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Gl NOI DAU

Co hoc k§ thudt 1a mét mon hoc co s@ trong chuong trinh dao tao sinh vién
& cac trudng dai hoc k§ thuat. Mén hoc nay & nudc ta trong nhirng nam vlia qua
6 nhiéu tén goi khac nhau. Trude day, tén mon hoc ndy dude goi theo cach gol
nhu & Lién X6 cii 1a Co hoc 1y thuyét. Tir nhiing nam 90 cda the ky 20 tén moén
hoc niy & trudong Dai hoc Bach khoa Ha Noi goi 1a Co hoc, Co hoc Iy thuyét
hodc Co hoc k¥ thugt, & trudng Dai hoc Xay dyng goi la Ca hoc co sd, & trudng
Pai hoc Bich khoa Thanh ph6 Hé Chi Minh goi 1a Co hoc Iy thuyét. O MY,
Canada, Nhat ban, Singapore, Thai Lan,... mén hoc nay dugc goi 1a Co hoc kv
thudgt (Engineering Mechanics). O CHLB buc, CH Ao,..., mon hoc nay clng voi
phin co s& cla Sic bén vat liéu duge giang day trong ciing mot gido trinh va
dugce goi 1a Co hoc ky thudt. V11§ do da s6 cdc trudng dai hoc trén thé& gidgi déu
goi tén mon hoc ndy 1a Co hoc ky thudt, va dé thyc hién "chi truong doét méi co
ban, toan dién vad manh mé vé gido duc, phdn dau dén nam 2020 c6 mot nén
gido duc tién ti€n, d4p ting yeu cdu cla su nghigp cong nghiép hod, hién dai hod
dat nude trong bSi canh hoi nhap quéc t&" cda Chinh phd, Hoi chuyén nganh
Pong luc hoc va Diéu khién Viet Nam da dé nghi goi tén mon hoc nay la Co
hoc k¥ thudt. Hién nay & trudng Dai hoc Bich khoa Ha Noi va mot vai trudng
bai hoc khdc da st dung thuat ngit Co hoc k¥ thudr (Engineering Mechanics) dé
goi tén mon hoc quan trong nay.

Noi dung cta mo6n hoc Co hoc kj thudt gom ba phdn: Tinh hoc vat ran,
Pong hoc vat ran, Dong luc hoc vat ran. Cudn gido trinh nay duoc bién soan
cho sinh vién cac nganh Co khi, Co tin dién tit, Co hoc k¥ thuat, Ky thuat giao
thong,... véi thai lugng 10 don vi hoc trinh. Khi gidng day cho sinh vién cac
khoa Pién, Bien tik, Tin hoc, Luyén kim, Héa hoc,... vd1 thoi lugng 4 dén 6 don
vi hoc trinh, ta ¢6 thé bd chuong S phan Dong hoc va cac chuong 5, 6, 7, 8 phin
Pong luc hoc. Cic chuong nay la ndi dung cia phan giang day b8 sung cho sinh
vién khoi Co khi va Co tin dién tir.

Cuén sdch nay dugc viét rén co s@ bai giang Co hoc k¥ thudt cla tdc gia cho
sinh vién trudng Dai hoc Bdch khoa Ha Noi trong nhiéu nam va cho nhi¢u nganh k¥
thuat khdc nhau. Tic gia c6 géng trinh bay nhimg vén dé co ban coa Co hoc k§
thuat theo quan diém hién dai, cd gang dam bdo tinh su pham va yéu cdu chat luong
ciia mot gido trinh bac dai hoc, ¢6 gang dé gido trinh Co hoc k¥ thuat 6 Viét Nam
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c6 chdt luong ngang bang véi chit luong cha gido trinh tuong g ¢ cic nudce khic .
Nhiing ki€n thic irinh bay trong gido trinh nay 13 nhimg ki¢n thic t8i thidu, can
thiét d€ sinh vién ¢6 thé hoc cdc mon hoc ti€p theo cua cdc nganh Co khi, Co tin
di¢n tr, Giao thong vén tai, Xay dung, Hang khong va Vil tru, Ty dong hod.... Cic
thi du trong cuén sdch nay gom hai loai: Cic thi du nhim cung ¢d kién third va cac
thi du dp dung gidi mot s6 mé hinh ¢o hoc trong k§ thuat. Néu chua cén thiét, ban
doc ¢ thé bd qua céc thi du khd.

Cudn sich nay khong chi 12 1ai lieu hoc 14p cdn thiét cho sinh vien trudng Pai
hoc Bdch khoa Ha Noi, ma con 1a tai liéu hoc tap bd ich cho sinh vien 1 ci cic
trudng dai hoc k¥ thuat trong toan quéc. Cudn sdch ndy tac gia viét dé tang cic em
stnh vién cdn ¢l hoc tap va c6 hoai bao nghién cifu va ting dung khoa hoc,

Cudn sdch nay duoc xudt ban ldn thit nhat nam 2003, lan thi hai nam 2005 &
Nha xuat ban Pai hoc Quéc gia Ha N6i va 14n nay dugc xudt ban & Nhi xuit ban
Gido duc Viet Nam. Chiing t6i trinh bay ngdn gon vi sdng siia hon, déng thdi bo
sung thém nhiéu thi dy trong cdc chuong khé dé cho sinh vién dé ti¢p thu bai giang.

Trong qud trinh bién soan chdng 161 di nhan duoc su tro giip quy bdu coa
nhi¢u ban dong nghiép. Ching t6i xin cam on PGS. Nguyén Nhat Lé, PGS, Leé
Dodn Héng. GS. Phan Nguyén Di, PGS. Dinh Van Phong. PGS. Vii Van Khiem,
TS. Thdi Manh Cau, PGS. Nguyén Phong Pién, TS. Nguyén Quang Hoang, TS.
Nguyén Minh Phuong da giap doc ban 1hao vi c6 nhiéu dé nghj cai tién quy bdu.
Chung t0i cling xin chan thanh cam on Nha xu4t ban Gido duc Viét Nam tao didu
ki¢n thuan lgi choe cudn sach dugc xuit ban.

Trong qud trinh bién soan khong tranh khéi thidu sot, Nhi xuit ban Gido
duc Viét Nam, tdc gia mong mudn nhan duge sy gop y cia cic ban déng nghiép
vii cla cdc em sinh vién dé ¢6 diéu kién sira chita, hoan thién hon trong cdc ldn
tdi ban sau. Cic y kién dong gép xin glii vé: Cong ty cé phan Sich Pai hoc —
Day nghé, Nha xudt ban Gido duc Viet Nam, 25 Han Thuyén, Ha Noi heidc tic
gia theo dia chi: Bo mon Co hoc dng dung, Trudng Dai hoc Bach khoa Ha Noi,
s6 1 Dai C6 Viet, Ha Noi.

Ha Noi, ngay 15 thdng 2 ndam 2009

GS. NGUYEN VAN KHANG



MO PAU VE CO HOC K¥ THUAT

1. D01 TUGNG NGHIEN CUU

Co hoc la mét khoa hoc nghién ctu chuyén dong va can bing cla cdc vat
thé. Trong d¢ Co hoc Newton nghién ciiu chuyén déng va can bing cha cdc vt
thé ¢6 kich thuée dd 1dn so véi kich thude nguyén tir va ¢é van tée di nho so véi
van téc dnh sdng.

Tuy theo tirng quan diém, ngudi ta ¢é thé phan loai co hoc thanh: Co hoc
ly thuy¢t va Co hoc img dung, Co hoc vat 1y va Co hoe k¥ thuat v.v... Co hoc
vat 1y 1a Tinh vyc ¢6 nhat va phét trién hoan thién nhat cha Vat 1y. Trong dé
chu y&u nghién cttu chuyén dong co hoc va can bing cla chit didm vi hé cdc
chil di€m va clla mot vai mo hinh vat rdn don gidn. Co hoc k¥ thuat 13 mot
linh vuc khoa hoc nghién citu chuyén dong va can bing cta cdc hé ky thuat.
B6 Ta cdc mdy, cdc cong trinh xay dung, cdc phuong tién giao thong van 1ai,
v.v... Céc mo hinh c¢o hoc cua cdc hé k¥ thuat cho dén gita thé ky 20 thudng
12 mo hinh h¢ cic chit di€m va cde mo hinh dan héi don gian. Tir gilra thé ky
20 dén nay, cdc mé hinh co hoc clia cde h¢ k¥ thuat thudng duge s dung la
mo hinh hé cdc vat ran, hé cdc phin tir hitu han, hé cdc vat thé dan héi, he céc
mdi trudmg lién tuc, v.v... Trong gido trinh ndy gidéi han chl yéu xét mé hinh
vat ran va hé cdc vat ran phang.

Gido trinh Co hoc k§ thuat duge chia thanh ba phian: Tinh hoc vt ran,
Déng hoc var rdn va Pong hee hoe vdt rdn.

2. CO HQC VAT LY VA CO HQC KY THUAT

Dua trén sy phéan loai Co hoc thianh Co hoe vat 1y va Co hoc k¥ thuat, & day
trinh bay vé sy giong nhau va khdc nhau gita hai linh vuc khoa hoc nay.

Swe gidng nhaw gida Co hoc vat 1y va Co hoc k¥ thudgt. Ca hai linh vuc
khoa hoc ndy déu nghién ciu nhiing quy luat chuyén dong va can bing cla
cdc vat thé, déu dua vao hé ba tien dé Newton. Nam 1687 New+on da cong
b§ téc phadm ndi tiéng "Cdc nguyén 1§ todn hoc clia khoa hoc ty nbién”.
Trong dé c6 néu ra ba tién dé lam cg sd cho cdc nghién citu Co hoc ¢é dién.
Tien dé 1 néi riing: Khi khong ¢6 lue tic dung mot chit diém sé ding yén



hodc chuyén dong thing déu. Tién dé 2 néi ring: Pao ham theo thoi gian
déng lugng cla chat diém bing lyc téc dung 1én né. Tién dé 3 ndi rang: Khi
hai chat diém tdc dung tuong hd v6i nhau thi cic lyc trong tic giita ching 1a
tryc d6i nhau va ndm trén dudmg thing ndi hai chat diém.

St khac nhau giita Co hoc vdt 1y va Co hoc ky thudt: Gitta chiing ¢é
nhimg diém khdc nhau hét sirc co ban.

Thu nhét, khde nhau vé phuong phdp nghién ciu. Phuong phdp nghién
citu cia Co hoc vat 1y 1a phutong phdp quy nap. Phuong phdp nghién ciiu cta
Co hoc k¥ thuat 1a phitong phdp suy dién. Phuong phap nghién ciu cia Co
hoc vat 1y cha yéu la phuong phép thyc nghiém (quan sat, thi nghiém), tir d6
rdt ra dinh luat vat ly, cdc gia thiét va cuéi ciing 12 4p dung vao gii thich
cdc hi¢n tugng vat ly. Phuong phdp nghién ciu cta Co hoc k¥ thuat la
phuong phdp tién dé va phuong phdp moé hinh. Phuong phédp tién dé la
phuong phap nghién ctru clia Co hoc k¥ thuat va clia ca Vat ly Iy thuyét. Con
phuong phip mé hinh la phuong phdp dac trung cho Co hoc k¥ thuat. Cac
mé hinh ¢o hoc chia cdc mo hinh thue (cdc mdy, cic cong trinh,...) dugc xay
dung phat thoa man ba diéu kién: twong thich, don gidn va 167 wu.

Tha hai, khde nhau vé doi tugng nghién cite. DS tuong nghicn cthu caa Co
hoc vat 1y 1a cdc hé vat 1y don gian (hé céc chét diém, céac vat rén don gian).
Nhi¢m vy ctia Co hoc vat 1y 1a giai thich cdc hién tugng co hoc trong tu nhién.
Dal1 twong nghién cdu clia Co hoc k¥ thuat 1a ce h¢ k¥ thuat (cdc mdy, cong
trinh v.v...). Nhiém vu cla Co hoc k§ thuat Ia tinh todn céc hé k¥ thuat vé
phuong dién co hoc. Muén nghién ciu, tinh todn chuyén d6ng cla cic mdy, cic
cong trinh xay dung, trude hét ngudi ta phai xay dung cdc moé hinh co hoc cho
cdc doi tuong khdo sdt. Cdc md hinh co hoc ngay nay dang dugc si dung la: hé
cdc chat diém, he cdc vat rén, hé cée phén tir hitu han, hé cdc vat thé bien dang,
h¢ cdc moi trudng lién tuc, cdc hé hén hop. Trong Co hoc vat Yy do cdc d6i
tugng nghién cdu la cdc hé vat Iy don gian, nén ngudi ta hdu nhu khong quan
1am dén bai todn xay dung mo hinh. Tréi lai trong Co hoc k¥ thuat do dai tugng
nghién cu la cdc h¢ k¥ thuat (céc 616, thu thuy, mady bay, cdc cu treo, cic toa
nhé cao ting,...) nén ngudi ta rat quan tam dén bai todn xay dung mo hinh. Day
la bai todn kho va cdc moé hinh co hoe duge xay dung thudmg la cdc m6 hinh
gan dang,

3. PHUONG PHAP NGHIEN cUuU

a) Phutong phdp suy dién (Phuong phap tién dé). Noi dung ctia phuong phip
tién dé c¢o thé trinh bay nhu sg d6 dudi day (hinh 0.1).
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Thuc t&, thuc nghiém

Xay dung

Y

Hé théng cac khai niém
Hé tién dé

Suy dién toan hoc

Y

Céc ginh 1y cd hoc
Cac phugng trinh chuyén déng

Ap dung

Y

Giai quyét cac bai toan thyc t&

Hinh 0.1

b) Phuong phdp mé hinh. Noi dung cla phuong phdp mo hinh c6 thé trinh

bay nhur trén hinh 0.2.

4

K&t qua
thue nghiém

Bai tugng khao séat

Xay dung cac mé hinh »
cd hoc

Ap dung cac dinh luat cd hoc
xay dung cac mé hinh toan hoc

K&t qua tinh toan

. Chua tot
So sanh -

Tot

Ap dung vao cac bai toan
thiét ké va cong nghé

Hinh 0.2
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Khi két qua tinh todn chua phi hop véi két qua thuc nghiém thi nguyén
nhén thuong do mo hinh co hoc duge xay dung chua t6t, céc tham s6 cta mo
hinh xdc dinh con qud tho. Ta phai hoan thién viec xay dung mo6 hinh sao
cho mo hinh ca hoc duge xay dung phdn dnh diing hon cdc tinh chat cla hé
k¥ thuat. Chd ¥ rang, cing mot d6i twong khao sdt ¢6 thé c¢é nhiéu mé hinh
¢d hoc khdc nhau, tuy thudc vio yéu cdu cia bal toan dat ra.

4. HAI BAI TOAN CO BAN CUA CO HOC KY THUAT

Bai todn co ban thi nhit cha Co hoc k¥ thuat 1a bai todn xay dung mo
iinlt co hoc cho cdc h¢ ky thuat. Trong gido trinh nay ta chi dua ra moé hinh
vat rin va hé vat rin trong viéc m6 hinh hod cho cdc hé k¥ thuat. Tuy vay,
day 1a bai todn rat khé, Céc mo hinh co hoc duoc xay dung, thuong la céc
mo hinh gan diing. Trong gido trinh nay ¢d gang gitp cho sinh vién lam
quen v&i mot s6 mo hinh co hoe clia cidc mdy va céc ¢ong trinh. Viée xay
dung cdc mo6 hinh mdi chinh xdc hon i bai todn vuot ra ngoai chuong trinh
mon hoc

Bai todn co ban thit hai cha Co hoc k¥ thuat 1a bai todn tinh todn trén
mé hinli, & day c6 thé sir dung cdc phuong phap giai tich hoic cdc phuong
phdp s6 d¢ tinh todn. Ngay nay véi sy trg gilp cua mdy tinh va cdc phédn
mém, ngdy cang nhiéu bai todn co hoc cd thé giai quyét twong d6i don gian.
Phan nay la ngi dung co ban clia gidgo trinh.

5. VI TRi COA MON HQC CO HQC KY THUAT

— Cung cip nhitng kién thifc ¢o ban v 16ng quit vé chuyén dong va can
bang clia vat ran va hé vat rdn phing.

— Reén luyén mot s6 phuong phép tr duy khoa hoc cho nguds k¥ su tuong
lai. D6 la phuong phdp tien dé va phuong phip mé hinh.

— Tao nhimg tiém nang ban ddu cho sinh vién dé ho c6 thé nghien ciu gidi
quy€t cdc bai todn k¥ thuat.

— Cung cip cdc kién thic co s& dé sinh vién hoc tiép cic mon hoc 1iép theo
nhu Sitc bén vat liéu, Phuong phdp phén tir hiu han, Nguyén ¥ may, Chi tiét
may, Ca hoc ket cau, Thuy khi k¥ thuat, Dao dong k¥ thuat, Bong luc hoc mdy,
Bong tuc hoc cong trinh, Robot cong nghiép, Mo hinh céc h¢ Co dién t, Cong
ngh¢ ché tao mdy, Nguyén 1y gia cong vat lidu,...
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PHAN 1. TINH HOC VAT RAN

MG DAU

Tinh hoc vat ran la phdn thi nhat cta gido trinh Co hoc k¥ thuat. Trong do,
ching ta trinh biiy hoc thuyét vé luc va su can bing cla vat rin dudi tic dung
cua cde lye. Chd § rang 1y thuyét hé lyc a mot phin quan trong clia Co hoc. Noi
dung chll yéu ctia {inh hoc gém cdc van dé sau:

— Xay dung cic khdi niém co bin: lue, ngdu lyc, moémen cta luc d6i vdi
mot diém, moémen cua ngdu lyc, vat ran, can bing cla vat rin,...

— Xay dung h¢ tién dé tinh hoc.

-- Thu gon hé lyc. Noi dung cia thu gon heé tuc 1a bign d6i mot he luc tac
dung [én vat ran thanh mét hé lye khdc twong duong, nhung don gian hon.

~ Tim di€u kién can bang cua mot vat ran va hé nhidu vat rdn dudi 14c
dung cta cdc luc.

— Xdc dinh phan luc lién két, noi lyc & ¢dc mat cat clia vat rin.

— Tim di¢u kién can bing cla vat rin khi c¢é ma sat.

— Xac dinh trong tam vat rin.

O day, ching ta sl dung phuong phdp tién dé va phuong phap mé hinh dé
nghi¢n ciu tinh hoe vat ran. Chd ¥ riing, khong nhat thiét phdi st dung phuong
phdp tién dé, vin ¢6 thé nghién ctiu tinh hoc vat rin.

Mot trong cic kho khian khi hee mon Co hoc ky thuat 13 sinh vién chua c6
kinh nghi¢in xdc dinh phuong v chiéu ca cdc phan lye lién két. Khé khan nay
chi ¢6 the khic phue duge khi ching ta chiu khé gidi tuong d6i nhiéu céc dang
bai tip. Qua do tu rit ra cdc kinh nghiém cin thiét.

Cong cu todn hgc dugce sir dung trong phin tinh hoc 1a phép tinh véc to va
phép tinh ma trdn. Ngdy nay, ngudi ta thudng sir dung cdc phin mém da nang
nhu MAPLE, MATLAB, MATCAD, MATIIEMATICA,... d¢é giai cdc bai todn
tinh hoc vat ran. Tuy nhién, can tranh viéc lam dung céc phan mem nay.
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Chuong 1

CAC KHAI NIEM CO BAN
VA HE TIEN DE TINH HOC

Trong chuong nay ta dua ra ba khdi niém co ban I luc, vat rin wuyért doi,
can bing va mot s6 dinh nghia quy ude nhu dinh nghia he lyc, heé luc tuong
duong, ngau lyc,... Sau d6 trinh bay hé nam tién dé tinh hoc cha vat rin tu do.
Cudi chuong trinh bay cdc khdi niém lién két, phan luc lién két, nguyén 1y giai
phong lién két d€ c6 thé tinh todn can bing cic vat rén chiu lién két.

1. CAC KHAI NIEM CO BAN VA MOT SO DINH NGHIA

1.1. Cac khai niém co ban

a) Lyc. Lyc 1a mot khdi ni¢ém co ban cla co hoc. Tuy nhién, khii niém nay
rdt khé dinh nghia mét cich chat ché, ma chi 6 thé gii thich qua cdc thi duy
cu thé. Hinh 1.1 va hinh 1.2 chi ra hai thi du. Trén hinh 1.1, tay ngudi phai
tao ra moét lyc d€ gir cho vat nang trong luc G khong truot xudng. Trén hinh
1.2 15 xo phai dan ra, tao ra mot lyc can bing véi trong lyc G cha vat nang
treo vao 10 xo. Ta thira nhan sy tén tai cila trong lue va tac dung cia nd. Tir
kinh nghi¢m hang ngay ta c6 thé xem luc 12 mot dai luong, mi c6 thé so
sdnh véi tic dung cia trong luc.

Dinl nghia. Trong cd hoc, luc 1a mét dai lugng vat 1y, ma ¢6 thé so sdnh
can bang véi 1ic dung cla trong luc.

=
Lo xo "c:,E ________ B
LUC ,// ’;' 1
E-_f."_n_ﬁ--:F ,
G & 1y
Hinh 1.2 e 176
X
Hinh 1.3
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Tt thyc t€ thdy rang, lyc duge xdc dinh bdi ba y&u t6: Do ldn, hudng tac
dung va diém dat. Vi vay, luc duge biéu dién bing dai lugng véc 1o buoc, ky
hiéu 1a /. Ta quy dinh véc to luc ¢6 goc trung véi diém dat clia luc, cé
phuong va chiéu triing véi phuong va chiéu tic dung cla luc, c6 do dai ty lé
v6i d6 16n cha lyc. Dudng thing mang véc to luc duge £0i la dudng tic dung
cia lue.

Don vi cia lyc 1a Newton, ky higu 1a: (N), IN = 1kgm/s2.

Chit y. Trong h¢ toa do¢ Descartes vuong géc (hinh 1.3) vécto luc F
dugc bicu dién dudi dang

F=Fgé +Fé, +Fg, (1.1)

Trong dé é,, €,. €.1a cdc véc to don vi trén cdc tryc toa do, FoF, L F,

la c4c hinh chi€u ciia véc to lyc F trén céc tryc Ox, Oy va Oz. Do 1én cha
lyc F duge xdc dinh boi dinh 1y Pythagoras

F=Fl+F +F] (1.2)

Huéng cta lyc F duge xéc dinh béi cac cosin chi hudng
F, F, F
cosa=—2%, cosfi=—2, cosy=_% 1.3)
3 A= 7= (
Vécto F viet dudi dang (1.1) duge goi 1 véc to hinh hoc. Ba thanh phin
F., F,, F, cua véc to hinh hoc F c6thé vie lai dudi dang mot ma tran cot
£,
F=|F (1.4)
F,

Ma tran ¢t (1.4) con duge goi 1a véc to dai so.

b) Vit rdn tuyét doi. Vat rin tuyét d6i 12 tap hop cdc chat diém, ma khoang
céch gilta hai di€m bét ky clia né [uon luén khong déi.

Nhur the, dudi tdc dung cia luc, vat rin tuyét doi khong bi bi¢n dang. Day
la mot sur by tudmg hod vat ran. That ra, dudi tic dung cia luc, vat ran it nhidu
déu bi bi¢n dang. Khi cdc bign dang cia vat rin di nhé, ta ¢é thé bo qua va xem
1a vat rin tuyét doi. Trong gido trinh niy d€ don gidn cdch néi, ta quy udc goi
tat vat rin tuyét d6i 1a vat rin,

c) Cdn bang

~ H¢ quy chién. Mot vat the duge chon lam méc dé theo dai chuyén
dong cla vat rin duge goi 13 hé quy chicu. Trong co hoc, ngudi ta thudng
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géﬁ viao hé¢ quy chi€u mét hé toa do. Hé toa do chi ka phuong tién dé tinh
todn. Nhiéu khi dé dd cong kénh, ngudi ta diing ngay hé toa dé d6 thay cho
hé quy chiéu.

— Vdr ran can bing. Mot vat ran dugc goi 12 & trang théi can bing déi
v6i mot h¢ quy chigu da chon, néu né dimg yeén (khong thay d6i vi tri) trong
h¢ quy chigu d6. Mot vat ran & trang thdi can bing duoc goi tdt 14 mot vat
ran can béng,

1.2. M6t s6 dinh nghia quy dinh

a) H¢ luc. Tap hop cdc lye tdc dung lén mot vat ran (hinh 1.4) duoc goi la
mot he lye. Ky hi¢u hé lyc boi (£, 5,..., F, ).

b) Hai hé luc twong duong. Hai he luc
(Fi o By £,) VA (B s s ) téc dung len
cing mdt vat ran 1a tuong duong, néu ching ¢6
cung tdc dung co hoc nhu nhau d6i véi var rén.
Cu the 1a hai h¢ luc tuong duong khi téc dung
riéng r& lén vat rdn s& gay nén trang thdi chuyén
dong (hay cin bing) cia vat rin nhu nhau. Ta Hinh 1.4

dung ddu " =" dé ky hi¢u tuong duong
(Fl By B =06y b))

¢) Hop luc cda hé lue. NEu hé luc (ﬁl , 17“2 ,....15,,) tuong duong vdi mot luc

R, hi lye d6 duge goi 1 hop luc ctia hé lye di cho
R= (F,F..F).
Chit y: Khong phai hé lyc ndo ciing ¢é hop luc.
d) Hé luc cdn bang. 11¢ lyc (F, F,,..,F,) tdc dung lén mot vat rin, ma

khong 1am thay d6i trang thdi chuyén dong (hay can bang) cla vat rin dugc
goi la mot hé luc can bing.

(F] ,FE,....J‘") =0

d) Ngdu lyc*, Mot hé gém hai luc song F -4

song, ngugc chicu cling do 16n duge goi E

ta mot ngau luc (hinh 1.5). Ky hiéu ngiu Hinh 1.5
n .

luc (F.F"y.

" Khdi niem ngau lyc do nha bac hoc ngudi Phip. Louis Poinsm_ (1777-1859) dura ra nam 1804
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Khoang céch 4 giita hai dudng téc dung clia hai lyc thanh phdn cia mét
ngu lyc duge goi'la cénh tay don cia ngiu lyc. Mat phing E chifa hai lyc
clia nglu lyc duge goi Ia mit phdng téc dung clia nglu luc.

€) Vat rdn tir do va vt rdn chiu lién két. VAt rin ty do 13 vat rin ¢6 thé thuc
hién moi di chuyén nhd tir vi tri dang xét sang c4c vi tri lan can cua né mot
cich tuy y. Ngugc lai, néu ¢6 it nhdt mot di chuyén nao dé cha vat rdn bi can
trd, thi vat rin dugc goi 1a vat rin chiu lien két.

J) Hé nhiéu vdt rdn cdn bdng. Mot hé nhidu vat ran duoc goi I3 can bing
n€u méi vat rdn thudc hé can bing.

2. HE TIEN DE TINH HOC

He tién dé 1a mot tap hop cdc ménh dé duge cong nhan, khéng ching
minh. Ching phai doc lap nhau, it nhat vé s& lugng nhung di dé nghién ciu
d6i tuong. D€ nghién ciu can bang cla vat rin tu do, hé tién dé tinh hoc chi
cdn 5 tién dé. Sau dé xét can bing cha vat rin chiu lien két, ta dua thém vao
nguyen ly giai phéng lién két. Tuy nhién, néu xét can bang ctia vat ran chiu

lien ket, c6 thé dua nguyén 1y giai phoéng lién két vao thanh tién dé thit 6 va
khi d6 hé tién d€ tinh hoc s& gém 6 tién dé.

2.1. Hé tién dé tinh hoc

He tién dé tinh hoc gém 5 tien dé nhu sau.
a) Tién dé 1 (Tién dé vé su can bdng cia vat rén)
Diéu kién cdn va dii d& cho mot vat rén wr do
can bang dudi téc dung cia hai lyc 1a hai luc nay
¢6 chung mot dudng tic dung, ciing d¢ lon va
nguoc chiéu nhau (hinh 1.6). Hinh 1.6

Y nghia coa tien dé 1: Quy dinh mot tiéu chuén can bing cla vat rin w
do dudi tac dung ciia he luc don gian nh4t.
b) Tién dé 2 (Tién dé vé thém vao hodc bér di mét cdp lic can bing)

Tac dung cia mét he luc 1en vat rén tr do khong thay d6i néu ta thém vio
hodc bdt di mot cap luc can béng.

Y nghia cha tién dé 2: Quy dinh mét phép bién ddi twong duong co ban
vé luc.
c) Tién dé 3 (Tién dé hinh binh hanh lec)

Hai luc dit vao cling mot diém thi o6 hop tuc. Hop luc 12 mét luc dat vio
2-CO HOC K¥ THUAT .
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diém déng quy d6 va dugc x4c dinh bang dudmg
chéo ctia hinh binh hanh, ma hai canh 13 hai luc
thanh phin d& cho (hinh 1.7).

Y nghia ciia tién dé 3: Quy dinh mot phép
bién déi twong duong co ban vé luc.
Chit y: Tién d€ 3 khong ¢ phan dao. Bai todn
phan tich mot lyc thanh hai lyc déng quy la bai
todn cé voO s6 11 giai.

NéEu biét thém gia thiét (ching han phuong
cua hai luc thanh phan) thi bai todn mdi c6 nghiém-
duy nhit.

d) Tién dé 4 (Tién dé tdc dung va phdn tdc dung)

Luc tdc dung tuong hé gifta hai vat thé 1 hai lyc cé chung mot dudng
tdc dung, cing d¢ 16n, nhung nguge chiéu nhau (hinh 1.8).

¥ nghia cha tién dé 4: LA co s& dé khao sat bai todn hé nhiéu vat rin.
Ciut y: Hai lyc Fj, va Fy trén hinh 1.8 khong tao thanh mot cap luc can
bang vi chiing tdc dung vao hai vat rin khac nhau.

d) Tién dé 5 (Tién dé hod rin)

Mot vat bién dang wr do & trang thdi can bing dudi tdc dung clia mot he fuc
nao d6, thi néu nhu vat d6 ran lai né vin & trang thdi can bang dudi tic dung cla
mot hé luc dé.

Y nghia ctia tién dé 5: Quy dinh didu kién cén dé vat thé bién dang &

can bing. D6 1a he luc tic dung 1én nd phai thoa man cédc diéu kién can bing
cla vit rin tuyét d6i.

Chut y: Tién d€ 5 khong cé ménh dé dao.

2.2. Mot s6 hé qua

a) Dinh ly truot luc. Tac dung cla luc 1én mot vat rin khong thay déi khi ta
trugt lue trén dudng tdc dung cua nd.

Chitng minh. Gia sit luc FA tic dung lén
vat rdn tai diém A. Ta dat thém vdo tai diém B
hai luc £ va Fy clng tri s6, nguoc chiéu nhau
(hinh 1.9). Hai lyc nay cling tri s6 va c6 chung
dudmg téc dung v6i luc F,. Theo tién dé 2 suy ra:

Hinh 1.9

18



Fy=(F Fy Fy)=(Fg, F  Fy)=Fy
Nhu the, lyc tic dung lén vat rin duge bidu dién bang véc 1o trugt. Chu y
rang, tinh chdt nay chi ding khi lue tic dung 1én mot vat rin.

b) Dinh Iy ba luc cdn bdng. Mot hé ba luc can bang, néu trong dé c6 hai luc
déng quy, thi lyc thit ba cing phai di qua diém déng quy dé va ca ba luc
phéi nim trén ciing mét mat phing.

Clutng minh. Theo gia thiét ( ,,FE,F})E 0Ova
Fy, F, cat nhau tai diém O (hinh 1.10). Theo
tien dé 3 suy ra: £, =(F, 5 ). Vay

(F.Fy, F)=(F,,F,)=0. Hinh 1.10

Theo tién dé 1 thi £, va £, phai ndm trén cing mot dudng thang. Do
d6 dudng téc dung cla ba lyc £, 5, F, phai gap nhau tai mot diém Q. Do
lyc Fy=—F, nén lyc F; phai ndm trong mat phiing chaa hai luc F; va F,.
¢) Cha y¥. Trong sé nam tién dé finh hoc, cic Tién dé 1, 2 va céc h¢ qua
(dinh 1y truot luc, dinh 1y ba lyc can bing) lién quan truc ti€p dén gia thiét
gan ding vé vat rin tuyét ddi. Gia thiét vat rin tuyét doi la mot gia thiét gin
ding, rét 1y tuéng. Thyc t& khong ¢é vat thé nao 1a ran tuyét doi ca. Céc tién

de 3 va 4 khong lien quan tryc ti€p dén gia thiét gdn ding vé vat rin tuyét
doi. Khi dp dung cdc tién dé va céc dinh Iy cdn quan tam dén c4c chi ¥ nay.

3. LIEN KET VA PHAN LUC LIEN KET

3.1. Lién két

a) Dinh nghia. Lién ket 1a nhimg diéu ki¢n cin tré di chuyén cla vat khio sét.
Nhu thé, mudn tao nén lién két thi trong nhiéu trudng hGp phdi cé vat

gay lien keét. Thi du moét quyén sach dat trén ban, néu chon quyén sdch 1 vat
khdo sat, thi cdi ban la vat gay lien két.

b) Cha y. Phan bi¢t gia khdi niem lién két va vat gay lién két. Trong thi du
trén cai ban la vat gay lién két chi khong phai 12 lién két.

3.2, Lyc lién két va phan luyc lién két

Khi khao sdt mot hé gém nhidu vat rén, thi lyc xudt hién & chd tidp xic
hoac n6i ghép gitta cde vat rin duge goi 1a luc lign két. Theo tién dé 4, cic
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lye nay xuét hién ting cap, ¢é chung mot dudng tdc dung, ciing tri s6 nhung
ngugc chiéu nhau.

Luc lién k&t do vat gay lién két tdc dung lén vat khao sat dugc goi la
phan luc lién két.

3.3. Cac loai lién k&t thudng gap va cac phan luc lién két tuong img

Céc lyc tac dung lén mot vat rdn hodc hé cdc vat rin duge phan thanh:
Luc hoat ddéng va luc lién két. Luc hoat déng la lyc cho trude tic dung lén
vat ran. Thi du nhu trong luc, luc ddy cia gidé, v.v... Céc luc lién két 1a cdc
lyc xudt hién do cdc lién két giita cdc vat, hoac do lién két giita vat khao sat
va vat gay lién két.

Céc phan lyc lién két phu thude vao céc luc hoat déng tac dung Ién vat rin
va phu thudc vao két cau cia céc lien két. Trong tinh hoc ta gidi han chi khao
sat cac loai lién k&t hinh thanh do su tiép xdc hinh hoe gilta cdc vat ran. Céc lién
két loai nay dugc goi 1a cic lién két hinh hoc.

N6i chung phan luc lién két ¢6 hudng ngugce chiéu véi huéng di chuyén ma
vat khao sit bi lién két can trd, ¢6 d¢ idn phu thude vao céc lyc hoat dong tic
dung lén vat rin. Duéi day ta trinh bay mot s& quy tic thuc hanh tim phuong va
chiéu phan lyc lién két cha mot s6 lign k€t thuomg gap. Dé don gian ta bd qua
ma sat tai ¢ac lién két .

a) Lién két tua. Vat rin khio sit tya lén vat gay lién két. Néu bd qua ma sét
thi phan lyc lién két tua cé phuong vudng gdéc véi mat twa hodc dudng tua
nhu hinh 1.11

A

Hinh 1.11

b) Lién két bdn Ié. Lien k&t ban 1é cho phép vat rdn quay quanh mét diém
hodc mot truc ¢6 dinh. Ta c6 cdc dang sau:

oY

Hinh 1.12a

Hinh 1.12¢
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— Ban I¢ try (hinh 1.12a). Lién két cho phép vit rén cé thé quay quanh
truc Oz vudng géc véi mit phing Oxy. Phan lyc lien két Ro tai O chua biét
vé phuong, chiéu va tri s6. Vi vdy trong bai todn phing lyc nay dugc phan
thanh hai thanh phdn X, ¥,vuéng géc véi nhau.

— Bdn I¢ cdu (hinh 1.12b). Lién két cho phép vat rdn c6 thé quay quanh
diém O trong khong gian. Phén lyc lién két tai O c6 thé phan lam 3 thanh
phdn chua bi€t vuéng géc v6i nhau R(X,,Y,,Z,)

— Bdn I¢ ¢67 (hinh 1.12c). Lién két cho phép vat rin ¢6 thé quay quanh
truc Oz. Phan lyc lién két R, dat tai diém O dugc phan lam 3 thanh phin
chua biét vuong géc véi nhau (X,,Y,,Z,) hay R(X,,Y,,Z,). Khic véi ban
1€ cau & loai ban 1€ ¢8i Z, >0. '

¢) Lién két thanh khong trong luong. Vi lién két thanh khong trong lugng
(gia thiét gdn ding) thi phan luc lién két sé huéng doc theo dudng n6i hai
ddu thanh (hinh 1.13a).

d) Lién két diay mém khong ddn, khong trong lugng. Phan lyc lién két hudng

doc theo day (hinh 1.13b). Phan luc cha day tdc dung vao vat khao sit con
duge goi la suc cang cla day.

Hinh 1.43 b)

e) Lién két ngam phdng. Trong trudng

: Y
hop ngam phang (hinh 1.14), vat gay AA _
lien k€t va vat chiu lién ket duge n6i 24\ X Box
cting v6i nhau. Lién K&t ngdm ngan can 5 ' -

A

chuyén déng theo phuong x, phuong y
va ngan cin chuyén déng xoay quanh A
cha vat khio sdt. Vi vay phin lyc lién k&t gém X, ¥, va ngiu luc M ,. Trong
trudng hop ngam khong gian cdc phan lyc lién két phic tap hon.

Hinh 1.14
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3.4. Nguyén ly giai phéng lién két Lagrange’

a) Nguyén Iy. Mot vat rdn chiu lién két can bang ¢6 thé xem 1a mot vat rin
tw do can bang néu ta gidi phong cac lien két, thay téc dung ciia céc lien két
duge giai phong bing cdc phan luc lién két tuong itng.

b) Chu y. Nho nguyen ly gidi phéng lien ket, ta ¢6 thé dp dung S tién dé tinh
hoc phdt bi€u cho vat rin ty do vio vat rdn chiu lién két. Khi dé thay vat rin
chiu lién ket bang mot vat rin tu do chju tdc dung cba hé luc gbém cdc luc
hoat dong (cdc lyc cho trude) va céc phan luc lién két tuong ng véi cdc lién
két dugce giai phong.

¢} Thi du. Cho ddm chiu lién két va chiu luc nhu hinh v& 1.15. Theo nguyén
ly gidi phéng lién két, thay lien két tai A va B bang cdc phan luc lien két
tuong tng. Khi dé thanh AB can bing duéi téc dung cla hé Iyc:
(E,;, ?,4, }\}3, Fl, F:Q)EO

v A
A [ _IB —-_HXA - JB
%/ a) T IYA ) N.J;T
Hinh 1.15

' Joseph Louis Lagrange (1736—1813), nha co hoc va todn hoe ngudi Phép.
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Chuong 2

HE LUC PHANG VA DIEU KIEN
CAN BANG CUR VAT RAN PHANG

He luc gém cdc luc cling ndm trong mot mat phang dugce goi 1a hé luc
phing. Tuy hé luc phing chua phai 1a he luc 1éng quit, nhung nhiéu bai todn
ky thuat din dén khao st hé lyc phang. Vé phuong phdp luan, phuong phap
nghién ctru hé lyc phing 13 kha dién hinh cho phuong phdp nghién cifu céc
hé luc bat ky. G day, sé ldn luot xét cde bai todn: Thu gon hé luc phing vé
dang don gian va tim di€u Kién can bdng cOa vat rdn phing dudi tac dung

clia hé luc phéng.

1. HAI DAI LUONG PAC TRUNG CUA HE LUC PHANG

1.1. Vécto chinh cla hé luc phing

a) Dinh nghia 2.1. Vécta chinh cia he lyc phing (7, F,... F, ), ky hicu la

R, la t6ng hinh hoc céc vécto luc thanh phin cia hé

- —- —_ —_ n —
R=R+F+. +F=YF
k=1

b) Cdch xdc dinh vécto chinh

Plucong phdp hinh chiéw: Chiéu luc thanh
phan F, 1én hai truc toa do vuong géc Ox va
Oy ta duge £, (Fer Fi)

FE=Feé+Hke.

Tir (1.1) suy ra hinh chidu ctia R'trén hai
truc toa do 1a

H
Ri=YFy. R =Y F,
k=1 k=1

(1.1
4y
p T .
Fh' ﬁr "_
re, 1
) ' : X
o é'x Fh
Hinh 2.1
(1.2)

Piurong phdp vé: Co thé xdc dinh vécto chinh bing phuong phip vé da

giac luc.
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1.2. Mdmen chinh cia hé Iyc phing déi véi mét diém

a) Dinh nghia 2.2 (Mémen ciia luc F doi véi diém 0). Momen dai s6 clia
lyc F'd6i véi tam O, ky hiéu 1a 7o (F). 1a dai luong dai s6

My (F)=+Fd (1.3)

Trong (1.3) ta 14y diu cong (+) néu luc F quay quanh O nguogc chiu kim
doéng hé va 1dy d4u trir (-) néu luc F quay quanh O thuan chiéu kim déng hé".
Trong cong thite (1.3) d 12 khoang céch tir tam O dén dudng tac dung cia

luc F va duge goi 1a cdnh tay don. ,
FoA

Fuf === F
I
JA
A 1
Ya[ 7777 ‘

Xasing .
- Hinh 2.3

b) Phuong phdp gidi tich xdc dinh momen cia luc F déi véi diém O
Trong hé toa do Oxy, luc F duoc bidu dién
F=ﬂa+ﬂ%,
diém dit cia luc c6 toa d6 A(x,.y,). Ta cé cong thitc tinh mémen nhu sau

X4 V4

my(F) = F. Fy

Theo hinh 2.3 suy ra:
ﬁo(ﬁ):+Fd:F(xA sina -y, cosa)
=(Fsina)x, —(Fcosa)y, = x4F, -y F,

Cong thic giai tich nay hay duge ding khi ta sit dung cong cu tin hoc.

" Khai niém momen cia luc d6i voi mot tam dd duge sir dung ¢l thai Aristoteles (BC 384—
322) va Archimeches (BC 287-212). Tuy nhién ngudi ddu tién trinh bay twrong ddi d rang
khdi niém nay la Leonado da Vinci (1452-1519). Sau 46 nha bic hoc ngudi Y Giovanni
Batista Benedetti (1530-1590) da trinh bay 1o rang hon khdi niém nay vao nam 1585,
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¢) Dinh nghia 2.3 (Mémen chinht). Momen chinh cha hé lyc phang (ﬁ, ,Fz ,...,F’n)
déi v6i diém O 1a mot dai lugng dai s6 bing téng cdc momen dai s& cha céc luc

thanh phdn thuc hé 14y d6i véi diém O dé

n —
My =3 mg(F,). (1.5)
k=1

Thi du 2.1. Cho he ba lyc (!7“1,132,}%) nim trén cing mot mat phang nhu
hinh 2.4. Hay xdc dinh véc to chinh va mémen chinh cla hé luc d6i véi tam O.
Cho biét F; =3(N), F, =2V2(N), F, =4(N). Toa do cdc didm A(2,0) cm,

B(0,2) cm, C(4,4) cm. VA } .
Lot gidi. Vécto chinh clia hé luc 12 2 C )
R=F+FK+5 i i i
Tir do6 ta co B : E i
R, =0+2+4=6(N), R, =3+2=5(N) ¢ ‘
R = (R?+ R? = J61=7,81025(N) O >

Momen chinh clia hé lyc d6i véi tam O Hinh 2.4

My = img(F) + iy (Fy) + i (F) =32 -2J2 2 - 4.4 = 14 (Nem)

2. THU GON HE LUC PHANG

2.1. Thu gon hé luc phéng déng quy

Dink Iy 2.1. Thu gon hé lyc phing
déng quy ta duge mot hop lve. Hop luc
dat tai diém déng quy va dugc biéu dién
bang vécta chinh chia hé luc di cho

R=3F @1

k=1
Ching minh. Cho hé luc (F,,FZ,...,F,,)déng quy tai O. Ap dung lién tiép
tién dé 3 suy ra
(R.F)=R, (R.EY=R,, ..., (R, F,)=R
R=FK+F, RR=F+FK+F, .., R=R, =FK+F +..+F
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2.2. Thu gon hé ngiu luc phing
a) Momen dai s6 cda ngdu luc

Dinh nghia 2.4. Momen dai s6 ciia ngéu lyc 1a moét dai lirgng dai s6 duoe
dinh nghia boi hé thic sau

m(F,F'y=+Fd 22)
Dédu cong (+) 14y khi nglu luc quay
nguge chiu kim déng hé, dau trir () ldy
trong trudng hop nguoc lai.
Chit y.'I'e dinh nghia 2.4 suy ra
mF,F'y= i (F) = g (F )
l(F, )

=28, 50 = Fd 2.4) o Hinh 2.6

b) Diéu kién tuong duong ciia hai ngau luc trong citng mot mdt phding
Dinfy Iy 2.2. Hai ngdu lyc nim trong clng mot mat phing I3 tuong duong
khi mémen dai s6 clia chiing bing nhau
AR F)Y=m(Fy, B = (FLF)=(F,, F}) Chiing minh. Goi A, la duong
tic dung cua lyc F|, A, 1a dudng téc dung clia luc F,. Nhu thé c6 hai kha nang
Xay ra: hogc A, cat A, hoac A //A,.

Triong hgp 10 A ¢t A, &
O con A} cit Ay & O, Ta truot
Iuc 1:“, dén O (r’:| =bA) va luc
fodén O T A k& 4B/ OO,
AC /1A,

Phan tich lyc £ thanh hai
thanh phan theo tuc A, va -
dudng thing OO0 ta dugc +—— 7 T .
F, =(F,,F,). Phan tich lwc £ \A] =
theo hai thanh phdn theo cdc A
truc Ay va 00 ta duge Hinh 2.7 A
F'=(Fy,F}). Nhu thé suy ra

(KL )= (B, BB LB = (FL ), V(R F =0 (1)

Do |m(F, F)|=2S3040 = 2Saoner =|m(F, )} va hai ngdu lyc (F,E) va

(F3, F5) cung chiéu quay nén in(F,, £) = m(F,, ).
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Chi ¥ dén gia thi€t suy ra m(Fy, 7)) = m(F,, ;). Hai nglu luc (F,,Fy) va
{(F;, F{) ¢6 cling cdnh tay don, ciing chidu quay nén
F=F F=-F (2)
T (1) va (2) suy ra: (F,F)=(F. F) = (5, F).

|

4 At :
K
¥ 11_____/,3
F, ___,,.--‘-'"’"'f A d B
,.--""'"'—'r-.-
= -_’__‘..-—-""-l
[3 -_’_',..-‘-""-"---J 0 }“-‘,r
1
,_..--‘""H ﬁ;
4, A A, Al Hinh 2.9
Hinh 2.8

Truong hop 2: A\ //A,. K& hai dudng thing song song 6 va &’ cit A, va
A,. Tuong te nhu phdn trén ta c6 thé bién ddi ngiu luc (5, ) vé ngdu luc
(Fy, F)) ma m, =m,

Hai ngdu luyc (£, 7)) va (F,,F;)c6 momen i, =m, . Theo trén ta cb
(Fy, F)=(F,F3). Do dé (K, F)Y=(F,, F}). Pinh 1§ duge ching minh xong.

Tir dinh ly 2.2 suy ra céc hé qua sau:

— Téc dyng cta ngiu kuc [én vat rdn khong thay d6i néu ta thay déi cdnh
tay don va tri s6 clia luc mién sao moémen dai s6 cha ngdu luc khong thay déi.

~ Ta ¢6 1hé€ di chuyén tuy ¥ mot ngau luc trong mat phing téc dung cia nd.

— Téc dung cua ngau luc 1én vat rin duge dic trung hoan toan bdi momen
dai s6 clia nd.
¢) Thu gon hé ngdu luc phdng

Dinlt Iy 2.3. Thu gon hé nglu lyc phiing ta duge mot ngau luc tdng hop.
Ngéu lyc téng hop nim trong mat phing tac dung cha céc ngdu luc thanh

phdn v ¢é momen dai s bing tdng cdc momen dai s6 cha céc ngiu luc
thanh phan.

27



M=

M=

i, (2.5)

Qi e
I

Clitng minh. D€ don gian ta ching minh cho trudng hop n=2. Cho hai
ngdu lyc (F,F) c6 momen Ia m, va (%.F;) c6 momen 1a i, cing nim
trén mot mat phing. Theo hé qua cha dinh 1y 2.2, ¢6 thé gia thiét hai ngdu

lyc nay c6 cung cédnh tay don. D€ dinh ¥, gid sir ching ¢6 ciing chiéu quay.
Tir hinh v& (2.9) suy ra

(A A FoF) =(R.R)
vai R=F +F, R=F+F
m(R,R)=—Rd =-(F + F),d =-Fd - F,d = i, + m,

Viéc m& rong chitng minh sang trudng hop #>2 hoan toan tuong ty .
2.3. Thu gon hé lyc phang bat ky

a) Dinh Iy 2.4 (Dinh Iy doi lee song song) Mot luc F dit tai A tuong duong
v6i lyc F'=F dat tai B va mot ngdu lyc c6 moémen bing momen cia luc
14y déi v6i diém B.

Chitng minh. Cho lyc F dat tai A. Tai B dat mét cap lyc song song cung
tri 86 va cing dudng tdc dung F'va F”, ma F'=F suy ra:

F=(F.F"F)=(F.my (F))

BTl

ig(F)

1
H

Hinh 2.10

b) Dinh ly 2.5 (Dinh Iy Poinsot vé thu gon hé lic). Thu gon he luc phing bat
ky (E,F‘z,...,ﬁn) v€ tAm O tuy ¥ ta dugc mot lyc va mot ngiu lue. Luc dat tai

tam O va dugc bi€u dién bing vécto chinh cla hé, ngdu luc c6 mémen bing
momen chinh ctia hé luc lay déi véi tam O.

Chitng minh. Ap dung dinh ly doi luc song song ta ¢6 (hinh 2.11)
(BB ) = (B B FS) Vo (o (o )ip (B Yoo () = (R L)
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~ul

F,

Hinh 2.11

¢) Anh hudng cia tdm thu gon

Thu gon hé lye phing (ﬁ],ﬁz,...,ﬁ‘n) vé hai tam thu gon O va A khic nhau,
ta dugc

(ﬂsta ., ) (RO MO) véi R, = ZFk’ Mo—zmo( )

(BoByveeF) = (RoBL,) ¥6i By =S By M=, (F,)

Nhu thé vécto chinh R, R, nhu nhau X
va khong phu thuée vao tam thu gon, cdn £
cdc moémen chinh M, M, phu thudc vao Yif=-c
tam thu gon theo quy {uat nhu sau. Yp-----
Dinh 1y 2.6 (Binh Iy bién thién momen ) v '
chink). M6 men chinh cha hé luc phing 0 £, ):C J:c .
(F,,Fz,..., Fn) phu thuoc vao tam thu gon A ‘ 4
Hinh 2.12
theo quy luat
Mo =M 4+ 7y (R)) (2.6)

Trong d6 M, M, 12 mémen chinh ciia he luc d6i véi O va A, &', 12 véc to
chinh cha hé luc dat tai A.
Clutng minh. Theo céng thic (1.4) ta ¢

Z”’A( ) z X; xA)F)e_()"“'yA)F'
Z( Xily = Vi u) xAZ Va2 Fy
=Zﬁo(f’,)+(xAR}, —yAR;)
My=8y—ing(R ) =My =M+ (R',)
Hé qud. Khi vécto chinh cia hé lyc bing khong, mémen chinh cia hé luc
khéng phu thude vao tam thu gon.

29



2.4. Cac dang chuén cta hé lyc phing

a) Dinh nghia 2.5. Dang chuin clia mot he luc 1a dang don gian nhat ma heé Iuc
c6 thé bién déi tuong duong vé duoc.

b) Cdc dang chudn ciia hé luc phdng

Thu gon hé luc phang vé mét tam O bat ky ta duge mot luc R’ va mot ngiu
lyc M,. Can cif vao vécto chinh &' va momen chinh M, ta 6 cic dang chudn
cua h¢ luc phing nhu sau:

1. Néu R'=0,M, = 0:( F5-F, ) = mot cap lyc can bing

2. Néu R'=0, M, ;t(}:(ﬁ{,...,ﬁ,,)s mot ngdu lyc M,

3. Néu R'#0, My =0:(F,....F, } = mot hop lyc dat tai O

4. Néu R =0, My =0 ép dung dinh 1y ddi luc song song, dua he (ﬁo',ﬂo)
vé mot lyc R dat tai C va cdch tam O mot doan OC =|My|/|R]. sao cho

’ﬁr)(ﬁc'):ﬁu
Tdm lgi: He luc phing c6 3 dang chudn
(BB F)=R khi B 20

=1

(R FyvnF, )= M,y khi R'=0, 5y #0 Hinh 2.13

(FLFyunF)=0 khi R =0, My =0-

¢) Binh Iy 2.7 (Dinh Iy Varignon®). Khi he lyc phing ¢6 hop luc, moémen clia

hop luc d6i v6i mot tam O bét k¥ bing t8ng moémen clia cic luc thanh phan dsi
voi tam O d6

(FonF, )= R = ,—,ao(ﬁ)zin—,o(a). @7

Chitng minh. Goi R 1a hop luc cla h¢ luc da cho. Lay moét diém O tuy v
va mét di€ém A trén dudng tic dung cua hgp lyc. Néu thu gon he luc

(F},Fz,‘.., *,,) vé diém A, thi ta duge moét hop luc va M,‘1 =0. Ap dung dinh

1y bi€n thién mémen chinh suy ra

My =M, +ig(R,)=my(R).

" Pierre Varignon (1640-1718) 1 nha bc hoc ngudi Phap.

30



H¢ qud. Khi tinh moémen cla lyc # d6i véi mot diém O, ¢6 thé phan tich
lyc F thanh hai thanh phdn vuéng géc F = F. + Fy va dp dung (2.7)

’T?()(F):’ﬁf)(px)""ﬁu(ﬁy) (2.8)

2.5. Thi du ap dung

Thi du 2.2 (Tim hgp luc cua hai luc song song). Cho hai lyc F‘, VA Fz

song song va dit & hai diém A va B. Gia thiét & = F,. Hiy tim hop luc cua
hai lyc do.

Loi gidi. Do R'=F +F,#0 nen h¢ lyc {F,F,)c6 hop luc R=F +F,.
Gia sit hop luc ndm trén dudng A. Goi giao diém cta A va AB la C. Ap
dung dinh ly Varignon suy ra:

pic(R)=mc (F)+mc(Fy)=0

Néu F vi F, song song cung chiéu nhu hinh 2.14a ta ¢6
mc(R)+m(F)=FRCH-F,CK =0
h_CK_CB
F, CH CHA

Néu F va F, song song nguoc chiéu nhu hinh 2.14b ta ¢6

me(R)+me (F)=~FRCH+F,CK=0

h_CK_CB
F, CH CA

a) R

l\:’jl
[=
~—

Hinh 2.14

Thi dy 2.3 (Tim hop luc ciia hé Iuc phdn bo). Cho hé luc phan bd song song
ciing chiéu nhir hinh 2.15, hdy tim hgp lyc cla hé luc d6.

Lo gidi. B 16n vécto chinh cla hé luc duge xdc dinh boi cong thic
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q(x)

i
R=R'= j g(x)dx
4]

Momen chinh cha hé luc d6i véi A A’ d' B
R

Y

i
M, = Iq(x)xdx
0 Hinh 2,15
Gia sir hop lyc dat tai C cdch A mot doan CA=d . Theo dinh 1y Varignon
ta co:

!
i (R)= Rd = M, = J.q(x)xdx 9o

0
f X h N
Iq(x)xdx A 2 i B

> , : . 0
Tr(l)va2ysuyra: d=2 Y
dx

6[9()‘) Hinh 2.16

Néu he lyc phan bé theo quy luat hinh chit nhat nhu hinh 2.16 suy ra

! !
1
9(x) = g9, I‘Iodx = o/, jquxdx = “2‘9'0"2
0 0

Thé vio (3) ta duoc d :%I.

Néu hé lyc phan bd theo quy luat tam gidc nhu hinh 2.17 ta ¢6

x
Q(x):%? 7
/ Ly 1
JQ(x)dle!%?d”:E%" A 3 Is
! I3 YR
IQ(I)XdI = I‘?o dex = ‘:1):9'0!2 !
0 ¢ Hinh 2.17

Vay d =§1.

3. CAC BIEU KIEN CAN BANG COA VAT RAN PHANG
3.1. Diéu kién can biing t8ng quat clia vat rén phing tu do
Thay cic lién két bang phan luc lien két, xét can bing cia vat rin tu do

chiu tdc dung cta céc lyc £, 5,....F,.
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Dinh Iy 2.8. Diéu kién cdn va di dé cho vat rén phing tu do chiu téc
dung cla h¢ luc (£, F,...,F,) can bing 12 vécto chinh ciia he luc tdc dung

bang khong va moémen chinh ciia hé Iuc tdc dung 13y d6i véi mot diém O wy
¥ bang khong.

R':Zﬂ:ﬁﬁo 3.1

|
My = y mo(F)=0 (3.2)

Chiing minh diéu kién cdn. Gia sir vat rdn can bing nhung cic diéu kién
(3.1) va (3.2) khong thod man. Khi d6 hoac hé luc twong dwong véi mot lyc
hoac h¢ luc trong duong v6i mét ngu lyc. D6 1a diéu vo 1y. Vay cdc diéu kién
(3.1) va (3.2) phai thoa min.

Chitng minh diéu ki¢n di. Khi R'=0 va M, =0, theo bién luan vé dang

chudn hé luc trong duong véi mot cip luc can bing tic dung lén vat r_ﬁn. Theo
tién dé 1, vat rén & can bing.

H¢ qud. Diéu ki¢n cdn va di dé cho h¢ lyc (F,, 5, F,), tc dung lén vat
ran phing ty do, can bing 1a vécto chinh ciia he d6 bing khong va mémen chinh
ctia he lyc 1dy d6i véi mot diém O tuy ¥ bing khong.

3.2. Cac phuang trinh can béng cua hé luc phing bat ky

Tir di€u kién can bing tdng quat clia vat rin phang chiu tac dung ctia hé luc
phing (E,Fz,...,ﬁn) dugc trinh bay trong dinh 1y 2.8 & ten, suy ra ba dang
phuong trinh can béng cda hé lyc phing nhu sau:

a) Dang 1. Dieu kién cdn va di dé he lyc phing (}7“,,132,...,}7;) can bang 1a t6ng

hinh chi€u lén hai tryc toa d6 vudng géc va moémen chinh ciia c4c luc 1y d6i
vGi tam O bat ky bing khong

(E,Fz,...,FH)EOQZFh=0,ZF,D,:O,Zﬁo(ﬁ‘k}:{) (3.3)

Su wong duong gitta cdc diéu kién (3.1) va (3.2) véi cdc phuong trinh (3.3)
L& hién nhién. Hai phuong trinh ddu cta (3.3) Ia hai phuong trinh hinh chiéu cla
(3.1) cdn phuong trinh thit 3 cha (3.3) chinh 13 phuong trinh (3.2).

b) Dang 2. Diéu kién cdn va dit dé he lyc phing (£, 7, s £y} cn béng 12 téng

mémen cla céc luc thuge he d6i voi hai diém A, B bét ky bing khong va téng
hinh chi€u cdc luc lén truc x khong vuéng géc véi doan AB bang khong.
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(B Fyn Fy) =0 Y i, (£)=0,% 75 (F)=0,5 F =0 (3.4)

Chimng minh. Dieu kién cdn 1a hién nhién. vi khi he Iyc d4 can bing thi
téng hinh chiéu cha cdc luc lén mot tryc bt k¥ va téng moémen ciia cdc luc Ay
d6i v6i mot diém tuy ¥ déu bing khong. Phan chinh 12 phai ching minh diéu
kién di.

Trude hét, cdn chimg minh vécto chinh cla hé luc bing khong. G day, sé
chitng minh bing phuong phap phan chitng. Gia sit R = Zﬁk #0.Do X F, =0
nén vécto chinh R’ phai vuong géc véi truc x. Theo gid thiét truc x khong vudng
géc véi doan AB nén vécto chinh R’ khong song song véi vécto AB.

Mit khic do R'#0 nén hé luc ¢6 hop lue. Theo gid thict
ZfﬁA (Fk)z Q, Zrﬁg (Fk]:(), nén theo dinh |y Varignon dudng tac dung coa
hop luc R phai di qua hai diém A va B. Do d6, phuong cia vécto chinh &' song
song voi AB. Di€u nay mau thudn véi két luan & trén. Mau thuin d6 ching 0
gid st R’ # 0 1a sai. Vay vécta chinh R’ =0.

Bay gid ta chimg minh M, =Z”_’o(pk)=0- Lay mot tam O tuy §. Do
vécto chinh cda h¢ lyc R =0, nén moémen chinh clia hé lyc khong phu thuéc
vio tam thu gon. Do vay i, =M, =>"m, (17}( ) =0. Nhu thé, xuat phdt tir cic
phuong trinh (3.4) ta da ching minh duge R' =0, M, = 0(v6i tam O tuy ¥). Vay
hé lyc can bing.
¢) Dang 3. Diéu kién cdn va di dé h¢ lyc phing (7, £,..., F, ) can biing la téng

cdc momen clia cic lyc thuoc h¢ doi véi 3 diém A, B, va C khong thing hing
tridt tidu,

(FiuFyoenF,)

= 2y (E =0, ms(F)= 0.3 mc(F)=0 (3.5)

Chutng mink. Biéu kién cin Ia hién nhién, vi khi hé lyc di can bang thi téng
cdc momen cua cic lyc d6i véi moét tam tuy ¥ bing khong. Bay gio ta phai
chitng minh diéu kién di theo phuong phdp phan chimg.

0

il

Trudc hét, chilng minh vécto chinh R’ =Zﬁk bang khong. Gid sir nguge

lai R"#0. Hé luc ¢6 hop lyc R. Gia sit hop luc di qua diém O nao dé. Theo
dinh 1y bién thién momen chinh ta cé
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M =Mq+ing(Ro)=imy(Ry)=+A0.R,sin( AC Ry)=0
vay sin{;in(j, ﬁo) =0. Tir d6 suy ra diém A phai ndm trén dudng tdc dung cua
hop luc.

Ching minh tuong tw ta c¢6 diém B va diém C cling nim trén dudng tac
dung cia hop lyc. Vay 3 diém A, B, C thing hang. Diéu nay mau thun véi gia
thiét. Vay gia sit R # 0 1a sai. Vécto chinh R’ =0,

Bay gid, ldy O Ia mot diém bt ky, phai ching minh i1, =, (F)=0.
Do vécto chinh R’ =0, nén mémen chinh khong phu thudc vao tam thu gon.
Vﬁy ""l’_j‘(o = ‘I\-/}A = U.

3.3. Cac phudng trinh can béng cla cac hé luc phing dic biét
a) Hé luc phdng dong quy
Gia st hé luc déng quy tai A, ta ¢é ZrﬁA(ﬁ}()EO. Tir (3.3) suy ra hai
phuong trinh can bing cta he lyc déng quy phing
D Fe=0,Y F=0 (3.6)
b) Hé luc phdng song song
Chon truc y song song cing v6i cic lyc F, . Ta cé ZF,“ =0. Tu (3.3) suy
ra hai phuong trinh can bing cta he¢ luc phing song song
D Fy =0, Y m,(F)=0 (3.7
¢) Hé ngdu luc phdng

DS véi he nglu lyc phang ta 6 3 F, =0, > F, =0. Tir (3.3) suy ra mot
phuong trinh can béing cho hé ngau lyc phing

ka =0 (3.8)
y A i }1:,_ )' =
ﬁI 1 F
Tﬁ, F‘,/\/
0 X 0 >
Hinh 2.18 Hinh 2.19
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4. CAC BAI TOAN CO BAN CUA TINH HOC VAT RAN

Khi gidi mot bai todn tinh hoc thudng duge tién hanh theo ba bude nhu sau:

— Budce 1: Chon h¢ khdo sit. Giai phong lien keét, thay lién két bing céc
phan luc lién két wong dng.

— Buce 2: Thiét Iap cdc phuong trinh can bing cho hé lyc tic dung lén
vat ran khao sit.

— Butée 3: Giai céc phuong trinh can bing, x4c dinh cdc dn can tim.

4.1. Bai toan xac dinh phan luc lién két

Thi di 2.4. Dam AB dai I, chiu \
tic dung ctha luc F nghiéng véi 1:1 a B

phuong ndm ngang mét géc « nhu
hinh 2.20a. Xdc dinh phan luc lién 2.
ket tai cdc gdi da.

Loi gidi. Khao sdt cén bing cla
didm AB chiu tdc dung clia luc F va .
bi lién két & hai diu. Gidi phong lien ) K
két & A v B, thay bang cdc phan luc Xi A ol 8
tién két (hinh 2.20b). $ . 7 T

Phuong trinh can bing clia hé L g
lyc ndy c6 dang b)
| Y Fy=X,+Fcosa=0 Hinh 2.20

D Fy =Y, —Fsina+Ny=0

Y mg(F)=-cFsina+IN; =0

Giai h¢ phuong trinh trén suy ra 5m

X, =-Fcosa, Ny =(c/DFsina, _A_%-%—»X’“

Y, ={(/ -c)/I]Fsina B

Thi dy 2.5. Cén truc ABC c6 truc quay 2m b
thing ding £G véi EG = BC = 5m (hinh 2.21).
Trong lugng ban than can truc 1a P = 19,62kN A
dat tai diém D cdch tryc quay 2m. Vat duge 4
cdu ¢6 trong lugng Q = 19,43kN dat tai X
diém C. Xdc dinh phan luc lién kéi tai cac &

~ N ) . Hinh 2.21
dd & va E. Bd qua ma sat.

Sm
=11

ot

[
A\
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Lot gidi. Khéao sdt cin tryc ABC can bang dudi tic dung cia luc hoat
dong P va O dat tai D va C va céc phan luc lién két tai G va E. Do céc lyc
hoat dong tdc dung trong mét phing cin truc nén cdc phan lrc tai G va E
cling ndm trong mat phang cin truc (hinh 2.21).

Cén truc can béng duéi tic dung cla hé lyc phing

(P,0, X5, ¥, X5)=0

Céc phuong trinh can bang c6 dang

Y Fu=Xp+Xg=0 (1)
D Fy=Y;-P-0=0 (2)
> mg(F)=-2P-50-5X;=0 (3)

Tl phuong trinh (2) ta cé:
Ye=P+(0=39,05kN
Tir phuong trinh (3) suy ra:

A = —Q—%P =-27,278kN

Theé két qua trén vao (1) ta duge:
Xp=-Xg=27,278kN
Dé&u trlr trong két qua X; =-27,278kN ¢ nghia la chiéu cla phan luc

lien két X, nguoc véi chiu vé trén hinh 2.21.

4.2. Bai toan tim diéu kién can béng

Trong bai todn ndy, dn 1a nhiing
dai luong xdc dinh vi tri cia vat
rin (vd mdt s6 phan luc). Néu chon
duge cic phuong trinh thich hop,
viéc giai bai toan loai niy s& tuong
déi nhanh gon.

Thi du 2.6, Treo vat ning P
vao chot cla rong roc nhd C va dat
rong roc Ién sgi day AB dai /, mot
diu day budc vao diém A cla
tuong, ddu kia budc vio diém B
cua tran nha (hinh 2.22). Cho biét

Hinh 2.22
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OA =a, OB =b, o +b* <!’ Tim vi tri can bang cia rong roc nhdé C. Cho
bi€t day mém khong dan, khong trong lugng.

Loi gidi. Goi x 1a do dai doan day AC. Do dai doan day BC 1 / - x . Céc
lyc tdc dung 1en rong roc nho C 1a P, 7,, 7, (7, va 75 1a hai sitc cang cia hai
nhdnh day).

Ta ¢6 hai phuong trinh can bang:

Y me(E)y=Tr—Tr=0 (1)
> Fu =1} sitcg + Tysina, =0 (2)

Giai ra ta duoc:
h=T=T,sina =sina; = o =a;,=a
Tir hinh v& 2.22 ta co:
CBeosa—CAcosa = (] — x)cosa — xcosa = ¢ (3
CBsina + CAsina =(/ - x)sing + xsinag = b (4)
Tir (4} suy ra:

sina:? = Cosq = l—j}—z:l P —p?

Tir (3) ta ¢é: 2xcosa=Ilcos—a. Do dé

Y_!cosaha_f\}:'z—bz—a_i ___«
o ) I -

2eosa 3 JP _p? 2

4.3. Bai toan vat lat
a) Thiét ldp bai todn

Khao sdt vat rdn phang (S) chiu
F va

rt e

tic dung cha cic lyc A, 5, ..
chiu lién két khéng giir véi mat tua co
dinh tai hai diém A va B (hinh 2.23).

Céc phan luc tai hai diém tya la N,

v Ny. Hinh 2.23

Khi vat ran § can bang, ta ¢6 hé Ilyc phing can bing
(Fi,Fsoos FuN | Ng)= 0. Khi cdc lye F, F,, ..., F, thay d6i, c6 thé xiy ra su
mdt lién kel tai mot trong hai diém wa A hoac B. Gia sir he ¢6 thé bj mat lién
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két tai diem B. Khi d6 vat ¢6 thé bi lat quanh A. Do dac diém va vi trf dat
lye, phan céc tuc A, £,..., F, thanh hai tap: Tap cdc luc cé kha nang 1am
vat ran 1at quanh A goi 12 cdc luc lat va 1ap céc luc giit. Ta goi 1éng moémen
cua cdc lyc lat d6i véi di€m A 1a M, , tng momen cla cdc lyc gi d6i véi
diém A Ta M, .

Diéu ki¢n dé vat ran khong bj 1t quanh diém A 12 né vin con can bing
va lién k&t tai B van con hoat dong. Cu thé la:

D g (Fy=m (Ng)+ My, —M,, =0, 7 (Ng)20
Nhu the diéu kién dé vat S khong bi lat La: M, <M,

b) Thi du dp dung
Thi di 2.7. Cin truc phing chiu luc va cé kich thudéc nhu hinh 2.24.
Trong lugng cén truc 12 G, d6i trong 1a P. Tim trong luong O 16n nhit ma cén
truc ¢6 thé ciu lén duge.
Loi gidi. Khi cdu hang ning
qud cdn truc ¢4 kha nang lat
guanh di¢m A. Trong thi du nay

o

- e — — s -
& __

=]

G va P 1a céc luc giit. con O 1a
luc lat,

[ T

Mdémen giit v moémen lat I
My, =(a+BYP+ G
Mlm = CQ

A - = - - — - - -~
T

biéu ki¢n khong lat 1a L

cO<(a+b)P+bG B! !A
v

(a+B)P+bG
= = c Hinh 2.24

4.4, Bai toan siéu tinh

Khi s8 phuong trinh can bing tinh hoc biing s6 4n can tim, bai toan tinh
hoc ¢6 thé giai duge. Khi d6 bai todn tinh hoc dugc goi la bai todn xdc dinh
finh hay goi tat Ia bai todn tinh dinh. Khi s6 phuong trinh can bing finh hoc
nhé hon s§ dn cdn tim, bai todn tinh hoc khéng gidi duge trong 1y thuyét can
bing vat rdn tuyét d6i. Bai todn tinh hoc duge goi 1a bai todn khong xdc dinh
tinh hay goi tat 1a bai todn siéu tinh. Trén hinh 2.25 ta dua ra mét mé hinh don
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gian bai todn sién tinh. D6i véi mo hinh nay 13p duge ba phuong trinh can
béng tinh hoc, nhung c6 bén 4n cin tim.

Trong gido trinh nay khong xét cdc bai todn siéu finh. Bai todn siéu finh s&
dugc khao sét trong gido trinh Siic bén vt lidu.

F F
(74 . (74 -
>\ XAA >\ B X
(&

A B "
C ' 1.
7Y / i, 72 s ] l, Ys
a) I - i
b)
Hinh 2.25

5. CAN BANG HE VAT RAN PHANG
5.1. Cac phudng phap tinh

Tir dinh nghia h¢ vat rin can bing & chuong 1, ngudi ta da dua ra
plutong phdp tdch cdu triic dé tinh toan can bing hé nhiéu vat rin. Theo
phuong phdp tdch cdu tric, tich hé p vat ran chiu lién két thanh p vat rin
riéng biét, hodc tach hé p vat rin thanh cdc nhém nhd céc vat ran, hoac xem
ca h¢ nhu mot vat rdn, sau d6 tich ra mot vai nhém (hodc mot vai vat rin).
Thay the cdc lien két duoc gidi phéng bing phan lyc lien két tuong ifng.
Thiét lap cdc phuong trinh can bing cho timg vat rin hoac timg nhém céc vat
ran, sao cho s6 phuong trinh can bing tinh hoc ding bing s§ dn cdn tim.
Chu y réng, d6i v6i mdi vat rn duge tich ra (hoac ca hé¢ xem nhu mét ran)
c6 101 da 3 phuong trinh can bing doc 1ap.

5.2. Cac thi du ap dung

Thi dy 2.8. Cho mot ddm lién tuc gém hai nhip c6 két cdu va chiu luc
nhur hinh v& 2.26a. Cho biét a = 0,5m; ¢, = 60 kN/m: F = 80 kN: M, = 10
kNm. Hay xdc dinh cdc phan lyc lién két tai A, B va luc lign két tai C.

Loi gidi: Tach ddm lién tuc thanh hai ddm don nhu hinh vé 2.26b vi
2.26¢.

Xét can bang ctia dim DC, ta cé:

Zﬁﬁ(ﬁk):i-a.qga+MD —a.2qqa+2a¥- =0 (1)
Zﬁc(ﬁk)=%a-%a+Mo —-2aN,+a2q,a=0 (2)
Y Fy=-Xe=0 3
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Z
aj M, ;

10% lZaqn

D [Ty A X. C "
=

M, |nN, “’

Hinh 2.26

b) C

M,
Tl (1) ta ¢é: YC:qua—-—O-—-lOkN.
3 2a

Tu (2) suyra: N, =%q0a+%49=80k1\1 :
a

Xét can bing ctia ddm CB ta ¢4 cdc phuong trinh can bing

Y hig(F)=2a¥ +aF + My =0 | (4)
D Fy=-Ye—F+¥;=0 ()
D Fu =X+ Xg=0 (6)

Tir (4) suy ra:

2
Mp =2a[-§q0a+%J—aF= —gqoaz + My —aF =-50kNm
a

Tir (S)suy ra ¥y =2 goa-220 4 F—90KN . Tir (6) suy ra X, =—X,.=0.
y B 3‘3'0 2 B C

Thi du 2.9. Mot hé dam c6 két cdu v chiu luc nhu hinh vé 2.27. Cho

bi¢t F, a va ¢. Hay xéc dinh phan lyc lién két & A va C va noi luc lien két
tai D.

Loi gidi. Dau tién xem cd hé ddm nhu mot vat rdn. Ta c6 ba phuong
trinh can bing

Y Fy =F4 -3aq+Fg, =0 (2)
Z’ﬁA(Fk) = ~aF—%aq3a—aFCx +daFe, =0 3)
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Dé giai bai todn, con cdn ba phuong trinh can bang nira. Téch vat va dat luc
nhu hinh v&. Xét can bang cla dim DC, ta ¢6 ba phuong trinh can bang nhu sau

2P =~Fp, + Fp, =0 (4)
D Fy=—Fp, —2ag+Fq =0 (5)
ZfﬁD(ﬁk)z—aq2a+ZaFcy +af-, =0 (6)
Tur cdc phuong trinh (3) va (6) suy ra
£ a, F, —£+l?- a
GTTE I To Tyt
Thé két qua trén vao cdc phuong trinh (1), (2), (4), (5) ta dugc
2 7 F 17
Fou=~-—F+—-ga, F, =-—+-"ga
T TR Py T
__F 1. F_ 5
SR ST

Hinh 2.27

Ngay nay, v6i sy phét trién cla tin hoc, ngudi ta hay sir dung céc phin
mém d¢ giai céc bai todn tinh hoc phic tap. B¢ hiéu duge ¥ tudng, vict lai
cdc phuong trinh (1)—(6) dudi dang ma tran

42



P01 0 0 0

¢ 1 0 1 0 0

¢ 0 —a 40 0 O

o6 1 0 -1 0

09 0 1 0 -1
00 a 2¢ 0 O0f]

2q.ar2

Sir dung cdc phian mém nhut MATLAB, MAPLE, MATCAD,... dé dang tinh
toan cdc phan lyc lién két tai A, C, D. Sau dé v& d6 thi cdc thanh phan phéan luc

lien két.

Thi dy 2.10. Treo hai qua cdu dong chat O, ¢6 trong lugng G, va 0, cé
trong luong G, bing hai sgi day mém, nhe riéng biét nhau vao cung di€ém O
(hinh 2.28). Cho biét chiéu dai cla cdc doan day treo 1a /, va [,, ban kinh
cua cdc qua cdu la r; va r,. Bé qua ma sdt. Tim diéu ki¢n can bang cha he

vat rian nay.

Lot giai: Xé1 hé vat rén can bang la hai
qua ciu trco vao diém O. Ngoai luc tdc
dung lén h¢ la cdc trong luc G, va G,, céc
sic cang 7,,7,. Khi hé vat can bing thi tam
gidc 00,0, duge xdc dinh vi ¢6 ba canh da
biet. Do do géc (3:552 =a xdc dinh. Ky
hiéu & 14 gdéc nghiéng cla canh OO0, vdi
dudng ndm ngang thi géc nghiéng clia canh
00, v6i dudng ndm ngang la 7—(a+0).
Ap dung phirong phép hod rin, xem ca hé
nhu mot vat rin & can bing, chiu tdc dung
cla cdc ngoai luc G, G,, Ty, 7,. Tir didu kién

Hinh 2.28

¢an bang la co
> (£ ) =Gid, —Gydy =0
= Gd, = G,d, (1)
T hinh vé 2.28 suy ra cdc quan hé hinh hoc
dy =, +n)cos(a ~(a+8)) =—(, + n)cos(a + &) (2)
dy =y +ry)cosd (3)
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The (2) va (3) vao (1) ta duge

=G{{; +r)eos(a +6) = G, (I, + ry )cosb (4)
Tir (4) suy ra di€u kién can biing clia hé vat rén la

G (/) +r)cos(a +8)+ G, (I, +r,)cos@ = 0.

6. BAI TOAN XAC BINH NOI LUC TAI CAC MAT CAT NGANG CUA
DAM CUNG

6.1. Khai niém luc doc, luc cit va mdmen udn

Dé don gian, trong doan nay gii
han xét bai todn xdc dinh no6i luc & I F }
mot mat cdt bat ky clia ddm thing, \ / F/
chiing dugc sinh ra do tdc dung cua ¢ < x
ngoai lyc. Xét dim thing can bing
dudi tac dung cla cdc ngoai luc nhu *3\ ¢ 4/ \_
hinh 2.29, F 2
Dé ¢6 thé tinh todn x4c dinh
ndi luc tai mit c—c cich géc O mot
doan x, ta phai tim cdch lam xust
hién chiing. Muén thé ta tudng tugng
cdt dim thanh hai phdn A va B bdi mat cit c—c. Tubng tugng vit bd phan
B va xét can bang cla phdn A. S& di phdn A git duge trang thdi can bang la
nhd phan B da téic dong lén phin A mot hé Iye phén b& nhu hinh 2.30. He
luc d6 duge goi 1a hé ndi luc cha vat thé tai mat cit c—c. Thu gon hé noi luc
vé diém gita cda mirt cat duogc mot huc R va mot nglu lue A7. Luc R ta
phan thanh Iy ¥ va O nhu hinh 2.31. Néu xét can bing ciia phdn dim B,

thl phan A s& tic dung lén phdn B mot he luc twong tu nhung ¢é chiéu
ngugce lai.

\l\g e

Hinh 2.29

AN
1

Hinh 2.30
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a)

v

Hinh 2.31

Dinh nghia 2.6. Lyc N = N(x) dugc goi 12 luc doc (hay luc phép tuyén),

Iac Q= Q(x) duoc goi 13 luc cdt, con mémen M = M(x) duge goi 1a mémen
uon. Chiing la duong néu ¢6 chiéu nhu hinh 2.31a.

6.2. Cac thi du ap dung

Thi dy 2.11. Cho dam AB chiu lyc nhu hinh 2.32a. Hay xdc dinh phan
lyc lién két tai A va B. Sau d6 xdc dinh ndi luc tai mot mat cat bat ky. Céc
kich thuéc cho trén hinh vé.

Loi gidi. o\
Budc 1: Xdc dinh phdn luc lién két A B
Tir cdc phuong trinh can bing 7] / ¢ .
: 2
Zth—XA+Fcosa:0 a) ¢ =]
- F
m (F Y=Y} +,Y-Fsinal =0, Y a
Z AF )Y =Ya( + 1) I X, k “B
suyra X, =Fcosa, — -
. . }; !1 ¢ {2 YB
Flsina Flysina
8= A= b .
L+ L+ Hinh 2.32
Buoc 2: Xdc dinh néi liec trén dogn AC (0 < x <))
Tudng tugng cit dim nhu hinh 2.33.
) }’ - -
A o4 F }';H“
)E’A . x N / . 3
a) M b)
Hinh 2.33
Tir hinh 2.33a ta ¢6 cdc phuong trinh can bing
D Fu=N-X,=0 = N=Fcosa (1)
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_ { "
ZF,“_. =—(+Y,=0 = QO=—2_Fsina (2)
) 1| +!2

XZE

Do)=Y x+M=0 = M= Fsina (3)

1t
Buoe 3: Xde dinh noi licc trén doan CB (h<x<l+1)

Tudng twong cit ddm nhu hinh 2.34. Tir hinh 2.34b 1a c6 cic phuong
trinh can bang (£ =1 +4, —x):

D F=-N=0 = N=0 (4)
ZF,‘_, =-0-1z=0 = QO=- h Fsina (5)
L+h
Zm;(}’}):—M#YBg:O = M=(t’1+!2—x)g 1]{ Fsina 6)
1+
F Q4 :
X, x % N (1]
~ { !
a) M b)

Hinbh 2.34
Bude 4. VE biéu dé noi luc

Tir cde cong thire (1) dén (6) ta vé dugc biéu d6 noi luc nhu hinh 2.35.
A

N Feosar
11 I
{ 1+,
jr o b Fsing
o+,
f.:‘l'fg X
! 12 .r
! Fsing
L+l
M hh Fsinea
h+1,
X
f', 1;‘}"3
Hinh 2.35
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6.3. Quan hé vi phan giira luc cat, mémen udn va tai trong phan b
lien tuc

Trong doan nay gidi han xét cdc dam chiu téc dung cia tai trong phan
bé lién tuc nhu hinh 2.36a

dF = G(x)dx
p(x)dx E )]
1 epLl
. \ ( [ l >M +dM
gd;_ dx Q+dQ
Hinh 2.36a Hinh 2.36b

Tudng tugng tich ra mot phan 16 nhd cla dam dai dx. Cac ngoai luc va
noi lyc duge thé hien trén hinh 2.36b. O mat cit x, cic nodi lyc O va M tic
dung lén phén 18, cdn & mat cit x+dx, cdc noi lyc s& 1a O+dQ vaM +dM .
Tt diéu kién can bang cta phan 18 nho ta c6 céc phuong trinh

S F, =0-qdx~(Q+dQ)=0=gdx+d0=0 (1)

Zm‘_.(}a)z —M —Qdx + qu% +(M+dM)=0

= —Qabc+a’MJr—;lz-cjm’x2 =0 (2)
Tir phuong trinh (1) suy ra
dg
e __ 3
ol (3)
Tu phuong trinh (2), bé qua v6 ctng bé bic hai dx?, ta ¢
dM
—= 4
e ¢ (4
Thé (4) vao (3) ta duge
d*'M
=- 5
dy? 1 ®)

Céc phuong trinh vi phan (3) va (4) thudng duge dung dé kiém tra tinh
ding dan cua cdc d6 thi lyc cit va clia mdmen udn. Trong cic trudng hop
don gian cdc quan hé dé nhu sau:
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B q Q M
0 Hing s6 Tuyén tinh
Hing s6 Tuyén tinh Parabol bac 2
Tuyén tinh Parabol bac 2 Parabol bac 3

Thi dy 2.12. M¢t ddm moét ddu by ngam chat, mot diu tu do chju tic
dung cua tai trong phan bg tam gidce nhu hinh 2.37. Hay xéc dinh luc cét va

mémen udn cda dam.

Lot gidi: Tir hinh V& suy ra quy luit phan bs tuyén tinh cha tai trong

phan bg

Tir cac cong thidc
Q(x)————x +C), M(x)=

Tl cic diéu kién Q@) =

48

q(x)zgfx

—-——x
6/

d g, dM
—=-g{x)=—"x, — =0, suyra
> q(x) o ¢, suy

+Cx+C,

(1)

(2)

0, M(0) = 0 dé dang x4c dinh dugce cac hing s6
tich phan C, =0, C,=0. Vay cdc dai lugng lyc cit vA mémen udn clia dim la

__ 1 (xY __loa(x
0(x) = 2qofm, M(x) anfm

Parabol bac 2

b)
Hinh 2.37

M

|

Parabol bac 3

%

Ol ¢,
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Chuong 3

H€ LU'C KHONG GIAN VA PIEU KIEN
CAN BANG CUA VAT RAN KHONG GIAN

H¢ luc khong gian 1a hé luc, ma dudng tdc dung cta ching khéng nim
trong ciing mot mit phiang. Trong chuong nay xét hai bai todn co ban cla tinh
hoc: Bién d6i hé luc khong gian vé dang don gian va tim diéu kién can biing cla
vat ran khong gian.

1. HAI DAl LUONG DPAC TRUNG CUA HE LUC KHONG GIAN

1.1. Véc to médmen cla lyc ddi véi mot dieém va mémen cua luyc doi
véi mot truc

a} Dinh nghia momen cia luc doi véi mot

» S .z 7, (F

diém. Momen cla luc F déi v6i mot diém T 7(F)

O, ky higu s (F), 12 mot dai lugng vécto B
< A . P 7 . 4] -

c6 phuong vudng géc v&i mat phang chuaa 7 F
Vb - = - Py N - A

diem O va lyc F, ¢é chiéu sao cho nhin tir

ddu muat cha né xudng mat phing niy, thay Hinh 3.4

lyc F quay quanh O ngugc chiéu kim déng
ho, cé tri s0 bing Fd.
Trong d6 d 1a khoang cdch tir O dén dudng tac dung cha luc 7.
Tir khai niém tich c¢6 hudng cia hai
véc ta trong todn hoc ta ¢é cong thitc
Ao (Fy=FxF (1.1)
Biéu thirc gidi tich. Néu ky hiéu

F=Fe +Fe +Fe,,

=¥

F=x€ -+ ye

thi suy ra

Hinh 3.2
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& ¢ &
rﬁo(ﬁ):i‘xﬁ:x Yy oz
F. F, F
=(YF, ~2F, )&, +(aF, - xF,)é, +(xF, — yF, )z, (1.2)

Néu sir dung khai niém ma tran doi xung léch ¥ cha véc 10 7 (hay con
£0i la todn ur séng )

0 —z vy
Fr=| z 0 —x (1.3)
-y x 0

thi cong thuc (1.2) ¢6 thé viét dudi dang ma tran nhur sau
0 -z y|E yF, —zF,
m(F)=FF=| z 0 -x||F,|=|zF -xF, (1.4)
-y x 0| F xF, - yF,
Biéu thic (1.4) gidp ta tinh mémen cia lyc do6i véi mot diém trén céc
phin mém mdy tinh mét cdch thuan tien.
b) Dinh nghia momen cia luc d6i véi moét truc. Momen cla luc F d6i véi
truc A 1a momen dai s6 clia luc F' d6i véi diém O

m (F)=m,(F)=+F'd" (1.5) K
Trong dé F'la hinh chiu cfia luc # lén 4 L F N A(x.y.z)

mat phing E vuong géc v6i truc A, con O I
giao diém cia truc A v6i mat phing E, &' Iz
khodng cach tir O dén F'.

Chut y: Tir dinh nghia ta suy ra

m,(F)=0 khi £//A hosc khi F ct truc A. Hinh 3.3

¢) Dinh lj. Momen clia luc F d6i véi truc A bing hinh chiéu 1én truc A ciia
vécto momen clia lyc F d6i véi diém O nim trén truc A
ﬁgﬁ):hc&[m”(ﬁ)] (1.6)
Chitng minh. Chon truc z triing véi truc A, mat phing tea do Oxy la mat
phing £. Goi A’ 1 hinh chiéu diém dat A cia luc F trén mat phing Oxy. Khi
d6ta co A(x;.y,.2,), A(x,,,.0), F(F,,F,,F)) F(F/,F.,0)v6i F.=F, F.=F.
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Theo biéu thic (1.2) suy ra

hey| 9, (F) |=x,F, - y,F, (1)
Mat khéc theo cong thitc (1.4) trong chuong 2 ta ¢
My (F) = i (F) = x,F, =y F, = x,F, =y F, (2)

Tir (1) va (2) suy ra
ity (F) = he, | i, (F)]
Clhut y. Tu (2) ta c6 cong thire gidi tich tinh mémen clia mot luc doi véi
mot truc.
1.2. Hai dai luvgng dic trung cla hé luc khdng gian
a) Vécto chinh

Dinh nghia. Véc to chinh clia h¢ lyc khéng gian (F,F,.....F }IA tdng
hinh hoc cdc véc to thanh phan thudc hé

R=3F (L7)

Cdch xdc dinh. Hinh chi€u cla R’ clia trén cdc truc toa do 13
R=2F R=XF, . R=3F (1.8)
b) Mémen chinh

Dinh nghia. Momen chinh déi véi mot di€m O cia hé lyc khong gian 1a
téng hinh hoc cdc vécto mémen cla cdc lye thanh phan cta he 14y d6i véi
diem O do.

M, =3 m,(F,) (1.9)
&=

Cach xdc dinh. St dung cong thitc (1.6) suy ra
My, =Y m(F), My, =Y m(F), M, =Y m(F,) (1.10)

Thidy 3.1. Hinh lang tru ¢6 cdc canh a, b va ¢ chiu tdc dung clia céc luc
t £ dénF, nhu hinh v& 3.4. Trong d6 b=a,c=2a, F,=F,=F, F,=F,=2F,
F; = F, =3F . Hay x4c dinh véc to chinh R' va véc to m6émen chinh d6i véi
diém A va diém B.

Lot gidi. Véc to chinh caa hé lyc

R=F+F+.+F (1)
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Cac hinh chi¢u trén cdc truc 1oa do la ST |
R, =F +[,=3F, R =F +F,=6F, "

W

R=-F+F =F

[R{=V3+62+17 F=Ji5 | oy CF? v

Momen chinh cia hé luc d6i véi diém A a
va diém B / b £
F
A 6 . B £ . X I .
M= (F). My =Y fig(R) Hinh 3.4
k=l PRy

Tit hinh v& ta ¢co

My =bFy wcFs =—daF, M, =aly, =aF, M, =aF; +aF, —bF, = 4aF ,
1;1;",,‘ AL k= BB .
My, =bF +cFy =7aF, ‘MB)-' =—ch —cFy +aky = 4aF, Mrg:- =hf =af,

Mﬁ‘ = \/77+ 4 + 12 aF =J66 aF

2. THU GON HE LUC KHONG GIAN

2.1. Thu gon hé luc khéng gian dong quy
Dinfy 1. Thu gon hé lyc khong gian déng quy ta duge mét hop luc. Hop

luc dat tai diém déng quy cia he luc vi duge biéu dién bing vécto chinh ciia
hé hrc.
R=3F 2.1)
Clumg minh. Cich chitng minh hoan toan twong ty nhu chimg minh dinh
1y thu gon hé lyc déng quy phing,.

2.2. Thu gon hé ngau lyc khéng gian

a) Véc to momen cua ngdu hec, Momen
cua ngau luc la mot dai lugng vecto, ky

hicu #i(F,F") (hoic m), cb phuong vudng A

géc voi mat phang tic dung clia ngiu luc, G
c6 chiéu wan theo quy tic nguge chiéu kim

Hinh 3.5

32



dong ho, 6 tri s6 |mi| = Fd . Trong d6 d 12 cdnh tay don cla ngiu luc, F 1 do
16n clia luc F .

Clui y: Lién hé v6i dinh nghia moémen caa luc doi voi mot diém ta cd

B F Y= i (F') = i (F) (2.1)

Momen cia ngau luc 1a mot véeto ty do.
b) Sw twong duong cua hai ngdu luc trong khong gian

Dinh 1y. Hai ngau luc ¢é vécto momen bang nhau thi twong duong.

Clutng minh. Dit vio giao diém hai dudng
chéo cua hinh binh hanh ABCD mét cap can
bing (F,F/)ma F=F

Do rﬁ(ﬁ,ﬁl):n}(ﬁz,ﬁl‘) ma 4, =d, nén
E:FEZFJ

Do  (F.F)=(F.E). (B F)=(FlF),
ta c6 (F]’ﬁ‘l)E(E’ﬁl’ﬁbﬁ'}l)f(F3sﬁ1:,ﬁ3lsﬁ2)5(ﬁzepz.)
Hé qua:

— C6 thé di chuyén song song trong khong gian ngiu luc téc dung lén
vat ran.

— Véc to momen cua ngau lyc dac trung cho tdc dung cha ngau luc lén
VAt ran.
¢) Thu gon hé ngdu luc khéng gian

Dinli Iy, Thu gon h¢ ngdu luc khong gian ta dugec mot ngdu luc 16ng
hop. Véc to moémen clha ngu lyc tdng hgp bing téng hinh hoc cac vecto
moémen cla c¢dc ngau luc thanh phan.

M=3m, (2.2)
k=1

Chitng mink. D€ don gian chimg minh
theo trudng hop n=2. Cho ngadu lrc

(F,F,)nam trong mat phing E,, ngiu luc

(F,,F,)nim trong mit phing E,. C6 hai
kha nang xay ra: E, song song véi E, hoic
i, cat E,.

Hinh 3.7



N&u E //E,. Theo dinh 1§ trén dua hai ngiu lyc vé cling mot mat phing,
4p dung dinh Iy thu gon ngdu luc phing ] xong.

Néu E, cit E, theo mot dudng thing, dua hai ngiu lyc #, , i, vé ciing
canh tay don nhu hinh 3.7

(Fo R By = (R R LB =(RE).
Tir do ta cé
(R, R )= ABx ;Q:/_ﬂix(ﬁ] +F‘2]=}17?><F'i + AB x 5

= ny + 1y

2.3. Thu gon hé lyc khang gian bat ky vé mét diém

a) Dinh Iy doi luc song song. Mot luc F dat tai diém A tuong duong véi luc
F'bing lyc F dat wi B va mot ngau luc ¢6 vécto mémen bing momen cla
lyc Fldy d&i véi diém B

F,=Fy v ip(F,). (2.3)

Cluing minh. Ching minh twong ty nhu ching minh trong trudng hop hé
lyc phang.

b) Khdi niém toécxo luc

Dinky nghia. MOt h¢ gém mot e vh mot nglu lye (F,M,) duge goi 1
mot todexo Juc,

Nhu thé to6exg tye (F,0)13 mot luc. Todexo luc (0,}130)151 mot ngau
lyc. Todexo lye (0,00 13 mot he luc can bing. Néu M,/ F, toécxo luc
(F,M,)1a mot hé luc xofn.
¢) Binh Iy Poinsot (Poanhxé). Thu gon hé luc khéng gian (ﬁi,ﬁz,‘..,ﬁ") vé
di¢m O ta duge mot todexo lue (R, M), Trong dé R 1a vécto chinh clia hé
luc. con M, 1a vécto momen chinh cia hé luc d6i véi diém O.

Clutng minh. Thu gon hé luc (ﬁ,ﬁz,...,ﬁ”)vé diém O dugc mot he lye
tuc thu gon hé luc dong quy ta duge mot lyc R =) F, =) F,, thu gon
h¢ ngdu luc duge mot ngdu luc tdng hop Mozzfﬁo(ﬁk)- Vay ta c6

(F.Fy, . B) = (R M)
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Ry

pa YU
L

d) Anh huwong cua tdim thu gon

Thu gon he lyc khéng gian (F‘l,ﬁz,...,}fn) vé hai tam thu gon O va A khéc

nhau, ta dugc
(E,Fz,...,ﬁn)z(&,ﬁio) vai RIO:ZF}, Mo =Zﬁ’o(ﬁk)
(FioFovs By )= (R M) voi By =Y, Ma=Y ity (F,)
Nhu thé€ vécto chinh R}, R, nhu nhau va khéng phu thuoc vao tam thu

gon, cdn cdc mémen chinh Mo, M,¢ phu thude vao tam thu gon theo quy luat
nhur sau,

Dinli Iy bién thién momen chinh. Véc t0 mémen chinh clia hé luc khéng gian
phu thudc vao 1am thu gon theo quy luat

My =M, + (R, (2.4)
Cilumg minh. Theo dinh nghia ta cé
M= i < Fy )
My = # x K (2)
Tit hinh 3.9 suy ra
= Fy+ iy =i, + OA (3) xy ‘
The (3) vao (2) ta duge
My =S % By = iy + Odyx Fy = B, + g (R)

Hé gud: Hé lyc khong gian ¢é hai bat bién d6i v6i tam thu gon 1 véc to

chinh R va tich v huéng véc to chinh véi momen chinh R M.
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2.4. Cac dang chuan cla hé luc khéng gian
Theo dinh Iy Poinsot t4 ¢é
(ﬁsta---aFn)E{ﬁlsMo)
Cin cif vao vécto chinh R vi mémen chinh M, ta ¢6 cic dang chudn sau
day cua he luc khong gian.

. - . . . ‘xj_[)
a) Néu R'=0, M, =0 thi (F,F...F)=0

4 !.
b) Néu R'=0, M, #0 thi (F,F,. F,)=M, /

ON&u R'#0, RM, =0 thi (7,F,...F,)=R Hinh 3.10

Thyc vay, néu M, =0thi (F,5,...F,)=mot hop luc dat i O. Néu
Mo =0 thi M, LR'. Theo quy tic nguge clia dinh 1y doi luc song song, ¢6
the thay the todexo luc (R, M, # 0) boi mot luc R = B dat tai A.

d) Néu R'20, R.M, #0 thi (£,F,,.../ )=mot hé lyc xodn.

Mot h¢ lyc gom mot lyc F vi mot ngdu luc m ma m cung phuong véi
F dugc goi 1a mot hé lyc xodn. Néu Fva s ciing chidu, thi goi 1a heé lue
x0dn thuan. Néu F va s ngugc chiéu nhau duoc £0i 1a hé lyc xodn nguoc,

Phan tich ngau lyc M, nhu hinh 3.11.

My =My, + My,
Vi My, va R vuéng gée v6i nhau nén

thu vé mot luyc R dar tai A. Luc R, va ngiu

luc M tao thinh mot hé luc xodn.

Hinh 3.11

2.5. Binh ly Varignon

Dinfi Iy. Khi h¢ lye ¢é hop lyc thi momen cta hop luc d6i véi mot
diem O bat ky bang tdng hinh hoc mémen cia cdc lyc thinh phin da&i véi
diém O dé.

Neu (R Ry RB)=R, thi iig(R)= Y mg(F,) (2.5)

Ching minh tvong tu nhu trudng hop hé luc phing. Ngudi ta hay dp
dung dinh 1y nay trong viéc tinh mémen cda lyc d6i véi céc truc.



Clut y: Khi tinh momen cla luc F d6i v6i mot diém O, ¢4 thé phan tich
luc F thanh ba thanh phdn vuong géc Fz]jf\_+17‘_v+ﬁz réi 4dp dung cong
thie (2.5).

3. DIEU KIEN CAN BANG CUA VAT RAN KHONG GIAN
3.1. Diéu kién can bing téng quat

BDinfi 1¥. Diéu kién cdn va A d¢ cho mot vat rin khong gian tu do can
bing 1a hé luc tdc dung lén vat rin ¢é vécto chinh bang khong vi mémen
chinh déi véi moét tam O bat ky bing khong.

Chitng minh diéu kién dii. Do R'=0vA M =0 nén hé luc (IT],IT'Z,...,}‘:")E
mot cdp fye can bang. Theo tién dé 1 thi vat rén can bang.

Chirng minh diéu kién cdn. Gia thiét vat rin can bang. Néu nhu diéu
kieén R'=0vd M =0bi vi pham thi theo bién luan dang chuidn & trén hé luc
(F,F,...,F }s& khdc khéng. Do dé vat rin sé khong can bing. D6 1a didu
mau thuin véi gid thiét. Vay diéu kién & =0va M =0 phdi thod man.

Chit y: Didu kién cin vh di dé cho mot vat rén tu do cén bing tuong
duong voi didu Kién cén va a0 d€ cho hé luc tdc dung 1én vat rin d6 triét ticu.
3.2. Cac phuang trinh can bing cla hé luc khéng gian
a) Cdc phuong trink cdn bang cita cdc hé luc khong gian tong qudt

Tir didu kin R’ =Y F, =0vd M, = (¥, )= 0 suy ra sdu phuong trinh
can biang cua hé luc khong gian:

ZFM:O. D Fp=0,) F.=0 3.1
> m (F)=0.Y m(F)y=0, Y m{F)=0 (3.2) -
b} Cdc phuong trinh cdan bang ciia cdc hé luc khong gian ddc biét

H¢ Iee khong gian dong quy. Goi O 1a diém déng quy, diéu kien M, =0

lu6n ludn thoa man. Vi vay ta con ba phuong trinh can bang
D F =0, F.=0, D F.=0 (3.3)

Hé hiie khong gian song song. Gia su chon truc z 14 tryc song song vdi cic

lyc. Khi dé cdc phuong trinh R, =0; R, = O\'ﬁZm: (£,)= 0 ludn tr thoa man.

Vay dé1 véi hé luc khong gian song song ta ¢6 ba phuong trinh can bang
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Y Fe=0, Y m(F,)=0, D m(F)=0 (3.4)

H¢ ngan luc khéng gian. Vécio chinh cla h¢ ngau lyc khéng gian luon

luon bang khoéng R'=0. Vi vay d6i véi hé ngu luc khong gian ta ¢6 ba
phurong trinh ¢4n bing

D m (F)=0, Y m(F)=0, > m (F;)=0.

3.3. Cac thi du ap dung
T'hi dir 3.2. Mot tdm phing ddng chat chit nhat ABCD, trong luong P
duge git can bang & vi tri ndm ngang nhd ban 1& cAu A, ban 18 tru B va day
CE nghiéng mot gée 30°. Tim cdc phan lyc tai A va B va sifc cang ctia day.
Ldi giai. Khao sat can bang tdm ABCD ta ¢ hé lyc can bang (hinh 3.12)
(X,qafq-.zmjssznsf- P}E 0
Ky hi¢u AB = b, AD = a. Chon hé truc toa d¢ Axyz nhu hinh vé. Ta ¢d 6
phuong trinh can bing: '
D Fe =X, + Xy -Tcos30sin30° =0 (1)

o

gy A

D Fy =Y, ~Tcos30°cos30° =0 (2)

S F.=Z,+Z,-P+Tsin30° =0 (3)

> m(F)= —P% +Zub+5Tsin30° =0  (4)

> m(F)= P%—aTsinBOO =0 (5)

-0

. ¥
Zm__(Fk}:—ngz(] (6) § Hinh 3.12
T (6) suy ra X;=0. T (5) ta ¢6 T = P. Thé céc gid tri nay vao phuong
trinh (1}, (2), (3), (4) giai ra dugc
ATy 477 475
Thi du 3.3. Tam dong chit trong luong G chiu lyc tic dung £ va duge

dd ¢ vi tri nim ngang nho 6 thanh (khong trong lugng) nhu hinh 3.13. Hay
xic dinh ting lyc cna cédc thanh.

Loi gidi. Khao sdt can bing ciia tém déng chat. Thay cdc lién két thanh
bang cdc phan lyc lién két tuong Ung (hinh 3.13) ta duge h¢ luc can bang
(1‘_’:‘, G?*¢|9‘§21‘§39‘§41L§5"§6 ) = 0
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cd dang

Hinh 3.13

Chon h¢ tryc toa d¢ nhu hinh vé&. Cdc phuong trinh can bang tinh hoc

ZFM:O:—Sﬁosﬁ—Sﬁcosﬁ:O (1}

D Fy=0:5,cosa—Sscosa+ F=0 (2)

> E.=0:-8 -8, - Sysin - S, sin f-S,sina—S;sina=0 (3)

S m £ )=0:aS, —aS, +aS, sin f -aS;sin f=0 (4)

> (F)=0 :%G+bS1 +bS, +bSgsin f+bS,sin f=0 (5)

D m.(F)=0:bF + aSycos f—aSgcos f=0 (6)
Trong dé

a -_ﬁ! cosﬁ:—-—-——-———-——-—b ,Sinﬁ: 4

2a° 2 & + b Jat + b*

Giai hai phuong trinh (1) va (6) ta duge

Jat +b?

cosc =Sing =

Sy=-Sy=-—"—F
3 6 2a
Thé cdc két qua trén vao hai phuong trinh (4) va (5) suy ra
5o G F ¢ G.F
4 2 4 2

Cudi ciing tir hai phuong trinh (2) va (3) nhan duge

i (G 1 (G
Sy=——=l—+F|, Sc=——|——F
! ‘ﬁ(2+] ; ~ﬁ(2 ]
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Thi dy 3.4. Mot hinh tru tron nim trén hai 8 d A, B va mang dia C &
mat dan. Cho biét ban kinh cua dia 12 R, ban kinh truc 1a r, R = 67, Quanh tru
ron cudn day treo vat nang Q. Quanh dia qudn day c6 stc ciang day P = 60 N.
Cidc kich thudc cho trén hinh vé, géc & = 30", Tinh Q dé hé can biang va xdc
dinh cdc phan lyc & hai 6 dd@ A va B.

Léi gigi. Chon hinh try tron AB mang dia C & diu (am vt rdn khao sdt,
Thay the lien két & A va B bing cdc phin luc lien két nha hinh vé 3.14. Ta
c6 h¢ luc can bing

(ﬁ,é,},;.?:,f;,.-)(:g,fﬁ)z(').

0

Hinh 3.14

D¢ viét phuong trinh can bang thuan tien, ta phan tich lyc P theo cic
truc toa do P, = Pcosa, P. =—Psina . Cic phuong trinh can béng ¢6 dang:

ZHV:O:X_4+XB+Pcosa:0 (1)
Y F.=0:2Z,+Z;-Psina-Q=0 (2)
S m(F)=0: 1,52, 1,00+ 0.5Psing =0 (3)
Do (F)=0: 6rP —rQ =0 (4)
Zm:(ﬂ)z(J: ~L5X 5 +0,5Pcosaxr =0 (5

Tu () = Q=6P=360N, Ta(5) =X, =f-6£:10\/§=17,3;~r,

Tir (3) = 7,, :%—%:240-10:2301\’,
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Tu () =X, =-X, —i—IO\/_ 30v/3 =-4043 = 69,3 N,

Tir (2) = Z, :Q+%—ZH =390-230=160N .

Thi dy 3.5. Cho he hai tryc nhu hinh vé& 3.15. Truc thing ding ABO,
mang bdnh rang O,. chiu ngiu luc M va duge 4G boi 6 d& A va B; truc nim
ngang DO,CO, mang hai banh va dugc d& bdi hai 6 C va D. Banh rang O, an
khép vai bdnh rang O, luc tdc dung tuorng hdé & rang an khép nim ngang
theo tiép tuyén chung va hudng song song véi truc x. Banh O, cé cuén day
trén vanh, ddu day ty do treo vat nang P sau khi vong qua rong roc nho E
(bo qua kich thuée), nhdnh day giffa banh O, va rong roc ndm trong miit
phing clia banh vi nghiéng véi truc nim ngang O,FE mot géc & Bo qua trong
lugng cdc banh. Cho biét ban kinh cdc banh 1A R, = R,= R; R, = r. Cac doan

AB = BO, = «, 0,C = CO,=0,D = b. Xdc dinh ngiu luc M dé hé can bing
vi phan luc & cdc (3 da.

Hinh 3.15

Lot giar. Trude hét xét truc ABO, chiu hé lyc gém ngiu luc M, cdc phan
luc X ,.¥,,Z, ctia 6 d& A (loai ¢6i), cdc phan luc Xp.Y,cha 8 do B (loai ban

1&), lyc an khép N(huc’mg vé phia sau) do banh O, tdc dung vao (hinh 3.15).
Ta ¢ hé luc cén bing:

(_)?,-4._i",-a,;?,f,fm,}?gﬁ! M) _

Tit hinh vé d& dang tinh dugc
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=P T =Pcosa, T, =—Psina .
Cdc phuong trinh can bang cia vat rin ABO, la
SR =Xt Xg-N=0, Y=Y, +1=0, YF=2,-0,
z:n,,_t(ﬁk)z—}’gaz(}, anAy(ﬁk)zXBa—N.Zaz().
> (F)=M-NR=0.
Giai ra ta dugc:

M M
Zf-f :YB :KFI ZOBN:_R-‘:XB ZZ—:X,I :“ﬂ-

R R
Khao sdt can bang cha truc DO,CO, chiu tdc dung cha hé luc gém: luc
P{(nim theo nhdnh day nghiéng va c6 thé phan tich ra hai thanh phin P,
va P, ) Iuc an khép N'(hudng ra phia trude); cac phan luc X, 7., %,.7,
cia cdc 6 d& C va D. Ta c6 hé luc can bing:
(X’.(‘,Z.(;, X{),zg,i N-'} =0
Lap 5 phuong trinh can bing voi N =N’ ta cd
D F =Xe+X,+N+Pcosa=0
ZF: =Ze+Zp—Psina=0
Do (F)=Zcb—Zpb=0
Zmoﬂ.(ﬁk y=Pr-NR=0
D mo(F)=Xpb—Xeh-N'2b=0
Gidi ra

r ¥
Ze=Zy=—sina, NN=P—,
¢ D=3 R

P F P
Xp=——cosa +=L , X :——(:osc.,Hzﬁi
2 2R 2 R

So sénh hai gid tri N va N’ via tim duge, suyra M =Pr,
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Chuong 4

TRONG TAM VAT RAN

Trong tam vat rdn 12 mot trong nhiing bai todn dp dung quan trong cta ly
thuyet he luc. Archimedes (the ky thit 3 trude cong nguyén) vi Pappus (thé ky
thif 3 sau cOng nguyén) 1a nhiing ngudi dau tién da dua ra khai niém trong tam
vat ran. Trong chuong ndy trude hét dua ra dinh nghia va cong thic xdc dinh
trong tam vit rdn, sau d6 trinh bay cdc phuong phdp xdc dinh trong tam cha
vat ran dong chat d6i xing va trong tam cha céc vat ghép. Cuéi chuong néu
lén hai cong thic Guldin xéc dinh di¢n tich xung quanh va thé tich cfia vat rén
tron xoay.

1. DINH NGHIA VA CONG THUC XAC DINH TRONG TAM VAT RAN
1.1. Tam cua hé luc song song ciing chiéu |

Cho h¢ lyc song song cung chiu (A, F,..F,) ¢6 véc to chinh
R'=Y F,#0. Chon &l vécta don vi trén truc Al E,  tacé

E =Fgé (h=1,2.. 10

Do R'#0, R".M, =0, nén he lyc song song (A5, F, )¢ hop lue.
a) Dinh nghia. Diém hinh hoc C ma mémen chinh déi véi C clia he luc song
song cung chiéu (17],152,.”,13;,) luon bang khéng khi hudng cha he lyc nay

thay d6i, duge goi 13 tam clia hé luc song song (F“,,F},...,ﬁn)
M. =Y m (F)=0,
k=1

b) Cong thitc xdc dinh vi tri tam ctia hé
luc song song cing chiéu
Tu hinh vé& 4.1 ta ¢6

H

Me =3 (i x Fy =3 (F —F)x E, =0
k-1 k=1

% Hinh 4.1
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hay (zﬁkr}(]xézﬁ;-[z“ﬁ ]xé
£=I k=]

Biéu thic nay ding véi moi phuong & nén tir ¢cOng thiic trén ta suy ra
cong thuc xac dinh tam cua hé lyc song song

H _
2T
= k=1
rt‘ - }‘ _ .
Fk
k=1

(1.1)

1.2. Dinh nghia va cong thic xac dinh trong tam vat ran

a) Dinh nghia. Khi vat rin gin trdi d4t, trong tam cha vat rin 1a tam cla he
trong luc cila cdc phin tir tao thinh vat rén.

b) Céng thirc xdc dinh trong tam ctia vit rdn

oy
Chia vat rin thanh cdc phin tit nhd, theo ) B
cong thuce (1.1) ta cé AAL
I dr »#C
F.o=—|rdP 1.2 ’
( P H ( ) r‘
véi P la trong luong cha vat rin B. 0 bd
Cong thie (1.2) 13 cong thic xdc dinh
trong tam vat ran. x Hinh 4.2
Tu (1.2) suy ra:
] 1 )
X =— |xdPf, yr‘:—'[yd!’, z.=— |zdP (1.3)
P H P B P H

Doi véi cde vat rin dong chat, ky hiéu p la trong lugng riéng, V 1a thé
tich vat rén, ta ¢6 dP = pdV , P = pV . Céc cong thitc (1.2), (1.3) trong trudng
hgp nay ¢o6 dang

N I
rf\:?_rdV (1.4)

3
x(.:$ dv yf.zl;jyd:/, z(,:ijde (1.5)
I [ I

Néu vit ran 1a mot mit dong chét ¢ dién tich 13 §, tuong v trén suy ra
-1

o= fras (1.6)
LS .\-
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x(,zéj‘ms*, yf1=éjde, z(_.=iq zdS (1.7)
A A v

2s

Dac biét khi mat 1a mot tdim phing déng chat c6 dién tich 1a A, thi
1 1
x(.=:1-deA, y(_-=§:‘[ydA (1.8)

Chii y. Cic dai luong S, = [ydd, S, = [xdA duoc goi 1a momen tinh cla
A A
ti€t dién A d6i véi céc truc x va y tuong tng.
Néu vat rdn 1a mot dudng dong chat, chiéu dai L, twong tu trén, ta c6

a:% 7 ds (1.9)

L

1 1 1
x.=— |xds, .=— |yds, .=— |zds 1.10
¢ LJ Ye LJ}’ 2 L ( )

L

Thi du 4.1. Xac dinh toa do trong tam ctia mdt tam gidc canh ddy b,
chiéu cao 1a h (hinh 4.3).

Loi gidi. Dién tich mot phan t6 nhé nhu hinh vé 1a
dA = b(y)dy
Theo cong thitc (1.8) suy ra

. h
Ay = [ydd= [yb(y)dy 0y
A 0
Tir hinh vé ta c6 mé6i quan hé hinh hoc
b(y) _h-y b(h-y)
b p ) p (2)

Thé (2) vao (1) ta duogc

b bh?
Ayc = [Chy = y*)dy ==-
; 6

1 h
Do A=—bh,suyra y.=—.
> yra y 3

Thi du 4.2. Mot tdm phang dong chat
c6 hinh dang nhu trén hinh v&. Hay xéc
dinh dién tich tdm va toa d¢ trong tam
X, Y cla tam. 0

<—3m—!

Tur hinh vé 4.4 ta c6 dién tich
Hinh 4.4
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dd = ydx =(9—x")dx
"+ a -~
A= L(c)—x-)dx =18 n’
Vi tri trong tam phan t6 dA
r=x, §=0O+»/2=19+x%)
V1 tri trong tam cla tam
! 9 27

xf.z—j jid/f :5:1,125 m, y(.zj:jJ'}dA :?=5,4 m.

2. CAC PHUONG PHAP XAC BINH VI TRi TRONG TAM VAT RAN

DE x4c dinh vi trf cha trong tam vat rén, ta phéi thuc hién cdc phép tinh tich
phén theo céc cong thie (1.2) dén (1.10) & doan trén. Néu biét chon mét cdch
thich hop céc he toa df, cdc phén tir thé tich, dién tich, dudng, thi tinh todn ciing
khd don gian. Dudi day dua viio nhimg tinh chdt dac biét cha hinh thé vat rén, ta
c6 the xidc dinh trong tam clla né mot cach nhanh chéng va thuan tien.

2.1. Xac dinh vj tri trong tam cla vat ran déng chat d&i xing

Dinl ly 1. Neu vat ran dong chat ¢6 mat phang (tryc, tam) déi xdng, thi
trong tam cla né nam trén mat phéng (truc, tam) d6i xitng dé.

Chimg minh. Xét trudong hgp hinh phing cé Yy
truc d6i xuing nhw hinh 4.5. Cdc truong hop khéc —x|x
ching minh twong tu. Chon truc déi xdng 1a truc
y. can phai chiing minh x.= 0. Theo céng thic
(1.8)yta cd

Xc :%JXdA 2%[ deA+ jdi}

Do tinh chit ddi xing cho nén ddu ctia bién

x trong hai tich phan trén nguge nhau. Hinh 4.5
Hé qud:

— Néu vat ran déng chat ¢6 nhiéu mat phing ddi xing, thi trong tam ciia
vai rdn ndm trén dudng giao cia cdc mat phing d6i Xing do.

— Néu vat ran dong chit c6 nhiéu truc d6i xiing, thi trong tim cua vat rin
nam tai giao diém cla truc dai xing do.
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Thi dy 4.3. Xdc dinh vi tri trong tam
cta cung tron déng chat AB c6 ban kinh r
va goc & tam AOB = 2« (hinh 4.6).

Loi giai. Ldy mot cung dL nhd ting véi
goc dgp. Ta cé |

dl=rdp, x=rcose,L=2ra (1) Hinh 4.6

Do tinh chét déi xiing, ta c6 trong tam C cia cung tron nim trén lruc X.
Tinh x. theo cong thic (1.10)

1 L%, sin ¢
c=— |xdl =—— | r-cospdp =r 2
=7 ff 2m__£ pdo (2}
o s N R . T . T
Néu cung AB la nira dudng tron, thi « = 5 sinar =sin — = 1,
Tir (2) suy ra:  x. =22 . (3)
7

Lhi dy 4.4, Xéc dinh vi trf trong tam
cua hinh quat won déng chat AOB tam O
ban kinh r, géc & tam AOB 13 2 (hinh 4.7).

Lot gidi. Do hinh quat trdn ddng chat
doi xiftng qua truc x nhuy hinh vé& nén
Y- =0, ta chi cdn tim x- ma thoi. Ta chia
hinh quat trén thanh vé s6 hinh quat nho,
méi hinh quat nh6é xem gan ding 13 mot
hinh tam gidc, ¢6 trong tam nadm & 2/3 ban
kinh.

Vay: x=§rcos¢)

_1 L 9
dA—zr.a'(p.r_Er dog, 4=r‘c

Ap dung cong thiic (1.8) suy ra

o

o] smcz
X —;}[}dA I cosg.o—r *dp=—1H J‘cosgpdgo
- . . o T, . 4r
Néu AOB 12 nira mat tron, a:;lhl tacod x- :5-—.
s ﬂ-
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2.2. Xac dinh vi tri trong tam cla cac vat ghép
Dinfi 1y 2. Néu mot vat rin phdng dugc ghép tir m phin, mbi phin déng

chét co6 di¢n tich A, va c6 vi tri trong tam C(x,, y;), thi trong tam cta toan
vat rin duge x4c dinh bdi cong thitc

. :Zx;‘Ar_ ‘:Z}’an'
[ ZA, v Y ZA;'

Chiing minh. Theo cong thire (1.8) ta ¢6

(2.1)

1

X :—]—de/l = _[di+ deA +o.+ deA (D
% A % A Az A
Ciing theo cong thiic (1.8)
J xdA =x,4 (2)

A

i

Thé (2) viao (1) ta duge cong thire cdn chig minh

Clut y: D81 v6i cdc var ghép khéng gian, cdc cong thie (2.1) duge mé

rong thanh
DR NP N DX
Xe = ST Yo = 3P 1Ze = ZE
Thi du4.5. Tim vi tri trong tam cua thiét dién déng chat hinh chir L nhu
hinh 4.8.
L&i gidi. Chia thi€t dién hinh chit L thanh hai ti€t dién hinh chit nhat.
Toa d¢ cic trong tam cUa hai hinh chit nhat con 1a

(2.2)

xy=lem;, yy=5cm

Xy=3ecm;y,=1lcm M 5

Dién tich cic hinh chir nhat con la
A =20 cm’ ; Ay =4 cm®

G
Theo cong thic (2.1) ta ¢cé 10 ¢
YA +x4 20412 4 ! —I
Xe = == =—cm el
A+ 4, 24 3 LA S >

' 2

_y]A|+y2A2_100+4_43 | J

T At 4, 24 M Hinh 4.8
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Thi du 4.5. Tim trong tam cua mot thiét dién tron déng chét tam O, ban
kinh R, bi khoét di mot hinh tron tam A ban kinh r. Cho biét OA= a, a+r <R
(hinh 4.9).

Loi giai. Xem thi€t dién trén hinh 4.9 la
két qua cta viéc ghép mot hinh tron tam
0(0,0) bdn kinh R , dién tich 4, = 7R*véi mot
hinh tron tam A(a, 0), bdan kinh r, dién tich
4, =—zr?. Chon hé truc toa do nhu trén hinh
4.9, truc Ox la truc d6i xing. Do dé y- =0, chi
can tim xc.

Theo cong thiic (2.1) ta co

x4 x4, 0.7R* —anr’ 1 ar’

A + 4, AR —xrt R -p

Xc

2.3. Cac cong thuc Guldin

Paul Habakuk Guldin (1577-1643, ngudi Ao) da trinh bay hai cong thiic
tinh dién tich xung quanh va tinh thé tich cta vat thé tron xoay dua trén cac
khdi niém trong tam dudng va trong tam mat.

Xét mot dudng cong phang AP ndm trén mat phing xy, dai L, trong
tam cda n6 tai C. Cho dudng cong AP, quay quanh truc x, nim trong cling
mot mat phiang véi dudng cong va khong cét dudng cong, ta dugc mot mat
tron xoay (hinh 4.10). Nhu thé cung vi phan ds cha dudng cong phing, tao
thanh mét mat tron xoay vi phan c6 dién tich dS =2x yds

ds
P,
L ]
A
K ye x
o *c B
Hinh 4.10
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Dign tich toan bo mat tron xoay 1a S = Ja’S =I2fryds =27 Iyds =2xy-L .

Cong thite Guldin 1. Dién tich cia mat tron xoay sinh ra hoi dudng cong
phang 1/ quay quanh moét trye déng phing x khong cat nd, bing tich chiéu
dai L cua dudng cong véi chidu dai clia dudng tron tao ra bdi trong tam cla
dudng cong L quay quanh truc x

S=2xy.L. (2.3)

Hinh 4,11
Tuong ty xét moét hinh phing ¢é dién tich A nim trén mat phing xy.
Trong tam cta né 1a C(x_.y.). Cho hinh phang quay quanh tryc .x, nam trong
cung mot mit phing véi hinh phing va khong cat hinh phéng dé, ta dugc
mot vat thé tron xoay (hinh 4.11). Mot phan 6 dig¢n tich dA cha hinh quay
quanh truc x, tyo thanh mat thé tich phian 16
dV =2x yvdA
Thé tich toan thé cda vat tron xoay ta

jdV =27 [yda=2mycA.

A
Cong thite Guldin 2. Thé tich V sinh ra bdi hinh phédng A quay guanh
truc v dong phing va khong cit hinh phing, bang tich dién tich hinh phing
cd 80 A v6i chiu dai dudng tron tao ra boi trong tim hinh phing quay
quanh truc x .
V=2ry.Aa. (2.4)

Thi du 4.7, Xdc dinh dién tich xung quanh cua vat the tron xoay dugce
bicu dién trén hinh 4.12.
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+
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e

N
¥

Hinh 4.12
Lot gidi. S dung cidch xdc dinh trong tdm cua cac vat ghép (& day la
nim doan dudng cong ghép bao gém 3 cung tron va 2 doan thing) ta ¢6
Mrala+2ain)]+2aa 17,424
oS L L

Trong do L=3ar +2a. Theo (2.3) suy ra
S=

=27 y-L =109,48 o
Thi diy 4.8. Xéc dinh thé tich cla khéi tron xoay sinh ra do quay moét
tam gidc quanh truc thang ding nhu hinh 4.13.

Fd

Hinh 4.13

Lot giai. Tt hinh v& suy ra

Ad=—dt, X :a+ia=ia
2 33

“

Theo cong thuc (2.4) tinh duge
V=2rx-A=4,194".
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Bang 4.1 sau day 1a cong thic tinh dién tich va vi tri trong tam ciia mot vii
hinh phang thuomg gap

Hinh phang Dién tich Vi tri trong tam
¥ 4 Tam gidc vuong
C {7 A=tan Xe =24 Y .
° X 2 3 3
Iy .

Tam gidc thudmg

1
A=l[(x2-x|)(y2—y|) ] *c :3(& +xy +xy)
2 ‘(xa"“xl}(h"."'l} 1
Yo = E(M + vy +13)
A=ah Nim & giao di€ém

cic dudng chéo

o
Xem = —,
A:(a+b}h €7
2 _ha+2b
3 a+h
5 o
(e a? = 2 sine )
3 o
Yo =
L | ) _4" sin® o
A:-ir (2a—sml2tx] s 3 2e—sinla’
Y=
:{:—ah ‘C 5
Voo =—h
€s
Banp 4.1
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Chuong 5

MA SAT GITA CAC VAT RAN

Ma sit gifta cdc vat ran 12 mot trong cac bai todn phitc tap clia ¢o hoc. Xudt
phét tit quan diém k¥ thuat, ¢6 thé phan biét hai hién tugng ma sat khdc nhau.
Thit nhat 12 hién tuong ngan can sy bit ddu chuyén dong tuong doi gilta hai vat
thé ma nguyén nhan 14 su tiép xtc gilta ching. Thit hai 13 si ngin can chuyén
dong tuong doi gifta hai vat thé tiép xdc nhau. Hién tugng tha nhéit duge goi la
ma sat tinh. Hién tugng tha hai duge goi 1a ma sat dong. Hién tugng dinh — trugt
xay ra khi ¢6 sy thay d6i luan phién giifa ma sat tinh vi ma sit dong. Bai todn
ma st 1a mot trong nhimg bai todn cé ¥ nghia tng dung 16n. Trong chuong nay
chi trinh bay mot s6 Khai niém va két qua ing dung co ban vé ma sit.

1. DINH NGHIA VA PHAN LOA! MA SAT

3 cic chuong trudc, khi xét lién két tua gifia hai vat rdn, ngudi ta xem cédc
vat ti€p xdc nhau tai mot diém cdn cac mat ti€p Xuc coi nhy 14 nhdn tuyét déi.
Khi d6 phan lyc lién két nam theo phuong phép tuyén clia mit tua. Thuc ra sy
tiép xuc gilfa hai vat thé xdy ra trén mot dién tich nho va cdc mit tya tiép xic
nhau khong nhidn. Do dé, ngoai thanh phin phan luc ndm theo phuong phép
tuyén con xudt hién nhing thanh phdn phan lyc va ngdu lyc khéc.

Pé dé hinh dung ta xét vat rin A nim trén mat ban B va chiu luc kéo F
theo phuong ndm ngang (hinh 5.1a). Dudi tic dung cla céc luc F va P, tai
viing L€p xic gitra vat rin A va mat ban B xudt hién mot hé phan luc lién két

(cic hinh 5.1b va 5.1¢). Thu gon he phan lyc lién k&t vé hai lyc dat tai mot
diém nhu hinh 5.1d.

4 7| P

F o F
4 — T —
TR \ e e
; RES oar
a) b} c) d)
Hinh 5.1

Dudi tic dung cia luc Pva F ta thdy: Khi Fcon &G nhd vat rén A van
nam ngang. T ¢dc phuong trinh can bing tinh hoc ta ¢6
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D F =0k =F Y F =0:N=P

Phin lyc theo phuong ndm ngang £, duge goi 1a luc ma sét trugt tinh
(hoac luc ma sat dinh).

Dinh nglia. Ma sét gitra hai vat thé 13 hién tugng Xuat hién cic lyc vi ngau
luc & chd hai vat the 1iép xdic nhau, chiing c6 tdc dung can tr chuyén déng hoie
xu hudng chuyén dong tuong d6i clia hai vat thé trén bé mat cta nhau,

Thong thudng ngudi ta phan loai ma sat nhu sau:

1) Ma sat 1inh va ma sdt déng: Ma sat duge goi la tinh khi gitta hai vat
th€ méi chi xuat hien xu hudng chuyén dong tuong d6i nhung chiing vin &
lrang thdi can bang twong dsi. Ma st duoc goi 1a ma sat déng khi hai vat thé
chuyén dong twong dsi véi nhau.

2) Ma sdr trugi va ma sdt lan: Néu xu huéng chuyén dong (hoac chuyén
dong xdy ra) gifta hai vat 1a chuyén déng trugt thi ma st 1a ma sdt truot,
Trudng hop xu hudng chuyén déng (hoic chuyén dong xay ra) 1a lan ta cé
ma sdt lan.

3) Ma sat kho (hay ma sai Coulomb} va ma sét nhét: Ma sit duogc goi la
kho khi hai vat ti€p xitc tryc tiép v6i nhau va dugc goi la nhét khi ching tigp
xtce v6i nhau ¢6 mot 16p chat lang O giita.

Dén nay bai todn ma sdt méi chi duoc gidi quyét mot cach gdn ding trén co
80 cdc ket qua thue nghi¢m. Dudi day trinh bay mot s6 két qua vé ma sat truot
va ma sdt lan tinh va dong.

2. MA SAT TRUGT TINH VA MA SAT TRUGT DONG

2.1. Binh luat Coulomb vé& ma sat trugt tinh

Arudc hét ta trinh bay dinh luat ma sat trugt tinh (hay cdn goi la dinh luat
ma sit dinh). Trd lai hinh 5.1 thay riing, khi do 16n cla lyc # cdn nhd hon dé lan

cua lue F;_-) (duge goi 1a luc 6 han), thi vat rdn 1
- . . . R . e 99.'.1:3' : wms

van con o can bing, ta ¢é F, =-F. Khi d6 lén /'),(\
)

ddu chuyén dong truot. Qua nhidu thi nghiém, nha -

vat 1y ngudi Phip Charles Auguste de Coulomb

nhit, luc ma sdt truot tinh (hay luc ma sat dinh) SR S

thoi man hé thiic

cua luc F bing do 1dn cia hue £, vat rin A bat R 1y
<]
(1736-1806) di di dén két tudn, 1a & xap xi tha

Hinh 5.2
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Fps S N 2.1
Trong d6, N 1a d6 16n phan lyc phdp tuyén, 4, duoc goi 13 hé s6 ma sat
trugt tinh hay hé s6 ma sdt dinh (24, = £,/ N ). Hé s6 ma sit trugt tinh chi
phu thude vio tinh chat cia vat licu va do nhdm clia bé mat tiép xiic, khong
phu thudc vao dién tich cla bé mat ti€p xdc. Trong thi du nay luc ma sit
dinh 12 mot thanh phin phén luc lién két, khong phu thude vao dp luc P,
Ngudi ta ¢é thé phat bidu dinh luat ma sat Coulomb (2.1) dudi dang
hinh hoc. Goi géc ¢, xdc dinh bdi cong thde we,, = 14,12 géc ma sit
(hinh 5.2). Ky hiéu « la géc giita lyc R =N+ F!_va phuong phip tuyen. Tir
hinh 5.2 ta cé

-t
I,

g = % S0, = Hy (2.2)

T d6 suy ma

a s,

Dink lugi. Diéu kien dé vat rdn can bang 14 phan luc toan phan cia lién
ket tuya ¢ ma sdt trugt nam trong géc ma sat.

Clut ¥: Lyc ma sat trugt tinh 12 mot dang cia phan lyc lién két. Tuy
nhién giGa cdc phan lyc lién k&t N va £/ ¢6 sy khic nhau. N 13 phan luc
lién két sinh ra do lién két hinh hoc, con 7 1a phan luc lién két sinh ra do
lien két vat 1. Do dé N tudn thing géc véi mat B va hudng lén trén, con
huéng ca /! phu thuoc vao xu hudng chuyén dong truot clia vat A trén mat
phang B.

2.2. Pinh luat Coulomb vé ma sat trugt dong
Khi hai vat rin chuyén déng tuong déi véi nhau, & ¢hd 1iép xidc xuit
hién luc ma sdt trugt dong. Qua nhiéu thi nghiém, ngudi ta rit ra dinh [uat
Coulomb vé ma sdt trugt dong
Fre = N . 2.3
Trong ddé, N la phan luc phdp tuyén, x4 13 hé s ma sdt trugt dong. Heé
s6 ma sdt trugt dong . mot cach gén ding, khong phu thudc vao dién tich

bé mat ti€p xidc, phu thudc vao tinh chit cha vat li¢u va trang thdi bé mat
1i€p xiic.



H

HgT
au.r.ﬁ
0—; —
Y : v

Hinh 5.3. D& thi hai loai duéng dac trung ma sat trugt déng

H¢ s6 ma sdt truot dong con phy thuge vio tri 6 van toc chuyén dong
twong d6i ¢Ga hat vat thé, Hinh 5.3 trinh bay hai dang d0 thi dién hinh vé
dudng dic trung ciia h¢ s6 ma sat wruot dong. Theo d6 thi ta thdy khi v ting
thi g giam (dudng 1) hodc lic ddu u 1ang, dén khi v>vythi x4 lai giam
(duong 2). DS la nguyén nhan gay nén hién tugng ty chan trong mdy hoac
gay nén ti€ng rit khi vién phan viét trén bang.

Trong k§ thuat, khi khong can chinh xdc lam, ta thuong sir dung gia tri
trung binh cua hé s6 ma sit truot dong 24, Trong cong thic (2.3) hé s6 g 1a
viet tit cua .

Cén chd ¥ dén su khdc nhau co ban gitta luc ma st truot tinh va luc ma
sat truot dong. Luc ma sdt trugt tinh 13 phan luc lién két thu déng. Khi da
khang dinh vat rdn & can bang luc nay duge xdc dinh tir cde phuong trinh cin
bang tinh hoc. Luc ma sat truot dong 1a luc chl dong. Ta bat bude phai cho
bi€t hé s6 ma sat trugt déng .

2.3. Cac thi du ap dung

Khi gidi cdc bai tdp ma sdt truot ngudi ta phén chia thanh ba trang théi
nhu sau;

~ Trang thdi dinh: Vat khao sdt vén & trang thdi can bing. Luc ma sat Ia luc
lien ket va dugc xdce dinh tlr cdc diédu kién can bang tinh hoc. Ta ¢é cong thic

Fpo <N .

s <
— Trang thdi t6i han: Vat khao sit tuy vin con & trang thdi can bing,
nhung néu nd bi kich dong nhe, do u < g4, né s& bt déu chuydn dong. Ta
cO cong thuc
max(F,.) = F, =N .
— Trang thdi trugt: Vat khdo sét truot trén mot vat thé khac. Luc ma sat
trugt dong bay gi 1a luc hoat dong
Fo < N

ns
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Thi du 5.1. Mot thang déng chat AB dai /, trong luong G tua trén nén
nam ngang khong nhin Ox va wong nhin thing dimg Oy. Gia thiét tudng
théng ditng nhin ¢é thé bd qua ma sat dinh. Hiy xdc dinh luc ma st dinh tai
ddu A, khi thang ding yén.

Loi gidi. Céc lyc tdc dung lén thang la (G,Ny, X ,.7,)=0. Trong d6
X, =F,.. Céc phuong trinh can bing ¢6 dang

D F=Ng-X,=0 (1)

S F =Y, -G=0 (2)

Z’"ﬂ (F)= G%sin a—-Nglcosa=0 (3)

i X
Giai c4c phuong trinh trén ta duoc: o W/J"‘);//Tﬁ’” o
, 1 I, .
V=G, NBZEGW, X 4 ZEGfga Hinh 5.4

Thanh phén phéan lyc ndm ngang X , chinh Ia lyc ma sat dinh tai dau A. Vay
Fly= %G tga )

Thi du 5.2. Trong thi du 5.1 cho biét hé s6 ma sdt truogt tinh giita nén
nha vi ddu thang A 14 4 =0,4, trong luong thang 1a G = 800 N. Hay xéc
dinh luc ma sét truot finh cyc dai va cdc gid tri #' khi a =30°va khia=15".

Lot gidi. Tu cong thire (4) thdy ring Khi géc « tang lén, thi lyc ma sit
trugt tinh cling tang cho dén lyc ma sdt trugt tinh cuc dai. Vay ta co

(Fe )mx = 1Y, =0,4x800=320 (N).

Khi @=30%: F! =400x1g30° = 400N x 0,577 = 231(N).

Khi =15 F! =400x1g15% = 400N x 0,218 =107 (N).

Do F, < u,¥, nén ta c6 cong thirc

%Gtgasp{]G Dtga<u,=0,8

vay Xy =38, 6°

Qua hai thi dy trén thay rang:

— Luyc ma sat trugt tinh 1a mot dang phan luc lién két duge xé4c dinh tir
hé cdc phuong trinh ¢an bing tinh hoc.
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— Khi ¢6 ma sit ta €6 mov midn cdn bdng, thang van con & trang thdi
can bing khi goc « =38,6".

— Binh luat ma sdt dinh cho phép xdce dinh didu ki¢n can bing cta vat rin
trén mat ta cd ma sdt.

Thi du 5.3. Mot thang dong chiat AB dai 1a /, Iy
trong luong G tya trén nén nim ngang va tudng

khong nhin, h¢ s6 ma sdt trugt Ginh 1a g, Xdc 7 By
dinh goc nghiéng ¢ cla thang vai tudng d€ thang Ny 7
dimg yén. 7
A
Lot gidi. Cic lue tde dung lén thang [d 7
)
S : TR . e 7
G X, =F,.Y,.,X,. YV, =F, . Odayngodi 4 dn 2 v
N Y, X, Y, conedanthi 5 hgde . Tacéd 5 e e
in nhung chi ¢6 3 phuong trinh cin bing tinh hoc. g
Day 1d hé s6 ma sdt bai todn siéu tinh, OE don Hinb 5.5
- TR . ~ - PEE n .
gran ta gial bai todn nay & trang thii gidi han.
Ciic phuong 1rinh can bing tinh hoc 12
> . =-X,+X,=0 (1)
D =Y 4, =G=0 =
— 2T I - . " . . *
Zm,,(h}:;(ﬁsma —Vidsina — X, cose =0 (3)
Ngodi ra ¢ trang thii giéi hun ta ¢6 hai diéu kién dinh 13
Xy=a¥yo Yy =p X, 4
Tir cde phuong trinh trén giai ra duoe
o I . i
}/‘.1: Tt /"H: ;U LR lga = ;“1
1+ ) P+ p) b=y
NCu thay g, =1g¢ (rong dé ¢ 1a géc ma sat) suy ra
L] 2 t. L} *
lgoa = “?) =gl = a =2¢.
I-1g7¢

Kinh nghiém cho thdy khi géc & nho thi thang dé can bing. Vay diéu
kién can bing cla thang 13 a <2¢.

Thi dy 5.4. Mot mdy cén kim loai gom hai truc cdn O, vi (O, quay ngugce

chiéu nhau. Cho biét dudng kinh mdi truc ¢dn 1 d, khodng cdch giira 2 truc cdn
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lii «, hé $0 ma sat trugt dong la
fi=1g@. Tim bé day Ién nhat &
cta nhifmg 13m kim loai ma may c6 -+-----
thé cdn duagce (hinh 5.6). Cho biét

tim thép la B

=50cm, @ =05¢m, =01 :
b |

[.o1 giai. Céc luc tdc dung lén i

|

Xét bai todn ¢ trang thdi t6i
han. Ta ¢é phuong trinh cin bang Hinh 5.6a

(P.N, N, uN_N, uN) R B """
s
|

ZP;.-\- =0 = uNcosa—Nsina=0 = tga=
T hinh v& suy ra

b=ua+ 2-2{(1 —Cosa)

F

(2)

Do géc @ nhd nén cd thé bd qua cac xap xi bac cao khi khai trién cosa

o
cosa::l—T, a=tgo = u

- &)
il -t
N 0’11
uN l
b . b § i
| i N
|
|
y P - e
.'N H[ l )\.r ‘1“\‘? N | _% _
|
|
Hinh 5.6b !

The (3) vao (2) suy ra bé day tdm thép cé thé cén duge la

b:u+d[1—l+a—_J:a1-ci5£:a+c!£
7 2 3

“— “

. 50
Thay 6 vao (4) ta duge 50,5+ 300 =0.75¢cm.

(3)

/III i

(4)
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3. MA SAT LAN

Xét mo hinh mét hinh try A tiép xiic véi mot
mit phang B theo duding sinh cta né. Hinh 5.7 la mat
cit cua moé hinh nay trén mot mit phang vuong gdc
VGl truc cia hinh tru A, Trude hét ta dat 1én hinh tru

- - . 7 - N . - B o
mot lue @ di qua truc clia nd va ¢é phuong vuong AN

s —_

géc véi mit phing B. Dudi tic dung cla luc O sé N

Xudt hi¢n mot phan lyc phdp tuyén Ntir B tic dung Hinh 5.7
vac A. Ta cé:

F-0

Bay git dat ti€p lén vat A mot luc P song song v&i mat phing B va cdch

mit phang B mot doan 12 /. Khi P con dd nho, vat rin A & can bang. Do vt
rdn A & can bing nén tai diém tiép xic B phai c6 phan luc F! va mot ngiu
lye, ky hiéu Ia M, , tic dung lén vat rdn A d€ can bang véi tdc dung cta luc
P . Tir céc phuong trinh can bing tinh hoc dé dang x4e dinh duoc

Fl =P, M =Ph

ms s

Khi tang d6 16n cha luc P 1én dén mot gid tri ndo dé, thi tru A bit diu

lan nhung khong trugt. Néu tang lyc P lén nita, thi truc A s& vira lan vira
trugt. Qua thuc nghiém xic dinh duge cong thitc ma sat lan tinh

M. <kN (3.1)

Trong d6 k,duge goi 1a hé s6 ma sat lan tinh.

Khi tru A da lan thi ngdu luc ma sit 1an duge goi 1 ngiu lyc ma sat lan
dong va xdc dinh duge cong thitc thuc nghiém

ME kN (3.2)

Trong d6 k duge goi Ia hé s6 ma sdt lan
dong. Thong thudng &, > k .

Thi dy 5.5. Mot banh xe tron ban kinh r,
chiu tac dung cla cdc lyc O, P va ngiu luc c6
momen M nhu hinh 5.8. Tim diéu kién d¢ banh
xe can bing. Cho biét he s6 ma sdt truot tinh 1a
Hy, he s6 ma sdt lan tinh 12 4.
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Loi gidi. Tir cdc phuong trinh can béng tinh hoc ta cé

> Fe=0: P-F =0 (H

Y F,=0: N-Q=0 (2)

Dom(F)=0: ~M -Pr+ M' =0 (3)
Tt cdc phuong trinh (1), (2), (3) suy ra

N=Q, Fly=P, M' =M+Pr (4
Céc di€u ki¢n d€ banh xe khong trugt vi khong lan 1a

Fro<pgN, M <k N &)

Tir (4) va (5) suy ra: Diéu ki¢n dé cho banh xe can bang 1a luc P va
ngau lyc M phai thoa mién cdc diéu kién sau

4. MOT SO BAI TOAN AP DUNG CUA MA SAT TRONG MAY

Céc bai todn ma sdt 12 cdc bai todn hay v cé ¥ nghia trong k¥ thuat.
Tuy nhién, trong pham vi gido trinh co hoc k¥ thuat, gidi han chi trinh bay
mot vai bai todn 4p dung quan trong.

4.1. Ma sat dinh trén mat phang nghiéng, hién tiong tu ham

Bai todan. Xét mot vat ran A trong luong G ndm trén mit phing nham B,
nghiéng véi phuong ngang mot gée « . Cho bict hé s6 ma sat dinh {ma sat
rugt tinh) giira vat ran A v mit phang nghiéng 13 4, Téc dung vio vat rin
A mot lyc P ohy hinh 5.9a. Tim khoang xac dinh do 16n cta luc 7 dé cho
vat A nam can bing trén mit phing nghiéng B.

Hinh 5.9

Lot gial. Khi fue P di lén (Triemg hop 1), vat rin A c6 xu huéng truot lén
trén. Lyc ma sdt trugt tinh trong trudng hop nity hudng xuéng dudi (hinh 5.9b)
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Céc phuong frinh can bang tinh hoc ¢é dang

Y Fp=P~Gsina-F., =0=>F' =P-Gsina (1
ZFM =N-Geosa=0=N=0Gceosa (2)

bicu kien dé vat A khong truot 1a
Eo < N (3)
Theé (1) va (2) vao (3) ta duoc
P-Gsina < yyGeosa
Tir dé suy ra
P <Gy cosa +sina) (4)
Néu sir dung khai niém géc ma sat g, =tgg,, . tir (4) suy ra
Gsin(a + )

P <G(sina +1gp,, cosa) =
€Oos ';Dnis

(5)

Khi luc P da nho (Truong hop 2), vat rdn A ¢é xu hudng truct xuong.
Luc ma sét truot tinh huéng lén phia trén nhu hink 5.9¢. Trong trudng hop
nay ta cé cdc phuong trinh can bing

Y F=P-Gsina+F, =0=F =Gsina-P (6)
ZFk_r =N-Geosa=0>>N=GCGceose {h

The (6) va (7) vao diéu kién (3) suy ra
Gsina - P < uyGeosa (&)
Néu st dung khdi niém géc ma sdt g =1ge,, , tr (8) ta cd
Usinfa —g,,,)
CosQ,,.

Két hop cdc bat phuong trinh (5) va (9) tim dugc mién xdc dinh cla luc

P>G(sina - yycosa) =

(9

P dé cho vat rén A nim yén trén mat phing nghiéng B

GSil1((1’ — @HM‘) G Sil'l((:t' Tt qo""-")

<=P<
cos q)ms Ccos QOHIS

(10}

Dé tinh todn bing s6, chon g, = 0,15 (hé s6 ma st truot tinh giia thép va
thép). Khi dé ¢, = arctg0,15=0,149 rad.
Neéu chon gée nghiéng a=10" = 0,175 rad, thi t (10) suy ra

Gsin(0,175 - (0,149) <p< Gsin(0,175 +0.149)
cos(,149 - cos(,149




Tinh todn bang s6 ta duogc
0,026G < P <0,32G

Trong thi dy bing s6 nay thdy ring, khi a =10° ~ 0,175 rad néu P ldy gid
tri gitta 3% va 30% cia trong luong G cla vat ran A thi né nidm yén trén mat
phang nghiéng B.

Hién neong tie hdm. Xét trudng hop luc P=0. Néu chon a <¢

s

thi tir
hinh v& 5.9a ta thdy luc G (du rdt 16n) vdn nim lrong géc ma sit. Do dé, vat
nang A van ding yén. Nhir thé géc nghiéng « 1a bién phdp giir cho vat nang
A dung yén. Hién tuong dudi tdc dung cia trong lugng G (dir 13 rdt 16n) vat
ndng A van ding yén trén mat phing nghiéng nhu trén duge goi I hién
tugng ty ham. Hién tugng ty him duge sir dung nhiéu trong kj thuat.

4.2. Ma sat trugt tinh va ma sat trugt dong cla day

Bai todn. Xét md hinh trén hinh v& 5.10a. M6 hinh gém mot tru tron ¢d
dinh (thudng hay goi 1a puli). Trén try trdon c6 mic mot day dai det mém 1iép
xuc véi vanh tl;l_J tron trén mot cung ung véi gde o & 1am, dugce goi la goc
om. Tai ddu day bén trdi ta dit luc §,, con & diu day bén phéi ta dit {uc S,.
Gia st S, > S;. Tim quan h¢ gida lyc cing & hai ddu day. Cho biét hé s6 ma
st dinh la g,

Lot gidi. Xé1 modt cung nho cla dng véi géc de nhu hinh 5.10b. Cic
phuong trinh can bang lyc cha phan 16 day ndy cé dang

Hinh 5.10
ZFM:U: a’Hn—(S+dS)cosd7€D+Scosd7rp=0 (1)
ZF;\T =0: dN (S + dS)sindT@—Ssind—f:O (2)
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Tu cic phuong trinh (1) va (2) suy ra

el = dS cos%@: . dN =28 sindﬁ—({g . (3)
Do g6¢ i nho, ta ¢6 xip xi cosffE =1, sin 49 = @ {(4)
2 2 2 2
Thay (4) vao (3) suy ra
dN = Sdp . JH = dS . (5)

Chu y dén cdc dinh luat Coulomb vé ma st trugt tinh, ta ¢
dif < pydN  (khidinh), dH = u,dN (trudng hop gidi han).
Xet truomg hop 161 han dif = g,dN . Chii ¥ dén (5) suy ra

A
diT = 1, Sdop =dS = % = iy

Cho gdc ¢ bi€n thi¢n tir 0 dén « . chd y ring S duong, ta ¢é:
53 @ g
I; =ty ja’go > In-2=ga = S, =S5, (4.1)
s s, 2
S fl
Coéng thie (6) dung khi §, > 5.
NEu S, < S, sy phan ba fue ma sdt trén day dai s& ¢é huéng nguoce lai.
Tinh 10dn tuong tu suy ra
S| = 850" hay S, = Sje ¢ (4.2)
Két hop (4.1) va (4.2) ta duoce hé thisc
Se <85, < §et (4.3}
Khi 8y <8¢ #“day truot vé bén phai, khi S, > S,¢* day truot vé bén trdi.
Thi dy 5.6, Tac dung mot ngau lye M 1én truc hinh tru. Hinh tru duoc
gilr § trang thdi can bing nhd hé thong day va don nhu hinh 5.11a. Cho biét
h¢ 50 ma sdt dinh 1a g, . Hay xdc dinh do 16n nhd nhat cia luc F @€ truc &
¢in bang.
Léi giai. Ta tudng tuong cit doi day va dat fuc nhu hinh 5.11b. Phuong
trinh cén bing mémen déi vai diém A cla cdc lue tac dung lén don

[
F=2r5, =0 =8, =—F (1)
2r
Phuong trinh can bing mémen doi véi diém B cua cic luc tac dung 1én try
M
M, +(S,-S)r=0> 8§ =8, -4 (2)
r

84



Do momen M, quay v¢ bén trdi, nén tir diéu kién can bang trén ta suy

ra S, >.5,. Trong thi du nay géc 6m « =7 nén tir cong thirc (4.1) suy ra

S, =8 (3
The (3) vizo (2) ta dugc
M M
qu :;S‘Ieluﬂz _—rlﬂixgl = 7“] (4J
¥ re™ =1)
Tir (1) suy ra cong thic xac dinh lyc F 101 thiéu
2r M 1
=8 =2 &)
;! [ e -1
' |
| 4 4
Iy F 3
/A
al
Hinh 5.11
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PHAN 2. DONG HOC VAT RAN

e —————————
MG DAU

Béng hoc vat ran 1a phén thi hai cla gido trinh Co hoc k¥ thudt. Trong
d6. ching ta nghién citu chuyén dong co hoc ciia cdc vat thé v& mat hinh
hoc. khong quan tam dén nguyén nhan gay ra chuyén dong ciing nhu nguyén
nhan gay nén su bién d6i chuyén dong cia chlng.

Hai mo6 hinh cia vat thé 1a diém va vat rin dugc nghién cifu trong phan
nay. Tuy nhién mé hinh vat rdn 14 mé hinh chu dao cia ghio trinh Co hoc k¥
thudgi. Nhu trong phén finh hoc vat rin da trinh bay, vat ran 1a tap hop nhiéu
diém ma khodng cédch gitta hai di€m bat k¥ cta né luén ludn khéng déi. Chu
¥ rang, néu cdc kich thude noi tai cha vat the ¢6 thé bé qua khi khio sdt
chuyén dong cua nd, thi cé thé si dung mo hinh diém dé nghién ciu chuyén

dong cla vat thé. Mot vat thé, ma mé hinh co hoc clia nd 14 mot diém
chuyén dong, duge goi Ia vat diém.

Chuyén dong clia céc vat thé xay ra trong khong gian va thoi gian.
Khong gian vi thot gian 1a hai dang tén tai cla vat chit cho nén néi chung
ching phu thude vao lugng vat chdt va chuyén dong ciia vat thé. Trong Co
hoc k¥ thudt ciing nhu trong Co hoc ¢6 dién, dé don gian ching ta xem
khong gian va thoi gian khong phu thude vao chuyén dong cha cédc vat khao
sdt va goi la khong gian tuyét déi, thai gian tuyét do6i. Khong gian tuyet d6i
dugc quan niém la khong gian Fuclid ba chiéu, khoéng phu thuée vao thoi
gian va cdc vat thé chuyén dong trong né. Thyi gian tuyét déi duge quan
ni¢m 13 thdi gian troi déu 1 qua kha qua hi¢n tai dén tuong lai, khong phu

thuge vao hé quy chiéu khao sit chuyén dong ciing nhu khong phy thude vao
chuyén dong cda cdc vat thé.

Chuyén dong xdy ra trong khong gian, nhung hoan toin c¢é tinh chat
twong doi, phu thudce vao vat 14y [am mdc dé theo dai chuyén dong. Thi du,
mot chi€e 6 10 dang chay doi véi mot goc cay nao dé ding bén dudng nhung
dung yén véi ngusi ngdi trong 6 td d6. Nhu vay, mudn mé ta chuyén dong
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clia vat thé, ta phii chi rd vat 18y lam méc da chon. Vat 1y 1am mdc dé theo
d&i vi tri clia vat thé chuyén dong duge goi la hé quy chi€u. Viéc chon hé
quy chi&u hoan toan tuy y, nham tao diéu kién thuan loi cho viéc khao sét
chuyén déng cha déi tuong. Dé thuin tién cho viéc tinh todn c¢6 khi ngudi ta
gén vio hé quy chi€u mot hé toa do. Nhiéu khi, dé cho dd céng kénh, ngudi
ta dung ngay heé toa d6 dé thay cho hé quy chiéu da chon.

Pé tinh thoi gian trong qué trinh chuyén dong, chon mot thai diém tuy ¥
lam thoi diém goc. Théng thudng, ngudi ta lay thdi diém luc bat diu khdo
sdt chuyén dong cla vat thé 1am thoi diém goc va ky hiéu 1a 1, = 0. Nhiing
thdi diém sau sé duge ky hiéu la ¢,, 1,,... D6 12 nhing khodng thdi gian tinh
tir thoi diém géc dén thoi diém dang xét.

Khao sit dong hoc chuyén dong cla diém hodc vat ran trudc hét 1a tim
cach xdc dinh cac dai lugng dong hoc dic trung cda ching. Hai dac trung co
bin clia dong hoc diém 13 van t6¢ va gia téc. Con doi v6i vat rin, hai dai
luong dong hoc dac trung co ban 1a vat t6c géc, gia téc goc.

Trong phidn nay, vé mat Iy thuyét, chi khdo sat dong hoc diém va dong
hoc vat rin. Tuy nhién, trong cdc bai todn dp dung ching ta phdi tinh todn
dong hoc clia hé gém nhiéu vat rin cé céc lién két hinh hoc (lién két ban 1€,
lien két tya, lien két day mém khong dén, v.v...). D€ xédc dinh chuyén dong
clia ching, dua vao khai niém 1oa do suy rdng va khdi niém s6 bac ty do.
Cic thong s6 dinh vi cla vat rin hodc hé cdc vat rdn trong mot hé quy chi€u
xdc dinh dugce goi 1a cdc toa do suy rong cia chiing. Ky hiéu cdc toa d§ suy
rong 14 ¢,,... g,. Thong thudmg cdc toa d6 suy rong la cac do dai, géc quay.
Tuy nhién, theo dinh nghia thi ban chat vat 1§ cla toa do suy réng 1a tuy ¥.
S& bac ty do clia vat ran hoac cha hé cdc vat rin chiu cdc lién k€t hinh hoc 1a
50 thong s6 doc 1ap di dé xac dinh vi tri clia ching d6i véi mot he quy chiéu
xdc dinh. Trong phdn ddng luc hoc, chiing ta s€ dua ra dinh nghia tdng quat
hon vé khdi niém quan trong nay.
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Chuong 1

PONG HOC DIEM

Trong chuong nay ching ta khio st chuyén dong clia vat thé dudi dang
mo hinh vat diém (hay ciing goi 1a diém) déi véi mot hé quy chi€u da chon
trude. Van tée cla diém va gia t6c cla diém 12 hai dai luong dac tnmg co bin
cho dong hoc di€m. Trong mot s6 trudng hop dé x4c dinh hai dai lugng nay
ngudi ta cdn phai bi€t phuong trinh chuyén dong cba diém. Tuy nhien, trong
thyc & nhiéu khi lai biét gia t6c ciia diém trudc. Tir d6 cn phai tim van téc,
phuong trinh chuyén déng cia diém.

1. HAI DAl LUONG DAC TRUNG CO BAN CUA DONG HOC PIEM

Van toc cua di€m (velocity of the particle) va gia toc cua diém
(acceleration of the particle) 14 hai dai lugng dac trung co ban cho dong hoc
di€m. Dua trén khai niém véc to xac dinh vi trf clia diém chuyén dong,
ching ta dua ra dinh nghia chinh xdc vé hai dai lugng dic trung nay. Tuy
nhién, trong cdc bai todn k¥ thuat, khong nhat thist phai biét véc to dinh vi
vdn c6 nhiéu cich xdc dinh van téc va gia t6c cta didm.

1.1. Phuong trinh chuyén déng va quy dao chuyén ddng cta diém

a) Phuong trinh chuyén dong. M6 hinh 4 r
chuyén dong ctia diém P d6i v6i mot he
quy chiéu R cho trén hinh 1.1. Vj trf cia
diém P dugc xdc dinh béi véc to dinh vi

3

(C)

™y

F=0P. Do diém P di chuyén, nén 7 thay R
doi theo thoi gian é

¥ Y

=i

=1 (1) (1.1) x Hinh 1.1
Trong h¢ toa do Descartes” ky hi¢u €,,€,,€. la cdc véc to don vi trén cdc

truc Ox, Oy, Oz va x, y, z 12 toa do cla diém P, tir phuong trinh (1.1) suy ra

" René Descartes sinh nam 1596 & Lahaye (Phap), mat nam 1650 & Stockholm {Thuy Dién}.
Khi ¢ Thuy Dién éng 14y biit danh 13 Renatus Cartesius nén hé toa dd Descartes con dugce
goi 12 hé toa do Cartesius.
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F = x(1)é, + p(1)E, + 2(1)e, (1.2)

Phuong trinh (1.1) hodc (1.2) duge goi 12 phuong trinh chuyén dong clia
diém P.
b) Quy dao chuyén déng. Tap hop céc vi tri cla diém P & trong khong gian
dugc goi la quy dao chuyén dong cia diém P. Néu qué dao chuyén dong cla
diém P 13 mot dudng thing, thi chuyén dong duge goi 13 chuyén dong thing.
Néu quy dao chuyén dong la dudng cong, thi chuyén dong duoc goi 1a chuyén
dong cong.

1.2. Van téc cla diém

a) Pinh nghia. Van t6c coa diém 1a dao N A
ham theo th&i gian & trong hé quy chiéu 7(t) ’
R={Oxyz]} ctia véc to dinh vi # cla né. ' /
_ _ T(t + At)
... Flr+AD-F(1)
v=lim ————= ,
A0 Ar R ’J“
o (1.3) :
= kim A _Tdr X i
A0 AL dt Hinh 1.2

b) Biéu thirc tinh. Trong hé toa do Descartes vudng géc chi ¥ dén cong thic
(1.2). biéu thitc {1.3) c6 dang

R
- ! .. . -
V= Ti[x(t)ex + ¥{1)e, +x(t)ez]

R dx_» dy-. dz_.
e g Ay, drg 1.4
Y ' dt e dt R dr -~ .
Tl do suy ra
v _dx_]..f v _dy . v_zézg (1.5)

S >

y=# = &+ y? + 22 (1.6)

Theo ¥ nghia clia dao ham, van t6c ¥ cia diém P ndm trén ti€p tuyén
v6i quy dao tai diém P va huéng vé phia chuyén dong.

1.3. Gia tdc clia diém

a) Pinh nghia. Gia 16¢ cha diém P 13 dao ham theo thdi gian vécto van t6c
cua né O trong hé quy chi€u R

H oy- L

dv dr

d= = 5 (1.H
dt dt
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b) Biéu thirc tinh. Trong hé tga do Descartes, thé biéu thic (1.4} vao (1.
ta dugc

14 2 2 2
a:i[@éx+@5),+ffsz} Trz 20: T (s
dt dt dr

+_._
dr d12 ST T T
Tir d6 suy ra
dx d’y d?z
a =LF 50, =ty A, 1.9)
dr’ Y PETR (
a=la|=+3* +y* + - (1.10)

1.4. Nhan xét

Khi dlcm P chuyén dong trén dudng thing vécto vin 8¢ v va véctd gia
t6¢ dcla né luén ciing phirong doc theo dudng théng. Khi diém P chuyén
dong trén dudng cong, vécto van t6c v néi chung thay d6i ca vé huéng va vé
tri 86. Do d6 cdc vécto v va 4 néi chung khong ciing phuong. Tir d6 ta c6
tiéu chudn nhan xét:

¥xa=0:chuyén dong thing,
vxd=0: chuyén dong cong.

2. CHUYEN DONG THANG CUA DIEM

Chuyén dong thing cla diém 1a chuyén dong ma quy dao chuyén dong
cua né fa mot dudng thang.

2.1. Phudng trinh chuyén déng, van téc, gia td¢ cla diém

Vi trf tic thoi cla diém P duge xdc dinh bdi vécto dinh vi F{1) = x()é,
(hinh 1.3). Trong d6 €, 1a vécio don vi trén truc Ox. Tir hinh v& 1.3 dé dang
xac dinh dugc

Phuomg trinh chuyén cia diém P

=x(r} 2.1
Van toc diém P:
I -
=i == o 2.2) e Poox
_ 0: H o
Gia tac diém P: ' )
R I x(1) :
- d-; ! !
a(t)=x(t) = f Hinh 1.3
dr- .

90



Trong ky thuat, nhiéu khi chi biét gia t6c hoac van t6¢ clia diém P chuyén
dong thang. Khi d6 can phai gidi bai toan nguoc
!
W1y = vy + [a(r)dt (2.4)

1o

x(t)=x, + jv(:)d: (2.5)

i)

Trong d6 vy = v(ty), x5 = x(;).

2.2. Chuyén déng thang déu va chuyén déng thing bién ddi déu

a) Chuyén déng thdng déu. Chuyén dong thing cna diém ma van toc cta né
c6 tri s6 khong ddi dugc goi 14 chuyén doéng thing déu. Do v=v, =const,
suy ra '

a=v=0

]
X=Xy + jvﬁdf =Xy + "’!)(I - f{l) (26)

fu
b) Chuyén dong thing bién doi déu. Chuyén dong thing ciia diém ma gia
toc cla nd ¢6 tri s¢ khong d6i duge goi 1a chuyén dong thang bién déi déu.
Do a =, =const, suy ra

I
v=vy + [agdt = vy +ag(1-15) (2.7)
fy
] l ;
x=xp+ J‘v(r)aﬁr:xﬂ+v0(:—10)+5a0(r—t0) (2.8)
fo
Néu tai thdi di€m ddu £, =0 1a cé x, =0 v2 ve =0, thi tir cdc phuong trinh
(2.77yva(2.8)suyra

v =yl

1 = v=f2ayx (2.9)

X =—daqnt
- 70

=

2.3. Cac thi du ap dung

Thidu 1.]. Mot 616 dang chay trén doan dudng thiang & thoi diém 7,=0
cd van téc v, = 40 m/s. G thyi diém d6, 616 chay véi gia t6c giam dan tuyén
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tinh tir gia tri ban dau a, = 5 m/s cho dén khi « = 0 trong th¥i gian 6 s. Tiep
d6 6t6 chuyen dong déu trén doan dudng s,= 550 m. Sau d6 do ham phanh
ot6 chuyén dong cham dén véi gia téc a,= 11 m/s* cho dén khi dimg hén.
Hay xdc dinh khoang thoi gian 6t6 chay trén dudng va quing duong di duoge.

Loi gidi. Chuyén dong cla oto
dugc phan thanh ba giai doan. Giai
doan mot, 6td chuyén dong cé gia téc
duong (0<¢ <4 ) giai doan hai 6t6

chuyén dong déu (0<s, <1, ), giai doan
ba &t6 bi hdm phanh, chuyén dong
cham dan déu (0<r <g),.

Hinh 1.4

* Giai dm_u; 1: 010 chuyén dong c6 gia tdc duong (0<s <4). Trong giai
doan nay gia tdc ¢6 dang
a6y =ay(1- 11 véi £ = 6(s)
f)

Chii y dén cdce dicu kién dau x (¢, = 0) = 0, v,(#, = 0) = v, tir chc cong thic
(2.4),(2.5)taco

fl 1‘2 P

x} = Jvldle’gfl +a() ‘]__ 1‘
2 6t
0 |

Tir d6 dé dang xdc dinh duge van 8¢ va quing dudng di dugc & cudi
giai doan mot (1, = =6s)

v =1, + 1, +a0%=40+5.3255mf’5,

» * I‘z 62
X = vly +ay——=40.6+5.— =300m
2 3
* Giar doan 2. 0t6 chuyén dong déu (0<¢, < r;). Trong giai doan nay 6to
chuyén dong déu véi van t6c vy =v, =55 mis. Thi gian 0t0 chuyén dong
trong gial doan nay la
+ 8 350
f2 = ‘S‘—L =——=10 s
V: 55
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Theo cong thitc (2.6) phuong trinh chuyén dong clia 6t6 ¢6 dang
Xy = x: + Vyty
Vay quang dudng &to di duge trong hai giai doan 13
Xy = xr + vEI; =300+55.10=850 m
* Giai dogn 3. 66 chuyén dong cham din déu (0 <1, <13 ). Céc gid tri ddu
cua giai doan ba chinh Ii cdc gid tri cudi cla giai doan hai. Theo cong thirc
(2.7, (2.8)ta cé
vy =vi—ayly
Xy = vty —ay
Thai gian chuyén dong clia 616 trong giai doan 3 Ia
'.J; = v; —-a3r; =0:>£; ::—§=%=S s
Thoi gian téng cong ot6 chuyén dong cho dén khi dimg
f = +5+6=6+10+5=21s
Quang dudng 6to di duge
e e e £ 5
S =Xy =X, 4yl —ari}— = 850+SS.5-11.? =987,5 m

Thi dy 1.2. Mot chét diém roi tu do tir do cao - =100 m véi gia toc trong
truomg g = 9,81 m/s’. Bo qua siic cin cia khong khi.

O

— Xdc dinh quy luat chuyén dong, van toc clia chat
diém khi cham dat va thdi gian roi.

— V& do thi cha gia téc, véan t6c va quy luat chuyén
dong cla chat diém.

Lot gidi. Chon vi tri bat ddu roi 1am géc 1oa do. Dé
diing xdc dinh duge cdc didu kién ddu :
fy =0, x5 =x(0)=0,v, =v{0)=0. Hinh 1.5
Chuyén dong roi tu do ¢ gia t6¢c a= g =const (chuyén dong nhanh din
déu). Theo (2.7), (2.8) suy ra

| I
v=gf, x=_—gi
g 22‘

Quan hé gilta van t6c v va quing dudng roi x theo céng thic (2.9)
cG dang
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v=.f2gx

Tir d6 dé dang tinh duge van t6c chat diém khi cham dat
vy, =2gh =/2.9,81.100 = 44,3 m/s

Thoi gian roi 1A

vy 443
g 9.81

t) = =4,525.

Hinh 1.6 la d6 thi gia tdc, van t6¢ v quy luat chuyén dong cia chat
diém roi tu do.

@

) , O

o
~y

g

Hinh 1.6

3. CHUYEN DONG CONG CUA DIEM

Khi xéc dinh cdc dai lugng van t6c, gia t6¢ clia diém cin phai tim hi€u xem
qu¥ dao chuyén dong cla diém da biét trude hay chua. Néu chua biét quy dao
chuyén dong cia diém nén st dung cdc cong thic xdc dinh van tée, gia 16¢
trong he toa do Descartes vuong gée (1.5) va (1.9). Néu da biét duge quy dao
chuyén déng clia diém, thi nén sir dung phuong phap toa d6 tu nhién. Khi do
viée tinh todn s€ don gian hon nhiéu.

3.1. Mot s6 kién thirc ca hinh hoc vi phan

a) Mdt phdng mdt tiép. Ituéc hét ching
ta dua ra cdch xdc dinh mirt phang mat tiép
(osculating planc) véi quy dao tai diém P
ctia nd. Ngudi ta phan ra hail trudng hop:

— Quy dao cia diém 13 mot dudng
cong phang. Khi dé mat phing chia quy Hinh 1.7
dao la mat phiang mat tiép tai moi diém
clia qu¥ dao.

— Quy dao cua diém 132 mot dudmg cong khong gian. Tai P dung tiép tuyén
Pt va ldy mot diém P, bdt k¥ trén quy dao, ke 1i€p tuyén P,t, (hinh 1.7). Tai P
ké Pt,” song song v&i Py1,. Ky hi¢u mit phing chda Pt va Pr;” |a mat phing £,
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Khi d6 mit phing mat 1iép véi dudng cong tai diém P, k¥ hi¢u 1a E” duogc xé4c
dinh bdi hé thic
E' = lim F,
A—FP

Trong thyc hanh ching ta c6 thé xdc dinh mat phang mat tiép tai mot
diém P bat k¥ clha dudng cong khong gian mot cich gin diing nhu sau. Lay
mot cung rit bé ds = PP'trén dudmg cong, ¢6 chita diém P. Vi cung ds rdt bé
nén c6 thé thay né bing mot cung phing cé cung diém ddu P va diém cudi
P’. Mat phing chita cung phéng nay s& dugc xem mot cach gan ding 13 mat
phing mat ti€p véi quy dao tai diém P.
b) Do cong cia duong cong. D& dang nhan thdy
dudng tron <6 ban kinh cang nhé thi ti€p tuyén tai
cdc diém trén dudng tron déi hudng cing nhanh.
Vi vay, ngudi ta dua ra khdi niém do cong cla
dudng cong nhu sau. Dyng Pr 1a tiép tuyén véi quy
dao tai di€m P, dyng P,1, 12 tiép véi qui dao tai
diém P,. K& Pz, song song Pr, . Hinh 1.8

Dinh nghia. Do cong clia dudng cong tai diém P cla né duge dinh nghia
bdi cong thife sau

Ag

As

dy
ds

k= lim
Ay

(3.1)

Pai lugng o = % dugc goi [a bdn kinh cong tai diém P ciia dudng cong.

Dé minh hoa, xét quy dao I dudng trdn bin kinh R. Khi dé As=RAg.
Taco
(bo L1
As R k
Nhu thé ban kinh cong tai cdc diém cla
duong tron bing bdn kinh clia dudng tron.
¢) Dao ham theo thoi gian cia vécto
don vi cua hé quy chiéw dong. Cho
R = {Ox.y,} 1a h¢ quy chifu ¢ dinh. Véctg
don vi trén cdc truc la él(U), Eéo). Cho

R, = {Ox,y,} la cdc hé quy chiéu dong, cac 0
vécto don vi trén céc truc la E?,(“, 5’2“) (hinh

x
L]

(0} U

1

Hinh 1.9
1.9). T hinh vé suy ra
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U:cosqo el }+smqp eé“’

eé = _sing- e( }+COS(;0'€20)

Dao ham cdc vécto trén theo thdi gian & trong hé quy chi€u c6 dinh
Ro={0x,v4} ta duge

R{Jd';l])
G4 _ (—sin 9&'” + cospel” )q') = ey
dr 3.2)
Ro 450 (3.
P! -(cos¢e‘|( +smq9e(m)¢)- —gell)
dt

3.2, Phuong trinh chuyé&n déng, van téc, gia téc cla diém

a) Phuong trinh chuyén déng. Chon mot diém tuy ¥ O & trén quy dao lam
diém gdc (thudng chon diém bit ddu xuat phdt Jam diém gdc) va dinh chidu

duong trén quy dao (hinh 1.10). Vi tri O (C)
cta diém P duge xdc dinh biang do dai h NS P
dai $8 cung OP = 5. Diém P chuyén dong ~Z
nén s thay dot theo théi gian. Do dé Hinh 1.10
5= 5(t) (3.3)

Phuong trinh (3.3) duoc goi 1a phuong trinh chuyén dong ciia diém P trén
quy dao cong (C).

b) Vdn t6c ciia diém. DE tinh van téc cia di€m P, gén vao diém P mot he toa
dd vuéng goéc nhu hinh 1.11:

— Trong mat phang mat ti€p véi dudng cong tai diém P ta ké tiép wyén Pt
va phdp tuyén Pn huéng vé phia 16m clia quy dao. Phip tuyén Pn nim trong mit
phiang mat ti¢p dugce 1a phdp tuyén chinh.

— Keé phip tuyén Pb vuong géc
véi mat phing mat tiép tai P sao
cho Ptnb tao thanh mot hé quy
chiéu thuan. Phdp tuyén nay duge
goi la trung phdp tuyén. Hé toa
vuong géc Pnb duge goi 1a hé toa
dd wr nhién. Cic véc td don vi trén
cdc truc nay 1a €., ¢é,.¢é,. Van toc

” , ) x Hinh 1.11
diem P dugc tinh theo cong thiic
. Rar(s(1)) _dFds
dt ds ot
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Do dF hudng theo ti€p tuyén quy dao va |dr| =ds, nén @ = dsé,. Tirdé suy ra

¥ =§(1)e, =va, (3.4)
c) Gia toc ciia diém. Dao ham biéu thitc (3.4) theo thdi gian 1a dugc
R R R
b d( )——e PR (3.5)
Tar dat
Theo cong thirc (3.2) ta cé
R
o e, M0 B vy (3.6)
dt ds dr" p
Thé (3.6) vao (3.5) ta duge
2 .
=P Y s cairaz 37
dt ol

Thanh phén gia t6c g, =V duge goi 12 thanh phin gia t6¢ tiép, con thanh
phédn gia t6¢ a, =v*/p duge goi 1a thanh phin gia t6c phdp tuyén. Do céng

thitc (3.7) ta thdy: gia t6c cha diém P nim trén mat phing mat tiép véi quy dao
tai diém P va lu6n huéng vé& phia 16m cia quy dao.

3.3. Chuyén dong cong déu va chuyén déng cong bién ddi déu

a) Chuyén déng cong déu. Chuyén déng cong ciia diém P ma van t6¢ cia né
¢6 tri 56 khong déi dugc goi Ia chuyén dong cong déu.
Do v =v; =const , suy ra:

2

=P 6= (3.8)
dt Yol

s=8+ jvodt:sg +vo(t—1;) (3.9

ip
Trong d6 vy =v(ty), s =5(t)

Nhu thé khi chat diém chuyén dong cong déu thanh phin gia tdc 1iép tuyén

bang khong, con thanh phin gia tdc phép tuyén c6 thé khdc khong. Do d6 gia
t6c @ ¢6 thé khac khong.

b) Chuyén dong cong bién doi déu. Chuyén dong cong cha diém P mi thanh
phan gia toc tiép tuyén clia né ludn ludn ¢é tri s6 khong déi duge goi la chuyén
déng cong bién déi déu.

Do a, = a, =const , suy ra
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- .
T hé thirc E=v=v0+ao(r—r0)suyra

ds = l:vo +ay (t —IO)]a’t
Tich phan 1én ta duge

S=so+v0(t—-r0)+%a0(t-t0)2 (3.11)

3.4. Thi du ap dung
Thi du 1.3. Cho mot diém chuyén dong theo quy luat
x=r—sint, y=1-cost, z=4sin(t/2).
Hay xdc dinh bdn kinh cong mét diém tuy y cha quy dao theo thdi gian ¢.
Léi gidi. Dao ham cdc ham x(¢), y(¢), z(¢) theo thoi gian ta duge

. . . . f
Xx=1-cost, y=sint, = 2cos§

. .. . . !
X=sIni, y=cosf, Z=-sih—

Tir d6 ta uinh céc biéu thitc x4c dinh van téc, gia toc, gia t6¢ tiép cla diém

. . . 2 . !
vt =32+ 37+ 2% = (1-cost) +sm21+4c0525=4

.. . " . .2t .2t
a’ =x2+y2+22251n2t+c0521+sm2—=l+sm2—
2 2
dv
a, =—=90
dt

Do a, =0 nén a=a,. Theo céng thiic xdc dinh thanh phan gia té¢ phap
a,=v/p suyra

vy 4
p:-a— :;— =-.--—r
" 1’1+sin2-——
2

3.5. Cac toa dd cuc, cac toa do tru va cac toa dé cau

a) Cdc toa dé cuc. Khi diém P chuyén déng trén mjt phang Oxy, nhiéu khi
ngudi ta ciing st dung phuong phap toa do cuc d€ xédc dinh van t6c, gia t8c cla
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nod. Bén canh hé toa do (&, é,) ta dua vao h¢ toa do dong (é,, €, ) nhu hinh

1.12. Trong d6 &, nam trén dudng thing noi tam O va diém P. Vi trf diém P

trén mat phing E dugc xdc dinh béi hai tham s& r va ®. Do d6 céc phuong trinh
chuyén déng ctia diém P ¢6 dang
r=rt), p=pty (3.12)
Dua trén céng thiic (3.12) dé dang
xdc dinh dugc bidu thac tinh van t6c, gia
toc cha diém P. Dao ham F(1) = r(1)é,
theo ¢, suy ra

L dF d(ré,) dr dé

V="r= e, +r—=
i ddt dr dt

V=78, +rpé, (3.13) Hinh 1.2

Dao ham (3.13) theo / tinh duoc bidu thic tinh gia t6c

LA dr Jdrde, dr dlo_.  dpde,
a= €, e, e, r———

dr dt? a’t drdt di dr dr
a=(F-rg’)é, +(ri+ 269)e, (3.14)

b) Cac toa do tru va cdc toa dé cdu. St dung cdc toa do tru (hinh 1.13), vi trf

diém P duge x4c dinh bdi ba tham s§ A @, z. Do d6 phuong trinh chuyén dong
ctia diém P ¢4 dang

p=p(), p=0(t), z=z(1). (3.15)

()
. &

r

ta

by

‘1‘<
o
A
)
~

o ) .
Il ¢ ‘\\ I"
.............. pr B ____--_-------.‘»:Pn
Hinh 1.13 Hinh 1.14

Sir dung céc toa do cdu (hinh 1.14), vi tri cha diém P duge xidc dinh boi ba
tham s r, ¢ va & Do d6 phuong trinh chuyén dong ctia diém P c6 dang
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r=r(t), p=¢(r),0=0(t) (3.16)

Céc cong thidc lién hé giifa cic toa do tru, cdc toa dO ciu va cdc toa do dé
cdc cha diém P c6 dang nhu sau

X=pcos@, y=psing, 2=z G317
x=rcosfcose, y=rcosfsing, z=rsind (3.18)

Tir d6 dé dang xdc dinh duge cdc biéu thic tinh van téc, gia téc ciia diém P
trong cdc toa do try, hoac trong cdc toa do ciu.

4. KHAO SAT DONG HOC MOT SO CHUYEN BPONG DAC BIET

Trong phan nay dp dung cong thic & trén xdc dinh phwong trinh chuyén
déug, vén tdc, gia t6c cia moét s6 mo hinh chuyén dong di€m cé ¥ nghia
trong k¥ thuat.

4.1. Chuyén ddng theo quy dao parabol
Thi du 1.4. Trong mit phing thng ding Oxy, mot diém P chuyén dong
theo phuong trinh
. at?
X =vyylcosa, y=vyl Sma_T .
Trong dé vy,«, g 14 cdc hding s6. Tim qu¥ dao, van téc, gia t6c cia diém P
va ban kinh cong ctia qu¥ dao tng véi 1= 0 va liic P & vi trf cao nhit.

X

Lot gidi. Rat t tir phuong trinh thy nhat ¢ = réi thay vao phuong

vocosa

trinh th hai suy ra Ay
y=iga———E
2yycost 5

=i

Vay quy dao 1a mot dudng parabol.
bPao ham phuong trinh chuyén "
déng ta duge

[~ 1)
fl
£l

V, =X =¥, cosQx 0
V, =Y =vysing — gt Hinb 1.15

Tir doé suy ra

: 2
v= \/vg cos’ @ +(vysina - gt)

Pao ham biéu thifc van t6c ta c6
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a,=%=0, a,=y=-g
Do d6 vécto a ludn hudng thing xudng dudi. D€ tim ban kinh cong cia
qu¥ dao ta sir dung cong thic p =v?/a,. Trong bai todn nay, ta cé
—i‘f.f.—ﬁ= —g(vosina—gt)

af
) 2
ar df \/vé cos” & + (v, sina — gr)

Khi Povitrigéctoa do (1 =0): a, = -gsina, a=g.

2
Vay a, =\fa2 —af =gcosa.Dodd p=- %

geoso

Khi P ¢ vi tri cao nhét cha quy dao: do v song song véi truc x, do dé
v, =vsinag—gf=0. Tt d6 suy ra a, =0, a, = g. Vay bédn kinh cong quy dao
tai diém dinh cua parabol I

Ve cos’

g

4.2. Chuyén ddng theo dudng xycloit
Thi du 1.5. Mot banh xe tron bdn
kinh R lan khong trugt trén dudng ray
thdng. Van t6c tam bénh xe 12 hing s6 va
bing v,. Tim phuong trinh chuyén déng

)

cla di€ém P & trén vanh banh xe. Tim quy
dao van toc, gia t6c cla diém dé.

Léi giai. Chon hé toa dé Oxy nhu y
hinh 1.16 v4i chd § khi t =0 thi P = 0.
Do bdnh xe lan khong trugt nén cung o

AP bang doan OA. Do AP = Ry, OA = vy,

Hinh 1.16
nén vt = Rg. Do d6
N " Vg
p=wt Vi w= 2
Toa do ciia diém P la
x = vyt — Rsing = vyt — Rsinwt 199)]
y=R-Rcosg = R{l-coswt) 2)
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Céc phuong trinh chuyén dong cta diém P nay ciing 12 phuong trinh tham
s0 cua quy dao cta nd. Quy dao clia P gom nhimg cung xycloit nhur hinh 1.16.
Hinh chiéu van téc clia diém P trén cic truc Ox va Oy 1a

v, =X =v, - Rwcoswt = v, (1-coswr) (3)
vy =¥ = Rosinot = vy sinaf (4)

D0 16n cha van toc diém P

v=ytt 4+ = vo\/(l - cosmt)2 +sin wt =vy\2(1 —coswt) = 2v, sin%r

) 5 R . wt
Do géc ¢ nam trong ving 2z >¢ 20, nén sm%z(}.

D¢ tim hudng van tdc clia diém P ta xdc dinh céc cosin chi hudng cua véctg
van téc
—~ v, l—cosor . ot - i
cos(x, 7)==~ =———=sin-—, cos(y,¥)=—2 = =cos—
2sin 2

Tir d6 suy ra vécto van téc diém P luén luén nam trén dudng thing néi tix
diém P 16 di€m cao nhat cda bénh xe. Hinh chiéu gia téc cla diém P trén céc
triuc Ox va Oy 13

a, =X =vwsIiner, a, = ¥ = vwocosw!

. f 2
Do dé a= a§+ai:vua)=a)R

-y . Gy . P

Do cos(x,d) =—= =sinwr;cos(y,d)=—>=coswt, nén vécto gia toc clia diém
o a

P ludn di qua tam cta bdnh xe. Ban kinh cong ctta quy dao duge tinh tir bidu

thitc p=v*/a,.

. dv ot
Do a,=\Ja* —at va a, ==L = Vo cos— (VI v, =v)
dt 2
A wl .ol
Nén a, = vow, [1— cos® — = Voo sin—
2 2
.3 oM
4v§ sin® v ot ot
Vay ta cd p=———=-=—Hgin— —4Rsin— =2A4P .
: 7 2 2
Vg sin 5

Trong d6 AP la khoang céch tir diém P dén diém th4p nhat cha banh xe.
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4.3. Chuyén ddng theo dudng xodn &¢

Thi dy 1.6. Cho diém P chuyén dong theo
quy luét

g

x=rcos¢9; y=rsing, z = pp
Trong dd r va p la cdc hing s6, @=@(f).
Tim van tdc, gia t6c clia diém P va xé1 tinh bién
doi chuyén dong khi ¢ = wyr véi wy = const .

,

L

Fo—mmmmmmm -

L& gidi. ‘Theo phuong trinh chuyén déng
cla diém P, n6 s& vach nén mot dudng xodn 6¢
déu nhu hinh 1.17. Ap dung phuong phép toa do
Descartes tinh van t8c va gia téc diém P, ta ¢é x

L~

~

Hinh 1.7
vV, =X =-—r@sing,

v, = ¥V =r@eosg, (1)

V. = p@

v=yJrip?sin® g + rip* cos’ g + p’p? =|o|\r? + p?
Pao ham bicu thite (1) theo thdi gian ta duac

a, =X= —rg? cos@ — r@sin g
a,=y= —rgbz sin@ + r@cos
a, =Z=pg
De y, ta xét trudng hop ¢ = 0. Khi d6, néu goi y1a gée giita tiép tuyén véi
quy dao va truc z, ta ¢é:
cosy = A | S -
v g'o\/r2+p2 24 p?
Nhu thé, dudng xodn 6¢ ¢6 do nghiéng khong ddi doi véi mat phing Oxy.
Ky hi¢u P’ 14 hinh chi€u cia P trén mat phdng Oxy. D& dang thiy hinh chidu
clia quy dao trén mat phang Oxy 12 dudng trdn tam O bén kinh

,vc:"+y2 =rtcos’p+risinip=r°.

Khi di€ém P’ di dugc mot vong trén day tru trdn ¢ = 2 (radian), thi diém P
chuyén dong doc tryc z duge mot doan khong déi 1a 7 =2zp . Nguii ta goi & 1a
bude clia Xodn &c¢, con p 1a tham s6 cla xodn 6c¢.

Xét truong hop ¢ = wyt . Khi dé cdc thanh phan véan t6¢c ¢ dang
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Vy = —rq Sinwyl; v, = recosagt
V. = pay
Tt d6 ta c6 v=wy/r? + p* =const . Nhu thé diém P s& chuyén dong déu
trén dudng xodn 6¢. Cdc thanh phén gia t6c
a, = -ro} COSWy!, a, = ~rog sinwyt, a, =0.
Vivay ta c6a=rag. Vécto gia t6c G song song véi mat phing Oxy (vi
a,=0).
Chi ¥ ring a, =-w’x;a, =-w’y, ma x, y lai Iz toa d6 ctia diém P Vay
gia t6c a nguoe chidu véi vécta OF .

Dov = const, nén a, =0; a, =a. Vay ban kinh cong cia quy dao Ia
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Chudong 2

CO SO DONG HOC VAT RAN

Trong chuong nay, truéc hét gisi thi¢u hai dai lugng déng hoc dic trung
co ban clia vat rin chuyén dong. Hai dai luong d6 12 van téc g6c va gia toc
g6c cha vat ran. Tir d6 dua ra cdc cong thic t6ng quét x4c dinh van t6c, gia
t6c ctia mot diém bat ky thude vat rn chuyén dong. Ap dung céc két qua dé
khao sat hai loai chuyén dong don gian nhat nhung ciing la phé bi€n nhat cha
vit rin. D6 1a chuyén dong tinh tién va chuyén dong quay quanh mét truc c6
dinh ctia vat rin. Cu6i chuong trinh bay cdc loai truyén dong don gidn nhung
phé bién trong k¥ thuat.

1. HAI DAI LUQONG DAC TRUNG CO BAN CUA PONG HOC VAT RAN

Mo hinh bai todn dong hoc vat rén cho trén hinh 2.1. Viéc thiét 1ap céc
phuong trinh chuyén dong cia vat rdn 1 bai todn kha phitc tap, chiing ta s€ trinh
bay & chuong Dong hoc vat rin khong gian cuéi phdn dong hoc. & day, chi
nghién cifu hai dai lugng dong hoc dac trung co ban clia vat rén, dé 13 van 6c
gbc va gia 16c géc clia vat rin.

1.1. Van t8c géc cuia vat ran za

Van t6c géc cha vat rin 1a mot
trong nhimg khéi niém co ban nhat
trong déng hoc. Thé nhung khai
niém nay ciing 1a moét trong nhimg
khai niém hay bi hiéu sai nhat. Ly
do cta sy hay nhdm l4n nay ¢ thé 1a
chua xay dumg duge su trong xing R

gitra khdi niém van t6¢ cha moé hinh /
diém véi khdi niém van t6c géc cia X Hinh 2.1

mo6 hinh vat ran.

*e

Xét vat rdn B chuyén dong d6i véi he quy chi€u R nhu hinh 2.1. Liy ¢ 1a
mot véc to wy y khéc khong thude vat rin B. Do (¢)* = const nén dao ham theo t

bidu thic nay ta duoc E.—‘f =0. Nhu thé % la mot véc to vudng géc vai véc to &,
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Mat khdc tich ¢6 hudng ciia hai véc to c6 dang @x& =5 . Trong d6, véc to
b vuong géc véi mat phing chia hai véc to @ va &. Nhiing nhan xét dé goi ¥
cho chiing ta xay dung khdi niém véc to van t6c gde cla vat rén nhu sau.

a) Dinh nghia. Lay ¢ 1a mo6t véc to tuy ¥ khdc khong thude vat rin B. Van téc
géc ctia vat ran B d6i v6i he¢ quy chigu R 13 mot vée to, ky hieu 1a *5% , ma

R -
. o - N dc
nhan véc tg v6i véc 1o ¢ ta duge dao ham =
i
R -
dc B -
= RpBys (1.1)
dt

b) Su tén tai va duy nhdt cia vdn téc géc. Vin t6c géc cha vat rén B duge

dinh nghia b&i biéu thic (1.1) 12 duy nhat. That vay, gia sit RrﬁBkhOng duy
R—B >
ma

nhat, sé& ton tai véc to &’

R -
dC_R~r3X+

—="% é 1.2
n ~ (1.2)

Ldy biéu thite (1.1) trir di biéu thiic (1.2) ta duge
RQEBXE—RQI}'BXE:(R(L}B—REJ'B)XE=0 (1.3)

Do ¢la mot véc 1o tuy ¥ khdc khong thudc vat rdn B va do phuong trinh
(1.3) luén thoa man véi moi ¢ nén ta phii ¢6 hé thic

R=B R

& R—'B:R-'i'B'

@%=0 = fp @
Su t6n tai ctia 5% : Néu ta cong nhan tinh lién tuc vé sy phan b6 vat chét cia
B o=
. . N aéc foe . Qs
vat ran, thi dao ham — s€ ton ta1. Tur d6 suy ra van t6¢ gde clia vat rin 16n tai.
4

¢} Cong thirc tinh van toc goc "o%.
Gin chat vao vat rin B mot he quy
chiéu vudng géc co cdc vécto don vi
trén cic truc 1a &, é,, ¢; (hinh 2.2). Ta
¢6 dinh 1y sau day dé xac dinh van toc
gbc cua vat rin B.

Dinh Iy 2.1. Cho {&,, ¢,, & } laba
véc 0 don vi cia mdt hé quy chiéu R
dong gan lién vio vat ran B. Khi d6 van
t6c gde clia vat rdn B dugc xdce dinh bdi .
cong thiic * Hinh 2.2

ZA
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F - R R
R, Y (e, Y [ Fde
[42] =€] ‘6’3 +€2 -el +€3 e

t r dr (1.4)

Cluimg minh. Trong h¢ quy chiéu {¢,, &,, & } véc to van téc géc clia van
ran B ¢6 thé biéu dién duéi dang
o =(Fa® 6 )¢ +(Fa® -5)e + (R 6,8, (1.5)
Do ¢, ¢;, ¢31a cac vécto don vi trén ba truc cha mét he toa do vuong géc
nén ta ¢é cac hé thic
€ =€ XEy, & = e X6, 6 =8 x& (1.6)
The cic hé thiic (1.6) vao bidu thic (1.5) ta dugc
fa® =[ o (e, xe, )]o +] fa® (¢ @ )|e +| "a” (x5, Ve am
Chu ¥ dén tinh chat quen biét cha tich hdn hop ba véce to
d-(6x8)=c{dxb)=b-(¢xad) (1.8)
va dinh nghia van toc géc cla vat in (1.1) hé thac (1.7) duge bién d6i nhu sau

Rt =[é3 (R xé, Hé] +[a, (*a* xe})]é’z +[.z;2 (*a® xé, )]53

_ PRy ) L Raey). (L Rae ).
=| ey di e+ ¢ d €y + €y dr €

Do tich v6 hudng cua hai véctg ¢6 tinh giao hodn nén ta ¢6

R 3 R - R =
] | Tde, - de, . - de, .
RfUB:e] 2'(.’3 +€2 3'8] +€3 —I'€2
ot ot ddt

Binh 1y dugc chimg minh xong. Chii ¥ rang, cong thic (1.4) thudng duoc
st dung d& tinh van t6¢ goc cha vat ran trong nhiéu trudng hop cu thé.

Sau day trong bai todn khio sit chuyén dong clia mot vat rin B déi véi mot
hé quy chiéu R, khi chi ¢6 mot vat rin va mot hé quy chiéu dé don gian cdch
viét, ta thay "of =0 .

1.2. Gia té¢ géc¢ cha vat rin

Dinh nghia. Gia t6c gdéc cha vat ran B ddi vdi hé quy chiéu R 13 mot dai
luong vécto, ky hi¢u 1a *&7 | bang dao ham theo thai gian & trong hé quy chiéu
R cua vécto van téc goc cha vat rdn do
R R 5B

di

RaB

gl =

(1.9)
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Chit y. Khi khdo sdt chuyén dong clia mot vat rdn B déi véi mot hé quy
chi€u R 1a ¢6 thé thay ky hieu % bing ky hiéu # cho don gian cdch viél.
Trong mot s6 tai li¢u ngudi ta ky hiéu gia t6c géc 1a & .

2. BIEU THUC XAC DINH VAN TGC, GIA TGC CUA MOT DIEM BAT KY
THUOC VAT RAN

2.1, Van tdc mdt diém bat ky thuéce vat rén

a) Dinh Iy 2.2. Néu biét van t6c géc cta vit ran va van téc mot diém A nio dé
thuoc vat ran B, thi van t6¢ moét diém P bét ky thudc vat rén B duge xéc dinh bai
hé thiic sau
trong d6 @, = AP, ¥,, 1 van t6¢ clia diém P trong chuyén dong quay cua vat
rin quay quanh diém A,
Ching minh. Ta 1dy hai diém A, P twy ¥ thudc vat rin B dang chuyén dong
(hinh 2.3). Tir hinh v& suy ra
Fp =F, +iip (2.2)
Pao ham hai v€ hé thic (2.2) theo t &
trong hé quy chigu R ta dugc
Rr, Fdr, . Reii,
at dr dt

Theo dinh nghia van t16¢ géc, cong thic
(1.1), taco

(2.3)

Rdi, _
_ a T T Hinh 2.3
Theé (2.4) vao (2.3) ta duge

H¢ qud: Hinh chi€u van t6¢ hai diém bét ky thudc vat rin B lén dudng
théng ndi hai diém d6 thi bing nhau.

Chimg minh. Do tich @xii, =& x AP luon vubng goc vdi dudng thing AP
nén tir (2.1) suy ra

he 4p (Vp) = he 4p (34 (2.5)
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2.2, Gia téc mat diém bat ky thudc vat rin

Dinlt Iy 2.3. Néu biét van tdc géc, gia téc géc clia vat rin B va gia t6c mot
diém A nao d6 thudc vat rin dé, thi gia téc mot didm P bat ky thudc vat rén B
duge xdc dinh boi hé thic sau

Gp =a, +Exiip +Bx (G xiip) (2.6)

Chiimg minh. Dao ham theo thdi gian t & trong hé quy chigu R biéu thite (2.1)

ta duge
“dvp _tav,  Fdo i,

x ﬁp + &j x
clt ot dt dt

d,=d,+Exilp +ax(Bxiip)

Tu céc cong thitc (2.1) va (2.2) ta xdc dinh dugc van t6¢ va gia t8c céc
diém cua vat rin.

Qua trén ta thay hai bai todn co ban clia dong hoc vat rin la:

1. Xac dinh van téc géc, gia téc goc cia vdt rin.

2. Xdc dinl van toc, gia téc mét diém bdt ky thudc vit rdn,

Sau day dp dung cdc két qua cha hai tiét trén khdo sat hai dang chuyén

dong co ban cla vat rin la chuyén dong tinh tién va chuyén déng quay quanh
mot truce ¢6 dinh.

3. CHUYEN BONG TINH TIEN CUA VAT RAN

3.1. Binh nghia va thi du

a) Dinh nghia. Chuyén dong cua vat rin duge goi 1a chuyén dong tinh tién
n€u moi doan thing thudce vat ran ludn song song vai vi tri ban ddu cla né.

NNl

Hinh 2.4 Hinh 2.5

b) Cdc thi du. Chuyén dong cia than xe 6t6 trén doan dudmg thing la
chuyén dong tinh ti€n (hinh 2.4). Chuyén dong cda thanh truyén AB trong co
cdu 4 khau clia mdy sang c6 céc tay quay OA = O,B la chuyén dong tinh tién
(hinh 2.5)
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¢) Cha y. Chuyén dong tinh tién la mot dang chuyén dOng cua vat rin. Khong
c6 khdi niém diém chuyén déng tinh tén. Khi mot vat rin chuyén dong tinh
tién, cdc diém thudc vat dé 6 thé chuyén dgng khong thing, khong déu,

3.2. Van téc géc, gia tdc goc ctia vat ran chuyén déng tinh tién
Dinli 1y 3.1. Khi vat rén chuyén dong tinh tién, van 8¢ géc, gia téc gée cha
vat ran luén luén triét tieu.

Chimg minh. Theo dinh nghia chuyén déng tinh tién vat rin ta c6 & = const.
Do d6

d—c——O = w=0 = E=0
clt

3.3. Van téc, gia tc cac diém thudc vat rin chuyén déng tinh tién

Dinl Iy 3.2. Khi vat ran chuyén dong tinh tién, van 16¢ moi diém thudc vat
déu bang nhau, gia t6c moi diém thudc vat déu bang nhau.

Chimmg minh. Do =0, &=0 nént cong thic (2.1) va (2.6) ta suy ra
Chii y. Tir hai dinh 1y trén suy ra ¢ thé sit dung mo hinh vat diém dé khio
sat mo hinh vat rin chuyén déng tinh tién.

4. CHUYEN DONG QUAY QUANH MOT TRUC €O BINH CUA VAT RAN

4.1. Dinh nghia va thi du

a) Dinh nghia. Chuyén dong cla vat rén c6 hai diém c6 dinh, do dé c6 mot
truc di qua hai diém d6 6 dinh, duge goi 12 chuyén dong quay quanh mot truc
6 dinh. Tryc di qua hai diém <6 dinh dugc goi 1a truc quay cua vat rin.

le,
IE \%D%

g

Hinh 2.6a Hinh 2.6b Hinh 2.7
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b) Mo hinh va thi du. Hinh 2.6a 12 mé hinh khéng gian ¢dn hinh 2.6b 14 mo
hinh phang ciia vat rin quay quanh mot truc c6 dinh.

Da 6 cdc truc mdy thuong thyc hién truyén dong quay quanh mot truc ¢4
dinh (hinh 2.7).

4.2, Van tdc géc, gia tdc goc cua vt ran quay quanh mét truc ¢d dinh

a) Phuong trinh chuyén dong cua vdt rdn quay quanh mét truc cé dinh.
Chon hé quy chi€u ¢d dinh Ox,yq2Zo v6i Oz, la truc quay cia vat ran. Chon he
truc Oxyz gén lién vio vat rin B va cling quay vdi vat. Trong d6 Oz, = Oz. Cic
vécto don vi trén hé truc toa dé dong Oxyz la ¢, é,, ¢, (hinh 2.8)

Hinh 2.8

Nhu the vi tri ctia vat rdn B doi véi hé quy chiéu c6 dinh Oxgy ez duoc x4c
dinh b&i géc quay @. Vay phuong trinh chuyén dong clia vat rdn quay quanh
mot truc ¢6 dinh la

P =@t} “.0n
b) Vdn téc géc cda vdt rdn quay quanh mét truc ¢d dinh. Theo (1.4) bicu
thite xdc dinh van t8¢ géc cta vat rin quay quanh mdt truc c8 dinh ¢6 dang

L R g3 ~ . Ry g3 . . R s, _
w:e'[ drez"’}}ez[ drez’e’}e{ dre!'e’*J @2

Trong trudng hgp vat rn quay quanh mot truc cd dinh, do & = const nén
dey
dt

Con cac dao ham % va % dugce tinh theo cong thic (3.2) chuong mot
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dé ., dé

o P =ea. =0 (4.3)
Thé (4.3) vao (4.2) ta duge
B =-0(& &) +(0-6)8 + (8,68
Do ¢ -¢;,=0, & -¢, =1, nén ta nhan dugc biu thic xic dinh van t6c géc
cla vat rdn quay quanh 1 truc c6 dinh
@ = P, 4.4

c) Gia toc goc ciia vdt rdn quay quanh mot truc cé dinh. Dao ham biéu thic
van 8¢ géc (4.4) theo thai gian xdc dinh duge bidu thic gia t6c géc cla vt rin
quay quanh mdt tryc cé dinh
o des
dt
Nhu thé, gia t6c gée cua vat rdn quay quanh mot truc c6 dinh 13 mot vécto
ndm trén truc quay va cé tri dai s6 £, = ¢

&_":

< §é, (4.5)

Chii y. Khi hai vécto @ va & cung chiéu ta ¢6 chuyén dong quay nhanh
dan. Khi hai vécto @ va & tréi chiéu ta ¢6 chuyén dong quay cham dén.

4.3. Van tdc, gia tdc mét diém bat ky thudc vat rin

a) Quy dao chuyén déng. Xét chuyén dong coa mét diém P bat ky thuoc vat
ran, ndm cach truc z mét doan IP = r. Khi vat rdn quay quanh truc z c6 djnh,
quy dao cha diém P la dudng tron tam I ban kinh » ndm trong mit phang di qua
['va vudng géc véi tryc quay (hinh 2.9). Phuong trinh chuyén dong ciia P 1

= ﬁ{)—f‘; = rga (I) (4.6)

Y

Hinh 2.9 Hinh 2.10

b) Vin téc diém P bdt ky thuée vdt rdn. D thuan tien cho tinh todn, cling véi
h¢ toa d¢ dong Ixy ta dua vao hé toa do tr nhién Pz n (hinh 2.9), Ky higu
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ijf’ :I_P-:ré] (4'?)
Theo dinh nghia ta ¢6

ﬁpz%:map (4.8)
Thé cdc bidu thirc (4.4) va (4.7) vao bidu thie (4.8) ta duge

Vp ={9-&)x(ré) = rgpé, x & = ropé, (4.9)
Do &, =¢, nén

3y = rg, (4.10)

Vay van t6c cua diém P la mét vécto ndm trén dudng ti€p tuyén véi quy
dao & diém P va ¢ tri s6 v, = ro
Tir cong thic (4.10) suy ra: Van t6c cic diém ciia vat rin quay quanh mot
truc ¢6 dinh phan b6 theo quy luat tam gidc vuéng déng dang (hinh 2.10).
¢) Gia tdc diém P bat ky thudc vét rdn
Bao ham bidu thic van 16c (4.9) & trong he quy chidu R, theo t ta duge
v,

ap =——=r{e. +r¢l—6{é—2
P 2 dt

e,
Do —= = —¢é, nén
i e

Gp =ripé, — re’é, (4.11)
Chi ¥ ring ¢ =-¢,, &, =&,. Thé cdc h¢ thic nay vio (4.11) ta dugc

Gp =r{é, +rp’e, (4.12)
Quy udc goi

dp = rié, la thanh phdn gia t6c tiép

dp =r¢’é, la thanh phén gia téc phip

Vi cdc quy uée d6 bidu thic gia t6¢
diém P ¢6 dang (hinh 2.11)

dp =ay +ap =rieé, +rgteé,
Tirhinh 2.11 ta ¢é

r
ap

_ A
-2

e

fga =

wz

n
a‘fll

Hinh 2.11

8.0 HOC KY THUAT [13



4 (4.14)

ap = (a‘f,)z +(a;’,)2 =rNel +o

Chi y. Cac véc 1o gia t6c phdp va véc to gia t6c¢ ti€p duge x4c dinh nhu sau:
dp :huéng tr P v&€ O, do Ion 1a af =re?.

dp : ¢6 phuong vudbng géc véi truc Pn, c6 chiéu phu thude vao chidu

clag,cétris§la a; =re.

4.4. Chuyén ddng quay déu va chuyén déng quay bién ddi déu

a) Chuyén dong quay déu. Chuyén dong quay cla vat rdn quay mot truc c6
dinh dugc goi Ia chuyén dng quay déu, néu van t6c géc cha vat rin c6 tri s§
khong déi (o, = o, = const)

Tir diéu kién @, = w, = const , suy ra:

P f
[do=a, [d = p=gy+@(t~1,) (4.15)
@0 iy
Pa s6 céc truc may quay déu khi mdy lam viéc & ché d6 binh 6n. Trong k¥
thudt, hay sir dung don vi vong/phiit dé chi van t8c géc. Thi du, réto quay véi
van toc gée 3000 vong/phiit hoac 10000 vong/phiit. Khi d6, néu truc mdy quay
v6i van tdc géc n vong/phit, 1a c6 cong thie tinh quy déi nhu sau
n-x w n
=y hay f =2 = Hs (4.16)
b) Chuyén dong quay bién déi déu. Chuyén dong quay cia vat rén quay
quanh tryc c6 dinh dugc goi 1a chuyén dong quay bign ddi déu, néu gia t6c géc
clia vat ran cd tri s6 khong déi (g, = &, = const).

w

Tir diéu ki¢n €, = €,= const, suy ra
_ 1_ 2
Chi ¥ ring khi tich , £, > 0, vat rn quay nhanh dén, khi tich @, €, < 0, vat
rin quay cham dan.

Thi du 2.1. Mot tryc mdy dang quay v6i van téc gée n = 1200 vong/phiit
thi bi ham lai. Trong giai doan hdm, tryc miy quay cham din déu va quay dugc
80 vong thi dimg hén. Tim thdi gian him mdy.

Loi gidi. Chon t; =0, , =0, theo cdc cong thitc (4.17), (4.18) ta c6
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w =y + &yt
[
@=m01+5a‘0:

Theo gié thiét ta c6 w, = %)”5 =407, 80 vong = 1607 (rad). Tir d6 néu goi

T la thoi gian ham mdy, ta c6 he phuong trinh sau
0=407 + &,T (1)

1607 = 407 T + %gorz (2)
T (1) suy ra £ = —-40x/T . The két qua nay vao (2) suy ra

1607 = 4077 — 2027 =202T = T =8s

5. TRUYEN BONG CO KHi DON GIAN

3.1. Vi tri khau truyén ddng trong may

Trong mot may hodc 16 hop mdy thuong gém 3 thanh phan: dong co, co
cdu truyén dong, bo phan 1am viéc (hinh 2.12)

Dong co Co céu Bo phan
' truyén dong lam viéc
Hinh 2.12

J day, bude diu hay lam quen v6i mot vai co ciu truyén déng don gian
nhdm bién chuyén déng quay quanh mot tryc c& dinh thanh chuyén dong quay
quanh mot truc khdc ¢6 dinh, bién chuyén déng tinh tién thinh chuyén dong
tinh ti€n, bi€n chuyén dong quay thanh chuyén dong tinh tién va bign chuyén
dong tinh ti€n thanh chuyén dong quay.

3.2. Vai loai truyén déng don gian

a) Truyén dong bdng co cdu bdnh ring, dai truyén va ddy xich. Truyén cic
chuyén dong quay giita hai truc c6 dinh song song nhau ngudi ta dung cu ciu
banh ring, dai truyén, xich nhu hinh 2.13 va 2.14. Trong trudng hop biéu dién
trén hinh 2.13, ta c6

CU|, _r2

@, !
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Hinh 2.13a Hinh 2.13b

Hinh 2.14a Hinh 2.14b

b) Truyén déng bang banh rang—thanh ring

Pé truyén chuyén dong gilta mot vat quay va mot vat tinh tién ngudi ta sir
dung co ciu banh rang—thanh riang hodc co ciu banh-thanh ma sat (hinh 2.15).

Hinh 2.15

¢) Truyén dong bdng co cdu cam

Pé truyén chuyén dong tinh tién thanh chuyén déng tinh tién hogc chuyén
dong quay thanh chuyén déng tinh tién ngudi ta c6 thé sir dung cic co ciu cam
nhu hinh 2.16.
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/ Can

Cam

“
v

Hinh 2.16a

5.3. Thi du &p dung

Thi du 2.2. Cho co cau truyén
dong nhu hinh 2.17. Truc 1 ¢6 béan
kinh R, chuyén dong quay véi van téc
gée o, va gia tdc gée g,. Truc Il gdm
hai ting ¢6 ban kinh tuong tng R, va
r,. Tim van t&¢ va gia to¢ cla vat P.

Bai giai. He gdm ¢6 truc [ va truc
IT chuyén dong quay, con vat P chuyén
déng tinh tién. Suy ra:

w:_&: __ R
@y & R,
. R R
Do dé . =——Lay g, =——Lg
R Ry

Van té¢ diém P;
v v ) _'——rz [#2]
= = F =
P VM SN0y = =gy
Gia t&c diém P;
"R

Op =y = FEy =-"—&
P if iy |
RZ

Hinh 2.16b

Hinh 2.17

Do o, va &, nguoc chiéu nhau (hinh 2.17) nén vat P chuyén dong 1én cham

dan do v, va d, nguge chiéu nhau,
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Thi dy 2.3. Hop bi€n t6c (hinh 2.18) c6 cdc banh ring véi s6 rang tuong

ing 1a z, = 10; z, = 60; z,=12; z,=70. Tim ty s6 truyén dong cta hai truc A
va B va chiu quay cilia truc B,

Lo gidi. TY s6 truyén dong giita banh rang 1 va 2 la:

@ z,

—t=-=2 (1)

@, z

" ) 1 " 3 1 I

Ty s6 truyen dong giira banh rang 3 va 4: _I T =
Y Yy _gg 024 y @

@ z

e (2) * ¢

on 2y i
Tir hinh v& 2.18 ta cé by 3

_ 2 J S5

W) =@y, Wy =y, tog =y i

Do d6 tir (1) va (2) suy ra:

= inh 2.18
(o a} :ﬁzﬂ:zz% 3 Hinh
> o, B, @ z2,
Thay s6 vio cong thie (3) nhin dugc ty s6 truyén dong:
7 70 e
E_DTA— S070 =35 (bdnh ring A quay cung chiéu banh ring B).
w, 1012
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Chuong 3

CHUYEN PONG TUONG DO
CUR DIEM VA VAT RAN

Trong hai chuong trudc ching ta da khéo sit chuyén dong cla mo hinh
di€m va mo6 hinh vat ran d6i véi he quy chigu ¢6 dinh. Trong thuc t€ tinh toin
va nghién ctu 1y thuyét nhiéu khi ngudi ta phai khao sit chuyén dong cha diém
hoac vat rin doi v6i mot hé quy chigu R, nio d6 ma he quy chigu R, nay lai
chuyén dong d6i véi he quy chi€u R,. Trong churong nay, trén co s& dua ra cic
khdi niém chuyén dong tuyét déi, chuyén dong tuong d6i, chuyén dong theo,
ching 1a s€ thi€t 1ap cdc cong thifc cong van tée, cong gia t6¢ cla diém, cong
thic cong van t6c géc va cong thic cong gia t6c géc cha vat ran.

1. KHAI NIEM CHUYEN PONG TUYET DOl, CHUYEN PONG
TUONG DOl VA CHUYEN PONG THEO

1.1. Chuyén dong tuyét ddi, chuyén dong tucng ddi va chuyén
ddng theo cua vat rin

a) Mo hinh. Vat ran B chuyén dong d6i véi hé quy chidu dong R,, he¢ quy
chi€u dong R, lai chuyén déng d6i véi he quy chiéu ¢6 dinh R, (hinh 3.1).

b) Cdc dinh nghia. Chuyén dong cla vat rdn B d6i véi hé quy chiu c6 dinh
R, dugc goi la chuyén dong tuyét d6i. Van tdc géc, gia t6c gée clha vat rén B
xdc dinh trong hé quy chi€u ¢& dinh R, duge goi 1a van t6c géc tuyét ddi, gia
t6c gbe tuyét doi. Ky higu la &,,£, . Chuyén dong cia vat ran B d6i véi hé quy
chiéu dong R, duge goi 13 chuyén dong tuong

doi. Van toc goc, gia t6c géc cha vat ran B xdc

dinh trong hé quy chiéu dong R, dugce goi i van Zof
16c géc twong d6i, gia téc géc wong doi. Ky

hi¢u 1a &,,Z,. Chuyén dong cha hé quy chidu

dong R, d6i vdi he quy chi€u c6 dinh R, duoc

goi 1a chuyén dong theo. Van téc géc, gia t6c R,
g6c cha he quy chi€u dong R, x4c dinh trong hé Y
quy chi€u c6 dinh R, dugc goi 1 van t6¢c géc
theo, gia tc goc theo. K¢ hiéu 12 &,,Z, .

o Hinh 3.1
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So sanh cdc dinh nghia trén véi dinh nghia van t6c géc, gia t6e g6c clia vat
rin trong chuong 2 phdn dong hoc, ta ¢6 cic hé thic

s _FoB o _ R =B o Ry
B, ="p

— _RO_'B
E,="0F

1.2. Chuyen dong tuyét dai, chuyén déng tuong doi va chuyén déng
theo cia diém

a) M6 hinh. Diém P chuyén dong doi v6i hé quy chicu dong R,. He quy chiéu
dong R, lai chuyén dong déi véi hé quy chiu c6 dinh R, ¢hinh 3.2).

b) Cdc dinh nghia. Chuyén doéng cla
diém P d6i v6i he quy chi€u ¢6 dinh R,
duge goi 1a chuyén dong tuyet dsi. Van
¢, gia téc clia diém P xdc dinh trong
h¢ quy chi€u ¢é dinh R, duge goi 1a van
t6¢ tuyét dai, gia t&c wyét déi. Ky hieu

B} Rodr, foq?y
V,(P)= dt” . G,(P)= dr;’

Chuyén dong cia diém P d6i véi
heé quy chiéu dong R, dugc goi la
chuyén dong twong déi. Van toc, gia toc Fo Hinh 3.2
cua diém P xdc dinh trong hé quy chi€u dong R, duoc goi 1a van t6¢ tuong doi,
gia t6¢ twong d6i. Ky hieu la 3,,4

Raa, = py_dip
dt dr?

Chuyén dong cta hé quy chi€u dong R, d6i v6i hé quy chiéu c6 dinh R,
dugc goi 1a chuyén dong theo. Van téc gée, gia 16¢ g6c cua hé quy chiéu dong R,
xdc dinh trong hé quy chi€u ¢ dinh R, duge goi la van téc goc theo, gia to¢ géc
theo. Ky hiéu 1a &,,&, . Mot diém P* thudc hé quy chiéu dong R, ma & thdi diém
khao sdt tring véi diém P dugc goi 1a tring diém cla P tai thoi diém dé6. Chi y
ring trong qud trinh chuyén dong c6 nhidu diém P’(z,) ciia he quy chicu dong R,
14 (ring diém ctta diém P & nhimg thdfi diém khéc nhau. Van toc, gia toc cda tring
diém P*, mot diém thuoc he quy chi€u R,, xéc dinh trong hé quy ch1éu c6 dinh
R, duge goi la van tée theo, gia téc theo cla diém P. Ky hiéu 13 v, ,d,

Ve (P) =V (P*} , 4,(P)=a,(P¥).

Vv, (P)=
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2. DINH LY CONG VAN TOC VA BINH LY CONG GIA TOC CUA DIEM

2.1. Dinh ly cdng van téc diém
Xét mo hinh chuyén déng twong d6i ctia diém P nhu hinh 3.3. Tir hinh vé& ta c6

Fp =T + OP = o, t xVe (1) + y(l)e(” + zmem 2.1

Pao ham biéu thic (2.1) theo théi gian ,
& trong hé quy chigu R, ta ducc A2
. = ~
ROdFP _ Rodrol +x(]) Rﬂdé](n ¢ Up Yy
dt a7 ar SR
I -1 Fo O, €
m o el o " dey” (o
+Vp +zp + é
dt dr ,
dx) dyh 20 gl y
Pogh (AP )y FZp o 0
+ e+ e, + e’ (2.2)
de O T Tar Ty O / 0
Theo dinh nghia ta ¢6 X, Hinh 3.3
Coal s g
Rl 2 U Ve g+ 2 g
dt dt dt
Res (1 (1) Ry (1)
L T +yD dg" | P dé
T dr P P Podt

Vay tlr (2.2) thu duge cong thic cong van tdc
Vv, =V, +7, (2.3)
Dink Iy 3.1. G mdi thdi diém, van 8¢ tuyét d6i cia diém P biing téng hinh

hoc van t&c¢ tuong ddi vi vin t6c theo cha né.

2.2. Binh ly ¢dng gia tdc diém
Pao ham hai 14n biéu thic (2.1) theo thdi gian t ta dugc
. 3 - . -
faty, NdR g R0 R Rae)
- 2 Ap 7 VP 7 TZp 2
dt de dt

dr? dr
- dxfp” Ry, dé'l(l) N d_}’,(n” Ry dgzﬂ} . dzg) Ry, dé';])
dt dt dt ar dt dr

d’xp’ A2y U d’zp’ &
e’ + &\ é 2.4
a? ' ar o a?

Chi ¥ ring
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Rod-(l) Ry 4=(1) Rod-'(l)
Lk LEe- il BT U
The (2.5) vao (2.4) ta duoc
G,=d +3d,+a, (2.6)

Trong d6 d =2, x¥, . Gia t6c & duge goi 1a gia t6c Coriolis, mang tén
nha vat 1y va k¥ su ngudi Phdp Gaspard Gustave de Coriolis (1792—1 843).

Dinh 19 3.2. & mbi thdi diém, gia t6c tuyét déi clia diém P bing téng hinh
hoc gia t8c tuong d6i, gia 16 theo, va gia 16c Coriolis cla né

Chit y. Khi lam bai tap nén sit dung quy téc thuc hinh sau day dé xéc dinh
gia t6c Coriolis.

Khi vécto v, vudng géc vai véctg @, (vi du diém P chuyén déng trén mot
mat phing), ta quay vécto ¥, theo chidu quay ciia @, mot géc 90° ta duge
phuong va chiéu cia vécto .. D¢ 16n cha né duge xdc dinh b6i cong thic
la.| =2w,v, (hinh 3.4)

Khi vécto ¥, khong vuéng géc véi vécto @,, dung mit phing (¥,,d, ).
Trén mat phing d6, chiu ¥, 1én dudng thing vuong géc véi @, ta duge V). Sau
dé quay vécto v, theo chiéu quay cia @, di mét géc 90° xde dinh duoc phuong va
chiéu clia vécto . DO 16n cita n6 duge tinh bdi cong thic |6,| = 2w,y =2w,v, sina
(hinh 3.5).

Hinh 3.4

Hinh 3.5

3. BINH LY CONG VAN TOC GOC VA PINH LY CONG GIA TOC GOC
cUA VAT RAN

3.1. Pao ham cua vectd trong cac hé quy chidu khic nhau

Cho vécta & thay déi theo thoi gian & trong he quy chi€u R, (hinh 3.6).
Trong he quy chi¢u nay vécto a ¢6 thé bidu dién dudi dang
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d=a"e!” +aiVe{" + aVeM (3.1)
Trong do ", 2", ¢ 1a cdc vécto don
vi cia hé toa do vubng géc R, con afl),
ay", ¢i" Ia hinh chi€u ciia vécto @ lén céc

tryc toa d¢ d6. Dao ham (3.1) theo thdi gian t

ta duge R,
R 1 (4]
“di _da” ) day’ .y daf)
dt dt dt dt X, Hinh 3.6
Ro gzh) Ro =) Ro y5(1)
PP T - M T (3.2)
dt dt
Chd ¢ ring
Ry y=(1) Ry y=i1) Ry g=(1)
P Roghiygth, 290 mgh, xé{", 29 mgh xé  (3.3)
dt ' a dt
Thé (3.1) vio (3.2) suy ra
Ro gz Rige
dd =—~—da +Roph G (3.4)

dt dt

He¢ thuc (3.4) cho ta mé&i quan h¢ gilta dao ham cda vécta & trong hai hé
quy chiéu khdc nhau.

3.2. Dinh ly cdng van téc géc cla vat ran

Xét vécto ¢ tuy ¥ cla vat rin va
¢ # 0. Vat rin B chuyén dong d6i véi hé 420
quy chi€u R, hé quy chiéu R, lai chuyén
dong déi vdi heé quy chi€u R,,. Theo dinh
nghia van t6c gée ta ¢4 cong thiic

Ry 1=
€ _ Rtz (3.5)
dr
Brae R 7]
= RpBxe (3.6)
ot
Mat khic theo cong thiic (3.4) ta c6 %o Hinh 3.7

= Rz
Ro gz _ \de L Ragh
dt dt
Thé vao cdc biéu thiic (3.5) (3.6) vao (3.7) xac dinh dugc

(3.7
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Rl xé =Rl xcy Pogh xc':(R‘cF)B + PR )xc”
Do ¢ # 0 nén tir cOng thitc trén suy ra

Pogl =R oM M8 hay B,=,+d, (3.8)

Dinli 1y 3.3. G mbi thai diém, van t6c géc wyeét doi cha vat rin B béng t6ng

hinh hoc van t6c géc tuong déi va van 8¢ géce theo cha né.
N€u &p dung cong thifc (3.8) déi v6i n+1 hé quy chidu nhu hinh 3.8 ta dugce
Rop®

R,

= RopR  Rgh 4oy BmigRe | FogsB (3.9)

yn

x Hinh 3.8
1l
3.3. Dinh ly cong gia téc géc cua vat ran
Pao ham theo th&i gian & trong hé quy chidu R, hé thic (3.8) ta duge

o Fod o
—(Pop? )= Rogh Y L[ RipE
dar ( ) dt ( ) dt ( )

Chd ¥ dén cong thic (3.4) suy ra

R
RogB _ %gﬁ+£f(mm )*%@mxﬁmg (3.10)
t

Theo dinh nghia %% =&, Rgf =g, RzF _¢  The vao cong thire (3.10)
suy ra

+
QEI‘
21

(3.11)

Dinh Iy 3.4. G mbi thai diém gia t6c gée tuyét d6i cua vat ran B bing t6ng
hinh hoc gia téc géc twong d6i, gia tée goc theo va gia téc gdée phu (hodc gia téc
goc Resal) &, =aj, <, .

Chit y. Khi @, va &, song song vdi nhau tir (3.11) suy ra

—E 4B (3.12)
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4. CAC THi DU AP DUNG

Thi dy 3.1. Hai b clia mét con séng song song véi nhau. Chiéu rong cla
dong song 1a h. Dong nude chdy vdi van t6c v ¢6 trj s6 khong d6i. Mot ngudi
ldi thuyén sang ngang v6i van t6¢ wong déi 1a #. X4c dinh huéng cta van tde
i de cho thoi gian sang song I3 ngdn nhat. Véi diéu kién d6 x4c dinh vi tri cap
bén clia thuyén.

Loi giai. Vat khao sdt 12 Y4
con thuyén. Hé quy chiéu
dong la dong nudc, hé quy A
chiéu ¢6 dinh 1a mot mée & by
song. Khi d6 con thuyén sé h
tham gia hai chuyén dong:
chuyén déng tuong doi véi
vin t6c # va chuyén déng vy 4 ' X

theo v8i van 10c . 7
Hinh 3.9

Theo dinh 1y hep van t6c:
V, =1 +V

Chiéu ding thiic nay 1én céc truc toa do suy ra
V, =usina +v

va}__

=ucosw

Tir d6 tich phan lén, vai diéu kieén ddu x(0) = 0; w0) =0, ta duge
x={(usino + vt
y={ucosa)t

Khi thuyén cap bén: y=(ucosa)r=Ah. Vay thdi gian sang song I

h
t= .
uCosQ
. o, s a s
Khi a=0=>cosa=1=1_, =—. Vi tri ciap bén cla con thuyén sé cich
u
- -3 - - v
mét doan so véi diem xudt phat x =—h
u

Thi du 3.2. Mot mdy nén khi c6 céc 6ng khi cong quay déu quanh truc O
vudng goc véi mat phdng hinh vé véi van 16¢ géc w. Khong khi chay doc theo
cdc Ong v6i van 8¢ ¢6 tri s6 khong ddi v, . Tim hinh chiéu van t6c va gia t6¢
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clia mot phan tir khi ndm & diém C cla 6ng AB tén céc truc Ox, Oy. Cho bist
ban kinh cong cla 6ng & diém C 1a p, gée gira phap tuy€n cla dudng cong AB
& di€m C va ban kinh CO 12 @. Ban kinh CO béng r.

Lo gigi. Ta khao sat chuyén
dong cta phan tir khi & vi uf C cla
6ng din khi AB. Chon réto méy
nén khi lam hé¢ quy chiéu dong va
gid may 1am hé quy chiéu cd dinh.
Vdi cich chon trén, chuyén dgng
tuong d6i cha phidn (& khi la
chuyén dong cong déu trong rinh
AB, chuyén dong theo 1a chuyén
dong cua roto quay déu quanh truc
O. Chuyén dong tuyét ddi ciia phin
tr khi chua biét va cin xdc dinh.

Bati tedn vdn téc. St dung dinh
1y hop van téc.

. - i .10
5, =V, +7, Hinh 3.1 . (0

Trong bai todn nay v, da biét, vuéng géc véi phap tuyén tai C. Do roto
quay quanh O nén v, cha phan tlr 16ng vuong géc véi ban kinh OC hudng
theo chiéu quay cta roto va do 16n 13 v, = OCw =rw . Hai vécto V. va v, tao
véi nhau mét géc @ (hinh 3.10). Chigu ding thic (1) 1én cic truc Ox, Oy
ta dugc:

Yy =V, COS@ +ra

Vay

=v, sing

Bai todn gia téc. Si dung dinh 1y hop gia toc ta ¢6:

d,=d +d, +a,. 2

Theo gia thiét, hat khi chuyén dong déu trong ranh cong AB. nén
a; =0.a! =v /p. Vécto @ huéng tr C vé L Do roto quay déu nén
a; =0,a" =re’. Vécto @ hudng tir C vao O. Do v, L @, nén vécto gia tdc
Coriolis d. duge xdc dinh theo quy tic da néu trong hinh 3.4. Vécto d,. huong
vuodng géc va6i ¥, va ngugc chiéu véi @', a. = 2wv,. Can cif viio hinh v& 3.10 va
bicu thifc (2) ta d& dang tim dugc céc thanh phin cla vécto gia 16c tuyét d6i cla
diém C.
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2
a,, = {2\:,&) - v_,] sing
f2,

2
gy, = —[rwz + [21},&) —%] -COS (0]

Thi dy 3.3. Khao sét chuyén dong cia co cdu culit nhu hinh 3.11. Gia thiét
ring tay quay OA=0,2m quay déu quanh O véi van t6c o= 4n (1/s). Nhd con
chay A ¢6 thé trugt doc ¢dn lic OB ma chuyén déng duge truyén sang cin lic
0,B. G thdi diém khio sat 0,40 =60°, 400, =90°. Tim van té¢c goc, gia 16

gdc cla can lic & vi tri dé.

Bai gidi. Chon con trugt A lam vat
diém khio sdt. LAy ¢dn lic O,B 1am hé
quy chiéu déng, gid mdy lam hé quy chiéu
cd dinh,

— Chuyén dong tuyét do6i: chuyén
dong cha diém A doi véi gid cd dinh. D6
ia chuyén dong tron déu, tam O, bin
kinh OA.

— Chuyén dong tuong déi: chuyén déng
cha diém A d6i véi thanh O,B. D6 1a chuyén
dong thing.

— Chuyén dong theo: chuyén dong clia
thanh OB doi véi gid ¢6 dinh. D6 1a
chuyén dong cla vat rin quay quanh mot
truc cé dinh.

Bai todn van toc. Ap dung dinh Iy hop van téc

Vv, =V, +7,

Hinh 3.1

(1)

Vi chuyén dong cla diém A di biét, nén vécto ¥, da bict hoan toan, v, L OA,

¢6 chiéu phi hgp véi chicu quay chia w,, v, = aw,. Vécts v, hudng doc theo
OB, chiéu va iri s6 clia né chua biét. Cin lic O,B chuyén dong quanh O, nén
triing diém A* cia A chuyén dong ron. Do d6 %, 1 O,A. Ta ciing chua biét

duge chidu va trj s6 cia nd.
Tir hinh v& 3.11 ta dé dang tim duoc

- i 0. — 0
v, =v,sin30"; v, =v, cos30

Do v,= OAw,= 0,87 (m/s). Nén ta cé:
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v, = 0,4\/§:r, v, =0,4x

Bi€t gid tri vd hudng cla ¥, ta tim duoc yg )
)
]
)
1
!

chi€u quay va trj s6 cla cin lic @,
v, 0,4z

-1
=——=—=7
04 204 ")

@
Van t6¢c géc @, ¢6 chiéu nguoce chidu kim
déng hé nhu hinh ve.
Bai todn gia téc. Ap dung cong thic

a,=a,+d, +d,

Do chuyén dong tuyét d6i 1a chuyén

dong tron déu nén Hinh 3.12

- -
d, =a,.

Chuyén dong theo 1a chuyén dong quay quanh mot truc c6 dinh nén
d,=d, +d,.

Cong thitc gia t6c trén c6 dang:

@ = +al +a, +d, @)

trong daé:
a, huéng tit A vao O; 3," = 0A.w,2=0,2.16n* = 3,2n%;
. hudng tir A vio O,; a,*= QA 0,2 = 0,4n%

ac duge xdc dinh theo quy tic néu trén. Vécto d. vudng gée véi O,B nhu
hinh v&. 6 16n a¢ = 2awyv, = 2(0, 4;r)4\/§;r = 0,87V3x% . Vécto d, hudng vuong
goc OB nhung chua bi€t chi€u va tri s6. Vécto 4, huéng doc theo cin lic OB

nhung chua bi¢t chicu va tri s6. Chi€u dang thic (2) lén truc O,B v truc vuéng
g6c vai OB

—a] c0s60° =—qa, ~ a"
i sin60° =g —af
T dé suy ra
a, =a’ cos60° — al =1, 6% -0,47% =1,2722
a; =ac —a sin60° = 0,8\37° —1,6\37% = —0,8/372

Nhu vay vécto 4, nguge chiéu véi chiéu da vé trén hinh 3.12.
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Tri s6 clia gia t6c goéc cha cdn lic O,B Ia

r 2
AN LY e

£ =
o4 04

Can cif vao chiéu ding clia &, ta biét duge chiéu clia . Trén hinh vé £
c6 chiéu nguge chiéu kim déng hé.

Thi du 34. Khio sit chuyén dong ciia co ciu cam: Cho biét cam 1a dia tron
quay déu quanh truc c6 dinh O véi van 16c géc @,. Khodng cdch gita tam I cua
dia v2 O la e. Can AB chuyén dong tinh tién doc theo ranh dinh hudng K. Xic
dinh van t6c va gia t6c clia ¢dn & vi trf nhu hinh 3.13.

Bai gidi. Ta khio sit chuyén dong clia di€m A trén cdn. Chon he dong la
cam, h¢ c6 dinh 13 gid mdy. Nhu th€ chuyén dong twong d6i clia A 1a chuyén
dong tron quanh tam 1. Chuyén dong theo [a chuyén dong quay clia cam quanh
O. Chuyén dong tuyét d6i La chuyén déng thing dimg 1&n xudng theo truc AB.

Hinh 3.13 Hinh 3.14
Bai todn van toc. Stt dung dinh 1y hop van t6c
¥, =V, 49, (1)

Trong thi du nay v, da biét, vueng géc véi OA va cé dd 16n 13 v, =lw,.

Trong dé
2 2
I=04 =J(r+ecos450) +(esin45°) =\/r2 +e? +er\6

Véc to ¥, vubng géc véi IA, chua biét chidu va tri s6. Véc to v, hudng
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theo truc AB chua bi¢t vé chicu va tri s8. Dya trén hinh vé 3.13 va cong thite (1)
ta dé dang xéc dinh dugc

v, =V, c0s 60° = %t’mo, v, =v,cos30" = ﬁ!mo
Bai todn gia tdc. Sir dung dinh 1y hgp gia t6¢
d, =d, +d, +dc (2)
Do cam quay déu, nén o} =0,a] =lo;. Diém A chuyén dong tuong déi

trén vanh cam nén 4, = 4; +a, . Trong d6 @ huéng tir A vao T va ¢é gid tri

Thanh phén ¢ huéng vuéng géc vai TA, nén chua biét vé chidu va tr 6.
Do v, L @, nén vécto gia tdc 4, duge xédc dinh theo quy tic di néu trén hinh
3.4. Vécto d- vuong goc véi v, va nguoc chiéu véi a@’; a- = 2wy, =lwi3.
Do cén chuyén déng tinh tién, nén 4, hudng doc thanh AB. Ta chua biét vé
chi€u va tri 56 clia n6. Nhu thé h¢ thic (2) bay gid ¢6 dang

d,=4d, +d, +a, +de (3)

Trong d6 hai vécto &, va d; chua biét chiéu vé chiéu va tri s6 (hinh 3.14).

Chigu k¢ thuc (3) lén phuong A ta duoc

a, =da; c0s30" —a + ap = -lw} 2_1-/:3_ ~ ilzwg +iwi 3
' 2 4y
(3 3
ha a =-lo;| ——
y ° 0 [4’ 2 }

Do d6 vi trf nhu hinh 3.14 thi / > r; vay a, <0; d, phai huéng tir A t6i L
Muén tim & ta phai chiéu hé thic (3) 1én phuong vudng goc véi Al

Nhan xét ¢/nng: Khi tinh todn van t6¢ va gia t6¢ trong chuong nay, ta
thudng din dén viéc giai phuong irinh vécto.

N H -
Zai :zbj
i1 4=1
Néu ci,-.b' ;12 cde vécto trong khong gian, thi phuong trinh trén tuong duong

v6i ba phuong trinh vo hudng. Bai todn giai dugc khi ¢6 ba 4n. Néu 4,.b ; lacdc
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vécto nam clng trong mot mat phing thi phuong trinh vécto trén tuong duong
v&i hai phuong trinh vo hudng. Bai todn giai duge khi ¢6 hai 4n. An & day 1a tri
s6 v dau ciia né. Néu wrong phuong trinh trén, cé mot vécto hoan toan chua
biél, bai todn thudc loai bai todn téng hop. Néu ¢6 hai (hoac ba trong bai todn
khong gian) vécto chua biét vé tri s6, con phuong da bigt, bai todn thuoc loai bai
todn phan tich. Nhu the céc thi du 3-1 va 3-2 & trén thudc bai todn téng hop,
con cdc thi du 3.3 va 3.4 12 bai todn phan tich.

Thi dy 3.5. Khio sit dong hoc co cdu vi sai trén hinh 3.15. Banh ring 1
quay quanh O v6i van toc gée @, gia t6c goc £ . Tay quay OA quay quanh QO
doc 1ap vdi bdnh rang 1 véi van tc géc @, gia téc goc &, .Hai bdnh rang 1 va 2
lan khong truot trén nhau va cé cdc ban kinh tuong ung la r, va r,. Banh rang 2
¢6 thé quay duge quanh chét A & trén tay quay. Tim van t6c géc, gia t6c géc

cta banh riang 2.
/ o,
I !

Hinh 3.15

Loi gigi. Co cdu vi sai trén hinh 3,15 12 co ¢du phing c6 ba khau dong. Tay
quay OA chuyén dong quanh O. Bdnh ring | chuyén dong quay quanh truc cg
dinh di qua O. Bdnh rang 2 chuyén dong quay tuong d6i quanh A. Su truyén
dong tir banh rang 1 va tay quay OA sang bédnh rang 2 thyc hién nho sy an khép
giita cdc bdnh rang 1 va 2. Co cdu vi sai trén hinh 3.15 13 co ¢&u hai bac tu do.
D¢ xdc dinh chuyén dong cla co cau vi sai, cin phai biét trude van t6c gée cla
hai khau.

Tinft todn. Ta chon tay quay OA I hé quy chiéu dong. Dimg trong hé quy
chiéu nay, cap bnh rang 1 va 2 1a cap banh ring an khép ngoai. Do d6

O __ 0 (1)
@y, i
Theo cong thitc cong van t6c géc ta cd

By =By, =0, =W, — Wy, By, =@y, — @y, =, ~a, (2)
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Thay (2) vao (1) ta dugce

5Ir _ a)lz — @, ___Il
EJZr Wy, — Wy, H
T dé suy ra
B+ E H
1 2 |
@y = Wy, —— 1y, (3)
" n

Do cong thiic (3) ding véi moi thdi diém. Pao ham céng thitc nay xac
dinh dugc

Chit y. Vige dp dung dinh 1¥ cdng van téc géc va dinh 1y cdng gia tdc géc
s€ dugce trinh bay k¥ hon trong cac chuong 4 va 5.
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Chuong 4

PONG HOC VAT RAN CHUYEN PONG
SONG PHANG

Chuyén dong song phing cla vat rin 1a mot dang chuyén dong phic hop
hay gép trong k¥ thuat. Khi nghién ctu chuyén dong song phing ciia vat rin
ngudi ta thudng dua vé bii todn truc quan hon 12 nghién ciu chuyén dong cla
mot vat rén phéng & trong mat phing ciia né. Trong chuong nay chiing ta sé xét
hai bai toan quan trong clia dong hoc vat rin chuyén dong phing 13 bai todn xéc
dinh phuong trinh chuyén dong, van t6c goc, gia tdc gée clia vat rin va bii 104n
xdc dinh phuong trinh chuyén dgng, van t6c, gia 16¢ cia cc diém thudce vat rin.
- Céc phuong phdp tinh todn duge trinh bay trong chuong nay la phuong phdp
giai tich va phuong phép hinh hoc.

1. DINH NGHIA CHUYEN BONG SONG PHANG VA MO HiNH
CHUYEN BONG PHANG CUA VAT RAN

1.1. Dinh nghia chuyén déng song phing

Dinht nghia. Chuyén dong cla vat
rin d6i véi mot hé quy chiéu ¢6 dinh
duge goi 1a chuyén dong song phing néu
nhu méi diém thudc vat rin luon dich
chuyén trong mot mit phing xdc dinh
song song véi mot mat phing quy chiéu
da duoc chon truée (hinh 4.1).

1.2. M3 hinh chuyén déng phing

Mat phing
quy chigu

Xét mot doan thing PP, iy ¥ thuoc
vat rin B ma PP, vudng géc véi mit
phiing quy chiéu E,,. ViP, va P, 4 hai diém Hinh 4.1
ctia vat ran B nén PP, = const. Mat khic do vat rin B chuyén dong song phang
nén cic di€m P, va P, luén dich chuyén trong hai mat phéng song song nhau va
song song v6i mat phing quy chiéu E,. Vay P,P, luén song song vd&i vi tri ban
du cha nd. Theo dinh nghia PP, thyc hién chuyén déng tinh tién. Vay chuyén

E
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dong cta doan PP, duge dac trung bdi chuyén dong clia diém P clia né (hinh
4.1). Vat ran B 4 tap hop vo s6 cdc thanh P\P,. Do dé chuyén dong song phing
cha vat ran B duge dic trung bdi chuyén dong clia thiét dien phing S (tap céc
diém P) trong mat phéng E chia né. ‘
Nhu vay viéc khio sdt chuyén dong I
song phang cla vat rén B trong khong gian
dugc dua vé bai toan khdo sdt chuyén dong
clia thiét dién phing S trong mat phing I3
(hinh 4.2). Ta quy udc goi chuyén dong B
clia thiét dién phing S rong mat phing B ¢
la chuyén dong cha vat ran phing. Hinh 4.2

2. XAC PINH PHUONG TRINH CHUYEN PONG, VAN TOC GOC,
GIA TOC GOC CUA VAT RAN PHANG

2.1. Phuteng trinh chuyén déng cta vat rin phing

Theo hinh 4.3 vi trf ciha hinh n '

Wiy

phéng S trong mat phing Oxy dugc 4

xéc dinh bdi ba tham 8 x,, y, va

¢. Khi hinh phang S chuyén dong ¥y, o
ba tham s& (rén thay déi theo thn [~~~ —~— T

gian, Vi vay phuong trinh chuyén
dong cia vat rin phing ¢é dang >
X,=x, (r), -E\ |
0 € Xy X
CRECIOMNERS '1 Hinh 4.3
¢ =p(r).
Do dé vat rdn chuyén dong phéng c6 ba bac tu do.
Chii y. Xéu trén gée d phan tich chuyén dong thi x,(1). y,(t) mo ti thanh
phan chuyén dong tinh tién, con @(7) mo ta thanh phin chuyén dong quay
tuong déi clia hinh phing S.

2.2. Van tdc gdc, gia tdc géc cua vat rin phing

‘Theo cong thite x4dc dinh vin t6¢ géc clia vat rin, cong thic (1.4) chuong 2,

ta co
RJ}--‘* ,ff?l)-’ R{-"
b=, —6 |ve| i lrs | L | (2.2)
ae )T a T e O




"Trong do ¢,.¢, 1a cdc véc to don vi trén cdc truc A va A, con €, 1a véc
ta don vi trén truc A vuéng géc véi mat phang S.

Trong bii todn phing nhu hinh 4.3, theo cdc cong thie (3.2) cla chuong 1,
ta co

i Mde, ot o)
T — 3 =—@E,, ={. .
a O T TP T
Thé céc biéu thuke (2.3) vao bi¢u thitc (2.2) ta dugc:
& = —(6,.6,)6, +(0.6,)6, + (6, €, )¢, (2.4)

Do e.é, =0, ¢ .¢ =1 tacd cong thic van toc goc:
@ = @, 2.5
Pao ham hé thic (2.5) theo thoi gian + & trong hé quy chidu R ta duge bidu
thitc x4c dinh gia t6¢c géc ctia hinh phang S.
£ = (e, (2.6)
Viy van téc géc cla hinh phing S chuyén dong phing 13 mot véc to nim
rén truc Oz vudng géc véi mat phiang E va ¢é biéu thiic v, = ¢, con gia 8¢
géc cha hinh phang S 1a mét vée to ndm trén truc Oz vudng géc véi mat phing
E va duge xdc dinh boi hé thitc g, = ¢ .

3. XAC PINH V| TRi, VAN TOC, GIA TOC CAC PIEM CUA VAT RAN
PHANG BANG PHUONG PHAP GIAI TiCH

D61 véi hé cde vat rdn phang don gidn ta c6 thé sit dung phuong phép giai
tich dé xdc dinh vi trf, van téc, gia téc céc di€m cha cac vat rin. Khi tinh todn
cdc bai todn dong hoc hé cdc vat rin phing ¢ cdu tric phic tap, ngudi ta
thudng su dung cac phép tinh ma tran vdi su dp dung cic phdn mém MAPLE,
MATLAB, MATCAD.

3.1. Ma tran cdsin chi hudng
a) Pinh nghia ma trdn césin chi hudng

Cho hinh phéng S vd mét hé quy chiéu ¢6 dinh R = Oxy (hinh 4.3). Lay
mot diém A tlly ¥ trén hinh phang S lam cyc va gin chat vao hinh phing S he
quy chidu A&7 . Ddng thdi ta gin vao diém A mot hé toa do6 Ax,y, sao cho
trong qud trinh hinh phéng S chuyén dong trong mat phing Oxy luén luén thoa
mdn diéu kien Ax,//Ox, Ay, //Oy. Ky hiéu cdc véc tg don vi rén cdc truc Ox va
Oylae vaé  téncdctrucAd vaAn laé va e .
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Dinh nghia. Ma tran

A { & &, q] =[c?w —sinso] A1)
y e yEq sime COs g
dugc goi 1a ma tran cosin chi huéng cia hinh phing S d6i v6i he quy chi€u Oxy.

Sau day ta goi tat A la ma tran cosin chi hudng.

Chii y. Ma trdn cosin chi hudng A cdn duge goi 13 ma tran quay he toa do
Ax,y, sang hé toa d6 ALy, hay goi tit 1a ma tran quay.

2y |
A TRRLT
bomy
[T

b) Dao ham theo thoi gian cda ma trdan césin chi hudng
Biéu thitc tinh dao ham ma tran c6sin chi hudng c6 dang
dA

—=gI'A 32
a? (3.2)
2
A L] e
=(gl"' -’ E)A 3.3
7 (@l - ¢p°E) (3.3)
Trong d6 E 1a ma tran don vi cdp hai, con I" 1a ma tran c6 dang
. |0 =1
I = 34
L a4

Chung minh. Dao ham hé thic (3.1) theo t ta dugc
dA . [—sing ~cosg| |0 ~1|cosp —sing -
— =9 . |=o , =9l A
dt cosg -—sing 1 0| sing cose
d*A
dr’

oS H i P

A

d " L] idA - =S )
= (pI'A) =gl A +9I' = =GI'A + $°I"A
ZPT A=l A+ ol —-=gI'A+¢

nén ta dugc ‘; Al (¢1° —°E)A

>

¢} Cdc tinh chdt co bdn cia ma trén cosin chi hudng
Tinh chat 1. Ma tran cosin chi huéng 13 ma tran tnuc giao.

That vay
AAT = Cf)sgo —sing co.sqp sing _ I 0 _E
sing  cosg || —sing cosg LU
H¢ qua. Trong bon phan tif clia ma trdn cosin chi huéng chi c¢6 mot phdn tr

doc lap.
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Piéu nay 12 hién nhién vi cos’ ¢ +sin’p =1
Tinh chdt 2. Dinh thitc clia ma tran c6sin chi huéng bing 1, detA = 1

cose —sing|

detA = =cos’ @ +sin‘@ =1

sing  cosg

3.2. Phuong trinh xac djnh vi tri mét diém bat ky cla vat rin phang

Khi bi€t dugc vi tri cia hinh phang S trong mat phang Oxy, tic 13 biét
x,=x,(¢), y,=y,{t) va ¢ =p(r) 1a dé ding xdc dinh vi trf cha diém P b4t ky
thuoc hinh phing S. Tir hinh 4.4 ta c6

Fp=F, +ii, (3.5)
4y n P
Vil am e “-
- |
Ry | \\5 é:
( \ b
Wyl
@
= .
rp |A |
” | | S
r, I :
0 )
XA x,u ;
Hinh 4.4

Chié¢u phuong trinh véc to (3.5) 1én hai truc toa do Ox v Oy ta duge
X, =Xx,+&,C08¢—~1n,sin@
Yp = Y4 tgpsing +1, cosg

Ciéc phuong trinh (3.6) ¢6 thé viét lai duéi dang ma tran nhu sau

LM B e
Yp Ya sing  cosg | 7 Y My

Céc phuong trinh (3.6) hodc (3.7) 1a cdc phuong trinh xdc dinh vi trf clia
mot diém P bat k¥ thudc hinh phing S.

(3.6)

3.3. Phuong trinh xac dinh van tdc, gia tdc mét diém bat ky clGa vat
rin phang

Pao ham hai vé cta phuong trinh (3.7) theo thdi gian & trong hé quy chiéu
Oxy ta nhan dugc phuong trinh xédc dinh van téc cia mét di€ém P tuy ¢ thudc vat
ran phing S
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s
¥ Ya iy

Dao ham hai v& cia phuong trinh (3.8) theo thoi gian & trong hé quy chiéu
Oxy ta nhdn dugc phuong trinh xdc dinh gia t6¢ clia mot diém P tuy ¥ thudc vat

¥ i " j:P ‘;‘:.4 LY ‘:lvtf‘
ran phang S [ . }:{ }+((pl —¢ E)A{ } 3.9)
LY Ya »

3.4. C4c thi du ap dung

Thi du 4.1. Trén hinh 4.5 13 so d6
tay mdy hai khau déng. Cho biét cdc
quy luat chuyén dong cua hai géc
@t va o).

a) Xdac dinh phuong trinh chuyén
dong. van téc ctia diém déu P.

b) Gia st {, =1, =1 va ¢ (1) = wt,

@, (1)=ou, rong dé @, vA w, 1a céc

hang 6. Hay xdc dinh ty s6 @/, sao
cho diém P c6 thé chuyén dong trén
mot dudng thang.

V7 Hinh 4.5

Lo giai. Phuong trinh chuyén dong ciia diém P 1a

X, = sing, (1) +Lsin[ ¢, (1)~ o, (1]

v, =1 cosg ({)—12 f:i:}s[g::l2 (I)—-q.oj (I)J 0
Van téc cla diém P

X, =ho,cosp +1,(p, - ¢ Jeos(@, —9,) 2

yp == sing +1,(p, - ¢ )sin{p, - 9,) '
Khil=1,=l, ,(t) = o, pft) = ot TU(2) ta cb

¥, =lo, cos(w i) +{w, — o, )cos[(a)2 — o, )r] 3

¥p =—lo sin{at)+1{w, - o, )sin[(m2 -, )1] )
Tir d6 suy ra

Vo —oysin(o) +(w, - @ )sin (o, -0, )] @)

% o cos (@1} + (@, - ,)cos] (o, —o)]



Néu ty s6 =k_~’-'~ 12 hing s6 thi hudng cla véc to van t8c khong déi. Didu d6
_\‘P

¢ the xay ra khi tir s6 clia (4) bing khéng. Tu diéu kién j, =0 suyra
W, = 2, 3
Nhur the khi . = 2@, thi quy dao diém P 13 mot dudng thing. Khi o, = 20,,
néu x,() = 0, y(0) = 0 thi diém P s& chuyén dong trén truc x. Bdi vi khi d6 tir
phuong trinh {1)1a ¢é
X, = i[sin {1} +sin (fu]t)J =2{sin (w]t)
¥, = l[cos(mir) - cos(a)g)] =0
Chil y ring khi ©, = 0, », tuy ¥ thi j, =0 va diém P chuyén dong trén mot
dudmg thang. Néu nhu x,(0) =0, y,(0) = 0 thi tir he (1) ta cé
x ()= I[sin (@) +sin (—(ulf)] =0
yplt)= .’[cos(m]f) — 08 (—{u,t)] =0
Khi dé diém P fudn & géc toa do,
Thi di 4.2, Cho co ciu tay quay con trugt OAB (hinh 4.6). Tay quay OA ¢6
chiéu dai la r quay quanh O theo quy luat clia ¢f7). Thanh truyén AB dai Ja /.
Gia st chiéu dai AB khd
1én so v&i chi¢u dai OA sao cho
t1 80 A = rff A4 nho. Hay thiét
lap phuong trinh chuyén dong,

bicu thific van t6c, gia 16c clha
con trugt B. Hinh 4.6

Lai giai, Ta chon co cdu tay quay con trugt OAB lam hé khao sat. C6 he
gom ba vat rin: tay quay OA chuyén doéng quay quanh O, thanh truyén AB
chuyén déng phang, con trugt B chuyén déng tinh tién. Theo yéu cdu cha bai, 1a
phai khao sdt chuyén dong con trugt B. Vi tri cla con truot B duge x4c dinh boi
toa dd Xg. Theo hinh 4.6 ta cé:

x, =rcos@+lcosy, AH =rsing =Isiny
Tirdo suy ra
siny = Asing, cosy = {1 - A*sin’ @

Do gia thiét A di bé nén ta ¢6 cong thikc gan diing

JI=Asin" @ zl—%ﬂlsin:wzl—i[ﬂ):l—i +); cos2¢

2 2
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Vay hoanh d¢ di€m B duoc xdc dinh bdi cong thitc gdn ding

/12 22 2’2 IP,2
Xy=reos@+{|{ l—— |+ —cos2p|={| 1-— |+rcosep+—cos20. 1
Xy @ H 4] p w} [ 4J @+ o0sp (1)

Tir cong thibc trén ta dé dang xdc dinh duge biéu thic van t6c va biéu thiic
gia t6c clia con trugt B mét cach gdn diing

%, =—rgb(singo++2’-‘;sin2¢3] 2)

X, :—rﬁd[sin¢+ésin2qp)—rqb2 [cosqp+%cos2¢o}. (3)

Thidu4.3. Cho co cau bén khau OABC (ba khau dong, mot khau c6 dinh)
voi cde kich thude va cde ky hieu nhu hinh 4.7. Cho biét chiéu dai cla cic kKhau
ial 5, L, I, Cho K 1a mot diém cha khau AB. Tay quay OA quay quanh O
theo quy luat ¢,(t). Hay xic dinh:

— Cée goc @, @, va cde van t6c goc, gia 16c gée cha cdc khau AB va CB,
— Toa do diém K va van téc, gia toc cia di€m dé.

Hinh 4.7

Lot giai. Khao sdt dong hoc co ciu bon khau OABC. Co hé gém ba vat rén
la khau OA, khau CB chuyén dong quay quanh mot truc ¢6 dinh va khau AB
chuyén dong phing. Trudc hét, xdc dinh céc phuong trinh lién két clia co hé. Tir
hinh 4.7 ta ¢é hé thifc véc to

L+l 1 -1=0. (1)

Chieu phuong trinh véc to (1) lén truc Ox va Oy xéc dinh duogc cdc phuong

trinh lién két
Si=lcoso, +1cosp, —1, cosp, —1 =0

2
So=lsing, +1 sing, -1, sing, =0 @)
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Pao him cdc phuong trinh (2) theo bién ¢,, ta duge
~lsing,.@, +1,sing, @, =1,singp,
I, cos@,., -1, cos@, 9, = I, cos @,
He phuong trinh (3) la hé hai phuong trinh dai s6 tuyén tinh ciia ¢} va ¢

(3)

~lising,  Ising, i@y | | Lsing, @)
Lcosg, —l,cosp, | v,| |-/ cosp,
T (4) ta d€ dang tinh duge @, @, . Sau d6 ta tinh ¢,,¢, theo cong thite
. P =P, @y = Pl (5)

Ta lai dao ham hé phuong trinh (3) theo bién ¢,, sau dé sip xép lai xdc
dinh dugc hé phuong trinh dai s8 tuyén tinh

{wllsin o, Il ;sing, ]1:¢;§j|:|:d,] 6
fcosp, -l cosg, | o, d,
Trong d6: d, =/, cos@, +1,cosg,.9.” —1, cos @, .,
d, =l,sing, +1,sing,.@, — 1 sing, o]
Gidi hé phuong trinh dai s6 tuyén tinh (6) ta duge ¢,,¢,. Sau do, tinh
@, 9, theo cong thiic
b =0lé,+ordd,  (i=3,4) L
Cic gbc ¢y, @, ¢6 thé xdc dinh gn ding theo cong thic khai trién Taylor
v.[(e:), +20,]=(0), + (@), Av, +%(<o?).] AGE +..(i=34) (8)

Néu can tinh todn chinh xdc hon, c6 thé 1dy céc gia tri clia cdc ham ¢,, @,
xédc dinh bdi cong thitc (8) lam cdc gia trj ddu dé gidi cac phuong trinh dai 6
phi tuyén (2) bang phuong phdp lap Newton-Raphson. Viéc xdc dinh
@5, @y @32 P52, @, tuong doi don gian néu sir dung cdc phin mém MATLAB
hoic MAPLE.

Bay gi®, chuyén sang bai todn xdc dinh toa do, van téc, gia t6c diém K. Tir

hinh (4.7) ta ¢6
X | _ IR Cf}S o, C(.)S @, —sing, || *&, ©)
Y I,sing, sing, cosg, || ’n,
Néu sir dung ky hiéu ma trin cosin chi hudng

A |05 —sin g,
P lsing, cosg,

14]



thi phuong trinh (9) ¢é dang

. _21 5 {0, 3';:-
= -COW}A{;‘*} (10)

L Ys | |fising, 7,
Dao ham phuong trinh (10) theo thai gian x4c dinh dugc
[ x. | [~Lsing, . e
=] T s o ra,| X (11)
| Vi | | fcose, e

Pao ham phuong trinh (11) theo thoi gian ta cé

-1, sing, —, 2L . E,
{“H '“"‘”-}‘@{ *°°S¢’-}¢;+(¢;l —@:E)A{:*]w

Vi | { Lcoseg, —1,sm e, Ny

4. XAC BINH VAN TOC, GIA TOC CAC PIEM CUA VAT RAN PHANG
BANG PHUONG PHAP HINH HOC

4.1. Quan hé van tac hai diém cla vat rin phing
a) Dinh Iy quan hé vdn téc hai diém
Tir hinh vé 4.8 ta ¢6 cong thitc
F,=F + AP (4.1)
Bao ham theo thoi gian hé thic (4.1)
& trong hé quy chi€u Oxy ta duge
a, _dr, 4(17)
dr dt dt

Biéu thitc (4.2) 1a dinh ly quan hé van t6c

hai diém cha vat rdn phing. "
Clut ¥. Véc 10 v,, =@ x AP ¢6 1hé xdc dinh
theo quy tic khinh hoc nhu sau: v,, c6 phuong H /;,)
vuong goéc AP, c6 chi€u huéng theo chiéu quay
cua @ (hinh 4.9),cé tri s6 v, = w. AP, Hinh 4.9

b) Dink ly hinh chiéu véin toc
Do ¥, 1a véc 10 vudng gdc v6i AP nén tir cong thic (4.2) ta suy ra dinh 1y
hinh chiéu van td¢ hai diém

he (W) = he (V) (4.3)
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4.2. Tam van téc tirc thoi trong chuyén déng phang
a) Dinh nghia va su tén tai cua tdm van téc tirc thoi

Pinli nghfu. Diém P clia hinh phiing S ma tai thai diém khao st ¢6 van t6c
bang khéng duge goi 1a tim van t6c wic thoi tai thdi diém khio sat cha hinh
phing S.

Chii . Diém P’ ¢6 thé ndm trén hinh phing vat Iy S ma ciing ¢6 thé khong
nam trén hinh phéng vat 1y S. Trong truong hop sau ta tudng tugng md rong
hinh phéng vat 1y S ra, mién la khoang céch giita hai diém bat k¥ cta hinh
phang S m& rong tuon luon khong déi.

Dinl Iy. O méi thoi diém néu @ # 0, cb mot diém duy nhat thude hinh
phang S ¢6 van t6c bing khong.

Ching minji. ‘Iruée hét ta chiing
minh sy t6n tai clia tam van téc tirc thoi.
Gid st bidt van t6c v, cla diém A
thugc hinh phing S (v, #0) va vin t6¢
géc & cha hinh phang S. Quay véc to
v, quanh A theo chiéu clia @ dé mot
géc 90" ta duge ntra dudng thang AB

(hinh 4.10). Hinh 4.10
Trén AB ta ldy mot diém P sao cho
AP =v,/w
Khi d6 By ==V,

Mat khdc theo cong thie (4.2) vé quan hé van toc hai diém P* vi A ta co
Vpo =V 4V, =V, — ¥, =0
Bay gio ta ching minh sy duy nhdt cha 1am van t6c thc thdi P° bang
phuong phdp phan chitng. Gid sir ¢6 hai diém P*, vi P*, khdc nhau clia hinh
phiing S ma tai thdi diém khao sét cé tinh chat Vye =V, =0. Khi d6 theo (4.2)
ta co
Vi = Vo V00

D6 ladiCuvoly vi ¥,...=w.B P #0 . VayP', =P",.

b) Quy tdc thue hanh tim tdm vdn t6c tirc thoi

Duya vao cic k€t qua & trén ta dua ra & day mot s6 quy tic thue hanh tim
tam van to¢ tite thot.
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Truong hop 1. Biét phuong van t6c diém A va phuong van t6¢ diém B. Hai
phuong nay khong song song v6i nhau. Dya vao tinh chat ¥, 1 P° 4, v, 1P'B,
tr A v B 1a ké tuong dng céc dudng vueng géc véi v, va ¥,. Giao diém ciia
ching ia tam van t6c P* (hinh 4.1 1a).

L3

d) = a

Hinh 4.1%
Triomg hop 2. Biét van t6c hai di€m A va B, ching c6 phuong song song

L]
o o oV
v61 nhau. Dua vao tinh chat 2 =
v
A

giao diém cha dudng AB véi dudmg n6i cdc ddu mit clia vée to 5 > ¥, (hinh
4.11b va 4.11c¢). Trudng hop giao di€m & v6 cing, hinh phing thuc hién chuyén
dong tinh tién tirc thai (hinh 4.11d va 4. 11d).

Truong hgp 3. Biét mot di€m cda hinh phing c6 van t6c bing khong. Khi
chuyén déng phing 1 chuyén dong lan khong trugt cia hinh phing S trén mot
dudng c6 dinh thi diém tiép xtc c6 van téc tifc thai bing khéng. (Vi céc ti€p
diém cha hai vat khi khong trugt trén nhau phai c6 cling van téc, ma vat thit hai

c6 dinh). Vi vay diém 1i€p xic cla vat rén phing véi mat ta chinh 12 tam van
t6c tikc thai P* (hinh 4.11e).

Thi dy 4.4, Tim van tdc clia diém D trén vanh clia xe ban kinh R lan khéng
trugt trén dudng thiing. Cho biét van t6¢ tam C clia banh xe I3 7 V..

r ,; ta thdy tam van t6c tic thoi P chinh 12
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Lot gigi. Vi binh xe 1an khong trugt trén
dudng thang, nén diém tiép xic giita banh xe va
mat dudng & thm van t6c nic thoi P* (hinh
4.12).Van t6c goc cua banh xe la

Ve V{ .

PC R
Van 16c cliia diém D

o

v..2Rcosa

v, =0 P D=
R

= 2v,..cosa

¢} Puong tam vdn téc va duong vét tam vdn téc

L

\&

P*
Hinh 4.12

Khi hinh phang S chuyén dong trén mat phang E = Oxy, tai mdi thoi diém
¢6 mot diém P thuge S L3 tam van tdc tic thoi ctia hinh phing S, déng thdi tai
mdi thai diém c¢6 mot diém P™ clia mat phing E = Oxy tring vdi diém P* cla

hinh phang S.

Pindr nghia. Qu¥ dao cic tam van 16¢
titc thdi hinh phiang P* trén hinh phang S
duge goi la dudng 1am van tdc (hay dudng
tam tich dong), con tap hop cic tring diém
P trén mat phang E duoc goi 1a dudng vét
tam van téc (hay duong tam tich c6 dinh).

Thi die 4.5. Trén hinh 4.13 1a m6 hinh
mot thanh AB dii L, ¢6 hai ddu chuyén
dong trén hai bo tudng vuong goéc véi
nhau. Pudng vét tam van tSc 1A mot phan
tr dudng tron tam O, ban kinh L, con
dudng tam van 16¢ 13 nira dudng tron cé
duong kinh AB.

4.3. Quan hé gia t&c hai diém chGa vat rin phing

o

San 10c

Pudng tAm

\
R

> Dudng
v vEL tam
“van tdc

- -

B

Hinh 4.13

Pao ham theo thoi gian céng thic van t6¢ (4.2) ¢ trong hé quy chiéu

R = Oxy ta dugc
d AP

ot dt dl et

d, =d,+ExAP+adxv,,

Néu ta dua vao ky hiéu

—-r _ —_ R —-H _ = —
iy, =ExAP, d;, =@ x¥,,

10-COHQGC KY THUAT

4.4

(4.5)
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thi hé thitc (4.4) ¢6 dang

da,=a,+d,, =a,+a,, +a,, . (4.6)

Chii ¥ dén dinh nghia tich hiru huéng cha

hai véc to, ta dé dang xdc dinh cdc véc to gia

toc ti€p d;, va gia tdc hudng tam a7, bing

hinh hoc nhu sau: a;, ¢6 phuong L PA, c6

chiéu phu thudc chiéu cla 7, ¢ tri s6

ayn,=€AP, d,, hudng tr P v& A, ¢6 tri 50
ay,, =’ AP (hinh 4.14). Tir d6 suy ra

Hinh 4.14

a,, =APJo' +&*, 1ga = 8, 4.7
@

4.4. Tam gia toc tac thdi

Dinh nghia. Diém Q" cla hinh phing S ma tai thoi diém khéo sat ¢6 gia t6c
bang khéng, duge goi 12 tam gia tdc tic thdi.

Dinh 1y. G mbi thdi diém néu @ va £ khong
déng thoi triét tiéu, c6 mot diém duy nhat thuodc
hinh phing S ¢4 gia t6¢ bing khong.

Cluing minh. Su t6n tai clia tam gia t6c nic
thoi Q. Gia sir b€t d,, @, £ . Quay véc 10 @,
quanh A theo chiéu £ di mot goéc o

Hinh 4.15
tga = £/ 0’
ta dugc nlra dudng thing AB (hinh 4.15). Trén AB I4y mot diém Q" sao cho

Jo' vt

Nhu thé 4., =—a,. Vay theo cong thic (5.6) ta ¢6
Ao =8y +dye, =d,—d, =0,

Su duy nhdt ciia tam gia ¢ tic thdi Q° duge chimg minh bang phuong
phdp phan ching. Gid sir ¢6 hai diém Q) va @) ma tai thoi diém khao sdt

d,=a, =0.

Khi dé h¢ thic 4, =d,. +4, . 1adiéuvoly,vi Qg #0.Vay O = 0.
Chit y: —Khi @ va £khong déng thai triét tiéu thi Q* 1a mét diém gidi noi,
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— Khi @ va £ddng thai triét tiéu thi Q* = o« ,

— Noi chung, tam van toc tifc thoi P* va tam gia téc titc thdi Q° cha hinh
phing S khong tring nhau.

Thi dy 4.6. Tai mét thdi diém nao d6, tam O cia banh xe lin khong truct
trén dudng thing c6 van 16¢ vy= tm/s va gia t6c a, = 1,5 m/s?, (hinh 4.16). Ban
kinh bénh xe R=0,5 m. Hay xdc dinh tam gia tc tic thi Q° tai th&i diém d4.

Lot gidi. Do P 1a tam van t6c tirc thoi, ta ¢6

Yo

w=—=2 rad/s
R

Gia tdc géc cha banh xe

.<:=ﬁ =3 rad/s?
R

Chiéu chia @ va £ cho trén hinh 4.16. Quay
vectd d,theo chiéu cia £ di mdt géc a

g = —E~=§—0,?S (o = 37%

w: 4 Hinh 4.16
ta dugc nlta dudng thing OA. Trén dé 14y mot diém Q” ma
00 =—2__ _03m

Vo' +¢°

Diém Q" d6 12 tam gia t6¢ tifc thoi.
4.5. C4c thi du ap dung

Trong doan nay 4p dung phuong phép véc 1o hinh hoc phan tich doéng hoc
mot 86 co ciu hay gip trong ky thuat,

Thi dy 4.7. Tay quay OA = 0,2 m quay déu véi van 16c go6c w, =20mn s
Thanh truyén AB = 0,4 m. Tai thdi di€m co cau ¢6 vi tri nhu hinh 4.17, tim:

— Van 8¢ diém B, van téc
goc thanh AB va can tic O,B. \
mffb'i

— Gia téc diém B, gia téc
goc thanh AB va cén lic OB.

Loi gidi. Chon hé khao sit
la ¢o cau bon khau OABO, & vi
tri nhu hinh 4.17. Hé¢ gém ba
vat rin: tay quay OA chuyén  ~R - TTTTTTTTTTTTTmemoemsooeo-
déng quay quanh O, can lic O,B Hinh 4.17
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chuyén dong quay quanh O, thanh truyén AB chuyén dong phing. Sir dung
phuong phéap véc to hinh hoc gidi bai todn nay.
Bai todn vgn t6c. Slt dung cong thic
Vy =V, +V,, 1
trong d6 : ¥, vudng goc vdi OA va cé tri s6 v, = OA. @, = 4% m/s, ¥,, vudng
goc voi AB, chua biét tri s6 va hudng, v, vuong géc véi OB, chua biét tri s6 va
hudng. Chi€u phuong trinh (1) 1én phuong BA xdc dinh duoc

5

v, =v,c0s30° = 4;..?73 =237 m/s

’ v v
Tir do: W, , === u =207 /s
OB  OAsiné0°

Chiéu déng thiic (1) 1én phuong O,B
v, sin30°—v,, =0=>v,, =4x % =27 mfs

O 4 :%:%:SE 1/s

Bdi todn gia téc. St dung cong thitc (hinh 4.18)
a,=4a,+d, =d4a,+d,, +d,, (2)

Do tay quay OA quay déu nén as =0, a, hudng tr A vé O va o 1 s6
aly = Odw; = 80’ m/s’, &, hudng tir B dén O, vi c6 tri s6

| d = 0Bk, =0,1V3 x 4007° = 4037° m/s?

a,, vubng goéc voi OB, chua
biét tri s6 va hudng. a;, 4
hudng tir B vé A va ¢6 tn
0 ay, = ABew’, =107 m/ s’

Ay
dy, vudng goéc voi OB,
chua biét tri s6 va huéng. 60"
Chiéu ding thic (2) lén
phuong AB ta dugce:

7 Hinh 4.18
r a 0 i 2 2 2
ay = —aycos6l” —ay, =—-407r° —107° = -50x

Dau trlr chiing t6 d; phai ¢6 huéng ngugc lai nhu wén hinh vé. Do
ay=¢€,,0B,suyra |
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a, 502 :500‘5,7:3 e

5.- = =
oB o3 3
Chi¢u dang thic (2) 1én phuong O,B xdc dinh duge

0o Ho 1 T
—d, =—a,sin6{” +a,,

= a,, =a)sin60° —a’ = 40377 — 40372 =0

vay €., = 0. Cudi cling ta ¢é
ay = (a;:.)l +(a;): =1072J73.

Thi di 4.8. Cho co cfu truyén dong nhu hinh 4.19. Banh xe hai tang c6
ban kinh trong r = 10 cm, ban kinh ngoai R = 15 c¢m, lan khéng truot trén nén
ngang c6 dinh. Thanh ruyén AB = 40 cm, tay quay OA = 15 c¢m. Tai thi diém
khao sat, tam B cla banh xe c6 van 16c vy = 30 cm/s, gia toc a5 = 2 cm/s?,
a = 30", OA vudng goc véi AB. Hay tinh:

1) Van toc goc cla cde thanh AB va QA,

2) Gia t6c cua M trén vanh banh xe (BM nam ngang).

Lot giai. Chon hé khao sit 14 co cdu 4 khau pr
¢ vi tri nhu hinh 4.19. Hé gém 3 vat ran: tay @
quay OA chuyén déng quay quanh O, thanh
truyén AB chuyén dong phing, binh xe hai
ting B chuyén dong lan Khong truot trén dudng
thang. Sir dung phuong phap vécio hinh hoc dé
tinh thi du nay.

AH

Bai todn van téc. St dung phuong phdp
tam van 16c¢ tic thoi. Tif hinh v& 4.19 ta cé P
la tam van téc tic thdi cha khau AB. Cic
khodng cdch trén hinh nay Ja

P B=2AB=80cm P A= \EAB = 40\/56111.

Do 2" la tam van téc ufc thai clia khau
AB nén

@y =vy ! P'B=3/8rad /s .
Vay van toc diém A 1a

v, :(::)AHP*A =15J3cm.
Tur do suy ra

Hinh 4.19

Wpy=v,/04= S3radis
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Bai todn gia téc. St dung cong thiic cong
gia to¢ (hinh 4.20), suy ra

= - — Tl
Gy =dy + Ay, + 4y, (1}

Theo ddu bai ta cd

¥
_ 8 _
@y, q———r =3rad/s,

Eae =22 =0,2rad /52
r

Do a6 ta dé dang tinh dugc
dyy = Rw} =15x9=135¢cm/s’
iy = Re, =15%0,2=3cm/s? . Hinh 4.20

Chi€u phuang trinh (1) Ién phuong nim ngang (x) va phuong thing ding (y)
xdc dinh dugc '

Ay =y + e =2+135=137cm/ s*
=al,=3cmls
a"”}' —"a‘J”B — C.I'J S .

Thi du 4.9, Khao sdt dong hoc
cg cdu hanh tinh nhu hinh 4.21.
Banh ring O cd dinh, ban kinh
R =20 cm. Tay quay OA = 30 cm
quay déu quanh truc O véi van téc
géc ®, = 10 rad/s. Bdnh ring A
ban kinh r = 10 cm, ¢4 truc lap vio
diu A cua tay quay vd an khép
ring vdi banh rang cd dinh O. Tim:

— Vién t6c goc banh rang A, van tdc diém P & ddu ban kinh thing géc véi
tay quay,

— Gia toc géc bénh rang A, gia téc diém P.

L&i gidi. Chon hé khao sdt 1a cg ciu hanh tinh nhu hinh 4.21. Do banh
rang O c6 dinh, nén h¢ chi ¢6 hai vat rin chuyén dong. Tay quay OA chuyén
dong quay quanh O. Bénh rang A chuyén déng phing, lan khong truot trén
banh rang O.

Hinh 4.24

Bai todn van téc. Vi A Ta mot diém ciia tay quay OA nén van 8¢ v, vudng
géc véi OA va huéng thuan theo chiu quay cia OA, tri s6 cha né
v, = OAw, =300 cm/s. Do banh rang A lan khong trugt trén banh ring O, nén
diém an khép C 1a tam van 16c tic thi. Dov, = CAw, nén
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@, =~‘1=m=30rad/s
C4 10
Chiéu quay cta w, dugce chi trén hinh 4.19,
Van t6c v, cla diém P vudng géc véi CP va hudng theo chiéu quay ciia

W, Tri 86 cBia né v, = CPe, = CA20, = 30042 cm/s.
Bai todn gia téc. Chi ¥ rang & cdc co cau hanh tinh quan hé @, = % luon

ding & moi vi tri, moi thdi diém. Viv, luén 1a hing s6 khi @, = const, nén ta cé

& =d6‘)A :i(v_/t}:o
Tode dil\ca

Chon A lam cuc, gia t6¢c diém P duge x4c dinh bdi hé thiic

d,=d,+a., +a, (1)

Do tay quay OA quay déu quanh O nén a; =0, &, huéng tr A vé O va ¢c6
trj s6 ay = O0Aw; =3000 cm/s’. Thanh phan gia t6c a;, hudng tr P vé A c6
tri s6 af}, = PAw’, =9000cm/s*.

Thanh phan 4;, =0do g, =0. Vay

G, =a +a, )

Chi€u ding thic (2) 1én hai tryc toa do vuéng géc nhau, ta dugc

a3 =(a;) +(af,) =3000° +9000°
Vay a, =3000v10 cm/s’.

Thi du 4.10. Cho co cdu nhu
hinh v€ 4.22a. Banh rang 1 quay
quanh D vé&i van t8c @, = const.
Tai thot diém co cfu ¢é vi tri nhu
hinh v&, hay tim:

— Van t6¢c géc w, clia banh
rang 2 va van t6c géc w, cla
thanh 3.

~ Vi trf tam van téc tic thdi
{Xpe» Ypu) Cla thanh 3. Hinh 4.22a

Léi gidi. Chon hé khao sét 1a co cu DACE & vi tri nhu hinh 4.22a. Co cdu
nay goém banh rang 1, banh rang 2 va thanh truyén 3. Banh rang 1 quay quanh
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D, banh rang 2 quay quanh E vi lan khong truot trén banh rang 1. Thanh AC
ndi ban 1€ v&i banh rang 1 tai A, con diu kia ndm tai diém C trén mot khép
trugt quay duoc do phén ¢6 dinh cha né gin lién véi banh rang 2.

Xdc dinh van toc géc thanh 3
va binh rang 2. Ta chon hé toa do
Dxyz (Dxy nhu hinh v&, truc Dz
vuong géc véi mat phing hinh
v€) va truc AX'Y'Z (truc Ax la
thanh AC, truc Ay' vuodng géc vé6i
AC & trong mat phing hinh ve,
truc Az' vuodng géc véi mat phing
hinh v&). Goi cdc véc to don vj

wrén truc Dxyz la € ,¢ ¢, , cic Hinh 4.22b
véc to don vi trén hé truc Ax'y'z'
la é,¢é,,¢,.
Tirhinh 4.22a ta ¢é
0 = &€, b, =08,
Tai diém 1i€p xiic B 1a c6 céc hé thitc
Y, =3R@,,=2R@E,
Trong d6 dé don gidn cdch viét ta ky hicu, 12 gié tri dai s6. Tir d6 suy ra

_ 3_
@, = —5 @, (1)
Dé xéc dinh @, ta cdn thi€t 1ap m6i quan hé giita van téc ciia didm C* trén

thanh 3 vi van t6¢ cia diém C thuge bdnh xe 2. Chon thanh AC Iam he quy
chi¢u dong, theo dinh 1y van tdc

= ATV, =V + T 2)

Trong dd %" nadm trén truc AC (hinh 4.20b). Tir hinh 4.20b ta ¢6

¢, =cosaé —sinaé, ¢, =sinaé, +cosad, (3)
: 5 25
sin@=—, cosa=——
5 5
W =V, =@, x EC , EC = R(2¢, +5¢,) 4
V=V =0, +@,x AC , AC =55 Ré, (3)

Thé céc biu thie (3) vio hé thic (4) xdc dinh dugc
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EC = R(2cosa +5sina)é, + R(5cosa - 2sinax)é, O
Thé {4}, (5) va (6) vao hé thitc (2) ta duge

@8, x| R(2cosa + Ssina)é, + R(Scosa —2sin a)é, |

(7
= —3Rw, (sin @&, + cosa.&, ) + w,&, x 5/SRé, + V[ &,
Cha y téi €, x&é, =¢,8 x& =8,6 %¢ =¢
tir (7) suy ra
R@,{2cosa +5sina)é, — &, R(5cosar - 2sinx )&,
. - _ - (8)
= (—BRw] sina + V. )el + (—3,‘%:)1 cosa + S\ER&)} )e2
Tiur (8) suy ra
R&,(2cosa +5sina)=-3Ré, cosa + 53R, (9
Tk (9)tacod
_ 9%, + 63, _
@, =——=-03p 10
3 25 1 ( )
Bay gitr ta chuyén sang xdc dinh tam vén t6c tifc thdi P * cla thanh 3.
Fpo =¥, + ¥y, =0, + 0, x AP’ =0 (1D

Chi ¥ ring
AP =(x, —x,) 6.+ (9, — ) & =(x,. +3R) -6, +y,6,  (12)

Thé (12) vao (11) xéc dinh dugc
~3R@, -6, + &6, x| (x,. +3R)E, + ypé, | =0

Tir dé ta cé

3R®E, =@, (x, +3R)E, — @y, =0 (13)
Tir (13) suy ra toa do clia tam van td¢ tic thoi
Y =0
X, =3R(-1+?‘]=—13R (14)
@,

5. XAC BINH VAN TOC GOC, GIA TOC GOC CUA VAT RAN PHANG
BANG PHUONG PHAP WILLIS

Trong chuong ba ta dd chitng minh cong thitc cong van t6¢ géc cha vat ran
6, =0+, (5.1)
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Trong trudmg hop vat rin phéing do cdc truc quay song song nhau, tir cong

thic (5.1) suy ra
@, =, +d, (5.2

Do Willis™ (Vilit) 12 ngudi dau tién 4p dung céc cong thic trén dé tinh van
téc gée vat ran, cho nén phuong phép nay duge goi A phuong phap Willis.

Thi dy 4.11. Khio sat dong hoc co cdu vi sai cho trén hinh 4.23, Bénh
rang 1 quay quanh O v6i van 16¢ géc @, gia tdc géc g,. Tay quay OA quay
quanh O déc 1dp véi banh rang 1 vé6i van t6c géc ,, gia t6c géc ¢, Hai banh
rang 1 va 2 lan khong truot trén nhau va ¢é ban kinh tuong ng la r, va r,.
Banh rang 2 quay dugc quanh chét A & trén tay quay. Tim van tdc gdéc, gia téc
goc cua banh xe 2. Tim van t6c, gia tdc clia diém P & trén vanh banh xe 2 ma
PA 1 OA (hinh 4.23).

Lo gidi. Co cdu vi sai trén hinh 4.23 1a co cfu phang ¢6 ba khau chuyén
dong. Banh riang 1 chuyén dong quay quanh mgt truc ¢o dinh. Tay quay QA
chuyén dong quay quanh O. Banh ring 2 chuyén dong phang. Sy truyén dong
tir banh rang 1 va tay quay OA sang bdnh rang 2 thyc hién nhér sy an khép
gilta cdc banh rang 1 va 2. Chd ¥ ring co cdu vi sai trén high 4.23 13 cg ciu
hai bac tu do. DE xdc dinh chuyén dong cla né phai cho biét trude van téc géc
cua hai khau, /7 o,

Bai todn van 16c. Gidi bdi oan /i
trén bing phuong phép Vilit. Chon ~ 2
tay quay OA lam hé quy chigu déng.
Piing trong h¢ quy chiéu nay, cap
binh ring 1 va 2 1a mot cap banh
rang an khdp ngoai, quay quanh cic
wuc O va A véi cdc van t6c géc
luong doi &,, Vad., .

Hinh 4.23

Theo dinh 1y vé téng hop hai chuyén dong quay quanh hai truc song song,
1a cd

W), =0~y O, =@, &,

11 86 truyén dong tuong dai giira hai banh rang Ia

@, — @, 7 z,

I ]

Ir

Trong dé z,, z, 1a s6 rang clia banh rang 1 vi 2.

* Robert Willis {1800-1875), gido su co hoc Trudmg Dai hoc Cambridge va la thanh vien Hai
khoa hoc Hoang gia Anh (tir 1834). Ong c6 nhidu cong trinh trong [inh vuc Co hoc méy.
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Cong thic (1) goi 1a cong thite Willis. Phuong phdp xéc dinh van tdc géc
cha val ran chuyén dong phing nhd cong thic (1) goi 1a phuong phép Willise.
Tir (1) suy ra:

N

@, By — @, (2)

r, ¥,

Van t6¢ di¢ém P dugc tinh theo cong thic ¥, =¥, +7,,. Trong dé v, vuong
géc véi OA, hudng theo chiu cla @, (hinh 4.23) va ¢6 i so
v, =040, =(r, +r)e,, ¥, vuong géc vdi AP, hudng theo chiéu cta @,. Tri s6
cuand v,, = APw, = r.w,. Gid tri clia v, 12

2 T z 2 2.2
v, =V +v;, = \/(r, +1) of + Ko

Bai todn gia téc. Do tinh d6i xing cha co cdlu, hé thic (2) ludn luon ding
tai moi vi tri cua ¢¢ cdu. Pao ham hé thirc dé 1a duge

— ntr o Ko
£, ="—=3g —-LF (3)

r 2
Liy A lam cuc, gia t6¢ diém P duge xdc dinh theo céng thitc

vl — =T ot 1] =T -n
ap=a,+a,ta,, +a,, (4)

Trong do
al = OAe, :("l ‘F‘]"z)f"o1 a :OA“C"'G2 :(rl +?’2)w§,

ay,, = APe, =rz,, a), = AP.@} = rw]

ol 4}

-

Hinh 4.24

Phuong va chiéu clia bon véc to nay duge vé trén hinh 4.24. Chiéu phuong
trinh vécto (4) lén céc truc cua hé 1oa do vuong gdoc ta dugc

I R — r - A"
Cpe == —Upplp, =y —dyy,

Cudi clng ta tinh dugc

155



Chuong 5

PONG HOC VAT RAN KHONG GIAN

Trong chuong nay ching ta khdo sét chuyén dong clia vat rin quay quanh
mot diém c6 dinh va chuyén dong t6ng quat cha vat rin trong khong gian.
‘Irude hét gidi thieu khdi niém ma tran cosin chi hudng (con goi la ma tran quay
clia vat rdn). Saw do winh bay cdc cong thifc xdc dinh van t0c goc, gia t6c goc.
vn (¢ cde diem, gia 16c cdc diém cha vat ran quay quanh mot diém 6 dinh.
Tren co sé chuyén dong cta vat rin quay quanh mot diém cd dinh, trinh bay bai
todn xdc dinh chuyén dong téng quit cla vat rin.

Céc bai todn dp dung nhu tong hgp chuyén dong quay quanh hai truc giao
nhau, dong hoc co cdu hanh tinh, vi sai nén, déng hoc robot cong nghiép la céac
bai todn thudmg gap clia ngudi ky su co khi v k§ su co tin dién t. Do vay, Cic
bai todn nay s& dugc trinh bay tuong dsi k¥ ¢ day.

1. MA TRAN COSIN CHi HUGNG

1.1. Binh nghia ma tran césin chi hudng cta vat ran
Cho vat riin B va hé quy chi€u R, = {EI‘U).e'Z(O (U’} Trong dé &, &%, &®

fa ba véc to don vj trén cic truc Ox,,, Oy, 0z,. Gin chét vao vat rdn B mot hé quy

chitu R= G2y VO &.65,¢; la ba
3 E 3

véctg don vi trén cdc truc Ax, Ay, Az
(hinh 5.1). 2o

a) Dinh nghia. Ma tran vuéng cip ba

~({1} - (0} - () -
l'.?i{ ).e| (:‘I( ).("} L’l‘ ).93

A=le"e &V @Y1 (1D

0 d0e AN

dugc goi 1a ma tran cosin chi huéng 0
clia vt rin B d6i véi hé quy chidu
. - . . .. —1H
Ry, NEu 14 dua vao cdc ky hiéu €
_'(O Hinh 51
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a :éf””.éj- :cos(é,(m,év,-), (i.j=1,23) (1.2)

thi ma tran cdsin chi hudng (1.1) ¢6 dang
dip iy Oy

Azl dy ay  ary (1.3)
a3 dyp dy
Tu dinh nghia trén trong hé quy chi€u R, ta ¢d cac hé thic lién hé
e = 151{01 + azléém + a3153{0)
o (1.4)

= (1) (0} ;
€ = Qe T Fdy€y Tt €,

S =(0) <(0) 5(0)

Néu ky hiéu ¢;1a2 ma tran cft goém cdc phan tir cia véc to ¢ trong hé quy

chiéu R,
i a2 a3
€ =l dy |, €3=|dy|, ey =| oy (1.5)
th) dy as3
thi ma tran cosin chi hudng (1.3) ¢6 dang
(1.6)

A =[el.02,03]
Ma tran césin chi hudng A con duge goi 1a ma tran quay clta vat rin.
b) Cdc ma trdn quay co bdan

Quy udc hudng quay duong la hudng quay ngugc chiéu kim déng hé nhu
hinh v& 5.2. Cic phép quay quanh truc X, y, z cia hé toa d¢ vuong géc Oxyz

dugc goti 1a cdc phép quay co ban.

=y

< 5Y

M
@ \/\W
x /
Hinh 5.2 Hinh 5.3

Hay 1im ma tran quay cua phép quay quanh truc X, mot géc ¢ (hinh 3.3).
Theo cong thite dinh nghia (1.1) ta ¢6
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F0g sg 05
€ €7

2 . 1 0 0
~(0) » (0 0 .
A (@)= e-j ' ¢, 5 'é, 2‘ ’e3 ¢ cosp -sing (1.7)

Ma trén (1.7) duge goi 12 ma tran quay } %o

cua phép quay co ban quanh truc x,,.

Bing céch tuong tu, xdc dinh dugc cdc
ma tran quay cd ban quanh cic truc y, va z,
(hinh 5.4)

cosyr O siny —
A}\U(w): 0 1 0 (1.8)
~siny 0 cosy
cos@ —sind 0
A, (8)=|sin@ cos@ 0 (1.9)
0 0 ]
Tur cdc cong thite (1.7), (1.8) va (1.9) dé
dang tinh dugc

detA o (@) =detA () =detA(8)=1 Hinh 5.4

1.2. Y nghia clia ma tran césin chi huéng clia vat rin

Dé thdy 1 ¥ nghia clia ma tran césin %o
chi huéng clia vat ran (ma tran quay), xét
hai h¢ quy chiéu R, vad R ¢6 ciing géc O.
Trong dé h¢ quy chiéu R, = Ox,y.z, 1a hé ’ P
quy chiéu c6 dinh, hé quy chiéu R = Oxyz AR ,
gan lién voi vat ran B. Lay mot diém P bat _ Yo
k¥ thugc vat rn B. Vi tf clia diém P duoc O g
xdc dinh b6t véc w0 dinh vi OP <7, . Ky é

1]

hi¢u cde 10a do cia diém P trong he quy
chi€u dong Oxyz 1a Xy, yp, 2p, ciC 10a dd cla

. . P X
diem P trong h¢ quy chiéu ¢ dinh Ox,y,z Hinh 5.5

laxy?, 340,z Ta ¢6 cdc hé thie sau

o= P1 P+ 00 + Zel0 (1.10)

158



Thé cac biéu thic (1.4) vao hé thitc (1.11) x4c dinh dugce

o 500} 510) 510) z(0) (0} 510)
rp—xp(a”el taye; T taye )+J’P(alze|( tape; " taye )

+2p (91351(0) +anéy + 03353(0))

;o 5 (0) (0
hay 7o =(ayxp + aayp +ai32p)é +(ayxp + anyp +ayzp)é

+(ayxp +apnyp +ayyzp )80 (1.12)
So sdnh céc bi€u thirc (1.10) va (1.12) suy ra hé phuong trinh

{0 _
Xp = CpXp ¥ dppVp ta3Zp

(0)y _

Yp' = anXp T anyp +anip
{0y _

Zp TayXp tAynYp +a3Zp

H¢ phuong trinh trén c6 thé viét lai dusi dang ma tran nhu sau

L0

£ Ay 4yl Xp

{0y | _
Yp' [= |80 d2z s || Vp {1.13)
zfpo) dy Gy dsz || Ap

Phuong trinh (1.13) ¢6 thé viét gon lai dudi dang
r = Ar, (1.14)

Tir hé phuong trinh (1.14) ta ot ra k&t ludn nhu sau: Ma tran césin chi
huéng A bien doi cic toa do cha diém P bét ky thudc vat rin trong hé quy
chi¢u dong R ={Oxyz} sang cdc toa d6 cha diém P d6.trong hé quy chiéu ¢o
dinh Ry ={Oxyy,2,} .

1.3. Mt vai tinh chit co ban cla ma tran cdsin chi hudng
a) Tinh chdt 1: Ma tran cosin chi hudng 12 ma tran truc giao.

Theo cong thirc (1.6) suy ra

A=|e,e;,0;]

Nhu the¢ ma tran cosin chi hudng A la ma tran ¢6 ba cét 1a ba véc to truc
chudn. Do d6 A 1a ma tran tryc giao. Tk dé suyra A~ = AT .

Hé qud: Trong chin thanh phdn cta ma tran c6sin chi hudéng chi cd ba
thanh phan doc lap.

Do ma tran césin chi hudng 14 ma tran truc giao nén AAT =E. Tir d6 ta

nhin duge sau phuong trinh lién hé gitta cdc thanh phan clia ma tran ¢osin chi
phuong nhu sau
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ap + a3+, =1 ayapy + Gy 8y + dy a3y =0
ap +ay +ap =1, A1y Ay 03 + aya53 =0
afy +ad +aly =1 @203 + gy +dynay =0
Do vay chi c6 ba thanh phén ctia ma tran cosin chi huéng 1a déc lap.
b) Tinh chdt 2: Dinh thitc clia ma tran césin chi huéng det(A) =1.
Chitng minh. Theo biéu thic tich hdn hgp cia ba véc to
a b ¢
ﬁ(b x¢)=la, b, «c, =|a,b,c\
a b g

va cong thic (1.6) suy ra

det(A):\e,,ez,ed=él.(é2 Xé) (1)
Do R 13 hé quy chiéu thuan nén

&, xé, =¢ (2)
Thé (2) vao (1) ta duge

det(A) = ¢,.6,= 1.

¢) Tinh chdt 3: Ma tran cosin chi huéng A c6 it nhdt mot tri riéng A= 1.
Chimg minh. Trudc hél ta chimg minh cdc tri riéng cla ma tran cdsin chi
huéng A déu c6 tri tuygt d6i Ia 1. Gia sit 4 1a trj riéng cha ma tran cosin chi
hudng A, # 1a véc to riéng tuong tng, Theo bai todn trj riéng ta ¢é
Au= Au (1)
Tirdé suy ra
(AD).(AR) = (Au) (An)=u' A" Au=v"u=[if (2)
Trong d6 u 1a ma tran c6t gdm ba thanh phén 14 hinh chiéu cla véc to 7

trén cdc tryc cua h¢ toa d¢ vuong géc. Ngudi ta ciing hay goi ma tran cotm la
véc to dai s6.

vay  |adl=lal =[] = |- ®)
Bay gio ta ching minh trong ba tri riéng A,, A,, A, clia ma rén A c6 mot tri
rieng la 1. Theo trén ta cé Hl | = [/12‘ = |Z3‘ =1. Do A I3 ma trdn vudng cap ba

voi cdc phan 1r 1a cdc 6 thue, nén phuong trinh dac trung cia né 1a phuong
trinh dai s& bac ba v6i he s6 thuc

a, A +a A’ va,A+a, =0 (4)
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Do d6 cdc tri riéng cha ma tran A ¢4 thé ¢é hai kha nang:

As Agy Aq 1i cde sG thuc

Aps Agy Ay €6 mO tri riéng thye va mot cap tri riéng phiic lién hop.

Gid sir &, 1a tri riéng thyc cha A. Theo (3) ta thdy c6 hai kha ning xay
ra hodc 4, =1 hoac A, =—1. Néu 4, =1, dinh Iy dugc ching minh. Néu
A =-1,1acé

detA=444 =1 = 4,4, =-1 (5)
Ta thay cé hai kha nang xay ra: hoidc X,, A, 13 hai s6 thuc hoic L,, A, 12 hai
s6 phc lién hop. Néu A, va A, 1a hai s6 phic lien hop (4, = Z,) ta c6 hé thic

e 2
ode = Aol =|2] =1 (©)
He¢ thic (6) mau thudn véi (5). Vay X,, A, phai la hai s6 thuc. Do
14,] = ‘A3| =1, 4,4, =—1 néntasuy ra:

hodc 4, =1, 4, =-1 hoic 4, =1, 4, =1

Nhu thé ma tran césin chi hudng A luoén c6 mat tri riéng bing 1.

2. BPONG HOC VAT RAN QUAY QUANH MOT BIEM ¢4 BINH

2.1. Binh nghia

Vat rin chuyén dong ma ¢é mot diém thuge vat ¢§ dinh duge goi [a vat rin
quay quanh diém c6 dinh dé.

Khi vat rin quay quanh mot diém 6 dinh, khoang cach gitta mét diém P
thugc vat ran dén di€ém O ¢6 dinh ludn luén khong déi. Do d6 quy dao cia
diém P la mot dudng cong ném trén mat cdu tam O ban kinh OP. V1 vay ngudi
ta con goi chuyén dong cla vat rin quay quanh mot diém c6 dinh 13 chuyén
dong cau.

Chit y. Di€m ¢6 dinh ¢6 thé 1a mét diém thudc vat rin ma ciing 6 thé 1a
mot diém & ngodi vat ran. Trong trudng hgp thi hai ndy, khodng céch tir diém
c6 dinh dén hai diém nao dé chia vat rin luén luon khong déi.

Céc toa do suy rong xdc dinh vi tri cha vat rin quay quanh mot diém c6
dinh thudmg duoc sir dung 1a cdc g6c Euler, cdc géc Cardan, cdc tham s6 Euler,
cdc tham s6 Rodrigues. Trong gido trinh nay ta giGi han chi gidi thiéu céc géc
Euler.
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2.2. Dinh |y Euler vé chuyén dong quay hiru han clGa vat rin c6 mét
diém ¢& dinh

Xét chuyén dong cua vat rin B ¢6 mot diém O
¢§ dinh. Chon R, ={Ox,y,z,} 12 he¢ quy chiu c¢
dinh, h¢ quy chi€u R =Oxyz la hé¢ quy chiéu
dong gan lién vao vat rin B (hinh 5.6). Vi trf ciia vat
ran B d6i v6i hé¢ quy chiéu cd dinh duge xdc dinh
boi ma tran cosin chi hudng A xdc dinh vi tri cOa hé
quy chi€u dong R, d6i véi hé quy chiéu c6 dinh R,,.

Dinh ly Euler. Cho R, va R, 12 hai h¢ quy chicu
c6 chung di€ém goc tai O. Hé quy chi€u R, gén chat
vao vat ran B. Ta ¢6 thé quay hé quy chiéu R, sang Hinh 5.6
h¢ quy chi€u R, bang mot phép quay hitu han quanh truc A di qua O. Hudéng
cha truc A 1a huéng cla véctd riéng # ting véi tri riéng A =1 clia ma tran cosin
chi hudng A.

Chitng mink. Goi & 1i tri riéng cla ma tran cosin chi huéng A ma 1=1.
Theo bai todn tri riéng ta ¢

Al = Aif = i (1)

Goi u'” 1a vécto dai s cta @ trong h¢ quy chiéu R,, u'”la vécto dai s
clia # trong h¢ quy chi€u R,. T (1) suy ra

Aut =y | )
Mat khdc tir ¥ nghia clia ma tran césin chi huéng ta c6

u® = Au" (3)
Thé (2) vao (3) ta dugc

u® = An® = g™ @)

Nhur thé hinh chiéu ctia vécto # 1én céc truc toa d6 clia hé quy chidu R, va
R, 1a nhu nhau. Vay vécto 4 1a bat bién trong phép quay hé quy chiéu R, sang
h¢ quy chiéu R,. Vay # 1a truc quay nic thoi cha vat rdn trong phép quay R,
sang R.

H¢ qud. Chuyén dong quay tic thoi cha vat ran quanh mot diém ¢ dinh O
12 chuyén dong quay quanh mot truc quay titc thai di qua diém O 6 dinh do.

Chit y:

1) Do dinh ly Euler, nén ma tran césin chi hudng A cla hé quy chiéu R,
doi vdi hé quy chidu R,, cdn duge goi la ma tran quay hé quy chiéu R, sang hé
quy chi€u R,.
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2) Tinh khong giao hodn cua cic phép quay hitu han.

Céc chuyén dong quay hitu han Khong c6 tinh chét giao hodn: Xudt phat tir
mot vi tri cho trude thuc hién hai chuyén dong quay theo thit tu khdc nhau, ta
dugc vy tri cudi cling khic nhau.

Thi dy 5.1. Thyc hi¢n phép quay quanh truc x mét gée S, =90°, sau d¢

quay quanh truc y mot géc £, =90° (hinh 5.7).

‘x/ x x c

Hinh 5.7

Néu ta thay déi thit tr quay, quay quanh truc y mot géc B, =90°, sau dé
quay quanh truc x mot géc B, =90° (hinh 5.8).

- 4z z

ﬁ , . | < -

Hinh 5.8

Nhu the thyc hién hai phép quay quanh céc truc x va y nhiing géc nhu
nhau, nhung thif ty quay khac nhau, vi trf trong khong gian cda vat rin sé
khdc nhau.

2.3. Cac g6c Euler va ma tran quay Euler

Vitri cha vat ran B quay quanh diém O c6 dinh dugc x4c dinh bdi vi tri cia
h¢ quy chi€u dong Oxyz (gin chat vao vat ran B) d6i v6i he quy chiéu ¢ dinh
OxoYoZo (hinh 5.9). Gia sir giao ciia mit phang Oxpy, va mit phing Oxy I truc
OK. Tryc OK nay dugc goi 1a dudng nit (the line of nodes). Ta dua vio cdc ky
hiéu sau;
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— Gac gilra trye Ox, va OK 12  (géc tién dong: precesion angular),
— Goc gitta truc Oz, va Ozla 0 (gdc truong dong: nutation angular),

— Gioe gilra true OK va Ox 1a ¢ (gbe quay rieng: spin angular).

= & _70
& y
]
) Jo
x '
) ¢ K
£\ P
T X
Hinh 5.9a Hinh 5.9b

Ba géc w, 0, ¢ duge goi 1a cdc goc Euler. Nhur the, vi tri clia vat rin B doi
v61 h¢ quy chi€u c6 dinh duoc xdc dinh boi ba toa do suy rong w, 6, . Phuong
trinh chuyén dong cia vat rin quay quanh mot diém ¢ dinh ¢6 dang

ty:r;/(t),ng?(t),qo:go(r) (2.1)

Tir d6 suy ra, vat rin quay quanh mot diém c& dinh ¢6 ba bac tu do.

Khi xdc dinh vi tri cha vat rin bang cdc géc Euler, ta ¢6 thé quay he quy

chiéu ¢6 dinh Oxpy,z,, sang h¢ quy chi€u dong Oxyz bing ba phép quay Euler
nhur sau (hinh 5.10):

L B2

USe,
9]
x ¥
¢ x, =K x,=x,=0K

Hinh 5.10
— Quay hé¢ quy chi€u R, = Ox,y,z, quanh truc Oz, mot gée y dé truc Ox,
chuyén 16i dudng nit OK. Véi phép quay nay, he¢ Oxeyez, chuyén sang he
Ox,y,z, v8i Oz, = Oz,.
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— Quay hé quy chi€u R, = Ox,y,z, quanh truc Ox,= OK mét géc 0 dé truc
Oz, = Oz, chuyén 16i truc Oz, = Oz. Nhu thé hé quy chidu Ox,y,z, chuyén sang
hé quy chiéu Ox,y,z, véi Ox,;= Ox, = OK.

- Quay h¢ quy chi€u R, = Ox,y,z, quanh truc Oz, = Oz mot géc ¢ dé truc
Ox, = OK chuyén tdi truc Ox. V6i phép quay nay hé quy chigu Ox,y,z, chuyén
sang hé quy chiéu Oxyz véi Oz, = Oz.

Nhu thé, bang ba phép quay Euler quanh truc Oz, mot géc , quanh truc
OK mot goc 6, quanh truc Oz mot gée ¢, hé quy chiéu Oxyyz, chuyén sang he
quy chiéu Oxyz.

Céc ma tran quay iing vdi cdc phép quay Euler c6 dang

cosyr —siny 0

A, (w)=|siny cosy 0 (2.2)
0 0 1
10 0 ]
A;(8)=|0 cos@ -sing 2.3)
0 sing cosd |
cosg —sing O]
A.(¢)=!sing cosp O (2.4)
o o 1]

Bay gio ta x4c dinh ma tran quay hé quy chi€u Ox,y,z, sang hé quy chiéu
Oxyz (ciing 1a ma trin cosin chi huéng cla hé¢ quy chi€u Oxyz dsi vé6i he quy
chi€u Ox,yoz0). Ta ldy P 1a mot diém bat k¥ cla vat rdn B va k¥ hiéu A; lama
tran quay néu trén. Theo cong thic (1.14) ta ¢

()
Xp Xp

0
.V.{n "= Ag| yp (2.5)
2}30’ Zp

Ta ky hiéu x](p"),yp,z("} 1a toa d¢ clia diém P trong hé quy chiéu R, = Ox.yz,
(1=1,2). Theo cong thitc (1.14) ta cé cdc hé thitc sau

e o1 [ @
Y =80 ye | | | = Ak (0)) 55 (2.6)
21{02} Zp zfol) z‘{u2 )
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[ x)
yw} =A_ (t,r/) y.(,,!} (2.7
A W

'Thé (2.6) viio phuong trinh (2.7) ta dugc

\.(0)

r Xp
W= AL (W) Ak (B)A. ()] 35 2.8)
2530) Ip

So sdnh cdc bicu thite (2.8) va (2.5) ta suy ra biéu thitc ma tran ¢osin chi
hudng

AE = A:(; (';{/)AK (G)A: (@) (29)
Tinh todn chi tiét ta duoc
[cosy —sing 0]t 0 0 cosg —sing 0
Ag=|siny  cosir 0|0 cos@ -—sing sing cosgp O
|0 0 1|0 sing  cosf 0 0 1
[cwep—swehsp —Cisp-swchcp sysl
Ay =|syecg+cweldsp —sysgicpclop —csé (2.10)
sOsq sfcq cd

Ma tran cosin chi huo‘ng (2.10) duge goi 1a ma tran quay Euler. Trong do,
ky hi¢u cosg=ce, sing =

2.4. Van tdc goc va gia tdc gdc cua vat ran quay quanh mot diém
c6 dinh

a) Vdn toc géc va phuwong trinh dong hoc Euler

Theo trén ta ¢6 thé quay hé quy chicu Oxo¥oZo sang hé quy chidu Oxyz
bang ba phép quay Luler: quay quanh true Oz, mot géc i, quay quanh truc OK
mot goc & v quay quanh truc Oz mot goc . Ap dung dinh ly cdng van tc géc

trong chuong 3 ta ¢6 van t8c géc clia vat rin B (gan lién vao hé quy chigu
Oxyz) bang téng cic van toc géc thanh phin

O =, +0y+0, =ye” + 06, + ¢, (2.11)

Dudi dang ma tran cét, cdc véc to van 16c gée W, @p, &, c6 dang
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W

0 i sindsing
mg,?) =0|. 0, :A;’:;u)“” =|rsinfcosp
bir iwcosd

- @sinysing
‘”E.am =A,0, =| —@gcosysind

@cosl

(9005{9
W,y = —Qsingo .
0 X
fcosy
qu[}) =| Osiny
0

Hinh 5.11

Chi¢u dang thic véc to (2.11) 1én cic truc X,,y, va z, ta dugc:
'’ = psinGsiny + Ocosy
m;”} :~¢5i|19c05w+(?sinw (2.12)
™ = peosd +
Chi€u hé thiic (2.11) [én cdc h¢ quy chigu déng xdc dinh duge
@, =ysindsing +Gcosy
w, =yrsindcosg ~Bsing (2.13)
@_ = ycost + ¢
Cic phuong trinh (2.12) hoac (2.13) duge goi la cac phuong trinh dong hoc
Euler.
b) Phuong trinh vi phdan dong hoc
Tur cdc phuong trinh (2.13) ta suy ra

@ | 0 siny cosy a,

0|= P 0 cosfcosy —cosBsiny || o, (2.14)
cos :

W 1 sindsiny  sinfeosy || w,

Tuong ty, tir cdc phuong trinh (2.12) ta ¢é
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. . . . 0
@ cospsing  singsin@ cosf|| w'®

0 =5 —singcosd cospcos® 0 || & (2.15)
cos @ sin ¢ 0 || o

Cac phuong trinh (2.14) hodc (2.15) duge goi 1a céc phuong trinh vi phan
dong hoc.
¢) Gia téc géc cua vét rdn

Khi biét van t6c géc clia vt ran quay quanh mot didm c6 dinh, xdc dinh
dugce gia t6c gée chia vat ran theo cong thiic
da
dt

£=

(2.16)

2.5. Xac dinh van t&c, gia tdc cac diém thudc vat rén quay quanh
mét diem ¢& djnh

Theo cic cong thic trong chuong 2 vé quan hé van téc, gia toc hai diém
thudc vat rin ta cé

¥, =V, =xOP = &xF, (2.17)

dp =Gy, =EXOP+ D%V, =& XF, + @X(BXF, ) (2.18)

2.6. Chuyén déng quay tién dong déu

Trong ky thuat thudng gip bai todn vat rin
quay quanh mot diém ¢6 dinh hinh thanh tir hai
chuyén quay quanh hai truc giao nhau. Néu do 16n
cac van t6c cua hai chuyén dong quay thanh phin
déu la cic hing s& va géc giia haj truc quay khéng
déi thi chuyén dong clia vat rén khi dé duge goi Ia
chuyén dong quay tién dong déu (steady precesion).
a) Dinh nghia. Chuyén dong quay tién dong déu
1a chuyén dong cla vét rin quay quanh mot diém
¢6 dinh c6 cdc dic didm sau (hinh 5.12) a4
Hinh 5.12

¥ =const, 6= 0, ¢ = const.

b) Vdn téc goc va gia téc goc cia vat rdn quay tién dong déu
Tu dinh 1y cong van t6c géc va dinh 1y cong gia toc géc suy ra



= we + 0, =% + ge, , (2.19)
§=99_ 5« (2.20)
dt

3. MOT SO BAI TOAN AP DUNG CUA VAT RAN QUAY QUANH
MOT DIEM CO PINH

C6 nhiéu phuong phdp giai bai todn dong hoc vat rdn quay quanh mot diém
c6 dinh. Trong gido trinh nay chiing ta chi yéu st dung céc dinh 1y cong vén
tdc géc, cong gia t6c gé¢ va cac dinh 1y cong van téc diém, cong gia t6c diém,
duge trinh bay rong cac chuong hai va ba dé gidi cdc bai tap.

3.1. Tf;ng hop chuyé7n dong quay quanh hai truc giao nhau

Thi du 5.2. Cho mét dia tron quay
quanh truc ndm ngang CD @, v&i van
téc goc o, khong déi. Truc CD lai quay
quanh tryc thing ditng Az, v&i van téc
g6c w,khong déi (hinh 5.13). Tinh van
toc gée va gia toc géc cia dia khi m,= 5
Ifs, e, =3 1/s.

Léi giai. Ta chon dia tron lam vat
rin khao sat. Pia 1ron quay déu quanh
truc CD. Khung CD lai quay déu quanh
truc Az,. Vay chuyén dong cla dia la y
chuyén déng quay tién dong déu. Ap &
dung cong thirc Hinh 5.13

By = @, + O, = @, +
xdc dinh dugce van td¢ gée cla dia
w, =0} + o} =34 ~5,831 (1/s)
Gia t8¢ géc cla dia
£ =0, xd, = £, = m,0,5n90° =15 (1/s?)

Thi du 5.3, Xét chuyén dong clia mét banh xe 6 t6 khi xe chay trén doan
dudng cong. Ta xem gin diing mot doan nho cia dudng cong 1a mot cung tron
ban kinh R = 50 m, bdnh xe xem nhu dia trdn ban kinh r = 0,4 m. Tim vén t6¢c
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g6c, gia téc gée tuyét ddi clia banh xe o 16 (hinh 5.14). Cho biét 6 t6 chuyén
dong vdi van t6c v= 36 (km/gid).

Lot giai. Chon hé khdo st |3 banh xe 6 to. Trong diéu kién cha bai todn
banh xe chuyén dong tién dong déu (banh xe quay tuong ddi quanh truc AQ

nim ngang véi.truc AQ lai quay quanh tryc Oz, thing ding). Trong thi du nay
ta co

@)= @ =const, ©, =i =const, 0 = 90"

10 , 0,4 50
wy=— =162 (s, 2 =20, 225 ()
04 350 w50 4 -

[l

Suy ra: @, = V“rw—f + o5 ~25(t/s), £, =@, 5n90° =0,2.25=5 (1/8%)

a)

Hinh 5.14

Thi du 5-4. Mot con quay quay quanh diém O c6 dinh trén mit san ndm
ngang. Goc O gifa truc thang ding L va truc d6i xting Oz cua con quay 1a hing
s0 (hinh 5.15). True x cta h¢ dong luén song song voi matl san va quay quanh
truc I vOi vin t8¢ géc i = const . Con quay quay quay tuong déi quanh truc z
véi van téc goc ¢ = const . Cho bigt OG = /. Hay x4c dinh:

) Véc 10 van (8¢ gdc va véc to gia tée goc clia con quay.

b} Van 16¢c khéi tam G clia con quay.

Lot giai. 11¢ dong Oxyz quay quanh truc Oz, = L v4i van 16¢ géc @, =y
Theo hinh v& ta ¢6

@, =@, =wsin 0¢, +ycos0¢. (1)

Theo diu bai ta ¢6 van t6c gdc tuong ddi ctia con quay la

@, =& = gé. (2)

Vay van toc gée tuyét d6i cia con quay 1a
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& =0, + &, =ysin0é, +(y cosf + §)e, 3)

Do @, = const, w, = const, gia toc géc clia con quay c6 dang

é.r é| ez
E=0,xd,=|0 ysin@ yrcosh|=gysinbe, (4)
0 0 ¢

Tur hinh vé& ta ¢6 7, =/¢.. Do d6 van téc ctia khéi tam G ctia con quay
c6 dang

er e_v é:
V, =@x7,=|0 ysind ycosO+@|=1yrsinbe, (5)
0 0 l

Hinh 5.15

Thi du 5.5. Canh tay OA cua co cdu diéu khién gin cting vao 6 truc va quay
quanh tryc X ctia ban kep hinh chir U véi van t6c géc khong d6i B=4rad /s . Ban
kep quay quay quanh truc z thang ding véi van toc géc khong déi n = 60vong/phuit.
Tai thoi diém khéo sdt géc S = 30°. Cho biét OA dai 0,8 m. Hay xdc dinh:

a) Van toc goc cua OA, gia toc géc cua OA,

b) Van t6c diém A, gia t6c diém A.

Lot giai. Chuyén dong ctua OA la tdng hop hai chuyén dong quay quanh
hai truc giao nhau tai O. Trong d6 o, = =4 rad/s,, @, =2zn/60=6,383 rad/s.

a) Van toc géc cua thanh OA

=0, + @, =4¢_+6,283¢, (rad/s).
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Gia 1oc géc cia OA

z

é
0 0 6,283=4x6,283¢, =25,132, (rad/s’).
4 0 0

Hinh 5.16

b) Van tdc diém A: T hinh vé ta ¢6
¥, =0,8c0830% +0,8sin30%¢, = 0,693¢, +0,4¢, .

Do dé
i & &
V,=@xF, =4 0  6283=-4,35¢ 1,68, +2,77¢, (m/s)
0 0,693 0,4

Gia téc clia diém A
3, =EXF, +OX(DXF)=EXF, +B*7,

e, €, € e, e, €.
=10 2513 0O |+| 4 0 6,283
6 0,093 0,4 435 -lL6 2,77
=10,05¢, +(10,058, - 38,442, - 6,4¢,)
=20,10¢, —38,44¢, — 6,48, m/s’

Thi dy 5.6. Mot dia tron gén lién véi truc cia mé to dién va quay quanh
truc Oz cthia mo 10 voi van t6c géc », =120 vdng/ phiit. Ban quay gén vdi vo mo
to quay quanh truc thing ding c§ dinh Oz, v6i van t6c géc », = 60 vdng/ phiit.
Gée nghiéng gita truc Oz va phuong ngang y = 30°.

a) Xdc dinh van toc géc va gia t8c goc cla dia,
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by Xic dinh van toc va gia toc clia diém A trén dia, cho biét AC = 125 mm,

OC = 250 mm.
Lavi gidi. Chon h¢ truc dong Oxyz gin lién vio mo to va cé cic véc to don

vila é.¢,¢é. . Truc Oz, 1atruc thing dimg, véc todon vi ka . Ta c6

¢!" =cosyé, +sinyé, (1)
a) Xac dinh van td¢ goc @ va gia tée goc £ cia dia
B=@,+ @, =07 +0e" =0, +w,cos 7e, +w,sinye, )

=@, COsye +(w, +w, siny)e,

Hinh 517

Trong d6 @, =120x(27)/60 =47 rad/s
w, =60x(27x)/60 =27 rad/s
Vay aa:zngé} +(4fr+27r%]é: = 1(3¢, + 5¢,) (3)

& & é.

x ¥
£=wxa =0 @cosy w,siny
0 0 w,

=0, cosye, =8x° l_? é =4n*\3e, (4)

b) Xdc dinh van t6c va gia t6c diém A. Do 7, = O4=125¢, + 250¢, (mm)
ta ¢cé
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e & &

Vo=axi =0 73 Sx|=(2503 —625)7E, = 603,156
0 125 250

€, e, e, e, e €,

z ¥
A=EXF, +OxV, = 47°J3 0 0+ ¢ 73 sx
0 125 2501 |-603,15 0 0

=(~10007/3 + 125073 - 3125)7€, + (50073 + 6253 — 750)76,

Thidy 5.7. Cn cdu OP ciia 6 6 cdu truc ¢6 thé quay quanh truc Oz = Oz,
vOt van t6c géc khong doi w,= 0.5 rad/s. Buédng 14i ¢6 thé quay quanh truc
thang ding Oy, voi van 16¢ géc khong déi o = 0.3 rad/s. Lic khio sat goc
6 = 30" Cho bi¢t do dai thanh OP 13 12 m. Hay xdc dinh:

a} Van t6c gée va gia téc gée cta cin cdu OP,

b) Van téc va gia toc diém P,

Jr\‘:

10,39 {

6m

\]

_,D/ 2 Hinh 5.18
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Lo gidi. Can tryc OP tham gia hai chuyén dong quay quanh hai truc giao nhau

— Van t6¢ goc @ cua can truc OP
0 =0+ 0, = 0,35)_ +0,5€, (rad/s) {hH

— Gia tée gde cna cdn truc OP
£ =0,x0, =6,xa0,=0,15¢ xé_=0,15¢, (2)

Trong dé e, ¢, €. lacdc véc to don vi trén hé quy chiéu dong Oxyz.

- Van téc va gia t6c didm P

E.\‘ E} E:
V,=dxi = 0 0.3 0.5=-3¢, 4528, -3,12¢. (3
10,39 6 0

Vay v, =-3m/s, v, =52 m/s, v, =-3,12 n/s

—Giatoc diém P
A=EXF, +OX(BXF,)=EXF, +BxV,
Ex é-_v E: Z;_r é1 Ez
=10,15 0 O0|+/0 03 0,5
4

10,39 6 0y |-3 52 -3,12
= 3,548, — 1,56, + 1,86,
Vay a,, =-3,54 n/s’, a,, =-1,5 m/s’, a,. =1,8 m/s”,

3.2. Chuyén déng cla cd ciu hanh tinh, vi sai nén

Trong cdc co cdu hinh tinh, co cdu vi sai nén cdc truc quay giao nhau tai
diém O (hinh 5.19). Theo chuong 3, ta ¢6 cong thitc cong van t6c g6c va gia toc
B

gdc nhu sau
G, =0, +@, (2.21) Jilly
B =6, +E to,xd,  (2.22) X SNl
Ap dung phuong phap Willis, ta chon tay Z.I L _52
quay lam hé¢ quy chi€u dong, khi d6 cong thiic Cl o. |p
N A
truyén dong cé dang Z l | \
_ 4 1
S (2.23)
Wy i = Hinh 5.19
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Trong d6 @,,, @,, la van t6c tuong d6i cla cac bénh rang 1 vi 2 d6i véi he
quy chi¢u dong la tay quay, cdn z, z, 1a s6 ridng, r r, 12 cdc ban kinh tuong tng
v6i cac banh rang 1 va 2. Trong cong thitc (2.23) dau cong (+) 1ay khi cac chuyén
ddng quay tuong doi quanh cic tryc z, va z cling nguge chiéu kim déng hé (hoac
ciing thuén chiéu kim déng hé}, ddu trir 14y trong trudng hop nguoc lai.

Thi diy 5.8. Hop truyén dong nhur hinh v 5.19. Banh ring 1 Iap tron trén
truc A, cudi clia truc nay mang tryc ctia cfp banh rang 2-2. Bénh ring 3 gin
ciing véi truc B. Tim van t6c géc va gia 16¢ géc cha truc B trong cac trudmg hop:

a) Tryc A c6 van téc o, gia t¢ géc £, cdn banh 1 dung yén

b) Truc A vi banh 1 quay ciing chiéu véi o, = 40, , gia t6¢ goc & =4dg,

¢) True A ¢6 van 16c wA, banh 1 quay nguge chidu véi o= 2w,, gia tdc
goc g =2¢,.

Loi gidi. He khdo sit gém truc ACD, céc binh ring 1, 2, 27, banh rang 3
gan lién v6i truc B. Chon ACD 1am &{* heé quy chi€u dong. Cac banh rang 2 va
2’ quay tuong ddi quanh truc CD. Truc CD quay quanh truc AB cd dinh. Hai
truc AB v CD cét nhau tai O. Do d6, chuyén doéng tuyét d6i cla cédc banh rang

2 va 2" la chuyén dong quay quanh diém O c6 dinh. Céc banh ring 1 va 3
chuyén dong quay tuyét d6i quanh truc AB.

Ap dung phuong phdp Willis giai bai todn nay. Chon tay quay ACD lam hé
quy chi€u déng, cong thifc truyén dong gita banh ring 1 va binh rang 2 la

@, B @ ¥ @
o2y 3 %

r_n

= = = )

@y N Wy h @y A

Quy ude 14y diu cong khi ca hai banh ring quay tuong déi cung thuan

chiéu hodc ciing nguge chiéu kim déng hé. Ta 18y ddu trir khi mot banh ring

quay thuan chiéu kim dong hé, cdn banh kia quay nguoc chiéu kim déng hé.
Trong bai todn nay ta 14y ddu cong.

Do @, =&, - &,,,®,, =@, -@,, néntir(l) ta cd

a_ji _&_)Ie :_13_ (2)

@y — (g, Il

Trong thi du nay @, =@,, =@,, @, = &,, r, =r,. Vay biéu thic (2) c6 dang

(o_]—_mi:_l 3)

ayChobi€t @, &, =0, tlr(3) suyra
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— _ — — -
o= 2@, =20, =2F,.

b) Cho biét @,, i, =4, , tir (3) tinh dugc

@y — v, — @ _ _ _ _

— A=A A o\ By = 2@, £ =—2F,.
By —@, @Og-d,

¢) Chobiét ®,, & =-2@,, t¥(3) suy ra hé thie

D04 204" Da ) 5 — 4, = By = 4E,.
Dy -0, BDg-b,

T'hi di 5.9. Cho co cdu vi sai nén nhu hinh 3. 20. Truc din A gén v&i banh
rang 1, quay deu véi van t6c géc w, = 4rad/s. Truc bj dan B gin vdi tay quay
OC va quay doc 1ap véi banh rang 3. Banh rang 2 lip tron trén tay quay OC.
Banh rang 3 &n khép v6i bénh rang 2. Tay quay OC quay déu van tdc géc
@,= 5rad/s. Ban kinh cdc banh rang r, = r, = 10 ¢m, r, = 6 cm. Tinh:

1) Van t6c géc tuyét doi clia banh rang 3 va banh rang 2.
2) Gia toc gdéc tuyét ddi cia banh rang 2.
Lov gidi, Ap dung phuong phdp Willis giai bai todn nay. Chon tay quay OC
lam hé quy chi€u dong. Ta k¥ hiéu
By =, =5radls, B, =G, =& -3, (i=1,2,3,4). (1)

Str dung cong thic an khdp tuong déi ta cé

@:;:_E‘ '_(.E_JEL:E (2)
a,, T @, N
Tu do
D, B %_
W, o
Vay
@, _ @, - B, :
‘ﬁ:sr a—):i - {Efq
Suy ra &
oy — (ﬁ,q = —@, + @,

(E.i = 2(Efrf - {E]

=2, — o, = -14 rad/s,

Tir (1) tinh duge

Hinh 5.20

177

12-CC HOG KY THUAT



a)?r = _g&)h' = _—6-(51 _&3&;) = _15'

Sl dung cong thuc cong van 6 géc @, = @, + @,, , ta co

@, = \/mi__ + @l =5+ 15 = 5v10rad/s .

Do =const,w,, = const, ta c6 cong thiic tinh gia 16¢c &, = @, x &, . Do
a)lr 2e g 24 2 2 2t
@y, vudng géc véi @,, nén

— _ 7 2
£, = @, w, =75 rad/s".

3.3. Chuyén déng cla co ciu Cardan (Cdcdang)

Co céu Cardan (hay cdn goi la khdp Cdedang) 1a co ciu bon khau khoéng
gian (hinh 5.21). Trong d6 khau ! (khau CAA’) 1a vat rén quay quanh tryc 1
(truc CO} ¢o dinh, khau 2 (khau DBB’) 1a vat rin quay quanh truc 2 (truc DO)
c6 dinh. Hai truc quay 1 va 2 giao nhau tai O vi tao thianh mot géc a. Khau chit
thap 3 la vat rdn quay quanh mot
diém O c6 dinh. Vi vay co ciu
Cardan con duge goi 1a co cdu
ciu. Co cau Cardan duge ding dé
truyén chuyén dong quay giita 2
truc giao nhau mot gée a. Co cdu
Cardan duge dung trong cédc xe 0
to dé€ ndi hép 16¢c dd & trude véi
hop vi sai ¢ phia sau (cdu sau)
hodc duge ding trong cdc bo
phan diéu khién huéng. Hinh 5.21

Goi y 1a van t6c géc cha khau 1, &, 1 van 8¢ goc clia khau 2, @, 12 van
téc goc cia khau chir thap 3 (AA'BB). Xét chuyén dong cta khau chix thap
AA'BB'. Néu chon khau 1 (CAA') Jam hé quy chiéu dong, ta ¢6

By = By, + By, = B, + s, (2.24)
Néu chon khau 2 (DBB") 1am hé quy chiéu dong, thi

By = Wy, + By, =B, + Dy, (2.25)
Tir ¢dc cong thite (2.22) va (2.23) suy ra

Dy + 33 = By + iy, (2.26)
Turdé xdc dinh duge cong thiic lien hé giita cic van t6c gée clia co ciu Cardan

0y = @y + 3 ~ D3, (2.27)
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T'hi dit 5.10. Hai truc 1 va 2 cing nim trong mot mat phing va ndi véi nhau
bing khdp Cac dang (hinh 5.22). Cho biét khau din 1 ¢6 van toc géc o, vi goc
quay .

a) Xdc dinh van t6c géc @,(1) cha khau bi dan 2,

b} Xdc dinh sy phu thude gilta géc quay ¥ cia khau bi din 2 vd gé¢ quay
¢ cua khau dan 1.

Lot gidi. Ta tach co cdu Cardan thanh ba vat rén nhu hinh 5.22. Chon he 100
d6 ¢6 dinh Oxy,z, la mat phang chita hai truc 1 va 2. Phuong trinh (2.25) bay
gidy co dang

(:!jz = (-!j] +{!}KG - @A’H (}.)

TU hinh (5.22) ta cé

@ [0
0y _ (GY tG) _  (K) _
o =0 = 0, e =ed = o
0 | o
0 o, | fry COS
X H H 0 ;
“’E*\’H) =m5\,”’ = 0 |, mE_, Y=l o |, (o(z - @ sina
@x s 0 | 0

V&1 cdch chon cdc hé toa d6 nhu hinh 5.22, cdc ma trdn quay (ma tran
cOsin chi huéng) ¢6 dang nhu sau
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1 0 0

Wi .
AV = A (@Y= cOos® —sing
\_0 sing  cosSQ

]' cosy (O siny

AR A= © P00,
—siny 0 cosy

cos@d -—sinf 0
AKH Z A (0)=|sing cosd 0
| )] O 1

Phuong uinh (1) duac viet lal dudi dang ma tran nhu sau
ol —ol® o) -~ —ol® + APl - A6 ACK oK) )
Do tich hai ma tran AP AR c6 dang
COsy/ 0 sinys
AVTACR =] singsing €OS@ —sin@cosy

| —cos@ sinys  sing@  COSQCOSY |

pén tir phuong tinh (2) suy ra

(9, COSQ = Wy — Wy siny/
(3)

(0, SINQ = @ (; COSP + Dyt sin pcosy

0= Wy SINY — Oy COS (PCOSY/

‘it cic phuong trinh (3) tim duge
1
(4)

(U: = f!)] —_— -
cosce + smasin Q‘)Igyf

dé Khir s6 hang gy trong (4) 12 sir dung hé thue
ol - RERUICN ARH D) (5)

Do

—cysl sy

i cyel
—spsyst repcel —spcy

(i 5 GK 4 K
AP ATR AN = spsicd+cpsl

_—cqaswc9+5(psﬁ cosysf+spctd  cocy

trong dé ky hi¢u ¢ =cos. §= sin .

nén tir (5) suy ra
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0y COS X = 5 COS L cOsE
w, sing = @, (singsin y cos6 +cospsind) (6)
0 =, (—cos@siny cosf +sinpsin0)

Tir phuong trinh tht nhét ciia (6) rit ra cos@ = <%

, sau do thay vao
COSiy

phuong trinh thit ba caa (6) tinh dugce:

COSO COS SNy

sing = -
Sin¢rcosys
Thay sin8 va cos0 vira tim duge vao phuong trinh thit 2 ca (6) ta co
19w =i1gasing (7

Thay (7) vao (4} xdc dinh duge cong thic xdc dinh o,
1

@y = - — (&)
cosa +sinaigasin® ¢
Bién déi cong thic (2.24) vé dang khic ta duge
a2 2
i, :ﬂ:l SN acost @ 9)

@ cosa

Do w, =y va @, = ¢, tit phuong trinh (8) suy ra phuong trinh vi phan. Tu
{1), (2) va cong thitc (8) thi du trén xdc dinh duge quan hé

o
&)3 =

.2 . H
(cosa +sinatgasin” go){cosﬁ+ sin Jtg Bcos’ {arcrg[ 9 fﬂ}

(3)

cosa
Khi £=0va a =%/ miu s cla (3) bang 1. Diéu kién ndy cdc k¥ su cdn
phai chii ¥ khi ta mudn ¢6 vat téc géc cua khau bi din la hing s6 va bing o,
(trong 010 va trong mdy céng cu hidy quan tAm dén diéu kién nay). Hinh (5.19)
biéu dién dé thi
do

dy = : s (10)
COS(I-FS]I]GIg(ZSII'I @

tich phan phurong trinh (8) ta duoc

¥y :arcrg(ﬁ-«} (11)
cosa

Thi di 5.11. Xét chuyén dong cla co cdu Cic dang kép nhu hinh (5.23).
Tim quan hé gita van téc géc khau bi dan o, va vin t6c géc khau dan ;.
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Hinh 5.23
Lot gidi. Van t6c géc clia khau bi dan theo cong thitc (8) thi du trén ¢6 dang
1

W= (1)
’ ’ cos 3 +sin Big Bsin® A

Trong d6 X la géc quay ctia phén truc 2b. Gia sir géc quay cta phcm truc 2a
va goc quay cua phan tryc 2b khac nhau mét hing s6

ﬂ=y+~}2£+a (2)

ws/w; phu thudc vao géc quay ¢ clia khau din va vao cic tham s6 cla
khop Cardan kép. Trén hinh (5.24) 1a d6 thi w; /@, phu thudc vao géc quay ¢

cta khau dan va vao cdc tham s6 ctia khép Cardan kép.
: @,
o

25
o 5 B =+60"
\ AN
20 [\ TTZe=90°
: i fEA /
: [ |
15 :\\ I \ I
;\ I/_\\ I/ﬂ_ﬁ:ﬁo“
- A\ B=0"
e e
-\ \ /
0sE  N__~ N o A
0 - ] | 1 | ] | ] | | ] foor ’
0° 00" 1807 2707 3607
Hinh 5.24



3.4. Chuyén déng quay t&ng quat cia vat rin quanh mét diém c& dinh

Thi dy 5.12. Banh rang hinh nén I ban kinh r chuyén dong lan khong trugt
trén banh rang c¢6 dinh II ban kinh R nhd tay quay III quay quanh truc thing
ding nguoc chiéu kim déng ho theo quy luat @(t). Xac dinh van t6c géc va gia
toc gbc cua banh rang I. Cho biét géc gita OC va OB 1a a.

Loi giai. Ta chon banh ring nén 1
1a vat ran khao sat. Trong qud trinh
chuyén dong luon c6 O c6 dinh. Vay
banh rang 1 chuyén dong quay quanh
diém O c6 dinh.

Do banh rang I lan khong trugt trén
banh rang ¢6 dinh II nén v; = 0. Do dé

OB 1a truc quay tirc thdoi A cia banh ‘
rang L. Hinh 5.25

a) Xac dinh vdn téc géc ciia banh rdng I. Diém C 1a mot diém trén tay quay
OC, vay v. = OCw, = R¢ . Do banh rang I quay tic thoi quanh OB, nén

v. =wCH =oRsina =R¢. T Zy
) @
Vay o=-2 (1) to
sina
b) Xdc dinh gia téc géc cua banh rang 1. .

Ky hiéu ¢ 1a véc to don vi trén truc BO, ta
c6 d=wé . Do @ bién déi ca vé tri s6 va
huéng, 4p dung cong thic dinh nghia gia _ >

téc goc ta co “
) %o de
£ = = O + 00— )
t dt Hinh 5.26
Tur (1)
= 4 (do o = const) .

sin &
Ry
Do e la véc to don vi, nén

la mot véc to vudng géc véi € . Ta co

Ry dé‘
dt

Do dé Vi, =0,C08Q = @pcosa

=V, =0,xe

183



€=\ +(wpcosa) =——J§ + ¢ cos*ax .
sina

Thi dy 5.13. Hinh nén 11 chuyén dong lan khong truot trén hinh nén c6
dinh I ¢hinh 5.27). Cho biét chiéu cao hinh nén 11 la OO0, = 10 cm, trong mot
phiit hinh nén 1T 1an dugc 120 vong. Hay xdc dinh:

a) Van toc géc va gia t6e gée cia hinh non I,

b) Van tdc, gia téc cdc diém B va C trén hinh nén I

Loi gidi. Chon hinh nén T lam
vat ran khio sit. Chuyén dong clia
hinh nén IT 1a chuyén déng quay
quanh diém O c¢8 dinh. Chuyén
dong nay c6 thé phan tich thanh
hai chuyén dong thanh phén:
Chuyén dong quay twong déi cia
hinh non H quanh truc 0O, véi van

toc géc w, . chuyén dong cla truc

OO, quay quanh truc thing dimg

X
Oz, v&i véan toc gée o, . Hinh 5.27

a)Van toc géc va gia téc géc cria hinh nén 1
‘Theo dau baj

0, _nr 1207 =4r rad/s
30 30

Tir d6 suy ra van t6c cia diém O,
vy, =00 @, =407 cmis
Do true OC 1a tryc quay tic thoi ciia hinh nén 11, ta ¢é

v(JI 40.?1' 40?2'
O =——=— —— = =87 rad/s
OH 00sin30 5

Hudng cua véc to@ doc theo truc CO nhu hinh v& 5.27. Ta chon hé quy
chi€u dong Oxyz c6 truc Oz = Oz, (truc ¢6 dinh), truc Oy trung véi truc 0O, ,
truc Ox dugc chon sao cho Oxyz I3 hé quy chiéu thuan, Cac véc to don vi trén
cactruc Ox, Oy, Oz la €, &, ¢,. T hinh v& suy ra

0, =@, o, =4x rad/s (1)

@ =-wcos30¢, +wsin30e. = ~4\/§:re, +47é, rad/s (2)
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Do vée to & 6 tri s0 khong déi, quay quanh tryc thing ding Oz, v6i van
t6c gdc @, ., ta cd

" déd S BN
£= ; =@, x0=|0 0 w | = ) @,
dt
—
2 2
£ :gxdr;srxt};rér =163/37%¢. cm/s’ (3)

b)Van téc, gia téc cdc diém Bva C
Van 8¢ diém B duge xdc dinh bdi cong thite
v, =X OB
Tir hinh vé ta ¢o

OB = 00¢, + 001g30°¢, =102, + %e

Do do
E.r éy é;:
iy =0 —4V3r  4r |=-8072, o/ (4)
o 10 %3 03‘6

Do C niin trén truc quay tic thdi CO nén v, = 0. Gia t6¢ cha diém B duoc
Xéc dinh béi cong thitc sau

ay =EXOB+ &=V,

é é e

x

& ¢
xr

X 5.: ¥y =
=637 0 0 |+| 0 —aS3r 4r

31 |—80x 0 0
0 0 IO\E

=1607°8, + 480376, cm/s® (5
Do ¥, =0, gia téc clia di€ém C c6 dang

d, :g'xb_(_.:+fa><15f. ZExOC
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(_';x e é’;
=[1637° 0 0 |=1607%, +160\37%, cm/s®

B3

0 10 -10—
3

-

Tir (5) v (6) ta cd
a, =1607°J1+27 =320472% cm/s?

a. =1607°y1+3 =32027 cm/s’

4. PONG HOC VAT RAN CHUYEN DONG KHONG GIAN TONG QUAT

Bai todn xdc dinh chuyén dong téng quit chia vat rin trong khong gian ba
chiéu 1a bai todn tvong dsi phic tap. V6i su phdt trién cla k¥ thuat robst, k§

thuat hang khong vi try, v. v... bai todn nay cdn phai dugc trinh bay wong d6i
ky trong gido trinh co hoc k¥ thuat.

4.1. Xéc dinh vj tri cha vat ran trong khéng gian ba chiéu

Khio sat chuyén dong ciia vat rén
B trong hé quy chiéu R, = {Oxayuzo}
6 dinh. Lay A 12 mot diém bat ki cna
vat ran B. Nhu da biét chuyén déng
cla vat rdn B trong hé quy chiéu R,
duge phan tich thanh 2 chuyén dong
thanh phan: Chuyén déng clia diém A

doi véi hé quy chi€u R, vd chuyén 0 —
déng clia vat ran B quay quanh diém A /
(hinh 5.28). Vi tri cla diém A duge *x, Hinh 5,28
xdc dinh bdi phuong trinh
Fy = x50 1 00500 | 0500 @D

Trong dé Ef , é'_io), E( '1a céc véc to don vitrén truc Ox,, Oy, va Oz,.

DE xé4c dinh vi tri ctia vat rén B quay quanh diém A ta c6 thé sir dung céc
toa do suy rdng trinh bay trong phin vat rin quay quanh mot diém cd dinh,
hodc sir dung ma tran c6 sin chi hudng. Néu sir dung ma tran cé sin chi huéng
ta gan chat h¢ quy chigu dong R = {Axyz} vio vat rén B va ky hi¢u cdc véc to
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don vi trén h¢ quy chiu nay I3 €,¢€,¢ . Khidé ma tran ¢ sin chi huéng

c6 dang

S0y = 10y = S
B O 8 e e @y dyy i,
_f ot = (01 = L Lt I~
A= € Ly e, € €8 | T il ), (4-2)
<10} o ~(0) = ={0) =
lf."_ €, o vy €. e ajl A 33

4.2. Xac dinh van téc géc, gia téc géc clia vat rin

Khéi ni¢ém vén t6c gdc, gia t6c géc cla vt rin di duge dinh nghia trong
chuong 2. DE xdc dinh van t6c géc cha vat ran, ngudi ta thudng st dung ba
phuong phap chinh sau day:

— Phuong phdp 1: Ap dung dinh ly cong vén t6c géc cha vat rén. Dinh 1y
nay da dugc trinh bay trong chuong 3.

~ Phuong phép 2: Ap dung dinh 1¥ dya theo dao ham cla cdc véc to don vi
cua h¢ quy chigu dong. Cong thitc (1.4) trong chuong 2.

- Phuong phép 3: Ap dung dinh 1y dua thco dao ham clia ma tran ¢6 sin chi
hudng.

Hai phuong phdp dau da dugc trinh bay trong céc chuong trude. G day ta sé
trinh bay phuong phép thir 3
a) Dinh Iy Poisson. Todn W séng ctia véc to van 16c géc cha Vit rin & dugc
xéac dinh qua ma tran ¢6 sin chi huéng ciia vat rin bing cong thic sau

@ = AA’ (4.3)

Trong d6 A 13 dao ham theo thdi gian clia ma tran cosin chi hudng & trong

he quy chi€u ¢§ dinh R,, con &' 13 todn tir song cha véc 10 van toc gdcd .

Toan tir séng &'’ ¢6 dang nhu sau -

_ B
00 - , P
0 | N W, %
&' =] @!¥ 0 -o. i, y
—m}o’ mim 0 G
) e 74 A
Chitng minh. Ly P 1a mét diém bat kv ;
thuoc vat ran B. Tir hinh v& 5.29 ta ¢6 s
E i o 1 .
Fp =F, +iip (1 0 Y
Pao ham phuong trinh (1) trong he
quy chi€u c6 dinh Ox,y,z, ta ducgc
*o Hinh 5.29
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t
Neu sir dung k¥ hiéu ma tran phuong trinh (2) ¢é dang

vf,?’ = v{[‘?} + 6)({”“5;9) (3)
con phuong trinh (1) cé dang
(0 = ® 4yl @)

Theo cong thice (1.14) chuong nay ta cé u®) = Au‘D Trong dé u!” & ma
trén cot goém cdc hinh chifu cha @, trong hé¢ OxgyaZo, €ON 1,13 ma tran cot
goém cdc hinh chiéu cla #, trong hé Axyz. Thé vao (4) ta duoc

r‘LU) =r'¥ +Au, (5)

Pao ham pl‘mcmg trinh (5) theo th&i gian 7 suy ra

Vi = v 4 Ay, o (6)

Do ma tran cosin chi hudng A 1a ma tran tric giao nén tir hé thic

s?, =As, laco

up = Al = AT (N
Theé (7) vao (6) tinh dugc
v = v L AAT LD (8)

So sdnh cic cong thac (3) va (8) suy ra cong thiic
O~ AAT.
b) Gia téc géc. Khi bict van tdc goc cha vat rin, ta d& dang tinh duge gia téc
géc cua nd

dao
E="1— 4.4
" 4.4)

4.3. Xac dinh van tdc, gia t&c cac diém cua vat rin

Bai todn xdc dinh van tdc, gia t6c cde diém clia vat ran Ja bai todn tuong
d6i phitc tap. Vi vay cé nhiéu phuong phdp tinh. G day gidi han chi trinh bay
phuong phap cong cic véc to. Theo chuong hai ta ¢6 cdc ¢ong thic

V, =V, +v,, (4.5)
L+, (4.6)

Vi¢e xdac dinhv,,, , d,, phu thudc vao viéc chon hé quy chigu dong.
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a) Chon hé quy chiéu dong la hé toa do
chyén déng tinh tién doi véi hé quy chiéu
co dinh

Chon h¢ toa d¢ dong R={Ax)yz)
chuyén dong tinh tién ddi véi hé co
dinh R,, trong d6 Ax}//Ox,, Ay, /Oy, .

Az, /1 Oz, . Goi & §a van tdc géc cha vat ran B

trong hé quy chi€u cd dinh R : &= "@" . Ta 7)) )
€O cdc cong thuc sau: /
B =, =, B, =, 4 Yo Hinh5.30 (4.5)
Ap=d,+dp,=d, +Exi, +&x(Dxil,)=a, +Exti, + &V, (4.6)
Trong dé ky hi¢u
Ry g~
i, = AP VL =OXH,, §= g j:w

b) Chon hé quy chié¢u dong la hé toa do chuyén dong tiy y doi vdi hé quy
chiéu cd dinh

Chon hé¢ quy chi¢u dong Axyz 6 goc tai diém A, khéng gin chat vio vat
rin B vd khong nhat thiét phai chuyén dong tinh tién dGi véi hé quy chiéu cd
dinh R, (hinh 5.31). Ky hi¢u ¢ , €, &, 1a cac véc to don vi trén cic truc Ax, Ay,
Az, o, 1a van (6¢c géc coa hé quy chiéu z
dong R ={Axyz} d6i véi hé cd dinh “0 P
R, ={Ox,y,2,}, &, 1 van t6c géc cha e
vil rin d6i véi hé quy chiéu dong R, A
con @, =@ 14 van té¢ goc cha vat rin €
doi vii hé ¢4 dinh R . Trong mé hinh p
nay chuyén dong theo khéng phii la Ta ¥y
chuyén dong tinh tién. Theo chuong hai >
ta co

. 'r i
!f:.dél 0 Hinh 5.31

ke, o
— = fU‘J w e‘.’

—L =g xé,
¢l ' ¢lt

A
— =@ xE
eft -

Khi1 d6 xde dinh duge ¢6 cidc cong thic tinh van téc, gia toc diém P o dang
nhur sau
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— —

_; ¥ — 0 - 5 _— - s r:
VatVp SV, PV + YV, =V, +@, XU, +V,, 4.7

v,

oy

_ = A =g 1 =

p=dgtay, =a,ta,ta,, +a,
— o ol - - .l et - ot
=d,+EXU, +&, (@, <, +a,,, + 26, x V], (4.8)

Chii y. Trong m@i s6 sdch gido khoa Co hoc k¥ thuat clia My ngudi ta
thudmg ky hicu @, = Q).

4.4. Cac thi du ap dung

Thidu 5.14. Dia D bin kinh R c6 thé quay quanh ddu A cta tay quay OA
noén ngang. Tay quay OA dai L quay déu quanh truc thing diing di qua O véi
van t6c géc khong déi @, , dia quay quanh Q véi van téc géc khong déi o, .
Hay xac dinh:

a) Van téc va va gia téc diém P & trén dinh cla dia,

b) Van t6c goc va gia téc gde cua dia.

Mid

Hinh 5.32

Loi~gidi. Chon Axyz 12 hé quy chifu dong, Ox,y,z, 12 he¢ quy chidu c&

dinh. Chuyén dong quay tuong d6i quanh truc Az, chuyén dong theo la chuyén

dong clla tay quay OA quanh truc o6 dinh O, (hinh 5.32). Ap dung dinh ly

cong van toc va dinh |y cong gia t6¢ dé xdc dinh van t6¢ va gia t6c diém P.
Irong bainay @, =&, &, = a,. t

a)Van téc diém va gia 16c diém P

V,(P) =V (P)+V.(P) ey
Trong doé

V(P) =0, x AP=w,é, % Ré, = -, Ré, 2)
7,(P)= @, x OP= 3}, x(OA + AP)= & x (L, + Ré,)= -, Lé, (3)
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The (2), (3) vio (1) ta duge

V,(P)=-w,Ré —wlé (4)
Gia toc diém P

a,(Py=d (P)+3d (P)+ad.(P) (5)
Dog, =0, £, =0nén taco

a,(Py=a, xV,(P)=wé, x (-0 LE)= -0 L6, (6)

5JP):dhxﬁ(P):mﬁ:x&ﬂ5Rﬁ)=-ﬂﬁR%_ (7)

d.(P)=26, xv, =20 »(-w,Ré )= 2wy, Reé. (8)
Vay a,(P)=-o]Lé, -~ wiRé, +2mw,RE, (9)

b)Vdn téc géc va gia téc géc ciia dia
D=0, +0, =8, +w,é. (10}
E=E 4E +0,x0 (11
Do g, =5 =0, néntir(11) suy ra
€=, X0, =mE, X8, =oe, (12) |
Thi du 5.15. Gia d& mo 2 a0

10 quay quanh truc Oz, véi
van téc géc khang déi Q = 3

. y
rad/s. M6 to gin lién véi dia ,Yr-
quay vdi van t6c gée khong
d6i p = 3 rad/s quay quanh yd 150
truc By cta gid d& nhu hinh .~ mm

ve€. Cho biét géc v = 30". Cdc
kich thude cho trén hinh vé.
Hay tim:

Hinh 5.33

a) Van 16c va gia téc di€m A trén dinh clia dia,

b) Gia t6¢ gée cita dia

Loi gidi. Chon hé truc Bxyz gin lién véi gid do mo to, hé quy chiéu
Oxo¥,2, 1a hé c6 dinh. Ky hi¢u cdc véc to don vi trén truc Ox,y,z, 1a
¢, 60 & che vée to don vi trén h¢ truc dong Bxyzla €., ¢, é.. Tir hinh v& ta

c6 O=Qe!" =36 rad/s .
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a)Van toc diém A
VSV, TV =V 4T, V],
Trong do:
¥, = Qx7 =367 % 0,350 8 = -1,05 8% =1,05 6. my/s
V4s = Qx(BC + CA) = 361" x(0,3008, +0,120¢.)
=(-0,9¢0s30")2, +(0,36sin30°)é, = —0,599, m/s.
Vip = PX(BC + CA) =8¢, x(0,300¢, +0,1206,) = 0,960 m/s.
Dodé v, =-1,05¢, =-1,05¢ —0,599 & +0,960 &, =—0,689¢_m/s .
b) Gla 16¢ diem A
Str dung cong thitc
Ay =ay+d, =d,+dy +d,, +d,.
Lan lugt tinh todn
iy = Qx ¥, =36 x (1,05 &,) = 36! x (~1,05 &)
=-3,158" =315 (~¢, c0s30° + Z.sin30%) = 2, 732, + 1,558, m/s?
iy = Qx 7y, =381 (0,599 ¢ ) = 361 x (0,599 &)
=1,797 & =1,797 (~¢, cos 30° + & sin 30")
=-1,557¢, +0,899¢, m/s’.
iy = 2097, =23¢")x (0,960 &,) = 5,766
=5,76 (¢, cos30" —&,5in30°) = 4,995, — 2,882, m/s>.
dly = px vy, =82 x0,960 &, =~7,68¢. m/s".
Tl dé suy ra
iy ==2738, +1,55¢, —1,557¢, +0,899¢, + 4,996, 2,886 7,686,
=0,703¢, —8,086¢, m/s".
¢) Gia téc goc
Do @, =const, w, =const nén &, =0, &, = 0. 'Ir d6 tinh dugc
E=0, %@, =Qx p=3¢" x 83,

24£é’
2

=3(2.¢0s30" +¢_sin30")x 8¢, =— ' =-20,82_ rad/s.
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5. PONG HOC ROBOT CONG NGHIEP

Ve phuong dién Co hoc, ré b6t cong nghiép 1a he nhiéu vat rin ghép néi
véi nhau bang cac khdp, chil yéu 1a cdc khép quay va khép tinh tién. C6 nhiéu
phuong phdp tinh todn déng hoc robst cong nghiép. Dudi day 1a gidi han chi
trinh bay phuong phdp ma trin Denavit—Hartenberg tinh toan dong hoc robét.

5.1. Cac toa do thuan nhat va cac ma tran bién ddi toa dé thuin nhat

Y tudng co bdn cha viec dua vao cic “
toa do thudn nhat va cdc phép bién ddi toa
d6 thuin nhit 12 nhim muc tiéu két hop
hai phép bién déi tinh tién va phép bién
d6i quay thanh mot phép bién déi céc ma
tran cap 4. 0 €,

Al

a) Cdc toa do vt Iy va cdc toa do thudn nhdat 3
Vi tri ciia diém P & trong hé toa do ba
chiéu Oxyz dugc x4c dinh béi véc td sau . Hinh 5.34
F = X€, + ye, + z&, 5.1

Gid sir ¢ 13 mot dai lugng vo hudng khédc khong tly ¥. Khi d6 toa do thudn
nhat cha diém P duge dinh nghia boi he thuc

r=[ox oy oz O’]T (5.2)

Trong k¥ thuat, ngudi ta thudng chon o = 1. Khi d6 toa d6 thuidn nhat bén
chiéu cla diém P dugc m& rong tir cic t1oa do vat Iy ba chiéu cia diém P bing
cich thém vao thanh phdn thit tw nhu sau

r=[x y z ]]T (5.3)

Nh&s khdi niém toa do thuin nhat z B
trong khong gian bon chiéu ta c6 thé
chuyén bai todn cong ma tran cot trong X li, J
khong gian ba chiéu sang bai todn nhan -
ma tran trong khong gian bon chiéu. Cho A &
a va b 12 hai véc to trong khong gian ba P
chiéu, ta cé 2 v

a, b, a,+b 0 o

a+b=|a, [+|b, |=|a,+b,| (5.9) /g;m
a, b a, +b, 0 Hinh 5.35
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Tu phép tinh cong (4.4) chuyén sang phép tinh nhan hai ma tran nhu sau

a, +b 1 0 0 g5
a,+b, | 10 1 0 a5 (5.5)
a, + b, 0 0 1 a lb

1 0 0 0 11

b) Ma trén bién doi toa do thudn nhdt

Xét vat ran B chuycn dong trong hé quy chiéu cd dinh Ox,y,z,. Ldy mot
diém A nao dé clia vat ran B v gn chit vao vat rdn hé quy chiéu Axyz (hinh

5.36). Ldy P la mot diém bat k¥ thudc vat rén B. ‘Trong h¢ toa do vat Iy Ox,y,z,
ta cé

P, =F, + i, (5.6)
Phuong trinh (5.6) ¢6 the viét dudi dang ma tran nhu sau

{0} 143}

Xy Xy ay, G dy || X
(o | _ (0}

Yo |=| Ve | T8y dh ay || YV (3.7
10} )

Zp 24 Ay 8y Oy || 2,

Trong d6 A 1a ma tran cosin chi huéng cla vat rin B, x,,y,, z, 1a toa do

clia diém P trong hé quy chiu Axyz. Néu sit dung cdc toa do thudn nhat phuong
trinh (3.7) ¢6 thé dugc viét lai dudi dang

(m (01
4y @ a4y X |l X

(0} {0}
y;» o, | 258 a's3 V,; yP

= - = - (5.8)
Z;-'m 4y dy Oy L*n} Zp
1 0 0 0 1 1

Dinh nghia. Ma tran

()
4 9 G, X

- . (0 A 0y
To| % 2 @ y:}} ___[ ) s (5.9)
ay, 52y I ¢ 1
0 0 0 |

duge goi la ma tran chuyén toa d¢ thuan nhat clia di€m P tir he Axyz sang hé
Oxyyyz, (hay goi tat la ma tran bién ddi toa do thuan nhat). Nhu thé ma tran T
cho bi€t vi trf cha vat rdn B trong hé tea do Ox,y,z, .

¢) Cdc ma trdn quay co bdn thudn nhdt va ma trdn tinh tién thudn nhdt

Cdc ma trdn quay co ban (1.7), (1.8) va (1.9) trong muc ma tran césin chi
hu6ng mo rong ra trong hé toa do thudn nhat bén chiéu c6 dang nhu sau
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10 0 0
T, (@)= Rot{x,p0) = ?} Z:?:: ;:;1; g] (5.10)
0 0 0 |
costy O siny 0
TH"'(W):ROI(%W): —s:::u,y (l} co(ity g (5.11)
0 0 0 |
cos@? -sind O 0O
T, (6) = Rot(=.0) = 5"89 Coga ? g (5.12)
0 0 0 1
Ngoai ra ta dua vao khdi niém ma tran tinh tién thuin nhit cé dang
(l 0 0 «a 1 000 1 0 00
T, = 0 ! 0 0 T, = 0 1 0 b T, - 0 1 0 (5.13)
' 0 0 1 0 0 01 0 0 01 ¢
0 0 01 0 0 0 1 0 0 0 1

Trong d6 ta thyc hién chuyén dong tinh tién theo truc toa dé x mot doan la
a, theo tryc toa do y mot doan 1a b, theo truc 10a d6 z moét doan la c.

5.2. Cac tham s& ddng hoc Denavit-Hartenberg va ma tran

Denavit—-Hartenberg

a) Cdc tham sé déong hoc Denavit—-Hartenberg

Trong doan nay ta chi xét h¢ céc vat ran néi ghép v6i nhau bing cdc khdp
quay va céc khdp tinh tién. Khi dé quan hé vi tri giita hai khau k& ti€p nhau co

thé dugc xdc dinh bdi hai tham s6 khép (hinh 5.36).

Trén hinh 5.36 khau
tha i~1 ndi véi khau thi i
biang khép 1. Truce z,
duge chon 1a truc khép
cita khép thit i. Tham s6
thi nhit &, duoc goi la
géc khép, 14 géc quay
truc x._, quanh tryc z_, dén

X

Khéau i—1

|__Khdpi X
—
| Khau i
Ziy
x‘-'
=
Hinh 5.36
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truc x7 // x; . Tham s6 thit hai d, , & Khoang cdch giita truc x] va truc x;. Néu
khdp i 1a khdp quay thi & 1a bi€n cdn d; [a hing s6. N&u khép i 1a khdp tinh tién
thi khoang cdch d; 1a bién, con & ta hing s6.

Déi vai cic robaot cong nghiép, Denavit-Hartenberg (1955) d3 dua ra cdch
chon cac hé truc toa do nhu sau

1. Truc z; | dwoc chon doc theo hudng cha truc khép dong the i

2. Truc x; | dugc chon doc theo dudmg vudng géc chung clia hai truc Z., VA

2., hudng di tr tryc z,_, sang truc z,,. Néu truc z,_, cdt truc z,_, thi hudng cla
truc x; | duge chon thy ¥.

3. Goe 1oa do O, \duge chon tai giao diém cla truc x,_, va truc z,_,.
4. Truc y., dugc chon sao cho hé (Oxyz),_, 1a heé quy chi¢u thuan.

\ Khau i +1

Khau i +1

Khépi—1

Oi—l X

i-1

Hinh 5.37. Bi€u din céc théng s& Denavit Hartenberg ca khdp quay

V61 cach chon hé tga d6 nhur trén, d6i khi cdc hé toa do khau (Oxyz),
khong duge xdc dinh mét céch duy nhét. Vi vay ta cdn ¢6 mét s6 b8 xung thich
hop nhu sau: '

5. Do vdi h¢ toa dd (Oxyz), theo quy udc trén ta méi chi chon duge truc z,,
con true X, chua cé trong quy ude trén. Ta ¢6 thé chon truc X, mét cich tiy .

6. D61 v6i he toa do (Oxyz),, do khong c6 khdp n+1, nén theo quy udce trén
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khong xdc dinh duge true z,. Truc z, khong duge xdc dinh duy nhat, trong khi
tryc x, lai dugc chon theo phdp tuyén ca truc z, . Trong trudng hop nay, néu
khdp n la khép quay ta ¢6 thé chon truc z, song song véi truc z,_,. Ngoai ra. ¢6
thé chon tlty ¥ sao cho hop 1.

7. Khi hai tryc z,, va z;_, song song v&i nhau, giita hai truc nay cé nhiéu
dudng phap tuyen chung, ¢6 thé chon truc x,_, huéng theo phdp tuyén chung nio
cling dugc.

8. Khi khép thit i 1a khép tinh ti€n, vé nguyén tic ¢ thé chon fruc z_, mot
cach tiy ¥. Tuy nhi¢n trong nhiéu trudng hop ngudi ta thudng chon truc z,_, doc
theo truc cta khép tinh tién nay.

Vi trf clia he toa do khau (Oxyz), déi véi hé toa do khau (Oxyz). , duoc xdce
dinh bai bon tham s Denavit—Hartenberg ¢, d,, @, vd o, nhu sau:

— 8, : gbc quay quanh truc z;_, dé tryc x,_, chuyén dén truc x', (x', // x,)

— d, : dich chuyén tinh tién doc theo tryc z; , d€ géc toa do O, | chuyén dén
O, giao diém ctia truc x; va truc z,_,.

—a; : dich chuyén tinh tién doc theo truc x; dé diém O, chuyén dén diém O,

— @, : gbc quay quanh tryc x; sao cho truc z';_, chuyén dén tryc z,.

Trong bon tham s6 trén, cdc tham s6 a; vd ¢ ludn ludn la cdc hang s6, do
16n cua ching phu thudc vao hinh ddng va su ghép néi cdc khau thit /—/ va thi /.
Hai tham s6 con lai 6, va d;, mot 1a hing s, mot 12 bién s§ phu thudc vao khép
t 1a khdp quay hay khdp tinh tién. Khi khép ¢ 1a khdp quay thi 8, [a bi¢n, con 4,
I3 hiing $6. Khi khép / [a khdp tinh tién thi &, 1a bién, con € 13 hing s6.

b) Ma tran Denavit—Ilartenberg

C6 thé chuyén toa do khau (Oxyz), | sang hé toa do khau (Oxyz), bing bén

phép bi€n déi ca ban nhu sau:
~quay quanh tryc z,, mot géc 4,
— dich chuyén tinh tién doc truc z,_, mot doan 4,
— dich chuyén tinh tién doc truc x; mot doan g,
— quay quanh truc x, mot géc o,

Ma tran clia phép bién d6i, ky hiéu 1a H,, 12 tich cia bén ma tran bi¢n déi
co ban va ¢é dang nhu sau

cost) —sing 0 0|1 0 0 Of1 O 0 g ! 0 0 0
C|sing, cosf, 0 OO0 1 0 070 1 0 00 cosw, —sing, O
Lo 0 1 00 0 1 4/[0 01 0{0 sinag cosa, O

0 0 0 1[0 00 tjjo 0 0 10 0 0 1
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cos —sinfcose, sinfsing, «cosh,
singd,  cosf, cosa, -—cosfsing, asind
H = _ (5.14)
0 sine, cose, d
0 0 0 1

Dinl nghia. Ma tran H, dugce x4c dinh bdi cong thitc (5.14) duoc goi 1i ma
tran Denavit—Hartenberg,

Ma tran Denavit-Hartenberg H, 1a ma tran chuyén toa d6 ciia h¢ quy chiéu
(Oxyz), | doi v6i he quy chi€u (Oxyz),. Chinh xac hon cdn phai k¥ hicu ma tran
nay bang "' . D¢ don gian cich viét sau nay sir dung ky hiéu H; vdi nghia
“'H, con T, dugc ding véi nghia "H, .

5.3. Phudng trinh xac dinh vj tri khau thao tac (ban kep) ctia rébét
Ap dung lien tiép cdc phép bicn déi (5.8) d6i véi rébot n khau thu duge
phuong trinh xdc dinh vi tri khau thao tac (bian kep) cia Robot
D,="H,="H"'"H,-"'H, =H -, -H, (5.15)

5.4. Cac thi du ap dung

a) Thi du 5.16: Hinh 5.38
la so d6 ro6 bét phang.
Hay thi€t lap ma tran
Denavit—Hartenberg D, va
phuong
diém P.

trinh  xdc dinh

L&t giai. ‘T hinh vé
538 de dang thiét lap
bing cdc tham s§ dong
hoc

Denavit-Hartenberg
cho thi du nay

Ap dung cong thiic (5.15) tinh dugc ma tran D,

19&

B Truc 8 d; a, &
1 q 0 a,
2 q.‘_ 0 33 0




¢ =S 0 aC ||C =5, 0 aC,

S, G 0 aSlSs. ¢ 0 as,

D =HH.=|" A fe B “222
: *“lo 0 1 o e o 1 o
0 0 0 1o o0 o

C. =5, 0 aC +a.C .
S. C. 0 a8 +a,5,
. 0 0 1 0
0 0 0 i
Ba thanh phan ddu tién cla cdt cudi cing cua ma tran T, chinh 1a céc toa
~d6 clia cde diém P. Vay ta ¢6:
K =aC o+ aCy, Vi =aS, + a5,
Trong thi du nay ciing nhu cdc thi dy sau sir dung k¥ hi¢u
(', =cosqg, S, =sing,
C.= cos(ql + q:),S,: =sin(q + qz)
b) Thi du 5.17. Phan tich dong hoc robdt khong gian ba béac tr do. Hinh 5.39 1a

so dé modt loai 6 bot khong gian ba bac wr do. Hay thiét 1ap ma tran Ty va
phuong trinh xdc dinh céc toa do diém P.

7
1 P X’
R 4] ‘

AN

Hinh 5.38
X,

Lot gidi. T hinh vé dé dang xdc dinh bang cdc tham s6 dong hoc Denavit—
Hartenberg cho thi du nay
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Truc ] d, : o
1 q d, 0 n/2
2 G 0 a, 0
3 s 0 a3 0

Ap dung céng thic (5.15) tinh duoc ma tran

¢ 0§ o0pc, -5, 0 aC |G =8 0 a,C,
D. =HHH - S5 0 -C, 0 S, ¢, 0 48, ]S, ¢, 0 a4S,
U1 0 40 o0 1 o llo o 1 o
0 0 ¢ 1 0 0 0 1 G 0 0 1
Cl Czs _Cl st N 1 C] (aaczs + azcz)
D, - $Cy ~88n -G S(aCy+aC,)

Sy Cy 0 aS,+aS,+d,
0 0 Q0 1

Vay toa d¢ di€ém P ¢6 dang

xp =C {a,Cy; +a,C,)

y,?’ =38 (ascn * azcz)

zp = &8y +a,S, + 4,
G Bo mon Co hoc g dung Trudng Dai hoc Bach khoa Ha Noi, phidn mém

ROBOTDYN da duge xay dung dé thiét lap tu dong cédc phuong trinh déng hoc,

dong liwc hoc clia cdc robot cong nghiép va tinh toin mo phong chuyén dong
cua cdc robst dang chudi.
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PHAN 3. DONG LUC HOC VAT RAN

M3 PAU

bong luc hoc nghién citu chuyén dong co hoc clia cdc vat thé dudi tic dung
cta luc. Trong phdn nay trinh bay dong fuc hoc clia mo hinh chat diém, mo
hinh vat ran. mo hinh co hé gdm n chat diém va p vat rin.

Néu nhu cic kich thude noi tai cha mot vat thé cé thé bd qua khi khao sat
chuyén dong ctia nd, thi c¢é thé xem vai thé dé 1a mot diém cé mang khéi
leong va goi 1 chat diém (hoidc vat diém). Néu nhu cdc kich thude ndi tai cla
mot vat thé anh hudng dén dang diéu chuyén dong clia cac diém thudc vat, th
khong thé sir dung mé hinh chit diém, ma phai sit dung mo hinh vat rdn wuyét
d&i. vat thé bién dang v.v... Vit rdn tuyét d6i (dugc goi tat 1a vat rén) 1a mot
vat thé ¢6 mang khdi lugng, ma khodng cdch giita cdc diém cilia né luon ludn
khong doi.

Nhur thé, khi sir dung mé hinh chat diém ta khong cdn quan tam dén dang
hinh hoc cu thé cua vat thé, cdn khi sit dung mo hinh vat rin cdn phai quan tam
dén dang hinh hoc cu thé cta vat thé. Do d6, phai quan tam dén sy phan bd khai
luong cia vat thé. Pé xét dén dang hinh hoc cy thé cia vat ran ngudi ta dva ra
khai niém khoi tam cia vat rin, mo men qudn tinh khéi cla vat rin. Chiing ta
can chi ¥ ring chat diém v vat ran 13 hai loai m6 hinh cha vat thé.

Galilei (1564-1642) 14 ngudi da thyc hién nhitng nghién ciiu ¢6 h¢ théng
dau tién vé dong lyc hoc. Bang con dudng thue nghi¢m, Galilei da tim ra dinh
luat vé chuyén dong roi ty do, dinh luat vé chuyén dong parabol. Nam 1638 ong
di tim ra dinh luat qudn tinh. D¢ ddnh gid ding cong lao cla ong, cdn phai chd
¥y ring vao thoi k¥ d6 chua ¢6 phép tinh vi phan va tich phan, chua ¢6 céc thi€t
bi do dac nhu ngay nay.

Nam 1687, Newton (1642 —1727) da dat nén méng cho dong luc hoc bing
viéc xuat ban tdc phiam ndi tiéng “Cac nguyén ly todn hoc cha khoa hoc ty
nhién”. Trong dé, ong néu lén ba tién dé lam co s6 xay dung co hoc (dinh luét
qudn tinh, dinh luat co ban, dinh luat vé tac dung va phan tic dung). Chu ¥ rang,
hai tién dé diu tién chi ding trong hé quy chi¢u quén tinh.
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D. Bemnoulli (1745), L. Euler {1746} va D’ Arcy (1747) {4 nhimg ngudi diu
ti¢n néu len dinh 1y bi¢n thién mémen dong lugng. Dinh 1y bién thién déng luong
va dinh ly bién thién mémen dong lugng 13 co sd xay dung Cao hoc véc 0.

Nam 1829, G.G. Coriolis dii dua ra khéi ni¢m cong cla luc. Sau dé éng da
dua ra khdi ni¢m “luc sdng” sau nay goi 1a dong niang. Ong 1a mot trong nbimg
ngudi ddu tién néu lén dinh 1y bién thién dong nang.

Mot cdch tiép can khdc dé nghién ciiu co hoc 1a xay dung céc nguyén 1y co
hoc. Cac nguyén 1y co hoe duge nghién ciru va phdt trién béi cdc nhi khoa hoc
noi tiéhg nhu d’Alembert (1717 — 1783), Lagrange (1736 — 1813), Gauss (1777
— 1859), v.v... Trong gido trinh ndy ta gidi han chi trinh bay mot s¢ nguyén 1y
quan trong nhu Nguyén Iy cong 4o, Nguyén ly d’ Alembert, Nguyén 1y d’Alembert —
l.agrange va Phuong trinh Lagrange loai hai.

Bén canh mot 86 khii niém di duge dua vao trong phin tinh hoc va dong
hoc (khéng gian, thol gian. luc, mémen cha lyc, diém, vat ran, van 16¢ va gia
téc cta diém, van téc gée va gia 1dc géc cha vat ran v.v...), trong phan dong luc
hoc ta s& dua vao mét s6 khdi niém mdi nhu chét diém va vat rin (mang khoi
luong), dong luong, momen déng lugng, xung luong cua luc, dong ning, thé
ning, mémen qudn tinh khoi, cong cta luc, di chuyén do, v.v...

Cédc phuong phdp tinh todn dong luc hoc cé thé phan thanh ba nhém: céc
phuong phap dong lugng. cdc phuong phdp nang luong va cdc phuong phip cla
co hoc giai tich. Cic phuong phdp doéng luong dua trén cde khai niém véc to nhu
dong lugng, momen dong lugng cua chit diém va vat rin, xung luong ciia luc va
tién dé Newton hai. Cdc phuong phdp ning lugng dua trén cdc khai niém vo
hudng nhu dong nang cla chit diém va cla vat ran, cong cia luc, the vi clia luc
c6 thé va tién d¢ Newton hai. Céc phuong phéap co hoc gidi tich dua trén khdi
niém di chyén do cla chiit diém, clia vat rin va cdc nguyén 1y co hoc.

Cic phuong phdp nghién cin ¢o hoc ky thuidt néi chung va ddng luc hoc
néi rieng 1 phuong phdp tién dé va phuong phdp mo hinh. Néu nhur cdc tién
dé co hoc hodc cdc nguyén 1y ¢g hoc vé ¢o bin gan nhu dd hoan chinh, thi
viée xay dung cdc mo hinh co hoc cho cdc hé k¥ thuat 14 van dé cdn dang
dugc nhiéu nha khoa hoc quan tam nghién cttu. Véi géc do dé. Co hoc k¥
thuat 1a mot Iinh vuc khoa hoc dang trén da phdt trién. Vi sy trg gidp cia tin
hoc va k§ thuat dic¢n tir, nhiéu bai todn quan trong ciia ¢¢ hoc, nhiéu phuong
phdp tinh méi dang duge nghién citu vé mit [y thuyét va dang duoc dua vao
ung dung trong k¥ thuat.
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Chuong 1
CAC DiNH LUAT CO BAN cUA
PONG LUC HOC CHAT PIEM

Nam 1687 trong tac pham "Cdc nguyén Iy todn hoc ciia khoa hoc tie nhién”
(Philosophia Naturalis Principia Mathematica), nha bac hoc ngudi Anh Isaac
Newton (1642-1727) da téng két va néu ra ba tién dé clia dong luc hoc chit
diém, 1am co sd nghién ciu dong luc hoc chit diém va hé cac chat diém. Trong
chuong nay, trinh bay ndi dung hé ba tien dé Newton. Tl dé thist lap céac
phuang trinh vi phan chuyén déng clta mo6 hinh chit diém trong hé toa do
Descartes va trong hé tpa do tr nhién.

1. HE TIEN DE NEWTON

1.1. Hé ba tién dé Newton

Tién dé 1 (Dinh Iudt qudn tinh). Khi khong c6 lee tde dung lén chadr diém,
dong long ciia né duge bdo toan.

Trong dé, dong luong clia chat diém (ky hicu [a p ) 1a mot dai lugng vécto
bing tich s& khoi luong m clia chat diém véi van t6c ¥ cla nd.

D = mv (1.1}

Tién dé Newton 1 ¢6 thé viét dudi dang biéu thifc nhu sau

Khi F =0 thi p=my=const (1.2)

Theo tién dé nay, mot chat diém s chuyén dong thing déu (v =const)
hoac ditng yén khi khong chiu tdc dung cua luc. Chinh Galilei (1564-1642) la
ngudi dd tim ra tién dé nay vio nam 1638 va ong goi l1a dinh luat quén tinh
(¥ =const).

Tién dé 2 (Pinh ludt co bdn). Dao ham theo thdi gian dong lugng coa
chét diém biing luc tdc dung 1én nd.

Tién dé nay c6 dang biéu thic nhu sau

@ :Id(mi?) _F (1.3)
dt df
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Néu khdi lugng clia chat diém trong qud trinh chuyén dong 1a hing s&, thi
tir {1.3) suy ra

m—=ma=F (1.4)

Tién dé 3 (Dinh ludt vé tdc dung va phdn luc tic dung). Cdc lic 1éc dung
neong hé gifta hai chat diém lq hai liic c6 cing diong téc dung, cing cuomg do
nhumg nguoe chiéu nhan.

D¢ dé nhd tien dé 3 ¢6 thé viet dudi dang biéu thite bing chit nhu sau

actio = reactio (1.5)

Trong do6 actio 12 tic dung, reactio 1a phan tac dung. Chud ¥ ring, hai luc
tic dung tuong hé gida hai chat di€ém khoéng phai 1a mot cap luc can bing vi
ching dat vao hai chat diém khdc nhau. Do mo6 (4 tueng tdc giira hai chat diém,
nén tién d¢ 3 1a co s0 d€ khio sat dong luc hoe hé nhiéu chat diém.

Clut y: Ngoai ba tién dé néu trén, trong phan Pong luc hoc ching ta cling
cong nhan va s dung mét s6 tién dé tinh hoc nhu Tién dé hinh binh hanh luc,
Nguyen Iy giai phéng lién két Lagrange.

1.2. Hé quy chi&u quan tinh

a) Dinh nghia hé quy chiéu qudn tinh. H¢ quy chi€u quan tinh 13 hé quy
chiéu, ma trong dé céce tién d€ Newton 1 va 2 duge nghiém diing. Ngudi ta con
goi h¢ quy chi€u quén tinh 1a hé quy chi€u ¢d dinh. Déi vdi da s6 bai todn dp
dung trong k¥ thuat, trdi dat ¢6 thé xem mot cich gin dung 13 hé quy chidu ¢
dinh. Vi¢c dp dung tién dé Newton 2 trong hé quy chi€u khong cd dinh sé duoc
ban dén trong chuong dong lic hoe chuyén dong tuong d6i.

Chi ¥ ring, tién dé Newton 3 khong lién quan dén cdc yéu t6 dong hoc nén
ding v6i moi hé quy chiéu.
b) Gidi han dp dung cua Co hoc Newton. Co hoc duge xay dung trén co s&f
cdc tien dé Newton duge got 1a Co hoc Newton. Co hoc Newton chi diing véi
chét diém c6 kich thudc di I6n so v6i kich thude nguyén 1, vi ¢6 van toc di
nho so v6i van ¢ anh sdng. Chinh vi vay co hoc Newton con duge goi 1a Co
hoc c6 dién, dé phan biét v6i Co hoc lugng t&r va Co hoc tuong d6i.
c¢) Cha y: Nhu trén di néi hai tién dé Newton | va 2 chi ding trong hé quy
chi€éu quén tinh. Néu cong nhin ¢6 hé¢ quy chigu quan tinh, thi tien dé 1 13 mot
hé qua cua tién dé 2. Tuy nhién dé ghi nhan ¥ nghia lich sit cong trinh khoa hoc
cha Newton, ngudi ta van trinh bay ¢a ba tién dé,

204



2. CAC PHUONG TRINH VI PHAN CHUYEN BONG CUA CHAT DIEM

Nhu da biét trong phdn dong hoc, dé xac dinh vi tri cha chat diém
trong khong gian, ngudi ta thudng sir dung cac he toa do Descartes (Dé cic)
vubng goc, hé toa do ty nhién, h¢ toa do try, v.v... Dudi day trinh bay
phuong trinh chuyén dong cla chit diém trong hé toa d¢ Descartes vi
trong hé toa do tu nhién.

2.1. Cac phudng trinh vi phan chuyén déng trong hé toa d Descartes
Trong toa d6 Descartes vudng géce (hinh 1.1)tacéd - P
d=a.& +a€, +a,e. =Xé + ye,+ze.,
Trong d6: a, =de ,a, =de , a =dé,.

F=Fé +Fé, +Fé..

Tu cong thic (1.4) suy ra:

E]
i D nm'i

mx=F, (r,x,y,z,i",jf,z') Hinh 1.1
my=F,(t.x,y,2,%,3,2) (2.1)
mz = F, (!,x,y, z, x',jf,z')

He ba phuong trinh vi phan cip (2.1) duge goi 1a hé phuong trinh vi phan
chuyén dong ctia chat diém trong hé toa do Descartes. D¢ gidi he phuong trinh

vi phan (2.1) cdn biét sdu diéu kién tai thdi diém dau ¢ = ¢,

x(to}=xg, x(t)=%,
¥(t)=yo» 3{te) =3y 22)
z(t) =29, £(tg) =2,

Cic diéu kién ddu (2.2) dugce x4c dinh tir cic dit kién ban ddu cda bai toan.

2.2. Cac phuang trinh vi phan chuyén déng trong hé toa dd tu nhién
Trong h¢ toa do tu nhién (hinh 1.2) ta ¢cé

n
d=aeé, +a,,+aé,=vé +(v'/p), +08,,
F=Fé +Fg, +Fgé,. . €
Tir dinh luat co ban (1.4) suy ra SR g, .
mv=F, P -
v2
" Fy (2.3)
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Cdc phuong trinh (2.3) duge goi 14 hé ba phuong trinh vi phan dai s6 mé ta
chuyén doéng clia chat diém trong hé toa do ty nhién.

2.3. Sy phan loai cac bai toan déng luc hoc chat diém

Ciic bai todn dong luc hoc chét diém c6 thé phan loai thanh ba dang nhu sau:

— Bai todn mot: Cho biét chuyén dong cla chét diém, tim luc tdc dung lén
chat diém.

— Bai todn hai: Cho bi€t luc tdc dung 1én chédt diém va cdc diéu kién diu
ctia chuyén dong, xdc dinh quy luat chuyén déng clia chat diém.

— Bai toién ba: Cho biét mot phdn céc luc tdc dung lén chat diém va mot 8
thong tin vé€ chuyén dong. Tim cac luc chua biét téc dung lén chat diém va céc
thong tin chua biét vé chuyén dong clia chat diém.

3. CAC THI DU AP DUNG

Trong muc nay ta trinh bay moét s thi du dp dung dién hinh cla dong luc
hoc chdt diém. Su phan loai & day chi y&u dya trén dac diém cla luc tic dung
lén chat diém.

3.1. Chuyén déng cla chat diém tu do

Thi diy 1.1. Khao sit chuyén dong cia vién dan bdn véi van t6c dau #,
nghiéng v&i phuong ndm ngang mot géc « . Bd qua sic can cha khong khi.

Léi gigi, Xem vién dan nhu mot chat
diém. Phuong trinh vi phan chuyén dong
ctia vién dan la

P=mg

{m;:\:::{) hay {.5'6.:0 a1 x
my =—mg y=-5 Hinh 1.3
Tich phan hai 1an hé phuong trinh (1) ta dugc:
. . £ _ (2)
y=—gt+C y=-—g—2~+C2t+C4

Theo ddu bai ta ¢6 cdc diéu kién ddu nhu sau
% (0)=0, %(0)=v;cosaxr
¥0{0)=0, ¥(0)=v;sina
Tir cdc diéu kién déu trén, xédc dinh duge cdc hing sé tich phan
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C3=0, ¢, =v;cosex
Cy=0, G, =vyysina

Vay phuong trinh chuyén déng cha vién dan 1a
x = (v, cosa)s

| (3)
y=-3 gt’ +(vysina)z

Khir thoi gian t, nhan duge phuong trinh quy dao chuyén dong cia
vién dan
}(x)— -5 +(tgcr)x (4)
2v0 cos? o:

Vay quy dao chuyén dong cla vién dan 13 dudng parabol bac hai ¢6 truc
dsi xitng thing ding. Tdm xa ctia vién dan duge xac dinh tir didu kién y=0.Tir
phuong trinh (4) suy ra

—~sin 2ar {5

2
0
Xy =
g

Nhu theé khi a =45, sin2a =1, vién dan ban di duoc xa nhit

Chd ¥ ring, néu dat 8= % —a Wi 2f=n—-2a va do d6 sin2a =sin2j.
Vay tdm xa cua vién dan dat dugc nhu nhau, khong phy thuge viio huéng cba 7,
nghiéng véi phuong thing ding hay phuong nim ngang mot géc « .

be tim do cao cuc dai clia vién dan, ta tim cuc tri ciia ham y(x)

2.2
t
Yo B rrga0 = e 00N OlRE ©)
dx  vjcosta g
2
d ;/:_ . gf1 <0
dx V5 Cos @
Thé (6) vao (4) ta duge dod cao cuc dai clia vién dan
1 . 2
*=—(v,sine (7)
y Zg( psina)

2
. : 4 . Vg
Khi o::E €O Yo =5~

“
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Tir két qua trén thdy rang, véi cling van t6c géc ban ddu ¥, ban véi goc do
khac nhau, vién dan vach nén nhitng quy dao parabol nam trong mit Oxy, bi
gioi han bai hai dutmg

Xmax = v Ymax =

. ¥
g
. - N Yy
Cic quy dao dang (4) la
mot ho céc parabol phu ' Parabol an t0an
thudc vio tham 80 «. Tim
*® hinh bao cua ho cac parabol
nay ta s&€ duge mét dudng
cong, gidi han phian mit Va
phang hoat dong cla vién 2g
dan bin vdi cling van toc ban |
dau, dudi cdc géc do khic L . . S
nhau. Bay git ta tim hinh p-— v, ———————
bao cua ho dudng cong (4). max

bat tga=p,tacd Hinh 1.4

1
— =l+tgla=1+p’
cos™ o

Thé vao phuong trinh (4) suy ra

y=px—%(i+p2) (8)

Dao haim biéu thifc trén theo p, ta duoc

2

E’X:x_&p (9)
2

dp v

Tir diéu kién @ _ 0giaira
dp

p=3.
x
Thay vao phuong trinh (8) ta dugc phuong trinh hinh bao
2
=Y _ﬂ_zxz (10)
2g 2y

Phuong trinh hinh bao (10} 12 mét parabol, dugc goi 1a parabol an toan.
Parabol (10) di qua dinh cao nhat va qua diém bién dat duoc xa nhat (hinh 1.4).
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3.2. Chuyén déng cla chat dié’m chiju lién két

Dang chuyén dong phd bién nhdt cha chdt diém bi rang buoc 1a chuyén
dong clia chat diém trén mot dudng hoac mot mat da cho. Khi dé s§ bac tr do
cua chil diém s& nho hon ba. Trong phan Déng hoc da dinh nghia, s& bac tr do
cla chét diém 12 s6 toa do t6i thidu di dé xdc dinh vi trf clia chét diém .

Thi du 1.2. Xét chuyén dong clia mot chat diém & bén trong nuta dudng tron
bén kinh r (hinh 1.5)

Hinh 1.5

Phuong trinh vi phan chuyén déng cia chit diém trong hé toa do tw nhién
MV = Mg cos
1"2
m-——=N—mgsing
Pl
Trong phin dong hoc biét ring v=rp. v=r@, p=r. Thé cic bidu thitc
nay vao phuong trinh (1) ta dugc

(1)

P = mg cos @

g : (2)
mrg” =N —mgsing

G day 1a ¢6 he phuong lrmh 28nl1a g va N. Véichi y¢ = ¢ dm goil;2 .
dop dt dg
phuong trinh thit nhat cla (2) dua duge vé dang
Pdg = —gcosgpa’go
¥

Tich phan phuong trinh trén va chd ¥ dén diéu kien ddugp(0)=0,9(0)=0
xédc dinh duge:
g = 28 sin ¢ (3)
.
Thé bi€u thic (3) vio phuong trinh vi phan tha hai cha (2) tinh dvoc bidu
thie xdc dinh phan luc lién két dong:

2
J,\IF:;”risin(g—f—nfgsin@=3mgsin§9 (4)
¥
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Tai diém thdp nhat (@ =7/2)phan lyc lién két d(‘mg 16n gip ba lan phan
lye lién két tinh.

Tir (3) d& dang xdc dinh bi€u thiic van t6c cfla chit diém
v=rg=./2grsing
Nhu thé, khi (@ =7/2), van tc chat diém dat cuc dai, v, = y2gr . Néu
ta mudn tim bjéu thitc @) thi cén phai 4p dung phuong phap téch.bié'n mot lan

nita. Tir (3) suy ra
2
2g —~ dog 2g
:4/——~\/sm = =, "2dr
r ? JJsing r

Viéc tinh tich phan j c6 thé tra trong cdc bang tich phan.
Jsing

3.3. Chuyén déng cla chit diém chiu tac dung cla cac luc can

Cic luc cdn ¢6 mot vai trd hét sdic quan trong trong k¥ thuat. Khac véi bai
todn tinh hoc, cdc luc can chuyén dong cta chdt diém la cdc luc hoat dong,
chling xudt hién do chat diém chuyén dong va ¢6 thé phu thudc vao chuyén
dong cuia chat diém. Cdc thi du vé luc can chuyén dong cla chit diém 13 luc ma
s&t Coulomb gilta chat diém va vat gay lién két (gid d&), luc cdn khong khi v.v...

Biéu thic gdn ding cia luc ma sat trugt dong, hay cdn goi 12 lyc ma st
Coulom, ¢é dang

F..=uN (3.1)

Trong d6, N 1a d¢ 1én cna phan lyc phdp tuyén, x la he s6 ma sét truogt dong
trung binh. Nhu vay liuc ma sit Coulomb khéng phu thude vao dd 16n van t5c¢.

Khi chat diém (hoic vat rin) chuyén dong & trong moi trudng nudc hoic
khi, luc cén chuyén dong phu thude vio van tée chuyén dong. Biéu thic lyc cin
thuong dugc xdc dinh bing thuc nghiém. O day ta néu ra hai truong hop dic
biét hay gap trong k¥y thuat.

Khi van t6¢ nho, dong chay 1a 6n dinh. Luc can F, ty 1¢ bac nht vdi van téc

F.=kv (3.2)

Trong d6, hing s6 k phu thudc vio hinh da’u{g cla vat thé chuyén dong
trong moi trudng long va vio hiing s¢ nhdt y cia dong chdt long. Nam 1854
Stokes da tim ra quy luat can vat thé hinh cdu ban Kinh r, chuyén dong trong
moi trudng 1ong voi van 10c v
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Fo=6myry (3.3
Su phu thuge tuyén tinh gitta luc cin nhét va van t6c thudmg duge st dung
trong 1y thuyét dao dong k¥ thuat.
Khi van t6c 1on, dong chay 1a chay réi. Lyc can trong trudng hop ndy cé
thé biéu dién mot cich gan ding dudi dang
F.o=h? (3.4)
Trong dd. & 1a hing s6 phu thudc vao hinh déng vat thé va mat doé p ciia
moi trudng quanh vat thé. Ngudi ta thudmg viét dinh luat trén duéi dang

F, :cogAbv?' (3.5)

Trong (3.5) A, 1a hinh chi€u cba vat thé Ién mat phing vuéng géc vai dong
chay, ¢, 1a hé s6 can xic dinh bing thuc nghiém. Ching han véi 6 16 thi ¢, nim
giira 0,3 va 0,4,

Thi dy 1.3. Mot chat diém c6 khéi lugng m chuyén dong trén mat phiing
nghiéng nhdm nhu hinh 1.6. Cho biét h¢ s6 ma st trugt dong 12 2, hiy xdc dinh
phuong trinh chuyén dong ctia chat diém.

Lot gidi. Phuong trinh vi phan chuyén
déng cla chdt di€ém trong he toa do Decartes
¢ dang

mx =mgsina — F, (1
my =N —mygcosw (23

Do y=const, =0, tir phuong trinh (2)

ta suy ra ¥ =mgcosa . Theo dinh luat ma

sat Coulomb F, - = 4N bi€tring Hinh 1.6
Es = 1mg (3)
Thé (3) vao phuong trinh (1) ta dugc
¥=g(sina - pcosa) = const (4)
Tich phan phuong trinh (4) v chd ¥ dén cdc diéu kién ddu x(0)=0,
£(0)=0 tinh dugce
X=g(sina— gcosa)t
2 (3)

x=g(sina - ,ucosa)—_;
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Thi du [ 4. Mot vat khé lugng m roi tu do Vi

chiu tdc dung cha lyc can khong khi R=kv2.
Hay xdc dinh van tdc roi clia vat thé.

y
Lot gidl. Phuong trinh vi phan chuyén dong
ciia chat diém 1
my = mg — ky* (1)
Néu ta dat «” = mg/k. thi tir phuong trinh (1) ¢6 dang
Hinh 1.7
P g[l -4 J @)
o
Ap dung phuong phép tach bién giai phuong trinh vi phan (2) biét ring
Lﬁzdf R f:—aarcrghlJrC (3)
[ -i'l‘_ J g )
g|1—;
&
T diéu kién dau 3{0) =0 suy ra C=0. Vay 1ir (3) ta c6
y=angh )
a

Thi dy 1.5. Mot bang tai chuyén dong déu véi van t6c v,, =3 (m/s). G thosi
diém t = 0, mot vat nang B ¢6 wong lugng P = myg bit ddu chuyén dong trén biang
tai 1r vi trf A (hinh 1.8) v6i van t6c dau 1a v, = 0,5 (m/s). Cho biét hé s6 ma sdt
trugt dong giifta vat niang vit bang tai 1d ¢ =0,2 . Hiy xdc dinh khoang thoi gian
vat nang dich chuyen loc xoc trén bang tai. Khi vat nang hét loc xoc né da di
chuyén trén bang tai mot doan 1a bao nhiéu.

7 'fh‘ ‘[“'
Ny
_1_-‘“-’ F‘Ni.\
(B }— N \B(0) | 2]
ORONONOR® = v
A(0) . | A1)
QO O OO -
Hinh 1.8
L& gidi. Phuong trinh vi phan chuyén dong cta vat nang B 1a
mip=F, =pumg = Xp=ug (1)
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Tich phan phuong trinh (1) suy ra
1
Xp=uglt+C,  xg =5,,ug;f2 +Cr+C,

Do céc di€u kién ddu x;(0)=0, %;(0)=v, d& dang xdc dinh dugc cic
hing s6 tich phan C, =0, €, =v,. T d6 xdc dinh duge quy luat chuyén dong
clia vit nang

: ] 3
Xp =vp = ugl+v,, xﬁzi,ug{ + vyt (2)
Quad trinh chuyén dong loc xoc clia vat ning trén bang tai sé€ két thic khi
vat ndng ¢6 van t6¢ bing van téc cua bing tai.
* * v, —V
Vy =V HEL vy vy, =L (3)
HE
Quang dudng van nang dich chuyén trong khoang thdi gian ¢ 12

" n ] wl *
Sp=Xp ({ ):-i,ugt + vyl (4)

Trong khoang thoi gian ¢ trén, di€m A cla bang ti dich chuyén dugc mot
doan la

s; =sb,(t*):vb,t* (3)
Khoang cdch tir vat nang B dén diém A clia bing tai tai thoi diém 1 1a
b=sy—sp=vbt —%,‘ug{*2 —vpl (6)
Thay s6 vao cdc phuong trinh (3), (4, (5), (6) ta dugc
‘¢ :ﬁi =1,27(5), sy =—;0,2-9,81 1,277 +0,5-1,27=2,2 (m)

5y =31,27=3.8(m), b5=3,8-2.2=1,6(m)



Chuong 2

€O SO PHUONG PHAP PONG LUONG

Viéc nghién citu co hoc biang céc phuong phdp déng luong (Momentum
Methods) c6 mét vai trd hét site quan trong. Pay chinh 1a néi dung chinh cla
Co hoc Newton (hay Co hoc vécto). Trong chuong nay ta trinh bay nhimg noi
dung co ban cua Co hoc vécto. D6 1a cde dinh nghia dong luong clia chat diém
vi clia vat ran, momen dong lugng d6i véi mot diém cla chat diém va clia vat
rn, cdc dinh ly dong luong, dinh 1y chuyén dong khéi tam, cdc dinh 1§ momen
déng lugng va cdc dp dung cha céc dinh 1y nay trong dong luc hoc vat rin quay
quanh mot true ¢ dinh va vat rin chuyén dong phang.

1. MO PAU VE CAC HE CO HOC

1.1. Su phan loai cac mé hinh ca hoc

Cic co hé ¢6 thé phan thanh: Heé cdc chdt diém, hé cdc vat ran, hé lién tuc
{chit 16ng,vat ran bién dang), hé cdc phan tir hitu han, hé hdn hop. Nhu da trinh
bay trong phin m& dédu, trong gido trinh ndy ta chi xét cdc hé gbm cdc chat
diém vi cdc vat rin, ma chi y¢u 1a cdc vat ran phing. Thuat ngit hé co hoc hoic
goi tit 1a co h¢ trong gido trinh nay quy udc ding dé chi mot tap cdc chat diém
va cidc vat rin ma chuyén dong ciia chiing phu thudc 14n nhau.

1.2. Toa dd suy rdng, 6 bac tu do clia cd hé

a) Co hé tu do va co hé chiu lién két (khéng tu do)

Trong phin dong hoc da biét ring, vi tri cia méi chdt diém tu do duge xdc
dinh bang mot véc 19 dinh vi, van téc clia né dugc xac dinh bing dao ham cla
vécto dinh vi theo thoi gian. Vi tri cla mot vat rén ty do duge xac dinh béi vi tri
clia mot diém dinh vi bat ky thude vat va huéng quay clia né, van ¢ cla vat
ran dugc xdc dinh boi van t6c ciia mot diém dinh vi thude vat va van tée goc
clia nd. DBiém dinh vi clia vat ran déi khi con duoc goi 1a diém cue.

(ic co he duge phan thanh co hé tr do va co hé chiu lién k&t (khong tur do).
Co hé ty do 1 co hé ma vi tri v van t8c clia cde chit diém va cdc vat rin thude
hé c6 thé nhan cdc gia tri twy ¥, Nguoc lai, co he duge goi la co hé chiu lién két.
Dai v6i co h¢ chiu lién két vi trf vA van 5¢ clia céc chat diém va céc vat rén
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thudc hé bi rang budc bdi mot s6 didu kién hinh hoc va dong hoc. Trong k¥
thuat thudmg gap cic co hé chiu lién két.

Cac co hé chiu lién k&t duge phan thanh co hé chi ¢6 cdc lién k&t hinh hoc
(hay con goi la lien két holéndm) va cac cg hé ngoai cdc lién két hinh hoc cé
cdc lién két dong hoc khong kha tich (hay con goi 1a lién két kKhong hélondm).
Trong gido trinh nay chi xét cdc co hé chiu cdc lién k&t hinh hoc. Cac co hé
chi chiu cdc lién k&t hinh hoc (lién két holondém) duge goi 1a cdc co hé
holénom.

b) Toa do suy rong

Dinh nghia 1.1. Cic tham s6 ding d€ xac dinh vi tri cha co h¢ trong mot he
quy chiéu dugc goi la cdc toa do suy rong. Trong gido trinh nay ky hi¢u toa dé
suy rong bdi q,, ¢, ¢s, ---» G- 1hONg thudng, cic toa do suy rong la cac do dai,
cdc gbc quay.
¢) 86 bdc tu do cria co hé

Dinh nghia 1.2. S6 bac ty do cia mot co hé chiu cac lién két hinh hoc 1a s6
céc toa do suy rong doc lap 161 thiéu, du dé€ xdc dinh vi tri clia co h¢ . Ky hiéu f
14 s6 bac tu do clia co hé. (Trong chuong 4 s& néu ra dinh nghia tdng quat vé s§
bac tir do cia mot co hé).

d) Toa d¢ suy réng du va toa do suy rong dir

Pinh nghia 1.3. Néu s6 toa do suy rong dung dé xdc dinh vj tri cia co hé
dung bing s bac wr do cia co he va doc 1ap vél nhau, thi cdc toa do suy rong
nay dugc goi 14 cic toa do suy rong di. Néu sd toa do suy rong dung dé xéc
dinh vi tri cla co hé 16n hon s& bic ty do cta cg he, thi cdc toa do suy rong nay
duge got ta cdc toa do suy rong du.

Trén hinh 2.1 12 mot s6 thi du don gian vé cac toa do xdc dinh vi tri va s8
bac ty do cua co hé.

Néu co hé gém n chat diém chuyén dong trong khong gian, chiu r diéu
kién rang budc, thi s6 bac ty do cha co he 1a

f=3n-r (LY

Néu co hé gém # chit diém chuyén dong trong cling mot mat phéng, chiu »

diéu kién rang budc, thi & bac ty do clia h¢ 1a
f=2n-r (1.2)

Né&u co hé gém p vat ran phing chuyén dong trong clng mot mat phing,

chiu r diéu kién rang budc, thi s6 biac tu do cua hé la
f=3p-r (1.3)
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c) d)

Hinh 2.1
a) Chat diém P chuyén déng trong khéng gian. Cac toa do dinh Vii g =X, g, =,
4y =12,.80bactydo: f=3.
b) Hinh phdng chuyén dang trong mat phing Oxy. Cac toa do dinh Vii g, =X, g,y
g4, =@ .86bactudo; f=3.

¢) Cen lac eliptic gém hai ch4t diém A va B ndi vdi nhau biing day mém khéng din. Cac toa
dodinhvic ¢, =x,,4, =@ .S8bactydo: f=2.

d) Vi tri cia co c8u bdn khau OABC duge xac dinh hoan toan khi bidt goc quay ¢. That vay,
khi biét goc quay ¢ ta biét duge vi ti cla diém A. Con didm B la giac cda hai cung tron.
Cung thif nhat tam A ban kinh /,, Cung thir hai tam C ban kinh {;. 86 bac tu do cla cd cau
bénkhau f=1.

1.3. 8u phan loai cac lyc

Céc phuong phdp tinh todn duge sit dung trong ddng luc hoc 1a phuong
phap dong luong (hay phuong phdp vécto) va phuong phdp nang lugng. Tuy
theo vi¢e sir dung phuong phdp tinh, ngudi ta phan loai tuc theo hai guan diém.
a) Quan diém 1. Phan loai cdc lye tdc dung 1én co hé thanh ngoai lyc va noj tuc.

Ngoai luc la cde luc tir bén ngoai tac dung vao h¢ khio sdt. Noi luc I céc
lyc tac dung tuong hd gilta cdc vit thé trong ciing mot hé khio sat. Ta ky higu
ngoai luc bai véclo FY (external foree), nodi luc bai vécto ﬁf(inlernai force).
Mot lyc ¢ thé 13 ngoai le hay néi huc tuy theo su lya chon hé khéo sat,

Né€u co he la h¢ cdc chat diém va cdc vat rdn thi he noi hre cla co hé ¢6 hai
tinh chat sau:
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— Vécta chinh cla cdc ndi luc bang khong,
— Vécto moémen chinh cia cédc noi luc déi véi mot diém O bat ky bing khong
DE=0 Y, (F)=0. (1.4)
b) Quan diém 2. Phan loai cic lyc tic dung 1én co hé thinh luc hoat dong va
lue lién két .

Luyc lién két 1a cdc luc do cdc vat gay lién két tdc dung lén cdc vat clia he
khao sat hoiic cdc lyc thay thé cho tac dung cua céc lién két giita cdc vat thé
trong cing mot hé khio sat. Ky hiéu Iyc lién két 1a vécto K (constraint force)
hoac R, (Reaction force). Luc hoat ddng 1a cdc luc khong phai 1a luc lién két,
ky hi¢u I vécto F (applied force, active force). Trong luc. sitc day cia gié
v.v... la cdc luc hoat dong.

Quan diém 1 vé phén loai lyc duge st dung khi ta diing phuong phap dong
luong dé tinh todn, quan diém 2 dugc st dung khi ta ding phwong phap nang
lugng dé tinh todn. Chd ¥ ring, ndi vi ngoai luc déu ¢é thé 13 luc hoat dong
hodc luc lien két va nguge lai.

Chit . Cdc lyc tic dung lén mot vat ran duge phan thanh cic lyc tap trung
(mai ngiu luc xem 1a hai lye) v cdc luc phan bs (luc mat va luc khéi). D€ don
gian ta ky hi¢u lyc téc dyng 1én madt phan t6 nhd dm cha vat rén B Ia 4F. Khi
dé vée to chinh clia cac luc tde dung lén vat rin la

F= [dF

Mat khdc, c6 thé gia thi€l thay thé mot hé Iuc phan b3 bing mot luc va mot

ngiu luc. Do d6 ¢§ thé xem c6 mot h¢ lyc (£, F,,..., F, ) tdc dung lén vat rén B.

1.4. Khdi tam cla co hé } b c
N
a) Khoi tam ciia hé n chdt diém £
Djnh nghia 1.4. Khéi tam clia he n chit W > P,
.t . ) . - . 2
di¢m la mét diém hinh hoc C duge xdc dinh 3 P,
bdi cong thirc sau 0 I y
l # o
Fo=—>mi 1.5
O ome .JP X t-3) X, Hinh 2.2

Trong dé m1,1a khéi lugng chit diém thi 7, 7 14 vécto dinh vi cha né, con
m="> m, 1akhei lugng clia tat ca céc chat diém cia co hé.

Chi&u cong thic (1.5) 1én cac truc toa do x, y va z tinh duoc
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1 1<
;Zlmx Zmy, . Zc —P—n—gmfz;. (1.6)

=]
b) Khéi tam cua vt rdn
Dinh nghia 1.5. Kh6i tam cta vat rdn B 12 mot diém hinh hoc C duoc xic
dinh bai cong thic
eay -t (1.7)

my

Trong d6 m 1a khéi lugng ciia vat rén. Tir cong thic (1.7) suy ra

1 1 1
X = . I.ra'm y s Vo5 " _{ydm y  20= ; Izdm (1.8)
B B B

dm b &

Tk

X Hinh 2.3 x Hinh 2.4

¢) Khoi tam cua co hé
Dinh nghia 1.6. Kh6i tam cua co h¢ gém n chat diém va p vat rin 1a mot
diém hinh hoc C duge x4c dinh bdi cong thiic sau

. :T:;[ij + Z;‘m*ﬁ.t) (1.9)

Trong d6 m;, la khéi lugng chat diém thi i, m, 12 khéi lugng vat rin thi k, 7

la vécto xdc dinh vi tri clia chat diém thu i, 7, 1a vécto xdc dinh vi trf khoi tam
C,ctiavatran thitk, m=>"m + m, 12 kh6i lugng todn co he.

Tu (1.9) suy ra

1 1
X,. :;(Z:m,xr £ mx) s Ve :;(Zm‘y, + ) m ).

z,. :i(Zmiz,. +thzl,,*). (1.10)
m
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2. DINH LY BIEN THIEN DPONG LUONG

2.1. Cac khai niém coban

a) Pong luong ciia chdt diém : -

Dinh nghia 2.1. Pong lugng cla chit diém la
mot dai luong vécto, ky hiéu 1a p, bang tich khéi
luong chat diém véi van téc cia nd

o
p=mv 2.1 /
y Hinh 2.5
b) Dong lugng cua vdt ran
Dinh nghia 2.2. Poéng lugng mot phan t6 nho

']

cua vat ran la vdm. Dong lugng cha vat rin B 1a &1
mot dai lugng vécto duoge xdc dinh boi cong thiic
p= [vdm (2.2)
B
Theo dinh nghia khoi tam vat rin (1.7), suy ra o 4
biéu thiic dong luong vat rin x,/ Hinh 2.6
D =mv, (2.3)

Trong d6, m 1a khéi lugng, v,. 12 van t6c kh6i tam vat ran.

¢) Dong luong cua co hé

Dinh nghia 2.3. Pong luong cta co hé (gém n chit diém va p vat rin) la
téng cic dong lugng cla cdc chat diém va cic vat rdn thudc co hé

p=Y.my, +> mv, (2.4)
Trong d6, m, 1a khéi lugng chét diém thit i, m, 12 kh6i luong vat rin thit k, n
1a s6 chét diém, p 1a s6 vat ran.
Chi y dén cong thitc (1.9) vé dinh nghia khéi tam co hé suy ra
p=mv,. (2.5)
Trong d6, m 1a khdi lugng cta toan hé, m :Zm,. +Z,mjE , con v,. 1a van
t6¢ khoéi tam co hé.
d) Xung luc

D¢ dénh gid tdc dung cua luc trong khoéng thoi gian hitu han tir t, dén t,,
dua vao khadi niém xung luc dugce dinh nghia boi cong thiic sau
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S = ]ﬁd{ (2.6)
Du6i dang hinh chiéu ta ¢6

S, = [Fai, s, = [Fdr,s.= [Far.
2.2. Binh ly bién thién dong lugng
a) Dinh ly dang vi phdn

Dinh Iy 2.1. Dao ham theo thoi gian dong lugng cla co hé béng vécto chinh
clia cdc ngoai luc tac dung lén cdc chat diém va cac vat ran thuoc he
‘j? Y Fe= , 2.7)

Chitng minh: D& don gian, ta ching minh cho trudng hop hé gém n chat
diém va trudng hop hé gdm mot vat rin.

® M6 hinh hé gém n chat diém. Doi véi chat diém thi k thudc hé, chiu téc
dung cta ngoai luc £ va noi luc £, theo tién dé Newton 2 ta c6

d . — =
@ — (Hikvl) _ F; + F;
dt di

Ldy t6ng hai v€ theo k va chd § ring vécto chinh ctia hé néi luc bing
khong, suy ra

d = 3 !
pIALRARED YL o 3

e M6 hinh vat ran. Ky hiéu lyc tdc dung lén phan tir nho c6 khoi luong dm
clia vat rin B 1a dF . Theo tién dé Newton 2 ta ¢6 hé thic

ACdm) _ op_ g+ g
dt
Tich phan trén toan vat rin z
d . ..
= (vdm) _ d j*d; =L [aF + [aF"
;o dt C - H

Do _[a'ﬁ"’ =0nén tu cong thic trén suy ra
B

dp L U BNEG Y >

e J'.:JF“ =2 =R

* Hinh 2.7
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Bang cdch tuong tur ta ¢6 thé ching minh dinh 1y trén cho truong hop he
nhiéu vat ran.
Hé qua. Tir phuong trinh (2.7) suy ra ba phuong trinh trén ba truc toa do
o)

dp,\ _ e p}' _ nly _q_[?__:_ ol
SRR —reXEL === YR (2.8)

b) Dinh ly dang hitu han
Dinh [y 2.2. Bién thién dong luong cta co hé trong khoang thdi gian hitu
han bing tng cdc xung luc ngoai tde dung lén co hé trong khodng thdi gian d6

Pl = pa)=35; . (2.9)
Chitng minh, T cong thitc (2.7) suy ra

dp=2 F'dl = pl)y-p)=> If*} dt

i
Néu sr dung khdi niem xung luc S = JIJ-;"dr , thi biéu thic trén ¢é dang

!
|

P - Bl)=>8;

2.3. Dinh Iy chuyén déng khéi tam cla co hé

a) Dinh Iy 2.3. Khéi tam cla co hé chuyén dong nhu 13 mat chit diém c6 khoi
luong bang khai lugng cé hé vi chiu tdc dung cGa mot luc bing vécto chinh clia
hé ngoai luc tdc dung lén co hé

A, = Z f:";' ) 2.10)
Cluing minh. Theo dinh [¢ bién thién dong lugng (2.7) , ta c6

dap “ . =
LoV FE =R
dt Z ¢ ’

Theé bi€u thitc p = mv,. vho phuong trinh trén suy ra
med,. = z Fe

b) Phuong trinh vi phdn chuyén dong cua vdt rdn chuyén dong tinh tién

Tir cong thite (2.10) suy ra phuong trinh vi phan chuyén dong chGa vat rin
chuyén dong tinh tién

m¥. = Fa. mi.=9 F ., mE.=> Ff (2.11)

Trong dd, m 12 khoi lugng vat rin, x., v, z, 1a toa d¢ khéi tam clia vat ran.
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2.4, Binh ly bao toan déng lugng cla co hé

Tir cdc cong thite (2.7) va (2.8) suy ra

Khi DE=0 = % =0 = p=mv. =const (2.12)
1
- e g = 4 :
Khi ZFL( =0 = 7:0 = p, = mx,. = const (2.13)
f

Céc cong thitc (2.12) va (2.13) dugc goi 1a dinh 1y bao toan dong luong
(hoac dinh 1§ bdo toan chuyén dong khai tam).

2.5. Cac thi du ap dung

Thi dy 2.1. Cho md hinh co hoc cia con
tdu mang cdn cau nhu hinh 2.8. Cho biét khoi
lugng cha con tdu va cdn cdu la
m, =20.000 kg . khGi lugng cha v4t nang 1a
m, = 2.000 kg . Thanh AB dai { = 8m, lic ddu
¢ vi i nghiéng voi phuong thing dimg mot
gdc a, =30 Bo qua trong lugng thanh AB va
stic cdn cha nude. Xdc dinh di chuyén ngang
clia con tau khi thanh AB quay quanh diém A
mét gée 30° dén vi i thing dimg.

Loi giai. 11¢ khio sdt gém con tau cdn cdu va vat nang. Cic ngoai luc tic
dung lén co h¢ gom ¢6 trong luong P (vat nang), P, (con tau) v phén luc phap
tuyén N (Luc diy Acsimet). Cic ngoai luc tdc dung lén co hé¢ déu song song vdi
truc y thing dimg. Theo dinh 1y bao toan khéi tam ta ¢6

ZFJ‘"} =0 = mx, =mx (0)=const (D

Lic dau con tau dang yén mx (0) =0 nén tix (1) Suy ra

mx A0y =0 = nx. =mx +mx, =mx (0) + mx,(0) (2)

Trong do, x| 14 toa do cha vat nang P, con x, 1a toa do cua thu P, theo
phuong ngang. '

D¢ dang xdc dinh duge cic toa do ndy & thdi diém ban dau 1 = 0 va & thoi
diém thanh AB & vi tri thing ding ¢ = 1.

»L(0)=0, x(0)=a+lsina
XY=, x(1)=u+s

(3)

222



Trong d6 ¢ la toa do dich chuyén con thu theo phuong x.
Thé (3) vao (2) ta dugc
m (a+s)+m,s=mila+!sina)+nm,.0 (4)
Tir (4) suy ra
g= IS0 _ 4o s6m
mo+m, 1l
Thi du 2.2. Mot dong co duge
gir ¢& dinh trén san bing bulong.
Phan c& dinh cla dong cd ¢b trong
lugng P, phan quay ¢ trong lugng
P,. Trong tam cua phdn quay céch
truc quay mot doan OA = e. Cho
biét dong co quay déu véi van toe
géc Q=const . Tim phan luc cha
nén tdc dung lén dong co va tdng
cdc lue cit ngang buldng, : Hinh 2.9

Lot gidgi. Khao sdl chuyén dong clia dong co gém phén roto quay va phén
vo dimg yén. Cic ngeai luc tic dung 1én dong co gém cdc trong luc f’l, f’_
phan luc N cha nén va téng cdc luc cdt ngang bulong R. Ap dung dinh ly
chuyén dong khoi tam ta ¢é
mi, =P+P.+ N+R (1)
Tir (1) suy ra
N=P+P +my,+my, - (2)
Do y, =y, +ecos@;y, =0;nén y, =—e¢’ cos@ = —eC)’ cos

Thé biéu thic trén vao (2) ta dugc

F N
N=P+P ——=eQ¥ cosu (3)
g
Do truc y thang dimg va di qua tam Oclia vo mdy, tir (1) ta c6
P“ e
R=-2%, 4)
4
Tt hinh vé
. .. Pe(Y
x, =esin Y = pm¥, =- 222 sinQy {(5)
g
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Thé (5) vao (4) xéc dinh duge

. _ PeQ’
4

sin QU (6)

3. MOMEN QUAN TiNH KHOI CUA VAT RAN

3.1. Mémen quan tinh khdi cta vat rdn ddi véi mét truc va déi véi
mét diém i
a) Momen qud tinh khoi cia vdt rdn déi véi mot truc

Dinh nghia 3.1. Moémen quan tinh khéi :
clia vat ran doi véi truc z (ky hiéu la J. hoic

J..) duoc dinh nghia boi cong thiic dm

J.=J_=[pdm  (3.1)
H

Trong d6 h 1a khoang cach tir phan 6 dm '
dén truc z. Do i, dm déu la céc s6 duong nén
J.>0.Pon vi clia J. 1a kgm? hoac kgem?.
Tur hinh vé& (2.10) tacé h* =x* + y*. Tird6 suy ra OHDR =1
J. =J_ = I(x2 +y3)dm (3.2)

B

Bang cach tuong tu, ta ¢6 cdc cong thic dinh nghia momen qudn tinh khéi
cua vat ran d6i véi truc x va truc y

Jo=do= |02 +2)dm, g, =T, = J? +2%)dm (3.3)
B B

b) Momen qudn tinh khoi cia vt rdn doi véi mét diém

Dinh nghia 3.2. Momen quén tinh kh6i cua vat ran d6i véi mot diém O (ky
hié¢u 1a J,) duoc dinh nghia bdi cong thiic

Jo= [ridm = [ + 2 + 2 )dm (3.4)
B B

Trong do6, r 1a khoang céch tir phan t6 dm dén diém O.

Do r’=x’+y%+7° =%(x2 +y2)+%(y2 +zz)+%(z2 +x7)

nén tr (3.2), (3.3), (3.4) suy ra cong thic lién hé

I
J, = 5(.f_, +J,+J,) (3.5)
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¢) Ban kinh qudn tinh
Dinlt nghia 3.3. "Irong k¥ thudt ngudi 1a hay sir dung khai niém ban kinh
qudn tinh cta vat ran déi véi truc z, Ky hiéu 1a p. duge dinh nghia bdi cong
thic sau
pl=Jd Im (3.6)
Trong d6, m {a khéi luong vat rin, J. 1a momen quédn tinh khéi clia vat rin

dol véi truc z.

d) Cdac thi du vé tinh momen qudn tinh khoi ciia vit rin

Thi di 2.3. Xac dinh mdmen qudn ¥ ¥
tinh Khoi cia &ng tru trén thanh mong 777 A7 777 A
doi voi true - di qua khoi tam vi song -
song vdi ong (hinh 2.11). C

Lat gial. Gia st bé day cna thanh
ong s khd nho so véi bdn kinh trun

g & xhd 61 ban kinh trung LAY,
binh cua éng r,. Theo dinh nghia (3.1)
¢ Hinh 2,14 — ! —
J = '[r:dmt J"H:; jdn: = r,m (3.7}

Lhi dir 2.4 Xae dinh mémen qudn tinh khéi cia dng tru tron thinh day va
cua try tron dac doi véi true = di qua khéi tam va song song véi ong. Cho biét
khoi luong ctia 6ng 1a »7 chiéu dii 6ng 1a /.

Lai grdi. Khi chiéu day cla thanh 6ng khd lén, khong dp dung cong thic
(3.7} 0 wen duge. Gia st chia bé day ciia ng thanh cdc thanh nhiéu vanh tron
thinh 2.12). Ky hi¢u bé day clia méi vinh tron 1a dr. Goi o 14 mat do khéi, dé
dang tinh duoc

dmr = pev P27kl
Str dung cong thiie (3.1) ta ¢6

-

. o 2xl
J.o= jr"'()’n.r = p2xal Ir'u’r =p—4—-{r‘:’ -1

2 r

- SN I -
=, p;r(r: - "1_)"—!_:"_7 L= g = _’ L (3.8)
[ - —

Trong cong thike trén, r, 1a bin kinh trong, r, 12 bin kinh ngodi cua ong tru
thinh day. Khéi lugng cua onyg tru duge tinh theo cong thic
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m= p}r(rf —rll)l'
Khichonr, =0, r, = r, tlr cOng thifc
(3.8) suy ra biéu thitc tinh mémen quan
tinh khoi cua try tron dac doi véi truc z
di qua khoi tdm cua hinh try va song
song v4i mit bén cua Ong

l N
J, :-Em.rz (3.9) Hinh 2.12

Thi du 2.5. Xéc dinh mémen qudn tinh khéi cua dia tron mong d6i véi truc
x nim trong m#! phing dia va di qua khéi tam clia dia (hinh 2.13).

L&t giai. Do bé day s cla dia nhé so
vt bdn kinh r cua dia, khoang cédch tir truc
x dén mdt phan tr khéi luong dm x4dp xi
bingy z<<y = y + 2 ~ ¥). Do dd

J, = ‘I’(y2 +z)dm =~ _[yzdm

dm

L

Do tinh déi xing cua dia tron nén
J,=J,~ [xdm s
Hinh 2.13

Téng cta hai tich phan trén ta dugc
J, 4, =20 =20 = J'(x2 + Y ydm = [ridm=J,

Chu ¢ dén cong thic (3.9) ta ¢é
| mr®
J=J s=J,=— 3.10
x ¥ 2 z 4 ( )
Thi du 2.6. Xdc dinh mémen quan tinh khdi cia tdm mong hinh chir nhat
(hinh 2.14). Ay

o4 f
b
o odm il dy
Nl |
Ny x z dm ¥
AN ” g g
N ||
|
s
Hinh 2.14
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Lot giai. DO1 véi truc = ta cd

J. = jrzdm: I(x: +y )dm = Ixzdm + J.yzdm
Khi tdm dit méng, sir dung cong thitc gin ding.

J, = Iygdm cJo= [xdm

be tinh J, gia sir chia hinh chit nhat thanh c4c dm nhé nhir hinh 2.14. Goi s
la chiéu day cla tdim, p 1A mat dé khdi, ta c6

dm=p dV = psbhdy

talo

,

szpbj 2y = psb (-—+—)— shh T = (3.11)
_}J

™

Tinh todn tuong tur

Joma—,

b

(3.12)
Tl d6 suy ra |

-

K b 5 d*
J. = + d———+:——:— +by=m—
j(x ¥ dm m]2 n] (W’ Y=m»n =
vOi d*=h+5.

3.2. Cong thic tinh mémen quan tinh khéi ca vat ran do: vdi cac
truc song song

Dinft Iy Steiner” (1). Mémen quédn tinh khdi cla vat rén d6i véi truc z, bing
momen qudn tinh khéi cla vat ran d6 14y véi truc z di qua khéi tam, song song véi
truc z, va tich khéi lugng ctia vt rin véi binh phueng khoang cach gilia hai truc

¥ dnt
},l .............................. . _
Z]
x

y“, ............ >

A ¢ ¢ 7

r]{' X] X]
Hinh 2.15

* Jakob Steiner (1796 — 1863) nha todn hoc Thuy Si.
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J g =t md’ (3.13,
Cluing mindi. T hinh (2.15) suy ra

NEX, X oy =y.4y,

J., = J.():f + . )dm = Jl[(x.{- + XY+ (3, + ) ldm
5

4

= j(_rz + ¥ )dm+ (x + Y )m+ 2x,. J-xdm +2y, jydm
H H

#

A
o b

Do dem =x,.m=0, jydm =ycin=0, néntaco J, =/ .

Thidy 2.7. Xdc dinh mémen quén tinh khéi clia thanh manh déng chat dai
vOi truc vudng goc voi thanh. Gia thi€t thanh dai 1a /, khai lugng m,

Lot ghdi. Trude hét tinh mémen quén a ¢
tinh déi véi truc di qua diém A ddu thanh
(hinh 2.16) . 8
m' 1 !
J, = J-r:dm = 5 Ir:a’r = Em;': (3.14) , © dr
v k-
Ap dung dinh 1§ Steiner ta ¢6 Hinh 2.16
J.o=J, - m[é] = émll —%m;’z :émfz (3.13)
3

Thi du 2.8. Xac dinh mémen qudn tinh khéi cia hinh tre (ron khéi lugng m,
dai /, ban kinh » d&i véi truc x trong mat phang vuéng géc +éi hinh tru va di qua
khoi tam C ctia né (hinh 2.17).

Lot gidi. Ta chia hinh try tron thanh cdc dia tron day dz, khéi luong
dm= preidz =(m/ld=. Mémen quin tinh khdi cta dia trdon mong d6i véi
truc & // tryc x duge xac dinh bai cong thie (3.10). Sau d6 dp dung dinh Iy
Steiner

di = f% +zdm = ﬂ(i + 27 )=

L

Tich phan lén ta dugc

J\.=IdJr:E] £+:: de =" T = L+L
' B A A | 14 31 4 12

Do tinh déi xdng nén
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r: !J
S, =J, :m(?+—-;] (3.16)

L 12

Thi di 2.9. Xac dinh momen quén tinh déi véi truc quay =z cla mét banh xe
nan hoa bing gang duc (hinh 2.18). Cho mat do khéi 2 ="72kg!/dm’, cac kich
thudce cho trén hinh veé,

Hinh 2.17

Lot giai. Trude hét ta xde dinh khéi luong cdc bo phan cla banh xe. Tir
hinh vé (2.18) ta tinh duge khéi lugng clia cdc bo phan nhu sau.
Khai luong cua vanh xe

2 ~ ~ k LS
m, = '} (5" =47y Nedin 7,2 —‘i =50,9 kg

oo
Y
£
- F 3
I
I
l ; _
- Ny 3 -
ol o o :
91._ N 2l g 52—-—)-
3 Rey —r =¥ ]
| |

Hinh 2.18 — 100 jo——

Khéi lugng cta mdi nan hoa

Sddm (< . y
m, = -(—]---\(—-f” 0 43'—“--’31,4@.?.2;‘—"1 =1.583 kg.
4 dnr
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Khéi lugng cla moay o
nim = E(ls 23 - Oasl)dﬂiz N ],40’”1.7,2 kg] = 9,42 kg .
4 dm

Khéi lugng cia toan banh xe
m=m,+6m +m, =698 kg.
Bay gio, xdc dinh momen qudn tinh kh6i cia timg bo phan bdnh xe déi véi
truc nhu sau.
Momen qudn tinh khdi cia vanh bénh xe d8i véi truc z theo (3.7) ta ¢6

Jo=m ; ho_ so,gkg (25 +20%)ent® = 26100 kgem?

Momen quén tinh khoi clia timg nan hoa déi véi truc z (dp dung céng thiic
(3.15) va dinh ly Steiner)

-

. N )
g, =m";—r)+m"r,j :1,583kg[1T-2-+]3“]cm‘ =290 kgem-.

-

Momen qudn tinh khéi clia moay o d6i véi truc z theo cong thiic (3.7)

J, =m "5+2 ol 9-'422"8' (6% +2,5%)cn’ = 200kgen®.

Tir d6 tinh duge mémen qudn tinh khéi cGa todn bénh xe d6i véi truc z
Jo=J 6.7, +J, = (26100+1740 + 200) kgem™ = 2,804 kgm®
Chit y: Moay o chiém 13.5% khdi lugng banh xe, ¢é gdn 0,7% momen
quin tinh khéi, 6 nan hoa chi€m 13,6% khéi lugng va cé gdn 6,3% momen

qudn tinh khoi. Vanh xe chiéim 73% kh6i luong va c6 gan 93% moémen quédn
tinh Khoi.

3.3. Cac mémen tich quan tinh, truc quan tinh chinh, mémen quan
tinh chinh
a) Cdc momen tich qudn tinh cua vt rin

Dinft nghia 3.4. Cic momen tich quédn tinh clia vat rin 13 cdc dai luong
dugc dinh nghia bdi cdc cong thitc sau

11

I Ixydm v S = Iyzdm , S = szdm (3.17)
L]

# A

Theo dinh nghia (3.17) cdc momen tich quédn tinh cha vat rin ¢6 tinh chat
doi xung

Jr_r = J_}.\" “'r_r: = J:r " J:\' = 4 (318)
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Thi dy 2.10. Thanh manh déng chét dai / = 40cm, khéi lugng m = 2. 2kg,
nghiéng véi truc quay z mot géc y =10°. Hay xdc dinh mémen tich qudn tinh
J,. cua thanh (hinh 2.19).

Loi gidi. Chon céc hé toa d6 nhu hinh vé
(2.19 taco

z=nsiny,y =1 cosy (H

Theé (1) vao cong thitc (3.17) ta duogc

12 Ly i
JJ: = Iyzdm:sinycosy? _{ f}"zd’? %’ ]
)
=sinycos f-?f— = i sin 2
YOSy T oy e

Hinh 2.19
Thay s6 vao biéu thifc trén suy ra

g = Msin 20° = 50, 2kgem’
' 24
b) Truc qudn tinh chinh va moémen qudn tinh chinh

Dinh nghta 3.5. Truc Oz duge goi 1a truc qudn tinh chinh cha vat rin tai
diém O, néu cic diéu Kién sau day dugc théa man

Jo.=J,.=0.

Mémen quan tinh khéi clia vat rdn ddi véi truc quéan tinh chinh duoc goi la
momen qudan tinh chinh.

Dinh Iy vé sur ton tai ba truc qudn tinh chinh: Tai mbi diém cha vat rdn
luén t6n tai ba tryc quén tinh chinh vudng géc véi nhau.

Ta cong nhan khong ching minh dinh 1y nay. Chii y ring, ngudi ta hay
dung ky hi¢u 7, 2 va 3 (hodc L, Ii, ) dé chi cdc truc qudn tinh chinh. Khi dé
cac mémen quan tinh chinh ky hi¢u la J,,J, va J; (hoiac J,,J,,J,,).

¢) Cdc truc qudn tinh chinh trung tdm

Dinh nghia 3.6. Cac truc quan tinh chinh tai khéi tdm clia vat rin duge goi
la ¢cdc truc quan tinh chinh trung tam. Cdc moémen quén tinh cha vat rin doi vdi
cdce truc qudn tinh chinh trung tam duge goi 14 cdc moémen qudn tinh chinh
trung tdm.

d) Dinh ly Steiner (I1). Cic mémen tich quédn tinh cla vat rin d6i véi hai he
toa dd song song cd lién hé sau

Jo,= S, + omxy, (3.19)
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Trong do h¢ toa 46 $ny gan & khoi 1am C cha vat rén, con he toa do xyz ¢
e ryc tuong tng song song vai cdc tryc clia hé toa dofng .

Chimg minh. Theo dinh nghia ta ¢6
Jy= J-.r__vdm: j(xf. + SWyo+ mdm
=X,V J-dm + J.ﬁr;dnw X, jr;a’er AR J;_‘,‘dm
Do J-f}(fm = my. =0, J-ja'm =mi. =0.nén
Joo=d, vmxy,

Chiing minh tuong 1 suy ra

Jo=d o rmyz,

s I

3.20
Jo=do o+ mx oz, ( )

a2

¢) Xdc dinkh cdc truc qudn tinh chinh cia vdt van déng chdt doi xing

Dinhy Iy 3.1, Tryc vuong gée v6i mat phiang d6i xing cha vat rin dong chat
la tryc qudn tinh chinh tai giao diém cla truc vA mat phang dei ximg.

Cluing minf. Goi yz 1a mat phing d6i
ximg cua vat rin B. Dung Ox vuodng goc voi
mat phang yz. Cén phai chimg minh Jo=J.
= (). Do yz la mat phing doi xing nén véi

X

) dm (v, 1, x)

, . ) . 0 =
phan t6 dm; c6 toa d6 ( x, ¥, - ) 1a ¢6 phan t&
dmy cétoa dd (— x, v, ) v6i dm, = dins, /
rys -~ . - ‘J’
T do suy ra () dni (—x.r.x)
dJ .= xydmy — xydm, =0 Hinh 2.20

Vay J,, = 0. Tuong e J_ = 0.

Binh Iy 3.2, 'Truc doi xing cila vat rin déng chat 1a truc quan tinh chinh
cUa Vat rin i moi diém trén truc dé.

Chimg minh tuong ty nhu cdch ching minh dinh 1§ trén.

3.4. Céng thure tinh mémen quan tinh khéi cla vat ran

a) Dinh Iy 3.3. Mémen qudn tinh cia vat rin déi vdi truc x di qua khéi tam cia
no duge xic dinh béi cong thiic sau

J, = J.cos’ e, +J,co8” B +.J,cos” y, (3.21)

Trong d6. J,.J,.J, 1a cic momen qudn tinh chinh trung (am. a, la gdée

]
ad
(]



2ilta truc x va truc qudn tinh chinh trung tam 7, £, [a gdc gifta truc x v truc
¢quan tinh chinh trung tam 2. y la géc gitta truc x va true quén tinh chinh trung
tam 3 (hinh 2.21).

Hinh 2.21 Hinh 2.22

Clurng minfi; Liy diém O thudc vit ran B lam gdc toa 6. Dung hé toa do
vuong goc Oxvz, True L di gqua O, Hudng cba truc L duoe xdc dinh bing ba géc
e, 4 vy (hinh 2.22). Goi khodng cdch MIH 1lr phan t& dnr bat k¥ thude vat rin
dén truc L l1a L.

‘Theo dinh nghia ta ¢é

g, = jh:dm (H
h

Tl hinh v& thiy rang
P =0M? -0l  =x"+ 3y +:" —(xcosa+ ycos B+ zcos ¥)°
=y (1—cos )+ 1 (1—cos f+(1—cos )
- 2xvcosacos ff - 2yzcosarcosy — 2yzcos ficosy (2)
Do cos® & + cos® 7+ cos’ y =1, nén biéu thic (2) c¢é dang
I =x*(cos’ B+cos ¥)+p (cos a+cos y)+z(cos a+cos [3)
—2xveosacosfl—2voeoswcosy —2yvzcosficosy
= (v +z7)cosT @+ (27 +x7)cos” B+ {(x7 + v )cos ¥
—2xycosacosfF—2xzcosrcosy — 2prcos Feosy (3)
The (3 vio (1) ta duge
S, o= I{}':" + = )dm + cos” ,{}‘Jl(:2 +x7 ki + cos” ;./_[(_\'3 + v Y
X M i

—2cosacos J.\j'{fﬁ.’ —2coscosy I.\‘:dﬁ: —2cos ffcosy j_\‘:u‘m
ft 1 i
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Tir d6 suy ra
J, =J_rcosza+J),coszﬁ+.f_,coszy—2nycosacos,5 _
—2J,.cos Bcosy —2J_ cosycosa (3.22)

Néu ldy di€m O 1a khéi tam C cla vat rén, cdc truc 1, 2, 3 13 cdc truc quén
tinh chinh trung tam, con truc L 1a truc x bat ky di qua khéi tam C, tir (3.22)
suy ra

J,=J,cos’ @, +J,cos’ B +.J,cos y,

Chii y. Cong thic (3.22) duge ding dé tinh moémen quan tinh khéi cta vat
ran d6i v6i mot truc L bat ky di qua goc toa dg, con cong thite (3.21) duge ding
dé tinh mémen quan tinh khéi clia vat rdn d6i véi mot truc L bt ky di qua khéi
tam cia vat ran.

b) Dinh Iy 3.4. Momen tich quén tinh cta vat rin trong hé toa do xyz bt ky c6
goc 0 khoi tam dugce xéc dinh bdi cong thic sau day

J,, =—J,cosq, cosa, —J, cos f3 cos B, — J, cos ¥, cos ¥, (3.23)

Trong d¢6, J,.J,,J; la cdic mémen quan tinh chinh trung tam, «,, f,, 7, la
cdc goc dinh huéng cta truc x d6i véi hé cic truc quén tinh chinh 1, 2 va 3
(hinh 2.21), con a,, B,, 7, va a;, B, y,1a géc dinh huéng cha cac truc y va z
déi véi he truc quén tinh chinh ké trén.

Vi€c chiing minh cong thic (3.23) sé khong trinh bay & day. Doc gia c6 thé
tu ching minh dya trén cong thitc dinh nghia J,, va céc suy luan tuong tu khi
ching minh cong thic (3.21). '

Thi du 2.11. Céc tryc toa do y va z clia hinh try tao thanh véi truc quéan tinh
chinh cic géc 4,7, va f,,7, (hinh 2.23). Hiy xéc dinh J. va o e

y

Hinh 2.23
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Lot giai. Tir hinh vé 1a ¢é:
ﬁ.’ Jrr {7
o, =, :",)—,/63 :73553 :E_}/Sa Vs =90 + 7
Sir dung cong thic (3.21) suy ra
J.=J cos” a, +J,c08" B+ J,c087 p,

J, =J cos’ 32{ +J, cos” [g — ;/3] +.J o8’ y,

Do cos| = =0, cos[ir-—;q;):siny3 nén
2 2
J.=J,sin’ y, +J cos’ ¥, (1)

Ap dung cong thitc (3.23) ta cé

J., ==J cosa, cosa, —J, cos fBycos B, —J, cosy, cosy,

Sy =-0-J, cos(% —yy)eosy, ~J, cosy;cos (% +7;)
e : 4 .
Do COS(E +y,)=—siny, , COS(E —¥,)=siny,;,suyra
J, =—Jysiny,cosy; +J cosy,siny;
Vay J,, -2 ;J— 5in 2y, . (2)

Pai véi hinh tru tron khéi lugng m, bdn kinh #, dai /, ta ¢6é cdc cong thic
x4c dinh momen quan tinh khoi
.3 2

) {
Jy=—mr’, Sy, = m—+— (3)
P2 (4 12

Thay (3) vao (1) tinh dugc

J.= - +ml sin® +—W.2 cos’
s 4 12 ;V"- 2 y}.

mr ( os? 7.+ sin’ ) mrs ml in’ nir’ mr- mil* sin? @
- (" 14 - T 3 - | T
5 BRI T TR P T S

Thé (1) vao (2) suy ra

1 mr® mr ml’ 1 Py
J = —-—— 2 — 2%, . 5
. 2( 5 n )sm ¥y = 8[ 3]sm V3 (3
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4. BINH LY BIEN THIEN MOMEN PONG LUONG

4.1. Cac dinh nghia
a) Mémen dong luong cua chdt diem

Dinh nghia 4.1. Momen dong lugng cua
chat diém doi véi diém quy chigu A, k¥ hicu

la 7,. Ia mémen cua vécto dong luong cla

chat di¢m doi véi diém A dé A '
IT_J =n (mv)=F xmy (4.1) A Hinh 2.24

Chu y dén cong thire tinh tich ¢é hudng caa hat vécto trong todn hoc ta o

f')\' (')1' l?:

li=lx v =z

mx  my  ms
=m (3 —zp)é +m(zi—x2)€ +m(xy - pi)e. (4.2)

Pinh nghia 4.2. Momen dong luong ciia chit diém doi vai truc z 1 hinh
chi€u trén truc z ctia mémen dong luong cla chit diém déi véi mot didm A bit
k¥ trén truc z, va duge xdc dinh bai cong thic

[, =he.m (mv)=m(xy — yx) (4.3a)
Tuong tu ta ¢é momen dong luong clia chat diém d6t véi truc x. truc y

{.=hcm (mV)y=m(yz—zy) (4.3b)

[ =hem (mv) = m(zk — x2) (4.3¢)

b) M6 men dong luong ciia vdt rin

Binh nghia 4.3. Moémen dong lugng cua vat
ran doi véi diém quy chiéu A (hinh 2.25) 1a mot
dai luong vécto duge dinh nghia boi cong thic

= J.(i" b 'E)dm (4.4) x/ Hinh 2.25 ’

Momen dong lugng cua vit ran doa v6i diém A phu thuodc vao dang chuyén
dong cla vat rin.

Vit ran chuyén dong tink tién. Do van t6¢c moi diém ciia vat rin bing nhau
vi bang van téc khoi thm C clia nd, nén 1t (4.4) suy ra

[ = [ J.fdm] XV =mit. x v, =m (v, ) (4.5)
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Var rdn guay quanh mor true 6 dinh. Momen
dong lugng cua vat rin quay quanh mot truc z cd
dinh d6i v6i tryc quay = ciia vt rdn c6 dang

[ =J o, (4.6)

‘That vay, tir hinh v& 2.26 ta ¢6

Viellnt

dl. = Invdm = w_ I dm

I ~o Ih%!m = .
bt

Vit ran cluvén dgng phdng. Goi C 13 khai tam Hinh 2.26
cua tm phang chuyén dong phing, truc Cz vuéng
goc voi mit philng clia tam nhu hinh v& 2.27. Theo
cong thuc (4.4)

o= Jaondm = [[ix @, +axim (1)

Chd ¥ ring

Ux{edx ) =ue -(lai = o {(2)
The (2) vao (1) ta duge Hinh 2.27
L= [urdme =J,.0 (4.7a)

Chicu véeto (4.7a) len true Cz vudng gde véi mat phiang Oxy suy ra
le.=J 0. (4.7b)
¢) Momen dong luong cua co hé
Dinh nghiu 4 4. Momen dong lugng cda co he (gom n chat diém va p
vat ran) déi véi diém quy chi€u A 12 mot dai luong vécto bing téng céc

momen dong lugng cua cie chat diém va cdc vat rdn thuoe co he 14y d6i véi
diem A dd.

- Rl I
[, = Zr Xy, + Z J(r‘ * Vhedm (4.8)
=1 A=l B,

Dinlt nghia 4.5. Momen dong lugng cla co he¢ d&i véi mot truc =z 13 hinh
chicu trén trye = cha momen dong Iugng cua co hé 1y déi véi mot diém 4 bit
ky trén true do

I.=hed, v6i Ae:. (4.9)

4.2. Dinh ly bién thién mémen dong ludng

a) Dinl ly bien thién mémen dong higng cida co hé doi véi mot diem O ¢é dinh

Dind ¥ 4.1 Pao ham theo thdi gian momen dong lugng clia co hé doi véi
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diém O ¢§ dinh bing téng mémen clia cic ngoai lyc tdc dung lén co hé 14y déi
vdi diém O d6.
%:Z,ﬁo(ﬁ:):m (4.10)
Chitng minjr.
* Mo hinh hé gdm n chat diém. Tir biéu thic (4.8) ta c6
di, d

— :EZ(}‘;‘ xm,‘\ik):zd(r" xmkvk =YV, xnv, + Y (F, xnd, )
:Zf;><1i‘+2ﬁx17;

Do Zr}}(,(F;):Zr;ka’zo,suyra . i,

o5 o Fr =Y (B )= v "

0 ¥

LLLEE oy

77T =)y

* Mo hinh vat rdn. Bao ham theo thdi 0
gian momen dong lugng cha vat ran ddi voi  x Hinh 2.28
diém O c6 dinh (bicu thic (4.4)) ta dugc

é: J-(rxv)dnr—_[vxv)dn:+JFX

dt

d{(vdm)
ot

- IFXM: fi < (aFs +aF') = frxas =%, P )
H dI H )

Biing cdch tuong 1, ta ¢6 thé chimg minh dinh 1y d6i v6i hé céc chat diém
va cAc vat ran.

Hé qua: Tl cong thac (4.10) ta suy ra
dl. -
E:Zm__(ﬁ) (4.11)

b) Pinh Iy bién thién momen dong luong cia co hé doi voi mot diém A
chuyén dong
Pinl Iy 4.2, Dao ham theo thoi gian moémen dong luong cuia cg hé doi véi
diém A chuyén dc‘mg dugce xéc dinh bdi cong thite
Zm ( ')—1»4><p (4.12)
Trong dé p la d(}ng luong cha co hé, ¥, 1a van 8¢ clia diém A trong hé

quy chi€u c¢& dinh.
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Chitng minh. D¢ don gian ta chiing minh cho trudng hop hé gdm n chat
diém. Theo hinh {2.28) va cong thic (4.8) Suy ra

l, = Zr,‘ XMy, = Z(rA + U, )x 0V,
Ly =Fox Y my, + Y i, xm,3,

Vay ta ¢6 cong thifc lién hé momen dong lugng cla co hé déi véi hai diém
Ovi A

Iy =l +F < p (4.13)
Pao ham theo thdi gian biéu thitc (4.13) va chid ¥ dén (4.10) ta duge

di, dl, df, _ _ dp I

— =—% A xprF x—= x F

dt  di dtp"drzr" k

:Z(fA+ﬁt)XF::ZFAXE:"'ZE“*X“%

ap -
Do 2 =N FT onén

cdt Z g

dl

—di +V X P+F, % Zﬁ“ =¥, X Zﬁ; + er’r‘_i (Ff)
f
T do suy ra _
dl LN L
j:Z’J’A(F*)*VA X p
Hé qud: Khi chon diém A 13 Kh6i tam C ciia co hé, tir cong thic (4.12) ta
suy ra
i;' = Z A )=V x v, = Zn'r(.(}i“)
ot
Tir 46 ta cé dinh 1y bién thién mémen dong lugng cla co hé doi véi khoi
tam clha né

il Lo o
‘d; =Y (F) =M, (4.14)

4.3. Dinh ly bdo toan momen ding luong
Tix cdc cong thic (4.10) va (4.11) suy ra dinh 1y bdo toan mdémen dong
lugng cta co hé

Néu Zu‘:“(ﬁ;')zo = %z(} = [, =const (4.15)
Néu > m, (}:] ) =0 = % =0 = [ =const (4.16)
af
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4.4. Cac thi du ap dung

Lhidu 2.12. Plurong trinh vi phan chuyén dong ciia var rin qricey el
mor trie 6 dinh,

Cho vat ran quay quanh tryc z ¢d dinh, chiu tic
dung cla cdc ngosi luc X, F.,....F,. Ap dung cong
thic {(4.11) ta cé

Do L =/ .»_ nén

J. gﬂ— J G ._Zm (‘) (4.17)

Phuong wrinh (4. 1?) 121 phuong trinh vi phan chuyén
dong cla vat rin quay quanh mét true ¢4 dinh.

Hinh 2.29

Thi di 2.13. Dao dong cia con lic vt Iy.

Con fac vat 1y (hinh 2.30) Ja mot vat rin phing cé thé quay quanh mot truc
di qua O v vudng gbe v6i true quay. Cho bict khéi luong con lic 1d m, momen
qudn tinh doi véi truc quay la J,,, khodng cdch tr O dén khéi tam C 13 «. Hay
xéc dinh chu k¥ dao dong cua con lic vat 1y,

Loi gidi. Ap dung phuong trinh (4.17) ta ¢c6

" . .oomgd
S =-mgasing = <;o+—j'-~-sm¢)=0
g
. i . mga . . o .
Neéu dit w; = —— vi khao sdt dao dong

bt

nho sing = @, tir phuong trinh trén suy ra

mg
Grop=0 Hinh 2.30
Trong d6 @, la tan $6 rieng. Tir d6 suy ra chu k¥ dao dong cta con lic
vt Iy
[z £ =2r o
@, Y mga

Thi dy 2.14. Mot dia tron déng chat trong luong G,, ban kina R quay dugc
quanh mét truc thing ding AB di qua tam ciia dia va vuong géc véi mal phing
dia. Trén vanh ¢6 mot chit diém P ¢4 trong lugng G,. Dia quay quanh truc véi
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van 16¢ g6 w,. Tal mot thoi diém nio dé chat diém P chuyén dong doc theo
vanh dia véi van toc tuong doi so vai dia <6 tri s6 khong déi 1a ». Tim van toc
g6c cta dia (hinh 2.31), -
- Rg

Lot gidi. Khiao sdt co hé gom mot vat ran
phang 12 dTa va chat di€m P. Dia ¢é thé quay
quanh truc ¢& dinh z thing ding cén chat
di¢m chuyén dong tuong doi trén mat dia theo
mot duong won tam O, ban kinh R = OP. Cac
ngoai luc tdc dung 1én co hé gom cic trong
luc G,. ¢, va cic phin luc R, R, tai cic 6 d&
(hinh 2.31).

Do hé ngoai lue tdc dung 1én co hé hoidc
song song vai truc = hodc it truce =, nén ta ¢

T
Ll

S {F )0 (1) Hinh 2.31
Ap dung dinh 1y bio 10in mémen dong luong déi véi truc - ta ¢6
L(y=1.(0 (2)

Bi¢u thic momen dong lugng cia hé tai thoi diém ¢ bat ky sau khi chat
diem chuvén dong c6 dang

G,
g

=142~ Jew+R

(n + Ren) (3)

TG, L . .
Do J = R "R nén bidu thie (3) ¢6 dang

2y
G P s : 7, + 2G.)+ 2GLR
1) R Y (R + Ry = @G+ 26,0+ 20, Ru (4)
' 2g g 2g
Tal thti digm = 0, @= @, 1t = 0, tU () suy ra
. RalG +2G, )
L= @0, +2Gy) (5)
1
The (4) vi (3) vao (2) tinh duoc
24,
W= W, - —— EF : (6)

R(G, +2G))
Thi duy 2.15. Mot bdnh xe bdn kinh r dang quay déu quanh A véi van toc

goe @, Ngudi ta dung can him d¢ ham chuyén déng ¢Oa bdnh xe. Tim luc #
khong doi tdc dung lén ddu cin hdm sao cho trong khoang thdi gian 7' thi banh
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xe dimg hin. Cho biét momen qudn tinh ctia bénh xe d6i véi truc A la J,, he s6
ma sat trugt dong giita md ham va banh xe 1a 4 Cac kich thudc cho trén hinh vé
2.32. Tim s6 vong quay ma bédnh xe quay dugc tir khi bét dau ham cho dén khi

dimg han. Gia thiét chuyén déng quay ctla cdn ham cé gia t6c gée rat nhd, cb
thé b6 qua. B qua chiéu ddy mé ham. 7

Hinh 2.32a

Hinh 2.32b

Loi gidi. Ta tach co hé thanh hai h¢ con nhu hinh vé& 2.32b. Phuong trinh vi
phén chuyén déng clia timg vat rin c6 dang

JA(B = _Fm.\'r (1)
JW=Fb-Na=( (2)
Tir (2) suyra: N= éF (3)
a
Thé (3) vao (1) v6i chd § F,, = uN, tinh dugc
L L R )
T dt a HbrF
Tich phan biéu thuic (4)
“ j de = J‘d: 7 =%%
,ubrF LbrF
Tir d6 suy ra d¢ 16n cua luc F can thiét
. Jwa (5)
bruT
Mit khdc tir cong thitc (4) suy ra
brF
799 4o EE by o g wder =T 4y
dt a a

Tich phan hai vé& ta dugc
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hrF " *
ja;d ik do —= - w~:_£"£‘f_ |
e, Aa ¢} "]Aa
. T
Vay o - Jaw,.0, _Tw, (rad)
2ubrF 2
Tir cong thitc chuyén déi » = 2£ suy ra s¢ vong quay thém clia banh xe 13
T
T
"= Lol (6)
ax

Thi du 2.16. Xdc dinh moémen quén tinh bing phuong phip thuc nghiém.
Trén hinh 2.33 14 mo hinh thanh bién cla déng co. Khéi lugng cta thanh 1a
m = 1,2 kg, chiéu dai thanh / = 12cm. Xem thanh bién 1a mot con lac vat ly
(hinh 2.33a) ta do dugc thoi gian thanh thuc hién 20 dao dong nho 1a 12,6s.
Bang cdch xdc dinh phan lyc g6i d& nhu hinh 2.33b ta doc dugc m, = 0,8 kg

( Fy =m,g). Hay xdc dinh: Vi tri trong tdmy,., moémen quén tinh khoi J,. .

Hinh 2.33a Hinh 2.33b

Léi gidi. T phuong trinh can bing momen déi véi tam O (hinh 2.33b) ta ¢é
mgr,. =m,;gl::>r;‘:&l (1
mn

Thay s6 vao (1) duge

r.= 0.8kg 12¢m =8cm
[, 2kg
Theo thi du 2 vé dao dong con lic vat 1§ ta ¢6 cong thic
2
7=2r %o = J, =mgr. (—T—} (2)
mgr,. 27
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Thay 88 vao (2) suy
: 0.63 Y :
g, =V 2k 98 1em/ .s“.8cr.m.(----2.s) =94 Tkgenr
r )

Ap dung dinh 1y Steiner tinh dugc momen qudn tinh /..

Joo=Jd, = met =94 Tkoem® — 1,2kg(8c'm) =17 9%kgcnr

5. PHUONG TRINH VI PHAN CHUYEN DONG CUA VAT RAN PHANG

5.1. Thiét lap phudng trinh vi phan chuyén déng cla vat ran phing

X¢t hinh phiing § chuyén dong trong mat phing Oxy cua no vi chiu tdc

dung cla cic lye /. F,,...,.F, cling nam trong mat phang Oxv. Ap dung dinh |y
chuyén dong khoi tam ta ¢ .
mi, = I, (5.1) A Fo
Tu (5.1) suy ra 1 @
my,. = Z F. (3.2) et ‘; N
my. =2 F, (5.3) “

f\p dung dinh ly bién thién mémen 0O
dong luong doi véi khdi tam € cua tam '
EI : . Hinh 2.3
phiing chuyén dong phing ta cé
. e _
—— = >k (5.4)
et Z ( ¢ ) _
Chon true €z vuong gde véi mat phang Oxy va di qua khai tam C. tir (5.4)
hiél duge

1
1
1
1
1
1
1

N

t

i

7"— - Zm{ . (1‘ ) (
Doi. =J o~J.¢ néntir(5.5)suyra
S = Zm{.__ (IA ) (5.6)

Két hop cde phuong trinh (5.2), (5.3) v (5.6) nhan duge he 3 phuong trinh
vi phan chuyén dong cua vt rin phing

my, - Z I, _
my. =3k, (3.7)

g, P me . (f,‘ ]

A
A
e



Chae ¥, Trong cidc bai wodn dp dung ngudi ta hay gap truomg hop vat ran
chuyén dong song phang. Chi nhimg vat réin chuyén dong song phing c6 mat
phang d6i xiing dong lue (vat ran ¢é mat phing doi ximg. cac lue tic dyng len
Vil ran ¢é thé bién déi twong duong thanh cdc lye nim trong mat phang doi
xting) thi méi dp dung duge cde phuong trish vi phan chuyén dong (5.7).

5.2. Cac thi du ap dung

Thi du 2.17. Mot dia tron
dong chdt khoi luong » ban
kinh ~ chuyén dong trén mat
phing nghiéng nhim (hinh
2.35). Cho bidt hé sd ma st
trugt tinh 1a g4, hé 86 ma it
truct dong li g Hiy khio sit
chuyén déng ctia dia. Bo qua Hinh 2.35
ma sat lin.

Lot giai. Gia sir Iic dau dia won lan khong trugt rén mit phiing nghiéng.
Phuong trinh vi phin chuyén dong cla dia

m¥. = mgsina —F (1}
i, =N -mgeosa =10 (2}
Jog=rE (3)

o . oS . X - - . .
rong d6 /.. = mr=, F, 1a ma sdt trugt tinh. Do dia lan khong truet, ta ¢6
di¢u kién riing buoc
X.oTrp = Q= {4}

T (1), (3) viv (4) suy ra

. . S . gsingg 2
my,. =mgsing - --x-¥,. = X, = e = gsing
P g
1+ r.;‘
o
T {1y tinh duoe
- ) .. 1 . -
I :m(gsma—_\‘r.)=:1;1g51na (3)
J

T d6 suy ra d€ cho dia Jan khong trugt thi h¢ s6 ma sdt truot 1inh g, phai
thoa man dicu kién sau

I
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| .
y F 3 mgsine
FoSpN = pg>-P=2 -y (6)
N  mgcosa 3
Néu hé s6 ma sat truot tinh khong thod min diéu kién (6) thi dia s vira lan
vira trugt. Trong trudng hop nay cdc phuong trinh (1), (2), (3) s& ¢6 dang
mi. =mgsina—F,, N=mgcosa, J. p=rF" (N
Khéc véi truong hop trude, ta khong c6 diéu kién rang budc (4). Tuy nhién
thee dinh ludt ma sét trugt dong
Fe=uN (8)
Tir (7) vaa (8B) giai ra duge

2ug

X.=g(sina - pcosa), ¢= - cosa

Thi du 2.18. Mot tAm hinh chi¥ nhat dong chat dai 4a, rong 2a, treo trong
mit phing thing ding bing khép ban 1€ tai A va day mém khong dén tai B
(hinh 2.36a). Cho biét khéi lugng cla taim 1a m.

a) Xac dinh phan Jyc tai ban 1€ A va sitc cang cla day.

b) Gia s tai mot thoi diém nao d6 day treo bi dit. Xac dinh phan luc dong
tai A, ngay sau khi day treo dit.

2a
M
.-.UI.
-

Hinh 2.36a Hinh 2.36b

L& gidi. e tac dung 1én tdm gém trong lugng P =mg, luc cing day gm
va phan lyc X ,, Y, tai ban I A.
a) Phan lire tinh. Cdc phuong trinh can bang tinh hoc
Y F. =X,=0 (1)

sz_.- =Y, —mg+8,,=0 (2)
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Zrﬁf,(ﬁ#) =-mga+3S,,a=0
Giai cdc phuong trinh (1), (2), (3) ta dugc

2 ]
X,=0%, zgmg, Sy :§mg

b) Phdn e déng. Sau khi day dit, S,, =0, t4m phing chuyén dong quay
quanh A

Jﬂg}i:mgaﬁsin;g 4)
Momen quén tinh khoi
JA:J(.+2ma2:%mg3 (5)
i 0 P 3 g
Tai p(0) =45, tacd G(O) == )
a

Ap dung dinh 1y chuyén dong khoi tam ta cé

mx,.=X,, my,. =Y, —mg (N
Tir hinh (2.36b) dé dang tinh dugc

X, =avlsing, Yo =av2cosyp (8)
Tu (8) suy ra

%. =a2@cosg ~a2¢ sing

(9
¥, =—a2@sing - a2¢° cos@
The (9) vao (7) wa dugc
X, = ma2(gcos g ~ ¢ sin ) (10)
Y, = mg — maJ2(@sing + ¢* cos @)
Ngay sau khi day dit @(0) = 45", (0} =0, ¢(0) = %§~ . Do dé
[4]
X, =ma 21§£=§~ng
1la 2 11
Y, =mg - ma2 iﬁﬁ =mg — iJ'nrg = Emg
’ lta 2 14 |

Thi du 2.19. Mot thanh dong chat AB khai luong m, dai 2a dat trong mat
phang thing dimg. Pdu A tya vio mit tudng nhin thing ding, ddu B tya vio
mit nhdn ndm ngang. Giit cho thanh dimg yén tao véi mat phing ngang mot géc
@, r6i tha cho thanh chuyén dong dudi tdc dung cia trong luc. Xéc dinh van t6c
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£0C, gia 16e goe cla thanh dudi dang ham cla géc @ (hinh 2.37). Xdc dinh phan
luc do tuong va nén tic dung vao thanh theo 26¢ @ va cic dao ham cua né.
7
s e . . 5 N - P R I faor
I'=—- khi dau A cua thanh rdi khéi tuong, gée ¢ ¢6 gid tri bing bao nhiéu?

[4x}

(K}

Lot gidi. Phuong trinh vi phan chuyén dong
cua thanh A

my,. =N, (1)
mi,. =N, —mg (2)
Jop =N asing - N ucosp (3)

Vi tri cua thanh AB duge xdc dinh bdi gée .
T'a ¢o cac phuong trinh lién két

X = acosg, Y- = asing (4)
Dao hixm biéu thic (4) theo thivi gian ta duge Hinh 2.37
Y. =—agsing, X, =—a@sing —ag’ cosp
T, =P cose ¥, =a@cosp —apsing

Thé cac bi¢u thifc trén vio cdc phuong trinh (1) viy (2) ta ¢d

N, = —ma((’/isin @+ cos QJ) )

N,=mg+ mu((}’i cos g — ¢ sin 49) ©

- - ~ 7 i i ] \ 1 i
The (3) va (6} vilo phuong trinh (3) va chii rang J,. =~ ma’ . suy ra

mau

g‘(j = — "-—,COSW:_iECOS(rD (?)
o+ ma’ 4 u

Nhiéin hai v& ctia (7) véi dg 1a duge

Lo dg 1y 3y
goch;o-?dqy_iu’(go )_—Z:cosg}dg@ (3)
Tich phin hai v& phuong uinh (8)
{p "
Jd(q'r] L jeospdp
3] - §,
. .- g, . , 3g .. .
tinh ducc @ === (sing —singp, ) === (sing, —sinp) (9)
2a 2u

Khi diu A cha thanh roi kKhoi tudng thi N, = 0, tir dé ta ¢
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b3y : 3g

Ardl ——=C05¢7, sIng, — —
! |

| 4 2u

(sing, —sing, Jcos g, } =0

Do cose, = 0, suy ra gid tri géc ¢ khi diu A r&i khoi tudng 12
2
sing, - 2sing, =0 = ¢, = arcsin{ = sing,)
2
Thi oy 2.20. MOt tru tron dong
chat khoi lugng #1. bdn kinh 1 tai thi
diem 1 = 0 ding vén tai vi o v (0) =0
rén mot bang 1a nham. Bang tai
chuyén dong vé6i van 16¢ v, khéng dai
(hinh 2.38a), Hé s0 ma sdt trugt dong
gilta tru tron va bang i 1a g2 Cho biét
a, r,m, v, p=2tga. Hay tim:

a) Thoi di€m 1, ké tir do try tron Hinh 2.38a
tan Khong truot trén bang tai.

by Gha tr1 cuc dai cua x, mi trong tim tru won dat dugc.

{01 gidi. Lic daw try tron vira lan viza trugt trong khoéng 0<¢<r,. Sau dé
tru tron ldn khong truot trén bang tai.

a) <1<t lry tron vira lan vit trugl. Phuong trinh vi phan chuyén dong
cta try tron (hinh 2.38b) 1a

mi. = F! —mgsina (1)

my,. = —N+mgcosa =0 (2)

J G=—FLr 3
Tl (2) suy ra

N = migcosa (4)

The (4) vao dinh luat ma sit Coulomb

Hinh 2.38b
F'o= uN = 2mgtga cosa = 2mgsing (5}
Do J. = %mr: LA (D va(3ytacod
Y= ‘;sin(x (6)
ééz—%gsilla | {7
Chi ¥ den cdc di¢u kién ddu %, (0)=0. @(0)=0 suyra
N (O =gtsina, g'o(f):—%gfsino: (8)
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Try ron € lan khong trugt khi van tc tuong d6i tai diém tigp xic bing
khong, hay

x-(W)y=repft)y+v, ()
The (7), (8) vao (9) ta duge
=2 (10)
Sgsina

b) Khi £ > ,, try tron ldn khong truot trén bing tai
XA =ro(t)+v, (11)
Céc phuong trinh vi phan chuyén dong cia tru trdn ¢6 dang nhu (1), (2) va (3)
chi khdc ta thay lyc ma sdt trugt dong 7% bang luc ma sit truot finh .. Ta c6

mX,. =F —mgsina (12)
Jo§=—F,r (13)
Tir (11)tac6 % (r)=r@@r). Thé vo hai phuong trinh trén suy ra
.f(‘:—ggsina (14)
Tich phan Ién suy ra
)'c(.‘(i)=—§g(:—1,)sina+5c(,(:]) (15)
V&i %.(¢) xdc dinh tir phuong trinth (8), ta c6
X ()= —%g(r—t])sina+gtl sina =§gr] sina——i—gtsina (16)
Gid i cuc dai clia x.(f) dattai t = £, khi X.(t,)=0.Neén
J'c(.(t)zggf,sina—%gtzsina=0 = tzzgtl (17)
Tich phan biéu thiic (16) ta dugc
x (1) =x, (Il)-—ég(t ~4 Y sina + g, (1 -+, )sine (18)
Tir (8) suy ra
xi.(r]):%isina (19)
The (19) va (18) vao (17) xdc dinh duoc
2
max x, = x..(t,) :E%E_Ta . (20)
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Chuong 3

€O SO PHUONG PHAP NANG LUONG

Cac phuong phdp nang lugng (Energy Methods) duge sur dung trong hau
hét cdc linh vuc cha khoa hoc va k¥ thuat. Trong chuong nay, sé€ trinh bay co sd
phuong phdp nang lugng tinh todn dong luc hoc chdt di€m va vat ran. Truéde hét,
trinh bay cdc khai niém co ban cha phuong phdp nay nhu ddng nang cla chat
diém, dong nang cha vat rén, cong cha luc, the vi cha e 6 the, dong ning clia
co hé, thé nang clia co hé. Sau dd, xudt phat tir tién dé Newton 2, thiét lap céc
dinh I¥ bién thién ddng ning va dinh 1y bao toan co nang.

1. CAC KHAI NIEM CO BAN

1.1. Coéng cua luc

a) Cong nguyén té cia luc
Pinh nghia 1.1. Cong nguyén t6 cha XY

=l

e 7 khi diém dat chia né di chuyén trén c/
dudng cong C mot d¢ doi vo cing bé ds x
duoc dinh nghia bai cong thiic sau y £

d'A(F) = Fdscosa (I.H €; 1

)
¥
Yo

Trong d6, o 1 géc gifta luc F va tigp ;
tuyén vdi quy dao tai diém dat cha lyc.

Do ds = vdt nén biéu thiic (1.1) ¢é thé
bién d6i vé dang

X Hinh 3.1

d'A(F) = Fycosadt = F.vdt (1.2)
Chti ¥ dén quan hé 4F =vdr, biéu thic (1.2) c6 dang
d'A(F)= F.dr = F,dc+ F,dy+ F.dz (1.3)

Trong dé

[
-t
]
W

F=F@é +F@é, +F@,, dF=dxé +dyé,+de,

" Nim 1829, nha Co hoc Phap G.G. Coriolis (1792 — 1843) da dua ra khdi niém coéng
cha lue.
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b) Cong hitu han cia luc

Dinh nghia 1.2. Khi diém dat cua lyc F di chuyén trén dudng cong C tir
diém M, dén diém M,, cong clia luc F' trén doan di chuyén dé duoc xac dinh
bdi cong thiic

5 B
A= [Feosads= [Fdi = [ Fdx+F,dy+F.d (1.4)
5 i MM,

Don vi cta cong 1a Nm. Trong hé don vi SI ngudi ta st dung tén nha Vat ly
nguoi Anh J. P. Joule (1818-1889) lam don vi cong J (Joule), 1J = 1 Nm.

¢) Chi y:
e Tirbiéu thic (1.3) ta thdy d’4=0 khi F L df hoac khi dF =0.
e Ta sir dung ky hiéud'4(F)dé nhan manh cong cta luc néi chung khong

phai 1a vi phan hoan chinh ctia mét ham nao dé.

1.2. Cac thi du tinh cdng cua mét sé luc thudng gip
a) Cong cia trong luc G . Tir hinh vé 3.2 ta ¢6 VA
d'd = F,dy =-mgdy - N

Khi trong luc G di chuyén tir diém M, dén
M, biéu thiic cong c6 dang

Y2
A=—mg [dy=-mg(y,~ ) 5
N

Khi trong luc G di chuyén tir diém M, dén M, Hinh 3.2

n
A=-mg de = mg(yz —N )
»

Néu ky hiéu = (y, - y,), thi cong cla trong luc cé dang
A=xmgh (1.5)

Dau cong lay khi trong tam cua vat di chuyén tir cao xuéng thip; du trix
ldy trong trudng hgp nguoc lai.

Nhdn xét: Cong cla trong luc khong phu thu¢c vao hinh ding quy dao, ma
chi phu thudc vao vi tri clia diém déu va diém cuéi ctia quy dao.
b) Cong cua luc dan hoi tuyén tinh. Lyc dan héi tuyén tinh c6 dang Fy=cx
(trong d6 x la do dan clia 10 xo, ¢ 1a do ciing clia 15 xo0). Tir hinh 3.3 thdy ring
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d'd = F.dx = —cxdx

Tir d6 suy ra

2

vz, =—¢ J‘xu’x = —%C(x‘; _x]2)

X
n Hinh 3.3
Néu chen x, =0, x, = x ta ¢6 hé thic
i
Ay, = Y ex’ (1.6)

¢) Cong cha ngdu luc. Ngu luc 6 momen M tdc dung vio vat ran quay quanh
tryc ¢6 dinh ngau luc ndm trong mét phang vudng géc véi truc quay. Dua vao
tinh chat ngau lyc, cé thé bien d6i ngiu luc vé cap luc (F, F' ) md F di qua 0.
Tir hinh 3.4 thdy ring

dA=Fds=Frdp=Mdp (1.7)

L&y tich phan theo géc ¢ suy ra

A= Gj Md g

&

d) Cong cua luc tic dung lén vt
rdn quay quanh mot truc cé dinh

Ta phan tich luc ¥ thanh hai luc:
F, song song véi truc z, F, vuong
go¢ véi truc z. Sau do phan tich Iuc
Fy thanh hai luc: £, doc theo duong
kinh va luc Fzz vuong goc vor dudng
kinh OM (hinh 3.5).

Theo dinh nghia ta ¢6

a)
dA(F)=dd(F )+ da(Fy)+du(Fy) Hinh 3.5

b)

Do d’A(F,):deI(Fz])zo, nén ta cé
d'A(F) = dﬂ/f(ﬁzz): Fyrde=m. (F)dga

Vay d?!(ﬁ}:mz(ﬁ)dq) (1.8)

Chui y: Cdc lye tic dung 1en vat ran thudmg phan thanh cdc luc phan ba (lye
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mit va luc khéi) va céce lyc tap trung. Cdc lye khéi ciing nhu céc luc mat ¢é thé
thu gon v¢ mot s8 hitu han céc lyc tap trung. Vi vay, khéng gidm téng quat, ¢
thé gia thiét cde lyc tdc dung Ién vat rdn gdm mot s§ hitu han luc tap trung:
F.F,,...,F, . Khi d6 biéu thiic cng cia cic luc téc dung lén vat rin c6 thé bicu
dién mdt cdch hinh thitc dudi dang

N

d'A=3"F, s, .

=

1.3. Cong suit va hiéu suat

a) Cong sudt

M
Dinh nghia 1.3. Cong cta lyc sinh ra
trong mot don vi thoi gian duge goi 1a cong ( wear
sudt : - -
) . S
dt ot

Trong k¥ thuat, ngudi ta hay phai tinh cong sudt ctia ngdu lyc tac dung vao
truc mdy quay quanh mat truc <8 dinh. Tit cong thic (1.7) 1a ¢d

d'd=Mdg = N=-M-;;—w=MaJ (1.10)

Pon vi cong suat 13 tén nha khoa hoc ngudi Scotland I. G. Watt (1736-1819),
=1 J
w=17/.

b) Hiéu sudt

Trong ky thuat co khi, mét phan cong bi tiéu hao do ma sat & cac & d&. Do
dd chi c6 mot phin cong sinh ra 12 cong hitu ich. Ky hiéu cong hitu ich 1a 4, ,
cong toan thé 14 4, ngudi ta dua ra khdi niém higu sudt (ky hiéu 7 ) duge dinh
nghia b&i cong thite

n="0 (1.11)

1.4. Bong ning cla chat diém va vat ran

Gaspard - Gustave de Criolis (1792-1843), nha Co hoc Phép, 13 nguti
dau tién dua ra khai niém “lyc séng” (Living force), sau nay dugc goi 1a
dong nang.
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a) Pong ndng ciia chdt diém

Dinh nghia 1.4. Dong nang cla chat Prail

diém (ky hiéu 1a T) 12 mot dai luong vo
hudng bing mot nira tich cua khéi lugng
cia chit diém v6i binh phuong van téc
clia né

v (1.12) «x

T'=—mv
2

Pon vi clia dong nang 1a kgm?* /s> .

b) Péong ndng cua vdt rdn
Pinh nghia 1.5. Dong nang clia mot
phan t6 dm cia vat ran la

dT = lvzdm
2

Tir d6 ta c6 biéu thic xéc dinh dong /
X

ning cua vat rin

T'=s Ivzdm

L
23

X

=i

Hinh 3.7

l ]
—v dm
2

Hinh 3.8

(1.13)

1.5. Biéu thirc tinh déng nang cla vat rin chuyén dong

Biéu thitc dong niang cua vat ran (1.13) phu
thuoc vao dang chuyén dong cu thé ciia né. O day
ta dua ra biéu thic tinh dong nang cla vat rin
chuyén dong tinh tién, vat rin chuyén dong quay
quanh mot truc c6 dinh va tim phang chuyén
dong phing. Biéu thic dong nang cua vat ran
chuyén dong quay quanh mot diém c6 dinh va
cha vat rin chuyén dong téng quat sé trinh bay
trong chuong 5.

a) Vdt rdn chuyén dong tinh tién. Xét vat rin B
khéi lugng m, chuyén dong tinh tién véi van téc
khoi tam 1a vi-. Theo cong thifc (1.13) suy ra

1 5 )
T =—v= |dm=—mvy,
2 ¢ 2 ¢

B

Hinh 3.9

(1.14)
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b) Vat rdn chuyén dong quay quanh mot truc cd dinh. Xét vat ran B quay
quanh tryc ¢6 dinh z véi van 16c géc @ (hinh 3.9). Ly mot phan 6 nhd dm cla
vat ran. Do v = r@w nén theo (1.13) ta ¢6

1 2 1
T=— [rPe’dn=—w Jrzdmzlj_mz (1.13
2 2 2 -
B B

Trong d6 J. 1a momen quén tinh khoi cta vat rén d6i véi truc z.

¢) Tam phdng chuyén déng phdng. |.Ay mot phan t6 nhd dm cha tim phiing S.
T hinh vé (3.10) suy ra

x=x; +-§-_-x(ﬂ+rcosqo} 0
V=Ye + 0=V +Fsing

Pao ham cdc hé thac (1) ta duoc
X =Xp -rsing = X~ —wiy }

V=Y +FPCos@ = Yo + @l

0

T do suy ra

Hinh 3.10

2 . L2 . 2 . 2
v =i+t = (ke —on) + (e +wé)
:.tf; +j’é + o’ (f}‘g +§2)—2{£N}5&'( +2wé y,- (2)
The (2) viio (1.13) tinh duogc

= -Iz-szdm :—;—é[(_if- + it + o’ (rf + &2 ) -20nxc + 20 Y- )dm

1 1 24 : :
= 5 vg- Idm + 5 @ J Fodn — X @ fr;dm + Yo J.é" dmn
B # 8 8

Do _[rydm:m;;c =0, ‘['_fdm:mfc =0, nén biéu thitc dong nang cla tim
i B
phing chuyén dong phing c6 dang

T—lmv( +1 Je (J (1.16)

1.6. Ddng niing cla co hé

Dinht nghia 1.6. Doéng nang clia co he (gém » chat diém va p vat rdn) [
téng dong nang clia cdc chit diém va cdc vat rin thuoc he

T= ] mv +— Zj 2dm (1.17)

"A IBk
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Khi hé gdm gém » chit diém va p vat ran chuyén dong trén ciing mot mat
phédng ta ¢

1 & » 1& 1&Z
T:Ez;n,-v,‘ +?ka"’a +52an)f - (1.18)
1=1 k=1

= k=]

2. BINH LY BIEN THIEN DPONG NANG

2.1. Dinh ly bién thién dong ning

a) Dinh Iy 2.1. Bién thién dong nang ciia co hé (n chat diém va p vat ran) trong
mét dich chuyén nao dé clia co hé bang téng cong cha tat ca cdc ngoai luc va
cédc noi luc tic dung 1én co hé trong dich chuyén dé.

e Dang vi phan: d7 =Y d'A(F)+ > d'A(F) (2.1)
e Dang gidi ndi: 7 -1, = > AU+ D AF) (2.2)

Ciuing minh. D€ don gidn ta chimg minh cho trudng hgp hé gém n chit
diém vi hé gém mot vat rin,

o Mo hinh hé gom n chdar diém, Xét chit diém thit k clia co hé, theo dinh
luat Newton 2 ta ¢6

dimy,) =, =
7=F1_L+F_f (l)
d{ k k
Tir d6 suy ra
_d(m; AP d(%mk\,g}: F dr, + Bl dfF, )
di

Cong lai ta duge
Zd(%m,‘vf]:d[%kavf]:Zﬁf.dfk+Zﬁk".dfk (3)

hay o7 =3 d'AF )+ d'AF)

Mat khac tir {3) suy ra
j-d(:liz M=y Jﬁ,‘dﬂ( +> JF;’ 4, &)

hay T-T7,=> A(F{ )+ AF)) (5)

o M6 hind var ran. LAy mot phan Wt nhd dm cla vat rin, theo cong thic (2)
ta co
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d[lzvza’m] = dF° dF + dF' dF (6)

Tl d6 suy ra
N N
d[% Ivzdm] = [dF* dF + J’d‘*df =Y Fdi + Y Fldi, (7
B B a8

hay dT =Y d'A(F y+Y dACF) (8)
Bing cdch tuong nhu teén, tich phan hé thic (8) ta duoc
T-Ty=) A(F)+ Y AF) )

b) Dink Iy 2.2. Pao ham theo thdi gian dong nang clia co hé bang tdng cong
suat clia cdc ngoai lue vt cdc noi luc tde dung 1én co hé.

dT - = .
-&T=Zﬂ.vk+ZF;‘.vk (2.3)
Chitng minh. Bao ham biéu thiic (3) theo thdi gian, ta suy cong thiic (2.3).

¢) Chit y
e Khidc vdi dinh 1y bién thién dong lugng va

ID-,
dinh ly bi¢n thién moémen déng lugng, trong dinh 1y /
bién thién dong nang ta phai quan tam dén cdc nodi F,
I, vi téng cong clia cdc noi lyc tic dung 1én hé c6 P]/
thé khac khong. P& lam vi du ta xét hai chét diém bi "
hit vao nhau b6i hai luc nhu hinh 3.11. Ta ¢6 Hinh 3.11

> d'4y = Ry dr + Fy dFy >0

Tuy nhién, doi voi mét hé gébm mot vat ran hodc hé nhiéu vat ran lién
ket v6i nhau béi cdc ban 1€, diy mém khong gian thi

> a(F)=o0.

*» Khi ap dung dinh 1y bién thién dong niang ngudi ta thudng phan chia cdc
luc tdc dung lén hé thanh hai tap con: Mt tap gém cdc luc sinh céng (thudng 1a

cdc lye hoat dong {F{}) va mot tap hop gém cic luc khong sinh cong (tiudn
& opg g g

14 cde phan luc lien ket khong ma sat {}ék} ). Khi d6 dinh 1y bi¢n thién dong
nang cd dang

dr =y d a{F) (2.8)
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r-T,=Y 4(Ff) (2.9)
dl g o

EZZF* ¥, (2.10)
Ta quy udc x€p cdc lyc lién ket ¢6 sinh cong vao tap cdc luc hoat dong.

2.2. Cac thi du ap dung

Thi dy 3.1. Mot nglu lyc c6 md men M, khong déi tdc dung vao tang cla
mat truc i . Tang cua truc i duge xem 12 mot dia trdn d8i xtng ban kinh R,
trong luong ©Q, moé men qudn tinh d6i véi truc vudng géc véi mat phang tang va
di qua tam O 1a J;. Quin vio tang tdi mét sgi day mém nhe khong gian, réi
budc vao dau day tu do mét vat nang A c6 trong lugng P =mg va dit vat nang
nay 1én mit phdng nghiéng véi phuong ngang mot géc « (xem hinh vé 3.12).
Cho bi€t hé¢ s6 ma sdt trugt dong giira vat A vA mit phing nghiéng 13 x. Tim
biéu thitc van t6c géc chia i dudi dang ham cua géc quay cud né. Bict ring ban
d4u h¢ ding yén.

L1 giai. HE Khdo sdt gom tdi va vat M
nang A. Tdi chuyén dong quay quanh 7 —
truc O ¢d dinh. Vat ning A chuyén dong
thang theo phuong cla mat phing
nghiéng. Cdc lyc sinh cong gém ngau luc
M, , trong lugng vat nang 2, vi luc ma

(xem hinh 3.12).

sat trugt dong ﬁ;ns

Hinh 3.12 p ol
Biéu thic dong ning ctia he

TzéJuwzdr%mvi (D
Do lién hé dong hoc v, = Rw tacé

r =%(J’0 R o | 2)
Tong cong cha cac lyc khi tdi quay mot géc ¢ (s=Re ) la

> Ay = Myp—mgsina.s - F,.5 =My - mgRsina — FR)p
Chi ¥ t6i dinh luat Coulomb vé luc ma sdt trugt déng

F,, = N = u(mgcosa)

biéu thie téng cong ¢é dang
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Z A, = [MU —mgR(sina + ,ucosa)]@

(3)

Do ban dau h¢ ding yén (7, =0) nén theo dinh 1§ bién thién dong nang ta ¢é

-1y :ZAk :>%(J0 +H?R2)(02 =[Mo —ng(sina'+;1cosa)]ga €))

Tir d6 suy ra

2[ My —mgR(sine + ,ucosa)]n;o
@ =
Jy + mR?

Thi dy 3.2, M6t dong ¢o dién kéo mot hé
thong truyén dong ding xich nhu hinh vé 3.13. He
thong dé lam viée nhu sau: Lic md mdy xich bét
ddu chuyén dong véi gia t6c a. Khi van tdc cha
xich dat gia tri v, thi diéu chinh momen phat
dong cha dong co dé giir nguyén van tdc doé.
Dudng kinh cia truc chinh gén véi dong co a2y,
dudng kinh cua hai rong roc khédc 1a2s vh2r. Doi
VOt truc quay cha ching, momen quan tinh khoi
cla truc quay chinh 1a J;, moé men cla céc rdong
roc ta J, va J;. Trong lugng cda vat nidng duoc
kéolénla A vacuta vat duge ha xudng ta 2. Xich

(5

Hinh 3.13

6 chiéu dai £, trong lugng trén mot don vi chiéu dai clia xich 1a ¢ . Hay tinh

cOng sudt cua dong co trong quéd trinh m& mdy va qud trinh binh én v=v

nmax *

Lai gidi. He khao sdt gém 3 vat rdn quay quanh céc tryc ¢6 dinh tuong ting
0. 0y, Oy, day xich va hai vat nang chuyén dong thang trén hai quy dao song
song. Cac lue sinh cong gém momen phat dong M, cic trong lugng P, P, cla

hai vat nang.
Biéu thitc dong nang clia hé ¢6 dang

I 1 17

1 2 3 2 ,
T—:J,(a} +§Jza)2 +-£J3m3 v+

2 2g
Do cdc médi quan hé dong hoc, ta ¢cé
V= Vl = V: = P"]ﬂ')l = rz(»!)z = ?‘3(03

Thé vio bicu thitc dong nang ta duge

T_l[ﬁ o Jy APl

- 2 2 2
PAN R g
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Tir {(3) ta suy ra

)
dT = J—1+J—§+Jj+m vdy 4
oo £
Biéu thitc cong cia cic lic khi dong co quay mot gée do,
; M,
dd=Mdo + Pds—Rds=| —+ P — P |ds (%)
h
Ap dung dinh 1y bi¢n thién dong nang df =d'd ta cd
¥ 2
J—,l+J§'+Jf +M 1=d'.J:[M—]+P2—P]]n{s‘ (6)
A SO Y b4 4]

Chia ca hai v€ cua (6) cho df suy ra
Mh{ﬂ Jy Jy R+Ptgl

P 4_]“(;),_;5)

oA onon g

Viy cong suit cia dong co trong giai doan md mdy 1a

M, (7 g, gy P+P gl
N= 1'14](,9[ = oL V= [[__{. + _._:5_ +_..?3 + M]a-‘_(ﬁ — P2 )jlv (’?)
f'] -

B R £
Cong sudt clia dong co trong giai doan binh dn
V= Yoy u=90 = V:(Pl _%)vmux (8)

Thi die 3.3. Sau khi nhan duogc van t6¢ ban dau khd nho, try tron déng chat
bdn kinh » lin khong truot khoi bé nim ngang AB (hinh 3.14). Bé c¢é canh bién
B nhon va song song v&i dudng sinh ctia tru. Khi tru rdi khéi bé, mat phang di
qua tryc cta tru vi canh bién B nghiéng véi phuong thing ding mor géc
CBC, = . Bo qua ma sdt lan. Xdc dinh van téc géc cua try lic né tdch rdi khoi

bé va gid tri clla géc « khi do.

Hinh 3.14 Hinh 3.15
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Lot gidi. Ap dung dinh 1y bién thién dong nang
T-Ty=> 4 (1)

Trong bai nay, bieu thifc dong ning cha tru c6 dang

! 1 ) 3, 5
T, =0, T=§J33mf:E(JCz+mr )a)f=zmr2w1 @

Biéu thitc cong ciha trong luc Ia

> 4, =mgr{l-cosa) (3
Thé (2) v (3) vao (1) suy ra
3 »_4g

Zmrza)lz =mgr(l-cosa) = @ = g(l ~cosax) (4)
Ap dung dinh Iy chuyén dong khéi tam ta c6

mi-=N+P+T (5)
Chiéu (5) 1én truc phdp tuyén chinh », ta duge

mag =N —mgcosa (6)
Tir d6 suy ra: N =mgcosc — molr

Khi tru bt dau roi khoi thanh Bthi N =0. Thé (4) vao (6) suy ra

cosa = ;1(] —cosa) =

cosax=4/7 = a=arccos(4/7) (7)
Van t6c géc clia tru khi rdi khoi bé ndm ngang la
:_4Ag 4) g
S22 S =28 8
“ 3r 7 “ 7r ®)

Thi dy 3.4. Khéi dong moto dién. Dé khoi dong mé to didn tix trang thai
tinh ta tac dung vao roto mét mémen M(w) c6 46 thi nhu hinh v& 3.16b. Cho
bi€t momen qudn tinh khéi clia moto dsi vai truc quay la J. Hay xdc dinh

a) Van t6c géc cha rowo «(¢). Cho bigt w(0)=0,

b) Khi nao thi van tc @(r) dat gid tri binh én o, ,

c) Cong suat W(¢) ctua momen phat dong M),

d) Cong cha méomen phéat dong M(r) trong qué trinh mé may.
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Mﬂ
M,
2]
b) . Lo
Hinh 3.1¢
L gidl.
a) Tir dinh 1y bién thién mémen dong luong
Jd_“":M(a;)sz[l—ﬂ] ()
dt i’
Tu d6 ta suv ra
99 ro-20, i 4=k 2)
dt Jw,
Nghiém téng quét cha phuong trinh vi phan (2) ¢6 dang
o(t)=aw, +Ce ™ (3)
Hing s¢ tich phan C duge xdc dinh tir diéu kién ddu «(0)=0. Ta cé
w(f)=o,(1-e*) 4
b) Tir (4} suy ra
lime()=0, (5)

f-¥ol
Nhu thé, vé& mat 1y thuyét khi # — oo thi w(f) > @, .
¢) Cong suit cua moémen phdt déng. Theo dinh nghia cong suat ta ¢6

N = M[o(t)]o() = M,0, [1 - (1 g )](1 _ e_a,)

=M w, [9_4‘ - e_z;“':l (6)

d) Cong cliia momen phdt dong trong qua trinh m& may. Do 7,; = 0, theo
dinh Iy bién thién dong nang xac dinh dugc

T—TO:A::»A:%JCUZ )

Thi du 3.5. Mot co ciu hanh tinh nim trong mat phiang nam ngang (hinh
3.17) chuyén dong tir trang thdi tinh nhd mét ngdu luc c6 mémen khong ddi M,
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dat vao tay quay. Tay quay OA quay
quanh truc ¢d dinh di qua @ lam cho
banh rang 2 lan khong truct trén banh
rang | ¢& dinh. Xem tay quay 04 Ia
thanh dong chat va ¢6 trong luong 1
Q. banh rang 2 1a dia trdn déng chat
bén kinh s,, trong luong 1a P, banh
rang | hinh tron, ban kinh r,. B6 qua
cdc luc can. Hay xdc dinh gia téc géc Hinh 3.17
cla tay quay.

Lot gidi. Khao sdt chuyén dong ciia co cdu hanh tinh. T rong do tay quay
OA quay quanh O, binh ! ¢6 dinh, banh 2 chuyén dong phiing. Co hé ¢6 mot
bac tr do. Lyc tdc dung sinh cong 13 ngdu luc M,
Dau tien ta tinh dong ning cia hé
T=15,+T, (1)
Trong dé

1 o 10 +n)
Ty =< dpo” S RN o’
S22 2g 3

1 1P+ P 1P
7= —JAa)zz +——v; = 22w$ —=}

2 2g 4g = 7 2g ¢

Dov,=(+no. oy =v,/r,=0,+n)o/r, nén

T:%-@g(q +1)Y W (2)
Biéu thiic cong

D4 = My (3)
The (2) va (3) vao dinh ly bién thién dong nang 7 -T,= Z A,

ta dugc é:;ﬂ (n+n Y w? = Myp (4)
: g
Pao him theo r hai v& cia phuong trinh (4) ta dugc
oM, g
&= 2
(2Q+9PXn +n)

=const ()
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3. BINH LY BAO TOAN CO NANG

3.1. Cac khai niém cd ban
a) Luc cd thé
Cho F 1a luc phu thude vao vi tri diém dat clia né F = F‘(x, y.z). Trong
trudng hop tdng qudt, cong nguyén 16 cla luc d'4 = Fdx + F,dy + F,dz khong
phai 1a vi phan diing cta mot ham. Tuy nhién trong mét s6 trudng hop dac biet,
d'4 <6 thé la vi phan clia mot him nao dé.
Dinli nghia 3.1. Lyc chi phu thuoc vi tri F(x,y,z) duge goi 1A luc ¢é thé,
néu coéng nguyén t4 cia nd 1a vi phan diing cia mét ham U(x, y,z) nao dé
d'A(FY=dU =Z—de+%%dy+%—fdz (3.1)
Khi d6, ham ¥/(x, y.z) dugc goi la ham Iyc.
b) Thé vi cua luc ¢é thé
Pinlt nghia 3.2. Cho F(x,y,z) la lyc c6 thé. Ham Il(x, y,z) x4c dinh boi
cong thitc
dIi(x,y,2) = —dU(x,y,2) = —d'A(F) (3.2)
dugc goi 1a the vi clia luc ¢6 the F(x, y,2) .

Chit ¥; Do the vi clia lyc ¢6 thé duge dinh nghia bai biéu thite vi phan (3.2)
nén thé vi cha luc ¢é theé duge xdc dinh sai khdc mot hang s& cong.

c) Tinh chdt cia luc ¢6 thé
—Tinh chdt 1: Néu F(x,y,z) 12 luc ¢6 thé, thi

P‘tz-?ﬂ,F}__:—aH,F_ =-—§;E (3.3)
’ cx dy oz

Chimng niinh. Theo dinh nghia

d'd=Fudx+ Fody+ F.dz (3.4)
Mait khdc theo dinh nghia vi phan ciia ham s6 ta ¢é hé thic
ar =M g Mg O (3.5)
Ix ay &z

Tir cac biéu thic (3.2), (3.4) va(3.5) suy ra (3.3).
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—Tinh chdt 2: Néu F(x,y,z) 1a lyc c6 thé, thi cong hitu han ciia né khong

phu thudc vao hinh ding quy dao ma chi phu thudc vao vi tri diém dau va diém
cudi cua quy dao.

Chitng minh. Theo (3.1) va (3.2) ta ¢6
d'A=F.dF = Fdx+ F,dy + F,dz = —dTl
Tir d6 suy ra

A = ‘L(de\:+Fydy+P}d2)= —FLdTI

MI‘MQ MIMZ
=1_I(x1,y,z|)—l_[(x2,y2,z2) (36)
—Tinh chat 3: The vi clia lyc c6 the F(x,y,z) tai vi tri M(x,y,z) so v6i vi tri

M (x5,¥0,20) 1a cong clia luc F(x, y,z)khi diém dat cha luc di chuyén tir vi tri M
t6i vi tri M,,.

Chimg minh. Theo cong thic (3.6) y
Mg
A = i(dex+ Fydy+ F,dz)=- | dIl
MM, M
= H(xsys z)—H(x()}yD:ZO) .

Vay H(xayvz)zn(x():yo!zl))"'AWE'

d) Cdc thi du minh hoa
Dé minh hoa ta xéc dinh céc biéu thic thé vi clia trong luc va thé vi cia luc
dan hoi tuyén tinh. Thé vi cla trong luc c¢é dang (hinh 3.18)
II= Am =mgy (€))
Bay gio chuyén sang tinh thé vi cha luc dan

h6i tuyén tinh (hinh 3.19). Tai M, 16 xo chua bi
dan, ta c6

A A

1" 5 Hinh 3.19
IT :Am;a =Ecx (2)

d) Thé ndng cua co hé

Dinh nghia 3.3. Thé nang cia co hé & vi tri khao st so véi vi tri quy chiéu
da chon trudc la téng céc thé vi cha cic luc c6 thé, tac dung Ién co hé, & vi tri
khdo sat so véi vi tri quy chi€u da chon.

Chii y:

— Do th€ vi cua lyc c6 thé duge xédc dinh sai khac mot hiing s6 cong nén thé
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néng cua co hé cling duge xéc dinh sai khdc mot héng s6 cong, phu thude viio vi
tri quy chiéu ta chon.

— Chu y dén dinh nghia th€ vi ciia lyc ¢6 the ta cé thé phdt bicu dinh nghia
3.3 dudt dang khdc nhu sau: Thé ning clia co h¢ & vi tri khao sdt so véi vi ui
quy chiéu da chon trudc I tdng cong cla cla cac lyc cé the tac dung lén co he
khi co hé chuyeén tir vi trf khdo sdt vé vi tri quy chigu d3 chon.
e) Khdai nié¢m truong luc

Pinh nghia 3.4. Khodng khong gian vat 1y ma khi cac chat didm va cdc Vit
rin chuyén déng trong dé chi chiu tdc dung clia cic lyc phu thudc vao vi iri
duagce goi la trudng luc.,

Khoing khong gian vat Iy ma khi cdc chit diém vh cdc vat rin chuyén
dong trong d6 chi chiu tde dung cia cdc lyc ¢6 the duge goi la trudmg luc thé.

/) Su phan loai cdce lyc. Pén day ta da dua ra ba cdch phan loai cdc lue tic
dung 1én mot co hé:

— Ngoai lue va noéi luc,
— Ly hoat déng va phan lyc lién két [ tudng,
— Luc ¢o the va lyc khong ¢é thé.

Tuy tng bai todn chiing ta 6 thé dp dung méi cdch phan loai luc khéc nhau,

3.2. Binh ly bao toan c¢d niing
a) Khdi ni¢in Co hé bdo toan. Co h¢ chi chiu tdc dung clia céc luc hoat dong
¢6 the duoc goi 1a co hé bio toidn (hay goi tit [3 hé bao toan).
b) Binh Iy 3.1. Khi co he chi chiu tde dung cia cdc Iyc hoat dong ¢ thé, thi
tong dong nang va thé nang clia co hé luon ludn 1a hing s6
T+ 11 =const. (3.8)
Chitng minh. Theo dinb 1y bi¢n thién dong ning ta ¢6
dT = d'A=—dIl
Do d6 d(T+11}=0 = T+IT=const
Lhi dy 3.6. Cho mot soi day ¢6 khéi lugng vit qua rong roc A. Cho biét
moémen quan tinh khéi coa rong roe d6i véi true di qua A la J 4, ban Kinh rong
roc . Cic kich thude cho trén hinh v&. Day c6 khéi luong 1a a1, chuyén déng
vGi dicu kien ddu %(0)=0. x(0) = x,. Bo qua ma sit. Hay xdc dinh
4) Van toc ctla day phu thude vao x khi x<a.

b) Quy lujt chuyén dong cia day x(1).
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| & ()
=

4

Hinh 3.20

Lot giai. H¢ khdo sat 1a rong roc va day ndng. Khi day vit trén rong roc,
néu bo qua ma sdt thi moi diém trén day <6 van t6c la v ¢6 i s6 nhu nhau;
V=F.

Déng nang caa hé la

rl

T:lJAfuz+lmi2=i(Q+m]x2 (D
2 2 2

Thé ning ctia hé gém ¢ (hé nang cla hai phan day vét & hai bén rong roc,
hai phan day nay c6 khéi luong tuong tng [ m, vad m, . Phdn day vii wén rong
roc ¢é trong tam khong doi, nén khi tinh cong hoidc thé ning, ta khong ¢in quan
tam. Tir hinh (3.20) ta ¢é

IT=mgxe +nngxe, = m,ga—;—£ +mg 4 ; (2)
Kh&i lugng trén mot don vi dai cla day la
m
= 3
2a+mr S
Tir dé suy ra
my =pla-=x), my=pla+x) (4)
Thé (4) vao (2) ta duge
1'[:,og(af2 —xz) (3
Ap dung dinh 1y bdo t0an co nang ta ¢
%(ﬂn):o = (J—;+m}i5c'—2pgxi =0
y
Tur dé suy ra phuong trinh vi phan
§-—2B8 oy (6)
Jirr+m



Néu dhra vao ky higu

I . (7
Jiirt+m
thi tr phuong trinh vi phan & trén suy ra
i-k*x=0. (8)
Nghiém 16ng quat cia phuong trinh (8) dugc tim dudi dang
x(t) =Ce¥ + Cye7¥ 9)

Céc hang s tich phan duce xdc dinh tir diéu kién dau x(0) = x,, 3(0) =0

X(O):(_Tl +C:)_ =x0 - ]
X(0)=(C, —Cy )k =0 2
Vay '
x(r):%xn(ek’ +e""’):x0 cosh { kr) (10)
Mit khdc ciing tir dinh |y bdo toan ¢o nang
ta o
,og(az—xé):i(Qka]iz+pg(a2 —'xz) (11}
s 2 1’2
Tir do suy ra
¥=kyxt —x] (12}

275



Chuong 4

MOT SO NGUYEN LY CO HOC

Trong cdc chuong trude, xuit phdt tir cdc tién dé Newton, ching ta di khao
sdl chuyén dong cua co hé. Tuy nhién, ciing ¢é thé xuat phédt r cac nguyén ly
co hoc khao sdt chuyén dong cla co hé. Ngudi ta thudng st dung cdc nguyén 1y
¢o hoc dé thiét 1ap phuong trinh vi phan chuyén dong clla ¢o hé. Trong chuong
nay gi¢i thiéu mot s6 khdi niém quan trong trong co hoc cic hé chiu lién két
D6 1a khdi niém di chuyén ao va khdi niém s& bac ty do cha co hé mot cich
1ong quat. Sau do trinh bay mot sd nguyén 1y co hoc co ban va hay ducc si
dung. Do la Nguvén Iv cong do, Nguyén Iy d'Alembert, Nguyén Iy d’Alembert—
Lagrange. O cudi chuong trinh bay viée dp dung nguyén 1y d’Alembert-
[Lagrange thanh 1ap phuong trinh Lagrange loai 2.

1. CAC KHAL NIEM CO BAN

1.1. L.ién két va phan loai lién két. Ca hé tu do va co hé khéng tu do
a) Lién két

Binh nghia 1.1, Lién k€t 1a cde diéu kién rang bude chuyén dong cua céc
chiat diém va cdc vat rin thudc heé.

Cic didu kién rang bude nay thudng duce bi¢u dién dudi dang cédc phuong
trinh hoac ciac bat phuong trinh. Cac diéu kién rang budc nay doc lap véi cic lyc
tic dung 1én co hé vi cic didu kién diu cia chuyén dong.

b) Cdc thi du vé thiét lap cdc phuong trinh lién két

Trude hét ching ta xét hé gdm toi nang vat ndng (hinh 4.1). Toi O ¢6 bin

kinh . Khi t3i quay quanh O mét géc ¢ thi vat nang A di chuyén duge mot

doan s. Ta ¢d phuong trinh lién két a
@

Hinh 4.1

fils,p)=5s—rp=0
Pé tam thi du tht hai. xét binh xe bidn
kinh  lin khong truot trén doan dudmg thing

(hinh 4.2). Do P° 1a tam vin toc tie thoi ta ¢d
h¢ thuc

Ve =re
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A Y e A

Hinh 4.2

Tich phan phuong trinh trén ta dugc phuong trinh lién ket
FOep)=x-—rp=0

Cudi cling ta xét chuyén dong clia co ciu 4 khau bén 18 (hinh 4.3). Tir hinh
vE ta cd hé thic

Nl

=%+f

1
)

3;+

Chi¢u h¢ thic trén lén hai tryc toa do x vd y ta duge hai phuang trinh
lien ket
K@ 0y, @3) =1 cosgp, +1, cosgy, L cosgy —1, = 0
5P 0y, 03) =l singy + 1y sing, ~I3sing; =0
Qua cic thi dy trén ta thiy cdc phuong trinh lién két thuong cé dang
.fk(qhgzx--qu,)zos (k=12,....r) (1.1
Dinh nghia 1.2. Khi cdc lien két duge bidu dién duéi dang cic phuong trinh
rang budc cdc toa do suy rong cia hé nhu cic phuong trinh (1.1) thi lién két
duge goti la lién két hinh hoc, giit va dimg.
¢) Su phdn loai lién két
Duya vao dang ciia cdc phuong trinh lién két hodc cde bat phuong trinh lién
két, ngudi ta phan loai céc lién két nhu sau
— Lien két giit va lién két khiong giiv: Néu cde diéu kién rang bude chuyén
dong ctia co hé dugc thé hién bing cdc phuong trinh thi lién ket duge goi la lién
ket gitr (hay lién k&t hai phia). Nguge lai néu cdc didu kién rang budce chuyén
dong co hé duge thé hién bing cic bit phuong trinh thi lien két duge goi 14 lién
k&t Khong giir (hay lién két mot phia).
Joldy gy 1) > 0 lién két khong gilt
FilGp g, 1)=0: lién kél gid
Dudi day ta chi xét cac lién két gii.

— Licon két hglomon” va lién két khéng holéménm: Néu cic phuong trinh lién

* Nam 1894, nha bic hoc ngutn Biic Heinrich Herz (1857--1894), sir dung thuat ngit holonom
n ddu tién.
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k€1 khong chita yéu 16 van t6c (hodc néu ¢6 chia céc yéu 16 van toc thi ¢6 thé
tich phan lén lam m4t chiing di) thi lién két duoc goi 1a lién k&t holomom (hoac
lién két hinh hoc). Néu cde phuong trinh lien két ¢6 chita cic y&u td van 8¢ ma
khong thé tich phan lam mat ching di thi lién ket dugc goi 1a lien két khong
héldomdm (hoac lién két dong hoc).

Ss(@y-gp-1) =02 lién két khong holoném,
Filge-t)=0  : lien két holondm.
Dudi day ta chi xét cac lién két holonom.
- Lién két dimg va lién két khiong dimg: Néu phuong trinh lien két khong

chia r6 bién thdi gian thi lién két duge goi 12 lien két dimg. Néu phuong trinh
lien ket chita rd bién thoi gian thi lien két 1a khong dimg.

filgs, 1) =0 lien ket khong dimg,
fi(gy) =0 lién két dimg.

d) Co hé tu do va co hé chiu lién két (khong ne do)

Dinfr nghia 1.3. Co h¢ tu do 1a co hé ma vi tri va van tdc cfia cic chat diém
vir cdc vat ran thude hé c6 thé nhan céc gia tri tuy y. Nguge lai, co hé dugce goi
la ca h¢ chiu lien két. P& voi co he chiu lien két vi tri va van 16¢ clia cdc chat
diém va céc vat rin thuoe hé bi ring bude boi mot s8 diéu kién hinh hoc va
dong hoc.

Dinlt nghia 1.4. Mot co hé khong ty do ma chi chiu cdc lien két holonom
dugc goi la hé holonom. Ngwoc lai, néu tdn tai it nhat mot Jién két kKhong
holonoém, co hé duge got 1a hé khong hotonom.

Trong ky thuit ta thuong hay gap cic co hé chiu céc lién k&t holénom (lien

k€1 hinh hoc), giit va dimg. Trong gido trinh nay ta chi xet cdc loai co he chiu
lién k€t holonom, gil va dimg,

1.2. Di chuyén kha di, di chuyén A0 va s6 bac ti do clia co hé
a) Di chuyén khd di va di chuyén do cia chdt diém

Dinlt nglia 1.5. Di chuyén kha di cia chat diém [a di chuyén vo cing bé
cha chat di€m tir vi tri dang xét sang cdc vi trf lan can ma phu hop véi lién két.
Ky hiéu 47 .

Dinl nghia 1.6. Di chuyén do clia chat diém 1a di chuyén vo cung bé tudng
tugng cla chat diém tir vi tri dang xét sang c4c vi tri 1an can ma phi hop véi lién
ket tai thoi diém khdo sdr. Ky higu s .
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Thi du 4.1. Xét mot chdt diém P di
chuyén trén san cia mét thang may
dang chuyén dong 1én phia trén véi van
16c i (hinh 4.4). & day, chit diém chiu
lien két khong dimg (phuong trinh san
thang may).

Di chuyén 4o cua chat diém P 1a
cdc di chuyén nho §7 ndm trén san
thang mdy (luong teong thang mdy bi
dimg lai ttc thoi). Di chuyén thuc clia  #x Hinh 4.4

chat diém P 1a téng hop hai chuyén déng d7 =87 +aii (@ 13 mot hing s6
duong). Di chuyén kha di clia diém P 14 hai di chuyén
dF =d'F =6F vaii VA d'F=56F —ai

Chit v:

1) Di chuyén kha di 1a di chuyén vo cung bé phi hgp véi lién két, khong
quan tam dén nguyén nhan gay nén chuyén dong (luc tic dung), con di chuyén
thyc vo ciing bé vira phit hgp véi lién ket vira bi chi phéi béi lyc tac dung. Nhu
the di chuyén thyc vo cling bé 1a trudong hop riéng cia di chuyén kha di.

2) Di chuyén 4o (4 di chuyén v6 cing bé trdng tugng ma phil hgp véi lién
két tai thdi didm Khéao sdt (nghia 12 trong phuong trinh lién két, thdi gian ¢ xemn
la cd dinh, 81 =0).

3) Néu lién két fy dimg (khong phu thudc hién vio thoi gian) thi cdc di
chuyén 4o sé tring véi cdc di chuyén kha di va khi d6 di chuyén thyc vo cling
bé [A mot trudng hop riéng ciia di chuyén do. Néu lién két 1a khong dimg thi di
chuyén &o la di chuyén hoan toan do tudng tugng, khong thé xay ra trong thuc

t€. Trong trudng hgp nay dé di chuyén thue vo ciing bé khong nam trong tap cic
di chuyén ao.

b) Phuong trinh rang buoc cdc thanh phdn di chuyén do cia chdt diém
Xét mor chit diém P chuyén dong trén mot mat £ dang chuyén dong.
Phuong trinh lién két c6 dang
flx, vy, z,0)=0. (1.2)

Phuong trinh (1.2) 1a phuong trinh ca mot mét T di chuyén trong khong
gian ba chiéu x, y, z. Do cdc toa do cha chat diém luén thod min phuong trinh
(1.2) nén dao ham theo thoi gian ta duge

gi:ié+gﬂ+gd_z+g:0 (1.3)
dt xdt oydt Ozdt ot
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Nhin hai vé cta phuong trinh €1.3) véi drf ta ¢6

—ydx+af

d
y= Cx Oy

dy + fdz+aldr=0. (1.4)
oz ot

Di chuyén thuc cda chat diém ~
dF =dxi +dyj +dzk ¢6 cdc thanh phan Pﬂ%},
trén céc truc toa d¢ 1a dx, dv, d=. Nhu thé
cdc thanh phan dx, dy, dz cia di chuyén v
thuc o7 phai thoa man (1.4). k4

Xét tap cdc vi tri P cia diém P rat i ! Y
2an véi vi tri clia P tai thoi diém xdc dinh
t va phit hop véi lién ket tai thai diém nay x
(hinh 4.5). Vi trf clla diém P

Fexi+y]+zk.

Hinh 4.5

Vitrl ¢ diém P’
Fr=F+0F ={x+8x)i +(Y+0y) +(z+82)k .
Trong dé Sx,dy, 5z 1a hinh chiéu cha 67 trén cic truc Ox, Oy, Oz
SF=0xi +8yj+8zk
Do toa do diém P’ phai thoa man phuong trinh lién Két tai thdi diém ¢ xac
dinh d6, nén ta cé phuong trinh
Jx+ox,y+8y,z+8z,0)=0 (1.5)

Ap dung khai trién Taylor
J(x+8x, y+8y, z+82.0)= f(x, y, 2, ) + f§x+af5y af5A+ =0
oy Oz
Bo qua cdc vo ciing bé bic cao hon 1 50 véi 8x, Sy, 5= ta ¢ phuong trinh
rang buoc cic Sx, Jy oz

T sy D5y Y 5 g (1.6)
Ox dy o

Nhu the cdc thanh phan 6x, 8y, 8z clia di chuyén o 67 phai thod man
phuong trinh (1.6).

Ngudi ta thudng goi di chuyén do 87 1a bién phan ding thdi clia vécto 7 |
con cic hinh chi€u cta né §x, Sy, 5z duge goi 1a cde bién phan ding thoi ciia
toa d6. Khi thi¢t 1ap bi¢u thic (1.6) ta coi thdi gian ¢ 1a khong déi (8¢ = 0), nén
céc bién phan 8x. 5y, 5z duoc goi 1a cdc bién phan ding thai.
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¢) Di chuyén khd di va di chuyén do ciia vét rdn

Do chuyén dong cia vat rin c6 thé phan tich thanh thanh chuyén dong cha
khéi tam cha vat rin va chuyén déng quay tuong d6i quanh khéi tam cla né,
nén di chuyén thyc vo cling bé cla vat rin cé thé ky hiéu bing hai véc to
dr,..d¢ . Trong d6 4¥.1a di chuyén vé cing bé clia kh6i tam, con d¢ 1a gée
quay v6 cling bé cta vt rdn quay quanh tryc quay tic thdi di qua khéi tam.

Pinlt nghia 1.7. Di chuyén kha di cda vat rin 12 nhimg di chuyén vo ciing
bé ctia vat rin ur vi tri dang xét sang cdc vi trf 1an can ma phit hop véi lien két.
K¢ hicula d'%, d'@.

Pinh nghta 1.8. Di chuyén do cla vat ran 12 nhilng di chuyén v cling bé t-
uong tugng cua vat ran tir vi tri dang xét sang cdc vi tri lan can ma phi hop véi
lién két tai thoi diém dang xét. Ky hieu 1367, 66 .

Dudi day ta chi xét chuyén dong ca cdc vat ran chiu cdc lien két dimg.
Khi dé di chuyén do cha vat rin tring véi di chuyén kha di ctia vat rin.

Ky higu:

— Di chuyén do cta vit ran tinh tién la 87 |

— Di chuyén 4o cla vat rin quay quanh mot tryc ¢& dinh 13 S¢ (hinh 4.6a),

— Di chuyén do cua hinh phing S chuyén dong trong mat phing cla né 1a
tap o7, 0p hay 6x,, 8y,, d¢ (hinh 4.6b).

a)

b)o

Hinh 4.6

d} Di chuyén do ctia co hé

Dinht nghia 1.9. Di chuyén o clia co h¢ 1a nhimg di chuyén vo cling bé
tudng tugng clia cdc chét diém va cdc vat ran thudc co hé tie vi trf dang xét sang
cdc vi irf 1an can ma phlt hop véi lien két tai thot diém khdo sat.

Khi chi khéo sdt chuyén dong cla cac co hé gém cdc chat diém va cdc vat
rdn chiu cac lien két dimg, thi di chuyén ao ctia co h¢ sé tring véi di chuyén kha
di cta cq hé,
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¢) 80 bdc tw do cua co hé

Dinh nglia 1.10. S bac tu do cia co hé 1a s6 161 da cac di chuyén 3o doc
lap tuyén tinh cla co hé.

Chit y. D61 voi he chiu cdc lien két holonom, s6 t6i da céc toa do suy rong
doc 1ap tuyén tinh di dé xdc dinh vi trf cla co hé ciing bing s6 16i da cac di
chuyén 4o doc lap tuyén tinh cia co hé (k¥ hicu Ia f). Con doi v6i hé chiu lien
két khong holonom, s6 cic toa d suy rong doc lap, di dé xdc dinh vi tri cla co
hé c6 the 16n hon s6 bac tu do clia co he.

1.3. Cong ao, Lién két Iy tudng, Luc suy rong
a) Cong do

Dinh nghia [.11. Cong cla cic luc tdc dung Ién co hé sinh ra trong mot di
chuy€n &o clia co hé duge goi 13 cong do

SA=Y SA(F )= F, .07 . (1.7)
Trong d6 &7, 1a di chuyén do cla diém dat luc.
b) Lién két Iy tuong

Dinlt nghia [.12. Lién két 1y tudng §a céc lién két giit, ma céng 4o clia it
ca cdc phan lyc lién Két rong di chuyén ao bat ky cia co h¢ déu bang khong

D FSF = (1.8)

Clut y: Sau nay ta quy udc x€p cdc thanh phédn phan luc lién k&t ma khong
thoa mén hé thic (1.8) vho tap cic luc hoat dong.

¢) Luc suy réng cua cdc luc hoat dong
Xét mot he co hoc chiu tde dung cla cdc lyc hoat déng F7, 17“2“, . F{’ . Khi
dé biéu thiic cong 4o cé dang

N
5A=Y F} .67, (1.9)
k|

Gié su co h¢ duge xdc dinh bdi cic toa do suy rong gy, 45,...,q,, (M= f).
Khi dé, vi trf clia cdc diém dit luc duge x4c dinh bdi cde cong thire

?‘lk:Fk(q]FQEv---wqmvl) (k:l_,2,...,N) (110)
T (1.10) suy ra
LU
P Y 111
s ;aq q: ( )

The (1.11) vao (1.9) ta duoc
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oA = Z[i . i }sq, =iQ,-.r5q,- (1.12)
A 4 =1l

Dinh nghia 1.13. Luc suy rong  (cla hé cdc luc hoat dong tic dung vao
cao hé) tng vai toa dé suy rong ¢, duge dinh nghia boi cong thirc

SN, or, .
=Y FLE O (i=12,.,m) (1.13)
rer R

d) Cac phuong phdp xdc dinh luc suy réng
Trong doan nay ta dua ra ba phuong phdp dé xdc dinh luc suy rong.

Plurong phdp 1: Tinh lyc suy rong dua theo cong thitc dinh nghia (1.12)
hodc (1.13).

Phutong phdap 2: Cho co hé thyce hi¢én cde di chuyén ao dic bigt 8¢, =0,
og, =0 (j=1) khi dd tinh duge
sa=[..18¢ = 0-=[.]
Phirong phdp 3: Tinh luc suy réng cla cac luc ¢6 thé.

SA=Y F' o =-dl ()
Mot mat ta cd
Zﬁi’-fsﬁ- =0,0q, + 0,04, +”'+Qf5'?_,r (2)
Mt khéc
o1 ot Tl
—Oll=-——68¢, - —8¢, - ——8q, (3)
_ dq, dq. oq
Tir (1), (2), (3) suy ra
Q——a—n (i=1,2,....,m) (1.14)
oq,

e} Cdc thi du minh hoa

Thi du 4.2. Cho mo hinh con lic vat 1§ nhu hinh
vé 4.7. Hay xac dinh lyc suy réng dng vdi 10a do suy
rong q.

Lé&i gidi. Thé nang cua trong luc 1a

T =—mgdcosyg .

Do d6

mg
Q:———_mgaSlnq Hinh 4.7
0q

o
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Thi di 4.3. Mot con lic toan hoc
khoi lwong m, , dai / duge ndi vio con
ot A khoi luong my. Con trugt duge
ndi vao tudng biang 1o xo véi hé s6 cing
la ¢ nhu hinh v& (4.8}. Cho biét con trrgt
A c6 th¢ trugl khong ma sdt rén nén
nhin. Hay tim cdc luc suy rong ciia he.

Lot gidi. Cho h¢ thuc hien di

chuyén 4o 8¢, #0.8¢, =0. Céng o Hinh 4.8 "

tuong ng la
0A=F()dq, =0, =F(1).
Cho he thyc hién di chuyén 4o 8g, =0, S¢, = 0.
Tl do suy ra

oA =-mglsing,dq, =0, =—-m,glsin G

2. NGUYEN LY CONG AO (NGUYEN LY DI CHUYEN AO)

Nguyén 1Y cong ao (hay con goi la nguyén 1y di chuyén do) thict lap diéu
ki¢n can bang téng quat clia co he.

2.1. Khai niém cd hé can bing
a) Chét diém va hé chdt diém
Dinh nglia 2.1. Mol chit diém & can bing
ddi vai mot hé quy chi€u da chon néu nhu né
dimg yén doi véi hé quy chiéu dé ¢ =0, =0.
Chd y rang didu kién ¢=0,v=0 ¢é thé
thay th¢ bang diéu kién ¢ =0, v(0)=0.

-, &)
Dinle nghia 2.2. Mot hé n chit diém & can
bang d6i v&i mot hé quy chitu da chon néu nhu 4

timg chat diém cia he¢ & can bing dsi véi he Hinh 4.9
quy chiéu da.

Go=0, Vv (0)=0, k=12, .» 2.1
b) Vat rdn va hé cdc vit rdn

Dinft nghia 2.3. Mot vat rin & can bing d6i véi mot he quy chidu da chon
néu nhu né ditng yén doi véi hé quy chicu dé.

Ge-=0, V:(0)=0, §=0. &H(0)=0



Trong d6. C ¥a kh6i tam chia vat ran.

BDinli nghia 2.4. Mét hé p vat ran & can bang d6i v6i mot hé quy chiéu da
chon, néu nhu tirng vat rin thudc hé & can bang do6i véi he quy chigu dé.

de, =0, Vo (0)=0, & =0, &,0)=0, k=12,...p (2.2)

2.2. Nguyén ly cdng ao (Nguyén ly di chuyén ao)

Nguvén Iy, Diéu kién cin va dd dé cho co hé (gdm n chit diém vi p vat
ran) chiu cdc lién kél gitr va dimg & can bang tai mot vi tri dang xét Ia tong cong
cua tit ca cdc lye hoat dong tic dung lén ¢o h¢ déu triét tiéu trong moi di
chuyén do bt ky clia co hé tir vi tri dang xét

D64 = FoF =0 (2.3)

Chitng minh. B¢ don gidn ta chimg minh cho trudng hop co hé gém n
chat diém.

Clitng minlt dién kién can. Gia thict co hé dang can bing & vi tr{ dang xét.
X¢t mot chit diém £, thude co hé chiu tic dung cia luc hoat dong F;’ va luc
lien ket I3 widng £, Do co hé can biing ta ¢6
ma, = B+ F=0
Nhan vo hudng hai v€ cua déng thitc trén véi 87 va Idy 16ng theo tat ca cac
chiit diém cla hé ta dugc
D FISE 4D FLSE =0
Do tinh chil cta cac luc lien két 1§ wéng ZF} OF, =0, nén
> ESE =0
Cluing minh diéw kién dii. Ta ¢ ching minh diéu kién du bing phuong
phip phin chimg. Gia sit co h¢ dung ¢ can bing v (0) =0, ¢dc luc hoat dong 1dc
dung I¢n co hé thod min diéu kién Z}* S, = 0. Do tdc dung cua cdc luc hoat

déng. co hé ¢6 the van iép tue can bing va cling ¢4 thé khong & trang thdi can
bing nita, biit dau chuyén dong. Gia st co h¢ khong & can biing nia vi bit dau
chuyén dong, theo dinh [y bién thién dong nang 1a cé

dT =d'4=) K dr,
Do 1(0) = %Zm* V(=0 nén dT =T ~7, > 0. T dé suy ra

> Fdi >0 (1)



Do co hé chiu cdc fien két dimg nén di chuyén thyc vo ciing bé clia hé dr,
thuoc vao tap cdc di chuyén do ciia he. He thie (1) mau thulin véi gia thiét. Nhu

the gid sir cha chiing ta vé co hé khong can bing nifa [a sai. Viy co hé van tiép
tuc O cin bing.

2.3. Cac phuang trinh can biing cla hé héldném

Gid su ca hg holonom ¢6 f bac ty do. Vi tri ciia hé duge xdc dinh bdi f toa
do suy rdng q,, 4, -.., g, - Nhu da biét, bi€u thiic cong 4o cia cdc luc hoat dong
rong toa do suy réng di ¢é dang

f
Y64, =Y. 507 = 50,64,
il
Theo nguyén 1y cong o, diéu kién can bing cha co hé 12
4= 0.6g, =0
i=1

Trong h¢ holoném cédc bién phan g, (i=1,2,..., f) doc lap vdi nhau do

g; 1a cac toa do suy rong da. Tir d6 ta suy ra céc phuong trinh c¢an bing clia co
h¢ holonom '

¢ =0, (=12,.../) (2.4)

‘Trong trirdng hop cdc luc hoat dong déu 1a cic luc ¢4 thé, ta 6 céc phuong
trinh can bang clla hé bio toin

ar

Qﬂ' = _a—qj

0, (=12..... 1) (2.5)

2.4, Cac thi du ap dung

Thi dy 4.4. Cho co cau culit trong mat phing nim ngang va chiu tic dung
clia cdc hre P va @ nhu hinh 4.10. Cho biét OC = R, OK = [ Tim diéu ki¢n
can bing clia co cau.

Loi gidi. He khdo sat 1a co cau culit. Vi trf clia co hé duoc xdc dinh béi g6c
quay ¢ . Céc lyc hoat dong la P va 0. Khau OC c6 thé quay quanh O. Khau
AB ¢6 thé chuyén dong tinh tién. Con trugt A chuyén dong doc theo thanh OC.
Cho h¢ thuc hi¢n mot di chuyén do Sp. Khi dé di chuyén do chia cde diém dat
lyc ky hi¢u la 8s- vh §sy. Tir hinh v& ta ¢6

05 = Ro¢, Osy =05,
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Do s, =/tgp, suyra
l
084 =——30¢ .
cos” @

Téng coéng 4o chia céc luc hoat dong Ia

Z 0A, =-Q0s. + Pdsy =—0ORSp + Pi op .
cos” ¢

Do do6

= i : B“FTCS‘-"B
Rcos? 7

Pl Hinh4.10

Qua thi du trén thay rang sir dung nguyeén 1y di chuyén do tim diéu kién can
bang clia co cdu tuong d6i don gidn.

Bay gid ta trinh bay viéc dp dung nguyén 1y di chuyén &o dé xéc dinh cdc
phan luc lién két, Nguyén tac chung giai quyét bai todn nay la: Giai phong ting
lién két (hodc toan bo cdc lién két), thay lién két bang phan lyc lién két, bién lyc
lién két 1y tudng can tim thanh luc hoat dong. Do d6 lam ting s6 bac tr do cla
co h¢. Sau d6 cho hé thue hién nhimg di chuyén 4o thich hop dé tinh tung thanh
phéin phan kuc lién két cdn tim.

Thi du 4.5. Cho dam lién tyc chiu tic dung cha cac luc va ¢6 kich thudc
nhu hinh 4.11a. Hay xdc dinh cdc phan luc lién két tai A, B, C.

Loi gidi. 1e khao sét k1 dam ghép ADC. Céc luc hoat dong la £ va P,.
a} Xdc dini phan Iiic 1ai B. Ta giai phong lién két & B, thay lién két bang phan
lgc lién két (hinh 4.11b). Cho hé thyc hién mot di chuyén do nhu hinh vé 4.11c.
Ta tinh cong do

54= JA(E Y+ 5A(I32)+ 5A(fvg) =R cos300.a§go + Pz%a&a —Ng2a0p=0 (1)

T (1) suy ra

p_?+21j—2;~’3~0 Ny —PLE:ﬁ )

b} Xdc dinh phdn hie tai C. Ta gidi phong lién két tai C, thay bang phan lye lién
két ¢ (hinh 4.11d). Cho hé thyc hién mét di chuyén 4o nhu hinh 4.11¢, ta c6

SA=SAP)+SANL) = P.adp — Np.2adp =0 (3)
Tuw(3)suyra Ne- ~_-%P2 ) (4}

¢) Xde dinke phan e tién két tai A. Gidi phdng tat ca cic lién két tai A, B, C,
thay thé lién két bing cidc phan luc lién két (hinh 4.11f). Cho hé thyc hién di
chuyén do Sy ta duge
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{2
=24}

A=Y, 5v-", ‘? Sy+NgSy—PSy+N.Sy=0  (5)

Tir (5) suy ra

) )
Y, =P £+ Py~ Ny - N :11‘[3_7]2 (6)
2 - 4
Cho hé thyc hién di chuyén 4o §x tacéd
SA=X Sx—Pcos60’5x=0 (7)
. 1
Tu (7)) suy ra X, =-;’—P].
) 7 A
4 /«‘”’ B D 1 ¢
y A l »% [ KA
£} [} £ [} i
1 1 i |
P P,
A 60" g D C
b) - o
T 2
Np

lolw]
>
~

B
9 AS A

60(]

J\ ) ] I
Y Ny

Hinh 4.11




3. NGUYEN LY D’ALEMBERT

3.1. Nguyén ly d’Alembert d&i vdi chat diém —

For
a) Luc qudn tinh ciia chat diém 4
Xét chat diém P ¢ khéi lugng m £
chuyén dong véi gia t6c 4 & trong he quy a
chi€u quan tinh Oxyz, chiu tic dung cla lyc r F
téng hgp F . Theo tién dé Newton 2 ta cé
ma=F (3.1) 9 o
Phuong trinh (3.1) c6 thé bign déi vé
dang x Hinh 4.12
F+ (-md)=0 (3.2)

V& trdi cua phuong trinh (3.2) Ia tdng ca hai vécto c6 cling thir nguyén R
lyc. D€ thuan tign, ngudi ta quy udc xem (-ma) 1a mot lye goi 1a lyc quén tinh

Dinh nghta 3.1: Lyc quén tinh d’Alembert clia chét diém 132 mot dai luong
véc ta ciing phuong nguoc chiéu véi gia t6c cla chat diém va ¢6 tri s6 bing tich
s6 cla khéi hugng chat diém véi tri s6 gia téc ctia né

Fo =—md (3.3)

b) Nguyén Iy d’Alembert doi véi chat diém
Véi vige dua vao khai niém luc quén tinh (3.3), phuong trinh (3.2) c6 thé
viét dudi dang _
F+F, =0 (3.4)
Phuong trinh (3.4) }a néi dung cla nguyén 1y d’ Alembert d6i véi chét diém.
Nguyén Iy d’Alembert: 3 méi thai diém hé luc gém nhing luc tic dung len
chit di€m va luc quan tinh clia n6 1a mot he luc thod mén cic diéu kién can
bang tinh hoc
(F,F,)=0 (3.5)
¢) Chi y
— Trong h¢ quy chi€u quin tinh, lyc quén tinh clia chit diém la luc Ao,
khong thyc sy téc dung lén chét diém. Luc quén tinh I luc quy ude dé dua bai
todn dong luc hoc vé bai todn tinh hoc mot cich hinh thic.

*Jean Le Rond d’ Alembert (1717-1783) la nha todn hoc, nhi triét hoc va nha van ngudi Phap.
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—Trong nguyén 1y d'Alembert, ta ndi ring c6 mot hé luc can bing tdc dung
len chit diém, chit khong néi ring chat diém can bang dudi tic dung cfia hé Iuc
dé6. Thue ra, chat diém dang chuyén dong véi gia téc 4.

— Theo dinh nghia Fq, =—ma , do d6 can chu ¥ khi xdc dinh luc quan tinh
bang phuong phéap vé va phuong phép giai tich.
Khi v& F,, nguoc chiéu véi gia t6¢ 4 . tri s8 F, =ma.

Khi chiéu 1én cac truc toa dé:

Fl' =-ma, =—mx, F{' =-ma, = -mj, F =—ma, = -m3 .

I

L =-
3.2. Thu gon hé luc quéan tinh cla vat ran
a) Thu gon hé lue qudn tinh cia vdt rdn

Thu gon hé lyc quin tinh cha vat rin vé

khéi tam C cla né ta duge moét lyc va mot
ngau luc. Luc duge xdc dinh bdi cong thic

R, =~ j‘adm = ~ [vdm (3.6)
£ B
Ngau luc duge xdc dinh bdi cong thic /
MY :_Iﬁxadm:—_[ifx}fdm (3.7 x Hinh 4.13
R B

Nhu di dinh nghia trong phan Tinh hoc vat rin, biéu thitc (3.6) xdc dinh
véctg chinh clia hé luc quan tinh clia vat rin, con bicéu thitc (3.7) 13 momen
chinh déi véi khéi tam C cia hé luc quén tinh cha vat ran.

b) Quan hé giita vécto chinh, momen chinh cua hé luc qudn tinh cia vdt rdn
va déng luong, mémen diong luong cita vt rdn

Binl 1y 3.1. Ta c6 cdc cong thitc quan hé sau

dp
R, = »-7‘: (3.8)
Mg _—%‘ (3.9)

Trong dé p 14 dong lugng cua vat rin, fC la moémen dong luong cua vat
ran d6i véi khoi tam C cda no.
Chitng minh: Dao ham biéu thifc dong lugng clia vat rin ta cé
dp

= = f’_ I?dm = F‘:dm = _ﬁ;:
dt dt g K
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Tir hinh 4.14 ta ¢6 i
i'f o= ju‘ X velni, A«}'t“f' = —Jii xdadm (1)
b M
Pao ham cong thdae thit nhat cia (1) theo
thoi gian ta duge

LI CURRP [si x adm 2)
de gt H Hinh 4.14
Do L V-V. ta suy ra I@ X Vdm = _['Tf x ¥edm —v,. x .[iidm ==V, xmv.=0.
dt 5 dt i i
Tu (2) suy ra
dl. _ i x daclit = ~ A7 (3)
dar 5

¢) Biéu thitc thie gon hé e quan tinh ciia vdt ran vé khot tam C ciia né
dp

) d, .. .
R, = o —E(mvf):- R, =—mad, (3.10)

Nhu the vécto chinh cla h¢ lyc quén tinh
cla vat ran khong phu thuge viio dang chuyén
dong cta vat rin va dugc xdc dinh bdi cong
thire (3.10)

Vécto moémen chinh d6i véi khoi tam C
cua h¢ lyc quin tinh ca vat rdn duoe xdc
dinh bdi cong thic

Hinh 4.15
Mg’ :—Iﬁxridrrr (3.11)
B

va phu thude vao dang chuyén dong cu thé ciia vat rén.
Vat ran chuyén déng tinh tién. Theo 31D tacd

Mg = —{ J.ﬁde xa, =0, do szdm =mi, =0
B B
Két lugn 1: Thu gon hé lyc qudn tinh cQa vat rén chuyén dong tinh tién vé
khoi tam € ciia né ta duge mot hop luc dat tai khéi tam C

' Ry =—ma, (3.12)
Tdm phang chuyén dong phdang. Theo cong thiic (3.9) suy ra
dL,. d
ME =" =" (J w)=—J,.c. 3.13
R R (-13)
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Trong do, Cz 1a truc vudng géc véi tim phang va di qua khéi tam C cla né.
Két Iugn 2: Thu gon h¢ luc quan tinh cla tdm phang chuyén dong phing vé
khéi tam € cta né ta duge mot luc va mot ngdu lue

R, =-mic , MI =—J.z,. (3.14)

3.3. Nguyén ly d'Alembert ddi véi co hé

Nguyén Iy. G mbi thoi di€m néu ta dat vao timg chit diém va timg vat rin
clla co hé cée luc quan tinh thu gon cda nd thi hé gbm cic ngoat luc, ndi luc va
luc quén tinh thu gon tic dung 1én co hé 14 mot hé lyc thoa man cdc diéu kién
¢an bang tinh hoc.

Chitng minh. D€ don gidn ta chitng minh cho trudng hgp hé gém » chét
diém. Xét hé gém n chat diém P, P,.., P, chuyén dong véi cic gia 16c

dy.ds,.nd,. Ta phan cdc lyc tdc dung lén mdi chat diém thanh noi lyc F; va
ngoai lyc F{ . Theo nguyén ly d'Alembert d&i véi chat diém thit k ta c6
F{+F +Ff =0 (k=1,..,n) (3.15)
Xét heé luc {1?“,5,1?“; JF{'}. He lyc nay c6 hai tinh chét
R=DFAYFAYF =0
My =3 F x(Ff + F{ + Ff')=0
Vay hé luc {F‘f EL ﬁf‘} Ja hé Iyc thod man céc didu kién can bing tinh hoc.
Do tinh chét clia hé néilyc D F; =0 ,> # x F{ =0 nén
Z FE+YFF =0
D R x(E +F=0
Hé¢ qud. Hé gém cdc ngoai luc va cdc lyc quan tinh tdc dung 1én co hé 1a
maot hé lue thod man cdc diéu kién can bing tinh hoc.
3.4. Cac thi dy ap dung

Thi dit 4.6. Mot thanh AB déng chdt duge gin bing ban Ié vao mét truc
quay thang ding (hinh 4.16). Cho biét OA = a, OB = b. Truc quay déu vdi van
t6c g6c @, chot ban 1€ nam ngang. B qua ma sdt. Tim hé thic gitta gée
nghiéng ¢ gilta truc quay va thanh AB va van t6¢ gé¢ @ khi chuyén dong quay
binh 6n, géc ¢ 13 hing s6.
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Lot gigi. Thu gon luc quéan tinh ctlia thanh
OB ta dugc mot lyc F¥' (do hé luc quén tinh
song song cling chiéu). Goi u 1a khéi luong
trén mét don vi dai cia thanh, ta ¢é

F' =bua,, =bu %sin p.0*
Lyc £ dat tai diém I, cich B mot doan

1a —. Tuong ty, thu gon hé luc quan tinh clia

| e

thanh OA ta dugc

R =aua, = a,u%sin p.wt

C

Z
Hinh 4.16

Luc F% dat tai diém 7, cach A mot doan 1a % Theo nguyén 1y d'Alembert

ta ¢6 la luc can bing
(R{)!F}s}%sﬁ]q‘lsﬁ‘qu) EO

Tudotaco

(1)

> ng(F)=-P %sinqp+Ff’%cos¢+P]%sin(p+ F,q'%cosgp: 0 (2)

Do A =aug B =bug ,néntir(2)tasuyra

b . b . 2 2b a .
—bﬂgism@+b#55lﬂ¢’-&’ ?cosqo+apg—2-5|n§o+

a . a . 2 2a
+aﬂg551n(0+ap551n@.a) ?coswz(l

T (3} suy ra

3g(b-a)
2Ad’ —ab+ b’

Thi du 4.7. Mot tdm hinh chit nhat déng
chat trong luong P quay déu quanh truc thing
diing véi van 16c géc @ khong déi. Hay xdc
dinh lyc x€ tdm theo hudng vuong géc véi truc
quay trén tié€t dién di qua truc quay (hinh 4.17).

CoOsSp =

Li giai, Luc x€ tam 1a luc quén tinh cua
tam quay quanh truc z. Theo 1y thuyét thu gon
luc qudn tinh ta ¢é

3)
(4)

D ~ Fal | o
Rq.' \\ - '\\x e qu‘
B e A T s e
b ,/ \\ ) ,f \\ b
- ~L’ ~
a I d
%,

Hinh 4.17
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R, =-ma,

K]
- . N - i [ y oo - 4
Trong thi du nay ta cé m PR :Em*. Do dé6 Jre xé tam ¢6 do lén
g
R, :_}”a:;w2 _
i 4g

4. NGUYEN LY D'ALEMBERT-LAGRANGE

Nguyen 1¥ d’Alembert — Lagrange” 12 nguyén 1y téng quét nhat ciia co hoc.
Mot s6 sdch ¢ CHLB Duc va Nga goi nguyén Iy nay 1a nguyén ly d'Alembert
irinh bay thco quan diém Lagrange. Mot s6 sdch & My, CHLB buc goi la
nguytn ly d'Alembert. Mgt s0 sdch & Nga goi 1a phuong trinh téng quat dong
luc hoc.

4.1. Nguyén ly d'Alembert — Lagrange

Nguyén I¥. DO1 v6i ¢co hé chiu cdc lién k&t gitt va 1y twdng, tai mdi thoi
diém 16ng cong cla cdc lyc hoat dong va cic lyc qudn tinh trong moi di chuyén
40 cla ¢ hé déu bing khéng.

a) Mo hinh hé n chdt diém

Ky hi¢u la £7 14 hop cha cic luc hoat dong tdc dung lén chdt diém £, , con

hop cta cdc lyc lién ket 1y tudng 13 F¢, theo nguyén 1y d'Alembert ta ¢6

FE+ B+ FE =0 (k =1,..,n) (1)
Ta ¢6 dinh thai diém ¢, cho hé thyc hién mot di chuyén &o tuy §
O1.0%....,67, , nhan vo huéng méi phuong trinh (1) v6i 87, 1éi cong lai ta duoc
DUF + I+ FO).O6F =0 (2)
k=1
Do tinh chdt cla lién ket 1y twong > F¢ .67 =0, va chi § dén dinh nghia
Iue qudn tinh F}(‘” = —nd, , W(2) suy ra
DUF - mi )57 =0 (4.1)
k=g

Phuong trinh (4.1) 12 nguyén Iy d'Alembert — Lagrange d6i véi hé n chat

" Joseph Louis de Lagrange (1736 - 1813) 1a nha todn hoc va co hoc ngudi Phip
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diém. Ngudi ta cdn goi (4.1) 1a phuong trinh 18ng quat dong luc hoc hé n chét
diém. Dudi dang khai trién theo céc toa dé Descartes, phuong trinh (4.1) c6 dang

Z[(p;;: g )ox, + (Bl - m 3, )8y, +(Fa - mi2, )6z ] =0 (4.2)

b) M6 hinh hé p vdt rdn phdng
Khéi niém vat rdn phing & day dugc hiéu la cdc hinh phidng chuyén dong

trong cling mot mat phang va chiu tac dung cla cic lyc nim trong cling mot
mit phing chia cdc hinh phang. Xét hé gém p vat rin phang. Ky hicu
F7,Ff, M7, M{ 14 vécto chinh va momen chinh d&i véi khéi tam clia cic lyc
hoat dong va céc luc lien két 1y tudng téc dung lén vat rén thu k, &, 1a gia t6c
khdi tam C,.g, 12 gia t6c g6 cna vat rdn thit k. Ta ¢6 dinh thoi diém t, cho hé
thue hién mot di chuyén do wy ¥ 81, 00,01, 5.;02,...,5FCP,549P. Theo nguyén
ly d'Alembert ta cé

F = mydc, + F =0 (1)

M{ = Je @+ M§ =0 (2)

Nhén vo hudng phuong trinh (1} v6i 67 , nhan phuong trinh (2} véi dg,
roi cong lai ta duge
P

Z[(F}f ~myc, ST, + (MY~ e, 8 ) S0y } ~0. (4.3)
k=1

Do F{.Mj 1a luc vh ngau fuc lién két 1y tudng nén
# .. .
D Siy + M{Sp,)=0.
k=1
Phudng trinh (4.3) la nguyén 1y d’Alembert — Lagrange d6i véSi hé p vat ran

phang. Ngudi ta ciing goi (4.3) 1a phuong trinh téng quit cha dong luc hoc cla
hé p vat ran phang.

£2) -
Iy )992
P N

do,
4.2. Thi du ap dung

Thi du 4.8. Cho co hé¢ nhu hinh
(4.18). Vat nang ¢ khoi lugng m vit
qua rong roc hai tdng B ¢é bdn kinh
treng la r,, ban kinh ngoai 1a R,.

Réng roc B an khdp véi banh rang A
¢4 ban kinh r,. Cho biét cdc mémen Hinh 4.18 =



quén tinh khéi clia rong roc B va banh ring A d6i v6i truc quay cia nd la Jg)
v JP . Hay xé4c dinh gia t6c cia vat nang.

Loi gidi. Luc hoat dong tac dung ién co hé 1a trong luong vat nang P=mg .

H¢ gém vat nang va hai banh xe. Pat luc quan tinh vao vét nang (chét diém) va
hai banh xe (vat ran) nhu hinh vé.

Ap dung nguyén 1y d'Alembert — Lagrange

(mg —m§)6y ~ I 3,80, — J P 5,80, = 0 (1)
Chi y dén cdc lién két ta cd
e, =ne (2)
y=Rp (3)
Tir (3) va (2) suy ra:
1 1
=—y = dp,=—34 4y
o RI.V ] R Y (4)
?’
=y = Sy, =——5 5
@, R]rzy Py = Rr y (5)
The (4) va (5) vao (1) ta duoc
mg —n —J(“ JH5sy=0 (6)
[g leglezszy
Tir (6) suy ra
J,(gl) J(z) r|2 -
mg=|m+L_ A4 L (7N
¢ [ R12 R| *"22 7

Chit y. Ta ciing c6 thé tim dugc cong thic (7) bing phuong phédp khic,
chéing han 4p dung dinh Iy bién thién dong nang.

5. PHUONG TRINH LAGRANGE LOAI 2

Phuong trinh Lagrange loai hai 1 phuong trinh vi phan chuyén déng cha hé
cdc chat di€ém va cdc vat rin holonom. S6 phuong trinh diing béng s bic tu do

cla hé.
5.1. Phuong trinh Lagrange loai hai cho hé n chat diém
a) Mot vai cong thitec dong hoc cdn thiét
Gia sir vi tri cia méi chét diém thude hé 13 ham cla c4c toa do suy rong va

thdi gian
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rf( = Fk(QI’qlﬂ'"sq’ﬂ’!) » 4, = qi(t) (" = l""’m)
Bao ham hé thitc (5.1) theo thdi gian ¢ ta dugc

dr, . o . or
' =1 0g, ot
Tir d6 suy ra
M P
dq, &g,
L . . . on _ or
Do ¥, ZVAG) s s Grgys Goeees Gyl ) VA — —k =k (q!, ,qn,t) nén
f aqj
; m = 2=
%:Z 52?‘,‘ q-'l.+ark
aqj i=1 aqfaqj a‘}jat

daor | & 8% . &%

alon :Z kg 2tk

drl oq; | 15 0g,0q, Oq 0t
So sanh hai céng thitc riit ra hé thic

S EARCEAR

dr\og, | Oq;\dr ) 0g,

b) Thiét ldp phuong trinh Lagrange loai hai

(5.1

(5.2)

(5.3)

Xét heé holonom gdm n chat diém va ¢6 £ bac ty do. Nhu thé co hé x4c dinh
bdi f toa do suy rong du: 4159254 - Nguyén 1y d'Alembert — Lagrange d6i vdi

hé n chét diém c6 dang

i

> (7 -ma, )67, =0
k=1

Tir(5.1) ta c6

Thé (5.5) vao biéu thic (S 4) duge hé thirc

" 2=
Z[ZFG 6rk Z{Z kd A ar,( g, =0
oq;

i=1\ A=l q; i=1 4 &=I|

Theo dinh nghia tuc suy rong ta ¢

0 - sz 8!1

(5.4)

(3.5)

(5.6)

(5.7)
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Bay gid bién dédi biéu thirc

" 112-' OF [
K, :z"”k : ?‘ ad 3 =£Zm,(rk _—Zm,‘rk (?ﬁ‘ J (5.8}

!

Chii ¥ dén cdc cong thite (5.2) va (5.3), biéu thitc (5.8) ¢6 dang
d & oy, & ov
K== mv, —%2 -5 m v, —% 59
" g, L =

r . . . . il . a7 . ] # -.
Cédc dao ham riéng thco ¢, va ¢, cha bicu thitc dong nang T :;kavf

<5
c6 dang
H (';&‘3 11
=) m ———-m Ly, (5.1
50, ;% o4, og, E% . a%
Chii ¥ d€n cdc cong thidc (5.10), biéu thic (5.9) ¢b dang
K;=f£ aT or (5.11)
dr\ dq, 8{1,

The (5.7) va (5.11) vho phuong trinh (5.6) ta dugc

d or
— =0 18¢q, =0 512
;[a’r [ ag; ] og, Q’} & ( )

Cac bién phan 8q,(i =1,..., /) 1a doc lap nhau, nén

d 13T or
— =0 {=1..,Ff 513
ot [ oq, ] Oy, @ ( 5 ( )

Trong dé @ la cde lyc suy rong. Néu phan cdc lyc tiac dung 1én co hé thanh
céc Juc ¢6 thé va cdc lyc khong ¢6 thé, thi lye suy rong O, dugce tinh theo cong
thuc

O =-2" 4 Q) (5.14)

Trong dé ¢ 12 lyc suy rong itmg véi cic luc khong the.

Céc phuong trinh vi phan (5.13) duge goi 14 phuong trinh Lagrange loai
haj, mo6 td chuyén dong clia cic hé holonom.

Trong trudng hop lue tic dung 1én co hé déu 13 cdc luc cé the thi Q: =0.
Khi a6 phuong trinh Lagrange loai hai ¢6 dang
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i or T oll
dIOT) 0T _ O iy p) (5.15)
dai\ég,) oq, o,
Néu dua vao heé thic

L = ?(q] .,....,qu'.f?] ,‘..,C?f,f)‘"‘ I-‘[(q""qf)

thi phuong trinh (5.15) ¢6 dang

d oL
20 i=1,..., 5.16
d{[% ] o (I=Tsen ) (5.16)

5.2. Phuong trinh Lagrange loai hai cho hé p vat ran

Trong trudng hop hé cde vat rin chiu cde lien két holoném, phuong trinh
Lagrange loai hai vin ¢6 dang nhu (5.13). G day cong nhan diéu nay ma khong
chitng minh.

5.3. Cac thi du ap dung

Thi dit 4.9. Mot con lic toan hoc
khoi luong m,,dat ! duge néi vao con

truegt A khéi legng a7, Con trugt duge
ndi vao tudng bing 16 xo véi hé s6
cing 1a ¢ . Cho biét con trugt A cé thé
truot khong ma sdt trén nén nhin. Hay
thiét lap phuong trinh vi phan chuyén g
dong cua hé. Hinh 4.19 :

Lot gidi. Heé khao st gém con trugt A va khéi luong B. Con truot A ¢é thé
chuyén dong tirh tién thing theo phuong ngang. Khéi luong B xem nhu chét
diém va chuyén dong tron tuong doi véi A. Vi tri ciia hé duge xdc dinh boi
hoanh d6 x, cla con truot (tinh tir vi i can bang tinh, khi 10 xo chua bién
dang) va géc ¢ . (hinh 4.19). Ta chon x, vad ¢ lam cdc toa do suy rong:
G, =x 4,4, = ¢ cdc luc hoat dong gém luc tic dung F(¢), trong luong vat ning
B va luc dan héi cha 19 xo.

Pong nang cua hé cé dang

7o Voo 1

= =MV Y,
~ g PR

Van t8c ca con trugt A 1a v, = x ;. D€ tinh déng nang cha chit diém B, cic
toa d¢ cua né duge xac dinh nhu sau
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xg =x, +/sing, yg ={cosy
Tir d6 suy ra
;

v; =xiF + ¥ =2} + 12g? + 2% pcosg

Biéu thic dong ning cOa hé cé dang
_ 1 2] 3.2 .,
T = E(mrrI + iy )XY+ ~2-mzl ¢ +mylx 9 cos@ (1)

Theé nidng cua hé duge xdc dinh béi cdc luc c6 the

HZ%cxf{ —myglcos@ (2)
Cho h¢ thuc hién mét di chuyén kha di 5x, = 0,8 # 0 ta c6
SA=F()ox,
Do d6 QL =F(n,0,=0 (3)

Trong thi du nay, cac phuong trinh Lagrange loai hai cé dang
d[ar]_gg"__an+ . d[arJ__a_g_ o .

— = = —| — =4 4
di\ox,} oéx, ox, di\dg¢ ] O¢ dp % @
Tir céc biéu thifc dong nang (1) va the ning (2) cha he dé dang tinh dugc

oT } .

——=(m +my)%, + mylgcose

ax

d [G_T} ={my +ny )X, + myl@cose -~ mlf(bz sing

dr\ o,

a—I=0,a—H=cx4. —q?;mm2!2¢+m2&,,cos¢)
ox Ix T d¢

dior 2. . o

—| = |=ml P + mIX jcosp —mylk @ sing
dr\ 8¢

or .o oIl .

— = —mli,@sing , — = mglsing

Op el

Thé cac biéu thie tinh duge vao (4) ta duge cdc phuong trinh vi phan chuyén
dong cia hé

(i + 01,) 4+ myl@cos@—mylg  sing +ex, = F(1)
1 2704 2 2 A (5)

X cosp+i@+gsinp=0

Tuyén tinh hod cdc pluong trinh vi phdn chuyén dong. Trong trudng hop
h¢ khoi lugng — con lic dao dong nhd, ¢6 thé thay thé gin diing
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sing@ = @, cosp = |

Bo qua cac s6 hang phi tuyén, tir (5) suy ra phuong trinh dao dong tuyén
tinh hoa

(my +my)i, + mylg+ox = F(1)

i tip+gp=0
Thi du 4.10. Robot tay mdy cuc chuyén
doéng trong mat phing thing ditng nhu hinh
4.20. Khau 1 c6 khéi lugng la m, momen

(6)

quan tinh d6i v6i khoéi thm C, cuand 1a /1, c6

thé quay quanh truc O. Khau 2 ¢6 khéi lugng

m, » mO men qudn tinh khoi d6i véi khoéi tam o

C,cha né 1a 7,. Khau 2 c6 thé chuyén dong 4 \ u(t)

tinh tién thiang déi véi khau 1. Tac dung ngiu ;

luc diéu khién cé mémen M(7) lén khau quay

1 va luc didu khién F(r)1én khau 2. B qua ma Hinh 4.20

sat va luc can. Hay thiét lap phuong trinh vi phéan chuyén dong cla ro bt nay
Loi gidi. He khao sdt 12 r6bot cyc nhu hinh 4.20. Khau 1 ¢6 thé quay quanh

truc O ¢d dinh. Khau 2 chuyén déng tinh tién & trong 1ong khau 1. Vi tri cta hé

dugc xdc dinh bai hai tham s8 ¢, = ¢, ,g, =« . Cac luc hoat dong gém ngiu luc

¥

diéu khién M(1), luc didu khién F(¢), cic trong lyc P, va P,. Biéu thitc dong
nang cia hé cé dang

1 3y, 2 1. .2
T=T+T, =—|1 +ma +—myvy +—1
1 +47 2(1 1 )(9 5 V2 2249

Do x, =ucos¢ , y, =using nén

Vi = X5+ 35 =it +ulg?
Thé két qua nay vao bidu thitc trén ta dugce

1 1 . 1 .
T :%(}1 + 1, +m]a2 + .':!1214'2)@2 +5n123}2 =§(I+mzu2)§02 +—2~m2u2 (1)

Trong détaky hi€u /=1 +1, + mla2 = consi

Bi€u thitc thé ning c6 dang

I1=(ma+mu)gsing (2)
Cho hé thuc hién cic di chuyén kha di 8¢, du tinh duoc
0, =M®), Q,=F® (3)
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Trong thi du ndy, cdc phuong trinh Lagrange loai hai ¢é dang

d{a';) ar o .
_— __...__—-_..__._J’_

di\dg) 89  8p *°
i[ar]_ai‘_ o,
de\ B Bu  Ou "

(4)

Tir cc bigu thitc dong nang (1) vi thé nang (2) cta hé dé dang tinh dugc

ety -

;—;; =(/+ ?”NE)Q"? ,%[S—;J =1+ mzuz)g‘o' + 2myutigy
ol er

=0, —={ma+mu)gcose

de dg

ar .ood [6}”] .

—“'—‘:H?EH, —| — :mzu

au dit\ ou

or > dll

L= ARUYT —— = nLgsing
O Ou

The cdc két qué tinh duge vao phuong trinh (4) nhan duge cédc phuong trinh

vi phan chuyén dong clia robst tay may cyc

(/+ mlu2 )@ + 2myui + (mya + myu)g cos g = M(f),

i ~ nup? + L gsing = F(1).

Thi du4.11. M6t hinh try tron Khéi lugng

(=}

my , ban kinh r, lan khong trugt bén trong
mot hinh tru rbng khéi luong my, bin kinh #
tru nay ¢6 thé quay quang truc O nim ngang.
Biét rang momen quén tinh cia cdc tru d6i
ar -+ . 2 Y I - 2
VOI1 rc cua no tuong ung la Emzrf va mn.

Hay thi€l 13p phuong trinh vi phan chuyén
dong cua hé.

|
'=n+7T,= lm]qz{?z + -—m,vcz
2 2 -
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Hilnh 4.21

Lot gidi. He khdo sdt gém hai hinh ru. Hinh try rong O 1a mét vat rin
chuyén dong quay quanh mot true ¢ dinh. Hinh tru dac C 1a vat rin chuyén
dong song phing. Luc sinh cong 0 day 1a trong lugng A ciia try nhd. Ta chon
cdc toa dé suy rong ¢, =8 , g =¢ (hinh 4.21). Béng nang clia he ¢6 dang

11
+ 5(—2- mzrz2 )wf (1)



Trong d6, 0 1a van t6c géc cha try réng O, @, 1a van téc géc cha tru C, v,

Ve ={n —n)p
Tru 2 chuyén dong song phiing. Theo dinh 1§ van t&¢ ta ¢é

Trong bai todn ndy v, /¥ /¥, va v, =8 . Tur d6 suy ra

Vaie =Vy = Vo = ’10 —(n—n)p=ra,
Vay AR 4
[

'Thé cédc bicu thire tim duge vao (1) ta duoce

T= %mngz +—;~m2 (n— rz) @’ +Zmzr [r'g - (rzz—r,)ga]
" )
= Em2 (nh—r )2 4'92 + —l-(2m| + i, )ir‘lz.@2 +lmzr](fg —r,)gb(j
4 : 4 2 2
Thé nang cua hé
1 =—(n-n)ngcose 3
Trong thi du nay phuong trinh Lagrange loai 2 ¢ dang
d ar] or _ an
a\a0) 90 @
(4)
dfory or dll
dr 890 o dy
Tir cdc bifu thitc dong nang va thé nang tinh dugc
ar 1 1
—=—02m + 01 0+ St (r — ;
20 2( I ?)1 i — 1)@
d{or s o1 .
E[%J = E(2m1 + mfz)r]20 + 3 myh (ry — 1)@
o _o 9 _
a0 a6
ar 13 .o -
a—@ = —z-mz(rl -5 )zga +Em2r1(r2 -n)e
d(ory) 3 .1 -
E[—@J = “2“’"2(?’] —n ¥ +E"’z"1(?‘z —h)e

1 van toc khai tam C cia tru 2. Do khoi tam C cla try 2 chuyén dong trén
duong tron tam O ban kinh 5 ~r, nén
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a—T—O a—n—'+(r r ), g Sin
o0 ’6(0 TR Esing

The cic két qua vira tim duge vao phuong trinh (4) nhan dugce cdc phuong
trinh vi phan chuyén dong ctia he

(2my + m, )J"|2t§i —myh(n—5)P=0,

—myn(n —n )9 +3m(n—n )2(;9' +2myg(n —n)sing = 0.

5.4. Cac tich phan ddu cla chuyén déng
a) Khdi niém tich phdn ddu
Dé don gian ta xét hé hai phwong trinh vi phan cdp mot
dx
Tﬁ‘l = £i(x,x;)
e (5.17)
=L = f(x,x
o oo, x3)

Xét ham hai bién #(x,x,). Ta dua vao dinh nghia dao ham ctia ham vo
hudng u theo qu§ dao cta phuong trinh vi phan (5.17) béi bidu thifc sau
du Ou Ou du Ju
Liyt=—=— 3 + 5 - + — 5.18
A T e e e 18
Dinh nghta 5.1. Ham u(x,x,} dugc goi 1a tich phan déu cia he phuong
trinh vi phan (5.17) néu nhu
Ju Cu du . Ou
Ly=—3X+—%=—fi+— £, =0 5.19
o ox, : 0x, 2 ax, y axzfz ¢ )
Tu dinh nghia trén suy ra tinh chat sau: Néu X, Va X, 14 mét nghiém cia hé
phuong trinh vi phan (5.17), con u(x,,x, }1a mot tich phan ddu ca (5.17) thi
u(x,x, ) =const .
Chd y. Trong mot s tai liéu ngudi ta ding tinh chat trén lam dinh nghia
tich phan dau ciia h¢ phuong trinh vi phan.
D¢ minh hoa, xét phuong trinh vi phan dao déng didu hoda ¥+x=0.
Biéu thirc ,

22
X ox
u(x],x2)=—+?
la mot tich phan ddu cla phuong trinh vi phan dao déng diéu hoa & trén. That
vy, dé dang tinh duoc
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Lu=xi+xx=x(¥+x)=0.
Bay gi& xét h¢ hai phuong trinh vi phan cdp mot ma vé phai phu thuéc vao
thdi gian

dx,
- = LB Jt
di S, xp,8)

b (5.20)
‘j:fz(xpxgs’)

Ta xem x;=t, thi h¢ phuong trinh vi phan trén c6 thé viét lai dudi dang
dx,
?; = fi(x,x,23)
dx -
7: = f2(x,%,,x3) (3.21)
x
7;:f3(x,,x2,x3)

Dinh nghia 5.2. Ham #(x,x,,¢) dugc goi 1a tich phan dau phu thude thoi
gian cua h¢ phuong trinh vi phan (5.20) néu nhu u{x,x,,%;) 12 tich phan diu
clia hé phuong trinh vi phan suy rong (5.21)

du 0w . Ou . Ou . Ou Cu
== Nt ht—dy = —— i ——
dt  Ox 0x, Oxy Ox O,
Trong co hoc ngudi ta hay quan tam dén hai tich phan déu ca hé¢ phuong

trinh vi phan mo ta chuyén dong cia co he. D6 1a tich phan xyclic va tich phén
nang luong.

Su
Lu H+—f=0.
Ox3

b) Tich phdn xyclic
Xét phuong trinh Lagrange loai hai dang

i[é_z]_a—?"-—a”+gf (i=l..7) (5.22)
dt| dq, -

Oy, - 5‘;.-
Toa do suy rong ¢, duge goi 1a toa do xyclic, néu nhv cdc diéu kién sau
dugc thoa man
T 0, Mg 000 (5.23)
9, og,
Nhu the, 10a do ¢, duge goi Ia toa d¢ xyclic, néu nhit né khéng c¢6 mat
trong cic biéu thifc dong nang, thé ning cla co h¢ va luc suy rong cla cac luc
hoat dong khong ¢é thé bing khéng.

Khi g, 1a toa do xyclic, tir (5.22) suy ra
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dafor_,
dr\ 84,

a—_T = const (53.24)
oq,

H¢ thitc (5.24) 12 mot tich phan dau cha co hé va duge goi 1a tich phan
xyclic.

"Dodd

c) Tich phdn ndng luong

Trong trudong hep cic lyc hoat dong tdc dung lén co hé déu la cdc luc ¢é
thé, theo dinh luat bdo todn co ning

d(T +II)=0
Do dé
T +11 =const (5.25)
H¢ thitc (5.25) 14 mot tich phan ddu cla co hé va duge goi 1a tich phan
nang luong.
d) Cdc thi du dp dung
Thi dy 4.12. Mot con lac eliptic gém con chay
c6 khoi lugng my, trugt trén mit ngang nhin va
qua cdu nhd c6 khéi luong m, duge ndi vio con
chay bang day mém khéng gidn, khong trong
lugng dai / (hinh 4.22). hay xdc dinh cdc tich phan
dau cua hé

Loi giai. Déng nédng cha hé (theo thi du 4.8)

Hinh 4.22

1
T =0+ )55 + %%M +mylk g cosp
Thé nidng clia hé
I[I=-m,glcose

Do ca T va IT1 déu khong chira x, nén x, 1a toa do xyclic. Ta ¢6 tich
phin xyclic 1a
T i .
—— ={m +my)x  + mylpcosp = const (N
a‘{A *
Ngoai ra, hé cé tich phan nang lugng

1 1 . L.
T+It= E(rn1 + mz)ii +—2—m21’2g02 +mylx jpcosp —myglcos @ =const (2)
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Thi dy 4.13. Tim céc tich phan ddu ciia he ¢6 mo6 hinh nhu trong thi dy 4.9
Loi gidi. Theo thi du 4.9, dong nang va thé nang clia hé c6 dang

3 2 1 s 1 "
T =1m2(r, S +Z(2mt +my )0 +5m2r] (rn —r)e8 (1)

Il =—(r —ry)mygcosg (2)

Do céc bi€u thitc dong ning va (hé ning déu khong chia toa do suy rong
¢ . Hon nita cdc lyce tic dung [én co he déu la céc luc o6 thé. Vay ta co tich phan
xyclic

Z—g— = %(2;}:, + 1y )1'129 + %mzr] (ry — ) =const (3

Tich phan néng luong cila hé ¢6 dang

T+Il= %mz(q —r Yl + i(Zml + mz)rfé‘z +

(4)

] . A
+ 5 myn(#y —1)90 — (1, — ry I, g cos @ = const
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Chuong 5

PONG LUC HOC VAT RAN KHONG GIAN

Trong cdc chuong trude chiing ta da khao sdt dong luc hoc h¢ chét diém,
dong luc hoc vat rdn va hé vat rin phang. Trong chuong nay s& dp dung céc
dinh ly chuyén déng khdi tam, dinh 1y bién thién momen dong luong khao sdt
dong luc hoc vat rdn chuyén dong trong khong gian ba chiéu. Do tinh phic tap
clia bai todn, ngudi ta gidi han xét cdc van dé co ban sau: xdc dinh dp lyc dong
cla vat rin khong gian quay xung quanh modt truc c¢6 dinh, thiét lap phuong
trinh vi phan chuyén dong clia vat rdn quay quanh mét diém c6 dinh, 1y thuyét
so cip vé Gyroscop va phuong trinh vi phian chuyén déng clia vat ran 16ng quat.
Céc van dé vé dong luc hoc hé nhiéu vat rdn tuy rdt quan trong, nhung qué phiic
tap nén Khéng trinh bay & day. Chd ¥ rdng, khic véi mot s8 chuong trudce, &
chirong nay k¥ hiéu xyz 1a hé toa d6 dong gin chit hodc gin vho mot diém cila
Vvat rin, con X, ¥,Z, 1a hé toa do cd dinh.

1. PHAN LUC DONG TAI CAC O BG CUA VAT RAN QUAY QUANH
MOT TRUC CO BINH

1.1. Thu gon hé lyc quan tinh cua vat ran quay quanh mét truc ¢d dinh
a) Biéu thic gia téc mot diém bdt ky thudc vét
rdn quay quanh mnét truc cé dinh

Trén hinh 5.1 biéu dién mét vat rin quay
quanh truc z ¢& dinh. Chon O 1a mot di€ém bat k¥
trén truc quay z. Dung hé toa d6 vudng goc Oxyz
gin chat vao vat rdn quay, ¢d true Oz = Oz, Goi
é,,¢,,¢.1a cic vée to don vi rén cic true Ox, Oy,
O:z. Ky hicu v = OP. Trong phan dong hoc da bi¢t

biéu thifc tinh gia téc cia dicm P

a:éxzh(éxﬁzéxu'+a}x(a}xﬁ) (1.1) _

% %

e 4 A Z
['h dd suy ra %) Hinh 5.1
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3

y € & e, €, é.

a=0 0 g |+@e,x0 ¢ o

X ¥y oz x y z
:—(xa)2 +_}’£':)éx --(ym2 —x{;:);}- (1.2)

Trong do x, y. z 12 toa dd véc to # trong hé toa do Oxyz.
b) Thu gon hé luc qudn tinh cia vdt rdn vé diém O ndm trén truc quay
Thu gon hé luc quén tinh cia vit rin vé diém O ndm trén truc quay ta duoc
mot véc ta chinh }—2;, vi mot véc to moémen chinh ﬁ;f;f . Véc ta chinh ciia hé luc
quén tinh ¢é dang
Ry, = - |adm = -ma (1.3)
B
Trong 46, m 14 khéi luong cia vat rdn, d.- 1a gia t6c khéi tam cOa vat ran,
Mémen chinh ctia h¢ luc quén tinh cla vit rin d6i véi diém O ¢6 dang
M =~ [(iix d)dm (1.4)
]
Bay gi¢s ta tinh cdc biéu thitc ndy. Tir (1.2) suy ra bidu thic gia t6¢ khéi tam
d :—()c(_wm2 +)-’(~82)Ex ~(yca)2 -xC{;‘_,)Ey (L.5)
‘Trong dod x.. v, z,. la toa d6 véc to i, trong hé quy chiéu déng Oxyz. Thé
(1.5) vao (1.3) ta duogc

E’:’q!: .*n[,r(-~(s)2 + Y&, );3_.5 + hvr(y(-m2 - XpE, )LJ . (1.6)
Chu ¥ dén biéu thirc (1.2)
e, €, €.

—-Uxa= x v

Eq

w'x+ey o'y-s£x 0
=(e.xz—0'y2)e +(g.yz+0'x2)¢ ~ (x +)y)E. (LT
The (1.7) vao (1.4) ta duge

MY = (g:Jx: - szy__ ]Ex + (.f;_.J},: + a)szz )é

6.8, (1.8)

Trong do ta sir dung cédc dinh nghia md men quén tinh khoi

Joo= '[_rzdm, Iy = jyzdm, Jo= I(xz +y? }Jm.
B 8 B
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Két lugn: Thu gon hé luc quédn tinh cla vat rin quay quanh mot truc ¢6
dinh vé diém O ndm trén truc quay ta dugc mot luc A_R"q; vh mot nglu luc My .
Luc qudn tinh chinh ﬁ'q, duge x4dc dinh boi cong thic (1.6), cdn ngau luc quin

tinh chinh d&i véi diém O, % . dugc xéc dinh béi cong thitc (1.8).

1.2. Cac phudng trinh xac dinh phan lyc déng tai hai & d&

Che mot vat rdn quay quanh fruc z,, c6
dinh z; =z va chiu tdc dung clia cic ngoai -

luc F1.Fa,...F, (hinh 5.2). Tai thi diém

khdo sdt vat rin ¢é van t6c géc o, gia 16¢c géc b
& Hay xéc dinh phan lyc tai cic 6 dg A va B.
Ap dung nguyén ly d'Alembert, ta c6 hé luc Xu—j
sau day tdc dung lén vat rin thod min cdc
diéu kién can bang tinh hoc a

(1?1,Fz,“‘,}::n,ﬁg,féa,Rq;,M?;:)——_—0

!"“.

H

Z,
, N . 2 A %’ K
Sau phuong trinh ¢dn bing clta hé luc trén 13 Y O~
4 “ Y,
n A
ZXk + X+ X+ m)cfa)2 +my.g, =0 Hinh 5.2
k=1

1"
ZY!« +Y, + Vg +myw® —mx,e. =0
k-1
n
S Z,+Z,=0
e

L —_——
Zf}}_t(Fk)+K4ci—YBb—Jﬂwz +J,.6.=0 (1.9
k=1

im}, (ﬁ) - X a+Xpb+ J_r:wz +J,.6.=0
k=1

im: (f;) -J.e.=0
k=1

Chd ¥ ring, do Oxyz gan lién vao vat ran, nén x., y.. J,., J,.. J. 1 cdc hing
s0. Phurong trinh cudi cling cha hé phuong trinh (1.9) khong chia phan luc dong.
NG chinh 12 phuong trinh vi phan chuyén dong ctia vat rdn quay quanh mét truc
7, ¢6 dinh. Do z, = z nén
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Je. = im: (%) (1.10)
k=1 .

Phuong trinh thit ba cua hé phuong trinh (1.9) cho biét thanh phan doc theo
truc z cGia phan luc dong tai cic § d& A

P

Ciéc luc qudn tinh cba vét ran khong anh hudng gi dén Z,. Do két cau cic &
dd nén Z, = 0. Bén phuong trinh thit nhat, thit hai, thit ur va thit ndm cho phép ta
xdc dinh cdc thanh phan phan luc dong X, Y, X,, Y, Cdc thanh phan phan luc dé
khéng chi phu thudc vao cic ngoai luc EE ma con phu thudc ¢a vao van t6c
goc o, gia t6¢ gbe € cla vat rdn quay. Thanh phdn clia phén luc chi phu thuée vio
@ va £ dugce goi ta thanh phan phan luc dong phu. Tir cdc phuong trinh (1.9) ta
suy ra h¢ cac phuong trinh xdc dinh cac thanh phan phan luc dong phu

X9+ X¢ v mx 0t +my-e, =0

Y+ Yy +my 0’ —mxqe, =0
, 1.12
Yia-Yib—J. 0"+ J.e. =0 (12

~XGa+ Xgh+J, o'+ J e =0
Tt cdc phuong trinh (1.12) suy ra diéu kién dé cho cdc thanh phin phan luc
dong phu & hat 6 d& triét tieu 14

2 =0
MX 07 + NVE, =

, (1.13)
my-w” —mx-g, =0
VA J o+ J€.=0
~J o’ +J 6, =0 (1.14)

Ciac diéu ki¢én (1.13) s& lu6n thod mén véi moi @ va £ néu x. = y. = 0.
Tuong ty, cic diéu kién (1.14) s€ thoa min véi moi @ va gnéu Jy, =J,,=0.

Két tudn: Néu truc quay clia vat rin 12 truc qudan tinh chinh trung tam, thi
cdc thanh phan phan luc dong phu & hai & 43 s& triét tiéu véi @ va € 1y ¥.

1.3. Khai niém can bing tinh va khai niém can bing déng cua réto cimg

Roto ctng 13 vat rdn quay quanh mét truc ¢6 dinh. Tl céc bidu thitc clia véc
to chinh vd md men chinh d&i véi tam O cta hé luc quén tinh cla réto cling
(1.6) va (1.8)suyra
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RY = m(xr.cu2 + yc{;‘:) , R'}F"’ = mrr(ycm2 —xca‘:) (1.15)

M =J & —J).:wz . M =J e+ J o’ (1.16)
a) Khdi niém cén bdng tink. Mot roto cling quay quanh truc z dugc goi la can
bang tinh, n€u nhu vec to chinh cta lyc qudn tinh cha roto bing khong

R =R¥ =0 (1.17)

Tir cong thic (1.15) thay ring, khi x. = y. = 0 thi R =R% =0. Vay khi
khoi tam ctia r6to nadm trén truc quay cla nd thi roto cing duge can bing tinh.
Noi dung ciia bai todn can bing tinh roto 1a tim cdch dip thém khéi luong hodc
giam bt khéi luong cha roto mét cdch thich hop sao cho khéi tam clia né nim
trén fruc quay.
Khi x. = y,. = 0, tir h¢ phuong trinh (1.12) suy ra
X1+ xP=0 hay X4=-X
Y/+Y/=0 hay Y/=-¥
Nhur the, n€u mot réto cifng duge can bang tinh, thi phan luc dong phu cila
n6 & hai 6 dd s€ tao thainh mot ngiu lyc.
b) Khdi niém cdan bdng déng. Mot roto cling quay quanh truc z duoc goi 1a
can bang dong néu véc to chinh v md men chinh d6i véi mot tam O bat k¥ cua
h¢ lyc quan tinh cha réto triét tiéu Az

RY =RY = Mgl =MfL=0 (118) D gl s

Tir cdc cong thac (1.15) va (1.16)
suy ra diéu kién cén bang dong. Khi
Xe=ye=0 va J.=J_ =0 < _
f 1 y
thi réto ciing dugic can bang dong. Nhu gy BRSO >
thé néu truc quay cla roto 1a truc quén lC
tinh chinh trung tam thi roto duge can /2 mg
bing dong. Khi cdc diéu kién (1.18)
duge thod min, thi tir h¢ phuong trinh
(1.12) suy ra

Xe=x4=v!=v'=0(1.19) “Hinh 5.3

Vay, néu roto ciing duge can bang dong thi cde thanh phan phan luc dong
phu & hai & d& déu triét tidu.

Chd y rang, doi vdi vat quay mong, khoi lugng cla vat xem nhu tap trung
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trong mot mit phing vudng géc voi truc quay z cha né. Do d6 ta chi cdn tign
hanh can bang tinh cic vat quay mong. D6i véi cde vat quay khong mong ta
phai tién hanh can bang dong.

1.4. Cac thi du ap dung

Thi du 5.1. Mot dia l¢ch tam kh6i luong m quay déu quanh truc AB thing
ding v6i s6 vong quay » khong d6i (hinh 5.3). Cho biét m, R, e, 1, n. Hiy xdc
dinh phan luc & hai goi d& A va B.

Lot gidi. Vi i trong tam cha dia trong hé quy chi€u dong gan lidn vio dia i

xo=0, yo=e, z.=0

Cédc ngoai luc va mdémen ngoai luc

G, =0, G,=0,G. = -mg
M, =-mge, M, =0, M =0

Ta tinh cdc momen qudn tinh va mémen tich quén tinh cho thi du nay
J.=ZRmet, g =ZR
T2 Y4
Jy. =0, J,. =0 (do z=0).
Ngoaira
a=—, b:E' a.=w=rn/30, £ =0

Thé vao phuong trinh (1.9} ta duogc

Fot+Fy=0 Fyo+Fyu=-meaf, F, =mg
o / i i
"”g€+1’.4yE_F3y;:0s FHIE—-FAIE=O

Tir d6 suy ra

2
- e Y =
FAX_O’ F;Iy_"”“[f 2 J’ F42"mg

2

g

Fo,o =0, Fy =-mef=+—
Bx By {! 2}

Thi di 5.2. Mot khai tru tron dong chat khoi lugng m, ban kinh r, chiéu dai
21, quay quanh truc z di qua kh6i tam C clia né vi van t6c géc @ khong déi.
Truc quay z Iéch vdi truc d6i ximg ¢ cla hinh tru mot géc o khong ddi. Hay
xdc dinh phan luc dong & céc gbi dd A va B (hinh 5.4). Cho bi¢t AC = BC = /.
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Loi gidi. Ly g6c O cua hé toa do dong Oxyz tat khéi tam C coa tru. Ap
dung cdc phuong trinh (1.12) dé xdc dinh c4c phan Iuc déng ¢ cdc g6i A va B.

Do x.=y.=0,6=0 o= const. J. = 0 (vi truc X vudng gdéec v&i mat
phing d6i xing ctia hinh try ) nén tir (1.12) suy ra

X§+x8=0,v¢+vf =0 (1)
Yin-vih-J 0’ =0, —x%n+Xin=0 (2)

'Tr cac phuong trinh (1) va (2) suy ra

J
xg=xj-o. v =" ®)

Khé khin trong bai todn nay 1a tinh Sy
Trong thi du nay vy, z khéng phai 1a cic truc
quan tink chinh, mi 7.4 mdéi 1a cic truc
quan tinh chinh. Theo dinh nghia ta ¢6

Joo= Jyzdm 4
B
Tu hinh vé 5.4 ta ¢6

y _|cosa —sina || 5
z| |sing  cosa g 777
) Hinh 5.4
Do dé

y=ncosx—¢sina

. (5)
z=psing + ¢ cosa

The (5) vao (4) ta duge

= j(:}coso: ~¢sina)(nsina + & cosc \dm

B
=sin@cosa jrﬂfm +eos’ @ Iq{dm —sin’ & Ingdm —sihacosa J‘Q’Edm
8 B B B

Do £ la tryc d6i xiing clia hinh tru nén 13 truc quén tinh chinh ctia né. Nén

Jpe = J'rgé'dm =0
8

Vi vay Iy :%sin 2ex J'(rf -t )dm —sm 2o (fz + nz )dm - J.(fz +g’2)dm
&

B A
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Déi véi hinh tru tron

2 2] 2 g2
Do dé6 J},Z:lsianz —l—mrz—m L+I— =lm B_L sin2a  (6)
2 2 4 4 3

Y, = Y% = ﬁ[ﬁ—ﬁ o’ sin2a

4h\ 3 4

Thi dy 5.3. Mot tim moéng dong chat hinh tam gidc kh6i luong m c6 thé

quay quanh truc AB thing ding nhu hinh 5.5, do tic dung cla ngiu luc ¢6

momen M, khong déi. Hay tim phuong trinh chuyén dong va céc thanh phan

phan luc dong.

Loi gidi. He khéo sit 1a tdm hinh tam gidc. Chon hé toa do dong nhu hinh

veé. He truc dong Axyz c6 truc z 1a truc quay, Axz nim trong mat phing tim. Toa
do trong tam cua tAm 1a

| 2
X-=—c, =0, z-==b
c=3 Ye c=3
Khoang céch tir géc toa do dén diém B 1a b.
Z b 2
[
X [ dA = dxdz
£
XxX=—z
b
> X

a)
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Ta tinh cdc momen quén tinh ( 1a khéi luong don vi dién tich).

6 czib
J. = szdm =4 Ixza’A =u I xdx |dz = ! mc*
B ol o 6

blexib mch
J.. = J Xzdm = p {xzdA = j Xdx |zdz =
8 0L 0 4

J.=0

3z
Theo cic phuong trinh (1.9) ta co
2

X+ Xpg+mew® =0 = X, +X,= ’"C;’ (1)
Yy+Yp—nixe=0= Y, +Vz= il (2)
wYBb:—.Ix:az—gs (3
~Xpgh=-J 0" = —% w? 4
J.o=M, (5)

Néu tai thoi diém ban déu (¢ = 0) ta c6 &(0) = 0, thi tir phuong trinh (5)
tinh dugc
1
o= o - 8M, (6)

me nic”

The (6) viao cic phuong trinh (1), (2), (3), (4) tinh duoc cdc thanh phin
phan luc lién két tat A va B.

me 3 M nic
Xj=—or, Yy=—", ?
12 2c

T BT

2. MOMEN BONG LUGNG VA BPONG NANG CUA VAT RAN CHUYEN
DONG KHONG GIAN

Trong cdc chuong hai va ba di thiét 1ap biéu thic tinh mémen dong luong
va biéu thic 1inh dong nang clia vat rdn chuyén dong tinh tién, vat rin quay
quanh mot truc ¢ dinh vA tam phang chuyén doéng phing. Trong muc nay sé
thiét lap biéu thifc tinh mémen dong lugng va dong ning cla vat rin chuyén
dong khong gian.



2.1. Mémen déng lugng clia vat rin chuyén déng tiy y trong khoéng gian
a) Momen dong luong cia vt rdn doi véi khoi tdm ciia no

Xé1 vat rin B chuyén dong trong hé quy %o -
chié¢u c6 dinh R,,. Gan chit vio khoi tam cla

vat ran hé quy chiu Cxyz (hinh 5.6). Mémen "

dong luong cta vat ran B d6i véi khéi tam C s
cua né duge xdc dinh bdi cong thire . r € 3,
Ie = [t vm 2.1) pe— Yo
? X,
Theo phin Pong hoc, van téc ¥ 6 biéu dién Hinh 5.6
V=V, +oxi (2.2)

Thé (2.2) vao (2.1) ta dugc
I = [l <G + @ xiiykm = miic x5 + [[ix(@xii)dm (2.3)
Trong d6é # 1a khoang cich tir phan tir dm dén khdéi tam C cia vat ran B. Tu
hinh vé 5.6 thay ring # .=0. Do do
I = J'[ax (&% id)}dm (2.4)
Bay gidy ta tinh tich phan & trong vé€ phai clia bidu thite (2.4). K¥ hiéu
€,.€,,€. 1a cdc véc to don vi trén cde truc cha hé toa do Cxyz, X, y. z la cdc toa
do cla véc o u, @, @, @, 1a céc hinh chi€u cha & 1én cdc tryc cia hé tog do
dé. Ta cé
U=x€ +yé, +2z¢. (2.5)
D=8, +ae, +0.8 (2.6)
Chi ¥ dén dinh nghia clia tich véc to kép clia ba vée (0 Gx (b x &) =(d.é)b —(d.b)
ta c6
i x (6% )= 1’6 — (1o .
Tirdésuyra
x(@xu)= (x2 +y? 42t )(ff’_réx + @8, + a)zéu_)
~(xa)x +yw, + z.cuz)(ms'Jr +ye, + ze'z)
= [(yz + zz)a)_t - Xy, - x20, ]é_‘_
+|:(:2 + xz)a)_._ — yxw, —yza):} 2, (2.7)

+[(x3 + yz)fﬂz - IXe, — zym_l}e?:
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Tu (2.7 suy ra

?:_ﬂ = ‘[ﬁ x (@il )dim ={ o, J‘(y2 + zz)dm -, fxydm—a)z szdm €, +
B B B B

ey, Iyxdm +aw, j(z2 +x° )dm -, I}zdn: e, +
L B R B

—, J'zxdn'r -, Izydm + @ I(xz +y? )dm 2,
B B B

'Theo cédc dinh nghia khdi niém moémen quan tinh khoi trong chuong 2 ta cé
Jy= J(yz + 27 )dm, Sy = Ixydm

8 B
JJ_, = I(zz +x? i, J},z = Iyza’m
B B

J. = I(xz + 3% Ydm, Joo= ‘[zxdm
8 B

Do dé momen dong lugng cua vat rin d6i véi khéi tam C chia nd ¢ dang
:'( = (wax — @, —J . )e’x

(2.8)
+ (JJ.(uy —J,.o, —J},xwx)é_y +(Jza)z -J., 0, —JZJ.(U},)EZ
Neéu chon Cxyz 1a hé truc qudn tinh chinh thi J,=J,.=J,=0.Khido
le =(J,@,)é, + (J}.m},)éy +(J.0,)8, (2.9)
b) Mo men dong luong ciia vdt rdn dét véi diém O tay y
Tu hinh vé (5.6) ta co
F=r.+u
Do dé _
I, = IF X vdm = J(ﬁ. + 1) xVedm = i x Iﬁdm + |t x vdm
B H H H
I =1 +F xm¥. (2.10)

2.2. Mémen dong lugng cla vat ran quay quanh mét diém cé dinh

Trong trudng hop vat ran quay quanh mot diém ¢d O dinh (hinh 5.7), theo
dinh nghia
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[, = I.’v’xﬁdm (2.11)
B
Do v =@x 7 nén
I, = I[Fx(a)x?)]dm (2.12)
Chon Oxyz la hé toa d6 gin lién vao vat
rin B. T hinh vé& thdy ring
F=xé, + yé, +z€, (2.13)
O=w,e, +,E, +ae, 2.14)
Tinh todn tuong tu nhu trén ta cé
Iy =Jo,-Jyo,-J @
L=t o —J, 0 —J,0,

L =J.o —J, 0 -J, 0,

Hinh 5.7

(2.15)

Trong &6 J,, J,, J.,J,.J,,,J ., |a cac hing s6. Néu chon Ox, Oy, Oz la céc

Xy gz

truc quén tinh chinh thi J,, = 0, J,. = 0, J,, = 0. D€ phan biét, ta ky hi¢u céc
momen quan tinh chinh 1a J,J,,J, (hoac J,,J,,J,, ). T (2.15} 1a suy ra

[, =Jwe +J,me +Jo,e,

2.3. Pdng ning cua vat ran

a) M6 hinh vit rdn chuyén dong tong qudt

Xét vat rin B chuyén dong trong
khong gian (hinh 3.8). Theo dinh nghia
biéu thifc déng nang cla vat rin ¢6 dang

r-1 j idm =L Iﬁ.ﬁdm (2.17)
2 B 2 B

)
Tir cong thic tinh van 16¢
Suy ra VIV =V 4 200 (@ x @) + (6 x )@ x i)

(2.16)

Hinh 5.8
(2.18)

St dung cong thic tich hdn hop clia ba véc to d.(b x&) = b.(¢ x ), ta ¢6

(& x i) (@ x i)y =&.[i x (@ x it)]

Thé (2.18) va (2.19) vao (2.17) tinh duogc

(2.19)
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T= % vgdm + Ve (D x Iu dnr) + %w j[ﬁ x () % ﬁ)]dm
B B B
Theo cong thic (2.4) [, = [[iix (@ #)}dm v chi § dén dinh nghia khoi
)

tam  judm = mi- =0, ta ¢6 cong thitc tinh dong nang cia mot vat ran chuyén
dong trong khong gian ba chiéu
| e N
T=—mv;+—0l-=—V-.p+—o} 2.20
3 e o Wle =5 p 5 Pc ( )
Trong do, f; la momen ddng luong clia vat rén d6i v6i khéi tam C ¢clia néd
va duge xde dinh bdi cong thite (2.9).

b) Mo hinh vdt rdn quay quanh moét diém cé dinh
Trong trudng hop vat ran quay quanh

mot diém O cd dinh ¢hinh 5.9), do v =@xF,

nén ta ¢o

TV =VABxF)=BFxV) (221
Biéu thitc dong ning cla vat rén quay .
quanh mét diém O cé dinh c6 dang ’ A
- Hinh 5.9
r-1 [viem = 1 [v.5 dm = l&}.jf x ¥ dnmi = 1(15.30 (2.22)
2, 23 2y 2

Trong d6 /, 12 mémen dong lugng cha vt rin d6i véi diém O ¢4 dinh.

2.4, Thi du ap dung %ot b l

Thi du 5.4. Mot dia tron dong chat khoi
lugng m, ban kinh r, duge lap vao tay quay
nim ngang OC = b. Dia chuyén dong tuong
doi quanh truc OC v6i van t6c géc o, (hinh X
5.10). Truc OC quay quanh truc thing ding
Oz, lam cho dia lan khong truot trén nén
ngang £ ¢& dinh. Hay xdc dinh véc o
momen déng luong cua dia déi véi khai tam
C clia né va dsi voi diém O cd dinh va déng
nang cua dia. Hinh 5.10

Lot gidgi. Chon dia tron B lam vat rin khao sit. Chuyén dong cua dia 1a
chuyén dong quay quanh diém O c6 dinh. Chon céc truc qudn tinh chinh ¢la dia
la Cx, Cy, Cz,ta cé
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i
Jg, =Jz=lmr2; J).zimrz (1)

Ky hi¢u ¢, &, & lan luot 1a cdc véc 10 don vi trén céc truc ciia he dong
Cxyz gin chat vao dia. T hinh vé ta ¢6 &, = w,é,, V. = w, bé, .
— Moémen dong lugng: Do 7. = 0nén OP" [ truc quanh tdc thoi. Vi vay
w b r . roo_
TR0y =0, ) =~ @y8
wy, r b b
Van toc géc tuyét doi cha dia 1a
- - ~ . r .
@D =) + @ =€, _3“’1"33 (2)
Tir (2) suy ra:

w, =0, @, :a),,m::—gml 3)
Theo cong thitc (2.9)

1
ley =J,m, =0 ey =J,0, =5mr2ajl

3

I, =J.o, = —imri Sa=—a,
3
Vaytacé [, = %w,é’z —%a)]é} 4
Theo cong thitc (2.10)
Iy =l + 7 x mv (5)
Trude hét ta tinh
& & &
Foxmve = 0 b 0|=—mblw,e, (6)
mew,b 0 0

Két hop (4) va (6) suy ra
2

3 2 2
fozﬂa)léz —ﬂ—m@—mbza@% = ﬂca,é LAy, aé; (7)
2 ab 4
Dong nang: D¢ tinh déng nang ctia dia, thé (2) va (7) vao (2.22) ta duge
1 _ - 1
T=5dlo= E(IOxwx +lp,0, +1p.0. )

21-CO HQC KY THUAT
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-+

2 2 2 2
7= P p e L = 6+ TR
= W] + Eb[ Z +b ]a),bm] 5 (6+ =)y (8)

3. PHUONG TRINH VI PHAN CHUYEN DONG CUA VAT RAN QUAY
QUANH MOT PIEM CO PINH

3.1. Thiét lap cac phuong trinh chuyén dong cua vat ran quay quanh
mét diém ¢é dinh

Cho vat rin B quay quanh diém O ¢6 dinh, chiu tdc dung cua cdc luc
£, Fy,...F,. Hay thi¢t lap phuong trinh vi phan chuyén dong clia vat rin.

Gia sir hé quy chiéu R, = Ox,yyz, 1a hé
quy chi€u ¢d dinh, h¢ quy chiéu R = Oxyz
la hé quy chidu dong gin chat vao vat ran
B. Theo cong thic (3.4) chuong 3, phan

dong hoc, v& quan hé gita dao ham tuyét
dai va dao ham tuong doi, ta ¢é

ar, Rdl, - -
— 20 .%o L, (3.1) i
dt dt Hinh 5.11
Trong do, !:) la mémen dong lugng cla vat ran doi véi diém O, @ 1a véc to
van toc gée clia vat ran.

Ap dung dinh 1§ bién thién mémen dong lugng

o Jf o g
0 _ =
” —Zmo (f‘k) (3.2)
Thé (3.2) vao (3.1) ta duge phuong trinh
Roar, FRdi, - - L=
d:o z_dro+wx‘lozzmo(ﬁ) (3.3)

Neéu chon Ox, Oy, Oz 1a cdc tryc quén tinh chinh va k¥ hiéu Ia 1, 11, III, thi
Jy . Jy Jy 12 cdc hing s6. Theo (2.16) suy ra
Rdl,
ot

=Joe; + Jyopey +J oy (3.4)

Mait khiic theo dinh nghia tich véc to cua hai véc tota cé
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€ ey ey
wxly =\, w, o,

(3.5
oy )

wxlp =@yl —@yli)er + (wydy —ayly)ey + (o), - oyl gy
Do dé tir phuong trinh vée to (3.3) suy ra h¢ ba phuong trinh vi phan
chuyén dong cta vat rin quay quanh mot diém c¢6 dinh.

da ¢
» J,T”ﬂ(.}” J i wg o, —Zm‘, (F.k) M,
doy, v
a’w
Iy —2 -, - Iy = me (f‘ k) My,

Hé¢ cdc phuong trinh (3 6) 12 h¢ cdc phuong trinh vi phan chuyén dong
clia vat rdn quay quanh mot diém 6 dinh. Chung dugc goi Ia cdc phuong trinh
dong lyc Euler’. Trong dé, J1 Jy Jyy 1a cde mo men qudn tinh chinh cla vat
ran tai O, o, w, @y, 18 hinh chidu van 16¢ géc & cha vat rin 1én céc truc
quan tinh chinh £, /1, /7] gin chat vao vat ran. Cic phuong trinh déng fuc Luler
la hé 3 phuong trinh vi phan phi wyén cip mot d6i véi @y, Wy, y Viéc tin
nghiém gidi tich clia h¢ cdc phuong trinh nay néi chung la bai todn khé vé mat
todn hoc. Ngay nay xu thé chung 1 sit dung cic phuong phip s6 dé giai cic
phuong trinh nay. Sir dyng cdc phuong phép s6. cdc phuong trinh (3.6) dugc
giai kha dé dang.

3.2. Cac thi du ap dung

Thi dy 5.5. Mot dia trdn mong khoi lugng m, ban kinh R, quay quanh truc
quay AB cia né vdi van 16c géc £2 khong déi. Truc AB vi khung quay quanh
truc DE vdi van t6c goc o, gia 16¢c gée @, (hinh 5.12a). Cho m. R, 2, W, &, va
a. Hay xdc dinh mo men M, cdn thigt d¢ khung ¢6 thé quay DE dugc va cic
phan lyc lién ket dong phu 1ai céc 6 d& D va E khi khung quay.

f.01 gidi. Chon cdc tryc qudn tinh chinh cda dia 1a céc truc L 1T, I nhu hinh
ve (5.12b). Tu ¢co

L1 ] 1 2
]f:JH:ER’ JH,'ZE”"R

" Euler (1707-1783), nha 10dn hoc va co hoc Thuy $i. Ong lam wviéc nhiéu nam & St. Petersburg
{Nga) va Berlin (D).
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Hinh 5.12

Do 2 nim trén truc 111 vuéng goc véi mat phang chia cic truc I va 11, nén
hinh chigu clia w =Q+w, lén cdc truc qudn tinh chinh cé dang
@, =, coslY, @y =~ sin{d , wy =Q=const
Pao ham theo thai gian cic biéu thic trén
@ =y cosQU ~ e, Qsin QU , by =~y sin QU —w, QeosQ, @y =0

Thé cdc biéu thic nay vao phuong trinh dong luc Euler (3.5) ta dugc
M, =J, (& cosQt — 0, Qsin Q) —(J y; ~ J;; w, Qsin QU
My =Ty (@ sinQr - 0, Qeos Q) +(J; ~ Iy ), cosu
My =Jy 0+(Jy ~J;) oy

My =-Jy0,sinQf - J,,0,Qcos
My =0

Chigu véc tomomen M, (M,, M, }1én he toa d6 Oxyz suy ra
M, =M;cosQt-MysinQr=J,a,
M, =M;sinQt+ M, cosQt =—J;,0,Q

M,=M; =0 ~
Do M.= 0, nén chi con M, 1a ngiu |
luc cha cdc phan luc dong phu tai tdc
dung len cdc 6 d&tai D va £ tic dung lén M, a |4
vt rdn, do d6 gay nén chuyén dong ciia __[_7 oY1
khung. Tir hinh v& (5.12¢) ta ¢6 1 R
F
a a Hinh 5.12¢
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Thi du 5.6. Mot tru tron déng nhat, khoi lugng m, ban kinh r, dai /, quay
quanh mot truc ¢6 dinh v6i van t6c géc @ khong ddi. Truc quay nghiéng mot
goc o Vdi truc déi xing cha hinh tru (hinh 5.13a). Trong tam C cia hinh tru
nam trén truc quay. Hay xdc dinh phéan luc dong phu 6 cdc 6 da.

Lot gidi. Trong tam C cua tru ndm trén truc quay nén r_;; =0. Do dé véc to
chinh cua cédc phan luc g6i d& phai triét tiéu. That vay

maC:ZFE =0=>F{+F§j =0, vi F!'+F\+P=0.

2
=]

M

L 4

Oe
S\

%=

Hinh 5.13

Ap dung céc phuong trinh dong luc Euler (3.6) xdc dinh momen ctia phan
luc 6 d&. Ta vé céc truc chinh nhu hinh (5.13). Cdc mémen quéan tinh chinh (tra
bang) c6 dang

Chié€u véc to @ 1én cic truc quan tinh chinh ta dugc (hinh 5.13b)
W, = wcosa, @, =—awsina, «;=0.
Do @ =const ,tir d6 suy ra g =¢, =&, =0. Theo phuong trinh dong luc
Euler (3.6) ta c6
M =0, M, =0
m o,

My =—(J,-J,) o0, =[Er %(12 +3r? )]mz sinacosa

= —%(!2 —3r? )mz sin2a
Nhu thé cdc phan luc dong phu tai cdc g6i dd sinh ra do mémen déi véi
truc chinh 3 1a M;. Theo hinh vé 5.12¢, tacé F? = F¢ . Tix d6 x4c dinh duoc
m(12 —-3?‘2)(02
48a

Thi du 5.7. Xét chuyén dong lin khong trugt cia mot banh xe ctia may
nghién (hinh 5.14). Truc mang banh xe quay déu quanh truc thing ding véi van

M, =—aij —aFg =—20Ff = Fj = Fg = sin 2a
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téc @,. Cho bi€t cdc momen quén tinh chinh cla banh xe J,, J, = J,, bdn kinh
banh xe la r, khodng cdch OA la R. Bo qua khéi lugng cta truc OA. Tim dp luc
cta banh xe 1én nén.

Loi giai. Banh xe tham gia hai chuyén dong quay quanh hai truc giao nhau
tai 0. Chuyén dong theo clia banh xe 1a chuyén dong quay quanh truc thing
ding clng truc OA véi van téc géc @, = @, Chuyén dong tuong déi cia banh
xe la chuyén dong quay quanh truc OA véi van téc géc 1a o,, géc quay la «.
biém P° 1a diém banh xe ti€p xdc véi mat dudng. Do d6 ta ¢6 vy = 0. Xét diém
Ata suy ra o;r = Rw,.

Q

Hinh 5.14

Tir hinh 5.14 suy ra céc thanh phdn clia véc to van t6c géc clia banh xe
B .
W, =a=—ay, o,=0,
r

Wy =W, COSA , My = ~WyASINA = W)Wy (1)
03 =—@)SINA , O3 = —O)ACOSA =~
Phuong trinh dong luc Euler d6i véi chuyén dong clia banh xe c6 dang
d
{

M, :J2%+(Jl_‘]3)w3wl 2)

do
My =0, ——Jti +(Jy = J,) 0,0,

Thé (1) vao (2) tinh dugc biéu thic xdc dinh mémen cla cic ngoai luc tic
dung lén banh xe
M, =0
My =(J; +Jy - ;) 0,05 = -J\0 -‘Esina . (3)

R
My =(-J;5+J,-J, )m,a)z = —J,a)g ?cosa
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T (3) suy ra ngéu luc téc dung 1én banh xe c6 do 1én

> R
M= \M;+M; =J o} = (4)

Ngiu lyc nay niim trong mat phing vudng goc véi truc OA clia banh xe va
song song vGi mat phing ma banh xe lan trén dd. Ngiu lyc nay tao nén phan luc
dong phu & khép O va ap luc 1én mit dudng. Do d6 dp luc dong cha bdnh xe
lén mat dudng la

R r
Ap Iue toan phin Li
Jyof
N=G+ —‘f"” (5)

Trong do, G la trong luong banh xe.

4. CHUYEN DONG GYROSCOP

4.1. Khai niem Gyroscop va sy phan loai
Pinlt nghia. Mot vat rin c6 mdt tryc déi xing quay quanh mét diém ¢6
dinh ndm trén truc doi xtng duge goi 1a Gyroscop.
'Né'u_k}? hi¢u céc truc quédn tinh chinh Ox 1a truc 1, Oy 1a truc 11, Oz 14 truc
L1, thi cdc phuong trinh dong luc Euler (3.6) ¢ dang
Sy ~(Jy = Iy Yoy = M,
Ty =Sy = I oo, =My, (4.1)
Tty =y =Ty Yoy = My,
Cin cd theo tinh chil cla cic moémen gudn tinh khoi, ngudi ta phan loai
Gyroscop nhir sau
Gyroscop ciu Jr=J,=Jy
Gyroscop doi xiing =0, J, =]
Gyroscop di xing ngan  J, = J, >J,
Gyroscop doi xung dai J=J,<Jy
Can i1 vao vi tri trong tm ngudi ta phan ta phan loai Gyroscop nhu sau

— Gyréscop khong chiu tdc dung ciia trong luc: khi trong tam va diém 6
dinh tring nhau. ngoai trong luc khéng c6 ngoai luc nao khac.
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— Gyroscop nang: khi trong tam ndm ngoai diém ¢6 dinh, trong luc tao
thanh momen tdc dung I&n vat rin.

Chi trong trudmg hop Gyréscop nang, d6i xting mdi ¢6 thé tim duge nghiém
giai tich.

4.2, Ly thuyét sd cip vé Gyroscop

Ta xét cac Gyroscop ¢6 mot truc z déi
xUmg vat chat va diém O c6 dinh ndm trén truc
doi ximg d6. Truc d6i xing nay dugc goi 1A
truc doi ximg dong luc cia Gyroscop. Gia sir
Gyroscop quay quanh truc déi xing dong luc
cua nd véi van toc géc o, khong déi, truc d6i
ximg dong luc lai quay quanh mot truc z,, d6i
xung khac véi van t6c géc @, <<w, (hinh 5.15).

Theo cdc gia thiét trén suy ra

Hinh 5.15
Je=dy Jow0, J, = J, =T, =0,
@ =)+,
a) Phuvng trinh co bdn cua ly thuyét s cdp Gyréscép
Theo gid thuy€t trén ta ¢o
Iy~ J.d, (4.2)

Ap dung dinh 1y bién thién momen dong lugng cho chuyén dong cla
Gyroscop

dly = Y i (F) (4.3)
ot

Tir cong thic lién hé dao ham cia véce to trong ¢dc hé quy chiéu khic nhau
suy ra

Pd(s.a) F d{J.5)

= +woxJ. o 4.4)
dt dt -
Do gia thi€t ¢ 1a véc to khong ddi trong chuyén dong twong d6i nén
a4 (J:a")] ) B
dt

Ngoai ra

5x.f:£:;| Z(a;i +ﬁ;2)><JZ(B| :J__,(az x5|)



Néu dua vao ky hiéu

MG = 3 (P (4.5)
thi phuong trinh (4.3) ¢6 dang
J (@ x i) = M, (4.6)

Phuong trinh (4.6) duge goi 1a phuong trinh co ban cha 1§ thuyét so cip vé
Gyroscap.

b) Momen Gyréscop va hiéu ing Gyréscop

Gia st Gyroscop quay quanh truc d6i ximg déng luc clia né véi van t6e gée
@, truc nay lai quay quanh truc khdc véi van t6c @, , md @, < w,. Hai truc
quay giao nhau tai diém O (hinh 5.15).

Thu gon h¢ luc qudn tinh vé diém O ¢§ dinh ta dugc mot véc to chinh va
mot moémen chinh M. Theo nguyén 1y d'Alembert thi tdng mémen chinh cia
cdc ngoai lyc v mémen chinh cdc lyc quan tinh clia Gyroscop phai bang khong

M§ +ME =0, (4.7)

Dinh nghia 4.1. Momen chinh clia hé lyc quin tinh cta Gyroscop d6i véi
tam O ¢é dinh ca né dugc goi 13 moémen Gyroscop.

T cong thiic (4.6) va (4.7) suy ra

Mgy, = M =-M{ = J_ (&) % &) (4.8)
ng =.J.0,0,siné (4.9)
v6i 0 14 géc gilta hai véc 0 1, @2

Theo ¢ong thite (4.8) thay rang, cic véc to a?,,a?;z,h?g}, lap thanh mot he
thuan. Tir d6 khi biét hucng ciia &6, dé dang xdc dinh hudng ciia 37,,.

Dinit nghia 4.2. Sy xudt hién momen Gyroscop duge goi 13 hiéu ing
Gyroscop.

Nhu the, hiéu ung Gyroscop xdy ra khi ¢6 su bién ddi vé hudng cia truc
doi xitng dong luc cla vat quay. Xét mét vai thi du minh hoa. Khi 6 16 chay trén
doan dudng vdng, méi cip bdnh xc cling véi truc mang ching 12 mot Gyroscaop.
Do truc clia cap banh xe déi hudng nén xudt hién momen Gyréscop. Céc truc
mdy quay nhanh trong cic géi dg, do c6 d¢ hé nhat dinh gida g6i d& va truc,
nén truc médy clng la mot Gyroscop. Momen Gyroscop, tite 14 momen quan tinh

cua tryc mdy, gay nén 4p luc dong phu & cdc géi dd. Cac ap luc déng phu nay
dugc goi 1a cic dp luc Gyroscop.
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¢) Cdc thi du

Thi du 5.8. Roto clia tuabin tdu thiy cé
truc quay song song vdi truc doc cta 1in
(hinh 5.16). Réto cé khéi lugng m = 3500
kg. ban kinh qudn tinh cla roto déi véi truc
quay cla nd la p = 0,6 m, van 16¢ géc cla
10to n = 3000 vong/pluit. Hay xdc dinh dp
luc 16n nhat ¢ hai 6 truc A va B do hiéu tng
Gyroscop gay ra khi tau thay bi chong chanh
quay quanh tryc thang ding véi bién do
@, = 9, chu k§ T = I5 5. Cho bi¢t khodng
cach gilta hai truc ABlal =2 m.

Hinh 5.16

Lot giai. Vat khdo sét 12 roto cha tuabin. Khi tau chdng chanh chuyén déng
cua rote phan thinh hai thanh phan : chuyén déng quay quanh truc z cia né véi
van 16c géc @, chuyén dong dao déng quanh truc x do tiu chong chianh véi van
to¢ goc @, (, <<w,). Do d6 khi tau chong chanh, roto cia né 1a mot Gyroscop.
Theo dau bai quy ludt chdng chanh cla thu thiy 14

gozgousin[z?;rhkaJ (rad) (1
Van téc gde ciia chuyén dong chong chanh nay 1a
-2 2
Wy =@ :-}quo cos(—TEI +a] (rad/s) (2)

vk e 1a o e r . )
Gid tri 16n nhédt cua van tdc géc nay 1a @, . :?%. Nhur vay momen
Gyroscop I6n nhil cua roto theo cong thite (4.9) 1
ot
My nas = S0 4, SI090 (3)

Do (N9, N$)= A%, =M., nén 4p lyc 16n nhat & hai ¢ d& A va B do hiéu
NERA:: O g P

tng Gyroscop gay ra la

mp? nr 2x o

= L,

I\Ijjmilﬂ = IME‘]TH]K = i:(glwz a— = 30 T (4)
! /

Thay s6 vao cong thike trén ta duoc

"Ivjmu_\ _ Ngm _ 3500x(0,6)° x3000.7x 27 x 91 —13022,636N

2x30x15x180
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Thi du 5.9. Cho ¢o csu hanh tinh yd
nén nhu hinh 5.17. Banh rang hinh nén 0
1 ¢6 ban kinh R, ¢6 dinh. Banh rang ®, d
hinh nén 2 ¢é bén kinh R, lan khéng 3

F N

o 0

(OA). Tay quay OA quay quanh truc
thang dimg v6i van t6c gdée @, Cho
biél bin kinh quén tinh cia bdnh rang

trugt trén banh rang 1 nhd tay quay 3~ 5T o \

2 déi v6i trye cua nd 1a p. Coi ma sét 1a

khong ddng ké va bo qua khoi lugng

tay quay. Xac dinh phin luc tinh va
. . . p H . Hinh 5.17

phan luc déng phu cua banh rang 1 tdc

dung lén banh rang 2.

Lot giai. Chon hé khao sét 1a co cdu hanh tinh nhu hinh v@ 5.17. Banh riang
1 ¢6 dinh, tay quay OA chuyén dong quay quanh mét truc ¢d dinh. Bénh rang
nén 2 chuyén dong guay quanh diém O c6 dinh.
Trudc hét ta xac dinh phan lyc tinh N',. Ta xét hé lyc tinh can bang. Phuong
trinh momen doi vé6i tam O 6 dang
> my(Fi)= N, OB-P,.04=0
T dd suy ra

AR
Nfz — pl%:_¢

(1)
OB JR' + R}
Bay gid chuyén sang xéac dinh phin luc dong phu N¢,,. Do diém 5 th tam
vin toc tie thoi ta ¢d
R
V;I = R] .(.UO = Rza)z = C{)Z = _](UU (2)
R
Bédnh xc¢ 2 trong trudng hop nay xem géan ding 1a mot Gyroscop. Tir cong
thitc {(4.9) suy ra

_ J.,0,5in90" _ o’ Rt

NY\,= : (3)
OB gRy\ R} + R}

Tir (1) va (3) nhan duge
NG _pleg

A’;‘: gR'}

(4)
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4.3. Sy &n dinh chuyén déng cGa Gyroscdp tu do
Nhur doan trén da viét, Gyroscop 1a mot vat rin c6 truc déi xfrrig c6 thé
quay tly y quanh di€m O ¢& dinh nim trén truc déi xing. Xét trudng hop diém
O c6 dinh triing véi khéi tam C cla vat rin. Néu véc to chinh mémen coa cc
ngodi lyc tdc dung len Gyroscop triét tiéu, Gyroscop khi d6 duoc goi 1a
Gyroscop Khong 6 ngdu luc ngoai tic dung, hoac Gyroscop tur do. Do M=20
(i = 1.2,3), 1l cdc phuong trinh dong luc Euler (3.6) suy ra:
Y A (A S VI
Jyy —(J3 = J Yo, =0 (4.10)
Jsay = (Jy =Ty )o@, =0
Gia st @, = @y = const, w, = @;= 0. Tt cac phuong trinh (4.10) suy ra
@y =0, @, =0. Khi dS truc 1 1a truc quay c& dinh. Bai todn thyc (€ dugc dit ra
nhur sau: gia sir ¢6 mot nhidu déng nho tic dung vao Gyréscop, 1am anh hudng
dén @, vd @y, khi d6 chuyén dong cha Gyroscop sé thay déi nhu thé nio?
Pao ham phuong trinh thit hai clia (4.10) theo thdi gian ta duge
S0y = (S5 =T, i,
Th€ e, tir phuong trinh thit ba cha (4.10) vao phuong trinh trén suy ra
Sy J3iy = ~(J) = T5)(J, ‘Jz)ﬂ’ng
hay @y + atwy =0
Trong d6 ky hiéu

02:('}|_J2)('}|_J3)w§ (411)
J2J3

Khi &’ >0, nghi¢m clia phuong trinh trén ¢6 dang
w,(¢) = A cosat + Ay sinat

Khit — oo, a(t) gidi noi. Chuyén dong ctia Gyroscop én dinh.

Khi &’ <0, ta dat b’ = — & >0, nghiém ctia phuong trinh (4.11) ¢6 dang
@y(t) = Bye® + Bye™ (b>0)

Khi t—»e0, @y(t) —»e0. Chuyén dong clta Gyroscop khong én dinh.

Vay khiJ, >J, vdJ, >/, — a’ > 0, chuyén dong ctia Gyrdscop dn dinh

KhiJ,<J,vaJ,>J hoacJ, >J,vaJ, <J,, chuyén dong clia Gyroscop
s€ khong 6n dinh.
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Két lugn: Sy on dinh ctia Gyroscop tu do phu thudc vao su phan bd khéi
luong cha nd. (Khai niém &n dinh chuyén dong sé duge trinh bay k§ hon &
chuong 8).

5. CAC PHUONG TRINH VI PHAN CHUYEN DONG CUA VAT RAN
TRONG KHONG GIAN

5.1. Cac phudng trinh vi phan chuyén dong cta vat rin trong
khong gian

Cho vat ran 8 chuyén dong 1y v déi véi
hé quy chiéu cd dinh R, = {Oxyy,z,}. Gan
chat vao khdi tam C cilfa vat rin B h¢ quy
chiéu qudn tinh chinh (hinh 5.18). Vi tri ¢a
vat ran B ddi vSi hé quy chiéu ¢6 dinh R,
dugc xdc dinh bdi vi tri chia khéi tam € va
huéng quay cua ciia né. Gia sit vat ran chiu

tdc dung clia cdc e Fi1,F1,...Fpn. Ap dung
dinh 1y chuyén dong khéi tam ta c6 phuong

. . : 4 o Hinh 5.18
trinh vi phan chuyén déng cua khéi tam C ¢ "
il = Z RO
my? =Y B (5.1)

mE) = ZFS’
Trong d6, m la khéi liong cha vat thé, x 39 O 13 10a do khéi 1am €
trong hé quy chigu o6 dinh R, = Oxpyz, . ', F, FS 1a hinh chiéu cia cdc
luc ]7}‘ trén cic truc Ox,, Oy, Oz, .

Ap dung dinh ly bién thien déng luong suy ra cdc phuong trinh dong luc
Fuler

a .

J| %_(JZ _J3)w2f03 = Zf”l (F,k):Ml
d 3 -

gy —;;L ~(Js =) ey =Y m(Fi)=M, (5.2)
d -

Trong d6 J,, J,. J; 1d mdmen qudn tinh cta vat rdn d6i v6i cdc tryc quan
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tinh chinh di qua khéi tam C ctia vat rin, @,. @, ®,1a hinh chidu cha véc 1o vin
t6c gbéc @ lén cdc tryc quin tinh chinh C1, C2, C3 cla vat rin B,
n (Fi ) ity (Fk ) "y (]ﬁ:k ) la momen ca luc Fy d6i véi truc C1, C2. C3.

Cédc phuong trinh (5.1) va (5.2) dugc goi 13 cdc phuong trinh vi phan
chuyén dong cta vat ran trong khéng gian ba chiéu.

5.2. Cac goc Euler va cac phuong trinh vi phan chuyén dong quay
Khi sir dung cdc géc Euler dé xde dinh hudng quay clia vat rén, theo
chuong 5 phin dong hoc ta ¢6 ba phuong trinh dong hoc Euler
, =yrsinfdsing + Ocosgf)
on zagksim?cosqa—ésin(o (3.3)
Wy =4 cosf+ ¢
bao hiim cdc phuong trinh (5.3) theo thoi gian ta duge
%)l =/ sin OSin(pﬂz'/é?cosGsinqoﬂg}qbsin Bcosp
+€icosqﬂ—9gbsingo
do, . . A . :
dt_ =/ sinf cos @+ cos B cos @ —ypsinGsin g 5.4)
~sing —Bp cos g

%:wcosé’-w@sm8+¢
The cdc phuong trinh (5.3) va (5.4) vio cdc phuong trinh (5.2) nhin duge
h¢ ba phuong trinh vi phan ¢dp hai m6 ta chuyén dong quay quanh khéi tam
cua vat rin khong gian

M, =J,(¢sin@sinp+ G cosg
+y0 cos @ sin g+ g sin 0 cos ¢ — O sin @)
~(J, -J3)(t,.r)sinOCosga—05111(0)((;) cosd + ¢)

M, =J,(sin@cosp -G singp
+g}90050cosgo—y)gbsint?singo_éqbcosgo) (5.5}
—(J, = J) )y sin Osin g+ O cos )y cos 6 + @)

M, =J,(t cos O+ @ —y0sin§)
—(J, —J,Xw sin@sing+ 0 cos o)y sin@ cos ¢~ 0sin ¢)
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Cdc phuong trinh (5.1) va (5.5) 1ao thanh mot hé sdu phuong trinh vi phan
cdp hai mo6 1a chuyén dong cia vat rén trong khong gian ba chiéu. Trong dé
sdu dn 1a x,., ¥,z (ba toa do suy rong dinh vi), 1,8, (ba toa do suy rong
dinh hudng). Néu bigt thém 12 di¢u kién diu thi ta ¢6 thé giai hé phuong trinh
vi phan chuyén dong cla vat ran tdng quat mot cdch dé dang bang phuong
phap so.

Céc phuong trinh (5.1) va (5.5) duoc goi 1a he cdc phuong trinh Newton—
Euler. Nguoi ta thudng st dung hé cdc phuong trinh vi phan nay dé thiét lap he
cac phuong trinh vi phan chuyén dong clia v¢ 1inh, m4y bay, robét dusi nude, ...
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Chuong 6

VA CHAM CUA CAC VAT RAN

Va cham 1& mét hién tugng co hoc hay gap trong ky thuat. Cé nhimng
hi¢n tuong va cham ¢6 hai ta khong mong mudn (ching han sy va cham clia
hai 6 t6) nhung ciing c¢6 nhimg hién tugng va cham c¢6 Igi, duge sir dung
trong ky thuat (bda déng coc, cdc may va rung, con lic xdc dinh van t8c vién
dan). Qua va cham xuat hién céac gia téc 16n chia céc diém cua vat rin va sy
bién dang & cic ving tiép xiic.

Trong 30 nam cudi ctia thé ky XX, bai toan 1i€p xiic dong lyc hoc da duge
nhi€u nhi co hoc quan tam nghién cttu. Céc quy luat phi tuy€n cia va cham.
ma sdt, su twong tac gilta va cham, ma sit va dao dong, 6n dinh 12 nhiing noj
dung ca ban cua Iy thuyét tiép xic dong luc hoc. Tuy nhién, day 14 nhitng vdn
dé khé, vugl ra ngoai noi dung gido trinh nay. 3 day, chi trinh bay 1y thuyét

s0 cdp vé va cham, trong d6 sir dung dinh luat gan ding cha Newton va Poison
vé va cham vi chi xét mé hinh va cham cia hat vat rén phing,

1. CAC GIA THIET GAN DUNG, CAC PINH LUAT NEWTON VA
POISSON VE VA CHAM

1.1. Dinh nghia va cham

Va cham cla cdc vat rin 13 sy ti€p xic bat thinh linh cda céc vat rin,
gay neén sy thay déi cac dac trung co hoc clia cdc vat thé nay nhu van tdc cce
di€ém va van t6c gée cla céc vat rin va nhau thay d6i mot lugng hitu han
trong mot khoang th&i gian rat ngan.

1.2, Cac dic diém ctia qua trinh va cham

a) Thot gian va cham. Trong qué trinh va cham gilta cdc vat rdn, thoi gian
va cham rat ngén. Ky hiéu ¢, 13 thoi diém ddu va cham, t; 1a thoi diém cudi
va cham, At=¢, —4 rét nho.

b) Su bién dang va khéi phuc khi va cham. Trong qua trinh va cham, céc vat
ran va nhau bi bién dang & viing tiép xdc. Mtic do va trang théi bign dang phu
thugc vao ban chdt dan héi cla hai mat va cham vao nhau. Quan sit cac vat
thé va cham ta thay rang, ban ddu céc vat thé bi bién dang & viing tiép xuc, sau
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d6 do tinh chét dan héi ciia vat ligu, ching khoi phuc lai dan hinh ddng cil.
Can cit vao tinh chat dan héi cha vat li¢u, ngudi ta phan loai va cham nhu sau;

— Va cham mém (hay va cham déo 1y tuéng): khong 6 giai doan khoi phuc.

~ Va cham dan héi: ¢é giai doan khoi phuc.

— Va cham tuyét doi dan héi: cde vat thé khéi phuc lai ding hinh dang ci.
¢) Luc va cham va xung luc va cham. Khi hai vét rin va nhau, cdc luc lién
k€t xudt hién & cdc vat va nhau trong thdi gian va cham duoc goi 1a cdc luc va
cham. Cdc loai lyc hoat dong khic téc dung 1én céc vat rin va cham dugc goi la
cdc tye thong thudmg. Ky higu luc va cham 1a R(r).

Do qua trinh va cham xay ra trong khodng thai gian rdt nho, van t6c cic
diém thay déi mot Iugng hitu han, cho nén céc luc va cham c¢é tri s6 rat 1én va
bién thien rat nhanh. Vi vay ngudi ta thudng dénh gid tac dung cua lyc va cham
qua xung lwong cia chaing.

Dinh nghia. Xung luong clia Jyc va cham trong thdi gian va cham Af = =4
duge goi 14 xung luc va cham

$ = Ry (1.1)

i

1.3. Cac gia thiét gan dang

Trong 1y thuy€l so cip v€ va cham clia cdc vat rén, chiing ta cong nhan cac
gia thiét gan ding sau:

a) Vang ti€p xtic bién dang clia cde vat rdn 12 mot viing nho so véi dién tich
bé mat cla cac vat rdn va cham vao nhau. Do d6 ta ¢6 thé sir dung mo hinh hai
vat ran tiép xic diém khi tinh todn va cham cha céc vat rén.

b) Trong qud trinh va cham, do thdi gian va cham As rit bé, sy thay déi vi
tr cia cdc vat thé va nhau 12 nhé. Do d6 ta o6 thé bé qua dich chuyén trong qud
trinh va cham.

¢) Cdc liye va cham 16n 16 mitc ¢ the bo qua tac dung clia cdc lue thong
thuong (irong lugng, siic ddy clia gi6, lyc can khéng khi, ...) trong thai gian
va cham.

1.4. Md hinh ¢ hec cla hai vat rdn phang va cham

Xét hai vat rin 1 va 2. Trong thdi gian va cham ching tié€p xiic v6i nhau tai
diém P (hinh 6.1). Ky hiéu P, 1a diém thugc vat rin 1, P, 12 diém thugc vat rin
2, ma tai thdi diém va cham ching tring nhau tai P.
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a) Mdt phing tiép xic va duong va cham. ~Mat phéng

Chiing ta gia thi€t khi hai vit rdn cham vio uep );"C chung

nhau, & di€ém ti€p xic P, chiing ¢é chung ¥, Yy
1

mot mit phing tiép tuyén E. Mat phing

nay duge goi Ia mat phing tiép xuic. Pudng . x

. . e - e » Buong
phdp tuyén chung véi mat phang ti€p xic C, va cham
tai di€ém tiép xic P duoc goi 1 dudng va ‘
cham. Ky hi¢u dudng va cham 1a Pn hoac 2

Hinh 6.1
Px (hinh 6.1).

b) Su phdn loai va cham

Va clham xuyén tdm va va cham khong xuyén tdm. Goi dudng thang néi hai
khoi tam C, vi C, cia hai vat rin va nhau 13 dudng xuyén tam. Khi dudng
Xuyén tam trung voi dudng va cham thi va cham duoc goi 1a va cham xuyén tam
(hinh 6.2a). Nguoc lai khi dudng xuyén tam khong triing voi dudng va cham, thi
va cham dugc goi 1a va cham khong xuyén tam (hinh 6.2b).

v ¥

~3
X
[ ]
¥

a) b)

Hinh 6.2
a) Va cham xuyén tam; b) Va cham khdng xuyén tam

Va cham thing va va cham xién. Néu van t3¢ & diém tiép xic P doc theo
phuong dudng va cham, thi va cham dugce goi 1a va cham thang. Nguoc lai khi
van t6c & diém tiép xic P khong tring véi phuong cla duong va cham thi va
cham duoc goi 1a va cham xién. Trén hinh 6.1, vp, khdc phuong Vp,, va cham la
va cham xién.

Va cham nhan (khéng ¢6 ma sdat) va va cham khéng nhén (¢6 ma sdt). Va
cham goi la nhdn néu lyc va cham giita hai vat thé doc theo phuong chia dudmg
va cham (hinh 6.3a). Ngugc fai, khi luc va cham ¢6 thanh phan tiép tuyén khic
khong, va cham duge goi 1a khéng nhin (¢é ma sdt) thinh 6.3b).
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Hinh 6.3

a)Nhén R, = -R, ; b)Khong nhdn R, =R, , R = —Ry,

1.5. Dinh luat Newton va dinh Iuat Poisson vé va cham

Trong 1y thuyét so cap vé va cham, ching ta cong nhéan dinh luat Newton
vé va cham (hay con goi 1 gia thiet Newton vé va cham) hoac dinh luit Poisson
v€ va cham (hay cdn goi la gia thiét Poisson vé va cham).

Gia sir hai vat rén va cham tiép xiic nhau tai diém P (hinh 6.4). Ky hiéu
diém ti€p xic thude vat rén 1 1a P, thuge vat rdn 2 1a P,. Van tdc cac diém nay
trudc va sau va cham 13 Vp, VA Vp (i =1, 2). Hinh chiéu cda chiing trén dudng

va cham Pnla v, va v, (hinh 6.4a v 6.4b).

Hinh 6.4

Dinht Iudt Newton vé va cham: Ty s§ giita hinh chigu trén dudng va cham
clia cdc van 16c twong d6i clia diém va cham sau va truéc va cham 1a mot hang s&
oo e Vi (1.2)
Ve Vo
Hing s6 e duge goi 13 hé s6 va cham Newton (hoac he s6 khoi phuc). He s&
nay phu thudc vao tinh chat cia vat liéu clia cdc vat va cham va thudmg ducc
xdc dinh bang thuc nghiém. Nhu thé, dinh luat Newton vé va cham chinh 12 gia
thiét tuyén tinh vé quan hé van t6c tuong doi trude va sau va cham. Pinh luat va
cham Newton la mot dinh luat déng hoc, vi né dua ra quan hé vian t6¢ tuong doi
tai di€m tiép xuc sau va trude va cham. Dinh luat ndy khong cho ta mai quan he
vé luc.
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Bing cdch tu duy khdc, Poisson
da xay dung mdéi quan hé gita xung
lyc va cham trong pha bi€n dang va
trong pha khoi phuc. Khi hai vat rin
va cham, lyc va cham xuat hi¢n &
diém ti€p xdc P cha hai vat rin va
dugc k¥ hi¢u bing R, vh R,. Ta phan

tich céc Iyc R, v R, thanh hai thinh phén theo phuong ciia dudng va cham va
theo phuong vudng géc véi duong va cham (hinh 6.5).

Thaoi gian va cham duge chia thanh hai pha: pha bién dang (4 <7 <1 ) va
pha khoi phuc (¢ <1 <#). DS thi thanh phén phén lyc va cham phdp tuyén
R,(1)cla lyc R, (hoic R, ) trong thdi gian va cham ¢6 dang nhu hinh 6.6, Khong
gidm téng quit ta ky hieu R, 1a R.

Ky hiéu S, 1a xung lyc va cham trong giai doan bién dang, S, 1a xung Juc
va cham trong giai doan khoi phuc

e o R, |
S = [Rod, 8= [Roar  (13)
f 1
Khi dé hinh chi€u cua ching trén dudng va
cham la
i f i t
Sty = IR,,(f)ffr, Sy, = _[R,,(r)d: (1.4) Hinh 6.6

1] i

BDinh Iugt Poisson vé va cham: Ty s8 gitta 46 16n cha xung luc va cham

trong pha khéi phuc va pha bién dang 1a mot hing s6
S
)

7= (1.5)
Hing s6 ¢ nay duge goi 1a hé s6 va cham Poisson (hodc hé s6 khoi phuc)
va thudng duge xac dinh bang thuc nghiém.

Khi va cham giita hai vat rdn la va cham nhdn (khong ma sat), t (1.5)
suy ra

2
| R, ()ar
z :*Sﬁ =t (1.6)

ln

i
[ R, (@)t
fh
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Khi dé, nguti ta ching minh duge, dinh luat va cham Newton va dinh luat
va cham Poisson 14 tring nhau (e=¢ ).

Sau niy néu khong cé chi y gi dac biét, st dung k¥ hiéu ¢ d€ chi hé s6 va
cham Newton ciling nhu Poisson. Hé s¢ va cham e ludn thod mian di¢u kién
0<e<] va duge xac dinh bang thuc nghiém. Trong mot s6 tai licu k¥ thuat,
ngudi ta cho biét gid tri cta hé so nay. Thi duy:

Cap vat liéu Heé s6 va cham (e)
Go - gb 0,5
Thép — thép 0.8
Nga voi — nga voi 0,89
Thiy tinh - thiy tinh 0,98

Nhur thé, khi e = 0: va cham mém,
khi ¢ = 1: va cham tuyét déi dan hoi,
khi 0 < e < 1: va cham dan hoi.

Chit y:

1) Trong khi gidi cdc bai tap néu da sir dung dinh luat Poisson vé va cham,
thi khong st dung dinh fuat Newton v¢ va cham va ngugc lai.

2) Trong cdc thi du sau s& thdy su giong nhau cta dinh luat Newton vé va
cham va dinh luat Poisson vé va cham trong bai todn va cham clia hai vit rin
khéong ma sat.

2. DINH LY BIEN THIEN DPONG LUQNG VA BINH LY BIEN THIEN
MOMEN DONG LUGNG TRONG QUA TRINH VA CHAM

Khi gidi cdc bai todn cd hoc ¢ qud trinh va cham, ta hay si dung céc
dinh 1y bién thién dong lugng va dinh ly bién thién mémen dong lugng dang
hiru han.

2.1. Dinh ly bién thién ddéng lugng

Theo chuong 2, dinh 1§ bién thién dong lugng trong khoang thdi gian
At =1, —t; co dang

Pl - pleyy=> 5§ (2.1)

Trong d6 S} 1a xung luong cla ngoai luc £f

Sg = [Fear (2.2)

i
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Trong qud trinh va cham, do bd qua cdc lyc théng thudng, nén bidu thitc
ZS:;' trong (2.1) la téng cla 14t ca cdc xung luc va cham ngoai trong khodng
thoi gian va cham Ar. M6t dang khdc ciia dinh 1y bién thién dong lugng 1a dinh
ly chuyén déong khéi tam. Trong qud trinh va cham dinh 1y nay c6 dang

mc(ty) - nie () =y §¢ (2.3)

Trong d6 m la khéi lugng ca he, 5-(7,) va Ve(f3) 1an luot 1a van toc khoi

tam trudc vi sau va cham, ¢, Ia thoi diém bit ddu va cham, 1, la thdi diém ket
thiic va cham.

2.2, Binh Iy bién thién mémen déng lugng

Theo chuong 2, dinh 1§ bién thién mémen déng luong trong Khodng thai
gian Af =1, —¢ ¢6 dang

lo(t)~Ipt)=Y zj(a( x Ff )d: (2.4)

Trong dé O 1a mot diém c6 dinh.
Do gia thiet bé qua dich chuyén cic diém cla vat thé
trong thoi gian va cham, ta c6
f s
J( < Fe Yt =7 x [Fed =7, x 85 = i ($5) (2.5)
f h
The (2.5) vao (2.4) ta duge dinh Iy bién thién mdémen
dong lugng trong thoi gian va cham

o) ~1o (1) = X i (S ) (2.6)
Néu O khong phai 1a diém ¢6 dinh ma 1a khéi tam cla
he, thi cong thic (2.6) van ding vi ¢6 dang Hinh 6.7
Ie ()~ T- (1) = e (5¢) 2.7

boi vai bai todn vat rdn quay quanh truc z ¢6 dinh (hinh 6.7), tr dinh 1y
(2.6)suyra

La(n)~Ja(n)=3 m.(5) (2.8)

Trong d6. J. la momen quén tinh clia vat ran déi v&i truc quay z, @(1,) va

@(t,) 1a van t6c géc clia vat rén trude va sau va cham.
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3.VA CHAM THANG XUYEN TAM CUA HAI VAT RAN CHUYEN BONG
TINH TIEN

Va cham thang xuyén tam ctia hai vat rin chuyén dong tinh tién 1a bai todn
don gian nhit cOa Iy thuyét va cham cdc vat rin. Tuy nhién, day lai 1a bat todn
¢6 nhiéu 4p dung k¥ thuat quan trong. Trong muc nay, ta tim cich xdc dinh su

thay ddi van tdc va su thay ddi ning lugng clia hai vat ran chuyén dong tinh tién
va cham nhau.

3.1. Mo hinh ¢d hoc va qua trinh tinh toan

Xét hai qua cdu ddéng chat khéi lugng m, va m,. Ching chuyén dong tinh
tién theo dudng thang xuyén tm vdéi cac van téc ¥ va ¥, (v 2v,) va va cham
nhau. Cho biét h¢ s6 khoi phuc 1a e. Tim cdc van t6¢ sau va cham ] va v v

lugng mét dong nang AT qua va cham c¢la hai qua cdu (hinh 6.8a).

1_1-! '
A b A v:
1 T

", m, l i
v
.
"\Y’“
Bién dang Khéi phuc
Hinh 6.8a

a) Xdc dinh van toc khéi tdm cua cdc vdt rdan khi két thiic qua trinh va cham

Ap dung dinh 1y bién thién dong lugng cho méi qua cdu trong pha bién
dang, ta c6
I

'S
myt Apy, = IR(!)(!! = mgv* — My, (1) 7
n

T
m: —Apyy=- JR(I)dI =my —my,  (2) "t

fy

iy

Hinh 6.8b
Trong d6 v" 13 van t6c chung clia hai qué cdu & cudi pha bi¢n dang. Tir hai
phuong trinh (1) va (2) suy ra

v+ LY
i 3.1

my + 1,
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Apyy = 2 (v = vy) (3.2)

my + ny

Ap dung dinh 1y bién thién dong lugng cho mdi qua cdu trong pha khoi
phuc, ta c6

f
myt o Apy, = j R(0)dt = mpvy — (3)
i
5]
ny: —Apy, =~ IR(z)dI =myi m,v* (4)

fr
O day ta c6 hai phuong trinh (3) va (4) véi ba dn v, v} vi Apy, . Vivay, can

phai sit dung thém mat phuong trinh bd sung la dinh luat Poisson va va cham

Ap
o= T (3.3)
APy
Ta(3.2) va (3.3) suyra
m
APy =e—"2 (v —1y) (3.4)
my +my
Thé cdc bidu thite (3.1), (3.4) vio cdc phuong trinh (3) va (4) ta duoc
vi=w —(1+e) ™ (v ~vy) (3.5
1y + my
' m
v =vy+{l+¢e) (v, —wy) (3.6)

Do ta da str dung dinh luat Poisson vé va cham nén tir c4c codng thiic (3.5)
va (3.6) dé dang suy ra dinh luat Newton vé va cham
P ) (3.7)
""l - vz
Nhu thé, néu bi€t duge cde van toe clia hai vat rin trudc va sau thoi gian va
cham tinh duge hé s6 khoi phuc e theo (3.7).
b) Xac dinh luong mdt dong ndng qua va cham

Biéu thitc dong nang cla h¢ gém hai qua cdu trude va sau va cham la
T, :—mlvl2 +imzv§, T :lm,v;2 +lf”2v52 (5)
2 2 2 2
Tir d6 suy ra luong mat dong ning qua va cham

AT =T,-1, :%ml(vf—-v;z}+%m2(v§~v§2) (6)
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Thé céc biéu thitc (3.5), (3.6) vao (6) ta duoc

2
1—e”

AT = v — v, ) 3.8
2 o+ tr =) 8
Cong thifc (3.8) biéu dién lugng mat dong niing qua va cham.
bai luong
AT
= 39
T (3.9)

dugc goi la h¢ s6 hiéu dung va cham.
Xét trudng hop riéng khi v, =0 (vat rin thd hai dimg yén). Khi dé biéu
thic (3.8) ¢ dang

1- q 1
AI - ““""g'_"__‘_"“'nrlnl -ij, ?‘1 = "'m]vll
2 my+ay 2
Tu do suy ra
;?:é_f:(l_g?)_fi__ (3.10)
I8 my + 1,

Trén co sd cong thitc (3.10) ta rit ra mot s6 k&t luan Gng dung quan trong
nhu sau:
1) Khi »z, (khai lugng vat va cham) >> m, (khéi luogng vat bi va cham)

" <<l = AT nhd

Yy + 11
Két Iugn 1: Khi déng coc, déng dinh,... khai luong bda phai ¥n hon khéi
luong clia coc, cla dinh nhiéu ln dé giam ning lugng bi tiéu hao vio bi¢én dang.
2) Khi m, {kh&i lugng vat va cham) << m, (khoi [ugng vat by va cham)
."?’12

—=| = AT Idn
ny + 1,

Két hugn 2: Khi rén cét, khoi lugng de phai 16n hon khéi lugng bia nhiéu
l4n dé 1ang nang luong tiéu hao sir dung vao bi¢n dang.

3.2. Cac thi du ap dung

Thi die 6.1. MOt qua céu roi tir dd cao /1,. Cho biét hé 6 !
khoi phuc gitta qua cau va milt nén 1a e, Xdc dinh d6 cao /1, I
ma qua cdu nay {én sau va cham lan thit nhat (hinh 6.9). & hy
Loi gigi. Ap dung dinh 1y bién thién dong nang (hodc b
Ve

dinh 1§ bao toan co ning) ta dé dang xac dinh duge van toc

. s . . Hinh 6.9
qua ciu trude khi va cham



1 s
S =mgh = v =[2gh (L)

Van 16¢ clia mat nén trude va sau va cham Ia vy =0,v5 =0.
Theo cong thite (3.7) ta ¢

Vi ==ev = ~ef2gh, (2)

Ap dung dinh 1Y bién thién déng nang sau va cham, ta xdc dinh duge d6
cao f, '

}
—s vt =~mghy = b=zl (3)

L =

Chii y: T (3) suy ra cong thite thue nghiém xdc dinh he s6 khéi phuc

}?1
P = [_= 4
¢ \/; (4)

Thi du 6.2. Dé gia ¢0 nén méng, ngudi ta ding bda déng coc xudng nén
dat. Bia c6 khéi lugng m, roi khong ¢6 van tc ban ddu tir do cao /1 so véi dau
coc. Coc ¢6 khéi lugng mr,. Cit sau mébi 14n va dap, coc di xudng mot doan 13 4.
Tim luc can trung binh cta dat tic dung fén coc. Gia thiét va cham gita bua va
coc la va cham mém (hinh 6.10). 0o

N
Lot gidi. M6 hinh khdo sdt 1a va cham thang I
Xuyén tam cua hai vat rin chuyén dong tinh tién. i
Qud trink va cham bat ddu khi bia dap vao déu coc I
va Két thiic ngay sau d6. Qué trinh bua roi i dé cao | h
ht xubng dén ddu coc va qud trinh coc di chuyén mét |
doan d roi dimg lai 12 qud trinh khong va cham. =+
Ap dung dinh ly bi¢n thién dong ning xdc dinh | m,
van t6e clia bida trude khi va cham, ta duge %
2 RO | OO
Hhv .
],)] =nngh = v, ={2gh (0 : |
Vién toc ban dau cla coc 1a v, = 0. Khi két thiic |
qud trinh va cham, v4n téc chung ctia biia va coc la |
v' =vj . Theo cong thiic (3.1) suy ra g !
L.
. e v m x 1
vy=yp =11 - ] 2gh  (2)
mo+my e+ m,y Hinh 6.10

Sau va cham, coc di chuyén duge mot doan 13 4. Khi d6 trén coc chiu tic
dung cua lyc can moi trudng 7. (gid thict bo qua tdc dung ciia trong lugng). Ap
dung dinh 1y bién thién dong nang ta c¢é

346



d
1
—E(m, + Wy = — I{';_ds =—Fd
0

(3)

Trong d6 F£° 1a lyc can trung binh cla dat. Tir (2) va (3) ta suy ra

Fo gt
m o+, d
Thi dit 6.3. Dau bda khéi lugng m, = 500kg
duge xem nhu mot chat diém roi w do tir do
cao h s0 voi mat de (hinh 6.11). Khoi luong
cua de va phoi can dap 1a m, = 10.000kg. Cho
biet /i = 2m, h¢ s6 khoi phuc ¢ = 0,65. Hay
xac dinh;
a) Van toc cla bia ngay trude khi dap
vao de,
b) Cong hifu ich lam bién dang phoi,
¢) Hé s6 hiéu dung va cham khi rén dap,
d) Van t6c cha diu bua cudi giai doan
bién dang va van téc cla biia v de sau va
cham,

e) D¢ cao nay 1én clia bia.

(4)

Bua

h

|— Pe

BAARAAR LAY

Hinh 6.11

Loi giai, Ap dung dinh 1y bién thién dong nang trong chuyén dong roi tu do

cta hia, ta ¢é

%m,vﬁ =mygh = v =.2gh

Thay s6 tinh dugc

v, =+/2.9,81.2=6,26m/s

Coéng hiu ich lam bi¢n dang vat liéu rén 1a lugng mit dong ning cia bia

qua va cham. Theo cong thic (3.8)tacé (do v, =0)

11

Ay = AT =%(1 et |y

ny + 11y

1

:5(1—0,652)--——0‘5'10

0,5+10

10%-(6,26)* = 5,39kNm

Theo cong thitc (3.10) ta tinh duge hé s6 hi¢u dung khi dap sit 1a
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r}=§z=(l __ez)_mz ={l—ez)————]

T 1y + 1y L+ mim,
=(1 —0,652)———1—_:0,55 =55%
1+0,5/10
Van t6c chung cua bia va de & cudi pha bién dang 1a (do v, = 0)
" 0,5
V=l o 2 60520,208m/s
nyy +my 10+0,5

Van téc cua bila va de sau va cham 13

e
vi =y —(l+e})————1v, =-3,65m/s,
my + 1y

1)5 =V, +(l+e) i Y :0,492?’-‘?/5
m+m,
Déu trlr trong bai todn v{ chimg t& bifa nay lén trén. Ap dung dinh 1y bién
thién dong nang trong qud trinh bda ndy 1én, ta ¢

2

l . 1
TS =mgh = b =—v"=0,653m.
2 2g

4. VA CHAM XIEN CUA HAI VAT RAN PHANG VA VA CHAM CUA
VAT RAN QUAY

Khi cic van toc Vp Vi Vp, tai diém ti€p xic cha hai vat rin va cham khong
tring v&i hudng cia dudng va cham thi va cham duge goi [a va cham xién,
Trong doan nay trinh bay mot s6 bai todn va cham xién cha hai vat ran phang ¢é
cing mot mat phing déi xding dong luc, va va cham cia vat rén quay quanh mot
truc ¢d dinh.

4.1. Va cham xién khéng ma sat cia hai vat rén phing

‘Irén hinh 6.12a (2 mo hinh co hoc bai todn va cham xién cta hai vat rin
phing. Hinh 6.12b 13 bai todn va cham nhan {khong ma sat) con hinh 6.12¢ 1a
bai todn va cham khong nhin (c6 ma siv). O day ta gidi han xét bii todn va
cham nhin. Ky hiéu van 16¢ khéi tam cdc vat rin trude va cham 12 v, v, , sau
va cham [a v}, v}, van t6c gée cla cdc vat ran truée va cham 13 o,, @, , sau va
cham 12 o, @; .

Ap dung dinh ly bién thien dong lugng va dinh 1y bién thién momen dong
lugng trong thoi gian va cham (cdc cong thie (2.3) va (2.7)) déi vdi vat rin tha
1 ta ¢6 (hinh 6.12b)
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= om (v,'x -V ) =-8 (1)

T om (v{y - \-'U.) =0 (2)
va d6i véi vat ran tha 2 (hinh 6.12b)

— o (Vi —va )=, {4)

T o, (v’z}. - '.32_‘.) =0 (3)
z—j L L@ - @By) = —a,S,  (6)

Trong d6 J,, J, lin lugt 1a moémen
quan tinh cla vat rin thir nhat va thi hai
d6i vdi khoi tam cua ching. Ngoai ra, do ¢} khéng nhén )
bo qua ma sdt khi va cham, dinh luat va mq Sy
cham Newton ¢é dang

< S
V' vr E‘ S): ’
Px T YAx
= — 2 1 (7) 1
Ve ~ VR ]
N O 2 N Hinh 6.12
Tir dong hoc vat ran chuyén déng
song phang ta cd cac he thic
Yax = Vix s Viyy = Vay —h@s (8)
Vis SV — D], Vi =V — @ &9

Nhu thé, khi cho biét hé s6 khéi phuc e, ta ¢ mot hé 7 phuong trinh dé xéc
dinh 7 an 1a: S, v{,, V3> V. V2. @ V2 &;. T cic phuong trinh (1) dén (9) &

trén, giai ra 1a duge

S, = (1+e)tx T2 T T DB, (3.1)
1 1 a5 &
—_— +__. +_

Sau dé, tu cac phuong trinh (1) dén (6) dé dang tinh duge
SI a-].S,r

r L M =

Vig =Vix =5 Vip TV =0t (3.2)
< a,8
x ot 2

Vi =Va, t+ . N 13} _""?_)a =y — * (33)
Hly Jy

4.2. Va cham cua qua cdu vao birc tuéng nham

Mo hinh qua cdu déng chit bin kinh r va cham vao buc tudng nham thing
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dung cho trén hinh 6.13. Ky hiéu van t6c kh6i tam qua cdu (sir dung mo hinh
phing) va van t6c géc ctia né trude va cham Ia ¥ va @ , sau va cham 1a v' va
@' . Ta can xdc dinh V' va @'.

Hinh 6.13

Ap dung dinh ly bién thién dong luong va dinh 1y bién thién momen dong
lugng trong qua trinh va cham d6i véi hinh tron 16n trong mat phang thiang ding
cua qua céu ta c6

= m(vi-v,)=-8, (1)
T m(v; ~vy) =-S, 2)
o) L J(@ &) =S, 3)
Do Vp =V +Vpe tasuyra vy, =v,, v =V, (Vpy =vp, =0). Tr dé ta cé
P J Y 4)
Vpx Vy

Sau khi va cham vao tuong, diéu kién dé dia lan khong truot ¢6 dang

v;;J, :v; +r@d' =0 (5)

Tir cac phuong trinh (1) dén (5) va chi § J = %mr2 , Suy ra cong thic xac

dinh van t6c kh6i tam va van téc géc clia qua cau sau va cham

v, =—ev, (6)
vy —ro—; 5 )
W o= W iy, ——=re (7N
y y
1+ A I /
mr
, vy 2_ 5
O =———=—@——y 8
riasid r? ®)



v "_, X
Chit $. Tix (7) suy ra: Khi @ >%-& thi v, <0. Do d6 khi & %4 thi
¥ ¥
@' ¢6 ddu nguge véi ddu cta @ (xem hinh 6.13c).

4.3. Va cham cla chit diém vao vat rdn quay quanh mét truc cé
dinh, tam va cham

Mot vat rdn phang ¢ thé quay quanh truc z
di qua O nhu hinh 6.14. Va cham cta mot chat
diém vao vat rin duoc dic trung bdi téc dung cla
xung luc S tai di€ém 1iép xidc. Tim xung phan luc
dong tai truc quay O. Gia thiét lic chua va cham
vat rin ddng yén (@ =0).

Ap dung céc dinh 1y bién thién dong luong
va dinh Iy bién thién mdémen dong lugng trong

wr - . ¥ Hinh 6.14
thoi glan va cham, ta ¢6
- myi, = Ssina + Sy, (N
T mv;_--y =-Scosa 1 S, =0 (2)
‘E_)) t Jo@ = aSsinga (3)

Tir phuong trinh (2) ta suy ra Sp, = Scosa . Dé cho S,, =0 thi a=7/2.

Nhu thé, xung luc § phai vuong gdc véi truc Oy (di tit O qua khéi tam C). Khi
o =nx/2 thi sine=1.Tur(3)suyra

5 =% (4)
Jo
Thé (4) vao (1) ta duge
S+ S, = mvl, = mda =9 s (5)
J
T (5) suy ra diéu kién di dé cho S, =0 1a
mad | ds ©
Jy md

Ké1 ludn. Diéu kien dé khong xuat hién xung phédn luc va dap & truc quay
(S =Sp, =0) kKhi vat ran chin tdc dung cha xung Juc va cham S Ia: xung luc

va cham S phai vuong géc véi dudng OC va diém A cich O mot doan
a=04=J;/md .
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Binl nghia: Diém A trén dudng OC ma Od =a=J,/md duge goi 11 tam
va cham c¢la vat rin quay.

4.4. Va cham cla hai vat rin quay quanh mét truc ¢& dinh

Qua trinh ndi truc bing ma sit clia hai roto quay quanh moét truc cd dinh c6
thé xem 1a mot trudng hop dic biét cia qud trinh va cham (hinh 6.15).

—
0]

[
c) i+

Hinh 6.15
a) Trude va cham; b) Trong qua trinh néi truc; ¢} Sau va cham

Cho biél van téc gée trude khi ndi true clia roto 1 1a @, , cla roto 2 13 o, ,
momen quan tinh cla roto d6i véi trye quay tuong tmg 12 Jy va J,. Luc néi
truc F tic dung vao hai réto doc theo dutng truc nhir hinh v&. Hiy xdc dinh
van tée gée chung sau khi hai roto néi lai véi nhau va su hao hut nang Iuong khi
noi truc.

Qud trinh ndi truc ¢é thé xem nhu bai todn va cham mém, béi vi khi két
thic qua trinh ndi tryc hai roto quay véi cling mot van tdc géc chung @ . Ap
dung dinh {¥ bdo toan mémen dong huong d6i véi truc quay, ta ¢o

L)+ () =1(1) H

Trong d6 4(4) =J i, L) = Jyw,, Hty)=(J) +J,)@ . The cc ket qua nay
vao (1) suyra

Jo+J
_ 9 S0, (2)
Ap dung cong thifc tinh d¢ng nang vat rin quay quanh mot truc c& dinh ta ¢6
1 1
T{t)=—Jw} +=J,0 (3)
2 2
. 1
)=+ )or® )

Lugng hao hut dong ning

2
AT = 7('fl) T(fz)— ]iJlﬂ')l +Jr, 22 M:’ (5)
J+J,
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4.5. Cac thi du ap dung

Thi du 6.4. Mot chat diém khoi luong
m, chuyén dong thing véi van téc v va
cham vio mét thanh thang déng chat thist
dién khong ddi dai /, mot ddu gin ban 18
nhu hinh 6.16, Khéi luong cia thanh 1a m,.
Cho biét lic ddu thanh dimg yén. Hay xdc
dinh van t6c goc cua thanh sau va cham.

Cho biét m, =2m, Hinh 6.16

Lai gidi. Theo dinh nghia tam va cham ta ¢é
a=04=Jy/md =(lm12] Lo=2
3 2 3

Viy xung lugng S tic dung vao tam va cham. Do dé ﬁo =0. Ap dung
dinh 1¥ bién thién dong lugng va dinh 1¥ bién thién mémen dong lugng suy ra
—: m (' —-v)=-§ (1)

6): Jow' = %JS (2)

Do van t8c diém A cia thanh sau va cham la v, = 2/w'/3, nén dinh luat
Newton vé va cham ¢é dang

2 ' '
v;“.vr Elﬂ}_v 3
T0-v )

v

£ =

Tir cac phuoﬁg trinh (1), (2), (3) va chi ¥ d&n J, =%m212. tinh duoc ba in

S, v vaw'.
velu2-3e), wa'=2Ya+e) 4
5 ' 51

Khi ¢ =0 (va cham mém) tir (4) ta c6 V' =%v, o' =%;
Khi e=1 (va cham wyét d6i dan hoi), tr (4) suy ra
, 1 , 6V

Vi=——v, o'=-
5 51

Thi dy 6.5. Con lic thir dan gdm ¢6 khéi tru AB dugc treo vao truc O (hinh
6.17). Khéi tru AB chita day cdt va ¢6 khoi lugng M. Mot vién dan ¢6 khéi luong m
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dugc ban vao khéi tru vi xuyén vio cit, ' x
lam cho khéi try AB quay quanh O mot
géc a. Khodng cich tir dudng va cham
dén truc quay O la o. Gia thiét xung phan

lyc va cham tai O bing khong (ah = p?).

by

Hay xdc dinh van t6¢ vién dan theo géc
léch o cua con lic. A C¢----- E

g S il T
Loi giai. Hé khdo sdt gém vién dan vi o l
con lic AB. Ap dung dinh 1y bign thien Y
moémen dong luong cha hé trong thoi gian
va cham, ta cd
o) =ig(4) {1
Trong d6 l5(n) = mva, I,(6,) = (Mp? + ma* o' (2)
Thé (2) vao (1) ta dugc

Hinh 6.17

mva = (M p* +ma’ Yo' (3)
Ap dung dinh 1y bién thién dong nang cua h¢ sau thdi gian va cham ta duge

%(M,o2 +ma’ 't = g(Mh+ ma)1-cosa) (4)

Chd ¥ dén cong thic luong gidc 1-cosa = 2sin? % ,W(3)va(4)suyra

Mo2 s ma 2sin & \/g(Mh +ma)( M p* + ma®)
V= 124 m = 2 ]

(3)

na mct
Do gia thiét ak = p°, tir (5) 1a suy ra cong thirc x4c dinh vén téc vién dan
dang khd don gidn
h .
v=2(]+£],/‘f._;,rasmg (6)
na 2

Thi du 6.6. Hai vat rin quay quanh hai truc song song, va cham vao
nhau (hinh 6.18a). Cho biét momen quén tinh ctua vat rin d6i véi truc quay
cua né lan lugt 14 J, va J,. Trude khi va cham van téc géc cla ching 1a @,

va w,. Xiac dinh van ¢ goc cla cdc vat rin sau va cham. Cho biét h¢ s6
khoi phuc la e.
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Hinh 6.18

L.01 giai. He khdo sit la hai vat rdn quay quanh hai truc song song. K¥ hiéu
van t6¢ géc chia cdc banh rang sau va cham 13 o] va o).

Ap dung dinh Iy bién thien mémen déng lugng trong thoi gian va cham
ta co

2
S —wy) =, j R()ydt =—1,S (1)

fl

Jy(@ - ) =1, [R@)dr =18 (2)

f

Tir (1) va (2) khu S ta duge

J, Jo T,
1 2 | 2

Chi ¥ rang v, =@l . v,, =y, , v], =il v, = w5, . Dinh luat Newton
vé va cham c6 dang

L3
vy, =¥
o= —_2h I (4)
Vag =V

Tir(3) va (4) suy ra

(@ oy dy 1)1+ e)(.)’2 5 )

o =0 —— — —

(w0 —wy)(1+e) (J] 12 )
IR

(3)

{0 =y —

(6)

Thi die 6.7. Mot con lan déng chdt khéi luong m, ban kinh r chuyén dong
lan khong trugt trén mot mat phing rang cua nhu hirh 6.19a. Khi con lan qua
dinh nhon A s& va cham viio dinh nhon B ti€p theo. Gia thiét va cham I3 va
cham mém (e = 0). Van 16c géc clia con lin trude khi va cham 1 @. Cho biét
a.rmva o



4) Tim van t6c géc con lan & ngay sau khi va cham.

b) Xac dinh sy hao tan ning lugng sau mdi lin va cham.

¢) Xdc dinh cong sudt trung binh cla dong co, sao cho con lan ¢6 thé lan
trén mat phang ring cua véi van t6c¢ géc trung binh 13 @ .

b)

Hinh 6.19

Leni giai. He khdo sidt 1a con lan hinh dia tron. Trude khi va cham con lan
quay quanh diém A ¢6 dinh. Van 16¢ khéi tam C 1a

Ve =ar (1)
Sau khi va cham vao diém B, con lan lai quay quanh diém c6 dinh B. Ta c¢é
Ve =w'r (2)

Ap dung dinh ly bi¢n thien mémen dong lugng trong thdi gian con kin va
cham viio diém B

"‘B(’z)_13(11)22’53('@?):O 3)
Chi y dén hinh 6.19b dé dang tinh dugce
Lyt =J o+ m(v. cosa)r (5)

The (4), (5) vao (3) va chua y dén cidc méi quan hé dong hoc (1), (2) ta dugc

o e+ mr? cosa
on =——

3 (6)
Jo+mr
Do .J- 2—;—.'11?'2 , nén bicu thite (6) cé dang
o
o = Lr2cosa 7

3
Biéu thiic hao tan nang lugng qua mot 14n va cham 1a
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. 1 2 | | 2 b
AT=T(I])—?(12):5JCQJ +5mv(2_~—5.lca) ‘"2"'""(;2 (2)

Thé cdc bicu thitc (1), (2) va (7) vio (8) ta duge sy thay ddi nang luong
thuc hién sau méi 14n va cham

N2
ATZ%HH‘?"{OE l:]—g—i—z-%ﬂ)—} (N

Gitta hai va cham, con lin chuyén dong quay trong khoing th&i gian

a . e A < " \ s N
Af =-- va quay dugc mot géc a . Do dé cong sudt trung binh cda dong co la
r

(10)

AT 3 zaﬁ{ (]+2cosa)2}
p=——=—mr"— | ——

At 4 a 9

Thi dy 6.8. Va cham clla mot dia tron vao mét khung hinh chit thap.

Mot khung hinh chit thap dit rén mit phing nim ngang nhin va cé thé
quay quanh truc A (hinh 6.20). Mbi thanh cua khung chi thap ¢ khéi lugng nr,
va chiéu dai 4r. Mot dia tron ban kinh r, khéi tugng m chuyén dong tinh tién
thang déu vdi van toc ¥, dén va cham vao diém P cha khung & vi i 1 nhu hinh
v&. Cho biet hé s0 khoi phuc 14 e va va cham khong ma sdt. Hiy xdc dinh:

a) Van 16¢ géc @, cla khung chiv thip va van tdc khéi tam dia v, sau khi
va cham,

b) Ty s6 m,/m sao cho khi khung quay mot gée 90" dén vi tr{ 2 nhir hinh vé
thi né lai va cham vio dia,

¢) Vian téc géc w, cla khung ch thip va van t8c khéi tam dia v, sau l4n
va cham thi hai,

d) PBo 16n cha hé s6 khoi phuc ¢ sao cho sau ldn va cham thd hai thi khung
chit thap dimg lai han. @,

e

Vioil Vini2

I
b

e

=

I{
r
1|
14

3r

v, P

—— { G) Y . -
a) b) ¢}
Hinh 6.20
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Lot gidl,
a) H¢ khao sdt [3 khung chir nhat va dia tron. D& dang nhan thdy diém P 1
tam va cham. Theo dinh 1§ bién thién momen dong luong ta c6
{:-1 (12)_3Tr(f| )= Zﬁ‘;(i) =0 = L=
Trong d6 (1) =3rmvy, £,(1,)=3rmv, + J ;0. Th€ cdc bidu thic nay viio
phuong trinh trén ta duoc
Srmvy =3rmv +./ o, (1)
Trong d6 ¢, ki thdi diém trude va cham, ¢, la thoi diém sau va cham 14n thit
nhit. Tir dinh [uat Newton vé va cham ta c6

e=_17VP (2)

Yo —Vp
Trong d6 vp =0, v =3re,. T (2) suy ra
v =3r) —ev, (3)
Tir hai phuong tinh (1) va (3) ta gidi ra duge @, va 12

3rnl +e) Orim - e,
0y =, v =y,

0~ 1=
O m+.J, 9rin + J

(4)
b) Pé cho thanh chif thap quay quanh A nguoe chiéu kim déng hé mot goc
90" dén vi tri 2 lai va diap vao dia tron, thi trong khodng thdi gian dé khéi tam
dia phai di chuyén duge mot doan 2r
2y 2
@, v ©, 7
Thé cdc bidu thite (4) vio (5) ta duoc

4r 9,*'2;:.'—&,1.4

= 6
x 3rm(l+e) (©)
Tir (6) suy ra
3w
Jy = 37 41+ )] (7)
e

Khung chit thap gém 4 thanh, méi thanh c¢6 khéi lugng 1, va chiéu dai 4r.
Do d6 biéu thirc mémen qudn tinh khéi J, ¢6 dang

(4r)? 64

J =4 =?m]r (8)

TU (73 va (8) ta tim dugce 1y s6

et
N
.o



nt 9
?:2@[39r—4(1+e)] (9
¢} T dinh 1y bdo toan moémen dong luong cua ca hé trong thdi gian va
cham lan th¢ hai
Ly(t) =1,(8)
suy ra
J o, + 3rmv, =J 0, +3rmv, (10)
Theo dinh luat Newton vé va cham, ta ¢é

A (1
¥~ Ve
V&1 vp = 3rw;, vpy = 3re, . T (10) suy ra
vy =3rar, —e(v, —3ray) (12
The (12) vao (10) réi gidi ra o,

2

Wy = 3rm————V, (13)

9 m+ .7,
Thé (13) vao (12) ta dugc

9im+ets,
I

v (14)
9r2m+JA ’

d) Diéu kién dé khung chir thap dimg yén sau ldn va cham thit hai (e, = 0)
duge suy ra tir céng thic (13)
' w, =0 = e=] (15)
T (Il tacod v, =v;. (16)
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Chuong 7

PONG LUC HOC CHUVEN PONG
TUONG PO

Chuyén déng cha chat didm va vat rin déi véi he quy chidu déng dugc goi
la chuyén dong tuong d6i. C6 mot s6 bai todn co hoc k¥ thuat khi tinh toin
trong h¢ quy chiéu dong don gian hon khi tinh todn trong hé quy chi€u c§ dinh.

Teén co s& dua ra khdi niém lyc qudn tinh theo va luc quan tinh Coriolis
cla chat diém, trong chuong nay trinh bay viéc thi€t lap phuong trinh vi phan
chuyén dong cia chat diém trong hé quy chiéu dong. Sau d6, gidi thieu vige dp
dung cdc dinh 1y bién thien dong luong, mémen déng lugng, dong ning va
phuong trinh Lagrange loai 2 d6i v&i hé cdc chdt didm va cdc vat rin trong hé
quy chiéu dong.

1. PHUONG TRINH VI PHAN CHUYEN PONG TUONG B0l CUA
CHAT BIEM

1.1, Thiét 1ap phuang trinh vi phan chuyén dong tucng ddi cla
chat diém
Xét chuyén dong cua diém P d6i véi he quy chidu déng R,. He quy chiéu
R, lai chuyén dong dai véi he quy chidu c§ dinh R,. Chat diém P chiu tic dung
cia luc F .
Theo dinh luat Newton 11, quy Iuat chuyén déng cta chit diém P & trong
h¢ quy chi€u ¢& dinh R, c6 dang
ma, = F (1.1)
Mat khéc, theo dinh Iy cong gia tdc trong
chuong 3, phan dong hoc vat rin, ta ¢6
G, =d,+d, +4d, (1.2)

VOl 4, =28, xV,. 14 gia toc Coriolis.
[ & "

The biéu thic (1.2) vio phuong trinh Ry
(1.1) ta duge

g, +a, +a.)= F ' Hinh 7.1
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Tir 46 suy ra
md, = F +(—mé, )+ (~mi,) (1.3)
Binh nghta: Biéu thitc F¥ =-mi, dugc goi 1a luc quén tinh theo clia chat
diém, con biéu thic £¥ =—mi, dugc goi 1a huc quan tinh Coriolis ctia chat diém.
Vi viéc dua vao cac khdi niém luc quén tinh theo va lyc quan tinh Coriolis
ctia chat diém, phuong trinh (1.3) c6 dang
mid, = F+ F¥ + F% (1.4)
Phuong trinh (1.4) 1a phuong trinh vi phan chuyén dong tuong déi ca chat

diém (hay phurong trinh vi phan chuyén déng clia chat diém trong h¢ quy chigu
khéng quan tinh).

So sdnh hai phuong trinh (1.1) va (1.4} rit ra nhan xét sau: Khi khao sit
chuyén doéng tuong déi cla chdt didm, ta dat thém vao chét diém luc qudn tinh
theo va luc quan tinh Coriolis clia né.

Xét trudng hop dic biét, khi hé quy chiéu dong R, chuyén dong tinh tién
thang déu d6i v6i he quy chiéu c6 dinh R,, khidétacé G, =0 va @, =0. T do
suy ra

FH o g
Y =—ma, =0

F = —md. = -2mé, x¥, =0
Trong truong hop nay, phuong trinh (1.4) ¢é dang
md, = F (1.5)

Tilr d6 ta c6 két luan: Khi hé quy chi€u dong R, chuyén dong tinh tién thing
déu d6i véi hé quy chiéu cd dinh R, thl moi quy luat co hoe xay ra trong hé
quy chiéu R, cling gidng nhur trong hé quy chiéu R,. K&t luan nay 13 néi dung
ctia Nguyén 1y twong ddéi Galilei.

1.2. Biéu kién can bing tuong déi clia chat diém

Theo dinh nghia, chél diém P ding yén trong hé quy chiéu dong R, néu
nhu 4, =0 va v, =0. Tird6 suy ra Ff’ =-2ma, xv, = 0. Phuong trinh (1.4) bay
git c6 dang

F+F"=0 (1.6)

Phuong trinh {1.6) la diéu kién can bing tuong d6i cha chat diéin.

1.3. Céc thi du ap dung

Thi dy 7.1. Mot cdi thang may chuyén dong thing diing lén xudng véi gia
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16c 4. Trong thang treo mot vat nang P vao 1o xo din héj (hinh 7.2). Sitc cang
cua day treo cho biét trong luong clia [6ng. Hay xdc dinh luc dan héi ciia 1o xo.

Lot gidi. Phuong trinh vi phan chuyén dong clia vat nang trong hé quy
chi¢u dong R, ¢6 dang

i, =ﬁ+(—£ae]+[—fac]+ﬁ‘ (1
b4 g
Trong dé P* (3 luc dan héi cia 16 xo. @
Trong thi du nay ta ¢6 4, =0,4,=0,d4, =d4.

Chi¢u phuong trinh (1) lén phuong thang 74
ding ta duge

0= —P—ﬁae}. + P
g

hay P=prs Eaev {2y
g "
Khi 16ng kéo lén da, =a .t (2) suyra

!!)

P'=P+u (3)
g
Khi long ha xuéng o, =—a, ta ¢
g e & 4y Hinh 7.2
p-pr-L, (4)
g

Bic bigt khi I6ng ha xudng véi gia 16c a = g tr(4ytasuyra P =0. Thi du
trén dua dén nguyén 1y twong déi vé khi lugng va trong lugng clia Einstein.

Thi du 7.2. Mot hé khoi lugng — 10 xo dugc treo vao mdy bay (hinh 7.3).
Cho biét khéi lugng cia hé [a m, d6 cing 15 xo 1a ¢. Gia thiét mdy bay dang bay
én dinh theo phuong nim ngang (khéng ¢ chuyén dong quay). Khéi luong
may bay 1a m, (bao gém khoi lugng clia mdy bay, hanh khdch, hanh 1. Cic
lyc tdc dung 1én mdy bay gém c6 luc ddy F’d, luc nang va luc cin F,, trong
lurgng 1:& Hay thiét Jap phuong trinh chuyén dong tuong d6i cia hé khai luong
— 10 x0 theo phuong thing dimg.

¥

5
T Hinh 7.3
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Lot gidi. Ta chon hé toa do xy gén lién vao méy bay y = 0 khi 10 xo chua bi
kéo nén. Phuong trinh chuyén dong twong dsi clia hé khéi lugng — 10 xo theo
phuong v la

my = —cy —mg —my,, (1
Phuong trinh chuyén dong clia may bay 1a

mr, =F +F,+F

(2)
Chiéu (2) lén phuong thang ditng ta duoc
m,y,=-mg+ Fo+F, 3
Tu (3) suy ra
. Foo+ I,
Vo =-g+—t—2 (4)
m,

The (4) vao (1) tim duge phuong trinh chuyén dong tuong d6i cla hé khoi
lugng — 16 xo
¢ fy + By

T )

Clat ¥:

L} T phuong trinh (5) thiy ring, trong lugng cha vat treo (mg) khong xuat
hi¢n trong phuong trinh chuyén dong twrong déi clia no. Chuyén dong cha vat
treo chi phu thude vao fuc ddy, luc nang may bay va luc can cia khong khi

2) Khi mdy bay bay thing déu, tir (1) suy ra

my=-cy—mg

Khi d6, dua 1ren két qua do chuyén dong tuong dsi (y vi j ) xéc dinh dugc
rong luong myg.

Thi dit 7.3. Diém treo O cla con lic
toan hoc (khoi lugng m chicu dai day treo
/) dich chuyén theo phuong thing ding véi
gia t6c khong déi 1a @, Hay xdc dinh
phuong trinh chuyén déng, tidn s§ dao &%
dong riéng cla con lac va stic cang cia
day treo.

Loi gidi. Phuong trinh vi phan chuyén
dong cilia con ldc trong h¢ quy chi¢u dong

a)
co dang

Hinh 7.4
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md, =T+ P+ FY + F¥ (1)
Do hé quy chi€u dong chuyén déng tinh tiéh nén

Fo=—md, =0 (2)
Chon h¢ quy chiéu déng OFn nhu hinh 7.4b, ta c6

| F, = -md, = —hiciyl, (3)

Toa do cha di€m A la

Ey=Ising, n,=—lcose (4)
Pao ham phuong trinh (4)

;’"A =lgcose, 7, =l@sing

£, =1dcosp—1¢’ sing. i, =lgsing +1¢° cos@

Do Fq =846 + 1746, nénta cé
d, :fﬁ,é‘f +ije, =(!¢icos¢) —Ip?sin QJ)E_; +(1¢isin¢; +1¢* cosgp)é’a ‘ (5)
Chiéu phuong trinh (1) 1én hai truc & va 5 ta duoc
m(:’gbcosqo—!qbz sin go):—Tsin(p (6)
m(.’(}i sin @ + [ cos go) =T cosp —mg —ma, (7

Tir hai phuong trinh (6) va (7) véi hai anla ¢ va T, ta c6 thé khir 7 di va duoc
phuong trinh vi phan chuyén dong clia con Jic todn hoc <6 diém treo di dong

e . [} e g+aﬂ
mi@ =—mgsing — ma,sing = ¢+

sing=0 (&)

Khi géc ¢ nho, thay sing =~ ¢, tir (8) ta nhan dugc phuong trinh dao dong
diéu hoa

. + ¢
b+ 5L =0 9

Tir d6 suy ra tan s6 dao dong riéng cia con lic

o= /—gt"""“ (10)

Khi a, >0, tan s6 dao dong rieng ctia con ldc ¢d diém treo di dong 16n hon
tan s6 dao dong riéng ciia con lic ¢d diém treo ca dinh. Khi a, <0, ta ¢6 ket

ludn nguge lai. Khi ay =-g,1a ¢6 @ =0, con lac khéng dao déng nita.
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Nhén phuong trinh (6) v6i sing, phuong trinh (7) véi cosg réi trr di cho
nhau nhan duge biéu thic xéc dinh sitc cang ciia day

T:f}:[lg&2+(g+ao)cosgo] (11)

Thi du 74. MOt chit diém khéi lugng m, hai ddu gén 16 xo va cé thé
chuyén dong tuong déi trong ranh thing ctia mét dia tron (hinh 7.5a). Cho biét
hé s6 dan hdi cia 10 xo 1a ¢/2. G trang thai can bang tinh, chit diém c¢6 vi tri tai
0. Dia quay quanh A v6i van t6c géc Q = const. B6 qua trong lugng chét diém
va ma sat trong rdnh. Hay thiét lap phuong trinh chuyén déng tuong doi cia
chat diém va xdc dinh dp luc clia chdt diém 1én rinh.

Hinh 7.5a Hinh 7.5b

Lot gidi. Khao sdt chuyén dong clia chat diém. Chuyén dong clha dia tron
quay quanh A la chuyén dong theo. Chuyén déng cla chit diém doc theo rinh
thdng 14 chuyén dong tuong d6i. Gin chat vao dia mét h¢ toa do dong O&n
(hinh 7.5b).

Phuong trinh vi phan chuyén doéng tuong d6i clia chét diém
mi =N+ Fy+ F¥ + F¥ 4 mg (1)
Trong dé luc quén tinh theo va lyc quén tinh Coriolis ¢d dang nhu sau
d,=-hYE, -n0%e, = F¥=mQ(hé.+ne,) ()
d. =-20Q%; =  FY =2miQe, (3)
Chi ¥ rang, 4, =ije,. The (2) va (3) vao (1) r6i chi€u 1én hai tryc toa do
déng ta duge
0= N +mhQ? + 2miQ) (4)
mij = —cn + Y (5)

Tir (5) suy ra phuong trinh vi phan chuyén dong tuong ddi clia chat diém
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i +(i—g23};:0 (6)

mn

Nhu the, khi ¢/m>Q* . chat diém thyc hién dao déng tuong d6i didu hoa

thee quy luat
n=Acos® t+ Bsinw'r, " =Je/m-0F (7
Tir (4) suy ra biéu thifc phin lyc

N = —m(th + 2,»;9) (8)

Thi di 7.5. Mot chdt diém P khéi luong m = 1000 kg chuyén dong theo
kinh tuyén tir xich dao lén phia Béc (hinh 7.6a) vdi van t6¢ tuong d6i v, = 100
kmifh. Cho bict trdl dit cé ban kinh R = 6370 km quay quanh truc Nam — Bic.
Bo qua chuyén dong cla trdi dat quay Xung quanh mat troi. Hay xédc dinh lue
qudn tinh theo va Juc quin tinh Coriolis cuc dai ca chat diém.

a)N

Hinh 7.6

Lot giai: Trdl dat quay quanh truc Bic — Nam mot vong hét 24 gidr. Van téc
goc cua trdi dat la:

2
243600

Gan vao trdi dat hé toa do ¢8 dinh Ong nhu hinh 7.6b. 12 ¢6 o, = ey .

=7.27.00 rad i s

2,

Gia toc theo cla chat diém P 1a gia t6c clia tring diém P trong chuyén dong
quay cua trii dat:

T T PR L. — _Re T,
Uy =0 =@, XV, =@, X (0, X Fpp)=— COS @R, ¢,

(Gia toc Coriolis
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S o s A
a. =2, %V, =2w,v, sin 0.6

Luc qudn tinh theo va ltc quan tinh Coriolis cha chat diém
=, 3 - = o . —~
FY =mRo; cospé,, EY = 2maw,v, sin @é:

Khi ¢ =0 lyc quén tinh theo dat cuc dai (tai xich dao)

F¥ = mRap® =34N

g may
Khi ¢ =-;5 Itre quén tinh Coriolis dat cyc dai
Fo o« =2mw,v, ~4N
Thi die 7.6. Khio sit chuyén déng clia chat
diém P doc theo kinh tuyén tir xich dao lén
phia Béc (hinh 7.7).
Loi gidi. Phuong trinh vi phan chuyén
déng cua chat diém
ma, = P+ F¥ + F7 (1)
Trong lugng P hudng doc theo truc z tir P
vao 0. Do trdi dat quay déu quanh truc cla né
VOl van t0c géc @ , ta ¢d

TS 2)

£

Hinh 7.7

Luc £* huéng tir{ra P.

Do d, =2, x¥, huéng doc truc y tir phdi qua trdi, nén £% = —md, hudng
doc truc y tir trdi qua phdi. Do tic dung cua luc quin tinh Coriolis F# , chat
diém P chuyén déng tir xich dao lén phia Bic s€ bj lech vé bén phai. Nguge lai
khi chit diém chuyén tir cyc Bic vé xich dao né & bj léch vé bén trai.

O Nam bidn cau & ¢6 hién tuong nguge lai. Chat diém chuyén dong tir xich
dao v& Nam cuc s& bi l¢ch vé bén wrdi, chit diém chuyén dong tir cuc Nao vé
xich dao nd s€ bi lech vé bén phai.

Ap dung sy phin tich trén 1a giai thich mot s6 hien wong sau:

a) Hudng chéch clia gié mia, hudng chay vong clia cdc dong nude bién,
cic dong khi. chiéu xody cia gi6 bio va gi6 16¢ (hinh 7.8 vi hinh 7.9).

b) Hi¢n tuong Berer: Xét chuyén dong cua dong song trén Bic ban cdu. Do
dong nudce khong léch ngang duge, nén dong nudc sé tic dung vao bd séng mot
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lere tir trdi sang phai. Do dé ma & bd phdi clia cic con sdng chay ti xich dao lén
Béc ban c4u sé& bt s6i mon nhiéu hon. Nguge lai, bl bén tréi cha cdc con séng
chay tir xich dac vé Nam ban ciu sé bj s6i mon nhiéu hon.

B B B

v\, oz T@ @ D
RN AN @ )

N N N
Hinh 7.8 Hinh 7.9
Gié mua déng Gio mia ha — Déng nuéc bién,
— B4c ban céu; Gié mia — BAc ban cau: Gidé mla dong khi
Béng Bac Tay Nam — Chiéu xoay cla gi6é
— Nam ban cau: Gié mia —Nam ban ciu: Gié mia bao
Pong Nam Tay Bic

Tuong ty nhu vay, cdc dudng ray bén phai clia cdc con dudng sit mét chiéu
tir xich dao lén phuong Bic s& bi mon nhiéu hon, con cdc dudng ray mot chidu
llr xich dao xuéng phuong Nam s€ bi mon nhiéu hon vé phia bén trai.

2. AP DUNG PHUONG PHAP PONG LUONG VA PHUONG PHAP
NANG LUQNG TRONG HE QUY CHIEU BONG

Trong hé quy chi€u quan tinh, cic dinh 1y bién thién dong lugng, bién thién
momen dong fugng va bién thién dong niang duge suy ra tir phuong trinh co bin
md = F . Tuong ty nhu vay, trong hé quy chiéu khong quén tinh, cic dinh 1y
trén duge suy ra tir phuong trinh

R SR T | B ol 4
ma, = F+ F1 + F;

2.1. Phuong phap déng lugng
Tu cac dinh 1y bién thién dong luong va dinh Iy bién thién moémen dong
luong trong chuong hai ta suy ra mot cich hinh thic:
— Dinh 1y bién thién dong luong
dﬁr e 5 =
?=2Fk + Y FE+ Y Ry (2.1)
— Dinh Iy bién thién moémen dong luong
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Lo _ S g (B ) X o (5 )+ S (£ 2.2)
Chit y vé dinh Iy bién thién mémen dong heong:
Trong hé quy chiéu dong R, gin véi

khoi tam ctia co hé va ¢é cde truc Cx,// Cx,,

Cy /f Cy,, Cz,/f Cz,. tacod

F¥ =-2md, xv] =0 (do @,=0)

Tir d6 suy ra Zrﬁc(ﬁf)zﬂ

Mat khéc ta 6

i (B )= x Bf =1, x(-m,a}

:ﬁexxmkﬁkzaexMﬁC=0 (dO ﬁczo)
Vay tir (2.2) suy ra
Al . e
=2 (F) (2.3)
Két lugn: Trong hé quy chi€u dong R, , c6 g6c & khéi tam va chuyén dong
tinh ti€n d6i v6i hé quy chidu cd dinh R, , dinh 1y bién thién moémen dong luong
co h¢ déi véi khéi tam C ¢ dang tuong tu nhu trong hé quy chi€u quén tinh.

*o Hinh 7.10

2.2. Phudng phap niang lugng
Tuong tu nhir trén ta ¢é dinh ly bién thién déng ning
dr" =3 da" (F )+ Y.ad (B )+ 3 da’ (FY) 2.4)
Chii y vé dinh Iy bién thién déng ndng:
Theo dinh nghia cong ctia lyc quén tinh Coriolis ¢6 dang
A" (F' )= B 5dt =-2m(d, x¥,).5,dr = 0
Do d6 tir (2.4) suy ra
dr’ =Y dd (F )+ Y da (F) (2.5)

Két lugn: Khi dp dung dinh 1y bién thién dong nang, khong cin phai tinh
cong cua cdc lyc quan tinh Coriolis
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2.3. Céac thi du ap dung

Thi du 7.7. Tinh luc an khép gilta hai banh rang hanh tinh. Co cdu hanh
tinh nam trong mat phing nidm ngang. Tay quay OA quay véi van t6c géc @y,
gia t6c g6c £;. Banh xe dong 2 xem nhur dia trdn déng chit trong huong P, .

Hay tim lyc &n khép giita hai banh rdng (hinh 7.11). Cho biét gdéc an khép la
¢« , ¢a¢ ban kinh r, va r,.

Loi gidi. Khio sit chuyén dong ciia
banh rang 2. Gén vao khéi tam A cia
banh rang 2 hé quy chi€u R = Axy ma
Axf/lOx,, Ay/lOy, Luc tic dung lén
binh rang 2 gém: Trong luong 7 ,
phan hye tai A 12 R, lyc an khdp banh
rang S =N + 7 (hinh 7.11b).

Ap dung dinh 1y bién thién mémen a)
dong lugng (2.6) Hinh 7.11

dL, _
dtﬁ :Zmz(Fk):Trzerzcosa (1)
Do he dong R chuyén dong tinh tién d6i véi hé c6 dinh R, nén ta cé

U =7 =l—{)2—r22 nt+n 0, = Py (n +r2)m
2g h 2g

0 (2)

Thé (2) vao (1) ta dugc

¢ 20 +r)
2gcosa

Thi du 7.8. Mot 6ng cong phing
quay déu trong mit phing ciia né véi
van t6c géc @, quay quanh truc thing
ding di qua O (hinh 7.12). Mot chat
diém P c6 khéi lugng m chuyén dong
trong 6ng cong dé. Bé qua ma sar giita
ong va chét diém. Ban diu chat diém P
& vi tri M, xdc dinh bdi OM, = r, va 6
van t6c tuong déi ban ddu v(0). Tim
van 16¢ tuong d6i clia chit diém P khi Hinh 7.12
né &viwi OM = r.
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Loi gidi. Khao sét chuyén dong ciia diém P. Chon hé quy chiéu dong R,
gén lién vdi 6ng cong. Diém P chuyén dong tuong d6i doc theo 6ng cong.
Chuyén dong theo Ja chuyén dong quay ctia 6ng cong quanh mot truc ¢6 dinh di
qua O va vuong géc véi quy dao chuyén dong tuong déi nén luc qudn tinh theo
khong sinh cong. Khi 4p dung dinh 1y bién thién dong nang ta khong cdn quan
tam dén lyc quén tinh Coriolis. Luc quén tinh theo £¥ huéng tir O dén P ¢6
biéu thitc

ﬁff =—md, = —md, = mmozf" (N

Theo dinh 1y bién thién dong ning ta ¢6

2 2 F
mv, my, (0) _ Iﬁgg: dF 2)
2 2 z
7
The (1) vao (2) ta duoc
2 2 F
mv,  mv,(0) 2. | 2{ 2 2
B Jmmo Fd¥ ——2-mwo (r —r ) 3)
0
Tir do suy ra
v2 =v2(0)+ w,> (r2 —r! ) (4)

3. PHUONG TRINH LAGRANGE LOAI HAI TRONG HE QUY CHIEU DONG

Nhu da biét, phuong trinh Lagrange loai 2 la phuong trinh chuyén dong cia
co he f bac ty do chiu cdc lién két holoném va cé dang

d{ o7 017
—_— — | —— = ; ] = reny .l

i
Trong d6 T 1a dong nang cla he, ¢, g, ... , g; 1a f toa do suy rong du,
O, =1 2,.., /) la luc suy rong ting v6i toa do suy rong q;. Tur d6 suy ra

phuong trinh Lagrange loai 2 trong chuyén dong tuong d6i clia hé holoném
bac tr do ¢d dang

N Zeg e () () Gon o

Trong d6 ¢; 12 cdc toa do suy rong cla co hé trong hé quy chi€u dong,
o (F‘), or (Ii‘f ), o (f(‘f) tuong (ng & cdc luc suy rong cla cdc lyc hoat dong,

cdc luc quan tinh theo va cdc lyc quan tinh Coriolis Uing v&i toa do suy rong ¢,

371



trong chuyén dong tuong déi. 7, la dong nang ciia co hé trong chuyén dong
tuong déi.
Khi co h¢ can bang twong d6i, do v, =0 néntasuyra T, va O (ﬁc‘f") déu
bang khong. Tir d6 suy ra diéu kién can bang tuong d6i 1a
O (F)+ 0 (Fg)=0 (=12 ../ (3.3)
Thi di 7.9. Mot thanh dong chat AB duge gin bing ban 18 O viao mot truc
quay thing dimg, trong d6 chét ban 18 O thing géc v6i mat phing E chita thanh
AB va tryc quay z (hinh 7.11). Cho biét OA = @, OB = b, bd qua ma sat. Hay

xdc dinh chuyén dong ciia AB & trong mit phing E khi truc thing ding quay
vai van 1o¢ @

Hinh 7.12

Loi gidi. Khao sat chuyén dong cha thanh AB. Chon miat phing E chita
thanh AB vi truc quay z lam hé quy chiéu dong. Chuyén dong cila thanh AB
trong mit phing £ la chuyén dong tuong déi. Vi tri thanh AB & trong £ dugc
xdc dinh boi géc ¢ . Chon g = ¢ lam toa do suy rong.

Phuong trinh Lagrange loai hai d6i véi thanh AB trong chuyén dong tuong
doi c6 dang

dior | o7,
Il Bl Fo_ + Jie o+ Gic l
d{[ O¢ } dp Qo+ +9 D

Trong do, T, la dong ndng cha thanh AB trong chuyén déng tuong déi, o,
la lyc suy rong cua cdc lyc hoat dong, 7% 13 lyc suy réng tng véi luc qudn

tinh theo, 97 1 luc suy rong vng véi Ivc qudn tinh Coriolis. Cho thanh thuc
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hi¢n mét di chuyén 4o tuong déi Sp nhu hinh vé. Do luc hoat dong la cdc trong

lugng ciia hai phdn thanh OA va OB, ta cé

e a . b ! :
Z(SA (Fk):P|ésm(&&p—Pz-z-sanqoc?qo:E(P]a—sz)smgoﬁgo

Viy 0, :-lz-(ﬂa—sz)sin(.o (2)
Dodr, L (@, x¥,) nén
Y SA(EIY =Y FYC5F = -2 m (B, x V] ).6F, =0
Do d6 QF° = 0. Bay giv ta tinh lyc suy rong tng véi luc qudn tinh theo.
Luc quén tinh theo cia mbi phan t6 cla thanh c¢6 thé phan thanh hai thanh
phan
dF,, = dFy, +dE),
Do df';e vudng géc véi 5%, nén §A(d17"qr,e) =0. Thu gon hé hé luc quén
tinh theo phap tuyén cla cdc doan OA va OB ta dugc

i P
K :l—lﬂsmcﬁ-@zs e 1B pin P
2g 2 g
3 - qre AL 2 e 2
Vay Zé‘A(Fk ) =K .Eacos .00+ I -55005@-5(0

1
= ——~(P]a2 + Pyb? )sin @cos .o 5
g

Trdésuyra QF° = 51»(1"1&-2 + }’21)2)singm:osqo.m2 (3)
b4
Dong nang cua thanh AB trong chuyén dong tuong d6i 13

] L2 | P| 0’2 szz ) 1 2 Ty .32
T=—dyp? == L 0 152 (P b 4
P ? Z{g 3 g3 v 6g( i+ )@ “)

Tinh toan cdc dao ham riéng cta T, theo van t6¢ suy rong va toa do suy

réng suy ra

T .
T o (7)1 (il Py
d¢ 3g dt\ 8¢ | 3g 2 20

St dung phuong trinh Lagrange loaj hai ta nhan duge phuong trinh vi phan
chuyén déng tuong d6i clia thanh AB
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3;(1‘1513 +P:bz)g}jzé(ﬂa—!’:b)sinqo+i(l’]a2 +}3‘2b2)singacu::usqp.w2 (3

Khi @ =@, = const (thanh & trang thdi can bing 6n dinh) ta cé ¢=0,¢=0.
Tir (5) suy ra vi tri can bing tuong d6i ctta thanh dugc xdc dinh bai cong thikc
3g Pb-PRa
202 Pa® + b

cos@ =

(6)

Chii y. Gial bai todn nay bng c4ch dp dung phuong trinh Lagrange loai hai
trong chuyén dong tuyét d6i dé dang hon.
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Chuong 8

DAO PONG TUYEN TINH VA ON PiNH
CHUYEN PONG

Duao doéng 1a mot hién trgng phd bién trong ty nhién va trong ky thuat.
Trong chuong nay, trinh bay mot s6 khdi niém co ban cua ly thuy€t dao dong
tuyén tinh va cic phuong phép tinh dao dong tuyén tinh clla hé mét va hai bac
i do.

Phin cudi cla chuong gidi thiéu mot s6 khii niém co ban vé &n dinh
chuyén dong.

1. CAC KHAI NIEM CO BAN CUA LY THUYET DAO PONG

1.1. Pinh nghia dao dong

Dao dong 1a mét qud trinh thay déi theo thdi gian, ma ¢é mot dic diém nao
d6 1ap lai it nhat mot 1an.

Dao déng cua cdc hg co hoe got 1a dao dong co hoc. Dao ddng ciia cac hé
k¥ thuat (cdc mdy, ciac coéng trinh, v.v...) duge goi 13 dao déng k¥ thuat.
1.2. Md ta ddng hoc cac qua trinh dao déng

a} Dao dong diéu hoa. Cic ham sin{af + a),cos(wt + a)duge goi 1a cdc haim

diéu hoi. Dao dong duge mo ta vé mdt todn hoc bdi cdc ham diéu hoa duge goi
13 dao dong diéu hod (hinh 8.1)

x(s‘)=Asin(wt+a) (1.1)
Trong do: x{1)

o : 1an sO vong (rad/s) A‘W\ /r\
[ !
| |
7= 2z : chu k¥ dao ddng / ! I
w |
|
|
|
[

| Ao

[
|
A : bién do dao dong :
af +c : pha dao dong ! T
a : pha ban diu Hinh 8.1
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Dai lugng f =1/T (Hz) duge goi 1a tdn 6. Ta cé hé thic w =2z 7.
Do cong thic lugng gidc

x(1) = Asin (o +a)= A(sin wrcosa + cos wr sin @) (1.2)
nen biéu thic (1.1) ¢6 thé viét lai dudi dang

x(t} = C coswt + C, sinwt (1.3)
Trong d6 C, = 4sina; C, = Acosa (L.4)

Tur (1.4) dé dang tinh duge
C
A= Ct+CZ,; !ga':-(-} (1.5)
-2
Nhu the bién do, tdn s6, chu ky, pha 1 céc khéi niém co ban ciia dao dong
diéu hoa.
b) Dao dong tudn hoan. Ham so x(2} duge goi 13 ham tudn hoan, néu tén tai
mot hang s6 T > 0, sao cho v6i moi t ta ¢6 hé thirc
x(r+T)=x(r), Yt (1.6
Mot qui trinh dao déng duge mo ta vé mat todn hoc boi mot ham twan hoan
x(t) duoc goi 1a dao dong tudn hoan (hinh 8.2).
)
' .
[
[
, -
-\
!
T |

(1)

I‘nl]'l (x) .............................. v
Hinh 8.2

Hing s¢ duong T nhd nhat dé cho bidu thic (1.6) duge thoa man goi 1a chu
ky dao dong. Dai lugng f =1/7 (Hz) duge goi 12 tdn s6 dao dong tudn hoan.
Nhu theé =27 f 1 tdn s6 vong.

max (x}

Bien do A clia dao dgng tudn hoan x(1) duoc dinh nghia béi cong thic sau
Az%[maxx(f)—minx(f)] (1.7

Céc khai niém chu ky, tdn 56, bién do 1a cic khai niém co bin clia dao dong
tuan hoan

¢) Dao déng ho hinh sin. Mot qua trinh dao dong duge mo ta vé mat todn hoc
bGi ham
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x(?) = A(f)sin[e() + e (1)) (1.8)
dugc goi 1a dac dong ho hinh sin.
Dao dong x(r) = A,e™ sinfw(t) + a(1)], § > 012 dao dong tit din, dao dong
x(1) = dye™ sinfe(t)t + a(0)], & > 0 12 dao tang dan. D6 1a cdc vi dy vé dao dong
he hinh sin.
Dao dong ma bién d¢ A(r) thay doi luan phién dugc goi 1a dao déng bién
dig¢u bién do. Dac dong ma tin s6 @(¢) thay ddi luan phién duge goi 1a dao déng

bi¢n di¢u tan s6. Cic dao déng bién diéu c6 mot vai trd quan trong trong k¥
thuat vé tuyén dién.

1.3. Dao ddng tuyén tinh va dao déng phi tuyén
a) Su phdn loai dao dong
' Céc qua trinh dao dong duge phan loai tuy theo cac quan diém khac nhau:
~ Can ¢ vao co ché gay nén dao déng ngudi ta phan thanh dao dong wr do,
dac déng cudng bitc, dao doéng tham s6, tu dao dong, dao dong hdn loan, dao
déng ngiu nhién.

— Can ¢t vao s6 bac ty do ngudi ta phan thanh dao dong hé mot bac nr do,
dao dong hé » bac twr do, daoc dong hé vo han béc ty do.

— Can cit vio phuong trinh vi phan chuyén dong ngudi 1a phan thanh dao
déng tuyén tinh, dao dong phi tuyén.

— Can ¢\ vao dang chuyén dong ngudi ta phan thanh dao dong doc, dao
dong xoén, dao dong udn.

b) Dao dong tuyén tinh va dao déng phi tuyén

Dao dong duge mo td boi phuong trinh vi phan wyén tinh dugc goi 1a dao
dong tuyén tinh. Ngugc lai, néu dao dong duge mo & bdi phuong trinh vi phan
phi tuyén duge goi 1a dao dong phi tuyén.

Chit y. D61 véi dao dong duge moé ta bdi phuong trinh dao ham riéng, thi
chi nhitng co hé dugc mo 1 bdi phuong trinh dao ham riéng tuyén tinh va didu
Kig¢n bién cling tuyén tinh méi 1a dao déng tuyén tinh. Céc trudng hop khéac déu
la dao déng phi tuyén.

2. DAO PONG TUYEN TINH TU DO CUA HE MOT BAC TU DO

2.1. Dao dong ty do khéng can
a) Cdc thi du vé thiét lap phuong trinh vi phdn dao déng

Trudc hét chiing ta xét mot vai thi du vé thiét 1ap phuong trinh vi phan dao
dong tu do khong can ctia hé mot bac ty do.
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Thi dy 8.1. Dao dong clia mot vat ning
{reo vao [0 xo.

Xét mot vat nang khéi lugng m treo vao >
16 x0 ¢6 he 58 cing ¢. BO qua khéi luong 10 e e @\ GAR
xo (hinh 8.3). bing finh
Pong nang v thé ning cia hé ¢é dang g =
T:lmj:z, l'I:lc;vr2 ‘m
2

Hinh 8.3
The céc biéu thic dong ndng va thé nang trén vao phuong trinh Lagrange
loai hai

d[arj or _ dail

dt Sx x
nhén dugc phuong trinh dao dong ciia he
mi+cx=10 (1

Chu ¥ rang, c6 thé nhan duge phuong trinh dao dong (1) bing nhidu phuong
phdp khdc nhau. Chang han, néu sit dung dinh luat Newton ta c6

mi =P -c(x, +x)

Trong d6, x,, 1a do dan tinh cda 15 X0 P = cx,, con biéu thitc cta lyc dan héi

tuyén tinh cta 10 xo Fy, = ¢(x,+%), luc dan héi hudng nguge chidu truc x. Tir
phuong trinh trén ta suy ra

mi+ex =0

Thi dit 8.2. Dao dong con lic todn hoc.

Con fac todn hoc 12 mét hé dao dong gém mot
chat diém c6 khoéi lugng m treo viio mét diém O co
dinh bing mot soi day nhe, khong din chiéu dai 12 |
(hinh 8.4). Goi toa d¢ clia chat diém Ia x, y. Tir hinh
vé ta ¢b X = 1 sing, y = /cosp. Tir d6 d& dang tinh
dugc cdc biéu thirc dong nang cla chat diém

can bng finh p

1 5 i -
T=—mx*+¥*)=—ml*®*
2 ( ) 2 4 Hinh 8.4

IT= —mgy = —mglcose

The cac bi€u thic trén vio phuong trinh Lagrange loai hai ta dugc
mi*$ = —mglsing

hay o+ %sin ¢=0
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Trong trudmg hgp con lic dao dong nhd, cé the 14y x&p xi sin ¢ = . Khi d6
phuong trinh dao dong nho ctia con lic todn hoc c6 dang

¢5+§a=0 @

Thi dy 8.3. Dao dong con l4c vat 1y,

Con lac vat Iy 1a mot hé dao dong gém c6 mot vat
ran ¢ thé quay quanh mot truc ¢ dinh di qua O va
vuong géc voi mat phang chita khéi tam C cla vat
(hinh 8.5). Khoang cdch tir diém O dén khéi tam C cia
vt 1a g, mémen qudn tinh coa vat rdn véi truc quay 1a
Jy. Biéu thic dong nang va thé nang cfia hé c6 dang

T :%J[,(bz, I = —mgacos g

Vi trf
cén bang tinh

Thé cdc biéu thitc dong niang vi thé€ ning vao

phuong trinh Lagrange loai hai ta duge Hinh 8.5
J,@ +mgasing =0

Trong trudng hop con lic vat 1y dao dong nho, ta ldy sing =~ ¢, phuong

trinh vi phan dao déng c6 dang
Jop+mgap =0 (3)

Thi dy 8.4. Dao dong xoin.

Xét dao dong xodn cla mot vat nang (ching han mét dia hinh trdn) gin
chit vao mét truc dan héi. Ddu kia cha truc dan héi ngam chat vao tudng c6
dinh (hinh 8.6). Cho bi€t moémen qudn tinh cha vat nidng d6i véi truc quay 1a J,
d6 cing xoin cha tryc dan hdi 12 c. Gia thiét momen quan tinh cla truc dan hoi
déi vdi truc quay nhd hon nhi€u so v6i mémen quan tinh clia vat nang d6i véi
truc quay. Biéu thifc dong nang va thé nang clia hé ¢6 dang

-
TRl e ) wac
Thé cic biéu thirc dong ning va thé 7
ndng vao phuong trinh Lagrange loai hai ta :
nhan duge phuong trinh dao dong xodn Vi tei can bing finh
tuyén tinh clia vat ning Hinh 8.6
Jp+cp=0 (4)

]
Goi q 1a toa do suy réng. Tir cac phuong trinh (1), (2), (3), () ta thiy dang clia
phuong trinh dao dong tir do khong can clia hé mot bac o do ¢6 dang chung

mg+cq=0 (2.)

379



b) Tinh todn dao déng tu do khéng cdn
Neéu ta slr dung ky hiéu
w; = £ (2.2)
m
thi phuong trinh dao dong ty do khéng can (2.1) ¢6 dang _
G+ qg=0 (2.3)

Nhur d@ biét tir 1y thuyét phuong trinh vi phén, nghiém ciha phuong trinh vi
phan (2.3) ¢6 dang nhu sau

q = Cieoswyt + Cosinwyt (2.4)
Trong d6 C,, G, la cdc hang s6 tuy ¥. Cdc hing 6 nay duge x4c dinh tir cac
diéu ki¢n dau
1=0: q0)=gq, 4O)= 4,
D¢ x4c dinh cdc hiing s6 C,. C, ta dao ham biu thitc (2.4) theo thoi gian
g =-Cw,sinaf + C,w, cos w,t (2.5)
The cdc diéu kién ddu vao cdc bidu thic (2.4) va {2.5) xdc dinh duge

Ci=qy. C, =& (2.6)

a

Chi y rang, nghiém (2.4) ctia phuong trinh vi phan (2.3) c6 thé viet dusi dang
q = Asin{awy + @} 2.7
Trong dé, A va o 1a cdc hing s6 tuy ¥. Do hé thirc
sinf(@y + a) = sinwt cosa + sina cosayt
nén tr (2.4}, (2.6) va (2.7) dé dang tinh duoc

A= JC7+C? = qj+(;q)‘i-] , :ga=%=%i{’ﬂ(2.8)

0 2 QU

Tir bicu thic (2.7) thay ring, dao dong ty do khong can clGa hé mot bac
do duge mé 14 bdi ham diéu hod. Vi vay dao dong 1 do khéng can cdn duoc goi
la dao dong diéu hoa,

2.2. Dao dong tu do c6 can nhét
Xét dao dong cla hé mo 13 trén hinh 8.7. Do ¢6 them lye can nhdét ty 1é bac
nhdt véi van tdc, nén phuong trinh vi phan dao déng ctia hé cé dang
mg+bg+cg=0 (2.9)
Néu dua vao cdc ky hiéu
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. q
C_w Plos (2.10) —
m m b
thi phuong trinh (2.9) ¢6 dang T
G+26¢+aqg=0 2.11 ¢
g eoqTend (1 T

Theo 1y thuyét phuong trinh vi phan tuyén tinh, Hinh 8.7
phuong trinh dac trung cua (2.11) 1a
A +280+ @} =0 (2.12)
Tuy theo quan hé gilra & va w,, cé thé xay ra cic trudng hop sau

d<w, (lyccannhd): 4, =-6FiJa; —&°
82w, (luccinlén) : 4,=-856" -]

* Truong hop thir nhit : 8 < o, (Iuc can nho)

Trong trudng hap niy A c6 gid i phitc. Nghiém téng quét cha phurong
trinh vi phan dao dong (2.11) ¢4 dang

g=e* (C coswt + C, sinwt) (2.13)

w=\Jw, -8 (2.14)

Céc hang s6 C,, C, dugc xdc dinh tir cac diéu kién du
t=0:  q0)=q, =g,
Tir cdc diéu kién ddu da cho, dé dang xdc dinh cic hing s6 C;, C,
Cz - (}U + 5q0
w

Pé bien ddi biéu thic (2.13) dua vao cdc hang s6 A va B xdc dinh theo
hé thuic

trong do

C;=qy (2.15)

C,=Asinfi, C,=Acosf
Ci

Tirdd suy ra
A= Gl +CT, gfB= c

Biéu thitc nghiém (2.13) bay gidy ¢6 thé viét dusi dang
g = Ae™ sinfwt + 3) (2.16)

Tir bicu thitc nghiém (2.16) ta thdy: Khi luc can da nho, hé thuc hién dao
dong tdt ddn. Do léch de™” gidm theo luat s6 mi, tiém can t6i khong (hinh
8.8). Dao dong dugc mé ta bai phuong trinh {2.16) 1a dao dong ho hinh sin.
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Tuy chuyén dong clia he Aqlt)
duge mo ta bdi quy luat khong /
tudn hoan, nhung toa do q(t)
lai d6i ddu theo thai gian mot .
céch tudn hoan. Vi thé ngudi [ ol
ta quy udc gol © 1a “tdn s6 [ 4 .
rieng”, T = 2n/w 12 "chu ky", e
con 4e™” 1a "bien do" cla —
dao dong tit din. Hinh 8.8

Dé dic trung cho do 14t dan clia dao dong ty do ¢6 can nhdét, ta dua vio
khdi niém do tat 16ga. P tit loga . ky hiéu Ia A, duge xac dinh bdi h¢ thite

A=lIn g0 =
gt +7T)

Do tat 16ga dac trung cho do
giam "bién do” dao dong tét dan. Trong
thye t€ ta thudng xdc dinh ty s6 hai
bién d¢ dao dong sau k chu k¥

(2.17)

gty e _SkF
gt + kT) - e—o‘(;+H'J -

Hinh 8.9

Tl dé ta suy ra
A=or=Lip 90 (2.18)
kgt +4iT)
* Truong hop thit hai: 8 > o, (luc can én)

Khi & > o, hai nghi¢m A, va &, clta phuong trinh dic trung 13 cic s6 thuc va
am. Nghiém t8ng quit cha phuong trinh vi phéin dao dong (2.11) c6 dang

g =CeY +C,e™ = de ¥ sh(J5? —w, t+ ) (2.19)

Pudng biéu dién q = q(t) cit truc t khong qud mot 1an (hinh 8.9). Do d6
chuyén dong clia hé 1a chuyén dong tt ddn, khong dao dong.

* Traong hop thi ba: § = o, (lwe can téi han)

Trong trudng hop nay hai nghiém A, va A, 1a cdc s6 thuc am va bing nhau.
Nghiém téng quat cua phuong trinh vi phéin dao dong (2.11) ¢6 dang

g=e(Ct+C,) (2.20)
Chuyén dong cta he 1 tit din khong dao dong.
Trong mot s6 tai liéu viet vé dao dong trong k§y thuat, ngudi ta con s
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dung khai niém d6 can Lehr. P can Lehr, ky hiéu bing chit D, ducc xdc dinh
bai he thiic
p=9%. % b 2.21)
@, 2Zmw, 2Nme

Phuong trinh vi phan dao dong tr do ¢ ¢dn nhét (2.11) bay gid ¢6 thé viét
dudi dang

§+2Dw,g+w;q=0 (2.22)

Do hé thic w = ja, —8° = w,v1-D* chuyén dong clia hé duge phan thanh
ba trudng hop sau:

D<1(@<w®,): dd can nho
D=1(3=0,): ddcan 6 han
D>1@>0,): ddcanldn.

Cin ot vao do can Lehr ta ¢6 két luan : Khi D < 1 chuyén dong clia he 1a
dao dong tat dan, khi D = 1 chuyén dong ciia hé tit dan, khéng dao dong.

Tir cong thite dinh nghia d¢ can Lehr, ta dé dang xdc dinh duge hé thite lién
hé gilta do tit loga va do can Lehr

P ' (2.23)
Ji-D?

Thi dy 8.5. Gin mot khéi luong m vio diu thanh. Gén vao thanh cdc phin
tir can va dan hdi nhu hinh 8.10. Bo qua khdéi lugng ctia thanh.

— Phai chon do 16n cha hé s8
cdn b nhur the nao dé hé ¢6 kha ning
dao déng nho.

— Xdc dinh do can Lehr D can
thi¢t dé sau mudi dao dong. bién do
giam cdn bing 1/10 bién do cla chu
ky dau, sau dé xac dinh chu k¥ dao ‘
dong tat dan. Hinh 8.10 l.’;

Lot gidi. St dung dinh 1y bién thién moémen dong luong déi vdi truc di qua

A va do ¢ nho 1ay x4p xi sing = ¢, cos@ = 1, ta nhan dugc phuong trinh vi phan
dao dong cua he

A=6T =2n

. b ¢
p+—p+(—+L)p=0
dm m 2a

- $1+28p+w0=0
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Trong dé 2()‘:-3, ot =<4 8

dm m 2a

B¢ he 6 kha nang dao dong nhd thi § < o, . Tir d6 suy ra

o 2
—b—<,fi+£— - b<81’cm+gm
8m m  2a 2a

Tl cdc cong thiic (2.18) va (2.23) ta ¢c6

10 =In =i > D= =0,037
H'I_Dz QH*IO
Chu k¥ dao dong 14t ddn chia hé 1a
riE__ 2 m_, | 2am
@ pNI-D* @, 2ac+ gm

Thi dy 8.6. Trong nhiéu bai todn thiét
k€, ngudi ta phai lap cdc phan tir can va
phdn tir dan héi néi ti€p nhau nhir hinh
8.11. Hay thi¢l lap phuong trinh vi phan
dao déng cia hé va tim diéu Kién xuat hién
dao dong tu do c6 can.

Hinh 8.11

Lai gidi. Goi A 1a di€m néi giita 16 xo vi phdn tir can. Diém A chiu téc
dung cita luc F, = b%, . Bién dang cia 1d xo 1 x,—x,, do d6 & di€m B xuat hién

lyc dan hoi £, = c(x,—x,). Tdch riéng phin tit [d xo AB ta c6:

F =bt = F, =c(x,-x,) (1)
Sir dung dinh Juat Newton hai doi véi chat diém m suy ra

mx, = —c(x, - x,) (2)
Tt (1) va (2) ta cé:

b, = c(x, — %) = —nii, > %, =—%5¢2 (3)
Tr(3)suyra:

X, = —%5;2 +E (4)
trong do £ 1a hiang s tich phan.
Thay (4) vao (2) ta duoc:

i, = —c(x, + %xg —E)= mi, + -i—”xz +ox, = cE (5)
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Hang s6 E duge xdc dinh tir céc didu kién ddu. Néu cho x(0)=0, x,(0)=0,
thi £ =0, khi d6 phuong trinh (5) ¢6 dang

irle +5Sx 20 (6)
b T om T

Tudésuy ra @) = — 5 =— . Tir diéu ki¢n & < w, nhan duoc cong thiic

\/7::» c<b

3. DAO PONG TUYEN TINH CUGNG BUC CUA HE MOT BAC TU DO

3.1. Cac dang kich ddng va phuong trinh vi phan dao déng
a) Kich dong luc
Tren hinh 8.12 ]a mo hinh dao dong khéi Juong — Tﬁ(f)

10 xo chiu kich dong lyc. Gid sir F() = FsinQr, § ]
trong dé £ 1 gid trj cuc dai cia ham F(t). Doi véi 3 "
mo hinh nay ta ¢é Y
! 1 R 7 L
T:—imy‘, Hzicy*, CD— 5 O =F@). c b
Thé cdc biéu thiic trén vao phuong trinh Lagrange STTTITTT 77,
loai 2 Hinh 8.12
i(ﬁj__az__ar_r_&g
a\y,) o oy o
1a duge
ny + by +cy = FsinOt 3.1

Chia hai v€ cta (2.1) cho m va dua vao k¥ hiéu 5= F/c, bién déi (3.1)
vé dang
V+28y+ayy =} psinQy (3.1a)
b) Kich dong boi khoi lwong léch tim
Mo hinh dao dong cta hé chiu kich dong bdi khéi lugng léch tam cho trén
hinh 8.13. Roto c6 khéi lugng lech tam m,, quay déu véi van 16¢ gée . Bidu
thitc dong nang cha hé c6 dang

N 2
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.._l .3 ] b
7 ——2~mﬂy +5mlvl

Do quan he

x, =ecos{, x, =—eQsin

¥, =y +eQsinQy, j, = y+eQeosQr’

nén c§ L‘lJb

Vi=xT+ 30 =30 +2)eQ cosQr + e QP - ——
T d6 ta suy ra Hinh 8.13

] a - - -
T= Emy‘ +m, yeQcosQf + -;— me QY

Trong dé m =m, + m . Cdc bi€u thitc thé nang I1 vA ham hao tin © c6
dang nhu céc thi dy truée

I1 =-licy2_, <I)=lbji3

2
Thé cic biéu thie T, I, © vio phuong trinh Lagrange loai 2, ta dugc
my+by+cy=mesinQr (3.2) § X
Bién ddi tuong ty nhu trén suy ra N u(e)
3|

P+28y+eay=Fpsinr (3.2a) YAWAAA

\_bE_ Cy

a6 n,
trong do y=— o e.
a ]

\ Hinh 8.14
¢) Kich déng bang luc darn hoi

Trén hinh 8.14 1a mo6 hinh hé chiu kich dong luc dan héi tuyén tinh. Bo qua
ma sét truot dong (1 = 0). Cho biét u() = sin Q.

Phuong trinh vi phan dao dong clia hé c6 dang
mi+bx+cx+c, [x - u(f)] =0

Do u(t) =usin 2t nén

mi+ bx + cx = c usin (3.3)
trong do c = ¢t
Neéu sit dung ky hiéu £=—" 4 thi phuong trinh (3.3) bicn déi duoc
o +C0
vé dang
¥+28%+wjx = &) Fsin Qu (3.3a)
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d) Kich dong dong hoc
Irén hinh .15 1a mo hinh hé chiu kich dong
dong hoc. Gia st diém chan ciia bd 10 X0 va can m
nhdt chiu tdc déng cua kich dong dong hoc véi quy
ludt diéu hod w(r) = &sin . Phuong trinh vi phan
dao déng cGa hé c6 dang
my+b(y—-iy+c(y—u)=0

Theé u(r)=dsinQr,u(s) = 1Qcos ¥ vao phuong

trinh trén ta ¢é Hinh 8.15
mii+ by +cy =ulcsin Qs + pQcos Q) 3.4
Chia hai v& ctia phuong trinh (3.4) cho m ta dugc
.. - - . Q
Y420+ y =w,5(w,sinQt + 28 —cos M) (3.4a)
a}ﬂ

trong dé y=1.

¢) Kich dong bdng luc edn nhot § x
Trén hinh 8.16 12 md hinh hé chiu S 5 0]
kich d¢ng bang luc cin nhér. Mat truot —
. s . . N
nhdn tuyét d6i (¢ = 0). Phuong trinh vi SW by I
phian dac dong cia hé ¢6 dang < SN
m¥+bx+cx+b,[x—-(2)] =0 Hinh 8.16

Cho biét u(t) = iisin Q¥ , u(r) = #Qcos , khi d6 phuong trinh trén ¢6 dang
m¥ +bx +cx = bt Qeos QU (3.5
v6i b= b+ b, Chia hai v& clia (3.5) cho m, ta dugc
X+26%+@ix=25Qxcos (3.52)
trong dé ¥ = -%—u .
b
Qua cdc thi duy trén thdy rang, phuong trinh vi phan dao dong tuyén tinh
cia hé mot bac ty do chiu kich dong diéu hoa c6 dang
md +bg +cg =IH sinQr+ H, cosCu (3.6)
Chia hai v¢ ctia phuong trinh (3.6) cho m, ta duge
§+28¢+w,q=hsiny + h, cos Qt (3.7

Chd y: Néu ta st dung dd can Lehr D thi phuong trinh (3.1a) ¢é dang
nhu sau
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V+2Dw,y+ @y = w} ysiny (3.8)

trong d6 (uézi,D:—a—— b
n

€0, - 2em ’

C6 thé bi€n ddi cdc phuong trinh (3.2a), (3.3a), (3.4a), (3.5a) vé dang
tuong ing.

3.2, Tinh toan dao dong cudng birc khdng can

Phuong trinh vi phan dao dong cudng bic khéng can clia hé mot bac ty do
co dang

mg +cg = HsinCu (3.9)
Neéu dua vio cac ky hiéu
@ =5, K= H
m m

thi phuong trinh (3.9) ¢6 dang
G+ wlq = hsinCu (3.10)
Nghi¢m téng quét clia phuong trinh vi phan (3.10) bao gém nghiém téng
qudt cha phuong trinh vi phan tuyén tinh thudn nhét tuong éng v mét nghiém
riéng cua phuong trinh ¢6 v€ phéi. D€ gidi phuong trinh vi phan (3.10) ta xét hai
trudng hop Q2 # e, (xa cong hudng) va Q = @, (gin cong hudng).
Khi € # @y, tim nghiém riéng cGa phuong trinh (3.10) duéi dang
q* = Asintlt 3.11)
Trong d6, A Ia hang s6 chua xéc dinh. The biéu thic (3.11) vio phuong
trinh (3.10), so sdnh véi cdc hé 36 cha sint, ta rit ra bidu thitc xdc dinh A

A= ,h - (VoL QY £ @,)
w; —

Theo ly thuyet phuong trinh vi phan, nghiém téng quét clia phuong trinh
(3.10) cé dang

qt)y=C, coswot+C25ina)0!+—,,—h~—?sinQI (3.12)
w; —Q

Céc hing s6 C,, C, dugc xac dinh tir c4c didu kién ddu. Gia sit khi t = 0 th
q0)= q, g(0) = g, . Th€ cdc diéu kién ddu nay vao biéu thic (3.12) v dao ham
cila nd, ta co

Co=g; C,=do__ H2
P e ey (0f -0
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Nhu thé, biéu thitc nghiém (3.12) ¢6 dang

hQ . h .
gty =yq, cosml,.t+q—°sinmot— s-sinayl + ————sin (3.13

@y w, {0y — () »l ~Q

Nghiém (3.13) gém hai thanh phén : Ba s¢ hang ddu biéu thi dao dong tu
do véi tan s6 13 tdn 50 rieng cha he, s6 hang thit w biéu thi dao dong cudng bitc
véi tdn s6 1a tdn s6 cua lue kich dong. Cha ¥ ring, khi ¢, = ¢,= 0 chi c6 hai s6
hang dau cua dao dong tu do triét tiéu. Vi vay s6 hang thit ba ducgce goi Ia thanh
phin dao dong tu do kéo theo. Giai doan t6n tai cé cdc thinh phdn dao dong véi
tdn s6 luc kich dong va céc thanh phan dao dong vdi tdn sé rieng duge goi fa
giai doan chuyén 1i€p. Giai doan chi 1n tai thanh phin dao dong véi tan s6 cua
luc kich dong dugc goi 1a giai doan binh 6n.

Néu bo qua cédc thanh phidn dao dong tr do trong (3.13) ta ¢ biéu thitc xdc
dinh trang thdi binh 6n ciia dao dong cudng biic

g* () =" sinQy = —_gincu (3.14)
@y ~ c(l=177)
Chi y rang, thita s¢ H/c 1a dich chuyén gay ra bai Iyc tinh H dat vio vat rén
dao dong. Trong d6 1 = o, Dai luong

1
Vin) =
(1) ‘ ] ”’?:|
biéu thi tdc dung déng luc clia lue kich V"
dong, va duge goi 1a ham khuéch dai (hoidc
h¢ s6 dong lyc). Trén hinh §.17 biéu dién su
phu thudc cia V viao n.

(3.15)

Khi ty s6 /o, din dén 1, thi ham
khuéch dai (hé s6 dong luc) va do d6 bien |
d6 dao dong cubng bitc tang ién nhanh
chéng va tién téi vo cling khi Q =, Hién 1
tugng do goi 1a hién tugng cong huong. Nhu Hinh 8.17
vay hién tifong céng huong 1a hién tugng bién do dao dong cudng biic ting ién
rat I6n do tan s6 cla luc kich dong tring véi tin s6 dao dong rieng (dao dong 1y
do}. Trong thyc t¢ khong 6 truomg hop nao bién d¢ daoc dong ting lén vo ciing
vi trong cdc hé thuc bao gid cling ton tai luc can. Van dé nay sé duge xét & sau.
Trd lai bicu thic tdng quét (3.13) cha nghiém. Khi ¢, = ¢,= 0, bidu thiic nghi¢m
(3.13) 6 dang '

i

gy = :h 2(sian—~9-s*.ina)0t] (3.16)
w; —Q a,
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Xét trudng hop khi tin s6 Q clia lue kich dong rat gan véi tin s6 dao dong
w do o,. Pua vao ky higu
Q-w, =2¢

Trong d6, £ 1a mot dai lugng v6 cling bé. BS qua céc s6 hang bé ¢& ¢ trong
biéu thie clia g suy ra

h X Q+w, , O-
g =— n—,(sin ¥ ~sin &)U.“) = QZh - COS Y ¢sin ©o !
w; — L) w; — €2 2
2} \ Q hsinet
=" singrcos—L Yo o MIMEL o 3.17)
ey = 2 20¢

Do ¢ Ja m@t vo cing bé nén hiim sinet bién thién cham, con chu ky cbha nd
2m/e vt 1on. Trong trudng hop nay ¢ thé xem biéu thic (3.17) 1a quy luat dao
dong véi chu ky 2n/€) va bién do bien doi (h/2Q¢ )siner. Dang dao dong nay
duge bidu dién trén hinh 8.18. Hién tuong dao déng nay goi 1a Lién tuong phdch.

ﬂii.f’nmwnm“;ﬁfi‘ i, &

il ‘i%“‘?n e .
L LA L

Xet truong hop Q> w, (s — 0). Khi d6, c6 thé thay sina bing & trong
bi€u thitc (3.17) va ta ¢6 hé thie

q=-

L cosayt (3.18)

2m,

Bien do ht/2w, tang 1én vo han khi thdi gian t tang nhu hinh 8.19. Nhu thé,
ngay trong pham vi ly thuyét dao dong tuyén tinh khong cén, su tang bién do
Ién vo han 0 ving cong hudng ciling ddi hdi phai c6 thoi gian. D61 véi cic may
dugc thict ke lam viee & trén ving cOng hudng, khi ting van t6c ca may qua
vung cong hudng, can phai khan trwong cho vugt qua da nhanh.
Nhu the khi tinh todn dao dong cudng biic khong can ta phan ra hai truong
hop:
— Trudng hop x4 cong hudng (Q # ©,,)
— Trudng hgp gan céng hudng (Q = o). Trong trudng hgp nay khi
2=, + 2¢ ta 6 hién twong phéch, khi Q = @, ta c6 hién tuong cong huang.
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Thi dy 8.7. Banh xe O lan
khong trugt trén mat dudng gd
ghé luon séng (hinh 8.20). Van
t6c tam O cua bdnh xc ludn
khong ddi 13 v = 60 km/h. Mit

s(t}
dueng lugn séng ¢é phuong trinh L

=

la s=ssin{(ax/L)y véi $= 2 cm, N
L = 100 cm. Xdc dinh bién do !
dao déng cuding bic thing ding Hinh 8.20

ctia vat thé M cd khoi lugng m, ndi véi truc banh xe bing 10 xo c6 d¢ cimg la c.
Biét riing bién dang finh cha 10 xo dudi tdc dung cla vat thé 1a §,=10 cm.

Loi giai. Tir didu Kién can bing tinh ¢, = mg suy ra
g
%)

1}

Phuong trinh vi phan chuyén dong cla vat thé M c6 dang
mi+ce{y—3)=0

- . - . k] C N . - -
Néu dua vio k¥ hiéu @) =—, phuong trinh vi phan dao dong dugc dua
m
vé dang
. a an . X
Y+, Y =wssin A

Thuc hién cdc bien déi

=S8 L8 g5y 148
m  mo, &,
TE I o véi Q=Y 180T 6 6n
L L
Do d6 nghiém riéng cua phuong trinh trén la
y = Asin Q¥
véi S T S 0,075 cm.
oy -’ oY ‘] (16,67)*
1-| =2 BT
o 98,1

Thi du 8.8. Mot mdy gin chit vio méng va duge dat wén nén bing mot he
16 xo song song. Khoi lugng cia mdy va méng la 1000 kg. Trong qua trinh may
lam viéc xudt hién mot luc diéu hoa tic dung theo phuong thing dimg vdi bién
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do F=1000 N va tdn s6 f =10 Hz. Dudi anh hudng cla luc ndy méng dao dong

theo phuong thing dimg. Hay xéc dinh h¢ s6 cimg cha 10 xo tuong duong sao
cho chi ¢6 5% luc tdc dung lén méng truyén xudng nén. Sau dé xdc dinh do lin
finh cia méng va bién do dao dong cia né.

dong clia hé 1a

3.3.

Loi giai : M6 hinh co hoc cha bai todn cho trén hinh 8.21. Phuong trinh dao

F = Fsingt
mi + cx = Fsin Q¢
— jc'+w§x:f—sith "
m
Dao dong binh én (nghiém dimg) c6 dang C

F .
xX=— -sin ¢

cl-pn- Hinh 8.21

Thé bicu thifc nghiém trén vao biéu thiic tinh lyc truyén xudng nén ta dugc

E,=cx=F +sin (Y
1—n-
Tir dicu kién —,‘:[ 57=0,05suyran= JZhl:él,SS
H¢ s6 ciing ctta 19 xo tong 13
\ : 2 27.10)
czmw{;:mgg-zn( f) —1000(——-—)=]88mem
n 7 21

V6t heé s6 cing d6, do nén tinh clia méng may Ja
5 _ Mg _10009,81

=522 mm
c 188
Bién d¢ dao dong dimg ciia méng méy la
x= ! . £__1000 _ 0,266 nun
- 20.188

Tinh toan dao déng cudng bifc ¢6 can nhat

Phuong trinh vi phan dao dong tuyén tinh chiu kich dong diéu hoa clia he

mot bac ty do ¢6 ma sit nhét ¢6 dang
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g*()=MsinQr + Ncos{u (3.20)

Trong dé M, N la cdc hing s6 cin xdc dinh. Thé biéu thic (3.20) vio
phuong trinh (3.19) réi so sdnh cdc hé s6 cilia sinQt va cosQ, ta rit ra hé hai
phuong trinh dai s6 tuyén tinh dé xac dinh M va N

(@F - Q" )M -280N = h
280M + (@] - Q)N = hy
Giai ra ta dugc
(.:uﬂ Q' )k + 280k,
(fa - ) +45°CY
-280h +(w2 O Yh

3]

(3.21)
N =

( w; ~ Y ) +457¢0°
Nghiém téng quét clta phuong trinh vi phan (3.19) 13 téng cua nghiém
riéng (3.20) vh nghi¢m téng quét cta phuong trinh vi phan thudn nhit twong tng
g(£) = Ae™” sin{wt + By + M sin Qt + N cos (3.22)

S6 hang thi nhat ca bidu V(D)
thic nghiém (3.22) biéu dién
thanh phan dao déng ty do tit

3
dan. Hai s6 hang sau ¢6 tin s8
Q ciia ngoai luc bidu dién 2
thanh phan dao dong cudng

biic binh 6n clia hé. 1
Thanh phian dao dong
cudng biic binh 6n (3.20) c6 0 ! | I |

thé bidu dién dudi dang 0 % lihgzz 077
g * () = gsin(Q + @) (3.23)
Trong do
- NS N
G=JM + N = i - B = . (3.24)
\/(a)[; —Q“)h +48°QY @] J(l—rf)_ +4D°n’
tagp =Y (3.25)

M
Tur (3.24) suy ra
1

q
VD)= =
DU+ ) \/(l—rf)2 +4D°np*

(3.26)
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Bidu thire (3.26) duoc goi 14 ham khuéch dai. Hinh 8. 22 la do thi ham
khuéch dai.

Thi du 8.9. B¢ xdc dinh hé s§ can CAm Am
cua moé hinh dao dong, ngudi ta lp vao _Q/> \ 0
hé dao déng hai dong co léch tam nhu
hinh v€. Lugng 1éch tam 2e.Am =130 kgem.
Khéi luong cd he m = 1800 kg, h¢ s0
cung tuong duong cta hé 1o xo o* = 7200
N/cm. Hai méto quay déu, ngugc chiéu
nhau v&i van toc géc Q=205 '. Ngudi ta
do dugc bien do dao dong cudng bikc T
binh 6n 1a A = 0.2 cm. Hiy xdc dinh hé Hinh 8.23
$0 can L.chr, hé $6 cin &va b (hinh 8.23).

i

\/

Lo gidi. Phuong trinh vi phan dao dong cudng bic ctia mong may la
miij + b + ¢ g = 2eAmQ cos(C¥ + a) (N

Tan s6 dao dong ricéng

_\ﬁ_ 7200.10°
m 1800
Nhu vay mdy rung lam viéc & ch€ do cong huémg. Bién do cia luc kich

dong  F(6)=Fcos(Qf + ), F = 2Ame 0 =1.30x40° =520 IV .

Theo cong thite (3.24) xdc dinh bién do dao dong cudng birc khi ¢é can,
ta co

B }:"r’m _
J(@ ~F) + 457

5255_ [1]_{1_[£JJ (2)
200 4 @,

Tir do suy ra

w, | o Fie
pD=""__."0, _1___
5 30 \/( y [1-(==)T
_1 20.,.,
: —-[1-(=)1 =0,1806
T2 20 \/(?2105 0’?10") [ (20)]
Do d6 S=w,D=3,611s"6=2ms=13000kg/s
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4. DAO DONG TUYEN TiNH KHONG CAN CUA HE HAI BAC TU DO

4.1. Dao ddng tit do khéng can cua hé hai bac tir do

Cho moé hinh dao dong cua hé hai bac tu do khong can nhu hinh vé 8. 24,
Trude hét ta thiét lap phuong trinh vi phan dac doéng cua hé. Chon toa do suy
rong cla co hg 1a (x,, x,), v6i x,, x, tuong vmg 13 do léch cha cde khéi lugng so
v4i vi tri can bing (inh.

Pong nang va theé nang cua co hé ¢ dang:

1,
T:Emlxl ey (1)

1 - 1 2
H=501x1‘+5c'2(x3 ~-x ). {(2)

Thé cdc bidu thite dong nang (1) va the ning (2)
vao phuong trinh Lagrange loai hai
d (ar] or _ al

—| — =-—, i=1,2 3
dt\ Ix, dk, )

&x,

nhin duge h¢ phuong trinh vi phian dao dong cta co hé

mX, +{c, +o, )y —¢,x, =0,
(4) Hinh 8.24

¥, —c,x, +,x, =0.
Dé giai h¢ phuong trinh vi phan tuyén tinh thudn nhat (4) tim aghiem
dudi dang
x, = Acos{@f + &), x, =Ccos{ewt +a) {5)
Trong d6, 4, C,w 1a cdc 4n can tim. Thé cdc biéu thiic (5) vho hé phuong
trinh (4) dan dén phuong trinh dai 86 tuyén tinh thuin nhat
(¢, +¢, —mw’)A—¢,C =0
—c A+ (c, —ma’ Y =0

(6)

Tir diéu kién dé cho A va C khong déng thdi triét tieu 1a dinh thic hé s6
phai bang khéng

¢, + ¢y —mw’ —c,
A@)y=|" 7 * =0 (7
-, cy, — M0
T (7) suy ra
mn,@" — (e, +mye, + ne)w’ +ee, =0 (8)

Phuong trinh (7) hoac (8) duge goi ta phuong trinh dac trung. Phuong trinh
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dac trung (8) 1a mot phuong trinh dai 6 bac hai ciia @*. Giai phuong trinh (8)
ta duoc hai nghiém o va .. Theo dinh 1y Viet1a c6

T e, +m.c, +myc,

o o] = >0, o +o] =

i m, mm,

(9)

Hai dai luong o, va o, 1a hai tin s6 riéng (tdn s§ dao dong ty do) cfia hé.
be thuan tién quy uéce chon o, > .

Do dinh thifc cia ma tran ¢ s6 cla hé phuong trinh (6) bing khéng nén
cdc hang s6 A va C khong doc lap nhau. The @, vao phuong trinh thit nhat ca
(6) ta dugce

(6 +c, —malyd —c,C, =0

Tur d6 suy ra

o= Al 03

(10)

Chu y ring, néu thay © vdo phuong trinh thit hai céia (6) vin chi thu dugc
két qua nhu thé. The (10) vao phuong trinh (5} ta dugc

X, = A cos(ant + ), x, = p 4 cos{mt +a,) (1)
The @, vao phuong trinh tha nhat cia (6) suy ra

#::g:cl+c2—nr,wf (12)

2 c.':‘

Do d¢6

X, = A, cos(@wf + @, ), X, = i, A, COS(@,f + xy) (13)

Nghieém téng quat ciia hé phuong trinh dao dong 1y do (4) 14 16 hop tuyén
tinh ca cdc nghiém riéng. Chiing c6 dang

X, = A cos(wl + )+ 4, cos{@,t + a, )
X, = th A cos(of +a, ) + g, A, cos(a,t + )
Bén hiing s6 4, 4,, a,, a, duge xdc dinh tir céc diéu kién diu. Céc 14n s¢
réng @, w, v cdc tham s6 g, 4, khong phu thuoc vao cdc didu kien dau,
D¢ tinh todn bing s chon m, =m, m, = 2m, ¢, = ¢, =c¢. Th€ cdc dai luong
nay vao bicu thirc (8) suy ra phuong trinh dic trimg
2mwt ~5eme’ + ¢ =0

Giai phuong trinh ndy ta dugc

396



0=t =02198 = o =0,468]5
4 m n ni
o =15+ IS 2,285 = =155
4 7! m m
Theo (10) va (11) ta cd cdc ty s8 bien do
2¢ — mw; )
#, :$:2_Emr =178
[ 44 (&
P s
i, = 2¢ - mo; :2_2(03 ~ 0,28
c c
T d6 suy ra cic dang dao déng riéng
1,78
1 1
. . o ~l-028
Dang dao dong riéng th(r nhat Dang dae ddng riéng thur hai
Hinh 8.25

Phuong trinh vi phan dao dong (4) ¢6 thé viét dudi dang ma tran nhu sau

mo 0| q . a+e, ¢ |lgq | |0
¢ m )4, G ¢ 1149 {0

Mot cdch tdng quét, phuong trinh vi phan dao dong wr do khong cin cia hé
hai bac tu do ¢c6 dang

myomy g, + R EIR T 0 (4.1)
ny, | 4y €y Cn L9 0 ‘

Néu dua vao cdc ky hiéu

m ni., c, Cn
M:[ 11 1_}, C=|: " |_}, q:l:‘h} (4.2)
ity Ay, Cap Cas g

thi phuong trinh (4.1) ¢6 thé viét lai dudi dang

Mg +Cq=0 (4.3)
Tim nghiém cha phuong trinh (4.3) dugi dang
q=asin(of + a) (4.4)

Thé biéu thitc (4.4) vao phuong trinh (4.3) va don gidn di sin(w: + @) suy
ra hé phuong trinh dai s6 tuyén tinh
(C-w'M)a=0 4.5
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Piéu kién dé cho véc to a khéc véc 10 0 la
det(C—’M) =|C-&’M|=0 (4.6)
Phuong trinh (4.6) 1a phuong trinh tdn s6. Giai phuong trinh nay xdc dinh
duge cdc 1an 6 riéng cha he.
4.2. Dao déng cudng bic khéng can cla hé hai bic ty do

De nghién ciu dao dong cuéing bitc khong cén ciia he hai bac tir do xét mé
hinh co hoc don gian nhu hinh 8.26.
a) Thanh lap phuong trinh vi phdn dao dong

Chon toa do suy rong cia co he 1a (x, x,), véi x,, x, la dich chuyén ngang
cua cdc khéi lugng m,, m, so véi vi tri can bing tinh. P& ¢6 thé ap dung phuong
trinh Lagrange loai hai thi€t 1ap phuong trinh vi phan dao dong cua he, ta tim
biéu thifc dong nang vi thé ning cla he.

7 é’l)l a_";[ F(q 7

S & Cy
s
77 %
Hinh 8.26

Pong nang va thé niing co hé 1a

|
T=—mx} +—mi’,
2 2

2 L
HzEc',_r;+%c2(x3~xl)“'+5c3x;.

The cdc biéu thic dong nang va thé nang trén vio phuong trinh Lagrange
loai hai nhan dugc cdc phuong trinh vi phan dao doéng cua hé

{ml X +{c +6)x, —ex, =0,

mi, —e.x, +H{e, + e, )x, = F(r).

(1)

Chia hai v& clia phuong trinh ddu cla hé (1) cho m,, hai v& cla phuong
trinh hai cho m, ta dugc
¢ o, C.
o+t—x -2 x, =0
m, mo
c, ¢, + 0y F(t
p 20 ()

X, ,
", n, mn,

N¢u dua vao cdc ky higu
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s g +c, 2 Gy HC Ft
yio=—t—= gy =t f(r)=——--() (2)
m, m, m,
thi hai phuong trinh vi phan trén c6 dang
¥ o4y —Eix2 =0
m
' (3)

. - ¢, )
Y +yix,——x = f1)
R C

a) Xde dinh cdc tdn sd riéng
Dé xdc dinh cdc tin s6 riéng, xét hé phuong trinh vi phan tuyén tinh thudn
nhat tuong img voi hé phuong trinh trén

. ) ¢,
+yx-—x,=0
ﬂ]

.. 2 s
LAy, ——x =10
nt,

Phuong trinh tin s6 cé dang

2 - C,
Yy —w” -
m
A= =0
“ LR
- Y, ~@
my
2 2ye. 2 2 c;
A={y ~o Nyi~@w)———=10 (4)
n
4 k) 3y 02 2.1 c;
W =y +y )0 iy ——=—=0
m,m,

Gidi phuong trinh bac hai  trén déi véi ©°

. _rf+r§_J(yE+y§): . O
= + p—

@, Yiys A==
b 2 4 Y mm,

Véi cdc s6 ligu ¢, =¢, =1000N /em, ¢, =0, m, =m, = 2kg, tinh dugc o,
va o,

o,

1l

138,2 rad/s; o, = 361,8 rad/s
b) Tinh todn dao déng cuéng birc

Khi cho biét kich déng diéu hoa F(r) = F,sinQt, tim nghiém cda phuong
trinh vi phan (1) dudi dang:
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X, = A sinl¥, x, = 4, siny. (5

The céc bidu thitc (5) vao phuong trinh (3) din dén h¢ phuong trinh dai s§
tuyén tinh

. N c,
(P-4 4, =0

m,

e RECA e VRRE’

n, m,

Giai ra ta dugc

2 _ 2
Alz_ﬁj_c?_ A :M (6)

mm,AT myA
trong dé

2
&,

(7)

= - 00) (7 -0)-

iy m,
So sdnh bidu thic (4) v6i (7) suy ra: Khi Q = @ hoic Q =, thi A"=0, do
dd bién do dao dong cudng bitc 4,, A, tang lén v6 cing. Trong hé dao dong hai
bic tr do ¢6 hai kha nang céng hudng.
V6i F,= 400 N, d6 thi bien d¢ dao dong cudng biic 4,4, cé dang nhu
hinh 8.27.

] T
!
1
!
0,004 y h ]
I
i
0,002 M, 4,
“'"----.A., A|"--..;
- I
4 T — T .
100 150 R0~ %00
I
~0,002-
A
! P
0,004 N !
f '
r 1
—0,006J ' i

Hinh 8.27

Mot cdch téng quat, phuong trinh vi phan dao déng cudng bitc khong cén
ctia hé hai bac ty do cé dang

P o (14| e G (g [ 4.7
my iy |G, ] ey eplg]| [AO '
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Néu céc ham kich dong la céc ham diéu hoa ta ¢6 thé tinh todn dao dong
cudng bitc wong tr nhu trén. Néu kich dong khong phai 14 ham diéu hoa ta ¢
thé tim hiéu cich giai trong cde gido trinh vé dao dong.

4.3. Bo tat chan dong luc khdng tinh dén ma sat

a) Ly thuyét : Xét phuong trinh vi phan dao dong cudng buic clia hé hai bac tu
do khong can

r”"n my || gy N STRES H _ A (4.8)
nh, o By || s €y Co |1 Y £ .
Gia sir cac lyc kich dong c6 dang

L= fisin(Qr+a),  f,(0)=fsin(Cr + ) (4.9)
Tim nghiém ctta hé phuong trinh (4.8) dudi dang

A
q ={ ; }sin(Qf +a), (4.1
A,

Trong do, A, A, 1a céc hing 56 cin xdc dinh.
Thé cdc bidu thitc (4.10) vao phuong trinh (4.8) ta nhin dugc hé phuong
trinh dai s6 tuyén tinh dé xdc dinh A, v A,

(=~ YA, +{c, —m )4, = f,

. - (4.11)
(Cay ~my VA + (0 ~m, E°)4, = £,
Giai h¢ phuong trinh dai s6 tuyén tinh (4.11) ta duge
A= (c; ~m,Q° )ﬁ —(c, —m.Q )Ez
]
4 » (4.12)
A= (¢ —m ), —(c, ~m, Q)
- A
Trong do

A=(c, —m Q2 )e, ~m,, Q) (¢, —m Q7 )e,, —m, Q7)) (4.13)
Xét trudng hop f =0 . Khi dé tir cong thic (4.12) suy ra

A]:(C:: - m::Q:)ﬂ
A (4.14)
A,Zm(c” -, 27)f
- A

Khi A = 0, néu chon céc tham s6 cta he sao cho c., —m,.Q° =0, thi
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A

2
€,y — L2

=0, 4,= (4.15)
Vay khi Q* =c¢,, /m,,, thi dao dong cudng bitc tng véi toa do suy rong thit
nhét dugc hoin toan dap tat,

b) Nguyén Iy thiét ké bg tdt chdn dong luc : Dya trén }y thuyét & trén, ngudi
ta che tao céc thiét bj tat dao dong goi 1a bo tat chan dong Iuc (Absorber). Gii
$U ta ¢6 mo6 hinh dao dong xoén nhir hinh 8.28a. Dé dang tinh duoge biéu thitc
ddng ning va thé nang ?,

1, I
T=5J1¢.‘,H=5q<ﬂ.' ¢

va luc suy rong Q=M ({) = f sin(Qr+ @) . a)

Phuong trinh vi phan dao déng clia hé trén hinh
3.17a c6 dang
L@ rop = fsinQ+a)  (4.16) p
G ché do chuyén dong binh én, dao dong ¥/ e
cudng bitc cliz hé ¢6 dang M, (1)

; 7,
! )5111(Q{ +a) (417 Hinh 8.28

[

JZ
Ao —ah
Trong dd, a)‘ =c J.

Géan vao mo hinh 8.28a mot h¢ phu nhur hinh 8.28b. M6 hinh 8.28b 1a mot

h¢ co hoc gém hai bac tr do. Hé phuong trinh vi phan dao dong cua he nay
co dang

J @, +rop + c.(p, -, = fl sin{ QY + &)

- (4.18)
S, —e. (g —9,)=0
bicu ki¢n dap tat dao dong ¢, 1a O* =¢, /.7, . Khi d6
o = 0
£ (4.19}

@ = —IlAsin(QI +a)
¢,

Heé phu lap thém vao hé 8.28a nhu frén hinh 8.28b duge gm la bo tat chéin

dong luc. Khi thiét ké bo tét chan dong luc trong thi du trén cin phai chd y dén
hai diéu sau:

— Chon h¢ s6 cimg ¢, sao cho bién do dao dong cudng buc cha géc @,(1) 1a
j, /¢, ¢6 thé chap nhan duoe.

— Chon momen quén tinh khéi J, sao cho O =¢,/J, .
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5. MG DAU VE ON DINH CHUYEN DONG

5.1. Phudng trinh trang thai cta cac hé co hoc

Thi du 8.10. Trong thi du 8.2 ta da thiét Jap phuong trinh dao dong clia con
Jac todn hoc

¢+§sin¢»:o (1)

Néu thuyc hién phép déi bien s6 y, =p, y, = ¢, phuong trinh (1) ¢6 thé
dugce viét lai dudi dang
y1 == Y,
. (2)
=@ =—%sin ¥,

Phuong trinh vi phan (2) duge goi 1a phuong trinh trang thdi clia con lic
todn hoc. Xy

Thi dy 8.11. Trong thi du 4.7 (Chuong 4) ta e
da dp dung phuong trinh Lagrange loai 2 thiét N

-
lap phuong trinh vi phan chuyén dong clia con 'w
- 1
lac elliptic (hinh 8.29) !

(my +m1,)%, + mlpcosp Hinh 8.29 m,g
—nnlg® sing+cx, = F(1) 3
X,cosp+I@+gsing=0
Nhéan phuong trinh thit nhit cia (3) vdi cosg, phuong trinh thit hai vét
{m, + m,) nhan dugc
(m, +m,)x , cos @ + m,lécos® @ —m,l¢* singcos g+ cx,cosp = F(l)cosyp
{m, + )%, cos@+(m +m,)IG+(m +m,)gsing =0
Trur hai phuong trinh ndy cho nhau ta ¢é
(tn, cos” @ —m, —m, )i = m, (g +19* cos g)sin @
+mgsing + F(f)cosp—cx, cosg
Do cos” ¢ =1-sin® gsuyra
@ =—(ml+mlsin® p)'[(g + 1" cos )m, sin g @
+mgsing+ F(t)cosp —cx, cos @)

Mot cach tuong ty, phuong trinh thit nhit cha (3) dé nguyén, nhan phuong
trinh thit hai cba (3) v6i m, cosp 1a cé
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(i, +my)¥, + ml@eos @ —m,lp* sing +cx, = F(1)
{mgﬁc'__, cos” ¢+ m,1Hcos @ + m,g singcos g = 0
‘1ir hat phuong trinh wrén ta ducc
(my 4 my —n1,co8” @)X = ml  sing + HLgsingcosg —cx, + Ft)
Tir do suy ra
Xy =(my+nysin’ @) [(19° + g cos@)m, sing + F(1) —cx, |
(3
‘Thuc hién phép ddi bicn
NEX L =@y =Xy, =@
thi tir cae phuong trinh (4) va (5) suy ra

P "

b

! Ya

i ; - (1 +m,sin” y, Yy + £Cos py )my siny, + F(t)—cy, (6)
\;.-_1 | | g+l cosy,ym, siny, +mgsin y; + F(t)cos y, —cy, cos .|

LV | I —(m{ + ni,lsin” y,) J

Phuong trinh vi phéan (6) duge goi 1a phuong trinh trang thai ciia hé con lic
eliptic.

Chit y: C6 1h¢ st dung phép ddi bign khdc
NTXL V=X Y =0, Y =@
dé dua céc phuong trinh (4) va (5) vé dang phuang trinh trang thé.
Nhur the phuong trinh vi phan trang thai cia mot hé co hoc 1dng quat f bac
w do la mot he #=2f phuong trinh vi phan cdp médt dang
W=AEY L)
=y, 5.0)
Vo =LY ,)
1rong do
N T s Yy = Yy =y Y, =4, {5.2)

II¢ phuong trinh (5.1) 1a cdc phuong trinh trang thdi cta co he
khong autonom. B6&i véi cdc ca h¢ autonom cdc phuong trinh trang thdi cé
dang
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jf’] :_f; (}’| :"“!yn )
V= L0008, (5.3)

Yo =L Praea )
Xét trudng hop hé tuyén tinh ma phuong trinh vi phan chuyén dong c6 dang

M) + B(r)q + C(r)q = h(s) (5.4)
Bang phép bién d6i

yo L:} b= {—1\:) 'c —\f“B}’ r= {M(}‘IIJ 02
Phuong trinh (5.4) dua duge vé dang phuong trinh trang thai

¥ =Py + 1) (5.6)

5.2. Cac dinh nghia vé &n dinh chuyén déng
a) On dinh Liapunov

Theo trén phuong trinh trang thdi ctia mot hé cohoc f bac ty do cd dang
v=10y). y=[y. o] =271
Trong 1¥ thuyét phuong trinh vi phan ta da biét nghiém cia hé phuong trinh
vi phin
Y=oy, yl)=y, (3.7}
phu thudc lién tuc vao diéu kién déu, khi 7 thay déi lién tue trén doan [«, 5], néu
v€ phai f(s,¥) thoa man cdc diéu Kién v€ ton tai vd duy nhdt nghi¢m. Trong
phidn nay ta s& nghién ciu sy phu thudc cia nghiém phuong trinh vi phan (3.7)
vio cic diéu kién ddu, khi ¢ thay doi trong khoang vo han [, +=).
Pink nghia 5.1, Nghiém
y = @(f) cta hé phuong trinh vi
phin (5.7) dugc goi la 6n dinh
theo nghia Liapunov néu nhu véi
& duong cho trude bé tuy ¥, Juon
¢6 thé tim duge mot sd duong
S{&.t,) sao cho moi nghiém ¥ ()
cua hé phuong trinh vi phan (5.7)
tai thoi diém ddu & kha gan nghiém Hinh 8.30

y = o)

}.I
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Iyt -ow)] <o (5.8)
thi né s& ludn thoa man diéu kién
[y -0 <z, vielt,,+x) (5.9)
Dinh nghia 5.2. Nghiém y" = @(¢) clia hé phuong trinh vi phan (3.7) dugc
goi la én dinh ti¢ém cén, néu y' = ¢(r) én dinh theo nghia Liapunov vi thoi
man thém diéu kién
lim[y() - ()] =0 (5.10)
Dinh nghia 5.3. Nghiém y =@(1) ¥
cua hé phuong trinh vi phan (5.7) 1a
khong on dinh néu né khong thoa

man dinh nghia 5.1 vé &n dinh theo
nghia Liapunov.

1
biéu dé cé nghia 1a: Tén ai 1
. b - i - I
mot nghiém y; nio dé clia hé phuong o 0 Hinh 8.31 !

trinh vi phan (5.7) ma tai thoi diém déu ¢, thod min diéu kien

st -t <5 (5.11)

nhung t6n tai mét thai diém ¢, =1,(5) > 1, ma

lys) -y} ze. (5.12)

Hinh (8.30) minh hoa khéi niém 6n dinh Liapunov, con hinh (8.31) minh
hoa khdi ni¢m khéng én dinh Liapunov.
b)Y nghia co hoc cia khdi niém on dinkh Liapunov

* Chuyén dong bi nhiéu va chuyén dong khong bi nhiéu

Néu (5.7) 1a phuong trinh trang thdi cia mét hé co hoc thi méi nghiém cla
h¢ phuong trinh nay cho biét mét trang théi chuyén dong cua co hé. Ta cin
nghién cu 6n dinh clia nghi¢m y™ = (/) . ‘Trong co hoc chiing ta quy udc goi
chuyén déng cdn nghién cttu 6n dinh la chuyén dong khong bi nhiéu. Cac
chuyén dong y(+) khic ma lic diu & gdn o(1) duoc goi la chuyén dong bi
nhiéu. N&u cdc chuyén déng bi nhiéu luc ddu (¢ = 1,) O gan o(s) ma sau dé vin
lu6n 6 gén @(r), thi chuyén dong khong bi nhiéu () dugc goi 1a 6n dinh.

* ¥ nghia co hoc cita kidi niém on din tiém cdn Liapunov

Mot trang thdi co hoe (q°(1),4" (7)) duge goi 13 én dinh tiém can theo nghia
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Liapunov, né€u do tdc dung cla mot nhiéu tic thdi ndo d6 lam thay déi trang
thdi (q"(1),q" (1)) cua co hé¢ & thdi diém ¢ =, ndo dd, thi sau d6 co he cé kha
nang ty quay trd lai trang thai (q'(1),q"(¢)) dang khao sat.
¢) Bién doi phuong trinh trang thai, dua chuyén dong khong bi nhiéu vé
goc toa do
Thuc hién phép ddi bién s6
x(1)=y() - o) (5.13)
Thé (5.13) vao phuong trinh (5.7) ta duge
x=y-¢=1x+@)-1{, ¢)=2( x} (3.14)
T (5.14) ta thdy ham g(s, x) ¢O tinh chat A%

g(t1,0)=0. Viy néu y = o) 12 nghiém cla 1
phuong trinh (5.7), thi x"(/) =0 la nghiém cia /
phuong trinh (5.14). Su 6n dinh cha nghiém

y = @(z) cha phuong trinh (5.7) tuong duong /

v6i sy én dinh cla nghiemx'(¢)=0 clia phirong 3‘/ 25
trinh (5.14). Hinh 8.32 cho ta hinh anh vé khai
ni¢m on dinh cta nghiém x"(/) =0 trong khéng ‘ 2¢

gian hai chiéu. Trong d6 dudng (1) biéu dién 6n Hinh 8.32
dinh c¢ba nghiémx"(£) =0, dudng (2) biéu dién n dinh tiém can cla nghiém
x (1) = 0, cdn dudng (3) biéu dién sy khéng 6n dinh cha nghiém x"(1)=0.
d} Khdi ﬁiém on dinh ddu vao — ddu ra (6n dinh BIBO)
Xét hé phuong trinh trang théi ca mot hé co hoc cé diéu khién
. i '
y:f('{sy-r“)n y:[yn'“syn] * u:[up“-:um]? (515)

Trong d6, i, (k = 1,...,m) la cdc diéu khién. C4c tin hiéu nay con duogc goi
la cdce tin hi¢u vao.

Dinh nghia 5.4. Mot hé co hoc duge goi la én dinh diu vio — dau ra, néu
tin hi¢u vao u(¢) bi chan thi tin hiéw ra y(¢) ciing bi chin
lu@)| <o = |y@)] <o (5.16)
Cli y:

— Tin hi¢u vao thudng la luc tic dung hodc mét bg phan cia nd, tin hiéu ra
la cac toa do suy rong va van t6c¢ céc toa do suy rong clia co hé.
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~On dinh dau vao — diu ra con duge goi 1a 6n dinh BIBO (Boundet Imput
Boundet Output).

— On dinh ddu vao — dau ra lien quan tryc ti€p dén khdi niém 6n dinh
dong lyc.

5.3. Khao sat én dinh cla nghiém phuang trinh vi phan tuyén tinh
a) Hé phuong trinh vi phdn tuyén tinh thudn nhdt
X€t hé n phuong trinh vi phan wyén tinh thudn nhat
X =Ax (5.17)
Trong cong thic (5.17) A 1a ma tran vuong cap n hé s6 hing s6. Goi A, 1a
cdc tririéng cia ma tran A, tirc 1a A, 1a nghi¢m cta phuong trinh dac trung
|A-AE{=0 (5.18)
Trong do, E 1a ma tran don vi. Ta ¢6 céc dinh 1y sau day:
Dinfe Iy 5.1. N€u tat ¢d cic 1rf riéng cia ma tran A déu c6 phén thuc am thi

nghiém can bang x =0 cla hé phuong trinh vi phan tuyén tinh thuin nhdt
(5.17) s& 6n dinh tiém can.

Dinftly 5.2. Néu it nhit cé mot trj riéng clia ma tran A ¢é phin thyce duong
thi nghiém can bang x =0 clia hé phuong trinh vi phan tuyén tinh thuén nhat
(5.17) sé khong 6n dinh.

Chit y: Céc trudng hop khdc ta chua xét & day.
b) Hé phuong trinh vi phdn tuyén tinh khong thudn nhdt
K¢t he 7 phuong trinh vi phan tuyén tinh khong thudn nhat hée 6 hing s6
X = Ax+g(1) (5.19)

Dinh nghia 5.5. Hé¢ phuong trinh vi phan tuyén tinh khéng thuén nhat
(5.19) 1a én dinh (hoac khong 6n dinh) néu tat ca cdc nghiém x = x(7) clia né la
on diph (hoac khong dn dinh) theo nghia Liapunov.

Dinl Iy 5.3. Diéu kién cdn va di dé he phuong trinh vi phan wyén tinh khéng
thudn nhat 6n dinh v6i hiim g(¢) twy ¥ (kha vi lien tuc) la nghiém tdm thudng x = 0
cta h¢ phuong trinh vi phan tuyén tinh thuan nhat tuong tng én dinh.

Cha y: Theo tren thay rang, tat ca cac nghiém cta hé phuong trinh vi phan
tuyén tinh hodc la ciing én dinh hoac 1 ciing khong 6n dinh. Khong c¢o khdi
niém 6n dinh ctia h¢ phuong trinh vi phan phi tuyén, ma chi ¢6 khéi niém én
dinh cha nghi¢m phuong trinh vi phan phi tuyén ma thot.
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¢) Tiéu chudn Hurwitz (1859 - 1919)

Phuong trinh dac trung (5.18) ¢6 thé viél dudi dang da shiic nhu sau
pl)y= |A - AE| =a " vaA” veva,_A+a, =0, a, >0

Tir (5.20) xay dung ma tran vuéng ¢ap n ¢6 dang nhu sau

Va, a, a 0

o, d, d, 0

H=10 a a, 0
P00 0 ... g,

Ma tran (5.21) duge goi la ma tran Hurwitz.

(5.20)

(5.21)

Céc dinh thirc trén dudng chéo chinh clia ma tran ndy duge goi 1a cdc dinh

thitc Hurwitz va ¢d dang nhu sau

a a 4
a a
Ar=a, A= s Ay =gy a4 4
uo o
0 q 3
",\n = lgn‘/'\u-l

Dinh Iy 54 (Tiéu chudn Hurwitz). Diu kién cdn vh di d€ cho tét cé cdc

nghiém caa phuong trinh da thitc

a, A"+ a A" vt

LR

Ata, =0, a, >0

(5.22)

déu ¢6 phin thyc am 13 tdt ¢d cdc dinh thiic con Hurwitz A, A,,..., A, déu

duong.
Mét s6 triomg hop ddc biét.
Khi » =2, phuong trinh (5.20) c6 dung
p (A =a, A +aA+a, =0, a,>0

Ma tran Hurwitz co dang

Hol9 0
Na, a
Theo tiéu chuan Hurwitz ta ¢é
a >0, aqau.>0 = a4>0, a,>0

Khi »n =3, tir phuong trinh (5.20) suy ra

p(My=a,d va A’ +a,i+a, =0, a,>0

(5.23)

(5.24)

(5.25)
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Do dé, ma tran Hurwitz cé dang

a a 0
H=|\a, o, 0
0 o a

Theo tiéu chuan Hurwitz ta cé

a >0 a >0
ad, —a,a, >0 = <qaa,-aa, >0 (5.26)
A, =a;A, >0 a; >0

5.4. Khao sat 8n dinh cua nghiém phudng trinh vi phan phi tuyén
béng phuong phap xap xi bac nhat

Nam 1892 Liapunov, nha todn hoc ngudi Nga, da trinh bay trong luan 4n
Tién si cia minh hai phuong phdp nghien ctu 6n dinh cha nghiém x, =0
(s = 1,..., n) clia h¢ phuong trinh vi phan (5.14). Ngéay nay hai phuong phdp dé
€O tén goi nhu sau:

— Phuong phdp nghién ciu 6n dinh bing cac phuong trinh vi phan xdp xi
béc nhat,

— Phuong phdp nghién citu 6n dinh bing ham Liapunov.
a) Cde phuong trinh xdp xi bdc nhdt

Dé don gian. xét trudng hop khi vé phai clia phuong trinh (5.14) khéng phu
thudc hién vao thoi gian 1. Céc phuong trinh (5. 14) ¢6 dang

X =g(x,x,.., x,)

o= g (%, X, x,)

(5.27)

‘i:u = gn (xls xg'! ren x")
Khai trién Taylor cdc him g (%, X0, 00 x,), (s=1,2,..,, #) ta duge

(X, Xy, en X, ) =a, x, + A xy ot a X, +r(x,x,,..,x,)
(5.28)
Trong d6. a, Ia cic hing s6 thyc, r,(x,, x,, ..., x,) 1a cdc ham phi tuyén chita
cac s6 hang bac 22, (0,0, ...,0)=0.
Dinh nghia 5.6. H¢ phuong trinh vi phan tuyén tinh hé s6 hang sa
X, =A% +anx, +otax, (s=1,2,..,0) (5.29)

Rl
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duge goi 1a hé phuong trinh xdp xi bac nhit cha hé phuong trinh vi phan phi
tuyén (5.27).

Phuong trinh dac trung cla hé phuong trinh vi phan tuyén tinh (5.29) ¢6
dang

a, —A dy a,
dy ay, —A - iy,
pa(2) = : =120 (5.30)
an'l anﬁ aml - /1

b) Pinh Iy Liapunov vé én dinh theo xdp xi bdc nhat

Dinh Iy 5.5. Néu tat ca ¢dc nghiém cia phuong trinh dic trung (5.30) déu
¢6 phin thyc am thi nghiém x’ =0, (s =1,..., n) clia h¢ phuong trinh vi phan phi
tuyén (5.27) 6n dinh tiém can. Néu phuong trinh déc trung (5.27) ¢6 {t nhdt mot
nghiém c¢6 phén thuc duong thi nghiém x, =0,(s=1,..., #n) cla hé phuong trinh
vi phan phi tuyén (5.27) khong én dinh.

Pinlt Iy 5.6. Néu phuong trinh dac trung (5.30) khong ¢6 nghiém véi
phin thyc duong, nhung ¢é nghiém véi phan thue bing khong thi nghiém
x. =0, (s=1,..,n)cla hé phuong trinh vi phan phi tuyén (5.27) ¢é thé én
dinh ma ciing ¢ thé khong 6n dinh, phu thude vao cdc s¢ hang phi tuyén
rix,...x,).

Clut ¥: Truong hop thit hai nay dugce goi 1a trudmg hop téi han.

Thi du 8.12. Khao sit én dinh clia cde vi trf can bing clla hé phuong trinh

== 2x+y+x
t
p (D
LA 2y +3x°
dt
Lot gidi. Vi tri can bing cta hé phuong trinh (1) duge xéc dinh tir diéu kién
d_o @
dt dt
Tir (1) suy ra
2x+y+x =0, —x-2y+32 =0 (2)

Gial hé phuong trinh dai s6 phi tuyén (2) nhan duge cdc vi tri can bang
ctia he

Ayx=0, y=90
B) x=1, y=1
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Cyx=-1 p=-]
Ap dung phuong phdp xap xi bac nhat. nghi¢n cdu sy 6n dinh clia cic
nghi¢m nay.
S on dink ctia vi tri A{x=0,y=0). Phuong trinh xdp xi bac nhat wong
img c6 dang

dy _ s dy
X+y, —=-x-2y 3
ai dt ? '
Phuong trinh dic trung 1i:
-2-4 1 ,
=A +44+5=20 (4)
-1 2-2

Theo ti¢u chudn Hurwitz (G, =4, a,=5)goc toa do(x =0,y =0)6n dinh
tém can.

S ou dinlt ciia vi tri B (x=1,y=1). St dung phép bién a8i uw= -1,
-y = |, tacé phuong trinh xap xi bac nhat

%:—2(u+])+(1=+l)+(u+1)3:,-—~2u—2+v+l+3u-+-l:u+v+.,.
af

% =—u+D=2v+ 1)+ N+ 1Y =—u—1 “2v=24+15u+3+.. =14y —2v+..
{

Phuong trinh dic trung 13
[-1-4

‘—.;ﬁu—m:o (5)
14 222

Theo ticu chuan Hurwitz (g, =1, ay =—=16) vi tri can biang B(x=1y=1)
khong 6n dinh.

St on dinh cia vi i C(x=—1,y = —1). Sir dung phép bien déi w=x+1, 1a
¢0 phuong trinh xadp xi bac nhat

du

=V AL
dt

v

— =lduy—-2v 4,
et

Phuong trinh dac trung cl.’ld h¢ cling ¢6 dang (5) Do dé theo tiéu chudn
Hurwitz vi tri can bing C(x = L,y = =1} ciing khong én dinh.

Thi du 8.13: Khio sdt sy én dinh vi tri can bing cia con lic todn hoc. Cho
bi¢t khéi lugng chia con lic 1 m, chidu dai I, ngau luc can M_ = f¢ (hinh 8.33).
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Loi gidi. Phuong trinh vi phan chuyén dong cia
con ki todn hoc €6 can 1a

mi~@+ ¢ + mglsing =0 (1
Chia hai v& clia phuong trinh (1) cho mif? ta ¢6

@+£¢+-Esi|1@:0 (2)

mi- !
bat % =, —'6~ =26, phuong trinh vi phan (2)
) ml Hinh 8.33
¢t dang

P+25¢p+ @ sinp =0 3)
bé dua phuong trinh vi phin (3) vé phuong trinh trang thdi, dat

V=9, Y= (4)
Phuong trinh trang thédi clia con lic todn hoc c6 dang

¥, = W

(5)

y, =—w’siny, - 28y,

Vi tri can bang cla con lic duge xdc dinh tir hé phuong trinh

v, =0 sin y, =90
- : . ‘ — m ) (6)
@ siny, +20y, =0 Y. =0

Néu gidi han gboc 0 < ¢ < 27 ¢6 cac nghiem

ATt

=0, =0,y =,y =0 (7

Ap dung phuong phdp xap xi bac nhat, nghién ctu sy 6n dinh cla cdc
nghié¢m nay. _
Sw 6n dinh cita nghiém 3" = 0,3 =0

Neéu dit x, =y, -0, x, =y, —0 va khai trién ham sin y,
3
. . X
sin y, =sinx, :xl—;+--- {8)
Nhan duogc cdc phuong trinh x8p xi bac nhit

X, =X
, X )
X, =@ X — 20X,
Phuong trinh dic irung cha he

| 4 1

—A | . ,
o J:k+2&+w“:0 (10)

|A-AE

- 20—
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Nghiém cua phuong trinh (10) 12
A=-8-N&-w', L =-8+V8 - (1
Do 4 <0, 4, <0 nénvi tri can bang " =0,y =0 &n dinh ticm can.
S 6n dinh ciia nghiém p™ = 1,317 =0
Néu dit x, = y, -x, x, = y, —0 vakhai trién ham sin y,
3

sin y, =sin(x, +7) = —x, +%_.‘.

Nhan duge hé cac phuong trinh xdp xi bac nhat

X =x,
o (12)
X, =@ x —20x,
Phuong trinh dac trung coa hé (12)
- ] - a
A-AE|=| . =1 +20l~w =0 13
| ‘ W -26-2 (13)

Nghiém cua phuong trinh (13) 1a

A=-8-5 10", L="06+V5+a (14)
Do A >0 nén vitri can bang y™' = 7,3!* =0 khong én dinh.
Keét luan: Vi trf can bang thap cla con lic (¢ =0) 6n dinh tiém can, cdn vi
urf can bing cao cha né (¢ = z) khéng 6n dinh.

5.5. Khio sat &n dinh cha nghiém phuong trinh vi phan phi tuyén
bang phudong phap ham Liapunov

a) Ham xdc dinh ddu

Dinh nghia 5.7. Hdm V(x,, x,....,x,) duoc goi 1a ham xdc dinh duong
(hodc xdc dinh am) néu nd ¢ cac tinh chat sau:

1) Ham ¥(x, x,, ... x,) lién tuc va cé cdc dao ham riéng cip mot lién tuc &
trong mién

e l<h (s=1,..m (5.31)

2) Trong mién |x |< /. trir géc toa do, ham V(x,, x,, ..., x,) duong (hoic
am). Tai géc toa do ham V triét tién V(0,0,...0)=0.

Thi dy 8.14. Ham V,(x, x,)=x7 + 7, V,(x.x,)=x] +2xx, +2x] 1a cdc
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ham xdc dinh duong. Ham V,(x,, x,) = x, + x, khong phai 13 ham x4c dinh
duong.

Cédc ham xdc dinh duong hoic xédc dinh am duge goi chung 1a ham xdc
dinh dau.
b) Pinh Iy Liapunov vé on dinh

Dudi day khi phdt biéu cdc dinh 1y Liapunov va Tretaev thudng diing
khong chi ham ¥ (x,, x,, ..., x,), ma ca dao ham toan phdn cta nd theo thoi gian
vdi gia thiét x, x,, ..., x, 1a nhimg ham thod min hé phuong trinh vi phan (5.27)

p_dV o

LI 174
—_— —_— = —_— 4 ey n 5.32
df ot ax_‘, x,; Z ax! g_‘ (x, X ) ( )

s=|

Pao ham tinh theo cong thuc (5.32) duge goi 1a dao ham dua theo hé
phuong trinh vi phén (5.27). Ham V(x,, x,,..., x,) thod man cdc diéu kién cia
nhimg dinh ¥ 6n dinh trong doan nay dugc goi 14 ham Liapunov.

Dinh Iy 5.7. Néu trong mién |x|<4 t6n tai mot ham xdc dinh duong
V(x,x,,..., x,) sa0 cho dao ham ¥ ciia né dua vio hé phuong trinh vi phan
(5.27) 1a ham khong duong ¥ <0 thi nghiém x’ =0,(s =1,.., #) cla hé¢ (5.27)
s& 6n dinh. '

Thi du 8.15. Nghién cttu sir 6n dinh clia nghiém can bing x, = x, =0 clia
h¢ phuong trinh vi phan

X, ==X X,
. s (1)
Xy = XX,
L giar. St dung ham Liapunov dang

Vix,x)=x +x; (2)

Ham (2) 1a mot ham xédc dinh duong. Pao ham clia né dua vao h¢ phuong
trinh vi phan (1) ¢6 dang

V=4x'% +4xl%, = —4x'x} +4xix* =0
Vay ham ¥ 1a ham khéng duong. Do d6 vi trf ¢an bing x =x, =0 Ia
6n dinh.
¢) Pinh Iy Liapunov vé on dinh tiém cdn
Dinh Iy 5.8. Néu trong mién |x|<k ton tai mot ham xdc dinh duong

V(x,, X,...., x,) sa0 cho dgo ham ¥ cla né dua vio hé¢ phuong trinh vi phan



(5.20) 1a ham xdc dinh am, thi nghi¢m x) =0, (s =1, ..., #) cia h¢ (5.20) s& én
dinh tiém can.

Thi dy 8.16. Nghién ciiu sy 6n dinh clia nghiém can bang ¥, = x, =0 cla
h¢ phuong trinh vi phan

[ . X
X =-X, - X,
{ )

. 3
SR IRRIE R

Lot gidai. Chon ham xde dinh duong ¥(x,, x,)=x7 + x;. Dao ham cuia né
dua vao h¢ phuong trinh vi phan (1) ¢6 dang

Vo= 2000 4 20605, = 2x (=2, = x) )+ 2x,(x, —x3) = =2(x} + x7)
V 1a ham xdc dinh am. Theo dinh ly Liapunov (5.8), vi tri can bing
x, = x, =0 &n dinh tiém can.
d) Pinh Iy Tretaev vé khong on dinh
Theo Tretacv, ¢¢ phét hien tinh khong én dinh ciia nghiém cén bing
x; =0.(s =1,...n) cla h¢ phuong trinh vi phan (3.27) ta khong cdn phdi khéo

sdt 14t ca cdc nghiem & trong mién

x,| < #, ma chi can tim mot quy dao vuot ra
khoi mién d6.

Dinh 1y 5.9 Trong mién |x|<h néu c6 thé tim dugc mot ham
Vix.x,...,x,) sao cho ¢ lan can nho tuy ¥ cla gbc toa do cé tén 1ai mot mién
€2, ma ham V lay gid tri duong O trong mién Q (Q dugc goi 13 mién V > 0),
con trén bién cia mién Q, ham V triet tieu. G tai moi di€m cia mién Q, dao
ham ¥ dua vio hé phuong winh (5.27) ldy gid tri dwong. Khi d6 nghiém
x, = 0. (s=1,...n) cla h¢ (5.27) s¢ khong Sn dinh.

Thi du §8.17. Nghién ctu sy 6n dinh clia nghiém % =x, =0 cla hé phuong

trinh vi phan A%
{h:ﬂ+ﬁ (1) 2 Z
. ; 7 s
X =X + /j %
N B s s i
Léi gigi. Chon ham ¥ (x,. x,)=x' —x.. Khi a6 5 N
- - 4 "“--.Q
mi¢n Q {mi¢n ¥ >0) 13 mién ‘_x]| >|x,| (mién gach
chéo & rong hinh 8.34). Hinh 8.34

Pao ham ¥ dua vao hé phuong trinh vi phan (1) cé dang

V=d4x'x - Axak, = 4x1 (3 +x7) - 4 (x) + 1) = 42 —xY)
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Trong mién Q, dao ham ¥ > 0. Theo dinh 1§ Tretaev, nghiém x, = x, =0
clia hé phuong trinh vi phan (1) s& khéng dn dinh.

5.6. Su &n dinh cla vj tri can biing cla cac co hé bo toan
a) Xdc dinh vi tri ¢dn bdng ciia co hé

Xét co hé chiu cdc lien két holondm, gitt, dimg va 1y tudng ¢d f bac 1y do.
Vi tri ctia co hé duge xdc dinh béi ftoa do suy rong ¢,, ¢,, ..., g, Khi ta st dung

cdc phuong trinh Lagrange loai 2. cdc phuong trinh vi phan chuyén dong cia co
hé co dang
1At
"'_—(‘3} g k=120 (5.33)
dt\ aq, aq,
Co h¢ bao toan 14 co hé chi chiu tic dung cta cdc luc ¢é the, Khi dé
phuong trinh vi phan chuyén dong cha co hé (5.33) ¢6 dang
d [ ar J ar Bl

il —m = (k=1,2,.., 5.34
dr\ &g, dq, aq, ¢ /) ( )
Treng d6 IT=11(g,, ..., ¢,) 1a th€ nang cla co h¢ bdo toan, Trong chuong 4

ta dd ching minh rang diéu ki¢n cin bang ctia co hé holoném f bac trdo 1a

=0 (k=L2,..., ) (5.35)
Tlr d6 suy ra céc phuong trinh xéc dinh vi tri ¢can bang cla co hé bao toin 1a
)
Mo thor2,n ) (5.36)
oq

b) Sw én dinh cda vi tri cdn bdng ciia co hé
Bay gid ta chuyén sang xét bai todn nghién cifu sy én dinh cla vi tri can
bing cta hé¢ bao toan. Vi tri ndy duge xdc dinh tir hé phucng trinh (5.36).
Khong gidm tdng qudt, ta ¢6 thé gia thiét ring tai vi trf can biing cic toa do suy
rdng vi cdc van toc suy rong déu triét tidu
go=0, ¢ =0 (k=12,.. f) : (5.37)
(N&u g; # 0, thuc hién phép doi bién y, =¢, —¢, ta s& dugc y; =0 con
¢, =0 1& theo dinh nghia vi tr{ can bing). Theo gia thigt néu trén, goc toa dé 1a
vi rf can bang. Ngoai ra, do thé€ nang co h¢ duge xdc dinh sai khac mot hing s6
cOng. nén ta co thé gia thiét thé ning c¢o hé bang khong tai vi tri can bing
(0, ..., 0) = 0 (5.38)

LAy gid tr1 cta toa do suy rong va van téc suy rong cua ¢g hé tai vi tri can
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bang 1am chuyén dong khong bj nhiéu, khi d6 cdc phuong trinh vi phan cia
chuyén dong bi nhiéu chinh 13 hé phuong trinh (5.34).

* Dinh Iy Lagrange-Dirichlet vé on dinh cita vi tri cén bing

Dink 1y 5.10. Neu tai vi trf can bing ¢6 14p clia co hé baoe toan chiu cdc lién
két holénom, git, dimg va 1y tuimg, thé nang IT cha co hé ¢6 cuc tidu twong déi
thue sy, thi vi trf can bing cla co hé 1a én dinh.

Chiing mink. Chon co nang ciia ca hé lam ham Liapunov

V=T+T11 (1)
Do dong ndng T clia co hé 12 ham xdc dinh duong d6i véi cde van t6c suy
rong ¢, (k =1.... f), cdn the nang [T cla co hé c6 cyc tiéu tuong d6i thue su

tai vi trf can bing ¢, =0 nén I 1a ham xdc dinh duong d6i vi céc toa do suy
ong ¢, (k=1,..., f). Vay ham Liapunov ¥ =T +1T 1a ham xdc dinh duong déi
v6i cac bién gq,, g, (k=1,..., f).
Mat khdc do co hé Ja bdo toan, nén theo dinh 1§ bao toan co nang ta ¢o
V =T+11 =const (2}

Do dé dao ham ¥ cia ham ¥ dya vao h¢ phuong trinh vi phan ciia chuyén
dong bi nhidu (5.34) bing khong. Theo dinh 1y Liapunov vé én dinh chuyén
dong, vi tri can bing c6 1ap cha hé bao toan sé& én dinh.

* Dinh Iy Tretaev vé sit khéng 6n dinh ciia vi tri cén bdng

Dinh [y 5.11. Neéu tai vi trf can bing co 1ap clia co hé bao toan chiu cdc lien
ket holondm. gilt, dimg va 1y tudng, the nang T1 cla co hé 1a ham giai tich cia
cdc toa do suy réng ¢, ... ¢, va khong c6 cuc tiéu twong doi thue sy, thi vi tri
can bing cia co hé 1a khong 8n dinh.

Viée ching minh dinh Iy ndy ¢6 thé xem trong cic sdch chuyén khao vé én
dinh chuyén dong. :

c) Ddu hié¢u cuc tiéu cia thé ndng tai vi tri cén bing
* Tricong hop co hé mgt bdc nedo (f =1). Khi d6 khai trién bidu thite theé

nang I{g) &'lancin vitrican bing g =¢" vadat Ag=¢g~¢°,1acé
L{g} = l-l(ff'."‘" (%11 Ag +l ﬂ_[._ ([\gl’)2 4o (3)
L q )y 2\ 8¢ ) _,

=t
Do tai vi trf can bang

£ o
F"IJ =0 )
A ey
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nén 1 (3) suy ra

oIl
aq’

g)~I(g ) == [ J (Ag)* +-- (5)

T (5) suy ra TI(g") dat cue tiéu khi

2
[aa HJ >0 = theo dinh ly Lagrange — Dirichlet vi tri ¢ =¢" én dinh.
T Vg

I(¢") dat cuc dai khi

2
[i EI] <0 = theo dinh ly Tretaev vi tri ¢ = ¢’ khong 6n dinh.
q— .

* Truong hop co hé nhiéu bdc tw do (f22). D€ don gian ta chon
¢, =0 (k=1,..., /). Khai trién biéu thic th& ning thanh chudi Taylor & lan can
goctoadd g, =0(k=1,..., f) ta duoc

1(g,. ... q,) =IO, . 0)+Z(ZH] —ZZ[

i=| i =l j=]

86{;1

Trong d6 cdc s6 hang khong vi€t ra la cdc s8 hang phi tuyén bac 1én hon
hai. Theo (5.36} va (5. 38) ta suy ra

-3 Y4+

rl_;-l

Trong d6 ta dua vao ky hiéu

¢, =c, =| 21 (5.39)
. aqraq; o

J q.4,+ - 6

Tai vi tri can bang ¢, =0(k=1,..., ) néu thé nang I dat cuc tiéu thi
Ii(g,. ..., q,} duong. Tr d6 suy ra dang toan phuong

H— E Ec”qqu - (5.40)

i=l j=]
phai 1a xdc dinh duong.
D¢ nhan biét dang toan phuong (5.40) c6 phai 1a dang toan phuong xdc
dinh duong hay khong, xét tiéu chudn Sylvester nhu sau.
* Tiéu chudn Sylvester
Diéu kién cdn va di1 &€ cho dang toan phuong (5.40) x4c dinh duong 13 cdc
tit chitc chéo chinh cla dinh thic
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1o Cpp T by

1ap nén tir cdc he s6 ¢, cha dang toan phuong (5.40), phai duong. Cu thé ta ¢6

Cy G T Gy
C C <. Ca e C
11 12 2l 2 i
¢, >0, >0, ..., >0 (3.41)
ey Co
€ Ly Cp

Viéc chiing minh tiéu chudn nay c6 thé tim trong cic sach vé dai s6.
d) Thi du dp dung

Thi dy 8.18. Mét thanh khong trong
luong chiu tic dung cia mot luc l
F =const thang ding va dugc gilr bing
hai 10 xo & hai bén nhu hinh vé. D¢ cing !

cua 16 xo la ¢. Hay tim diéu kién 6n dinh P A Ikaaaaeg

ctia cde vi trf ¢dn bing cla thanh.

Loi gidi. Vi tri ¢ha thanh duge xdc
dinh boi géc ¢. Thé nang cla co hé bao
gom th¢ nang cha hai 10 xo va thé nang
cua Juc F

T{p) = chosgo+2%c(atg:;o): (1)

Cdc vi trf can bing cia co hé duge
xdc dinh tir di¢u kién

dIl tgp

IT'=—=—Fisinp+2ca” —=—=0
do cos” ¢
=> sin (p{---F:’ +2 ca’ l: ] =0 (2)
cos’ @

Tir (2) suy ra céc vi trf can bing

sinp=0 = ¢ =0 (3)

1 % -
~Fl+2ca® ——=0 Hinh 8.35
cos” @
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2 2 2 2
= oS @ = ;? = n;ozzarccosf’ ;? (4)

Pé nghién ctu sy 6n dinh cha cdc vi tri can bang ta dao ham hai ldn thé
nang

. cos” (p-—---—l-z- - +igplcos@sing
, dTl a cos” @
1I"=—F=-Filcosp+2ca Z
do’ cos' ¢ (5)
L 14 2500’ » 3-2c¢o0s”
=-Flcosp+ 2 ca” # =—Flcosg+2ca ﬂ
cos ¢ cos @

Tai vi tri can bing thit nhat ¢, =0,tacé

H"(QD]):—P?+2CG: =2caz(1- Fl,}
2ca

LS
T d6 suy ra

M (g)>0 = F"ﬂ<1 = vitri ¢, =0 éndinh,
2ea
. f:‘l . . . a .
M"(p)<0 = P »1 = wvitrf ¢ =0 khong on dinh.
ca
Truong hop dac biét
W(@)=0 = == = F:g%: F, (tai trong t5i han)  (6)
ca”

Khi /< £, thi vi tri can bing ¢ =0 1 vi tri can bing ¢én dinh. Khi
F > F, thi vi trf can bang @ =0 1a khong n dinh,

Khi F = F, , dao him bac hai TI" triét tieu tai ¢, =0. Do d6 d€ nghién ciu
su 6n dinh cha vi tri can bang nay ta phii xét cdc dao ham béc cao hon hai clia
thé nang. Bai todn niy tuong ddi phic tap nén khong trinh bay ¢ day.

I'ai vi trf can bing thi hai ¢, (2 ca” = Ficos  ¢,), ta ¢

—2cos” @,
(¢, ) = ~Flcosp, [l —cos’ @, 3——-—"405—%—)
cos’ @,

:—Flcosqo:[l-——% +2]:3Flcosgog[ 12 —]]
cos™ @, cos” @,

Khi 0 <@, <x/2 thi cosg, <1. Tu d6 suy ra II"(g,) > 0. Vi tri cin bang

@' =@, 1a 6n dinh. Chd ¥ ring cose 1a ham chdn, cosg = cos(—p), nén bén
canh nghiém ¢, cdn cé nghiém @, = -, ).
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T bidu thite (4) suy ra
cosz¢::g%a—-<l - 15 s

a

{ 2ca )

.
2ea

=F,

Vay khi F>F, vi tri can bing ¢’ =g, én dinh, con vi tri can bing
¢ =@, khong én dinh.

Khi ¢, =0, IT"(¢,) =0 = F = F,. Viéc nghién ctu 6n dinh ctia ¢, =0
phai sir dung cdc dao ham bac cao hon hai ciia ham IT .

Trén hinh 8.35 ta thay: Khi F < F, chi c6 mot nghiém ¢ =0 én dinh. Khi
F > F, . vitri can bing ¢, = 0 khong én dinh, xuat hién hai vi tri can bing méi
+p, 6n dinh. Nhu the ta ¢6 ba vj tri can bing.

Khi ¥ = F, xuat hién sy r& nhdnh clia nghiém. Ngudi ta goi gi4 tri nay cta
luc F 13 “diém ré nhanh”.
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