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LGOI MG PAU

Hoc todn déi véi hoe sinh va sinh vién luon luon c6 hai phan : phdn
IV thavét va phdan bai tdp. Phdn bai tdp o6 nhiéu muc dich : 1) giip ta
ndm vitng hon cde khdi niém va dinh I dwa ra trong IV thuyét ; 2) tim
dén nhiing két qud sdu hon ma Iy thuyét khong di thi gio dé cap i ;
3) qua viéc lam nhiéu bai tdp, ta ndm ditoc IV thuyél nhudn nhuyén hon,
dé tir dé o6 nhiéu khd ndng g dung vao nhiéu ldnh vuc khac ciing
trong todn hay trong nhitmg moén khoa hoc khdc... Pidu ma sink vién cdan
chit ¥ la phdi hoc I thuyél cho k¥ wricke dé, rédi méi lam bai tdp | théi
quen khong hoc hay hoc qua loa Iv thuyét, niumg da cdm ddu vao lam
bai tidp o trung hoc, anh hiong khong 16t cho viéc hoc todn ciu sinh vién
o beie dai hoc.

Cudn bai 1dp nay giiip sinh vién lam cdc bai tadp dia trén cuén “Todn
cuo odp (A;), Phdn dai s tivén tinh”, gido trinh danh cho cdc truong
Cuo ddng su pham cia Nguyén Duy Thudn. Trong mdi chuong (theo
diing cudn sdch trén), chiing t6i trude hét 16m it v thuyél cta chuong
dd, suu dé gidi tudn 1y cde bai tdp trong chitong niuvmg ba di nhimg bai
utong e, va bé sung thém mot 56 bai tdp dé dap img yéu cdu dé ra &
trén. Cudn sdch ndy giup cdc sinh vién hoc mén Pai s& tuyén tinh d bdc
cuo ddng, dai hoc, va ciing gitp cho sinh vién chudn bi thi vao bdc sau
dui hov, chit khong thudn tiy cho sinh vién hoc Cao ddng Sw pham.

Chitng t6i xin nhdc lai diéu dd néi & trén : muon lam bai tdp 161,
triede hét sinh vién phdi ndm k¥ Iy thuvét da, va cudn bii tdp chi gip
sinh vién khdi dong thoi, khi bé ndo da chay 16t roi thi hdy gdp sdach lai
vat it tri ndo lam viée dée Lip. Chiie edce ban lam bai 16t.

Ha Néi, npay 14 thdng 8 nant 1999
Cac tac gla
HOANG XUAN SINH VA TRAN PHUONG DUNG



Chuong 0
SO LUQC VE KHAI NIEM NHOM, VANH, TRUGNG

§1. TOM TAT LY THUYET

C6 thé néi tir tiéu hoc dén trung hoc, ngudi ta 1am todn cha yéu trén
nhimg s6. Cé nhimg tinh chit dic biét quan trong nhu tinh giao hodn,
tinh két hgp cua phép cong va phép nhan nhitng s6 da dugc day tit nhitng

.nam ddu cla tiéu hoc, vi cic tinh chat dé lam cho viéc tinh todn don gidn
hon nhiéu. Sau nay khi 1am todn & bac dai hoc, ngui ta lam todn trén
phitng déi tugng khong phai la s6 nita, nhung ngudi ta iai gdp lai nhiing
tinh chat da thdy trong phép cong hay phép nhan nhimg s6, va chinh do
céc tinh chat gip lai dé ngudi ta da thdy rang diéu gi ma phép cong hay
phép nhan nhimg s6 ¢6 thi ciing xay ra d6i véi nhing doi tuong dang
xét. T d6 mai hinh thanh khdi niém cd triic dai s& trong todn cua thé
ky 20. Chéng han, ta xét mot tap hop trén dé c¢6 mot phép toan, ma ta dat
tén 1a “phép cong” tuy tap hop d6 ching c6 lién quan gi dén céc con s§
¢4 ; n€u phép cong dang xét c6 tinh chat két hop thi ta bdo tap hop cing
véi phép cong d6 1ap thanh mét cau tric dai s6 ma dudi day ta sé thay nd
dugc goi 12 nira nhém, néu né ¢6 thém tinh giao hodn thi ta blo ta cb
mot nira nhém giao hodn.

D€ cho tién viéc ky hiéu, cic phép todn trén mot tap hgp duge ky
hiéu bing ddu + (lic d6 goi la phép cong) hay bing déu x (lic d6 goi la
phép nhan) thudmg duge thay bang ddu ., ma sau db nguoi ta bd di ;

chang han a x b dugc viét 12 a . b v cudi cling 12 ab, nhu thé€ nhanh gon.

L.1. Dinh nghia nita nhém
Gia sir X 1a mot tap hop c6 mot phép todn ky hiéu nhén.



X cing vét phép nhan 13 mot mize nhém néu phép nhan ¢6 tinh k&t
hop, nghia la x(yz) = (xy)z, véi moi x, v, ze X.

Néu phép nhan con ¢6 tinh chét giao hodn, nghia 1a Xy = yX, v3i moi
X, ¥ € X, thi X 1a mot guta nhom giao hodn.

Nita nhém X goi 1a mot vi nfidnt néu c6 mot phdn tir e € X sao cho
eX = xe = X, v0i moi x € X. Ta goi ¢ t& phdn tir don vi cba vi nhém. Néu
Phép todn c6 thém tinh chit giao hodn, ta ¢6 mot vi nhdm giao hodn.

L.2. Blinh nghia nhém

Mot vi nhém X goi 12 mot nhém néu véi moi phin 0 x € X, t6n tai
mot phin tr x” € X saochox'x = xx" = ¢ (ngum ta chilng minh duge
ring x” 1 duy nhit va ky hiéu né bing x"', goi la nghich ddo cha x).

Nhém X goi 1a aben hay giao hodn n&'u phép todn cd théin tinh
giao hoan.

Néu phép todn clia nhém X duoe k¥ hieu bing ddu cong, thi phin tr
¢ khong goi 1a phén tir don vi niva, m goi la phdn tt khong va k¥ higu 1a
0 (tvong tr nhue ky higu cia s6 0) ; va phin tir nghich d4o ciia mét phan
Wr X € goi 14 déi cria x va ky hi¢u 13 -x.

1.3. Dinh nghia vanh

Gid sir X 1a mot tap hop c6 hai phép toan cong va nhan.

X ciing véi hai phép todn dd 12 mot vanh néu

1) X ciing v6i phép cOng 12 mot nhém giﬁo hodan ;

2) X clng vdi phép nhan 12 mot nita nhém ;

3) phép nhan phdn phoi doi véi phép cong, nghia la :

X(y+2Z)=xy+xz
(y+2)x=yx +zx
viimoi x, y,z € X.

Néu phép nhan cé thém tinh chal giao hodn thi ta bio X Ia mdt vinh

%ivo hocdn. Néu phép nhan c6 phén tir don vi thi ta bio X 1a mot vank c6
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dom vi. Néu phép nhn vira giao hodn vira ¢6 don vi thi ta bao X 1a mot
" vanh giao hodn c6 don vi.

1.4. Dinh nghia truong
Gia sit X 1a mot tap hgp c6 hai phép todn cdng va nhin.
X ciing v6i hai phép todn dé 1a mot trudng néu
1) X 13 mot vanh giao hodn c6 don vi ;

2) moi x # 0 thudc X c6 nghich ddo, nghia 12 néu ta dat X = X - {0}
thi X" 1a mot nhém giao hodn d6i v6i phép nhan.

§2. BAI TAP

1. Xét tap hgp céc s6 phic
C={a+bila,b € R}
vt phép cong
(a+bi)+ (c+di)=a+c+(b+d)i,
vi phép nhan
(a + bi)(c + di) = ac - bd + (ad + be)i.

Riy gid ta hiy ching minh C cing véi hai phép toén trén la mot
trudng. Trude hét ta nhan xét céc s6 thue a 1 nhimg s8 phite ¢6 phin do
bing 0 : a = a + 0, vd d& cong hay nhan hai s6 phitc véi nhau ta cif lam
hinh thudng nhir d6i véi cac bi€u thitc dai s6 chifa i, nhumg chii ¥ 13 i° = -1,
vii trong két qud cudi ciing nhd nhém phin thye vSi nhau ciing nhu
nhém phin 40 véi nhau. DE chimg minh loai bai tap ki€u nhu the nay, ta
hily viét ra trén nhép dinh nghia mot trudng vi c6 ging vi€t khong cdn
nhin vao sach. Sau d6 ta ldn lugt chitng minh c4c tinh chét cia trudmg
duoc thdéa man d6i vai dai argng dang xét. Ta 6 vdi c4c s6 phikc

D) (a, + byi) + ((a; + byi) + (2, + b)) = _ _
= (1, + byi) + (@, + a3) + (by + bi) = (@, + (a, + ) + (b, + (b, + by)i= '
— ((a + ) + a5 + (b, + by) + )i = (&, + ) + (b, + b)i + 8, + bsi =
= ((a, + byi) + (a, + byi)) + a, + bii. Phép cOng ket hop.



2) (2, + bji) + (@, + byi) =(a, + a,) + (b, + b)i =
=(a,+a,} + (b, + b))i = (a, + bsi) + (a, + b,i). Phép cong giao hodn.

3)0+ (a+ bi) = (0 + a) + bi = a + bi. Phin tir khong ciia phép cOng 1a
80 0, :

4) Vdi moi s6 phiic a + bi, s6 phifc - a - bi 1 d6i cia né vi
(@+bi)+(-a-bi)=a-a+(b-hi=0+0i=0.

5} (a, + byi)((a; + b,i)(a, + b,i)) =

= (4, + bii)a,a; - b,b, + {a,b; + b,a,)i) =

= a,(2,3; - b;by) - by(a,b, + bya,) + (a,(a,b, + ba,) + b,(a;a; - byb,))i =

= (4,3, -b;by)a, - (a,b, + bayb, + ((a,b, + biay)a, + (a3, - b,b)b,)i =

={(a2, - bb) + (ab, + b,a,)i)a, + byi) =

=((a, + b,i)(a, + byi))(a, + b,i). Phép nhan ke hap.

6) (a; + bi)a, + byi) = a,a, - hb, + (a,b, + bya)i =

= ad, - b;by + (a,by + bua)di = (a; + byi}a, + by1). Phép nhan giao
hodan.,

7) 1.(a + bi) = a + bi. Phdn tir dom vi cia phép nhan la s6 1.

B)Gidsta+bi #0=0+0i 13 mot s phite khac 0, diéu d6 co nghia
@ vith khong dong (hdi bing 0 hay a® + b® = 0. Xét s phite

a__ . ~b i
a?+b? a2 4 p?

ta co

-b .
( a e —— IJ(a'l'bl):
a +b2  a% 4 p?

a’? . h? ( ab ‘ab }_az+b2+m_1
aZ + b2 a? +b?2 a2 +h? a? +b2 .

_a2 +b?
Vay mébi s¢ phitc khic 0 c6 nghich dio.



©9) Xét (a, + bii)(a, + bai) + (a, + b,1)) va
(a, + bji}(a, + b,i) + (a, + b,i)a, + b,i). Taco :
(a, + byi){(a, + a,) + (b, + by)i) =
= a,(a; + a3} - by(b, + by} + (a,(b, + by) + by(a, + a,))i;
(a, + bi)(a, + h,i) + (3, + b,i)(a, + byi) =
=i,d, - bbb, + (b, + bjay)i + a3, -bby + (a,b, + bia)i =
=aa, -bb, + a2, - bbby + (ah, + bia, + a,b, + bay)i

So sénh céc két qua dat duge ta c6 phép nhan phan phdi d6i vdi
phép cong.

Két tugn : C vGi hai phép todn cong va nhan nhu trén 13 mot truong.

Nhdn xét : 1) Khi chimg minh C 1a mdt trudmg, ta dd sir dung céc
tinh chat cha phép cong va phép nhin cdc sd thye : két hop, giao hodn,

¢ phin tir khong, <6 phdn tir déi, c6 phén (i don vi, moi s6 thue # 0 cd
nghich dido va phép nhan phan ph6i d61 vi phép cong, nghia 12 R Ia
mot (rudmg ;

2) Ta c6 hinh v& dudi day sau khi tim k§ bai tap trén :

C

R
va ngudh ta néi rang R 12 mot trudng con ciia €, tuong tu ta ¢6 Q 1a mot
irrimg concua R
3) S di mat bai tap kiéu nay phai lam 1§ mi nhir vay, vi sinh vién mdi
vao dai hoc rdt bd ngd khi gap loai bai tap nhir the nay.
2. Thure hign cdc phép tinh :
a} (-8 +1)-(2-7i)=-10+ 8i.



b)i- (5 +2i) = -5 - i.

o) [T“J [’H%i}:—;——?i.

d) (V2 -i)+3 -iv2) =6 - V2 - 2 + V)i
¢) Wk +ivVk ~ivh) =k +b.

3. Phan tich cédc tﬁng sau thanh tich cha hai thira s6 phéc lién hop :
) 16 + 4 = (4 + ai)(4 - ai) = (a + 4i)a - 4i).

M@>0a+1=a+i)a-i)=(+va )I-a i)
4, Thue hién cac phép tinh :

a)

4 __40+2) _4+8 1 8.
1-2i (1-20)01+2i) 1+4 5 5

)_2ﬁ+1 (2V3+iNL-2iv3) _ -2V3 423+ (1412 _
1+2i3 (l+21-J_)(l—21J_) 1+12

Ta c6 1hé thiy ngay két qué khi nhan xét: —243 +i =i(1 + 24/3i).

5. Tinh céc liy thira - .
AVitr=-lvai*t=1,nen: @ =GP =) =45 PP =

=i =1 =% = -1

3 3 o
by [:ﬁ} :%(—l+3iﬁ{r9—3i\/§)=l-

2

Ta c6 thé thiy ngay két qua khi chuyén sang dang lugng gidc

3
143 on . 2xY .
. T = cos—1—+|smT = OS2 + isin2n =1,
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6. Tinh céc s8 thuc x vd y sao cho :

a) 2 + 5ix - 3iy = 14i + 3x - Sy. Dé hai s6 phiic d6 biing nhau, ta phai
cd phén thye cia ching bing nhau, va phin 4o clia chiing bing nhau. Tir
do ta 6 hai phuong trinh sau day véicic fnlax vay ;

x-Sy =2
x-3y=14
Tudd, tadugc x =4,y =2,
i o1 1 1 1 S S e x s .
b) —+—+—=———+—, Thch phin thuc vi phin do cla hai V&,
X y 6 x vy vy
ta duge :
I t.1
X y 6
1 1 5
— = -
X Yy ¥

Tir do, x = %,y= 8.

7. Gidi ¢4c phuong trinh :

a)4x* +3x+ 1 =0. Tatinh biet s6 A=9 - 16 =-7 = 7i*. Vay phuong
trinh ¢6 hai nghiém : -

_ 3+4J7 —B—ﬁi‘

Xy = ———, X3 =
8 8
M E+iDX-G-X+(2-2)=0.Taco A=(5-i) -42 +i)2-2i)=
=-2i = (1 - i)’. Vay phuong trinh c6 cdc nghiém nhu sau :
CS-i+l-i_ 6-21  3-i
U202 +0) 202+i) 2+
5-i-l+i_ 4 2 -4

—~—1

22+3)  202+1) 2+i 5 5

_I,

XZ—

11



8. Thuc hién céc phép tinh sau dudi dang hiong gidc :
a) = 3(cos18° +isinl8%) . % {cos42° + isind2") =

=3, % (cos(18° + 42°) + isin(18° + 42%)) =

= cos60” + isn60° = %+ig.

7
I V3, ( 4n ..41:]"

b)|-———1| =|cos—+isin— | =
2 2 3 3)

3+3+1
4 .. 4n .. 4nm
= | cos— +1isin— =CO0S— + I8IN—— =
3 3 3

3
= —————1, Vi [cos%n+isin?n} =cosdn + 1sindn=1.

o ¥ =%os[g— + Zkﬂ] +isin[—;E + 2k1tJ . Tir 46 cho k l4n luot cdc
gidtri0, 1,2, ..., 8, taduoge 9 gid tri ciia Ui ; d6 1a:

T .. T
cos— + 18in—,
18

18

[n pX AN .(n 27:}
COS| — + — [+isin} ~—+— |,

18 9 18

( 4 . .[1‘[ 47\
cos| — +— |+isinf — +— |,

18 9 ) 18 9

(n 6m) . ‘(11: 6m)
cos| —+— [+1isin| —+— |,

18 9) 13 9)

[n 8mY . A(n 8n )
cos| —+— |+ism| —+—|,

18 9 A8 9 )

12



(n 10mY . (® 10m
coS| — + —— | +isin| — + — |,
ST 18 9 )

(n 122 . (n 2=n
cos| — +—— | +isin} — + ———
187 9 8 9

t l4n) . . (=m ldx
cos| — + —— |+ism| —+——
18 9 ) Ryt 9

x l6xY . . (n 16w
cos| — + —= |+isin| — + —— |,
TR A ST

(1-iv3)(cos@+ising) _ (I—iv3)(cos p+ising)?
21 -i)(cos@—isingp) 241 - i) -

b 3 : X
_ 2Acos(-m/3)+ 1sin(—x/ 3))(cos 2¢p + i sin 2¢) _
232 (cos(—n/ 4) +isin(-n/ 4))

—Lcos 2 +R—E}+isin(2( +E—£)+
V2 I3 PP e T3
: co{le n}+isin{"¢p 1:}

= — —_—— 2 —_——

J2 i2 12

e){l+i)= (\E[cosgﬂsing}} =(\/-2_‘)“[cosn%+isinn~:—}

9. Gidi phuong tfinh x* - 1 = 0. Ta viét :
o 1=3- DEC+ D).

Viy cac nghiém cia phuong trich x* - | = 0 1a c4c nghiém cia
phiong trinh x* - | = 0 va x* + | = 0. Phwromg teinh x° - 1 = 0 cho ta hai
nghi¢m 1 1, va phurong trinh x* + | = 0 cho (a hai nghiém + i ; vi vay
phurong trinh da cho ¢6 4 nghiém - 1, -, i, -i.

Tong quét, ngudi ta chimg minh duge ring moi phuong trinh bac n :
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ax"+a_ X" '+..+a,=0;aeC

c6 n nghiém trong trudng s6 phitc C, cic nghiém cé thé phan biét hay
tring nhau ; ta bao C 14 déng dai s6, trong khi trudng s6 thuc R khéng
¢6 tinh chat nhu vay.

10. a) Gia sir z, va z, 12 hai s6 phiic. Chimg minh

zl +ZZ =zl+22,

212y =Z) 23 .

Gidsirz, =a,+bjiviz,=a,+ b,i. Tacd

z, +z, =a, ta, +(bI +b2)i=aI +a, —(bI +b2)i=

a~bji+a,~bji=2z +2,;22z,=aa,~bb, +i(a b, +a,b )=
=a,a; — byb; — i{a;b; + asby), ;; ;-'; = (a, — bji)(a; — bsi) =

= a3, — bbby —i(a)b, + aby), vy z;z, =Z g
b) Gia st phuong trinh bac n
ax"+a_x"'+..+a=0a€R

c6 mot nghiém phifc z = a + bi. Chiing minh lién hop Z=a - bi ciing 12
nghiém ciia phuong trinh.
That vy, vi z 1a nghiém, nén ta ¢ :
az +a, 2" ' +..+a,=0
L4y lién hop clia hai v€ clia ding thic

n-1

n —0=
az"+a ,z" +--+a =0=0

Ap dung a) va chii ¥ lién hop clia mét s6 thuc Ia chinh s& thuc do,
ta dugce : '

- = n-l
a ()" +a,_ ()" +--+a =0,

diéu d6 c6 nghia z = a — bi ciing 1a mot nghiém ciia phuong trinh.
14



11. Giai phuong trinh x" — 1 = 0. Cdc nghiém cia phuong trinh
la n can bic n cha don vi :
W:cosgﬁ+im 2kn .k=0,1,..,n
n n

Viét tudng minh ra, ta duge
k=0,x,=1=x]

»n—1

2n Zn
k=1,x, = cos—+isin—
n n

2
t

_4x . 4n
k=2,x,= cos— +isin—=x
n n

2(n -Dn tisi 2(n -br x;‘"'.
n gid tri 46 ndm trén dudng tron don vi, lém thanh mOt da gidc déu n
canh cé dinh x, = 1 12 thyc, va n€u m la chén thi da gidc con c6 moét dinh

thyc nifa, d6 1a -1, céc dinh con lai 12 lién hop véi nhau img déi mét,
ching han

k=n-1,x,_,= cos

2(n—-1r +isin 2(n—i)n _
n -

( Zn) .. (—21:} 2n .. 2 —
= Q08| ——— i+181n| — =COS_"ISIH_=XI.
n n n n

Tacécéchinhvésaudayv(rin—Z 3,4,5,6:

/ R NZN,
ets

Y
N\

X




12. Xét tap hop X céc can bic n cla don v (xem bai t3p 12) :
X=1x,21, X, ey Xomt ]

a) Chimg minh xx; € X;i=0,..,n-1,j=0,..,n-1. That vay ta cod

viy x;x; 1a mot can bac n ctia don vi, cho nén xx; € X. Ta ¢ thé néi
phép nhan cic s¢ phifc 13 mot phép todn trong X.

b) x; + x; ¢6 thude X khong ? Ta co thé tra 1di ngay Ia khong, vi néu
ly x;=x;=x,= 1, thitacox,+ ;=1 +1 =2 ¢ X (céc phin tir cia X
déu nim trén dudng tron don vi). Ta suy ra phép cong cic sé phic khong
phai 13 mot phép todn trong X.

¢) Ching minh X ciing v6i phép nhan 12 mot nhém giao hodn. DE tra
13i ciu ndy, ta lai 1am nhu bai 1, viét ra trén phép dinh nghia cia nhém
giao hodn. Cic tinh chat két hop, giao hoan, cé phén tir don vi, 1a dd nhin
thdy trong bai tap 1. Bay gid ta hiy 14y mot phén tir tuy ¥ x; € X ;
hién nhién 13 mot s6 phire khic 0, nén nghich dao xi_' ciia né tén tai

(bai tap 1). Ta phai chimg minh x]' & X. Mu6n vay, xét
e =M =17 =1

Vay xi“l ciing 12 mdt cin bac n cia don vi, nén xi'l € X. Vay X
cling v6i phép nhén 1 mot nhém giao hodn goi 1a nhdm cdc cdn bdc n
ctia dom vi. Nhém nay 13 moét nhém hitu han, né cé n phén ti, trong khi
nhém nhan € = C — {0} ¢6 v8 han phin tir. '

13. Gid sit X C* = C — {0} 12 mét tap hop c6 n phdn tir (1= D va X 1a
mot nhém d6i v6i phép nhan céc s6 phic. Chimg minh X 1a nhoém cic
can bac n ciia don vi (xem bai 12).

Trudc hét ta xét trudmg hop n = 1, nghta 13 X = {x} chi c6 mot phén
tir x. Vi X 1a mot nhém d6i véi phép nhan, nghia 12 phép nhan cic s6
phitc 12 mot phép todn trong X, cho nén x* € X. Nhung X chi c6 phédn tir
X, nén :

2

=x=1x,
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hay sau khi gian ude vai x (ban doc hdly nghi tai sao ta lam duoc) :
x=1.
Vay X = {1}.

~ Bay gi& ta xét trudng hgp n > 2. Ta hdy chiing minh céc phin tlr cita
X déu ndm trén dudng tron don vi, nghia la véi moi x € X modun
Xl = 1. Gid sir u, v € X cd modun lan lugt bé nhit va 1dn nhit trong cac
modun cia cdc s6 phifc thude X. Néu X ¢6 mot s6 phic ¢6 mddun < 1,
thi 4 c6 lul < 1 (vi lul bé nhit), nén lul®> < ful. Vay u’ cé6 mdbdun
™! = lub. lul = < lul. Nhimg phép nhan cic sd phitc (& mot phép todn
trong X, nén u> € X. Mau thuln véi gid thiét u c6 modun bé nhdt. Ly
ludn fuong ty va&i truomg hop X ¢ mot 58 phitc ¢d modun > 1 vasirdung
v, ta cing di dén m&t mau

thudn. Vay Ixl = 1 véi moi

x € X. Ta dé dang thay 1 € X.

That vay, gia sir e la phin tir y
don vi clia nhém X va x 13 mot
phin (r thy y cha X, ta cé

eX=x=l.x,
hay sau khi gidn wdc vdi x :

e=1.

Ta duge hinh vé sau day vé
cic phdn tit X, = 1, X,, X3y o0y X, K02
cha X trén dudng trdn don vi ;
Ching dugc sip xé&p tren
duemg tron, nguge kim déng
hd, theo acgumen cua ching :

0 = arg(x,) < arg(x,) < arg(x-z) < ... < arg(X,.) <27

Bay giv ta hdy xét céc lliy thra x] =1, x,, xlz, e xf’, .. cla x,,
chiing déu thudc X va khong thé phan biét vi nhu vay X s€ vo han. Vay
phdi cé nhimg lily thira tring nhau, ching han x: = x{ véii # j, gia s

i < j. Vay x{_i =1, nghia la t6n tai nhing sd tv nhién k # 0 sao cho

2BTBSTTA . _ 17



x; =1. Gia sit m I s6 t nhién # 0 bé nhét sao cho xy =1 Vay x, la

mot can bic m clia don vi ; x7 = 1, x,, xf, s X171 déu thude X, vay

m < n. Ta chitng minh m = n. That vay, gid s x, # z € X. Cling 14p luan
twong tr nhu d6i vai X, ta ¢6 z 1a mot cén bac p cha don vi va arg(z) phdi

bang 2 > EL arg(x,). Viy m.> p. L4y m chia cho p, ta duge
p m

m=pg+r,0<r<p-|I

trong 46 q la thuong varladw. Xétz.x[% € X :

arg(z.x[4) = 2 Y il '

m mp -
= énchﬁ,ﬁ £<l.
mp m P

.2 e s
Viy ta phdi cé ﬂ:(). nghialaz.x| = I,hayz = x}, vay z lamot
mp
can bac m cla don vi. Ta vira chimg xong mgi phin tr clia X 12 mot can
hic m cha don vi, nhimg X 6 n phén tit, viy n=m.

" 14, Xé trudmg s6 thuc R va nhém nhan R = R - {0} clia né. Chiing
minh trong R*, ta chi ¢6 hai nhém hiru han ddi v&i phép nhan cia R, d6
la {1} va {1, -1}. DGi vGi tnrong hits 1 Q thi sao ?

Ban doc ¢6 thé 4p dung bai 13 d¢ thdy ngay két qua.
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Chutong I
PINH THUC ’

§1. TOM TAT LY THUYET

Chiing ta da gdp nhitng hé phuong trinh tuyén tinh v6i mot 4n hay hai
4n hay doi khi ba 4n trong chuong trinh trung hoc va qua d6 ching ta da
¢6 khéi niém dinh thdc cip hdi va ba. Trong thue tidn ta phai xét nhiing
hé phuong trinh tuyén tinh véi s6 phuong trinh va s6 4n 16n hon nhiéu va
do d6 phai tinh nhitng dinh thitc 6 c4p r4t 16n, ching han cdc k¥ su thiét
k€ may bay luén gip nhiing dinh thic c4p 1000, tdt nhién lic d6 khong
thé tinh tay dugc ma phai sit dung mdy tinh. D€ dua ra dinh nghia dinh
thitc cdp n, ta phii ¢ khii niém phép the va ma tran.

1.1. Pinh nghia phép thé c¢iia mét tap hop hiru han

Gia st X = {X,, X,, ..., X, } hay dé cho gon X = {1, 2, ..., n}. M6t song
dnh o : X = X goi 12 mo6t phép rhé clia X. Ngudi ta k¢ hitu S, tap céc
phép thé cha X.

Ngudi ta thudmg viét mot phép th€ o nhu sau :
o= i 2 - n
“lo() o(2) --- o(n)
Vi o 1a moét song 4nh nén o(i) # o(j) khi i # j, cho nén o(1), o(2), ...,

of(n) 1a mot hodn vi ciia {1, 2, ..., n}. Tir d6 ta suy ra s6 céc song anh clha
X béng s6 hodn vi cla {1, 2, .., n}, nghia 14 bing n!. ‘

Vidy Loy X = (1,2, 3}, tacs 3! = 6 phép thé ciia X, d6 1 :

e_123f_‘123f_123
Tl 2 32 3 1) s 1 2)
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(1 23y, (123, (123
f"‘[z 1 3)’f“‘(3 2 1}’&‘[1 3 2)
trong d6 e 1a phép th€ dong nht. Ta chd § khong nhat thist phéi viét

dong ddu cia phép the theo thir twr tir nhién, ta c6 thé viét theo thif
khdc mién la &nh clia céc s6 phai viét tryc ti€p dudi chiing ; ching han

eof123)_(321)_(213
T2t 3) 31 27l 2 3/
Dé dinh nghia dugc dinh thc, ta cdn phai dia ta ddi cia mét phép
thé'c. Gid sit

sl 1 2 - n
“le) o(2) - o)
Diu cia o, ky higu sgn(o), 12

Mo

UL ON
{i, j} chay khip tap hgp c4c bo phan ¢6 2 phin tit ciia X.
Ta thay ngay
sgn(o) = (-1)°

trong dé s 1a s6 nghich th€ cia o (khi o(i) > o(j) vdi i < j thi ta bao d6 1a
mot nghich the clia o); s 1a chén (18) thi & 1a phép thé chin (18).

Trong vi du trén, ta c6 :
sgnfe) = (-1)° = 1, sgn(f,} = (-1 = |, sgnify) = (-1)* = 1,
sgi(fy) = (-1)' = -1, sgn(f,) = (-1’ = -1, sgn(fy) = -1)' = -

Ta cling cin nhd tinh chat vé ddu cia tich hai phép thé d& nghién ciu
dinh thidc :

sgn(s.7) = sgn{o).sgn(T).
1.2. Pinh nghia ma tran

- Trudng K & trong chuong ny <6 thé 12 trudng s6 hit ty Q, trudng s&
thue R, hay trudmg s6 phiic C.
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MOt ma trdn A la mOt bang cém x n s6 a, 18y & trudng K, viét nhr sau:

A a4y, 4
A= 3An 8n
aml amz amn

Céc sd a, duge viét thanh m ddng va n c6t, chiing mang hai chi s6 :
chi s6 i n6i len dong vajnGi len cot ma a, dugc dat trong bang. Mbi a,
dugc goi [a mot thanh phdn cha ma tran. Mot ma tran kiéu (m, n) Id mot
ma trdn ¢6 m dong va n c6t. Khi m = n thi ta bio ta cé mot ma trén
vudng cdp n.

Ma trdn B goi 12 ma trdn chuyén-vi cia ma trin A néu mdi thanh
phidn b, ciia B & dong thi i va cot th j bing thanh phin a, cia A & dong
thif j va cot th i, nghia 1 ta duge ma tran B tir ma tran A bang c4ch viét
cde cQt clia A thanh dong ctia B khong thay déi thi fy. Ta ky hiéu B
bing ‘A. Nhu vay néu A ¢6 m dong van cot, thi B ¢é n dong va m cot.

L]

1.3. Binh nghia dinh thitc
Gid sir A 1a mOt ma tran vudng cipn(nz1):

ay A oA
A=|%21 32 2on
App 8po A,

Dinh thite cha ma trdn A 1a mot s6 D duge dinh hghia la tdng sau day :

(I D= 2sgn(0)a|c(|)azo(2} "*ng(n)

GES,

vt duge k¢ hién boi

Ay ap o
2) D= a1 Ay o By,
A By oAy,
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Nhdn xét : Theo (1) D Ia tong cha n! s6 hang va 6 chay khdp S, (S, la
tap hop cac phép thé cia {1, 2, ..., n} c6 n! phén tir) ; mbi s8 hang ¢4 dang :

' sgn(o) 2jg(1) 220(2) - Ano(n)
trong d6 sgn(c) = | hay —1 tuy theo phép th€ o la chén hay I¢, ti€p theo
1a tich cha n s 14y tir ma trdn A ma mdi dong chi c6 mit mét lin va
ciing nhu vy véi méi cot. Ngudi ta dua ra ky hiéu (2) ciia D dé thiy cic
s8 ma tir d6 ngudi ta viét duge (1), va dé vé sau ta (s€ thdy) tinh todn
dinh thic d& dang hon 13 tinh tnse tiép tr téng (1).

Ngudi ta cdn ky hiéu dinh thitc cia ma tran A bing IAl hay det(A), det
12 ba chit d4u ciia determinant (ti€ng nudc ngodi, ma ta dich 1a dinh thic).

Vi du - Xét ma trin vudng clp 3

a, 4, a3
Ay) 2y, Ay

a3, 43 Ay

A=

Vi 5, c6 3! = 6 phén tir, nén tir vi du trong (1.1) ta c6

IAl = sgn(e) a1y dreen) Azeqyy + Sg“(fl)alq(l)azf,(z)asr,(a) +
+ sgn(fy) ajg,(1)a2r,02)231,3) + 580 A ma2n @23 *
+sgn(fy) agg, (1y226,(2)831,3) + s80{fs) agg; 1y (223653 =
= ;25853 + 238083 + 8333852 T 813883 — 8138283 ~ 451823932

Tir vi du trén, ta thay ring d€ tinh mot dinh thic cdp n, ta phii viét ra
tit cA cae phép thé thudce S, va tinh déu cha chiing, cudi cling ta viét n!
hang tir cia dinh thiic trén ca s& biét hét cdc phép thé thuge S, va dau
cha ching. Lam nhu vay qud 12 dai, cho nén ngudi ta di nghién ciu mét
s6 tinh chét cha dinh thie cho phép rit ngén qua trinh tinh todn lai.

1.4. Céc tinh chat caa dinh thic
Gia sit D 12 dinh thifc clia ma tran A vuéng cdpn :

4 2 Ay
A=|?2 % A
anl an2 ann
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Tinh chat 1. 1Al = ['Al

Tinh chdt ndy s& cho phép ta sau nay chuyén mot tinh chdt vé dong
cta dinh thic JAI thanh mat tinh chat vé cot clta né va déo lai, vi dong
cita dinh thire 1Al 12 ¢6t cha dinh thie 1Al va cot clia |A] 1a dong clia FAL

Tinh chdt 2. Néu cac thanh phdn clia mot dong thif i clia A ¢6 dang

a, = a'ij +a,j=1,2,...n, thi JAl = A"l + A" trong d6 c4c thanh phdn
ctia Jdong thiti clia A’ [a a;j ,cia A 1A a'i'j , con cdc dong khéc cila A’ va
A" gidng nhu cia A.

Tinh chdt 3. Néu céc thanh phdn cia dong thit i clia A c6 dang
a, = 'ka;j, i=1,2, .., n, thi 1Al = kKIA’l trong d6 A’ 12 ma tran cé céc

thanh phin clia dong thit i bing aj,j=12, .., n,con cic dong khic
clia A’ gidng nhu clia A.

Tinh chdt 4. N&u ddi ché hai dong ciia A thi ta duge mot ma tran A’
sao cho 1Al = -|A’IL

Tinh chdt 5. N&u A c6 hai dong giding nhau thi JAl = 0. Tinh ch4t nay
suy ra tir tinh ch4t 4.

Tinh chdt 6. N&u ta cong vao cdc thanh phin ciia dong thit i cac thanh
phin clia mot dong khéc di dugc nhan 1én véi mot hé s6 k thi ta duge
moOl ma tran A’ sao cho [Al = JA’L. Tinh chit ndy suy ra tir cdc tinh chat
2,3 vas. .

Tinh chdt 7. Cac tinh chdt 2, 3, 4, 5, 6 phét bidu cho dong ciing ding
cho ¢ot. Didu d6 suy ra tir tinh chit 1.

L5. Tinh dinh thic
Gia sir D 1a dinh thuc :

dn A Ay,
D={%1 222 7
Anr qp2 o Ay
Bing céch khai trién D theo cdc thanh phin clia dong thi i
(l) D = a"llAll + a|.‘.1q|2 +.t amAm



trong d6 A, = (-1)™M, véi M, 1a dinh thic c¢dp n'- 1 suy ra tir D bing
cdch bo dong thit i va cft thit j, A, goi 12 phan bi dyi s6'cha a, ta di dén
viéc tinh n dinh thifc ¢dp n - 1, ¢6 nghia 14 ta dén viéc tinh dinh thic cap
n dén viée tinh dinh thife cp n - 1. T4t nhién trong (1) néu ta c6 nhiéu a,
hing O thi s6 dinh thirc c4p n - | phdi tinh s& nit xudng nhidu. D& c6
nhiéu a, bang 0, ta sit dung tinh chét 6. Sau d6 ta lai ti€p tuc dva viec
tinh dinh thitc ¢dp n - | thanh cdp n - 2, cit nhu the cho dé&n cdp 2 ma ta
tinh dugce dé€ dang. Trong (1) ta da Khai trién D theo dong, ta ciing ¢6 thé
khai trién theo cot do tinh chat 1.

1.6. Ung'dung dinh thiic vao viéc gidi mét hé phuong trinh Cramer
Mot he phuong trinh Cramer 12 mdt h& n (n 2 1) phuong trinh tuy&n
1inh d61 vdi n 4n X, X,, ..y X, ¢
apX, +a,X, + ... +a X, =b,
Ay X, + 8.0, + .t a,,X, = b,

anlxl + anle *...4 aunxn = hn

trong d6 chc a, vab e K,i=1,2, .,n,j= 1,2, ..., n, v dinh thic D
thanh 1ap bdi céc hé s6 a, 1a khédc 0. Nghiém cila hé Cramer 13 duy nhét,
cho bdi cdce cong thie sau :

4, a4, - v T A,
Ay Ay v by oay
A 85y bn A Dj .
Kj= " =?,]=l,2,...,n
ayp Ay oAy oAy
a An a5 S
anl an2 'Rl anj P ann

trong d6 D, suy ra tir D bidng cdch thay cot thit j clia D bing cot c4c s6
hang tr do b, cda hé phuong trinh.

Qua cOng thidc trén, ta thdy viéc tim nghiém clia mot hé Cramer duge
dua vé viéc tinh cic dinh thic Dva D, j= 1,2, ..., n.

24



§2. BAI TAP

L. Tim tit c& cAc phép thé cha mbi tap hop sau :
X={L2LX=1{1,2,3}L, X={1,2,3,4).

aye= {i ;), f= [; ﬂ,sgn(e)z 1, sgnd{f) = -1.

b) Xem vi du trong 1. 1.

¢} S, ¢6 4! = 24 phén tir. D€ viét 24 phén tir d6 ra, ta xét mot phép thé
¢6 mot phin tir c6 dinh, ching han 1a xét phép thé o c6 o(4) = 4

s={ 1 2 3 4 )
T o) o(2) o(3) o(d)=4

Viy & han ch€ vao bg phin {1, 2, 3} chinh Id mot trong 6 phép the€
clia vi du trong 1.1. Nhu vay mdi 1dn o6 dinh mot phén tircha X = {1, 2,
3, 4} ta viét dugc 6 phép the nhur vi du trong 1.1 ; 4 14n viét nhu vay ta
dugce 24 phép thE (tit nhién 1a phan bigt).

Ddu cia o ¢6 4 ¢4 dinh bing diu cia o han ché& vao {1, 2, 3}, ciing
nhir vy d6i vGi ddu cha 6 ¢6 | ¢6 dinh. Chi ¢6 cdc o ¢6 2 cd dinh va 3
¢( dinh thi khong nhu vay. Ching han ta xét & ¢6 2 ¢6 dinh :

. 2 3 4
“lol) o(2)=2 6(3) o(4)

O day ta cé sgn(o) = (SENG,, 14,) NEU o(1) = | va d6i ddu nhau néu
o(1) =3 hay o(1) = 4 vi ta ¢6 thém mot nghich thé véi cip (o(1), o(2)).

2. Xét tap hop S, chc phép thé clia X = {1, 2, ..., n}. Chiing minh S, 12
mot nhém d6i véi phép nhan anh xa.

Gid sif o va T thuge S,. Tich ciia hai song dnh 5.1t [ m6t song anh tir
X dén X. Vay o.1 € S, cho nén phép nhan 4nh xa ta mot phép to4n
trong §,. Ta hdy ching minh phép todn dé thdéa mén cic tinh chét cha
mot nhém.
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Trude hét ta ¢ £.(M.0) = (En).C vdi &, 1, § € S,, Vi tich 4nh xa cé
tinh két hgp.

Anh xa don vi e

o= 1 2 ... n

"l 2 - on

13 phin tir don vi vi eg = ge vdi moi ¢ € S,.
Cudi ciing v6i moi o € S, vi 6 Ia song dnh tir X dén X, nén t6n tai

dnh xa nguge o' © X —» X ciing 1 song dnh d 6.6 =olo =¢. Vay g
€ S, 1a nghich dio cla o.

Vi ba tinh chit trén, S, 12 mot nhém ddi véi phép nhan 4nh xa, ta
goi S, 1a nhdm cde phép thé cia X. Ta c6 (hé dat cau hoi 1a S, c6 aben
khong ? Hién ohién S, 13 aben. Lay lai vi du trong 1.1, ta cé fof, = {5, 1,1,
=1, ; vly S, khong giao hodn. Tir S, khong giao hodn, 1a c6 thé suy ra S,
{n = 3) khong giao hodn (hudng din : xét hai phép the thuoe S, d€ 6
dinh cac phén (¢ 0 2 4 va thu hep cia ching vao {1, 2, 3} 1a f, va f,).

3. Xéf nhém cdc phép the S, (xem bai 2). bt
A,={ocS, | spn@) =1}
vil X={oeS,,|sgn(0')=-l}. '

a) Chimg minh A, va X c6 s& phén tlf bing nhau va bing %nl .

b) Chitmg minh A, 1am thanh mdt nhém déi véi phép nhan &nh xa.

Trudc hét ta hity chimg minh a). Gia sttt € S, 1A mot chuyén tri, the
thi sgn(t) =-1. Xét tich 16, 6 € A, ; ta co

sgn(to) = sgn(t)sgn(g) = -1.1 = -1,
vily to € X. Vdi t, ta thanh 1ap duge dnh xa

1:A, X
o i(o)=10
1 ta mot don 4nh vi 1l dang (hitc
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10, = 16,

ta suy ra o, = o, (bing gian wdc hai v& vdi t, ban doc hdy suy nghi tai
sa0 ta lam duge nhu vy 7). Ngodi ra t 1A mol toan d4nh. That vy, gia sir
p la mot phép thé Ié iy ¥, nghia 1a pw € X. Ta ¢é6 tn € A, Vi
sgn(ep) = sgn(¥)sgn(p) = (-1)-1) = 1. Ngodi ra, (1) = (1) = Tp =
(t° = e vi T la moOt chuyén tri). Nhu vay, véimbi p € X, 16ntai 5 € A,,
sa0 cho () = p, nghia 13 t toan dnh. t 14 song anh tir A, dén X, vay sd

phdn tir cha ching bing nhau vi bing %n! (s6 phén tr cia S, bing n).

Bay £id ta chimg minh b). Trude hét ta phdi chimg minh phép nhan
dnh xa 14 mot phép todn trong A,. Gid sir o, T € A,. Theo a) ta c6
ot € §,. Xét sgn(o1). Ta co sgn(ot) = sgn(a).sgn(t) = 1.1 = 1, nghia {a
ot € A,.'DE chimg minh A, 1am thinh m6t ohém d6i vdi,phép todn d6,
ban doc lam tuong tr nhy trong bid thp 2. Negudi ta goi A, 13 nhdm con
thay phién cia nhém cic phép thé S,

Ban doc ¢6 thé dat cau hdi va fy tra 10d xem bo phan X céc phép thé
1¢ ¢ Iam thanh mot nhom d6i vdi phép nhdn dnh xa khong ?

4. Tinh cac dinh thic sau :

3 5 -8
Aab=]4 12 -1
2 5 -3

Ta c6 thé Khai trién ching han theo dong thif hai :
5 -8, |3 -8]_ |3 s
R HRE

-8
-3

[t

31
+5 =
i

1 3 -8
20|} T3; 7Y

= 203+ + 12(9+ 16)+5(3-2) =
-100+84 +5=-11. '
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Ta cing ¢6 thé trude khi khai 1rién, lam xuat hién nhiéu O trong dinh
thifc bang cdch 4p dung tinh chit 6 trong (1.4). Mudn vay, ta hay ldy
dong thi nhét trir di dong thit ba, ta duoc :

I & -5
D=i4 12 -1
2 5 -3

Tiép theo, ta nhan cot 1 v§i 5 va cong vao cot 3 :

=
=

D=

r B -
RS
~ 3

Cudi cting ta nhan dong thit ba véi -2 r8i cong vao dong thit hai (viec
lam nay c6t dé tinh phéan bii dai s6 don gidn hon):

1 0o
D=0 2 5
25

~l

Bay gidr ta hay khai trién D theo dong thit nhé :

2 05| 4 e

D_l.l5 ?_!_14—25_ 1.
-6 1 7

Mb={5 -2 3|=
-3 5

-6 1 7
5 -2 3| (cOng dong hai vao dong ba)
2 2 8 :
-6 1 7
=25 -2 3| (dvathira st chung & dong ba ra ngodi)
i 1 4
0 0 14

5 -2 3| (cong dong hai va ba vao dong mot)
1 1 4|

= 2

- =2 x 14 x 7= 196 (khai trién theo dong mot).
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5. Giai phuong trinh

4-x 5

%) -2 x-1

=0

Sau khi tinh dinh thic & v€ trdi, ta duge
@G-x)x-D+10=0
hay ' X*-5%-6=0
bay 1a mot phirong trinh bac hai ¢6 hai nghi¢m x, = -1, x, = 6.

‘Ta ciing 6 thé 1y tuan nhu sau d€ thdy hai nghiém coa phuong trinh.
Trude hét, nhin dinh thic ta thiy ngay ta c6 mot phwong trinh bAc hai

dGi v6i x. N&u tinh ¥, ta thdy ngay nghiém x = -1, vi sau khj thay X bing
-1, 1a duge dinh thic

-2 -2

25

ma gid trj hién nhién bing 0 vi ¢6 hai cot bing nhau. D&i véi nghiém thit
hai x = 6, ta thdy dinh thitc ¢6 gid tri 0

-2 5

~o 5|79

Vi ¢6 hai dong bang nhau ; 14t nhign viec fim ra nghiém x = 6 cling do
lam toan nhiéu thi nhin thay.

2% 5

®) x-1 x+2

=)

Tinh dinh thiic & v€ tri, ta duge phuong trinh
2X(X +2) - 5(x - 1) =0

hay 2% -x+5=0
Phuong trinh ¢6 hai nghi¢m phiic lien hop
1+iv39 1-iv/39
1 = __4_'_g Kz = __4‘_.
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6. Tinh dinh thitc

2 -3 1 4 0
4] 3 -1 5 16
ay |0 0 -4 10 B[=2x3x(Ax(-Nx4=672
¢ 0 0 -7 5
g 0 0O 0 4

(tich cdc phéan tr ndim trén duding chéo chinh).

0 0 2 0 0

0 1 5 -1 0

D=y 2 3 7 31
0 4 -2 0

-1 2 0 -1 2

Ta c6 thé dua dinh thic D dudi dang tam gidc nh sau :

0 0 2 0 0

0 1 5§ 0 0
D={2 3 7 6 1
1 ¢ 4 -2 0

-1 2 0 1 2

(cOng cot hai vao cOt bon d€ 1am xudt hién ba 0 & dong hai véi didu kien
trén ba () d6 ¢6 ba O twong (mg & dong mot).

0 0 2 o0 o
015 00
D=]2 3 7 10 1
1 0 4 0O 0
1 2 0 -1 2

{(nhan ¢ot mot véi 2 rdi cong vao cot bon dé lam xuft hign hai 0 & dong
hon, ditng dudi hai () & dong hai).
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002 0 0
015 0 0
* D=|2 3 7 10 21
1 04 0 0
-1 20 -1 2

(nhin c0t bdn vai 2 va cong vao ¢t nim dé 6 mot (0 & ddong nam, trén 0
d¢ 12 ba () cia dong mét, hai vi bon).

Bay gid ta thuc hign nhitg viéc ddi dong vi d6i cot dé€ dura dinh thire
vé dang tam gi4c. Ban doc nén nhé rdng khi trao d6i vi trf cla hai dong

hay hai cot thi dinh thite d6i ddu.

00 2 0 0

a1 5 0 0

D=1 0 4 0 0

-2 0 -1 0
2 3 7 10 21

(doi chd dong ba 1dn lugt véi ddng bn va ddng nam).

2 00 0 0
5 01 0 0
D=i{4 1 0 0 0
0 -1 2 -1 0
7 2 3 10 21

(d6i chd coOt ba 1dn hugt véi cot hai va cot mot).
20 0 0 0
51 0 O 0O
D=-14 0 1 0 0] (d8i chd hai cot hai va ba).
0 2 -1 -1 0
73 2 10 21

CudicingD=-2x | x I x(-1)x 21)=42.



Ta ciing c6 thé khong cdn thyc hién céc viee ddi dong va déi cot ma
co thé c6 két qua ngay bing cich nhin vao D & dang (*), r6i ddnh diu
cdc phdn i ma sau khi ddi ddng va cot ching nim trén dudng chéo.
Trioc hét : )

ddng mot : chic chén s6 2 1a sd ta 1y ;

dong hai : c6 hai s0 khéic 0, d6 1a 1 va 5, ta ldy s6 1, vi s6 5 cling cot

vdi 2

dong bon : ta ldy s8 1 (tai sao 7) ;

dong nam : ta 13y s¢ -1 (tai sa0 ?) ;

dong ba : ta l4y s6 21 (tai sao 7).

Trrde mdi s6 phai c6 mot ddu, ban doc hily ty tim hiéu, vi sao lai c6
két qua nhu sau

D=2 x D™ x G x CEPED x (-D21 =
=2x(-x(-1)x 1 x21 =42,

Ta ciing c6 thé tinh D béng khai trién theo dong thit nhét (vi o6 hon 0) ;

01 -10
2.3 31
D=2
1 0 -2 0
-1 2 -1 2

Ta duge mot dinh thitc cap 4. Ta hiy cong cot thit hai vio cot thit t

01 00

3
be ol 2 6 |1
1 0 -2 0
-12 12

Bay gid ta hdy khai trién dinh thitc cdp 4 theo ddng thit nhit, ta dirge
mot dinh thifc cdp ba

2 6 1
D=2)-D| 1 -2 0O

-1 I 2
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Nhan cot thit nhat véi 2, ri cOng vao cot thit hai :

| 2 10 1
D=@X-| 1 0 0
S I R R

Khaij trién dinh thifc cdp ba theo céc phin tir clia dong thif hai :

10

1 o
D=(2)(-1)(-l)1 - = (2X-1)-1)20 + 1) = 42.

7. Tinh dinh thic bing cdch dua vé dang tam gidc :
l 5 -2 3
0 2 7 1

2 10 -1 5
-3 -15 -6 13

a) D=

Ta hily nhan c6t thit nhdt tdn ty véi -5, 2, -3, r6i cong vao vdi cot thir

hai, thir ba va thé tu :
1o 0 o0
02 7 1
-1
-3 0 -12 22

I
—~—
S
Tt

Biy gidr ta nhan dong thit ba vdi 4 rdi cOng vio dong thi tu :

1 0 0 0
o 5|0 2 7 1
2 0 3 -1
5 0 0 18

bé c6 dang tam gidc ta thye hién viéc ddi ddng va d6i cot, nlamg xin

nh¢t chid ¥ d&n dfu khi d6i dong va déi cot -

3-BTDSTT A&
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100 O 1 0 00 1 000
po|5 00 18 |5 18 00 |5 180 0]
o227 1 o 127 2 =10 3"
2 0 3 —-i| 2 -1 0 3 0 12 7
1 00 0
5
- 1800210&
2 -1 3 0
0 1 7 2

Ta ciing c6 thé c6 ngay gid tri ciia D ma khong cdn dua vé dang tam
gidc bing cdch khai trién theo ddng va cot tir dang (*) clha D :

2 7 1
D=1.]0 3 -1 =
0 0 I8
—12‘3'l 2x3x 18 = 108
= . . 0 18 = XX 3 Xx = .
| 2 3 .. n—1 ni
-1 0 3 - n-i
—_ - {} -1
b) D = 1 2 n n
-1 -2 -3 .. 0 n
-1 =2 -3 ... —(n-1 o}

C@ng tudn ty ddng mot véi dong hai, ddng mot vai dong ba, .., dong
mot vai dong thd n ; ta duge :

1 2 3 ... n-1] n
0 2 6 - 2n-1) 2n
D= 0 0 3 -« An-1) 2n =n!
o 0 ¢ -~ n-1l 2n
0O o0 o0 .. 0 n
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1 x] xZ T xn—! xn
i X xZ n-1 n
1 x X

C) D= ] n-I n
1 X, 3 X X,
box, x, o X, X

Nhan dong mot vdi -1 rdi cong tudn hr véi dong hai, ba, ..., n- I, n;
ia duge -

1 xl K|1—! K“
0 x-x, 0 0 0
0 0 X=X, 0 0
b= =
0 0 0 X—X, Q
0 0 0 0 X—X,

= (X = X 0X - X)) oo (X - X HX - X)

Ta ciing c6 thé ¢6 ngay két qua trén bang nhan xét sau day : néu khai
trién D ta s& duge mot da thite f(x) bac n d6i vGi x véi hé s6 cha x"1a 1,
hang tir nay nhan duge tir viéc nhan céc thanh phin nidm trén dudng chéo
chinh cia D. Mat khic D = 0 khi ta thay x = x, & dong hai, hay x =X, ¢
dong ba, ..., hay x = x, 0 dong n. Diéu ndy ndi Ién x,, X, ..., X, 12
nhimg nghi¢m cla {(x) ; nhumg f(x) bic n, cho nén nd chi ¢6 n nghiém,
VAY X,, Xzy -.er Xg 12 c4C nghiém ciia f(x). Vay laco :

D=fx)=(x- %)X -%;) ... (x - x,).

8. Tinh dinh thitc biing cdch dp dung dinh 1¥ Laplaxo :

31 2 -1 1
o0 3 22
ayb=0 2 -1 0 0
i 5 3 00
6 2 3 00

Lok
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Ta hiy chon cot thit tr va thit ndm vi ¢6 nhiéu 0. Hai c6t nay chi cho
ta mOt dinh thite cdp 2 khéc (3, dé 1a

-1 1
T2 2‘:4
Phin b dai s6 cila M la
a 2 -1
As(DHs| | g 3
02 3

Céc s6 1, 2, 4, 5 chi cée s6 dong va cot ma dinh thitc M duge it ra tir
D. Khai trién dinh thic cdp ba trén theo cot mot, ta duge ;

2 -1

= — 2-8.

A '2 3 '
VayD=M.A =32
12000
34 0 50
byD=310 0 2 1 5§
00 61 6
000009

Trude hét ta hdy 1dy dong thit ba trir vio dong thit tur :

1 2000
34 050
D=l0 0 2 1 §
0 -4 0 1
0 0.0 0 9

Ray gidf ta hay chon dong thif tw va ddng thi nam. Hai dong ndy cho
ta chi mot dinh thite c4p hai khic 0, dé Ia

4 |
09

‘m
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Phén b dai s6 cia M 1a

1 20 | 2
A=(C1"S3 4 5= —13 4' =2
0 01

VayD=M.A=36x2=72.

9, Tinh dinh thidc bang phuong phdp quy nap :

1 1 1 1 1
4 a4 83 vt o854 3y
2 2 2 2 2
a a a . a a
a) Dn = 1 2 3 n-1 n
n-2 n-2 n-2 n-2 n-2
3 T T
n-1 n-1 n-1 n-1 n-1
3 a 23 o @ny 8y

Dé tinh bing quy nap, ta hiy tinh D, va D, dé phong dodn dang clia
D,. Tinh :

1 1 1

D,= va Dy=|a, a, a,
a, a, a2 al a2

1 32 3y

ta duge D, = &, - a,, D, = (a, - 2,)(a, - a,)(a; - ay).

Tir d6, ta phong dodn dang clia D, :

D, = (a; - a)(ay - 2,)(a8s - 2,) ... (2, - 3,)(2, - ;) .. (3, - 30)
= [Je@i-ap,i=2,..,n;j=1,.,n-1.
i>j

Ta hily ching minh cong thiic trén bing quy nap theo n. Ta thdy cong
thitc ding cho n =2, 3 ; ta gia sir ding cho n - 1 va chning munh ding
cho n. Trudc hét ta nhan xét ring D, = O khi ta 14n lugt cho 3, = a,,
a, = 4, ..., &, = 3, VAy néu ta khai trién D, theo cot thif nhit, ta s& duge

mot da thiic bac n - 1 d6i véi 4n a, va da thirc nhan n - 1 nghiém :
a,, a3, ..., a,. Cho nén D, c6 dang

Dn = A(al - aﬂ)(al - 33) - (ai - an)>
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trong d6 A1a he s6 cha al™!, d6 12 phin bd dai sd ciia al™! trong dinh
thic D, né bing :

1 1 - 1 1
A= (_1)11-1 3.2 a3 an—l an
Theo gia thiét quy nap, ta duge

A= (-1Y"(as - a) (8, - 3,08, - 83) .- (3, - 808, - 85) ... (8, - &)
Tir d6

D, = (1)@ - a))(2s - 2) o (3 - a)A= [ [ (2 -a))

i>]

-a, a 0 0 0 0
0 -a, a, 0 0 0
0o _
b) D = 0 a, a, 0 0
0 0 0 0 - -a_ a
1 1 1 1 e ] 1

Ta c6 thé tinh D bing phuong phép quy nap, nhung & déy ta hdy dua
D v€ dang tam gidc vi nhanh hon. Ta hdy cOng cic cot 1, 2, ..., n vio cot
n+ 1, ta duge:

-a, a 0 0 0 0
0 -a, a, 0 0 0
D= 0 0 ~a; a, 0 0
0 0 0 0 ~a, 0
1 1 i 1 1 n+t
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Ray ity khai trién D theo cot thit n + 1, ta duge :

~a; a, 0 g - 0

. 0 -a, a, 0 -~ 0
D=(n+1} O ¢ -a, a, -~ O [=C-D'n+NDaa,..a,.

0 0 0 0 - -a,

10. Gidi hé phuong trinh bing quy tfic Cramer :
2%, +3x, - x,=4
a) X, +2X, + 2%, =5
3K, + 4%, - 5x,=2
Ta phii tinh bon dinh thitc dé ¢6 nghiém cia phuong trinh, nhumg &
diy ta may mén nhin thdy ngay nghiém cla phuong trinh
X=X, =X =l |
Thue ra vi dé bai ndi tdi quy téc Cramer, diéu d6 co nghia hé phuong
trinh 1a Cramer, cho nén ¢6 nghiém duy nhit. Néu hé phuong trinh
khong phdi 1a Cramer thi no ¢6 thé vo nghiém hay ¢6 vo s6 nghiém, cho
nén viéc nhim ra mot nghiém chira c6 (hé ndi ring da gidi xong bai toan.
o] X; +2X,+x; =8 o
3%, -2%,-3x;,=-5
X, - 4%, + 5x, = {0
Bing quy tic Cramer, ta dugce x, = 73/38, x, = 71/38, x, = 89/38.
c) X kX, + 2%, +3x,=1
IX - X, - Xy -2x,=-4
2%, 4 3%, - X3 - Ky, = -0
X +2% +3X,-x, =4

X, =X, =-1,%=0,x,= 1.
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d) Xo- 3, +4x,=-5

X, -2%,+3x, =4
3)(1 + 2}(3 = SX4 = 12
4x, + 3x, - 5%, =5

X\ =Lx,=2,%=1,x,=-1.
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Chucong Il
KHONG GIAN VECTO

§1. TOM TAT LY THUYET

Trong chuong 0, chiing ta da ndi (& bdn cfu tric dai s6 ma hoc sinh
£dp trong sudt mudi hai nam hoc & phd thong, tir 6p 1 dén ldp 12, d6 1a
céc cdu tric nira nhém, nhém, vanh va trudng. Trong chuong niy chiing
ta dua vao mot cdu tric dai 3§ quan trong: khong gian vecto, nén ting
ciia mon hoc Dai s6 tuyén tinh. Ciu tnic khong gian vecto d duge
hoc sinh 1am quen khi hoc khdi ni¢m vecto trong hinh hoc & trung hoc
phé thong ma cdc em thutmg vé nhu nhimg miii tén. 8 day cic vectodd
dugc mér rong, chi git lai nhitng tinh ch4t co ban nht cla vecto & trung
hoc phé thong, cho nén chiing khong con vé dugc nhir nhimg mii tén
nita réi. '

1.1. Diph nghia khong gian vectu

Trong chwong nay va cic chuong sau K 1a mét trudng ma chi y&u 1a
cac tnromg C, R hay Q.

Gid st E 12 mot tap hop ma cic phin tr duge ki hiéu bang X,V.Z, ...
(trong nhi€u tai lieu, ngudi ta bd mili tén va chi viét don gidn x, y, z, ...;

@ day ta vin d¢ miii tén d€ giit cach viét nhy trung hoe vi t8ng quét héa
qué nhanh c6 thé gay bdi 161 cho ngudi doc) va K 13 mot trudmg ma cdc
phan tir duge k¢ higu bing A, p, v, ... Gia sit cho hai phép 104n
- phép cong : '
ExE—>E
XYy X+y
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v
- phép nhan mot phin tir ctia K vdi mot phdn trcla E :
‘ KxE—-E .
(A.X) - AX
thda min cédc tinh chit sau véi moi X,y E vaimoi A, p e K:
1) E cing vé&i phép cong 1a mOt nhém aben,
2} phép nhan phan ph6i d6i vdi phép ¢fng clia trudmg K :
(A+ X = AX +yy,
3) phép nhan phan phdi doi véi phép cong cia E :
MX+¥)=AX+AYy,
4) phép nhan két hop :
MpX) = (Ap)X,
5) X =X, 1 1a don vi cha tn€mg K.

Liic d6 ta bao E cliing véi hai phép todn : cong trong E va nhin véi
mot phin o cla trudng K, thoa man cdc tinh chit 1), 2), 3), 4), 5) 1a mot
khong gian vecto irén tnrdng K hay K - khong gian vecto (ciing goi tit 1a
khong gian vecto khi khong cdn chi 16 K) ; khi K = C, ta bao E 1a khong
gian vecto phidc ; K = R, E la khong gian vecto thuc ; K =Q, E 1a khong
gian vecto hitu ty. Cac phén tlr cia E goi la céc vecta ; cdc phin or clia
K goi 1a v6 hudng ( d€ phan biét vdi vecto). Phép todn + goi 14 phép
cong vecla, phép todn nhan vdi mot phin tr cda trudng K goi 1a phcp
nhdn vecla vidi vo hudng.

- Mot s hé qua don gidn suy ra ngay tir dinh nghia ma ta cdn nhd vi
diing tdi ludn.

Vi E 1la m6t nhém aben d6i vai phép cong, nén E ¢6 céc tinh chét cha
mdt nhém aben, mi & diy ching ta ciing nén nhic lai mot s6 tinh chat.

i) Phin tir trung hoa 0 ciia phép cOng vecter la duy nhdt, goi la vecto
khﬁr;g (hay vecto zero). '
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2) Moi vecto X € E chi c6 mot vecto d6i duy nhdt ky hiéu - X,

%) Lust gidnube: G+C=b+C=>d=b.
4) Phuong trinh d6i v6i ¥

5+i=bl
c6 mot nghiém duy nhdt ta b-a. That vay, ta c6 a+(b—3) =b, vay
b—ala nghiem cita phuong trinh. Néu phuong trinh o6 hai nghiém -

cvic

5+c=a+a=h,
thuo hign {uat gidn wse & ding thie thit nhit ta duoe T=c'.

Sau ddy la nhitng tinh chat lién quan dén phép nhan vecto véi vo
hudng.

5) Phép nhan phan ph6i d6i véi phép trir trong K
(A — )X = AX — pX . Thit vay, tacé :

A =((A-p+WX =A - )X +pux ;

cong -uX vao v€ ddu va v€ cudi ta duge ding thitc mong nudn.

6) 0% = 0. That vy, ta chi ciin 1y A = p trong ding thiic trén.
7y ()X =-uX. That vay, dp dung 5) v 6) biing céch dat A = 0.
Chimg minh twong ty, ta duge :

R) Phép nhan phén phdi d6i vai phép tnr trong E:

ME —¥) = AX — A .

9 ad=0. |
1N A(-X)=-AX.
I1)Quanh2 A% = 0 kéo theo hodic A =0 hoac X = 0. That vay gid

st A # 0, nén A ¢6 nghich ddo A ; vay :

Z= 1% = (AV'MX =A%) =A"0 = 0.



1.2. Pinh nghia khéng gian (vecta) con

Gia sir E 1a mot K - khong gian vecto, A 1a mot bo phan ciia E én
dinh d6i véi hai phép todn cia E, nghiala X +y¥e A vaAX € A vii moi
X, ¥ € A va A e K. Nhu vay hai phép todn ciha E cam sinh hai phép

todn trén A. Ta bdo A 12 mot K - khong gian vecto con (goi tit 1a khong
gian con) chia E néu A ciing v&i hai phép to4n cim sinh lam thanh mét
" K - khOng gian vecto.

Dé nhan biét mot bo phan A khong r8ng cha K - khong gian vecto E 12
mot khéng gian con cia E, ta ¢6 dinh 1§ sau day dugc luon ludn sir dung :

A ]2 khong gian con cha E <& VX, § € A, VA, p € K,
AX +pY cA VR, FeAVAeK T+7 cAvari €A.

1.3. Khong gian con sinh béi mot hé vecto

Gid sit E 12 mot K - khong gian vectd, (X );sq 12 mot he n vecto clia
E. Ngudi ta dé dang thdy bd phan

A={MX, +0LX, +. +AX . {AekK,i=1,2,..,n)}
lam thanh mot khong gian con clia E, goi 1a khong gian con sinh bdi he
vectd (X )ygico- '
1.4. Téng ciia nhimg khong gian con

Gia sir E 1a mét K - khong gian vecto, (F )<, }a mot ho m khong
gian con ciia E. Dé ding thiy bo phan

F={X,+X,+...+X,|X, €F,i=12,...,m]
13 mot khong gian con cta E, goi 1a téng cha cdc khong gian con
F.,F, ...Fyvakyhi¢ulaF,+ F, + ... +F,.
1.5. Giao cia nhitng khong gian con

Gta sir E 12 moOt K - khong gian vecto, (F, )1.5,=m 14 mot ho m khong
gian con cda E. Giao

G= nFizFlszn....r\Fm
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13 mot khong gian con clia E, goi 1a khong gian giao cha céc
F.i=1,2,..,m.

1.6. Poc lap tuyén tinh va pha thudc tuyén tinh
Gid sir x_;gg {n 2 1) }a n vecta clha K - khong gian vecto E va
Aty Ass ooy Ay 12 0 phiin tf cha tradng K. Vecls

lelxl +7\.2x2 +...+l“xn

con duge viét la :

—a —

v goi 1a t8 hgp tuyén tinh cla céc vectg x],xz,...,}:v()i cac hé ur
}"ls ll’ ey l‘n (hay Cf‘la hé vecty ( f |)| =12 ....n V(’i h‘.) h@ lﬁ (ki)l =i, 3. n)'

Trong tredmg hop K 1a mot trudng s6, cic A, s& goi 1a he s6 thay cho
hé . '

Khi X 13 mot 16 hgp tuyén tinh cia he vecta (X)), , 5. ... ,, la cOn néi

X biéu thi tuyén tinh dugc qua h¢ vecto d6. Qua céc vi du sav, ta sé thdy
cfch biéu dién :

X= lixi

v

khong chic duy nhdt, tdc 1a con cé thé ¢6

—-‘_ '—
X = Kixi

™

ma khong phdi A", =4, véimoii=1,2, ..., n.

- Vidu Trong R - khong gian vects R, cho céc vecto ;(T= «, -1,
X, =(1,4), x, =(2,3). Khi dé :

—

-2X,+X, +0x, =(l,6)=3xl+3x2 - Xg,
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5%, +2X, - X, =(0,0)= 0=0x, + 0%, +0X,..

Té hop tuyén tinh ctia hé vects (x,),_, _, vdi ho he tit (b, =0),.,
g0i 13 t6 hgp tuyén tinh tAm lhuétng cua hg vecto dé Tmng vi du trén, (a
di biéu thi tuyén tinh vectd 0 qua cic vecto x x x bing hai cich,
rong d6 mot biéu thi tuyén tinh la tim thutmg.

Tong quit, vecly 0 coa mdt khong gian vecto E bao gitr cling ¢6 it
nhdt mot biéu thi tuyén tinh gua mot he vects (x,),_,,., cha E, d6 la
hidu thi tuyén tinh tim thuing :

O=0x, +0x, +...+0x,

He n vecto (x;),, _, (n 2 1) trong K - khong gian vecto E goi 1a
déc ldp tuvén tinh khi vecto 0 chi c6 mot bi€u thi tuyén tinh, dé 1a biéu
thi tuy&n tinh tdm thuimg, qua he vecto d6. Vay he (x,),_,  doc lap
tuyé&n tinh khi va chi khi
n — —
inxi =0 kéotheo h, =A,=... =&, =0
i=1
Hé vecto (;i' )i o khong doc 1ap tuyén tinh thi goi 12 phu thude
tuvén tinh. Viy hé a6 phu thugc tuyén tinh khi vecto 0 c6 it nht mot
n i —
bidu thi tuyén tinh khac tim thudng, nghia1a DA, x, =0 trong d6 ¢ it

i=
nhdt mot A, = 0.

Vi di. Ta hdy Wy lai vi du tren. He (x,.X,.x,) doc 1ap tuyén tinh
vi 0c6 2 biéu thi tuyén tinh qua he d6. He (x,.x,)doc 1ap tuyén tinh

Vi:ndu Ax, +hx, =0, i [ A0, -1) + A1, 4) = (O, 0) hay
Oas -A, + 402) = (0, 0) thi &, = 0, -A, + 4%, =0,dod6 A, =R, =0
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Sau day 1a mot s6 hé qua don gian, nhung rdt quan trong vi ta s& sir
dung luon.

1) Gié sir 112 mot 1ap hop hitu han va @ # J € 1. Cho hé vecto (x, ).,
trong K - khong gian vecto E va hé con ()T;)jej cila né. Vi moi 16 hgp
tuyén tinh cia h¢ con c6 thé xem 1a mot 6 hgp tyén tinh ciia he ban
diu (coimoih¢ th A, =0Ovdiie I1-J)nén:

- néu hé (;)iel doc 1ap tuyén tinh thi he con ();)jej cling doc 1ap
luyén tinh ;

—

- néu hé con (x_j')jEJ phu thudc tuyén 1inh thi hé ban ddu (X };; Phu
thudc tuyén tinh. :

2) Cho h¢ vects (X) chi cé mot vecto. He nay 13 phu thude tuyén tinh
khi va chi khi ¥=0. That vay, néu (X) phu thuge tuyén tinh, diéu dé ¢
nghia c6 0 # X € Ksaocho AX=0.ViA = 01a suy ra X =0. Do lai,
gid sir X =0. Ly A 0, tac6 AX = 0, vay (%) phu thuoc tuyén tinh.

3) Cho hg vecta (1_(:;;)&_.:) n > |. He 1a phy thudc tuy&n tinh
khi vit chi khi c6 mot vecta clia he biéu thi tuyh tinh qua cic vecto cdn
lai clia h¢. That vay, gia sir hé 13 phu thuoc tuyén (inh, nghia 1a ¢6 hé cac
he tir (A, R,,..., &,) trong d6 ¢4 it nhat mét A, # 0 sao cho

MXp+oH R x FRhx FA X oA x =0

Vi A, # 0, nén c6 nghich dao A%, vita co

-1 I - _—
X;==A (A x, +...+ LS T FA X +oHA X, ).
bao lai, gid sit cé x, bidu thi tuyén tinh qua c4c vecio con lai cua he :

— — JP— —_— —

S URE o LT BARITR SRR FINE ) VD STPIL R T THS SN
Thé thi ta c6 thé vigt

T T R TRE I ot pgx, =0

v ), =-1 2 0. Vay hé vecta (;;,. ;:) phu thudc tuyén tinh.
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4y Néu mot vecto ¥ biéu thi tuyén tinh qua mdt hé vecto (x—i). =12

doc 1ap tuyén tinh, thi ¥ chi c6 mot bidu thi wayén tinh qua he vecto do.
Thit vay, gid st cd

n —_— n .
?=Zli i=zxixi‘
o i=1
n o —
ta suy ra > —wx, =0
- :

Nhung he (x;),, 12 doc 14p tuyén tinh, vy A, - 1", =0,i=1, ...,
nhay A, =&",i=1,...,n

5) Né he vecto (x,),_, , doc lap tuyén tinh thi b (X.....x,.¥)
phu thuoc tuyén tinh khi v chi khi vecte ¥ biéu thi tuyén tinh duge qua
he (x.),___,- That vy, néu § biéu thi tuyén tinh qua (x,),, , thi
theo 3) he (X,.....X,.§) 12 phu thuoc tyén tinh. Neuoe lai, néu he

(X,.....X,.7) 1a phu thugc tuyén tinh (hi c6 16 hop twyén tinh khong
tim thuong, '
A, ot A x +A§=0

trong dé A khong thé bing 0, vi néu & = O thi 18 hgp tuyén tinh khong

1im thudng dé chimg t6 he (;:),.:,‘__hn phu thude tuyén tinh, trdi v6i gia
(thidt. Vay tacé :

1.7. Hang ctia mét hé hit han vecto

'

Gia sir [ 13 mot 1ap hop hitu han vi @ = ] < L. Gia sir cho hé vecta
(;)hEI trong K - khong gian vecta E. H¢ con (xj)j'EJ £0i 1a mot hé con
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déc Ldp tuyén tinh 167 dgi cha h¢ di cho néu né 12 mot he doc lap yén
tinh va n€u thém bét cf vecto X, nao, i € [ -J, vio hé con dé thi ta déu
duge mot heé phu thudc tuyén tinh.

Tinh chdt. 1)’ Néu hé con (x,.X,.....x, ) cba h¢ (x,)., 12 mot he

con ddc 1ap tuyén tinh t61 dai thi moi vecto J_t: ,1 € I, biéu thi tuyén tinh
dugc qua hé con d6 va biéu thi tuyén tinh duge mot cach duy nhit.
~ 2)Cho mét heé hiu han vecta (x_'i)iel trong E va cho hé con doc lap

J—

tuyén tinh (x ) ;. (@ # J < ), thi ta c6 thé xay dung mot hé con doc’

lap tuyén tinh t6i dai cia he ()(_;)i‘EI chtta hé (;J.')J.E] .

That vay, gia sir da xay dung duge hé con (x_:,),.EL ,JcL I, doclap
tuyén tinh ma vin chua phai doc 1ap tuyén tinh 18i dai, tic vin cdn cb
vectd ;: ,1 € 1 - L, khong phai 12 mot 18 hop tuyén tinh cia hé (x,),., .

thé thi ta 14y hé (a)mem , M =Lw {i}, h¢ ndy vAn doc 1ap tuyén tinh.

Vi s3 phin tir cda I - L 12 hitu han, sau mot s8 hitu han bude, ta xay dimg
dugc he doi hoi.

Cho he hitt han vectd (x,),,, trong K - khong gian vecto E. The thi
1a chimg minh duge ring s6 phin tir cha moi hé con doc 1ap tuyén tinh
101 dai cha n6 12 bing nhau va goi 14 hang cua hé vecto da cho. Hang cla
he vecto (G) duoc coi bing 0.

{.8. Hang cia ma tran

- Cho mot ma trdn A = (a,) m ddng v n cOt véi a, € K. Hang cia A a
hang cia hé vecto ¢t va ngudi ta chimg minh no ciing biing hang clia h¢
vecty dong va bing cp cao nhit cha cic dinh thitc con khdc 0 cba nd.
Khiing dinh cudi cling nay gitip ta tinh hang cha ma tran.

Nguthi ta chitng minh duge ring néu ma tran A chifa m&( ma tran
vuong cdp p ¢6 dinh thirc khdc 0 sao cho moi ma tran vuong cip p + 1
chifa n6 c6 dinh thifc bing 0, thi ma tran ¢é hang p. Viéc tinh hang cha
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ma trdn cho phép ta khéng dinh mot h¢ phuong tinh tuyén tinh tdng
quét ¢6 nghiém hay khong.

1.9. Co s va 36 chiéu ctia mét K - khong gian vecto
O day ching ta chi & cap 191 chc khong gian vecto ¢6 chiéu hitu han.
Gia sit E 12 mot K - khong gian vecto. Gia sir tén tai trong E mot he
vecto doc 1ap tuyén tinh (; e, ; } 530 cho moi vecto cia E déu

biu thi tuyén tinh qua he d6. Lic d6 ta ciing c6 thé néi he (e )ity

la doc lap tuyén tinh t6i dai trong E. Hai he (e]....,en) va

{e_']-,...,e":) doc 14p t6i dai trong E phai cé sd vecto bing nhav : n =n’.
Vi dy. Gia sit E 1a khong gian vecto gom tat c& cdc vecto c6 cing
diém goc O trong khong gian. Hé ba vecta (el,e '€y c.) khong dfng
phing 1a doc 1ap tuyén tinh va moi vecto ciia E déu biéu thi tuyén tinh
yua chiing.
Gid sir E 14 mOt K - khong gian vecto. Gid sif (,.¢,....,¢, ) 1a mot
hé vecto doc 1ap tuyén tinh (6i dai trong E, nghia la ¢6 cdc tinh chét sau :
1) doc 1ap tuyén tinh,

2) moi vecto cia E déu bidu thi tuyén tinh qua (q;; e_r:) va mot
cdch duy nhit vi (;]'.....nz) doc l1ap tuyén tinh.

Lic d6 ta bao (e;,....e, ) 1a mot co s& ciia K - khong gian vecto E va

s0 chiéu (hay vén tit [ chiéu) ciia E, ky hiéu dim E, 1a s vecto cha co
s0. Ta vi€t dimE = n ; va goi E 13 K - khong gian vecto n chidu. Néu
dim E = n, 1a suy ra moi h¢ vecta doc 1ap tuyén tinh ciia E gém n vecto
13 mot co s& cha E.

Clui y: Ngudi ta chitng minh rdng moi K - khong gian vecto E déu c6
0 s va s6 vectd clia co s ¢6 thé hit han hay vo han. Néu E ¢6 mét co
s hifu han thi mei ¢o s& khac ciia E ciing hitu han va ¢ cling s0 vecto.
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Néu E ¢6 modt co s& vd han thi moi co sd khéc cha E cling vo han, va
ching dang luc véi nhav. Trong trudng hgp E ¢6 cu s& vo han, ta bdo
dim E = o, va goi E 14 K - khéng giun vecto vé han chiéu.

(3 day khi néi tdi co s& clia mot K - khong gian vecto ta hidu ring né
hirv han; Vi 1§ do sir pham. T4t nhién ta ciing c6 thé tham khao théem
nhimg tai liéu khéc dé tim hifu vé cée K - khong gian vectd c6 co s& vO

han. Gia sit E 1a mot K - khong gian vecto, (E:;;ta_l;) 13 mot co s&
ciia E, va x 12 mot vecto tlly ¥ cfia E. Liic d6 x bi€u thi tuyén tinh mot
cich duy nhit qua co sd (E;):

;=ll;+lzg+...+ln;:
Ao Ay .o, A, goi la cdc toa dO cla vecto x d6i v&i chc vectd
c].c_z.....e_r; cla cu s0.

Vi du. Xét khong gian thue R", n> 1,
R'={(X,%; ...x)|x, € R,i=1,2,..,n}

Céc vecto: e, =(I 0,..0,

1am thanh mot ¢o s cha R", gol 1a co sO chinh tic. Moi vecto
X = (X, ..., X,) 6 thé vidt thanh mot 18 hop tuyén tinh cla céc vecto
(e,.¢,,....e ) nhisau :

x=xle1 +X282 +...+X“Cn .

Nhur vay x,, X,, ..., X, la cdc toa dd clia x d8i vSicost (e,). | .

Néu A 1a mdt khong gian con clia K - khong gian vecto n chiéu E, thi
dim A < n. Trong tredmg hgpdim A =n, thi A=E.
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Sau day la cong thic cho s6 chiéu cla tdng hai khong gian con, 1ién
loi cho viée 1am mot s6 bai tap :

dim(Fl"'Fz):dim F|+dim F:'dim (F]ml:z)

1.10. Ma tran chuyén tir co s& nay sang co sé khac

Gia s {e,,....e 114 cosdcl cha E va { .. 1A co s& mai.
~Tacd:

=T7.e +...+1

] 1hj-r mjem’-]:'l""’m‘

T'Ii Tlm

tml R tmm

Ma trdn T ¢6 hang m vi cac vecty ¢6t clia nd chinh 1a cdc vectg
¢'yan ;:‘_; clia co s& mdi bidu thi tuyén tinh qua co s& cii. Vay T kha
nghich, vad goi Ia ma tran chuyén tir co s& {e_]'e_l: } sang co sd

{e e

1"~ m }

I.11. Lién hé giita cdc toa do cia mot vecto d6i vai hai co s§
khiic nhau

- Gidsit x€ E, {e|,....e }.{¢},....¢' } haicosdctaE, T=(r,)
la ma trin chuyén tir co s thit nhét sang co s thif hai. Ta c6 céc toa d0

cta x d6i véi co s thit nhdt bi€u dién qua cic toa do cia x d6i véi co
s thit hai thong qua ma tran T nhi sau :

i:E-'le’ll E—'lu mn w_él + +E—‘m =

:gl(tllel REITRA )+ +§ lmel +. mmir_ll)

= (Tlléll+"' +_tImEJ m )"’ +. +(tmIE-' Yoot 1:mm"é nm )em

m I m
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Tir d6 .
Ev=td’ + ..+ Tl
E.Dl = TZI‘é’I ...+ tlmg'm

gm = Tmlg’] +...+ tmmg’m

§2. BAI TAP

CAC KHAI NIEM CO BAN

1. Hay chiing tb c4c tap sau 1 nhimg khong gian vectd
a) Tap sd hitu ti Q véi phép cong va phép nhin céc s hir ti ;

b) Tap s thuc R véi phép cOng cdc s6 thuc va phép nhan mot s6 thuc
v mot sO hivu ti ;

¢) Tap hop cic da thiic cha 4n x, v6i he s6 hiru 1§ véi phép cOng da
thifc va phép nhan mét da thite v6i mot s6 hitu ti ;

d) Tap hgp céc da thic cha 4n x vdi hé s6 thuc véi phép cong céc da
thitc va phép nhan mot da thitc vdi mot so thuc ;

e) V = Q x R vt phép cong xdc dinh bdi :
(a,b+(c,d)=(@+c,b+d);
phép nhan mot phén tir cia V véi mot s6 hitu G xdc dinh bdi :
r(a, b) =(ra, rh)
(& day Q 12 tap s6 hitu ti, R [a tap s6 thuc) ;

) Tap s6 phirc C véi phép cOng hai s6 phiic va phép nhan s6 phic véi
mQt s6 thue.

2. Cic tap sau cé phai 1a khong gian vectd trén R hay khong ?
a) Tap Q véi phép cong va phép nhan mot s6 hitu i véi mot s6 thuc ;

b) Tap s6 nguyén Z véi phep cOng va phép nhan mot s6 nguyén vai
mdt s thue ;
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¢) Tap V néi trong bai tap l.e) vdi phép cong va phép nhan v s6
thue 1 xdce dinh bdi cdc diing thitc trong bai 1.e).

3. Ching minh ring tap hop F céc ham s6 thue xdc dinh trén doan [a, b)
Vi phép cOng céc ham s6 vi phép nhan mot ham s& véi mot s& thue 12
mdt khong gian vecto trén R.

4. Cho A va B la hai khong gian vecto trén inmg R, V=A xB. Trén V
xdc dinh phép cong :
(@,.B)+(@,.B,) =(a, +0,.5, +5,),
phép nhin vdi s6 thire r xde dinh bdi ;
r(&.6) = (rd.1).
Chiing minh ring V 13 mdt khong gian vecio trén R.

5. Trén tap M = {a} x4c dinh phép cong va phép nhan véi mot sS hitu ti r
nhu sau ;
ata=asra=a,req{)
Chitng minh ring M 12 mot khong gian vecto trén Q.

6. Chimg minh tap hop R c4c ddy s6 thuc 12 mot R - khong gian vecto
ddi véi phép cong va phép nhian véi mot s6 thire thong thudng,

7. Ching minh tap hop C" c4c dily s6 phite 1a mot C - khong gian vector
d61 v phép cong va phép nhan vdi mot s6 phic thong thudng.
Lai gidi

1. a) Ta hay nhin lai dinh nghia khong gian vecta trong (§1, 1.1). & day
E=Q va K = Q. C4c phép todn la nhu sau :

ExE=QxQ—=>Q .
(X, ¥) = x + y (phép cong hai s& hi t§)
KxE=QxQ —>Q

(A, x) - Ax (phép nhan hai sd hitu ty)
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D& ding kiém nghidm hai phép todn trén théa mén 5 tinh chat cla
dinh nghia khong gian veco trong 1.1. Vay Q la mot khong gian
veeta trén trudmg Q. Cin chi ¥ 13 cdc phdn tir chia Q, khi coi 1a
khonggianvecto, 13 nhitmg vecto ; con khi néi t6i trudmg Q (trudmg
K trong ly thuyét) thi cic phdn tir cia Q la ohiing v6 huéng.

b) Trong bai nay E = R va K = Q. Cing lam nhyr bai a) ta duge R la
mot Q - khong gian vecto.

c) O day E = Q{x] va K = Q. Ta ¢6 Qix] 1a mot Q - khong gian

vect .
4y Rfx] la mot R - khong gian vecta,

¢) Trong bai nay E = Q x R, K = Q. Cic phép todn cOng va nhéin véi
v hirdng nhur sau @

ExE=Q xR)x(QxR)->Q xR
{((a, b), (c,d) > (@a+c,b+d)
KxE=Qx(QxR)y-> QxR
(A, (a, b}) > (Aa, Ab)

Ta hiy lan lugt ching minh hai phép todn trén théa mén 5 tinh
chit trong (§1, 1.1). Hién nhién vi Q va R 1a nhiing nhém aben
d6i vai phép cong céc s6, nén tich Q x R cﬁng la mot nhém aben

vii phép cong thyc hién trén cdc thanh phan cla cap, ngu0‘1 ta gm
né 1 nhém tich cha cdc nhém Q vd R. Mat khic ta ¢d cdc ding
thic sau day :

(A + )&, b) = ((A + Wa, (A + n)b) = (Ra + pa, Ab + pb)

= (Aa, Ab) + (ua, ub) = Ada, b) + p(a, b) |
A, b) + (¢, d)) = Ma + ¢, b+d) = (AMa + ¢), Ab + d))

= (Aa + Ac, Ab + Ad) = (Aa, Ab) + (Ac, Ad) = A(a, b) + A(c, d);
(Ap)(a. b) = (hp)a, (M)b) = (A(ua), A(ub)) =

= Mua, ub) = AMu(a, b)) ;
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1(a, b) = (1a, 1b) = (a, b). -
VayQ xR 1amot Q - khOng gian vecto, goi 12 Q - khong gian vecto
tich cta Q - khong gian vecto Q va Q - khong gian vecto R.

f) G day E = C va K = R. Ta dé kiém nghiem C 12 mot R - khong
gian vecto. N€u thay R bing C ta ciing ¢6 C 1a mot C - khong gian
vecto. Téng quat, mbi trudng K 12 mot K - khong gian vectd.

2. a) 0 day ta lfy E = Q vd K = R. Phép cong trong Q 1a phép cong
cdc 56 hitu ty ; hién nhign Q 13 mot nhém aben v6i phép cong cac
56 hitu ty. Ta hay xét phép nhan véi v hudng :
KxE=RxQ—>E=Q
(A, X) P Ax

A 1a mot s6 thie, x 1a mot s hitu ty, the thi trir khi A 13 hin ty, con néu
A ¢ Q thi Ax € R, nhimg Ax ¢ Q. Vi phép nhan vo hudng dinh nghia
nhur vay, ta khong ¢6 mot 4nh xa tir R x Q vio Q. nghia I ta Khong ¢é
phép nhan véi mot vo hudng, vay Q khong phai 1a mot R - khong gian
vectd,

b} Z khong phdi 12 mot R - khong gian vecto ciing chng 1§ do nhu
biu a).

¢) Trong bai 1.c) ta xét Q - khong gian vecto Q va Q - khong gian
vecto R, va ta duge Q - khong gian vecto tich Q x R. Bay gidf ta mudn
slra trudng vo huong bing céch thay Q bing R, hic dé Q khong phai 1a
R - khong gian vecto theo a), vay ta sé khong c6 khong gian tich Q@ x R
vi khong cé phép nhén vé huéng -
KxE=Rx@QxR)>QxR
(A, (a, b)) > (Aa, Ab)
doAae QvdidAeRviacQ. '
3.0 day E=F, véi
F={f:{a, b] > R|fla4nh xa}
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va K = R. Céc phép cong va phép nhan véi vo hudng 1a nhy sau -
ExE=FxF—>F |
(f,gy>fT+g:fa,b) >R
X B f(x) + g(x)
KxE=RxF—->F
A DHFAf:[a,b] >R
X > (AN)(X) = A.f(x)
Trudc héi ta hdy chimg minh F 12 mot nhém aben d6i véi phép cong :
f+g:[a,bj >R
x - f(x) + g(x)

5 g+f:[a,b]>R

X > g(x) + f(x)

Nhung f(x) + g(x) = g(x) + f(x) véi moi x € [a, bl nénf+g=g + f,
nghia {a phép cOng giao hodn.

(f+g)+h:[a,b] >R
| X > (f(x) + g(x)) + h(x)

f+(g+h):[a,b] >R
x B f{x) + (g(x) + h(x))

Do {(f(x) + g(x)) + h(x) = f(x) + (g(x) + h(x)) vi moi x € [a, b], nén
(I'+ g) + h =1+ (g +h). Vay phép cong két hgp.

O:{a,b}] >R
x>0
O+f:[a,b) >R
x> 0+ f(x) = f(x)
Vay O+ =1 vdi moi f € F, ham O 13 phin t&r khong.
-f:[a,b] & R

x = -f(x)

Dé dang thdy rang -f xdc dinh nhu trén 1 him d6i cia ham f.
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Vay F 1a mot nhém aben di véi phép cong. Mt khéc ta c6 :
(A+p)f:la,b] >R
X (A + p)f(x) = A.f(x) + pu.f(x)
Af+ pf:[a,b] >R
X = Af(x) + p.fi(x)
viy (A + wf = Af + pf,
' AMf+g):[a,b] >R
x > A(f(x) + 2(x)) = A.f(x) + A.g(x)
AMf+Ag:[a,b] >R
X > Af(X) + A.g(X)
vay MI+ g) = Af + Ag,
(Awf:[a,b] > R
X > (Au).f(x)
AMuf) - [a.b] > R
x > A (u.f(x)) = (Ap).f(x)
vay (Muf = Auf),
Jf:[a,b] =R

X k= 1.I(x) = {(x)
vay ILf=fvGimoi f € F.

Ta két luan F 12 mot khong gian vecto irén R. Trong chimg minh ta
nhan xét, s& di cic phép cOng v phép nhan véi vo hudng théa min cic
yéu cdu cila mot khang gian vecto vi R 1a mot R - khong gian vecto R.
Cho nén ta ¢6 thé tdng quat héa bai todn bing céch thay R - khong gian
vectd R bing mot K - khong gian vectdg G, [a, b] bing mot tap hgp I tdy

¥ khéc rong ; liic d6 tap hop F la :
F={f:1 > G|fénh xa)}

vdi phép cOng va phép nhin vdi vo hudng xdc dinh tuong W

nhu trén :
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FxF—>F
f.g)=f+g:15G
x> f(x) + g(x)

(1)

KxF—>F

AP AM:I5G

X B> (AHX) = A.f(x)
. Viéc chimg minh F 1a mot K - khong gian vectd hodn toan twong ti

nhu trén do G la mdt K - khong gian vecto. Ngudi 1a thudmg k¢ hiéu F
bing G'. Nhumg tap hop G' lai 1a tich D& cic n G ,, vdi G, = G cho moi

el

i € 1. That vy cho

f:I1->G
i1 (1)
ta duge ho (f(l))lel € ]_[Gl , va nguge lai cho ho (g,), € HG
i€l i€l
ta duge dnh xa
f:1 -G
i f(i) =g,

Cho nén ngudii ta thuong viét tich B¢ cdc NG, vdi G, = G bing G'.
Trong tuong hap I={1,2, ...,n}tac6 G'=GxGx ... xG.
h.-—._—v—l

A ki

Ti cée diéu néi trén, ta duge : khi G 1a mot K - khong gian vectd, thi
(a ciing c6 tich Dé cdc Gl 1a mot K - khong gian vecta, véi phép cOng va
phép nhan vo eré'ng xédc dinh theo (1) ma ngudi ta ndi 1a cim smh bai
cic phép todn clia K - khong gian vecto G.

4. Ta tién hanh tvong or nhir bai 1.¢) va duge V 1a mot R - khong gian

vecto, tich cla R - khéng gian vecto A va R - khong gian vecta B. Chi
y: khi ndi téi tich cia hai khong gian vecto thi phép cong phai 1a phép
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cOng trén cAc thanh phin va phép nhan véi v6 hudng ciing ta phép nhan
trén céc thanh phédn, nghia 1a cdc phép toén cha khong gian vecto tich
dugie cdm sinh bdi céc phép todn ciia mi thanh phin cua tich. B nay
d4 téng quéat héa bai 1. €) 1én mot bude bing cich thay Q bang A, R
hing B va trudng vo hudng Q bing R. Ta ciing ¢6 thé téng quat hon nita
bing cdch thay A va B 1a nhimg K - khong gian, vi ta duge K - khong
gian vecto tich A x B.

Trén day ta da x£t tich cha hai K - khong gian vecto, ta ciing c6 thé
xét tich cha nhidu K - khong gian vectd, cu thé ta xét mot he (4,),,
nhimg K - khong gian vecto va K - khong gian vecto tich [ | 4, ¢6 céc

. ied
phép toén sau day :
e+ ) =X +Y) e
x(xl)l c1= (xxl)l L

Khi cdc A, = A, thi [ [ A; = A%, va ta thdy lai diéu da néi trong bai 3.
€]

5. Hién nhién M = {a} 1a mot nhém aben v&i phép cong da x4c dinh, d6
13 nhém tdm thudmg chi chita phdn tir khong ma & day 13 a. D6i vdi phép
nhan vdi céc s6 hitu ty, déng vai trd cic vO hudng, ta ¢6 diy du cdc tinh
chit ma mot Q - khong gian vectd phai thda mian. bay 12 Q - khong gian
vecto (dm thudng chi c6 mot vecto O, d6 1a phdn tir doc nhdt a
cua M.

6. Tap hop céc day s6 thyc chinh Ia tap hop R céc 4nh xa tir N vao R.
bay la mot trudng hop dic biét cha tnrdmg hop téng quat da dé cap &
trong c4c bai 3 va 4 ; R¥ 1a mot R - khong gian vecto véi cdc phép todn :
(31)11— Nt (b|)1 N (a1 + bl) 1 £ Ns
1‘(a1)1 eN ™= (lal)l “ N

7. C™ 1a mot khong gian vectd trén trudng s6 phitc C ; day cling 1a mét

tnimg hap dac biet cha trudng hop téng quat da dé cap & trong cdc bii 3
vit 4.
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KHONG GIAN CON
8. Chitmg minh ring : _
a) Q la khong gian vecto con ciia khong gian vecto R trén Q ;

b) Tap P, gom da thitc G va céc da thic f(x) € R[x] véi bac f(x) < n,
(n 12 mot s6 tr nhién ¢ dinh), 12 mot khOng gian con cua khOng gian
vecto R[x] trén trutng R.

9. Cho khéng gian vecto R’ trén trudng s6 thuc R. Céc tip con sau clia
R* ¢6 phai 1a khong gian con ciia R*hay khong

a)E={(a,0,a) | a, e R};

b)F={(a, a -a) | a,€ R};

) G={(a, a, 2 +a) | a€ R};

dyH = {(a,, a,, a3) | a,+a,+a,=0,a¢€ R};

e}L={(a,, a;, 2,3y | a; € R}.
10. Chiing minh tap hop E cic ham s& thuc l;én tuc trén mot khoang [
cha R 12 mot R — khong gian vecto.

11. Chimg minh tap hgp E cdc ham s6 thuc ¢6 dao him trén mot khoang
Icia R 1a mét R — khong gian vecto.

12. Chimg minh t4p hop E cdc ddy s6 thuc bi chin 1A mot R — khong
gian vecta.

13. Ching minh tap hop F cic day s& thuc bing O tdt ca trir mot s6 hlru
han 13 mét R ~ khong gian vecto.

14. Cho khéng gian vecto V trén trudng s6 thuc R, & la mot vecto cd
dinh thuéc V. Chimg minh ring tap hop

W ={rd& | re R} 12 mét khéng gian con cila V.

15. Cho (W; ] i € I) 1a mét ho tuy ¥ nhimg khéng gian con ctia khong
gian vecto V. Chiing minh ring

w=W,
el
la mét khong gian con cia V.
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16. Cho U, W 1a hai khong gian con clia khong gian vecto V. Ching
minh ring U + W 12 giao clia tdt cd c4c kKhong gian con cla V chnfa U
vii W, .

17. Hop cia hai khong gian vecto con cia E la mgt khong gian vecto
con cha E khi va chi khi céi nay chia trong cii kia.

18. Gia sir A 12 mot khong gian vecta con clia E. Phan bb E- A clla A
trong E 1A moOt khong gian vecto con hay khong ?

Lo giai

8. a) D& Jam cdc bai 13p loai nay, ta xem lai (§1, 1.2) vé khong gian
vects con. Trude hét taco @ # Q < R. Mat khic; néu x, y, A € Qtadé

dang thdy : X + y € Q va Ax € Q. Vay Q la khong gian vecto con cua Q
- khong gian vecta R.

b) Hién nhién P, # @. Mt khdc gia sir §(x), g(x) € P, va A € R.
Thé 1hi '

bac (f(x) + g(x) < n, néu f(x)-+ g(x)=0
bac (A(x)) < n, nfu Af(x) =0
Vay f(x) + g(x) vd Af(x) 1a nhimg da thic thuoc P,. Ché y néu
1(x) + g(x) = 0 hay Af(x) = O thi hién nhién ching thudc P,.
9. Ta lan lugt 6 :
*Ex O
*(a,0,a)+ (b, 0b)=(a, +b,0,a,+b)) e E
* A(a, 0, a,Y=(Aa,, 0, Aa;) € E.
Vay E 13 mot khong gian vecto con clia R™.
M*Fz O _
* (ay, 2, -2,) + (b, bh,, -bY=(a, + b, a, + b, -(a, + b)) € F
* A(a,, a,, -2,) = (ha,, ka,, -Aa,) € F.
Viay F 1a mot khong gian vecta con cia R®.
| .



<) Tuong tu.

H*H=Dvi(0,0,0) e H

*la, a5, a) + (b, by, b)) =(a, +b,a,+ by, a,+b) € Hvi
a,+b1+a2+h_‘+a3+b3=a,+a2+a3+b1+h:+b3=0+0=0
* Ma,, a,, a,) = (Aa,, Aa,, Aa,) € H.

¢e)-L#&

FXé&(L, L 1)eL Tacé (U, i, D+(L L, D=(2,2.2)« L. Vay L
khong phai 1 mot khong gian vecto con ciia R®.

10. (3 dy ta phi hiéu ngdm I3 phép cong va phép nhin véi v6 hudng
A € R duge thye hign nhr trong bi tap 3. Néu ching minh thing E 12
mot khong gian vecto trén R, ta phii 14n hugt chimg minh t0ng ctia hai
him s6 lién tyc trén I 1a mot ham s6 lién twe tren [ va tich cha mot s¢
thue v&i mot ham s6 lién tye trén 1 13 mot him s6 thuc tren 1. Ti€p theo
ta con phdi ching minh c4c tiégn d& ciia mot khong gian vecto duge thoa
min d6i vdi E. Chiing ta s& khong 1am nhu viy. Ta ldy lai bai'tap 3 véi
khong gian F 1a khong gian cdc ham s6 thuc x4c dinh trén khoang 1. Nhu
vy @ # E < F vi ham 0 € E. Mt khac t8ng ciha hai him lign tyc trén |
la lién tuc trén 1, va tich clia mot s& thue vai mot ham lién tuc tren [ 13
mOl ham lién tuc tyc trén 1. Vay E La madt khong gian vecto con cta F,
cho nén E 1a mot khong gian vecto (trén R).

11. Cing lam nhu bai 10,
12. Ciing tién hanh vai tinh thin nhu di 1am véi c4c bai 10, 11, ta xem
lui bii 6 trong d6 R™ la mot R - khong gian vecto. Ta hay chimg minh E
< R™ 1a mot khong gian vecto con ciia R™. Ta ldn gt c6 :
* E # O vi day (a), . x vSi moi a, = 0 thuoc E;
* Gia sir (a) va (b) thudc E. Diéu d6 co nghia t6n tai hai s§ thuc
duong A va B sao cho la) < A va Ibj < B véi moi i € N. Hién nhix ta

chla, +bl<laf+Ib)< A +B. Viy tng ciia hai day bj chiin 1a mot day
bi chiin;

* Gid sif (a) € E va &  R. Hién nhien ta c6 Iha) = [Ala) < IMA. Viy
tich ciha day (a,) vdi mot s thuc A cing la mot ddy bi chan. Vay E 1a
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mot khong gian vecta con cba RY cho nén né 1a mot khong gian vecto
trén R.

13. Gia st (a), < x € F. didu d6 ¢6 nghia ¢6 mot tap hop hiu han1 < N
savchoa #0vdiielvia=0vdiigl Talan hngt co:

* F # @ vi day (&), . x v0i moi a, = 0 thu¢c F (trong trudng hop nay
=) '

Gid sir (a,) va (b)) thudc F. Diéu d6 c6 nghia (0n tai hai bo phan hiu
hz‘mlva‘llcﬁaNsaochoa,:t()\;éiie Ivia=0vsiiel, b +0vd
icJvab=0vGiie¢) Hinnhigntacéa +b=0véiielvIvakh
i € 1L J thi a, + b, c6 thé khéc 0 hay bing 0, nghia 1a a, + b, khdc 0 vai i
thudc mot bo phan cia 1 L J, néi mot cach khéc ddy (a, +b),.n€ F.

* Gia sir (a) € F va A € R. Hién nhién diy (Aa,), . 5 bing O tdt ca try

MmOt s hitu han. Vay F 12 mot khong gian vecto con ciia RY, cho nén né
la mot R - khong gian vecto.
14. Tuéc h&t W 2 @ vi = 1. @ € W. Gid sir 1, 5 € R, the thi
rd +sd =(+s)a € W,vas(rad) =(sna € W. Vay W 1a khong
gian con cua khong gian vecto V, sinh bai he vecto { & } chi c6 mot
vecto & (xem §1, 1.3). '

15. W = & vi vecto 0 thudc moi W, nén thuoc W. Gid stt X,y € Wva A
e K (ta gia sit V 1a mot khong gian vecta trén mot trudng K). Tac6 X,¥
e W, véi moi i € 1. Do cdc W, 1a nhitng Khong gian con cia V, nén X +
y € W, vaAX € W, vdi moi i e . Viy X + § ¢ W va
AX € W. Do d6é W la khong gian con chia V.

16. Theo (§1, 1.4)

U+W={u+w|delU & eW|
1a khong gian con cia V, tng cia U va W, Hién nhien U + W chita U
VWVi=G+0va w=0+% vsi i e Uvd we W.Matkhic
xét ho (V) « ( cdc khong gian con cha V chifa U va W. Ho nay khong
réng vi U + W 1a mot khong gian con thudc ho. Vay nVi cU+W.
e : iel
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Nhmmgtaco i + we V,vdsimoi t e UMM W e W,vay U+ W V,,

Vie L Tirds U+ W < {1V, . Ké hop v6i bao ham thic nguoe & trén,
1€l

taduwgc U+ W= nVi .

il

17. Gia sit F va G 1a hai khong gian concia E. N Fc GthiFUuG=G,

L3

vidy F « G la mdt khong gian con cia E. Pdo lai gid sit F w G 1a mot
khong gian con cua E. Ta hdy ching minh hodc F < G hoac G c F. Ta

hiy chimg minh bing phén chimg. Gia si F ¢ G va G & F, didu d6 c6
nghiatontai f € Fsaocho f e Gvatén i § € Gsaocho g ¢ F. Vi
F L Glakhong giancon,nén f + § e FUG. Vay [ + 3 thudc F
hodc thuge G.Néu  + g e F, thi ( + g)-f = g  F, mau thudn véi
§ e F.Nuf +g eG,thi(f + g)- =1 e G, miu thuin véi
f ¢G. Vay ta phii ¢6 holic F « G hoiic G c F.

I8. X& E - A. Hién nhién E - A khong thé 1a khong gian con vi

0 e¢E-A. :

SU POC LAP TUYEN TiNH - SU PHU THUOC TUYEN TiNH
19. Xét xem cdc h¢ vecto sau trong R* hé nio doc 1ap tuyén tinh :
we =(1,1,0),8 =@ 1, D, & =(,0,1);
Mo, =203, 0, =(1,1,2), o, =(1,2,-1);
9 B, =(0.2,3), P, =4 1,0), B, =3, 1, 1);

Dy, =LA, Yy =@2,0,-1), 7, =(5,6, (1),

2(. Xét xem cic h¢ vecto sau trong khong gian cic da thite R[x} trén
truomg s6 thue R, hé nao doc 1ap tuyén tinh :
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.a) a, =l a, =X, a, =x’;

a

BB, =1L,pB, =x, B, =x, B, =2x'+3.

21. Chiing minh rdng néu hé vecto

—_— — —

l'll ,(l'z 3 aney Cl.r

clia khong gian vecid V trén trudmg K ¢6 hai vecto u_;va(:;
saochoa; =kt thi d6 13 he phy thudc tuyén tinh.

22, Chimg minh ring h¢ vecto

0,0, ey &,
phu thudc tuyén tinh khi va chi khi ¢6 mot vecta @, 1a t6 hop tuyén tinh
clia cac vectd ¢on lai.s '

23. Chimg minh ring néu

o, ,0, 0.0,

12 mot he¢ vecto doc 1ap tuyén tinh trong khong gian vecto V trén trudmg
K thi hé vecto:

—_— —_— —

By =a;, B, = +a,,

— — oy — e e— e —

By =a, +a, +a,, E=a|+a2+a3+a4
cling 1a mo6t hé vecto doc lap tuyén tinh clia V.
24. Xét R - khong gian vecto R® cac ham s6 thue x4c dinh trén R. Gia

stF=1{f 1 ... £ }1amdl ho cic ham xdc dinh nhr sau -
1 2

fa_:RaR

i x-albaekR,i=12,...,m

trong dé a, # a, khi i # j. Chimg minh h¢ F doc 1ap tuyén tinh,

66 . 5-BTDSTT 8B



25. Xét R - khong gian vecto R*. .Gi':l su G ={ £a, 80 8y, } 1a mot ho
cAc him x4c dinh nhu sau ;
g, R—R
P x-a,a€Ri=1,273

trong d6 a, * a khi i = j. Chimg minh he G phu thude tuyén tinh.

Loi gidi
19. a) Ching ta hdy tim nhitng s0 thue x, y, 7 dé XE + ys_z. + za__; =

(L L, +y0, 1, D+2(1,0, D=(x+z,x+y,y+7)=(0,0,0). Ta
due hé phuong trinh tuyén tinh :

X + z=10
Xty ={
y+z=1{

ma dinh thic céc h¢ s6 1a

1 0 1
Il 0} =2==0
01 1

Ta ¢6 mot hé Cramer vifi nghi¢m duy nhfl ]a x =y =z =(). Viy hé
veeld doc 14p tuyén tinh.

h), ¢), d) lam twong wr nhy a), ta c6 céc he veckr da cho 1 doc tap
tuyén tinh.

2. a) Chiing ta hdy tim nhimg s& thyuc a, b, ¢ d&
ac?l'+ ba, + ca: =al+bx+cx’=0.

B¢ da thic a + bx + cx” hilng da thic 0, ta phii cé a=b = ¢ = 0. Vay

—_— —

hé vecto { @, ,a., ,a, } adoc 13p tuyén tinh.
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b} Chiing ta hdy tim nhimg s thuc a, b, ¢, d 88
a+bx +cx’+d(2x* + 3) =a+ 3d + bx + x*(c + 2d) = 0.
Viy ta phdi c6
a+3d=0
b=0
c+2d=0
Ta nhan xét taco thé ldy a= -3, =0,c=-2,d = 1 dé da thiic trén
bing 0. Vay tac6 :

3B, +0B, -2B, +1.B, = 0,

‘nghia lahe vecto {B, . B, , B, , B, } phu thudc tuyén tinh.
21. Xem (§1, 1.6, hé qua 3).

22. Xem (§lv, 1.6, h¢ qua 3).

23. Ta hdy tim nhitng phin tir x, y, z, t € K dé

—_— —

XB, +yB, +zB;+ 1B, =xa, +y(a, + a, ) +z(a, +a,+a,)+
+ma|+a2+u3+wh)=u+y+z+na,+@+z+0a2+

+(z +-t)a_3'+tu_4- = 6.Vih¢ veetd {ay ,a, ,a, ,a, } dOc lap tuyén
tinh nén ta phai ¢é
X+y+z+1=0
y+z+t=0
z+1=0
t=0 -
bay 1a mot h¢ Cramer ddi vdi x, y, z, t vi dinh thifc c4c hé s& bing -
11
0

0

H
1
1
0 0

LD D e
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- HE ¢6 mot nghiém duy nhdt : x =y =z =t = 0.Vay hé vecto

— et vt —

{By. By, By, B, | doc 1ap tuyén tinh.

24. Gia sit h¢ F phu thudc tuyén tinh. The thi theo (§1, 1.6, he qui 3) sé

cG mot vectd ciia F, & day Jamot ham, ching han ham f, biéu thi uyén

tinh qua céc ham cdn L cita F, nghiala c6 &, € R,i= 1,2, ....m- 1, dé
fam =27L1fal +7\.2fa2 +...+A,  f

m-1 a
hay X -agl=20x -al+Adx -a,l+ ... + X, Ix-a,l

vOi moi x € R. Nhung hién nhién v€ irdi cia ding thifc 1a mot ham
khong ¢6 dao ham tai x = a,, trong khi v€ phai lai c6 dao ham tai x =a,,.
Vay F khong thé phu thugc tuyén tinh, n6i céch khic F 12 mot he vecto
doc 1ap tuyén tinh.

25. Néu hé G phy thuée tuyén tinh, ta phii cé m@l'vecm caa h¢ biéu thi
tuyén tinh qua cic vecta cdn lai clia hé. Vi ba vecto cla G déu ¢6 vai trd
nh nhau, nén ta 14y g, ching han, va tim céch biéu thi tuyén tinh né
qua g va g ,nghialatim i, X, € R sao chio
1 2
ga3 = A’llgal '*-A’zga2 .

hay X-a3=A (X -a)+ (X -a) = (&, + A)x - (L4, + Aa,)
v6i moi x-€ R. T dé ta phai ¢é
A+, =1
{ aA, + ah, =a,
bay 1a mot he Cramer dGi vdi X, va A, vi dinh thic
P

al a

=a, -a, 20

2
Tir d6 ta duge mot nghiém duy nht
Ai=(a,- a;)/(a; - a)), A, = (a, - a,)/(a, - a,).
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Vay hé G 1a phu thudc tuyén tinh, phung céc vecto - va g, la doc

lap tuyén tinh vi biéu thi tuyén tinh mot cdch duy nhét qua ching.
o ldp 8o, q

Ta cdn ¢6 thé néi cac vectd ciia G d6i mét doc lap tuyén tinh vi ching
c6 vai tro nhu nhau.

Ta c6 thé mé& rong bai todn bing cdch xét h¢
G = {ga] 182, +Bq v o0 By l,aeR

trong d6 g = x — a;, vdi a # a; khi i # j. Hién nhién G* la phu thudc
tuyén tinh vi hé con G cfia né phu thudc tuyén tinh (xem §1, 1.6, hé qua 1).

HANG CUA HE H{JU HAN VECTO — HANG CUA MA TRAN
26. Tim hang clta ma tran sau :

1 -4 8 - (1 -1 3

) A=|3 -2 4; b)B=|2 -1 3|;
4 -6 12 ' 3 1 3
1 2 -3 . 3 _llg??
C=[0 1 3 4 5|; dD= " "
02 3 1 8
0 2 2 4

27. Trong R* tim hang cla cdc hé vecto sau :
B o, =(-1,2,0,1), @, =(1,2,3,-1), &, =(0,4,3,0):

b) B, =(-1,4,8,12). 8, =2, 1,3, 1),

J—

B, =(-2,8,16,24), B, =(1,1,2,3),

28. Tim hé con dac lap tuyén tinh t6i dai cha hé vecto sau trong khong
gian R*:
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&

|

—

0'1 =(l)2909'l)’ 0'2 =(09 l|3s '2)9
@y =¢-1,0,2,4), a, =(3,1,-11,0).

I

29. Tim gid trj ciia x d€ hang ciia ma tran

2 1 3
A=l -2 &
4 x 6

bing 2.
J0. Coi R nhu mot Q - khong gian vecio, tinh hang chia he vectd

(1, 2.43).

31. Xét R - khong gian vecto R® cdc ham s8 thue xdc dinh trén R. Tinh
hang cita hé vecto (f),. ., trong d6

:R>R .
XxPsinix,i=1,2,...,n

Lo giai
26. a) Ta c6 [Al = 0 va dinh thidc con cdp 2 & gée trdi

| -4

|-3 __2i*—2+12_1u¢n.
Viyhg A=2.

b) IBl=6%0; vy hg B=3,

¢) (3 day hang clia C nhidu nh4t Ia bing 3 v C chi 6 3 dong. Ta c6
dinh thifc cfip 3 & goc trai '

1 2 -3
0 1 =320
0 2 3

Viy hg C=3.
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d) Ta cé IDI = 0 va dinh con cdp 3
I 4 6
-1 0 lji=1#0
2 10
Vay hg D = 3.
27. a) Ta thdy ngay :

(13 =ﬂ1+[12

trong khi { E; ,c—r.: }1a dﬁt. 14p tuyén tinh vi céc toa do clia chiing kKhong
ty 1¢ vSi nhau. Vay hang cla hé 1a 2.

h) Ta thay ngay [Z: = 2[-3_1- , c_ho nén vin dé duge dua vé tim hang ca
{ E; , [3_2* , E 1. Ta xé1 ma tran nhan dugc tir hé vecto dé :

~1 4 8§ 12
2 13 1
112 3

trong d6 dinh thic con cdp ba ndm & gbc trai 6 gid tri 1a 5. Vay
he (B, . B, By, By)=3

28. Ta xét ma trdn A tao bdi hé vecta |

£
2
ol
o

I 2 0 -1

v cac vecto ddng l4n luot [ ; ,a._z- ,c?_; ,a; .Ta ciing c6 1Al = 0 va

dinh thic con cap 3 & géc tréi ¢6 gid e 4 = 0. Vay (a, ,a, ,a, } a
mat he con doc 1ap 16i dai. Ta ciing ¢6 thé tinh d€ thay :

a, =20.l -30&2 -y,
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29. Truéc hét dinh thic con cap 2 & géc trdi ¢ gid tri -5 = 0. Vay
hgA = 2. Mudn hg A =2, ta chi ¢dn cho x mOt gid tri dé |Al = 0. Tinh IAl
ta duge Al = 3x - 6. Vay chi ¢cé mot gid tri cha x lam 1AI=0,d6lax =2.
Thyc ra nhin ma trdn (a cung thiy ngay khi x = 2 thi dong thit nhét va
thit ba ty 1& v&i nhaw vt chi ¢6 mot gid tri x = 2 1am triét tiéu |Al vi khai
trién dinh thdc Al theo dong thif ba ta dugc mot da thicc bac nhdt doi
v X,

30. Truée hét {1, +/2 ) 1a doc 1ap wuyén tinh, néu khong ta s& cd
V2 bidu thi tuyén tinh qua 1, nghia Ia sé ¢4

\/E =B p.gqe Z,q=0.
q

Binh phuong hai v& cia ding thiic 1a duge :

hay

(N _ 2q° =p.

Viy 2 ¢6 mat § v€ trdi cha ddng thic véi lity thira I¢ va & vé phii véi
- liy thira chin, mau thuin vé6i sy phan tich duy nhit mot s6 nguyén thanh
thira 30 nguyén t6. Vay hé { I, \/-2_ } doc lap tuyén tinh.

Gia sirhe {1, ¥'2 ,4/3 } phu thuoc tuyén tinh. The thi ta phii c6 3
biéu (hi tuyén tinh qua | va V2, nghi'a lacd A, A, € Qsaocho:

V3 =h 0+ 0,42,
Binh phuong hai v& ta duge :
3=07+ 207 + 200 V2 .
Néu d,=0,1a st co:

1‘2

3=—2 r.sef,sz0
5
hay

(2

£
ml-)
H

.
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Ly luan nhu d6i véi dang thirc (1), 1a di téi mot mau thuén.

Néu A, =0,tasdcéd:

hay

4 V=200

(3 ding thic (4), ta cing di (6 mau thudn nhu véi (1).

Néu A, va A, ddu khac khong, tir ding thi (2) ta s di (6 v2 12 mat
s0 hitu ty, nhung diéu ndy ta da thdy 12 khong thé sdy ra duge & ding
thite (1). Két luan hé {1, \/5 ,\E } la doc lap tuyén tinh, cho nén hang
clia hé 1a 3,

31. Ta hdy chimg minh bing quy nap theo n ring hé vecto {f},.., la
doc 1ap. Khi n = | hé {f,} hién nhién 13 doc 1ap tuyén tinh Wi §,
khong phéi li‘i ham (). Ta gid sir {f,, f,, ..., {, _,} doc lap tuyé&n tinh. N&u
i, 15 ooy £, 4, £, phu thudc tuyén tinh thi 1a phai c6 f, biéu thi tuyé&n
tinhquaf, f,, ..., I, _,, gid st

fo=Afi+ .+ AL+ + AT,
hay vidimoi x € R, ta e :

(1}  sinnx =Asinx + ... + A sinkx + ... + A, ,sin(n- Dx
trong d6 cac A, khong déng thdi bing 0 vi 1, # 0, gid sit A, # 0. Ly dao
hiun hai 14n hai v& cia (1). Ta duge :

() sinnx = -AsinX + ... - A Ksinkx + ... - Ao o(n- 1)sin(n - Dx
hay chia hai v& clia ding thic (2) véi -n?, ta duge
A Ay

L.
(3) sinnx = —sinx +. cd—sinkx 4+ 4+ sm(n—l)x
n? “n? n2

Vi {f{,, ..., £, .} 1a doc tap, nen [, biu dién mot cdch duy nhdt qua
chiing. So sdnh (1) va (3), ta phii ¢6 cdc hg s cia v€ phai hﬁng nhau, cu
thé ta phdi c6

.
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A, =8
k. nz
- 1
hay M(i— ZJ =0
: "

Nhung | - Lz #0vin# |, vay A, =0, mau thudn véi gia thiét A, = 0.
H

Vﬁy hg {rls fz-; ey rn} = “'_

CO SO CUA KHONG GIAN VECTO

32. Cic he vecto sau ¢6 phai 1 ca s& cla khong gian vecta R® hay
khong? ' :

Do, =0,0,1), 0, =O, 1, 1), a, =(I, 1, 1);

h) l31 = (4) 2; "])9 B2 = (0"2' "I.), p3 = (-2‘ ()9 l)-
33. Véi gia tri nao cla x dé céc vecty a =(x, I, 0, a; =(1,x, 1),
a__; = (0, 1, x) 1ap thanh mot ¢ »d cha khong gian R* ?

34. Trong cac he vecto sau ¢6 tdn tai mot co s& cha R* khong ? Hay chi
ra cic co s& dy ndu co.

Ba, =(1L0, 1, oy, =3, 2,0 0y =(-1,2,3), &, =(3,0,-2);
b) E]- :('1909 2); B; :(Os 39 1)1 B__; =(2$ 9&'1)‘ E; =(-1’ _159 '3)'

35. Trong R*, xét tap

W = ((a,, @, a5, a,) | a, + 2y + ay+ 2, = 0},
a) Chilmg minh ring W 13 mot khong gian con cia R*.



b) Ching minh ring cac vecta

a, =(1,0,0,-1), @, =(0, 1,0,-1),

—_—

@, =(0,0,1,-1), a, =(I,1,-1,-)
thudc W,
¢) Tim ¢o 53 va s6 chiéu clia W.
36. Gui P, 1a khong gian vecto gom da thire 0 vii cdc da thie f(x) € R{x]
cobicf(x) £ 3.

a) Chitng minh ring hai h¢ vecto

a, =l o, =x,a, =x, a, =x;

By =1 B, =(x-2), B, =(x-2% B, =(x-2 |
lit hai ¢6 8O cha P,
b) Tim ma tran chuyén 1ir co sé thit nhit sang co s& thit hai.
¢) Tim toa do cla vectd
a=x"-2x+1

ddi v ca sér thit hai.

37. Cho hai hé vecta :
@, =0, 1L0,2, a, =(1,1,0,1),
(1)

—

@, =(1,2,0, 1), a, =(1.0,2, I;

B, =(1,0,2,-1), B, =(0,3,0,2),

(2) _ B
By =0, 1,3, 1), B, =(0,-1,0, 1)

trong khong gian vecta R

T6



a) Chimg minh chiing 1a hai co s&rcia R,
h) Tim ma tran chuyén tir co s& (1) sang co s& (2).
¢) Tim toa do cha o = (2,0, 4, 0) d6i vdi co s& (2).
d) Tim toa d¢ ciia o ddi véi cosG (1).
38. Trong K - khong gian vecto V, cho hé vecto doc lap tuyén tinh

— — b

{a’l?a2|a3)u‘4 }9

U la khdng gian con sinh bai {&",', :_1—; , a__; }, W la khong gian con

sinhbdi (o, 0, ,0, }.

a) Chimg minh ring U ~ W ¢6 co sd gém a_z' Lo

b) Tim co s& va 6 chiéu coa U + W,
39. Gia sir U v W 12 hai khong gian con cia khong gian vecta V. Chimg
minhrang V==U+WviiU~ W= {(-i} khi va chi khi méi o € V ¢6
céch bidu dién duy nhat dudi dang & =p +7,véipe U, je W.

Trong trudmg hop nay ta ndi ring V 12 18ng tryc ti€p clia hai khong
plancon UvaWviviet V=UB W.

40. Xét R - khong gian vects R¥ cdc ham s@ thuc x4c dinh trén R. Dat E
Ia b phan cic ham s chin va F 1a bo phan céc ham s 18. Chitng minh
E vii F la nhimg khong gianconcta R* va RE=E® F.
41. Xét khong gian vects R® (xem baj 40).

a} Chig minh ham f: x 15 cosx thude E va ham g : x > sinx thudc F.

h) Chiing minh khong gian con E, sinh bdi { chita trong E va khong
gian con F, sinh bdi g chifa trong F.

¢} Chimg minh {f, g} 1a mot cosdcha E, + F,.
d) Trong R® xét ba ham sau day :

T



h :xPsin{x+1)
hy ;x> sin (x +2)
hy:x+>sin(x +3)

Chimg minh chiing thudc E, + F,. Ching minh {h,, h,} doc 1ap tuyén
tinh. Vi€t h; biéu thi tuyén tinh qua h,, h,.

. e) Viét ma trin chuyén tit co s& {f, g} sang cosd {h,, h,}.

Loi giai

32. a) Xét ma tran clia cdc vecto a, , @, , 04

00 1

A={0 11

111
Tac6lAl=-1%0.Vay {a, , a, , &, } A mot cosychia R°.

b) Ma tran cita {B,, B,, B, } ¢6 dinh thitc bing 8, vay he vecto
thanh 1ap mot co sb cia R>.

33. Xét ma tran ciia {;:, a_;, &'3' }
X
A=|1
O .
Ta c6 |Al = x(x* - 2). Day 1a mot da thic bac 3 ¢6 3 nghiém : 0 va
iJE . Vay |Al # 0 khi x khong 14y gi4 tri nghiém cta da thic.

1 0
x 1
1 x

—_— — oy

34.2) Xétmatrancia {o,, @, , @, }

1 0 1
A=(3 -2 0
3 0 -2
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Tacd 1Al = 10. Vay tac thé My [, , o, , o, } lam co s cho R®,

h) Ta ¢6 thé thiy ngay | E; , [?; } d6c lap tuyen tinh va ﬁ_; = -2{3_; +

+3B,. B,= B, - 5B,. Vay hang cia {By» By, By, B, } biang 2, he
- vectd khong thé c6 mot hé con lam co s& cho R* .

35. ) Trude hét W = @ vi (0, 0, 0, 0) € W. Mat khidc xét (a),., ..,
h).,seWvadeR Tacd

(@, a5, a3, a) + (b, by, by b)) =(a + b, a, + by, a,+by,a,+b)e W

vi D, +b)=Ya, +> b =0;

1124

Aa, as, 25, 2,) = (Aay,, Aa,, Aay, Aay e W

vi Aa, + ha, + Aa, + Aa, = AMa, +a, +a,+a)=2.0=
b) Hién nhién.
v) Ta thdy ngay E; = u_; + “_z- -c?_; vi ma trin A cua
(o, @y, 0y )
P OO -]
A=1(010 -1

001 -

co dmh thm. con cdp ba nim & gdc trdi bing . Vay c6 thé 14y

| o, otz . (1 } 1am co sécho W, do dé dim W = 3,
36, @) Ta bi€t moi f(x) € P, f{x) = a, + a,x + a.x* + a,x%, viét duy nhit
Judti dang

f(x)=a(,0t, a0, +a,0, +a;o

Viy (o, a, , a,, a, } ]amdt cosdcia P, goi 1 co sé chinh tic.
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Mat khdc, 4p dung cong thitc Taylor cho f(x), ta c6

£'(2) 1"(2) 1"'(2
2!

0= f2)+—=(x -2+ —= -2y =2 (x -2y
vil dang trén 1a duy nhat. Vay hé vecto

(B, =1, B, =x-2, B, =(x-2% B, =(x-2)}

li mot co sdcua P,

b) Taco
B =a
B, =2a, +q,

B, =4a, -4, + o, (x-2F =4-4x +x)

13:':—8;: +12a, -ﬁu__; +a, (x-2)=-8+12x -6x +x%).

Viy ma tran T chuyén tir co s& {g; } sang co s(?i{ﬁ; } (xem §1, 1.10)

1 -2 4 -8
0 1 -4 12
0O 0 I -0
0 0 0 |

T=

) Theo (1) toa do cia f(x) = x* - 2x + | d6i v co s3 { B, }1es I

2. 6

() =5 @y =10, - B _o T2 _

37. a) Tinh dinh thitc cta cidc ma tran lam thanh bdi hé (1) va (2), ta 1dn
lugt ¢6 2 va 15, Vay (1) va (2) la hai ca sd ctia R,

by B¢ tim ma tran T chuyén Wr co s& (1) sang co s (2) ta phai l4n

It tim toa dd cha cde B, quacosd (1) . Gid sir ta cé
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—_—

B, =(1,0,2,-1)= 2,0, 1,0,2) + A1, 1,0, 1) +

+2.(0,2,0, 1)+ 2,(-1,0,2, 1)
Ta di 161 heé phuong trinh Cramer d6i véi A, :
A+ - A=)
A+ A, +2A, =0
2h,=2
2+ A+ Ag=-1

—

o, .

Gidi h¢ phuong (Anh, ta duge B, = 20, +2a, + 0o, + o,

Ti¢n hanh trong ty d6i véi cic B, con lai, ta duoe -

e e——

B, =a, -2a, +2ua,; +0a,,

— —_— —

B,

——— 3 —

—a, +a, +5a3 +-a

4 *

— 3} —

— 3— —_
B,= Ea, +5c::2 hEas +0a, .

Viymatran Tla:

At

2 1 -1 1L
2

2u21‘E
T= [ 3
0o 2 - -2

2 2

3

I 0o < ¢
2 y,

d) Lam tuong ty nhu trong b), ta duge
. @=Q,0.40=30a, +5a, -a, +2a, .

Viy toadf cua a d6i vdi casd (1) 1a -3, 5, -1, 2.
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cy DAL, £, &5, £, 12 cdc toa do cla @ ddi vdi co sd (2), ta duce
(2,0,4,0=5"(1,0,2,-D+E,(0,3,0,2)+ £4,0, 1, 3, Y +
+ 5,4(0’ 'la U)l)

Tir d6 ta dugc mot hé Cramer d6i véi &), &5, E'5, E', , heé cho ta

1 =2,8,=2/58,=0, £, = 6/5 Biét ma trin chuyén ti¥ ca 55 (1)

sang co s& (2) va biél cdc toa do cha o doi vdi co sd (2), ta co thé viét

cdc toa df &,, &;, &,, &, coa o ddi vdi co s& (1) theo cac cong thitc cho
trong (§1, 1.11) :-

§1=-2§’.+§’2-g’3+%§’4=«4+2/5+3;5=-3

§z=2§’1-2é’z+§’3+%E_,’4=4-4f5+9/§ -5
3

E,=08", +28", + ‘%‘E; - 5 E,=4/5-9/5 = -1

' 3
=& +05, + E§’1 +{E', =2 = 2

Ta fim lai cdc toa do clia @ ma ta da im thdy bing c4ch bidu dién &
trifc Gi€p qua co s& (1), didu ma 1a di trinh bay trong d).
33, a) Trudc hétta 6 ., , o, € U~ W. Mt khéc, gidsit p e Un W,
théthi B e Uva B e W.

Viytacé:

=X, +xX;a, +xu,,x% €K,
i 2 3

B =Yy,0, ty;0, +y,a, .y €K
Trir v€ véi vé€ cac dang thite trén, ta duge

0 =X0, +{(x;-y e, +0G-yde, ysa, .

Nhimg hé¢ vecto { t;: Heis 12 dOc 14p tuyén tinh, nén ta phdi cé x, =0,

x! = )h, X3 = Yh )’4= 0
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Viy moi ﬁ e U Wco dang

B=xa,+xa,, x,€K,i=1,2.

Thém nita { a, , &, } 1a doc 1ap tuyén tinh vi Ia h¢ con clia mot he

doc 1ap tuy€n tinh (xem §1, 1.6, he qua 1), viy { o, , o, } I mot cor i
cia U W,

by Gid st B € U+ W, P s& la téng cia hai vecto E+7
véiEc Uvifie W. Vay B s& c6 dang :

- —_— — —_— —_— — _—

p=xa +x0, +x0, ty.0, +ty;a, ty,o,

e —— v e —

3 1

=X0; +Xty)a, (X +y)l; +ya, .

T

Nhur vay moi B e U + W la mot 6 hgp tuyén tinh cla o 30 Oy,

@, , ma cic vecto nay lai doc 14p tuyén tinh. Viy ching tap thanh mét
cosdcha U+ W.

39.GiﬁsﬁcéV=U+WvﬁUﬁW={6}.Mgi a. € V ¢6 thé viét dudi
dang

(N &_=ﬁ+¥;|§eU,?eW
Gia sirta con c6
2 =P +7 ;PelyeW

Trix v& v6i v& cac ddng thirc (1) va(2) :
0=(B-Br+(F-7)
hay Usp-F=-(G-v)eW

VayB-BFwvi-y eUnW={0}:wdsP=pvayj=ry,.
hay (1) 1a dang duy nhdt cha o .



bio lai giad sir (1) 1a dang duy nhat cia avd moi a € V. Xét
a eUnW.Taco a € Uva a € W; vily ta c6 thé vi€t a dudi hai
dang

&=&+6;& eU,(_j e W
6=0+a;0eU,aewW.
Vi & chi ¢6 mot dang duy nhit dudi téng cha hai vecto, mot thuoc U
vi mOt thudc W, cho nén ta phii ¢6 a = 6,nghial:‘1UmW= {6}.

KhiV=U+WviUnW= {6} ngudi ta néi V 12 tdng tryc tiép cia hai
khong giancon Uva W, vavii V=US W,

40. Trrde hét E va F khac ming vi ching han ta o6 ham f: x — cosx thudc
Evahamg:x > sinx thudc F. Giasirod [, e Evid e R.Taco

(1, + B)(-x) = 1,(-x) + £5(-x) = [,(x) + L(x) =, + £)(x),
Ay (-x) = M (-x)) = M (x)) = A (x)

vii moi X € R.VAy f, + 1, € E va Af; € E, do d6 E 1a moOt khong gian
con. Chimg minh twong tir ta c6 F 1a mot khong gian con.

Gié sir f € R*. Ham
X % (f(x) + f(-x)) = h{x)
hién nhién thuoc E, va ham
X % (f(x) - f(-x)) = k{x)
thuoc F. Tir d6 ta c6
f(x}= % (t(x) + {(-x)) + % (f(x) - 1(-x)) = h{x) + k(x)

Vay R* = E + F. Mat khéc xét feEnF.Tacéfe Evafe F, vy
1(x) = f(-x}
f(x) = -{(-x), v moi x € R,
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Cong vé v vE, ta dugc
2f(x) =0
hay f(x)=0,véimoix e R.
Viy ham flaham O, tasuyraE~F= {0}, viR*F=E®F.
41. a) Ta 6 cos(-x) = cos(x) v moi x € R, vi sin(-x) = -sin(x) v&i moi
xe R,vayfe Evage F.
) Tac6E, = {Af|X € R} viF, = {pg | p € R}(xem bai tap 14). Tir -
docothé thay E, c EvaF, c F.
c) ViE N F= {0} nén E, ~ F, = {0). Cho nén 6ng E, + F, 12 t6ng
truc 1iép. Mbi h € E, + F, s¢ viét duy nhit dudi dang (xem bai 39) :
h=Af+pg, Af € E,, pg € F,.
biéu d6 chaimg 16 {1, g} lamot cosdcta E, + F,.
d) Ta 1an huot ¢6 :
sin(x + 1) = sinlcosx + coslsinx
sin(x + 2) = sin2cosx + cos2sinx
sin(x + 3) = sin3cosx + cos3sinx
vii moi x € R; vy :
hy = (sinf + (cosDg
h, = (sin2)t + (cos2)g
h; = (sin3)f + (cos3)g
hay h, e E, +F,,1=1,2, 3.
Xét ma trdn cic toa d6 clia h, va h, ddi vdi ca st {f, g) -
T- sinl  sin2
cost cos2
Ta co ITl = sinlcos2 - sin2cosl = sin(-1) # 0.

Viy {h,, h,} 1a doc 13p tuyén tinh, cho nén {h,, h,} thanh lap mot co
sdcta E, + F,. .
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Vi {hy, h,} 12 mot co s&, nén tdn tai A, &, € R duy nhit dé :
sin{x + 3) = A;sin{x + I} + A,sin(x +2), Vx € R
Dao him hai vé, ta duge :
cos(x + 3) = Acos(x + 1) + A,cos(x + 2)

Khi x = 0, ta duge ;

sin3 = A;sinl + A,sin2

cosd = A cosl + A,cos2
bay 1a mot hé Cramer doi voi A,, A, ma nghiém la -1 va 2cosl.
Vay sin(x + 3) = -sin(x + 1) + 2coslsin(x + 2), nghia la

h; = -h, + 2h,cos}.

. ¢) Ma trdn tr co sy {f, g} sang c¢o s& {h), h,} chinh |12 ma tran T
trong d).
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Chuong I

HE PHUONG TRINH TUYEN TINH

§1. TOM TAT LY THUYET

Gia sir K 13 mot trudmg ; ta dat vin dé gidi hé phuong tiinh tuyén tinh
véi m phuong trinh vin dn trén K :

(N X, +aX,+..+aX. =b (<i<m)
Hé (1) cho tama tran A cic he sO

Ay A By,
A=|®2t %22 7 3
Am A2 7 Agp
vl ma tran bé sung B
ay A, o, by
B |22t % 7 2, By
Am qm2 7 nn bm

Ta goi S 13 tap hop cdc (X, Xy ..., Xy) € K" théa min h¢ phuong
tninh {1).

i.1. Pinh ly Kronecker - Capelli
S#@ﬁth:th.
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Nhur viy khi cho hé (1), néu hgA # hgB, ta nGi ngay (1) vo nghié¢m ;
néu hgA = hgB, ta s& gidi he phuong trinh (1).

1.2, Cach giai hé (1) (ta phai chdc chin c6 hgA = = hgB thi mdi dat van
dé gidi)

1.2.1. Hé phuong trinh 12 vuéng (n = m) va tAl = 0. Trong tnrong hgp
nay ta c6 mot he Cramer, (1) chi ¢6 mot nghiém duy nhét cho béi quy
tic Cramer ma ta dd bi¢t trong chuopg 1.

1.2.2. Tnrdmg hop t6ng quat. DAt r = hgA, d6 1a cfp cla mot dinh
thitc con A Hy ra tir A sao cho gid trj ciia n6 khéc 0 va moi dinh thifc con
cdp r+ | 1y ra tir A va chifa A déu biing 0. Céc d()ng ctia A xdc dinh c4c
piutong trink chinh, céc cOt cha nd x4c dinh cdc dn chinh. Céc phuong
trinh va dn con lai, néu o6, 1a khong chinh. He (1) lic d6 twemg duong
vii he gbm 1 phuong trinh chinh ; ta cho nhifg gi4 tri tdy ¥ cho (n - r)

in khong chinh, ti€p d6 ta gidi mot hé Cramer ddi vi cac dn chinh trong
cdc phuong trinh uhmh

Chu ¥, trong thye tidn, ngudi ta thutmg dung phuung phap Gauss khir
diin cdc 4n s6 d€ xem hgA c6 hing hgB va néu chiing bing nhav thi bét
diu gidi (trtn mOt he don gidn hon he ddu tién vi mot s6 4n da bi khir,
diéu thudmg lam & trung hoc).

1.3. Truimg hop dac biét : he phuong trinh tuyén tinh thudn nhit (b=0,
i=1,2,..,m)

Trong trudng hop nity S 1a mot khong gian con cia K* ¢6 chidu (n - 1.
Mbi ¢ s& cha S goi 1a mot he nghiém co bin. Nhir vily ta chi cn hiét

mdt he nghi¢m co ban (g6m n - r nghiem), céc nghiém khdc sé 13 cdc 18
hop (uy€n tinh cia hé nghiém co ban.

1.4. Quan hé¢ giita nghiém ciia hé (1) va hé phueng trinh tuyén tinh
thuan nhat (2) duge tir (1) bing cich dat ciicb, =0

Gm S; 1a tdp nghiém cla (1), S, la tap nghiém cla (2), va y, €8§,.
The (hi

Si=in+r: e S
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§2. BAI TAP

DIEU KIEN TON TAI NGHIEM

I. H¢ phuong trinh nao sau day ¢é nghiém ?

2x]+3x2=5
ay $3x; + x, =4
| X+ X, =2

X = X+ X3-2x,=1
-b) < X[ = x2+2x3— Xy=2
\le —Sx2+8x3—7x4=3

o) 2x +2x2 ‘%xg-4x4-l
2x1—2x2+ X3— X,4=3

xl+2x2—3x3—4x4= 1
d)<2xl ~ Xg+ Ky— X, = 2
. x]+’%x2 X- +2x4= |
4% ) —4x2 X4 =3, =-7
2x|+3x2+ Iy 3%, + Xg =10
o X[+ Xy~ X4 —5x4+?x5=l
Xy +2X3 +4x, —Bxg=2
4x3+ X4~ X5=3.

2. Chimg minh dinh If, muc 1.2.b), §1.

3. Tim diéu Kién cdn va dit &€ he phuang trinh sau ¢4 nghiém :
ax; + Xy + X3=1 X +ay+a’z=a
a) X, +ax, + X3=1  b) {x+by+b2z=b>

2
Xp+ Xy +ax, =1 x+cy+c2?,=c‘.



4. Giai céc he phuong trinh sau :

2%, +3x, +2x3 = 2%, ~2x5 =8

2xl+3x2+ X,=1
h)<4xl+6x2—5x3=2
k6x|+9x2—4x3=2
X |+ Xy = X3+ X4 = 0
2x|+2x2+5x3~3x4= ()

C} 4
7x3—5x4 =—1
3y 43X, +4x, 2%, = 3
%x+x2—2x + X, - ‘=1
" 2x|— x2+7x1—’¥x4+‘5x5=2
2
X, 3%, =g+ 5%, — X5 =3
LZ’-)(|—2)12+’J'x3 w5x4+8x5—.
Xy — 2Ky +3xy —dX, + 2x=-2
X+ 2%, = Xy - X5 =-3
e) ¢ X — X5+ 2x5 - 3x, = 10

Xy~ Xq + x4—2x5=—5
2x|+3x2 - Xq + x4+4x5= |

x+ y+ z=I
) 4 ax+ by + cz=d

a’x +b2y +c?z=a2.

5. Viél phuong trinh dutmg tron di qua ba diém M, (2, 1), Mz(l 2),
‘(() 1).
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6. Tim cdc hé s6 a, b, ¢, d dé d6 1hi ca ham s6
y=ax’+bx’ +cx +d
di qua bdn diém M, (1, 0), M0, -1), My(-1, -2), M2, 7).
7. Trong R® cho hai co sd

g, =(1,0,0), g, =0, 1,0), &, =(0,0, 1)

va &, =2,-L,3 &, =(3,1,-2), €, =(0,4, 9.
Hiy tim ma trgn chuyén tir co s& thi nhat sang co sO thit hai va fim
twaddcha o =(-1, 2, 0) ddi v co s& thit hai.
8. Trong R’ cho hai co sd :
g, =(1,1,-0, &, =(1, 1,0), &, =(2.0,0)
vi e =(1,-1,0), €, =(2,-1,0), £, =(1, 1, -1).

Tim ma tran chuyén tir co s& thit nhit sang co s thit hai.

HE PHUONG TRINH TUYEN TINH THUAN NHAT

9. Giai cdc hé phuomg trinh :

a 3xl—4x2+ Xq— X, =0
6x|—8x2+2x3+3x4=0

x|—2x2 +3xy - x, =0
b) - Xy + Xg— Xq+2x, =0
L4)(I—S)c2+8x3+x4 =0

x|+3x2— x3+4x4—x5=0
x|+3x2— Xy+ X, +x5=0

<) 4
2x]+6x2 -2x3+ Xy =0

3xl +9x2 --3}(3 + Xy +Xg =0
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2x
X, +%y +3x3+ x4:{)

| T Xyt Xg +3)&4 =0
)
4x] +X, +?x3 +3x, =0

5%, =X +5%5 +7x, =0. ’

10. Tim hé nghiém co ban cla h¢ phuong tinh -

{x’l + X, -8, =3x, =0
i) -
2x|+x2— X4 =)

b) X, —2x2+x3~4x4+ x5=0

2% —4Xy ~Xq + x4—2x5=0
—2x|+x2+ Xq— Xy ={)
C) Xy =Xy~ x3—2x4=0*
levx2—3x3—2x4=(l
X, = 6x2—2x3+x4+x5+xb =()
3x|—l2x2—6x3+x4+x5+3xb ={

) <
X + 4x_2 - Xyt Xq— X ={)
?-xz — Xy = Xg =0
x|+x2—3x§ ={}

o xl—x2+x3+2x4=(') |
12:(] + X, —4x, +x, =0
X, +2x2—5x3-x4 =0

B +Xy F X —0x, — 12X +3x, =0
£) 4 X, + Xy Xy - SXg =0

Xy +Xgq - 3:(5 - =A{),

11. V& mdi hé phuong trinh trong hai 1ap 9, hiy tim mdt co sd cla
" khiong gian cic nghiém.
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12. Cho hé vecto trong khong gian R?

o, =(-1,2,4). &, =2, 1,5), «, =(12, 1, 33).
Hay tim céc s x,, x,, X, sao cho
xlc:_+xzag+x3;;=3.
13. Trong khong gian vecto R* cho hé vecto :
a, =(LLL D a, =2,2,2, 2, o, =(3,0,-1, L).

Hiy bidu thi @y =(-12, 3, 8, -2) qua hé vecta di cho.
| Li gidi
1.a) Taco

3
(S

2
3

\=2 va

" |
L S
]
ol

(cot 3 12 t9ng chia cot 1 va cot 2)

Viy hgA = hgB = 2. Ta ¢6 thé 1y hai phuong trinh cudi lam phuong
trinh chinh, d6 la mot hé Cramer, né cho ta mot nghiém duy nhit.

b) Ta xét c4c phép bién ddi sau day trén cdc matrin A va B :
1 -1 1 -2}1) -1 1 =211
1 -1 2 -1]12{->310 0 1 | |1 ]|>
5—58—?3J 0 0 1 1 |-1

(1 -1 1 =211

00 0 0]2
00 1 |-

Vay ta di (Gi h¢ phuong trinh (wong dwong véi he di cho trong dé mot
phuong trinh coa hé la:



0X, + O, + 0X, + Ox, = 2.

Hién nhién mot he nhir vy khong c6 nghiém. Trén ma trn cudi ciing
(a co thé thiy :

2 =hgA #hgB =13.

¢} Trong trudng hop ndy ta ¢6 2 2 = hgB 2 hgA. Nhung ta nhin thdy
ngay hgA = 2. Vay hgA = hgB = 2. Hé phuong irinh 6 vo sd nghiém.

d) O day ta ¢5 1Al # 0 ; viy h¢ phuong trinh li Cramer, ¢6 mot
nghié¢m duy nhat. :

¢} Ta ¢6 hgA = 4, do dinh thitc con nim { géc trai khac 0. Mat khic,
4 > hgB > hgA. Viy hgB = 4 = hgA. Hé phuong trinh ¢6 vo s8 nghiém.

2. X¢ét mot hé phuong trinh tuyén tinh trén mot tnomg K
CoaX t.. tagXx,=b,

(D ) B

~ am]xl +.. + amnxn = bm

a) Bay gidr ta hdly xét he phuong trinh (2) sau day, nhan dugc bing
- cdch déi chd hai phuong trinh thit i va thit k cho nhau '

X, +.. +a,.X =b
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Hai hé phuong trinh (1) va (2) chita cic phuong tinh nhi nhau, hién
nhién néu (c,, ¢y, ..., ¢,) € K" nghiém (1) thi n6 ciing nghiém (2) va dio
lal. Vay (1) va (2) uong duong.

b) Xét h¢ (3) sau day nhan duge tir (1) bing cdch nhan hai v& ciia
phuong tfinh thdk véi 0= A € K ¢
43X+ .+ aX =h
&) Aag X, + ..+ Aagx, = Ab,
amlxl t... + anmxn = hm
(1) va (3) chira cic phuong trinh y hét nhau, tnr hai phirong trinh thi
Kk khac nhau béi nhan 1 A = (). Gia st (¢, €2y ens € o) € K* Thé thi né 1a
nghiém ca (1) khi va chi khi né 1 nghiém cia (3). Théat vay :
W€+ s b A, = by < Ma e+ L+ ac) = Ab,
vi A =0

¢} Cubi ciing xét hé (4) sau diy nhan duc tir (1) bing céch nhan hai
vé clia phuong trinh thit k véi 0 # A € K 16 cdng, v& v6i v€, vao mot
phuong trinh thit i caa hé :

a,xX, + ... +a,x, =

..............................

) ]

amlxl + ... + ‘I'mn n= bm

{1} va (4) chita cac phuong trinh y hél nhau tnr hai phuong trinh thi i.

Gid sir (¢, ..., ;) € K® Ia mdt nghiém cia (1). The thi ta ¢ cic kéo
theo sau :

m n

a,€) o ta el _h

{au+ +age, =h

= (a, + Aa,)C, + ... + (a, + Aa, e, = b, + Ab,.



{(a“ +Aag, e, +o+@, +ha, e, =b +Ab,
a,c +t..ta co =hk
= a'l]""'l + = + Han = bl

(do (a nhan ding thic thit hai v&i A 16i Y, v& vdi v&, vio ding thifc thir
nhitl). Ta nhan xét & day ta khong cin dén gia thiét A # 0 nhu trong b),
nhung A = 0 thi (1) va (4) y hét nhau ké ¢ (hit tu viét, trong khi muc
dich cua viec 1am 12 tao ra (4) khdgc (1), v s& dn & phuong trinh thit i
hat di.

3.a)Tacod lAl=(a- 1)(a+2).

Truong hop - a# 1 va a = -2. He phuong trinh 12 Cramer, c6 nghiém
duy nhat.

Tricomg hopr 2: a = 1. H¢ phaong trinh trés thanh mot he ¢6 3 phuong
trinh gidng nhau va bang phuong trinh

X +X+X;=1

dirge coi 1a phuong trinh chinh ma ta ¢6 thé 1dy x, 13 4n chinh. Trong
trumg hop nay ¢ vo so nghi¢m. :

Tricomg hop 3 : a = -2. H& phuong trinh trd thanh
2+ X+ Xy=1
X;-2%: + X;=1
X+ X -2x,= 1
v hgA = 2, hgB = 3. Hé phuong trinh khong ©6 nghiém.
K&t ludn : hé phuong trinh ¢6 nghiém Khi viichi khi a = -2,
b) Cling lam nhur a), tnede hét ta tinh Al = (a - b)(b - ¢) (¢ - a).

Truomg hop 1 a, b, c d6i mOt phin biét. Ta c6 mdt hé Cramer v6i
nghiém duy nhit.

Tricdmyg hop 2 - a=Dh, a # c. H2 phuong ttinh thu gon lai thanh

k)
{x+ay+azz=a'

X +ey+clz=¢"
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Heé phuong trinh 13 Cramer d6i véi x, y ching han, () day ta c6 v6 s6
nghi¢m. .

Truong hop 3 : a=h = c¢. Hé phuong trinh chi ¢con :
X+ay+az=a
Ta ¢6 thé 14y x 1am 4n chinh, hé phwong trinh ¢6 v s6 nghiém.
Viy hé phuong trinh cé nghiém véi moi (a, b, ¢) € K>,
4. a) Ta c6 thé 14y x, vi x, lam 4n chinh, tir 46 ta duge
{Kg =6-4x,

X3 :—5+5X1 + X4 +Xg

He phuong trinh ¢6 v6 s6 nghiém khi gén cho x,, x,, X, nhiing gi4 tri
ty ¥ ldy trong K.

b) Taco:
23 11 23 111 23 111
4 6 ~5|2|—=|6 9 -4[|3/ (0 0 0|1
6 9 —-412 6 9 -4|2 6 9 -4]|2
Vay hé phuong trinh vo nghiém,
c)Tach:
I 1 -1 1] 0 11 -1 Iy 0
22 5 =310 N 22 5 =310
00 7 -5|-1 00 7 -5[-1
33 4 -2 3 00 0 o0} 13
H¢ phuong trinh vo nghiém.

d) hgA =3, hgB = 4. Vo nghi¢m.

I -2 3 -4 2)-2
1 2 -1 0 -1|-3
1 -1 2 -3 0} 10]—>
0 I 1 -2|-5
2 3 -1 1 4 1

2 -1 0 -1{ -3

-1 I -2 -5

bl D e - D
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Béng thit hai suy ra tir bing thit nhat bing cAch nhan dong the ba véi

-1, dong thif tr v4i 1, rdi cong chiing vao ddng thi nhét. Hé phuong trinh
vO nghiém.

) Taco lAl = (a - b)(b - c)c - a)

Truong hop 1 : a, b, c d6i mot phan biét. Ta ¢6 mot hé Cramer véi
nghiém :

- (d-blc-d) - (a—d}d-c) .= {b—-d}d-a)
a-bc-2’ @ _tyb-0' > b-o)c-a)

Truong hop 2 - a=b ; a, c, d d6i mot phan biét. Trong trudmg hgp
nay hgA =2, hgB = 3. H¢ khong c6 nghiém.

Truonghop 3 :a=b,a#c,c=d HgA =hgB=2. Hé phurong trinh

la Cramer d6i véi y, z
y+z=i-x
ay +CZ =c¢ ~ ax

Ta duge y = x, z = 1. H& ¢6 v6 s6 nghiém khi ta gan cho x nhimg gi4
tri thy ¥.

Truomghop4 :a=b=c,a#d. HgA = 1, hgB = 2. V6 nghi¢m.

Irumg hop 5 -a=b=c=d.HgA =hgB= . Taduk : x=1-y -z
vii y, z 1dy gid tri thy ¥.

Phuong trinh dudng tron c6 dang :
x*+y -2ax-2by+c=0;a,b,ceR.

Vi dudng tron di qua ba diém M{2, 1), M(1, 2), M,(0, 1) nén ta
duye hé phuong trinh sau day d6i véi a, b, ¢ :

2b-c=1

He¢ phuong trinh 1a Cramer, cho ta mot nghiém duy nhédt :a=1,b =
1, ¢ = {. Vay phuong trinh cia dwdng tron 1a
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H X+y' —2x-2y+1=0

ma ta con ¢6 thé viét nhu sau dé 1am néi bat thm va ban kinh cla dudng
tron

(2) x=D*+(y-1=1.
Vay tam 12 diém (1, 1) va bdn kinh bang 1.

Ta ciing c6 thé c6 ngay phuong trinh dudng tron néu ta xét tam gidc
M|M2M3 :

Y

ha

4] 1 2 x

Trén hinh vé ta thiy ngay tam gidc 1a vuong va can, dudng tron di
qua M,, M,, M, nhan diém giifa (1, 1) ctia M,M; lam tdm va c6 b4n kinh
bing 1, tir d6 ta c6 phuong trinh dudng tron dudi dang (2).

6.a=1,b=c=0,d=-1I.

7. Ma tran T chuyén tir co s& thit nhit sang co sé thir hai chinh 12 ma tran
ma cic cbt 13 céc toa do cha cdc vecto thuée co s& thit hai d6i véi hé¢ co
s& chinh tic, cho nén ta c6 ngay

2 -3 0
T=|-1 1 4
3 -2 5

Ta ¢6 cic toa dd clia & d6i véi co s thi hai 1a : -17/25, -3/25,9/25.
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8. Gia st X, ¥1, 2, 3 Xau ¥2s 72 5 X3, Y3 7 12 toa d0 cla 18n oot céc veclo

€').€,.g", d0i vii co sd {e,,,.€,}. Thé thi x|, y,, Z, 12 nghiém cha
hé Cramer

XN+y, +22,= 1|
X+ Y =-}
-X, =0

Cling vy, X;, ¥., Z, 12 nghiém ctta hé Cramer :
X +y,+22,=2
Xy + ¥ =-]
X, =0
Cudi ciing, X, ¥1, Z, 1a nghiém clia h¢ Cramer :
Xt Vi+27;= 1
X+ ¥, =1
X3 = -1
Lin lugt giai ba hé phuong trinh Cramer do, ta duege x, = 0, y, = -1,
H=1%=0,y,=-1,2,=3/2:x,=1,y, =0, 2, = 0. Ta chil ¥ ta khong
ciin viét hé Cramer thit ba dé gidi vi a_; = g; cho nén ta ¢6 thé viet ngay
g3 =18, +05; +0e3, do d6 x; = 1, y, = z, = 0. Mat khdc, ¢4 ba he
phuong trinh déu c6 ma tran cdc he s ma cde cot B cdc toa do clia cée

—  —a —

vecld €, &5, €, vacdt cdc sé hang t do 1dn lugt 1a céde toa do cha cdc

vecto 8'1, 5'2, s_'{ (dSi v hé cd sdr chinh tic). Ta c6 thé viét ba hé

phuong trinh dudi dang ma trin nhu sau
Fr2) 1] 2 1)
b Of=-01]-1] 1
-1 0 0] 0] 0 —lJ

Chi ¥ nay gidp ta thye hién nhimg phép bién doi trén ma tran trén d&é
¢iai ciing ldc ba hé phuong trinh.
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Ma tran chuyén tir co s& thi nhit sang co s¢ thit hai 1a

0 a1
-1 -1 0
I 22 0

9. a) Ma trin céc hé sd ¢d dinh thirc con cﬁp' hai :

1 -1
2 3

Ta c6 thé 18y x, va x, 12 4n chinh :
Xy = Xy =-3% + 4%,
2%, + 3x, = -6x, + 8X,

=520

Tirdé :
Xy = 3%, + 4x,
x, =0

H¢ phuong trinh ¢6 vo s0 nghlt,m khi ta gén cho x,, X, nhimg gid tri
iy v, khﬁng gian cic nghiém d diy cosGchitun-r=4-2=2. bé co
mot co s cia Khong gian nghiém, ta hdy gin cho x,, x, cac gia tri (1, )
vit (03, 1) chiing han, ta duge mdt co s@ Lim béi cac vecta sau day (he
nghiém co ban) :

(1,0,-3,0)
0.1,4,0

b) Ta hay thire hién nhimg phép bién doi 116n ma trin cic hg s6 :

I -2 3 -1 5 -7 10
I 1 -1 2|>|-7 11 =17 0|—>
4 -5 8 1 4 -5 B 1
5 -7 110 5 -7 11 O
-2 4 -6 0|>|-t 2 -3 0>
4 -5 8 1 4 -5 % 1
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10 -14 22 0 30 10

-7 14 -21 Ol —>|-7 14 =21 0

4 -5 8 1 4 -5 8 1|
30 1 0
>|-1 2 -3 0
4 -5 8 1

Trén ma tran cudi ciing, ta thdy ngay hgA = 3. Ta ¢6 thé Hy x,, x,, X,
lam dn chinh, va gan cho x, nhimg gi4 tri ty ¥. Khong gian nghi¢m &
day c6 chiéu héng l. Giai h¢ phuong trinh d6i véi x,, x;, X,, ta duge :

= 4x,
’ X;; = '3X|
X =0

Gan cho x, gid tri 1, ta ducke mot co s& chi ¢6 mot vecto ula khong
gian nghiém :

’ (1, 4, -3, 0).
Céc nghi¢m khéc clia hé phuong trinh s& ¢6 dang
A(l,-4,-3,00, A e K.

¢} Thyc hi¢én nhimg phép bicn ddi trén ma trdn céc hé sd, ta duoc
ma trdn : .

ad
|

4 -1
-2 5 0
0 0
-1 0 0

— o N -
' DN
|

Viy hgA = 3. Ta co thé 1y x,, x,, X5 lam #&n chinh va gan cho x,, x,
nhitng gid tr tiy y. Ta duge :

X3 =x, + 3x,
Xy=0

X;=0
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Khong gian nghiém c6 chiéu bing 2, ma mot cosgctand la
(1,C, 1,0,0),
(0, 1,3,0,0).
10. b) Bién d6i ma tran céc he s6

[1 -2 1 -4 1]_)[1 -2 1 -4 1}
2 -4 -1 1 -2 i -6 0 -3 -1
LAy X, v2 x5 1am 4n chinh, tadm_i::
X, = 4%, + 8%, + TX,
Xs = 3%, - 6x,- 3x,
Mot hé nghiém co ban : _
(1,0,-4,0,3),(0,1,8,0,-6), (0, 0,7, 1,-3)
d) Sau khi bién d6i ma trin cdc he s6, ta duge :
1 -3 -2 0 0 |
I -3 -2 0 0 1
P 7 0 =2 0 -1
0 3 0 -1 -1 0
Ta hiy ldy x,, Xs, X, 1am 4n chinh, ta duce
X, = X+ 2% - X,
Xs= X+ Xa4 X,
Xo = X, + 3% + 2%,
Ta ¢6 mot hé nghiém co hin
(1,0,0, 1, -1, -1, (O, l.d_l LM, WO,01,-1,1,2)

Ta chii ¥ ring néu ta nhin ma tran trén, ta hodn toan 6 thé 14y x,, x,,
X, lam dn chinh va gid hé phuong trinh déi véi cdc 4n chinh dé ; nhung
14y nhu vy ta s& bi h¢ sd phan, ching han dong cudi cling clia ma trén
cho ta
I
X, = ;X4
diéu do s& phiic tap cho ta khi ti€p tuc im X, va X;.

+1x
30
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¢) Bi¢n d6i ma trin cdc he 3, ta duge

11 -3 ¢
11 -3 0
1 -3 0
01 -2 -1
Ldy x, va x, lam #n chinh va gidi :
X, = X3- Xy

Mot hé nghiém co ban :
(1,2, 1,0,
(-1, 1,0, 1.
11. Da gidi quyét trong bai 9.
12. Ta hay tim x,, X,, X, sao cho :
X(-1, 2, -4) + %02, 1, 3) + x5(12, 1, 33) = (0, 0, 0)
Diéu nay din t6i hé phuung trinh :
K+ 2%+ 12X, =0
20+ X+ X, =0
-4)(., + 5%, 4+ 33x, =0
. Cac nghiém ciia he ¢6 dung

XQI-SA.
Xy= A

viti A e K.

13. o, =a, +a, —Sa_,.
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Chuong IV
ANH XA TUYEN TiNH

. §1. TOM TAT LY THUYET

1.1. Aph xa tuyén tinh
Mot dnh xa tuyén tinh (con goi la dong cfu tuyén tinh hay déng cfu
ctia cdc khong gian vecto) 1 mot anh xa 1 tir mot K - Khong gian vecto E
vio mdt K - khéng gian vecta F sao cho:
(i) f(x + X)) =1(X) + 1(X")
(i) f(AX) = AH(X)
viimoi X.X'eE val e K.
Dé thay (i) va (i) tuomg drong vl
fAR + 1) = M(R) + pf(F)

viimoi X.veEval, pe K.

1.2. Bon ¢iu - Toan cav - Pang cin
$inh nghta. Mot dnh xa tuyén tinh dwe goi 1
1Y mot don cdu néu nd Ia mot don Anh;
2) mét toan cdu néu nd 1a mol todn dnh;

3) mot déng céu néu nd 13 mot song dnh.



1.3. St xdc dinh mot :inh xa tuyén tinh

Gia s (‘:": ..... g,_,;) @ mdt co 53 cita K - khong gian vecto E va
EEE 1a n vecto (khong nhit thiét khéc nhau) cia K - khong
gian vectd F. Th€ thi t6n tai duy nh&t mot déng cdu f: E - F sao cho
f(c;)=b;". Ta c6 I 1a don cdu khi va chi khi h¢ vecto {b7..... b, ) 1a doc

—

lap tuyén tinh ; f 13 ding cdu khi va chi khi h¢ veeta {by.....b. | 1a doc
1ap tyén tinh t6i dai.
1.4. Anh, hat nhin cia mit 4nh xa tuyén tinh
Giia st : E — F 1a m6t 4nh xa tuyén tinh.
1) V&i X 14 mot tap con cia E (ap hop:
F(X)=1ye F’; = f(X).x € x}
duge goi 1a dnk cia tip X (béi ).

Néu X = E thi f(E) duge goi 1a anht ctia k£ (bii ) hay anh cta f va
duce ky hiéu b Imf.,

2) V&i Y 1a mot t3p con ciia F, (ap hop:
£iY) = {I e E[§ ~f(x)e Y}
dweke got La dnft ngicoe cra Y (bai 1),

NéuY =0} thi

£'(Y) = {i < Eli(x) =6}
duge goi 1a At nkdn cia f, ky hicu Kerf.
Nhur vay:
Imf = f(E)

Kerf=f' ()= xe E|r(§£) =6}
Ta phdi lu6n ludn nhd ring:
Imf Ia mdt khong gian con cita F,

Kerf 1a mot khong gian con cia E,
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va

f 12 mot toan cu khi va chi khi Imf =F.

f 12 mot don cau khi va chi khi Kerf = {0
1.5. Lién h¢ giita s6 chiéu cfia anh, cta hat nhan va cia khong gian
nguon

Gid sit f : E — F 12 m6t 4nh xa tuyén tinh trong d6 E ¢d s8 chiéu hiru
han. Khi d6

dim E = dim Imf + dim Kerf.
1.6. Sy déng cfiu ciia hai khong gian vecto cing s6 chiéu

Gid sit E va F 1a hai khong gian vecto c6 s6 chiéu hifu han tsén
truong K. The thi dim E = dim F khi va chi khi c6 mét ding cau

f:ESF
1.7. Cac phép toin trén cdc anh xa tuyén tinh

Cho hai khong gian vecto E, F trén truémg K. Ky hiéu tap hop cic
anh xa tuyén tinh tr E dén F bdi Hom(E, F). Trén tap nay c6 thé x4c
dinh phép cong hai 4nh xa va phép nhan mot dnh xa véi mét s6 k € K dé
né lai trd thanh mot khong gian vecto trén K.

L7.1. Téng ciia hai dnh xq tuyén tinh

Giasitf, g € Homy(E, F). Anh xaky hieu bdi: f+g: E— F
xdc dinh bdi :

f+g) (&): f(&)«l- g(a) VaeE
12 mét dnh xa tuyén tinh.
Anh xa tuyén tinh f + g duoc goi 1a téng ciia fva g.
1.7.2. Tich ctia mgt dnh xg tuyén tinh véi mét vo huing

Cho f € Homy(E, F), k € K. Anh xa kf: E > F
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xédc dinh bdi

b 6)= k)l vace

Iy mot 4nh xa tuyén tinh. N6 duge goi 1a tich cia dnh xg tuvén tinh f vori
v fnomg k.

1.8. Khong gian vecto Homy(E, F)

Vi phép cong hai dnh xa tuyén tinh va phép nhiin mét anh xa tuyén
tinh v mot vo hing, Homy(E, F) 1a mét khong gian vectd trén truimg
K. '

1.9. Tich ciia hai anh xa tuyén tinh

Gia sit E, F, G 12 ba khong gian vecto trén truimg K,
tE->FgF-o>G
1a hai 4nh xa tuyén tinh. Khi dé
eE-> G-

I mot dnh xa tuyén tinh. N6 duge goi 12 tich cha hai anh xa tuyén tinh {
v p.

1.10. Endg(F)
Gii sir E 1a mot khong gian vecto trén truomg, K. Dit

End(E) = Hom(E, E).
Véi moi f, g, h € End(E) ta c6:

(Ig)h = f(gh);
(g + hy=1g + th;
(g +h) = gf +hf.
End (E) 13 mot vanh goi 12 vinh céic tr dong ciu cha E.
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§2. BAI TAP
DINH NGHIA - TINH CHAT
1. Trong cdc 4nh xa sau ddy, 4nh xa nao |a dnh xa tuyén tinh:

AR R (X, X, X)) = (x,, 0, 0);

by g: R = R?, g(x, Xsu X33 = (X, X3)s
¢)h:R'— R’ h(x,, 'xz, X3, Xg) = (X, + Ko, X3 - X0
)k : R - R, k(X), X, X3) = (X,Xa, X3);

e} 1: R 5 R, X, X X2) = (X, 43, X, X4).

2. Cho f: V- V’ Ia mot anh xa tuyén tinh va hé vectd &T,S,...,a_;
clia V. Ching minh ring néu he vectd f(a, ), f(as)...., f(o,) doc lap
tuyCn tinh trong V' thi hé vecto di cho ciing doc 14p tuyén tinh.

3. Cho V va V‘ Ia hai khOng gian vecid trén truomg K, 1 'V —+ vV’ la mot

toan ciu, 51 . “' la mot cof 38 cia V', Vi mébi a ' chon mot

veeks ai sao cho f(ot.i y=¢..i =1,....,n. Chimg minh ring:

) He vecto 0.1 0‘.') ..... otn ddc lap tuyén tinh;

b) NéEu t 1a mot ding cau thi “_|.~‘1_2. ..... a,, lap thanh mot co séctia V.
4. Cho V, V’ 1a hai khong gian vecto trén trudng K vidi s6 chiéu cla V’
hitu han, f: V - V’ la mot toan cau. Chiing minh ring t6n tai mot 4nh
Xy Iuyén tinh g: V* —> V sao cho fg 1a 4nh xa dong nhit trén V. Anh xa
£ ¢O duy nhit khong?
5. Gid st E = K[X] 1a khoing gian vecto cédc da thifc cia dn X trén trutmg
K, vi p 13 mot s6 ar nhién. Xét tr dong cifu

frE-SE
P Py = (1- pX)P + XV

tong dé P 1a dao ham cta da thite P. Chimg minh f 13 don cfu, nhung
khong phai ia toan c4u.
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Loi giai
L. Tat ca Ia 4nh xa tuy&n tinh-tnir d) vii e).

2. Ta gid s V va V' la hai K - khong gian vectd. Gia sir ¢6 x,, X,..
x, € Kdé

—_— —_—

X0 X0+ X0, =0
Ly anh bdi f cia ha vé, ta duoe:
FIXjay +. 4 X0 ) = F(x o)+ +FEx o, ) =

= x1f(o) +... + x,fle, ) = £(0) = 0

Nhung {f((::) ..... f((:;)} doc 1ap tuyén tinh, nén x, = ... = x, =0.

r

biéu dé cho ta két luan hé {”‘_l- ..... ;:} didc 1ap tuyén tinh.

3. ) Ap dung bai 2.

b) Néu { [a mot dﬁng cdu thi dim V = n, do d6 h¢ n vects doc 1ap
tuyén tinh {or.l ..... rr.r} Iamodt cosfrena V.
4. Gia sir {s*_[-a_"'} Livmot co siv ciia V. Vi £ 1 toan ¢du nén

(g )#0,Vi=1,..n
Vi@ mbi i, chon t_x:ef_'(:‘._i').tacﬁ f‘(:x_;]:;; L=1,2, ...
Xét anh xa tuyén tinh g: V° — V x4c dinh béi
g6 g )= .i=12..n

Taco, voi mbi x =x6) +x369 +...4x,6, € V'

Ifg(§)=fg[Z?‘,)ﬁE}l’[iX@@)]=f[ixa'?a]

n — X
Iinf(rxi)=inai =X
1 i
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Vay fg la 4nh xa dong nhat trén V°.
¢ ¢6 thé khong duy nhat vi méi (;;_;)Cé thé ¢é nhi¢u hon mot phin
ur. Ta ldy vi du toan cdu sau day:
f:R*>R
(X, X3 X P X + X, + X,

Xétcosa {1} cha R. Ta <6 f (1) véi rdt nhiéu nhidu phén (&, ching

han (1, 0, 0), (0, 1, ), (0, 0, 1) déu thude 1 '(1), tir d6 ta ¢6 rit nhidu g
suo cho fg = 1y, chiing han:

X, 0,0
x {0, x, )
X =), 0 x)
Ta chil ¥ bai toan co thé bo gid thigt dim V' hitu han. -
5. Ta lin luogt c6:

n
P=a, +ZaiXi
i=l
n .
P':ZiaiX"’
n+l

Xp'= zm X =% (1-Da;_ X

i=l i=|
n+}

pXP =pa,, X+Zpa X+l = Zpa, (X
=] i=]

Tir dd:
(P)=P-pXP+XP =

L] .
=2+ Y (2, —a;_(p+!1-iNX' +a,(n-p)X"*!
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Gia str f(P) = (, the thi ta phai c6

a‘i] = {)9
a=((p+1-Da,i=1.2,...n
nghiala  a,=a, =...=a, =0, hay P =0, hay { la dom anh.

[ khong phai 1a toan dnh. Thit vay ta xér bic (P) = n. Hai tniomg hop
xiy ra; hodc n=p hodic n = p.

*¥*n=p,bac(f(PH=n,
#nzp,bic(f(PY=n+1.

Tir d6 ta thdy ngay ring khong cé mot da thic P nao dé bac cla f(P)
biing p + 1. Vay f khong toan 4nh.

ANH - HAT NHAN
6. Tim anh va hat nhan cta nhimg dnh xa tuyén tinh trong bai tap 1.

7. Cho A vi B 1a hai khong gian vecto trén truomg K, V = A x B [a mot
khong gian vevto trén K vdi phép cong vi phép nhan vdi s k xéc dinh
nhur sau:
(o B+ (g Pa)=(oy +ual +ﬁ;),
k(e B) = (ko k)

(Xem bai tap 4, Ch.0).

Chimg minh rang:

a) Anh xap: V — A x4c dinh bii p(&,[—%) =t 13 todn cfu;

b) Anh xa u : B > V xdc dinh b&i u(p) = (0. 3) 1a mot don cdu.

Tim Kerp vi Imu.

——

8. Cho 1 V - ¥V’ la mot todn cau, he vecto :;t“ la mot co sd

cha V. Vi mdbi a.l‘ chonmdt € ¢d dinh sao cho f(E:) = s—l ,i=1,2, .0
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Gol W Livkhong gian con et V osinh b h¢ vecto {«
U=Kerl.

. . i 4
| W games e 0o Vi

Chimg minh ring V=1U ® W.

9. Giid st E 1a mot K - khong gian veeto, E, va E, 13 hai khong gian con
ciia E. Gid sir:

$:E xE,»E

(%)%, x, +X,
a) Chimg minh ¢ 1a mot dnh xa wwyén tinh vis cho hict Img.
b} Chitng minh Kerd ding ciu Vit E, ~E..
<) Tir a) var b) hity suy ta
dim(E, + E.) = dim E, + dim E, - dim (E, ~ E.)

Khi dim E, vii dim E. hitu han.

I Gia st E By mot K - khong gian veetor v 1 E — E 1a mot ur ddng
vie. Chirng minh

Iml =1miF < E = Ker i @ Il

HL. Giid st : E — F Iy mOt anh xa tuyén tinh v dim E = dim F = n.
Chimg minh cac khang dinh sau b tuong duong:

B 1 lictoan dnh;

1) 11 dun dnh;

1) 1l song Anh;

1v) hgt'=n (hang cla [, ky hi¢o hg {,dwoe dinh nghia bang dim(lm0).
12, Gha sic B By mot K- khong gian veetor ¢d s chiéu biing n > 0, vi

PE — E 1d mét 1y dong cdu khde 0. Gid s 1 1y lug linh, nghia [
1k & N dé t*=0. Chimg minh (" = 0,
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Lidi giai

"6, a) Ker = {(0, x,, x3) | (x.. x) € R} = R°,
Imf= {(x,,0.0) |x, e R } = R.
MKerg={(0.x..00 | x,e R} = R,

Img =R’
S Kerh={(x,-x,y, | x,y e R} = R®.
Imh=R". '
T Kerp= (@fficR) = B.
M imu={ ((],ﬁ)!ﬁ eB} = R
8. Theo bai 1dp 3, he veeto {::_2. ..... ;} la dde [ap tuyen tinh, nhir vy

h¢ vectt I mdt ca sd - clia khong gian con W sinh bdi cdc veeto clia hé.
Viy W = V' béi dang ciu g miu sy t6n tai duge xdc dinh bdi quan hé
fg = 1, (bii tap 4).

Gidstr x € V. Xt veety 5 - 2l x ). Ta e

F(x gl (x)) = F(0) = 1y £(x) = (3}~ F(x) = 0

Viy §=-;—gf(;)e Korl, trong do g(l‘(:}) € (V) = W Tir do,
;-; +gf(;) e U+ W. X ;& U W, Ee U cher ta 1‘(;,) = (. M
khic ze€ Wchota 7 = g(;. ) Vi 2 e VLT o

0=1(2)=tg(s) =

Vay 7 = jul 2y = g[_a) =0, nghiala U W :[(l} dodo V=UDW.
Tir 10ng tryfe tidp nay ta suy ra:

dim V = dim(KerD) + dim(Iml).
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9. aylmp=E, +E..

b} Ta ¢6 Kerp={(x, - X) | x €E, N E,}. Xct dnh xq sau:
LE nE, =Kerd

X b= (X—%)
Hicn nhign f ta mot Anh xa tuyén tinh va la mdt déng ci.
¢) Gidi st dim E, =n, vadim E, =n, . Thé th E,= KM vi E, = K" .

Trdo E, x E; = KM x K" = KM vay dim (B, x E)) = n, + n, =
dimE, + dim E.. Bay gior dp dung bai 8, ta dwk:

dim E, +dim E,=dim (E, x E,) = dim (Kerd) + dim (Ime),
hay (heo a) vl b);
dim(E, + E.) = dim E, + dim E, - dim (E, ~ E.).

10,7 =" Tu Iml = Imf*, 1a ¢6 [, 12 mot ding cau (& Iml 1én Imt®,

bat g Imt® SImf 1 ding c@u nguge ciu I f,,. ta oo fg = L2 va

£(Im 1"} = hmf. Ta & trong tinh hinh nh bai tap 8, vay E = Kerl @ Imf.
7= Gid st E = Kerf @ Iml. Vay Imt = [(E) = {(Imf) = [ml .

LL. Tir cong thite dim E = dim (Ker 1) + dim (Imi) ta ¢ cde khiing dinh

i), 10y, iit), iv) K trong duomg,

I2. Trude hét ta chi ¥ £ Khong the Lumat ding ciu. Vi néu [ ding ¢
NS
E=lmf=Im{*=..=Iml=0,

nhimg E dd gid sir ¢d 56 chicu >0, viiy E # 0 1 [ khong phiti [a déng cfu,
thcobai tgp 11, dimIm{<n - [.

Cic khong gian con Im(, Imf ... Imt'® . limthinh mdt day giam

Iml o Im(E)Y oL I ™ o ™'y o
Ta hily chimg minh ring néu Im(i' ") = Im(I' "), thi ta s¢ ¢6 Im({ %) =

Im(™) v moi s > p+l.
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Thil vay, ta c6 cic diing thic:
[P (E) = 1" (E)
t-p-l-l (E) = l-p+2(E}|
()=t (E)
Trddtasuyralm{=Im{ID vdimois zp + 1.
Biy gidf ta hdy chimg minh "= 0. Gia sie {" # 0. The thi tir day giam
n-12dim dmh > dim (I = > dim (mf% 21
L e nosd 1A cde dim (lml'i), I <1 <n, ldy pid trong {[,2,...,n-1},
(th¢ thi At phdi ¢é hal s6 licn Lidp 1ring nhau, gid s dim (Imt *) =
dim(Iml ™", vily Imt P = Imi ™', Nhimg theo trén, ta 5¢ 6 Imt = Imf ¥,
v mei s 2 p+ 1 To do imt F= Im0 = Iml ", vi do do dim(Imi' ™) = .

Nhimg diéu dé mau thudn vai dim (Im ™) 1y gid tr trong 1,2,..,.n- ().
Vay phit co "= ()

CAC PHEP TOAN TREN CAC ANH XA TUYEN TiNH

13. Hom{(V, V') Ia tap hop cac dnh xa tuyén tinh tir Khong gian vecta V
dén khong gian vects V7. Chitg minh riing Hom(V, V°) [ mot khong
glan veeld trén trutng K.

14, Xac dinh {4+ g, gf viu [z trong cde tneomg hop saa, i (im hat nhin
cia ching:

W (2R — R X, X5, X3) = (X, Xa, ()
2: R R a(x), x., %) = (X, - X2, 0. X3);
by §: R — R (X, X:) = (X + X, X, - X4)
g R > R, a(x,. x,)=(2x,. )
15.Cho 1R 5 RI(X,, X0, X = (X4, X3- X0

g RY o R, p(x, X, X2) = (X, - X, X3). Tim f - 2

6



16. Cho £V = V7, 2: V — V7 11 nhimg dnh xa tuy&n tinh sao cho
Kerl < Kerg; hon nita [ Ey md toan civ. Chimg minh ring tHn tai duy
nhil mot dnh xa tuyén tinhh:V'— V> sao cho hl = g.

17. Cho 1 vi g i hai dnh xa tayén tinh tir V dén V', Chimg minh riing

Ker(l + g) o Kert » Kerg.

I8. Cho 12V - V7, 0: V* — V" i hai dnh xa tuycn tinh. Chimg minh ring:
a) Im(at) = g(Imt)y
by Ker(gl) = { (Kerg).

19. Gidi st [ V > V' 1la m0Ot anh xa tuy¢n tinh trong d6 dim V vidim V°

hitu han. Chimg minh riing 1 mdt dang ciu khi vy chi khi nd bicn mot
cur s eta Vothainh mot e sitca V.

. Cho 1V > V7, 20 V' 5 V7 1 nhimg anh xa tuy&n tinh. Chimg
minh ring:

a) Neu gf 1a mot don citu thi {1 mot don cius

by Néu gf [a mottoan ciu thi g 1a mat 1oan G,
21 Cho IV - V7' 1 ma1 anh xa tuyén tinh. A Ih mdt khong gian con
cia V, B fa mot khong gian con cua V. Chimg minh ring

a) [ '(A) = A + Kerf;

b It (B) = B~ Iml.

22, Gia st E, F, F, litha K - Khong gian vect. Chimg minh

Hom(E, F, x F,) = Hom(E. F.) x Hom(E, F.).
23. GiisurE, E, E, livba K - khong gian vectd. Cheémg minh
Hom(E, x E., F) = Hom{(E,. F) x Hom(E-., F).
24. Gia s E la mot K - khong gian vecto ¢d s chidu hitu han. Bal

"= Hom(E, K), E" goi 12 d6i nglhn cla E, mdi u € E* goi i mot dang
tuyen tinh trén E. Ching minh dim E' = Jim E.
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25, Gia st E va F L hai K - khong gian veetor oo sd chicu hite han, Tinh
Jim (Hom{E, F)).
26. Gii sir E 1a mot K - khong gian veetd, F 1a mot khong gian con cia
E. Ta goi F 1a mot sién phang cla Enéuco mot a € E, a # 0 sao cho
E=F ®Ka . Chitmg minh F 12 mot sicu phang Khi va chi kKhi ¢ mot
dung tuyén tinh u khac (} sao cho F = Ker u.
27. Gidd sir E va F 1a hai K - khong gian vector e & chiéu hitu han. Xét
dnh xa ¢ xdc dinh nhir sau:
¢ : Hom(E.F) > Homy(F . E")
u - ¢(u):F-$ > E
gy s ol

trong d6 E” v F™ 1 déi ngdu ctia E van F. Ngudi ta ky hicu ¢(u) bing 'u
vit goi 1 chuyén vi clia u.

1) Chimg minh ¢ [ mot don ciu. ¢ 6 phai Evmoe ding ciiu khong?

by Guiasit E = F, lic do ta e

¢: End(E) — End(E")
Chimg minh:
Shluevi=d(v) o d{w)
p(lLa=1.
Sy = gy (u L diing cau).

- -+ - L v e Lo o - ~ . .
¢} Gid st ¢6 E——F——5G 1a hai dnh xa tuyen tinh, 1 J6 cd

t
v

ok t * . . _ .. .
G » F L chimg minh '(ve ul ="ue'v vii 'w, 'v. '{veu) 1i
chuyén vi clia u,y viv vo .

28. Gidstr E 1a R - khong gian veetos gom cde da thite cua dn x vai he so
thue ¢ bdce £ 3 va da thiie O, v u L mot e dong e cita E xde dinh badi:

WP =X+ D EpTx- D -piix)
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trong do p'(x) la duo ham cua da thite p(x). Gid sir {13 dang tuyén tinh

én E o p(x) |—>J. p(x)dx =l(p).

w) Hily xdc dinh dang wyén tinh 'u(} = ¢.

b Trong doi npdu E’ cia E, ta xdac dinh bon phin L;u}t:b:
by
* *
vpe b cp(p)=pO,e(pr=ph.
ci:(p) =p( ,c’_';{p) =p{h.
_. . . . * * * *® . " N . N .
Chimg munh B'= {e.ca.cieq) lamot costeta E' va xdce dinh
coNd B= ey, ey, e ey clia E d€ BT 130 dai ngdu clia B, nghia 12
eie Y=8; tij=1234
¢} Tinh céc toa dg cha § trong corsG B
29, Gidd str E v K- khong gian veeto, va [ Endg(E). Ta goi [ Ly
ding néu F=1.
a) Chaimg minh [ L Iy ding khi vivchi khi 1;- 4 lay ding.
by Chiing minh néu £ 1oy déing thy E = Kerl @ Imd.
1 Gra st A va B L h.u l\hnm_ ytln can et E xao cho E =A @ B vi
p: E-» E la phép chidu: a+hish (.1 e Ah eB). Ching minh p’ = p.

d} Gia sir it E — E 1 mdt liy dang. Tir b) hay -.,hlrm_ minh I a mot
phép chicu.

M. GiusrEla R - l\hung_ gl vecnr, Chn xcR. ucEvale Endg(E)

saocho F =1, Tim x € Fsmuhn X +o:[{\( )_u .

Lo griai
13 Ta lan Tuogr chimg minh Hom (V. V' cling v phép cong hai dnh xa

tuycn tinh vi phép nhan mot dnh Xa tuyén tinh vdi mat phin ur cia K o6
citg.linh ¢hit sau day:
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D1+ (g +b)=('+ g} + h. Thit vay, ta ¢6:
I+ (e + M) =X + (8 +h) (X ) = £x ) + (g(X ) + h(x))
= (11X ) + 2(x ) + h(X ) (vi phep cong trong V' I kat hop)

= T+ ) +he) = (T +2) + h)(x),vx €V .
Viy tasuyral+ (g + h)=+ (g + h).

2) '+ ¢ = g + 1. Chimg minh fuong wr.

DOV SV, X 50y 04 1=T,

D1V VX b M(x ), [+ (-D=0).
HAHW=M+pk e K VoV

Thit vy, ta e

A0 () = A+ 10 (X)) =X X ) + (X ) =

= ADX +(UNOX =M+l )x LVx € V.
OAMI+a)y=2a1+ Agsh e KT, £ € Hom (v, V.
Chimg minh tuemg ur. | '
Nyt =xu: Ape K. e Hom(V, V)
BYLI=t1eK, e Homy(V, V).

Ta nhiin x&t tam tinh chilt cia Giu (e K - khomg gian veetd duge
thoa man do V' 1a mon K - khong gian vecus; vige clwimg minh tdm (inh
chiit d6 y hét nhu khi i chimg minh bai tp 4 el chuomg 11

Nhur vay Homy(V, V') Ll mot K - khong gian veets goi 1 khong gian
Vecto cde dnh g tvén tinh ot K- kiong gicn vecto Vo vao K - khang
Wl vecta V,

I a) '+ o0 (X, X5, X3) > (X, X0 ) + (%, - X, B x,) = (2%, - X5, X2. X)),

! g
22Xy, X5, X9) > (%), X, ) (%), - X., 0, (O,
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2 1
Tor (X0 %o X3) +9 (X- X0, 0, X)) 3 (- XL, (3,0,

Ker(i + ) = {(0,0,0)} .
Ker gl = {(x,x.y} X.ve R} =Ker [p.
PY T+ 20 (X0 X0} B (X + Xo X - X)) + (2%, 0 = (3% 0+ X, X, - Xs),

IS

2L XD B O+ X Xy = X s (204 X O,

i 1
[ (X, X0} > 2x, 00 > (2%, 2x,),

Ker(I'+g)= {(”.{l)},

Ker gl = %J(.—X)‘ X = R}.

Ker [g = {((},x}‘ X € R}.
PO T - g0 (X, Xaw X3} > (2%, % - Xa) - (X, - X0 X = (X, + %, - X0
I, Ghd sur ;re Vi Vil Tatodn ciu, nep (_;".) =0, Giastr x e (;') ,
(he 1hi [(x) = y Ta hity chimg minh - {;‘): x + Ker £ . Hién nhién ta
o x+Kerl o I"l(}T). G s x; € I'_l{}:)_lh{" thi I'(;'):;’, .szty
l‘[-‘: ;) =0, hay ;T ~x e Ker I, hay x_; =X 47 i ; & Ker I, vay
\i cx o+ Kerf, hay I'"I{;*) < x +Ker . Tir hai bao him thitc dé ta eh
<+ ]-;urf:f“'(;'). Vi [y thy ¥ trong I"I{; ), nén fa cling cd

N Rert=xy + Kerf, vn XL X el'_l(y}.

Bay ict ta bily xXiy dimg anh xa uvén tinh he Voo o Liv ve V'

_ dal

ve—w £ (V) = x4+ Kor f—mg(3) - hy)
Vian d¢ dat ra 3 h nede hét cd phdi % mot dnh Xi-khong, nghia la
neu La 19y mat x_|. khic x . nhung vin thuoe 17 (;f) . thi g(i-i‘ ) et hang

“_‘(;H\hl'll'lg ? \T S t"'(;) =< +Kerf c_:‘\j + Kerg (Kert < Kerg), vay
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Xp =X +zoz e Kerg, chonén glx | )= g(x). nghia 13 h xédc dinh nhu vay
I mdt danh xa.

B¢ chimg minh h 12 4nh xa tuyén tinh, ta chi cin chi ¥ ring
f*{{—y.) =x +Ker I
£ (y) = x" + Ker 1.
i {; + ;'} =X+ X + Ker [,
! (7\.;’) —Ax+Ker f.AeK

it s durgie
\ + y" > x + x“+Ker [ 1 h{; + ;‘1: g(; + x}
= g(;) +e(x')= ]1(;) + h{v")
Ay 5 Ax + Ker £ o h(Ay) = g(A%) = Ag(X) = Ah(¥) .

Hién nhien ta ¢d ht = g, vai h xay dimg nhur vy, Gia sitead b V' —
V" d& T = g. Ta hilty chimg minh b = h. Thay viy L3087 ;E VioVit
Levtn dnh, nén 3xeV, f{; )= ;/ . T do ta co
h(;!} = h(l'[;)) = h'(f(;]) = h'(;'z‘ v moi \_/ eV . Vaiyh=h.

17. x & Ker £~ Ker g f(;) = g(;} _
o= +g)(;): l'{;} +g(;) =0 +(—!:():>;e Ker(f +¢).
18 Imi gt = (2 (V) = ¢tV = glm).
by e Kergf < g(f{;)) 0 f(§) e Kerg =vef! (Kerg)
19 Xem (81, 1.3),
20000 N V.F(R) = 0= g(F(N) =g(0) = 0= < = 0 (vi g dom cilw). Vay
I 1 dom cdu.
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h) K&t hgp 18 a) vai g thidl gl toan ciu, 1 eo:
= Iml(gh = g{Imf) < g(V")
Viy g(V) = V", nghia [i g toan ¢iu. '
21. @) Hién nhién ta ¢& A + Ker I < [ “'(I(A)). Ldy X e I YA
= l{x}e [(A) = EN e A. I(x} = I{a):;» I{x —a}—(}::» X —ae Kerf

—x=a+ h,h € Ker. Vay { '(ITAY) < A+Ker 1. Két hyp hai bao ham
thire, ta cod A+ Ker = 17'(T(A).

M heBniImf o b=I(X)eBxel™ (B)ehell~ (B).
22, Bt p, vl p. a cic phép chidu:

F, x F, ->F

X,.x5) B X,

- "
I“L <F, ——F,

_(xl.x.z) =X,

Ta hdy chimg minh v mdi cip dnh xa tuyén tioh [ E - F,, 1 E 5 F.,

(a e matdanh xa fuyén tinh duy nhilt 1: E > F, x F, liun hai tam £IAC sau
aiao hodn

F]XF:

Nghialaf;= p, of, {,=p, o [. That vay, Jat
I:E— F| x FZ
<o {100,660
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Ta kiém tra d& dang ring f 12 4nh xa tuyén tinh duy nhdt 1am hai tam
gidc trén giao hodn.

Bay gidr ta hily xét Anh xa ¢ sau day:
¢: Homy(E, F, x F,) &> Hom(E, F,} x Hom(E, F,)
I (o f,pe )
DE ki€m tra ¢ 12 4nh xa tuyén tinh. Mat khéc véi méi cap
(f,, f,) € Hom(E F,) x Hom(E,F,)

ta dd thdy & trén ring t6n tai duy nh&t f: E — F, x F, d é §(f) = (f,, f,). Su
16n tai coa f néi 1én ¢ 14 todn dnh va tinh duy nhdt cla né néi 1én ¢ 1
don dnh: Vay ¢ 1a mot déng cdu.

23. Bt s,va s, 14 cac don ciu:

8 :Fl —>F] sz

Xy (x,0)}

s, :F, o F xF,

x5 H>(0,%, )

Ta hay ching minh v&i mdi cip 4nh xa tuyén tinh {: F, - E,
f,;: F. = E, ta ¢6 mét dnh xa tuyén tinh duy nhit f: F, x F, — E lam hai
‘tam gidc sau giao hoAn

F,xF,

8y

nghralaf, =f o s, f, =f o 3,  That vay, dat
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f: FyxF, »E
(X X)) £ (X ) +1,0x,)

Ta kiém tra d& dang ring f 1a mOt 4nh xa tuyén tinh lam hai tam gi4c
trén giao hodn. D€ chimg minh { duy nhét, trde hét ta hiy nhan xét ring
ta co:

(h S1P; T 8P, = ll:1,<|:0
trong d6 p, va p, la cdc phép chidu trong bai 22. Bay gidr gid sit co
f": F, x F, — E ciing cho:
f'o s, =1
f'o 8,=1,.
Tir d6 .
o S opl :fl °py,
flo sy 0py =t 0p,.
Cong v& v6i vE cac déng thitc va chil ¥ t6i (1) _
[Tosiop +f'os,op=f(sp+sp)={'=1fop+lop=1
(theo xac dinh f).
Bay gitr ta hdy xdc dinh dnh xa tuyén tinh y sau day:
¥ : Hom (F, x F,.E) - Hom, (F|.E) x Hom ¢ (F, ,E)

[ P (fos,,fog,)

D& kiém tra w 12 anh xa tuyén tinh. Mat khic v&i mdi cap
(fi, ) € Homy(F,, E) x Homy(F,,E) ta d4 thiy & trén ring t6n tai duy
nhit f: F, x F, — E d€ yw(f) = (f,.,1,). Viy y i toan 4nh va don anh, do d6
w la ding cdu.

24. Gid sif {e,,e,,...¢, } 1a mot co & ciia E. Xét 4nh xa f x4c dinh béi
f:E > E’
x;—}l‘(x):x* E—>K

yl'_)x*(y}:x}}’] +'"+xny“
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trong d6 X, ... X, VA ¥,,...,¥, 14n lugt 12 céc toa d6 cha X va ; d6i vdi co

54 {€,,€5,..¢, } . D& kiém tra x” 12 mot dang tuyén tinh va f [a mot dnh
xa tuyén tinh. Ta hdly chimg minh f 1a ding cfu. Gi4 sir c6 f(x)=0, diéu

dé cé nghia x*(§)=0 vdi moi ger.Lé'y ;la‘n lugt bang e ,e,,...,e
ta duge

n 7

x"(e))=x, =0
x"(e;) =%, =0

x"(e,)=x, =0
nghia 1a f(x)=0=>x =0; vay f don 4nh. DE ching minh f toan 4nh, ta
l1ay m¢t dang tuyén tinh thy ¥ u € E™. Dat u(e_i') =X;,taco

a(y) = Y}“(‘;)WL'--*'Y“U(Q) =X, ¥ et XY,
=x () =T(X)y), W(y)eE

trong do ;le;+...+an. Viay u:f(;), nghia la f toan dnh. f d3

ld ding cfu, né s¢ bién co s& {e|.e,....e } cla E thanh co sd

{e{e fcha E'. Céc dang tuyén tinh e’ dugc xéc dinh theo (1):

c?(;;)z ) ij° {er....c:}ggi 12 cor s déi ngdu cla co s& {e|.eq,..0,}.
Tir d6 ta ¢6 dim(E) = dim(E").
25. Gia st dim E = n, dim F =m. Ta ¢6 F = K. Viy theo bai 22, 1a ¢6
déng cdu: _
Homg(E,F) = Hom(E, K"} = (Hom(E,K))" = (E)™.
Nhung theo bai 24, dim E'=n. Viy:
(‘E‘)m - (Kll)t’ll — Knm
Tir dé dim (Homy(E,F)) = nm.
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Trén day ta chi thudn iy tinh s6 chiéu cla Hom(E, F), ban doc ¢6 thé
ki¢m tra riing khong gian vecto d6 c6 mét co sé 12 {u;} xéc dinh bi:
ujle)=98, 1,

k=1,..,0j=1,.,ni=1,.., m;trong 46 {el,ez,...,a} la mot co sd
cia E va {f—].a} la mot co s& cha F. Trong trudng hop m = 1,

Hom(E,F) = E", ldc d6 c4c u,, chinh 12 céc e}‘ trong bai 24.

| 26.Gidsttcé E = F® Ka . D thdy 4nh xa
F®Ka-»FxKa
X + Ad»(X,A3), xeF,AcK
1a mot ding cAu. The thi theo bai 23, cap 4nh xa tuyén tinh
f,:F5K f,: Ka5K

p—

VX, x50 Ad A -

cho ta mot dnh xa tuyén tinh duy nhat u # 0 sao cho ull =f; =0va

2

Uz =z - Hién nhien Ker u =F.

bao lai gid st F 1a mot khong gian con cia E sao cho F = Ker u, véi
‘4 E —> K I mot dang tuyén tinh khdc 0. Vi u # 0 nén

_:I;EE. u(;)zl;tO.Ta héy ching minh u toan 4nh. That vay gid sir
I P n= TP
e KDt y=-x,taco u(y)=u —x |=-u(x)=L2% =pn. Vav theo
[ .Y;L (y) [l)l()l K. vVay
hai 4, ta c6 mot don cdu v x4c dinh bdi:
v: K>E

I a, ua)=1

sa0 cho uv = 1,;; va theo bi 8, tacd E=Keru®Ka. VivyE=F®Fa,
do d6 F 1a mot siéu phing clia E.
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27.Gidstre = {e|.e,,....e } lamdtcosdchaE, f = {f pof geef (18
mdt co s coua F, c‘={eT,...,e:} 12 co s& d61 nglu cia ¢ va
t* ={f : m } 1a co s& d6i nglu cua f (xem bai 24). Khong gian vecto
Hom(E, F) c6 cd sd {“ij}' i=L...,m,j=L..,nxdc dinh bdi

u, (ck) ﬁikf (xem bii 25)

a) Hién nhitn dnh xa ¢ 12 tuyén tinh nghia [a $(u+v) = ¢(u) + d(v) va
$(Au) = Ad(u) v A € K, ta hiy ching minh ¢ don &nh. Gia sir ¢6
$(u) = 0, vay d(u}s) = s o u=0vdi moi 5 € F, viy ta lai cang cé

*

fi, ou=0, h=1i,.., m. Tahay bifu dién u qua co s& fuylh,i=1,..m
j=1,.,n
Z?\.Uu i'EK‘
i=1 J“
=L

Ta co:

th(u(ck))— S U,J(ek)) 27“1] el ()

= _ Zlh}ﬁjk Ay =0

viih=1,...,mvak=1, .., n Tasuy rau=0, nghiala ¢ don anh. Mat
khdc theo bai 25, dimg(E, F) = nm = dim Hom(F",E"). Theo bai 11, ¢ 1a
dang cdu.
bypu o v): E-K
s=so(uev}
=(sou)eov

=GV )(p(u)(s))
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Vay $(uov)=4(v)od(u). Hién nhitn ¢(1p) =1E.. Gia sir u 12 mot
ding cdu, vay:
bl o w=dlp)=1_. = dwo b
dueu™)=g(lg)=1 . =¢u™)e d(w)
Ta suy ra: ¢p(u’ h= (¢(u))']
¢) Chimg minh nhu trong b).
28. a) Theo dinh nghla clia 'u (xem bai 27):
w: E -E
sl—)tu(s) =50 u
Vay ‘u({f) = ¢ 12 dang song tuyén tinh sau day -
E—L5>E—',R
' I
pX}=p' X+ 1D)+p' (X -1 —p'(X)i> I(p' X+D+p'(x-1-p'(x)Ndx
0
={p0x + g +ptx = bl = [peol,

=p(2) - 2p(1) + 2p(0) — p(- 1)
=4(p) '

b) Ching ta hdy tim bdn phin tir ¢, e,, &,, e, thudc E sao che
ej(e) =8, ij=1234
Theo céch cho céc ¢ , ta duge:

¢ (0) = 15 e, (1) = e(0) = '(1) = 0. Nhu vay e, 1a mot da thic thuoc E
vi nhin 1 1a nghiém kép, vy cd dang: e, = (lx + x - D Tu el(O) =1
va e, (0) = 0, ta duge

€ =(2x + 1)(x - 1%
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Tuang tr ta duge:
e, = (-2X + 3)x% ey = (x - 1¥x; e,= (x - Dx*.

Ta hdy ching minh B={e .e,.e;.e,} doclap tuyén tinh. Gia sir c6
4
=1

The thi véi mbi c::

4 4 4
O=e, (0)—ci[ZlJeJ}—leer(cl)—leﬁu =),
= i=! _

I
Vay A, = A, = A, = A, = 0, tir 46 B doc 14p tuy€n tinh va hon nita 1a mot
co s& cua E vi dim E = 4. Hién nhién B' = {e, .32.03,34} la d6i ngéu
1,j=1,2,3,4.

cua B vi ta da dat e?(e.)zﬁij i1,
c)Giastr = lc +7ch +7L?e +7L4e vy
¢(ej)= * ,} = 13 2; 31 4‘

a) vé b) chota
A =d(e,) =€,(2) - 2e,(1) + 2¢,(0) - e, (-1) = 11
Aa=dley) =-11 '
A=de,)=06
Ay=dle,) =06

Vay ¢ =lle] —lle, +6ey +6e,.
.0 f=fc (l-DP=1g-20+F=1;-I.

b) f* = f = Imf* = Imf = E = Kerf & Imf{ (xem bai tap 10).
c) Xét

EzA®PB—L5A®GB—L25ABB

Va+beE, a+b > b b
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Vay p(a+b)=b=p?@@-+b), hay p>=p.
d) Gid sir = . Theo b) ta ¢6 E = Kerf @ Imf.
Xét:
E = Kerf @ Imf — > Kerf ® Imf
4B () > G+ FE) = @)+ 12(R) =0+ £(R) =b .
Vay f 1a phép chiéu.

" 30. Tatim x € £dé (i +aDE) =u. T f = I;ta cé:

oy =a’f =((af +1)-15)° = (@f + 1 - 3 (af +1.)* +3 (af + 1) - 15
hay
(1) @+Dlg=(af + 1) [(af + 1. - 3af +1) + 3 1] =
= {(of + 19" -3(af+ 1) + 3 1g] (af + 1)
Truomg hop o +1 #0, af + 1,12 mot ding cfu. Tir (1) ta ¢6:
1

3
o

(af +1g)7" = [(af+lE)2—3(ocf+1E)+3lE]
+1

- L (0 -af+1p).
o’ +1

Vay ta c6 mdt nghiém ;duy nhit:
x=(af +15) 7 @) =—— (@2 —af + 1))
a” +1

=Tlﬁ(u2f2(ﬁ)-ar(ﬁ)+ﬁ).
o’ +1

Truomg hop &’ + 1 = 0, nghia la o = -1. Trong trudng hop nay ta phai
fim x, dé

Ay

(; —f)xg)=u



Mudn vdy, taxét (1} véia = -1, tacd

(g ++12) 1, - DK ) =g ++12)w) =0(xy) =0
i) (I + £+ 1)(u) # 0, khong c6 x,, no théa mén phuong trinh.

i) (g + f + P)W)= 0 = —f2)=u+£(u) vk ta thiy mot

nghiém x , = % (2u + f(1)). That vay

ey 2oy 20 de s 2o 1o
(g f)[3u+3f(u)]—3u+3f(u) S - W

Tap hop nghiém cha phuong trinh sé& la g +Ker(lg ~1).
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Chuong V
MA TRAN

§1. TOM TAT LY THUYET

Il

Céc K- khong gian vécto trong chu‘o‘ng nay duge gia thiét 1a co so
chiéi him han. Viéc nghién ctru K- -kh6ng gian vecto HomK(E F) vdi E va
F c6 s6 chiéu hitu han sé din t6i khéi niém ma trdn cla mot 4nh xa
tuyén tinh { ma c4c thanh ph:?m clla ma trin chinh 13 céc 1oa do cha 4nh

xa tuy€n tinh f trong khong gian vecto Hom,(E,F).

1.1. Ma tran cia mot anh xa tuyén tinh

Gia st E va F 12 hai K- khﬁng glan vectd, dim E=n, dim F = m, véi co

¢ —{el, e = {fl. fll]}vaf.EaFlamotdnhxa
tuy&n tinh x4c dinh béi

sa Han luot 1a :

(1.1.1)

f(el)za“f] +a2]f2 +...+am]fm
f(;;)zalzﬁ+a22f2 +..+a, ,f

..............................................

f(qn):a]nfl +e12nf2 +..+a

Ma tran kiéu (m,n):

(1.1.2)

801 & ma trgn cdia dnh xa tuyén tinh f d6i véi cdp co s6 (& F). _

41 By oy,
A=| 22t 22 4
Aml Amz " A,



Ta chi ¥ : Cac vecto cOt cia ma trdn A 1a cdc tga do clia cdc vecto
f(e,), f(e,)....fle,) dGi v&icosyF.

Ky hi¢u Mat,,,(K) t4p hop cdc ma tran kiéu (m, n) véi thinh phén
thudce K, tacé A € Mat ., (K).
1.2, Song anh giita Hom(E,F) va Mat ,,(K)

Ta ¢6 dinh cic co s3 ¢ va F trong E va F. Ta duoc 4nh xa:

¢: Homy(E, F) —» Mat, (K)
f>A

v6i A xéc dinh béi (1.1.2). Ddo lai cho A, ta c6 4nh xa tuyén tinh f duy
nhit xdc dinh béi (1.1.1) sao cho ¢(f) = A. Vay ¢ 12 mdt song 4nh.

1.3. K-khong gian vecto Homg(E,F). Tong cha hai ma tran va tich
cia mot ma tran voi mot vo hudng

Song anh ¢ trong 1.2. s& cho ta phép cOng hai ma tran A, B € Mat,, . (K)
va phép nhan mot vo hudng A € K véi A dé Mat . (K) 12 mot K-khong
gian vecto va ¢ 12 mot ding cfu. Cu thé gia sir ;

¢'(A)=1,¢"(B)=¢g
ta dinh nghia téng cida hai ma trgn A va B, k¥ hiu A+B, 13 ma tran

A+B=0o({+g)
va tich cita A vér A, ky hiéu AA, 12 ma tran
AA = $(AD) |
Nhur vay, néu A = (a)), B=(b,), thi
(1.3.1) A+B=(a,]+bu),
(1.3.2) AA =(Ra,).

Theo (Chuong IV, bai 25), khong gian vectd Hom(E, F) cé mot co
sd{u},i=1,2,..,m,j=1,2, .., n, xic dinh bdi

(1.3.3) uij(ek)zt‘:_jk f, .
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Dé chimg minh {u,} 13 mot co s ta chi cdn chimg minh né doc lap
tuyén tinh vi s6 chiéu cia Homy(E,F) 12 n x m (chuong IV, bai 25).

Giasrcd

Z lu i =0 (i=1,2,...,m,j=12,..,n)

Ldy mOt vecto e, iy ¥ thudc cor s& &, ta ¢ theo (1.3.3) :
U(ek) 0 zlqu (ek) zlu _]k 1 zllk f‘
i

Nhung & la doc lap tuyén tinh nén A, = 0 vdi i=1,2, .., m Miat
khdc ¢, ldy thy ¥ ,néntaciing c6 A, =0vdik=1,2,..,n

Gid sttt € Hom(E, F),taco :
f= Zaijuij L i=1L.,mj=1,..,n
Tir 46 :

f(ek) Zauuu(ek) Zau ]k Za f,

So sanh véi (1.1, l) ta thdy ma tran (o) chinh 12 ma trdn cha f d6i v6i
Cap co s (&, H#).

Ma tran E, cia dnh xa tuyén tinh u,, theo cong thirc (1.3.3) la ma
trdn ¢4 cdc thanh phdn bang O tnr thanh phin & dong thit i va cft thi j 1a
bang 1 va {E,},i= 1, .., m,j=I, .., n1a mot co s& cia K-khong gian
vecto Mat,,,,.(K).

1.4. K-khong gian vecto Homg(E*,F*). Ma trian chuyén vi

Gid st § = {e1..en} A mOt co s cia E va # = {f1,....[m }1a mot
cosdcoaF; & = {c:,...,c:} va F = {f:.....f]:]} 12 cor s& dGi ngdu cla
E ova # trong E* vd F* (chuomg IV, bai 24). Khong gian vecto
Hom,(F1E")co mot co sa{u;.} Li=1, ey =1, ..., m, xdc dinh bdi
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(1.4.1) W) =8 ef

twong tu nhu cong thitc (1.3.3) khi ta ¢4 xéc dinh cd sé ciia khong gian
ngudn va khong gian dich. Theo (chuong IV, bai 27), 4nh Xa

Hom(E, F) - Hom(F", E")
>
trong d6 'f 1a chuyén vi cla f, 1a mot dang cfu. Gia sir (@) i=1,..,m,
J=1 .., n, 1ama tran ca f d6i v&i Cap ¢ 5O (&, F ); ta hdy (im ma tran

cha 'f d6i vai cap co s (#, 2. Gid sir (@),i=1,..,n,j=1,...,m,1a
ma trn cita 'f . The thi theo 1.3 ta c6

f *
(1.4.2) f= 2 o
=],..0
Fleu
Theo dinh nghia clia 'f - 'f(f:)z f;: of
Tir 46 :
. - of I .
(e ofHej) =1, | Da;fi |=ay
=l
Mat khic theo (1.4.2) va (1.4.1) ta ¢c6

t * * * * *
f(f )= o ui(fy)= 208 e =Y ay o
i L] i
Viy :
toan® * - ' w |- _
[l e )= (1, of)(ej):[Zaik e ](ej)-ajk
i
Viayr o =a,,j=1,...,n, k=1, .. m.
Nhu vay ma tran () ciia 4nh xa tuyén tinh 'f, chuyén vi ctia f, 12 ma

irdn ¢é n dong va m cOt, né suy ra (ir ma tran A cia f bang cdch vidt céac
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cOt clia A thanh cdc dong ciia né. Ngudi ta ky hieu ma tran cia 'f d6i vai
cip co sO d6i nghu (#, &) biang ‘A va goi 12 ma trdn chuyén vi ciia ma
trgn A. Tix

M+ =" +'g

A=A, AeK
(xem ch IV, bai 27), tacé

YA +B)y="A+'B,

LAY = A A

1.5. Tich cia hai anh xa tuyén tinh va tich cia hai ma tran

Gid st F={e|.nen}, F={f|oulm], G= (g8, } 1 cc co 53
13n lugt cha cadc K-khong gian vecto E,F, G. Ta xét tich:

h=goef:E—>G,

va dat vin d¢ tim ma tran clia g o 1 d6i vdi cap co sd (£, %) khi bigt ma
trdn A cta f va B ciia g. Mudn vay ta xét

i
h(51)=zci}-i§i
i=1

Ma tran C = (¢} € Mat,; ,(K), theo dinh nghia, 12 ma tran ctia h d6i
vdi cap co sd (&, ¥9). Mat khéc, xét

_ m m o
‘g(f(cj))=g[zatkJ J de&(ik)—

k=I

—iﬂkj Zb 8, —Z[ib.k xj]

1=l k=1
Vi hie )= g(f(e;)), nen

IR
(1.5.1) cii = X bydy
k=1
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Ma tran C = (¢,) 1a ma trdn cia 4nh xa tich h = g ¢ 1, c6 cdc thanh
phin ¢, cho bdi cong thidc (1.5.1) goi 12 ma trdn tich cita B véi A, k¥ hieu
BA. D¢ c6 thé nhan B vdi A ta phai o6 s6 cOt chia B bing s6 ddng ctia A.

Vi tich dnh xa c§ tinh chét két hgp nén phép nhan ma tran ciing ¢6
tinh két hop, cu thé A(BC) = (AB)C (14t nhién néu c6 thé nhan chiing
duge vai nhan).

Theo (chuong IV, bai 27), tacé ‘(g o f) = fo'g, nén ta ciing 6
(BA) ='A'B

Ta dd ¢6 quan hé giira phép nhan 4nh xa v6i phép cOng 4nh xa, cu thé
phép nhéan phan ph6i d6i véi phép cong

(gi+ g =g f +g.f,
gl + 1) = gf, + gf,
Tinh chét phan ph6i d6 dugc chuyén sang ma tran :
(B, +B,JA =BA + B,A
B(A + A,)=BA +BA,

1.6. Yanh End,(E) va ma tran vuéng
Tap hop End(E) céc tw dong cdu f : E —» E vdi phép cOng va phép
rihén hai 4nh xa 1 mét vanh ¢6 don vi, goi 1a vanh cdc tr d6ng cau cha E.

N&u ta cd dinh mot cos6 & = {c ,+€n} trong E, ta dugc mot song 4nh

¢ : End(E) > Mat (K)
f A

nhu trong 1.2; ¢ d4 mang phép cOng va phép nhan trong End,(E) vio
Mat,(K) nhu ta di thdy, dé ¢ tr& thanh mot ding cqu. Vanh Mat (K) cic
ma tran vudng c¢ip n ldy thanh phin trong K 1a mot vanh ¢é don vi, dé la
ma tran I (hay I, néu (a chi y (i cdp clia ma tran) ma céc thanh phan
nam trén dudng chéo chinh bing 1, cdn cdc thanh phin khic bing 0.

Ta c6 dnh xa ddng ghi nhé sau day tr Mat,(K) dén K, 4nh xa nay bio
toin phép nhan, cu thé d6 1a 4nh xa v& dinh thirc clia mot ma tran ;
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Mat,(K) - K
A Al
AB - |ABI = Ai IB

Ngoai cfu tric vanh, Mat,(K) con 12 mot K-khong gian vecto véi s6
chi€u bang n’. Them nita vi A (gD = (A g)f =g(A ), v6i A € K, nén ta
cling c6 A (BA) = (A B)A = B(A A). Ta bio Endy(E) vi Mat (K) I hai
K- dai s6 déng cu vdi nhau bdi dhng cdu ¢ .

1.7. Nhém GL(E) va ma tran kha nghich

Trong vanh End,(E) ta chi ¥ (i tap hop GL(E) cdc tr ddng ciu.
Chiing 1ap thanh mot nhém d6i vdi phép nhan goi 13 nhém GI(E) (hay
GL,(E) khi ta chi ¢ t6i s§ chiéu n cha E) cde tir ddng cdu cia E. Xét
f € GL(E) ta ¢4, tir

foft =fof=1g
AOBE™ ) =¢(F o 1™y =™ o £) = o(E ™) §(F) = i ) =1

Vay nfu ¢(f) = A, thi tadat ¢ (f ') = A™*. Ma tran A" goi I nghjcﬁ
ddo cia ma tran A va lic d6 a bdo A kha nghich. Néu A = (a,), tht
1a cé:

A Ay o A

S [ A Ay o Ay
Al -

_ A Agy oo A

trong d6 céc A, 12 cac phin bis dai s6 ciia céc a, trofPdinh thic 1AL Ta
ky hi¢u GL,(K) nhém nhan cdc ma tran khé nghich ciia vanh Mat (K.

Theo (chuong TV, bai 27), ta cd
AD=CAST=1.
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1.8. Anh hudmg cia viée ddi co sd t6i ma tran ctia mot anh xa tuyén
tinh. Ma tran dong dang

Gidstr ¢ ={e .....;n b, &= {g'l »-€' -} 14 hai co 50 ciia K-khong
gian vecto E, S 13 ma tran chuyén tI co s& & sang co s& &5
F =l el i}y F = sy} 12 hai co s cha K-khong gian vecto
F, T 12 ma tran chuyén tir co s§ # sang co s& %'; f € Hom(E, F), A 1a
ma trin cha f doi vdi (& %), A'1a ma tran cla £ d6i v6i (&, #7). ThE thi

(1.8.1H) A =T'AS

Trong truomg hogp E=F, ¢ =4, § =¥ thicicmatran A, A", T=8§
déu 1a nhiimg ma tran vudng cdp n, va (1.8.1) trd thanh:

(1.8.2) A'=T"AT

Hai ma tran vuong cip n, Ava A', ¢é quan hé v nhau theo cOng thiic
(1.8.2), goi 1a hai ma trdn dong dyng. Pinh thic cla hai ma trin ddng
bing nhau. That vay ta cé :

AT=IT'ATI=ITAITI=IT'ITIAI=IT' TIlAl=
=111 Al =L 1Al =}AlL
Do d6 ta dinh nghia dinh thic ctia d4nh Xa tuyén tinh f, ky hi¢u det f,

ta dinh thiic (Al ciia ma tran A,

1.9. Dang ma trin caa f(x) = y

Céc gid thyfg van nhu trong 1.8. Gia slr ; € E c6 10a d0 d6i vdi «

# v E 1A oot 182 X, XayeenXgl X'y X'gaeennX'y
vie F(x) = y €F ¢6toa do d6i v6i # via#F ' 1dn luge | :

}'1’ y29 sery Ym; )"1» Y':, ey y'rn
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Chung ta hdy vi€t cic toa do d6 dudi dang ma tran cot ;

X X Y) Y
X = x2 . — xlz Y = y2 Y= y2
Xn x'n Yin ym

Ta duge cdc déng thitc ma tran sau day :
X=8X,¥Y=Ty"
Y =AX,Y'= A'X";
hai déng thic cudi cing déu 1a hifu thitc ma (rén clia ; = [(x).
L.10. Giia tri riéng, vectu riéng

Gid sir f : E — E 12 mot dnh xa tuyén tinh, % = (¢, ....e_} 1amot co

sfcua E, A = (a,) 12 ma tran ctia [ d6i vdi co sé & Ta bio mot phan tir
A € K 1a gid tri riéng cha f néu

Ker(f ~ Al ) # {0}

Khong gian con E, (f) = Ker (f - &1) ciia E, goi 1a khong gian con
rténg cha f tuong Wing vai gid (i rigng A

Vay
xeE, (He f(x)=Ax
Céc vecto ;6::; €E, (D, goi la vecte riéng clia f wong vmg véi
gidt A,

Gia str &, Ay,..., A, 12 nhimg gi4 tri riéng d6i mot phén biét cla f. The
thi tdng cdc khéng gian con :

El, (fy + +Eq )
fa tryc tiép. That vay, ta hily chimg minh hz‘mg quy nap theo p. Gia st
Xe Ex] (f)nElﬁ (). Thé thi l‘(i)=kli=l2§ Vay (A, - X)) x=0.

141



_ Nhumg (A - &) 20, nén x =0; t6ng Ex () + Ea_ () 1A truc 1iép. Gid
sirtOng Er, (D +..+ E;_P_] (D) 12 tnyc ti€p. Xét

Re @ (D+..+Ex () Ex (D
Tacd:
Elp (f) 3 izil +...+ip_l GEM (D+...+Elp-l(f)
Viy :
Aoy ot MoKy =R K= R = 1)+t 1 )=
=X X, +...+lp_1ip_,
hay :

Qo AR oty = A )R, =0

Nhung téng 'El] B +..+E; 1 (f) 1A tnee ti€p, nén
-

Sy AR ==y = A, R =0

Nhung céc A, = v ky =,y ‘déu khic 0, vay %, =..=X , =0.
T dé X=0 vaténg

EM O +..+ E'.kp ®
1a truc ti€p.

bat @Ay=det(f-Alp)=|A-All=

a; —A ap, oAy,
= 221 ay —h o2y,
any Ao ann_;JL

ta 6 @ A ) 12 mot da thite bic n d6i véi A , goi 1a da thite ddc trung cha
f. Ta ciing goi () 1a da thic dic trung cia ma trin A. Chi ¢, néu ta idy
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mot ma trin A’ dong dang v6i A, thi da thiic dic trung clia A’ ciing bang
da thitc déc trung clia A. Néu khai trién ¢( A ), ta duoc

PAy=CD"A" +a, A +..+a ,a, €K

Khi K = C thi ¢(2) c6 n nghiém, mdi nghiém k€ v6i s6 14n bang s
bdi chia né. Khi K = R hay Q, thi ta chi biét s& nghiém cliané < n.

Truomg hop ¢ A) c6 n nghiém phdn biét trong K.
Trong trudng hgp nay

E:Ell (f)@"‘@ Eln (f)
vt dim EL] (f)=---=dim E)’n (D=1. Néutaldy:
0#8 €E; (0,..02%, ¢E, (O
thi ta dugc mot co s mdi ¢
F={e) v}
vOi tinh chét f(e', )=A2 e f(€' ) =2 €', Vi vay lam cho ma tran
cha f doi véi co s& & ¢6 dang chéo sau day:

A, 0 - 0
a0 A 0

n

Ma tran A vd A’ déng dang vdi nhau. Nguti ta bdo ta di chéo hoa
khi dua A vé mot ma tran déng dang chéo.

Truomg hop (1) c6 m nghiém trong K véi 56 boi n,, ..., n,, sao cho
Hy + ...+ H,=n.

Trong trudng hop nay, néu thém gia thigt
dlmEll (D=nl, ..... ,dim Elm (f)=nm
thi sau khi chon trong méi E, (f) mot so s va hgp chiing lai, ta duge

mot co s§ & clia E. DO v3i co sd &', ma tran A’ clia f vin & dang chéo,

cde phdn tix ndm trén dudng chéo chinh I3 cdc nghiém Ay, A,,..., A, c6
mat v s6 14n bing s6 boi cua ching.
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§2. BAI TAP
ANH XA TUYEN TINH

1. Cho 4nh xa tuyén tinh f: R° - R? x4c dinh b&i
f(X), X2, X3) = (2Xy, X3 - Xy)
a) Tim ma tran clia f ddi v&i co s&
(e):€, =(l,(),(}l).€2 =(0,1,0), 85 = (0,0, trong R* va co s () :

J— —_—

5, =(1,0, 8, =(0,1) trong R°.

b} Tim ma tran cla { d6i vGi co s8 (g) trong R® va co s ( ) :
& =(1,2), 8, =(1,1)trong R

¢} Tim ma tréan cia f d8i vdi co sd

(eN:e, =(L,1,1)€, =(0,1,2),£,=(0,0,1) trong R® va co sd (8
trong R*.

2. Cho phép bi¢n d6i tuyén tinh f : R* — R® x4c dinh bdi
1(X,, Xas X3) = (X5 - 2%5, X+ X3, X))
Tim ma tran cta f d6i véi cosé :
(£):%, =(1,1,00.8, =(0,1,1),, =(1,0,1)

3. X4c dinh 4nh xa tuyén tinh £ : R* 5 R*> cé ma tran 13

i 2 0
A=|0 1 -2
1 2 1

i vGi cor s (€) nhu trong bai tap 2.
Cho o =(3,—2.0). Tim toa do cha f(&t) d6i véi co sd ).

4. Cho phép bién d6i tuyén tinh £ : V - V c6 ma tran
_(2 -1
Ar (3 2)
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d6i v6i cosd (e) 1 €(,8,. Tim vecto (G ) véi:
a) @ =-38, +5¢, ;

b) & =5, -3,

5. Cho
1 2 3
A=l-1 0 2
1 1 1

12 ma (rn cha phép bién d6i tuyén tinh f: V — V d6i v6i co s&
€,.8,.84. Hiy tim vecto f(2a - B}, trong d6

6. Cho
1 0 2 1
-1 2 01
A'zoll
00 21

ta ma tran chia phép bién d6i tuyén tinh f - R* — R* ddi v6i co s& (g) :
g, =(1,0,0,0),g, =(0,1,0,0),
53 =(0,0, I,O).§4 =(0,0,0,1)
H?;y tim Kerl va mot co s& cla no.
7. Gia sir [ : E — F la mot dnh xa tuyén tinh va dim E = dim F = n.

a} Ching minh : f ddng cdu < 3 4nh xa tuyén tinh g : F — ¥ sao cho
lg = 1.

b) Chiing minh : f ding cfu & 3h:F > E, hf = 1.
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8.Giastu1: E -> F la mot 4nh xa tuyén tinh, dim E=n, dim F = m, va
hg f = r. Chiing minh t6n tai mot co s& &={e).....¢,} trong E va mt co

8 F={f,.....T } trong F sao cho ma tran A ctia f d6i véi (2, %) c6 dang
1 m

P 0 - 0
0. 1 - 0
PR E st 0 o v Li=j=12. .1
_ = v alz , . .
0 0 . 1 A "~ 10, néu khac tren
0 0

9. Gid st E 12 R - khong gian vecto gbm cdc da thitc ciia 4n X véi hé s6
thyc c6 bac < n - 1 va da thiic 0. Xét hai dang tuyén tinh:

f:E—>R, g:E>R
1

P I P | P{t)dt
4]

Viét ma tran ciia f va g d6i vGi co sd &= [1.X, ...,.X""} trong E va ca
sO# = {1} trong R.

10. Gid sir E 12 R - khong gian vecto g6m cdc da thitc clia &n X v&i he s§
thye ¢6 bac < n va da thitc 0. Dt
E, =Ck X* (1-X)"% k=01, ..n

a) Chiing minh c4¢ E, doc 1ap tuyén tinh. Tim céc toa do ciia | d6i
véi ca s& {Es, E,, ... E, .

b) Xét co so chinh tic & = {1, X, ..., X"} trong E, v 4nh xa tuyén
tinh f x4c dinh boi

f:X*E, k=0,1,..,n

Tim ma tran A cla f d6i vdi co s& € ; f c6 phdi 13 mot ding cidu
- khong?
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Loi giai
1. a) Trudc hét ta tinh :
f(5))=(2,0)=28,
t‘(§2)=((},l)=62
[(E)=(0,1)=-5,

20 0
mat (D(z.3) = [0 1 -1]

Vay

b} f(s )=(2,0)=x, 5, | FX,8 2—x (1,2) +x,(,D
l"(82) ©,0)= )’15' +y,0 =y, (L) +y, (LD
_ 1(5:3)=(0,-l)=1>5,8'i +2262 =z, (1,2) +2, (1,1}
Ta phéi giai ba hé phuong trinh :
Xq X, =2 y,+y, =0 Z, +zy=0
{2)& +x2=0’ {2yl+y2=l’ {2zl+22=~l
Ta nhan xét ba he phuong trinh déu ¢6 ung ma trdn cdc h¢ s6 ma cac
cOt twong ‘ng lan lugt vdi cdc vecto 5, ) va 8 , con ¢cOt cdc sO hang tu

do tuong Ung 1dn luot véi cac vectg f(el). f(az), f(a3). Ta viét lubn clc

ma tran ¢tia ba he phuong trinh trén ciing mét ma trén, sau d6 thye hién
nhimg phép bién ddi dé tinh ra ngay cdc nghiém cba ca ba h¢ phuong

trinh, cu thé
L.1]12101 O N 1 1 2101 0O
2 110l 1 0| -2]11{-1

Tir 43, ta duge :
o= x=4y=Lyn=-hy=-1,5=1
Viay:

-2 1 -1
mat(f)(sﬁ.)=( 4 -1 J
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o) [E ) =(2,0),f(&", }=(0,-1),1('1)=(0,-1)
] 1’2 0‘ 0 *)1 1‘ 21 0‘ 0
2 1|lo0]-11-1 1 0]-2|-1]-1

-2 -1 -

" Own=\g 1

2. f(g)=(1,2,1),f(g,)=(-1,1,0),f(85) =(-2,1,1) . Ti€p theo, cing lam
nhur bai 1, ta xét ma tran va cdc phép bi¢n déi trén né nhu sau:

1 o 11|-1]-2 2 22 0
1 1 02 1 li—={1 1 012(1]1]—>
O 1 1]1 0 1 O 1 1{1]011
11 112|010 P O 01105 -1
1 1 01211 —>|1 1 012}1 1
1 111701 01 1[1]0 1
Vay :
_ 1 0 -1
mat(f), =1 1 {1 2
0 -1 -1

3.Gidsir x=(x 1sX9.X3) € R. Tir ma (rdn A ta suy ra dnh xa tuyén tinh
f: R’ — R’ xéc dinh bdi A 1a
(X, Xa, X3) = (X, 4+ 2%, Xa- X5, X0+ 2K 4 X5)
Viy:
f(6 ) =(3,1,3),1(6, )= (2,0,3),1(8,)=(1,-1,2)
Bay gitr ta phau xdc dinh cdc toa do (X, X, X3), (Y1, V2, Ya) VA (Z,, 7, 23)

cla f(a ¥, f(s.z) t(ax) d6i vai oo st (), dé€ c6 mat(D).. Cung fam nhw
hai 2, ta xét ma tran sau day va cdc phép bign ddi trén né :
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1O 103121 1y (2 2 2|7]s5] 2
11 o[t|o|-1lo1 1 0ofltlo]-1]>
01 1133 0 1 1|3[3] 2
UL 1772|572 1 10 ofi/2|-1/2}-1)
1O 1| o[-1|>|1t 10| 1 0f-1
01 1] 3 3|2 01 1| 3 3| 2
Tir d6 giai ba hé phuong trinh, (a dugc :
12 172 -t
mat(f), ={ 1/2 172 ©
512 52 2

& =(3,-20),1(@) = (1-2-1) = -2€, +&,
4.a) f(a)=-3f(€)) + 50(€,) = —32E, +36,) +5(-E, +26,)=—1 [, +&,
b) f(a) = 5¢, - 3,
5. 1Q& ~B) =1(-38, + 38, - 48,) = -3(E,) + M(E,) - 41(E;)

=35, —52 +8,) + (26, +€3)—4(3§l +2€2 +E,)
=-9%, ~ 58, — 48,

o T 4
6. Ta coé van X={(X|,X5.Xq,%X) € R®,
fix)=(x, +2x, XXy F 20, FX,,2X )+ X, +X,2%5 +X,)

VaY (%, Xa, X5 Xa) € Ker f & F)=0=(0,0.0.0), nghia Ia x,, x,, x,
X, la nghiém ciia hé phuong trinh thudn nhit :

X, +2x,+ %, =0
-X, + 2x, +x,=0
2x, + X +x, =10

2%, +x,=0

Goi A 12 ma tran cdc hé sd cta hé phuong trinh, dé dang thay IA‘ #0;

vay chi ¢6 mot nghiém duy nhdt (0,0,0,0), cho nén Ker(f) = {6 }, cosd
cua Ker f 12 mot (ap hop & ; f 1a don cflu, viy f1a mot ding cu.
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7.a) flading cAu, thi f' : F > Echotaff ' = le. Ddo lai gia sir ¢6
g : F > E sa0 cho fg = 1. C6 12 toan dnh, (hat vay gid sit 7eF ta 6
flg(¥))=¥ . bat x =g(y)taduge f(X)=¥. Do d6 f 12 mot toan cdu : E
— F v6i dim E = dim F = n, vy tir vong thit :

dim E = dim Imf + dim Kerf

ta suy ra dim Ker =0, hay Kerf = {0} hay f don dnh. Vay f1a mot ding

cllu, va ding cfu nguge ' : F — E bing g. That vay, tit fg = 1, ta c6
ffg=flp=f=lg=g .

b} f 1a ddng cfu, thi " : F - E cho ta f 'f =1, Do lai gi4 sir c6
h:F — E sao cho hf =|;. _

f 1a don cdu, that vay giﬁ s f(i)=6 , th€ Ithi

hf(X)=h(0)=0=1, (F)=X.

Vay f1a mot ddng cdu, va cé ding cdu nguoe £ : F—> E biing h,

Ta chi y diéu sau day : khi dim E = n # m = dim F, thi ur fg =1, ta
chi ¢6 [ 1a toan cdu, va 1ir hf = 1, ta chi co 13 don cu.
8. Vi hg f = r = dim Imf, 1a hdy 14y mot co s& {fl ,...,_fr } trong Imf. Ta
hidy b8 sung cho ca s& trén m - 1 vectd : I'T;;E: d& ¢ mét co s

F = {fl ""*fr ' t‘r+l "‘"‘fln }

sefl i) .. & e ),
cdc vectd e)...., 12 doc 1ap tuyén tinh (chuong TV, bai 3). Goi W 1a
khong gian con sinh bdi €,...8.; theo (chuong IV, bl 8) :
E=W&Kerf. Ldy mot cosg (e, wen€y ) trong Ker £ ta duge

trong F. Liy

¢ = {c!.....cr,erﬂ,....cn}

la mat co sd trong E. DE c6 mat(f) ¢, ta ldn lugt xét :
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f(€,)=f,
f(e,)=
f€,)=0
f,)=0
Viy: rcot
.
1 ¢ -« 0 O 0
P10 0 0 0
dong .
mat(f) g 5, = 0 0 - 1 0 - 0
0 0 0 0 0
0 0 0 0 0
9. mat(f)y,,=(1 1.1
11 t
mat(g) gy = [1 5 g---;)-

n
10.a) Xét D 0, E, =0,0, €R. T d6
k=0

n
aoEo iﬁzaiEi
i=1

Da thic & v& phai chia héi cho X, vay o,E, ciing chia hé&t cho X.
Nhung
B, =a,(1-X"), . .
vay ta phii ¢6 a, = 0. Ta ching minh quy nap theo i, gid s ¢
apy=... =a,,=0 .
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Tir Za E, =0 tadum,
k=1

n
- Z%Ek.
=i+l

ba thitc & v& pha.: chia hét cho X"', vay oE, cfing chia hé&t cho X™'.
Nhung

oE = o, C X (1-X)" T,

viytaphdi c6 a,=0. Vayay=a, = ... =, = 0, nghlalaEO, s ey B, dOC
l1ap tuyén tinh. E la mot R - khOng gian vectg ¢6 56 chiéu la n+1 cho
nén ta c6 thé 1dy {E_.E,.....E_ }1am co sd.

Bay gidy ta hdy tim cac toa d0 cha | d6i véi hé co sd {E; }ogicy - Ta
cd, theo cong thic nhi thitc Newion:

I=[X+a-x" =Y cixka-x"* =Yg,

k=0 k=0
Viy cdc toa do cua 1 d6i vdi {Eo EjwE jlanlugtia q, 1, .1
b) Ta ¢
Ky k N anokei, ek nkeiuk
E, =CpX .2 Cool7-nIx) =3 (-pickehkix
j= =)

hay, néu dit i = k+j
n i . . -
E, =2 (-1 ke x!

Vay ma trin cua { d6i véi co sd & s€ ¢6 dang tam gidc dudi nhu sau
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v
ay, =(-D""*ckert lizk
a‘-_k =0 ,i <k.

CAC PHEP TOAN TREN CAC MA TRAN

11. Cho cdc ma trdn

31 4 1 30
A=|0-3{,8B=|7 -2{,C=|6 -5
5 2 -1s) i1 4
Tinh a) A +B-C;
b) 2A -5B:
¢)A +2B - 6C.
12. Cho
4 0 1
A=[-3 2 5
750

Tinh 2A-3'A('A Ia ma tran chuyén vi clia A).

13. Cho

(4 3-7 {215
A“(z 0 1) ‘ B‘[4 3-3}'

Tim ma trdn X saochoa)A-2X=B; b 3B-X =A.

14, Cho cdc ma tran:

472
(25 (320 _
A_(-l 4] ’B__[l 0 5]‘“‘?2

Tinh a) AB, B(;

b) (AB)C, A(BC). So sanh hai ma tran tim duge.
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15. Tinh AB biét:

32 -1 )
d)A_(l 5 2)’ B=

o=

a5

f(x) = x*- 2x + 3.

Tinh f(A), véi quy udc A=

16. Cho

17. Chimg minh ring AB = 'B'A, trong d6 ‘A, 'B lin lugt 14 ma tran
chuyén vi cBa cic ma tran A va B.

18. Trong R*, R’ cho cdc co s& trong img:
e, =(L0,0,0)¢,=(01,0,0),

(g): __ —
£,=(0,0,1,0)5,=(0.0,0,1);

®: 8, =(1.0,0L5,=(0.1,0);5, =00, 1}
Cac 4nh xa tuyén tinh f: R* - R®, g: R® - R? xdc dinh boi:
(21, X35 X3, X4} = (2X), X, - X3,Xy),

8Y1: Y2 Ya) = (¥, + Y2, 3,00,
Tim ma tran cha gf.
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VANH CAC MA TRAN VUONG

19. Ching minh véi hai ma tran vudng cdp n kha nghich A va B ta c6:

{AB)' =B'A"L.
20. Cho céc ma tran:

Tinh dinh thic |AB|.

21. Tim ma trdn nghich ddo cha céc ma trin sau:

4 3
a)A‘(-sz)’
1 -1 3
b B=|5 1 2|
1 4 -
2 -3 0
<) _C=—l i 44;
310 5
I 2 3 4
0 1 -2 4
d D= .
00 2 0
00 0 3

22. Tim ma tran X thoa man ding thic:

AX+B=C,
trong dd

Lh
{
¥ )
|95 S
1
| S .
-l wh

P2 1 2
A=|0 1 3|, B=| 00 2| c=
0 2 4). CI
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23, Chimg minh ring A + 1 va I - A 1a nghich ddo clia nhau néu A*=0.

24. Cho f: V — V la phép bi€n doi tuyén tinh. D6 v6i cosb ,.8,,84 , T
¢G ma trin fa '

2 -3 1
A=|5 0 4
1 -3 2

Hay tim ma tran cha f d6i véi co sd (g):
£ _:28] —£,
t = —
€y =8 +€8, — 28,4
83 282 +83
25. Trong khong gian vecto Vo cho co sd (8): &€,,8,.8, Vd cO
sG {(g")
o A e
g =2¢, +8,
By =8y 7B,y

£, =€ +28,
Phép bién déi tuyén tinh [ : V -V c6 ma trin
2 21
B=|1 0 3
Lt -2 0
d6i v ca sé& (). Hay 1im ma trin cia f d6i véi co s (g).
26. Gia sit A € Mat,(K). Chimg minh:

a) A kha nghich < 3 B € Mat (K), AB=1;
b} A kha nghich < 3 C € Mat (K), CA =1.
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27. );(él anh xa
tr : Mat (K} -» K
n
i=1

a) Chimg minh 4nh xa tr }a mot dang tuyén tinh, Negudi ta goi tr(A) 1a
vél cla ma tran A.

b) Gid sir A € Mat,, . (K) va B € Mat,,,(K). Chiing minh:
tr{A.B) = tr(B.A).

28. Chimg minh khong thé ¢6 A, B € Mat, (K) sao cho AB- BA =1, [ 1a
ma tran don vi cia Mat_ (K).

29. Cho A,B € Mat,(K). Tim X € Mat, (K) d€ X - tr(X)A = B.

30. Gia sir (a,) = A  Ma,(C). Chimg minh ring néu ta c

(\?’i) a“% > Z,aij1 \

J#i

thi A kha nghich (dinh 1§ Hadamard}.

31. Xét vanh Mat,(K). Bat C [a bo phéin cia Mat,(K) gém cic ma tran
sau day:

C={A e Mat, (K) | AB=BA, VBeMat,(K)}

1) Chimg minh C 1a vanh con cha Mat,(K). Ngudi ta bao € gém céc
phin tlf giao hodn duge véi moi phén tir clhia Mat,(K), C duoc goi 1a 1am
clia Mat (K).

b} X&t Maty(K). Chitng minh 1am C ctia MaG(K) gdm céc ma tean ¢o
dang Al,, 2 € K va 1, 12 ma tran don vi clia Mat,(K). (Hudng dén: x&
cdc ma tran E, co sd cia K - khong gian vecto Mat, (K) (xem §1,1.3)),

n»

¢} Chimg minh tam C cua Mat,(K) gdm cdc ma tran ¢ dang Al
Ae K va I 12 ma tran don vi cia Mat, (K).
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Loi giai

4 2
11.a) A+B-C=|{1 0
i
-14 -3
b) 2A~5B=|-35 4
15 -21

8 0 2 2 -9 21 -4 9 -9
12.2A-3'A={-6 4 10|-] 0 6 15|={-6 -2 -5
14 10 0 315 0 11 -5 0

15.b)AB=(a,0; +a,0, +2a;0,), matran 1 dong, 1 cét.
ay X +a]2x2 +....+a]nxn

c)AB= n dong va 1 cit

2 (-5 2 (24 (3 0
16. A _[_3 _6], 2A+(w6 0] ,31_(0 3]

17. Xem {§1, 1.5)

— f £
18. g =(1,0,0,0)>(2,0,0)— (2,0, O)

— r g

€, =(0,1,0,0)(0,1,0)> (1.0, 0)
— f g

€4 =(0,0,1,0)—(0,-1,0)- (1,0, 0)

- f a
g4 =(0,0,0,D)>(0,0, D> (0, 1, 0)
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Ta ¢4 ngay

21 -10
mal(gf)(s‘a) =0 0 0O 1
00 00

Ta ciing ¢6 thé tinh mat(f),. 5, va mat(g)s 16t tinh tich mat(g).mat(f).
Ban doc hay thir lam, nhimg 15 ring 1a lau hon cdch trén vi phdi nhan hai
ma tran vGi nhau.

21. d)

I -2 -772 473
D! = 0 1 I -4/3

o0 o 12 0

0 0 0 1/3

D€ tinh D, ta c6 thé tinh theo cong thic cho trong (§1, 1.7),
ta cé:

Al Ay Ay Ay

D =1 An Apn Ay Ay
61 A3 Agy Ay Ay,

Ay Ay Ay Ay

2 3 4 1 3 4
Ay =0 2 0i=-12, Ay, ={0 2 0|=6,A,,=0,
00 3f 00 3
2 3 4 | 13 4
Ay =|1 =2 4]=-21, A, =0 -2 4|=6,
0 0 3 0 0 3
1 2 4
Ay=|0 1 4{=3 A,=0,
00 3
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2 34 1 34
Ay =-1 =2 4|=8, A,=|0 -2 4|=-%,
0 20 020

Ag=0 A, =2

Tir d6 ta ¢6 D' nhu da viét & trén. Ta cling ¢6 thé tinh D' bang cach
viét D dudi dang khéi nhitng ma tran con, cu thé ta viét nhu sau:

Ao 3]s )

0 0y (2 0
0:{0 0} ('_[0 3]

Hién nhién ta c6 A, C € GL(K) (xem §1, 1.7) trong d6 |A|= 1, |C] =6.
pé cé A va C 7' trong trudmg hgp nay thi T4l nhanh:

-1 _ {1 -2 4_L{(3 0
A ‘[0 1J’C _6(0 2]’

cde phin (0 ndm trén dudng chéo chinh ctia ma tran nghich déo nhan
duie biing cdch hoan vi cde phin tr ndm trén dutmg chéo chinh cia ma
trin ma ta mudn tim nghich ddo, con cdc phén 1t ndm trén dudng chéo
ohu thi gir nguyén, nhimg déi ddu, vd nhd nhan moi thanh phin vdi
nghich ddo cia dinh thirc clia ma tran. Nhu vy nu A € GL(K), thi ta
vidl ngay A"

A:("‘n A2 A—Izi['*"zz “‘12]
Ao 8 AL -4y ay

Bay piif ta xét ma tran D' € Mat(K) ciing vi¢t thanh khéi nhur sau :

A‘i ‘ . B\
b= .

0 c'
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Ta xét tich :

A BY (A" B ' -1
DD':[ ) _{1, AB +BC
0 C 0 C“] 0 Iz

trong dé phép nhan cic khéi thuc hién nhu phép nhin ma trdn, nghia la
coi cic khéi nhu cdc thanh phdn clia ma tran (cdc ban thit nghi xem c6
ding nhu vay khong). Ta ndi ta muén AB' + BC =0 € Mat,(K). Vay ta
chi céin liy B' = —A"'BC" va ta duge:

DD'=

o0 — O
o -0 O

Vay D chinh [2a D! (xem bai 26). D€ c6 ddy di céc thinh phén cla
D', ta xét tich

b amlpeet L1 =2 3 4\(3 0) _(-72 4/3
B'=-ABC = 6[0 1) (~2 4}(0 2) [ 1 —4,!3}'

22.X=A"(C-B). Trubc hét tatinh |A| =-2#0.
Vay c6 A~'. Dé tinh A™', ta viét A thanh nhiing khoi ma tran :
1) | B=(2 1)

ol

LU 4 =3
€= 2(_—2 J

TinhC ™'

Xétmatran A':

A'=

11-BTESTT A . i6l



Xét tich:

1 -1
Aol ] B+BC

Ldy B=-BC'=(3 -5/2), ta dugc:

I 3 .52
ATl=A=l0 -2 3p
g 1 -172
-3 10 23
va: X= 0 -10 -10
1 4 5

23.Tacé(I+A)(l-A)=12-A2=I-A2=I(viA2=0).V@yl+Avé
I - A 1a nghich dédo ciia nhau.

24. Goi T 1a ma tran chuyén ti co s ()sang co s& (&), ta c6:

1 10
T=|-1 1 1
0 -2 1
Viay:
| (14 10 -11)
mat(f), =T 'AT=—| 6 -2 3
2 —20 2

25. Goi T 1a ma trn chuyén tf co sd (g) sang ¢ s& (8"), ta cé:

2 0 1 2 1 -1
T=|l0 1 0|l=T'=l 0 1 o
3 -1 2 -3 2 2

Vay:
B=mat(fe =T "mat(H.. T
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Tir do;

mat(f), =TBT 1
Thue hién phép nhan ta duoc: :
4 2 -1
mat(f), =| -7 -5 5}
4 7 -7

26. a) Gia sir A kha nghich, vay c6 A™ dé A.A™" = 1. Déo lai gia sir ¢6
B € Mat,(K) dé AB = 1. Gid st f, g € End(K") tuong (mg vi A vi B.
Thé thi ta co:

fog = 1"

Theo bai 7, f 12 ding cfu, vay c6 f ', do d6 A"\, Ta ciing c6 thé

1ap luan nhy sau: tir AB =1, ta suy ra |A| |B| = 1, vay |Af #0,dodé
ma tran: :

AIl A2] Anl
_1__= AIZ A22 AnZ
JA] |

Aln A2n Ann

la ma tran nghich ddo clia A = (a,), A, 14 phdn bi dai s6 clia a, trong |A].
b) Lam nhu a). ' '

27.2) Gid sir A = (a,), B=(b,) € Mat,(K) va A € K. Ta c6:

n n n
"=(A+B)=Z(aii +bii)=zaii +2.0;
=tr{A)+ lr(lg)] = e

tr(LA) = i(ﬁkaﬁ )= kzn:aii = Mr{A)

i=] i=1
b) Ta c6:

m [14] n

n
w(AB) =3 Dlabi=> 2 by = (BA)

i=1 j=1 =l i=l



28. Gid sir c5 AB - BA = 1. Thé thi theo bai 27, ta co:
0 = tr(AB) - tr(BA) = tr(AR - BA)=te(l)=n > 1. Vo Iy.

29. Ta tim X € Mat (K) dé&

(H X-t(X)A=B

Vay ta phai cé: '

trX - tin(X) trA = trB

hay

(2) X (1 -trA) =trB

trB

I-tA’

trB
1-trA

Truomg hop 1 - trA #0. Lic d6: trX =

A

va (1) ¢6 mot nghiém duy nhat: X =B+

Trudng hop I - trA = 0:
ay trB # (: (1) vo nghiém. -
b) trB = 0: trX = A thy ¥ thudc K, va nghiém cia (1) 1a X = B + AA.

30. Xét tr déng cdu 1 C* — C" twong tng vdi ma tran A. DE chimg
minh A kha nghich ta chi ¢dn chitmg minh f don c4u (ch IV, bai 11). Gia

st X :(x],xz..--,xn)EKerf.Vay:f(;)za hay vigt dudi dang ma trin

AX =0
X, 0
- X ' 0
trong dd X={"2|, 0=},
X 0

hay
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bat:

M= sup lx kl
1£ksn

Gia sur j 14 mot trong cdc chi s6 sao cho M = |:rnJ | Tix

n
k=]
Ta suy ra:
k]
TFir da:

Mutal=la; Hx i<y la, fix, 1SMY lag |
k#j ) k#j

Néu M > 0, ta suy ra:
lag 1< D lag )
k=j
mau thuln véi gia thiét:
{vi) ay] > layl
j#i
Viy M= sup |xk‘=0 nghia la X, = X, = ... = x, = 0 hay ;:6,
I=k=n

hay Kerf ={0}, nghia Ia f ding cffu vAd ma trin A tuong dng vdi [ 1a
khd nghich.
31. a) B chitmg minh C 13 vanh con cila Mat (K) ta ldn lugt chitig minh:

C=zQ,

A-AeCnéul,A'cC,

AA'e Cnéu A, A' e C.
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Hién nhien C = @ viOva [, € C. Gid sir A, A’ e C. The thi v6i
B € Mat, (K), taca:

(A-A'B=AB-AB=BA-BA'=B(A-A),
(AA')B = A(A'B) = A(BA") = (AB)A' = (BA)A' = B(AA").
Vay: A-A'vaAA' e C
b) Xét cdc ma tran

10 01} 00 00
Ell:(o 0)’ Ekzz(o 0)’ E2i=(1 OJ’ E22:[0 1)'

M6i ma tran B = (b)) € Mat,(K) biéu thi tuyén tinh qua cdc E,
nhy sau:

(n B= zhju
: “~
Ta c6 A giao hodn véi moi B € Mat,(K) khi va chi khi A giao hoan
véi moi E,, do (1) va do phép nhan phan phdi d6i véi phép tong.

Hién nhién cic ma tran cé dang Al thugc C. Pao lai gid st A € C
A =(a,).

’

a,, 0 a,;,  a
AE. . =111 J, E A:( 1l 12)1l
11 [am 0 11 0 0
0 a a a
1 -[321 322
AR _(0 "‘21} Fih (0 0 }
A € C, viy taphdi c6 AE,, =E, A, AE,, = E,A. Tir d6, ta suy ra:
ap=a,=0,vaa, = a,, =4 € K.
Vay A =Al,. ~
¢) Lam tuong tu nhu b}, ta duoe
déng 1 )
a
il i 0
an.l
cOt 3
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dongl ajl _U jn

E A= 0 | 0

ot j
Tir AE, =E A, ta suy ra: '
a,=a,;, J=1,2,...,n
a,=0,j2k,j=1,2,...;k=1,2,..,n
Vay Acddang A=Al A € K.
Qua vigc xét thm cla Mat,(K) ta suy ra tam cia End(K) gém céc

ty d0ng cfu h cé dang h = Aln, A & K; h goi 1a mot phép vi e clia
K - khong gian vecto K™,

VECTCO RIENG - GIA TRI RIENG

32. Gia str A 12 ma tran cia phép bién ddi tuyén tinh { d6i vdi mot ca sé
da cho ciha khong gian vecto V. Xét xem veclo nao trong céc vect cho
dudi day la vecto riéng:

oo - - -
. a) A:(—G 2]! U.=(—l..3), B=(2,—4), Y—(1,2),

=3

R

>

I
=
N oD
o O

L a=(L13)., B=(105), y=(222).

33. Gi sit & d6ng thdi 12 vecto rieng ciia hai phép bién déi tuyén tinh

va g vai cac gid tri riéng twong (g 12 k|, k,. Chiing minh ring o ciing 1a
vectd rieng cua gf 1a g + f. Tim cdc gid tri riéng twong tng.

34. Tim céc vectd riéng cua phép bién d6i wyén tinh £ c6 ma trin 1a A,
B, C.... dusi day:
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[2 5 3 1] : [2 4]
a) A= , B: C= :
-1 -3

1 1 8
b)A— A={0 2 0
1 0 -l
1 010 010 1
02 0 1 —4 4 -1
C)A: B:
00 0 2f -2 12 1
00 00 000 1

35. Trong cic ma tran sav day, ma trin nao chéo héa duge? Néu duge
hidy dira né v€ dang chéo:

ot )

00 5 4 6
|1 -1 1}; dayf 4 5 6];
2 0 1 -4 -4 -5
I -4 -8 0 01
e)|—4 7 —-4; NHo 11
-8 -4 1 1 -1 1

36. Cho €. &,, &, lamot co s& cla khong gian vecta V.

Phép bién ddi tuyén tinh f d6i vdi co s& niy ¢ ma tran la A. Hay
am mot co sd cha V sa0 cho d6i véi co sif nay ma tran cha f la mol
ma trin chéo:

2 -2 0 5 -6 2
ayA=|-2 1 =-21; WA=|6 -7 2
0 -2 0 6 -6 1

37. Tinh ldy thira A" (n >1) cia ma tran A trong bai 36 b).
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38, Tam gidc héa ma tran:
3 -5 2 6
0 5 0 4
A= -2 7 -1 1If
0 -4 0 -3
nghia 1a tim mot ma tran B déng dang véi A ¢S dang sau day:
by by bz b
_| O by by b _
0 0 by by
0 0 0 bd4

14
24

0 0 2y2

=]
= O
=

0
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3, (=K a}:gf(a) 8k, @) =k, g(e) =k k, @
g(fx) k,a
(F + )0 = £(0) + g(@) =k, & + ko = (k, +k,)a
34.¢)

1-2 0 1 0
0 2-x 0 1
0 0O -x 2
0 0 0 -2

A - Al|= =220 -2)(A-D

A = 0. Cic vecla riéng tuong ing véi A =0 ¢6 cdc toa ,, X, X,, X, thod
min h¢ phuong trinh
X +%X,=0
2%, +x, =0
2%, =0

—_ % o ua

Céc vécto rigng ¢6 dang (1,0,-1,0)= p(el e,.) nekiie. ey, ey, ¢4} 1a
cée ca s chinh tic clia K°.

A = 1. C4c vecto riéng tuong iing véi X =1 c6é dz.ingp;l., pek -

A = 2. Céc vecto riéng twong iing véi A =2 c6 dang e, . pe K

-x 10
4 4-2 0 -1 | 3
B-M|=|" | e g [FA-DO-2)
0 ¢ 0 1-Af

A = [, Cac vecto rieng (uong tng vai A =1 ¢6 dang u(4,5,2,-1), u € K.

A = 2. Céc veclo riéng twong ng véi A = 2 6 dang (1, 2, 0, 0) va
¥03,0,1,0), pvay eK.
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-1

cp<x>=['_}l - (h-2)?

Cac vecto rieng tuong tmg véi A =2 ¢6 dang p(l, -1), chi minh vecto
(1, -1) khong thé thanh 1ap mot co st cho khong gian K2, vay ma tran
khong chéo héa duge.

b) @A) =

2-4 1
) 3_J=(1w1)(x—4)

Ta c6 hai gid tri riéng phan biét, vay 1y hai vecto riéng uong tng
theo thif tyr v6i A = 1 va & =4, ta dugec mot co s& cho K® ma trong d6 ma

tran di cho trd thanh
1 ©
0 4
D @A) =-A +2A%- A -1

Néu K = R, thi vige nghién citu ham @(X) cho ta bigt ¢(L) chi cé mét
nghi¢m thuc va hai nghiém phic lién hop. Vay ma tran khong chéo héa
dutge, vi chi c6 mot nghigm thuc. Néu K = C, ta ¢6 ba nghiém phan biét,
vdy ma tran chéo héa duoc .

36.b) (M) = (1 + A¥ (1-1)
A = -1. C6 hai vecto riéng doc 1ap tuyén tinh ¢, =&, +&, VA

€y =—&; + 3g, , luamg tng véi A =-1.
A= 1.C6 md vecto néng ey =g, +&, +£, tuong ng vdi A = 1. Ba

vecld riéng cl + €5, €3 13p thanh mdt co s& lam cho f ¢6 dang chéo

-1 0 0
B=[ 0 -1 0
g 0 1
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Ma tran T chuyén tr co sd {g,, €5, €4} sang co so

le;, €9, €3} la:

Tudétaco: A=T 'BT.

37. Ta xé1 lai ma tran A trong bai 36 b). Tacéd :
A" =(T 'BTT 'BD)...(T"'BT) =T 'B'T
Nhung B* = I, tird6 B* = 1,, B**' = B. Vay :
A"=1, n =2k,
A=A, n=2k+ 1.

38. Goi u : R > R* 12 tw dong cfu c¢é ma tran 1a A d6i véi co s6 chinh

e — —

tic & ={e|, eq, €4, €4} clia R®. Tinh da thitc dic trnmg @(A) cla A :

oM = | A-AL| = -1)

Cic vecto riéng twong ing vdi nghiém béi cip 4, A = 1, c6 dang
p(l, 0, -1, 0), 1 € R. Nhu vy ta khong thé c6 bon vectd riéng doc 14p
tuyén tinh tuong {ing véi & = 1 dé ¢ mét co s& trong d6 u c6 ma trin
chéo. Bay git ta hay ¢6 gang tam gidc hoa ma trin A. Mudn vay ta ldy

mot vecto riéng f] =(.,0, -1,0) = e] —c; .Ta xét hé co s0.#"
i, £, T3, 4}
trong d6
fio= e — e e\ = § +f
f=c &= f
f= e = = f
fy = e4 ct=1f
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Ta hay tinh ma tran A, = mat{u),.

u(tTl') = t_l' (i'-l' 1a vecto riéng tuong ing vai gid tri riéng A = I,

u(f,) =u (e,) =-5¢, +5e, +7e; —4e, (cOt2chama trin A)
=-5(f, +1,)+5f, + 71, —4f,
:-5ﬁ+5f_2—+2f;-4a,

u(fy) = 2, +f,,

u(f, ) = -6f, +4f, +5t, - 3(,.

Tir d6
1i-5 2 -6
8 e
mats =A=ly 0 s
Di—a 0 -3

bat H=Rf, ®Rf, ORI, tacé R* =Rl ®H.
Gid sir u, = u,. Xét tich cic 4nh xa tuyén tinh sau day:
H——>R*—P ,H
trong 46 p: E =R, ® H — H 1a phép chidu 1en H. C6 p o u, € Endy(H)

va ma frdn cia p o u, d6i vdi co s&{f,, [, f,}trong H chinh 12 ma tran
cp 3 dong khung trong A :

50 4
al -~ - == 2 1 5|=8
ma (poui)[rm 0T )
T -4 0 -3

Ta hdy tinh da thic dac tnmg @y (A) clia ma trén B,:
1

. <Ps](l)= (1-2)°
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Cac veto rigng tuomg tng vdi A = 1 c6 dang

WO,1,0) = p(Of, +f; +0f,) = pf,, peR
Bay gid¥ ta lai xét mot co s& khéc:

5‘?:{81,82, g3,g4}

v
8 =f, =g
ga=fy fy =84
Ta hiy tinh mat(u),
ug,)=u) =1, =g,
U(g) = U(g) = 2F,' + f_; (xem cot 3clia ma trAn A )
e
u(gy) = -5g, +28, + 58, -4z,
u(g,)=—6g, +58, +4g, - 38,
Viy:
1 2 -5 -
mat(u), = A, = 0 l e 5
0 0
0 0O -3

bat: J=Rg, ®Rg, va u, =u,. Xéttich:

J—2 yR* P 53, plaphép chitu.
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P © u, € Endg(J) vd ma tran clla p o u, d6i véi co sé{g__;, ;;:} trong J
chinh la ma tran cdp 2 ddng khung trong A,:

i( ) — 34 B
mal ou - ==
peta)g L. 20 \-4 -3 2

. Ta hiy tinh da thitc dic tnmg ¢, () cha ma trin R,:
2
s, (M) = (1-0)?

Céc vecto riéng tuong tmg vii A = | ¢6 dang: p(l,-1) = p.(é; - g:),
k€ R. Cudi cling ta xét ¢o s&:

vai
h =g, g =h
PR
hy =gy-g4 | 8_:;=E+E
hy =g, g, =hy
Tir dé
u(h) u(g])—gl-—h
'u(h) u(gz) 2g,+g2_2h +h,
u(h, )ﬁh, ~3h, 2 +hy
u(h )= ()h +ﬁh2+4h +h
Viy :

175



A, 13 mét ma tran tam gidc, cdc phéan tif nim trén dudng chéo chinh
Ia cdc gid tri riéng ciia ma trin A di cho, & day bon gid tri riéng déu
bing nhau, d6 1a nghiém boi A =1 cdp 4 :

Ta hdy tinh cdc ma tran chuyén co sd. Ta ldn luot 6 :

¥ — 57, A =T AT, véi
1 000
0 100
=101 0
0 001
F—1 50, A, =T'A T, vei
1000
0010
Ti=lo 1 00
000 1
G, Ay=T'A, T,, véi
10 0 0
01 0 0
2500 1 0
00 -1 1

Vay

Ay=T, T TVATT, T, voi

10 00
1
00 10
Thh=l_y 1 o0 of
00 -1 1
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Chuong VI

DANG SONG TUYEN TiNH.
DANG TOAN PHUONG

§1. TOM TAT LY THUYET

Trong chuong nay ta chi xét cac R - khong gian vecto,
1.1. Dang tuyén tinh trén mét khong gian vecto E

Mot dang tuyén tinh 12 mot 4nh xa tuyén tinh tir R - khong gian vecto
E vao R.

f = dang tuyé€n tinh trén E < { € Hom g(E, R) = E*.
1.2, Dang song tuyén tinh trén mét khong gian vecto E
f:ExE—>R
®.y) > fx.y)°
fla mOt dang song tuyén tinh trén E néu f 12 tuye'n tinh d&i voi mdi
hién x y
Dang song_ », tuy€n tinh f 2 d6i ximg néu:
f(X.y) = (y.%)

1.3. Ma tran cia dang song tuyén tinh

Gia st {g s_'}lamﬁtccsbcﬁakhﬁnggianvectaEvhf:ExE—)R

li mot dang song tuyén tinh rén E. bit (8 ) a € R. Ma trdn (a,):

l"j
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A Apy - 2pp _
goi 12 ma trdn clla dang song tuyén tinh { trén E dGi véi co sO
{&).....8, } . N&u { d6i xiing thi ma tran A d6i xing.

Ma trin A = (a,) hoan toan x4c dinh dang song tuyén tinh f. Néu:

Y=Y 8 +..+Y, &,
- n n
thi: fxy) =D D> a;xy,
i=1j=1
hay viét duéi dang ma tran;

f(x.y)= "XAY

trong dé: X = Y=[Y2 | X=xyx,..x,),

xI"I y n
‘X 14 ma trn chuyén vi cia ma tran cot X.
1.4. Anh hudng coa viéc ddi co sé déi voi ma tran cia dang song
tuyén tinh
X8t dang song tuyén tinh
:ExE >R
va hai co s& {;; €.} {TTI'....-,R;} cta E, T 1 ma trn chuyéan tir co

s@ thit nhft sang co s¢ thit hai, A = (a,) 12 ma tran clia f d6i vdi co sO tha
nhét, B = (b,) 1a ma trdn cha { d6i vdi co s& thit hai; ldc d6

B =‘TAT, ‘T 12 ma tran chuyén vi cha T.
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L.5. Dang toan phuong
Cho dang song tuyén tinh d6i ximg:
LExE—>R
Anh xa
a:E->R
x - o(x) = f(x,x)
goi 1 dang todn phuong trén E \ing v&i dang song tuyén tinh d6i xdng f,
con f goi 1 dang cuc cia dang toan phuong . Ta c6:
- - l - - - -
f(x.y)= ELD(K +y) - o(x) - m(y)]
1.6. Ma tran cia dang toan phuong
Gia sir {;;} 12 moOt co s& clia E, f 1a mot dang song tuyén tinh
d6i ximg trén E, A = (a,) la ma tran cba f d6i véi co's§ {¢,,...5, } . D6
la moOt ma trén ddi xing vi a, = f(e;.5;)=H(s;5; )=a,
Ma tran d6i ximg A = (a,) clia dang song tuyén tinh d&i xing f d6i
véi co st {g,.....e, } g0l l& ma trdn ciia dang todn phuong o tuong tng

véi  d6i v6i co s (5,,..8, ).
Néu x = x.g, , thi
i=1

m(;)z ZZaUxixJ

i=l j=t
hay vi€t duéi dang ma tran:

o(x) = 'XAX
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1.7. Dang toan phuong xac dinh

Dang toan phlIO‘ng @ trén khong gian vecto E goi 1a xdc dink néu
(D(x) 0 kéo theo x = 0.

Ngu’m ta chiing minh ring néu o la mdt dang toan phuong xéc dinh
thi u)(x) ¢6 ciing mot ddu véi moi x 0.

Ngudi ta bio o 12 xde dink duong (dm) néu o(x) > Ow(x) < 0) véi
moi X # 0 thudc E.

1.8. Pua dang toan phuong vé dang chinh tic
Gia st @ 13 mot dang toan phuong trén khong gian vecto E, va
{ny+..my } 12 mot co s& ciia E sao cho:

- n - n.,
m(x)szixiz [X=inniJ
i=1 i=l

thi bi€u thic trén duge goi 1a dang chink tdc clia dang toin phuong o.

Vige tim mot co s3 trong E dé o 6 dang chinh téc duge goi 1a dua dang
toan phuong vé& dang chinh tic,

Ngudi ta chimg minh ring bao gidy ciing dua duge mot dang toan
phuong vé dang chinh tic.
1.9. Pinh ly quin tinh

Mot dang toan phuong c6 thé c6 nhiéu dang chinh tic, song ching cé
mot diém chung:

Trong hai dang chinh tic bt k¥ cia ciing mot dang toan phu’crng,qﬁ _
cdc he s6 duong bing nhau va s¢ cc he s6 am bing nhau (fudt qudn tink
clia dang rodn phiong). '

1.10. Khéng gian vecto Euclide

Dang song tuyén tinh ddi xiing f trén khong gian vectd E goi 13 mot
tich vé huonmg trén E néu dang todn phuong o tuong dmg véi né xdc dinh

duang. Taky hicu £(X,y) = X.y va goi I tich vo hudng clia X VA y.
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-—- =2
Néu x = ytavné’txx X .

Khong gian vectd n chiéu E goi 14 khdng gian vecto Euclide néu trén
E c6 mét tich vo hudng.

1.11. Co sé true chuin

Gia str E 1a mot khong gian vecto Euclide.

1.11.1. Hai vecto x, y € E goi Ia true gigo néu X.y = 0, ky hieu xLy .

— -2 — —
1.11.2. x € E,tagoi ¥x 14 chudn cla X, ky hiéu “x"
1.11.3. Cosbe = (e_l',a_z'....,;;) cha khong gian vecto Euclide E duge
£01 14 co s& trye chudn néu

ai.sj=6ij,

Lj=1,2, ..,n

1.11.4. Ngudi ta chimg minh moi khong gian vecto Euclide E n chiéu
(n = 2) déu cd co s true chudn.

Bé xay dung mot cof s& tryc chudn tir mot co s& di bidt, ta c6 thé sir
dung, qud trinh trige chudn héa ciia Gram - Schmidt. Ta c6 thé @y n=3,
va thire hién viée tre chuéin héa theo Gram - Schmidt; trudmg hop n téng

quat cling lam nhur vay. Ta hiy xust phét tir mot co s {g yE4.E5}CURE;

ta x4c dinh {f},1,. f3} nhur sau:

l

=€,

""i

v didu kién: F E =f, fT; = 0. Cic diéu ki¢n d6 s€ x4c dinh duy nhét
Ay, Agy, kv

—_— — —

Trude hét ta chi § cdc vecto f;,f,,f; xéc dinh nhu vay c6 chuin

khdc 0 vi £,€,.84 dOc lap tuyén tinh.
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T
, e, |
- e,
ff,=0=2 L3
1'°3 3 -
e, 1
—— e,
- 273
213 _0:>12=— =
IE, I
f. —_—

Cudi ciing ta chufin héa: ¢, = ,i=1,2,3.{g,,6,.85} lambt co

e
s tnge chudn.
1.12. Kht‘phg gian con tryc giao
E 1a mot khong gian Euclide, F 1a mot khong gian con cliaE.
H= {erIx Ly VyeF}
H 12 m6t khong gian con va E = F @ H. Ngudi ta goi H 1a khong gian
con bt true gido vai khong gian con F.
1.13. Phép bién doi trie giao, Ma tran tryc giao

E 13 mot khong gian vectd Euglide, f: E — E 1a mot tr dong cdu. f 1a
moOt phép bién ddi truc giao néu f bio toan tich vo hudng -
f(x)f(y) = X, y,\‘fx y eE.

{ hi€n déi true giao < bién  co s true Lhu’m thanh mﬁl cd s
truc Lhu.‘}n

{ bién d(‘n tryc giao < ma tr‘_in cia f 4 vai m(_)t ¢o 8 tre chudn 13
mot ma trdn tnfe giao.

1.14. Phép bién déi déi ximg. Ma tran doi xing

E 1a mOt khong gian veeto Euclide, f: E — E 1a mOt tu dOng ciu. f la
mat phép bién doi ddi ximg ndu:

182



xf(y)=f(x)y,Vx,y€E

f bi&n d6i d6i ximg < ma tran clia f 46 vdi mot co s& tric chudn 13

mot ma trén d6i ximg.

1.14.1.Néu A 12 mOt ma tran d6i xing cdp n vdi céc thanh phén 12 nhimg
s6 thyc thi da thie dic trung @(A) = | A - Al| clia A ¢6 n nghiém thue,
mdbi nghiém boi cdp m duge coi 1a m nghiém biing nhau.

1.14.2, f : E — E 1a mot phép bién ddi d6i xiing clia khong gian vecto
Euclide E, A, va A, Ia hai gi4 tri riéng phan biét, Ea,(f) v E; () 1a hai
khong gian con riéng tuong ving v6i A, va A, (ch.V, 1.10); thé thi E;LI(D
“va E; (f) truc giao v4i nhau. '

1.14.3. Néu f: E — E [a mot phép bign d6i d6i ximg ciia khong gian
veeter Buclide E, thi E ¢6 mot co sd trye chuéin gém nhimg vecto riéng

cvat: {8,,65,...8 ]
Mbi vecto riéng tuong dng v6éi mot gid tri rigng cia . Néu A, 1a
mot nghiém boi cip n,, thi s¢ c6 n, vects € twong tng vii A,. NGi

cach khac, néu A, cé s6 bdi n;, A, ¢6 s6 bOI n, ,..., A, c6 56 boi n,, va
n+n, +..+n0,=n,hi

dim E; () = n,, dim E; (D =n,,..., dim E; (D =n,
Vi\i E = Ell(f) @ Ell(f) @ N @ Elm(D‘

1.14.4. Bua mot dang toan phuong trén mot khong gian Euclide R™ vé
dang chinh tic.

(Gid sit © 1a dang todn phurong trén R" ¢6 ma trin A d6i v&i co s§

¢ = {¢|,....e, } chinh tac clia R". Xét phép bién d6i d6i xing : R — R"
cG ma tran la A d6i véi co sde. Date = {g,...¢} 1a co s& trye chudn
gom nhimg vecto riéng cia f. Khi dé ma tran T chuyén tir co s& ¢ sang
cof s¢ € 1a mot ma tran true giao (T = 'T). D61 vdi co s8 g, ma trdn cla
dang toan phuong © 1a ma tran chéo B:

B ='TAT.



§2. BAITAP
"~ DANG SONG TUYEN TiNH

1. Viét ma tr@n cia dang song tuyén tinh trén R’, & day
Co(X X, X3 ) B(Y, Y20 Ya )

) (p(a,ﬁ) =2X,¥, —3x,¥; +4X,¥, —X,¥,;
b) (p(a,ﬁ)=4x,y2 —5x,y; +8x,y, —6x,y, +X,¥;.
2. Tim ma tran cia dang song tuyén tinh d6i ximg tren R*:
a) (p(&,ﬁ)t Xy, +4x,y, —3x,y, +6x,Y, —xjyj.;
b) q)(a,ﬁ): 2x,y, —6X,y; +X,¥, —X,¥, +5x%y3.

3. Cho ma tran cha dang song tuyén tinh ¢ trén R’ ¢6 ma trin déi v&i co
s chinh téc 1a

4
A=|-1
2

[ e
W oh O

Tim ma trdn cla @ d6i véi co s& (E) gbm cdc vecto:

£ = (0.21.8; = (LLO)E, = (-13.0).
4. Cho dang song tuyén tinh ¢ trén'R* c6 ma trin d8i véi co sé (g) 1a -

Ma trin chuyén tit co sd (g) sang co's

11
T=12 0
0 i

Tim ma tran ctia ¢ d6i v&i co sG (£).

3 () coa R* 12
0
i
2
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DANG TOAN PHUONG

5. Tim ma trin clia dang toan phuong trén R’ c6 biu thiic toa d6 sau:

ayolo)= xf +x% - 3%,X,;

b) m(a )= 2)(12 +-3x% - x% + 4x,X, - 60X Xy + 10%.X,;
c) m(a }= fo + 4x% + 9x§+ 4X,X, - 60X X5 - XX
6. Cho cic dang toan phuong sau day duge vi€t dudi dang ma trin. Hay

viét chiing dudi dang thong thudng:

(3 0 -1Yx,
XX x) | 0 -2 1%, 5
\—1 1 2%,

(4 1 0Yx,
0 -1 -1ix,

Viét cdc dang toan phlf(mg sau day dusi dang ma tran:

c) m(a)— '%xl -X +4x1x¢, o = (X, X3);

d) m(o'.) = xl + 2x2 - 0X,X; - 2X,X; + XX,

7. Tim biu thirc toa d6 clia mbi dang toan phuong dudi day sau khi thuc
hién phép bién ddi toa do tuong tmg:

Ao )= SxiZ - 3x%+ OXX,, o = (X, X3, X3);

X1 =X
X =¥)7Yy

Po{a)= xl2 ~2x% +x% - AX X, - X5, o = (X, Xg X))

X, =y, +2y,
X2 =Y¥2
X3=¥Y27 Y3

i85



Owlo)= 2}(12 - 3x% - OX Xy + 2X,X3 - 4X3Xs , 0 = (X, Xy, Xa);

b
"1:)’1*2?2‘*2”3'
X2 =Y,
X3=Y37Y¥,

dyow(o )= "12 —x%+ 2XX%; - 4% X, + 6X,X5 , @ = (X, Xy, X,);

Y| =X; +X, —2x3
Y2 =X,
Y3 =X, =X,

DUA DANG TOAN PHUONG VE DANG CHINH TAC

8. Dua céc dang toan phuong sau vé dang chinh tic:

(Dusi day o = (x,, X,, X;) € R?)

a) x|2 +2x%+ 2X.X; + 4X,%, ;

b} xf +4xg + x% -4 X, + 2K Xy 5

) xf + x% + x% - 2%,X; + 2X, X4 + 2X,X, ;

d) 2)(12 + x% - 3)(% - 4X.X, - 4X,X,

&) 2}(12 +x% +3x§-4\5x3x3 ;

] 2x§ + x% - 0X X, + 2X,X; - 4X,X, ;
9. V@i cic ky hi¢u trude dinh 1i 2, §3, chimg minh ring mot dang toan
phuong xac dinh am khi va chi khi

-D,>0,k=1,2,...n.
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KHONG GIAN VECTO EUCLIDE

10. Trong khong gian vecto Euclide ta dat:

—_——

ap

cos(c:, ﬁ) = —_—
Neudl- BN

va goi d6 12 cosin cia géc gitta hai vecto o va B.
Hay linh chuén va cosin cha géc giita hai vecto sau trong R*:
a) a=(1,2,3%B =(02.0);
b) &:(1,0,0);5':'(0,1.41).
11. Trong khong gian \;'CCIU Euclicie R* cho co s g6m:
e, =(1,2, 38, = (0208, = (003)
Truc chuin héa he vecto da cho.

12. Trong khong gian vecto Euclide R*, hiy truc chudn héa he vecto
g0m ¢éc vecto sau: .

&, =(1,0,1,2)5, = (~L0,~L0)e, = (00216, = (QLLY.

13. Trong khong gian vecta Euclide E véi ¢o sO trye chufn {e,€,,84}.
Hay tinh ap.lio LB H.cos@f):

a) o =3g, —2¢,.f =g, +4eq;
b) a =g +38, ~&,,p =& +28; +&4;

cla= 432 +s3.[3 = -531 +e4.
d) a =2 —¢€, +84.B = 28, +3€,;

e) a = -3g, +2&, +£4,p =8 —&, +5&,.

187



14, Tim ma trdn tryc giao dua céc dang todn phuong trén R sau day vé
dang chinh tic, (a = (X].X5.X3)€ R3):

a) m((;.)=5xl2 +91% +9x§ —12x,x, —6x X4;

b) m(a)=4x|2 +x% +9x§ — 4% Xy —O0X X4y +12% X5;
c) m(a)=5xl2 +x% —x% +2xlx2 —4X, X, —2%X4;

d) m(a)=3xf +3x% +3x§ +2x X, +4X,X 4 —4xlx3.

15. Gia sir A 1a mOQt ma trdn d6i xing thyc cfp n sao cho A* =1, (ma tran
don vi) v3i k € N*,

a) Chimg minh A* = 1,..

b) Gid sir E 1a mot R - khong gian vecto n chiéu, B = {g,,...._} Ia
mot cdf s&f cua E. Xé1 phép bi€n dbi vong wyén tinh ¢ ¢é ma tran la A
doi vdi co s& B, A phii the nao dé ¢ 1a mot tich v6 hudng tren E?

16. Gia sir E la mot khong gian vecto Euclide, S = {u;,...u; ) 12 mot ho
vectotrong E, k € {1, 2, ..., n}. Bit:

(AS):J = ui U—J L]

ta duoc ma trdn A € Mat, (R).
a}) Chimg minh S phu thudc tuyén tinh khi va chi khi | A¢]= 0.
b) Chimg minh hgS = hgA,.

¢) Chiing minh [ A¢| = 0.
17. Gia si E la mot R - khong gian vecto n chiéu, @ 12 mét dang ton
phirong xdc dinh duong, ¢ 12 dang cyc cla o, va E Ia mot R - khong

gian vecta Euclide v6i tich vo hudng ¢. Cho o e E, a0, Ngudi ta
Xdc dinh cic anh xa sau day:

FESE x5 f(;): w(;)c; - pla, X)X,
BESR xr5(X) = @ox) —o()a@),
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a) Chung minh & 12 modt dang toan phuo'ng tinh m(f(x)) va
q:n(o: t(x))quam(x)vaﬁ(x) '

b) Chitng minh &( x) < 0. 8 ¢6 phai 1a mot dang toan phuong x4c dinh
am khoéng ?

¢) Chitng minh véi moi x € E, f(x) va X tryc giao.

d)GidsadimE=2va {(_:;,ﬁ} 1a mot ¢o s& cia E. Hay cho mot co s&
trc chudn clia E.

18. Gia str E 12 mot khong gian vecto Euclide va f: E — E 12 mot phép
bién ddi tnyc giao.

a) Chitng minh
f bién d6i tnic giao < Il f(x) =l x Il

b) Gid skt dim E =n, A € Mat,(R) 12 ma trin cla f d6i v6i mot co sd
tryc chudn cdia E. Chimg minh |A| € {1, -1}.

¢) Gid st E = R, ¢ = {e;,e,} 1a hé.co s chinh tc. Xét dang song
tuyén tinh d6i xiing ¢ c6 ma tran

o opo [0 ]
mARRE=EE1 0

vau: R* — R*1a mot tr déng cfu bac todn ¢, nghia fa:
e X)) uyN=9(Xy)
Chitng minh mat{u), € {1, -1}. Tim dang cla mat(u),.

19. Xét R - khong gian vecto R® vi b6n vecto sau day:

t;: x > cosx, f,:X > sinx,

{3 x> cos2x, f,: x> sin2x.

a) Chimg minh # = {f,, 1,, {3, f; } d6¢ iap tuyén tinh.

b) Xét R - khong gian vecto E ¢6 co s&1a . Ta xét dnh xa:
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¢:EF >R
: 2n
i
(.9 of 2)= — jf(x)o g(x)dx
Q

Chitng minh ¢ 14 m6t tich v6 hudng trén E va hiy cho mét co sé truc

chuin trén E.
20, Xét ma trin A € Mat (R):
0 0 0 a,
g 0 0 a,
A= s
0 0 0 a
a4 2, a1 3,

a) Ma tran A c6 kha nghich khéng?

b) Xét ma trin A —il, € Mat (C).

Chimng minh A - il, kha nghich trong Mat (C).
¢) Chéo héa ma trin A.

Loi giai
2 0 0
I.ayj0 0 -3
4 0 -1
5 2 0
2.a)|2 -3 3
0 3 -1
3 -2 -6

3. mat(g)e='TAT={ 9 5 3
i -9 -1
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01 -
trong dé: T=(2 1 3§
1 0 0O

1a ma tran chuyén tir co sd chinh tic sang co s& £,

] ~-3/2 0
S.a) | -3/2 1 0
0 0 0

6. a) 3x12- 2X,X, - 2}(% + DK, + 2x% .

' - (x, Y3 2 -

c) m(&)=[x;12 _1](?‘1 Xohat=(X| X5).
- 7.2) o(a)=8y2 —3y2.

b) o(@)= y? -7y2 +y2.

8.2) yi +y5 -4y X =2y, - Yo xe = ¥s oy, K = s

f) yl2 _Y%“Y%;x1=)’3’Y2’x:=y:s Xs=¥, +3¥,- ¥,

9. Ta nhic lai dinh 1y 2, §3:

Gia str:
Ay Ay Ay,
A2t %22 " By,
A B oA

Ia ma tran ciia dang toan phuong trén khong gian vecto V. Khi d6 o {3
x4c dinh duong n€u va chi nfu moi dinh thite con chinh
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a4 T
ad a a

D, = 21 4y % k=1,2,..n
A gy Ak

cta A déu duong.
Bay gidy ta quay vé bai tap. Ta cé:
® Xdc dinh 4m <> -@ x4c dinh duong.

Néu A = (3,) la ma tran cla o, thi - A = (- a,) la ma trén cha - o.
Theo ding 1y trén: '

1T TR o T
—a -a -2 :
- @ Xdc dinh duong < | 2! 22 2| = (1D, >0
TRk T8yt Ty

k=1,2,...,n.
E" = \/1_4|H| = Jg.cos(a.ﬁ) =J7/410.

b) H&’“ - 1Hﬁ“ =2, cos(a.B) = 0= x va P tryc giao.

10. a)

11, bar:
—__ l—_-_-
82 —'-2*82..
Tl
3733
Ta duoc:
¢, = (100),

¢, =(0,10),

¢y =(00.1).
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D6 chinh 12 he co s& true chudn chinh tic cha R®. Qua trinh tnre
chudn hod nay nhanh, do h¢ vecto {¢.e,,84} don gian gidp ta nhin

thdy ngay mot hé co s& trye chudn. Néu ta lam mdy méc nhy trong 1y
thuyét (xem §1, 1.11.4) thi s& phic tap hon nhiéu.

—

12, bat 8, _sl va xets2 +4,,8, vdidi€u kién vectd nay tryc giao véi

6] :6].(524-7\.21 I)_0 Tit d6, ta duge:

—_— —

1'21 T T == _;
2 z
g
— - 2 22
Vﬁy 82 +k2161 2[‘—5.0, -;,-{j

J—

Ding 1& ldy 8, =g, +A,5, nhu tong (§1, L1L.4), ta ldy

— 3 —_—
8y == (65 Ay 8,) =(1,0, 1, -1) dé trénh nhimg phan sG.

Ta co: g; Vi g truc giao. Bay gidf ta xét vecto:

—_— JR—

! +7‘315_1. +23,8;

vil fa muGn vectd ndy tryc giao véi 8, va 8,

- trire giao vdi 6_‘ :

=2

8, .(65 + Ay 8; +hyp8,)=0=8 £ +hy D,
o, o fa 2
) I
5 3

|

- trye giao vdi 8, :

8,84 1

8 (8-‘ +X3l 1 +k1282) 0::)112 =— -_*2' z—g
5
2
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Vay: £4 —EBI -~3—82 = (-10,1,0).

Vecto trén c6 cac thanh phén 12 nguyén, nén ta 1y thing:
8, = (~10,L0).
Cuéi ciing ta xét vecto:

—

€4 +141‘5_1. "'7“425_£ + 7‘435_3.'

—— ——

Lin lugt ddi hdi vecto d6 tnge giao vai 8,,8,.8, ,tacé:
A bag, =0A :
a1 =753k =0k =3

va ta di dén vecto: 8_4. =(0,1,0,0) truc giao véi 5:5;8_3' . Cudi cing h¢
vecta:

J—

5
— = /v6.01/v6.2/V6),

I8, I
5,

2 =(1/301/V3-1/3),
18, |

5,

== (-1/201/420),
N

—

54 =({0,1,0,0)
14 truc chudn.

Loi binh: Khong gian vecto R* di c6 co s& tryc chudn chinh tic

{g;, e_z.,g;.a} , thi cn gi phéi chitg t6 R* ¢6 mot co s& true chudn. Bai
todn nén sira nhar sau d€ ¢6 § nghia: trong R* xét khong gian con sinh
bdi {;.g.a:}(chéng han), hdy Gm mot co s& trye chudn cho khong
gian con d6; ldc d6 cic vecto
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3 &

o, 0 NB, 1 N,

& trén chinh 1a mot co s& true chufin cho khong gian con dang xét. D6
v5i bai 11, ta ciing ¢6 nhdn xét tuong tu.

13.8) a-P =, —26,)(s, +4€5) = -2,
o ll= VI3 P l= 17,
-2

Jizi7

14. a) Ma trin A cia dang toan phuong o d6i v6i h¢ co s& tre chudn

chinh tic e = {€,.6,,£4} trong R* 1

Cos(a.[i) =

{ 5 -6 -3
A=1-6 9 0
-3 0 9

Xét da thircdactrung () cha A:
5-2 -6 -3
M =lA-Mi=] -6 9-1 0 |=2O-M(14-})
-3 0 9-%
@(A) ¢6 3 gia tri rieng phan bigt: 0, 9, 14. Ta ldy ba vecto riéng

€,.8,.6, Wong Ung theo thit ty v4i 0, 9, 14 va c6 chuéin bing 1:

g, = (3/142/J14.1/414),
g, =(0.1/V5.-2/45).
£, =(-5/4/70.6/:/70.3/470).

€ = {g,,6,.6;)} lam thanh mot co s§ truc chudn, sao cho néu

—_— R —_—

A=Y 8] T Y98y Y3585, thi:
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wf{o) :()yl2 + 9}% + l4y§ .
Ma tran truc giao M chuyén tir cof s& e sang co sd & 1

31414 0 —5/470
M=|2/J14 175 6/470
V14 —21405  ad70

d) Ma tran ctia dang toan phuong déi véi cosde :

31 -2
A= 13 2
-2 2 3

Pa thic g(A) = -3’ + 947 - 18X - 8 clia A c6 ba gi4 tri riéng phan biét:

l'1=‘1'!
5+\/§
12__- [N
2
5-+/33
13= 5

¢ho ta ba vecto riéng di chudn héa:

e, =(1/v2.1/2.0),

6y =| Ulloy I=1/lloy I,
(1—»33)uu I

l:’llm [~ I;’Ilml2 Il,-

S
I
\-.._—..-—.—-.-..-f

{1+ 23,I'

trong dé :
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{m,%}

Ma (rén trye giao cin tim 1a ma trin ¢é cdc c6t theo thit tr 12 cdc toa

dg cia E1.E5,6q -

15, a) A la mOt ma trin d6i xtng thuc nén A c¢d n gia tri riéng thue A,
Ags ooy Ay. T €6 quan hé déng dang:

Ay
A 0
A=T" 0 . T.
l'l‘l
Vi A* = nén:
K
l} )
L=T" A T
2K
n
hay
k
Ay
k
TLT' =L = Ay

Vayd,=1i=1,2,.,nTiadé A e {1,-1} = 32 =1.vay
1

Al=T! ) T=1
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b) D€ ¢ 1a mot tich v6 hudng trén E, thi dang toan phuong o cha ¢
phéi xédc dinh duong, nghiala }, > 0,1 = 1, 2, ..., n; trong trdmg hop nay
M=d=_=,h=1LViyA=1L. |
16. a) Trong khong gian vecto Euclide R, ta xét co st truc chuén chinh

tice = {¢,,e,.....e, } va cic vecto:

- k.
nH <; =Z(ui.uj-)e:j
=l
Lay (A, ..., ) € R¥, va xét cdc vecto:
~ k.
) v=> %u; €E
Coi=l
kK
(3) ¢=3Y Ac,eR"
i=1
Theo (1), ta cé:
c= Zli Z(ui.uj)cjz Z Zli(ui.uj)ej
12igk 1<k 1€3<k 1£i<k
= > (v,
1<jsk

Tir d6 ta suy ra néu v =0 thi ¢=0. Dio lai gid sit =0, diéu d6 cé
nghia ’

Viy !

hay v = E)(do tinh chét cua tich vo hudng).
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Két luan:

<}
li
=y
ol
It
<

Mt khéc:
S phu thuc tuyén tinh <> 3 A, 20 dé v = 0 (xem (2)),

|A =032, #0dé c=0 (xem (3)).
Vay:

S phu thudc tuyén tinh < Al =0.

b) G sithg S=r <k, va (u},....u_ }doc 1ap t6i dai. T a), dinh thiic

ciia ma trdn con sau day clia Ag

ul.ul... l.ll.i.l

..............................

la khéc 0. Céc ma tran con trong A bao ma trén trén déu c¢6 dinh thitc

bang 0 vi {E*---’“r'“r+p}’ p=1, ..., k - r, phu thudc tuyén tinh. Vay

hgAg=r.

¢) Ag 12 mOt ma tran d6i ximg thuc, ta c6 thé coi né la ma trin cta

mot dang toan phuong o trén R* d6i véi co s& chinh the e. Gid sir
X =(a,, -..,a) € R Tacé:

Q, L
o(X)={(a, ..o )AL : =Zaiuj(ui.uj)=
o, ij '

:[ Zaiu—i} ZGJU—J]—SJ.?—"S?IIZZO_

1<i<k <=k
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frong dé y = o;uy thuoc E va y la tich vo hudng cha khéng gian
£ Y }’

I£ig£k

Euclide E. Tir @ (x ) 20, tasuy ra céc gid tri riéng A, As, ..., A, clia Agla
duong hay bing 0, do d6 A, &, ... A > 0. Nhung | Adf=A,0, ... A, vay
tAsi= 0.

17.2) & 1 @ (X ) 1a mot dang tuyén tinh, vay ¢ (o )* 12 mot dang
toan phuong va 8 fa mot t6 hop ciia nhimg dang toin phuong, vay § 1a
mét dang toan phuong.

Bay gidv ta tinh @ (f(X )) va (X, £(x) ) Ta duge:
(X)) = QLX) = (R & - G0t X)X, a(X )3 - p(a,X)7)
=cp(m(x)0t,m(x)a)-2(p(w(x)a,tp(a,x)x)-i—q)((p(a,x)x,tp(a_,;);)
= 0((x) @) - 20(X) &, @(a,x)X) + o6, X) %)
=o(x) o(a)-o(x) g(a,x )
= 0(%) @(X) 0(a) - ¢ (&,x)) = -0(X ) 5(%);
fuong (u:

o, (XN =a(x). o(a ) - (o, x ) = 5(%).

b) Tir m(f(x N= -w(x 36( x) va w xac dinh duerng fa suy ra 6(x) <0
Ta ¢o f(a)- 0 (a # ()) va o (0.)>0 viy S(a)-Onthd 14 3 triét

tidu khong chi véi X = 0 & khong phii 1a mot dang toan phuong xdc
dinh am.

&) (X, 1(X)) = w(X ) 0(x) - (p{x x)*=0. Vay x va f(x ) trye giao
déi vdi tich vo huéng ¢, v6i moi x € E.
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d) Trudc hét vi {a,B} doc tap tuyén tinh nén f(B) = 0. Mit khéc,

theo ¢) ﬁ va l'(ﬁ) truc giao. VAay hé co s§ trye chudn ma ta ¢ thé ldy

ngay trong E la:
B
IR HEE) N

18. a) { bién i true giao = f(X). f(y) = X.y = KXY = x
liexsl =it x L.

bao lai gia sk

2

—

Nl =1 < 1= f(x ) = x°
= f(x). (y)= % [f(; + )X + y) = T()H(X) - f(§).f(§)]

S
:ELx+y).(x+y)~x.x—y.y :

=Xy

h) Gia st A 1a ma tran clia f d6i véi mot co s& truc chudn ciha E. Theo
(81, 1.13)

‘AA =1,
Vay

2=l

'AlTAl = 1A
Al e {1,-1}.

c) Dat A = mat (v),. Goi X va 'Y Ia dang ma trdn c6t clla cdc vectla

nghia 1a

;,;; € E. Tact:
@(x, y)="XBY

u(x)=AX, u(y) = AY.
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V1 u bdo toan ¢, nén: _
'XBY = (X, y) =@u(x), u(y)) ="' (AX)BAY =" X(' ABA)Y

vii mi_)i ;, ;-Ta suy ra:
B="ABA
hay IBl = |'atIBl|Al=|Al*]BI

Nhung | Bl =-120,nen |Al>= 1, vay |Al  [1,-1}. Gia sir

_ (X YJ
Z t
Ta SUY rac

0 1) (x zy0 ljx z) [ 2xy xt+yz
[1 '(J_[y t)[l OJ(y t}—[xl+yz 2yt]
Vay: .
xz=yt=0,
Xt+yz=1,

Dxz0=z=0,t=1/x,y=0.
2x=0=yz=1,z=1/y,t=0,

Vay A c6 dang:
x 0
0 Ux)

0
hay Y .
l'y 0

Tir hai trudng hop a) va b) ta ¢6 thé néi ring mgt phép bién d6i tuyén
tinh bao toan mot dang song tuyén tinh c6 ma trin khéng suy bicn thi
ma trdn clta né phai c6 dinh thifc bing * 1.

19. a) Theo {(ch. II, §2, bai 40) R* = U @ V trong d6 U 1a khong gian
con cdc ham s6 chidn va V 1a khong gian con céc ham s& 18. Ta ¢6 cosx,
cos2x € U va sinx, sin2x € V. D€ chimg minh bon vecto d6 déc lap
tuyén tinh, ta chi cin chimg minh sinx va sin2x doc lap tuyén tinh, va
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ciing vay d6i .véfi cosx v cos2x. Nhung trong (ch.ll, §2, bai 31) ta da
chimg minh sinx va sin2x ddc 1ap tuyén tinh. Viéc ching minh cosx va
cos2x ciing lam tuong tu.

b) Ta d& dang tinh céc tich phan @(f, {) d€ thiy
(1) o(f,£)=98,1,j=1,2,3,4.

Vay ¢ la mot dang song tuyén tinh c6 ma tran ddi véi co s
{fn fzs fa, f4'} la:

1 0 0 0
joroo
“=1o 01 0

0001

Goi o ia de;ng toan phuong cua @ va f = uf, + wf, + 0y + uf, € E.
Ta co:

i

o) = (M AMA) L | 2 =2 + AL+ A, + 23,20

3

> o o

4

o(f) chi bang 0 khi f = 0. Vay o x4c dinh duong va ¢ ¢6 thé 1dy lam.
tich vO hudng trén E.

Vai céc cong thit (1), hién nhién # 13 mot cg s@ true chiudn cha E.

20. 2) Ta hay tinh | A | bing khai trién theo cot thit nhat:

O o0 ... O a
o ... 0 a,
0 0 ... 0 a, 0
a
Al=|. . =™ 2
o 0 0 a
n-i 0 0 a,_
ap A, 4, n
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|Al =0khin>2, |Al =-a% khin=2, | Al = a, khi n= 1. Mif khac
A kha nghich < |A] = 0.

b) A 1a m@t ma tran d6i ximg thye, nén cdc gid tri rigng clia né
2 thye. Néu |A - il] = 0 (hi i 1a mot gi4 i rieng ciia A; nhumg i 1a
mét sO phic, vay i khong thé Ja gid tri rigng clia A, néi mot cdch khic
| A -ill #0; do d6 ma tran A - il kha nghich trong Mat,(C).

¢) Trude hét ta nhan xét néu (a,, a,, ..., a,,) = (0,0, .., 0) thi A 1a mot
ma trdn chéo, ta khong con phai 1am gi; vay ta gia st (a,, a,, ..., 2,,) #
(0,0, ...,0). Coi A la ma trdn cia phép bién d6i d6i xing f cha R - khong
gian vecto Euclide R* doi vdi co so chinh tic ¢ = {e,.....e_ }. Ta hdy xét
trudng h(g‘p' n > 2. Theo a}, Al =1lAa-o01] = 0, vay Ker { = E; () =
khong gian con riéng ctia f tuong dng v6i gia tri rieng A = 0. Ta c6

X = (X), Xy, ....,) € Ker f'khi vi chi khi f(x) = AX =0, hay x,, X, ..., X,
l& nghiém cia h¢ phuong trinh tuyén tinh thudn nhat:

ax, =0
a,x, =0
a,_ x, =0
Xy tasXy toata X tax =0

Vi, a5, a2 (0,0, .. .00néncédmota,20,i=1,2,..,n- 1.
Vay phuong trinh a, x, =0 chotax, = 0.

Tur 46

F

={X;, X3, X)) € Kerfes x.u=0= X.e,

trong do G ={a,, a5, ...,a,,, . Vay Kerf vi khong gian con
H=Ru ® Re, labi true giao:
R" = Kert @ H.
Vidim H = 2, nén dim Kerf = dim Es _, (D =n - 2. Nhu viy A=01
nghi¢m bot ¢dp n - 2 clia da thire didc trung p(A) cha ma (ran A:
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QA = (=1)" A" (A = A)(h - Ay
trong do6 X, A; 1a hai nghiém khdc 0 ctia g(L).
Bay gio ta xét f

—_—

flu) = fla, e, +age, +..ta e o)

= a,f(e, ) +a,f(e, )+ ..+ a,_fe, )

2

:(a21 +a”“3 +...+al§_l)en (theo ma tran a)

T
=fluli’ e,

f(en)=a1e1+a2e2+...+a ptage =u+a e

n-1%n~

Vay fiy 13 mot phép bién déi d6i xiing cha H ma ma tran chia né dsi

vGicoso {u,e ) Ja:
B 0 |
luil® a,

Xét da thitc dic trung :

— A 1
’B_“2|=[|l_ﬁ||2 . —A]

ta duge hai nghiém thuc :
2 T2 2 :
N _an+1/an+4||u|] \ Cag —qfaZ v 4y
b 2 oo 2

va cling chinh 1a haj gid tri riéng khic 0 ctia o(A), da thifc dic trung cla
ma tran A. Tuong Umg véi hai gid tri riéng dé 13 hai vecto riéng

u+ie, vau+i,e .Matran A dong dang v6i ma tran chéo :
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Trong trudng hop n = 2, ta duge ma tran chéo:
Y
0 A,

Ta ciing ¢6 thé c6 két qud trén bing cdch nhin ma trin A d¢ thdy
ring: Imf = Ru® Re_ = H, tr d6 dim Imf = 2, vy '

v A, va A, nhir trén.

dmE({f)=dimKerf=n-2
va A = 0 12 nghiém boi ¢dp n - 2 cla da thitc ¢(h). Mit khét. ta cd
xy 0, VX € Kerf, Vy e Imf. Thit viy, y elmf:)y -f(z),z e R";

cho nén x.y = x.f(z) = f(x).z =02=0 (do f ddi ximg). Ta suy ra:
= Kerf ® Imf

véi Imf 12 b true giao cha Kerf, Tir d6 Imf = H = Ey,(f) ® Es(D) vai
E.(D) 1a khong gian con riéng tweong (ng véi gid tri rieng A, (i = 1, 2}
khéc 0 ctia @(A). D& tinh A, va X, ta lai xét [, nhu trén.
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