét mét vat thé dan hdi ¢ trang thai can bing duéi tac dung cia mot hé
ngoai luc. Tuong tugng cit vat thé bing mat cét bat ky di qua diém M
(hinh 1.1), xét sy cdn bang cia phan A, ta co vécto g sut tai diém M

duoc dinh nghia béi ¢dng thire

—~ AP
p, = hmE (1.1
AF =0

hodc ¢6 thé bidu dién dudi dang -
P, =oc+1 (1.2)

Véi AP 13 vécio ndi lue tac dung trén dién tich AF, o 1a thanh phén

\mg suat phép,::. 12 thanh phAn tmg sut tiép. Ky hiéu v 1a vécto phap tuyén

- —

don vi cia mit cat tai di€m M, o 1a goc gilra p, vavtaco .

loj=p,.v

[t =+flp, IF —1of { (1.3)
p..v

CoOsSa = —
Ip, | )



P,
T ‘.\a
AN v
M
z
z,
|
O l -_ ’ P, -
—— o - - —t y
X, Y.
(A) )L
X
Hinh 1.1

Néu phuong phép tuyén cia mat cit trung von phuong caa truc toa do,
ta ¢4 cac vécto (g sudt trén cac mit tuong tmg dugce xac dinh béi :

p:

=0 i +1Wj+ TE
[;; = 'ny_i.+0'y 3+Ty2£ (1.4}
P, =t i+t j+ok
Trong trudng hop mat cit bat ky, ta ¢6 :
;;; =Xj+ Y\,_J:-E- LE (1.5)

1
= (X, Yv. Zy)| ]

»

k

b4

e

Vol 1, ], klacac vécto co sé ctia hé truc toa do.



D 16m cia vécto tmg sult bang: p, = \/vaz +Y+2Z,° (1.6)
Tir (1.4). 1in luot nhan céc bidu thise v6i cac cosin chi phuong ciia v 1a 4
m, n réi cong lai, ta ¢é cac thanh phan hinh chiéu cua p::, duogce xac dinh boi
¢Ong thic .
=ocl+1 m+71nN
Y = TWE’ +om+7T.n (1.7)

Z =t t+1 m+on

W X ¥x Fa
L]
Y, |=l1y, O, T, m (1.7")
Zv sz Ty;r, Gz n

Téap hop cac thanh phén clia tng sudt trén cac mat phing song song voi

cac mit toa dd 1ap thanh ten-xo img SUdt:

Oy Tyx Tox O, On Gy
TG =Ty O, Ty, hogc Ts= | 6, ©, O,
Ty Tyz G, G, Oxn Oy

v&i oy = oy (1 # j) (con goi 1a dinh luat dbi umg cia img suét tiép).
1.2. Ing suét chinh - phuwong chinh

Mat phing trén d6 tng sudt tiép bang khong goi 14 mdt chinh, ing sut
phap trén mat chinh goi la dng sudt chinh, phuong phap tuyén cla mit
chinh goi la phuong chinh.

Khi dé ten-xo (mg suét s& tré thanh ma trén dudng chéo:



Ky hiéu ¢ 1a tng sudt chinh, v 1a vécto chi phuong ctia phuong chinh,
ta cd:

—r -+

p=c.v (1.8)

Cht y ring cac cdsin chi phuong ctia v 13 £, m, n, va hinh chiéu cua p
chinh 12 X,, Y., Z,, so sénh (1.7) va (1.8), ta c6 hé phuong trinh :

(o, —oc} + T,m+ 1, n=0
T, 0+ (cry —o)m + t,n=0 (1.9)
T £+ T,.m+ (0, —ojn=0

Do €% +m” +n® = 1, ta c6 hé phuong trinh dai sb tuyén tinh thudn nhét
(1.9) ¢6 nghiém khéng tam

thuomg khi dinh thirc bing khéng:.

g -C T T
X ¥X 2
T o -G { = 0 (1.10)
Xy ¥ zy
T T G —GC
Xz ¥z Sz

Khai trién dinh thirc (1.9) ta ¢6:
6 -Jo -Jao-) =0 (1.107)

Phuong trinh béc 3 trén ¢6 3 nghiém thuc ), 63, 3, ln lugt thay tri )
clia g suit chinh vao hé (1.9), két hop véi diéu kién tong binh phuong cac
¢dsin chi phitong bang 1, ta tim duge cac phuong chinh trong img.

Cac Umg sudt chinh ¢6 trj sb khéng phu thude hé truc toa d6, do d6 cac
h¢ s6 ctia phuong trinh trén 1a khéng dbi déi véi moi phép bién déi toa do,
do d6 con duge goi la céc bdt bién ciia ten-xo (g sudt:

J;=°'x+5y+°'z




J,=h, o ot (1.11)

Ta ¢6 thé chimg minh mét cach d& dang tinh chit truc giao cia cde
phucmg chinh: ti hé (1.7). Thay gia tri o va céc c¢bsin chi phuong cua ing
sudt chinh thir nhét, nhan hai vé cta phuerng trinh 1an luot véi cac cosin chi
phuong cta phuong chinh thir hai, rdi lam tuwong tw véi céc chi sé 1, 2 dbi
¢hd cho nhau, sau dé trir hai két qua tim duoe, ta c6:

(0,£,+mm,+nn,)=0 (1.12)

Do cac tmg sudt chinh néi chung la khac nhau nén thira sb thir hai phai

—3

bing khéng, d6 chinh 1a tich v6 hudng cua hai vécto v, va v, , hay

-+ - - - - —

v, Lv, Tuongtu: v, Lv,;v, Lv,.

Ta nhan xét thiy bai todn tim g suéit chinh va phuong chinh tuong tu
bai toan tim tri riéng va vécto riéng cia ma tran Ts.

Néu chon hé truc toa 6 trung v&i cac phirong chinh, ta c6 cac bét bién
clia ten-xo (mg sut xac dinh bt cong thire:

J, =0, +0, + 0,

I o, O L% 0 N 0 ( . )

= - : =-(0,0,+0,6,+0,0

2 0 0_2 0 0_3 0 G] 12 i) 31
s, 0 O

. 1,=0 o, 0]|=00,0, (1.13)
0 0 o,

Nhu vay ta thiy téng cdc iing sudt phdp theo ba phuong vudng goc bt
ky I khéng doi, cde phuong chinh vudng géc voi nhau fing doi mot.

1.3. Ten-xo’ (rng suét ciu va ten-xo’ ing suét 1éch

Trang thai {mg sudt bit ky c6 thé phan tich thanh cdng tac dung cua hai
trang thai (mg suat dac bit: trang thai g sudr cdu va wrang théi img suat léch.



Ky hiéu tng sudt trung binh theo cong thuec:
o, +06 +0,
G, = ——3’—— (1.14)

Ten-xo g sudt cdu c6 dang;

g, ¢ O
TS = 0 o, O (1.15)
0 0 o,

Ten-xo img sudt léch co dang:

G, =0, T T,
=] 1, o,-0, T, (1.16)
T, T, G,-0,
Ta thay r5 rang : T =T¢ +T? (1.17)

Trang thai tmg suét ciu chi géy nén bién déi vé thé tich, trang thai img
suét 1&ch chi gy nén bién déi hinh ddng cla phan td trong vit thé dan hbi
dudi tac ddng cia ngoai luc.

2 - TEN-XO' BIEN DANG

2.1. Hé thire Cosi giira bién dang va chuyén vi

Goi Po(xo, Yo, zo) va P(X, y, z) 1a hai diém bat ky nim trong vat thé dan

hdi & trang thai chwa bién dang, sau khi bién dang, vi tri moi cua Py 1a
Po’(xo’, ¥0’, 20> ) va P’(x’, y’, 2’) (hinh 1.2a). Ky hiéu r,r la c4c vécto P,P
va Pi_,'_}’-'. Ta goi vécto PP' 1a vécto chuyén vi cia P sau khi bién dang. Khi

do thanh phan hinh chiéu ctia PP’ duge xac dinh nhu sau:

u=x’-x
vEy-y
w=z"-% (1.18)
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du
. {_' .-t __,_.--""'-'-—p-—— o I'
Pl c !
o /
v(x,y+dy) ) /
I ]
ll /
YA c Dl Bl
A - &_T o
— - ' ax
T dy }
v(x.y)
} A dx B ufx-+dx,y) o
u(x.y)
0
X

Hinh 1.2b

Trén hinh 1.2b, xét phan 16 ABDC & vi tri trude bién dang, do dai cia
AB 1a dx, cia AC la dy (gia thiét ABL AC). Sau bién dang, vi tri mdi cla
ching 1a A’, B*, D', C’. Ky hi¢u u, v 1a thanh phin chuyén vi cua diém A
theo phuong X, y twong img, ta c6 d0 bién dang dai ty dbi cia AB va AC

theo phuong x, y 1an luot 1a:



o) 5o
u+—dx|-u v+ —dy |-V
( o L S - (119

Ex = .
dx x 7 dy
Tuong tu, trong khong gian ta ¢6 bién dang dai ty déi theo phuong z la:
ow
w + = dz |- w v
6, = o (1.20)
' dz 0z

Do bién dang ciia phén té coi 13 vo cung bé, cic goc a va B duge coi
bang tang cua ching. Sy thay déi cua géc vudbng BAC trong mit phing xy
ky hiéu la Y,y Xac dinh béi:

_ov Ou
ny ax ay

Tuong tu, ta ¢6 cdc bién dan géc trong mit phang yz va xz:
A L . (121)
8y Oz X oz

Céc biéu thirc trén goi 14 hé thir Cdsi, biéu dién sy lién hé gilta bién

[11=]

dang va chuyén vi.
Céc biéu thire trén ¢6 thé viét gon nhu sau:

£y =

1{ ou, au o T s 3 X % .
== —+—|, vai g;1a thanh phan cua ten-xo bién dang T,

ox; ox,
(ujj 12 thanh phan chuyén vi theo cdc truc toa do).
1 €1 B B
T = 57“ €, EY"”’ hode Te= | &, &, =, (1.22)
1 1 83 By By
EY’“‘ 2 Yo &

Tuorng tu nhu tinh (mg suit trén mat nghiéng bt ky, ta co thé sir dung
ten-xo bién dang dé tinh bién dang dai cha mot doan thang cho trude, néu

biét vécto chi phuong ciané lav

12



aw 2 } 2 vl

1 1
€y | = Eny g, Eyzy Vv, (1.23)
£ 1 1 . Vs

— — €

k2,}“3(2 2sz z

Néu biét vécto chi phuong cia hai doan AB, AC trude bién dang la v
va p, ta co cdng thitc xac dinh sy thay dbi gac giita hai doan AB va AC sau
khi bién dang la:

¥ =2(8, Vi1, +E VU, + £,Vally) T, (ViHy + Vol Yy (VoM Vo, )+

Y, (VK + V3l ) (1.24)

: > —
hodc duéi dang ma tran: y=(QT, v)' p (1.25)

Trong do, thira s6 thir nhit trong ngoic 12 ma trén chuyén'vi cia phép

nhan 2 14n ma tran ca bién dang v&i ma trén clia vécto V.

2.2. Bién dang chinh - Phurong chinh ctia ten-xo’ bién dang

g, 0 0

T =|0 ¢ 0
£

0 0 =

V6i £, €2, €3 14 cac bién dang chinh. Phuong trinh dé x4c dinh bién dang
chinh va phuong chinh giéng nhu tmg sudt chinh & phuong chinh cta
ten-xo Ung suit la: -

e -lief—he-1=0 (1.26)

Véi I =g,+ey+e, =96

13



1 1
Ex _ny E’sz

2
1 1
I;= EYKY £, 5’}'}1 (127)
| 1
Eﬂ{xz EY}'z Ez

| 1
(e, —€)f + VM 2Vl = 0
1 1 '
X nyyf + (s, ~&)m + STl = 0 (1.28)
1 1

—y £ +—v m+(s. —gln=0
> T > Vv (e, —¢€)

véi P+ m?+n’ =1
Tuong tr nhu ten-xo g suét, ten-xo bién dang ciing c6 thé phan tich
thanh téng cla ten-xo bién dang cdu va ten-xo bién dang léch. Nguoi ta
cling chimg minh duge ring, cac phuong chinh ctia ten-xo g suét va
phuong chinh cua ten-xo bién dang 1a tring nhau (néu coi bién dang 12 bé).

Vidy I: Ten-xo (mg suét tai ¢iém P cia vat thé dan hdi duge cho nhur sau:

7 0 -2
T.=l 0 5 0
-2 0 4
a) Xac dinh vécto mg suét trén mat nghiéng cé phép tuyén:
. 2% 2% 1=
v=—1—-=j+-k diquaP
MR AR

b) Xéc dinh cac thanh phén img suit phap va {mg suét tiép cha p, .
¢) Tinh goc gitta E\, va v
Gidi:

a) Ap dung cong thic (1.7) ta ¢co:

14



X, =?x%+0x[—gj—2x(l]=4
3 3 3

10

Yv=0><z+5><[—%]+0><l
3 3 3

Z, =—2x2+0x[—3)+4xl=0
3 3 3

- ; .V ; L. - 10~
Viy vécto (mg suat trén mat nghiéng diqua P la: p, =41 ——3—}

b) Thanh phan img suét phap:

Thanh phén img suit tiép:

= 2 T244
T= lpv‘ o’ %1,79; =42+[~¥) =—

Goc gitra p, ;v xac dinh theo cong thic

P,

COS QL= p‘__v ~0,94 . Dodda= 200
P
Vi du 2. Trang thai Gng suét tai diém bt k¥ cia vat thé dan hdi
(hinh 1.3) dugc xac dinh bdn ten-xo img sudt:

3xy S5y* 0O
T,=|5y" 0 2z
0 2z O

a) Xac dinh (mg sut tai diém P(Z , 1, \/5) trén mat phéng tiép tuyén

voi mat tru:

y2+z2=4.

15



16

Hinh 1.3

Thay toa d6 cua P vao ta cé:
6 5 0
T®=|5 0. 243
0 2v3 0

Phap tuyén ctia mét phing tiép tuyén véi mat tru x4c dinh béi:

gradf=i1+ﬁ]+——k ;
ox oy

voi f(x, y, z) = 0 Ia phuong trinh ciia mat cong bét ky.
Thay f(x,y,2)=y*+2z%-4=0, ta cé:

grad f (2.45) =2}+2\/§E

Chudn hoa vécto trén, ta c6 vécto phap tuyén don vi:

“_> — —
M gradf-=lj+£k
|lgradf| 27 2

Ap dung cdng thirc (1.7) ta ¢6 vécto img sudt tai diém P c6 dang:

;\;%nsjﬂm



Vi dy 3: Trang thdi img suét tai diém P ctia vat thé dan hdi dugc xéc

dinh boi ten-xo (ng sudt:

31 1
T,=|1 0 2
1 20

a) Xac dinh tmg sudt chinh’va phuong chinh.

b} Xc dinh Umg suat tiép 16m nhat.

a) Ung suit chinh duge xac dinh boi ¢ong thire (1.10°):
o' -Jo'~),6-1,=0

1,=3
31 Lot
1,= =6
10 MR
301
IL=[1 0 2]=-8
12

Thay vao phuong trinh, ta c6:
c?-3c%6c+8=0
hay: (c-1)o-4)Xoc+2)=0.

Viy cac vmg sut chinhla:6,=4;06,=1;0;3=-2.

(*)

Trang thai tmg suat tai diém dang xét 13 trang thai ing suit khéi. Thay

gia tri cia o g vao hé (1.9), ta cd:

(3-—4)f+m+n=0 . —fL+m+n=0
¢+(0-4)m+2n=0 hay {¢—4m+2n=0
{+2m+(0—4)n=0 {+2m-4n=0

Giai (**), két hop véi didu kién €7 + m? + n’ =1 ta dugc :

(**)

17



Tuong tu, thay o, = 1 vao hé (1.9):
20'+m'+n'=0
{'-m'+2n'=0
'+2m'—-n'=0

Vi : 2%+ m?+n?=|

ta thu duge phuong chinh thir 2 :

gl _%.L.l}
2 37373

Phuong chinh thir 3 xac dinh theo tinh chét truc giao:

_2._3".}._1._m"+_1._n"— 0
o NN -
—_— 1 1 |
v, v, =0 = —{"+—=m"+—=n"=0}
€|2,2 ’ n2 n2 _1 \/5 \/g \[_
+m™ +n - £!|2+ mt|2+ nr|2_l

Vi du 4: Cho truémg chuyén vj :

X'=x + Ay
y'=y+Az ; A=constz0
z'=z+ AXx

a) X4c dinh ten-xo bién dan g.
b) Tinh d6 dai cta c4c canh OA, OB, OC clia hinh chit nhit OABC sau

khi bién dang.

18



dz
O dy A y
Hinh 1.4
Giai:
Theo hé thurc Cosi:
JlA ov ou
8x=@= (y)=0, Yo = 20t o = A
ax 0x - X Oy
oAz ow ov
gyziz——(—):o; Y}’Z:_+_=A
Oy Oy gy oz
J(Ax ow du
ooz oz ox oz
o 1a 14
2 2
1
Vay g, =[-A 0 —A
2
LN
2
0 A A
hay: E.-F% A 0 A
A A 0

Vi tri méi cva cac diem O, A, B, C 1a;

0°(0,0,0): A (0+Ady;dy+A0;0+A0)=(Ady;dy;0)

19



Tac6 d9 dai O'A'=y/(Ady)’ +(dy)’ = dy 1+ A?

Tuong tr: B (0, dy,dz }; B’ (0 + Ady, dy + Adz; dz + A0 ) = (Ady;
dy + Adz; dz).

Vay:

O'B'=\/(Ady)” +(dy+Adz)’ +dz2 = J(1+A%)dy? +(1+A%)d7 + 2Adyd7
C(0,0,dz);C(0+A.0;0+Adz;dz+ A.0)=(0; Adz; dz).

Do dé: O'C'=y/(Ady)? +dz? =dz./1+ A2

BAI TAP CHUONG 1

1.1. Hay chimg minh réng, vécto émg suit E va p\, tai diém P trén hai mat
cd phap tuyén \T, vé;j' ¢6 tinh chat: hinh chiéu cla E trén phuo‘ng;; bang hinh

chiéu cia p,, trén phuong v; .
1

1.2, Cho céac véeto dng suat P,» P, . P; trén cdc mit phing vudng géc timg
doi mét. Hay chimg minh téng binh phuong cac mddun cia chang khdng phu
thudc vao hé toa do.

1.3. Trang thai (g suit tai diém P cho bdi ten-xo g suét:

a) Hay xac dinh vécto ing suat trén mat nghiéng song song véi mit phing:

3x+6y+2z=12

b) Xac dinh cac thanh phan g suat phap, g suat tiép, va goc 1ap bdi vécto
d6 v&i phap tuyén ciia mit phing.

1.4, Tai diém P cho ten-xo {ng sudt:

14 7 -7 -
4 C
T,=|7 21 0 B !
A 1
-7 0 35 ! 5 )
H{ﬁy xac dinh vécto g suit /O/L ___________ “JE y
trén tiét dién di qua P va song song 2.7
voi cac mit phing: @ F
F4
a) BGE

Hinh 1.5
b) BGFC (hinh 1.5).
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1.5. Trang thai imng suit clia mot vat thé dan hdi cho boi ten-xo (rng suft:
c aoc bo
T.=|ac G co |:VGia,b,clahingsd, o la Gng suat,
be ¢ © '
Hay xac dinh a, b, c, sa0 cl]o tri sd cua mg sudt trén mat phing nghiéng déu
mdt gde voi cac truc toa do thi bang khéng ?
1.6. Trang thai g suat tai diém bt ky cho boi ten-xo g sudt

0 Cx, 0
T.=|Cx, 0 -Cx,|voiC=const#0
0 -Cx, 0

a) Tinh img sufit tai diém P (4, 4, 7) trén mat phing:
2% + 2% — %3 =7

b) Ciing ciu hoi nhu trén nhung trén mit cAu:
xf + xi + Xi = 81

¢) Xéc dinh g sudt tiép 1on nhét tai P?

1.7. Xé4c dinh ing suat chinh va phuong chinh cia ten-xo Ung Suat;

1 3 2
T,=|3 1 -2
2 -2 6

D6 la trang thai img sudt nao?

1.8. Xac dinh (ng suat chinh va phuong chinh cia ten-xo ing suat

T T T
T,=|t © = voi T =const = 0
T 1T T

Do la trang thai (tng suat nao?
1.9. Ung suét chinh tai diém P ¢6 cic gia tr sau: 0,= 12; ¢, =3; 0, =- 6.

Hiy xac dinh vécto ing sudt vi thanh phin (ng suit phap cila né tai tiét dién
nghiéng déu so véi cac phuong chinh di qua diém do?

1.10. Cho trudng chuyén vi xac dinh boi vécto:

U={(x-2’1+(y+2)]-xyk
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a) Hily xdc dinh ten-xo bién dang tai P(0; 2; - 1)?
b) X4c dinh cic bién dang chinh tai P; d6 1A trang théi bién dang nao?

1.11. Cho ten-xo bién dang tai mot diém:

2 1 1
T,=|1 2 1
11 2

a) X4c dinh cac bién dang chinh va phuong chinh?
b) D6 la trang thai bién dang nao?

1.12, Cho trang thai bién dang xéac dinh bdi ten-xo:

1 -5 0
T=-5 2 —;v Cho biét OA = OB = OC =a ; AD = BD (hinh 1.6)
1
0 - -3
2

Tim bién dang dai tuong déi clia c4c canh AC, CB?

G6e ADC thay dbi thé nao sau khi bién dang?

Hinh 1.6

1.13. Trudmg di chuyén duoge cho bai vécto;
u=(3x, - 4x,)’e, +(2x, - x,)’e, + (4%, - x, e,

Tim su thay d6i do dai cha vécto ndi 2 diém A(1, -2, 0)va B (3, 0, 4) ?



1.14. Trudng di chuyén dugce cho boi quy lugt:
X, =X,
X, =X, + AX, vOi A=const# 0
X, =X, + Ax,

a) Tim cac thanh phan cva ten-xo bién dang?

b) Tim chuyén vi ctia c4c canh ctia hinh I3p phuong (hinh 1.7}

b Xq
B
|
1
|
|
|
dx
o f--Jo .
- X2
-~
A i dx
dx
Xy
Hinh 1.7

1.15. Trudng di chuyén duge cho bdi quy lujt:

voi A, B=const(A=B=0)

a) Xdc dinh cac thanh phin cta ten-xo bién dang?

b) Tim su lién hé giita A va B dé bién dang thé tich ty déi béng khong?

¢) Vi gia trj tim duge coa A va B, hdy xac dinh trang thai bién dang cua vt
thé la trang thai nao? “



Chuong 2

HE PHUONG TRINH CG BAN CUA LY
THUYET DAN HOI

1 — PHUONG TRINH VI PHAN CAN BANG TINH HOC -

DIEU KIEN BIEN D
Xét phan t§ hinh hjp - s
kich thuéc (dxxdyxdz) téch [ v

¥
ra tir vit theé dan hoi, cac mit ¥ I 4/ -0,
. Tax

cia phin 16 song song voi b

61
cac mat tea d§ (hinh 2.1).
Céc thanh phin tng sut tac
~ . - A I o X
dung lén .cac mat doi dién
v&i mit dang xét 1an luot la: z Hinh 2.1
] o-x 1 ar-“}" 1 X¥
¢ =6 +—"dx;t' =1 +—>dx:1' =1 + dx
X X vy xy ax R LT ax
. do, . ot _ »
G?:Gz+—dz;‘ruzru+—dz;’r,:TY+ dz
‘ oz oz i ¥ oz
' 80y . ot ot
_ . — . - . r — L .
o, =0+ dy P =T F . dy T, =T+ dy

Ta viét phuong trinh can bing tinh hoc cda phan té:
2Py=0; ¥Py=0; XP,=0

Ky hiéu F(pX, pY, p7) 1a luc khéi téc dung 1én modt don vi thé tich, ta

thu dugc hé phuong trinh vi phan cdn bing tinh hoc ctia phén 16:
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+ y"+&rz"+ X=0
o 0T

ox Oy
ot do ot

Y p—L 42 4pY =0, (2.1
ox oy oz

ax cy oz
Hoic dudi dang viét gon:

0o ; s 1 A VA +A .
E;i +F =0 (i,j=1 3,]ay tong theo j) (2.2)

i
Ky hiéu luc mat tac dung 1én mdt dom vi dién tich trén bién cla vat thé
la ﬁ;(x\,,Y\,,Zv), vécto phap tuyén don vi tai diém bat ky trén bién la
-\:(vl,vz,v_q }. ta c6 diéu kién bién:
X, =0V, +1,V, +1T.V,
Y, =1V, +OV, + TV, (2.3)

L =T Vv +1T VvV, +0V
¥ xz | yeo 2 z 3

(2.3) ¢6 thé viét gon lai la:p, = o, v, (y tong theo i = 1.3)

B XY, Z3

v {vy, Vo Va}

()

Hinh 2.2
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2 -~ PHUONG TRINH TUW'ONG THICH SAINT — VENANT

Chuyén vi ctia mot diém bét ky trong vat thé lién tuc dugc xac dinh boi
cac ham sb6 WX, y, z); v(X, y, z); w(X, y, z). Néu bidt duoc cac ham sb do, ta
co thé xac dinh dugc cic thanh phin bién dang &; nh¢ hé thic Cosi
(1.19 — 1.20). Tuy nhién, néu biét dugc céc thanh phin bién dang, lam thé
no co thé xac dinh duge cac gia tri dom trj ctia chuyén vi? Dé giai hé gom 6
phuong trinh vi phén v&i 3 4n s u, v, w, ta can dwa trén mdi lidn hé giira
cac thanh phan bién dang, con goi la phuong trinh twong thich bién dang
Saint-Venant.

Pao ham 2 14n theo y biéu thirc cua &, va dao ham 2 1an theo x biéu thie
cua gy tir (1.19) ta co:

62€x ~ o'u .5283, B 8'v

3y oxdy’ ax®  ayox’

Cong hai phuong trinh trén, ta duoc:

& e, SR o
s; = ° —u+ﬁ)= Yo (2.4 a)
Jy ox oyox oy Ox  Oxdy
Biéu thirc sau ciing thu duge theo Dinh Iy Schwacs vé dao ham riéng
cta ham sé lién tuc thi khong phu thudc vao thir tu 14y dao ham.

Tuong tu, béng cach déi thir tu cua cdc ky hiéu, ta thu duoc :

&s : &
2 08 Oy (2.4b)
Oz 8y’  dydz

e . 3282 3 %y

X

= 24c¢
oz* ax’ xoz ( )

Dao ham (1.20) 1an luot theo x, y, Z ta co:
., ~ Fw . v e

&’u R Fw Oy, Oy _ &*u
Ox  Ovdx  Bzdx ay

; = ¥
0zdy Ox0y Oz Oxfz Oyoz

Cong hai phuong trinh ddu 1di rir di phuong trinh cudi , vé véi vé, ta
thu duge:
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_ &, &
OYW +anz _ f-‘} =2 w

ax oy 8z oxdy

. .3 N ~ B . y a] f al
Liy dao ham theo z biéu thic trén, chu y ring ¥ 2%
Oxdyoz  OXOy
nhéin dugc:
2
ﬂ(ayﬂ +%_i¥:r_):2ﬁ& (2.4.d)
dz X oy oz oxoy
Tuong tu, ta cé cac biéu thire con lai :
2
O O Oy 508 (2.4¢)
ox X oy oz dyoz
& &e
8 Oy e Ty 5% (2.4)

&y ox Oy oz 0z0x
Két hop cac hé thirc (2.4) ta duge hé phuong trinh tuong thich bién
dang Saint - Venant dudi dang rat gon nhu sau:
d’e o', e, o,
m + ] _ in + J (25)
0x Ox | oxo0x ~ OXxOx ox Ox

Véi,j,m;n= L3 (14y tong theo quy tic chi sé cam cua Einstain).

-

528‘ algv aZYK)‘
S
ey’ ox' oxdy
6285 + 6282 _ 52},}_2
o oy’ Oy
d’e d'e B oy,
o ' oxéx
; b (2.5)
a 85 a aY\'z anz ay‘)"
2 = -—+ -+
Oybz  OX ox oy oz
e, & (% o, 01y
2 =— - +
oxdz Oyl ox oy éz
, &, __q[% L. Oy
oyox  0z\ Ox oy 0z )
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® | 6 ® ®

c) d)
Hinh 2.3

Su twong thich cia bién dang thé hién & su lién tuc vé chuyén vi va goc
xoay cla moi diém trong long vat thé dan hdi. Trén hinh 2.3 3a, b xét bén
phin tir k& nhau & trang thdi trude bién dang. Hinh 2.3¢ thé hién su dich
chuyén lién tuc cia cac phan tir sau bién dang, hinh 2.3d thé hién su khong
lién tuc cua chuyén vi va goc xoay, cé nghia la xudt hién chd rdng trong
long vét thé, trai véi gii thiét 14 ta chi xét vt liéu lién tuc.

3 - DINH LUAT HUC TONG QUAT

Trong hai phén trén, ta di xét ly thuyét vé trng sut va hé phuong trinh
vi phan can biing tinh hoc dé giai bai todn v& vat thé dan héi theo khia canh
finh hoc, ddng thii ta ciing xét Iy thuyét chuyén vj -bién dang dé giai theo
khia.canh déng hinh hoc. Hai ly thuyét d6 chua du dé giai quyét cac bai toan
vé Ly thuyét dan hdi, vi giira tmg suat va bién dang chua ¢6 dinh ludt vét ly
nao rang budc. Trong muc nay, ta s& dé cip dén tinh chét var [y cia bai todn,
nghia la dua ra sy twong quan giita iing sudt va bién dang, thé hién boi Dink
ludt Hilc 16ng qudat (General Hooke’s Law).
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Theo Binh ludt Hac tdng quat, tai mot diém bét ky trong vat réan bién
dang dan hdi, ten-xo (g suat ty 1€ voi ten-xo bién dang theo quy luat sau:

o, = Cyu -84 (i, k, 1= 1,3, 14y tbng theo k, 1) (2.6)

ij

Trong do6, Cij la ten-xo cdc hci’ng Sé’\dc}n héi va 1a ten-xo hang bdn. Do
ma tran vudng 1a doi x(mg nén ta cé 21 hang s6 dc lap.

Dinh luat nay ap dung d6i v&i vat ran bién dang dan hoi bat dang huong,
hay con goi 1a vt ligu di hudéng (gnisotropic materials)

Biéu thuc trén vidt dudi dang ma tran nhu sau:

In Cy Cp C5 Gy Gy G fen
C1 Cu Cpn €y Gy Gy Oy €12
a3 _ Cy €y Cy Gy G Cy €33 (2.6))
G2 Cq Cy €y Cyu G Cyu ||t
Cas Cy €5 Gy Cy G Cy €33
O3 Co Cua Ca Ca Cos Gy i3

Ta lan luot xét cdc trudng hop riéng vé tinh chét co hoc cua vit ligu,
3.1. Vat liéu dan héi tuyén tinh, ddng nhat va ding hwong

Do tinh chit co hoc cia vit liéu & moi diém va moi phuong déu nhu
nhau (Isotropic materials) ta co :
C1=Cy=C33=Ci2+2Cya; Caa =Cs5=Ces ;
Ciz=Co1 =Ci3=C3 = Cp3=Ca23
Ci5 = Cig = Cas = Cz6 = C35 = C36= Ca5 = Cas =0
Cly=Cpy=C13=C34=Cs5=0
Nhur vy, ten-xo cac hang s dan hoi chi eon hai hing s6 doc Idp h va p,
goi l& hing s6 La-mé.
Khi d6 (2.6) c6 dang:

oy = M08 + 2pe (L= 1,3) (2.7)
0 =g, + €2 + £33 = g;; (liy 16ng theo i =f§) goi la bién dang thé tich ty
4- 1 i= J S g
déi.  §; = .. latoan tr Kronecker.
0 1#]
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Hay dudi dang khai trién:
o, =A0+2ue, 5 G, = .y,
Op =40+ 2ue,, | G, = Uy, (2.77)
Gy = A0 + 2ue,; 5 0, = Uy,
:(l+v;(]f—2v) ; uzG:_ZTlJi_v)
Trong d6, E 12 mddun dan héi (Elastic modulus), G 14 mddun truot

(Shear modulus), v 1a hé sb Podt-xdng (Poisson’s ratio), phu thudc vao
vat licu,

Tir (2.7°) ta c6 thé rit ra lién hé giira bién dang va \mg sudt:

1 v .
gijzx[o-ij— l+v0'6[’} ; VOl 6 =0 |) + 63+ 013 (2.8)

Hay dudi dang khai trién:

1 '
& = E lG]I - V(Gzz + 033)]
1
€, = E [0, - v(o,, + 0,)] f (2.8")
1
gy = E [033 - V(Un + 0, )]
[ g
2g, = Yo = _C_l;_
- [8)
J 2823 =¥n = ﬁ
a
2813 =Y = _G'Il

b
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3.2. Vatliéu truwc hwéng (Orthotropic materials)

Néu vat thé dan hdi co ba mat dbi xung vudng goc véi nhau timg doi
mét, tai m(’)i‘diém( tinh cl}ét co hoc cuia vat ligu c6 ba mat dbi xtmg, khi do
ten-xo cac hing so dan hoi chi con 3 hang s6 déc ldp, do:

C11 =Cp = Cs3; Cas =Cs5= Ces ;

Cys =Cis = Cas = Cz6 = C35 = C36= Cas = Cas =0;
Cla=Cu=C13=C3=Cs6=0;

Ciz=Cy =C13=C51=Cp;3=Cn

Biéu thirc twong quan gifra tmg suft va bién dang trong trudng hop vét
lidu truc hudng ¢6 dang:

o, =C g +C ey, +85)
Oy = €18y + 0, (g, +84)

0, = Cua?«?. + Clz(gn +832)

(2.9)
T, =2C,8,
T = 2C, 85
T, =20 8

4 — PHUONG TRINH CAN BANG BIEU DIEN QUA
CHUYEN VI

Biéu didn cac thanh phin cla ten-xo img sut qua bién dang nh& dinh
luat Huc tdng quat (di v&i vat lidu déng hucng), rdi biéu didn bién dang qua

chuyén vi nhor hé thite C-si, sau d6 thay vao h¢ phuong trinh (2.1), ta ¢6:
pAu+(l+u)gS—+pX=0

pAv+(k+},L)%+pY:OL (2.10)

p&w+(7\,+p)a@ +pZ =0
Z J
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2.

2

2
o + P 1a toén tir Laplace,

o
Hay dudi dang viét gon :

pAu, + (h + p)gg +E=01=13 (2.10")

Céc thanh phén cia luc mit tac dung 1&n bién biéu didn qua chuyén vj
[Eh ov ow )
+ut—~f+—m+—n

ox ox
Y, =20m + p @€+im+?—zn +1L @€+@m+gw~n
ox oy dz oy Oy 0y

X, =Ml + @f+ggm+@n

ox ay ox
(e
tH

Z

» (2.11

ow ow ow
—f{+—m+—n
ox 0z

oy

ho#c vit gon dudi dang sau:

Y ow
—f{+—m+—n
oz 0z vird

Z, zk9n+u(

)

o, A,
P, = ABv, + pgvj + p?vj

J

2.11%)

du  Ou . .

P,=20v, + | —+ —L|v.(1,) =1, 3, 1ay tdng theo
i . “{axj 6X.J (1) y tong 1))
H& phuong trinh (2.10) cdn goi 1a phuong trinh Na-vi-é hoc La-n
(Navier& Lame’), dugce sir dung irong viéc giai bai toan dan hdi véi ci

chon an s6 la chuyén vi.

5 — PHUONG TRINH TUONG THICH BIEU DIEN QU
IPNG SUAT, THOA MAN PHU'ONG TRINH CAN BAN
TINH HOC '

Biéu dién phuong trinh twong thich Saint- Venant qua Ung suét ba
cich sir dung twong quan img suat -bién dang nhér dink luat Hic, chu y de
ba phuong trinh vi phén cgn bing tinh hoc, ta ¢6:
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L1 Fo_ v (aeX), apY) , apD)) _, 30X
it v o 1-vi & By oz &x
2 -
_ L Fo v (X)) ApY) , SpD)) o305
Voo l+v ooyt 1 -vi & Oy oz By
__ 1 &o_ v [8pX) pY) 8(pL)|_,0pL)
Pol4v oz 1-v{ o&x By oz Oz
Ax 1 s __[apX) , oY) |
14 v axdy By ox
A, +— 20 oapY) , 90D |\ (2.12b)
¥ 1+ v dyoz oz oy
2
A 1 & _ (o062, 6(pX)]
' 1+v oxdz  \ ox oz
Hay dudi dang rat gon:
2 oF. . oF
poy+——Fo ¥ T A, | @)
1+ v 0x,0x, 1= v 8x; ox; 0x;

(l4y tong theo j, j=1, 3)

F.: thanh phén luc khdi (i =1, 3)

8ij: toan tir Kronecker

o=0ont 022t 03

v: hé sb Poat-xéng

'H¢ phuong trinh (2,12, 2,12°) goi 1a phwong trinh Bentrami-Misen

(Beltrami-Michell), gitip cho viéc giai bai toan v& vat thé dan hoi voi cach
chon 4n sb 12 émg sut duoc thudn tién.

Trong trudmg hop khong ¢6 lyc khéi 1é4c dung, hé (2.12) ¢6 dang (2.13)

Ky hiéu V> =A, trong d6 V= g + 2 + 2 goi 1a toan tir Divergence |
ox Oy oz
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2
(1+v)A’c, +%(O‘x +6,+06,)=0

2
(+ U)AZO'Y + gay? (o,+0,+0,)=0

2
(1+v)A'c, +%(cx +o,+0,)=0

(2.13)

2
1+ U)ﬂz‘txy +

(cx+cy+cz)=0

62
= (6,+0,+06,}=0
2

(1+v)A’t, +

(L+V)A*t, + Z
T 0z

(o, +0,+06,})=0

Nhw vay, bai toan vé vt thé dan hoi chiu tdc dung cda ngoai luc bao
gdm 15 4n s6 (3 4n s6 chuyén vi, 6 4n sb ng suét va 6 4n b bién dang), ta
c6 hé 15 phuong trinh ciing cac diéu kién bién tuong tmg (3 phuong trinh
cin bing tinh hoc, 6 hé thirc Cosi hay-6 phuong trinh twong thich, 6 phuong
trinh ctia dinh luat Hic). Bé giai cac phurong trinh d6 ta 4p dung cac phuong
phap khac nhau tuy thudc vao viéc chon dai luong nao 14 &n sb co ban, ciing
nhu dang cta didu kién bién cho trudce. Ta c6 thé phan loai cac dang bai
todn dan hdi thanh ba bai toan co ban :

Bai toan Dirikhler: Cho biét lwc mat tac dung trén bién, xac dinh trudng
(tng sudt, bién dang va chuyén vi ciia diém bit ky trong vit thé (H.2.4a)

Bai toan Neiman: Cho trudng chuyén vi trén bién, x4c dinh trrémg img
suat, bién dang va chuyén vi cua diém bt ky trong vit thé (hinh 2.4bj.

Bai toan hén hop: Trén mot phan bién cho biét luc mat, phan con lai
trén bién cho biét chuyén vi (hinh 2.4¢), x4c dinh trrong (mg suit, bién dang

va chuyén vi ciia diém bt ky trong vit thé.
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T(n)

a)

Hinh 2.4

6 — PHLYONG PHAP CHUNG GIAI BAlI TOAN PAN HOI

6.1. Cac phwong phap giai

1. Chon 4n sb 1a chuyén vi (Bai toan Neiman) : Ta sir dung hé phuong
trinh La-mé (2.10) va biéu dién bién dang qua chuyén vi, cc hing sb tich
phan xéc dinh tir didu kién bién biéu diZn qua chuyén vi (2.11). Sau d6 ding
hé thirc Cosi dé xéc dinh thanh phén bién dang, rdi 4p dung dinh luat Hic dé
xac dinh thanh phéan tmg suat. ‘

2. Chon 4n s6 /& img sudt (bii toan Dirikhler) : Ta sir dung hé phuong
trinh Bentrami-Misen (2.120 véi cac diéu kién bién biéu dién qua vng sut
(2.3), sau d6 sir dung dinh luét Huc dé tim bién dang, rdi dinhg hé thie Co-
si dé tim chuyén vi.

3. Bai toan Aén hop : két hop hai phuong phép trén, sau d6 déat didu
kién lién tuc vé chuyén vi, (g suét tai mién giao nhau ctia (S;) va (Sy).

Pé giai cac hé phuong trinh trén, ta ¢6 thé st dung nhiéu phuong phap
khac nhau :

Phuong phéap frwee tiép (Direct method): Tich phén tryc tiép hé phuong
trinh theo Umg sudt hodc chuyén vi, 4p dung cac diéu kién bién twong img.
Phuong phéap nay gip rét nhidu kho khan vé mat toan hoc va chi ép dung
cho mét sb bai toan don gian.

Phuong phép ngroc (Inverse method): Cho biét trudmg (mg suat hodc
chuyén vi thoa min hé phuong trinh cha bai todn. Xéac dinh cac dac trung
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hinh hoc, diéu kién bién va tai trong tac dung 1én vt thé. Phuong phap nay
ciing khé ap dung dbi véi cac bai toan thuc té.

Phuong phép nwa nguwge (Semi-Inverse method) : Cho biét mot phan
truéng chuyén vi, hodc mdt phan trudmg Umg sudt, x4c dinh cac thanh phin
con lai nhd tich phin h¢ phuong trinh twong img va didu kién bién.

C6 thé sir dung cc thudt toan khac nhau dé gidi cic bai toan trén:
phuong phap giai tich (hay chinh xéac); phwong phdp gin ding; phuong
phap sé.

— Phuong phép gidi rich : ¢6 thé 4p dung chudi luy thira ctia toa dé diém
bat ky, khai trién ham s8 thanh chudi Fourier, dung bién déi tich phén, hoac
ding ham bién phirc

— Phuong phap gdn diing: Dung phuong phéap bién phan {phuong phap
ning luong, hay Ritz’s method)

— Phuong phap 56 : Phuong phap sai phan hira han (FDM), Phin tir hitu
han (FEM), hodc phuong phap phin tir bién (BEM).

Vi dy I: Phuong phap giai truc tiép : Xét thanh chiu kéo boi trong
lugng ban thén (hinh 2.5), cho biét khéi lugng riéng 13 p, mbédun dan hdi
cua vit liéu 1a E. X4c dinh truong ung sudt, bién dang va chuyén vi cua
diém bét ky trong long vat thé.

Ta ¢6 cac thanh phén lyc khéi : F, = Fy,=0,F,=-pg

Do thanh chi chiu lyc theo z
phuong z nén : ( 4 A
G, =0, =T, =T,=1, 50
Thay céc gia trj trén vao phuong trinh ¢
can bang tinh hoc, ta c6
oo,
o P8 - y
do d6 o, (z) = pgz Hinh 2.5

Thay céc tri s6 cita img suit vio cdng thic ciia dinh luat Hic, ta duoc :

£ =%, £ =g, =— D&%

z E X y = E

S Yy =¥ =Y, =0
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Str dung hé thire Cési, ta tim dugc céc thanh phén chuyén vi (chu ¥ didu
kienbiéntaix =0 vax=1).

__ypgxz . __veeyz. o _ P8,

L] El

E E 2E
Vi du 2 : Phuong phap ngugc

2t +v(xi+y)— €]

Cho treomg g suit trong vit thé dan héi khéng chiu tac dyung cia lyc
khéi cé dang:

o, =Ay (A=const}; o =0,=1, =1,=1,=0,

X4c dinh trang thai chiu luc va di¢u kién bién ciia bai toén ?

Ta thiy truong Gng suit trén thoa man hé phuong trinh cén bang tinh
hoc, cac bién dang thu duge tir dinh ludt Huic ciing thod mén h¢ phuong
trinh tuong thich, do do déay 1a 1o gidi {cua bai toan dan héi. Xét thanh hinh
chir nhat nhur hinh v& (hinh 2.6), ta thiy o, = 0 tai cac diém nam trén truc x,
con trén mat ngoai cua thanh khong chiu luc, 16 rang day la thanh chiu uén
thudn tuy boi cip mdémen & hai dau thanh.Trudng tng suat cho trudc phu
hop vai ¢dng thire trong stc bén vt liéu cua thanh chiu uén thudn tuy.

f b2

P
!
ull—

Hinh 2.6
Vi du 3 : Phuong phap nira ngugc

l'x/

Xét thanh chiu xoén thudn tuy ¢6 trudmg chuyén vi cho trude nhu sau :
u=—ayz, v=0axz; w=w (X, y); trong 46 o la const, w 13 ham sb
chtra biét, biéu dién chuyén vi theo phuong z ctia thanh (con goi la d§ vénh).
Thay céc chuyén vi trén vao hé thire Cosi rdi ap dung dinh luat Hug, ta
¢o trudng ang sudt co dang sau :
6, =0,=0,=T, =0

aw
1, =G(— - ay) T
ox

¥t

Sw
= G(— + ax)
oy
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Hinh 2.7

Thay céc tmg suét trén vao phuong trinh can bing tinh hoc, véi gia thiét

lwc khéi biang khong, ta thu dugc phwrong trinh Laplace déi véi w(x,y):
Fw w
+ =0

axl ay:

Nghiém ctia phuong trinh nay rat don gian, chi cin bd sung thém diéu

kién bién & hai ddu thanh 1 ta c¢é thé thu duoc todn bd tnromg chuyén vi, tir

do tinh duge truong bién dang nho hé thie Cosi.

6.2. Nguyén ly cong tac dung va nguyén ly Saint-Venant

a) Nguyén ly cong tdc dung

« Néu mét vat chiu tdc dung d(fng thoi cia nhiéu yéu té ngoaqi luc, thi
néi luc, tng sudt va chuyén vi ciia né bang t6ng cia néi luc, tng sudt,
chuyén vi do tieng yéu té £dy nén riéng ré déi véi vat do »

Trén hinh 2.7 1a vi du don gian vé nguyén 1y cdng tac dung cho bai toan
phiang. Trong cac phan sau, ta s& tng dung nguyén ly trén vao cdc bai todn

phirc tap hon.
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D E I g T )
PN ) L
Hinh 2.8

b) Nguyén ly Saint-Venant

« Tai nhitng diém cia vat rédn cdch xa diém dat luc, trang thdi ing sudt,
bién dang cua vat phu thugc rét it vao cdch tac dung cua luc ». Noi mot
cach khéc, ta co thé thay hé luc ban diu bing bat ky mdt hé luc nao can
bang vo6i n6. Trén hinh v 2.9 biéu dién mot vat chiu tac dung cta hé luc T )
trén mién S” ctia bién, ta c6 thé thay thé h¢ luc d6 bang vécto hop luc Fg.
Khi d6 tai cac diém cach xa mién dat luc, trang thai ung suét va bién dang
" ¢6 thé coi giébng nhu vat chiu hé luc ban dau. Nguyén ly Saint-Venant giup
cho viée thay didu kién bién don gian hon ma van khong lam thay doi két
qua vé trang thai (mg suét va bién dang, khién cho viéc giai cac bai toan dan

hoi trd nén don gian hon rat nhiéu.




6.3. Tinh duy nhét nghiém cta bai toan dan hdi

Dinh 1y vé nghiém duy nhat cua bai toan dan héi. Néu thira nhan vé
trang thai tu nhién cia vat va dinh luat cOng tac dung cna lyc thi nghiém cua
bai toan 1y thuyét dan hdi 1a duy nht.

Gia sir ta nhan duge 2 hé nghiém mg suit khéic nhau : Gy va ¢’y dudi
tadc dung cua lyc mat P,; va e khdi Fi. Cac hé ting suit nay déu phai thoa
man h¢ phuong trinh vi phén can bang (2.2) va didu kién bién (2.3):

oo, 50';-
o, D70 g TR0
Py =0V, Py, = G. Vi

Trir cac phuong trinh cho nhau, ta nhin duoc hé phuong trinh véi céc
diéu kién bién méi : '

6(% - o",.j
ax.

=0; (o,-0,)v,=0

Theo nguyén ly cong tac dung, ta c6 thé xem Umg sudt trong hé phuong
trinh cubi thu duge 1a hé img sut khi khéng c6 lyc thé tich va lyc mat,
Nhung theo gia thiét vé trang thai tu nhi¢n cia vat liu, cdc g suit nay

phai bang khéng, tirc 1a o; =0, = 0; ¢6 nghia hai h¢ tmg sudt nay phai tring
nhau. D6 la diéu can phai chimng minh.

Dua trén céc nguyén 1y co ban va dudng 181 chung trén, ta ¢6 thé giai
mdt loat cac bai toan vé vat thé dan hdi.

Vidy 4: Trang thai tmg suflt tai diém bét ky biéu dién bing ten-xo img sut :

3xy S5y 0
=[5y 0 2z
0 2z 0

Hoi dang Iyc khéi phcu nhu thé nao dé thoa man phuong trinh vi phan
cin bing tinh hoc ?

Gidi : Thay cac gia tri ciia (mg sudt vao phwong trinh c4n bing, ta ¢6



X =3y ; —-=0;—%=0
X oy 0z
ot Fan ot or,, ot,,
Y 0y —2=0; —E=0,—£=2; =0
oy oz oz Ay
3y +10y+0+pX=0 pX=—13y
0+0+2+pY =0 = pY=-2
0+0+0+pZ=0 pZ =0
Vidy 5: Trang thai img suit tai diém bét ky biéu dién bang ten-xo ng sut :
0 Cx, 0
T,=|Cx, 0 -Cx;| C=const # 0
g Cx, O

Hay chi ra ring néu luc khdi bing khéng thi phuong trinh cin bang thoa mén.

Tinh cac thanh phén clia ten-xo bién dang. Trang thai ing sudt va bién
dang tai diem P (4 ; - 4 ; 7) 1a trang thai nao?

Gidi :

a) Thay cac thanh phén img suat vao phuong trinh

0. .
a—":O ; (F, = 0). Vay phuong trinh cin bang tinh hoc thoa man.
X

b) Ap dung dinh luat Huc téng quat, ta ¢o :
1
€, =E[O—v(0+0)]=0 ; €n=€3370

-Cx, |
G »

Cx.
28, =Y, ZTA 3 28,;=Y,,=0;2€,;=Y, =

Vdy ten-xo bién dang duoc viét dudi dang -

0 Cx, 0 ,
w1 '
L=—o|Cx, 0 —Cx, |===T,
2G ' . 2G
¢ -Cx, 0

Thay toa dd cua diém P (4 ; - 4 ; 7) vao ten-xo Ung sut, ta ¢o :
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0 7C 0
T =[7C 0 -4C
0 -4C 0

k4

Phuong trinh xédc dinh tmg sut chinh co dang:

c,~-1,6°~Lo-1, =0 (*)
0 7C| |0 -4c| |0 © )
7C 0| |-4C 0 0 0
0 7C 0
¢ -4C 0

Nghiém cua (*) la:
,=|C|V65 ; 6,=0; c,=-|C|V65

Ta thiy ¢6 mot {mg suét chinh bing khéng, vAy trang thai tmg sudt tai P
la phing. Céc bién dang chinh duge tinh theo dinh luit Huc ;

elz—lj[c,~y(cz+c3)]:%[c‘ﬁ(l+v)¢0
——[G G+G J 0

£ :E[GJ_Y(G' +02)]=——]i:‘ C|V65(1+v)=0

Vay trang thai bién dang cfing 14 phéng
Vi dy 6: Cho truomg chuyén vi theo quy ludt :
u=3xy’
v=2Xz
w=z"—Xy
a) Xac dinh céc thanh phén bién dang va kiém tra diéu kién tuong thich.,
b) Xéac dinh c4c thanh phén img suat
Gidi :
a) Ap dung h¢ thic Cési, ta co ten-xo bién dang -
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Thay cac thanh phén bién dang vao phuong trinh tuong thich Saint-
Venant (2.5), ta théy hoan toan thoa man.

b) Ap dung dinh [udt Huc, ta ¢6 céc thanh phan ing sudt :
o, =\0+2ue, =A(3y” +2z)+6py’
,=h0+2pe, =A(3y” +22]
G, =A0+2pe, =l(3y2 +22)+4p.z
Ty = Yoy AR (OXY +22);
Ty =Yy H=HXS
Tae ™ Yz -H=7HYs

BAI TAP CHUONG 2

2.1. Hay xét xem cic thanh phan bién dang sau ¢6 thoa man phuong trinh
twong thich bién dang khéng?

a)e, = k(xz -+-y2); £, = kyz, Y = 2kxy; £, =Y, " Yu= 0
by e, =kz(x? +y*); €, =ky’.z; v,, = 2kxyz
€, =Yy = Y =0; voi k 1a hing s6 = 0

2.2. Xéc dinh mdi quan hé gilra cac hang sb sao cho cac thanh phin bién dang
sau thoa min phuong trinh tuong thich :

g, =A, +A (X +y )+ x +yhy, =G, +Cxy(x* +y* +C,)
g, =B, +B (x> +y)+x +yhe, =y, =7, =0

2.3. Cho céc thanh phan bién dang:

_(g_qa_a_g] ‘ ZL[@QH%]
- Eloy ox YOELXT oy
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_ 24y 8%
Xy E oxdy’

Trong d6 ¢ 1a ham sb cua x, y. Hay tim diéu kién déi voi ¢. Cic hang s8 E,

=Yy =Y =0

¢6 anh huéng dén o khong?
2.4, Trudng (g sut coa mot diém bat ky trong vat thé dan hdi xac dinh bsi

len-xgo:
X2X, (l—xi) 0
3..._
T, = (1-x})x, (—xz—;iz—) 0
0 0 2x?

Hay xic dinh:
a) Sy phan bd lyc khéi, ndu phuong trinh cdn bing tinh hoe théa man.

b) Ung suét chinh tai diém P(a, 0,2\/5) voia = const > 0. Trang thai {mg suit
va bién dang tai diém P i trang thai ndo?

¢) Ung sudt tiép cuc dai?

2.5. Tam mong hinh chiy nhét ¢ bé day 4mm chiju tac dung cla cac ng suat
theo hai phirong vuéng géc nhw hinh v&. Xéc dinh sy thay ddi kich thuréc cha tAm ?
Cho biét E = 2.10'kN/cm?, v = 0,3.

. 30MPa
- 200mm 5 —-; —= 20MPa
_ 300mm
Hinh 2.10

2.6. Biéu dién diéu kién bién cho cdc vit thé chiu lwe nhu hinh 2.11.



AN

N
7 h
7
% b
5, a 31(__ O W X
0 o T
a) b)
)
% by T
= 7 —————  — - ——
/5;'—'—""::"__'—|
Ah x
;’ -—
T
AO
d}
c}
Hinh 2.10

2.7. Hiy chi ra ring trudng (mg suét sau thoa man phuong trinh cén bang tinh
hoc, véi lwe khdi bing khong, nhung khdng 12 nghiém cia bai toan dan hoi:

o, =cly’ +v(x’ ~y")]
, =¢[x +v(y? = x%)]
o, =cv(x* +y?)
T,y = 2CVXY
T, =1,=0,c=const=0

XZ ¥

2.8. Xét vt ran nira v6 han chiu tdc dung cia luyc vudng goc vol mat phang
bién (hinh 2.10a). Trudng (ng suft clia vat thé cho bdi :
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2Px%y
- ﬂ(xz + yz )z
2Py’
ey
2Pxy?

g =

0-.:

P2 Pf2
P a

) ) r
X X
y W
b}

a)
Hinh 2.11

St dung phuong phap céng tic dung, hdy giai bai toan vé&i 2 lyc tac dung
vudng goc 1én mit phang bién véi khoang cach bang a (hinh 2.11 b). Do hai truong
hop ¢é hop lyc trén mit phéng bién 1a bang nhau nén cac diém & xa mién dat Qe
6 mg sudt gdn nhu nhau, hiy v& dé thi img sudt o, va 1, tai bé mat co
y=10avay=100a?

2.9. Hay viét diéu kién bién dbi voi ném chiu tac dung cta luc nhur hinh 2.12

— 9]

Vooy

b
a) Hinh 2.12 )



2.10. Ching minh rang ma trdn sau c6 thé sir dung 1am trirdmg (ng suét cla

val rin dan hdi (coi lyuc khéi bang khong).

0 0 -Cx,

\ .

T= 0 0 Cx, véi C = const > 0
-Cx, Cx, 0
Rk
x1
a /
\
v
oL_/I e
/
g /

Hinh 2.13

Gia sir vat ran 1a hinh try tron, hdy xac dinh cac lyc tac dung 1én bé mat phi

hop véi treong ung sufit néi trén (hinh 2.13)

2 2

A N X N .
Néu vat ran 1a hinhelip —-+ Ezz- = 1 thi cdc lyc bé mit tac dung nhu the nac?

2
a
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Chuong 3

BAI TOAN PHANG TRONG HE TOA PO
PE-CAC
%

1 — BAI TOAN (PNG SUAT PHANG — BAI TOAN BIEN
DANG PHANG

1.1. Bai todn ing suét phang

Xét mot tdm mong, bé day khéng dbi, chiu tac dung ctia lyc phan bb
déu trén bién va song song voi mat phing (hinh 3.1). Ten-xo g suft co

Oy Ty O
dangsau: T = T, O, 0 3.1)
0 o0 0

Do d6 day goi 1a bai toan img suit phing
Ap dung dinh luat Huc, ta ¢6 ten-xo bién dang sau:

1
€, 5 T 0
T — 1 0 32
) g Eny Ey ( . )
0 0 €,

Hé phuong trinh vi phan c4n bing ¢ dang;

o
6;;" + =" +pX=0
(3.3)
ot, o
L+ —2 4 pY =0
ox 0y
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Phuong trinh tuong thich Saini-Venant chi con bidu thirc diu:

Al 628 azyxy
<+

L~ 3.4
ayZ aXZ a.xay ( )
l q
x-——
-n--—-——o
z
q
y
Hinh 3.1 Yy
Binh luit Hac tdng quat viét duéi dang

¢, =~(0, -vo, )

g, = —-(cry —vcx)
L (3.5)

Ty 2(1+v)
VTG T E W
az = _l(cx +U)‘)
Phuong trinh Bentrami-Michell ¢6 dang :
2 2
a_2+a_2 (o, +0,)=-(1+V) pX) , oY) | (3.6)
ox~ Oy ’ AN S

Phuong trinh vi phin can bing biéu dién qua chuyén vi :

49



GAu+G

Lty @ x<-o0
ox

Vo160 =g, t+ gyt 3.7)

l+v +pY =0

GAv+G 99
1-v &y

1.2. Bai toan bién dang phing

Xét thanh hinh lang tru, hai ddu ngam chat, va chiu tai trong phan bd
vudng goc voi tryc thanh (hinh 3.3).

Ten-xo g suat ¢ dang;

o, t, 0
T, =|1, , 0 (3.8)
0 0 o

1
ex E’ny 0
Te= %m & 0 (39
0 0 0
s q
RN z
O/ _ — — —.—H_é——
/ ’
ZR R N7 .
' q
b4
Hinh 3.2

Phuong trinh can béng tinh hoc (3.3) giit nguyeén.
Phuong trinh twong thich Saint — Venant (3.4) giir nguyén.
Dinh ludt Huc tdng quat (3.5) trd thanh :
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1
€, ZI_ET(G“ —vlcy)
e, = (5, -v,)
©OE b (3.57)
Ty  2(1+v))
o A
ka G E! Xy
g, =006, =v(o, +0,
Trong do :
E \Y
E = Sy o= ) 3.10
I T (3-10)

Ta cé thé tim su lién hé cla cac hing sb vit liéu tir trang thai bién dang
phing sang trang thai ing sudt phing:
B = E,(1+2v) v Vi

TV = 310
(I+v) L+v, ( )

Phuong trinh Bentrami- Michell (3.6) sau khi thay v béng v, tr& thanh :

[ azz . 52](0)‘ ro,)=- 1 {a(pX)+a(pY)} G.6)
ax: oy T x| oy

-V

Phuong trinh can bang biéu di&n qua chuyén vi (3.7):

GAu+(l+G)@+pX=O
20 vo1 0 =g, t+ gy (3.7°)
GAV+(R+G)5+pY=0

Nhu vy, ta thdy mac di hai bai toan (mg suét phing va bién dang
phéng la khac nhau vé& phuong dién vt 1y, nhung vé mét toan hoc 14 tuong
tw, vi cac phuong trinh chi khac nhau béi hing sb. Nh& d6 viée giai hai loai
bai todn nay c6 thé ap dung chung mét phuong phap todn hoc, d6 1a sir dung
him ting sudr ma ta s& dé cap dén rong phén sau.
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1.3. Bai toan bién dang khong phing

Ngoai hai loai bai todn trén, trong thurc té ¢6 nhimg vat thé khi chiu tac

dung cua ngoai luc thi chi ¢d mét thanh phd;n chuyén vi khac khong -
u=v=0;w=wxy) (3.11)

Thanh phén chuyén vi theo phuong z con goi 1a 7 d6 vénh” (warping)
cua mat cat ngang, thuong gap trong bai toan xoin lrr do thanh mat cét bit
ky. Bai toan loai ndy con dugc mang tén la bién dang khéng phdng
(antiplane strain).

Tir (3.11), ta 6 trudng bién dang sau:
ow ow

£, =g, =§, =Yy =0 ; 'yzy =g, Yy :—g (312)
Ap dung dinh luat Hc ta co:
c,=0,=0,=1,=0; 1,=Gy,,; 7, =Gy, ' (3.13)

Dé théa man phuong trinh vi phan can bing tinh hoc ta phai c6 diéu
kién sau:

o, Oy,
PX=pY =0 2+—4pZ=0 3.14)
ox oy

Biéu dién (g suét qua thanh phén chuyén vi duy nhét w, ta ¢6:
GV*w+pZ=0 (3.15)
Trong do V* = A 1a todn tir Laplace. Ta thiy trong trudng hop luc khéi
bing khdng, phuong trinh (3.13) tr¢ thanh phuong trinh Laplace dbi véi w
Aw =0 (3.16)

2 — HAM IPNG SUAT AIRY - AP DUNG DOI VOI CAC BAI
TOAN PHANG

Bai todn (mg suft phing va bai toan bién dang phing giéng nhau v& miit
toan hoc va dugce goi chung 14 bai tosn phing cua ly thuydt dan hdi. Cac
thanh phin cta ten-xo Ung sudt xac dinh thong qua ham {mg suit Airy
¢ =@ (X.y)
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~2 2 2
G, = {(;y(f 1o, = i:f ; Ty = ai;py -pXy-pY.X (3.17)
Phuong trinh (3.6), (3.6°) s¢& tro thanh
bién dang phing :
a* g 8* 1-2v 2 (pX)  &*(pY
0,000  To_ 122V ORR), Yy (3.18)
X Ox’dy oy 1-v = Ox Oy

{ing sudt phang:

AAp =

3 ) & 2 2
pap=T0 o Be gl W FEX) 00, g
ax ox“oy" oy ox Oy”
Diéu kién bién ddi voi ham ¢ nhu sau :
oo % fes g
s Oxdyds dsioy (3.19)

o dy 0’@dx __i[a_(p}
" oxoy ds  ox’ ds ds

.. dy dx . . i I
Vo d— = cosa . = sina, (o la goc tao boi phap tuyén trén bién
8 S

véi truc X).
Trong truong hop luc khdi bing khong, ta cd (3. 18) ird thanh phuong
trinh diéu hoa kép:
AAp =0 (3.20)

Dé tim nghiém cua (3.20), ta ¢6 the sir dyng chudi ham liy thira cia x,
va y:

o=, Y ALXTY" (3.21)

m=It n=it

Trong dé Ay 12 hfmg sb cdn x4c dinh. Ta nhan théy, cac sb hang cua
chudi voi min < 1 khdng tham gia vao biéu thire cua thanh phén img sut,
do d6 khéng co mit trong chudi. Cac s& hang véi lily thua bdc 2 clia x va ¥
s& gdy nén ung, sudt 1a hang, va voi liiy thira bc 3 s& cho truong img sudit
phan bd tuyén tinh, trong tu nhwr vy vai cdc Ly thira béc cao hon.

V&im + n <3, cac sb hang cuia chudi s¢ tw dong théa man phuong trinh
diéu hoa kép véi moi gid trj cia Apm. Khi m +n> 3, cic s6 hang cua chudi
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vua phai théa man phrong trinh (3.20), vira thoa mén diéu kién bién dé xac
dinh cac hé sb6 Ay,
Thé (3.21) vio (3.20) ta thu duoc :

il

i m(m D(m-2)m-3)A,_x™"y" +

mn

m=4n
+2Z > m(m-Dn(n - DA, x™2y"? +
m=2 n=2
+ 3 Y n(n-D(n-2)n-3)A_x"y"* =0 (3.22)
m=l}n=4

Tap hop céc lfiy thira cing béc ctta x va y, ta ¢6 phuong trinh sau:

i i [(m+2)}(m+m(m-DA_,, ., +2m(m-n(n-DHA__ +

m=2n=
Hn+2)n+Dn(n-DA_, L ]x"’y"2 =0 (3.23)
Biéu thirc trén phai thoa man véi moi X, y nén ta ¢o:
(m+2}m+Dm(m-DA_, ,+2m(m-Dn(n—-1)A_ +

+(n+2)(n+Dn(n-DHA =0 (3.24)

m-2,mn+2

Voi méi ¢dp m, n phuong trinh trén phai théa min sao cho chudi da
thuc la nghiém cua (3.20).

Ta c6 thé ap dung nguyén ly Saint-Venant dé thay didu kién trén bién
bat ky bing hé luc can bang dang da thire, tir d6 co thé xac dinh cac hang s6
chua biét dé thu dugc truong vmg suidt, bién dang va chuyén vi cla vit thé
dudi tac dung cla ngoai lyc cho trude.

Duéi ddy 1a mot s6 vi du 4p dung ham tmg sudt Airy dé giai mot sb bai
toan vé& thanh va tAm mong.

Vidy I Xac dinh trudmg ting suft trong thanh mit cit ngang hinh chir
nhét hep (hinh 3.4), chiu uén béi mémen nglu luc M = k.c & hai diu thanh
(k 12 hing sb).

Viéc chon ham (mg sudt dua trén co sér 1a dang lu¥ thira bic 3 cua da
thirc theo x va y s& cho Ung suét phin bd tuyén tinh, hon nita didu kién tai 2
diu thanh x = + thu gon thanh mémen tap trung. Tir d6 ta chon ¢ = Ay’ véi
A =const# 0, | |
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M 2c 0

./

2 N

Hinh 3.4
Hinh 3.4

D& dang thdy ham ¢ théa man phuong trinh AAg = 0. Ta tinh céc thanh

phdn (mg sudt, bd qua anh hudng cta lyc khbi:

2 82
cngyq::6Ay ; Gy:—ax—?=0",
aZ
Ty =— ¢ =0
Y 8xdy

Bay gio ta tién hanh kidm tra diéu kién bién:

y=%f¢c o, = 1,,=03
M, = ch.de= ch.ydsz
F -
Thay gi4 tri cta o, vao biéu thirc dudi ddu tich phén:

c C )
6A [y dy=2Ay"|  =4Ac’=ke

k ' ) . a
Rutra: A Ve Viy trudng ung sudt trong thanh cé dang:
2

_3ky
*2c?

Cong thirc nay hoan toan trung véi cdng thic trong Sire bén vit lidu ciia

; 0,=1,,=0

thanh chiu ubn thuan tuy:

0_1\/1Z . J_2c:3
¥ J'y’ 23

z
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Vi du 2:
Xac dinh truong img suit, bién dang va chuyén vi cia thanh chin kéo
doc truc boi lyc phén bé déu T (hinh 3.5).

j ¥
- T -
T
-— 2 f——— . e
—- l © —— X
2f
Hinh 3.5

Dy ciing 1a bai toan (mg suit phang va c6 thé mo rong cho trudmg hop
chiu kéo bot luc phan b khdng déu (dya theo nguyén 1y Saint-Venant bing
cach thay tai x = £ #h¢ luc cin bing phan bd déu va xét g suét bién dang
cta cac diém cdch xa hai diu thanh.

Gidi: Diéu kién bién :

o (xlLyy=T ; a, (x,x¢)=0;
T,y (20Y) = Ty (X, 3€) =0

Do tmng suat trén bién 1a hing sb nén ta chon ham ang sudt Airy dudi
dang I{iy thtra bac hai:

@ = A y°; cic thanh phdn (mg suat x4c dinh nhir sau( bé qua anh hudng
cua luc khoi):

G, =2A ;0,=1,, = 0

Tir diCu kién bién thir nhét rit ra: A = T/2, cac diéu kién bién khac tu
thoa min.

Vay truong tmg suit trong thanh chju kéo xac dinh nhu sau:

0;

oy=T;0,=1,=

Céc thanh phén bién dang va chuyén vi dugc xac dinh tir cong thire:

ou 1 1
Ex = =—(Gx —VUV) =TT
ox E ’ E
ov 1 T
g, = —=—(0,-vo )=—-v—
¥ ay E Y ’ E
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Suy ra:

w=

T
v=—-v—y+g(x
g/ *e )
Thay vao cong thirc bién dang goc bang khong (do 1,, = 0}, 1aco:

du Ov , ,
Y,\'y :Ev_+a: f()/)-i-g(X):O

Hay: f'(y) = —g'(x) = const
Tir dé ta co:
fly) = —@py+ug;
g(xX) = 0y X +v,
Trong do ug, vo, 1a chuyén vi , va oo 12 goe xoay cua vit rin tuyét dbi.
Gia thiét ring thanh khong cé chuyén dich va géc xoay quanh trong tdm , ta
cof=g=0.
Vay trudng chuyén vi ciia thanh chiu kéo la:
u=x
|
V== vEy
Vi du 3: Xac dinh trudng img sudt ctia dam dit trén hai pdi tua, chiu tai
trong phén bé déu (hinh 3.6).
Ham ¢mg sut Airy duoc chon dudi dang:

d 5.2 yz b, k ;. a,
y)=—y | xS =Xy =y X
6(x,y) 6}{ 5] XYY

Vaia, b, d, klacac hfmg s6 chua biét.

~d
fae o .. U LA O .
Gigi : Tacod: ? ={ vi bic cao nhatcuax 1a 2.
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A £/2 /2
}-—— N ——
¥
Hinh 3.6
4
06 __ 4dy
ayti
¢ Vay ham ¢ théa man phuong trinh AAp =10
¢
2 Ry =—4dy

2 d
Ta cé: < c},zig;:(gyzﬂa)}wa

ox
2
T, =— % =—(dy2 +b)x
v axdy
Ta x¢t céc didu kién bién cva bai toan:
e h
Fai y=—5: G6,=—q
Txy =0
Tai y:g: c,=0:1,=0
f hid
Tai x=+—: N.= [o,.dy=0
2 -h/2

U @

(b)

(d)

(¢)

£

(2)



Tir (b) = (d) ta cé:

[ dn’ bh q
- ta=—q a=-—;
24 2 2

2
3
dn +b=0 suyra: b=—q;
4 2h
i 6
LI S, d=--1;
24 2 | h

Diéu kién bién (e) va (g) tu théa min sau khi thay cic gia tri a, b, d vao.

Tu (f) ta rat ra:
2 2
T L
2] 14 10

, W VISR
Trong do I, :E - moémen qudn tinh cda mét cat ngang.

Thay céc gia tri cta a, b, d, k vao (a) ta ¢o:

Q{2 .2 q 12, 2 2 5 h?
o, =— | =y =x" |ly+ky=—- ——X"+=¥Y —— ¥
t 2]2(3y J) g 2]7_[4 3 10 4

Biéu dd phéan bd tng sudt theo hinh 3.6b.
Theo cdng thirc trong chuong udn cua Sire bén vat lidu

Mz q 12 2
o, =—t y=——| — X" ¥}
T, 2Jz[4 ’

Ta thdy trong cong thirc cda sire bén vat lidu, img suit o, phan bé theo
quy iudt bic nhét theo chiéu cao mit cit ngang, con theo ly Ihuyét dan hdi,
{mg suit o, phan bd theo quy luat bac 3 (hinh 3.7a)

Tuong ty, sy khac nhau ¢on thé hién ¢ oy = 0 theo sirc bén vit lidu, con
theo dan hdi thi no 1a ham s bic 3 theo y (hinh 3.7b). Béi v6i tmg suét tiép,

theo ¢ong thire cna stre bén vt ligu:
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T : Q ——x-%c—l(b—z— By, =1
wTT e Qe Ea 8=y

A e
" q hz 2 Z . i n . ,
Vay: 1“_:—5— :~y X (ta thdy giong cong thic (h) theo Ly

thuyét dan hdi).

T gia tri cha (mg sudt, ta co thé xac dinh dwoc cac thanh phén bién
dang, rdi dp dung hé thire Cosi dé tinh chuyén viy, v, w. Cac héng sd tich
phén duge x4c dinh tir diéu kién bién -

Tai (2 €, 0) : v =10 do c6 lién két khép & 2 ddu thanh; tai (0, y ) : u =0
do tinh dbi ximg qua truc y.

O,/w ]
15 1 |
i

10

5

0

-5

-10 ———Gyw Ly thuyét danhdi o
il = 4 — — T~ O4dw Sic bén vat lidu

-15 | | | WC_
-1 -0,5 C 0.5 1

Hinh 3.7a



T.fw 4

——Oyfw Ly thuy8t dan hdi
— ———Cyw Slc bén vat liéu

| | | ylc
-1 0,5 o 05 1

Hinh 3.7b

Vi dy 3: Ching minh rang, ham ¢ dudi ddy 1a ham img sudt Airy; xac
dinh trudng ng sudt va trang thai chiu luc cua thanh mat cit ngang chir
nhit hep (8 = 1).

3F xy’} P
= xy 2 | —v? 0<x<f, —c<y<c
¢ 40[ ’ 302] 4c” 7

Cachés6 P, F,cla héng s6 cho trude.

Giidi:

Paiy 14 bai toan nguogc, ta cin tim didu kién lién két, trang thai chiv luc
cita dim khi biét duoc ham tmg suit. D& dang nhan thiy ¢ thda min AAg =

0. Vay ¢ (x,y) 1a ham mg sudt Airy.Ta di tinh céc thanh phin g suit -
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8¢  3F P
x = 7= —Txy+
oy 2¢ 2¢
2
[0} :_a._¢
¥ axz
2 F
T = ﬂ:_ 31(’(:2—}/2)
’ ox0y  4¢

=0 . (*)

Q
Str dung lién hé giita ndi luc va ing sudt, ta c6: Ny = J.crxdy =P>0

Vay thanh chiu kéo bai luc P theo phuong x.

Q,,:]Txydwcf——:;% - )dy——%( y+%]

Ta c6 thanh chiju luc F vudng géc voi truc thanh, chidu lue hudng tir
trén xuong

=~F<0

M, = Icrydy I[ Y g]dyﬁw x <0

Tir cong thire trén ta ¢6 tai x = 0, M, = 0, vatgix=£ M, =-F( =0.
Do d6 thanh chju lién két ngam tai x = £, déu ty do tai x = 0. Viy trang thai
{mg sudt trén tuong img v&i dam cong x4n chiju tac dung cua luc doc P va
luc it F nhu hinh 3.8

Cong thirc (*) hoan toan phu hcrp véi cbng thue trong chuong udn cua
stre bén vt lidu cda thanh chiu kéo dong thoi véi ubn:

_M_ P F.x

Y=o

. : ¥
F ), 7 2 )

z z

| o
|
|
|
|
|
ASNNANAN
<
NYi-
Zc

Hinh 3.8

. 2 . L . %
Véi Jz=-3—c3: mdmen quan tinh mit ct ngang.
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F" = 2¢: dién tich mit cit ngang

3 — HAM (PNG SUAT PRANDTL - AP DUNG D01 VOI BAI

TOAN BIEN DANG KHONG PHANG

3.1. Ham (rng suét Prandtl (1903)

Hinh 3.9

A4

Xét thanh thing, mit cit ngang khong ddi theo chidu dai, hai dau tu
do chju nglu luc xoin T (hinh 3.9). Do mait ngoai cta thanh khong chiu

luc nén ta cd:

Phuong trinh cén ba;mg tinh hoc, bd qua thanh phé’m luc khéi, c6 dang:

6x=0y=0;=0;Tx= T =0
Vi vy cac thanh phin cua ten-xo (mg suat va bién dang c6 dang:

0 T,
0 T, T,
Ta

0

1

—Z*sz

1
2

0

_.sz

1

_sz

2
1

2

—_ Y},z

(3.25)
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&, ot,,

Py 0 ; o - 0 (*)

y 7

5 . (3.26)
AT (**)

ox oy

Phuong trinh trén s& thoa mén, néu dat cac g sudt tiép thdng qua ham
{mg suét Prandtl & (x,y)

=22 . . (3.27)
Ay ’ 0x :

Dé tim ham D(X,y), truéce 1ién ta xac dinh cdc thanh phan chuyén vi trén
miit cit ngang ciia thanh. Tir hinh 3.10 ta c6:

{u =-0.y (3.28)

Trong do: v, v 1a chuyén vi ctia diém P, 6 12 goc xoén.

_o

Thay vao hé thirc Cési, ta cé:

Ap dung dinh lut Huc giita img sudt tiép va bién dang goc tuong déi,
ta rut ra:

ow 1, dO
x G a?

(3.29)
oy G dz

Lay dao ham cia biéu thirc thir nhat trong (3.29) theo y, biéu thirc thir 2
theo x rdi trir hai két qua cho nhau, chd ¥ dén (3.27) ta duoc:

> 2
_g¢  odb :—ZGﬁzconst‘v’x,y (3.30)

AD — + =
x> dy dz




L de e s o 44
voi 4 la gbc xoén ty d&i trén mdt don vi dai coa thanh.Ta xét dén
Z

diéu kién bién :

X, =omn +t,n +1,n,=0
Y, =t ,n +on +1,n =0 (3.31)
Z, =1,n, +1, 0 +0,0, = 0

]

Hinh 3.10

Hai biéu thirc ddu tw thoa mdn do o, =6, =1, =n,=0; ti biéu thirc
thir ba thay céc c6-sin chi phuong ciia phip tuyén don vi bing:

p o dy g dx &y (3.32)

=T o= =
ds dn 7 ds dn
Thay gid tri cita tmg suit tidp theo (3.27) va chu ¥ dén (3.32), ta co didu
kién bién tr¢ thanh:
o
oD dx 00 dy db) (3.33)
Ox ds oy ds ds
hay : (IJ‘S — const , ta ¢6 thé chon hing sb tuy y d6 bang khéng:

®|; =0 (339
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Mit "khéc {mg sudt tiép toan phan c6 thé phén tich thanh g suét theo
phuong phap tuyén va phuong tiép tuyén véi qu¥ dao chuyen dich cua diém
P (hinh 3.11).

: dd -
T = Tpl +T,0 = _CEZO
3.35
i i (3.35)
T = T, —T,0, = I

Hinh 3.11 Hinh 3.12
Nhur vy, ttng sudt tiép toan phén cé phuong tring v6i tiép tuyén cua
qui dao chuyén vi cia diém bat ky trén mit ct ngang. Trén hinh 3.12 biéu
dién dudmg déng tri cua img sudt tiép.
Ta tim sy lién hé giita mdmen xoén T va ham @, tir phuong trinh lién
hé gilta ndi lyc va Umg sudt, thay (3.27) vao gi4 tri cia Img sudt tiép, ta c:

T= [[(r,x ~1,.y)dxdy (3.36)

00 8D
Hay : T=— ||{ x—+y—)dxdy
J,;-[ ox Oy
Ta bién dbi timg sb hang :

J’f 9 ixdy = ”—(X(D)dxdy ”dexdy



ijy%dxdy = Q%(ycb)dxdy - I[jd;ndxdy
Sir dung cong thitc Green déi v6i cac sb hang dau, ta co:

H;;(xtb)dxdy = qx'q) n, ds

b 8

Hi(yfb)dxdy = Jy®n, ds

oy |

Do ham @ = 0 trén bién S nén cudi cung ta nhin dugc :

T=2 ”(Ddxdy (3.37)
D
Mt khac: @ = T ;. AD =—2G@ thay T tir (3.37) vao, ta c6:
dz G dz
4
J=-— Djjcbdxdy (3.38)

J goi 13 hing sb x04n clia mat cit ngang (Torsional constant).
3.2. Giai theo chuyén vi. Ham vénh

Chuyén vi theo phuong z khac khdng do hai d4u thanh tir do, ta dat

dé
w = — y(X, y) =ay(x, ¥} (3.39)
dz .
Trong d6, y(x, y) goi 1a ham vénh. Ttr (3.29), chu y dén (3.27) ta ¢6:
2 2 2 2
‘zx‘:’ + ‘Zy‘:’ = 0 hay: gx‘f + %y—‘f = 0 (tir 3.39) (3.40)

Nhur vy, ham vénh phai thoa mén phuong trinh Laplace. Thay vao diéu
kién bién (3.35) ta cé:

(%% —ya)n, +(% +xo)n, =0

Thay céac ¢é sin chi phuong cua phap tuyén don vi tir (3.32) vao (3.41),
ta thu duoc :

ow dx awdy)a(ax oy

Sy aw "% e
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dw o d
Hay: &W _%4d 2, .2 3.41
ay: 2ds(x Y) (3.41)
Tur do, ta rit ra diéu kién bién dbi v6i ham y (cha y dén (3.32)):
(2 s (?‘E : x] 0, = 0 (3.43)
Ox dy :

Lién hé giita img suét tiép va ham vénh thu duoc nhé (3.29):

T, = GS‘.E[QP__};]
dz\ ox

T, = Ggg[gq-{ﬁLx]
dz\ 8y

Tuong tu nhur trén, 1ién hé gitta mémen xoédn va ham vénh c6 dang:

T= [[(r,x — 7, y)dxdy;
[

hay: T = G% !)JH%"- + x}x - [% - ny}dxdy (3.45)

Tir do, hing so xo0an ¢6 dang:

] = ijﬂ%‘-}'}i + xe - [%‘i’- - y) y} dxdy (3.46)

Vi du 4: Xéac dinh trudng {mg sudt, goc xodn ty déi va dé vénh cua thanh
mit cit ngang hinh elip chiu xofin béi mémen ngau lye T (hinh 3.1 3)

(3.44)

Gidi :

\T

Y
Hinh 3.13
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Phuong trinh duémg elip:
X2 yz ’
s s 1, ta chon ham tmg suit ¢6 dang:

2 2
oD =C[X—2+y—2—1] v C = const.
a b

Ta d& dang nhén thdy, ® thoa man didu kién bing khong trén bién,

vaco: AD = 2C[_1r +L2J = _2(}@
a* b dz
21.2
Tir dé : C=—G@—-§b—2—
dz (a® + b")
21.2 2 2
Vay : <1>=—G@—f'b—2 LA A
dz (3 +b") \ a b

Thay gi4 tri cua ® vao (3.37)taco .

do b? 1 |
T= —ZGE QTZ;:E {? szdxdy toT -[[Iyzdxdy — -[dedy}

D

na'h B nab’

Thay Jy = I, = 2 :F=mabtacéd:
1.3 na'd’  dO _ T@ +b) _ ma’h’
dz (a* +b?) " dz nGa’t’ (a’ +b%)
od 2T.y max 2T
T =375~ 3 A y=1b =3
oy nab nab
. __62“2T.x i 2T
R ox ma'b a = s
2Tx .
T,s = ——€OSOL + - sina
na’b nab’

Ung sudt tiép toan phan dat gid tri 1én nhat tai hai dau mt cia ban truc
nhé (o=n/2;| v| = b/2).
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2T

q

nax

Tz},

maxi{ __
£y -

V6i mit cit ngang hinh trdna=b: |t

na’
Ta di tinh chuyén vi theo phwong cta truc thanh:
ow do 1. T(a’+b?) 2T.y
- Tyt = T A 3
ox dz G Gna’b nGab
ow _ 48 Ty _ T@+b)x  2T.x
By dz G Gra’b’ nGa’b
-'Iﬂ 2
hay : ow = T —a)y ?aq)y
ox nGa'b’
ow _ T(b* - a’)x
dy nGa’b’

Tich phén céc biéu thirc trén, ta nhan duoc:
T(b* ~ a*)x
w= X 3 3) y
nGa’b
22
W T(b 3a 3)xy
n(Ga’b’
Vi tai mdi diém cba mat cit c6 cung dd vénh nhu nhau, nén
£,(y) = f,(x) = 0

+ f:(}’)

+ £, (x)

T(b* - a*)xy
nGa’b’

Trén hinh 3.14 biéu dién sy phén bd cua tmg sudt tiép va dd vénh trén

Viy : w(x, y) =

miit cit ngang hinh elip.

Tes

max
ZX

Hinh 3.14
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Vi du 5: Mit cit ngang hinh elip rong (hinh 3.15)
Ham tng sudt c6 thé chon dudi dang:

dBab 2y

d b2 ( 2 b2
Péi vol bién trong cua ehp, chon ham mg suft :

dG a’b’
—— (k=1
Po(x, ¥) =G = erz( )

2

o(x, y) =

Ta d& dang kiém tra thdy ham (mg sudt @o(x,y) thoa mén diéu kién bién.
Gi tri mémen xoén ngau lyc cho phép dugc chon bang cach lay gia tri cla
momen trong trudng hop mat cht dic trir di mémen tic dung 1én elip trong:

40, ma't’ n(ka)’ (kb)’
Ol b’f  (ka) + (kb)z]
dB na’b
dz

Ung sudt 1ém nhit dat dugc tai hai dau mut ban truc nhé (a>b) va co tri

(l—k)

sb la:
2T 1
Toax = 127 1.4
nab” 1-k
Phuong phap giai trén ¢ thé ap dung di voi cac mit cit ngang rong
khac, khi dudng chu tuyén trong triing v&i dang clia chu tuyén ngoai.

2 2
xz y? by LS L
2, b

fras
\/

Hinh 3.15

'><
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3.3. Ly thuyét twong tur mang mong

Xét mdt mang mong chiu tic dung cua ap sudt p lam no phéng 1én so
voi mit phiang ban dau (hinh 3.16a), tai bién ciia mang c6 chuyén vi bing
khong (do ¢o lién két). Ly thuyét twong tr véi mang méng nhu viy do
Prandtl néu ra co thé ap dung déi véi cac mit cit dac biét, trong d6 hg‘lm ung
suét @ khong thé x4c dinh dudi dang giai tich.

P& vai mét phin t6 cia mang moéng sau khi bji bién dang
(hinh 3.16b,c), ta c6 phuong trinh can bang tinh hoc co dang;

2 2
N dy (-a—z+a—§—dx) “Ndy (%) 4 Ndx (g+a—j—'dy)
X ox ox oy oy

~Ndx (%} +pdxdy = 0

Hoéc rat gon thanh:

2 2
2; + i;y—f =0 (3.47)
Trong do, N la lyc cing clia mang mong dudi tic dung cla ap sudt p, 7
1a chuyén vi cua mang theo phuong cua p.
RS rang phuong trinh trén hodn toan gibng nhu (3.40). Nhu viy do
vong Ién cita mang ¢é thé coi trong tur nhu ham g sudt ®. Ta di tinh céc
thanh phdn tmg suét 1iép :

Lo o
¥ % (3.48)
oD 0z

T, =—— = ———

¥ 0x ox

DPuémg dong muc cha chuyén vi trén mang cé dang z = const, sir dung
su tuong tuta cé :

GCD_E)‘CDHdi%_ acbg_o
s Ox ds dy ds
Hay: t,n .+t n =1, =90 (3.49)
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Nhu vay ta c6 ing sudt tiép toan phan theo phuong tiép tuyén voi
duong dong mirc bang dp doc ciia mang khi b thdi phong 1én, dé vénh cua
mdit cdt ngang bdng dé vong lén cia mang.

Thay gia tri cia @ = w vao (3.37) ta cO momen xodn T bang hai lan thé
tich gidi han boi mdt cong cua mang va mat phdng x0y.

Ndy _

b) 0 o X

Hinh 3.16
Trén hinh 3.17 biéu dién dudng ddng mirc cua tmg suat tiép va do vénh
cia mat cat hinh elip.

Hinh 3.17

Vi du 5: Xéc dinh truong tmg sudt va goc xodn ty di cua thanh mit cit
ngang hinh chir nhat hep, (t << h) chiu xodn béi mémen ngau luc T
(hinh 3.18).
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dwoc phi mét lép mang mong, /
chiu ap luc phin b6 déu q vudng

goc voi bé mat mang va luc cang
N trén mdt dom vi chiéu dai cta
chu tuyén. Khi d6 mang bj vong ) i
[én va ]a hang sb theo chidu cao
cha mit cit (loai trir phan rit gin ://
hai dau chit nhat), do d6 w khéng \

phu thudc vao toa do y. Ta cb: t

Aw
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Gidi: Gia sir mat cdt ngang

2
0P _ 6% N—
x oz , Hinh 3.18
Tich phén 2 lan lién tiép theo bién x, ta dwoc:

:‘&(D::

® =—G-C—lgx2 +Bx +¢
dz

bicu kién bién: @

wesry = 0. Thay vao ta co:

ool (3]

Ta tinh céc thanh phén (g suét:

Ung suét 16n nhit dat duoc tai hai canh dai cia mat cat:

~rd8
dz

max
T
Pa

x=11/2

Hang s6 xodn:

4 ht’
Jz—Ef)”(Ddxdy =%



Thay G@ -1 vaotacod: (T, “‘“"‘ = 3_12 It
dZ J = hl ,]
. A T
Goc xoan ty doi co dang : o_T._3 -
dz GJ Ght

Tir bai toan trén ta ¢6 thé ap dung ddi v6i thanh thanh mong chiu X04n,
ta chia 1am hai loai mat cét: thanh méng h& va thanh méng kin.

a) Mat cdt ngang thanh mong ho

Trudmg hop c6 thé khai trién thanh hinh chif nhét dai:

(vi du chit L, [, ...), ta ¢6 hiing s6 xoén dugc tinh theo cdng thic:

3
=302 L feds:
3 3
Géc xodn ty dbi va {mg suét 1iép 16n nhat cé dang:
T.t i ‘2 £
g—q = —T— D T = — 0 VO Umax 1a chidu day lém nhat
dz GJ

Truong hop khong thé khai trién thanh hinh chir nhat (chr 1, T,...)
Cong thic dbi véi hing sb xo0dn, goc Xo&n t)"/' dbi va tmg sudt tiép 1on
nhét nhu sau:
I=Y st /3
@ — _T__' T _ T‘lmax
dz GI° ™ ]
b) Mt cit ngang thanh méng kin (htinh 3.19)
Ap dung 1y thuyét tuong tu mang moéng. Ky higu q 1a tich cua {mg sut
tiép va bé day ctia thanh mong, ta gia thiét: q= t.t= const (3.50)
Hop luc cia ndi luc trong mat cit ngang phai cin bang voi ngau luc T
T= [fam, = fla2da)
Hay T =2gA* (3.51)
Véi A* 1a dién tich bao boi dudng trung gian cia thanh mong
(hinh 3.20).
Ung suit tiép dugce tink theo cong thirc:
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T
T=—7F 3.52
2At ( )
Goc xoan ty dbi trén mot don vi chiéu dai dugc tinh nhu sau:
do T Ids

dz 4GA” [t

Tir do, goc xo0dn cuia toan bd thanh ¢6 chiéu dai L ¢6 dang;:

_ TL ds
4AG 7 ¢

(3.53)

Trong dé tich phan dwoc tinh theo chu tuyén ciia miit cit ngang.

T AX

Hinh 3.18

Budng
trung gian

Hinh 3.20



BAI TAP CHUONG 3
3.1. Ching minh ring, ham ¥mg sudt ¢ =2x} +12x7x; —6x; thod mén
phuong t::inh didu kién hoé’kép. Tim céc thanh phén ctia ten-xo mg sudt va
ten-xo bién dang khi coi bién dang la phang.
3.2. Chimg minh ham 36 sau ¢ thé chon lam ham tmg sudt Ery, xac

dinh trudong tmg svdt va trang thai chin lyc cia thanh mat cit ngang chit
nhat hep (8 =1).

3 l i
d(x,y) = B—il:;[xz(y‘ ~302y+20")*gy' (y’ —202)]

véig,c=const, 0 £x<l;-c<y<c.
3.3. Cho ham tmg suét Ery c6 dang:
(X, y)= ——F?xy2 (3d-2y) +B)i véi F, d = const.
d 3C
Hiy xac dinh trudng (mg suét, trang thai chiu lyc ctia thanh véi
-1 <x < 1;-c<y<c (b diy mjt cit ngang hinh chir nhat coi bing 1)
3.4. Cho ham tmg sudt Ery ¢6 dang

d(x,y)= %sy (1- é y2)+l;_;_ vol s, P, ¢ = const.

Hay xéc dinh truomg img sudt, trang thai chiu lyc clia thanh: 0 <x < £;
_d <y =< d (b& day mat cit ngang hinh chit nhat coi bang 1).

3.5. Cho dim céngxon chiu luc nhu hinh 3 21, hily x4c dinh trudng img
suét, chon ham tmg sudt Ery c6 dang:

o(x,y) =Ay' + Bxy' + Cxy, véi A, B, C = const

X

N
)

df2 | di2

I ¢
Hinh 3.21
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3.6. Cho dam céngxon chiu lwe nhu hinh 3.22, hity x4c dinh trudng img
suat, chon ham ng suét Ery c6 dang:

d(x,y) = Ay’ + Bxy’ +Cxy, v6i A, B, C = const

Q
hi2 | hi2
S

N\

ES
S

Hinh 3.22
3.7. Cho ham tmg suft Ery:

5 2
g 2.3 ¥ 2.2 3.2 © 23,
X, =———|x _____3C +2CX g —==
¢(x,y) | ¥ T Y (Cz 5])’]

Héy xac dinh trudong tmg suét, trang théi chiu Iuc va didu kién lién két
ctia dam (hinh 3.23)?

Hinh 3.23

3.8. Xic dinh trudng Ymg suit, géc xofn ty ddi va do vénh ctia thanh
mat cit ngang hinh tron ban kinh a chiu xodn bdi mémen ngau luc T, chon
ham g sudt Prandtl co dang:

¢ =k(r’ ~a®) véi k = const

Chimg minh rdng ham Umg suit d6 ciing c6 thé ap dung d6i voi mat cit
ngang hinh vanh khan ¢6 ban kinh trong 1 a, ban kinh ngoai la b,

3.9. Giai bai todn trén xuat phat tir ham vénh: w(x,y) =0 va so sinh
véi cong thite trong sirc bén vat licu.

3.10. Cho ham tmng sudt Prandtl c6 dang:

78



o(X,y)= K(x—\/gy+3a) (x+\/§y+3a) (x—a)
|

V6i K — hing sb chura biét, a — chiéu
cao mat cit ngang hinh tam gisc déu cia
thanh chiu xoin bdi mdémen xodn T
(hinh 3.24). Hiy xéc dinh: émg suat tiép,

goc x04n ti d6i, d6 vénh, img suft tiep
16m nhat dat duoc tai vi tri nao va gia tri

T max?

o(x,y) = K(x =3 y+3a) (x+/3 y +32) (x —a)

3.11 Sir dung diéu kién bién
tuong tu nhu bai trén, voi ham ung
sudt co dang :

o(x,y)=K(x-a) (y—m, x) (y +m; X)
Trong do, K = const, m;, mz a

1a cac thong sé vé hinh hoc clia tam

giac thuomg. Chimg minh ring, &

gidl cia bai toan chi ding trong 0
truomg hop tam gidc déu (hinh 3.25).
3.12. Chimg minh rang, hiam
{mg sudt Prandtl c¢6 thé ap dung
dbi voi mang mong hinh Parabol

2
c

: de, ,
hinh 3.26) 9 = -G —(x* - —
( )¢ dz( 4)

y = -m;X

Hinh 3.25

=
o

¥

{y
Hinh 3.26
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3.13. Dbi voi mat cit ngang co
dang tam giac hep (hinh 3.27) ¢6 thé thu
duoc nghiém gan ding néu coi tai moi
mirc y, mang méng cé dang Parabol nhu
bai trén. Chitng 16 ring mémen xoin khi
d6 cua mat cat ngang tam giac ¢ chiéu
caobla:

T ——-—l-Gﬁbc3
2 dz

0

3.14. Hay st dung phuong phap
trong vi du 4, chimg minh ring ham img
sudt Prandtl ctia mit cét ngang ¢lip (hinh
3.28) c6 thé chon gin dung nhr sau:

e ,{x* y?
p=-G—b?| —+L 1
dz a- b

Chimg minh 1o giai chinh x4c cia
bai toan tién gan dén gia tri trén véi ty 56
b oo A :
~ rat nho, tim m6men xoin T, Toae 7
a

8
|

|

S
Hinh 3.27

b

.\

-

VY

Hinh 3.28

3.15. Xac dinh img sudt, goc xodn ty di va do vénh ciia thanh mat cit
ngang chir nhat chiu xoén (hinh 3.29), chon hiam img suit co

dang:@ = ¢, + ¢,,

Trong d6 @,(x,y) = X(x).Y(y)}, théa min phuong trinh thudn nhét

A@ =0 va diéu kién bién:
0, (*a,y) = 0;
do
Po(x,4b) = -G ——~(a” —x?)
dz

Va o,(x,y) = G?(az—xz) , thoa
Z

mén phuong trinh khong thuén nhét:
d6

Ap =-2G—
M dz
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Chuong 4

BAI TOAN PHANG TRONG TOA PO

POC CUC

1 - CAC PHUONG TRINH CO BAN

1.1. Phwong trinh can bang

Xét s can béng cua mdt phan t& trong hé truc toa d¢ tru (hinh 4.1).
Phuong trinh tong hinh chiéu ctia céc lyc theo phwong ban kinh, theo
phuong vudng géc vai ban kinh va phuong x3 =z ¢6 dang :

X3

Hinh 4.1
80,+18191+6‘rm+0',—0'&+R=0
or T o8 oz r
014 Jrlacre+f3“::92+2‘c,13 4S=0
o r oD oz T
ot llaT‘)Z+ao-"'+£‘ER+Z=O
oc r 00 oz r

, (.1)
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Trong dé: R, S, Z 14 hinh chiéu cua luc khdi tuong mg theo phuong
ban kinh, phuong vong va phuong z. Trong truémg hop bai todn phang
(hinh 4.2), ta ¢6 céc thanh phéan hinh chiéu theo phuong z bing khéng, hé
(4.1) tré thanh :

oo 16t o -G
Lp-— 4L 9 4R=0
ot 1o, 2t ’
LA Sl Bl . B\
or r &0 r
oo
] O, 4—2rdr
Y c,+ 2% dg o
cb
ath Y
Tr+-é_9d0 d T + 229 dr
Tra i r
'\
Gl'
e U:Br
A
da
8 x
O -
Hinh 4.2

1.2. Cac phwong trinh hinh hoc

Xét phan té ABDC truée khi bién dang, sau khi bién dang phan t5 ¢6 vi
tri méi 14 A’B’D’C’(hinh 4.3a). Goi u, v la chuyén vi theo phuong ban kinh
va phuong vong clia diém A, chuyén vi coa diém B, C lan luot theo hai

phuong néi trén la: (u + Qu—dr; v+ @dr) va{u+ @dG;VJr@dB ).
or or o0 &0
Céc thanh phan bién dang lién hé voi chuyén vi c6 dang;
du
(u+ adr)-u ou

£f = — = *
' dr or ™
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/ D
;
/
;
/
L ¥, 8 v +%—dr
c" _~"\N
- M
& /T 7
v +=—=—di e B
A
Ay &
i
o -
X
\'/ c)
Hinh 4.3

ov
__Gruwde-e VIV 1av
- _

rd0 rd6 r rod

Yo =Y, +7,, VOl 71 12 bién dang géc chi do u gy nén, v, 1a bién dang

goc chi do v gdy nén (hinh 4.3 b,c)

(u+-2—;d9)-u | u

= rdo T oo

**)
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_ Yy _ov v
12 dr r or r
1éu ov v
SR SRS T T
Tre rod or r )

du 18v u

g =— ; agz—é~.§+—
or rod r (4.3)
_ov lau v

Yro o rob r

Trong d6: €, €0, Ve lin luot 1a bién dang dai ty dbi theo phirong ban
kinh, phuong vong, va bién dang géc twong déi.

Phuong trinh cén bang tinh hoc biéu di&n qua chuyén vi ¢6 dang:

GViu + (l+G)E(@+E+l@) +R =0
o or r rodd . (4.4) (trang thai bién
GV'v + (x+G)13(@+3+3@) +5=0
rdd or r rod )
dang phing).
GV + E _@_(@+E+l@)+]{_—,0
2(l-v)or or r oo > (4.5) (trang thai img
GVoy + —= lﬁ(@+2+l@) +5=0
2(l-v)rod or r rdo ]
suit phang).

1.3. Cac phwong trinh vat ly

Lién hé gitra (mg suét va bién dang tudn theo dinh luit Hic:
1

.= =(0,~v0,); & ==(0,-vo,)

(4.6)
¥ :t_rﬁ-Gz E
TG 7T 2(1+v)
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E
2 (88 +Vgr) (47)

g =
hay: 7 1-v 1-v
:Gyrﬂ
Av oo PRI M E v
D6i véi trang thai bién dang phang thay : E, = i v, = "
-V -v

Phuong trinh tuong thich biéu di&n qua vmg suét c6 dang:

1 (QR— E ! 68) (4.8) trang tha bién dang phang.
(1-v) or v 100

Vi(o, + 65)=—

R
V' (o, +o0,)=-(1+v ).(?——WLE lQ—) (4.9) trang that img suat phing.
r d0
1.4. Ham (rng suét
Céac thanh phin cia ten-xo tmg suft lién hé voi ham (ng sudt Airy

@ (r, ©) theo cong thuec:

189 1 00
..__+———
" ror rtop
&
=5t | (4.10)
. __2(199] Lé‘g,lf’f@
0 or\r o8 280 rordd

Phwong trinh diéu hoa kép trong toa dd dée cuc:
Ei. 1 0 — 4 — L 62 _.ai,+_i __a._+_1__a.2_ ={)
al o vw o ra roae )

hay V4q3 =0
Ta xét nghiém tong quat cua phuong trinh trén bang phuong phap tach bién:

f(r)e*, trong dé k la thong sb cin xac dinh, f(r) phai thoa

(4.11)

¢(r.68) =
man phuong trinh vi phan cip bdn, sau khi thay ¢ vao phuong trinh (4.11):
_ 2 _ 2 4 2
po 2y 122K g ] 2K g K@D e g 4.12)
T r r r
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Nghiém ctia phwong trinh vi phan cép 4 ¢4 thé tim duogc dé dang, dat
r=e°, khi dé ta ¢6 phuong trinh vi phan theo bién £ nhur sau:

[ = af"+ (4 + 2k =4k ' +K* (@ + KO f = 0
Dt { = e ta c6 phuong trinh dic trung ;
(@’ +k*) (a’* —da+4+kH) =0
a=t+ik k=x=1a
., hay .
a=2xik k =+i(a-2)

D6i véi bai toan c6 tinh chu ky theo goc 6, ta c6 thé chon k = i.n (n 14 sé
nguyén), va a 1a s nguyén. Khi d6 ham g sudt ¢ co6 dang tdng quat sau:

Nghiém ctia phwong trinh nay 1a: {

¢ =a,+a Inr +a,r’ +a,r’ Inr + (a, +a,Inr + ar’ +a,r’ Inr)0

a
p 13 3
+(a, r+a,rinr+ . +a,r +a,;r0+a, rblnr)cosd +

+ (b, r+b, rlnr+ﬁ+b|4r3 +b,s18+b,, r0Inr)sin6 + 413
. : (4.13)

+ > (a, " +a, 1" va 1™ +a 1" )cosnd +
n-2
o€

+ > (b, 1" +b, t™? +b_,r™ +b_ 1*")sin nd
n=2

Day 1a 101 giai cna Michell (1899), trong d6 cac hé sé a, b cdn duogc xac
dinh. D4 voi bai toan dbi xtmng truc, ham ¢ khdng phu thudc vao géc 6,
ta co: '

2
¢ =a,+a,lnr +a,r’ +a,r’ Inr

(4.14)
Céc thanh phan vng sudt khi d6 s& xac dinh theo cdng thir
G, = 2a, lnr+—a—12l +a,+2a,
r
o, = 2a, lnr*a—z1 +3a,+2a, r (4.15)
r
Tg = 0

Truong chuyén vi xac dinh theo cong thirc:
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= _[_(HV) a, +2(1-v)a,rinr-{1+vja, r+232'(lwv)r]

+ AsmB +BcosO ‘ (4.16)

V= i}g—ea +AcosO +Bsin® +Cr

Trong d6 A, B, C la cac héng s6 bht ky tir diéu kién chuyen vi cla vat
rin. Chi ¥ rang néu vat thé cé chita diém r = 0 thi céc hé s0 aj, a3 phal bang
khong dé chuyén vi 12 dai lwgng himn han, khi d6 1mg suat 12 hing 6. Ddi vai
bai toan bién dang phéng, cic hing s& vat liéu dugc thay bai Ey, vy theo (3.10).

1.01 giai trén cua Michell ¢o thé ap dung d&i vai mot loat cac bai toan
phing c6 nhiéu (mg dung trong thuc tién ma ta s& 1an luot xét dén sau ddy.

2 — ONG DAY CHIU AP SUAT PHAN BO BEU BEN TRONG
P,VA BEN NGOAI P,

Xét dng co ban kinh trong a, ban
kinh ngoai b, chiu ap sudt phan bd déu
hén trong p, va bén ngoal py (hinh 4.4);
ta ciin xac dinh trang thai img sudt, bién
dang va chuyen vi tai diém bat ky wén

thanh éng.

2.1. (’ng suét

Ung sudt theo phuong ban kinh va phuong vong xac dinh theo ¢ong thirc
(tr (4.15), véi a3 =0 vir#0): | '

c.,=A+ —, véicach¢so A, Bxac dinh tir diéu ki¢u bién cua bai toan:
‘ T

r=a,.0;=-pPa;r=b, 6, =-pp,aco:

A= paa2 —phbz ,B — (pb Fpa)azbz .

b? —a’ bl —a’

Vay :
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_pal-pbt (P-p)ah’ 1

T 2 2 2 )
bz—a 2 b*-a - r 4.17)
G :paa _pbb,w(p pa) b 1
3] bz_az bl__ r2
Trudmg hop riéng, khi p, = p, py = 0.
: f 2 2 2
pa b* ) _ pa b*
Gr—bz_aztl—?), cgﬁbz_az[up—] (4.18)
Biéu d6 ¢mg suét nhu trong hinh 4.5
IIGO 1] ‘ “Ur 1 b2+a2
- b2- 52
i 2a?
T ’ \/ P b?_ az
L

Hinh 4.5
Ung suat tuong duong, theo thuyét bén tmg sudt tip lén nhit phai

khong vuot qua gia trl img sut cho phép dé dng du bén:

2

b . .
G4 =0,—-0C, = bzp— -<[c] (4.19),vdioc,=0cp;03=0,tair=a;
~Khip,=0,p,=ptacéd:
_pb2 aZ ‘ _pr al
G, =b2_a2 (I—FJ, Gﬂzbz—az l+?2— (4.20)
2pb’

Gy =0, ~0, = -<[c],v6ic3=6p;0,=0tair=a

b’ —a
Ta thay Umg suét twong duong Ién nhét trong hai trudng ho*p trén déu

bang nhau va cung dat tai mép trong cla éng. Bidu db (mg sudt nhu trong
hinh 4.6.
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bZ+ a?
P h?- a2

P b?- a2

Hinh 4.6

G;‘p

1.5

Gy/p r,fr,=056

05 +
0+ Siip
05 -
-1 1 ' 1 L rr,
05 0,6 0.7 0.8 0.9

Hinh 4.7

Trén hinh 4.7 biéu dién su phu thude cia img suat phap theo kich thusce
cua dng day trong truémg hop pa=p, pp = 0. Ta thay khi a/b = 0,5 ; img sut
vong dat gia tri 16n nhat va bang 5/3 p. Néu dng mdng chiu &p suat déu bén

&9



, v6it=b-a:béday bng ; r, =(a+b)/2 : ban

. . r
trong p thi ta co: o, = E—tl

kinh trung binh cta éng.
Bi¢u thirc nay chinh la cbng thirc trong sitc bén vit liéu dbi véi vo
mong chiu 4p suét bén trong p.

2.2. Chuyén vj

Xét phan 16 ABFE tdch ra tir éng day (hinh 4.8). Chuyén vi theo phuong
ban kinh tai diém bat ky cach tam khodng céch bing r 14 u. Ta ¢o phuong
trinh Navier trong trudng hop bai todn dbi ximg truc u = u(r) tr thanh:

Nghiém cua phuong trinh do la:

C
u=Cr+—-2 (4.21)
r
Trong do -
C __paaz—pbb2 1-v |
1 2L
broa  F (4.22)
(pa_pb)a b” 1+v
C, = 5 .
b"—a E
u u+du
0 E E F L F
db ! |
! i
z! :’
A ;" ¢
Al j
/
or ? ff
~_ /
""hl'rBl
Hinh 4.8
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D4i véi bai toan bién dang phéng (vi dy, dng day ngam tai hai déu, chiu
4p suft phan bd déu bén trong), ta can thay cac hing s6 vat lidu thanh E,, v
theo 3.10 , ing sut theo phuong z xac dinh tiy didu kién bién dang €, = 0:

2 2
p,a —pyb
8] =v(cr+0'9)=2v—~bT_a+

z

2.3. Ong ghép

Néu éng don chiu 4p sudt bén trong tuong ddi 1ém thi ta gap phai kho
khan khi thiét ké dé éng dam bao diéu ki¢n bén. D& dang rit ra tir (4.19),
néu 4p sudt bén trong dat t6i [6]/2 thi phai ché tao dng co ban kinh ngoai rat
i6m, didu d6 trén thuc té khong thé thuc hién dwge va tébn kém vat liéu. Do
dé phai ghép hai dng bang cach nung néng chung 1&n 1di 16ng vao nhau, Tai
chd nbi ghép s& xudt hién 4p sudt tiép xtc, 4p dung nguyén ly cong tac dung
ta ¢6 thé xac dinh Ung sudt toan phin do &p suat tiép xiic va ap sudt tac dung
bén trong éng giy nén.

U,

NN\ Z L
B A s

s A

Hinh 4.9

Xét mot éng duoce ghép tir 2 éng 1am bfmg val liéu khdc nhau vai 36 doi
A cho trudc, a la ban kinh bén trong, ¢ la ban kinh chd ndi ghép, b 1a ban
kinh bén ngoai (hinh 4.9).

Ung sudt tiép xuc tai chd ndi ghép xac dinh tir diéu kién ghép ong :
[ +]uy| = & (4.23)

v&i Uy, up 14n luot 14 chuyén vi cia éng trong va dng ngoai tai r = ¢ va
xac dinh bai (4.21). Tur d6 ta co:
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P=—r—— (4.24)
C, C,
¢l 2+—2
Ea Eb
2 2 2 2
c +a b +¢
Ca:cz—az -V, Cb:b2—~cz +v,

Truomg hop hai 6ng cung vat i¢w: E; = Ep=E, va = vy = v, ta cd:

s ) o)
¢ 2¢ (bz—az)

(4.23)

Biéu dd phan b {mg suét theo phuong ban kinh va phwong vong caa
éng ghép chiu ap suit bén trong thu dugc bing phuong phéap cong tac dung
cac biéu do trong hinh 4.10a va 4.10b va biéu di&n trén hinh 4.10¢.

Hinh 4.10
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Ta thiy c6 hai diém nguy hiém trong dng ghép : Diém A tai mép ngoai
clia dng trong, va diém B tai mép trong cua dng ngoai. Piéu kién bén cla
Sng ghép thoa man khi img suit twong duong & cd hai diém do khdng vuot
qua g sut cho phép.

D6 doi hop 1y khi o) = o),

Khi d6 do dai trong trudng hop hai dng cung mdt vat liéu, chiu dp suat
bén trong p duge tinh theo cdng thue:

2p cb’ (f.:2 —az)
T E .bz(cz —az)+cz(b2 —cz)

{(4.26)

Pidu kién ghép bng t6i uu cha Gadélin khi oy = oy, = min cho ta gia tr]

ban kinh chd ndi ghép:

¢ =ab (4.27)
Khi d6 vmg suét tuong duong dat gi tri nhé nhat:
mine, = p—— va do doi t6i wu: A = %JE (4.28)
J— a -

Viéc ghép éng s& cho ta d6 bén c6 loi hon so voi dng dom cung kich
thuéde va chiu ap lue bén trong p la:

b2
on 2p -
G?d — P bz —32 ~ 2.
o T b
b-a

Cé nghia 1a éng ghép loi hon gdp 2 1dn so voi éng don vé do bén.

Vi du I: Mot dng day bing béténg dat vira khit trong long dé
(hinh 4.11) (dugc coi 1a tuyét déi cimg), éng chiu 4p suét phan bd déu bén
trong p = 0,86 MN/m?. Tinh ap suit trén mat tiép xic gifta dng va da, sau do
kiém tra d6 bén cia dng theo thuyét beén Mo. |

Cho biét %=0,S. Céac dic trung cua bétdng: [o]x = 0,5 MN/m?;

[G]n = 5 MN/m®; E = 2.10° MN/m’.,
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Hinh 4.11

Gidi: Goi ap suit gitta d4 va béténg 14 p’ va coi p’ phan bd déu. Vi ban
kinh ngoai ciia 6ng béténg khong bi bién dang, ¢ nghia:

Ab=u—=0

Khai trién ta duoc;

_ 2_ 1.2 2.2 !

1 ‘v.paz pzb .b+l+v‘ab ]:; p2=0

E b"-a E b b -a
hay (1 - v)(pa® - p’b%) + (1 + v) a (p~p’) = 0

2

Rutra: p'=

aZ
L-v+({l+v) e
Thay s6 vao ta dugc:
p’ = 0,38 MN/m?
Tai mép trong ciia bng (r = a).
or=—-p=-0_86 MN;’m2=0'3
a’ +1|-2p'
p(a2+b2)—2p'b2 p b P
G¢= bl —_a’ - aZ
s
Ung Sudt trong duong theo thuyét bén Mohr:

=0,42MN/m’ =g,
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lo},
[o]

Ung suét ndy chi 16n hon (mg suét cho phép 1,2%, nén ta cé thé coi
diéu kién bén dirge thoa min.

G, =0, - —0,42— 55( 0,86)=0,506MN /m’ > [c],

Vi du 2: Tinh goc B (coi nhu rat nho) sao cho khi dong ngdp ném hinh
nén cut tuyét ddi cimg vao vanh tron (hinh 4.12) thi ban kinh ngoai cta
vanh tron sé ting [én mot lugng 14 u (tinh & mat trung gian CD cia vanh).
Vanh c6 modun dan hdi E va hé s& Poat-xdng v.

P p

' Tuy@t ddi clng

P

Hinh 4.12
Gidi: Khi ném tuyét d8i cing dwge dong ngdp vdo vanh ¢ mat trung
. . : h
gian s& dan ra mt lugng bang ph .

ph
2

Goi p la 4p sudt tiép xuc gilta vanh va ném tuyét doi cimg, ta cd:

Do dé ta c6 didu kién: Uoay =

1-v pa’ l+v a’b* p  Ph
A+ . —=
E b -a E a b'-a" 2

Tir d6 ta co:
Eh(bz—az) |
221[(1—\a')a2 (l+v)b2]

Pé tinh géc P ta dua vao didu kién sau ddy: dudi 4p suét p, ban kinh
ngoai clia vanh & mit trung gian CD s& dan ra mdt luong 1a u:

p= (a)

Khai trién ta duoe:
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1-v pa’ l1+v a’b* p
E b’-a>  E b b -a

=u

292
Rut ra: u:—_uz—p;i—
I:‘(b2 —az)
Thay gia tri cba p & (a) vao (b), ta duge:
2pa’b’ [5Eh(b2 ‘32)

u_E(bz —az): 2a[(l~v)a2 +(1+v)b2j

Viy: B:Bz—b[(l—v)a2+(l+v)b2]

(b)

Vi du 3: Hai bng cung vét ligu ghép v&i nhau (hinh 4.13) voi d6 dai
24 =0.02em. VE biéu do img suit o, va g trong thanh dng khi éng chiu 4p

suit bén trong p = 8000N/cm®. Biét rang E =2.10’ Nfem? va v = 0,3.

9000 N/cm?

Hinh 4.13

Gidi:

Sy s pr f—
‘J{:! 1794Nfcm?

Day 14 mdt bai toan vé éng ghép ¢6 do doi nén trude hét ta phai xac
dinh ap suat p. do do doi gy ra. Vi hai éng cung loai vét liéu nén ap suit p,

cO gia tri:

£ (¢ )(v =)

¢ o2 b* -a’
- 210?0:01 | (1?2 _102)(202 _152):2160Nfcm2
2.15 (207 -10%)



Theo hinh 4.13, ta tinh duge (mg suat:
— O mat trong cua éng trong:
o, =—p=-8000N / cm’
207 +10° _ 2.15°

2160 ———=5557N/cm’

., =8000.
0 15% ~10? 152 -10

- mit ngoai cua dng trong;

2 2 .
5, =—2160+ fOOO'IO [1-20 j=_42401xucm2

5*-10° 15°
. 2 2 2 102
Cy=— 80?0 102 l+202 ~2160i+—2-=1784Nfcm2
15 -10 15 15°-10
— O mit trong cta dng ngoai:
o, =—4240N/cm?
2 2 P 2
¢, =8000. 22'10 | 1+ 202 +2160%3L—15~2=167201\Ncm2
20° 15 15 20° =15
~ O mat ngoai cia dng ngoai:
102 2 02 2
. =0; o, =8000. 22 > 1 202 +21602—2+—15—2=10887N /em’
20° - 15 20° —15

Biéu d4 tmg sut duoc bidu dién trén hinh v&. Qua biéu dd nay, ta thdy

mat didu khong hop 1y vé do déi : vi img suit og & mit trong cha Sng trong
(5557N/em?) khac xa véi img sudt & mat trong ctia dng ngoai (16720N/em”)
nén din dén (mg sudt tuong duong ¢ hai mit nay khac nhau nhiéu
(13557N/em” va 19340N/ecm?). Dé khic phuc sur bét hop 1y nay ta s& chon
lai d& dbi sao cho img suat tuong duong & hai mjt d6 bing nhau, tic la ta
tinh d§ doi A theo cong thire tinh d¢ déi hgp ly sau:

_2p cb’ (02 —az)
TE B (b2 —212)+c2 (b2 —cz)
28000 15.20° (15° -10°)

= 2’10? '202 (152 _102)+ 152 (202 _152)20,006?0111
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Nhu viy, luc nay co thé v& lai biéu 4 {mg suit o, va oq teong duong
v61 d§ d6i chon lai A = 0,0067cm.

3 —TAM CHIU KEO CO LO TRON NHO

Xét mét tAim mong hinh chir nhét chiéu rong b chiu kéo theo phuong x
(hinh 4.14), ta ¢6 phuong trinh diéu hoa kép dbi voi ham (mg suét :

Khi tm khong c6 18, truomg tmg suét tai diém bét k¥ cua tm xéc dinh
boi cong thic: o, =p, o,=0,1, =0, cac thanh phéan d6 trong ing vol

ham ung suét:
I 1
) =P y*, hay trong toa dd déc cuc ta cé: ¢, = zpr2 (1-cos28).

Ta tinh duoc tmg sudt ¢ dang sz{u:

Y
p : } T : p
- _ G - |
|| _0’ —- X
Hinh 4.14
2
G, =1%L+i2a_q.;£=g(l+00529)
réror M 2
lo, = &o, _ P(1-cos 26} (4.29)
ot 2
To = __6‘_[_1_%) = _Pgin2e
orir of 2

Xét trudmg hop tai tdm cua tam c6 khoan mot 1§ tron nho ban kinh a
(hinh 4.15). Dua theo dang cfia ham @y, ta chon ham g suat co dang:
@(r,0) = f,(r) + f,(r)cos20, véi fi, f; 12 cac ham sb cdn tim théa man
phuong trinh didu hoa kép, tir (4.13) ta ¢6
fi=Cr’lnr+C,r* +C,Inr +C,

f, = Ci’Inr+Cer® +C,Inr +C,
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Hinh 4.15
Thay vao ham ¢ ta ¢6 thé tinh dugc cac thanh phan (mg suét o, 6o, T .
Céc hing sé tich phan xac dinh tir diéu kién C; = C¢= 0 dé gi4 tri g suét
tair=0var=clahituhan;vatasir=athic,=ce=0
Tacd: C;=-Cs=p/4;
C3=-Cg=-pa’l2,;
C;=-pa‘/4.

Biéu thirc cubi cung cua céc thanh phdn img suat ¢6 dang:

2 4 2
c:)'rzg{l—a—2+{1+3ff1 —E?Z—JCOSZG}
2 t t r
2 3 4
<GO=Bl:l+EE-—(1+%~]00529il (4.30)
2 r r
pl  3a* 2a°|.
T,=——|l———+—1sin20
| 0 21: S

£ T S oo, A coog ©
Ta thay tai mép 16 tron ©=+— thi Ung sudt op dat gia tri cyc dai, con
Y p 5 g 24

khi:0=0va0=n thidatcyuc tiéu:
Gma.x = 3p A A oA - A . . 1=
Hé sé tip trung \ng suat tai mép 1o bang 3

Truomg hop 16 ¢6 hinh elip véi ban truc 16 1a a, ban tryc nhé 1a b
(hinh 4.16) ta cé (mg suét dugc xac dinh theo cong thire:

2a
O — p(l+F)
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Hinh 4.16

Vai ty 1€ a/b va phuong cla cac ban truc so véi phuong caa luc khac
nhau, ta c¢o gla tri cha ‘ng sudt 1om nhét tai mép 16 1a khac nhau. Néu tryc
I6n cua 16 nim vudng goc voi luc kéo (a > b) thi emax> 3. Néu truc 16m cia
16 ndm theo phuong luc kéo {a <b) thi ogmax <3

Trudmg h0p tam chju lyuc phin bo déu theo hai phueong vudng goc
nhung c6 chiéu trdéi ddu nhau (hinh 4.17). Sir dung nghiém (4.30) cta bai
todn trén, ta cong thém Umg suit khi thay p bang —p va xoay hé truc toa d6 di
mét gée 6 = 90°, ta 6 cac thanh phan tmg svt c6 dang:

2
(1+3i—4i)cosze

Fl

-*p(l+3 ycos 20 (4.31)

3 4 2
Te = —p(l——i—+2—a2-)sin29
r r
Ung sut Iém nhét tai mép 15 bing:
Qs (a,0)= Gy (a,m) = _4P

n 3n
ce(a,—) = Ga(a,-—) =4p

Nhu vdy hé sb t4p trung tmg suit la 4 Ta thay truong hop tim chiu hec
¢6 chiéu ngicoc nhau trén cdc canh, hé 56 1ap trung iing sudt I Iom nhdt.

Xét trudng hop tim chiu kéo ddu theo hai phuong vubng goc
(hinh 4, 18a) véi cach 1am nhu trén, bing phuong phép cong tac dung ta co

ing sudt 1on nhit tai hinh tron c6 dudng kinh D, dong tam voi 16 13
(hinh 4.18b).
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2
O o = 2p.ﬁ (d 1a duomg kinh ctia 18). Véi D>>d, ta ¢6 hé sb tap

trung tmg suit bing 2.

Néu tdm chiu kéo theo hai phiong vudng goc béi hai cuomg d6 luc
khdc nhau (hinh 4.19),

TN

ARARAN

thtth
P

T

Hinh 4.17

-
-]

T
|

Hinh 4.18
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! |
9 a q
[t - - b— - -
b X
a |- -
p
Hinh 4.19
Tuong tu nhu trén, ta ¢ cdng thirc g sut tai mép 18 nhu sau:
{Gf;ax =3p—q
Ginin = 3q -P .

Dé dang nhén thiy khi thay p = 0, q = p ta nhdn dugc gia tri nhu truémg
hop chiu kéo déu theo mét phuong.

Hinh 4.26 biéu dién sy phan b mg sudt oy /T (T 14 luc kéo phan bd
déu song song véi mdt canh ctia tim) trén mép 18 theo céc goc 0.

Hinh 4.21 biéu dién do thj (mg suét oo/T phy thude vao ty sb giita
khoang cach cla diém dang xét so v&i giita ban kinh 13 a.

Ta thay khi r/a > 5 thi hién trong tip trung img sudt tai mép 15 hau nhu
khong con nira.

80

5, (a.8)/T
150

180

o, (a,0)T
210

240 300
270

Hinh 4.20
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Tém lai, hién tugng tdp trung Ung sudt lai mép 16 c6 y nghia quan trong
d6i véi tinh toan dd bén cha két ciu nhur vé tau thity, vo canh hoc than may
bay. Dé giam hién tuong nay, ngudi ta cb thé gia ¢b mép 16 bang cach ting
cudmng vanh dai hodc déng ném vao 19.

ogf T
3 T T
28 | —
2,6
2,4
2,2
2
1.8
1,6
1.4
1,2
1

rfa

Hinh 4.21

4 - PIA QUAY

X¢ét dia quay déu véi van tdc goc o, bé day dia khong d8i va nho so vai
ban kinh a (hinh 4.22). Cac (mg sut giy ra do luc ly tim. Do tinh chat déi
ximg nén cac thanh phan o, o¢ khong phu thudc vao goc cuc 8, con Ty = 0

v

Hinh 4.22
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Luc khéi theo phuong hudng kinh do luc quan tinh cua dfa khi quay ¢6
tri s61a: R = po’r, trong d6 p 1a khoi lugng riéng cia dia, r 1a ban kinh tai
diém bt ky.

Phuong trinh can bang tinh hoc theo phuong hudng kinh cé dang:

49, S 7% | opir=p (4.32)
dr r
Nghiém ctia phuong trinh ¢6 thé tim d& dang tir ham (g suit ¢ (r), ta ¢o:
G, =@/r
do (4.33)
Gy = — +po’r’
dr

Su dun;:, phucmg trinh tuong thich bién dang cua Saint-Venant trong bai
todn {mng sut phang, thay tri sé cua bién dang bang thanh phin ¢mg suat nho
dinh tudt Hig, ta thu duoe :

1 1 ¢ de 2.2
E =—I0, —-VOo,)=—(——Vv——-vpWwO 1
=g mve) = = (v oypete)

| 4 (4.34)
¢ 2.2 ¢
€ =—(0,-vo, )=—(—+pu 1’ -v=
0T (0, ) E ( dr P r)
Mt khac ta c6 lién hé giira bién dang va chuyén vi ;
du
g, = —
"odr
u (4.35)
£y = —
r
(Y =0
Khtr u 1l he thirc trén va thay vao phuong trinh twong thich bién dang :
d
—(rg,;) —¢, =0 ' (4.36)
dr
ta co:
i(jﬂ+ld—tp*ii+(3+v)p0)2r=0 hay:
dro rdr r
d 1d 5
—(l—(rcp)) =—(3+v)por (4.37)
dr rdr -

Nghiém cna phuorng trinh cd dang:
(3+v)

o =— g c r+C,~ ! véicl,Czlahéngséﬁchphan(4.38)
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Ta tinh cac thanh phén émg sut:

(o, =—(3+V)pm2 r2+£‘—+gj—
2 r

o, =——(—1-‘-—83};—)-[3002 r2+§—‘—£%
r

Tir diéu kién tai r = O phai co tni $6 cua tmg sut 14 hiru han, ta co:
C, = 0, diéu kién bién tir do tai r = a cho ta:
3+v) 5 o
(pa“w’)
4

Biéu thirc cudi cling cua ung suat cé dang:

o, = (3; )pu (a’ -

C, =

(4.39)

2
Gy = E;)—[(Z%Jr via® — (1 +3v)r’

Ta nhén théy gia i1 1on nhit cua 1tng suét dat duoc tai tim cua dia
(mic di luc khoi [6n nhat tai bién cua dia) .

Cax = (0) GQ(O) = (3 _; V) pag(ﬂ

(4.40)

o/ pw’a’
0,45 T T T T T T

04 - v=03 -
0,35 |- o,/ pofa®
03 -

025 -

015 — G };pmzaz

01 - -

0,05 -

0 1 I I | L L | ! ! ria
0 01 02 03 04 05 06 07 08 08 1

Hinh 4.23
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Trén hinh 4.23 biéu dién sy phan b {ng suét theo khoang cach dén tdm
cna dia, v4i hé sé Poat-x6ng v = 0,3,
_ Dbi vé6i dia ban kinh b, bi khoét 15 tron & tam ¢6 ban kinh a, ta c6 ing
suat 1on nhit dat dugc & bién trong ciia dia, va khi a << b, ta ¢6 ng Sudt ciia
dia réng gdp hai lén dia ddc.

5 — NEM PHANG VA NAT PHANG N(PA VO HAN

4

o ] -
Hinh 4.24

X¢ét ném phing nhu hinh 4.24 véi goc cuc o < 0 < B. Sir dung nghiém
téng quat cua Michell, ta chon ham tmg sut Airy c6 dang sau:

¢ =1 (a, +a0+a, cos26+b,, sin20)
Trudng (g suét diroe xae dinh nhu sau:
O, =2a, +2a,0 —2a, cos26 —2b,, sin26
Oy = 2a, +2a,0 +2a, cos20 +2b,, sin20 (4.41)

Ty = =8, — 2b, c0s20 +2a,, sin 26

Céc g suit d6 khéng phu thude vao khodng cdch r. Ta c6 thé (mg
dung 1o giai trén cho mot sb vi du cu thé sau:

5.1. M6t phan tw mit phing chiu trrot trén mét canh

Trén hinh 4.25 ta ¢6 ném dang mét phan tur mat phang chiu {mg suét
truot S trén bién 0 = /2 va tu do tai bién 6 = 0.

Ta ¢6 dicu kién bién nhu sau:
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6, (1,0)=1,(r.0)=0

- by
U(} (rza)z 0 t
s t
Ta (ra_—) =5 S
: 1
Thay cac gia tri cua ung sut vao, ta ¢6 : 1
2&2 +233] = 0 1 J 0
X
-a, —2b,, =0 o -
2a, —2a, +a,n=0 ik 4.25
mn .
—-a, +2b, =5
S S S
Tir d6 thu duoc  a, =—ﬂ;a6 =—§;a~,1 = ——n;bm:—
8 2 8 4
Vay cac thanh phdn (mg sudt c¢6 dang:
6. =2 (%_20 +Zcos20 —sin26)
22 2
S n T
G, == (—=-20-=c0s20 +5in20 442
AL 5 ( 2 > ) ( )
S T .
T, =~ { 1-cos20 ——sin26)
L 2 2

Tuong tu, taco thé tim duoc tmg suit cho cac truong hop chiu huc khac:

5.2. L4t phang nira v6 han

T

Bai toAn né hi iy X 0

4 toan ném phang voi  ——— n
B = n duge 4p dung cho tam '\ oy ! !f
v6 han, chiu luc trén bién véi \ /
cuong dé T (hinh 4.26). AN X
: S
Ta chon ham (ng suat ~ /
o, _ N ' /

Airy co dang: N v

@ =a, 1’0+ b, r’sin20 I O

Y
Hinh 4.26
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Khi dé cac thanh phan g sut vong va Ung suét tiép ¢ dang
G, =2a,8 +2b, sin20

Ty = —a, —2b,, cos26
Ap dung diéu kién bién:
0y(1r,0) = 14(r,0) = To{r,m)=0
CGg{r.m) =-T
Cdc hang s6 tich phan x4c dinh dugc nhu sau l; b, = .

Trudng ng sudt cé dang sau:
T
G, = ——{sin26 + 20)
n

o, = -;—n (sin20 + 26)

T = L (1 — cos26)

Ta théy co su khong lién tuc vé {mg sudt tiép tai gbc toa do. Pua vé toa

do Dé cac ta ¢é:
Y
T X X Y
T, =——— (1 — cos20). | T 2
Xy 2 !
T 8 r /
V6i 0= 01tacsr, =0.Véi | \“u-——«/c
- y,
T r
B=—co:1, =——. N
2 it S
Nhu vdy, khi tinh tién dén gbe AN e
toa d6, cdc ‘mg sudt trén khong e 7
Y
Hinh 4.27

trung nhau.
Xét lat phéng chiu luc tdp

trung tai gbc toa do (hinh 4.27).

Chon ham tmg suat c6 dang:
¢=(a,rinr +a rB)cosd + (byrinr + b, r0)sin

Cac thanh phén tmg sudt tinh theo cong thire:
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o, = l[(aI2 +2b,s)cos0 + (b, —2a,,}sin O]
r

1 .
104 = —[a,,c0s0 + b, sin0]
r

Ty = —:—[a“E sin@ — b,, cos 0]

Diéu kién bing khong clia img sudt tai 6 =0 va @ = ncho taaj; = by = 0,
do d6 : 6, =1, =0Vr,0, ta goi diy la trudng hop ang sudt phdn phéi
hirdmg kink, dac biét ¢o thé ap dung cho ném phéng véi cac goc a, B bit ky.
Pé xac dinh cac hing s ajs, bys ta sir dung phuong trinh can bang cdc thanh
phén ciia ngoai luc tac dung trén nira hinh tron C ban kinh a:

X=- IIGI.(a,B)a cos6dB = —nb
{1

Y =- ‘[cr(a,ﬁ)asin 8d0 = na,,
1]

Y X .
Tiudd: a,; =— b, =—-— valungsuatcédang:
n n

2 .
¢, =—— (Xcos® + Ysin0) L :
nr tai gbc toa d6 img suat o, = 0

Gy =T,=0
Xét trudmg hop luc tic dung theo phuong thang dimg (X = 0), ta c6:

o, =—i Ysin@
nr
Gy =T =0

Chuyén sang toa d6 Bé-cac, ta co:

o, =0, cos’ 0 = _21Y—X');2
(X +y°)
< G}, =Gr Sil’l28 = - %
X +y")
2
T, =0, s5in0cosH = — %
L (X" +y°)
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Trén hinh 4.28 biéu dién d6 thi cia céc ng suit phu thudc ty 18 x/a, ta
thdy khi [x/a| > 5, img suat tién din dén khéng.
0,3 T T T T T T T T T

0.2

Gy l(Y/a)

=
> L&}
T T

i | | 1

2 3 4 5
xia

]
—

5 4 3 2

Hinh 4.28. Si phan bé trng sudt cha nira mat phdng chiu lyc tap trung

Hinh 4.29. Duwdng ddng mic irng suét
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Hinh 4.30. Vécto chuyén vi
Truong hop tAm nira v6 han chiu mémen tip trung tai gbc toa do cb thé
coi nhu luc P dit cach O Khoang céach d (hinh 4.30). Cac thanh phin (mg
suét trong trurdmg hop nay c6 dang sau:

=— 4M sinBcosB

' mr’
G, =0
2M
T, =—— sin’ 0
v19
P di P M
X ! X N
- 1 -7 T |
! f ! f
1t ! § !
\ A ey SN /
N / AN /
N / N /
\\M // \\_H_‘ //
1y Ty~

Hinh 4.31
5.3. Ném chiju lyc tip trung va mémen tap trung tai dinh

U‘ng dung céc két qua tr muc trén, ta cd thé thu duoc trudng img sudt
trong ném ph'fmg déi ximg vai gbc & dinh 13 a, chiu tac dung cua lyc tap

trung ho&c moémen tép trung:
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_g cosP

' r a+sina  khilue P téc dung theo phuong thing dimg tai dinh
Gy =T14=0
(hinh 4.32a).
s __2P sinb
' r oa+sina khi luc P tdc dung theo phuong vudng géc vai
Gy =T =0

truc ném (hinh 4.32b).

2M sin 6
o, =— —
SINO —~CLCOSAL ¢
10, =0 khi mdmen M dat tai dinh ném (hinh 4.32¢)
M c0s20-cosa
Trﬂ =S -

r’ sino—ocosa

Hinh 4.32 biu dién sy phan bb img sudt trong ném & cac trudng hop trén.
P

ole
n[R

—_

2 4k

Hinh 4.32

X3

6 — THANH CONG

Xét thanh cong ban kinh trong a, ban kinh ngoai b, chiu mémen tap
trung tai hai dau thanh (hinh 4.33).

Tir diéu kién bién :
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c.(a)y=0,(b)=0
To(a) = 14(b) =0

e b

k =0 M M
J"’G r= Hinh 4.33

Sir dung nghiém cua bai toan dbi ximg (4.15), ta tim cdc hé s6 tir hé
phuong trinh;

2Alna+£,+A+2B=0
i

2Alnb+%+A+ZB=O
C C
b(2Alnb+§+A+ZB)-—3(2Alna+—2+A+2B):0
: a

~C 1n(9) +A(b*Inb—2a’Ina)+B(b> —a*)=-M
a

Chi ¥ riing, biéu thirc thir 3 1 18 hop tuyén tinh ctia hai biéu thire déu,
ta gidi ra tim dugc cac hé so:

A_—ﬁ(b ~a%)

B= i[b2 —a’+2(b’Inb-a’Ina)]

C= ~ﬂa2b2
N

in(2)
a
voi: N = (b® —a?)? - 4a’b’ lnz(E)
a

Trudng tmg sudt cudi cung ¢ dang:

s, :_ﬂla bu] (E)+b2 ln(%)-ka2 ln(g)]
r
21.2
100:,%[_ a’b In(-. )+b21n( 5)+a’ In())
To =0
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Trén hinh 4.34 12 46 thi tmg suét phu thue ty s6 r/a v6i b/a = 4 theo
cdng thire Stre bén vit lidu va theo Ly thuyét dan héi, ta thiy gid tri [6n nhét
cua img suét vong dat duge tai ban kinh trong, két qua theo hai 1y thuyét gan
1hu triing nhau.

gg.a*/ M

1,2 |

1 b/a =4 1
Ly thuyét dan hoi

08 4 ~
TT 77 Slc bén vat liéu

0,6 -
04
02

oL
02 1

04l

-0.6

rfa
1 1.5 2 25 3 35 4

| Hinh 4.34
Trudng hop thanh cong éhju luc P tai ddu thanh (hinh 4.35).
biéu kién bién tuong tu nhu trén:
c,(a)=0c(b)=0
Tea) =1,(b)=0
b b

s
;tre(r,O)dr =P a;[crﬁ(r,—z—)d.r =-P

b

s
I’Cre (r, E)dr =0

1. , *)
_[09 {r,0)rdr = IGO (r,0)dr =0 Hinh 4.35
b
T P(a+b)
G, (r,—)rdr =
! (1) ;
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Tam Ung suét chon tir nghiém tdng quat ctia Michell phu thuge vao goc

0 nén co dang:
. B .
¢ = (Ar +—+Cr+Drlnr)sing
r

Ta tinh cac (mg sult:

)

o, = (2Ar—£}E +P-)sin6
r r

o, = (BAr +2—,1‘3~ +B)sin9
r r

Teo =~(2Ar—£{i +2)COSB
roT

Thay vao (*) va giai hé, ta tim dugc cac hé so:

P o_ Palb’

P 5
A :D=-—(a"+b"
; N( )

TONC N
s 2 2 2 2 b
Vé&i: N=a’~b* +{(a”+b7)In(—)
d

Céc thanh phin Gng sut c6 dang cudi cling:

P a’b? a’+b’

g =—(r+— - sin @
T N( 1_3 r )
P a’b?  a’+b’
g, =—(3r- - sind
o N( 3 r )
p sz 2 2
T 2__(“_'&_‘__3 b ycos
N r r

Hinh (4.36) bidu dién dd thi vng sut tai ngam (0 = /2, b/a = 4) v so
sanh v&i stic bén vat lidu, ta thdy ¢ su sai khac gilra hai 1y thuyét va tng
sudt cang tang khi r cang lon.
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2 : . " '

1k

0 L

1l

-2 F 6=n/2 bla=4 i

4 Ly thuy8t dan héi |
——=~— Sic bén vat lisu

-4 n L L L 4

1 15 2 25 3 35 4 "2
Hinh 4.36
BAI TAP CHUONG 4

4.1. Mt ong thép dudmg kinh ngoai bang 5em, thanh day 5mm, chiu ap suit
phin bé déu bén trong. Dua vao thuyét bén g suét tiép 16n nhit, tinh gia tri cho
phép 16n nhit cuia ap sudt, biét ring thép c6 [6] = 160MN/m>.

4.2. Mt bng day bang thép, dudmg kinh trong bang 20mm, chiju ap sut bén
trong P, = 25kN/cm’. Xac dinh bé day bng theo thuyét bén thé nang bién ddi hinh
dang, biét ring 6., = 65kN/cm?, hé sé an toin bing 1,3.

4.3. Mot bng day chiu 4p sudt bén trong P, va bén ngoai P, = 0,1kN/cm? (véi
gia thiét P, > Py). Xac dinh P,, d6 bién dang dai ciia ban kinh trong va ban kinh
ngoai. Biét dng day cé ban kinh trong bing 4em, ban kinh ngoai bang 8cm. Ong
lam bing vat lidu cé cac dac trung co hoe sau: [o]x = 3kN/em?; [o], = 12kN/cm?;
E=12.10"kN/cm* ; v = 0,24.

4.4. Cho mét dng day bit kin & hai ddu (hinh 4.37) v&i a = 10em, p = 20N/em’.
Ong bang thép ¢6 tng suit cho phép [o] = 16kN/em?, E = 1.10°kN/em? va v = 0,3.
Hay x4c dinh ban kinh ngoai b d4é dam bao d6 bén ciia éng. Xac dinh chuyén vj tai
céc diém trén bé mat ngodi dng véi gia tri b tim duoc & trén. Két qua tinh toan thay
dbi nhu thé nao khi dng ho hai ddu. Khi tinh do bén theo thuyét bén (mg sudt tiép
16n nhit.
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2b

777

*

Hinh 4.37
4.5. X4c dinh ap lyc P giira dng bétdng va 16i thép tuyét dbi cimg (hinh 4.38), sau
d6 kiém tra do bén ciia dng theo thuyét bén Mohr. Biét bétdng c6 céc dic trung sau:
g = 2.10"N/em?, v = 0,16; o]y = 40kN/em?; [o], = 200kN/em’.

n_
5 =05

p=1797 Nicm?

Hinh 4.38

4.6. Ngudi ta ghép cang mét 6ng thép co dudng kinh trong 2a = 20mm va
dudmg kinh ngoai 2¢ = 30mm vdi mét bng thép khac ¢co dudng kinh ngoai
2b = 40mm. Ca éng ghép chiu &p sudt bén trong p = 25kN/cm’. Tinh d6 doi A gitra
hai dng ghép sao cho \ng suit oy & mép trong cia dng ghép giam di 30% so voi
Uing suat gy & MEp trong cuia dng don b cing kich thuge. Modun dan héi ctia thép
E=2.10'N/cm*.

4.7. Mot bng ddng ban kinh trong a = 10cm va ban kinh ngoai ¢ = 20cm, dat
vao trong mot dng thép ¢ ban kinh ngoai b = 40cm (hinh 4.39). Tinh tng sudt
phap tai cdc diém A, B, C theo 3 trudng hgp sau:

a) Hai 6ng dugce 16ng khit vao nhau va chju ap lyc bén trong p = 20N/cm?
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b) Hai éng duoc ghép vao nhau véi do doi A = 0,2mm va clng chiu ap sudt
bén trong p = 20N/cm’

¢) Hai 6ng dugc ghép vao nhau véi dd déi A = 0,2mm va toan bo bi dbt nong
[én AT® = 100°C.

Déi véi ddng: Ey = 1.10°kN/em?, v4 = 0.34, oty = 16,5.10™.

D41 voi thép: By = 2.10°kN/em?, vy, = 0,3, ot = 12,5.107

Hinh 4.39
4.8. Hai éng lam tir hai vat liéu khac nhau duoc 1ng khit vao nhau va chiu ap
luc phin bd déu bén ngoai p nhu hinh 4.40. Gia thiét mdi ghép 14 Iy tudng va tng
suét, bién dang 12 lién tuc tai r = r;. Xéc dinh trudng (mg suat va chuyén vi tai mdi
Sng. Cho biét E;, v, E,, V.

Hinh 4.40

4.9, Mot éng hinh try tuyét déi ciing ¢6 ban kinh r; + & duoc 1ong khit vao
mot éng day co6 ban kinh trong ry, ban kinh ngoai r, (hinh 4.41). Mat ngoai cua 6ng
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khéng chiu lye. Diéu kitn bién tai r = r, 1a chuyén vi bang 8. Gia thié1 trang thai
bién dang phing. Xdc dinh truong ing suat va chuyén vi ciia éng (1) <r <r).

u=25

Hinh 4.41

4.10. Hay chi ra ring v&i thanh cong chiu luc nhu hinh 4.42 ¢é thé tim dugc
nghiém, sir dung ham ung suét cé dang;

o=[Ar +E+ Cr+ Drinrjcos®
. :

Hinh 4.42
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Chuong 5

BAI TOAN POI XUNG TRUC

1—LY THUYET VE TAM MONG

1.1. Khai niém

Tam la mot két chu dugc gidi han béi hai mit phing song song va cach
nhau mot khoang t (goi 13 chidu day tAm). Mt trung gian 12 mat phang c4ch
déu mit phang tim. Tuy theo ty sb giira bé day tam va kich thude nho nhét

clia mat phing tim (E) ma ngudi ta ¢6 thé chia tim thanh hai loai sau:

Tém day: 12i
b 5

Tém mong: khi L

<!
20 " b
Cdc gia thuyét co ban:

t

<+ vadi€ukién dd vong 16n nhat: w,, < -

N

J
5

— Gia thuyét Kirchoff: Phén tir thang va vubng géc véi mat trung gian
trude blcn dang, thi sau bién dang van thing va vudng gbéc véi mat trung
gian bi udn cong (mit dan hdi).

— Céc diém thudc mat trung gian chi ¢é chuyén vi theo phuong vudng
26¢ vOi mit tdm (u = v = 0; w = 0).
~ Céc 16p song song v&1 mit trung gian van tlep tuc song song v mit

do sau khi bj bién dang (hay ndi cach khac, ta gia thiét o, = 0, do d6 trang
thai tmg sudt 1a phang)

1.2. Cac phu’o'ng trinh co’ ban

a) Lién hé giiva bién dang va chuyén vi
X¢ét thm chir nhat ¢6 kich thuee a x b, chiéu day la t, chju tai trong
vubng gdc véi mit tim (hinh 5. 1). Goi chuyén vi tai diém A cach mit trung
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gian khoang cach bing z 1a u, v va w. Khi d6 ta ¢6 twong tu nhu trudng hop
ddm chiu udn trong Stc bén vat lidu:

e =— va E\,:—Z— (5.1)
Py SRy

X

Hinh 5.1

Trong d6 px va py 14 ban kinh cong cita mit trung gian theo phuong x
va y (hinh 5.2).

2 2
.= I ap =0 (5.2)
Toox” ay”
Thay (5.2) vao (5.1) ta dugc lién hé gilta bién dang va chuyén vi (hinh 5.3):
0 -
a_w X
Cw O 5
O« X
j/‘f \\p:‘a zZ - ~ Uz
5
I \ z U2
wll.
1z
Hinh 5.2 Hinh 5.3
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g, =— =52
p, Ox°
z  Ow
{E\«' = — = 3 Z
" op, Oy
ov  Ou O*w

~ S W
T Ay Oy Ixdy

b} Lién h¢ giita bién dang va itng suit

Theo dinh tuat Hac:
£, = l(0 Vo)
X b X ¥
o1
ig, = E(O}, —va,)
Tyy
TG

¢) Lién h¢ gitva teng sudt va ndi lue

(5.3)

(5.4)

Goi Qy, Qy 14 luc cat, M,, M, la mémen udn, va My, = My 12 mémen

xodn trén mdt don vi chiéu dai cua canh vudng goc voi true x, y (hinh 5.4).

Hinh 5.4

X¢ét phén t6 ctia tAm ¢6 chiéu day &z, cach mat trung gian mdt khoang z

ta ¢6 lién h¢ gitra ndi luc va tmg suit nhu sau (hinh 5.5):
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142
M, = [ ozdz
-2
t:2
M, = i c,zdz
—1i2
172
M, = [ 1,4z
—1i2
/2
Q.= t.,dz
12
1i2
Q,= | 1,dz
/3

Hinh 5.5

(5.5}

a) Ung sut phap; b) Ung suét tiép  B)

d) Lién hé giita nji lye va chuyén vi
Két hop (5.3), (5.4) & (5.5) ta duge:

2 2
M, =D|2 % I
ox” oy~
2 2
M\:D8\2+V8\q¥
’ dy* ax”
02
Mm‘ :D(l_v)"rd s“
) Oxdy

Trong do: D 1a d6 cimg chéng ubn cia tam.

(5.6)
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Ed’

D=

v&i E 1a mbédun dan hoi, v 1a hé s6 Poisson.
e} Plurong trinh can bing tinh hoc

Goi q(x,y) 12 tai trong phan bb vuong g6c voi mat tAm (trong do ké dén
trong lwgng cua tam), 14y tdng hinh chidu theo phucmg z, va tbng mdmen
ddi véi truc x, y cla cac luc téc dung Ién phan td cach mit trung gian mot

khoang la z (hinh 5.6), ta ¢6 hé phuong trinh can bang tinh hoc:

M + aaﬂ:, ax
Myx + 6Mﬂ (Sy vz
ay 2/ o
a Macy + axwé‘x
Q -
Qv + gy
” ay Qe + an ox

Ox
Hinh 5.6. Trang thai chiu lec clia mét phan tir tAm

: oQ,  9Q,
Flz=0&—=>+—"4q=0
Z' “ Ox Oy a
OM,, oM
D om(E)=0e -4+Q, =0 (5.7)
c'?x Oy
M
F)=0e —2_""x,1Q =0
> m ()= dy o T

& Phuong trinh Sophie — Jermain
Tir (5.7) rat Qy, Qy ra tir hai phwong trinh cudi ta duoc:

Q. = Qﬂm_x__c‘?Mw
" ox Oy

BM), oM,
Q=—"- :
Oy Ix
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Thay M,, My, M, ti1 (5.6) theo w rdi thé Q,, Q, vao phuong trinh dau
tién cua (5.1.7), va ta dwoc phuong trinh vi phin d6 véng cla tim
nhu sau:

O'w o'w  d'w  q

2 = = 5.8
d'x * 82x82y+ o'y D -8

Hay: AAw = % (5.8

Véi A latoan tir Laplace trong toa d6 Dé cac
Trén diy 14 cac phuong trinh co ban vé Iy thuyét tam, dé giai cac bai
toan cu thé can thém vao cac diéu kién bién.

1.3. Diéu kién bién
a) Tam twa tir do (Simply supported Edge)
Trén canh ¢6 gbi 43 (hinh 5.7), 46 vong va mémen udn phai bang khéng.
(;1a s canh x = 0 twa khop, ta ¢6:

2 2
wl,_o=0 ; M, :—D(Zx—fwzy—‘f):o,

2
W
Mt khac do w(0,y) = 0 nén — =0
x=0
. d'w
Vay diéu kién bién la:w|, o=0 ;—| =0 (5.9)
X
x=0
a
b
Y
X
r4
Hinh 5.7
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b) Bién ngam (Clamped Edge)
D6 vBng va goc xoay phai bang khong :
Xx=0 W[ =0; g[,{20:0 (5.10)
¢) Bién tu do
Luc cit, mdmen uén va mdmen xodn déu bing khéng;
Néu tai x = 0 khéng cé tién két, ta cé: M, =0 Q, =0; Mx). =0
Hai diéu kién bién cudi c6 thé sat nhap theo diéu kién Kirchoff nhu sau:

x¢t hai doan k& nhau doc theo canh cia tim mong nhu hinh 5.8. Mdmen
x04n trén phan td thit nhét 13 M,,dy; va trén phén t& thit hai 1a :

8hfl)(\-"
(M, + o 5y)dy,

Hinh 5.8
Cac momen trén ¢6 thé thay bing cap lue ¢t nhu hinh vé& trén. Theo
lién h¢ vi phan gitta lyc phén bd va lyc cit ¢ giita hai phan 16, luc cit Q,

Xy

phdi can bing véi cuomg do Oy , d6 chinh 1 hop luc cla tai trong

xy

phan bé

, oM,
Vay : Qx - ay = O

Diéu kién bién tai canh ty dox =0 I :
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32, 2
M. =0 |20 4, % o,
x ax_ a_y_
. N . (5.11)
Q —— = [ZX102-v )5 =0
ay X’ Ixdy

1.4. Cac phwong phap dé giai bai toan tdm mong hinh chv
nhéat

a) Loi gigi Navier (Phuong phép Bup-ndp & Galerkin)
X¢t tAm mong hinh chir nhét, kich thude a x b chiu tai trong phan bd
q(x,y), cb cac bién tya khép.
Phuong trinh vi phan d6 vong ¢6 dang (5.8):
iyd Pt
Ow oy Ow Ow_4
0'x d°x0y 0Oy D

Chon 1o giai dudi dang chudi Fourier:

X [ Y
wi(x, y)_ZZA sm[ ]m[ 5 ] (5.12)

m=| n=
Thoa man didu kién bién w = 0, My= 0, M, = 0. Trong dé: Am, la cac
hing s& chua biét.

Phén tich ham tai trong ciing dudi dang chudi Fourier:

qy) Zi '[m“"]sin[“gyJ (5.13)

a

A i

Vi amg 12 hiing s can xac dinh ¢é théa min phuong trinh (5.8)

Nhén hai vé cia (5.13) véi sin{m ™ ]sin[“ ;‘y] . sau do 4y tich phan
a

theo bién x trén [0, a], bién y trén [0, b], ta ¢o:

a b ' |
fdqu(x,y)sin[maﬂx]sin[n l;Ty]clyz
e (5.14)

a ] ' \
:ZZfdxfamn sin{m“x]sin[mﬂxlsin[nﬁy]sin[n Try]dy
T % a a b b

Theo tinh chit trre giao cita ham s6 luong gidc:
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y mrx m TTX 0 im=m
fsin[ ]sin[ = ]dx: a (5.15)
Tuong tu ta co:
b . o 0 ;n=n
fsin[ y]sin A 4y =1y (5.16)
0 b b 5, n=n

Vay (5.14) ¢d dang:
a b \ \
fdqu(x,y)sin[m “X]sin[“ “y]dy:
o A a b
a b I .
-—-ZZIdeam sin[m“x]sin[m“x}sin[nﬁy]sin[n “y]dy _ab
m' n 0 4]

a a b b 4

Rat ra:  a_ _—fdqu(x y)sm ] i [nby]dy (5.17)

Thay (5.12) va (5.13) vao (5.8), ddng nhit cac hé sé cua hai vé d6i voi
ham sin, ta co:

A= a;m — véim,nle (5.18)
m n
‘ﬁdD{a—z—%Eé

Thay vao (5.12) ta tim dwgc phuong trinh d§ véng cua tAm. Tir d6 tim
duge ndi luc va dmg sudt cla tAm dé c6 thé kiém tra didu kién bén, xac
dinh tai trong cho phép tac dung 1én tdm, hoidc chon kich thuée cho phép
clia tam.

Trong trudng hop tai trong q = q, = const vudng géc vai mat tim. Thay
vao (5.17) ta co:

4q nmy
—< Jd d 5.19
a., f xf 1n[ ] n[ . ] y (5.19)
vdim, n & ta duge: a, = ngz (5.20)
mnw
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Tuong tu nhu trén, ¢o6 thé xac dinh duge ham d6 vong cua tAm chiu tai
trong g(x,y) la ham sé cho trude. Tir d6 c6 thé x4c dinh dugc tmg suét cia

14m dé kiém tra diéu kién bén, xac dinh tai trong cho phép, hodc chon kich
thudce cta tm :

Ez (&'w O'w
Gx:(l__v2) axl +vay2

2 2
G”:(lEZz)(iy\?Hi‘::} (5.21)
-V
E &w

T . p— JE—
¥ (1+v) Oxdy
b) Phuong phdp néing lepng dé gidi bai todn tim

Ta ¢6 theo nguyén ly cdng tic dung, ndng lugng toan phin cta tam
bing tong thé ning do ngoai luc va ndi luc giy nén:

Utoan phan = Unéi heet Ungoai luc (522)
Dung nguyén 1y gid tri dimg cua thé nang bién dang dan hbi:
Didu kién d& hé dugc cén bing la: g}-’__ =0 (5.23)

+ Thé nang bién dang dan hdi do ndi lwc My, My, Myy.

du™ = %Mx&pdxdy

2 2 2
_D{a w0 w][wz\j}dxdy

T2 ex? ay’ x
_ 1
du™’ = EMY&pdxdy |
D(d*w  d*wl|[ o*w], . .29
=—|—5 +Vv—Fi[—— |dxdy
2oy ax ay
du™’ = -;-Mxy&pdxdy
2 2
=D(1-v) 3 hl O'w dxdy
dxdy Oxdy
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du=du™’ 4 du™ 4 qu'™’

(5.25)
. a b
U(nmluc) :fde (526)
LU .
+ Bién dang dan héi do ngoai lyc sinh ra; .
duireente = —%q.w.dxdy (5.27)
. | a b
= [Jlrgositic) _ _Effq(x’ y).w.dxdy (5.28)
00

Ta c6 tong thé ning bién dang dan héi ciia tAm xdc dinh theo cong thirc:

| tobeny _ sz {Bzw 9w ]_2( )

*w Fw
6)(2 a,yz -

8" 1
6}{@}(] ——ZBq.w}dxdy
(5.29)
Déi voi tAm chit nhdt a x b, bién twa khop,; tai trong déu q = g, = const
vudng géc voi mit tim, tg c6 phuong trinh cia d6 vong nhu trén di xac
dinh c6 dang (5.12). Tir d6 thay vao cong thirc ciia thé ning bién dang toan
phan (5.29), va tinh dao ham theo hé s6 A:
- ouU
O0A,,

Ta tim dwgc két qua gidng nhu phuwon g phap Buvnop-Galerkin:

A, = % (mnie) | (5.30)
2 2 .

m n

U Dmn[ —+— ) ]

Ngoai cic phuong phép ké trén cén c¢6 cac phwong phép khac nhur
phuong phap Ritz, phuong phép sai phan hiru han, phuong phap phan tir
hiru han, phurong phap phin tir bién,
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2 - TAM TRON CHIU TAI TRONG DOl XIPNG TRYC

2.1. Lién hé gitra dd vong, géc xoay

& -
A~ 4“4;:/%2

T
F4

Hinh 5.9

Tir hinh v& 5.9, ta c6 géc xoay tai mit cit bat ky cach tim cta thm
khoang cach r dugc tinh theo céng thirc sau:

AL 5.31
8 . (5.31)

DA4u trir biéu thi do vdng 1a ham nghich bién theo 1, va khi 46 vong
dat tri s6 16n nhét thi goc xoay bang khoéng (tiép tuyén v&i mat trung gian
song song vil truc x).

2.2. Lién hé gitra ndi lwc, ing suat

X¢t mot phin tb tach ra tir thm tron (hinh 5.10) ndi lyc trén céc mat cia
" phan t6 xé&c dinh theo cdng thirc:

Hinh 5.10
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dr - r drf  r  dr
Ml = [E + VEO_) ¥
r dr ) (5.32)
1 dw d’w .
=-Dl—4v
r dr dr?
3
Ml‘t = 0; = Eh 3 (5.33)
12(1-v*})

D 1a d3 ctng chéng udn cua tim.
2.3. Lién hé giiva bién dang, chuyén vj

Tur ¢6ng thirc bién dang trong toa d¢ dbc cyc (chuong 4) ta co céac
thanh phan bién dang theo phuong ban kinh va phurong vong nhu sau:

d’'w
€ =2—=-Z—;
comzla

T rdr

z 12 khoang cach tir diém dang xét dén mit trung binh cia tam.
2.4. Lién hé gilra img suét, chuyén vi

Thay céc bién dang tlr (5.34) vao dinh lu4t Huc, ta thu dugc:

Ez [de e) Ez {d’w vdw
G, = —tv-|=- + -
1—v*\dr r 1—-vlde?  rodr

(5.35)
Ez {6 do Ez (ldw  d’w
G, = s —+v—|=- st v
I-viir dr 1—-vir dr dr
Lién hé gitra mg suit va momen ubn:
1 12M
c, = 2hlzdr z; O = 03 L.z (5.36)

z 12 khoang céch tir diém dang xét dén mit trung gian.
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2.5. Phwong trinh vi phan d vong

Liy téng mémen ddi véi truc y tiép tuyén véi cung tron béan kinh r
trong mat phing trung gian cla tdm (hinh 5.11), ta cé:

d(Mr.I‘) — QI’ (537)
dr

40 8 _

dr d| r D
hay: 8?[1 d(o'r)} _ 8 (5.38)

M, -

r dr D

Tich phan 2 lan lién tiép (5.38) ta dugc phuong trink cia gbe xoay
va do vong tai diém bat ky

0=Cr+ ———J’[ j’er] (5.39)

w=C, - fedr (5.40)

Cac hing sé tich phan C), Cy, C3 duoc xac dinh tir diéu kién bién
hodic lién tuc ciia bai todn (vi du tm tron dac thi C, phai bing khong dé
do vong va gdc xoay 1a hitu han).

prdodr
Q.dg + d(Q,do) Qde 1
I
/ ‘.... 1
d
e 2 drsindﬁ Mido
d(M, rd} ! 2

Hinh 5.11
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2.6. Cac diéu kién bién
a) Bién twa khop
w(b) = M,(b) = 0 (5.41)

WA AN

b ]

b) Bién ngam, chiu tdi trong phéin bo déu trén hinh tron bin kinh a

/ NN \
7 R
4 a
b |
- Diéu kién bién:
why=0; ¥ _p (5.42)
dr r=b
— Diéu kién lién tuc ;
dw dw
w =w ;o —] = — 5.43
n{a} ria) dr . dr ( )

n=a

c) Tém twa khtdp chiu momen phin b6 déu trén bicn
m
( | )
-1 ! ]
A\ ' aN
| ]
w(b)=0,; M(b)=m (5.44)
d) Tam vanh khdn twa khop trén bién ngoai

|

| VA SIS | ]

W(b) =0 Mic=py=0; (5.45)
Mf(f=ﬂ) =0 : Qr{r=a} =0

134



A ~ - . - ” £ A - am -
e) Tam vanh khin chiu mémen phin bo déu trén bién trong ld m;,
bién ngoai la my

1408 417] Mz mi
| VIS SIS SSASS | WAASASAS LSS LSS |
a
b N
w(b)=0; Myr=py=m; Myg-g=m2; Que=a)=0 (5.46)
f) Tam twa khop trén bién, giiva co 10i cé dinh tuyét doi cing
1
f cé dinh ——
. ,-Z—:&, _
o |

W(b) = () . Mr(r=b): 0

4 |
SV 0 w@=0 (5.47)
dri._,
g) Tdm ngam trén bién, giita c6 I6i cb dinh tuyét ddi cirng
/] ' N\
2 Cé ?iinh N
4 L
a__|
1 . b
d d
wb)=0; S| =030, =0 ; w(a)=0 (5.48)
dr dr
h) Tém bién tr do, gitva cé 16i c6 dinh tupét déi ciing
1
C————] Cédinh ’__:l

F
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W@ =05 o
: dr

T=a

Mr(r=b) =0 : Qr(r=h): 0 (549)
2.7. Cac dang tai trong déi x(rng truc

— Tm tron chiu tai trong phan bé déu.

— Tém trén chju luc tap trung tai tam ciia tm.

— Tam chiu tai trong phan b6 déu trén hinh tron déng tam véi tAm.

— Tém chiu tai trong phén bé trén chu vi hinh tron dong tam véi tim.

— Tém vanh khan chiu tai trong phan bé déu.

~ Tam vanh khan chju momen phan bé déu trén bién.

Céc cong thire d6 vong, mbémen udn ndi lye cua cac trueong hop trén
dugc cho trong bang 5.1, biéu db dé vong va néi luc biéu didn trong phu
luc chuong 5 & cudi sach.

Vidu 5.1 Xéac dinh d6 vong va img suét trong tdm tron ¢ chu vi dat
trén géi tua va chiu tai trong phan bé déu (hinh 5.13)

Gidi. a} P

Q.2pr=qpr2 | jl l # ‘A ‘

i Wil i I i AT LA A0 3 i i A
8

r

hay Q:q? 7 R 7

C, aqr
0=Cr+-—-2+-—-— (a b)
Y lGD()

|
[
l
F
Cr=0vi Op=0y =0 [
]
|
L

3
r
0=Cr - 1‘35[) (b)

oR .
L, T T
= 201+

2 2 1
C—3qR +'v( ,*ﬂR—Jzo

Hinh 5.13
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2
hay: C,(1+v)— (34 v) =0

16D
2
Ritra: ¢ =38 3%V
16D 1+ v
Vay .
b q
w=C, = [ |3 YRy ¢ ldr=c, - L 3rveall Ty
16D\ 1+ v . S 16Dil+v 2 4
q {3+v R* R
_._O_C — e e —
W=y : 16D[1+v 2 4
q 5+V,,
Rutra C,=—— R
T64D T+ v
_ .9 _1_5+v 4_l3+vR“ lr“
16D 4 1+ v 2 1+v 4
5+ v gR*
“’Pr=0=wmax:
1+ v 64D
M. = %(3 + VIR? = 1) (d)

M, = 13+ v)| R lx v
16 J+v

Tai A (z=-W2) o,=—q

6 qR’
0.220-3:0r:01=__2

h* 16

3 gR?
=——(3+v

30V

Tai B (z = +h/2):

3+v)
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Vidu 5.2: Dy cia mdt thung

chiu 4p suat p = 2.10° N/m? 12 mét
tam tron (hinh 5.14), X4c dinh bé
day clha tim day va do ving lon

S ws]

1

| o
&
[
oy T S
/‘4

nhit. Cho biét mg suit cho phép

(Bd qua su ubn cua thanh).

S N

1 F ) Bl AN SNRUN R RALNAN AN AN A
Cho biét: b aotm th
o | /P |

[0k =15.10" N/m? ; o =—2 =08 , 7TTTIR

o / A 41N

o b) LI 2N
E=210"N/m*;v=028;R=02m R R_P

3 c)
0=Cr - PT
16D
B pR’ d
er:. :O_CR— )
=R 16D
2
Rut ra ,=ﬁ—
16D
Do d6 : e:i«(Rzr—r“) Hinh 5.14
16D

M, = %[Rz(l +v) = 123 + V)]

M, = %[Rz(l +v) = 121 + 3v)]

Taidiem A (z=-0/2,r=0): o =-p
6M . 3 R?
rir=0j) p

— =0 20+
h’ 8( V) h?

Vi |o)| << |o3|, nén theo thuyét bén Mo ta ¢6 :

G =03 ~=—

3 pR’ pR’
Oy = 0- 0,8 i:——g—(l + V)—hi—] = 0,384“}?—
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R 3 pR’
Tai diem B (z=+W/2,r=0). 0, =0, = +~§(l + v)—hz— ;o o3=0
2 2
O = —(1 VN L 0,48%—
. 6M_, _ 2
Tai didm C (z =h2, =R): o, = ez o3 PR
h 4" h
5. = 6M1(r=R) =EVPR2
: h? 4 n
Viag; <<oi, nén taco:
2 2
O'ld=0']—0.0‘3—3pR OTSPR
4 v h?
’ 2
Tai diémD(z=+hf2,r=R): ag;=0; o= —%vp; ;
3 pR?
Ty
. 3 pR? pR?
Vay: Gy = —0,8[-2 % ]= 0,6 "
Pitukiénbén: o, =0}, <[oc],
hay : 0,75 pR <[o],
RZ . 6. 2
Ritra:  hz [2PPR_ 1521002 _g0m
(o], 15.10
4 4
wmax - gf:D = pl]: 3 = 34610_6
64
12(1 - v%)
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3-VO MONG TRON XOAY CHIU AP LUC PHAN BO BEU

V6 méng tron xoay 13 vit thé tao thanh khi quay mdt dudng cong bit ky
quanh mot truc ¢4 dinh. Ta gia thiét bé day cia vo 1a rét bé so véi cie ban
kinh cong . Goi giao tuyén ctia mit trung gian v&i mit phang di qua truc déi
xung la dudmg kinh fuyén, con giao tuyén véi mit phang vudng géc vi kinh
tuyén goi la duong vi tuyén.

Ly thuyét vo méng trong d6 gia thiét (mg sudt phap phin bd déu trén bé
day cua vo (tic 1a coi vo chi bj kéo hodc nén theo phuong kinh tuyén va vi
tuyén) goi la Iy thuyét vo mong phi mé men. Trudng hgp vo chiu tic dung
cua luce tdp trung , hoic md men tip trung , hodc vo ¢6 hinh dang thay dédj
d6 cong dot ngdt, ta cin ap dung Iy thuyét vo mong ¢6 mé men, Trong phin
nay ta chi dé cip dén ly thuyét vé mong phi mémen.

3.1. Phwong trinh Laplace
Xét mot phan t6 cia vo (hinh 5.15). Phuong trinh tdng hinh chidu cac
luc theo phuong phap tuyén di qua trong tdm cua phan td cho ta;
% SR (550
P P, h
Oy — ung suét kinh tuyén.
oy — Ung sudt vong.

pr — béan kinh cong cna kinh tuyén.

Pv.~ ban kinh cong caa vi tuyén.

0¢hdS,+d{o, hdS,)

h - chiéu day cua vo.

p — dp luc phan bd vudng géc véi mat vo mong. Hinh 5.15

3.2. Phwong trinh can bang tinh hoc déi véi mot phan vo

Xét tdng hinh chiéu céc luc theo phurong cia truc dbi Ximg cia vo, ta co:

oy.2nrhsing = P (5.51)
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Trong do: P 1a hop luc cla ap suiit phan b trén phan vé theo
phuong truc ddi x@ng (hinh 5.16), xac dinh theo dinh 1y v& hinh chiéu
cua lc:

Pinh Ii 1. Hop luc cua ap sudt phan b ddu trén mat cong bt ky theo

phuong A bang tich gia trj cha ap suét va dién tich cta hinh chiéu mit cong

trén mat phang vudng goc vai A.
P=pF (5.52)

F’ 1a dién tich hinh chiéu chia mét cong trén mat phing vudng goc voi
phuong chiéu (hinh 5.17).

Hinh 5.16 ~ Hinh 5.17
3.3. Mt cong chiu lyc ctia chatlong

Dinh If 2. Hop luc cia ap lyc chit 1ong tac dung 1én mit cong bat ky
bang trong lugng cta cft chit 1ong c6 day 1a mat cong 46 va chiéu cao ké tir
mat thoang.

P=yV (5.53)

Véi y 1a trong lugng riéng cua chit long, V la thé tich cua cot chit long
(hinh 5.18).

141



) dF
Hinh 5.18

Vidu 5.3. Xac dinh bé day can thiét cia vo chiu 4p suit bén trong p

(hinh 5.19) theo thuyét bén g sudt tiép 16n nhét.
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B, 51 Pai
/<(T B
? )
_._ﬁ____f____ﬂ_ -— —
|
\<<Llpl L
Hinh 5,19

Gidi,
Xét phén vé moéng hinh ciu:

ok 8. 2nr sine = prr?

Trongdé: r= g sing

Vay': o, = plr =PP'
28sing 48 3) Ox
& p, 8 28,2 48 . %
Viy c,=cz=l—)2,03—0
45 P
D
suy ra Gt =01 —0C3= %(a) }




— Xét phan vo méng hinh try

_ D
PK—°°;PV=5
Phuong trinh cén bing: {y f ¥ 1 —
D D2 pD I
G, .02n.—=pn—; G, = —
X 2 TP % T g |- 2
D |
S J .
57 28 R ]
A pD pD B
Vv : =—,0,=-—; 03=0
Yy . O, 75 27 45 3
pD
og=01—063= — (b -
W=01-03= (b) o

— Xét phin v mong hinh nén
G1.8.2nrsing = prr’

pr pr

Suyra: o, = = >
Y ® 28sing 28.cosa
max pD
G —_—
(K)'=5 45cosa
r r
PK= @, p, == ;
sing  cosa
0-‘, _Ep\r ZB' .
5 d cosa
pD
c = (o T 28 cosa
(G Imax (v)r=% 28.coso
D
Vay: o, = P ; Oy = pD ; o3 =0
28cosa 45cosa
- _
P (c)

o,=0, -0, =
1 1 3
28cosa

o theo (¢) 14 16n nhét, do d6 bé day binh doc xac dinh tir diéu kién bién:
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pD

Rutra : 3] = ———
" 2c]cosa
i D . 8.0, . sina
G osina = P~ sina = pDiga "
4cosa
Ung suat ctia dai ;
pD;ga_D
o=————%<|o
2F o]
F — dién tich mit cét ngang cua dai.
2
Suyra: Fz pD7tga
3[o]

Vi du 5.4. Tim cac img suét chinh cia thanh binh hinh nén chia chét

1dng (hinh 5.20).
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Gidi:
Tir cOng thue Laplace, voi pg = o0, ta nit ra:
0-\« = Ep\

t
p=v3-2)=1.10°G3-2)

t=3.10"m
4

o, =1J—OGT£).O,3512
3.10

=1,17.10°3 - 2).z

= oy(max)=oc,(z=135m)

=1,17.10%3 - 1,5).1,5 Hinh 5.20
=2.55.10° N/'m?
= 2,55 MN/m?

Xét sur cin b‘é‘mg cia phan dudi, ta duge:

o, 2nR tcosa =%1tR2z +ynR?(3- z);



o Rz'.y (9

= -2z
 6t.cosa )

' Z 4 3 3
Thay R, =ztga = —,y=1.10 N/m’, coset = —— ta dugc .
Y g 3 Y NS

o, =0,196.10°z(9 — 22)
VAy Okmay = OK (2= 225m = 0,196, 105 2,25 (9 = 2,25)
= 1,99.10° N/m® = 1,99 MN/m’
Biéu db tng sudt kinh tuyén va vi tuyén theo chidu cao cua be duoc
biéu dién trén hinh 5.21.

3m

Hinh 5.21

BAI TAP CHUONG 5
5.1. M6t tAm tron ban kinh a ¢é phuong trinh 4 vong:
w=c(a’ —r’)
Trong d6: ¢ - hingsé; 0 <r < a
Hay xac dinh cdc tai trong tac dung lén tAm va cac diéu kién bién.
5.2. M6t tim tron bing thép dudmg kinh d = 40cm, bé day h = lem,

E = 2.10°daN/em’, v = 0,3 chiu tai trong phén bd déu vudng goc vai mit tAm
q = 10N/ecm’. Hay tinh va so sanh d¢ vong lon nhét cia tim trong hai trudng hop:

a) Bién tyra khép.

b) Bién ngam.

5.3. X4c dinh d§ vdng va img sudt 16m nhit trong tAm tron chiju ngam chung
quanh va lyc tap trung P & tAm cha tAm (hinh 5.22).
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; IN
.{:L{ -

$ a ]

Hinh 5.22

5.4. Tinh d6 vang cia tAm tron chiu Iy nhr trén hinh 5.23 ; m: mémen phéan
b6 déu trén mét don vj dai cia chu tuyen tAm,

m m
I [ V4
N = 1 . |
a a I
Hinh 5.23

5.5. Mt tAm tron bj ngam & chu vi ngoai; & chu vi trong c6 gin mot 151 tron
tuyét dbi clmg. Tam chiu tai trong phan bé déu doc theo chu vi trong ma hop luc
béng P (hinh 5.24). Tinh d6 véng 16n nhat.

P

—

anhl5.24
5.6. Tinh cac mémen ubn & C va
d6 vong & A va B ciia tdm tron vé trén m_TH c
hinh 5.25. Cho biét chidu day cia tdm X B
h = 2,5mm; cdc s& hiéu khac: ;;b bz; .
b=>5cm; a=lem; E=2,1.10'"N/em?;, a a
v=03. | Hinh 5.25

5.7. Mot bé chira hinh ciu chiu 4p lyc hoi bén trong p = 15at. Puéng kinh
trung binh ctia bé D = 1m, bé day t = Smm, ung svit cho phép [o] = 100MN/m>.
Kiém tra d¢ bén ctia bé chira.

5.8. Tinh bé day cén thiét cia mot vo ndi hoi hinh try tron, duéng kinh D =
Im, chiu ap hre hoi p = 400N/cm?, tng suét cho phép [o] = 60MN/m?. Tinh d¢ bén
theo thuyét bén thir au.
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5.9. Tinh bién dang Emax V& Emin
& diém A trén thanh bé chira chét long
hinh tru (hinh 5.26). Cho E = 210"
kN/em’,
v=03,y=10N/m".

5.10. Mét bé chira nude gdm mot
than hinh tru va day hinh ban cau nhu
trén hinh $.27. Bé day thanh binh

8 m

. ) F //. 4
t = 3mm. Tinh Gng sudt & than binh ” /gi Sr:/‘
vi & day binh theo hai trudng hop sau:
a) Binh duoc treo & phia trén than hinh tru (2) Hinh 5.26
b) Binh dugc dit trén gia d& & phia dudi than hinh tru (b)
2m 2m
B AR
o B B R B g
. = — O =
7 7 7

Hinh §.27

© 5.11. V& biéu db phan bd tng suét oy va o, trén thanh binh ban céu ban kinh R,
bé day 8, dung chit 1ong véi trong luong riéng v (hinh 5.28).
Z 2R

Hinh 5.28

5.12. Tinh b& day cho phép clia _ R
thanh binh hinh nén (hinh 5.29) theo
thuyét bén g sudt tiép lon nhat, = 8

Binh dyng mdt phan chit long c6
trong lugng riéng y. Bo qua dp suft
khéng khi & trén mat thoang.

Hinh 5.29
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Chuong 6

BAI TOAN UNG SUAT TIEP XUC

1 — BAI TOAN BUT-XI-NET (BOUSINESQ) VE BAN
KHONG GIAN DAN HOI CHIU LU'C TAP TRUNG
1.1. Trang thai (rng suét va bién dang

X¢ét ban khéng gian dan hdi chiu lyc tap trung P vudng géc véi mat phing
bién (hinh 6.1) va mdt phén t5 tach ra tir diém bét ky K (hinh 6.2).

=

z z 3
Hinh 6.1 Hinh 6.2

Phuong trinh cén bang cua phan té (bo qua luc khdi) cho ta téng hinh
chiéu theo phuong hudng kinh va phirong vong 14

. a;‘ +§(Tm.r) =0

¢ ' (6.1}
o, 0
r.——+6—(0'z.1')—c:b‘l =0

0

z T

Do tinh chit déi ximg nén khong c6 (mg suit tiép va bién dang. trugt
theo phuong vong trt = yrt= 1zt= yzt =0

— Quan hé giira chuyén vi va bién dang tuong tu nhu trong chuong 4:
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cu oW
£, =—; E, =—;
or 'S 7
27t(r+u—2rcr) u
S— = —
' 27r r
du du
=T+ 6.2
" 62)

— Quan hé giita bién dang va dng sudt dbi voi trang thai tmg suit khbi
¢ dang :

£, :—[c ~v(o, +0,)];e =—[0’ -v(o, +o )]

s vy -Y2.,__E (6.3)
EI—E[GI v(o,+5)]i7, “,H 201 v)

1.2 Giai bai toan theo chuyén vi

Thay cac gia tri cha tmg sufit qua bién dang va chuyén vi vao hé
phuong trinh cén bang (6.1), ta duge hé phuong trinh:

*w 1-2v azw 1o ] u 1 &u
-+ > + +—-.—|=0
ozt 2(1-v})| or r oz 2(1-v)| oroz 1 Oz

(6.4)
u dfu) 1-2v 2%u 1w
——t—| — |+ 5+ . =
ot ar\r) 2(1-v) ozt 2(1-v) oz
Nghiém ctia hé trén duge tim bdi Bu-xi-nét co dang sau:
P
u= r—f—(l—2v) d
dnpl p p(p+z)
p ? (6.5)
2(1- ’
m{_( -v) g}
P P

p=~r’+z° ; (hétruc toa d§ nhu hinh 6.3).

Ung suét tai diém bat ky (hé truc toa d nhu hinh 6.3) dugce xac dinh
boi cong thire:
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o _ P 1-2v 3z
“on p{p+z) p°

P z l
o, =—(1-2v - (6.6)
211( )Lf p(p+2)}
P 37’ P 37
O, === T, =~ —,
2n p 2n p
Chuyén vi theo phurong z c6 dang:
wek X (6.7)
T
. l1-v
Trong d6 :k =—
2mu
O
¢ % ;(-_
P
r
X
y 77 TR T T T 7Y
1z z
Hinh 6.3 Hinh 6.4

w — goi 1a d6 1tn cua bé mat.

Trong truong hop lyc phin bd déu cudng d6 p trén mét dién tich F cua
mit phang bién (hinh 6.4), ta c6:

w:k.j_@ (6.8)
.

Ta lan luot xét céc trirdmg hop tai trong phan bd :

a) Luc P phén bé trén mdt dién tich tron ban kinh a (hinh 6.5). Khi

d6 4p luc 1én nhat trén mat phang 13 :
3P

= 6.9
2 na’ ©.9)

Po

Chuyén vj theo phuong z cia diém bat ky trén mit phéng bién la:
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1-v2 7Py /m 2 2 .2
w=-—— —(2a"—x"— 6.10
E 4a ( 4 ) (6.10)
Chuyén vi tai gbc toa db :
1-v’ mp,a
W, |f=°=—r~; .—20 (6.11)
PBolintaix=a,y=0:
1-v* mp,a
w, = — 6.12
LTTE T (6.12)

Hinh 6.5
b) Lirc phin bé trén dién tich elip (hinh 6.6)

Py

Ban khdng gian
dan héi

1z
Hinh 6.6
1-v’ p,
w = E" .%{abK(e)—%xz.D(e)—%yz[K(e)hD(e)]} (6.13)

Ap suit 1én nhét trén dinh elipxbit:
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NEN

= 6.14
Po 2 mab 619
. b’
Trong d6: e — tdm sai cta elip tiép xuc: e =, 1+ —
\f a2’
Cac tich phéan dang eliptic xac dinh nhu sau:
K(e)—gj do D(e)—*[K(e)—L(e)]
5 /1—€’.sin’ (p, € ’
2
L(e)= [V1-¢ sin g.do; K(O)zg; D(O)=%
0

I<(1)=oo;1)(1)=iE

2 - BAI TOAN HEC-XO' (HERTZ) VE AP LYC, PO DICH
GAN VA DIEN TiCH MIEN TIEP XUC GI{YA HAI VAT THE

2.1. Lién hé hinh hoc gilra cac bé mat cua vat thé tidp xac

Xét hai vét thé tiép xiic véi nhau tai diém O (hinh 6.7), khoang cach cla
diém M, va M, dén bé mit tiép xuc 1a :
z1=Fi(x1,y1) ;. z2=Faxz, y2)
hay: 2z, = K11X12 + Klzylz; 2z, = Kleg + Kzz)’i
K11, Ky2: d9 cong chinh tai diém tiép xuc O cua vat thé thir nhét.

K31, K2s: d6 cong chinh ciing tai diém d6 cia vét thé thit hai.

O°F o°F O%F o’F
S ) R o R e P
1 /g aYI o axz 0 aYQ

Phuong trinh quy tich cua diém M la:
z1+2z3=Ax* + By2 = C = const 6.15)

Trong d6 cac hé s A, B, C duge x4c dinh nhu sau:
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A, B=

]
Z[(Ku +K12 +K21 +K22)i\/(1(11 _Klz)z +(K21 _Kzz)2 +2(Kn _KLZ)(KZI —Kn).cosZm}

Trong d6 ® la hi€u cac goc 1dp bdi tryc x; va x; tuong ung dbi voi
truc x (hinh 6.8).

Ta ¢6 tir (6.15):

+-—=1;—>—hayA<B

e
WO

X
¢
A

wi O,

Ta thdy, day la phuong trinh cia elip trén mit phang bién cua ban
khong gian dan hbi. Ta xét mgt sb truong hop tiép xic cu thé va xac dinh

dién tich tiép xuc, ap luc tiép xuc 16n nhit va 4 dich gin giira hai v4t thé
tiép xic.

z1
M
> Y,
Fs \\ !
X, 7 X; MZ
2 Fad
[ S 2
|
Hinh 6.7

Hink 6.8

Vi du 6.1: Xac dinh céc thong sb A, B va hinh dang mién tiép xtic ciia 2 hinh
cau (hinh 6.9).

Hinh 6.9
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Gidi: Trong trudmg hop hai hinh cau tiép xiic ngoai (hinh 6.9a), ta cé
cac d¢ cong chinh nhu sau:

1 1
KH:KIEZE_—; K21=K22:R—
1

2

1{ 1 1

Taco:A=B=—| —+— (6.16)
2{R, R,

— Trong trudmg hop tiép xuc trong (hinh 6.9b) ta c6:

1 1{ 1 1
Ky =Kn= R, ; A=B=5(———'——J

— Trong trudng hop Ry = e, tacé: K,, =K,, =
Cac diém M déu nim trén ho dudng tron dong tAm O.

2.2. Kich thwéc dién tich tiép xuc, dd dich gan va ap lwc 1én
nhét trén dién tich tiép xtc
Goi d: d6 dich gin cua hai vat thé.
Po: 4p luc tiép xiic 16n nhét.

a, b: béan truc 16n va nhé cla dién tich tiép xuc hinh elip dugc xac dinh
béni cdng thirc:

3 3
— = = 6.17
a‘2Ek’bnl’32ik’ ( )

Trong d6: n, = {jg[H%)D(e)

B

na=d%[l+K][K(e)—D(e) 1-¢' ] (6.18)
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1 I

n = ; n, =K{e). ) )
* nn, ’ ) i-+--]3 D(e}
A
1-v? 1=V
n=——+——; K=Ky + K+ Ky +Ka

Céc hé sb trong cdng thic trén tra trong bang 6.1
Trong bang 6.2 bidu difn kich thude dién tich tiép xuc, 4p luc lon
nhat va dd dich gan cta mot sb trusng hop tiép xuc giita hai vit the.

Bang 6.1.Cachésbén,n,n, n;

el AIB Q Na ne Np ns
0,050 00,9263 0,01923 1,013 0,9873 (,9999 0,9999
0,100 0,9240 0,03949 1,027 D,9742 0,8997 00,9997
0,150 0,8852 0,06087 . 1,042 0,5506 0,9992 0,9962
0,200 0.,8459 008350 | 1,058 {1,9465 0,9885 0,9985
0,250 0,8059 01075 1,076 0,8318 0,8974 0,9874
0,300 00,7652 0,1330 1,095 0,9185 (,9980 0,9960
0,350 0,7238 0,1602 1,117 0,9005 0.9942 03,9942
0,400 0,6818 {,1894 1,141 0,8837 0,991% 0,9919
0,450 06384 0,2207 1,168 0.,8680 {3,9890 10,9888
0,500 0,5842 0,2545 1,198 0.,8472 0,8853 {3,9852
0,550 0,5489 0,2913 1,233 0,8271 0,9805 0,8804
0,600 0,56022 0.3314 1,274 00,8056 0,9746 0.9744
0,650 0,4540 00,3755 1,322 0,7822 0,8669 0,9667
0,700 0,4040 0,4245 1,381 0,7565 00,9571 0,8566
0,750 0.3518 0,4795 1,456 0,7278 0,9440 0,9432
0,760 0,3410 0,4914 1,473 0,7216 0,9409 0,9400
0,770 0.,3301 0,5036 1,491 0,7152 0.,9376 0,9366
0,780 0,3191 0.5161 1,511 0,7088 40,9340 0,9329
0,790 0,3080 0.5291 1,632 0,7019 0,9302 0,8250
0,800 ' 0,207 0.,5423 1,554 0.694% 0.9262 0,9248
0,810 00,2853 0,5580 1,578 0,6876 0,8219° 00,9203
0,820 0,2738 0,5702 1,603 0.6801 09172 0,9155
0,830 '0,2620 0,5848 1,631 0,6723 0,9121 0,9102
(0,840 00,2501 00,5999 1,660 0,6642 0,5057 D,9045
0,850 0,2380 .(3,6155 1,693 0,6557 0,9008 0,8983
0.860 0,2257 08317 1,729 0,6468 0,8944 ,89186
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0,870
0,880
0,890
0,900
0,810
0,920
0,930
0,940
0,950
0,955
0,960
0,965
6,970
0,875
0,880
0,881
0,982
0,983
0,984
0,885
0,986
0,987
0,988
0,989
0,990
0,991
0,992
0,993
0,994
0,995
0,996
0,897
0,898
0,989

0,2132
0,2004
0,1873
0,1739
0,1603
0,1462
0,1317
0.1166
0,1010
0,09287
0,08456
0,07600
0,06715
0,05797
0,04838
0,04639
0,04439
0,04237
0,04032
0,03823
0,03613
0,03400
0,03183
0,02962
0,02737
0,02508
0,02273
0,02033
0,01787
0,01533
0,01269
0,008934
00,007018
0,003850

0.6486
0,6662
0,6845
0,7037
0,7238
0,7449
0,7673
0,7911
0,8166
0,8300
0,8441
0,8587
0,8741
0,8904
0,9077
0,9113
0,9150
0,9187
0,9225
0,9264
0,9303
0,9342
0,9383

0,9425

0,9467
0,951
0,9556
0,9601
0,9649
0,9698
0,9749

" 0,0803

0,8861
0,8923

1,768
1,812
1,861
1,918
1,979
2,053
2,141
2,248
2,381
2,483
2,557
2,669
2,805
2,975
3,198
3,253
3,311

3373

3,441
3,514
3,594
3,683
3,781
3,890

4,014

4,156
4,320
4515
4,750

‘5,046

5432
5976
7,637
8,608

0.6374
0,6276
0,6171
0,6059
0,5938
0,5808
0,5665
0,5505
0,5325
0,5224
0,5114
0,4993
0,4858
0,4704
0.4524
0,4484
0,4442
0,4398
0,4352
0.4304
0,4253
0,4199
0,4142
0,4080
0,4014
0,3942
0,3864
0,3777
0,3680
0,3568
0,3436
0,3273
0,3058
0,2722

0.8873
0,8766
0,8710
0.8614
0,8507
0.8386
0,8246
0,8082
0,7887
0,7774
0,7647
0,7504
0,7338
0,7144
0,6909
0,6856
0,6799
0,6740
0,6678
0,6612
0,6542
0,6467
0,6387
0,6300
0,6206
0,6104
0,5990
0,5884
0,5721
0,5555
0,5358
0,5112
0,4783
0,4267

0.8841
0.8759
0,8668
0,8566
0.8451
0.,8320
0,8168
0,7990
07775
0,7650
0,7509
0,7349
0,7163
06943
0,6675
0,6613
0,6549
0,6481
00,6409
0,6333
0,6251
0,6161
0,6071
0,6970
0,5860
0,5741
0,5608
0,6480
0,6292
0,5096
0,4864
0,4574
0.4186
0.3575
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Vi dy 6.2. Cho mdt 6 bi chin v6i vong bi phing khong c6 ranh (hinh
6.10). Xac dinh :

Q

/ /
IO IR ]
7

Q
Hinh 6.10

a} Luc nén cho phép Q theo chiéu truc ?

b) Kich thude cia dién tich tiép xtc ?

¢} D6 dich gin giita hai vong bi ?

Biét sb bi i = 20, dwong kinh vién bi d = 1 cm. Vat liéu lam bi va vong
bi 13 thép crém c6 ap suf 16n nhét cho phép trén dién tich tiép xic [po] =
350.000 N/em?, E =21,2.10° N/em?.

+R.Y +
b, =0,38805PE| RatRi) RaZRi
R,R,

4pPK?
p0=0,38803/ o

i g2 342
Rut ra: Q =3,42&E‘-12—“: Q:3,42M=6530N

(21,2.106)

Tai trong tac dung 1én tirng vién bi la :
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6—12313[ J z=1231 08 220,00110m
E; d 21210 1

2d =2.0,0011 =0,0022 cm

Vi dy 6.3. Mot & bi tru, kich thudce G,

ngoal 120 x 260 x 86 mm, chiu luc
Q =45000N. Kich thuée cua vién bi tru:

_ 1__ 4L 1

O

do =36 mm, / = 58 mm. S& vién bii= 13. &\\\\\\{\—

Ranh tra ddu ¢ = 4mm. Puong kinh ton
nhat cua vong bi trong D = 154 mm
(hinh 6.11).

Xac dinh kich thuéc dién tich tidp

Xtc gilra vién bi; vong bi trong va ap luc N

16n nhat tac dung 1én dién tich d6. Cho
E=2,12.10" N/em% v=10,3.
Gidi_Lurc tac dong 1&n mdi vién bi la:

45000 =15900N

P-462_4s.
1

[=1L—-2¢c=58-24=50mm

q :E —-_15900 ~3180N/em

q RR 3180 1,8.77 0
ER 21,2.1061,8+77 ’

=>2b = (0,045 mm

|

Hinh 6.11

0225

1,847
p, =0,418 qE X1 TRe Lo 418 3180010104 18T
RR, 1,8.77
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BAI TAP CHUONG 6

6.1. Xac dinh tai trong cho phép tac dung 1én banh xe ciia mot can truc. Mil
ray la phing. Banh xe va ray déu bang thép c6 E = 2.10°N/mm?, [6]y = 600N/mm’

(hinh 6.12).

W
_F._ﬁ

V

D =300

77
LINN

Y {/ e

Hinh 6.12
6.2. Xéc dinh kich thudc cia dién tich tiép xGe va ap sudt 16n nhat giira duong
ray va banh xe hoa. Toa xe ¢0 8 banh va trong lugng Q = 600kN. Pudmg kinh banh
‘xe D = 900mm va ban kinh nim ray r = 300mm. Liy E = 2.10'N/em’; v = 0,3
{(hinh 6.13).

)
I,

)

N (‘DSO

/LYY Y I
Hinh 6.13
6.3. Trén hinh 6.14 bidu dién mot 6 bi don. Xac dinh:
a) Kich thude dién tich tiép xuc giifa vién bi voi vong bi?

b) Ap luc 1am nhat py tac dung 1én dién tich tiép xic.
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Cho kich thude & bi: réng 28mm; ban
kinh ngoai 75Smm; ban kinh trong 42.5mm

(hinh 6.24)
— Ban kinh ngoai nho nhat cua vong bi |
trong: R, =48, 83mm. r OV S
— Bén kinh trong In nhat cia vong bi .
ngoai R, = 48,83mm, v
~ Ban kinh ranh cia vong bi trong va
ngoai; r = 10,23mm. ha
— Dudng kinh vién bi: dy = 19,8mm; ‘Q
~ S8 vién bi: i = 10;

- Luyec tac ddng lén & bir Q= 34000N; '
— Médun dan hdi: E=21,2.10°N/em; Hinh 6.14
— H¢ s6 Poatxdng: v =03, ‘
Chii thich: Tai trong Q khong truyén déu xubng mdi vién bi. nén vién bi ¢ vi
tri bit lgi nhét s& chiumdt hee P = 5‘2
i

6.4. Mot tim tron bang thép chiu luc Q = 7,5kN & tdm va duoc dat trén ba cdt
thép cé dau mit hinh ban cu, ban kinh R = 15mm. Ba cdt nay duge bd tri tai dinh
clia tam giac déu, do d6 luc Q phan bd déu 1én cac ¢ot (hinh 6.15). Tinh kich thuée
dién tich tiép xuc, ap luc 16n nhét, d6 dich gan giira thm va déu ¢6t. Néu tdm bang
gang thi cac dai lugng nay sé thay déi nhu thé nao? Cho bidt:

- Epgp = 2,1.10°kN/em’; vy, = 0,28

- Eyung = 1,2.10%kN/em?; s Viang = 0,25

{Q
L,- l ]

. ﬁ ﬂ

Hinh 6.15

168



PAP SO VA CHI DAN
Chuwong 1

1.2.§ = J* +2], = const, véi Jj, J la cac bt bien thir nhét va thitr hai

cla tenxo (mg sual.

b) Ap dung cong thire 1.3,

1.4, a)p, =11i+12 j+9k

- 21i+14 j+21k

b) p, =
J5

G )
c —— ——
2 2
L.5. a:bzc:—i.Tenxm’mg sudt : 2 5 g
2 2 2

G ©
-—— ~— O

2 2

1.6.a) p, :%C(l4i+18 i -8K)

b p. :%C(—zsﬁmﬁ)
¢) 6, =|C|V6550,=0;0,= —|c|Ves 1, = |c|V65
1.7. 01:8;62=2;03=*2;(trangthéi L’mgsuélkhéi)
o :{__1_.__1_.1}. N _{L._L._l_}. J _{g_.__l__o}
T I A CAC IV S W RN

1.8. o, =3t;0,=0,=0; (rang thai (mg sudt don).
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;_{ 11 .L}.;’_{O._L.L}. N _{“i.;
N EVE RNV AR RN AN S R N3

1.9. £=-1—3(121+3]’—6E)

=

<

-2
b) g =1 +\/€; €, =2;€ = 1-v6 (trang thai bién dang khéi).

L11. & =4;¢, = g =1 (trang thii bién dang khéi).

}lv_}_{o'l._l}l;—{_z.l'l}
s ¥ s 23 2 ] 3 \[ga\/gs\/g
1.12.a) v ! :0; 1 }\3 {O' . }la vécto chi phuong
- 1 =3+ T s ¥2 = [ el

N

cia AC va CB, ap dung cong thire (1.23) ta tinh duge sy thay déi do dai cla
AC va CB,.
| I 1 2

i oo d

AD va CD, ap dung céng thite (1.25), ta tim duoc y = 0, hay gée ADC = g :

} 14 vécto chi phuong cua

khong thay dbi sau khi bién dang. .

L13. A(5;0;6) ; B(3;4;0) ; AB = \[(-2)? +42 +(=6) = /36

0 0 0
L14. a) T, =/ 0 0 A | (trang théi bién dang phing)
0 A 0 |

b) Trén canh QA u=v=w=0
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Trén canh OB:u=0; v=Ax;, W= 0
Trén canh OC: u=0; v=0; w = Axy.

1.15. T, =0 B A
0 A 0
by A =—B;
= AsE= (A+A\/_) ‘. - _(-A-AYS)

2 ) 2
(trang thai bién dang khéi)
Chwong 2

2.1, a) Co
b) Khong
22, A +B;+2C=0;C)=4; Ay, Bg,Colahangsotuyy

2.3. o' +2 Ty 6(p = (0 ; E va p khdng anh hudng gi.

ox’ ox’oy’ 6y
4. a)pX=0;pY =0; pZ=-4x3;
b)o,=8a;0,=a 03 =—a; [rang thai vmg sudt va trang thai

bién dang 13 trang thai khéi
c) ‘cfgx =4,3a;
2.5. Ap dung dinh luat Hue tbng quat, vdi trang thai ung sudt phang:
o, = 20MPa = 2kN/cm’ ; o, = 30MPa = 3kN/em” ; 7, =0, ta c6:
g, =0,55.107"
£, = 1,2.10™  hay su thay dbi kich thuéc bing:

g, =—0,75.10"
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Aa = 1,65.10_3(cm)
Ab =2,4.1073(cm)
At=-0,3.10"*(cm)

Trong dé a=30cm, b=20cm , t = 0.4 cm,

2.6. Chi din : Tai cac canh ngam, chuyén viu=v=0 ; trén canh khéng
cé ngoai lue, tmg suit phap va {mg suat tiép bang khong ; trén canh chju tai
trong, s dung quy ude dau cla img suét, phan tich ngoai luc theo phuong x
vay.

2.7. Chi din: Thay vao hé phuong trinh cdn bing tinh hoc, véi luc khéi
F =0, sau db ap dung dinh luat Huc, tinh c4c thanh phin bién dang va
kiém tra didu kién twong thich theo Saint-Venant.

2.8. Chi dan: Truéng hop b) ¢6 cac thanh phin Umg suit la cong tac
dung ctia trwdng hop a) voi lue P/2 dét tai gbe toa do, va lyc P/2 dat tai
X =x-a;y =0.

2.9. a) Trén canh OA (x = ytgf):

{-pcosB =0, cosB -1, sinf

psinf3 =t cosp —o, sinf

vy =0, (-1} +1,0=-0

X

Trén canh OB (x = 0):
0 =1,(-D+05, 01, =0

Yycosa =c, cosa — 1 sing,

b) Trén canh OA (x = -ylgpB) { . t
L Yysina =1, cosa—o, sina

Trén canh OB (x = ytgp):
{ ~qcosP =0, cosp -1, sinp

qsinf =1t cosf - o, sinp
2.10. * M4t ¢iit ngang hinh tron (hinh B2.10 a):

@ hai ddu thanh hinh tru (; = X3
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XV = iCXZ
Y, = +Cx, Vi
v = 0

X| =acosQ

X, =asing

N

O mit bén cua hinh tru (C' 1 xy )
X,=Y,=0
Z, =-Cx,{+Cxm
= —C.asing.cosp+—Cacos@.sing =0
* Mit cit ngang elip (hinh B2.10 b):

(J hai d4u thanh hinh tru:;’ =xX(-n<tsm)

XV = iCX2

. . x;=acost
Y, = £Cx, Vol .
) X, = bsint
Z,=0

(3 mét bén cua hinh tru (;' 1 x5
X, =Y, =0
Z, =-Cx,{+Cxym

= —Cbsint.cost + C.acost.sint

sin 2t
=C {(a-b
5 )
X, X2
—~ b
v v
03 t
[EE X i a X,
a) by
Hinh B2.10
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Chwong 3
3.1. Céc thanh phin ctia ten-xo {mg suét :
(o, = 24(x% - 3x2)

Gy = 24(x7 —x3)

33 = 48v(x] - 2x3)

(O = —48XX; ;013 = Gy =0

Céc thanh phan cua ten-xo bién dang:
i

£, = é{24(xf ~3x2) - v[24(x? - x2) + 48v(x{ - 2x2)}

Jen = %{24@& —x3) - v[24(x? - 3x2) + 48v(x? - 2531

- 48x,%, P
2=
G NI

(€13 = €3 =833 =0 ol - _ _

3.2. c Z
3, 245 2, :
6, = —(xX'y—=vy 4+ Z¢
. 4C_,( Y=3Y +g y) o
Hinh B3.2

o, = Z%-T(y3 -3¢’y + 2¢%)
3qx
Txy = _—4%(}}2 _Cz)

Thay vao cac biéu thire lign hé ndi luc va tmg sudt, ta ¢6 ddm chiu lién
két va tai trong nhw hinh B3.2.
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3.3,

6Fx P
c, =- d-2y)-—
x d;( Y) 3
10, = 0
6Fy
LTX)I = d3 (d_Y)
Thanh vira chiu udn, vira chiu nén bai luc F va P nhu hinh B3.3.
X
o] —-
P N —_ J—
d
F £ g
Iy
Hinh B3.3
S P
y =T = 0

Thanh vira chiu kéo, vira chiu nén boi lye P va mbmen ngiu luc

M = STC nhu hinh B3 .4.

C
e _ - _ m9£_£
_SC\ d 0 _Sc
M==Z ¢ M=3
¢ ¢ N
4 Hinh B3.4
12
. o, =_"GF[P(€_X)+ Mu]y
3.5, 40, = 0
6P d°
Txy = ?(T_yz)
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N 12Pxy
'} +
i h h*

3.6. 70, = 0
6P h?
_\(y_ (_'__Y)
o, = —[5v(x*—£*1-10 v* +6d°
x ,)Od[y )-10y vl

3.7. <o, = —3[y-‘ ~3yd* -2 d*]

p(d®* —y") 2, 12 2
N St AR NV NCR YL L
’ 40d* ¥
3.8.
dé 2T 2Ty _ 2Tx _ 2Tr [T
dz ma'G’ ™ mt ZY_F’TH__M‘” PEVE Y

Pg§ vénh w = 0.

4
3.9, Hfmg sb xodn Jz-T-EE—l«—; @:l
2 dz G.IJ
do
mC____ = -G—.y:
7 ( % v,
Ty _Gde aw x): G‘@X
’ dz 0Ox dz
do
=—y=0
v dzw

3.10. Phuong trinh chu tuyén ciia tam gidc déu ABC c6 dang:
(x=V3y+3a)x++/3y+3a)x—a)=0
Ta thiy ham ¢ thod mén diéu kién trén bién cia tam giac; thay vao
G do

de
phuong trinh A@ = —-2G—, ta c6: K = — ———_ Tu lién hé gilta mémen
dz 6a dz

xodn T va ham , ta co:
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d94 3 d@

SG o pivai 3y = 34/3 a* 1a mémen quan tinh
5\/" iz iz P 1
ddc cuc cha mat cit ngang .
Tirdo: @ = ——L4
dz 93 Ga
_G ;19 (x-a)y
Céc thanh phin img suit tiép. « ,
do (x° +2ax—y")
1, =G
dz 2a

Do 1,y =0 tai x =a nén Ung suit toan phan trén canh d6 béng :

do (3a’ - v?
Ttp — Tz}.-(a, y) f—3 G_._(—y._)

dz - 2a
Ung suat 1ém nhit dat duoe tai diém giita cac canh :
T
Tma}( = sz(aso) - EG @ 5\/5
2 d? 18a°

d8 y(3x® -y%)

D6 vénh: w = .
dz 6a

12 ham 1¢ dbi véiy .

Hinh B3.10
a) Puong ddng mirc tmg sudt; b) Buomg dong murc df vénh.
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3.12, Ap = —ZGj—ezconst ; q)|S =0; (x :i%)‘
Z

Vay ¢ 1a ham ting suét Prandtl.

FA :a_(P:O

oy
T =_6_@=2G@
= X dz

3.13. Hudng din: sir dung cong thitc T= HZ o(x,y)dxdy va thay gia
F

tri clia @ tuong tu trong bai 3.11. Mién tich phén l4y trén dién tich tam giac:

c
"stc—o;y=ig£x+b

2 2 ¢,y
2 2
314, Ap = —26 90 B D) _ st
dz a*

(PL = 0; Vay ¢ 12 ham tmg suit Prandtl.

T, = @—~2G§9
oy dz
2
T, = _‘_39“2@@.3“)(

e b
Vo1 — rdtnho = 1y, = 0
a

T= HZ(p(x,y)dxdy ~ nab-‘G@; t o~ 2
- dZ max

dz  mab’
3.15, Thay Po(x , y) = X(x).Y(y)vao phuong trinh A = 0 ta thu duoc hé :
X'(x)+ xf’-xd) =0
{Y‘(y)— AY(y) =0
Nghiém cia hé 1a:
1 X(x) = AsinAx + BcosAix
{Y(y) = CshAy + Dchiy

v&i A la hdng 50 .
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Do tinh chét d6i ximg theo y néntacdé A=C= 0, thay vao diéu kién bién:

@o(xa,y)=0: @y(x,tb)= - G(cll—e(a2 —x?), ta thu dugc ;
z

LY
2a’

Ap dung dinh 1y chdng chét nghiém, ta co:

fea) de 1 (n l)f"2
0p= 3 B,cosich ;B _-326—3—(—L—b

n=1.3,5... 23 2a dz 33en M2
2a
de

Nghiém téng quat cua phuomg trinh khong thudn nhét A = -2G 4z la:
z

w ¢ y{n-1)2
(p=G£lE( ) 326d8a3 Z b bccrs—-—cmtx h Try,
dz dz 7’ (335, pich M0 2a 2a
2a
Céc thanh phén img sut tiép:
® (n-1)/2
LTI S GO AL L L
ay dZﬂ', n=13.5.. n h b 2a 2a
2a
) oo {n—-1/2
S BTN LIL Iy R L
* ax dz dz n? i3 zhnnb 2a  2a
L 2a
Ung sudt 16n nhét dat duge & diém giira canh dai :
dB dd a
e dz z 7’ s Chﬂ“ﬂ
2a
D6 vénh ¢6 dang :
w ¢ py{n=1M2
z-@xy 3239 do 33 (—1) .nnn:xshrmy
d dZTt n=13.5.. n Ch@ 2a 2a
2a

Ta thy do vénh dat tri s 1on nhit tai cdc goc cta hinh chir nhat.
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3 o
Mémen xoin : T = I6G%Q%E— 1024(3@3_ > mrb

dz n’ nizs. 0 23

D4i véi mat cit ngang chir nhat hep (a << b), ta cé:

ch@—m‘o ; th@—>0 khi b/a — .
2a 2a

Dodé: ¢ = G (a ~x%) ;1 mﬂng—e . T =136G38 3
Z Z

b

. . . . 16
Hing s6 xoan ctia mit cit ngang chir nhit hep J = ?a3b )

Cac cdng thire trén cling dugc 4p dung cho mat cit ngang thanh méng hé.

a) b}
' Hinh B3.15
a) Budng dong mire img suét: b) Buong déng mire 96 vénh {a/b =0,5).
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Chwong 4

4.1, P,=152MN/m’

42. b=a=1,76cm

4.3. P,=1,7 kN/em®

A, = 0,001 mm; Ay = 0,0066 mm

4.4. Chidin:

Truémg hop éng bit kin hai diu: trang thai émg suat khoi voi
G, =— —anazz— (nén) , ing sudt 6, vd ce xéc dinh theo cong thirc (4.18).

n(b® —a“)
So sanh cac ung sudt d6 dé tim tmg suét chinh rdi 4p dung thuyét bén ing
suét tiép 16n nhat o' = 0, — 03 < [0’] dé tim ban kinh ngoai b .

Trudmg hop éng hé hai du: trang thai tmg suit phing voi o, =0

4.5. Chi dan:

Do 151 thép tuyét déi cimg nén chuyén vi u ‘ r=a = 0, tir do6 tinh duge ap
lrc tiép xtic po theo cong thitc (4.24, 4.25) véi p, = po; ps = p. Ong thoa man
diéu kién bén theo thuy¢t bén M.

4.6. A=0,0016 cm

4.7. Ung suat phap theo phuong béan kinh va phuong vong tai cic diém
A, B, C co gia tri nhu trong bang sau:

Trong hep ar (kN/iem?) oe (kN/ecm?)
Ong thép {Ong déng Ong thép Ong ddng
Biém Diém
A B C A B C
a) -20 -5,77 ¢ 18 3,71 9,62
b) -20 10,09 0 6.5 -3.49 16,82
c} o -6,05 0 -16,1 -10,08 10,08

4.8. Chi din: Coi 6ng trong (dic) chi chiu ap lyc tiép xtc p. véia=0,
¢ = 1) ; Ong ngoai vira chiu 4p suat bén trong p va bén ngoai p tai b = ra.
Ap dung cic cong thic (4.21, 4.22) vai cac dac trung vat liéu cia timg bng,
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ta tinh duogc chuyén vi tai r = r) cta hai éng rdi cho ching bang nhau (do hai -
dng duoc 16ng khit va chuyén vi 1a lién tyc), ta rat ra {mg suét p . Tir d6 tinh
duoc (mg sudt cia timg éng theo cong thirc (4.17).

4.9. Chi dan: D4y 14 bai toan ghép hai ng, trong d6 6ng trong 1a dic,

tuyét dbi cimg: u,

ey = 0 ; Ung suft tiép xuc khi ghép dng duoc xac dinh

tir diéu kién: u,

=5 = 0. Tirdo ap dung cong thire (4.17) dbi voi éng ngoai
va (4.19) d6i v6i bng trong dé xac dinh {mg suit o, va oy . Chuyén vi tinh
theo cOng thire (4.21 , 4.22)

4.10. Chi dan : Day 13 truong hop riéng cia 10 giat Michell (4.13); ap
dung diéu kién bién:
c.(a)=0,(b)=0
T4(a)=1,(b)=0

s j‘ca rdr = M

]
qudr =T

Ta tinh duge cic hé sb rdi thay vao hé (4.10) xé&c dinh céc thanh phan
{mg suét.
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Chwong 5

5.1.
wl o= 0,
Gz—ﬂz 2C| _ =2Ca = 0;
dr e
2
M =-D d ‘f+19‘1 —2CD(l+v) # 0Vr;
dr r dr

Vay tm tron tua tr do trén bién va chiu mdmen ubn trén bién voi
cudmg do: m =2C.D (1 +v).

5.2.

Sir dung cong thirc tinh dd vong 16n nhat tai tim cta tAm:

’ . (G+v) g2’
1) Bién tya khop Wl max{r=01}) - - mm’
s’
2) Bién ngém w.mzﬁ(rﬂl) B @B;

v&i a — ban kinh caa tim; D — do ciing chong uon; v — hé so Poat-xodng.
Ta ¢6 dd vong cua tAm c6 bién tua khép l6n hon gan 5 1an so vai tam co

bién ngam. .
5.3. Bd vong 1on nhét tai tAm cla :Lém béng:
Pa’
wl o= ;
max{r—=0) 167[D
Ung sudt l6n nhit dugc tinh theo cong thac:
max 6Mr max 6M[
o T Ty
M, = —P—lt(l+v)1n?——l] *)
.- 4z T
Vo

M =i[(l+v)ln3—v] (*%)
4 r

1
T
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Khi r — 0, cac biéu thire (*), (**) tién t6i oo, do d6 khéng con thich hop

dé tinh Gpay. Ta s& dung cong thirc hiéu chinh sau dé tinh tmg sudt 1én nhét
tai diém & mat dudi cia tAm:

o M P(H")[o 48502 +0 52]
B h

D4i véi bién tya tur do ta c6:

P[(l +v)(0,485In E +0,52)+0, 48]
o™ =

h2

5.4. D6 vong tai diém ¢6 khoang céch 0 <r < a tinh theo cOng thire (sir

dung két qua bai 5. 1);
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W= ——ﬁ——(a2 +1%)
2(1+wD

_ ma’
= 2(1+v)D

5.5. W:———PT-—Z— a‘ —a’p? l+4.(InE)2J~2b4lnE
16nD(a” + b*) a a

Suy ra: w

3.6.

M; =-3120N.ecm/cem ;MS = ~5200N.em/ em
wh = 0,42em ; w® = -0, 44cm
5.7. 6" =75MN/m’ <[o]

58. t=1,7cm
5.9. Chidan: Ap dung nguyén ly binh théng nhau.
Emax = 3,98.10™ ; gy = -0,625.107
3.10. a} Binh duoc treo & phia trén than hinh tru:
Oymax = 6,66 MN/m” ; o, = 4,45 MN/m” : 64 = 5 MN/m>
~ b) Binh dat trén gi4 do & phia dui than hinh tru:
Oymax = 6,66 MN/m? ; 6, = 0 ; 6,g= 5 MN/m?



Hinh B&.11

512 o = vZz{(H-h-z7)R P vZ(H-h-z)(H-h+2z)
Ty aH Pk 68licosa
™ — Y(I—] _h)ZR . Gn}ax' — 3Y(H _-h)ZR .
Vol 4381 PR L e 168H cosa

2 1

o, = max (op™ ; 60™); o, = 0. Theo thuyét bén USTLN:

c" =06, -0, <[o], ta s& tinh dugc bé day cho phép 8.

Chwong 6

6.1. [p]=108kN

6.2.a=0,65cm; b=0,5 cm; pp = 110 kN/em®

6.3. a = 0,489 cm; b = 0,057 ¢cm; pp = 291 kN/cm®

6.4. 1) Véi thm thép: a = 0,063 mm; po = 300kN/cm?; 8 = 0,026 mm
2) Vi tAm gang: a= 0,07 mm; po = 230kacm2; & =10,033 mm.
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PHU LUC

A — THANH MAT CAT NGANG BAT KY CHIU XOAN

1. Mat cat hinh chi¥ nhat

i
i

('ng suit tiép

.
%

a8 .
D6 vénh

2. Mét cat hinh tam giac déu

Duwéng ddng mirc trng suéat
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re
1_I
3

-

Vécto ipng suit tiép va dwong ddng mirc (g suat

(’ng suét tiép
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4. Mt cat ngang thanh méng kin (hinh bat giac)

Pwong déng mire (rng suét

Do vénh Dwong déng mire dd vénh

B — TAM CHU’ NHAT Bl KHOET LO CO HINH DANG KHAC
NHAU, CHIU TAl TRONG KHAC NHAU

1. Tam ¢4 16 tron, chiu kéo déu theo mét phwong

= WAL BOMTION

(ng suit phap theo phwong x
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(ng suét phap theo phwong y Chuyén vi theo phwong y

2. TAm c6 16 tron, chiu kéo déu theo hai phwong vuéng géc

(ng suit twong dwong theo Von-Mises  Chuyén vj theo phwong y

3. TAm c6 16 tron, chiu tai trong phan bé déu vuéng goéc véi

mat tdm

Bién dang ('ng suit twong dwong theo Von-Mises

189



4. Tam c6 16 chir nhat, chju kéo déu_ theo canh dai va nén déu
theo canh ngan

0.000 0.100 (m) }'ﬁ' X
[ ee— \
0.050

ng suét twong dwong Von-Mises

5. Tam c6 16 elip a = 40mm, b = 30mm, chiju kéo théo phwong
X va nén theo z.

0.000 0.10;3 {m) /I‘\ X
—

(Png suét twong dwong Von-Mises
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6. L& tron dwong kinh 40mm chiu kéo theo phwong x va nén

theo phwong z

0.000 0.100 (m) 2“’" X
— )
0.050

(ng suét twong dwong Von-Mises

7. L6 tron dwong kinh 20mm, chiu kéo theo phwong x va nén

theo phuwong z

0.000 0.100 (m) }'\ %
—C—— )
0.050

(Png suét twong dwong Von-Mises
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C — UON TAM CHI NHAT VO PIEU KIEN KHAC NHAU

1. TAm c6 mét canh ngam, ba canh twa tw do, chiju tai trong
phan bb déu vuéng géc véi mit tim

e ———— |

Bién dang va trng suit

2. Tam c6 hai canh ngam, hai canh tya tw do, chiju lyc tap
trung

Bién dang va irng suit
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3. T4m c6 bén canh twa tw do, chiu tai trong phan bb déu
vudng goc voi mat thm

o i D Suwet Ay e o ey
niwig 2id o R E PR beie| e RIS L
QAT 8.

Bl s ihant 542 Diagramn 60U

M&men xoan My, Mémen ubén My,

4. TAm c¢6 hai canh déi dién ngam, hai canh twa ty do, chiu tai

trong phan bé déu

Bién dang va (rng suét
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5. Tam c¢6 mét canh ngam, ba canh twa tw do, chiju tai trong

phan bé déu trén mét mién caa tim

Bién dang va irng suit

6. TAm bén canh twa tw do, chiu lwec tap trung

Bién dang Ung suét

194



7. TAm c6 bdn canh ngam, chiu tai trong phan bé déu vuéng

goc véi mit tdm

B
il - 1) 21TE i simis|miniRy sislsinie] i) 2le)
Qlal¢ 3 visim .

Bién dang Ung suét
8. TAm c6 mét canh ngam, ba canh twa tw do, chiu tai trong

phan b bac nhét vuéng géc véi mit tdm

Bién dang

Ung suét
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9. TAm ngam 4 canh, chiu tai trong phan bé déu vuéng géc
véi mat tim

Bién dang | (*ng suét
D — UON TAM TRON

1. TA4m trdn ngam trén bién, chiu tai trong phan bé déu

/] 8 S
/] '\
N y \ / y N
/] N\
/] N\
7 s R
¥
-a 0 a
0 -
fad 4
N 4
\ /
NS
Winax
wY

Biéu db d§ vong Gia tri w cho trong bang 5.1
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N

[l
| i
i H i

-a - - 0 a

Biéu db lwc cit

h 2
M{0}= qa1(g’+1) T —
i ’/1', | \i\\ -
-a / t0 : a
- : — Ik,
H 1 ! I L Mr(a)= ;%i’
Biéu d& mémen uén M,
Mt i
Mr(e)= qa1(r:+1’ 7
// \\ |
- - Ll
-a 0 a
/ N
b b Mifa)=25>

Bidu dd momen udn M,
2. Tam tron bién twa khép, chiu tai trong phan bé déu

q

A
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e 1- =
i 0 i 5 <
> oo §
= e
g L « iy
1 1 1 \ -
A T
2 7 - -
7 L~
A o = S
- i-.\\\ S — e 4
Q Oy A ]
£ \ 3 LT
[3] - [ AR S I
2 mwa“m\. E 3y S
i = -1 N R A I o © Slo
o z w3 I VO E = 1\ ......
0 g -m/ -t .ﬁ “h _ﬂu{- —
SR & > 2 TY ] =3 g i
R s ra e 0 A Y p s -
||||." lllll & lllll -3 / B 1 3
: Q- A A e Y (MO . SO -SSR SPU
! \\ K- |//. "//
e R e e N
\ u 1 r 1 m - a /l
¢ i - o TN
o 0 = - ’ o
=

am

.

M,

2

O momen uon

Biéu dd mé
bién, chiu lyc tap trung & t

trén

~

on ngam

F
L3

3. Tam tr
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[
——

o vong

Biéu dd 4

Mf max

M- i

I N Y )
| |
T R
|II+IIIJI
| J
S s S
e O SN
i =]
e, “HER il
T V
Y E— —f——
T 1
| 1
T il
| |
{-T-J_{./.-:
1
A TR R
¥ i
N R N . NP
7 |
i [ |
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